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Introduction

Mircea pitici

The eighth volume of The Best Writing on Mathematics brings you a new 
collection of diverse, surprising, and well-written pieces, all published 
originally during 2016 in academic journals, scientific magazines, or 
mass media. In addition to the selection, at the end of the book I offer 
a copious reference section of notable writings and sources for those of 
you who want to find out more about mathematics on your own; that 
supplement is important for the goals of the series, serving the research 
needs of interested readers.

I hope that this series illustrates the versatility of mathematics and 
that of its interpretations; I also hope that the series helps readers gain 
a rich panoramic view of mathematics, as opposed to the impoverished 
parochial view promoted at all levels by our education system. The 
more facets of mathematics we discover, the more aware we are that 
mathematics has become a behemoth of human thought, with tentacles 
reaching into many of the ingenious innovations that fill our personal 
and collective lives with technological wonders and with deadly perils.

In a memorable line from the movie Stand and Deliver (1988), the 
mathematics teacher Jaime Escalante tells his students in a run-down 
Los Angeles community that “math is the great equalizer”—mean-
ing, perhaps, that learning mathematics opens up life possibilities for 
achievement to everyone, regardless of their ethnicity, social condi-
tion, and family status. My own avatars teach me that, like everything 
else people say about mathematics, Escalante’s proclamation is both 
true and untrue, depending on the perspective one takes and on the 
life caprices one encounters. Against a long and parsimonious tradi-
tion that associates mathematics with recipes of ready-made clichés, I 
aim to show with this series that mathematics is more interesting than 
the most interesting writing about it—and, more, that this statement 
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x Mircea Pitici

remains valid even if we replace the attribute “interesting” with one 
of its antonyms, or even with most other attributes. Such a sweeping 
statement will sound disconcerting to the unaware mind, but it is in-
triguing to the inquisitive mind. Mathematics is a domain of clarity 
and obscurity, of enchantment and boredom, of unperturbed neatness 
and of puzzling paradox, of apodictic truth and of arguable interpreta-
tion. The pieces collected in this volume once again demonstrate the 
dynamic coexistence of opposite characteristics of mathematics—and 
show that mathematics is anything but the dull subject serviced by an 
increasingly powerful but stultifying educational bureaucracy unable 
to grasp, appreciate, promote, and teach the creative and imaginative 
sides of mathematics.

Overview of the Volume

In the same vein as the previous books in the series, this volume contains 
both expository and interpretive pieces on mathematics and aspects of 
life in the mathematical community, historical and contemporary.

To open the selection, Philip Davis sees mathematicians as producers 
and shows, with many examples from the past and from the present, 
that treating mathematical results as “products” is neither far-fetched 
nor outrageous; it is just an observation supported by abundant evi-
dence but still denied by many mathematicians.

Evelyn Lamb explains why it is useful to know that certain big num-
bers are primes—and why people are finding primes among a variety 
of numbers of certain algebraic expression.

Kevin Hartnett describes the work of geometers and physicists who 
attempt to discover similarities among various random processes.

Siobhan Roberts glosses on the idiosyncratic mathematical achieve-
ments of a peculiar centenarian, the recently celebrated Richard Guy.

Lloyd Trefethen shows that the precision of mathematical statements 
obscures the multitude of contexts in which we can interpret such results.

Gerald Alexanderson reviews biographical contributions inspired by 
Srinivasa Ramanujan’s life and work, and he tells us the intriguing cir-
cumstances under which he acquired a bronze bust of the famous Indian 
mathematician.

Larry Riddle brings abstract algebra to the study of systems of func-
tions to create beautiful fractal images.
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Marc Frantz contributes with elements of projective geometry to the 
wider context (within optics and perception) of the moon tilt illusion.

Mohammadhossein Kasraei, Yahya Nourian, and Mohammadjavad 
Mahdavinejad study how the Persian architectural element Girih was 
used in the construction of three Iranian domes; they also analyze the 
relationship between dome curvature and the polygonal division of the 
dome’s base circle.

Jo Boaler and Lang Chen summarize studies from several disciplines 
to conclude that children’s degree of dexterity with “finger math” is 
important to their mathematical development.

Sinéad Breen and Ann O’Shea rethink the design of undergradu-
ate mathematics education, proposing that the central role held by the 
pairing of content and techniques should be replaced by “threshold con-
cepts,” which they define and characterize in their piece.

John Mason pleads for a mathematics education attentive to the cir-
cumstantial elements that occasion learning—as opposed to the dog-
matism of normative theories so popular with researchers.

Viktor Blåsjö exemplifies with a geometric-algebraic construction 
taken from Leibniz’s work the changing meaning of mathematics and 
mathematics notation over the past few centuries.

Carlo Séquin and Raymond Shiau examine a famous painting by Fra’ 
Luca Pacioli to determine whether the plane rendering of a spatial geo-
metric object is genuine, and they bring the topic to the present by of-
fering a computerized version of that representation.

Jeremy Gray asks what would have passed as most valuable math-
ematical research, most worthy of award-winning consideration, a cen-
tury and a half ago and examines in that context the work of several 
mathematicians prominent at the time.

Noson Yanofsky illustrates with an abundance of examples different 
types of mathematical and scientific limitations, from logical and physi-
cal to mental and practical.

Jean-Pierre Marquis defines abstraction and “levels” of abstraction in 
mathematics, distinguishing between the axiomatic method and the ab-
stract method. Then he infers the philosophical consequences of using 
the latter.

Robert Bain considers pro and con arguments for the proposition 
that human reasoning, beliefs, and decision making actively adjust 
based on evidence and probability expectations.
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Speaking of expectations, in the last piece of the anthology, Graham 
Southorn describes quantitative methods used in forecasting and ex-
plains why they never achieve certainty in our ever more complex world.

More Writings on Mathematics

Among recent books on mathematics deserving special mention are the 
following: the Sourcebook in the Mathematics of Medieval Europe and North 
Africa edited by Victor Katz; the path-opening Visualizing Mathematics 
with 3D Printing by Henry Segerman; the book-and-catalogue Mathemat-
ics edited by David Rooney for the Science Museum of London; and two 
interdisciplinary books reaching both close to and far away from math-
ematics, The Oxford Handbook of Generality in Mathematics and the Sciences 
edited by Karine Chemla, Renaud Chorlay, and David Rabouin, and 
the massive Handbook of Geomathematics edited by Willi Freeden, Zuhair 
Nashed, and Thomas Sonar.

Expository books on mathematics are Elements of Mathematics by John 
Stillwell, The Circle by Alfred Posamentier and Robert Geretschläger, 
Algebra by Peter Higgins, Fractals by Kenneth Falconer, Combinatorics by 
Robin Wilson, Measurement by David Hand, Some Applications of Geomet-
ric Thinking by Bowen Kerins et al., Thinking Geometrically by Thomas 
Sibley, Geometry in Problems by Alexander Shen, Problem-Solving Strategies 
in Mathematics by Alfred Posamentier and Stephen Krulik, An Interactive 
Introduction to Knot Theory by Inga Johnson and Allison Henrich, Circu-
larity by Ron Aharoni, Can You Solve My Problems? by Alex Bellos, and 
Summing It Up by Avner Ash and Robert Gross.

Mathematics in life (including gambling and games) is described and 
interpreted in such books as The Calculus of Happiness by Oscar Fernan-
dez, Fluke by Joseph Mazur, Man vs. Mathematics by Timothy Revell and 
Joe Lyward, In Praise of Simple Physics by Paul Nahin, The Mathematics that 
Power Our World by Joseph Khoury and Gilles Lamothe, Living by Numbers 
by Steven Connor, The Perfect Bet by Adam Kucharski, The Joy of SET by 
Liz McMahon and her coauthors, That’s Maths by Peter Lynch, and Math 
Squared by Rachel Thomas and Maryanne Freiberger; Daniel Levitin 
takes a broad perspective in A Field Guide to Lies.

In the history of mathematics and biography, recently I noticed A 
Brief History of Mathematical Thought by Luke Heaton, Infinite Series in 
a History of Analysis by Hans-Heinrich Körle, Turing by Jack Copeland, 
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What Is the Genus? by Patrick Popescu-Pampu, A Delicate Balance edited 
by David Rowe and Wann-Sheng Horng, The Early Period of the Calculus 
of Variations by Paolo Freguglia and Mariano Giaquinta and a new edi-
tion of Emmy Noether’s Wonderful Theorem by Dwight Neuenschwander.

Several recent books on mathematical connections with other disci-
plines are Dmitry Kondrashov’s Quantitative Life, Richard Harris’s Quan-
titative Geography, Youseop Shin’s Time Series Analysis in the Social Sciences, 
and Ron Aharoni’s Mathematics, Poetry, and Beauty. Collective volumes 
include Big Data and Social Science edited by Ian Foster and his collabo-
rators, Big Data in Cognitive Science edited by Michael Jones, Data Visu-
alization edited by Lauren Magnuson, Handbook of Quantitative  Methods 
for Detecting Cheating on Tests edited by Gregory Cizek and James Wol-
lack, UK Success Stories in Industrial Mathematics edited by Philip Aston, 
Anthony Mulholland and Katherine Tant, and From Numbers to Words by 
Susan Morgan, Tom Reichert, and Tyler Harrison. Two interdisciplin-
ary volumes are Quite Right by Norman Biggs and The Topological Imagi-
nation by Angus Fletcher.

Many more books than I can mention are published each year in 
mathematics education. Some recent volumes that came to my atten-
tion are Creativity and Giftedness edited by Roza Leikin and Bharath Srira-
man, Posing and Solving Mathematical Problems edited by Patricio Felmer, 
Erkki Pehkonen, and Jeremy Kilpatrick, Teaching School Mathematics 
by Hung- Hsi Wu, Task Design in Mathematics Education edited by Anne 
Watson and Minoru Ohtani, Semiotics as a Tool for Learning Mathematics 
edited by Adalira Sáenz-Ludlow and Gert Kadunz, Psychometric Methods 
in Mathematics Education edited by Andrew Izsák, Janine Remillard, and 
Jonathan Templin, Mathematics Education and Language Diversity edited 
by Richard Barwell et al., Putting Essential Understanding of Geometry and 
Measurement into Practice edited by Kathryn Chval, and The Second Hand-
book of Research on the Psychology of Mathematics Education edited by Ángel 
Gutiérrez, Gilah C. Leder, and Paolo Boero.

To conclude, I enumerate several recent titles in the philosophy of 
mathematics and some logic essays: Making and Breaking Mathematical 
Sense by Roi Wagner, Essays on Paradoxes by Terence Horgan, Bolzano’s 
Logical System by Ettore Casari, Talking about Numbers by Katharina Felka, 
Resonance by Krzysztof Burdzy, Plural Logic by Alex Oliver and Timothy 
Smiley, a new volume in Yuki Hiroshi’s Math Girls series, as well as the 
collective volumes Logical Modalities from Aristotle to Carnap edited by Max 
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Cresswell, Edwin Mares, and Adriane Rini, and Cultures of Mathematics 
and Logic edited by Shier Ju, Benedikt Löwe, and their collaborators. A 
sociological viewpoint underpins The Quantified Self  by Deborah Lupton.

•
I hope that you, the reader, will enjoy reading this anthology at least as 
much as I did while working on it. I encourage you to send comments, 
suggestions, and materials I might consider for (or mention in) future 
volumes to Mircea Pitici, P.O. Box 4671, Ithaca, NY 14852; or send 
electronic correspondence to mip7 @cornell .edu.
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Mathematical Products

philip J. davis

A prominent mathematician recently sent me an article he had writ-
ten and asked me for my reaction. After studying it, I said that he was 
proposing a mathematical “product” and that as such it stood in the 
scientific marketplace in competition with nearby products. He bri-
dled and was incensed by my use of the word “product” to describe his 
work. Our correspondence terminated. What follows is an elaboration 
of what I mean by mathematical products and how I situate them within 
the mathematical enterprise.

Civilization has always had a mathematical underlay, often informal, 
and not always overt. I would say that mathematics often lies deep in 
formulaic material, procedures, conceptualizations, attitudes, and now 
in chips and accompanying hardware. In recent years, the mathema-
tization of our lives has grown by leaps and bounds. A useful point of 
view is to think of this growth in terms of products. Mathematical 
products serve a purpose; they can be targeted to define, facilitate, 
enhance, supply, explain, interpret, invade, complicate, confuse, and 
create new requirements or environments for life. 

What? Mathematical “products”? Products in an intellectual area 
that is reputed to contain the finest result of pure reason and logic: a 
body of material that in its early years was in the classical quadrivium 
along with astronomy and music? How gross of me to bring in the lan-
guage of materialistic commerce and in this way sully or besmirch the 
reputation of what are clean, crisp idealistic constructions! Products 
are the routine output of factories, not of skilled craft workers whose 
sharp minds frequently reside far above the usual rewards of life. The 
notion that mathematics has products or that its content is merchandise 
might tarnish both its image and the self- image of the creators of this 
noble material.
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2 Philip J. Davis

And yet . . . the world is full of mathematical products—mathemat-
ics produces knowledge, hence we have mathematical products—many of 
them. As O’Halloran [1, 2] claims, mathematics is functional; it per-
mits us to construe and reason about the world in new ways that extend 
beyond our linguistic formulations. The world of today embraces the 
product of that knowledge.

1 Examples of Mathematical Products

Yes, the world is full of mathematical products of all sorts. I will name 
a few. A slide rule is a product. A French curve is a product. An algo-
rithm (recipe) for solving linear equations is a product. A theorem is a 
product and stands among hundreds of thousands of theorems, ready to 
be interpreted, appreciated, used, updated, reworked, or neglected. A 
textbook on linear algebra is a product. A polling system is a product. 
The statutory rule for allocating representatives after a new census is 
a product. A tax or a lottery or an insurance scheme, or even a Ponzi 
scheme is a product. Telephone numbers are products. A professional 
mathematical society is a product. A medical decision that depends in 
a routine manner on some sort of quantification is a product. A com-
puter language is a product. A supermarket cash register and the Julian 
calendar are products. The act of taking a number at a delicatessen or a 
bakeshop counter to facilitate one’s “next” is a product. MATLAB is a 
product. Google is a product. Encryption schemes are products. Some-
times a mathematical product is designed for very specialized usage; it 
may then be called a package or a toolbox.

Admittedly, these examples might seem to indicate that in my mind 
anything at all that has to do with mathematics can be considered a 
product. Is Cantor’s diagonalization process a product? Is a T- shirt im-
printed with the face of Kurt Gödel a mathematical product? Well, I 
would find it exceedingly difficult to propose a formal definition. In 
any case, let us see the extent to which one might describe and discuss 
the mathematical enterprise from the point of view of its products that 
I have cited or will cite.

What is the clientele for mathematical products? While mathemati-
cal products are the brain children of inspired individuals or groups, 
the targeted users of the products may vary from a few individuals to 
entire populations. Those targeted may be aware of the availability of 
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a product that has been claimed to be of use; they may either use it or 
reject it. In many cases, the product is built into a whole social system 
and one cannot easily opt out of its use. Examples include phone num-
bers and area codes, the U.S. Census, and more locally, passwords at 
the ATM around the corner.

1.1 scientific and technoloGical aspects 
of MatheMatical products

Mathematics was called by Gauss “the Queen of the Sciences,” and a 
good fraction of its products relate to science and technology, e.g., 
packages for the factorization of large integers; for the analysis of archi-
tectural structures or packages marketed; or for on- site DNA analysis. 
A scheme for constructing and interpreting a horoscope can be a math-
ematical product of considerable sophistication and complexity. The 
“wise” may reject its conclusions, yet the product flourishes.

Without in any way dethroning the Queen, it should be pointed out 
that the employment of mathematics has always gone far beyond what 
are now called “the sciences.” Mathematics has had an effect on com-
merce, trade, medicine, biology, mysticism, theology, entertainment, 
and warfare.

1.2 the transMission or coMMunication 
of MatheMatical products

Transmission is done by a wide variety of “signs” or “semiotic prod-
ucts.” Short texts, books, pictures, programs, flash drives, chips, for-
mal classroom teaching, the informal master–apprentice relationship, 
and word of mouth. The international or intercultural transmission and 
absorption of mathematical products (e.g., the adoption by the West of 
Arabic numerals) has been and still is the object of scholarly studies.

1.3 coMMercial aspects of MatheMatical products

The commercialization of mathematical products has grown by leaps 
and bounds since World War II. A mathematical product can be pro-
moted in many of the same ways that a brand of breakfast food is pro-
moted: by ads or by the praises of well- known personalities or groups 
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(plugs). On MATLAB’s website, you can find a list of MATLAB’s avail-
able products, listed openly and labeled clearly as “products.” Invest-
ment and insurance schemes are called “products.”

A product can be sold, e.g., a handheld computer or the Handbook of 
Mathematical Functions. A product can be licensed for usage, or it can be 
made available as a freebie. In the case of taxes (qua mathematical prod-
uct), it is “promoted” by laws and threats of punishment. Rubik’s Cube, 
a mathematical product, caught the imagination and challenged the wits 
of millions of people and has earned fortunes. Sudoku, a mathematical 
puzzle, is sold in numerous formats. If a product is income producing, 
its sellers can be taxed. A product can be copyrighted or patented; the 
owners of such can be contested or sued for infringement.

1.4 coMpetitive aspects of MatheMatical products

A mathematical product is often subject to competition from nearby 
products. Think of the innumerable ways of solving a set of linear equa-
tions. Textbooks, a source of considerable income, compete in a math-
ematical marketplace that involves educationists, testing theorists and 
outfits, unions, publishers, parents’ groups, and local state and national 
governments.

1.5 social aspects of MatheMatical products

If a mathematical product finds widespread usage, it may have social, 
economic, ethical, legal, or political implications or consequences. The 
repugnant Nuremberg Racial Laws in Germany in 1935, with their 
numerical criteria, caused incredible suffering. DNA sequencing and 
its interpretations is a relatively new branch of applied mathematics, 
resulting in a host of new products. In a number of states, the level of 
mathematical tests for the lower school grades has been questioned. 
The social consequences of mathematical products, benign or other-
wise, may not emerge for many years.

1.6 leGal aspects of MatheMatical products

There are innumerable examples of this. The U.S. Constitution is full 
of number processes. Consider
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Representatives and direct Taxes shall be apportioned among the 
several States which may be included within this Union, accord-
ing to their respective Numbers, which shall be determined by 
adding to the whole Number of free Persons, including those 
bound to Service for a Term of Years, and excluding Indians not 
taxed, three fifths of all other Persons. (Later Amended!)

Some mathematical products have been subject to judicial review. As 
an example, the mathematical scheme for the 2010 Census was vetted 
and restricted by the U.S. Supreme Court.

An example of a statutory product is the method of least propor-
tions used to allocate representatives in Congress. It was approved by 
the Supreme Court in Department of Commerce v. Montana, 503 U.S. 442 
(1992). A multiple regression model used in an employment discrimi-
nation class action is another such example; it was approved by the Su-
preme Court in Bazemore v. Friday, 478 U.S. 385 (1986).

1.7 loGical or philosophical aspects 
of MatheMatical products

A mathematical product, considered as such, is neither true nor false. 
Of course, it may embody certain principles of deductive logic, but 
these do not automatically make the employment of the product plau-
sible or advisable. A product can be made plausible, moot, or useless on 
the basis of certain internal or external considerations. An interesting 
historical example of this is the dethroning of Euclidean geometry as 
the unique geometry by the discovery of non- Euclidean geometries.

A product may raise or imply philosophical questions, such as 
the distinction between the subjective and the objective or between 
the qualitative and the quantitative, between the deterministic and the 
probabilistic, the tangible and the intangible, the hidden and the overt.

Numerical indexes of this thing and that thing abound. Cases of sub-
jectivity occur when a product asks a person or a group of people to 
pass judgment on some issue: “On a scale of zero to ten, how much do 
you like tofu?” The well- known Index of Economic Freedom embodies a 
number of items, expressed numerically:

We measure ten components of economic freedom, assigning a 
grade in each using a scale from 0 to 100, where 100 represents 
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the maximum freedom. The ten component scores are then aver-
aged to give an overall economic freedom score for each country. 
The ten components of economic freedom are: Business Free-
dom | Trade Freedom | Fiscal Freedom | Government Size | 
Monetary Freedom | Investment Freedom | Financial Freedom 
| Property Rights | Freedom from Corruption | Labor Freedom

1.8 Moral aspects of MatheMatical products

Society asks many questions. Does the manner of taking the U.S. Cen-
sus account properly for the homeless? Are tests in algebra slanted to-
ward certain subcultures? Does the tremendous role that mathematics 
plays in war raise questions or angst in the minds of those who are 
responsible for its application? Are results of IQ testing being misused?

2 Judgments of Mathematical Products

As mentioned, mathematical products serve a purpose; they can be tar-
geted to define, facilitate, enhance, or invade any of the requirements or 
aspects of life. Ultimately, a mathematical product can be judged in the 
same way that any product can be judged: by the response of its targeted 
users or purchasers. In the case of a mathematical product, what criteria 
are in play? The cheapest? The most convenient? The most useful? The 
most comprehensive? The most accurate? The most original? The most 
seminal? The most reassuring? The safest or least vulnerable? The most 
esthetic? The most moral? Is the product unique? Are there pressures 
from investors or the various foundations that support their production?

Is “survival of the fittest” a good description of the judgment pro-
cess? Probably not. There are fashions in the product world attracting 
both excited consumers and producers. Time, chance, and what the 
larger world requires, appreciates, or suffers from mathematizations 
are always in play to determine survival.
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The Largest Known Prime Number

evelyn laMb

Earlier this week, BBC News reported an important mathematical 
finding, sharing the news under the headline “Largest Known Prime 
Number Discovered in Missouri.” That phrasing makes it sound a bit 
like this new prime number—it’s 274,207,281 − 1, by the way—was found 
in the middle of some road, underneath a street lamp. That’s actually 
not a bad way to think about it.

We know about this enormous prime number thanks to the Great In-
ternet Mersenne Prime Search. The Mersenne hunt, known as GIMPS, 
is a large distributed computing project in which volunteers run soft-
ware to search for prime numbers. Perhaps the best- known analogue is 
SETI@home, which searches for signs of extraterrestrial life. GIMPS 
has had a bit more tangible success than SETI, with 15 primes discovered 
so far. The shiny new prime, charmingly nicknamed M74207281, is the 
fourth found by University of Central Missouri mathematician Curtis 
Cooper using GIMPS software. This one is 22,338,618 digits long.

A prime number is a whole number whose only factors are 1 and 
itself. The numbers 2, 3, 5, and 7 are prime, but 4 is not because it can 
be factored as 2 × 2. (For reasons of convenience, we don’t consider 1 
to be a prime.) The M in GIMPS and in M74207281 stands for Marin 
Mersenne, a 17th- century French friar who studied the numbers that 
bear his name. Mersenne numbers are 1 less than a power of 2. Mer-
senne primes, logically enough, are Mersenne numbers that are also 
prime. The number 3 is a Mersenne prime because it’s one less than 22, 
which is 4. The next few Mersenne primes are 7, 31, and 127.

M74207281 is the 49th known Mersenne prime. The next largest 
known prime, 257,885,161 − 1, is also a Mersenne prime. So is the one 
after that. And the next one. And the next one. All in all, the 11 largest 
known primes are Mersenne.
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8 Evelyn Lamb

Why do we know about so many large Mersenne primes and so 
few large non- Mersenne ones? It’s not because large Mersenne primes 
are particularly common, and it’s not a spectacular coincidence. That 
brings us back to the road and the street lamp. There are several dif-
ferent versions of the story. A man, perhaps he’s drunk, is on his hands 
and knees underneath a streetlight. A kind passerby, perhaps a police 
officer, stops to ask what he’s doing. “I’m looking for my keys,” the man 
replies. “Did you lose them over here?” the officer asks. “No, I lost them 
down the street,” the man says, “but the light is better here.”

We keep finding large Mersenne primes because the light is better 
there.

First, we know that only a few Mersenne numbers are even candi-
dates for being Mersenne primes. The exponent n in 2n − 1 needs to 
be prime, so we don’t need to bother to check 26 − 1, for example. 
There are a few other technical conditions that make certain prime 
exponents more enticing to try. Finally, there’s a particular test of 
primeness—the Lucas–Lehmer test—that can only be used on Mer-
senne numbers.

To understand why the test even exists, let’s take a detour to explore 
why we bother finding primes in the first place. There are infinitely 
many of them, so it’s not like we’re going to eventually find the biggest 
one. But aside from being interesting in a “math for math’s sake” kind 
of way, finding primes is good business. RSA encryption, one of the 
standard ways to scramble data online, requires the user (perhaps your 
bank or Amazon) to come up with two big primes and multiply them 
together. Assuming that the encryption is implemented correctly, the 
difficulty of factoring the resulting product is the only thing between 
hackers and your credit card number.

This new Mersenne prime is not going to be used for encryption any 
time soon. Currently, we only need primes that are a few hundred dig-
its long to keep our secrets safe, so the millions of digits in M74207281 
are overkill, for now.

You can’t just look up a 300- digit prime in a table. (There are about 
10297 of them. Even if we wanted to, we physically could not write them 
all down.) To find large primes to use in RSA encryption, we need to 
test randomly generated numbers for primality. One way to do this is 
trial division: Divide the number by smaller numbers and see if you 
ever get a whole number back. For large primes, this takes way too 
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long. Hence, there are primality tests that can determine whether a 
number is prime without actually factoring it. The Lucas–Lehmer test 
is one of the best.

The heat death of the universe would occur before we could get even 
a fraction of the way through trial division of a number with 22 mil-
lion digits. It only took a month, however, for a computer to use the 
Lucas–Lehmer test to determine that M74207281 is prime. There are 
no other primality tests that run nearly as quickly for arbitrary 22 mil-
lion–digit numbers.

How many primes have we missed by looking for them mostly under 
the Lucas–Lehmer street lamp? We don’t know the exact answer, but 
the prime number theorem gets us close enough. It makes sense that 
primes become less common as we stroll out on the number line. Fully 
40% of one- digit numbers are prime, 22% of two- digit numbers are 
prime, and only 16% of three- digit numbers are. The prime number 
theorem, first proved in the late 1800s, quantifies that decline. It says 
that in general, the number of primes less than n tends to n/ln(n) as n 
increases. (Here ln is the natural logarithm.)

We can use the prime number theorem to estimate how many miss-
ing primes there are between M74207281 and the next smallest known 
prime. We just plug 274,207,281 − 1 into n/ln(n) and get, well, a really 
big number. We can write it most compactly by stacking exponents: 
1010 .7 349. This number has about 22,338,610 digits, give or take a couple, 
so we can also write it as 1022,338,610.

Another visit to the prime number theorem shows that there are ap-
proximately 1017,425,163 primes less than the next- largest known prime. 
That sounds impressive until you realize that 1017,425,163 is less than 
0.000000000001% of 1022,338,610.

Stop and think about that for a moment. There are about 1022,338,610 
primes less than M74207281, and approximately all of them are be-
tween it and the next- largest known prime. If you want to be chari-
table, you could say that we have some gaps in our knowledge of prime 
numbers. But really, it makes more sense to say that we have gaps in 
our lack of knowledge. The millions upon millions of prime numbers 
we’ve already found make up approximately 0% of the primes that are 
less than M74207281. Each one is a little grain of sand, a speck that 
does little to cover up our overwhelming ignorance of exactly where 
the prime numbers live.
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A Unified Theory of Randomness

Kevin hartnett

Standard geometric objects can be described by simple rules—every 
straight line, for example, is just y = ax + b—and they stand in neat 
relation to each other: Connect two points to make a line, connect four 
line segments to make a square, connect six squares to make a cube.

These are not the kinds of objects that concern Scott Sheffield. Shef-
field, a professor of mathematics at the Massachusetts Institute of Tech-
nology, studies shapes that are constructed by random processes (Figure 
1). No two of them are ever exactly alike. Consider the most familiar 
random shape, the random walk, which shows up everywhere from the 
movement of financial asset prices to the path of particles in quantum 
physics. These walks are described as random because no knowledge of 
the path up to a given point can allow you to predict where it will go next.

Beyond the one- dimensional random walk, there are many other 
kinds of random shapes. There are varieties of random paths, random 
two- dimensional surfaces, random growth models that approximate, 
for example, the way a lichen spreads on a rock. All of these shapes 
emerge naturally in the physical world, yet until recently they’ve ex-
isted beyond the boundaries of rigorous mathematical thought. Given 
a large collection of random paths or random two- dimensional shapes, 
mathematicians would have been at a loss to say much about what these 
random objects shared in common.

Yet in work over the past few years, Sheffield and his frequent collab-
orator, Jason Miller, a professor at the University of Cambridge, have 
shown that these random shapes can be categorized into various classes, 
that these classes have distinct properties of their own, and that some 
kinds of random objects have surprisingly clear connections with other 
kinds of random objects. Their work forms the beginning of a unified 
theory of geometric randomness.
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“You take the most natural objects—trees, paths, surfaces—and 
you show they’re all related to each other,” Sheffield said. “And once 
you have these relationships, you can prove all sorts of new theorems 
you couldn’t prove before.”

In the coming months, Sheffield and Miller will publish the final part 
of a three- paper series that for the first time provides a comprehensive 
view of random two- dimensional surfaces—an achievement not unlike 
the Euclidean mapping of the plane.

“Scott and Jason have been able to implement natural ideas and not 
be rolled over by technical details,” said Wendelin Werner, a professor 
at ETH Zurich and winner of the Fields Medal in 2006 for his work in 
probability theory and statistical physics. “They have been basically able 
to push for results that looked out of reach using other approaches.”

A Random Walk on a Quantum String

In standard Euclidean geometry, objects of interest include lines, rays, 
and smooth curves like circles and parabolas. The coordinate values 
of the points in these shapes follow clear, ordered patterns that can be 
described by functions. If you know the value of two points on a line, 
for instance, you know the values of all other points on the line. The 
same is true for the values of the points on each of the rays in Figure 2, 
which begin at a point and radiate outward.

fiGure 1. Randomness increases in a structure known as an “SLE curve.” 
Photo by Jason Miller.
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One way to begin to picture what random two- dimensional geome-
tries look like is to think about airplanes. When an airplane flies a long- 
distance route, like the route from Tokyo to New York, the pilot flies 
in a straight line from one city to the other. Yet if you plot the route 
on a map, the line appears to be curved. The curve is a consequence of 
mapping a straight line on a sphere (Earth) onto a flat piece of paper.

If Earth were not round, but were instead a more complicated shape, 
possibly curved in wild and random ways, then an airplane’s trajectory 
(as shown on a flat two- dimensional map) would appear even more ir-
regular, like the rays in Figure 3.

Each ray represents the trajectory an airplane would take if it started 
from the origin and tried to fly as straight as possible over a randomly 
fluctuating geometric surface. The amount of randomness that charac-
terizes the surface is dialed up in Figures 4 and 5—as the randomness 
increases, the straight rays wobble and distort, turn into increasingly 
jagged bolts of lightning, and become nearly incoherent.

Yet incoherent is not the same as incomprehensible. In a random 
geometry, if you know the location of some points, you can (at best) 

fiGure 2. Rays constructed by a function that introduces no randomness. 
Photo by Scott Sheffield.
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assign probabilities to the location of subsequent points. And just as a 
loaded set of dice is still random, but random in a different way than a 
fair set of dice, it’s possible to have different probability measures for 
generating the coordinate values of points on random surfaces.

What mathematicians have found—and hope to continue to 
find—is that certain probability measures on random geometries are 
special and tend to arise in many different contexts. It is as though 
nature has an inclination to generate its random surfaces using a very 
particular kind of die (one with an uncountably infinite number of 
sides). Mathematicians like Sheffield and Miller work to understand 
the properties of these dice (and the “typical” properties of the shapes 
they produce) just as precisely as mathematicians understand the or-
dinary sphere.

The first kind of random shape to be understood in this way was 
the random walk. Conceptually, a one- dimensional random walk is the 
kind of path you’d get if you repeatedly flipped a coin and walked one 
way for heads and the other way for tails. In the real world, this type 
of movement first came to attention in 1827 when the English botanist 

fiGure 3. Rays with randomness set to a value of kappa = 4/101. Photo by 
Scott Sheffield. See also color image.
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fiGure 5. Rays with randomness set to a value of kappa = 2. Photo by Scott 
Sheffield.

fiGure 4. Rays with randomness set to a value of kappa = 4/5. Photo by 
Scott Sheffield. See also color image.
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Robert Brown observed the random movements of pollen grains sus-
pended in water. The seemingly random motion was caused by indi-
vidual water molecules bumping into each pollen grain. Later, in the 
1920s, Norbert Wiener of MIT gave a precise mathematical description 
of this process, which is called Brownian motion.

Brownian motion is the “scaling limit” of random walks—if you 
consider a random walk where each step size is very small, and the 
amount of time between steps is also very small, these random paths 
look more and more like Brownian motion. It’s the shape that almost 
all random walks converge to over time.

Two- dimensional random spaces, in contrast, first preoccupied 
physicists as they tried to understand the structure of the universe.

In string theory, one considers tiny strings that wiggle and evolve 
in time. Just as the time trajectory of a point can be plotted as a one- 
dimensional curve, the time trajectory of a string can be understood as 
a two- dimensional curve. This curve, called a worldsheet, encodes the 
history of the one- dimensional string as it wriggles through time.

“To make sense of quantum physics for strings,” said Sheffield, “you 
want to have something like Brownian motion for surfaces.”

For years, physicists have had something like that, at least in part. In 
the 1980s, physicist Alexander Polyakov, who’s now at Princeton Uni-
versity, came up with a way of describing these surfaces that came to 
be called Liouville quantum gravity (LQG). It provided an incomplete 
but still useful view of random two- dimensional surfaces. In particular, 
it gave physicists a way of defining a surface’s angles so that they could 
calculate the surface area.

In parallel, another model, called the Brownian map, provided a dif-
ferent way to study random two- dimensional surfaces. Where LQG 
facilitates calculations about area, the Brownian map has a structure 
that allows researchers to calculate distances between points. Together, 
the Brownian map and LQG gave physicists and mathematicians two 
complementary perspectives on what they hoped were fundamentally 
the same object. But they couldn’t prove that LQG and the Brownian 
map were in fact compatible with each other.

“It was this weird situation where there were two models for what 
you’d call the most canonical random surface, two competing random 
surface models, that came with different information associated with 
them,” said Sheffield.
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Beginning in 2013, Sheffield and Miller set out to prove that these 
two models described fundamentally the same thing.

The Problem with Random Growth

Sheffield and Miller began collaborating thanks to a kind of dare. As a 
graduate student at Stanford in the early 2000s, Sheffield worked under 
Amir Dembo, a probability theorist. In his dissertation, Sheffield for-
mulated a problem having to do with finding order in a complicated 
set of surfaces. He posed the question as a thought exercise as much as 
anything else.

“I thought this would be a problem that would be very hard and take 
200 pages to solve and probably nobody would ever do it,” Sheffield 
said.

But along came Miller. In 2006, a few years after Sheffield had 
graduated, Miller enrolled at Stanford and also started studying under 
Dembo, who assigned him to work on Sheffield’s problem as a way of 
getting to know random processes. “Jason managed to solve this, I was 
impressed, we started working on some things together, and eventually 
we had a chance to hire him at MIT as a postdoc,” Sheffield said.

In order to show that LQG and the Brownian map were equivalent 
models of a random two- dimensional surface, Sheffield and Miller ad-
opted an approach that was simple enough conceptually. They decided 
to see if they could invent a way to measure distance on LQG surfaces 
and then show that this new distance measurement was the same as the 
distance measurement that came packaged with the Brownian map.

To do this, Sheffield and Miller thought about devising a mathemati-
cal ruler that could be used to measure distance on LQG surfaces. Yet 
they immediately realized that ordinary rulers would not fit nicely into 
these random surfaces—the space is so wild that one cannot move a 
straight object around without the object getting torn apart.

The duo forgot about rulers. Instead, they tried to reinterpret the 
distance question as a question about growth. To see how this works, 
imagine a bacterial colony growing on some surface. At first it occupies 
a single point, but as time goes on it expands in all directions. If you 
wanted to measure the distance between two points, one (seemingly 
roundabout) way of doing that would be to start a bacterial colony at 
one point and measure how much time it took the colony to encompass 
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the other point. Sheffield said that the trick is to somehow “describe 
this process of gradually growing a ball.”

It’s easy to describe how a ball grows in the ordinary plane, where 
all points are known and fixed and growth is deterministic. Random 
growth is far harder to describe and has long vexed mathematicians. Yet 
as Sheffield and Miller were soon to learn, “[random growth] becomes 
easier to understand on a random surface than on a smooth surface,” said 
Sheffield. The randomness in the growth model speaks, in a sense, the 
same language as the randomness on the surface on which the growth 
model proceeds. “You add a crazy growth model on a crazy surface, but 
somehow in some ways it actually makes your life better,” he said.

The following images show a specific random growth model, the 
Eden model, which describes the random growth of bacterial colonies. 
The colonies grow through the addition of randomly placed clusters 
along their boundaries. At any given point in time, it’s impossible to 
know for sure where on the boundary the next cluster will appear. In 
these images, Miller and Sheffield show how Eden growth proceeds 
over a random two- dimensional surface.

Figure 6 shows Eden growth on a fairly flat—that is, not especially 
random—LQG surface. The growth proceeds in an orderly way, form-
ing nearly concentric circles that have been color- coded to indicate the 
time at which growth occurs at different points on the surface.

In subsequent images, Sheffield and Miller illustrate growth on sur-
faces of increasingly greater randomness. The amount of randomness 
in the function that produces the surfaces is controlled by a constant, 
gamma. As gamma increases, the surface becomes rougher—with 
higher peaks and lower valleys—and random growth on that surface 
similarly takes on a less orderly form. In Figure 6, gamma is 0.25. In 
Figure 7, gamma is set to 1.25, introducing five times as much ran-
domness into the construction of the surface. Eden growth across this 
uncertain surface is similarly distorted.

When gamma is set to the square root of eight- thirds (approximately 
1.63), LQG surfaces fluctuate even more dramatically (Figure 8). They 
also take on a roughness that matches the roughness of the Brown-
ian map, which allows for more direct comparisons between these two 
models of a random geometric surface.

Random growth on such a rough surface proceeds in a very irregular 
way. Describing it mathematically is like trying to anticipate minute 
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fiGure 6. Eden growth with gamma equal to 0.25. Photo by Jason Miller.

fiGure 7. Eden growth with gamma equal to 1.25. Photo by Jason Miller.
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pressure fluctuations in a hurricane. Yet Sheffield and Miller realized 
that they needed to figure out how to model Eden growth on very ran-
dom LQG surfaces in order to establish a distance structure equivalent 
to the one on the (very random) Brownian map.

“Figuring out how to mathematically make [random growth] rigor-
ous is a huge stumbling block,” said Sheffield, noting that Martin Hairer 
of the University of Warwick won the Fields Medal in 2014 for work 
that overcame just these kinds of obstacles. “You always need some kind 
of amazing clever trick to do it.”

Random Exploration

Sheffield and Miller’s clever trick is based on a special type of random 
one- dimensional curve that is similar to the random walk except that 
it never crosses itself. Physicists had encountered these kinds of curves 
for a long time in situations where, for instance, they were studying the 
boundary between clusters of particles with positive and negative spin 
(the boundary line between the clusters of particles is a one- dimensional 

fiGure 8. Eden growth with gamma equal to  /8 3. Photo by Jason Miller. 
See also color image.
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path that never crosses itself and takes shape randomly). They knew 
these kinds of random, noncrossing paths occurred in nature, just as 
Robert Brown had observed that random crossing paths occurred in 
nature, but they didn’t know how to think about them in any kind of 
precise way. In 1999, Oded Schramm, who at the time was at Micro-
soft Research in Redmond, Washington, introduced the SLE curve (for 
Schramm–Loewner evolution) as the canonical noncrossing random 
curve (Figure 9).

