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Notation

ℵ0 Cardinality of the set of integers
c,C Generic constants which differ from line to line
a ≲ b a ≤ cb
Bc Complement of a set B
𝒪 A domain – an open connected subset of ℝN

|𝒪| Lebesgue measure of the domain 𝒪
𝔏 1-dimensional Lebesgue measure
𝔏N N-dimensional Lebesgue measure
𝔅 Borel σ-algebra
𝕋N N-dimensional flat torus ([−1, 1]|{−1,1})N

𝕋N+1L Space-time (N + 1)-dimensional torus ([−L,L]|{−L,L}) ×𝕋N

ℝn×N Space of n ×N matrices over ℝ
𝔸 ∶𝔹 Scalar product ∑ij AijBij between two matrices 𝔸, 𝔹
𝕀 Identity matrix (δij)Ni,j=1 in ℝN×N

Bb Bounded Borel measurable functions
C Continuous functions
Cc Continuous functions with compact support
C0 Continuous functions vanishing at infinity
Cb Bounded continuous functions
Cα α-Hölder continuous functions
Ck k-times continuously differentiable functions
Ckc Ck -functions with compact support
Ck,α k-times continuously differentiable functions with α-Hölder con-

tinuous derivatives
C∞ ∞-times continuously differentiable functions
C∞c /𝒟 C∞-functions with compact support
𝒟′ Dual of C∞c
C∞div C∞-functions with vanishing divergence
𝒟′div Dual of C∞div
Lp Lebesgue space of p-integrable functions
Lploc Lebesgue space of locally p-integrable functions
Lpdiv Lp-functions with vanishing divergence
p′ Dual exponent of p: p′ = p/ (p − 1)
Wk,p Sobolev functions with differentiability k and integrability p
Wk,p

div Wk,p-functions with vanishing divergence
W−k,p Dual space ofWk,p′

(em)m∈ℤN Trigonometric polynomials on 𝕋N

ℳb Bounded signed measures
ℳ+b Non-negative bounded measures

https://doi.org/10.1515/9783110492552-202

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



VIII | Notation

ℳ+R Non-negative Radon measures
Δ−1 Solution operator to the Laplace equation
𝒫Hv Helmholtz projection v − ∇Δ−1 divv of a function v ∶ ℝN → ℝN

(𝕋N →𝕋N )
𝒬v Gradient part ∇Δ−1 divv of a function v ∶ℝN →ℝN (𝕋N →𝕋N )
X∗ Dual space of X
‖ ⋅ ‖X Norm on X
⟨⋅, ⋅⟩X Inner product on X
⟨⋅, ⋅⟩X∗,X Duality pairing between X∗ and X
⇀ Weak convergence
∗
⇀ Weak-∗ convergence
d
→ Convergence in law
Lp(0,T ;X) Bochner space of X-valued p-integrable functions
Lploc(0,∞;X) Bochner space of X-valued locally p-integrable functions
C([0,T];X) Continuous functions with values in X
Cloc([0,∞);X) Locally continuous functions with values in X
Cα([0,T];X) α-Hölder continuous functions with values in X
Cw([0,T];X) Weakly continuous functions with values in X
Wk,p(0,T ;X) k-times weakly differentiable functions with values in X and in-

tegrability p
(Ω,𝔉,ℙ) Probability space with sample space Ω, σ-algebra 𝔉, and proba-

bility measure ℙ
(𝔉t)t≥0 Filtration
(σt[U])t≥0 Canonical filtration/history of a stochastic process/random dis-

tribution U
(Ω,𝔉, (𝔉t)t≥0,ℙ) Filtered probability space with filtration (𝔉t)t≥0
([0, 1],𝔅([0, 1]),𝔏) Standard probability space
𝔼 Expectation
𝔼[⋅|𝔉] Conditional expectation given 𝔉
ℒ[⋅] Law of a random variable
ℒX [⋅] Law of a random variable on the space X
d∼ Equality in law
Lpprog(Ω × [0,T];X) Lp-integrable progressively measurable X-valued random vari-

able
L(𝔘,H) Continuous linear operators from 𝔘→H
L2(𝔘,H) Hilbert–Schmidt operators from 𝔘→H
(ek)k∈ℕ Complete orthonormal system in 𝔘
W = ∑∞k=1 ekWk Cylindrical Wiener process in 𝔘
⟨⟨U⟩⟩ Quadratic variation of the stochastic process U
⟨⟨U,V⟩⟩ Cross variation of stochastic processes U and V

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



Contents

Acknowledgements| V

Notation| VII

Part I: Preliminary results

1 Elements of functional analysis| 3
1.1 Continuous functions, measures| 3
1.2 Topological spaces| 5
1.3 Differentiable functions, distributions| 6
1.4 Integrable functions| 7
1.5 Compactness and convergence of integrable functions| 9
1.6 Sobolev spaces| 10
1.7 Sobolev spaces of periodic functions| 12
1.7.1 Hilbertian structure| 12
1.7.2 Lp-structure| 13
1.7.3 Regularization by convolution kernels| 14
1.8 Bochner spaces| 15
1.8.1 Time regularity| 15
1.8.2 Compact embeddings| 16
1.8.3 Regularization by convolution kernels| 18

2 Elements of stochastic analysis| 21
2.1 Random variables and stochastic processes| 21
2.2 Random distributions| 30
2.2.1 Measurability| 31
2.2.2 Regularization| 32
2.2.3 Equality in law| 34
2.2.4 Progressive measurability| 36
2.2.5 Special classes of random distributions| 39
2.3 Stochastic Itô’s integral| 40
2.4 Itô’s formula| 46
2.5 Pathwise vs. martingale solutions| 47
2.5.1 Pathwise uniqueness vs. uniqueness in law| 49
2.6 Stochastic compactness method| 50
2.7 Jakubowski–Skorokhod representation theorem| 55
2.8 Random distributions in Lp and Young measures| 57
2.9 Stochastic partial differential equations| 61

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



X | Contents

2.10 Gyöngy–Krylov lemma| 66
2.11 Stationarity| 70
2.12 Krylov–Bogoliubov method| 74

Part II: Existence theory

3 Modeling fluid motion subject to random effects| 81
3.1 Field equations| 82
3.1.1 Constitutive relations – Navier–Stokes system| 83
3.2 Random phenomena| 84
3.2.1 Initial data| 84
3.2.2 Driving force| 86
3.3 Strong pathwise solutions| 88
3.4 Dissipative martingale solutions| 90
3.4.1 Weak formulation| 92
3.4.2 Regularity properties of weak solutions| 94
3.5 Stationary solutions| 97

4 Global existence| 101
4.1 Solvability of the basic approximate problem| 107
4.1.1 Iteration scheme| 108
4.1.2 The limit for vanishing time step| 110
4.1.2.1 Regularity for the viscous approximation of the equation of

continuity| 110
4.1.2.2 Bounds on the approximate velocities| 111
4.1.2.3 Hölder continuity of approximate velocities| 112
4.1.2.4 Solvability of the first level approximate problem| 113
4.1.3 Pathwise uniqueness| 117
4.1.4 Strong solutions| 121
4.1.5 General initial data| 123
4.1.6 Energy balance| 124
4.2 Solvability of the Galerkin approximation| 126
4.2.1 Uniform energy bounds| 128
4.2.2 Passage to the limit| 129
4.3 The limit in the Galerkin approximation scheme| 131
4.3.1 Uniform bounds| 133
4.3.2 Asymptotic limit| 135
4.4 Vanishing viscosity limit| 146
4.4.1 Uniform energy bounds| 148
4.4.2 Pressure estimates| 150
4.4.3 Limit ε→ 0| 153

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



Contents | XI

4.4.3.1 Stochastic compactness method| 155
4.4.3.2 Deterministic compactness method| 164
4.5 Vanishing artificial pressure limit| 169
4.5.1 Uniform energy bounds| 171
4.5.2 Pressure estimates| 172
4.5.3 Limit δ→ 0 – stochastic compactness method| 175
4.5.4 Limit δ→ 0 – deterministic compactness method| 181
4.5.4.1 Compactness of the density| 181

5 Local well-posedness| 187
5.1 Preliminary considerations| 191
5.1.1 Rewriting the equations as a symmetric hyperbolic-parabolic

problem| 193
5.1.2 Outline of the proof of Theorem 5.0.3| 194
5.2 The approximate system| 195
5.2.1 The Galerkin approximation| 198
5.2.2 Uniform estimates| 200
5.2.3 Compactness| 204
5.2.4 Identification of the limit| 206
5.2.5 Pathwise uniqueness| 207
5.2.6 Existence of a strong pathwise approximate solution| 209
5.3 Proof of Theorem 5.0.3| 211
5.3.1 Uniqueness| 211
5.3.2 Existence of a local strong solution for bounded initial data| 212
5.3.3 Existence of a local strong solution for general initial data| 213
5.3.4 Existence of a maximal strong solution| 214

6 Relative energy inequality and weak–strong uniqueness| 217
6.1 Relative energy inequality| 220
6.2 Weak–strong uniqueness| 223
6.2.1 Pathwise weak–strong uniqueness| 224
6.2.2 Weak–strong uniqueness in law| 228

Part III: Applications

7 Stationary solutions| 235
7.1 Basic finite-dimensional approximation| 240
7.1.1 Approximate field equations| 240
7.1.2 Basic energy estimates| 241
7.1.3 Regularity of the density| 244
7.1.4 Approximate invariant measures| 246

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



XII | Contents

7.2 First limit procedures: R→∞,m→∞| 250
7.3 Vanishing viscosity limit| 255
7.4 Vanishing artificial pressure limit| 266

8 Singular limits| 271
8.1 Incompressible limit| 273
8.1.1 Incompressible Navier–Stokes equations| 275
8.1.2 Main result| 278
8.1.3 Convergence in law – the proof of Theorem 8.1.6| 280
8.1.3.1 Uniform bounds| 280
8.1.3.2 Acoustic equation| 284
8.1.3.3 Compactness| 285
8.1.3.4 Identification of the limit| 289
8.1.4 Convergence in probability – the proof of Theorem 8.1.7| 295
8.2 Inviscid–incompressible limit| 297
8.2.1 Solutions of the Euler system| 298
8.2.2 Main result| 300
8.2.3 Proof of Theorem 8.2.4| 302

A Appendix| 305
A.1 Elliptic equations and related problems| 305
A.2 Regularity for parabolic equations| 309
A.3 Renormalized solutions of the continuity equation| 312
A.4 A generalized Itô formula| 313

B Bibliographical remarks| 317

Bibliography| 319

Index| 327

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



|
Part I: Preliminary results

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



1 Elements of functional analysis

We will exclusively use functions v = v(t,x) with the time t ∈ I and the space variable
x ∈𝒪 ⊂ℝN , where I is an interval and 𝒪 denotes a domain – an open connected sub-
set of ℝN . Sometimes, it will be convenient to separate the time and space variables
and consider v = v(t, ⋅) as a mapping ranging in a suitable topological space X of func-
tions depending on the x-variable. To avoid problems related to the presence of a kine-
matic boundary in the equation of fluidmechanics, wemostly focus on functions that
are space periodic, meaning the spatial domain 𝒪 is identified with the flat torus 𝕋N ,
given by

𝕋N = ([−1, 1]|{−1,1})
N .

The length of period 2 is taken only for the sake of convenience. All results stated in
this book have been obtained for a general torus given by

ΠNi=1[ai ,bi]|{ai ,bi}.

If not otherwise stated, all functions (or vector-valued functions) are real-valued.

1.1 Continuous functions, measures

For a topological space X, the symbol C(X) denotes the space of continuous functions
on X, Cc(X) is the space of all continuous functions compactly supported in X, and
Cb(X) is the space of all bounded continuous functions on X.

If K is compact, C(K) is a Banach space with the norm

‖v‖C(K) = sup
y∈K
|v(y)|, v ∈ C(K).

For X ⊂ℝN or X ⊂ℝwe simply write ‖ ⋅ ‖Cx and ‖ ⋅ ‖Ct . Similarly, for functions v ∶ K→ Y
ranging in a metric space Y with metric dY , we define a metric on C(K;Y) as

dC(K;Y)[v,w] = sup
y∈K

dY [v(y),w(y)], v,w ∈ C(K;Y).

If there is no danger of confusion, we write C(K) instead of C(K;ℝM ).
The following result is known as the Arzelà–Ascoli theorem; see Kelley [Kel55,

Chapter 7, Theorem 17].

Theorem 1.1.1. Let K ⊂ℝN be compact and Y a compact topological metric space en-
dowed with a metric dY . Let (vn)n∈ℕ be a sequence of functions in C(K;Y) that is equi-

https://doi.org/10.1515/9783110492552-001
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4 | 1 Elements of functional analysis

continuous, meaning that, for any ε > 0, there is a δ > 0 such that

dY [vn(y), vn(z)] ≤ ε provided |y − z| < δ independently of n ∈ℕ.

Then (vn)n∈ℕ is precompact in C(K;Y), that is, there exist a subsequence (not relabeled)
and a function v ∈ C(K;Y) such that

sup
y∈K

dY [vn(y), v(y)] → 0 as n→∞.

Next we recall the Stone–Weierstrass theorem; see Cullen [Cul68].

Theorem 1.1.2. Suppose K is a compact Hausdorff space and 𝒜 is a subalgebra of
C(K;ℝ) which contains a non-zero constant function. Then 𝒜 is dense in C(K;ℝ) if and
only if it separates points.

Remark 1.1.3. A set of continuous functions 𝒜 on K separates points if, for x,y ∈ K,
x ≠ y, there is f ∈𝒜 such that f (x) ≠ f (y). Note that a topological space is Hausdorff
if, for any two points x ≠ y, there are open sets Ux , Uy , x ∈ Ux , y ∈ Uy , Ux ∩ Uy = ∅. In
particular, any topological space in which C(X;ℝ) separates points is Hausdorff and
the “if” part of Theorem 1.1.2 holds without the explicit requirement K to be Haus-
dorff.

A function vanishes at infinity if, for any ε > 0, there is a compact Kε ⊂ X such that
|f (x)| < ε for x ∉ Kε . The space of continuous functions vanishing at infinity is denoted
as C0(X;ℝ). There is an extension of the Stone–Weierstrass theorem to locally compact
spaces; see de Branges [dB59].

Theorem 1.1.4. Suppose K is a locally compact topological space and 𝒜 is a subalge-
bra of C0(K;ℝ) that separates points such that, for any x ∈ X, there is f ∈𝒜 such that
f (x) ≠ 0. Then 𝒜 is dense in C0(X;ℝ).

Let ℳ+(X) denote the set of all non-negative measures on X, meaning all non-
negative σ-additive set-functions defined on a σ-field of measurable subsets of X. The
following is the Riesz representation theorem; see Rudin [Rud87, Chapter 2, Theo-
rem 2.14].

Theorem 1.1.5. Let X be a locally compact Hausdorff metric space. Let f be a non-
negative linear functional defined on the space Cc(X).

Then there exists a σ-algebra of measurable sets containing all Borel sets and a
unique non-negative measure μf ∈ℳ+(X) such that

⟨f ,g⟩ = ∫
X
g dμf for any g ∈ Cc(X).
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1.2 Topological spaces | 5

Moreover, the measure μf enjoys the following properties:
– We have μf [K] <∞ for any compact K ⊂ X.
– We have

μf [E] = sup{μf [K] | K ⊂ E, K compact}

for any open set E ⊂ X.
– We have

μf [V] = inf{μ(E) | V ⊂ E, E open}

for any Borel set V.
– If E is μf -measurable, μf (E) = 0, and A ⊂ E, then A is μf -measurable.

1.2 Topological spaces

The topological spaces we deal with, besides admitting a σ-field of Borel sets, will
satisfy certain separation properties. Possibly the weakest assumption in this sense
is that a topological space X is completely regular (Tikhonov space), X is Hausdorff,
and C(X) separates points from closed sets: for any x ∈ X and a closed set F ⊂ X with
x ∉ F, there is f ∈ C(X) such that f (x) = 1, f |F = 0. The topology on a completely regular
space is the coarsest topology making all functions from C(X) or Cb(X) continuous.
Every subspace of a completely regular space is completely regular. In particular, if Y
is completely regular and X ↪ Y is a continuous injection, then X is completely reg-
ular. Any metric space is completely regular. In this book we deal almost exclusively
with topological vector spaces, where the algebraic operations of addition and multi-
plication by a scalar are continuous. In particular, any Hausdorff topological vector
space is Tikhonov. Topological vector spaces admit a uniform structure. Specifically,
anyneighborhood𝒰(x) of a point x canbewritten as x+𝒰, where𝒰 is a neighborhood
of zero. The uniform structure is necessary for a proper definition of some stochastic
concepts like convergence in probability.

Most statements in the theory of stochastic PDEs use Polish spaces.

Definition 1.2.1. A topological space is Polish if the topology on X is separable and
completely metrizable.

Later (see Definition 2.1.3) we introduce a larger class of sub-Polish spaces. These
are, roughly speaking, topological spaces that admit a continuous injection into a Pol-
ish space.

The symbol ℳ+R(X) denotes the set of non-negative Radonmeasures on X, mean-
ing non-negative Borel measures μ such that

μ[E] = sup{μ[K] | K ⊂ E,K compact} for any open set E ⊂ X.
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6 | 1 Elements of functional analysis

Proposition 1.2.2. If X is Polish, then every finite Borel measure is a Radon measure.

For the proof see, e.g., Bogachev [Bog07].

1.3 Differentiable functions, distributions

The symbol

𝜕yig(y) ∶=
𝜕g
𝜕yi
, y = [y1,… ,yN ]

stands for the partial derivative of a function g defined on an open neighborhood of a
point y ∈ℝN .

The space of functions having k continuous derivatives are denoted Ck . If K is a
compact set, then Ck(K) is the space of functions from Ck(ℝN ) restricted to K. Ck,ν(𝒪),
ν ∈ (0, 1), is the subspace of Ck(𝒪)-functions having their kth derivatives ν-Hölder con-
tinuous in 𝒪 ⊂ ℝN . Ck,1(𝒪) is a subspace of Ck(𝒪) of functions whose kth derivatives
are Lipschitz on 𝒪. For a bounded domain 𝒪, the spaces Ck(𝒪) and Ck,ν(𝒪), ν ∈ (0, 1],
are Banach spaces with norms

‖u‖Ckx =max
|α|≤k

sup
x∈𝒪
|𝜕αu(x)|

and

‖u‖Ck,νx = ‖u‖Ckx +max
|α|=k

sup
(x,y)∈𝒪2,x≠y

|𝜕αu(x) − 𝜕αu(y)|
|x − y|ν

,

where 𝜕αu stands for the partial derivative 𝜕α1x1 …𝜕
αNxN u of order |α| = ∑

N
i=1 αi . The spaces

Ck,ν(𝒪;ℝM ) are defined in a similar way. However, for notational simplicity the target
space ℝM will not be explicitly mentioned. Finally, we set C∞ = ⋂∞k=0 C

k .
The symbol Ckc (𝒪), k ∈ {0, 1,… ,∞}, denotes the vector space of functions belong-

ing to Ck(𝒪) and having compact support in 𝒪. If 𝒪 ⊂ ℝN is an open set, the symbol
𝒟(𝒪) will be used alternatively for the space C∞c (𝒪) endowed with the topology in-
duced by the convergence

φn→ φ in 𝒟(𝒪),

if there is K ⊂𝒪, a compact such that supp[φn] ⊂ K for any k = 0, 1,… and

φn→ φ in Ck(K). (1.1)

The dual space 𝒟′(𝒪) is the space of distributions on 𝒪. Similarly, we define
𝒟′(𝒪;ℝM ). Continuity of a linear form belonging to 𝒟′(𝒪) is understood with re-
spect to the convergence introduced in (1.1). We also consider the space of periodic
distributions 𝒟′(𝕋N ) defined on the flat torus 𝕋N .
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1.4 Integrable functions | 7

A differential operator 𝜕α of order |α| can be identified with a distribution

⟨𝜕αv,φ⟩ = (−1)|α|⟨v, 𝜕αφ⟩ = (−1)|α| ∫
𝒪
v𝜕αφdy, φ ∈𝒟(𝒪),

where themost right identity makes sense whenever v is a locally integrable function.

1.4 Integrable functions

Let 𝒪 be a measurable subset of ℝN and X a separable Banach space with norm ‖ ⋅ ‖X .
The Lebesgue space Lp(𝒪;X) is the space of Bochner measurable functions v ranging
in the Banach space X such that the norm

‖v‖pLpxX = ∫𝒪
‖v(y)‖pX dy is finite, 1 ≤ p <∞.

Similarly, v ∈ L∞(𝒪;X) if v is Bochner measurable and

‖v‖L∞x X = ess sup
y∈𝒪
‖v(y)‖X <∞.

The symbol Lploc(𝒪;X) denotes the vector space of locally Lp-integrable functions,
meaning

v ∈ Lploc(𝒪;X) if v ∈ Lp(K;X) for any compact set K in 𝒪.

We will omit the target space and write Lp(𝒪) instead of Lp(𝒪;X) whenever no confu-
sion arises.

The dual spaces to the Lp spaces are characterized in the following theorem; see
Gajewski et al. [GGZ75, Chapter IV, Theorem 1.14, Remark 1.9], Edwards [Edw94], and
Pedregal [Ped97, Chapter 6, Theorem 6.14].

Theorem 1.4.1. (1) Let 𝒪 ⊂ ℝN be a measurable set, X a Banach space that is reflex-
ive and separable, and 1 ≤ p <∞. Then any continuous linear form ξ ∈ [Lp(𝒪;X)]∗

admits a unique representation wξ ∈ Lp
′
(𝒪;X∗),

⟨ξ , v⟩Lp′ (𝒪;X∗);Lp(𝒪;X) = ∫
𝒪
⟨wξ (y), v(y)⟩X∗;X dy for all v ∈ Lp(𝒪;X),

where

1
p
+ 1
p′
= 1.

Moreover, the norm on the dual space is given by

‖ξ ‖[LpxX]∗ = ‖wξ ‖Lp′x X∗ .
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Accordingly, the spaces Lp(𝒪;X) are reflexive for 1 < p <∞ as soon as X is reflexive
and separable. Identifying ξ with wξ , we obtain the Riesz representation theorem

[Lp(𝒪;X)]∗ = Lp′(𝒪;X∗), ‖ξ ‖[LpxX]∗ = ‖ξ ‖Lp′x X∗ , 1 ≤ p <∞.

(2) If the Banach space X is merely separable, we have

[Lp(𝒪;X)]∗ = Lp
′

w∗(𝒪;X∗) for 1 ≤ p <∞,

where

Lp
′

w∗(𝒪;X∗) ∶= {ξ ∶𝒪→ X∗ | y ∈𝒪↦⟨ξ (y), v⟩X∗;X measurable ∀v ∈ X,

y↦ ‖ξ (y)‖X∗ ∈ L
p′ (𝒪)}.

For Lp-spaces we also report Hölder’s inequality

‖uv‖Lrx ≤ ‖u‖Lpx ‖v‖Lqx ,
1
r
= 1
p
+ 1
q
,

for any u ∈ Lp(𝒪), v ∈ Lq(𝒪), 𝒪 ⊂ℝN , and the interpolation inequality

‖v‖Lrx ≤ ‖v‖
λ
Lpx ‖v‖
(1−λ)
Lqx ,

1
r
= λ
p
+ 1 − λ

q
, p < r < q, λ ∈ (0, 1),

for any v ∈ Lp ∩ Lq(𝒪), 𝒪 ⊂ℝN ; see Adams [Ada75, Chapter 2].
Finally, we recall the celebrated and frequently used Gronwall’s lemma; see Car-

roll [Car13].

Lemma 1.4.2. Let a ∈ L1(0,T), a ≥ 0, β ∈ L1(0,T), b0 ∈ℝ, and

b(τ) = b0 + ∫
τ

0
β(t)dt

be given. Let r ∈ L∞(0,T) satisfy

r(τ) ≤ b(τ) + ∫
τ

0
a(t)r(t)dt for a.a. τ ∈ [0,T].

Then

r(τ) ≤ b0 exp(∫
τ

0
a(t)dt) +∫

τ

0
β(t)exp(∫

τ

t
a(s)ds)dt

for a.a. τ ∈ [0,T].
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1.5 Compactness and convergence of integrable functions

Let X be a Banach space, BX the closed unit ball in X, and BX∗ the closed unit ball in
the dual space X∗. Then we have:
(1) BX is weakly compact only if X is reflexive. This is Kakutani’s theorem; see Theo-

rem III.6 in Brezis [Bre83].
(2) BX∗ is weakly-∗-compact. This is the Banach–Alaoglu theorem; see Theorem III.15

in Brezis [Bre83].
(3) If X is separable, then BX∗ is sequentially weakly-∗-compact; see Theorem III.25

in Brezis [Bre83].
(4) A non-empty subset of a Banach space X is weakly relatively compact only if

it is sequentially weakly relatively compact. This is the Eberlein–Shmuliyan–
Grothendieck theorem; see Paragraph 24 in Kothe [KK83].

In view of the above results we get:
– Any bounded sequence in Lp(𝒪), where 1 < p < ∞ and 𝒪 ⊂ ℝN is a domain, is

relatively weakly compact.
– Anybounded sequence in L∞(𝒪),where𝒪 ⊂ℝN is adomain, is relativelyweakly-∗

compact.

The situation for L1, which is neither reflexive nor dual of a Banach space, is clarified
in the following theorem; see Ekeland–Temam [ET99, Chapter 8, Theorem 1.3] and
Pedregal [Ped97, Lemma 6.4].

Theorem 1.5.1. Let 𝒱 ⊂ L1(𝒪), where 𝒪 ⊂ℝN is a bounded measurable set.
Then the following statements are equivalent:

– any sequence (vn)n∈ℕ ⊂𝒱 contains a subsequence weakly converging in L1(𝒪);
– for any ε > 0, there exists k > 0 such that

∫
{|v|≥k}
|v(y)|dy ≤ ε for all v ∈𝒱;

– for any ε > 0, there exists δ > 0 such that, for all v ∈𝒱,

∫
M
|v(y)|dy < ε,

for any measurable set M ⊂𝒪, such that

|M| < δ;

– there exists a non-negative function Φ ∈ C([0,∞))

lim
z→∞

Φ(z)
z
=∞,

such that

sup
v∈𝒱
∫

𝒪
Φ(|v(y)|)dy ≤ c.
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10 | 1 Elements of functional analysis

1.6 Sobolev spaces

There is a vast amount of literature devoted to the study of Sobolev spaces. We restrict
ourselves to listing some standard results. The reader may consult the monographs
by Adams [Ada75], Kufner et al. [KJF77], Maz’ya [Maz13], or Ziemer [Zie89] for more
information.

The Sobolev spaces Wk,p(𝒪), 1 ≤ p ≤ ∞, with k being a positive integer, are the
spaces of functions having all distributional derivatives up to order k in Lp(𝒪). The
norm inWk,p(𝒪) is defined as

‖v‖Wk,p
x
= {
(∑|α|≤k ‖𝜕

αv‖pLpx )
1/p if 1 ≤ p <∞,

max|α|≤k{‖𝜕αv‖L∞x } if p =∞,

where the symbol 𝜕α stands for any partial derivative of order |α|.
If 1 ≤ p <∞, thenWk,p(𝒪) is separable and the space Ck(𝒪) is its dense subspace

(if 𝒪 has a Lipschitz boundary).
The spaceW 1,∞(𝒪), where 𝒪 is a bounded Lipschitz domain, is isometrically iso-

morphic to the space C0,1(𝒪) of Lipschitz functions on 𝒪.
The symbol Wk,p

0 (𝒪) denotes the completion of C∞c (𝒪) with respect to the norm
‖ ⋅ ‖Wk,p

x
. In what follows, we identifyW0,p(𝒪) =W0,p

0 (𝒪) with Lp(𝒪).
The differentiability of a composition of a Sobolev function with a Lipschitz func-

tion is clarified in the following result; see Ziemer [Zie89, Section 2.1].

Lemma 1.6.1. If f ∶ℝ→ℝ is a Lipschitz function and f ∘v ∈ Lp(𝒪) for some v ∈W 1,p(𝒪),
then f ∘ v ∈W 1,p(𝒪) and

𝜕xj [f ∘ v](x) = f
′(v(x))𝜕xjv(x) for a.a. x ∈𝒪.

Duals to Sobolev spaces are characterized in the following theorem; see Adams
[Ada75, Theorem 3.8] and Maz’ya [Maz13, Section 1.1.14].

Theorem 1.6.2. Let 𝒪 ⊂ ℝN be a domain and let 1 ≤ p < ∞. Then the dual space
[Wk,p

0 (𝒪)]∗ is a proper subspace of the space of distributions 𝒟′(𝒪). Moreover, any
linear form f ∈ [Wk,p

0 (𝒪)]∗ admits a representation

⟨f , v⟩[Wk,p
0 ]∗;W

k,p
0
= ∑
|α|≤k
∫

𝒪
(−1)|α|wα𝜕αvdx,

where wα ∈ Lp
′
(𝒪), 1

p
+ 1
p′
= 1. (1.2)

The norm of f in the dual space is given by

‖f ‖[Wk,p
0 (Q)]∗
=
{
{
{

inf{(∑|α|≤k ‖wα‖
p′

Lp
′
x
)1/p
′
∣wα satisfy (1.2)} if 1 < p <∞,

inf{max|α|≤k{‖wα‖L∞x } ∣wα satisfy (1.2)} if p = 1.

The infimum is attained in both cases.
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The dual space of the Sobolev space Wk,p
0 (𝒪) is denoted as W−k,p′ (𝒪). The dual

space of the Sobolev spaceWk,p(𝒪) admits formally the same representation equation
(1.2). However, it cannot be identified as a space of distributions on 𝒪.

The important result is the Rellich–Kondrachov embedding theorem for Sobolev
spaces; see Ziemer [Zie89, Theorem 2.5.1, Remark 2.5.2].

Theorem 1.6.3. Let 𝒪 ⊂ℝN be a bounded Lipschitz domain.
(i) Then, if kp < N and p ≥ 1, the space Wk,p(𝒪) is continuously embedded in Lq(𝒪) for

any

1 ≤ q ≤ p∗ = Np
N − kp
.

Moreover, the embedding is compact if k > 0 and q < p∗ .
(ii) If kp = N, the space Wk,p(𝒪) is compactly embedded in Lq(𝒪) for any q ∈ [1,∞).
(iii) If kp > N, then Wk,p(𝒪) is continuously embedded in Ck−[N/p]−1,ν(𝒪), where [⋅] de-

notes the integer part and

ν =
{
{
{

[Np ] + 1 −
N
p if N

p ∉ Z,
arbitrary positive number in (0, 1) if N

p ∈ Z.

Moreover, the embedding is compact if 0 < ν < [Np ] + 1 −
N
p .

As a straightforward corollary, we get the following dual result.

Theorem 1.6.4. Let 𝒪 ⊂ℝN be a bounded domain. Let k > 0 and q <∞ satisfy

q > p∗

p∗ − 1
, where p∗ = Np

N − kp
if kp < N ,

q > 1 for kp = N ,

or

q ≥ 1 if kp > N .

Then the space Lq(𝒪) is compactly embedded into the space W−k,p′ (𝒪), 1/p +
1/p′ = 1.

Remark 1.6.5. We have formulated this section on real-valued functions for the ease
of presentation. However, all results extend in a straightforward manner to the case
of vectorial functions ranging in ℝM withM ≥ 2.
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1.7 Sobolev spaces of periodic functions

We focus on space periodic functions defined on the flat torus𝕋N . Although all spaces
we shall deal with are real, it is convenient to introduce the complex trigonometric
polynomials

em(x) = exp(im ⋅ πx), m = [m1,… ,mN ] ∈ℤN .

The space 𝒟′(𝕋N ) is defined as the space of continuous linear forms on 𝒟(𝕋N ) =
C∞c (𝕋N ) = C∞(𝕋N ). The vector-valued form 𝒟′(𝕋N ;ℝM )may be defined analogously.
Each distribution v ∈𝒟′(𝕋N ) can be identifiedwith the infinite sequence of its Fourier
coefficients, as described by

am[v] =
1
(2π)N
⟨v,em⟩, formally v ≈ ∑

m∈ℤN
am[v]em,

where em is the complex conjugate.

1.7.1 Hilbertian structure

The Sobolev spaces Wk,2(𝕋N ) of periodic functions having derivatives up to the order
k in L2(𝕋N ) can be characterized as v ∈𝒟′(𝕋N ) such that

‖v‖2Wk,2(𝕋N ) = ∑
m∈ℤN
(|m| + 1)2ka2m[v] <∞. (1.3)

The definition can be used even for a general exponent k ∈ ℝ. In particular, we have
(Wk,2(𝕋N ))∗ =W−k,2(𝕋N ) for any k ∈ℝ. This identification corresponds to the Gelfand
triple

Wk,2(𝕋N ) ↪ L2(𝕋N ) ≈ (L2(𝕋N ))∗↪W−k,2(𝕋N ), k ≥ 0,

where L2 has been identified with its dual via Riesz isometry.
The spaces Wk,2 are separable Hilbert spaces endowed with the scalar product.

We have

⟨v,w⟩ = ∑
m∈ℤN
(|m| + 1)2kam[v]am[w].

In accordance with Theorem 1.6.3 and Theorem 1.6.4, we have the compact em-
bedding

Wk,2(𝕋N )
c
↪ C(𝕋N ) whenever k > N

2
,
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whence we have

L1(𝕋N )
c
↪W−k,2(𝕋N ), k > N

2
. (1.4)

Wemayalso consider time-dependent (periodic) functionsdefinedon the (N + 1)-di-
mensional torus

𝕋N+1L = [−L,L]|{−L,L} ×𝕋N .

We summarize:
– The spacesWk,2(𝕋N ),Wk,2(𝕋N+1L ) are separableHilbert spaces, inparticular Polish

spaces.
– If X↪Wk,2(𝕋N ) or X↪Wk,2(𝕋N+1L )with continuous embedding, then X is a com-

pletely regularHausdorff space (Tikhonov space).Moreover,X admits a countable
family of continuous functions separating points, namely

fm[v] = am[v], m ∈ℤN .

1.7.2 Lp-structure

Westartwith the presentation of a combination of DeLeeuw’s theoremonFouriermul-
tipliers on𝕋N (see Stein [Ste70, Chapter 7, Theorem 3.8]) and the Hörmander–Mikhlin
theorem (see Stein [Ste70, Chapter 4, Theorem 3]).

Theorem 1.7.1. Let M ∈ L∞(ℝN ) possess classical derivatives up to order [N/2] + 1 in
ℝN ⧵ {0} such that

|𝜕αM(ξ )| ≤ cα|ξ |−|α|, |ξ | ≠ 0, |α| ≤ [N/2] + 1.

Then the operator ℒ, since we know

ℒ[v] = ∑
|m|∈ℤN

M(m)am[v]em,

is bounded on Lp(𝕋N ), 1 < p <∞.

Consider the projection operator

ΠM ∶Wk,2(𝕋N ) → L2(𝕋N ) defined as ΠM[v] = ∑
|mi|≤Mi , i=1,…,N

am[v]em.

In accordance with Theorem 1.7.1,ΠM is bounded as an operator on Lp(𝕋N ), 1 < p <∞.
Moreover (see Weisz [Wei12, Theorem 4.1]), we have

‖ΠM[v]‖Lpx ≤ cp‖v‖Lpx , and ΠM[v] → v in Lp(𝕋N ) as min
i
{Mi} →∞. (1.5)
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1.7.3 Regularization by convolution kernels

Let θxδ ∈ C∞(𝕋N ) be a family of regularizing kernels. More specifically,

θxδ(x) =
1
δN

θ(x
δ
), θ ∈ C∞c ((−1, 1)N ), θ(x) = θ(|x|), ∫

𝕋N
θ(x) = 1. (1.6)

For v ∈𝒟′(𝕋N ), we define its regularization [v]x,δ as the convolution

[v]x,δ(x) = v ∗ θxδ ≡ ⟨v,θxδ(x − ⋅)⟩.

The following results can be found in Amann [Ama95, Chapter III.4] or Brezis
[Bre83, Chapter IV.4]:
– If v ∈ L1(𝕋N ), then we have [v]x,δ ∈ C∞(𝕋N ).
– If v ∈ Lp(𝕋N ), 1 ≤ p <∞, then

‖[v]x,δ‖Lpx ≤ ‖v‖Lpx

and

[v]x,δ→ v in Lp(𝕋N ) as δ→ 0.

– If v ∈ L∞(𝕋N ), then

‖[v]x,δ‖L∞x ≤ ‖v‖L∞x .

– If v ∈ L1(𝕋N ), then

[v]x,δ(x) → v(x) whenever x is a Lebesgue point of v.

In particular,

[v]x,δ→ v a.e. in 𝕋N .

We recall that, for v ∈ L1(𝒪;X), the Lebesgue points x ∈ 𝒪 are characterized by the
property

1
|Br(x)|
∫
Br(x)
‖v(y) − v(x)‖X dy→ 0 as r→ 0,

where Br(x) ⊂𝒪 is a ball with radius r, centered at x.
The above concept may be extended to a larger class of generalized functions as

long as the operation of convolution with a smooth kernel is well-defined, notably to
the space of distributions; see Section 2.2.2.
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1.8 Bochner spaces

In this section we present supplementary material for Bochner spaces. They can be
seen as particular cases of the vector-valued functions introduced in Sections 1.1
and 1.4, where 𝒪 = (0,T). These spaces are of crucial importance for time-dependent
PDEs. Sometimes, it will be convenient to consider functions from Bochner spaces
(depending on space and time) as space-time distributions in 𝒟′(ℝ × 𝕋N ) or even
𝒟′([−L,L]|{−L,L} ×𝕋N ), defined on the space-time torus

𝕋N+1L = [−L,L]|{−L,L} ×𝕋N ,

extending them conveniently outside the interval I . Similarly to (1.3) we have the em-
bedding

L1(0,T ;L1(𝕋N ))
c
↪W−k,2(𝕋N+1L ), k > N + 1

2
, L ≥ T . (1.7)

1.8.1 Time regularity

Let X be a separable Banach space. For u ∈ L1(0,T ;X) we consider the distribution

C∞c ((0,T)) → X, ϕ↦∫
T

0
u(t)ϕ′(t)dt.

Let Y be a Banach space with X↪ Y continuously. If there is v ∈ L1(0,T ;Y) such that

∫
T

0
u(t)ϕ′(t)dt = −∫

T

0
v(t)ϕ(t)dt for all ϕ ∈ C∞c ((0,T)),

then we say that v is the weak derivative of u in Y and write v = 𝜕tu. The space
W 1,p(0,T ;X) consists of those functions from Lp(0,T ;X) having weak derivatives in
Lp(0,T ;X). It is a Banach space with the norm

‖u‖pW 1,p(0,T ;X) ∶= ‖u‖
p
Lp(0,T ;X) + ‖𝜕tu‖

p
Lp(0,T ;X).

Obviously this can be iterated to define the spacesWk,p(0,T ;X), k ∈ℕ.
In order to study the time regularity of functions from Bochner spaces, we recall

the concept of continuity introduced in Section 1.1.

Definition 1.8.1. Let X be a Banach space with norm ‖ ⋅ ‖X , T > 0 and α ∈ (0, 1]. Then:
– C([0,T];X) denotes the set of functions u ∶ [0,T] → X being continuous with re-

spect to the norm topology, i.e.,

u(tk) → u(t0) in X,

for any sequence (tk)k∈ℕ ⊂ [0,T] with tk → t0.
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– Cw([0,T];X) denotes the set of functions u ∶ [0,T] → X being continuous with re-
spect to the weak topology, i.e.,

u(tk) ⇀ u(t0) in X,

for any sequence (tk)k∈ℕ ⊂ [0,T] with tk → t0. Equivalently, we may say that u
belongs to Cw([0,T];X) if the scalar functions t↦ ⟨x∗,u(t, ⋅)⟩ belong to C([0,T]),
for any x∗ ∈ X∗.

– Cα([0,T];X) denotes the set of functions u ∶ [0,T] → X being α-Hölder continuous
with respect to the norm topology, i.e.,

sup
t,s∈[0,T];t≠s

‖u(t) − u(s)‖X
|t − s|α

<∞.

Obviously, we have the inclusions

Cα([0,T];X) ⊂ C([0,T];X) ⊂ Cw([0,T];X),

for any α ∈ (0, 1].
We introduce convergence in Cw([0,T];X) by stating

vn→ v in Cw([0,T];X) if sup
t∈[0,T]
|⟨x∗, vn − v⟩X∗,X | → 0 ∀x∗ ∈ X∗.

If the space X is separable and reflexive, then the unit ball BX ⊂ X is a metrizable com-
pact set and the above convergence generates a metric topology on Cw([0,T];BX ) in
the sense specified in Section 1.1.

1.8.2 Compact embeddings

The following theorem shows how to obtain compactness in Bochner spaces. The orig-
inal version was developed by Aubin and Lions (see Aubin [Aub63], Lions [Lio69, Sec-
tion 1.5], or the survey paper by Simon [Sim86]).

Theorem 1.8.2. Let (V ,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V ↪ X is compact and the embedding X ↪ Y is continuous. Then
the embedding

{u ∈ Lp(0,T ;V) ∶ 𝜕tu ∈ Lp(0,T ;Y)} ↪ Lp(0,T ;X)

is compact for 1 < p <∞.
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In the context of stochastic PDEswewill be confrontedwith functions having only
fractional derivatives in time. We define for p ∈ (1,∞) and α ∈ (0, 1) the norm

‖u‖pWα,p(0,T ;X) ∶= ‖u‖
p
Lp(0,T ;X) + ∫

T

0
∫
T

0

‖u(σ1) − u(σ2)‖
p
X

|σ1 − σ2|1+αp
dσ1 dσ2.

The spaceWα,p(0,T ;X) is nowdefinedas the subspace of Lp(0,T ;X) consisting of those
functions having finite Wα,p(0,T ;X)-norm. It can be shown that this is a complete
space and we have W 1,p(0,T ;X) ⊂Wα,p(0,T ;X) ⊂ Lp(0,T ;X). The following variant of
Theorem 1.8.2 holds (see Flandoli–Ga̧tarek [FG95, Theorem 2.1]).

Theorem 1.8.3. Let (V ,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V ↪ X is compact and the embedding X ↪ Y is continuous. Then
the embedding

Lp(0,T ;V) ∩Wα,p(0,T ;Y) ↪ Lp(0,T ;X)

is compact for 1 < p <∞ and 0 < α < 1.

Using the continuous embedding Cα([0,T],Y) ↪Wα,p(0,T ;Y), we obtain the fol-
lowing.

Corollary 1.8.4. Let (V ,X,Y) be a triple of separable and reflexive Banach spaces such
that the embedding V ↪ X is compact and the embedding X ↪ Y is continuous. Then
the embedding

Lp(0,T ;V) ∩ Cα([0,T];Y) ↪ Lp(0,T ;X)

is compact for 1 < p <∞ and 0 < α < 1.

We will use Corollary 1.8.4 at various occasions in order to obtain compactness
for stochastic PDEs. Typically, solutions are Hölder continuous in a negative Sobolev
space, so we have Y =W−ℓ,2(𝕋N ) for some ℓ ∈ℕ. On the other hand, these functions
also belong to Lp(0,T ;Lp(𝕋N )) (or Lp(0,T ;W 1,p(𝕋N ))) for some p ∈ (1,∞). This means
we have V = Lp(𝕋N ) (or V =W 1,p(𝕋N )). Corollary 1.8.4 applies with X =W−1,p(𝕋N ) (or
X = Lp(𝕋N )).

In view of the applications to compressible Navier–Stokes equations, we have to
deal with weakly continuous functions. The following result is appropriate to handle
this situation.

Theorem 1.8.5. Let α ≥ 0, 1 < p <∞, and ℓ ∈ℝ. Then

L∞(0,T ;Lp(𝕋N )) ∩ Cα([0,T];W ℓ,2(𝕋N )) ↪ Cw([0,T];Lp(𝕋N )).
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If α > 0, then the embedding is sequentially compact, meaning any sequence

(vn)n∈ℕ bounded in L∞(0,T ;Lp(𝕋N )) ∩ Cα([0,T];W ℓ,2(𝕋N ))

contains a subsequence (vnk )k∈ℕ such that

vnk → v in Cw([0,T];Lp(𝕋N )).

Proof. First we have to show that

⟨x∗, v(t, ⋅)⟩ ∈ C([0,T]) for any x∗ ∈ Lp′(𝕋N ),

whenever v ∈ L∞(0,T ;Lp(𝕋N )) ∩Cα([0,T];W ℓ,2(𝕋N )) and p′ is the conjugate exponent
of p. As the norm in Lp is weakly lower semi-continuous, we deduce v(t, ⋅) ∈ B(r) for
any t, where B(r) is a ball in Lp(𝕋N ) of suitable radius r > 0. The collection of trigono-
metric polynomials (em)m∈ℤN defined in Section 1.7 generates a basis inW ℓ,2(𝕋N ) for
any ℓ, and their finite linear combinations are dense in Lq(𝕋N ) for any 1 ≤ q < ∞, in
particular, in Lp′ (𝕋N ). Consequently,

|⟨x∗, v(t, ⋅)⟩ − ⟨x∗, v(s, ⋅)⟩|

≤ |⟨ ∑
|m|≤M

βmem, v(t, ⋅) − v(s, ⋅)⟩| + |⟨x∗ − ∑
|m|≤M

βmem, v(t, ⋅) − v(s, ⋅)⟩|

≤ |⟨ ∑
|m|≤M

βmem, v(t, ⋅) − v(s, ⋅)⟩| + r‖x∗ − ∑
|m|≤M

βmem‖
Lp
′
x

≤ c(M, ℓ)‖v‖Cαt W ℓ,2x |t − s|
α + r‖x∗ − ∑

|m|≤M
βmem‖

Lp
′
x

, (1.8)

where the last term can be made small uniformly for all s, t ∈ [0,T] by taking suitable
βm andM large enough.

If α > 0 wemay apply the abstract Arzelà–Ascoli theorem (Theorem 1.1.1). The ball
B(r) is indeed weakly sequentially compact and the desired equi-continuity of the se-
quence (vn)n∈ℕ follows easily from (1.8).

1.8.3 Regularization by convolution kernels

This section is dedicated to the regularization of time-dependent functions. In order
to avoid problems related to progressive measurability (which typically arise in our
applications to stochastic PDEs) we regularize functions backwards in time. Conse-
quently, it is convenient to extend them appropriately for t ≤ 0. For v ∈ L1(−1,T ;X),
where X is a Banach space, we consider the time regularization

[v]t,δ(t) = v ∗ θtδ(⋅ − δ) = ∫
∞

−∞
θtδ(t − δ − s)v(s)ds.

Here, the regularizing kernel is a function of t satisfying (1.6) for N = 1.
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Referring again to Amann [Ama95, Chapter III.4] and Brezis [Bre83, Chapter IV.4],
we have:
– If v ∈ L1(−1,T ;X), then we have [v]t,δ ∈ C∞((−1,T);X).
– If v ∈ Lp(−1,T ;X), 1 ≤ p <∞, then

‖[v]t,δ‖Lpt X ≤ ‖v‖Lpt X

and

[v]t,δ→ v in Lp(0,T ;X) as δ→ 0.

– If v ∈ L∞(−1,T ;X), then

‖[v]t,δ‖L∞t X ≤ ‖v‖L∞t X .

– If v ∈ L1(−1,T ;X), then

[v]t,δ(t) → v(t) in X whenever t is a Lebesgue point of v.

In particular,

[v]t,δ→ v in X as δ→ 0 a.e. in (0,T).
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2 Elements of stochastic analysis
We introduce the basic stochastic framework used in this book. We present only a
selection of the principal concepts and ideas of stochastic analysis, as the reader is
expected to be familiar with the basic notions of probability theory. Part of the re-
sults presented in this chapter can be found in the literature. The classical and widely
usedmonographs include for instance Karatzas–Shreve [KS91] and Da Prato–Zabczyk
[DPZ92] andwe invite the reader to consult these textbooks for further details. In addi-
tion, we include a number of original results needed for the study of the compressible
Navier–Stokes system later on.

To bemore precise, in Section 2.2 we introduce the notion of randomdistributions
(see Definition 2.2.1). It is a generalization of stochastic processes which allows one to
treat random elements in the weakest possible topology, namely, the weak-∗ topol-
ogy of the space of space-time distributions 𝒟′(I × 𝕋N ), where I ⊂ ℝ. For the sake
of simplicity, the results will be stated only for I =ℝ, with obvious modifications for a
general interval I . In the subsequent sectionswe showhow the classical theory of Itô’s
stochastic integration and its applications to stochastic PDEs can be formulated in the
context of random distributions. We believe that this new perspective is interesting in
its own right and will prove useful also for researchers working on other models in
fluid dynamics or other fields.

2.1 Random variables and stochastic processes

Throughout the book (Ω,𝔉,ℙ) denotes a complete probability space with a σ-field 𝔉
and a probability measure ℙ. The probability space ([0, 1],𝔅([0, 1]),𝔏), where 𝔏 de-
notes the Lebesgue measure, is called standard. Here, 𝔅 denotes the completion
𝔅 and 𝔏 denotes the one-dimenisonal Lebesgues measure. A filtration is a non-
decreasing family of sub-σ-fields of 𝔉, that is, 𝔉t ⊂𝔉 for all t ≥ 0 and 𝔉s ⊂𝔉t when-
ever s ≤ t. We say that the filtration (𝔉t)t≥0 satisfies the usual conditions, provided it
is complete and right-continuous. In other words,

{N ∈𝔉; ℙ(N) = 0} ⊂𝔉0, 𝔉t =𝔉t+ ∶=⋂
s>t

𝔉s for all t ≥ 0.

