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Preface

The past two decades has witnessed the emergence of stochastic nonlinear partial
differential equations (SPDEs) and their dynamics in different fields such as physics,
mechanics, finance and biology etc. For example, there are corresponding SPDEs de-
scriptions for the atmosphere-oceanic circulation, for the nonlinear wave propagation
in random media, for the pricing of risky assets, and the law of fluctuation of stock
market prices. In early 1970s, mathematicians such as Bensoussan, Temam, Pardoux,
just to name only a few, initiated the mathematical studies of SPDEs and the stud-
ies of corresponding random dynamical systems began slightly later afterwards. In
the middle 90’s, Crauel, Da Prato, Debussche, Flandoli, Schmalfuss, Zabczyk et al es-
tablished the framework of random attractors, Hausdorff dimension estimates and
Invariant measure theory of random dynamic systems with applications to stochastic
nonlinear evolutionary equations. Recently, there are theoretical and numerical as-
pects of nonlinear SPDEs has been developed, resulting in many fruitful achievement
and subsequently, many monographs were published.

The authors of this book had been working in the fields of nonlinear SPDEs and
random dynamics as well as stochastic processes such as Lévy process and fractional
Wiener process for more than a decade. Seminars were held and discussions had been
going with scholars all over the world since then. Interesting and preliminary res-
ults were made on some mathematical problems in climate, ocean circulation and
propagation of nonlinear waves in random media.

The aim of book is twofold. First, to give some preliminaries that are of importance
to SPDEs. Second, to introduce latest recent results concerning several important SP-
DEs such as Ginzburg-Landau equation, Ostrovsky equation, geostrophic equations
and primitive equations in climate. Materials are presented in a concise way, hoping
to bring readers into such an interesting field of modern applied mathematics.

Chapter one introduces preliminaries in probability and stochastic processes, and
Chapter 2 briefly presents the stochastic integral and Ito formula, which plays a vital
role in stochastic partial differential equations. Chapter 3 discusses the Ornstein-
Ulenbeck process and some linear SDEs. Chapter 4 establishes the basic framework
of stochastic dynamic systems. In Chapter 5, latest results on several SPDEs emerging
from various physics backgrounds are given.

Last but not the least, I would like to take the opportunity to express sincere grat-
itudes to Dr. Mufa Chen, Member of Chinese Academy of Sciences, and Dr. Jian Wang
at Fuzhou University, from whom we benefited constantly in preparing this book.

Boling Guo
August 20, 2016
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1 Preliminaries

This chapter contains some preliminaries in probability and stochastic processes,
especially some basic properties of the Wiener process, Poisson process and Lévy pro-
cess. Because many contents in this chapter can be found in the other literature, we
here only give the conclusions and omit the proofs.

1.1 Preliminaries in probability
1.1.1 Probability space

There are many uncertainties and randomness in our natural world and social en-
vironments. A lot of observations and tests are asking for the research in random
phenomena. A random experiment must contain certain properties, usually requir-
ing that (i) the experiment can be repeated arbitrarily many times under the same
conditions and (ii) the outcome for the experiment may be more than one and all the
possible outcomes are known, but one can’t accurately predict which outcome would
appear in one trial.

The random experiment is usually called test for short and is expressed as E. Each
possible result in E is called a basic event or a sample point, expressed as w. The set of
all sample points in E, denoted by Q, is called the space for basic event, and the set of
sample points is called event and is expressed in capital letters A, B, C, ---. The event
A occurs if and only if one of the sample points in A occurs.

Take the “roll the dice” game as a simple example. The outcome can’t be predicted
in the experiment when the dice was rolled once, but certainly it is one of the outcomes
“point one,” ---, “point six.” Hence, Q = {1, 2, 3, 4, 5, 6} consists of six elements, repres-
enting the six possible outcomes in the “roll the dice” experiment. In this experiment,
“roll prime number point” is an event and consists of three basic events 2, 3, 5, which
we denote as A = {2, 3, 5}.

In practice, various manipulations such as intersection, union or complement to
subsets are needed. It is nature to ask that whether the result is still an event after such
manipulations. This leads to the concept of g-algebra.

Definition 1.1.1. Let Q be a sample space, then the set 7 ={A : AcQ} is called a
o-algebra if it satisfies
1 Qez;

(2) ifAec Z,thenAC := O\A € .F;
(3) ifAje Z,thenuXAj e 7.

Then (Q,.%) is called a measurable space and each element in .%# is measurable.
Two trivial examples are .# = {0, Q} and .# contains all the subsets of Q. These two
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examples are too special to be studied in mathematics. The first one is so small that we
cannot get enough information that we are interested in, while the latter one is so big
that it is difficult to define a probability measure on it. Therefore, we need to consider
other intermediate o-algebra we are interested in. For a collection C of subsets of Q, we
denote o(C) the o-algebra generated by C, that is the smallest g-algebra containing C.

Definition 1.1.2. Let (Q,.#) be a measurable space and P be a real valued function
defined on the event field % . If P satisfies
(1) foreach A; € %, it has P(4;) > 0;

2 PQ)=1;
(3) forAje F(i=1,2, -, 00) withi # j, AjAj = A; n Aj = @, it has

P(U3A) = Y P(4),

i=1
then P is called probability measure, and probability for short.

The above three properties are called Kolmogorov’s axioms, named after Andrey
Kolmogorov, one of the greatest Russian mathematicians. Such triple (Q, .#,P) is
called a measure space or a probability space in probability theory. In Kolmogrov’s
probability theory, .# doesn’t have to include all the possible subsets of Q, but only
includes the subsets we are interested in. In such a measure space, .% is usually called
an event field and the element in .% is called an event or a measurable set. The event
A = Qs called certain event since the possibility for A to occur is P(Q) = 1 and the
event A = @ is called impossible event accordingly since P(@) = 0 thanks to properties
(2) and (3).

In the following, we regard Q in (Q,.#, P) as sample space, .# as event field
in Q, and P as a determinate probability corresponding to (Q, .%). The properties in
the definition are called non negativity, normalization, and complete additivity of
probability, respectively.

We also note that for a fixed sample space Q, many g-algebra can be construc-
ted (hence not unique), but not every o-algebra is an event field. For example, let
71 = {0,Q} and .7, = {0, A, A, Q}, where A c Q. By definition, .#; is certainly an
event field, but .%, is not necessarily an event field since A is possibly not measurable
under P.

After introducing the probability space, the relations and operations among
events and the conditional probability can be considered. Two events A and B are
called mutually exclusive, if both A, B can’t occur in the same experiment (but it is pos-
sible that neither of them occurs). If any two events are exclusive, then these events
are called mutually exclusive pairwise.

Theorem 1.1.1. The probability for the sum of some of mutual exclusion events is equal
to the sum of every event, i.e.,
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P(Al +A2 + - ) = P(Al) +P(A2) + ey
ifA; n Aj = @ wheneveri # j.

The conditional probability measures the probability of an event under the assump-
tion that another event has occurred. For example, we are interested in the probability
of “prime number occurs” in the “roll the dice” game, under the assumption that we
have known that the outcome in one trial is an odd number. We give the definition
below.

Definition 1.1.3. Let (Q, .#, P) be a probability space, A,B ¢ % and P(B) # 0. Then
the conditional probability of A given B or the probability of A under the condition B is
defined by

P(A|B) = P(AB)/P(B), (1.1.1)
where P(AB) = P(A n B) = P(A and B both occur).

We also take the “roll the dice” as an example. Consider the event A="“prime point
occurs,” B=“odd point occurs,” and C=“even point occurs,” that is

A = {2, 3, 5}9 B = {19 37 5}’ C = {2’ 4’ 6}'

It can be calculated that the (unconditional) probability of A is 1/2. Now, if the event
B is assumed to have occurred, then we ask for the probability of A. By the definition,
the conditional probability of A under B is P(A|B) = P(AB)/P(B) = P({3, 5})/P(B) = 2/3.
Similarly, if the event C is assumed to have occurred, or we know that C has occurred,
then the conditional probability of A is P(A|C) = 1/3.

Another important concept in probability is independence. Consider two events A
and B. Generally speaking, the conditional probability P(A) of A is different from
P(A|B). If P(A|B) > P(A), then the occurrence of B enlarges than the probability of
A. Otherwise, if P(A) = P(A|B), then the occurrence of B has no influence on A. In the
latter case, the events A, B are said to be independent and

P(AB) = P(A)P(B). (1.1.2)
Definition 1.1.4. If A, B satisfy eq. (1.1.2), then A, B are said to be independent.

Definition 1.1.5. Let Ay, A, --- be at most countably many events. If for any finite events
Ay, Ay, -+, Ajy,, there holds

P(A, A, -+ Aiy) = P(4;))P(A) -+ P(A;,,), 1.1.3)
then the events Ay, A,, ---, are said to be independent.

It is noted that the events in a subset of independent events are also independent.
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Theorem 1.1.2. Let A, A,, ---, A, be independent, then

P(A1A; -+ Ay) = P(A1)P(A) -+ P(Ap).

Next, we introduce the law of total probability and Bayes formula. Let By, By, ---be at
most countably many events, mutually exclusive, and at least one of them happens in
an experiment. That is, B;B; = @ (impossible event), wheni # jand By + B +--- = Q
(certain event). Given any event A, noting Q is a certain event, one gets A = AQ =
AB; + ABy + -+, where ABy, AB,, ---are mutually exclusive as Bj, By, ---are mutually
exclusive. Hence, by Theorem 1.1.1

P(A) = P(ABy) + P(AB;) + - - -, (1.1.4)

and by the definition of conditional probability, we have P(AB;) = P(B;)P(A|B;), which
follows that

P(A4) = P(B;)P(A|By) + P(B;)P(A|By) + - - - (1.1.5)

This formula is called the law of total probability. By eqs (1.1.4) and (1.1.5), the
probability of P(A) is decomposed into the sum of many parts. It can be under-
stood that the events B; is a possible cause leading to A. The probability of A,
under the possible cause B;, is the conditional probability P(A|B;). Intuitively, the
probability of A, P(A), must be between the smallest and largest P(A|B;) under this
mechanism, and also because the probabilities of P(B;) are different in all kinds of
causes, the probability P(A) should be a weighted average of P(A|B;), with the weight
being P(B;).
Under the assumption of the law of total probability, one has

P(B|A) =P(AB;)/P(A)

=P(B))P(A|B)/ ) _ P(B)P(A|B)). (1.1.6)
j

This formula is called Bayes formula. Formally, it is just a simple deduction of the
conditional probability and the law of total probability. It is famous for its explan-
ation in reality and philosophical significance. For P(B;), it is the probability of B;
under no further information. Now, if it has new information (we know that A has
occurred), then the probability of B; has a new estimate. If the event of A is viewed
as a result, and By, B, ---are the possible causes of A, then we can formally view
the law of total probability as “from the reason to result,” while Bayes formula
can be viewed as “from the result to reasons.” In fact, a comprehensive set of stat-
istical inference methods has been developed by the idea, which is called “Bayes
statistics.”
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1.1.2 Random variable and probability distribution

Random variable, as the name indicates, is a variable whose value is determined
randomly. Strictly speaking, given a probability space (Q, .#, P), random variable X is
defined as a measurable mapping from Q to RZ. When d > 2, X is usually called a ran-
dom vector, and d is the dimension. Random vectors can be divided into discrete and
continuous types according to the value of random variables. The research of random
variable is the content in probability, because in a random experiment, what is con-
cerned are variables, which are usually random and are often associated with certain
problems of interests.
Next, we consider the distribution of random variable.

Definition 1.1.6. Let X be a random variable. Then the function
F(x) =P(X <x), —oo0<Xx< o0, 1.1.7)

is called the probability distribution function of X, where P(X < Xx) denotes the
probability of the event {w : X(w) < x}.

Here, it doesn’t request the random variable to be discrete or continuous. It’s obvious
that the distribution function has the following properties: (1) F(x) is a monotonically
nondecreasing function, (2) F(x) - 0 as x - —oco, and (3) F(x) — 1as x — oo.

First, let us consider a discrete random variable X taking possible values a;, a, ---.
Then p;=P(X=a;), i=1, 2, ---is called the probability function of X. An important ex-
ample of the discrete distribution is the Poisson distribution. If X is a non-negative
integer-valued random variable with its probability function p;=P(X =i) = eAi/il,
then X is said to subject to Poisson distribution, denoted by X ~ P(A), where A > 0
is a constant.

For the distribution of continuous random variable, it can’t be described as
the discrete ones. One method to describe continuous random variable is to use
distribution function and probability density function.

Definition 1.1.7. Let F(x) be the distribution function of a continuous random variable X,
then the derivative f(x) = F'(x) of F(x), if exists, is called the probability density function
of X.

The density function f(x) has the following properties:
D f()=o0.

@ [% fx)dx=1.

(3) Forany a < b, there holds
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b
P(angb)=F(b)—F(a)=/ f)adx.

An important example of continuous distribution is the normal distribution, whose
probability density function is
1

2552
fO) = ———e @HWI20° o6 < x < oo
N 210

The associated random variable is usually denoted by X ~ N(u, 62).

The above conclusions can be generalized to random vectors. Consider a
d-dimensional random vector X = (Xi, ---,Xy), whose components Xy, ---,X, are
one-dimensional random variable. For A c R", X € A denotes {w : X(w) € A}.

Definition 1.1.8. A nonnegative function f(x, -, x,) on R" is said to be the probability
density function of X if

PXeA)= /f(xl, c Xxp)dxy - dx, (1.1.8)
A

forany A c R".

We remark that similar to the one-dimensional case, we can introduce the probability
distribution function

F(XI)XZ) "'»Xn) =P(X1 < X1’X2 < X2, "',Xn < Xn),

for any random vector X = (X, ---, Xy,). For the random vector X, each competent X; is
one-dimensional random variable and has its own one-dimensional distribution func-
tion Fj, fori = 1, ---, n, which are called the “marginal distribution” of distribution F
or of random vector X. It is easy to see that the marginal distribution is completely de-
termined by the distribution F. For example, let X = (X;, X,) with probability density
function f(x1, x2). Since (X; < x1) = (X1 < x4, X» < o0), we have

X1 [e'e)
Fi(x1) = P(X; < x1) = / dtl/ f(t, t)dty,

and the probability density function of X; is given by

fiba) = dhl) _ [wf(x1,xz)dxz-

dx 1 -

Similarly, in the multi dimensional case, we have for X = (Xy, ---, X;,) that

dFi(x1) _
Xm

fxy) := /_w /_wf(xl,xz, e Xp)dxg - - dxp.
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We recall the conditional probability, based on which independence is introduced.
Now, we discuss the conditional probability distribution and the independence of ran-
dom variables. We also take the continuous random variables for example. Given two
random variables X; and X,, we let f(x1, x2) be the probability density function of the
two-dimensional random vector X = (Xi, X3). Consider the conditional distribution of
X; under the condition a < X5 < b. Since

PXi<xila<Xo<b)=PX; <xi,a<Xo<b)/Pla<X,<h),

by the marginal distribution function f, of X5, it follows

X1 b b
P(X, <xila <X, < b) = / dty / f(t, b)dts/ / He)de,
—00 a a

which is the conditional distribution function of Xj. The conditional density function
can be obtained by derivative on x, i.e.,

b b
fiXila<X, <b)= / flxa, tz)dtz// H(L)dt,.
a a
It is interesting to consider the limited case a = b. In this limit, we obtain

fibalx) =filx11Xz = x2)
= ,11i11(1)f1(X1|X2 <X;<x2+h)

xo+h xo+h
- lim f  fl )] fim f o
=f(x1, x2)/(x2).

This is the conditional density function of X; under the condition X5 = x,, and we need
f>(x2) > 0 such that the above equality makes sense. It can be rewritten as

fxa, x2) = L)X, (1.1.9)

corresponding to the conditional probability formula P(AB) = P(A)P(B). In higher
dimensional case, X = (Xi, ---,X,) with probability density function f(xi, ---, xy),
one has

fOa, =, xq) = 801, -, xidh(Xia, -+, XnlX1, -+ Xi),

where g is the probability density of (X;, ---, Xx), and h is the conditional probability
density of (Xy;1, -, Xy) with the condition X; = xq, -+, X = xx. The formula can also
be regarded as definition of the conditional probability density h. Integrating eq. (1.1.9)
w.r.t. X5, we have
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fibxr) = / ” Fo, x)dxz = f " htabh ). (1110)

Next, we discuss the independence of random variables. By the above notations, if
filx1]x2) depends only on x; and is independent of x,, then the distribution of X; is
completely unrelated with the value of X5. That is the stochastic variables X; and X,
are independent in probability.

Definition 1.1.9. Let f(xy, -, x,) be the joint probability density function of the
n-dimensional random variable X = (Xy, ---,Xy), and the marginal density functions
of Xjarefi(x;),i=1, ---,n.If

fOa, -, xn) = filx) - - - fulxn),

then the stochastic variables X, ---, X, are mutually independent or independent for
short.

The concept of independence of variables can also be considered in the following
view. If Xj, ---, X, are independent, then the probabilities of the variables are not
affected by other variables, hence the events

A= (a1 < X1 < b1), -+, An = (an < Xn < by)

are independent.

1.1.3 Mathematical expectation and momentum

The probability distribution of random variable we introduced above is the most com-
plete characterization of the probability properties of random variables. Next, we
consider the mathematical expectation, momentum, and related topics. Let us first
consider the mathematical expectation.

Definition 1.1.10. If X is a discrete random variable, taking countable values ay, a;, -+
with probability distribution PX = a;) = pj,i = 1,2, -+, and Y 7 |ailpi < oo, then
EX = Y7 aipi is called the mathematical expectation of X.

If X is a continuous random variable with probability density function f(x) and
5 IxIf(x)dx < oo, then E(X) = [° xf(x)dx is defined as the mathematical expectation
of X.

Next, we consider the conditional mathematical expectation of random variables. Let
X,Y be two random variables, we need to compute the expectation E(Y|X = x) or
simply E(Y|x) of Y under the given condition X = x. Suppose that the joint density of
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(X, Y) is given, then the conditional probability density function of Y is f(y|x) under
the given condition X = x. We then have by definition that

E(Y]x) = [ Y ody.

The conditional mathematical expectation reflects the mean change of Y with respect
to x. Hence, E(Y|X) is a random variable and changes with X. In statistics, the condi-
tional expectation E(Y|x) is regarded as a function of x and is usually termed as the
“regression function” of Y to X.

From conditional mathematical expectation, we can get an important formula to
the unconditional mathematical expectation. Recall the law of total probability P(A) =
> ; P(Bi)P(A|B;). This can be understood as to find the unconditional conditional prob-
ability P(A) from the conditional probability P(A|B;) of A. In this regard, P(A) is the
weighted average of conditional probability P(A|B;) with weight being the probability
P(B;). By analogy, the unconditional expectation of ¥ should be equal to the weighted
average of the conditional expectation E(Y|x) of x with weight proportional to the
probability density f;(x) of X, i.e.,

E(Y) = / B fi ()dx.

o)

The proof is not difficult and omitted here. Recalling that right-hand side (RHS) mem-
ber of this formula is just the mathematical expectation of the random variable E(Y|X)
with respect to X, hence we have

E(Y) = E(E(Y)X)).
Next, we consider the conditional expectation under o-subalgebra of .%#.

Definition 1.1.11. Let (Q, .%, P) be a probability space and ¢ ¢ Z.IfX : Q — R"is an
integrable random variable, then E(X|¥) is defined as a random variable satisfying
(i) E(X|9)is ¢ measurable;

(i) [,XdP= [, EX|9)dPVAc¥.
The conditional mathematical expectation has the following properties:

Proposition 1.1.1.
(i) Let X be ¥ measurable, then E(X|¥) = X almost surely (a.s.)

(ii) Let a, b be constants, then E(aX + bY|¥) = aE(X|¥) + bE(Y|¥) a.s.
(iii) Let X is ¢ measurable and XY be integrable, then E(XY|¥) = XE(Y|¥) a.s.
(iv) Let X be independent of 4, then E(X|%) = E(X) a.s.

(v) Let& c 9, then
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E(X|&) = E(E(X|9)|€) = E(E(X|6)|9) a.s.
(vi) LetX <Y a.s., then E(X|¥4) < E(Y|¥) a.s.

The proof can be found, for example, in Ref. [89]. Also, the following Jensen’s in-
equality is cited without proof. The more general Jensen’s inequality can be found
in standard real analysis textbooks.

Lemma 1.1.1. Let @ : R — R be convex and E(|®(X)|) < oo, then
D(EX|9)) < E(@X)|9).

In order to depict the dispersion of random variables, the concept of variance is
introduced.

Definition 1.1.12. Let X be a random variable with distribution F, then
0% = Var(X) = E(X - EX)?
is called the variance of X or F, and oy the standard deviation of X or F.

It is easy to show Var(X) = E(X?) - (EX)2. As a generalization, one can consider the kth
moment of X around c, defined as E[(X — ¢)¥], where c is a constant and k is a positive
integer. In particular, it is called the origin moment when ¢ = 0, and central moment
when c = EX.

Now, let us introduce the concepts of covariance and correlation. Still take two-
dimensional random vector (X, Y) for example. Set

EX = my, EY = my; Var(X) = 07, Var(Y) = 2.

Definition 1.1.13. E[(X — my)(Y — my)] is called the covariance of X,Y, denoted by
Cov(X, Y). Cov(X, Y)/(0103) is the correlation of X, Y, denoted by p(X, Y).

From Schwarz inequality, it leads to Cov(X, Y) < 010, and hence -1 < p(X,Y) < L. If
X, Y are independent, then Cov(X, Y) = 0, and hence p(X, Y) = 0. But the zero correl-
ation p(X, Y) = 0 does not necessarily imply the independence of X, Y. The reason is
that the correlation is just the “linearly dependent coefficient,” which does not char-
acterize the general (nonlinear) relationship between X and Y. But it is true when
(X, Y) obeys the two-dimensional normal distribution. That is to say, when X, Y are
two-dimensional normal random variables, p(X, Y) = 0 implies the independence of
XandY.

Finally, let us simply introduce the law of large numbers and central limit the-
orem. In probability, if Xj, X5, ---, X, are some random variables, it is usually very
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difficult to compute the distribution of Xj + - - - + Xj,. Then one asks naturally whether
we can find some approximate computations. In fact, this idea is not only possible
but also very convenient, since in many cases the limit distribution of the sum is just
the normal distribution. For this reason, the normal distribution plays an important
and a special role in probability. We usually call such a result “central limit theorem,”
which roughly states that the distribution of the sum converges to normal distribu-
tion. There is another limit theorem, “the law of large numbers,” which roughly states
that “frequency converges to probability” in statistics. Let us consider the n times in-
dependent and repeated experiments and observe whether the event A occurs in each
experiment. Set

1, A happens in the ith experiment, .
X; = ] ] _ i=12,,n. (1.1.11)
0, A does not happen in the ith experiment,

Then A occurred ) ; X; times in all the n times experiments, i.e., the frequency is p, =
> X,-/n)_((n). If P(A) = p, then “frequency converges to probability” is to say, in some
sense, p, is close to p when n is large enough. This is the law of large numbers in
general case, which happens when the experiments are observed for a large number
of times.

Theorem 1.1.3. Let X1, X5, -+, Xy, -+ be independent and identically distributed (iid)
random variables. Suppose that they have the same mean value y and variance o2, then
forany e > 0,

lim P(\X(;) - pl > €) = 0. (1.1.12)

In probability, this convergence is called “)_((n) converges to u in probability,” which
is different from that in calculus. Here we also omit the proof, which can be found
in a general probability textbook. It is proper here to introduce the useful Chebyshev
inequality.

Chebysheyv inequality: If Var(Y) exists, then

P(|Y - EY| > ¢€) < Var(Y)/e%.

This is one of the pioneer law of large numbers proved by Bernoulli in 1713, which
is usually called the Bernoulli law of large numbers. The above theorem requires
the existence of variances of Xi, X5, -+, but when these random variables obey the
same distribution, such requirement is not necessary. This is the following Khintchine
theorem, which takes the Bernoulli law of large numbers as a special example.

Theorem 1.1.4. Let random variable X1, X», --- are mutually independent, obey the same

distribution, and have mathematical expectation EX) = p for k = 1,2, ---, then for any
£ > 0, one has
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nlim P(|)_((,,) -ul<e) =1

Now we make the central limit theorem mentioned earlier more precise. Let ®(x) =

ﬁ S x e~*12dt be the distribution function of the standard normal random variable

[}

X ~ N(0,1).

Theorem 1.1.5. Let X1, X, -+, Xp, -+ be iid random variables, EX; = u, Var(X;) = 0 with
0 < 02 < oo. Then for any real number x, one has

nlLIEQP (ﬁ(Xl +o+ Xy —np) < x> = d(x). (1.1.13)

This theorem is usually called the Lindbergh-Lévy theorem, which states that when n
is sufficiently large, the standardized variable of the sum _j_; X of iid random vari-
ables X;, X,, -+, X, with mean yu and variance o2 approximately obeys the standard
normal distribution, i.e., approximately,

ZZ=1 Xk - n}'l o N(

N 0, 1).

Theorem 1.1.6. Let X1, X5, ---, Xy, -+ beiid random variables, and X; satisfies the distri-
bution

PX;=1)=p, PX;=0)=1-p, O<p<1.

Then for any real number x, one has

1

lim P| ———X1 +---+ X —np) < x| = Dx).

e (Wlp(l -p)

It is called the De Moivre-Laplace theorem, which is the pioneer central limit theorem.
At the end of this section, we collect some useful convergence concepts. They are

often encountered in probability and stochastic analysis.

Definition 1.1.14. Let {X,;; n > 1} be a random variable sequence, if there is random vari-
able X such that for any € > 0, lim,_. ., P(|X,, — X| > €) = 0, then the random variable
sequence {Xp; n > 1} is said to converge to X in probability, denoted as X, -»¥ X.

If P(w : limy_, oo Xp(w) — X(w)) = 0) = 1, then {Xyn; n > 1} is said to converge to X a.s.
or with probability 1, denoted as X, — X a.s.

Let X, X,(n > 1) have finite pth moment for some p > 1. If lim,,_, .. E(|X;, — X|P) = O,
then {Xn;n > 1} is said to converge to X in LP norm, denoted as X, —~» X. In particular,
when p = 2, {X,; n > 1} is said to converge to X in mean square.
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One can show that both convergence in mean square and convergence a.s. imply
convergence in probability, but the inverse is not true. Convergence in mean square
and convergence a.s. cannot imply each other. But convergence in probability implies
convergence a.s. up to a subsequence by Riesz theorem.

1.2 Some preliminaries of stochastic process

In this section, we will simply introduce some basic concepts of stochastic pro-
cess. The stochastic process, roughly speaking, is a class of random variables X =
{X(t, w)}t>0 which is defined on the same probability space (Q, .#, P) and depended on
a parameter t. Throughout X(t, w) is usually simplified as X;(w) or X;.

Definition 1.2.1. Let (Q, .#, P) be a probability space and T be a given parameter set. If
forany t € T, there is a random variable X(t, w), then {X(t, )}t is a stochastic process
on (Q, .Z, P), denoted by {X(t)}.1. The set of all possible states of X(t) is called the state
space or phase space, denoted as .. T is called the parameter set, usually representing
time.

From another view, the stochastic process {X(t, w)}r can be regarded as a function
of two variables T and Q. For fixed t € T, X(t, w) is a random variable on (Q, .Z, P),
while for fixed w € Q, X(t, w) is a usual function defined on T, which is called a sample
function or a sample path of {X(t, w)}¢er.

Here, we have to mention the Kolmogorov theorem, whose starting point and con-
clusion are as follows. To translate a real problem to a stochastic process model, first
one has to establish a probability space (Q, .#, P) and on which a group of random
variables, such that any finite-dimensional joint distribution of these random vari-
ables has the same distribution to the real problem we observed. Generally speaking,
it is not difficult to construct (Q, .%). For example, one can let Q = .7, and .% = 2T,
where X is the minimal o-algebra generated by the open subset of .. But it is usu-
ally difficult to construct the probability measure P. Furthermore, we only know some
finite-dimensional distribution in real problems, and we need some compatible condi-
tions in order to guarantee that P is uniquely determined by these finite-dimensional
distributions.

Assume there is a stochastic process X = {Xi}cr on (Q, .#, P), taking values in
the state space (.7, £). For any integer n and &, t5, ---, t, € T, the joint distribution of
random variables (X, (-), -+, X, (-)) is a probability measure py,, ... ,(-) on (", Z") and

pt1,---,tn(') = P((U : (th(')) )th(')) € B)’ Be Zny
where X" is the o-algebra generated by the open subset of .#". Here py,, ... 1,(-) is

called the marginal measure of X at times t, t5, -+, t,,. It is obvious that for n > 1 and
ti,ty, e T, # t,1 # J, Py, - 1, (1) has the following properties:
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(Kl) ptl,...,tn,...,tmm (B X Y”’) = pfl,'“,fn(B) forB e Zn;
(K.2) LetT : {1, 2, ---,n} = {i1, i, -+, in} be a permutation on {1, 2, ---, n}, and set
TB = {(Xilyxiz’ 9Xin); (leXZ) s 1T ,Xn) € B}’ then

Py, ta(B) = Dty , 55, (TB).

Conditions (K.1) and (K.2) are the Kolmogorov compatible conditions. Here the prob-
lem is that given a class of distributions satisfying the compatible conditions, can we
find a probability measure P such that (K.1) and (K.2) hold. Kolmogorov theorem gives
an affirmative answer.

Consider a complete separable metric space . and the g-algebra X generated by
its open subset. Such a space (., Z) is called a Polish space. The following set is called
cylindrical set:

Tty oty = {0 = (W, t € T) € 75 (wyy, -+, we,) € B, BeX",
where ty, -+, ty € T are mutually different. Set
€ ={Tt, ... .t;3 B € 2", Vt, -, tn € T mutually different, n > 1},
Q=.9Tand .7 = o(%).
Theorem 1.2.1 (Kolmogorov). Let (., X) be a Polish space and probability distributions
pt, -t ()sn > 1,Vty, -, ty € T mutually different}

satisfy compatible conditions, then there is a unique probability measure P in (Q, %),
suchthat foralln > 1, t;, -, t, € T witht; # t;,1 # jand B € £", there holds

Plw = (wy); ((wtl; B wtn) € B)} =Pt1,--~,tn(B)~

Next, we introduce four special types of stochastic processes.
1. Process with independent increments: Let t; <t;< -+ <ty t;eT,1<i<n.
If the increments Xy, X:, —X¢, -+, X, — X¢,., are mutually independent, then X is
called a process with independent increments. If for any 0 <s < ¢, the distribution of
increment X; — X; depends only on t — s, then X is said to have stationary increment.
2. Markov process: If forany t; <t <--- <tp<tand x;, 1<i<n, one has

PX; € AlXy, = x1, X, = X2, =+, Xty = Xn) = P(X; € AlXp, = Xxn),
then X = {X¢}ter is called a Markov process. The formula implies that the cur-

rent state doesn’t depend on the past states. In other words, the Markov process is
memoryless.
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3. Gauss process: If for any positive integer n and t,t, -, t, €T,
(Xt,» Xty» -+, Xp,) is an n-dimensional normal variable, then the stochastic pro-
cess {X¢}er is called a normal process or a Gauss process. The Wiener process (c.f.
Definition 1.4.1) {W¢}:cr is a special case of normal process.

4, Stationary process: If for any constant 7 and positive integer n,
tty, e+ T, +7T, -, tha+T € T, Xpy, Xty -+, Xpy) and KXpyar, Xeyrrs -+ 5 Xpar)
have the same joint distribution, then stochastic process {X};.r is called a (strict)
stationary process.

If, furthermore, EX; = constant and for any ¢,t + h € T, the covariance E(X; -
EX¢)( X — EXton) exists and is independent of t, then the process {X¢}.r is called a
stationary process.

Example 1.2.1 (white noise). Let X = {X,,}nez be a real- or complex-valued random vari-
able sequence, EX, = 0 E{|Xn|*} = 0 < oo and EX;Xim = 6pn0?, Where 8y = 1ifn=m
and 0 otherwise. Then it is easy to see that X is a stationary process. In this example,
X = {X,}nez is usually called white noise.

1.2.1 Markov process

For our applications in partial differential equations, we mainly consider the Markov
process with continuous time, while sometimes we also use discrete time Markov pro-
cess as simple examples. First, we consider the case of discrete state space .. Such a
Markov process with continuous time and discrete state space is also called a Markov
chain.

Since the Markov process is memoryless, as mentioned earlier, the state at a future
time t depends only on the present known state at time s (s < t), but not the past
state. The transition probability p(s, t,i,j) = P(X; = j|Xs = i) denotes the probability
of the process lying in j at time t > s, given the process lying in state i at time s. If
the transition probability depends only on t — s, then the continuous-time Markov
chain is called homogeneous and denoted by p;i(t - s) = p(s, t, i, j) for simplicity and
P(t-5) = (pjj(t—s)) fori,j e . and t > s is called the transition probability matrix. It is
obvious that Vs < 7 < t,

p(s,651,j) = 3 pls, 15, Kp(r, £ K. )). (1.21)
kel

This equality is the Chapman—-Kolmogorov (C-K) equation of continuous-time Markov
chain. We have already known that when the process starts from i at time s, the prob-
ability of the process to lie in k € .# at time s < T < tis p(s, T; i, k). The left-hand side of
eq. (1.2.1) represents the probability of the process that lies in j at time ¢ starting from i
at time s. While the RHS of (1.2.1) is the summation of the probabilities of the process
that lies in j at time ¢ starting from i at time s with the probability of the process that
lies in k at time 7 (s < T < t) starting from i at time s being p(s, T; i, j), which is already

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



16 —— 1 Preliminaries

known. This equality is valid due to the law of total probability. The C-K equation also
reflects the memoryless property of the Markov process.

The transition probability matrix P(s,t) has the following two important
properties:
(1) P(s, t) is a nonnegative matrix, and

P(s,01=1 1=(1,1, --,1, ---,)7).
) P(s,T)P(t,t) =P(s,t) Vs<T < L.

Thus, the time-homogeneous Markov chain corresponds to P(s, t+s) = P(0, t) Vs, t € T,
abbreviated as P(t), and the C-K equation becomes

P(s)P(t) =P(s+1t) Vs,teT.

Therefore, {P(s)}sc7 is a continuous-time semigroup.

In what follows, we always suppose the Markov process is time homogeneous, if
not specified. In the discrete-time case, we set T = Z* and we have P(n) = (P(1))" for
any n € Z*, i.e., P(n) = e""P, where P is the one-step transition probability matrix.
Then a natural question is whether a similar formula holds in the continuous-time
case t € R? That is, is there a matrix Q, independent of time ¢, such that P(¢) = €', If
such a matrix Q exists, then it satisfies

P(t) - P(0) lim el -1 _
t—0 t

P,(O) = lim Q;
t—0

where we set limy o P(¢) = I, the identity matrix. Such a matrix P is said to be canonical
and suggests us to study the derivatives of P(t) at t = 0.

Theorem 1.2.2. Let transition matrix be canonical, then

. pi®-1_
ltlfg T - ql(_' qu) (1-2-2)
exists (possibly being ), and
opy®)
ltllr(r)l = OUED)) (1.2.3)

exists and is finite.
The proof can be found in Ref. [214]. From Fatou lemma, we have

0<gj<gi<+oo ZQijSQi-

j#i
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Generally, if a matrix Q = (g;) satisfies

(Q.1) gji = —q; < 0 (possibly being —o0),

(Q.2)0< gij < +o0 i=j),

Q3) Zj¢i qij < qi.
then the matrix Q is a called a Q-matrix .

By the theorem, for the canonical Markov process, matrix Q = (gj) is a Q-matrix.
If furthermore } ; gjj = gi < +o0, Qs conservative.

Definition 1.2.2. For some Q-matrix Q, if there is a Markov chain such that eqs (1.2.2)
and (1.2.3) hold, then the Markov chain is a Q-process with matrix Q.

Using the Q matrix, we can deduce the differential equation satisfied by the transition
probability of any time interval ¢, which can be used to solve the probability matrix.
From C-K equation

pi(t+h) =Y pu(Wpy(0), (1.2.4)
ke

we have

pij(t + h) — py(t) = Zpik(h)pkj(t) - (1 - pi(M)p;(0).

ki

Dividing h on both sides and then taking limit h — 0, we get

lim it +h) —py(t) _
h—0 h

. pik(h)
}’IE(I’%,: lh Dij(t) + qiipy(6).

If we can change the order of the limit and the summation, then we obtain the
Kolmogorov backward equation

pi(t) = Z qikpii(t) + qiipij(t). (1.2.5)

e+l

Theorem 1.2.3. Suppose > ;. o gix = O, then the Kolmogorov backward equation (1.2.5)
holds for alli,jand t > O.

The reason why it is called the backward equation is that in the C-K equation (1.2.4)

pi(t+h) = > P{Xeun = jI1Xo = i, Xn = k}
ke

x P{Xp = k|Xo =i} = Z pik(Mpii(6),
ke
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when we compute probability distribution at time t + h, we take condition back to
time h. If we take condition probability only back to time ¢, we have

pilt+h) =Y pi(Wpu0), (1.2.6)
ke

which results to the Kolmogorov forward equation

P =Y puOai; + pi(O)gs. (1.2.7)

ki

Since limit and summation are not interchangeable in general, eq. (1.2.7) only holds
in the case of finite state space.

Theorem 1.2.4. Suppose the state space of Markov chain with canonical transition
matrix P is finite, then the Kolmogorov forward equation (1.2.7) holds.

Assume the state space of the Markov chain is countable and the transfer matrix P is
canonical, then Q-matrix must be conservative and hence both the Kolmogorov for-
ward and backward equations hold. They can be rewritten in the following simple
form:

P'(5) = P()Q, P'()) = QP(®).

Given initial condition P(0) = I, there exists a unique solution P(t) = Q. This indic-
ates that for any finite-dimensional conservative Q-matrix Q = (g;), there must be a
unique transition matrix {P(t)};cg+ such that P/(0+) := (plf].(0+)) = Q. It can be proved
that the solutions obtained from the forward equation and the backward equation are
identical.

In applications, we need also to consider the probability distribution
pj(t) = P(X; =) of a process X at t. From

pit+7) = pi(0py(0), (1.2.8)

ie”

we have by taking T = 0

pit) =Y pipi(0).

e

Multiplying both sides of Kolmogorov forward equation (1.2.7) by p; and taking
summation with i yield

> pidyO =Y pivadr = Y, prt)g;.

i€ i,ke. ke
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The equation is usually called the Fokker—Planck equation, which holds in finite state
space for the above reason. Hence, we have

Theorem 1.2.5. Let . be a finite state space. The probability distribution p;(t) for
j € 7 of a homogeneous Markov process at t satisfies the following Fokker—Planck
equation:

Pj(®) = -pj(©)g; + Y _ pr(B)gy. (1.2.9)
k#j

For the probability distribution of a process, there is a special but important case, i.e.,
the invariant probability measure.

Definition 1.2.3. Suppose m = (my, ---, my) withm; > O for alli € {1, ---,k} and m + 0. If
> imipij = mj for all j, then rt is an invariant measure of P. If furthermore, Z]- mj = 1, then
it is an invariant probability measure.

Example 1.2.2. Birth and death process.

Let {X;}t>0 be a Markov chain with state space . = {0, 1, 2, --- }. If P(t) = p;;(¢) satisfies,

piiv1(h) = Ash + o(h), A >0,i20,

pii-i(h) = yih + o(h), ui >0, i'Z 1, (1.2.10)
pii(h) =1- QA +pudh+o(h), po=0,i>0,

pij(h) = o(h), li-jl>2,

where h is small enough, then X is called a birth and death process. Here, 4; is the
birth rate and p; is the death rate. If y; = 0, X is a pure birth process and X is a pure
death process for A; = 0. The Q matrix is easy to be written out (leave to the reader)
and is obvious a conservative Q-matrix. The transition matrices P(t) and Q satisfy the
forward and backward equations

P = —pii(O)Ai + W) + pij1(OAj-1 + Pijar (O, (1.2.11)
pi(6) = (A + u)py () + Aipisn,j(O) + pipi1,5(0). (1.2.12)

The probability distribution satisfies the Fokker—Planck equation

{ o) = =po()Ao + p1(Opy, (1.2.13)

pj() = -pi(O@; + pi) + P (OA-1 + P (O
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Example 1.2.3. A special example.

Take .7 = {0, 1} in the above birth and death process, then we get
-A A
Q-= .
MU

Poo®) = upoi(t) — Apoo(t) = (A + p)poo(t) + u.

By Kolmogorov forward equation

Since the initial value is poo(0) = 1, we have by solving this equation that
Poo(®) = Ho +Age” M,

where A = ﬁ and yo = ﬁ Similarly, we obtain

Poo(®) =to + Aoe™ M, poy (£) = Ao(1 — e H ),
pu(® =Ao + poe” MM, pio(t) = po(1 - e A1),

If the process has initial distribution
Mo =po = PXo =0) = po, m =p1=PXo=1) = Ao,
then the distribution at time ¢ is

Po(t) = popoo(t) + pip1o(6) = po, P1(t) = popo1(t) + pipu(t) = Ao.

Hence, 7 = (uo, Ao) is an invariant measure of the system. Since mp + m = 1, 7 is also
an invariant probability measure.

Finally, let us consider the general Markov process and give some basic concepts.
The space (., %) is called a Polish space, if . is a complete separable metric space
with distance d(x, y) for any x, y € ., and X is the g-algebra generated by all the open
subsets of .#. Let B(x, §) denote the open ball in .# centered at x with radius 8. Con-
sider a Markov process X = {X;};g+ on a probability space (Q,.#,P) : (Q, #,P) —
(., Z). Under suitable regularity conditions, the transition probability is given by

p(s,t;x,A) =P(X; e A|Xs=x) Vs<t,xe.”,Ack. (1.2.14)

It is called a time-homogeneous Markov process, if p(s, t; x, A) depends only on ¢ - s. If
there holds p(s, t; x, A) = [, p(s, t; x,y)dy for some p, then p(s, t; x, ) is called a trans-
ition probability density function. In particular, if the process is time homogeneous,
then p(s, t; x, y) is simplified to p(t, x, y). The corresponding C-K equation is given by

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

1.2 Some preliminaries of stochastic process = 21

p(s,t;x,A)=/ p(t, t;y, A)p(s, T;x,dy) Vxe.#,0<S<T<t<o0,Ac€l.
7

The similar expressions can be found for the density function.
Notice that eq. (1.2.14) can be rewritten as

p(s,t;x,A) =E14(X¢)|Xs =x) Vs<t,xe S AcX. (1.2.15)
If we extend the index function to a general bounded measurable function, we obtain
(Ps,ef)) = Ef(X)|Xs =x) Vs<t,xe.”, (1.2.16)

where f € By(.) is a bounded measurable function from (., £) to (R!, %,) with norm
If1l := supye.» |f(x)]. Under such a norm, By(.#) is a Banach space. Then, it is easy to
show from conditional expectation that

(Ps,ef) () = / fOp(s, t;x,dy) Vs<t,xe.S. (1.2.17)
%
If the Markov process is time homogeneous, then Ps ¢ = Py ¢—s =: Pt_s. Denote
Bo(”) ={f € By(#) : |IPf —fIl = O, ast — O}.

Then it is not difficult to obtain that {P;};¢ is a strong continuous contract positive
operator semigroup from By(.%) to itself. Such a semigroup is called a Markov trans-
ition semigroup and By (%) is the strong continuous center. If lim¢o(Pf — f)/t = <f
exists in norm, then .« is called the infinitesimal generator or generator for short. In
such a way, P; defines a (possibly unbounded) operator </ with domain 2(&) := {f :
limy o (P¢f — f)/t exists}. Obviously, 2(«7) c Bo(.).

Suppose {Zi}»0 is a nondecreasing o-algebra flow on the probability space
(Q, Z, P). Consider random variable 7 : Q — [0, oo]. If for any t € [0, oo], the event
{r < t}is .%; measurable, then 7 is called a stopping time. If

EQa(X¢:0)|Z) = p(t, X, A) fora.e. w e {w : T(w) < +o0},

forallt > 0 and A ¢ Z, then the time-homogeneous Markov process X = {X¢}0 is said
to be a strong Markov process. Intuitively speaking, in a Markov process, the current
time t is a number of the parameter set T = R*, while in a strong Markov process, the
current time 7 could be any stopping time. The strong Markov property is important in
stochastic process. One may wonder under what conditions can a Markov process be
a strong Markov one. This is true for a Markov process with discrete-time parameters,
but for a strong Markov process, it fails. However, for a Markov process with the sample
path being right continuous and its transition function satisfying the Feller property,
it is transfered to a strong Markov process [214].
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Definition 1.2.4. The transition function {p(t;x, A)} or the corresponding transition
semigroup P, is said to satisfy the Feller (resp. strong Feller) property if P¢f is a bounded
continuous function for all t > 0 and bounded continuous (resp. bounded measurable)
function f. If the semigroup of a Markov process is a Feller semigroup (resp. strong Feller
semigroup), then it is a Feller process (resp. strong Feller process).

Let M (E) denote the sets of probability measures on (., Z). For t > 0, u € M;(.¥), we
define

Pru(A) = / Pt; x, Ap(d), t>0,Acx. (1.2.18)
54

Definition 1.2.5. A probability measure yu € M;(.#) is invariant with respect to {P;}, if

Pifu=u vt>0.

1.2.2 Preliminaries on ergodic theory

In thermodynamics, the limit limy_, % fOT f(6w), if exists, is usually taken to be the
value of the physical quantity of a system. Then in what sense does this limit exist.
It is a basic mathematical problem in statistic mechanics. Another especially inter-
esting problem is whether such time average tends to the space average Ef(w) :=
J flw)dP(w).

For {f(6xw); k = 0,1,2, ---} being iid, this problem was solved by employing the
strong law of large numbers. For general cases, Von Neumann and Birkhoff estab-
lished the existence of the limit in the sense of mean square convergence and almost
everywhere convergence.

Consider the invertible measurable transformation group 8; : Q — Q,t € R,on a
probability space (Q, %, P). It is called measurable if 6;'4 := {w : 6w € A} € F for
all A ¢ #. If, furthermore, P(6;A) = P(A) for all A ¢ .# and t ¢ R, then it is called a
measure-preserving transformation and S = (Q, .#, P, 6;) is called a dynamical system.
The group {;}+cg induces a linear transformation in space H = L*(Q, .%, P):

Utg(W) = .{(Gtw), { € H,(U € Q,tE R.

Since 0; is measure preserving, U; is unitary, from which ||U¢|| = 1 and hence
equicontinuity condition is satisfied. By taking advantage of the sequentially weak
compactness of H, one obtains the mean ergodic theorem of J. Von Neumann:

T

1
s— lim — Ux =x9 € H (1.2.19)
Tooo T 0

holds for any ¢ € . The proof can be found, for example, in Ref. [260].
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Next, we consider the Birkhoff’s ergodic theorem. A € .% is called an invariant set
of 6; or the dynamical system S, if

P(6;An A) = P(A) = P(6;A) VteR,
or equivalently Uiys = xa, P-a.s.
Definition 1.2.6. If P(A) = 0 or P(A) = 1 for any invariant set, then the measure-
preserving transformation 6; or the dynamical system S = (Q,%,P,0;) is called

ergodic.

Theorem 1.2.6. Let (Q, %, P) be a probability space, on which there is a measure-
preserving transformation © : Q — Q. Then for any & € H, there is £* € H such that

n-1
lim % > @ W) = & W), & (W) =& (OW), Pas.
k=0

and E¢ = EE*, where E£ is the expectation of &.

This theorem ensures the convergence almost everywhere of time average. One can
also show that S = (Q, .Z, P, 6) is ergodic if and only if

1 T
Tlim T P(6:A n B)dt = P(A)P(B) VA,B¢e 7.
— 00 0

This is also usually used as definition of ergodicity.

Definition 1.2.7. A stochastic process X = {X;}¢ is stochastically continuous if
lim P(|X(t) - X(s)| >&)=0 Ve>0,Vtel.
s—t,sel

A Markov semigroup {P¢}t~o is continuous if lim;_.q P¢(x, B(x, 6)) = 1 for all x € .¥ and
6>0.

If P; is stochastically continuous, then for every x ¢ . and T > 0, Rr(x,T) =
% fOT Py¢(x, T)dt defines a probability measure on X. For any v € M;(.#), define Rjv(T') =
[ Rr(x, T)v(dx) for any T € Z, then it is obvious for any ¢ € By(.7),

1 T
(R7v, @) = T / (P{v, p)dt.
0

In this sense, we denote R}v = % fOT Pfvdt. The following theorem is due to Krylov—
Bogoliubov.
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Theorem 1.2.7. Let {P;}t~0 be a Feller semigroup. If for some v € M1(.¥) and sequence
Tp # oo, R’;nv — U weakly as n — oo, then p is an invariant measure of {P¢}¢»o.

The proof can be found in Ref. [76].

Corollary 1.2.1. If for some v € M;(¥) and a sequence T, , oo, {R*}nv} is tight as
n — oo, then {Ps}t»0 has an invariant measure.

A class of measures {p}s is tight, if for all € > 0, there exists a compact subset K, € .7,
such that u(.# \ K¢) < e for all ¢ € T. This corollary can be proved from the following
Tychonoff theorem.

