
C
o
p
y
r
i
g
h
t
 
 
2
0
1
8
.
 
E
n
g
i
n
e
e
r
i
n
g
 
S
c
i
e
n
c
e
 
R
e
f
e
r
e
n
c
e
.
 
A
l
l
 
r
i
g
h
t
s
 
r
e
s
e
r
v
e
d
.
 

M
a
y
 
n
o
t
 
b
e
 
r
e
p
r
o
d
u
c
e
d
 
i
n
 
a
n
y
 
f
o
r
m
 
w
i
t
h
o
u
t
 
p
e
r
m
i
s
s
i
o
n
 
f
r
o
m
 
t
h
e
 

p
u
b
l
i
s
h
e
r
,
 
e
x
c
e
p
t
 
f
a
i
r
 
u
s
e
s
 
p
e
r
m
i
t
t
e
d
 
u
n
d
e
r
 
U
.
S
.
 
o
r
 
a
p
p
l
i
c
a
b
l
e
 

c
o
p
y
r
i
g
h
t
 
l
a
w
.
 

EBSCO Publishing : eBook Collection 
(EBSCOhost) - printed on 2/14/2023 2:20 PM 
via 
AN: 1650658 ; Ram, Mangey, Davim, J. Paulo.; 
Soft Computing Techniques and Applications in 
Mechanical Engineering 
Account: ns335141



Soft Computing 
Techniques and 
Applications in 
Mechanical Engineering

Mangey Ram
Graphic Era University, India

J. Paulo Davim
University of Aveiro, Portugal

A volume in the Advances in Mechatronics and 
Mechanical Engineering (AMME) Book Series 

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



Published in the United States of America by
IGI Global
Engineering Science Reference (an imprint of IGI Global)
701 E. Chocolate Avenue
Hershey PA, USA 17033
Tel: 717-533-8845
Fax:  717-533-8661 
E-mail: cust@igi-global.com
Web site: http://www.igi-global.com

Copyright © 2018 by IGI Global.  All rights reserved. No part of this publication may be reproduced, stored or distributed in 
any form or by any means, electronic or mechanical, including photocopying, without written permission from the publisher.
Product or company names used in this set are for identification purposes only. Inclusion of the names of the products or 
companies does not indicate a claim of ownership by IGI Global of the trademark or registered trademark.
			   Library of Congress Cataloging-in-Publication Data

British Cataloguing in Publication Data
A Cataloguing in Publication record for this book is available from the British Library.

All work contributed to this book is new, previously-unpublished material. The views expressed in this book are those of the 
authors, but not necessarily of the publisher.

For electronic access to this publication, please contact: eresources@igi-global.com.�

Names: Ram, Mangey, editor. | Davim, J. Paulo, editor.
Title: Soft computing techniques and applications in mechanical engineering /  
   Mangey Ram and J. Paulo Davim, editors. 
Description: Hershey, PA : Engineering Science Reference, [2018] | Includes  
   bibliographical references. 
Identifiers: LCCN 2017013547| ISBN 9781522530350 (hardcover) | ISBN  
   9781522530367 (ebook) 
Subjects: LCSH: Mechanical engineering--Data processing. | Soft computing. 
Classification: LCC TJ153 .S638 2018 | DDC 620.00285/63--dc23 LC record available at https://lccn.loc.gov/2017013547 
 

 
This book is published in the IGI Global book series Advances in Mechatronics and Mechanical Engineering (AMME) 
(ISSN: 2328-8205; eISSN: 2328-823X)

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



Advances in Mechatronics 
and Mechanical Engineering 

(AMME) Book Series

With its aid in the creation of smartphones, cars, medical imaging devices, and manufacturing tools, 
the mechatronics engineering field is in high demand. Mechatronics aims to combine the principles of 
mechanical, computer, and electrical engineering together to bridge the gap of communication between 
the different disciplines.

The Advances in Mechatronics and Mechanical Engineering (AMME) Book Series provides in-
novative research and practical developments in the field of mechatronics and mechanical engineering. 
This series covers a wide variety of application areas in electrical engineering, mechanical engineering, 
computer and software engineering; essential for academics, practitioners, researchers, and industry leaders.

Mission

J. Paulo Davim
University of Aveiro, Portugal

ISSN:2328-8205 
 EISSN:2328-823X

•	 Bioengineering Materials
•	 Mechanisms and machines
•	 Design and Manufacture
•	 Control Methodologies
•	 Micro and nanomechanics
•	 Manufacturing Methodologies
•	 Computer-Based Manufacturing
•	 Tribology and surface engineering
•	 Control Systems Modelling and Analysis
•	 Intelligent Sensing

Coverage
IGI Global is currently accepting manuscripts 

for publication within this series. To submit a pro-
posal for a volume in this series, please contact our 
Acquisition Editors at Acquisitions@igi-global.com 
or visit: http://www.igi-global.com/publish/.

The Advances in Mechatronics and Mechanical Engineering  (AMME) Book Series (ISSN 2328-8205) is published by IGI Global, 701 
E. Chocolate Avenue, Hershey, PA 17033-1240, USA, www.igi-global.com. This series is composed of titles available for purchase individu-
ally; each title is edited to be contextually exclusive from any other title within the series. For pricing and ordering information please visit 
http://www.igi-global.com/book-series/advances-mechatronics-mechanical-engineering/73808. Postmaster: Send all address changes to above 
address. Copyright © 2018 IGI Global. All rights, including translation in other languages reserved by the publisher. No part of this series 
may be reproduced or used in any form or by any means – graphics, electronic, or mechanical, including photocopying, recording, taping, 
or information and retrieval systems – without written permission from the publisher, except for non commercial, educational use, including 
classroom teaching purposes. The views expressed in this series are those of the authors, but not necessarily of IGI Global.

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



Titles in this Series
For a list of additional titles in this series, please visit: www.igi-global.com/book-series

Numerical and Analytical Solutions for Solving Nonlinear Equations in Heat Transfer
Davood Domiri Ganji (Babol Noshirvani University of Technology, Iran) and Roghayeh Abbasi Talarposhti (Uni-
versity of Mazandaran, Iran) 
Engineering Science Reference • copyright 2018 • 275pp • H/C (ISBN: 9781522527138) • US $195.00 (our price)

Nanofluid Technologies and Thermal Convection Techniques
Ramesh Chand (Government Arya Degree College Nurpur (HP), India) 
Engineering Science Reference • copyright 2017 • 229pp • H/C (ISBN: 9781683180067) • US $185.00 (our price)

Mathematical Concepts and Applications in Mechanical Engineering and Mechatronics
Mangey Ram (Graphic Era University, India) and J. Paulo Davim (University of Aveiro, Portugal) 
Engineering Science Reference • copyright 2017 • 495pp • H/C (ISBN: 9781522516392) • US $215.00 (our price)

Handbook of Research on Advances and Applications in Refrigeration Systems and Technologies
Pedro Dinis Gaspar (University of Beira Interior, Portugal) and Pedro Dinho da Silva (University of Beira Interior, 
Portugal) 
Engineering Science Reference • copyright 2015 • 924pp • H/C (ISBN: 9781466683983) • US $545.00 (our price)

Engineering Creative Design in Robotics and Mechatronics
Maki K. Habib (The American University in Cairo, Egypt) and J. Paulo Davim (University of Aveiro, Portugal) 
Engineering Science Reference • copyright 2013 • 366pp • H/C (ISBN: 9781466642256) • US $195.00 (our price)

Computational Methods for Optimizing Manufacturing Technology Models and Techniques
J. Paulo Davim (University of Aveiro, Portugal) 
Engineering Science Reference • copyright 2012 • 395pp • H/C (ISBN: 9781466601284) • US $195.00 (our price)

Multi-Agent Systems for Traffic and Transportation Engineering
Ana Bazzan (Instituto de Informática, Universidade Federal do Rio Grande do Sul, Brazil) and Franziska Klügl 
(Örebro University, Sweden) 
Information Science Reference • copyright 2009 • 446pp • H/C (ISBN: 9781605662268) • US $195.00 (our price)

701 East Chocolate Avenue, Hershey, PA 17033, USA
Tel: 717-533-8845 x100 • Fax: 717-533-8661

E-Mail: cust@igi-global.com • www.igi-global.com

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿﻿﻿

Editorial Advisory Board
Tadashi Dohi, Hiroshima University, Japan
Madhu Jain, Indian Institute of Technology Roorkee, India
Bharatendra K. Rai, University of Massachusetts – Dartmouth, USA
S. B. Singh, G. B. Pant University of Agriculture and Technology, India
V. K. Tewari, Graphic Era University, India

List of Reviewers
Sumit Bhowmik, National Institute of Technology Silchar, India
Dinesh C. S. Bisht, Jaypee Institute of Information Technology, India
Shshank Chaube, University of Energy & Petroleum Studies, India
Ali Asghar Heidari, University of Tehran, Iran
Yuriy V. Kostyuchenko, National Academy of Sciences of Ukraine, Ukraine
Akshay Kumar, G. B. Pant University of Agriculture and Technology, India
Anuj Kumar, University of Energy and Petroleum Studies, India
Kaushik Kumar, Birla Institute of Technology Mesra, India
Sachin K. Mangla, Graphic Era University, India
Mariappan Kadarkarainadar Marichelvam, Mepco Schlenk Engineering College, India
Lata Nautiyal, Graphic Era University, India
Arzu Eren Şenaras, Uludağ University, Turkey
Yogesh Kumar Sharma, Graphic Era University, India
Preeti Shivach, Graphic Era University, India

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿

Table of Contents

﻿

Preface................................................................................................................................................... xv

Acknowledgment................................................................................................................................xvii

Chapter 1
Decision Making Under Deep Uncertainty With Fuzzy Algorithm in Framework of Multi-Model 
Approach: Water Pollution Risk Assessment Using Satellite Data......................................................... 1

Yuriy V. Kostyuchenko, Scientific Centre for Aerospace Research of the Earth, National 
Academy of Sciences of Ukraine, Ukraine

Yulia Stoyka, Institute of Hydrobiology, National Academy of Sciences of Ukraine, Ukraine
Iurii Negoda, Institute of Geological Sciences, National Academy of Science of Ukraine, 

Ukraine
Ivan Kopachevsky, Scientific Centre for Aerospace Research of the Earth, National Academy 

of Sciences of Ukraine, Ukraine

Chapter 2
Fixed Charged Solid Transportation Problem With Budget Constraints in Type-2 Fuzzy Variables: 
Multi-Objective Solid Transportation Problem..................................................................................... 35

Dhiman Dutta, National Institute of Technology Silchar, India
Mausumi Sen, National Institute of Technology Silchar, India

Chapter 3
Identification of Optimal Process Parameters in Electro-Discharge Machining Using ANN and ﻿
PSO........................................................................................................................................................ 72

Kaushik Kumar, Birla Institute of Technology, India
Paulo J. Davim, University of Aveiro, Portugal

Chapter 4
Nature-Inspired Metaheuristic Approach for Multi-Objective Optimization During WEDM ﻿
Process................................................................................................................................................... 91

Goutam Kumar Bose, Haldia Institute of Technology, India
Pritam Pain, JLD Engineering and Management College, India

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿

Chapter 5
Optimization of Process Parameters in Plasma Arc Cutting Applying Genetic Algorithm and 
Fuzzy Logic......................................................................................................................................... 123

Nehal Dash, Birla Institute of Technology, India
Apurba Kumar Roy, Birla Institute of Technology, India
Sanghamitra Debta, Birla Institute of Technology, India
Kaushik Kumar, Birla Institute of Technology, India

Chapter 6
Artificial Neural Network Training Algorithms in Modeling of Radial Overcut in EDM: A 
Comparative Study............................................................................................................................... 140

Raja Das, VIT University, India
Mohan Kumar Pradhan, Maulana Azad National Institute of Technology, India

Chapter 7
Optimal Designs by Means of Genetic Algorithms............................................................................. 151

Lata Nautiyal, Graphic Era University, India
Preeti Shivach, Graphic Era University, India
Mangey Ram, Graphic Era University, India

Chapter 8
Analyzing Sustainable Food Supply Chain Management Challenges in India.................................... 162

Yogesh Kumar Sharma, Graphic Era University, India
Sachin Kumar Mangla, Graphic Era University, India
Pravin P. Patil, Graphic Era University, India
Surbhi Uniyal, Graphic Era University, India

Chapter 9
A Hybrid Genetic Scatter Search Algorithm to Solve Flexible Job Shop Scheduling Problems: A 
Hybrid Algorithm for Scheduling Problems........................................................................................ 181

Mariappan Kadarkarainadar Marichelvam, Mepco Schlenk Engineering College, India
Geetha Mariappan, Kamaraj College of Engineering and Technology, India

Chapter 10
Electrical Discharge Coating by Copper-Tungsten Composite Electrode Prepared by Powder 
Metallurgy Route................................................................................................................................. 195

Anshuman Kumar Sahu, National Institute of Technology Rourkela, India
Siba Sankar Mahapatra, National Institute of Technology Rourkela, India

Chapter 11
Novel Approaches to Prediction of a Future Number of Failures Based on Previous In-Service 
Inspections........................................................................................................................................... 225

Nicholas Nechval, University of Latvia, Latvia
Konstantin Nechval, Transport and Telecommunication Institute, Latvia

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿

Chapter 12
Selection of Appropriate Turbulance Model in Fuel Bundle of Nuclear Energy: In Context With 
Inter-Subchannel Mixing of Coolant for Single Phase Flow............................................................... 249

Shashi Kant Verma, National Institute of Technology Raipur, India
S. L. Sinha, National Institute of Technology Raipur, India
D. K. Chandraker, BARC, India

Chapter 13
Summability Techniques and Their Applications in Soft Computing................................................. 267

Smita Sonker, National Institute of Technology Kurukshetra, India
Alka Munjal, National Institute of Technology Kurukshetra, India

Chapter 14
Applying Multi-Objective Optimization Algorithms to Mechanical Engineering.............................. 287

Preeti Shivach, Graphic Era University, India
Lata Nautiyal, Graphic Era University, India
Mangey Ram, Graphic Era University, India

Compilation of References................................................................................................................ 302

About the Contributors..................................................................................................................... 328

Index.................................................................................................................................................... 335

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿﻿

Detailed Table of Contents

﻿

Preface................................................................................................................................................... xv

Acknowledgment................................................................................................................................xvii

Chapter 1
Decision Making Under Deep Uncertainty With Fuzzy Algorithm in Framework of Multi-Model 
Approach: Water Pollution Risk Assessment Using Satellite Data......................................................... 1

Yuriy V. Kostyuchenko, Scientific Centre for Aerospace Research of the Earth, National 
Academy of Sciences of Ukraine, Ukraine

Yulia Stoyka, Institute of Hydrobiology, National Academy of Sciences of Ukraine, Ukraine
Iurii Negoda, Institute of Geological Sciences, National Academy of Science of Ukraine, 

Ukraine
Ivan Kopachevsky, Scientific Centre for Aerospace Research of the Earth, National Academy 

of Sciences of Ukraine, Ukraine

Task of soft computing for decision support in field of risk management is analyzed in this chapter. 
Multi-model approach is described. Interrelations between models, remote sensing data and forecasting 
are described. Method of water quality assessment using satellite observation is described. Method is 
based on analysis of spectral reflectance of aquifers. Correlations between reflectance and pollutions are 
quantified. Fuzzy logic based approach for decision support in field of water quality degradation risk is 
discussed. Decision on water quality is making based on fuzzy algorithm using limited set of uncertain 
parameters. It is shown that this algorithm allows estimate water quality degradation rate and pollution 
risks. Using proposed approach, maps of surface water pollution risk from point and diffuse sources are 
calculated. Conclusions concerned soft computing in risk management are proposed and discussed. It 
was demonstrated, that basing on spatially distributed measurement data, proposed approach allows to 
calculate risk parameters with resolution close to observations.

Chapter 2
Fixed Charged Solid Transportation Problem With Budget Constraints in Type-2 Fuzzy Variables: 
Multi-Objective Solid Transportation Problem..................................................................................... 35

Dhiman Dutta, National Institute of Technology Silchar, India
Mausumi Sen, National Institute of Technology Silchar, India

A multi-objective fixed charged solid transportation model with criterion e.g. transportation penalty, 
amounts, demands, carriages and budget constraints as type-2 triangular fuzzy variables with condition on 
few components and carriages is proposed here. With the critical value based reductions of corresponding 

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿

type-2 fuzzy variables, a nearest interval approximation model and a chance constrained programming 
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programming model. The model is then transformed into the corresponding crisp deterministic form by 
these two methods. A numerical example is provided to explain the model with hypothetical data and is 
then worked out by applying a gradient based optimization - Generalized Reduced Gradient technique 
(applying LINGO 16). The corresponding objective function values are compared numerically by two 
approaches after transforming it to crisp form by these two methods.
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Electrical Discharge Machining (EDM) process is a widely used machining process in several fabrication, 
construction and repair work applications. Considering Pulse-On Time, Pulse OFF time, Peak-Current 
and Gap voltage as the inputs and among all possible outputs, in the present work Material Removal 
Rate and Surface Roughness are considered as outputs. In order to reduce the number of experiments 
Design of Experiments (DOE) was undertaken using Orthogonal Array and later on the outputs were 
optimized using ANN and PSO. It was found that the results obtained from both the techniques were 
tallying with each other.
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In this research paper Wire-Electric Discharge Machining (WEDM) is applied to machine AISI-D3 
material in order to measure the performance of multi-objective responses like high material removal 
rate and low roughness. This contradictory objective is accomplished by the control parameters like Pulse 
on Time (Ton), Pulse off Time (Toff), Wire Feed (W/Feed) and Wire Tension (W/Ten) employing brass 
wire. Here the orthogonal array is used to developed 625 parametric combinations. The optimization of 
the contradictory responses is carried out in a metaheuristic environment. Artificial Neural Network is 
employed to train and validate the experimental result. Primarily the individual responses are optimized 
by employing Firefly algorithm (FA). This is followed by a multi-objective optimization through Genetic 
algorithm (GA) approach. As the results obtained through GA infer a domain of solutions, therefore 
Grey Relation Analysis (GRA) is applied where the weights are considered through Fuzzy set theory to 
ascertain the best parametric combination amongst the set of feasible alternatives.
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Plasma Arc Cutting (PAC) process is a widely used machining process in several fabrication, construction 
and repair work applications. Considering gas pressure, arc current and torch height as the inputs and 
among all possible outputs, in the present work Material Removal Rate and Surface Roughness would 
be considered as factors that determines the quality, machining time and machining cost. In order to 
reduce the number of experiments Design of Experiments (DOE) would be carried out. In later stages 
applications of Genetic Algorithm (GA) and Fuzzy Logic would be used for Optimization of process 
parameters in Plasma Arc Cutting (PAC). The output obtained would be minimized and maximized for 
Surface Roughness and Material Removal Rate respectively using Genetic Algorithm (GA) and Fuzzy 
Logic.
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This chapter describes with the comparison of the most used back propagations training algorithms 
neural networks, mainly Levenberg-Marquardt, conjugate gradient and Resilient back propagation are 
discussed. In the present study, using radial overcut prediction as illustrations, comparisons are made 
based on the effectiveness and efficiency of three training algorithms on the networks. Electrical Discharge 
Machining (EDM), the most traditional non-traditional manufacturing procedures, is growing attraction, 
due to its not requiring cutting tools and permits machining of hard, brittle, thin and complex geometry. 
Hence it is very popular in the field of modern manufacturing industries such as aerospace, surgical 
components, nuclear industries. But, these industries surface finish has the almost importance. Based 
on the study and test results, although the Levenberg-Marquardt has been found to be faster and having 
improved performance than other algorithms in training, the Resilient back propagation algorithm has 
the best accuracy in testing period.
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With the advancement in contemporary computational and modeling skills, engineering design completely 
depends upon on variety of computer modeling and simulation tools to hasten the design cycles and 
decrease the overall budget. The most difficult design problem will include various design parameters 
along with the tables. Finding out the design space and ultimate solutions to those problems are still 
biggest challenges for the area of complex systems. This chapter is all about suggesting the use of 
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Genetic Algorithms to enhance maximum engineering design problems. The chapter recommended that 
Genetic Algorithms are highly useful to increase the High-Performance Areas for Engineering Design. 
This chapter is established to use Genetic Algorithms to large number of design areas and delivered a 
comprehensive conversation on the use, scope and its applications in mechanical engineering.
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The demand of food is increasing day by day, innovative agricultural practices and sustainable food 
supply chain management (SFSCM) has gained an emergent importance. Food industries across the globe 
mainly focus on the manufacturing of their own products to achieve sustainability. The importance of 
sustainable food supply chain management is to overcome the wastage in food manufacturing industries. 
In the present research, we identified eleven challenges in the SFSCM on the basis of literature review 
and expert opinion. The approach is an integration of fuzzy with DEMATEL which can be used for 
dividing the challenges into cause and effect group. Fuzzy DEMATEL method has continuously been 
used for the analysis of challenges and is the novel approach for decision making. Thus, this method 
can be implemented in many fields including automobiles, food industries, retail market etc. From the 
fuzzy DEMATEL results, it can be confirmed that the Safety and Security is one of the most influencing 
challenge and has the strongest association with other challenges.
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Scheduling is one of the most important problems in production planning systems. It is a decision-
making process that plays a crucial role in many Industries. Different scheduling environments were 
addressed in the literature. Among them Flexible job-shop problem (FJSP) is an important one and it is 
an extension of the classical JSP that allows one operation which can be processed on one machine out 
of a set of alternative machines. It is closer to the real manufacturing situation. Because of the additional 
needs to determine the assignment of operations on the machines, FJSP is more complex than JSP, and 
incorporates all the difficulties and complexities of JSP. This chapter addresses a hybrid genetic scatter 
search algorithm for solving multi-objective FJSP. Makespan and flow time are the objective functions 
considered in this chapter. The computational results prove the effectiveness of the proposed algorithm 
for solving flexible job-shop scheduling problem.
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Electrical discharge machining (EDM), a thermo-mechanical machining process, is used in producing 
complicated intrinsic cavity in difficult-to- machine materials with excellent surface finish. One of the 
major disadvantage of EDM process is the tool wear, which can be used advantageously for coating 
purpose. Coating is a unique method of EDM process by the use of electrode prepared via powder 
metallurgy route. Copper and tungsten powders in weight percentage of 30 and 70 respectively are used 
for the preparation of the tool electrode by varying the PM process parameters like compaction pressure 
and sintering temperature. The substrate on which coating is made is chosen as AISI 1040 stainless steel 
with EDM oil as the dielectric fluid. During coating, influence of parameters like discharge current, 
duty cycle and pulse-on-time on material deposition rate, tool wear rate and radial under deposition are 
studied. To find out the best parametric combination Grey Relational Analysis method combined with 
Harmony Search algorithm has been employed.
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Konstantin Nechval, Transport and Telecommunication Institute, Latvia

In this chapter, we present novel approaches to predictions of the number of failures that will be 
observed in a future inspection of a sample of units, based only on the results of the previous in-service 
inspections of the same sample. The failure-time of such units is modeled with a distribution from a 
two-parameter Weibull distribution. The different cases of parametric uncertainty are considered. The 
pivotal quantity averaging approach proposed here for constructing point prediction and simple prediction 
limits emphasizes pivotal quantities relevant for eliminating unknown parameters from the problems and 
represents a special case of the method of invariant embedding of sample statistics into a performance 
index applicable whenever the statistical problem is invariant under a group of transformations, which 
acts transitively on the parameter space. For illustration, a numerical example is given.

Chapter 12
Selection of Appropriate Turbulance Model in Fuel Bundle of Nuclear Energy: In Context With 
Inter-Subchannel Mixing of Coolant for Single Phase Flow............................................................... 249
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This chapter presents an overview of various types of turbulence model and their effect on thermal-
hydraulic characteristics of nuclear fuel bundle, both past and present using Computational Fluid 
Dynamic (CFD) approach. It includes the mathematical definition related to fuel bundle in nuclear 
energy. The various types of geometrical arrangement like Pressurized Water Reactor (PWR), Boiling 
Water Reactor (BWR), etc., are stressed. The solution procedures that are applicable to the various 
reactor types are introduced here and presented in detail for different types of turbulence models. Study 
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of these characteristics enables the student to appreciate the effect of the different types of turbulence 
models on turbulent mixing and related phenomena. Finally, recommendations of turbulence model for 
rod bundle are finalized. The inclusion of related references provides a starting point for the interested 
reader / researchers /industrialists.
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Summability methods are a useful tool in dealing with the problems in the soft computing like in 
filtering of the signals and for stabilizing the systems. Signals can be in the form of various types of 
series (Infinite Series, Fourier series, etc.) and hence, summability theory is applicable in finding the 
error of approximation and degree of approximation of such signals. In this chapter, the authors gave an 
introductory discussion on summability theory and approximation of the signals. Further, they explained 
about the stability of the frequency response of the system. Also, they used the Fourier approximation 
in the soft computing models (multilayer perceptrons; radial basis function (RBF) or regularization 
networks, and fuzzy logic models) and found the output data of requirement.
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In today’s scenarios, the utilization of simulation and optimization in the field of designing is achieving 
wider recognition in the various zones of commerce as the computational competences of computers 
upsurge day by day. The result is that the uses for numerical optimization have increased tremendously. 
Design process in engineering is a distinct practice of solving the problems where a group of recurrently 
indistinct objectives has to be well-adjusted deprived of violating any given circumstances. Consequently, 
it seems quite ordinary to consider a design process as an optimization process. The design process could 
be articulated as to allocate values to the system parameters to confirm that the state variables and the 
characteristics are as suitable as possible through an inclusive range of operating and environmental 
variables. This is a complex multi-objective optimization problem (MOOP). This chapter discusses the 
use of MOO algorithms in mechanical engineering.
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Preface

﻿

In recent years, soft computing techniques have an extraordinary growth in various engineering systems. 
The principal components of soft computing techniques are probabilistic reasoning, fuzzy set theory, 
neural nets, neuro fuzzy system, adaptive neuro fuzzy inference system (ANFIS), neuro-computing, 
genetic algorithms, hybrid fuzzy logic genetic algorithms (HFLGA) belief networks, chaotic systems, 
evolutionary computing, probabilistic computing, Computational intelligence (CI) as well as learning 
theory. The book Soft Computing Techniques and Applications in Mechanical Engineering covers a 
comprehensive range of soft computing techniques applied in various fields of mechanical engineering 
problems.

ORGANIZATION OF THE BOOK

The book is organized into 14 chapters. A short description of each of the chapters follows:
Chapter 1 presents the soft computing application to water pollution risk assessment and water quality 

analysis using data of satellite observation of water bodies, soil cover and air pollutant transfer.
Chapter 2 provides a multi-objective fixed charged solid transportation model with criterion, e.g. 

transportation penalty, amounts, demands, carriages and budget constraints as type-2 triangular fuzzy 
variables with condition on fewer components.

Chapter 3 examines how to optimize the machining parameters of EDM using Artificial Neural Net-
work (ANN) and Particle Swarm Optimization (PSO) techniques for maximization of Material Removal 
Rate (MRR) and minimizing the surface Roughness (SR).

Chapter 4 analyses the Wire-Electric Discharge Machining (WEDM) to machine AISI-D3 material 
in order to measure the performance of multi-objective responses like high material removal rate and 
low roughness. The contradictory objective is accomplished by the control parameters like Pulse on 
Time (Ton), Pulse off Time (Toff), Wire Feed (W/Feed) and Wire Tension (W/Ten) employing brass 
wire. Artificial Neural Network is employed to train and validate the experimental result. Primarily the 
individual responses are optimized by employing Firefly algorithm (FA).

Chapter 5 optimizes the work-piece on PAC machining process using Genetic Algorithm and Fuzzy 
Logic Algorithm for maximization of Material Removal Rate (MRR) and minimizing the surface Rough-
ness (SR). The Gas Pressure (A), Arc Current (B) and Torch Height (C) were considered with equally 
spaced three levels within the operating range for each of the process parameters as the input parameters.

xv
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Chapter 6 describes with the comparison of the most used back propagation training algorithms, neural 
networks, mainly Levenberg-Marquardt, conjugate gradient and Resilient back propagation using radial 
overcoat prediction as illustrations, comparisons are made based on the effectiveness and efficiency of 
three training algorithms on the networks.

The Chapter 7 recommends that Genetic Algorithms are highly useful to increase the High-Perfor-
mance Areas for Engineering Design. To use Genetic Algorithms to a large number of design areas and 
delivered a comprehensive conversation on the use, scope and its applications in mechanical engineering.

Chapter 8 identifies the ten challenges in the SFSCM (and sustainable food supply chain manage-
ment) on the basis of literature review and expert opinion. The approach is an integration of fuzzy with 
DEMATEL (decision-making trial and evaluation laboratory) which can be used for dividing the chal-
lenges into cause and effect group.

The Chapter 9 addresses a hybrid genetic scatter search algorithm for solving multi-objective FJSP 
(flexible job-shop problem). Makespan and flow time are the objective functions considered in this 
chapter. The computational results provided for the effectiveness of the proposed algorithm for solving 
the flexible job-shop scheduling problem.

In Chapter 10, the electrical discharge machining (EDM), a thermo-mechanical machining process, 
is used in producing a complicated intrinsic cavity in difficult-to- machine materials with excellent 
surface finish. Copper and tungsten powders in weight percentage of 30 and 70 respectively are used 
for the preparation of the tool electrode by varying the PM process parameters like compaction pressure 
and sintering temperature.

Chapter 11 presents the novel approaches to predictions of the number of failures that will be observed 
during a future inspection of a sample of units, based only on the results of the previous in-service inspec-
tions of the same sample. The methodology described here is based on the use of order statistics from 
an underlying model, which have such properties as bivariate dependence and conditional predictability.

Chapter 12 presents an overview of various types of turbulence model and their effect on thermal-
hydraulic characteristics of nuclear fuel bundle, both past and present using Computational Fluid Dy-
namic (CFD) approach. It includes the mathematical definition related to fuel bundle in nuclear energy.

Chapter 13 discusses the benefits of summability methods in dealing with the problems in the soft 
computing and explained about the stability of the frequency response of the system. Also, the Fourier 
approximation in the soft computing models (multilayer perceptrons; radial basis function (RBF) or 
regularization networks, and fuzzy logic models) and found the output data of requirement is used.

Chapter 14 discusses the use of MOO (multi-objective optimization) algorithms in mechanical en-
gineering.

This research book can be used as a support book for the final undergraduate engineering course (for 
example, mechanical, mechatronics, industrial, computer science, information technology, etc.) or as 
a subject on soft computing applications at the postgraduate level. Also, this book can serve as a valu-
able reference for academics, mechanical, mechatronics, computer science, information technology and 
industrial engineers, as well as, researchers in related subjects with computing applications in various 
engineering fields.

xvi

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



﻿﻿

Acknowledgment

﻿

The editors acknowledge IGI Global and the editorial team for their adequate and professional support 
during the preparation of this book. In addition, we would like to acknowledge all the chapter authors, the 
reviewers and the editorial advisory board members for their availability for work on this editorial project.

Mangey Ram
Graphic Era University, India

J. Paulo Davim
University of Aveiro, Portugal

xvii

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



1

Copyright © 2018, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

Chapter  1

DOI: 10.4018/978-1-5225-3035-0.ch001

ABSTRACT

Task of soft computing for decision support in field of risk management is analyzed in this chapter. 
Multi-model approach is described. Interrelations between models, remote sensing data and forecasting 
are described. Method of water quality assessment using satellite observation is described. Method is 
based on analysis of spectral reflectance of aquifers. Correlations between reflectance and pollutions are 
quantified. Fuzzy logic based approach for decision support in field of water quality degradation risk is 
discussed. Decision on water quality is making based on fuzzy algorithm using limited set of uncertain
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INTRODUCTION

Modern development of applied mathematics and computational methods allows to formulate and solve 
new problems in mechanical and civil engineering, first of all tasks in the field of control and decision 
theory including tasks, aimed to risk management and security control. New types of data and new 
monitoring instrument can be harnessed, more wide areas of human activity and life may be analyzed. 
Since innovative technologies should serve to increasing of life quality, applied computing approaches 
in engineering directed to risk assessment toward disaster threats is important task.

Water pollution is one of the biggest environmental problems, as well as linked with it soil and air 
pollution. Nitrate is among the most common and widespread pollutants in surface water and groundwater. 
Diffuse pollution through soils and air from agricultural activities and livestock are the main sources of 
increased nitrate concentrations in groundwater and surface water bodies (European Commission, 2005). 
Nitrogen is a vital nutrient to enhance plant growth, which has motivated intensive use of nitrogen-based 
fertilizers to boost up the crop production. But increased fertilizer use also has social and environmental 
costs. The fertilizers deteriorate the water quality inducing economic and ecological problems. In the 
last century automation of agriculture and the introduction of high yield crops has raised the use of 
fertilizers, increasing nitrate concentration in groundwater.

In some cases, when through the natural and artificial circumstances the nitrogen application exceeds 
demand and the denitrification capacity of the soil, nitrogen can leach to the water, usually as nitrate.

The nitrogen average fertilizer use in Europe is 70 kg/ha (EEA (European Environment Agency, 2003). 
In some regions with intensive irrigation the water bodies reach nitrate concentrations between 50-100 
mg/l (Martínez, Albiac, 2006). The monitoring studies in Ukraine indicate that about 50% of groundwater 
suffers nitrates concentration over 50 mg/l, and 70% over 25 mg/l. Nitrogen from agricultural sources 
accounts for from 50 to 80% of the nitrates entering Europe’s water (European Commission, 2005).

Therefore, the assessment of water pollution and water quality is an urgent task of socio-ecological 
security. In this task, from viewpoint of applied mathematics, the situation of uncontrolled uncertainty 
is frequent.

It is quite easy to control one selected parameter with required accuracy. But, if we need control large 
set of spatially distributed parameters on the long-time intervals, the uncertainties – both aleatorical and 
epistemical - are increasing critically. This is a typical situation for water quality analysis, where wide 
range of parameters should be controlled simultaneously. In this situation, the decision making and risk 
analysis are complicated problems (Polasky et al., 2011).

There are few methods of uncertainty control, including uncertainties, generating by complex multi-
physics systems (Ermoliev et al., 2012). But also, may be formulated task about using the soft computing 
method for assessment of risk with limited set of parameters. In such cases we can reduce a number of 
controlled variables without neglecting the systems processes, drivers and feedbacks.

parameters. It is shown that this algorithm allows estimate water quality degradation rate and pollution 
risks. Using proposed approach, maps of surface water pollution risk from point and diffuse sources are 
calculated. Conclusions concerned soft computing in risk management are proposed and discussed. It 
was demonstrated, that basing on spatially distributed measurement data, proposed approach allows to 
calculate risk parameters with resolution close to observations.
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This approach should include formulation of correct methodology, method of variables selection, 
indicators selection method, and method of risk assessment with limited set of parameters.

This chapter is dedicated to soft computing application to water pollution risk assessment and water 
quality analysis using data of satellite observation of water bodies, soil cover and air pollutant transfer.

METHODOLOGY: MULTI-MODEL APPROACH

How to estimate risks using the limited set of parameters derived from different sources with different 
drivers, scales and nature?

First of all, we need consider the problem of the model application to selection of the optimal set of 
remote sensing indicators in risk assessment tasks (Kostyuchenko et al., 2015, Kostyuchenko, 2018).

At the initial stage, the process of forecast generation should be based on the set of initial assump-
tions, captured in a vector x x x x xs= ( )( )1 2, , ..., . These could be a priori assumptions, observed or 

measured values.
The further step is the modeling: model recalculation these values into a group of core hydrological, 

bio-physical, and climatological series (with F x y( , , )ε = 0 , ( , )x yε → ), collected in a vector y. next, 
basing on the information from the pair (x, y), we calculate values for a list of parameters, grouped into 
what referred as the vector of satellite indicators based models: z z z zs= ( , ,..., )1 2  (with z g x ys s= ( , ) , 
( , )x y zs→ ).

As the result of the integrated modeling we gets parameters summarized in the triplet (x,y,z). This 
combined vector is a starting point for the modeling of socio-economic, socio-ecological and risk pa-
rameters (Figure 1).

Usually, we consider a group of S satellite data based models, labeled s s∈ { , ,..., }1 2 . Each of these 
equations is such that the endogenous variables zs  can be obtained as an explicit mapping of the core 
variables z g x ys s= ( , ) .

Figure 1. Multi-model approach to socio-ecological risks assessment
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Therefore the satellite model might be conceptually presented by time-series of (x,y,z), which will 
determine the behavior of z

t
s , with a residual term µ

t
s :

z f x x x y y y z
t
s

t t t L t t t L t T
s

t
s= ( )− − − − −, , ..., , , , ..., , ,

1 1
µ 	 (1)

As z
t
s  is the only variable on the left-hand side of the equation, the relationship is unidirectional: 

from (x,y) to z. This simple time-series satellite data based model formally also allows for no interactions 
with other satellite variables nor any feedback between z

t
s  and the core assumptions in (x,y) (Campbell 

and Wynne, 2011), so we can use both methodology utilizing as separate as well interlinked indicators.
Traditional time-series models such as autoregressive moving average models are good examples of 

satellite data based models. This representation may include, for example, autoregressive lags and/or 
moving average components. A number of standard methodologies (for example, Box-Jenkins method, 
or nonlinear autoregressive exogenous model) are followed to find the most usable model of the data-
generating process for a given risk metric Z

t
:

Z c X Y Z
t l t l

l

N

l t l
l

P

l t l
l

L

k t k
k

K

= + + + ∂ +−
=

−
=

−
=

−
=

∑ ∑ ∑ ∑β ρ θ ε
0 0 1 0

	 (2)

where Z
t
 is a satellite variable, X

t
 is a row vector of initial exogenous core variables, Y

t
 is a row vec-

tor of the layer of core parameters series, and ε
t
 is the value of the stochastic error term. The parameters 

c, β, ρ, ∂  are unknown and should be estimated.
However, including autoregressive terms in the model often results in a muted impact of core drivers 

on a target variable. Thus, it is a common and recommended practice is to exclude autoregressive terms 
from the supplementary variable equations (Engle and Russell, 1998). Therefore, depending of risk 
metric Z

t
 and of type of supplementary variable may be applied different form of equation (2). For 

example, for analysis of climate related risk an approach based on copulas utilization may be used 
(Kostyuchenko et al., 2013).

A key aspect of satellite model development is variable selection to identify which core drivers best 
explain the dynamic behavior of the studied socio-ecological risk variable (Kostyuchenko et al., 2013). 
In accordance with modern principles of Earth sciences, our approach toward variable selection is based 
on a combination of ecology, climatology, hydrogeology, hydrology, and geostatistics as consideration 
of the statistical properties of the estimated model (Kostyuchenko, 2015).

Models built using pure data-mining techniques or principles such as machine learning, neural 
network, etc., though they may fit the existing data well, are more likely to fail in a changing external 
environment because they lack theoretical underpinnings. The best analytical and prediction models 
employ a combination of statistical rigor with physical principles (Kostyuchenko et al., 2013). Hence, 
our models combine geo-ecological models with statistical optimization (Figure 2). Models built this 
way have an additional benefit of ease of interpretation.

The satellite model development process consists of selecting optimal exogenous drivers X
t
, Y

t
 in 

equation (2) from a set of potential drivers. Once the final model is selected and estimated, the condi-
tional dynamic forecasts of Z

t
 are generated given the sets of final parameter estimates and the forecasts 
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of the core variables from the first stage (Figure 2). The final step is to validate the final model in and 
out of sample.

The procedure of selecting optimal drivers is the following. Potential drivers are identified based on 
relevant theory and ensuring with calibration measurements or priory assumptions. This ensures that we 
obtain the most robust and predictive model available from the tested variables. To avoid model over-
fitting, uncorrelated core drivers are preferably selected. The selected drivers should be significant at a 
conventional level and have the analyzed parameters of distribution. To obtain a required distribution 
a regularization procedure should be applied (Kostyuchenko, 2015). The final models selected by the 
search procedure are reviewed for consistency with initial assumptions.

So, the problem is the selection of variables for each model type ( , )x yε → , the search of the relevant 
type of formal relationship ( , )x y zs→  between the physical and observable variable parameter, and 
development of the total distribution for each type of risk investigated (2). There also should be sepa-
rately considered the problem of regularization of initial distributions of variables (Kostyuchenko et al 
2015).

After we obtain distributions of parameters that determine the state of the system, we need to estimate 
the distribution of risk and make the management decisions.

MODELS OF RISK ASSESSMENT AND DECISION SUPPORT

Basing on the obtained sets of indicators, the methodology of risk assessment, based on the optimal 
decisions can be proposed (Ermoliev et al., 2012).

In the framework of task of risk assessment and risk management, as opposed to the classic example 
of the resource management, reducing or non-increasing of losses should be used as quantitative charac-
teristics. Variables that affect the characteristics of the management system (or decision-making system) 

Figure 2. Data utilization in framework of multi-modeling approach for socio-ecological risks assessment
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can be or we can influence (controlled) and independent from our influence (unmanageable). Thus, the 
controlled variables are the parameters of decision-making under the influence of information (input 
data) on the behavior of unmanageable variables. Analysis of the effectiveness of full process of col-
lecting, processing, interpretation of information about the system studied, decision making, analysis of 
system’s response to decisions may be considered as part of the “information – response” formalization.

Such formalization can be made as follows (Schlaifer and Raiffa, 1961): define as I(x,y,z) (presum-
ably stochastic) information obtained from direct (field) measurements, observations and model forecasts; 
H i
I
( )θ - is probability distribution function and where θ – is a state of the studied natural object or 

system. In general, the state of the system cannot be determined with certainty, and thus we should 
define the appropriate probability distribution p(θ) and distribution H i

I
( )θ , which describing a priori 

incompleteness of information available about the studied system.
Making and implementation of management decisions will formalize as a response to incoming 

information as decision function d(I). Classical approach assuming that in the case of certain specific 
strategy of decision making in conditions of constant state of natural systems, θ, or with a defined change 
this state, the losses are defined as l(d(I), θ). For decision function d expected losses or risks associated 
with the development of dangerous processes, connected with the management decisions based on the 
information received, can be described as:

R I d R H d d l d i dH i p d
I I

( , ) ( ), ), ( ), ( ) ( )= •



 = ( )∫∫ θ θ θ θ 	 (3)

This risk is minimized by optimal decision function d*, entitled as Bayes decision function, and it 
is determined by information I:

R I z d l d i x y dH i p ds

d i I
( ( ), *) min ( ( ), ( , )) ( ) ( )

( )
= ∫∫ θ θ θ θ . 	 (4)

So the risk is a simple functional of decision function. It is important that the minimization of losses 
requires an intention to completeness of information on the studied system, i.e. definition of θ states, 
for each of which can be defined a solution {a} (which build up the set of possible decisions or admin-
istrative actions A).

Let’s consider the realization of the set of data (information obtained from direct measurements 
(field), observations and model forecasts) i*, which optimizes the decision function d* and minimizes 
appropriate risk, therefore nominally makes information (I) formally completed (I*).

From a formal viewpoint, I*≡ I (information is nominally full), if there exists a function ϕ (і), that 
when H i

I
( )θ  ≠ 0, θ ϕ= ( )i . In other words, completeness formally means that there is a single state 

of studied natural object or system that meets all of the set of data - a separate realization of information 
I. Here it means that we have to develop a set of models ( , )x yε →  that have operated the set of param-
eters ( , )x y zs→ , which can be controlled by certain technological tools within the framework of a 
sustainable methodology of measurement. In our case, these requirements correspond to the data and 
methods of satellite observation of the Earth’s surface z

t
s .

In the case described an optimal decision function may be defined as follows:
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d i b* ( *)= , l b i l a i
a

, ( *) min ( , ( *))ϕ ϕ( ) = 	 (5)

Then, under optimal decision function and nominally complete information about the studied system, 
the risk will be defined as:

R I d l a p d
a A

( *, *) min ( , ) ( )=
∈∫ θ θ θ 	 (6)

For each case should be described models aimed to analysis of behavior the distribution of H i
I
( )θ  

та р(θ), and so to the determination of the realization of i* of set I. As an optimal decision function in 
this approach may be used stochastic (Kopachevsky et al., 2016), Bayesian (Kostyuchenko et al., 2012) 
or fuzzy operators, (Kostyuchenko et al., 2016) depending on the task, data availability and properties 
of their distributions.

Considered complex of analytical models is aimed to the calculation of a unique set of parameters 
that should be obtained from determined observation systems, using defined tools of processing and 
interpretation of data. Equation (6) allows to estimate the distributions of risk of disasters and also to 
develop a basement for a system of risk management decision-making.

As it was demonstrated in (Kostyuchenko, 2017), modeling of geo-systems should be an integral 
part both of remote sensing interpretation methods, as well as of the risk assessment systems based on 
remote sensing data utilization. It requires of increased level of our knowledge in the field of Earth sci-
ences, as well by increased requirements in the area of decision-making. New challenges define new 
methodological requirements.

Firstly, the methodology proposed allows to expand the problem definition of using the satellite 
observations in tasks of socio-ecological security. In addition to traditional statistical analysis directed 
to surface change detection, it is possible to analyze and predict state of the studied systems, basing on 
the models of geo-systems.

This certainly expands the scope and sphere of application of approach, and could positively affect 
the reliability of the results obtained through the using of different sources of data.

Second, the proposed methodology includes feedbacks between management decisions and the sys-
tems state. Thus, it is postulated that the state of the system depends on the observer: risks depend on 
the decision made and management impacts (past, current and planned) to the system.

This could positive affecting to the effectiveness of management decisions and to the quality of risk 
assessment (Ermoliev and Winterfeldt, 2012).

CORE NATURAL MODELS: BASINS AND TRANSPORT

Basing on the described general methodology of modeling, the problem-oriented multi-model approach 
can be proposed for investigated problem (Figure 3).

Core models should include models of water bodes and fluxes oriented to analysis of pollution transport 
and modeling of hydro-chemical balance in water ecosystems. Besides, models of pollutions, including 
air transport and crop nitrate pollution production should be considered. Set of variables describing the 
water quality is the result of this stage of analysis. Satellite data models should include models of signal 
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forming, and analysis of links between satellite and ground data. Set of core models based selected indica-
tors is the result of this stage of modeling. Risk models should be directed to construction of algorithm 
of risk assessment using the set of selected indicators.

Water Body Model: General Model of Spatially Distributed Water Ecosystem

Let define c(x, y, z, t) as concentration of spatially distributed matter. The general mathematical repre-
sentation of dynamics of matter j will be described by following equation:

∂

∂
= +

+
∂

∂
+
∂

∂
+
∂

∂





c

t
F c c c x y z t

D
c

x

c

y

c

z

j

j n

j j j

( , ,..., , , , , )
1 2

2

2

2

2

2

2








−
∂
∂

−
∂
∂

−
∂
∂x

V c
y
V c

z
V c

x j y j z j
( ) ( ) ( )

	 (7)

where Vx, Vy, Vz - are the components of velocity vector.

System 
∂

∂
=

c

t
F c c c tj

j n
( , ,..., , )

1 2
 with j = 1, 2, …, n is a point model with distributed parameters; 

function F c c c x y z t
j n
( , ,..., , , , , )

1 2
 may be linear or non-linear with variable coefficients, depending of 

time t.

General Model of Fluxes and Transport of Pollution in Ecosystem

Let analyze volume element of studied environment ∆x , ∆y , ∆z  (Figure 4)

Figure 3. Problem-oriented multi-model approach to water quality risk assessment
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Mass of transported pollution matters through unit square during unit time interval along (Ох), (Oy) 
and (Oz) are mx, my and mz correspondingly. Therefore, we can write the following equation:

m D
c
xx

= −
∂
∂

, m D
c
yy

= −
∂
∂

, m D
c
zz

= −
∂
∂

	 (8)

where mx, my, mz – flux density, D – diffusion coefficient.
If our environment is changing with velocity V(Vx, Vy, Vz), we can write:

m cV D
c
xx x

= −
∂
∂

, m cV D
c
yy y

= −
∂
∂

, m cV D
c
zz z

= −
∂
∂

	 (9)

where Vx, Vy, Vz are the components of velocity vector.
In the unit volume ∆ = ∆ ∆ ∆W x y z  during time interval ∆t  will be deposited mass:

∆ = −
∂

∂
∆ ∆ −

∂

∂
∆ ∆ −

∂

∂
∆ ∆M

m

x
W t

m

y
W t

m

z
W tx y z 	 (10)

The distribution of matters in static environment will be described as:
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∂
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Figure 4. Transfer of pollutions in water environment
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and in the varied environment as the following:

∂
∂
=

∂
∂
+
∂
∂
+
∂
∂










−
∂
∂

−
∂
∂

−
c
t
D

c

x

c

y

c

z x
V c

y
V c

x y

2

2

2

2

2

2
( ) ( )

∂∂
∂z
V c
z

( ) 	 (12)

If we equate ∂
∂
=
c
t

0 , we obtain stationary distribution of matters in static:

∂
∂
+
∂
∂
+
∂
∂
=

2

2

2

2

2

2
0

c

x

c

y

c

z
	 (13)

and varied environment:

D
c

x

c

y

c

z x
V c

y
V c

z
V

x y

∂
∂
+
∂
∂
+
∂
∂










−
∂
∂

−
∂
∂

−
∂
∂

2

2

2

2

2

2
( ) ( ) (

zz
c)= 0 . 	 (14)

If in the environment presents source of matters G, or chemical or biological transformations 
F c x y z t( , , , , ) , these equations will be presented as follow:

∂
∂
= +

∂
∂
+
∂
∂
+
∂
∂











c
t
F c x y z t D

c

x

c

y

c

z
( , , , , )

2

2

2

2

2

2
	 (15)

∂
∂
= + ∆ −

∂
∂
−

∂
∂
−

∂
∂

c
t
F c x y z t D c V

c
x
V
c
y
V
c
zx y z

( , , , , ) 	 (16)

Model of Water and Hydro-Chemical Balance of Water Ecosystems

In the varied water environment, many ways of matter transportation are exist (Baird and Wilby, 1999). 
Let define as Dx, Dy і Dz the components of turbulent diffusion coefficient. In this case the corresponding 
components of pollutant flow with concentration c(x, y, z, t) will be defined as:

Vxc D
dc
dxx

− , V c D
dc
dyy y

− та V c D
dc
dzz z

− . 	 (17)

Equation for transport of non-conservative matters (pollutants) in the water flow:
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∂
∂
=
∂
∂

∂
∂
−










+
∂
∂

∂
∂
−










+
∂c

t x
D

c
x
V c

y
D

c
y
V c

x x y y ∂∂
∂
∂
−










− + ( )

z
D
c
z
V c c f x y z t

z z
α * , , , , 	 (18)

where α* – coefficient of sedimentation velocity, f(x, y, z, t) – internal sources and run-off function.
Boundary conditions may be defined as:

c(x, y, z, t0) = c(x, y, z), 	 (19)

c x y z t c y z t
c
xx x x x

, , , , ,( ) = ( ) ∂
∂

== =1 21
0 , ∂
∂
=
c
n

0 	 (20)

where x=x1 – usually upper site of water body, х=х2 – lower site, n – external normal to surface.
In case of presence of influx of pollutants with precipitation:

V c D
c
z

c q
z z

z
pr pr

−
∂
∂











 =
=0

	 (21)

where q
pr

 - precipitation to unit square of water body, c
pr

 - concentration of pollutant in precipitation.
In case of presence of pollutants in bottom sediments, in particular with ground water filtration:

c x y h t c
b f

, , ,( ) = ; V c D
c
z

c v
z z

z h
f f

b

−
∂
∂











 =
=

	 (22)

where c
f

 – pollutant concentration in ground waters; v
f
 – vertical component of velocity vector of 

ground water filtration; h
b( )  – depth of water body.

To solve this problem let’s divide our environment to n cells. For every cell i = 1, 2, 3, …, n of stud-
ied environment lets define: qi , Aij  – flux of water from cell (i) to cell (i+1), and resulted concentration 
of matter j in cell і; qi−1 ,ci j−1,  – flux of water from cell (і-1) to cell (і), and resulted concentration of 
matter j in cell (і-1); q

k
i , c

k
ij  – flux of water from tributary (k) to cell (і), and resulted concentration of 

matter j in cell (i), (k=1,2,3,…,ni;4); qif , Af
ij  – infiltrations of ground waters with pollutant (j), and con-

centrations of matter (j); qi
pr

, cij
pr

 – precipitation to cell (i) with pollutant (j), and concentration of (j); 

qi
wd

 – water demand; qi
ev

 – evaporation from cell (і-1); mi
bs

(Aij , cij
bs

) – mass of matter (j) in cell (і) 
transported from bottom sediments, and its concentration cij

bs
; αij , λ j  – coefficients of sedimentation, 

chemical and biological decomposition; W ti( ) , Wi
0

 – volume of cell (і) at the moment t and initial time 
t = t0; F

ij (Aij , cij
hb

, t ) – function of mass exchange of matter (j) in cell (i) with hydro-biota; t – time.
Mass of matter (pollutant) (j) we can estimate using differential equation:
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dM
dt

q c q c q q m c
ij

i i j
k
i
k
ij i ij i ij ij ij i= + + + +− −1 1, ( ,

f f pr pr bs bs
A A A jj i i

k

n
ij

ij j i ij ij ij ij

t q q

W c F c c t

i

, ) ( )

( ) ( , , ),

− + −

− + −
=
∑ wd

hb

1

A

α λ
	 (23)

Mass of matter (j) also can be expressed through water volume and concentration:

M t c t W t c t W q q q q q q qij ij i ij i i
k
i i i i i( ) ( ) ( ) ( )= = + + + + − − −−

0
1

f pr wd ev

ii

k

ni

t
=
∑























1

	 (24)

So, we can calculate:

dc
dt W

q c q c q q c m c c
ij

i

i i j
k
i
k
ij i ij i ij ij ij= + + + +− −1 1 1, ( ,

f f pr pr bs
A

bbs wd

ij i i
i

ij

k

n

t q q
dW
dt
c, )− + +





















=
∑

1

1

−−

− + −( ) ( , , ),α λij j ij ij ij ijc f c c t
hb

. 	 (25)

Also the equation of water balance of cell (i) should be added:

dW
dt

q q q q q q q
i

i i
k
i i i i i

k

ni

= + + + − − −−

=
∑1

1
f pr wd ev

	 (26)

If qi−1 , qif , q
k
i , qi

pr
, qi , qi

wd
, qi

ev
 are continuous, we can integrate:

W W q q q q q q q ti i i i
k
i i i i i

k

ni

= + + + + − − −











−

=
∑0

1

1
f pr wd ev

	 (27)

and if ci j−1, , Af
i , c

k
i , ci

pr
 are also continuous and differentiated, and mij

bs
= f ij =αij =λij =0, we can in-

tegrate:

c t c c c
W

W t
ij ij ij ij

i

i

q

q q

i

i

( ) ( )
( )

* *= + −












−

0
0

in

in out

ii

	

where

 q q q q qi i
k
i

k

ni

in f pr
= + + +−

=
∑1

1

	

and

q q q qi i i i
out wd ev
= + + 	
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Aij*  - is the equilibrium concentrations:

c
q c q c q c q c m

q

ij

i i j i ij
k
i
k
ij i ij ij

k

n

i

i

*

,

=
+ + + +

+

− −

=

−

∑1 1

1

1

f f pr pr bs

qq q q qi
k
i i i

k

ni

f pr ev
+ + −

=
∑

1

	 (28)

If water level in studied body is changing not significantly, we can propose:

c t c c c tij ij
ij i

i
( ) ( )= + − −

+










∗ ∗
β β

β τ

τ0
0

0

1
exp 	 (29)

where

c
q c q c q c q c mi i j i ij

k
i
k
ij i ij ij

k

n

ij

i

β

β

∗

− −

==
+ + + +

+

∑1 1

1

,
f f pr pr bs

(1 ττ
0 f pr ev
)
i i i

k
i i i

k

n

q q q q q
i

−

=

+ + + −










∑1

1

	 (30)

τ
0

0

1

1

i
i

i i
k
i i i

k

n

W

q q q q q
i

=

+ + + −−

=
∑f pr ev

, β α λij ij ij= + , 	 (31)

αij ≠ 0 , λ j ≠ 0 , and f c c tij ij ij( , , )
hb
= 0 . 	 (32)

This model has high efficiency in analysis of hydro-chemical and water balance of water bodies 
(Koch and Grünewald, 2009).

Air Pollution Dispersion Models

Risk assessment and security management tasks require to analyze a transport of pollutants in the atmo-
sphere. There are many ways to analyze distribution of atmosphere pollutions. Key mathematical models 
of atmospheric air contamination and pollution dispersion are described in (Moussiopoulos et al., 1997).

Distribution of pollutants in the atmosphere can be analyzed with models of particles dispersion and 
models of air contamination (Zannetti, 1970).

There are few basic dispersion models:
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•	 Eulerian dispersion model (numerical solution of atmospheric diffusion equation);
•	 Gaussian dispersion model (concentration of pollutant describing as a Gaussian distribution);
•	 Lagrangian dispersion model (analysis of processes in dynamic air environment or imitation of 

dispersion with conditional particles).

The models of air contamination may be divided to semi-empirical (based on empiric parameter-
ization), stochastic, and imitational (voxel) models. To forecast a pollutant distribution the equation of 
molecular and convective diffusion can be applied. This equation describes matter transport in different 
environments with certain boundaries constrains.

In the simplest case, the one-dimensional empiric model may be applied:

v t
dx

d t t
( )

( )
=

−
0

	 (33)

where v is the velocity of pollution, t – time from initial moment t0; x – is a coordinate.
More accurate calculations can be executed using three-dimensional parabolic equation (National 

Research Council, 1992):

Q T t
C x y z t

t
v x y z t gradC x y z t divDgradC( , )

( , , , )
( , , , ) ( , , , )=

∂
∂

+ −
∗

∗ ∗ (( , , , )x y z t∗ 	 (34)

where C is concentration, D – coefficient of turbulent transport, t – time from initial moment t0, Q – in-
tensity of contamination source, v is the velocity of pollution; z* – vertical coordinate reduced to terrain 
z0 taking into account effective depth of vegetation, T – temperature.

Pollution Model: Crop and Nitrate Contamination

Management of nitrogen contaminations requires a model of contamination, based on understanding of 
nitrogen cycle in environment (Figure 5) and, first of all, on the crop yield model, since agriculture is a 
main source of diffuse nitrate pollutions (Zheng and Bennett, 2002).

The crop yield, required to estimate the nitrate pollution, can be calculated according to the follow-
ing polynomial equation:

Y a b W c W d N e N f W N
s y s y s y s y s y s y s y, , , , , , ,
= + ⋅ + ⋅ + ⋅ + ⋅ + ⋅2 2 , 	 (35)

where Y
s y,

 is the crop yield located at site source s for a year y (kg/ha), W
s y,

 is the water applied to the 
crop located at source s (m3 /ha), and N

s y,
 is the fertilizer applied to the crop located at source s (kg/

ha) within the year y. The coefficients a,…, f are calibrated (for example by a least-square fitting tech-
nique) with the in-field measurement data.
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The amount of leaching and hence the amount of nitrates in groundwater have been found to be a func-
tion of the timing of fertilizer application, vegetative cover, soil porosity, fertilizer application method, 
irrigation rate (Canter, 1996). Once the nitrogen is applied to the crop it suffers some transformation. 
After the plant uptake and the transformation, some of that nitrogen applied is converted into nitrate that 
can leach to the aquifer. The amount of nitrogen leached was introduced into the management model as 
quadratic functions as follows:

L g h W i W j N k N l W N
s y s y s y s y s y s y s y, , , , , , ,
= + ⋅ + ⋅ + ⋅ + ⋅ + ⋅2 2 	 (36)

where L
s y,

 is the nitrogen leached (kg/ha), and the coefficients g,…, l are calibrated (for example by a 
least-square fitting technique) with the in-field measurement data. The nitrate leached in (kg/ha) is di-
luted by the irrigation water recharge, therefore the nitrate concentration cr

s x y, ,
 entering the aquifer is:

cr
L

rs x y

s x y

s x y
, ,

, ,

, ,

= 	 (37)

where r
s x y, ,

 is the water that recharges the aquifer (m3 /ha) at planning period y, and L
s x y, ,

 is the nitrogen 
leached from each crop area s (kg/ha) at planning period y. The subindex y in the formulation refers to 
the year within the planning horizon or the number of successive years in which the fertilizer is applied. 
The vector of n elements cr

s x y, ,
 correspond to concentration recharge (the product of the concentrations 

of the source waters times the volumetric water fluxes), during the management period y and the dis-
posal site location s.

Figure 5. General model of nitrogen cycle
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And the nitrate concentration ρ
t x y, ,

 at the moment t in site s can be calculated as:

ρ α α ρ α ϑ ε
t x y s t s x y s

s x y

A cr
, , , , ,

, ,

( )= + + + +∑0 1 0 2
	 (38)

where α α α
0 1 2
, ,  are the regression coefficients, ρ

0
 is the initial concentration, A

s
 is the area cultivated 

for crop located at source s; ϑ
s

 is a coefficient of infiltration, and ε  is an uncertainty factor.
From viewpoint of socio-ecological security control, this algorithm should be a part of hydro-economic 

approach, of an optimization model, which should be developed to define efficient and secure fertilizer 
allocation in agriculture. It should be assessed when, where and by how much fertilizer reductions have 
to be applied to meet the ambient standards (groundwater quality) in specific control sites in the aquifer.

In framework of this hydro-economic model the non-point pollution abatement problem should be stated 
as the maximization of welfare from crop production subject to constraints that control the environmental 
impacts of the decisions in the study region. Welfare was measured as the private net revenue, calculated 
through crop production functions and data on crops, nitrogen and water prices. The hydro-economic 
model integrates the environmental impact of fertilization by simulation of soil nitrogen dynamics and 
fate and transport of nitrate in groundwater with the economic impact (agricultural income losses) of 
water and fertilization restrictions, assessed through agronomic functions representing crop yields and 
crop prices. The decision variables of the problem are the sustainable quantities of nitrogen per hectare 
applied in the different crop areas (diffuse pollution sources) to meet the environmental constraints. The 
management model for groundwater pollution control may be formulated as:

max{ }
( )

( )
, , ,

,

G
A pY p N p W C S

r
s s s y n s y w s y s s

y
s y

=
− − − +

+
∑

1
	 (39)

with constrain:

( )
, ,

,

,, ,

cr
t

c
q

s x y

x y

s ys x y
ct

ρ
∑ ≤ , ∀c t y, , 	 (40)

where G is the objective function to be maximized and represents the present value of the net benefit 
from agricultural production defined as crop revenues minus fertilizer and water variable costs, A

s
 is 

the area cultivated for crop located at source s; p
s
 is the crop price (per kg); Y

s y,
 is the production yield 

of crop located at source s at planning year y (kg/ha), that depends on the nitrogen fertilizer and irriga-
tion water applied; p

n
 is the nitrogen price (per kg); N

s y,
 is the fertilizer applied to crop located at source 

s at year y (kg/ha), p
w

 is the price of water, and W
s y,

 is the water applied to crop located at source s at 
each planning year y (m3); C

s
 is the aggregation of the remaining per hectare costs for crop located at 

source s; S
s
 are the subsidies for the crop located at source s; r is the annual discount rate, ρ

x y,
 is the 

nitrate concentration for each crop area s, t is the time (number of years within the planning horizon y), 
c
s y,

 is the number of control sites for each crop area s during the period y; q
ct

 is a vector of water qual-
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ity standard imposed at the control sites; cr
s x y, ,

 is above described three component vector, which cor-
responds to the nitrate concentration recharge reaching groundwater from a crop located at source s.

SATELLITE DATA MODELS

Model of Reflectance Variation Conditioned by 
Pollutant Transport in Dynamic Environment

From viewpoint of satellite data utilization, the propagation of pollutants in water and air environment 
may be modeled through assessment of variations of intensity distribution on satellite images. Therefore, 
to analyze pollutants distribution we can study spatial-temporal distributions of spectral reflectance us-
ing satellite time-series.

Basing on the equation of transfer and non-stationary Navier-Stokes equation may be constructed 
approach to iterative minimax assessment of velocity of variations of optical flux (Herlin et al., 2012). 
Using this approach it is possible to solve a problem of observation/measurements data discreteness, and 
to control the uncertainties. Model of signal intensity connected with pollutant distribution in changing 
environment may be proposed basing on this approach.