The multiple (Ω,𝔉, (𝔉t)t≥0,ℙ) is then called a stochastic basis or a filtered probability
space.

We proceed with basic definitions concerning random variables.

Definition 2.1.1. Let (X,𝒜) be a measurable space. An X-valued random variable is a
measurable mapping U ∶ (Ω,𝔉) → (X,𝒜).We denote by σ(U) the smallest σ-field with
respect to which U is measurable. More precisely,

σ(U) ∶= {{ω ∈ Ω; U(ω) ∈ A}; A ∈𝒜}

https://doi.org/10.1515/9783110492552-002
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22 | 2 Elements of stochastic analysis

and σ(U) ⊂𝔉. In addition, we denote by ℒ[U] or also ℒX [U] the law of U on X, that is,
ℒ[U] is the pushforward probability measure on (X,𝒜) given by

ℒ[U](A) = ℙ(U ∈ A), A ∈𝒜.

Definition 2.1.2. Let (X,𝒜) be ameasurable space.We say that two X-valued random
variables U and V are equal in law, if ℒ[U] and ℒ[V] coincide.

We stress that the assumptions on the state space X will vary in the sequel. Most of
the notions presented below require a topology onX and thereforewe assume thatX is
a topological space equippedwith a Borel σ-field. In addition, it is convenient that the
topology on X is completely determined by the family of continuous functions. Specif-
ically, we consider Tikhonov spaces, meaning completely regular and Hausdorff. As a
matter of fact, we deal almost exclusively with topological vector spaces, in particu-
lar with the class of locally convex topological vector spaces. These are vector spaces
equipped with a topology that renders the vector addition as well as the scalar multi-
plication continuous and, in addition, the topology is generated by a family of semi-
norms (pγ)γ∈Γ.

Many concepts in the theory of stochastic processes require a certain uniformity
of the topology. Simplifications occur in the case of Polish spaces, that is, separable
spaces that are completely metrizable. This is also the common setting found in the
literature. However, the delicate structure of the compressible Navier–Stokes system
studied in the main body of this book naturally leads to spaces which are generally
not metrizable, such as Banach spaces equipped with weak topology. Hence we will
formulate the basic notions on probability theory in a wider generality. In particular,
all spaces we shall deal with will admit a countable family of bounded continuous
functions that separates points. Given such a family of continuous functions (gn)n∈ℕ
on X, we define an embedding

𝚥 ∶ X→ [−1, 1]ℵ0 , 𝚥(x) = (gn(x))n∈ℕ.

Here, we have tacitly assumed that all functions gn range in (−1, 1). Note that [−1, 1]ℵ0
is a compact Polish space. This motivates the following definition.

Definition 2.1.3 (sub-Polish space). Let (X,τ) be a topological space such that there
exists a countable family

{gn ∶ X→ (−1, 1); n ∈ℕ}

of continuous functions that separate points of X. Then (X,τ) is called a sub-Polish
space.

The following characterization of equality in law will be frequently used in the
sequel.
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Lemma 2.1.4. Let X be a Tikhonov topological space equipped with the Borel σ-field.
Let U and V be X-valued random variables. Then ℒ[U] =ℒ[V], provided

⟨ℒ[U], f ⟩ = ⟨ℒ[V], f ⟩,

or, equivalently,

𝔼[f (U)] = 𝔼[f (V)]

holds true for all f ∈ Cb(X).

Although several function spaces we use in the book, notably the space of distri-
butions, are not first countable, the convergence results are usually stated in terms
of sequences rather than nets. The sequential language seems more adequate for de-
scribing the asymptotic behavior of stochastic processes and several results are simply
only true for sequences. We proceed with various notions on the convergence of ran-
dom variables. First, we introduce the almost sure convergence which corresponds to
the almost everywhere convergence known from measure theory.

Definition 2.1.5. Let X be a topological space equipped with the Borel σ-field and let
U andUn, n ∈ℕ, be X-valued random variables on (Ω,𝔉,ℙ). We say thatUn converges
to U almost surely, provided

ℙ(ω ∈ Ω; lim
n→∞

Un(ω) = U(ω)) = 1.

In other words, there exists a set of full probabilityΩ∗ ⊂ Ω such that, for everyω ∈ Ω∗,
the following statement holds: if 𝒰 ⊂ X is an open neighborhood of U(ω), then there
exists n0 ∈ℕ such that, for every n ≥ n0, we have Un(ω) ∈𝒰.

Next,we define the probabilistic analogue of convergence inmeasure. To this end,
we restrict ourselves to the case of topological vector spaces. Recall that, if X is a topo-
logical vector space, the topology on X is uniform. This means that any neighborhood
𝒰(x) of a point x takes the form x +𝒰 = {x + y; y ∈𝒰}, where 𝒰 is a neighborhood of 0.

Definition 2.1.6. LetX be a topological vector space. Assume thatU andUn, n ∈ℕ, are
X-valued random variables on (Ω,𝔉,ℙ). We say that Un converges to U in probability
if, for every 𝒰 ⊂ X which is an open neighborhood of 0, we have

lim
n→∞
ℙ(ω ∈ Ω; Un(ω) ∉ U(ω) +𝒰) = 0. (2.1)

Remark 2.1.7. As pointed out, the definition extends easily to uniform spaces but we
do not need this generality here.
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Remark 2.1.8. In locally convex topological vector spaces equipped with a family of
semi-norms (pγ)γ∈Γ, condition (2.1) rewrites as follows: for every ε > 0 and γ ∈ Γ,

lim
n→∞
ℙ(ω ∈ Ω; pγ(Un(ω) −U(ω)) > ε) = 0.

In other words, for all ε > 0 and γ ∈ Γ, there exists n0 ∈ℕ such that, for all n ≥ n0,

ℙ(ω ∈ Ω; pγ(Un(ω) −U(ω)) > ε) < ε.

Finally, let us introduce convergence in law. Note that here it is not necessary for
the random variables to be defined on the same probability space.

Definition 2.1.9. Let X be a Tikhonov topological space equipped with the Borel
σ-field and let U and Un, n ∈ ℕ, be X-valued random variables defined on (Ω,𝔉,ℙ)
and (Ωn,𝔉n,ℙn), n ∈ℕ, respectively. We say that Un converges to U in law, provided
the law ℒ[Un] converges to ℒ[U] weakly-∗ in the sense of probability measures on X.
More precisely,

lim
n→∞
⟨ℒ[Un], f ⟩ = ⟨ℒ[U], f ⟩,

or, equivalently,

lim
n→∞
𝔼[f (Un)] = 𝔼[f (U)],

for every f ∈ Cb(X).

Note carefully that sequential compactness, sequential continuity and other topo-
logical concepts in general do not coincide with compactness, continuity, etc., unless
the underlying space is metrizable. Fortunately, we shall almost exclusively deal with
families of random variables with uniformly tight laws.

Definition 2.1.10. Suppose that X is a topological space and that 𝒜 is a σ-field con-
taining the topology. We say that a collection ℳ of probability measures on (X,𝒜) is
tight if, for any given ε ∈ (0, 1), there exists Kε ∈𝒜 compact, such that, for all μ ∈ℳ,
we have

μ(Kε) > 1 − ε.

A sequence (Un)n∈ℕ of random variables in a topological space is uniformly tight
if, for any ε > 0, there is a compact set Kε such that

ℙ(Un ∉ Kε) < ε uniformly for all n ∈ℕ.

In particular, if X is sub-Polish, then the X-topology on Kε is metrizable and all topo-
logical concepts coincide with their sequential counterparts on Kε .

We continue our discussion with stochastic processes, that is, families of random
variables parametrized by a continuous parameter that represents time.
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Definition 2.1.11. Let (X,𝒜) be a measurable space. An X-valued stochastic process
is a collection of random variables U = {U(t); t ∈ [0,∞)} taking values in (X,𝒜). That
is, for all t ∈ [0,∞), the mapping U(t) ∶ (Ω,𝔉) → (X,𝒜) is measurable.

Definition 2.1.12. An X-valued stochastic process U = {U(t); t ∈ [0,∞)} is calledmea-
surable, provided the mapping

(Ω × [0,∞),𝔉 ⊗ℬ([0,∞))) → (X,𝒜), (ω, t) ↦ U(ω, t),

is measurable.

Definition 2.1.13. Let (𝔉t)t≥0 be a filtration on (Ω,𝔉). An X-valued stochastic process
U = {U(t); t ∈ [0,∞)} is called (𝔉t)-adapted, provided that, for every t ∈ [0,∞), the
random variable U(t) is 𝔉t -measurable.

Remark 2.1.14. It follows immediately from Definition 2.1.13 that a stochastic process
U is always adapted to its ℙ-augmented canonical filtration, given by

σt[U] ∶=⋂
s>t

σ(σ(U(r);0 ≤ r ≤ s) ∪ {N ∈𝔉;ℙ(N) = 0}), t ≥ 0.

We proceed with the definition of independence.

Definition 2.1.15. Let (Ω,𝔉,ℙ) be a probability space. We say that two events A,B ∈𝔉
are independent, provided their joint probability is equal to the product of their prob-
abilities, that is, ℙ(A ∩ B) = ℙ(A)ℙ(B).

We say that two families of events (Aγ1 )γ1∈Γ1 , (Bγ2 )γ2∈Γ2 ⊂ 𝔉 are independent, pro-
vided Aγ1 and Bγ2 are independent for all γ1 ∈ Γ1, and γ2 ∈ Γ2.

We say that two random variables U, V are independent, provided the families of
events σ(U) and σ(V) are independent.

Definition 2.1.16. Let (𝔉t)t≥0 be a filtration on (Ω,𝔉). An X-valued stochastic process
U = {U(t); t ∈ [0,∞)} is called (𝔉t)-progressively measurable, provided that, for every
t ∈ [0,∞), the mapping

(Ω × [0, t],𝔉t ⊗ℬ([0, t])) → (X,𝒜), (ω, s) ↦ U(ω, s)

is measurable.

It follows immediately that every (𝔉t)-progressively measurable stochastic
process is measurable and (𝔉t)-adapted. The converse is not always true. Nonethe-
less, the following classical results hold; see, e.g., Dellacherie–Meyer [DM75, Théo-
rème IV.30].
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Proposition 2.1.17. Let X be a Polish space. If an X-valued stochastic process U is
measurable and (𝔉t)-adapted, then it has an (𝔉t)-progressively measurable modifica-
tion, that is, there exists an (𝔉t)-progressively measurable X-valued stochastic process
V such that, for all t ∈ [0,∞),

ℙ(U(t) =V(t)) = 1.

For stochastic processes with left- or right-continuous trajectories even more can
be proved; cf. Karatzas–Shreve [KS91, Proposition 1.13].

Proposition 2.1.18. Let X be a Polish space. If an X-valued stochastic process is
(𝔉t)-adapted and has left- or right-continuous trajectories, then it is (𝔉t)-progressively
measurable.

A distinguished class of stochastic processes is given by martingales. To this end,
let us introduce the notion of conditional expectation; see, e.g., Da Prato–Zabczyk
[DPZ92, Proposition 1.10].

Proposition 2.1.19. Assume that X is a separable Banach space. LetU be an integrable
X-valued random variable defined on (Ω,𝔉,ℙ) and let 𝔊 be a σ-field contained in 𝔉.
Then there exists a unique, up to a set of probability zero, integrable X-valued random
variable Z, measurable with respect to 𝔊, such that

𝔼[1AU] = 𝔼[1AZ] for any A ∈𝔊.

Definition 2.1.20. The random variable Z constructed in Proposition 2.1.19 is called
the conditional expectation of U given 𝔊 and will be denoted by 𝔼[U|𝔊].

Definition 2.1.21. Let U be an X-valued (𝔉t)-adapted stochastic process. We say that
U is an (𝔉t)-martingale, provided 𝔼[U(t)|𝔉s] = U(s) ℙ-a.s. for all 0 ≤ s ≤ t <∞.

Remark 2.1.22. Note that, if U is an (𝔉t)-martingale, it follows from the definition of
the conditional expectation that

𝔼[U(t)] = 𝔼[𝔼[U(t)|ℱs]] = 𝔼[U(s)] for all 0 ≤ s ≤ t <∞.

Hence the expectation is constant in time.

The following result is a consequenceof the so-calledDoob–Meyer decomposition
for martingales; see Karatzas–Shreve [KS91, Section 1.4] for more details.

Theorem 2.1.23. LetU be a continuous L2-integrable real-valued (𝔉t)-martingale, that
is,𝔼|U(t)|2 <∞ for all t ∈ [0,∞). Then there exists a unique stochastic process ⟨⟨U⟩⟩ such
that:
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(1) ⟨⟨U⟩⟩ is (𝔉t)-adapted and has ℙ-a.s. non-decreasing trajectories;
(2) ⟨⟨U⟩⟩(0) = 0 ℙ-a.s.;
(3) U2 − ⟨⟨U⟩⟩ is a continuous (𝔉t)-martingale.

Definition 2.1.24. The stochastic process ⟨⟨U⟩⟩ constructed in Theorem 2.1.23 is called
the quadratic variation of U.

Definition 2.1.25. LetU,V be stochastic processes satisfying the assumptions of The-
orem 2.1.23. The process

⟨⟨U,V⟩⟩ ∶= 1
4
(⟨⟨U +V⟩⟩ − ⟨⟨U −V⟩⟩)

is called the cross variation of U, V.

It can be shown that the cross variation is the unique continuous (𝔉t)-adapted
process starting from 0 such that

UV − ⟨⟨U,V⟩⟩

is a continuous (𝔉t)-martingale.
It will be useful to introduce local martingales, a notion that generalizes that of

martingales. First, we need the definition of a stopping time associated to a filtration
(𝔉t)t≥0.

Definition 2.1.26. Let (Ω,𝔉) be ameasurable space equippedwith a filtration (𝔉t)t≥0.
A random variable τ ∶ Ω → [0,∞] is called an (𝔉t)-stopping time, provided the event
{τ ≤ t} belongs to the σ-field 𝔉t for any t ∈ [0,∞).

Definition 2.1.27. Let U be an X-valued (𝔉t)-adapted stochastic process. We say that
U is an (𝔉t)-local martingale, provided there exists an increasing sequence of stop-
ping times (τn)n∈ℕ, τn ↑∞ a.s., such that the stopped process Uτn (⋅) ∶= U(τn ∧ ⋅) is an
(𝔉t)-martingale for all n ∈ℕ.

As an important example of a continuous-time stochastic process and a martin-
gale, we recall the definition of a Wiener process.

Definition 2.1.28. An ℝm-valued stochastic process W is called an (𝔉t)-Wiener pro-
cess, provided:
(1) W is (𝔉t)-adapted;
(2) W(0) = 0 ℙ-a.s.;
(3) W has continuous trajectories: t↦W(t) is continuous ℙ-a.s.;
(4) W has independent increments: W(t) −W(s) is independent of 𝔉s for all 0 ≤ s ≤

t <∞;
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(5) W has Gaussian increments:W(t)−W(s) is normally distributedwithmean 0 and
variance (t − s)𝕀 for all 0 ≤ s ≤ t <∞.

Remark 2.1.29. In view of Definition 2.1.15, point (4) in the definition of aWiener pro-
cess is to be understood as follows: W(t) −W(s) is independent of 𝔉s, provided the
σ-field σ(W(t) −W(s)) is independent of 𝔉s.

Remark 2.1.30. Toprove the existence of aWiener process defined on a suitable prob-
ability space is a classical problem and there are several approaches available in the
literature. One possibility is to write down the finite-dimensional distributions and
apply Daniell–Kolmogorov’s consistency theorem; see Karatzas–Shreve [KS91, Sec-
tion 2.2, Theorem 2.2].

Note that trajectories of aWiener process are a.s. nowheredifferentiable.However,
it can be shown that they are a.s. Hölder continuous with exponent γ for every γ ∈
(0, 12 ).

As an infinite-dimensional generalization, let us introduce a cylindrical Wiener
process, which will play the role of a driving stochastic process for the Navier–Stokes
system studied in the main body of the book.

Definition 2.1.31. Let 𝔘 be a separable Hilbert space with a complete orthonormal
system (ek)k∈ℕ and let (Wk)k∈ℕ be a sequence of mutually independent real-valued
(𝔉t)-Wiener processes. The stochastic processW givenby the formal expansionW(t) =
∑∞k=1 ekWk(t) is called a cylindrical (𝔉t)-Wiener process.

Remark 2.1.32. In view of Remark 2.1.30, a cylindrical Wiener process can easily
be constructed on some probability space using the formal expansion from Defini-
tion 2.1.31.

The reader can easily verify that, if the underlying Hilbert space 𝔘 is finite-
dimensional, Definition 2.1.28 and Definition 2.1.31 lead to the same object. In addi-
tion, we point out that the expansion of W from Definition 2.1.31 is indeed formal
in the sense that the infinite sum does not converge in any reasonable probabilistic
sense as a random variable in 𝔘. Nevertheless, it is possible to construct an auxiliary
space 𝔘0 ⊃𝔘 such that the sum converges in 𝔘0. More precisely, we define 𝔘0 as

𝔘0 = {v =
∞

∑
k=1

αkek ;
∞

∑
k=1

α2k
k2
<∞},

endowed with the norm

‖v‖2𝔘0
=
∞

∑
k=1

α2k
k2
, v =

∞

∑
k=1

αkek .
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The following result holds true and we refer to Da Prato–Zabczyk [DPZ92] for the
proof.

Corollary 2.1.33. Let W be a cylindrical Wiener process. Then trajectories of W are
in Cloc([0,∞);𝔘0) ℙ-a.s. Accordingly, the law of W, denoted by ℒ[W], is supported on
Cloc([0,∞);𝔘0).

Let us now recall Lévy’s martingale characterization of a Wiener process adapted
to our purposes. The proof can be found in Da Prato–Zabczyk [DPZ92, Theorem 4.4].

Theorem 2.1.34. Let W be a continuous, 𝔘0-valued stochastic process such that
W(0) = 0 a.s. Then W is a cylindrical (𝔉t)-Wiener process in 𝔘 if and only if, for all
k ∈ ℕ, the process Wk ∶= ⟨W ,ek⟩ is a real-valued, square integrable (𝔉t)-martingale
with quadratic variation ⟨⟨Wk⟩⟩(t) = t, t ∈ [0,∞).

As a consequence of the fact that a real-valuedWiener process is fully determined
by its law, we deduce the same for a cylindrical Wiener process.

Lemma 2.1.35. A cylindrical Wiener process is fully determined by its law. In other
words, letℒ[W] be the lawof a cylindricalWiener process constructed in Corollary 2.1.33
and let B be a stochastic process in 𝔘0 defined on some probability space (Ω,𝔉,ℙ) and
having the lawℒ[W]. Then B is a cylindricalWiener processwith respect to its canonical
filtration, namely, there exists a collection of mutually independent real-valued Wiener
processes (Bk)k∈ℕ on (Ω,𝔉,ℙ) such that B = ∑∞k=1 ekBk .

Proof. We observe that, due to equality of laws, B is a cylindrical Wiener process in 𝔘.
Indeed, for all k ∈ℕ, we have

ℒ[⟨B,ek⟩] =ℒ[⟨W ,ek⟩] =ℒ[Wk].

Consequently Bk ∶= ⟨B,ek⟩ are real-valued, mutually independent Wiener processes
defined on (Ω,𝔉,ℙ) and the expansion B = ∑∞k=1 ekBk follows.

Corollary 2.1.36. Let W be a cylindrical Wiener process on (Ω,𝔉,ℙ) with respect to its
canonical filtration 𝔉t ∶= σ(W(r);0 ≤ r ≤ t), t ≥ 0. Assume that (𝔊t)t≥0 is a filtration on
(Ω,𝔉,ℙ) such that 𝔉t ⊂ 𝔊t for any t ≥ 0 and (𝔊t)t≥0 is non-anticipative with respect
to W, that is, for any t ≥ 0, the σ-field 𝔊t is independent of σ(W(t + h) −W(t)) for any
h > 0. Then W is a cylindrical (𝔊t)-Wiener process.

Proof. In view of the Lévy martingale characterization of the Wiener process, Theo-
rem 2.1.34, we only need to show thatW is a martingale relative to (𝔊t)t≥0. Due to the
first assumption on (𝔊t)t≥0, W is (𝔊t)-adapted. In accordance with Definition 2.1.21
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and Proposition 2.1.19, it suffices to note that, sinceW(t) −W(s) is independent of 𝔊s
for any 0 ≤ s ≤ t <∞, we have, for every A ∈𝔊s,

𝔼[1A(W(t) −W(s))] = 𝔼[1A]𝔼[W(t) −W(s)] = 0.

2.2 Random distributions

In the analysis of stochastic PDEs, the function U = U(ω, t,x) can be seen as a random
variable taking values in some path space of functions depending on t ∈ I ⊂ℝ, x ∈𝕋N ,
or it can be interpreted as a stochastic process t ↦ U(t, ⋅) with values in an abstract
functional space. If U is a random variable ranging in the Lebesgue space Lp(I ×𝕋N ),
the instantaneous value U(t, ⋅) is only defined modulo a set of times of zero measure
in I and the interpretation of U as a stochastic process becomes delicate. To avoid this
difficulty, we introduce the space of random distributions and replace distributions
by families of suitable regularizations.

The discussion in this section relies on the classical theory of distributions and
the reader is referred to the monograph by Duistermaat–Kolk [DK10] for a thorough
introduction. Let 𝒟(I ×𝕋N ;ℝM ) be the space of C∞-functions with compact support
ranging in ℝM , where I ⊂ ℝ. In this book, we basically focus on the three canonical
cases I = ℝ, I = (−∞,T), and I = (0,∞). For the sake of simplicity, the results in this
section will be stated for I = ℝ, with obvious modifications in the other cases. The
space 𝒟′(ℝ ×𝕋N ;ℝM ) is the dual to 𝒟(ℝ ×𝕋N ;ℝM ) endowed with the weak-∗ topol-
ogy. The duality between𝒟(ℝ×𝕋N ;ℝM ) and𝒟′(ℝ×𝕋N ;ℝM )will be denoted by ⟨⋅, ⋅⟩.
For notational simplicity we restrict ourselves to M = 1 in the sequel and we denote
𝒟(ℝ × 𝕋N ) =𝒟(ℝ × 𝕋N ;ℝ) and similarly 𝒟′(ℝ × 𝕋N ) =𝒟′(ℝ × 𝕋N ;ℝ). The multi-
dimensional analogue of all the results below can be obtained easily from the fact
that 𝒟′(ℝ ×𝕋N ;ℝM ) = [𝒟′(ℝ ×𝕋N )]M .

Recall that a linear form U defined on 𝒟(ℝ × 𝕋N ) belongs to 𝒟′(ℝ × 𝕋N ) if and
only if

⟨U,φn⟩ → 0 whenever supp[φn] ⊂ (−L,L) ×𝕋N for some L > 0,
φn→ 0 in Ck([−L,L] ×𝕋N ) for any k ∈ℕ0.

Note that he latter relation defines topology on 𝒟(ℝ × 𝕋N ). Regular functions U ∈
L1loc(ℝ ×𝕋N ) are identified with distributions as

⟨U,φ⟩ = ∫
ℝ×𝕋N

U ⋅φdt dx.

As the space of test functions 𝒟(ℝ ×𝕋N ) is separable, there is a countable family
(φn)n∈ℕ ⊂𝒟(ℝ ×𝕋N ) such that the continuous linear functions

U↦ ⟨U,φn⟩, n ∈ℕ, separate points in 𝒟′(ℝ ×𝕋N ).
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We define a canonical projection

𝚥 ∶𝒟′(ℝ ×𝕋N ) → [−1, 1]ℵ0 , 𝚥(U) = (χ(⟨U,φn⟩))n∈ℕ,

where

χ ∈ C∞(ℝ), −1 < χ < 1, χ(0) = 0, χ′ > 0.

Recall that the space [−1, 1]ℵ0 endowed with the standard product topology is a com-
pact Polish space.

Definition 2.2.1. Let (Ω,𝔉,ℙ) be a complete probability space. A mapping

U ∶ Ω→𝒟′(ℝ ×𝕋N )

is called a random distribution if ⟨U,φ⟩ ∶ Ω → ℝ is a measurable function for any φ ∈
𝒟(ℝ ×𝕋N ).

The connection between the notion of a randomdistribution and that of a random
variable introduced in Section 2.1 is provided by the following simple result.

Lemma 2.2.2. The following statements are equivalent:
– U is a random distribution in the sense of Definition 2.2.1.
– U ∈𝒟′(ℝ ×𝕋N ) a.s. and all functions ⟨U,φn⟩ are measurable for n ∈ℕ (recall that
(φn)n∈ℕ has been introcuded above).

– 𝚥(U) is a Borel measurable random variable ranging in [−1, 1]ℵ0 .
– U is a Borel measurable random variable ranging in the topological space

𝒟′(ℝ ×𝕋N ).

2.2.1 Measurability

The following statement shows that measurability of a function U ranging in a topo-
logical vector space X that is continuously embedded in 𝒟′(ℝ×𝕋N ) is determined by
its measurability in the sense of distributions as long as its law is tight.

Theorem 2.2.3. Let X ↪𝒟′(ℝ × 𝕋N ) be a topological vector space continuously em-
bedded into 𝒟′(ℝ × 𝕋N ). Let U ∈𝒟′(ℝ × 𝕋N ) be a random distribution such that, for
any ε > 0, there is a compact set Kε ⊂ X such that

ℙ(U ∈ Kε) > 1 − ε.

Then U ∈ X a.s., U is a Borel random variable ranging in X, and the law of U is a
Radon measure on X.
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Remark 2.2.4. Note that 𝚥(U) ∶ Ω → [−1, 1]ℵ0 is a random variable, that is, the map-
ping is measurable. As 𝚥(Kε) are compact in [−1, 1]ℵ0 , they are closed Borel sets and
U−1(Kε) = U−1(𝚥−1𝚥(Kε)) are measurable.

Proof of Theorem 2.2.3. To begin, observe that the set {U ∉ ⋃ε>0 Kε} is of probability
zero (whence measurable) and, consequently, U ∈ X a.s.

As X is a topological vector space, in particular Hausdorff completely regular, it
suffices to show that F(U) is measurable for any F ∈ Cb(X). Without loss of generality,
we assume Kε1 ⊆ Kε2 for ε1 > ε2. By virtue of the Stone–Weierstrass theorem, Theo-
rem 1.1.2, the algebra generated by the family of continuous functions (⟨⋅,φn⟩)n∈ℕ is
dense in C(Kε) for any ε > 0. As observed in Remark 2.2.4, the functions 1Kε (U)⟨U,φn⟩
are measurable; whence 1Kε (U)F(U) is measurable for any ε.

Finally, we have 1Kε (U)F(U) → F(U) a.s.; whence F(U) is measurable. Obviously,
the law of U in X is tight (Radon).

2.2.2 Regularization

Let χ ∈ C∞c (−2, 2) be a smooth cut-off function. We have

χ(−z) = χ(z), z ∈ℝ, χ′(z) ≤ 0 for z ≥ 1, χ(z) = 1 for z ∈ [−1, 1].

Any random distribution U can be regularized by convolution and cut-off. Specif-
ically, we set

[[U]]δ = [χ(δ⋅)U]δ,t,x = θ
t
δ(⋅ − δ) ∗ [χ(δ⋅)[θxδ ∗U]],

[U]δ,t,x(t,x) ∶= ⟨U,θtδ(t − δ − ⋅)θxδ(x − ⋅)χ(δ⋅)⟩.
(2.2)

Recall that θxδ and θtδ have been introduced in Sections 1.7.3 and 1.8.3. It is easy to check
that [[U]]δ takes values in 𝒟(ℝ × 𝕋N ). Moreover, if U is a random distribution, then
𝜕kt Dα

x [[U]]δ(t,x) are measurable for any (t,x), k, and α.

Remark 2.2.5. Note that the regularization is “non-anticipating”, meaning that
[[U]]δ(t,x) depends only on the action of the distribution U on functions in
𝒟((−∞, t) ×𝕋N ).

Remark 2.2.6. If the space 𝒟′(I × 𝕋N ), I = (a,b), is considered instead of 𝒟′(ℝ ×
𝕋N ), then the regularization is well-defined only for t ∈ (a + 2δ,b). Of course, this is
irrelevant as long as a = −∞.

Lemma 2.2.7. The mapping U↦ [[U]]δ is a bounded continuous linear operator map-
ping 𝒟′(ℝ ×𝕋N ) into 𝒟(ℝ ×𝕋N ) for any δ > 0.
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Proof. As [[⋅]]δ is obviously linear, it suffices to check that it maps bounded sets in
𝒟′(ℝ ×𝕋N ) into bounded sets in 𝒟(ℝ ×𝕋N ). Recall that B ⊂𝒟′(ℝ ×𝕋N ) is bounded
in the weak-∗ topology if and only if

⟨U,φ⟩ ≤ cφ for all U ∈ B, φ ∈𝒟(ℝ ×𝕋N ).

Since supp[[U]]δ is contained in the compact setKδ = [−
2
δ −δ,

2
δ +δ]×𝕋

N , it suffices
to check that, for each k ≥ 0, there is a constant ck such that

‖[[U]]δ‖Ck(Kδ) ≤ ck whenever U ∈ B. (2.3)

Consider the Fréchet space 𝒟(Kδ) of all functions from C∞(ℝ ×𝕋N ) with support
contained in Kδ . It follows from the Banach–Steinhaus theorem in Fréchet spaces (see
Dieudonné [Die70]) that functions U ∈ B are equi-continuous in 𝒟(Kδ), meaning

|⟨U,φ⟩| ≤ c(
∞

∑
k=1

1
2k

min{1, ‖φ‖Ck(Kδ)}) uniformly for U ∈ B. (2.4)

Seeing that [[U]]δ is defined via cut-off and convolutionwith smooth kernels,we easily
observe that (2.4) implies (2.3).

It follows that, for any random distribution U, its regularization [[U]]δ can be
seen as a Borel measurable random variable ranging in the Banach space Ckc ((−L,L) ×
𝕋N ) for a certain L = L(δ) and k ≥ 0 arbitrary. Consequently, we obtain the following
lemma.

Lemma 2.2.8. Let X ⊂𝒟′(ℝ ×𝕋N ) be a topological vector space such that

Ckc ((−L,L) ×𝕋N ) ↪ X continuously for a certain k ≥ 0 and any L > 0.

LetU bea randomdistribution in𝒟′(ℝ×𝕋N ). Then [[U]]δ is a Borelmeasurable random
variable in X. Moreover, the σ-field σX [[U]]δ generated by [[U]]δ in X is included in the
σ-field σ[U] generated by U in 𝒟′(ℝ ×𝕋N ). Specifically, let

σX [[U]]δ ∶= σ([[U]]−1δ (ℬ), ℬ Borel in X)

and, for a fixed sequence (φn)n∈ℕ which is dense in 𝒟(ℝ ×𝕋N ), define

σ[U] ∶= σ( ⋃
φn,M
{⟨U,φn⟩ <M}, M ∈ℝ).

Then

σX [[U]]δ ⊆ σ[U].
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Corollary 2.2.9. Let X ⊂𝒟′(ℝ ×𝕋N ) be a topological space such that

Ckc ((−L,L) ×𝕋N ) ↪ X continuously for a certain k ≥ 0 and any L > 0.

Let U be a random distribution in 𝒟′(ℝ ×𝕋N ) such that U ∈ X a.s. Suppose that

[[v]]δ→ v in X for any v ∈ X. (2.5)

Then U is a Borel measurable random variable in X. Moreover,

σX [U] = σ(⋃
δ>0

σX [[U]]δ) = σ[U].

Remark 2.2.10. If X is a Fréchet space equippedwith a translation invariantmetric d,
hypothesis (2.5) can be replaced by

sup
δ>0

d([[v]]δ ,0) ≤ cv , for any v ∈ X,

[[v]]δ→ v in X, for any v belonging to a dense subset of X.
(2.6)

Moreover, observing that [[v]]δ → v in 𝒟(ℝ ×𝕋N ) whenever v ∈𝒟(ℝ ×𝕋N ), con-
dition (2.6) is automatically satisfied as soon as

sup
δ>0

d([[v]]δ ,0) ≤ cv for any v ∈ X, 𝒟(ℝ ×𝕋N ) ↪ X

with dense and continuous embedding.

In view of Lemma 2.2.8 and Corollary 2.2.9, wemay replace a random distribution
U by the family of regularizations [[U]]δ, δ > 0, preserving all the “stochastic” infor-
mation available. Moreover, we can always work in the largest class 𝒟′(ℝ × 𝕋N ) as
soon as U is a random variable in X and 𝒟(ℝ ×𝕋N ) is a dense subset of X.

2.2.3 Equality in law

As the next step, we introduce the equality of laws for random distributions in𝒟′(ℝ×
𝕋N ). Recall that the special case of random variables was discussed in Definition 2.1.2
and Lemma 2.1.4.

Definition 2.2.11. We say that two random distributions U, Ũ coincide in law, U d∼ Ũ,
if the joint laws

ℒℝk [⟨U,φ1⟩,… , ⟨U,φk⟩] =ℒℝk [⟨Ũ,φ1⟩,… , ⟨Ũ,φk⟩] (2.7)

coincide for any k-tuple of test functions φ1,… ,φk ∈𝒟(ℝ ×𝕋N ).

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



2.2 Random distributions | 35

In view of Lemma 2.1.4, condition (2.7) can be equivalently rewritten in terms of
continuous functions as follows:

𝔼[F(⟨U,φ1⟩,… , ⟨U,φk⟩)] = 𝔼[F(⟨Ũ,φ1⟩,… , ⟨Ũ,φk⟩)], F ∈ Cb(ℝk). (2.8)

Note that the probability space where U is defined can be different from that of Ũ. We
remark that it suffices to require (2.7) only for the functions (φn)n∈ℕ forming a dense
set in 𝒟(ℝ ×𝕋N ).

Theorem 2.2.12. Let X be a topological vector space and X↪𝒟′(ℝ×𝕋N )with contin-
uous embedding. Let U be a random distribution in 𝒟′(ℝ×𝕋N ) such that, for any ε > 0,
there exists a compact Kε ⊂ X such that

ℙ(U ∈ Kε) > 1 − ε.

Let Ũ be another random distribution in 𝒟′(ℝ ×𝕋N ) satisfying

U d∼ Ũ

in the sense of Definition 2.2.11. Then Ũ ∈ X a.s., Ũ is a Borel random variable ranging
in X, and

ℒX [U] =ℒX [Ũ],

in particular, the law of Ũ is a Radon measure on X.

Proof. We know from Theorem 2.2.3 that U is a random variable ranging in X, the law
of which is a Radon measure. Consider the canonical embedding 𝚥 ∶𝒟′ → [−1, 1]ℵ0 .
Since U d∼ Ũ, we deduce

𝔼[F(𝚥(U))] = 𝔼[F(𝚥(Ũ))],

at least for F belonging to the algebra of continuous functions generated by ⟨⋅,φn⟩ on
[−1, 1]ℵ0 that separates points. As the space [−1, 1]ℵ0 is compact Hausdorff, we may
apply the Stone–Weierstrass theorem to conclude

ℒ[−1,1]ℵ0 [U] =ℒ[−1,1]ℵ0 [Ũ].

Consequently, as the image of Kε is compact in [−1, 1]ℵ0 , we conclude

ℙ(Ũ ∈ Kε) > 1 − ε.

As ε > 0 was arbitrary, we infer

Ũ ∈ X a.s.
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By virtue of Theorem 2.2.3, Ũ is a Borel measurable random variable in X, whose law
is a Radon measure.

It remains to be shown that

𝔼[F(U)] = 𝔼[F(Ũ)] for any F ∈ Cb(X). (2.9)

Given F ∈ Cb(X) and a compact set Kε, we use the Stone–Weierstrass theorem again to
find a sequence Fn, where each Fn has the form

Fn(v) = Gn(⟨v,φ1⟩,… , ⟨v,φmn
⟩)

such that

Fn ∈ Cb(X), sup
X
‖Fn‖ ≤ sup

X
‖F‖ for all n ∈ℕ, (2.10)

Fn→ F in C(Kε) as n→∞. (2.11)

In accordance with (2.8), we get

𝔼[F(U)] = 𝔼[F(U) − Fn(U)] +𝔼[Fn(U)] = 𝔼[Fn(Ũ)] +𝔼[F(U) − Fn(U)]
= 𝔼[F(Ũ)] +𝔼[F(U) − Fn(U)] +𝔼[F(Ũ) − Fn(Ũ)].

Finally,

𝔼[F(U) − Fn(U)] = 𝔼[1Kε (F(U) − Fn(U))] +𝔼[1X⧵Kε (F(U) − Fn(U))],

where, by virtue of (2.11),

𝔼[1Kε (F(U) − Fn(U))] → 0 as n→∞,

while, in accordance with (2.10),

|𝔼[1X⧵Kε (F(U) − Fn(U))]| < εc.

Seeing that the term containing Ũ canbehandled in the sameway,we obtain (2.9).

Accordingly, for random variables the law of which is a Radon measure, it is ir-
relevant which topology we consider to compare their laws. It is therefore convenient
to use the weakest form of law equivalence specified in (2.8). Unless otherwise stated,
we shall write U d∼ Ũ without specifying the topological space.

2.2.4 Progressive measurability

The notion of progressive measurability for stochastic processes was introduced in
Section 2.1, namely, in Definition 2.1.16, and discussed further in the sequel. This is es-
sential in order to keep track of the “arrow of time” which is the key ingredient in the
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construction of Itô’s stochastic integral with respect to aWiener process, presented in
Section 2.3. As we intend to formulate the stochastic integration theory for random
distributions, it is necessary to understand what precisely progressive measurability
means in this context. In particular, we introduce the notion of adaptedness for ran-
dom distributions and discuss how it is naturally connected to progressive measura-
bility of stochastic processes.

To this end, let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a complete probability space with a complete
right-continuous filtration (𝔉t)t≥0. We consider the σ-field of all progressively mea-
surable sets in Ω × [0,T] associated to the filtration (𝔉t)t≥0. To be more precise, A ⊂
Ω×[0,T] belongs to the progressivelymeasurable σ-field, provided the stochastic pro-
cess (ω, t) ↦ 1A(ω, t) is (𝔉t)-progressively measurable. We denote by Lpprog(Ω × [0,T])
the Lebesgue space of functions that are measurable with respect to the σ-field of
(𝔉t)-progressively measurable sets in Ω × [0,T] and we denote by μprog the measure
ℙ ⊗𝔏[0,T] restricted to the progressively measurable σ-field.

Definition 2.2.13. Let U be a random distribution in 𝒟′(ℝ ×𝕋N ). Then:
– We say that U is adapted to (𝔉t)t≥0 if ⟨U,φ⟩ is (𝔉t)-measurable for any φ ∈

𝒟((−∞, t) ×𝕋N ).
– The family of σ-fields (σt[U])t≥0, given as

σt[U] ∶=⋂
s>t

σ( ⋃
φ∈𝒟((−∞,s)×𝕋N )

{⟨U,φ⟩ < 1} ∪ {N ∈𝔉,ℙ(N) = 0}),

is called the history of U.

Remark 2.2.14. Note that we use the same notation for the history of a random dis-
tribution and for the ℙ-augmented canonical filtration of a stochastic process; cf. Re-
mark 2.1.14. This will be further justified below by Lemma 2.2.18.

Remark 2.2.15. The history (σt[U])t≥0 is a complete right-continuous filtration. Note
that the value of the distribution U for τ > t is irrelevant for determining its history
up to the time t. For random variables defined only on the time interval [0,T] it is
customary to set U = U0 = U(0, ⋅) for t ≤ 0.

Clearly, any random distribution U is adapted to its history (σt[U])t≥0. Recalling
Remark 2.2.5 we easily observe that the regularization [[U]]δ of a random distribution
U in 𝒟′(ℝ ×𝕋N ) is (𝔉t)-progressively measurable as a stochastic process ranging in
Ck(𝕋N ), k ≥ 0 arbitrary, whenever the distribution U is (𝔉t)-adapted in the sense of
Definition 2.2.13. Moreover, as [[U]]δ→ U in 𝒟′(ℝ ×𝕋N ), we infer

σt[U] = σ(⋃
δ>0

σt[[U]]δ).

As the next step, we show that adaptedness is preserved by compositions with
Carathéodory functions in the sense of the following definition.
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Definition 2.2.16. Let X, Y be topological spaces and (Θ,ℳ,μ) a measure space. We
say that f ∶ Θ × X→ Y is a Carathéodory function if:
(1) f (⋅,x) is measurable for every x ∈ X;
(2) f (θ, ⋅) is continuous for almost every θ ∈ Θ.

Lemma 2.2.17. LetU bea randomdistribution in𝒟′(ℝ×𝕋N ) such thatU ∈ L1loc(ℝ×𝕋N )
a.s. Let G ∶𝕋N ×ℝ→ℝK be a Carathéodory function and suppose that G(U) ∈ L1loc(ℝ ×
𝕋N ), where G(U)(t,x) = G(x,U(t,x)). Then G(U) is a random distribution in 𝒟′(ℝ ×𝕋N )
which is adapted to (σt[U])t≥0 in the sense of Definition 2.2.13.

Proof. Consider the regularization [[U]]δ specified through (2.2). Obviously, [[U]]δ is
(σt[U])-adapted (see Remark 2.2.5) and so is the composition TM ∘G([[U]]δ), where TM
is the following suitable cut-off function:

TM ∈ C∞(ℝK ;ℝK) ∩ Cb(ℝK ,ℝK), TM (Z) = Z for |Z| ≤M, |TM (Z)| ≤ |Z|.

Letting δ→ 0 we have

TM ∘G([[U]]δ) → TM ∘G(U) in L1loc(ℝ ×𝕋N )

and in particular, by the Lebesgue theorem,

∫
ℝ
∫
𝕋N

TM ∘G([[U]]δ) ⋅φdxdt→∫
ℝ
∫
𝕋N

TM ∘G(U) ⋅φdxdt,

for any φ ∈𝒟((∞, t) ×𝕋N ), t ≥ 0; whence TM ∘G(U) is (σt[U])-adapted.
Letting M → ∞ and using again the Lebesgue theorem, we infer that G(U) is

(σt[U])-adapted.

In the abstract definition of the stochastic integral, we use the Sobolev spaces

W ℓ,2(𝕋N ) ⊂𝒟′(𝕋N )

with suitable ℓ not necessarily positive. Note that these are separable Hilbert spaces
with an orthogonal basis formed by a countable family (ϕn)n∈ℕ of smooth functions
(trigonometric polynomials). Accordingly, a W ℓ,2(𝕋N )-valued stochastic process U is
progressively measurable with respect to a filtration (𝔉t)t≥0 if all scalar functions
Uϕ ∶= ⟨U,ϕ⟩ are progressively measurable for any ϕ = ϕn, n ∈ ℕ. Here, the duality
product ⟨⋅, ⋅⟩ is understood in 𝒟′(𝕋N ).

Lemma 2.2.18. Let U be an (𝔉t)-adapted random distribution taking values in
L2loc(ℝ;W ℓ,2(𝕋N )) ⊂ 𝒟′(ℝ × 𝕋N ) in the sense of Definition 2.2.1. Then, for any T > 0,
there exists a stochastic process Ũ ∈ L2(0,T ;W ℓ,2(𝕋N )) a.s. that is (𝔉t)-progressively
measurable such that

U = Ũ a.a. inΩ× [0,T].
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Remark 2.2.19. Note that, strictly speaking, the elements of the Lebesgue space
L2(0,T ;W ℓ,2(𝕋N )) are classes of equivalence of functions that coincide with a possible
exception of a set of zeromeasure. In this sense, we sayU = Ũ in L2(0,T ;W ℓ,2(𝕋N )) a.s.

Proof of Lemma 2.2.18. Fix a test function ϕ = ϕn. It suffices to show that there exists
a progressively measurable real-valued stochastic process Ũϕ such that

Uϕ ∶= ⟨U,ϕ⟩ = Ũϕ a.a. inΩ× [0,T].

Without loss of generality, we suppose that Uϕ is uniformly bounded considering a
suitable cut-off as the case may be.

Let

[Uϕ]t,δ = θtδ(⋅ − δ) ∗Uϕ

be the time regularization of Uϕ. As the distribution U is adapted, the stochastic pro-
cess t↦ [Uϕ]t,δ(t) is continuous and adapted; whence (𝔉t)-progressivelymeasurable.
Moreover, as Uϕ is bounded, we have

[Uϕ]t,δ ∈ L
p
prog(Ω × [0,T]) for any p ≥ 1,

where Lpprog is the Lebesgue space of functions that are measurable with respect to the
σ-field of all (𝔉t)-progressively measurable sets in Ω× [0,T].

Letting δ→ 0, we obtain

[Uϕ]t,δ→ Uϕ in, say, L2prog(Ω × [0,T]).

In particular, passing to a subsequence if necessary, we have

[Uϕ]t,δ→ Uϕ μprog-a.a.

As the measure μprog does not need to be complete, the limit is not necessarily
prog-measurable. However, changing [Uϕ]t,δ on a set of μprog-measure zero, we get

[Uϕ]t,δ→ Ũϕ pointwise inΩ× [0,T],

where Ũϕ is prog-measurable andwhence progressivelymeasurable andUϕ coincides
with Ũϕ outside of a zero measure set in Ω× [0,T].

2.2.5 Special classes of random distributions

In view of possible applications to stochastic PDEs, the class of random distributions
𝒟′(ℝ ×𝕋N ) is too large. As we deal with non-linear compositions, it is convenient if
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the underlying function space allows multiplication. Accordingly, all random quan-
tities we shall deal with will be distributions of finite order that can be expressed as
derivatives of regular functions belonging to the space L1loc(ℝ ×𝕋N ).

Seeing thatW ℓ,2(𝕋N ) ↪ C(𝕋N ) for ℓ > N
2 , we restrict ourselves to the spaces

L1loc(ℝ;W−ℓ,2(𝕋N )) with ℓ > N
2
.

Dealing with the initial-value problems, the frequently used spaces will be (i) the
Hilbert space L2(0,T ;W−ℓ,2(𝕋N )) and (ii) the Banach space C([0,T];W−ℓ,2(𝕋N )), both
Polish spaces.

To accommodate at most exponential growth for t→∞ of globally defined ran-
dom variables, we may consider the weighted Sobolev space

Hk
Γ ≡ L2w(ℝ;Wk,2(𝕋N )), ‖U‖2Hk

Γ
= ∫
ℝ
exp(Γ|t|)‖U(t, ⋅)‖2Wk,2

x
dt.

As

𝒟(ℝ ×𝕋N ) ↪Hk
Γ ↪ L2(ℝ ×𝕋N ) for k ≥ 0, Γ ≥ 0,

we identify the dual spaces as distributions. We have

Hk
Γ ↪𝒟′(ℝ ×𝕋N ) for k ≤ 0, Γ ≤ 0.

The space Hk
Γ is a separable Hilbert space. In particular, it is a Polish space. Basically

all random distributions we will handle will belong to Hk
Γ for suitable k and Γ. In par-

ticular, the space L∞(ℝ;L1(𝕋N )) can be identifiedwith a subspace ofHk
Γ with k < −[

N
2 ],

Γ < 0.
Finally, we shall occasionally use the embedding

L1(0,T ;L1(𝕋N )) ↪W−k,2(𝕋N+1), k > N + 1
2
.

2.3 Stochastic Itô’s integral

As the next step, let us present the definition of a stochastic integral in the Itô sense. To
be more precise, we are interested in stochastic integration with respect to the cylin-
drical Wiener process introduced in Definition 2.1.31. A detailed construction can be
found in Da Prato–Zabczyk [DPZ92, Section 4.2–Section 4.4]; see also Prévôt–Röckner
[PR07].

Let W be a cylindrical Wiener process on a separable Hilbert space 𝔘. For a
stochastic process G = {G(t); t ∈ [0,∞)}, taking values in the space of bounded lin-
ear operators from 𝔘 to a separable Hilbert space H, we intend to make sense of an
integral of the form

∫
t

0
G(s)dW(s).
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In addition, we require that it defines an H-valued martingale; see Definition 2.1.21.
We will construct the stochastic integral in such a way that

∫
t

0
G(s)dW(s) =

∞

∑
k=1
∫
t

0
G(s)ek dWk(s), (2.12)

that is, as a sum of stochastic integrals with respect to real-valued Wiener processes.
However, keeping in mind thatW does not exist as a stochastic process taking values
in 𝔘, it is necessary to impose certain conditions on G such that the right hand side
of (2.12) converges in a suitable sense inH and hence defines anH-valuedmartingale.
It turns out that it is required for the stochastic process G to take values in the space
of Hilbert–Schmidt operators from 𝔘 to H, denoted by L2(𝔘,H). Recall that L2(𝔘,H)
contains all bounded linear operators A ∈ L(𝔘,H) such that

‖A‖2L2(𝔘,H) ∶=
∞

∑
k=1
‖Aek‖2H <∞.

To bemore precise, the following result holds true; see Da Prato–Zabczyk [DPZ92,
Section 4.2].

Theorem 2.3.1. LetG be an (𝔉t)-progressivelymeasurable stochastic process such that

𝔼∫
T

0
‖G(t)‖2L2(𝔘,H) dt <∞. (2.13)

Then the stochastic Itô integral (2.12) is a well-defined continuous H-valued square in-
tegrable (𝔉t)-martingale.