Proposition 1.2.1. Let (., %) be a separable metric space, on which there is a class
of probability measures {pntn>1. If {Unlns1 is tight, then u, has weakly convergent
subsequences.

Now, let us discuss the relation between the invariant measure and ergodic theory. Let
{P¢}t>0 be a Markov semigroup and u be one of its invariant measures. Denote .#H = IR,
For any finite set I = {t, -+, t,} c R, t; < t < - - - < ty, define a probability measure PH
on (1, 21 by

Pi(I) = / Py (x,dxy) -+ f P 1t (Xn-2, dXn-1)
5% 5%
x /y Peyty  (no1, dx)xr(x, -+, Xn) VI € 2.

For this finite distribution, there is a unique probability measure P* on (Q,P¥)
such that

P{w : (W, -+, wp,) € TH = PA(D), T ezl
thanks to Kolmogorov theorem. Define process
Xiw)=w(), FI'=0{Xs:s<t}, weQ,teR.
This process is Markovian in that

PH(Xpan € T|.ZF) = P*(Xsn € TI0(X0))
= Py(X,,T), P*-as.,T ek

More generally,

PH(Xp,. € T|.7}') = P“(X.. € T0(X0)
=PX(T), PM-as., I'e3k,
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Introduce the invertible measurable transformation group 6; : Q — Q such that
(B:w)(s) = w(t +s) for all t,s € R. Since y is invariant, the process {X¢}r is station-
ary, i.e., PF(X € 1) = PK(X e ) forallt ¢ Rand T ¢ 2R, where 6,T = {w : ;'w ¢ T}
and 6; is measure preserving. Hence, S¥ = (Q, .7, P*, 0;) defines a dynamical system
on the .7-valued function space Q = .#%, called the canonical dynamical system as-
sociated with P; and u. As above, associated with 6; a linear transformation U; on
HH = L2(Q, FH, P¥) can be induced by

Ud(w) = é(0w), EcH,weQ,teR.

It can be shown that if P; is a stochastically continuous Markov semigroup and p its
invariant measure, then so it is with the process {X¢}cr in (Q, .ZH, PH).

Definition 1.2.8. The invariant measure pu € M;(E) of P; is ergodic, if the corresponding
St is ergodic.

Theorem 1.2.8. Let {P¢}t»0 be a stochastically continuous Markovian semigroup and p
its invariant measure. Then the following conditions are equivalent:
(i) wis ergodic;

(i) if p € L&(#, p), or @ € L(#, p)) and
Pip =@, p-as.forallt >0,

then ¢ is constant p-a.s.;
(iii) ifforasetT € F* and any t > 0, Pir = Xr, H-a.s., then either u(T' = 1) or u(T') = 0;
(iv) forany ¢ € LL.(7, p) (resp. L*(7, W),

T
lim % Psods = (p,1) in L3(.7, w)(resp. L*(7, w)).
0

T—o0

The proof can be found in Ref. [76].

1.3 Martingale

Let (E, &) be a measurable space and (Q, .#, P) be a complete probability space, where
Z is the o-algebra of Q. If the class of o-subalgebra {7} of Z satisfy .%s c .%; when
s < t, then { %}t is called a filtration. If, furthermore,

)

= Ty ;:st, vtel,

s>t

then the filtration {%} is called right continuous.
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Definition 1.3.1. If X; is measurable w.r.t. .%; for all t € I, then the E-valued stochastic
process X = {X;}1 is called adapted, usually denoted as X; € F.

Denote .7} = o{X(s) : 0 < s < t} to be the o-algebra generated by the process, then the
process {X¢}¢cr is obviously adapted under such a filtration and hence ﬂtx is usually
called the natural filtration. Obviously, if X is {Z}o<t<.o adapted, then E(X(s)|.%;) =
X(s) (a.s.). Intuitively, process is adapted means that .#; contains all the information
to determine the behavior of X till ¢. Hence, if X is .%; adapted, then FX ¢ F for any
t>0.

Definition 1.3.2. Let {X;};; be an E-valued stochastic process defined on a probability
space (Q, .Z, P). An E-valued stochastic process {Y}i; is called a modification or version
of Xif P(X; = Y¢) = 1forany t € L. If furthermore Y has P-a.s. continuous sample path,
then we say X has a continuous modification.

Obviously, the modification of X and X itself have the same finite-dimensional distri-
butions.

Definition 1.3.3. Let (Q, .%, {.%#}, P) be a filtrated probability space. For a random vari-
ablet : Q - [0, +00], if {w : T < t} € F forany t € I, then we say T is a stopping time

(w.rt. {Z}).

Let (B,| - |g) be a Banach space whose norm is usually simplified to be | - | if no
confusions arise. An E-valued random variable X is said to be p-integrable if

E|X|} = /Q 1X(w)5P(dw) < oo.

If p = 1, we say it is integrable and when p = 2 we say it is square integrable. The
p-integrability of a stochastic process can be similarly defined.

Definition 1.3.4. A B-valued stochastic process {X¢} is right continuous, if X(t+) :
limg ¢ ser X(s) = X(t) for all t € I. A B-valued process X is continuous if X(t)
lims_,¢ 51 X(s) for all t € I. A B-valued process X is cadlag (continue a droite et limites
a gauche, i.e., left limit and right continuous) if X is right continuous and the left limit
exists, i.e., X(t-) := limgy se1 X(s) exists forany t € I.

Definition 1.3.5. A family of B-valued random variables {X;}; is called uniformly integ-
rable if

lim sup/ |X¢|gdP = 0.
{IX¢|2r}

r—o00 t
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Obviously, if I c R is compact, then the stochastic continuous process X is uniformly
stochastically continuous, i.e., for any € > O there exists § > 0 such that P(|X(t) -
X(s)|p >¢) <eforallt,seIand |t —s| <6.

Let Py be the predictable o-field, i.e., the minimal o-algebra generated by all the
subsets of the form ((s, t] " I) x A of I x Q, where s, t € I, s < t and A € .%;. In particular,
if I = [0, o0), we denote P(g ) by P for brevity.

Definition 1.3.6. An (E, &)-valued stochastic process is called predictable if it is meas-
urable as a map from (I x Q, Py) to (E, &).

The predictable process is obvious adapted, and for a continuous adapted process, we
have the following result (refer to Ref. [202, P.27]).

Proposition 1.3.1. Let X = {Xt}[0,1] be a B-valued stochastically continuous adapted
process on [0, T], then X has a predictable modification on [0, T].

The following regularity result is useful in stochastic differential equations (see Refs
[140, 254]).

Theorem 1.3.1. (Kolmogorov-Loéve—Chentsov). Let (E,p) be a complete metric space
and {X,},.ga be a family of E-valued random variables. If there are a, b, ¢ > O such that
E[(p(Xy, X)) < clu - v|¥Y for all u,v € R4, then there exists another family of ran-
dom variables Y such that X(u) = Y(u) a.s. for all u. Furthermore, Y is locally Holder
continuous a.s. with Holder index a € (0, b/a).

Definition 1.3.7. A B-valued integrable stochastic process {X;}t; is called a martingale
with respect to %, if it’s {#}-adapted and E(X;|.%s) = X; forallt,s e I, t > s.

Usually a martingale is denoted by M = M; or M = M(t), t € I. A martingale is called
continuous if it has a continuous modification. Let X be an R'-valued martingale. It
is called a supermartingale (resp. submartingale) if it is {.#;}-adapted and E(X;|.%;) <
(resp. >)Xs forallt,sel, t >s.

Definition 1.3.8. A B-valued stochastic process {X;}o is called a local martingale with
respect to {Z}, if it is {#}-adapted and there exists a sequence of stopping times

Tp, 7 oo a.S. such that each of the process {X™}»0 = {X(t A Tn)}t0 is a martingale.

Any martingale is clearly a local martingale. But it is not necessarily true for the
reverse.

Definition 1.3.9. An adapted stochastic process {X;}¢»o is said to have finite variations,
if {X(t, w)}t=0 has finite variation for almost all w € Q. A process {X¢}t=0 is said to have
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local finite variations, if there is a sequence of {.%;} stopping times T, ~ oo such that
{X™}s0 := {X(t A Tn)}t=0 has finite variations.

Definition 1.3.10. A {.%;}-adapted B-valued stochastic process {Xt}t-o is a semimartin-
gale with respect to {F}, if X(t) has decomposition X(t) = M(t) + V(t) for t > 0, where M
is a local martingale and V is an adapted process with local finite variation.

Proposition 1.3.2. Let X be a B-valued integrable process. If for all t,s € I, t > s, the
random variable X; — X; is independent of %, then the process Y(t) := X; — EX;,t € I is
a martingale.

This proposition is a direct consequence of conditional expectation. That is E(X|¥) =
EX, P-a.s., if the random variable X is independent of the o-subalgebra ¢ of .%# (see
Proposition 1.1.1).

Theorem 1.3.2. Let X = {X;}icr+ be an adapted cadlag process. If E(|X;|) < oo and
E(X;) =0 for any stopping time T, then X is a uniformly integrable martingale.

Proof. Let 0 < s <t < oo, A € #sand up = ufor w € A and up = oo otherwise. Then for
any u > s, uy is a stopping time. Noting that

/XudP= /XuAdP—/ XoodP = —/ XodP,
A QA ONA

where E(X,,) = 0 for u > s, one has for A € F(s < t) that
E(X¢1p) = E(Xs1p) = ~E(Xoo10-0)-
Hence, E(X¢|.%;s) = Xs and X is a martingale for 0 < t < oo. [ |

Proposition 1.3.3. Let {M(t)}[o,1] be a B-valued martingale and g be a monotonic in-
creasing convex function, which maps [0, oo) to itself. If E(g(|M(t)|g)) < oo (Vt € [0, T]),
then {g(IM(t)|B)}tc[o,17 is a submartingale.

The proof can be found in Ref. [75]. It follows that if E[M(¢)5 < oo, then [M(H)[5 <
E(JM(t)|g|.#;) and hence the process {|M(t)|}o,r] is @ submartingale. Using this
proposition and the maximal inequality of submartingales (c.f.[190]), one has the
following martingale inequality [75].

Theorem 1.3.3.
(i) Let {M¢}¢cr be a B-valued martingale and I be a countable set, then for any A > 0, it
holds

P (sup [M¢|p > A) <APsupE(M:fR), p>1,
tel tel
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and

p
E(sup |Mt|§> < (L) supE(IM:[}), p>1.
tel P-1)

(ii) If I is not countable, the above estimates still hold when the martingale M(t) is
continuous.

The following optional sampling theorem plays an important role in the theory
of submartingales, which we cited here for reference. The proof can be found in
Kallenberg [140].

Theorem 1.3.4 (Doob’s optional samplin.g).

(i) Let {Xn}n-12,... k be a submartingale (resp. supermartingale, martingale) with re-
spect to {Z,} and 11, ---, T, be an increasing sequence of {%,} stopping times
taking values in the finite set{1, 2, ---, k}, then {Xy,}i-1,, ...,m is a submartingale (resp.
supermartingale, martingale) w.r.t. {.7y,}.

(i) Let {Xi}cjo,7) be a right-continuous submartingale (resp. supermartingale, mar-
tingale) w.r.t. {#} and 1, ---,Ty, be an increasing sequence of stopping times
taking values in [0, T]. Then {Xz,}i-1,, ..., m is a submartingale (resp. supermartingale,
martingale) w.r.t. {7,}.

Now, we introduce Doob’s submartingale inequality.

Theorem 1.3.5 (Doob’s inequality). Let {X;};»0 be a right-continuous submartingale.
Then

rP(sup X¢ >r) < EX*(T) Vr>0,VT >0,
te[0,T]

where X*(t) := max{X(t), 0} is the positive part of X(t).

Proof. Select an increasing sequence {Qy} of finite subsets of [0, T] containing T such
that Q = (U, Qx is dense in [0, T]. Since for any € € (0, 1),

{ sup X; > r} c U{rtrelngt >r-¢},
k k

tel0,T]
it follows that
1 +
P| sup X; >r| < —EX;.
te[0,T] r-¢
The result follows by taking € | O. ]
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What follows concerns with regularities of submartingales of Doob. Similar results
hold for supermartingales. The proof can be found in Ref. [219].

Theorem 1.3.6. Any stochastically continuous submartingale {X;};.; has a cadlag modi-
fication.

By the above two theorems, we can obtain the following conclusion.
Theorem 1.3.7. Let {M(t)}¢»0 be a stochastically continuous, square-integrable martin-

gale, taking values in a Hilbert space (U, (-, -)y). Then M has a cadlag modification (still
denote by M) such that

EIM(T)|2
Pl sup IM(t)jy >r] < % YT >0,VYr>0, (1.3.1)
te[0,T] r
and
2
E sup MO} < EM(DZ)*? YT > 0,Va e (0,2). 13.2)
tel0,T] 2-a

The proof can be found in Ref. [204]. Next, we introduce Doob—Meyer theorem. Given
filtration {.#:} and T ¢ [0, o), we denote X, 71 to be the family of all stopping times
such that P(t < T) = 1. Let X = {X(£)}+>0 be a right-continuous submartingale with
respect to filtration {.%}. It is said to belong to class (DL) if for any T € [0, o) the
random variable {X (r)},ez[oyﬂ is uniformly integrable.

Theorem 1.3.8 (Doob-Meyer). For any cadlag submartingale X in (DL), there is a
unique decomposition X(t) = N(t) + A(t),t > 0, where N is a martingale and A(t) is a
predictable increasing process with A(0) = 0 a.s.

The proof can be found in Kallenberg [140], Rogers and Williams [219] or Jakubowski
[138]. Applying this theorem, it is easy to show that |M |§ ={|M (t)|§}t20 is a submartin-
gale in (DL) when M = {M(t)};»o is a B-valued right-continuous square-integrable
martingale.

Denote M?(B) to be the space of all B-valued square-integrable martingale pro-
cesses M = {M(t)}¢0 with respect to {.#;} such that {|M(t)|g}t0 is cadlag. When B = R,
we denote M2(R) = M?. If M is stochastically continuous, then Doob’s regularity
results show that the submartingale |[M |]23 has a cadlag modification. If B is a Hilbert
space, Theorem 1.3.7 also implies that M has a cadlag modification. In fact, in Hilbert
space, we can always suppose that the elements in M?(B) are cadlag. By Doob—Meyer
decomposition, if M e M?(B), then there is a unique predictable increasing process
{{{M, M))¢}e=0 such that ((M,M))o = O and {{M(t)|3 — ((M, M))}s0 is a martingale.

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



1.3 Martingale =—— 31

The process {{{M, M)):}¢o is usually called the angle bracket or predictable variation
process of M. Let M, N ¢ M?(B), then we define

((M,N)) := %(((M+N,M+N)) — ((M—N,M—N))).
Since for M, N € M2,
MON(® = %uM(r) S N(OP - [M(© - NOP),

the process {M(t)N(t) — ((M, N))¢}t>0 is a martingale. More generally, if (U, (-,-)y) is a
Hilbert space and M, N € M?(U), then {(M(t), N())y — ({M, N))¢}t=0 is a martingale.
The more general Doob—Meyer decomposition theorem can be found in Ref. [211].

Theorem 1.3.9. Any  submartingale X ={X}¢; has the  decomposition
X(t)=Xo + N(t) + A(t), where A ={A¢}t¢1 is an adapted increasing process and N ={N¢}¢r
is a local martingale.

Given a process X = {X;};»0 and a stopping time 7, we denote X” to be the process
{X¢nr}es0. For a certain class of processes X (such as martingale, supermartingale and
so on), Xjoc denotes the corresponding local class, i.e., there is a stopping time se-
quence T, 1 oo such that X™ ¢ X for all n € N. We also denote Mjq.(B) and /\/llzoc(B)
to be the classes of local martingales and local square-integrable martingales, re-
spectively. Let BV be the class of all real-valued adapted cadlag processes, which has
bounded variation in finite time intervals.

Definition 1.3.11. The cadlag-adapted real-valued process X is called a semimartingale,
if it can be expressed in the form of X = M + A, where M € M? and A € BY. X is called a
local semimartingale if M € M2 _and A € BV

loc

Theorem 1.3.10. For any M e M?, there exists an adapted cddlag increasing process
[M, M] such that
(@

[M, M]¢ = lim > (M A D) - M A DY
j

in the sense of L\(Q, .%, P), for any partitionII,, : 0 < tg < tf -+ of [0, oo) such that
ty — oo whenk — oo and limy_, o supj(tj”+1 - t}?‘) =0.

(ii) M? - [M, M] is a martingale.
(iii) If M has continuous trajectories, then ((M, M)) = [M, M].
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The process [M, M] here is called the quadratic variation process of M. For the proof of
this theorem, the readers may refer to Métivier and Peszat and Zabczyk [183, 204].
Similarly, we can also define

[M,N] := —([]M +N,M + N]-[M - N,M - NJ])

1
4
for M,N e M?. The following Burkholder-Davis-Gundy (BDG) inequality can be
found in Kallenberg and Peszat and Zabczyk [140, 204].

Theorem 1.3.11. For any p > O, there is a constant C, € (0, c0) such that for any real-
valued continuous martingale M with My = 0 and for every T > O,

C,'E((M, M)} < E sup M| < CLE((M, M))5",
te[O,T

For discontinuous martingales, one has the similar BDG inequality.

Theorem 1.3.12. For any p > 1, there is a constant C, € (0, o) such that for any cadlag
real-valued square-integrable martingale M with Mo =0 and T > O,

C,'E[M, MI” <E sup M < C,E[M, MIP".
tel0,T

Next, let us discuss the construction of M?(B). Fix T > 0 and denote M?, = M3 (B) for
short. The following theorem is given in Ref. [75].

Theorem 1.3.13. The space (MZT, M| M ) is a Banach space under norm
1
M| = (E sup |M(®)[3)2.
T te[0,T]

Example 1.3.1 (212, p. 33). Let B = {B;}ts0 be a Brownian motion in R? and By = x «
R3(x + 0). Let u(y) = ﬁ,y € R3, then u is the superharmonic function in R3. By Itd
formula (Chapter 2), X; = u(By) is a positive supermartingale. On the other hand, let
Tn = inf{t > 0 : |B¢| < 1}. Since the function u is harmonic outside the sphere B(0, 1),
U(Btary) is a martingale by Ito formula. Since u(Biar,) is bounded by n, it is uniformly
integrable. Furthermore, since By = x # 0, we have lim;_, ., E(u(B;)) = O by properties of
Brownian motion. But it’s obvious that E(u(By)) = |71‘ So u(B;) cannot be a martingale.
A nature question is under what conditions can a local martingale be a martingale.
To answer this question, we define the maximal function M} = sups.; |[Ms| and M* =
sup; | Ms|.
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Theorem 1.3.14. Suppose M = {M;}»o is a local martingale and E(M;) < oo for any
t > 0, then M is a martingale. If furthermore E(M*) < oo, then M is a uniformly integrable
martingale.

Proof. Let (1,)n>1 be a stopping time sequence such that 1, 1 co asn — oo.If s < ¢,
then E(M¢rr,|-%s) = Msar,, Which is followed by E(M;|.%s) = M thanks to dominated
convergence theorem. If furthermore E(M*) < oo, then {M;};¢ is uniformly integrable
since |M;| < M*. [ |

1.4 Wiener process and Brown motion

In 1828, the Scottish botanist Robert Brown observed that the pollen particles sus-
pended in water make irregular motion, which was later explained as the random
collision of liquid molecules. While mathematicians regard it as a stochastic process
denoted by B¢(w), representing the position of the pollen particle w at the time t. A
breakthrough in this direction has been made by Kolmogorov, who gave the precise
mathematical description for the phenomenon in theory in 1918 and some traject-
ory properties of the Brownian motion. These pioneer works made the Brown motion
be broadly and extensively studied during the first half of the 20th century and thus
leads to the rapid development of Brownian motion. Nowadays, the Brownian motion
has become an important branch in probability and it also plays an important role in
applied mathematics and modern analysis.

The existence of Brownian motion was first established by Wiener in 1923, which
was based on Daniell’s method of constructing measures in infinite-dimensional
spaces. Later the Brownian motion was constructed by Fourier series by assum-
ing only the existence of iid Gaussian random variable sequences. See also the
construction by Lévy and Ciesielski [63, 169].

To construct {B;};»9, we note by Kolmogorov theorem that it suffices to find the
probability measures {v,, oty 1, satisfying the intuitive fact observed. Fix x ¢ R4 and
define

x - yl?

p(t, x,y) = (2nt) 2 exp {—T}, yeRy t>0.

ForO0<t <t < - < tg, we define the following measure on R,

Ve, (F1 X oo x Fi) = p(t1, x, x)p(tz — t1, X1, X2)
Fyx - xFy

- Pt = ti—1, X1, Xp)dxq -+ dxy, (14.1)

where dy is the standard Lebesgue measure under the convention p(0, x, y)dy = 6x(y).
Using Kolmogorov consistency condition (K.1), we extend the definition to all finite
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sequences t;. Since fRd p(t,x,y)dy = 1forall t > 0, Kolmogorov consistency condition
(K.2) holds. By Kolmogorov theorem, there is a probability space (Q,.#, P¥) and on
which a stochastic process {B;}~o with finite-dimensional distribution (1.4.1),

Px(Btl EFk’ ""Btk EFk) = p(t],X,Xl)
F1X-~~><Fk

- Pt = t—1, X1, Xp)dxy -+ dxy. (14.2)

Such process is called the Brown motion starting from x and P*(Bo=x)=1. It’s
worth noting that such Brown motion is not unique, i.e., there are more than one
(Q, .#, P, B;) such that eq. (1.4.2) holds. This does not affect our discussion. In fact, we
can select any such Brown motion for our discussion. As we will see, the path of Brown
motion is continuous a.s., hence we can regard almost all w € Q and the continuous
function t — Bi(w) from [0, o) to R? to be the same. In this viewpoint, Brownian
motion is just the space C([0, o0), RY) with a certain probability measure P* determ-
ined by egs (1.4.1) and (1.4.2). Such selected Brownian motion is called the “canonical
Brownian motion.” Besides intuition, such selection facilitates detailed analysis of the
measures on C([0, o), R%). More about the measures in infinite-dimensional space can
be referred to Ref. [260, Chapter 8].

The above defined Brownian motion has the following properties: (1) it is a
Gaussian process, i.e., any finite-dimensional joint distribution is normal, (2) it has
independent increments and (3) the trajectory is continuous (more specifically, there
is a continuous modification). The following gives a more general definition of Wiener
process. We assume we are given a probability space (Q, .%, {Z}t>0, P).

Definition 1.4.1. The R%-valued stochastic process B = {B:}>0 is called a d-dimensional
Wiener process or Brownian motion, if
(i) for0 < s <t < oo, the increment B; — B; is independent of %,

(ii) foranys,t > 0, Bsyt — Bs ~ N(0, Ct) is a Gaussian random variable with expectation
0 and variance matrix Ct.

If P(By = x) = 1, then B is called a Brownian motion starting from x. In particular, when
d=1,C=0%=1andx = 0, Bis called a canonical Brownian motion and denoted by
Bt ~ N(O, t).

Let us consider the one-dimensional case. Intuitively, B;(w) denotes the position of
pollen w at t. Suppose the liquid is isotropic, then it is natural to assume that the
displacement Bs,; — Bs from time s to s + t is the sum of many independent small ones

Bsit~ By =(By, 1 —By) +---+ (By,m = B ne)-
n

By central limit theorem, it’s nature to assume that Bs.¢ — Bs ~ N(0, 0’t), where ¢ is
independent of s, t and x.
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There is only one thing not mentioned in the definition, i.e., the continuity of the
trajectories. In fact (i) and (ii) determine the distribution of B, but continuity cannot
be completely determined by the distribution of B. By Kolmogorov-Loéve—-Chentsov
(KLC) Theorem 1.3.1, we can prove the continuity and even the Holder continuity of
the trajectories.

Consider the d-dimensional Brownian motion. Let t > s > O, then for all integers
m=12, -,

1 x12
E(|B; - Bs|*™) = / x"Me "z dx (r=t-s>0
(1Be = B = o5 [ ¥ ( )
S L / Iylz’"e’#dy (v = x/v7)
@md2" Jga
=Cr"=C|t-s|™

Then applying the KLC Theorem (a = 2m, d = 1, b = m-1) shows that the Brown motion
B is Holder continuous (a.s.) with the Holder index 0 < a < 2 = 1 - 5 for all m. This

a 2
leads to the following result.

Theorem 1.4.1. The sample path t — B¢(w) of Brownian motion is a-Hélder continuous
forall a € (0,1/2) in [0, T}, for almost all w and any T > 0.

This also implies any Wiener process has continuous sample path (a.s.). One may ask
naturally whether the a here can be taken larger. The answer is disappointing, since
for any a > %, the sample path t — B¢(w) is nowhere a-Holder continuous for a.a. w.
As a direct corollary in real analysis, Brown motion is of unbounded variation on any
finite interval for a.a. w.

Even so, it still has the following convergence result in the mean square sense.
Define a partition II,, of the interval [s, t]:

o= n n n o _
Mpes=ty <l < <ty 4 <tp =t

and let ||IT, || := maxick<m-1 |6y, — tgl-

Theorem 1.4.2. Let B = {B:};[s,q be a Brownian motion and S, := ), |Ben 1((u) -
B[;:(a))|2, then S, — t — s in the sense of L(Q, %, P) as |II,|| — 0 (n - o).

Proof. Under the above notation,

Su—(t=s)=2) (B —Bp) (i, - ).
k
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Since the terms in the summation are mutually independent with mean value 0, we
have

E(Sn~(t-35)7 =) ElBy, ~By)* -~ (G, - 1
k

=Y El(Y* - )&, - )1
k

Here, Y obeys the standard normal distribution N(0, 1), and hence the above formula
becomes

E[Sy - (t - $) <E(Y? = D[]l D (68, - )
k
=E(Y? - 1)*(¢ - s)| Tl — O,
completing the proof. [

In fact, for the canonical Brown motion B = {Bt}[s ¢, limp— o Sn = t—5 a.s. (see Protter
[211, p. 18]).

The following proposition can be seen as an equivalent definition of the Brownian
motion. Let us only consider the canonical Brownian motion.

Proposition 1.4.1. Let By = 0. B = {Bi}t»0 is a Brownian motion if and only if it is
Gaussian and satisfies

EB; =0, E(B{Bs)=tAs. (1.4.3)

Proposition 1.4.2. Let {B;;t € R*} be a Brownian motion and By = 0. Then {Bs,+—Bs}tcg+»
{%ABM}&RM, {tB 1 }er+ and {Br—s — Brlse[o, 1 Still obey the Brown distribution.

The proof is not difficult. For example

1 1 1
E(tBisBi)=ts| - A=) =ts—— =tAs.
t s t s tvs

We can see from Theorem 1.4.2 that when t is very small, By, s—B; is approximately /|f].
There are more refined estimates for Bs, — Bs, among which the following log log-type
estimate should be cited here. The proof can be found in Ref. [214].

Proposition 1.4.3. For Brownian motion {B(t)}:r, there holds

— B(s+t)-B(s) 1

lim;jg———==1a.s.,
o Jtloglog(1/t)

(1.4.4)
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——  B(s+t)-B(s) _

lim¢ oo la.s. 1.4.5
“ Jtloglogt ( )

Corollary 1.4.1. For Brownian motion {B(t)}¢0, there holds

B(s +t) - B(s) _

lim, ————— a.s.,
R loglog(1/t)

B(s+t) - B(s) _
J/tloglogt -

mﬁ oo

Theorem 1.4.3 (The martingale of Brownian motion). Let {B:};cr+ be a standard
Z-Brownian motion, then By, Bf — t and exp(oB; — (0%/2)t) are all #;-martingales.

The proof can be found in Refs [192, 214]. On the other hand, we have the following
martingale characterization of Brownian motion, whose proof will be omitted.

Theorem 1.4.4. Let X = {X;}+>0 be an adapted process, with continuous sample path
and mean value O and for any 1< i,j < d,s,t > 0, the covariance matrix is EX;()X;(s) =
aij(s A t), where A = (ay) is a d x d positive-definite matrix. Then the following assertions
are equivalent:

(1) X is a Brownian motion with covariance matrix A,

(2) Xis amartingale, ((X;, X;))(t) = at V1<i,j<d,t>0,

iWXO+5 a0}, is a martingale.

(3) for any u € R4, the process {e
Next, we consider the Markov property, semigroup and generator of Brownian motion.
Since Brownian motion is a time-homogeneous process with independent increments,
it’s also time-homogeneous Markov process, whose transition function is denoted by
p(t, x, A). Since

p(ty BO: A) = E(lA(B[)'?O)
= E(14(B¢ — Bo + X)|-%0)|x=B, (Bo € %o)
= E(14(B¢ = Bo + X))|x=B,

2

e_zzT
=/1A(Z+X)\/72?tdz|x:30

y-x?

/‘e 2t d |
4 \/ﬁ yX=B()’

then the transition function is

p(t,x,y) =
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and the transition semigroup of Brownian motion is

_0?
2

Pif(x) = Exf(By) = © f(y)dy.

1
—e
/ ~2mt
By a direct calculation, we get

aplt,x,y) 1%

1.4.6

ot 23y2 (1:4.6)
_19%p

. 1.4.7

202 (14.7)

These two equations correspond to Kolmogorov backward and forward equations
(1.2.5) and (1.2.6).

Next, let us consider the generator of the semigroup. For this purpose, we denote
Cu(RY) :={f : R" > R! bounded and uniformly continuous} for convenience. A direct
calculation leads to

P (X) -f() 2 flx+Vt2) - () dz

/ e t (1.4.8)

If we denote

C2(RY) :={f € C4(R") : f” is uniformly continuous and bounded},

then
Af(x) = hm m {f I(JX) f " ;t(aﬁz) tzz} dz
-~ lim f S e 6vi) - f"(x)}dz+ Ler
- if”(X)-
Hence
Pof —%f”n ~0, fe(F)
and

1
odf = =f".
f=5f
Generally speaking, it is difficult to find out 2(.%). But it is usually sufficient to find

out a density subset. There are many conclusions ensuring the Kolmogorov forward
equation to be valid, which are closely related to (parabolic) PDEs. Interested readers
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may refer to monographs of diffusion process and partial differential equation, such
as Ref. [100].

1.5 Poisson process

Poisson process is another important stochastic process with continuous time. It was
first introduced by and named after the French mathematician Poisson. In this sec-
tion, we will give the definition of Poisson process and discuss some of its basic
mathematical properties.

Suppose we are given a probability space (Q, .7, {Z¢}o<t<oo, P). Let Ty, be a strictly
increasing positive random variable sequence and Ty = O a.s.

Definition 1.5.1. Define Ny = Y., lto1,, taking values in N* := N u {oo}, and 14,1, = 1
if t > Ty(w) and O otherwise. The process N = {N; : O < t < oo} is called the counting
process associated with {Ty; n > 1}.

Define T = sup, Ty, then [Ty, Tp+1) = {N = n} and [T, co) = {N = oo} and
[Ty, 00) = {N > n} = {(t, w) : Ne(w) > n}.

It is immediate that Ny — N5 := > ; Lsc1,<¢, representing the number of the event
arriving in (s, t]. Obviously, the counting process has left limit and right continuous
sample path (i.e., cadlag) if T = oo a.s.

The counting process N is adapted if and only if the corresponding random vari-
able {T,,}n>1 is a stopping time. Indeed, if {T,,}n>1 is a stopping time and Ty = O a.s.,
then the event {N; = n} = {w : Th(w) < t < Tps1(w)} € % for any n. Hence N; € .%; and
N is adapted. On the contrary, if N is adapted, then {T, < t} = {N; > n} € .%; and hence
{Ty}ns1 is a stopping time.

Definition 1.5.2. The adapted counting process N is called a Poisson process if T = oo
a.s., and
(1) N; — N; is independent of F5 forany 0 < s < t < oo,

(2) N - N;s and N, — N,, have identical distributions forany 0 < s <t < 00,0 < U<V < o0
satisfyingt—s=v—u.

The following characterization is useful in practice.

Theorem 1.5.1. Let N be a Poisson process, then there exists a A > 0 such that

e—/lt ( At) n

P(N[ = n) = ]
n:

(1.5.1)

foranyn=0,1,2, ---.
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The parameter A is the arrival rate of event. This theorem implies that N; has Poisson
distribution with parameter At. The proof can be found in Ref. [171] and is omitted here.
As a direct corollary, E(N¢) = At and Var(N;) = At.
What follows is a collection of properties of Poisson process.
(i) The Poisson process is stochastically continuous, i.e., for any real number § such
thatt > 0andt+ 6 > 0, there holds

P(Npws # Ni) =1 - P(Nps = Np) = 1— M8 < 216).

(ii) The sample path is nondecreasing on R* in probability 1, i.e., forany 0 < s < t,

P(N; - N5 > 0) = ZP(N, —-Ns=k)=1. (1.5.2)
k=0
(iii) Ast — oo,

P(N¢(w) is continuous on [0, {]) = P(N¢(w) = No(w)) = e - 0.

Let Ao, = {N¢(w) is continuous in [0, o)} and A; = {Ns(w) is continuous in [0, t]},
then A; c A for t > s and hence

P(Ax) = P(;24An) = lim P(Ay) = lim e = 0.

n—oo

(iv) For almost all sample paths, |lim¢_¢y+,s—t- Nt — Ns| = 1 at every jump point.

(v) For any fixed to > 0, almost all sample paths are continuous. Indeed if ty > O,
then P(N(to + &, w) = N(to — &, w) > 0) =1-e 2 > 0ase — 0. While if {, = 0, it
is right continuous, i.e., P(N(7,w) -N(O,w) >0) =1-e™ > 0ast — 0.

(vi) Define 7,(w) to be the arrival time of the nth event of Poisson process N, Tg = 0
and 1, = inf{t : t > T,_1, Ny = n} for n > 1. Then S, (w) = Th(w) — Thn_1(w) denotes
the waiting time of the nth event. Obviously, {N; > n} = {r, < t} and {N; = n} =
{th <t < T} = {10 < t} = {1421 < t}. Hence the distribution function of 7, is
P(th<t)=0fort<0and P(ty <) = PNy > n) = 1— e M Y00 (A /k! for t > O
and the probability density function of 7, is f;, (t) = AA)" e M 1450/(n - 1)\

In particular, whenn =1

P(S; < t) = P(1y < t) = (1 - e ™) 1150,

i.e., S1 ~ E(A) obeys the exponential distribution with parameter A > 0. Generally,
{Sn}n>1 are independent and obey the exponential distribution with parameter A
iff the counting process N = {N;};»¢ is a Poisson process (see Ref. [171]).

(vii) LetN = {Ni}teg+ be a Poisson process with parameter A, then N;—At and (N; —At)? -
At are both martingales. Indeed, it suffices to note that E(N; — At — (Ns — As)|.%s) =
E(N;—At—(Ns—2s)) = 0for 0 < s < t < co. The same result holds for (N; — At)? - At.
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1.6 Lévy process

Lévy process is a large class of stochastic processes including Brownian motion and
Poisson process. In this section, we will give the definition, the Lévy-It6 theorem
and the Lévy-Khintchine formula. Most of these contents and details can be found
in Ref. [7].

1.6.1 Characteristic function and infinite divisibility

Consider the R%-valued random variable X in a probability space (Q,.Z,P) with
probability distribution Px. The characteristic function is defined by

Px(&) = E(e¢X)) = /d ei(s‘,y)px(dy), Ee R4,
R

Example 1.6.1 (Gauss random variable). Random variance X = (X1, ---, Xy) is Gaussian
or normal, denoted by X ~ N(m, A), if it has probability density function

fo) = —l(x—m,A‘l(x—m))},

1
- exp
V(@2md det A { 2

where m ¢ RY is the mean vector and A is strictly positive definite symmetric d x d
covariance matrix. It is easy to calculate

$x(©) = exp {i(m, -1 As)}.

Example 1.6.2 (Compound Poisson random variable). Suppose that {Z(n)}ny is a se-
quence of R4-valued iid random variables having common law uz and N ~ n(d) is a
Poisson random variable independent of all the Z(n). The compound Poisson random
variable is defined as

X=ZQ)+---+Z(N).

Then the characteristic function of X is given by

¢x(&) = _E(expli(¢, Z(1) +- - - + z(N))]IN = n) P(N = n)

n=0

= gE (exp[i(¢,Z2(1) + - - -+ Z(n))]) e"‘%

e 3 P < explaga(©) -1

where ¢z(&) = [ra €6V pz(dy).
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Definition 1.6.1. Let X be an R%-valued random variable with distribution law ux. Then
X is said to be infinitely divisible if for all n € N, there are iid random variables

Yl(”), o, Y such that X 4 Yl(") +-+ Y® where 2 means identically distributed.

Let M; be the set of Borel probability measure in R4, Define the convolution of two
probability measures y; € M (i = 1, 2) as follows:

% pa(A) = fR (A - pa(dn) A < BR,

where A - x = {y — x,y € A}. It can be shown that p; * 5 is a probability measure on
R4, If there is u/" € M such that u = p'/" % - . . % u!/" (n times), then y is said to have
a convolution nth root u/". The measure u ¢ M;(RY) is infinitely divisible if it has a
convolution nth root in M; for each n € N. It is not difficult to show that u € M;(R?)
is infinitely divisible if and only if for each n, there exists yl/ " ¢ M;y(R? such that

Du(§) = [um(§)]" for each & e RY.

Definition 1.6.2. A Borel measure v on R1\{0} is called a Lévy measure if
[y vty < .
Rd\{0}

Theorem 1.6.1 (Lévy—Khintchine formula). Ifthereis avector b € R?, a positive-definite
symmetric matrix dxd matrix A and a Lévy measure v on R\{0} such that for any ¢ € R,

$u(§) = exp {i(b, &) - %(‘5, Ad)
i€y _1_ .
*/Rd\{o}[e Y 1= 0y, (16.1)

then u € M; is infinitely divisible, where B = By(0). Conversely, any mapping of the
form (1.6.1) is the characteristic function of an infinitely divisible probability measurable
on R4,

The proof can be found in Ref. [7] and is omitted here. There are three important ex-
amples of the Lévy—Khintchine formula, i.e., (1) Gauss random variable: b is the mean
value, A is the covariance matrix and v = 0; (2) Poisson random variable: b = 0,4 = 0
and v = A8;; and (3) compound Poisson random variable: b = 0,A = O and v = Ap,
where ¢ > 0 and y is a probability measure on R4,

1.6.2 Lévy process

Definition 1.6.3. The stochastic process X = {X;}t0 is a Lévy process if
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(L1) Xo=0a.s.,

(L2) X has independent and stationary increments, i.e., forany 0 < t; < t, < -+ < ty,
the random variables X(t;) — X(to), X(t;) — X(t1), - - -, X(t,) — X(t,-1) are independent
and the distribution of X(t) — X(s) is independent of t — s,

(L3) X is stochastically continuous, i.e., lim;_s P(|X; - Xs| > a) = O for any a > 0 and
s>0.

One can show that any Lévy process has a cadlag modification. By definition, any Lévy
process X is infinitely divisible since for any n € N, X; = Yl(")(t) +oe 4t Y,(,")(t), where
Y(n)(l‘) X i ~ X gene -y are iid by (L2).

Denote by ¢x, (5) = eltd) (vt > 0, e RY) the characteristic function of X; and call
n(t,-) the Lévy symbol. By definition of the Lévy process and infinite divisibility, it’s
not difficult to show n(t, &) = tn(1, £) and n(¢) = log (E(e"(f’xl))), where n(¢) =n(1, &) is
the Lévy symbol of X;.

Applying the Lévy-Khintchine formula to Lévy process X = {X;}»0, we have for
any t > 0 and u € R4 that

E(ei(f’Xt)) =exp (t[l(b, 5) - %({; A{)
i€y _1_i -
’ /Rd\{O}[e 7 =118 yixp()v(dy )}>

Obviously, (b, A, v) are characteristics of X;.
The following are two examples.

Example 1.6.3 (Brownian motion with drift). Let b ¢ R% B(t) be an m-dimensional
Brownian motion, A be a d x d-dimensional positive-definite symmetric matrix and o be
a d x m matrix such that 66T = A. The process C = {C(t)}scr+ with C(t) = bt + oB(t) is
a Brownian motion in R4. Then C is a Lévy process with Lévy symbol n¢(&) = i(b, &) -

1,49

Example 1.6.4 (Compound Poisson process). Let N = (N(t); t > 0) be a Poisson process
independent of Z(n) with parameter A. Define compound Poisson process Y = {Y(t)}ts0
with Y(t) = ZQ) + - - - + Z(N(t)) and denote Y(t) ~ m(At, pz). It’s easy to show that Y is a
Lévy process with Lévy symbol

(@) = [ @)~ Dty

Now, we have seen that the first two parts in the Lévy—Khintchine formula correspond
to Brownian motion with drift and compound Poisson process. As to the last part, we
leave it to the next section. But we first introduce the compensated Poisson process.
Let N(t) be a Poisson process with parameter A and N(t) = N(t) — At, then the process
N = {N(t)}s0 is called a compensated Poisson process.

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

44 = 1 Preliminaries

1.6.3 Lévy-Itd decomposition

For a Lévy process X = {X(t)}¢»0, we introduce the jump process AX = {AX(£)}>0 defined
by AX(t) = X(¢)-X(t-), where X(t-) = limg; X(s). It is easy to show that if X is increasing
(a.s.) Lévy process and is such that AX(t) takes values in {0, 1}, then X is a Poisson
process. Obviously, the jump process AX is an adapted process, but generally not a
Lévy process. Indeed, consider a Poisson process N = {N(t)};»0, it’s easy to verify that

P(AN() - AN(t1) = O|AN(t1) = 1) # P(AN(t,) - AN(&) = 0),

for0 <t <t; < -+ < co. Hence, AN cannot have independent increments and is not a
Lévy process.
Setting 0 < t < oo and A € B(R?\{0}), we define

N(t,A) = #{0 < s <t : AX(s) € A}

Obviously, for any w € Q and t > 0, the function A — N(t, A)(w) is a counting measure
on B(R\{0}) and E(N(t, A)) is a Borel measure on B(R?\{0}). Denote u(-) = E(N(1, -))
and call it the intensity measure associated with X. If A € B(R?\{0}) is bounded below,
i.e., 0 does not belong to A, then for any ¢ > 0, one has N(t, A) < oo a.s. (see Ref. [7]).
It’s worth noting that this is not necessarily true when A isn’t bounded below, since it
may have accumulation of infinitely many small jumps.

Let (S, .A) be a measurable space and (Q, .7, P) be a probability space.

Definition 1.6.4. A random measure M on (S, A) is a collection of random variables

(M(B), B € A) such that:

(1) M@) =0,

(2) (o-additivity) for any given sequence {An}ney of mutually disjoint sets in A, there
holds M(Upen) = Y en M(47) as.,

(3) for any mutually disjoint family (By, ---,B,) in A, the random variable
M(By), -, M(By) are mutually independent.

In particular, we say M is a Poisson random measure if M(B) has a Poisson distribution
whenever M(B) < oo.

Let U be a measurable space equipped with a o-algebra ¢4, S = R* x U and A =
BR*") ® U. Let p = {p(t)}t=0 be a U-valued adapted process such that M is a Pois-
son random measure on S, where M([0,t) x A) = #{0 < s < t; p(s) € A} foreach t > 0
and A € U. The process p is usually called the Poisson point process and M its as-
sociated Poisson random measure. When U is a topological space and U/ is its Borel
o-algebra, we define, for any A € U, a process My = {My()}ts0 by Ma(t) = M([O, t) x A).
If there is V € U such that M, is a martingale whenever ANV =@, then M is called a
martingale-valued measure and V is called the associated forbidden set.
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When U = R4\{0} and U is its Borel o-algebra. Then for a Lévy process X =
{X(6)}t>0, AX is a Poisson point process and N is its Poisson random measure. It is
easy to show that for each t > 0 and w ¢ Q, N(¢t,-)(w) is a counting measure on
B(R?\{0}) and for each A bounded below, {N(t, A)}so is a Poisson process with in-
tensity u(A) = E(N(1, A)). For any ¢t > 0 and A bounded below, define the compensated
Poisson random measure

N(t,A) = N(t, A) - tu(A).

Then {N(t, A)}»o is a martingale and so N extends to a martingale-valued measure
with forbidden set {0}.

Let f be a Borel measurable function from R4 to R? and A be bounded below. Then
forany t > 0 and w € Q, we can define the Poisson integral of f as

fA FOON(t, d)() = Y fFOON(E, DD (w). (16.2)

xeA

Fort>0and¢ « R4, the characteristic function is

E (exp {i (.{, /Af(x)N(t, dx)) }) = exp {t/;(ei({’x) - l)yf(dx)} ,

where yr = p o f1. If A; and A, are two disjoint sets and bounded below, then
{/ n fOON(t, d¥)}i»0 and {/, n f(N(t, dx)}s»0 are mutually independent [7, Theorem
2.4.6].

Let f € L'(4, ua), then we can definite the compensate Poisson integral of f as

f FOONE, d) = f FOON(t, d) — t / FOOu(d),
A A A

which is a martingale and whose characteristic function is given by

Eexp {i ({, /Af(x)N(t, dx))} = exp {t/A [ei(f”’) -1-i(¢, y)yf(dx)]} .

Let X = {X(t)}t»0 be a Lévy process and A = {x : |x| > 1}. Obviously, A is bounded
below. Consider the compound Poisson process { flxlzl xN(t, dx)}t>0 and define a new
process Y = {Y(t)}ts0 as

Y(t) = X(¢6) - xN(t, dx).

[x]>1
Then Y is also a Lévy process. We further define a new Lévy process Y as

Y(©) = Y(6) - E(Y(0)).
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It can be verified that ¥ is a cadlag square-integrable martingale with zero expectation
and has decomposition

Y() = Ye() + Yq(0),

where Y. and Yy are independent Lévy processes, Y. has continuous sample path and
there exists a d x d positive-definite matrix A such that

E('&Ye0)) = o t5,AD2

and
Ya(6) - / X, dx).
[x]<1

The continuous part Y. can be proved to be a Brownian motion and the discontinuous
part Yy is the compensate sum of small jumps and

E(e¥a®))  exp {t /
|

x|<1

€69 - 1- i D@0 Ve 0.5 R,

Till now, we should understand the meaning of the last part in the Lévy—Khintchine
formula. This leads to the following Lévy-Ité decomposition [7, 14].

Theorem 1.6.2 (Lévy-I1td decomposition). Let X = {X(t)};»o be a Lévy process, then
there exists b € R%, a Brownian motion B, with covariance matrix A and an independent
Poisson random measure N on R* x (R\{0}) such that for each t > 0,

X(6) = bt + B (6) + /

|x]<1

xN(t, dx) + / xN(t, dx), (1.6.3)

Ix|>1
where b = E (X(1) = ., xN(, dx)).
By independence,
E(ei(f,X(t))) _ E(ei(”’YC(t)))E(ei(”’Yd(t)))E(ei(u’f\xlzl XN(t,dx))).
Recall that an adapted process X is a semimartingale if it has the decomposition
X(t) = X(0) + M(t) + C(t),
where M = {M(t)}»0 is a local martingale and C = {C(t)}t0o is an adapted process

with bounded variation. A direct consequence of the Lévy-Itd decomposition is that
any Lévy processes X = {X(t)};»o is a semimartingale. Indeed, for any t > 0, we have
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X(t) = M(t) + C(t) for M(t) = Ba(t) + f|x\<1XN(t’ dx) and C(t) = bt + f|x\z1XN(t’ dx). Here
M is a martingale and Y (t) = f‘ 1 XN(t, dx) is a compound Poisson process and hence
for any partition P of [0, ],

X|>

Varp(Y) < Z IAX(S)[X[1,00)(AX(S)) < 00 a.s..

O<s<t

1.7 The fractional Brownian motion

Another important class of stochastic processes is the fractional Brownian motion.
A fractional Brownian motion is defined initially by Kolmogorov in Hilbert space
framework [158]. A fractional Brownian motion WH with (Hurst) index H ¢ (0,1) is
a centered Gaussian process with covariance function

1
EWA(0), WH(s)) = 3 (tZH . s|2H) , s,t>0.
When H = %, it reduces to the standard Brownian motion. A fractional Brownian
motion has stationary increment

E (W0 - wH()?) = It - 5™,

and is H-self-similarity, i.e., for any ¢ > 0,

1 d

{ 1 wH(ct)} & W (O}so,

C >0

where £ means identically distributed.

When H # %, WH is neither a semimartingale nor a Markov process. Here are some

properties of the fractional Brownian motion.

1. (Time homogeneity): For any s > 0, the process {WH(t +s) - WH(s)}- is a fractional
Brownian motion with Hurst index H.

2. (Symmetry): The process{-W¥H(t)};»o is also a fractional Brownian motion with
Hurst parameter H.

3. (Scaling): Forany c > 0, the process {cF WH(t/c)}s»0 is a fractional Brownian motion
with Hurst parameter H.

4, (Time reversibility): The process {X(t)}s»o defined by X(¢) = t2HWH(1/t) with X(0) =0
is also a fractional Brownian motion with Hurst parameter H.

Proposition 1.7.1. For H < [0, 1], the sample path W of a fractional Brownian motion is
a.s. a-Holder continuous with a < H.