Intensity I varying in the velocity field v = u x y t v x y t
T

( , , ), ( , , )( ) , which can be described by Navier-
Stokes equations:

∂ + ∂ + ∂ +∂ = ∆ +

∂ + ∂ + ∂ +∂ = ∆ +
∂ +∂

t x y x u
m

t x y y v
m

x y

u u u v u p u e

v u v v v p v e

u

ν

ν

,

,

vv x y t

x y t x y

x y t x y x

T

b

= ∈
= ∈ ∂

= +

0

0

0 0

, ( , , ) ,

( , , ) , ( , ) ,

( , , ) ( , ) (

Ω
Ωv

v v e ,, ), ( , ) ,y x y ∈ Ω

	 (41)

where v
0

 – initial velocity field, e
u
m , e

v
m , eb  - members to description of epistemic uncertainty (model).

Distribution of observed values I x y t
k l s

( , , )  of intensity function I x y t( , , )  in the points {( , )}
,

,
x y
k l k l

N Nx y

=1
 

of the image site Ω  can be expressed as:

Y g x y t I x y t dxdydt
s
kl

s
kl

s
kl

T

= +∫ ( , , ) ( , , )
Ω

η 	 (42)

k N
x

= 1, , l N
y

= 1, , s S= 1, 	

where g
s
kl  is image receiving procedure function, η

s
kl  – aleatiroc uncertainty (observation error).
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If according to assumption every element of image corresponds to velocity field v : ( ( , , ), ( , , ))= u x y t v x y t T , 
and its intensity is constant along full trajectory ( I x y t( , , ) const≈ ), intensity function will comply with 
constraints (Horn and Schunck, 1981):

d
dt
I x y t I u x y t I v x y t I e x y t

t x y
o( . . ) ( . . ) ( . . ) ( . . )= ∂ + ∂ + ∂ = 	 (43)

Here we assume that exist all partial derivatives of I, and there is e t To ∈  
2 0 2
( , , ( ))Ω , which de-

scribe an uncertainty.
Minimax assessment of velocity field v is building using the time-series of discrete images Y

s
kl , 

basing on assumption that uncertain parameters eo , e
u
m , e

v
m , eb  belong to the limited convex set L

T2
( )Ω , 

and η
s
kl  is an independent scalar random values with zero mean and covariations R

s
kl .

For specified velocity field v∗  can be constructed assessment of intensity Î ∗ , which determined by 
this field and constraints. Assessment Î ∗  should correspond to observation data Y

s
kl , with aleatoric er-

rors η
s
kl  and epistemic uncertainty of v∗ .

Assessment of gradient ∇I *  calculating using constructed assessment of intensity function Î ∗ . 
Using substitution of v∗  and ∇I  instead ∇I * , a system of linear equations for I and v can be obtained 
for further construction of v∗∗  – optimal assessment of velocity field v (for which corresponding I ∗∗  
has optimal correlation with data Y

s
kl ).

Iterative method consists of two stages. First, assessment of velocity field ˆ (ˆ , ˆ )vi i i Tu v= should be 
substituted into the equation of optical flux constrains:

∂ = − ∂ − ∂ +
t

i
x

i
y

oI u x y t I v x y t I e x y tˆ ( , , ) ˆ ( , , ) ( , , ) 	 (44)

Defining this equation as an equation of state, the minimax assessment Î i  of the intensity function 
I and assessment ∇I *  of the image gradient ∇I  can be calculated.

Second, taking into account ∇I *  and v̂i , the next equation of state can be constructed:

∂ = − ∂ − ∂ +

∂ + ∂ + ∂ +
t x

i
y
i o

t
i
x

i
y

I u x y t I x y t I e x y t

u u u u

( , , ) ( , , ) ( , , )

ˆ ˆ

ν

ν ∂∂ = +

∂ + ∂ + ∂ +∂ = +
∂ +∂ =

x u
m

t
i
x

i
y y

m

x y

p u e

u p e

u x y

ν

ν ν ν ν ν ν
ν

ν

∆

∆

,

ˆ ˆ ,

,( , ,0 tt

x y t x y
T

) ,

( , , ) ,( , )

∈
= ∈ ∂

Ω
Ων 0

. 	 (45)

This system of linear parabolic equations may be used for calculation of minimax assessment of v̂i+1 . 
Also for uncertainty assessment it is important to obtain a linear assessment of intensity function I.

Minimax assessment Î  of the function I is the solution of the system of equations:
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where L t u t x y v t x y
x yε ε( , ) : ( , , ) ( , , )v = − ∂ − ∂ + ∆2 , ε > 0 . L tε( , )v  is a linear differential operator; 

I L
0

2∈ ( )Ω  is an initial state (initial image of time-series); B0 and B – linear limited operators in L2( )Ω , 
which are the additional constrains to uncertain parameters; eo , eb  - realizations of independent random 
processes:
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Solutions of this system of equations are the following:
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where β
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As a result, we obtain distribution Î , which is a minimax assessment of intensity function, and 
minimax assessment of image gradient ∇I i  can be calculated on this base.
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In the field of security management and control the distribution of extremums is important. In this 
class of tasks, the linear minimax assessment Î  of function I, which allows to determine extremes of 
distribution of spectral reflectance is an optimal solution of presented system of equations.

Therefore, transfer of pollutants can be assessed by the sampling of intensity distribution in separate 
spectral ranges.

Model of Spectral Reflectance Toward Water Quality

As an experience of satellite observations shows (Zilioli and Brivio, 1997; McFeeters, 1996; Kostyuchenko 
et al., 2012), spectral reflectance indices can be used for as indicators of ecological state of water eco-
systems. In particular, Normalized Difference Vegetation Index NDVI can serves as indicator of water 
quality of inland and offshore marine water (NDVIW). Distributions of NDVI have good correlations with 
concentrations of chlorophyll-α, mineral suspension, with water clarity and other quality characteristics.

General model of signal formation of water surface can be presented as superposition of luminances 
(Figure 6) (Kogan et al., 2004; Gordon et al., 1988):

L L L T L T L T L
t R A G C W
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )λ λ λ

ω
λ λ

ν
λ λ

ν
λ λ

λ

= + + + +( )∑ 	 (52)

where L
t
( )λ  is the luminance on the sensor, L

W
( )λ  is the signal on water surface, L

R
( )λ  is the luminance 

corresponding to atmospheric Rayleigh scattering, L
A
( )λ  is the luminance corresponding to atmospheric 

aerosol scattering, L
G
( )λ  and L

C
( )λ  are luminance connected with surface glaring and foaming, Tω

λ( )  is the 

spectral directional transmittance, Tν
λ( )  is the spectral diffuse transmittance. Luminance L is connected 

with intensity I through the projection of source area by the simple relation L dI dA= cosθ , where 

A is the square of observed source area, and θ is the angle between line of observation and the surface 
normal.

In framework of this model the NDVI
W

 index can be presented as:

NDVI
W
=

− + −

+ + +

L L L L

L L L L
W WW A A

W W A A

λ λ λ λ

λ λ λ λ

1 2 1 2

1 2 1 2

, 	 (53)

where LW,A is a luminance of radiance from water surface with the wavelength λ and luminance of mo-
lecular and aerosol scattering, λ

1
 corresponds wavelength range [0,84-0,88] mkm, λ

2
 - to range [0,63-

0,68] mkm.
Taking into account a molecular scattering:

NDVI 
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−

+
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+ − −

+ +

L L
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A A

AZ M AZ M
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1 2

1 1 2 2
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λ λ2 2+
	 (54)
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here LAZ – luminance of aerosol scattering, LM - luminance of molecular scattering, according to: 

L
F R

M
R S V S V( )
( ) ( ) ( , , , )λ τ λ λ α α φ φ

π
=

′
0

4
, where τ λ

R
( )  is optic thickness of molecular scattering 

layer; τ
0Z

 is optic thickness of ozone layer; F F
Z S v0 0 0

1 1* exp[ ( cos cos )]= − +τ α α  – irradiance 

on the water level; F0 – irradiance on the level of upper atmosphere; α α φ φ
S v S v
, , ,  are the zenith and 

azimuth angles of Sun and sensor.
Calculated values of L

M

λ1 2, , measured with zenith and azimuth angles of sensor and Sun in diapason 

[00; 500], are in interval of L
M

λ1 0 4 0 48∈ [ , ; , ], L
M

λ2 1 81 2 15∈ [ , ; , ]  (Wt/m2mkm·sr), which is less of 10% 

of average atmospheric scattering (Lλ1 2 2 6 25 1, [ , ; , ]∈ ). So, we can assume, that in our model L
M
→ 0  

and is omissible.

Component of aerosol scattering can be calculated as: L F C
AZ AZ

( ) ( )λ λ λ α= ′ ⋅ ⋅ −
0

. So, taking into 
account previous equation and assuming L

M
→ 0 , we can propose:
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Therefore

α = − −
+

−
1 56 3 5

1

1
, , ln

NDVI

NDVI
W

W

	

Figure 6. Signal model of water surface (L( )λ  is a luminance, C
S

 - concentration of water suspensions)
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Value of NDVI
W

 for clear water varied in interval [-0,41; -0,6]; and Angstrom exponent varied in 
[1,8; 3,28]. Variation of α is probably connected with diversity of particles: higher values of α correspond 
to bigger particles (Kaufman and Tanre, 1992).

In the inland and marine water, there are two types of particles, which can scatter a light and to form 
a distribution of intensity and spectral pattern of reflected radiance. These are mineral and organic 
suspensions. Interrelation of energy reflected by two particles with different refractive indices n1 і n2:
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	 (56)

Mean value for mineral suspension is n1 = 1,15, and for organic – n2 = 1,02. So, scattered energy on 
mineral particles is in 50-70 times more than on organic particles.

Backscattering in the water with varied size particles can be described as (Mueller et al 2002): 
b b B b P B b P
b W S PS S Pl
( ) , ( ) ( ) ( )λ λ λ λ= + +0 5

1 1
, where indices w, s, l, correspond clear water, small 

and large particles; probabilities of scattering by small and large particles are: Bs=0,039 and Bl=0,00064; 
Ps and Pl are the concentrations of mineral and organic particles (g/m3); scattering coefficients for clear 
water b

w
( ) , ( ) ,λ λ= ⋅ −5 826 10 4003 4 322 , small particles b

ps
( ) , ( ) ,λ λ= 1 1513 400 1 7 , and large par-

ticles b
pl
( ) , ( ) ,λ λ= 0 3411 400 0 3 ; λ is the wavelength, nm.

Usual way to obtain a relation between particles concentration and distribution of spectral indices is 
analysis of empiric data in framework of described model assumptions (Figures 7 and 8).

For calibration of obtained regressive relationships were used data of ground spectrometric measure-
ments on test-sites with FieldSpec spectoradiometer (Lyalko et al., 2015). In period 2010-2015 on 6 
test-sites have been collected 263 spectral signatures of water objects, which were used for calibration 

Figure 7. Luminance of water surface with NDVI for different wavelengths
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of models and satellite data. For verification of regressions were used lab measurements provided by 
Institutes of Hydrobiology, Hydrometeorology and Colloid Chemistry of National Academy of Sciences 
of Ukraine (Romanenko et al., 2015, Osadchy et al., 2008) on selected test-sites in 2009-2014.

Distributions L
A

λ1  and L
A

λ2  can be analyzed as a minimum of function L
t
( )λ , and so determined as 

L
A

λ1 4 5≈ , , L
A

λ2 16 3≈ ,  (Wt/m2mkm·sr). Basing on empirical relations L f NDVI
t
= ( )  and 

NDVI P P
s l

= − + −0 605 0 326, ( ) , , we can propose:

P P P P P P
S S S
+ = + − + +− −0 01 11 43 21 46 10 06

1 1
0 652

1
0 326, , ( ) , ( ) ,, , 	 (57)

Corresponding regressions for studied water bodies can be presented as follow:

L NDVI NDVI

R
t

λ1 113 4 133 5 43 67

0 91

2

2

= + +

=

, ( ) , , ;

,
	 (58)

L NDVI NDVI

R
t

λ2 96 85 109 9 47 5

0 86

2

2

= + +

=

, ( ) , , ;

,
	 (59)

Figure 8. Total concentration of suspensions in water environment toward spectral index NDVI
W

 
(empirical relation according to satellite data calibrated by ground data verified by lad measurements)
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Measurements demonstrate that empirical relation of chlorophyll-α for concentrations lass 3 mg/l 
may be presented as relation of particles in form: P P

s l
= 0 059 1 17, , .

Satellite observations, calibrated on data of in-field spectrometry, verified by lab measurements, 
allow determine an empirical relation for sum suspension concentration:

C NDVI
S W
= ⋅

−
0 21

3 05
,

,
	 (60)

Composition of suspensions is highly variable and depends of season and human impact. In the major-
ity of studied cases about 80% of suspensions were composed from organic matters (plankton, detritus, 
other organic matters), and less than 20% is mineral matters. Large organic particles are statistically 
dominated both in freshwaters and marine environment.

So, we obtain a possibility to determine distributions of concentrations of separate components of 
suspensions by spectral reflectance. This is the methodical basement for assessment of ecological state 
of water environment and water quality by satellite derived spectral indices.

RISK MODEL

This section directed to development of formal model of integration of heterogeneous datasets for assess-
ment of water quality in terms of risks, i.e. as a probability of water quality degradation with presence 
of pollutants.

According to regulatory documents, water quality estimating by classes (from I to IV) and categories 
(from I to VII) (Table 1). For each class and category water quality determined by non-identical sets of 
indices (see Table 2), which grouped to three clusters: salt composition (3 parameters), ecological and 
sanitarian criteria (20 parameters), and specific toxic contamination (up to 15 parameters). These indices 
interconnected and linked with quality classes more methodically, than genetically (Liu et al., 2013).

In real situations in large territories on long time intervals we can control (measure, observe or cal-
culate) only limited number of parameters, which non-directly connected with mentioned indices. For 
example, satellite derived water spectral indices may correspond to water quality.

It means that in the most common case, with limited sets of indirect data, the problem of complete 
and accurate assessment of water quality is methodically very difficult. However, we can estimate the 
probability of changes of the water quality class (or category) according to the changes of observed 
indicators that correlate with the quality indices (Landis and Thomas, 2009).

Therefore, the problem is to create a formal algorithm to obtain dimensionless interval estimates 
using the sets of ranging criteria. (Jason and Shepard, 2006).

Assessment of risk connected with water pollution, using a limited set of data with specified criteria 
and classification schemes, can be formulated as a complex fuzzy problem. The appropriate approach 
in the simplest case can be built basing on the fuzzy sets theory (Li et al., 2007).

Risk assessment algorithm may be divided to few stages, and it can be presented in relatively simple 
form.

Set of indices for risk assessment will be defined as:
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M x x x x i n
n i

= = { } =( , ,..., ) , , , ...,
1 2

1 2 	 (61)

where x
i
 is number of selected assessed parameters, x

i
 - parameter from set of x

min
 parameters of risk/

pollutions (in main part of real cases this is limited number of known pollutants, for example, measur-
able or observable parameters: clarity, suspension concentrations, phytoplankton biomass, trophicity, 
surfactants, i.e. n = 6 ).

Following the water quality criteria introduced in European Water Directive and national regulation, 
set of risk assessment criteria D  should correspond to number of introduced classes (or categories):

Table 1. Water quality classes and categories: freshwater ecological classification scheme 

Table 2. Water quality criteria and indicators 
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D d d d d j m
m i

= = { } =( , ,..., ) , , , ...,
1 2

1 2 	 (62)

where m  is the number of water quality classes or categories d
j
, which correspond to assessed pollu-

tions ith , usually m = 5  (number of classes).
Let divide water contamination risks into finite number of intervals: small risk, acceptable risk, 

unacceptable risk, high risk and catastrophic risk.
The membership matrix Z will connect indices of risk M and water quality criteria D as:
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	 (63)

where z
ij

 is risk assessment degree of separate parameter ith  on the water quality criteria j th .
To determine the weight of indexes V

i
 the coefficient of variation may be used (Wang et al., 2011):
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	 (64)

where 0 1≤ ≤V
i

.
In this case, the risk evaluation matrix F may be presented as:

F V Z f f f
m

= • = ⋅ ⋅⋅( , )
1 2
… … 	 (65)

And the risk assessment quantitative indices RI  can be calculated according to relatively simple 
algorithm (Geng et al., 2011):

RI

f j

f

i
j

n

i
j

n
=

×
=

=

∑

∑
1

1

	 (66)

Therefore, the relatively simple algorithm for calculating of interval assessments of water contami-
nation risk in accordance with water quality criteria and using sets of observed and measured data may 
be constructed. Proposed method requires further calibration on wide range of basins using ground 
spectrometry.
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Using proposed algorithm, a distribution of water quality degradation risk in terms of most probable 
classes of quality resulted by the impact of uncertain pollutions may be calculated (Figure 9).

There are two questions, which are important from viewpoint of water quality impact to socio-eco-
logical security: inter-annual and intra-annual dynamics of risk parameters. Because no average values 
determine the impacts, but variations and diversity.

Basing on point spatially distributed data, proposed approach allows to calculate the risk parameters 
with temporal resolution close to temporal resolution of observations. At the same time, taking into ac-
count a possibility of land-cover classification, risk parameters may be calculated for different types of 
water bodies during the selected period (Figure 10).

On the criteria of a multidimensional distribution-free multivariate Kolmogorov–Smirnov test (Justel 
et al., 1997), calculated distributions of risk parameters corresponds to distributions of point measure-
ments on network of hydrological and hydro-chemical sites (Nabyvanets et al., 2007, Osadchy et al., 
2008) with level α better 5%.

The comparing test was provided according to (Marsaglia et al., 2003). If parameter ρ α( )x ≤  (where 
α is the level of statistical significance) we will assume that these distributions (F x F x F x

n1 2
( ), ( ),..., ( ) ) 

are the same relative to the average regional distribution, presented by the reference sample F x( ) . F x
n
( )  

is the empirical distribution functions of measured parameter ξ  on sample X X X
n

= ( ,..., )
1

. Target 

parameter can be found as: ρ( ) sup | ( ) ( ) |x F x F x
x

n
= − , and calculated as ρ π π( ) ( ) /( )x

x
e k x

k

= − −

=

∞

∑2 2 1 8

1

2 2 2

.

Connected with water quality degradation the socio-ecological risks may be assessed separately. Let 
define a probability of water quality degradation in point (x,y) as Pdeg . This probability may be calculated 
in every point of surface using set of calculated values using a Bayes rule:

Figure 9. Risk of water quality degradation
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where Ωx,y is the distribution of detected water pollution reduced on observation period, Qdeg is the sites 
with degraded quality of water, verified by ground and lab measurements, Q0 is the sites with no water 
quality degradation.

Distribution of Ωx,y calculating using the data h(x,y) regularization procedure:

Ω
x y x y m m

m

n

w h x y h x y
, ,

, ( , )= ( )( )
=
∑ �

1

	 (68)

where w h
x y m,

( )�  is weighting coefficient, calculated according: min{ ( )( ) }
,

w h
h

hx y m
f F

m

mm

n

m

�
�

∈=
∑∑ −1 2

1

, where 

m is the observation points number; n is the observation series number; hm is the distribution of measure-
ments; F general set of measurements; �h

m
 is the mean distribution of measured parameters.

Figure 10. Annual dynamics of water contamination risk
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Probability P x y
S
( , )  is calculating semi-empirically. Relation between P x y

S
( , )  and P x y

0
( , )  deter-

mining as lim( ( , ) ( , ) )
, ,x y S
P x y P x y

τ τ τ+ =
0

1  (on the long observation periods P x y P x y
S
( , ) ( , )= −1

0
). 

Probability P x y
S
( , )  may be defined using Gauss weighing function:

P x y P P P e
S

ds p( , )
min max min

= + −( ) ⋅
2 22σ 	 (69)

where P x y
S
( , )  is the probability of pollution during the observation period calculated by proposed ap-

proach; Pmax is the maximal possible probability of pollution calculated by core models and regional 
statistics (Bernardo and Smith, 2001) (Pmax for used sensors might be assessed on the level 0,75-0,78); 
Pmin is the minimal probability of pollution calculated using regional statistics (Pmin might be defined 
about 0,02-0,04); ds(x,y) is the distance from pollution source to assessed point; σp is the empirical pa-
rameter, depending of sensor and local features (σp may be assessed on the level about 0,6 km).

To estimate impact to socio-ecological security, according to (Straub, 2009), a robustness coefficient 
β may be proposed, through probability density function, as a Gaussian measure of possible damage:

β
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where k is the population structural coefficient, empirically describing a vulnerability of different popu-
lation groups toward the water quality changes. Average values of the coefficient β for study region lie 
in the interval [0,5; 3,5], which is correspond to pollutions of mean intensity (average water pollution 
risk parameters 0,35 - 0,45). This parameter has a sense of integrated influence of water quality change 
on population and may be used as impact factor to the population distribution and structure. With the 
increasing of the calculated risk level, the value of robustness coefficient β is decreasing.

It is a method of determination of regional water quality degradation risks and socio-ecological impact 
using the data of satellite observations and ground calibration. This method allows obtain regularized 
spatial-temporal distributions of risks parameters with smoothed reliability.

Such kind of spatial and temporal distributions of risk parameters is more adequate base for decision 
making in field of socio-ecological security than a set of point measurement.

CONCLUSION

Idea of this research is to establish a hypothesis of applicability and utility of soft computing in security 
management: if there is an a priori information about initial state of the system, and researcher is able 
to model key processes in this system, which forming the key interlinked parameters of socio-ecological 
security, it is possible to select and control a limited set of indicators, and basing of which to calculate a 
most probable evolution of system. So, it is possible to reduce a number of controlled variables, obtain 
a possibility to harness a multi-source data, simplify a problem of uncertainty control, receive a spatially 
and temporally distributed assessments with a scale close to the observation resolution.
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In situation of limited access to data the soft computing techniques becomes especially useful: not 
so many parameters are directly measurable with required spatial, temporal, spectral and radiometric 
resolutions, at the same time many parameters are observable, and almost everything we can simulate. 
So, soft computing techniques are especially important in the field of socio-ecological security.

Complex security management requires an integrated approach to socio-ecological risk assessment, 
including modeling of water, land and air environment. Whole set of existing data, methods and instru-
ments should be used for solution of this complicated task. Proposed methodology aimed to expanding 
the set of accessible for analysis data among the volume of available data.

It was demonstrated, that basing on point spatially distributed measurement data, proposed approach 
allows to calculate the risk parameters with temporal resolution close to temporal resolution of observa-
tions. Besides, using existing land-cover classification, risk parameters may be calculated for different 
types of water bodies during the selected intra-annual and interannual periods. This model of spatial 
and temporal distributions of risk parameters is more useful and adequate base for decision making in 
field of socio-ecological security than a heterogenious set of point measurement. Therefore, proposed 
approach is a useful applied instrument.

The proposed approach and the results obtained can be applied in aerospace industry for development 
of sensors and systems for Earth’s aerospace monitoring, as well as for the development of automatic 
design systems of integrated control systems in civil engineering.

At the same time the main problem, which should be decided at the next stage of the study, is the 
analysis of uncertainties, connected with land-cover classification, as well as the development of problem-
oriented land-cover classification approach, adapted for the algorithm proposed. Besides, further research 
should be directed to analysis of water quality on local scale.
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ABSTRACT

A multi-objective fixed charged solid transportation model with criterion e.g. transportation penalty, 
amounts, demands, carriages and budget constraints as type-2 triangular fuzzy variables with condition on 
few components and carriages is proposed here. With the critical value based reductions of correspond-
ing type-2 fuzzy variables, a nearest interval approximation model and a chance constrained program-
ming model applying generalized credibility measure for the constraints is proposed for this particular 
problem. The credibility measure is also applied to the objective functions of the chance constrained 
programming model. The model is then transformed into the corresponding crisp deterministic form by 
these two methods. A numerical example is provided to explain the model with hypothetical data and is 
then worked out by applying a gradient based optimization - Generalized Reduced Gradient technique 
(applying LINGO 16). The corresponding objective function values are compared numerically by two 
approaches after transforming it to crisp form by these two methods.
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1. INTRODUCTION

In today’s highly competitive market, the pressure on organizations to find better ways to create and 
deliver value to customers becomes stronger. How and when to send the products to the customers in 
the quantities in a cost effective manner becomes more challenging. Transportation models provide a 
powerful framework to meet this challenge. They ensure the efficient movement and timely availability 
of raw materials and finished goods. The transportation problem (TP) is a special class of linear program-
ming problem in which the objective is to transport a commodity from various plants called origins to 
different places called destinations at a minimum cost. There are two types of constraints in classical TP 
namely origin and destination constraints introduced by Balinski (1961). In practical applications, there 
exists another constraint such as carriage mode constraint besides origin and destination constraints. 
That is why, the classical transportation problem takes the form solid transportation problem (STP), an 
exclusive form of linear programming problem, where we deal with condition of sources, destinations 
and carriages. There may be several other types of constraints besides source, destination and convey-
ance. It may be budget constraints arising out of limited budget. A few important criterions in the STP 
are always treated as uncertain variables to fit the realistic positions due to complex situation during the 
transportation movement. It is impossible to form a transportation plan for the future months because 
there is no definite data for the amount of quantity necessary at every origin, the requirement at every 
destination and the carriage quantity and these values all are uncertain. And as such it is much better to 
explore this issue by applying fuzzy or stochastic optimization models. It is difficult to predict the exact 
transportation cost for a certain time period. Soft computing is the method to handle uncertainty, partial 
truth, and approximation to attain practicability, robustness and low solution cost. The principal com-
ponent of Soft Computing includes Neural Network (NN), Fuzzy Logic (FL), and Genetic Algorithms 
(GA). Fuzzy set theory is the one of the popular approaches to deal with this uncertainty. Transportation 
model is sometimes associated with additional costs along with shipping cost that may arise due to toll 
charges, road taxes etc. In this case it is called fixed charged transportation problem (FCTP).

Multi-item STP is a problem of shipping multiple items from multiple sources to multiple destina-
tions through some conveyance. A situation may arise while transporting some items from origin to 
some destination where all types of items cannot be transported through all types of conveyances due 
to nature of items (e.g. liquid, solid, breakable etc.). Multi-item fixed charge solid transportation prob-
lem (FCSTP) with restriction on conveyances is a problem of transporting goods to some destinations 
through a particular conveyance with additional fixed charge for that particular route. The models that 
are used to find optimal solutions of multiple objective functions of shipping multiple components from 
multiple sources to multiple destinations over a few carriages are called as multi-item multi-objective 
solid transportation problem. The authors wish to solve multi-objective multi-item fixed charged solid 
transportation problem with budget constraints in type-2 fuzzy variables in this chapter.

This chapter has 6 Sections: background is given in Section 2, Section 2.2 contains some basic 
preliminaries relating to the notions of reductions of type-2 fuzzy variables. Also, CV-based reduction 
methods for type-2 fuzzy variables are discussed in this Section. Section 3 describes the main focus of 
the chapter. The authors have formulated a multi-item multi objective fixed charged solid transportation 
problem with budget constraints and conditions on a few brands and carriages in the sense that a few 
specific brands are restricted to be shipped over a few particular carriages in Section 3.1. The problem 
follows some transportation guidelines e.g. unit transportation penalty, fixed costs, amounts, requirements, 
budget amount and carriage quantities as type-2 triangular fuzzy variables. The model is investigated 
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by developing a chance constrained programming model and nearest interval approximation applying 
the CV based reduction method in Section 4.3. Finally the model is solved numerically in Section 4.3.2 
applying fuzzy programming technique and LINGO 16 solver.

2. BACKGROUND

2.1 Literature Review

The notion of type-2 fuzzy set was defined by Zadeh (1975) as a generalization of type-1 fuzzy set (1965). 
The membership function of a type-1 fuzzy set is a real number in [0,1], while the membership function 
of a type-2 fuzzy set is a type-1 fuzzy set. Type-2 fuzzy sets and fuzzy inference system is being applied 
in many areas of science and technology such as: computing with words (2007), human resource manage-
ment (2012), forecasting of time-series (1999), pattern recognition (2009), fuzzy logic controller (2006), 
industrial application (2011), simulation (2011), and transportation problem (2014,2015,2016,2017). 
The motivation behind this chapter is to study solid transportation model with type-2 fuzzy parameters. 
In recent years, the STP obtained sufficient interest and several problems and algorithms under both 
crisp environment and uncertain environment have been studied. For example, Jiménez and Verdegay 
(1998) investigated a balanced fuzzy STP taking into account fuzzy supplies, fuzzy demands and fuzzy 
conveyance capacities. Liu (2006) presented a non-balanced STP by considering supply capacities, 
demands, and conveyance capacities are all convex fuzzy numbers. Yang and Liu (2007) studied the 
FCSTP by considering the unit costs, fixed charges, quantities, requirements and carriage capacities 
are fuzzy variables. Molla et al. (2013) presented a FCSTP under a fuzzy environment and used three 
meta-heuristics to find out the solution of the problem. Yang and Feng (2007) investigated a bi-criteria 
STP, where the parameters are random variables, and considered a hybrid algorithm to produce an ap-
proximate optimal solution. Gen et al. (1995) studied a bicriteria FCSTP and used genetic algorithm for 
solving it. Baidya et al. (2013) solved a multi-item STP with safety measure. Bit et al. (1993) investigated 
the fuzzy programming model for a multi-objective STP. Ojha et al. (2009) presented entropy based 
STP by considering general fuzzy costs and time. Nagarjan and Jeyaraman (2010) studied the chance 
constrained programming model for a multi-objective STP with the parameters as stochastic intervals. 
Kundu et al. (2014) investigated multi-objective solid transportation problems with budget constraint in 
uncertain environment. Pandian and Anuradha (2010) found out a new method to solve the STP. Li et 
al. (1997) discussed a neural network method to express bi-criteria STP, and Li et al. (1997) also studied 
multi-objective STP with fuzzy numbers and used improved genetic algorithm to solve it. Kundu et al. 
(2014) has investigated two models namely (i) model-I: fixed charge transportation problem (FCTP) 
with type-2 fuzzy cost parameters and (ii) model-II: FCTP with costs, supplies and demands as type-2 
fuzzy variables. Maiti et al. (2015) has solved one model with multi-item solid transportation problem 
with restriction on conveyances with the type-2 fuzzy variables. Kundu et. al. (2012) investigated the 
multi-objective STP under various uncertain environments. Amrit et. al. (2016) investigated multi stage 
STP under budget with Gaussian type-2 fuzzy parameters. Anushree et al. (2017) discussed STP under 
type 2 trapezoidal fuzzy environment. Kundu et al. (2015), Liu et al. (1998), Yang et al. (2007) developed 
chance-constrained programming with type-1 fuzzy parameters using credibility measure. Zhang et al. 
(1999) introduced deterministic forms of the uncertain constraints applying the notion of possibility de-
gree of interval number defining definite degree by which one interval is greater or lesser than another. 
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Zimmermann (1978) established that fuzzy linear programming technique regularly provides useful 
solutions and an optimal compromise solution for multiple objective problems. Dhiman et al. (2017) 
investigated a multi-item multi-objective fixed charged solid shipment model with type-2 fuzzy variables.

2.2 Preliminaries

Let us demonstrate some preliminary definitions and theorems in this section to solve our proposed model.

2.2.1. Definitions

Definition 2.2.1.1 (Chen et al. (2013): A pair ( , , )η ′ ′q Pos  is termed as a possibility space, where η ′  
is non-empty set of points, q ′  is power set of η ′ and Pos : [ , ],η ′ → 0 1  called possibility measure 
defined as:

1. 	 Pos( )φ = 0  and Pos( ) .η ′ = 1
2. 	 For any { | }A k K

k
∈ ⊂ ′η , Pos A Pos A

k
k

k
( ) sup ( )∪ = .

Definition 2.2.1.2 (Nahmias (1978)): The possibility measure of a fuzzy event { }�τ ′ ′∈C , C R′ ⊂  is 
explained as Pos C y

y C

{ } sup ( ),�
�

τ µ
τ

′ ′

∈

′∈ =
′ ′

′  where µ
τ�′
′( )y is defined as a possibility distribution of 

�τ ′ . 
Definition 2.2.1.3 (Liu et al. (2002)): The necessity (Nec) and credibility measure (Cr) of a normalized 

fuzzy variable ( sup ( )
y

y
′

′

∈

′ =
R

µ
τ�

1 ) is defined as follows

Nec B Pos B yc

y B c
{ } { } sup ( )� �

�
τ τ µ

τ

′ ′ ′ ′

∈

′∈ = − ∈ = −
′ ′

′1 1 	

Cr B Pos B Nec B{ } ( { } { }) /� � �τ τ τ′ ′ ′ ′ ′ ′∈ = ∈ + ∈ 2 	

Definition 2.2.1.4 (Liu et al. (2010)): For a possibility space ( , , ),η ′ ′q Pos a regular fuzzy variable (RFV) 
�τ ′ is denoted by η ′ → [ , ]0 1  in the notion that for everys ′ ∈ [ , ]0 1 , one has { | ( ) }δ η µ δ

τ

′ ′ ′ ′ ′∈ ≤ ∈′�
s q .

Definition 2.2.1.5 (Liu et al. (2010)): If ( , , )η ′ ′q Pos  is a fuzzy possibility space then a type-2 fuzzy 
variable (T2 FV in short) �τ ′ is expressed as η ′ → �,  such that for any s ′ ∈ � , the set 
{ | ( ) }δ η µ δ

τ

′ ′ ′ ′ ′∈ ≤ ∈′�
s q .

Definition 2.2.1.6 (Zadeh (1975)): A type-2 fuzzy set �D  explained on the universe of discourse Z  is 
described by a membership function � �µD Z F: ([ , ])→ 0 1  and is expressed by the following set 

notation: � � �D z z z Z
D

= ∈{ , ( ) : }( )µ .
Example 2.2.1.7 (Liu et al. (2010)): A type-2 triangular fuzzy variable �τ ′  is expressed by ( , , ;r r r

1 2 3
′ ′ ′

θ
l
′,  θ

r
′ )  where r r r

1 2 3
′ ′ ′ ∈, , R  are real numbers and θ θ

l r
′ ′,  are two criterions defining the degree of 

ambiguity that �τ ′  takes a value x and the secondary possibility distribution function �
�
µ
τ ′

′( )x  of �τ ′

is denoted as
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2.3 Critical Values for RFVs

The different forms of critical values (CV) of a RFV �τ ′ are given by Qin et al. (2011) as follows:

1. 	 The optimistic CV of �τ ′,  denoted by CV *[ ]�τ ′ , is defined as:

CV Pos*

[ , ]

[ ] sup [ { }]� �τ α τ α
α

′

∈

′ ′ ′= ∧ ≥
′ 0 1

.	

2. 	 The pessimistic CV of �τ ′ , denoted by CV
*
[ ]�τ ′ , is defined as:

CV Nec
*

[ , ]

[ ] sup [ { }]� �τ α τ α
α

′

∈

′ ′ ′= ∧ ≥
′ 0 1

	

3. 	 The CV of �τ ′ , denoted by CV [ ]�τ ′  is defined as:

CV Cr[ ] sup [ { }].
[ , ]

� �τ α τ α
α

′

∈

′ ′ ′= ∧ ≥
′ 0 1

	

2.4 CV-Based Reduction Approach for T2 FVs

CV-based reduction approach is introduced by Qin et al. (2011) which reduces a T2 FV to a type-1 fuzzy 
variable. Let �τ ′ be a T2 FV with secondary membership function �

�
µ
τ ′
( )y . In RFV  �

�
µ
τ ′
( )y is repre-

sented by the CVs, i.e. CV y CV y*
*

[ ( )], [ ( )]� �
� �
µ µ
τ τ′ ′  or CV y[ ( )]�

�
µ
τ ′

 which are accordingly called optimistic 
CV reduction, pessimistic CV reduction and CV reduction approach.

Theorem 2.4.1 (Qin et al. (2011)): Suppose that �τ η η′ ′ ′ ′ ′ ′= ( , , ; , )s s s
l r1 2 3

 be a type-2 triangular fuzzy 
variable. Then we have:
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1. 	 The possibility distribution of the reduction �τ ′
1
 of �τ ′ using the optimistic CV reduction approach 

is given as follows:
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2. 	 The possibility distribution of the reduction �τ ′
2
 of �τ ′ using the pessimistic CV reduction approach 

is given as follows:
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3. 	 The possibility distribution of the reduction �τ ′
3
 of �τ ′ using the CV reduction approach is given as 

follows:
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Theorem 2.4.2 (Qin et al. (2011)) Let ξ
i
 be the reduction of the type-2 fuzzy variable ξ θ θ

i
i i i

l i r i
r r r� = ( , , ; , )

, ,1 2 3
 

obtained by the CV reduction method for i n= …1 2, , , . Suppose ξ ξ ξ
1 2
, , ..........,

n
 are mutually 

independent, and k
i
≥ 0  for i n= …1 2, , , .

1. 	 Given the generalized credibility levelα ∈ ( , . ]0 0 5 , ifα ∈ ( , . ]0 0 25 , then Cr k t
i

i

n

i
�{ }

=
∑ ≤ ≥

1

ξ α  is 

equivalent to 
( ( ) )

( )
,,

,

1 2 1 4 2

1 1 4
1 2

1

− + − +

+ −
≤

=
∑

α α θ α

α θ
r i i

i
i
i

r ii

n k r k r
t  and if α ∈ ( . , . ]0 25 0 5 ,  then 

Cr k t
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i
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i
�{ }

=
∑ ≤ ≥

1
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( ) ( ( ) )

( )
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1 2 2 4 1

1 4 1
1 2

1

− + + −

+ −
≤

=
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α α α θ

α θ

k r k r
ti

i
l i i

i

l ii

n

.

2. 	 Given the generalized credibility level α ∈ ( . , ]0 5 1 , if α ∈ ( . , . ]0 5 0 75 , then Cr k t
i

i

n

i
�{ }

=
∑ ≤ ≥

1

ξ α  

is equivalent to 
( ) ( ( ) ( ) )

( )
,

,

2 1 2 1 3 4

1 3 4
3 2

1

α α α θ
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i
l i i
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, and if, α ∈ ( . , ]0 75 1  then 
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ξ α  is equivalent to 
( ( ) ) ( )
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Corollary 2.4.3: Given the generalized credibility level α ∈ ( , . ]0 0 5 , if α ∈ ( , . ]0 0 25  from (i) of the 

above theorem, then Cr k t
i

i

n

i
�{ }

=
∑ ≥ ≥
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⇒
− + + −

+ −
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=
∑
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α α α θ
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.	

The other values of α  are similarly derived from other expressions.

2.5 Nearest Interval Approximation of Continuous Type-2 Fuzzy Variables

Kundu et al. (2015) proposed the interval approximation of type-2 triangular fuzzy variables by apply-
ing the α cut of the optimistic, pessimistic and credibilistic approximation of type-2 triangular fuzzy 
variables given by theorem 1. Lastly, using interval approximation method to these α cuts estimated 
crisp intervals are obtained which are given below:

1. 	 Applying α cut of the optimistic CV based reduction (optimistic interval approximation): The 
nearest interval approximation of �τ ′ is calculated as [ , ]C C

L R
 where C C C

L L L
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1 2

C
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2. 	 Applying α cut of the pessimistic CV based reduction (pessimistic interval approximation): The 
nearest interval approximation of �τ ′  is calculated as [ , ]C C

L R
 where, C C C

L L L
= +

1 2

C
s s s s

L

l

l
l

l
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′) ,] 	 (3)
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3. 	 Applying α  cut of the CV reduction (credibilistic interval approximation): The nearest interval 
approximation of �τ ′  is calculated as [ , ]C C

L R
 where,C C C
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3. MAIN FOCUS OF THE CHAPTER

The main focuses of the chapter are:
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1. 	 The solid transportation problem with type-2 fuzzy variables is an emerging area. The advantage 
of type-2 fuzzy sets is that they are helpful in some cases where it is difficult to find the exact 
membership functions for fuzzy sets.

2. 	 The authors have formulated a multi-item multi objective fixed charged solid transportation prob-
lem with budget constraints and conditions on a few brands and carriages in the sense that a few 
specific brands are restricted to be shipped over a few particular carriages.

3. 	 The problem follows some transportation parameters e.g. unit transportation penalty, fixed costs, 
amounts, requirements, budget amount and carriage quantities as type-2 triangular fuzzy variables.

It is impossible to form a transportation plan for the future months because the values for the amount 
of quantity necessary at every origin, the requirement at every destination and the carriage quantity are 
uncertain. It is difficult to predict the exact transportation cost for a certain time period. Soft computing 
is the method to handle uncertainty, partial truth, and approximation to attain practicability, robustness 
and low solution cost.

3.1 Problem

The authors have proposed the model for the multi-item multi-objective fixed charged solid transporta-
tion problem with budget constraints and restriction on conveyances in this section. 

Suppose that K different forms of conveyances are required to transport l items from m origins (or 
sources) O i m

i
( , ,..., )= 1 2  to n destinationsD j n

j
( , ,..., )= 1 2  and also t t R( , , , )= …1 2  objectives are 

to be minimized. In addition to that there are a few conditions on a few particular components and car-
riages so that a few components cannot be shipped over a few carriages. Let us denote Jk as the set of 
items which can be shipped through conveyance k (k = 1, 2,.., K). We use notation p ′ ( p ′ =1, 2,.., l) to 
denote the items.

The fixed charged solid transportation problem (FCSTP) is associated with two types of costs, unit 
transportation cost (direct cost) for shipping unit product from source i to destination j and a fixed (/ad-
ditional) cost for the route (i, j). The multi-item multi-objective FCSTP with m sources, n destinations, 
k conveyances, direct costs, fixed cost parameters, and budget constraints in T2 FVs defined as follows:

Min Z d c x e y
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p
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i
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p
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ij
= +

′
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kk
p t R
′

=, , , ...1 2 	 (7)
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p
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i
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p

k

K

i
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p

j
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j
tp′ ′ ′ ′ ′ ′

==
∑∑ + ≤ =

11

1 2( ) , , , ...., ; , , .... , , , ... .n p l t R′ = =1 2 1 2 	

x i j k p y
x
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p
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




′0
1 0

0
, , , , ,

, ;

, ,

if 

otherwise
	

where d
ijk
p ′  is defined as

d
p I i j k p

ijk
p K′

=
∈ ∀







′ ′1

0

, , , , ;

, .

if 

otherwise
	

Here, x
ijk
p ′ is the decision variable representing the amount of p’-th item transported from source i to 

destination j, e
ijk
tp ′  is the type-2 fuzzy fixed cost associated with route (i, j) for the objective Z

t
. The unit 

transportation cost c
ijk
tp ′ for the objective Z

t
, total supply of ′p -th item a

i
p ′  at i-th origin, total demand 

of ′p -th item b
j
p ′  at j-th destination and total capacity fk of k-th conveyance are all type-2 fuzzy variables. 

Here c
ijk
tp ′ ( , , , )t R= …1 2  represent unit transportation cost so that the available type-2 fuzzy budget 

amount for jth destination i.e. B
j
tp ′  is imposed for the objective Z

t
.

4. SOLUTION AND RECOMMENDATIONS

The model (7) is then transformed into the corresponding crisp deterministic form by applying nearest 
interval approximation and chance constrained programming using generalized credibility in this fol-
lowing section.

4.1 Applying Nearest Interval Approximation

Suppose that c
ijk
tp ′ , e

ijk
tp ′ , a

i
p ′ , b

j
p ′ , f

k
 and B

j
tp ′  are independent type-2 triangular fuzzy variables defined 

by:

c c c c
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tp

ijk
tp

ijk
tp

ijk
tp

l ijk
tp

r ijk
tp′ ′ ′ ′ ′ ′

= ( , , ; , ),
, ,

1 2 3 θ θ e e e e
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tp
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tp
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tp
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tp

l ijk
tp

r ijk
tp′ ′ ′ ′ ′ ′

= ′ ′( , , ; , )
, ,

1 2 3 θ θ ,a a a a
i
p

i
p

i
p

i
p′ ′ ′ ′

= ( , , ;1 2 3 	

θ θ
l i
p

r i
p

, ,
, )
′ ′

,b b b b
j
p

j
p

j
p

j
p

l j
p

r j
p′ ′ ′ ′ ′ ′

= ( , , ; , )
, ,

1 2 3 θ θ ,e e e e
k k k k l k r k
= ( , , ; , )

, ,
1 2 3 θ θ 	
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and

B B B B
j
tp

j
tp

j
tp

j
tp

l j
tp

r j
tp′ ′ ′ ′ ′ ′

= ( , , ; , )
, ,

1 2 3 θ θ 	

The nearest interval approximations (credibilistic interval approximation) of c
ijk
tp ′ ,e

ijk
tp ′ ,a

i
p ′ ,b

j
p ′ , f

k
and

B
j
tp ′  are obtained using (5)-(6) and suppose these are [ , ],[ , ],[ , ],[c c e e a a b

ijkL
tp

ijkR
tp

ijkL
tp

ijkR
tp

iL
p
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p

jL

′ ′ ′ ′ ′ ′ pp
jR
pb

′ ′

, ], [ , ]f f
kL kR

 

and   [ , ]B B
jL
tp

jR
tp′ ′

 respectively. The nearest interval approximations of the model (7) are given below:
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where d
ijk
p ′  is defined as

d
if p I i j k p
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p K′

=
∈ ∀





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4.1.1 Deterministic Form

Suppose the left hand side expressions of the origin, destination, carriage quantity constraints, and the 
budget constraints of the model (8) be denoted by S D F

i
p

j
p

k

′ ′

, ,  and M
j
tp ′  respectively. The possibility 

degree of fulfilment of these constraints are represented as

P
S a ai
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The constraints are allowed to satisfy with a few predetermined possibility degree levels 
α β
i
p

j
p′ ′

, , γ δ α β γ δ
k j

tp
i
p

j
p

k j
tp and ′ ′< ≤

′ ′

( , , , )0 1 respectively, i.e. P
S a a i

p

i
p

iL
p

iR
p′ ′ ′

′

≤
≥

[ , ]
α , P

D b b j
p

j
p

jL
p

jR
p′ ′ ′

′

≥
≥

[ , ]
β

P
F f f kk kL kR≤ ≥

[ , ]
,γ  P i j k p

M B B j
tp

j
tp

jL
tp

jR
tp′ ′ ′

′

≥

′≥ ∀
[ , ]

, , ,δ  and then the identical deterministic inequalities of the 

various constraints are given below:

S a a a
i
p

iR
p

i
p

iR
p

iL
p′ ′ ′ ′ ′

≤ − −α [ ] 	 (9)
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D b b b
j
p

jL
p

j
p

jR
p

jL
p′ ′ ′ ′ ′

≥ + − β [ ], 	 (10)

F f f f
k kR k kR kL
≤ − −γ [ ]. 	 (11)

M B B B
j j
tp

jR
tp tp

jR
p

jL
p′ ′ ′ ′ ′

≤ − −δ [ ] 	 (12)

The minimum objective function value (say Z
t
) and maximum possible objective function value (say 

Z
t
) for [ , ]c c

ijkL
tp

ijkR
tp′ ′

, [ , ]e e
ijkL
tp

ijkR
tp′ ′

 are obtained by solving the following two models:

Z
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c c c e e eijkL
tp
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tp

ijkR
tp
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ijkR
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≤ ≤ ≤ ≤
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Z
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ijkR
tp
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≤ ≤ ≤ ≤
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ijk
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′
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∑∑∑∑ +

1111

( ) pp ′ ]	 (14)

subject to the above constraints (9)-(12) for both cases.

4.2 Chance Constrained Programming Using Generalized Credibility

Suppose that c
ijk
tp ′′ , e

ijk
tp ′′ , a

i
p ′′ , b

j
p ′′ , f

k ′′  andB
j
tp ′′  are the reduced type-1 fuzzy variables from type-2 fuzzy 

variables c e a b
ijk
p

ijk
p

i
p

j
p′ ′ ′ ′, , , , f

k ′  and B
j
tp ′  respectively based on CV-based reduction method. A chance-

constrained programming is formulated with these reduced fuzzy parameters to solve the above problem. 
The uncertain constraints are allowed to be violated such that constraints must be satisfied at some chance 
(/confidence) level in chance-constrained programming. The usual credibility measure cannot be used 
if the reduced fuzzy parametersc e a b

ijk
p

ijk
p

i
p

j
p′′ ′′

′
′′

′
′′, , , , f

k ′ ′ , and B
j
tp ′′  are not normalized. The following chance-

constrained programming model is formulated for the above problem (7) using generalized credibility 
as the problem is a minimization problem:

Min Min 
x
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




0
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0
, , , , ,

, ;

, ,

if

otherwise
	

where d
ijk
p  is defined as

d
p I i j k p

ijk
p K′ =

′ ∈ ∀ ′






1

0

, , , , ;

, .

if

otherwise
	

where Min �f  indicates the minimum possible crisp form that the objective function achieves with 
generalized credibility at least α α( )0 1< ≤ . In other words, α  indicates that the minimization of the 

α  critical value of the objective function. α β
i
p

j
p′ ′, , γ

k
, δ
j
p ′  ( , ,0 < ′ ′α β γ

i
p

j
p

k
,δ
j
p ′  ≤ 1)  are predetermined 

generalized credibility levels of satisfaction of the respective constraints for all i, j, k, p’. The first con-
straint indicates that total amount of ′p ’-th item transported from source i must be less than or equal to 
its supply capacity at the credibility level atleast α

i
p ′  ; the second constraint indicates that total amount 

transported to destination j must satisfy its requirement at the credibility atleast β
j
p ′  and the third con-

straint indicates that total amount transported through conveyance k must not be more than its capacity 
at the credibility atleast γ

k
, and for the fourth constraint indicates that for the objective Z

l
 must satisfy 

its budget at the credibility atleast δ
j
p ′ .

4.2.1 Crisp Equivalence

The chance constrained model formulation (15) is turned into the following crisp equivalent parametric 
programming problems from Theorem 3.3.2 and its corollary 3.3.3:

Case I: 0< ≤α 0.25: The equivalent parametric programming for model (15) is

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



50

Fixed Charged Solid Transportation Problem With Budget Constraints in Type-2 Fuzzy Variables
﻿

Min d
c

ijk
p

k

K

j

n

i

m

p

l
r ijk
tp

ijk
t

′

===′=

′

∑∑∑∑
− + −

1111

1 2 1 4
[
( ( ) )

,
α α θ ′′ ′ ′ ′

′

+

+ −

p
ijk
p

ijk
tp

ijk
p

r ijk
tp

x c x1 22

1 1 4

α

α θ( )
]

,

+	

( ( ) )

(
,

1 2 1 4 2

1 1

1 2− + − +

+

′ ′ ′ ′ ′ ′α α θ α
r ijk
tp

ijk
tp

ijk
p

ijk
tp

ijk
pe y e y

−− ′ ′4α θ)
,

,r ijk
tp

	

subject to

d x a i m p l
ijk
p

k

K

j

n

ijk
p

i
p′

==

′ ′∑∑ ≤ = ′ =
11

1 2 1 2, , ,..., ; , , ..., , 	

d x b j n p l
ijk
p

k

K

i

m

ijk
p

j
p′

==

′ ′∑∑ ≥ = ′ =
11

1 2 1 2, , ,..., ; , , ..., , 	

d x f k K
ijk
p

j

n

i

m

p

l

ijk
p

k

′

==′=

′∑∑∑ ≤ =
111

1 2, , ,..., , 	 (16)

d c x e y B j
ijk
p

k

K

i

m

ijk
tp

ijk
p

ijk
tp

ijk
p

j
tp′ ′ ′ ′ ′ ′

==
∑∑ + ≤ =

11

1 2( ) , , , ...., ; , , .... , , , ... .n p l t R′ = =1 2 1 2 	

x i j k p y
x

ijk
p

ijk
p ijk

p
′ ′

′

≥ ∀ ′ =
>





0

1 0

0
, , , , ,

, ;

, ,

if 

otherwise
	

where d
ijk
p ′  is defined asd
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p , ,F F

b f
j
p

k
F
Bj
p′  is defined by (18), (19), 

(20) and (21) respectively.

Case II: 0.25 < ≤α  0.5: The equivalent parametric programming for model (15) is
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p′  is defined by (18), (19), (20) and (21) respectively.

Case III: 0.5 < ≤α  0.75: The equivalent parametric problem for the model (15) is
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,

α θ
l ijk
tp

	

d x a i m p l
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p

k
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n
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p
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d x f k K
ijk
p

j

n

i

m

p

l

ijk
p

k

′

==′=

′∑∑∑ ≤ =
111

1 2, , ,..., , 	 (18)
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i
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1 0
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if 

otherwise
	

where d
ijk
p ′  is defined as

d
p I i j k p

ijk
p K′ =

′ ∈ ∀ ′






1

0

, , , , ;

, .

if 

otherwise
	

where F
ai
p′ , ,F F

b f
j
p

k
′ F

Bj
p′  is defined by (18), (19), (20) and (21) respectively.

Case IV: 0.75 < ≤α  1: The equivalent parametric problem for the model (15) is

Min d
c

ijk
p

k

K

j

n

i

m

p

l
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===′=
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∑∑∑∑
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c x3 22 2
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

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


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( )
,

α

α θ
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2 1 4 3 2 13 2α α θ α− + − + −′ ′ ′ ′ ′ ′
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α θ
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where, F
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p′ , ,F F

b f
j
p

k
′ ,F

Bj
p′  is defined by (20), (21), (22) and (23) respectively.where
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+ −

1 2 1 4 2

1 1 4

3 2α α θ α

α θ

( )

( )
,

,

,

 iff 0 0 25

1 2 2 4 1

1 4

3 2

< ≤

− + + −( )
+

α

α α α θ

α

i
p

i
p

i
p

i
p

i
p

r i
p

i
p

i
p

a a

. ;

( ) ( )

(

,

−−
< ≤

− + − + −

1
25 0 5

2 1 2 1 3 41

)
, . . ;

( ) ( ) ( )
,
θ

α

α α α θ
r i
p i

p

i
p

i
p

i
p

i
pa

 if 0

rr i
p

i
p

i
p
r i
p i

p

i
p

i
p

a
,

,
( )

, . . ;

(

( )
+ −

< ≤

− + −

2

1 3 4
5 0 75

2 1 4 3

α θ
α

α α

 if 0

)) ( )

( )
, .

,

,

θ α

α θ
αl i

p
i
p

i
p

i
p

i
p

l i
p i

p
a a( ) + −

+ −
< ≤





1 22 1

1 4 3
75 1 if 0







	 (20)

F

b b

b

j
p

j
p
r j
p

j
p

j
p
j
p

j
p
r j
p

j
p =

− + −( ) +

+ −

1 2 1 4 2

1 1 4

1 2β β θ β

β θ

( )

( )
,

,

,

if  0 0 25

1 2 2 4 1

1 4

1 2

< ≤

− + + −( )
+ −

β

β β β θ

β

j
p

j
p
j
p

j
p

j
p

l j
p

j
p

j
p

b b

. ;

( ) ( )

(

,

11
25 0 5

2 1 2 1 3 43

)
, . . ;

( ) ( ) ( )
,

,

θ
β

β β β θ
l j
p j

p

j
p

j
p

j
p

j
p
l

b

if 0 < ≤

− + − + −
jj
p

j
p

j
p
l j
p j

p

j
p

j
p

r

b( )
+ −

< ≤

− + −

2

1 3 4
5 0 75

2 1 4 3

( )
, . . ;

( )
,

β θ
β

β β θ

if 0

,,

,

( )

( )
, . .

j
p

j
p

j
p
j
p

j
p

r j
p j

p
b b( ) + −

+ −
< ≤







3 22 1

1 4 3
0 75 1

β

β θ
βif 







	 (21)

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



54

Fixed Charged Solid Transportation Problem With Budget Constraints in Type-2 Fuzzy Variables
﻿

F

f f

f

k k l k k k k

k l k
k

k
=

− + − +

+ −
< ≤

( ( ) )

( )
, .,

,

1 2 1 4 2

1 1 4
0 0 2

3 2γ γ θ γ

γ θ
γif 55

1 2 2 4 1

1 4 1
0 25

3 2

;

( ) ( ( ) )

( )
, .,

,

− + + −

+ −
<

γ γ γ θ

γ θ
γk k k k r k k

k r k
k

f f
if ≤≤

− + − + −

+ −

0 5

2 1 2 1 3 4

1 3 4

1 2

. ;

( ) ( ( ) ( ) )

( )
,,

,

γ γ γ θ

γ θ
k k k k r k k

k r k

f f
if 00 5 0 75

2 1 4 3 2 1

1 4 3

1 2

. . ;

( ( ) ) ( )

( )
,

,

< ≤

− + − + −

+ −

γ

γ γ θ γ

γ θ

k

k k l k k k k

k l

f f

kk
k

, . .if 0 75 1< ≤










γ

	 (22)

F

B B

B

j j j j j

j

p p
l j
p p p p

p

j
p′ =

− + −( ) +

+ −

′ ′ ′ ′ ′ ′1 2 1 4 2

1 1 4

3 2δ δ θ δ

δ θ

( )

( )

,

ll j
p i

p

p p p p
r j
p

j j j j
B

,

,

, . ;

( ) ( )

′
′

′ ′ ′ ′ ′

< ≤

− + + −(

if 0 25

1 2 2 4 13

δ

δ δ δ θ ))
+ −

< ≤

− +

′

′ ′
′

′ ′

B

B

j

j

j

j j

p

p
r j
p

p

p p

2

1

1 4 1
25 5

2 1 2

( )
, . . ;

( ) (
,

δ θ
δ

δ

if 0

11 3 4

1 3 4
5

2− + −( )
+ −

<
′ ′ ′ ′

′ ′

δ δ θ

δ θ
δj j j

j

j

p p
r j
p p

p
r j
p

B) ( )

( )
, .

,

,

if 0 ′′

′ ′ ′ ′ ′ ′

≤

− + −( ) + −

+

p

p p
l j
p p p p

j j j j j
B B

. ;

( ) ( )

(

,

75

2 1 4 3 2 1

1 4

1 2δ δ θ δ

δ
jj

jp
l j
p

p
′ ′

′

−
< ≤










3

75 1
)

, . .
,
θ

δif 0

	 (23)

4.3 Solution Procedure of Multi-Objective STP

The authors used the fuzzy programming technique to solve the crisp deterministic forms (8) and (15) 
of the problem (7).

4.3.1 Fuzzy Programming Technique

The following are the steps to solve the multi-objective models applying fuzzy programming technique:

Step 1: The multi-objective models are solved as a one objective model applying, every time, single 
objective Z

t
 to find the optimal solution X xt

ijk
p* =
′

 of R distinct single objective model.
Step 2: The values of R objective functions at all these R optimal solutions Xt*  are calculated and the 

upper and lower bound for every objective is fixed by U Max Z X Z X Z X
t t t t

t= ( ) ( ) ( ){ }1 2* * *, , ,…  

and L Z X
t t

t= ( )* .
Step 3: An introductory fuzzy model is defined as
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Find  x sub jec t  to  Z x L t R
t t
( ) , , , ......,≤ = 1 2 and  t he  cons t ra in t s  o f  (7 )where 

x x i m j n k K p
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p= = = = =
′

, , , ...., ; , , ...., ; , , ...., ; , , ...,1 2 1 2 1 2 1 2 ll.

Step 4: The linear membership function µ
t t
Z( )  corresponding to tth  objective is calculated as

µ
t t

t t

t t

t t
t t t

t t
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if Z L

U Z

U L
if L Z U

if Z U t
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, , .
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≤
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−
< <

≥ ∀






1

0







	

Step 5: The fuzzy linear programming model is expressed applying max-min operator as

Max δ subject to

δ µ≤ ( ) = −

−
∀

t t
t t

t t

Z
U Z

U L
t, 	 (24)

and the constraints of (7)δ ≥ 0  and δ µ= min { ( )}
t t t
Z .

Step 6: The diminished model is worked out and the optimum solutions are obtained.

4.3.2 Numerical Model

The proposed problem is illustrated numerically in this section with hypothetical data. The proposed 
approach ability is solved numerically by taking one example of the model. Consider the model with 
sources ( , , )i = 1 2 3 , destinations ( , , )j = 1 2 3 , carriage ( , , , )k = 1 2 3 4  and components ( , , )p = 1 2 3 . 
Suppose that J J

1 2
1 2 1 2 3= ={ , }, { , , } , J J

3 4
3 1 2 3= ={ }, { , , } . The supplies, demands and conveyance 

capacities are the following type-2 fuzzy data:

a a a
1
1

1
2

1
320 22 24 0 5 0 5 24 26 28 0 9 0 5 22 24 2= = =( , , ; . , . ), ( , , ; . , . ), ( , , 66 0 5 0 5 24 26 28 0 7 0 5

2
1; . , . ), ( , , ; . , . ),a =

a a a
2
2

2
3

3
118 20 22 0 9 0 6 20 22 24 0 9 0 5 26 28 3= = =( , , ; . , . ), ( , , ; . , . ), ( , , 00 0 5 0 5 30 32 34 0 7 0 9

3
2; . , . ), ( , , ; . , . ),a =

a b b
3
3

1
1

2
122 24 26 0 7 0 5 10 11 13 0 5 0 5 14 15 1= = =( , , ; . , . ), ( , , ; . , . ), ( , , 66 0 9 0 9 16 17 19 0 9 0 9

3
1; . , . ), ( , , ; . , . ),b = 	

b b b
1
2

2
2

3
212 14 16 0 7 0 5 11 14 16 0 5 1 13 15 17= = =( , , ; . , . ), ( , , ; . , ), ( , , ; 00 5 0 5 11 13 16 0 5 0 5

1
3. , . ), ( , , ; . , . ),b =

b b e
2
3

3
3

1
10 12 14 0 5 0 5 12 14 16 0 5 1 33 35 38 0= = =( , , ; . , . ), ( , , ; . , ), ( . . ; .. , . ), ( , , ; . , . ),9 0 9 45 47 49 0 9 0 5

2
e =

e e B
3 4 1

1129 31 32 0 5 0 5 41 44 46 1 0 5 115 135 16= = =( , , ; . , . ), ( , , ; , . ), ( , , 55 0 5 0 5 190 210 240 0 5 0 5
2
11; . , . ), ( , , ; . , . ),B =

B B
3 1
11 21410 430 460 0 5 0 5 300 320 350 0 5 0 5= =( , , ; . , . ), ( , , ; . , . ), 	
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Table 1. Best possible result of the model

Transportation Cost Transportation Amount

Z
1

 = 331.7422 x
131
1 13 75= . ,x

211
1 11 55= . , x

321
1 5 8= . , x

322
1 8 6= . , x

121
2 3 65= . , x

114
2 15 2= . ,

x
134
2 6 75= . , x

224
2 10 61= . , x

234
2 5 65= . , x

132
3 14 41= . , x

312
3 8 2= . , x

322
3 15 4= . ,

x
213
3 4 29= . , x

114
3 5 06= . .

Z
1

 = 575.4114 x
111
1 1 114472= . ,x

121
1 5 762385= . , x

131
1 13 75= . , x

211
1 10 43553= . ,

x
321
1 0 6255842= . , x

322
1 8 012031= . , x

131
2 3 062031= . , x

222
2 1 766386= . ,

x
232
2 3 111583= . , x

114
2 15 2= . , x

124
2 3 987969= . , x

224
2 8 505645= . ,

x
234
2 6 226386= . , x

132
3 10 12= . , x

312
3 14 41145= . , x

322
3 9 188546= . ,

x
133
3 4 29= . ,

x
114
3 3 138546= . , x

124
3 6 211454= . .

Z
2

 = 428.3 x
111
1 7 78= . ,x

131
1 13 75= . , x

211
1 3 7= . , x

112
1 0 07= . , x

322
1 14 4= . , x

122
2 14 26= . ,

x
114
2 11 34= . , x

214
2 3 86= . , x

234
2 12 4= . , x

322
3 3 47= . , x

332
3 14 41= . ,

x
123
3 11 93= . ,

x
213
3 1 88= . , x

114
3 15 67= . .