Schramm’s work on SLE curves was a landmark in the study of ran-
dom objects. It’s widely acknowledged that Schramm, who died in a 
hiking accident in 2008, would have won the Fields Medal had he been 
a few weeks younger at the time he’d published his results. (The Fields 
Medal can be given only to mathematicians who are not yet 40.) As it 
was, two people who worked with him built on his work and went on 
to win the prize: Wendelin Werner in 2006 and Stanislav Smirnov in 
2010. More fundamentally, the discovery of SLE curves made it pos-
sible to prove many other things about random objects.

“As a result of Schramm’s work, there were a lot of things in physics 
they’d known to be true in their physics way that suddenly entered the 
realm of things we could prove mathematically,” said Sheffield, who 
was a friend and collaborator of Schramm’s.

For Miller and Sheffield, SLE curves turned out to be valuable in an 
unexpected way. In order to measure distance on LQG surfaces, and 
thus show that LQG surfaces and the Brownian map were the same, 

fiGure 9. An example of an SLE curve. Photo by Jason Miller.
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they needed to find some way to model random growth on a random 
surface. SLE proved to be the way.

“The ‘aha’ moment was [when we realized] you can construct [ran-
dom growth] using SLEs and that there is a connection between SLEs 
and LQG,” said Miller.

SLE curves come with a constant, kappa, which plays a similar role 
to the one gamma plays for LQG surfaces. Where gamma describes the 
roughness of an LQG surface, kappa describes the “windiness” of SLE 
curves. When kappa is low, the curves look like straight lines. As kappa 
increases, more randomness is introduced into the function that con-
structs the curves and the curves turn more unruly, while obeying the 
rule that they can bounce off of, but never cross, themselves. Figure 10 
is an SLE curve with kappa equal to 0.5, and Figure 11 is an SLE curve 
with kappa equal to 3.

Sheffield and Miller noticed that when they dialed the value of kappa 
to 6 and gamma up to the square root of eight- thirds, an SLE curve 
drawn on the random surface followed a kind of exploration process. 
Thanks to works by Schramm and by Smirnov, Sheffield and Miller 
knew that when kappa equals 6, SLE curves follow the trajectory of 
a kind of “blind explorer” who marks her path by constructing a trail 
as she goes. She moves as randomly as possible, except that whenever 
she bumps into a piece of the path she has already followed, she turns 
away from that piece to avoid crossing her own path or getting stuck in 
a dead end.

fiGure 10. An SLE curve with kappa equal to 0.5. Photo by Jason Miller. 
See also color image.
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“[The explorer] finds that each time her path hits itself, it cuts off a 
little piece of land that is completely surrounded by the path and can 
never be visited again,” said Sheffield.

Sheffield and Miller then considered a bacterial growth model, the 
Eden model, that had a similar effect as it advanced across a random 
surface: It grew in a way that “pinched off ” a plot of terrain that, after-
ward, it never visited again. The plots of terrain cut off by the growing 
bacteria colony looked exactly the same as the plots of terrain cut off 
by the blind explorer. Moreover, the information possessed by a blind 
explorer at any time about the outer unexplored region of the random 
surface was exactly the same as the information possessed by a bacterial 
colony. The only difference between the two was that while the bacte-
rial colony grew from all points on its outer boundary at once, the blind 
explorer’s SLE path could grow only from the tip.

In a paper posted online in 2013, Sheffield and Miller imagined what 
would happen if, every few minutes, the blind explorer were magi-
cally transported to a random new location on the boundary of the 
territory she had already visited. By moving all around the boundary, 
she would be effectively growing her path from all boundary points 
at once, much like the bacterial colony. Thus they were able to take 
something they could understand—how an SLE curve proceeds on a 
random surface—and show that with some special configuring, the 
curve’s evolution exactly described a process they hadn’t been able to 
understand, random growth. “There’s something special about the 

fiGure 11. An SLE curve with kappa equal to 3. Photo by Jason Miller. See 
also color image.
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relationship between SLE and growth,” said Sheffield. “That was kind 
of the miracle that made everything possible.”

The distance structure imposed on LQG surfaces through the pre-
cise understanding of how random growth behaves on those surfaces 
exactly matched the distance structure on the Brownian map. As a 
result, Sheffield and Miller merged two distinct models of random 
two- dimensional shapes into one coherent, mathematically understood 
fundamental object.

Turning Randomness into a Tool

Sheffield and Miller have already posted the first two papers in their 
proof of the equivalence between LQG and the Brownian map on the 
scientific preprint site arxiv .org; they intend to post the third and final 
paper later this summer. The work turned on the ability to reason across 
different random shapes and processes—to see how random noncross-
ing curves, random growth, and random two- dimensional surfaces re-
late to one another. It’s an example of the increasingly sophisticated 
results that are possible in the study of random geometry.

“It’s like you’re in a mountain with three different caves. One has 
iron, one has gold, one has copper—suddenly you find a way to link all 
three of these caves together,” said Sheffield. “Now you have all these 
different elements you can build things with and can combine them to 
produce all sorts of things you couldn’t build before.”

Many open questions remain, including determining whether the 
relationship between SLE curves, random growth models, and distance 
measurements holds up in less- rough versions of LQG surfaces than 
the one used in the current paper. In practical terms, the results by 
Sheffield and Miller can be used to describe the random growth of real 
phenomena like snowflakes, mineral deposits, and dendrites in caves, 
but only when that growth takes place in the imagined world of random 
surfaces. It remains to be seen whether their methods can be applied to 
ordinary Euclidean space, like the space in which we live.
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An “Infinitely Rich” 
Mathematician Turns 100

siobhan roberts

At the Hotel Parco dei Principi in Rome, in September of 1973, the 
Hungarian mathematician Paul Erdős approached his friend Richard 
Guy with a request. He said, “Guy, veel you have a coffee?” It cost a 
dollar, a small fortune for a professor of mathematics at the hinterland 
University of Calgary who was not much of a coffee drinker. Yet, as 
Guy later recalled—during a memorial talk following Erdős’s death at 
age 83 two decades ago—he was curious why the great man had sought 
him out.

Guy and Erdős were in the Eternal City for an international collo-
quium on combinatorial theory, so Erdős—who sustained himself with 
espresso and other stimulants, worked on math problems 19 hours a 
day, and in his lifetime published in excess of 1,500 papers with more 
than 500 collaborators—most likely had another problem on the go. 
When they sat with their coffee, he said, “Guy, you are eenfeeneeteley 
reech. Lend me 100 dollars.”

“I was amazed,” recounted Guy. “Not so much at the request but 
rather at my ability to satisfy it. Once again, Erdős knew me better 
than I know myself. Ever since then, I’ve realized that I’m infinitely 
rich: Not just in the material sense that I have everything I need, but 
infinitely rich in spirit in having mathematics and having known Erdős.”

Today, at the newly minted age of 100, Richard Guy still considers 
himself “eenfeeneeteley reech.” A lifelong mountain climber and envi-
ronmentalist, he spent his centenary day hiking at—not up—Mount 
Assiniboine, the so- called Matterhorn of the Rockies, arriving at the 
trailhead via helicopter. This escapade followed a summer of mathe-
matically motivated travel, including Columbus, Ohio, for the Math-
ematical Association of America’s annual “MathFest,” where during an 
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early birthday celebration Guy led a sing- along to the tune of “My Bon-
nie Lies Over the Ocean;”

Bring back! Oh, bring back!
Bring back that Gee- om- met- tree to me!
Bring back! Bring back!
Bring back that Gee- om- met- tree!

“He is a legend, an icon, a classic, but not a fossil,” said Marjorie 
Senechal, editor- in- chief of The Mathematical Intelligencer, who still asks 
Guy to referee papers and often consults his good judgment on any 
number of matters. “He knows everything,” she said.

As a boldface name within the mathematical community, Guy 
is right up there with Oxford’s Andrew Wiles, who solved Fermat’s 
Last Theorem, and the Fields Medalist Terence Tao, the “Mozart of 
maths” at the University of California, Los Angeles. He achieved this 
status by working away as a self- described amateur, though he pushes 
the boundaries of that definition. Despite his lack of a Ph.D. (and of 
any pretense), at the age of 50 he became a professor at the University 
of Calgary, but before that he was a high school teacher. The Prince-
ton mathematician Manjul Bhargava, a 2014 Fields Medalist, grew up 
listening to an uncle talk about his fantastic calculus teacher in Delhi, 
one Richard Guy. Later, Bhargava discovered the wonderful works of 
a famed number theorist, also named Richard Guy. “Only many years 
after that did I realize these were the same Richard Guys!” he said.

Guy is known for finding the crucial “glider” in John Horton Con-
way’s Game of Life, a universal cellular automaton that produces rich 
complexity from a very simple rule set—the glider was a wiggling, 
skittering animal, of sorts, gliding its way diagonally across the Life 
board. And Guy contributed to the canon of mathematical folklore 
with a tongue- in- cheek paper, published in 1988, titled, “The Strong 
Law of Small Numbers,” wherein he cautions: “Superficial similari-
ties spawn spurious statements. Capricious coincidences cause careless 
conjectures . . .”

He is perhaps most famous, however, for posing problems—not so 
much solving problems (he does that, too); rather collecting and cu-
rating problems, with signature perspicuity, and propagating them in 
books such as, Unsolved Problems in Number Theory. “Erdős was the main 
inspiration,” Guy told me. First published in 1981, the third edition is 
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still in print. “You can tell a mathematician by the questions they ask, 
not by the answers they give,” said Andrew Granville, of the University 
College London. “Some of Erdős’s questions that I’m sure Richard col-
lected over the years I thought were quite daft when he asked them, but 
they turned out to be exactly the right questions.”

“That’s how new mathematics is discovered, by looking at statements 
of problems that we can understand, but that we cannot say why they 
are or are not true,” said Carl Pomerance, a number theorist at Dart-
mouth College. He and Guy are working on an ancient problem that 
intrigued Pythagoras and involves so- called “amicable numbers.” The 
numbers 220 and 284 are amicable numbers, because the proper divi-
sors of 220 add up to 284, and the proper divisors of 284 add up to 220. 
Finding all the divisors of a number is a hard problem, with tangential 
applications. “The problem of factoring big numbers is the cornerstone 
to security on the Internet, public- key crypto systems, and that prob-
lem cut its teeth on this old problem of Pythagoras,” said Pomerance.

Beguiling problems—even the trivial and goofy ones that may or 
may not transform into serious and profound problems like the Rie-
mann Hypothesis or Fermat’s Last Theorem—are the lifeblood of 
mathematics. As Guy noted in the preface to his first edition of Un-
solved Problems, “Mathematics is kept alive . . . by the appearance of a 
succession of unsolved problems both from within mathematics itself 
and from the increasing number of disciplines where it is applied.” He 
made note of the problem first posed by the French lawyer and ama-
teur mathematician Pierre de Fermat in 1637. But in 1994, the year 
of the second edition, Wiles announced his proof, thus transforming 
Fermat’s conjecture into a theorem. “This book is perpetually out of 
date,” Guy noted, with pleasure, in the new preface. “That is one of the 
many beauties of mathematics,” he told me—“that it’s perpetually out 
of date!”

Wiles went into mathematics having been romanced since boyhood 
by Fermat’s unsolved problem. But in his view, a young mathemati-
cian must be discriminating in tackling problems, taking care to avoid 
trivial distractions that lead nowhere. “I think it’s very important to 
have problems that are really connected to the development of a field,” 
he said. Others take a more inclusive and optimistic view. “I liken prob-
lems to little acorns,” said Ron Graham, of the University of California, 
San Diego. “You plant them, and maybe nothing happens, or maybe 
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eventually a giant oak tree sprouts. You never know.” Guy’s approach 
treats problems like games—he plays with the problem, preferring to 
work from first principles and by dint of cleverness, rather than with a 
black box of doodads previously engineered by somebody else. “[Guy’s] 
like an artist, with hands on the canvas,” said Wiles.

Guy in fact got his start gaming, as a chess problemist. While a stu-
dent at Cambridge in the 1930s, he spent too much time composing 
endgame problems and achieved only a second- class degree. Then, 
as Guy likes to say, he enjoyed a checkered career as a meteorologist 
in Iceland and Bermuda, and as a teacher in Singapore and India. In 
Singapore in 1960, Erdős paid him a visit—Erdős being the problem 
poser par excellence, according to Guy. The itinerant Hungarian traveled 
from university to university, delivering some 40 talks a year, posing 
his problems, occasionally offering cash prizes for solutions, sometimes 
25 dollars, other times thousands. “He stayed with me and gave me two 
or three of his problems,” Guy once recalled. “I made some progress 
in each of them. This gave me encouragement, and I began to think of 
myself as possibly being something of a research mathematician, which 
I hadn’t done before.”

Technically, Guy retired in 1982, though he forgot to stop going into 
his office, where he sits, door open, nearly every day. He sends out a 
mass e- mail notification when he’s due to be away. Last summer, during 
a whirlwind trip to New York City, he delivered a talk at MoMATH on 
the little known fact that “A Triangle Has Eight Vertices,” and he took 
a meeting (thanks to the efforts of maestro magician and matchmaker 
Mark Mitton) with the Russian chess grandmaster Garry Kasparov. The 
pair were joined by Conway and Elwyn Berlekamp, Guy’s coauthors on 
the bestselling classic, “Winning Ways for Your Mathematical Plays.”

And just before his visit to MathFest, he attended the annual meet-
ing of the Canadian Number Theory Association. Toward the end of 
a session feting the man and his work, Guy took the floor and fielded 
questions. “Give me a problem,” he said, “and I’ll unsolve it.
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Inverse Yogiisms

lloyd n. trefethen

Berra Backwards

The great New York Yankees catcher Yogi Berra died in September 
2015. Berra was famous for his quirky sayings, like these:

“It ain’t over till it’s over.”
“When you come to a fork in the road, take it.”
“It gets late early out there.”
“A nickel ain’t worth a dime anymore.”
“I always thought that record would stand until it was broken.”
“You wouldn’t have won if we’d beaten you.”
“Nobody goes there anymore, it’s too crowded.”

Maybe Berra never said half the things he said, but that’s not the point. 
We have here a brand of malapropisms that people have been enjoying 
for years.

It’s pretty easy to spot the trick that animates these quips. Yogiisms 
are statements that, if taken literally, are meaningless or contradictory 
or nonsensical or tautological—yet nevertheless convey something 
true. It’s a clever twist that gets us smiling and paying attention. If you 
like, you could argue that literature and art sometimes use the same 
device. A Yogiism is like a Picasso painting, you could say, messing with 
reality in a manner that catches our interest and still conveys a truth.

But I want to stay with words and their meanings. I think Yogiisms 
hold a special lesson for mathematicians, because our characteristic pit-
fall, I propose, is the inverse Yogiism: the statement that is literally true, 
yet conveys something false.

At some level, we’re all well aware that saying useless true things is 
an occupational hazard. Just think of that joke about the people lost in 
a hot air balloon who shout, “Where are we?” to a man on the ground. 
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“You’re in a balloon!” the mathematician answers. (I have heard this 
joke far too often.)

So we all know in a general way about our habit of taking things 
literally. My proposal is that this phenomenon is more important than 
we may realize, and the notion of an inverse Yogiism can help us focus 
on it. Inverse Yogiisms in mathematics, and in science more generally, 
can impede progress sometimes for generations. I will describe two 
examples from my own career and then mention a third topic, more 
open- ended, that may be a very big example indeed.

Faber’s Theorem on Polynomial Interpolation

The early 1900s was an exciting time for the constructive theory of 
real functions. The old idea of a function as given by a formula had 
broadened to include arbitrary mappings defined pointwise, and con-
necting the two notions was a matter of wide interest. In particular, 
mathematicians were concerned with the problem of approximating a 
continuous function f defined on an interval such as [−1,1] by a polyno-
mial p. Weierstrass’s theorem of 1885 had shown that arbitrarily close 
approximations always exist, and by 1912, alternative proofs had been 
published by Picard, Lerch, Volterra, Lebesgue, Mittag- Leffler, Fejér, 
Landau, de la Vallée Poussin, Jackson, Sierpiński, and Bernstein.

How could polynomial approximations be constructed? The sim-
plest method would be interpolation by a degree- n polynomial in a set 
of n + 1 distinct points in [−1,1]. Runge showed in 1900 that inter-
polants in equally spaced points will not generally converge to f as n " 
∞, even for analytic f. On the other hand, Chebyshev grids with their 
points clustered near ±1 do much better. Yet around 1912, it became 
clear to Bernstein, Jackson, and Faber that no system of interpolation 
points could work for all functions. The famous result was published 
by Faber in 1914, and here it is in his words and notation (translated 
from [4]).

Faber’s Theorem. There does not exist any set E of interpolation 
points x(n)

i in s = (−1, 1) (n = 1,2 . . . ; i = 1,2 . . . n + 1) with the 
property that every continuous function F(x) in s can be represented as the 
uniform limit of the degree- n polynomials taking the same values as F for 
x = x(n)

i .
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The proof nowadays (though not yet in 1914) makes elegant use of the 
uniform boundedness principle.

Faber’s theorem is true, and moreover, it is beautiful. Let me now 
explain how its influence has been unfortunate.

The field of numerical analysis took off as soon as computers were 
invented, and the approximation of functions was important in every 
area. You might think that polynomial interpolation would have been 
one of the standard tools from the start, and to some extent this was 
the case. However, practitioners must have often run into trouble when 
they worked with polynomial interpolants—usually because of using 
equispaced points or unstable algorithms, I suspect—and Faber’s theo-
rem must have looked like some kind of explanation of what was going 
wrong. The hundreds of textbooks that soon began to be published 
fell into the habit of teaching students that interpolation is a dangerous 
technique, not to be trusted. Here are some illustrations.

Isaacson and Keller, Analysis of Numerical Methods (1966), p. 275:
It is not generally true that higher degree interpolation poly-
nomials yield more accurate approximations.

Kahaner, Moler, and Nash, Numerical Methods and Software (1989), 
p. 94:

Polynomial interpolants rarely converge to a general continu-
ous function.

Kincaid and Cheney, Numerical Analysis (1991), p. 319:
The surprising state of affairs is that for most continuous func-
tions, the quantity < f − pn<∞ will not converge to 0.

Stoer and Bulirsch, Introduction to Numerical Analysis (1993), p. 51:
It should not be assumed that finer and finer samplings of the 
function f will lead to better and better approximations through 
interpolation.

Stewart, Afternotes on Numerical Analysis (1996), p. 153:
Unfortunately, there are functions for which interpolation at 
the Chebyshev points fails to converge.

Gautschi, Numerical Analysis: An Introduction (1997), p. 79:
It is not possible, therefore, to conclude . . . that Lagrange in-
terpolation converges uniformly on [a,b] for any continuous 
function, not even for judiciously selected nodes; indeed, one 
knows that it does not.
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Quarteroni, Sacco, and Saleri, Numerical Mathematics (2000), p. 331:
Thus, polynomial interpolation does not allow for approximat-
ing any continuous function. . . .

What a load of inverse Yogiisms! Statements like these, which ap-
pear in so many of the textbooks, give entirely the wrong impression. 
In fact, polynomial interpolation in Chebyshev points is a powerful and 
reliable method for approximation of functions. The Chebfun software 
system routinely works with degrees in the thousands [2].

The flaw in the logic is that Faber’s theorem says nothing if f is 
smooth [7]. If f is Lipschitz continuous, that is more than enough to 
guarantee convergence of interpolants in Chebyshev points, and if it has 
a kth derivative of bounded variation, the error in the degree- n inter-
polant is of size O(n−k). If f is analytic, the convergence is at a geometric 
rate O(t−n), t > 1. Moreover, there are methods for computing these 
interpolants that are fast and numerically stable, notably the so- called 
barycentric interpolation formula.

So the idea that polynomial interpolants can’t be trusted is a myth: a 
myth that has drawn strength from an impeccable theorem. Make sure 
your functions are Lipschitz continuous or better, as is easily done in 
almost any application, and Faber’s theorem ceases to be applicable. In 
fact, polynomial interpolation in Chebyshev points has the same power 
and robustness as discrete Fourier analysis, to which it is essentially 
equivalent. We must hope that the numerical analysis textbooks of fu-
ture generations will begin to tell students this.

Squire’s Theorem on Hydrodynamic Instability

We now move from numerical analysis to one of the oldest problems of 
fluid mechanics. Consider the idealized plane Poiseuille flow of a Newto-
nian liquid or gas in an infinite channel between two flat plates. (The 
mathematics is similar for other geometries such as a circular pipe, as 
investigated by Reynolds in 1883.) The flow is governed by the Navier–
Stokes equations, and the key parameter is the Reynolds number, Re, a 
nondimensionalized velocity.

Will the flow be laminar or turbulent? At low values of Re, it is the 
laminar solution one sees in the laboratory, a smooth parallel down-
stream flow with a fixed velocity profile in the shape of a parabola. At 
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high Re, though the laminar flow remains a mathematically valid solu-
tion of the equations, what one sees in the lab are the chaotic whirls and 
eddies of turbulence. Now if this is so, it seems clear that for high Re, 
the laminar flow must be unstable in the sense that small perturbations 
of that flow may get amplified. In an analysis going back to Orr and 
Sommerfeld in 1907–1908, one makes this precise by linearizing the 
equations about the laminar solution, obtaining a linear operator LRe that 
governs the evolution of infinitesimal perturbations. If LRe has an eigen-
function corresponding to an eigenvalue in the right half of the complex 
plane, this represents an infinitesimal perturbation that can grow expo-
nentially, so the flow should be unstable; and if not, it should be stable.

This brings us to the elegant result published by Herbert Brian Squire 
in 1933. The geometry of our planar domain is 3D, with variables x 
(streamwise), y (perpendicular to the plates), and z (spanwise). Analyz-
ing the linearized operator for this 3D flow is going to be complicated. 
Squire’s theorem, however, tells us we can ignore the z direction and 
just do a 2D analysis. Here is the statement from his original paper [6].

Squire’s Theorem. Any instability which may be present for three- 
dimensional disturbances is also present for two- dimensional disturbances 
at a lower value of Reynolds’ number.

The influence of Squire’s theorem can be seen all across the litera-
ture of mathematical fluid mechanics. Whenever you see an analysis 
involving the famous Orr–Sommerfeld equation, the authors have 
probably taken a 3D flow problem and reduced it to 2D. For the plane 
Poiseuille configuration, the theory tells us that the 2D instability sets 
in at a critical Reynolds number Rec ≈ 5,772.22, a threshold first cal-
culated accurately by Orszag. For Re < Rec, we should expect stability 
and laminar flow, and for Re > Rec, instability and turbulence.

Here are summaries from some books.

Lin, The Theory of Hydrodynamic Stability (1967), p. 27:
We shall now show, following Squire (1933), that the problem 
of three- dimensional disturbances is actually equivalent to a 
two- dimensional problem at a lower Reynolds number.

Tritton, Physical Fluid Dynamics (1977), p. 220:
. . . there is a result, known as Squire’s theorem, that in lin-
ear stability theory the critical Reynolds number for a 
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two- dimensional parallel flow is lowest for two dimensional 
perturbations. We may thus restrict attention to these.

Drazin and Reid, Hydrodynamic Stability (1981), p. 155:
Squire’s theorem. To obtain the minimum critical Reynolds number 
it is sufficient to consider only two- dimensional disturbances.

Friedlander and Serre, eds., Handbook of Mathematical Fluid Dynam-
ics, v. 3 (2002), p. 248:

TheoreM 1.1 (Squire’s theorem, 1933). To each unstable three- 
dimensional disturbance there corresponds a more unstable 
two- dimensional one.

Sengupta, Instabilities of Flows and Transition to Turbulence (2012), p. 82:
In a two- dimensional boundary layer with real wave numbers, 
instability appears first for two- dimensional disturbances.

These and other sources are in agreement on a very clear picture, 
and only one thing is amiss: the picture is wrong! In the laboratory, 
observed structures related to transition to turbulence are almost in-
variably three- dimensional. Moreover, it is difficult to spot any change 
of flow behavior at Re ≈ 5,772.22. For Re < Rec, many flows are tur-
bulent when we expect them to be laminar. For Re > Rec, many flows 
are laminar when we expect them to be turbulent. What is going on?

The flaw in the logic is that eigenmodal analysis applies in the limit 
t " ∞, whereas the values of t achievable in the laboratory rarely exceed 
100. (Thanks to the nondimensionalization, t is related to the length of 
a flow apparatus relative to its width.) Consequently, high- Reynolds 
number flows normally do not become turbulent in an eigenmodal 
fashion [8]. On the one hand, the exponential growth rates of unstable 
eigenfunctions, known as Tollmien–Schlichting waves, are typically 
so low that in a laboratory setup they struggle to amplify a perturba-
tion by even a factor of 2. This is why laminar flow is often observed 
with Re & Rec. On the other hand, much faster transient amplification 
mechanisms are present for 3D perturbations, even for Re % Rec. The 
perturbations involved are not eigenfunctions, and in principle they 
would die out as t " ∞ if they started out truly infinitesimal: Squire’s 
theorem is, of course, literally true. But the transient growth of 3D 
perturbations is so substantial that in a real flow, small finite distur-
bances may quickly be raised to a level where nonlinearities kick in. In 
assuring us that the most dangerous disturbances are two- dimensional, 
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Squire’s theorem has told us exactly the wrong place to look for hydro-
dynamic instability.

P = NP?

The most famous problem in computer science, which is also one of the 
million- dollar Clay Millennium Prize Problems, is the celebrated ques-
tion “P = NP?” This puzzle remains unresolved half a century after it 
was first posed by Cook and Levin in 1971.

Some computational problems can be solved by fast algorithms, and 
others only by slow ones. One might expect a continuum of difficulty, 
but the unlocking observation was that there is a gulf between polynomial 
time and exponential time algorithms. Inverting an n × n matrix, say, can 
be done in O(n3) operations or less, so we deal routinely with matrices 
with dimensions in the thousands. Finding the shortest route for a sales-
man visiting n cities, on the other hand, requires Cn operations for some 
C > 1 by all algorithms yet discovered. As n " ∞, the difference be-
tween nc and Cn looks like a clean binary distinction. And there is a great 
class of thousands of problems, the NP- complete problems, that have 
been proved to be equivalent in the sense that all of them can be solved 
in polynomial time or none of them can—and nobody knows which.

It’s an extraordinary gap in our knowledge. If I may pick two math-
ematical mysteries that I hope will be resolved before I die, they are 
the Riemann hypothesis and “P=NP?” It is so crisp, and so important!

Yet Yogi Berra seems to be looking over our shoulders. Computers 
are millions of times more powerful than they were in 1971, increasing 
the tractable size of n in every problem known to man, so one might 
expect that the gulf between P and the best known algorithms for NP, 
which seemed significant already in 1971, should have opened up by now 
to a canyon so deep we can’t see its bottom. Yet in the event, nothing so 
straightforward has happened. Some NP- complete problems still defeat 
us. Others are easily solvable in many instances. For example, one of 
the classic NP- complete problems is “SAT,” involving the satisfiability of 
Boolean expressions. SAT solvers have become so powerful that they are 
now a standard computational tool, solving problem instances of scales 
in the thousands and even millions [5]. Surprisingly powerful methods 
have been developed for other NP- complete problems too, including in-
teger programming [1] and the traveling salesman problem itself [3].
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So is there a logical flaw in “P=NP?” as with Faber’s theorem and 
Squire’s theorem? I would not go so far as to say this, but it is certainly 
the case that, once again, the precision of a mathematical formulation 
has encouraged us to think the truth is simpler than it is. A typical NP- 
complete problem measures complexity by the worst case time required to 
deliver the optimal solution. Experience has shown that in practice, both 
ends of this formulation are negotiable. For some NP- complete problems, 
like SAT, the worst case indeed looks exponential but in practice it is rare 
for a problem instance to come close to the worst case. For others, like 
the “max- cut” problem, it can be proved that even in the worst case one 
can solve the problem in polynomial time, if one is willing to miss the 
optimum by a few percent (for max- cut, 13 percent is enough). A field of 
approximation algorithms has grown up that develops algorithms of this 
flavor [9]. Often these algorithms rely on tools of continuous mathemat-
ics to approximate problems formulated discretely. Indeed, the whole 
basis of “P=NP?” is a discrete view of the world, and the distracting 
sparkle of this great unsolved problem may have delayed the recognition 
that often, continuous algorithms have advantages even for discrete prob-
lems. As scientists we must always simplify the world to make sense of it; 
the challenge is to not get trapped by our simplifications.

Coda

When we say something precisely and even prove that it’s true, we 
open ourselves to the risk of inverse Yogiisms. Would it be better if 
mathematicians didn’t try so hard to be precise? Certainly not! Rigor-
ous theorems are the pride of mathematics, which enable this unique 
subject to advance from one century to the next. The point is only that 
we must always strive to examine a problem from different angles, to 
think widely about its context as well as technically about its details. 
Or as Yogi put it,

“Sometimes you can see a lot just by looking.”
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Ramanujan in Bronze

Gerald l. alexanderson, with contributions  
froM leonard f. KlosinsKi

Srinivasa Ramanujan’s name is one of the best known in the history of 
mathematics. The romantic story of someone born into a family of mod-
est means, raised in a small city in southern India, and who goes on to 
become one of the greatest mathematicians in all of recorded history has 
been told again and again. So beyond giving a memory- refreshing outline 
of the story, I shall try to avoid repeating too many well- known facts.

The young Ramanujan learned some mathematics by reading a few 
available but long out- of- date mid- 19th century English books, one by 
G. S. Carr (A Synopsis of Elementary Results in Pure and Applied Mathemat-
ics), a collection of formulas and statements of theorems, seldom with 
any proofs. He then proceeded to collect in notes amazing conjectures 
while learning, largely on his own, whole parts of number theory and 
analysis. He did not survive long in college because he was not inter-
ested in most of the required curriculum. He only cared about math-
ematics. In 1911–1912, he and other Indian mathematicians started 
sending his discoveries to prominent mathematicians in England, but 
these were essentially ignored until he sent some of his work to the 
greatest English mathematician of the time, G. H. Hardy, who rec-
ognized that Ramanujan had rediscovered some known but significant 
results, had guessed wrong in some cases, but had also come up with 
conjectures that were startlingly deep, important, and unknown up to 
that time [15]. Hardy arranged to have Ramanujan come to England, 
which he did in 1914, against the wishes of his mother, who on religious 
(and probably personal) grounds did not want him to leave India. At 
Cambridge, he worked with Hardy, J. E. Littlewood, G. N. Watson, 
and others until his health failed for reasons that are not entirely clear. 
Tuberculosis has been mentioned, along with the foul winter weather 
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in England, which contrasted with the warm climate of southern India. 
Being a Brahmin, he was a vegetarian and therefore had great difficulty 
in finding agreeable food that neither contained meat nor animal fats 
used in the preparation. There are various other more exotic conjec-
tures, but in the end we do not know for sure what all contributed to 
his early death in 1920, only months after he returned to India.

One of Ramanujan’s best- known discoveries was an exact formula 
for calculating the number of partitions, p(n), of a positive integer n. 
This problem involves calculating the number of ways of writing n as 
a sum of positive integers (including n itself) and ignoring the order in 
which the numbers appear. For example, it is easy to see that; p(5) = 7. 
In the mid- 18th century, Euler had found a recursion formula to cal-
culate values of p(n), but until Ramanujan there was no direct formula 
known. Hardy and Ramanujan, using their famous “circle method,” 
found the exact formula for p(n), “an achievement undertaken and 
mostly completed by G. H. Hardy and S. Ramanujan and fully com-
pleted and perfected by H. Rademacher. . . . This unbelievable iden-
tity [which we will not quote here] wherein the left- hand side is the 
humble arithmetic function p(n) and the right- hand side is an infinite 
series involving π, square roots, complex roots of unity, and derivatives 
of hyperbolic functions, provides not only a theoretical formula for p(n) 
but also a formula which admits relatively rapid computation” [4, pp. 
68–70]. It’s a stunning formula, providing, for example, the value of 
p(200): 3,972,999,029,388.

Ramanujan’s notes were filled with extraordinary formulas and 
observations that often went far beyond what contemporaries had ob-
served, let alone proved. People have claimed, certainly correctly, that 
he was almost without equal as a mathematical genius, and some have 
gone on to say that in some ways he went beyond Einstein—every-
body’s idea of what a mathematical genius should be (and should look 
like). But there was a difference. Einstein was basing his startling ob-
servations on a solid background in mathematics and physics at first- 
class places, Zurich’s Polytechnic (ETH) and the University in Berlin. 
Ramanujan, by contrast, was largely self- educated.

The narrative, beyond a few stories published in India during Ra-
manujan’s early years, essentially begins with G. H. Hardy’s obituary 
essay in the Proceedings of the London Mathematical Society and the Proceed-
ings of the Royal Society (reprinted in [8, pp. xl–lviii]), where Hardy tells 
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of Ramanujan’s arrival in England where his work dazzled the math-
ematical community. (My own copy of this book is the one Hardy gave 
to Pólya at the time of publication.) Within a few years, Ramanujan 
was being honored with membership in the Royal Society of London 
and election as Fellow of Trinity College, Cambridge, both in 1918. In 
1940, Hardy wrote about him again in [9], an essay on his life and his 
work in England.

In 1991, Robert Kanigel published a splendid biography, The Man 
Who Knew Infinity [11], which probably remains the best source of in-
formation on Ramanujan’s life. A movie with the same name as the 
Kanigel book was released in April 2016 in the United States and re-
ceived widespread and positive reviews. The cast was star- studded—
Hardy is played by Oscar- winning actor Jeremy Irons, Ramanujan by 
Dev Patel, and lesser roles by Stephen Fry and Jeremy Northam. It was 
largely filmed at Cambridge and in India. An earlier film on Ramanu-
jan, The Man Who Loved Numbers, was shown on public television in the 
United States in 1988 as part of the NOVA series. It was a beautiful film 
and contained a memorable interview with Ramanujan’s wife, Janaki 
Ammal, who was still alive when the film was made. She had married 
Ramanujan at the age of nine in a marriage arranged by his mother. The 
couple lived together for a rather short time before he left for England, 
so they had little time together until he came back to India and worked 
on a manuscript known later as the “lost notebooks” in the months 
remaining before his death. In the film, Janaki is interviewed, and this 
tiny, frail woman, then in her 90s, said, “All I can tell you is that day 
and night he worked on sums. He didn’t do anything else. He wasn’t 
interested in anything else. He wouldn’t stop work even to eat. We 
had to make rice balls for him and placed them in the palm of his hand. 
Isn’t that extraordinary?” Through history, there must have been many 
spouses of mathematicians who would sympathize with this woman as 
they wondered about how their husbands or wives spent their time, 
“doing their sums.”

As recently as 2007 David Leavitt, a writer who had earlier ventured 
into mathematical biography with his The Man Who Knew Too Much: Alan 
Turing and the Invention of the Computer [14], published a novel about Ra-
manujan, The Indian Clerk: A Novel [13]. Though it was awarded a favorable 
front- page review in the New York Times Sunday Book Review section, it was 
not to everyone’s taste. The great librarian and book expert, Lawrence 
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Clark Powell, once remarked: “I believe a good work of fiction about a 
place is a better guide than a bad work of fact” [12, p. 16]. That might 
in some cases be true, but if one substitutes “person” for “place,” it’s 
risky. Leavitt had gotten into trouble with an earlier work, While England 
Sleeps, a novel that the English poet Stephen Spender claimed was based 
on his memoirs, and he charged that Leavitt misconstrued the facts. So 
Spender sued. Leavitt made the mistake of publishing his book while 
Spender was still alive. The case was settled out of court, but the book 
had to be revised and reissued by the publisher. In the case of The Indian 
Clerk, the cast members were no longer alive and able to object. It raises a 
serious question about the wisdom of writing historical fiction. It can so 
easily change into fictional history and spread misinformation. I did not 
finish reading Leavitt’s book because I feared that in time I would come 
to assume that conversations reported in the book actually took place, 
when in fact they almost certainly did not.

On the other hand, there was quite a splendid play about Ramanujan, 
Partition, written by Ira Hauptman and produced at the Aurora Theatre 
in Berkeley in 2003. The principal characters were Ramanujan, Hardy, 
a fictional classicist named Billington, the Hindu goddess Namagiri of 
Namakkal (in the play clad in a colorful and elegant sari), and Pierre de 
Fermat. Now that’s clearly fiction because Fermat lived in a different 
century, but it made sense to include Fermat in a piece of theater be-
cause the story worked in a fictional interest on the part of Ramanujan 
in solving Fermat’s Last Theorem [13]. Ramanujan told people that he 
received some of his ideas from the family deity, the goddess Namagiri, 
who came to him in his sleep and “would write equations on his tongue” 
[11, p. 36]. When people tell me this, I assure them that I have been a 
witness to it. I saw it happen on a stage in Berkeley.

Krishnaswami Alladi tells in his review of the play in The Hindu [2] 
that when he and George Andrews arrived in San Francisco for meet-
ings of the American Mathematical Society that year and found that 
Partition was playing, they decided they had to see it, but seats were 
scarce. (They would have been, of course. It was a play about math-
ematics!) Miraculously, two seats were available for a Saturday night 
performance. Alladi credits this good fortune to the intervention of 
the goddess Namagiri! A wide- ranging review of the play by Kenneth 
A. Ribet appeared in the Notices of the American Mathematical Society [16]. 
The story of Ramanujan had reached the musical world even earlier: 
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an opera, Ramanujan, by Sandeep Bhagwati, was premiered in Munich, 
April 21, 1998 [5].

More recently, a multimedia presentation by Complicité (earlier 
known as the Théâtre de Complicité), A Disappearing Number, by Simon 
McBurney (music by Nitin Sawhney), opened in Plymouth, England, in 
2007, and later played at various theater festivals in Holland, Germany, 
and Austria, as well as at the National Theatre in London. Eventually, 
it was broadcast to cinemas worldwide via National Theatre Live. The 
plot ran over two time periods, a historical section in Cambridge when 
Ramanujan and Hardy met, as well as a contemporary and fictional ac-
count of a mathematician and her husband, paralleling in a general way 
the earlier story. The playwright was inspired by his reading Hardy’s 
A Mathematician’s Apology [10]. The play enjoyed considerable success, 
receiving several theater awards, including the prestigious 2008 Lau-
rence Olivier Award for Best Play. Unfortunately, it did not play widely 
in the United States (only in 2010 in Ann Arbor, Michigan, and at the 
Lincoln Center Festival in New York), but it did appear in many venues 
abroad, in Milan, Barcelona, Paris, Sydney, and, not surprisingly, in 
Mumbai and Hyderabad, where it played during the International Con-
gress of Mathematicians in the summer of 2010.

Ramanujan left a legacy of provocative formulas that have prompted 
generations of mathematicians to try to understand his conjectures and 
eventually provide proofs. Three American mathematicians have been 
at the forefront in continuing these investigations: George Andrews 
of the Pennsylvania State University, Richard Askey at University of 
Wisconsin–Madison, and Bruce Berndt at University of Illinois at Ur-
bana–Champaign. Berndt has described a pilgrimage in India in [6] and 
published two volumes on Ramanujan’s notebooks [7]. The first is a 
touching account Berndt gives of a trip to India to visit Ramanujan’s 
home and schools and to meet members of his family. An earlier article 
by Andrews appeared in the American Mathematical Monthly in 1979 [3] 
and included accounts of some of Ramanujan’s later mathematical work 
to complement those provided earlier by Hardy, who had no access to 
the “lost notebooks” that Andrews discovered in some papers of an-
other mathematician at Trinity College, Cambridge, in 1976: roughly 
100 pages of densely packed formulas written in Ramanujan’s hand. 
Periodically, there appear summaries of progress on proving the con-
jectures in the notebooks. And the work goes on.
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With so much having been written about Ramanujan over the many 
years since his death, one might wonder why someone as relatively un-
familiar with the subject as I am would attempt to add to the literature 
about Ramanujan, other than for the pleasure I have had in review-
ing the elegant pieces written by Hardy and others, including Hardy’s 
short summary of his own life, his A Mathematician’s Apology. One should 
never pass up an opportunity to read that small book again, something 
that Atle Selberg referred to as “a great piece of literature” in a conver-
sation we had in 1999 [1, p. 266].