Several expressions of the fractional Brownian motion are listed below.
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(1) Mean motion expression:

P PSS
WO - s /x |:(t 07— () ]M(dx), teR,

where ¢;(H) = \/ S+ x)H-3 — xH-3]2dx + L., M(dx) is a Gaussian random measure
and (@) = axjo,c)(@).
(2) Harmonic analysis expression:

o 1 oo eiXt -1 1y
Wo () = — — |x|27"M(dx), teR, (1.7.0)
eH) J» X
where c;(H) = _/ Hil“(ZHI)T S
(3) Volterra expression:
t
WH(¢) - / KH(t,$)dB(s), >0, 17.2)
0

bl
where KH(t, s) = (tr‘(IS{)Jrl)z I(H-3,3-HH+3,1-1),s<¢tTis aGauss hypergeometric
3

function and {B(t)}:»o is a Brownian motion. K (¢, s) can also be expressed as

u Lt T 1\ [fuf: o
K¥(ts) = | ot -3 — (H- L / 2 - s/ hdul,
A1 2) Jo sH-1
_ nH(QH-1)
where ¢ = \/ TQ-2H)T(H+ 12 sin(u(H-1))"
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This chapter introduces the stochastic integral, the It6 integral and the It6 formula.
Especially, they are discussed in the infinite dimensional case in Section 2.3 for ap-
plication in partial differential equations. Most of these materials in this chapter can
be found in Refs [7, 75, 145, 211].

2.1 Stochastic integral

The stochastic integral [ H dX; of H with respect to a stochastic process X; = Xo + M; +
Ay (Mp = Ap = 0) is defined in this section, where M; is a locally square-integrable
martingale and Ay is an adaptive cadlag process with bounded variation on a compact
set. We know that when A is of bounded variation and H is continuous, the integral
| H dA is well defined.

As an example, consider the integral with compensated Poisson process
M; = N¢ — At, which is obviously a real-valued martingale with bounded variation. For
simplicity, we take H to be a bounded jointly measurable process. Hence,

¢ ¢
I =/ HsdM; = / Hd(Ng - As)
0 0

t t
=/ HSst—}l/ Hgds
0 0
o t
=ZHrn1tzrn _A/ Hsds,
n=1 0

where (T)n>1 are the arrival times of the Poisson process N;. If, furthermore, H is a
bounded and adapted process with continuous sample path, then by the dominated
convergence theorem,

t
EQ, - I5|75) =E ( / HudMu|£Zs>
S

=E(lim > Hy My, - M)

tiotk+1€7tn

=lim )" EEH, My, - M) 7)1 Fs) = 0.
tiooti+1€7n
This implies that the integral I is a martingale and the stochastic Stieltjes integral of
an adapted and bounded continuous process with respect to a martingale is still a
martingale.
But it is not clear when M; is a square-integrable martingale, which does not ne-
cessarily has bounded variation on any finite interval. To tackle this problem, the
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following Banach-Steinhaus theorem is necessary, whose proof can be referred to,
for example, Yosida [259].

Theorem 2.1.1. Let X be a Banach space, Y be a normed linear space and {Ty}qc1 be a
family of bounded linear operators from X to Y. If {T,x} is bounded for any x € X, then
{T,} is bounded.

Consider a right-continuous function x(t) on [0, 1] and let II,, be a binary rational di-
vision on [0, 1] with lim,_,.. mesh (II,)) = 0. It’s nature to ask under what restrictions
should be imposed on x to ensure the following summation:

Sn= Y h(t)(x(ti) - x(t6) (2.11)

tiotie1€1ln

converge for any continuous function has n — oo.

It follows from real analysis theory that when x(t) has finite variation, S, con-
verges to the integration fol h(s)dx(s). But the following theorem shows that it is also
necessary for x to be of finite variation.

Theorem 2.1.2. If S, converges for any continuous function h(s), then x has finite
variation.

Proof. Let X be the Banach space of continuous functions equipped with maximum
norm. For h € X, let Ty(h) = Ztk,tk+lel'[n h(ty)(x(txs1) — x(tx)). Then for any fixed n, we
construct h € X such that h(ty) = sign(x(txs1) — x(tx)) and ||h| = 1. For such h, Ty(h) =
Ztk,tk+1el'[n |x(tys1) — x(ty)|. Hence, || Ty || > Ztk,tk+1el'ln [x(tr+1) — x(ty)| for all n and sup, Ty,
is bigger than the total variation of x. On the other hand, for any h € X, lim,_, o, Ty,(h)
exists and hence sup,, || T,(h)| < oo. It follows from Banach—Steinhaus theorem that
sup, || Tnll < co and hence x has finite variation. ]

2.1.1 It6 integral

Now, we consider the simplest case when Bs(w) is a standard Brown motion. We will
define the corresponding stochastic integral

/ tf(s, w)dBs(w). (2.1.2)
0

First, we take a partition of the interval [0, t] tobe ty = tf = k-2 with0 < k-2 < t.
It then seems reasonable to define

t
| fs.wdB@) - Y16, 0By, - By,

j=0
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where t]i* € [t, t;a]. But the following example shows that different values of t]?‘ lead to
different results unlike the Riemann-Stieltjes integral. Let f(¢, w) = B¢(w), then choice
of t]’.k = t; leads to I;, while the choice of t;‘ = tj1 leads to I,. Since {B;} has independent
increments, it then follows that

Elh] =) EIBy(By,, - By)l = 0
j=0

and

ElL] = ) EBy, (By,, - Bl = ) El(By, - Byl =t.
j>0 j>=0

The following two choices of t]?‘ are the most common and useful ones.
Ito integral. Choose t]T“ =  and the corresponding integral is denoted by

Jo F(t, w)dBy(w).
Stratonovitch integral. Choose tl’.“ = (¢ + tj11)/2 and the corresponding integral is
denoted by fot f(t, w) o dBy(w).

In order to make integral (2.1.2) well defined, the integrand f(¢, w) must be confined to
certain class of functions. For this, we first define .%; to be the g-algebra generated by
the random variables {Bs}o<s<t where Bs(w) is an n-dimensional Brownian motion.

Definition 2.1.1. Let V = V(S, T) be a class of functions f(t,w) : [0, ) x Q — R such
that the mapping (t, w) — f(t, w) is B x .% measurable, where B is a Borel o-algebra on
[0, o), f(t, ) is .%; adapted and Eféf(s, w)?ds < oo,

Let f € V be a step function

flt, ) = ei(@lKig ) O,
j

then the It6 integral can be defined as

t
| 16,08 - 3 @By, By Jw) (213)

720

Lemma 2.1.1 (It6 isometry). Iff(t,w) € V be a step function, then

E [( /0 s, a))st(w)>2j| “E [ /0 s, w)zds] . (2.14)

Proof. Since Ele;e;AB;AB;] = E[e}?] (g —t) fori = jand O for i # j due to the
independence of e;e;AB; and AB;, it follows that
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t 2 t
E [( /0 de) } = %:E[e,-e,-AB,-AB,-] = Zj:E[e]?] (i —t) =E [ /0 fzds] ,
where AB; = By;,, — By |

For a general f € V, the It6 integral can be defined via approximation.

Step 1. Let g € V be bounded and g(-, w) continuous for any w. Define ¢,(t, w) =
Zj g(t, w) - X[t,~,t,~+1)(f) be a step function, then jg(g - ¢n)’ds - 0asn — oo for each w
by the continuity of g(-, w). Hence, E[f(f(g — ¢p)?ds] - 0asn — co.

Step 2. If h € V is bounded, then there exists a bounded function sequence g, € V
such that g,(-, w) is continuous for all w and n, and

E [ /O t(h - ¢n)2ds] - 0.

Indeed, assume |h(t, w)| < M for all (t, w). For any n, define the nonnegative continu-
ous function 1, on R such that ,(x) = 0 for x < —% and x > O and [ P,(x)dx = 1.
Then define g,(t, w) = fé Pn(s — Hh(s, w)ds, then g, (-, w) is continuous for any w and
|gn(t, w)| < M. Since h € V it follows that gu(t, -) is still .#; measurable and moreover,
since {,} is an approximate identity, it follows that

/ t(gn(s, w) - h(s, w))*ds - 0
0

asn — oo for any w. The conclusion then follows from bounded convergence theorem.

Step 3. Finally, let f € V. If we take hy(t, w) = —n for f(t, w) < —n, hy(t, w) = f(t, w)
for -n < f(t,w) < nand hy(t,w) = nif f(t, w) > -n, then h, € V is bounded for each n
and

¢
E[f (f—h,,)zds] >0, asn— oo.
0
Definition 2.1.2 (Itd integral). Let f € V, then Ité integral is defined by
t t
/ f(s, w)dBs(w) = lim / ¢n(s, w)dBs(w), (2.1.5)
0 —Jo
where the limit is taken in L>(P) and {¢b,} c V is a sequence of step functions such that
t
E [ [¢6.0-46 w))zds] L0, asn— oo
0

We remark that from the definition, it follows that E[ fé fdBs] = O when f € V and the
It6 isometry also holds for f € V, i.e.,
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t 2 t
_ 2
E[( fo f(s,w)st) } _ E[ /0 f(s,w)ds] Fev.

Furthermore, there exists a time-continuous version of the Itd integral fOT f(s, w)dBs(w)
for 0 < T < t,i.e., there exists a time-continuous stochastic process J; on (Q, .#, P) such
that P(J; = fOT fdB) = 1for all O < 7 < t. Hence, we always assume that the It6 integral
is time continuous.

Theorem 2.1.3. Forany T > 0, let f € V(0, T). Then the integral M¢(w) = féf(s, w)dBs is
a Z martingale and the following martingale inequality holds:

1 T
P(sup | M| 2/() S;le|:/ f(s,a))zdsi|, A T>o0.
0

o<t<T

2.1.2 The stochastic integral in general case

In this section, we will consider the stochastic integral with respect to real-valued
martingale measure M on R* x E. Let

M((s, t], A] = M(t, A] - M(s, A],

where 0 < s <t < oo and A ¢ B(E). To define the stochastic integral, some re-
strictions on M are also needed. We assume (M1) M(0,A) = 0 a.s., (M2) M((s, t], A)
is independent of .%; and (M3) there exists a o-finite measure p on R* x E such that
E[M(t,A)?] = p(t,A) forall 0 < s < t < oo and A ¢ B, where p(t,A) = p((0, T, A) for
brevity. The martingale—valued measures satisfying (M1)—(M3) are said to be of type
(2, p). The martingale—valued measure M is said to be continuous if the sample paths
t — M(t, A)(w) are continuous for a.a. w € Q and A € B(E). In what follows, we always
assume p((0, t], A) = tu(A) for some o-finite measure y on E.

Let F : [0, T] x E x Q — R be a mapping such that (x, w) — F(t, x, w) is B(E) x %
measurable for any O < t < T and the mapping t — F(t, x, w) is left continuous for any
xeEandw ¢ Q.Fix E € B(E) and 0 < T < oo, and let P be the smallest o-algebra such
that the mapping F : [0, T] x E x Q — R is measurable. We call such P the predictable
o-algebra and any P-measurable mapping F is called predictable.

Fix T > 0 and define #,(T, E) to be the linear space of all predictable mapping
F :[0,T] xE x Q - R such that fOT [z E[IF(t,x)?]p(dt, dx) < oo. In such a space, we
identify two mappings that coincide a.e. with respect to the measure p x P. We define
an inner product (-, -)7, to be

T
(F,G)r, = /O /E EIF (¢, )G(t, 0lp(dt, d),
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which also introduces a norm in the usual way ||F ||2T,p = (F,F)r, and makes H(T, E)
be a Hilbert space.

As before, we first consider stochastic integrals of simple functions. Let S(T, E) be
the linear space of all simple processes in H»(T, E), i.e.,

m n
F= Z Z CkF(t]')X(fiju]XAk

j=1 k=1

forsome O < t; <t; < -+ < tpy1 = T and disjoint Borel subsets Ay, A,, -+, A, of E with
M(A4;) < oo, where ¢, € Rand F(¢) is a bounded F¢-measurable random variable. Since
F is left continuous and B(E) ® F; measurable, it is predictable. It can be proved that
S(T, E) is dense in H,(T, E). If we set ciF(t;) = Fi(tj), then we can rewrite F as

m,n
F = FrltXet0., XA (2.1.6)

jik
Just like the It6 integral, for fixed T > 0 and F € S(T, E) of the form (2.1.6) we define
the stochastic integral with respect to a (2, p)-type martingale-valued measure M to be

T m,n
I:(F) = /0 /E F(t, OM(dt, 40 = S F(t)M((8), 611, A0). 2.17)

j k=1
It can be proved that for any T > 0 and F € S(T, E) there holds
ElI;(F)] =0, E[Ir(F)’] = |FIF,. (2.1.8)

Since Iy is a linear isometry from S(T,E) to L*(Q, .#, P) thanks to eq. (2.1.8), the
stochastic integral It can be extended to integrand in H,(T,E) and is still called
Ité integral. By this extension, the It6 isometry formula (2.1.8) still holds for F ¢
‘H,(T, E). One can also show that {I;(F);t > 0} is .%; adapted and {I;(F);t > O} is a
square-integrable martingale.

Finally, we extend the stochastic integral to a more general class of stochastic
processes. Let F : [0, T] x E x Q be predictable and P( fOT Jg IF(t, x)%o(dt, dx) < o) =1
and define P,(T, E) to be the set of all equivalence classes of mapping F that coincide
a.e. with respect to the measure p x P.

It is obvious that 7(T, E) is a linear space, H,(T, E) ¢ P,(T, E) and S(T, E) is dense
in P5(T, E) in the sense that for any F € P,(T, E), we can find a sequence {F,} c S(T, E)
such that

T
P(lim / [ \Falt, ) - F(t, %) 2o(dt, dx)=0> _1.
n—=ee Jo JE

For these simple functions {F,} ¢ S(T, E), one can define
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T
Irn = / / Flt, X)M(dt, d),
[0} E

for n > 0 in the usual way. It is not difficult to prove that this sequence is a Cauchy
sequence in probability and has a unique limit in probability. Denote this limit by
I7(F) and call it an extended stochastic integral. If

t ) oo) ~
P(/O /I;|F(t,x)| p(dt, dx) < + =1,

then {I;(F)}t>0 can also be regarded as a stochastic integral.
Generally speaking, the process {I;(F)};o is no longer a martingale, but can be
shown to be a local martingale and have a cadlag correction.

2.1.3 Poisson stochastic integral

In this section, we will use the stochastic integral established to a Poisson random
measure. First of all, let E = f?\{O}, where B is the unit ball, N be a Poisson random
measure of R* x(R?—{0}) with intensity vand N be the associated compensated Poisson
random measure, which is a martingale measure. If H = (H, ---, H9) ¢ Py(T, E), then
define Z(t) = (Z\(t), ---, Z4(t)) by

. T . ~
ZU(T) = / Hi(t, 0Nt d).
0 |x]<1

Let A be a Borel set in R9\{0} that is bounded below, and introduce the composite
Poisson process P = { [ XN(t, dx)}¢0. Let K be predictable, then the Poisson stochastic
integral can be extended to

T
/O /A K&, Nt d) = > K, APG))a (AP()): (2.19)

O<u<T

In particular, when H is square integrable, then

/0 ' /A Hi(t, ON(dt, do) = /O ! /A Hi(t, N, do) - /0 ' /A Hi(t, ov(d)dt.

As an example, one can directly show that for each ¢ > 0
t » t ~
/ N(s)dN(s) - / N(s-)dN(s) = N(O. (2.1.10)
0 0

Hence, the process { fé N(s)dN(s)}>o cannot be a local martingale, since here N(s) is
caglad, but not predictable.
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Let us still consider E = B\{O}. If we put all the stochastic integrals together, then
foralll<i<d,1<j<mandt >0,

Yi(t) =Yi(0) + /O t Gi(s)ds + /0 tF}dBj(s)

t » t X
+/' H%me&an/ / Ki(s, )N(ds, dx), (2.1.11)
0 Jlx|<1 0 Jx|>1

where |G"|%, F]‘ € Ha(T),H' € Hy(T,E) and K is predictable, B is an m-dimensional
standard Brownian motion and N is an independent Poisson random measure on R* x
(R9\{0}) with compensator N and intensity v, which is assumed to be a Lévy measure.
Thus the above defined R4-valued stochastic process is called a Lévy-type stochastic
integral. 1t is not difficult to illustrate that Y has cadlag modifications and if Y(0) is .%o
measurable, then Y is adapted and a semi martingale. It can be rewritten in a more
compact form

dy(t) = G(t)dt + F(t)dB(t) + H(t, x)N(dt, dx) + K(t, x)N(dt, dx).
Let X be a Lévy process with characteristic (b, a, v) and Lévy-Ité6 decomposition

X(6) = bt + By(f) + /

[x]<1

xN(t, dx) + / xN(t, dx).

x|>1

Let L € Py(t) for all t > 0, and choose F]? = O';L, Hi =K' = x¥'L and 670 = ain eq. (2.1.11),
then we can construct processes Y = {Y(t)}t0 by

dy(t) = L()dx (o),

which is called a Lévy stochastic integral.

2.2 Ito formula

By the definition of It6 integral, one has

t 1 1
/0 BsdBs =§Bf -5t

t 1 t
/ B2dB; =-B; - / Byds,
0 3 0

where By = 0. This indicates that the usual chain rule in calculus does not hold for
stochastic integrals. In the following, we will introduce the It6 formula, which plays a
vital role in stochastic integral theory. Let B; be a one-dimensional Brownian motion
in a given probability space (Q, .#, P). A stochastic process X is called a It6 process if
it has the form
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t t
X = Xo + / u(s, w)ds + / v(s, w)dBs, (2.2.1)
0 0
where v € V and u is .%; adapted.

Theorem 2.2.1. Let X; be a It6 process and dX; = udt +vdB;. Suppose g € C%([0, o) x R),
then Y; = g(t, X;) is still a It process and

lag

5 32 b XD - (@X2, 2.2.2)

av, = "B e, xpde + 25 0, x)ax, +
where (dX;)? = (dX;) - (dX;) is calculated by the following principles:
dt-dt=dt-dB;=dB;-dt =0, dB;-dB; =dt.
Proof. The proof can be found in Ref. [192] and is omitted here. [ |
The It6 formula can be generalized to the n-dimensional case in an obvious way.

Theorem 2.2.2. Let dX; = udt + vdB; be an n-dimensional It6 process, g(t,x)
(g1(t, %), -, 8p(t, X)) a C*> mapping from [0, oo) x R" to RP, then Y(t, w) = g(t, X;) is also
a Ité process and

1 2
v = —(t X)dt+Z (t X)dX; + zaxg’; (¢, X)dX;dX;,
10Xj

where dBidB]' = Sijdt and dB;dt = dtdB; = 0.

As an application of the Ité6 formula, one has the following integration by parts
formula.

Corollary 2.2.1. Let X;, Y; be two It0 processes,

t t t t
Xt = XO +/ KSdS +/ Hsst, Yt = Yo +/ .K;dS +/ H;dBS,
(0] 0 0 0
then

t t
Xth = X()YO + / XSdYS + / YSdXS + (X, Y)t,
0 0

where (X, Y); = [} HsH.ds.
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Proof. By the It6 formula
t t
Xe+ Y2 =(Xo + Yo)2 +2 / (Xs + Ys)d(Xs + Ys) + / (Hs + H.)?ds,
0 0
t t
X7 =X3 + 2/ XsdXs + / Hds,
0 0
t t
Y2 =Y2+2 / YsdYs + / HZds.
0 0

The conclusion is obtained by subtracting the last two equations from the first
equation. [ |

Next, let M(t) be the following Poisson stochastic integral:
. . t .
M) = Mi(0) + / / Ki(t, ON(dt, d), (2.23)
0 Ja

where1<i<d,t>0,Aisbounded below and K! is predictable.

Theorem 2.2.3. Let M be the Poisson stochastic integral (2.2.3), then for f ¢ C(R?) and
anyt > 0, one has in probability 1 that

t
F() - FM(0)) = /0 /A [F(M(s-) + K(s, x)) — F(M(s-)IN(ds, d).

Proof. Let Y(¢) = [, xN(t, dx) and define the time of jump for Y as T§ = 0 and T4 =
inf{t > T ;‘1‘71 : AY(t) € A} for all n € N. Then by definition of the stochastic integral, we
have

FM(@©) - F(M(0)) = ) f(M(s)) - f(M(s-))

O<s<t

=S A TR)) - FM(E A TA))

n=1

= i f (M(t ATA-) + K(t A TA, AY(t A T:}))) —f(M(t A TA)
n=1

t
- [ [[1raats-) + Kes.0) - Farts-DINGas, o).
0 Ja
The proof is completed. [ ]

Next, consider the Le¥y-type stochastic integral

. . . t .
Yi() = YI(0) + Yi(0) + /0 /A Ki(s, )N (ds, d), (2.24)
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whereforanyl<i<dandt >0,
. t . [ . .
Vo - [ G+ [ Feas)
0 0
Denote the quadratic variation process of Y! by {[YZ, Yg](t)}tzo, then

. m t .
YL, ¥l =3 / Fi(s)F,(s)ds.
k=170

Lemma 2.2.1. If Y is a Lévy-type stochastic integral in the form (2.2.4), then for any f €
C%(RY) and t > 0, one has in probability 1 that

t ) t o
FOO) ~FYO) - [ af(rsavie)+ 5 [ af(ris v, v
t
o [ [ 1)+ Kis,0) - F¥ (s Gs,
0 JA

Proof. The proof can be referred to Ref. [7]. [

Finally, let us consider the more general form of Lévy stochastic integral. Let Y satisfy

AY () =dYe() + dY4(6) = G(E)dt + FE)dB(©)
[ HE NG dY) + / K(¢, X)N(dt. d), (2.2.5)

[x]<1 |x]>1

wherel<i<d,1<j<m,t>0, |Gi|%,F]¥' e P(T), H' € P,(T, E), K is predictable and
E = B\{0}. Then the following It formula holds [7].

Theorem 2.2.4. Let Y be the Lévy-type stochastic integral in the form (2.2.5), then for
any f € C*(R?) and t > 0, one has in probability 1 that

t t .
FY) - FY(0)) = fo B (Y(s-)Yi(s) + % /O B (V(s)dLY., YiI(s)
+ Y [f(Y(s) - f(Y(5-)) - AY(8)aif (Y(s-)].

O<s<t

In the final part, we consider the chain rule of the Stratonovitch integral defined at
the beginning of Section 2.1.1. Let M = {M(t)}s»0 with Mi(¢) = fot F}(s)dBf (s)and G =
(G, -, G9) such that Gl-F]? e Py(t) for1 < j < m,t > 0. Then the Stratonovitch integral
f(f Gi(s) o dM;(s) is defined to be the limit in probability of the summation
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W Gl + Gilt™)

j+1 ) i(¢(n) i(n)
gfw(tm)—w@ .
-

where (I, n € N) is a partition of the interval [0, T]

<t™ - T},

m(n) —

My ={0 =t <™ < o <

m(n)

and limp_, .o MaXoj<m(n) |t;fi - t;")| = 0. Here, o denotes that the integral is taken in

the Stratonovitch sense. The Stratonovitch integral is related to the Itd integral via the
formula

/0 ' 6i(s) o dMi(s) - /0 *Gi(s)ami(s) + 16 M1, (2.26)
which in differential form can be written as
Gi(0) 0 AM(O) = GO0 + S dIG, MI(O. 2.27)
The chain rule of Stratonovitch integral is stated in the following [7].

Theorem 2.2.5. Let M be a Brownian integral and f ¢ C3(RY), then for any t > 0, with
probability 1 we have

FoM©) - Fa) - [ OIS o A(S) (228)
Proof. By eq. (2.2.7), we have
AfM(D)) o dM(£) = 3:f (M(D)dM' (1) + %d[aif(Mc)),Mf](t)
and by It6 formula, for1 <i < d,
A{af M(D)} = 30 M(0))dM (£) + %ajakaif(M(t))d[Mf,Mkl(t),
which gives
d[of (M), MT1(8) = B;0,f (M(O)dIM', M](0).

By using It6 formula again, we have

t t
fo 3if (M(s)) o dM'(s) =aif(M(s))de(s)+% /0 0;f (M(s))d[M', M/](s)
=f(M(0) - F(M(0)).

The proof is completed. [ ]
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2.3 The infinite-dimensional case
2.3.1 Q-Wiener process and the stochastic integral

Let H and U be two Hilbert spaces and Q € L(U) be a symmetric nonnegative oper-
ator. We first consider the case when TrQ < oo. In this case, there exists a complete
orthonormal system {ex} in U and nonnegative bounded sequence of nonnegative real
numbers A, such that Qey = Agey forallk =1,2,....

Definition 2.3.1. The U-valued stochastic process W = {W(t),t > 0} is a Q-Wiener
process if

1) w@)=0

(2) W(t) has continuous trajectories,

(3) W has independent increments, and

@) 2W((t) - Ww(s)) =N, (t-s)Q) forallt >s > 0.

If furthermore, for a given o-algebra flow {Z}=0, W(t) is % measurable and W(t + h) —
W(t) is independent of .#; for all h,t > 0, then W is called a Q-Wiener process with
respect to {Z¢}tso.

Since W has independent increments, a Q-Wiener process W with TrQ < oo is necessar-
ily a Gaussian process with zero mean and Cov[W(t)] = tQ. Furthermore, there exists
a sequence of real-valued, mutually independent standard Brownian motions f;(t),
j=1,2, -,0on(Q,.#,P)such that W(t) = Z}fl \/I}-B,-(t)e,-, which converges in L%(Q, P).

Fix T > 0 and let L = L(U, H) be the space of bounded linear oprators. An L-
valued stochastic process {®(t)}[o, 7] is called an elementary process if there exists a
sequence 0 = typ < t; < -+ < tx = T and a sequence of L-valued random variables
@y, Oy, -+, Oy1 such that Oy, are .#;, measurable and O(t) = @y, for all ¢ € (¢, tm]
and m = 0,1, ---, k — 1. For such elementary process @, the stochastic integral with
respect to W is defined naturally by

k-1
T (@) - / DSAW(S) = 3 (Wi nt ~ Wind)- 231)

m=0

Let Uy = QY2(U). Then U, is a Hilbert space with the inner product
> 1
Z /T ) (8> ek) 1/2f Q 1/2

and {g; = \/Aje;} is an orthonormal basis. Let L = L,(Uy, H) be the space of Hilbert—
Schmidt (HS) operators from Uy to H with HS norm
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IWIi3 = D (¥en fol” = 3 Anl(¥en, fil ? = Q2| = T ¥ Q¥~],
h,k=1 h,k=1

where {f;} is a standard orthonormal basis of H. Let ® = {®(6)}[o,1] be a measurable
L9-valued process and define

t 1/2
I = {E / ||cD(s)||§gds} vt e[o,Tl. 23.2)
0
Similar to the proof of Lemma 2.1.1, we can prove

Proposition 2.3.1 (Isometry). Let ® be an elementary process and ||®|7 < oo, then
the integral process Ty (®) is a continuous square-integrable H-valued martingale on
[0, T] and

t
E| / D(s)dW(s)? = |12, O<t<T. (233)
0

This shows that the stochastic integral is an isometry from the space of all elementary
processes equipped with norm || - |7 to the space ///%(H) of H-valued square-integrable
martingale. Then our task is to extend the integral into space of general L9-valued
predictable process @ such that ||®||1 < co. We have the following result.

Proposition 2.3.2. Let ® be an Lg-valued predictable process and ||®||T < oo, then there
exists a sequence of elementary processes {®,} such that |® — ®,||r — 0 asn — oo.

The proof can be found in Ref. [75]. Note that all the L‘z)-valued predictable process
with ||®|l7 < oo form a Hilbert space, denoted by .4;2(0, T; L9) or .4#;2(0, T) or even
¢/sz, for short. Since the set of elementary processes is dense in JVM% the defini-
tion can be extended to all elements in /VMZ, and moreover Zy/(®) is a continuous
square-integrable martingale.

Similar to the It0 integral in Section 2.1.2, the stochastic integral here defined can
be extended to the LY-valued predictable processes satisfying more weaker condition

! 2
P { /0 1(5)Igds < oo} “1 (23.4)

All such processes form a linear space denoted by 4/(0, T; LY), or Ai(0, T) or Aiy.

To extend the stochastic integral, we use the stopping time technique. First, we
note that if ® € .#,2(0, T; L9) and 7 be an .F-stopping time such that P(t < T) = 1,
then P-a.s.

t
/ T (&) DE)AW(S) = Ty(@)(T A 6) Ve € [0, T). 2.35)
0
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Define for 44(0, T; L9) the stopping time
t
Ty = inf{t e[0,T]: / ||<D(s)||i0ds > n}, inf@ =T.
0 2

Then Ijp 7,)® € JVM%(O, T;L9) and Iw(Ijo,r,)®) is well defined. Zy/(P) is defined as the
limit of this sequence in probability. Moreover,

IW((I))(TYI A t) = IW(I[O,Tn]q))(Tn A t) = MH(TYI A t)9 te [0’ T]; n= 1’ 21 B

where M,, is a H-valued continuous square-integrable martingale. This is referred to
the local martingale property of stochastic integral.

Next, consider the cylindrical Wiener process. First of all, we are given a filtered
probability space (Q, .#, {F}, P).

Definition 2.3.2. Let W : [0, c0) x U — L*(Q, .%, P) be a stochastic process on U such
that (i) E|W(t,x)|* = t|x|?, for all t > 0 and x € U, and (ii) {W(t, X)}s>0 is a real-valued
{Z}-adapted Wiener process for any x € U, then W is called an .%-adapted cylindrical
Wiener process on U.

As a consequence of this definition, we have for all t,s > 0 and x,y € U, that
E[W(t, )W(s, y)] = (tAs)(x, y)y. This also implies that E[W (¢, e,)W(s, e,)] = tAs, where
{en}ns1 is an orthonormal basis of U. In particular, if we set B,(t) := W(t, ey), then B,(-)
is a sequence of independent standard real valued Wiener process. Furthermore, let H
be another Hilbert space such that embedding U — H is HS, then W(t) = 3", Ba(t)en
converges in L%(Q, .#, P; H) for t > 0.

We will also call this process W a Q-Wiener process on U. Obviously, Q = I (an
infinite-dimensional identity matrix) and TrQ = oo. Now, we consider the case of ex-
tended integral to TrQ < oo. Let Wy(t) = Z]Ai 1Bi(t)e; for all ¢ € [0, T], where {ej} is
an orthonormal basis of U. Suppose @ is stochastically integrable with respect to the
Q-Wiener process. It is easy to see that Zy/(®) = Zy, () + Z;yn (P) and hence

T
ENZ (1) ~ Ty @)DI = E [ 10(6)(@") Py ds:
0
If | DI < oo, thenas N — oo, we have
T
E [ 19(s)(Q")")2,ds 0.
0 L

By the martingale property of stochastic integral, we have

Esup |[©-W({)-D- Wy()|| = 0, N — oo,
0<t<T
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from which we can choose a subsequence {IWNk (@)} converging P-a.s. and uniformly
in [0, T]. Therefore, by taking limit of stochastic integrals w.r.t. a finite-dimensional
Wiener process, one obtains the stochastic integral with respect to an infinite-
dimensional (possible cylindrical) Wiener process, which is independent of the choice
of the subsequence. The definition of the stochastic integral for ® ¢ _44/(0, T; Lg)
can be obtained similarly by the localization method above. For general cylindrical
Q-Wiener process W, the stochastic integral can also be defined via the limit process
and we omit the details here.
First, we summarize the above discussion in the following theorem.

Theorem 2.3.1. Let @ ¢ (/VM%(O, T; L9), then the stochastic integral Iy (®) is a continuous
square-integrable martingale with quadratic variation

t
(Zw (D)) = /0 (@(5)Q")(@(5)Q"?)*ds, s, t € [0, T]. (2.3.6)

If® e my(0,T; Lg), then Iy (®) is a local martingale.

The following propositions are given directly here without proof. The readers may refer
to Ref. [75].

Proposition 2.3.3. Let @;, @, € .4;2(0, T; LY), then
EZw(®;) = 0, E|Zw(®)|* < 0o, te[0,T],i=1,2.

The correlation operator V(t, s) = Cor(Zy(®1), Zw(D,)) for all t, s € [0, T] is given by

Vits) - E /  @maD @My ar. (237)
0

As a corollary, one has directly that
tns
E(Zw(®1), Iw(®,)) = E / Tr[(@,(1) Q") (@1 (N Q) 1dr. (23.8)
0

Furthermore, if ®;, @, are L(U, H)-valued processes, this can be simplified as
tAs
E(Tw(@). Zu(@) <E [ T{@:)Q:('lar
0

Proposition 2.3.4. Let ® € 4(0, T; LS), then for any a, b > 0, there holds

T
P ( sup [Zw (D)) > a) < % +P < /O ||c1>(t)||§gdt > b) . (2.3.9)

te[0,T]
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2.3.2 Ito formula

Now, let us discuss the Itd formula of stochastic integral. Assume that W is a U-valued
Q-Wiener process. Let @ be an Lg-valued process stochastically integrable in [0, T,
¢ an H-valued predictable process Bochner integrable on [0, T], P-a.s., and X(0) an
Fo-measurable H-valued random variable. Then the process

t t
X(6) = X(0) + f b(s)ds + / D($)dW(s), te [0, T]
0 0
is well defined.

Theorem 2.3.2. Let F : [0, T] x H — R! and its partial derivatives T;, Fy and Fyy be
uniformly continuous on bounded subsets of [0, T] x H, then P-a.s., for any t € [0, T]

dF(t, X(t)) =(Fx(t, X(1)), DOAW(t)) + {F,(t, X(£)) + (Fx(t, X(1)), p(0)) } dt

+ ST [Eult XOXROQD@0OQ) ] .

This result can be proved first for elementary processes and then via a limiting pro-
cess it is extended to a general stochastically integral process. For applications, we
will consider the Burkholder-Davis-Gundy-type inequality for the stochastic integrals.
First of all, let’s state the martingale inequality without proof, see Theorem 1.3.3.

Proposition 2.3.5. Let EfOT ||®(s)||i0ds < oo, then
2
(1) foranyp>1andA>0,

t 1 T v
fo D(s)dW(s) 2/1> < B /O D(s)AW ()PP,

p (sup
t<T
(2) foranyp >1,

/ D)W (s)
0

p p T
E | sup < —E|/ O(s)dW(s)|P.
t<T p-1 0

Proposition 2.3.6. For any r > 1 and any LY-valued predictable process ®(t), t € [0, T],

there holds
2r t r
) <qE < / ||c1>(o)||§0ds) . (2.3.10)
0 2

f " ©(0)dW(0)
0

E| sup
s€[0,t]
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Proof. When r = 1, the results follows from It6’s isometry. Let r > 1 and set Z(t) =
Jo ®(0)dW(0), f0) = |x|, then

focx) = 4r(r - 1)|X|2(r_2)x X+ 2r|x|2(r—1)1,

and

Ifec GOl < 2r@r = D)|x) 2D,

This gives that

ITr®* (Df o (Z(E)DD)Q < 2r(2r = 1) 2O 12(0)9-
By It6 formula and the martingale property of the stochastic integral, we obtain
t
E|IZ(®)1" < r(2r - DE( f 1Z(3)*" | D(0) 1%, do)
0 2

< r(2r - 1)E(sup |Z(s)2"Y /Ot IICD(O)IIigdU).

se[0,t]

By Holder inequality (p = r/(r — 1)) and martingale inequality, one has

1/p r
E\Z(6)1* <r(2r-1) |:E (sup |Z(s)|2(’_1)p>:| : [E </t ||cD(a)||i0da> i|
se[0,t] 0 2
1 t ak
/ 2rl-7 | 2 4 ) .
<c, [E1Z(6)”"] {E ( /O IP(0)7gds }

One completes the proof by applying once more the martingale inequality. [ ]

1/r

Proposition 2.3.7. For any r > 1, and any LS-predictable process ®(-), it holds

2r t r r
< (r2r- D) ( /0 (E||q>(s)||§{2))l/ ds) :

Proof. The case r = 1is straightforward. Let r > 1 and Z(t) be as above, then

sup E
sel0,t]

/ " () dW(0)
0

t
E\Z(O < r(2r-1)E ( / 1Z(s) 2V @(s) 2 ds) :
0 2
Since from Holder inequality that

E (1262 0612 < EZ0P) " (o)

one has
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E|Z(t)¥ <r(2r-1) /Ot (ElZ(s)|2r)(Fl)/r <E||q)(s)||]2_§)l/r &

t (r-1)/r 1r
<r(2r-1) / ( sup E|Z(u)|2’) <E||q>(s)||§g) ds.
0 “uelo,s] 2

The right-hand side is monotonic in ¢, hence
t (r-1/r 1/r
sup E|Z(s)]? < r2r - 1) f ( sup E|Z(u)|2’) (E||c1>(s)||i5) ds
se[0,t] 0 “uelo,s] 2

5 r-/r [t 3 1/r
<r(2r- 1)( sup E|Z(s)| ’) f (E||<I>(S)IILB) ds.
se[0,t] 0 2

Hence, the proposition holds. [

The following proposition concerns that Fubini theorem in stochastic integrals. Let
(E, &) be ameasurable space, and @ is a measurable mapping from (Qr xE, 21 x %(E))
to (L9, B(LY)).

Theorem 2.3.3. Let u be a finite-positive measure on (E, &) and fE N®C, - )iruldx) <
+00, then P-a.s.

T T
/E [ /O CD(t,x)dW(t):| J(dx) - /0 [ /E CD(t,x)y(dx)} Aw(e).

The proof of the theorem can be referred to literature [75].

2.4 Nuclear operator and HS operator

In this section, we introduce some basic concepts of HS and nuclear operators. Let
E, G be Banach spaces and L(E, G) be the Banach space of all bounded linear operators
from E to G equipped with the operator norm. We denote by E* and G* the dual spaces
of E and G, respectively. A linear operator T ¢ L(E, G) is called nuclear if it can be
represented in the form

Tx = Z ajpij(x) VxeE,
j=1

where {a;} c Gand {g;} c E* are such that Z]f’:l lla;|l - llp;jll < +oo. We denote by Ly(E, G)
the space of all nuclear operator from E to G, which is a separable Banach space with
the nuclear norm
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1Tl = inf 3> " llal - lgjll = x = > @)
j=1

j=1

When G = E, we write L;(E) instead of L,(E, E) for short. Let K be a Banach space, it’s
obvious thatif T € Li(E, G) and S € L(G, K) then ST € L{(E, K) and ||ST||; < |IS||IIT]1. Let
H be a separable Hilbert space and {e;} be an orthonormal basis of H, then the trace of
T € Li(H) can be defined as TrT = Z]‘-’jl(Tej, ej). It can be shown that the trace is well
defined for T € L;(H) and is independent of the choice of the orthonormal basis {e;}.
Furthermore, for T € Li(H), there holds |TrT| < || T||;. Hence, if T € Li(H) and S € L(H),
then TS, ST ¢ Li(H) and TrTS = TrST < ||T|1/|S||.

Let E, F be two separable Hilbert spaces. A linear operator T ¢ L(E, F) is called
a HS operator if ) 12, |Tex|? < oo. It can be shown that the definition of HS operator
is independent of the choice of basis {ex}. The space of all HS operators L,(E, F) is a
separable Hilbert space with the scalar product

o)

(S,Thr =) (Sex, Tex), S,T eLy(E,F).
k=

—_

Denote by || T, = (T, T)é/2 the corresponding HS norm. If E = F, we write L,(E,E) =
L,(E) for short. Forany b € E, a, h € F, if we define (b® a) - h = b(a, h), then {f; ® ex}; ken
constructs a set of complete orthonormal basis of L,(E, F).

Proposition 2.4.1. Let E, H be two separable Hilbert spaces and K(E, H) be the space of
all compact operator from E to H, then L{(E, H) c L,(E, H) c K(E, H).

Proof. Let T ¢ Li(E, H), then Tx = Z}’:l a;jp;j(x) for some {a;} ¢ H and {p;} c E* such
that 3 llajllll@jllp+ < co. Let {ex} be an orthonormal basis of E, then

Y ATerly =Y 1Y anpn(edly <Y D lan, annllgnle)llgien)
k k n k nl
1/2 1/2 2
<> lan||al (Z(pi(ek)> (Zq),z(ek)) < <Z|an||(ﬂn|) :
n,l k k n

which implies the first conclusion. To show the second one, we note that the HS norm
is stronger than the operator norm, K(E, H) is a closed set of L(E,H) and each T ¢
L,(E, H) can be approximated in L,(E, H) by the sequence of finite rank operators T, =
Y kenfi ® T*fi (e, Tux = 31 (TX, fi)fi, X € E), where {fi} is an orthonormal basis of
H. Since finite rank operators are compact, the result follows. [

Proposition 2.4.2. A nonnegative operator T ¢ L(H) is nuclear if and only if for an
orthonormal basis {e;} on H such that Z;’:l(Tej, ej) < +oo. Moreover, in this case,
TrT = | T|z.
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Proof. We need only to show the sufficiency part, since |TrT| < ||T||;. From Propos-
ition 2.4.1, we know that T is compact. Let {A;, f;} be a sequence of eigenvalues and
eigenvectors of T, then Tx = > 2, Ax(x, fi)fi for all x € H. It follows that

> (Teje) =D > Mllfi e’ =) Ak < +oo.
j=1 j=1 k=1 k=1
Therefore, T is nuclear and TrT = "2, Ag. In this case, TrT = || T||;. [ |

Proposition 2.4.3. Let E,F,G be the separable Hilbert spaces. If T ¢ L,(E,F),S €
Ly(F, G), then ST € Ly(E, G) and |IST |1 < [ISI2ITl|2-

Proof. Let {f;} be an orthonormal basis of F, then

Tx = (T fidfi = ) (x T*fidfk.

k k

Hence, STx = Y 324 (x, T*fi)Sfi for all x € E and by definition

oo oo 12/ o 1/2
||ST||1§Z|T*fk||ka|S<Z|T*fk|2> <Z|ka|2> :

k=1 k=1 k=1

This completes the proof. [ ]
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3 OU processes and SDEs

In this chapter, we first introduce the Ornstein—Uhlenbeck (OU) processes and the
stochastic convolution. Then we introduce some basic concepts of solutions to lin-
ear stochastic differential equations (SDE) and their properties. Finally, we consider
the existence of solutions for a general nonlinear SDE based on fixed point theorem.
Most of the materials come from Refs [75, 76].

3.1 Ornstein—-Uhlenbeck processes

Consider the following stochastic partial differential equation:
dX; = AXids + BAW;, Xo =¢. (3.1.1)

Suppose U, H are two Hilbert spaces, A is the infinitesimal generator [199] of a Cy
semigroup {S(t)}+»o in H, B ¢ L(U, H) is a bounded linear operator and ¢ is a .%-
measurable random variable in H. Let {IV(t)};»0 be a Q-Wiener process in probability
space (Q, .#, P) with covariance operator Q € L(U). If TrQ < +oo, W is called a Q-Wiener
process and when TrQ = oo, it is called a cylindrical Wiener process. We also suppose
that there is a set of complete orthonormal basis {e;} of U and a bounded nonnegative
real sequence Ay such that Qe = Axex for k = 1,2, ---, and a sequence of real-valued
independent Brownian motions fj such that

(W), u) =Y VAwlew Wk, uel,t20.
k=1

The noise is additive if B does not depend on X; and multiplicative otherwise. We note
that if W is a Q-Wiener process in U, then W; = BW is a BQB*-Wiener process in H. So
without loss of generality we assume U = H.

If the H-valued .%;-adapted stochastic process X = {X¢}so is the solution of the
equation, then the solution can be given by the Duhamel principle

X(6) = S(OF + fo "S(t- )BAW(s), £ 0, (3.12)

where S(t) is the solution operator generated by A. The process X; is called an
Ornstein—-Uhlenbeck process and the stochastic integral

W (6) = /O 'St - $)BAWS), ¢ 0, (31.3)

EBSCChost - printed on 2/10/2023 4:53 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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is called a stochastic convolution. Generally, if ®(t) € L (U, H),t € [0, T] is a Hilber—
Schmidt operator-valued adapted process such that the stochastic integral

W) = / St - HDEAW(S), ¢ < [0, T]
0

is well defined, then Wg’ is also called the stochastic convolution. In particular, if ® =
B,t € [0, T], then W3 = W,.

The following introduces some properties of the stochastic convolution. First of
all, it can be proved that if || S(r)B|| 19 € 12(0, T), then {W4(8)}+»0 is a Guassian process,
which is continuous in mean square and has a predictable version, and CovIW,(t) =
3 S(r'BQB*S*(r)dr. Indeed, for fixed 0 < s < t < T, then

t S
WA(D) - Wals) = f S(t - NBAW() + / IS~ 1)~ S(s - DIBAW).
s 0
It then follows from the independence of these two integrals that
N t-s
EWAO-Wa@)P =Y A [ 1S0)Bexdr
k=1 Y0

+ Z/lk /OS |(S(t — s + 1) — S(r))Bey/|?dr.

k=1
Then the continuity in mean square follows from the dominated convergence the-
orem and the Gaussian property follows from the properties of the stochastic

integral.
Leta € (0,1] and

Y2(0) = / t(t—s)"‘S(t—s)q)(s)dW(s), t o, T]. (3.1.4)
0

Then by stochastic Fubini theorem, it can be shown that if

t s 1/2
/ (t -5 [ / (s—0)’2"‘E(||S(t—0)(13(0)||§)d0} ds < +00 (3.1.5)
0 0

holds for all t € [0, T], then

sinam
b4

/ 'St - $)DEAWs) - / (=S - YOs)ds, te[0,Tl. (316)
0 0
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Indeed, the integral on the right-hand side is equal to
t s
f (t - s)*1S(t - s) / (s - 0)7%S(s - 0)D(0)dW (0)ds
0 0
t s
- / / (& - )% 1(s - 0)S(t - 0)D(0)dW(0)ds
0 Jo

t t
- / / (t = ) (s - 0)2dsS(t - 0)D(0)AW (o)
0 Jo

n

t
- f S(t - 0)D(0)dW (o).
sinam Jo

The Holder continuity of the stochastic convolution can then be proved. Assume
that S(t) be an analytic semigroup on H generated by A such that ||S(t)|| < Me !
for some positive constants M and w and that there exists a« ¢ (0,1/2) such that
fOT t72%||S(t)B||3gdt < oo for any T > 0, then for any y ¢ [0, @), there is a D((-A)’)-valued
Holder-continuous modification of Wy (t), with exponent smaller than a — y.

To show this, we first define for any a € (0, 1), y € [0, @), p > 1 the integral operator
on the space LP(0, T; H)

Rayo(t) /0 t(t - 0)* Y (-AY'S(t - 0)g(0)da, t € [0, T].

It can be shown that from Ref. [76, appendix, Prop. A.1.1.] that wheny > 0,a > y + 1,
then R, is a bounded operator from L”(0, T; H) to c*” » ([o, T]; D((-A)")) and when
y=0,a>1/p, thenforanyé € (0,a - %), Rg,y is a bounded operator from LP(0, T; H) to
C5([0, T); H). Thanks to eq. (3.1.6), it then suffices to show that the process

Yu(s) = /:(s - 0)7%S(s - 0)BdW(o0), s € [0, T]

has p-integrable trajectories. But this is obvious from the Burkholder-Davis—Gundy
inequality

T T s p/2
b _ ) _ 2
E/O | Yo(S)| dSSCp/O (/0 (s = 0)*S(s 0)B||2d0> ds

T/ ops /2
< Cp/ </ 072a||5(0)3||§d0> ds < +oo.
o \Jo

Let us remark that similar results hold for Wg’(t). Indeed, let S(t), t > 0 be an analytical
semigroup on H generated by A such that ||S(t)|| < Me ! for all t > 0 and for some
positive constants w and M. Assume that there exists some a € (0,1/2) and C > 0 such
that fOT t72[|S(8)||3gdt < oo for any T > 0 and P-a.s. |®(¢)|| < Cforall t > 0, then for
any y ¢ [0, a), there is a D((-A)")-valued Hélder-continuous modification of W®, with
Holder exponent smaller than a - y.
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In the analytical case, if furthermore TrQ < +oo, then one can show that for any
a € (0,1/2), the process W,(-) has a-Holder-continuous trajectories and (—A)*W,(-) is
y-Holder continuous for y € (0, % - a) (see Ref. [75] for proof). In the critical case when
a = 1/2, the result does not hold. Indeed, an example given in Ref. [72] shows that if A is
negative self-adjoint, then (~A)Y2W,(t) may not have a pathwise-continuous version.

Finally, we show that when A generates a contraction semigroup and
@ e 4;2(0,T;L9), then W has continuous modifications and there is a constant C
such that

t
E sup [W§(s)]> < CE / ID(s)l1ds, teo,TI. (3.1.7)
se[0,t] 0 2

We now sketch the proof of this inequality. Let X = Wg’ for short, then X satisfies
dX(t) = AX(t)dt + O(t)dW(t)

on the interval [0, T]. By Itd formula,

t t t
X0 =2 /0 (X(s), AX(s))ds +2 /0 (X(s), D(s)dW(s)) + /0 ||q>(s)||i9dt

t t
<2 [ 0, o@aws) + [ 10(0)2ys,

since A generates a contraction semigroup. By taking supremum and then
expectation, one has

S t
E sup |X(s)? <2E sup | | (X(0), ®(0)dW(0))| + E / 1D(s) |2 ds. (3.1.8)
se[0,t] sefo,t] JO 0 2

Let M(t) = fot (X(s), ©(s)dW(s)). Then from the martingale inequality

¢ 12
E sup [M(s)] < 3E [( / |(q>(s)01/2)*X(s)|2ds) } , (3.19)
sel0,t] 0

the first part of eq. (3.1.8) can be bounded by

1/2

t 1/2 t
6E ( [ |(cD(s)Q“2)*X(s)|2ds) <6E < [ ||c1>(s)||§9|X(s)|2ds>
t 1/2
<6(E sup X(s))"? (E / ||c1>(s)||§ods) :
0 2

sel0,t]

It then follows that for any € > 0,
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2 2 1 ! 2 t 2
E sup |X(s)|° < 12<£E sup |X(s)|” + =E ||CD(s)||L0ds) +E | [D(S)7ods.
se[0,t] se[0,t] € Jo 2 0 2
Taking € = 1/24, we get eq. (3.1.7). The above proof can be made rigorous by standard

approximation arguments.