Z
2

 = 617.394 x
131
1 13 75= . ,x

211
1 11 55= . , x

122
1 7 85= . , x

322
1 6 55= . , x

122
2 14 26= . ,

x
114
2 11 34= . ,

x
134
2 6 75= . , x

214
2 3 86= . , x

234
2 12 4= . , x

332
3 14 41= . , x

213
3 17 28= . , x

114
3 0 27= . ,

x
124
3 15 4= . .

λ  = 0.3859705

Z
1

 = [373.8916,
544.0562] 

Z
2

= [490.9515,
688.1844]

x
121
1 7 85= . , x

131
1 13 75= . , x

211
1 11 55= . , x

322
1 6 55= . , x

122
2 4 453625= . ,

x
232
2 1 829704= . , x

114
2 15 2= . , x

134
2 5 946375= . , x

224
2 9 806375= . , x

322
3 9 51= . ,

x
234
2 4 623921= . , x

132
3 10 17667= . , x

312
3 9 856671= . , x

332
3 4 233329= . ,

x
123
3 5 89= . , x

114
3 7 693329= . .
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B B
2
21

3
21390 410 440 0 5 0 5 560 580 610 0 5 0 5= =( , , ; . , . ), ( , , ; . , . ). 	

4.3.2.1 Solution Using Nearest Interval Approximation

The credibilistic interval approximations of the triangular type-2 fuzzy parameters are calculated using 
(5) and (6). The transportation costs and fixed costs for this model are given in Tables 3-26. The sup-
plies, demands, carriage capacities, and budget capacities are given as follows:

a
1
1 = [21, 23], a

1
2 = [25.0192, 26.9808], a

1
3 = [23, 25], a

2
1 = [25.0102, 29.9898], a

2
2 = [19.0139, 20.9861],

a
2
3 = [21.0192, 22.9808], a

3
1 = [27, 29], a

3
2 = [30.991, 33.009], a

3
3 = [23.0102, 24.9898], b

1
1 = [10.5, 12], 

b
1
2 = [13.0102, 14.9898], b

1
3 = [12, 14.5], b

2
1 = [14.5, 15.5], b

2
2 = [12.4651, 15.0232], b

2
3 = [11, 13], b

3
1

= [16.5,18], b
3
2 = [14,16], b

3
3 = [12.9768, 15.0232], e

1
= [34, 36.5], e

2
= [46.0192, 47.9808], e

3
= 

[30,31.5], e
4
= [42.5349, 44.9768], B

1
11 = [125, 150], B

2
11 = [200, 225], B

3
11 = [420, 445], B

1
21 = [310, 

335], B
2
21 =[400, 425], B

3
21 = [570,	 595]

The corresponding deterministic forms of all the constraints are attained using (9)-(12) by taking 
α β γ δ
i
p

j
p

k
p

j
p t

′ ′ ′

= = = ==′0 7 0 7 0 7 1 20 7. , . , . , , .. ,  We get minimum and maximum possible values of 
the objective function by solving (13)- (14) and the solutions are given in Table 1.

Here, 
L U

11 11
331 7422 425 6453= =. , . , L U

12 12
572 4114 602 004= =. , . , L U

21 21
428 3 533 2985= =. , . , 

L
22

617 394= . ,  and U
22

732 6823= .  where L11 represents the value of the lower bound of the lower 
interval of the first objective function, L12 represents the value of the lower bound of the upper interval 
of the first objective function, U11 represents the value of the upper bound of the lower interval of the 
first objective function, U12 represents the value of the upper bound of the upper interval of first objec-
tive function, L21 represents the value of the lower bound of the lower interval of second objective func-
tion, L22 represents the value of the lower bound of second objective function, U21 represents the value 
of the upper bound of the lower interval of second objective function, and U22 represents the value of 
the upper interval of first objective function,

4.3.2.2 Solution Using Chance-Constrained Programming

The chance constrained programming model for this problem is formulated here. The fixed general 
credibility levels for objective function and constraints are reserved as α α= =0 7 0 7. , . ,

i
p  

β γ δ
j
p

k j
p t p i j k′ = = = = ′ = = = =
′

0 7 0 7 0 7 1 2 1 2 3 1 2 3 1 2 3. , . , . , , , , , , , , , , , , 11 2 3 4, , , .

The corresponding deterministic form of the model using (18) is given below:
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Here,L U
1 1

487 9816 555 6238= =. , . ,L U
2 2

607 9701 662 9047= =. , .  are the lower and upper bounds 
corresponding to the first and second objective functions respectively. The compromise optimal solution 
of (24) applying LINGO 16 solver, based upon GRG technique are given in the table no 2.

4.4 Discussion

The two solution methods are used to solve the model because the decision makers have the alternatives 
to get a best solution. It is hard to finish up which method is predominant, from the past knowledge or 
current circumstances a decision maker can decide any of the methods as he/she demand. The transported 
amount, solutions are different for the two methods because the crisp value is not the same after defuzzi-
fication of the type-2 triangular fuzzy variables. The first objective function value 511.2464, found using 
chance-constrained programming lies in the [373.8916,544.0562], the solution obtained using nearest 
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interval approximation. The second objective function value 626.8643 found using chance-constrained 
programming lies in the [490.9515,688.1844], the solution obtained using nearest interval approximation.

5. FUTURE RESEARCH DIRECTIONS

The presented model is quite general and can also be solved by taking type-2 normal fuzzy variable, 
type-2 gamma fuzzy variable, etc. The model introduced in this chapter can be extended considering 
various constraints namely space contraints, transportation time, and deterioration of items during trans-
portation, etc. The breakability constrainst can also be considered in the solid transportation model if 
some breakable items (e.g. glass, ceremic etc.) are transported. The safety factor (especially in the case 
of bad road conditions, landslide etc.) of the goods is another important issue in the solid transportation 
system. Another model can be developed by considering the safety factor (another constraint) of the 
goods transported from the origins to the destinations through some conveyances. The future extension 
of the model where all the variables are uncertain. That is why, Soft Computing is the best method to 
solve these cases of the uncertainites in the future model.

6. CONCLUSION

The authors have solved a multi-item solid fixed charged transportation model in budget constraints with 
type-2 triangular fuzzy variables for the first time ever here. A nearest interval approximation approach 
and chance-constrained programming are used to solve the model applying LINGO 16 solver. In many 
practical applications like Oil Company, Paper mill industry etc., it is genuine to suppose that the amount 
that can be sent on any specific road accepts a fixed charge for that road.

Table 2. Best possible result of the model

Transportation 
Cost

Transportation Amount

Z  =487.9816 x
111
1 7 18= . ,x

131
1 14 09= . , x

211
1 4 55= . , x

321
1 8 5= . , x

322
1 6 2= . , x

122
2 2 07= . ,

x
114
2 15 34= . , x

134
2 7 86= . , x

224
2 12 66= . , x

234
2 4 87= . , x

132
3 14 73= . , x

312
3 7 54= . ,

x
322
3 15 73= . , x

213
3 7 96= . , x

114
3 2 18= . .

Z  =607.9701 x
131
1 14 09= . ,x

211
1 11 73= . , x

122
1 7 18= . , x

322
1 7 52= . , x

122
2 14 73= . , x

114
2 10 54= . ,

x
214
2 4 8= . , x

234
2 12 73= . , x

322
3 0 445= . , x

332
3 14 73= . , x

213
3 17 68= . , x

124
3 14 84= . .

Z
1

=511.2464,

Z
2

 =626.8643

δ  =0.656061

x
111
1 7 18= . ,x

131
1 14 09= . , x

211
1 4 55= . , x

321
1 8 5= . , x

322
1 6 2= . , x

122
2 14 73= . ,

x
114
2 10 54= . , x

214
2 4 8= . , x

234
2 12 73= . , x

132
3 7 37262= . , x

322
3 10 61= . ,

x
332
3 7 35738= . , x

213
3 7 96= . , x

114
3 9 72= . , x

124
3 5 12= . .
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APPENDIX

Table 3. c
ijk
11

i/j 1 2 3 k

1 (2,3,4;0.7,1) (3,4,5;0.6,0.5) (2,3,4;0.6,0.5)

2 (1,3,4;0.6,1) (4,5,6;0.8,0.6) (3,5,6;0.5,0.6) 1

3 (3,4,5;0.8,0.5) (2,4,5;0.6,0.5) (3,5,6;0.8,1)

1 (3,5,6;0.6,1) (5,6,7;0.6,0.4) (5,8,9;0.8,0.8)

2 (7,9,10;0.3,0.9) (2,6,7;0.6,0.3) (3,7,8;0.8,0.7) 2

3 (1,3,4;0.3,0.8) (1,3,4;0.8,0.2) (2,4,5;0.9,0.6)

1 (1,4,5;0.4,0.7) (2,4,5;0.2,0.1) (3,6,7;0.6,0.5)

2 (2,4,5;0.9,0.6) (2,6,7;0.3,1) (3,4,5;0.9,0.4) 4

3 (3,6,7;0.5,0.5) (3,6,7;0.6,0.9) (5,8,9;0.9,0.3)

Table 4. c
ijk
12

i/j 1 2 3 k

1 (4,5,7;0.6,0.9) (3,4,8;0.7,0.9) (5,6,8;0.6,1)

2 (3,4,6;0.6,0.5) (6,7,8;0.8,1) (6,7,9;0.9,0.5) 1

3 (6,7,9;0.9,0.5) (7,8,10;0.6,0.5) (8,9,11;0.6,0.5)

1 (4,5,7;0.2,0.5) (2,3,4;0.8,0.5) (4,5,6;0.6,0.5)

2 (5,6,7;0.6,1) (3,4,6;0.6,0.3) (3,4,5;0.3,0.6) 2

3 (8,9,10;1,0.5) (6,7,11;0.6,0.3) (6,7,12;0.9,0.5)

1 (1,2,3;0.6,0.5) (3,4,5;0.6,0.8) (1,2,3;0.8,0.5)

2 (2,3,4;0.6,0.3) (2,3,5;0.9,0.5) (1,2,4;0.6,0.3) 4

3 (7,8,9;0.9,1) (3,4,6;0.8,0.7) (5,6,8;1,0.5)
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Table 5. c
ijk
13

i/j 1 2 3 k

1 (3,4,5;0.6,0.3) (3,4,5;0.8,0.4) (1,2,3;0.8,0.4)

2 (5,6,7;0.6,0.3) (4,6,7;0.9,0.3) (5,6,8;0.9,0.6) 1

3 (1,2,3;0.9,1) (1,2,3;0.9,0.5) (2,3,4;0.9,0.6)

1 (9,10,11;0.9,0.5) (4,5,7;0.9,1) (5,6,8;0.9,1)

2 (3,4,5;0.9,0.5) (9,10,12;0.8,0.4) (8,9,10;0.6,0.3) 2

3 (9,10,11;0.5,1) (10,11,12;0.4,0.8) (11,12,13;0.3,0.6)

1 (2,3,4;0.8,0.4) (3,4,5;0.8,0.4) (4,5,6;0.7,0.5)

2 (10,11,12;0.6,0.3) (11,12,13;0.6,0.7) (7,13,14;0.9,0.5) 4

3 (6,7,8;1,0.5) (7,8,9;0.9,1) (8,9,10;0.8,0.4)

Table 6. e
ijk
11

i/j 1 2 3 k

1 (3,4,5;0.9,1) (2,4,5;0.5,0.7) (5,6,7;0.6,0.7)

2 (2,3,4;0.9,0.5) (1,2,4;0.9,0.5) (4,5,9;0.8,0.9) 1

3 (2,4,5;0.6,0.7) (3,5,6;1,0.5) (4,6,7,0.9,0.5)

1 (3,4,6;0.5,1) (4,5,6;0.9,0.5) (5,6,7;0.4,0.3)

2 (6,7,8;0.6,1) (7,8,9;0.6,1) (8,9,10;0.8,0.5) 2

3 (9,10,11;0.6,0.5) (10,11,12;0.7,0.3) (11,12,13;0.9,1)

1 (6,7,9;0.9,1) (7,8,10;0.6,0.9) (8,9,11;0.6,0.9)

2 (9,10,12;0.5,0.9) (10,11,13;0.7,0.8) (11,12,14;0.9,1) 4

3 (3,4,6;0.7,1) (4,5,7;0.6,0.9) (5,6,8;0.5,0.9)

Table 7. e
ijk
12

i/j 1 2 3 k

1 (3,4,5;0.9,0.5) (4,5,6;0.9,1) (5,6,7;0.9,0.5)

2 (6,7,8;0.7,0.5) (7,8,9;0.8,0.5) (8,9,10;0.8,1) 1

3 (9,10,11;0.8,0.5) (10,11,12;0.7,0.5) (11,12,13;0.7,1)

1 (5,6,7;0.9,0.5) (6,7,8;0.9,1) (7,8,9;0.9,0.5)

2 (8,9,10;0.8,0.5) (9,10,11;0.8,1) (10,11,12;0.7,0.5) 2

3 (11,12,13;0.6,1) (12,13,14;0.6,0.5) (13,14,15;0.7,0.5)

1 (3,4,5;0.8,1) (5,6,7;0.7,0.5) (6,7,8;0.6,0.5)

2 (2,3,4;0.7,0.5) (3,4,5;0.8,0.5) (4,5,6;0.9,1) 4

3 (5,6,7;0.9,1) (6,7,8;0.6,0.5) (7,8,9;0.9,0.5)
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Table 8. e
ijk
13

i/j 1 2 3 k

1 (1,2,3;0.7,1) (1,2,3;0.9,0.5) (2,3,4;1,0.5)

2 (3,4,5;0.9,0.5) (4,5,6;0.8,0.5) (5,6,7;0.9,0.5) 1

3 (6,7,8;0.6,0.5) (7,8,9;0.7,0.5) (8,9,10;0.8,0.5)

1 (3,4,5;0.6,0.5) (4,5,6;0.6,1) (5,6,7;0.6,1)

2 (8,9,10;0.7,0.9) (9,10,11;0.8,0.5) (10,11,12;0.6,1) 2

3 (13,14,15;0.9,0.5) (14,15,16;0.8,1) (15,16,17;1,0.5)

1 (3,4,5;0.6,1) (4,5,6;0.9,0.5) (5,6,7;0.9,0.5)

2 (6,7,8;0.6,0.9) (7,8,9;0.9,0.5) (8,9,10;1,0.5) 4

3 (9,10,11;0.8,1) (10,11,12;0.8,0.5) (11,12,13;0.8,1)

Table 9. c
ijk
21

i/j 1 2 3 k

1 (1,3,4;0.7,0.5) (3,4,5;0.6,1) (2,3,5;0.6,0.3)

2 (2,3,4;0.6,0.3) (4,5,6;0.8,0.5) (3,5,6;0.5,0.5) 1

3 (3,4,5;0.8,0.4) (3,4,5;0.6,0.9) (4,5,6;0.8,0.2)

1 (1,3,4;0.6,0.9) (2,3,4;0.6,0.9) (3,4,5;0.8,0.4)

2 (2,4,11;0.3,0.7) (3,4,9;0.6,0.9) (3,6,10;0.8,0.4) 2

3 (2,3,5;0.3,0.9) (2,3,5;0.8,0.5) (3,4,6;0.9,0.1)

1 (9,10,12;0.4,0.8) (9,10,11;0.2,0.9) (10,12,13;0.6,0.4)

2 (8,10,12;0.9,0.5) (11,12,13;0.3,0.6) (9,12,14;0.9,0.1) 4

3 (11,12,13;.0.5,1) (10,12,13;0.6,1) (12,14,15;0.9,1)

Table 10. c
ijk
22

i/j 1 2 3 k

1 (5,6,8;0.6,0.4) (4,5,9;0.7,0.5) (6,7,9;0.8,0.8)

2 (4,5,7;0.6,0.4) (7,8,9;0.8,0.6) (7,8,10;0.9,0.9) 1

3 (7,8,10;0.9,0.4) (8,9,11;0.6,0.7) (9,10,12;0.6,1)

1 (5,6,8;0.2,0.5) (1,2,4;0.8,0.9) (5,6,7;0.6,0.2)

2 (6,7,8;0.6,0.6) (4,5,7;0.6,0.8) (4,5,6;0.3,0.5) 2

3 (9,10,11;1,0.7) (7,8,12;0.8,1) (7,8,13;0.9,0.1)

1 (1,2,4;0.6,0.5) (4,5,6;0.6,0.5) (1,3,4;0.8,0.6)

2 (3,4,5;0.6,0.9) (3,4,6;0.9,0.7) (2,3,5;0.6,1) 4

3 (8,9,10;0.9,1) (3,5,11;0.8,1) (6,7,9;0.8,1)
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Table 11. c
ijk
23

i/j 1 2 3 k

1 (8,9,11;0.6,1) (7,8,9;0.8,0.5) (5,6,7;0.8,1)

2 (7,9,12;0.6,0.5) (10,11,13;0.9,0.5) (6,7,9;0.9,0.4) 1

3 (4,5,7;0.9,0.1) (5,6,8;0.9,0.5) (4,5,7;0.9,0.4)

1 (10,11,12;0.9,0.1) (4,6,8;0.9,0.5) (4,7,9;0.9,0.5)

2 (4,5,6;0.9,0.5) (10,11,13;0.8,0.4) (9,10,11;0.6,1) 2

3 (10,11,12;0.5,0.7) (11,12,13;0.4,0.1) (12,13,14;0.3,0.9)

1 (2,4,5;0.6,0.8) (3,5,6;0.6,0.2) (3,6,7;0.5,0.8)

2 (11,12,13;0.4,0.9) (12,13,14;0.4,0.3) (11,14,15;0.7,0.3) 4

3 (5,8,9;1,1) (4,9,10;0.9,0.4) (4,10,11;0.8,0.4)

Table 12. e
ijk
21

i/j 1 2 3 k

1 (1,2,3;0.9,0.6) (1,2,3;0.5,0.5) (3,4,5;0.6,0.4)

2 (2,3,4;0.9,0.7) (2,3,4;0.9,0.6) (2,3,4;0.8,0.5) 1

3 (1,2,3;0.6,0.8) (1,3,4;1,0.7) (2,4,5;0.9,0.6)

1 (1,2,4;0.5,0.9) (1,3,4;0.9,0.8) (3,4,5;0.4,0.7)

2 (4,5,6;0.6,0.1) (5,6,7;0.6,0.9) (6,7,8;0.8,0.8) 2

3 (7,8,9;0.6,0.1) (8,9,10;0.7,1) (9,10,11;0.9,0.9)

1 (4,5,7;0.9,0.2) (5,6,8;0.6,0.1) (5,7,9;0.6,1)

2 (7,8,10;0.5,0.3) (7,9,11;0.7,0.2) (9,10,12;0.9,0.1) 4

3 (1,2,4;0.7,0.4) (2,3,5;0.6,0.3) (3,4,6;0.5,0.2)

Table 13. e
ijk
22

i/j 1 2 3 k

1 (1,2,3;0.9,0.1) (2,3,4;0.9,1) (3,4,5;0.9,0.9)

2 (4,5,6;0.7,0.2) (5,6,7;0.8,0.1) (6,7,8;0.8,1) 1

3 (7,8,9;0.8,0.3) (8,9,10;0.7,0.2) (9,10,11;0.7,0.1)

1 (5,6,7;0.9,0.4) (6,7,8;0.9,0.3) (7,8,9;0.9,0.2)

2 (8,9,10;0.8,0.5) (9,10,11;0.6,0.4) (10,11,12;0.7,0.3) 2

3 (11,12,13;0.6,0.6) (12,13,14;0.6,0.5) (13,14,15;0.7,0.4)

1 (1,2,3;0.8,0.7) (3,4,5;0.7,0.6) (4,5,6;0.6,0.5)

2 (1,2,3;0.7,0.8) (1,2,3;0.8,0.7) (2,3,4;0.7,0.6) 4

3 (2,4,5;0.9,0.9) (4,5,6;0.6,0.8) (5,6,7;0.9,0.7)
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Table 14. e
ijk
23

i/j 1 2 3 k

1 (1,2,3;0.7,0.8) (1,2,3;0.9,0.7) (1,2,3;1,0.6)

2 (1,2,3;0.9,0.9) (2,3,4;0.8,0.8) (2,4,5;0.9,0.7) 1

3 (4,5,6;0.6,1) (4,6,7;0.7,0.9) (3,7,8;0.8,0.8)

1 (1,3,4;0.6,0.1) (2,4,5;0.6,1) (2,5,6;0.6,0.9)

2 (6,7,8;0.7,0.2) (5,8,9;0.8,0.1) (4,9,10;0.6,1) 2

3 (11,12,13;0.9,0.3) (9,13,14;0.8,0.2) (11,14,15;0.1,0.1)

1 (1,2,3;0.6,0.4) (2,3,4;1,0.3) (1,4,5;0.9,0.2)

2 (4,5,6;0.6,0.5) (3,6,7;0.9,0.4) (3,7,8;1,0.3) 4

3 (7,8,9;0.7,0.6) (5,9,10;0.7,0.5) (5,10,11;0.7,0.4)

Table 15. c
ijk
11

i/j 1 2 3 k

1 [2.4935,3.5065] [3.5026,4.4974] [2.5026,3.4974]

2 [1.982,3.509] [4.5048,5.4952] [3.9947,5.5026] 1

3 [3.5074,4.4926] [3.0053,4.4974] [3.9916,5.5042]

1 [3.982,5.509] [5.5055,6.4945] [6.5,8.5]

2 [7.969,9.5155] [4.0341,6.4915] [5.0092,7.4977] 2

3 [1.9734,3.5133] [2.0332,3.4834] [3.0139,4.4931]

1 [2.4762,4.5079] [3.0072,4.4964] [4.5079,6.4974]

2 [3.0139,4.4931] [3.9299,6.5175] [3.5124,4.4876] 4

3 [4.5,6.5] [4.4792,6.5069] [6.5484,8.4845]

Table 16. c
ijk
12

i/j 1 2 3 k

1 [4.4931,6.0139] [3.4955,6.0179] [5.491,7.018]

2 [3.5026,4.9947] [6.4958,7.5042] [6.5096,7.9808] 1

3 [6.5096,7.9808] [7.5026,8.9947] [8.5026,9.9947]

1 [4.4908,6.0184] [3.4955,6.0179] [5.491,7.018]

2 [5.491,6.5059] [3.5085,4.9829] [3.4915,4.5085] 2

3 [8.5116,9.4884] [6.5085,8.9659] [6.5096,9.4521]

1 [1.5026,2.4974] [3.4952,4.5048] [1.5074,2.4926]

2 [2.5085,3.4915] [2.5096,3.9808] [1.5085,2.9829] 4

3 [7.498,8.502] [3.5023,4.9954] [5.5116,6.9768]
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Table 17. c
ijk
13

i/j 1 2 3 k

1 [3.5085,4.4915] [3.5102,4.4898] [1.5102,2.4898]

2 [5.5085,6.4915] [5.031,6.4845] [5.5069,6.9861] 1

3 [1.498,2.502] [1.5096,2.4904] [2.5069,3.4931]

1 [9.5096,10.4904] [4.498,6.0041] [5.498,7.0041]

2 [3.5096,4.4904] [9.5102,10.9795] [8.5085,9.4915] 2

3 [9.4884,10.5116] [10.4898,11.5102] [11.4915,12.5085]

1 [2.5102,3.4898] [3.5102,4.4898] [4.5051,5.4949]

2 [10.5085,11.4915] [11.4975,12.5025] [10.0575,13.4904] 4

3 [6.5116,7.4884] [7.498,8.502] [8.5102,9.4898]

Table 18. e
ijk
11

i/j 1 2 3 k

1 [3.498,4.502] [2.9898,4.5051] [5.4975,6.5025]

2 [2.5096,3.4904] [1.5096,2.9808] [4.4978,7.0087] 1

3 [2.9951,4.5025] [4.0232,5.4884] [5.0192,6.4904]

1 [3.4884,5.0232] [4.5096,5.4904] [5.5031,6.4969]

2 [6.491,7.509] [7.491,8.509] [8.5074,9.4926] 2

3 [9.5026,10.4974] [10.511,11.489] [11.498,12.502]

1 [6.498,8.0041] [7.4931,9.0139] [8.4931,10.0139]

2 [9.4904,11.0192] [10.4977,12.0046] [11.498,13.0041] 4

3 [3.4935,5.013] [4.4931,6.0139] [5.4904,7.0192]

Table 19. e
ijk
12

i/j 1 2 3 k

1 [3.5096,4.4904] [4.498,5.502] [5.5096,6.4904]

2 [6.5051,7.4949] [7.5074,8.4926] [8.4958,9.5042] 1

3 [9.5074,10.4926] [10.5051,11.4949] [11.4935,12.5065]

1 [5.5096,6.4904] [6.498,7.502] [7.5096,8.4904]

2 [8.5074,9.4926] [9.491,10.509] [10.5051,11.4949] 2

3 [11.491,12.509] [12.5026,13.4974] [13.5051,14.4949]

1 [3.4958,4.5042] [5.5051,6.4949] [6.5026,7.4974]

2 [2.5051,3.4949] [3.5074,4.4926] [4.498,5.502] 4

3 [5.498,6.502] [6.5026,7.4974] [7.5096,8.4904]
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Table 20. e
ijk
13

i/j 1 2 3 k

1 [1.4935,2.5065] [1.5096,2.4904] [2.5116,3.4884]

2 [3.5096,4.4904] [4.5074,5.4926] [5.5096,6.4904] 1

3 [6.5026,7.4974] [7.5051,8.4949] [8.5074,9.4926]

1 [3.5026,4.4974] [4.491,5.509] [5.491,6.509]

2 [8.4955,9.5045] [9.5074,10.4926] [10.491,11.509] 2

3 [13.5096,14.4904] [14.4958,15.5042] [15.5116,16.4884]

1 [3.491,4.509] [4.5096,5.4904] [5.5096,6.4904]

2 [6.4931,7.5069] [7.5096,8.4904] [8.5116,9.4884] 4

3 [9.4958,10.5042] [10.5074,11.4926] [11.4958,12.5042]

Table 21. c
ijk
21

i/j 1 2 3 k

1 [2.0102,3.4949] [3.491,4.509] [2.5085,3.9829]

2 [2.5085,3.4915] [4.5074,5.4926] [4,5.5] 1

3 [3.5102,4.4898] [3.4931,4.5069] [4.5166,5.4834]

1 [1.9861,3.5069] [2.4931,3.5069] [3.5102,4.4898]

2 [2.978,7.577] [3.4931,6.5347] [4.5307,7.959] 2

3 [2.4845,4.031] [2.5074,3.9852] [3.5224,4.9552]

1 [9.4898,11.0205] [9.4812,10.5188] [11.0109,12.4945]

2 [9.0192,10.9808] [11.4915,12.5085] [10.5672,12.9552] 4

3 [11.4884,12.5116] [10.982,12.509] [13.0448,14.4776]

Table 22. c
ijk
22

i/j 1 2 3 k

1 [5.5055,6.9891] [4.5051,6.9796] [6.5,8]

2 [4.5055,5.9891] [7.5048,8.4952] [7.5,9] 1

3 [7.5124,8.9752] [8.4975,10.0049] [9.491,11.018]

1 [5.4908,7.0184] [1.4978,3.0043] [5.5119,6.4881]

2 [6.5,7.5] [4.4952,6.0095] [4.4941,5.5059] 2

3 [9.5065,10.4935] [7.4958,10.0169] [7.5224,10.3879]

1 [1.5026,2.9947] [4.5026,5.4974] [2.0095,3.4952]

2 [3.4931,4.5069] [3.5045,4.991] [2.491,4.018] 4

3 [8.498,9.502] [3.9916,8.0253] [6.4958,8.0084]
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Table 23. c
ijk
23

i/j 1 2 3 k

1 [8.491,10.018] [7.5074,8.4926] [5.4958,6.5042]

2 [8.0053,10.4921] [10.5096,11.9808] [6.5124,7.9752] 1

3 [4.5224,5.9552] [5.5096,6.9808] [4.5124,5.9752]

1 [10.5224,11.4776] [5.0192,6.9808] [5.5287,7.9808]

2 [4.5096,5.4904] [10.5102,11.9795] [9.491,10.509] 2

3 [10.4949,11.5051] [11.51,12.49] [12.4845,13.5155]

1 [2.9905,4.5048] [4.0237,5.4881] [4.4778,6.5074]

2 [11.4876,12.5124] [12.5031,13.4969] [12.533,14.489] 4

3 [6.5,8.5] [6.5621,9.4876] [7.0615,10.4898]

Table 24 e
ijk
21

i/j 1 2 3 k

1 [1.5069,2.4931] [1.5,2.5] [3.5055,4.4945]

2 [2.5045,3.4955] [2.5069,3.4931] [2.5074,3.4926] 1

3 [1.4952,2.5048] [2.013,3.4935] [3.0139,4.4931]

1 [1.4904,3.0192] [2.0043,3.4978] [3.4921,4.5079]

2 [4.5155,5.4845] [5.4931,6.5069] [6.5,7.5] 2

3 [7.5155,8.4845] [8.4935,9.5065] [9.5,10.5]

1 [4.5188,5.9624] [5.5155,6.9691] [5.982,8.018]

2 [7.5059,8.9882] [8.0286,9.9714] [9.5224,10.9552] 4

3 [1.5079,2.9841] [2.5085,3.9829] [3.5092,4.9816]

Table 25. e
ijk
22

i/j 1 2 3 k

1 [1.5224,2.4776] [2.498,3.502] [3.5,4.5]

2 [4.5143,5.4857] [5.5202,6.4798] [6.4958,7.5042] 1

3 [7.5133,8.4867] [8.5143,9.4857] [9.5179,10.4821]

1 [5.5124,6.4876] [6.5155,7.4845] [7.5188,8.4812]

2 [8.5074,9.4926] [9.5055,10.4945] [10.511,11.489] 2

3 [11.5,12.5] [12.5026,13.4974] [13.5079,14.4921]

1 [1.5023,2.4977] [3.5025,4.4975] [4.5026,5.4974]

2 [1.4977,2.5023] [1.5023,2.4977] [2.5025,3.4975] 4

3 [3,4.5] [4.4952,5.5048] [5.5045,6.4955]
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Table 26. e
ijk
23

i/j 1 2 3 k

1 [1.4977,2.5023] [1.5045,2.4955] [1.509,2.491]

2 [1.5,2.5] [2.5,3.5] [3.009,4.4955] 1

3 [4.491,5.509] [4.991,6.5045] [5,7.5]

1 [2.0309,3.4845] [2.982,4.509] [3.4792,5.5069]

2 [6.5143,7.4857] [6.5607,8.4798] [6.4551,9.509] 2

3 [11.5155,12.4845] [11.0665,13.4834] [12.5734,14.4755]

1 [1.5055,2.4945] [2.5175,3.4825] [2.5564,4.4812]

2 [4.5026,5.4974] [4.5372,6.4876] [5.0701,7.4825] 4

3 [7.5025,8.4975] [7.0204,9.4949] [7.5397,10.4921]
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ABSTRACT

Electrical Discharge Machining (EDM) process is a widely used machining process in several fabrication, 
construction and repair work applications. Considering Pulse-On Time, Pulse OFF time, Peak-Current 
and Gap voltage as the inputs and among all possible outputs, in the present work Material Removal 
Rate and Surface Roughness are considered as outputs. In order to reduce the number of experiments 
Design of Experiments (DOE) was undertaken using Orthogonal Array and later on the outputs were 
optimized using ANN and PSO. It was found that the results obtained from both the techniques were 
tallying with each other.

INTRODUCTION

Electrical Discharge Machining (EDM), in line with a book composed by Elman C. Jameson (Jameson 
2001), happens to be non-conventional machining technique used for making the machined surface with 
the aid of electrical energy. The foremost vital advantage of victimising this system is that the absence 
of surface contact between the tool and the work piece that takes place within the presence of a dielec-
tric medium (Paraffin oil). The Die Sinking EDM method was developed simultaneously in USA and 
USSR in the period of 2nd World War. During then a technique was required to process very hard ma-
terials used in military vehicles, equipment and ammunitions. Later on the method of Die Sinking EDM 
was developed in various countries and was utilised in numerous Defences, Automotive, Aeronautics 
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and many other industrial areas worldwide. The method is endlessly used for years to carry out varied 
very important experiments connected with the method of optimization. The process is used continu-
ously from time to time to analyze the various machine parameters like Over-cut, Material removal rate, 
surface roughness, etc. Since multiple inputs are being used, hence optimizing these becomes essential 
for obtaining desired output. Out of the various parameters that may be thought of as the output of the 
machining operations, the material removal rate (MRR) and Surface roughness (SR) would be thought 
of for the current work as the factors specifically influences the standard, price of machining and there-
fore the machining hour rate.EDM is an essential machining process in many industries that give im-
portance to precision and accuracy. Several researchers have studied EDM process considering different 
machining characteristics. Koshy et al. (1993) have studied EDM process for MRR, tool wear rate, 
relative electrode wear, corner reproduction accuracy and surface finish aspects using a rotating disk 
electrode and compared the results with a stationary electrode. It is seen that the effective flushing of 
the working gap improves MRR and surface finish. Zhang et al. (1997) have investigated MRR, surface 
roughness and diameter of discharge points in EDM on ceramics. From the experimental results, they 
have shown that MRR, surface roughness and also the diameter of discharge point directly varies with 
pulse-on time and discharge current. Lee and Li (2001) have investigated the result of machining pa-
rameters like the tool materials, tool polarity, gap voltage, peak current, pulse length, pulse interval and 
flushing on the machining characteristics, like MRR, surface end and relative tool wear in EDM of WC. 
It’s ascertained that MRR usually decreases with the rise of gap voltage and surface roughness will 
increase with increasing peak current. Ramaswamy and Blunt (2002, 2004) have shown that the electri-
cal energy is that the most dominant factor in modifying the surface texture, particularly the root mean 
square of peaks, the material volume in EDM of M300 tool steel. Puertas and Luis (2003) have shaped 
centre line average roughness value (Ra) and root mean sq. roughness price (Rq) in terms of current, 
pulse on time and Off time in EDM on soft steel (F-1110). It’s seen that this intensity has the foremost 
influence on surface roughness and there’s a strong interaction between this current intensity and also 
on the spark on time. Guu et al. (2003) have studied the results of different machining parameters on 
surface roughness in EDM of AISI D2 steel and being brought to a conclusion that surface roughness 
is inversely proportional to power input. Petropoulos et al. (2004) have stressed the relation between 
surface texture parameters and methodology parameters in EDM of Ck60 steel plates. They have thought 
of amplitude, spacing, hybrid, nonetheless as random methodology and type parameters that’s peren-
nial at each scale. Amorim and Weingaertner (2005) have targeting the terms of constant quantity influ-
ence of machining parameters on volumetric relative wear, MRR and surface roughness (Ra) in EDM 
of AISIP20 using copper tool electrodes. Puertas et al. (2005) have done a study on the influence of 
EDM processing parameter quality (current intensity, pulse time, duty cycle, gap voltage and dielectric 
flushing pressure) across 2 spacing parameters- mean spacing between peaks and therefore the range of 
peaks per cm in machining of siliconised or reaction-bonded carbide (SiSiC). From the results, it’s seen 
that intensity, pulse time and duty cycle are most potent factors arousing result on the chosen responses. 
Guu (2005) has terminated that a lot of outstanding discharge energy leads to a lot of poor surface struc-
ture in EDM of AISI D2 steel. Yan et al. (2005) have examined scientifically the influences of the tactic 
parameters (dielectric sort, peak current and pulse duration) on MRR, conductor wear rate and surface 
roughness parameter in EDM of pure Ti metals. Keskin et al. (2006) have represented that surface rough-
ness enhances with rise within the discharge length. Routara et al. (2007) have depicted the roughness 
models of EDM method for 3 dissimilar roughness parameters employing a methodology called response 
surface methodology (RSM) and shown that the machining parameters like pulse current and pulse on 
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time have the best influence on the roughness parameters whereas pulse off time has no substantial 
result on roughness parameters. Kiyak and Cakir (2007) have studied the influences of method param-
eters (pulse current, pulse time and pulse pause time) on surface roughness in EDM of 40CrMnNiMo864 
alloy steel and discovered that surface roughness of sample and tool are determined by factors like pulse 
current and pulse time. Pradhan and Biswas (2008) have developed MRR model for 3 numerous input 
parameters specifically pulse current, discharge time and pulse time for EDM method of AISI D2 steel 
using RSM. Jaharah et al. (2008) have studied the results of input parameters (peak current, pulse on-
time, and pulse Off time) on surface roughness (Ra), tool wear rate (EWR) and MRR in EDM of AISI 
H13 alloy steel and discovered that the peak current is of bigger importance influencing MRR and sur-
face roughness. Chiang (2008) has analysed the implications of input parameters like discharge current, 
pulse on time, duty cycle and gap voltage on MRR, tool wear ratio, and surface roughness employing 
RSM in EDM of Al2O3+TiC mixed ceramic materials and delineated that the discharge current and 
duty factor are most substantial factor of MRR and the discharge current and spark – on – time have 
significance related to statistics on both the value of the tool wear ratio and surface finish. Kuppan et al. 
(2008) have studied the results of input parameters (peak current, pulse on-time, duty cycle and tool 
speed) on MRR and depth averaged surface roughness in EDM (small deep hole drilling) of alloy 718 
materials employing RSM. Habib (2009) has developed a mathematical model utilizing RSM for as-
sociation of the varied machining parameters (pulse on time, peak current, average gap voltage and 
therefore the volume fraction percentage of SiC within the Al matrix) on MRR, EWR, gap size and 
therefore the surface properties. Amin et al. (2009) have studied the influences of input parameters (peak 
current, voltage, pulse duration and interval time) in EDM of WC employing Taguchi methodology and 
shown that the peak current considerably affects the EWR and surface roughness, while, the spark dura-
tion primarily impresses MRR. Sahoo et al. (2009) have inquired concerning the influence of machining 
input parameters (pulse current, pulse on time and pulse Off time) on the quality of surface created in 
EDM victimising three completely different work-piece materials viz. mild steel, brass and Tungsten 
Carbide. Rahman et al. (2010) studied the influences of input parameters on MRR employing RSM in 
EDM of Ti6Al4V and created clear that peak current and pulse on time are the substantial machining 
parameters influencing MRR. They also showed that MRR is directly proportional to peak current and 
pulse on time. Pradhan and Biswas (2010) have investigated the results of machining parameters in EDM 
of AISI D2 steel and indicated that the pulse current, pulse time, voltage and pulse on time have sub-
stantial consequences in dominant MRR. Effects of tool materials on the responses are studied by alto-
gether completely different researchers. Haron et al. (2008) have studied the results of copper and carbon 
tool on EWR and MRR. Jahan et al. (2009) have investigated the results of tool materials (tungsten, 
copper metallic element and silver metallic element) and came to a conclusion that silver tungsten tool 
produces sander (with minimum Ra and Rmax) among the 3 electrodes in EDM of XW42 alloy steel. 
Choudhury et al. (2010) have used copper, brass and carbon electrodes and depicts that copper electrode 
offers greater MRR and brass electrode offers greater surface finish in EDM of EN 31 die steel.

NECESSITY OF OPTIMIZATION

For the applications of advanced manufacturing methodologies, technologies are developing in rapid pace. 
In order to achieve these advanced manufacturing criteria the industries, companies and manufacturing 
units need to optimize the process parameters to save money and time. Many researchers have carried 
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out the optimization of the process parameters using many machining techniques like EDM, ECM, Wire 
EDM, PAC, etc. by applying various optimizations techniques like Artificial Neural Network, Particle 
Swarm Optimization, Genetic Algorithm, Fuzzy Logic Algorithm etc. Researchers like Asilturk et al. 
(2016); Korkut et al. (2004); Mahapatra et al. (2006); Vasant et al. (2016); Vasant et al. (2011) have 
performed optimization considering various process parameters in order to obtain best set of process 
parameters those can be used for advance manufacturing techniques. Considering EDM in this present 
work, MRR and Surface Roughness are believed as the parametric quantity where the primary aim was 
to obtain the optimized minimized values of Surface Roughness and optimized Maximized values of 
Material Removal Rate. For getting these desired machining characteristics the machining parameters 
like Pulse on Time (TOn), Pulse Off time (Toff), Peak-Current (IP), Gap voltage (Vg) has been considered 
as the input.

OPTIMIZATION METHODS

In this work authors have tried to provide solution to the problems using Particle Swarm optimization 
(PSO) and Artificial Neural Network (ANN).

ARTICIAL NEURAL NETWORK (ANN)

In machine learning, artificial neural networks (ANNs) are a group of models enlivened by biological 
neural networks and are utilized to surmised functions that can rely on upon a substantial number of 
sources of info called as inputs and are for the most part obscure or not known. Artificial Neural Network 
has derived its origin from the human nervous system that consists of large number of neurons inter-
connected to it and performs various analyzing tasks in no time. They are introduced as frameworks of 
interconnected “neurons” which trade messages between each other. The simulated neurons take inputs 
and give outputs through their non-linear connections (Sitton et al., 2017). The associations or connec-
tions have weights that can be tuned, making neural nets versatile and adaptive to inputs and equipped 
for learning. It provides several reconciling and perceptual solutions and re-appraisal of parametric 
model quality in comparatively less complicated configurations when examined to different approaches 
of modelling. It is an optimization technique in which less number of errors is encountered and high 
accuracy can be achieved (Pappu and Gummadi, 2017). Artificial Neural Network modelling technique 
is one of the most practical, authentic and precise modelling proficiency which is able to demonstrate 
non-linear relations in case of machining processes (Patra et al., 2017). ANN has the potential to show 
better results in the fatigue loading conditions and range of spectral type and properties of the material 
(Durodola et al., 2017). The capacity of the ANNs to precisely estimated obscure capacities to know 
the unknown function. Neural systems have been utilized to unravel a wide assortment of assignments 
that are difficult to understand utilizing standard manage based programming. Some of the applications 
of ANN are for solving the Travelling Salesman’s problems, Security and loan applications, Market 
predictions etc.
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PARTICLE SWARM OPTIMIZATION (PSO)

Particle Swarm Optimization (PSO) involves computation technique that optimizes a consequence by 
using a series of iterations attempting to heighten an applicant arrangement with respect to a given 
measure of value. It is a random optimization technique which was brought forth by Kennedy and Eb-
erhart to provide various advantages such as fast occurrence of two or more things coming together, 
easy principle and simple execution (Rafiraeed et al., 2017). PSO provides accurate and authentic 
modelling results. As a hybrid type of algorithm, it has got outstanding feature of mixing the abilities of 
worldwide scope or applicability and local analyzing (El-Wakeel, 2014). PSO is mostly recommended 
and used algorithm due to its uncomplicated concept and simple coding implementation, it takes lesser 
time in optimizing results when compared to other techniques (Yu-Zhen et al., 2012). One of the main 
reason to work with PSO is its appealing characteristics that is lesser number of parameters are to be 
adjusted to use it and it covers wide range of application (Katherasan et al., 2012). It takes care of a 
problem by having a people of candidate solutions, here named particles, and moving these particles 
within the inquiry space as indicated by basic numerical formulae over the particle’s position and rate. 
Every particle’s growth is influenced by its neighbourhood best known position, but on the other way 
it is guided toward the best-known positions in the search space, which are upgraded as comparatively 
better positions are found by other particles.

EXPERIMENTATION

The choice of applicable input machining conditions for EDM characteristics like material removal 
rate and surface finish are having a base on the analysis associated with the varied input parameters for 
material removal and roughness. Attempting frequent or large number of experimental runs also is not 
economically viable. Expertise disclosed that the sort of material yields extra influence on the EDM 
performance. On the opposite hand when new and advanced materials seem within the field, it’s un-
imaginable to use available models and thus experimental investigations are continually needed.

Input Parameters Considered

Pulse-On Time (TOn), Pulse Off time (Toff), Peak-Current (IP), Gap voltage (Vg)

Output Parameters Considered

Material Removal Rate (MRR) and Surface Roughness (SR)

Material Used

EN 19 Tool Steel as work-piece and electrolytic copper as a tool electrode (positive polarity).
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Machine Used

The entire experiment was carried out on a Die sinking EDM machine (Electronica EMT-43 Machine) 
(Figure 1).

The work-piece on that the EDM method was disbursed was an EN19 material whereas the tool for 
EDM operation was Copper. Paraffin oil was hand-picked as insulator medium. After machining opera-
tion, surface roughness (Ra) was determined employing a stylus type profilometer, known as Talysurf 
(Taylor Hobson, 3+) (Figure 2). A traverse speed of 1 mm/sec, cut off length of 0.8 mm and an analysis 
length of 8 mm were set for the stylus to work. A group of three totally different readings were evaluated 
for varied values of surface roughness and arithmetic mean of those values was used.

DESIGN OF EXPERIMENTS (DOE)

Industrial physicists will now not afford to conduct experiment in a very trial-and-error manner, dynami-
cally one issue at a time, the manner early scientists like Edison, Madam Curie, J.C.Bose did whereas 
inventing and developing things. A way more effective methodology is to use a computer-enhanced, 
systematic approach to experimentation, one that considers all factors at the same time. That approach 
is named design of experiments (DOE), and firms worldwide are assuming it as a cost-effective way to 
solve serious issues affecting their operations. The design of experiments technique may be a terribly very 
potent tool, that permits holding out the modelling and analysis of the influence of technique variables 
on the response variables. The response variable is associate degrees unknown perform of the method 
variables, which are referred to as design factors. The aim of running experiments is to characterize 
unknown relations and dependencies that exist inside the determined design or method, i.e. to seek out 
the affecting design variables and therefore the response to variations within the design variable values. 

Figure 1. EDM Machine
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A methodical scientific approach to being after the experiment must be utilized if the results are to be 
figured out performing minimum number of experiments. The statistical design of experiments refers to 
the process of planning the experiment so that relevant data that can be analyzed by statistical methods will 
be brought together in one place, leading in valid and objective conclusions in a logical way. Statistical 
methodology becomes the only logical approach for analysis when the problem involves data that may 
contain experimental errors. Sometimes, experiments are recurrent with a specific set of levels for all 
the factors to visualize the statistical technique validation and repeatability by the replicate data. This is 
often known as replication. to eradicate any biasness, allocation of experimental material and therefore 
the order of experimental runs are chosen in a random manner. This is often known as randomisation. 
To rearrange the experimental material into lots, or blocks, that ought to have higher homogeneity than 
the complete set of data is named block. So, once experiments are being undertaken this part is ought 
to be kept in mind. There are many totally different methodologies for style of experiments. During this 
work Orthogonal Array (OA) technique was used for performing the experiments.

ORTHOGONAL ARRAY

Orthogonal Arrays (OA) are special matrices used as the design matrices in the fractional factorial 
design for the estimation of the effect of several factors in a highly efficient way. These designs are ap-
plicable even when the factors have more than two levels and for mixed level experiments where that 
components do not have same number of levels. In general, when the number of process parameter 
enhances, large number of experiments has to be carried out for factorial design. But using orthogonal 
array smaller number of experiments can be performed in the specified range and the effects of process 
parameters can be observed quite effectively. For a two level factors 8 (L8) experiments are needed for 

Figure 2. Stylus type profilometer(Talysurf )
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the experimentation whereas for a three-level orthogonal arrays can be based on 9 (L9), 27 (L27) or 
81(L81) experimental points. For any pair of columns in the design matrix, all combinations of the factor 
levels appear equal number of times.

In the present study four factors are taken with three levels, (Shown in Table 1) which have 20 degrees 
of freedom (4*2 + 3*2*2). Hence, L27 OA is used in the study. The three-level Orthogonal arrays (L27) 
for four factors viz. A, B, C and D are presented in Table 2.

EXPERIMENTATION AND MEASUREMENT OF MRR

The experiment was performed on the basis of design of experiments using L27 orthogonal array. Mea-
suring the weight of each sample before and after each experiment, MRR was calculated experimentally. 
The obtained value of the MRR was employed to obtain the corresponding S/N ratio values using the 

Table 1. Different variables used in the experiment and their levels

Variable Coding
Level

1 2 3

Pulse On (Ton) in µs A 200 300 400

Pulse Off (Toff ) in µs B 1800 1700 1600

Discharge Current (Ip) in A C 8 12 16

Voltage (V) in V D 40 60 80

Table 2. DOE using L27 Orthogonal Array

Exp. 
No.

A 
(Ton)

B 
(TOff )

C 
(Ip)

D 
(V)

Exp. 
No.

A 
(Ton)

B 
(TOff )

C 
(Ip)

D 
(V)

1 1 1 1 1 15 2 2 3 2

2 1 1 2 2 16 2 3 1 1

3 1 1 3 3 17 2 3 2 2

4 1 2 1 2 18 2 3 3 3

5 1 2 2 3 19 3 1 1 3

6 1 2 3 1 20 3 1 2 1

7 1 3 1 3 21 3 1 3 2

8 1 3 2 1 22 3 2 1 1

9 1 3 3 2 23 3 2 2 2

10 2 1 1 2 24 3 2 3 3

11 2 1 2 3 25 3 3 1 2

12 2 1 3 1 26 3 3 2 3

13 2 2 1 3 27 3 1 3 2

14 2 2 2 1
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Minitab 16 software. As higher MRR is a desired condition hence Larger the Better condition was used 
and results are tabulated in Table 3.

The regression equation for MRR based on the input parameters and their levels was also generated 
(Eqn. 1)
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EXPERIMENTATION AND MEASUREMENT OF SURFACE ROUGHNESS (RA)

The machined surfaces of the work-pieces were introduced to the profilometer and surface roughness 
(Ra) was measured. The obtained value of the Ra was employed to obtain the corresponding S/N ratio 
values using the Minitab 16 software. As lower Ra is always desired hence Smaller the Better condition 
was used and results are tabulated in Table 4

The regression equation for Surface Roughness based on the input parameters and their levels was 
also generated (Eqn. 2)

Table 3. Experimental Results for MRR

Exp. 
No.

A 
(Ton)

B 
(TOff)

C 
(Ip)

D 
(V) MRR S/N 

Ratio
Exp. 
No.

A 
(Ton)

B 
(TOff)

C 
(Ip)

D 
(V) MRR S/N 

ratio

1 1 1 1 1 7.22 17.17 15 2 2 3 2 27.82 28.88

2 1 1 2 2 12.16 21.62 16 2 3 1 1 11.30 21.06

3 1 1 3 3 16.53 24.36 17 2 3 2 2 21.06 26.47

4 1 2 1 2 7.38 17.36 18 2 3 3 3 28.87 29.25

5 1 2 2 3 14.1 22.98 19 3 1 1 3 4.699 13.43

6 1 2 3 1 31 29.83 20 3 1 2 1 15.93 24.04

7 1 3 1 3 7.83 17.87 21 3 1 3 2 4.65 27.32

8 1 3 2 1 24.9 27.92 22 3 2 1 1 9.143 19.22

9 1 3 3 2 31.96 30.09 23 3 2 2 2 5.517 24.74

10 2 1 1 2 5.57 14.91 24 3 2 3 3 23.73 27.50

11 2 1 2 3 11.18 20.97 25 3 3 1 2 8.95 19.03

12 2 1 3 1 24.63 27.83 26 3 3 2 3 17.43 24.82

13 2 2 1 3 6.09 15.69 27 3 1 3 2 41.73 32.11

14 2 2 2 1 20.27 26.14
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OPTIMIZATION OF MRR AND SR USING PARTICLE 
SWARM OPTIMIZATION (PSO)

For the obtained values using MiniTab16 for 27 experimental readings of Pulse-On Time (TOn), Pulse 
OFF time (Toff), Peak-Current (IP), Gap voltage (Vg), MRR and SR, optimization is carried out using 
PSO coding for obtaining the optimum values of all the parameters listed above. The Regression Equa-
tions (1) and (2) obtained for MRR and SR in terms of Pulse-On Time (ms), Pulse Off time (ms), 
Peak-Current (A), Gap voltage (V).

In order to obtain the optimum values for MRR and SR, Matlab R2015b was used. Code for mul-
tivariable optimization using PSO was simulated which provided the plots which showed the optimal 
values for Pulse-On Time (A), Pulse Off time (B), Peak-Current (C), Gap voltage (D). For these values 
of Pulse-On Time (A), Pulse OFF time (B), Peak-Current (C), Gap voltage (D) the respective optimal 
values for MRR and SR were determined. Figure 3 and 4 shows the Maximization Plot for Material 
Removal Rate (MRR) and Minimization Plot for Surface Roughness (SR) respectively.

Table 4. Experimental Results of Surface Roughness (Ra)

Exp. No. A 
(Ton)

B 
(TOff )

C 
(Ip)

D 
(V) Ra S/N 

Ratio
Exp. 
No.

A 
(Ton)

B 
(TOff )

C 
(Ip)

D 
(V) Ra S/N 

ratio

1 1 1 1 1 9.41 -19.47 15 2 2 3 2 13.27 -22.45

2 1 1 2 2 11.6 -21.28 16 2 3 1 1 9.46 -19.51

3 1 1 3 3 11.65 -21.32 17 2 3 2 2 16.27 -24.22

4 1 2 1 2 8.49 -18.57 18 2 3 3 3 15.9 -24.02

5 1 2 2 3 14.43 -23.18 19 3 1 1 3 10.23 -20.19

6 1 2 3 1 11.41 -21.14 20 3 1 2 1 15.23 -23.65

7 1 3 1 3 10.53 -20.44 21 3 1 3 2 14.97 -23.50

8 1 3 2 1 10.71 -20.59 22 3 2 1 1 11.17 -20.96

9 1 3 3 2 13.77 -22.77 23 3 2 2 2 19.6 -25.84

10 2 1 1 2 10.67 -20.56 24 3 2 3 3 13.3 -22.47

11 2 1 2 3 14.63 -23.30 25 3 3 1 2 11.07 -20.88

12 2 1 3 1 15.8 -23.97 26 3 3 2 3 16.2 -24.19

13 2 2 1 3 9.87 -19.88 27 3 1 3 2 12.8 -21.56

14 2 2 2 1 14.57 -23.26
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OPTIMIZATION OF MRR AND SR USING ARTIFICIAL NEURAL NETWORK

The confront study addresses with the development of artificial neural network to depict the suitable 
machining process parameters in order to receive optimum MRR and surface roughness characteristics 
in EDM process. Artificial neural network with Error Back Propagation Training Algorithms (EBPTA) 
has been used for the training and testing purpose of the experimental data. Initially a data set is required 
to train the ANN model. Then developed experimental database was used to train and simulated the 
ANN model to determine the predicted value. The EBPTA is based on universal delta-rule that involves 
dynamic weight updates system so as to reduce the mean squared error (MSE).

In this part, ANN model was used for prediction of MRR and SR. The experimental study illustrated 
the error for the MRR and SR properties. So, with reference to the mid-level quality characteristics sup-
ported by Artificial Neural Network the degree of non-linearity that exists in nature between the output 
and input variable was identified.

Figure 3. Maximization Plot for Material Removal Rate (MRR)

Figure 4. Minimization Plot for Surface Roughness (SR)
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The multi-layer ANN network shown in Figure 5 comprises of input, output and hidden neurons layer. 
Multi-layer ANN architecture consists of 4-30-2 network model is used for simulation. Four neurons 
in the input layer corresponding to 4 inputs variable, two neurons in the output layer. One hidden layer 
with 30 neurons was found suitable employed in the present study. For training and testing ‘nntool’ is 
used which is available in optimization tool box in ‘MATLAB’ software. When maximum number of 
epoch and minimum MSE is achieved, training of ANN model is stopped. The mean square error (MSE) 
is computed using equation3

M SE
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P
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2
	 (3)

where

NP = number of training patterns,
dk, p = desired output for the pth pattern and Okp is predicted output for the pth pattern.

ARTIFICIAL NEURAL NETWORK TRAINING AND TESTING

The training of ANN has been carried out for 27 input–output patterns with the help of ‘nntool’ available 
in MATLAB software (2012a). The factors are used for training purpose are:

•	 Learning rate = 0.05
•	 Momentum factor = 0.85
•	 Maximum number of epochs = 1000
•	 Tolerance for MSE= 0.0001

The ANN training and simulation was carried out with the help of “training dx” function. The varia-
tion of MSE with number of epoch is shown in Figure 6.

The training state and output regression plots (depicted in Figures 7 and 8) are generated providing 
the final optimal solutions and also ensures the efficacy of the system chosen.

Figure 5. Multi-layer feed forward artificial neural network
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Figure 6. The variation of mean squared error (MSE)

Figure 7. Correlation of the training patterns for MRR and SR with Number of epochs
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RESULTS AND DISCUSSION

Experiments were performed according to the sequence of L27 OA and the experimental results of 
MRR and SR are calculated. These analyses of experimental results were carried out using Minitab 16 
statistical software. In this case the interaction between the particles is also taken into consideration 
before analysing these experimental data using software. As per ANN method the experimental data 
are imported into the workspace of Matlab R2015b and then the neural Network as depicted above was 
obtained. Further by training the input and the target values the plots for Training State, Performance, 
Regression, MRR and SR are obtained.

It can be noted that for Training case: R is 0.93343 with an output of 0.81*Target + 3; whereas for 
case of Testing R is determined as 0.26013 with an output of 0.11*Target + 11. For validation case R 
is found to be 0.73414 with output of 0.57*Target + 0.6.7 and the miscellaneous results case R is deter-
mined as 0.7494 and output is found to be 0.56*Target +0.02.

Figure 8. Regression plot for MRR and SR using ANN
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Further after obtaining the experimental and regression equations, ANN and PSO was used for find-
ing the optimum values of for MRR and SR in terms of Pulse-On Time (A), Pulse Off time (B), Peak-
Current (C), Gap voltage (D). Using the Multi variable code in Matlab R2015b for the regression equa-
tions for MRR and SR mentioned above in equation 1 and 2as objective function respectively it was 
found that the optimal values for Pulse-On Time (A), Pulse Off time (B), Peak-Current (C), Gap voltage 
(D) are approximately found to be400ms , 1600ms , 16A and 40V respectively from the minimization 
and maximization plots as depicted above. For these values of Pulse-On Time (A), Pulse Off time (B), 
Peak-Current (C), Gap voltage (D) the respective optimal values for MRR and SR are determined ap-
proximately as 0.3548 g/min and 0.004129mm .

CONCLUSION

The main purpose of this experimentation was to optimize the machining parameters of EDM using 
Artificial Neural Network (ANN) and Particle Swarm Optimization (PSO) techniques for maximization 
of Material Removal Rate (MRR) and minimizing the surface Roughness (SR). Here in this present work 
Pulse-On Time (A), Pulse Off time (B), Peak-Current (C), Gap voltage (D) were conceived with equally 
spaced three levels within the operating range for each of the process parameters as the input parameters. 
From the results and discussions as stated above it can be concluded that:

For mass production of components of machines where there is a fast movement of consumer goods 
it is highly necessary for the Industrialists or the Manufacturers to use the optimized values of the 
parameters obtained from MRR. For the cases where levels are not matching enough to their desired 
characteristics of input parameters, using the regression equations is always an option for them for pre-
diction of proper output.

In some cases, there are products where MRR plays least role in the product development where as 
SR is significant enough for the manufacturing of the product. Then the optimal values thus developed 
using PSO in this work can be adopted or the regression equation can be used for the cases that are hav-
ing some variation in the levels of input parameters for prediction of output parameters.

For the products where both MRR and SR are to given equal amount of importance, optimized values 
for both MRR and SR are to be considered for predicting the output.

The results derived from the optimization techniques used here are quite agreeing to the results 
obtained by other researchers considering the same input, output parameters and identical levels using 
other techniques like Taguchi, GA, ABC etc. But it varies considerably in case some other parameters 
and levels are considered.

SCOPE OF FUTURE RESEARCH

This present work can also be used or applied to several other directions. This work can also be enriched 
by incorporating or considering several other input parameters like tool rotation, different dielectric 
medium, flushing pressure etc. and several other responses like tool wear, thermal stress developed 
etc. In order to obtain the optimized parameters other recent techniques like Hill Climbing, Grey Wolf, 
Stochastic Optimization, Fuzzy Optimization, Grey Optimization, Uncertain Preference, Fuzzy Mul-
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tiobjective Optimization, Grey Multiobjective Optimization, Stochastic Multiobjective Optimization, 
Fuzzy Multilevel Programming, Grey Multilevel Programming, Stochastic Multilevel Programming, 
etc. can also be utilized or Hybridization of two parallel methods like Simulated annealing in Genetic 
Algorithm (SAGA) etc. can be employed.
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ABSTRACT

In this research paper Wire-Electric Discharge Machining (WEDM) is applied to machine AISI-D3 ma-
terial in order to measure the performance of multi-objective responses like high material removal rate 
and low roughness. This contradictory objective is accomplished by the control parameters like Pulse 
on Time (Ton), Pulse off Time (Toff), Wire Feed (W/Feed) and Wire Tension (W/Ten) employing brass 
wire. Here the orthogonal array is used to developed 625 parametric combinations. The optimization of 
the contradictory responses is carried out in a metaheuristic environment. Artificial Neural Network is 
employed to train and validate the experimental result. Primarily the individual responses are optimized 
by employing Firefly algorithm (FA). This is followed by a multi-objective optimization through Genetic 
algorithm (GA) approach. As the results obtained through GA infer a domain of solutions, therefore 
Grey Relation Analysis (GRA) is applied where the weights are considered through Fuzzy set theory to 
ascertain the best parametric combination amongst the set of feasible alternatives.

INTRODUCTION

Our advanced lifestyle has rapidly improved by the quick development of various technology. Thus, the 
possibility to achieve an effective solution for real-world based problems is very high. These days, it 
is also visible that mathematical dynamics of the related solution approaches are commonly based on 
nature dynamics. From this point of view, nature has an incredible role on approaching the solutions and 
design mathematical structure for developing effective scientific, computational methods or techniques.
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Also, the connection in between nature and science has established a new research approach to solve 
real life problem. Many nature-inspired methods and algorithm that can be employed in the context of 
intelligent solution approach like cooperative characteristics by the swarms like a firefly, bat, bee etc. 
Due to their great possibility on developing effective algorithmic solution way, nature-inspired tech-
niques have a huge effect on Artificial Intelligence based studies. The main advantages of this methods 
are that it can also be used with another Artificial Intelligence algorithm to form hybrid methodologies.

Alternatively, it is also possible to classify such nature-inspired techniques based on some mechanisms 
inspired by the theory of Evaluation. Genetic Algorithm is one of this evolutionary technique which is 
based on the theory of survival of the fittest by Darwin.

Traditional machining served the necessities of industries over the eras. But new advanced work 
materials, as well as the geometric design of products and components are putting a lot of pressure on 
the capabilities of traditional machining processes to manufacture the components with desired tolerance 
economically. This has led to the growth and founding of Non-Traditional Machining processes in indus-
tries as efficient and economic alternatives to conventional ones. Wire Electrical Discharge Machining 
(WEDM) is one such non-conventional, thermo-electric machining process which has an important role 
in high-precision and high-performance manufacturing industries due to its capability of accurate and 
efficient machining of parts with varying hardness or complex shapes and sharp edges of the workpiece. 
In WEDM material removal takes place by controlled erosion of the electrically conducting material. The 
material removal process governed by a series of discrete sparks between an anode workpiece which is 
immersed in a dielectric liquid medium and continuously feeding cathode wire through the workpiece 
controlled by a microprocessor. This electric discharge melts and vaporizes small amounts of the work 
material, and the removed material is flushed away by the flowing dielectric liquid. As the tool wire and 
the workpiece does not make direct contact during machining, so there is no machining stress, chatter 
and vibration. Therefore, this machining process can be utilized in machining of conductive material 
having low machinability and high temperature strength resistance.

In order to achieve high quality, high process safety, minimal manufacturing cost and lowest pos-
sible machining time the manufacturing process parameters have to choose in an optimized way. The 
photograph of WEDM setup is illustrated in Figure 1.

Figure 1. Machining setup of WEDM
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A brief literature review of the past research work is presented here. Liao et al. (2014) have studied 
on the association amid machining parameters and machining characteristic using a neural network and 
finally, genetic algorithm was used in order to find the optimal machining parameters combination for 
different materials.