And now to the curious event that prompted this note. In August 
2011, I received an e- mail from the noted geometer and Escher expert, 
Doris Schattschneider, informing me that a bronze bust of Ramanujan 
was coming up for auction in Philadelphia at Freeman’s (the oldest ac-
tive American auction house). She wondered whether I knew of any-
one who would be interested. The lot was hidden away at the end of a 
catalogue of American paintings, drawings, and sculpture, not likely 
to attract wide attention in the mathematical world. Well, the answer 

fiGure 1. Bronze bust of Ramanujan by Paul T. Granlund.  
Courtesy of Leonard F. Klosinski 
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was obvious. I bid on it, and the bust is now in my office. But the story 
is complicated. Kanigel mentioned in his biography that Ramanujan’s 
wife Janika had raised the question with Richard Askey of why, after 
her being promised that there would be a statue of Ramanujan in his 
home town, Kumbakonam (he was born nearby in Erode), she was still 
waiting for a statue. Berndt calls Kumbakonam a town, though it has a 
population of roughly 150,000. Askey responded by commissioning the 
American sculptor Paul T. Granlund to produce a bust using the pass-
port photograph taken when Ramanujan left for England. Granlund 
was a prolific artist, perhaps best known for his sculpture of Charles 
Lindbergh at Le Bourget outside Paris, the airfield where Lindbergh 
landed after his 1927 solo flight over the Atlantic. Other casts of this 
sculpture can be seen on the grounds of the state capitol in St. Paul, 
Minnesota, and at the terminal at Lindbergh Field in San Diego. I con-
tacted Askey to find out where my copy of the sculpture might have 
come from, and in his response he outlined the history of the work [5]. 
There were ten copies cast in 1983 (plus an artist’s proof). One was 
given to Ramanujan’s wife, Janika, and is now in the Ramanujan Insti-
tute of Mathematical Sciences in Madras (Chennai). Four others are in 
India, at research institutes in Delhi, Poona, Bangalore, and Mumbai. 
One that was originally acquired by S. Chandrasekhar is in London at 
the headquarters of the Royal Society, another in a building near the 
Isaac Newton Institute at Cambridge. The other three are in the United 
States, one owned by Askey, one by George Andrews, and the one in 
my office. (The artist’s proof is at Gustavus Adolphus College in Min-
nesota, where Granlund was artist- in- residence.) My copy is almost 
certainly the one that was once owned by James Vaughn, the Texas 
oilman and philanthropist who was for many years generous to various 
mathematical organizations. He died in 2007.

Endnote: All right. How much did I pay for it? Someone is sure 
to ask. The auction house estimate in the sale catalogue was already 
low—US$1,000–$1,500—and I was ready to bid far more than that. 
But when the lot came up, the auctioneer at the sale announced that 
the opening bid for that lot would have to be $500. I bid that, and there 
were no further bids. Of course, I paid considerably more than that 
since there was a 25% premium on the hammer price as well as an even 
more alarming bill for putting it in a crate and shipping it to California. 
Nevertheless, it was something of a steal.
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Creating Symmetric Fractals

larry riddle

Fractals such as the Sierpinski triangle, the Koch curve, and the Heigh-
way dragon, shown in Figure 1, are constructed using simple rules, yet 
they exhibit beautifully intricate and complex patterns.

All three fractals possess self- similarity—that is, the fractal is com-
posed of smaller copies of itself. But only the first two fractals have sym-
metries. In this article, we show how to use group theory, which is often 
used to describe the symmetries of objects, to create symmetric fractals.

Iterated Function Systems

Fractals such as those in Figure 1 can be constructed using sets of func-
tions called iterated function systems (IFSs). The functions in an IFS have 
a scaling factor less than 1, a rotation, and a translation, which makes 
them contractive affine transformations.

For instance, the IFS for the Heighway dragon is the set of functions 
H = {h1, h2} where h1 is a scaling by r 2

1=  and a counterclockwise ro-
tation by 45° around the origin, while h2 is also a scaling by r but with 
a counterclockwise rotation by 135° and a horizontal translation by 1. 
The dragon is the unique set A, called the attractor of the IFS, that satis-
fies A = h1(A) , h2(A). In Figure 1, h1(A) is dark gray and h2(A) is light 
gray (in color Figure 1c, red and blue, respectively). Both subsets are 
copies of the Heighway dragon scaled by a factor of r.

Bringing in Abstract Algebra

In Symmetry in Chaos: A Search for Pattern in Mathematics, Art and Nature 
(1992, Oxford University Press), Michael Field and Martin Golu-
bitsky showed how to generate a symmetric fractal from a single affine 
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transformation and a cyclic group Zn or a dihedral group Dn—groups that 
students encounter in an abstract algebra course. As we shall see, 
their method applies equally well when applied to an iterated function 
system.

First, we need some basic facts about Zn and Dn. The group Zn con-
sists of the rotational symmetries of a regular n- sided polygon. We will 
let the n elements of Zn correspond to counterclockwise rotations about 
the origin (which corresponds to the center of the polygon) through 
angles that are integer multiples of 360°/n.

The group Dn consists of all 2n symmetries of a regular n- sided poly-
gon. We take these to be the n rotations in Zn and reflections about n 
lines through the origin that meet in angles that are integer multiples of 
180°/n. Figure 2 shows the lines of symmetry for an equilateral triangle 
and a square. The group D2 is an exception since there is no regular 
polygon with two sides. It is known as the Klein four- group, and the four 
elements are the identity, a vertical reflection, a horizontal reflection, 
and a 180° rotation.

Given any IFS, we can form a new one by composing each element 
of the group (Zn or Dn) with each function in the IFS. For instance, let 
Z2 = {e, g}, where e is the identity and g is the 180° rotation about 

fiGure 1.  Clockwise from far left, the Sierpinski triangle, the Koch curve, 
and the Heighway dragon. See also color images.
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the origin. Composing elements of Z2 with elements in the IFS for the 
Heighway dragon, H, yields the IFS

{ f1 = e % h1 = h1,f2 = e % h2 = h2,f3 = g % h1,f4 = g % h2}.

All four functions in this IFS have the same scaling factor, 2
1 , because 

the only change—if any—is a 180° rotation. So, in addition to the 
original counterclockwise rotations of 45° and 135° from f1 and f2, the 
elements f3 and f4 have counterclockwise rotations of 225° and 315°. 
Also, f2 and f4 include horizontal translations by 1 and −1, respectively. 
The unique attractor for this new IFS, B, which we call the Z2 Heigh-
way dragon, satisfies B = f1(B) , f2(B) , f3(B) , f4(B) (Figure 3).

Rotating B by 180° is the same as applying g from Z2 to the set B. 
Because g % g = e is the identity and g % e = g, we have

g(B) = g( f1(B) , f2(B) , f3(B) , f4(B)) 
= g % h1(B) , g % h2(B) , g % g % h1(B) , g % g % h2(B) 
= g % h1(B) , g % h2(B) , e % h1(B) , e % h2(B) 
= f3(B) , f4(B) , f1(B) , f2(B) = B.

This shows that the Z2 Heighway dragon has twofold (or 180°) rota-
tional symmetry.

In Figure 3, we see only three scaled versions of the attractor, but 
four sets are in the union. Because f1 and f3 have the same scaling factor, 
and they rotate B by 45° and 225° counterclockwise, respectively, and 
B has 180° rotational symmetry, then f1(B) = f3(B). This is the black set 
(red in color Figure 3).

fiGure 2.  The groups D3 and D4 consist of rotations about the centers of the 
equilateral triangle and the square, respectively, and reflections about the 
lines of symmetry. See also color image.
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Coloring a Fractal with Pixel Counting

One of the methods for generating the attractor of an iterated func-
tion system on a computer is to use a random algorithm known as the 
chaos game. First, we choose an initial point x0 in the attractor. Then we 
choose a function f from the IFS at random (with a certain probability), 
and then we plot x1 = f(x0), which lies in the attractor.

Next, we choose a function from the IFS at random again, apply it 
to x1, and obtain another point in the attractor, x2. Repeat this process 
of randomly choosing a function, plugging in the previous point, then 
plotting the new point—millions of times. The sequence of points fills 
out the attractor.

In fact, it is not necessary to start with a point in the attractor. Any 
point suffices as long as we wait long enough during the iterative pro-
cess to start plotting the points. This allows time for the sequence of 
points to converge toward the attractor.

We can color a point based on which function was used to compute 
it. This is how we colored the fractals in Figure 1. For example, the 

fiGure 3.  The Z2 Heighway dragon. See also color image.
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points in the Heighway dragon computed using h1 are dark gray, and 
the points computed using h2 are light gray (red and blue, respectively, 
in color Figure 1c.)

Of course, even the highest resolution computer screen has only fi-
nitely many points, or pixels. A single pixel can represent infinitely many 
points in the attractor. An alternative coloring scheme is to color a pixel 
based on how many points in the random sequence land in that pixel.

Figure 4 shows an image of the Z2 Heighway dragon colored in this 
way. The color gradient varies from darker gray for low pixel counts 
through various shades of gray to pale gray as the pixel counts increase 
(in color Figure 4, the color gradient varies from gold for low pixel 
counts through various shades of dark orange to pale orange). Some 
experimentation is needed to find a good color gradient and the cor-
responding pixel counts. Factors to take into account include the size 
of the final image, the resolution of the computer screen, the number 
of points to be plotted, and the probabilities assigned to the functions 
in the IFS. But an appropriate choice helps to vividly illustrate the sym-
metry of the attractor.

fiGure 4.  The Z2 Heighway dragon colored by pixel counting. See also color 
image.
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Dragons and More

The Heighway dragon is just one example of a larger class of dragon 
fractals. Another example is the golden dragon curve, so named be-
cause its fractal dimension is the golden ratio. Figure 5 shows the 
golden dragon (formed from an IFS consisting of two functions) and 
the attractor obtained by composing the cyclic group Z2 with this IFS. 
We used the same pixel coloring as for the Z2 Heighway dragon. This 
attractor has 180° rotational symmetry.

Figure 6 shows the attractor obtained by composing D2 with the IFS 
for the Koch curve, colored from dark gray to light gray using pixel 
counting (from red to violet in color Figure 6). The group D2 gives the 

fiGure 5.  Golden dragon (top) and Z2 golden dragon (bottom). See also 
color images.
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fractal 180° rotational symmetry and reflective symmetry across the 
horizontal and vertical lines through its center.

Figure 7 shows the fractals we obtain when we compose Z4 and D4 
with the IFS for the Koch curve. The former has 16 functions that pro-
duce an attractor with fourfold rotational symmetry. The latter has 32 
functions with an attractor displaying the D4 symmetry of a square.

Finally, Figures 8 and 9 illustrate that if the original attractor already 
has some symmetry, then the attractor constructed by composing with 

fiGure 6.  The D2 Koch curve. See also color image.

fiGure 7.  The Z4 Koch curve (left) and the D4 Koch curve (right). See also 
color images.
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fiGure 8.  The Z3 Sierpinski triangle. See also color image.

fiGure 9.  The Z4 symmetric binary tree. See also color image.
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Zn or Dn may produce additional symmetries beyond those guaranteed 
from the group used to build it.

Figure 8 comes from composing Z3 with the Sierpinski triangle IFS. 
It has D6 symmetry because the attractor is a filled- in hexagon. The 
initial IFS used for Figure 9 generated the self- contacting symmetric 
binary tree with angle 45°, which is the black tree superimposed on the 
fractal. We composed Z4 with the IFS to form an IFS whose attractor is 
shown. It has D4 symmetry.

Further Reading

For more on symmetric fractals, see “Symmetric Fractals” (chapter 7) 
in Field and Golubitsky’s Symmetry in Chaos; an updated second edition 
of their book came out in 2009 (SIAM).

More details can also be found at the author’s website, ecademy 
.agnesscott .edu / ~lriddle /ifs /ifs .htm.

All fractal images shown here were drawn with the Windows pro-
gram IFS Construction Kit, available at ecademy .agnesscott .edu / 
~lriddle /ifskit/.
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Projective Geometry in  
the Moon Tilt Illusion

Marc frantz

This article is about an illusion of nature called the “moon tilt illusion” 
and ways in which it illuminates, and is illuminated by, perspective 
drawing and projective geometry. I focus on the illusion for a gibbous 
moon—that is, the case when most of the illuminated half is visible 
from the earth. (For more general discussions that include the crescent 
moon case, see [4, 6, 7].) I begin by reviewing some basic properties 
of perspective. In Figure 1, an observer stands on a horizontal ground 
plane, with one eye closed and the other eye at the point O called the 
viewpoint or center of projection. With her viewing eye, she looks at a 
vertical picture plane, onto which is projected an image of the colored 
part of the ground plane, which lies on the far side of the picture plane. 
The image is created as follows. Given a point such as A, its perspec-
tive image in the picture plane is the point A such that A, A, and O are 
collinear. Assigning points and their images corresponding colors, the 
image that forms is a familiar one, with a horizon line h at eye level, 
and the images of the parallel sides of the light road converging on the 
horizon at a vanishing point T. The line of sight OT is parallel to the 
sides of the road, lines AC and BD, which are perpendicular to the 
picture plane. The road and grass parts of Figure 1 illustrate the basic 
principles of linear perspective as conceived by artists of the Renais-
sance. Intuitively, the idea is that when the observer at O looks at the 
picture plane, she sees the same thing she would see when looking at 
the ground plane, since the same colors come from the same directions.

Observe that there is no point in the ground plane corresponding to 
the point T, since the line of sight OT does not meet the ground, being 
parallel to it. In projective geometry, this situation is addressed by defin-
ing an abstract point at infinity T belonging to OT and all lines parallel 
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to it, such as AC and BD. The point T is thus the perspective image 
of T. The line OT with the point T included is called an extended line. 
Similarly, there is an abstract line at infinity h in the ground plane, 
whose image is the horizon line h. The line h belongs to any plane par-
allel to the ground plane. The ground plane with the line h included is 
called an extended plane. One way in which projective geometry dra-
matically departs from perspective drawing is the custom of projecting 
every point of one extended plane, such as the ground plane, onto an-
other, such as the picture plane. Thus, for example, the point C in the 
ground plane projects to the point C in the picture plane such that C, 
C, and O are collinear. The result is that points like C and D, which lie 
behind the viewer, project above the horizon line, causing part of the 
ground to appear in the sky! Another consequence is that every infinite 
extended line in the ground plane such as AC has as its image an infinite 
extended line in the picture plane, in this case AC. Although perspective 
drawings never explicitly include images of points behind the viewer, we 
will see that such projections can be very useful to the artist.

The Disk Tilt Illusion

Our starting point for understanding the moon tilt illusion is an illusion 
we call the “disk tilt illusion.” We begin with Figure 2, a perspective 
drawing of three congruent, vertically aligned boxes (rectangular par-
allelepipeds). The horizontal edges of each box run either east–west or 
north–south.

fiGure 1. One-point projection of the ground plane onto the picture plane 
(Credit: Marc Frantz).
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When viewing Figure 2, we imagine ourselves as the observer in Fig-
ure 1, with one eye at a viewpoint O hovering in front of the the picture 
plane—the page—on a line perpendicular to the page at the viewing tar-
get T. The picture plane is again perpendicular to the horizontal ground 
plane. We think of the actual boxes as being on the far side of the picture 
plane, projected onto the picture plane via the center of projection O. In 
this case, the viewpoint is at a distance |ET| (= |TS|) from the point T. 
(This distance is rather close because of the limited size of the picture.) 
When looking directly at T, we are facing southeast, with the eastern 
horizon point E located 45° to the left of T and the southern horizon 
point S located 45° to the right of T. The points E and S are the vanishing 
points of the horizontal edges of the boxes. Technically, this means that E 
(respectively, S) is the perspective image of the point at infinity common 
to all east–west lines (respectively, to all north–south lines).

As indicated in Figure 2, the long edges of the boxes run “westward 
and level,” meaning that they are aligned east–west and parallel to the 
ground plane. Their perspective images, on the other hand, fan radi-
ally outward from the eastward vanishing point E. The same is true of 
the arrows painted on the sides of the boxes, and the arrow protruding 

fiGure 2. Rectangular parallelepipeds in two-point perspective (Credit: 
Marc Frantz).
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from the end of one box. That is, the actual arrows all point west-
ward and level, even though their images do not all point in the same 
direction. Thus if the sun is setting, located due west on the west-
ern horizon, all of the actual arrows point directly at the setting sun. 
Equivalently, the arrows point antiparallel to the sun’s rays, which we 
idealize as parallel to one another.

Of course, I depend on the reader having looked at enough pho-
tographs and perspective drawings of buildings, fences, and so on, to 
readily accept that the four arrows in Figure 2 are the images of parallel 
arrows in the real world that point directly at the setting sun. Another 
perception I count on is the following: although the circles inscribed 
on the ends of the boxes have elliptical images whose major axes are 
inclined at various angles, each ellipse is the image of a circle in a verti-
cal plane that faces westward and level (the normal to the plane of each 
circle points westward and level).

Most viewers would accept these relationships in Figure 2 because 
the boxes and their markings provide familiar clues as to what the 
image portrays. It is interesting to see what happens when most of this 
structure is removed. In Figure 3, we have removed everything but the 

fiGure 3. The disk tilt illusion. Without the extra structure of Figure 2, the 
disk no longer appears to lie in a vertical plane, but instead appears to face 
upward (Credit: Marc Frantz).
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line l, the ellipse E, and the point C—the perspective image of the cen-
ter of the circle whose image is E. It suddenly becomes more difficult 
to accept that E and its interior represent a circular disk in a vertical 
plane that faces westward and level. Rather, the disk appears to face at 
an upward angle—above the setting sun rather than toward it. This is 
the phenomenon we call the disk tilt illusion.

The Moon Tilt Illusion

The moon tilt illusion of a gibbous moon follows directly from the disk 
tilt illusion, in the following sense. We imagine the circle, whose image 
is E, as the boundary between light and dark—the “terminator”—of a 
sphere lit by the parallel east–west rays of the setting sun. The termi-
nator is thus a great circle, in a westward- facing plane, of the sphere 
whose perspective image appears in Figure 4. In Figure 4, the perspec-
tive image of the sphere has an elliptical outline, which appears circular 
when viewed with one eye from the correct viewpoint (directly in front 
of T at a distance |ET|). Just as the disk of the terminator appears to 
face upward in Figure 3, the illuminated half of the moon (shown in 

fiGure 4. The moon tilt illusion for a gibbous moon can be thought of as 
a consequence of the disk tilt illusion, with the lunar terminator as the 
boundary of the disk (Credit: Marc Frantz).
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white) appears to face upward in Figure 4. This illusion persists when 
observing the moon in nature. The perception of the illuminated side of 
the moon as facing above the setting sun instead of toward it is known 
as the moon tilt illusion.

To summarize, one way to understand the moon tilt illusion is by 
the progression from Figure 2 to Figure 3 to Figure 4. This progression 
illustrates the illusion as stemming from the lack of familiar structures 
(the boxes in Figure 2) that aid in perceiving the disk of the lunar ter-
minator as being in a vertical, westward- facing plane, looking directly 
at the sun. With the structure removed in Figure 3, the same disk ap-
pears to face at an upward angle. For concreteness, we discussed the 
gibbous moon in the eastern sky with the sun setting in the west, but 
the discussion also applies to a gibbous moon in the western sky with 
the sun rising in the east.

The Journey of Sunlight

There is another way to perceive the moon in Figure 4 as directly fac-
ing the sun. In Figure 5, we look down on an observer with her view-
ing eye at the center of projection O, gazing at the moon through the 
picture plane, seen edge- on from above. Her eye is directly in front of 
the viewing target T, with the easterly vanishing point E at 45° to her 
left; thus she faces southeast toward the moon. The line l through the 

fiGure 5. Journey of a particle from the sun to the moon (Credit: Marc 
Frantz).
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center of the moon runs east–west and parallel to the ground plane. 
The sun, idealized as infinitely distant, is behind her on the western ho-
rizon. That is, we idealize the sun as the point at infinity on the parallel 
extended lines l and OE, hence the point E is the perspective image of 
the setting sun. We follow the hypothetical journey of a moving point 
or particle, traveling along l from the sun to the moon.

At the point P1, the particle has left the sun, traveling east along l. 
Its image P1, being collinear with O and P1, is to the left of the moon’s 
image. At P2, the particle has traveled closer to the actual moon, while 
its image P2 is even further to the left. At some instant, the particle 
arrives at the white dot to the right of O, and its image is a point at in-
finity. Shortly after this, it arrives at P3, and its image P3 is to the right 
of the moon’s image, moving to the left. Just before impact with the 
moon, the particle is at P4, and its image P4 is immediately to the right 
of the moon’s image.

The observer’s view of this sequence of events is sketched in Fig-
ure 6, where the images P1, P2, P3, and P4 are moving down and to the 
left along the extended line l, which is the perspective image of the 
extended line l. When the viewing eye is at the correct viewpoint, 
the image of the moon appears symmetric about l. Thus the image l 
of the path of the particle appears normal to the outline of the image 
of the illuminated hemisphere. There is a sense in which the image 
of the lighted hemisphere faces “directly toward” the image E of the 
sun, because the only way to reach the image of the lighted side of the 
moon from E along l is via the sequence P1, P2, P3, P4 just described. In 

fiGure 6. The particle’s strange journey as seen by the viewer in Figure 5 
(Credit: Marc Frantz).
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this sense, the image is completely self- consistent, and there is nothing 
wrong with the tilt of the image of the lighted hemisphere.

A Shadow- Drawing Technique

This somewhat unusual resolution of the moon tilt illusion depends on 
a concept rarely used in basic perspective drawing, namely, the projec-
tion of unseen objects behind the viewer onto the picture plane. It is 
therefore interesting that this concept forms the basis of a convenient 
and effective drawing technique described by Rex Vicat Cole in his 
classic drawing manual [3, pp. 192–196]. The technique is illustrated 
in Figure 7, where the viewer of a painting has her viewing eye located 
at the correct viewpoint O, directly in front of the viewing target T. 
Once again, she faces southeast, with the evening sun in the west, over 
her right shoulder. This time, however, it is not quite sunset, so the sun 
is slightly above the western point on the horizon. The image P of the 
sun is therefore to the left and below the horizon. Cole refers to P as the 
“pseudo sun.”

fiGure 7. Illustration of a shadow-drawing technique after Cole [3, pp. 192–
196] (Credit: Marc Frantz). See also color image.
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To draw the shadow B of a point A, proceed as follows. Mark the 
point E on the horizon directly above P. Locate the image A0 of the point 
on the ground plane directly below the preimage of A. The shadow B 
of A is then EA0  PA. (Since the sun is in the west, the shadow of the 
vertical line whose image is AA0 is the east–west line with image EA0, 
hence B lies on EA0. But B must also lie on the light ray, or sunbeam, 
whose image is PA, hence B = EA0  PA.)

We tested Cole’s technique in Figure 8 on three rectangles and four 
line segments. Even with such a simple configuration, the result is quite 
realistic and suggestive of late afternoon (or early morning) light.

Conclusion

At dusk the cock announces dawn;
At midnight, the bright sun.

—Poem from the Zenrin Kushu [9, p. 117]

The moon tilt illusion continues to be an object of interest, from the 
standpoints of light and optics [1, 2, 5], geometry and perspective [4, 6], 
human perception [7], and pop- science infotainment [8]. Here we pre-
sented the phenomenon as a reminder of the abstractions of projective 

fiGure 8. Realistic evening shadows produced by Cole’s technique (Credit: 
Marc Frantz).
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geometry, and the marriage of opposites in nature. From the correct 
viewpoint in Figure 6—or in nature—we can see the symmetry line 
of the gibbous moon point directly to the image of the evening sun in 
the east, or the morning sun in the west, as the case may be. These ab-
stractions lead to a practical drawing technique, with a pleasing artistic 
result.

Acknowledgment

The author is grateful to Annalisa Crannell for several helpful comments.

References
[1] Berry, M. V. “Nature’s Optics and Our Understanding of Light.” Contemporary Physics, 56 

(1) (2015), 2–16. Available online at http:// dx .doi .org /10 .1080 /00107514 .2015 .971625.
[2] Berry, M. V. “The Squint Moon and the Witch Ball.” New J. Phys., 17 (2015), 060201. 

Available online at http:// dx .doi .org /10 .1088 /1367–2630 /17 /6 /060201.
[3] Cole, R. V. Perspective for Artists, Dover, Mineola, NY, 1976.
[4] Glaeser, G., and Schott, K. “Geometric Considerations about Seemingly Wrong Tilt of 

Crescent Moon.” KoG (Croatian Soc. Geom. Graph.), 13(13) (2009) 19–26. Available online 
at http:// hrcak .srce .hr /index .php ?show = clanak & id _clanak _jezik = 73428.

[5] Minnaert, M., Light and Colour in the Open Air, Dover, New York, 1954.
[6] Myers- Beaghton, A. K., and Myers, A. L. “The Moon Tilt Illusion.” KoG (Croatian Soc. Geom. 

Graph.), 18(18) (2015) 53–59. Available online at http:// hrcak .srce .hr /index .php ?show  
= clanak & id _clanak _ jezik = 197562.

[7] Schölkopf, B. “The Moon Tilt Illusion.” Perception 27(10), (1998), 1229–1232.
[8] Stevens, M. “The Moon Terminator Illusion” (Vsauce YouTube video), published 6/7/2015. 

Accessed 12/11/2015 from https:// www .youtube .com /watch ?v = Y2gTSjoEExc.
[9] Watts, A. W. The Way of Zen, Vintage, New York, 1957.

 EBSCOhost - printed on 2/10/2023 3:46 PM via . All use subject to https://www.ebsco.com/terms-of-use

http://hrcak.srce.hr/index.php?show=clanak&id_clanak_jezik=197562
https://www.youtube.com/watch?v=Y2gTSjoEExc
http://hrcak.srce.hr/index.php?show=clanak&id_clanak_jezik=197562
http://hrcak.srce.hr/index.php?show=clanak&id_clanak_jezik=73428
http://dx.doi.org/10.1088/1367%E2%80%932630/17/6/060201
http://dx.doi.org/10.1080/00107514.2015.971625


Girih for Domes:  
Analysis of Three Iranian Domes

MohaMMadhossein Kasraei, yahya nourian,  
and MohaMMadJavad MahdavineJad

Introduction

The rise and spread of Islamic art, during many consecutive years, has 
provided a great heritage of geometric patterns in art and architecture. 
A variety of geometric patterns is used by artists to embellish a wide 
range of works of art, including textiles, ceramics, metalwork, and ar-
chitectural elements including Kar- bandi, Rasmi- bandi, Muqarnas, and 
Girih. The tiling design called Girih1 in Persian (Figure 1), is one of the 
most significant and complicated techniques using geometric patterns 
to adorn art and architectural surfaces. The use of these geometric pat-
terns has spread across the world, from west India to Southern Europe 
and Turkey, to the Arabian Peninsula. However, some believe that the 
mathematics and construction of them originated in Iran (Necipoğlu 
and Al- Asad 1995).

Although these tessellations consist of some restricted and regular 
shapes (motifs), which have their own specific Persian names, such as 
Shamseh (star), Torange (the quadrilateral tile), Sormeh- Dan (the bow 
tie tile), Tab’l (the concave octagonal tile), etc., these shapes have gener-
ated various and distinct patterns in art and architecture (Ra’eesZadeh 
and Mofid 2011: 142).

Assessing many examples from the past thousand years reveals that 
the main feature of the Girih is the mathematical and geometrical prin-
ciples used in drawing them (Figure 2). The diversity of pattern types 
is based on the variety of methods for drawing. It is useful for current 
designers to know how each pattern is drawn.

In recent years, many efforts have been made to analyze the pro-
cess of drawing Girih. Some recent research reveals their geometric 
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order and reinvents drawing instructions for Girih (Bonner 2003, Ka-
plan 2000, and El- Said and Parman 1976). In contrast, others pursue 
traditional methods and study documents such as scrolls and booklets, 
enabling active professional artisans to redefine original methods (Sar-
hangi 2012, Bodner 2012, and Ra’eesZadeh and Mofid 2011). It seems 

fiGure 2. Some regular shapes (motifs) commonly used to construct Islamic 
patterns.

fiGure 1. (a) Humayun’s Tomb, New Delhi, India; (b) Shakhi Zindeh com-
plex, Samarkand, Uzbekistan; (c) Masjid-i-Jami, Isfahan, Iran; (d) Bou Inaniya 
Madrasa, Fez, Morocco; (e) al-Nasir Mosque, Cairo, Egypt; (f) Karatay 
Madrasa, Konya, Turkey; (g) Altun Bogha Mosque, Aleppo, Syria; and (h) Al-
hambra, Granada, Spain (Pattern in Islamic Art 2015). See also color images.
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66 Geometric Analysis of Three Iranian Domes

that achieving a comprehensive theory covering the variety of Girih 
types will require more effort in the future. Previous research might 
be summarized in two major drawing approaches: the Radial Grid ap-
proach and the Polygons in Contact approach.

The Radial Girih approach is a traditional method illustrated in many 
ancient documents such as “On Interlocking Similar or Correspond-
ing Figures” (Fi tadakhul al- ashkal al- mutashabihat aw al- mutawafiqa), 
written by Abu Ishaq Ibn Abdullah Koubnani, which was attached to “A 
Book on Those Geometric Constructions Which Are Necessary for a 
Craftsman”(Kitāb fı̄ mā yah

˙
tā j ilayh al-s

˙
āniʿ min al- aʿ māl al- handasia), 

written by Abu al- Wafa’ al- Būzjānı̄ (June 10, 940–July 15, 998). The 
translation of this book is represented in Applied Geometry (Jazbi 1997). 
This method was also taught by some Iranian professional artisans, who 
inherited their profession from their ancestors dating back several cen-
turies. These include Hussein Lorzadeh (Ra’eesZadeh and Mofid 2011), 
Mahmoud Maheronnaqsh (1984), Asghar Shaarbaf (1385), etc. In this 
approach, drawing the Girih begins by placing the centers of stars a 
specific distance from each other. Depending on the number of star 
polygons, specific numbers of rays emanate from the centers of stars. 
The intersections of these rays provide interstitial space, which is filled 
by different methods and creates various designs. In some medieval 
samples, a pattern covers a simple large surface by repeating and rep-
licating a basic part of patterns called the repeat unit.2 In these simpli-
fied cases, the boundary of the repeat unit is constructed according to 
geometrical principles and the measurement of the center of each star 
in the corners of the repeat unit’s boundary (Sarhangi 2012: 167). This 
basic unit consists of fundamental information about the Girih, such as 
the number of points of star polygons, the placement, and the distance 
between the centers of the star polygons. Many of these repeat units 
have been found in specific resources, such as preserved Topkapi and 
Tashkent scrolls. Some researchers (Necipoğlu and Al- Asad 1995: 10–
12) believe that the repeat unit drawings of these architectural scrolls 
most likely served as an aid to memorization for architects and master 
builders.

The Polygons in Contact approach is the another method, articu-
lated by E. H. Hankin in the early part of the twentieth century (Han-
kin 1925). In this method, a surface covered with a network consists of 
“polygons in contact” (Kaplan 2005: 177–180), which is an unbounded 
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and infinite pattern, and it might be resized in order to fit a surface. 
Using the Polygons in Contact approach leads to regular and primitive 
patterns and, therefore, could not generate all the traditional types of 
Girih.

Investigating and comparing these two identified methods reveals 
that the Radial Grid approach is a general method that could generate 
a wide range of varied Girih, from traditional to new ones, and the 
Polygons in Contact approach is just a specific and restricted type that 
has constant and equal distance between the centers of stars (Figure 3).

This notion can be explained when we observe specific kinds of tra-
ditional Girih that are difficult or impossible to draw via the Polygons 
in Contact approach. For example, in traditional documents, there is 
a developed and elegant type of Girih called “Dast- Gardan”3 in Persian 
(Figure 4).

The Dast- Gardan Girih is a developed kind of traditional Girih that 
consists of diverse types of stars fixed at different distances intention-
ally by the designer. The interstitial space among star polygons then is 
filled geometrically by basic regular shapes (motifs) such as Torange, 
Sormeh- Dan, Tab’l, etc. Recently, some researchers have attempted to 
reinvent a method to draw Dast- Gardan Girih. B. Lynn Bodner (2011) 
presented a method to draw a nine-  and twelve- pointed star polygon de-
sign found in Tashkent scrolls. Although she did not mention anything 
about the Dast- Gardan concept and did not achieve a comprehensive 
method that covers the wide range of Dast- Gardan Girih, she outlines 

fiGure 3. One specific Girih presented in Ra’eesZadeh and Mofid (2011). 
Drawn via the Radial Grid approach (left). Drawn via the Polygons in Con-
tact approach (middle). (Drawn by the authors.) See also color images.
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a method to fill in the interstitial space with the irregularly shaped pen-
tagonal star, hexagons, and arrowlike shapes. Generally, drawing Dast- 
Gardan Girih commences with fixing the center of diverse circles with 
various diameters. Then the circles divide to some congruent angles by 
creating rays that emanate from the center of circles. These rays inter-
sect and then construct the fundamental region for the tiling, which 
consists of different types of star polygons. Figure 5 is an example of a 
step- by- step construction of a Dast- Gardan Girih designed by Hussein 
Lorzadeh (Ra’eesZadeh and Mofid 2011).

Unlike common Girih drawn with regard to an interactive basic unit 
and on an infinite surface, Dast- Gardan is constructed based on the 

fiGure 4. Two samples of Dast-Gardan patterns with various types of star 
polygons. The one on the left has 8-, 9-, 10-, 11-, and 16-pointed star polygons; 
the one on the right has 9-, 10-, 11-, and 12-pointed star polygons. Designed by 
Hussein Lorzadeh (Ra’eesZadeh and Mofid 2011: 178).

fiGure 5. Redrawing a Dast-Gardan Girih designed by Hussein Lorzadeh 
(Ra’eesZadeh and Mofid 2011: 181). Fixing the center of circles with diverse 
diameters and drawing rays emanating from the centers (a); constructing 
the fundamental region (b); drawing the Girih unit (c); and drawing the 
complete Girih (d). See also color images.
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form and shape of the surface. In other words, this type of Girih de-
sign is dependent on the surface, so the measurements and shape of the 
surface alter the process of its design. Dast- Gardan patterns have been 
utilized to impose geometric order on complicated surfaces and to have 
various options in order to draw a unique pattern. The role of Dast- 
Gardan becomes evident when a designer intends to draw a pattern on 
a curved surface.

Girih for Curved Surfaces

Professional Iranian artisans succeeded wonderfully in drawing pat-
terns on curved surfaces and in making them fit the surfaces. A dome 
is one of the most significant curved surfaces and serves as a main char-
acteristic of Islamic architecture; adorning domes is one of the chal-
lenging practices for Iranian artisans. A dome can be thought of as an 
arch that has been rotated around its central vertical axis and can there-
fore be categorized by its initial arch. However, many different types 
of arches are found in Islamic architecture throughout the medieval 
period. For example, a four- centered arch is a well- known arch utilized 
to shape many domes. The structure of a four- centered arch is achieved 
by drafting two arcs that rise steeply from each springing point4 on a 
small radius and then turn into two arches with a wide radius and a 
much lower springing point. A dome made by a four- centered arch can 
be considered a smooth surface that has positive Gaussian curvature5 
(K > 0). As the Gaussian curvature is the product of the two principal 
curvatures (K = k1k2), a dome- type surface at each point on a vertical 
section has unique Gaussian curvature (Figure 6).

On the other hand, according to historic documents, drawing Girih 
on the interior and exterior surface of a dome was a prominent chal-
lenge that many artisans faced (Hankin 1925: 23). The challenge is 
that patterns suitable to embed on the surface of domes do not follow 
the conventional methods of drawing and require a different approach 
( Figure 7).

No comprehensive study exists about drawing Girih on domes, but 
similar topics have been studied in recent research that attempts to 
draw patterns on a nonflattened surface. Kaplan and Salesin (2004) 
present a method to embed a specific pattern on different Euclidean 
and non- Euclidean surfaces. They state that “the structure of star 
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patterns reflects the curvature of the space in which it is embedded” 
(Kaplan and Salesin 2004: 111). Consequently, the star polygons of a 
specific pattern change when placed on different surfaces with differ-
ent curvatures. In other words, it may be concluded that the number of 
points of star polygons in Islamic patterns depends on the measurement 
of the “amount of space” (Kaplan and Salesin 2004: 111) around each 
point. Below we try to determine whether Kaplan and Salesin’s conclu-
sion could relate to Islamic patterns drawn by traditional artisans that 
decorated the surfaces of domes in Islamic architecture.

fiGure 7. Left, the interior dome of Yazd Jame’ Mosque, middle, the exte-
rior dome of the Saveh Jame’ Mosque, and right, the interior dome of the 
Saveh Jame’ Mosque. (Photographed by the authors.) See also color images.

fiGure 6. The Gaussian curvature (K = k1k2) at point 1 (P1) is different from 
the curvature at point 2 (P2).
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Analysis

Assessing the curved surfaces in Islamic architecture reveals that the 
Islamic patterns drawn on domes were usually designed by the Dast- 
Gardan method. This is not surprising, given the relationship between 
star polygons and the curvature of a surface. Based on the previous sec-
tion, making a change in the number of star polygons applied to the 
pattern depends on the change of the dome curvature. So the pattern 
drawn on a dome should consist of diverse types of star polygons. This 
means that the patterns should be designed by the Dast- Gardan method. 
This can be confirmed by investigating the geometry of three scarce and 
special types of traditional domes in Iran and other Islamic regions that 
are covered by sophisticated and elegant Dast- Gardan Girih.

These three domes are the Yazd Jame’ Mosque’s dome (in Yazd, 
Iran) and the interior and exterior domes of the Saveh Jame’ Mosque 
(in Saveh, Iran), which belong to two prominent and well- known 
buildings in Islamic architecture. Evidence suggests that the Saveh 
Jame’ Mosque was constructed in 504 AH (in the year of the Hijra) 
during the Muhammad- ibn- Malek Shah Saljuqi period coinciding 
with the development of the city. Around the fourth or fifth century, 
the dome was constructed in the mosque’s south front. The dome of 
the Saveh Jame’ Mosque measures 14 m in diameter and 17 m high 
and is covered in Iranian Moarragh tessellations. The other building 
is the Yazd Jame’ Mosque, which dates back to the Timurid dynasty, 
about 861 AH. The double- shelled dome of the Yazd Jame’ Mosque 
is regarded as one of the masterpieces of Islamic architecture because 
of its geometry and patterns. These three domes have been selected 
because of the differences in their curvature so that the following 
discussion can represent the fact that the change in the curvature of 
the domes has a specific relation to the change in the Dast- Gardan 
Girih (Figure 8).