3.2 Linear SDEs
Consider the following linear stochastic differential equation:

dX(t) = [AX(t) + f(O)]dt + BAW(t), X(0) = ¢, (3.2.1)
where A : D(A) c H - H,B : U — H are linear operators and f is an H-valued
stochastic process. We assume A generates a strongly continuous semigroup S(-) on

H, B ¢ L(U, H), f is a predictable process which is Bochner integrable on any finite
interval [0, T] and finally the initial data £ is .%, measurable.

Definition 3.2.1. Under the above assumptions, we say that an H-valued predictable
process {X(O)}eo,11 is a strong solution of eq. (3.2.1), if X takes values in D(A), Pr-a.s.,
fOT |AX(s)|ds < oo, P-a.s. and for any t € [0, T]

¢ ¢
X(@) = $+/0 [AX(s) +f(s)]ds+/0 BW(s), P-a.s..

We say that an H-valued predictable process {X(t)}¢[o,1] is a weak solution of eq. (3.2.1),
if the trajectories of X(-) are Bochner integrable, P a.s., and

t
XO,0) =06, ) + /0 [(X(), A"0) + (£(s), )]ds

" f " BW(s). (), P-as. V(< DAY, vt e [0, T].
0

The definition of strong solution makes sense only if BW is an H-valued process, re-
quiring TrBQB* < oo, while the definition of weak solution makes sense even for
cylindrical Wiener processes, since the scalar process (BW(t), () (t € [0, T]) is well
defined.

Theorem 3.2.1. Under the above assumptions on A, B and f, if ||S(r)B||Lg e L%(0, T), then
there exists a unique weak solution to eq. (3.2.1), given by

X(t) =S¢ + /OtS(t - s)f(s)ds + /OtS(t —-$)BdW(s), telo,T]. (3.2.2)
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Proof. By Duhamel principle and the superposition principle, it suffices to show that
Wy(t) = fot S(t — s)BAW(s) is a weak solution of equation

dX = AXdt + BAw, X(0) = 0. (3.2.3)

Fix t € [0, T] and let { € D(A*). From the stochastic Fubini theorem, we have

t t t
/ (A", Wa(s))ds =/ <A*(,/ S(s - r)BdW(r)> ds
0 0 0

t t
=/ </ B*S*(s —r)A*{ds, dW(r)>
0 r

_ /O t < /r t (%B*S*(S - r)() ds, dW(r)>

_ / B (- ¢ - B'C, dW)
0 t
— (6 WaD) - / (£, BW(s)).
0

Hence, W,(-) is a weak solution of eq. (3.2.3), completing the proof of existence.
Next, we prove uniqueness. First, we note that for any t ¢ [0, T] and {() «
c'([o, T]; D(A*)), we have

t t
(Wa(®), () = /0 (Wa(s), ¢'(s) + A*¢(s))ds + fo ({(s), BAW()). (3.24)

Now, if X is a weak solution to eq. (3.2.1) and {y ¢ D(A*), then applying eq. (3.2.4) to
{(s) = S*(t - s){p yields

X(O), o) = < /0 'S(t - )BAW(S), co>,

which implies X = W, since D(A*) is dense in H. Uniqueness follows.

It remains to show eq. (3.2.4). It suffices to consider a linearly dense subset of
C!([o, T]; D(A4*)) of functions of the form { = {y(s), s € [0, T], where ¢ € C!([0, T]) and
(o € D(A*). Let

t t
Fop(6) = /O (X(), A (o) ds + /0 (BAW (), {).

By It6 formula, one has

t t
Foy (0(0) = /O ({(s), BAW(s)) + /0 [9()(X(s), A* o) + '(5)(X(5), o).

Then eq. (3.2.4) follows since Fy, (-) = (X("), ¢), P-a.s. u
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Then by the regularity of stochastic convolution, the weak solution is a mean
square continuous predictable process. Indeed, more regularity can be obtained.

Theorem 3.2.2. Assume U = H, B = I and for some a > O there holds
T
[ curstnyde < +oo (325)
0 2

Then the weak solution of eq. (3.2.1) has continuous modifications.

Proof. Without loss of generality, suppose & = 0,f = 0. Then X(t) = Wy(t). Further-
more, we assume TrQ < oo. For fixed a € (0, 1/2) and integer m > 1/(2a), the solution
can be written as

sin Tt

W (t) = /0 "S- o) f (- (s - 0) *dsdW (o).

By the stochastic Fubini theorem,

Wa(t) = S0 / tS(t—s)(t—s)"“lY(s)ds, (3.2.6)
0
where
Y(s) = /  S(s - 0)(s - 0)dW (o).
0
Define
sinzta [t
2(6) = f S(t = $)(t - ) Y(s)dW (o), ¢ [0, TI.
U 0

Then it’s obvious that if y(-) is an H-valued continuous function, then z(t) is also con-
tinuous. By Holder inequality, there is a constant C > 0 depending on m,a, T and
M such that

T
ZOP" < C /0 y(s)2ds, t e [0, TI.

Hence,

T
sup z()*™ < C / ly(s)|*"ds.
te[0,T] 0

Therefore, if y(-) ¢ L¥7(0, T; H), then z(-) is continuous. Since the process Y(-) is
Gaussian with covariance operator

Cov(Y(s))¢ = /Os(s - 0)S(s - 0)QS* (s - 0)éds V¢ € H,
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there exists a constant C; > 0 such that E|Y(s)|*" < C; for all s ¢ [0, t]. Hence,
T
E / |Y(s)|?™ds < C;T,
0

and eq. (3.2.6) defines a continuous version of Wy(-). ]

Next, let us consider linear SDEs with multiplicative noise
dx(t) =[AX(t) + f(O)]dt + BX(t))dW(t), telo,Tl, 3.2.7)

with initial data X(0) = &, where A : D(A) ¢ H — H is the infinitesimal generator
of a strong continuous semigroup S(-), B : D(B) ¢ H — Lg is a linear operator, ¢ is
an H-valued .#y-measurable random variable, f is a predictable process with locally
integrable trajectories. Let {gj} be an orthonormal basis of Uy = Q'2U. Since for any
x € D(B), B(x) is a Hilbert—Schmidt operator from Uy to H, then

3" IBG)gjl? < o0, x € D(B).
-1

The operator Bjx = B(x)gj is linear and B(x)u = Z}’:l Bjx(u, gj)u, forany x € D(B), u € Up
andj=1,2, ---.Hence, if W(t) = Z}’:l Bigj,

Definition 3.2.2. An H-valued predictable process X(t), t € [0, T] is the strong solution
of eq. (3.2.7), if X takes values in D(A) n D(B), Pr a.s., such that

T T
P (/O 1X(s)| + |AX(s)|ds < oo) =1, P (/0 ||B(X(s))||i(2)ds < oo) =1,

and for any t ¢ [0, T] and P-a.s.

t t
X(O =&+ /O [AX(s) + F(s)]ds + /O BX(S)W(S).

An H-valued predictable process X(t), t € [0, T] is a weak solution of eq. (3.2.7), if X(-)
takes values in D(B), Pr-a.s.,

T T ,
P ( /0 X()lds < oo) -1, P ( /O IBXEgds < oo) 1, (G29)

and for all t € [0, T] and { € D(A*), there holds

t t
(X, ¢) = (-f»()+/0 [(X(S),A*(>+<f(5),(>]d5+/0 (BW(0),{) P-as.
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An H-valued predictable process X(t), t € [0, T] is a mild solution of eq. (3.2.7), if X takes
value in D(B), P-a.s., (3.2.8) holds, and for any t € [0, T],

t t
X( = S(O)¢ + /0 S(t - S)f(s)ds + /0 S(t - $)B(X(s))dW (s).

As above, we let A : D(A) ¢ H — H be the infinitesimal generator of the Co semigroup
in H and define

WO = / tS(t—s)q)(s)dW(s), t e [0, T, ® € iy (3.2.9)
0

Then for any @ € .43y, the process ij(~) has a predictable version.

Obviously, a strong solution must be a weak solution and a weak solution must be
a mild solution. Indeed, we have the following result.
Theorem 3.2.3. Let A : D(A) ¢ H — H be the infinitesimal generator of a Cy semig-

roup S(-) in H. Then the strong solution of eq. (3.2.7) is also a weak solution, and a weak
solution is also a mild solution. Conversely, if a mild solution X satisfies

T
E [ IBts)Iyds < o,
0 2
then X is also the weak solution.

Next, let us simply discuss the existence of solutions. Only the case when B is bounded
is considered.

Theorem 3.2.4. Let A be the infinitesimal generator of a Co semigroup S(-) in H, E|£|? <
oo and B € L(H, L3). Then eq. (3.2.7) has a mild solution X € .4#;3(0, T; H).

Proof. Let »# be the space of all H-valued predictable processes Y such that |Y|» =
suPefo,7)EIY (81D < oo. For any Y, define

A X)) = SOF + / "S- s)f(s)ds + / ' S(t - )BY()dW(s)
0 0
t
24(Y)(t) =/ S(t - s)B(Y(s))dW(s), telo,T].
0

By Hill-Yoside theorem, we can assume that ||S(¢)|| < M, t > 0, and then

¢ 12
AW < sup E( [ 15 - Br6)gas)
te[0,T] 0 2

<MIIBll 11,9V TIY Lo
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Let T be sufficiently small, then .# is a contraction mapping and hence there is a
unique fixed point. It is easy to illustrate that the fixed point is a solution of eq. (3.2.7).
By the standard method of continuation, the case of general T can be treated. ]

By the regularity result in the previous sections, some existence result in the analytical
case can be proved. See Da Prato and Zabczyk [75].

3.3 Nonlinear SDEs

In this section, we consider the more general nonlinear SDE,
dX(t) = (AX + F(X))dt + BX)dwW(t), X(0) =¢. (3.3.1)
First, we assume the following Lipshitz conditions.

Assumption 3.3.1.
(i) Ais the infinitesimal generator of strongly continuous semigroup S(t),t > 0 in H;

(ii) F: H — H and there is a constant ¢y > 0 such that

[F(x)| <co(1+ |x]) Vx e H,
IFO) = F)l <colx —y| Vx,y € H;

(iii) B : H — L(U, H) is strongly continuous (i.e., the mapping x — B(x)u is continuous
as a mapping from H to H, for any u € U) such that for any t > 0,x € H, S(t)B(x)
belongs to L,(U, H), and there is a locally square-integrable mapping K : [0, co) —
[0, o) such that

IS()BG) |lgs <K@+ |x]), t>0,xcH,
IS(OB(x) — S()B(Y) |lgs <K(t)|x -y|, t>0,x,y € H.

Definition 3.3.1. An .%;-adapted process X(t), t > 0 is a mild solution of eq. (3.3.1) if
t
X0 =505 + [ S(e-IFX(S)ds
0
t
+ [ ste-9BEE)AWE), < o.1 (332)
0

Let H,,r be the Banach space of all H-valued predictable processes Y(t) such that

IY|lpr = sup (E|Y()P)VP < +oo.
te[0,T]
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Theorem 3.3.1. Assume Assumption 3.3.1 holds and p > 2. Let the initial data ¢ € %y
and E|¢|P < oo, then there is a unique mild solution X of eq. (3.3.1) in Hp, and there is a
constant Cr, independent of &, such that

sup E|IX()P < Cr(1+ E|éP). (3.3.3)
te[0,T]

Furthermore, if there is a < (0, 1/2) such that fol s™2%K2(s)ds < +oo, then X(-) is P-a.s.
continuous, where K is defined in Assumption 3.3.1(iii).

Proof. For any & € LP(Q; H) and X € H), 7, define a process Y = K(¢, X) by
t
Y(6) = SOF + / S(t - $)F(X(s))ds
0
t
. / S(t - )BKX(8)dW(s), ¢ < [0, TI. (33.4)
0

By martingale inequality, K(&, X) € #Hp, 1 for any X € Hj 7. Let My = supgo,7j IS@)II,
then

p
ElY(OP <377 {IIS(t)IIp E|§P +E [(/Ot IS(t—S)F(X(S))IdS> }

g i

t
<y e - 7 [ R ps

/ " S(t - $)BX($)dW(S)
0]

t p/2
+¢p [ / (E|IS(t - s)B(X(s)) ||§S)2/Pds] } .
0
Moreover, we have

t
/ E[F(X(s))IPds < 27'f sup (1+ EIX(s)IP)t,
0 sel0,t]

and
t p/2
[ fo (ENS(t - s)B(X(s))n{;s)Z/vds]
! pl2
< op-1 (/ K3(t-s)(1+ E|X(S)|p)2/pd5>
0

< op-1 ( / K2(t - s)ds) sup (1+ E[X(s)|P).
0

selo,t]
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Hence, there exist ¢, ¢>, c3 such that

sup E|X(s)IP < c1 + GE|EP +¢c3 sup E|X(s)P. (3.3.5)
te[0,T) te[0,T]

Therefore, Y € Hp 1.
By the same method, if Xi, X5 € H,, 1, Y1 = K(¢, X1), Y2 = K(¢, X>), then

sup E|Y1(6) - V2()P < c3 sup E|Xi(t) - Xa(O)P.
te[0,T] te[0,T]

Hence, we can choice a sufficiently small T, such that c3 < 1. By the contraction
mapping principle, there exists a unique solution of eq. (3.3.1) in p, 7. By iteration,
it’s not difficult to prove the existence and uniqueness of solution for the general
T > 0. Consider equation in the interval [0, T], [T, 2T}, ---, where ¢5(T) < 1. For such T,
we have

1
sup EIX(O)P < ———I[c1 + c E|¢P].
te[0,T] 1-c3(T)

Hence eq. (3.3.3) is proved.
The continuity can also be treated, see Da Prato and Zabczyk [75]. [ ]
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4 Random attractors

In this chapter, the general determinate nonautonomous dynamical systems and gen-
eral random dynamical systems are introduced. We will introduce the definition of
random attractors and some existence results. The basic framework of random dynam-
ical systems was established mainly by Crauel, Debussche and Flandoli [66, 68, 77] in
the 1990s. See also the monograph of Arnold [5]. The materials in this chapter are
mainly from their papers.

4.1 Determinate nonautonomous systems

Let (X, d) be a separable metric space, and S(t, s) : X — X (oo < s < t < c0) be a family
of mappings such that (1) S(¢, r)S(r, s)x = S(t, s)x holds for any s < r < t and x € X and
(2) S(t, s) is continuous in X for any s, t. In particular, S(¢, s) is closely connected with a
nonautonomous differential equation, where S(¢, s)x denotes the state of the system at
time ¢, started from the state x at time s. But we will not concern concrete differential
equation models since our purpose of this chapter is only to introduce some abstract
concepts.

First of all, we introduce several central concepts in the research of dynamical
systems. Given t € R, if for all bounded set B c X there holds

d(S(t,s)B,K(t)) - 0, s — —oo, (4.1.0)

then K(t) c X is called an attracting set at time t, where d(A4, B) denotes the
semidistance of subsets A, B in X defined as

d(A, B) = supinfd(x, y).
xeA VB

The dynamical system {S(¢, s)}¢ss is called asymptotically compact, if for any time ¢
there is a compact attracting set.
The w-limit of a bounded set B c X at time t is defined by

AB,0 =[S, 9)B.

T<t s<T

If there is a compact attracting set K(t) at time t € R, then A(B, t) is a nonempty subset
contained in K(t) and

A(B,t) = {x € X : thereis {xy}nexy ¢ Band {sp}nexy c R,
such that's,, —» —oo, and S(¢, sp)x, — x}. (4.1.2)

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

4.1 Determinate nonautonomous systems = 83

If there is a compact attracting set K(t) at time ¢ and we take K(r) = S(t, t)K(t), then
K(7) is a compact attracting set for any 7 > t. If for any bounded set B c X, there is s(B)
such that S(t, s)B c K(t) for all s < s(B), then K(t) is an absorbing set at the time ¢. The
following property of w-limit A(B, t) is useful.

Lemma 4.1.1. Given't € R, if there is a compact attracting set K(t) at the time t, then
Sggloo d(S(t, s)B, A(B, t)) = 0.
Proof. If not, we suppose there exist € > 0 and sequences s, — —oo and x,, € Bsuch that
d(s(t, sp)xn, AB,t)) > ¥n>O0. (4.1.3)

By definition (4.1.1), there is a sequence y, ¢ K(t), such that d(S(t, sq)xn,¥n) — O.
Since K(t) is compact, there is a subsequence ny and y € K(¢) such that y, — y and
S(t, sp )xn, — y. Therefore, y € A(B, t). This contradicts to eq. (4.1.3). [}

Theorem 4.1.1. Given t ¢ R, suppose there is a compact attracting set K(t). Then A(t)
= Upcx A(B, t) is a nonempty compact subset of K(t) such that

lim_d(S(t,5)B, A(®) = 0.

Furthermore, it’s minimal in the sense that if Zl(t) is a close set that attracts all bounded
set from —oo, then A(t) c A(t). Moreover, A(T)(t > t) is invariant under the mapping
S(t,s), i.e., S(r,nNA() = A(t) forallt >r > t.

Proof. First, we show minimality. Note that Zl(t) is closed for all bounded set B ¢ X
and attracts all bounded sets. Also from eq. (4.1.2), it follows that A(B, t) < A(t). Hence
A(t) c A(b).

Next we show invariance. Given x ¢ A(r) and let x, € X and bounded set B,, c X
be such that x,, € A(By,, r) and x,, — x, then S(t, r)x, — S(t, r)x and A(t, r)x,, € A(Bp, 7).
Hence, S(t,r)x € A(t) and S(t,r)A(r) c A(t). On the other hand, let y € A(1), B, c
X and y, € A(Bp,t). Thanks to eq. (4.1.1), we can select subsequences x’,‘l € B, and
sk — —oo such that S(t, sk)x’,‘l — yp forall k - oo. Without loss of generality, we assume
sk < r. Since d(S(r, s)xk, K(r)) — 0, we can check that S(r, si)x€ — x, € K(r) up to a
subsequence thanks to the compactness of K(r). Then x,, € A(By, r) and S(t, N)x;, = Yn.
Since A(By, r) c K(r), x, — x € K(r) up to a subsequence. This shows that x € A(r) and
S(T,Nx =y. ]

This leads to the following definition.

Definition 4.1.1. A(t) is the global attractor of the dynamical system {S(t, s)} at time t.
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The following theorem will be often used.

Theorem 4.1.2. Let {S(t, s)}t»s be asymptotically compact. Then for all t € R, A(t) c K(t)
is the minimal closed set that is non-empty, compact and attracts all bounded sets
from —oo. Moreover, it is invariant in the sense that S(t, s)A(s) = A(t) for all t > s.

4.2 Stochastic dynamical systems

Let (X, d) be a complete separable metric space and (Q, .#, P) be a probability space.
Suppose that S(¢, s; w) : X — X is a family of mappings with parameter w for —co < s <
t < oo satisfying

1) S(t,r; w)S(r,s; w)x = S(t,s; w)x for all s < r < t and for any x € X and

(2) S(t,s;w) is continuous in X forall s < ¢.

Definition 4.2.1. Givent € R and w < Q. We say that K(t, w) c X is an attracting set if
for any bounded set B c X, there holds d(S(t, s; w)B, K(t,w)) - 0 ass - —oco. We say
that {S(t, s; W)}tss.weq is asymptotically compact if there is a measurable set Qg c Q
with P(Qg) = 1 such that for allt € R and w € Qo, there is a compact attracting
set K(t, w).

It can be shown that if {S(¢, s; w)}tss,0eq is asymptotically compact, then for any ¢ € R,
there is a measurable set Q; c Q, P(Q;) = 1, such that for any w € Q;, there is a compact
attracting set K(t, w) and vice versa. Indeed, let Q¢ = [,y Q-n, then P(Qp) = 1. For
any n and w € Qq, there is a compact attracting set K(-n, w) at time t = —n. Hence,
there is a compact absorbing set at any time.

Similar to the nonautonomous systems, the random w-limit set can be defined for
bounded set B c X. For any bounded set B c X, define random w-limit set as

AB,t,w) = (St s; w)B (4.2.1)
T<t s<T
and the set
Alt,w) = A, t, w) (4.2.2)
BcX

is a random attractor.

Theorem 4.2.1. Let {S(t, s, W)}t>s,wecq be asymptotically compact, then it holds for
P-a.e. w that for any t € R, A(t,w) is the nonempty compact subset of K(t,w)
that attracts all bounded set starting from —oo, and it’s the minimal set with such
properties. Moreover, it is invariant in the sense that S(t, s; w)A(s,w) = A(t,w) for
alls < t.
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Next, we consider the measurability of the attractor. A family of closed subsets A(w) c
X for w € Q is measurable if the function w — d(A(w), x) is measurable for all x € X.

Proposition 4.2.1. Let {S(t, s; w)}t>s,weq be asymptotically compact and satisfy condi-
tions (1), 2) and (3) for any t € R and x ¢ X, the mapping (s,w) — S(t,s; w)x is
measurable.

Then for any t € R and all bounded set B c X, A(B, t, w) and A(t, w) are measurable
with respect to the P-completion of %.

Proof. It suffices to show the measurability of | .. S(¢, s; w)B by definition of A(t, w).
Note

d(x, U S(t, s; w)B) = ;I<1Tf d(x,S(t,s; w)B), xeX. (4.2.3)

s<T

It follows from Ref. [51, Theorem 23, p. 75] that the level set of infs.7 d(x, S(¢, s; w)B) is
measurable w.r.t. the P-completion of .%. [ |

Next, let us consider the case with a shift on the probability space (Q, .#, P). That is
there is a measure-preserving transformations group 6;, t € R on (Q, .#, P) such that

S(t, s; w)x = S(t - s, 0; Os;w)x, P-a.s., (4.2.4)
for all s < t and x € X. In most of the applications, 6; is defined as the shift
Biw)(s) = w(t +s) - w(t), s,teR. (4.2.5)
For such a group 6;, we assume
(4) for any s < t and x € X, the mapping w ~ S(t, s; w)x is measurable, and

(5) for any t and x € X and P-a.e. w, the mapping s — S(t, s; w)x is right continuous
at any point.

Proposition 4.2.2. Suppose (1), (2), (4), (5) and eq. (4.2.4) hold, and for P-a.e. w, there
is a compact attracting set K(w) at the time t = 0, then the stochastic dynamical system
{S(t, s; W)}ess weq is asymptotically compact.

Proof. It suffices to prove that there is a compact attracting set K(t, w), P-a.s. for fixed
t € R. Let {x,} c X be dense and s; be dense in (-oo, t). By assumption (4.2.4), except
for a possible zero measure set Q\Qo, there holds for all n, k € N that

S(t, sx; w)xn = S(t — Sk, 0; O5, )Xy = SO, —t + Sg; Orw)Xy.
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Let Q; be a set of full probability such that for any w € Q;, there is a compact attracting
set K(w) at the time t = 0. Let Q; = Qg () 0-+Qs, then P(Q;) = 1 and for all w € Qy,
6w € Q; and hence K(6;w) is well defined.

Fix B c X, bounded and let w € Q,, then from (2) and (5),

d(S(t, s; w)B, K(6;w)) = sup lim d(S(¢, sk; w)xn, K(6;w)).

xXneB k=S

Similarly,

d(S(0, -t + s; 6;w)B, K(6;w)) =sup lim d(S(0, —t + si; Oiw)xy,, K(6;w)),

XneB k™S

d(S(t, s, w)B, K(6:w)) =d(S(0, -t + s; 6;w)B, K(6;w)),

which imply that d(S(t, s; w)B, K(B;w)) — 0 as s — —oo. The result follows from the
definition of compact attracting sets. [

The following are sufficient conditions to ensure (5) hold. Assume that

(6.a) for all s, x € X and P-a.e. w, the mapping t — S(t,s; w)x is continuous at
t=s,and

(6.b) for any s < t and P-a.e. w, the mapping x — S(t, s; w)x is continuous in X,
uniformly in s on bounded sets
hold, then condition (5) holds.

Condition (5) can also be replaced with some more weaker conditions. For
example, it can be replaced with

(7) for any t and x ¢ X, there exists a dense countable set D(t, x) c (—oo, t) such
that for P-a.e. w and s < t, there is a sequence D(t, x) > s, — s such that S(¢, sp; w)x —
S(t, s; w)x.

Another condition that implies (7) is

(8) the mapping t — S(t, s; w)x is continuous at t = s, uniformly in s on bounded
intervals.

If the assumptions of Proposition 4.2.2 hold, then for a.a. w ¢ Q, the random at-
tractor is well defined. It’s a nonempty compact subset of X and is measurable w.r.t. w.
Denote A(w) = A(0, w), then it is invariance in the sense that S(t, s; w)A(6sw) = A(6:w).

Proposition 4.2.3. Assume that the assumptions of Proposition 4.2.2 hold and 6(t € R)
be ergodic. Then there is a bounded set B c X independent of w such that A(w) is the
w-limit of B at time t = 0. Moreover, A(w) is the largest compact measurable set satisfy-
ing the property that if {A(w)}weq is a measurable family of measurable compact subset
such that for almost all w, S(t, s; w)A(Osw) = A(G;w), then A(w) c A(w) for almost all w.

Proof. When A(w) is defined, set

R(w) = inf{r e R : A(w) c B(O, 1)}, (4.2.6)
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where B(0, r) is a ball with radius r centered at O ¢ X. Otherwise, let R(w) = 0. The
function R(w) is obviously measurable, and by ergodicity of 6, for almost all w, there
exists a sequence t, — oo such that R(6_;,w) < Rg + 1, where Ry = ess sup,qiR(w)}.
Let x ¢ A(w), by invariance we have for any n ¢ N, there is x, ¢ A(6_t,w) such that
S(0, —tn; W)xn = x. By A(6—,) ¢ B(O, R + 1) and eq. (4.1.2), we have x € A(B(O, Ry + 1),
0, w), i.e., A(w) c A(B(O, Ry + 1), 0, w). The other inclusion is obvious; hence, the first
part of the conclusion holds.

Consider a measurable family of compact sets {A(w)}yeq, satisfying the invari-
ance property. Similar arguments show that there is a bounded set B such that A(w) c
A(B, 0, w) holds for almost all w. Then the result follows since A(B, 0, w) c A(w). [}

The above results are summarized in the following theorem:

Theorem 4.2.2. Let the stochastic dynamical system {S(t, s; w)}tss weq Satisfy conditions
(1), 2), (4) and (5) and assume that there is a measure-preserving transformation group
(6)¢er satisfying eq. (4.2.4), and for P-a.e. w, there is a compact attracting set K(w) at
t = 0. For P-a.e., w € Q, we set A(w) = | Jp.x A(B, w) and

A(B, w) = ﬂ U S(0, s; w)B.

T<0s<T

Then, the following conclusions hold for P-a.e. w € Q:
(1) A(w) is a nonempty compact set of X and if X is connected, it is a connected subset
of K(w),

(2) the family {A(w)}weq is measurable,
(3) A(w) is invariant in the sense that S(t, s; w)A(Osw) = A(B:w) fors < t,

(4) itis the minimal closed set such that
d(S(t, s; w), A(B:w)) - O for s - —oco

forany t € R and B c X bounded,

(5) for any bounded set B c X, d(S(t, s; w), A(6;w)) — O in probability as s — oo.
Moreover, if 6;, t € R is ergodic, then

(6) thereis a bounded set B c X such that A(w) = A(B, w), and

(7) A(w) is the largest compact set that is invariant.

The connectness of A(w) is proved in Ref. [68], and (5) is obvious since 6; is measure
preserving.
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5 Applications

In this chapter, we consider several concrete stochastic partial differential equations
(SPDEs) and their dynamics, including Ginzburg-Landau (GL) equation, stochastic
damped forced Ostrovsky equation, some geophysical models and primitive equa-
tions. The interested readers may refer to the literature in the following sections.

5.1 Stochastic GL equation

In this section, the stochastic Ginzburg-Landau (SGL) equation (SGLE) with multiplic-
ative noise and the associated random dynamical system (RDS) are considered. For
details, the readers may refer to Refs [31, 125, 213, 257]. Precisely, let D ¢ R"(n = 1,2)
be a bounded open set and 9D be sufficiently smooth. We consider the following SGLE
with multiplicative noise:

(5.1.1)

du = (A + ia)Audt + vudt — (k + iB)|u|?udt + oudW(t), x €D,
u(t) =0, xeaD,

with initial data u(0) = ug, where A,a,v,k,8,0 € R,A > |al,k > |B|,0 > O are real
parameters. The stochastic term W(t) : Q — R is a two-sided standard Wiener process
and the unknown function u is a complex-valued function defined as D x R".

We will let L?(D) and H{ (D) denote the usual complex-valued Sobolev space on D,
with L2- and H}(D)-inner product and norms being defined as

(u,v) = 9%/1; uC)v)dx, |ul = w,w"? u,veI?(D),

((w,v)) = %Z/ DuDvdx, |ull = (u, w)? u,veH)D).
=1 VD

The notations L? and H} used here are to distinguish the usual real-valued spaces L2
and H}. Denote H = L%(D),V = H}(D), Au = —Au and f(u) = |u|*u. The operator A is
an isomorphism from D(4) = V n H2(D) onto H. Let {e,,} be the orthonormal basis in H
of the eigenvectors corresponding to eigenvalues A,, A, > 0 and A, — oo. For the first
eigenvalue A;, we have A;|u|? < |lu||?. With these notations, the SGLE can be rewritten
as the following abstract form:

du + (A + ia)Audt — vudt + (k + iB)f (W)dt = oudW(t) (5.1.2)
with initial data u(0) = ug. When o = 0, it is known [245] there is a unique solution

ueCJ0,T; H) nL*(0, T; V) VT < oo, ug € H
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and
ue C([0, T); V) n L*(0, T; D(A)) VT < oo,ug € V.

The following energy estimate can be obtained for the equation

1d
5 ¢/l + Al = viuf? + kjulz, = 0. (5.1.3)

If v < AAy, it implies |u(u)| < |ug| exp{(v—AAt}, following that the steady solution u = 0
is exponentially stable.

If v = AA4, then by eq. (5.1.3), there is a constant C depending on ug, k and the
region D such that |u(t)| < Ct""/2; hence, u = 0 is also asymptotically stable.

If v > A1y, the dynamical system generated by GL equation has finite-dimensional
global attractors.

From the above analysis, if v < AA;, then all the trajectories convergeto O as t — oo.
Hence, the global attractor reduces to the steady solution {0}.

Now, let us consider the stochastic case. Introduce the process z(t) = e W@,
Obviously, it satisfies the stochastic differential equation

1
dz(t) = iazzdt — ozdW(b).
Hence, the process v(t) = z(t)u(t) satisfies
o2
av(t) + A + ia)Avdt — (v - ?)vdt + (k + iB)zf(w)dt = 0.
Since z(t) is a real-valued process, the above formula can be written as
o2
dv(t) + (A + i) Avdt — (v - ?)vdt + (k+iB)z % f(v)dt = 0. (5.1.4)

By Galerkin method and a priori estimate, it is not difficult to prove that for P-a.e.
w € Q, the equation has a unique strong solution

ueC(s,tl; H) nL3(s, t; V) Vs < t,u(s) € H,
and
we C(s,tl; V) n L(s, t; D(A)) Vs < t,v(s) e V.

Then u(t) = % = e?WOy(t) is the solution of eq. (5.1.2).
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Theorem 5.1.1. Letv < A\ + %02. Then there is a P-full set Q such that for all w € Qq,
there exists T(w) > 0, such that for any ug € H and t > T(w), there holds

lu(t, w, uo)| < |uo|e%["‘Ml‘%"2]t. (5.1.5)

Proof. Applying It6 formula to |u(t)|2, we get

t
uOF =0l +2 [ (=A@ + v+ 30°) w7
- k|u(s)|24)ds +2 /Ot olu(s)>dw(s).

Applying Itd formula again to log |u(t)|%, we have

t
1
1 221 2.2 f — 24k 4
og [u(t)|” =log uo| A |u(s)|2(/1llu(5)|| + klu(s)I}4)ds
+ Qv -0t +20W(t)
<log |ug|?> + Qv — M, — 02t + 20W(0).

Since lim¢_, ., W(t)/t = 0, P-a.s., there is a P-full set Q; such that for w € Qy, thereis a
T(w) > 0 such that

20W(t 2
g () S(M1+£—V), t > T(w).
t 2
Hence
o2
log |u(t)|? < log |ug|* + <v - M, - 5) t. (5.1.6)
The proof of the theorem is completed. [ ]

5.1.1 The existence of random attractor
Now, let us consider the random attractor of the GL equation. Let Q = {w € C(R,R) :
w(0) = 0}, Z be a Borel g-algebra in Q and P be a Wiener measure on (Q, .#). Denote
W(t, w) = w(t) and define

6iw(s) = w(t +s) — w(t). (5.1.7)

Then 6, satisfies 6; o 05 = 0,5, and hence (Q, 2, {6:}r) is an ergodic metric dynamical
system. Denote

u(t, w) = Y(t, s; wus, v(t, w) = ¢(t, s; w)vs,
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where u(t) is a solution of eq. (5.1.2) with initial data u(s) = us, and v(t) is a solution of
eq. (5.1.4) with initial data v(s) = vs. Obviously, for s < r < t, there holds

Y(t, s; w) = Y(t, r; wYP(r, s; w).
By eq. (5.1.7), for any s, t € R*, ug € H, there holds P-a.s.,
PY(t + s, 0; wup = P(¢, 0; Osw)P(s, 0; w)uo.
Hence, the process ¢ : R* x Q x H — H defined by
o(t, wuo = Y(t, 0; w)uo, (5.1.8)

is an RDS on H over (Q,.%, P,{0:}tr). In order to prove the existence of a compact
absorbing set, we first show

Lemma 5.1.1. Given any ball B(0, p) in H with radius p centered at 0, there exist random
variables r{(w) and t(w, p) < —1 such that for any s < t(w, p), us € B(0, p), vs = z(s)us and
-1<t <0, wehave |p(t, s; w)vs| < re(w), P-a.s. Hence, |(0, s; w)us| < ro(w).
Proof. Let v(t) = v(t, s, vs; w) be the solution of eq. (5.1.4) with initial value v, then
d
E|v|2 +AV[® == AlvI® + @v - a) v - 2kz % vl (5.1.9)
<= My + )W) + 2vv]? - 2kz 72|l
Since |v| < |D|Y*|v|;4, we obtain
d _
ZeVE AV < = W+ 0?)ivi? + D" |vi?, - 2kz2 v},

<=My + @)+ VDIk'2 - kz 2l (5.1.10)
<— My + 0D)|v)? +V2|DIk 2%

It follows that for t > s, we have
t
V(O < [v(s) e Mito)E=9) 4 2 Dt / e Mo )e0 2y e
S

¢
< eMi+02)(5-0 225 13 12 4 V2| DIk / eMi+02)T-022(1) g, (5.1.11)

S

Since eMi+0%)s22(5) = gMi+0%)s-20W(s) _, 0, P-a.s. as s — oo, for ug € B(0, p) c H, there is
a time t(w, p) < -1, such that for s < t(w, p), it holds P-a.s. that eMi*0%)522(s)p? < 1. So
we can choose positive variable r¢(w),
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t
rH(w) = e Mivod)t(1 4 V’ID|k™! / M1+ 22(1)qr)

—0oo

such that |v(t)| < r¢(w), P-a.s. n

Note that v < A + 62/2, then by eq. (5.1.9), we have

V(©)] < [v(0)] e Mo,
Hence,
(v-M;-a? [2+oW (/e

lu(t, w)| < |ugle

Since lim;_, o [W(t)/t] = 0, P-a.s., there exists a t(w) such that for all t > t(w),

0@ < %(Ml +a22-v).

Hence the same result as Theorem 5.1.1 holds. From the viewpoint of attractor, since
fors <0,

U(0)] < fus|e - M-o* oW,

we have |u(0)] - 0 P-a.s. as s — —oo. So the attractor reduces to {0}.

Suppose v > AA; + 62/2 in the following. Lemma 5.1.1 shows there is an absorbing
set B(0, ro(w)) in H. In order to obtain the absorbing set in V, we assume || < k.

First, integrating eq. (5.1.10) over [-1, O], we obtain

0 1 0
/ [v(s)||%ds < I <|v(—1)|2 +v2|D|k‘1/ Zz(s)ds> .
-1 -1
Multiplying eq. (5.1.4) by —Av, integrating over D, and taking the real part, we have
d o 2 0’ 2_ -2 . -
a IvII“ + AlAv)® = (v - > vl =z7*R(k +iB) | f(v)Avdx. (5.1.12)
By |B] < k, the right-hand side (RHS) of eq. (5.1.12) is nonpositive:

R(k +ip) /f(v)A\"/dx =- Rk +ipf) /(|v|2|Vv|2 + VYV |vP)dx
_k / V2|9 2dx - g / (VIv[2)2dx + B3 / V(T7)dx

<(IBI —k)f V2| vv|?dx < 0.
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So eq. (5.1.12) can be rewritten as
d. . o’ o?
VP < 20AvP +2(v= =) IIvIP < 2(v- M = = ) |IvI|%
dt” Il |Av]| < 2>|I [ < 1 2)II Il

For any s € [-1, 0], it holds

o2 0
IV(0)]* < ||v(s)||2+2(v—M1—3> / lv(r)|*dr.
S
Integrating over [-1, 0], we get
2 1 a*\ [° 2
v(0)]“ <2 §+V—M1—5 / [v(s)lI“ds
-1
21 0’ 2,.2 -1 0 2
<= z+v-My - =) | Iv(-1)]* +v°|D|k /z(s)ds . (5.1.13)
A\2 2 )

Hence for given p > 0, there is a T(w) < -1 such that for s < T(w) and us € B(0,p) c H,
one has

[u(0)|1 = [v(0)||* < R3(w), P-as., (5.1.14)

where

2 /1 0? (o2 -
Ré((u)=i (§+V—M1—?> (e’"l +V?|D|k 1)

0 0
x (1+ / M0 T 22(1) g 4 / zz(s)ds>. (5.1.15)

1

Theorem 5.1.2. Suppose |B| < k. The RDS associated with the SGLE has a global random
attractor A(w). If v < Al + "—2, the random attractor reduces to {0}.

Although the compact absorbing set obtained here guarantees the existence of a ran-
dom attractor, generally speaking, the union of A(w) in w is not compact. However, as
o — 0, the A(w) may converge to the attractor of the corresponding deterministic
system with probability 1. Since P is invariant under 8¢, such an asymptotic beha-
vior with attraction property from O to oo can be obtained in a weaker convergence
in probability. That is for any € > 0 and all deterministic bounded set B c H, there
holds

tlim P(dist(¢(t, w)B, A(Biw)) < €) = 1.

Especially, if v < A\ + "72, the attraction as t — oo holds not only in probability but
also w-wise.
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5.1.2 Hausdorff dimension of random attractor

The theory of the dimension of attractor in the deterministic system can be generated
to the stochastic case under some assumptions. The following result is due to Ref. [77].

Theorem 5.1.3. Let A(w) be a compact measurable set which is invariant under a ran-
dom map S(w), w € Q, for some ergodic metric dynamical system (Q, Z, P, {0¢}tr).

Assume
i) S(w) is uniform differentiable a.s., on A(w), i.e. for every u,u + h ¢ A(w), thereis a

linear operator DS(w, u) € L(H) such that
1S(w)(u + h) - S(w)u — DS(w, wh| < k(w)|h|*H,

where u > 0, k(w) is a random variable satisfying k(w) > 1 and E(log k) < oo.
(ii) thereis a variable wqy(w) satisfying E(log(wg)) < O such that wy(DS(w, u)) < wq(w)
foru € A(w), where
wy(L) = ay(L) - aq(L),
ai(L) = sup inf |Ly|, LeL(H)

FcH,dimF<n-19<F,|@|=1

(iii) for u € A(w) and some random variable a;(w) > 1 satisfying E(log &;) < oo, there
holds a,(DS(w, u)) < & (w).

Then the Hausdorff dimension dg(A(w)) of A(w) is less than d a.s.

By the theorem, the main task in the following is to verify the ¢ defined by eq. (5.1.8)
is uniformly differentiable. Set S(w) = ¢(1, w), and T(w)vo = ¢(1, 0, vp; w), then the
random attractor A(w) is an invariant compact measurable set under S. Since S(w) =
e"WOT(w), it is easy to see that if T(w) is uniformly differentiable a.s., then so it is with
S(w) with the Fréchet derivative DS = eWODT, where DT is the Fréchet derivative of T.

Lemma 5.1.2. T(w) is uniformly differentiable a.s. on A(w), i.e. for v,v + h € A(w), there
exists DT(w, v) € L(H) such that P-a.s.,

IT(w)(v + h) — T(w)v - DT(w, v)h| < k(w)|h|"*,

where u > 0,k(w) > 1,E(logk(w)) < oo and DT(w,vo)h = V(1), V(t) solves the first
variation equation of eq. (5.1.4)

dv/dt = L(t,v)V, V(0)=h. (5.1.16)

Here, v(t) = ¢(t, 0, vo; w), L(t, v) = —(A + id)A + (v — 02/2) — (k + iB)z %f'(v).

The proof of the lemma is given at the end of this section.
By eq. (5.1.16), we have
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1d ., , 2.
EEW' == Alv|I*+ (v 7)|V|

Rk + if)z2 / (VRIVI + 07REV))dx.
D

The last term at the RHS is nonpositive,
Rk +ip)z> / (V2 |V |? + 20VREV))dx
_k / VIV Rdx - 2 / REVYIROT) - BIGT)}dx
<-k / [vI2|V|2dx + 28 / IWV)RWV)dx

<(BI-K) f W2V Pdx < 0.

Hence, |V()|? < |V(O)|e(V’M1’“2/2)t. Since a;(DT(w, v)) is equal to the operator norm of
DT(w,v) € L(H), by choosing a&;(w) = max{1, e?WW+-1-0%12} it is not difficult to get
a1(DS(w, u)) < a1 (w) and E(log @) < oo.

Noting

1
DT(w,v) = exp {/ L(s, v(s))ds} s
0
and
1
DS(w, u) = exp {aW(l) + / L(s, v(s))ds} ,
0
one has from Ref. [245]

1
wa@S@) - sup [ explow()+ [ TrLsv0) o Qulo)ds],
&eH,|&1<1,i=1, -+ ,d 0

where Q4(s) is the rectangular projector from H to Span{V;(s), ---, V4(s)}, and V;(s) is

the solution of eq. (5.1.16) with initial value V(0) = &;.
Let ¢i(s),i ¢ N be an orthonormal basis of H such that Qu(s)H =

Span{g:(s), -+, @a(s)}, then
d
Tr(L(s, v(s)) o Qu(s)) = Z(L(s, v(s))@i(s), @i(s))
i=1

d 5 0_2
S—/lgnfpi” + (v— 7)d
<—A2d:/1?+ <v—02)d
B i=1 l 2 .
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Denoting (Dd(a)) = exp{oW(l) - Aijl)lz + (- %Z)d} and choosing a suitable d such
thatv - 7 <5 Zl 1 2 then we have wq(DS) < @q(w) and E(log(@g)) < O.

Hence, the followmg theorem holds.
Theorem 5.1.4. If there exists a d such thatv < - 2, 4 Zl A2, then dy(A(w)) < d, P-a.s..
Now, we prove Lemma 5.1.2 by three steps.

Step1. BoundednessinI?,pecZ*,1<p<8.

Lemma5.1.3. Let A > |a| and v(t) be the solution of eq. (5.1.4), then forp e Z*,1 < p < 4,
there is a random variable Ly(w) such that

1
/ V()75 ds < Lp(w), (51.17)
0
and for any m > 0, E(I3; ) < oo.

Proof. By the invariance of the random attractor A(w), for vo € A(w), there exists a
solution v(t) of eq. (5.1.4) with v(0) = v such that v(t) € A(6;w) for any t € R. In order
to obtain eq. (5.1.17), we first show thatforp e Z*,1<p <3andr > 0,

t t
/ |v(s)|2p+2ds <C sup e 2W® / |v(s)|§§ds, (5.1.18)
t-r t-r<s<t t-r-1
where C is a constant. Hereafter, we use | - |, = | - |». Taking inner product of eq. (5.1.4)
with v|v|?~2, and using the estimate

RA + ia)/ Avv|v|P2dx
D
= —Ap/ IVVI2v|®~2dx - (p - DR + i) /(VVV)2|V|2”’4dx
D D

<-Ap-+v2p+ ﬁ)/ |vv|2v|®2dx < 0,
D

we obtain
$%| Izp 20W(t)|v|2p’;§ < ( f) |v|§§. (5.1.19)
Integrating this from s to t leads to
7|v(t)|2p < *IV(S)Iiﬁ + (v— 022> st |v(‘r)|§§dr.
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Then integrating on s from ¢ — 1 to ¢, we obtain

¢ 2\ [t
|v(t)|§§ < / |v(s)|§§ +2p (v - ?> / |v(s)|§§ds. (5.1.20)
t-1 t-1

Integrating eq. (5.1.19) from ¢ — r to t, we get

¢
2oW| 2p+2
/ YOy (s)| b 3ds
t

-r

< vt -2 + (v— 02>/t v(s)|Zds
" » 2) S, T

< (i +V- 02) /t_r v(s)|Zds + (v— 02) /t v(s)|Zds
B 2p 2 t-r-1 » 2 t-r »

t
<(1+2v-0?) / B |v(s)|§§ds.

Hence, we have

t t
/ |v(s)|§5:§ds <(1+2v-0?) sup e WO / |v(s)|§5ds.
t-r t-r<s<t t-r-1

Writing S; = sup;_j<s<; €2°"®, we obtain
! 2p+2 ! 2
/O |v(s)|2§+2ds <(1+2v-0)$; /_1 |v(s)|25ds
1
<(1+2v - 6%)°5:S, / |v(s)|§§:§ds
2
1
<(1+2v-a?PS; Sy / [v(s)[5ds.
-p
As v(-3) € A(0_3w), we get

V(=3)| < r3(6-3w).

Finally, by eq. (5.1.11), the boundedness of v(t) for -3 < t < 1in H can be obtained. The
proof is completed.

Step 2. Lipshitz property of the solution.

Let vi(t) (i = 1,2) be two solutions of eq. (5.1.4) with initial data v;(0) = v?. Setting
g(t) = vi(t) — v»(t), then g(t) satisfies

L s viwng- (v-F ) g+ (e G0 - ) =0
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Taking inner product with g, we have

2
o gt Al - (v - %) g2 = -Gk + iB)z 2 fD (F0) = F2) 7 = T2)dx.

Noting that RHS is bounded by Cz2(jv1|3 + [v2|})Ig]%, then we get

(’2

t
507 < R exp [ (=M= G )t [ 2200mR + D]
0
By eq. (5.1.17), one has

2
lg()I? < 1g(0)[* exp {v - M - % +C sup Z‘z(s)Ie(w)} .

0<s<1
Finally, we get
vi(1) = v2(D)] < Cw)vy = V31,

and E(C(w)) < oo.
Step 3. Differentiability of T(w).
Let r(t) = vi(t) — vo(t) — V(t), where v; (i = 1, 2) are given as above and V(t) satisfies the
linear equation (5.1.16) with L = L(t, v) and h = v? — 9. Then r(¢) satisfies
dr ) 02
i + (A +ia)Ar - <v— 3> r

=— (k+if)z%(f(v1) - f(v2) - f' (V) (v1 — v - 7).

Taking inner product about the formula with r, we obtain

1d , 2 0’ 2 LN —2 / 2
——|rF+Ar|c < (v— = | Ir]* - Rk +iB)z /f(vz)|r| dx
2dt 2 b

- Rk +iB)z /D (F(v1) = f(v2) = f' (v2) (V1 — v))rdx. (5.1.21)

The second term on the RHS is nonpositive:
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- Rk +ip)z 2 /l;f’(vz)|r|2dx
=- Rk +ip) /z;(|V2|2|r|2 + 2V PR(vo7))dx
= k/ [v2l?|r2dx - Zk/(i)‘{(vzf))zdx + 2/3/ RPN I(voF)dx
(Bl - k) f [v2%|rf?dx < 0.
Now, we try to estimate the third term on the RHS of eq. (5.1.21). First, we observe
If(v1) = f(v2) = f (v2)(v1 = v2)| < C(jv [ + [v2]?) vy = val,
hence applying the Holder inequality and the Sobolev embedding theorem leads to

Rk + i) fD (Fv1) — F(v2) ~ F' ) (V1 — va)Fedx

<Cz2 | + V2P vt = v2)lslrlsr

<CzH Wil + V2 = vl + ellr?, (5.1.22)
where € > 0, s > 1 and s* is the conjugate index of s. Let
0<6<2/3, 1<s<8/(6+36).
It’s easy to verify
1<s<2/(1+6), s;:=252-6)/(2-s(1+6)) <8.
Hence, there holds

|v]? + Va2 (v =) S < C f (] + V]P0 — vy S0 g
D

<CnIEZ? + a3 v = v 0.