Bobbili et al. (2013) present the impact of machine control parameters on surface roughness and MRR 
of high strength armor steel using WEDM. Zhang et al. (2014) studied the effects of high temperature 
and massive electrical discharges on tool steel (SKD11) during medium-speed WEDM and found the 
optimal parameters on MRR and 3D surface quality by using integrated response surface methodology 
along with Non-Dominated Sorting Genetic Algorithm-II. Patil and Brahmankar (2010) has investigated 
the effect of thermo-physical properties of the workpiece, pulse-on-time and average gap voltage on MRR 
in WEDM process for silicon carbide particulate reinforced aluminum matrix composites workpiece and 
find out significant role of coefficient of thermal expansion in this process. Mukherjee et al. (2012) ap-
plied population-based non-traditional optimization algorithm for single and multi-objective optimization 
of two different WEDM processes, and they observed that biogeography-based optimization algorithm 
outperforms the others. Ming et al. (2015) have examined on augmenting the cutting parameters in WEDM 
process using integrated artificial neural network (ANN) along with wolf pack algorithm based on the 
strategy of the leader (LWPA) and they mathematically constructed the effects of cutting parameters on 
machining time, machining cost and surface roughness. Kirkpatrick et al. (1983) stated that there is a 
profound and useful relation between statistical mechanics and combinatorial optimization. Kuriachen et 
al. (2015) revealed that capacitance is the predominant factor that influences the micro-WEDM process. 
Based on experimental observations they predict the process characteristics and also employed particle 
swarm optimization (PSO) algorithm to improve the performance. Pant et al. (2017) studied the newly 
developed PSO Algorithm for both controlled and unrestricted nonlinear condition and optimized the 
reliability of a composite system. Kumar et al. (2017) discussed several metaheuristic techniques and 
finally, Cuckoo Search Algorithm is used to solve complex life support system and bridge system. Ali 
et al. (2014) computed a hybridized Firefly algorithm and make the algorithm more flexible. Miguel 
and Miguel (2012) studied two metaheuristic algorithms, namely Harmony Search (HS) and Firefly 
Algorithm (FA) and demonstrate the effectiveness of both algorithms in engineering problem. Arora 
and Singh (2013) used FA to solve complex optimization problems. Kurikose and Shanmugham (2005) 
used a multiple-regression model to characterize a relationship between input and output parameters and 
a multi-objective optimization process based on a Non-Dominated Sorting Genetic Algorithm (NSGA) 
is used to optimize WEDM process. Somashekhar et al. (2010) proposed the improvement of modeling 
and optimization of micro-electric discharge machining process. A feed forward ANN is employed to 
analyze the MRR and then GA is applied to determine the optimum process parameter for machining. 
Garg and Mittal (2014) explain the experimental result of dejong function by using Genetic Algorithm. 
Rao & Krishna (2014) has analyzed to optimize the effect pulse-on-time, pulse-off-time, and wire ten-
sion on MRR, surface roughness, and wire wear ratio in WEDM process on Al7075/SiCp work-piece 
using the NSGA-II and obtain the set of Pareto-optimal solutions.

The objective of the current research work is to study the characteristic features of the WEDM pro-
cess while machining AISI -D3 as analysis through Taguchi design based 625 experimental run with 
various process control parametric combinations like Pulse on Time (Ton), Pulse off Time (Toff), Wire 
Feed (W/Feed) and Wire Tension (W/Ten) on Material Removal Rate (MRR) and Surface Roughness 
(Ra). ANN is applied to identify and learn correlated patterns amongst input data sets and correspond-
ing responses values. After training, validation and testing of the experimental data through ANN the 
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outcomes can be predicted. Regression equations for MRR and Ra are individually developed in terms 
of the control parameters from the experimental data to established effect of variables on the outputs. 
The individual responses as indicated by their regression equations are optimized by FA technique. The 
contradictory objectives arising from the different responses are simultaneously optimized through GA. 
In order to determine the best parametric combination from the output results of GA a Multi-Criteria 
Decision Making (MCDM) technique popularly known as Grey Relational Analysis (GRA) is applied.

PLANNING FOR EXPERIMENTATION

In this experimentation, CNC Wirecut EDM (Maxicut-e, Electronica Make) is used. The Dielectric 
used is DM-Water having pH 7 (Specific gravity of 1 at 23°C and Viscosity of 0.001 Ns/m2 at 20°C). 
External lateral flushing is done with a pressure of 0.8 kgf/cm2. Experiments are organized with positive 
polarity of the electrode. The pulsed discharge current is employed in various steps in positive mode. 
The WEDM setup comprises of a dielectric reservoir, power generator, pump and dielectric flow sys-
tem, and control unit, working tank, X-Y table accommodating the working table, wire holding nozzle, 
workpiece, flashing system as shown in Figure 2.

The servo control unit is arranged to sustain the pre-determined gap. It detects the gap voltage and 
compares it with the current value and the change in voltage is then used to regulate the movement of 
the servo motor to amend the gap. The work material AISI -D3having dimension of 250x12.6x12.6 mm 
is used. The percentage composition of various elements in AISI-D3 is C: 2-2.35%, Mn: 0.60%, Cr: 
11-13.5%, Si: 0.60%, Ni: 0.30%, W: 1%, V: 1%, Cu: 0.25%, P: 0.03%, S: 0.03%. A constant Brass wire 
diameter of 0.25mm is maintained during experimentation. The length of cut is 12.66mm and angle of 
cut is vertical. The workpiece is at the center of the table. Servo reference voltage is taken as 35V. The 
injection pressure set point is 3.75kg/cm2. Die electric temperature is 22-25 ºC. Now, the MRR during 
experimentation is evaluated using Equation 1, which is shown below:

Figure 2. Machining Chamber
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MRR B mm min  Fm    t = ( )Χ Χ 3 / 	 (1)

where

Fm = machining feed per minute (mm/min),
B = (2Wg + Wd) (mm)
Wg = wire gap (mm)
Wd = wire diameter (mm)
t = thickness of the job (mm)

The surface roughness of the cavity surface is articulated as Ra expressed in μmm, is measured using 
stylus type profilometer, Perthometer-M1 of Mahr Gmbh make.

During the experiment, levels of the factors are varied simultaneously to save time and money, and 
also allows for the study of relations between the factors. Initially, L625 orthogonal array is used for 
the experimentation. The control parameters are altered at five levels in six hundred and twenty-five 
experimental runs. Several other factors which may influence the output result like Flushing pressure, 
Lift time etc., are kept uniform during experimentation. Table 1 exhibits the different combinations of 
control parameters during the machining process.

ARTIFICIAL NEURAL NETWORK

An Artificial neural network (ANN) is fundamentally representing a biological neural network. Nodes 
are interconnected simple processes in a neural network. Each neuron receives a set of inputs (Xi, i=1, 
2…., n-1, n) from associate neurons and produces the output signals (Oi, i= 1to K) at the output nodes. 
Each input Xi is multiplied by the associated weight Wi value in synapses and then transfer the newly 
developed signal to the hidden layer. Equation 2 illustrates the net input to each neuron in the hidden layer.

I WX
i i i

i

n

=
=
∑
1

	 (2)

Generally, no output will be produced until the activation level of the node go beyond a threshold 
value. The output result of a neuron is usually described by a sigmoid function presented in equation 3.

O f
e

i i Ii
= =

+ −
(I )

1

1
	 (3)

Figure 3 shows the schematic diagram of an artificial neuron.
The most common neural network architectures are

•	 Feedforward neural networks
•	 Feedback neural networks
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Table 1. Parametric settings and responses for experimental run

Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

1 10 30 5 6 0.45 25.66 314 6 30 7 10 1.16 28.71

2 6 20 3 4 0.53 12.98 315 8 30 5 10 0.69 27.88

3 14 35 3 6 0.07 33.44 316 6 30 3 6 2.44 28.93

4 10 25 7 10 1.36 18.33 317 6 25 3 6 1.19 20.15

5 8 20 4 4 0.12 12.03 318 6 40 3 4 6.50 52.11

6 14 20 7 10 3.26 10.90 319 10 35 4 2 2.71 35.64

7 10 40 7 2 3.77 45.75 320 8 20 7 2 0.39 10.86

8 14 25 6 6 2.37 15.18 321 6 20 6 6 0.05 12.76

9 6 40 4 10 5.07 52.31 322 10 25 6 8 0.93 17.87

10 8 30 7 2 1.48 25.44 323 10 40 7 6 3.01 46.45

11 14 35 5 4 0.03 32.04 324 12 30 4 4 0.04 24.42

12 10 40 4 2 4.56 47.70 325 14 25 3 10 2.40 17.10

13 10 40 6 4 3.65 46.64 326 14 20 7 4 2.63 8.87

14 14 25 7 2 2.07 13.84 327 6 20 6 2 0.31 11.89

15 12 35 3 4 1.55 34.80 328 10 25 6 4 0.43 16.86

16 6 40 4 4 6.27 51.52 329 10 30 3 4 1.15 26.20

17 10 40 7 10 2.21 47.46 330 8 30 5 8 1.00 27.38

18 10 40 6 8 2.86 47.38 331 12 35 7 6 0.27 33.10

19 14 40 7 6 0.55 42.58 332 12 40 7 2 2.59 43.79

20 6 20 4 6 0.20 13.09 333 8 20 6 8 0.80 12.60

21 8 40 7 2 4.89 47.69 334 6 20 7 10 0.56 13.91

22 8 35 7 6 2.34 36.36 335 6 40 7 2 5.93 49.60

23 14 35 5 6 0.39 32.40 336 12 40 4 6 2.58 46.20

24 14 35 3 4 0.46 33.20 337 6 20 5 8 0.12 13.41

25 10 35 6 8 1.21 35.62 338 8 35 3 4 3.54 37.93

26 14 35 5 10 1.15 33.34 339 6 35 6 2 4.13 37.74

27 10 25 4 6 0.34 17.91 340 10 40 3 8 3.56 48.87

28 10 20 7 8 1.57 11.74 341 14 40 3 6 1.60 44.93

29 6 20 4 4 0.40 12.73 342 8 20 7 8 0.94 12.50

30 8 35 4 4 3.33 37.40 343 14 25 4 2 1.45 15.15

31 14 35 6 8 1.00 32.39 344 14 25 6 8 2.64 15.76

32 6 40 5 4 6.04 50.96 345 6 35 7 2 3.91 37.24

33 14 25 5 2 1.65 14.70 346 14 25 6 2 1.86 14.26

34 6 25 6 4 0.97 18.95 347 14 30 5 2 0.85 22.27

continued on following page
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

35 8 35 6 4 2.89 36.41 348 10 20 7 2 1.00 10.04

36 6 35 4 4 4.23 38.95 349 8 40 4 8 4.44 50.17

37 12 35 6 8 0.14 34.02 350 12 40 4 10 1.72 46.90

38 10 40 5 8 3.10 47.86 351 8 35 3 2 3.89 37.81

39 10 35 5 6 1.78 35.62 352 12 30 3 10 0.76 25.94

40 10 40 5 4 3.91 47.23 353 10 35 7 6 1.34 34.74

41 12 25 5 2 0.79 15.79 354 6 25 4 4 1.29 19.56

42 12 35 3 6 1.18 35.03 355 8 35 5 4 3.11 36.90

43 6 25 5 6 0.89 19.62 356 10 25 7 2 0.38 16.10

44 14 20 6 4 2.45 9.15 357 10 20 6 8 1.43 11.86

45 8 25 7 8 0.34 18.70 358 8 40 6 10 3.58 49.71

46 8 40 7 6 4.14 48.35 359 14 30 5 6 1.48 22.99

47 10 35 4 10 1.26 36.85 360 6 25 7 6 0.58 19.15

48 12 40 5 2 3.14 45.11 361 6 30 6 10 1.33 28.90

49 12 35 5 2 1.44 33.42 362 8 30 6 2 1.69 25.88

50 10 40 4 4 4.16 47.84 363 14 20 6 6 2.66 9.69

51 12 25 7 2 1.19 14.98 364 8 25 5 10 0.29 19.63

52 6 40 3 8 5.69 52.45 365 10 25 3 2 0.36 17.72

53 8 40 4 4 5.25 49.69 366 12 40 6 6 2.07 45.06

54 12 20 5 2 1.33 9.85 367 14 25 6 4 2.11 14.68

55 14 20 4 4 2.11 9.76 368 6 30 4 2 2.86 28.10

56 12 25 6 2 0.99 15.38 369 12 35 4 6 0.96 34.51

57 10 40 4 8 3.33 48.36 370 8 25 3 6 0.54 19.20

58 10 20 6 4 1.02 10.77 371 14 35 6 6 0.63 31.90

59 14 40 7 10 0.27 43.65 372 8 30 7 6 0.93 26.28

60 10 25 7 6 0.85 17.06 373 12 20 3 4 1.22 10.85

61 10 20 5 4 0.87 11.02 374 12 40 4 2 3.40 45.80

62 8 20 6 2 0.23 11.13 375 10 30 4 2 1.25 25.51

63 12 25 4 8 1.41 17.34 376 8 25 7 2 0.35 17.19

64 12 40 6 8 1.66 45.49 377 14 25 5 4 1.91 15.06

65 8 20 4 2 0.08 11.72 378 6 20 3 8 0.11 13.67

66 10 25 6 6 0.68 17.33 379 6 35 7 6 3.27 37.96

67 14 25 3 2 1.26 15.63 380 12 20 3 6 1.45 11.21

68 10 30 7 4 0.34 24.47 381 6 30 4 4 2.57 28.30

continued on following page
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

69 6 20 3 10 0.11 14.12 382 12 20 4 4 1.38 10.54

70 8 35 6 6 2.56 36.77 383 6 35 7 4 3.60 37.56

71 10 25 5 8 0.77 18.09 384 10 35 6 10 0.85 36.15

72 10 20 3 10 1.25 12.83 385 10 30 6 2 0.83 24.53

73 8 40 7 4 4.52 47.98 386 14 25 3 6 1.81 16.21

74 14 30 5 10 2.14 24.02 387 12 35 4 8 0.58 34.87

75 10 35 5 2 2.48 35.06 388 10 25 3 8 0.45 18.60

76 14 20 3 10 2.67 11.45 389 12 20 7 8 2.27 10.95

77 6 25 4 8 0.79 20.27 390 8 25 4 4 0.64 18.57

78 14 20 5 6 2.50 9.93 391 6 20 6 4 0.13 12.29

79 14 25 7 4 2.31 14.32 392 10 30 3 8 0.50 26.78

80 6 35 3 6 4.08 39.63 393 14 40 7 4 0.95 42.15

81 6 40 4 6 5.88 51.71 394 6 25 4 10 0.52 20.74

82 6 30 4 10 1.65 29.35 395 14 40 7 2 1.34 41.81

83 6 25 5 10 0.39 20.59 396 10 20 5 6 1.07 11.47

84 8 25 6 2 0.54 17.55 397 10 20 4 6 0.93 11.69

85 6 30 7 2 2.27 26.79 398 6 20 7 4 0.01 12.10

86 12 25 6 10 2.02 17.46 399 12 25 5 10 1.85 17.65

87 14 25 5 6 2.18 15.51 400 10 30 5 4 0.75 25.29

88 10 20 7 10 1.78 12.45 401 10 35 5 4 2.14 35.30

89 14 30 4 8 1.60 23.84 402 14 30 6 8 2.01 23.12

90 12 35 3 10 0.41 35.70 403 10 35 7 8 0.99 35.25

91 10 25 5 6 0.51 17.61 404 10 35 7 10 0.64 35.83

92 12 40 6 4 2.47 44.71 405 6 30 7 6 1.73 27.60

93 14 40 5 6 1.08 43.72 406 14 30 6 2 1.08 21.75

94 14 30 4 6 1.27 23.42 407 8 35 7 2 2.99 35.61

95 6 35 3 4 4.43 39.46 408 14 35 3 8 0.31 33.76

96 12 20 5 10 2.20 11.88 409 14 35 5 2 0.33 31.76

97 6 40 7 6 5.19 50.23 410 10 30 7 8 0.25 25.50

98 8 25 5 6 0.23 18.62 411 6 25 7 4 0.81 18.67

99 14 20 5 4 2.28 9.45 412 8 30 5 4 1.60 26.61

100 12 40 7 8 1.41 45.01 413 12 20 6 10 2.34 11.78

101 14 30 5 8 1.80 23.47 414 6 35 5 2 4.35 38.26

102 6 25 6 8 0.50 19.88 415 12 20 5 6 1.75 10.72

continued on following page
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

103 8 30 5 2 1.89 26.34 416 8 25 3 10 0.01 19.99

104 14 20 6 2 2.25 8.68 417 8 20 5 10 0.88 13.31

105 8 25 7 10 0.59 19.35 418 12 30 7 6 0.90 23.58

106 12 20 4 10 2.06 12.01 419 12 40 6 2 2.87 44.44

107 8 40 3 2 5.89 50.23 420 12 30 5 2 0.13 23.65

108 12 25 3 10 1.53 18.09 421 12 20 6 2 1.51 9.52

109 12 30 4 8 0.61 25.15 422 12 25 4 4 0.86 16.52

110 8 30 6 10 0.52 27.64 423 8 20 5 4 0.27 11.77

111 10 30 5 10 0.18 26.62 424 12 20 7 6 2.07 10.30

112 8 25 4 6 0.39 18.90 425 8 25 5 4 0.48 18.23

113 6 30 5 2 2.67 27.65 426 8 25 4 8 0.13 19.32

114 14 35 3 2 0.83 33.03 427 8 20 3 4 0.02 12.30

115 6 20 5 10 0.33 13.98 428 10 35 3 8 1.84 36.87

116 10 30 4 10 0.01 26.89 429 14 20 5 8 2.72 10.50

117 10 25 7 8 1.10 17.66 430 10 35 4 8 1.63 36.43

118 12 25 5 4 1.05 16.14 431 14 30 4 4 0.94 23.08

119 6 40 5 2 6.42 50.79 432 14 30 3 4 0.73 23.58

120 8 25 4 2 0.89 18.31 433 8 40 7 10 3.35 49.32

121 10 35 6 2 2.24 34.50 434 10 30 3 2 1.46 26.02

122 8 25 5 8 0.03 19.09 435 12 35 7 8 0.09 33.62

123 14 35 7 2 0.18 30.57 436 12 35 5 6 0.73 34.02

124 12 20 7 2 1.68 9.21 437 6 30 6 6 1.92 27.90

125 12 30 7 2 0.32 22.67 438 14 40 5 4 1.50 43.40

126 8 30 4 2 2.09 26.82 439 8 25 3 2 1.06 18.72

127 14 20 4 6 2.34 10.19 440 10 30 6 6 0.25 25.29

128 6 30 6 4 2.20 27.52 441 8 30 4 4 1.79 27.03

129 8 30 7 8 0.64 26.82 442 14 30 6 6 1.69 22.58

130 10 20 6 10 1.64 12.52 443 8 20 3 2 0.22 12.05

131 6 35 6 10 2.79 39.26 444 6 30 6 2 2.47 27.21

132 14 20 7 2 2.43 8.35 445 8 35 4 2 3.67 37.23

133 6 35 5 10 2.98 39.55 446 10 25 7 4 0.62 16.54

134 6 40 5 8 5.26 51.51 447 6 30 5 8 1.80 28.63

135 10 25 3 10 0.74 19.05 448 14 25 4 10 2.57 16.85

136 10 40 6 10 2.45 47.86 449 8 40 3 6 5.08 50.45

continued on following page
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

137 10 30 7 6 0.05 24.94 450 10 30 3 6 0.83 26.45

138 6 35 3 10 3.35 40.20 451 10 30 6 4 0.55 24.87

139 14 40 5 2 1.90 43.17 452 10 20 3 4 0.57 11.59

140 10 35 5 8 1.42 36.02 453 14 20 3 4 1.94 10.10

141 8 20 7 10 1.14 13.20 454 12 20 5 4 1.54 10.25

142 6 25 3 2 1.69 19.71 455 6 30 3 2 3.04 28.58

143 8 25 7 4 0.13 17.62 456 12 30 5 4 0.17 23.96

144 12 40 3 8 2.39 47.05 457 10 35 4 4 2.36 35.83

145 8 30 3 10 1.02 28.40 458 6 20 7 8 0.37 13.23

146 6 30 7 4 2.01 27.16 459 10 35 4 6 2.00 36.09

147 12 35 6 2 1.19 32.84 460 6 25 6 10 0.25 20.46

148 6 30 7 8 1.45 28.12 461 10 25 4 4 0.08 17.56

149 12 25 7 4 1.43 15.44 462 10 35 5 10 1.06 36.49

150 8 25 6 10 0.44 19.48 463 12 20 7 10 2.48 11.69

151 10 35 7 2 2.00 33.95 464 8 35 6 2 3.22 36.13

152 10 35 3 10 1.46 37.23 465 12 40 5 8 1.91 45.99

153 10 30 5 8 0.14 26.10 466 6 40 4 2 6.66 51.42

154 10 25 5 2 0.01 16.87 467 8 25 4 10 0.15 19.80

155 8 30 3 4 1.98 27.47 468 6 30 5 10 1.49 29.11

156 14 40 6 2 1.62 42.48 469 10 30 4 8 0.32 26.43

157 12 40 3 10 1.95 47.38 470 12 35 6 4 0.85 33.16

158 14 35 4 2 0.58 32.39 471 8 40 4 6 4.85 49.90

159 12 40 7 6 1.81 44.53 472 14 25 4 6 1.99 15.85

160 6 20 6 8 0.24 13.31 473 14 30 7 8 2.22 22.78

161 8 35 5 10 2.05 38.03 474 10 40 7 4 3.40 46.06

162 10 20 4 2 0.51 10.98 475 14 30 3 10 1.75 24.67

163 14 30 3 8 1.40 24.23 476 14 40 5 10 0.23 44.57

164 10 25 4 8 0.61 18.34 477 6 25 4 6 1.04 19.87

165 14 30 5 4 1.16 22.59 478 6 20 5 2 0.45 12.16

166 8 25 6 4 0.30 17.92 479 14 30 4 10 1.94 24.34

167 14 30 7 4 1.61 21.68 480 12 35 4 10 0.20 35.31

168 8 40 3 4 5.49 50.30 481 8 20 6 10 1.01 13.24

169 8 30 6 6 1.12 26.61 482 8 30 4 8 1.18 27.69

170 10 30 5 2 1.04 25.01 483 10 30 4 4 0.95 25.74

continued on following page
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

171 8 35 5 8 2.41 37.58 484 8 35 5 2 3.45 36.67

172 6 25 5 4 1.13 19.24 485 10 30 4 6 0.64 26.05

173 14 35 4 8 0.54 33.29 486 8 35 4 6 2.98 37.65

174 10 35 7 4 1.67 34.31 487 8 35 3 10 2.44 38.73

175 6 40 3 10 5.27 52.73 488 10 40 3 4 4.40 48.47

176 14 35 7 8 1.23 31.97 489 14 25 6 10 2.91 16.41

177 6 40 7 4 5.57 49.88 490 6 35 5 4 4.02 38.47

178 8 20 3 6 0.20 12.62 491 12 40 7 10 1.01 45.57

179 12 40 4 4 2.99 45.96 492 14 25 7 10 3.09 16.22

180 14 25 4 4 1.72 15.46 493 12 25 7 6 1.67 15.98

181 10 25 6 10 1.19 18.48 494 6 30 3 4 2.75 28.72

182 6 25 5 2 1.37 18.95 495 8 35 3 6 3.18 38.12

183 6 40 4 8 5.48 51.97 496 12 25 5 8 1.58 17.07

184 12 40 5 4 2.74 45.33 497 8 40 3 8 4.66 50.67

185 12 20 6 6 1.91 10.50 498 12 40 5 10 1.49 46.44

186 8 30 3 2 2.28 27.31 499 8 35 7 10 1.65 37.42

187 6 35 5 8 3.34 39.12 500 6 40 6 10 4.64 51.53

188 8 40 6 2 5.14 48.29 501 6 25 7 2 1.02 18.26

189 12 20 7 4 1.87 9.71 502 14 40 3 4 2.03 44.73

190 8 20 5 8 0.67 12.72 503 10 20 3 8 1.02 12.34

191 6 35 3 2 4.78 39.36 504 12 25 3 8 1.24 17.62

192 10 20 7 6 1.37 11.10 505 6 30 3 8 2.13 29.23

193 12 30 5 6 0.48 24.34 506 6 40 6 4 5.81 50.41

194 8 40 5 6 4.61 49.36 507 10 30 3 10 0.17 27.18

195 12 25 5 6 1.31 16.57 508 14 35 6 4 0.27 31.49

196 10 40 6 2 4.04 46.38 509 14 40 6 4 1.22 42.77

197 8 25 3 8 0.27 19.56 510 10 40 5 2 4.30 47.03

198 12 20 3 2 1.00 10.57 511 14 40 4 8 0.91 44.64

199 8 20 4 8 0.54 12.86 512 14 20 7 8 3.04 10.15

200 12 25 3 4 0.68 16.92 513 8 35 3 8 2.81 38.39

201 14 25 3 8 2.10 16.62 514 14 35 5 8 0.76 32.83

202 14 25 7 8 2.82 15.51 515 6 20 4 2 0.59 12.45

203 12 25 4 10 1.69 17.86 516 6 20 3 2 0.73 12.75

204 10 35 6 6 1.56 35.17 517 14 40 4 2 2.18 43.88
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

205 6 25 6 2 1.20 18.59 518 14 20 7 6 2.83 9.47

206 12 30 6 2 0.09 23.15 519 6 20 7 6 0.19 12.63

207 14 40 6 8 0.40 43.58 520 12 20 5 8 1.97 11.26

208 12 20 4 6 1.60 10.95 521 10 40 4 6 3.75 48.06

209 8 40 4 10 4.02 50.53 522 12 35 6 6 0.50 33.55

210 6 35 4 8 3.53 39.49 523 8 20 3 10 0.65 13.49

211 10 40 3 2 4.81 48.38 524 6 40 5 10 4.86 51.91

212 6 30 6 8 1.63 28.36 525 12 20 3 8 1.68 11.64

213 12 30 3 2 0.56 24.71 526 8 25 6 6 0.07 18.36

214 10 20 3 2 0.36 11.32 527 10 25 6 2 0.19 16.47

215 8 20 3 8 0.42 13.02 528 6 35 6 4 3.81 38.00

216 10 35 3 6 2.21 36.58 529 6 20 5 4 0.27 12.50

217 14 35 4 4 0.22 32.61 530 10 20 5 2 0.67 10.65

218 12 25 4 6 1.13 16.89 531 14 40 4 4 1.76 44.06

219 12 30 6 6 0.69 23.95 532 8 35 7 4 2.67 35.94

220 6 25 3 10 0.66 20.90 533 14 30 7 6 1.91 22.19

221 10 25 4 10 0.88 18.84 534 8 35 6 8 2.21 37.21

222 8 35 4 10 2.25 38.37 535 14 25 3 4 1.53 15.88

223 6 25 6 6 0.74 19.38 536 12 25 6 4 1.24 15.78

224 6 20 3 6 0.33 13.29 537 14 35 6 10 1.37 32.95

225 6 30 5 4 2.39 27.90 538 6 40 6 8 5.04 51.08

226 8 40 3 10 4.23 50.97 539 10 20 5 10 1.51 12.61

227 8 30 3 8 1.35 28.01 540 14 40 5 8 0.66 44.10

228 12 30 3 6 0.08 25.17 541 8 20 5 2 0.07 11.42

229 12 35 6 10 0.23 34.57 542 12 30 4 2 0.35 24.17

230 8 20 6 4 0.41 11.54 543 6 20 6 10 0.44 13.94

231 14 30 4 2 0.63 22.81 544 10 25 5 4 0.25 17.20

232 14 30 3 6 1.06 23.87 545 14 35 4 6 0.16 32.91

233 10 20 3 6 0.79 11.93 546 12 25 6 6 1.49 16.27

234 8 30 7 4 1.21 25.82 547 10 25 5 10 1.04 18.65

235 6 35 5 6 3.68 38.75 548 12 35 4 4 1.32 34.23

236 6 30 4 6 2.27 28.57 549 6 40 7 10 4.43 51.16

237 8 40 6 6 4.38 48.85 550 10 30 6 8 0.05 25.79

238 10 20 4 8 1.15 12.16 551 8 25 6 8 0.18 18.89

continued on following page

Table 1. Continued
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

239 14 40 7 8 0.14 43.08 552 6 30 4 8 1.97 28.92

240 12 35 5 10 0.01 34.93 553 14 30 6 10 2.33 23.72

241 8 40 5 2 5.40 48.92 554 8 40 7 8 3.75 48.80

242 10 30 6 10 0.36 26.36 555 14 20 3 8 2.42 10.92

243 14 25 5 10 2.74 16.62 556 12 25 6 8 1.75 16.82

244 10 35 6 4 1.91 34.80 557 8 30 4 6 1.49 27.32

245 10 20 5 8 1.29 12.00 558 10 40 5 10 2.68 48.28

246 12 40 3 4 3.25 46.61 559 10 30 7 10 0.55 26.13

247 12 30 7 10 1.51 24.80 560 6 35 3 8 3.72 39.88

248 10 35 3 4 2.58 36.38 561 6 35 6 8 3.14 38.76

249 12 30 5 8 0.80 24.80 562 14 30 7 2 1.32 21.25

250 10 25 3 4 0.10 17.94 563 10 40 3 10 3.13 49.19

251 12 30 7 8 1.20 24.15 564 12 35 5 8 0.36 34.44

252 6 35 6 6 3.48 38.35 565 14 20 4 8 2.57 10.70

253 8 25 5 2 0.72 17.92 566 12 20 6 8 2.12 11.10

254 10 20 7 4 1.18 10.53 567 6 25 3 8 0.93 20.49

255 6 25 7 8 0.35 19.72 568 6 25 4 2 1.53 19.32

256 14 20 3 2 1.72 9.80 569 6 20 7 2 0.16 11.64

257 6 40 6 2 6.18 50.18 570 10 40 4 10 2.91 48.73

258 12 35 3 8 0.80 35.33 571 6 35 4 6 3.88 39.18

259 6 25 7 10 0.11 20.35 572 10 25 3 6 0.17 18.23

260 8 30 6 8 0.82 27.09 573 12 30 3 4 0.24 24.90

261 12 30 6 8 1.00 24.46 574 10 20 4 4 0.72 11.30

262 10 20 6 6 1.22 11.28 575 6 40 6 6 5.43 50.70

263 8 35 7 8 2.00 36.85 576 12 40 3 2 3.66 46.51

264 8 30 3 6 1.67 27.70 577 8 40 5 8 4.21 49.70

265 14 40 3 2 2.45 44.61 578 6 20 5 6 0.08 12.92

266 8 20 4 6 0.33 12.40 579 12 35 3 2 1.92 34.65

267 8 40 6 8 3.98 49.24 580 8 40 4 2 5.64 49.57

268 14 35 7 6 0.87 31.43 581 14 40 3 8 1.16 45.20

269 12 30 6 10 1.32 25.05 582 12 30 6 4 0.38 23.51

270 8 30 6 4 1.41 26.21 583 14 20 5 10 2.96 11.14

271 12 30 4 10 0.94 25.63 584 14 25 7 6 2.56 14.88

272 6 35 7 8 2.94 38.43 585 14 30 6 4 1.38 22.13

continued on following page

Table 1. Continued
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Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

273 8 40 5 10 3.80 50.11 586 6 30 5 6 2.10 28.23

274 12 35 7 4 0.61 32.65 587 14 40 4 6 1.34 44.31

275 12 40 4 8 2.15 46.51 588 12 40 3 6 2.82 46.79

276 10 35 3 2 2.94 36.24 589 8 30 4 10 0.86 28.13

277 12 30 4 6 0.28 24.75 590 6 25 3 4 1.45 19.89

278 14 30 3 2 0.41 23.37 591 14 25 4 8 2.28 16.31

279 6 40 3 2 6.90 52.06 592 8 20 4 10 0.76 13.39

280 12 40 5 6 2.33 45.62 593 12 20 3 10 1.93 12.15

281 6 40 3 6 6.10 52.24 594 14 20 5 2 2.07 9.03

282 8 20 6 6 0.60 12.03 595 14 20 6 8 2.88 10.31

283 14 40 4 10 0.47 45.05 596 10 20 6 2 0.83 10.34

284 10 40 7 8 2.62 46.92 597 10 40 5 6 3.51 47.50

285 14 30 7 10 2.54 23.45 598 12 30 3 8 0.42 25.52

286 6 20 4 8 0.00 13.53 599 8 20 7 6 0.75 11.87

287 12 30 5 10 1.13 25.33 600 8 40 6 4 4.76 48.53

288 14 20 3 6 2.18 10.47 601 10 40 3 6 3.98 48.63

289 14 25 5 8 2.46 16.03 602 8 40 5 4 5.01 49.10

290 10 30 7 2 0.62 24.07 603 12 35 7 10 0.44 34.22

291 6 40 5 6 5.66 51.20 604 6 40 7 8 4.81 50.66

292 8 35 6 10 1.86 37.72 605 14 40 6 6 0.82 43.14

293 14 35 6 2 0.08 31.16 606 12 40 6 10 1.25 45.99

294 14 35 7 4 0.52 30.96 607 6 25 5 8 0.65 20.06

295 12 25 4 2 0.60 16.23 608 14 35 4 10 0.93 33.74

296 14 20 6 10 3.11 11.01 609 14 40 3 10 0.71 45.56

297 14 35 7 10 1.60 32.59 610 12 40 7 4 2.21 44.12

298 10 25 4 2 0.18 17.28 611 8 25 7 6 0.10 18.12

299 12 35 5 4 1.09 33.68 612 12 25 3 2 0.41 16.68

300 10 40 6 6 3.26 46.97 613 6 35 4 10 3.17 39.87

301 12 20 4 2 1.17 10.20 614 8 25 3 4 0.81 18.93

302 14 35 3 10 0.71 34.16 615 6 35 7 10 2.60 38.98

303 8 35 5 6 2.77 37.20 616 14 20 4 2 1.89 9.41

304 8 35 4 8 2.62 37.97 617 12 35 4 2 1.68 34.03

305 12 25 7 10 2.19 17.29 618 12 30 7 4 0.60 23.09

306 6 20 4 10 0.22 14.04 619 8 20 7 4 0.56 11.33

continued on following page

Table 1. Continued
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•	 Self-organizing neural networks

Figure 4 shows the architecture of a neural network.
Problems involving nonlinear and complex data are easily processed even if the data are imprecise 

and noisy. The technique is ideally suited for modeling a complex process like WEDM.

Analysis of The Result

The statistical design is carried out by the software Matlab R2015a. The algorithms considered in Matlab 
for calculation have followed the details: the data has been separated using the divider and function, 
Levenberg-Marquardt for training, Mean Squared Error (MSE) for performance. The simulink model 
for ANN while considering four control parameters to optimize the responses is shown if Figure 5. In 

Exp. 
No.

Control Parameter Responses Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Tof 
(μSec)

W/Fee d 
(m/min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

307 12 20 4 8 1.83 11.44 620 6 30 3 10 1.81 29.60

308 6 35 4 2 4.57 38.80 621 12 20 6 4 1.70 9.97

309 12 25 7 8 1.93 16.60 622 8 20 5 6 0.46 12.21

310 14 40 6 10 0.02 44.10 623 8 30 7 10 0.34 27.43

311 12 25 3 6 0.96 17.23 624 14 20 4 10 2.81 11.28

312 12 35 7 2 0.95 32.27 625 8 30 5 6 1.31 26.96

313 10 20 4 10 1.38 12.71

Figure 3. Schematic diagram of an artificial neural

Table 1. Continued
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the planned ANN model 625 experimental run are conducted for training. After giving the weight, the 
network is ready for training.

The backpropagation algorithm is used to calculate the gradient and the Jacobian. MSE between 
the network output and target value is applied in ANN’s model. Epoch is the presentation of the set of 
trainings (input and/or target) vectors to a network and the design of new weights and biases. First, the 
maximum number of 1000 epoch was set to terminate the training for each case.

A regression plot shows the relationship between the outputs of the network and the targets. The four 
plots represent the training, validation, testing and overall data. The dashed line in each plot signifies 
the perfect result – outputs = targets. The continuous line signifies the best fit linear regression line in 
between outputs and targets. If R = 1, this indicates that there is an exact linear relationship between 
outputs and respective targets. If R is nearly zero, then there is no linear relationship between outputs 
and targets.

Figure 4. Architecture of a neural network

Figure 5. Simulink diagram
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Here outputs are separately analyzed subject on the four process control parameters. During ANN 
analysis, 100 hidden layers were considered.

Analysis to Maximize MRR

Here during computation, 70% of the data are considered for training, 15% of the data are considered 
for validation and 15% of the data are considered for testing. After 30iterations, it was terminated since 
the MSE is achieved. If the magnitude of the gradient is less than 1.00x107, the training will stop. It is 
observed that the gradient here is 1.24x10-3. If the number of validation check reaches 6, the training will 

Figure 6. Training performance progress for MRR

Figure 7. Performance plot for MRR
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stop. Here the number of successive iterations performed for validation checks is 6. Figure 6 represents 
the neural network training performance progress.

Best validation performance is 1.6577x10-3 at epoch 24, which is a low prediction error measured 
with MSE shown in Figure 7.

Figure 7 highlights the best validation performance with respect to the iteration. The training was 
prolonged for 30 iterations till it got terminated. From the figure, no major problems with the training 
are indicated. The validation and test curves follow a similar trend.

Here in Figure 8 in case of training R = 1, in case of validation R = 0.99946 and in case of testing 
R=0.99967. Hence overall R = 0.99989. Therefore, the training data indicates a good fit as the valida-
tion and test results both show R values that greater than 0.9.

Analysis to Minimize Ra

Here while computing, 70% of the data are taking into account for training, 15% of the data are taking 
into account for validation and 15% of the data are taking into account for testing. After 8iterations, 
it was terminated science there was in the achieved MSE. If the magnitude of the gradient is less than 
1.00x10-7, the training will stop. It is observed that the gradient here is 1.93 × 10-4. If the number of 

Figure 8. Regression plot of MRR
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validation check reaches 6, the training will stop. Here the number of successive iterations performed 
for validation checks is 6. Figure 9 represents the neural network training performance progress.

Best validation performance is 6.0721 × 10-3 at epoch 2, which is a low prediction error measured 
with MSE shown in Figure 10.

The Figure 10 shows that the best validation performance with respect to the iteration. After 8itera-
tions, the training stopped. No major problems with the training are observed from the figure. All the 
curves almost follow similar trends.

Figure 10. Performance plot for Ra

Figure 9. Training performance progress for Ra
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Here in Figure 11 in case of training R = 1, in case of validation R = 0.99998 and in case of testing 
R = 0.99772. Hence overall R = 0.99966. Therefore, the training data indicates a good fit as the valida-
tion and test results both show R values that greater than 0.9.

FIREFLY ALGORITHM

Firefly Algorithm (FA) is a nature inspired metaheuristic optimization algorithm based on the flashing 
behavior of fireflies. FA is one of the Swarm Intelligence (SI) based algorithm which is developed by 
mimicking the swarm intelligence characteristics of firefly. Here in the algorithm, it is assumed that all 
fireflies are unisexual, so any individual firefly will be attracted by other fireflies. The attractiveness is 
proportional to the brightness of their light, so the brighter one attracts the less bright one and the less 
bright one moves toward the brighter one. If two fireflies have the same brightness, then they move 
randomly. As the gap between them increases, the intensity of the light decreases (Yang & He, 2013). 
Brightness is related to objective function.

Variation of the attractiveness can be calculated as

β β γ= −
0

2

e d 	 (4)

Figure 11. Regression plot of Ra
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where

 β= Attractiveness at any distance ‘d’
β
0
= attractiveness at distance 0

γ = Absorption coefficient

FA has few major advantages as compared to other algorithms, that it can automatically subdivide 
and it can also deal with multimodality. First, this algorithm is created on attraction where attractiveness 
decreases with increase in distance. As a result, the entire population can automatically subdivide into 
subgroups. Then each group can swarm around local optimum. Second, this newly developed subdivi-
sion allows the fireflies to find all the optimum simultaneously if the size of the population is passably 
greater than the number of modes.

Planning for Analysis

Here the same set of input parameters as considered for experimentation is used for the individual 
optimization of output responses while using Firefly Algorithm (FA). The statistical design is carried 
out by the software Matlab R2015a. In order to optimize the objective functions as developed from the 
experimental responses the different boundary conditions are as follows:

6 14≤ ≤T
on

	 (5)

20 40≤ ≤T
off

	 (6)

3 7≤ ≤W Feed/ 	 (7)

2 10≤ ≤W Ten/ 	 (8)

Here a maximum number of function evaluations is set to 20000 number. The values of the param-
eters are Randomness( ) .α = 0 25 , attractiveness at distance zero ( ) .β

0
0 2=  and absorption coefficient 

( )γ = 1 .

Analysis to Maximize MRR

A regression equation to maximize MRR is developed as shown below.

MRR T T W Feed W Ten
on off

= − + − −0 337 0 1209 0 10505 0 0485 0 0446. . . . / . / 	 (9)
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Now a global optimum solution is obtained from the developed regression equation by applying FA in 
Matlab environment. Maximum MRR is obtained as 3.5789 mm3/Sec while the parametric combination 
of the control parameters is Ton6 µSec, Toff40 µSec, W/Feed3 m/min and W/Ten2 gms.

Analysis to Maximize Ra

A regression equation to minimize Ra is shown below.

Ra T T W Feed W Ten
on off

= − − + − +19 182 0 6542 1 80150 0 3765 0 2011. . . . / . / 	 (10)

Here a global optimum solution is determined through this regression equation by using FA in Matlab 
environment. Minimum Ra is obtained as 5.4559 µmm while the parametric combination of the control 
parameters is Ton 14 µSec, Toff 20 µSec, W/Feed 7 m/min and W/Ten 2 gms.

GENETIC ALGORITHM

While optimizing a complex design which is an assortment of continuous discrete variables, irregular 
and nonconvex design space, by employing standard non-linear programming techniques, for these types 
of problems will be ineffective. Genetic algorithm (GA) on other hand is well designed for solving such 
problems, and it is efficient in finding the global optimum solution with maximum probability. GA is 
based on the theory of survival of the fittest by Darwin.

Using the penalty function, the first transformation alters the original constrained function into an 
unconstraint function, as:

Χ = variable 	 (11)

Minimize f R g
i

i

n

( ) ( )Χ Φ Χ+ ( )
=
∑

1

	 (12)

Subjected tox x x
j
l

j j
u( ) ( )≤ ≤ , j n= 1 2, ,...., 	 (13)

where Φ  is a penalty function defined as:

Φ = ( ) =Z Z
2
	 (14)

where 
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Z
Z if Z

if Z
=

>
≤








 

 

0

0 0
	 (15)

R is the penalty parameter constant.
Maximizing the fitness function, F(X), the second transformation function is minimized as:

F X F f R g F f X
i

i

n

( ) ( ) ( ) ( )
max max

= − + ( )









= − ′

=
∑Χ Φ Χ

1

	 (16)

where

F f X
max

( )> ′ 	 (17)

F(X) denotes the fitness function.
It generally works with sequences of typically binary numbers (0/1) repressing the problem variables. 

A binary sequence can consider as a biological chromosome.
Figure 12 shows the flowchart of GA.

Analysis of the Result for Multi-Objective Global Optimization

Finally, multi-objective optimization is carried out from the regression equations (equations 9 and 10) by 
applying GA. The objective functions are optimized such that two contradictory objectives i.e. maximum 
MRR and lower Ra are satisfied simultaneously. The control parameters are subjected to constraint as 
follows in equations 5-8.

The following conditions are contemplated during the computation:

•	 Population
◦◦ Population Type: Double vector
◦◦ Population Size: 50 (As the input variables are less than 5)
◦◦ Creation Function: Constraint dependent
◦◦ Initial Population: NULL
◦◦ Initial Scores: NULL

•	 Selection
◦◦ Selection Function: Tournament
◦◦ Tournament Size: 2

•	 Reproduction
◦◦ Crossover Fraction: 0.8

•	 Mutation
◦◦ Mutation Function: Constant dependent

•	 Crossover
◦◦ Crossover Function: Intermediate
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◦◦ Ratio: 1
•	 Migration

◦◦ Direction: Forward
◦◦ Fraction: 0.2
◦◦ Interval: 20

•	 Multiobjective problem settings
◦◦ Distance Measure Function: @ distance crowding
◦◦ Pareto Front Population Fraction: 0.35

•	 Hybrid function
◦◦ Hybrid Function: None

Figure 12. Flowchart of GA
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•	 Stopping Criteria
◦◦ Generations: 100 x number of variables
◦◦ Time Limit: Infinity
◦◦ Fitness Limit: -Infinity
◦◦ Stall Generations: 100
◦◦ Stall Time Limit: Infinity
◦◦ Function Tolerance: 1x10-4
◦◦ Constrain Tolerance: 1x10-3

•	 Display to command window
◦◦ Level of Display: Off

•	 User function evaluation
◦◦ Evaluation Fitness Function: In serial

Here the total number of iteration required for optimization is 145 and which gives 17 combinations 
for the control parameters along with responses. The corresponding output is illustrated in Table 2. 
Optimization terminated as the average change in the spread of Pareto solutions has been reached to its 
tolerance value. As the default setting of the genetic algorithm is to minimize the objective function, the 
negative sign is neglected for the maximizing MRR. Figure 13, represents the different plot functions 
of GA where four conflicting objectives are optimized simultaneously. From the Figure 13 it is evident 
that the response parameters vary with in a range. For MRR the range is 0.3237 mm3/Sec to 3.5363 
mm3/Sec and for Ra, it varies between 5.6050 µmm to 48.1370 µmm. Therefore, in order to arrive at an 
optimal or near optimal parametric combination which will consecutively satisfy contradictory nature 
of the responses Fuzzy Gray Relational Analysis is conducted.

Figure 13. Plot functions for GA
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MULTI OBJECTIVE MODEL USING GREY RELATION ANALYSIS

Grey Relation Analysis (GRA) can use to optimize contradictory responses simultaneously. The grey 
system theory was proposed by Deng in 1989’s and nowadays it is commonly used for analyzing experi-
mental design in which the model is unspecified or the information is incomplete indicating a combina-
tion of known and unknown information.

GRA build the relationship between desired (best/ ideal) with actual experimental data. Grey grade is 
calculated by averaging the grey coefficient of each response. The estimated grey relational grade ranges 
from 0 to 1, where higher order values indicate its closeness towards the idle solution. Finally, amongst 
all the combinations of process variables considered one that acquires the highest grey relational grade 
is considered to be the best parametric combination.

If higher value is for the better performance such as MRR then it is normalized as per equation,

X
Y MinY i n

MaxY i n MinY iij

ij ij

ij ij

=
− =

= −

[ , , .... ]

[ , , .... ] [
,

, ,

1 2

1 2 == 1 2, ,.... ]n
	 (18)

If lower value for the better performance such as Ra then it is expressed as,

X
MaxY i n Y

MaxY i n MinY iij

ij ij

ij ij

=
= −

= −

[ , , .... ]

[ , , .... ] [
,

, ,

1 2

1 2 == 1 2, ,.... ]n
	 (19)

The grey relational co-efficient is use to express the relationship between actual normalized experi-
mental data with reference. This relation co-efficient can be evaluate as;

Table 2. Parametric combination with responses

Exp. 
No.

Control Parameter Responses

Exp. 
No.

Control Parameter Responses

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/Ten 
(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

Ton 
(μSec)

Toff 
(μSec)

W/
Feed 
(m/

min)

W/
Ten 

(gms)

MRR 
(mm3/
Sec)

Ra 
(μmm)

1 8 20 5 2 1.170 10.988 10 8 31 4 2 2.392 31.162

2 7 28 3 2 2.259 26.829 11 7 21 4 2 1.352 12.966

3 6 33 3 2 2.813 36.184 12 8 25 5 2 1.648 18.942

4 6 32 4 2 2.654 33.544 13 6 25 4 3 1.945 21.618

5 7 30 4 3 2.346 28.796 14 8 33 5 2 2.474 33.270

6 6 36 4 2 3.058 40.522 15 11 21 4 2 0.895 9.854

7 12 20 5 2 0.730 8.296 16 7 38 4 3 3.217 43.870

8 14 20 7 2 0.324 5.605 17 6 34 3 2 2.864 36.805

9 6 40 3 3 3.536 48.137
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Y X X i n j m
oj ij

ij

( , ) [ , , .... & , ,... ]min max

max

=
∇ + ∇

∇ + ∇
= =

ς
ς

1 2 1 2 	 (20)

where,

∇ = −
ij oj ij

X X ,∇ = ∇ = =



min

, , , .... & , ,...Min i n j m
ij

1 2 1 2 	

and

∇ = ∇ = =
max

[ , , , .... & , ,... ]Max i n j m
ij

1 2 1 2 	

ζ = Distinguished co-efficient (range 0-1)

Generally, the distinguished co-efficient can be adjusted to fit the partial requirements. MRR and Ra 
both are given equal weights that assume a value of 0.5. The expression is as follows:
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1
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, ,( ) = ( )

=
∑ 	 (21)

where, m = Number of response parameter.
To optimize both the response at a time by the single combination of process variables, GRA is per-

formed. The combination with the rank 1 full fills multiple response parameters optimization.

Fuzzy Set Theory

Fuzzy set theory is the best powerful tool to solve the uncertainty in decision-making problem. Uses of 
linguistic assessments of weights of the conditions in the problem are more useful approach instead of 
numerical values (Keufmann & Gupta, 1991). A decision matrix can be transformed into a fuzzy deci-
sion matrix and a weighted normalized fuzzy decision matrix while considering the decision makers’ 
fuzzy ratings. In a cosmos of conversation X, a fuzzy set d̂ is characterized by a membership function
µ
d̂
x( )  i.e., a degree of membership of x ind̂ which maps each element x in X to a real number in the 

interval [0-1]. Here triangular fuzzy number (TFN),d̂ can be defined as a triplet (d d d
1 2 3
, , ) and the 

membership function is defined (Dubois & Prade, 1979) as shown by equation 22.
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The translation method of fuzzy number into the non-fuzzy number, that is, a crisp value is identified 
as defuzzification. In this paper ‘centroid of area’ technique for determining Best Non-Fuzzy Performance 
(BNP) value is applied.

BNP
d d d d

d=
−( )− −( )



 +

3 1 2 1

13
	 (23)

Choosing the linguistic ratings for criteria:
The importance weights of various criteria are considered as linguistic variables. These linguistic 

variables can be shown in positive triangular fuzzy numbers in table 3.

Multi Criteria Decision Making (MCDM) Analysis

In the present research work the two responses i.e. MRR and Ra have got a different level of importance. 
Here the emphasis is given on MRR rather than on Ra.

Using fuzzy set theory, the criteria weights are computed for respective criteria as tabulated in Table 4.
The highest value of the grey relation grade gives the ideal relation between the reference and the 

comparative sequence. The higher value of the grey relation grade gives the optimized machining condi-
tion. Here 17 experimental combinations which obtain as the output of the GA is subjected to evaluation. 
In this MCDM analysis, the MRR is considered to be maximum i.e. larger is better and other responses 
are considered the minimum, i.e. smaller is better.

Table 3. Linguistic terms for criteria

Linguistic Terms Fuzzy Number

Very High (VH) (0.9,1.0,1.0)

High (H) (0.7,0.9,1.0)

Moderate High (MH) (0.5,0.7,0.9)

Moderate (M) (0.3,0.5,0.7)

Moderate Low (ML) (0.1,0.3,0.5)

Low (L) (0.0,0.1,0.3)

Very Low (VL) (0.0,0.0, 0.1)
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Optimization of the Parameters

The given weights for MRR and Ra are 84.4% and 15.6% respectively as calculated by using Entropy 
method. Table 5 represents the grey relation coefficient and grades corresponding to parametric settings 
and responses for the material in Table 2.

Table 5 exhibits the results of grey relation coefficient, grey relation grade, and their ranks. The 
results show that experiment number 8 has the highest grey relational grade value. As described above, 
this experiment setup fulfills multiple response parameter optimizations. Therefore, the experimental 
run of 8 which have parametric combination Ton 14 µSec, Toff 20 µSec, W/Feed 7 m/min and W/Ten 
2 gms is the best among another experimental setup for having high MRR and low Ra.

Table 4. Weight criteria for deference responses

Criteria Linguistic Terms Fuzzy Number BNP

MRR VH 0.9,1.0,1.0 0.844

Ra ML 0.1,0.3,0.5 0.156

Table 5. Grey relation co-efficient along with grades and ranks

Exp. No.
Response Grey Co-Efficient

Grey Grade RankMRR 
(mm3/Sec)

Ra 
(μmm)

MRR 
(mm3/Sec)

Ra 
(μmm)

1 1.1703 10.9880 0.5340 0.5521 0.5431 5

2 2.2585 26.8286 0.6797 0.2382 0.4589 14

3 2.8129 36.1839 0.7894 0.1783 0.4838 10

4 2.6542 33.5439 0.7545 0.1919 0.4732 11

5 2.3462 28.7958 0.6950 0.2225 0.4587 15

6 3.0577 40.5223 0.8500 0.1597 0.5048 8

7 0.7296 8.2963 0.4914 0.7114 0.6014 2

8 0.3237 5.6050 0.4577 1.0000 0.7289 1

9 3.5363 48.1370 1.0000 0.1349 0.5675 3

10 2.3922 31.1621 0.7033 0.2061 0.4547 17

11 1.3515 12.9663 0.5538 0.4741 0.5139 7

12 1.6476 18.9423 0.5894 0.3322 0.4608 13

13 1.9448 21.6178 0.6301 0.2930 0.4616 12

14 2.4744 33.2699 0.7186 0.1934 0.4560 16

15 0.8945 9.8535 0.5065 0.6096 0.5581 4

16 3.2172 43.8697 0.8947 0.1478 0.5212 6

17 2.8642 36.8053 0.8014 0.1754 0.4884 9
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The confirmation experiment performed with the above optimal combination results in grey relational 
grade MRR and Ra obtained 0.5473 mm3/Sec and 9.0162 μmm respectively. It is observed that MRR 
and Ra improve significantly by using optimal machining variables combinations. Table 6 shows the 
validation results while machining at optimizing condition.

CONCLUSION

Nature Inspired intelligent schemes has proven their efficiency in solving complex optimization problems. 
These techniques can easily optimize a problem whose objective functions are contradictory in nature 
along with a wide range of possible solutions. Artificial Neural Network can easily train and validate 
the experimental data.

Nature inspired techniques like Firefly Algorithm can find out the ideal parametric combination to 
confirm the maximum MRR and minimum Ra individually. Where Genetic Algorithm gives a feasible 
range of the control parameters where the contradictory objective function can be achieved simultane-
ously. Finally, the results obtained through Genetic Algorithm are hybridized with a Fuzzy set theory 
to obtain a single parametric combination of the process control parameters which satisfies these two 
contradictory objectives function simultaneously.

The experimental study indicates that while machining AISI- D3 using WEDM process the responses 
are dependent on Pulse on Time, Pulse off Time, Wire Feed and Wire Tension. While analyzing the 
response data individually applying, ANN considering four control parameters in order to achieve 
maximum MRR and minimum Ra the training, validation and testing data indicates that the values of 
R, are almost 1.

The individual responses are optimized applying FA where maximum MRR is obtained as 3.5789 mm3/
Sec while the parametric combination of the control parameters is Ton 6 µSec, Toff 40 µSec, W/Feed 3 
m/min and W/Ten 2 gms. In case of Ra, minimum Ra is obtained as 5.4559 µmm while the parametric 
combination of the control parameters is Ton 14 µSec, Toff 20 µSec, W/Feed 7 m/min and W/Ten 2 gms.

A multi-objective response is developed which is optimized using GA. Since the objectives of the 
responses are contradictory in nature, therefore, using GA the optimum values of responses are obtained 
within a range. In case of MRR it varies between 0.3237 mm3/Sec to 3.5363 mm3/sec and for Ra, it varies 
in between 5.6050 µmm to 48.1370 µmm.

Table 6. Results of machining performance using the initial and optimal machining parameters

Settings Levels Predicted Result Experimental Result

MRR 0.3237 0.5473

Ra 5.6050 9.0162

Grey Grade 0.7289 0.5681

Improvement of the grey relation grade: 0.1608
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The grey analysis establishes the ranks of output for different variables combinations and establishes 
optimal combinations for a complex process like WEDM process. The experimental investigation ap-
proach for evaluating the optimum WEDM parametric combination during machining is Ton 14 µSec, 
Toff 20 µSec, W/Feed 7 m/min and W/Ten 2 gms.

Therefore, the experimental analysis for estimating the optimum WEDM parametric combination 
during machining of materials can act as valuable and an effective guideline for manufacturing of prod-
ucts of similar material.
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ABSTRACT

Plasma Arc Cutting (PAC) process is a widely used machining process in several fabrication, construction 
and repair work applications. Considering gas pressure, arc current and torch height as the inputs and 
among all possible outputs, in the present work Material Removal Rate and Surface Roughness would 
be considered as factors that determines the quality, machining time and machining cost. In order to 
reduce the number of experiments Design of Experiments (DOE) would be carried out. In later stages 
applications of Genetic Algorithm (GA) and Fuzzy Logic would be used for Optimization of process 
parameters in Plasma Arc Cutting (PAC). The output obtained would be minimized and maximized for 
Surface Roughness and Material Removal Rate respectively using Genetic Algorithm (GA) and Fuzzy 
Logic.
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INTRODUCTION

Presently Plasma Arc Cutting (PAC) process is a machining process that has wide variety of applications 
in various fabrication unit e.g. automotive repair shops, various fabrication shops, construction sector 
etc. In this technique a jet in accelerated state (accelerated jet) of hot plasma is used as the means for 
cutting through electrically conductive materials. Materials those can be cut using this method include 
steel, brass, copper, aluminium etc. When the cutting object gets in contact with the electrode in torch an 
arc discharge generates the heat. This generated heat is utilised for cutting operations. The arc discharge 
which is generated forms the working gas into the plasma with high temperature. When a gas is heated 
to very high temperature, then the molecules gain kinetic energy which makes them collide with each 
other producing electrically neutral state called plasma. This plasma in high temperature state is blown 
through the nozzle with a very high speed and the cutting material is fused to be cut. This method is 
used for cutting operations from large scale industries with CNC applications to small fabrication shops 
because of its high operating speed and low cost precision cutting characteristics.

Since the requirements of customers have become complex enough in the day to day life, the quality 
of the product to be developed and its quantity have become the primary motive. The systems and the 
technology nowadays are made in a way to meet the complex requirements of customers. Hence in this 
case the reconfigurable system designing plays a vital role in maintaining the high level performance by 
changing the functional requirements. This reconfigurable designing also considers many factors those 
affects the operations like that of time, cost and the quantity of production.

Plasma Arc Cutting (PAC) is one of the most dependable non conventional machining processes that 
work on the principle of thermal cutting. PAC has been a really useful technique in the cutting operations 
of stainless steel, high hardness metals and metals with high melting points. Many metals or alloys which 
are difficult enough for machining are generally machined using PAC. It acts as a replacement/alternate 
method to oxy-fuel process. In 1960s when Plasma welding process was considered as an effective method 
for joining process then PAC came out of this very technique. It was found to be an efficient method to 
cut sheet metal and plate in 1980s. Later CNC technology was incorporated into plasma cutting machines 
in 1990s. By incorporating the CNC technology it was found that PAC became even more flexible and 
many complex shapes were also easily cut using this technique. The only limitation with CNC plasma 
cutting machines is that they were limited to only some cutting patterns in two axes of X and Y.

Presently Plasma Arc Cutting (PAC) process is a widely used machining process in various fabrication 
unit e.g. automotive repair shops, various fabrication shops, construction sector etc. In this technique a 
jet in accelerated state (accelerated jet) of hot plasma is used as the means for cutting through electrically 
conductive materials. Materials those can be cut using PAC method include steel, brass, copper, aluminium 
etc. When the cutting object gets in contact with the electrode in torch an arc discharge generates the 
heat. This generated heat is utilised for cutting operations. The arc discharge which is generated forms 
the working gas into the plasma with high temperature. When a gas is heated to very high temperature, 
then the molecules gain kinetic energy which makes them collide with each other producing electrically 
neutral state called plasma. This plasma in high temperature state is blown through the nozzle with a 
very high speed and the cutting material is fused to be cut. This method is used for cutting operations 
from large scale industries with CNC applications to small fabrication shops because of its high operat-
ing speed and low cost precision cutting characteristics.
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The principle behind the arc that is formed between the electrode and the work-piece is done by a 
using fine bore and a copper nozzle as depicted in Figure 1. This increases temperature and velocity 
of plasma out of the nozzle. Generally the temperature of the plasma is about 2000oC with a velocity 
nearly equal to the velocity of sound. While performing cutting operations the gas flow is increased and 
the plasma jet that penetrates into the deep into the materials cuts through the material and removes the 
molten material. An arc occurs between the negative electrode and the work-piece and the energy dis-
sipated by this arc in turn leads to the ionization of cutting gas. Due to the increase in the enthalpy of 
the gas it turns into plasma state. Now the plasma and the heated gas in forced to flow from the internal 
geometry of torch to the bore that in narrow enough, which gains momentum and gets superheated. Now 
coming out of the nozzle the supersonic jet plume strikes the work-piece thereby melting the metal and 
expelling the molten material through kerf. Then a secondary shielding gas comes into picture which 
covers the cutting zone and constrains the plasma jet and cools the torch (Bini et al. 2008).

OPERATIONS OF PLASMA ARC CUTTING (PAC)

Plasma cutting is one of the widely used separation methods. The reason behind it is it can be flexibly 
used for cutting 2D and 3D cutting tasks and also it helps in the cutting operations of electrically con-
ductive materials. Some of the most important cutting operations carried out by PAC are Bevel Cutting, 
Hole Cutting, Cutting of gratings, plasma gouging etc. Some of the advantages of using PAC for cut-
ting operations is that it reduces the risk of double arcing, it undergoes cutting operations at a higher 
speeds and it reduces the top edge rounding possibilities. The most common input parameters those are 
considered before performing any operations in PAC are Gas pressure, Arc current and Torch Height. 
In order to avoid the mishandlings and mishaps these factors are needed to be kept in mind.

Figure 1. Schematic setup of Plasma Arc Cutting Process
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NECESSITY OF OPTIMIZATION

For the applications of advanced manufacturing methodologies, technologies are developing in rapid 
pace. In order to achieve these advanced manufacturing criteria the industries, companies and manu-
facturing units need to optimize the process parameters to save money and time. Many researchers have 
performed the optimization of the process parameters using many machining techniques like CNC lathe, 
PAC, EDM etc. by applying various optimizations techniques like Artificial Neural Network, Particle 
Swarm Optimization, Genetic Algorithm, Fuzzy Logic Algorithm etc. Considering PAC in this present 
work, MRR and Surface Roughness always are considered as the parameters where the primary aim was 
to obtain the optimized minimized values of Surface Roughness and optimized Maximized values of 
Material Removal Rate. For getting these desired machining characteristics the machining parameters 
like Gas pressure, Arc current and Torch height are considered as the input and are finalized in advance.

BACKGROUND OF WORK AND RELATED WORKS

Primarily researchers have concentrated on the area of heat affected zone in PAC (Yang, 2001; Vasil’ev, 
2003; Gullu and Atici, 2006; Zajac and Pfeifer, 2006; Kadirgama et al., 2010; Ismail and Taha, 2011), 
kerf (Ramakrishnan et al., 2000; Teulet et al., 2006; Bini et al., 2007; Wang et al., 2011) and depth of cut 
(Gane et al., 1994; Xu et al., 2002; Gariboldi and Previtali, 2004; Yang, 2007; Bahram, 2009). Surface 
Roughness characteristics, MRR and conicity are some other major areas where researchers have also 
emphasized in PAC.