Investigating Dast- Gardan Girih drawn on domes shows that there 
is a significant relationship between the curvature of the surfaces of 
domes and the construction of Girih. For example, Figure 9 shows that 
the curvature of the surface of a dome changing from the spring point 
to the apex corresponds with the change in the number of points in 
star polygons in noticeable stages. Decreasing the curvature of a dome’s 
surface leads to decreasing the number of points of star polygons.
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72 Geometric Analysis of Three Iranian Domes

Figure 10 shows the change in the Gaussian curvature of these three 
domes and the placement and number of points of each star polygon on 
the domes. Analyzing the Dast- Gardan patterns on these three domes 
reveals that the changing curvature is not the same in different cases. 
So the pattern that belongs to each dome has its own number of points 
of for star polygons. For example, the curvature of the exterior dome 
of the Saveh Jame’ Mosque (Figure 10c) changes significantly in three 
stages from base to apex. In its interior dome, the curvature changes 
in two stages.

fiGure 9. This diagram shows that the changing in curvature of a dome’s 
surface corresponds with the change in number of points of star polygons. 
The diagram is a section of the exterior dome of the Saveh Jame’ Mosque in 
Saveh, Iran. (Drawn by the authors.) See also color image.

fiGure 8. Left, Girih on the interior dome of the Yazd Jame’ Mosque, mid-
dle, Girih on the exterior dome of the Saveh Jame’ Mosque, and right, Girih 
on the interior dome of the Saveh Jame’ Mosque. (Drawn by the authors.)
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In contrast, the Yazd Jame’ Mosque’s dome is similar to a hemisphere, 
so the change in curvature is not great, and it changes in only one stage. 
Based on our assessment, changing curvature and the number of points 
of star polygons have a meaningful relationship. For instance, the pat-
tern on the interior dome of the Yazd Jame’ Mosque has four different 
star polygons—7, 6, 5, and 4—which relate to the changing curvature. 
Based on Figure 10a, the number of points of the star polygons increases 
steadily from 4 to 7. The patterns on the interior and exterior dome of 
the Saveh Jame’ Mosque have a different trend. The changing curvature 
on the interior dome of the Saveh Jame’ Mosque jumps in one stage, and 
its number of points for star polygons increases from 9 to 10 and then 
decreases to 7 and then 5. The changing curvature on the interior dome 
of the Saveh Jame’ Mosque jumps in two stages. As seen in Figure 10c, 
first the number of points of star polygons goes down from 12 to 8, then 
it goes up to 11, and finally it decreases.

Conclusion

The variety of methods for drawing Islamic patterns leads us to one of 
the significant types, called Dast- Gardan in Persian. The importance 
of Dast- Gardan is evident when designers try to draw a pattern on a 
curved surface. A dome is one of the most significant curved surfaces, 
which has different Gaussian curvature at each point. The number of 
points for star polygons in Islamic patterns depends on the curvature 

fiGure 10. This diagram shows the Gaussian curvature and pattern of 
(a) the Yazd Jame’ Mosque’s dome, (b) the interior dome of the Saveh Jame’ 
Mosque, and (c) the exterior dome of the Saveh Jame’ Mosque. (The dia-
gram was drawn using the Rhinoceros 5 program by the authors.) See also 
color images.
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of the surface; hence, the pattern embedded on a dome should consist 
of diverse types of star polygons. So the patterns on a dome should be 
a Dast- Gardan pattern in which its star polygons change according to 
the curvature of its surface. Analyzing the patterns of three traditional 
domes shows that there is a direct relationship between the changing 
curvature and the type and number of points for star polygons. As cur-
vature increases throughout the surface, the pattern accommodates 
stars with larger numbers of points.

Notes
1. In this paper, we prefer to use “Girih” instead of “Islamic pattern,” which is used in 

many new books and articles, because “Islamic pattern” is a vague term that consists of many 
geometric and nongeometric patterns.

2. A sample introducing a step- by- step procedure for generating a typical Girih by this 
approach is described in Sarhangi (2012).

3. Dast- Gardan is a Persian term that consists of two words; “Dast” is a noun which 
means “hand,” and “Gardan” is a verb meaning “circulate.” Iranian professional artisans used 
this term because Dast- Gardan patterns could be drawn freely according to the artisan’s 
decisions.

4. The springing point is the point from which an arch and vaults spring or rise from their 
supports.

5 This definition is true because the curvature is the same way in two mutually 
perpendicular directions.
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Why Kids Should Use Their 
Fingers in Math Class

Jo boaler and lanG chen

A few weeks ago I (Jo Boaler) was working in my Stanford office when 
the silence of the room was interrupted by a phone call. A mother called 
me to report that her 5- year- old daughter had come home from school 
crying because her teacher had not allowed her to count on her fingers. 
This is not an isolated event—schools across the country regularly ban 
finger use in classrooms or communicate to students that they are baby-
ish. This is despite a compelling and rather surprising branch of neurosci-
ence that shows the importance of an area of our brain that “sees” fingers 
well beyond the time and age that people use their fingers to count.

In a study published last year, the researchers Ilaria Berteletti and 
James R. Booth analyzed a specific region of our brain that is dedicated 
to the perception and representation of fingers known as the somatosen-
sory finger area. Remarkably, brain researchers know that we “see” a rep-
resentation of our fingers in our brains, even when we do not use fingers 
in a calculation. The researchers found that when 8- to- 13- year- olds 
were given complex subtraction problems, the somatosensory finger 
area lit up, even though the students did not use their fingers. This 
finger- representation area was, according to their study, also engaged 
to a greater extent with more complex problems that involved higher 
numbers and more manipulation. Other researchers have found that 
the better students’ knowledge of their fingers was in the first grade, 
the higher they scored on number comparison and estimation in the 
second grade. Even university students’ finger perception predicted 
their calculation scores. (Researchers assess whether children have a 
good awareness of their fingers by touching the finger of a student—
without the student seeing which finger is touched—and asking them 
to identify which finger it is.)
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Evidence from both behavioral and neuroscience studies shows that 
when people receive training on ways to perceive and represent their 
own fingers, they get better at doing so, which leads to higher math-
ematics achievement. The tasks we have developed for use in schools 
and homes (see below) are based on the training programs researchers 
use to improve finger- perception quality. Researchers found that when 
6- year- olds improved the quality of their finger representation, they 
improved in arithmetic knowledge, particularly skills such as counting 
and number ordering. In fact, the quality of the 6- year- olds’ finger rep-
resentation was a better predictor of future performance on math tests 
than their scores on tests of cognitive processing.

Many teachers have been led to believe that finger use is useless and 
something to be abandoned as quickly as possible.

Neuroscientists often debate why finger knowledge predicts math 
achievement, but they clearly agree on one thing: That knowledge is 
critical. As Brian Butterworth, a leading researcher in this area, has 
written, if students aren’t learning about numbers through thinking 
about their fingers, numbers “will never have a normal representation 
in the brain.”

One of the recommendations of the neuroscientists conducting these 
important studies is that schools focus on finger discrimination—not only 
on number counting via their fingers but also on helping students dis-
tinguish between those fingers. Still, schools typically pay little if any 
attention to finger discrimination, and to our knowledge, no published 
curriculum encourages this kind of mathematical work. Instead, thanks 
largely to school districts and the media, many teachers have been led 
to believe that finger use is useless and something to be abandoned as 
quickly as possible. Kumon, for example, an after- school tutoring pro-
gram used by thousands of families in dozens of countries, tells parents 
that finger- counting is a “no no” and that those who see their children 
doing so should report them to the instructor.

Stopping students from using their fingers when they count could, 
according to the new brain research, be akin to halting their mathemat-
ical development. Fingers are probably one of our most useful visual 
aids, and the finger area of our brain is used well into adulthood. The 
need for and importance of finger perception could even be the reason 
that pianists, and other musicians, often display higher mathematical 
understanding than people who don’t learn a musical instrument.
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Teachers should celebrate and encourage finger use among younger 
learners and enable learners of any age to strengthen this brain capacity 
through finger counting and use. They can do so by engaging students 
in a range of classroom and home activities, such as those shown in 
Figures 1 and 2. (The full set of activities can be found at this web-
site: https://www.theatlantic.com/education/archive/2016/04/why 
-kids-should-use-their-fingers-in-math-class/478053/.

The finger research is part of a larger group of studies on cogni-
tion and the brain showing the importance of visual engagement with 
math. Our brains are made up of “distributed networks,” and when we 

fiGure 1. Give the students colored dots on their fingers and ask them to 
touch the corresponding piano keys.
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handle knowledge, different areas of the brain communicate with each 
other. When we work on math, in particular, brain activity is distrib-
uted among many different networks, which include areas within the 
ventral and dorsal pathways, both of which are visual. Neuroimaging 
has shown that even when people work on a number calculation, such 
as 12 × 25, with symbolic digits (12 and 25) our mathematical thinking 
is grounded in visual processing.

A striking example of the importance of visual mathematics comes 
from a study showing that after four 15- minute sessions of playing a 
game with a number line, differences in knowledge between students 
from low- income backgrounds and those from middle- income back-
grounds were eliminated (Figure 3).

Number line representation of number quantity has been shown to 
be particularly important for the development of numerical knowledge, 
and students’ learning of number lines is believed to be a precursor of 
children’s academic success.

Visual math is powerful for all learners. A few years ago, Howard 
Gardner proposed a theory of multiple intelligences, suggesting that 
people have different approaches to learning, such as those who are 
visual, kinesthetic, or logical. This idea helpfully expanded people’s 
thinking about intelligence and competence, but was often used in un-
fortunate ways in schools, leading to the labeling of students as particu-
lar types of learners who were then taught in different ways. But people 
who are not strong visual thinkers probably need visual thinking more 
than anyone. Everyone uses visual pathways when we work on math. 

fiGure 2. Give the students colored dots on their fingers and ask them to 
follow the lines on increasingly difficult mazes.
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The problem is that it has been presented, for decades, as a subject of 
numbers and symbols, ignoring the potential of visual math for trans-
forming students’ math experiences and developing important brain 
pathways.

Related Story

It is hardly surprising that students so often feel that math is inacces-
sible and uninteresting when they are plunged into a world of abstrac-
tion and numbers in classrooms. Students are made to memorize math 
facts and plow through worksheets of numbers, with few visual or cre-
ative representations of math, often because of policy directives and 
faulty curriculum guides. The Common Core standards for kindergar-
ten through eighth grade pay more attention to visual work than many 
previous sets of learning benchmarks, but their high school content 
commits teachers to numerical and abstract thinking. And where the 
Common Core does encourage visual work, it’s usually encouraged as 
a prelude to the development of abstract ideas rather than a tool for 
seeing and extending mathematical ideas and strengthening important 
brain networks.

To engage students in productive visual thinking, they should be 
asked, at regular intervals, how they see mathematical ideas, and to 
draw what they see. They can be given activities with visual questions, 
and they can be asked to provide visual solutions to questions. When 
the youcubed team (a center at Stanford) created a free set of visual and 
open mathematics lessons for grades 3 through 9 last summer, which 
invited students to appreciate the beauty in mathematics, they were 
downloaded 250,000 times by teachers and used in every state across 
the United States. Ninety- eight percent of teachers said that they would 
like more of the activities, and 89% of students reported that the visual 
activities enhanced their learning of mathematics. Meanwhile, 94% of 
students said that they had learned to “keep going even when work is 

fiGure 3. Give the students a colored number line and help them build 
visuo-spatial knowledge of number and quantity.
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hard and I make mistakes.” Such activities not only offer deep engage-
ment, new understandings, and visual brain activity, but they also show 
students that mathematics can be an open and beautiful subject, rather 
than a fixed, closed, and impenetrable subject.

Some scholars note that it will be those who have developed visual 
thinking who will be “at the top of the class” in the world’s new high- 
tech workplace, which increasingly draws upon visualization technolo-
gies and techniques, in business, technology, art, and science. Work on 
mathematics draws from different areas of the brain, and students need 
to be strong with visuals, numbers, symbols, and words—but schools 
are not encouraging this broad development in mathematics now. This 
is not because of a lack of research knowledge on the best ways to teach 
and learn mathematics; it is because that knowledge has not been com-
municated in accessible forms to teachers. Research on the brain is 
often among the most impenetrable for a lay audience, but the knowl-
edge that is being produced by neuroscientists, if communicated well, 
may be the spark that finally ignites productive change in mathematics 
classrooms and homes across the country.
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Threshold Concepts and Undergraduate 
Mathematics Teaching

sinéad breen and ann o’shea

1. Introduction to Threshold Concepts

The idea of a threshold concept emerged from a U.K. national re-
search project (Enhancing Teaching- Learning Environments in Undergradu-
ate Courses, 2001–2005) designed to support departments involved 
in undergraduate teaching in thinking about new ways of encourag-
ing high- quality learning [5]. In pursuing this research in the field of 
economics, it became clear to Erik Meyer and Ray Land that certain 
concepts were held by economists to be essential to the mastery of 
their subject. These concepts were seen to have certain features in 
common and were called “threshold concepts” [16]. The notion of a 
threshold concept was introduced as a way of differentiating between 
learning outcomes that involved “seeing things in a new way” and 
those that did not. Threshold concepts have been described as por-
tals, opening up a new and previously inaccessible view of a topic, a 
view without which students would be unable to fully progress intel-
lectually. From that point of view, threshold concepts form a sub-
set of what university lecturers would usually call “core concepts.” 
A core concept is a conceptual building block: it must be understood 
but does not necessarily lead to a qualitatively different view of the 
subject matter.

Meyer and Land [16] originally identified five characteristics of a 
threshold concept: transformative, irreversible, integrative, bounded, 
and troublesome. What do they mean by these terms? Let us start 
with the idea that a threshold concept is transformative. Meyer and 
Land claim that once a threshold concept is understood, it has the po-
tential to trigger a significant shift or transformation in the perception 
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of a subject, or part thereof. The mastery of each threshold concept 
could be viewed as a step toward acquiring a professional’s appre-
ciation of the subject; this represents an ontological shift (or change 
in being) as well as a conceptual shift. The change in perception is 
unlikely to be forgotten and can be “unlearned” only with consider-
able effort; therefore, this concept is considered irreversible. For this 
reason, it can be difficult for lecturers or experienced practitioners 
to appreciate the difficulties of their students, as this requires them 
to look back over thresholds they have long since crossed. Threshold 
concepts often expose the interrelatedness of a topic and allow con-
nections that were previously hidden to be displayed. They can bring 
different aspects of a subject together and act as an anchor for the 
subject. From this perspective, they have been described as integra-
tive. Often, but not necessarily, threshold concepts may lie on the 
border between conceptual spaces or may constitute the demarcation 
line between disciplinary areas. For this reason, they have been de-
scribed as bounded. Finally, threshold concepts are troublesome, in part 
because of the characteristics described above, but also because they 
are often inherently conceptually difficult. The concept may appear 
to be counterintuitive, paradoxical, or incoherent, or it may involve 
subtle distinctions being made between ideas.

In fact, Davies and Mangan [6] have argued that the transformative, 
integrative, and irreversible characteristics of a threshold concept are 
necessarily interwoven:

A concept that integrates prior understanding is necessarily trans-
formative, because it changes a learner’s perception of their ex-
isting understanding. If a concept integrates a spectrum of prior 
understanding, it is more likely to be irreversible, because it holds 
together a learner’s thinking about many different phenomena. To 
abandon such a threshold concept would be massively disruptive 
to an individual’s whole way of thinking (p. 712).

2. Threshold Concepts in Mathematics

Let us consider some candidates for the title “threshold concept” from 
the undergraduate mathematics curriculum.
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2.1. liMits

When considering the attributes of a threshold concept, most read-
ers will likely be reminded of the problems that students encounter 
with the e- d definition of the limit of a function. Indeed, Meyer and 
Land included this as an example in their original work [16]. They 
remarked that

In pure mathematics the concept of a limit is a threshold con-
cept; it is the gateway to mathematical analysis and constitutes a 
fundamental basis for understanding some of the foundations and 
application of other branches of mathematics such as differential 
and integral calculus (p. 3).

Understanding the limit definition opens the door to the field of analy-
sis and sits on the boundary between calculus and analysis courses. (It 
could thus be thought of as bounded, using the terminology of [16].)

The concept is certainly a troublesome one for most students, and 
this is not surprising since, historically, the evolution of the notion was 
slow. Even though Newton and Leibniz developed calculus in the 17th 
century, and some of the ideas had previously been in use for a long 
time, it was not until the 19th century that Weierstrass finally formu-
lated the e- d definition [1, p. 287].

There has been a considerable amount of research into the problems 
that students face with the notion of a limit. These problems could 
be divided into two main categories: those that arise from preexist-
ing images of limits and those that stem from the formulation of the 
definition itself [19]. Research has shown ([4], [18]) that the images that 
students have that relate to the word “limit” can affect and inhibit their 
understanding of the concept when they meet it in an analysis course. 
Cornu [4] remarked that in the case of limits, both the phrase “tends 
to” and the word “limit” have interpretations in everyday life that are 
not always consistent with their mathematical meanings. For example, 
it carries the connotation of an impassable limit that is impossible to 
reach, a maximum or minimum, or a finishing point; each of these 
conceptions can cause problems for students, even after they are intro-
duced to the rigorous definition. On the other hand, the structure of 
the definition itself causes problems. First, it contains the quantifiers 6 
and 7, which together prove confusing to students. Also, students often 
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fail to see how the existence of a limit limx"a f(x) = L can be inferred 
from a statement about inequalities such as 6e > 0, 7d > 0 such that 
|f(x) − L| < e if 0 < |x − a| < d [19]. Students seem to want a formula 
or algorithm with which they can compute the limit ([18], [19]), and 
they are uncomfortable with using the definition instead.

Anecdotally, students and mathematicians often report on the mo-
ment when the point of the e- d definition became clear to them. The 
fact that they can remember a precise moment when this happened is 
significant and points to the transformative and irreversible nature of 
the new understanding.

Research has found ([23]) that further difficulties in understanding 
limits may arise from a mismatch between the (formal) concept defini-
tion and students’ concept image. Tall and Vinner ([23] p. 151) defined 
the notion of a concept image as consisting of “all the cognitive struc-
ture in the individual’s mind that is associated with a given concept.” 
They found that for the topic of limits of functions, students’ concept 
images may contain elements that do not agree with the definition or 
even with other parts of the concept image. Przenioslo [18] studied the 
conceptions of limit held by undergraduate students. She found that 
students had images of limits that were based on the formal definition, 
on the computation of limits using algorithms, on the dynamic nature 
of limits (i.e., thinking of values approaching a certain point), and on 
the function value at a point. She conjectured that the last three images 
were based on informal definitions used previously. In her study, the 
students whose images were close to the definition were usually more 
successful than the others at solving problems about limits, but also 
rarely reverted back to language such as “getting closer and closer.” 
This also provides evidence that understanding the definition is a trans-
formative and irreversible experience. This may be one reason why it 
is difficult to teach this topic, since once one has crossed the threshold 
with the limit definition, it is difficult to remember what it was like on 
the other side.

2.2. functions

Even before students encounter the e- d definition of the limit of a func-
tion, of course, they will have worked with the concept of a function. 
This concept is fundamental in modern mathematics, and even though 
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students are exposed to this idea in school, it has been found that many 
undergraduates have difficulties with it [3]. Pettersson [17] has sug-
gested that the concept of function is a threshold concept.

The mathematics education community has conducted many studies 
into students’ understandings of, and difficulties with, functions. Once 
again, as was the case with limits, we find that one of the main prob-
lems that students face is that of the definition. For example, Vinner 
and Dreyfus [25] found that students often think of functions as being 
a formula or an equation, and may be loath to accept functions that are 
not defined by a single algebraic expression. They may also expect all 
functions to be continuous. These problems with the definition of a 
function bear similarities to the stages of the historic development of 
the concept [14], and so make a case for the concept to be described as 
inherently conceptually difficult (or troublesome).

Perhaps as a consequence of viewing functions as defined by an alge-
braic expression, students often think of them in terms of actions or an 
input–output model. For example, they may see f(x) = 5x − 2 as a rec-
ipe for a series of calculations, rather than as an object in its own right. 
To properly understand functions, and to work with them in diverse 
areas of mathematics, students should be able to conceive of a func-
tion as an action, as a process, and as an object [2]. Sfard [22] discusses 
the complementary approaches of dealing with abstract notions such 
as functions: operationally as processes and structurally as objects. She 
introduced the term “reification” to represent the transition of thought 
involved when a learner progresses to viewing processes as objects. She 
warns that reification is an “ontological shift, a sudden ability to see 
something familiar in a new light” (p. 19) and a “rather complex phe-
nomenon” (p. 30), causing obstacles and frustration for learners; this 
reinforces a view of the concept as troublesome and illustrates how 
reification can be viewed as transformative. Gray and Tall [10] main-
tain that the ability to think flexibly in this manner (operationally and 
structurally) is at the root of successful mathematical thinking. They 
also suggest that the flexibililty in thought achieved by those who have 
experienced reification can explain why a mathematics expert may find 
it difficult to appreciate the difficulties of a novice, pointing to an ir-
reversibility, as described in [16]. Reification seems to be quite similar 
to what Thurston [24] called “compression.” He spoke about learners 
of mathematics working step by step and struggling to understand a 

 EBSCOhost - printed on 2/10/2023 3:46 PM via . All use subject to https://www.ebsco.com/terms-of-use



 Threshold Concepts and Mathematics Teaching 87

concept, but asserted that, once they have really understood the con-
cept, their perspective can change to being able to see it as a whole. He 
believed that such insight and mental compression can make it easier to 
recall and use the idea when it is needed in future.

Finally, the idea of a function permeates many areas of mathematics, 
and as such, a comprehensive understanding of the concept can ex-
pose previously hidden connections between different topics. Students 
usually first meet the formal definition of a function in the context of 
analysis, but once it is properly understood, they often come to realize 
how it can be related to linear systems and matrices they have encoun-
tered in algebra, for instance. In this sense, it could be described as 
integrative.

2.3. cosets and quotient Groups

In contrast with the concepts of functions and limits, relatively little 
research has been carried out into the teaching and learning of abstract 
algebra. However, researchers have suggested that students’ difficul-
ties in abstract algebra courses seem to deepen when they meet the 
concepts of cosets and quotient groups ([9], [13]). These concepts are 
crucial to the study of group theory, and so they could present an ob-
stacle to further progression in algebra. In a study of second- year un-
dergraduate students at a British university, Ioannou [13] reported that 
students had problems visualizing cosets. This issue led to students 
encountering problems understanding the remainder of their group 
theory course and also contributed to diminishing levels of engagement 
with the course.

Dubinsky et al. [9] found that students were more comfortable with 
cosets when they could form them by carrying out calculations—that 
is, by performing an action or following a process. However, they had 
difficulties when faced with the formation of cosets in unfamiliar set-
tings. There was evidence that some students in that study saw cosets 
only in terms of an action or process to be carried out, rather than 
as objects in their own right. This limitation led to difficulties when 
thinking about cosets as elements of a quotient group. Students who 
could view cosets as objects were better able to answer difficult ques-
tions on the topic, and so, once this reification took place, it seemed to 
be transformative and probably irreversible.
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3. Threshold Concepts and Implications  
for Undergraduate Mathematics Teaching

How can such research in mathematics education and the identification 
of threshold concepts inform the practice of mathematics teaching and 
learning? In “An introduction to threshold concepts,” Cousin [5] claims 
that a

tendency among academic teachers is to stuff their curriculum 
with content, burdening themselves with the task of transmitting 
vast amounts of knowledge bulk and their students of absorbing 
and reproducing this bulk (p. 4).

Criticism has been leveled at mathematics lecturers, in particular, for 
such a practice: Hillel [12] claims that, generally speaking, undergradu-
ate mathematics courses have been defined in terms of mathematical 
content and the techniques students are expected to master or theo-
rems they should be able to prove. Although the main goal of a math-
ematics lecturer may be to foster mathematical understanding in their 
students, such an understanding is seldom specifically nurtured by the 
mathematical tasks and assessments students are required to complete 
[20], leading many authors to decry an overemphasis on procedures and 
the reproduction of definitions, statements of theorems, etc., in under-
graduate mathematics modules. Consequently, this overemphasis can 
result in a reliance on shallow, superficial, or rote learning by students 
and an inability to answer unseen problems or to apply or transfer their 
mathematical knowledge as appropriate [21]. For instance, Dreyfus [8] 
asserts that many students learn a large number of standardized proce-
dures in their university mathematics courses, and, although they end 
up with a considerable amount of mathematical knowledge, they can-
not use it in a flexible manner:

They have been taught the products of the activity of scores of 
mathematicians in their final form but they have not gained in-
sight into the processes that have led mathematicians to create 
these products (p. 28).

This is very much in contrast with the type of approach advocated 
by Land et al. [15], who suggest that a focus on threshold concepts can 
enable teachers to make refined decisions about what is fundamental 
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to the study and mastery of their subject. Because of the potentially 
powerful transformative effects of threshold concepts on the learn-
ing experience, they advocate treating threshold concepts as “jewels 
in the curriculum,” around which courses could be organized. In ad-
dition, since a poor understanding of these concepts can form a bar-
rier to further advancement, they should be given particular attention 
when designing the curriculum. If we, as mathematicians, can identify 
these concepts, we may be able to help give students both the tools 
and the time they need to develop a mastery of them. This curricu-
lum design may involve a recursive (as opposed to a linear) approach, 
revisiting threshold concepts at various stages and from various per-
spectives throughout a module or program. Land et al. [15] advocate 
that a framework of engagement should be constructed by lecturers 
to facilitate the development of students’ understanding of threshold 
concepts, actively engaging students with the conceptual material and 
allowing students to experience the “ways of thinking and practicing” 
that are expected of practitioners in their discipline. In particular, they 
recommend that

tutors ask students to explain [a troublesome concept], to repre-
sent it in new ways, to apply it to new situations, to connect it to 
their lives. The emphasis is equally strong that they should not 
simply recall the concept in the form in which it was presented 
(p. 57).

Teachers should be cautious when making assumptions about what 
students’ uncertainties might be. As mentioned earlier, it can be dif-
ficult for experienced teachers to understand the obstacles met by stu-
dents as they grapple with a difficult concept for the first time. Indeed, 
Thurston [24] (although he was not speaking about threshold concepts) 
also made this point and remarked that once one has mastered concepts 
it is very hard to “put oneself back in the mind of someone to whom 
they are mysterious” (p. 848). This change in perception “puts a psy-
chological barrier in the way of listening fully to students” ([24], p. 
848). Land et al. [15] advise lecturers to listen not just for what students 
know, but also for the terms that shape their knowledge and define 
their uncertainties and instabilities.

Land et al. [15] also discuss the “indispensable role of metacogni-
tion in the learning process” (p. 59). They outline how lecturers should 
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empathize with learners who are grappling with troublesome concepts, 
make sure that they are aware that others are experiencing similar dif-
ficulties, and encourage them to tolerate uncertainty in the short term. 
Students often abandon their studies because of conceptual difficulties, 
not realizing that the confusion they are experiencing may be short- 
lived. It has also been suggested that students may be more likely to 
resort to mimicry or plagiarism if they feel that they are alone in their 
confusion [5]. Furthermore, making students aware of the historical 
development of concepts may be useful not only in encouraging en-
gagement with a concept, but also in allowing them to appreciate the 
difficulties experienced by those responsible for first articulating or 
formulating a concept, thereby encouraging perseverance.

We have seen that, for many threshold concepts, reification is an im-
portant part of the development of understanding and thus can serve as 
a marker of students’ progress in learning mathematics. In mathematics 
teaching, however, reification often remains an implicit learning out-
come, a form of tacit knowledge that is not explicitly articulated to 
learners. It may be that by focusing on threshold concepts in the cur-
riculum, this process of reification can be addressed in a more explicit 
manner.

Some studies have been undertaken attempting to put these recom-
mendations into practice. Harlow et al. [11] outline findings from a 
collaborative action- research project to document changes in lecturers’ 
threshold- concept- informed teaching and their effect on student learn-
ing in analog electronics. The lessons for teachers learned through this 
project are described as listening to students, tolerating learner confu-
sion, and revisiting threshold concepts, echoing the recommendations 
given by Land et al. [15]. Davies and Mangan [7] have also endeavored 
to put theory into practice in constructing a “framework of engage-
ment” for first- year undergraduate economics students. They blended 
insights from the theory of threshold concepts and variation theory to 
propose four pedagogic principles, which were then translated into 
three types of teaching and learning activity—reflective exercises, 
problem- focused exercises, and threshold network exercises—and 
they report on their experiences of using these activities.

From a mathematics perspective, although Dubinsky et al. [9] do not 
frame their discussions of teaching group theory in general, and cosets 
in particular, in terms of threshold concepts, they make pedagogical 
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recommendations in line with those described above and report some 
success from their efforts. For instance, they suggest “finding alterna-
tives to linear sequencing” of material and state that “it is the role of the 
teacher, not to eliminate [students’] frustration, but to help students 
learn to manage it” (p. 300). In particular, using technology, they aim 
to help students experience reification by moving from viewing cosets 
in terms of actions to seeing them as objects.

4. Concluding Remarks

In this article, we have described what is meant by a threshold concept, 
given examples of some mathematical concepts that have been identi-
fied as threshold concepts, and discussed how they could be used in 
teaching and especially in curriculum design. In summary, lecturers 
should give special attention to threshold concepts and use them as a 
central motif for courses; they should revisit the concepts frequently 
and view them from different perspectives if possible; they should be-
come familiar with the literature on student misconceptions in order to 
help understand what difficulties students might face; they could make 
students aware that having difficulty understanding these concepts is 
common but not insurmountable. We have found the idea of a thresh-
old concept and these recommendations both interesting and useful in 
developing our own teaching practice; we hope the wider mathemati-
cal community will do likewise. A comprehensive survey of research 
undertaken on threshold concepts can be found at http:// www .ee .ucl 
.ac .uk /mflanaga /thresholds .html.
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Rising above a Cause- and- Effect Stance 
in Mathematics Education Research

John Mason

René Descartes was strongly influenced by the cuckoo clock: the idea 
of a mechanism with logical and necessary consequences as a metaphor 
for human experience. Pierre- Simon Laplace applied this mathemati-
cally by claiming that if he had all the initial conditions at some point 
in time, then he could predict everything subsequently. The cuckoo 
clock mechanism metaphor, complete cause and effect, underpinned 
the Age of Enlightenment and the Industrial Revolution because mech-
anisms can be engineered to be independent of time, place, situation, 
and conditions.

So why is this aspect of Descartes and Laplace still influential in 
mathematics education? Why does so much research in mathematics 
education keep chasing a will o’ the wisp, pursuing a magic ring whose 
presence would provide a primary explanation and predictor of effective 
teaching and proficient learning? This chase continues even though it 
is commonly acknowledged that learning is highly contingent and that 
mathematics learning is especially so. It is influenced by time, place, sit-
uation, conditions, dispositions, recent and long- term past experience, 
colleagues, the topic, pedagogical actions, . . . . The list continues.

Nevertheless, people continue to ask questions such as “What does 
effective teaching of mathematics look like?” and “What must teachers 
know in order to teach effectively?” They do this despite rich experi-
ence that what “knowledge” teachers have displayed in the past, what 
actions they have written essays about or even enacted in the past, does 
not enable prediction of what actions will be enacted in the future. 
Even shared development of a lesson does not lead to the same lesson 
being enacted, because the people and the situation are subtly different 
(Kuhlberg 2007).
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It is strange that in a world in which attempts to construct walk-
ing robots by controlling all their components failed, whereas allowing 
feedback loops to operate enables the mechanism as a whole to walk 
reasonably naturally, we persist in trying to control things from the 
center. Industry, and certainly education, retains the pyramid struc-
ture of power and control. The 1980s slogan of accountability, which 
now so clogs our institutions with form- filling and back- watching, has 
been activated through central control: each person in the chain of 
command feels the need to be assured that those carrying out policy 
for them are behaving appropriately. Organic growth and transforma-
tion are stymied. The result is stagnation and fear of innovation. Yet 
at the same time, people cry out for innovative practices in education, 
problem- solving, creativity, and the like, as if somehow an innovative 
practice injected into a moribund system is likely to enliven it.

We desperately need research that sees and conceives of the class-
room as an organic whole, in which both individuals and the collec-
tive display qualities of complexity (life). This research will necessarily 
include seeing and conceiving of the educational institution as itself an 
organism, within an educational nexus, within a state- guided system. 
Such a stance could not only bring freshness to how we see education, 
but could also release much desired creativity and liveliness. This is the 
stance of complexity theorists (Davis et al. 2006).

As a domain of study, mathematics education has become proud of 
its multidisciplinary approach, drawing on (the foci of, the fads of) 
other disciplines. These disciplines sweep over one another like waves 
on a beach. Constructivisms (of various sorts), constructionism, and 
theories with adjectives such as sociocultural, sociohistorical, political, 
critical, identity, positioning, attribution, situated cognition, and varia-
tion have all taken the limelight for a period of time, then have proved 
inadequate and so been abandoned. The waves keep breaking on the 
beach, attracting attention, then being overlaid, partly because they fail 
as universal panacea, and partly because it is easier to ride a fresh wave 
than to probe deeply into the consequences of an earlier wave.

Learning and teaching are fundamentally relational. My relation 
with my students and my relation with mathematics interweave to in-
fluence how I am with students and colleagues and so to afford what 
is possible (Mason 2008, 2014). These relationships coevolve, because 
responsiveness to student concerns and states influences what can be 
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said and done, and what is said and done reciprocally influences the 
state of individuals and the state of the class as a whole. They are not 
only complex, but also full of complexity, in the full sense of the term: 
multiple factors and components in a complex web of interrelatedness. 
They involve development, coemergence, and variety.

Every teacher act, every student reaction, refeeling, response, 
every shift of attention is part of the transformation of the situation 
that involves teacher, student, and mathematics within the milieu of 
classroom, institution, and education system. What looks like the 
same pedagogical act enacted by a teacher in two different situations 
can lead to widely varying attributes of the system in both the short 
and the long term. This notion is characteristic of complexity. Terms 
used to capture that complexity (Davis et al. 2006) include fractal, 
recursive, and self- organizing or autopoetic (Maturana and Varela 
1972, 1988).

Taking a systemic stance retains the complexity rather than trying 
to reduce phenomena to simple components whose qualities when ana-
lyzed independently may or may not be present in the full system. In-
stead of seeking illusive stable or robust outcomes from micromanaging 
a few components, a systemic approach recognizes that it may or may 
not be possible to identify “strange attractors” that are redolent of cer-
tain types of complex situations.

For example, documenting the deficiencies of novice teachers and 
students simply contributes to the general malaise of teaching and 
learning mathematics as inadequate and ineffective. Tracking changes 
in learner proficiency over time, or teacher use of pedagogic actions 
over time underpins a linear trail of development rather than elaborat-
ing the complexity of change and development, of what is possible in 
the moment or on the fly. Even the terms “growth” and “development” 
carry with them the frozen metaphor of “progress as a staircase” rather 
than contributing to a metaphor of “emergence of complexity,” of “fold-
ing back” (Pirie and Kieren 1989, 1994) so that

We shall not cease from exploration
And the end of all our exploring
Will be to arrive where we started
And know the place for the first time.

—T. S. Eliot, Little Gidding
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One of the contributions of the discipline of noticing (Mason 2002) is 
that it circumvents a cause- and- effect stance. It offers practical tech-
niques for noticing opportunities in the moment to act freshly rather 
than habitually. It is not about accumulating a collection, or worse, 
a sequence of pedagogical acts that are claimed to have specific ef-
fects. Rather it is a systematic method of enriching the affordances 
and the repertoire of available actions so that in- the- moment choices 
are available. It is about recognizing and seizing opportunities to act 
freshly, rather than being condemned to act mechanically out of habit. 
It is not about finding the “best action” to initiate when students act, 
emote, or respond in a particular way, but about enabling a choice to 
be made, a momentary taste of freedom of action, consonant with the 
teacher’s apprehension of the situation in all its complexity. The more 
narrow and tunnel- visioned the awareness of the teacher, the fewer 
the actions that are available to be enacted, the simpler the situa-
tion as perceived and apprehended, and so the greater the chance that 
complexity is lost.

Repeatedly refining distinctions (for example, as is currently hap-
pening in studies of enculturating learners into mathematical reason-
ing) can only be of value if it contributes to a refinement of how we 
sense the complex web of interdependencies and relationships, rather 
than implying that a sufficiently refined set of distinctions will some-
how make it possible to engineer suitable acts of teaching whose out-
come will be enhanced proficiency for learners. As Davis (2014) points 
out, even the notion of “outcome” invokes the metaphor of input–out-
put and mechanicality.

The human psyche is made up not only of enaction, affect, and 
cognition, but also of attention, will, and witness. Preparing a lesson 
or sequence of lessons is about bringing to mind the web of possible 
shifts of attention that participants might experience (not simply what 
is attended to, but also in what ways). Teachers’ choices will not cause 
learners to experience something, but they can enrich possibilities, the 
opportunities for learners. “I cannot do the learning for my students.” 
In other words, student will is significant: taking initiative is a neces-
sary and unavoidable part of learning. Tasks can help prepare learners to 
be able to hear and see what is being said and done, with and in front of 
them. Different students may experience different trajectories through 
the teacher’s perception of the web of interrelationships that constitute 
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the experienced complexity, but with care, suitable constraints can be 
imposed so that attention does not simply go “everywhere.” A success-
ful lesson in mathematics is not one that could or does “go anywhere,” 
but one in which the teacher has a rich collection of resources to invoke, 
depending on their sense of the topic and on what they are sensitized to 
notice happening, much of which can be anticipated.

I have long sought an alternative to cause and effect as a suitable 
mechanism for describing education. The best I have been able to find 
is the metaphor of “primordial ooze,” or if you prefer, a complex chemi-
cal soup. There are multiple factors (chemicals) at play, with a dynamic 
consisting of combining and breaking up of identifiable or discernible 
components. Overall, there may be a dynamic equilibrium (a “strange 
attractor”), or there may be casual or abrupt drift of some sort.

One weakness of the metaphor is that the notion of chemicals sug-
gests atomic components, whereas when probed, the analogue to chem-
icals are flows of energy along neural networks altering the attributes of 
those networks, and at a larger grain size, aspects of the human psyche 
being energized in broadly characteristic yet situationally specific ways. 
But further analysis of the human psyche reveals further complexity, in 
that, for example, cognition, affect, and enaction are themselves com-
plex interrelated formations (Ouspensky 1950). It is only recently that 
the human psyche has been acknowledged to go beyond cognition, af-
fect, and enaction to include attention, will, and witness. The latter 
list can be developed through practices such as those in the discipline 
of noticing.

I look to mathematics education to catch up with the zeitgeist of the 
times, to confine to the filing cabinet studies of what people can and 
cannot do, even when the studies are more appropriately cast as “did 
and did not do.” Let us focus attention on the web of influences on 
specific classroom moments, being content for the moment to chart 
their multiplicity, and to reach out for techniques for studying complex 
systems. Charting the presence of feedback loops that manifest struc-
tural coupling (Maturana and Varela 1988) within the web could enrich 
teacher awareness, providing teachers with yet further actions to initi-
ate in response to learners’ actions. Detailed studies of components 
make up one contribution, but they cannot be effectively acted upon, 
cannot be effectively used to influence policy unless they are seen as 
part of a much greater whole.
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How to Find the Logarithm of 
Any Number Using Nothing 

But a Piece of String

viKtor blåsJö

The shape of a freely hanging chain suspended from two points is called 
the catenary, from the Latin word for chain. In principle, any piece of 
string would do, but one speaks of a chain since a chain with fine links 
embodies in beautifully concrete form the ideal physical assumptions 
that the string is nonstretchable and that its elements have complete 
flexibility independent of each other.

In modern terms, the catenary can be expressed by the equation 
y = (ex + e−x)/2. As we shall see, Leibniz did not state this formula 
explicitly, but he understood well the relation it expresses, calling 
it a “wonderful and elegant harmony of the curve of the chain with 
logarithms” [6, p. 436]. (English translations of [5] and [6] are given 
in [10].) Indeed, he continued, the close link between the catenary 
and the exponential function means that logarithms can be deter-
mined by simple measurements on an actual catenary. “This may be 
helpful since during long journeys one may lose one’s table of loga-
rithms. . . . In case of need the catenary can then serve in its place” 
[7, p. 152]. Leibniz’s recipe for determining logarithms in this way 
is delightfully simple and can easily be carried out in practice using, 
for example, a cheap necklace pinned to a cardboard box with sewing  
needles.