Remark 2.3.2. For completeness, let us point out that the stochastic Itô integral can
also be constructed under a weaker assumption than (2.13), namely, if

∫
T

0
‖G(t)‖2L2(𝔘,H) dt <∞ ℙ-a.s.

In that case, the stochastic integral is only a local martingale as introduced in Def-
inition 2.1.27; see Da Prato–Zabczyk [DPZ92, Section 4.2] for more details or also
Karatzas–Shreve [KS91, Section 3.2] for a finite-dimensional setting.

For the reader’s convenience, let us recall themain steps in the construction of the
above stochastic Itô integral. First, we introduce a notion of an elementary stochastic
process.

Definition 2.3.3. An L(𝔘,H)-valued (𝔉t)-adapted stochastic process Ψ is called ele-
mentary, provided there exists a sequenceΨ0,… ,Ψk−1 of L(𝔘,H)-valued random vari-
ables taking only a finite number of values such that the following holds true: there
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exists a partition {0 = t0 < t1 < ⋯ < tk = T} of [0,T] such that Ψi is 𝔉ti -measurable,
i = 0,… ,k − 1, and

Ψ(t) =
k−1
∑
i=0
Ψi1(ti ,ti+1](t) t ∈ [0,T].

For an elementary (𝔉t)-adapted stochastic process Ψ, it is straightforward to de-
fine a stochastic integral as follows:

∫
t

0
Ψ(s)dW(s) ∶=

k−1
∑
i=0
Ψi(W(ti+1) −Wti ). (2.14)

Note that this is well-defined due to the fact that allΨi are finite-dimensional. The first
observation is that the statement of Theorem 2.3.1 holds true for elementary processes.

Proposition 2.3.4. Let Ψ be an elementary (𝔉t)-adapted stochastic process. Then the
stochastic integral (2.14) defines a continuous H-valued square integrable (𝔉t)-martin-
gale and the following holds true:

𝔼‖∫
t

0
Ψ(s)dW(s)‖

2

H
= 𝔼∫

t

0
‖Ψ(s)‖2L2(𝔘,H) ds t ≥ 0, (2.15)

𝔼 sup
t∈[0,T]
‖∫

t

0
Ψ(s)dW(s)‖

2

H
≤ C𝔼∫

T

0
‖Ψ(s)‖2L2(𝔘,H) ds, (2.16)

with a constant C independent of Ψ.

The equality (2.15) is the so-called Itô isometry, which remains valid for more gen-
eral integrands satisfying (2.13).

The final step of the proof of Theorem 2.3.1 relies on the following approximation
result. Recall that Lpprog(Ω × [0,T]) denotes the Lebesgue space of functions that are
measurable with respect to the σ-algebra of (𝔉t)-progressively measurable sets inΩ×
[0,T].

Proposition 2.3.5. Let G be an (𝔉t)-progressively measurable stochastic process sat-
isfying (2.13). Then there exists a sequence of elementary (𝔉t)-adapted stochastic pro-
cesses (Ψn) such that

Ψn→G in L2prog(Ω × (0,T);L2(𝔘,H)).

As a consequence, in view of (2.16), the stochastic integral

∫
t

0
G(s)dW(s)
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is obtained as a limit in L2(Ω;C([0,T];H)) of the corresponding approximate stochastic
integrals

∫
t

0
Ψn(s)dW(s).

At this stage, it is important to note an immediate consequence of the above construc-
tion, namely, the Itô stochastic integral generally cannot be constructed pathwise.
More precisely, given a trajectory of the driving Wiener process t ↦W(ω, t) together
with a trajectory of the integrand t↦G(ω, t), it is not possible to construct a trajectory
of the corresponding stochastic integral, unless the trajectories of G are sufficiently
regular. This flaw originates in the low time regularity of the Wiener process: recall
that trajectories ofW are only Hölder continuous with exponent γ for every γ ∈ (0, 12 ).
Consequently, the stochastic integral cannot be constructed by analytic arguments
(i.e., working with a fixed realization ω) unless the irregularity of W is compensated
by regularity of G.

To be more precise, if t ↦ G(ω, t) belongs to C1([0,T]), we integrate by parts to
obtain

∫
t

0
G(s)dW(s) = G(t)W(t) − ∫

t

0
G′(s)W(s)ds,

where the right hand side is indeed defined pathwise. This is a particular case of the
generalization of the Stieltjes integral introduced by Young in [You36]. Roughly speak-
ing, ifG ∈ Cα([0,T]) and Z ∈ Cβ([0,T]), then one can construct the integral ofG against
Z analytically provided α + β > 1 and this result is sharp. Recall that the regularity of
a Wiener process W is strictly smaller than 1

2 . In typical applications considered in
this book, the coefficient G takes the form G(U) where U is a solution to a stochas-
tic PDE driven byW . Hence we expect G(U) to possess the same regularity asW and
consequently the Young condition is not satisfied.

Remark 2.3.6. Let us stress that the role of the underlying Hilbert space 𝔘 is purely
auxiliary and not important in the current setting. Indeed, by virtue of Parseval’s the-
orem, every separable Hilbert space 𝔘 is isometrically isomorphic to ℓ2 via

𝔘→ ℓ2, v =
∞

∑
k=1
⟨v,ek⟩ek ↦ (⟨v,ek⟩)k∈ℕ,

where (ek)k∈ℕ is a complete orthonormal system in 𝔘. Similarly, a cylindrical Wiener
process in 𝔘 given by W = ∑∞k=1 ekWk can be identified with the sequence of real-
valued Wiener processes (Wk)k∈ℕ. A Hilbert–Schmidt operator A ∈ L2(𝔘;H) can be
identified with the H-valued ℓ2-summable sequence (Aek)k∈ℕ ∈ ℓ2(H). Consequently,
a stochastic process G satisfying the assumptions of Theorem 2.3.1 can be identified
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with (Gk)k∈ℕ as an element of L2prog(Ω×(0,T); ℓ2(H)) byGk ∶=Gek and the correspond-
ing Itô stochastic integral is given by

∫
t

0
G(s)dW(s) =

∞

∑
k=1
∫
t

0
Gk(s)dWk(s).

For simplicity of the presentation, we often do not distinguish between G(s) as a
Hilbert–Schmidt operator on 𝔘 and the sequence (Gk(s))k∈ℕ as an element of ℓ2.

Remark 2.3.7. If W is a real-valued Wiener process, then, as a consequence of
Lemma 2.2.18, we observe that the stochastic integral

∫
t

0
G(s)dW(s)

may be always defined for an integrand G ∈ L2(0,T ;W ℓ,2(𝕋N )) a.s. as long as its natu-
ral filtration (σt[G])t≥0 is non-anticipative with respect to the associated Wiener pro-
cessW , or, more precisely, as long as the filtration (𝔉t)t≥0 generated by the joint his-
tory ofW and G satisfies

𝔉t ∶= σ[σt[G] ∪ σt[W]] is independent of σ[W(s) −W(t)] for any s > t.

The same applies to integrals with a cylindrical Wiener process W = ∑∞k=1 ekWk
and G taking values in L2(0,T ;L2(𝔘;W ℓ,2(𝕋N ))) a.s. Here, a similar condition must be
verified for anyGk ∶=Gek andWj . In the caseGk =Gk(U), the task reduces to checking
the same condition for a single filtration

(σ[σt[U] ∪
∞

⋃
k=1

σt[Wk]])
t≥0
,

in agreement with Lemma 2.2.17.

As the next step, let us recall the so-called Burkholder–Davis–Gundy inequality,
which generalizes (2.16).

Proposition 2.3.8 (Burkholder–Davis–Gundy’s inequality). Let H be a separable
Hilbert space. Let p ∈ (0,∞). There exists a constant Cp > 0 such that, for every (𝔉t)-pro-
gressively measurable stochastic process G satisfying (2.13), the following holds:

𝔼 sup
t∈[0,T]
‖∫

t

0
G(s)dW(s)‖

p

H
≤ Cp𝔼(∫

T

0
‖G(s)‖2L2(𝔘,H) ds)

p
2

. (2.17)

Next, we report the following result by Flandoli–Ga̧tarek [FG95, Lemma 2.1],
which allows one to show fractional Sobolev regularity in time for a stochastic inte-
gral.
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Lemma 2.3.9. Let H be a separable Hilbert space. Let p ∈ [2,∞) and α ∈ [0, 12 ) be given.
Then there exists a constant c(p,α,T) > 0 such that, for every progressively measurable
process G ∈ Lp(Ω × [0,T];L2(𝔘,H)), we have

𝔼[‖∫
t

0
G(s)dW(s)‖

p

Wα,p(0,T ;H)
] ≤ c(p,α,T)𝔼[∫

T

0
‖G(s)‖pL2(𝔘,H) ds]. (2.18)

The proof of Lemma 2.3.9 is rather elementary and actually relies on the Burk-
holder–Davis–Gundy inequality (2.17). Note that, since only the embedding

Wα,p(0,T ;H) ↪ Cβ([0,T];H) whenever β ∈ [0,α − 1
p
), (2.19)

holds true, the two estimates (2.17) and (2.18) are different and (2.18) does not imply
(2.17), not even in the case p = 2.

We also record the following result; see Gīhman–Skorokhod [GhS80].

Lemma 2.3.10 (Martingale inequality). Let H be a separable Hilbert space. Then

ℙ(∫
T

0
‖∫

t

0
G(s) dW(s)‖

2

H
dt > ε) ≤ T δ

ε
+ℙ(∫

T

0
‖G(t)‖2L2(𝔘,H) dt > δ) (2.20)

for any ε > 0, δ > 0.

The approach to establish Hölder continuity of a stochastic integral then relies
on the Kolmogorov continuity theorem. This is a classical result that allows one to
show existence of a Hölder continuous modification for stochastic processes. There
are several versions with different proofs available in the literature. Let us particularly
mention the elegant analytical proof based on the Sobolev embedding, which can be
found in Da Prato–Zabczyk [DPZ92, Theorem 3.3].

Theorem 2.3.11 (Kolmogorov continuity theorem). Let U be a stochastic process tak-
ing values in a separable Banach space X. Assume that there exist constants K > 0, a ≥ 1,
b > 0 such that, for all s, t ∈ [0,T],

𝔼‖U(t) −U(s)‖aX ≤ K|t − s|
1+b.

Then there existsV, a modification ofU, which hasℙ-a.s. Hölder continuous trajectories
with exponent γ for every γ ∈ (0, ba ). In addition, we have

𝔼‖V‖aCγt X ≲ K,

where the proportional constant does not depend on V.
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2.4 Itô’s formula

One of the central results in stochastic Itô calculus is the corresponding chain rule
called Itô’s formula. The proof can be found in Da Prato–Zabczyk [DPZ92, Theo-
rem 4.17].

LetW = ∑∞k=1 ekWk be a cylindrical Wiener process in a separable Hilbert space 𝔘.
LetGbe an L2(𝔘;H)-valued stochastically integrable process, let gbe anH-valuedpro-
gressively measurable Bochner integrable process, and let U(0) be an 𝔉0-measurable
H-valued random variable. Then the process

U(t) = U(0) + ∫
t

0
g(s)ds + ∫

t

0
G(s)dW(s)

is well-defined. Assume that a function F ∶ H → ℝ and its derivatives F′, F″ are uni-
formly continuous on bounded subsets of H .

Theorem 2.4.1 (Itô’s formula). Under the above assumptions we have ℙ-a.s., for all
t ∈ [0,T],

F(U(t)) = F(U(0)) + ∫
t

0
⟨F′(U(s)),g(s)⟩ds + ∫

t

0
⟨F′(U(s)),G(s)dW(s)⟩

+ 1
2
∫
t

0
Tr(G(s)∗F″(U(s))G(s))ds (2.21)

where TrA = ∑∞k=1⟨Aek ,ek⟩ for A being a bounded linear operator on H.

Note that, unlike in the deterministic theory, a first order chain rule does not hold
for the Itô calculus. Indeed, the above Itô formula contains a term of second order, the
so-called Itô correction term. Besides, the classical notation used for the stochastic
integral in (2.21) might seem a bit ambiguous at first sight. It is to be interpreted in the
following sense:

∫
t

0
⟨F′(U(s)),G(s)dW(s)⟩ =

∞

∑
k=1
∫
t

0
⟨F′(U(s)),G(s)ek⟩dWk(s).

A special case of this result is Itô’s product rule.

Proposition 2.4.2. Assume thatU,V are H-valued stochastic processes defined on the
same probability space and satisfying the assumptions of Theorem 2.4.1. Assume that
they admit the decompositions

U(t) = U(0) + ∫
t

0
g(s)ds + ∫

t

0
G(s)dW(s),

V(t) = V(0) + ∫
t

0
h(s)ds + ∫

t

0
H(s)dW(s).
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Then

⟨U(t),V(t)⟩ = ⟨U(0),V(0)⟩ + ∫
t

0
⟨V(s),g(s)⟩ds + ∫

t

0
⟨V(s),G(s)dW(s)⟩

+ ∫
t

0
⟨U(s),h(s)⟩ds + ∫

t

0
⟨U(s),H(s)dW(s)⟩

+
∞

∑
k=1
∫
t

0
⟨G(s)ek ,H(s)ek⟩ds.

As a first generalization of Theorem 2.4.1, we present an Itô formula for the square
of the H-norm obtained for equations in the variational framework. Another general-
ization is given in Theorem A.4.1.

Let H be a separable Hilbert space with inner product ⟨⋅, ⋅⟩ and H∗ its dual. Let V
be a Banach space, such that V ↪H continuously and densely. Identifying H and H∗

via the Riesz isomorphism, we obtain the Gelfand triplet V ↪H↪ V∗.
The following Itô formula can be found in Krylov–Rozovskii [KR79, Theorem I.3.1]

or Prévôt–Röckner [PR07, Theorem 4.2.5].

Theorem 2.4.3. Assume that U is a continuous V∗-valued stochastic process given by

U(t) = U(0) + ∫
t

0
g(s)ds + ∫

t

0
G(s)dW(s), t ∈ [0,T],

where

G ∈ L2(Ω × [0,T];L2(𝔘;H)), g ∈ L2(Ω × [0,T];V∗),

are both progressively measurable and U(0) ∈ L2(Ω;H) is 𝔉0-measurable.
If U ∈ L2(Ω × [0,T];V), then U is an H-valued continuous stochastic process,

𝔼 sup
t∈[0,T]
‖U(t)‖2H <∞,

and the following Itô formula holds true ℙ-a.s.:

‖U(t)‖2H = ‖U(0)‖
2
H + 2∫

t

0
⟨g(s),U(s)⟩V∗,V ds + 2∫

t

0
⟨U(s),G(s)dW(s)⟩

+ ∫
t

0
‖G(s)‖2L2(𝔘;H) ds for any t ∈ [0,T].

2.5 Pathwise vs. martingale solutions

From the probabilistic point of view, two concepts of solution are typically consid-
ered in the theory of stochastic (partial) differential equations. Namely, pathwise (or
strong) solutions andmartingale (or weak) solutions. In the former notion, the under-
lying probability space as well as the driving stochastic process is fixed in advance,
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whereas in the latter case, these stochastic elements become part of the solution of
the problem. We call such solutions martingale solutions due to the connection with
the so-called Stroock–Varadhanmartingale problem as discussed in Karatzas–Shreve
[KS91, Section 5.4]. Clearly, existence of a pathwise solution is stronger and implies
existence of a martingale solution.

Consider a stochastic differential equation

dU = b(U)dt + σ(U)dW , U(0) = U0, (2.22)

where W is an ℝd-valued Wiener process defined on a probability space (Ω,𝔉,ℙ).
For simplicity of the presentation we are in finite dimension. So, a solution U is an
ℝm-valued stochastic process. The coefficients b, σ are Borel measurable functions

b ∶ℝm→ℝm, σ ∶ℝm→ℝm×d .

We formulate the following two notions of solution to (2.22).

Definition 2.5.1. Let W be an ℝd-valued Wiener process defined on the stochas-
tic basis (Ω,𝔉, (𝔉t)t≥0,ℙ) with a complete right-continuous filtration. Let U0 be a
ℱ0-measurable random variable. Anℝm-valued stochastic process X is called a path-
wise solution to (2.22) with the initial condition U0, provided:
(1) U is an ℝm-valued (𝔉t)-adapted stochastic process with ℙ-a.s. continuous trajec-

tories;
(2) U(0) = U0 ℙ-a.s.;
(3) we have

∫
t

0
|b(U(s))| + |σ(U(s))|2 ds <∞ (2.23)

and

U(t) = U0 + ∫
t

0
b(U(s))ds + ∫

t

0
σ(U(s))dW (2.24)

ℙ-a.s. for all t ∈ [0,∞).

Definition 2.5.2. Let Λ be a Borel probability measure on ℝm. A triple

((Ω,𝔉, (𝔉t)t≥0,ℙ),U,W)

is called amartingale solution to (2.22) with the initial law Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is an ℝd-valued (𝔉t)-Wiener process on (Ω,𝔉,ℙ);
(3) U is an ℝm-valued (𝔉t)-adapted stochastic process with ℙ-a.s. continuous trajec-

tories;
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(4) Λ =ℒ[U(0)];
(5) (2.23) and (2.24) hold ℙ-a.s. for all t ∈ [0,∞).

We observe that, since in the case of martingale solutions the underlying stochas-
tic basis is not known in advance, the initial condition can only be prescribed in the
form of an initial lawΛ. Furthermore, amartingale solution is not necessarily adapted
to the canonical filtration generated by the Wiener process.

The concept of a martingale solution, although weaker than a pathwise solution,
is yet extremely useful in both theory and applications. In particular, it allows one to
prove existence under much weaker assumptions on the coefficients b, σ. More pre-
cisely, let us recall the seminal papers by Itô [Itô46, Itô51] where existence of a unique
pathwise solution to (2.22) was proved under the Lipschitz assumption on b and σ. On
the other hand, Skorokhod [Sko61, Sko62] showed that there exists a solution if b and
σ are only continuous functions of atmost linear growth. It was only realized later that
two different concepts of a solution are involved. Nowadays, it is well known that this
difference is substantial in general: under the assumptions of the Skorokhod theorem
pathwise solutions do not necessarily exist; see Barlow [Bar82].

2.5.1 Pathwise uniqueness vs. uniqueness in law

Attached to the two notions of solution are two ways how uniqueness for (2.22) can be
understood. More precisely, we address pathwise uniqueness or uniqueness in law.

Definition 2.5.3. We say that pathwise uniqueness is a property of (2.22), provided,
if U, V are two solutions to (2.22) defined on the same stochastic basis with the same
Wiener process and under the assumption that U(0) = V(0) ℙ-a.s., that the processes
U and V are indistinguishable, i.e.,

ℙ(U(t) =V(t) for all t ≥ 0) = 1.

Definition 2.5.4. We say that uniqueness in law is a property of (2.22), provided, if

((Ω,𝔉, (𝔉t)t≥0,ℙ),U,W), ((Ω̃, �̃�, (�̃�t), ℙ̃),V, W̃)

are two solutions to (2.22) with the same initial law, that the two processes U and V
have the same law.

A classical result of Yamada–Watanabe, as presented for instance in Karatzas–
Shreve [KS91, Proposition 3.20], shows that pathwise uniqueness implies uniqueness
in law.
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2.6 Stochastic compactness method

Several results presented in the main body of this book rely on a stochastic version of
the compactnessmethod known from the deterministic setting. Roughly speaking, the
problem is the following: one constructs a sequence of approximations and in order
to show their convergence it is necessary to establish compactness. In the presence
of randomness, which is represented by the probability space (Ω,𝔉,ℙ), one has to
be more careful, as we do not assume any topological structure on Ω and therefore
the usual tools based on compact embeddings can only be applied to the time and
space variable. A classical method to overcome this flaw employs Prokhorov’s and
Skorokhod’s theorems; see Billingsley [Bil99, Theorem 5.1, 5.2] and Dudley [Dud02,
Theorem 11.7.2], respectively.

Theorem 2.6.1 (Prokhorov’s theorem). Let X be a Polish space and ℳ a collection of
probability measures on X. Thenℳ is tight if and only if it is relatively weakly compact.

Theorem 2.6.2 (Skorokhod’s theorem). Let X be a Polish space and let μn, n ∈ℕ0, be
probability measures on X such that μn converges weakly to μ0 . Then on some proba-
bility space there exist X-valued random variables Un, n ∈ℕ0, such that the law of Un
is μn, n ∈ℕ0, and Un(ω) → U0(ω) in X a.s.

Note that Dudley [Dud02, Theorem 11.7.2] only gives the existence of some proba-
bility space such that the statement of Theorem 2.6.2 holds true and the corresponding
convergence is almost sure. Nevertheless, the so-called Blackwell–Dubbins–Fernique
theorem gives the following stronger result; see Blackwell–Dubbins [BD83] and Fer-
nique [Fer88].

Theorem 2.6.3. Let X be a Polish space. With every Borel probability measure μ on X,
one can associate a Borel X-valued random variable ξμ defined on the probability space
([0, 1],𝔅([0, 1]),𝔏) such that ℒ[ξμ] = μ, and, whenever measures μn converge weakly-∗
to μ, one has limn→∞ ξμn (ω) = ξμ(ω) for almost all ω ∈ [0, 1].

As an immediate consequence, we obtain a representation for a Wiener process
together with an initial condition having a given law.

Corollary 2.6.4. Let X be a Polish space and letΛ be a Borel probability measure on X.
Then there exists a stochastic basis (Ω,𝔉, (𝔉t)t≥0,ℙ) with an 𝔉0-measurable X-valued
random variable U0 having the law Λ and with an (𝔉t)-cylindrical Wiener process W.

Proof. Let Γ denote the law of a cylindrical Wiener process on 𝔘. Recall that, due
to Remark 2.1.30, such a probability measure exists and, due to Corollary 2.1.33, it is
supported on Cloc([0,∞);𝔘0). The application of Theorem 2.6.2 to μ = Λ ⊗ Γ yields a
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complete probability space (Ω,𝔉,ℙ) together with random variables U0 and W hav-
ing the lawΛ and Γ, respectively. Hence, according to Lemma 2.1.35,W is a cylindrical
Wiener process with respect to its canonical filtration. Moreover, by definition of the
joint law μ, it follows that U0 is independent of W . Therefore, it can be shown from
Theorem 2.1.34 that W is a cylindrical Wiener process with respect to the filtration
(𝔉t)t≥0 given by

𝔉t ∶= σ(σ(U0) ∪ σ(Ws;0 ≤ s ≤ t)), t ∈ [0,∞),

which yields the claim.

The stochastic compactness method proceeds in several steps. First, one shows
tightness of laws of the approximate sequence at hand. Second, due to Prokhorov’s
theorem, there exists a subsequence of these laws which converges weakly. Third,
Skorokhod’s theorem yields a representation by random variables defined on some
probability space and converging a.s. The last step then consists in the identification
of the limit as the desired object of interest, for instance a solution to a stochastic PDE.

The identification of the limit typically contains further difficulties, namely in the
passage to the limit in the stochastic integral. Indeed, one deals with a sequence of
stochastic integrals driven by a sequence of Wiener processes. One possibility is to
pass to the limit directly, and such technical convergence results appeared in a num-
ber of publications (see, e.g., Bensoussan [Ben95] or Gyöngy–Krylov [GK96]); a de-
tailed proof of the version presented below can be found in Debussche et al. [DGHT11,
Lemma 2.1].

Lemma 2.6.5. Let (Ω,𝔉,ℙ) be a complete probability space and H a separable Hilbert
space. For n ∈ ℕ, let Wn be an (𝔉n

t )-cylindrical Wiener process and let Gn be an
(𝔉n

t )-progressively measurable stochastic process ranging in L2(𝔘;H). Suppose that

Wn→W in C([0,T];𝔘0) in probability,
Gn→G in L2(0,T ;L2(𝔘;H)) in probability,

where W is a cylindrical Wiener process adapted to a filtration (𝔉t)t≥0, and G is
(𝔉t)-progressively measurable. Then

∫
⋅

0
Gn dWn→∫

⋅

0
GdW in L2(0,T ;H) in probability.

In our applications, the target space X will be taken asW ℓ,2(𝕋N )with a suitable ℓ.
Using Lemma 2.2.18, we rephrase Lemma 2.6.5 as follows.

Lemma 2.6.6. Let (Ω,𝔉,ℙ) be a complete probability space. For n ∈ ℕ, let Wn be
an (𝔉n

t )-cylindrical Wiener process and let Gn be an (𝔉n
t )-progressively measurable

stochastic process such that Gn ∈ L2(0,T ;L2(𝔘;W ℓ,2(𝕋N ))) a.s. Suppose that

Wn→W in C([0,T];𝔘0) in probability,
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Gn→G in L2(0,T ;L2(𝔘;W ℓ,2(𝕋N ))) in probability,

where W = ∑∞k=1 ekWk . Let (𝔉t)t≥0 be the filtration given by

𝔉t = σ(
∞

⋃
k=1

σt[Gek] ∪ σt[Wk]).

Then after a possible change on a set of zeromeasure inΩ×(0,T),G is (𝔉t)-progres-
sively measurable, and

∫
⋅

0
Gn dWn→∫

⋅

0
GdW in L2(0,T ;W ℓ,2(𝕋N )) in probability.

Remark 2.6.7. Here, we have tacitly assumed that Gn,k ∶= Gnek and Gk ∶= Gek have
been extended for t < 0 and t > T as random distributions in 𝒟′(ℝ × 𝕋N ). While the
extension for t > T is basically irrelevant, for t < 0 we may take Gn,k = G0,n,k constant
in time, 𝔉n

0-measurable, and such that

G0,n→G0 in L2(𝔘;W ℓ,2(𝕋N )) in probability.

Proof of Lemma 2.6.6. In view of Lemma 2.2.18 and Lemma 2.6.5, the proof reduces
to showing that the new filtration (𝔉t)t≥0 is non-anticipative with respect to the limit
Wiener processW . However, Lemma 2.6.6 is a fundamental tool used frequently in the
existence proof and therefore we give a complete proof for the reader’s convenience.

Step 1 [Non-anticipativity of (𝔉t)t≥0]
To see that the filtration (𝔉t)t≥0 is non-anticipative with respect to the noiseW , it

suffices to observe that

𝔼[F(⟨G1,φ1,1⟩,… , ⟨Gℓ,φℓ,m⟩,W1(t1),… ,Wm(tm))
×H(W1(t + s) −W1(t),… ,Wk(t + s) −Wk(t))]
= 𝔼[F(⟨G1,φ1,1⟩,… , ⟨Gℓ,φℓ,m⟩,W1(t1),…Wm(tm))]
×𝔼[H(W1(t + s) −W1(t),… ,Wk(t + s) −Wk(t))]

for any 0 ≤ ti ≤ t, s > 0, φj,i supported in (−∞, t), i = 1,… ,m, j = 1,… , ℓ, and bounded
continuous F and H . Indeed this follows from the fact that the same relation holds for
Gn,Wn,Wn(t + s) −Wn(t) and both converge to their respective limits in probability.

Step 2 [Cut-off]
We write the stochastic integrals in the form

∫
τ

0
Gn dWn = ∑

k≤K
∫
τ

0
Gn,k dWn,k + ∑

k>K
∫
τ

0
Gn,k dWn,k ,

∫
τ

0
GdW = ∑

k≤K
∫
τ

0
Gk dWk + ∑

k>K
∫
τ

0
Gk dWk .
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Evoking the martingale inequality (2.20), we obtain

ℙ(∫
T

0
‖∑
k>K
∫
t

0
Gn,k(s)dWn,k(s)‖

2

W ℓ,2x

dt > ε)

≤ Tε +ℙ(∫
T

0
∑
k>K
‖Gn,k‖2W ℓ,2x dt > ε2)

≲ Tε +ℙ(∫
T

0
∑
k>K
‖Gn,k −Gk‖2W ℓ,2x dt > ε2) +ℙ(∫

T

0
∑
k>K
‖Gk‖2W ℓ,2x dt > ε2)

for any ε > 0. Seeing that the second termon the right hand side of the above inequality
vanishes for n→∞ and the third one can be made arbitrarily small taking K large
enough, we conclude

∑
k>K
∫
τ

0
Gn,k dWn,k + ∑

k>K
∫
τ

0
Gk dWk → 0 in L2(0,T ;W ℓ,2(𝕋N )) in probability

for K→∞, n→∞. Consequently, the proof reduces to the case of a finite sum in the
stochastic integral.

Step 3 [Convergence for a finite sum]
Fixing k we write Gn,Wn and G,W instead of Gn,k ,Wn,k and Gk ,Wk , respectively.

Using the regularization operator [[⋅]]δ introduced in Section 2.2.2, we write

‖∫
τ

0
Gn dWn − ∫

τ

0
GdW‖

W ℓ,2x

≤ ‖∫
τ

0
(Gn − [[Gn]]δ)dWn‖

W ℓ,2x

+ ‖∫
τ

0
([[G]]δ −G)dW‖

W ℓ,2x

+ ‖∫
τ

0
[[Gn]]δ dWn − ∫

τ

0
[[G]]δ dW‖

W ℓ,2x

.

The last term is easy to handle as we have

∫
τ

0
[[Gn]]δ dWn − ∫

τ

0
[[G]]δ dW = [[Gn]]δWn(τ) − [[G]]δW(τ)

− ∫
τ

0
(𝜕t[[Gn]]δWn − 𝜕t[[G]]δW)dt.

Thus the desired convergence follows as long as δ > 0.
Consequently, it suffices to show

∫
T

0
‖∫

τ

0
(Gn − [[Gn]]δ)dWn‖

2

W ℓ,2x

dτ→ 0 in probability as δ→ 0 (2.25)
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uniformly in n, and

∫
T

0
‖∫

τ

0
(G − [[G]]δ)dW‖

2

W ℓ,2x

dτ→ 0 in probability as δ→ 0. (2.26)

Observe that (2.26) follows from the fact that

[[G]]δ→G in L2(0,T ;W ℓ,2(𝕋N )) a.s.

Finally, we use again the martingale inequality (2.20) to deduce

ℙ(∫
T

0
‖∫

τ

0
(Gn − [[Gn]]δ)dWn‖

2

W ℓ,2x

dt > ε)

≲ ε +ℙ(∫
T

0
‖Gn − [[Gn]]δ‖

2
W ℓ,2x

dt ≥ ε2)

≲ ε +ℙ(∫
T

0
‖Gn −G‖2W ℓ,2x dt ≥ ε2) +ℙ(∫

T

0
‖[[Gn]]δ − [[G]]δ‖

2
W ℓ,2x

dt ≥ ε2)

+ℙ(∫
T

0
‖[[G]]δ −G‖

2
W ℓ,2x

dt ≥ ε2)

≲ ε +ℙ(∫
T

0
‖Gn −G‖2W ℓ,2x dt ≥ ε2) +ℙ(∫

T

0
‖[[G]]δ −G‖

2
W ℓ,2x

dt ≥ ε2).

Thus we conclude by using (2.26) and the hypotheses imposed on (Gn)n∈ℕ.

For completeness, let us alsomention that there are otherways to identify the limit
stochastic integral. Namely, one can show that the limit process is a martingale, iden-
tify its quadratic variation, and apply an integral representation theorem for martin-
gales, if available (see Da Prato–Zabczyk [DPZ92]). Another approach follows a rather
general and elementary method introduced in Brzeźniak–Ondreját [BO07] and has al-
ready been generalized to different settings. The keystone is to identify not only the
quadratic variation of the corresponding martingale but also its cross variation with
the limit Wiener process obtained through compactness. This permits to conclude di-
rectly without the use of any further difficult results. The following result summarizes
the simple observationmade by Brzeźniak–Ondreját [BO07]; for a proof of amore gen-
eral version, see [Hof13, Proposition A.1].

Lemma 2.6.8. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochastic basis and W an (𝔉t)-cylindrical
Wiener process in𝔘 given byW = ∑∞k=1 ekWk . LetG be an (𝔉t)-progressivelymeasurable
L2(𝔘;H)-valued stochastically integrable stochastic process, i.e., satisfying (2.13). If M
is an H-valued square integrable continuous (𝔉t)-martingale such that, for all φ ∈ H,
the processes

⟨M(⋅),φ⟩2 −
∞

∑
k=1
∫
⋅

0
⟨G(s)ek ,φ⟩

2 ds, ⟨M(⋅),φ⟩Wk(⋅) − ∫
⋅

0
⟨G(s)ek ,φ⟩ds
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are (𝔉t)-martingales, then ℙ-a.s.

M(⋅) = ∫
⋅

0
G(s)dW(s) for all t ∈ [0,T].

2.7 Jakubowski–Skorokhod representation theorem

Let us stress that both Prokhorov’s theorem and Skorokhod’s theorem above are
restricted to Polish spaces. Nevertheless, the specific structure of the compressible
Navier–Stokes equations naturally leads to weak convergences, that is, to conver-
gence in non-metrizable spaces. Jakubowski [Jak97] gave a suitable generalization
of the Prokhorov and Skorokhod theorems that holds true in the class of sub-Polish
spaces introduced in Definition 2.1.3. These are topological spaces that are not neces-
sarily metrizable but retain several important properties of Polish spaces. Let us recall
that a topological space is called sub-Polish if there exists a countable family

{gn ∶ X→ (−1, 1); n ∈ℕ}

of continuous functions that separate points of X; the reader is referred to Brzeźniak
et al. [BOS16, Section 3] for further discussion.

It can be seen that for instance Polish spaces, separable Banach spaces equipped
with the weak topology, and spaces of weakly continuous functions with values in a
separable Banach space belong to this class. In fact, all the spaces considered in this
book are continuously embedded in the space of distributions 𝒟′ so they are sub-
Polish.

Among the properties of sub-Polish spaces needed in this book is the following
result; see [Jak97, Theorem 2].

Theorem 2.7.1 (Jakubowski–Skorokhod representation theorem). Let (X,τ) be a sub-
Polish space and let 𝒮 be the σ-field generated by {fn; n ∈ ℕ}. If (μn)n∈ℕ is a tight
sequence of probability measures on (X,𝒮), then there exists a subsequence (nk) and
X-valued Borel measurable random variables (Uk)k∈ℕ and U defined on the standard
probability space ([0, 1],𝔅([0, 1]),𝔏), such that μnk is the law ofUk andUk(ω) converges
to U(ω) in X for every ω ∈ [0, 1]. Moreover, the law of U is a Radon measure.

We point out that, basically in all situations considered in this book, the use of
Jakubowski’s extension of the Skorokhod theorem can be avoided. A typical situa-
tion is a family of random variables (Un)n∈ℕ ranging in a dual X∗ of a separable Ba-
nach space X such that ‖Un‖X∗ is tight on [0,∞). Our goal is to show that there ex-
ist random variables Ũn, n ∈ ℕ, and U0 defined on the standard probability space
([0, 1];𝔅([0, 1]),𝔏) and satisfying

Un
d∼X∗ Ũn, Ũnk

∗
⇀ Ũ0 in X∗ 𝔏-a.e.
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Suppose that there is a separable Hilbert space Y ,

Y
c
↪ X, Y dense in X. (2.27)

Consequently, the norm in X∗ is given by

‖Z‖X∗ = sup
hm∈Y , ‖hm‖X≤1

⟨Z,hm⟩ for a countable family (hm)m∈ℕ ⊂ Y .

Let [Un, ‖Un‖X∗ ] be an extended sequence of randomvariables taking values in [Y∗,ℝ].
In view of (2.27) and tightness of ‖Un‖X∗ , the sequence

(Un, ‖Un‖X∗)n∈ℕ is tight in the Polish space Y∗ ×ℝ.

Applying the standard Skorokhod theorem (see Theorem 2.6.2) we obtain a sub-
sequence (Unk )k∈ℕ, together with a sequence of Y∗ × ℝ-valued random variables
(Ũnk , Ñnk )k∈ℕ defined on the standard probability space ([0, 1],𝔅([0, 1]),𝔏), such that

[Unk , ‖Unk ‖X∗ ]
d∼Y∗×ℝ [Ũnk , Ñnk ],

Unk
d∼Y∗ Ũnk , Ũnk → Ũ0 in Y∗ 𝔏-a.e., (2.28)

‖Unk ‖X∗
d∼ℝ Ñk , Ñk → Ñ 𝔏-a.e.

As Y is densely embedded in X, we get

Unk
d∼X∗ Ũnk .

Finally, the norm ‖Z‖X∗ is a supremum of Z ↦ ⟨Z;hm⟩, hm ∈ Y ; whence a supre-
mum of continuous functions on Y∗. Consequently, in accordance with (2.28),

ℒℝ[‖Ũnk ‖X∗ − Ñnk ] =ℒℝ[‖Unk ‖X∗ − ‖Unk ‖X∗ ] = δ0;

whence

‖Ũnk ‖X∗ = Ñnk 𝔏-a.e.

Thus it follows from (2.28) that ‖Ũnk ‖X∗ is bounded 𝔏-a.e. which implies the desired
result

Ũnk
∗
⇀ Ũ0 in X∗ 𝔏-a.e.

Note that in applications one usually has X = Lp(𝒪), for some 1 ≤ p <∞ and Y =
Wk,2

0 (𝒪) with sufficiently large k.
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2.8 Random distributions in Lp and Young measures

Very often, we will have to handle the following situation. Let Q = [0,T] ×𝕋N . Given a
sequence of random distributions (Un)n∈ℕ satisfying the estimate

𝔼[‖Un‖
p
Lpt,x
] <∞ for a certain p ∈ (1,∞).

Obviously, the set of lawsof (Un)n∈ℕ is tight on Lp(Q). In analogywith thedeterministic
theory, we wish to conclude that, up to a subsequence,

G(Un) ⇀ G(U) in Lp/q(Q) a.s.
for any G ∈ C(ℝM ;ℝ), |G(Z)| ≤ c(1 + |Z|q) 1 ≤ q < p,

and for certain limit function G(U). This is indeed the case if we change appropriately
the probability space as in Skorokhod’s theorem, Theorem 2.6.2.

Theorem 2.8.1. Let (Un)n∈ℕ be a sequence of randomdistributions in𝒟′(ℝ×𝕋N ) such
that

𝔼[‖Un‖
p
Lpt,x
] <∞ for a certain p ∈ (1,∞). (2.29)

Then there exists a new sequence (Ũn)n∈ℕ defined on the standard probability space
([0, 1],𝔅[0, 1],𝔏), such that

Un
d∼ Ũn

and

G(Ũn) ⇀ G(Ũ) in Lp/q(Q) 𝔏-a.s.
for any G ∈ C(ℝM ;ℝ), |G(Z)| ≤ c(1 + |Z|q), 1 ≤ q < p. (2.30)

Proof. The proof leans on a suitable application of Skorokhod’s theorem, Theo-
rem 2.6.2. Let (Gm)m∈ℕ be a family of functions in Cb(ℝM ) that are dense in the space
of continuous functions satisfying the growth restriction (2.30). Specifically, for each
G ∈ C(ℝM ;ℝ) satisfying

|G(Z)| ≤ c(1 + |Z|q), 1 ≤ q < p,

there is (Gn)n∈ℕ ⊂ (Gm)m∈ℕ such that

|Gn| ≤ |G|, Gn→ G in Cloc(ℝM ;ℝ).

Extending Un to be zero outside Q and rescaling the time variable as the case may
be, wemay assume thatQ =𝕋N+1 – the time-space torus.We define a Hilbert space𝒳,

𝒳 =W−k,2(Q) × (W−k,2(Q))ℵ0 ×ℝ, k > N
2
+ 1,
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endowed with the scalar product

⟨[U1, (G1
m)m∈ℕ, r

1]; [U2, (G2
m)m∈ℕ, r

2]⟩

= ⟨U1,U2⟩W−k,2x
+
∞

∑
m=1

1
2m
⟨G1

m;G2
m⟩W−k,2x
+ r1r2.

Now, it suffices to apply the Skorokhod representation theorem to

[Un, (Gm(Un))m∈ℕ, ‖Un‖Lpt,x ]n∈ℕ.

Indeed, convergence inW−k,2 and boundedness in Lp, p > 1, imply weak convergence
in Lq, q < p. Accordingly, we get (2.30) for any Gm, and finally, by density, for any G
satisfying the growth conditions in (2.30).

In view of Theorem 2.8.1, a random distribution U ranging in the Lebesgue spaces
Lp endowed with the weak topology should be regarded as a pair [U, ‖U‖Lpt,x ] ranging
in the Polish spaceW−k,2 ×ℝ.

In view of future applications to a large class of compositions, we evoke the fun-
damental theorem in the theory of Young measures; see Ball [Bal89] and Pedregal
[Ped97, Chapter 6, Theorem 6.2]. Recall that the notion of a Carathéodory function
was introduced in Definition 2.2.16.

Theorem 2.8.2. Let (vn)n∈ℕ, vn ∶ 𝒪 ⊂ ℝN → ℝM be a weakly convergent sequence of
functions in L1(𝒪;ℝM ), where 𝒪 is a domain inℝN . Then there exist a subsequence (not
relabeled) and a parametrized family {νx}x∈𝒪 of probability measures onℝM depending
measurably on x ∈ 𝒪 with the following property: for any Carathéodory function G =
G(x,Z), x ∈𝒪, Z ∈ℝM , such that

G(⋅,vn) → G weakly in L1(𝒪),

we have

G(x) = ∫
ℝM

G(x, z)dνx(z) for a.a. x ∈𝒪.

Combining Theorem2.8.1 andTheorem2.8.2we immediately obtain the following.

Corollary 2.8.3. Under the hypotheses of Theorem 2.8.1, the validity of (2.30) may be
extended to any Carathéodory function G = G(x,Z) satisfying the growth restrictions in
(2.30) uniformly in x.

The parametrized measure in Theorem 2.8.2 is called the Young measure asso-
ciated to the sequence (vn)n∈ℕ. The concept of Young measures was introduced by
Young [You69] as a technical tool for describing composite limits of non-linear func-
tions with weakly convergent sequences; for further reading we refer the reader also
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to Castaing et al. [CdFV04] for a thorough exposition. There is another way of proving
Theorem 2.8.1 that relies on compactness of the corresponding Young measures.

In what follows, we denote by 𝒫(ℝ) the set of probability measures on ℝ.

Definition 2.8.4 (Young measure). Let (X,λ) be a σ-finite measure space. A mapping
ν ∶ X→𝒫(ℝ) is called a Young measure, provided it is weak-∗-measurable, that is, for
all ϕ ∈ Cb(ℝ), the mapping z↦ νz(ϕ) from X to ℝ is measurable. A Young measure ν
is said to vanish at infinity if

∫
X
∫
ℝ
|ξ |dνz(ξ )dλ(z) <∞.

Proposition 2.8.5 (Compactness of Young measures). Let (X,λ) be a σ-finite measure
space such that L1(X) is separable. Let (νn)n∈ℕ be a sequence of Young measures on X
such that, for some p ∈ [1,∞),

sup
n∈ℕ
∫
X
∫
ℝ
|ξ |p dνnz (ξ )dλ(z) <∞. (2.31)

Then there exists a Young measure ν on X and a subsequence still denoted by (νn)n∈ℕ
such that, for all ψ ∈ L1(X) and all ϕ ∈ Cb(ℝ),

lim
n→∞
∫
X
ψ(z)∫

ℝ
ϕ(ξ )dνnz (ξ )dλ(z) = ∫

X
ψ(z)∫

ℝ
ϕ(ξ )dνz(ξ )dλ(z). (2.32)

Various results of this form can be found in the literature; a proof for the case of
(X,λ) being a finite measure space can be found in Debussche–Vovelle [DV10, Theo-
rem 5, Corollary 6]. However, one can actually observe that this additional assumption
is not used in the proof and therefore the same proof applies to our setting of (X,λ) be-
ing a σ-finite measure space. For a discussion of similar issues in the case of X = ℝN

we refer the reader to Málek et al. [MNRR96, Theorem 4.2.1].
Note that the separability of L1(X) follows once the corresponding σ-algebra on X

is countably generated; see, e.g., Cohn [Coh13, Proposition 3.4.5].
We observe that a Young measure is actually an element of the unit sphere of

L∞w∗ (X;ℳb(ℝ)), the space of weakly-∗-measurable and bounded mappings from X
to ℳb(ℝ). Consequently, any sequence of Young measures (νn)n∈ℕ is bounded in
L∞w∗ (X;ℳb(ℝ)) and, due to Banach–Alaoglu’s theorem, there exists a subsequence
converging weakly-∗ to some limit ν ∈ L∞w∗ (X;ℳb(ℝ)). It should be noted, however,
that the limit is generally not a Young measure. Indeed, setting νnz (⋅) ∶= δn(⋅), we see
that mass can be escaping at infinity and therefore only esssupz∈X ‖νz‖ℳb

≤ 1 holds
true in general. This is a consequence of a more general fact, namely that the unit
sphere is not closed under weak-∗-convergence. The sufficient condition that guar-
antees that also the limit ν is a Young measure, that is, a parametrized probability
measure, is (2.31), which yields the necessary tightness.
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Let (L∞w∗ (X;𝒫(ℝ)),w∗) denote the space of Young measures equipped with the
topology given by (2.32). To summarize our discussion, this topology is not the sub-
space topology of theweak-∗-topology on L∞w∗ (X;ℳb(ℝ)). The topology of Youngmea-
sures is finer – it has more open sets – and consequently there are less compact sets.
Thus, any continuous map f ∶ (L∞w∗ (X;ℳb(ℝ)),w∗) → (−1, 1) is also continuous from
(L∞w∗ (X;𝒫(ℝ)),w∗) to (−1, 1). Recall that C0(ℝ), the space of continuous functions van-
ishing at infinity is separable and it is the predual of ℳb(ℝ). Thus L∞w∗ (X;ℳb(ℝ))
is the dual of the separable Banach space L1(X;C0(ℝ)) (see Edwards [Edw94, Sec-
tion 8.18]) and hence it is sub-Polish. We deduce that (L∞w∗ (X;𝒫(ℝ)),w∗) is also a sub-
Polish space with the same separating sequence of continuous functions.

As a consequence of Proposition 2.8.5 we deduce the following.

Corollary 2.8.6. Let (X,λ) be a σ-finite measure space such that L1(X) is separable. Let
R ∈ℕ and p ∈ [1,∞). Then the set

BR,p ∶= {ν ∈ L∞w∗(X;𝒫(ℝ)); ∫
X
∫
ℝ
|ξ |p dνz(ξ )dλ(z) ≤ R}

is relatively compact in (L∞w∗ (X;𝒫(ℝ)),w∗).

Let U be a random distribution whose law is tight on Lp(ℝ × 𝕋N ) for some p ∈
(1,∞). Then one may define a Young measure on Ω×ℝ ×𝕋N associated to U by

νω,t,x(⋅) ∶= δU(ω,t,x)(⋅).

In addition, ν canbe regardedas a randomvariable taking values in the spaceof Young
measures onℝ×𝕋N , i.e., L∞w∗ (ℝ×𝕋N ;𝒫(ℝ)). This leads to an alternative proof of The-
orem 2.8.1.

Another proof of Theorem 2.8.1. For n ∈ ℕ, let νn denote the Young measure associ-
ated to Un, regarded as a random variable taking values in (L∞w∗ (ℝ × 𝕋N ;𝒫(ℝ)),w∗).
Denote by ℒ[νn] its law. Let R ∈ℕ and let BR,p be the relatively compact set defined in
Corollary 2.8.6. As a consequence of (2.29), we obtain

ℒ[νn](BcR,p) = ℙ(νn ∈ BcR,p) = ℙ(∫
ℝ
∫
𝕋N
|Un|p dxdt > R) ≤

1
R
𝔼‖Un‖

p
Lpt,x
≤ C
R
.

Thus, the family of laws {ℒ[νn]; n ∈ℕ} is tight on (L∞w∗ (ℝ × 𝕋N ,𝒫(ℝ)),w∗). Next, we
observe that the set

BR ∶= {U ∈ Lp(ℝ ×𝕋N ); ‖U‖Lpt,x ≤ R}

is relatively compactwith respect to theweak topology on Lp(ℝ×𝕋N ). Ifℒ[Un]denotes
the law of Un on (Lp(ℝ ×𝕋N ),w), we obtain

ℒ[Un](BcR) ≤
1
Rp
𝔼‖Un‖

p
Lpt,x
≤

C
Rp
.
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This implies the tightness of {ℒ[Un]; n ∈ℕ} on (Lp(ℝ ×𝕋N ),w).
Consequently, we deduce that the family of joint laws {ℒ[Un, νn]; n ∈ℕ} is tight.

Hence we may apply Jakubowski–Skorokhod’s theorem, Theorem 2.7.1, to obtain a
complete probability space (Ω̃, �̃�, ℙ̃) with Borel random variables [Ũn, ν̃n] having the
law ℒ[Un, νn] and converging ℙ̃-a.s. to some Borel random variable [Ũ, ν̃] taking val-
ues in (Lp(ℝ ×𝕋N ),w) × (L∞w∗ (ℝ ×𝕋N ;𝒫(ℝ)),w∗).

As the next step, we observe that, as a consequence of equality of laws, we have

1 = ℙ(∫
ℝ
∫
𝕋N

ψ(t,x)∫
ℝ
ϕ(ξ )dνn,t,x(ξ )dxdt = ∫

ℝ
∫
𝕋N

ψ(t,x)ϕ(Un)dxdt

for all ψ ∈ L1(ℝ ×𝕋N ), ϕ ∈ Cb(ℝ))

= ℙ̃(∫
ℝ
∫
𝕋N

ψ(t,x)∫
ℝ
ϕ(ξ )dν̃n,t,x(ξ )dxdt = ∫

ℝ
∫
𝕋N

ψ(t,x)ϕ(Ũn)dxdt

for all ψ ∈ L1(ℝ ×𝕋N ), ϕ ∈ Cb(ℝ)).