Some researchers like Ismail and Taha (2011) have tried to optimized arc current, scanning velocity 
and the carbon content for steel in order to obtain better plasma arc surface hardening and roughness of 
ASSAB 618 and ASSAB DF3 steels by applying Taguchi technique. It was also observed that the most 
important parameter that affects the process is arc current. Hence, they came out with optimum synchro-
nization of process parameters for better hardness and Surface Roughness. An ANN model considering 
cutting current, plate thickness and cutting speed as three input neurons was developed by Radovanovic 
and Madic (2011) which help in prediction of the output neuron surface roughness Rz values for under-
going PAC operations in steel, aluminum and nickel. Considering AISI 4140 steel Ozek et al. (2012) 
applied Fuzzy logic algorithm in order to predict surface roughness in PAC process. The most important 
three machining parameters those were used were plasma arc current, cutting speed and thickness of the 
material. Salonitis and Vatousianos (2012) listed the effect of various machining parameters like cutting 
speed, cutting current, plasma gas pressure and torch height on surface roughness, Heat affected zone and 
conicity of the cutting geometry in plasma arc cutting of S235 mild steel and also developed a regression 
model for it. They obtained the conclusion that surface roughness and conicity were mostly affected by 
the cutting height. Bhuvenesh et al. (2012) have optimized the air pressure, cutting current, cutting speed 
and arc gap by considering the multiple performance characteristics taking MRR and Surface Roughness 
into consideration using Taguchi technique in PAC of AISI 1017 steel. Maity and Bagal (2015) studies 
PAC process on AISI 316 stainless steel and optimized the parameters those affect the process like feed 
rate, current, voltage and torch height considering multiple responses like kerf, chamfer, dross, surface 
roughness and MRR using RSM and grey relational analysis coupled together with PAC.
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From the literature study, it can be concluded that several researchers have considered one or two sur-
face roughness parameters as the responses. But it is known that for any machined surface the roughness 
parameters are generally considered by some machining parameters like amplitude parameters, spacing 
parameters and hybrid parameters. In this present work surface roughness and MRR are considered 
together in the operation of PAC for obtaining the optimized values of MRR and Surface Roughness 
using Genetic Algorithm and Fuzzy Logic technique.

OPTIMIZATION METHODS

In this work authors have tried to provide solution to problems using Genetic Algorithm and Fuzzy Logic.

GENETIC ALGORITHM

Genetic Algorithm is considered as stochastic global search method that mimics the metaphor of natural 
biological evolution. It operates on a population solution which uses the principle of survival of the fit-
test to produce better. In every generation, a new set of approximations are considered which selects the 
individuals based on their levels of fitness in the domain of the problem and later breeding them together 
using the operators borrowed from natural genetics. This process leads to the evolution of populations 
of individuals those are better suited to their environment than the individuals that they were created 
from, just as in natural adaptations.

Genetic Algorithm is meta-heuristic method which provides us with solutions to various optimization 
problems and search problems. It uses the operators that are inspired by biological phenomenon like 
mutation crossover and selection. Here the candidate solutions which are also known as the creatures or 
phenotypes have some properties or characteristics generally known as genotypes get mutated. These 
mutated solutions are depicted in binary strings. The individuals get generated in random fashion from a 
population in iterative manner and this process is called as Generation. Now fitness evaluation is carried 
out for every individual in the each and every generation. Here fitness refers to the objective function 
in the optimization problem. From the population taken into consideration the more fit individuals are 
selected and modification is carried out in their genome in order to obtain better and new population. 
If the desired level of fitness is reached then this algorithm terminates. For a genetic algorithm to be 
carried out successfully, it requires the solution domain to be in form of genetic representation and a 
fitness function which is used for evaluation the solution domain. Some of the applications of genetic 
algorithm are computer automated design, automated designs of mechanical and industrial equipment, 
automated designs of mechatronics systems etc.

FUZZY LOGIC

Fuzzy logic is a concept, in which the truth values can be taken as real numbers between 0 and 1, consid-
ering it to be fuzzy. According to Boolean logic these truth values may only be 0 or 1. Generally fuzzy 
logic is generally used for handling truths partial in nature and its values vary from a range of either 
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completely true or completing false. But specific functions might be used if the variables are linguistic 
in nature. In a way, fuzzy concepts are vague which lack a fixed and precise meaning. Generally, it is 
understood as a concept which is “to an extent applicable” in various situations. Some of the real-time 
applications of fuzzy logic concepts are the traffic light operation, washing machine, air conditioners 
etc. Fuzzy logic at times appears very exotic and intimidating to those who are unfamiliar to it. In other 
words, it is both an old and new technique because although the modern and methodical science of fuzzy 
logic is still young, the concepts of fuzzy logic reach right down to our bones.

There are a lot of advantages of using Fuzzy Logic technique. Some of them are: It is quite easy to 
understand. It is one of the most flexible techniques. Non-linear functions can also be modelled using 
this technique. It can be blended with conventional control techniques and is based on natural language.

EXPERIMENTATION

Input Process Parameters to be Considered

•	 Gas pressure
•	 Arc Current
•	 Torch Height

Plasma arc cutting involves several input parameters to be considered during machining process. In this 
work, the synchronization factors such as gas pressure (bar), arc current (amp), torch height (mm) are 
considered. Three equally spaced levels of each process parameter were selected (Table 1). By undergo-
ing through the literature survey, the control factors were chosen and some preliminary investigations. 
Other factors, which can be expected to have an effect on the measures of performance, are considered 
to be constant.

OUTPUT CONSIDERED

1. 	 MRR

It is the rate at which the material is removed from the work-piece. The weight of the work-piece material 
is recorded before carrying out the machining process and is compared with the weight after machining 
(using Equation (1) below).

Table 1. Different variables used in the experiment and their levels (L27 OA)

Variable Coding
Level

1 2 3

Gas pressure (bar) A 5 6 7

Arc current (Amp) B 180 190 200

Torch height (mm) C 2 4 6
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MRR (gm/min) = 
Wi Wf

t

−
	 (1)

where,

Wi = Initial weight of work piece material (gms)
Wf = Final weight of work piece material (gms)
t = Time taken for machining in minutes

For various industrial applications MRR is most important parameter. These applications desire a 
larger MRR, hence it was optimized based on larger for better condition.

2. 	 Surface Roughness

Surface roughness is usually defined as the deviation of a surface from an ideal level and is defined 
according to international standard (ISO 4287, 1997). Surface roughness regularly abbreviated to rough-
ness, is a part of surface texture. It is evaluated by the deviations I the direction of vector of a real surface 
from its optimal frame. With vast deviations, the surface is considered to be rough; whereas if they are 
found to be small, the surface is smooth. Roughness is regularly thought to be the high-frequency, short-
wavelength part of a deliberately measured surface. Practically speaking it is frequently important to 
know both the amplitude and frequency to guarantee that a surface is fit for a purpose.

Always smaller SR is desired for most of the machining operations. Hence it is optimized on basis 
of smaller for better condition. The Arithmetic Mean Surface Roughness Ra is depicted in Figure 2.

MATERIAL USED

EN31 steel, high carbon alloy steel with high degree of hardness, compressive strength and abrasion 
resistance, would be considered as work-piece. Some of its applications are automobile axle, bearing, 
spindle bearing rolls, dies etc.

Figure 2. Arithmetic Mean Surface Roughness Ra
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MACHINE AND INSTRUMENT

The experimentation will be carried out using a CNC plasma arc cutting (PAC) (EPP-450, 380V and 
50/60 Hz) with PT-36 (Torch) supplied by ESAB. Special electrodes which were made from water 
cooled copper with insertion of metals like hafnium were used. Here air was used as the cutting gas. 
The computer controlled machines were mounted with mechanical torches. In between the torch tip and 
the work-piece a standoff was maintained. A rectangular block of 80 mm X 15 mm X 10 mm of EN31 
steel was selected as work-piece for experimentation.

TORCH DESIGN

In single flow torch the air for cutting is restricted to small amperage and thin gauge sheet metal cutting 
operations. Shielding is not required for cooling the torch as the small amperage output needed for the thin 
gauge sheet metal cutting is quite low. There is a flow of gas or air for the plasma cutting and shielding 
gas flow for torch cooling in the dual flow torch. For cutting thicker materials it is widely used since it 
requires higher amperages. In this present work, a dual flow torch PT-36 is considered.

DESIGN OF EXPERIMENTS

Based on the operations performed on the CNC-PAC, relevant outputs are obtained using different levels 
of the considered inputs. Design of Experiments (DOE) would be undertaken to minimize the number 
of experiments.

With a primary objective of finding the factors those influence the process and the output of the 
process, Design of Experiments (DOE) is considered as the best process. For the better processing of the 
inputs in order to optimize the output it act as the most useful method which is systematic enough to carry 
out. For carrying out the DOE process some terms that are used are controllable and non-controllable 
input factors, responses, blocking, replication, hypothesis testing, interaction etc. Input parameters/fac-
tors that can be changed over time complexity are called Controllable factors, whereas the factors those 
cannot be modified in an experiment are called as Uncontrollable factors. These factors are needed to 
be recognized in advance to understand the fact how these factors are going to affect the response. For 
reducing the cost of design by incorporating the speed process of design and avoiding the late changes in 
design methodology, reducing the material for product development and labour complexity experimental 
design methods are taken into considerations. Another important side of DOE is that it also reduces the 
variation in the manufacturing process which in turn reduces the manufacturing cost of the product. It 
also reduces the rework, scrap and needs of inspections.

This work always required a correct Design of Experiments. For this Taguchi method of DOE was 
followed. Since it was considered as a methodology for formulating the engineering problems using 
statistical models, this methodology specified the methods or procedures particularly in case of hypoth-
esis testing. For acquiring the best process parameters, it was always necessary to perform the required 
number of experiments. But this statistical method allowed the researchers to minimize the number of 
experiments to be carried out without significantly affecting the variation in results. Quality control and 
process control methods also used statistics as tool for managing conformance to various specifications 
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of manufacturing processes and products. The main aim of this DOE is to examine the data and sug-
gest and help in planning of future experiments. In various real-time engineering applications, the goal 
is more often to optimize a process or product, hence incorporating this no doubt reduced the time of 
experimentation and also cost of experimentation. Some other fields of applications of DOE are Time 
and methods engineering which uses statistics for studying repetitive operations in manufacturing sys-
tems, Reliability engineering for checking the reliability of the system or product by performance of 
its intended functions, Probabilistic design which involves use of probability in product development 
process, System identification methods also uses statistical methods for building mathematical models 
which includes the optimal design of experiments for efficiently generating the informative data for fit-
ting of these mathematical models.

The three input process parameters are Gas Pressure (A), Arc Current (B) and Torch Height (C) were 
considered in the study with three equally spaced variables in an operating range. In this present work, 
research work experimentation was planned following Taguchi’s design of Experiments method. Tagu-
chi (1990) suggested that total degrees of freedom (DOF) of selected orthogonal array must be greater 
than or equal to total DOF of standard orthogonal array (OA). Here total DOF for four factor and their 
interactions in 20 (4x2+3x4) and standard OA for four factors with three levels are L9 with 8 DOF and 
L27 with 26 DOF. Thus, L27 OA has been selected for experimental work and tabulated below (Table 2).

OPTIMIZATION OF MRR AND SR USING GENETIC ALGORITHM

Considering the Gas Pressure (A), Arc Current (B) and Torch Height (C) as the inputs Surface rough-
ness and Material Removal Rate are determined as output. L27 orthogonal array (OA) design is utilized 

Table 2. DOE using L27 Orthogonal Array

Exp. 
No. A B C

MRR 
(gm 

/min)

Ra 
(µm)

Exp. 
No. A B C

MRR 
(gm 

/min)

Ra 
(µm)

1 5 180 2 1.850 1.848 15 6 190 6 1.426 1.812

2 5 180 4 1.333 2.018 16 6 200 2 2.210 1.620

3 5 180 6 1.425 1.966 17 6 200 4 1.760 1.784

4 5 190 2 1.001 3.742 18 6 200 6 2.145 1.452

5 5 190 4 1.671 1.998 19 7 180 2 1.895 1.780

6 5 190 6 1.044 3.110 20 7 180 4 2.065 1.806

7 5 200 2 1.703 1.985 21 7 180 6 1.616 1.910

8 5 200 4 1.175 1.703 22 7 190 2 1.423 1.926

9 5 200 6 1.500 1.840 23 7 190 4 1.898 1.686

10 6 180 2 1.632 3.000 24 7 190 6 1.696 1.564

11 6 180 4 1.780 1.868 25 7 200 2 1.483 1.833

12 6 180 6 2.793 1.522 26 7 200 4 1.980 1.710

13 6 190 2 1.858 1.864 27 7 200 6 1.470 1.690

14 6 190 4 1.732 1.896
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and the data obtained from respective experiments are utilized for analysing the SR and MRR, where 
SR and MRR were considered as the responses. Since for various practical applications MRR has to 
be maximum whereas SR has to be minimum hence for analysis the maximization and minimization 
equations are applied.

The following flow diagram (Figure 3) describes the sequential procedure of the optimization using 
GA technique. This sequence was followed for obtaining the optimized values for MRR and SR that is 
the maximized value of MRR and minimized value of SR.

As stated in the flowchart (Figure 3), at first the input and the output data are noted in the workspace 
of Matlab R2015b and these data were noted into the workspace of network window. The values thus 
imported were trained and the plots for the MRR and SR were found as below in Figure 4 and Figure 5 
respectively. The optimum values found for MRR and SR are 1.858 gm/min and 1.864 µm respectively.

OPTIMIZATION OF MRR AND SR USING FUZZY LOGIC

For the obtained values using MiniTab16 for 27 experimental readings of Gas Pressure, Arc Current, 
Torch Height, MRR and SR, optimization is carried out using Fuzzy Logic for obtaining the optimum 
values of all the parameters listed above.

The flow diagram below (Figure 6) shows the steps followed in optimization of method MRR and 
SR by Fuzzy Logic Algorithm.

As indicated in Flow Chart (Figure 6), initially the Fuzzy Logic Network was created for the con-
sidering the inputs for the operations in PAC. The network obtained using Matlab R2015b is as shown 
below in Figure 7.

Figure 3. Step by step procedure followed in GA optimization technique
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Considering the levels of the input parameters from Table 1, the values are trained and the optimum 
values of the input parameters were obtained utilising Matlab R2015b. The optimum values for Gas 
Pressure (A), Arc Current (B) and Torch Height (C) approximately were found to be 6 bar, 190 Amp 
and 4 mm respectively. For these values of Gas Pressure (A), Arc Current (B) and Torch Height (C), the 
respective optimal values for MRR and SR are determined approximately as 1.858 gm/min and 1.864 µm. 
respectively. Figure 8, Figure 9 and Figure 10 shows the optimum values plot for the input parameters 
Gas Pressure (A), Arc Current (B) and Torch Height (C) respectively.

Figure 4. Maximization Plot for Material Removal Rate (MRR)

Figure 5. Minimization Plot for Surface Roughness (SR)
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RESULTS AND DISCUSSION

Experiments were performed according to the sequence of L27 OA and the experimental results of 
MRR and SR were calculated. The analysis of experimental results was carried out using Minitab 16 
statistical software. In this case the interaction between the particles is also taken into consideration 
before analysing these experimental data using software. As per GA method the experimental data are 
imported into the workspace of Matlab R2015b and plots for the optimized values of MRR and Surface 
Roughness were obtained.

Figure 6. Steps followed in Fuzzy Logic technique

Figure 7. Fuzzy Logic Network
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Figure 8. Plot for Optimum Value of Gas Pressure (Fuzzy Logic Algorithm)

Figure 9. Plot for Optimum Value of Arc Current (Fuzzy Logic Algorithm)

Figure 10. Plot for Optimum Value of Torch Height (Fuzzy Logic Algorithm)
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Also using the Fuzzy Logic Algorithm, the Fuzzy Logic Network was initially created using Matlab 
R2015b. The optimum values of the input parameters Gas Pressure (A), Arc Current (B) and Torch 
Height (C) approximately were found to be 6 bar, 190 Amp and 4 mm respectively. For these values of 
Gas Pressure (A), Arc Current (B) and Torch Height (C) the respective optimal values for MRR and SR 
are determined approximately as 1.858 gm/min and 1.864 µm.

CONCLUSION

The main objective of this experimentation was to optimize the work-piece on PAC machining process 
using Genetic Algorithm and Fuzzy Logic Algorithm for maximization of Material Removal Rate (MRR) 
and minimizing the surface Roughness (SR). Here in this present work Gas Pressure (A), Arc Current 
(B) and Torch Height (C) were considered with equally spaced three levels within the operating range 
for each of the process parameters as the input parameters. From the results and discussions as stated 
above it can be concluded that:

For any industrial applications of components generally for mass productions where the movement 
of consumer goods is very fast, it is very much necessary for the manufacturers and the industrialists 
to obtain the optimized values and use them. In some case MRR only affects the machining process of 
product development and SR has very less influence on the machining methodologies. In those cases, 
the only optimized value for MRR has to be considered for the machining or development of the product. 
For the cases where levels are not matching enough to their desired characteristics of input parameters, 
using the regression equations is always an option for them for prediction of proper output

Table 3. DOE and results for MRR and SR

Exp. 
No. A B C

MRR 
(gm 

/min)

Ra 
(µm)

Exp. 
No. A B C

MRR 
(gm 

/min)

Ra 
(µm)

1 5 180 2 1.850 1.848 15 6 190 6 1.426 1.812

2 5 180 4 1.333 2.018 16 6 200 2 2.210 1.620

3 5 180 6 1.425 1.966 17 6 200 4 1.760 1.784

4 5 190 2 1.001 3.742 18 6 200 6 2.145 1.452

5 5 190 4 1.671 1.998 19 7 180 2 1.895 1.780

6 5 190 6 1.044 3.110 20 7 180 4 2.065 1.806

7 5 200 2 1.703 1.985 21 7 180 6 1.616 1.910

8 5 200 4 1.175 1.703 22 7 190 2 1.423 1.926

9 5 200 6 1.500 1.840 23 7 190 4 1.898 1.686

10 6 180 2 1.632 3.000 24 7 190 6 1.696 1.564

11 6 180 4 1.780 1.868 25 7 200 2 1.483 1.833

12 6 180 6 2.793 1.522 26 7 200 4 1.980 1.710

13 6 190 2 1.858 1.864 27 7 200 6 1.470 1.690

14 6 190 4 1.732 1.896
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In some products, very little influence of MRR is found on the development of the product and SR 
plays a vital role in product development. In that case the optimal values obtained using these optimized 
techniques can be adopted for better designing and machining of the products.

For the products where both MRR and SR are to given equal amount of importance, optimized values 
for both MRR and SR are to be considered for predicting the output.

SCOPE OF FUTURE RESEARCH

This work can be even applied to several other fields or directions. Considering several other input 
parameters are considered this work can be enriched. Other responses like stress developed, modality 
etc. can also be obtained considering PAC machining method. There are various other solution platform 
like Simulated annealing, Synchronization or Hybridization of two parallel methods can also be done 
like Simulated annealing in Genetic Algorithm (SAGA) etc. for obtaining optimized results. Applica-
tion of other optimization techniques too can be done and the results can be compared to obtain healthy 
conclusions.
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ABSTRACT

This chapter describes with the comparison of the most used back propagations training algorithms 
neural networks, mainly Levenberg-Marquardt, conjugate gradient and Resilient back propagation are 
discussed. In the present study, using radial overcut prediction as illustrations, comparisons are made 
based on the effectiveness and efficiency of three training algorithms on the networks. Electrical Discharge 
Machining (EDM), the most traditional non-traditional manufacturing procedures, is growing attraction, 
due to its not requiring cutting tools and permits machining of hard, brittle, thin and complex geometry. 
Hence it is very popular in the field of modern manufacturing industries such as aerospace, surgical 
components, nuclear industries. But, these industries surface finish has the almost importance. Based 
on the study and test results, although the Levenberg-Marquardt has been found to be faster and having 
improved performance than other algorithms in training, the Resilient back propagation algorithm has 
the best accuracy in testing period.
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INTRODUCTION

Due to the increasing trend of using lightweight, lean, and compact components in recent years, there 
has been growing interest in the advanced and tailor-made materials, with better properties such as high 
strength, high stiffness, good damping capability, low thermal expansion, higher fatigue characteristics. 
Besides, components made with these materials demands stringent design and close tolerances during 
manufacturing. The traditional manufacturing processes are unable to cope up the challenges exhibit 
by these advanced materials owing to the improved mechanical properties (Abbas, Solomon, & Bahari, 
2007; Ho & Newman, 2003). They are hard and ‘difficult to machine’, strict high precision, higher surface 
quality standards lead to increase the scrap and rework that leads to increase the machining price. For the 
last seven decades, electrical discharge machining (EDM) has been extending inimitable capabilities to 
ma- chine “difficult to machine” materials with desired shape, size and required dimensional accuracy. 
It has been impressively applied for machining in the advance industries like automotive, medical, aero-
space, consumer electronics and optoelectronic industries development. In the past, with the continuing 
advances of technology, there has been a significant enhancement in EDM technology also, to improve 
productivity, accuracy and the versatility of the process. The key interest in the active research was to 
choose the optimal setting of the process parameters in such a way that accuracy should increase and, 
concurrently, overcut or gap, tool wear and surface roughness should reduce (Pradhan, 2012; Anitha, 
Das, & Pradhan, 2012; Pradhan & Kumar, 2012). Moreover, a process can be identified better when a 
model replicates its behavior by its vital parameters. The factors that are significant for the system are 
to be recognized and different aspects of the process are to be correlated while constructing the model. 
It is expensive, unpractical or impossible to experiment directly with the process so a good model can 
be cost-effective to predict the actual process very closely (Das & Pradhan, 2014; Jena, Pradhan, Das, 
Acharjya, & Mishra, 2014; Pradhan & Das, 2015).

Experimental Setup and Procedure

To collect the data experiments were performed using a CNC Electrical discharge die sinking machine 
set up “Electronica Electraplus PS 50ZNC” presented in Figure 1. A pure copper electrode (99.9% Cu) 
of a diameter of 30 mm was used to machine the AISI D2 Tool steel, the photographic view of the speci-
men is depicted in Figure 2, and a commercial grade EDM oil (specific gravity = 0.763, freezing point= 
94°C) was used as dielectric fluid, the power supply was linked with the tool electrode (Tool: positive 
polarity, work piece: negative polarity). Dielectric was pumped through the tube electrode laterally as 
shown in Figure 3, for effective flushing of machining debris from the working gap region with a pres-
sure of 0.4 kgf/cm2. Work piece material was initially circular bar of diameter 100 mm and was cut into 
specimens of thickness 10 mm. the top and bottom faces of the work piece were ground to make it flat 
and good quality surface finish before experimentation. the bottom of the cylindrical electrode was pol-
ished by a very fine grade emery sheet before each experimental run. every treatment of the experiment 
was run for 15 minutes and the time was measured with a stopwatch of accuracy 0.1s. The work piece as 
well because the tool was detached from the machine, clean and dried up, to form it free from the dirt, 
trash and dielectric. They were weighed, before and after machining, on a precision electronics balance 
(maximum capacity = 300 g, precision = 0.001 g). The diameter of the cavity machined on work piece 
was measured by a tool maker microscope (make: Carl Zeiss, Germany) with an accuracy of 1 µ m.
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Artificial Neural Network

An ANN is a biologically inspired computational model that processes information. ANN has been 
shown to be highly flexible modeling tool with capability of learning the mathematical mapping be-
tween input and output. ANN is formed from several layers of neurons. The input layer of neurons is 
connected to the output layers of neurons through one or more hidden layers of neurons. Initially, ANN 
is trained and tested with experimental data to reach at an optimum topology and weights. A multilayer 
perceptron (MLP) is feed forward neural network with one or more hidden layers. During the training 
process ANN adjusts its weights to minimize the errors between the predicted result and actual output 
by using different back-propagation algorithms.

The Back-Propagation Neural Network (BPNN) with n input nodes, r output nodes and a single hidden 
layer of m nodes are shown in Figure 1. Each interconnection between the nodes has a weight associated 
with it. The Transfer function of the hidden and output nodes are tan-sigmoid S(•) and linear, respectively.

According to Figure 1 the net input to the jth hidden neuron is given by

y x w x bj ji i
i

n

j( )= +
=
å 1 1

1

	 (1)

where w ji1  is the weight between the ith node of input layer and jth node of hidden layer and b j1  is the 
bias at jth node of hidden layer. The output of the jth hidden node is defined by

z x xj( )= + -( )( )-2 1 2 1exp 	 (2)

Given an input vector x, the output, value o xk ( )of the kth node of output layer is equal to the sum 

of the weighted outputs of the hidden nodes and the bias of the kth node output layer, and is given by

o w z bk kj j k
j

m

= +
=
å 2 2

1
	 (3)

where w kj2 is the weight between the jth node of hidden layer and kth node of output layer (3), b k2  is 
biasing term at the kth output node.

The output of ANN is determined by giving the inputs and computing the output from various nodes 
activation and interconnection weights. The output is compared to the experimental output and Mean 
Squared Error is calculated. The error value is then propagated backwards through the network and 
changes are made to the weights at each node in each layer by three different training algorithms.

ANN Training Algorithms

The present work describes three different artificial neural network (ANN) training algorithms Leven-
berg- Marquardt, conjugate gradient and resilient back propagation used in the study. This was done 
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with a view to see which algorithm produces better results and has faster training for the application 
under consideration.

The objective of training is to reduce the global error E defined as

E
P

Ep
p

P

=
=
å1

1

	

where P is the total number of training dataset; and E
a

 is the error for pth training data, Ep  is calcu-
lated by the following formula

E o tq q
q

r

a
= -( )

=
å12

2

1
	 (4)

where r is the total number of output nodes, oq  is the network output at the qth output node, and tq  is 
the target output at the qth output node.

In every training algorithm, an attempt is made to reduce this global error (4) by adjusting the weights 
and biases.

Levenberg- Marquardt (LM) Algorithm

The approximated Hessian matrix J J IT + m  is invertible; Liebenberg-Marquardt algorithm introduces 
another approximation to Hessian matrix.

Figure 1. Architecture of BPNN with single hidden layer
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H J J IT= + m  (5)where J  is the Jacobian matrix which contains first derivative of the network 

errors with respect to the weights and bias, m  is always positive, called combination coefficient and I  
is the identity matrix.

The Levenberg-Marquardt algorithm uses this approximation to the Hessian matrix in the following 
Newton-like update:

w w J J I J ek k k
T

k k k+

-
= - +( )1

1

m 	 (6)

where w  is the weight vector and e  is the error vector.
As the combination of the steepest descent algorithm and the Gauss–Newton algorithm, the Leven-

berg–Marquardt algorithm switches between the two algorithms during the training process. When the 
combination coefficient μ is very small (nearly zero), Gauss–Newton algorithm is used. When combination 
coefficient μ is very large, the steepest descent method is used. The Levenberg- Marquardt optimization 
technique is more powerful than the conventional gradient descent techniques.

Conjugate Gradient (CG) Algorithm

The standard conjugate gradient method is to minimize the differentiable function E  by generating a 
sequence of approximation wk+1  iteratively according to

w w dk k k k+ = +
1

a 	

The scalar a
k

 is the step length, known in neural network notation as learning rate. The step length 

a
k

 can be determined by line search techniques in the way that E w dk k k+( )a  is minimize along the 

directiondk , given wk  and dk  fixed.

The standard conjugate gradient algorithm begins the minimization process with initial estimate w
0

 
and an initial search direction

d E w g
0 0 0
= - Ñ ( )= - 	

Each direction dk+1  is chosen to be linear combination of the steepest direction - +gk 1
 and the previ-

ous directiondk . We write

d g dk k k k+ += - +
1 1

b 	

where the scalar b
k

 is to be determined by the requirement that dk  and dk+1  must fulfill the conjugate 

property. There are many formulae for the parameters b
k

. One of them is Fletcher-Reeves formula and 
is given by
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Conjugate gradient method has a second order convergence property without complex calculation of 
the Hessian matrix. A faster convergence established than first order steepest descent approach.

Resilient Back- Propagation (RP) Algorithm

The individual update value D ij k( ) for each weight w kij( ) can be expressed according to the learning 

rule for each case based on the observed behavior of the partial derivative during two successive weight-
steps by the following formula:
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where

0 1< < < +-h h .	

It is evident that whenever that partial derivative of the equivalent weight wij varies its sign, which 
indicates that the last update was large in magnitude and the algorithm has skipped over a local minima, 
the update-value D ij k( ) is decreased by the factor h- . If the derivative holds its sign, the update-value 

will to some extent increase in order to speed up the convergence.
When the update-value for each weight is settled in, the weight updates by a very simple rule.
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If the partial derivative changes sign that is the previous step was too large and the minimum was 
missed, the previous weight-update is reverted:

D Dw k w k if E
w

k E
w

kij ij
ij ij

( )= - -( ) ¶
¶ ( ) ¶

¶
-( )<1 1 0, . 	

In order to avoid a double penalty of the update-value, there should be no adaptation of the update 

value in the succeeding step. In practice, this can be done by setting 
¶
¶

-( )=E
w

k
ij

1 0  in the D ij update 

rule above.
Hence, the partial derivative of the errors must be accumulated for all training data. This indicates that 

the weights are updated only after the presentation of all of the training data. It is noticed that resilient 
back-propagation is much faster than the standard steepest descent algorithm.

Result and Discussion

In the present BPNN model, the inputs of the model are Ton, t , Ip, V. The output of the model is Ra-
dial Overcut. In general, the architecture of multi-layer BPNN can have many layers where a layer 
represents a set of parallel processing units (or nodes). The three layers BPNN used in this study contain 
only one intermediate (hidden) layer. Multi-layer BPNN can have more than one hidden layer; however 
theoretical works have shown that a single hidden layer is sufficient for BPNN to approximate any 
complex non-linear functions. Indeed, many experimental results seem to confirm that one hidden 
layer may be enough for most forecasting problems. Therefore, in this study, one hidden layered ANNs 
with 6, 14 and 15 neurons for LM, CG and RP training algorithms respectively were used as shown in 
Figure 2. 44 set of data under EDM process was used for training, validation and testing for three ANNs. 
Out of 44 experimental data, 26 training, 9 validation, and 9 testing data sets are considered for the three 
ANNs to compare the performance. Three MATLAB language codes were written for the ANN algo-
rithms.

Figure 2. Mean square error for ANNs with different training algorithms
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The ANN algorithms were compared according to mean squared errors (MSE) and mean percentile 
error (MPE) criteria. These criteria are defined as

M eanSquaredError
N

Ra Raobserved predicted
i

N

= -( )
=
å1 2

1
	

M eanPercentileError
N

Ra Ra
Ra

observed predicted

observedi

N

=
-

=

1
1
åå ´ 100	

For each combination ANN was trained using three different algorithms, that is, LM, CG, and RP. 
After training was over, the weights were saved and used to test network performance. The ANN results 
were transformed back to the original domain and MSE was computed. The iterations were stopped when 
the difference between two epochs was too small. The experimental results and predicted results of ‘Ra’ 
by the LM, CG and RP were plotted on the same scale, as shown in Figure 4. The performance of three 
neural network models is studied with the special attention to their regression plot and it is presented in 
Figure 3 (a)-3(b). The ANN with training algorithm LM has the best R value.

ANNs are compared separately with results obtained by experiments and the average absolute error 
obtained for all the three networks. ANNs with CG and RP models are poorer in predicting Radial Over-
cut. The test result accuracy measured in terms of MAE and MPE for nine test data are given in Table 1.

Figure 3. Regression analysis for ANN with CG
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Figure 4. Regression analysis for ANN with LM

Figure 5. Regression analysis for ANN with RP

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



149

Artificial Neural Network Training Algorithms in Modeling of Radial Overcut in EDM
﻿

CONCLUSION

In this chapter, three training algorithms LM, CG and RP were applied for the prediction of radial overcut 
of the Electrical discharge machined surface. This study indicated that the prediction of radial overcut is 
possible through the use of LM, CG and RP based neural network. The results obtained from widespread 
experiments conducted on ANSI D2 steel work piece materials with diverse machining parameters us-
ing copper electrode are compared and validate with the prediction. It was found to be close correlation 
with the experimental results. It was also observed that the LM model is quite analogous with CG and 
RP for surface roughness. The LM network demonstrated a slightly better performance compared to 
other models. And also, LM model predicted quite faster than the error goal reached in only 10 epochs 
while CG required 18 epochs and RP required 23 epochs. Conclusively speaking, the surface finish of 
EDMed surface cane be predicted by the above models with reasonable accuracy.

However, the prediction performance of this study may be improved further in three means. The first 
method is to include a few other variables that may affect the prediction performance. Second, optimal 
methods other than the GA may also be utilized to adjust the parameters of ANN model. We may even 
use models based on probabilistic neural networks for predicting the Material Removal Rate, Surface 
Roughness and Radial Overcut. Lastly, we could even propose an optimization based on the prediction 
outcomes of this study for future research, practical use and further validation.

Figure 6. Comparison of ANNs with experimental values

Table 1. MAE and MPE of testing data for training algorithms LM, CG and RP

Number of Nodes in Hidden 
Single Layer MAE MPE

LM 6 0.243 9.674

CG 14 0.366 27.635

RP 15 0.370 11.634
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ABSTRACT

With the advancement in contemporary computational and modeling skills, engineering design com-
pletely depends upon on variety of computer modeling and simulation tools to hasten the design cycles 
and decrease the overall budget. The most difficult design problem will include various design param-
eters along with the tables. Finding out the design space and ultimate solutions to those problems are 
still biggest challenges for the area of complex systems. This chapter is all about suggesting the use of 
Genetic Algorithms to enhance maximum engineering design problems. The chapter recommended that 
Genetic Algorithms are highly useful to increase the High-Performance Areas for Engineering Design. 
This chapter is established to use Genetic Algorithms to large number of design areas and delivered a 
comprehensive conversation on the use, scope and its applications in mechanical engineering.

INTRODUCTION

Designing process of a product includes a number of optimization problems. Such as, when we design 
an engine controller, the fuel economy and power performance should be optimized. And both of these 
factors are also affected by various other parameters such as temperature, pressure etc. Therefore, con-
trolling fuel injection and air-fuel ratio with reference to these parameters is an optimizing problem and 
also a complex one. There are various issues when we deal with the engineering problems. First one is 
to improve design competency. Industries have to develop good products with in a time bound because 
of competition or requirements. Second issue is to optimize the design process. The third issue is to 
achieve robustness requirements.
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Although design problems are typically demarcated more indefinitely and have a variety of precise 
answers, but the methodology may require backtracking as well as iteration. Designing process is a 
depending process and the solution depends on unpredicted difficulties and modifications as it matures.

The Wright brothers didn’t come to know problems until they actually build and test their primary 
gliders. The fundamental five steps for resolving the problems associated with designing or design 
problems are as follows:

1. 	 Describe the overall problem
2. 	 Collect relevant information
3. 	 Produce several solutions
4. 	 Evaluate and choose a solution
5. 	 Assess and execute the solution

The first phase is Describe the overall problem. Problem description step mainly consists of a list 
of requirements of the customer and also information like function and features of the product among 
other things.

In the second step, appropriate material is collected for the design and functional specifications of 
the product. For this purpose, similar products available in the market are reviewed. When the relevant 
information is collected successfully then the duty of the design teams, manufacturing teams, and mar-
keting teams is to generate large number of options to accomplish the objectives.

Evaluate and choose a solution step is all about the comprehensive analysis of the solutions and results 
in finding out of the absolute design that finest fits the final needs of the customer. By applying this 
step, a sample is developed and tested against functionality to validate and possibly revise the design. 
This process is depicted in Figure 1.

Figure 1. Design Process
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DESIGN PROBLEMS IN ENGINEERING

As contemporary computational and modeling technologies propagate all over the world, engineering 
design profoundly depends on computer modeling and simulation to quicken design cycles as well as 
to save the cost (Xiaopeng, 2007; Roosenburg & Eekeks, 1995). A complicated design problem will 
comprise of various design constraints. Discovering design space and finding best solutions are still 
major issues and the challenges for complex systems.

In a product design process, many complex multi-objective optimization problems occur. For example, 
in designing an engine controller, appropriate fuel injection times and air-fuel ratios have to be decided 
to improve engine fuel economy and power performance. But engine fuel economy and power are also 
affected by hundreds of other engine conditions, such as intake manifold pressure, intake manifold 
temperature, coolant temperature etc. How to control fuel injection time and air-fuel ratio with respect 
to these conditions to achieve the optimal fuel economy and power performance is an extremely com-
plex problem. It is essential for engineers to progress the design by using simulation and optimization 
techniques. Although large number of challenging issues is there when complex engineering problems 
are solved. The first issue is all about finding the design efficiency. Current industries require a high 
quality product in a small time because of opposition or design cycle requirements. Traditional design 
processes can be much improved by using computational engineering tools. The second issue is how to 
optimize the complex design. The engineering optimization problems are normally high dimensional and 
with conflicting objectives. The optimization algorithms need to be introduced to help explore design 
space and find the optimal solution. The third issue is how to meet robustness requirements. Engineer-
ing design always has uncertainties due to manufacturing tolerance and perturbation in real operation. 
These three issues are the main focus of this dissertation.

Rapid prototyping helps to speed up the design process and explore research and development ideas. 
Engineers are able to build complex computational models to simulate many physical dynamics, such 
as combustion dynamics, fluid dynamics, and vibration dynamics. Model accuracy has been improving 
as we understand more about the system and computational power is enhanced. Industries are able to 
study prototyping before any manufacture production happens. However, even with the help of compu-
tational modeling, the design process is a long and tedious procedure and requires a lot of experiments 
and simulations to explore the design concept. How to improve design process efficiency is still one of 
major challenges in current industrial world.

GENETIC ALGORITHM

Genetic Algorithm (GA) starts with population of encoded solution and lead the population for optimal 
solution. Therefore, GA searches a space of possible solutions and finds the best solution. GA algo-
rithms belong to zero-order optimization method. Three main tasks of these algorithms are; selection, 
mutation and crossover. Selection chooses individuals called parents that contribute to the population 
of next generation. Mutation operation mutates the distinct parents to generate children. Last operation 
joins two parents and generates children for future generation. Fittest is survived and unfit is died out 
(Tom, 2017). The success of a Genetic Algorithm depends on selection of parameter and genetic opera-
tors. They belong to class of evolutionary algorithms (Pisinger & Ropke, 2007). GA is different from 
conventional algorithms in the following manners (Golberg, 1989):
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•	 Theses algorithms works on coding of design variables rather than variable itself.
•	 They use an objective function; no derivative is used.
•	 They start from a population not from a single point.
•	 They can be used with discrete, integer, continuous or a mix of the three.

For example, suppose the strings 10101 and 10010 are selected for crossover. Suppose we select an 
intertwining point of 2. Crossover is executed then the next iteration starts with selection. This practice 
carries on until a specific criterion is met.

1st Parent = 1 0 ¦ 1 0 1
2nd Parent = 1 0 ¦ 0 1 0
1st Child =1 0 0 1 0
2nd Child = 1 0 1 0 1

There are three fundamental operators originate in every genetic algorithm (Khan and Bajpai (2013)):

Reproduction

In this operation individuals are selected for generating next generation. The selection of an individual 
is based on the fitness value of that particular individual. Fitness value is calculated by using a fitness 
function. For every generation, the breeding operator selects individuals that are engaged into a mating 
pool. Random immigrants bring some entirely new randomly generated elements into the gene pool 
(Branke, 2000).

Crossover

In term of biology, crossover refers to mingling the chromosomes from the parents to generate new chro-
mosomes for the descendants. Analogous to biological crossover, the GA also chooses two individuals 
randomly then checks whether crossover operation can be performed by using a factor called crossover 
probability. These two individuals are simply copied to next generation if the GA finds that the param-
eter is not up to and if crossover operation is performed then a point of joining is chosen randomly. New 
individuals are created and placed in next generation. A uniform crossover operator probability of 0.5 is 
recommended by various works such as Syswerda (1989) and Spears and De Jong (1991).

Mutation

In term of biology, mutation refers to changing the nucleotide arrangement of the genome. Unrepaired 
impairment to DNA or RNA genomes, faults in the course of replication is the causes of mutation. 
Mutation operation of GA is a genetic operation in which an operator is used to preserve the diversity 
from generations to generations. It basically changes one or more genomes in a chromosome from its 
original state. It may result in a totally different solution. Hence, a mutation operator has a great impact 
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on the solution. It occurs for the duration of evolution according to a user-defined probability of muta-
tion. Mutation probability should not be high because if it is then the search process will start moving 
towards a basic random search (Golberg, 2006; Yeh et al., 2004).

Upholding and introducing variety is the main goal of mutation operation. It should avoid local 
minima by stopping the population of individuals from becoming alike to each other. Therefore, it slows 
down the process of evolution. This logic also clarifies the point that many GA systems evade from 
only selecting the finest of the individuals in producing the next but rather a random selection with a 
weighting toward those that are fitter.

•	 Examples: Maximize the function f(x) = x2, x ∈ (0,31). x will be represented as five digit using 
integer. So, we will select randomly generated preset of solution as in (Goldberg (2006))

Gene1 Gene2 Gene3 Gene 4
01101 11000 0100 0 10011
(13) (24) (8) (9)

Table 1. Reproduction

String No Initial 
Population Value of x Fitness Function 

f(x) = x2 Probability Expected Count Actual Count

1. 0 1 1 0 1 13 169 0.14 0.58 1

2. 1 1 0 0 0 24 576 0.49 1.97 2

3. 0 1 0 0 0 8 64 0.06 0.22 0

4. 1 0 0 1 1 19 361 0.31 1.23 1

Sum 1170 1.00 4.00 4

Average 293 0.25 1.00 1

Maximum 576 0.49 1.97 2

Table 2. Crossover

String No Mating Pool Cross Over Point Offspring After 
Crossover Value of x Fitness Function 

f(x) = x2

1. 0 1 1 0 |1 4 0 1 1 0 0 12 144

2. 1 1 0 0 |0 4 1 1 0 0 1 25 625

3. 0 1 |0 0 0 2 1 1 0 1 1 27 729

4. 1 0 |0 1 1 2 1 0 0 0 0 16 256

Sum 1754

Average 439

Maximum 729
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VARIANTS OF GENETIC ALGORITHMS

Real Coded Genetic Algorithm

The term Real Coded Genetic Algorithm (RCGA) holds large amount of benefits as compared to binary 
coded equivalent when handling continuous search spaces with large dimensions and a great numerical 
precision is needed. In RCGA, each and every gene signifies a different set of the problem, and the size 
of the chromosome is reserved the same as the length of the outcome to the problem. Consequently, 
RCGA can handle large domains without sacrificing precision as the binary implementation. Addition-
ally, RCGA retains the ability for the local tuning of the solutions; it similarly permits assimilating the 
domain knowledge so as to improve the performance of GA.

Binary Coded Genetic Algorithm

An algorithm which is based on a fundamental concept of probabilistic search algorithm that repeti-
tively transmutes a group (called a population) of mathematical entities (typically fixed length binary 
character strings), each with an connected fitness value, into a new population of offspring entities using 
the theory of Charles Darwin’s natural selection and using operations that are mottled after naturally 
occurring genetic operations, such as crossover (sexual recombination) and mutation is called as Binary 
Coded Genetic Algorithm. Following the model of evolution, they set up a population of individuals, 
where each distinct corresponds to a point in the search space. An objective function is applied to each 
individual to rate their fitness.

Differential Evolution

Differential Evolution (DE) methods are the replacement of traditional mutation and crossover operation 
by alternative differential operators. Machine intelligence and cybernetics are widely using these methods. 
It outperforms the GA in various cases. As in other evolutionary algorithms, two primary processes drive 
the evolution of a DE population: the variation process, which permits searching the diverse areas of the 
search space, and the selection process, which guarantees manipulation of the developed information 
about the fitness landscape.

Least Mean Square Algorithm

Least Mean Square (LMS) methods are stochastic gradient descent methods. Based on the current error 
rate, filters are designed to be adaptive. One can implement these methods without squaring, differen-
tiating. These methods are used in adaptive filters to find the filter coefficients that relate to producing 
the least mean squares of the error signal (difference between the desired and the actual signal). It is a 
stochastic gradient descent method in which the filter is adaptive based on the error at the current time. 
The LMS algorithm can be implemented without squaring, averaging or differentiation and is simple 
and efficient process.
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Sawtooth GA

There are various methods that are designed to enhance the robustness and effectiveness of computation. 
Standard GA is based on selection, crossover and mutation. Major parameter of GA is its population size 
which affects effectiveness of computation and robustness of the algorithm. If the population size is too 
small then the solution prematurely converges to a non-optimal solution, whereas if the population size 
is large then the computation efforts become considerable. Numerous approaches have been proposed 
that try to upsurge the range of the population and avoid premature convergence

WHY GENETIC ALGORITHM IN ENGINEERING?

As the growth of engineering industry, computer modeling and simulation are profoundly used to improve 
the designing process of engineering. That is also cost effective. Finding an optimal solution of an engi-
neering problem is still a challenging task. Genetic algorithms are widely used solution for optimizing 
problems. Genetic Algorithms (GAs) are heuristic search algorithms that imitate the process of biological 
evolution (Goldberg, 1998). GA developed by Holland (1975), GAs are based on the principle given by 
Darwin. According to Darwin Neither the most intelligent nor the most powerful but the species survive 
will be the most adaptive. The search procedure of GAs finds the best and fittest design solutions. These 
algorithms are used in engineering because they are easy to use. Opposite to gradient methods, the GAs 
work with a set of solutions and are guided by probability. These are not deterministic.

Optimization techniques like goal programming, linear programming, branch and bound algorithm 
face the problem when the number of variables increases. Each optimization algorithm is intended to 
solve a particular type of problem. Some algorithms produce solution accurately but not cost efficient 
whereas some algorithms don’t provide an optimal solution. Hence, while solving a problem we have to 
compromise between high accuracy and low accuracy. Genetic Algorithms (GAs) are heuristic search 
algorithms that imitate the process of biological evolution. Genetic algorithms are a very popular heu-
ristic which have been successfully applied to many optimization problems (Bhoskar et al., 2015). These 
algorithms are a part of revolution in computer science field and downtrend the limits of other algorithms:

•	 GAs are most robust.
•	 While executing search in large state –space, GAs offer noteworthy profits over many other 

techniques.
•	 GA operates on coding of solution set, not the solutions themselves.
•	 GAs search from a population not a single solution.
•	 The rules are not deterministic rather probabilistic.

The positive side of GA is that it handles the constraints and objectives very easily. They can be 
easily applied to a wide range of jobs such as optimization, learning etc. Below are some advantages 
of using Gas:
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•	 Each optimization problem that can be defined with the chromosome encoding can be solved by 
using GA.

•	 It solves problems with multiple solutions.
•	 Structural genetic algorithm gives us the possibility to solve the solution structure and solution 

parameter problems all at once.
•	 Genetic algorithm is a method which is very easy to understand and it practically does not demand 

the knowledge of mathematics.
•	 Genetic algorithms are easily moved to current simulations and models.

LIMITATIONS

•	 Certain optimization problems (they are called variant problems) cannot be solved by means of 
genetic algorithms. This happens because of inadequate fitness functions which produce bad chro-
mosome blocks despite the fact that only noble chromosome blocks crossover.

•	 There is no absolute assurance that a genetic algorithm will find a global optimum. It happens very 
frequently when the populations have many subjects.

•	 Like other artificial intelligence techniques, the genetic algorithm cannot guarantee stable re-
sponse time. This is a major reason of not applying Gas to real time applications.

APLLYING GENETIC ALGORITHM IN ENGINEERING DESIGN

One of the popular heuristic search algorithms is genetic algorithm. GA not only has all heuristic algo-
rithms’ characteristics, but also is a multi-directional search method. It originally is designed for single 
objective optimization problem since it uses a fitness to do evaluation. As GAs are applied to multi-
objective optimization, the fitness concept has been extended to dominance rank, which is created for 
searching the Pareto Front. Since then, GAs begin to become popular in multi-objective optimization 
areas, especially in finding the Pareto Front.

GAs use dominance rank to push the population close to the Pareto Front and it has been proved to be 
an effective way to explore the Pareto Front. One of the difficulties in exploring the Pareto Front is the 
curse of dimension. As dimension of the problem increases, the Pareto Front becomes very complicated. 
GAs tends to be stuck in some local Pareto Front areas. To make the optimal solutions well covering the 
Pareto Front and quickly converting to the optimum is what most of research on GAs are focusing on. 
How to balance proximity and diversity in exploration is a multi - objective optimization problem itself.

There are many studies on diversity preservation, diversity estimation, and metric comparison to 
improve the population diversity. Many different GAs have been presented to improve diversity and 
convergence such as RAND, FFGA, NPGA, HLGA, VEGA, NSGA listed by Zitzler, Deb, and Thiele 
2000. There are new research ideas such as co-evolutionary GAs and Clustered Oriented Gas (Packham 
& Parmee, 2000). No matter what GAs are, they are trying to make the search converge to the Pareto 
Front (or close to the Pareto Front) as quick as possible and make the population cover the Pareto Front 
(or close to the Pareto Front) as even as possible at the least computation time. Since these goals are 
conflicting themselves, we often find out that any GA is a tradeoff of these goals and it may perform 
well on some certain problems but bad on others.
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Engineering Design Using GAs

Since GAs have shown excellent performance in optimization problems, especially in multiobjective 
optimization, engineering design optimization problems have been explored with GAs. Engineering 
design optimization problems normally are multi-objective problems with high dimensional design vari-
ables. They also are complicated in that system dynamics are always non-linear and with uncertainty. In 
addition, engineering design problems often have constraints on design variables. All these issues have 
been well addressed in different GAs.

As engineering design becomes more and more complex in modern industry, computer modeling 
is one of the essential methods to achieve reducing design cycle and improve design quality. Genetic 
algorithms have been used in a lot of complex design problems. There have been a number of activities 
from developing GA software for engineering design to improving GAs for engineering design.

Robustness in Engineering Design

Robustness is the key to designing products that work in a range of conditions. From this aspect, ro-
bustness is sometimes in higher priority than optimality. Engineering design has to deal with uncertain 
environment, manufacturing tolerance and un-modeled effects. Real industry problems have shown that 
uncertainty can result in failure in the field.

Previous researches focused on uncertain objective function problems, i.e., objective functions 
will return different values with the same design inputs. The techniques used for these problems are to 
estimate distribution of objective functions. These methods have been used to apply to mathematical 
problems to deal with uncertainty. However, this method is limited in that engineering design has to deal 
with uncertain design variables, especially curves. Few researches are oriented for this area at present.

GAs are useful to many scientific, engineering problems including:

•	 Optimization: GAs have been used in a wide variety of optimization tasks like circuit design, 
numerical optimization, video and sound quality optimization.

•	 Automatic Programming: GAs have been used to evolve computer programs for specific tasks, 
and to design many computational assemblies, such as cellular automata and sorting networks.

•	 Machine and Robot Learning: These have been used for various applications of machine learn-
ing such as classification and prediction etc. GAs have also been used to design learning classifier 
systems.

•	 Ecological Models: GAs have been used to model ecological phenomena such as biological arms 
races, host-parasite co-evolutions, symbiosis and resource flow in ecologies.

•	 Population Genetics Models: GAs have been used to study questions in population genetics, 
such as “under what conditions will a gene for recombination be evolutionarily viable?”

•	 Models of Social Systems: To analyze evolutionary facets of social systems, Gas are also used. 
Such as the evolution of interaction, and trail-following behavior in ants (Tom (2017))

Application in Mechanical Engineering

GA is a search based optimizing technique. It is used in Mechanical Engineering in the following ways:
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•	 In optimizing processes like ECM, EDM, USM, etc.
•	 In operation sequencing & machining parameters selection.
•	 In designing airplane wings.
•	 Planning the cyclic preventive maintenance of the components.
•	 In physical distribution of a service. Organization uses GA to effective deliver their services to 

customer.
•	 In optimizing production planning and production scheduling activity of engineering.
•	 In designing Automobile suspension system.

CONCLUSION

With the advancement in contemporary computational and modeling skills, engineering design completely 
depends upon on variety of computer modeling and simulation tools to hasten the design cycles and 
decrease the overall budget. The most difficult design problem will include various design parameters 
along with the tables. Although to find out the design space and ultimate solutions to those problems 
are still biggest challenges for the area of complex systems. This chapter is all about suggesting the use 
of Genetic Algorithms to enhance maximum engineering design problems. The chapter recommended 
that Genetic Algorithms are highly useful to increase the High-Performance Areas for Engineering De-
sign. This chapter established to use Genetic Algorithms to large number of design areas and delivered 
a comprehensive conversation on the use, scope and its applications in mechanical engineering.
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ABSTRACT

The demand of food is increasing day by day, innovative agricultural practices and sustainable food 
supply chain management (SFSCM) has gained an emergent importance. Food industries across the 
globe mainly focus on the manufacturing of their own products to achieve sustainability. The importance 
of sustainable food supply chain management is to overcome the wastage in food manufacturing indus-
tries. In the present research, we identified eleven challenges in the SFSCM on the basis of literature 
review and expert opinion. The approach is an integration of fuzzy with DEMATEL which can be used 
for dividing the challenges into cause and effect group. Fuzzy DEMATEL method has continuously been 
used for the analysis of challenges and is the novel approach for decision making. Thus, this method 
can be implemented in many fields including automobiles, food industries, retail market etc. From the 
fuzzy DEMATEL results, it can be confirmed that the Safety and Security is one of the most influencing 
challenge and has the strongest association with other challenges.
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INTRODUCTION

Since from the past decades, there is a development of green and sustainable supply chain management 
methods for reducing the environmental concerns and issues. Also the food production and consumption 
processes have been changed to overcome some of the major problems of the environment (Genovese 
and Acquaye, 2017). According to the report of India brand equity foundation (IBEF), 2017, the world 
food trade is rising day-by-day with the increase in the establishment of new food industries. The Indian 
food industries have evolved as a high income and growth area because of its enormous potential for 
value addition, especially in food processing industries. The current value of food industries is US$ 
39.71 billion and it will be increase at a Compounded Annual Growth Rate (CAGR) of 11% to US$ 65.4 
billion by 2018. The Government of India has constantly making efforts for the development of food 
processing industries which will account for approximately 32% of the country’s total food market. The 
Ministry of Food Processing Industries (MOFPI) has already taken and is still taking many initiatives to 
increase investments in this business. Many proposals had been approved for foreign collaborations, joint 
ventures and export oriented units and in industrial licenses. Indian food processing industry is one of the 
largest industries accounting for 32% of the country’s total food market and it secures fifth rank among 
other industries. The food industry accounts for around 14% of GDP (Gross Domestic Product), 13% of 
exports and 6% of total industrial investment. In context with organic food market, India is projected to 
increase its production by three times in next 3-4 years. The current value of Indian gourmet food mar-
ket is US$ 1.3 billion which is continuously growing at a CAGR (Compound Annual Growth Rate) of 
20%. Idea of fuzzy approach was used by (Bellman and Zadeh, 1970) in decision making theory. Fuzzy 
set theory is very useful for removing the uncertainty in the supply chain (Lee et at., 2004). According 
to the literature or researchers point of view it is clearly mentioned that fuzzy set theory is capable of 
managing the supply chain inventory (Petrovic et al., 1998, 2001). In the current problem Fuzzy DE-
MATEL is used to remove the biasness in the human judgments. Fuzzy approach is used for the better 
implementation of SFSCM in Indian food industry. To manage the increased demand of food throughout 
the world, SFSCM is very important. Supply Chain Management (SCM) is an upcoming and wide area 
and has been considered by scientists, researchers and academicians in the last years. One prominent 
research field is sustainability in SCM, namely Sustainable Supply Chain Management (SSCM). Both 
research and practical implementation have been growing steadily in the last decade in this specific area 
(Ahi and Searcy, 2013, 2014). The role of the food industry (retailers, manufacturers and food service) 
in helping consumers eat healthily and sustainably has been receiving considerable attention in recent 
years. Consumer perceptions thus show an increasing concern about food safety and about properties 
of the food they buy and eat. As the country experiences more pressure from globalization, the food 
industry sector is also subjected to the increased competition in the domestic market. The processors 
have to meet those challenges by responding very fast to avoid delays which can take them out of the 
business. If we combine both supply chain management and sustainability together one more interesting 
filed emerges i.e., sustainable food supply chain management (SFSCM), which is applied in recent years 
as a reaction to stakeholder pressures (Gold and Hahn, 2013). The consumers are very cautious about the 
food they eat and this is the duty of producers, retailers and manufacturers to provide them healthy and 
sustainable food. Also the consumers are well educated and they know what to eat and what not to, thus 
the food industry has to fulfill the consumer’s demands in less time due to increase in globalization. For 
the analysis of SFSCM based challenges in Indian food industry, we used Fuzzy DEMATEL approach.
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The paper is planned as follows: investigated the literature review related to SFSCM; solution meth-
odology apply to solve the present problem in the paper; data collection for Fuzzy DEMATEL; results 
and discussion of identified challenges in SFSCM implementation; explained the conclusions, limitations 
and future opportunities of the present research in the food industry sector.

LITERATURE REVIEW

The literature review mainly focuses on SFSCM and analysis of challenges in the Indian food industry.

SFSCM

SFSCM means all the processes in the food industries such as production, procurement of materials and 
distribution, and also their inverse processes for collecting, returning of unused products to avoid wast-
age and a socioeconomically and ecologically sustainable recovery (Bloemhof, 2017). SSCM not only 
includes information about the food products, their management and capital flows but also maintains 
the cooperation between different companies. SSCM also results in taking goals of three dimensions 
of sustainable development viz; social, economic and environmental (Seuring and Mueller, 2008). In 
the modern food industry, processes have become developed, characterized by mass production. In ad-
dition, production, financing, and marketing have become globally incorporated to form global food 
supply chains (Manning et al., 2006; Trienekens et al., 2012). SSCM is an increasingly main topic in 
sustainability and (SCM), as companies respond to internal and external pressures from stakeholders, 
policymakers, and consumers, and from governments, and profit and non-profit organizations dedicated 
to ecological, public, and commercial responsibility (Ageron et al., 2012; Seuring and Müller, 2008). 
Managing food supply chains is a well-known problem due to the scale of this industry, the quantity of 
global food waste, and the relationship between food waste and global malnutrition (Parfitt et al., 2010). 
In the past years there were many food scandals and incidents which make consumers more attentive 
towards food products thus food products should be more sustainable to retain and regain consumer’s 
trust. Consumer wants all the knowledge about the food products right from its origin to its delivery 
which includes safety and expiry date of the product. Sustainability is a broad area which comprises 
of social issues, environmental issues and expected returns. By this work we aim to discover the status 
of information technology which supports sustainability in the food supply chains and communication 
between stakeholders (Wognum et al., 2011).

Challenges in SFSCM

For the successful implementation of SFSCM in Indian food industries we identified eleven challenges 
based on experts opinion and literature review.
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Table 1. Identified challenges to implement SFSCM in Indian food industry

S.No. Challenges Description References

1 Food safety and security 
(CH1)

In the food production, food safety is an important issue and needs 
to be considered by stakeholders. From a safety point of view, 
food chains have numerous vulnerabilities.

(Beulens, 2005, Whipple, 
2009 and Bloemhof, 
2017)

2 Food quality 
(CH2)

Food quality means physical properties of food until the food is 
finally reached to the consumer. It not only includes microbial 
aspects but also flavors or texture.

(Grunert, 2005, 
Akkerman et al., 2010, 
Beta et al., 2017)

3 Transparency 
(CH3)

Transparency means that all the stakeholders have to share all the 
information regarding the product without delay and alteration.

(Hofstede, 2004, 
Trienekens, 2012 and 
Soysal, 2012)

4 Food wastage 
(CH4)

Food wastage is the major concern for our country now-a-days 
and is becoming a cause of global food security. This issue needs 
to be solved for protecting India’s economy.

(Liu et al., 2013 
Papargyropoulou et al., 
2014, Girotto et.al., 2015)

5 Regulations and standards 
(CH5)

There should be strict rules and regulations for both food 
producers and stakeholders. Standards mean well-known 
norms or necessities for a product like material and packaging 
specifications. Standards should be maintained by industry 
associations, regulatory agencies and public organizations.

(Marucheck et al., 2011, 
Havinga and Verbruggen, 
2017)

6 Traceability 
(CH6)

Keeping consumer’s protection in view traceability is an essential 
and potential factor. 
Consumers can trace the food products and eliminate non-
consumable food products thus can prevent from food safety 
issues.

(Badia et al., 2015, 
Souquet et al., 2017, 
Thomas et. al., 2017)

7 Transportation 
(CH7)

The food products should be transported well so that it reaches 
to consumers with all the nutritional qualities. The specific food 
should be transported in specific conditions to increase their shell 
life.

(Gustavsson et al., 2011, 
Egilmez and Park, 2014, 
Boukherroub et.al., 2017)

8 Supplier selection 
(CH8)

The relationship between buyer and supplier should be close 
enough so that buyer gets guaranteed by the food quality. Also 
supplier should not be fraud in any ways including financial 
matter and other issues regarding food.

(Liao and Rittscher, 
2007, Van Weele and Van 
Tubergen, 2017)

9 Benchmarking 
(CH9)

The organizational products, services and processes should 
be evaluated in relation to its best practice and this is called 
benchmarking. Benchmarking is often used as a significant 
tool for the improvement of performance of an organization, 
competitive advantage and quality management.

(Yakovleva et.al., 2012, 
Swinburn et.al., 2013, 
2015)

10 Information Technologies 
(CH10)

Efficiency, safety, globalization, refrigerants and efficiency are the 
most important constrains in the food delivery system. In recent 
years the market is based on information technology.

(Zailani et al., 2010, and 
Attaran, 2012)

11 Product life cycle 
management 
(CH11)

The management of the products lifecycle is crucial step for 
manufacturing any food and it is difficult to predict the lifecycle 
of the product. This includes the time from manufacturing to the 
final disposal. The data regarding products design, support and 
ultimate disposal of manufactured goods is hard to manage and it 
is important for improving safety and security of food product.

(Marucheck and Greis, 
2011 and Stark 2015)
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SOLUTION METHODOLOGY

Fuzzy Set Theory

Fuzzy set theory is mainly used where there is an inaccuracy in the information or knowledge present in 
the nature. According to Zadeh (1965), a fuzzy set theory was proposed in the decision making process 
where the information is insufficient in context with the problem (Bellman and Zadeh, 1970, Zimmer-
mann, 2011). Fuzzy set theory evaluates the method for linguistic and vague terminology by capturing 
human injustice (Kumar et al., 2013). There are various examples in real world where decisions of 
decision makers are full of incorrectness and biasness. Linguistics variables are suitably expressed by 
fuzzy numbers and the fuzzy numbers like trapezoidal and triangular are suitable and commonly used 
as fuzzy numbers (Mangla et al., 2015).

Fuzzy Set

A fuzzy set is denoted as:

�E x X x X
E

= ( ){ } ∈, ,µ 	 (1)

where µ
E
x X( ) → 


: ,0 1  is the membership function of �E  and µ

E
x( )  = 0 then x( )  does not belong 

to the fuzzy set �A . µ
E
x( )  = 1 then x( )  completely belongs to the fuzzy set �E .

Though, unlike the classical set theory, if µ x( )  has a value between 0 and 1 then x  partially belongs 

to the fuzzy set �E  .That is, the pertinence of x   is true with the degree of membership given byµ
E
x( ) .

Fuzzy Numbers

A fuzzy number is a fuzzy set in which the membership function satisfies the conditions of normality

sup �E X
x X

�( )
∈ =1

	 (2)

and of convexity
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For all x x X
1 1
�, � �∈  and all � ,�λ ∈ 


0 1 . The triangular fuzzy number is usually used in decision making 

because to its instinctive membership function,

W W W W W�
� � � �

� � � � �= + + +



1 2 3 4
, given by,	

For practical applications a unique type of fuzzy number i.e., triangular fuzzy number (TFN) is 
generally chosen [Dubois and Prade, 1979]. In any (TFN) (p, q, r) its function is given by mathemati-
cally equation µ

E
x( )  as given in Eq. (4), where p ≤ q ≤ r. Also, (p, q, r,) represents the lower, mean 

and upper boundary of the TFN:

Mathematical Operations with Fuzzy Numbers

Given any real number K and two fuzzy triangular number �E p q r= ( )1 1 1
�,� �,�  and �F p q r= ( )2 2 2

�,� �,� ,  the 
main mathematical operations are given as follows: [Pedrycz and Gomide, 2007].