By eq. (5.1.21), there holds for sufficiently small € that

1d o2 ) . 7
EEVIZ < (v— ?> 1> + Cz 4(|V1|§£2 84 |v2|§£2 8)) vy — vy 210,

This yields

1
(P < Cw) / 2R + a3 dsh?O).
0
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Denoting

_ 1
i¢(w) = C(w) sup z™(0) / (V1 &)IZFD + [vy(s) 2> )ds,
0<t<1 0

and choosing k(w) = max{k;(w), 1} such that E(log k(w)) < oo, we complete the proof
of Lemma 5.1.2. [ |

5.1.3 Generalized SGLE

Moreover, we consider the following stochastic generalized GL equation (see Refs
[31, 125], for example):

du + Kuydt = (u + (1 + iy2)uxx — (B1 + Bo) [ul’u — (81 +16))ul*u
— (v + v ulPuy — (uy + ip)uin)dt + AW, (5.1.23)

with the following initial and boundary conditions:
u(0,t) = u(1,t) =0, ux,ty) = up(). (5.1.24)

W is a two-sided cylindricity Wiener process about time, which is a function valued in
L%(0, 1), defined on a complete probability space (Q, .%, P). Or equivalently, if {8;};cz are
mutually independent Brown motions in (Q, .#, P) and {e;}icz, is a set of orthonormal
basis in L2(0, 1), then

W) =) B

® is a Hilbert-Schmidt operator from L?(0, 1) to some Hilbert space U.
Let z be the solution of the following linear equation:

dz = —(y1 — iy2)Azdt + ©dW, z(0) = 0. (5.1.25)

Then z € C([0, o0), V) and v = u—z satisfies the following random differential equation:

% = —Kkvy +xv — (11 + iy2)Av — (B1 + iBa)|ul’u
— (81 +i62)|ul*u — (v + ivo)|ul?uy (5.1.26)
= (u + )Wty — K2z + X2,

v(to, w) =Vvo = ug — z(to, w) =: &.

It is not difficult to prove that, P-a.s.,
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(i) for any tp € R,& ¢ V and any T < oo, there exists a unique solution v ¢
C([to, T); V) n L2(ty, T; V) of eq. (5.1.26),
(ii) if & € D(A), thenv € C([to, T); V) n L*(ty, T; D(A)),

(iii) for anyt > to, the mapping & — v(t) is continuous from V — V.

Let v(t, w; to, &) denote the solution of eq. (5.1.26), then
S(t, tos w)uo = v(t, w; to, uo — z(to, w)) + 2(t, w)

defines an RDS.
In order to obtain the existence of random attractor, some a priori estimates are
needed. It is shown in Ref. [125] that the following theorem holds.

Theorem 5.1.5. Let x > 0,y; > 0,61 > 0, @ be a Hilbert-Schmidt operator from H —
D(A), by adaptive selected 8, the RDS generated by the generalized SGLE in V has a
global random attractor A(w).

5.2 Ergodicity for SGL with degenerate noise

In this section, we consider the ergodicity for the SGLE with cubic nonlinearity

du = [(A+ia)Au +yu — (x + iB)lulZ"u] dt + Z Ry (t, u(6))dWE, (5.2.1)
k=1

where o = 1, subjecting to the initial condition u(0) = ug ¢ H! and zero Dirichlet
boundary conditions on a bounded smooth domain D c R3.

In the following, we use (u,v) = fD uvdx to denote the complex inner product in
L? =I*(D)and (,, )1 = (-, ) + [, Vuvvdx. We use | - |, to denote the L” norm and || - ||s to
denote the HS Sobolev norm for s € R. Of course, | - | and || - ||o coincide and is simply
denoted as | - ||. M(H) = the probability measure space on H.

Leth = (hy, -, hg, ---). We assume that the mapping

2
R xC> (t,u) » h(t,u) € ¢,

where Ié denotes the Hilbert space consisting of all sequences of square-summable

complex numbers with standard norm || - ||;2. We now introduce some assumptions on

h and the coefficients.

(H1) Forany T > O, there exists some constant C = Cry > O such that for any
te[0, T], x € D, u € C, there holds
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I, Wli; < Clul,  3,h(t, w2 < Ch.
(H2) Assumey < g1A, where g is the first eigenvalue of the Dirichlet problem
—Au =ou, inD, u=0 onaD.

(H3) pB% <3«

(H4) There exists some constant C = Cr, > 0 such that
ll9uh(x, u) - ah(x, V)2 < Cp - [u—vI.
Lemma 5.2.1. Forany T > 0 and u € H', there exists some constant Cy such that
Ih(t, W1 2o gy < Cllulizs- (5.2.2)

Proof. Noticing that
I Wy = 3 / it wPdx+ Y / Vhilt, wPdx,
k=1 k=1

and
th(ta u) = auhk(t, u)vu’
eq. (5.2.2) is an immediate consequence of assumption (H1). n

Under assumption (H1), we first show the existence and uniqueness of a strong
solution for the 3D SGLE with H' initial data, which is stated in the following theorem.

Theorem 5.2.1. Let h satisfy assumption (H1). Then for any ug ¢ H!, there exists a
unique u(t, x) such that
1. ueL?(Q,P;C([0, T); HY)) n L2(Q, P; L*(0, T; H?)) forany T > 0 and

t
E sup [lu(®)|? + /O E|lu(s)l3ds < C(luoll1) Vtel0,T] (5.2.3)

O<s<t

2. It satisfies the SGLE in the mild form for all t > 0,

u(t) = ug + /Ot[Au(s) + N(u(s))]ds + i /Ot hy (s, u(s))dW;(, P-a.s., (5.2.4)
k=1

where Au = (A + ia)Au and N(u(s)) = —(x + iB)|u(s)|>u(s) + yu(s).

For fixed initial data uy ¢ H!, we denote this unique solution by u(t, ug). Then,
{u(t,uo) : t > 0} forms a strong Markov process with state space H'. This leads us
to the following concepts.
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Let P; be a Markov transition semigroup in the space C,(H!), associated with the
SGLE

Prp(uo) = Epu(t, 5 0,up)), t>0,ug e H', ¢ € Cp(H).

Then its dual semigroup P/, defined on the probability measure space M(HY), is
given by

/Hl ed(Pfu) = /Hl Pepdu YV € Cp(HY), Vu € M(HY).

A measure p € M(H?) is called invariant provided P;u = p for each ¢ > 0.

We then turn to consider the case when the noise is degenerate, i.e., when only a
few Fourier modes of the noise are nonzero. Precisely, for N ¢ N, let Q = Co(R*,RN)
be the space of all continuous functions with initial values 0, P the standard Wiener
measure on F := B(Co(R*, RY)). Then the coordinate process

Wiw) := w(t), weQ

is a standard Wiener process on (Q, F, P). In this case, the SGLE with degenerate noise
has the form

du(t) = [(A + i)Au — (x + iB)|u|*u + yuldt + dw, (5.2.5)

where w; = QW is the noise, and the linear map Q : RV — H! is given by

Qei=Qiei, qi>03i=1’21 "'yN)

where ¢; is the canonical basis of RY and e; is orthonormal basis of H':

Aei = —)lel-,

With0 < Ay < 4 < - < Ay > oco. Let & = trQQ* = YN, ¢?/A and & = trQQ* =
Zﬁ 1 ql?, then the quadratic variation of w; in H and H' are given by [w]o(f) = £ot and
[wli(t) = &it.

For this equation, we have the following:

Theorem 5.2.2. Assume (H1)-(H4) hold. Let {P;} be the transition semigroup associ-
ated with eq. (5.2.5), then for any sufficiently large N, there exists a unique invariant
probability measure associated with {P¢}o.

In the proof, we need the following auxiliary proposition [126]. This proposition gives
a sufficient condition for a transition semigroup to be an asymptotically strong Feller
one.

Proposition 5.2.1. Let t, and 6, be two positive sequences with t, nondecreasing and 6
converging to zero. A semigroup P; on a Hilbert space H is asymptotically strong Feller
ifforall p : H — R with ||@||o and ||V@| - finite,
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[V Pl < CUXINI@lloo + Enll VeIl 0)

for all n, where C : R* — R is a fixed nondecreasing function.

5.2.1 Momentum estimate and pathwise uniqueness

In this section, we prove Theorem 5.2.1. We first show the existence of a martingale
solution, and then pathwise uniqueness. Then by a theorem of Yamada—Watanabe,
we indeed show the existence and uniqueness of a strong solution.

Roughly speaking, a strong solution is one that exists for a given probability space
and given stochastic inputs while existence of a weak solution simply ensures that
a solution exists on some probability space for some stochastic inputs having the
specified distributional properties [145].

5.2.1.1 Higher order momentum estimates
We give some estimates of E||u(t)||fp in this section. As can be seen later, these are key

estimates when proving the asymptotically strong Feller property of the semigroup P;.

Lemma5.2.2. Forallp = 1,2, ---, integers, the following estimates hold:

Elu®)[® < C(A+ [[uo )1+ 7).

Proof. By It’s formula and then taking real part, we have

4
@I = lluoll® + " L(®), (5.2.6)

i=1

where
t
L) =2 / IUE) PP wls), (4 + io)du(s))ds
0
t
v /0 () 22 (u(s), yu(s))ds
t
-2p /0 [u() (1P (u(s), ( + iB)[ul*u(s))ds,

e t
BO -2 [ 17D uls) hCuls
k=170
e t
LH)=py / () [12P7V |y | °dss,
k=170

N t
1O =20 -0 Y [P he(u(s)) P

k=1
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5.2 Ergodicity for SGL with degenerate noise = 105

For I;, it can be estimated that
L() <2pA / t u()I2P |[u(s) |1 3ds
+2py / llu(s) 1% ds - 2px / ()77~ [[jul 252 ds.
From assumptions (H1-H2), I5 and I, can be estimated that
10 + L0 <C, [) )@ ds.
Taking expectations of eq. (5.2.6), we then have
E[u(®)[1 <|luol® - 2pA fo tE||u(s)||2<”‘”||u(s)||%ds

t
+Cp / E||u(s)|®ds - 2px f E[[u(s) (2P |[jul 155 ds
0

(5.2.7)

From this inequality, we can easily show the global but exponential growth estimate of
the moment. However “exponential growth" is not enough for later purpose to prove

ergodicity. Therefore, we use the following iterative method.
Note that from Hoélder’s inequality, we have

2 2 20+2
lull® < Cllullja+ < Ellull2e + Ce Ve > 0.
L L

When p = 1, from eqs (5.2.7) and (5.2.8) (choosing ¢ sufficiently small)

t
Eju(®)] +/ Eflu(s) 12ds < [luoll? + C - ¢ < C(L+ [uo|P)(1+ .
0

When p = 2, using the result when p = 1, we have similarly

t
Ellu()l* < lluoll* - 2pA f E|[u(s)|1%lu(s)|2ds
0

t t
-« [ BRI + ¢ [ Bl
0 0

t
s||uo||“+C/ E||lu(s)|%ds
0

<CQA+ JJuo D+ ).

By induction, we have for general p > 0

E[[u()lI? < CA+ luo )1+ ),

which finishes the proof of this lemma.
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We now prove the following momentum estimates for ||u(t)]|;.

Lemma 5.2.3. Let (H3) hold, we have for allp = 1,2, ---, integers that

El[u(®)|? < CA+ [[uolI)(1+ t7+),

Proof. By It&’s formula, we have

4
@I = ol + Y Re(Ti(0)), (5.212)
i=1

where
t
Lo =2 f IS PP (u(s), (A + i)du(s))ds
0 t
+2p /0 UG PP w(s), yu(s))ds

t
P /0 UG wls), (¢ + iB)uPuls))rds,

=100 + 120 + 1200,

and

N t
B -2 [ MO (), hu()naw?,
k=19
> t 2(p-1
O -pY [ O Ihds,
k=19
= t 2(p-2
1O =200 Y [ G106, b
k=1

For the term I}l)(t) and Il(z)(t), we have
t
Re(IV(0) = - 2p2 f ISP us)|2ds
0
t
Re?(0)) =20y / lu(s) |7 ds. (5.2.13)
0

Recalling 2 < x*(0? + 20) and noting that

Re(u, (x + iB)[ul*u)1

=Re(Vu, (x + i)V (lu|*u)) + Re(u, (k + if)|u|*u)

> k(0 + DIl [ul’|vul|> - Re(x + if) / PO D (vur e+ kil 2905,
O

EBSCChost - printed on 2/10/2023 4:53 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



5.2 Ergodicity for SGL with degenerate noise = 107

we have

I2(0) < ~xu ).

For the last two terms, we have

t
() + I,(t) < Cp(2p + 1) fo lu(s) P ds. (5.2.14)

Taking expectations of eq. (5.2.12), using interpolation inequality and Young’s in-
equality, we then have

t t
Eu()[1¥ < lluol? - 2pA f Efuli?P ™ u|3ds + C, / E|ulds
0 0
t t
<lluol® - pA / Elul2 0 jul2ds + C, / E 2~ jul3ds
0 0
2p 1 ‘ 2(p-1) 2 t 2p
< luoll” = 5pA | ENulz? " ul3ds + Cp | Elulyds. (5.2.15)
Using the estimate in Lemma 5.2.2, we have
Ellu(®)| < CA+ JluollP)A+ ).
We therefore end the proof. [

Corollary 5.2.1. Under the above assumptions, there exists some constant Cr, such that

T
E sup [u(®]2, + / Ellu(s)|2,ds < Cr.
te[0,T] 0

Proof. Let
MO -2 [ ue) htus)aws,
k=170
then, similar to the above lemma, we have
t t
lu(®|? + 2/1/ llull3ds < lluoll? + C/ l[ul|?ds + M(t). (5.2.16)
0 0
Taking expectations and using Gronwall’s inequality, we obtain

t
sup Blu(O1% + [ Blulpds < C - C(D).
te[0,T] 0
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From eq. (5.2.16), using Burkholder—Davis—Gundy (BDG)’s inequality, we have from
Lemma 5.2.1 and Young’s inequality

T 1/2
E sup lu(®l3; < C(T) + CE ( / ||h(u(5))||i2(12;L0)||u(5)||§12d5>
te[0,T 0

T
<OT)+ € sup (WS ooy + Cc | BIU(S)ads
te[0,T] ’ 0

<C(T, &) + CreE sup [|(u(s))lI7-
te[0,T]

Choosing € = 1/(2Cr), we then obtain

E sup [[u(s)Ilfy < C = C(T).
te[0,T]

We complete the proof. [

5.2.1.2 Existence of martingale solutions

Definition 5.2.1. We say that eq. (5.2.1) has a weak solution with initial law v € M(H) if
there exists a stochastic basis (Q, F, P; {Fi}t0), an H-valued continuous {F;}-adapted
stochastic process u and an infinite-dimensional sequence of independent standard {F;}
Brownian motions {W*(¢) : t > 0, k € N} such that

() u(0) has lawvin H',

(ii) foralmostallw ¢ Qandany T > 0, u(-, w) € L*([0, T]; H?),
(iii) it satisfies the SGLE in the mild form

u(t) = ug + /Ot[(}l +ia)Au(s) + N(u(s))]ds + i /Ot hi (s, u(s))dWSk, (5.2.17)
k=1

where N(u(s)) = —(x + iB)|u(s)|?°u(s) + yu(s) for all t > 0, P-a.s.
This solution is denoted by (Q, F, P; {F}ts0; W, u).

We first prove the following a priori estimates.

Lemma 5.2.4. For any T > O, there exists a positive constant C > 0, such that

T
sup Eu(0)|3 + / E|vu(s)lI3ds < C, (5.2.18)
te[0,T] 0
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and
T
sup E|u(d)|? +/ E||Vu(s)|3ds < C. (5.2.19)
te[0,T] 0
Proof. This lemma indeed has been proved in the previous section. [ |

With this lemma, by Galerkin’s approximation and then the tightness method in
Ref. [96] and Skorohod theorem in Ref. [140], we can show the existence of a mar-
tingale solution. Since what we care about most is ergodicity of invariant measures,
and the details of existence of martingale solutions are omitted here for simplicity.

Remark 5.2.1. It suffices to obtain the global existence of a martingale solution with the
estimate in Lemma 5.2.4. However, this estimate is too weak to show the ergodicity for
an invariant measure since it admits growing of solutions with time.

5.2.1.3 Pathwise uniqueness

Generally there are two types of uniqueness in stochastic differential equations,
namely strong uniqueness and uniqueness in the sense of probability law [145]. For our
purpose, we only give the definition of pathwise uniqueness here.

Definition 5.2.2. Given two weak solutions of eq. (5.2.1) defined on the same probability
space together with the same Brownian motion

(Q’ f’ P; {ft}tzOZ W, ul) (Q’ ]:’ P; {]:[}IZO; W’ uz)’

if P{u1(0) = u»(0)} = 1, then P{uy(t, w) = ux(t, w), vt > 0} = 1.

We now prove the following strong uniqueness result. This is achieved by the tech-
nique of stopping times.

Theorem 5.2.3. Let 0 = 1. The strong uniqueness holds for the 3D cubic SGLE (5.2.1) with
H'-initial data.

Proof. Let u; and u; be two weak solutions of eq. (5.2.1) defined on the same probability
space together with the same Brownian motion and starting from the same initial data
Up. Forany T > 0 and R > 0, we define the stopping time

g = 1inf{t > 0 : |Jus(t, uo)ll1 v llua(t, uo)lls > R}.

Let u(t) = uy(t) — ux(t), then by It6’s formula, we have
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t t
u(®))? =-24 f [Vul®ds + 2R [ / (N(u1) - N(ua), u>ds] (5.2.20)
0 0

N t
+23° [ e w) - hute o), wyaw
k=170

b t
3 [ s, (s = s o) s
k=170
=2 Il(t) + Iz(t) + 13(1') + I4(t).
For I;, we have
tATR tATR
Lt ATR) = —2)1/ llul2ds + 2)\/ llul|%ds. (5.2.21)
0 0

For I, by direct calculations, it is easy to see that

t t
L0 =2y / lull*ds — 2% (x + iB) / {lurPur = |al*uz, u(s))ds
0 0
t t 5
SZJ// l[ul|*ds + Cx,ﬂ/ [ lul(lua| + [u2]) |~ ds.
0 0
By Holder’s inequality and Sobolev’s embedding inequality, we have

2 2 2 2
NMul (| + 2D < 20l 3l life + lluzlle)
2 2
< Cllullllull(ludlly + lluzlly)
2
<CR™uflx[lul.

Therefore, using Young’s inequality again, we have

tATR tATR
LtrTg) <A / lull2ds + Cg / l|ul||%ds. (5.2.22)
0 0
Finally, for I, we have from assumption (H1) that
tATR
LtAaTR)<C / llul%ds. (5.2.23)
0

Therefore, taking expectations of eq. (5.2.20) and using inequalities (5.2.21), (5.2.22),
and (5.2.23), we have for any ¢ ¢ [0, T]

tATR
Ellu(t A R)||* + AE / lu(s)|I3ds
0

tATR t
<CgE / lu(s)||?ds < Cr / E|lu(s A Tg)||%ds. (5.2.24)
0 0
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Applying Gronwall’s inequality, we know that for any ¢ € [0, T]

E|lu(t A Tg)||%> = O. (5.2.25)

Since Tg - o0 as R — oo, uniqueness then follows by letting R — oo and dominated
convergence theorem. n

A result, named after Yamada and Watanabe, shows that weak existence plus path-
wise uniqueness implies the existence of a unique strong solution, see Ref. [255]. An
introduction of this can be found in Karatzas and Shreve [145]. Extensions are made
by several authors, the interested readers may refer to Refs [91, 162]. Note that both
weak existence of solutions and strong uniqueness have been obtained for the SGLE,
we indeed have proven Theorem 5.2.1.

5.2.2 Invariant measures

In this section, we show the existence of an invariant measure following Krylov—
Bogolyubov theorem [76]. For fixed ug € H!, we denote the unique solution in Theorem
5.2.1by u(t; up). Then {u(t, up) : t > 0, uy € H'} forms a strong Markov process with state
space H!. For two initial data ug1, ug; € H', we denote u; = u(t, ug;) the solutions start-
ing from ug;, i = 1, 2. In the following, we first show some stability result. Let R > 0, we
define

g := inf{t € [0, T : |Ju(t, uo1)ll1 v llu(t, uo2)ll1 > R}.

Lemma 5.2.5. Let assumption (H1) hold, then there exists constant C = C¢ g such that

E|[u(t A Tr; Uo1) — u(t A Tr; uo2)lI? < Cerllttor — Uoa 3. (5.2.26)

Proof. Let w(t) = u(t,uo1) — u(t, ugy). Multiplying the equation with (I — A)w, using
integration by parts formula and then taking the real part, we deduce

tAT

Wit A TR)IZ = [W(O)] + 2 /0 * (Aur(s) - Aunls), wis))rds

tAT
2 /0 " (NGui(s)) - N(uals)), wls))ds (5.2.27)

N tATR
#23° [ () - o), wishnas
k=170
N tAT
3 [ ihutn(s) - hetats s
k=170
=+ [W(O)[1} + i(0) + L(®) + I3(0) + L (8),

where Au and N(u) are as in Theorem 5.2.1.
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For I;, we have

tATR

L(tATR) =24 /0 (Aw(s), w(s))1ds
tATR

tATR
_ -2 / (I = DYW(s), (I - Dw(s))ds + 24 / w(s), (I - Aw(s))ds
0 0

tATR tATR
=—2)l/ ||w(s)||szs+2)l/ [W(s) || g ds
0 0

For I, we have by mean value theorem

tATR

L{trTR) =2y /O (w(s), I = A)w(s))ods

tATR
(lurPug = U2z, (T - D)w(s))ds

- 2R(x +ip) /
0
tATR A tATR tATR
<C f lw(s)lI{ds + = / lw(s)l15ds + C / Ilwl|UI||ds,
0 2 Jo 0
where U = |u;| + |uz|. However, by the Sobolev embedding theorem,
tATR tATR
c fo Iwl[UP2|1%ds <C /0 Wi U], ds

tATR
§CR/ Iwli2llwllods
0

A tATR tATR
<35 / w(s)||5ds + Cg / lw|?ds. (5.2.28)
0 0

Finally, for the last term I, we have

tATR
Lt Atr) < /O IVh(s, w(s) - Vhs, w(s)]2ds

tATR
N / (s, 1(s) — h(s, wx($)Pds =: J + Jo.
(0]

Recalling assumptions (H1) and (H2), by chain rule, Sobolev’s embedding and inter-
polation inequality, we have

IVh(s, ui(s)) — Vh(s, ux(s)) |12

< [ 10ub) - Vit - D) - Vs + D) - Vo - ) - Vi

<P+ / s — w2V us 2
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2 2, 211212
<GulIVw® + Gy lluallfIwlfeo

2110112 2
<Guliwliy + Curllliliwli2liwli

A
2 2
<SIwi + Corlwli.

Therefore,

tATR A ) )
i< / Slwiiz + Ch,rllwllids.
0

Note also that from assumption (H1), /> can be bounded by

tATR
L<C f lwl|%ds. (5.2.29)
0

Therefore, collecting all the estimates for I — I, and taking expectation of eq. (5.2.27),
we get

tATR
2 2 2
E[w(t A )| < o — ozl + Cog / Iw(s)I3ds
0

t
< |luor — uoall? + Cn g / E[w(s A TR)||2ds. (5.2.30)

0
By Gronwall’s lemma, the stability estimate (5.2.26) holds. ]

Now we consider the transition semigroup associated with {u(t, up)}. Let Cp(H?) de-
note the set of all bounded and locally uniformly continuous functions on H. Cleatly,
under the norm

Pl := sup )],

ueH!

Cp(HY) is a Banach space. For t > 0, the semigroup P; associated with {u(t,ug) :
t > 0, up € H'}is defined by

(Pe)(uo) = E(p(u(t, uo))), ¢ € Cp(HY).

Theorem 5.2.4. Let o < 1 and assumption (H1) holds, for every t > 0, P; maps Cp(H')
into itself, i.e., {Pt}e=0 is a Feller semigroup on Cp(HY).

Proof. Let ¢ ¢ C,(H') be given. By definition, P;¢ is bounded on H'. To see that it is
also locally uniformly continuous, it suffices to show that for any € > 0, t > 0 and
m € N, there exists § > 0 such that
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sup  |Prp(uot) - Pepuo)l < &, (5.2.31)

Uo1,U02€Bm
lluor—uo2ll<6

where By, :={u € H' : ||u||; < m}. As before, we define
g = inf{t > 0 : |Ju(t; uo)ll1 v lult; uo2)ll1 > R}
First, for solutions u(t; ug;)(i = 1, 2), we know from eq. (5.2.3) that
E|@(u(t; uoi)) — @ult A tr; uo))| < 2||@lloP{Tr < t}
<2||¢llo sup E [sup l[u(s; uOi)||21| /R
Up;€Bm sel0,t]

<2Ceml|@ll oo/ R2. (5.2.32)

Therefore, we can choose R > m sufficiently large such that for ug, ug; € By

E|pu(t; uo)) — ot A TRy uoi))| < €/4, i=1,2. (5.2.33)

Second, since ¢ is locally uniformly continuous, for the above fixed R, there exists
6r > 0 such that for any uy, u € By, with |u; — ua||zn < 6g,

lp(u1) — o(up)| < ef4.

2
. 2 sb‘R

— < — R
Therefore, for ugy, ugy; € By, with |Jug; — Uz || i S BCalgTe

Lemma 5.2.5 and Chebyshev inequality, we have

, by the stability result in

E|p(u(t A Tr; uo1)) — @t A Tg; ue))|

~ [ e T or) = A 7 o) PLc)
R

+ /Q  lp(ut A Tr; Uo1) — @(u(t A TR; Uo2))|P(dw) (5.2.34)
6R
<&/4+2||@ll oo P{l[ut A Tr; to1) — u(t A Tr; Uo1) [l > OR}
Elu(t A Tr; uor) — u(t A s uor) |2,

<¢gf2,
& /

<€/t +2]9lloo

where QER = {w : |u(t A Tr;up) — ult A TR UM) |l > 6r} and QgR = {w : |lu(t A
TR; Uo1) — Ut A TR; U lgn < 6r}. Combining eqs (5.2.33) and (5.2.34), eq. (5.2.31) is
NEJY

d by choosing § = ——=—L—.
proved by choosing 2/2C Rl ¢lloo
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Theorem 5.2.5. Let assumptions (H1)-(H4) hold, then there exists an invariant measure
U, associated with the semigroup P such that for any t > 0 and ¢ € Cp(H")

/ Pep s (du) = / (W (d).
H! H1

Proof. Since H? — H! compactly, by the classical Krylov—Bogolyubov theorem [76], to
show the existence of an invariant measure it is enough to show that:

For any € > 0, there exists M > O such that for all T > 1,

L b2, > Md (5.2.35)
T/o luS)l > s<e&. 2.

From eq. (5.2.9) and the first inequality of eq. (5.2.15), we know that
t t

El[u(®)]1} < lluoll? - 2/1/ E||u|3ds + C/ El|ull}ds
0 0

t
< ||uo||f{1 —Z}l/ E|ul5ds +C-t. (5.2.36)
0

Therefore, there exists some constant C dependent on the parameters and the initial
data ug, but independent of ¢, such that for any ¢ > 1,

1 t
n / E|u(s)|3ds < C. (5.2.37)
0

By a standard argument of contradiction, eq. (5.2.35) is proved, which follows the
existence of an invariant measure. [ |

5.2.3 Ergodicity

In this section, we prove Theorem 5.2.2. The following proposition that was proved in
Hairer and Mattingly [126] will be useful in our analysis.

Proposition 5.2.2. Let P; be an asymptotically strong Feller Markov semigroup and
there exists a point x such that x € suppu for every invariant probability measure u
of P;, then there exists at most one invariant probability measure for P;.

To apply this proposition to the SGLE, we divide the following proof into two parts.
In the first one, we show that the semigroup 7P associated with the SGLE (5.2.5) with
degenerate noise enjoys the asymptotically strong Feller property. In the second part,
we show that 0 belongs to the support of any invariant measure for 7.
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5.2.3.1 Asymptotically strong Feller property
To emphasize the dependence of the solutions on the noise realization, we denote
u(t, w; up) = O¢(w, up). In other words, @; : C([0, t]; RN) x H! — H! is the solution map
such that @;(w, up) is a solution with initial data uy and noise realization w.

Givenv € L2 (R', RY ), the Malliavin derivative of the H'-valued random variable

loc
@¢(w, ug) with respect to w in the direction v is given by

Di(w + €V, up) — O¢(w, up)
g 9’

Du(t, w; ug) = lim
-0

where V(t) = fé v(r)dr and the limit holds almost surely with respect to the Wiener
measure. For 0 < s < t, Js ¢ is the solution of the linearized equation

0t Ts, & = A+ i0)ATs 18 + N (u(t, ws uo), Js,e8), Tssé =&, (5.2.38)

where N is linear with respect to the second argument and is given by

N, &) = y& - (x+iB) [In*¢ + 2R - O)n] . (5.2.39)

Note also that Js enjoys the cocycle property Js¢ = JsrJr,t forr e [s, t].
When s = 0, we simply write J;¢& = Jo,+£. It is not difficult to show that for every w,

Di(w, up + &) — O¢(w, up)
&

(5.2.40)

(T8 (w) = 18%1

The proof of this limit is given at the end of this section.
Observe that v can be random and possibly nonadapted to the filtration generated
by the increments of W. If we set A¢v = DVu(t, w; ug), then

9 Av = A+ i0)A A + N(u(t, w; ug), Arv) + Qu(t), Agv = 0. (5.2.41)

Since N(,, -) is linear with respect to the second argument, by the formula of variation,
Ay : L2([0, t]; RY) — H!is given by

t
Ay = / Js,:Qv(s)ds.
0

Roughly speaking, J:¢ is the perturbation of u(t, w; up) caused by initial perturbation &
of up, while A;v is the perturbation at time ¢t caused by an infinitesimal variation in the
Wiener space over interval [0, t]. If we can find such a v such that they cause the same
effect, i.e., J:{ = Auv, then it can be shown in the spirit of Hairer and Mattingly [126]
that P is strong Feller and ergodicity follows. However, in most cases with degenerate
noise, such property does not hold, mainly due to the noninvertibility of the Malliavin
matrix, see Ref. [76].
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Therefore, we consider the difference p(t) = J:¢ - Asv|o,q which we wish to drive
to 0. Hereafter, vj q is the restriction of v to the interval [0, t]. This is the idea of
introducing asymptotically strong Feller in the paper [126].

From eqs (5.2.38) and (5.2.41), it is easy to see that p(t) satisfies the equation

p = A +id)Ap + N (u(t, w; up), p) — Qv(t), p(0) =¢. (5.2.42)
In the following, H! denotes the finite-dimensional “low-frequency" subspace of H!
Hj = spanfey, -+, ey},

and H}l denotes the corresponding “high-frequency" subspace of H! such that the dir-
ect sum decomposition holds: H! = Hé & H ,ll This decomposition naturally associates
the projecting operator 71, : H' — H} with

N
& =mé =) ((-Ne,§)eje Hy VEeH.
i=1

We also use 71y, = I — 1y to denote the projection on the codimensional space H}l.
Before proving the main result, we give some lemmas.

Lemma 5.2.6. For any 1, ¢ € H', we have

A
(G N1, 61+ 001 < S I8GwI7 + Co (16l + 162 170)
x (1+ Il + 1l vnllz) » (5.2.43)

1N (g, )iz < CuIENIPA+ IIlI%s), (5.2.44)
where N (-, -) is given in eq. (5.2.39). Here, Cy does not depend on N.
Proof. For eq. (5.2.43), we have
(G N, &+ &)y =L+ b + I,

where

I =y (&h, & + &n)1s
L = - (k +iB)(&, M*(& + &)1,
I3 = = (k + iB) (&, R - (& + &)1

For I;, we have

L <yl
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For I, we have

L = (k +iB)(Vén, NPV (& + &))o — (x + iB)(Vén, &V (INIP)o
<CINll7eo 11V ENVENIL + CIVERN s 1€l 1V (D) 2

A
<ClnlZa (1€rl 3 + 1€e02:) + anhni,z + ClIIENZ Nl vnlI17,.
For I3, it is easy to see that
L <.

Adding these estimates together, we get eq. (5.2.43).
For eq. (5.2.44), since

(e, )1 = (Dey, £ < Ce, €1,
(e (1P < Ce Il lI€ 12,
(ei, e (R - E)) < CeIl7all€ N2,

we have by adding them together

N

NG, Ol = Y (e N, )7 < CulE N7+ Il ),

i=1

where the constant Cy depends on N. We complete the proof of eq. (5.2.44). [ |

Lemma 5.2.7. For any ¢ > 0, there exist constants Cy, C; > 0 such that for any t > 0 and
ug € HY, there holds

t
Eexp {e /O lu(s)l7, + |||u||w|||§zds} <exp{Cilluollz, + Cat} .

Proof. Let F; := C([u(D)lIZ, + Il [ul|Vulll},).
By It6 formula, we have

t t
(@)1 =lluol* - 24 / IVu(s)|I*ds +2y / lu(s)1°ds
0 0
t t
- 2 / [u(s)|[f4ds +2 / (u(s), dws) + & - t. (5.2.45)
0 0
By Hélder’s inequality and Young’s inequality, we have

WIu)Z, = 2uE) s < € - kluE)|l},-
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Therefore, eq. (5.2.45) implies that

t

t
u(@®1 =lluoll + / (C=2Avuls)|” - kllu(s)|*) ds +2 / (u(s), dws).
0 0

From Ref. [218, Lemma 6.2], it follows that for any ¢ > 0

t
Eexp {E/ ||u(s)||f11ds} <exp {€lluol?, + Cet} . (5.2.46)
0

Here, the constant C, does not depend on N.
Again, by It6’s formula, we have (by similar estimates as in Lemma 5.2.3)

dllu®)z < C(=F¢ + [[u(®)||2,)dt + 2(u(t), dw); + Erdt.

Integrating this identity, we have

t t t t
(O, ~ o2y < / Fods + C / Ju(S)]1%,ds +2 f (w(®), dw), + / £1ds.
(0] 0 0 (0]

Multiplying this by ¢ and then taking exponential, we get

2

2 _
SO | ol

~ [$Fsds | GCe Jo IM(S) 17 ds

t t
oo M@ ds2¢ fou.dwh et

Let My := —¢ fé ||u(s)||§1lds +20 fot (u(t), dw),. Take expectation and rearrange this
inequality to get

Eel JoFsds ( g [ e—fznu(t)uiﬂ ) e‘““O”iﬂ el Jolu@)IZ,ds oMs . eé‘lt] )
By eq. (5.2.46), eMs is an exponential martingale and therefore

Ee*Ms = Ee®Mo = 1,

and

2

Ee-S@IIH(f)HHl <1,

we have from Hoélder’s inequality that
1/5
Ee' JE Fods < eu\uollfql efit (Eea 1 ||u(s)||fqlds> / .

Recalling the estimate in eq. (5.2.46), we easily get
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Eel [§Fsds o pCillwolfy o0t
where C; depends on [ and C;, depends on &y, £ and £. [ |

Corollary 5.2.2. For any p > 1integers, we have

t p
E [ f u(s)l7, + |||u||Vu|||§2ds] < plexp{lluoll? + Ct}.
0

Proof. The result follows from Lemma 5.2.7 and the fundamental inequality
xP < ple. [

We are now in a proper position to prove the asymptotically strong Feller property for
the semigroup Ps.

Proposition 5.2.3. Let {P;}:o be the semigroup associated with the SGLE (5.2.5). There
exist some constant N, € N and constants C, 8 > 0 such that for any t > 0, up € H', and
any Fréchet differentiable function ¢ on H' with ||@] e, | V@]l co < o0,

IV Pepo)ll < Co exp{Cilluo P} plleo + 17l cce™). (5.2.47)

Proof. For any & € H! with ||| ;n = 1. We define

() - §o-(1- m), t € [0, 218l ]
0, Q@1&ellg1, 00).
For the high-frequency part, we let {,(t) satisfy the equation
3Sh = A+ ia)Ay + mpN (u(t), § + ¢n), §u(0) = & (5.2.48)
Define

v(t) = Q71Gy, (5.2.49)

where G; = 7l (%ﬁl -+ A+ ia)Ag + TN (t), § + &n). It is immediate that { = § + {
H

satisfy the equation

SO i + N, G0 + G,

1
WO = o

with the same initial data {(0) = £. From eq. (5.2.42), it is clear that p(t) and {(t) satisfy
the same equation, with the same initial data p(0) = ¢(0) = ¢; therefore, p = .

In the following, we will show that for given & and v(t) defined as in eq. (5.2.49),
p(t) tends to 0 as t — oo. To get estimate (5.2.47), we give two preliminary estimates in
the following two steps.
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Step 1. Show that there exist constants v > 0 and C > 0 such that

2
Clluo |7, -6t

E([{(®)llzn < Ce (5.2.50)

For the “low-frequency” part {;, we have by definition ||(t)||;z < 1for 0 < t < 2 and
GOl ;2 = O for t > 2. In particular,

E[GOIF < C. (5.2.51)

For the “high-frequency” part {,, we use eq. (5.2.48). By Lemma 5.2.6,

IGO0 =~ UAGHOIP + 260, A0, G + G

< = AIAGONI + 2Co(+FY) (15112 + 121171
<(=My +2Co(1+ FD I G(®)l17: +2Co(+ F1 17

Noting that ||(;(£)]|?> = O for all ¢ > 2, we have by Gronwall’s inequality that

t
16 O171 <11 (0)17: exp {—MNt +2Co /O 1+ Fs)ds}
+Cexpl—MN(t—2)+2C0 / t(1+F5)ds} / G©ds. (5252
0 0 H!

Recall that Ay - oo as N — oo and the fact that |§(6)||;n < 1for O < t < 2. By
Lemma 5.2.7, and Holder’s inequality, there exist constant 6 > 0 and N, such that
when N > N,,

Cllug 12, -6t
E[IG(0)]12, < e,

Indeed, from eq. (5.2.52) and Corollary 5.2.2, we know that for any p > 1, there exist
constants C, 6 and N, such that for N > N,,

2
Cllug 7,5t

E[[G(@O)IF, < CA+ 116 (0)15)e

Combining this and the low-frequency estimate (5.2.51) together, we have the higher
moment estimate

E[{(O)[, < CeClwol-2, (5.2.53)
In particular, eq. (5.2.50) holds when p = 1.

Step2. Show that [ E|v(t)|?dt < CceClwol?,
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For v(t) in eq. (5.2.49), since

I8 N7 < ARNIGeNIZ2 < CNlIS@I72,
we get from Lemma 5.2.6 that
E[v(t)” < CE|Gl3p
<Cy [l + E[IOIZ0+ u©12)] |

< {1 + (BICO14) ™ (14 E@O1%) "}

From Lemma 5.2.3 with p = 4, E||u(t)||§4 grows at most polynomially while from
eq. (5.2.53) we know that E||{(¢)||* decays exponentially; therefore,

f E[v(0)2dt < CeCluol’, (5.2.54)
0

as is expected. From the proof, it seems necessary to get the higher momentum
estimate of ||u(t)|| i in Lemma 5.2.3.

Finally, we turn to the proof of eq. (5.2.47). Let P; and ¢ be as above. By chain rule
and integration by parts formula, we have

(VPip(uo), &) i =E(V(p(®)), &) = E(V)u(t), Teé)
E(Vo)u(t), Awvip,q + p(O) i
E [D"(p(u(t; uo)))] + E(V@)u(®)), p(t))

t
=E [(P(u(t; uo))/o V(S)dWs] +E(Vo)(u®), p®))

t
SllfpllmE‘/ vV(s)dWs| + [Vl Ellp(O)l 1
0

Now, since vjo, q is adapted to the Wiener path, we have by eq. (5.2.54)

t 112 i
= (/ Ellv(s)||2ds> < CeCluwoll”,
0

Then Estimate (5.2.47) then follows from estimate (5.2.50). [

E /0 )W,

5.2.3.2 A support property
We first prove the following lemma. The idea can be found in Refs [76, 218].

Lemma 5.2.8. Assume (H4) holds, then for any ri,r» > 0, there exists some T > 0
such that

inf  Plw : |u(T, w; uo)|lg <12} > 0.
luoll1<r
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Proof. Set v(t) = u(t) - w(t), then
V/(£) = (A + i) AWV() + W(D) + y(v + W) — (x + iB)[v + W[ (v + W). (5.2.55)
Let T > 0 and € > 0, to be determined later. We assume that

sup |w(t, w)lys < €. (5.2.56)
te[0,T]

By multiplying the equation with v(t), and integrating by parts, we have

%uv(t)n2 == 24| Vv(®)[1? + 2R(A + i) (Aw (£), V(D))

+ 2IvO)]1* + YR (W(D), V(D)) (5.2.57)
- 2R(x + iB)(|v + WA (v + W), V(1))

=3 11 + Iz + I3.
For I; and I, we have

L+ L < =24 wv©OII” + 27 [v(O)]|* + Cellv(®)],
< 20| Tv(O11? + 2y Iv(D)||> + Ce + Ce|v(D) |1

For I3, since

2Re(ic + iB)(|v + WI*(v + W), W) <2C|[ W]z [|v + W]|;
<Ce|lv|}; + Ce*
<Cel|vvl|2|Iv]3, + Ce

<8IVl + Ced™ vilf + Ced™,
it is estimated that
I <—2|v+WwW|}, +8l|Vv], + Cellv ], + Ce.

LetA = 01(2A = 8) - 2y, from assumption (H2), we can choose § sufficiently small (e.g.
6=21-yo; 1) such that A > 0. Fix such a 6, then from estimates for I1, I, I;, we obtain

d -
auv(t)n2 < =AIv©OI? + Cev©O|* + Ce.

Therefore, from Lemma 6.1 in Ref. [218], we have that for any &/, h > 0, there exist
T’ > 0 and € small enough such that

sup [[v(D)ll2 < 2n (5.2.58)
tel0,T’]
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and

sup vl <€ (5.2.59)
te[T/,T"+h]

Now we turn to the H! estimates. Taking inner product of eq. (5.2.55) with —Av(t) and
using integrating by parts, we have

% IVl =2Re{(A + ia)Av, V)i + 2Re((A + i@) AW, V) n

+2Y(v, V)i + 2Y(W, V)i
— 2Re((k + i) |v + W|A(v + W), V + W)
+2Re((k + i) |v + W|2(v + W), W)

=h+L+]3+]4

Similar to the previous estimates, we have

Ji <= 2293 + Ce + Ce[VD)II7
J2 2y[V(B)II7 + Ce + Ce|| V(D)7

For J3, we have under assumption f§ < V3K,

J3 = = 2[|v + W1, = 2R0c + iB)(V([v + WA (v + W), V(v + W))

<= 2K+ W, — 4xll[v+ WV (v + W),
+ 2R(x + ip) /(v + WAV (v +w))?

<= 2|v + Wi},
Finally, for J,, we have by interpolation

Ja(t) =2R%((x + iB)|v + W (v + W), (I — A)w)

2 4
<8|Ivvlly, + Cellvll, + Ce.

Combining the above estimates yields that (choosing § = A - yo;?)

d
S VOl <= 209VOl + DIVl +8IVOlz + Ce + CelvD)l

<= AVIZ + CIVOIIZ, + Ce + Ce[ V(O

where A = Ag1 —y > 0. By Gronwall’s inequality, we have
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_ C
mﬁmm<eA“”w@mm+A{Cmmnwnmz+&smnwmu +a}.

rels,t] rels,t]
Letting s = O and t = T’, we have by eq. (5.2.58) that
V(T3 < COY +1).
Then letting s = T" and t = T’ + h, we have

VT + )12 < Ce™Gf +1)+CL sup  [V(I% +Ce sup  [v(II%, + Cel,
re[T’, T’ +h] re[T’, T’ +h]

which together with eq. (5.2.59) yields that there exist a T large enough and € € (0, 1)
small enough such that

T
V(D) < 52 (5.2.60)

Taking eq. (5.2.56) into account, there exist a T large enough and £ ¢ (0,1) small
enough such that

u(T, w, up) |1 < 12- (5.2.61)

Let
={w: sup |W(t, w)ligs <&}
te[0,T]
then
Qec (] {w: (T, w;u0)lm <12
lluoll g <r

Since Q. is an open set and P{Q.} > 0, the result follows. ]

Now we prove the following:
Proposition 5.2.4. 0 belongs to the support of any invariant measure of {P¢}¢s0.

Proof. For every invariant measure y, we choose some r; > 0 such that
u(By,) > 1/2.

By the definition of an invariant measure and the above lemma, for any r; > 0,
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H(B) =Pin(E) = [ P B (e
- / Pels,, (Op(dx) z/ Pels, (Ou(d)
H! By,

> inf Plp,, () - u(B,) > 0,
xeBy1

which implies that 0 belongs to the support of p. [

5.2.3.3 Proof of the derivative flow equation (5.2.40)
Lemma5.2.9. For any T > 0, there exists a constant Ct > 0 such that for each w and
Ug € H1

T
sup [[u(t, )| + / lu(t, )| jdt < Cr (1+ luoliz + sup Ilw(t, w)||§;6> :
te[0,T] 0 te[0,T]

Proof. Consider estimate (5.2.57) in Lemma 5.2.8. For I; and I, we have a new estimate
L+ L < =20 vV} + CllAW] 2 V(DI 2 + @y + DIV, + CIWD1 7.
For I, we have

I3 = = 2R(k + iB)(|v + W|*(v + W), v(t))
= = 20(k + iB)([v + W (v + W), v + W)

= 2R(x + iB)(|v + W (v + W), W) =: I3 + I5,.

Since
Ly < =2K[|v + W]y,
and
3
I <cl|Wl|zee [V +W]l/5
3
<cllwilze v+ Wi/,
4 4
<k|[v+ W], + Cl[W e,
we have

d
S IVOIL < CIVOIL, + CUWIlE, +Wilg)-

By Gronwall’s lemma, we have
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sup [v(D]7, < Cr (1+ sup (||wl|z, + ||w||‘,;2)).
te[0,T] te[0,T]

The second step is to estimate the H!-norm; however, since this is similar to the proof
of Lemma 5.2.8, we omit the details for simplicity. [

For ¢ € H', let us consider a small perturbation of the initial value given by u.(0) =
Up + €. The corresponding solution of eq. (5.2.5) is denoted by u.(t).
Set

&(t) = (ue(t) — u(t)) /e.

Then & (t) satisfies

&)= A+IA&(E) + y&(6) — (k + iB) [us(t)&(t)
—(k + iB)(Jue|? — [u@®Pu(®)/e, (5.2.62)
&)= ¢

For this equation, we have

Lemma 5.2.10. For any T > O, there is a Ct > O such that for any € € (0,1)

T
sup 1601 + [ 1601Rade < Cr. (5263)
te[0,T] 0

Proof. As in the proof of Lemma 5.2.5, we have
d 2 2 2 2 4
E”&(t)”Hl < _/\ng(t)”Hz + C“{S(t)”Hl + C“fe(t)”Ls”us(t)”Le

+ CIE@IT6 (ueOl 6 + 1u®17s)
<= MEOIZ2 + € (1+ 1Ol + O ) 1O,

which together with Lemma 5.2.9 yields the desired estimate. [
Now, consider the difference
Ae(t) = &(O) - Ti€. (5.2.64)

It is not hard to see that A.(t) satisfies

5
AL(E) = A+ i)AA(D) + yAe(t) = Y Fi(d), (5.2.65)
i=1
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where

Fi(6) =(x + iB) [ [us () — Ju())]*] &(¢),
Fy(t) =(k + iB)[ul*Ae(0),

F3(t) = - (i + iB)|&:(8)u(?),

F4() = - (k + iB)|u?A(D),

Fs(t) = - (c + iB)A(D ().

From eq. (5.2.65) and Young’s inequality, we have

d 5
2101 < “AIADIF + CIADIZ + C D IF DI

i=1

Now, we estimate the sum on the RHS.
For F;,i=1, -, 5, by Holder’s inequality and Sobolev’s embedding, we have

IF(OI2, <C& f &1 (ueOP + u®)P)

< C2I& O (112 + 11
<CEN&EWD N (lue 1 + @)l ,

IF2(6)1172 + IFa()]I72 + IFs(O)172 < ClAO) 13 w51,
and

IFs(O172 < CE1&O1 s Iu®)lI7e
< CE (& Iu@) 17,

Combining the above calculations with the estimates in Lemmas 5.2.9 and 5.2.10,
we have

%nAg(t)niﬂ < Ci&” + CollAe(O) 17, (5.2.66)
which yields by Gronwall’s inequality,
18Il < Cate®t - &2,
As € — 0, we have
A6l — O,

which gives eq. (5.2.40).
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5.2.4 Some remarks

In the final section, we would like to make several comments on the ergodicity for the
SGLE with degenerate additive noise.