Leibniz’s Recipe

Refer to Figure 1 and the following description:
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(a) Suspend a chain from two horizontally aligned nails. Draw 
the horizontal through the endpoints, and the vertical axis 
through the lowest point.

(b) Put a third nail through the lowest point and extend one half 
of the catenary horizontally.

(c) Connect the endpoint to the midpoint of the drawn hori-
zontal, and bisect the line segment. Drop the perpendicu-
lar through this point, draw the horizontal axis through the 
point where the perpendicular intersects the vertical axis, 
and take the distance from the origin of the coordinate sys-
tem to the lowest point of the catenary to be the unit length. 
We will show below that the catenary now has the equation 
y = (ex + e−x)/2 in this coordinate system.

(d) To find log(Y), find (Y + 1/Y)/2 on the y- axis and measure the 
corresponding x- value (on the catenary returned to its original 
form). This assumes that Y > 1. To find logarithms of negative 
values, use the fact that log(1/Y) = −log(Y). If you seek the 
logarithm of a very large value, then you may end up too high 
on the y- axis; in such cases, you can either try hanging the 
endpoints closer together or using logarithm laws to express 
the desired logarithm in terms of those of lower values.

fiGure 1.  Leibniz’s recipe for determining logarithms from the catenary.

(a) (b)

(c) (d)

(Y +1/Y )/2

log(Y )
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The last step in this construction is given in Leibniz’s catenary pa-
pers [5, 7, 8], where, however, the preceding steps are implicit at best; 
Leibniz later spelled these steps out in [11, No. 199].

The validity of this construction may be confirmed as follows. Figure 
2 shows the forces acting on a segment of a catenary starting from its 
lowest point: the tension forces at the endpoints, which act tangentially, 
and the gravitational force, which is proportional to the arc s from T0 to 
T. Since the catenary is in equilibrium, it is evident that the horizontal 
and vertical components of T balance with T0 and the weight as, respec-
tively, so Tx = −T0 and Ty = −as. But since T acts in the direction of the 
tangent, we also know that Ty/Tx = dy/dx. Thus we obtain dy/dx = as/T0. 
On the left half of the catenary, where s is negative, we get instead Ty = as 
and −Ty/Tx = dy/dx, which gives the same result. For convenience, we 
choose the units of force and mass so that a/T0 = 1, which gives dy/dx = s 
as the differential equation for the catenary. Squaring both sides of this 
equation and using the Pythagorean identity (dx)2 + (dy)2 = (ds)2 to elim-
inate dx leads to (dy)2 = s2(ds2 − dy2) or (1 + s2)(dy)2 = s2(ds)2 and, by 
separating the variables and taking square roots,

dy
s

s ds
1 2=
+

,

which integrates to y s1 2= + . Thus s y 12= , which we can sub-
stitute into the original differential equation for the catenary to obtain 
/ ydy dx 12= . It is now straightforward to check that y = (ex + e−x)/2 

is the solution to this differential equation that passes through (0, 1).
It remains to verify that the coordinate system assumed in this 

solution is the same as that defined by the construction of Figure 1. 

fiGure 2.  The forces acting on a segment of a catenary.
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The key to Leibniz’s verification turns out to be the intermediate step 
y s1 2= +  above. To see this, consider Figure 3, which is Figure 1(c) 
with additional notation. We know from above that the catenary FAL is 
given by y = (ex + e−x)/2 in a certain coordinate system whose origin O 
is at a vertical distance OA = 1 below the lowest point of the catenary. 
Consider the particular y- value OH = y and the associated arc AL = s, 
then construct the horizontal segment AM with the same length s. It fol-
lows by the Pythagorean theorem that sOM 1 2= + . But above we saw 
that y s1 2= + , which means in terms of this figure that OH = OM. 
Thus, OHM is an isosceles triangle, and so the perpendicular bisector of 
its base HM passes through the vertex O. This shows that the construc-
tion of Figure 1 does indeed give a way of recovering the coordinate 
system associated with the solution y = (ex + e−x)/2, as we needed to 
show. From here it is a simple matter of algebra to check the final step 
of Figure 1.

In a Seventeenth- Century Context

Finding logarithms from a catenary may seem like an oddball applica-
tion of mathematics today, but to Leibniz it was a very serious mat-
ter—not because he thought this method so useful in practice, but 
because it pertained to the very question of what it means to solve a 

fiGure 3.  Figure used by Leibniz [11, No. 199] to justify the construction 
shown in Figure 1.

O

A

H LF

B

M
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mathematical problem. Today we are used to thinking of a formula such 
as y = (ex + e−x)/2 as the answer to the question of the shape of the cat-
enary, but this would have been considered a naive view in the seven-
teenth century. Leibniz and his contemporaries discovered this relation 
between the catenary and the exponential function in the 1690s, but 
they never wrote this equation in any form, even though they under-
stood perfectly well the relation it expresses. Nor was this for lack of 
familiarity with exponential expressions, at least in Leibniz’s case, as he 
had earlier used such expressions to describe curves with considerable 
facility [11, No. 6].

Why, indeed, should one express the solution as a formula? What 
kind of solution to the catenary problem is y = (ex + e−x)/2, anyway? 
The seventeenth- century philosopher Thomas Hobbes once quipped 
that the pages of the increasingly algebraical mathematics of the day 
looked “as if a hen had been scraping there” [4, p. 330], and what indeed 
is an expression such as y = (ex + e−x)/2 but some chicken scratches on a 
piece of paper? It accomplishes nothing unless ex is known already, i.e., 
unless ex is more basic than the catenary itself. But is it? The fact that it 
is a simple formula of course proves nothing; we could just as well make 
up a symbolic notation for the catenary and then express the exponen-
tial function in terms of it. And, however one thinks of the graph of ex, 
it can hardly be easier to draw than hanging a chain from two nails. So 
why not reverse the matter and let the catenary be the basic function 
and ex the application? Modern tastes may have it that pure mathemat-
ics is primary and its applications to physics secondary, but what is the 
justification for this hierarchy? Certainly none that would be very con-
vincing to a seventeenth- century mind.

The seventeenth- century point of view also had the authority of tra-
dition on its side. Euclid’s Elements had been the embodiment of the 
mathematical method for two millennia, and one of its most conspicu-
ous aspects is its insistence on constructions. Euclid never proves any-
thing about a geometrical configuration that he has not first shown 
how to construct by ruler and compass. These constructions are what 
gave meaning to mathematics and defined its ontology. This paradigm 
remained as strong as ever in the seventeenth century. When Des-
cartes introduced analytic geometry in his Géométrie of 1637, nothing 
was further from his mind than a scheme to replace the construction- 
based conception of mathematics by one centered on formulas. On the 

 EBSCOhost - printed on 2/10/2023 3:46 PM via . All use subject to https://www.ebsco.com/terms-of-use



104 Viktor Blåsjö

contrary, his starting point was a new curve- tracing method, which he 
presented as a generalization of the ruler and compass of classical geom-
etry, and he accepted algebraic curves only once he had established that 
they could be generated in this manner [3].

It is in this context that we must understand Leibniz’s construction: 
He sees the catenary not as an applied problem to be reduced to math-
ematical formulas, but as a fundamental construction device analogous 
to the ruler and the compass of Euclidean geometry. (See Figure 4 for 
two of his original figures.) Extending the constructional toolbox with 
new curve- tracing devices along these lines was a major research pro-
gram in the late seventeenth century. Beside the catenary, other physi-
cal curves were also called upon for this purpose, such as the elastica 
[1] and the tractrix [2].

Thus seventeenth- century mathematicians had reason to reject the 
“chicken scratch mathematics” that we take for granted today. They 
published not formulas but the concrete, constructional meaning that 
underlies them. If you want mathematics to be about something, then 
this is the only way that makes sense. It is prima facie absurd to de-
fine mathematics as a game of formulas and at the same time to as-
sume naively a direct correspondence between its abstraction and the 
real world, such as y = (ex + e−x)/2 with the catenary. It makes more 
sense to turn the tables: to define the abstract in terms of the concrete, 
the construct in terms of the construction, the exponential function 

fiGure 4.  Leibniz’s figures for the catenary, showing its relation to the 
exponential function. (From [5] and [8], respectively.)

(a) (b)
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in terms of the catenary. It was against this philosophical backdrop 
that Leibniz published his recipe for determining logarithms using the 
catenary. We see, therefore, that it was by no means a one- off quirk; 
rather it was a natural part of a concerted effort to safeguard meaning 
in mathematics.
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Rendering Pacioli’s Rhombicuboctahedron

carlo h. séquin and rayMond shiau

1. Introduction

The focus of attention in this article is the rhombicuboctahedron (RCO) 
(Figure 1) that appears in the painting “Ritratto di Fra’ Luca Pacioli” 
(1495) exhibited in the Museo e Gallerie di Capodimonte [15] in Naples, 
Italy. The RCO is one of the 13 Archimedean solids. These are semiregu-
lar convex polyhedra composed of two or more types of regular polygons 
meeting in identical vertices; they are distinct from the Platonic solids, 
which are composed from only a single type of regular n- gon. The central 
character in Figure 1(a) is Fra’ Luca Pacioli, a famous mathematician of 
the Renaissance period, most likely lecturing on some topic concerning 
the Platonic or Archimedean polyhedra. There is some speculation that 
the second person in the painting might be Albrecht Dürer, who also had 
an interest in symmetrical polyhedral objects. The great fascination with 
such objects at that time eventually culminated with De Divina Proportione 
written by Pacioli around 1497. This book on mathematical and artistic 
proportions was illustrated by Leonardo da Vinci.

The suspended RCO, shown in the top left of the painting, is com-
posed of 18 squares and 8 equilateral triangles, and each vertex is 
shared by 3 squares and 1 triangle. The painting implies that this object 
has been realized with 26 glass plates fused together well enough that 
this shell can be filled with some liquid up to its centroid.

Mackinnon suggests [12, 13] that the RCO, with its square and tri-
angular faces, represents four of the five regular Platonic solids, and 
that by filling it partially with water it might evoke associations with 
the four corresponding elements according to the chemical theory of 
Plato’s Timaeus: Earth (cube) by the physical glass shell, Water (icosahe-
dron), Air (octahedron) by the media contained in this shell, and Fire 
(tetrahedron) by the depicted bright reflections. The fifth regular solid, 
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fiGure 1.  (a) Pacioli painting; (b) enlarged and enhanced view of the rhom-
bicuboctahedron (RCO). See also color images.

the dodecahedron, which for Plato represented the Universe, is shown in 
a model on the right- hand side of the painting.

This painting is now generally attributed to Jacopo de’ Barbari. How-
ever, there is some speculation that the depiction of the transparent 
RCO was added by some other artist, since in style and detail it looks 
quite different from the other objects in this room. Many admirers of 
this painting have issued glowing comments about how wonderfully the 
painter seems to have captured the reflections and refractions in this 
object (Figure 1(b)). Mackinnon [13] attributes this part of the painting 
to Leonardo da Vinci himself. Even though Pacioli had not yet met Leon-
ardo when this panel was first painted, and he started to collaborate 
with him only after 1495, there is a possibility that the RCO was added 
later to the portrait of Pacioli when they were both in Milan [12]. Many 
conjectures and some speculation have originated from this painting, 
and the discussion of its creation and history is still ongoing [2, 5, 8, 19].

Clearly, the RCO in this painting stands out in a special way. On his 
web page devoted to Luca Pacioli’s Polyhedra, Hart states [10]:

The polyhedron in the painting is a masterpiece of reflection, re-
fraction, and perspective. (Davis states that the bright region on its 
surface reflects a view out an open window, showing the  Palazzo 
Ducale in Urbino.) Certainly an actual glass polyhedron was used 
as a model. (Pacioli states in his books that he constructed several 
sets of glass polyhedra, but I know of no other information about 
them.) The polyhedron in the painting is beautifully positioned, 

(a) (b)
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suspended with a 3- fold axis vertical, out of physical contact with 
the other objects in the scene. I suspect that Pacioli chose it for 
the portrait because he discovered this form and was quite proud 
of it. (Presumably Archimedes first discovered it, but that wasn’t 
known in Pacioli’s time.) The painting is the earliest known image 
of the rhombicuboctahedron.

However, on a closer, more critical inspection, some things seem 
not quite right: the reflection of the window (not seen in the paint-
ing) on the upper left of the RCO seems more like a pasted- on sticker 
image that bends around one of the polyhedron edges than two separate 
reflections in the two differently angled RCO facets. In 2007, Rekveld 
raised doubts in a publication [17] and on his website [18]:

Last week in Napoli I revisited the Capodimonte museum and 
its amazing collection of paintings. At some point I found myself 
face to face with this canvas, attributed to Jacobo de Barbari, a 
portrait of the mathematician Luca Pacioli painted in 1495.

. . . In said painting I suddenly noticed the mysterious 
reflections in the gorgeous mathematical shape at the top left, a 
rhombicuboctahedron, made of glass and half filled with water. I 
took a picture, and when I zoom in on these painted reflections 
we see buildings and sky, as if to suggest that an open window 
in the room is being reflected in the glass facets. The direction 
doesn’t seem right though; am I wrong or do the reflections show 
that the window is high up towards the left? Or rather towards 
the bottom right? Both do not really make sense. Also in either 
case the light in the painting does not seem to be much affected by 
the source of these reflections.

. . . To me the way the same window seems to be reflected three 
times within this shape doesn’t seem terribly true to the laws of 
optics. Or more precisely: they seem true to a textbook notion of 
reflection and refraction of light in water, but the way the images 
are formed doesn’t seem very realistic at all.

. . . Its depiction doesn’t seem based too much on observation or 
the tracing of reality through a camera obscura, but then again, 
I’ve never actually seen a glass rhombicuboctahedron half filled 
with water, so who am I to judge?
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Thus, it seems worthwhile to investigate these issues. Just as dis-
turbing as the “pasted- on” reflection of the window discussed above is 
the fact that there are no visible effects of refraction in the water body 
in the lower half! The RCO edges on the back surface appear in the 
painting in exactly the places where the computer rendering of a thin 
wire- frame object (Figure 2(b)) shows them.

In May 2011, Claude Boehringer [4], an artist working with various 
materials, produced a physical glass model of an RCO shell held to-
gether with lead, which was strong enough to be half filled with water. 
Under the guidance of Herman Serras [22], the model was suspended 
in the proper way to obtain the same orientation as the polyhedron in 
the painting. Serras then took the photograph shown in Figure 2(a). 
This image looks quite different from the one in the painting, and so 
it is difficult to draw conclusions about the realism of the depiction 
of 1495. The surroundings where this model was photographed are 
entirely different, and there are no dominant reflections of a single, 
brightly lit window. Nevertheless, the photo of the Boehringer model 
(Figure 2(a)) confirms our intuition that those edges seen through the 
water body would be seriously altered in their rendered positions.

In 2011, a discussion arose concerning perceived geometrical flaws 
in some of Leonardo’s drawings [11]. Huylebrouck’s note also made 
a reference to the RCO in the portrait of Pacioli, and this caused 
one of the authors to take a closer look at the depiction of this object 
[20]. While there were no geometrical errors in the projection of 
this object, some of the visual effects due to reflection and refraction 
seemed clearly wrong. This raised the question about what an actual 
RCO glass shell half filled with water really would look like. Several 
students at Berkeley and elsewhere responded to the challenge, using 

fiGure 2.  (a) Model by Claude Boehringer photographed by Herman Serras; 
(b, c) viewing geometry. See also color images.

(a) (b) (c)

View direction
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computer graphics programs to model such an object with its various 
reflections and refractive effects. However, the results offered looked 
quite different, driving home the point that modeling a complex ob-
ject with multiple volumes with different refractive indices abutting 
one another is not a trivial task. When making a model of the object 
to be rendered, the idiosyncrasies of the rendering program to be 
used need to be taken into account carefully. One model does not fit 
all possible renderers! Even for people experienced in using computer 
graphics rendering programs, it is advisable to run through a series 
of progressively more complex test models when switching to a new 
renderer.

In most of our efforts, we have used Autodesk Maya [1] as our mod-
eling tool and Mental Ray [14] as our rendering engine using a basic 
ray- tracing algorithm [9, 16]. First, we constructed simple geometrical 
test models for which the correctness of the renderings could read-
ily be verified and made sure that the renderer properly interpreted 
the desired geometry in the various refraction events and reflections at 
external and internal boundaries. In the end, we repeated this process 
once more for the open- source rendering program Blender [3]. Overall, 
these computer simulations confirm that it is highly unlikely that the 
painter was observing a physical glass container half filled with a clear 
liquid when painting the RCO.

In the following sections, we briefly discuss the geometrical set- up of 
the RCO for a geometrical analysis in the context of the article as well 
as for our computer modeling. A detailed discussion of our series of test 
renderings, which we recommend as a preparatory debugging step for 
challenging rendering tasks, can be found in a technical report [21].

Our computer simulations look quite different from the painted 
RCO, proving that the latter is not a physically correct rendering. 
We thus conclude that the artist’s most likely objective was to create 
the most “plausible” and “convincing” depiction of such an object for a 
broader public.

2. Viewing Geometry

To create a realistic rendering that can be compared with the painted 
RCO, we first have to figure out how this RCO has been suspended and 
where to place the observer’s eye. If the RCO were indeed suspended 
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along one of its three- fold symmetry axes piercing the centers of the top 
and bottom triangles, as stated by Hart [10], then these two faces would 
be truly horizontal. In the painting, we see both of these triangles from 
below, which would then imply that the eye of the observer must lie 
below the bottom of the RCO. On the other hand, the horizontal water 
surface clearly is seen from above: the more strongly depicted edges of 
the RCO belong to its front facets, and the foreshortened left and right 
edges of the polygon depicting the water surface have a vanishing point 
that lies somewhere in the upper right. This view geometry requires an 
eye point above the center of the RCO.

Careful inspection of the enlarged view of the painted RCO (Figure 
1(b)) shows that the water surface passes through 4 of the 24 vertices of 
the RCO and cuts the vertical, square facets on the left and right sides 
along their horizontal diagonals (Figure 2(b) and 2(c)). This implies 
that the suspension line must form an angle of 45° with the plane of the 
square immediately in the back of the top triangle, as well as with the 
square in front of the top of the RCO. The C3 symmetry axis deviates 
by 54.74° − 45° = 9.74° from this suspension line. A few trigonomet-
ric calculations then reveal that this suspension line cuts the altitude 
of the top triangle in the ratio :1 2, i.e., a fraction of 0.4142 away 
from the top vertex in the painting. Serras [22] also had calculated the 
distance of the suspension line penetration from the closest triangle 
vertex as ( 3)( 2 − 1)/2 = 0.3587 times the RCO edge length. For-
tunately, these two calculations agree. In addition, the water boundary 
intersects two more pairs of triangle edges at a fraction of 2 − 1 = 
0.4142 away from the shared vertex (highlighted dots on the left and 
right edges at the water’s surface in Figure 2(c)).

With the angle of suspension unambiguously resolved based on the 
boundary of the water level, we now can try to locate the eye point 
of the observer. The viewer must be looking toward the center of the 
RCO with a slight downward angle that must lie between 0° and 9.74°. 
Using an interactive computer graphics program that let us readily ad-
just the viewing parameters, we found a best match between an ap-
propriately tilted computer model and the rendering in the painting for 
a downward angle of about 3° (Figure 2(c)). Comparing the resulting 
view of a wireframe RCO (Figure 2(b)) with the polygon edges de-
picted in the painting (Figure 1(b)) confirms that we have found a suit-
able approximation of the correct viewing geometry.
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Now let us review the above findings in the context of the complete 
painting. First, we try to find the viewer’s eye level with respect to the 
painting. Our intuition tells us that the observer’s eyes are at about the 
height of Pacioli’s nose or eyes and that the person on the right is look-
ing slightly down on the viewer. This point of view would place the 
view center properly above the water level. We can also try to find a 
horizon compatible with the objects on the table (assumed to be hori-
zontal), and this is what we found:

(1) a vanishing point on top of Pacioli’s head for the slate tablet;
(2) a vanishing point somewhat above the middle of the RCO 

(but far out to the left) for the open book (with substantial 
error margins); and

(3) a vanishing point slightly above the top of Pacioli’s head for 
the red box (also with substantial error margins).

All of these vanishing points are higher than the center of the RCO, 
and this is compatible with our view of the water surface from above. 
But then, the fact that we can see the lower side of the bottom triangle 
implies that it must be slanted upward towards the viewer. This con-
firms the tilted suspension of the RCO established above (Figure 2(c)).

Now let us take a closer look at the projection used in the paint-
ing. Clearly, there is some perspective involved; the back- face triangle 
(pointing down) is a few percent smaller than the size of the front tri-
angle (pointing up). The same interactive computer rendering program 
that lets us find the best match for the view angles also lets us find the 
parameters for the perspective projection in which the rendered edge 
crossings of the wire frame model match the locations in the painting as 
closely as possible; this occurs when the eye is about 14 RCO diameters 
away from its center. Now, based on its position and comparing it to the 
hands and head of Pacioli, we may estimate that the RCO is about 8–10 
inches in diameter. Thus, based on its own perspective, it must have 
been drawn as it would look from about 10–11 feet away. However, 
Pacioli in the painting seems only about 5–6 feet away from the viewer, 
and the object, if it is indeed above the table, would then be only 4–5 
feet away. Thus, the perspective of the RCO is not compatible with the 
rest of the scene. The RCO should exhibit much stronger foreshorten-
ing, or it should have been depicted at only about half its current scale. 
This raises a strong suspicion that this RCO was sketched out quite 
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carefully, but separately—perhaps from a smaller model or from a geo-
metrical construction—before it was copied into the Pacioli painting.

3.  Computer Modeling and Rendering of the RCO

Let us assume that the RCO was painted in a separate sitting, possibly 
in a room with an open window in the left wall, offering a view of a 
palazzo and some bright sky, and perhaps with some more local illumi-
nation coming from the lower right. Can we find an environment and 
some suitable material constants and illumination levels that will pro-
duce an image closely resembling the depiction in the painting? What 
would a physically more realistic rendering of such a glass container half 
filled with water look like?

The first task is to create an appropriate geometrical model of the 
object to be rendered. To have some control over the appearance of 
the edges of the glass container, we flesh out the wireframe shown 
in Figure 2(b) into properly mitered prismatic beams that are com-
posed into a polyhedral object of genus 25 (i.e., a shell with 26 facet 
openings). Figure 3(a) shows an enlarged partial view of this frame-
work; to make its geometry more clearly visible, all the cross sections 
have been enlarged by a factor of 2. In our model, the thickness of 
these struts is parameterized and set equal to the thickness of the 
glass plates shown labeled as GLASS in Figure 3(b); this allows us to 
emphasize or deemphasize the visibility of these seams. In most of our 
renderings, we have set the material of the struts to be some grey, 
diffusely reflective material. However, there is the option to assign 
them the same material parameters as are used for the glass plates, 
in order to simulate a completely fused contiguous glass container. 
Finally, the water volume is modeled as a separate polyhedron that fits 
snugly against the inside surfaces of the glass plates in the lower half of 
the RCO (Figure 3(c)).

Once we have gained confidence that the chosen modeling technique 
and the adopted rendering environment produce physically justifiable 
results [21], we can model the RCO as described in Figure 3 and render 
it in various environments using a basic ray- tracing program [3, 14]. 
Overall, we have three different transparent materials (Figure 3(b)): air 
(A), water (W), and glass (G), plus the opaque surfaces (O) associated 
with the filler framework located around the edges of the glass plates. 
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Any ray that hits the latter type of surface is terminated and returns the 
illumination value found at this location.

The interfaces between two transparent materials are modeled as 
smooth surfaces that permit refraction as well as reflection processes to 
occur. In general, they will divide an incoming ray of generation n into 
two subrays of generation n + 1; the relative strengths of the two sub-
rays are determined by the Fresnel equations [7]. Special care must be 
taken to create the properly merged interfaces where the body of water 
is in contact with the glass plates forming the container. For 8 of the 
26 glass plates, their inner surfaces had to be split into two parts—one 
interfacing with water and the other interfacing with air. In the com-
plete model, there is one interface facet of water/air, 26 + 17 instances 
of glass/air and 17 instances of glass/water.

We started with some extensive testing of the RCO model [21] in 
the synthetic environment of a virtual Cornell Box [6] with distinctly 
striped walls (Figure 4(a)), where the final stopping point of any ray 
being reflected on or refracted through the RCO can be identified 
more easily. Those tests gave us the confidence that our rendering pro-
cess will give us a depiction that is close to physical truth with respect 
to the placement of the various visual elements resulting from reflec-
tion and refraction.

To produce the final renderings (Figure 5), we have suspended the 
RCO in a darkened room with three brightly colored “windows” (Fig-
ure 4(b)); these are really just bright, flat “paintings” on the walls. The 
RCO is placed close enough to the large cyan “window” on the left 
wall, so that portions of it appear in both the upper left panels of the 

fiGure 3.  Modeling the complete RCO: (a) filler framework; (b) cross sec-
tion showing the types of interfaces; (c) a transparent, nonrefractive water 
polyhedron inside the opaque filler framework.

(a) (b) (c)
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RCO, where the original painting shows the primary window reflec-
tions. This “window” is enhanced with blue and yellow vertical edges 
to make it easier to understand what is being reflected in those two 
facets of the RCO. One can see the blue back edge of that window in 
the upper panel; the yellow front edge appears in the lower facet. This 
disparity in reflected window portions illustrates the physical impossi-
bility of a single continuous image of the window appearing across both 
faces, as depicted in the Pacioli painting.

There are other features on the surface of the painted RCO that can 
be interpreted as depicting reflections. The lower right of the RCO 
has some pronounced greenish tint that can be seen as a reflection of 
the green tablecloth and a fuzzy dark feature might represent one of 

fiGure 4.  Placement of the RCO inside virtual Cornell Boxes: (a) for 
detailed studies of refractions and internal reflections [21], and (b) for final 
studies of external window reflections. See also color images.

fiGure 5.  RCO in a dark room with windows: (a) rendered with Maya to a 
recursion depth of 10; (c) rendered with Blender to a depth of 40.

(a) (b)

(a) (b)
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the bodies standing behind the table. More distinctly drawn, a small 
black reflection in the front triangular face of the RCO (Figure 1(b)) 
was probably meant to represent the artist who drew the image of the 
RCO; however, it is unrealistically small. A human observer standing 
some distance d in front of a plane mirror will see his reflection as being 
located at that same distance d behind the mirror, and the perceived 
‘image’ at the reflecting surface will be half the size of the observer. 
Thus, the black figure outline is much too small to be a reflection of 
the artist; to a first approximation, it should be about the same size 
as Pacioli or his companion. In our computer rendering, we created a 
comparable black reflection by placing a six- inch- tall puppet cutout in 
the plane of the camera. Moreover, since the triangular front face of 
the RCO is not perpendicular to the line of sight, the puppet had to be 
displaced about 10 body lengths downward and to the left of the posi-
tion of the camera lens—supposedly the eye of the artist.

The computer renderings (Figure 5) also show internal reflections in 
quite different locations compared with the painted RCO. For instance, 
we see portions of the light blue window and its dark blue back edge in 
two facets in the bottom right quadrant of the ray- traced RCO, but none 
of these have a similar appearance in the painted RCO, even accounting 
for the murkiness of the painted water. Conversely, the painted RCO 
shows some internal reflections that are not seen anywhere in the ray- 
traced RCO: in the back/right center quad facet above the water sur-
face, and along the bottom/right of the RCO. In attempting to replicate 
these extra internal reflections seen in the painted RCO, we expanded 
the windows to fill the entire left wall, but still we could not obtain the 
desired internal reflection in the upper half of the RCO.

As mentioned before, the refracted locations of the string and the 
filler framework also appear in inappropriate locations. In the paint-
ing, the string appears as a continuous line above and below the water 
surface, whereas in the computer rendering, the string is discontinuous 
at the water surface. The displacement is caused by the different indices 
of refraction of air and water. The same applies to the appearance of the 
filler framework; our ray- traced RCO renders the refracted framework 
struts in very similar locations to the physical model shown in Figure 
2(a)—in contrast to the painted RCO.

In order to check the reproducibility of our rendering results and the 
robustness of the step- by- step validation approach recommended above, 
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we also experimented with a different rendering program: Blender [3] is 
an open- source program readily available to everybody and may there-
fore be a candidate that many readers might use for quick experiments. 
Once our model data had been adjusted to be compatible with the Blender 
environment, the rendered geometrical features looked the same as they 
look with the Maya renderer. We could also confirm that increasing the 
depth of the recursive ray tree from 10 to 40 did not result in any mean-
ingful differences; any changes that might be attributable to increased 
ray- tree depth are small compared to the noticeable variations in the 
displayed intensities of reflected and refracted components between the 
two rendering programs. The major differences between the two ren-
derings occurred with respect to hue changes and brightness variations. 
Different rendering programs use different representations for the rela-
tive importance of the specularly reflected, refracted, and diffusely re-
flected photons, resulting in different relative intensities of some of the 
struts as seen through multiple layers of reflection and refraction.

More troublesome for our particular rendering comparison was the 
fact that Blender permits volume tinting only for domains surrounded 
by a closed manifold surface, but not for volumes that have some in-
dividually merged interfaces as part of their boundary representation. 
Thus, the tinting of the glass and water components had to be achieved 
entirely via some approximate changes in surface parameters. This ex-
plains why the reflections of the pink window are much more vivid in 
the Blender rendering: the rays experience less tinting while traveling a 
substantial distance through water. This emphasizes yet again the need 
to carefully evaluate the capabilities and idiosyncrasies of any render-
ing environment, using an incremental approach that starts with some 
simple, well- understood test geometries.

There are still many parameters that could be fine- tuned: the refrac-
tive index of glass; the amount of tinting imparted by the glass plates 
and the water body; and the amount of diffuse scattering on the outer 
surfaces, perhaps caused by the presence of dust. We chose some of 
these parameters to make our rendering look somewhat similar to the 
depiction in the Pacioli painting, as depicted in Figure 1(b). However, 
our main focus was to show the geometrical issues related to the place-
ment of the reflected and refracted geometrical features, because these 
effects are most relevant to the question of whether the artist was actu-
ally observing an RCO half filled with water.
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4. Discussion and Conclusions

The RCO plays an important role in the Capodimonte canvas. It de-
picts an important accomplishment of the famous mathematician Fra’ 
Luca Pacioli and was clearly meant to impress viewers of this painting. 
Baldasso [2] even argues that the RCO plays the role of a third figure in 
this composition.

Our analysis indicates that it is highly unlikely that the artist who 
painted the RCO in the Pacioli painting was looking at a physical 
glass RCO partly filled with water of the size implied in this painting. 
One of the anonymous reviewers contributed the following valuable 
information:

In 1495 it was possible to make a small glass model of a polyhe-
dron, and several are mentioned in two sixteenth century inven-
tories of the Ducal palace at Urbino where Pacioli had worked; 
for technical reasons to do with the available glass it is not possible 
that these models were as large as the Pacioli RCO appears, nor 
could they have been strong enough to hold several liters of water.

This provides strong support for our claim that the artist did not di-
rectly observe the depicted object. However, it seems quite likely that 
the artist used an empty RCO model made of triangular and square 
glass plates for generating an original sketch, because the depicted ge-
ometry of the RCO edges is in excellent agreement (including perspec-
tive distortion) with the computer- generated rendering. When this 
initial depiction was later copied into the Pacioli painting, the discrep-
ancies in the RCO’s scale and its perspective projections, discussed at 
the beginning of this article, were introduced.

The primary window reflection across the top left facets is so far 
off from any possible reality that it cannot have been drawn based on 
an actual observation. It may, however, be possible that the painter ob-
served the general nature of some window reflections on various poly-
hedral glass models and decided that reality was much too confusing for 
most observers to yield a pleasing painting. The artist may then have 
made a conscious decision to render a window reflection that would 
be more plausible and would help to identify the location of the space 
portrayed. A contiguous picture of the “Duomo in Urbino” can readily 
be understood by most viewers, whereas physically realistic reflections 
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that break this image into disconnected pieces would be puzzling to 
most observers.

Moreover, to emphasize the transparency and three- dimensionality 
of the RCO, two other internal reflections of the same window were 
added in two facets on the right- hand side, one just above the water 
surface, and one on the bottom right in the water. The first one occurs 
where one would expect to see a secondary image, if this were the 
result of an intersection of a parallel beam of light coming through the 
assumed window. Furthermore, the contrast and saturation of these 
imagined reflections appear unnaturally strong compared to the other 
depicted features in the RCO. In addition, the apparent luminosity of 
the three reflections has been enhanced by the artist, by surrounding 
them with a slightly darkened halo.

One reason why this rendering of the RCO looks so good to an un-
critical observer is that our visual system is much less sensitive to the 
precise effects of refractions and reflections, compared to shadows or 
perspective. It is plausible to assume that this is a consequence of our 
evolution during the last million years, when humans were trying to 
survive in the natural world, where reflection and refraction occur 
only in a rather limited way.

Though we have focused in this article on the defects with respect to 
a physically realistic rendering of the RCO, we should remember that 
physical realism was not the primary objective of the painter. A more 
likely goal was to present this intriguing mathematical object in the 
best possible way that would bring about a sense of wonder and awe in 
most viewers. We agree with many art historians that this goal has been 
achieved extremely well despite the discussed rendering flaws.
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Who Would Have Won the Fields 
Medal 150 Years Ago?

JereMy Gray

Introduction

Hypothetical histories are a way of shedding light both on what hap-
pened in the past and on our present ways of thinking. This article sup-
poses that the Fields Medals had begun in 1866 rather than in 1936 and 
will come to some possibly surprising conclusions about who the first 
winners would have been. It will, I hope, prompt readers to consider 
how mathematical priorities change—and how hindsight can alter our 
view of the mathematical landscape.

Let us imagine that in 1864 the Canadian–American astronomer 
Simon Newcomb had seen past the horrors of Antietam and Gettysburg 
to a better world in which mathematics would take its place among other 
cultural values in the new republic. Let us further suppose that New-
comb, in his optimism for the future, had decided that there should be a 
prize awarded regularly to young mathematicians who had done excep-
tional work and that the first awards should be made in August 1866.

What might have motivated Newcomb to thus recognize exemplary 
mathematics research? Since 1861, Newcomb had worked at the Naval 
Observatory in Washington, D.C., as an astronomer and professor of 
mathematics. There Newcomb helped fill the void left when other aca-
demics, uncomfortable at being employed by a military institution dur-
ing a time of war, resigned their positions at the observatory.

The U.S. government tasked Newcomb with determining the posi-
tions of celestial objects. It was challenging work for Newcomb, who 
had had no formal education as a child and had learned mostly from 
his father before attending the Lawrence Scientific School at Harvard 
University and studying under Benjamin Pierce. It was this work which 
gave Newcomb his appreciation of mathematics.
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To give the mathematics prize credibility, Newcomb would have 
realized that he would have to select a panel of sufficiently eminent 
judges. To find them, he would have to travel to Europe, so let us follow 
him to Paris in early 1865, the year he turned thirty.

The French were then feeling an unaccustomed inferiority. For two 
generations, the French had dominated mathematics. Laplace, in the 
five- volume Traité de Mécanique Céleste (1798–1825), had given conclusive 
reasons to believe that Newtonian gravity rules the solar system and 
could explain all apparently discordant observations. Lagrange had been 
the true successor of Euler in many fields, and what little he had set 
aside Legendre had taken up. These luminaries had been succeeded by 
Cauchy, Fourier, and Poisson, and Paris had drawn in many of the best 
young mathematicians from abroad, Abel and Dirichlet among them.

But these great figures had all died by 1865, and news from the Ger-
man states had the French looking uncomfortably second rate. The in-
fluence of Gauss, who had died in 1855, the year before Cauchy, was 
ever more apparent. Gauss had revivified the theory of numbers—“the 
higher arithmetic,” as he had called it—making it more substantial 
than Euler or Lagrange had managed to. Closely intertwined with Ja-
cobi’s elliptic function theory, the field had been further extended by 
Dirichlet. Although Jacobi and Dirichlet had both died by 1865, the 
University of Berlin was flourishing, and, it had to be admitted, the 
École Polytechnique was not. Apparently the glory days of Napoleon 
had taught better lessons to those whose countries he had conquered 
than to the French themselves, who found themselves with a compla-
cent government unable or unwilling to keep up.

Newcomb would make it his business to meet Joseph Liouville, who 
was the founder and editor of the important Journal de Mathématiques 
Pures et Appliquées and used its pages to keep the French mathemati-
cal community aware of what was happening abroad. Liouville had 
been involved in bringing to France Kummer’s discovery of the failure 
of the prime factorization of cyclotomic integers and his attempts to 
redefine “prime” to deal with this unexpected setback. Kummer had 
subsequently won the Grand Prix des Sciences Mathématiques of the 
Paris Academy of Sciences in 1857 for his work on the subject. As a 
successful editor, Liouville was the best person to ask about new and 
exciting mathematicians. And he would be fifty- six in 1865, too old to 
be considered for the prize himself.
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Liouville had done important work on the theory of differential 
equations (Sturm–Liouville theory), potential theory, elliptic and com-
plex functions, the shape of the Earth, and other subjects. But New-
comb might well have been discouraged on consulting the most recent 
issues of the Journal, because they were full of Liouville’s interminable 
and shallow investigations of the number theory of quadratic forms in 
several variables. In a sense, what Liouville’s Journal and the Journal of 
the École Polytechnique showed was that mathematics in France was 
at a low ebb.

Liouville would surely have praised Charles Hermite highly, had 
Newcomb prompted him to suggest potential prizewinners. Hermite 
had studied with Liouville, and together they had come to a number of 
insights about elliptic functions. It was in this context that Liouville had 
discovered the theorem that still bears his name: a bounded complex 
analytic function that is defined everywhere in the plane is a constant. 
Hermite had gone on to explore the rich world of elliptic functions and 
in 1858 had used that theory and algebraic invariant theory to show that 
the general polynomial equation of degree five has solutions expressible 
in terms of elliptic modular functions. This work had drawn the atten-
tion of Kronecker and Brioschi and remained an insight that rewarded 
further attention. Galois’s discovery that the general quintic equation 
was not solvable by radicals sat in the context of equations that are solv-
able by precise classes of analytic functions.

But Hermite was forty- two. Newcomb wanted to recognize younger 
mathematicians to point the way to the future, and he was beginning to 
realize that he needed more advisors than Liouville alone.

Kummer was the obvious choice. He was less than a year younger 
than Liouville, and he had worked on a variety of topics before de-
ciding that Gaussian number theory was the rock on which to build 
a career. He had written on the hypergeometric equation (another 
Gaussian topic) and as recently as 1863 on a quartic surface with sixteen 
nodal points. Kummer had succeeded Dirichlet at Berlin in 1855, when 
Dirichlet moved to Göttingen to succeed Gauss, and had swiftly ar-
ranged for Weierstrass to be hired at Berlin. Weierstrass, who had just 
turned forty then, had only recently burst onto the mathematical scene 
with his theory of hyperelliptic functions and was now, with Kum-
mer, establishing Berlin as the preeminent place to study mathemat-
ics. Furthermore, Kummer, as proof of his administrative ability, had 
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just become dean of the University of Berlin. Newcomb would choose 
Kummer as the second member of his prize committee.