1. 	 Addition of 2 TFNs

� �E F p p q q r r p p� � � �,� �,� ��� ,�+( ) = + + +( ) ≥ ≥
1 2 1 2 1 2 1 2

0 0 	 (5)

2. 	 Subtraction of 2 TFNs

� �E F p p q q r r p p� � � �,� �,� ��� ,�−( ) = − − −( ) ≥ ≥
1 2 1 2 1 2 1 2

0 0 	 (6)

3. 	 Multiplication of 2 TFNs

� �E F p p q q r r p p�* � � * �,� * �,� * ��� ,�( ) = ( ) ≥ ≥
1 2 1 2 1 2 1 2

0 0 	 (7)

4. 	 Division of 2 TFNs

� �E F p p q q r r p p� � � �,� �,� ��� ,�÷( ) = ÷ ÷ ÷( ) ≥ ≥
1 2 1 2 1 2 1 2

0 0 	 (8)

5. 	 Inverse of a TFN

E
r q p

− =









≥1

1 1 1

1 1 1
0� � �, ,� 	 (9)

6. 	 Multiplication of a TFN by a constant
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k A k p k q k r* * , * , *� = ( )1 1 1
	 (10)

7. 	 Division of a TFN by a constant

E
k

p

k

q

k

r

k

�
=










� , ,1 1 1 	 (11)

Fuzzy DEMATEL

The Geneva Research Centre of the Battelle Memorial Institute who use DEMATEL method for the 
first time to solve MCDM problem (Gabus, and Fontela, 1972). DEMATEL approach is mainly used 
to detect the interrelationship among the factors and it is capable to solve complex problems (Tsai and 
Chou, 2009, Xia et al., 2015, Govindan et al., 2014, Jia et al., 2015). It is not able to handle the human 
bias and ambiguity in the data (Patil and Kant, 2013, Hsu et al., 2013). Fuzzy DEMATEL is a powerful 
tool to handle such situations. Presently many researchers and professionals used DEMATEL to find out 
the solutions of complex problems successfully (Wu WW, 2011, Mangla et al., 2015). Fuzzy DEMATEL 
is used in the present work to analyze the identified challenges in the implementation of SFSCM in 
Indian food industry; in this approach we combine fuzzy logic theory and the benefits of DEMATEL. 

Figure 1. Research flow chart
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Fuzzy DEMATEL is very useful to find out the causal relations among the challenges and also helps the 
managers to construct policies for the successful implementation of SFSCM in food industries. In the 
given literature DEMATEL has been proved as a powerful tool to solve the complex MCDM problems. 
In many cases it is very difficult to decide the human decisions and its preferences into crisp values due 
to the fuzziness. For the present problem we applied fuzzy theory to the DEMATEL in order to mea-
sure the qualitative decisions on the interrelationships among challenges. Steps and equations used in 
Fuzzy DEMATEL are listed below ((Govindan et. al., 2013, 2015, Mangla et al., 2014 and Hernandez 
et al., 2014). Defining aim and assessment of factors: To collect the data and to attain the purpose of 
the problem, literature assessment and experts opinion is required. Possible associated factors that are 
important for the application of SFSCM are listed as assessment factors.

Step One: To define an experts opinion and evaluation criteria.

In the present step group of experts was created to give experts opinion on associated issues. The 
important challenges of SFSCM implementation in food sector were determined from literature and 
were finalized as the evaluation criteria.

Step Two: Formulate fuzzy direct evaluation matrix (F)

Once the assessment criteria are established, pair wise comparison is performed. For the comparison 
between challenges we need to design a five point linguistic scale in Table 2 which will helps the experts 
to identify the interrelation. For evaluating and transforming the linguistic information obtained from 
expert’s judgments, the positive triangular fuzzy number (TFN) is used (see Table 2).

The TFN is denoted by quadruplet i.e., (pij, qij, rij), where p ≤ q ≤ r. Suppose x
ij p q r

k

ij
k

ij
k

ij
k= � � �,�� ,���

where 1≤ 

k ≤ K, is the fuzzy evaluation that the kth expert gives about the degree to which i has an impact on fac-
tor j.

Step Three: To construct fuzzy initial direct relation matrix

Defuzzification is compulsory for the conversion of fuzzy numbers into crisp number. We can easily 
defuzzify the fuzzy evaluation matrix with the help of bisection area method. Equation 12 helps in the 
formation of fuzzy initial relation matrix (F). For fuzzy average matrix (A) we calculate the average of 
k fuzzy initial relation matrix (F) of n x n experts vies, where k is the number of experts.

Table 2. Linguistic scale (Mangla et al., 2015)

Linguistic Values (TFN) Linguistic Terms

No effect (0,0,0.25)

Very low effect (0,0.25,0.5)

Low effect (0.25,0.5,0.75)

High effect (0.5,0.75,1.0)

Very high effect (0.75,1.0,1.0)
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Step Four: To attain the normalized initial direct relation matrix (D)

S

ijmj
n

ijmi
n

=
{ }=∑ { }=∑





















min
max

,
max

1

1

1

1

	 (12)

D M S= × 	 (13)

Step Five: To obtain the total relation matrix

T D I D= −( )−1 	 (14)

where, T= total relation matrix; I= Identity matrix

T t nxn
ij

= 

 	

Step Six: To find the total of rows (R) and the total of columns (C)

R t
ij

j

n

nx

=
=
∑

1 1

	 (15)

C t
ij

j

n

xn

=
=
∑

1 1

	 (16)

Step Seven: To sketch a cause and effect graph with the help of (r+c, r-c) values.

If the value of (r-c) is positive, that challenge come in to the cause group, and if the value of (r-c) is 
negative that challenge come under effect group. A flowchart is given in the Figure 2. In which all steps 
are explained in Fuzzy DEMATEL approach.

Data Collection

In the current work, the data is collected in 3 steps:

1. 	 Detection of significant challenges for the execution of SFSCM in Indian food industry.
2. 	 Giving ranks to the challenges according to the calculated values and also numbering them 

accordingly.
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3. 	 All the challenges were divided into cause and effect group according to their value of (r+c and 
r-c).

Eleven challenges (CH1, CH2, CH3, CH4, CH5, CH6, CH7, CH8, CH9, CH10, and CH11) were 
identified on the basis of literature survey and experts opinion in the beginning of the data collection. 
Experts from industries, academician in the particular field give their opinion for the identification of 
challenges. Among all, nine challenges were identified by literature survey and two from expert’s opinion 
which were explained in Table 1.

RESULTS AND DISCUSSIONS

Step One: A group of experts (two senior members, one from the food industry and one from the 
academician) has created the aim of this present research, to find out the key challenges in the 
implementation of SFSCM in Indian food industries. Selected members were very much capable 
in their respective areas and good in decision making. Expert’s selection was made on the basis of 
their knowledge and expertise in their particular area. Eleven challenges were identified from the 
given literature for the successful implementation of SFSCM in Indian food industry and validated 
by expert’s views.

Step Two: Pair wise evaluation was made by experts between the key challenges for the implementation 
of SFSCM in Indian food industries using the linguistic scale given in the Table 2.

Step Three: To formulate the initial direct matrix, defuzzification process is used in which fuzzy number 
is converted into crisp number. Table 4 explained the initial direct relation matrix of key challenges 
for the implementation of SFSCM in Indian food industries.

Figure 2. Fuzzy DEMATEL flowchart for the successfully implementation of SFSCM in Indian food industry
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Step Four: Explains about the fuzzy normalized initial direct relation matrix of identified important chal-
lenges for the implementation of SFSCM in Indian food industries which is illustrated in Table 5.

Step Five: Provides the total direct relation matrix of identified important challenges for the implemen-
tation of SFSCM in Indian food industries was obtained by equation 5 which is shown in Table 6.

Step Six: Total of rows (r) and total of columns (c) of the challenges for the implementation of SFSCM 
in Indian food industries was obtained by equation 15 and 16.

Step Seven: The value of (r+c) and (r-c) of the important challenges for the implementation of SFSCM 
in Indian food industries is explained in the Table 7.

The weight of eleven challenges in the perspective of SFSCM implementation in Indian food industry 
through the sum of (r+c) is given as CH1-CH4-CH6-CH7-CH9-CH5-CH8-CH11-CH10-CH2-CH3 
given shown in the Table 7. (CH1) food safety and security, (CH4) food wastage, (CH5) regulations and 
standards, (CH6) traceability, (CH7) transportation, (CH9) benchmarking, (CH11) product life cycle 
management were grouped into cause group and (CH2) food quality, (CH3) transparency, (CH8) sup-
plier selection, (CH10) information technology were grouped into effect group by using (r-c) values.

Cause Group Challenges

Challenges that come under cause group are having more importance and they are crucial so that focus 
should be made on them. In the cause group (CH6) traceability has higher (r-c) value (0.59), which di-
rectly affects the other challenges in the whole process. But the value of (r+c) of (CH6) is 3.13 which is 
very low as compared to other challenges. It is clearly seen from the picture that traceability affects the 
other challenges in the list but they receive very less influence in the return. Similarly other challenges 
in the cause group are ranked according to the (r-c) values affect the other challenges but not getting 
more influence in the return.

Effect Group Challenges

Effect group challenges gets easily influenced by the other challenges in the list, these challenges are not 
having that much of impact on other challenges but still they contribute significantly. In the effect group 
(CH2) food having the least (r-c) value of -0.57, which confirms that this challenge attain the maximum 
impact. (CH2) is a very important challenge in the food industry in terms of sustainability establishment, 
(CH2) directly affect the cause group. The other challenges in the effect group are sequentially arranged 
according to their priority. (CH8) transparency with (r-c) value of -0.46, (CH10) information technology 
with (r-c) value of -0.40 and transparency (CH3) with (r-c) value of -0.21. If industries and government 
give more emphasis on cause group challenges it automatically affect the effect group challenges.

CONCLUSION

In the present work, challenges were discussed for the successful implementation of SFSCM in Indian 
food industries. In SFSCM we combined three pillars of sustainability i.e. social, economic and environ-
ment. For achieving sustainability in the food sector it is mandatory for all the companies to consider 
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environmental factors, and also ensures that the product which they are making does not have any harmful 
effect on the environment. The companies are considering the whole product life cycle for the measure-
ment of environment impact of the particular product. Also in future the production of the food depends 
on the consumers demand or priorities. There is a lot of pressure on food manufacturing companies by 
consumers, governments, retailers and suppliers for the development of sustainable products. Although 
the insufficient amount of natural resources, companies should consider the sustainability for making 
the product environmentally safe. The environmental safe products can be made by change in labeling, 
packaging types, size, weight and making initiatives to increase recycling and reuse. Indian food industry 
is still having many challenges in respect of sustainable implementation such as food safety and security, 
food wastage, food quality, information technology and regulations and standards etc. Researchers and 

Table 3. Fuzzy direct evaluation matrix (F)

Table 4. Fuzzy initial direct relation matrix

Challenges CH1 CH2 CH3 CH4 CH5 CH6 CH7 CH8 CH9 CH10 CH11

CH1 0.04 0.25 0.3 0.8 1.0 1.0 0.8 0.5 0.3 0.5 1.0

CH2 1.0 0.0 0.5 1.0 0.5 0.3 0.8 0.8 0.3 0.8 0.3

CH3 1.0 0.8 0.0 0.8 0.5 0.8 0.3 0.8 0.5 0.3 0.3

CH4 0.8 1.0 1.0 0.0 0.8 0.8 0.3 1.0 1.0 0.8 0.8

CH5 0.5 0.3 0.8 0.5 0.0 1.0 0.8 0.8 1.0 1.0 0.3

CH6 1.0 0.8 0.5 0.8 0.8 0.0 1.0 0.8 0.5 1.0 0.8

CH7 0.8 1.0 0.3 0.5 0.8 1.0 0.0 1.0 1.0 0.5 1.0

CH8 1.0 0.5 0.5 0.3 0.8 0.3 0.7 0.0 0.8 0.8 0.8

CH9 1.0 0.8 0.8 1.0 0.5 0.8 0.5 0.8 0.0 0.8 0.5

Ch10 1.0 1.0 0.5 1.0 0.5 0.3 0.5 0.3 0.3 0.0 1.0

Ch11 1.0 1.0 0.5 1.0 0.3 0.3 0.5 0.5 0.8 0.5 0.0
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academicians are still working to handle the major problem of food globally. Selected challenges in the 
current research work mainly focused to achieve sustainability in the food supply chain. It was suggested 
that SFSCM is an emerging tool for the sustainable, durable and healthy food supply for all. This works 
mainly focused on the challenges in Indian food industries for the implementation of SFSCM. In this 
research an effort has been made to put practical use of SFSCM in Indian food industries by identify-
ing the challenges. Here, it can be suggested that Fuzzy DEMATEL, a decision model can be used to 
clarify the relationship among the challenges as well as causal interactions related to the implementa-
tion of SFSCM in Indian food industries. Fuzzy set theory is used for the human biasness or judgment 
and DEMATEL is used for the interrelation between challenges. Based on the proposed model Fuzzy 
DEMATEL we analyzed eleven challenges for the implementation of SFSCM in Indian food industry. 

Table 5. Normalized initial direct relation matrix (D)

Challenges CH1 CH2 CH3 CH4 CH5 CH6 CH7 CH8 CH9 CH10 CH11

CH1 0.005 0.029 0.029 0.086 0.109 0.110 0.086 0.057 0.029 0.057 0.110

CH2 0.109 0.005 0.057 0.109 0.057 0.029 0.086 0.086 0.029 0.086 0.029

CH3 0.109 0.086 0.005 0.086 0.057 0.086 0.029 0.086 0.057 0.029 0.029

CH4 0.086 0.109 0.109 0.005 0.086 0.086 0.029 0.109 0.109 0.086 0.086

CH5 0.057 0.029 0.086 0.057 0.005 0.109 0.086 0.086 0.109 0.109 0.029

CH6 0.109 0.086 0.057 0.086 0.086 0.005 0.109 0.086 0.057 0.109 0.086

CH7 0.086 0.109 0.029 0.057 0.086 0.109 0.005 0.109 0.109 0.057 0.109

CH8 0.109 0.057 0.057 0.029 0.086 0.029 0.081 0.005 0.086 0.086 0.086

CH9 0.109 0.086 0.086 0.109 0.057 0.086 0.057 0.086 0.005 0.086 0.057

CH10 0.109 0.109 0.057 0.109 0.052 0.029 0.057 0.029 0.033 0.005 0.109

CH11 0.110 0.110 0.057 0.110 0.029 0.029 0.057 0.057 0.086 0.057 0.005

Table 6. Total relation matrix

Challenges CH1 CH2 CH3 CH4 CH5 CH6 CH7 CH8 CH9 CH10 CH11

CH1 0.328 0.183 0.328 0.238 0.207 0.181 0.328 0.207 0.328 0.203 0.256

CH2 0.236 0.196 0.206 0.300 0.216 0.185 0.244 0.270 0.198 0.263 0.188

CH3 0.211 0.262 0.152 0.273 0.211 0.230 0.191 0.264 0.216 0.209 0.178

CH4 0.200 0.349 0.300 0.268 0.286 0.328 0.244 0.346 0.317 0.319 0.281

CH5 0.200 0.250 0.253 0.283 0.189 0.281 0.269 0.295 0.293 0.311 0.212

CH6 0.211 0.326 0.247 0.336 0.284 0.203 0.313 0.321 0.270 0.335 0.283

CH7 0.230 0.344 0.222 0.311 0.283 0.297 0.219 0.341 0.315 0.292 0.213

CH8 0.230 0.251 0.209 0.238 0.243 0.190 0.247 0.198 0.253 0.268 0.241

CH9 0.210 0.311 0.263 0.343 0.248 0.266 0.253 0.307 0.205 0.301 0.243

CH10 0.218 0.298 0.209 0.309 0.211 0.186 0.221 0.222 0.204 0.190 0.259

CH11 0.213 0.301 0.212 0.312 0.194 0.189 0.224 0.251 0.252 0.244 0.166
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Challenges namely (CH1) food safety and security, (CH4) food wastage, (CH5) regulations and standards, 
(CH6) traceability, (CH7) transportation, (CH9) benchmarking, (CH11) product life cycle management 
are grouped into cause group and more attention is required by the higher management for better re-
sults. The remaining challenges are (CH2) food quality, (CH3) transparency, (CH8) supplier selection, 
(CH10) information technology and they come under effect group, if these challenges are improved it 
can automatically increase the success rate of SFSCM in Indian food industry.

Table 7. Assessment of cause and effect challenges

Challenges Sum= ri Sum= cj r+c Rank r-c Cause/effect

CH1 2.787 2.487 5.27 1 0.30 Cause

CH2 2.503 3.071 2.50 10 -0.57 Effect

CH3 2.398 2.601 2.40 11 -0.21 Effect

CH4 3.238 3.212 3.24 2 0.03 Cause

CH5 2.836 2.571 2.84 6 0.27 Cause

CH6 3.128 2.536 3.13 3 0.59 Cause

CH7 3.067 2.754 3.07 4 0.31 Cause

CH8 2.565 3.023 2.57 7 -0.46 Effect

CH9 2.950 2.849 2.95 5 0.10 Cause

CH10 2.528 2.936 2.53 9 -0.4 Effect

CH11 2.559 2.521 2.56 8 0.04 Cause

Figure 3. Cause and effect diagram of challenges for the implementation of SFSCM in Indian food industry
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LIMITATIONS AND FUTURE SCOPE

Present work has its own limitations as well. The eleven challenges were identified which were related 
to SFSCM implementation in Indian food industry. The other challenges were not identified. On the 
basis of present work challenges were identified as a future perspective. All identified challenges are 
made a pair wise comparison by Fuzzy DEAMATEL and experts views. Fuzzy DEMATEL is modified 
according to the situations in many foreign countries. For the future aspects these eleven challenges were 
also analyzed by Fuzzy analytic hierarchy process (AHP), analytical network process (ANP) approach to 
solve multi criteria decision making (MCDM) problem. Total interpretive structural modeling (TISM) 
is also used for the challenges for successful decision making in Indian food industry.
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ABSTRACT

Scheduling is one of the most important problems in production planning systems. It is a decision-making 
process that plays a crucial role in many Industries. Different scheduling environments were addressed 
in the literature. Among them Flexible job-shop problem (FJSP) is an important one and it is an exten-
sion of the classical JSP that allows one operation which can be processed on one machine out of a 
set of alternative machines. It is closer to the real manufacturing situation. Because of the additional 
needs to determine the assignment of operations on the machines, FJSP is more complex than JSP, and 
incorporates all the difficulties and complexities of JSP. This chapter addresses a hybrid genetic scatter 
search algorithm for solving multi-objective FJSP. Makespan and flow time are the objective functions 
considered in this chapter. The computational results prove the effectiveness of the proposed algorithm 
for solving flexible job-shop scheduling problem.

INTRODUCTION

Meticulous planning and scheduling is one of the most important issues tackled by many researchers in 
production management. Scheduling is defined as a type of decision-making process that plays a crucial 
role in our daily life. It refers to setting of operation that it will start dates so that jobs will be completed 
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with their due date. In manufacturing areas, the objective of scheduling is to satisfy the customers by 
minimizing the lead time and so on. Different types of scheduling environments were addressed by 
Pinedo (1995). Among them the flexible job shop environment plays a vital role as many industries 
resemble it. Flexible job-shop problem (FJSP) can be considered as an addition of the standard JSP that 
permits one operation which can be handled on one machine out of a set of different machines (Zhang et 
al., 2009). It is closer to the real manufacturing situation. Because of the additional needs to determine 
the assignment of operations on the machines, FJSP is more complex. The FJSP are non-deterministic 
polynomial time hard (NP-hard) type combinatorial optimization problems which means scarcely any 
algorithm exist can solve the problem in polynomial time. Hence, the exact algorithms cannot be used 
to solve the problems. Researchers have suggested many heuristics and meta-heuristics to resolve these 
problems. Tabu search (TS), ant colony optimization (ACO), artificial immune system (AIS), particle 
swarm optimization (PSO) and genetic algorithm (GA) have been projected to solve the FJSP. In this 
chapter, a hybrid genetic scatter search algorithm (HGSSA) is recommended to solve the FJSP. The 
objective considered in this chapter is to minimize the weighted sum of makespan and mean flow time. 
The layout of a flexible job shop environment is given in Figure 1.

BACKGROUND

The FJSP was first tackled by Brucker and Schile (1990). Brandimarte (1993) developed a Tabu search 
(TS) algorithm for solving the FJSP. Hurink et al. (1994) also addressed a TS algorithm to solve the job 
shop scheduling problem with multi-purpose machines. Mastrolilli and Gambardella (2000) projected 
local search algorithms and two neighborhood functions to solve the FJSP. Kacem et al. (2002) tackled 
the FJSP using the Pareto-optimality approach to minimize three objective functions namely makespan, 

Figure 1. Layout of a Flexible Job Shop Environment
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the total workload of machines and the workload of the most loaded machine. Zhang and Gen, 2005 
proposed a multistage operation-based genetic algorithm to solve the FJSP to minimize the makespan. 
Saidi-Mehrabad and Fattahi (2007) presented a TS algorithm to solve the FJSP to minimize the makes-
pan. To appraise the performance of the proposed algorithm randomly generated test problems were 
used by them. Gao et al. (2008) applied a hybrid genetic and variable neighborhood descent algorithm 
for solving the FJSP. Pezzella et al. (2008) presented a genetic algorithm (GA) to solve the FJSP with 
makespan objective. The proposed GA combines different tactics for producing the primary population, 
choosing the individuals for reproduction and reproducing novel individuals. Zhang et al. (2009) estab-
lished a combined particle swarm optimization and TS algorithm to solve the multi-objective FJSP. They 
have verified the performance of the proposed algorithm using the benchmark problems available in the 
literature and demonstrated the effectiveness of the proposed algorithm. Bagheri et al. (2010) recom-
mended an artificial immune algorithm (AIS) to explain the FJSP to minimize the makespan. Different 
mutation operators were introduced by them to generate new individuals. Experiments were conducted 
with benchmark problems to validate the performance of the proposed algorithm. Defersha and Chen 
(2010) addressed a parallel genetic algorithm (PGA) for FJSP with sequence dependent setup times to 
minimize the makespan. Xing et al. (2010) proposed an integrated ant colony optimization (ACO) model 
and knowledge model to solve the FJSP to minimize the makespan. The performance of the algorithm 
was validated with the benchmark problems. Yazdani et al. (2010) solved the FJSP by a parallel variable 
neighborhood search (PVNS) algorithm. The objective was to minimize makespan time. Bagheri and 
Zandieh (2011) tackled the FJSP with sequence-dependent setup times. The objective was to minimize 
the makespan and mean tardiness. A variable neighborhood search (VNS) algorithm was developed by 
them. A greedy randomized adaptive search procedure was presented by Rajkumar et al. (2011) to solve 
the FJSP. They considered the limited resource constraints and the objective was to minimize the makes-
pan, maximum workload and total workload. Baykasoğlu et al. (2014) suggested a Teaching–learning 
based optimization (TLBO) algorithm to solve the FJSP. The objective is to minimize the makespan. An 
extensive experimental work was carried out to illustrate the effectiveness of the proposed algorithm. 
Recently, multi-objective FJSP was tackled by Karthikeyan et al. (2015) using a hybrid discrete firefly 
(HDF) algorithm. A local search method was combined with the discrete firefly algorithm. A scatter 
search (SS) was proposed by González et al. (2015) to tackle the FJSP to minimize the makespan. Xu 
at al. (2015) also developed an effective TLBO algorithm to solve the FJSP. They considered the fuzzy 
processing time of jobs in their research.

Academics introduced a lot of meta-heuristic algorithms to solve the combinatorial optimization 
problems. Scatter search algorithm (SSA) is one sort of meta-heuristics created by Glover (1977). He 
utilized the SSA as a heuristic for integer programming. Noorul Haq et al. (2006) applied the SSA to 
minimize makespan for flow shop scheduling problems. Rahimi-Vahed et al. (2008) developed a multi-
objective scatter search algorithm (MOSSA) to minimize the weighted mean completion time and 
weighted mean tardiness to solve the no-wait flow shop scheduling problems. Saravanan et al., 2008 
have assessed the performance of SSA to minimize the makespan for flow shop scheduling problems. 
Ranjbar et al. (2009) recommended a hybrid scatter search algorithm (HGSSA) to minimize the makes-
pan for project scheduling problems. Saravanan and Noorul Haq, 2010 also evaluated the performance 
of SSA for the job shop scheduling problems to minimize the makespan. Baradaran et al. (2010) also 
established a HGSSA to minimize the makespan for a PERT type network for resource constrained proj-
ect scheduling problem. They applied path relinking algorithm and two operators to solve the problem. 
The efficiency of the proposed algorithm was tested for real world problems and benchmark problems. 
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Tavakkoli-Moghaddam et al. (2010) suggested a SSA to minimize the makespan, intracellular move-
ment, tardiness, and sequence-dependent setup costs, simultaneously for a group scheduling problem in 
a cellular manufacturing system. Marichelvam and Prabaharan (2014) appraised the performance of an 
improved hybrid genetic scatter search algorithm (IHGSSA) to solve the multi-stage hybrid flow shop 
scheduling problems with missing operations. They hybridized the constructive heuristics, genetic and 
scatter search algorithm. They tested the performance of the proposed algorithm using industrial data 
and random problem instances. Recently, several meta-heuristic algorithms were proposed by the re-
searchers to tackle different optimization problems. Kumar et al. (2016) proposed grey wolf optimizer 
algorithm for system reliability optimization. Kumar et al. (2016) also addressed proposed cuckoo search 
algorithm for reliability optimization of complex system. Particle swarm optimization algorithm (Pant 
and Singh, 2011, Pant et al., 2015, Pant et al., 2017) and multi-objective particle swarm optimization 
algorithm (Pant et al., 2015, Kumar et al. 2017) were also addressed in the literature to solve the reli-
ability optimization problems.

From the above literature review, one can easily conclude that the applications of the HGSSA to solve 
the FJSP require further extensive studies. Hence, in this paper, a hybrid genetic scatter search algorithm 
is proposed to minimize weighted sum of makespan and mean flow time in FJSP.

MAIN FOCUS OF THE CHAPTER

This chapter considers the FJSP with makespan and mean flow time objective functions. Makespan is 
the completion time of the last job in the production system and it is used to improve the efficiency of 
the production system (Tosun and Marichelvam, 2016). Mean flow time is the amount of average time 
job spends in a business process from beginning to end and it is used to minimize the inventory (Mar-
ichelvam and Geetha, 2014a). The objective of this chapter is to minimize the weighted sum of makespan 
and mean flow time. In this paper, the following assumptions are considered (Zhang et al., 2010)

•	 All machines are accessible at time zero.
•	 All jobs are ready at time zero.
•	 Each machine can do only one operation at a time.
•	 Each operation can be handled without interruption on one of a set of available machines.
•	 Recirculation takes place whilst a job ought to go to a machine more than once.
•	 The order of operations for each job is predefined and cannot be modified.

Genetic Algorithm

Genetic algorithm was developed by Holland (1975. GA was developed based on the process of natu-
ral evolution. In the GA, a sequence of genes represents a solution and is called as a chromosome. An 
intelligently selected set of solutions is called as a population. The population at a given time is called 
as a generation. The GA starts with an initial population of solutions whose potential is determined 
by the fitness function. The fitness function evaluates the chromosomes with respect to the objective 
function of the optimization problem considered. The population size remains same from generation to 
generation. The population size has played a vital role on the performance of the GA. The next genera-
tion of population is obtained by selection, crossover and mutation. The fitness of the new population 
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is measured and the old population is replaced by the fittest chromosomes in the new population. The 
above steps will be repeated until the termination criterion is reached.

Scatter Search Algorithm

The initial solutions are randomly generated in most of the meta-heuristics. However, in the SSA the 
initial solutions are generated non-randomly. The five steps in scatter search algorithm are given by 
Glover et al. (2000).

1. 	 Diversification Generation Method: This is used to generate a collection of diverse trial solutions.
2. 	 An Improvement Method: This is used to transform a trial solution into one or more enhanced 

trial solutions.
3. 	 Reference Set Update Method: This is used to build and maintain a reference set consisting of 

the b “best” solutions found.
4. 	 A Subset Generation Method: This is used to operate on the reference set, to produce a subset 

of its solutions as a basis for creating combined solutions.
5. 	 A Solution Combination Method: This is used to transform a given subset of solutions produced 

by the subset generation method into one or more combined solution vectors.

The Pseudo-code of SSA is given below (El-Sayed et al., 2008):

Begin 

Repeat 

Create Population; 

Repeat 

Generate Reference Set; 

Repeat 

Select Subset; 

Combine Solutions; 

Improve Solution; 

Until (StoppingCriterion1); 

Update Reference Set (RefSet); 

Until (StoppingCriterion2); 

Until (StoppingCriterion3); 

End;

Hybrid Genetic Scatter Search Algorithm (HGSSA)

The proposed algorithm is based on the work done by Marichelvam and Prabaharan (2014). To improve 
the performance of individual meta-heuristic algorithm, academics attempted to combine two or more 
meta-heuristics. In this chapter, it is proposed to combine the GA with SSA. Moreover, the dispatching 
rules are also incorporated with the meta-heuristics. In the HGSSA, the parameters such as the initial 
population size (N), reference set size (b), size of the high quality solutions (b1) and diverse solutions 
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(b2), crossover probability (Pc), mutation probability (Pm), fitness function, number of generations (G) 
are defined first. In the GA, the initial population of solutions is randomly generated. But, in the SSA the 
initial solutions are generated by the method of diversification. In the HGSSA proposed in this chapter, 
two solutions are generated using two dispatching rules namely shortest processing time (SPT) rule 
and longest processing time (LPT) rule and the remaining solutions are generated randomly. Then, the 
solutions generated in the previous step are evaluated. The objective function considered in this work is 
minimization of weighted sum of makespan and mean flow time. For the minimization problems, the 
fitness function is the reciprocal of the objective function. A reference set is built based on the results 
obtained above step. The reference set contains of both high-quality solutions and diverse solutions. 
The reference set size is b in which there are b1 high-quality solutions and b2 diverse solutions. The 
reference set size is calculated by using the following equation.

b = b1 + b2 	 (1)

Selection is used to make a new population of solutions from the current population. Diverse catego-
ries of selection techniques are available in the literature. In this chapter, a random selection technique 
is used. After selection, cross over is carried out. Cross over is a genetic operator. It is used to produce 
new off springs from the parents. Different types of cross over techniques were addressed in the litera-
ture. The two-point crossover described by Holland (1975) is used in this chapter. Mutation is another 
used to reduce the chances for the search process to be getting trapped in local optimal solutions. The 
swap mutation described by Luo et al. (2009) is used in this chapter. In the swap mutation two genes 
are randomly selected and their positions are exchanged. After mutation, new solutions are generated. 
These solutions are evaluated according to the fitness function (this is the reciprocal of weighted sum 
of makespan and mean flow time). Based on the fitness function values, the reference set is updated. 
If there is no improvements, the termination criterion is checked. The number of generations is used as 
the termination criterion and the optimal sequence is printed.

SOLUTIONS AND RECOMMENDATIONS

To demonstrate the performance of the HGSSA, an automobile spare parts manufacturing unit located in 
south India is considered in this chapter. The collaborative company is one of the leading manufacturers 
in India. The company produces carious components such as Oil seals, Oil rings, Reed valve assemblies, 
Moulded rubber product, Gaskets and Packing and sealing devices. Many of the components are exported 
to several countries including Indonesia, Thailand, Japan, Korea, China and United States of America. 
Among the different products data related with oil seals and moulded rubber product are used in this 
study. The processing time for the oil seal is given below in Table 1.

The Gantt chart schedule obtained by the HGSSA for the oil seal and moulded rubber part production 
are depicted in Figures 2 and 3 respectively.

To validate the performance of the proposed algorithm random problem instances are also developed. 
The parameters of the problem instances and the algorithm are presented in Table 3.
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The performance of the proposed algorithm is compared with the ant colony optimization (ACO) 
algorithm, Genetic algorithm (GA), Particle swarm optimization (PSO) algorithm, Scatter Search (SS) 
algorithm, Tabu Search (TS) algorithm and Variable Neighbouhood Search (VNS) algorithm. The 
proposed algorithm is tested for all possible combination of parameters. Hence 3*3*3*1*2*1*1*2*2 = 
216 different setups are considered for the calibration of the proposed algorithm. Each problem instance 
is replicated 20 times with different initial random solutions. Relative deviation index (RDI) is one of 
the most important performance measures used in the scheduling literature. Hence, in this paper also 
RDI is measured to compare the performance of different algorithms. The RDI is calculated using the 
equation (2).

Table 1. Processing time for the oil seal

JOB Oij M1 M2 M3 M4 M5 M6 M7 M8

J1

O1,1 4 7 6 2 5 3 8 6

O1,2 11 3 4 8 6 5 5 9

O1,3 5 7 5 11 6 8 4 5

J2

O2,1 3 5 7 4 11 10 6 7

O2,2 12 8 9 7 5 11 9 8

O2,3 14 5 8 9 7 4 11 10

J3

O3,1 3 7 2 4 9 8 3 5

O3,2 6 1 4 5 8 11 2 3

O3,3 2 8 5 3 7 4 11 6

J4

O4,1 6 1 8 3 4 7 2 4

O4,2 5 4 2 7 9 8 3 11

O4,3 3 8 5 11 8 9 6 4

J5

O5,1 6 5 8 4 7 3 4 9

O5,2 5 9 7 3 5 11 7 4

O5,3 7 3 5 4 8 2 6 3

J6

O6,1 2 8 1 7 6 3 4 5

O6,2 7 1 4 2 4 8 2 9

O6,3 9 3 8 1 2 5 7 6

J7

O7,1 10 4 5 8 7 5 8 3

O7,2 4 5 2 7 9 11 7 6

O7,3 9 7 9 11 8 10 8 6

J8

O8,1 8 7 10 9 11 17 6 8

O8,2 2 5 4 7 3 5 6 9

O8,3 7 6 9 8 9 8 11 10

Number of machines – 8
Number of jobs – 8
Number of operations – 24
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Table 2. Processing time for the moulded rubber part

JOB Oij M1 M2 M3 M4 M5

J1

O1,1 5 2 2 1 4

O1,2 5 4 8 6 9

O1,3 14 5 9 4 8

J2

O2,1 2 8 4 3 7

O2,2 7 9 6 11 5

O2,3 9 5 4 8 7

J3

O3,1 7 8 6 9 8

O3,2 8 1 4 6 7

O3,3 2 8 4 5 3

J4

O4,1 1 5 8 4 2

O4,2 4 2 2 1 3

O4,3 2 3 8 5 7

J5

O5,1 1 3 2 3 5

O5,2 4 5 4 6 1

O5,3 2 9 2 1 5

Number of machines – 5
Number of jobs – 5
Number of operations – 15

Figure 2. Gantt Chart for Oil Seal Production
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RDI = 
(Z Z )

Z
Rmeta

l=

R *

*
/

−
×∑ 100

1

	 (2)

where,

Z* = best objective function value
Zmeta = objective function value obtained by the different algorithms

Figure 3. Gantt Chart for Moulded Rubber Part

Table 3. Parameters of the random problem instances and algorithm

Sl. No. Parameters Values

1 Number of Jobs 5, 10 & 20

2 Number of Machines 2, 3 & 5

3 Number of operations 5, 10 & 20

4 Processing time distribution Uniform (1-50)

5 Size of the population 50, 100

6 Number of good quality solutions 10

7 Number of diverse solutions 10

8 Probability of mutation 0.03 and 0.05

9 Cross over probability 0.5 and 0.6
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R = number of runs (20)

From the calculated RDI vales, mean relative deviation index (MRDI) values are calculated for dif-
ferent algorithms by the following equation (3).

MRDI = ΣRDI / 216 	 (3)

The MRDI comparison of different algorithm is presented in Figure 4.
Lower MRDI will be the indication of better performance of the proposed algorithm. From the fig-

ure, it is concluded easily that the performance of the proposed hybrid genetic scatter search algorithm 
is better than many other algorithms addressed in the literature for the random problem instances. This 
indicates the effectiveness of the proposed algorithm.

FUTURE RESEARCH DIRECTIONS

In this chapter, flexible job shop scheduling problems are considered with many assumptions. For in-
stance, the setup time is not addressed in this chapter. Consideration of setup time and transportation 
time is a future research scope of this work. Consideration of due date related criteria such as earliness 
and tardiness would be another interesting scope of this research. The genetic scatter search algorithm 
may also be applied for other optimization problems. The proposed algorithm might be hybridized with 
other algorithms. Moreover, in this paper one type of crossover and mutation operators are used. It would 
be interesting to see the performance of the proposed algorithm with various crossover and mutation 
operators. Also, the incorporation of dispatching rules and constructive heuristics would be another 
important future scope of this research.

CONCLUSION

This chapter addresses the flexible job shop scheduling problems which have been proved to be NP-hard. 
An efficient HGSSA is proposed to tackle the FJSP to minimize the makespan and mean flow time. The 

Figure 4. MRDI Comparison of Different Algorithms
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operators used in genetic algorithm such as cross over and mutation are entrenched in SSA to improve 
the solution diversity. The performance of the HGSSA is tested with an industrial data set from a leading 
automobile manufacturing unit. Gantt charts are drawn for the schedule obtained by the hybrid genetic 
scatter search algorithm. Moreover, extensive computational experiments are carried out by develop-
ing arbitrary problems with different setups. The outcomes of the HGSSA are equated using numerous 
former algorithms used in the literature. Computational results reveal the effectiveness of the HGSSA.
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KEY TERMS AND DEFINITIONS

Genetic Algorithm: A meta-heuristic algorithm used to solve the optimization problems.
Genetic Scatter Search Algorithm: A hybridization of genetic and scatter search algorithms.
Makespan: Makespan is defined as the completion time of the last job to leave the system.
Mean Flow Time: Mean flow time is defined as the average time spent by the jobs in the produc-

tion system.
NP-Hard Problems: Non – deterministic polynomial time hard problems.
Scatter Search Algorithm: A meta-heuristic algorithm used to solve the optimization problems.
Scheduling: Scheduling is defined as a process of allocating resources over time to perform a col-

lection of tasks.
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ABSTRACT

Electrical discharge machining (EDM), a thermo-mechanical machining process, is used in producing 
complicated intrinsic cavity in difficult-to- machine materials with excellent surface finish. One of the 
major disadvantage of EDM process is the tool wear, which can be used advantageously for coating 
purpose. Coating is a unique method of EDM process by the use of electrode prepared via powder metal-
lurgy route. Copper and tungsten powders in weight percentage of 30 and 70 respectively are used for 
the preparation of the tool electrode by varying the PM process parameters like compaction pressure 
and sintering temperature. The substrate on which coating is made is chosen as AISI 1040 stainless steel 
with EDM oil as the dielectric fluid. During coating, influence of parameters like discharge current, 
duty cycle and pulse-on-time on material deposition rate, tool wear rate and radial under deposition are 
studied. To find out the best parametric combination Grey Relational Analysis method combined with 
Harmony Search algorithm has been employed.

INTRODUCTION

Electrical discharge machining (EDM), a non-conventional machining process, is extensively used in 
aerospace, biomedical, chemical, automobile and tool and mold making industries. EDM is normally 
used to produce parts with complex geometry made of difficult-to-machine materials having reason-
able surface finish. In EDM process, both work piece and tool electrode are electrically conductive and 
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immersed in a dielectric medium. The material removal occurs by electro-thermal process. When the 
potential difference is applied to the electrical circuit, an electric field is established due to the poten-
tial difference in the tool electrode and work piece gap. Therefore, free electrons on the electrode were 
emitted and accelerated towards the work piece by the electrostatic force. The accelerated electrons 
collide with the work piece surface and a high temperature around 8000-10000°C is generated. The 
material removal occurred by the melting and evaporation of tiny particles from the work piece surface 
due to the generation of successive sparks between work piece and electrode in the dielectric medium. 
Extensively high temperature generated at the work piece surface can easily melt and vaporize materi-
als from difficult to machine materials with high hardness, strength and complex structural properties. 
The dielectric fluid closes the electrical circuit as well as swept out the removed material and enhanced 
the material removal rate (Mishra, 2012; Sahu, Mohanty, & Sahoo, 2017). During the process of EDM, 
material removals as well as tool wear occur due to the generation of very high temperature. The tool 
electrode wear phenomenon cannot be eliminated completely. But the wearing material from the tool 
can be used for coating purpose. Electrical discharge coating (EDC) is an exceptional method of EDM 
process where surface modification or surface alloying of the work piece occurs. The removed tool 
material is deposited on the work piece surface and form hard coated layer on the work piece surface. 
Hence, electrode prepared via powder metallurgy route is used for EDC process. By preparing electrode 
via powder metallurgy route, one can vary the properties of the tool electrode such as density, electri-
cal conductivity as per requirement by varying different powder metallurgy process parameters like 
compaction pressure and sintering temperature. Therefore, tool material can be eroded sufficiently and 
transferred to the work piece surface. With the use hydrocarbon oil as dielectric fluid in EDC process, 
the dielectric fluid dissociated during the spark and combined with the tool material forming a hard-
coated layer of metal carbide on the work piece surface. A hard ceramic layer of WC, TiC, SiC, TiN, 
B4C, Cu3Sn, CuSn, ZrB2 can form on the work piece surface after EDC according to the type of the 
tool electrode and the dielectric fluid used during the EDC process. The EDC process can be used to 
improve the corrosion resistance and hardness of the work piece that can be used in the industries like 
aerospace, automobile, biomedical and chemical where the work piece materials are used in a wide 
variation of temperature with extreme environmental conditions. The EDC process is less expensive as 
compare to other complicated and costly coating processes like chemical vapor deposition (CVD) and 
physical vapor deposition (PVD).

In the EDC process, multiple conflicting performance characteristics need to be optimized in order 
to maximize productivity of the process. For example, material deposition rate need to be maximized 
whereas tool wear rate and radial under deposition are minimized for improving the EDC process. There-
fore, proper selection of the various process parameters is an important issue in EDC process. From 
recent literature, it is found that different optimizations techniques have been used for the optimization 
of the EDM and EDC process to enhance the performance of the processes. Various techniques used 
for the purpose include Grey Relational Analysis (GRA), Satisfaction Function and Distance Based Ap-
proach, Utility Concept and Quantum Behaved Particle Swarm Optimization (QPSO) (Sahu, Mohanty, 
& Sahoo, 2017; Patowari, Saha, & Mishra, 2010; Rahul, Datta, Biswal, & Mahapatra, 2017; Mohanty, 
Mahapatra, & Singh, 2017). In this work, grey relational analysis (GRA) based Harmony search (HS) 
algorithm has been used to get optimal parametric setting to get best output responses of EDC process. 
Here, GRA method used to convert the multi responses into single response i.e. grey relational grade 
(GRG) and harmony search algorithm has been used to find the optimum parametric setting.
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In this work, tool electrode prepared via powder metallurgy route has been used for the EDC process 
by varying parameters like compaction pressure, sintering temperature, discharge current, duty cycle 
and pulse-on-time. The effect of these parameters on the output responses like material deposition rate, 
tool wear rate and radial under deposition have been studied. The best parametric setting of the EDC 
process has been found out by grey relational analysis combined with harmony search algorithm to get 
optimum EDC performance.

BACKGROUND

For the EDC process, the electrodes are prepared by powder metallurgy (PM) route so that the elec-
trode materials removed from the tool can be deposited on the work piece and form a deposited layer. 
The green compact electrodes as well as sintered electrodes are used for the EDC process. For surface 
modification of aluminum work piece, TiC-Cu green compact tool electrode is used. The effect of EDC 
process parameters like peak current, pulse-on-time, composition and compaction pressure of tool elec-
trodes are studied along with process performance like surface roughness, coated layer thickness and 
micro-hardness of the coated surface. Here, the amount of Ti present on the coated surface decreases 
towards the parent material aluminum. Lower values of current provide a better surface with a lower 
layer thickness of coated layer (Das, & Misra, 2012). Powder metallurgy (PM) route is adopted for the 
preparation of copper-tungsten tool electrode for electrical discharge coating of work piece materials 
like C-40 steel, AISI D2 steel and Inconel 718. The transfer of tool material occurs with deposition of 
the material on the work piece. With the presence of hydrocarbon dielectric fluid like kerosene, the 
tool materials combine with the carbon of the dielectric fluid and form metallic carbide like tungsten 
carbide (WC). Deposition of tungsten carbide occurs on the work piece with an increase in micro-
hardness of the work piece. Cu-W electrode prepared via powder metallurgy method and solid copper 
electrode have been used for the electro-discharge machining of the AISI D2 steel with kerosene as the 
dielectric fluid. Material removal rate (MRR) and surface roughness (Ra) have been analyzed for dif-
ferent process parameters like current, duty cycle and flushing pressure. Copper electrode gives higher 
material removal rate (MRR) whereas Cu-W electrode given better surface finish (Beri, Maheshwari, 
Sharma, & Kumar, 2008). Different types of electrodes like Cu electrode, Cu25-W75 and Cu20-W80 
PM composite electrodes have been used in machining of Inconel 718 using EDM with EDM oil as the 
dielectric fluid. Surface modification of Inconel 718 surface has been made by the by EDM electrodes 
prepared by PM route. The tool material has been transferred to the work surface and formation of hard 
composite layers of carbides like Fe6W6C, Cr2F14C and N2Mo4C has been observed (Beri, Maheshwari, 
Sharma, & Kumar, 2014). Different PM process parameters and EDM process parameters has been 
varied to analyze the EDC process. Cu-W PM electrodes have been used for the surface modification. 
Reverse polarity is used for the surface modification process of EDM. Material transfer rate (MTR) and 
average layer thickness (LT) have been evaluated for different process parameters and artificial neural 
network (ANN) is used to evaluate the performance of the EDC process (Patowari, Saha, & Mishra, 
2010). Similarly, W-Cu PM electrodes have been used for the surface modification of C-40 grade plain 
carbon steel. The energy dispersion X-ray spectrograph (EDX) and X-ray diffraction (XRD) of the EDM 
machined surface indicate presence of Cu and W particles in the form of carbides. With the formation 
of the carbides, the micro-hardness of the machined surface is increased (Patowari, Saha, & Mishra, 
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2011; Patowari, Saha, & Mishra, 2015). The Schematic diagram of the EDC process is given in Figure 
1. The tool wear materials combine with the carbon dissociated from the hydrocarbon fluid to form the 
metallic carbides. Therefore, the hardness of the EDC surface increased.

TiC-Cu and TiC/W-Cu tool electrodes have been prepared via powder metallurgy route and used in 
electro-discharge machining (EDM) as tool electrode. A better surface finish of the machined surface 
is observed with the decrease in relative density of the electrodes. The best EDM performance in terms 
of higher material removal rate, less tool wear rate with a better surface finish of the machined surface 
is found in 15% TiC addition with Cu-W electrode (Li, Wong, Fuh, & Lu, 2001a, 2001b). Two types of 
tool electrodes like solid copper and powder compact copper tool electrodes have been employed to study 
the EDC process of Ti-6Al-4V alloy. The electrode prepared via powder metallurgy process produces an 
alloying effect rather than material removal because of less strength of the compact electrodes. Powder 
metallurgy electrode produces thicker coating layer in positive polarity (Ho, Aspinwall, Voice, Box, & De, 
2007). Likewise, the electrolytic copper powder is used to prepare EDM electrode by varying different 
PM process parameters like compaction pressure and sintering temperature. The EDM performance of 
these electrodes has been studied and found that these electrodes are used for material deposition rather 
than material removal (Samuel, & Philip, 1997).

Bronze tool composed of 90% copper and 10% tin is prepared by powder compaction process. The 
bronze tool electrode is used for the surface modification of mild steel by the electro-discharge pro-
cess. It is observed that current exhibits more influence on the deposited layer because thickness of the 
deposited layer increases with increase in current. But frequency does not have significant influence 
on deposited layer. The EDS and XRD analysis of the work piece surface reveal the transformation of 
tool materials i.e. copper and tin to the surface of the work piece after EDM with the formation of dif-
ferent phases like Cu3Sn, CuSn, Cu6Sn5 on the work piece surface. The bronze deposited layers exhibit 

Figure 1. Schematic diagram of the EDC process (Patowari, Saha, & Mishra, 2010)
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rougher surface properties (Gangadhar, Shunmugam, & Philip, 1991). Surface alloying of hardened 
AISI D2 Sendzimir rolls is performed by electro-discharge texturing using TiC-WC-Co and WC-Co 
electrode prepared via powder metallurgy route. The coated layers contain Ti and W which increase 
the micro-hardness of the roll surface. The compaction pressure and sintering temperature increase the 
physical, mechanical, electrical, thermal and microstructural properties of the electrode. This enhances 
coating performance by EDM (Simao, Aspinwall, El-Menshawy, & Meadows, 2002). TiC coating on the 
roll surface i.e. 2%Cr steel is made by electrical discharge coating process by the help of TiC sintered 
electrode. The hardness of the coated surface is found to be more than that of the parent materials. The 
wear resistance of coated roll surface by EDC is superior to the conventional chrome-plated rolls (Ueno, 
Fujita, Kimura, & Nakata, 2016). Ceramic coating of TiB2 and TiC is applied on the surface of aluminum 
work piece by EDC process with the help of green compact Ti-B4C electrode. Peak current is found to 
be the most significant parameters in the EDC process. With an increase in peak current, the tool wear 
rate is increased. The increase in tool wear rate causes to increase in deposition rate and layer thickness 
of the coated layer. The hardness of the coated layer is also improved after coating due to the formation 
of ceramic layers like TiB2 and TiC (Ahmed, 2016).

In some cases, electrode prepared via powder metallurgy route is used for electrical discharge ma-
chining. For example, copper-titanium electrodes i.e. Cu-90%, Ti-10% and Cu-80%, Ti-20% are used 
for the machining of superni-800 super alloy. In order to obtain better material removal rate, it is recom-
mended to use Cu-90% and Ti-10% electrode. However, conventional copper electrode must be used for 
minimizing tool wear rate (Bhanot, Beri, & Kumar, 2014). Copper-silicon carbide electrodes prepared 
through powder metallurgy method are used for the EDM of AISI D3 die steel as the work piece ma-
terial and kerosene as the dielectric fluid. Here the copper-silicon carbide electrodes are prepared by 
varying the composition of the silicon carbide by 5%, 10% and 15% respectively. The microstructural 
analysis of the machined work piece surface reveal that the thickness of the recast layer increase with 
increase in gap current and with increase in the percentage of silicon carbide. Similarly, Cracks in the 
recast layers increase with increase in the gap current. As compare to other electrodes, Cu-SiC electrode 
having 5% SiC exhibit less tool wear. The XRD analysis of the machined surface reveal that maximum 
copper deposition occurs by using 5% SiC composite electrode (Choudhary, Kumar, & Singh, 2012). 
Copper-chromium composite electrode prepared via powder metallurgy route is used for the EDM of 
AISI 1045 medium carbon steel as work piece material and dielectric fluid as kerosene. The material 
removal rate and electrode wear rate are decrease with increase in chromium percentage in the com-
posite tool electrode for both positive and negative polarity. The weight loss increases with increase in 
corrosion elapsed time for all the electrodes, but weight loss decreases with the increase in the percent-
age of chromium in the composite tool electrodes. Both material removal rate and electrode wear rate 
are increase with increase in sintering pressure and open circuit voltage. Similarly, material removal 
rate and electrode wear rate are more by using copper-chromium composite electrode as compare to 
a solid copper electrode. But better surface finishes produce on the work piece by using solid copper 
metal electrode. The micro-harness value decreases from the machined surface towards the base metal. 
The chromium elements are transferred to the machined surface during machining and enhanced the 
corrosion resistance of the machined work piece material. The thickness of the recast layer is more by 
using copper electrode as compare to the copper-chromium composite electrode (Tsai, Yan, & Huang, 
2003). A metal matrix composite (ZrB2-Cu) is used as the tool electrode in EDM for the machining of 
mild steel. By using ZrB2-40% Cu as electrode, the material removal rate is more and tool wear rate 
is less as compare to the common copper electrode. But the diametric over cut and surface roughness 
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are found to be more in ZrB2-Cu electrode as compare to the copper electrode. Material removal rate, 
diametric over cut and tool wear rate are increased with increase in pulse on time. Similarly, roughness 
of the machined surface as well as tool surface after machining are increased with increase in pulse on 
time. Material removal rate and tool wear rate are also increase with increase in current (Khanra, Sarkar, 
Bhattachary, Pathak, & Godkhindi, 2007). Cu-ZrB2 and Cu-Ti-Si composite electrodes are prepared by 
powder metallurgy route by varying different compaction pressure and sintering temperature to study 
the EDM performance. With increase in the percentage of ZrB2 in electrode, the material removal rate 
decreases along with increase in tool wear rate and average surface roughness. But electrode prepared 
with high sintering temperature give better EDM performance as compare to the electrode prepared 
at less sintering temperature. In the case of Cu-Ti-Si electrode, the tool wear rate and average surface 
roughness increase with increase in percentage of the TiSi. But material removal first increase and then 
decrease with increase in the percentage of the TiSi. By analyzing the EDM performance of all the 
electrodes it is found that Cu-TiSi-Gr electrode cannot be used as EDM electrode due to high electrode 
rate, low surface finish of machined surface and lower material removal rate (Zaw, Fuh, Nee, & Lu, 
1999). Ultrasonic electro-deposition technique is used to prepare Cu-SiC tool electrodes for EDM. The 
electrode prepared with low ultrasonic power contain more SiC particles as compare to the electrodes 
prepared at high ultrasonic power. The tool wear rate of the composite electrode is less as compare to 
copper electrode and tool wear rate of the Cu-SiC electrode is increase with increase in pulse current 
(Li, Niu, & Zheng, 2016).

In this work, to study the electrical discharge coating (EDC) process, copper-tungsten (Cu-W) electrode 
prepared via powder metallurgy (PM) route are used. Different powder metallurgy process parameters 
like compaction pressure (CP) and sintering temperature (ST) are varied during the preparation of tool 
electrodes. To study the EDC process along the powder metallurgy process parameters different EDC 
process parameters are also varied during the coating process like discharge current (Ip), duty cycle (τ) 
and pulse-on-time (Ton).

MAIN FOCUS OF THE CHAPTER

Electrical discharge coating process has been performed on AISI 1040 stainless steel with the help of 
copper-tungsten composite electrode prepared via powder metallurgy route and EDM oil as the dielectric 
fluid. To reduce the number of experiment, Taguchi’s L18 orthogonal array has been used. The powder 
metallurgy process parameters like compaction pressure and sintering temperature have been varied 
along with electrical discharge coating process parameters like discharge current, duty cycle and pulse-
on-time during the coating process. The effect of these process parameters on material deposition rate 
(MDR), tool wear rate (TWR) and radial under deposition (RUD) have been studied. To find out the best 
parametric combination that can simultaneously optimize three performance measures, Grey Relational 
Analysis (GRA) method combined with Harmony Search (HS) algorithm has been employed.

MATERIALS AND METHOD

Electrical discharge coating (EDC) process is an exceptional process of electrical discharge machining 
(EDM) process. For the EDC process in most of the cases powder metallurgy route has been used to 
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prepare the tool electrode. The electrodes used in the EDC process are either green compact electrode 
or sintered electrode. In this work, copper-tungsten electrode was prepared via PM route and used as 
tool electrode in EDC of 1040 stainless steel of rectangular shape plate (100×30×6 mm) as work piece 
material. The chemical composition and properties of AISI 1040 stainless steel is presented in Table 1 
and Table 2 respectively.

To prepare the electrodes for EDC process, copper and tungsten powders of mesh size 325 in weight 
percentage of 30 and 70 were used. Both the powders were mixed in a pulverizing mill for 10 hours. 
After complete mixing, the powder mixture was compacted by the help of a uniaxial compaction machine 
with different compaction pressure in a punch and die system. The electrode produced after uniaxial 
compaction is termed as the green electrode. This green electrode further sintered in a tubular furnace in 
an argon environment. The powder metallurgy process parameters like compaction pressure and sinter-
ing temperature were varied for the preparation of the electrodes as given in Table 3. The densities of 
the copper-tungsten tool electrodes were presented in Table 4.

The tool electrodes produced via PM route were of cylindrical shape with diameter 25mm. The elec-
trical discharge coating process of AISI 1040 stainless steel by copper-tungsten tool electrodes prepared 
via PM route was carried out by a die sinking EDM (ELECTRA EMS 5535, India). Commercially avail-
able EDM oil (specific gravity: 0.763) was used as the dielectric fluid, which was a mixture of kerosene 
and water. In this work, straight polarity (i.e. work piece as anode and tool as cathode) has been used 
to conduct the experiment. The experiment of EDC process has been carried out by taking five process 
parameters with different levels. The PM process parameters like compaction pressure and sintering 
temperature have been taken along with EDC process parameters like discharge current (Ip), duty cycle 
(τ) and pulse-on-time (Ton). The different levels of the process parameters have been listed in Table 3. 
The different variable parameters used in this EDC process are discussed as follows.

Table 1. Chemical composition of AISI 1040 stainless steel

Element Mn C S P Fe

Content (%) 0.75 0.4 0.04 0.03 Balance

Table 2. Properties of AISI 1040 stainless steel

Properties Value

Density 7.845 g/cc

Melting point 15210C

Tensile strength 620 MPa

Yield strength 415 MPa

Elastic modulus 190-210 GPa

Poisson’s ratio 0.27-0.30

Hardness 201 HB

Thermal conductivity 51.9 W/mK (at 00C)
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1. 	 Compaction Pressure: It is the pressure applied by the uniaxial compaction machine to the die 
and punch system to form green compact tool electrode. The compaction pressure directly affect 
the density of the tool electrode.

2. 	 Sintering Temperature: It is the temperature at which the green compact tool electrodes are heated 
with constant maximum temperature for a period of time. At the sintering temperature the different 
materials of tool electrodes are combined with each other and form denser compound with higher 
electrical conductivity.

3. 	 Discharge Current: It is also called as peak current. It is the most dominant process parameter 
that governs the spark energy. Higher value of discharge current increase the energy input in the 
EDC process.

4. 	 Duty Cycle: It is the percentage of the pulse-on-time with respect to total cycle time.

τ =
+

T

T T
on

on off

	 (1)

5. 	 Pulse-on-Time: It is also known as spark-on-time or pulse duration. It is the duration (per cycle) 
in which the current is allowed to flow through the electrode gap. The energy input is directly 
influence by the pulse-on-time.

The design of experiment (DOE) approach like Taguchi L18 orthogonal array has been used to plan 
the experiment. Here a mixed design of 1-factor-2-level and 4-factor-3-level has been used as in Table 
3. The Taguchi L18 orthogonal array (OA) and the output responses for this experimental work were 
presented in Table 5. The electrical discharge coating process during coating and the work piece after 
coating were given in Figure 2.

Material Deposition Rate (MDR)

Material deposition rate (MDR) is defined as the rate at which material deposition occurred on the 
surface of the work piece. The MDR can be determined by the weight gain criteria of the work piece 
as shown in the Eqn. 2.

Table 3. Input parameters with different levels

Parameters Unit Level 1 Level 2 Level 3

A-Sintering temperature (ST) (0C) 700 900 -

B- Compaction pressure (CP) (MPa) 100 150 200

C- Discharge current (Ip) (A) 20 25 30

D- Duty cycle ( τ ) (%) 42 50 58

E- Pulse-on-time (Ton) µs( ) 100 200 300
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MDR
W W

t
f i

w

=
−( )
×( )ρ

	 (2)

where 

W
f
= Final weight of the work piece after EDC,

W
i
= Initial weight of the work piece before EDC,

t = Machining time,
ρ
t
= Density of work piece 1040 stainless steel = 7.845 g/cm3.

Table 4. Densities of the tool electrodes at different PM process parameters

Sl. No. Compaction Pressure (MPa) Sintering Temperature (0C) Density of Tool Electrodes (g/
cm3)

1 100 700 7.8560

2 150 700 8.3140

3 200 700 8.5600

4 100 900 8.1142

5 150 900 8.1489

6 200 900 8.9682

Figure 2. (a) Electrical coating process, (b) Work piece after EDC
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Tool Wear Rate (TWR)

Tool wear rate (TWR) is defined as the rate at which material loss occurred from the tool electrode. The 
TWR calculated by the weight loss criteria of the tool electrode as given in the Eqn. 3.

TWR
W W

t

ti tf

t

=
−( )
×( )ρ

	 (3)

where

W
ti

= Initial weight of the tool electrode before EDC,
W
tf

= Final weight of the tool electrode after EDC,
t = Machining time,
ρ
t
= Density of tool electrodes.

The densities of the tool electrodes were given in Table 4. The initial and final weight of the work 
piece and tool electrodes before coating and after coating were measured by a weight measurement 
machine of least count 0.05 gm (Figure 3).

Figure 3. Weight measurement machine
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Radial Under Deposition (RUD)

Radial under deposition (RUD) is defined as the radial un-deposited space present of the work piece 
surface after EDC process. The RUD is calculated as shown in the Eqn. 4.

RUD
D D
o i=
−( )
2

	 (4)

where 

Do = Diameter of tool electrode = 25mm
Di = Diameter of the electrical discharge coated layer on the work piece surface

The diameters of the coated layer on the work piece were measured by taking the optical images of 
the specimen with 7× magnification by an optical microscope (SAMSUNG SDC-314B, Figure 4). The 
least count of the optical microscope is 0.001 mm. The diameters of the optical images of the specimen 
were measured by the image viewer application available in MATLAB R2014a. Four different diameters 
were measured and the average of these was taken as the diameter of the coated layers on the work piece 
(Figure 5).

Figure 4. Optical microscope

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



206

Electrical Discharge Coating by Copper-Tungsten Composite Electrode
﻿

Figure 5. Measurement of diameter of coated layer by image viewer in MATLAB R2014a

Table 5. Design of experiment (Taguchi L18 OA) and output responses

Expt. No.
A B C D E MDR 

(mm3/min)
TWR 

(mm3/min) RUD (mm)
ST CP Ip DC Ton

1 700 100 20 42 100 1.912 9.547 1.057

2 700 100 25 50 200 2.549 14.002 1.276

3 700 100 30 58 300 3.824 12.729 0.918

4 700 150 20 42 200 1.275 7.217 1.51

5 700 150 25 50 300 1.912 9.021 1.243

6 700 150 30 58 100 2.549 15.035 1.273

7 700 200 20 50 100 0.673 6.926 1.506

8 700 200 25 58 200 1.912 5.653 1.279

9 700 200 30 42 300 2.549 9.219 1.285

10 900 100 20 58 300 1.912 9.613 0.701

11 900 100 25 42 100 1.912 6.211 0.702

12 900 100 30 50 200 2.549 12.94 0.614

13 900 150 20 50 300 1.912 6.83 1.136

14 900 150 25 58 100 1.275 8.693 1.095

15 900 150 30 42 200 1.912 11.658 0.821

16 900 200 20 58 200 1.275 8.363 0.918

17 900 200 25 42 300 1.275 1.673 1.157

18 900 200 30 50 100 1.912 7.805 1.13
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METHODOLOGY

Optimization is the process of minimization of the undesired parameters like time and cost with maximiza-
tion of the desired benefits like quality and quantity of the product manufacture. So, by the optimization 
process, we can find out the optimized machining condition, so that by setting the optimal machining 
condition we can get maximum beneficial from the machining process that leads to the quality of the 
product and also decreased the cost of production by enhancing the machining performance. So, here 
we have used the optimization process to get the best parametric condition of the electrical discharge 
coating process. Different researchers have taken different optimization techniques to get the optimal 
setting of the machining of the processes. In this EDC process, Grey relational analysis (GRA) based 
Harmony search (HS) algorithm has been used to optimize the machining performance.

Grey Relational Analysis (GRA)

Julong Deng first time proposed the grey system theory (GST) in 1982. Here the researcher has proposed 
the grey relational analysis (GRA) to find out the relationship between the variables by using grey de-
grees (Julong, 1982; Julong, 1988). This grey relational analysis (GRA) method was used to optimize 
the process parameters in electrical discharge machining and wire electrical discharge machining process 
(Sahu, Mohanty, & Sahoo, 2017; Datta & Mahapatra, 2010). The detailed procedure of the grey relational 
analysis (GRA) method is explained as follows.