Note that this is valid due to tightness even though the space Cb(ℝ) is not separable.
We deduce that ν̃n,ω,t,x(⋅) = δŨn(ω,t,x)(⋅).

Finally, for a fixed ω from a set of full probability, we may apply the fundamen-
tal theorem of Young measures (Theorem 2.8.2; see also Málek et al. [MNRR96, Theo-
rem 4.2.1, Corollary 4.2.10]) and (2.30) follows with

G(Ũ)(ω, t,x) = ∫
ℝ
G(ξ )dν̃ω,t,x(ξ ).

2.9 Stochastic partial differential equations

Formally, all stochastic PDEs considered in this book can be written in the form

dD(U) + divF(U)dt =G(U)dW , D(U0) = D0, (2.33)

or

D(U)(τ) −D0 + ∫
τ

0
divF(U)dt = ∫

τ

0
G(U)dW .

Using x-dependent test functions φ ∈ C∞(𝕋N ), this can be relaxed to

⟨D(U)(τ),φ⟩ − ⟨D0,φ⟩ − ∫
τ

0
⟨F(U),∇φ⟩dt = ∫

τ

0
⟨G(U),φ⟩dW .

Finally, applying formally Itô’s formula, Theorem 2.4.1, we get

∫
T

0
[𝜕tψ⟨D(U),φ⟩ +ψ⟨F(U),∇φ⟩]dt + ∫

T

0
ψ⟨G(U),φ⟩dW +ψ(0)⟨D0,φ⟩ = 0, (2.34)
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for any φ ∈ C∞(𝕋N ), ψ ∈ C∞c ([0,T)). The family of integral identities (2.34) can be in-
terpreted as a weak formulation of (2.33). Note that

∫
T

0
ψ⟨G(U),φ⟩dW =

∞

∑
k=1
∫
T

0
ψ⟨Gk(U),φ⟩dWk ,

whereW = (Wk)k∈ℕ is a cylindrical Wiener process and the coefficient G is identified
with (Gk)k∈ℕ; see Section 2.3 for more details.

The operators D, F, and Gk , k ∈ ℕ, will be non-linear superposition operators
given by Carathéodory functions in the sense of Definition 2.2.16. More precisely,

D = D(x,U), F = F(x,U), Gk =Gk(x,U), x ∈𝕋N , U ∈ℝM ,

whereD(⋅,U) ismeasurable for anyU,D(x, ⋅) is continuous for almost every x ∈𝕋N , and
similarly forF andGk , k ∈ℕ. Consequently, themost general assumptionon regularity
of U requires at least U ∈ L1((0,T) ×𝕋N ) ℙ-a.s. Extending U suitably outside (0,T) we
may therefore assume that ℙ-a.s.

U ∈ L1loc(ℝ;L1(𝕋N )) ⊂𝒟′(ℝ ×𝕋N ). (2.35)

In addition, in order to give sense to (2.34), we suppose

D(U), F(U), Gk(U) ∈ L1loc(ℝ;L1(𝕋N )) ℙ-a.s. (2.36)

In view of Section 2.3 and in particular Remark 2.3.7, the stochastic integral in (2.34)
is well-defined, provided, at least,

∫
T

0

∞

∑
k=1
|⟨Gk(U),φ⟩|

2 dt <∞ ℙ-a.s., (2.37)

meaning

(⟨Gk(U),φ⟩)k∈ℕ ∈ L
2(0,T ;L2(𝔘;ℝ)) ℙ-a.s. for any φ ∈ C∞(𝕋N ).

Finally, the random distribution U must be adapted to the filtration (𝔉t)t≥0 associ-
ated to the Wiener process. Note that, if (2.37) is satisfied for every φ ∈W ℓ,2(𝕋N ), the
stochastic integral can be interpreted as a localmartingale taking values in theHilbert
spaceW−ℓ,2(𝕋N ).

It follows from (2.34) that the function t↦ ⟨D(U),φ⟩ is continuous in [0,T] ℙ-a.s.
and

⟨D(U)(0),φ⟩ = ⟨D0,φ⟩.

We shall suppose that D0 = D(U0) for a certain U0 ∈ L1(𝕋N ) ℙ-a.s. Accordingly, we
extend U(t) by U0 for all t ≤ 0.

We have the following result about equivalence in law for problem (2.34).
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Theorem 2.9.1. Let U ∈ L1loc(ℝ;L1(𝕋N )) ℙ-a.s., U(t) = U0 for t ≤ 0, be a random distri-
bution belonging to the regularity class (2.35)–(2.37). Let W = (Wk)k∈ℕ be a cylindrical
Wiener process. Suppose that the filtration

𝔉t = σ(σt[U] ∪
∞

⋃
k=1

σt[Wk]), t ≥ 0,

is non-anticipative with respect to W. Let Ũ be another random distribution and W̃ an-
other stochastic process such that their joint laws coincide, namely

ℒ[U,W] =ℒ[Ũ, W̃ ] or [U,W] d∼ [Ũ, W̃ ].

Then W̃ is a cylindrical Wiener process, the filtration

�̃�t = σ(σt[Ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ≥ 0,

is non-anticipative with respect to W̃ , and

ℒℝ[∫
T

0
[𝜕tψ⟨D(U),φ⟩ +ψ⟨F(U),∇φ⟩]dt

+∫
T

0
ψ⟨G(U),φ⟩dW +ψ(0)⟨D(U0),φ⟩]

=ℒℝ[∫
T

0
[𝜕tψ⟨D(Ũ),φ⟩ +ψ⟨F(Ũ),∇φ⟩]dt

+∫
T

0
ψ⟨G(Ũ);φ⟩dW̃ +ψ(0)⟨D(Ũ0),φ⟩] (2.38)

for any deterministic ψ ∈ C∞c ([0,T)), ϕ ∈ C∞(𝕋N ).

Remark 2.9.2. The meaning of [U,W] d∼ [Ũ, W̃ ] is that the vector-valued distributions
[U,W1,… ,WM ] and [Ũ, W̃ 1,… , W̃M ] satisfy

[U,W1,… ,WM ]
d∼ [Ũ, W̃ 1,… , W̃M ] for anyM ∈ℕ,

in the sense of Definition 2.2.11.

Proof of Theorem 2.9.1. First of all, we observe that, according to Lemma 2.1.35, W̃ is a
cylindrical Wiener process with respect to its canonical filtration (σt[W̃ ])t≥0.

Fix the test functionsφ andψ in (2.38). The proofwill be carried out by performing
several regularizations.Note thatU is definedasU0 for t < 0 and the value ofU for t > T
is irrelevant as ψ is compactly supported in [0,T). Then:
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– We regularize U, Ũ by means of the convolution kernels. We have

[U]t,x,δ = θtδ(⋅ − δ) ∗ [θtx ∗U], [Ũ]t,x,δ = θtδ(⋅ − δ) ∗ [θxδ ∗ Ũ], δ > 0.

Note that all derivatives of [U]t,x,δ, [Ũ]t,x,δ are continuous in (−∞,T] and their laws
coincide pointwise. Moreover,

[U]t,x,δ = [U0]x,δ , [Ũ]t,x,δ = [Ũ0]x,δ for t ≤ 0.

Finally, observe that [Ũ]t,x,δ is adapted to the filtration

�̃�t = σ[σt[Ũ] ∪
∞

⋃
k=1

σt[W̃k]], t ≥ 0,

the latter one being non-anticipative with respect to the noise W̃ .
– We replace the non-linearities D, F, and Gk by their cut-offs,

DM = TM ∘D, FM = TM ∘ F, Gk,M = TM ∘Gk ,

where TM ∈ C∞(ℝ), 0 ≤ TM ≤ 2M, TM (Z) = Z for |Z| ≤M, T′M > 0.

– We take ΔJ =
T
J and set

t0 = 0, tj+1 = tj + ΔJ , j = 0,… , J − 1.

Step 1: Obviously,

ℒℝ[∫
T

0
[𝜕tψ⟨DM([U]t,x,δ),φ⟩ +ψ⟨FM([U]t,x,δ),∇φ⟩]dt

+
K
∑
k=1
(
J−1
∑
j=1

ψ(tj)⟨Gk,M([U]t,x,δ)(tj),φ⟩(Wk(tj+1) −Wk(tj))) +ψ(0)⟨DM([U0]x,δ),φ⟩]

=ℒℝ[∫
T

0
[𝜕tψ⟨DM([Ũ]t,x,δ),φ⟩ +ψ⟨FM([Ũ]t,x,δ),∇φ⟩]dt

+
K
∑
k=1
(
J−1
∑
j=1

ψ(tj)⟨Gk,M([Ũ]t,x,δ)(tj),φ⟩(W̃k(tj+1) − W̃k(tj))) +ψ(0)⟨DM([Ũ0]x,δ),φ⟩].

Letting J→∞, we obtain

ℒℝ[∫
T

0
[𝜕tψ⟨DM([U]t,x,δ),φ⟩ +ψ⟨FM([U]t,x,δ),∇φ⟩]dt

+
K
∑
k=1
∫
T

0
ψ⟨Gk,M([U]t,x,δ),φ⟩dWk +ψ(0)⟨DM([U0]x,δ),φ⟩]

=ℒℝ[∫
T

0
[𝜕tψ⟨DM([Ũ]t,x,δ),φ⟩ +ψ⟨FM([Ũ]t,x,δ),∇φ⟩]dt
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+
K
∑
k=1
∫
T

0
ψ⟨Gk,M([Ũ]t,x,δ),φ⟩dW̃k +ψ(0)⟨DM([Ũ0]x,δ),φ⟩], (2.39)

as a consequence of the construction of the stochastic integral in Section 2.3. Note that
the functions [Ũ]t,x,δ are smooth. In particular, the Riemann sums in the stochastic
integral converge in probability and unconditionally to their limits.

Step 2: The next step is to let δ→ 0 in (2.39). As U ∈ L1loc(ℝ;L1(𝕋N )) a.s., we have

[U]t,x,δ→ U in L1loc(ℝ;L1(𝕋N )) as δ→ 0 ℙ-a.s.

In particular, U is a random variable in L1loc(ℝ;L1(𝕋N )). By virtue of Theorem 2.2.12,
Ũ is a random variable in L1(−L,L;L1(𝕋N )) for any L > 0. Consequently, we have

[Ũ]t,x,δ→ Ũ in L1loc(ℝ;L1(𝕋N )) as δ→ 0 a.s.

Using Lemma 2.6.6, we apply the limit δ→ 0 in (2.39) to obtain

ℒℝ[∫
T

0
[𝜕tψ⟨DM (U),φ⟩ +ψ⟨FM (U),∇φ⟩]dt

+
K
∑
k=1
∫
T

0
ψ⟨Gk,M (U),φ⟩dWk +ψ(0)⟨DM (U0),φ⟩]

=ℒℝ[∫
T

0
[𝜕tψ⟨DM (Ũ),φ⟩ +ψ⟨FM (Ũ),∇φ⟩]dt

+
K
∑
k=1
∫
T

0
ψ⟨Gk,M (Ũ),φ⟩dW̃k +ψ(0)⟨DM (Ũ0),φ⟩]. (2.40)

Step 3: Finally, making use of Lemma 2.6.6 again, we successively carry out the
limitsM→∞ and then K→∞ in (2.40) to obtain the desired conclusion (2.38).

Let us conclude this section with the following simple observation.

Lemma 2.9.3. LetUn, n ∈ℕ, andU be randomdistributions on (Ω,𝔉,ℙ) andWn, n ∈ℕ,
andW cylindricalWiener processes defined on the same probability space. Assume that
the filtration

σ(σt[Un] ∪ σt[Wn]), t ≥ 0, (2.41)

is non-anticipative with respect to Wn for every n ∈ℕ. If

⟨Un,φ⟩ → ⟨U,φ⟩ in probability for any φ ∈𝒟(ℝ ×𝕋N ),
Wn→W in C([0,T];𝔘0) in probability,

then the filtration

σ(σt[U] ∪ σt[W]), t ≥ 0,

is non-anticipative with respect to W.
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Proof. Since the filtration (2.41) is non-anticipative with respect toWn, we deduce

𝔼[F(⟨Un,φ1⟩,… , ⟨Un,φm⟩,Wn,1(t1),… ,Wn,ℓ(tℓ))
×H(Wn,1(t + s) −Wn,1(t),… ,Wn,k(t + s) −Wn,k(t))]
= 𝔼[F(⟨Un,φ1⟩,… , ⟨Un,φm⟩,Wn,1(t1),… ,Wn,ℓ(tℓ))]
×𝔼[H(Wn,1(t + s) −Wn,1(t),… ,Wn,k(t + s) −Wn,k(t))]

for any 0 ≤ ti ≤ t, i = 1,… , ℓ, s > 0, ϕj supported in (−∞, t), j = 1,… ,m, and bounded
continuous F and H . Due to the assumptions we may pass to the limit to obtain the
corresponding statement for the pair [U,W].

2.10 Gyöngy–Krylov lemma

The application of Skorokhod’s theorem within the stochastic compactness method
discussed in Section 2.6 inevitably leads to the probabilistically weak notion of so-
lution as introduced in Section 2.5. To be more precise, the probability space as well
as the driving Wiener process cannot be given in advance and become part of the so-
lution. However, in certain situations, it is possible to establish compactness on the
original probability space and hence construct solutions on every given probability
space, that is, existence of a pathwise solution can be proved.

Due to a classical Yamada–Watanabe type argument (see, e.g., Karatzas–Shreve
[KS91, Section 5.3.D]), existence of a martingale solution together with pathwise
uniqueness implies existence of a pathwise solution. For problems where existence of
a martingale solution follows from the stochastic compactness method, one can give
a rather straightforward proof of this result based on the following characterization
of convergence in probability observed in Gyöngy–Krylov [GK96, Lemma 1.1].

We recall that convergence in probability was defined in Definition 2.1.6 in the
setting of topological vector spaces and also discussed in Remark 2.1.8 in the setting
of locally convex topological vector spaces.

Lemma 2.10.1. Let X be a Polish space equipped with the Borel σ-algebra. A sequence
of X-valued random variables (Un)n∈ℕ converges in probability if and only if for every se-
quence of joint laws of (Unk ,Umk

)k∈ℕ there exists a further subsequencewhich converges
weakly to a probability measure μ such that

μ((x,y) ∈ X × X; x = y) = 1.

Before extending this result to the general setting of sub-Polish spaces, let us
study the case of separable Hilbert spaces equipped with weak topology.
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Lemma 2.10.2. Let H be a separableHilbert spacewith a countable dense set (hm)m∈ℕ .
Suppose that (Un)n∈ℕ is a sequence of H-valued random variables such that

Un⇀ U in L2(Ω;H) (2.42)

and

⟨Un,hm⟩ → ⟨U,hm⟩ in probability for any m ∈ℕ. (2.43)

Then

Un→ U in (H ,w) in probability. (2.44)

Proof of Lemma 2.10.2. In agreementwithDefinition 2.1.6 andRemark 2.1.8, statement
(2.44) is equivalent to showing that, for any h ∈ H and ε > 0, there exists n0 = n0(h, ε)
such that

ℙ(|⟨h,Un −U⟩| < 1) > 1 − ε for all n ≥ n0. (2.45)

To see (2.45), first observe that (2.42) implies

𝔼[‖Un‖2H ], 𝔼[‖U‖2H ] ≤ c uniformly for all n ∈ℕ. (2.46)

In particular, given ε > 0, there existsM =M(ε) such that

ℙ({‖Un‖H ≥M} ∪ {‖U‖H ≥M}) <
ε
2

for all n ∈ℕ.

Next, we choosem such that

M‖hm − h‖H ≤
1
4
.

Consequently, we have

|⟨h,Un −U⟩| ≤ |⟨h − hm,Un −U⟩| + |⟨hm,Un −U⟩|

≤ 1
2
+ |⟨hm,Un −U⟩| (2.47)

for any ω ∈ Ω such that ‖Un(ω)‖H + ‖U(ω)‖H ≤ 2M. Finally, as

|⟨hm,Un −U⟩| → 0 as n→∞ in probability,

there exists n0 such that

ℙ(|⟨hm,Un −U⟩| ≥
1
2
) < ε

2
for all n ≥ n0. (2.48)

Combining (2.46)–(2.48) we obtain the desired conclusion (2.45).
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In applications, typically H = L2(𝒪), 𝒪 ⊂ ℝN a bounded domain, and hm smooth
functions, say hm ∈ W

1,2
0 (𝒪). Hypothesis (2.42) will follow (up to a suitable subse-

quence) if

𝔼[‖Un‖2L2x ] ≤ c, (2.49)

Un→ U inW−1,2(𝒪) in probability. (2.50)

Condition (2.49) usually follows from suitable a priori bounds, while (2.50) can be de-
duced by means of the standard Gyöngy–Krylov theorem. Note that L2(𝒪)

c
↪W−1,2(𝒪)

andW−1,2(𝒪) is a Polish space.
In a similar way, we show the following general result.

Theorem 2.10.3. Let X be a sub-Polish topological vector space with a family (fn)n∈ℕ
of continuous functions that separate points. Let (Un)n∈ℕ be a sequence of random vari-
ables that is tight in X. Suppose that every subsequence (Un,Um)n,m∈ℕ admits a subse-
quence such that its joint laws satisfy

ℒX×X [Unk ,Umk
]
∗
⇀ μ,

where μ is a probability measure on X ×X supported by the diagonal {[x,x]; x ∈ X}. Then
there exists a random variable U ranging in X such that

Unk → U in X in probability,

at least for a suitable subsequence. In addition, U is tight in X, meaning its law is a
Radon measure on X.

Remark 2.10.4. The assumption that X is a topological vector space is only to make
sense of convergence in probability. As already pointed out, any uniform topology on
X would do so.

Proof of Theorem 2.10.3. We define an injection of X into the spaceℝℵ0 (recall thatℵ0
denotes the cardinality of the set of integers) by setting

V ∈ X↦ (fn(V))n∈ℕ.

As fn are continuous and separating points, this is a continuous injection. In what
follows, we identify points in X with their images in ℝℵ0 .

Since the family of laws (ℒ[Un])n∈ℕ is tight on X by assumption, there exists a
family of compact sets KM ,M ∈ℕ, such that

ℙ(Un ∈ KM ) ≥ 1 −
1
M

for all n ∈ℕ. (2.51)
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As ℝℵ0 is a Polish space, we may use the standard version of the Gyöngy–Krylov
lemma to obtain a subsequence such that

Unk → U ℙ-a.s. in ℝℵ0 (2.52)

for a certain ℝℵ0 -valued random variable U. Specifically, we have ℙ-a.s.

d[Unk ,U] → 0, d[U,V] =
∞

∑
n=1

1
2n

min{|fn(U) − fn(V)|, 1}. (2.53)

The next observation is that U ∈ X ℙ-a.s. To see this, we note that the sets KM are
compact in ℝℵ0 . In particular, the functions

V↦ dist[V,KM ] are continuous in ℝℵ0 .

Thus, relations (2.51) and (2.52) imply that

ℙ(U ∈ KM ) ≥ 1 −
1
M

for anyM yielding U ∈⋃
M
KM ⊂ X ℙ-a.s.

Finally, we show that

Unk → U in X in probability.

To this end, we observe that themapping d introduced in (2.53) defines ametric equiv-
alent to the original topology on each compact KM . Indeed, by the Stone–Weierstrass
theorem, the subalgebra generated by the functions (fn)n∈ℕ is dense in C(KM ); whence
the original topology is metrizable on KM by the metric d.

Our goal is to show that, for any neighborhood𝒰(U) ofU in X and any ε > 0, there
is k0 such that

ℙ(Unk ∈𝒰(U)) > 1 − ε for all k ≥ k0. (2.54)

As the underlying space is a topological vector space, (2.54) makes sense. Specifically,

Unk ∈𝒰(U) means Unk −U ∈𝒰, 𝒰 a neighborhood of 0.

To see (2.54), we fixM > 0 such that

ℙ({Unk ∉ KM } ∪ {U ∉ KM }) <
ε
2
. (2.55)

As the metric d yields the X topology on KM , there exists δ > 0 such that

V ∈𝒰(U) provided d[V,U] < δ, V,U ∈ KM . (2.56)

Finally, in view of (2.53), we find k0 such that

ℙ(d[Unk ,U] ≥ δ) <
ε
2

whenever k ≥ k0. (2.57)

Combining (2.55)–(2.57) we obtain (2.54).
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2.11 Stationarity

As the next step,we present several original results concerning stationarity of stochas-
tic processes or more generally random variables ranging in certain spaces of space-
time distributions. To begin with, let us recall the standard definition of stationarity
for stochastic processes wirh values in a topological space X.

Definition 2.11.1. Let U = {U(t); t ∈ [0,∞)} be an X-valued measurable stochastic pro-
cess. We say that U is stationary, provided the joint laws

ℒ(U(t1 + τ),… ,U(tn + τ)), ℒ(U(t1),… ,U(tn))

coincide on Xn for all τ ≥ 0, for all t1,… , tn ∈ [0,∞).

The above defined notion of stationarity is not well suited for the purposes of this
book. Indeed, it will be seen later that not all the objects needed for the description
of a compressible fluid flow can be understood as stochastic processes in the classi-
cal sense. To overcome this flaw, we introduce a weaker notion of stationarity which
applies to random distributions in 𝒟′(ℝ × 𝕋N ) as introduced in Section 2.2. This is
motivated by the notion of stationarity considered by Itô–Nisio [IN64].

Definition 2.11.2. LetU be a randomdistribution in𝒟′(ℝ×𝕋N ) in the sense of Defini-
tion 2.2.1. Let𝒮τ be the time shift on the space of trajectories given by𝒮τφ(t) = φ(t+τ).
We say that U is stationary, provided the laws

ℒ(⟨U,𝒮−τφ1⟩,… , ⟨U,𝒮−τφn⟩), ℒ(⟨U,φ1⟩,… , ⟨U,φn⟩)

coincide on ℝn for all τ ≥ 0 and all φ1,… ,φn ∈𝒟(ℝ ×𝕋N ).

Alternatively, we define a time shift of a distribution U by

⟨𝒮τU,φ⟩ ∶= ⟨U,𝒮−τφ⟩ for all φ ∈𝒟(ℝ ×𝕋N ).

Then a random distribution is stationary, provided 𝒮τU
d∼ U for all τ ≥ 0 in the sense

of Definition 2.2.11.

Remark 2.11.3. Using the notation of Section 2.2 and in particular (2.2), we observe
that the regularization [[U]]δ of a stationary random distribution U in 𝒟′(ℝ ×𝕋N ) is
a stationary stochastic process with continuous trajectories.

It follows immediately that the notion of stationarity for random distributions is
stable under weak convergence.
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Lemma 2.11.4. Let (Un)n∈ℕ be a sequence of stationary random distributions such that

Un→ U in 𝒟′(ℝ ×𝕋N ) ℙ-a.s.

Then U is stationary.

Proof. For allϕ ∈𝒟(ℝ×𝕋N ), themapping ⟨U,ϕ⟩ is a limit of measurablemappings. It
is also measurable and, consequently, U is weakly measurable. The weak stationarity
of U then follows from the dominated convergence theorem.

Very often, the objects of interest are random variables with values in some Polish
space. It is then possible to deduce a stronger notion of stationarity, somewhat closer
to the classical concept from Definition 2.11.1. To this end, we say that Y ⊂𝒟′(ℝ×𝕋N )
is positive shift invariant if 𝒮τU belongs to Y whenever U ∈ Y .

Lemma 2.11.5. Let Y be a topological vector space which is positive shift invariant
and continuously embedded in 𝒟′(ℝ × 𝕋N ). Assume that U is a random distribution
in 𝒟′(ℝ ×𝕋N ) such that its law is tight on Y. If U is stationary, then

ℒY [𝒮τU] =ℒY [U] for all τ ≥ 0.

Proof. The claim is a direct consequence of Theorem 2.2.12.

Corollary 2.11.6. Let Y be a Polish space which is positive shift invariant and continu-
ously embedded in 𝒟′(ℝ ×𝕋N ). Assume that U is a random distribution in 𝒟′(ℝ ×𝕋N )
such that U ∈ Y ℙ-a.s. If U is stationary, then

ℒY [𝒮τU] =ℒY [U] for all τ ≥ 0.

Proof. First, we note that the statement of Theorem 2.2.12 as well as Lemma 2.11.5
remains valid for Polish spaces. Since every probability measure on a Polish space
equippedwith theBorelσ-field isRadon, the conclusion then follows fromLemma2.11.5.

Next, we show that, for the case of stochastic processes with continuous trajecto-
ries, the two definitions of stationarity are equivalent. Note that, if a separable Ba-
nach space X is continuously embedded into 𝒟′(𝕋N ), every X-valued measurable
stochastic process with locally L1-integrable trajectories defines a space-time distri-
bution given as follows:

⟨U,ψφ⟩ = ∫
ℝ
⟨U(t),φ⟩ψ(t)dt, ψ ∈ C∞c (ℝ), φ ∈ C∞(𝕋N ),

where we set U(t) = U(0) for t ≤ 0. Consequently, we find the following link between
the two notions of stationarity.
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Lemma 2.11.7. Let X be a separable Banach space continuously embedded into
𝒟′(𝕋N ). An X-valued stochastic process with continuous trajectories is stationary if
and only if it defines a random distribution which is stationary in the sense of Defini-
tion 2.11.2.

Proof. Let U be an X-valued stochastic process which is stationary in the sense of
Definition 2.11.2 (with the usual extension U(t) = U(0) for t ≤ 0). According to Corol-
lary 2.11.6, setting Y = Cloc(ℝ;X) yields

ℒY [𝒮τU] =ℒY [U] for all τ ≥ 0.

Since the point evaluation V↦ V(t) is a continuous function from Y to X, we deduce
that, for every F ∈ Cb(Xn) and all t1,… , tn ∈ [0,∞),

V↦ (V(t1),… ,V(tn)) ↦ F(V(t1),… ,V(tn)) ∈ Cb(Y).

Hence

𝔼[F(U(t1 + τ),… ,U(tn + τ))] = 𝔼[F(U(t1),… ,U(tn))]

and U is stationary in the classical sense.
To show the converse implication, let us fix an equi-distant partition 0 = t1 <⋯ <

tn <⋯ <∞ with mesh size Δt = 1
m for somem ∈ℕ. We have

𝔼[F(⟨U,φ1⟩,… , ⟨U,φj⟩)]

= lim
m
𝔼[F( 1

m
∑
n
∫
𝕋N

U(tn)φ1(tn)dx,… ,
1
m
∑
n
∫
𝕋N

U(tn)φj(tn)dx)]

and, similarly,

𝔼[F(⟨𝒮−τU,φ1⟩,… , ⟨𝒮−τU,φj⟩)]

= lim
m
𝔼[F( 1

m
∑
n
∫
𝕋N

U(tn + τ)φ1(tn)dx,… ,
1
m
∑
n
∫
𝕋N

U(tn + τ)φj(tn)dx)],

for anyφ1,… ,φj ∈𝒟(ℝ×𝕋N ). As the processU is stationary in the classical sense, the
expressions on the right hand sides of the above limits coincide for any fixed m and
the desired conclusion follows.

The next result proves that weak continuity together with a uniform bound suf-
fices for the equivalence of the two notions of stationarity.

Corollary 2.11.8. Let X be a separable Banach space continuously embedded into
𝒟′(𝕋N ) such that, for all V ∈ X, [V]x,δ → V in X. Let U be an X-valued stochastic
process with weakly continuous trajectories.

Then U is stationary if and only if it is stationary in the sense of Definition 2.11.2.

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



2.11 Stationarity | 73

Proof. As any weakly convergent sequence is bounded in the norm, we have

sup
t∈[0,T]
‖U‖X <∞ ℙ-a.s. (2.58)

As before, we define U(t) = U(0) for t ≤ 0. Since U has weakly continuous trajec-
tories in X and satisfies (2.58), the process [U]x,δ has strongly continuous trajectories
inX. Hence the equivalence of the twonotions of stationarity fromLemma 2.11.7 holds.

Now, let U be stationary. Then Corollary 2.11.6 implies that, for every f ∈
Cb(L1loc(ℝ;X)), we have

𝔼[f (𝒮τU)] = 𝔼[f (U)].

Since U↦ f ([U]x,δ) also belongs to Cb(L1loc(ℝ;X)), we deduce

𝔼[f ([U]x,δ)] = 𝔼[f ([𝒮τU]x,δ)] = 𝔼[f (𝒮τ[U]x,δ)].

So [U]x,δ is stationary in the sense of Definition 2.11.2 and, due to Lemma 2.11.7, it is
stationary in the sense of Definition 2.11.1. In addition, due to the assumptions we
have, [U]x,δ(t) → U(t) strongly in X for every t ∈ ℝ. Therefore, if g ∈ Cb(Xn), we may
use dominated convergence in order to pass to the limit in expressions of the form

𝔼[g([U]x,δ(t1),… , [U]x,δ(tn))] = 𝔼[g([U]x,δ(t1 + τ),… , [U]x,δ(tn + τ))].

Stationarity of U in the sense of Definition 2.11.1 follows.
To show the converse implication, assume that U is stationary in the sense of Def-

inition 2.11.1. By the same argument as above, it follows that [U]x,δ is stationary in the
sense of Definition 2.11.1 and hence stationary due to Lemma 2.11.7. In other words,
Corollary 2.11.6 gives, for every f ∈ Cb(L1loc(ℝ;X)),

𝔼[f ([U]x,δ)] = 𝔼[f (𝒮τ[U]x,δ)].

In accordance with (2.58) we obtain [U]x,δ → U in L1loc(ℝ;X) and the dominated con-
vergence theorem yields the claim, exactly as in Lemma 2.11.7.

Let us conclude with a simple observation that stationarity is preserved under
composition with measurable functions.

Corollary 2.11.9. Let U be an X-valued stationary stochastic process. Then, for every
Borelmeasurable function F ∶ X→ℝ, theℝ-valued stochastic process F(U) is stationary.

Proof. The proof follows immediately from the corresponding equality of joint laws of
(U(t1),… ,U(tn)) and (U(t1 + τ),… ,U(tn + τ)).
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Corollary 2.11.10. Let X be a separable Banach space continuously embedded into
𝒟′(𝕋N ). Assume that U is a random variable taking values in L1loc(ℝ;X). If U is sta-
tionary, then, for every Borel measurable function F ∶ X → ℝ and a.e. s, t ∈ ℝ, the laws
of F(U(s)) and F(U(t)) coincide on X.

Proof. First, we notice that the mapping U ↦ U(t) ↦ F(U(t)) is measurable from
L1loc(ℝ;X) to ℝ for a.e. t ∈ ℝ. For the same reasons, the mapping 𝒮s−t ∶ U↦ U(s) ↦
F(U(s)) is measurable from L1loc(ℝ;X) to ℝ for a.e. s, t ∈ ℝ. Hence the claim follows
from the equality of laws of U and 𝒮s−tU on L1loc(ℝ;X).

Remark 2.11.11. Note that, in view of Corollary 2.11.10, weak stationarity implies the
following almost everywhere version of Definition 2.11.1: under the assumptions of
Corollary 2.11.10, the joint laws

ℒ(U(t1 + τ),… ,U(tn + τ)), ℒ(U(t1),… ,U(tn))

coincide on Xn for a.e. τ ≥ 0, for a.e. t1,… , tn ∈ [0,∞).

2.12 Krylov–Bogoliubov method

In this section,we recall the so-calledKrylov–Bogoliubovmethod,which is commonly
used in order to construct invariant measures for dynamical systems generated by
Markovian transition semi-groups on Polish spaces. However, for simplicity of presen-
tation we explain these concepts with the example of a Markovian system generated
by a stochastic differential equation in a Hilbert space H . A more detailed exposition
can be found in Da Prato–Zabczyk [DPZ96]. An application of this method in the con-
text of the compressible Navier–Stokes system is presented in Chapter 7.

For simplicity,we consider a stochastic differential equation in a separableHilbert
space H . We have

dU = b(U)dt + σ(U)dW , U(0) = x ∈H , (2.59)

whereW is a cylindrical Wiener process on a separable Hilbert space 𝔘 relative to the
filtration (𝔉t)t≥0. Assume that the coefficients are Lipschitz continuous in the follow-
ing sense:

‖b(V1) − b(V2)‖H + ‖σ(V1) − σ(V2)‖L2(𝔘;H) ≤ C‖V1 −V2‖H , for any V1,V2 ∈H .

Then it can be shown, for instance bymeans of a Picard iteration and the Banach fixed
point theorem, that there exists a unique pathwise solution to (2.59). LetUx

t denote the
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solution at time t starting from x at time 0. The dependence of Ux
t on x is measurable

and hence we can define the operators Pt ∶ Bb(H) → Bb(H) 1 by

(Ptφ)(x) = 𝔼[φ(Ux
t )]. (2.60)

Let Uη
t0,t denote the unique solution to (2.59) starting at time t0 from an 𝔉t0 -mea-

surable initial condition η. Under the above Lipschitz assumption, the continuous de-
pendence on the initial condition holds true for (2.59). More precisely, for all T > 0 and
p ∈ [2,∞), we have

𝔼‖Uη
s,t −Uθ

s,t‖
p
H ≤ Cp,T𝔼‖η − θ‖

p
H for all 0 ≤ s ≤ t ≤ T .

As an immediate consequence, we deduce that Pt ∶ Cb(H) → Cb(H) for all t ≥ 0. This is
the so-called Feller property. Furthermore, we have the following result.

Lemma 2.12.1. The equation (2.59) defines a Markov process in the sense that2

𝔼[φ(Ux
t+s)|𝔉t] = (Psφ)(Ux

t ) (2.61)

holds true for all φ ∈ Cb(H), x ∈H and t, s > 0.

Proof. We have to prove that, for all 𝔉t -measurable random variables Z, we have

𝔼[φ(Ux
t+s)Z] = 𝔼[(Psφ)(Ux

t )Z].

By uniqueness we have

Ux
t+s = U

Ux
t

t,t+s ℙ-a.s.

In view of Proposition 2.1.19, it is sufficient to show that

𝔼[φ(Uη
t,t+s)Z] = 𝔼[(Psφ)(η)Z]

for every 𝔉t -measurable random variable η. By approximation, it suffices to prove it
for random variables η = ∑ki=1 η

i1Ai with ηi ∈ H and Ai ∈ 𝔉t . Indeed, this is a conse-
quence of the dominated convergence theorem and the fact that ηn → η in H implies
Ptφ(ηn) → Ptφ(η) inℝℙ-a.s.Moreover, it suffices to show the claim for every determin-
istic η. Now, the random variable Uη

t,t+s depends only on the increments of theWiener
process between t and t + s, hence it is independent of 𝔉t due to Definition 2.1.28.
Therefore

𝔼[φ(Uη
t,t+s)Z] = 𝔼[φ(U

η
t,t+s)]𝔼[Z].

1 Bb(H) denotes the set of bounded Borel functions from H to ℝ.
2 Recall that the notion of conditional expectation was introduced in Definition 2.1.20.
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Since Uη
t,t+s has the same law as Uη

s by uniqueness, we have

𝔼[φ(Uη
t,t+s)Z] = 𝔼[φ(U

η
s )]𝔼[Z] = Psφ(η)𝔼[Z] = 𝔼[Psφ(η)Z]

and the proof is complete.

As the next step, we observe that taking expectation on the left hand side of (2.61)
gives

𝔼[𝔼[φ(Ux
t+s)|𝔉t]] = 𝔼[φ(Ux

t+s)] = (Pt+sφ)(x),

whereas taking expectation on the right hand side of (2.61) yields

𝔼[(Psφ)(Ux
t )] = (Pt(Psφ))(x).

Thus the semi-group property Pt+s = Pt ∘ Ps follows and the family (Pt)t≥0 is called
the transition semi-group associated to (2.59). We say that equation (2.59) defines a
Feller–Markov process.

Let us now denote by μt,x the law of Ux
t . We have

Ptφ(x) = 𝔼[φ(Ux
t )] = ∫

H
φ(y)μt,x(dy)

and, denoting by ⟨⋅, ⋅⟩ the duality product between continuous bounded functions and
probability measures, we obtain

Ptφ(x) = ⟨φ,μt,x⟩ = ⟨Ptφ,δx⟩.

Thus it follows that μt,x = P∗t δx . More generally, if we consider a solution to (2.59) with
the initial condition U0 having the initial law μ, we have μt,U0

= P∗t μ.

Definition 2.12.2. We say that a probability measure μ on H is an invariant measure
with respect to the transition semi-group (Pt)t≥0, provided

P∗t μ = μ for all t ≥ 0.

Then, if a solution has the law μ at time s, it is the case for all t ≥ s. In fact, for
such a solution it can be shown by the Markov property that, for all (t1,… , tn) and
τ > 0, the laws of (Ut1+τ ,… ,Utn+τ) and (Ut1 ,… ,Utn ) coincide. Therefore, the solution is
a stationary stochastic process in the sense of Definition 2.11.1.

Analogously, one can define transition semi-groups with the above properties on
general Polish spaces. As the next step, we state the Krylov–Bogoliubov theorem. The
result is taken from Da Prato–Zabczyk [DPZ96, Theorem 3.1.1] and will be applied in
our construction of stationary solutions in Chapter 7, namely in Section 7.1.
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Theorem 2.12.3. Let X be aPolish space and let (Pt)t≥0 be aMarkovian Feller transition
semi-group on Cb(X). For a random variable U0 having the law ν, denote μt,U0

= P∗t ν.
Assume that there exists a sequence Tn ↑∞ and a probability measure μ on X such that

1
Tn
∫
Tn

0
μs,U0

ds converges weakly to μ as n→∞.

Then μ is an invariant for (Pt)t≥0, namely, P∗t μ = μ for all t ≥ 0.

Corollary 2.12.4. If, for some random variable U0 and some sequence Tn ↑∞, the set

{ 1
Tn
∫
Tn

0
μs,U0

ds; n ∈ℕ}

is tight on X, then there exists an invariant measure for (Pt)t≥0 .

Remark 2.12.5. Consider again the transition semi-group generated by (2.59) and let
x ∈H . Then the tightness of

{ 1
Tn
∫
Tn

0
μs,x ds; n ∈ℕ} (2.62)

implies in particular that, for all ε > 0, there exists R > 0 such that, for all T ≥ 1,

1
T
∫
T

0
ℙ(‖Ux

t ‖H ≥ R)dt < ε. (2.63)

Indeed, this is a consequence of the fact that a compact set is in particular bounded.
Note that (2.63) implies the tightness of (2.62) and hence existence of an invariantmea-
sure, provided dimH <∞. However, if dimH =∞, then this is no longer true.
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3 Modeling fluid motion subject to random effects

Continuum fluid mechanics relies on a system of partial differential equations which
has been derived from basic physical principles under the assumption that all quan-
tities – fields – are smooth. On the other hand, however, and in spite of great effort
of generations of excellent mathematicians, many fundamental problems related to
dynamics of fluids remain largely open. Solvability of the Navier–Stokes system de-
scribing the motion of an incompressible viscous fluid is one of the Millennium Prize
Problems proposed by the Clay Institute. Apparently, the problem becomes evenmore
involved when general compressible fluids are considered. In contrast with these the-
oretical difficulties, the Navier–Stokes system became a well-established model serv-
ing as a reliable basis of investigation both for theoretical issues and in engineering.
As themodeled fluids often exhibit very complicated and chaotic behavior, commonly
denoted as turbulent phenomena, the relation of theNavier–Stokes system to the phe-
nomena of hydrodynamic turbulence is regarded as one of the most fascinating open
problems in physics.

Turbulence is frequently associatedwith an intrinsic presence of randomness and
also the experimental studies of turbulence lead rather to a statistical approach than
to a deterministic one. Therefore several ways of encoding randomness into the gov-
erning system of PDEs have been proposed. Let us particularly mention the seminal
work of Foias [Foi72a, Foi72b], where a notion of statistical solution to the Navier–
Stokes systemwas introduced, that is, a solutionwith a given initial probability distri-
bution. Another approach is based on the ideas introducedbyMikulevicius–Rozovskii
[MR04]: they startwith theLagrangian formalismand split the velocity field into a sum
of slow oscillating (deterministic) and fast oscillating (turbulent, stochastic) compo-
nents. The subsequent derivation of the Navier–Stokes system in the Eulerian coordi-
nates then leads to a multiplicative noise depending not only on the velocity but also
on the velocity gradient. More references and further discussion may be found in the
review paper by Weinan [Wei01].

Apart from that, the addition of stochastic terms to the basic governing equations
is often used to account for other numerical, empirical or physical uncertainties. An-
other example of how randomness can influence a fluid body comes with the model-
ing of earthquakes, which also exhibit a certain random character. To summarize, in
view of important applications ranging from climatology to turbulence theory, there is
an essential need to develop the mathematical foundation of stochastic PDEs of fluid
flow.

Nowadays there exists an abundant amount of literature concerning the dynam-
ics of incompressible fluids driven by stochastic forcing. The first results are found in
the pioneering work by Bensoussan–Temam [BT73]. We refer to the lecture notes by
Debussche [Deb13], Flandoli [Fla08], and the monograph by Kuksin–Shyrikian [KS12]
as well as the references cited therein for a recent overview. However, definitely much

https://doi.org/10.1515/9783110492552-003
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less is known if compressibility of the fluid is taken into account. Fundamental ques-
tions of well-posedness and even mere existence of solutions to problems dealing
with stochastic perturbations of compressible fluids are, to the best of our knowledge,
largely open, with only a few rigorous results available.

Our aim is to systematically develop a consistent mathematical theory of com-
pressible fluid flows driven by random initial data and stochastic external forces in
the context of classical continuum fluid mechanics. For the sake of simplicity, we focus
only on the purely mechanical aspects, neglecting the thermal effects. Accordingly,
the state of a fluid at a given time t ∈ (0,T) and a spatial position x ∈ℝN , N = 1, 2,3, is
determined by two fundamental state variables: the mass density ϱ = ϱ(t,x) and the
bulk velocity u = u(t,x). In view of problems involving random phenomena, it is more
convenient to consider t ↦ ϱ(t, ⋅) together with the momentum t ↦ ϱu(t, ⋅), both as
stochastic processes depending on t and ranging in suitable function spaces speci-
fied below. Thus the initial state of the fluid will be often described in terms of ϱ and
ϱu rather than ϱ and u.

Although the boundary conditions in the real world applications may be quite
complicated and of substantial influence on the fluid motion, our goal is to focus on
the effect of stochastic perturbations imposed through stochastic volume forces. Ac-
cordingly, we consider the periodic boundary conditions, where the physical domain
may be identified with the flat torus

𝕋N = ([−1, 1]|{−1,1})
N .

The fact that we have chosen the same period, namely 2, in all directions plays no role
in the subsequent analysis andmay be relaxed.We also claim that basically all results
proved in the space-periodic settingmay be reproduced for the commonly used no-slip
boundary conditions

u|𝜕𝒪 = 0,

with 𝒪 ⊂ ℝN being the physical domain occupied by the fluid. Unbounded domains
could be considered as well.

3.1 Field equations

The basic field equations of continuum fluid mechanics, written in the Eulerian refer-
ence system attached to the physical domain, govern the time evolution of density ϱ
and velocity u of a compressible viscous fluid. More precisely, they read

dϱ + div (ϱu)dt = 0, (3.1)
d(ϱu) + div (ϱu ⊗ u)dt = div𝕋dt +𝔾(ϱ,ϱu)dW . (3.2)
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Equation (3.1) – the equation of continuity – represents a mathematical formula-
tion of the physical principle of mass conservation. Equation (3.2) – the momentum
equation – reflects Newton’s second law of momentum conservation. Here 𝕋 is the
Cauchy stress and random effects are incorporated in the forcing term 𝔾(ϱ,ϱu)dW .
The driving stochastic process W is a cylindrical Wiener process as introduced in
Definition 2.1.31 and the stochastic integral is understood in the Itô sense presented
in Section 2.3. The precise assumptions on the coefficient 𝔾 as well as further details
are given in Section 3.2.2.

3.1.1 Constitutive relations – Navier–Stokes system

Fluids in continuummechanics are characterized by Stokes’ law as follows:

𝕋 = 𝕊⏟
viscous stress

− p(ϱ)⏟⏟⏟⏟⏟⏟⏟
pressure
𝕀. (3.3)

Here the symbol p denotes the pressure – a quantity that is constitutively related to
the density ϱ and the temperature θ of the fluid. As thermal effects are neglected in
this book, the pressure p = p(ϱ) will depend only on ϱ. Such a relation can be de-
termined by considering purely material properties of a given fluid – the barotropic
pressure-density state relation, or by considering the isentropic/isothermal approxi-
mation,where the entropy/temperature of the fluid are assumed to be constant. Under
such circumstances, the pressure-density state equation is given by

p(ϱ) = aϱγ , a > 0, (3.4)

where γ > 1 is the adiabatic exponent in the isentropic case, and γ = 1 corresponds
to the isothermal case for the perfect gas p = ϱθ, θ constant. More specifically, the
physically relevant values of γ belong to the range 1 ≤ γ ≤ 5

3 , where the upper bound
γ = 5

3 characterizes the adiabatic coefficient of the monoatomic gas; see, e.g., Becker
[Bec66]. If the system of field equations is rewritten in the dimensionless form, the
parameter a can be interpreted as the squared reciprocal of the Mach number, that
is, the ratio of flow velocity and speed of sound. For the sake of simplicity, we shall
always consider p in the form (3.4), although a major part of the results apply also to
the more general case

p ∈ C1((0,∞)) ∩ C([0,∞)), p′(ϱ) ≥ 0 for ϱ > 0, p′(ϱ) ≈ ϱγ−1 for ϱ→∞. (3.5)

In addition, the adiabatic exponent will be often subjected to further technical restric-
tion γ > N

2 if N = 2,3 and γ ≥ 1 if N = 1. This may be seen as a drawback of the present
theory related to the lack of suitable a priori bounds in the multi-dimensional case.
Note that the critical case γ = 1, N = 2 has been solved in the deterministic setting
quite recently by Plotnikov–Weigant [PW15].
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We focus on Newtonian fluids, for which the viscous stress is a linear function of
the velocity gradient. More specifically,

𝕊 = 𝕊(∇u) = μ(∇u + ∇tu − 2
3
divu𝕀) + λdivu𝕀, (3.6)

where μ > 0, λ ≥ 0 are constant viscosity coefficients. It can be shown that (3.6) char-
acterizes any linearly viscous isotropic fluid, meaning a fluid for which its material
properties are invariant with respect to the translation and rotation of the reference
frame; see, e.g., Chorin–Marsden [CM90].

As long as the viscosity coefficients are constant, we may rewrite (3.1)–(3.6) in the
form

dϱ + div (ϱu)dt = 0, (3.7)
d(ϱu) + div (ϱu ⊗ u)dt + ∇p(ϱ)dt = [μΔu + η∇divu]dt +𝔾(ϱ,ϱu)dW , (3.8)

where η = μ
3 + λ > 0. Equations (3.7)–(3.8) are commonly known as barotropic Navier–

Stokes system. For notational simplicity, unless specified otherwise, we restrict our-
selves to the most difficult and physically relevant case of three space dimensions.
However, our results extend to the one- and two-dimensional cases as well.

3.2 Random phenomena

Let us now set up the precise assumptions on the random effects included in the sys-
tem (3.1)–(3.6). As already mentioned above, we consider perturbations encoded in
problem (3.1)–(3.6) in two ways: by random initial data and by a stochastic forcing
term𝔾(ϱ,ϱu)dW in the momentum equation. Throughout the book, (Ω,𝔉, (𝔉t)t≥0,ℙ)
denotes a stochastic basis with a complete, right-continuous filtration.

3.2.1 Initial data

The original state of the system is given through the initial conditions

ϱ(0) = ϱ0, ϱu(0) = q0. (3.9)

Both ϱ0 and q0 are generally random variables satisfying the physically relevant con-
ditions

ϱ0 ≥ 0, q0 = 0 a.e. on the set {ϱ0 = 0} ℙ-a.s. (3.10)

This is apparently a dubious definition unless we specify the function spaces in
which (ϱ0,q0) live. Tomotivate our choice of the phase space, consider the total energy
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balance associated to system (3.7)–(3.8):

d∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)]dx + ∫

𝕋N
𝕊(∇u) ∶ ∇udxdt

= 1
2

∞

∑
k=1
∫
𝕋N

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt + ∫

𝕋N
𝔾(ϱ,ϱu) ⋅ udxdW , (3.11)

where

P(ϱ) = ϱ∫
ϱ

1

p(z)
z2

dz (3.12)

is called pressure potential and the coefficient𝔾 taking values in the space of Hilbert–
Schmidt operators is identified with the sequence (Gk)k∈ℕ. The precise meaning of
the terms on the right hand side of (3.11) will be given in Section 3.2.2. Relation (3.11)
can be derived from (3.7)–(3.8) by applying Itô’s product rule, Theorem 2.4.2, to the
functional

[ϱ,q] ↦ 1
2
∫
𝕋N

|q|2

ϱ
dx,

where q corresponds to ϱu. The quantity

∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)]dx

is the total energy of the fluid. In particular, if the pressure is given by the isentropic
relation (3.4), all finite energy solutions [ϱ,q = ϱu] and, accordingly, the initial data
[ϱ0,q0] will belong to the space Lγ(𝕋N ) × L

2γ
γ+1 (𝕋N ), where γ is the adiabatic exponent

from (3.4). In amore general setting, the data canbe interpreted in the space of random
distributions introduced in Section 2.2, where measurability is enforced through the
infinite family of test functions. More specifically, ϱ0, q0 are ℙ-measurable if

∫
𝕋N

ϱ0φdx, ∫
𝕋N

q0 ⋅φdx are ℙ-measurable

for all φ ∈ C∞(𝕋N ),φ ∈ C∞(𝕋N ), respectively.
Finally, in order to guarantee solvability of the Cauchy problem, the initial con-

dition must be independent of the future of the driving Wiener processW . More pre-
cisely, as discussed in Section 2.3 and in particular in Remark 2.3.7, the random dis-
tributions ϱ, ϱu must be adapted to (𝔉t)t≥0 (in the sense of Definition 2.2.13) for the
stochastic integral to be well-defined. In particular, the initial conditions ϱ0, q0 must
be𝔉0-measurable. In the case ofmartingale solutions, that is, solutions that are weak
in the probabilistic sense, the initial conditions (3.9) as well as the compatibility con-
ditions (3.10) will be enforced through the associated initial law defined on a suitable
function space (cf. Section 2.5).
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3.2.2 Driving force

The stochastic process W is a cylindrical (𝔉t)-Wiener process in a separable Hilbert
space 𝔘 as introduced in Definition 2.1.31. It is formally given by the expansion
W(t) = ∑∞k=1 ekWk(t), where (Wk)k∈ℕ is a sequence of mutually independent real-
valued Wiener processes relative to (𝔉t)t≥0 and (ek)k∈ℕ is a complete orthonormal
system in 𝔘. Accordingly, the diffusion coefficient 𝔾 is defined as a superposition
operator𝔾(ϱ,q) ∶𝔘→ L1(𝕋N ),

𝔾(ϱ,q)ek =Gk(⋅,ϱ(⋅),q(⋅)).