By now Newcomb was becoming aware that the new state of Italy 
(unified only in 1861) was also producing important mathematicians. 
The Italian figures comparable to the German judges Kummer and 
 Liouville were Enrico Betti and Francesco Brioschi, who had both just 
turned forty. Both had been actively involved in the unification of Italy 
and now led political lives: Betti had been elected to the Italian parlia-
ment in 1862, and Brioschi was to become a senator in 1865. Betti 
had just become the director of the Scuola Normale Superiore; Brios-
chi was the founder and director of the Istituto Tecnico Superiore in 
Milan. Both men were devoted to raising the standard of mathematics 
in Italy in both schools and universities; both were active in research. 
Betti, who had become a close friend of Riemann’s when he stayed 
in Italy, was interested in extending Riemann’s topological ideas and 
also worked on mechanics and theoretical physics. Brioschi had done 
important work in algebra, the theory of determinants, and elliptic 
and hyperelliptic function theory, and he had taught many of the next 
generation of Italian mathematicians: Casorati, Cremona, and Beltrami 
among them. Newcomb, we shall suppose, would have decided that 
Brioschi was the man to keep him informed of the latest developments 
in the emerging domain of Italian mathematics.

Should that be enough, or should Newcomb make a trip to  Britain? In 
pure mathematics, this meant a visit to Cayley; in more applied fields, 
there were several people at Cambridge who might be consulted. The 
mathematicians Newcomb had already met spoke well of Cayley and 
respected him as an inventive and well- read mathematician who spoke 
several languages. He was, along with his friend Sylvester, best appreci-
ated for his exhaustive, and sometimes exhausting, investigations into 
invariant theory. But it did not seem that there was anyone in England 
in 1865 who could be considered for the prize, now that Cayley was in 
his early forties and thus ineligible himself.

Newcomb decided that three judges were already enough: Liouville, 
Kummer, and Brioschi. It was time to select a prizewinner.

Newcomb already knew one name. Everyone he spoke to told him 
about Bernard Riemann, a truly remarkable former student of Gauss in 
Göttingen. Riemann had published a remarkable paper on abelian func-
tions in 1857 that was so innovative that Weierstrass had withdrawn a 
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paper of his own on the subject, saying that he could not proceed until 
he had understood what Riemann had to put forward. That same year, 
Riemann had published a very difficult paper on the distribution of the 
primes, in which he made considerable use of the novel and fundamen-
tally geometric theory of complex analytic functions that he had devel-
oped and which was essential to the paper on abelian functions. There 
was also a paper in real analysis where he had developed a theory of 
trigonometric series to explore the difficult subject of nondifferentiable 
functions, and there was talk of a paper in which he was supposed to 
have completely rewritten the subject of geometry.

Riemann would turn thirty- nine in 1865, so Newcomb could agree 
that he was still, officially, young. There was the disturbing problem of 
Riemann’s health, however. He suffered from pleurisy and was said to 
have collapsed in 1862 and to be recuperating in Italy. Newcomb would 
have to stay informed.

As for the generation born in the 1830s, Liouville, Kummer, and 
Brioschi might well have given different reports.

Liouville, to his regret, would have had no one to suggest. Kummer, 
too, would have struggled to name a nominee. His former student Leo-
pold Kronecker had just turned forty, and although there were some 
promising younger mathematicians at Berlin—Lazarus Fuchs sprang to 
mind—they had yet to do anything remarkable.

Brioschi, on the other hand, would have been optimistic. He could 
have suggested the names of Cremona, Casorati, and Beltrami. Cre-
mona was already known for his work on projective and birational ge-
ometry, including the study of geometric (birational) transformations, 
and Brioschi could have assured the panel that Cremona was writing a 
major paper on the theory of cubic surfaces (it was to share the Steiner 
Prize in 1866—Kummer was one of the judges—and was published 
in 1868). Casorati was perhaps the leading complex analyst the Italians 
had produced, and Beltrami was emerging as a differential geometer in 
the manner of Riemann.

Over the summer of 1865, Newcomb would have faced a difficult 
decision. No one disputed Riemann’s brilliance, although Kummer re-
ported that Weierstrass was hinting that not all of Riemann’s claims 
were fully established, and Liouville was saying that Hermite was hop-
ing for direct proofs of some results that presently relied on Rieman-
nian methods.
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The problem was to decide who else might get the prize. There were 
several bright young mathematicians, but none of the highest caliber. 
Should Newcomb announce the existence of the prize, call for nomina-
tions, and risk disappointment? Or should he postpone it and give the 
younger mathematicians a better chance to shine?

And then there was the worrisome matter of Riemann’s deterio-
rating health. Weak and prone to illness, he had spent the summer 
recuperating near Lake Maggiore and in Genoa and had returned to 
Göttingen in early October.

Let’s suppose that Newcomb decided to postpone the competition 
for four years.

Riemann died on July 20, 1866, within a month of returning to Lake 
Maggiore. He was thirty- nine. Among the papers published shortly 
after his death, the one entitled “The hypotheses that lie at the founda-
tions of geometry” was to inspire Beltrami (born 1835) to publish his 
“Saggio,” in which non- Euclidean geometry was described rigorously in 
print for the first time. The leading German physicist, Hermann von 
Helmholtz, was independently converted to the possibilities of spheri-
cal geometry and in correspondence with Beltrami came to advocate 
the possibilities of non- Euclidean (“hyperbolic”) geometry as well.

Asked about candidates from Germany, Kummer could now offer 
three or four. The first was Rudolf Clebsch, who, with his colleague 
Paul Gordan, had devised an obscure but effective notation for invari-
ants that had led to many new results, and he had applied himself suc-
cessfully to the study of plane curves. He also had showed that elliptic 
functions can be used to parameterize cubic curves and in 1864 had 
begun to extend such ideas to curves of higher genus. Then, in 1868, he 
had opened the way to extending Riemann’s ideas to the study of com-
plex surfaces by defining the (geometric) genus of an algebraic surface.

The second was Lazarus Fuchs, a former student of Kummer’s, 
who was now attached to Weierstrass and seemed poised to extend 
Riemann’s ideas. So too was the third candidate, Hermann Amandus 
Schwarz, who was using Weierstrass’s representations of minimal sur-
faces to tackle the Plateau problem. He was also beginning to think 
about the Dirichlet problem.

Then there was the fourth candidate, Richard Dedekind, who was 
emerging as a number theorist in the tradition of Gauss and Dirichlet. 
But Kummer, and still more his colleague Kronecker, had their doubts 
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about the highly abstract and not always explicit character of Dede-
kind’s approach. It would seem appropriate to wait.

Liouville, too, would have had a new candidate to put forward as the 
1860s came to an end: Camille Jordan. Jordan had published a series of 
papers that he was now drawing together in his book Théorie des Substitu-
tions et des Équations Algébriques. In these papers, and again in the book, 
he set out a theory of groups of substitutions (permutation groups) of 
great generality and showed how to use it to derive all of Galois’s results 
systematically. He had then gone on to use it in a number of geometrical 
settings, finding, for example, the groups of the twenty- seven lines on 
a cubic surface and Kummer’s surface with its sixteen nodal points. He 
outlined in over three hundred pages a program to find all finite groups. 
Not everyone was convinced of the need for such a big new idea, but it was 
bold and rich in applications to topics that were known to be interesting.

And what of James Clerk Maxwell? Could his best work even be 
called mathematics? He had written on many subjects, but his major 
1864 paper, “A dynamical theory of the electromagnetic field,” and an 
1866 paper in which he suggested that electromagnetic phenomena 
travel at the speed of light (thus implying that light is just such a phe-
nomenon) displayed a considerable mastery of the difficult mathemat-
ics they involved. He had also published his second major paper on the 
dynamical theory of gases, which did much to establish the statistical 
approach to physics.

So Newcomb would have had four candidates: Beltrami, Clebsch, 
Jordan, and Maxwell. Under pressure, Brioschi would have had to 
admit that Beltrami had published only one remarkable result amid a 
stream of good ones, mostly in differential geometry. But at least his 
work was independent of Riemann’s, as Cremona would attest. Clebsch 
was another heir of Riemann’s, but he worked in a tradition that was 
opposed in some ways to Kummer’s way of doing things. Jordan was 
the youngest, and his advocacy of substitution group theory was con-
troversial. Some found it a fine addition to the geometrical way of 
thinking, and some were to see in it the way to rewrite Galois theory 
the way Galois might have meant it, but others were to find it needlessly 
abstract and almost unnecessary even for Galois theory (and others pre-
ferred the language of field extensions).

As for Maxwell, electricity and magnetism had been the major  topics 
of mathematical physics for the preceding fifty years, but no one in 
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continental Europe understood Maxwell’s ideas. In particular, they 
found it incomprehensible that electric current was a discontinuity in a 
field and not the passage of a (possibly mysterious) substance. It was too 
risky to choose Maxwell.

What might Brioschi, Kummer, Liouville, and Newcomb then 
decide? From today’s perspective, it seems that they should have re-
warded (1) conclusive proof of the existence of a new possible geom-
etry of space (when the work of Bolyai and Lobachevskii was almost 
completely forgotten), and (2) a new and highly abstract structure (the 
group) that seemed to have many applications, although many impor-
tant details remained to be published. Beltrami and Jordan might well 
be our modern choices.

But I suggest that Newcomb and his advisors would have chosen differ-
ently. Kummer had a great sympathy for the study of algebraic surfaces and 
a high opinion of Cremona’s work. Brioschi could have agreed that it of-
fered a way into the general study of algebraic geometry, to which Clebsch 
had also made a contribution, and that the new, non- Euclidean geometry, 
however remarkable, had yet to lead to new results. If Cremona repre-
sented the opening up of a subject that had long challenged mathemati-
cians, then Jordan could embody the spirit of radical innovation, one that 
also led to insights into geometry. But such a decision would be strongly 
opposed by Kronecker and Hermite, who were powerful advocates of in-
variant theory, and their views would be well known to Kummer and 
Liouville. That would have made Clebsch a contender, not so much for his 
Riemannian work as for his development of invariant theory.

Newcomb, who was to publish a paper in 1877 on spaces of con-
stant positive curvature, might have pushed hard for Beltrami. But in 
the 1860s, his own work was firmly in mathematical astronomy, so 
I suppose that he would have let himself be guided by the counsel of 
his chosen judges. He surely would have wanted to see that Riemann’s 
ideas were being carried forward, but the citation for Clebsch, the lead-
ing advocate of Riemann’s ideas, would take care of that. The prizes, I 
conclude, would have gone to Cremona and Clebsch.

End Note

The real Fields Medal was established in the bequest of John Charles 
Fields, a Canadian mathematician who had been active in the 
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International Mathematical Union. It was his wish that the prize be 
awarded every four years to two young mathematicians, and although 
he did not define “young,” this has come to mean under forty, and that 
guideline has therefore been preserved here. The first Fields Medals 
were awarded in 1936 to Lars Ahlfors and Jesse Douglas.
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Paradoxes, Contradictions, 
and the Limits of Science

noson s. yanofsKy

Science and technology have always amazed us with their powers and 
ability to transform our world and our lives. However, many results, 
particularly over the past century or so, have demonstrated that there 
are limits to the abilities of science. Some of the most celebrated ideas 
in all of science, such as aspects of quantum mechanics and chaos the-
ory, have implications for informing scientists about what cannot be 
done. Researchers have discovered boundaries beyond which science 
cannot go and, in a sense, science has found its limitations. Although 
these results are found in many different fields and areas of science, 
mathematics, and logic, they can be grouped and classified into four 
types of limitations. By closely examining these classifications and the 
way that these limitations are found, we can learn much about the very 
structure of science.

Discovering Limitations

The various ways that some of these limitations are discovered is in 
itself informative. One of the more interesting means of discovering a 
scientific limitation is through paradoxes. The word paradox is used in 
various ways and has several meanings. For our purposes, a paradox is 
present when an assumption is made and then, with valid reasoning, a 
contradiction or falsity is derived. We can write this thus:

Assumption " Contradiction

Because contradictions and falsehoods need to be avoided, and because 
only valid reasoning was used, it must be that the assumption was in-
correct. In a sense, a paradox is a proof that the assumption is not a 
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valid part of reason. If it were, in fact, a valid part of reason, then no 
contradiction or falsehood could have been derived.

A classic example of a paradox is a cute little puzzle called the barber 
paradox. It concerns a small, isolated village with a single barber. The 
village has the following strict rule: If you cut your own hair, you can-
not go to the barber, and if you go to the barber, you cannot cut your 
own hair. It is one or the other, but not both. Now, pose the simple 
question: Who cuts the barber’s hair? If the barber cuts his own hair, 
then he is not permitted to go to the barber. But he is the barber! If, on 
the other hand, he goes to the barber, then he is cutting his own hair. 
This outcome is a contradiction. We might express this paradox thus:

Village with rule " Contradiction

The resolution to the barber paradox is rather simple: The village 
with this strict rule does not exist. It cannot exist because it would 
cause a contradiction. There are a lot of ways of getting around the 
rule: The barber could be bald, or an itinerant barber could come to 
the village every few months, or the wife of the barber could cut the 
barber’s hair. But all these are violations of the rule. The main point 
is that the physical universe cannot have a village with this rule. Such 
playful paradox games may seem superficial, but they are transparent 
ways of exploring logical contradictions that can exist in the physical 
world, where disobeying the rules is not an option.

A special type of paradox is called a self- referential paradox, which re-
sults from something referring to itself. The classic example of a self- 
referential paradox is the liar paradox. Consider the sentence, “This 
sentence is false.” If it is true, then it is false, and if it is false, then 
because it says it is false, it is true—a clear contradiction. This para-
dox arises because the sentence refers to itself. Whenever there is a 
system in which some of its parts can refer to themselves, there will 
be self- reference. These parts might be able to negate some aspect of 
themselves, resulting in a contradiction. Mathematics, sets, comput-
ers, quantum mechanics, and several other systems possess such self- 
reference, and hence have associated limitations.

Some of the stranger aspects of quantum mechanics can be seen as com-
ing from self- reference. For example, take the dual nature of light. One 
can perform experiments in which light acts like a wave, and other exper-
iments in which it acts like a particle. So which is it? The answer is that the 
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nature of light depends upon which experiment is performed. Was a wave 
experiment performed, or was a particle experiment performed? This du-
ality ushers a whole new dimension into science. In classical science, the 
subject of an experiment is a closed system that researchers poke and prod 
in order to determine its properties. Now, with quantum mechanics, the 
experiment—and more important, the experimenter—become part of 
the system being measured. By the act of measuring the system, we self-
referentially affect it. If we measure for waves, we affect the system so that 
we cannot measure for particles and vice versa. This outcome is one of the 
most astonishing aspects of modern science.

The central idea of a paradox is the contradiction that is derived. 
Where the contradiction occurs tells us a lot about the type of limita-
tion we found. The paradox could concern something concrete and 
physical. There are no contradictions or falsehoods in the physical uni-
verse. If something is true, it cannot be false, and vice versa. The phys-
ical universe does not permit contradictions, and hence, if a certain 
assumption leads to a contradiction in the physical universe, we can 
conclude that the assumption is incorrect.

Although contradictions and falsehoods cannot occur in the physical 
universe, they can occur in our mental universe and in our language. Our 
minds are not perfect machines and are full of contradictions and falsities. 
We desire contradictory things. We want to eat that second piece of cake 
and also to be thin. People in relationships simultaneously love and hate 
their partners. People even willfully believe false notions. Our language, 
a product of our mind, is also full of contradictions. When we meet a 
contradiction in mental and linguistic paradoxes, we essentially are able 
to ignore it because it is not so strange to our already confused minds.

rational assuMptions

One of the oldest stories about a limitation of science in classical 
times concerns the square root of two, 2. In ancient Greece, 
Pythagoras and his school of thought believed that all numbers 
are whole numbers or ratios of two whole numbers, called ratio-
nal numbers. A student of Pythagoras, Hippasus, showed that this 
view of numbers is somewhat limited and that there are other 
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types of numbers. He showed that 2 is not a rational number 
and is, in fact, an irrational number (generally defined as any num-
ber that cannot be written as a ratio or fraction).

We do not know how Hippasus showed that the square root of 
two is irrational, but there is a pretty and simple geometric proof 
(attributed to American mathematician Stanley Tennenbaum in the 
1950s) that is worth pondering. The method of proof is called a 
proof by contradiction, which is like a paradox. We are going to as-
sume that 2 is a rational number and then derive a contradiction:

2 is a rational number " Contradiction

From this contradiction, we can conclude that 2 is not a rational 
number.

First, assume that there are two positive whole numbers such 
that their ratio is the square root of two. Let us assume that the 
two smallest such whole numbers are a and b. That is, 2 = a/b.

Squaring both sides of this equation gives us 2 = a2/b2. Multi-
plying both sides by b2 gives us 2b2 = a2.

From a geometric point of view, this equation means that 
there are two smaller squares whose sides are b, and they are 
exactly the same size as a large square whose sides are a. That is, 
if we put the two smaller squares into the larger square, they will 
cover the same area.

b

a

a

But when we actually place the two smaller squares into the 
larger, we find two problems. Firstly, we are missing two corners. 
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We cannot always be so cavalier about ignoring contradictions 
and falsities in human thought and speech. There are times when we 
must be more careful. Science is a human language that measures, 
describes, and predicts the physical world. Because science is con-
structed to mimic the contradiction- free physical universe, it also 
must not contain contradictions. Similarly, in mathematics, which is 

Secondly, there is overlap in the middle. So for the area of the 
larger square to equal the areas of the two smaller squares, the 
missing areas must equal the overlap. That is, 2(missing) = overlap.

Missing

Missing

Overlap

But wait. We assumed that a and b were the smallest such 
numbers with which this result can happen; now we find smaller 
ones. So this result is a contradiction. There must be something 
wrong with our assumption that a and b are whole numbers. And 
thus the square root of two is not a rational number, but is irra-
tional. Hippasus had shown that there was a number that did not 
follow the dictates of Pythagoras’s science.

The followers of Pythagoras were fearful that the conclusion 
of Hippasus would be revealed and people would see the failings 
of the Pythagoras philosophy and religion. Legend has it that the 
other students of Pythagoras took Hippasus out to sea and threw 
him and his irrational ideas overboard.
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formulated by looking at the physical world, we cannot derive any 
contradictions. If we did, it would not be mathematics. When a para-
dox is derived in science or mathematics, it cannot be ignored, and 
science and mathematics must reject the assumption of the paradox. 
As an example of such a paradox, if we assume that the square root 
of two is a rational number, we get a contradiction (see box called 
Rational Assumptions). In this case, we must not ignore the para-
dox but rather proclaim that the square root of two is not a rational  
number.

In addition to paradoxes, there are other ways of discovering limita-
tions. Simply stated, one can piggyback off of a given limitation that 
shows that a certain phenomenon cannot occur, to show that another, 
even harder phenomenon also cannot occur. A simple example: When 
you are out of shape and climb four flights of steps, you will huff and 
puff. We can write this activity and its result as

Climb four flights " Huff and puff

It is also obvious that if someone climbs five flights of steps, they also 
have climbed four flights of steps, that is,

Climb five flights " Climb four flights

Combining these two implications gives us

Climb five flights " Climb four flights " Huff and puff

We conclude with the obvious observation that if you huff and puff 
after climbing four flights of steps, you will definitely huff and puff 
after climbing five flights of steps.

To generalize this simple example, assume that a limitation is found 
through a paradox:

Assumption- A " Contradiction

Thus, Assumption- A is impossible. If we further show that

Assumption- B " Assumption- A,

we can combine these two implications to get

Assumption- B " Assumption- A " Contradiction

This result shows us that because Assumption- A is impossible, then 
Assumption- B, is also impossible.
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With these methods of finding various limitations, we can catego-
rize the four actual classes of limitations.

Physical Limitations

The first and most obvious type of limitation is one that says certain physi-
cal objects or processes cannot exist, like the village in the barber paradox.

the shortest route

The Traveling Salesperson Problem is an easily stated computer 
problem that is an example of a practical limitation. Consider a 
traveling salesperson who wants to find the shortest route, from 
all possible routes, that will visit 10 different specified cities. There 
are many different possible routes the salesperson can take. There 
are 10 choices for the first city, nine choices for the second city, 
eight choices for the third city, and so on, down to two choices for 
the ninth city, and one choice for the tenth city. In other words, 
there are 10 × 9 × 8 × … × 2 × 1 = 10! = 3,628,800 possible 
routes. A computer (in some cases) would have to check all these 
possible routes to find the shortest one. Using a modern com-
puter, the calculation can be done in a couple of seconds. But what 
about going to 100 different cities? In some cases, a computer 
would have to check 100 × 99 × 98 × … × 2 × 1 = 100! possible 
routes, which results in a 157-digit-long number: 93,326,215,443
,944,152,681,699,238,856,266,700,490,715,968,264,381,621,4
68,592,963,895,217,599,993,229,915,608,941,463,976,156,518
,286,253,697,920,827,223,758,251,185,210,916,864,000,000,0
00,000,000,000,000,000 potential routes.

For each of these potential routes, the computer would have 
to calculate how long the route takes, and then compared all of 
them to find the shortest route. A modern computer can check 
about a million routes in a second. That computation works out 
to take 2.9 × 10142 centuries, a long time to find the solution.

Such a problem will not go away as computers get faster and 
faster. A computer 10,000 times faster, able to check 10 billion 
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Another example of a physical process that is impossible is time travel 
into the past. This limitation is usually shown through a self- referential 
paradox that is called the grandfather paradox. In it, a person goes back 
in time and kills his bachelor grandfather. Thus the father and the time 
traveler himself will not be born—and hence the time traveler will not 
be able to kill his grandfather. One need not be homicidal to obtain 
such a paradox: In the 1985 movie Back to the Future, the main character 
starts to fade out of existence because he traveled back in time and ac-
cidentally stopped his mother and father from getting married. A time 
traveler need only go back several minutes and restrain the earlier ver-
sion of himself from getting into the time machine.

What is different about events in time travel that cause these para-
doxes? Usually, an event affects another, later event: If I eat a lot of 
cake, I will gain weight. With the time travel paradox, an event affects 
itself. By killing his bachelor grandfather, the time traveler ensures that 
he cannot kill his bachelor grandfather. The event negates itself. The 
simple resolution to the grandfather paradox is that, in order to avoid 

possible routes in a second. This will still take 2.9 × 10138 centu-
ries. Similarly, having many computers working on the problem 
will not help too much. Physicists tell us that there are 1080 par-
ticles in the visible universe. If every one of those particles were 
a computer working on our problem, it would still take 1062 cen-
turies to solve it. The only thing that possibly can help this prob-
lem is finding a new algorithm to figure out the shortest route 
without looking through all the possibilities. Alas, researchers 
have been looking for decades for such a magic algorithm. They 
have not found one, and most computer scientists believe that no 
such algorithm exists.

The Traveling Salesperson Problem can be solved for small 
inputs or for certain types of inputs. Even for large inputs, a 
program can be written that will solve it, but the program will 
demand an unreasonable amount of time to determine the so-
lution. Although there does exist a shortest possible route, the 
knowledge of that route is inherently beyond our ability to ever 
know, making it a practical limitation.
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contradictions, time travel is impossible. Alternatively, if perchance 
time travel is possible, it is impossible to cause such a contradiction.

Another example of a limitation that shows the impossibility of a 
physical process is the halting problem. Before engineers actually built 
modern computers, Alan Turing showed that there are limitations to 
what computers can perform. In the 1930s, before helping the Allies win 
World War II by breaking the Germans’ Enigma cryptographic code, 
Turing showed what computers cannot do by way of a self- referential 
paradox. As anyone who deals with computers knows, sometimes a 
computer “gets stuck” or goes into an “infinite loop.” It would be nice 
if there were a computer that could determine whether a computer 
will get stuck in an infinite loop. Turing showed that no such computer 
could possibly exist. He showed that if such a computer could exist, he 
would make a computer that would negate its own “haltingness.” Such 
a program would perform the following task: “When asked if I will halt 
or go into an infinite loop, I will give the wrong answer.” However, 
computers cannot give wrong answers because they do exactly what 
their instructions tell them to do; hence we have a contradiction, which 
occurs because of the assumption that we made about a computer that 
can determine whether any computer will go into an infinite loop. That 
assumption is incorrect. Many other problems in computer science, 
mathematics, and physics are shown to be unsolvable by piggybacking 
off the fact that the halting problem is unsolvable.

There are many other examples of physical limitations. For in-
stance, Einstein’s special theory of relativity tells us that a physical 
object cannot travel faster than the speed of light. And quantum the-
ory tells us that the action of individual subatomic particles is proba-
bilistic, so no physical process can predict how a given subatomic 
particle will act.

Mental Construct Limitations

Recall that although our minds are full of contradictions, we must, 
when dealing with science and mathematics, steer clear of them, and 
that means restricting certain mental and linguistic activities.

In the first years of elementary school, we learn an easy mental 
construct limitation: We are not permitted to divide by zero. Despite 
the reasons for this rule being so obvious to us now, let us justify it. 
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Consider the equation 3 × 0 = 4 × 0. Both sides of the equation are 
equal to zero and hence the statement is true. If you were permitted 
to divide by zero, you could cancel out the zeros on both sides of the 
equation and get 3 = 4. This outcome is a clear falsehood that must be 
avoided.

A more advanced result in which one sees the mental construct 
limitation more clearly is in Russell’s paradox. In the first few years of 
the 20th century, British mathematician Bertrand Russell described a 
paradox that shook mathematics to its core. At the time, it was believed 
that all of mathematics could be stated in the language of sets, which 
are collections of abstract ideas or objects. Sets can also contain sets, 
or even have themselves as an element. This idea is not so far- fetched: 
Consider the set of ideas that are contained in this article. That set 
contains itself. The set of all sets that have more than three elements 
contains itself. The set of all things that are not red contains itself. The 
fact that sets can contain themselves makes the whole subject ripe for a 
self- referential paradox.

Russell said that we should consider all sets that do not contain 
themselves and call that collection R (for Russell). Now simply pose 
the question: Does R contain R? If R does contain R, then as a member 
of R that is defined as containing only those sets that do not contain 
themselves, R does not contain R. On the other hand, if R does not 
contain itself, then, by definition, it belongs in R. Again we arrive at 
a contradiction. The best method of resolving Russell’s paradox is to 
simply declare that the set R does not exist.

What is wrong with the collection of elements we called R? We gave 
a seemingly exact statement of which types of objects it contains: “those 
sets that do not contain themselves.” And yet, we have declared that 
this collection is not a legitimate set and cannot be used in a math-
ematical discussion. Mathematicians are permitted to discuss the green 
apples in my refrigerator but are not permitted to discuss the collection 
R. Why? Because the collection R will cause us to arrive at a contradic-
tion. Mathematicians must restrain themselves because we do not want 
contradictions in our mathematics.

In 1931, Austrian mathematician Kurt Gödel, then 25 years old, 
proved one of the most celebrated theorems of twentieth- century math-
ematics. Gödel’s Incompleteness Theorem shows that there are state-
ments in mathematics that are true but are not provable. Gödel showed 
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this result by demonstrating that mathematics can also talk about itself. 
Mathematical statements about numbers can be converted into num-
bers. Using this ability to self- reference, he formulated a mathemati-
cal statement that essentially says: “This mathematical statement is not 
provable.” It’s a mathematical statement that negates its own provability. 
If you analyze this statement carefully, you realize that it cannot be false 

estiMatinG the unsolvable

How much is beyond our ability to solve? In general, such things 
are hard to measure. However, in computer science there is an 
interesting result along these lines. We all know of many differ-
ent tasks that computers perform with ease. However, there are 
many problems that are beyond the ability of computers. We can 
examine whether there are more solvable problems than unsolv-
able problems.

First, a bit about infinite sets. Mathematicians have shown that 
there are different levels of infinity. The smallest infinity cor-
responds to the natural numbers: {0, 1, 2, 3, …}. We say that 
this set of numbers is “countably infinite.” Although we can never 
finish counting the natural numbers, we can at least begin listing 
them. In contrast, the set of all real numbers—that is, numbers 
such as −473.4562372… and pi—are “uncountably infinite.” We 
cannot even begin to count them. After all, what is the first real 
number after 0? 0.000001? What about 0.0000000001? It can be 
shown easily that uncountably infinite sets are vastly larger than 
countably infinite sets.

Now let us turn to computers that solve problems. There are 
a countably infinite number of potential computer programs for 
solvable computer problems. In contrast, there are uncountably 
infinite computer problems. If one takes all the uncountably infi-
nite computer problems and subtracts the countably infinite solv-
able problems, one is left with uncountably infinite unsolvable 
problems. Thus, the overwhelmingly vast majority of computer 
problems cannot be solved by any computer. Computers can only 
solve a small fraction of all the problems there are.
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(because then it would be provable), and hence it must be true and con-
tradictory. But since it is true, it must also be unprovable. Gödel showed 
that not everything that is true has a mathematical proof.

Throughout mathematics and science, there are many other exam-
ples of mental construct limitations. For instance, one cannot consider 
the square root of 2 to be a rational number (see box called Rational 
Assumptions). Zeno’s famous paradoxes involving such conundrums as 
motion being an illusion, can also be seen as examples of mental con-
struct limitations.

Practical Limitations

So far, we have seen limitations that show it is impossible for something 
or some process (physical or mental) to exist. In a practical limitation, 
we are dealing with things that are possible, albeit extremely improbable. 
That is, it is impossible to make some prediction or find some solution in 
a reasonable amount of time or with a reasonable amount of resources.

The classical example is the butterfly effect from chaos theory. The 
phrase comes from the title of a 1972 presentation by mathematician 
Edward Lorenz of the Massachusetts Institute of Technology: “Predict-
ability: Does the flap of a butterfly’s wings in Brazil set off a tornado in 
Texas?” Lorenz was a meteorologist and a mathematician. He was dis-
cussing the fact that weather patterns are extremely sensitive to slight 
changes in the environment. A small flap of a butterfly’s wing in Brazil 
might cause a change that causes a change that eventually causes a tor-
nado in Texas. Of course, one should not go out and kill all the butter-
flies in Brazil; the butterfly flap might instead send a coming tornado 
off course and save a Texas city. The point of the study is that because 
there is no way we can keep track of the many millions of butterflies in 
Brazil, we can never predict the paths of tornados or of the weather in 
general. This thought experiment shows a limitation of our predictive 
ability.

Many other problems from chaos theory show limitations. Predict-
ing tomorrow’s lottery numbers is also beyond our ability. If you wanted 
to know the numbers, you would have to keep track of all the atoms in 
the bouncing ball machine—far too many for us to ever be able to do.

Perpetual motion machines are another example of a practical limi-
tation. There is essentially no way that one can make a machine that 
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will continue to move without losing all its energy. One might be 
tempted to say that this limitation is really a physical one because it says 
that a perpetual motion machine cannot exist in the physical universe. 
But by the second law of thermodynamics, it is extremely improbable 
for there to be a machine that does not dissipate its energy. Improbable, 
but not impossible.

The theory of thermodynamics and statistical mechanics is about 
large groups of atoms and the heat and energy they can create. Because 
in such systems there are too many elements to keep track of, the laws 
in such theories are given as probabilities, and are ripe for finding other 
examples of practical limitations. In computer science, an example of 
a problem that is theoretically solvable, but for large inputs will never 
practically be solved, is called the traveling salesperson problem (see box 
called The Shortest Route). There are many more.

Limitations of Intuition

The fourth type of limitation is more of a problem with the way we 
look at the world. Science has shown that our naive intuition about the 
universe that we live in needs to be adjusted. There are many aspects of 
reality that seem obvious, but are, in fact, simply false.

One of the most shocking examples of this false perception comes 
from Einstein’s special theory of relativity. The notion of space contrac-
tion says that if you are not moving and you observe an object moving 
near the speed of light, then you will see the object shrink. This obser-
vation is not an optical illusion: The object actually shrinks. Similarly, 
the phenomenon of time dilation says that when an object moves close 
to the speed of light, all the processes of the object will slow down. 
Of course, an observer traveling with the object will see neither space 
contraction nor time dilation. Thus, our naive view that objects have 
fixed sizes and processes have fixed duration is faulty.

Some of the most counterintuitive aspects of modern science occur 
within quantum mechanics. Since the beginning of the past century, 
physicists have been showing that the subatomic world is an extremely 
strange place. In addition to finding that the properties of things (such 
as a photon acting like a wave or a particle) depend on how they are 
measured, researchers have found that rather than a particle having a 
single position, it can be in many places at one time, a property called 
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superposition. Indeed, not only position, but many other properties of a 
subatomic particle, might have many different values at the same time. 
Heisenberg’s uncertainty principle tells us that objects do not have de-
finitive properties until they are measured. A famous concept called 
Bell’s theorem shows us that an action here can affect objects across the 
universe, which is called entanglement.

One might think that mathematics is always intuitive and that our 
intuitions in that field at least might never need to be adjusted. But this 
assumption is also not true. In the late nineteenth century, German 
mathematician Georg Cantor, a pioneer in set theory, showed us that 
our intuition about infinity is somewhat troublesome. The naive view 
is that all the infinite sets are the same size. Cantor showed that in fact 
there are many different sizes of infinite sets. (See box called Estimating 
the Unsolvable.)

In the sciences, whenever there is a paradigm shift, all of our ideas 
about a certain subject have to be readjusted. We have to look at phe-
nomena from a new viewpoint.

The Unknowable

The classification of the limitations of science is only beginning, and 
many questions still arise. Is this classification complete, or are there 
other types of limitations? Is there a subclassification of each of the 
classes? How do the methods of finding the limitations correspond 
to the types of limitation? Are there results that are in more than 
one classification? Because some of the results in the other classes 
might also be counterintuitive, there might be some overlap between 
categories.

How widespread is this inability to know? Most scientists work in 
areas in which progress in knowing happens every day. What about what 
cannot be known? In general, the concept is hard to measure. There 
are reasons to believe that there is a lot more “out there” that we can-
not know than what we can know. (See box called “Estimating the Un-
solvable” for such a calculation in computer science.) Nevertheless, it is 
hard to speculate. Isaac Newton said, “What we know is a drop, what 
we don’t know is an ocean.” Similarly, Princeton University theoreti-
cal physicist John Archibald Wheeler is quoted as saying, “As the island 
of knowledge grows, so does the shore of our ignorance.” Newton and 
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Wheeler were talking about what we do not know. What about what 
we cannot know?

Most of the limitations discussed here are less than a century old, a 
very short time in the history of science. As science progresses, it will 
become more aware of its own boundaries and limitations. By looking 
at these limitations from a unified point of view, we will be able to 
compare, contrast, and learn about these many different phenomena. 
We can understand more about the very nature of science, mathemat-
ics, computers, and reason.
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Stairway to Heaven:  
The Abstract Method and Levels 
of Abstraction in Mathematics

Jean- pierre Marquis

One of the distinctive features of twentieth- century mathematics 
is the rise and systematic use of the abstract method. This method 
changed dramatically both the very object of mathematics and its 
methods. Mathematics suddenly referred to groups, rings, fields, 
metric spaces, topological spaces, vector spaces, Banach spaces, man-
ifolds, lattices, and categories, and it relied on the abstract method 
for its presentation and development. The abstract method is at the 
core of what came to be known as “modern mathematics.” As a by- 
product, the abstract method opened the door to the idea that there 
are levels of abstraction in mathematics: there are parts of mathemat-
ics that are more abstract than others. Mathematicians themselves 
speak that way spontaneously. Here are three representative passages 
found in textbooks:

However, as we began to think about the task at hand . . ., we 
decided to organize the material in a manner quite different 
from that of our earlier books: a separation into two levels of 
abstraction . . . [12, p. xii]

This text attempts a different approach, letting the abstract 
concepts emerge gradually from less abstract problems about 
geometry, polynomials, numbers, etc. This is how the subject 
evolved historically. This is how all good mathematics evolves—
abstraction and generalization is forced upon us as we attempt to 
understand the “concrete” and the particular [27, p. 3].
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This book is intended as an introduction to that part of mathemat-
ics that today goes by the name of abstract algebra. The term “ab-
stract” is a highly subjective one; what is abstract to one person is 
very often concrete and down- to- earth to another, and vice versa. 
In relation to the current research activity in algebra, it could be 
described as “not too abstract”; from the point of view of someone 
schooled in the calculus and who is seeing the present material for 
the first time, it may very well be described as “quite abstract” 
[11, pp. 1–2].

The quotes state without any further explanation that there are levels 
of abstraction. The second quote goes somewhat further and asserts 
that the levels of abstraction arose historically and that abstraction was 
“forced” on mathematicians. It seems that for these quoted mathema-
ticians, the proposal that there are ideas, theories, and concepts that 
are more abstract than others is obvious and does not need any further 
clarification or discussion. It is as if the claim is based on a common, 
clear, and widespread mathematical experience.

The last quote has a different flavor. The author suggests that “being 
abstract” is a subjective term. As I hope to show in this paper, I think 
that this claim is plain wrong. I submit that the author is confusing fa-
miliarity with a subject with its abstract character.

My goal in this paper is to clarify what mathematicians might mean 
by levels of abstraction. I believe that the claim can be taken literally 
and that it is not a subjective matter. It is, as I will argue, a conse-
quence of the abstract method itself. The paper will therefore proceed 
as follows. In the next section, I will provide an overview of what I 
take to be the main components and properties of the abstract method 
in mathematics. I will then propose a definition of levels of abstrac-
tion based on some of the elements of that method. Finally, in the last 
section, I will explore some of the philosophical consequences of this 
approach.1

The Abstract Method: Basic Moments

I have elsewhere presented some of the historical roots and moments 
of the abstract method in mathematics [20]. It is nonetheless necessary 
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to recapitulate and develop from a different perspective the conceptual 
ingredients of my analysis.

Informally, the abstract method can be described as follows. It is 
made up of three different moments:2

1. The first moment is the identification of invariant properties 
in theories, which seem to be essentially incompatible at first 
sight.

2. The second moment is the systematic ignorance of some of 
the specific properties of the objects of each theory (this is 
the step that justifies the name “abstraction” since one has to 
“subtract” key properties of the objects of the given theories) 
and the presentation in an appropriate language of the invari-
ant properties.

3. The last moment is the identification of a criterion of identity 
on the basis of the properties chosen and, thus, the introduc-
tion of a new type of entities, the abstract entities, and the 
exploration of the properties of these new entities.

Let me reformulate these moments, using a somewhat more formal 
set- up.3 The abstract method comprises three basic parts that are re-
lated systematically and thus make a whole. The first part is what I 
call a domain of significant variation. It is made up of at least three essen-
tially different theories, denoted by T1, T2, and T3. The second part is 
a method of presentation together with a method of development, which was 
historically identified with the axiomatic method and which yields a new 
theory, denoted by TAbs. The third part is a new criterion of identity for the 
emerging entities, X ≃TAbs

 Y.
The links between the parts are as follows. Between the domain of 

significant variation and the method of presentation and development, 
we have what I call the formalist stance, and it consists of identifying the in-
variant properties within the domain of variation and forgetting what the 
symbols used actually refer to. Between the method of presentation and 
the criterion of identity, we have the extraction of a new criterion of identity 
together with the understanding of how it applies, that is, using the new 
criterion in a way that the following form of Leibniz’s principle applies:

If P(X) and X bTAbs
 Y, then P(Y).
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Here is a diagram capturing the components and their relations.

T2 * TAbs $ X bTAbs
 Y

One simple historical example might be useful before I explain the 
diagram, and thus the method, in more detail. One of the first cases 
of an extraordinarily successful abstraction in the history of modern 
mathematics is certainly that of metric spaces, introduced by Fréchet 
around 1906 in the context of functional analysis.4 At the turn of the 
century, mathematicians thought of manifolds as subspaces of spaces 
of real or complex points. Fréchet, for instance, was dealing with the 
usual manifolds, namely ℝ, ℝ2, . . . , ℝn, . . . , C, C2, . . . , Cn together 
with functions between them on the one hand, and infinite- dimensional 
functional spaces together with operators between them on the other 
hand. In his thesis, Fréchet gives the following four examples of func-
tional spaces (see [8] or [28]).