1. 	 Calculate the scale value (Yij) of the observations.

For Lower is the better,

Y
y y

y yij

ij ij

j j

=
−

−

max

max min
	 (5)

For Higher is the better,

Y
y y

y yij

ij ij

j j

=
−

−

min

max min
	 (6)

where

y
ij

 = observed responses of the ith number of experiment in the jth response.
y
j
max  = maximum value of the jth response.
y
j
min  = minimum value of the jth response.

2. 	 Calculate the Grey relational co-efficient ( γ
ij

).
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γ
ξ

ij

j j

ij j

=
+( )
+( )

∆ ∆

∆ ∆

min max

max
	 (7)

where,

∆
ij ij

Y= −1 	

y
j j j mj
min min , ,= ( )∆ ∆ ∆

1 2
… , y

j j j mj
max max , ,= ( )∆ ∆ ∆

1 2
… 	

ξ ξ∈ 

 =0 1 0 5, , . 	

3. 	 Grey relational grade (GRGi)

GRG W
i j ij

j

p

=
=
∑ γ
1

	 (8)

where,

W
j

j

p

=
=
∑ 1
1

	

Harmony Search (HS) Algorithm

The Harmony Search (HS) algorithm is a music-based metaheuristic optimization technique, which is 
inspired by jazz music. Here the objective function is optimized by generating aesthetic music. Aesthetic 
quality of music is produced by adjusting band width, pitch, timbre and amplitude. The variables in the 
objective function are treated as the pitch of different musical instruments and the solution is termed as 
the harmony vector. When an aesthetic harmony was developed, it was stored as the best fitness of the 
objective function value in the memory. By continuously improvising the harmony matrix and replaced 
it by the best harmony, the best optimized harmony can be generated and the best parametric setting can 
be found out (Mahdavi, Fesanghary, & Damangir, 2007; Yang, 2009; Nayak, Mahapatra, Chatterjee, & 
Abhishek, 2015; Abhishek, Datta, & Mahapatra, 2016). The Harmony Search algorithm has been com-
pared with others algorithm like Genetic Adaptive Search, Langrangian multiplier approach, Genetic 
Algorithm and it was found that Harmony Search algorithm has given a better result as compare to other 
methods (Mahdavi, Fesanghary, & Damangir, 2007). The procedure of HS algorithm is as follows.
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1. 	 Initialization of the problem and parameters of algorithm.
2. 	 Initialization of the harmony memory.
3. 	 Improvisation of the new Harmony.
4. 	 Updating of the harmony memory.
5. 	 Repeat the last two steps till the fulfillment of the termination criteria.

1. 	 Initialization of the problem and parameters of algorithm

Interpretation of the optimization problem to be maximized as follows:
Maximize

f (x) 	

subjected to

x X N
i i
∈ = 1 2, ,...... 	 (9)

where

f (x)=  Objective function,
x
i
=  Set of decision variables,

N =  Number of decision variables,
X
i
=  Set containing possible range of values for each decision variable.

The HS algorithm parameters like harmony memory size (HMS), harmony memory consideration 
rate (HMCR), pitch adjustment rate (PAR), arbitrary distance i.e. band width (bw) and maximum number 
of improvisation (stopping criteria) are initializes in this step.

2. 	 Initialization of the harmony memory

The HM matrix is filled by the randomly generate vectors to form HMS as the solution vectors.

ΗΜ=






















x x x

x x x

x x x

N

N

HMS HMS
N
HMS

1
1

2
1 1

1
2

2
2 2

1 2

�

�

� � � �

�




	 (10)

3. Improvisation of the new harmony
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A new harmony vector, x
N

/ / / /x , x ,....... x= ( )1 2
, is generated based on the three rules (a) memory 

consideration, (b) pitch adjustment and (c) random selection. The generation of a new harmony is called 
as improvisation. In the memory consideration, the value of the first decision variables x /( )  for the new 

vector is taken from the values of the specific harmony memory (HM) range, x x HMS/ /x= −( )1
. Values 

of the other decision variables x
N

/ / / /x , x ,......... x= ( )1 2
 are taken in the same way. The value of HMCR 

varies between 0 and 1, which is the rate of choosing one value from the historical values stored in the 
HM, whereas (1-HMCR) is the rate of randomly selecting one value from the possible range of values.

x
x x x

x Xj
j j j j

HMS

j j

/
/ , , ......., x

→
∈ { }
∈

1 2

1

with probabilty PAR

with pprobablity (1-HMCR)








	 (11)

Each component obtained by the memory consideration is examined to determine whether it should 
be pitch adjusted. This operation is using the PAR parameter that is the rate of the pitch adjustment as 
given below:

The pitch adjusting decision for x /  is given as:

x / →







Yes with probability PAR

No with probability (1-PAR)
	 (12)

For the value of (1-PAR) sets no modification required in x
i
/ . If the pitch adjustment decision is yes 

then modification is required as follows:

x x rand bw/ / ()= ± × 	 (13)

where,

bw =  arbitrary distance band width
rand()=  Random number varies between 0 and 1.

For the improvisation of the global search capacity of the HS algorithm, PAR and bw are dynamically 
adjusted with the generation number. The PAR is adjusted linearly as follows:

PAR(gn)=PAR +
PAR -PAR

NI
×gn

min
max min 	 (14)

where,

PAR(gn)=  the pitch adjustment rate for each generation,
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NI =  solution vector generation number (iteration performed in the algorithm),
gn=  generation number,
PAR =

min
 minimum pitch generation number,

PAR =
max

 maximum pitch generation number.

The value of bw is decreased exponentially. Therefore, the higher value of bw increase the diversity 
of the solution and lower the value of bw tune the final solution.

bw(gn)=bw ×e
max

(c×gn) 	 (15)

c=

ln
bw

bw

NI

min

max











	 (16)

where,

bw(gn)=  band width for each generation,
bw =

max
 maximum bandwidth,

bw =
min

 minimum bandwidth.

4. 	 Updating of the harmony memory

If the new harmony vector, x
N

/ / / /x , x ,......... x= ( )1 2
 is better than the previous memory in the HM, 

which can be judge in term of objective function value (fitness function value), then the existing worst 
harmony is replaced by the new Harmony in existing HM.

5. 	 Stopping criterion

Repetition of the steps 3 and 4 until the maximum number of improvisation (stopping criterion) is 
satisfied, then terminate the computation.

RESULT AND DISCUSSION

The experiments have been conducted and the process responses i.e. material removal rate, tool wear 
rate, radial under deposition were obtained at different parametric setting and presented in Table 5. The 
optimization process has selected the most suitable process variables. To increase the performance of 
electrical discharge coating process, MRR should correspond to Higher-is- Better (HB), TWR and RUD 
correspond to Lower-is-Better (LB). By following the procedure of the grey relational analysis (GRA) 
method as given in Eqn. 5-8, the scale value (Yij), grey relational co-efficient γ

ij( )  and grey relational 
grade (GRGi) were calculated and tabulated in Table 6.
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The analysis of variance (ANOVA) for the means of grey relational grade (GRG) was tabulated in Table 
7 with R2 = 94.8% and 95% confidence interval. The response table for the GRG was also presented in 
Table 8. The main effect plots for the GRG are plotted in Figure 6. The ANOVA and response table were 
generated by using MINITAB 16. From the ANOVA and response tables (Table 7-8), the compaction 
pressure was found to be the most significant parameter with percentage contribution of 34.05%, which 
influences the electrical discharge coating process followed by sintering temperature, pulse-on-time, 
interaction of compaction pressure and discharge current, pulse-on-time and duty cycle with the percent-
age contribution of 25.11%, 12.15%, 9.98%, 7.62% and 4.92% respectively. The interaction plot for the 
GRG values was plotted in Figure 7. Increase in compaction pressure and sintering temperature better 
electrical discharge coating process can be occurred i.e. the tool strength increased that leads to decrease 
in tool wear rate and uniform distribution of material deposition on the work piece, so that the radial 
under deposition decreased. With an increase in current and pulse-on-time the tool wear rate increased 
and more material deposition occurred on the work piece. So, the material deposition rate increased.

From the ANOVA table (Table 7) compaction pressure and sintering temperature were found to be 
most significance. With an increase in sintering temperature, the material deposition rate decreased as 
well as with an increase in compaction pressure material deposition rate decreased (Figure 8). It is due to 
the increased in the strength of the tool with the increase in compaction pressure and sintering tempera-
ture, so the tool wear rate also decreased with increase in compaction pressure and increase in sintering 
temperature (Figure 9). Similarly, with the increase in sintering temperature and compaction pressure 

Table 6. Scale value (Yij), grey relational co-efficient (ϒij) and grey relational grade (GRGi)

Expt. 
No.

Yij Yij Yij Δij Δij Δij ϒij ϒij ϒij GRGiMDR TWR RUD MDR TWR RUD MDR TWR RUD

1 0.3932 0.4107 0.5056 0.6068 0.5893 0.4944 0.3112 0.3146 0.3346 0.3201

2 0.5954 0.0773 0.2612 0.4046 0.9227 0.7388 0.3560 0.2601 0.2875 0.3012

3 1 0.1726 0.6607 0 0.8274 0.3393 0.5000 0.2736 0.3733 0.3823

4 0.1911 0.5851 0 0.8089 0.4149 1 0.2764 0.3534 0.25 0.2933

5 0.3932 0.4501 0.2980 0.6068 0.5499 0.7020 0.3112 0.3226 0.2938 0.3092

6 0.5954 0 0.2645 0.4046 1 0.7355 0.3560 0.25 0.2881 0.2980

7 0 0.6069 0.0045 1 0.3931 0.9955 0.25 0.3589 0.2506 0.2865

8 0.3932 0.7021 0.2578 0.6068 0.2979 0.7422 0.3112 0.3852 0.2870 0.3278

9 0.5954 0.4353 0.2511 0.4046 0.5647 0.7489 0.3560 0.3195 0.2859 0.3205

10 0.3932 0.4058 0.9029 0.6068 0.5942 0.0971 0.3112 0.3136 0.4557 0.3602

11 0.3932 0.6604 0.9018 0.6068 0.3396 0.0982 0.3112 0.3732 0.4553 0.3799

12 0.5954 0.1568 1 0.4046 0.8432 0 0.3560 0.2713 0.5 0.3757

13 0.3932 0.6141 0.4174 0.6068 0.3859 0.5826 0.3112 0.3608 0.3159 0.3293

14 0.1911 0.4746 0.4632 0.8089 0.5254 0.5368 0.2764 0.3278 0.3253 0.3098

15 0.3932 0.2527 0.7690 0.6068 0.7473 0.2310 0.3112 0.2862 0.4062 0.3345

16 0.1911 0.4993 0.6607 0.8089 0.5007 0.3393 0.2764 0.3332 0.373 0.3276

17 0.1911 1 0.3940 0.8089 0 0.6060 0.2764 0.5 0.3113 0.3626

18 0.3932 0.5411 0.4241 0.6068 0.4589 0.5759 0.3111 0.3427 0.3173 0.3237
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Table 7. ANOVA for grey relational grade (GRGi)

Source DF SS MS F %Contribution

A 1 0.003889 0.003889 9.60 25.11

B 2 0.005273 0.002637 6.51 34.05

C 2 0.001180 0.000590 1.46 7.62

D 2 0.000762 0.000361 0.89 4.92

E 2 0.001881 0.000563 1.39 12.15

A*B 2 0.000147 0.000074 0.18 0.95

B*C 4 0.001545 0.000386 0.95 9.98

Residual Error 2 0.000810 0.000405 5.22

Total 17 0.015486 100

Table 8. Response table for grey relational grade (GRGi)

Level A B C D E

1 0.3154 0.3532 0.3195 0.3351 0.3197

2 0.3448 0.3124 0.3318 0.3209 0.3267

3 - 0.3248 0.3391 0.3343 0.3440

Delta 0.0294 0.0409 0.0196 0.0142 0.0243

Rank 2 1 4 5 3

Figure 6. Main effects plot for GRG
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Figure 7. Interaction plot for GRG

Figure 8. Effect of compaction pressure and sintering temperature on MDR
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the radial under deposition decreased (Figure 10). This due to the increase in strength and density of the 
tool electrode at higher compaction pressure and sintering temperature, so uniform spark occurred that 
lead to uniform deposition with decreased in under deposition. With an increase in compaction pres-
sure more uniform distribution of material deposition occurred and radial under deposition decreased 
(Figure 11, 12).Similarly, with the increase in sintering temperature, uniform distribution of the material 
deposition occurred with decreased in radial under deposition (Figure 13, 14).

A non-linear regression analysis has been done between the grey relational grade (GRG) and the 
EDC input process parameters were expressed by an objective function f(x) as represented in Eqn. (17) 
having R2 value of 99.7%. The non-linear i.e. fitness function equation has been generated by using 
SYSTAT 13. This non-linear equation has been used as the objective function in the harmony search 
(HS) algorithm and the optimal parametric setting has been found out by executing the harmony search 
algorithm in MATLAB R2014a as discussed in Eqns. 9-16. The initial parameters setting for the HS 
algorithm are (a) maximum number of iteration as 5000, (b) harmony memory size as 6, (c) HMCR as 
0.9, (d) PRA

min
 as 0.4 and (d) PAR

max
 as 0.9. The optimal parametric setting found out by the grey 

relational analysis based harmony search algorithm has been listed in Table 9. The graph of fitness 
value vs. number of iteration has been given in Figure 15.

f A B C D E(x) . . . . . .= × × × × ×− −0 311 0 130 0 091 0 057 0 010 0 065 	 (17)

Figure 9. Effect of compaction pressure and sintering temperature on TWR
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SEM and EDX Analysis

The scanning electron microscopy (SEM) images and energy dispersion X-ray spectrograph (EDX) of 
the coated specimen were done by using scanning electron microscope (JEOL JMS-6480LV). The SEM 
image of the coated surface was presented in Figure 16. From the SEM image, it was found that there 
were present of very small crack as well as bulk deposition and globules. The energy dispersion X-ray 

Figure 11. Optical microscope images of coated surface for (a) Expt. No.1 (CP=100MPa), (b) Expt. 
No.4 (CP=150MPa), (c) Expt. No.7 (CP=200MPa)

Figure 10. Effect of compaction pressure and sintering temperature on RUD
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spectroscopy (EDX) of the electrical discharge coated specimen was also performed. From the EDX 
analysis, it was found that there is the presence of copper and tungsten element on the surface of the 
coated work piece (Figure 17, 18). So, the tool material was migrated from the tool electrode surface to the 
work piece and the coating of the specimen has occurred during the electrical discharge coating process. 
In this electrical discharge coating process EDM oil (a mixture of kerosene and water) was used as the 
dielectric fluid, so kerosene was dissociated during the electric spark and combine with tool electrode 
material and formed metal carbides, which deposited a hard-coated layer on the work piece surface. The 
hardness of the coated layer has been measured by the Vicker’s micro-hardness tester (LECO LM248 
AT). The micro-hardness of the coated layer has been varied between 350-450HV, which was more than 
the hardness of the work piece material. The maximum layer thickness of the coated layer was varied 
from 50-120µm. The coated layer thickness of the specimen of Expt. 6 has been presented in Figure 19.

Figure 12. Optical microscope images of coated surface for (a) Expt. No.2 (CP=100MPa), (b) Expt. 
No.5 (CP=150MPa) and (c) Expt. No.8 (CP=200MPa)

Figure 13. Optical microscope images of coated surface for (a) Expt. No.1 (ST=7000C) and (b) Expt. 
No.10 (ST=9000C)
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FUTURE RESEARCH DIRECTIONS

The present work describes the electrical discharge coating by copper-tungsten composite electrode prepared 
via powder metallurgy route. The effect of the process parameters on material deposition rate (MDR), 
tool wear rate (TWR) and radial under deposition (RUD) were studied. The best parametric combinations 
have been found out by using Grey Relational Analysis (GRA) method combined with Harmony Search 
(HS) algorithm. However, there are enormous scope in the field of electrical discharge coating process 
by using different types of tool electrodes to produce hard metallic and ceramic coatings like TiC, SiC, 
TiN, B4C, Cu3Sn, CuSn, ZrB2 etc. Different methods like spark plasma sintering and direct metal laser 
sintering can be used to prepare the tool electrode, which enhance the properties of tool electrode. The 
output responses like coated layer thickness, micro-hardness and material characteristics of the coated 
surface can be analyze. Different types of non-traditional multi-response optimization techniques can be 
used to get the optimal parametric setting. By finding best optimal setting of the EDC process, the best 
performance of the EDC process can be achieved, that leads to growth of the manufacturing industries.

Table 9 Optimal parametric setting of the EDC process obtained by GRA based HS

Process 
parameters

Sintering 
Temperature

Compaction 
pressure

Discharge 
current Duty cycle Pulse-on-time Fitness value

Optimal setting 9000C 100MPa 30A 42% 300µs 0.8390

Figure 14. Optical microscope images of coated surface for (a) Expt. No.2 (ST=7000C) and (b) Expt. 
No.11 (ST=9000C)
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Figure 15. Graph of fitness value vs. number of iterations

Figure 16.SEM of the coated specimen for Expt. No. 9
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CONCLUSION

The electrical discharge coating (EDC) of AISI 1040 stainless steel was successfully performed by 
copper-tungsten composite electrodes prepared via the powder metallurgy (PM) route. The EDC pro-
cess was optimized by grey relational analysis (GRA) based harmony search (HS) algorithm to obtain 
best parametric setting. By utilizing the above optimization technique, the optimum parametric setting 
for the satisfying of material deposition rate (MDR), tool wear rate (TWR) and radial under deposition 
(RUD) has been obtained as A2B1C3D1E3 that are ST = 9000C, CP = 100MPa, Ip = 30A, DC = 42%, 
Ton = 300µs. Compaction pressure and sintering temperature have the highest contribution toward the 
output responses with the percentage contribution of 34.05% and 25.11% respectively followed by pulse-
on-time, interaction of compaction pressure and discharge current, pulse-on-time, duty cycle with the 
percentage contribution of 12.15%, 9.98%, 7.62% and 4.92% respectively. With an increase in sintering 

Figure 17.EDX analysis of the coated specimen for Expt. No. 9

Figure 18.EDX analysis of the coated specimen for Expt. No. 14
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temperature, discharge current and pulse-on-time the EDC performance increased and with the increase 
in compaction pressure and duty cycle the EDC performance has been decreased. With the increase in 
compaction pressure and sintering temperature, material deposition rate and tool wear rate decreased. 
So, to get maximum material deposition rate these parameters must be decreased to increase tool wear 
rate. Here, tool wear rate has been directly influence the material deposition rate. Similarly, radial un-
der deposition has been decreased with increase in sintering temperature and decrease in compaction 
pressure. Therefore, to get best performance of EDC process with respect to all three responses, the 
optimum parametric setting must be used, which leads to growth of the manufacturing industries. By 
utilizing the EDC process, the cost of coating process will decease as compare to other coating process 
like PVD, CVD etc. we are using now.
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KEY TERMS AND DEFINITIONS

Electrical Discharge Coating (EDC): Electrical discharge coating is the process of coating by ap-
plying the principle of electrical discharge machining.

Grey Relational Analysis (GRA): The Grey relational analysis is a multi-response optimization 
technique used for the conversion of multi-responses into single response and to get the best parametric 
setting to get best machining performance.

Harmony Search (HS) Algorithm: The Harmony Search (HS) algorithm is a music-based meta-
heuristic optimization technique, which is inspired by jazz music.

Material Deposition Rate (MDR): Material deposition rate is the rate at which material deposition 
occurred on the surface of the work piece.

Radial Under Deposition (RUD): Radial under deposition is the radial un-deposited space present 
of the work piece surface after EDC process.

Tool Wear Rate (TWR): Tool wear rate is the rate at which material loss occurred from the tool 
electrode.
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ABSTRACT

In this chapter, we present novel approaches to predictions of the number of failures that will be observed 
in a future inspection of a sample of units, based only on the results of the previous in-service inspections 
of the same sample. The failure-time of such units is modeled with a distribution from a two-parameter 
Weibull distribution. The different cases of parametric uncertainty are considered. The pivotal quan-
tity averaging approach proposed here for constructing point prediction and simple prediction limits 
emphasizes pivotal quantities relevant for eliminating unknown parameters from the problems and 
represents a special case of the method of invariant embedding of sample statistics into a performance 
index applicable whenever the statistical problem is invariant under a group of transformations, which 
acts transitively on the parameter space. For illustration, a numerical example is given.

INTRODUCTION

This chapter extends the results of Nelson (2000) through the use of novel approaches to prediction of 
a future number of failures based on previous in-service inspections. Nelson’s prediction limits were 
motivated by the following application.

Nuclear power plants contain large heat exchangers that transfer energy from the reactor to steam 
turbines. Such exchangers typically have 10,000 to 20,000 stainless steel tubes that conduct the flow 
of steam. Due to stress and corrosion, the tubes develop cracks over time. Cracks are detected during 
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planned inspections. The cracked tubes are subsequently plugged to remove them from service. To de-
velop efficient inspection and plugging strategies, plant management can use a prediction of the added 
number of tubes that will need plugging by a specified future time.

Nelson (2000) presents the procedures to obtain predictions for the number of failures that will be 
observed in a future inspection of a sample of units, based only on the results of the first in-service 
inspection of the same sample. The failure-time of such units is modeled with a two-parameter Weibull 
distribution indexed by scale and shape parameters β and δ, respectively. The case is considered when 
the scale parameter β is unknown, but the shape parameter δ is known.

Prediction of a Future Number of Failures via Nelson’s Procedures

Nelson (2000) presents point prediction and simple prediction limits for the number of failures that will 
be observed in a future inspection of a sample of units. The past data consist of the cumulative number 
of failures in a previous inspection of the same sample of units. Life X of such units is modeled by a 
Weibull distribution with the probability density function
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where θ = (β,δ), β > 0 and δ > 0 are the scale and shape parameters, respectively.
To illustrate the procedures of constructing point prediction and simple prediction limits for the 

number of failures that will be observed in a future inspection of a sample of units, based only on the 
results of the first in-service inspection of the same sample, Nelson (2000) used the following example.

Steam Generator Example

For example, a steam generator with n = 20000 tubes, of which k• = 8 have failed by the inspection at age 
t1=3.0 years, is considered. It is assumed that a Weibull shape parameter δ=3.3. It is necessary to find 
a point prediction as well as prediction interval for the future number of tubes that will need plugging 
by a future inspection at age t2 = 10.0 years. Table 1 illustrates a situation of within-sample prediction 
based on the cumulative number of failures (k• = 8).

It is assumed that the failure times are independent observations from a Weibull distribution with 
unknown scale parameter β and given (known) shape parameterδ (=3.3). Thus,

p t= - - ( )é
ë
êê
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û
úú1 1exp /b

d
	 (3)
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is the probability that a tube will fail in the interval [0, t1],
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is the probability that a tube will fail in the interval (t1, t2],
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is the probability that a tube will fail in the interval (t2, ∞).

Point Prediction

Based on the observed number k• of failures, the maximum likelihood (ML) estimate of β is given by
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The estimate qM L  of q is obtained by substituting bM L  into (4) for q, giving (for the steam generator)

q t tM L M L M L= - ( )é
ë
ê
ê

ù
û
ú
ú
- - ( )é

ë
ê
ê

ù
û
ú
ú
=exp / exp / .1 2 0 0206396b b

d d
	 (7)

Table 1. The situation of within-sample prediction of the number of future cracked heat exchanger tubes 
via the cumulative number of failures (k• = 8) and procedure of maximum likelihood

What Is Known?

Units at start: n=20000

First inspection was at the age t1 3 0= .  years

Cumulative number of failures in the interval [, ]0 1t  was k· = 8

Future inspection will be at the age t2 10 0= .  years

What Should Be Found?

Point prediction for the number l• of future failures in the interval ( , ]t t1 2

Prediction interval [ , ]
%
%l l

· ·
 for the number l• of future failures in the interval ( , ]t t1 2
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The corresponding ML point prediction for the number of future cracked heat exchanger tubes is

l nq· = = @M L M L  (cracked tubes)412 79199 413. 	 (8)

Prediction Intervals

Prediction of an unobserved random variable is a fundamental problem in statistics. Hahn and Nelson 
(1973), Patel (1989), and Hahn and Meeker (1991) provided surveys of methods for statistical prediction 
for a variety of situations on this topic. In the areas of reliability and life-testing, this problem translates 
to obtaining prediction intervals for lifetime distributions. Nordman and Meeker (2002) compared prob-
ability ratio (PR), simplified probability ratio (SPR) and likelihood ratio (LR) procedures proposed by 
Nelson (2000), assuming known the Weibull shape parameterδ. An approximate procedure based on a 
likelihood ratio (LR) statistic and suggested by Nelson (2000) is appropriate for more general values 
of p and q. This procedure can be viewed as a special case of more general likelihood-based prediction 
intervals described by Lejeune and Faulkenberry (1982) and Bjornstad (1990). A complete review on a 
number of different versions of predictive likelihood is given by Bjornstad (1990). In (Bjornstad 1996), 
partial concepts of likelihood in case of nuisance parameters and factorized likelihood are introduced. 
The general situation, which covers a wide variety of statistical problems like parametric inference and 
prediction in parametric, Bayes, empirical Bayes, and latent models, as well as missing-data problems, is 
discussed. In (Geweke and Amisano 2012), prediction and misspecified models are considered. Marginal 
or conditional composite likelihoods are reviewed by Varin et al. (2011). In (Varin and Vidoni 2006, 
2009), using the notion of weighted composite likelihood, and in particular the notion of weighted pair-
wise likelihood, a useful surrogate for the true unknown predictive distribution function is introduced. 
This distribution can be considered for specifying predictors and prediction intervals. For applications 
involving failure times with censored data, methods presented by Lawless (1973), Nelson (1982), Mee 
and Kushary (1994), and Escobar and Meeker (1999) are useful. These prediction methods cannot be 
used for the limited amount of inspection data considered here.

Table 2 provides equal-tail 90% prediction intervals for the number of cracked tubes in the span of 
3 to 10 years, based on the three procedures described in (Nordman and Meeker 2002). Two additional 
values of the Weibull shape parameter are used to evaluate the effect of misspecification of δ on the 
prediction limits. The PR and simplified PR (SPR) intervals are wider than the LR intervals.

It should be noted that Nelson (2000) had a very limited amount of inspection data (cumulative 
number of failures k•=8 in the interval [0,t1=3.0 years]) and used hard computing, i.e., conventional 
computing, which requires a precisely stated analytic model to make statistical conclusions concerning 
the within-sample prediction of the number of future failures.

In this chapter, the above-mentioned amount of inspection data, where the ordered observations of 
failures X X k1 £ £( )... in the interval [, ]0 1t  are unknown, is transformed into the kth order statistic 

X k k= ·
 and it is assumed thatX tk = 1

. However, if X tk < 1,then our assumption X tk =( )1  purposely 

includes some imprecision into a computing process for the within-sample prediction of the future 
number of failures. Taking into account the definition of soft computing presented in (Li et al. 1998). 
“Every computing process that purposely includes imprecision into the calculation on one or more 
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levels and allows this imprecision either to change (decrease) the granularity of the problem, or to 
‘soften’ the goal of optimization at some stage, is defined as to belonging to the field of soft computing”, 
which is perhaps the most suitable among the possible alternative definitions, we can conclude that the 
computing process for the within - sample prediction of the future number of failures, proposed in this 
chapter, can be defined as to belonging to the field of soft computing. Undoubtedly, there exist situations 
where the calculation results obtained through a soft computing process may be more suitable for deci-
sion making than the calculation results obtained through a conventional computing process. The situ-
ations, which are discussed in this chapter, belong to such ones.

NOVEL APPROACHES TO PREDICTION OF A FUTURE NUMBER OF FAILURES

In this chapter, we use frequentist approaches to within-sample prediction via previous and future order 
statistics when the time-to-failure follows the two-parameter Weibull distribution indexed by scale and 
shape parameters β and δ, respectively. We consider the case when the parameter β is unknown, but the 
shape parameter δ is known.

The pivotal quantity averaging approach (PQAA) proposed here for constructing point prediction 
and simple prediction limits emphasizes pivotal quantities relevant for eliminating unknown parameters 
from the problems and represents a special case of the method of invariant embedding of sample statis-
tics into a performance index applicable whenever the statistical problem is invariant under a group of 
transformations, which acts transitively on the parameter space (Nechval et al., 2003, 2010, 2012, 2016).

Prediction of a Future Number of Failures via Order Statistic Xk and PQAA

It is assumed that the order statistic Xk = t1, where k = 8. Table 3 illustrates a situation of within-sample 
prediction based on the order statistic Xk and pivotal quantity averaging approach (PQAA). 

Point Prediction

The probability density function of the kth order statistic is given by

Table 2. 90% prediction intervals 
%
%l l· ·

é
ëê

ù
ûú,  for the number l• of future cracked heat exchanger tubes

Procedure
Shape Parameter, δ

3.0 3.3 3.6
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It can be shown that
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where

V F X k=
q
( )	 (11)

is a pivotal quantity or simply pivot. Then it follows from (4) that

Table 3. The situation of within-sample prediction of the number l• of future failures via the order sta-
tistic Xk and PQAA

What Is Known?

Units at start: n=20000

First inspection was at the age t1 3 0= .  years

Cumulative number of failures in the interval [, ]0 1t  was k· = 8

Future inspection will be at the age t2 10 0= .  years

What Is Unknown?

The ordered observations of failures ( ... )X X k1 £ £  in the interval [, ]0 1t  are unknown

What Is Assumed?

It is assumed that the kth order statistic X tk = 1
, where k=k•

What Should Be Found?

Point prediction for the number l• of future failures in the interval ( , ]t t1 2

Prediction interval [ , ]
%
%l l

· ·
 for the number l• of future failures in the interval [ , ]t t1 2

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



231

Novel Approaches to Prediction of a Future Number of Failures Based on Previous In-Service Inspections
﻿

q t t v
t xk= - ( )é

ë
ê
ê

ù
û
ú
ú
- - ( )é

ë
ê
ê

ù
û
ú
ú
= -éëê

ù
ûú -( )exp exp

/

1 2 1 1b b
d d d

11 2-éëê
ù
ûú = ( )( )v q v x
t x

k
k/

,
d

	 (12)

Using the pivotal quantity averaging approach (Nechval et al. 2003, 2010, 2012, 2016), we have that
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Thus, the corresponding point prediction for the number of future cracked heat exchanger tubes based 
on (Xk & PQAA) is

l nq xX
k

k
· = = @& ( ) . PQAA  (cracked tubes)412 2296 412 	 (14)

Statistical Inference

The corresponding point prediction for the number of future cracked heat exchanger tubes obtained via 
the ML procedure of Nelson (2000) is l· =M L (Nelson) 413 cracked tubes. The corresponding point predic-
tion for the number of future cracked heat exchanger tubes obtained via the proposed in this paper 
procedure based on the order statistic Xk and PQAA is lXk

· =&  PQAA 412  cracked tubes. Two additional 
values of the Weibull shape parameter are used to evaluate the effect of misspecification of δ on the 
point prediction (Table 4).

Thus, in the same situation, these procedures provided practically the same results of point prediction.

Table 4. Point prediction for the number l
·

of future cracked heat exchanger tubes

Procedure of Point Prediction for l
·

Shape Parameter, δ

3.0 3.3 3.6

ML (Nelson) l
·
M L [286] [413] [593]

(Xk & PQAA) lXk
·

&  PQAA [286] [412] [592]
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Prediction Intervals

In order to find an (1−α) prediction interval 
%
%l l· ·( ),  for the number l

·
 of future cracked tubes in the span 

of 3 to 10 years, we construct, at first, an equal-tail (1−α) confidence interval for the unknown param-
eter β, which is based on Xk. The obvious choice for a pivot V is given by
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Since it follows from (17) that

P X b X ak k
d d db a/ / ,< <{ }= -1 	 (18)

the equal-tail (1−α) confidence interval for the unknown scale parameter β, which is based on Xk, is 
given by
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Taking into account (4) and (19), we have that
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Thus, in this case, the (1−α) prediction interval for the number of future cracked heat exchanger tubes, 
based on the equal-tail confidence interval of level (1−α) for the unknown scale parameter β, is given by

%
% %

%
l l nq nq· ·
é
ëê

ù
ûú= ( ) ( )é

ëê
ù
ûú, ,b b 	 (22)

If 1−α = 0.9, it follows from (17) that

a b= =0 0002 0 00066. , . 	 (23)

it follows from (19) and (23) that

%
%b b,

.
,
.

. ,
/ . / .

é
ëê

ù
ûú=

é

ë
ê
ê

ù

û
ú
ú=

3
0 00066

3
0 0002

27 59916 39
1 33 1 33

.. ;62974é
ëê

ù
ûú 	 (24)

it follows from (20), (21) and (24) that

q
%
b( )= - =0 99934 0 96553 0 03381. . . 	 (25)

q %b( )= - =0 99980 0 98943 0 01037. . . 	 (26)

it follows from (22), (25) and (26) that

%
%l l· ·

é
ëê

ù
ûú=

é
ëê

ù
ûú@

é
ëê

ù
ûú, . , . ,207 473 676 216 207 676 	 (27)

Statistical Inference

Table 5 provides 90% prediction intervals for the number of cracked tubes in the span of 3 to 10 years, 
based on the three procedures described in (Nordman and Meeker 2002) and (Xk & PQAA) procedure 
described above. Two additional values of the Weibull shape parameter are used to evaluate the effect of 
misspecification of δ on the prediction limits. The PR, simplified PR (SPR) and LR intervals are wider 
than the (Xk & PQAA) intervals.
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Prediction of a Future Number of Failures via Order Statistics (Xk≤Xl) and PQAA

Some Results of Constructing Prediction Limits on Future Order Statistics

Theorem 1. Let X1 ≤ ... ≤ Xn be the n ordered observations in a sample (current or future) of size n from 
a probability distribution (continuous or discrete) with density function fθ (x), distribution function Fθ 
(x), where θ is a known parameter (in general, vector). Then a lower (1−α) prediction limit 

%
h  on the lth 

future order statistic Xl, l∈{1, …, n}, in a set of n ordered observations X1 ≤ … ≤ Xn is given by

% % %
h P X h n P X h nl l= >{ }= -é

ëê
ù
ûú= £{ }=é
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ûúarg | arg |q qa a1 	
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ú
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( ) ( ), ;

F h l
l n l q n l l

q
a% 1 2 1 2 1

	 (28)

where q2(n−l+1),2l;1−α is the quantile of order 1−α for the F distribution with 2(n−l+1) and 2l degrees of 
freedom.

(Observe that an upper 1−α prediction limit %h  on the lth future order statistic Xl from a set of n or-
dered observations X1 ≤ … ≤ Xn may be obtained from a lower (1−α) prediction limit by replacing 1−α 
by α.)

Proof. Suppose an event occurs with probability p per trial. It is well-known that the probability P 
of its occurring l or more times in n trials is termed a cumulative binomial probability, and is related to 
the incomplete beta function Ix(a, b) as follows:

P
n
jp p I ln l

j l

n
j n j

p=
æ

è
ççççç

ö

ø
÷÷÷÷÷

- = - +( )
=

-å ( ) ,1 1 	 (29)

Table 5. 90% prediction intervals 
%
%l l· ·

é
ëê

ù
ûú,  for the number l• of future cracked heat exchanger tubes

Shape Parameter, δ

Prediction Procedure of Interval 
%
%l l· ·

é
ëê

ù
ûú,

PR 
%
%l l· ·

é
ëê

ù
ûú, SPR 

%
%l l· ·

é
ëê

ù
ûú, LR 

%
%l l· ·

é
ëê

ù
ûú, (Xk & PQAA) 

%
%l l· ·

é
ëê

ù
ûú,

δ = 3.0 [140, 524] [142, 521] [148, 487] [144, 470]

Width of prediction interval 384 379 339 326

δ = 3.3 [205, 756] [206, 753] [216, 700] [207, 676]

Width of prediction interval 551 547 484 469

δ = 3.6 [297, 1090] [298, 1087] [311, 1001] [299, 969]

Width of prediction interval 793 789 690 670
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It follows from (29) that
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is the probability density function of an F distribution with 2(n−l+1) and 2l degrees of freedom. Thus,
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where F2(n−l+1),2l has the F distribution with 2(n−l+1) and 2l degrees of freedom. It follows from (33) that
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Since (from (34))
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we have that
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. 	 (36)

This ends the proof.

Corollary 1.1: An upper 1−α prediction limit %h  on the lth future order statistic Xl, l∈{1, …, n}, in a 
set of n ordered observations X1 ≤ … ≤ Xn is given by
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Corollary 1.2: If the lower (1−α) prediction limit 
%
h  on an unknown order statistic Xl in a set of n future 

ordered observations X1 ≤ … ≤ Xn is prespecified, then the number l of this statistic is determined 
as
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where l is non-negative integer.

Corollary 1.3: If the upper 1−α prediction limit %h  on an unknown order statistic Xl in a set of n future 
ordered observations X1 ≤ … ≤ Xn is prespecified, then the number l of this statistic is determined 
as
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where l is non-negative integer.

Upper Prediction Limit with a Prescribed Confidence Level (1−α)

Table 6 illustrates a situation of within-sample prediction based on the order statistics (Xk ≤Xl) and the 
pivotal quantity averaging approach (PQAA). It is assumed that Xk=t1 and Xl ≤ t2.

Let us assume that
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Since the parameter β is unknown, (41) is transformed to
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Using the pivotal quantity averaging approach, we obtain

Table 6. The situation of within-sample prediction of the number l• of future failures via the order sta-
tistics (Xk≤ Xl) and PQAA

What Is Known?

Units at start: n=20000

First inspection was at the age t1 3 0= .  years

Cumulative number of failures in the interval [, ]0 1t  was k* = 8

Future inspection will be at the age t2 10 0= .  years

What Is Unknown?

The ordered observations of failures( ... )X X k1 £ £  in the interval [, ]0 1t  are unknown

The ordered observations of failures( ... )X Xk l+ £ £1  in the interval [ , ]t t1 2  are unknown

What Is Assumed?

It is assumed that the kth order statistic X tk = 1
, where k=k•

It is assumed that the lth order statistic X tl £ 2
, where l=k•+ l•

What Should Be Found?

Prediction of the number l of a future lth order statistic X tl £ 2
 with a prescribed confidence level (1−α) via (Xk ≤ Xl & PQAA) 

approach

Upper prediction limit for the number of future failures %l· -1 a
= l−k• in the interval ( , ]t t1 2  with the prescribed confidence level 1−α
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where the unknown parameter β is eliminated from the problem. Then, using (39), where F txk( , )( )
d 2  is 

substituted into (39) for F h
q
( ),%  we have the following numerical results, which are presented in Table 

7.

Prediction of a Future Number of Failures via Anticipatory Likelihood Function

Table 8 illustrates a situation of within-sample prediction based on the cumulative number of failures 
(k•=8) and anticipatory likelihood function (ALF). 

It is assumed that the failure times are independent observations from a Weibull distribution with 
unknown scale parameter β and given (known) shape parameterδ.

Table 7. Upper prediction limit %l· -1 a
 for the number l• of future cracked heat exchanger tubes with a 

prescribed confidence level (1−α) via the order statistics (Xk≤ Xl) and PQAA 

Confidence Level (1−α)
Shape Parameter, δ

3.0 3.3 3.6

0.9 %l· -1 a
[265] [387] [562]

0.95 %l· -1 a
[259] [380] [553]

0.99 %l· -1 a
[248] [366] [537]

Table 8. The situation of within-sample prediction for the number l• of future cracked heat exchanger 
tubes via the cumulative number of failures (k• = 8) and anticipatory likelihood function (ALF)

What Is Known?

Units at start: n = 20000

First inspection was at the age t1 3 0= .  years

Cumulative number of failures in the interval [, ]0 1t  was k· = 8

Future inspection will be at the age t2 10 0= .  years

What Should Be Found?

Point prediction for the number l• of future failures in the interval t t1 2,éëê
ù
ûú
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Point Prediction

Under Weibull distribution model (1), the anticipatory likelihood function is given by
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(44)

Then ALF estimates bALF  and l
·
ALF  must be found numerically by maximizing ln[ ( , | , )],L l kb d

· ·

b b d
b

ALF ALF, argm axln , | , ,
,

l L l k
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where
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(46)

The corresponding point prediction for the number l• of future cracked heat exchanger tubes obtained 
via the ALF is given in Table 9. Two additional values of the Weibull shape parameter are used to evalu-
ate the effect of misspecification of δ on the point prediction.

Statistical Inference

For comparison, the results of point prediction for the number l• of future cracked heat exchanger tubes 
obtained via corresponding prediction procedures described in this chapter, are given in Table 10. Two 
additional values of the Weibull shape parameter are used to evaluate the effect of misspecification of 
δ on the point prediction.

Table 9. Point prediction for the number l• of future cracked heat exchanger tubes via the ALF

Point Prediction Procedure
Shape Parameter, δ

3.0 3.3 3.6

ALF l
·
ALF [268] [388] [558]
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Thus, the procedures (Xk ≤ Xl & PQAA), where the confidence level 1−α = 0.90, and ALF provided 
practically similar results of point prediction in the same situations.

NUMERICAL EXAMPLE

Let us assume that a steam generator with n = 20000 tubes, of which k• = 8 have failed by the inspec-
tion at the age t1 = 3.0 years and l• = 380 have failed by the inspection at the age t1 = 10.0 years, is 
considered. Due to stress and corrosion, the tubes develop cracks over time. Cracks are detected during 
planned inspections. The cracked tubes are subsequently plugged to remove them from service. To de-
velop efficient inspection and plugging strategies, plant management can use a prediction of the number 
of tubes that will need plugging by a specified future time. The failure-time of tubes is modeled with 
a two-parameter Weibull distribution indexed by scale and shape parameters β and δ, respectively. The 
case is considered when the scale parameter β and the shape parameter δ are unknown. It is necessary 
to find a point prediction as well as upper prediction limit for the number m• of future tubes that will 
need plugging by a future inspection at age t3 = 20.0 years. Table 11 illustrates the above situation for 
within-sample prediction via ALF and (Xl≤Xm & PQAA) approaches.

Point Prediction for a Future Number of Failures via ALF Approach

Under the Weibull distribution model (1), the anticipatory likelihood function is given by
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Table 10. Point prediction for the number l• of future cracked heat exchanger tubes via corresponding 
prediction procedures described in this chapter

Prediction Procedures
Shape Parameter, δ

3.0 3.3 3.6

ML (Nelson) l•
ML [286] [413] [593]

(Xk & PQAA) l Xk•
& PQAA [286] [412] [592]

(Xk ≤Xl & PQAA)

1−α = 0.90 l• −1 α [265] [387] [562]

1−α = 0.95 l• −1 α [259] [380] [553]

1−α = 0.99 l• −1 α [248] [366] [537]

ALF l•
ALF [268] [388] [558]
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Table 11. The situation for within-sample prediction of the number m• of future failures via ALF and (Xl 
≤ Xm & PQAA) approaches

What Is Known?

Units at start: n=20000

First inspection was at the age of t1 3=  years

Second inspection was at the age of t2 10=  years

Cumulative number of failures in the interval [, ]0 1t  was k· = 8

Cumulative number of failures in the interval ( , ]t t1 2  was l· = 387 413 425; ;     (for analysis)

Future inspection will be at the age of t3 20= years

What Is Unknown?

The ordered observations of failures( ... )X X k1 £ £  in the interval [, ]0 1t  are unknown

The ordered observations of failures( ... )X Xk l+ £ £1  in the interval ( , ]t t1 2  are unknown

The future ordered observations of failures( ... )X Xl m+ £ £1  in the interval ( , ]t t2 3  are unknown

The parameters β and δ of the Weibull distribution are unknown

What Is Assumed?

It is assumed that the lth order statisticX tl = 2, where l k l= +· ·

It is assumed that the mth order statisticX tm £ 3, where m m k l= + +· · ·

What Should Be Found?

Point prediction for the number m
·

 of future failures in the interval ( , ]t t2 3  via ALF approach

Prediction of the number m of a future mth order statistic X tm £
3

 with a prescribed confidence level (1−α) via (Xl≤Xm & PQAA) 
approach

Upper prediction limit %m · -1 a
 =m −k• − l• for the number of future failures in the interval ( , ]t t2 3  with the prescribed confidence 

level (1−α)
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Then the ALF estimates of m•, β and δ must be found numerically by maximizing ln , , | , ,L m k l· · ·( )b d  

i.e.,

m L m k l
m· · · ·( )= ( )é

ëê
ù
ûú·
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b d b d
b d

	 (48)

where
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ûú 	 (49)

m• is non-negative integer, β and δ are non-negative.
It follows from (48) that

m ·( )= ( )ALF ALF ALF   , , , . , .b d 3445 31 83634 3 301018 	 (50)

Upper Prediction Limit for a Future Number of 
Failures via (Xl≤Xm&PQAA) Approach

It follows from (39) that the number m of the mth order statisticX tm £
3

 with a prescribed confidence 
level (1−α) can be found as follows:

m m P X t n P X t nm mº = £{ }= -é
ëê

ù
ûú= >{ }=é

ëê
ù
ûú-1 3 31a q qa aarg | arg | 	
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Assuming that

d d@ =ALF 3 301018. 	 (53)
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prediction of the number m of the mth order statistic X tm £
3

 with a prescribed confidence level (1−α) 
can be found via (Xl ≤ Xm & PQAA) approach as follows: 
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where m is non-negative integer. Table 12 illustrates the results of within-sample prediction for the 
number m• of future failures via ALF and (Xl≤Xm & PQAA) approaches.

Statistical Inference

Statistical analysis of the results presented in Table 12 allows us to propose the following methodology 
for predicting the number of future failures when both parameters β and δ of the Weibull distribution 
(1) are unknown.

Step 1: Using the ALF approach, the estimate of the unknown parameter δ is determined from (48):

d b d
b d

ALF = ( )é
ëê

ù
ûú·

· · ·argm axln , , | ,
, ,m

L m k l 	 (57)

where ln , , | ,L m k l· · ·( )é
ëê

ù
ûúb d  is given by (49).

Step 2: Using the (Xl≤Xm & PQAA) approach, prediction of the number m of the mth order statistic
X tm £

3
 with a prescribed confidence level (1−α) is determined from (56):
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where dALF  is substituted into (56) for δ.

Step 3: The upper prediction limit for the number of future failures in the interval ( , ]t t2 3  with the pre-
scribed confidence level (1−α) is determined by

%m · -1 a
=m  −k• − l•. 	 (59)

It should be noted that the statistical conclusions concerning predictions (based on previous inspec-
tions) of heat exchanger tubes cracked in subsequent intervals (t4, t5], (t5, t6], (t6, t7], and so on, can be 
obtained through the ALF and (Xl ≤ Xm & PQAA) approaches in the same manner as described above. 
Since prediction of the number of future failures is carried out through the sequential order statistics, 
it is adaptive.
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Table 12. The results of within-sample prediction for the number m• of future failures via ALF and (Xl 
≤ Xm & PQAA) approaches

Approach
Prediction of 
Number m 

for Xm

Confidence Level 1−α for 

Xm P X t nmq a£{ }= -( )3 1|
Significance Level α for 

Xm P X t nmq a>{ }=( )3 |
Prediction: Point 

m
·
ALF

 Limit 

%m · -1 a

ALF

l m· ·= ( )= ( )387 3000 33 70408 3 222629; , , , . , .ALF ALF ALFb d

3395 0.505 0.495 m
·
ALF

= 3000

Xl ≤ Xm & 
PQAA

l= =395 3 222629; .dALF

3323 0.9 0.1 %m
·09. = 2928

3302 0.95 0.05 %m
·095. = 2907

3263 0.99 0.01 %m
·099. = 2868

ALF

l m· ·= ( )= ( )413 3304 32 38295 3 277393; , , , . , .ALF ALF ALFb d

3725 0.51 0.49 m
·
ALF

= 3304

l= =421 3 277393; .dALF

Xl ≤ Xm & 
PQAA

3649 0.9 0.1 %m
·09. = 3228

3628 0.95 0.05 %m
·095. = 3207

3587 0.99 0.01 %m
·099. = 3166

ALF

l m· ·= =425 3445 31 83634 3 301018; ( , , ) ( , . , . )     ALF ALF ALFb d

3878 0.525 0.475 m
·
ALF

= 3445

Xl ≤ Xm & 
PQAA

l= =433 3 301018; .dALF

3804 0.9 0.1 %m
·09. = 3371

3782 0.95 0.05 %m
·095. = 3349

3740 0.99 0.01 %m
·099. = 3307
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CONCLUSION AND FUTURE WORK

We have illustrated the within-sample prediction methodology of the number of future failures, which 
is based on the ALF and (Xl ≤ Xm & PQAA) approaches, for the two-parameter Weibull distribution. 
Application to other (such as, say, log-location-scale) distributions could follow directly.

It will be noted that in the literature only the case is considered when the scale parameter β of the 
Weibull distribution is unknown, but the shape parameter δ is known. As a rule, in practice the Weibull 
shape parameter δ is not known. Instead it is estimated subjectively or from relevant data. Thus, its value 
is uncertain. This δ uncertainty may contribute greater uncertainty to the construction of prediction limits 
for a future number of failures. Therefore, in this chapter, we consider the case when both parameters 
β and δ are unknown.

In literature, for this situation, usually a Bayesian approach is used. Bayesian methods are not con-
sidered here. We note, however, that although subjective Bayesian prediction has a clear personal prob-
ability interpretation, it is not generally clear how this should be applied to non-personal prediction or 
decisions. Objective Bayesian methods, on the other hand, do not have clear probability interpretations 
in finite samples.

It should be noted that the calculation results obtained in this chapter through the soft computing 
process proved to be more suitable for decision making than those obtained through the conventional 
computing process.

It is expected that the ideas presented in this chapter will give interesting and novel contributions to 
statistical theory and its applications. The methodology described here can be extended in several dif-
ferent directions to handle various problems that arise in practice.
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ABSTRACT

This chapter presents an overview of various types of turbulence model and their effect on thermal-
hydraulic characteristics of nuclear fuel bundle, both past and present using Computational Fluid 
Dynamic (CFD) approach. It includes the mathematical definition related to fuel bundle in nuclear 
energy. The various types of geometrical arrangement like Pressurized Water Reactor (PWR), Boiling 
Water Reactor (BWR), etc., are stressed. The solution procedures that are applicable to the various 
reactor types are introduced here and presented in detail for different types of turbulence models. Study 
of these characteristics enables the student to appreciate the effect of the different types of turbulence 
models on turbulent mixing and related phenomena. Finally, recommendations of turbulence model for 
rod bundle are finalized. The inclusion of related references provides a starting point for the interested 
reader / researchers /industrialists.
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INTRODUCTION

The basic mode of operation of the most nuclear reactors is that the coolant flowing through the core of 
the reactor removes heat produced by nuclear fission and conveys it to a steam generator. The steam drives 
a turbine coupled to a generator, which produces electricity. Fuel rod bundle is the heart of the nuclear 
reactor system. Over the precedent 20 years, momentous improvements have been ended in industrial 
Computational Fluid Dynamics (CFD) codes, in computing supremacy and in parallel-computing. These 
improvements have facilitated the utilization of CFD as a universal practice in numerous sectors, its use 
in the nuclear diligence is rising. In industrial computational fluid dynamics codes, there is more than 
one turbulence model built in. It is the addict accountability to decide one of those models, appropriate 
for the dilemma considered. Even though considerable progresses completed in the pasture, the use of 
CFD in predicting single-phase flows in rod bundles tranquil faces a few challenges due to difficulties 
in precisely predicting the turbulent structures such as Secondary flows, Vortex shedding, and Flow 
pulsations that donate to inter-channel mixing (Krauss and Meyer, 1996; Baglietto and Ninokata, 2005). 
The mixing of cooling fluid in rod bundles from one subchannel to another through the gaps between 
the rods reduces the temperature differences in the coolant as well as beside the perimeter of the rods. 
The observable fact of natural mixing was earliest intensively investigated in the 1960s and leftovers a 
theme of research up to the current period. Universal features of these simulations are the computations 
performed by the researchers by means of k-ε turbulence model. Evaluation of the simulation grades 
with experimental data was rarely acceptable. Models based on the Reynolds-stress transport equations 
can offer qualitatively accurate solutions. As a probable justification, secondary flow was deduced from 
measurements by numerous experimentalists (Trupp and Azad, 1975; Trippe and Weinberg, 1979b; Seale, 
1979; Rehme, 1987) and fairly recently its subsistence has been supported by analytical marks (Kim 
and Kim, 2004). Turbulent mixing is recognized as a transport method which is caused by the lateral 
velocity variation in the gap among two sub-channels. In this means, mass, momentum or energy can be 
elated in lateral way. This procedure has a diffusive nature. For the explanation of this method, a diffu-
sion coefficient and a gradient of the transportable flow variable is requisite. Normally, our endeavour 
is informative, we would identify the reader’s attention to the reality that turbulence models have to be 
certain based on theoretical considerations and / or enough information obtained from measurements. 
The significance of this revision can be traced back to the deletion of heat in a reactor. To sustain the 
reactor at a safe and constant temperature and, at the same time, operate at highest efficiency, the stabil-
ity and control of the heat elimination is of great significance. The secondary flow and cross-channel 
flow of water in different geometry promotes the heat deletion in the radial direction. This chapter will 
concentrate on the analysis of cross-flow in rod-bundle geometry. Although the theoretical and compu-
tational approach is very interesting, this learning was solely performed on computational basis. Due to 
dissimilar profile of the sub-channels, the thermal hydraulic descriptions of the coolant flowing through 
the sub-assembly are also unlike which requests a thorough and profound understanding.

In the boiling disaster, the rod exterior is in touch with merely steam and heat transfer deteriorates 
which leads to increase in the cladding temperature and threatens the reliability of the fuel rod. In 
the PWR, generally the boundary to CHF is accessible with the exodus from Nucleate Boiling Ratio 
(DNBR), which is the ratio of heat flux required to cause the Departure from Nucleate Boiling (DNB) 
to the confined heat flux. Design safety limits are utilized to make certain the safety confines of signifi-
cant parameters, which are likely to by no means surpass in any modes of process. The safety margin 
is distinct as the distinction (or ratio) among the limiting value for the parameter and the actual value 
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of the parameter on the plant. In several cases, neither the limiting value nor the actual value can be 
resolved precisely. In these cases, a dictatorial recognition standard is set for the parameter, which is 
usually lower than the estimated value for the safety limit to take into account the uncertainty in the 
assessment. The safety margin is then defined as the dissimilarity among these receiving criteria and 
the authentic value according to International Atomic Energy Agency (IAEA). For an easy parameter 
like the highest cladding temperature, the case is clear-cut as the cladding material is known to start a 
speedy chemical reaction with steam (primary to cladding injure) at a certain temperature (1200ºC). 
Then it is adequate for the proprietor of the plant to exhibit that the actual value of the temperature is 
lesser than this temperature and with an adequate margin of safety. If a conservative analysis does not 
illustrate adequate margin, a so-called best-estimate analysis can be used to added reveal the adequate 
margin as per International Atomic Energy Agency (IAEA).

A significant constraint in heat transfer design is the Critical Heat Flux (CHF) which is definite as the 
limiting heat flux between boiling with high heat transfer coefficient and boiling with low heat transfer 
coefficient. Small heat transfer from the nuclear core to the coolant leads to high temperatures of the 
fuel rods and accelerated oxidation of the cladding, and can eventually lead to release the radioactivity 
if a cladding collapse occurs. Significant feature of the fuel element design is the design of spacer grids, 
which grasp the fuel rods in place and an appropriate distance (spacing) away from each other to keep 
away from mechanical stress due to vibrations etc. Heat transfer and the CHF can be amplified with the 
use of spacer mixing vanes. Full scale CHF experiments are extremely costly. Computational Fluid Dy-
namics (CFD) can be used in the design process for simulating several dissimilar spacer configurations 
before full scale experiments. CFD provides thorough 3D flow description, which assist the trendy to 
recognize the flow experience and hold the design process. The invent parameters can be distorted and 
simulations run with no costs distant from computational costs. Several models are implemented into 
CFD for the simulation. Experimental data are essential for these models (experimental correlations) 
and to authenticate the CFD results.

Figure 1. the criteria for safety margins is illustrated
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BACKGROUND

In a nuclear reactor core, fuel rods are supported by grid structures referred to as spacer grids. These 
spacer grids afford bear to the fuel rods maintaining them at a predetermined distance from each other, 
reducing the vibrations that would take place if the rods were not supported. As one of the key flow 
obstructions in the core, spacer grids have been established to influence the coolant flow hydrodynamics 
and heat transfer description. There have been studies in regard to a single-phase coolant travelling along 
the fuel rods and through the spacer grids (Rehme, 1973; Dominguez-Ontiveros and Hassan, 2009). 
However, there is modest data accessible to offer as to what occurs when two phases travel through the 
spacer grid. To solve the realistic intricate engineering problem, it is essential to calculate the solutions 
of the Navier-Stokes equations numerically with the help of super computers. This is a branch of science 
called as Computational Fluid Dynamics (CFD). Before presenting the diverse CFD approaches, it is 
vital to introduce the universal phenomena in fluid motion i.e. the concept of turbulence.

Turbulence is not a fluid property but belongings of flow itself (Saxena, 2014). Turbulent flow can 
be merely defined as a flow that is disordered in time and space. But precisely turbulent flows may have 
fairly dissimilar dynamics, may be three dimensional or infrequently quasi two dimensional, and may 
exhibit ordered rotational structures called as eddies. The most useful property of turbulent flows is that 
they are able to merge transported quantities much more quickly than if only molecular diffusion pro-
cesses were concerned. This could be a required property because it enhances the mixing of physical and 
chemical properties within a flow. Turbulence is a ubiquitous phenomenon found in nature and industries. 
From an industrial point of analysis, its applications are diverse such as flow around aircraft, vehicles 
from submarines, turbulent flow generated by combustion, flow in a nuclear reactor. Thus, turbulence 
denotes a state of fluid in which all properties (velocity, pressure, density, etc.) fluctuate endlessly in an 
irregular, chaotic, non-repeating and unpredictable manner (Hinze, 1975). Reynolds (Reynolds, 1895) 
was the first to suggest a standard for differentiation between laminar and turbulent flows in his classic 
dye visualization. He observed that a dimensionless parameter called as Reynolds number, Re regulates 
the onset of turbulence. This dimensionless parameter is defined as ratio of inertial to viscous force and 
mathematically given as follows:

Re = l u
* *

ϑ
	

where u*  is the velocity scale, l *  is the characteristic length of the flow domain and ϑ  the kinematic 
viscosity of fluid. Reynolds showed that above a critical value of Reynolds number (Rec = 2100 for 
fluid flow in pipe) the topology and dynamics of the flow changes considerably and the flow becomes 
turbulent. Turbulence can be decomposed into rotational structures called eddies that are characterized 
by very dissimilar scales of length, time and speed. Numerous turbulent structures of very different 
sizes coexist in an identical flow and possess a precise dynamics of space-time scales that distinguish 
them. The largest structures have the characteristic length of the domain L and enclose most of the en-
ergy. Large eddies take out energy from the mean motion, become unstable and breakup, transferring 
their energy to lesser size eddies. The small eddies go through a analogous break-up process, and move 
their energy to lesser and lesser eddies until this energy is dissipated by viscosity. This is called energy 
cascade (Richardson, 1992). Computational Fluid Dynamics involves guess of fluid flow, heat transfer 
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and associated phenomena by solving the mathematical equations that govern these processes using a 
numerical method. The main steps involved in a CFD study are as follows:

1. 	 Conception of mesh to symbolize the required geometry;
2. 	 Provide suitable boundary and initial conditions for the problem;
3. 	 Selection of proper turbulence models depending on the required level of accuracy;
4. 	 Solving the equations of mass, momentum and energy all over the domain of interest.

Since the growth of computers, numerical simulation has a significant place in research and in industry. 
It predicts numerous results, both qualitative and quantitative exclusive of setting up experiments that 
can be costly. If we seem at a turbulent fluid flow from a statistical point of view, a mean field appears 
on which fluctuations of dissimilar scales are superimposed. The problem of numerical simulation of 
turbulent flows is to assess with more or less accuracy, the average and fluctuations of these fields for 
a wide range of scales present in the flow. The numerical simulations can be separated in to three chief 
families depending on the level of accuracy and extent of modelling used. They are Direct Numerical 
Simulation (DNS), Large Eddy Simulation (LES) and Reynolds averaged Navier-Stokes simulation 
(RANS). These three simulation techniques are used in a different way depending on the needs and avail-
able computational resources. Figure 2 represents a digest of differences among the three approaches. 
The stages from recognition to authentication of the vortex flow in rod bundles and compound channels 
are concise under as shown in Table 1. The character of this flow is ultimately fit acknowledged by the 
scientific commune and the calculation of the flow in rod bundles should be on the true way now.

MAIN FOCUS OF THE CHAPTER

This chapter gives an overview of various types of turbulence model and their effect on thermal-hydraulic 
characteristics of nuclear fuel bundle, both past and present using Computational Fluid Dynamic (CFD) 
approach. This chapter presents the mathematical definition related to fuel bundle in nuclear energy. The 
various types of geometrical arrangement like PWR, BWR etc. are stressed. The solution procedures 
that are applicable to the various reactor types are introduced here and presented in detail for different 
types of turbulence models. Study of these characteristics enables the student to appreciate the effect 
of the different types of turbulence models on turbulent mixing and related phenomena. Finally recom-
mendations of turbulence model for rod bundle are finalized. The many references provide a starting 
point for the interested reader.

Waters (1961) calculated the quantity of fluid mixing among flow channels within 7-rod bundle fuel 
elements. In that learning, a salt solution was introduced into the rod bundle, and the fluid mixing was 
resolute by measuring the salt concentration. Hanson and Todreas (1977) considered the fluid mixing 
in a hexagonal 61-pin, wire-wrapped rod bundle. In their learning, salt was injected in the bundle, and 
fluid mixing was studied by investigating the salt tracer dispersion. Meyer (2010) published a literature 
revision on large scale vortices in rod bundles. He summarised a variety of experimental and numerical 
hard work that resulted in the discovery of large scale flow fluctuations. These large-scale patterns are 
particularly chief in tight lattice bundles (small P/D). Zimmermann (2015) performed Systematic CFD 
investigations of the flow in a 5×5 rod bundle geometry containing a single spacer grid with split-type 
mixing vanes. He used a cubic non-linear k-ε turbulence model to simulate the typical rod bundle flow 
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effects such as secondary flow and non-isotropic turbulence. He concluded that for the detailed analysis 
of the forces and flows in the gap showed that mixing vane induced swirling flow in the sub-channels 
muscularly influence the inter subchannel cross-flow. A new model was developed based on the CFD 
simulation results to predict the forced cross-flow between the sub-channels. In general, single-phase flow 
in a mixture of rod bundles and channel arrays has been deliberated with numerous diverse techniques. 
Natural mixing has been characterised by straight measuring mixing of a scalar quantity (i.e. tracer) 
of a new kind (radioactive, chemical, thermal) or ultimately by measuring turbulent flow (LDA, PIV, 
hot-wire anemometry). Ylonen (2013) found that, the turbulent Schmidt number (Sc) is supposed to be 
stable and has an evasion value of 0.9. Nevertheless, numerous researchers have done that the value of 
the turbulent Schmidt number is extremely case reliant. He presented his result by dimensionless mix-
ing scalars and the results with useful turbulence models, RSM and k-ε as shown in Figure 8. Divide 
tint map ranges are used for experiments and computational results due to differences in the magnitudes 
of dimensionless mixing scalars. Figure 11 showed the allocation of the tracer at 50 mm downstream 
from the spacer. The result of the applied turbulence model is roughly unimportant at this point as the 
distributions look approximately the identical. Computational results are too qualitatively exceptionally 
comparable to the experimental results. On the other hand, quantitatively the dimensionless mixing 
scalar distributions vary visibly, which is evident in the unlike scale of the colour bars. Also, Walker et 
al. (2010) described the outcome of applied Sct when they considered mixing in T-junctions. They done 
that Sct had to be decreased to rate 0.1 in order to increase turbulent diffusion subsequent to a T-junction. 
They also concluded based on prior studies and found that the optimum value for turbulent Schmidt 
number ranges from 0.1 to 2.2. Based on these conclusions, the sensitivity study with Sct was conducted 
and the value of turbulent Schmidt number was varied in the range 0.1 to 1.5, and the pure convection 
case was also modelled. Baglietto and Ninokata (2005) found that the inclusion of adequate anisotropy 
modelling enables to accurately reproduce the wall shear stress distribution and velocity field in tight 
lattice fuel bundles. They were evaluating the influence of secondary flow and the significance of the 

Figure 2. Represents a digest of differences among the three approaches
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anisotropy modelling for the dissimilar turbulence closures. They used different type of grid like Coarse 
(6048 nodes), Fine (15,888) and Refined (26,108) for the y+ value at the near wall cell as 3.5, 1.1 and 
0.7 respectively. Yu et al. (2012) have done research in subchannels for a 37-element simulated Canada 
Deuterium Uranium (CANDU) fuel bundle. Results from this study, obtained for different mass flow 
rates, revealed the presence of strong turbulent swirling flow in many bundle subchannels around the 
entrance region. They were adopted different meshing scheme as shown in Figure 3. A coarse uniform 
mesh is used for the sub-region far away from the bundle. A non-uniform mesh is used for the sub-region 
adjacent to the fuel bundle. A magnification of 1.1 is applied to cells from the upstream endplate to 
the boundary between the two pipe flow sub-regions. The adjacent regions are then coupled using the 
non-conformal meshing scheme. The endplate and bundle flow regions are meshed with the finest grid 
sizes. The whole computational domain contains about 6.3 million cells.