The coefficients Gk = Gk(x,ϱ,q) ∶ 𝕋N × [0,∞) × ℝN → ℝN are C1-functions such that
there exist constants (gk)k∈ℕ ⊂ [0,∞) with ∑∞k=1 g

2
k <∞ and uniformly in x ∈𝕋3

|Gk(x,ϱ,q)| ≤ gk(ϱ + |q|), (3.13)
|∇ϱ,qGk(x,ϱ,q)| ≤ gk . (3.14)

Note that under these circumstances, the integrals on the right hand side of the en-
ergy balance (3.11) are well-defined. The specific form of the forcing term as well as a
proper choice of the stochastic integration (Itô vs. Stratonovich) and its physical inter-
pretation might be subject to discussion. Our setting includes, in particular, the case

𝔾(ϱ,ϱu)dW =𝔾1(ϱ)dW 1 +𝔾2(ϱu)dW2,

with two independent cylindrical Wiener processes W 1 and W2 and suitable growth
assumptions of 𝔾1 and 𝔾2. This is the main example we have in mind. Here, the first
term describes some external force, whereas the second one may be interpreted as
a friction force of Brinkman’s type; see, e.g., Angot et al. [ABF99]. Of course, much
more general forcing can be included. The interested reader may consult the relevant
discussion by Mikulevicius–Rozovskii [MR04, MR05].

Note that, according to (3.13), if q = ϱu, the coefficients in the noise can be writ-
ten as Gk(x,ϱ,ϱu) = ϱFk(x,ϱ,u) for suitable functions Fk . In other words, the noise
vanishes on the vacuum regions, i.e., when the density is zero. Recall that this is con-
sistent with the deterministic theory, where an external force is always considered
in the form ϱ fdt. This is essential in order to derive the corresponding energy esti-
mate. In this sense, the noise of the form Gk(x,ϱ,ϱu) = ϱFk(x) plays the role of the
so-called additive noise for the system (3.1)–(3.6), i.e., a noise which does not depend
on the solution. After applying a suitable transformation, the system can be solved
pathwise, and existence of a weak solution can be established using deterministic ar-
guments; see [FMN13]. Nevertheless, the obvious drawback of this method is that the
constructed solutions do not necessarily satisfy an energy inequality and are not pro-
gressively measurable (hence, the stochastic integral is not well-defined).
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For the sake of simplicity, we focus only on the effect of stochastic driving forces.
A deterministic perturbation of the form ϱℍ(ϱ,ϱu) could be added to the system with-
out any extra difficulty as long asℍ satisfies suitable growth conditions. In particular,
the Itô integration may be replaced by Stratonovich and vice versa.

The space L1(𝕋N ) is the natural range for the operator 𝔾(ϱ,ϱu), at least if finite
energy solutions are considered. In general, due to limited a priori estimates provided
almost exclusively by the energy balance (3.11), it is not possible to consider 𝔾(ϱ,ϱv)
as amappingwith values in a spacewith higher integrability. Because of this fact, cer-
tain difficulties arise concerning a proper definition of the stochastic integral in (3.2).
Recall that in Section 2.3 we introduced the stochastic Itô integration theory in Hilbert
spaces. Apart from that, the theory is well established within the class of 2-smooth
Banach spaces or the so-called UMD Banach spaces; see, e.g., Brzeźniak [Brz95], van
Neerven et al. [vNVW07], and Ondreját [Ond04]. Nevertheless, the space L1(𝕋N ) be-
longs to neither of those classes. Since we expect the momentum equation (3.2) to be
satisfied only in the sense of distributions anyway, we make use of the embedding
L1(𝕋N ) ↪W−b,2(𝕋N ), which is true, provided b > N

2 . Hence we shall understand the
stochastic integral, in the sense presented in Section 2.3, as a stochastic process in
the Hilbert space W−b,2(𝕋N ). To be more precise, it is easy to check that, under the
above assumptions on ϱ and u, the operator𝔾(ϱ,ϱu) belongs to L2(𝔘;W−b,2(𝕋N )), the
space ofHilbert–Schmidt operators from𝔘 toW−b,2(𝕋N ). Indeed, due to (3.13)we have

‖𝔾(ϱ,ϱu)‖2L2(𝔘;W−b,2x )
=
∞

∑
k=1
‖Gk(ϱ,ϱu)‖

2
W−b,2x
≤ C
∞

∑
k=1
‖Gk(ϱ,ϱu)‖

2
L1x

≲ ∫
𝕋N
(
∞

∑
k=1

ϱ−1|Gk(x,ϱ,ϱu)|
2)dx

≲ ∫
𝕋N
(ϱ + ϱ|u|2)dx. (3.15)

Consequently, we see that the right hand side of (3.15) will be finite whenever we deal
with finite energy solutions. More precisely, if1

ϱ ∈ Lγprog(Ω × (0,T);Lγ(𝕋N )), γ ≥ 1,
√ϱu ∈ L2prog(Ω × (0,T);L2(𝕋N )),

(3.16)

then the stochastic integral in (3.2) is a well-defined (𝔉t)-martingale taking values in
W−b,2(𝕋N ). Accordingly, the stochastic driving force is represented by the stochastic
differential of the form

𝔾(ϱ,ϱu)dW =
∞

∑
k=1

Gk(x,ϱ,ϱu)dWk .

1 Recall that Lpprog denotes the space of progressively measurable Lp-integrable functions; see Sec-
tion 2.2.4.
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Note that, in accordancewith Remark 2.3.2, the integrability in (3.16) can beweakened
to

ϱ ∈ Lγ(0,T ;Lγ(𝕋N )) ℙ-a.s., √ϱu ∈ L2(0,T ;L2(𝕋N )) ℙ-a.s.

In this case, the stochastic integral is generally only a local martingale. Moreover,
in accordance with Lemma 2.2.18, the progressive measurability of the integrand (or,
more precisely, existence of a progressively measurable representative) with respect
to (𝔉t)t≥0 follows once we have shown that the random distributions ϱ, v are adapted
to (𝔉t)t≥0 in the sense of Definition 2.2.13. Finally, note that the continuity equation
(3.1) implies that the total mass (the mean value of the density)

∫
𝕋N

ϱ(t,x)dx = (ϱ(t))𝕋N

is constant in time (but in general may depend on ω).

3.3 Strong pathwise solutions

Although most of the results discussed in the monograph are based on the concept of
weak solutions, it is natural to examine the system (3.1)–(3.6) first in the framework of
strong solutions both in the PDE and the probabilistic sense. Such solutions are suffi-
ciently regular in the space variable and consequently (3.1)–(3.6) is satisfiedpointwise,
whereas the stochastic integral is to be defined for any fixed x. In addition, these solu-
tions are defined on a given probability space with a given cylindrical Wiener process.
Similarly to the deterministic case, however, existence of such solutions globally in
time is currently out of reach. Instead we consider local solutions defined on a maxi-
mal time interval bounded above by a positive stopping time that may depend on the
size of the initial data.

The deterministic approach to the local existence problem for the compressible
Navier–Stokes system is usually based on energy estimates. These are derived first for
the unknown functions ϱ, u and then, repeatedly, for their time derivatives up to a suf-
ficient order to guarantee the required smoothness. The nowadays probably optimal
result in this direction has been achieved by Cho et al. [CCK04]. However, for obvious
reasons related to the irregularity of sample paths of the Brownian motion, this tech-
nique is not suitable in the stochastic setting. Instead, the required space regularity
must be obtained by differentiating the equations only with respect to the space vari-
ables – a typical approach applicable to purely hyperbolic systems without viscosity.
The related references include works on the incompressible stochastic Navier–Stokes
system by Bensoussan–Frehse [BF00] and Brzeźniak–Peszat [BP99], the incompress-
ible stochastic Euler equations by Glatt-Holtz and Vicol [GHV14], and also quasilinear
hyperbolic systems by Kim [Kim11].
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Given a time interval (0,T), we introduce the notion of local strong pathwise solu-
tions which exist up to a suitable stopping time τ that may be strictly less than T; see
Definition 3.3.1. Next, we considermaximal strong pathwise solutions, which live on a
maximal random time interval determined by a possible blow-up of the W2,∞-norm
of the velocity u; see Definition 3.3.2. Although the natural functional framework here
is given by spaces of continuously differentiable functions, the strong solutions con-
structed in this monograph live in the energy spaces W s,2, where s is chosen large
enough. These are Hilbert spaces induced by the energymethod used in the existence
proof in Chapter 5. Note thatW s,2(𝕋N ) ↪ Ck(𝕋N ) as soon as s > N

2 + k.

Definition 3.3.1 (Local strong pathwise solution). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochas-
tic basis with a complete right-continuous filtration and let W be an (𝔉t)-cylindrical
Wiener process. Let (ϱ0,u0) be an 𝔉0-measurable random variable in the space
W s,2(𝕋N )×W s,2(𝕋N ) for some s > N

2 +2. A triplet (ϱ,u, 𝔱) is called a local strong pathwise
solution to system (3.1)–(3.6), provided:
(1) 𝔱 is an ℙ-a.s. strictly positive (𝔉t)-stopping time;
(2) the density ϱ is aW s,2(𝕋N )-valued (𝔉t)-progressively measurable stochastic pro-

cess such that

ϱ(⋅ ∧ 𝔱) > 0, ϱ(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋N )) ℙ-a.s.;

(3) the velocity u is aW s,2(𝕋N )-valued (𝔉t)-progressively measurable stochastic pro-
cess such that

u(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋N )) ∩ L2(0,T ;W s+1,2(𝕋N )) ℙ-a.s.;

(4) the equation of continuity

ϱ(t ∧ 𝔱) = ϱ0 − ∫
t∧𝔱

0
div (ϱu)ds

holds for all t ∈ [0,T] ℙ-a.s.;
(5) the momentum equation

(ϱu)(t ∧ 𝔱) = ϱ0u0 − ∫
t∧𝔱

0
div (ϱu ⊗ u)ds

+ ∫
t∧𝔱

0
div𝕊(∇u)ds − ∫

t∧𝔱

0
∇p(ϱ)ds + ∫

t∧𝔱

0
𝔾(ϱ,ϱu)dW

holds for all t ∈ [0,T] ℙ-a.s.

In the above definition,we have assumed that s is large enough in order to provide
sufficient regularity for the strong solutions. Classical solutions require two spatial
derivatives of u to be continuous ℙ-a.s. This motivates the following definition.
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Definition 3.3.2 (Maximal strong pathwise solution). Fix a stochastic basis with a
cylindrical Wiener process and an initial condition exactly as in Definition 3.3.1.
A quadruplet

(ϱ,u, (𝔱R)R∈ℕ, 𝔱)

is called amaximal strong pathwise solution to system (3.1)–(3.6), provided:
(1) 𝔱 is a ℙ-a.s. strictly positive (𝔉t)-stopping time;
(2) (𝔱R)R∈ℕ is an increasing sequence of (𝔉t)-stopping times such that 𝔱R < 𝔱 on the

set [𝔱 < T], limR→∞ 𝔱R = 𝔱 a.s., and

sup
t∈[0,𝔱R]
‖u(t)‖W 2,∞

x
≥ R on [𝔱 < T]; (3.17)

(3) each triplet (ϱ,u, 𝔱R), R ∈ ℕ, is a local strong pathwise solution in the sense of
Definition 3.3.1.

The stopping times 𝔱R in Definition 3.3.2 announce the stopping time 𝔱, which is
therefore predictable. It denotes the maximal life span of the solution, which is deter-
mined by the time of explosion of the W2,∞-norm of the velocity field. Indeed, from
(3.17) we deduce

sup
t∈[0,𝔱)
‖u(t)‖W 2,∞

x
=∞ on [𝔱 < T].

Note that the announcing sequence (𝔱R)R∈ℕ is not unique. Therefore, uniqueness for
maximal strong solutions is understood in the sense that only the solution (ϱ,u) and
its blow-up time 𝔱 are unique.

Remark 3.3.3. Relation (3.17) shouldnot be confusedwith ablow-up criterion. Bound-
edness of ‖u(t)‖W 2,∞

x
may follow from boundedness of a lower order norm. In the de-

terministic case, ‖u(t)‖W 2,∞
x

can be replaced by the much weaker norm ‖ϱ‖L∞x ; see Sun
et al. [SWZ11]. Analogous results for the stochastically driven system are not known.

Existence of a uniquemaximal strong pathwise solution is presented in Chapter 5.
Our approach relies on rewriting the problem as a symmetric hyperbolic system aug-
mented by partial diffusion. The latter is solved with a suitable approximation proce-
dure using the stochastic compactness method and the Yamada–Watanabe type ar-
gument based on the Gyöngy–Krylov characterization of convergence in probability,
presented in Section 2.10.

3.4 Dissipative martingale solutions

A rigorous treatment of almost all realworld problems requires solutions defined glob-
ally in time and for the initial data of arbitrary size. As the strong solutions introduced
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in the previous section are not known to enjoy these properties, the concept of dissipa-
tivemartingale solutions developed in thismonographmaybe seen as a suitable phys-
ically grounded alternative. Here, the literature concerning the deterministic counter-
part of (3.1)–(3.6) is rather extensive. The existence of weak solutions has been settled
in the space dimension one (see, e.g., Antontsev et al. [AKM83] and Serre [Ser86]), but
the truly multi-dimensional case seems muchmore complicated. The obvious mathe-
matical difficulties, in particular the lack of control of possible density oscillations, led
to the development of new concepts such as that of renormalized solutions. They have
been introducedbyDiPerna–Lions [DL89] and subsequently adaptedbymanyauthors
in rather different contexts. The first positive existence result in two and three space
dimensions for general initial data was given by Lions [Lio98] and later extended in
[FNP01]; see also the monograph in [Fei04] for further references. At this point, it
is worth mentioning the existence theorem by Vaigant–Kazhikhov [VK95] providing
even strong solutions in the two-dimensional setting. It is based on the hypothesis of
density-dependent shear and bulk viscosities coupled in a physically unrealistic way.
A similar approach based on density-dependent viscosity coefficients has been devel-
oped by Bresch–Desjardins [BD07] and Bresch et al. [BDGV07].

The first existence results in the stochastic setting were based on a suitable trans-
formation formula that allows one to reduce the problem to a system of PDEs with
random coefficients, where the stochastic integral no longer appears and determinis-
tic methods are applicable; see Tornatore–Yashima [TFY97] for the one-dimensional
case and Tornatore [Tor00] for a rather special periodic two-dimensional case. Finally,
the three-dimensional case was dealt with in [FMN13]. The first “truly” stochastic ex-
istence result for the compressible Navier–Stokes system perturbed by a general non-
linearmultiplicative noisewas obtained in [BH16]. The existence of the so-called finite
energy weak martingale solutions in three space dimensions with periodic bound-
ary conditions was established. Extensions of this result to the case of zero Dirichlet
boundary conditions were given by Smith [Smi15] and Wang–Wang [WW15].

Our approach to (3.1)–(3.6) is based on the concept of dissipative martingale so-
lution introduced in [BFH17]. These are, roughly speaking, weak martingale solutions
satisfying in addition a variant of the energy balance. The idea to include some formof
the energy/entropy balance as an integral part of a weak formulation of conservation
laws goes back to Dafermos [Daf79]. Germain [Ger11] introduced a similar concept in
the context of the deterministic compressible Navier–Stokes system for a class of “reg-
ular” weak solutions. Finally, the theory to weak solutions was extended in [FJN12],
where it proved to be an important and rather versatile tool with various applications.

From the probabilistic point of view, dissipativemartingale solutions to (3.1)–(3.6)
are weak solutions in the sense that neither the underlying probability space nor the
driving Wiener process can be specified in advance and these stochastic elements be-
comepart of the solution; see Section 2.5 formore details. As discussed in Section 2.10,
this is intimately related to the lack of uniqueness. For the incompressible counter-
part, the existence of global in time classical solutions can be established at least in
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the case of two space dimensions. However, global smooth solutions to compressible
fluid systems are not known to exist unless themotion is drastically simplified and re-
stricted to the one-dimensional geometry. As noted above, the only rather unphysical
exception was studied in the deterministic case by Vaĭgant–Kazhikhov [VK95] and in
the stochastic version by Tornatore [Tor00]. In hand with this issue goes the manner
in which the initial condition is posed: one is given a probability measure which plays
the role of initial law of the system (3.1)–(3.6).

From thePDEpoint of view, dissipativemartingale solutions are alsoweak, that is,
(3.1)–(3.6) are satisfied in the sense of distributions. In addition, the continuity equa-
tion (3.1) is required to hold in the renormalized sense and an energy inequality holds
true. The concept of renormalized solution was introduced by DiPerna–Lions [DL89]
in the context of linear transport equations. It is an essential tool in the study of the
compressible Navier–Stokes system providing the necessary information on possible
density oscillations. The energy inequality has to be understood as an integral part
of the definition of a dissipative martingale solution. It encodes a certain piece of in-
formation concerning stability which would be otherwise lost in the construction pro-
cess of conventional weakmartingale solutions. Its important role is demonstrated by
the fact that it allows one to prove a weak–strong uniqueness principle as well as an
inviscid-incompressible limit result, both discussed in this monograph.

3.4.1 Weak formulation

There is an additional difficulty when dealing with weak solutions in the context of
stochastic processes. The best available a priori bounds are provided solely by the
energy balance (3.11). Specifically, we know only that ℙ-a.s.

ϱ ∈ L∞(0,T ;Lγ(𝕋N )), ϱu ∈ L∞(0,T ;L
2γ
γ+1 (𝕋N )), u ∈ L2(0,T ;W 1,2(𝕋N )).

In particular, these quantities are a priori determined only for a.a. t ∈ (0,T) and as
such cannot be interpreted as standard stochastic processes. Although one finds a
partial remedy by using the fact that ϱ, ϱu solve the evolutionary equations (3.7)–(3.8),
whence ℙ-a.s.

ϱ ∈ Cw(0,T ;Lγ(𝕋N )), ϱu ∈ Cw(0,T ;L
2γ
γ+1 (𝕋N )),

where the velocity u remains undetermined on the hypothetical vacuum zones
where ϱ vanishes. It seems therefore more convenient to interpret these fields as
random distributions as introduced in Section 2.2. Specifically, we may use the space
𝒟′((−∞,T) ×𝕋N ) extending ϱ, u (and ϱu) by their initial values:

ϱ(t, ⋅) = ϱ0, u(t, ⋅) = u0, ϱ0u0 = q0 for t ≤ 0. (3.18)
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As system (3.7)–(3.8) contains superpositions of these quantities with non-linear func-
tions, we shall always assume that ℙ-a.s.

ϱ,u ∈ L1loc(−∞,T ;L1(𝕋N )).

In particular, ϱ0,u0 ∈ L1(𝕋N ) and (3.18)makes sense.Moreover, in viewof Lemma 2.2.8
andCorollary 2.2.9, it is equivalent to consider ϱ,u and their initial values ϱ0,u0 either
as random distributions in L1(𝕋N ) or 𝒟′(𝕋N ).

This motivates the following definition of dissipative martingale solutions.

Definition 3.4.1 (Dissipative martingale solution). Let Λ = Λ(ϱ,q) be a Borel proba-
bility measure on L1(𝕋N ) × L1(𝕋N ) such that

Λ{ϱ ≥ 0} = 1, ∫
L1x×L1x
|∫
𝕋N
[ |q|

2

ϱ
+ P(ϱ)]dx|

r
dΛ(ϱ,q) <∞, (3.19)

where P(ϱ) is the pressure potential introduced in (3.12) and r ≥ 1 will be determined
below.

The quantity ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale solution
to (3.1)–(3.6) with the initial law Λ if:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

− ∫
T

0
𝜕tϕ∫
𝕋N

ϱψdxdt = ϕ(0)∫
𝕋N

ϱ0ψdx + ∫
T

0
ϕ∫
𝕋N

ϱu ⋅ ∇ψdxdt (3.20)

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋N ) ℙ-a.s.;
(6) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋N

ϱu ⋅φdxdt −ϕ(0)∫
𝕋N

ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋N
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

T

0
ϕ∫
𝕋N
𝕊(∇u) ∶ ∇φdxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

Gk(ϱ,ϱu) ⋅φdxdWk (3.21)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋N ) ℙ-a.s.;
(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)]dxdt + ∫

T

0
ϕ∫
𝕋N
𝕊(∇u) ∶ ∇udxdt
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≤ ϕ(0)∫
𝕋N
[ 1
2
ϱ0|u0|2 + P(ϱ0)]dx +

1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

Gk(ϱ,ϱu) ⋅ udxdWk , (3.22)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.;
(8) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ([0,T)) and all

ψ ∈ C∞(𝕋N ), we have ℙ-a.s.

−∫
T

0
𝜕tϕ∫
𝕋N

b(ϱ)ψdxdt = ϕ(0)∫
𝕋N

b(ϱ0)ψdx + ∫
T

0
ϕ∫
𝕋N

b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋N
(b′(ϱ)ϱ − b(ϱ))divuψdxdt. (3.23)

Equation (3.23) represents a renormalized variant of the equation of continuity.
Strictly speaking, it may be omitted in the definition, however, the solution we con-
struct will always enjoy this property.

3.4.2 Regularity properties of weak solutions

In Definition 3.4.1 we have tacitly assumed that all terms appearing in theweak formu-
lation including the stochastic integral in the momentum equation are well-defined.
Taking ψ = 1 in (3.20), we easily deduce the total mass conservation

∫
𝕋N

ϱ(t,x)dx = ∫
𝕋N

ϱ0(x)dx for any t ≥ 0.

Next, it follows from the energy inequality (3.22) that

∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx + ∫

τ

0
∫
𝕋N
𝕊(∇u) ∶ ∇udxdt

≤ ∫
𝕋N
[ 1
2
ϱ0|u0|2 + P(ϱ0)]dx +

1
2
∫
τ

0
∫
𝕋N

∞

∑
k=1

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt

+
∞

∑
k=1
∫
τ

0
∫
𝕋N

Gk(ϱ,ϱu) ⋅ udxdWk for a.a. τ ∈ (0,T) ℙ-a.s.

Indeed the time-dependent test functionsϕ in (3.22)maybe chosen to approximate the
characteristic function 1[0,τ]; whence the above relation holds in any Lebesgue point
of the function

τ↦∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx.

By virtue of hypothesis (3.13), we get

∫
τ

0
∫
𝕋N

∞

∑
k=1

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt ≲ ∫

τ

0

∞

∑
k=1

g2k ∫
𝕋N
(ϱ + ϱ|u|2)dxdt
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≲ ∫
τ

0
∫
𝕋N
(ϱ + ϱ|u|2)dxdt.

Similarly, we apply Burkholder–Davis–Gundy’s inequality to the stochastic integral,
obtaining

𝔼[ sup
t∈[0,τ]
|
∞

∑
k=1
∫
t

0
∫
𝕋N

Gk(ϱ,ϱu) ⋅ udxdWk|
r

]

≲ 𝔼[∫
τ

0

∞

∑
k=1
|∫
𝕋N

Gk(ϱ,ϱu) ⋅ udx|
2
dt]

r/2

≲ 𝔼[∫
τ

0
|∫
𝕋N
(ϱ + ϱ|u|2)dx|

2

dt]
r/2

.

Supposing r ≥ 2 in (3.19), we use Gronwall’s lemma to conclude

𝔼[( sup
t∈[0,T]
∫
𝕋N
[ 1
2
ϱ|u|2 + P(ϱ)]dx)

2
] +𝔼[(∫

T

0
∫
𝕋N
|∇u|2 dxdt)

2

] <∞. (3.24)

Going back to the equation of continuity, we deduce from (3.24)

ϱ ∈ C([0,T];W−b,2(𝕋N )), b > N
2
, in particular ϱ(0, ⋅) = ϱ0. (3.25)

Finally, we deduce from the momentum equation

∫
𝕋N

ϱu ⋅φ(τ)dx − ∫
𝕋N

ϱ0u0 ⋅φdx

= ∫
τ

0
∫
𝕋N
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

τ

0
∫
𝕋N
𝕊(∇u) ∶ ∇φdxdt

+
∞

∑
k=1
∫
τ

0
∫
𝕋N

Gk(ϱ,ϱu) ⋅φdxdWk .

Seeing that by (3.13)

𝔼[∫
τ

0
(
∞

∑
k=1
(∫
𝕋N

Gk(ϱ,ϱu) ⋅φdx)
2
)
p/2

dt] ≲ ‖φ‖pL∞x 𝔼[∫
τ

0
[‖ϱ‖L1x + ‖ϱu‖L1x ]

p dt],

we use Lemma 2.3.9 with p = 2r ≥ 4 to conclude

ϱu ∈ C([0,T];W−b,2(𝕋N )), b > N
2
, in particular ϱu(0, ⋅) = ϱ0u0. (3.26)

Remark 3.4.2. In view of the energy bounds (3.24), continuity of ϱ and ϱu can be
strengthened to

ϱ ∈ Cw([0,T];Lγ(𝕋N )), ϱu ∈ Cw([0,T];L
2γ
γ+1 (𝕋N )).
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Note that, by Hölder’s inequality,

‖ϱu‖
L

2γ
γ+1
x

≤ ‖ϱ‖1/2Lγx ‖ϱ|u|
2‖1/2L1x
.

As ϱ and u are random distributions adapted to (𝔉t)t≥0, we conclude that the time-
dependent stochastic processes ϱ, ϱu are (𝔉t)-progressively measurable; cf. Proposi-
tion 2.1.18.

The regularity properties of dissipative martingale solutions are summarized be-
low.

Proposition 3.4.3. Let Λ = Λ(ϱ,q) be a Borel probability measure on L1(𝕋N ) × L1(𝕋N )
satisfying (3.19) for some r ≥ 2. Suppose that γ > N

2 and

p(ϱ) = aϱγ , P(ϱ) = ϱ∫
ρ

1

p(z)
z2

dz.

Let ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) be a dissipative martingale solution to (3.1)–(3.6)with the
initial law Λ in the sense of Definition 3.4.1. Then:
(1) the density ϱ ∈ Cw([0,T];Lγ(𝕋N )) and the momentum ϱu ∈ Cw([0,T];L

2γ
γ+1 (𝕋N )) are

(𝔉t)-progressively measurable stochastic processes, where ℙ-a.s.

ϱ(0, ⋅) = ϱ0, ϱu(0, ⋅) = ϱ0u0;

(2) the functions ϱ, u enjoy the following properties:

𝔼[ sup
t∈[0,T]
‖ϱ(t)‖γrLγx] <∞, (3.27)

𝔼(∫
T

0
‖u‖2W 1,2

x
dt)

r

<∞, (3.28)

𝔼[ sup
t∈[0,T]
‖ϱu(t)‖

2γ
γ+1 r

L
2γ
γ+1
x

] <∞; (3.29)

(3) the equation of continuity

[∫
𝕋N

ϱψdx]
t=τ

t=0
= −∫

τ

0
∫
𝕋N

ϱu ⋅ ∇ψdxdt

holds for all τ ∈ [0,T] and any ψ ∈ C∞(𝕋N ) ℙ-a.s.;
(4) the momentum equation

[∫
𝕋N

ϱu ⋅φdx]
t=τ

t=0

= ∫
τ

0
∫
𝕋N
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

τ

0
∫
𝕋N
𝕊(∇u) ∶ ∇φdxdt
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+ ∫
τ

0
∫
𝕋N
𝔾(ϱ,ϱu) ⋅φdxdW (3.30)

holds for all τ ∈ [0,T] and anyφ ∈ C∞(𝕋N ) ℙ-a.s.

Remark 3.4.4. Note that the pressure potential P(ϱ) = ϱ∫ϱ1
p(z)
z2 dz may be replaced by

P(ϱ) = a
γ−1ϱ

γ , whichdiffers only by a linear function of ϱ. As the totalmass of the fluid is
conserved, thismakes nodifference in the energy inequality. Of course, the conclusion
of Proposition 3.4.3 remains valid for a more general pressure law

p(ϱ) ≈ ϱγ , p′(ϱ) ≥ 0 for large ϱ,

in particular monotonicity of the pressure is not needed. Under hypothesis (3.19) and
due to Remark 2.3.7 and the assumptions on the coefficient 𝔾, the stochastic integral
in (3.30) as well as (3.22) is a well-defined stochastic process with values inW−b,2(𝕋N )
and ℝ, respectively. In particular, the integrands possess an (𝔉t)-progressively mea-
surable representative. As discussed above, the conditions on ϱ and u already guar-
antee that𝔾(ϱ,ϱu) takes values in L2(𝔘;W−b,2(𝕋N )).

In Chapter 4, we prove existence of dissipative martingale solutions. The proof re-
lies on a multi-layer approximation scheme whose core follows the technique devel-
oped in [FNP01] in order to deal with the deterministic counterpart. Our proof makes
an essential use of the stochastic compactness method introduced in Section 2.6 and
in particular of the Jakubowski–Skorokhod representation Theorem 2.7.1. However, in
comparison with the existence result from [BH16], we present several modifications.
Most importantly, the energy inequality (3.22) originally introduced in [BFH17] is in-
cluded in the definition of a solution. This requires certain refinements of the com-
pactness argument.

Let us stress the importance of the energy inequality (3.22) appearing in Defini-
tion 3.4.1. Indeed, (3.22) is the key ingredient in order to establish the so-called rela-
tive energy inequality presented in Chapter 6. Thismay be viewed as a kind of distance
between a dissipative martingale solution of system (3.1)–(3.6) and a pair of arbitrary
(smooth) processes. As a consequence, it is possible to compare dissipativemartingale
solutionswith strong solutions (in the PDE sense) and to prove aweak–strong unique-
ness principle in Section 8.1. In addition, the relative energy inequality is employed in
Section 8.2 in order to establish an inviscid-incompressible limit of (3.1)–(3.6).

3.5 Stationary solutions

As the next step towards a better understanding of a compressible fluid flow subject to
stochastic perturbation, we are concerned with the existence of stationary solutions.
Generally speaking, stationary solutions of an evolutionary system provide an impor-
tant piece of information concerning the behavior in the long run. For systems with a
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background in classical fluid mechanics, stationary solutions typically minimize the
entropy production andplay the role of an attractor, at least for energetically insulated
fluid flows; see, e.g., [FP10].

The principal question arising in the context of randomly driven systems is the
existence of a stochastic steady state solution for the system. Earlier results in this
direction concern the incompressible case: Flandoli [Fla94] proved existence of an in-
variantmeasure by the “remote start”method in the two-dimensional case. This result
has been extended in a few papers, for instance in Goldys–Maslowski [GM06, GM05],
where existence of an invariantmeasure is shownby themethod of embeddedMarkov
chain theory, which also verifies the exponential speed of convergence to the invari-
ant measure. A different approach has been adopted by Hairer–Mattingly [HM06], in
which case a slightly weaker convergence result (implying, however, the uniqueness
of invariant measure) has been shown under much weaker conditions on the non-
degeneracy of the noise. Brzeźniak et al. [BMO15] proved the existence of an invariant
measure for a two-dimensional Navier–Stokes equation on unbounded domain by a
compactness method in the weak bw-topology.

In the three-dimensional case, much less is known regarding incompressible flu-
ids. The problems here appear already on the level of the Markov property induced
by the equation as uniqueness is unknown. A transition Markov semi-group has
been constructed in the papers by Da Prato–Debussche [DPD03, DPD08], provided
the noise term is sufficiently rough in space. A different approach was adopted by
Flandoli–Romito [FR08], who used the classical Stroock–Varadhan type argument
to find a suitable Markov selection and construct a semi-group. The transition semi-
group is shown to be exponentially ergodic (under appropriate conditions on the
noise term) by the same arguments as in Goldys–Maslowski [GM06]. However, the
uniqueness of the Markov transition semi-group has not been proved so far.

In the absence of the Markov property (i.e., in the situation where the concept
of invariant measure as a steady state is not well-defined), it is possible to work di-
rectly with stationary solutions, i.e., with solutions which are stationary stochastic
processes. In the pioneering paper by Flandoli–Ga̧tarek [FG95], existence of such sta-
tionary solutions has been shown in the three-dimensional incompressible case by
means of finite-dimensional approximations. A generalization to less regular noise
on the whole space ℝN was given by Brzeźniak–Ferrario [BF17], where existence
of an invariant measure was proved if N = 2 and existence of a stationary solution
if N = 3.

Our goal is to establish the existence of global-in-time solutions to system (3.1)–
(3.6) that are stationary in the stochastic sense. To this end, we use a direct method
based on the multi-layer approximation scheme presented in Chapter 4. Let us recall
that two notions of stationarity were introduced in Section 2.11, namely stationarity of
stochastic processes and stationarity of random variables taking values in a space of
space-time distributions, i.e., random distributions as introduced in Definition 2.2.1.
Due to the specific structure of the Navier–Stokes system (3.1)–(3.6), the concept of
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stationarity must be chosen accordingly. Motivated by Definition 2.11.2, we adapt the
concept introduced in the context of incompressible viscous fluids byRomito [Rom10];
cf. also the approach proposed by Itô–Nisio [IN64]. As above,𝒮τ denotes the time shift
on the space of trajectories given by 𝒮τφ(t) = φ(t + τ).

Definition 3.5.1. A dissipative martingale solution [ϱ,u,W] to (3.1)–(3.6) is called sta-
tionary, provided the joint law of the time shift [𝒮τϱ,𝒮τu,𝒮τW −W(τ)] on

L1loc(0,∞;Lγ(𝕋3)) × L1loc(0,∞;W 1,2(𝕋3)) × Cloc([0,∞);𝔘0)

is independent of τ ≥ 0.

Remark 3.5.2. Equivalently, we may say that, for all ℓ ∈ ℕ, the law of the random
distribution [ϱ,u,W1,… ,Wℓ] in𝒟′((0,∞)×𝕋3;ℝℓ+4) coincideswith the law of its time
shift [𝒮τϱ,𝒮τu,𝒮τW1 −W1(τ),… ,𝒮τWℓ −Wℓ(τ)] for any τ ≥ 0.

Note that, trivially,𝒮τW(⋅)−W(τ) =W(⋅+τ)−W(τ) is a cylindricalWiener process.
The Wiener process was included in Definition 3.5.1 to point out that the joint law of
[ϱ,u,W] is shift invariant.

In accordance with the discussion in Section 2.11 and in particular due to Corol-
lary 2.11.8, if [ϱ,u,W] is a stationary dissipativemartingale solution of (3.1)–(3.6), then
the stochastic process [ϱ,ϱu] is stationary on Lγ(𝕋3) × L

2γ
γ+1 (𝕋3) in the sense of Defini-

tion 2.11.1, whereas u is only weakly stationary in the sense of Definition 2.11.2.
In Chapter 7, we establish existence of a stationary dissipative martingale solu-

tion with prescribed total mass ∫
𝕋3
ϱ(t,x)dx = M0 for all t ∈ [0,∞), where M0 > 0 is

a deterministic constant. As mentioned above, the proof is based on the approxima-
tion scheme fromChapter 4.More specifically, the stationary solutions are constructed
at the very basic approximation level using the Krylov–Bogoliubov method (see Sec-
tion 2.12). The final result is obtained by means of delicate global-in-time estimates
and a combination of deterministic and stochastic compactness methods.
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4 Global existence
This chapter is devoted to the proof of existence of global-in-time dissipative martin-
gale solutions to the barotropic Navier–Stokes system

dϱ + div (ϱu)dt = 0, (4.1)
d(ϱu) + div (ϱu ⊗ u)dt + ∇p(ϱ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW . (4.2)

For definiteness, we focus on the most complex and physically relevant case N = 3.
The same proof applies to N = 1, 2 with obvious modifications. In addition, the crit-
ical values of certain parameters, notably the adiabatic exponent γ, can be slightly
improved. The density ϱ and the velocity u are random variables ranging in a suit-
able path space of functions defined on a finite time interval [0,T] and periodic with
respect to the spatial variable x ∈𝕋3.

Equation (4.2) includes a cylindrical Wiener process W = (Wk)k∈ℕ, defined on
a complete probability space (Ω,𝔉,ℙ) with a complete right-continuous filtration
(𝔉t)t≥0. We study (4.1)–(4.2) in the context of dissipative martingale solutions intro-
duced in Section 3.4.1. As uniqueness of solutions is an outstanding open problem
even at the deterministic level, the existence of strong solutions (in the stochastic
sense) defined on a given probability space is apparently out of reach for the available
analytical tools. We have to content ourselves with martingale solutions, where the
probability space (Ω,𝔉,ℙ) and the Wiener processW are not a priori given and form
an integral part of the solution together with the fields ϱ, u. Accordingly, the solu-
tions we look for are weak in the PDE sense (satisfying the underlying equations in
the sense of generalized derivatives) as well as in the probability sense. In addition,
solutions will satisfy a certain form of total energy balance.

For the sake of convenience, we recall the definition of a dissipative martingale
solution from Section 3.4.1.

Definition 4.0.1. Let Λ = Λ(ϱ,q) be a Borel probability measure on L1(𝕋3) × L1(𝕋3)
such that

Λ{ϱ ≥ 0} = 1, ∫
L1x×L1x
|∫
𝕋3
[
|q|2

ϱ
+ P(ϱ)]dx|

r
dΛ(ϱ,q) <∞,

where the pressure potential is given by

P(ϱ) = ϱ∫
ϱ

1

p(z)
z2

dz

and r ≥ 1.
The quantity ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale solution

to the Navier–Stokes system (4.1)–(4.2) with the initial law Λ if:

https://doi.org/10.1515/9783110492552-004
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(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

−∫
T

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ϕ(0)∫

𝕋3
ϱ0ψdx + ∫

T

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdxdt

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.;
(6) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
Gk(ϱ,ϱu) ⋅φdxdWk (4.3)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.;
(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)]dxdt + ∫

T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ ϕ(0)∫
𝕋3
[ 1
2
ϱ0|u0|2 + P(ϱ0)]dx +

1
2
∫
T

0
ϕ∫
𝕋3

∞

∑
k=1

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
Gk(ϱ,ϱu) ⋅ udxdWk

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.;
(8) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ([0,T)) and all

ψ ∈ C∞(𝕋3), we have ℙ-a.s.

−∫
T

0
𝜕tϕ∫
𝕋3
b(ϱ)ψdxdt = ϕ(0)∫

𝕋3
b(ϱ0)ψdx + ∫

T

0
ϕ∫
𝕋3
b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋3
(b′(ϱ)ϱ − b(ϱ))divuψdxdt.

The main objective of this chapter is to show the following existence result.

Theorem 4.0.2. Let

p(ϱ) = aϱγ , a > 0, γ > 3
2
.

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



4 Global existence | 103

Let Λ be a Borel probability measure defined on the space L1(𝕋3) × L1(𝕋3) such that

Λ{ϱ ≥ 0} = 1, Λ{0 < ϱ ≤ ∫
𝕋3
ϱdx ≤ ϱ <∞} = 1,

for some deterministic constants ϱ, ϱ and

∫
L1x×L1x
|∫
𝕋3
[ 1
2
|q|2

ϱ
+ P(ϱ)]dx|

r
dΛ ≲ 1, P(ϱ) = ϱ∫

ϱ

1

p(z)
z2

dz,

for some r ≥ 4. Let the diffusion coefficients𝔾 =𝔾(x,ϱ,q) be continuously differentiable
satisfying (3.13) and (3.14).

Then there is a dissipative martingale solution to (4.1)–(4.2) in the sense of Defini-
tion 4.0.1.

Remark 4.0.3. – The moments of the initial law are transferred in a standard way
from the initial datum to the solution; see Proposition 3.4.3. The assumption r ≥ 4
in Theorem 4.0.2 is needed in order to estimate the L2x -norm of u; see estimate
(4.88). Due to the periodic boundary conditions, we do not have Poincaré’s in-
equality at hand. This drawback can be overcomewhenworking under the no-slip
boundary condition.

– As already pointed out, the specific form of the pressure is taken only for the sake
of simplicity. A general pressure density state equation can be considered as long
as (i) the pressure is a non-decreasing function of the density and (ii) p(ϱ) ≈ ϱγ ,
γ > 3

2 for large ϱ. As a matter of fact, monotonicity of the pressure is not really
necessary; see [Fei02].

– The spatial domain is a periodic flat torus. We claim that the same result can be
shown on a bounded spatial domain endowed with the no-slip boundary condi-
tion for the velocity (cf. Smith [Smi15]) and also on the whole space ℝ3 (see Men-
sah [Men16]).

– If N = 1, 2, the result holds for γ ≥ 1 and γ > 1, respectively.
– The driving force can be augmented by a deterministic component ϱ(t,x)f(t,x)dt.

The standard approach to solve non-linear PDEs starts with a finite-dimensional
approximation of Galerkin-type. Unfortunately, this can only be applied to the mo-
mentum equation (4.2) since we need the density ϱ to be positive at the first level of
approximation. Positivity of ϱ results from the maximum principle, where the latter
is usually incompatible with a Galerkin type approximation. It seems therefore more
convenient to apply the artificial viscositymethod, adding diffusive terms to both (4.1)
and (4.2). Thus we are led to study the following approximate system:

dϱ + div (ϱu)dt = εΔϱdt, (4.4)
d(ϱu) + div (ϱu ⊗ u)dt + ∇pδ(ϱ)dt = εΔ(ϱu)dt + div𝕊(∇u)dt +𝔾ε(ϱ,ϱu)dW , (4.5)
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where pδ(ϱ) = p(ϱ) + δ(ϱ + ϱΓ) with Γ ≥max{6,γ}. In addition, certain cut-off operators
will be applied to avoid other technical difficulties in the existence proof. The term
εΔ(ϱu) is added to the momentum equation to maintain the energy balance. In order
to ensure that the term εΔϱ in (4.4) converges to zero in the vanishing viscosity limit,
the artificial pressure δ(ϱ+ϱΓ) is needed (it implies higher integrability of ϱ and also a
better control near vacuum regions). It yields an estimate for√ε∇ϱwhich is uniformly
in ε by (4.4). For technical reasons we also employ an approximation of the noise co-
efficient; see (4.8) below. The aim is to pass to the limit first in ε→ 0 and subsequently
in δ→ 0. However, in order to solve (4.4)–(4.5) for ε > 0 and δ > 0 fixed, we need two
additional approximation layers.

In particular, we employ a stopping time technique to establish the existence of a
unique solution to a finite-dimensional approximation of (4.4)–(4.5). We gain the so-
called Faedo–Galerkin approximation, on each random time interval [0,τR), where
the stopping time τR cuts the norms of certain quantities if they reach the value R. It
is then shown that the blow-up cannot occur in a finite time, so letting R→∞ gives
a unique solution to the Faedo–Galerkin approximation on the whole time interval
[0,T]. The solutions to the Faedo–Galerkin approximation will be constructed in the
space of trigonometric polynomials of orderm. To be precise, let

Hm = {v = ∑
m,maxj=1,2,3 |mj|≤m

[am cos(πm ⋅ x) + bm sin(πm ⋅ x)] | am, bm ∈ℝ}
3
,

endowed with the Hilbert structure of the Lebesgue space L2(𝕋3). Let

Πm ∶ L2(𝕋3) →Hm

be the associated L2-orthogonal projection. For f ∈ L1(𝕋3), the projectionΠm[f ] repre-
sents themth cubic partial sum of the Fourier series of f . In particular,

‖Πm[f ]‖Wk,p
x
≤ c(k,p)‖f ‖Wk,p

x
,

Πm[f ] → f inWk,p(𝕋3) asm→∞ k ∈ℕ0, 1 < p <∞, (4.6)

whenever f ∈Wk,p(𝕋3); see Section 1.7 andGrafakos [Gra08, Chapter 3]. AsHm is finite-
dimensional, all norms are equivalent for a fixedm – a property that will be frequently
used at the first level of approximation. We introduce a cut-off function,

χ ∈ C∞(ℝ), χ(z) =
{{
{{
{

1 for z ≤ 0,
χ′(z) ≤ 0 for 0 < z < 1,
χ(z) = 0 for z ≥ 1,

together with the operators

[v]R = χ(‖v‖Hm
− R)v, defined for v ∈Hm.
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Similarly, we consider a suitable approximation of the diffusion coefficients. It is con-
venient to introduce 𝔽 = (Fk)k∈ℕ by

Fk(ϱ,v) =
Gk(ϱ,ϱv)

ϱ
.

Note that, in accordance with hypotheses (3.13)–(3.14), the functions Fk satisfy

Fk ∶𝕋3 × [0,∞) ×ℝ3→ℝ3, Fk ∈ C1(𝕋3 × (0,∞) ×ℝ3)

and there exist constants (fk)k∈ℕ ⊂ [0,∞) such that

‖Fk(⋅, ⋅,0)‖L∞x,ϱ + ‖∇vFk‖L∞x,ϱ,v ≤ fk ,
∞

∑
k=1

f 2k <∞. (4.7)

Finally, we define the noise coefficient𝔾ε = (Gk,ε)k∈ℕ appearing in (4.5) by

Gk,ε(ϱ,q) = ϱFk,ε(ϱ,
q
ϱ
), (4.8)

where

Fk,ε(ϱ,v) = χ(
ε
ϱ
− 1)χ(|v| − 1

ε
)Fk(ϱ,v). (4.9)

Consequently, there exist constants (fk,ε)k∈ℕ ⊂ [0,∞) such that

‖Fk,ε‖L∞x,ϱ,v + ‖∇ϱ,vFk,ε‖L∞x,ϱ,v ≤ fk,ε ,
∞

∑
k=1

f 2k,ε <∞, (4.10)

with a bound depending on ε. The basic approximate problem reads

dϱ + div (ϱ[u]R)dt = εΔϱdt, (4.11)
dΠm[ϱu] + Πm[div (ϱ[u]R ⊗ u)]dt +Πm[χ(‖u‖Hm

− R)∇pδ(ϱ)]dt

= Πm[εΔ(ϱu) + div𝕊(∇u)]dt +Πm[ϱΠm[𝔽ε(ϱ,u)]]dW , (4.12)

where 𝔽ε = (Fk,ε)k∈ℕ. System (4.11)–(4.12) shall be solved in the space-time cylinder
[0,T] ×𝕋3, with the following prescribed initial data:

ϱ(0) = ϱ0 ∈ C2+ν(𝕋3), ϱ0 > 0, u(0) = u0 ∈Hm, ℙ-a.s. (4.13)

In (4.11)–(4.12) we recognize the artificial viscosity terms εΔϱ, εΔ(ϱu), pressure regu-
larization δ(ϱ + ϱΓ) as well as the cut-off operators applied to various quantities. Note
that equation (4.11) is deterministic, meaning it can be solved pathwise, while (4.12)
involves stochastic integration.
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We adopt the following strategy:
(1) The Galerkin projection applied in (4.12) reduces the problem to an ordinary

stochastic differential equation. Accordingly, system (4.11)–(4.13) can be solved
by means of a simple iteration scheme. This is the objective of Section 4.1. In ad-
dition, the approximate solutions satisfy the associated energy balance which in
turn yields uniform bounds necessary to carry out the asymptotic limits R→∞,
m→∞, ε→ 0, and δ→ 0.

(2) In Section 4.2, we establish existence to the Galerkin approximation by sending
R→∞. Since this parameter only governs the corresponding cut-off operators,
we first solve the system on each random time interval [0,τR) and the passage to
the limit relies on a stopping time argument showing that a blow-up cannot occur
in a finite time, i.e., τR→ T ℙ-a.s.

(3) In Section 4.3, we perform the limit m→∞ while keeping the remaining param-
eters ε > 0 and δ > 0 fixed. Thanks to the regularization effect of the artificial vis-
cosity, this is a relatively routine matter based on suitable uniform bounds and
application of probabilistic methods, notably the Skorokhod representation the-
orem.

(4) The artificial viscosity limit ε → 0 is more delicate. Similarly to the determinis-
tic case, the fundamental issue is compactness of the approximate densities for
which only uniform Lp-bounds are available. The limit passage, discussed in Sec-
tion 4.4, combines the deterministic method based on the analysis of the effective
viscous flux and the stochastic compactness method based on the extension of
Skorokhod’s theorem due to Jakubowski.