1. Let J be a closed interval of the real line ℝ and consider the 
space ℝJ of continuous functions ƒ : J " ℝ. A metric on RJ is 
defined by

d( f, g) = max(|f(x) − g(x)|)  ∀x eJ.

2. Consider the space E∞ = ℝN of infinite sequences x = (x1, 
x2, . . .) of real numbers. A metric on E∞ is given by

( , ) ! .d x y n x y

x y1
1n n n

n n

1 −

−
=

+

3

=
/

3. A space of parametrized curves in ℝ3 with the standard Euclid-
ean metric between points. Using the latter, Fréchet defines a 
metric between the curves.

4. Finally, let A be a complex plane region whose boundary 
consists of one or more contours. Let {An} be a sequence of 
bounded regions such that An f intA(n+1) and An f int(A) and 

T3

#$

#$

T1
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such that any given bounded region in the interior of A is in the 
interior of some An for n sufficiently large. Consider the space 
{ f : int(A) " C|f is holomorphic}, and let

Mn( f,g) = max|f(z) − g(z)|

 when z is in the closure of An.

The metric between two such functions is then defined by

( , ) ! ( , )
( , )

.d f g n M f g
f gM1

1n n

n

1
= +

3

=
/

Although I haven’t described the third example in detail, I hope that 
it is nonetheless clear that these examples are radically different from 
one another and, perhaps even more so, from the spaces of points ℝn 
and Cn. I submit that if we did not know about the metric involved in 
each case, we might not see the invariant features involved. Indeed, 
we are accustomed to attribute certain properties to real functions, 
e.g., continuity, differentiability, roots, maximum, minimum, and 
we represent the graph of a function as a one- dimensional path in 
the codomain, thus as something that necessarily has a length. We 
think of a real function as a systematic relation of dependence be-
tween two or more properties, as a quantity that varies according to 
a certain pattern or whose variation depends on another variation. 
A function is essentially thought of as dynamic. The four examples 
given by Fréchet are of this kind. A (real) point is, well, a point. It 
has none of the properties of a function. Thus, the properties of the 
elements of R and even Rn are incommensurable with the properties 
of the elements of a function space. I want to insist on the fact that 
given the properties of functions and given that we think of functions 
with their properties, it is hard to conceive of a space of functions, 
that is, treating the latter as being points. It is as if we were trying 
to think of the properties of functions and forget about them at the 
same time. Of course, as soon as we have succeeded in thinking of 
them as spaces, we stumble on what is certainly seen as being the 
main difference between these spaces and the usual spaces of points: 
the examples given here are infinite dimensional. Thus, we also have 
two different types: finite dimensional spaces on one side and infinite 
dimensional spaces on the other.
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I want to emphasize the fact that to see the invariant features between 
the different theories, one has to forget or ignore essential aspects of the 
objects and their properties involved. One has to ignore key properties 
of functions, of series, of the complex numbers, etc. One of the ways 
to succeed in this operation is to concentrate on the formalism, the 
symbols, and the operations on these symbols. This posture is what I 
call the formalist stance. Historically, it is easy to find mathematicians 
emphasizing the necessity of this stance. Here is one clear illustration:

In the following an attempt is made to present Galois theory of 
algebraic equations in a way which includes equally well all cases 
in which this theory might be used. Thus we present it here as a 
direct consequence of the group concept illuminated by the field 
concept, as a formal structure completely without reference to any nu-
merical interpretation of the elements used. (Weber 1893, p. 521, 
quoted by [4, p. 36])[my emphasis].

Weber says clearly that in this case, one has to forget what the symbols 
stand for and concentrate on the formal structure, on the relations and 
operations that exist between the objects. The same posture applies 
to the case of metric spaces: one has to forget the idiosyncrasies of the 
elements of the various spaces, what the symbols refer to, and focus on 
the invariant structural features that these domains share. Notice that 
if one does not move to the next step, namely, the extraction of an ap-
propriate criterion of identity for new objects, then the only coherent 
philosophical position left is a variant of formalism.

Thus, the next step consists of finding the proper language and the 
right properties to present the invariant features involved in the domain 
of significant variation. Historically, the axiomatic method seemed per-
fect for the purpose. So much so that mathematicians often identify the 
axiomatic method with the abstract method. I will come back to this 
point later.

After the invariant properties have been identified, it is only natural 
to investigate the logical consequences of these properties and verify 
that it is possible to develop relevant and useful mathematics from 
them. Then, and only then, a criterion of identity for the new, abstract 
entities can be extracted. In other words, the criterion of identity can-
not be given a priori, but is derived from the theory.5
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Let us now look at these components and their relations one by one.

doMain of siGnificant variation

Thus, owing to its abstract foundation, modern algebra winds a 
unifying band of method around essentially different things and in 
this way contributes to the required organic and systemic unifica-
tion of mathematics [10, pp. 18–19][my emphasis].

In the foregoing diagram, I have included three, essentially different theo-
ries. I claim that these two elements, that is, the number of theories 
and the fact that they differ in an essential manner, are necessary and 
sufficient for the abstract method to be used in a particular case.

The number three is not accidental. It seems to play a key role in 
the method itself. I have to emphasize that I present this claim as an 
empirical hypothesis. Although with hindsight, there are good reasons 
to believe that the number of theories is indeed necessary, it came to 
me a posteriori, by examining the historical record. Let me start with a 
long quote from a historian of mathematics who happened to come to 
the same conclusion for a specific important case.

It is obviously true that the concept of a permutation group de-
rived from the development of the theory of algebraic equations 
and from Galois theory. But this development, associated with 
the names of A. Vandermonde, J.- L. Lagrange, P. Ruffini, N. H. 
Abel, E. Galois, J.- A. Serret, and C. Jordan, is just one of the his-
torical roots of group theory. The mathematical literature of the 
nineteenth century, and especially the work of decisive impor-
tance for the evolution of the abstract group concept written at 
the century’s end, make it abundantly clear that that development 
had three equally important historical roots, namely, the theory 
of algebraic equations, number theory, and geometry. Abstract 
group theory was the result of a gradual process of abstraction 
from implicit and explicit group- theoretic methods and concepts 
involving the interaction of its three historical roots. I stress that 
my inclusion of number theory and geometry among the sources 
of causal tendencies for the development of abstract group theory 
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is grounded in the historical record and is not the result of a back-
ward projection of modern group- theoretic thought ([31, p. 16]).

This is but one case. What is striking is that when one looks at the de-
velopment of ring theory and field theory, one finds a similar situation. 
(See, for the case of ring theory, [14, 5] and, for the case of field theory, 
[15].) As we have seen, Fréchet took the time to present four differ-
ent function spaces, as well as the usual manifolds. What is even more 
striking is that the abstract method, conceived as a genuine method 
in algebra, arose only after there were three different cases where the 
method turned out to be fruitful: groups, rings, and fields.

We can also find theoretical reasons that make the claim a priori 
plausible. Indeed, when there are two theories, it seems reasonable to 
think that one will consider either a simple generalization or an anal-
ogy between them. When there are at least three essentially different 
theories, then the essential differences make it difficult to believe that 
a simple generalization is possible, and the fact that there are at least 
three brings us immediately outside the realm of analogies.

The idea of a significant variation can be expressed more formally as 
follows. Each theory Ti has its own criterion of identity a ≃Ti b. There-
fore, we are dealing with (at least) three distinct criteria of identity 
satisfying Leibniz’s principle6:

1. In T1, if P(a) and a ≃T1 b, then P(b).
2. In T2, if Q (f) and f ≃T2 g, then Q (g).
3. In T3, if R(a) and a ≃T3 b, then R(b).

These are incompatible in the sense that one would not, for instance, 
necessarily attribute certain properties, say P1, . . ., Pn to the objects 
ai of T3 and conversely, one would not apply the properties R1, . . ., Rk 
to the objects ai of T1. In fact, in some cases, even if one would try to 
apply, let us say Pi to aj, one would in some cases consider ¬Pi instead. 
Thus, to abstract properly, it is necessary to be able to ignore, forget, 
or subtract some of the properties of the objects in the given theories. 
Furthermore, the properties that have to be subtracted are not neces-
sarily the same in each case. I submit that this is a real cognitive stum-
bling block to abstraction in mathematics. A clear empirical hypothesis 
could be formulated and be tested on students learning vector spaces, 
group theory, topology, or any other similar theory.
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In other words, the epistemic attention has to shift from certain 
pregnant features of the objects under study to the invariant elements 
involved across the various theories. The latter are usually operations 
or relations between these objects. Again, I want to emphasize that at 
this stage, one could stop and either work in a purely formal fashion or 
consider that one is doing algebra in the classical sense of that word, 
that is, working on generalized arithmetic operations. As we have in-
dicated elsewhere (see [20]), it is easy to find this attitude in the nine-
teenth century, especially when one looks at the development of algebra 
during that period. The situation changes radically after it is clear that 
it is possible to consider a new type of entities supporting these prop-
erties and relations. After the invariant features have been identified, 
recognized as such, and confirmed as being the same in all cases, then 
a criterion of identity can be formulated. The invariant component is 
from then on circumscribed clearly and independently of the original 
entities. These are seen to be instances of these new types and are stud-
ied as such, that is, there is a shift of attention from the old criterion of 
identity and its associated properties to the new criterion and its associ-
ated properties.

Very often, it is then possible to discover and construct new, un-
foreseen instances of these new abstract entities. Thus, the domain of 
variation can expand and is never fixed once and for all. In more philo-
sophical terms, after the new types have been fixed, known examples 
become tokens of the type, and new, unforeseen tokens can be con-
structed or discovered.

the axioMatic Method and the abstract Method

From a historical perspective, the abstract character of contempo-
rary mathematics can be attributed, at least in part, to the axiomatic 
method. However, many mathematicians identify the abstract method 
with the axiomatic method. To wit:

The abstract or postulational development of these systems must 
then be supplemented by an investigation of their “structure.” 
([17, p. 18], quoted also by [4, p. 258]) [my emphasis].

Mac Lane’s formulation is typical of the period: the abstract and the 
axiomatic seem to be interchangeable. This attitude still prevails today:
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It is abstraction—more than anything else—that characterizes the 
mathematics of the twentieth century. There is both power and 
elegance in the axiomatic method, attributes that can and should 
be appreciated by students early in their mathematical careers 
and even if they happen to be confronting contemporary abstract 
mathematics in a serious way for the very first time ([30, p. ix]).

Again, the author writes as if the axiomatic method and the abstract 
method were the same thing. The axiomatic method is but one method 
of presentation and development of the invariant content of theories in 
the domain of variation. The axiomatic method played a key role in the 
construction of the abstract method, but the latter is not the same thing 
as the axiomatic method.

It is extremely easy to convince oneself that the axiomatic method 
has nothing to do, by itself, with the abstract. Indeed, one can use the 
axiomatic method to present a theory about a unique set of entities, as 
it was probably conceived to present Euclidean geometry. One can even 
use the axiomatic method to present a physical theory, e.g., a theory 
about the concrete world. Thus, as such, it is hard to see how one can 
identify the abstract with the axiomatic.

The fact is that the axiomatic method has a long history and there-
fore has acquired various, even incompatible, roles in mathematics and 
in foundational studies. Let us briefly recapitulate some of the func-
tions of the axiomatic method.

Let us start with Hilbert:

Hilbert’s own use of the axiomatic method involved, by defini-
tion, an acknowledgment of the conceptual priority of the con-
crete entities of classical mathematics, and a desire to improve our 
understanding of them, rather than a drive to encourage the study 
of mathematical entities defined by abstract axioms devoid of im-
mediate, intuitive significance . . . All the concepts introduced in 
algebra derive their meaning, their justification and their prop-
erties from those of the systems of complex and real numbers, 
rather than the other way around ([4, p. 170]).

Here the axiomatic method is clearly separated from “abstract axioms.” 
Corry claims that, for Hilbert, the axiomatic method had little to do 
with the abstract method and, what it had, it had only in a derivative 
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manner. The key element, for Hilbert, is the desire to improve our un-
derstanding of concrete entities of classical mathematics, and the axi-
omatic method becomes a tool for that very purpose.

For him [Hilbert], the real focus of interest lay in the interrelation 
among the various groups of axioms, rather than among the indi-
vidual axioms across groups. For him, the groups corresponded 
to the isolable basis of our spatial intuition and the main task of his 
axiomatic approach was to show the way in which they logically 
interacted to create the body of geometric knowledge ([6, p. 5]).

Often, when a domain of inquiry is axiomatized, the goal is to lay bare 
the underlying logical structure of the system of definitions and proofs, 
because the field has become a complete conceptual mess. Clarity and 
order are brought by a clean and lean axiomatic development. The 
structure of logical dependence between (1) primitive notions and the 
defined ones are exhibited and (2) the axioms and the deduced proposi-
tions are displayed openly. Thus, a structure of justification between 
the notions as well as between the propositions and based solely on logi-
cal relationships becomes transparent. As such, the axioms can be pre-
sented as constituting the foundations of the given domain. Hilbert’s 
work in the foundations of geometry belongs to that category.

Some philosophers and mathematicians attribute an additional epis-
temic function to axioms in this context: the axioms should provide 
basic, self- evident truths on which the whole given domain rests. 
Frege, for one, certainly believed that axioms had to have this epistemic 
feature.7 This desideratum is clearly not an ingredient of the abstract 
method. It is hard to convince oneself that the axioms of group theory, 
for instance, are self- evident.

After Hilbert and using some of Hilbert’s tools, logicians and math-
ematicians turned their attention to axioms themselves. This became 
known as postulational analysis and was energetically developed in the 
United States by E. H. Moore and his students.

But in the case of E. H. Moore, his students at Chicago, and 
some other contemporary USA mathematicians, their study 
of the Grundlagen led to development of a point of view that di-
verged from Hilbert’s in this significant yet subtle matter: they 
turned the analysis of systems of axioms into a field of intrinsic 
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mathematical interest in which the requirements introduced by 
Hilbert oriented the research questions and afforded the main 
technical tools to deal with them ([6, p. 5]).

The function of the axiomatic method is now different. One wants to 
reduce the number of axioms, investigate their independence, the cat-
egoricity of the system, their (syntactic) coherence, and, later the se-
mantic coherence, completeness, etc. Clearly, the abstract method has, 
in itself, nothing to do with this usage of axioms.

Of course, axioms and the axiomatic method did play a key role 
in the rise of the abstract method. The axioms capture the invariant 
features of the theories under investigation. After these have been iden-
tified, the axiomatic method allows for the systematic and rigorous 
development of the consequences of these features. One could use a 
different method of presentation of the invariant features. It depends 
on the linguistic means available. For instance, nowadays, it would be 
possible to use a graphical language to present a new theory by using 
what are called sketches. (See [1] for an introduction to the language of 
sketches as a method of presentation of theories.) Be that as it may, I 
think that the identification of the axiomatic method with the abstract 
method introduces some confusion. Indeed, some mathematicians 
started to attribute to the axiomatic method virtues that belong to the 
abstract method.8 I will get back to this important point in the section 
on philosophical consequences.

extractinG a criterion of identity

I claim that the extraction of a criterion of identity has been the blind 
spot in the mathematicians’ journey through the abstract method. Con-
temporary mathematicians nowadays suppose that the proper criterion 
of identity comes almost automatically with the right axiomatic theory. 
For this is how we are taught modern mathematics: one learns the axi-
oms, some of their most important consequences, and, immediately 
after, the proper notion of homomorphism for the structure given and 
the resulting notion of isomorphism for that structure. We now take 
for granted the last notion and its importance. Historically, there is a 
time lag between the identification of a certain mathematical structure 
and its proper criterion of identity. This is not surprising as such. What 
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is somewhat surprising is the length of the delay between the identifica-
tion of the properties and the proper criterion of identity. Two histori-
cal cases can be mentioned: the case of homeomorphism for topological 
spaces and the case of equivalence for categories.

Topology slowly emerged as a field at the beginning of the twentieth 
century, and Hausdorff axiomatized the theory for the first time in 
1914.9 However, the definition of homeomorphism is nowhere to be 
found in the original edition of the book, although the concept is clearly 
there, probably under the influence of Fréchet’s work, in which it is 
clearly identified. It is, however, identified as such by Hausdorff in his 
1927 edition. Kuratowski wrote clearly and unambiguously in 1921 the 
clear conception of the notion of homeomorphism and its importance 
for topology, thus, almost ten years after Hausdorff’s axiomatization. If 
one considers the roots of topology and looks at analysis situs, then one 
finds that it took far more than a decade to set the record straight; in 
fact, it took almost fifty years. According to G. H. Moore, “at different 
times and by different authors, at least four distinct concepts were iden-
tified in Euclidean spaces with those mappings under which topologi-
cal properties were invariant” ([23, p. 333]). These four concepts are: 
the concept of injective continuous mapping, that of homeomorphism, 
the notion of deformation, and, finally, the concept of diffeomorphism. 
What will certainly surprise a contemporary mathematician is that “it 
took decades for mathematicians to learn to distinguish clearly between 
them” [23, p. 334]. These four different concepts were clearly seen as 
being different by the community at large by the 1930s.

Another significant example is provided by category theory. (See 
[16] and [18] for more on the history of category theory.) In Eilenberg 
and Mac Lane’s original paper published in 1945 ([7]), one does find 
the notion of isomorphism of categories, and it was certainly assumed 
by Eilenberg and Mac Lane that the latter was the proper criterion of 
identity for categories. However, for reasons that would take us too 
far from our present concern, the notion of isomorphism of catego-
ries turned out to be inappropriate as a criterion of identity in the 
practice of category theory, in particular when one considers functor 
categories, for example, categories of sheaves in the context of alge-
braic geometry. I hasten to add that although Eilenberg and Mac Lane 
considered functor categories in their original article, these categories 
played a purely auxiliary role in the original paper. This fact changed 
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completely when the theory came into the brains of Grothendieck and 
Kan in the mid- 1950s. Indeed, functor categories moved to center 
stage from that moment on. Be that as it may, the proper criterion of 
identity for categories, namely, the notion of equivalence of catego-
ries, was introduced explicitly as such by Grothendieck in his famous 
Tohoku paper published in 1957 ([9]), twelve years after Eilenberg and 
MacLane’s original paper.

Our main point is simple: it is not until the proper criterion of iden-
tity has been identified and applied systematically that the theory ac-
quires an autonomy, both epistemological and ontological. Notice also 
that it is the presence of a new criterion of identity that allows us to say 
that we are indeed in the presence of a new type of abstraction, for as 
we have seen, the usage of the axiomatic method in itself does not entail 
the need for a new criterion of identity. In the case of a given classi-
cal domain with a given criterion of identity, the role of the axiomatic 
method is radically different than the one it plays in the context of the 
abstract method. The identification of the proper criterion of identity 
is of fundamental importance, since it allows us to sift the properties 
of the resulting theory from the properties of the previous theories. In 
other words, it captures the process of abstraction itself.

I claim that we now have all the pieces lying in front of us. I have pre-
sented the bare bones of the abstract method that characterized mod-
ern mathematics. We are now ready to see how the abstract method 
leads to levels of abstraction.

The Abstract Method and Levels of Abstraction

The goal in this section is to propose a more formal analysis of the no-
tion of levels of abstraction in mathematics. I have to make two prelimi-
nary remarks. First, one could and perhaps should provide an analysis 
that would be completely formal, that is, one that would use logical 
systems and translations between logical theories to arrive at a precise, 
rigorous, and formal definition. I will leave this approach to another 
time. Second, I strongly believe that the following analysis illuminates 
certain aspects of the space of mathematical concepts, to use a meta-
phor, and even though it might turn out to be flawed, it is my conviction 
that it points in the correct direction. Third, I am not claiming that this 
analysis reflects in any way how these concepts were in fact discovered 
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in the last century. I am here moving away from the historical record 
and considering various questions more from a logical point of view.

These remarks being made, let us start with a few paradigmatic 
cases of mathematical concepts that seem to be at different levels of 
abstraction.

I submit that the notion of topological space is more abstract than the 
concept of metric space.10 Informally, the idea is that there is more sig-
nificant variation among topological spaces than there is among metric 
spaces. This informal claim rests in part on a series of precise math-
ematical results that are well known.

First, every metric space give rises to a topological space in a ca-
nonical way. Second, every map between metric spaces, that is, every 
continuous map that does not increase any pairwise distance,11 is triv-
ially a continuous map between the associated topological spaces. In 
other words, there is a canonical functor from the category of met-
ric spaces to the category of topological spaces. However, it is also 
a well- known result that not all topological spaces are metrizable. 
Only topological spaces satisfying certain properties are metrizable. 
Finally, two different metric spaces can give rise to the same topo-
logical space.

Are these facts enough to conclude that the concept of topological 
space is more abstract than the concept of metric space? Notice that 
both categories are “just as big,” that is, it seems hopeless to exploit 
some cardinality condition in general. Being less abstract cannot merely 
be captured, for instance, by the fact that the extension of the concept 
D, for example, being a metric space, is strictly included in the concept 
C, for example, being a topological space. The structures involved, 
their properties, and how they are related have to be used to make 
sense of the notion of levels of abstraction. Notice also that it seems 
inappropriate to simply say that the notion of topological space is more 
general than the notion of metric space. It is indeed, but from an epis-
temological point of view, to focus on generality is to miss the point of 
the conceptual difference between the two notions.

Let us go up the stairs of abstraction. I claim that the notion of locale 
is more abstract than the notion of topological space. (See [13, 24] for 
more on the theory of locales.) The reasons are essentially the same 
as those of the foregoing example. To see this, let us briefly recall the 
definition of a locale and certain basic facts about them.
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We first have to start with the algebraic notion of frame. A frame is 
a partially ordered set with finite meets and arbitrary joins such that 
meets distribute over joins. A morphism of frames is a map of sets that 
preserves finite meets and arbitrary joins. Notice that a frame is auto-
matically a Heyting algebra, but that frame homomorphisms need not 
preserve the Heyting implication. In fact, frames are sometimes identi-
fied with complete Heyting algebras. We can therefore consider the 
category of frames and frame homomorphisms. The category of locales 
is the opposite of the category of frames, that is, it has the same objects 
but the morphisms go in the opposite direction.

To understand the link between locales and topological spaces, one 
has to consider the algebra of open sets of a topological space. It is easy 
to see that it is a frame. Thus, every topological space gives rise in a 
canonical way to a locale and every continuous map gives rise to a map 
of locales. However, the notion of locale, although closely related to 
the notion of topological space, yields a different mathematical theory 
of space. The crucial difference is that, in a very specific sense, the 
theory of locales is the theory of pointless topology. Whereas a topo-
logical space always has an underlying set of points, the basic notion in 
locale theory is the notion of open subspace, the notion of point being 
a special case of the latter. For instance, there are nonempty locales 
that are without points.12 The key is of course the notion of point. In a 
category C, a point of an object X of C is given by a morphism from the 
terminal object 1, assuming the latter exists, into X. In the category 
Set of sets and functions, there is a bijection between the elements of a 
set X and its points in this sense, for the terminal object of the category 
of sets is any singleton set. In the category Top, a point of a space X is 
a continuous morphism from the one- point space 1 into X. The locale 
corresponding to the one- point space 1 is of course the two- element 
poset, in fact, Boolean algebra 2 and, therefore, a point of a locale O(X) 
is a morphism 2 " O(X). Given that the category of locales is the op-
posite of the category of frames, points of locales correspond to frame 
homomorphisms O(X) " 2. As is well known, there are nonatomic 
Boolean algebras, thus pointless locales.

As in the previous case, there are different (nonsober) topological 
spaces, that is, nonhomeomorphic spaces that give rise to isomorphic 
locales.13 Again, since there are pointless locales, the notion of locale 
is indeed also more general than the notion of topological space, and 
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not all locales are spatial.14 I claim that in this case also, it would be 
insufficient to merely focus on the difference in generality between the 
concepts. There is something else, something epistemologically more 
important at work.

Here is an example of two notions that I believe are at the same level 
of abstraction: the notion of group and the notion of abelian group. I 
submit that they are just as abstract and that the property that separates 
them does not introduce a difference in their level of abstraction.

It would be easy to multiply the examples and explore various cases. 
(I encourage the reader to do so!) But our goal here is more modest. 
We only presented these examples to convince the reader that it seems 
plausible to say that a given mathematical notion is more abstract than 
another, and I hope that these examples are plausible.

Let us sum up. We are now in the following position. First, there is 
circumstantial empirical evidence that mathematicians accept the idea 
that there are levels of abstraction in mathematics. Second, the abstract 
method, as it was developed in the twentieth century, clearly opens the 
door to a procedure that can yield different levels of abstraction, pro-
vided that the latter notion makes sense at all. Third, there are cases of 
mathematical notions about which it seems reasonable to say that they 
differ in their levels of abstraction. It is another matter to say exactly 
what differing in levels of abstraction might mean. Assuming that we 
have sufficient evidence to conclude that there is a need for some sort of 
philosophical clarification of the notion of levels of abstraction, I pres-
ent the following proposal.

Let T1 and T2 be two mathematical theories such that there is a ca-
nonical way to transform every model of T2 into a model of T1. Given a 
model M of T2, we denote the canonical model of T1 it gives rise to by 
F(M). We say that T1 is more abstract than a theory T2 if

1. ( )( )( )( )( )M M M M M MFF1 1 2 1 22 TT 12
&6 6 ,,

2. ( )( )( ( ) ( ) ).M M F M F M MM1 2 2 1 2T T1 2
7 7 @, K .

3. The objects F(M2) and F(M1) are nontrivial.

The first clause simply says that the theories are connected in a sys-
tematic fashion, that is, the criteria of identity of T2 are preserved by 
the canonical transformation F. Notice that any functor between two 
categories of models automatically preserves isomorphisms. Hence, we 
have a specific framework in which this condition is easily satisfied. 
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More importantly, the functor F has to be canonical. This is obviously a 
tricky expression, and although it is used by mathematicians in numer-
ous circumstances and occasions, it does not have a precise technical 
meaning. Nor will we try to give one to it.15 The second condition 
captures the idea that we are dealing with an abstraction process. As we 
have indicated in the section entitled “Extracting a Criterion of Iden-
tity,” criteria of identity allow one to determine the relevant properties 
of given objects. Thus, the condition stipulates that there is at least one 
property that allows one to distinguish between M1 and M2 but that 
when one moves to the canonical objects F(M1) and F(M2) arising from 
M1 and M2, respectively, it is no longer possible to distinguish them. 
In other words, the discriminating properties were abstracted from 
M1 and M2. The third condition is simply there to block trivial cases 
in which one would erroneously conclude that there is a new level of 
abstraction when, in fact, one has in some sense abstracted everything.

We can now assert that topology is more abstract than the theory 
of metric spaces and that the theory of locales is more abstract than 
topology. Our informal exposition earlier contains all the required in-
gredients to verify that the formal characterizations apply. I will leave 
to the reader the pleasure of exploring other cases and coming to its 
conclusions.

Some Philosophical Consequences

This section will be sketchy and brief. I will barely touch upon some of 
the consequences of the foregoing proposal here.

episteMoloGical consequences of the abstract Method

The axiomatic method is thus first a method of economy of 
thought, in that it allows to condense many different reasonings in 
one. (…) But the axiomatic method is also a method of discovery 
and of progress.16 (Weil, pp. 19–20 [32]) [my translation].

I believe this is another revealing case of a mathematician confusing the 
axiomatic method with the abstract method. I submit that it is really 
the abstract method that has the virtues expounded by Weil and that 
the axiomatic method is, in this particular context, a useful tool in the 
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application and development of the abstract method.17 Thus, one of the 
characteristics of the development of mathematics in the twentieth cen-
tury is the systematic use of the abstract method and, as a consequence, 
the fact that mathematics has become more abstract in the foregoing 
precise sense. It is not the only aspect, but it is certainly one of the 
distinguishing features of modern mathematics. As Weil sees so clearly, 
the epistemological benefits of the abstract method are immense. First, 
many different results can now be proved in a uniform manner and 
from a common core. There is, to use contemporary language, a form 
of “compression” of the mathematical information. One and the same 
proof now applies to significantly different mathematical domains, and 
the proof exhibits the bare essentials involved in the result. This was 
also mentioned explicitly by Banach in the introduction of his book on 
functional analysis.

The aim of the present work is to establish certain theorems valid 
in different functional domains, which I specify in what follows. 
Nevertheless, in order not to have to prove them for each par-
ticular domain, I have chosen to take a different route . . .; I con-
sider sets of elements about which I postulate certain properties; 
I deduce from them certain theorems, and I then prove for each 
particular functional domain that the postulates adopted are true 
for it (Banach, quoted by Moore [22, p. 280]).

That is a crystal- clear exposition of the abstract method and its 
advantages.

Second, the abstract method is a method of discovery. Again, as such, 
the axiomatic method is not traditionally thought of in those terms.18 
Certainly, philosophers never thought of the axiomatic method as a 
method of discovery. In the context of the abstract method, however, it 
makes perfect sense. Indeed, given (at least) three domains where there 
is significant variation, if indeed one can discover common traits that 
can be used to prove important features of the situations, the method 
can be seen as a method of discovery and, as the quote by Weil shows, 
it has been considered as such.

Last, but not least, Weil associates the method with the idea of prog-
ress. I cannot venture into the conception of progress underlying Weil’s 
claim, apart from the trivial claim that it is seen in a positive light. I 
will nonetheless speculate that progress in this particular context is 
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linked to understanding. It can certainly be claimed that by identifying 
features that are abstracted from significantly different situations that 
nonetheless allow us to prove important facts of these situations, one is 
led to conclude that essential properties and relations have been brought 
to the fore and that these essential features, these new concepts, allow 
us to understand why these results hold. For now, we have the bare 
essentials involved in these significantly different cases. Notice that, as 
another benefit of the method, one obtains a form of unity of mathe-
matics, a unity that is not so much the fact that all mathematical entities 
can be defined as sets, but rather as a working unity, as concepts that 
play important roles in different domains. Certain concepts arise in do-
mains that are significantly different, sometimes in unexpected ways. It 
is of course their abstract character that makes this even possible.

beinG abstract

Traditionally, the property of being abstract is opposed to the property 
of being concrete. Thus, an entity is either abstract or concrete, period. 
As such, the distinction is presented as being an ontological distinction. 
The usual strategy is to provide a way to characterize what it is to be 
concrete, for example, being causally efficacious or having spatiotem-
poral coordinates, and then saying that something is abstract if it is not 
concrete. It is well known that these criteria all have shortcomings. No 
matter how you describe them, it is clear that mathematical entities are 
not concrete in the ontological sense. But I would rather oppose concrete 
to nonconcrete than to abstract. I imagine that it is possible for some-
thing to be not concrete without being abstract, that is, without being 
the result of a process of abstraction. Be that as it may, it should be clear 
by now that the problem I meant to explore is purely epistemological. 
It is rather a question of how to introduce differences within the realm 
of abstractions.

It is a consequence of my approach that the distinction between lev-
els of abstraction is relative to a given background. I have not given an 
absolute characterization of levels of abstraction. In a sense, it is purely 
“local.” For instance, the concept of topological space is more abstract 
than the concept of metric space, but it is less abstract than the concept 
of locale. Thus, although the distinction is not subjective, it is relative. 
Someone can say that something is abstract, whereas somebody else 
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will say that the same piece of mathematics is not that abstract, and it 
won’t constitute a contradiction. In these cases, one has to unearth the 
underlying context, the various domains of variation that are involved, 
the relationships between the concepts, if there is any, and the canoni-
cal connections between them, if there are any. It should also be obvi-
ous that there are concepts that are simply incomparable with respect 
to their level of abstraction. I believe this is as it should be.

GoinG up the ladder of abstraction

I submit that mathematics in the twenty- first century is, as a matter of 
fact, becoming more abstract and it is an inevitable result of the applica-
tion of the abstract method in various contexts.

Sometimes, mathematicians do not even see that they are introduc-
ing a domain of variation. This phenomenon happened at least twice 
in the twentieth century, and they turn out to be conceptually closely 
related: category theory and homotopy theory. I will ignore homotopy 
theory in this paper, although it certainly deserves a whole book. When 
they were first introduced by Eilenberg and Mac Lane, categories were 
not even considered as being genuine mathematical entities. They were 
merely conceived as a convenient tool. The language of category theory 
was thought to be merely useful in that it brought a certain order in 
fields that were at that time rather messy, for example, algebraic topol-
ogy and the emerging homological algebra. But the introduction of a 
language introduces with it the possibility of expressing properties in a 
new way, expressing new properties, and detecting invariant patterns 
that were hidden before or simply nonexistent. If, moreover, that lan-
guage has the resources to express in a new fashion criteria of identity, 
as is the case with category theory, then everything is in place for the 
process of abstraction to start and this is precisely what happened with 
category theory. First, categories include in an intrinsic fashion a crite-
rion of identity for the objects of a given category, namely, the notion 
of isomorphism for that category. It naturally comes with the notion 
and the context. After you have identified a category, you have a notion 
of isomorphism, a criterion of identity, for its objects. However, as I 
have already mentioned, the proper criterion of identity for categories 
themselves is not the notion of isomorphism of categories. It is the no-
tion of equivalence of categories.19 It is easy to convince oneself that 
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by adopting the latter criterion we are going up the ladder of abstrac-
tion. And it does not stop there. In fact, there is a whole hierarchy of 
levels, called higher- dimensional categories, with each new level being 
more abstract than the preceding. Presenting the theory of weak n- 
categories would require too much space and would lead us into unnec-
essary technical complexities for our purposes. Suffice it to say that our 
framework is coherent with the claim that contemporary mathematics 
is becoming more abstract. The foregoing framework allows us to say 
what it could mean.

Needless to say, what goes up must go down, and this is just as im-
portant in mathematics. Abstracting is often accompanied with repre-
sentations. In fact, one can analyze representation theory for groups 
and other concepts and a systematic interplay between the abstract and 
the concrete and how to use one level of knowledge to illuminate an-
other level. Again, a more comprehensive analysis would be required 
and will be left for another paper.

abstractinG as a way of siMplifyinG

The abstract method constituted a clear cognitive gain. As I have indi-
cated, going in the direction of abstraction is a way of unifying differ-
ent mathematical domains. The introduction of a level of abstraction 
is seen as a way of clarifying and distilling what, in some cases, has 
become a complex domain or, in other cases, exhibits similarities, par-
allels indicating the possibility of an underlying common framework. 
The previous disjunction is clearly not exclusive. The new abstract level 
not only simplifies the situation but it also yields a better control and 
understanding of the concepts involved. The axiomatic method is an 
essential part of that process. Axiomatization should be seen, in this 
light, as a form of design. For instance, in the case of analogies or simi-
larities, axioms capture either a common structure or common proper-
ties, again leading to a better control and understanding of the features 
at work. The abstract method is thus used as a seam, a filter in these 
processes. It brings to the fore the Archimedean points on which so-
lutions to given problems work. What was previously immersed in a 
mountain of irrelevant details is unearthed and shown to constitute the 
mechanisms making concepts work together. This is precisely why we 
feel justified in speaking of abstraction. As I have said, the process leads 
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to new mathematics, conceptually systematic and organized according 
to clear principles.

In recent times, the abstract method has even been presented as in-
evitable. Here is a wonderful quote illustrating this claim:

The first part of the paper, on which everything else depends, 
may perhaps look a little frightening because of the abstract lan-
guage that it uses throughout. This is unfortunate, but there is no 
way out. It is not the purpose of the abstract language to strive 
for great generality. The purpose is rather to simplify proofs, and 
indeed to make some proofs understandable at all. The reader is 
invited to run the following test: take theorem 2.2.1 (this is about 
the worst case), translate the complete proof not using the ab-
stract language, and then try to communicate it to somebody else 
[29, p. 318].

It is not possible to go into Waldhausen’s remarkable and fundamental 
paper here, which provides an abstract and flexible setting for alge-
braic K- theory. We have to take his claims as a reliable testimony in 
the present context. But this brief paragraph contains important and 
bold claims that would deserve to be unpacked properly. Waldhausen 
insists that his approach is not motivated by the search for the most 
general solution. He was aware that his framework was more general 
than Quillen’s framework for algebraic K- theory introduced in the pre-
vious decade. Generality is merely a by- product of the search for the 
right context. The fundamental purpose is “to make some proofs un-
derstandable at all.” The latter is achieved by a process of simplification, 
which, in turn, is itself a by- product of the abstract method.

Understanding how there can be different levels of abstraction also 
helps us to see how there can be different mathematical styles. For in-
stance, using categories right from the start and trying to solve given 
mathematical problems by using categorical concepts and methods and 
finding a solution up to categorical equivalence is a more abstract way 
of doing mathematics than by using sets with structures and the result-
ing notion of isomorphism involved. The reader who knows even just 
a little bit about the history of algebraic geometry in the second half of 
the twentieth century can recognize Grothendieck’s style in the for-
mer and why it was seen as being so outlandish by many. Grothendieck 
thought that by going up the ladder, one would see better the overall 
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organization of the field, would understand better the general topog-
raphy of the landscape, and that mathematicians would therefore find 
their way more easily. In his mind, the path to the proof would be trivial 
and obvious. Abstraction is seen as a radical way to simplify mathemat-
ics. Of course, this is possible only after one has understood how to go 
up the ladder and that it is a ladder. Others find these heights dizzying 
or consider that going that far up is not worth the effort.

Notes
1. I urge readers to consult the paper by Hourya Benis Sinaceur for a slightly different 

point of view on the matter. See [2].
2. The temporal order of these moments can vary. Indeed, historically one finds various 

combinations, although most cases seem to follow the order of our presentation, for reasons 
that are not hard to understand. It is, however, interesting to note that there are cases in 
which the development follows a different path.

3. It should be obvious to the reader that the former conceptual analysis can be developed 
and used in different historical contexts. My goal in this paper is to focus on one particular 
episode, namely, the rise of what is called modern mathematics. For the latter particular 
purpose, I feel justified in using a more formal language than might be adequate for other 
periods where abstraction is at work.

4. It is known that Fréchet knew about the case of groups and that it provided at least 
guidelines and a model of what could be achieved by moving up the ladder of abstraction.

5. I have to come back to my earlier remark concerning the temporal order involved here. It 
is tempting to read the diagram from left to right and to think that there is a chronological order 
in that reading. Although it is in most cases correct, there are counterexamples to that reading, 
e.g., Boolean algebras or lattices. What seems to be correct is the step from the presentation 
of the theory to the extraction of the criterion of identity. As far as I know, that step is always 
taken in that order, although after the method has been well understood, the delay between 
the presentation of the theory and the extraction of the criterion of identity can be very short.

6. A referee pointed out to me that it is certainly historically abusive to talk about 
theories when referring to the domains that led to the birth of abstract group theory. Clearly, 
algebraic equations, number theory, and geometry were not formal axiomatized theories in 
the eighteenth and nineteenth centuries. The point is well taken. The reader might want to 
think about certain languages and a set of problems about disparate kinds of mathematical 
things. I believe that my conceptual analysis would still work.

7. Needless to say, this epistemic standpoint was not and is certainly not adopted by 
all mathematicians and logicians using the axiomatic method this way. In fact, the whole 
spectrum of positions is likely to be found within the community of mathematicians and 
logicians. Contrast, for instance, the following claim made by Hölder:

[the axioms of arithmetic] which are based on the fact that we take it as evident that 
there are certain processes, which, as we say, proceed according to determinate rules 
that are always performable in a definite way and in certain cases can be carried out 
repeatedly without end (Hölder, quoted by Scanlan [25, p. 988]).

where Hölder mentions that we take certain things or processes as being evident, with the 
following claim made by his contemporary Peano
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Logical questions thus become completely independent of empirical or psychological 
questions (and, in particular, the problem of knowledge) and every question concerning 
the simplicity of ideas and the obviousness of facts disappears (Peano, quoted by Scanlan 
[25, p. 988]).