We would like to remark that the discussion in this section relies heavily on the
approach proposed by Hairer and Mattingly [126], who proved the ergodicity of the
stochastic Navier—Stokes equation (SNSE) with degenerate noise. In that paper, they
developed two main tools: the asymptotically strong Feller property for the semig-
roup associated with the flow of an SPDE and the approximative integration by parts
formula in the Malliavin calculus. They are rather powerful and indispensable tech-
niques for ergodicity for an SPDE driven by degenerate stochastic forcing. As pointed
out by Hairer and Mattingly [126], the asymptotically strong Feller property is much
weaker than the strong Feller property, and many equations driven by degenerate
noise have only the former one rather than the latter one [218].

But there are several differences between the analysis of the two-dimensional (2D)
SNSE in Ref. [126] and the SGLE. For the 2D Navier—Stokes equation, uniqueness holds
for I?-solutions, and hence the solution for the SNSE generalizes a Markovian semig-
roup of the stochastic flow. However, for the three-dimensional (3D) GL equation, be-
cause of the lack of pathwise uniqueness of L?—solutions, the flow does not generalize
a semigroup and the analysis fails. Therefore, we consider H! solutions in this section.

Another difference is that although the nonlinear term u - Vu in SNSE consists of
one order derivative, it is quadratic algebraically. But in the SGLE, the nonlinear term
is cubic. To handle this nonlinear term when proving the asymptotically strong Feller
property, estimates of higher order momentum seem to be indispensable, even if one
considers the L? solution.

For ergodicity of SGL, see also Ref. [191] by coupling method.

5.3 Stochastic damped forced Ostrovsky equation
5.3.1 Introduction

This section is concerned with the asymptotic behavior of solutions to the following
damped forced Ostrovsky equation with additive noise defined in the entire space R:

m

du — (Buxxx + aD'u — WPy — Au + f)dt = Z hidw;, (5.3.1)
i1

u(x,0) =uplx), xeR,t>0, (5.3.2)

where D! = }'X‘l%}}, a, B, A are real constants with 8 # 0,a > 0,A > 0, f is time
independent, h; (i = 1,2, ---,m) are given functions defined on R, and {w;()}["; are
mutually independent two-sided Wiener processes on a probability space.
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WhenA =0,f =0, h; = 0(1 <i < m),system (5.3.1) becomes the standard Ostrovsky
equation:

U — Purex — aDu+ W)y =0, xeR,t>0. (5.3.3)

The Ostrovsky equation (5.3.3) was derived by Ostrovsky [193] as a model for the
propagation of weakly nonlinear dispersive long surface and internal waves of small
amplitude in a rotating fluid. Here, free surface u(t, x) has been rendered nondimen-
sional with respect to the constant depth h of liquid and gravitational acceleration
g and the parameter a = n?/cy > 0 measures the effect of rotation, where the wave
speed ¢y = @, and n is the local Coriolis parameter. The parameter  determines
the type of dispersion, i.e., 8 < 0 (negative dispersion) for surface and internal waves
in the ocean and surface waves in a shallow channel with an uneven bottom [10] and
B > 0 (positive dispersion) for capillary waves on the surface of liquid or for oblique
magneto-acoustic waves in plasma [102, 109]. Equation (5.3.1) models the situation
when nonlinearity, dispersion, dissipation rotation and stochastic effects are taken
into account at the same time.

The well-posedness of egs (5.3.3)—(5.3.2) has been studied in Refs [133, 135, 173,
249] and the references therein. The well-posedness of eqs (5.3.1)—(5.3.2) without noise
was obtained in Ref. [122] in Bourgain function spaces Xs,b (see below for a precise
definition of 5(3,1,) with b > 1/2. The Bourgain function spaces were introduced by
Bourgain [29] for the well-posedness of the Korteweg—de Vries (KdV) equation. This
method was developed by Kenig, Ponce and Vega [152] and Tao [242] to study the
Cauchy problem for nonlinear dispersive wave equations. In this section, the exist-
ence and uniqueness of solutions of the stochastic damped forced Ostrovsky equation
(5.3.1)—(5.3.2) are studied in the above Bourgain spaces X; 5. Roughly speaking, the in-
dex b represents the smoothness in time. However, stochastic systems (5.3.1)-(5.3.2)
have the same time regularity as Brownian motion with b < 1/2. Hence, when try-
ing to apply this method, the spaces Xs,b with b < 1/2 have to be encountered. The
well-posedness for the stochastic KAV equation and the stochastic Camassa—Holm
equation in Bourgain spaces X; p with b < 1/2 were studied in Refs [27, 58].

Another interesting thing is the long-term behavior for systems (5.3.1)—(5.3.2). It is
known that the long-term behavior of random systems is captured by a pullback ran-
dom attractor, which was introduced in Refs [68, 98] as an extension of the attractors
theory of deterministic systems in Refs [127, 217, 245]. In the case of bounded domains,
the existence of random attractors for SPDEs has been studied extensively by many
authors (see Refs [5, 57, 66, 98] and the references therein). When the domain is the en-
tire space R", the existence of random attractors was established recently in Ref. [36]
and the references therein. The crucial idea for the proof is the asymptotic compact-
ness and existence of bounded absorbing sets for these equations. And the asymptotic
compactness is usually proved by a tail estimate. In this section, the random attractors
for egs (5.3.1)—(5.3.2) are obtained by the same idea as above. Instead of a tail estimate,
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the asymptotic compactness for egs (5.3.1)-(5.3.2) is checked by splitting the solutions
into a decaying part plus a regular part as in Refs [122, 245].

Note that the phase function of semigroup of eq. (5.3.1) has nonzero points, which
makes a difference from that of the linear KdV equation and Kadomtsev—-Petviashvili
(KP) equation and also makes the problem much more difficult. Therefore, the Fourier
restriction operators

1

Pho L [ eh@)as, pyh- L / EREdE YN3ze>0
21 J g 27 Jeqie1<N

are used to eliminate the singularity of the phase function and to split the solution in
Section 5.3.3. For simplicity, denote Pyh = 5= <N e h(£)de.

The section is organized as follows. In Section 5.3.2, the well-posedness of the
stochastic damped forced Ostrovsky equation is proved. In Section 5.3.3, we first prove
that the solutions for the equation are bounded, and then split the solutions into two
parts, one uniformly bounded in H3(R) and the other decaying in L%(R). These es-
timates are necessary for proving the existence of bounded absorbing sets and the
asymptotic compactness of the equation. In the last section, the asymptotic compact-
ness of the solution operator and then the existence of a pullback random attractor
are proved.

5.3.2 Well-posedness

In this section, the stochastic estimate and the bilinear estimates are proved, then
the local well-posedness of eqs (5.3.1)-(5.3.2) is established by contraction mapping
principle.

First, we give some notations. Set a(x, s) = (u?)x + Au — f, then the mild solution of
egs (5.3.1)-(5.3.2) is

u(t) = S(Huo(x) - /OtS(t -s)a(x, s)ds + Z /OtS(t - s)h;dw;(s), (5.3.4)
i=1

where S(t) = F, e "®) with m(&) = &3 + z.
The space I:Z(R) is defined as follows:

I*(R) = [h e ’(R) : F! <h§)> eLz(R)],

with the norm

)
IRl g2z = IRl 2) + ||:Fx1(%)||Lz(R)~
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The corresponding Sobolev space H3(R) is defined in a similar way

H(R) = {h e H'(R) : F;! (@) E HS(]R)} ,

with the norm

(R
Ihll sy = I1RllasR) + 17 (:) Il s ().
The definition of Bourgain space is given as follows.

Definition 5.3.1. Fors, b € R, the space X; p, is the completion of the Schwartz function
space on R? with respect to the norm

lullx,, = (T +mE)(&)*u(, D2z

where (-) = (1+|-|). Similar to H(R), the modified Bourgain function space Xs,b is defined
as follows:

lullg, , = 1u(®llx,,, + 1D U@ l1xg -

ForT,,T, > O, ng’m is defined by the space restricted to [Ty, T>] of functions in 5(5,;,
with the norm

el imym) = inf{lElg_, 8 € X p, u = @l 7,0}
Xs,b s,b
Let XST , be defined by the space restricted to [0, T of functions in Xs,b.

Let { € C°(R) be a decreasing function with ¢ = 1 on [0, 1] and supp{ < [-1, 2], and
{(t) = {(t/e),e > 0. Denote the hyperplane S = {(£,7,&1,71,6,72) : &€ = § + &,
T = 71 + To}. Throughout this section, denote the integral

/[;h({, T, c,(l,‘l’l,fz,‘l'z)d(s = /1;/ h(f, T, fl,T1,f—§1,T—Tl)dfd‘l'd&d‘ﬁ,

where D c Sand D' = {(&, 7,41, 11) : (£, 7,8, 71,8, T2)} € D.
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Now, we get the stochastic estimate and the bilinear estimates. Hereafter, C
denotes a positive constant, whose value may change from one place to another.

Proposition 5.3.1. Let 0 < b < 1/2, { be defined as above, and h; € L2(R) (i=1,2, -, m).
Then¢g =Y 1" fé S(t - s)hidw;(s) satisfies (¢ € L2(Q; X, ) and

m
(1613 )< CY Ihillfg,
’ i=1

where C is a constant depending on b, |[{ll gn g, | |t|1/2(||i2(R), I |t|1/2(||Lw(R).

Proof. The method in Ref. [27] can be applied here with little modification, so we
omit it. [ |

In order to obtain the bilinear estimates, we give some notations and lemmas. Denote

h(, 1)

0=T+m(§), 0j=Tj+m(tf}'),j=1,2; fFK(f’T)= 0)

Lemma 5.3.1. ([122]). Letx > 3/8, p > 3(27;2), 2<q<6.Then

1
8
IDx Fill s < CIIhIILgL;,

”FP”L?LZ < C”h”LéL%'
Lemma 5.3.2. ([152]). If ] < ¢ <1, then

/ dx < ¢ (5.3.5)
R (L+ [x—aD)t@+x- B¢~ A+ ]a—-pP2-1t e

Proposition 5.3.2. Let 1/2 < b < 5/8 and 3/8 < b’ < 1/2. Assume that the Fourier
transform Fu of u is supported in {(¢,7) : || > N}, N > 0. Then

C
Iy, < —rlnly | ely - (5.3.6)

Remark 5.3.1. The similar result in Ref. [122] is 1/2 < b < 9/16 and b’ > 1/2, while b’ < 1/2
is needed in our case. Fortunately, we can prove Proposition 3.2 with litter modification
of the method used in Theorem 4.1 in Ref. [122].

Proof. Because the proof of the bilinear estimate for || Dy 19, (uu) || Xo,1 Can be obtained

in a similar way, we only prove the bilinear estimate for ||dy(u;u)|| Xo,-1+ BY duality, it
suffices to show
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|&1h(&, ) C
s W}—ul}—lhda < E”h”%ﬁ”ﬁ“%ﬁ ”f2||L§L%’
for h e L2(R), h > O, f; = (07)® Fuj,j = 1,2. Let
FFUE, )_f’(‘f D -1
(oj)*

In order to bound the integral, we split the domain of integration into two pieces.
By symmetry, it suffices to estimate the integral in the domain |&| < |&| and so that

1§1 < 2|8
Casel [{] <4a. SetD1 = {(&, i &,7T1,6,12) € S: N <2a < |&| < |&), |€] < 4a).

Since b < 2 and b >2 by Lemma 5.3.1, we have

dé < — —dé
(@b (o)?" (o) N& Jp, (@ (o) (02)P

/ 1€1(, 1) fi(&1, T1) f2(&, T2) C h(&, 1) |f1|8f1(f1,T1)f2(fz,T2)
D

C 1
§ il 2
< T IF1-bl 221 Dx Fbrlle Fy llzars
¢ h
< 7%” ”L?L%”fl”Lg,L% ||f2||L§,L% (5-3-7)

Case2. |&| > 4a. Set D, for the corresponding region. Notice that

M)
BEaR? )

which implies that if |&| > |&] > 2a > N, || > 4a > 2N, then

0—-01-03 =3B, <1 -a

max(|ol, |o1], |02]) > CI&&&.

Then one of the following cases always occurs:

@) lo| 2 [€11&111&15 (b) o] > [€11&11&15 (0) |o2] 2 [€]1&11162].

If (a) holds, let D,; be the corresponding region. Since b < g and b’ > %, by Lemma
5.3.1, we have

dé

/ |f|h(f,T)ﬁ(~fl,T1)f2(<fz,Tz)dsS/ IE1h(&, 1) filé, 1) f2(&, 12)
Dy D

()b (o)t (o) o (ENENIEDTE (o)t (o)

|&1]8 f1(fl,‘l'1) |fz|8f2(fz,‘l’2)
<[ rne o)
/Dzl |§1|§_b (o9)b |§2|§_b (o)
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C he, )lfll f1(th1) |52|8f2(€2,T2)

T N73b Upy, o)’ (02)?

C 1 1
< ——1|F DSF! DEF?
7N%_3b Il 0||L,2(L%” X b’”Lf:L?” X b’”Lf}L?

C
< W”h”%]} ||fl||L§L%||f2||L§L% (5-3-8)

If (b) holds, set D, for the corresponding region. Since b < 2 and b > 2 by Lemma
5.3.1, we have

/ |&1h(E, T)f1(51,T1)f2(fz,T2) </ IE1h(€, 1) filé, 1) fz(fz,Tz)dS
Dy (O (o)t (o) Dy (0)1D (|~f||~fl||le)b' (02)V'

sC/D )8 1y 818 5h(¢, ) fi(&, T1) |§2|sf2(52,12)

I i

C / |f|8h(~f T)f .t |fz|8f2(52,T2)

TN (o)1b (02)'

1 1
8 1 82
Dy Flfb”LiL? “FO ”L)Z{L% 1Dy Fb/ ”LﬁL?

7_3
N3b -7

C
< W”h”Lf(L%”leLéL%”fz”L?L% (5.3.9)

The argument for (c) is similar to (b).
By eqs (5.3.7)-(5.3.9), we have

C
lox(uu)llg,, | < N ||111||5(0 ” ||112||5<O 7

where ¢ = m1n{8, 7 —3b,3b" - %}. Since1/2 < b < 5/8 and 3/8 < b’ < 1/2, it follows that
¢= é. So the proof is completed. [

Proposition 5.3.3. Let 3 < b < <b’ < 1. Thenwe have

16’ 64

19x (el , < Cllulll;}o’b, ||u2||5(0’b,- (5.3.10)

Proof. Similar to Proposition 5.3.2, we only prove the bilinear estimate for
l|x(uiu2)lx, - By symmetry, it suffices to estimate the integral in the domain |&| <

|&]. Denote ]—'F{;, fj»j = 1,2 as in Proposition 5.3.2. By duality, it suffices to show that

& 1h(
/ g € ]—'ul}'uzdé < C||h||L2L2||f1”L2L2 ||f2||L2L2

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



136 —— 5 Applications

Casel. |&| < 16. Set E; for the corresponding region. For b < 1 and b’ > 1/3, by
Lemma 5.3.1, we have

1€1h(¢, T) fil&, T1) (&, T2)

B (O (o)? (o)

1 2
ds < CllF1-pll 21211 F MparsIFpllpags

< C”h”L%L% ”leLéL%”fZ”LEL%
Case2. |&| > || > 4, and |&| > 16. Notice that

M)

0-01- 0y =3B¢&&, <1 RETA

which implies that if |£]| > 2, |&;| > 2and |&] > 2, then

max(|al, |o1], |02]) > C|&1&.

Then one of the following cases always occurs:

(@) lol > 1§11&118215 (0) lol > [€11&11&l5 (€) loal > [§11&11141.

If (a) holds, set Ey; for the corresponding region. Since |¢| < 2|&|, by Lemma 5.3.1, we
have

/ |¢y|h(5’T)fl(fl,-,—l)fz(fz,‘l'z)d(s</ 1E1h, 1) filé, 1) (&, 12) s
By (OO0 (o)! (o) = Jey GNENEDTE (o) (o)
<c| neo 1& 177 (&, 1) 1612716, T2) s

Ex (o) (o)

1 1
3l 32
< ClIFoll 2.2 1Dx Fyrll a4 10X Fiyll a4

< C”h”L%L% ”fl”LéL% ”fZ”Lg,L%’

for2b-1<%,ie.b<Zandb’ > 3.
If (b) holds, set Ej, for the corresponding region. By Lemma 5.3.1, we have

/ |€|h(€y7)fl(§ly71)f2(€2,Tz)d6</ |£|h(€) T) fl({l"rl) f2(§2,T2)d6
En (O (o) (o) T S, (@FP (El&I&EDY (o)

"y
cof ELTHED G i

(o)1-b (02)?'

1
8 1 2
< C”D)?Flfb”L?L? ”FO ”L,%L? ”Fb/ ”LQL?

< C”h”LéL% ||f1 ”LéL% ”fz”LéL%’

forl<b <1,i<b<

NI—=
[e=118,]
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The argument for (c) is similar to (b).
Case3. |&|<4or|&|<4,and (€] > 16.

Using Cauchy—-Schwarz inequality and Fubini’s theorem, it follows that

o)b-1
I|// |€| fl(fl,Tl)fz(fz,Tz)d'fldﬁ“Lzlz

12
|~f|
<//012b(72)2bd€1dﬁ> ||L°°L$°||U1||X /||U2||X e (5.3.11)

Letq := % and

3
z1:=0-01- 03 =36+ - z [1— {7]

&
a0+ g1 )
Then
B _3pr o) [1+ ] (5.3.12)
d& 354( -q%)?

Noticing that |q| = |51| < 7 and a > 0, which implies from eq. (5.3.12) that | a7 ) > cg2,
we conclude by Lemma 5. 3 2 that

|<f| <// v d.{ldn)

s d& 12
<o (/4 A+ 21 - a|)4b’-1>

¥ 1 ( / dz )1/2
()70 1&] \J 2193101 1+ |21 — 0] )41

C

Estimates (5.3.11) and (5.3.13) complete the proof. ]

Based on Propositions 5.3.1 and 5.3.3, the well-posedness of eqgs (5.3.1)-(5.3.2) can be
proved by the following lemma and contraction mapping principle.
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Lemma 5.3.3. (see [27, 153]). Let O < a,b < 1/2, s € R,up € HS(R), h ¢ XST,C. Then we
have

”S(t)u0||5‘sTb < Clluollgss

t
I / S(t - S)h(s)dslgr, < CTPlhllg_.
0 S ’

Theorem 5.3.1. Let A € R, f € L2(R), h; € L*(R) (i = 1,2, --, m) and ug € L*(R). Then, for
P-a.e.w € Q, thereis a T > 0 and a unique solution u(t) of eqs (5.3.1)-(5.3.2) on [0, T],
which satisfies

u e C([0, T); I2(R)) N )}'&b.
Proof. From Proposition 5.3.1, we get

Ipllgz, < CIGBlix, (53.4)

where ( is given as before and T ¢ [0, 1] for P-a.e. w € Q. We fix w ¢ Q such that
eq. (5.3.14) and ug(w, ) € LA(R) hold. Set

z(t) = U®uo,  v() = u(t) - ¢(t) - z(2).

Then eq. (5.3.4) can be rewritten in terms of

t
v(t) = - / St-s)2v+ P +2)(v+ ¢ +2)y
0
+A(v + ¢ + 2) - flds. (5.3.15)
Let us introduce the complete metric space

T vT
By ={ve X, Ivigr <R},

with R = ||¢||5(gb + [[uollz2()- We set

Iv(t) = —/OtS(t -2+ P +2)(v+ @+ 2)x + A(v + ¢ + 2) — flds.

We will show that T is a contraction mapping in BL, provided that T is chosen suffi-
ciently small. With this aim in view, let v,v;,v, € B£ be adapted processes. Noticing
Propositions 5.3.1 and 5.3.3 and Lemma 5.3.3, we easily get

B 1-a-b(p2 2 2
ITvily, < CTV PR + 1915+ o)

Tvi —Tvollsr < CTY PR+ |dlor + luoll vi—Vallsr -
ITvy 2||X0’b ( ||¢||X0’b Iuollz2my) Ve 2||X0’b
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Define the stopping time T by
T = inf{t > 0,2Ct""* PR < 1/2}.

Then I maps Bj in 5{& , into itself, and

1
I'vi-Twallzr < zllvi—=vall3r
Tv1 2||X0,b 2|| 1 ZHXO,h

Thus, the contraction mapping principle implies that there exists a unique solution
uin 5(& p On [0, T] to eq. (5.3.15). It remains to show that the solutionu = z+v + ¢ ¢
X&C + X&b in C([0, T], L2(R)) (note that here b < 1/2,¢ > 1/2). Since ¢ > 1/2, we have
z € C([0, T], L2(R)) by the Sobolev imbedding theorem in time. Since S(-) is a unitary
group in 2 (R), we have ¢ as a continuous modification with values in 2 (R) similar to
Theorem 6.10 in Ref. [75].

Let i be any prolongation of u in XO,C + Xo,b, by Proposition 5.3.3, 8,11 € 5(0,,“ with
—% < a < 0. It follows that (see Ref. [153])

t
lor /0 S(t - s)adt’dsllz, . < Cla@)lg, -

Sincel-a > 1/2,u ¢ Xo,l,a c ([0, T], L2(R)), where @7 is a cutoff function defined by
@ € CP(R)withg =1on[0,1],and ¢ = 0ont < —1,¢ > 2. Denote @s(-) = p(671(-)) for
some § € R. This ends the proof of Theorem 5.3.1. [ |

Let Q = {w = (w1, wy, -+, wn) € C(R; R™), w(0) = 0}, F be the Borel g-algebra induced
by the compact open topology of Q, and P be the corresponding Wiener measure on
Q. In the sequel, we consider the probability space (Q, F, P). Then, we identify w with

(Wl(t)’ Wz(t)a Tty Wm(t)) = (l)(t), teR.
Define the time shift by
Or(ws) = w(s +t) — w(t), t,seR.
Then (Q, F, P, (0;)¢r) is a metric dynamical system.
We now associate a continuous RDS with the stochastic damped forced Ostrovsky
equation over (Q, F, P, (0¢)«r). To this end, we introduce an auxiliary Ornstein—
Uhlenbeck process, which enables us to change the stochastic equation (5.3.1) to a

deterministic equation depending on a random parameter. Denote

a; = 2||h1|| o (5.3.16)
H2(R)
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Then choose a sufficiently large k such that

m 2
x> 8(23;21“1). (5.317)

For eachi = 1,2, -, m, let p; be the stationary solution of the one-dimensional It6
equation

dp; + kp;dt = dwj, (5.3.18)

the solution of which is called an Ornstein—-Uhlenbeck process. We have
0
pi(t) = pi(Brw;) = —x / e (Ow;)(T)dr, teR.

—00

For this solution, the random variable |p;(w;)| is tempered, and p;(6;w;) is P-a.s.
continuous. Setting p(6;w) = X", hip;(6;w;), by eq. (5.3.18), we obtain

m
dp + xpdt = Z hidw;.
i=1

We now make the change n(t) = u(t) - p(6;w). Then n satisfies the following equation
which depends on a random parameter:

Mt + () = B — @D+ An = f + g, (5.3.19)
where
g = (i = Np(6w) + Bprux (0rw) + aD;'p(6,w) — (p(6;w)*)x = 2(p(6;w))x.-
Now, we give the global well-posedness of eq. (5.3.19) as follows.

Theorem 5.3.2. Let np ¢ I?(R). Then for P-a.e. w € Q, there exists a unique solution
n(, w, no) € C([0, +00); L2(R)) of eq. (5.3.19) with initial value n(0, w, o) = No.

Proof. The proof proceeds by a priori estimate. By the similar proof as in Ref. [122],
one can see that for P-a.e. w ¢ Q the above theorem holds. The detailed proof is
omitted here. [

By Theorem 5.3.2, we see that there is a continuous mapping from L2(R) into itself:
no — n(t, w, no), where n(t, w, o) is the solution of eq. (5.3.19) with initial value r. Let
u(t, w, up) = n(t, w, up — p(w)) + p(6:w). Then the process u is the solution of problems
(5.3.1)-(5.3.2). We can now define an RDS 1(t, w) in L2(R) by setting

Y(t, w, up) = u(t, w, up) = n(t, w; up - p(w)) + p(6rw), t > 0.
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Therefore, 1 is a continuous RDS associated with the stochastic damped forced
Ostrovsky equation.

5.3.3 Uniform estimates of solutions

In this section, we derive uniform estimates on the solutions of eqgs (5.3.1)—(5.3.2) when
t — oo with the purpose of proving the existence of a bounded random absorbing set
and the asymptotic compactness of the RDS associated with the equation.

From now on, we always assume that D is the collection of all tempered subsets
of L2(R) with respect to (Q, F, P, (6)r).

5.3.3.1 Random absorbing set in D.
We first derive the following uniform estimates on 7 in L?(R).

Lemma 5.3.4. Assume f € LA(R), h; € H3(R),h? € H'(R) (i = 1,2, -, m) and eq. (5.3.17)
holds. Let B = {B(w)}yeqa € D and no(w) ¢ B(w). Then for P-a.e. w € Q, there is
T =T(B,w) > 0suchthatforallt > T,

”rl(t’ G—tw’ Tlo(e—tw))Hp(R) < r(CU),
where r(w) is a positive random function satisfying
e‘%}“r(e,tcu) >0ast— oo. (5.3.20)

Proof. Multiplying eq. (5.3.19) by n and D;?n, then integrating it over R, respectively,
we can obtain,

d
2t Mgy * 24Uy = 20 + 8 Dpae)- (53.21)

Using integration by parts and Young’s inequality, we have

A 2 5 2
2, igagey < MMMy + T gy

A 5(k — A)? )
2((K - A)p(etw); rl)iZ(]R) < g ||rl”i2(R) + T ”p(etw)Hiz(R),
A 58°
2(ﬁpxxx(6tw)’ ﬂ)iZ(R) < g”rl”%Z(]R) + %”Pxxx(etw)”%z(m,
2(aD;'p(8 A 5 D@2
(aD; "p( tw),rl)p(R) < g”’l”izUR) + 7” et tw)“P(R)’

A 5
2 2 2,2
2(p(Ocw) s Wiz < & 1Ml + 71O 15 - (53.22)

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



142 — 5 Applications

Using integration by parts, it follows that

4((p(9tw)’l)m rl)f,Z(R) = 2(p(9tw)x, rlz)iZ(R) < 2”p(9tw)x”L°" ”n”%z(R)

m
<2 Ihill g PO 112, - (5323)

i=1

By egs (5.3.21)—(5.3.23) and (5.3.16), we obtain

d n 5
2 + (A - ai|pi(9tw)|> 10y < 1 + HO®),  (53.24)
i=1

where
(k= A)? 2
h(0rw) = = 11PBew)ll7y g
. .
2 (B0 O gy + PIDL PO ) + PO )

Since f € LA(R), h; ¢ H3(R), h? € H(R)(i = 1,2, -, m), we have
5 m
W2 + HOw) < C (1 +)_(piBew)* + |pi(9tw)|“)> =10(6iw).  (53.25)
i=1

Applying Gronwall’s lemma to eq. (5.3.24) and by eq. (5.3.25), we find that, forall s > 0,

. 'S .
In(s, w, no(w))n%z(R) <e s I e )3 Ipl(erw)\dr”no(w)”%Z(R)

s S
+ / ST a3 10Gwdry (6, ) do. (5.3.26)
0

Replace w by 0_;w with t > 0 in eq. (5.3.26) to get that, forany s > O and t > O,

_As m . (S (07— d
In(s, 6w, no(G_tw))H%Z(R) < e M 5 1pi(Br—cw)) T||n0(9—tw)||%2(R)
s
+/ e M-+ o Is 'Pi(gf-‘“’)ldfro(eg,tw)da
0

_ m . st .
=e As+3 il g 5 |P1(9r0-')|dT”rlo(g_tw)”%z(R)

st
+ / e Ns-0-0+ 1 o [ piCrw)ldty (9 _o)do.  (5.3.27)
-t

By eq. (5.3.27), it follows that for all ¢ > O,
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m , 0,
||r1(t, 0_tw, No (6_¢w)) ”I%Z(R) < e_AHZi:l a; ¢ |pi(6rw)|dT M0 0_1w) H%Z(R)

0
+/ Ll i fy pirldty, (9,w)do.
-t

(5.3.28)

Note that |p;(6sw)|(i = 1,2,---,m) is stationary and ergodic [66]. Then it follows from

the ergodic theorem that

.10
lim - / lpi(6sw)ds = E(|pi(w))).
— 00 —_t

Combining eq. (5.3.29) with the following inequality:

E(joi())) < (E(pi(w) )2 < ﬁ

we obtain

1 [© 1
lim - i —.
tiTot/,, lpi(6sw)|ds < o

By egs (5.3.17) and (5.3.30), there is To(w) > O such that for all t > To(w),

m 0 m
2y Lt 1
Z“i/ |pi(Bsw)|ds < 2) i Gt < ZAL
i1 Ut V2K 2
By egs (5.3.28) and (5.3.31), we find that, for all t > To(w),

1
In(t, 0-cw, no(0-cw))12, 5 <€ 2 [M0(6-w)I12, 5,

0
N / AT EE @[3 i Orw)ldry (g 0))dg.
-t

Since |p;(Oyw)| is tempered, the following integral is convergent:
0 m 0
n(w) = / L1 4o 1PiCr)ldTy, (9, ) do.

Hence,

In(t, 64, No(O-cw) 2,5, < € ¥ Ino(0-w)]

2

2®) +n (w)

By assumption, {B(w)}ycq € D is tempered and hence we have

1
e 4M||710(9-tw)||%2(R) —~0ast— oo,
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from which and eq. (5.3.34), it follows that there is T = T(B,w) > 0 such that for all
t>T,

In(s, 6w, no(0-tw) 2y < v2r1(w) := r(w). (5.3.35)

Next, we prove r(w) satisfies eq. (5.3.20). Replacing w by 6_;w in eq. (5.3.33) we obtain
that

0
r(0_.w) / IS 4 [ POy (9 o)

-t
- / AT 0 [ lpiOrlldry (9 o)) do

~t
1 1 0
< e / e+ i ai g pibrw)ldry (g ) do

oo

0 )
< et f e Moyl i fg bi®rwldry (9 w)do. (5.3.36)

By eq. (5.3.31), we have

e M0 w) = e M2 (0 w)
0

< e"%’”(/ e 4 5 Pi6r)ldTyo (9 1) do) 2 - 0, as t - oo,
which along with eq. (5.3.35) completes the proof. [ |
The next lemma shows that i has a random absorbing set in D.
Lemma 5.3.5. Assume f € L2(R), h; € fI3(R),hl? e H'R)(i = 1,2,--, m) and eq. (5.3.17)
holds. Then there exists {K(w)}ycq € D such that {K(w)}yeq is a random absorbing set
fory in D, that is, for any B = {B(w)}yeq € D and P-a.e. w € Q, there is Ty > 0 such that

Y(t, 6-tw, B(6-1w)) c K(w) vVt > T;.

Proof. Let B = {B(w)}ycq € D and define

Bw) = {n € L’(R) : Inllja < 14(@)j2g) + 1p@)ll2g),
u(w) € B(w)}. (5.3.37)

We claim that if B = {B(w)}y,eq € D, then B= {B(w)}weg e D.
Note that B = {B(w)}ycq € D implies that

lim e Md(B(O_w)) = 0. (5.3.38)
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Since p(w) is tempered, eqgs (5.3.37)—(5.3.38) imply that
tlim e M A(BO_w)) < tlim e M AB(O_w)) + tlim e oMt Ip(6-w) |72
=0, (5.3.39)

which shows that B = {B(w)}weq € D. Then by Lemma 5.34, for P-a.e. w ¢ Q, if
no(w) € B(w), thereis T; = T1(B, w) such that forall ¢t > T,

”rl(t’ e—tw’ T]O(e—tw)) |Ii2(R) < r(w)’ (5~3'4O)

where r(w) is a positive random function satisfying

tlim e M (6_,w) = 0. (5.3.41)
Denote
K(w) = {u e L*(R) : ||ull o) < 1(@) + [1p(@)ll 2y )- (5.3.42)

Then, by eq. (5.3.41), we have

tlim e‘%’“d(K(H_tw)) < tlim e‘%’“r(e_tw) + tlim e‘%’“||p(9_tw)|| 2R)

=0, (5.3.43)
which implies that K = {K(w)}yeq € D. We now show that K is also an absorbing set of
Y in D. Given B = {B(w)}yeq € D and up(w) € B(w), since Y(t, w, up(w)) = n(t, w, uo(w)-
p(w)) + p(B:w), by eq. (5.3.40), we get that, for all t > Ty,

(¢, 0w, UO(G—tw))”iZ(R) <lin(t, 6w, no(e—tw))llp(R) + IIP(w)Ilp(R)
<r(w) + [Ip(@)lz2)» (5.3.44)

which implies that
l/)(t, 0w, I’[()(e_[a))) c K((U) vt > T, (5.3.45)

hence K = {K(w)}ycq € D is a closed absorbing set of 1 in D, which completes the
proof. [ ]

To obtain the random attractor for eqs (5.3.1)—(5.3.2), we need to establish the existence
of a compact random absorbing set in L%(R). This will be done as in Ref. [122]. That is,
we split the solution 7 in eq. (5.3.19) into a decaying part v and a regular part 6, i.e.
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n =v+ 6. To determine v and 8, we need to split eq. (5.3.19):

8¢ + (8%)x — PO — aD;16 +A6 = f = 2PN((6v)x + vVy) + Pyg, (5.3.46)
Ve + PY(V)y) = Bva — aD v + Av = —2PN((6v),) + PNg, (5.3.47)

with the initial date

80 = 8(t = 0) = Py(uo + p(w)), vo = v(t = 0) = PN(up + p(w)). (5.3.48)

5.3.3.2 Well-posedness and decay of the v part of the solution
Use 6 =  — vto rewrite eq. (5.3.47) as

Ve — PV((VD)y) = Bvxxx — aD v + Av = =2PN ((nv),) + PNg. (5.3.49)
The local well-posedness of eqs (5.3.49)—(5.3.48) can be proved in an analogous way to
that for egs (5.3.1)-(5.3.2). Furthermore, we may consider eq. (5.3.49) starting from any
time ty > O, i.e.

Viy = Vlto, w, vo(w)) € L2(R). (5.3.50)

Then, by the fixed argument, we find a solution v of the equation
t
V= GOS0, + ) [ S(E= PV -1~ 2P ay(a) - PV,
0
Applying the estimates from Section 5.3.2, we find that for T sufficiently small,

171, < CIVvollzzqey:

for 0 < b’ < 1/2. Since ¥ coincides with the solution v of eqs (5.3.49)—(5.3.48) locally in
time around the origin, we see that

||V||5([—;,T] < Clve 2 (ry- (5.3.51)
0,b"

We may repeat the argument above for an interval centered at a different initial time
to (in the interval of definition of v) to obtain

||V||Xg(l);T,fo+T] < C”V(tO)HiZ(]R)’ (5352)

where T = T(IV(to) l2(a» [14(t0) I2(z» 191 2¢sy5 A) s small.

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

5.3 Stochastic damped forced Ostrovsky equation = 147

The following lemma gives the decay of v, obtained by the bilinear estimate (5.3.6).

Lemma 5.3.6. Assume f ¢ L*(R),h; ¢ H*(R),h? ¢ H'(R) (i = 1,2,-~,m). Let B =
{B(w)}weq € D and ug(w) € B(w). Then for every € > 0 and P-a.e. w ¢ Q, there exist
T, > 0 and sufficient large N, the solution v of eqs (5.3.49) and (5.3.48) satisfies, for all
t>Ty,

IV, 0w, Vo (6-)) 3,5, < €.
Proof. Similar to eq. (5.3.21), we have
2tV * VI = 2PY ()0 + PYg, Vo). (5.3.53)

By the bilinear estimates (5.3.6), Holder’s inequality and Young’s inequality, we have

((I’IV)X), ZV)]:Z(R) == (fl, (Vz)x)iZ(R)
<lnllgy, , 102kl |

C
<—rlnlg ,IVI5 (5.3.54)
Ns 0,b 0,b

!

(p1)x, ZV)iZ(]R) < C”v”}?o,l—b ||(Prl)xllgo,b71

<— vl ; ;
T Wlsy, el Il

/

A
+ Z||v||2 (5.3.55)

C
2 2
<—lnlis  liells P
Ni Mo Py L2G)”

C A
(0> Vi) < oy ||p||§*~(0’b, 5 V1172 (5.3.56)

(PN[(K - A)P + ﬁpxxx + ‘XD;IP], ZV)iZ(R)

_ A
<CIPY(p + pc + D P11, + 3 V1725 (5.3.57)
From egs (5.3.53) to (5.3.57), we obtain
2tV + VI, = 81+ CIPY(0 + pooc + PNDIPIE, ), (5:358)
where
C 2 C 2 2 C 4
= — 2 V[ + — < S+ — M
g1= il WG Il s el
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Integrating eq. (5.3.58) from ¢, to t, we obtain, for all t > tg

—2A(t-to)

IV, 0, vo(@)I1Z, ) < IV(to, , Vo(@)I12,

L2(R)
[ P @)  CIP o pa + DI M
to
Replacing w by 8_;w in the above, we find that, forall t > O,
IV(E, 0-1, vo(O-w))IZ,

t
< [V(to, 61, Vo (8|13, 5, ) + / e I gi(0-w)
to

+ CIPY (p(8s-1) + proux (Bs-1) + D' p(Bs-)) 12, Ids. (53.59)
Similar to eq. (5.3.35), we have
[V(to, 0-¢w, vo(B—w)) 12, .., < 2r1(w). (5.3.60)

2(m)

By eq. (5.3.60), we find that, given € > 0, there is T; = T;(B, w, €) > 0 such that for all
t>T,,

[V(to, O, vo(O_w) |2, e 210 < ¢, (5.3.61)

2w°

Using eq. (5.3.52) with ¢y = s, for t € [to, ty + €], we obtain

N3

t C t
/ e g, (0 w)ds < = f eIy, , V65, 6w, vo(B-w) I
to to

il (Un(s, 6-w, vo(0-w)lify g, + llply ]ds.  (53.62)

Similar to Proposition 5.3.1, we have

Elpll, , < CZ 1Ri112,

hence, for P-a.e. w € Q, it follows

m
lpllg, ,, < €D Ihill 2 (5.3.63)

i=1

Similar to eq. (5.3.52), we have

Ml s, < Clin(to)lz2(g)- (5.3.64)
0,b’
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By eqs (5.3.62)—(5.3.64), given € > 0, for N large enough, we have

t
/ e Mg (0_w)ds < €. (5.3.65)
t

0

Since h; € H3(R), there is Ny > 0 such that forall N > Nj,

m

/ Sdx <e, (5.3.66)
|x|>N

i=1

where

8 = 2k + 217 (hs(f)) P+ 17 )P + 27 (h"(f)> .

By eq. (5.3.66), the last term on the RHS of eq. (5.3.59) satisfies

t
/ e EIC PN (p(65-1w) + P (Bs-1) + Dy p(Bs-c)) 12, d
t

0

t m
<Cm? / e‘zm‘s)z / 221pi(0s-tw)|dxds
t = SN

0

t 0
<eC / e A9 p;(05_¢w)|ds = eC / & |pi(0sw)|ds
¢ to-t

0

0
<eC / s |pi(Bsw)|ds := eCry(w). (5.3.67)
This completes the proof. [

Lemma 5.3.6 implies that the solution v is globally defined and decays to zero in [A(R).

5.3.3.3 Regularity of the 6 part of the solution
Since 1 and v are defined globally in time, so is § = n — v. Next, we prove an H3(R)
bound for 6 = Py6 + PN6.

Using eq. (5.3.34), we first observe that

lim sup | Py, 6-w, Pu6o(6-cw))Is e,

<lim sup N°||8(¢, 6—tw, PySo(6-1w)) ||%2 ®
t—oo

<lim sup N?||n(t, 6_tw, no(6_w)) 72y < CA+ r(w))N>. (5.3.68)

t—o0
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Hence, we focus on an H3(R) estimate for PN§ = y. From eqgs (5.3.46), (5.3.48) and
PN(Py) = 0, it shows that y is the unique solution to the following equation:

Ve + 2PV (PN6 +y)(PN6 + Y)x — By — aDy'y + Ay = PVf, (5.3.69)
y(0) = 0. (5.3.70)

We can obtain that the H3(R) bound for y is equivalent to prove an L2(R) estimate on
y' = ¥+, which solves

Vi + PN((Pn6 + 1)V )x = BV — DYy + Ay’ = —=PN((PN6 + y)(PNO))ss (5.3.71)
y'(0) = PNf — PN (Py6(0)(Pn S(0))y). (5.3.72)

Similar to the arguments in Lemmas 5.3.4 and 5.3.6, we can obtain
/02
lly ”iZ(R) < C(N,w) Yt > 0. (5.3.73)
Therefore, there exists C > 0 such that

16(t, 6-tw, 50(6_tw))||12€13(R) < C(N,w) Yt > 0. (5.3.74)

The following energy equation for § will be used in the next section:

t

1612, =116(C0)I12, 5 e +2 / S ROTA

I2(R) o

t
-4 / E_M(t_s)(PN((&/)x +=x), 6)Z2(]R)ds

to

t
+2 / e Mg, 8)13 g ds. (5.3.75)

to

5.3.4 Asymptotic compactness and random attractors

In this section, we prove the existence of a D-random attractor for the RDS ) asso-
ciated with the stochastic damped forced Ostrovsky egs (5.3.1)—(5.3.2) on R. It follows
from Lemma 5.3.5 that i has a closed random absorbing set in D, which along with the
D-pullback asymptotic compactness will imply the existence of a unique D-random
attractor. The D-pullback asymptotic compactness of ) is given below.

Lemma 5.3.7. Assume that f € L2(R). Let B = {B(w)}weq € D and Uon(0-t,w) € B(O_,w).
Then the RDS ) is D-pullback asymptotically compact in L*(R), that is, for P-a.e. w € Q,
the sequence {Y(tn, 6, w, uo,n(0-¢,w))} has a convergent subsequence in L*(R) provided

tp — oo.
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Proof. Let B = {B(w)}wea € D, uon(0-,w) € B(0_t,w) and t; — oo. For P-ae. w € Q,
we have

{6n(tn +-, 9—(tn+~)a)y50,n(9—(tn+~)w))}n
is bounded in C([-T, T]; H3(R)), (5.3.76)

and, for the time derivative

{8¢6n(tn + -, 9—(tn+»)a)a50,n(9—(tn+»)w))}n
is bounded in C([-T, T]; L4(R)), (5.3.77)

foreach T > 0 (and starting with sufficiently large n so that t,—T > 0). By Arzela—Ascoli
theorem, there is a subsequence of {6, (ty + -, 0_(,+)@, 60,n(0(,+)@))}n such that

Sm(tm +  0—(t+)@580,m(6 (1 +y@)) ~ () strongly in C([-T, T1; H;, . (R)),
weakly star in L= ([-T, T]; H3(R)), (5.3.78)

for all s € [1, 3). From eq. (5.3.74), we find that

5m(tm +, 9—(tm+[)w’ 60,m(6—(tm+t)a))) - fl(t)’

weakly in H3(R) V¢ € R. (5.3.79)
Thus, to prove
Sm(tm, O-ty , 80,m(0-t,,w)) — 7(0) in L*(R), (5.3.80)
we need only to show that for P-a.e. w € Q,
i Sup |18y (b, O-t s So,m(O-t ) 1755 < IO ) (53.81)
By Lemma 5.3.6, we find that

Vn(n + £, 0-(ty 1002 Vo Bty s0@) 17y > O

uniformly fort > -T VT > 0. (5.3.82)

By egs (5.3.78) and (5.3.82), taking the limit in the weak formulation of the equation for
6r, we can prove that 7] is a solution of eq. (5.3.19) and satisfies the energy eq. (5.3.21).
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Integrating eq. (5.3.21) with 1 = 7} from —T to 0, we obtain

1012, gy = 1D, g8

I2(R)
T
-2 [ PTG+ g, (53.89)
0
where
g=f+ k=P +Poxx + aD'p — (0*)x = 207 (=T + 5))x. (5.3.84)

We now rewrite the energy equation (5.3.75) for 8,(t,) with t = t, and to = t,, - T:

T
180(tn) 17, ) = 18n(tn = T2, 50627 +2 /0 e M TI(f, 6,);2z)dS

T
-4 f e M) (PN ((6V)x + v Vi), 6n)]:2(R) ds
0
T
+2 / 2T (g, 6,) 1205, (5.3.85)
0

where for notational simplicity, we omitted the argument t, — T + s of the functions
inside the time integrals. By using the uniform boundedness of §, in H>(R), decay
estimate of v, in Lemma 5.3.6 and weak star convergence of §, we obtain

2

lim sup || 6m (tm) ”iZ(R)

m—+oo

T
<Ce 42 / e 9@, (=T + $)pa - (5.3.86)
0

By substituting eq. (5.3.83), we obtain

. 2
1im Sup |6m (tm) I,
AT |, 115 2 = 2 -2AT
< €™ + (055 = MDDy s (5.3.87)
forany T > 0. Let T — +o0, we find
lim sup [|8m(tm, -, w5 So,m(O-t, )12, .. < ClI7(0)]12 (5.3.88)

L2(R) 2R)"

m—+oo

So we conclude that as m — oo

Nm(tm, Oty @, No,m (M-t ) = Em(tm, Ot @, 60,m (01, w))
+ Vm(tm, 0-4, w, Vo,m(0-4,w))

—7j(0), strongly in L2(R). (5.3.89)
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Since Y(t, w, uo(w)) = n(t, w, up(w) — p(w)) + p(6:w), by eq. (5.3.89), it shows that i is
D-pullback asymptotically compact in L2(R). [

We are now in a position to present our main result as follows.

Theorem 5.3.3. Assume that f € L*(R). Then the RDS Y has a unique D-random
attractor in L*(R).

Proof. Notice that 1 has a closed random absorbing set {K(w)}yecq in D by Lemma
5.3.5 and is D-pullback asymptotically compact in L2(R) by Lemma 5.3.7. Hence, the
existence of a unique D-random attractor for i is obtained immediately. [

5.4 Simplified quasi-geostrophic model

In order to study the oceanic dynamics and its influence on global climate, we focus
on the dynamic equations that describe the motion of the ocean. One of the pion-
eers of Meteorology is V. Bjerkness who pointed out that the weather forecast can be
viewed as a set of initial boundary value problems on mathematical physics. Taking
the Boussinesq approximation and the hydrostatic balance into account, the primitive
equation of large-scale ocean [216] is derived from the full Boussinesq system.

Due to the complexity of the primitive equations, difficult to study both in theory
and in numerical, Charney and Philips [56] proposed a simplified quasi-geostrophic
model, which is an approximation of rotating shallow-water equations for the small
Rossby number. Hereinafter, we will refer the quasi-geostrophic model as the QG
model. This section will concentrate on the QG equation and the associated dynam-
ical system with stochastic external force and the reader may refer to Refs [32, 83, 120]
for more information. We consider the following 2D stochastic QG on a regular enough
bounded domain D c RZ,

(5 o = s ) Q=P foy) = o= T fly, 0, ()
where ) is the stream function, %Azl/) is the viscous term, — %Al,[) is the friction, F is the
Froude number (F ~ 0(1)), R, is the Reynolds number (R, > 10%), B is a positive con-
stant (Bo ~ 0(1071)), r is the Ekman dissipation constant (r ~ 0(1)) and f(x, y, t) = —‘%V
is a Gaussian random field, which is white noise in time and subjects to the restrictions
imposed later.

LetA = —RieA, then A : L*(D) — L*(D) is defined in D(A) = H*(D) n H}(D). Here
L*(D), H*(D) and H} (D) are the usual Sobolev spaces with | - |, being the norm of LP(D)
and || - || being the norm of H} (D). Then the operator A is positive, self-adjoint with the
compact operator inverse operator A~1. We denote by 0 < A; < A, < --- the eigenvalues

of A and by ey, e, --- the corresponding eigenvectors that form a complete orthogonal
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basis of H}(D). Remark that for any u ¢ H}(D), we have inequality Rie ull? > Ajulfs.
Finally, we note {e 4} is semigroup generated by operator —A on L?(D).
Let the stochastic process W be a two-side Wiener process

W) =) uiwie;,

i=1

where w1, wy, --- is a collection of independent standard Brownian motions on a prob-
ability space (Q, ., P), and the coefficients y; satisfy the condition: there exists 8; > 0,
such that

)

T M
All/ 2-2B1

i=1

Consider the following boundary conditions:

Ylx,y,t) =0, 3D,

(5.4.2)
AY(x,y,t) =0, aD.

For any u € L(D), by solving the elliptic equation with Dirichlet boundary condition

FY-AY =u,
llJ(X, Y, t)|8D = O,

we get ¥ = (FI - A)"'u = B(u). Using the elliptic regularity theory, B : L(D) - H}(D) n
H?(D) is established. Therefore, eq. (5.4.1) can be rewritten as

r F r aw

us +J(@p, u) — Popx = R%Au + (R% - 5) u-F (Rj - 5) P+ = (5.4.3)

where ) = B(u), ] is the Jacobian operator defined by J(i), u) = % g—; - % 8 Defining

GW) = —J(, u) + Boby + (R% - %) u-F (é - 5) 1, the problem is transformed into

aw

1
ur— —Au=G6Wu) + —, 54.4
‘"R (w) at (5.4.4)
with the boundary condition and initial condition,
ulsp =0,
lon (5.4.5)

u(x,y,0) = uo.