(5) Finally, in Section 4.5, we eliminate the artificial pressure letting δ→ 0. Similarly
to the preceding steps, themethod leans on a combination of the deterministic ap-
proach, here based on the concept of oscillation defectmeasure, and Jakubowski’s
extension of the Skorokhod representation theorem.

Remark 4.0.4. We point out that, in view of Theorem 2.7.1 and the discussion in Re-
mark 2.3.7, the dissipative martingale solution constructed in Theorem 4.0.2 is de-
fined on the standard probability space ([0, 1],𝔅([0, 1]),𝔏) with the complete right-
continuous and non-anticipative filtration

σ(σt[ϱ] ∪ σt[u] ∪
∞

⋃
k=1

σt[W]), t ∈ [0,T].

The same applies to the martingale solutions on the approximation levels in Sec-
tion 4.1, Section 4.3, and Section 4.4. To summarize, in every approximation step we
may assume without loss of generality that the corresponding approximate solutions
constructed on the previous level are all defined on the same probability space, there
is no need to specify the filtration, and we can always consider the joint history of
[ϱ,u,W].
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In order to conclude this introductory part, let us recall the issue arising in the
passage to the limit in the stochastic integral within the stochastic compactness
method, namely, to show convergence of a sequence of stochastic integrals driven
by a sequence of Wiener processes. One possibility is to pass to the limit directly
using Lemma 2.6.6. Alternatively, one may rely on the elementary approach from
Lemma 2.6.8.

4.1 Solvability of the basic approximate problem

As the first step towards the proof of our main existence result, Theorem 4.0.2, we es-
tablish existence of a unique solution to the basic approximate problem (4.11)–(4.12).
The proof relies on a simple iteration scheme which approximates (4.11)–(4.12). The
corresponding limit procedure then employs the stochastic compactness method (see
Section 2.6). Therefore, we obtain existence of a martingale solution to (4.11)–(4.12).
Furthermore, at this stage, evenpathwise uniqueness holds true and as a consequence
wemay apply themethod of Gyöngy–Krylov from Section 2.10 to deduce existence of a
unique pathwise solution, that is, a solutionwhich is strong in the probabilistic sense.
However, let us point out that this argument only applies to the basic approximation
level as uniqueness is lost at the subsequent limits for ε→ 0 and δ→ 0.

To begin with, let us specify what we exactly mean by a martingale solution to
(4.11)–(4.12). On this level we require smooth solutions to the continuity equation.
Consequently we work with rather strong assumptions on the initial law (of ϱ). These
assumptions will later be relaxed by a suitable approximation procedure.

Definition 4.1.1. Let Λ be a Borel probability measure on C2+ν(𝕋3) × Hm. Then
((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called amartingale solution to (4.11)–(4.12) with the initial
law Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ is (𝔉t)-adapted, belongs to C([0,T];C2+ν(𝕋3)), and satisfies ϱ > 0
ℙ-a.s.;

(4) the velocity field u is (𝔉t)-adapted and belongs to C([0,T];Hm) ℙ-a.s.;
(5) there exists an 𝔉0-measurable random variable [ϱ0,u0] such that Λ =ℒ[ϱ0,u0];
(6) the approximate equation of continuity

𝜕tϱ + div (ϱ[u]R) = εΔϱ (4.14)

holds in (0,T) ×𝕋3 ℙ-a.s. and we have ϱ(0) = ϱ0 ℙ-a.s.;
(7) the approximate momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx
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= ∫
T

0
ϕ∫
𝕋3
[ϱ[u]R ⊗ u ∶ ∇φ + χ(‖u‖Hm − R)pδ(ϱ)divφ]dxdt

− ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇φ − εϱu ⋅ Δφ]dxdt

+ ∫
T

0
ϕ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅φdxdW (4.15)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈Hm ℙ-a.s.

Remark 4.1.2. As the processes ϱ, u are (𝔉t)-adapted and continuous, the com-
position ϱΠm[𝔽ε(ϱ,u)] is progressively measurable as a mapping ranging in L2(𝔘,
W−b,2(𝕋3)) with b > 3

2 and the stochastic integral is well-defined. Indeed, by virtue of
(4.10) and in accordance with (4.6),

‖Πm[ϱΠm[Fk,ε(ϱ,u)]]‖Hm
≲ ‖ϱΠm[Fk,ε(ϱ,u)]‖W−b,2x

≲ ‖ϱΠm[Fk,ε(ϱ,u)]‖L1x
≲ ‖ϱ‖LΓx ‖Fk,ε(ϱ,u)‖LΓ′x
≲ c(ε)‖ϱ‖LΓx fk,ε ,

1
Γ
+ 1
Γ′
= 1, (4.16)

and the proportionality constant does not depend on m. As we shall see below, the
right hand side of (4.16) will be controlled by the initial data.

Ourmain goal in this section is to prove the following result concerning solvability
of the approximate problem (4.11)–(4.12).

Theorem 4.1.3. Let Λ be a Borel probability measure on C2+ν(𝕋3) ×Hm such that

Λ{0 < ϱ ≤ ϱ, ‖ϱ‖C2+νx
≤ ϱ} = 1, ∫

C2+νx ×Hm

‖v‖rHm
dΛ[ϱ,v] ≤ u (4.17)

for some deterministic constants ϱ, ϱ, u and some r > 2. Then the approximate problem
(4.11)–(4.12) admits a martingale solution in the sense of Definition 4.1.1. The solution
satisfies in addition

esssupt∈[0,T](‖ϱ(t)‖C2+νx
+ ‖𝜕tϱ(t)‖Cνx + ‖ϱ

−1(t)‖C0x ) ≤ c ℙ-a.s., (4.18)

𝔼[ sup
τ∈[0,T]
‖u(τ)‖rHm

] ≤ c(1 +𝔼[‖u0‖rHm ]), (4.19)

with a constant c = (m,R,T ,ϱ,ϱ).

4.1.1 Iteration scheme

Solutions to problem (4.11)–(4.12) will be constructed by means of a modification of
the Cauchy collocation method. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochastic basis with a com-
plete right-continuous filtration andW be a cylindrical (𝔉t)-Wiener process. Consider
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an 𝔉0-measurable initial datum (ϱ0,u0) with law Λ existence of which follows from
Corollary 2.6.4. As a consequence of (4.17), we have

ϱ0 ≥ ϱ > 0, ‖ϱ0‖C2+ν(𝕋3) ≤ ϱ ℙ-a.s. for some deterministic constants ϱ, ϱ,

𝔼[‖u0‖rHm
] ≤ u for some deterministic constant u, and some r > 2.

(4.20)

Fixing a time step h > 0, we set

ϱ(t) = ϱ0, u(t) = u0 for t ≤ 0, (4.21)

and define recursively

𝜕tϱ + div (ϱ(t)[u(nh)]R) = εΔϱ(t), t ∈ [nh, (n + 1)h),
ϱ(nh) = ϱ(nh−) ∶= lim

s↑nh
ϱ(s) (4.22)

and

dΠm(ϱu) + Πm[div (ϱ(t)[u(nh)]R ⊗ u(nh))]dt
+Πm[χ(‖u(nh)‖Hm

− R)∇pδ(ϱ(t))]dt

= Πm[εΔ(ϱ(t)u(nh)) + div𝕊(∇u(nh))]dt
+Πm[ϱ(t)Πm[𝔽ε(ϱ(nh),u(nh))]]dW , t ∈ [nh, (n + 1)h), (4.23)

where u(nh) = u(nh−) ∶= lims↑nh u(s) and n ∈ {0, ..., ⌊h−1T⌋}. Note that the velocity on
the right hand side of (4.22)–(4.23) is always frozen at the time nh, whereas the density
is evaluated at time t everywhere except for the stochastic integral. In order to see that
(4.22)–(4.23) define a simple iteration scheme, it is convenient to rewrite (4.23) in terms
of du. To this end, we introduce (for a given function ϱ) the linear mapping ℳ[ϱ],

ℳ[ϱ] ∶Hm→Hm, ℳ[ϱ](v) = Πm(ϱv),

or, equivalently,

∫
𝕋3

ℳ[ϱ]v ⋅φdx ≡ ∫
𝕋3
ϱv ⋅φdx for allφ ∈Hm.

The operator ℳ has been introduced in [FNP01, Section 2.2], where one can also find
the following properties. ℳ[ϱ] is invertible and we have

‖ℳ−1[ϱ]‖ℒ(H∗m,Hm)
≤ ( inf

x∈𝕋3
ϱ)
−1
, (4.24)

as long as ϱ is bounded below away from zero, and, clearly,

ℳ−1[ϱ](Πm[ϱv]) = v for any v ∈Hm.
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Let us finally mention that

‖ℳ−1[ϱ] −ℳ−1[ϱ]‖ℒ(H∗m,Hm)
≤ c(m,ϱ)‖ϱ1 − ϱ2‖L1x , (4.25)

provided both ϱ1 and ϱ2 are bounded from below by some positive constant ϱ. Accord-
ingly, relation (4.23) can be written in the form

u(t) −ℳ−1[ϱ(t)]ϱu(nh)

+ℳ−1[ϱ(t)]∫
t

nh
Πm[div (ϱ(s)[u(nh)]R ⊗ u(nh))]ds

+ℳ−1[ϱ(t)]∫
t

nh
Πm[χ(‖u(nh)‖Hm

− R)∇pδ(ϱ(s))]ds

=ℳ−1[ϱ(t)]∫
t

nh
Πm[εΔ(ϱ(s)u(nh)) + div𝕊(∇u(nh))]ds

+ℳ−1[ϱ(t)]∫
t

nh
ϱ(s)Πm[𝔽ε(ϱ(nh),u(nh))]dW , t ∈ [nh, (n + 1)h), (4.26)

where ϱ is given by (4.22). The iteration scheme (4.22), (4.26) provides a unique solu-
tion for any initial data (4.21). Indeed, as u(nh) ∈ Hm is a smooth function, equation
(4.22) admits a unique solution for the initial datum ϱ(nh). Moreover, as a direct con-
sequence of the parabolic maximum principle from TheoremA.2.5, ϱ remains positive
as long as the initial datum ϱ(nh) is positive. We therefore infer that (4.21)–(4.23) give
rise to uniquely determined functions ϱ, u which are progressively (𝔉t)-measurable
and satisfy

ϱ ∈ C([0,T];C2+ν(𝕋3)), ϱ > 0, u ∈ C([0,T];Hm) ℙ-a.s.,

and solve (4.21)–(4.23) for any n ∈ℕ, ℙ-a.s.

4.1.2 The limit for vanishing time step

Our next goal is to let h→ 0 in (4.21)–(4.23) in order to obtain a solution to the approx-
imate problem (4.11)–(4.12). This step leans essentially on suitable uniform bounds
independent of h.

4.1.2.1 Regularity for the viscous approximation of the equation of continuity
For simplicity of notation, we shall write

[v]h = v(nh, ⋅), [v]h,R(t, ⋅) = [v(nh, ⋅)]R for t ∈ [nh, (n + 1)h), n ∈ℕ.

As all norms are equivalent on the finite-dimensional space Hm, we get

‖[u]h,R‖W l,∞
x
≤ c(l,m,R) uniformly for h > 0 and t ∈ [0,T].
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Consequently, the approximate equation of continuity (4.22) admits a unique regular
solution, the smoothness of which is determined by the initial data; cf. TheoremA.2.3.
In particular, the solution ϱ belongs to the class

ϱ ∈ C([0,T];C2+ν(𝕋3)), 𝜕tϱ ∈ L∞(0,T ;Cν(𝕋3)) (4.27)

as soon as ϱ0 ∈ C2+ν(𝕋3) for some ν > 0. In addition, the standard parabolic maximum
principle (Theorem A.2.5) yields

0 < r(t,m,R)min
𝕋3

ϱ0 ≤ ϱ(t, ⋅) ≤ r(t,m,R)max
𝕋3

ϱ0 for all t ∈ [0,T], (4.28)

and some constants r(t,m,R), r(t,m,R) > 0.

Remark 4.1.4. As the regularized velocity [u]h,R is only piecewise continuous, the
same is true for 𝜕tϱ. In general, we do not expect 𝜕tϱ ∈ C([0,T];Cν(𝕋3)).

Note carefully that ϱ is bounded in the aforementioned spaces only in terms of
the initial datum ϱ0, meaning that no probabilistic averaging has been applied. In
particular, recalling (4.28), we infer

esssupt∈[0,T](‖ϱ(t)‖C2+νx
+ ‖𝜕tϱ(t)‖Cνx + ‖ϱ

−1(t)‖C0x ) ≤ c, (4.29)

with a deterministic constant c = c(m,R,T ,ϱ,ϱ), whenever

0 < ϱ ≤ ϱ0, ‖ϱ0‖C2+νx
≤ ϱ ℙ-a.s. (4.30)

for some deterministic constants ϱ, ϱ.

4.1.2.2 Bounds on the approximate velocities
As a first step we are going to derive estimates for the velocity which are uniform
in h. We will systematically use the fact that all norms are equivalent on the finite-
dimensional spaceHm. It follows from (4.23) and the equivalence of norms onHm that,
uniformly in h,

∫
𝕋3
ϱu(τ) ⋅φdx ≲ ‖u0‖Hm

+ ∫
τ

0
sup
0≤s≤t
‖u‖Hm

dt + T

+ ‖∫
τ

0
Πm[ϱΠm[𝔽ε(ϱ,u)]h]dW‖

Hm

for any φ ∈ Hm, ‖φ‖Hm ≤ 1, whenever 0 ≤ τ ≤ T . Here we take into account (4.29)
and the definition of χ as well as the cut-off [⋅]R. Consequently, taking the supremum
overφ, we obtain

‖Πm[ϱu](τ)‖Hm

≲ ‖u0‖Hm
+ ∫

τ

0
sup
0≤s≤t
‖u‖Hm

dt + T + ‖∫
τ

0
Πm[ϱΠm[𝔽ε(ϱ,u)]h]dW‖

Hm
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and

‖Πm[ϱu](τ)‖
r
Hm

≲ [‖u0‖rHm
+ ∫

τ

0
sup
0≤s≤t
‖u‖rHm

dt + 1 + ‖∫
τ

0
Πm[ϱΠm[𝔽ε(ϱ,u)]h]dW‖

r

Hm

]

uniformly in h for all 0 ≤ τ ≤ T and for any r ≥ 1 with a constant c = c(m,R,T ,ϱ,ϱ, r).
Finally, we pass to expectations and apply Burkholder–Davis–Gundy’s inequality and
(4.16) to control the last integral, obtaining

𝔼[ sup
0≤t≤τ
‖Πm[ϱu](t)‖

r
Hm
] ≲ 𝔼[‖u0‖rHm

] + ∫
τ

0
𝔼[ sup

0≤s≤t
‖u‖rHm
]dt + 1

+𝔼[∫
τ

0

∞

∑
k=1
‖Πm[ϱΠm[[Fk,ε(ϱ,u)]h]]‖

2
Hm

dt]
r/2

≲ 𝔼[‖u0‖rHm
] + ∫

τ

0
𝔼[ sup

0≤s≤t
‖u‖rHm
]dt + 1 +𝔼[∫

τ

0
‖ϱ(t)‖2LΓx

∞

∑
k=1

f 2k,ε dt]
r/2

≲ 𝔼[‖u0‖rHm
] + ∫

τ

0
𝔼[ sup

0≤s≤t
‖u‖rHm
]dt + 1 (4.31)

uniformly in h. Here, we have used the uniform bounds for the density obtained in
(4.29) and boundedness of the approximated noise coefficients (4.10). Moreover, see-
ing that

u =ℳ−1[ϱ][Πm[ϱu]],

we use again the bounds (4.29) and (4.30) to conclude

‖Πm[ϱu]‖Hm
≲ ‖u‖Hm

≲ ‖Πm[ϱu]‖Hm
,

where the constants in ≲ depend only on ϱ, ϱ; cf. (4.24). Consequently, a direct appli-
cation of Gronwall’s lemma gives rise to the following estimate:

𝔼[ sup
τ∈[0,T]
‖Πm[ϱu](τ)‖

r
Hm
] +𝔼[ sup

τ∈[0,T]
‖u(τ)‖rHm

]

≲ c(m,R,T ,ϱ,ϱ, r)(1 +𝔼[‖u0‖rHm ]), r ≥ 1, (4.32)

uniformly in h.

4.1.2.3 Hölder continuity of approximate velocities
In addition to the uniform bound (4.32) we will need compactness of the approximate
velocities in the spaceC([0,T];Hm).Moreover,wehave to control thedifferenceu−[u]h
uniformly in time. To this end, estimates on themodulus of continuity ofu are needed.
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Evoking (4.23), we obtain

∫
𝕋3
[ϱu(τ1, ⋅) − ϱu(τ2, ⋅)] ⋅φdx

= ∫
τ2

τ1
∫
𝕋3
(ϱ[u]h,R ⊗ [u]h) ∶ ∇φdxdt

+ ∫
τ2

τ1
∫
𝕋3
χ(‖[u]h‖Hm

− R)pδ(ϱ)divφdxdt

+ ∫
τ2

τ1
∫
𝕋3
εϱ[u]h ⋅ Δφdxdt − ∫

τ2

τ1
∫
𝕋3
𝕊(∇[u]h) ∶ ∇φdxdt

+ ∫
τ2

τ1
∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)]h ⋅φdxdW ,

for any φ ∈ Hm, 0 ≤ τ1 < τ2. With the bound (4.32) at hand, we repeat the arguments
leading to (4.31) to obtain

𝔼[‖Πm[ϱu(τ1) − ϱu(τ2)]‖
r
Hm
] ≲ |τ1 − τ2|r/2(1 +𝔼‖u0‖rHm

), r ≥ 1,

uniformly in hwhenever 0 ≤ τ1 < τ2 ≤ T, |τ1−τ2| ≤ 1with a constant c = c(m,R,T ,ϱ,ϱ, r).
Thus, for r > 2, we apply the Kolmogorov continuity criterion, Theorem 2.3.11, to con-
clude that (up to a modification) Πm[ϱu] has ℙ-a.s. β-Hölder continuous trajectories
for all β ∈ (0, 12 −

1
r ). In addition, we have

𝔼[‖Πm[ϱu]‖
r
Cβt Hm
] ≤ c(r,T)(1 +𝔼‖u0‖rHm

), r > 2,

uniformly in h. Recalling the relation

u =ℳ−1[ϱ]Πm[ϱu],

the boundedness of ϱ from (4.29) and (4.24), we infer

𝔼[‖u‖rCβt Hm
] ≲ (1 +𝔼‖u0‖rHm

) (4.33)

uniformly in h, whenever r > 2 and β ∈ (0, 12 −
1
r ) with a constant c = c(m,R,T ,ϱ,ϱ, r).

4.1.2.4 Solvability of the first level approximate problem
Let [ϱh,uh,W] be the unique approximate solution issuing from the iteration scheme
(4.21)–(4.23), with the initial data satisfying (4.20).With the estimates (4.29) and (4.33)
at hand, we are ready to perform the limit h→ 0 in (4.21)–(4.23). This is based on the
stochastic compactness method introduced in Section 2.6. The corresponding path
space for the basic state variables [ϱh,uh,W] is defined as

𝒳 =𝒳ϱ ×𝒳u ×𝒳W = Cι([0,T];C2+ι(𝕋3)) × Cκ([0,T];Hm) × C([0,T];𝔘0),
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where ι ∈ (0, ν), κ ∈ (0,β), and ν and β are the Hölder exponents in (4.29) and (4.33),
respectively. Let ℒ[ϱh,uh,W] denote the joint law of [ϱh,uh,W] on 𝒳, whereas ℒ[ϱh],
ℒ[uh], and ℒ[W] denote the corresponding marginals on 𝒳ϱ, 𝒳u, and 𝒳W , respec-
tively.

In view of the bounds (4.29) and (4.33), we obtain tightness of the family of joint
laws associated to the triple [ϱh,uh,W], which is the key assumption for Prokhorov’s
and Skorokhod’s theorems needed in the sequel (cf. Theorem 2.6.1 and Theorem 2.6.2).

Proposition 4.1.5. The set {ℒ[ϱh,uh,W]; h ∈ (0, 1)} is tight on 𝒳.

Proof. First of all, we observe that it follows directly from (4.29) that the set {ℒ[ϱh]; h ∈
(0, 1)} is tight on 𝒳ϱ. Indeed, for any L > 0, the set

BL = {ϱ ∈ Cν([0,T];C2+ν(𝕋3)) ∩W 1,∞([0,T];Cν(𝕋3)); ‖ϱ‖CtC2+νx
+ ‖ϱ‖W 1,∞

t Cνx ≤ L}

is, due to the compact embedding,

Cν([0,T];C2+ν(𝕋3)) ∩W 1,∞([0,T];Cν(𝕋3))
c
↪ Cι([0,T];C2+ι(𝕋3))

relatively compact in 𝒳ϱ. In view of (4.29) we obtain

ℒ[ϱh](BcL) = ℙ(‖ϱh‖CtC2+νx
+ ‖ϱh‖W 1,∞

t Cνx > L) = 0,

provided L is sufficiently large, i.e., bigger than the constant c(m,T ,R,ϱ,ϱ) on the right
hand side of (4.29).

Similarly, we obtain tightness of the set {ℒ[uh]; h ∈ (0, 1)} on 𝒳u. More precisely,
for κ ∈ (0,β) we consider the set

BL = {u ∈ Cβ([0,T];Hm); ‖u‖Cβt Hm
≤ L},

which is relatively compact in𝒳u due to Arzelà–Ascoli’s theorem. Due to Chebyshev’s
inequality and (4.33), we have

ℒ[uh](BcR) = ℙ(‖uh‖Cβt Hm
> L) ≤ 1

Lr
𝔼‖uh‖rCβt Hm

≤
C
Lr
.

Choosing L sufficiently large yields the claim.
Finally, ℒ[W] is tight on 𝒳W since it is a Radon measure on a Polish space.
To conclude, let θ ∈ (0, 1) be given. Then there exist compact sets Kϱ ⊂𝒳ϱ, Ku ⊂

𝒳u, KW ⊂𝒳W such that

ℒ[ϱh](Kϱ) ≥ 1 −
θ
3
, ℒ[uh](Ku) ≥ 1 −

θ
3
, ℒ[W](KW ) ≥ 1 −

θ
3
.
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Because of Tychonoff’s Theorem Kϱ ×Ku ×KW is compact in 𝒳 and using de Morgan’s
law A ∩ B = (Ac ∪ Bc)c , we get

ℒ[ϱh,uh,W](Kϱ × Ku × KW ) = ℙ(ϱh ∈ Kϱ,uh ∈ Ku,W ∈ KW )

= 1 −ℙ([ϱh ∉ Kϱ] ∪ [uh ∉ Ku] ∪ [W ∉ KW ])

≥ 1 −ℙ(ϱh ∉ Kϱ) −ℙ(uh ∉ Ku) −ℙ(W ∉ KW ) ≥ 1 − θ,

which completes the proof.

Accordingly, wemay apply Prokhorov’s and Skorokhod’s theorems (Theorem 2.6.1
andTheorem2.6.2). Tobemoreprecise, since𝒳 is a Polish space, due toTheorem2.6.1,
there exists a subsequence, still denoted by ℒ[ϱh,uh,W], which converges weakly,
in the sense of probability measures on 𝒳, to a probability measure ℒ. Using Theo-
rem 2.6.2, we infer the following result.

Proposition 4.1.6. There exists a complete probability space (Ω̃, �̃�, ℙ̃) with 𝒳-valued
Borel measurable random variables (ϱ̃h, ũh, W̃h), h ∈ (0, 1), and (ϱ̃, ũ, W̃ ) such that (up
to a subsequence):
(1) the law of (ϱ̃h, ũh, W̃h) on 𝒳 is given by ℒ[ϱh,uh,W], h ∈ (0, 1);
(2) the law of (ϱ̃, ũ, W̃ ) on 𝒳 is a Radon measure;
(3) (ϱ̃h, ũh, W̃h) converges ℙ̃-almost surely to (ϱ̃, ũ, W̃ ) in the topology of 𝒳, i.e.,

ϱ̃h→ ϱ̃ in Cι([0,T];C2+ι(𝕋3)) ℙ̃-a.s.,
ũh→ ũ in Cκ([0,T];Hm) ℙ̃-a.s.,
W̃h→ W̃ in C([0,T];𝔘0) ℙ̃-a.s.

(4.34)

Note that at this stage of our construction, ϱ̃ and ũ are stochastic processes in
the classical sense; cf. Definition 2.1.11. Since their trajectories are ℙ̃-a.s. continuous,
progressivemeasurability with respect to their respective canonical filtrations follows
from Proposition 2.1.18. Consequently, they are progressively measurable with respect
to the canonical filtration generated by [ϱ̃, ũ, W̃ ], namely,

�̃�t ∶= σ(σt[ϱ̃] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T].

In view of Lemma 2.1.35, the process W̃ is a cylindrical Wiener processes with respect
to its canonical filtration. In order to show that W̃ is a cylindrical Wiener process with
respect to (�̃�t)t≥0, we intend to apply Corollary 2.1.36. Hence we need to show that the
filtration is non-anticipativewith respect to W̃ . To this end,wefirst recall Theorem2.9.1
and deduce that, for every h ∈ (0, 1), W̃h = ∑

∞
k=1 ekW̃h,k is a cylindrical Wiener process

with respect to

σ(σt[ϱ̃h] ∪ σt[ũh] ∪
∞

⋃
k=1

σt[W̃h,k]), t ∈ [0,T].
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In other words, this filtration is non-anticipative with respect to W̃h. Lemma 2.9.3, to-
gether with Proposition 4.1.6, then yields the claim.

First, we show that [ϱ̃, ũ] solves the approximate continuity equation.

Lemma 4.1.7. The process [ϱ̃, ũ] satisfies (4.11) a.e. in (0,T) ×𝕋3, ℙ̃-a.s.

Proof. As a consequence of the equality of laws from Proposition 4.1.6 and Theo-
rem 2.9.1, we see that the approximate continuity equation (4.22) is satisfied on the
newprobability space by [ϱ̃h, ũh]. Moreover, the uniformbounds (4.29) and (4.33) hold
true also for [ϱ̃h, ũh]. Hence by Proposition 4.1.6 and Vitali’s convergence theorem we
pass to the limit in (4.22) and deduce that [ϱ̃, ũ] is a weak solution to the approximate
continuity equation (4.11). Furthermore, the bounds (4.29) and (4.33) are also valid for
the limit process [ϱ̃, ũ]. Consequently, (4.11) is satisfied a.e. in (0,T) ×𝕋3, ℙ̃-a.s.

As the next step, we are now going to show that the triple [ϱ̃, ũ, W̃ ] solves the ap-
proximate momentum equation (4.12).

Proposition 4.1.8. The process [ϱ̃, ũ, W̃ ] satisfies (4.15) for all ϕ ∈ C∞([0,T)), φ ∈ Hm
and t ∈ [0,T], ℙ̃-a.s.

Proof. Slightly modifying the proof, the result of Theorem 2.9.1 remains valid in the
current setting. Hence as a consequence of the equality of laws from Proposition 4.1.6,
the approximate momentum equation (4.23) is satisfied on the new probability space
by [ϱ̃h, ũh, W̃h]. It suffices to pass to the limit with respect to h.

We observe

‖[ũh]h(t) − ũh(t)‖Hm
≲ hβ‖ũh‖Cβt Hm

and similarly

‖[ϱ̃h]h(t) − ϱ̃h(t)‖C2+νx
≲ hν‖ϱ̃h‖Cνt C2+νx

.

Now, with the convergences (4.34), the bounds (4.29), (4.33), and the assumption
(4.10) at hand, we may pass to the limit in the approximate momentum equation
(4.23). The only term that needs explanation is the stochastic integral. By the uniform
convergence of ϱ̃h and ũh (recall Proposition 4.1.6), the continuity of the coefficients
Fk,ε, and the continuity of Πm on Lq(𝕋3) for any 1 < q <∞ from (4.6), it is easy to see
that ℙ̃-a.s.

Πm[ϱ̃hΠm[Fk,ε([ϱ̃h]h, [ũh]h)]] →Πm[ϱ̃Πm[Fk,ε(ϱ̃, ũ)]] in Lq((0,T) ×𝕋3), (4.35)

for all k ∈ℕ and all q <∞. On the other hand, we have

�̃�∫
T

0
‖Πm[ϱ̃hΠm[𝔽ε([ϱ̃h]h, [ũh]h)]]‖

2
L2(𝔘;L2x)

dt
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=
∞

∑
k=1
�̃�∫

T

0
‖Πm[ϱ̃hΠm[Fk,ε([ϱ̃h]h, [ũh]h)]]‖

2
L2x
dt

≤
∞

∑
k=1
�̃�∫

T

0
‖[ϱ̃hΠm[Fk,ε([ϱ̃h]h, [ũh]h)]]‖

2
L2x
dt

≤ ‖ϱ̃h‖
2
L∞ω,t,x

∞

∑
k=1
�̃�∫

T

0
‖Πm[Fk,ε([ϱ̃h]h, [ũh]h)]‖

2
L2x
dt

≤ ‖ϱ̃h‖
2
L∞ω,t,x

∞

∑
k=1
�̃�∫

T

0
‖Fk,ε([ϱ̃h]h, [ũh]h)‖

2
L2x
dt

≲ ‖ϱ̃h‖
2
L∞ω,t,x

∞

∑
k=1

f 2k,ε ≲ c,

using (4.6), (4.10), and (4.29). Hence, for any κ > 0,

�̃�
∞

∑
k=N+1
∫
t

0
(∫
𝕋3
ϱ̃hΠm[Fk,ε([ϱ̃h]h, [ũh]h)] ⋅φdx)

2
ds ≤ κ

uniformly in h, provided N ≥ N0(κ). Consequently, we strengthen (4.35) to

Πm[ϱ̃hΠm[𝔽ε([ϱ̃h]h, [ũh]h)]] →Πm[ϱ̃Πm[𝔽ε(ϱ̃, ũ)]] in L2(0,T ;L2(𝔘;L2(𝕋3))), (4.36)

ℙ̃-a.s. Combining thiswith the convergence of W̃h fromProposition 4.1.6wemay apply
Lemma 2.6.6 to pass to the limit in the stochastic integral and hence complete the
proof.

The proof of Theorem 4.1.3 is hereby complete.

4.1.3 Pathwise uniqueness

In this section, we show that solutions of the approximate problem (4.11)–(4.12), de-
fined on the same probability space with the same Wiener process W , are uniquely
determined by the initial data. Such a result is called pathwise uniqueness.

Proposition 4.1.9. Let [ϱ1,u1,W], [ϱ2,u2,W] be two martingale solutions of problem
(4.11)–(4.12) in the sense of Definition 4.1.1 satisfying (4.18) and (4.19). Suppose they are
defined on the same probability space (Ω,𝔉,ℙ) such that

[ϱ1,u1](0) = [ϱ2,u2](0) in C2+ν(𝕋3) ×Hm ℙ-a.s.

Then

[ϱ1,u1] = [ϱ2,u2] in C([0,T];C2+ν(𝕋3) ×Hm) ℙ-a.s.

Proof. As all non-linearities appearing in the system (4.11)–(4.12) are locally Lipschitz
continuous in the phase space C2+ν(𝕋3) × Hm, it is convenient to introduce the stop-
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ping times

τiM = inf{t ∈ [0,T] | ‖ϱi(t)‖C2+νx
+ ‖(ϱi)−1(t)‖C0x + ‖u

i(t)‖Hm >M}, i = 1, 2,

with the convention inf∅= T, aswell as τM = τ1M ∧τ2M . Note that the stopping times are
well-defined due to the continuity (in time) of the involved quantities and the bounds
in (4.18) and (4.19). Moreover, we have τM ≤ τL wheneverM ≤ L and as a consequence
of the a priori estimates (4.18) and (4.19), τM → T holds a.s. Indeed,

ℙ(sup
M∈ℕ

τM = T) = 1 −ℙ(sup
M∈ℕ

τM < T)

≥ 1 − ∑
i=1,2
ℙ( sup

t∈[0,T]
[‖ϱi(t)‖C2+νx

+ ‖(ϱi)−1(t)‖C0x + ‖u
i(t)‖Hm ] >M, )

≥ 1 − C
M
→ 1 asM→∞.

As the next step, we recall

dΠm(ϱu) = Πm(dϱu) + Πm(ϱdu) = Πm(𝜕tϱu)dt +Πm(ϱdu);

whence (4.12) can be rewritten in the form

du +ℳ−1[ϱ]Πm[dϱu]
+ℳ−1[ϱ]Πm[div (ϱ[u]R ⊗ u) + χ(‖u‖Hm

− R)∇pδ(ϱ)]dt

=ℳ−1[ϱ]Πm[εΔ(ϱu) + div𝕊(∇u)]dt +Πm[𝔽ε(ϱ,u)]dW . (4.37)

Taking the difference of equations (4.11) and (4.37), we obtain

𝜕t(ϱ1 − ϱ2) − εΔ(ϱ1 − ϱ2) = −div (ϱ1[u1]R − ϱ
2[u2]R) (4.38)

and

d(u1 − u2) = (ℳ−1[ϱ2] −ℳ−1[ϱ1])Πm[𝜕tϱ1u1]dt +ℳ−1[ϱ2]Πm[𝜕tϱ2u2 − 𝜕tϱ1u1]dt
−ℳ−1[ϱ1]Πm[div (ϱ1[u1]R ⊗ u

1) + χ(‖u1‖Hm
− R)∇pδ(ϱ1)]dt

+ℳ−1[ϱ2]Πm[div (ϱ2[u2]R ⊗ u
2) + χ(‖u2‖Hm

− R)∇pδ(ϱ2)]dt

+ (ℳ−1[ϱ1] −ℳ−1[ϱ2])Πm[εΔ(ϱ1u1) + div𝕊(∇u1)]dt
+ℳ−1[ϱ2]Πm[εΔ(ϱ1u1 − ϱ2u2) + div𝕊(∇u1 − ∇u2)]dt
+Πm[𝔽ε(ϱ1,u1) − 𝔽ε(ϱ2,u2)]dW . (4.39)

Furthermore, Itô’s product rule applied to (4.39) yields

1
2
d|u1 − u2|2 = (ℳ−1[ϱ2] −ℳ−1[ϱ1])(u1 − u2) ⋅ Πm[𝜕tϱ1u1]dt

+ℳ−1[ϱ2]Πm[𝜕tϱ2u2 − 𝜕tϱ1u1] ⋅ (u1 − u2)dt
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−ℳ−1[ϱ1]Πm[div (ϱ1[u1]R ⊗ u
1) + χ(‖u1‖Hm

− R)∇pδ(ϱ1)] ⋅ (u1 − u2)dt

+ℳ−1[ϱ2]Πm[div (ϱ2[u2]R ⊗ u
2) + χ(‖u2‖Hm

− R)∇pδ(ϱ2)] ⋅ (u1 − u2)dt

+ (ℳ−1[ϱ1] −ℳ−1[ϱ2])Πm[εΔ(ϱ1u1) + div𝕊(∇u1)] ⋅ (u1 − u2)dt
+ℳ−1[ϱ2]Πm[εΔ(ϱ1u1 − ϱ2u2) + div𝕊(∇u1 − u2)] ⋅ (u1 − u2)dt

+ 1
2

∞

∑
k=1
|Πm[Fk,ε(ϱ1,u1) − Fk,ε(ϱ2,u2)]|

2 dt

+Πm[𝔽ε(ϱ1,u1) − 𝔽ε(ϱ2,u2)] ⋅ (u1 − u2)dW . (4.40)

Now, we integrate over 𝕋3, take the supremum in time, and apply expectations. Mak-
ing use of the definition of τM , (4.25), and the Lipschitz continuity of the noise coeffi-
cients (recall (4.10)), we infer, for any κ > 0,

𝔼[ sup
s∈[0,T]
‖(u1 − u2)(s ∧ τM )‖

2
Hm]

≤ 𝔼[‖(u1 − u2)(0)‖2Hm ] + c(M)𝔼[∫
T∧τM

0
‖ϱ1 − ϱ2‖C2+νx

‖u1 − u2‖Hm ds]

+ c𝔼[∫
T∧τM

0
(‖u1 − u2‖2Hm + ‖ϱ1 − ϱ2‖2L2x)ds] +𝔼[ sups∈[0,T]

|𝔐s∧τM |]

≤ κ𝔼[ sup
s∈[0,T]
‖(ϱ1 − ϱ2)(s ∧ τM )‖

2
C2+νx
] +𝔼[‖(u1 − u2)(0)‖2Hm ]

+ c(M,κ)𝔼[∫
T∧τM

0
(‖u1 − u2‖2Hm + ‖ϱ1 − ϱ2‖2L2x)ds] +𝔼[ sups∈[0,T]

|𝔐s∧τM |], (4.41)

where 𝔐 is the stochastic integral

𝔐 = ∫
⋅

0
∫
𝕋3
Πm[𝔽ε(ϱ1,u1) − 𝔽ε(ϱ2,u2)] ⋅ (u1 − u2)dxdW .

By Burkholder–Davis–Gundy’s inequality and (4.10), we estimate 𝔐 similarly by

𝔼[ sup
s∈[0,T]
|𝔐s∧τM |] ≤ c𝔼[∫

T∧τM

0

∞

∑
k=1
(∫
𝕋3
[Fk,ε(ϱ1,u1) − Fk,ε(ϱ2,u2)] ⋅ (u1 − u2)dx)

2
dt]

1/2

≤ c𝔼[∫
T∧τM

0
(∫
𝕋3
(|ϱ1 − ϱ2| + |u1 − u2|)|u1 − u2|dx)

2
dt]

1/2

≤ κ𝔼[ sup
s∈[0,T]
∫
𝕋3
(|(ϱ1 − ϱ2)(s ∧ τM )|

2 + |(u1 − u2)(s ∧ τM )|
2)dx]

+ c(κ)𝔼[∫
T∧τM

0
∫
𝕋3
|u1 − u2|2 dxdt],

where κ > 0 is arbitrary. Using this in (4.41) implies

𝔼[ sup
s∈[0,T]
‖(u1 − u2)(s ∧ τM )‖

2
Hm]

≤ κ𝔼[ sup
s∈[0,T]
‖(ϱ1 − ϱ2)(s ∧ τM )‖

2
C2+νx
] +𝔼[‖(u1 − u2)(0)‖2Hm ]
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+ c(M,κ)𝔼[∫
T∧τM

0
(‖u1 − u2‖2Hm

+ ‖ϱ1 + ϱ2‖2L2x )ds], (4.42)

for any κ > 0. On the other hand, the standard parabolic regularity theory from Theo-
rem A.2.3 applied to (4.38) provides the estimate

sup
0≤s≤τ
(‖(ϱ1 − ϱ2)(s)‖C2+νx

+ ‖𝜕t(ϱ1 − ϱ2)(s)‖Cνx )

≲ sup
0≤s≤τ
‖div (ϱ1[u1]R − ϱ

2[u2]R)(s)‖Cνx + ‖(ϱ
1 − ϱ2)(0)‖C2+νx

,

such that, using the definition of [u]R,

sup
s∈[0,τ]
(‖(ϱ1 − ϱ2)(s)‖C2+νx

+ ‖𝜕t(ϱ1 − ϱ2)(s)‖Cνx )

≲ sup
s∈[0,τ]
‖(ϱ1 − ϱ2)(s)‖C1+νx

+ sup
s∈[0,τ]
‖(u1 − u2)(s)‖Hm

+ ‖(ϱ1 − ϱ2)(0)‖C2+νx
. (4.43)

It is easy to show (for instance by contradiction) that, for every κ > 0, there is some
c(κ) such that

sup
s∈[0,τ]
‖v‖C1+ν ≤ κ( sup

s∈[0,τ]
‖v‖C2+νx
+ sup
s∈[0,τ]
‖𝜕tv‖Cνx) + c(κ)(∫

τ

0
‖v‖2Cνx dt)

1
2

,

for all v ∈W 1,∞(0,τ;Cν(𝕋3)) ∩ L∞(0,τ;C2+ν(𝕋3)). Using this in (4.43) and choosing κ
samll enough yields

sup
s∈[0,τ]
(‖(ϱ1 − ϱ2)(s)‖C2+νx

+ ‖𝜕t(ϱ1 − ϱ2)(s)‖Cνx )

≲ (∫
τ

0
‖ϱ1 − ϱ2‖2C2+νx

dt)
1
2

+ sup
s∈[0,τ]
‖(u1 − u2)(s)‖Hm

+ ‖(ϱ1 − ϱ2)(0)‖C2+νx
. (4.44)

Next, we combine (4.42) and (4.44) with τ = T ∧ τM and choose κ small enough to get

𝔼[ sup
s∈[0,T]
(‖(u1 − u2)(s ∧ τM )‖

2
Hm + ‖(ϱ1 − ϱ2)(s ∧ τM )‖

2
C2+νx
)]

≲ 𝔼[‖(u1 − u2)(0)‖2Hm + ‖(ϱ1 − ϱ2)(0)‖2C2+νx
]

+𝔼[∫
T∧τM

0
(‖u1 − u2‖2Hm

+ ‖ϱ1 − ϱ2‖2C2+νx
)ds],

with a constant depending on M. Finally, a direct application of Gronwall’s lemma
yields

𝔼[ sup
s∈[0,T]
(‖(u1 − u2)(s ∧ τM )‖

2
Hm + ‖(ϱ1 − ϱ2)(s ∧ τM )‖

2
C2+νx
)]
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≲ 𝔼[‖(u1 − u2)(0)‖2Hm + ‖(ϱ1 − ϱ2)(0)‖2C2+νx
],

with a constant depending on M. Now, as the initial data coincide, the desired con-
clusion follows by sendingM→∞.

It can be seen from the proof of Proposition 4.1.9 that we have the following Corol-
lary.

Corollary 4.1.10. Under the assumption of Proposition 4.1.9, we have the estimate

𝔼[ sup
s∈[0,T]
(‖(u1 − u2)(s ∧ τM )‖

2
Hm + ‖(ϱ1 − ϱ2)(s ∧ τM )‖

2
C2+νx
)]

≲ 𝔼[‖(u1 − u2)(0)‖2Hm + ‖(ϱ1 − ϱ2)(0)‖2C2+νx
]

with a constant depending of M, where τM = τ1M ∧ τ2M with

τiM = inf{t ∈ [0,T] | ‖ϱi(t)‖C2+νx
+ ‖(ϱi)−1(t)‖C0x + ‖u

i(t)‖Hm >M}, i = 1, 2.

4.1.4 Strong solutions

Thanks to the pathwise uniqueness established in Proposition 4.1.9, we are able to
show existence of a unique pathwise solution to (4.11)–(4.12). To be more precise, we
solve (4.11)–(4.12) in the context of the following definition.

Definition 4.1.11. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a given stochastic basis with a complete
right-continuous filtration, letW be a cylindrical (𝔉t)-Wiener process, and let (ϱ0,u0)
be an 𝔉0-measurable random variable taking values in C2+ν(𝕋3) × Hm. Then (ϱ,u) is
called a pathwise solution to (4.11)–(4.12) with the initial condition (ϱ0,u0), provided:
(1) the density ϱ is (𝔉t)-adapted, belongs to C([0,T];C2+ν(𝕋3)), and satisfies ϱ > 0
ℙ-a.s.;

(2) the velocity field u is (𝔉t)-adapted and belongs to C([0,T];Hm) ℙ-a.s.;
(3) (ϱ(0),u(0)) = (ϱ0,u0) ℙ-a.s.;
(4) the approximate equation of continuity

𝜕tϱ + div (ϱ[u]R) = εΔϱ (4.45)

holds in (0,T) ×𝕋3 ℙ-a.s.;
(5) the approximate momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱ[u]R ⊗ u ∶ ∇φ + χ(‖u‖Hm − R)pδ(ϱ)divφ]dxdt
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− ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇φ − εϱu ⋅ Δφ]dxdt

+ ∫
T

0
ϕ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅φdxdW (4.46)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈Hm ℙ-a.s.

The main result of this section reads as follows.

Theorem 4.1.12. Let ϱ0 ∈ C2+ν(𝕋3), u0 ∈ Hm be an 𝔉0-measurable random variables
satisfying

ℙ{0 < ϱ ≤ ϱ0, ‖ϱ0‖C2+νx
≤ ϱ} = 1, 𝔼[‖u0‖rHm

] ≤ u, (4.47)

for somedeterministic constants ϱ, ϱ, u, r > 2. Then theapproximateproblem (4.11)–(4.12)
admits a unique pathwise solution [ϱ,u] in the sense of Definition 4.1.11. The solution
satisfies in addition

esssupt∈[0,T](‖ϱ(t)‖C2+νx
+ ‖𝜕tϱ(t)‖Cνx + ‖ϱ

−1(t)‖C0x ) ≤ c ℙ-a.s., (4.48)

𝔼[ sup
τ∈[0,T]
‖u(τ)‖rHm

] ≤ c(1 +𝔼[‖u0‖rHm ]), (4.49)

with a constant c = (m,R,T ,ϱ,ϱ).

Proof. Consider a family of approximate solutions

{[ϱℓ,uℓ]; ℓ ∈ℕ} ∶= {[ϱhℓ ,uhℓ ]; ℓ ∈ℕ},

constructed on the original probability space (Ω,𝔉, (𝔉t)t≥0,ℙ) by means of the itera-
tion procedure (4.21)–(4.23). Similarly to Section 4.1.2, we apply the Skorokhod repre-
sentation theorem to the joint law generated by the random variables

{[ϱnk ,unk ,ϱmk
,umk
,W]; k ∈ℕ}

in the space

[Cι([0,T];C2+ι(𝕋3)) × Cκ([0,T];Hm)]
2 × C([0,T];𝔘0),

for suitable ι, κ ∈ (0, 1). Consequently, we obtain a subsequence

{[ϱ̃nl , ũnl , ϱ̃ml
, ũml
, W̃ l]; l ∈ℕ}

defined on a new probability space (Ω̃, �̃�, ℙ̃) converging ℙ̃-a.s. to some random vari-
able [ϱ̃1, ũ1, ϱ̃2, ũ2, W̃ ]. Applying the arguments used in the proof of Proposition 4.1.3,
we conclude

[ϱ̃nl , ũnl , W̃ l] → [ϱ̃1, ũ1, W̃] ℙ̃-a.s., [ϱ̃ml
, ũml
, W̃ l] → [ϱ̃2, ũ2, W̃] ℙ̃-a.s.,
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where [ϱ̃i , ũi , W̃ ], i = 1, 2, are solutions of problem (4.11)–(4.12) on the same probability
space and with the initial data

[ϱ̃1(0), ũ1(0)] = [ϱ̃2(0), ũ2(0)] ℙ̃-a.s.

As a consequence of Proposition 4.1.9, the two solutions [ϱ̃i , ũi] coincide ℙ̃-a.s. There-
fore, the family {[ϱℓ,uℓ]; ℓ ∈ ℕ} satisfies the hypothesis of Gyöngy–Krylov’s result,
Lemma 2.10.1. Passing to a subsequence if necessary, we conclude that [ϱℓ,uℓ] con-
verges ℙ-a.s. and therefore gives rise to a solution [ϱ,u] defined on the original proba-
bility space (Ω,𝔉,ℙ). Note that the corresponding passage to the limit is significantly
easier than the one performed in Proposition 4.1.8; the approximate equations are sat-
isfied for the same Wiener process.

4.1.5 General initial data

Our ultimate goal in this section is to relax the restriction (4.47). This step leans essen-
tially on the uniqueness property established in Proposition 4.1.9. We will show the
following.

Corollary 4.1.13. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochastic basis endowed with a complete
right-continuous filtration (𝔉t)t≥0 and let W be a cylindrical (𝔉t)-Wiener process. Let
[ϱ0,u0] be a given 𝔉0-measurable initial datum satisfying

ϱ0 ∈ C2+ν(𝕋3), 0 < ϱ ≤ ϱ0 ≤ ϱ, u0 ∈Hm, ℙ-a.s., (4.50)

for some deterministic constants ϱ, ϱ. Then the approximate problem (4.11)–(4.12) ad-
mits a unique pathwise solution [ϱ,u] in the sense of Definition 4.1.11.

Proof. We consider the general initial data [ϱ0,u0] satisfying (4.50). For a givenM > 0,
we consider the set

IM = {(ϱ,v) | ‖ϱ‖C2+νx
≤M, ‖v‖Hm

≤M} ⊂ C2+ν(𝕋3) ×Hm.

Next, we modify the initial data introducing

[ϱ0,M ,u0,M ] = {
[ϱ0,u0] if [ϱ0,u0] ∈ IM ,
ϱ0 =M + 1, u0 = 0 otherwise.

In accordancewith Theorem4.1.12, problem (4.11)–(4.12) admits a unique pathwise so-
lution [ϱM ,uM ] starting from the initial condition [ϱ0,M ,u0,M ], for anyM > 0.Moreover,
in accordance with the uniqueness result stated in Proposition 4.1.9,

1[ϱ0,u0]−1[IN ][ϱN ,uN ] = 1[ϱ0,u0]−1[IN ][ϱM ,uM ] wheneverM ≥ N .
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Seeing that

ℙ([ϱ0,u0] ∈
∞

⋃
N=1
⋂
M≥N

IM) = 1,

we define [ϱ,u] – the unique solution of the approximate problem (4.11)–(4.12) – as

[ϱ,u] = [ϱM ,uM ] whenever [ϱ0,u0] ∈ IM .

4.1.6 Energy balance

As the next step, we show that any solution of the approximate problem (4.11)–(4.12)
in the sense of Definition 4.1.11 satisfies a variant of the energy balance.