The distance between these two positions could hardly be greater.
8. A referee rightly pointed out that one could compare and contrast the abstract method 

with the method of analysis. The latter has a long and convoluted history, but certainly 
occupies a central role in the development of mathematics. It could be argued that the abstract 
method that I describe here is but one special instance of the method of analysis. This point 
would, however, require a whole paper to be explained and argued properly.

9. The axiomatization of topology went through various phases from 1914 until the late 
1950s. This is an interesting case in which the different axiomatic frameworks are proposed 
mainly for practical reasons, that is, the modifications suited the specific needs of various 
mathematicians at different times.

10. I guess one could conduct empirical research among professional mathematicians 
and ask them whether they would agree or not with claims of the sort: “the concept of 
topological space is more abstract than the concept of metric space.” I have not conducted 
such research. I have used claims found in the literature that illustrate the fact that 
mathematicians talk that way.

11. The definition of maps between metric spaces is always a delicate matter. We have 
chosen a simple class of morphisms. The main point remains, no matter how we choose them.

12. Thus, it seems rather obvious that the notion of locale could be useful for mereology. 
As far as I know, no one has looked at the links between traditional mereological notions and 
the theory of locales.

13. This is not an entirely trivial result. It requires some fiddling around. One way to 
build the appropriate spaces can be found in [3].

14. Informally, a locale is spatial if it arises from the lattice of open sets of a topological 
space. It is of course possible to give an intrinsic characterization.

15. In practice, mathematicians know what it means to say that something is given 
canonically or that there is a canonical construction or presentation of something. Very roughly, 
it means that the construction does not depend on a choice from a mathematician in the process. 
Whether this can be made more precise is an open question. See, however, [19] on the subject

16. “La méthode axiomatique est donc d’abord méthode d’économie de pensée, en ceci 
qu’elle permet de condenser en un seul plusieurs raisonnements différents. (…) Mais la 
méthode axiomatique est aussi méthode de découverte et de progrès.”

17. As should be clear by now, the main point here is that the abstract method and the 
axiomatic method are distinct. They can interact in various ways, and they have. I want to 
thank an anonymous referee who forced me to clarify these points.

18. See, however, the paper [26].
19. For a nice discussion surrounding the notion of equality in modern mathematics, 

see [21].
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Are Our Brains Bayesian?

robert bain

The human brain is made up of 90 billion neurons connected by more 
than 100 trillion synapses. It has been described as the most complicated 
thing in the world, but brain scientists say that is wrong: they think it 
is the most complicated thing in the known universe. Little wonder, 
then, that scientists have such trouble working out how our brain actu-
ally works. Not in a mechanical sense: we know, roughly speaking, how 
different areas of the brain control different aspects of our bodies and 
our emotions, and how these distinct regions interact. The questions 
that are more difficult to answer relate to the complex decision- making 
processes each of us experiences: how do we form beliefs, assess evi-
dence, make judgments, and decide on a course of action?

Figuring that out would be a great achievement, in and of itself. But 
this has practical applications, too, not least for those artificial intel-
ligence (AI) researchers who are looking to transpose the subtlety and 
adaptability of human thought from biological “wetware” to computing 
hardware.

In looking to replicate aspects of human cognition, AI researchers 
have made use of algorithms that learn from data through a process 
known as Bayesian inference. Based on Bayes’ famous theorem (see box 
called Bayes’ Theorem), Bayesian inference is a method of updating be-
liefs in the light of new evidence, with the strength of those beliefs cap-
tured using probabilities. As such, it differs from frequentist inference, 
which focuses on how frequently we might expect to observe a given set 
of events under specific conditions.

Bayesian inference is seen as an optimal way of assessing evidence 
and judging probability in real- world situations—“optimal” in the sense 
that it is ideally rational in the way it integrates different sources of in-
formation to arrive at an output. In the field of AI, Bayesian inference 
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has been found to be effective at helping machines approximate some 
human abilities, such as image recognition. But are there grounds for 
believing that this is how human thought processes work more gener-
ally? Do our beliefs, judgments, and decisions follow the rules of Bayes-
ian inference?

Beneath the Surface

For the clearest evidence of Bayesian reasoning in the brain, we must 
look past the high- level cognitive processes that govern how we think 
and assess evidence, and consider the unconscious processes that con-
trol perception and movement.

bayes’ theoreM

Bayes’ theorem provides us with the means to calculate the prob-
ability of certain events occurring conditional on other events 
that may occur—expressed as a probability between 0 and 1. 
Consider the following formula:

( | ) ( )
( | ) ( )

P B E P E
P E B P B
=

This tells us the probability of event B occurring given that event 
E has happened. This is known as a conditional probability, and 
it is derived by multiplying the conditional probability of E given 
B, by the probability of event B, divided by the probability of 
event E.

The same basic idea can be applied to beliefs. In this context, 
P(B|E) is interpreted as the strength of belief B given evidence 
E, and P(B) is our prior level of belief before we came across evi-
dence E.

Using Bayes’ theorem, we can turn our “prior belief” into 
a “posterior belief.” When new evidence arises, we can repeat 
the calculation, with our last posterior belief becoming our next 
prior. The more evidence we assess, the sharper our judgments 
should become.
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Professor Daniel Wolpert of the University of Cambridge’s neuro-
science research center believes that we have our Bayesian brains to 
thank for allowing us to move our bodies gracefully and efficiently—by 
making reliable, quick- fire predictions about the result of every move-
ment we make.

Imagine taking a shot at a basketball hoop. In the context of a Bayes-
ian formula, the “belief” would be what our brains already know about 
the nature of the world (how gravity works, how balls behave, every 
shot we have ever taken), while the “evidence” is our sensory input 
about what is going on right now (whether there is any breeze, the 
distance to the hoop, how tired we are, the defensive abilities of the 
opposing players).

Wolpert, who has conducted a number of studies on how people 
control their movements, believes that as we go through life, our 
brains gather statistics for different movement tasks and combine these 
in a Bayesian fashion with sensory data, together with estimates of the 
reliability of those data. “We really are Bayesian inference machines,” 
he says.

To demonstrate this, Wolpert and his team invited research subjects 
to their lab to undergo tests based on a cutting- edge neuroscientific 
technique: tickling.

As every five- year- old knows, other people can easily have you in fits 
of laughter by tickling you, but you cannot tickle yourself. Until now. 
Wolpert’s team used a robot arm to mediate and delay people’s self- 
tickling movements by fractions of a second—which turned out to be 
enough to bring the tickly feeling back.

The problem with trying to tickle yourself is that your body is so 
good at predicting the results of your movement and reacting that it 
cancels out the effect. But by delaying people’s movements, Wolpert 
was able to mess with the brain’s predictions just enough to bring back 
the element of surprise. This revealed the brain’s highly attuned esti-
mates of what will happen when you move your finger in a certain way, 
which are similar to what a Bayesian calculation would produce from 
the same data.1

A study by Erno Téglás et al., published in Science, looked at one- 
year- old babies and how they learn to predict the movement of ob-
jects—measured by how long they looked at the objects as they moved 
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them around in different patterns. The study found that the babies de-
veloped “expectations consistent with a Bayesian observer model,” mir-
roring “rational probabilistic expectations.”2 In other words, the babies 
learned to expect certain patterns of movement, and their expectations 
were consistent with a Bayesian analysis of the probability of different 
patterns occurring.

Other researchers have found indications of Bayesianism in higher 
level cognition. A 2006 study by Tom Griffiths of the University of 
California, Berkeley, and Josh Tenenbaum of MIT asked people to 
make predictions of how long people would live, how much money 
films would make, and how long politicians would last in office. The 
only data they were given to work with was the running total so far: 
current age, money made so far, and years served in office to date. 
People’s predictions, the researchers found, were very close to those 
derived from Bayesian calculations.3

This suggests that the brain not only has mastered Bayes’ theorem, 
but also has finely tuned prior beliefs about these real- life phenomena, 
based on an understanding of the different distribution patterns of 
human life spans, box office takings, and political tenure. This is one 
of a number of studies that provide evidence of probabilistic models 
underlying the way we learn and think.

However, the route the brain takes to reach such apparently Bayes-
ian conclusions is not always obvious. The authors of the study in-
volving the babies said it was “unclear how exactly the workings of 
our model correspond to the mechanisms of infant cognition,” but 
that the close fit between the model and the observed data about the 
babies’ predictions suggests “at least a qualitative similarity between 
the two.”2

To achieve such Bayesian reasoning, the brain would have to develop 
some kind of algorithm, manifested in patterns of neural connections, 
to represent or approximate Bayes’ theorem. Eric- Jan Wagenmakers, 
an experimental psychologist at the University of Amsterdam, says the 
nature of the brain makes it difficult to imagine something as neat and 
elegant as Bayes’ theorem being reflected in a form we would recog-
nize. We are dealing, he says, with “an unsupervised network of very 
stupid individual units that is forced by feedback from its environment 
to mimic a system that is Bayesian.”
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Probability Puzzles

Before we accept the Bayesian brain hypothesis wholeheartedly, there 
are a number of strong counterarguments that must be considered. For 
starters, it is fairly easy to come up with probability puzzles that should 
yield to Bayesian methods, but that regularly leave many people flum-
moxed. For instance, many people will tell you that if you toss a se-
ries of coins, getting all heads or all tails is less likely than getting, for 
instance, tails–tails–heads–tails–heads. It is not, and Bayes’ theorem 
shows why: as the coin tosses are independent, there is no reason to 
expect that one sequence is more likely than another.

There is also the well- known Monty Hall problem, which can fool 
even trained minds. Participants are asked to pick one of three doors—
A, B, or C—behind one of which lies a prize. The host of the game 
then opens one of the non- winning doors (say, C), after which the 
contestant is given the choice of whether to stick with their original 
door (say, A) or switch to the other unopened door (say, B). Long story 
short: most people think switching will make no difference, when in 
fact it improves your chances of winning. Mathematician Keith Devlin 
has shown how you can use Bayes’ formula to work this out, so that the 
prior probability that the prize is behind door B, 1 in 3, becomes 2 in 3 
when door C is opened to reveal no prize. The details are online (bit .ly 
/montyhall1205) and they are fairly straightforward. Surely a Bayesian 
brain would be perfectly placed to cope with calculations such as these?

Even Sir David Spiegelhalter, professor of the public understanding 
of risk at the University of Cambridge, admits to mistrusting his intu-
ition when it comes to probability. “The only gut feeling I have about 
probability is not to trust my gut feelings, and so whenever someone 
throws a problem at me I need to excuse myself, sit quietly muttering 
to myself for a while, and finally return with what may or may not be 
the right answer,” Spiegelhalter writes in guidance for maths students 
(nrich .maths .org /7326).

Psychologists have uncovered plenty of examples where our brains 
fail to weigh up probabilities correctly. The work of Nobel Prize 
winner and bestselling author Daniel Kahneman, among others, has 
thrown light on the strange quirks of how we think and act—yield-
ing countless examples of biases and mental shortcuts that produce 
questionable decisions. For instance, we are more likely to notice and 
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believe information if it confirms our existing beliefs. We consistently 
assign too much weight to the first piece of evidence we encounter on 
a subject. We overestimate the likelihood of events that are easy to re-
member—which means that the more unusual something is, the more 
likely our brains think it is to happen.

These weird mental habits are a world away from what you would 
expect of a Bayesian brain. At the very least, they suggest that our 
“prior beliefs” are hopelessly skewed.

“There’s considerable evidence that most people are dismally non- 
Bayesian when performing reasoning,” says Robert Matthews of Aston 
University, Birmingham, and author of Chancing It, about the challenges 
of probabilistic reasoning. “For example, people typically ignore base- 
rate effects and overlook the need to know both false positive and false 
negative rates when assessing predictive or diagnostic tests.”

In the case of testing for diseases, Bayes’ theorem reveals how even 
a test that is said to be 99% accurate might be wrong half of the time 
when telling people they have a rare condition—because its prevalence 
is so low that even this supposedly high accuracy figure still leads to 
just as many false positives as true positives. It is a counterintuitive re-
sult that would elude most people not equipped with a calculator and a 
working knowledge of Bayes’ theorem (see box called Diagnostic Test 
Accuracy Explained).

As for base rates, Bayes’ theorem tells us to take these into account 
as “prior beliefs”—a crucial step that our mortal brains routinely over-
look when judging probabilities on the fly.

All in all, that is quite a bit of evidence in favor of the argument that 
our brains are non- Bayesian. But do not forget that we are dealing with 
the most complicated thing in the known universe, and these fascinat-
ing quirks and imperfections do not give a complete picture of how we 
think.

Eric Mandelbaum, a philosopher and cognitive scientist at the City 
University of New York’s Baruch College, says this kind of irrationality 
“is most striking because it arises against a backdrop of our extreme 
competence. For every heuristics- and- biases study that shows that we, 
for instance, cannot update base rates correctly, one can find instances 
where people do update correctly.”

Tom Griffiths recently co- wrote the book Algorithms to Live By with 
Brian Christian. The authors agree that humans need to give themselves 
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more credit for how well they make decisions. They write, “Over the 
past decade or two, behavioural economics has told a very particu-
lar story about human beings: that we are irrational and error- prone, 
owing in large part to the buggy, idiosyncratic hardware of the brain. 
This self- deprecating story has become increasingly familiar, but cer-
tain questions remain vexing. Why are four- year- olds, for instance, still 
better than million- dollar supercomputers at a host of cognitive tasks, 
including vision, language, and causal reasoning?”4

So while our well- documented flaws may shed light on the limits 
of our capacity for probabilistic analysis, we should not write off the 
brain’s statistical abilities just yet. Perhaps what our failings really re-
veal, Griffiths and Christian suggest, is that life is full of really hard 
problems, which our brains must try to solve in a state of uncertainty 
and constant change, with scant information and no time.

Critical Thinking

Bayesian models of cognition remain a hotly debated area. Critics com-
plain of too much post hoc rationalization, with researchers tweaking 
their models, priors, and assumptions to make almost any results fit 
a probabilistic interpretation. They warn of the Bayesian brain theory 
becoming a one- size- fits- all explanation for human cognition.

diaGnostic test accuracy explained

How is it that a diagnostic test that claims to be 99% accurate can 
still give a wrong diagnosis 50% of the time? In testing for a rare 
condition, we scan 10,000 people. Only 1% (100 people) have the 
condition; 9,900 do not. Of the 100 people who do have the dis-
ease, a 99% accurate test will detect 99 of the true cases, leaving 
one false negative. But a 99% accurate test will also produce false 
positives at the rate of 1%. So, of the 9,900 people who do not have 
the condition, 1% (99 people) will be told erroneously that they do 
have it. The total number of positive tests is therefore 198, of which 
only half are genuine. Thus the probability that a positive test result 
from this “99% accurate” test is a true positive is only 50%.
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In a review of past studies on Bayesian cognition, Gary Marcus and 
Ernest Davis of New York University say, “If the probabilistic approach 
is to make a lasting contribution to researchers’ understanding of the 
mind, beyond merely flagging the obvious facts that people are sensitive 
to probabilities and adjust their beliefs (sometimes) in light of evidence, 
its practitioners must face apparently conflicting data with considerably 
more rigour. They must also reach a consensus on how models will be 
chosen, and stick to that consensus consistently.”5

Mandelbaum also has doubts about how far the Bayesian brain theory 
can go when it comes to higher level cognition. For a theory that pur-
ports to deal with updating beliefs, it struggles to explain the vaga-
ries of belief acquisition, for instance. “Good objections to our views 
leave us unmoved,” says Mandelbaum. “Excellent objections cause us 
to be even more convinced of our views. It is the rare egoless soul who 
finds arguments persuasive for domains they care deeply about. It is 
somewhat ironic that the area for which Bayesianism seems most well 
suited—belief updating—is the area where Bayesianism has the most 
problems.”

Staying Alive

Stepping back from studies of the brain and looking at the bigger pic-
ture, some would take the fact that humanity is still here as evidence 
that something Bayesian is going on in our heads. After all, Bayesian 
decision- making is essentially about combining existing knowledge 
and new evidence in an optimal fashion. Or, as the renowned French 
mathematician Pierre- Simon Laplace put it, it is “common sense ex-
pressed in numbers.” Wagenmakers says, “It’s difficult to believe that 
any organism isn’t at least approximately Bayesian in its environment, 
given its limits. Even if people use a heuristic that’s not Bayesian, you 
could argue it’s Bayesian because of the utility argument: the effort you 
have to put in is easy. Many decisions need to be fast decisions, so you 
have to make shortcuts sometimes. The shortcut itself is sub- optimal 
and non- Bayesian—but the fact you’re taking the shortcut every time 
means huge savings in effort and energy. This may boil down to a more 
successful organism that’s more Bayesian than its competitor.”

On the other hand, having a Bayesian brain can still lead us into trouble. 
In a 2005 article in Significance, Robert Matthews explained how Bayesian 
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inference is powerless in the face of strongly held irrational beliefs such 
as conspiracy theories and psychiatric delusions—because people’s trust 
in new evidence is so low.6 In this way, the mechanism by which a Bayes-
ian brain updates beliefs can become corrupted, leading to false beliefs 
becoming reinforced by fresh evidence, rather than corrected.

To be fair, not even the most fervent supporter of the Bayesian brain 
hypothesis would claim that the brain is a perfect Bayesian inference 
engine. But we could reasonably describe a brain as “Bayesian” if it were 
“approximately optimal given its fundamental limitations,” says Wagen-
makers. “For example, people do not have infinite memory or infinite 
attentional capacity.”

Another crucial caveat, Wagenmakers says, is that the Bayesian as-
pects of our brains are rooted in the environment in which we operate. 
“It’s approximately Bayesian given the hardware limitations and given 
that we operate in this particular world. In a different world we might 
fail completely. We would not be able to adjust.”

In their book, Christian and Griffiths argue that much of what the 
brain does is about making trade- offs in difficult situations—rather 
than aiming for perfection, the challenge becomes “how to manage 
finite space, finite time, limited attention, unknown unknowns, in-
complete information, and an unforeseeable future; how to do so with 
grace and confidence; and how to do so in a community with others 
who are all simultaneously trying to do the same.”4

Plenty to Learn

Clearly the Bayesian brain debate is far from settled. Some things our 
brains do seem to be Bayesian, others are miles off the mark. And there 
is much more to learn about what is really happening behind the scenes.

In any case, if our Bayesian powers are limited by the size of our 
brains, the time available, and all the other constraints of the environ-
ment in which we live (which differ from person to person and from 
moment to moment), then judging whether what is going on is Bayesian 
quickly becomes impossible, says Wagenmakers. “At some point it be-
comes a philosophical discussion whether you would call that Bayesian 
or not.”

Even for those who are not convinced by the Bayesian brain hy-
pothesis, the concept is proving a useful starting point for research. 
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Mandelbaum says: “At this point, it’s more an idea guiding a research 
programme than a specific hypothesis about how cognition works.”

Bayesian brain theories are used as part of rational analysis, which 
involves developing models of cognition based on a starting assumption 
of rationality, seeing whether they work, then reviewing them. Tom 
Griffiths says, “It turns out using this approach for making models of 
cognition works quite well. Even though there are ways that we deviate 
from Bayesian inference, the basic ideas behind it are right.”

So the idea of the Bayesian brain is a gift to researchers because it 
“gives us a tool for understanding what the brain should be doing,” says 
Griffiths. And for a lot of what the brain does, Bayesian inference re-
mains “the best game in town in terms of a characterisation of what that 
ideal solution looks like.”
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Great Expectations: The Past, 
Present, and Future of Prediction

GrahaM southorn

We are all fascinated by the future. Whether it is the rise and fall in 
interest rates, the outcome of elections, or winners at the Oscars, there 
is sure to be something you want to know ahead of time. There is cer-
tainly no shortage of pundits with ready opinions about what the future 
might hold—but their predictions might not be entirely reliable. A 20- 
year study, published in 2006, showed that the average expert did little 
better than guessing on many of the political and economic questions 
asked of them.1

But expert predictions are only part of the forecasting story (see 
“Prediction versus Forecasting”). A raft of methods—from mathemati-
cal models to betting markets—are promising new ways of seeing into 
the future. And it is not only academics and professionals who can do 
it—online services allow anyone to have a go.

Forecasting could probably stake a claim to being one of the world’s 
oldest professions. Beginning in the eighth century bc, a priestess 
known as the Pythia would answer questions about the future at the 
Temple of Apollo on Greece’s Mount Parnassus.2 It is said that she, the 
Oracle of Delphi, dispensed her wisdom in a trance—caused, some 
believe, by the hallucinogenic gases that would seep up through natural 
vents in the rock.

By the second century bc, the ancient Greeks had moved on to more 
sophisticated methods of prediction, such as the Antikythera mecha-
nism, whose intricate bronze gears seemed capable of predicting a host 
of astronomical events such as eclipses.

Over time, our astronomical predictions became more refined, and 
in 1687 Isaac Newton published his laws of motion and gravitation. 
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we need to talK about nate

One name crops up alongside virtually every mention of fore-
casting. Nate Silver is the high-profile American statistician best 
known for developing a mathematical model that correctly called 
the results in 49 of 50 states in the 2008 presidential election. 
The clever part was the way it incorporated polling data, explains 
Professor Rob Hyndman. “At least for the last two presidential 
elections, Nate Silver developed some very good Bayesian tech-
niques for combining all of the prediction polls to get good fore-
casts of what would happen on election day.”

Bayesian techniques are rooted in Bayes’ theorem, which 
provides a means of updating levels of belief in the light of new 
evidence. Thus, as new polls are taken, Bayesian methods allow 
their findings to be combined with current polling evidence to 
produce an updated level of belief about, say, the various out-
comes of an election.

But Silver’s foresight may not be as startling as it first appears. 
In his book Superforecasting, Philip Tetlock points out that a “no 
change” forecast, in which the political party that won a state in 
the previous election merely holds onto it, would have correctly 
predicted 48 out of 50 results.

The same idea in meteorology is known as persistence fore-
casting. That is, the weather in future is forecast to be the same 
as it is now. The technique is only useful for very short-range 
forecasts or slowly evolving weather patterns.

Finally, it is worth noting that a forecast is only as good as 
the data it is based on. In the 2015 U.K. general election, Sil-
ver forecast that the Conservative Party would win more seats 
than Labour—but not as many as the Conservatives actually 
gained: the model’s prediction interval fell short of the final 
tally of 331 seats. In this case, the opinion polls used by Silver, 
and many others, failed to accurately reflect voting intentions, 
which had a knock-on effect, or cumulative effect, on predic-
tion accuracy.
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Newton’s friend Edmond Halley predicted in 1705 the return of the 
comet that now bears his name. But forecasters also started to concern 
themselves with more mundane, earthly matters. By the nineteenth cen-
tury, the new technology of long- distance telegrams meant that, for the 
first time, data from a network of weather stations could be transmitted 
in advance of changing conditions. This development not only spurred 
developments in meteorology. People also began to believe that similarly 
scientific measurements might be useful in other areas, such as business.

Forerunners

Early economic forecasters, such as Roger Babson, have been profiled 
by Walter A. Friedman in his book Fortune Tellers.3 Their work was not 
only inspired by weather forecasters, says Friedman, in an interview 
with Significance. “It developed because of the sharp ups and downs of 

prediction versus forecastinG

The terms “prediction” and “forecasting” are often used inter-
changeably—as is the case in this article. But as far as anyone has 
managed to pin down a definition, one school of thought holds 
that forecasting is about the future—tomorrow’s temperature, 
for example. Prediction, in contrast, involves finding out about 
the unobserved present. If you want to determine how much 
your house will sell for, you could make a prediction based on the 
prices of houses in your neighborhood.

In a blog post on this issue (bit.ly/21vlCGI), Galit Shmueli, 
Distinguished Professor of Business Analytics at Taiwan’s Na-
tional Tsing Hua University, wrote, “The term ‘forecasting’ is 
used when it is a time series and we are predicting the series into 
the future. Hence ‘business forecasts’ and ‘weather forecasts.’ In 
contrast, ‘prediction’ is the act of predicting in a cross-sectional 
setting, where the data are a snapshot in time (say, a one-time 
sample from a customer database). Here you use information on 
a sample of records to predict the value of other records (which 
can be a value that will be observed in the future).”
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prices in the late nineteenth and early twentieth century, coupled with 
the desire of businesspeople to make future plans. Babson developed 
his service, for instance, after the 1907 panic. The way he shaped his 
forecasting method was reliant on traditions of barometers, ideas about 
the business cycle, and the availability of data.”

Whereas Babson’s method looked at trends in data over time, his 
contemporary, Irving Fisher, built a machine to model how the flow 
of supply and demand of one commodity affected that of others. It 
was a hydraulic computer. When Fisher adjusted a lever, water flowed 
through a series of tubes to restore equilibrium between the prices of 
goods. A similar device was built by William Phillips at the London 
School of Economics in 1949. It used channels of colored water to rep-
licate taxes, exports, and spending in the British economy.

Babson was alone among his contemporaries in predicting the 1929 
stock market crash. However, says Friedman, he and other early fore-
casters made assumptions that were simplistic and often misguided.

Wrong though they may have been, the methods used by Babson and 
Fisher were forerunners of the range of statistical tools available today. 
Babson worked with time series, plotting the aggregate of variables such 
as crop production, commodity prices, and business failures on a single 
chart that forecast how the economy would fare. Fisher’s hydrostatic 
machine, on the other hand, did not include a time element. In Fried-
man’s book, the machine is described as the grandparent of the economic 
forecasting models developed after World War II and run on computers.

The Science of Forecasting

Techniques that we know today were refined in a variety of different 
fields, says Rob Hyndman, professor of statistics at Monash University 
in Australia. “In the last 50 years or so, people started doing more time 
series models that try to relate the past to the future. They became ex-
tremely useful in sales forecasting and in predicting demand for items. 
In other fields such as engineering, they started trying to build models 
to predict things like river flow based on rainfall. Models for electricity 
demand were developed so that they could plan generation capacity.”

The science of forecasting got going properly in the 1980s, says 
Hyndman. “People realised that if you took all of the ideas that people 
had developed in different fields, and you thought of it as a collection 
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of techniques and overlaid that with analytical and scientific thinking, 
then forecasting itself could be considered a scientific discipline.”

But how do we know whether or not quantitative forecasting will 
work in any given area? Hyndman, who is editor- in- chief of the Inter-
national Journal of Forecasting, believes that the predictability of an event 
boils down to three factors. “The first is whether you have an idea of 
what’s driving it—the causal factors. So you might just have data on the 
particular thing you’re interested in, but you don’t understand why the 
fluctuations occur or why the patterns exist in the data. You can still 
forecast it, but not so well. If you haven’t understood the way in which 
the thing you’re interested in reacts to the driving factors, you’re going 
to lose that coupling over time,” he says.

The two other factors involved are the availability of data and whether 
a forecast will itself affect what it is that you are trying to predict. If an 
exchange rate rise is predicted, for instance, it will affect prices in the 
real markets, which will end up influencing the rate itself.

These factors aside, a successful forecaster also needs a toolbox of 
statistical methods and the know- how to pick the right method for a 
particular situation, says Hyndman (see “Forecasting Techniques Ex-
plained”). Statistical models, though, only work in the short term. 
“They’re not very good for long- term forecasting because the big as-
sumption—that the future looks similar to the past—slowly breaks 
down the further you get into the future,” he says.

forecastinG techniques explained

Rob Hyndman, professor of statistics at Monash University, out-
lines the different kinds of statistical forecasting methods

On Time-Series Forecasts

A purely time-series approach just looks at the history of the 
variable you are interested in and builds a model that describes 
how that has changed over time. You might look at the history of 
monthly sales for a company. You look at the trends and season-
ality and extrapolate it forward, but you do not take any other 
information into account.
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“Then there are problems where there’s just not really enough data 
to be able to build good models, or situations that are not reflected at 
all historically, such as technological changes,” says Hyndman. “There’s 
no data available that will tell you what’s going to happen.”

Superforecasters

Unforeseen developments—whether technological, political, or so-
cial—pose an interesting dilemma for those whose job is to anticipate 
such things: national security agencies, for instance. What if such de-
velopments are predictable, not from a single data set or time series, 

On Explanatory Models

This is where you relate the thing you are trying to forecast with 
other things that might affect it. So if you are forecasting sales, you 
might also take into account population and the state of the econ-
omy. All you actually need is for the drivers to be good predictors 
of the outcome, whether or not there is a direct causal relationship 
or something more complicated. You can also have models that 
combine the two. So you have some time series and some other 
information, and you build a model that puts it all together.

On Probabilistic Forecasts

For a long time, people have been producing predictions with pre-
diction intervals—giving a statement of uncertainty using proba-
bilities. The new development is not just giving an interval but also 
giving the entire probability distribution as your forecast. So you 
will say, “Here’s a number: the chance of being below this is 1%. 
Here’s another number: the chance of being below this is 2%,” 
and so on over 100 percentiles. But if you are giving an entire 
probability distribution, you cannot measure the accuracy of your 
forecast in a simple way. New techniques for measuring forecast 
accuracy that take this into account have become popular in the 
past five years or so: these are called probability scoring methods.
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perhaps, but from the aggregated opinions of groups of individuals? In 
2011, the Aggregative Contingent Estimation (ACE) program set out 
to answer that question, with funding from the Intelligence Advanced 
Research Projects Activity (IARPA). ACE announced a forecasting 
tournament that would run from September 2011 to June 2015, in 
which five teams would compete by answering 500 questions on world 
affairs.

One of the teams was the Good Judgment Project (GJP), which 
was created by Barbara Mellers and political scientist Philip Tetlock, 
the man behind the 2006 research on expert predictions. The GJP at-
tracted more than 20,000 wannabe forecasters in its first year. In his 
2015 book, Superforecasting, Tetlock recalls how the forecasters were 
asked to predict “if protests in Russia would spread, the price of gold 
would plummet, the Nikkei would close above 9500, or war would 
erupt on the Korean peninsula.”4

The GJP won the tournament hands down. According to Tetlock, it 
beat a control group by 60% in its first year and 78% in its second year. 
After that, IARPA decided to drop the others, leaving the GJP as the 
last team standing.

As described in Superforecasting, the GJP continually assigned its par-
ticipants an ever- changing rating called a “Brier score,” which mea-
sures the accuracy of predictions on a scale from 0 to 2; the lower 
the number, the more accurate the prediction. By doing so, they were 
able to identify the best among them, whom they called superforecast-
ers. Some superforecasters were plucked from the crowd and placed in 
12- person “superteams” that could share information with each other. 
Would the superteams perform any better?

It turns out that they could. Superteams were pitched against teams 
of regular forecasters. They also competed against individual forecast-
ers, whose forecasts were aggregated to produce an unweighted aver-
age prediction. This average represented the “wisdom of the crowds,” 
an idea put forward in 1907 by the statistician Sir Francis Galton, who 
proposed that the accumulated knowledge of a group of people could 
be more accurate than individual predictions.

The superteams faced one final group of competitors: forecasters 
who had been assigned to work as traders in prediction markets, a pop-
ular form of forecasting in which people place bets on the outcome they 
think is most likely to happen. Writing in Superforecasting, Tetlock says: 
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“The results were clear- cut. . . . Teams of ordinary forecasters beat the 
wisdom of the crowd by about 10%. Prediction markets beat ordinary 
teams by about 20%. And superteams beat prediction markets by 15% 
to 30%.”4

Want to Bet?

The fact that Tetlock’s superteams were able to beat the markets was 
something of a surprise. Futures exchanges, such as the Iowa Electronic 
Markets (IEM) and PredictIt, have an enviable track record in predict-
ing outcomes, especially political outcomes. In November 2015, Pro-
fessor Leighton Vaughan Williams, director of the Betting Research 
Unit at Nottingham Business School, and his co- author Dr James 
Reade, published “Forecasting Elections,” a study that compared pre-
diction markets to more traditional methods.5 “We got huge amounts 
of data from Intrade and Betfair, plus statistical modelling, expert opin-
ion and every opinion poll. We compared them over many years and 
literally hundreds of different elections using state- of- the- art econo-
metrics,” says Vaughan Williams. “We found that prediction markets 
significantly outperformed the other methodologies included in our 
study, and even more so as you get closer to the event.”

Similarly, a study conducted by Joyce E. Berg and colleagues, pub-
lished in 2008, compared IEM predictions to the results of 964 polls 
over five U.S. presidential elections since 1988. They found that “the 
market is closer to the eventual outcome 74% of the time” and that 
“the market significantly outperforms the polls in every election when 
forecasting more than 100 days in advance.”6

So why were prediction markets beaten by superforecasters in Tet-
lock’s research? One reason could be, as Tetlock himself writes, that 
the prediction markets in his contest lacked “liquidity”—in other 
words, they did not feature substantial amounts of money or activity. 
Vaughan Williams believes that liquid markets would normally win for 
particular kinds of event. “If you ask [superforecasters] to beat a market 
on who’s going to win the Oscars or the Super Bowl or Florida in the 
2016 U.S. election they’d find it tough—because millions of pounds 
will be traded,” he says. “But if you ask them: ‘Will David Cameron 
have a meeting with Jean- Claude Juncker by Thursday night?’ in that 
situation there’s no real market for them to beat.”
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Markets are not very good at predicting things that are inherently 
unpredictable, however. “A prediction market can’t aggregate informa-
tion on something that people can’t work out, like the Lottery or earth-
quakes,” says Vaughan Williams. “You know where earthquakes are 
more likely to happen, but you can’t predict on what date they’ll occur.”

Foreseeing terrorist attacks is something else that markets are just 
not built for, he adds. “Terrorists are hardly going to be putting their 
money in and tipping their hand—if anything, they would be doing the 
opposite.”

But where they can be used, prediction markets have another ad-
vantage, says Vaughan Williams. “Often what’s just as important as 
knowing what the future will be is knowing it before somebody else. 
I’ve just accepted a paper for the Journal of Prediction Markets showing 
that the IEM’s influenza market is effective for predicting outbreaks. 
It’s because the market aggregates information from everyone on the 
system in real time, second by second. If you see everyone around you 
sneezing with what looks like flu, you could go to your computer and 
start trading.”

Managing Complexity

Predicting epidemics is an area where statistical forecasting methods 
struggle, says Rob Hyndman. “We just don’t have the data on which 
viruses are brewing and which mosquito populations are breeding, so 
it’s extremely difficult—if not impossible,” he says. Google infamously 
sought a way around this problem by analyzing search activity to pre-
dict the spread of the influenza virus. Early estimates were reliable 
and accurate, but in time the model produced overestimates—in part 
because it failed to fully account for the fact that flu- related searches 
might be made by healthy individuals.7

One area that has seen steady progress, however, is weather and cli-
mate prediction. A review published in Nature in September 2015 re-
vealed the “quiet revolution” in numerical weather prediction that has 
made today’s six- day forecasts as accurate as the five- day forecasts of 10 
years ago.8 Forecasters are able to give one to two weeks’ lead time for 
extreme events like Russia’s recent heat wave and the U.S. cold snap, 
while fluctuations in sea surface temperatures following El Niño can be 
predicted three to four months beforehand.
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The improvements have been driven by number- crunching power 
from supercomputers, backed by a hierarchy of models of varying com-
plexity, and global data from satellites.

However, there are inherent limitations to modeling complex sys-
tems like the climate, according to David Orrell, who runs the scien-
tific consultancy Systems Forecasting. “If you look at the formation of a 
cloud, you have an interaction between minute particles of something 
that forms a seed for a droplet. The droplet grows, and that process is 
incredibly non- linear and very sensitive to small changes. It involves 
things over all scales, from the microscopic scale to the scale of a cloud.”

Orrell, whose work involves forecasting the effects of cancer drugs, 
says that organic systems like the climate and the human body are fun-
damentally different from the kinds of mechanistic systems we are good 
at modeling. “The dream is that if we just add more and more levels of 
detail we’d be able to capture this [behavior], but there’s a fundamental 
limitation to what you can do with mechanistic models.”

Whatever Next?

So how will forecasting evolve in the future? In terms of opinion- based 
predictions, look no further than Almanis, a cross between a prediction 
market and the Good Judgment Project. Describing itself as a “crowd 
wisdom platform,” Almanis incentivizes forecasters with points, not 
pounds, although it awards real money prizes to the most accurate 
users. It is a commercial entity, making money by charging companies 
or governments to post questions.

Services like Almanis will be commonly used within the next 10 
years, believes Leighton Vaughan Williams. “As academic research 
further improves their efficiency I think they’ll become a key part of 
corporate forecasting and information aggregation. Say I want to re-
duce the waiting list in an eye clinic and I’ve got a budget of £100,000. 
Should I hire a doctor, or two nurses? A prediction market can give you 
that sort of information.”

In terms of mathematical forecasting, Rob Hyndman says that meth-
ods are being developed to cope with massive data. “One trend that’s 
happening at the moment is that a lot of the techniques that computer 
scientists have developed in machine learning in other fields are coming 
into forecasting. It’s very interesting to see what’s going on.”
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Statistical models are also being used to combine other types of 
predictions into metaforecasts. One example is PredictWise, an aca-
demic project started by David Rothschild, an economist at Microsoft 
Research. The tool combines information from prediction markets, 
opinion polls, and bookmakers’ odds to come up with probabilities for 
everything from the next James Bond to the likelihood of the U.K. 
leaving the European Union.

Probabilities are not the same as certainties, however. “In 2008, 
Hillary Clinton had a 20% chance of winning the New Hampshire pri-
mary and she won it,” recalls Vaughan Williams. “People said the pre-
diction markets had got it all wrong. But as any statistician would know, 
what they’re saying is that one time in five it’s going to happen.”

As for mathematical models, Rob Hyndman makes the point that 
they are always just simplifications of reality—and life is sometimes too 
complex to model, whether accurately or approximately. The future, 
or parts of it, therefore, will remain unforeseen. But it is safe to predict 
that forecasters will keep trying to catch a glimpse of what lies ahead.
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This volume is not just an anthology; it is also a reference source for 
other notable writings on mathematics published in 2016. The first list 
below can offer you many more opportunities to explore what people 
from different walks of life and many disciplines think and write about 
mathematics. Many of these pieces caught my attention while reaching 
the final selection for the book.

Several other lists follow: of remarkable book reviews, interviews 
with mathematical people, memorial notes, and special journal issues. 
None of these lists is comprehensive; to save space, in some cases I 
omitted full bibliographic references for materials.
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453–64.

Merow, Katherine, interviews Amie Wilkinson. Math Horizons 23.3(2016): 5–7.
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89.2(2016): 220–22.
Tarran, Brian, interviews Cathy O’Neil. Significance 13.6(2016): 42–43.
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Grattan- Guinnes, Ivor (1941– 2014) Isis 107.4(2016): 875–79.
Guy, Richard K. (1916–) The Mathematical Intelligencer 38.4(2016): 19–22.
Hall, Peter Gavin (1951–2016) Significance 13.2(2016): 48.
Minsly, Marvin M. (1925–2016) Nature 530(2016): 282.
Steen, Lynn (1941–2015) Numeracy 9.1(2016).
Zeeman, Sir Erik Christopher (1925–2016) Mathematical Gazette 100.548(2016): 307–13.
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“Ecology.” Chance 29.2(2016).
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“Mathematics Education and Mobile Technologies.” Mathematics Education Research Journal 
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ment.” Mathematics Enthusiast 13.1–2(2016).
“Teaching Mathematics Online.” Mathematics Teacher 110.4(2016).
“Seed Concepts in Architecture and Mathematics.” Nexus Network Journal 18.2(2016).
“Reconsidering Frege’s Conception of Number.” Philosophia Mathematica 24.1(2016).
“Mathematics and the Arts in the Mathematics Classroom.” PRIMUS 26.4(2016).
“Teaching with Technology.” PRIMUS 26.6(2016).
“Big Data [two parts].” Proceedings of the IEEE 104.1 and 11(2016).
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