We note that dynamical systems (5.4.1)-(5.4.2) correspond to the problem of
eqs (5.4.4)—(5.4.5).

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

5.4 Simplified quasi-geostrophic model =—— 155

5.4.1 The existence and uniqueness of solution
Equations (5.4.4)—(5.4.5) are rewritten as the following abstract form:

du = —Audt + G(u)dt + dW,
(5.4.6)

u(0) = ug.
Consider the linear equation

du = —Audt + dW,
u(0) = ug.

The solution of the above linear equation is unique and can be expressed as
t
Wa(D) = / A (),
0

Here, W, (t) has continuous version that takes value in D(AY4*#), B < B, for P-a.e.w € Q.
Particularly, it has a continuous version in

Co(D) :={u : u € C(D), u is compactly supported in D}.
Let
v(t) = u(t) - Wy(f), t>0,

then u satisfies eq. (5.4.6) if and only if v satisfies the equation

&+ Avdt = G(V(t) + Wa(0)), (5:4.7)
v(0) = up. o
This will be written in the following integral form:
t
v(t) = e Aug + / e AS)G(v + Wy)ds, (5.4.8)
0

and we say the solution v of eq. (5.4.8) is the mild solution of eq. (5.4.7).

5.4.1.1 Local existence

In the following, we will employ the Banach fixed point theorem to prove that there
exists a T > O such that eq. (5.4.8) has solutions in C([0, T]; L%(D)), for any m > 0, we
define

2(m, T) = {v € C([0, T]; L’(D)) : [v(t)|> < m, Vt € [0, T]}.
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Lemma 5.4.1. If for P-a.e. w € Q, ug € L>(D) and m > |ug|,, then there exists a T such
that the integral eq. (5.4.8) has a unique solution in X(m, T), and for P-a.e. w € Q,v ¢
C((0o, T); H*(D)) withO < a < %, here H*(D) is the usual Sobolev space.

Proof. First, we review some properties of the semigroup e [199]:
—tA —tA
e A% = A%,
c
a,—tA
|A e u|2 < t7a|u|2’
—tA
e uly < cluls.

Hereinafter, C represents the positive constant, which may vary from one line to an-
other one. The definition of fractional-order differential operator A% can be found in
Ref. [199]. For fixed w € Q, define

t
My(E) = e Ayg + / eCIAG((s) + Wy(s))ds,
0

then

IMv()l,= sup  [{Mv,o)],
Pel2(D),|glp=1

where (-, -) is the inner product in L?(D) and
t
(Mv, @) = (™o, @) + / (€IAG(s) + Wa(s), p)ds.
0

Assume that ¢ € C3°(D), v + Wy € H)(D), which can be achieved by the fact that C3° is
dense in L?(D), and here C5° denotes a collection of infinitely differentiable functions
with compact support in D.

Let = B(v + Wy), and

J =(CAG(v(s) + Wa(s)), @)

=/ ples)-a) [P O+ W) 99 3(v+ Wa)
D 0x ay ay ax

+Bo(B(v + W)y + (Rie - g) v+ Wa) _F<R£e B g) lp} Y

_ / (o POV W) / plt-s)-a) 0 9V + Wa)
D ox 3y D Jy  ax

F r F r
(t-s)-A) ( &= _ © W _ t-s)-Ap (L
+fpe (Re 2>(V+ alp /De <Re Z)W

+Bo fD eCIABW + Wa))xp = J1 +Ja +J3 +J4 + 5. (5.4.9)
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Using integration by parts and Hélder’s inequality, we get

paa 0P (v + Wy)
|h|=|[e 4 S)Aa—wi’*w
D X ay

0
| /D (e-“-s)Aa—fgo)y(v S W)l

e 3 1/2
s(/ (e S)A—ll’fp)yF) v+ Wal
D ax

2
(- 17/ . %Y !
(t-s)A (t-s)A 2
< e — +e —_— v+ W,
</D I( o)y i (p8x8y| | al2

e 9 1/2 o
<c [(/ (e S)A¢)Y%|2> £ 1e M| v+ Wal | v+ Wala, (5.410)
D

where we used |||z < c|[v+ Wyl and || ||gg denotes the usual Sobolev norm of H4(D).

By Holder’s inequality, Sobolev’s embedding theorem, Gagliardo—Nirenberg’s
inequality and Poincaré’s inequality, the first summand on the RHS of inequality
(5.4.10) has

(/D |(e(tS)A<p)yil£|2)l/2 g (/D |(e(tS)Aq))y|4>1/4 (/D |Z'£|4)1/4

<cll(e @)y Il 1l
_(t_s)A<P||H3/z [v+ Wylz

<clAe Mg ||y + Wal,

411
<cle (G411

<c(t - )" 1plalv + Wala.
Similarly, one can get

—(t-s)A —(t-s)A

2 2
le )|V + Wyl5 <cle @l greeo [V + Wyl3

<claz*®oe |y + Wy 2 (5.4.12)

<c(t - 5) |l + Wal3,
where g is a positive constant. Applying eqs (5.4.10)—(5.4.12), it is not difficult to get
il < c(t =) Iphlv + Wal} + clt - 5y 30 gyl + Wal3. (54.13)
Similarly, we obtain

_ _1
ol < ¢t = 8) > |@lalv + Wal3 + c(t = s) 20| @l |v + Wy 2, (5.4.14)
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F r
sl == - 1 / ey 1 W)l (5.4.15)
R 2" Jp
<cle” AW + Wa)lalgls < clv + Walal@la,
F r e
sl =|F <R - 7) I / e 9y (5.4.16)
e 2 D

<cle” 5 g,
<clplalolr < clv+ Walslel,,

sl =Pol [ B+ W
<Pol /D e B + Wa)l2lol2 (5.4.17)
<c|(B(v + Wa))l2l@l2 < clv+ Wyl2|@la.
Thus, by eq. (5.4.9) and the above estimates of J;, we obtain
IMV(D)2 < [uola + c(E + £270) v + Wa[2 + ctlv + W (5.4.18)

Obviously, for any m > |ug|,, there exists a T; > 0, such that Mv € Z(m, Ty).
For any vy, v, € 2(m, Ty),

My — My, = / eI Gy + Wi () - Glva + Wa(s))ds.
0

Similar to eq. (5.4.18), one can get
IMvy — My, < (6% + £2750) sup (jvy(s) + Wa(s)]2 + [va(s) + Wa(s)]2)
O<s<t

x sup [v1(s) = va(s)|z + ct sup [vi(s) = va(s)lo.
O<s<t O<s<t
Thus, one can choose an appropriate T, > 0 such that M is a contraction map.
Let T = min{Ty, T>}. By the Banach fixed point theorem, eq. (5.4.8) has a unique
solution in X(m, T). Noting for v, a similar result as eq. (5.4.18) enables us to obtain
v e C((0, T]; HX(D)), O < a < 1/2. In fact, we can prove

a 1_«a 1 . _«a _Q
JAY2MV|; < t2|ugly + c(th2 + 27507 2) v + Wy |3 + et 2 |v + Wy,

5.4.1.2 Global existence
In order to establish the existence of global solution, we need to make some prior
estimates.
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Lemma 5.4.2. If for P-a.s. w € Q, v € C([0, T]; L?(D)) is the solution of eq. (5.4.8), then

2
V()13 < (Juol3 + eV, + cv2,)e et

where Voo = Supoi<t |Wal(t)|oo-

Proof. Fix w € Q. Choose {u}}} c C3°(D) such that u}} — uo in L*(D) and let {W}} be aset
of sufficiently smooth stochastic processes so that

t
W(e) = / e IMGWN(s) - Wa(6) in C(0, To) x D) for a.s.w e Q.
0

From the proof of Lemma 5.4.1, we see that there exists v"* € C([0, T"]; L?(D)), such that
T" - T and V" — v is strong convergence in C([0, T]; L(D)), where v is a weak solution
of eq. (5.4.8). Then we have

n

AV = GO WD), V') = i, (5.4.19)

Doing inner product with v", we get

1d 1
MW"B + R—env"n2 = /D GO" + Wi(d))v". (5.4.20)
By
/ JBE"), vV =0, / J(BWD),v"W" = 0,
D D
we have
| /D G + Wi
-] /D (TBO™ + WD), v+ WD) + Bo(BO! + W),
F F
+ (Rj - g) (V" +W))-F (R—e - %) B(" + WZ)) VN (5.4.21)

<| fD JBWD), WV + | /D JBOM), WV

F r F r
+|/;<Ee—§).(v"+W£)v”|+|/DF(R—9—E>B(V"+W2)V”|

+ Bo| /(B(v" + WOV = h+L+LE+1,+ I
D

Now we estimate I;,1 < i < 5. Using integration by parts, Holder’s inequality and
Young’s inequality, we get
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I |/ aB(W)) owy . 9B(W)) dW) a
= vt — v
! p Ox ay ay ax
aB(W?" vt AB(W7] v
=|/ ( A)WZ' V' 9B( A)WE v
p Ox ay ay ax
OB(W?) v OB(WY) vt
< Wn oo A o + er oo A o
[Wyle| o |2 oy 2+ [Wylool oy 2] P 2
aB(W™) oB(W"
<c|wh? A2, A2 12)| + gV
<c| Wil (l P [+ oy 1)1 +ellv*l2

2 2 2 4 2
<CIWylo IWR13 +lV'° < clWile, + V%,

where € > 0 is a positive constant. Similar to the estimate of I;, we can also obtain

L < c|[WRIZ V"5 + ev)12, (5.4.22)

L < V" + WLV < V'3 + [WR T2, (5.4.23)
I <c|B(" + W)L V"2

<V + WLV, < V'3 + [WRIZ, (5.4.24)
Is <c|(BUW" + W))l2[V"]2

<V + WLV, < V5 + [WR1%.. (5.4.25)

Substituting the estimates of I;, 1 < i < 5 into eq. (5.4.20), we get

1d 1
"5+ o IV < 28IV + QU WAV + cIWRIE, +3IWIL,.
e
Choosing a sufficiently small €, such that
d n2 1 n.2 wn 2 n2 wn 4 wn 2
E'V 5+ Rj”v 17 < c(U+ [WRIE V"3 + clWylS, + 3IWglL,
and applying the Gronwall inequality, we obatin
t
V'3 < Belo WA / (cIWS, +3[WER, el O+ WiRMdrgs  (5.4.26)
0

Letting n — oo, we get

t
t n,2 t n 2
V()13 < [uo|Ze/o I Wale)ds / (cIWZ1%, + 3IWjI2,)els Wil g
0

<lug |§ec("2°° Dy ooV, + 32, )ectee Dt
< (luo2 + v, + V2 )ecteet D, (5.4.27)
This completes the proof. [ |

EBSCChost - printed on 2/10/2023 4:53 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

5.4 Simplified quasi-geostrophic model =—— 161

Theorem 5.4.1. If for P-a.s., w € Q,uy € L?(D), then eq. (5.4.7) has a unique global
solution v(x, y, t) and for P-a.s. w € Qand T > 0, v € C((0, T]; H*(D)) with (0 < a < 1/2).

5.4.2 Existence of random attractors
Forany a > 0, let

t
20 - W30 - [ vaws)

—oo

where W{(t) is the weak solution of the following initial value problem:

dz = —(A + @)zdt + dW(t),
2(0) = [° s A+ aw(s).

Obviously, if u is the weak solution of the following initial boundary value problem,

du - iAudt = G(u)dt + dW(p),
(P)  {uls,w) =us

ulsp =0,
then v(t) = u(t) — z(t) is the solution of the following problem:

dv = -Av + G(v + z)dt + az,
P2)  {v(s,w) = us —z(s) (5.4.28)

V|op = 0.

5.4.2.1 Well-posedness and regularity of solution with problem (P;)
In order to investigate the asymptotic behavior of solutions for the problem (P;), we
must study higher regularity about v.

Theorem 5.4.2.

(i) For T > s, us € L?(D) for P-a.e. w ¢ Q, the problem (P,) has a unique solu-
tion v e C(s, T; L*(D)) n L%(s, T; H)(D)) in the weak sense for P-a.s. w € Q.
For any B < B, the solution u = v + z of the problem (Py) satisfies u ¢ C
(s, T; LA(D)) n L%(s, T;D(Ami“{%”"%})) a.s., here By has been given in the definition
of the stochastic process W(t).

(ii) For some 6 ¢ (0,281) n (0,3] and us ¢ D(A%) for P-as. w € Q, thenv «
C(s, T; D(A%) n L¥(s, T; D(A2"9)), for P-a.s. w € Q.

Theorem 5.4.2 can be proved using the classic Faedo—Galerkin method (see [174]). As
this method is standard, we only give the key estimates in the following.
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- Energy estimates of v

In the sequel, w € Q is fixed. By choosing v as a test function in eq. (5.4.28), we get

1dvz 1
7Q+—||v||2=/G(v+z)v+a/zv,
2°dt R b b

where

/ Gv+2)v=- / UBW +2),v+2)v+ Bo(B(v + 2))yV]
D D

+/D|:<R£e— g) (v+z)v—F<R£e—g>B(V+Z)V}-

Using integration by parts, Holder’s inequality and Young’s inequality, we get

—/[](B(v+z),v+z)v
D
=/](B(v+z),v+z)z
D
=/](B(v+z),v)z
D

<|(Bv + 2))xlalvyl2lzla + [(B(v + 2))yl4vxl2|zl4
<clv+zlal|vylalzla + clv + z|2|vx|21214
<clv+z|3|z17 + €||v||?

<clvi3lzl; + |zl31z17 + elvi®

2 2 4 2
<clvslzly + clzl, + 2|V
and
1Bo / (B@)xv < cl(B@xlalvlz < clzlalVi: < clz3 + elvE.
D

Similarly, we also obtain

| F_r /zv|<c|z|2+£|v|2
Re 2)Jp7 ' =772 z

F r
|-F (Rj - 5) /DVB(Z)| < clz3 +€lv]3.

(5.4.29)

(5.4.30)

(5.4.31)

(5.4.32)

(5.4.33)

(5.4.34)

By the definition of the operator B and the hypothesis of the parameter S, F, R, 1,

we get

Bo /D By + (Ri—g) /D VZ-F<REE_§> fD VBW) < 0.
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Using eqs (5.4.29)—(5.4.35), and choosing a sufficiently small £ > 0, we obtain
1

2 E"Vllz < clzlf|vi3 + clzl3 + clzl2. (5.4.36)
e

By Poincaré inequality é IvI2 > Avi3,

dlv|? A
2 4 1 2 2 4
——= <\ clzl; — = ) |vl5 + clz|5 + clzlg-
dt 4 Re 2 2 4

Thus for t € [s, T], an application of Gronwall’s inequality leads to

[V(O)3 < els Chirez@ar () 2

t
+ / elaChrelz@idr(c)z2 1 o714 do. (5.4.37)

S

Finally, we integrate eq. (5.4.36) about t on [t, t;](c [s, T]) and obtain

1 ty t
2 V(D) |IdT < [v(tr)]3 + / (clzl2[vI3 + clz|3 + clz|)dx. (5.4.38)
e Jb t

In order to obtain the energy estimates of A%, we first give the following lemma (see
Ref. [95]).

Lemma 5.4.3. For any two real-valued functions f, g € H%*G(D), 0<6<1/2,

Ifgll g2o < IIfIIH%wIIgIIH%w-
- Energy estimates of A%

Assume v € C(s, T; D(A®) nL%(s, T; D(A%*e)) is a solution of the problem (P,). Since the
proof of the case 0 = 1/2 is classic (see [245]), we consider only the case 0 < 6 < 1/2.
First of all, we have

1d|A%3
2 dt

1
L ASOYP - / A%G(v +2)A% + a / A9zA0. (5.4.39)
R, D D

Using the definition of the operator A?, the interpolation inequality and Lemma 5.4.3,
we get
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- / [A81(Bv + 2), v + 2)A%Y
D

=—/](B(v+z),v+z)Azez
D

__/ <8B(v+z) olv+2) ~ 0B(v +z) 8(V+Z)>Azez
b ax dy ay ox

/‘ <BB(V +2) 0A%  9B(v+2) 8A29v>
= - V+2)
D

ax ay ay ax

9A2y B(v +2)

<c .
I oy 20l ——

9A%y o dB(v +2) w2
9% H20 ay H20

(v +2)l goo

+c|

dB(v +z) W+ Dl + | dB(v + z)
ax H2 ay

dB(v +z2) 0B(v +2)
20
<Cl|ATV] -2 (II 9% [| %+9+|| 3y I 1 v +z|| 1

< cllA%V]| 120 (n v+ Z)||H29>

<A IVIANW + 2) AT (v + 2)),
< slA%+9v|§ + A0 + z)|§|A%+g(v +2)3
<elAT OV 1 c(AZOVE + |A20ZR)(1AR SV + |ATE22)
<elAT0v2 + c(|AOVI,|V], + |AS0Z2)(1AF 2V + | A+ 22]3)
<elAT 02 1 c| A0V v]p 1A% Sy 2

+ ClAY|o Vol AR S22 + |AROZRIAR Sy 2 + | 42022 AT+ 2 22
< SlA%+9V|§ +clA%3 v + c|A%*gv|§ + |A%+gz|§‘ + c|Agz|§‘

1 1.0 1.6
<elAZ2 1+ | ARV + c|ATT2v|S + clAT T IZ)3,
By interpolation inequality and Young’s inequality, we have

1,6 1 1
|A%*2v|3 <clATv]3|A7 )3
i 0 1.0
<clvla|Azv[2]A%V]2| A2V, (5.4.40)

1 1
<elA7*%)2 1 c|v3|A2v |3 A% 2.
The combination of these two inequalities yields

- / API(B(v +2),v + 2)A% < 2£|A%*9v|% +clA%3 |2 (5.4.41)
D

1 1.0
+c|v2|A2v|3|A%|3 + clATt2z)4.
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By Holder’s inequality and Cauchy-Schwarz’s inequality, we obtain

Bo /D A°(B(v + 2)A% < clA® BV + 2))x |21 A% 5

< clA%(B(v + 2))x|2 + 2 + c|A%v|2 (5.4.42)
<clv+z|3 + c|A%3

<clA%)3 + c|z3.

Similarly,

(R% - g) /D A + 2)A%-F (Rﬁe - g) /D AB(v + 2)A% (5.4.43)

<elAT0y2 1+ c|A%V]2 + |z 2.
By eqs (5.4.39), (5.4.41)—(5.4.43), we get

1.d|A%|3
2 dt

1 1 1 1
+ o [AT 02 <3El ATV + v ATV ATV
e

1,0
+c|A%V3IvI3 + clAT 225 + c|A%V3 + clz3.
By choosing a sufficiently small € > 0, we obtain

d|Av|2
dt

1
+ R—|A%*9v|2 <clV2IAZVI2IA%VE + ¢l A%V RIvi3 (5.4.44)
e
+ c|A%+gv|§‘ +clA%3 + clz3.
By Gronwall’s inequality, for any t € [s, T], we have

|A9V(t)|§ < efst(c\v\%|A1/2v\§+c|v\%+c)dr |A0V(S)|§ (5.4.45)

t
+/ ef;(cle%\A1/2v|%+c\v\§+c)dr(c|z|§ + CIA%JrgZI%)dU.
S

Integrating eq. (5.4.44) about t on [t1, t;] c [s, T], we have

5]

1 [
— |A%+9v|2drg|A9v(tl)|§+/ c(v2IA2V21A% 2

Re t t

0. 121:,12 1,0 0.2 2
+|A%WEVS + |45t 223 + |A%]3 + |z13).

5.4.2.2 Dissipative properties in L2(D)

Next, we study the dissipative properties of the dynamical systems associated with
eq. (5.4.1) combining with the boundary conditions (5.4.2) and obtain the existence of
random attractor. The basic knowledge of random attractor can be seen in Chapter 4.
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Theorem 5.4.3. The 2D QG equation with a general white noise
1
du - R—Audt = Gwdt + dW(t), ulsp=0
e
has a random attractor in L>(D).

Proof. By the ergodicity of the process z and Sobolev’s embedding D(A%’rﬁ) — L* (see
Ref. [76]), we get

lim L |z(T)| dr = E(1z(0)[%).

SQ—>—o0 —SO

The results from Ref. [95] show that E(|z(0)|fj) is arbitrary small provided a is suffi-
ciently large. Thus

lim —/ (~A1 + clz(1)[3dT = A + cE(|z(0)[) < —%

S§—>—00 —

This implies the existence of So(w) such that s < Sp(w),
0 /11
/ (~A4 + clzlDdr < _Z(_S)' (5.4.46)
S

As |z(s)|3 and |z(s)|ﬁ,‘ have at most polynomial growth as s — —oco (see Ref. [95]),
egs (5.4.37) and (5.4.46) imply that there exists a random variable ri(w), almost surely,
such that

V()3 < r(w), for any te[-1,0], as., (5.4.47)
where us is in a bounded set in L2(D).

Lett; = -1, = 0. By eqs (5.4.38) and (5.4.47), there exists an almost surely finite
random variable r;(w) such that

/O Iv(7)]1%dT < r2(w) a.s. (5.4.48)
=l

By eq. (5.4.45), for t = 0, s € [-1, 0], we have

|A%V(0) 3 < eli (evBIA 3T 0y (g) 2 (5.449)

0
0 0
+/ elo VAT (0212 4 ¢ AT+322)do.
S
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Integrating eq. (5.4.49) about s on [-1, 0], we get

. 0
APV(0)[3 < e/ A(eia v e / 1A%(s)3ds (5.4.50)
-1

0
0 6
. / ela VBT (022 4 A%+ 2 12)do.
-1

Combining eq. (5.4.47) with eq. (5.4.48) and using eq. (5.4.50), we obtain an almost
surely finite random variable r3(w) such that

1A%(0)12 < 13(w), a.s.

Set S(t, s, w)us = u(t, w). Without loss of generality, let Q = {w : w ¢ C(R,D(A‘%%)),
w(0) = 0}, P be a Wiener measure, W(t,w) = w(t),t € R, w ¢ Q, then we can define
a measure-preserving transformation {6;}cg on Q, such that {6sw(t)} = w(t + s) — w(s)
for t,s € Rand w € Q. Let K(w) be a ball of radius r3(w) + |4%2(0, w)|3 in D(A%). K(w)
is a compactly attracting set at t = 0 (by compact embedding H?(D) — L2(D)). Thus
by an application of general theorem in Chapter 4, we get the existence of random
attractors. (]

5.5 Stochastic primitive equations

The mathematical study of the primitive equations originated from a series of articles
by Lions, Temam and Wang in the early 1990s [175-177]. They defined the notions
of weak and strong solutions and also proved the existence of weak solutions. Ex-
istence of strong solutions (local in time) and their uniqueness were obtained in
Refs [115, 246]. Hu et al. [131] studied the local existence of strong solutions to the
primitive equations under the small depth hypothesis. Cao and Titi [44] developed a
delicate approach to prove that the L®-norm of the fluctuation ¥ of horizontal velo-
city is bounded, and obtained the global well-posedness for the 3D viscous primitive
equations. Another different proof of this result was given by Kobelkov [155, 156]. The
existence of the attractor was obtained in Ref. [139]. In Ref. [161], existence and unique-
ness for different, physically relevant boundary conditions are established with a third
method (different from both [44, 155]), which deals with the pressure terms directly in
the equations. For a general reference on the current research of the (deterministic)
mathematical theory for the primitive equations, we can refer to Ref. [207]. Moreover,
the deterministic 2D primitive equations were studied also in Refs [205, 206].

The addition of white-noise-driven terms to the basic governing equations for a
physical system is natural for both practical and theoretical applications. Stochastic
solutions of the 2D primitive equations of the ocean and atmosphere with an additive
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noise have been studied in Ref. [90]. In Refs [103, 119], weak and strong random at-
tractors have been obtained for 3D stochastic primitive equations with additive noise,
respectively. The existence and uniqueness of solutions for 2D stochastic primitive
equations with multiplicative noise have been discussed in Ref. [113], where they
ignored the coupling with the temperature and salinity equations. There have also
been other recent works on the stochastic 2D and 3D primitive equations [78, 112], in
both works a coupling with temperature and salinity equations as well as physically
relevant boundary conditions are considered.

5.5.1 Stochastic 2D primitive equations with Lévy noise

First, we introduce some definitions and basic properties of Wiener processes and
Lévy processes. For further details, one can see Ref. [75] or [204], for example.

In this section, W(t) are independent Wiener processes defined on a filtered prob-
ability space (Q, F, 7, P), taking values in Hilbert space H, with linear symmetric
positive covariant operators Q. We assume that Q is trace class (and hence compact
[75]), i.e. tr(Q) < oco. As in Ref. [84], let Hy = Q%H . Then Hy is a Hilbert space with the
scalar product

W, P)o = (Q 2u, @ 21h) Yu, € Hy

together with the induced norm | - |o = v/(-, -)o. Let Lg be the space of linear operators
Ssuch that SQ% is a Hilbert—-Schmidt operator (and thus a compact operator [75]) from
H to H. The norm in the space L, is defined by |S |%Q = tr(SQS*), where S* is the adjoint
operator of S.

If X = X(t) is a Lévy process, the jump of X(t) is given by AX(t) = X(t) - X(t-). Let
Z € B(H), we define

N(t,2) = N(t,Z,w) = ) xz(£X(s)).

O<s<t

N(t, Z) is called the Poisson random measure of X(t). We denote N(dt, dZ) = N(dt, dZ)-
dtA(dz"), which is called compensated Poisson random measure, where Adz) is a
o-finite measure on Z.

Definition 5.5.1. Let I = [a, b] be an interval in R*. A mapping g : I — R% is said to
be cadlag if, for all t € [a, b], g has a left limit at t and g is right continuous at t. Let
D([0, T], H) be the space of all cadlag paths from [0, T into H.

Definition 5.5.2. Let E and F be separable Banach spaces, let F; := B(R* x E) ® F; be
the product o-algebra generated by the semi-ring B(R* x E) x F; of the product sets Z x F,
Z € B(R* x E), F € F; (where F; is the filtration of the process X(t)). Let T > 0 and
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H(Z) ={g :R*" xZxQ — F,such that g is Fr/B(F)

measurable and g(t, z',w) is F-adapted VZ €Z, Vte (o, T]}.

Letp > 1,
T ! !
H2(0,T) « 2; F) = |g < H(2) ;/ /IEHg(t,z WIEAZ )t < oo
0o JZ

Definition 5.5.3. An R4-valued stochastic process Y(t) is a Lévy-type stochastic integral
if it can be written in the following form, for each1 < i < d, 1 < j < m, we have |G'|'2,
F]’f e 1[0, T], H' € H2([0, T] x Z; E) and K(t) is predictable:

dy'(t) = Gi(t)dt + FiOdB/(0) + |~ H(t,z )N(dt, dz')
|z |<1
+ / K, Z)N(dt, dz). (5.5.1)
|z |>1
Let
dy.(t) = Gi(tdt + F;'(t)dBf(t),

and the discontinuous part of Y,

aru0 - [, HNad) s [ KN ).

|z |<1 1z"[>1

Then we have It6’s theorem for Lévy-type stochastic integral of the form (5.5.1).

Lemma 5.5.1 (Itd’s theorem [7]). If Y(¢) is a Lévy-type stochastic integral of the form
(5.5.1), then for each f € C2(R9), we have

FYO)-FY(0)
t . 1 t ) .
- / A V(-NAVI(s) + 5 / 0 (V(s)dLY., Y(s)
0 (0]

+ / t [f(Y(s-) + K(s,2)) - f(Y(s-))IN(ds, dz)
0 JIZ'|>1
t ~ 14
+ / / - [f(Y(s-) + H(s,2)) - f(Y(s-))IN(ds, dz')
0 lz" <1

t
o[ [, 1) ¢ .2 - Ao
o JiZ|<1

— Hi(s,z)aif (Y(s-)A(dz )ds. (5.5.2)
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Lemma 5.5.2 (BDG inequality [204]). For every p > 1, there is constant C, such that
for any real-valued square-integrable cadlag martingale M with M(0) = 0, and for any
T>o0,

C,'E[M, MI?” < sup [M(O” < C,E[M, MJ;". (5.5.3)
0<t<T

The 2D primitive equations can be formally derived from the full 3D system under
the assumption of invariance with respect to the second horizontal variable y as in
Ref. [113], since primitive equations is a large-scale model, one may neglect the ef-
fect of small scale and intermediate scale in its modeling. Such fluctuations can be
caused by internal instability processes, as well as by external forcing. As usual, the
atmospheric forcing field should be regarded as random. As a result, we arrive at the
following stochastic evolution system:

du = [viAu — udyu — wou — dyp + fldt

++/eo(t, w)dW(t) + € / g(u, z))N(dt, dz), (5.5.4)

z
a.p =0, (5.5.5)
OxU = —0,W, (5.5.6)

with velocity u = u(t, x, z) € R, pressure p, (x,z) € M =[0,1] x [-h, 0] and t > 0. Here A
is the Laplacian operator, without loss of generality in this section, we take v; to be 1,
noting eq. (5.5.5), p does not depend on variable z. In the above formulation, we have
ignored the coupling with the temperature and salinity equations in order to focus
main attention on the difficulties from nonlinear terms in eq. (5.5.4) (see Ref. [113]).

We partition the boundary into the top I'y = {z = 0}, the bottom I', = {z = —h} and
the sides I's = {x = 0} u {x = I}. In this section, we consider the following boundary
conditions:

only: ,u=0, w=0,
only: ,u=0, w=0,

onls: u=0.

Due to eq. (5.5.6), we have that

z
wix,z,t) = — / du(x, &, t)d¢€. (5.5.7)
—h
We define the function spaces H and V as follows:
0
H = [ver2(m) |/ vaz=0 |, (5.5.8)
~h
0
V= {v e H(M) | / vdz =0, Vi, = o]. (5.5.9)
~h
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These spaces are endowed with the L? and H' norms, which we, respectively, denote
by |-|and || - ||. The inner products and norms on H, V are given by

(v,v1) = / vidxdz, ((v,v1)) = f VvVvidxdz,
M M
and
1 1
vl =W,v)2, |vll=(vv)2,
where vi,v € V. Let V' be the dual space of V. We have the dense and continuous
embedding V <~ H = H' — V’ and denote by (u, 1) the duality between u ¢ V and
uel.
Consider an unbounded linear operator A : D(A) — H with D(4) = V n H*(M) and
define
(Au,v) = ((u,v)) Yu, v e D(A).
The Laplace operator A is self-adjoint, positive, with compact self-adjoint inverses,

which maps V to V’. Next we address the nonlinear term. In accordance with eq. (5.5.7)
we take

W) o= - / Do, ) lE (5.5.10)
—h
and let
B(u, v) := udyv + W(u)a,v, (5.5.11)

whereu,v e V.
Define the bilinear operator B(u,v) : Vx V — v according to

(B(u, v), w) = b(u, v, w),
where

b(u,v,w) = / (udyvw + W(w)o,vw)dM.
M

In the sequel, when no confusion arises, we denote by C a constant that may change
from one line to the next one.

Lemma 5.5.3 (Estimates for b and B (see [104, 113])). The trilinear forms b and B have
the following properties. There exists a constant C > 0 such that
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10001 101 11
Ib(u, v, w)| < C(IMIZIIMII2 IVIwIZ[[w]l2 + |oxul|dzv|[w]2 IIWIIZ),

u,v,welv, (5.5.12)
b(u,v,v) =0, u,v,webvV, (5.5.13)
(B(u, u), d,u) = 0, uel. (5.5.14)

Note that the above formulation is equivalent to projecting eqs (5.5.4)—(5.5.6) from
L?(M) into the space H(M) and thus the pressure term p(x, t) is absent. With these
notations, the above primitive equations can be rewritten as

du + [Au + B(u, w)dt = fdt + /eo(t, u)dW(t)

ve / o(u, 2 N(dt, dz). (55.15)
VA

In this section, we assume ¢ and g satisfy the following hypotheses of joint continuity,
Lipschitz condition and linear growth.

Assumption A. There exist positive constants K and L such that
(A.l) [OS C([O, T] X V;LQ(HQ,H)),
(A.2) [o(t, W, + [, 180 )W) < K(1+ |uP), g € FR((0, T x Z; H),

(A3) [,18,2)3AdZ) < KO+ [ul*), g e Hi([0, T] x Z; H),
(A.4) [o(t,u) - olt, I, + [; 180w 2) ~ g, 2)IFAAZ) < Liju = pII°, Vi, ip e V.

To obtain well-posedness of solution, we have to give the additional assumptions on
the o, g:

Assumption B. There exists a positive constant K such that
B.1) |20t W} + [, 10:8(u, 2)FAdz)
< K(1+ [8;ul?), 3.8 € H2([0, T] x Z; H),
(B.2) [,10.8(u,2)}Adz") < KA+ |9,ul*), 8. € HA ([0, T] x Z; H).

Example 5.5.1. We assume W(t) = Z,‘:Zl/li/zﬁk(t)ek € H, where Bi(t) is a collection of

independent standard Brownian motions, {ey} is an orthonormal basis in H consisting

of eigen-elements of Q, with Qey = Ayex.

— (Additive Noise) As in Ref. [113], we suppose the noise term does not depend on the
solution u and can be written in the expansion:

olt,WdW(t) = 3 (h(t, ), ex) A A e dBr(t)

e 7

hi(t, w)dBi(), gu,z) =g,

=~
Il

1
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where h(t, w) = (h(t, w), ex)ex. Taking

K =2max | sup Y [he(t, @)l sup Y 10:helt, w) /Z 8 )IFAz),
k=1

k=t ""

[ 108, [ 1sikAE), [ e iz,
Z Z z

and L > 0, Assumptions A and B about Lipschitz condition and linear growth are
sastified.

— (Independently forced models) Given a uniformly bounded sequence ay(t,w) ¢
L*([0, T] x Q), we assume that

olt,WdW () = Y arlt, w)u, e A erdpi(t) = > anlt, wyudpile),
k=1 k=1
g(u, z') =u.

Taking

K=L= 2max{sup|aktw)|,//ldz) D(Z)}

t,w,k

Assumptions A and B about Lipschitz condition and linear growth are satisfied.

5.5.1.1 Well-posedness
Let X := D([0, T]; H) nL?((0, T); V) denote the Banach space with the norm defined by

||ullx— sup [u(s)|? + / ||u(s)||2ds . (5.5.16)

0<s<T

Recall that an F;-predictable stochastic process u(t, w) is called the weak solution for
stochastic primitive problem (5.5.15) on [0, T] if u is in

L*(Q, D([0, T1; H) n L*((0, T); V),
and satisfies
t ¢
W09 = )+ [ L), Ap) + (Buts). wlds = [ s
0 0
¢ ¢ . )
+ \/E/ (o(u(s))dw(s), l,b)+£/ /(g(u,z ), W)N(ds,dz ), a.s., (5.5.17)
0 0 Jz

forall € D(A) and all t € [0, T].
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Remark 5.5.1. We give a variational definition for solutions of the systems (5.5.15) in
PDEs sense, note that weak refers to the spatial-temporal regularity of the solutions,
and this solution is a strong one in the probabilistic meaning because of the stochastic
basis given in advance. This is in contrast to the theory of weak solutions in probability
sense considered for many nonlinear systems where the probability space is constructed
as part of the solution. See Ref. [75].

The main result of this section is the following theorem.

Theorem 5.5.1 (Well-posedness and a priori bounds). There exists g5 := &g
(K,L,T) > 0, such that the following existence and uniqueness are true for O < € < &.
Let the initial datum & satisfy E |£|* < oo, E |3,&|* < oo, and f, 8,f € L*(Q; L(0, T; H)),
then there exists a unique weak solution u of the stochastic primitive problem (5.5.15)
with initial condition u(0) = &. Furthermore, there exists a constant

C:=C (K, L, T, [fIpasr2(0, 1m0 192 |L4(Q;L2(O,T;H)))

such that for € € [0, &9,

T 2
Ellul} < C(1+ EI§P), E( sup (@) + (/ lu®IPdt)") < C(1+EEI*),  (55.18)
o<t<T 0

and satisfy the additional regularity
d.u(t) e LY(Q,L=(0, T; H) n L*(0, T; V). (5.5.19)

Remark 5.5.2. We should point out that we do not study the path regularity of the
solution in this section. We study the adapted process u(t,x, w) with regularity u e
L2(Q, D([0, T1; H) n L*((0, T); V)). The related paper [82] studied the path regularity.

For u € V, define
E(u) = -Au - B(u) +f. (5.5.20)
We first obtain monotonicity property of E.

Lemma 5.5.4. Assume that u, € V, we have

(EQ) - E@), u - ) + %nu — )1 < Clu— | llu =] + CA+ |9p[u— P> (5.5.21)
Proof. Set U = u — i, we deduce

(E@) - E@), U) = ~(A(u) - A(Y), U) - (Bw) - B()), U)
= Il + Iz.
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Integrating by parts, Lemma 5.5.3, Holder’s inequality, Ladyzhenskaya’s inequality for
2D domain and Young’s inequality imply

L = —llu-I>

L=bu-yp,u-y,v)
< = PlpallPllle = Plpa + 10 - P)1:P1lu— Y12 u - )2
< Clu—Plllu— Pyl + Cllu — PiI3 [ - P12 .|
< Clu—llu—llypl + %nu— P> + CloP|* u - |

Combining I, I, we end the proof. ]

Remark 5.5.3 (Outline of the proof for Theorem 5.5.1). We first introduce the Galer-
kin systems associated with the original equation and establish some uniform a priori
estimates (Propositions 5.5.1 and 5.5.2). These estimates together with the local mono-
tonicity property (Lemma 5.5.4) and weak convergence methods play a fundamental
role in proving the existence and uniqueness of the weak solution. It has appeared that
the problem of global existence of solutions for the 2D stochastic primitive equations
might be harder than 2D Navier—Stokes equations because the nonlinear term B(u, u)
is more complex. We deduce that the estimate of B(u, u) satisfies eq. (5.5.62). To obtain
eq. (5.5.62), we should establish the uniform bounds for uy, d,u, in LP(Q;L%(0, T; V) n
L>=(0, T; H)), p = 2, 4. However, since we concern Lévy noise here, the estimates uy, d,uy
in L*(Q; L2(0, T; V) n L°°(0, T; H)) are not immediately obtained by It6’s formula. Thus,
we first estimate in L?(Q; L?(0, T; V) n L*=(0, T; H))(Proposition 5.5.1). Second, by more
hypothesis (A.3), (B.2), after a series of estimates, we finally obtain the estimates
Up, 0;Up IN

L*(Q; L*(0, T; V) n L™(0, T; H))
(Proposition 5.5.2).

We now introduce the Galerkin systems associated with the original equation and es-
tablish some uniform a priori estimates. For any n > 1, let H, = span{e,---, ey} ¢
Dom(A) and P, : H - H, denote the orthogonal projection onto H,. Suppose that the
H-valued Wiener process W with covariance operator Q is such that

P.Q? = Q?P,, n>1,
which is true if Qh = )", Ane, with trace ), ;A < co. Then for Hy = Q%H and

(W, Y)o = (Q‘%u, Q‘% Y) with u, € Ho, we see that P, : Hy - Hp n Hy is a contraction
in both of the H and Hy norms. Let W,, = P,W, o,, = P,0.
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Consider the following stochastic ordinary differential equation on the n-
dimensional space Hy, defined by

d(up, II)) = [(PnE(un): l/))]dt + «/E (O (un)dWy, )
+e / (gnun, 2), Y)N(dt, dz), (5.5.22)
z

for Y € H, and u,(0) = Pyé.

We note that formulation (5.5.22) allows one to treat u, as a process in R". Thus
one can apply the finite-dimensional It6 calculus to the Galerkin systems above.

Note that for i € V, the map up(t) = Y h,d(Oex € HaO\V = (-Aun +f +
Vps, P) is globally Lipschitz, while using Lemma 5.5.3 the map B is locally Lipschitz.
Furthermore, assumptions A and B imply that the map u, — (0n(un)dWy, ) +
e/, b (g,,(un,z'), lp)ﬁ(dt, dz') is globally Lipschitz. Hence, according to standard theory
for ordinary differential equations, there exists a maximal cadlag process u, € Hy [V
to (5.5.22), i.e., a stopping time 75 < T such that eq. (5.5.22) holds for t < 75 and as
t 11, < T, 9Ol v — oo. Thus, the following definition for stopping time 7y is
reasonable.

For every N > 0, set

Ty = inf{t : |u,(t)| > N} Ainf{t : |3,un(t)| > N} A T. (5.5.23)

The following proposition provides the (global) existence and uniqueness of ap-
proximate solutions and also their uniform (a priori) estimates. This is the main
preliminary step in the proof of Theorem 5.5.1.

Proposition 5.5.1. There exists €, := &1(K, T) such that for O < € < &, the following result
holds. Let 0, g satisfy (A.1) and (A.2), f € L*(Q;L*(0, T; H)) and & € L*(Q, H). Then eq.
(5.5.22) has a solution with a modification u, € D([0, T], H,) and satisfies

T
supE (' sup [ur(OF + [ fun(s)%ds )
n o<t<T 0

<CK,T, E|f|i2(Q;LZ(OyT;H)))(1 +E|£]%). (5.5.24)

Moreover, if 0, g satisfy (A.3), f € L*(Q; L?(0, T; H)) and ¢ € L*(Q, H), we have

SlipE( sup Iunl“) +st;pE(/0T IIun(r)llzdr)2

0<s<T

<C(K,T, E|f|22(Q;LZ(0’T;H)))(1 +E|£]%). (5.5.25)
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Proof. It6’s formula yields that for t € [0, T] and 7y defined by eq. (5.5.23),

tAT

unlt A TN = [Pad? + 212 / ! (0a(tn(8)AW(S), un(S)) (5.5.26)
0
tATy tATy N2 ’
42 /O (EQun(s)), n(s))ds + € /0 /Z guu(s-), 2 )PN(ds, d2')
tATN
+€/O |0n(un(5))Pn|]2_Q ds
ATy ;o ~ ,
42 /O /Z (Un(s-), gn(u(s=), 2 ) N(ds, dz). (5.5.27)

Using Lemma 5.5.3, this yields for ¢ ¢ [0, T],

tATy
el +2 [ uIPdr < PP+ Y T (55.28)
0

1<j<4

where
tATN

T = ns d >

10 = 2 /0 (s )l

To(0) = 2VE | fo

tAT

" (0n(unr) AWa), 1)

B

tATN
0= ¢ [ louunlr) Pafl, dr
0
tATN , ,
ve [ [ lgatuts). 2PN, a2,
0 z
tATN ;o ~ ,
10 =20 [ [ o) gntuts-), £ s, ).
0
The Holder’s inequality and Young’s inequality imply that
ATy tATN
n©-2 [l < [ luildr
0 0
1
+E<|f |iz(0’[ATN;H))- (5.5.29)
We deduce that
tATN , ,
0 -¢ [ [ luls),Z)PAe s
0 z
ATy o~ ,
+€f /Ign(u(s—),Z)lzN(ds, dz)
0 z

tATN
+e / |07 (un(r) PnIfQ dr. (5.5.30)
0
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By Hoélder’s inequality, g, is strong 2-integrable w.r.t N(dt, dz), then |gy,|* is strong
I-integrable w.r.t N(dt, dz). Using Theorem 4.12 in Ref. [225] on |g,|? and the hypothesis
(A.2), we obtain

E( sup |T3(S)|) < ¢E /0 o /Z |gn(u(s-), 2)1?A(dz )ds

0<s<tATy
tATN

tAT, ~ !
veb [ [ lentuts )2 PN, ) e [ lonun) P, di
0 Z N

ATy

tATN , ,
< 3£E/ / lgn(u(s-), z )|?A(dz )ds + €E / |02 (Un (1) Pn|%Q dr
0 z 0
ATy
< eKT + eKE / lun(s)|%dr. (5.5.31)
0

By the BDG inequality, (A.2) and Schwarz’s inequality, we get that for ¢ € [0, T],

tAT

E(_sup |Ts)l) < 2v20E| /O " 10n(un) P, ]

O<s<tATy

<2v/2eKE[(sup funl)¥( /0 s ||un(s)||2)ds)l/2]

O<s<tATy

1 tATN
<-E sup |up|®+8¢KE / lun(t)]%dt + 8¢KT. (5.5.32)
0

O<s<tATy

Now applying BDG inequality, condition (A.2) and Young’s inequality to the term T4,
we get

E( sup |T4(S)|) s2«5813[/OWNfz|(un(S),gn(u(S),Z'))IZA(dZ')dS}%

O<s<tATy

SZ\[ZeE{ /OMTN/Z|un(s)|2|gn(u(s),z’)|2/1(dzl)ds}%

<2VIKEE[( sup fun)"?( fo s Iun($)1ds)

O<s<tATy
tATN

1
<ZE sup |un|’+8¢’KE / lun(O))1?dt + 82KT.  (5.5.33)
0

4 O<s<tATy

Taking supremum up to time t A Ty before taking the expectation in eq. (5.5.28) and
using eqs (5.5.29)-(5.5.33), we get (without loss of generality, we let € < 1).
tATN

E( sup |un|2) +21-¢- 17eK)E/ l[un (1)1 2dr
0

O<s<tATy

< 2EI81 + 2CEIf 75 1 otp) + 346KT. (5.5.34)

Taking T ATy - Ta.s.as N — oo, and ¢ = 1/2, we get for 0 < € < ﬁ,
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T
E( sup [us?) +E /0 luaI2dr < C(EIEZ B o 70 K T)-

0<s<T
Now we estimate eq. (5.5.25). By eq. (5.5.28), we get
tATN 2
et +a( [ R d)’ < 2P 8 Y T
0 ,
1<j<
By eq. (5.5.29), we deduce that

2

ATy 2 2
2 2 2 2
T < 26%( /O lua(r)IPdr)” + ?(|f|L2(O,MTN;H)> :

By eq. (5.5.30), we get

E( sup |T§(s)|) §362E< /0 o /Z Ign(u(s—),Z’)Iz/\(dz')ds)z

O<s<tATy

+3£2E< /O o /Z \gn(u(s-), z)|?N(ds, dz'))2

tATy 2
+352E</ |0n(un(r)) Pulf,, dr)
0

3
SZUI'.

i=1
Applying Holder’s inequality, we have

tAT,

N 7 7
Uy <362CT2E / / \gn(u(s-), 2 )*AdZ )ds,
0 VA

tATN
Us §3£2CTE/ |0 (un(r)) Pn|§jQ dr.
0
By BDG inequality, we obtain

tAT

N I’ 14
U, < 3C£2E/ / Ign(u(s-), z )|*A(dz )ds,
0 z

Recalling the assumption (A.3), we obtain

tATN
E( sup |T§(s)|)g3C(K)gZE / (1+ [un|*)ds
0

O<s<tATy

tAT,

N
<3C(K, T)e? + 3C(K)e’E / sup |un(s)|*ds.