Proposition 4.1.14. Let [ϱ,u] be a pathwise solution to (4.11)–(4.12) in the sense of Def-
inition 4.1.11. Then the energy balance

−∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dxdt

+ ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt

= 1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
T

0
ϕ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW ,

+ϕ(0)∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx (4.51)

holds for all ϕ ∈ C∞c ([0,T)) ℙ-a.s. with the approximate pressure potential

Pδ(ϱ) = ϱ∫
ϱ

1

pδ(z)
z2

dz.

Proof. To this end, we formally test (4.12) by u and integrate the resulting expression
by parts. More precisely, we apply Itô’s formula to system (4.11)–(4.12) and the func-
tional

f ∶ L2(𝕋3) ×H∗m→ℝ, (ϱ,q) ↦
1
2
∫
𝕋3
q ⋅ℳ−1[ϱ]qdx.

We observe that

𝜕qf (ϱ,q) =ℳ−1[ϱ]q ∈Hm, 𝜕2qf (ϱ,q) =ℳ−1[ϱ] ∈ℒ(Hm,H∗m)

and

𝜕ϱf (ϱ,q) = −
1
2
⟨q,ℳ−1[ϱ]ℳ[ ⋅ ]ℳ−1[ϱ]q⟩ ∈ℒ(L2(𝕋3),ℝ).
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Therefore

f (ϱ,ϱu) = 1
2
∫
𝕋3
ϱ|u|2 dx,

𝜕qf (ϱ,ϱu) = u, 𝜕2qf (ϱ,ϱu) =ℳ−1[ϱ],

𝜕ϱf (ϱ,ϱu) = −
1
2
|u|2.

Hence we deduce

d∫
𝕋3

1
2
ϱ|u|2 dx = −∫

𝕋3
[div (ϱ[u]R ⊗ u) + χ(‖u‖Hm

− R)∇pδ(ϱ)] ⋅ udxdt

+ ∫
𝕋3
[εΔ(ϱu) + div𝕊(∇u)] ⋅ udxdt − 1

2
∫
𝕋3
|u|2 dϱdx

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW .

(4.52)

Furthermore, equation (4.11) tells us that

1
2
∫
𝕋3
|u|2 dϱdx = 1

2
∫
𝕋3
ε|u|2Δϱdxdt − 1

2
∫
𝕋3
div (ϱ[u]R)|u|2 dxdt,

while

∫
𝕋3
div (ϱ[u]R ⊗ u) ⋅ udx = −

1
2
∫
𝕋3
ϱ[u]R ⋅ ∇|u|2 dx =

1
2
∫
𝕋3
div (ϱ[u]R)|u|2 dx

and

ε∫
𝕋3
Δ(ϱu) ⋅ udx = −ε∫

𝕋3
ϱ|∇u|2 dx + 1

2
∫
𝕋3
ε|u|2Δϱdx.

Consequently, relation (4.52) reduces to

d∫
𝕋3

1
2
ϱ|u|2 dx + ∫

𝕋3
𝕊(∇u) ∶ ∇udxdt + ε∫

𝕋3
ϱ|∇u|2 dxdt

= ∫
𝕋3
χ(‖u‖Hm

− R)pδ(ϱ)divudxdt

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW . (4.53)

Finally,wemultiply equation (4.11) by b′(ϱ) to obtain its renormalized formulation
as follows:

db(ϱ) + div (b(ϱ)[u]R)dt + (b′(ϱ)ϱ − b(ϱ))div [u]R dt = εb′(ϱ)Δϱdt. (4.54)

Seeing that

χ(‖u‖Hm
− R)pδ(ϱ)divu = pδ(ϱ)div [u]R,
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we rewrite the energy balance (4.53) in its final form

d∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dx

+ ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt + ε∫

𝕋3
ϱ|∇u|2 dxdt + ε∫

𝕋3
P″δ (ϱ)|∇ϱ|2 dxdt

= 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW . (4.55)

Consistently with the weak formulation of the field equations in Definition 4.1.1, we
finally rewrite (4.55) in the form of a variational equality (4.51) with a deterministic
test function ϕ ∈ C∞c ([0,T)).

Remark 4.1.15. In (4.55), the stochastic integral ranges in ℝ. More precisely, the ex-
pression

∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udx = (∫

𝕋3
ϱΠm[Fk,ε(ϱ,u)] ⋅ udx)

k∈ℕ

must be interpreted as an object in L2(𝔘;ℝ).

Remark 4.1.16. Solutions satisfying, in addition, some form of the global energy bal-
ance will be called dissipative solutions.

4.2 Solvability of the Galerkin approximation

Our next goal is to let R→∞ in the approximate system (4.11)–(4.12). Accordingly, our
target problem reads

dϱ + div (ϱu)dt = εΔϱdt, (4.56)
dΠm[ϱu] + Πm[div (ϱu ⊗ u)]dt +Πm[∇pδ(ϱ)]dt
= Πm[εΔ(ϱu) + div𝕊(∇u)]dt +Πm[ϱΠm[𝔽ε(ϱ,u)]]dW . (4.57)

It will be solved in the context of strong pathwise solutions given by the following
Definition.

Definition 4.2.1. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a given stochastic basis with a complete
right-continuous filtration and letW be a cylindrical (𝔉t)-Wiener process. Let ϱ0 and
u0 be 𝔉0-measurable random variables with values in C2+ν(𝕋3) and Hm, respectively.
Then (ϱ,u) is called a strong pathwise solution to (4.56)–(4.57) with initial datum
(ϱ0,u0), provided the following hold:
(1) the density ϱ is (𝔉t)-progressively measurable and satisfies

ϱ ∈ C([0,T];C2+ν(𝕋3)), ϱ > 0, 𝜕tϱ ∈ C([0,T];Cν(𝕋3)), ℙ-a.s.;
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(2) the velocity u is (𝔉t)-progressively measurable and satisfies

u ∈ C([0,T];Hm) ℙ-a.s.;

(3) we have ℙ-a.s.

(ϱ(0),u(0)) = (ϱ0,u0);

(4) the approximate continuity equation

𝜕tϱ + div (ϱu) = εΔϱ (4.58)

holds in (0,T) ×𝕋3 ℙ-a.s.;
(5) the approximate momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + pδ(ϱ)divφ]dxdt

− ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇φ − εϱu ⋅ Δφ]dxdt

+ ∫
T

0
ϕ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅φdxdW (4.59)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈Hm ℙ-a.s.;
(6) the energy equality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dxdt −ϕ(0)∫

𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx

+ ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt (4.60)

= 1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
T

0
ϕ∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW

holds for all ϕ ∈ C∞c ([0,T)) ℙ-a.s.

Theorem 4.2.2. Let (Ω,𝔉,ℙ) be a complete probability space, endowed with a cylin-
drical Wiener process W relative to a complete right-continuous filtration (𝔉t)t≥0 . Let
[ϱ0,u0] be a given initial datum which is 𝔉0-measurable such that

ϱ0 ∈ C2+ν(𝕋3), 0 < ϱ ≤ ϱ0 ≤ ϱ, u0 ∈Hm, ℙ-a.s., (4.61)

for some deterministic constants ϱ, ϱ, and

𝔼[∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx]

r
<∞, (4.62)

for some r > 2. Then there exists a unique strong pathwise solution [ϱ,u] to (4.56)–(4.57)
in the sense of Definition 4.2.1.
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In order to prove Theorem 4.2.2 we adopt the following strategy:
(1) Using the energy balance from Proposition 4.1.14 we derive uniform bounds inde-

pendent of the parameter R.
(2) We perform the limit R→∞. This is an easy task as the velocity field remains

bounded in Hm; whence in any desired topology. The proof is based on a suitable
stopping time argument.

4.2.1 Uniform energy bounds

Let us beginwith the uniformenergy bound. In fact, this estimate holds true uniformly
in both parameters R,m.

Proposition 4.2.3. Let [ϱ,u] be a solution to (4.11)–(4.12) in the sense of Defini-
tion 4.1.11. Then we have, uniformly in R and m,

𝔼[| sup
τ∈[0,T]
∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dx|

r
]

+𝔼[|∫
T

0
∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt|

r

]

≤ c𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

r
+ 1] whenever r ≥ 2, (4.63)

with a constant c = c(r,T , ε).

Proof. The energy balance from Proposition 4.1.14, written in its integral form, reads

∫
𝕋3
[
1
2
ϱ|u|2 + Pδ(ϱ)](τ)dx − ∫

𝕋3
[
1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx

+ ∫
τ

0
∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt

= 1
2

∞

∑
k=1
∫
τ

0
∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dxdt + ∫
τ

0
∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW , (4.64)

for any 0 ≤ τ ≤ T ℙ-a.s. Keeping ε, δ ∈ (0, 1) fixedwe are able to derive bounds indepen-
dent of the parameters R, m ∈ℕ. As the projections Πm are bounded in Lp uniformly
inm (cf. (4.6)), (4.10) yields

∞

∑
k=1
∫
𝕋3
ϱ|Πm[Fk,ε(ϱ,u)]|

2 dx ≲
∞

∑
k=1
‖ϱ‖LΓx ‖Fk,ε(ϱ,u)‖

2
Lqx

≲
∞

∑
k=1
‖ϱ‖LΓx ‖Fk,ε(ϱ,u)‖

2
L∞x
≲ ‖ϱ‖LΓx (4.65)
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uniformly in R andm, where q is chosen such that 1
Γ +

2
q = 1. Note that the above bound

depends on ε as a consequence of (4.10). Next, by means of the Burkholder–Davis–
Gundy inequality,

𝔼[ sup
0≤t≤τ
|∫

t

0
∫
𝕋3
ϱΠm[𝔽ε(ϱ,u)] ⋅ udxdW|

r

]

≲ 𝔼[∫
τ

0

∞

∑
k=1
|∫
𝕋3
ϱΠm[Fk,ε(ϱ,u)] ⋅ udx|

2
dt]

r/2

, r ≥ 1, (4.66)

uniformly in R andm. Furthermore, using once more (4.6) and (4.10), we deduce

|∫
𝕋3
ϱΠm[Fk,ε(ϱ,u)] ⋅ udx|

2
≲ |‖√ϱ‖L2Γx ‖√ϱu‖L2x ‖Πm[Fk,ε(ϱ,u)]‖Lqx |

2

≲ |‖√ϱ‖L2Γx ‖√ϱu‖L2x ‖Fk,ε(ϱ,u)‖L∞x |
2

≤ f 2k,ε|‖√ϱ‖L2Γx ‖√ϱu‖L2x |
2, (4.67)

uniformly in R andm, where 1
2Γ +

1
2 +

1
q = 1. Finally, we estimate

|‖√ϱ‖L2Γx ‖√ϱu‖L2x |
2 ≲ (∫

𝕋3
ϱ|u|2 dx)

2
+ (∫
𝕋3
ϱΓ dx)

2
Γ

uniformly in R andm. Consequently, passing to expectations in (4.64), we apply Gron-
wall’s inequality to deduce (4.63).

Remark 4.2.4. A refined analysis would give (4.63) also for 1 ≤ r < 2. However, we
content ourselves with r ≥ 2 requiring more integrability of the initial data.

Finally, we apply Korn’s inequality on 𝕋3 (see Theorem A.1.8) to deduce, from
(4.63),

𝔼[|∫
T

0
∫
𝕋3
|∇u|2 dxdt|

r

] ≲ 𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

r
+ 1]

uniformly in R andm. From this we obtain, using the equivalence of all norms on Hm,

𝔼[|∫
T

0
‖∇u‖2Wk,∞

x
dt|

r

] ≤ c(m,k, r,T)𝔼[|∫
𝕋3
[
1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

r
+ 1], (4.68)

for any k ≥ 1, r ≥ 2 uniformly in R.

4.2.2 Passage to the limit

Finally, everything is in hand to pass to the limit as R→∞. This is based on a simple
application of a stopping time argument.
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Proof of Theorem 4.2.2. Let [ϱ0,u0] be the initial condition from the statement of the
theorem, that is, satisfying (4.61) and (4.62). Let us denote by (ϱR,uR) the unique path-
wise solution to (4.11)–(4.12) starting from [ϱ0,u0], which was constructed in Corol-
lary 4.1.13. Let us consider

τR = inf{t ∈ [0,T] | ‖uR(t)‖Hm
> R},

with the convention inf∅ = T . Note that, since uR has continuous trajectories in Hm,
τR defines an (𝔉t)-stopping time. Besides, due to uniqueness, if R′ > R, then τR′ ≥ τR
and (ϱR′ ,uR′ ) = (ϱR,uR) on [0,τR). In addition, (ϱR,uR) is a solution to (4.56)–(4.57)
on [0,τR). Therefore, we define (ϱ,u) by (ϱ,u) ∶= (ϱR,uR) on [0,τR). In order to make
sure that (ϱ,u) solves (4.56)–(4.57) on the whole time interval [0,T], i.e., the blow-up
cannot occur in a finite time, we are going to show that

ℙ(sup
R∈ℕ

τR = T) = 1. (4.69)

This relies on the uniform bounds from the last section; cf. Proposition 4.2.3. As
(ϱR,uR) is a smooth solution of the deterministic equation (4.11), the standard maxi-
mumprinciple from TheoremA.2.5, together with the assumption on the initial datum
(4.61), yields

ϱexp(−∫
τ

0
‖div [uR]R‖L∞x dt) ≤ ϱR(τ,x) ≤ ϱexp(∫

τ

0
‖div [uR]R‖L∞x dt);

whence, due to (4.68) and (4.62),

ϱexp(−∫
τ

0
‖∇uR‖L∞x dt) ≤ ϱR(τ,x) ≤ ϱexp(∫

τ

0
‖∇uR‖L∞x dt), (4.70)

for all τ ∈ [0,T], x ∈ 𝕋3. Note carefully that the proportional constants in both (4.68)
and (4.70) are independent of R. Since all norms on Hm are equivalent, the above left
hand side can be further estimated from below by

ϱexp(−T − c ∫
τ

0
‖∇uR‖2L2x ds) ≤ ϱR(τ,x).

Plugging this into (4.63), we infer

𝔼[exp(−c∫
τ

0
‖∇uR‖2L2x ds) sup0≤t≤τ

‖uR‖2L2x] ≤ c̃. (4.71)

Next, let us fix two increasing sequences (aR) and (bR) such that aR, bR →∞ and
aR ebR = R for each R ∈ℕ. As in [FM12], we introduce the following events:

A = [exp(−c∫
τ

0
‖∇uR‖2L2x dt) sup0≤t≤T

‖uR‖2L2x ≤ aR],
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B = [c ∫
τ

0
‖∇uR‖2L2x dt ≤ bR],

C = [ sup
0≤t≤τ
‖uR‖2L2x ≤ aR e

bR].

Then A ∩ B ⊂ C because about A ∩ B we know

sup
0≤t≤τ
‖uR‖2L2x = e

bRe−bR sup
0≤t≤τ
‖uR‖2L2x

≤ ebR exp(−c ∫
τ

0
‖∇uR‖2L2x dt) sup0≤t≤τ

‖uR‖2L2x ≤ e
bRaR.

Furthermore, according to (4.68), (4.71), and Chebyshev’s inequality,

ℙ(A) ≥ 1 − c
aR
, ℙ(B) ≥ 1 − c

bR
.

Due to the general inequality for probabilities ℙ(C) ≥ ℙ(A) +ℙ(B) − 1 we deduce

ℙ(C) ≥ 1 − c
aR
− c
bR
⟶ 1, R→∞.

This in turn implies (4.69).
Summarizing the previous discussion, (ϱ,u) satisfies (4.58) and (4.59) together

with the corresponding energy balance (4.60). Finally, uniqueness follows from the
uniqueness of (4.11)–(4.12) (cf. Theorem 4.1.12) and (4.69). Thus we have proved The-
orem 4.2.2.

4.3 The limit in the Galerkin approximation scheme

Our next goal is to let m→∞ in the approximate system (4.56)–(4.57). Accordingly,
our target problem is given, formally, by

dϱ + div (ϱu)dt = εΔϱdt, (4.72)
d(ϱu) + div (ϱu ⊗ u)dt + ∇pδ(ϱ)dt = εΔ(ϱu)dt + div𝕊(∇u)dt (4.73)

+ ϱ𝔽ε(ϱ,u)dW .

A rigorous formulation reads as follows.

Definition 4.3.1. Let Λ be a Borel probability measure on C2+ν(𝕋3) × L1(𝕋3). Then
((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale solution to (4.72)–(4.73)
with the initial law Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
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(3) the density ϱ is (𝔉t)-adapted and satisfies ϱ ≥ 0 and t ↦ ⟨ϱ(t),ψ⟩ ∈ C([0,T]) for
any ψ ∈ C∞(𝕋3) ℙ-a.s.;

(4) the velocity field u is a random distribution adapted to (𝔉t)t≥0 and u ∈ L2(0,T ,
W 1,2(𝕋3)) ℙ-a.s.;

(5) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(6) the approximate equation of continuity

𝜕tϱ + div (ϱu) = εΔϱ (4.74)

holds in (0,T) ×𝕋3 ℙ-a.s. and ϱ(0) = ϱ0 ℙ-a.s.;
(7) the approximate momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + pδ(ϱ)divφ]dxdt

− ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇φ − εϱu ⋅ Δφ]dxdt

+ ∫
T

0
ϕ∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅φdxdW (4.75)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.;
(8) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dxdt −ϕ(0)∫

𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx

+ ∫
T

0
ϕ∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt

≤ 1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
ϱ|Fk,ε(ϱ,u)|

2 dxdt + ∫
T

0
ϕ∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ udxdW (4.76)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.

Note that at this point the velocity field u may not have continuous trajectories.
Consequently, it is not a stochastic process in the classical sense and the role of a given
initial state is transferred from [ϱ(0),u(0)] to [ϱ(0),ϱu(0)].

Theorem 4.3.2. Let Λ be a Borel probability measure on C2+ν(𝕋3) × L1(𝕋3), satisfying

Λ{0 < ϱ ≤ ϱ ≤ ϱ} = 1, (4.77)

for some deterministic constants ϱ and ϱ. Also, assume that

∫
C2+νx ×L1x
(|∫
𝕋3
[ 1
2
|q|2

ϱ
+ Pδ(ϱ)]dx|

2r
+ ‖ϱ‖rC2+νx

)dΛ(ϱ,q) ≲ 1, (4.78)
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for some r ≥ 2. Then problem (4.72)–(4.73) admits a dissipative martingale solution in
the sense of Definition 4.3.1.

Remark 4.3.3. As a matter of fact, the solution constructed in this section belongs to
the following class:

𝔼[ sup
t∈[0,T]
|∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dx|

r
] ≲ 1,

𝔼[|∫
T

0
∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt|

r

] ≲ 1,
(4.79)

with the same r ≥ 2 as in (4.78). In particular, we have

𝔼[ sup
t∈[0,T]
‖ϱ(t)‖ΓpLΓx ] <∞ for some p ∈ (1,∞), (4.80)

𝔼(∫
T

0
‖u‖2W 1,2

x
dt)

p

<∞ for some p ∈ (1,∞), (4.81)

𝔼[ sup
t∈[0,T]
‖ϱu(t)‖

2Γ
Γ+1 p

L
2Γ
Γ+1x

] <∞ for some p ∈ (1,∞). (4.82)

In order to prove Theorem 4.3.2 we adopt a strategy similar to the preceding sec-
tion:
(1) Using the energy balance we derive uniform bounds independent of the parame-

term.
(2) We let m→∞ with the help of the stochastic compactness method based on the

Jakubowski–Skorokhod representation theorem, Theorem 2.7.1. In contrast with
Section 4.1, however, we get only martingale solutions as uniqueness is lost al-
ready at this stage of the approximation procedure.

Compared to the procedure performed in Section 4.1.2, the limit m→∞ is more del-
icate as (i) the system (4.57) of stochastic ODEs becomes a system of stochastic PDEs
(4.73) and (ii) the lower bound on the density will be lost in the asymptotic limit. The
latter phenomenon is obviously related to the (hypothetical) presence of vacuumzones
pertaining to compressible fluid models.

4.3.1 Uniform bounds

In this section, the approximation parameters ε,δ ∈ (0, 1) are kept fixed. Accordingly,
we call uniform the estimates that are independent of m but may depend on ε, δ as
well as T > 0. Denote by [ϱ,u] the solution of problem (4.56)–(4.57) starting from ini-
tial condition [ϱ0,u0], the existence of which is guaranteed by Theorem 4.2.2. Recall
that the energy bound (4.63) holds true uniformly in m. It gives rise to the following
estimates which are independent ofm:
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𝔼[| sup
t∈[0,T]
‖ϱ‖ΓLΓx |

r
] +𝔼[‖ϱ−

1
2∇ϱ‖2rL2tL2x ] +𝔼[‖ϱ

Γ
2 −1∇ϱ‖2rL2tL2x ] ≲ c(r), (4.83)

𝔼[| sup
t∈[0,T]
‖ϱ|u|2‖L1x |

r
+ | sup

t∈[0,T]
‖ϱu‖

2Γ
Γ+1

L
2Γ
Γ+1x

|
r
] ≲ c(r), (4.84)

𝔼[‖∇u‖2rL2tL2x ] ≲ c(r), (4.85)

where

c(r) ≈ 1 +𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

r
], r ≥ 2. (4.86)

Moreover, as a direct consequence of (4.58) and the non-negativity of ϱ, we have

‖ϱ(τ)‖L1x = ‖ϱ0‖L1x ≤ c(ϱ), τ ∈ [0,T]. (4.87)

Apparently, none of these bounds directly controls the amplitude of um. The fol-
lowing holds by Sobolev’s embedding and Poincaré’s inequality, because γ > 3

2 :

‖ϱ0‖L1x |(u)𝕋3 | = |∫𝕋3
ϱ(u)𝕋3 dx| ≤ ∫

𝕋3
ϱ|(u)𝕋3 − u|dx + ∫

𝕋3
ϱ|u|dx

≲ ‖ϱ‖Lγx ‖(u)𝕋3 − u‖Lγ′x + ‖√ϱ‖L2x ‖√ϱu‖L2x
≲ ‖ϱ‖Lγx ‖∇u‖L2x + ‖ϱ‖L1x + ‖ϱ|u|

2‖L1x .

Consequently,

‖ϱ0‖2L1x ∫
τ

0
|(u)𝕋3 |

2 dt ≲ sup
t∈[0,τ]
‖ϱ‖2Lγx ∫

τ

0
‖∇u‖2L2x dt

+ τ sup
t∈[0,τ]
(‖ϱ‖2L1x + ‖ϱ|u|

2‖2L1x ). (4.88)

In view of the bounds established in (4.83)–(4.86) and the assumptions on the initial
law in (4.77), we obtain the desired estimate

𝔼[‖u‖2rL2tW 1,2
x
] ≲ c2(r), (4.89)

with

c2(r) ≈ 1 +𝔼[|∫
𝕋3
[
1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

2r
], r ≥ 2.

Next, we recall the standard parabolic maximal regularity estimates (cf. Theo-
rem A.2.1 and Theorem A.2.2), applied to (4.58):

‖𝜕tϱ‖Lpt Lqx + ‖ϱ‖LptW 2,q
x
≲ ‖div (ϱu)‖Lpt Lqx + ‖ϱ0‖C2+νx

,

‖ϱ‖LptW 1,q
x
≲ ‖ϱu‖Lpt Lqx + ‖ϱ0‖C2+νx

, (4.90)

for 1 < p,q <∞.
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Remark 4.3.4. In (4.90), the regularity of the initial data can be considerably weak-
ened. However, such generality is not needed here.

Now observe that (4.83), together with Γ ≥ 6, (4.85), and the standard Sobolev em-
beddingW 1,2(𝕋3) ↪ L6(𝕋3), gives rise to

𝔼[|‖ϱu‖L1tL3x |
r] ≤ 𝔼[|∫

T

0
‖ϱ‖L6x ‖u‖L6x dt|

r

]

≲ 𝔼[| sup
t∈[0,T]
‖ϱ‖L6x ∫

T

0
‖u‖L6x dt|

r

]

≲ 𝔼[| sup
t∈[0,T]
‖ϱ‖2LΓx |

r
] +𝔼[|∫

T

0
‖u‖2W 1,2

x
dt|

r

]

≲ c2(r).

Interpolating this with (4.84) yields

𝔼[|‖ϱu‖Lpt Lpx |
r] ≲ c2(r) for a certain p > 2, (4.91)

which, plugged in the right hand side of (4.90), implies

𝔼[|‖ϱ‖LptW 1,p
x
|r] ≲ c̃2(r) for a certain p > 2. (4.92)

Finally, the estimates (4.89) and (4.92) can be used again in (4.90) to conclude

𝔼[|‖𝜕tϱ‖Lpt Lpx + ‖ϱ‖LptW 2,p
x
|r] ≲ c̃2(r), (4.93)

for some p > 1, where

c̃2(r) ≈ 1 +𝔼[|∫
𝕋3
[
1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

2r
+ |‖ϱ0‖C2+νx

|r], r ≥ 2. (4.94)

4.3.2 Asymptotic limit

With the uniform bounds established in the preceding part at hand, we are ready to
perform the limit m→∞ in a similar way as in Section 4.1.2. Note that the available
estimates are considerably weaker than those obtained in Section 4.1.2, making the
choice of the appropriate path space more delicate. In particular, the role of “lead-
ing” phase variables is here and hereafter transferred from [ϱ,u] to [ϱ,ϱu] as it is the
latter that enjoys a certain path continuity in time. Another new aspect is the neces-
sity to work with weak topologies that are in general not Polish. Accordingly, we use
the Jakubowski modification of the classical Skorokhod representation theorem (The-
orem 2.7.1).
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Let Λ be a probability measure on C2+ν(𝕋3) × L1(𝕋3) satisfying (4.77) and (4.78).
Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochastic basis with a complete right-continuous filtration
and let W be a cylindrical Wiener process relative to (𝔉t)t≥0. Finally, let (ϱ0,q0) be
𝔉0-measurable random variables with values in C2+ν(𝕋3) × L1(𝕋3) and law Λ. The ex-
istence of (ϱ0,q0) is guaranteed by Corollary 2.6.4. Since ϱ0 ≥ ϱ > 0,we can set u0 =

q0
ϱ0
.

Note that, due to assumption (4.78), we have u0 ∈ L2(𝕋3) ℙ-a.s. We define the initial
velocities u0,m = Πmu0 and observe that the assumptions on the initial condition in
Theorem 4.2.2 are satisfied by (ϱ0,u0,m). In addition, setting Λm = ℙ ∘ (ϱ0,u0,m)−1, the
corresponding version of (4.78) holds true for Λm and uniformly inm. To be more pre-
cise, we have

∫
C2+νx ×L2x
(|∫
𝕋3
[ 1
2
ϱ|v|2 + Pδ(ϱ)]dx|

2r
+ ‖ϱ‖rC2+νx

)dΛm(ϱ,v) ≤ c, (4.95)

for some r > 2 with a constant independent ofm. Finally, note that we obtain

∫
C2+νx ×L2x
(|∫
𝕋3
[ 1
2
ϱ|v|2 + Pδ(ϱ)]dx|

2r
+ ‖ϱ‖rC2+νx

)dΛm(ϱ,v)

⟶∫
C2+νx ×L1x
(|∫
𝕋3
[ 1
2
|q|2

ϱ
+ Pδ(ϱ)]dx|

2r
+ ‖ϱ‖rC2+νx

)dΛ(ϱ,q), (4.96)

as m→∞. Relation (4.96) follows immediately, if we rewrite the quantities as expec-
tations and use the definition of u0 and u0,m. To be precise, we have

𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0,m|2 + Pδ(ϱ0)]dx|

2r
+ ‖ϱ0‖rC2+νx

]

⟶ 𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

2r
+ ‖ϱ0‖rC2+νx

],

using majorized convergences (recall that ϱ0 ≤ ϱ and ‖Πmu0‖L2x ≤ ‖u0‖L2x ).
Finally, let (ϱm,um) be the solution of problem (4.56)–(4.57) obtained in Theo-

rem 4.2.2 and starting from (ϱ0,u0,m). As a consequence of (4.95), all the estimates
in Section 4.3.1 hold true for (ϱm,um) uniformly inm.

In accordance with the uniform bounds derived in the preceding part of this sec-
tion, we choose the path space

𝒳 =𝒳ϱ0 ×𝒳u0 ×𝒳ϱ ×𝒳ϱu ×𝒳u ×𝒳W ,

where

𝒳ϱ0 = C(𝕋
3),

𝒳u0 = L
2(𝕋3),

𝒳ϱ = Lp(0,T ;W 1,p(𝕋3)) ∩ (W 1,q(0,T ;Lq(𝕋3)) ∩ Lq(0,T ;W2,q(𝕋3)),w)

∩ Cw([0,T];LΓ(𝕋3)),
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𝒳ϱu = C([0,T];W−k,2(𝕋3)) ∩ Cw([0,T];L
2Γ
Γ+1 (𝕋3)),

𝒳u = (L2(0,T ;W 1,2(𝕋3)),w),
𝒳W = C([0,T];𝔘0),

for certain p > 2, q > 1 and k ∈ℕ. Note that the initial condition was included in the
path space in order to be able to pass to the limit in the energy inequality.

Now we claim that the parameters p, q, k can be adjusted in such a way that the
family of joint laws

{ℒ[ϱ0,u0,m,ϱm,Πm(ϱmum),um,W]; m ∈ℕ} is tight on 𝒳.

To see this, we proceed in several steps. First of all, we observe that the law ℒ[ϱ0] is
tight, being a Radon measure on the Polish space C(𝕋3). Next, we show tightness of
the initial conditions u0,m.

Proposition 4.3.5. The set {ℒ[u0,m]; m ∈ℕ} is tight on 𝒳u0 .

Proof. By definition, u0,m = Πmu0. Hence, due to continuity of the projectionsΠm, we
obtain u0,m → u0 a.s. Consequently, the convergence in law follows and Prokhorov’s
theorem, Theorem 2.6.1, implies tightness of the corresponding laws.

As the next step, we prove tightness of the marginals corresponding to um.

Proposition 4.3.6. The set {ℒ[um]; m ∈ℕ} is tight on 𝒳u .

Proof. The proof follows directly from (4.89). Indeed, for any L > 0, the set

BL = {u ∈ L2(0,T ;W 1,2(𝕋3)); ‖u‖L2tW 1,2
x
≤ L}

is relatively compact in 𝒳u and

ℒ[um](BcR) = ℙ(‖um‖L2tW 1,2
x
≥ L) ≤ 1

L
𝔼‖um‖L2tW 1,2

x
≤
C
L
,

which yields the claim by choosing L sufficiently large. The same argument was al-
ready employed in Proposition 4.1.5.

As the next step, we establish tightness of the marginals corresponding to ϱm.

Proposition 4.3.7. The set {ℒ[ϱm]; m ∈ℕ} is tight on 𝒳ϱ .

Proof. Using (4.84) we obtain

𝔼[| sup
t∈[0,T]
‖div(ϱmum)‖

2Γ
Γ+1

W−1,
2Γ
Γ+1x

|
r
] ≲ c(r). (4.97)
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Similarly, due to (4.83), we have

𝔼[| sup
t∈[0,T]
‖εΔϱm‖ΓW−2,Γx

|
r
] ≲ c(r).

As a consequence of the continuity equation (4.56),

𝔼‖ϱm‖C0,1t W−2,
2Γ
Γ+1x
≤ C.

Now, the required tightness in Cw([0,T];LΓ(𝕋3)) follows by a similar reasoning as in
Proposition 4.3.6 due to the following compact embedding (see Theorem 1.8.5):

L∞(0,T ;LΓ(𝕋3)) ∩ C0,1([0,T];W−2,
2Γ
Γ+1 (𝕋3))

c
↪ Cw([0,T];LΓ(𝕋3)).

Tightness in (W 1,q(0,T ;Lq(𝕋3)) ∩ Lq(0,T ;W2,q(𝕋3)),w) is a direct consequence of
(4.93) due to the fact that balls are relatively compact with respect to the weak topol-
ogy.

In order to show tightness in Lp(0,T ;W 1,p(𝕋3)) for some p > 2, we observe that, in
view of compactness of the embedding

W 1,q(0,T ;Lq(𝕋3)) ∩ Lq(0,T ;W2,q(𝕋3))
c
↪ Lr(0,T ;W 1,r(𝕋3)),

which holds true for a certain r(q) > 1 by Aubin–Lions’ theorem, we obtain tightness
in Lr(0,T ;W 1,r(𝕋3)) for r > 1. In order to increase integrability, we use an interpolation
argument. Namely, we observe that, if q > 1 and r′ > 2, the set

BL = {ϱ ∈W 1,q(0,T ;Lq(𝕋3)) ∩ Lq(0,T ;W2,q(𝕋3)) ∩ Lr′(0,T ;W 1,r′(𝕋3));

‖ϱ‖W 1,q
t Lqx + ‖ϱ‖LqtW 2,q

x
+ ‖ϱ‖Lr′t W 1,r′

x
≤ L} (4.98)

is relatively compact in Lp(0,T ;W 1,p(𝕋3)) for some p > 2. Hence the desired tightness
can be deduced from (4.92) and (4.93).

Proposition 4.3.8. The set {ℒ[Πm(ϱmum)]; m ∈ℕ} is tight on 𝒳ϱu .

Proof. First of all, we prove time regularity of Πm(ϱmum), which holds true uniformly
inm. Let us start with the deterministic part of (4.57), namely,

Ym(t) = Πm(ϱmum)(0) − ∫
t

0
Πm[div(ϱmum ⊗ um)]ds + ∫

t

0
Πm[div𝕊(∇um)]ds

− ∫
t

0
Πm[∇pδ(ϱm)]ds + ε∫

t

0
ΠmΔ(ϱmum)ds.

We will show that there exist κ ∈ (0, 1) and l ∈ℕ such that

𝔼‖Ym‖Cκ([0,T];W−l,2x ) ≤ C. (4.99)
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To this end, we observe that, according to (4.84) and (4.89), we have

ϱmum ⊗ um ∈ Lr(Ω;L2(0,T ;L
6Γ

4Γ+3 (𝕋3))) (4.100)

for a suitable r > 1 uniformly inm. Thus

{Πm div(ϱmum ⊗ um)} is bounded in Lr(Ω;L2(0,T ;W−1,
6Γ

4Γ+3 (𝕋3))), (4.101)

by continuity of Πm; cf. (4.6). Similarly,

{Πm div𝕊(∇um)} is bounded in Lr(Ω;L2(0,T ;W−1,2(𝕋3))). (4.102)

The correct space for pδ(ϱm) is L∞(0,T ;L1(𝕋3)), so choosing l >
5
2 Sobolev’s embedding

yields

{∇pδ(ϱm)} is bounded in Lr(Ω;Lp(0,T ;W−l,2(𝕋3))), (4.103)

for all p ∈ (1,∞). Finally, as a consequence of (4.91), we obtain

{ΠmΔ(ϱmum)} is bounded in Lr(Ω;Lp(0,T ;W−2,p(𝕋3))), (4.104)

for some p > 2. Plugging all together yields boundedness of Ym in

Lr(Ω;W 1,2(0,T ;W−l,2(𝕋3))),

provided l is large enough. Now, (4.99) follows if κ < 1
2 .

Similarly to Section 4.1.2 and in view of the bound established in (4.99), it suf-
fices to check the time regularity of the stochastic integral. Applying the Burkholder–
Davis–Gundy inequality, we obtain

𝔼[‖∫
τ2

τ1
ϱmΠm[𝔽ε(ϱm,um)]dW‖

r

L2x

]

≲ |τ1 − τ2|r/2𝔼[ sup
0≤t≤T

∞

∑
k=1
‖ϱmΠm[Fk,ε(ϱm,um)]‖

2
L2x
]
r/2

for any r ≥ 1.

Next, by Hölder’s inequality, (4.6), (4.10), and Γ ≥ 4,

‖ϱmΠm[Fk,ε(ϱm,um)]‖L2x ≤ ‖ϱm‖L4x ‖Πm[Fk,ε(ϱm,um)]‖L4x
≲ ‖ϱm‖LΓx ‖Fk,ε(ϱm,um)‖L∞x ≲ fk,ε‖ϱm‖LΓx . (4.105)

Next, we use the bounds (4.83) and apply Theorem 2.3.11 to obtain (lowering κ if nec-
essary)

𝔼[‖∫
⋅

0
ϱmΠm[𝔽ε(ϱm,um)]dW‖

r

Cκt L2x

] ≲ c(r) for any r > 2. (4.106)
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In combination with (4.99), this implies

𝔼‖Πm(ϱmum)‖Cκt W−l,2x
≤ c̃2(r) (4.107)

uniformly form→∞, as soon as the initial data satisfy (4.94) for some r > 2.
Accordingly, due to (4.107), tightness in C([0,T];W−k,2(𝕋3)) follows from the com-

pact embedding

Cκ([0,T];W−l,2(𝕋3))
c
↪ C([0,T];W−k,2(𝕋3)),

which is valid, provided k > l. In addition, tightness in Cw([0,T];L
2Γ
Γ+1 (𝕋3)) is obtained

from (4.84) and (4.107) with the help of the following compact embedding (see Theo-
rem 1.8.5):

L∞(0,T ;L
2Γ
Γ+1 (𝕋3)) ∩ Cκ([0,T];W−l,2(𝕋3))

c
↪ Cw([0,T];L

2Γ
Γ+1 (𝕋3)).

The singleton ℒ[W] on C([0,T];𝔘0), being a Radonmeasure on a Polish space, is
tight. Consequently, as in Proposition 4.1.5, we obtain the following.

Corollary 4.3.9. The set {ℒ[ϱ0,u0,m,ϱm,Πm(ϱmum),um,W]; m ∈ℕ} is tight on 𝒳.

Since weak topologies are generally not metrizable, the path space𝒳 is not a Pol-
ish space.Nevertheless, it canbe seen that𝒳belongs to the class of sub-Polish spaces,
introduced in Definition 2.1.3. Accordingly, our compactness argument is based on the
Jakubowski–Skorokhod representation theorem instead of the classical Skorokhod
representation theorem; see Theorem 2.7.1. To be more precise, we infer the following
result.

Proposition 4.3.10. There exists a complete probability space (Ω̃, �̃�, ℙ̃)with𝒳-valued
Borel measurable random variables [ϱ̃0,m, ũ0,m, ϱ̃m, q̃m, ũm, W̃m], m ∈ℕ, and [ϱ̃0, ũ0, ϱ̃,
q̃, ũ, W̃ ] such that (up to a subsequence):
(1) for all m ∈ℕ, the laws of [ϱ̃0,m, ũ0,m, ϱ̃m, q̃m, ũm, W̃m] and [ϱ0,u0,m,ϱm,Πm(ϱmum),

um,W] coincide on 𝒳;
(2) the law of [ϱ̃0, ũ0, ϱ̃, q̃, ũ, W̃ ] on 𝒳 is a Radon measure;
(3) [ϱ̃0,m, ũ0,m, ϱ̃m, q̃m, ũm, W̃m] converges in the topology of 𝒳 ℙ̃-a.s. to [ϱ̃0, ũ0, ϱ̃, q̃,

ũ, W̃ ], i.e.,

ϱ̃0,m→ ϱ̃0 in C(𝕋3),
ũ0,m→ ũ0 in L2(𝕋3),
ϱ̃m→ ϱ̃ in Lp(0,T ;W 1,p(𝕋3)),

ϱ̃m⇀ ϱ̃ in W 1,q(0,T ;Lq(𝕋3)) ∩ Lq(0,T ;W2,q(𝕋3)),

ϱ̃m→ ϱ̃ in Cw([0,T];LΓ(𝕋3)), (4.108)
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q̃m→ q̃ in C([0,T];W−k,2(𝕋3)),

q̃m→ q̃ in Cw([0,T];L
2Γ
Γ+1 (𝕋3)),

ũm⇀ ũ in L2(0,T ;W 1,2(𝕋3)),

W̃m→ W̃ in C([0,T];𝔘0),

ℙ̃-a.s. for certain p > 2, q > 1, and k ∈ℕ.

We observe that at this stage of the proof it becomes convenient to work with
random distributions as introduced in Section 2.2. Indeed, it is seen from the above
compactness result that the limit velocity ũ is not a stochastic process in the classi-
cal sense; cf. Definition 2.1.11. As discussed in Section 2.3, the stochastic integration
theory relies on the associated “arrow of time”, which is represented by the progres-
sive measurability of the corresponding integrands. Recall that, for random distribu-
tions that are adapted in the sense of Definition 2.2.13 and satisfy a suitable integrabil-
ity assumption, Lemma 2.2.18 guarantees the existence of a progressively measurable
stochastic process belonging to the same class of equivalence.

As a consequence, it was discussed in Remark 2.3.7 that the minimal assump-
tion on integrands, under which the stochastic integral is well-defined, is the non-
anticipativity of the corresponding joint canonical filtrationwith respect to the driving
Wiener process. In particular, we define

�̃�t ∶= σ(σt[ϱ̃] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T],

and need to check that �̃�t is independent of σ(W̃ (s) − W̃ (t)) for all s > t. This can be
done by following the same arguments as in the discussion after Proposition 4.1.6.

More precisely, we first recall Theorem 2.9.1 and deduce that, for every m ∈ ℕ,
W̃m = ∑

∞
k=1 ekW̃m,k is a cylindrical Wiener process with respect to

σ(σt[ϱ̃m] ∪ σt[ũm] ∪
∞

⋃
k=1

σt[W̃m,k]), t ∈ [0,T].

In other words, this filtration is non-anticipative with respect to W̃m. Lemma 2.9.3,
togetherwith Proposition 4.3.10, then allows one to pass to the limit asm→∞ and the
non-anticipativity of (�̃�t)t≥0 with respect to W̃ follows. Finally, due to Lemma 2.1.35
and Corollary 2.1.36, the process W̃ is a cylindrical Wiener processes with respect to
(�̃�t)t≥0.

We are immediately able to identify q̃m, m ∈ℕ, and q̃.

Lemma 4.3.11. We have

q̃m = Πm(ϱ̃mũm), q̃ = ϱ̃ũ, ℙ̃-a.s.
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Proof. The first statement follows from the equality of joint laws of

(ϱm,um,Πm(ϱmum)) and (ϱ̃m, ũm, q̃m).

In order to identify the limit q̃, note that

ϱ̃mũm⇀ ϱ̃ũ in L1(0,T ;L1(𝕋3)) ℙ̃-a.s.

as a consequence of the convergence of ϱ̃m and ũm in𝒳ϱ and𝒳u, respectively. Clearly,
this also identifies the limit of Πm(ϱ̃mũm) with ϱ̃ũ.

Next, we observe that due to equality of laws and weak lower semi-continuity of
the involved norms, the uniform bounds from Section 4.3.1 hold true also for [ϱ̃m, ũm].
Consequently, based on Proposition 4.3.10, we obtain the following.

Corollary 4.3.12. The following convergence holds true ℙ̃-a.s.:

ϱ̃mũm ⊗ ũm⇀ ϱ̃ũ ⊗ ũ in L1(0,T ;L1(𝕋3)). (4.109)

Proof. From Proposition 4.3.10 and Lemma 4.3.11, we gain

‖√ϱ̃mũm‖
2
L2tL2x
= ∫

T

0
∫
𝕋3
Πm(ϱ̃mũm) ⋅ ũm dxdt

→∫
T

0
∫
𝕋3
ϱ̃ũ ⋅ ũdxdt = ‖√ϱ̃ũ ‖2L2tL2x ℙ̃-a.s. (4.110)

Here we used the compact embedding

L
2Γ
Γ+1 (𝕋3)

c
↪W−1,2(𝕋3),

which implies, together with Proposition 4.3.10 and Lemma 4.3.11,

Πm(ϱ̃mũm) → ϱ̃ũ in L2(0,T ;W−1,2(𝕋3)) ℙ̃-a.s.

In accordancewith (4.110),we infer that, for almost everyω, the sequence (√ϱ̃mũm(ω))
is bounded in L2(0,T ;L2(𝕋3)). Hence the combination ofweak and strong convergence
from Proposition 4.3.10 implies

√ϱ̃mũm⇀√ϱ̃ũ in L2(0,T ;L2(𝕋3)) ℙ̃-a.s. (4.111)

So (4.109) follows by combining (4.110) and (4.111).

Similarly to Lemma 4.1.7, the continuity equation (4.72) is satisfied by [ϱ̃, ũ] on the
new probability space. Note that, by virtue of (4.108), the limit ϱ̃, ũ is regular enough
for the equation to be satisfied a.e. in (0,T) ×𝕋3.

Lemma 4.3.13. The random distribution [ϱ̃, ũ] satisfies (4.74) a.e. in (0,T) ×𝕋3, ℙ̃-a.s.
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Next, we perform the limitm→∞ in the momentum equation (4.57).

Proposition 4.3.14. The random distribution [ϱ̃, ũ, W̃ ] satisfies (4.75) for all ϕ ∈
C∞c ([0,T)) andφ ∈ C∞(𝕋3) ℙ̃-a.s.

Proof. Similarly to Proposition 4.1.8, we apply Theorem 2.9.1 to show that the ap-
proximate momentum equation (4.57) is satisfied on the new probability space by
[ϱ̃m, ũm, W̃m]. In order to let m →∞ in (4.57), we use Proposition 4.3.10. The limit
passage in the deterministic terms follows immediately. Let us now discuss in detail
the convergence of the terms coming from the stochastic integral. Here, the bulk of
the proof is to show

Fk,ε(ϱ̃m, ũm) → Fk,ε(ϱ̃, ũ) in L2(Ω̃ × (0,T) ×𝕋3) (4.112)

asm→∞ for any k ∈ℕ. This implies

Πm[Fk,ε(ϱ̃m, ũm)] → Fk,ε(ϱ̃, ũ) in L2(Ω̃ × (0,T) ×𝕋3) (4.113)

by properties of the projection Πm; cf. (4.6). Combining (4.113) with (4.108), we finally
gain

ϱ̃mΠm[Fk,ε(ϱ̃m, ũm)] → ϱ̃Fk,ε(ϱ̃, ũ) in L1(Ω̃ × (0,T) ×𝕋3). (4.114)

The proof of (4.112) requires strong convergence of ϱ̃m and ũm. The strong con-
vergence of ϱ̃m follows directly from (4.108). However, as we will see below, strong
convergence of ũm can only be shown outside the vacuum set {ϱ̃ = 0}. Fortunately, by
the definition of 𝔽ε in (4.10), the vacuum set is not seen for fixed ε. Note that, as a
consequence of (4.110) and (4.111), we have (up to a subsequence)

√ϱ̃mũm→√ϱ̃ũ a.e. in (0,T) ×𝕋3 ℙ̃-a.s.

Let us fix some arbitrary 0 < κ < ε
2 . By Egorov’s theorem and (4.108) there exists a

measurable set 𝒪κ ⊂ Ω̃ × (0,T) ×𝕋3 such that ℙ̃ ⊗ℒ4([Ω̃ × (0,T) ×𝕋3] ⧵𝒪κ) < κ and

√ϱ̃mũm→√ϱ̃ũ, ϱ̃m→ ϱ̃ uniformly in 𝒪κ . (4.115)

Finally, we consider the sets

𝒪1
κ = {(ω, t,x) ∈𝒪κ ∶ ϱ̃ < κ},

𝒪2
κ = {(ω, t,x) ∈𝒪κ ∶ ϱ̃ ≥ κ}.

Using (4.115), we choosem large enough such that

ϱ̃m ≤ 2κ in 𝒪1
κ , ϱ̃m ≥

κ
2

in 𝒪2
κ .
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We remark that Fk,ε(ϱ̃m, ũm) = Fk,ε(ϱ̃, ũ) = 0 in𝒪1
κ . With these preparations at hand, we

gain

�̃�∫
T

0
∫
𝕋3
|Fk,ε(ϱ̃m, ũm) − Fk,ε(ϱ̃, ũ)|

2 dxdt

= ∫
𝒪c

κ

|Fk,ε(ϱ̃m, ũm) − Fk,ε(ϱ̃, ũ)|
2 dxdt dℙ̃

+ ∫
𝒪2

κ

|Fk,ε(ϱ̃m,
√ϱ̃mũm

√ϱ̃m
) − Fk,ε(ϱ̃,

√ϱ̃ũ
√ϱ̃
)|

2
dxdt dℙ̃

= (I)1κ + (I)2κ .

Due to the boundedness of Fk,ε from (4.10), the first integral is bounded by κ. On the
other hand, by (4.115) and continuity of Fk,ε (and the lower bounds for ϱ̃ and ϱ̃m in
𝒪2
κ) the last integral vanishes as m→∞. Since κ was arbitrary, we obtain (4.112) and

(4.114) follows.
In order to apply Lemma 2.6.6 we have to deal with the infinite sum as well as the

additional square. Due to (4.6), (4.10), and (4.83), we obtain, for all q ∈ (1, Γ],

�̃�∫
t

0
(∫
𝕋3
ϱ̃mΠm[Fk,ε(ϱ̃m, ũm)] ⋅φdx)

2
ds ≲ f 2k,ε�̃�∫

T

0
(∫
𝕋3
ϱ̃qm dx)

2
ds ≲ f 2k,ε .

Hence, for any κ > 0,

�̃�
∞

∑
k=N+1
∫
t

0
(∫
𝕋3
ϱΠm[Fk,ε(ϱ̃m, ũm)] ⋅φdx)

2
ds ≤ κ,

provided N ≥ N0(κ). In addition, using (4.6), (4.10), and (4.83) again, we strengthen
(4.114) to

ϱ̃mΠm[Fk,ε(ϱ̃m, ũm)] → ϱ̃Fk,ε(ϱ̃, ũ) in Lr(Ω̃;Lp(0,T ;Lq(𝕋3))), (4.116)

for some r > 2, all p ∈ [1,∞), and all q ∈ [1, Γ). Consequently, we have

ϱ̃mΠm[𝔽ε(ϱ̃m, ũm)] → ϱ̃𝔽ε(ϱ̃, ũ) in L2(0,T ;L2(𝔘;L2(𝕋3))) (4.117)

ℙ̃-a.s. Combining this with the convergence of W̃m from Proposition 4.3.10, we may
apply Lemma 2.6.6 to pass to the limit in the stochastic integral and hence complete
the proof.