Podila and Rao (2016) said that proper mesh generation constitutes a key Factor affecting the numerical 
stability and the accuracy of the computation results as shown in figure 5. They found that for a intricate 
geometry, the time for mesh generation accounts for a huge portion of the simulation time as it is an 
iterative or trial-and-error process, and the mesh generation has to be frequent several times to attain a 
desired resolution. Moreover, generation of unstructured meshes requires larger quantity of memory per 
core especially when the mesh routines are not parallelised. For the rod bundle problem in hand, mesh-
ing was computationally challenging. They had explained that the Two-equation and Reynolds stress 
models (RSM) were assessed beside the measured turbulence intensities downstream of the split-vane 
spacer grid. The mesh was set on at the split-vane spacer grid area in an endeavour to exactly predict the 
increase in turbulence intensities downstream of the split-vane spacer grid region. The assessment of the 
CFD predictions was made with experiments from KAERI (Korean Atomic Energy Research Institute) 
that was provided to participants of the blind benchmark exercise. Finally, they had summarized that the 
three turbulence models tested all under predicted the turbulence intensities downstream of the split-vane 
spacer grid, with the Realizable k-ε model predicting the maximum values nearer to the experiments.

To establish the extent of the increase predicted by each of the models tested, the turbulence inten-
sity at axial locations just downstream of the split-vane spacer grid was evaluated in Figure 3 (a). The 
data pulling out to observe the increase in turbulence intensity among two locations was facilitated by 
creating lines just downstream position of the split-vane spacer grid. The CFD predictions accessible 
in Figures 3 (a) symbolize the variation of turbulence intensities at all the three subchannels. As seen 
in Figures 3 (a) at the downstream location, the Realizable k-ε model predicted (up to 30%) higher tur-
bulence intensities than the k – ωSST model did. The vane area is connected with flow separation and 
re-circulation which the k – ωSST model with high y+ wall treatment futile to arrest thereby foremost 
to lower predicted turbulent intensities. Dissimilar in the k – ωSST model, the dissipation term in the 
Realizable k-ε model was derived from an exact equation for the transport of the mean square vortices 
fluctuation (STAR-CCM+ user manual, 2015). These positions need to be enhanced to arrest the flow 
physics downstream of spacers compared to the k – ωSST model.

Zhang et al. (2017) applied structured hexahedral meshes at the bundle channels away from the grids, 
while tetrahedral meshes are used at the grids where geometry is quite complex as shown in Figure 4. 
The sensitivity analyses of mesh size were performed on the basis of maximum mesh size. They used 
different maximum mesh size like 0.5, 1.0, 2.0 and 4.0 mm for the mesh number 11283877, 8086472, 
7208496, and 6702348 respectively. The solution times were 350, 264, 236 and 178 min respectively.

The flow characteristics at the specific area were represented by the streamlines at the outlet of spacer 
grid and mid span mixing grid as shown in Figure 9 and Figure 10 respectively. It was seen that at the 
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Table 1. Important footprints for recognition to authentication of the vortex flow in rod bundles and 
compound channels

S. No. Published Year Researcher Turbulence model Remarks

1. 2005 Baglietto and 
Ninokata

Quadratic k-ε model This model explains gifted potential in this esteem is adjusted 
in its coefficients, and the familiar model is useful to fully 
developed flow in an infinite triangular array, with a variety of 
Reynolds numbers.

2. 2007 Chang and Tavoularis URANS The flow restricted large-scale coherent structures, which 
pretentious sturdily the local velocity fluctuations, close to the 
gaps among rods or among rods and the surrounding wall.

3. 2010 Ikeno and Kajishima Large eddy simulation (LES) This revision suggests that simulating the physics in the flow, as 
well as predicting the mean flow by means of Turbulence model 
is one of the mainly significant roles of CFD.

4. 2012 Yu et al. k-ε, LES Occurrence of swirling flow inside the bundle.

5. 2012 Liu et al. k–ω (shear stress transport) 
SST, realizable k-ε (RKE) 
and RSM

The near-wall turbulence modelling was acknowledged as a 
momentous kindness when choosing a proper turbulence model 
for the simulations. The sensation of the SST k–ω turbulence 
model is endorsed to a near-wall treatment, which relies on 
damping of the turbulent viscosity in low Reynolds numbers 
regions rather than standard wall treatment as implemented for 
the turbulence models.

6. 2014 Cinosi et al. RANS A RANS model by means of any of k-ε, k–ω and Reynolds-stress 
turbulence models was enough for the forecast of mean velocity 
profiles, but they all three misjudge the time-averaged turbulent 
velocity components.

7. 2014 Podila et al. Reynolds stress model 
(RSM), Standard k-ε

The URANS RSM solution method along with a mesh count of 
15.31 million cells below predicted the turbulence intensity due 
to the generated vortices at the back of the spacers.

8. 2016 Podila and Rao Realizable k-ε, k–ω SST and 
Reynolds stress models

The designed turbulence intensities were established to be reliant 
on the selection of the turbulence model used, the mesh density 
on the spacers as well as on the domain length upstream of the 
spacers.

9. 2016 Chen et al. RNG k-ε The RNG k-ε turbulence model can guess the turbulence flow 
superior than the SKE model and the RKE model.

10. 2016 Miku and Tiselj Wall-resolved LES using 
WALE model

Large Eddy Simulation (LES) using WALE model is set up as an 
appealing accurate tool for simulations of the flow through the 
rod bundle, if adequately fine mesh is applied.

11. 2016 Batta and Class RANS–CFD Prediction of pressure drop across spacer grids by RANS–CFD 
using well resolved meshes in the spacer grid region yields more 
accurate results than any available correlation.

12. 2016 Merzari et al. LES, k–ωSST No turbulence model is capable to hold the flow in direct wake 
of the wire, when compared with LES. 
k–ωSST reproduces exactly the behaviour in the instantaneous 
proximity of the wire (when not in the wake) while all k–ε 
models miscalculate it.

13. 2016 Kang and Hassan Steady Reynolds-Averaged 
Navier–Stokes (RANS)

Steady RANS come close to could not confine unsteady, large-
scale cross-flow fluctuations and qualitative cross-flow blueprint 
modify due to the tangentially restrained test section.

14. 2017 Zhang et al. k–ωSST The upstream grid has no remarkable impact on the flow field 
formed at its downstream grids if the cross flow is sufficiently 
developed.

15. 2017 Jeong et al. RANS Authors presents a suitable way for a practical RANS based 
CFD methodology which is relevant to valid scale 217-pin 
wire-wrapped fuel assembly of KAERI (Korea Atomic Energy 
Research Institute) PGSFR (Prototype Gen-IV Sodium-cooled 
Fast Reactor).

16. 2017 Mikuž & Tiselj URANS Turbulent flow in rod bundles URANS (as well as steady-state 
RANS) simulations predicted mean velocity profiles fairly well.
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Figure 3. Graphic of meshing scheme (Yu et al., 2012)

Figure 4. Exploded examination of the domain and boundary meshes for particular bundle and endplate 
subchannels in a cross section (Yu et al., 2012)
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Figure 5. Mesh used for the 5-By-5 rod bundle simulations (Podila and Rao 2016)

Figure 6. CFD predictions of the turbulence intensities using two-equation models at locations just 
downstream of the split-vane spacer grid (Podila and Rao, 2016)
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Figure 7. Applied mesh for pressurized water reactor (Zhang et al., 2017)

Figure 8. Cross-section used for comparative analysis (Zhang et al., 2017)
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outlet of the spacer grid due to cross flow created among the neighbouring channels, comparatively 
big complete vortexes with their major axis being steady to the stretching direction of the mixing vane 
which were normally visible.

In addition, they found that, because of the dimple and spring, numerous smaller vortexes are likely 
to come into view close to the outsized vortex. As for the mid span mixing grid, due to an analogous 
structure of the mixing vane as mentioned above, no much variation of the streamline distribution at its 
exit can be observed (Figure 10).

Jeong et al. (2017) studied by adapting an innovative grid generation method using a Fortran based 
in-house code with a General Grid Interface (GGI) function in a general-purpose commercial CFD code, 
CFX. They suggested that, the RANS based CFD methodology can be successfully extended to the real 
scale 217-pin wire-wrapped fuel bundles of KAERI PGSFR.

Mikuž & Tiselj (2017) performed with the Shear Stress Transport (SST) turbulence model and auto-
matic wall-treatment using OpenFOAM, an open-source CFD code. Results of URANS simulations are 
compared with the measurements of the MATiS-H experiment, which was performed at Korean Atomic 
Energy Research Institute (KAERI) in 2011–2012.

Issues, Controversies, Problems

In industrial computational fluid dynamic codes, there is more than one turbulence model built in. It 
is the client accountability to select one of those models, appropriate for the difficulty considered. In 
the preceding decade, numerous computations were offered using computational fluid dynamics for 

Figure 9. Streamline at the outlet of spacer grid (Zhang et al., 2017)
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the simulation of a variety of effort of the nuclear trade. A familiar characteristic in an amount of those 
simulations is that they were done by means of the standard k–ε turbulence model with no mitigating the 
preference of the model. The simulation results were hardly ever acceptable. In this chapter, we shall think 
the flow in a fuel rod bundle as a case study and argue why the claim of the standard k–ε model unable 
to present logical results in this condition (Hazi, 2005). It is also showed that a turbulence model based 
on the Reynolds stress transport equations can give qualitatively truthful results. Normally, our plan is 
instructive; we would like to call the reader’s concentration to the fact that turbulence models have to be 
certain based on speculative considerations and / or sufficient in sequence obtained from measurements.

In the years precedent numerous authors ended a challenge to simulate the hydrodynamics of fuel 
rod bundles by CFD techniques (Lestinen and Gango, 1999; Bergeron et al., 1999; Kriventsev and Ni-
nokata, 1999; Rautaheimo et al., 1999; Tzanos, 2001, 2002, 2004). A universal characteristic of these 
simulations is that the researchers done the computations using k–ε turbulence model. Evaluation of the 
simulation results with experimental data was rarely acceptable. Tzanos (2004) has given simulation 
results comparing the recital of variants of the k–ε models. His final recommendation is that the models 
have to be enhanced in instruct to achieve realistic simulation results for fuel rod bundle simulations. 
However, the reasons of the malfunction of the standard k–ε model and its clones were not elucidated. 
At this juncture, it is explained that the relevance of the standard k–ε model is not reliable for rod bundle 
flows, fundamentally since the assumptions useful for the duration of the improvement of these models 
do not grasp in such flows. By means of the standard k–ε model the results are not only inexact, but 
those are qualitatively incorrect. Additionally, it is revealed that former models, e.g., models based on 
the Reynolds-stress transport equations can give qualitatively truthful solutions.

Figure 10. Streamline at the outlet of mid span mixing grid (Zhang et al., 2017)
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SOLUTIONS AND RECOMMENDATIONS

CFD category experiments are vital in the advance and validation of numerical methods and models 
worn to revision the spacer grid possessions. Rod bundle correlations are proprietary in nature. Empiri-
cal correlations are not reliable for new design of a rod bundle. So far, no CHF data generated for a 
rod bundle in BARC (power requirement ~ 6 MW and fuel simulator design). Mechanistic modelling 
of CHF is expected to provide good prediction. For AHWR with a new spacer design, establishing a 
methodology for the evaluation of thermal margin is necessary. Pre-test calculations can be performed 
and based on those results; probable candidates for a novel spacer grid design can be meticulous for the 
adiabatic experiments. The information would be then used mutually with post-test calculations to find 
the best candidate(s) for further expensive heated bundle experiments.

Figure 11. Dimensionless mixing scalar distributions, from distances 50-250 mm (Ylonen, 2013)
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FUTURE RESEARCH DIRECTIONS

The spacer modeling is important to ascertain the maximum allowable power that can be produced 
in a fuel bundle. Accurate prediction of spacer effect provides higher thermal margin and hence leads 
to improve economy. The thermal-hydraulic aspects of spacing devices for water-cooled nuclear fuel 
bundles have been intentional in several laboratories. The grades explain that spacing devices can have 
great possessions on CHF. The possessions are typically encouraging but pessimistic things on CHF are 
reasonable with ill-designed spacing strategy. Bundle pressure drops are typically improved drastically by 
the occurrence of spacers. Development and validation of dry-out modeling code FIDOM-Rod yields a 
good prediction of CHF for Indian AHWR. CFD proved to be useful for spacer effect analysis for CHF.

CONCLUSION

The numerical simulation provides an exclusive nearby into the mixing concept in a rod bundle. A meth-
odology for the dry-out analysis in BWR assemblies has been established and a computer code, FIDOM-
Rod developed and validated. It was revealed that from previous investigation, the k-ε model could not 
replicate the fundamental description of such flows. On the erstwhile dispense, it had been confirmed 
that the Reynolds-stress model could be a superior entrant for the exact modelling of rod bundles. It is 
momentarily discussed that these conclusions could be drained a priori, studying the experimental grades 
and the assumptions useful throughout the expansion of the turbulence models. A simple spacer model 
for AHWR has been proposed. The minimum critical power ratio of the AHWR core was evaluated to 
be 1.44. (Required typical MCPR is ~1.1 for BWR). Due to adequate thermal margin, the possibility of 
power up rating of AHWR exists (at least by 15-20% considering 10% prediction uncertainty). Limited 
elevated resolution concentration dimensions shown momentous differences among the tested spacer 
grid designs. Cross-mixing presentation depended particularly sturdily on the deal of the mixing vanes. 
The inference of lateral velocities presented supplementary in order on the flow deeds downstream of 
the spacer grid.
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KEY TERMS AND DEFINITIONS

Boiling Water Reactor (BWR): A common type of light water reactor, where water is allowed to 
boil in the core thus generating steam directly in the reactor vessel.

Computational Fluid Dynamics (CFD): CFD is anxious with obtaining numerical solution to fluid 
flow, heat transfer, mass transfer, chemical reactions and associated phenomena effort using computers.

Coolant: The liquid circulated through the reactor core to remove heat generated by the core. It can 
be a liquid (usually water or molten sodium) or a gas (usually carbon dioxide or helium).
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Critical Heat Flux (CHF): The CHF is defined as the maximum heat flux from the fuel rod to the 
coolant before the boiling crisis occurs.

Light Water Reactor (LWR): A common nuclear reactor cooled and usually moderated by ordinary 
water. It is a generic designation including BWR and PWR types.

Pressurised Water Reactor (PWR): The most common type of light water reactor (LWR), it uses 
water at very high pressure in a primary circuit and steam is formed in a secondary circuit.

Spacer: It is a device to maintain the rod bundle configuration for coolant flow.
Turbulent Mixing: Due to turbulent fluctuations, there is a lateral movement of fluid particles. The 

same mass that is transported over the gap is replaced by an equal mass from the adjacent sub-channel, 
so there is no net mass transfer in single-phase flow.

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



267

Copyright © 2018, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

Chapter  13

DOI: 10.4018/978-1-5225-3035-0.ch013

ABSTRACT

Summability methods are a useful tool in dealing with the problems in the soft computing like in filtering 
of the signals and for stabilizing the systems. Signals can be in the form of various types of series (Infinite 
Series, Fourier series, etc.) and hence, summability theory is applicable in finding the error of approxi-
mation and degree of approximation of such signals. In this chapter, the authors gave an introductory 
discussion on summability theory and approximation of the signals. Further, they explained about the 
stability of the frequency response of the system. Also, they used the Fourier approximation in the soft 
computing models (multilayer perceptrons; radial basis function (RBF) or regularization networks, and 
fuzzy logic models) and found the output data of requirement.

INTRODUCTION

In this modern world, the soft computing becomes very effective in developing the functional and robust 
intelligent systems. The theory of the soft computing is developed by mathematical and logical frame-
works considering the natural attributes in learning and reasoning. It enables the computing devices with 
more reasonable and logical for an effective and intelligent functioning. The soft computing exists in 
every area of our life which uses the technology like computer systems, transport vehicles, appliances, 
or the things with hidden digital electronics.

Summability techniques are very much applicable in soft computing as a tool to filter the signals 
in the form of series (Infinite Series, Fourier series, wavelets etc.) (Bachmann et al., 2012) using the 
various summability methods (Zygmund, 1988) such as matrix summability, Cesàro and Generalized 
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Cesàro summability, Hölder summability, Harmonic summability, Riesz’s and Riesz’s typical means 
summability, Nörlund and Generalized Nörlund summability, indexed summability, Abel summability, 
Euler summability, Borel summability, Hausdorff summability, Banach summability etc. (Dutta and 
Rhoades, 2016). In this chapter, we will discuss the stability of the system using the summability and 
absolute summability methods.

Kumar et al. (2010) determined the new approach for Generating Parametric Orthogonal Wavelets 
in which scaling function filter represent as a product of two Laurent polynomials. In 2011, they used 
Discrete Wavelet Transform in place of Fourier transform and improve the results. Also, Kumar et al. 
(2016) determined the Wavelet Variance, Covariance and Correlation Analysis of BSE and NSE In-
dexes Financial Time Series. In 2016, Sonker and Munjal (2016a) determined a theorem on generalized 
absolute Cesàro summability with the help of sufficient conditions for infinite series and in (2016b), 
they used the concept of triangle matrices for obtaining the minimal set of sufficient conditions of infi-
nite series to be bounded. In 2017, Sonker and Munjal (2017a) obtained boundness conditions of abso-
lute summability f - | |A k  factors. In this way by using the advanced summability method, we can 
improve the quality of the filters.

Summability Theory

In broad, summability theory is the theory of the assignment of limits, which is fundamental in analysis, 
function theory, topology and functional analysis. In mathematical analysis, a summability method is a 
famous formulation for convergence of a divergent series. Summability is a field in which we study the 
non-convergent series/ integrals and assigns a value (number) to it.

For instance, followings are some interesting cases, for which the assignment of limits can be done,

•	 Real or complex sequences for the limit process ‘n → ∞’,
•	 Series (convergence of series),
•	 Sequences and series of functions like power series, Fourier series, etc.,
•	 Limit of a function at a point (continuity, continuous extension),
•	 Differentiation of functions,
•	 Integration of functions.

In 1890, Cesàro (1890) deals with the sum of some divergent series which later known as Cesàro 
summation. In specialized mathematical contexts, values can be objectively assigned to certain series 
whose sequence of partial sums diverges. This is to make meaning of the divergence of the series.

For example, Cesàro summation assigns Grandi’s series 1 1 1 1 1- + - + - ¼  the value 1/2.
There exist three types of summability,

1. 	 Ordinary Summability
2. 	 Absolute Summability
3. 	 Strong Summability
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•	 Ordinary Summability: Let ∑ un be an infinite series of real numbers with a sequence of partial 
sums {sn}. Let T ≡ (an,k) be an infinite matrix with real or complex constants. Then the sequence-
to-sequence transformation,

t a s nn n k k
k

n

= =
=
å , , ,, ,0 12

0
K 	

defines the matrix transform of the sequence sn{ }
=

¥

n 1
. Here the column vector of the tn is the product of 

the matrix T with the column vector of the sn. The sequence {sn} or the series ∑un is said to be matrix 
summable to s, if lim

n nt s
® ¥

= .

•	 Absolute Summability: The infinite series ann=

¥å 0
 with the sequence of the partial sum { }sn  

is absolute summable by the method A (A-summable) to the limit s, if it is A-summable to s, i.e. if 
lim n nt s® ¥ =  and if the sequence { }tn  is of bounded variation:

t tn n
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- < ¥-
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å 1
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•	 Absolute Summability Of Index q: The infinite series ann=

¥å 0
 with the sequence of the partial 

sum { }sn  is absolute summable with the index q by the method A (A-summable) to the limit s, if 
it is A-summable to s, i.e.

k t t nq
k k

q

k

n
-

-
=
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1
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and if t s nn ® ® ¥,as . It is denoted by A q, .

•	 Strong Summability: The infinite series ann=

¥å 0
 with the sequence of the partial sum { }sn  is 

strong summable with index q by the method A (A-summable) to the limit s, if it is A-summable 

to s, i.e. if k t t O n nq
k k
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=
å 1
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The following inclusion relations hold,
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ù
ûúÌ ( ).	

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



270

Summability Techniques and Their Applications in Soft Computing
﻿

•	 Methods for Summability: These are some methods of summability,
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n

k nn k, , .=
+

£ £1
1

0

◦◦ Harmonic means when a
n k n

k nn k, ( )log
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n
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d

1

0

◦◦ Nörlund means when a
p
P

k nn k
n k

n
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◦◦ Riesz mean when a
p
P

k nn k
k

n
, , .= £ £0

◦◦ General Nörlund mean ( , , )N p q  when a
p q
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n k k

n
,
= -  where R p qn k n k

k

n

= -
=
å .

0

◦◦ Deferred Cesàro Mean: Agnew define the Deferred Cesàro mean of the sequence x xk= ( ) 

by D
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 where q n p n( ) ( )and  are sequences of positive natural 

numbers satisfying q n p n( ) ( )<  and lim ( ) .
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Trigonometric Fourier Series

Let f be a 2π-periodic function, integrable over the interval -éëê
ù
ûúp p, . Let the Trigonometric Fourier series 

associated with f be
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denotes the (n + 1)th partial sums, called trigonometric polynomials of nth degree, of the Fourier series 

of f. The conjugate series of the Fourier series of f is defined by 
n

n n
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a f x kxdx kk = =
-
ò1 0 12

p
p

p

( )cos , ,, ,...	

and

b f x kxdx kk = =
-
ò1 1 2 3

p
p

p

( )sin , , , ,...	

are called the Fourier coefficients of f. The sequence of partial sums of series u xk
k

( ),
=

¥

å
0

 given by

s f x
a

a kx b kxn k k
k

n

; cos sin( )= + +( )
=
å0

12
, is a trigonometric polynomial of order n.

•	 Convergence of Fourier Series: The key to the convergence of the Fourier series of the inte-
grable function f is the smoothness of f. The smoother f is (i.e., the more continuous f and its 
derivatives are), the better the convergence of its Fourier series to f. If f is merely continuous at a 
point, its Fourier series may diverge, but if f is piecewise smooth and continuous, series converges 
uniformly and absolutely to f. the convergence is also faster if the function is smoother. The es-
sential content is that if f is continuously differentiable k times, then its Fourier coefficients an and 
bn go to 0 faster than 1/nk.

Approximation of Functions

The approximation theory generally selects a closely matched target function among the well-defined 
class function. The requirement of approximating the function is very popular in engineering and physi-
cal sciences. This branch of analysis investigates the certain known signals and approximated it to a 
desirable signal using the specific class of functions (polynomial and Fourier series) and the elementary 
properties (limit values, continuity and integrability etc.). Depending on the structure of the domain and 
co-domain of the problem, several techniques of approximation may be applicable.

In Soft computing, approximating functions are used to describe the behavior of the activity of a 
neural network, Support Vector Machine (SVM) Network, Radial Basis Function (RBF) network etc. 
with the help of a Fourier truncated series and a polynomial approximating function. The approximation 
can be done by two ways: Polynomial approximation and Fourier approximation.

According to the Weierstrass theorem, a continuous real-valued bounded function can be approximated 
with the help of the sup-norm if the order of the polynomial function is infinity while a discontinuous 
even function can be approximated by a norm other than the sup-norm. Taylor series expansion is used 
for the polynomial approximation of the function and the quality of the approximation depends on the 
number of terms taken. Of course, for a function to have a Taylor series, it must be infinitely differentiable 
in some interval, and this is a very restrictive condition. But in Fourier approximation, sines and cosines 
functions are used and serve as much more versatile elements than powers of any variable.
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Approximations of a real-valued continuous function f(x) by an approximation function T(x) (by Fourier 
series, orthogonal series) have a finite number of the terms. Our main focus is to solve the engineering 
problem (a set of sparse or noisy training data points) by approximation of the continuous function with 
the help of summability theory with minimized error and to find the degree of approximation. We will 
give some theoretical explanation (with the help of theorems) which is required for the degree of ap-
proximation and error minimization of data.

The major items in an approximation problem are the type of the approximating function applied 
and measure the goodness of an approximation. This is also known as the question of choosing the 
form and norm. The choice of the approximating function (form) is more important than the choice of 
a measure of goodness, that is, a distance function or norm that measures the distance between f and fa. 
Unfortunately, there is no theoretical method of determining which out of many possible approximating 
functions will yield the best approximation. Before examining the approximation properties of models, 
we can consider some basic shortcomings of classical approximation schemes. On the other hand, there 
are only a few feasible functions in use or under investigation. The most popular functions are tangent 
hyperbolic, a few radial basis functions (notably Gaussians and multi-Quadrics), polynomial functions, 
and three standard membership functions applied in fuzzy models (triangle, trapezoid, and singleton). 
These functions are called activation, basis and, membership functions in multilayer perceptrons; radial 
basis function (RBF) or regularization networks, and fuzzy logic models. These models are, together 
with support vector machines, the most popular soft modeling (Herrero et al., 2015) and learning func-
tions. Their mathematical forms follow.

•	 Multilayer Perceptron: A multilayer perceptron is a representation of the non-linear basis func-
tion expansion (approximation)

o f x w v w x va
i

N

i i i= ( )= ( )
=
å, , ,

1

j 	

where ji ix v,( ) is a set of given functions.

Radial Basis Function (RBF) Network

A radial function f  generally satisfies the property x xf f( )= ( ). The RBF is a real-valued function 

which depends only on the distance from the origin or a centre c so that ff fx x( )= ( ); or 

f fx �c x c,( )= -( ). Sums of these functions are commonly used to approximate functions. A RBF 

network is a representative of a linear basis function expansion
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•	 	Fuzzy Logic Model (Kecman, 2001): A fuzzy logic model, like an RBF network, can be a repre-
sentative of a linear or non-linear basis function expansion:

o f x c r
G x c r

G x c
a

i

N

i i

i

N

i

= ( )= ( )
( )

=

=

å
å

, ,
,

,
1

1

.	

Algebraic Polynomial and Truncated Fourier Series Expansion:

1. 	 An algebraic polynomial expansion:

o f x w xa
i

N

i
i= ( )=

=
å

0

	

2. 	 A truncated Fourier series expansion:

o a asin x bcos x a sin x a sin nx bcos nxn n= + ( )+ ( )+ ( )+ ¼ + ( )+ ( )0 1 1 2 2 	

The major question to be answered is the choice of the norm (the distance between the data and the ap-
proximating function (fa(x, w)). This choice is less important than, the choice of form fa(x, w). If fa(x, w) 
is compatible with an underlying function f(x) that produced the training data points, then almost any 
reasonable measure will lead to an acceptable approximation to f(x). If fa(x, w) is not compatible with 
f(x), none of the norms can improve bad approximations to f(x). However, in many practical situations, 
one norm of the approximation is naturally preferred over another.

Norm

A norm on V is a function p: V → R ∀ a ∈ F and all u, v ∈ V with the following properties:

1. 	 p(a v) = |a| p(v),
2. 	 p(u + v) ≤ p(u) + p(v),
3. 	 If p(v) = 0, then v is the zero vector,
4. 	 p(v) ≥ 0 (non-negativity).

A well-known Lp  norm is most commonly used tool in the study of Fourier series. In letting p ® ¥ , 

the Lp  norm becomes the essential upper bound and Lp  behavior formally becomes Lipschitz behavior. 
The results on Fourier series can be generalize by using the more general classes of functions in place 
of power function
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•	 L
0

 Norm: The first norm is a L
0

-norm. L
0

 -norm of vector x is

x x
i

i0
0

0= å 	

that is a total number of non-zero elements in a vector.

•	 L
1

 Norm (Absolute Value Norm): It is sum of absolute difference between two vectors or 
matrices,

x x x
i

i i1 1= -å - .	

•	 	L2  Norm (Euclidean Norm): A most popular application of Euclidean norm is in the signal 
processing field as the Mean-Squared Error (MSE) measurement. It is a sum of squared 
difference

x x x x
i

i i1 22 1 2

2
- = -( )å .	

•	 	Lp  Norm: It is given by

x x x x pp
i

p
p

i i1 2 1 2 1- = -( ) £ < ¥å ,���������� .	

•	 L
¥

 Norm: It is the maximum entries’ magnitude of the vector

x m ax xi¥ = ( )	

Norm of Approximation

The norm of the approximation measures the match of a specific approximation fa(x) to the given set of 
noisy data. It is a positive scalar to measures the error, length, size, distance, etc. Here a norm usually 
represents an error. The Lp (Holder) norm is the most common mathematical class of norms to measure 
the discrete data set. The Lp norm is a p-norm of an error vector e. The choice of the measure of the 
goodness of the approximation depends on the simplicity of approximation and the algorithms of the 
optimization. The L2 norm is the best one for data corrupted with normally distributed (Gaussian) noise. 
In this case, it is known that the estimated parameters or weights obtained in L2 norm correspond to the 
maximum-likelihood estimates. The L1 norm is much better than the Euclidean norm for data that have 
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outliers because the L1 norm tends to ignore such data. The Chebyshev norm is ideal in the case of exact 
data with errors in a uniform distribution.

Deficiency of Polynomial Approximations

The example below shows the deficiency of polynomial approximations. They behave badly in the prox-
imity of domain boundaries even though they are the perfect interpreter of giving training data points.

Example 1: Approximate function f(x) = 1/(1 + 25x2) defined over the range [- l, + l ] and sampled at 
21 equidistant points xi, i = 1, 2, …, 21, (i.e., P = 21) by polynomials of the twelfth, sixteenth, 
and twentieth orders.

For this particular function (see Figure 1) it is found that for any point x ≠ xi, where |x| > 0.75, the 
error |fa(x) - f(x)| of the approximation increases without bound as the order of the approximating poly-
nomials n increases. This is true even though fa(xi) = f (xi) when the order of the polynomial, n = P – 1, 
where P is the number of training data. In this example, fa(xi) = f xi) for a 20th order polynomial, which 
means that both L1 and L2 norms are equal to zero, wrongly suggesting perfect errorless approximation 
over the whole domain of input variable x.

When considering an error over a whole range, a more satisfactory objective is to make the maximum 
error as small as possible. This is the minimax or a Chebyshev type of approximation and the function 
fa(x) is chosen so that L∞ is minimized. It is in this context that the Chebyshev polynomials have found 
a wide range of applications.

There are also many other polynomials, notably a class of orthogonal polynomials, that can be used 
for approximations. All of them have similar deficiencies in the sense that as the number of training 
points P increases, the approximation improves near the center of the interval but shows pronounced 
oscillatory behavior at the ends of the interval.

Both the polynomials and trigonometric sums have similar disadvantages in that they cannot take 
sharp bends followed by relatively flat behavior. Both functions are defined over the whole domain (i.e., 
they are globally acting activation functions), and they generally vary gently. Such characteristics can 
be circumvented by increasing the degree of these functions, but this has a consequence wild behavior 
of the approximator close to boundaries (Figure 1).

Truncated Fourier Approximation

In truncated Fourier approximation, Sines and Cosines functions are used. It serves as much more ver-
satile elements than powers of any variable. Sines and Cosines are not only helpful in an approximation 
of non-analytic but also in the wildly discontinuous functions. In signal analysis, Fourier approximation 
has assumed important new dimensions due to their wide range of applications. In obtaining the trigono-
metric functions on an analog computer, a set of completely new problems must be solved. One of these 
is “frequency response” which has to do with the highest frequency of interest contained in the input 
signal. For example, the sine of an angle can be obtained by means of a suitably wound potentiometer 
which produces the proper voltage as a result of a shaft rotation proportional to the angle. Obviously, a 
scheme of this kind is only suitable for slowly changing angles, i.e., frequencies less than 10 cps.
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Fourier approximations based upon the summation of a series of orthogonal polynomials. The trigo-
nometric polynomials are dense in the set of continuous functions on the unit circle (with the uniform 
norm). Thus, it is a demonstrate way for a function to approximated by a trigonometric polynomial.

Trigonometric Fourier Series Approximation With the Help 
of Summability Method (Cesàro Sub-Methods)

Let f be 2π-periodic (bounded, integrable) and f LpÎ [0, 2π] = Lp  for p ³ 1. Then,

s f x a a kx b kx u f xn
k

n

k k
k

n

k; ( sin cos ) ;( )= + + º ( )
= =
å å1

2 0
1 1

	

is the partial sum of the first (n+1)th terms of the Fourier series of f L ppÎ ³( )1  at a point x.

Then, it is known that

s f x f x t
sin n t

sin t
dtn x;

/

/
( )- ( )= Æ () +( )

( )ò2
1 2

2 20p

p

	

where

Figure 1. Polynomial approximations of a function 1 /(1 + 25x2)
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.Æ ()= +( )+ -( )- (){ }x t f x t f x t f t1
2

2 	

A measurable 2π -periodic function w: [0, 2π]→[0, ∞] is called a weight function if the set w - ¥{ }( )1 0,� � 

has the Lebesgue measure zero and f Lw
pÎ é
ëê

ù
ûú( ),02p  is the weighted Lebesgue space of all measurable 

2π-periodic functions if

f f x w x dxpw p

p

,

/

= ( ) ( )
æ

è
ççççç

ö

ø
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0

2 1
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A weight function w belongs to the Muckenhoupt class A pp 1< < ¥( ),� if

sup
I

w x dx
I

w x dx
I I

p1 1 1
1ò ò( )
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è

ççççç
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where the supremum is over all intervals I with length I £ 2p.
Let f Lw

pÎ  and w A ppÎ < < ¥( )1 . Then modulus of continuity of the function f is defined by

W f f
pw h

h p w
, sup �,��� ,

, ,
d d

d
( ) = D ( ) >

£
0 	

where

D ( )( )= +( )- ( )òh

h

f x
h

f x t f x dt1

0

	

For 0 1< £a , the Lipschitz class Lip p wa,�,�( ) is give as,

Lip p w f L f Ow
p

p w
a d d da,�,� {��� �:� , ,� �}.

,
( )= Î ( ) = ( ) >W 0 	

Let T an k,º ( ) be a lower triangular matrix with non-negative entries. For each n, the sequence { },an k  

is either non-increasing or non-decreasing in k, 0£ £k n , the matrix T is said to have monotonic rows.
A positive sequence c cn= { } is called almost monotone increasing (or decreasing) if there exists a 

constant K = K(c), such that for all n m³ ,

c K c orc K cn m n m³ £( ), .	
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Such sequences will be denoted by cÎ AMDS (or cÎ  AMIS).
If eÎ  AMIS (or eÎ  AMDS), then the sequence e  is almost monotone increasing (or decreasing) 

mean sequence, denoted by eÎ  AMIMS (or eÎ  AMDMS) and have the following relations, AMIS Ì  
AMIMS and AMDS Ì  AMDMS.

Let E be an infinite subset of N and consider E as strictly increasing sequence of positive integers, 

say E n
n

= ( ){ }
=

¥
l

1
. The summability method is defined as,

C x
n

x
n

k

n

kl

l

l
( )( ) = ( ) =

( )

å1

1

	

where xk{ }  is a sequence of real or complex numbers and n = 1, 2, … . It is clear that C
l

 is regular for 

any l . Thus, the C
l

-method yields a subsequence of the Cesàro method C
1

. C
l

 is obtained by delet-
ing a set of rows from Cesàro matrix.

The authors considered approximation of f Lip pÎ ( )a,�  with generalized matrix mean

tl
l

l
l

n
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n

n k nf x a s f; ,( )= ( )
=
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where
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p
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In this case, a
nn k, = ( )+
1

1l
 for 0£ £k n  and an k, = 0 for k>n.

In addition to this, if l n n( )=  for sl
n f x;( ), then it coincides with Cesàro method of order one i.e. 

C
1

.
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Error of Approximation

The computation of error function En(f ), defined by

E f M in T x f x nn n( )= - >( ) ( ), 0 	

It is called the error estimation of signals using summability techniques. If En (f ) > 0 it means that our 
approximation is bigger than the true value. If En (f ) <0, then the approximation is too large. Oftenly, we 
are only interested (or can only find) in the magnitude of the error |E|. By taking the approximate value 
near to the exact value, we can reduce the error.

Hence the only reasonable way to measure the error of an electronic device that generates trigono-
metric functions is on the basis of percent of full scale.

This means that if the device operates between zero and 100 volts and it is rated as having an error 
of 1% of full scale and the following can happen:

1. 	 The output may be in error by 1 volt at 100 volts
2. 	 The output may be in error by 1 volt at 10 volts
3. 	 The output may be in error by 1 volt at 1 volt, etc.

On the basis of percentage, we could say that the equipment gives a result that is in error by 1% at 100 
volts, 10% at 10 volts, and 100% at 1 volt. To summarize, a trigonometric approximation is “best” from 

Figure 2.
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the viewpoint of the analog computer programmer if it allows the resolution of the highest frequencies 
of interest with a minimum full-scale error and with the most reliability.

The signals (functions) can be approximated with the help of trigonometric Fourier series with the 
Cesàro submethods. The degree of approximation E fn ( ) of a function Lip p wa,�,�( )-space by a trigo-

nometric polynomial T xn ( ) of degree n is given by

E f f x T fn T n p wn
( )= ( )- ( )m in .

,
	

When approximation error E fn ( ) depends linearly upon the weights w, the error function E fn ( ), 

defined as the sum of error squares, is a hyper paraboloidal bowl with a guaranteed single (global) 
minimum.

Degree of Approximation by a General C» - Summability Method

Many researchers have studied the error estimation E fn ( ) through trigonometric-Fourier approximation 

for the situations in which the summability matrix dropped its monotonicity. In 2017, Sonker and Mun-
jal (2017b) found the approximation of the function f ϵ Lip (α, p) using infinite matrices of Cesàro 
submethod. In this section, some theorems are explained which describe the degree of approximation 
of signals belonging to the class Lip(α, p) by a more general C

l
- method (summability method) which 

gives sharper estimations because all the estimations of the previous result are in terms of n, while our 

estimations are in terms of l n( ); where l
a an n( )( ) £

- - for 0 1< £a . The sharper estimates of infi-

nite matrices are very much applicable in solid state physics which motivate us for investigation of 
perturbations of matrix valued functions.
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Theorem 2: Letf Lip p andletT a kn, , ,Î ( ) = ( )( )a l bean infiniteregulartriangular

m atrixst an k.. , ³ 0and 
k
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In this Approximation, the sharpness of the estimation is improved by using the AMIMS (AMDMS) 
and more general summability method and with the help of trigonometric polynomials.

Lemmas

The following lemmas are used in the proof of theorem 1 and 2.

•	 Lemma 1: Iff Lip p for andp then, , ,Î ( ) £a a0 1 1

f s f O nn p w
- ( ) = ( )- .

,
a 	

•	 Lemma 2: Letm atrixhaveAM Srowsandsatisfy

l
l l

n m ax a a On n r( )+( ) { }= ( )( ) ( )1 10, ,, .	
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•	 	Proof: Suppose that the rows of the matrix are AMDS. Then there exists a K>0 such that
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A similar argument applies if the rows of the matrix are AMIMS.

•	 	Proof of Main Theorem: If p > < <10 1,� a .

,tl
l

l
l l l

l

l

n
k

n

n k k n n

k

n

n

f f a s f t f t f

a

( )- = ( )- + -( )

=

=

( )

( )

=

( )

(

å

å
0

0

1

)) ( )-( )+ -( ),k k ns f f t fl l 1
	

Using lemmas 1 and 2,
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Stability

The stability of the process of a production system must be a requirement for its smooth functioning. The 
innovations in the process of the products are necessary to remain on the market, but there is always a 
risk of losing the stability. The purpose of developing the soft computing models is to control the output 
loading and haulage process so that the process remains stable in the required period.
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Control will consist of an adequate selection of process inputs in to get a required output values 
consistent with the pre-determined production plan. The process will remain stable if the production 
volume is consistent with the volume set in the production plan. In Mechanical Engineering, the input 
data is presented as a periodic signal which can be expressed as a harmonic summation of sinusoids. 
Similarly, a summation of sinusoids is used in presenting the electrical load signal. The drawback of 
electrical load data is boundlessness. It is a non-stationary with abrupt variations caused due to weather 
changes and other effects. This phenomenon results in the variation of the high-frequency component 
which may not be represented as a bounded and periodic spectrum. Summability methods are suitable 
for converting the unbounded data into a bounded data or filtering the data for stability.

A necessary and sufficient condition for a system to be BIBO (Bounded Input Bounded Output) 
stable is that the impulse response be absolutely summable, i.e.,

BIBO  stableÛ ( )< ¥
=-¥

¥

å
n

h n 	

Summability techniques are trained to minimize the error. With the use of summability Technique, 
the output of the signals can be made stable, bounded and used to predict the behavior of the input data, 
the initial situation and the changes in the complete process.

Stability of the Frequency Response of the System

The discrete-time signals can be expressed in the different forms by using the continuous-time signals. 
The complex sinusoidal exponential sequences have an important role in expressing the discrete-time 
signals because the exponential complex sequence is the eigenfunction of linear time-invariant systems.

The impulse response of the moving-average system is

h n M M
M n M

otherwise
( )= + +
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ì

í
ïïïï
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ïïïï

1
1

0
1 2

1 2,
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Therefore, the frequency response is

H e h n ejw

n

jwn( )= ( )
=-¥

¥
-å 	

The condition for stability is also a sufficient condition for the existence of the frequency response 
function. To see this, note that, in general,
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So, the general condition

n

h n
=-¥

¥

å ( )< ¥ 	

ensures that H ejw( ) exists. It is very obvious that the existence condition of the frequency response is 

the same as the condition for dominance of the steady-state solution. Indeed, a complex exponential that 
exists for all n can be thought of as one that is applied at n= - ¥ . The eigen-function property of com-
plex exponentials depends on the stability of the system, since at finite n, the transient response must 
have become zero, so that we only see the steady-state response H e ejw jwn( )  for all finite n.

Thus, if h(n) is absolutely summable, then H ejw( ) exists. Furthermore, in this case, the series can 

be shown to converge uniformly to a continuous function of w. Since a stable sequence is, by definition, 
absolutely summable, all stable sequences have Fourier transforms. It also follows, then, that any stable 
system will have a finite and continuous frequency response.
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The magnitude of H ejw( ) is plotted in Figure 3 for M 1 0=  and M 2 4= . Note that H ejw( ) is 

periodic, as required for the frequency response of a discrete-time system. Note also that H ejw( )  falls 

off at “high frequencies and < ( )S H ejw.� . This attenuation of the high frequencies suggests that the 

system will smooth out rapid variations in the input sequence; in other words, the system is a rough ap-
proximation to a low- pass filter. This is consistent with what we would intuitively expect about the 
behavior of the moving-average system.
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The sufficient condition for a Fourier transform representation is Absolute summability. To prove 
this, we calculated the Fourier transforms of the sequence 1 1 11 2 1 2/ M M u n M u n M+ +( )é

ëê
ù
ûú +é

ëê
ù
ûú- - -é

ëê
ù
ûú( ) 

and found it absolutely summable. Clearly, any finite length sequence is absolutely summable and thus 
has a Fourier transform representation. In the context of linear time-invariant systems, any FIR system 
will be stable and therefore will have a finite, continuous frequency response. When a sequence has 
infinite length, we must be concerned about the convergence of the infinite sum.

Applications

The approximation of the signals is widely used in the digital filter such as finite impulse response filters 
[FIR filters] and infinite impulse response filters [IIR filters] and these filters have numerous variety 
of applications like in speech and image processing, communications, radar, sonar and medical signal 
processing, etc. For an engineering problem having piecewise finitely differentiable data with jump 
discontinuities, there are more sophisticated ways to use the sampled data to obtain a more accurate 
solution using the approximations of the Fourier coefficients by summability techniques. With the help 
of a minimal set of sufficient conditions for a soft computing model, the error can be minimized by us-
ing summability methods so that the output data is filtered and according to our interests for observing 
the behavior and requirements of the modeled problem.

Figure 3. Magnitude of the frequency response of the moving-average system for the case M 1 0=  and 

M 2 4=
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ABSTRACT

In today’s scenarios, the utilization of simulation and optimization in the field of designing is achieving 
wider recognition in the various zones of commerce as the computational competences of computers 
upsurge day by day. The result is that the uses for numerical optimization have increased tremendously. 
Design process in engineering is a distinct practice of solving the problems where a group of recurrently 
indistinct objectives has to be well-adjusted deprived of violating any given circumstances. Consequently, 
it seems quite ordinary to consider a design process as an optimization process. The design process could 
be articulated as to allocate values to the system parameters to confirm that the state variables and the 
characteristics are as suitable as possible through an inclusive range of operating and environmental 
variables. This is a complex multi-objective optimization problem (MOOP). This chapter discusses the 
use of MOO algorithms in mechanical engineering.

INTRODUCTION

To improve the designing process of engineering there is a powerful tool called optimization. It is the 
act of finding the finest solution under particular conditions. It is more effective than conventional 
trail-and-error process of designing. In today’s scenarios, the utilization of simulation and optimiza-
tion in the field of designing is achieving wider recognition in the various zones of commerce as the 
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computational competences of computers upsurge day by day. The result is that the uses for numerical 
optimization have increased tremendously. There are many optimization approaches developed and used 
in the literature. These approaches are grounded on non-linear, linear and geometric programming etc. 
Most recent methods are neural network, genetic algorithms and stimulated annealing. These methods 
are also called non-traditional optimization methods. Engineering design problem generally consists 
of blend of numerical simulation, logical designs and list selection. Hence, non-gradient methods are 
sound suited to this type of problems.

Engineering design problems of real world can be categorized by more than one objective. Therefore, 
the designing problem in engineering can be viewed as a multi-objective problem. The design process 
requires a large number of goals to be satisfied and deal with various design variables. Some of these 
objectives may be conflicting to each other it means we work to achieve a particular objective there 
might be some objective which we are losing. For example, the automobile design could be realized as 
a multi-objective problem with two contradictory goals, namely, the minimization of weight and the 
maximization of the crash resistance. Though, consequences of reduction in the weight of the automobile 
is, increase in the crash resistance, and vice-versa.

Design variables are a factor that the designer or engineer might “alter” with the purpose of modify-
ing the objects he is designing. The types of design variables are:

•	 Independent Variables
•	 Dependent Variables
•	 State Variables
•	 Operating Variables
•	 Environment Variables

Independent variables are the measures the engineer deals with precisely, such as physical properties 
and lubrication properties, etc. Dependent variables are factors the engineer can’t precisely allocate values 
to but through independent parameters the designer deals with them. State variables are a transitional 
type of design parameters between independent and dependent. Operating variables are those factors 
that can be altered after the designing process. The last type of factors (also called external variables) is 
the environmental features that have impact on the design when used.

Therefore, the designing problem can be expressed as to allocate values or costs to the various de-
sign factors with the purpose of ensuring that the variables and the features are as suitable as promising 
through an inclusive span of environmental and operating variables. This is certainly a complex MOOP.

Single Objective Optimization

Single objective optimization problems (SOOP) are those problems that have only one goal to be achieved. 
It can be stated as:

Find a vector X = {x1, x2, x3, …, xn}
T that minimizes objective function f(x)	

With the constraints; gj(x) ≤ 0, j = 1, 2, 3, …, m	

hl(x) ≤ 0, l = 1, 2, 3, …, p	
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where, X is the vector of design variables.
The above problem is called a SOOP, since there is only one objective to be minimized.

Multi-Objective Optimization

When the number of objectives to be achieved is more than one, then the problem is called MOOP. These 
problems are solved by using multi-objective optimization methods (MOO). The concept of optimiza-
tion was first proposed by Kuhn and Tukcer (1951). The procedure is referred as Vector Maximization. 
One of the earliest and simplest methods used to deal with multi-objectives is the formation of a single 
overall objective function combining individual objectives. This is usually done by a linear combina-
tion of the objectives by allocating weights to the individual objectives (Walley (1991), Salama et al., 
(1988)). This type of formulation assumes that the objectives are independent which might be unreal in 
some cases. Also, this procedure might not span the entire region of optimization.

Several realistic optimization problems typically have many contradictory objectives. In that MOOP, 
usually the solution that optimizes all objective functions concurrently does not exist. Hence, Pareto 
optimal solutions are introduced. These solutions are “efficient” in terms of all objective functions. In 
general there are numerous Pareto optimal solutions. Hence, we have to choose a decisive solution among 
these solutions, this process is known as “trade-off analysis”. It is the most significant task in MOOP. 
The analysis is easy if there are only two or three objectives, but if number of objectives is greater than 
three then it is not possible to represent Pareto Frontier. To create local trade-off analysis interactive 
methods can be used, presenting a “certain” Pareto optimal solution.

The multi-objective optimization methods are generally classified into three key categories; priori 
articulation of preferences, post priori articulation of preferences and no articulation of preferences. 
General steps involved in generic process are as follows:

1. 	 Formulate the problem
2. 	 Computer possible design variables domain
3. 	 Perform analysis (loop between step 1 to 3)
4. 	 Compute Pareto-optimal set
5. 	 Execute design synthesis

A MOOP can be defined as:
Find a vector X = {x1, x2, x3 …, xn}

T that minimizes objective functions f1(x), f2(x), f3(x) …, fk(x)

•	 Subject to Constraints: 

gj(x) ≤ 0, j = 1, 2, 3, …, m and hl(x) ≤ 0, l = 1, 2, 3, …, p	

where xi is the design variable
As already discussed, the Pareto optimality concept is applied to MOOP. Essentially, xi ∈ S is sup-

posed to be Pareto optimal if all other xj ∈ S have a greater value for at least one of fi, with i = 1, …, k, 
or have equal value for all the objectives. Generally, following are the definitions:
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•	 A point xi is called weak Pareto optimum iff no such x exists for which the condition fi(xj) < fi(xi) 
is true, for all i ∈ {1, …, n}.

•	 A point xi is called strict Pareto optimum iff no such x exists for which the condition fi(xj) ≤ fi(xi) 
is true, for all i ∈ {1, …, n}, with a minimum one strict inequality.

The image of the effective solutions is called Pareto front. The form of the Pareto front designates 
the kind of the trade-off between the diverse objectives. Figure 1 depicts the Pareto curve. In this curve, 
the points are termed non-inferior or non-dominated points.

Figure 2 depicts weak and strict Pareto Optima. Point A1 and A5 are weak Pareto optima; point A2, 
A3 and A4 are strict Pareto optima.

General Optimization Methods

General optimization approaches could be categorized into two broad classes; derivative and non-derivative 
methods, (refer Figure 3). Non-derivative methods are also called black-box methods because they don’t 
require any derivative of objective function for getting optimal solution. These methods find a global 
optimal solution of a problem and don’t suffer from native optima problem as gradient methods do.

DESGIN PROBLEMS IN ENGINEERING

In today’s scenarios, the utilization of simulation and optimization in the field of designing is achieving 
wider recognition in the various zones of commerce as the computational competences of computers 
upsurge day by day. The result is that the uses for numerical optimization have increased tremendously. 
Analytical practices and numerical optimization are of great importance and can allow huge enhance-

Figure 1. Pareto Curve
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ments in the design field. The fact is that design problems in Engineering often contain large number 
of conflicting objectives. In several conditions, various objectives are combined into a single objective. 
After that the process of optimization is applied with one finest design as the outcome. There after result 
is intensely rely upon how the objectives are combined with each other.

Figure 2. Weak and Strict Pareto Optima

Figure 3. General Optimization Methods
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Design process in engineering is a distinct practice of solving the problems where a group of recurrently 
indistinct objectives has to be well-adjusted deprived of violating any given circumstances. Consequently, 
it seems quite ordinary to consider a design process as an optimization process. Designing can be mas-
sively improved by implementing contemporary modeling, simulation and optimization techniques. The 
design process could be articulated as to allocate values to the system parameters to confirm that the 
state variables and the characteristics are as suitable as possible through an inclusive range of operating 
and environmental variables. There are number of researches that worked on optimization some of them 
are Kumar et al. (2016a), Kumar et al. (2017), Kumar et al. (2016b), Pant et al. (2015), Pant and Singh 
(2011), Pant et al. (2017a), Pant et al. (2015), Pant et al. (2017b) and Pant et al. (2017c)

WAYS TO PERFORM MULTI-OBJECTIVE OPTIMIZATION

As stated previously design problems of engineering are generally categorized by the existence of various 
contradictory objectives that has to be fulfilled by the design. Hence, it is acceptable to view the design 
problem MOOP. References to MOO could be located in (Hwang et al. (1980), Steuer (1986)) and engi-
neering applications in (Eschenauer et al. (1990), Osyczka (1984)). There are number of methods exist 
that can be used to solve these problems. The MOOP can usually be solved in four diverse methods. The 
method used is determined by the condition when the decision-maker expressed his or her inclination to 
the diverse objectives. The decision maker may express his preference at four times; never, prior, during 
or after the real optimization process (refer Figure 4).

We will apply some of these methods on a single problem that is an electric power distribution 
problem. The goal of cost-effectively possible supply of electric power is to choose generator output 

Figure 4. Multi-Objective Optimization Methods
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such that it meets the requirement at least operational cost and produce minimum atmospheric emission 
and waste. Therefore, goal is to minimize two conflicting objective functions, emission and fuel cost.

Actual power production of ith generator is represented by X = [X1, X2, X3 …, Xn]
T. The cost function 

is represented as follows,

F P a b P c P
c i i i i i

i

n

( )= + +
=
∑ 2

1

	

The total emission Fe(P) can be expressed as:
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i i i i i
, , , ,  are emission characteristic coefficient of ith generator. Power output is constrained 

by inferior and superior limits,
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The total power generated should be equal to the sum of demand and loss of power in transmission 
lines, i.e.:
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According to Abido and Lidiane (2003) for n=6 and Pi
inf=10, Pi

sup=120MW and total power is 283MW. 
Therefore, we can formulate the problem as:

Minimize F(P) = [Fc(P), Fe(P)]	

Subject to constraints
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No Preference Articulation

This type of method doesn’t use any kind of preference information. Min-Max formulation and global 
criterion method fall under this category (Hwang et al., 1980; Osyczka, 1984; Steuer, 1986).
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1. 	 Global Criterion Method:

This approach is used to transform MOOP to a scalar optimization problem. The function for global 
criterion is described in a way so that the solution found is handy to best solution. Function is described as:

f x
f f x
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Some authors took s=1 whereas some used s=2. This method can also be applied using a family of 
Lp-metrices stated as:
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The exponent s gives various ways to calculate the distance. The value 1 is used for simple formula-
tion and value 2 is used for Euclidean distance and ∞ for Tchebycheff norm.

Example: Power distribution problem can be solved with the following metrics:
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Priori Articulation

Priori Articulation is most customary method used by decision makers for conducting MOO. In these 
methods prior to optimization, the objectives are accumulated to one single. There are various approaches 
used for this task; weighted sum, non-linear approach and goal programming etc.

1. 	 Weighted-Sum Approaches:
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This approach is perhaps the simplest and broadly used method. It is also called scalarization method. 
Steuer (1986) presented a good discussion on this approach. This method translates the MOOP into a 
scalar problem as follows:

f x w f x r
i i i

i

k

( ) ( )=
=
∑

1

	

where, the sum of all weight should be equal to 1, ri are the constants and wi reflects the relative importance 
of particular objective. It gives best results when ri = 1/fi

0, where fi
0 is the ideal solution of the problem.

Example: The problem of electric distribution can be formulated by this method as follows;
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2. 	 Goal Programming Method:

This method was given by Charnes et al. (1955) and Charnes and Cooper (1961). This method tries 
to find precise target values of the objectives. For example:

f1(x) ≥ u1	

f2(x) = u2	

f3(x) ≤ u3	

x ∈ S.	

It is obvious that we have to discriminate two situations, i.e., if the joint amid the image set C and the 
utopian set (image of the permissible solutions), is null or not. In the earlier case, task converts into the 
task in which we need to discover a solution value of which is as handy as likely to the utopian set. This 
leads to constraints and extra variables introduction. For constraints of first type f1(x) ≥ u1, we announce 
a variable a1− such that the constraint change to f1(x)+a1

−≥ u1. For constraints of the second type f2(x) 
= u2, announce two variables a2+ and a2− such that the constraints convert f2(x)+a2

−–a2
+ = u2. For con-

straints of the type f3(x) ≤ u3, announce a variable a3+ such that the constraints change to f3(x)−a3
+≤ u3.

Suppose, we symbolize the vector a of the added variables. A solution (x, a) is called a strict Pareto-
slack optimum iff (x’, a’), for every x’ ∈ S, such that ai‘≤ ai with a minimum one strict inequality does 
not exist. A number of ways are there for enhancing the slack/surplus variables.

Progressive Articulation

Another name of these methods is interactive methods. These methods depend on prior information of 
preferences instantaneously when they explore the search space. They are usually applied in the arena of 
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operational research. The decision maker acquires information when he/she encounters diverse possible 
solutions of the problem. Some of the advantages of interactive methods are:

•	 Νo prior information of preference is required,
•	 Τhe decision maker gains a healthier consideration of the problem,
•	 Τhere is a good chance of solution acceptance as the decision maker is concerned in search process.

The cons of these methods are:

•	 The solution completely depends on expression of the decision maker.
•	 An elevated attempt is needed from the decision maker.
•	 If decision maker modifies his/her preferences; the whole process has to be started again.

1. 	 STEM Method

This approach was proposed by Benoyoun et al. (1971), and also called STEP method. In this method, 
preference information delivered by the decision maker is consumed to cut the search space. The opti-
mization problem can be stated as:

min
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where, h is the run (iteration) number, p can have value between 1 and ∞. We get the objective vector 
F
��

 when the problem is solved and this vector is matched with best solution. If it is acceptable to some 
limits then the decision maker decides some relaxation on at least one of the goals. It means the search 
space is reduced and weight of that particular objective is assigned value 0. Again, we solve the problem, 
after this iteration there may be the case that the decision maker is satisfied with the solution or further 
reduce the search space. This way the algorithm proceeds.

Posteriori Articulation

These types of method don’t depend on the preferences given by the decision maker because the solu-
tion is given to the decision maker after the whole process completes. This is also a negative point of 
these methods. Some methods also suffer from a huge computational load. Another dark side of these 
methods is that the decision maker has a large number of solutions to choose form. Some methods exist 
which perform this task of assessment (Morse (1980), Rosenman and Gero (1985)).

1. 	 Multi-Objective Genetic Algorithms (MOGA): A great advantage of GA is that it operates on 
population of individuals. Therefore, it is appealing to create a policy in which the population takes 
the entire Pareto front in only one optimization run. Author in Fonseca and Fleming (1995) have 
categorized MOGAs in two classes as discussed below.

 EBSCOhost - printed on 2/14/2023 2:20 PM via . All use subject to https://www.ebsco.com/terms-of-use



297

Applying Multi-Objective Optimization Algorithms to Mechanical Engineering
﻿

a. 	 Non-Pareto based Methods: The very first MOGA was proposed by Schaffer (1985) named 
Vector Evaluating Genetic Algorithm (VEGA). Selection method of GA is used in VEGA to 
yield non-dominated individuals. Every distinct goal is labeled as the choice measure for a 
fraction of the population. This method produces a poor exposure of Pareto front. All of this 
type of techniques inclines to unite to a subclass of the Pareto-optimal frontier and leave a big 
part of the Pareto set uncharted. Diversity should be preserved so that the whole Pareto fron-
tier is extracted. This act of preserving mixture will incline to increase vigor in problems by 
confirming that there is a genetic type for reproducing mechanisms to work upon (Grueninger, 
1996; Harik, 1995).

b. 	 Pareto Based Approaches: Goldberg (1989) proposed a non-dominated sorting to grade a 
search population bestowing to Pareto optimality. Non-dominated individuals are recognized 
first and assigned the rank 1 and separated. Then the non-dominated ones in the condensed 
population are categorized, given the rank 2, and then they are also separated. This procedure 
of recognizing individuals is continued till the entire population has been graded.

2. 	 ε-Constraints Method: The ε -constraints method is suggested by Chankong and Haimes (1983). 
In this method, an objective is selected by the decision maker out of n to be minimized; value of 
the remaining objectives is must be less than or same as to a given target values. Let us assume 
f3(x) be the objective function chosen, then the problem P(ε3) will be:

min f3(x)	

fi(x) ≤ εi,∀i ∈ {1, …, n} {3}	

x ∈ S.	

This expression can be stemmed by a more general result by Miettinen and Makela (1994):
If an objective j and a vector ε = (ε1, …, ε j−1,ε j+1, …, εn) ∈ Rn−1 exist, such that x∗ is an optimal 

solution to the following problem P(ε):

min f j(x)	

fi(x) ≤εi,∀i ∈ {1, …, n}\{j}	

x ∈ S,	

then x∗ is a weak Pareto optimum.”
One benefit of this approach is that it is able to attain effective points in a non-convex Pareto curve. 

For example, let us suppose we have two objective functions and f2(x) is selected to be minimized, i.e.

min f2(x)	

f1(x) ≤ ε1	

x ∈ S	
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A situation is depicted in Figure 5, where, when f1(x) = ε1, f2(x) is an efficient point of the non-convex 
Pareto curve.

Hence, as suggested by Steuer (1986) the upper bounds (εi) can be adjusted by the decision maker to 
get weak Pareto optima which is also a disadvantage of ε-constraint method. Additionally, this method 
can’t be applied to the problem in which there are more than two objectives. For these reasons, Erghott 
and Rusika (2005), recommended two alterations to enhance the method.

APPLICATIONS OF OPTIMIZATION

Designing process in engineering can be improved by using modeling and optimization techniques. There 
can be various criteria of a good design such as profit, efficiency, process safety and time etc. These 
objectives are conflicting, it means if we want to achieve optimal solution for one objective we have to 
compromise on one or more other objectives. Multi-objective optimization can be used in planning of 
string collection in steel manufacturing and it can also be used in long term scheduling of atomic power 
plants.

Kadar (2013) applied optimization to electric power generation systems. Author used some single-
objective and some multi-objective optimization solution to the problem such as decision making, 
optimization of renewable resources. They have shown that in power systems there are various complex 
tasks to be maintained by computer control. Since the energy industry plays with large amounts of 
money, the optimization, moreover the profit optimization has high importance. At Óbuda University 
the developed some optimization solutions applying linear programming, constraint programming, 
weighting methods and rule based systems. A broad variety of optimization solutions is being used by 
businesses, governments, universities, and other groups. Many organizations are saving billions of dol-
lars using this technique.

Figure 5. Non-Convex Pareto Curve
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CONCLUSION

The design problems of mechanical engineering are multi-objective problems because there are number 
of objectives that have to be achieved by the design. These objectives may be conflicting to each other. 
It means when the designer chooses to achieve one goal he may compromise with the other objective. 
Hence, designing process of engineering can be solved by using multi-objective optimization algorithms. 
There are number of solutions available to this problem. This chapter discusses some of these algorithms 
and also applied them to a problem of electric power supply problem. Based on the time of preferences 
given by the decision maker the approaches are divided into four categories. First case is when there are 
no preferences given by the decision maker. Second case is when the decision maker provides preference 
information prior to the design. Third is the availability of the information after the process completes. 
Last case is that in which information is provided during the process.
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