0 O<r<s

By the BDG inequality, (A.2) and Schwarz’s inequality, we obtain
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(5.5.35)

(5.5.36)

(5.5.37)

(5.5.38)

(5.5.39)

(5.5.40)

(5.5.41)

(5.5.42)
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tAT

E( sup |T§(S)|) sCx/EE{/O Nlun(r)lz |0n(un(r) Pulz,, dr}

O<s<tATy

tATN
<CVEE[( sup ) [ (s (@]

O<s<tATy

1
<—E sup |un*
40 O<s<tATy

+ C(K)eE( /0

Now again applying BDG inequality, (A.2) and Young’s inequality, we get

tAT

N 2
||un(f)||2dt) +C(K, T)e. (5.5.43)

B sup 1101) <Ce| [ [ o) a2 A

O<s<tATy

ccer [ [ unto)Pigntus, £z s

tATN
< CK)EE[(_sup funl?) fo (1+ un(s)]12)ds

O<s<tATy

1
<—E sup |unl*
40 O<s<tATy

+ C(K)eE( / o ||un(t)||2dt>2 + C(K, Te. (5.5.44)
0

As we obtain eq. (5.5.35), let N — oo, by Gronwall’s inequality and eqs (5.5.37)—(5.5.43)
and (5.5.44), we get

supE( sup |un|4)+sng(/0T ||un(r)||2dr)2

n 0<s<T

< CK, T, Elf 72001200, 7,11) (1 + EI€1)- (5.5.45)

This completes the proof of Proposition 5.5.1. [ ]

Proposition 5.5.2. There exists &, := &;(K, T) such that for O < € < &, the following result
holds. Let 3,f € L*(Q; L%(0, T; H)) and 3,¢ € L*(Q, H). Then we have

T
supE ( sup (207 + [ lacun(9)ds)
n 0<t<T 0

< C(K, T, 19:f 121200, 7:)) (1 + E10261%). (5.5.46)

Moreover, if 0, g satisfy (B.2), 3.f € L*(Q; L?(0, T; H)) and 3,¢ € L*(Q, H), we have
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T 2
supE( sup |azu,,|“) + sng(/o ||3zun(r)||2dr)

n 0<s<T
< C(E10:f a0 Ko TV A+ El0:81%). (5.5.47)
Proof. We apply It6 formula to |d,uy,|? for t € [0, T] and Ty defined by eq. (5.5.23),
tATN
et n TP +2 [ (1)1 + 12:0,0)17] dr
0

< |Ppd:E1 + ) g0, (5.5.48)

15j<5

where
tATN
Ji(®) =2 / |(8zzun, B(un)>|dr,
0

tATy
L) =2 /(; |(8zzun:f>|dr,

)

tATN
(0 = 202 | [ {outun) awi ), )
tATN
Ju(®) = € / 18:0n(un(r)) Pulf,, dr
0
tATN , ,
+e/ /ﬁ@&@@ﬂz)ﬁwmxkx
(;ATN g o~ ,
km=zgé éwﬂusm&&wsaJ»Nuaam
Noting that eq. (5.5.14), we have

ATy
hm=z/
0

As we obtain estimate (5.5.29), we have

b<un(r), un(r), Bzzun(r)) ‘dr =0,

tATN 5 1 5

bsgé H@WMHW+EQMhmMWM) (5.5.49)
Then we estimate J,, we deduce that
tATN , ,
J0 e [ [ gntuts). 2 )RAE ds
0 z
tATy , ™ ,
+8/ /Iazgn(u(s—),z )I’N(ds, dz')
0 z

tATN
+e / 18,07 (un(r)) Pn|§a dr. (5.5.50)
0
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As we obtain eq. (5.5.30), by hypothesis (B.1), we deduce

tATN , ,
E(_sup 1)) <3E /0 /Z \gn(uls-), 2 )PAdZ )ds

O<s<tATy

ATy
+¢€E / |8:00(un(r)) Pul7,, dr
0

tATN
<eKT + ¢KE / 1 8,un(s)|%dr. (5.5.51)
0
Similarly, we have
tATN 1
B(_sup 150)) <2VEE[ [ 100 0ntun) Pal, v}’
O<s<tATy 0

1
<—E sup [dunl?
4 O<s<tATy

ATy
+ 8¢KE / l|8,un(8)||°dt + 8eKT (5.5.52)
0

and

E( sup IIs(s)1)

O<s<tATy

< 2ﬁeE[ /0 o /Z |(azzun(5)ygn(u(5)szl))|2A(dzl)d5}%
szﬁsE[ /
0

tAT

I

[ oeuno)Procgatuts) £ )PAca s
zZ

1 tATN
<-E sup |dun*+8¢’KE / | 8,un(6)|?dt + 86?KT. (5.5.53)
0

T4 0<s<tATy

Letting N — oo, by Gronwall’s inequality and eqgs (5.5.49)—(5.5.53), we get

T
Supk( sup |3.unl?) + SupE / 520012
n 0<s<T n 0

< C(K, T, 10:f | 2120, 7:10)) (1 + E19:81%). (5.5.54)

Similarly, by eq. (5.5.48), we get

tATN 2
|3zun(t A TN + 4(/ l|8;un (M| dr)
0

< 2|Prd&1* +10 ) TR (5.5.55)

1<i<5

By eq. (5.5.49), we deduce that
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Aty 2 2 2
B® < 26( /0 IunIPdr) + 5 (19:f ) (5.5.56)

As we obtain eqs (5.5.42)—(5.5.44), by (B.2), we obtain

B sup 30)) <3( [ o | 1osgututs-). 2 e vs)

O<s<tATy
tATN
+3£2E / /|azgn(u(s -),z)12N(ds, dz))
2 N 2
+3¢“E f |0,0n(un(r)) Pyl7  dr
( o z0n\Un nlL, )

tATN
< 3C(K)e’E / (1+ |8;un|*)ds
0

tATN
< 3C(K, T)e* + 3C(K)%E / sup |d;un(s)*ds, (5.5.57)
0 0<r<s
tATN
E( sup |]3(s)|) <CfE{/ 18zun(N)1? 19,00 (un(r)) Pn|%Q dr]
O<s<tATy
1
<—E sup |dunl*
0<s<tATy
ATy 2
+C(K)£E( f ||azun(t)||2dt) + C(K, Te (5.5.58)
0

and

B sup EO) <CeB| [ [ (o) gntush ) PAE s

O<s<tATy

1
<—E sup |dunl*
4 O<s<tATy

+ C(K)sE( / o ||8Zun(t)||2dt)2 +C(K, T)e. (5.5.59)
0

As we obtain eq. (5.5.35), let N — oo, by Gronwall’s inequality and from eqs (5.5.56) to
(5.5.59), we get

T 2
4 2
E(OS<1;1£)T|8zun| ) +E<[0 l8un (Ml dr)

< C(EIOLf 130 iy Ko T) A+ EIO:T). (5.5.60)

Due to Ladyzhenskaya’s inequality for 2D domain, we now have the following bound
in L*(M).
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Proposition 5.5.3. Let £ € L*(Q, H), then there exists a constant

Ca := (K, T, M, |f|140:12(0,T:1)))

such that
T
supE / lus(s)[14ds < Co(1+ E[E[*). (5.5.61)
n 0

Proof of Theorem 5.5.1. Let Q7 = [0, T] x Q be endowed with the product measure
ds ® dP on B([0, T]) ® F. Using a priori estimates in Propositions 5.5.1 and 5.5.2 and
Banach-Alaoglu theorem, we deduce the existence of a subsequence of Galerkin ele-
ments u, and processes u € L*(Qr, V) n L*(Qr, L*(M)) n L*(Q, L>([0, T], H)), d,u €
L2(Qr, V)nL*(Q, L= ([0, T], H)), E € L*(Qr, V"), S € L*(Qr, Lo) and G € H3([0, T] x Z, H),
for which the following limits hold:

(i) un — uweakly in L*(Qr, V), d,un — 9,u weakly in L2(Qr, V),

(i) u, — uweaklyin L*(Qr, L*(D)),
(iii) uy is weak star converging to u in L*(Q, L= ([0, T1, H)),

d,Uy, is weak star converging to 9,u in L*(Q, L= ([0, T], H)),

(iv) E(un) — E weakly in L*(Qr, V'),

(v) on(un)Py - Sweakly in L?(Qr, L),
(vi) gn(un) — G weakly in H2([0, T] x Z, H).

Indeed, (i)—(iii) are straightforward consequences of Propositions 5.5.1-5.5.3. Further-
more, by an application of eq. (5.5.12),

T
E [ 1P O

T
< CE[tf[lég](|u"(t)|4 + [0un (O + (/0 ||un(t)||2dt)2] < oo, (5.5.62)

Hence, E(un(¢)) has a subsequence converging weakly in L2(Qr, V') to E(¢t).
Since diffusion coefficient has the linear growth property and u, is bounded in
L2([0, T], V) uniformly in n, the last two statements hold.

Then u has the It6 differential

du(t) = £dt + VESOAW(D + E@)dt + / GON(t, d2), (55.63)
zZ

weakly in L2(Qr, V).
In eq. (5.5.63) we still have to prove that ds ® dP a.s. on Qr, one has

S(s) = o(u(s)), E(s) = E(u(s)) and G(s) = G(u(s)).
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To establish these relations we use the same idea as in Ref. [84]. Let

X :={y e L*(Qr, L*(D)) n L*(Q, L= ([0, T], H)) n L*(Qr, V),
a e L*(Q, L= ([0, T], H)) n L*(Qr, V)}.

Then (i)-(iii) yield u € X, let € L= (Qr, Hy) ¢ X. For every t ¢ [0, T], set
t
r(t) = / [C1(1+ 18,1(5)|*) + Callp(s)|2 + sL] ds. (5.5.64)
0

Then r(t) < oo forall t € [0, T].
Applying the It6 lemma to the function e "®2(OF  one obtains

d[e7Oun(OF] = e (2B(un) ~ {Outn, un)dt
+ 267010, (), dt + 2/ (0 (), n) AW

+eOg f (gn(un(t-), 2PN (dt, d2)
zZ
+2e70g / (Un(t-), gnlun(t-), 2 WN(dt, dz).
VA
Integrating and taking expectation, we get
T
E[e D [un(T)P - |ua(0)] = E[ / e 2E(un) - Ht)un, un>dt]
0
T
+BL[ e l0(u)
0

T
+E f e 0¢ / gnun(0),2)2A@Z ),
0 VA

where the term with dW(¢) and N(dt, dz) are martingales and having zero average.
By lower semicontinuity property of weak convergence,

T
1imninfE[f e 7O 2E(uy) — H()un, up)dt
0

T T
o [ e Ol des [ e [ 1giun(0,2 A e
0 0 VA
= limninfE[e"(T)|un(T)|2 ~ [un(0)?]

> E[e "D u(T)? - [u(0)?]

T T
=E[ / e O E — ¥t)u, u)dt + f ee"(f>|5|§odt
0 0
T
+ / e "¢ / |G|2/1(dz')dt]. (5.5.65)
0 Z

Then by monotonicity property (5.5.21), condition (A.2) and eq. (5.5.64), we obtain
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2] | " O Buy) - B o~ 901t ~ B / OO, it
0 0
+ E[ /T ge® |0 (un) - Un(l/))&odt
0

T
0 NS N2 ’
e [0 [ lentun(0,2) - 500,27 ]

<0. (5.5.66)

Furthermore, we obtain
T
E[/ e O E(uy) — 1(t)un, up)dt
0
T T
+/ ee”(t)|0n(un)|%odt+/ e”(t)s/ |gn(un(t),z')|2/1(dz')dt]
0 0 A
T
<E O E(uy) - 1) Qun — ¥), P)dt
<E[ [ OB - 10 - ). pid]
T
; E[ / e O QE@W), un - ¢)dt]
0
! (®)
E T 2 n n) — Un »Vn
+e [/0 e " (20 (un) U(v)o(v))LQ]
T
veb] [ €70 [ Rl ) - i, ), gulwi2 I ae]
0 z
Letting n — oo, by eq. (5.5.65), we have
T
E —r(t) 3
[/0 e "WQE(t) - (t)u, u)dt
T T )
+/ se‘r(t)|S|det+/ e"(%/ |G|*A(dz )dt]
0 0 z
T T
-r(t) _ _ -r(t) _
<¥f /O e O QE(®) - H0)au ~ ), )d] + | fo e O QEW), u - )]
T
+ SE[ / e 025 - o(y), o)) Lth]
0
T
_r(t) _ I A 4
+sE[/O e /Z(ZG g,z ),g(,z ))A(dz )dt].
Rearranging the terms, we obtain
T T
-r(t) _ _ -re); 3 2
E[ /0 & QE(E) - 2E()), u -~ )de] + B[ /0 e OO - (o)t

+ E[ /T e 05— a(¢)|§0dt] N E[ /T 10, /Z G - g(¢)|2/1(dz')dt]
0 0

<O0.
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Taking (t) = u(t), we obtain S(t) = o(u(t)) and G(t) = g(u(t)). If we note Y(t) =
u(t) — un(t), u > 0, we have

T T
E[ / &0 QE() - 2E(u — ), m)dt + / e 0K (o d] < 0.
0 0

Dividing by u on both sides of above inequality and letting 4 — 0, we have

E[ /T e O QE(t) - 2E(u — un), n)dt] <0.
0

Since 7(t) is arbitrary, we obtain E(t) = E(u(t)). Thus the existence has been proved.
To complete the proof of Theorem 5.5.1, we should show that u(t) is unique in
L?(Q, D(0, T, H)nL?(0, T, V)). Suppose v(t) be another solution and let o(t) = u(t)-v(t),
then o(t) satisfies the following equation:
do(t) = (E(u) - EW))dt + Ve(o(u) — o(v))dW
+ f (gu(t-),z) - gW(t-), 2 )N(dt, dz'). (5.5.67)
z

Applying Itd lemma to e 7®|o(¢)|2, we get

d(eO1o(0)P) = | - e HDI(OF + 2¢O (Ew) - EW), (0)
+eeO)o(u) - 0(v)|%Q]dt
+2/ee0(0(u) - o(v), 0)dW(t)

+e" Ve / 5(®,2) - gW(OI’N(dt, dz)
VA

4 260 /Z gu(t-),z) - gv(t-), 2), 0O)N(dt, dz)).  (5.5.68)

Taking expectation on both sides and recalling that the martingales have zero aver-
ages and

t
r(t) = / [Cl(l + [0,v(S)|) + Co|[v(s)||% + SL] ds, (5.5.69)
0
noting eq. (5.5.66), we have
T
E[ef’“HQ(m2 +C / e*"”ng(t)uzdt] <Elo(0)]* = 0, (5.5.70)
0

which leads to the uniqueness of the solution. [ |
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5.5.2 Large deviation for stochastic primitive equations

In this section, we first obtain the well-posedness and general a priori estimates for
2D stochastic primitive equations with small and more general multiplicative noise,
which couple the temperature equation by another method which is different from
that in Ref. [113]. Our second result is a Wentzell-Freidlin-type large deviation prin-
ciple (LDP) for 2D stochastic primitive equations. There are already several interesting
and important papers on LDP and its applications [53, 62, 84, 99, 141, 201, 234]. Es-
pecially Ref. [62] dealts with a class of abstract nonlinear stochastic models, which
covers many 2D hydrodynamical models including 2D Navier—Stokes equations, 2D
magnetohydrodynamic models and 2D magnetic Bénard problem and also some shell
models of turbulence, but does not include our problem. It is because of the mapping
B in this section does not satisfy the condition (C1) of Ref. [62]. The idea of our proof
by weak convergence approach [42, 43] is similar to the one in Ref. [84]; therefore, in
this section, we only give the outline of the proof.

5.5.2.1 Mathematical formulation
We study the following stochastic 2D primitive equations:

duf

i VIAUE — UEQ U — WEDLUE — Oyp + f + eau(t, pF) W, (5.5.71)
3,p = 0, (5.5.72)

WUE = —0,W°, (5.5.73)
de .

i VoAGE — UF 3, 0°F — W30 + q + \eos(t, YW, (5.5.74)

with velocity u® = ué(t, x, z) € R, temperature & = 6(t, x, z) € R, ¢° = (u?, 6°), pressure
p and f is an external forcing term, q is a given heat source, (x,z) € M = [0, 1] x [-h, 0],
t > 0 and W; and W, are the white noise processes. Here A is the Laplacian operator
and without loss of generality in this section, we take vy, v, to be 1.

We partition the boundary into the top I'y = {z = 0}, the bottom I', = {z = —h} and
the sides I's = {x = 0} u {x = I}. In this section, we consider the following boundary
conditions:

onTy: o,u*=0, w* =0, 3,6°=0,
onTy: uf =0, w? =0, 3,66 =0,
onTs: uf=0, 9,6°=0.

Due to egs (5.5.72) and (5.5.73), we have that

w(x, z,t) = - f ’ ut(x, &, t)dé, (5.5.75)
~h

px,z,t) = ps(x, t) - /; 6 (x, &, t)dé. (5.5.76)
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Note that ps denotes the surface pressure (with only x-dependence). We define the
function spaces H and V as follows:

H=H xH, V=VxW, (5.5.77)
0

H = [veLz(/\/l) | f vdz = o}, (5.5.78)
-h

H, = {e c LZ(M)}, (5.5.79)
0

v, = {v cH'(M) | / vdz =0, VIr, = 0], (5.5.80)
-h

v, = {9 e Hl(M)}. (5.5.81)

These spaces are endowed with the L2 and H' norms, which we, respectively, denote
by |-|and || - ||. The inner products and norms on V, H are given by

(U, U) = v, v0) + (6, 61) = /M(w1 +00)dM,
(@.00) = 1)+ (©.0) = [ (9vov + 7696, + 68)dM,
Ul = (U, )3, U] = (U, V)3,
where U = (v, 0), U; = (v1, 6;) € V. We shall also need the intermediate space

Y= Y1 X Yz, (5582)
Y1 = {V € Hl, 8ZV € Hl}, Yz = {9 € Hz, 620 € Hz}, (5.5.83)

Let V' be the dual space of V. We have the dense and continuous embeddings V —
H = H' - V' and denote by (¢, i) the duality between ¢ € V (resp. V;) and ¢p € V’
(resp. V).

Consider an unbounded linear operator A = (41,45) = (A,A) : D(A) - H with
D(A) = D(4;) x D(4,), where

D(A1) = {u € Vi n HX(M) : dulr, = d;ulr, = 0} ¢ Vi n HA (M),
D(A2) = {6 € Vo n H* (M) : 30Ir, = 0, 3,0Ir, = 3,0Ir, = O} c Vo n HA(M),

and define
(Alu’ V) = ((u’ V))’ <A29) n) = ((97 rl)) vua Ve D(A1)7 V@, rl € D(Az)
The Laplace operators A; and A are self-adjoint, positive, with compact self-adjoint

inverses. They map V;to V/,i=1,2.
In accordance with eq. (5.5.75) we take
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W) o= - / dov(x, ) (5.5.84)
~h
and let
Bi(u, v) := udyv + W(u)o,v, (5.5.85)

whereu € Vi, andv e Vi or V5.
One would like to establish that B; is a well-defined and continuous mapping from
Vix Vi — Vl' orVixV, —» V; according to

(Bi(u, v), w) = b1(u, v, w), (5.5.86)
where the associated trilinear form is given by

bi(u,v,w) = / (udyvw + W) o,yw)dM.
M

In the sequel, when no confusion arises, we denote by C a constant which may change
from one line to the next one.

Lemma 5.5.5 (Estimates for b, and B;). The trilinear forms b, and B, have the following
properties. There exists a constant C > O such that

1001 11 10001
Ib1(u, v, w)| < C<|u|2||u||2 IvIllwl2 [lwl|2 + |oxul|zv]Iw]|? ||W||2>,

ueVy,veVilor Vy),we Vi(or Vy), (5.5.87)
bi(u,v,v) =0, ueVy,veVi(or 1), (5.5.88)
(B1(u, u), 8,zu) = 0, ueV. (5.5.89)

Proof. Following the similar estimates in Ref. [113], we easily obtain these results. In
this section, we only give the proof of eqs (5.5.87) and (5.5.89). By Holder’s inequality
and Ladyzhenskaya’s inequality, we have

o) < [ (gl + V@RI )aM
M
1 1 1 1
< Clul 31wl )

+ /01 (ZES[‘_JhI,)O] { /_Z axudz} /0’ |3sz|dz)dX

10001 11
< Clul 2 |ull 2 [jvi[Iw]2 lw]|2

1 0 0 0 1/2
+C/ (/ |8Xu|2dz~f |Bzv|2dz~/ |w|2dz) dx
0 -h -h -h

101 1 1 0 L 12
< Cluf? ull 2Vl (w2 + C sup ([ wPdz)
xe[0,]] -h
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I 0 0 1/2
/(/ |8xu|2dz-/ |azv|2dz) dx
0 -h -h

< Clul2 ull2 VI |w|2 W]} 2 + Claul [3:v]Iwi2 w2
Noting egs (5.5.85) and (5.5.86) and considering boundary conditions, we have
(B1(u, u), 0,u) = /M (Udxudu + W), udu)dM
=—[g@mmm&u+&www@m&m¢M

1
= / [—0,u(8,u)? — Udyud,u + iaxu(azu)z]d/\/t
M

Remark 5.5.4. Glatt-Holtz and Temam [112] considered d,u + ayu = 0, 9,60 + ag = 0
on the top boundary, and defined different function spaces from this section. Due to the
boundary conditions which they considered on the top boundary, in order to deal with
the pressure term, they introduced a projection operator Q onto H from L>(M)? such
that Qdyps = 0 and (B'(u, u), d,,u) + 0. In this section, since we consider free boundary
condition on top boundary, we do not introduce the projection operator and thus the
pressure term remains in equations. To obtain the estimates for |u|? and |3,u|®, noting
the boundary conditions considered in this section and that ps is only x-dependent, we
have the inner product

1 p0
(U,axps)=// udypsdxdz
o J-n
I 0
=- b / udz )dx
/Ops( X " )
=0,
and

1 rO
(aZZu’ 8XpS) = / /h 8zzuaxpstdZ
0 —

0

= - /Olps (8X /:h azzudz>dx

- - /0 ' (Bx0-ul22%, )dx

= 0.

But if we consider the same boundary conditions as in Ref. [112], we should introduce
the projection operator Q and add estimates for (B'(u,u), d,,u) as the author did in
Ref. [112].
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In the present section, we assume that Wy(t) € Hi(M), W>(t) € H>(M) are inde-
pendent Wiener processes defined on a filtered probability space (Q, F, F¢, P), with
linear symmetric positive covariant operators Q; and Q,, respectively. We denote
Q = (Q4, Q7). It is a linear symmetric positive covariant operator in the Hilbert space
H. We assume that Qi, Q> and thus Q are trace class (and hence compact [75]), i.e.,
tr(Q) < oo.

We still need to introduce some definitions (see [84, 235]) in the following:

— Hilbert space Hy = Q%H with the scalar product

(@, )0 = (Q 2, Q21h) Vb, € Ho,

together with the induced norm | - |o = v/(-, -)o-.

— Lqis the space of linear operators S such that SQ% is a Hilbert-Schmidt oper-
ator (and thus a compact operator [75]) from H to H. The norm in the space Lg
is defined by |S |%Q = tr (SQS*), where S* is the adjoint operator of S.

- A is the set of Hy -valued (F;)-predictable stochastic processes ¢ with the
property fOT |p(s)|3ds < oo, a.s. Define

Ay ={pc A: p(w) € Sy, as.}). (5.5.90)

With these notations, the above primitive equations become

dut
T AUE — uEduf — W(UE)D,uf — dyps
Z .
+ / W6 +f + ea(t, pF)Wy, (5.5.91)
-h
de . . s
i A6 — uE3,6° — W(U)0,6° + q + Veoo(t, pF)W,. (5.5.92)

Thus, we rewrite this system for ¢* = (¢, 6F) as
dg® + [Ag® + B(¢, ¢°) + F(¢)]dt = Rdt + /o(t, p°)dW(¢), (5.5.93)

where W(t) = (W;(t), W»(¢)) and

Ap® = (Awf, A6, (5.5.94)

B(¢°) = (B1(W%,u®), Bi(uf,69)), (5.5.95)

F¢ = (xp - / &, 0), (5.5.96)
-h

R=(f, g, (5.5.97)

o(t, %) = (ou(t, %), oa(¢, ¢%)). (5.5.98)
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The noise intensity o : [0, T] x V. — Lg(Hp, H) is assumed to satisfy the following
conditions:

Assumption A. There exist positive constants K and L such that
(A1) o€ C([0, T] x H; Lo(Ho, H)),
(A.2) |ol(t, ¢)|§Q <K@+ ||p|>) Vtel[0,T],VpeV,

(A3) |o(t, p) - at, l/J)IfQ <Llp-yI> vVtelo,TIVp,peV.
In order to obtain large deviation, we should introduce the stochastic control equa-

tion, let h € A, € > 0 and consider the following generalized primitive equations with
initial condition ¢7(0) = &:

dei(t) + [Ap(t) + B(@y, (1)) + F(y)]dt
= Rdt + /o (5, (0))dW(t) + (g5 ())h(t)dt. (5.5.99)

Then, we introduce another intensity coefficient ¢ € C([0, T] x V; Lq(Ho, H)) such that
Assumption A. There exist positive constants K and L such that

(A1) [6(t 97, <K+ |p7)  VEelo,T], v e L4D),

(A.2) |6(t, ) - Gt W, < Lip-y2, Vtelo,T], ¥, e L*(D).
Remark 5.5.5. Continuity condition (A.1) and Lipschitz condition (A.3) imply the

growth condition (A.2). Meanwhile, (A.2) together with the assumption G
C([0, T] x V;Lq(Ho, H)) imply (A.1). We list (A.2) and (A.1) here only for convenience.

To obtain Theorem 5.5.1, we have to give the additional assumptions on o and G.

Assumption B. There exist positive constant K such that
(B.1) 3:0(t, P)I7, <K(+113:01%) Vtel0,T]VopeV,

(B.2) |3,0(t, ¢)|§Q <KQA+8,9%) Vtelo,T]Vo,peV.

5.5.2.2 Well-posedness
Let X := C([0, T]; H) n L*((0, T); V) denote the Banach space endowed with the norm

T %
Il - | sup 6P + [ Ip(o)ds] . (5:5100)

0<s<T

Recall that an {F;}-predictable stochastic process ¢ (t, w) is called the weak solution
for the generalized stochastic primitive problem (5.5.99) on [0, T] with initial condition
¢ e X, if ¢f isin C([0, T]; H) n L*((0, T); V), a.s., and satisfies
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t
(R0, ) - (€, ) + /0 [(5(5), AY) + (B(¢5,(5)), ) + (F(@}(5)), )lds =

t t t
/0 (R, )ds + v/ /0 (o(PEE)AW(S), ) + /0 (GEEDRS), Y) ds, as. (55100

for all Y € D(A) and all ¢ € [0, T]. Note that this solution is a strong one in the probabil-
istic meaning, that is written in terms of stochastic integrals with respect to the given
Brownian motion W. The main result of this section is the following theorem.

Theorem 5.5.1 (Well-posedness and a priori bounds). Fix M > 0, then there exists €y :=
eoK,K,L,K,L, T, M) > 0, such that the following existence and uniqueness result is true
for 0 < € < g. Let the initial datum & € Y and satisfy E|¢|* < oo, E|3,£|* < oo, and let
he Ap, f,0.f € L*(Q; L%(0, T; H)), q, 3.q € L*(Q; L%(0, T; H)) and € € [0, &), then there
exists a unique weak solution ¢;, of the generalized stochastic primitive problem (5.5.99)
with initial condition ¢7(0) = & € Y such that ¢} € X a.s. Furthermore, there exists a
constant

C:= C(R, K,L,f(,i,T, M, |f|L4(Q;L2(0,T;H))’ |q|L4(Q;L2(0’T;H)),

10 @uzzto iy Vo4l @2 0m) )

such that for € € [0, 9] and h € Ay,

T
Ellgsl <1+ E<os<l?PT HGIN +/0 ||¢Z(t)||2dt) < C(1+E|1%), (5.5.102)

and satisfy the additional regularity:
3,95 € L(Q,L=(0, T; H) n L*(0, T; V). (5.5.103)
For ¢ = (u, 6) € V, define
E(¢) = -Ap — B(¢h) — F(¢p) + R. (5.5.104)
We first obtain monotonicity properties of E.

Lemma 5.5.6. Assume that ¢ = (u,0) € Vand = (v,n) € V, we have

(E(p)-E(), qb—¢>+%||¢>—w||2 < Clp-Yllp-PllIpl+CA+ 34— (5.5.105)
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Proof. SettingU =u—-v, ©=0-nand ® = ¢ - ¢ := (U, ©), we deduce

(E(@) - E@), @) = ~(A(¢) - A(Y), @) - (B() - B(Y), @)
~(F(¢) - F(¥), @)

EIl+12+I3.

Integrating by parts and using Lemma 5.5.5, Holder’s inequality, Ladyzhenskaya’s
inequality for 2D domain and Young’s inequality, we get

L=-Vu-vP-v@-n*=-l¢-yI?

L=bu-v,u-v,v)+b(u-v,0-n,n)
< lu=vigalvliiu=vig +u-vianle-nlpa
1 1 1 1
+ax (@ = V)13vI[u - V]2 lu—v|2 + 3 (u - V)I19n]10 - n|2 |16 - 1) 2
1 1 1 1
< Clu=vllu=vlvll + Clu-v|z|lu-vl|z|inl|6 - 726 - n||2
3 1 1 1 1
+Hlu=viIZ[avi[u—-vIz + lu-v)Z[I16 - 129,110 - 0|2
3 1
< Clgp - YllIp - YlUvI + lInlD) + Cllp - YlI2 | — Pl 2 |-y
1
<Clp-yllip-llpl + Zuqb—l/)n2 + Clapl* | - YI%,

13=/M(/_Zax(e-n)dz-(u-v))dMg/M(/_:|ax(0—n)|d2-|u—v|)dM

1
<hI@-mllu=-vi < 2lip = I* + Clop— YI*.
Combining I, I, and I3, we end the proof. ]

We now introduce the Galerkin systems associated with the original equation and es-
tablish some uniform a priori estimates. For any n > 1, let H, = span(ey, -, e,) c
Dom(A) and P, : H — H, denote the orthogonal projection onto H,. Note that P,
contracts the H and V norms. Suppose that the H-valued Wiener process W with
covariance operator Q is such that

PnQ% =Q%Pm I’lZl,
which is true if Qh = )", Ane, with trace ), ;A < co. Then for Hy = Q%H and

(b, ¥)o = (Q‘%¢, Q_%l/)), for ¢, € Hy, we see that P, : Hy — Hy n Hy, is a contraction
in both of the H and Hy norms. Let W, = P,W, 0, = P,0 and 6,, = P,,0.
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For h € Ay, we consider the following stochastic ordinary differential equation
on the n-dimensional space H, defined by

d(¢5 o ) = [(E(E ), ) + (0n(@E ), P)]dt + Ve (0n(@E )dWr, ), (5.5.106)

fory = (v,n) € H, and (l)fl’h(O) = Pyé.

We note that formulation (5.5.106) allows one to treat (;bfL , asaprocess in R". Hence
by a well-posedness result for stochastic ordinary differential equations, there exists
a maximal solution to eq. (5.5.106), i.e., a stopping time Ty, 5 < T such that eq. (5.5.106)
holds fort < 7; ,andast t 7; ), < T, ¢ ()] — oco. As such one can apply the finite-
dimensional It&’s calculus to the above Galerkin systems. We next establish some
uniform estimates on ¢y, , (independent of n). For every N > 0, set

Ty = inf{t : |¢f1’h(t)| > N} A inf{t : |8z¢fl’h(t)| >N}AT. (5.5.107)
The following proposition provides the (global) existence and uniqueness of ap-

proximate solutions and also their uniform (a priori) estimates. This is the main
preliminary step in the proof of Theorem 5.5.1.

Proposition 5.5.4. There exists g, := €op(K, K, T, M) such that for 0 < € < gy the
following result holds for an integer p > 1 (with the convention xX° = 1). Let h € Ay,
f,q e L2(Q; 1%(0, T; H)) and & e L?P(Q, H). Then eq. (5.5.106) has a unique solution with
a modification (],’)i’h e C([o, T1, Hy) satisfying

T
supE ( sup (66,007 + [ 166,115,007 Vas)

0<t<T
< C(p, K, f(, T, M, |f|L2P(Q;L2(O,T;H))’ Iqlep(Q;Lz(O’T;H)))(E|§|2p + 1) (55108)

Proof. It0’s formula yields that for t € [0, T] and 7y defined by eq. (5.5.107),

tATN
|¢f1,h(t A TN)|2 = |Pn§|2 + 2\/5‘/0 (On(¢f,,h(5))de(S), ¢f,,h(s))
[/\TN
42 / (B (), () ds
0
tATN
+2 / (G5 p(SDR(S), G, (5)) ds
0

tATN
+e f |0n(9,,1(S)) Pul7,, ds. (5.5.109)
0

Applying again It6’s formula to x” for p > 2 and using Lemma 5.5.5 and with the
convention p(p — 1)xP2 = 0 for p = 1yields for t € [0, T],
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tAT

N
|95 nE A TN)IP +2p /0 % (PP [, (112 + 1165, (M1I7] dr

< |PREP+ ) T, (5.5.110)
1<j<6

where

tATN

7,6 = 2p /0 (0 0 FS )65, 0120V,

tATN

Th(t) = 2p /0 @ o RIIGE (0120,

tATy
130 = 2VE | [ (0n(00) W), 85,00) 165,000,
tAT
T =2p /0 ! |Gn(@5, (1) h(P), ¢5 ()] 15, ()PP,
ATy
B0 = pe /O On(5 (1) Pl 15, (DI,

tATy
Te(t) = 2p(p - De / [y GZ(‘l)f],h(r)) ¢i,h(”)|§-{0 |¢§,h(r)|2(p‘2)dr.
0
The Holder’s inequality and Young’s inequality imply that

tATy 0

£ (r-1) Ot

1O <2 [ g0 [ ([ 108,00 1,00 ) av
tATN

<p /0 (2 WPV [R1a, 62, () (D)

1 tATN

<o) 1O 0dr

tATN
+C f |5 (I (5.5.111)
0

and

T»(t)

ATy
2 [ 164000 + G0, DN, P Vel

1 tATy

<2 165 PPV g, ()12l

tATN

w2 sup (85,07 [ (FOR + lg0)Par
O<s<tATy 0

1 ATy

g 1
<5 1PN+ S sup (g7,

12 Jo 0<S<tATy

2p 2p
+C2<|f 200, eneym) T 141 LZ(O,WN;H)). (5.5.112)
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Using the Cauchy—Schwarz inequality and (A1), we get

tATN

Tu® <2 /0 [RQU+ 195,017 11O 165,,0) P dr

1 tATN

<o [ IghA0I 95, dr
0

tATN
+Cy / IR 1¢5,, ) dr
0

1 ATy

+ = |95, (2P Dar. (5.5.113)
12 0 ’

Using (A.2), we deduce that

tATN

Ts(0) + Te(t) < 20*Ke / 15 w117 165,y (PP dr
0
ATy
+2p°Ke / |¢flyh(r)|2(p’1) dr. (5.5.114)
0

Finally, the BDG inequality (see Ref. [75]), (A.2) and Schwarz’s inequality yield that for
tel0,T]and 65 > 0,

ATy %
B( sup IT:0)) < 6pvEE| [ 105,007 lons(@i o) Pul, )

O<s<t

S53E< sup |¢f,,h(8)|2")

O<s<tATy
9 2K€ tATN -
+ p63 E/ |¢i’h(r)|2(p Dar
0
2
N 9p°Ke
53

tATN
E / 19, (D17 165, (PP Var. (5.5.115)
0

Consider the following property I(i) for an integer i > O:
I(i) There exists &o,; := £9,;(K, K, T, M) > O such that for 0 < € < gg;

ATy ; ~
supE / (%, (D2dr < CQ) = €, K, K, T, M) < +oo.
n 0

The property I1(0) obviously holds with £y = 1 and C(0) = T. Assume that for some
integer i with 1 < i < p, the property I(i — 1) holds; we prove that I(i) holds. Here we
mainly use a version of Gronwall’s lemma [62, 84].
By setting
@i(r) = 2(Cy + C4lh(MIF),

1 ™ . .
Z-2(5 +2PKe) [ 195,007 Var+ 216
0
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+2C0(f P07y + 19172 0.7510))
L%(0,T;H) 12(0,T;H)”?
X(t) = sup ¢ (s A T0)I%,
O<s<t
ATy .
VO = [ 15O 195, ds,

ATy .
10 = sup 2ive (0a($5,4 1)) AWa(0), 85, ,() 1995, (DI,
0

O<s<t

Then [ @i(s)ds < Ci(M) := 2C;T+C4sM. Letat = 22p— L —2p?Ke), f= 63 = —— L

fo (Pz( ) 1( ) 1 4 (p 4 4 ) ﬁ 3 2[1+Ci(M)eCi(M)]

and C = %KE Loy |¢fl’h(s)|2("‘1)ds. If we choose € small enough and satisfying
262(2i-1) 2K, . . 262(2i-1)

< 91'21?+T12’5§’ then we have y = 9%—36 < af. Finally, letting &q; = %T;&% A E0,i-1

and using Gronwall’s lemma [62, 84], we yield I(i) is valid.
An induction argument shows that I(p — 1) holds, and hence the previous compu-
tations with i = p yield thatfor t = Tand 0 < € < &g,

™~ ~
supE( sup ¢ ()% + /0 1541 5, S)PP ds ) < Co, K, K, T, M).
n

0<s<Ty

By the definition of 7, ; and eq. (5.5.107), we know SUPo<s<tary |Pn.n(s)] - oo, and
TN 1 Tpp0n{Tyn < T}, as N — co. Hence by the above estimate, we have P(t,,, < T) = 0
for almost all w, for N(w) large enough and 7y,)(w) = T. Thus we complete the proof
of the proposition. [ ]

Proposition 5.5.5. There exists o := €op(K, K,K, T, M) such that for 0 < € < £o,p the
following result holds. Let

he Au, 3f,d.q € L®(Q;L%0, T; H))

and 3,¢ € L?(Q, H). Then we have

T
supE( sup |09 , (O + / 19295 ()11 |az¢f,,h(s)|2<p*“ds)
0

n 0<t<T
< C(K, K, K, T, M, |3:f | ;20 (01200, 7311
10241 20 (120, 7:11)) (19281 + 1). (5.5.116)

Proof. Applying It0’s formula to |8Z¢f[’h|2P for t € [0, T] and Ty defined by eq. (5.5.107),
we get

ATy
10,95 (t ATN)IP +2p f 02005, (PP V1195, , (1|2 + 110265, ,(1)1I?] dr
0

< PR + Y (), (5.5.117)

1<j<6
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where

ATy

Jit) =2p /o (02295, o B, W)119:00 ()PP Vdr,

hm=m/
0
ATy

J5(t) =2p fo (8225 o R)I102005 , ()27 Vdlr,

ATy
|

(02205, o (G5 )N 10:655 ()22,

10 = 20E | [ (On e AW, e 1) 120570
0

tATN

Js(0) = 2p /O |@n($5,4(0) K@), dzzpf (D] 10257 ()PP D,

ATy

Jo(t) = pe f 10:00(@5, 4(1) Pulz,, 1005, ,(DIPPVar,
0
J7(6) = 2p(p - e x
tATy
[ oy @509 205,00, 1,00 P

Note that by eq. (5.5.89), we have

Ji(t) = Zp/(;

Integrating by parts and using Holder’s inequality, Ladyzhenskaya’s inequality and
Young’s inequality, one obtains that

hmsmﬁ

ATy
+2p /0 10200, (1P /M 10,65, ,(N)1*10.5, , (1| dMdr

tAT

N
10285 W) P07 by (145 1), 6, (0), 02285, ) | .

tATN

10,45 (1) 2 fM 10068y ()12, () 1805, d My

ATy
<4p /0 |az¢f,,h(7’) |2(p71) | 3z¢}g,,h(r) |i4 |3x¢}g,,h(r)|dr

1 ATy .
<) 10RO I0g I dr
tATN
+Cy / 10205 (1P 185, (1 °dr (5.5.118)
0

and
tATN z
J(t) = 2p / 1(022U5 s f haxef,,hdz)||az¢f1,h(r)|2@*1)dr
0 _

tATy
=2 / (82UE, 1, 3565, p 182085, ()PP dlr (5.5.119)
0
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tATN
<2p / 16E 1025, (DI dr
0

<

ATy 2
sup (a5, (S)1 + Cof /0 166, Pdr) .

1
4 o<s<taty

As we obtain estimate (5.5.112), we have

1 TN 2 1 2 1 2]
e /0 PV IG5 (1P + 7 sup 102857

12 0<S<tATN

2p 2p
+GC3 (Iazf 20 tnrysm * 19241200 tary; H)). (5.5.120)

As in eq. (5.5.113), using the Cauchy—Schwarz inequality and (B.2), we get

tATN
Js< - f 1305 (DI 12200, 120D dr
0

[/\TN
+Cs / (D12 10,65 p(PIZ dr
0

tATN
5 0205 (NP V. (5.5.121)
0

Using again (B.1), we deduce that

ATy

Jo(®) +J;(6) < 2p*K e /O 18005 1 (117 132005, 4 (1) PP dr

o ATy
+2p°Ke / |0:¢%, , () 12P 7V dr. (5.5.122)
0

Finally, the BDG inequality, (B.1) and Schwarz’s inequality yield that for t € [0, T] and
54 >0,

B sup 1)

O<s<t

tATN 1
< 6pVeE] / 10:05 AP 10,0,(@5,, (1) Pulf, dr}’
0

9 2Ke tATN B
< 5413( sup |82¢§,h(S)|2") + pT E / |6:¢E, (1) 12P Var
O<s<tATy 4 0
5
. 9p“Ke
N

tATN
E f 102005, (D11 102055, , (2P (5.5.123)
0

Using the similar steps as those in Proposition 5.5.4, due to egs (5.5.118)—(5.5.123), we
get eq. (5.5.116). [
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Due to Ladyzhenskaya’s inequality for 2D domain, we now have the following bound
in L*(M).

Proposition 5.5.6. Let h € Ay, & € L*(Q, H) and &, be defined as in Proposition 5.5.4
with p = 2. Then there exists a constant

Gy = G(K, K, T, M, f | 141200, 7:1)» 190 1421200, 7:H)))

such that
T
supE/ |5 1(S)[1ads < Co(1+E[E]%). (5.5.124)
n 0

The following result is a consequence of It6’s formula.

Lemma5.5.7. Let p’ : [0,T] x Q — [0 + o) be adapted such that for almost every w
t — p'(t,w) € L([0, T]) and for t € [0, T), set p(t) = fotp’(s) ds. Fori = 1,2, let 0; satisfy
assumptions (A) and (B), o; € C([0,T] x H, Lé) and let G satisfy assumptions A and B.
Let E satisfy condition (5.5.105), h. € Ay and ¢; € L*([0, T, V) n L°>([0, T], H) a.s. with
¢i(0) = & € LY(Q, H), for £ Fo measurable and satisfy the equation

dgi(t) = R(gi(t))dt + Veai(t, ¢i(1)) dW(6) + (a(t, (D) + 0i(t, Pi(t))) he(O) dt.  (5.5.125)
Let @ = ¢b; — ¢y, then for every t € [0, T],
20 1o < [ 29 [ - L o) 2
0 |0 < /0 e | = IO +elorls, p16) - 02, pa N}

O EC)
+2C(1+ 10:02(5)|) + C 129112+ C he(s)3] | ds

+2 f e (31(5) - 32(5), D(s)) ds + I(D), (5.5.126)
0
where I(6) = 2V& [ e#)([01(s, $1(5) - 02(s, $2(s))] dW(s) , D(s)).
Proof. It&’s formula, eq. (5.5.105) and conditions (A.2) imply that for ¢ € [0, T],

t
e () = /O e?® { —p'S)D(S)? + €|ails, 1(s)) - (s, ¢2(S))|ia

+2(E(¢1(5)) - E(ha(s)) , @(5))
+ 2(0(s, P1(8)he(s) — a(s, a(s)he(s), <D(S))] ds
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+ / t e‘P(S)Z([EIl(s) - 05(5)]he(s), D(s)) ds +I(t)
0

t
< fo e”"s){ =P/ ) [0S + ]or(s, $(s) - 02(s, 2|1, ~ 1D(6)I?
+2C1D(S)| 1Dl |2()Il + 2C(L + |3,p2(5)|) | D(s) 2
+ 20V LI @) 1he(s)lo [9(6)] | ds

+ f t eP92(31(s) - G2(s), D(s)) ds + I(D).
0
The inequalities
2C10()| D)l 12(9)l < %ncb(s)n2 + Cllpa(s) 121 D(s) |2

and

~ 1
20V LD [he(s)lo [9(s)] < Znob(s)n2 + Clhe(s)]g |D(s)I?
conclude the proof of eq. (5.5.126).

Proof of Theorem 5.5.2. As in Ref. [84], due to monotonicity property (5.5.105), priori
estimates (5.5.108), (5.5.116) and Lemma 5.5.7, we obtain Theorem 5.5.1. [

5.5.2.3 Large deviations for stochastic primitive equation

Since primitive equation is a large-scale model, one may neglect the effect of small
scale and intermediate scale in its modeling. One may consider this effect by adding
small noise in the equations. Large deviations theory concerns with the study of pre-
cise asymptotics governing the decay rate of probabilities of rare events. A classical
area of large deviations is the Wentzell-Freidlin theory that deals with path probabil-
ity asymptotics for small noise stochastic dynamical systems. More exactly, we will put
a bound on the probability that the random perturbed trajectory goes very far from the
unperturbed trajectory, and see the rate at which this probability goes to zero as the
noise shrinks (¢ — 0). We consider large deviations via a weak convergence approach
(originated with Budhiraja and Dupuis [42, 43], Sritharan and Sundar [235], Duan and
Millet [84], among others). In this section, the idea of the proof for large deviations
is the same as in Ref. [84], here we only give the outline of the proof. First, we recall
some classical definitions for large deviations.

Definition 5.5.4. The random family {¢*} is said to satisfy an LDP on X with the good
rate function I if the following conditions hold:

I is a good rate function. The function I : X — [0, co] is such that for each
M € [0, oo[ the level set {¢p € X : I(¢p) < M} is a compact subset of X.
For A € B(X), set I(A) = infgea I(¢h).

printed on 2/10/2023 4:53 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



204 = 5 Applications

Large deviation upper bound. For each closed subset F of X:

limsup elogP(¢p® € F) < —I(F).

=0

Large deviation lower bound. For each open subset G of X:
lim ing elog P(¢° € G) > -I(G).
E—

To establish the LDP, we need to strengthen the hypothesis on the growth condition
and Lipschitz property of o (and ¢) as follows:

Assumption A. There exist positive constants K and L such that
(A.4) |o(t, ¢)|{Q <K@A+|pP?) Vtelo,T],VpeV,

(A.5) |o(t, §) - o(t, Y, <LIp-p* Ve[0T, Ve, ppeV.
The following theorem is the main result of this section.

Theorem 5.5.2. Let ¢ do not depend on time and satisfy (A.1), (B), (A.4) and (A.5), ¢*
be the solution of the stochastic primitive eq (5.5.93). Then {¢¢} satisfies the LDP in
c([o, T]; H) n L2((0, T); V), with the good rate function

T
L) = ! /0 Ih(s)13 ds . (5.5127)

inf {
{neL2(0,T;Ho): Y=GO(f; h(s)ds)} L 2
Here the infimum of an empty set is taken as infinity.

The proof of the LDP will use the following technical lemma, which studies time incre-
ments of the solution to the stochastic control equation. For any integer k = 0, ---, 2" -1,
and s € [kT27™", (k + 1)T2™"[, sets, = kT2 ™ and 5, = (k + 1)T2". Given N > 0, h € Ay,
€ > 0 small enough, let q,')‘,?l denote the solution to eq. (5.5.99) given by Theorem 5.5.1,
and for t € [0, T], let

6w = | = ( sup I5O@)P) v ( /O 56 w)ds)
v ( sup |35 (s)(w)|? < N)}

O<s<t

Lemma5.5.8. Let M,N > 0, 0 and ¢ satisfy Assumptions (A.1), (B), (A.4) and (A.5),
8,&, & e L*(H). Then there exists a positive constant

C:= C<K,L, [flLasr2(0, 13m0 191 L4 s12(0, 1310

102f | L4 u12(0, 1)) » 19241 L4:12(0, 1)) T M, N, 80)
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such that for any h € Ay, € € [0, £],
T n
In(h, ) i= E[ 16,m / I$5(5) - G Pds] < c273. (5.5.128)
0
Proof. The proof is close to that of Lemma 4.2 in Ref. [84]. [

Now we return to the setting of Theorem 5.5.2. Let £y be defined as in Theorem 5.5.1
and (he), (0 < € < &), be a family of random elements taking values in 4. Let .
be the solution of the corresponding stochastic control equation with initial condition

#5,(0) =& e H:

dgy, + [Ady, +B(gy,) + F(¢y, )ldt
= Rdt + o(¢5, Yhedt + /e o(¢y, )AW (2). (5.5.129)

Note that ¢ = G* (JE(W + % IN hg(s)ds)) due to the uniqueness of the solution.

For all w and h € L*([0, T], Hy), let ¢, be the solution of the corresponding control
equation with initial condition ¢,(0) = &(w):

doy + [A¢h + B(¢h) + F((l)h)]dt = Rdt + 0(¢h)hdt. (5.5.130)

Note that here we may assume that h and ¢ are random, but ¢, may be defined
pointwise by eq. (5.5.130).

Let Co = {J;h(s)ds : h e L*([0,T],Ho)} c C([0, T], Ho). For every w ¢ Q, define
G° : C([0,T),Ho) — X by G°(g)(w) = Pn(w) for g = [;h(s)ds € Co and G°(g) = O
otherwise.

Proposition 5.5.7 (Weak convergence). Suppose that ¢ does not depend on time and
satisfies Assumptions (A.1), (B), (A.4) and (A.5). Let & ¢ Y, be Fo measurable such
that E|§'|;‘I < +o00, Elaz:ﬂ]‘; < +oo and let he converge to h in distribution as random
elements taking values in Ay. (Note that here Ay is endowed with the weak topo-
logy induced by the norm (5.5.100)). Then as € — O, ¢i£ converges in distribution
to ¢p in X = C([0, T]; H) n L*((0, T); V) endowed with the norm (5.5.100). That is,
Gt (ﬁ(W + % In hg(s)ds)) converges in distribution to G°( [; h(s)ds) in X, as € - 0.

The proof can be obtained by delicate estimates and by the method in Ref. [84].

The following compactness result is the second ingredient that allows us to trans-
fer the LDP from /eW to u®. Its proof is similar to that of Proposition 5.5.7 and easier
and hence will be sketched (see also Ref. [84], Proposition 4.4).
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Proposition 5.5.8 (Compactness). Let M be any fixed finite positive number and let & ¢
Y be deterministic. Define

Kum = {¢n € C((0, T); H) n L*((0, T); V) : h € Sy},
where ¢y, is the unique solution of the deterministic control equation:

don(t) + [Agn(t) + B(gn(t) + Ropp(t)|dt = Fp(t)dt + o(rn(D)h(t)dt,
$n(0) = ¢, (5.5.131)

and o does not depend on time and satisfies (A.1), (B), (A.4) and (A.5). Then Ky is a
compact subset of X.

Proof of Theorem 5.5.3. Propositions 5.5.8 and 5.5.7 imply that {¢¢} satisfies the
Laplace principle, which is equivalent to the LDP in X = C([0, T], H) n L*((0, T), V)
with the above-mentioned rate function (see Theorem 4.4 in Ref. [42] or Theorem 5
in Ref. [43]). [
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