As the next step, we pass to the limit in the stochastic integral appearing in the
energy inequality.

Proposition 4.3.15. We have

∫
τ

0
∫
𝕋3
ϱ̃mΠm[𝔽ε(ϱ̃m, ũm)] ⋅ ũm dxdW̃m→∫

τ

0
∫
𝕋3
ϱ̃𝔽ε(ϱ̃, ũ) ⋅ ũdxdW̃ in L2(0,T)

in probability.
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Proof. First, we observe that (4.113) can be strengthened to

Πm[Fk,ε(ϱ̃m, ũm)] → Fk,ε(ϱ̃, ũ) in Lq((0,T) ×𝕋3) (4.118)

ℙ̃-a.s., for all q ∈ [1,∞) and all k ∈ℕ. This can be combined with the convergence of
Πm(ϱ̃mũm) from Proposition 4.3.10 such that

∫
𝕋3
ϱ̃mΠm[Fk,ε(ϱ̃m, ũm)] ⋅ ũm dx→∫

𝕋3
ϱ̃Fk,ε(ϱ̃, ũ) ⋅ ũdx in L2(0,T) (4.119)

ℙ̃-a.s., for all k ∈ℕ. On the other hand we obtain, from (4.6), (4.10), and (4.84),

�̃�∫
T

0
‖∫
𝕋3
ϱ̃mΠm[𝔽k,ε(ϱ̃m, ũm)] ⋅ ũm dx‖

2

L2(𝔘,ℝ)
dt

= �̃�∫
T

0

∞

∑
k=1
(∫
𝕋3
ϱ̃mΠm[Fk,ε(ϱ̃m, ũm)] ⋅ ũm dx)

2
ds

≲
∞

∑
k=1

f 2k,ε�̃�∫
T

0
(∫
𝕋3
|ϱ̃mũm|

q dx)
2
≲
∞

∑
k=1

f 2k,ε ,

for all q ∈ (1, 2ΓΓ+1 ]. Thus, (4.119) implies

∫
𝕋3
ϱ̃mΠm[𝔽ε(ϱ̃m, ũm)] ⋅ ũm dx→∫

𝕋3
ϱ̃𝔽ε(ϱ̃, ũ) ⋅ ũdx in L2(0,T ;L2(𝔘,ℝ)) (4.120)

ℙ̃-a.s. Combining this with the convergence of W̃m from Proposition 4.3.10, we apply
Lemma 2.6.6 and the claim follows.

Lemma 4.3.16. The energy inequality (4.76) is satisfied by [ϱ̃, ũ, W̃ ] for all test functions
ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ̃-a.s.

Proof. Our goal is to perform the asymptotic limit in the total energy balance (4.60).
Note that (4.60) is also satisfied by [ϱ̃m, ũm, W̃m] on the new probability space with the
initial condition

∫
𝕋3
[
1
2
ϱ̃0,m|ũ0,m|

2 + Pδ(ϱ̃0,m)]dx.

This follows from the equality of laws fromProposition 4.3.10 and Theorem 2.9.1. Using
Proposition 4.3.10, we pass to the limit in the initial condition to obtain

∫
𝕋3
[
1
2
ϱ̃0|ũ0|

2 + Pδ(ϱ̃0)]dx.

Using Proposition 4.3.15,we pass to the limit in the stochastic integral. Using (4.6),
(4.10), (4.83), and (4.118), as well as the convergence of ϱ̃m from (4.108), we may pass
to the limit in the Itô correction term. Note that the integral

∫
T

0
∫
𝕋3
[𝕊(∇ũ) ∶ ∇ũ + εϱ̃|∇ũ|2 + εP″δ (ϱ̃)|∇ϱ̃|2]dxdt
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is only lower semi-continuous with respect to the topologies in (4.108). As a result,
only energy inequality (4.76) is recovered in the limitm→∞.

The proof of Theorem 4.3.2 is hereby complete.

4.4 Vanishing viscosity limit

Our next goal is to let ε→ 0 in the approximate system (4.72)–(4.73). Accordingly, our
target problem is given formally by

dϱ + div (ϱu)dt = 0, (4.121)
d(ϱu) + div (ϱu ⊗ u)dt + ∇pδ(ϱ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW . (4.122)

A rigorous formulation reads as follows.

Definition 4.4.1. Let Λ be a Borel probability measure on L1(𝕋3) × L1(𝕋3). Then
((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale solution to (4.121)–(4.122)
with the initial law Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ϕ(0)∫

𝕋3
ϱ0ψdx + ∫

T

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt (4.123)

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.;
(6) the approximate momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + pδ(ϱ)divφ]dxdt

− ∫
T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt + ∫

T

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW (4.124)

holds for allφ ∈ C∞(𝕋3) and all ϕ ∈ C∞c ([0,T)) ℙ-a.s.;
(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dxdt −ϕ(0)∫

𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx
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+ ∫
T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ 1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
ϱ−1|Gk(ϱ,ϱu)|

2 dxdt + ∫
T

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅ udxdW (4.125)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.

The main result of this section is the following.

Theorem 4.4.2. Let Γ ≥ 6. Let Λ be a Borel probability measure defined on the space
L1(𝕋3) × L1(𝕋3) such that

Λ{ϱ > 0} = 1, Λ{0 < ϱ ≤ ∫
𝕋3
ϱdx ≤ ϱ <∞} = 1, (4.126)

where ϱ, ϱ are two deterministic constants. Assume that

∫
L1x×L1x
|∫
𝕋3
[ 1
2
|q|2

ϱ
+ Pδ(ϱ)]dx|

r
dΛ ≲ 1, (4.127)

for some r ≥ 4. Then problem (4.121)–(4.122) admits a dissipative martingale solution in
the sense of Definition 4.4.1.

Remark 4.4.3. As in Remark 4.3.3, we have

𝔼[ sup
t∈[0,T]
|∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)]dx|

r
] ≲ 1,

𝔼[|∫
T

0
∫
𝕋3
[𝕊(∇u) ∶ ∇u]dxdt|

r

] ≲ 1,
(4.128)

such that again

𝔼[ sup
t∈[0,T]
‖ϱ(t)‖ΓpLΓx ] <∞ for some p ∈ (1,∞), (4.129)

𝔼(∫
T

0
‖u‖2W 1,2

x
dt)

p

<∞ for some p ∈ (1,∞), (4.130)

𝔼[ sup
t∈[0,T]
‖ϱu(t)‖

2Γ
Γ+1 p

L
2Γ
Γ+1x

] <∞ for some p ∈ (1,∞). (4.131)

The proof of Theorem 4.4.2 requires the full strength of the method developed in
the context of the deterministicNavier–Stokes system. Possible oscillations of the den-
sity are ruled out thanks to theweak compactness of a quantity called effective viscous
flux,

(η + μ)divu − p(ϱ),
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where η = μ
3 + λ and μ > 0 and λ ≥ 0 are the viscosity coefficients, namely, we recall

that

𝕊(∇u) = μ(∇u + ∇tu − 2
3
divu𝕀) + λdivu𝕀.

Remark 4.4.4. It follows from the DiPerna–Lions theory (cf. Theorem A.3.1) that the
martingale solution constructed in Theorem 4.4.2 satisfies ℙ-a.s. the renormalized
equation of continuity

−∫
T

0
𝜕tϕ∫
𝕋3
b(ϱ)ψdxdt = ϕ(0)∫

𝕋3
b(ϱ0)ψdx + ∫

T

0
ϕ∫
𝕋3
b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋3
(b′(ϱ)ϱ − b(ϱ))divuψdxdt, (4.132)

for all ϕ ∈ C∞c ([0,T)), all ψ ∈ C∞(𝕋3), and any b ∈ C1([0,∞)) with b′(ϱ) = 0 for ϱ≫ 1.
Moreover, it can be shown that

ϱ ∈ C([0,T];L1(𝕋3)) ℙ-a.s.; (4.133)

see Lemma A.3.3.

We start with uniform bounds, independent of the parameter ε, that can be de-
rived directly from the energy inequality (4.74); see Section 4.4.1. In addition, the ab-
sence of the regularization effect of the diffusion term in the asymptotic limit of the
continuity equation must be compensated by a new type of estimates of the pressure
term, obtained in Section 4.4.2. Finally, the asymptotic limit for ε→ 0 is performed in
Section 4.4.3 by means of an adaptation of deterministic techniques to the stochastic
setting.

4.4.1 Uniform energy bounds

In this section, the parameter δ ∈ (0, 1) is kept fixed and we derive bounds that are
uniform in ε and may depend on δ as well as T > 0. Denote by [ϱ,u] the solution of
problem (4.72)–(4.73) with the initial law Λ, the existence of which is guaranteed by
Theorem 4.3.2. The integral form of the energy inequality (4.76) reads

∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)](τ)dx

+ ∫
τ

0
∫
𝕋3
[𝕊(∇u) ∶ ∇u + εϱ|∇u|2 + εP″δ (ϱ)|∇ϱ|2]dxdt

≤ ∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx +

1
2

∞

∑
k=1
∫
τ

0
∫
𝕋3
ϱ|Fk,ε(ϱ,u)|

2 dxdt

+ ∫
τ

0
∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ udxdW ℙ-a.s. (4.134)
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This can easily be seen by approximating the characteristic function of the time inter-
val [0,τ] by a family of smooth test functions ϕ ∈ C∞([0,T)). Such a procedure yields
(4.134) for a.e. τ. However, the weak lower semi-continuity of the energy yields (4.134)
for any τ ∈ [0,T] ℙ-a.s. Note that the instantaneous values ϱ(τ), ϱu(τ) are well-defined
as these processes are at least weakly continuous in time.

Now the energy estimates can be obtained in the same way as in Section 4.2.1.
Using (4.7), the integrals on the right hand side of (4.134) can be controlled by the
energy as

∫
𝕋3
ϱ|Fk,ε(ϱ,u)|

2 dx ≲ f 2k ∫
𝕋3
(ϱ + ϱ|u|2)dx

and, by the Burkholder–Davis–Gundy inequality,

𝔼[ sup
0≤t≤τ
|∫

t

0
∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ udxdW|

r

]

≲ 𝔼[∫
τ

0

∞

∑
k=1
|∫
𝕋3
ϱFk,ε(ϱ,u) ⋅ udx|

2
]
r/2

≲ 𝔼[∫
τ

0
|∫
𝕋3
(ϱ + ϱ|u|2)dx|

2
]
r/2

.

Note that, unlike their counterparts in Section 4.2.1, the present estimates are inde-
pendent of ε.

Exactly as in Section 4.2.2, we obtain the uniform bounds:

‖ϱ(τ)‖L1x = ‖ϱ0‖L1x ≤ ϱ, τ ∈ [0,T],

𝔼[| sup
t∈[0,T]
‖ϱ‖ΓLΓx |

r
] +𝔼[‖√ε∇ϱ‖2rL2tL2x ] ≲ c1(r), (4.135)

𝔼[| sup
t∈[0,T]
‖ϱ|u|2‖L1(𝕋3)|

r
+ | sup

t∈[0,T]
‖ϱu‖

2Γ
Γ+1

L
2Γ
Γ+1x

|
r
] ≲ c1(r), (4.136)

𝔼[‖∇u‖2rL2tL2x ] ≲ c1(r), (4.137)

where

c1(r) ≈ 1 +𝔼[|∫
𝕋3
[
1
2
|ϱu(0)|2

ϱ(0)
+ Pδ(ϱ(0))]dx|

r
], r ≥ 2. (4.138)

It remains to deduce a bound for ‖u‖L2 . We argue similarly to (4.89). By the stan-
dard Poincaré inequality,

‖u − (u)𝕋3‖L2x ≲ ‖∇u‖L2x .

On the other hand, by virtue of (4.135), we have, similarly to (4.88),

‖ϱ(0)‖2L1x ∫
τ

0
|(u)𝕋3 |

2 dt ≲ sup
t∈[0,τ]
‖ϱ‖2Lγx ∫

τ

0
‖∇u‖2L2x dt

+ τ sup
t∈[0,τ]
(‖ϱ‖2L1x + ‖ϱ|u|

2‖2L1x ).
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In view of the bounds established in (4.135)–(4.138), we obtain the desired estimate

𝔼[‖u‖2rL2tW 1,2
x
] ≲ c2(r), (4.139)

with

c2(r) ≈ 1 +𝔼[|∫
𝕋3
[ 1
2
|ϱu(0)|2

ϱ(0)
+ Pδ(ϱ(0))]dx|

2r
], r ≥ 2, (4.140)

taking into account (4.126). The above estimates are not strong enough to control
the pressure term proportional to ϱΓ that is now bounded only in the non-reflexive
space L1. The adequate bounds will be derived in the next section.

4.4.2 Pressure estimates

Throughout this section, we again denote by [ϱ,u] the solution of problem (4.72)–
(4.73) with the initial law Λ, the existence of which is guaranteed by Theorem 4.3.2.
In view of Section 4.4.1, we derive refined estimates for the pressure. We stress that all
the estimates in this section hold true uniformly in ε.

The idea is to use the quantity

∇Δ−1[ϱ − (ϱ)𝕋3 ] = Δ−1∇ϱ,

with Δ−1 defined on𝕋3 for functions of zeromean, as a test function in themomentum
balance (4.75). Note that this is not straightforward as the legal test functions allowed
in (4.75) have the form ϕ(t)φ(x), where both ϕ and φ are smooth and deterministic.
Nevertheless, such a procedure can be rigorously justified by the application of a suit-
able version of the generalized Itô formula, Theorem A.4.1, to the functional

(ϱ,q) ↦ ∫
𝕋3
q ⋅ Δ−1∇ϱdx.

We rewrite (4.75) in the following differential form:

d∫
𝕋3
ϱu ⋅φdx − ∫

𝕋3
[ϱu ⊗ u ∶ ∇φ + pδ(ϱ)divφ]dxdt

= −∫
𝕋3
[𝕊(∇u) ∶ ∇φ − εϱu ⋅ Δφ]dxdt + ∫

𝕋3
ϱ𝔽ε(ϱ,u) ⋅φdxdW .

Seeing that, in accordance with (4.74),

d(∇Δ−1[ϱ − (ϱ)𝕋3 ]) = −∇Δ−1div (ϱu)dt + ε∇ϱdt,

Theorem A.4.1 implies

∫
𝕋3
pδ(ϱ)[ϱ − (ϱ)𝕋3 ]dxdt

= d∫
𝕋3
ϱu ⋅ Δ−1[∇ϱ]dx − ∫

𝕋3
ϱu ⊗ u ∶ ∇Δ−1∇ϱdxdt
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+ ∫
𝕋3
𝕊(∇u) ∶ ∇Δ−1∇ϱdxdt − ∫

𝕋3
ϱ𝔽ε(ϱ,u) ⋅ Δ−1∇ϱdxdW

+ ε∫
𝕋3
ϱ2 divudxdt + ∫

𝕋3
ϱu ⋅ ∇Δ−1div (ϱu)dxdt. (4.141)

Relation (4.141) integrated in time gives rise to the desired pressure bounds. In-
deed, we obtain

∫
τ

0
∫
𝕋3
pδ(ϱ)[ϱ − (ϱ)𝕋3 ]dxdt

= [∫
𝕋3
ϱu ⋅ Δ−1[∇ϱ]dx]

t=τ

t=0
− ∫

τ

0
∫
𝕋3
ϱu ⊗ u ∶ ∇Δ−1∇ϱdxdt

+ ∫
τ

0
∫
𝕋3
𝕊(∇u) ∶ ∇Δ−1∇ϱdxdt + ∫

τ

0
∫
𝕋3
ϱu ⋅ ∇Δ−1div (ϱu)dxdt

+ ε∫
τ

0
∫
𝕋3
ϱ2 divudxdt − ∫

τ

0
∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ Δ−1∇ϱdxdW ≡

6
∑
i=1

Ii . (4.142)

We will show in the following that all integrals on the right hand side are controlled
by the energy bounds derived in the preceding section. Moreover, as Γ > 3, wemay use
the standard elliptic estimates to deduce

‖Δ−1∇ϱ‖L∞x ≲ ‖ϱ‖LΓx .

Performing a bit tedious but straightforward manipulation, we obtain the follow-
ing estimates:
(1) By Hölder’s inequality we have

|I1| ≤ sup
t∈[0,τ]
|∫
𝕋3
ϱu ⋅ Δ−1[∇ϱ]dx|

≲ sup
t∈[0,τ]
‖√ϱ‖L2x sup

t∈[0,τ]
‖√ϱu‖L2x sup

t∈[0,τ]
‖Δ−1[∇ϱ]‖L∞x

≲ ( sup
t∈[0,τ]
‖ϱ‖L1x)

1/2
sup
t∈[0,τ]
‖ϱ|u|2‖1/2L1x

sup
t∈[0,τ]
‖ϱ‖LΓx .

Consequently, in view of the energy bounds (4.135) and (4.136) as well as (4.126),

𝔼[|I1|r] ≲ c1(r), (4.143)

with c1(r) given by (4.138).
(2) By virtue of the standard properties of Δ−1,

|I2| ≤ sup
t∈[0,τ]
‖∇Δ−1[∇ϱ]‖LΓx ∫

τ

0
‖ϱ|u|2‖LΓ′x dt

≲ sup
t∈[0,τ]
‖∇Δ−1[∇ϱ]‖LΓx sup

t∈[0,τ]
‖ϱ‖LΓ ∫

τ

0
‖u‖2Lqx dt

≲ sup
t∈[0,τ]
‖ϱ‖2LΓ ∫

τ

0
‖u‖2Lqx dt,
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where

2
Γ
+ 2
q
= 1.

Thus if Γ ≥ 4, we take q ≤ 4, and thanks to (4.135) and (4.139) combined with the
embeddingW 1,2↪ L4 we conclude

𝔼[|I2|r] ≲ c2(r), (4.144)

where c2(r) is as in (4.140).
(3) As

‖∇Δ−1∇ϱ‖L2x ≲ ‖ϱ‖L2x ,

we get

|I3| ≲ ∫
τ

0
∫
𝕋3
|∇u|2 dxdt + τ sup

t∈[0,τ]
‖ϱ‖2LΓx .

In view of (4.135) and (4.137), we find

𝔼[|I3|r] ≲ c1(r), (4.145)

where c1(r) is given by (4.142).
(4) Similarly to the previous step,

|I4| ≲ ∫
τ

0
‖ϱu‖2L2x dt ≲ sup

t∈[0,τ]
‖ϱ‖2L4x ∫

τ

0
‖u‖2L4x dt

≲ sup
t∈[0,τ]
‖ϱ‖4L4x + (∫

τ

0
‖u‖2L4x dt)

2

.

If Γ ≥ 4, the first term is controlled by the energy (cf. (4.135)) while the second
one can be estimated by virtue of (4.139) together with the standard embedding
W 1,2↪ L4. Thus we obtain

𝔼[|I4|r] ≲ c2(r). (4.146)

(5) The term I5 can easily be bounded by

|I5| ≲ ∫
τ

0
∫
𝕋3
ϱ4 dxdt + ∫

τ

0
∫
𝕋3
|∇u|2 dxdt.

Consequently, we have

𝔼[|I5|r] ≲ c1(r)

using (4.135) and (4.137) together with Γ ≥ 4.
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(6) Finally, the stochastic integral can be handled as follows using the Burkholder–
Davis–Gundy inequality:

𝔼[|I6|r] = 𝔼[|∫
τ

0
∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ Δ−1∇ϱdxdW|

r

]

≤ 𝔼[ sup
t∈[0,τ]
|∫

t

0
∫
𝕋3
ϱ𝔽ε(ϱ,u) ⋅ Δ−1∇ϱdxdW|

r

]

≲ 𝔼[∫
τ

0

∞

∑
k=1
|∫
𝕋3
ϱFk,ε(ϱ,u) ⋅ Δ−1∇ϱdx|

2
dt]

r/2

,

where, due to (4.7) and the properties of Δ−1,

|∫
𝕋3
ϱFk,ε(ϱ,u) ⋅ Δ−1∇ϱdx| ≲ fk‖Δ−1∇ϱ‖L∞x ∫𝕋3

(ϱ + ϱ|u|)dx

≲ fk‖ϱ‖LΓx ∫𝕋3
(ϱ + ϱ|u|)dx

≲ fk‖ϱ‖2LΓx + fk(∫𝕋3
(ϱ + ϱ|u|2)dx)

2
.

Hence we conclude

𝔼[|I6|r] ≲ c2(r), (4.147)

with c2(r) given by (4.140).

Summing up the estimates (4.142)–(4.147), we obtain the desired bound for the pres-
sure. We have

𝔼[|∫
T

0
∫
𝕋3
(p(ϱ) + δϱΓ)ϱdxdt|

r

] ≲ c2(r). (4.148)

Note that the term ∫τ0 ∫𝕋3 pδ(ϱ)(ϱ)𝕋3 dxdt can be handled using (4.135) and (4.126).

4.4.3 Limit ε→ 0

The uniform bounds derived in the previous section are optimal in view of the energy
method. We are ready to perform the limit ε→ 0. We proceed in two steps. First, we
use Jakubowski’s extension of the Skorokhod representation theorem and change the
probability space to obtain compactness in probability. Then we adapt the method
known for the deterministic case to show compactness of the densities, which is the
main issue here.

Assume that Λ is the initial law given by Theorem 4.4.2, that is, (4.126) and (4.127)
are satisfied. We need to approximate Λ by Borel probability measures Λε which ful-
fill the assumptions of Theorem 4.3.2, namely, (4.77) and (4.78), such that (4.126) and
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(4.127) hold true uniformly in ε. To this end, consider a random variable [ϱ0,q0] with
lawΛwhich exists due to Corollary 2.6.4. Then one can find randomvariables ϱ0,ε with
values in C2+κ(𝕋3), for some κ > 0, such that ℙ-a.s.

0 < ε ≤ ϱ0,ε ≤
1
ε
,

ϱ
2
≤ ∫
𝕋3
ϱ0,ε dx ≤ 2ϱ,

as well as

ϱ0,ε→ ϱ0 in Lp(Ω;LΓ(𝕋3)) ∀p ∈ [1, rΓ]. (4.149)

Next, setting

q̂0,ε =
{
{
{

q0√
ϱ0,ε
ϱ0
, if ϱ0 > 0,

0, if ϱ0 = 0,

it follows from the assumptions on Λ that

|q̂0,ε|2

ϱ0,ε
∈ Lp(Ω;L1(𝕋3)) ∀p ∈ [1, r]

uniformly in ε. Moreover, bymollificationwe canfind randomvariables hε with values
in C2(𝕋3) such that

q̂0,ε
√ϱ0,ε
− hε→ 0 in Lp(Ω;L2(𝕋3)) ∀p ∈ [1, 2r].

Let q0,ε = hε√ϱ0,ε . Then

|q0,ε|2

ϱ0,ε
∈ Lp(Ω;L1(𝕋3)) ∀p ∈ [1, r]

uniformly in ε and

q0,ε→ q0 in Lp(Ω;L1(𝕋3)) ∀p ∈ [1, r] (4.150)
q0,ε
√ϱ0,ε
→

q0
√ϱ0

in Lp(Ω;L2(𝕋3)) ∀p ∈ [1, 2r]. (4.151)

Note that (4.150) also uses (4.149). Finally, we define Λε = ℙ ∘ (ϱ0,ε ,q0,ε)−1. Note that
(4.149) and (4.150) imply in particular Λε

∗
⇀ Λ in the sense of measures on L1(𝕋3) ×

L1(𝕋3).
As a consequence of the above, Theorem 4.3.2 yields existence of [ϱε ,uε], which is

a dissipative martingale solution to (4.72)–(4.73) with the initial law Λε . To be precise,
Theorem 4.3.2 yields for every ε ∈ (0, 1) a multiplet

((Ωε ,𝔉ε , (𝔉ε
t ),ℙε),ϱε ,uε ,Wε),
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which is a weak martingale solution to (4.72)–(4.73). In view of Remark 4.0.4 we may
assume without loss of generality that

(Ωε ,𝔉ε ,ℙε) = ([0, 1],𝔅([0, 1]),𝔏) ε ∈ (0, 1)

and that

𝔉ε
t = σ(σt[ϱε] ∪ σt[uε] ∪

∞

⋃
k=1

σt[Wε]), t ∈ [0,T].

Moreover, we assume without loss of generality that there exists one commonWiener
processW for all ε. Indeed, this can be achieved by performing the compactness argu-
ment in Section 4.3 for the parameters from any chosen subsequence (εn)n∈ℕ at once.

Since (4.126) and (4.127) are satisfied by Λε uniformly in ε, we obtain the uniform
bounds for the quantities c1(r) and c2(r) appearing in Section 4.4.1 and Section 4.4.2.
This in turn implies the corresponding uniform bounds for [ϱε ,uε].

4.4.3.1 Stochastic compactness method
Due to the lack of smoothness, the principal fields ϱε, uε will be treated in the frame-
work ofweak topologies. It is convenient to use the extension of Jakubowski’s theorem
stated in Theorem 2.7.1, where the family [ϱε ,uε , ∇uε] is considered along with the as-
sociated Young measure, which allows one to pass to the limit in compositions with
non-linear functions; see Section 2.8. In our context, it will be used to pass to the limit
in the pressure as well as in the stochastic integral. Similarly to Section 4.3.2, we first
fix the path space the solutions live in. As the present uniform bounds are consider-
ably weaker than those in Section 4.3.1, everything must be done more carefully. It is
convenient to include the energy

Eε ∶= E(ϱε ,uε) =
1
2
ϱε|uε|2 + Pδ(ϱε).

Aswehave shown inSection4.4.1, the energyEε is bounded in expectation in the space
L∞(0,T ;L1(𝕋3)). This embeds into L∞(0,T ;ℳb(𝕋3)), considered as the dual to the
separable Banach space L1(0,T ;C(𝕋3)). Here ℳb(𝕋3) denotes the space of bounded
Borel measures on 𝕋3. Consequently, L∞(0,T ;ℳb(𝕋3)) is a sub-Polish space and the
Jakubowski–Skorokhod theorem, Theorem 2.7.1, is applicable.

Finally, we also include the Young measure corresponding to [ϱε ,uε , ∇uε]. The
reader is referred to Section 2.8 for an introduction. Let νε be the canonical Young
measure associated to [ϱε ,uε , ∇uε]. To be more precise, νε is the weakly-∗measurable
mapping

νε ∶ [0,T] ×𝕋3→𝒫(ℝ ×ℝ3 ×ℝ3×3) ≃𝒫(ℝ13),

given by

νε,t,x(⋅) = δ[ϱε ,uε ,∇uε](t,x)(⋅).
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Note that there is an additional dependence on the randomness variableω. In view of
the discussion in Section 2.8, νε can be regarded as a random variable taking values
in the space of Young measures which we denoted by

(L∞w∗((0,T) ×𝕋3;𝒫(ℝ13)),w∗).

We recall that the weak-∗ topology on this space is determined by functionals

L∞w∗((0,T) ×𝕋3;𝒫(ℝ13)) →ℝ, ν↦∫
T

0
∫
𝕋3
ψ(t,x)∫

ℝ13
ϕ(ξ )dνt,x(ξ )dxdt,

where ψ ∈ L1((0,T) × 𝕋3) and ϕ ∈ Cb(ℝ13). It was discussed in Section 2.8 that this
topology is finer than the weak-∗ topology on L∞w∗ ((0,T) ×𝕋3;ℳb(ℝ13)), which is the
topological dual of L1((0,T)×𝕋3;C0(ℝ13)). Consequently, the space of Youngmeasures
(L∞w∗ ((0,T) ×𝕋3;𝒫(ℝ13)),w∗) belongs to the class of sub-Polish spaces.

As the next step, we define the corresponding path space. We have

𝒳 =𝒳ϱ0 ×𝒳q0 ×𝒳 q0
√ϱ0
×𝒳ϱ ×𝒳ϱu ×𝒳u ×𝒳W ×𝒳E ×𝒳ν ,

where

𝒳ϱ0 = L
Γ(𝕋3), 𝒳q0 = L

1(𝕋3), 𝒳 q0
√ϱ0
= L2(𝕋3),

𝒳ϱ = (LΓ+1((0,T) ×𝕋3),w) ∩ Cw([0,T];LΓ(𝕋3)),

𝒳ϱu = Cw([0,T];L
2Γ
Γ+1 (𝕋3)) ∩ C([0,T];W−k,2(𝕋3)), k > 5

2
,

𝒳u = (L2(0,T ;W 1,2(𝕋3)),w),
𝒳W = C([0,T];𝔘0),

𝒳E = (L∞(0,T ;ℳb(𝕋3)),w∗),
𝒳ν = (L∞w∗((0,T) ×𝕋3;𝒫(ℝ13)),w∗).

To proceed, it is necessary to establish tightness of the set

{ℒ[ϱ0,ε ,q0,ε ,
q0,ε
√ϱ0,ε
,ϱε ,ϱεuε ,uε ,W ,Eδ(ϱε ,uε), νε]; ε ∈ (0, 1)}

on 𝒳. To this end, we observe that tightness of the initial laws

{ℒ[ϱ0,ε ,q0,ε ,
q0,ε
√ϱ0,ε
]; ε ∈ (0, 1)}

follows from (4.149)–(4.151) and Prokhorov’s theorem (Theorem 2.6.1). Tightness of
{ℒ[uε]; ε ∈ (0, 1)} can be shown as in Proposition 4.3.6 using (4.139), while tightness of
{ℒ[ϱε]; ε ∈ (0, 1)} is as in Proposition 4.3.7 using (4.135), (4.136), and (4.148). Tightness
of μW is immediate and was discussed just before Corollary 4.3.9. To show tightness
for {ℒ[ϱεuε]; ε ∈ (0, 1)}, we observe that the proof of Proposition 4.3.8 requires some
modifications.
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Proposition 4.4.5. The set {ℒ[ϱεuε]; ε ∈ (0, 1)} is tight on 𝒳ϱu .

Proof. We proceed similarly to Proposition 4.3.8 and decompose ϱεuε into two parts,
namely, ϱεuε(t) = Yε(t) + Zε(t), where

Yε(t) = (ϱεuε)(0) − ∫
t

0
div(ϱεuε ⊗ uε)ds − ∫

t

0
div𝕊(∇uε)ds

+ ∫
t

0
∇pδ(ϱε)ds − ε∫

t

0
Δ(ϱεuε)ds,

Zε(t) = ∫
t

0
𝔾ε(ϱε ,ϱεuε)dW .

By a similar approach as in Proposition 4.3.8, we obtain Hölder continuity of Yε,
namely, there exist κ > 0 and l > 5/2 such that

𝔼‖Yε‖Cκt W−l,2x
≤ C.

This is a consequence of the a priori estimates (4.135)–(4.139). Concerning the stochas-
tic integral Zε, we obtain due to (3.13) as well as (4.135) and (4.136) (similarly to (3.15))

𝔼‖∫
t

s
𝔾ε(ϱε ,ϱεuε)dW‖

r

W−l,2x

≲ 𝔼(∫
t

s

∞

∑
k=1
‖Gk,ε(ϱε ,ϱεuε)‖

2
W−l,2x

dτ)
r/2

≲ 𝔼(∫
t

s

∞

∑
k=1
‖Gk,ε(ϱε ,ϱεuε)‖

2
L1x
dτ)

r/2

≲ 𝔼(∫
t

s
∫
𝕋3
(ϱε + ϱε|uε|2)dxdτ)

r/2

≲ |t − s|r/2(1 +𝔼 sup
0≤t≤T
‖√ϱεuε‖

r
L2) ≤ C|t − s|

r/2

and the Kolmogorov continuity criterion applies. We can now complete the proof as
in Proposition 4.3.8.

Proposition 4.4.6. The set {ℒ[Eε]; ε ∈ (0, 1)} is tight on 𝒳E .

Proof. The claim follows immediately from the bounds in Section 4.4.1, namely,
(4.134)–(4.136), and the fact that bounded sets in L∞(0,T ;ℳb(𝕋3)) are relatively
compact with respect to the weak-∗ topology.

Proposition 4.4.7. The set {ℒ[νε]; ε ∈ (0, 1)} is tight on 𝒳ν .

Proof. The aim is to apply the compactness criterion in (L∞w∗ ((0,T) ×𝕋3;𝒫(ℝ13)),w∗)
established in Corollary 2.8.6. To this end, define the set

BR ∶= {ν ∈ L∞w∗((0,T) ×𝕋3;𝒫(ℝ13));
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∫
T

0
∫
𝕋3
∫
ℝ13
(|ξ1|Γ+1 +

13
∑
i=2
|ξi|2)dνt,x(ξ )dxdt ≤ R},

which is relatively compact in (L∞w∗ ((0,T) ×𝕋3;𝒫(ℝ13)),w∗). From (4.137), (4.139), and
(4.148) we deduce

ℒ[νε](BcR) = ℙ(∫
T

0
∫
𝕋3
∫
ℝ13
(|ξ1|Γ+1 +

13
∑
i=2
|ξi|2)dνε,t,x(ξ )dxdt > R)

= ℙ(∫
T

0
∫
𝕋3
|ϱε|Γ+1 + |uε|2 + |∇uε|2 dxdt > R)

≤ 1
R
𝔼[‖ϱε‖Γ+1LΓ+1t,x

+ ‖uε‖2L2t,x + ‖∇uε‖
2
L2t,x
] ≤ C

R
.

The proof is complete.

The desired conclusion follows.

Corollary 4.4.8. The set

{ℒ[ϱ0,ε ,q0,ε ,
q0,ε
√ϱ0,ε
,ϱε ,ϱεuε ,uε ,W ,E(ϱε ,uε), νε]; ε ∈ (0, 1)}

is tight on 𝒳.

Consequently,we are allowed to apply the Jakubowski–Skorokhod representation
theorem (Theorem 2.7.1).

Proposition 4.4.9. There exists a complete probability space (Ω̃, �̃�, ℙ̃) with 𝒳-valued
Borel measurable random variables [ϱ̃0,ε , q̃0,ε , k̃0,ε , ϱ̃ε , q̃ε , ũε , W̃ ε , Ẽε , ν̃ε], ε ∈ (0, 1), as
well as [ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃] such that (up to a subsequence):
(1) for all ε ∈ (0, 1), we know that ℒ[ϱ̃0,ε , q̃0,ε , k̃0,ε , ϱ̃ε , q̃ε , ũε , W̃ ε , Ẽε , ν̃ε] and ℒ[ϱ0,ε ,

q0,ε ,
q0,ε
√ϱ0,ε
,ϱε ,ϱεuε ,uε ,W ,Eε , νε] coincide on 𝒳. In particular,

ϱ̃0,ε = ϱ̃ε(0), q̃0,ε = ϱ̃εũε(0), k̃0,ε =
q̃0,ε
√ϱ̃0,ε
=
ϱ̃εũε(0)

√ϱ̃ε(0)
,

q̃ε = ϱ̃εũε , Ẽε = E(ϱ̃ε , ũε), ν̃ε = δ[ϱ̃ε ,ũε ,∇ũε],

ℙ̃-a.s., as well as

𝔼[| sup
t∈[0,T]
∫
𝕋3
[
1
2
ϱ̃ε|ũε|

2 + Pδ(ϱ̃ε)]dx|
r
] ≲ c2(r), (4.152)

with c2(r) given by (4.140);
(2) the law of [ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃] on 𝒳 is a Radon measure;
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(3) [ϱ̃0,ε , q̃0,ε , k̃0,ε , ϱ̃ε , ϱ̃εũε , ũε , W̃ ε , Ẽε , ν̃ε] converges in the topology of 𝒳 ℙ̃-a.s. to
[ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃], i.e.,

ϱ̃0,ε→ ϱ̃0 in LΓ(𝕋3),
q̃0,ε→ q̃0 in L1(𝕋3),
k̃0,ε→ k̃0 in L2(𝕋3),
ϱ̃ε→ ϱ̃ in Cw([0,T];LΓ(𝕋3)),
ϱ̃ε⇀ ϱ̃ in LΓ+1((0,T) ×𝕋3),

ϱ̃εũε→ ϱ̃ũ in Cw([0,T];L
2Γ
Γ+1 (𝕋3)),

ũε⇀ ũ in L2(0,T ;W 1,2(𝕋3)),

W̃ε→ W̃ in C([0,T];𝔘0),

E(ϱ̃ε , ũε)
∗
⇀ Ẽ in L∞(0,T ;ℳb(𝕋3)),

δ[ϱ̃ε ,ũε ,∇ũε]
∗
⇀ ν̃ in L∞((0,T) ×𝕋3;𝒫(ℝ13)),

(4.153)

as ε→ 0 ℙ̃-a.s.;
(4) for any Carathéodory function H =H(t,x,ϱ,v,V)where (t,x) ∈ (0,T) ×𝕋3, (ϱ,v,V) ∈
ℝ13, satisfying for some q1,q2,q3 > 0 the growth condition

|H(t,x,ϱ,v,V)| ≲ 1 + |ϱ|q1 + |v|q2 + |V|q2 ,

uniformly in (t,x), denote H(ϱ̃, ũ, ∇ũ)(t,x) = ⟨ν̃t,x ,H⟩. Then we have

H(ϱ̃ε , ũε , ∇ũε) ⇀H(ϱ̃, ũ, ∇ũ) in Lr((0,T) ×𝕋3)

for all 1 < r ≤ Γ + 1
q1
∧ 2
q2
, (4.154)

as ε→ 0 ℙ̃-a.s.

Proof. The parts (1)–(3) follow from Theorem 2.7.1. The remaining point was obtained
a consequence of Corollary 2.8.3.

For the same reasons as in Section 4.3.2, we work in the context of random dis-
tributions introduced in Section 2.2 and follow the same arguments as in the discus-
sion after Proposition 4.3.10. To be more precise, in view of Remark 2.3.7 and Corol-
lary 2.1.36, it is necessary to show that joint canonical filtration given by

�̃�t ∶= σ(σt[ϱ̃] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T]

is non-anticipative with respect to the limit Wiener process W̃ .
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This is obtained as follows. According to Theorem 2.9.1, for every ε ∈ (0, 1), W̃ ε =
∑∞k=1 ekW̃ ε,k is a cylindrical Wiener process with respect to

σ(σt[ϱ̃ε] ∪ σt[ũε] ∪
∞

⋃
k=1

σt[W̃ ε,k]), t ∈ [0,T].

In other words, this filtration is non-anticipative with respect to W̃ ε . Lemma 2.9.3 to-
gether with Proposition 4.4.9 then allows one to pass to the limit as ε → 0 and the
non-anticipativity of (�̃�t)t≥0 with respect to W̃ follows. Finally, due to Lemma 2.1.35
and Corollary 2.1.36, the process W̃ is a cylindrical Wiener processes with respect to
(�̃�t)t≥0 and is given by the formal expansion W̃ = ∑∞k=1 ekW̃k for some sequence of
mutually independent real-valued (�̃�t)-Wiener processes W̃k , k ∈ℕ.

As in Corollary 4.3.12 we obtain the following as a direct consequence of Proposi-
tion 4.4.9.

Corollary 4.4.10. The following convergence holds true ℙ̃-a.s.:

ϱ̃εũε ⊗ ũε⇀ ϱ̃ũ ⊗ ũ in L1(0,T ;L1(𝕋3)). (4.155)

Similar to Lemma 4.1.7 the continuity equation (4.123) is satisfied by [ϱ̃, ũ] on the
new probability space. Note, however, that we only have a weak solution.

Lemma 4.4.11. The random distribution [ϱ̃, ũ] satisfies (4.123) for all ϕ ∈ C∞c ([0,T))
and ψ ∈ C∞(𝕋3) ℙ̃-a.s.

As a consequence of Theorem 2.9.1 we see that [ϱ̃ε , ũε] satisfies the continuity
equation

𝜕t ϱ̃ε + div (ϱ̃εũε) = εΔϱ̃ε (4.156)

a.e. in (0,T)×𝕋3 ℙ̃-a.s.Wemay thereforemultiply (4.156) by ϱ̃ε and integrate by parts,
obtaining

d
dt
∫
𝕋3

1
2
|ϱ̃ε|

2 dx + ε∫
𝕋3
|∇ϱ̃ε|

2 dx = − 1
2
∫
𝕋3
|ϱ̃ε|

2div ũε dx.

In accordance with (4.135) and (4.137) (which continue to hold on the new probabil-
ity space due to Proposition 4.4.9), the integral on the right hand side is bounded in
expectation and we obtain

ε𝔼∫
T

0
‖∇ϱ̃ε‖

2
L2x dt ≲ c1(r), (4.157)

where c1(r) is given in (4.138). In particular, for a suitable subsequence, ℙ̃-a.s.,

εΔϱ̃ε→ 0 in L2(0,T ;W−1,2(𝕋3)).
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Next, we perform the limit ε→ 0 in the momentum equation (4.73). To this end,
we apply Proposition 4.4.9, part (4), to compositions pδ(ϱ̃ε) and ϱ̃εFk(ϱ̃ε , ũε), k ∈ℕ.
Specifically, there exist pδ(ϱ̃) and ϱ̃Fk(ϱ̃, ũ), k ∈ℕ, such that

pδ(ϱ̃ε) ⇀ pδ(ϱ̃) in Lq((0,T) ×𝕋3), (4.158)
ϱ̃εFk(ϱ̃ε , ũε) ⇀ ϱ̃Fk(ϱ̃, ũ) in Lq((0,T) ×𝕋3), (4.159)

for some q > 1 ℙ̃-a.s. Let us now define the Hilbert–Schmidt operator ϱ̃𝔽(ϱ̃, ũ) by

ϱ̃𝔽(ϱ̃, ũ)ek ∶= ϱ̃Fk(ϱ̃, ũ) k ∈ℕ.

We obtain the following result.

Proposition 4.4.12. The random distribution [ϱ̃, ũ, W̃ ] satisfies

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱ̃ũ ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ̃ũ0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱ̃ũ ⊗ ũ ∶ ∇φ + pδ(ϱ̃)divφ]dxdt

− ∫
T

0
ϕ∫
𝕋3
𝕊(∇ũ) ∶ ∇φdxdt + ∫

T

0
ϕ∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅φdxdW̃ , (4.160)

for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.

Proof. Similarly to Proposition 4.3.14 we apply Theorem 2.9.1 to show that the random
distributions [ϱ̃ε , ũε , W̃ ε] solve the momentum equation (4.75). Before we proceed we
have to explain how to pass to the limit in the pressure and the stochastic integral.
Note that at the current stagewe are only able to show that a certain limit exists but we
are unable to identify it. For the identification, strong convergence of the approximate
densities ϱ̃ε is necessary, which is the main goal of Section 4.4.3.2. The identification
of the limit will then be completed at the very end of this chapter.

In accordance with (4.158), we pass to the limit in the pressure term. The remain-
ing part of the proof is devoted to the passage to the limit in the stochastic integral. In
particular, we are going to show that, for l > 3

2 ,

ϱ̃εFk,ε(ϱ̃ε , ũε) → ϱ̃Fk(ϱ̃, ũ) in L2(0,T ;W−l,2(𝕋3)) (4.161)

ℙ̃-a.s., for anyφ ∈ C∞(𝕋3) andany k ∈ℕ,where ϱ̃Fk(ϱ̃, ũ)was constructed in (4.159) as
the weak limit of ϱ̃εFk(ϱ̃ε , ũε). Hence (4.161) means that ϱ̃εFk,ε(ϱ̃ε , ũε) converges to the
same limit and the convergence is even strong in L2(0,T ;W−l,2(𝕋3)), which is needed
in order to pass to the limit in the stochastic integral; cf. Lemma 2.6.6. First observe
that, by (4.9) and (4.7),

∫
𝕋3
ϱ̃ε|Fk,ε(ϱ̃ε , ũε) − Fk(ϱ̃ε , ũε)|dx

≲ ∫
ϱ̃ε<ε

ϱ̃ε|Fk(ϱ̃ε , ũε)|dx + ∫
|ũε|>

1
ε

ϱ̃ε|Fk(ϱ̃ε , ũε)|dx
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≲ fk[∫
ϱ̃ε<ε
(ϱ̃ε + ϱ̃ε|ũε|)dx + ∫

|ũε|>
1
ε

(ϱ̃ε + ϱ̃ε|ũε|)dx]

≲ fk[ε∫
𝕋3
1 + |ũε|dx + ∫

|ũε|>
1
ε

(ϱ̃ε|ũε|)dx]

≲ εfk ∫
𝕋3
(1 + |ũε| + ϱ̃ε|ũε|

2)dx.

Hence, due to (4.7) and the uniform a priori estimates (4.136) and (4.139) (which con-
tinue to hold on the new probability space by Proposition 4.4.9), we obtain

ϱ̃εFk,ε(ϱ̃ε , ũε) − ϱ̃εFk(ϱ̃ε , ũε) → 0 in L2(0,T ;L1(𝕋3))

ℙ̃-a.s., as well as

ϱ̃εFk,ε(ϱ̃ε , ũε) − ϱ̃εFk(ϱ̃ε , ũε) → 0 in L2(0,T ;W−l,2(𝕋3)) (4.162)

ℙ̃-a.s. for any k ∈ℕ. To see (4.161), we first write

∫
𝕋3
ϱ̃εFk(ϱ̃ε , ũε) ⋅φdx = ∫

𝕋3
ϱ̃ε(Fk(ϱ̃ε , ũε) − Fk(ϱ̃ε , ũ)) ⋅φdx + ∫

𝕋3
ϱ̃εFk(ϱ̃ε , ũ) ⋅φdx.

By Hölder’s inequality, we have

∫
𝕋3
ϱ̃ε(Fk(ϱ̃ε , ũε) − Fk(ϱ̃ε , ũ)) ⋅φdx ≲ fk‖φ‖L∞x ∫𝕋3

ϱ̃ε|ũε − ũ|dx

≤ fk‖φ‖L∞x ‖√ϱ̃ε‖L2x ‖ϱ̃ε|ũε − ũ|
2‖1/2L1x
.

It follows from Proposition 4.4.9 and Corollary 4.4.10 that ℙ̃-a.s.

‖ϱ̃ε|ũε − ũ|
2‖L1x = ∫𝕋3

ϱ̃ε|ũε|
2 dx − 2∫

𝕋3
ϱ̃εũε ⋅ ũdx + ∫

𝕋3
ϱ̃ε|ũ|

2 dx

→ 0 in L2(0,T). (4.163)

This implies

ϱ̃ε(Fk(ϱ̃ε , ũε) − Fk(ϱ̃ε , ũ)) → 0 in L2(0,T ;W−l,2(𝕋3)),

for anyφ ∈ C∞(𝕋3) ℙ̃-a.s. Thus, (4.161) follows if we show that

ϱ̃εFk(ϱ̃ε , ũ) → ϱ̃Fk(ϱ̃, ũ) in L2(0,T ;W−l,2(𝕋3)) (4.164)

ℙ̃-a.s. Finally, to see (4.164), we need the following renormalized form of the equation
of continuity:

𝜕tb(ϱ̃ε) + div (b(ϱ̃ε)ũε) + (b
′(ϱ̃ε)ϱ̃ε − b(ϱ̃ε))div ũε

= εdiv (b′(ϱ̃ε)∇ϱ̃ε) − εb
″(ϱ̃ε)|∇ϱ̃ε|

2, (4.165)
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for any b having at most quadratic growth,

|b″(ϱ)| ≲ 1 for all ϱ ≥ 0.

Equation (4.165) follows easily by multiplying (4.156) by b′(ϱ̃ε). Now, with the help of
(4.154) and (4.157), we deduce from (4.165)

b(ϱ̃ε) → b(ϱ̃) in Cw([0,T];L2(𝕋3)) as ε→ 0. (4.166)

Note carefully that we do not have to pass to a subsequence as the limit is uniquely
determined by (4.154).

The function b in (4.166) depends solely on ϱ. To obtain a similar statement for
the Carathéodory composition,

ϱ̃εFk(ϱ̃ε , t,x) = ϱ̃εFk(ϱ̃ε , ũ(t,x)),

we use an approximation argument. First, we recall the compact embedding

Cw([0,T];L2(𝕋3))
c
↪ L2(0,T ;W−1,2).

Consequently, we deduce from (4.166) and the fact that ũ ∈ L2(0,T ;W 1,2(𝕋3)) ℙ̃-a.s.
that

b(ϱ̃ε)B(ũ) → b(ϱ̃)B(ũ) in L2(0,T ;W−l,2(𝕋3)),

for any globally Lipschitz b and B. Thus (4.164) follows by a density argument via ap-
proximation of ϱFk(ϱ,u) by finite sums ∑i bi(ϱ)Bi(u). Note again that the result holds
unconditionally for the original sequence, meaning we do not need to take a subse-
quence in ω. We have shown (4.161).

For l > 3
2 , we have, by Sobolev’s embedding (cf. (3.15)),

�̃�∫
T

0
‖ϱ̃ε𝔽ε(ϱ̃ε , ũε)‖

2
L2(𝔘;W−l,2x )

dt

≲ �̃�∫
T

0
(ϱ̃ε)𝕋3 ∫

𝕋3
(
∞

∑
k=1

ϱ̃−1ε |Gk,ε(ϱ̃ε , ϱ̃εũε)|
2)dxdt

≲ �̃�∫
T

0
(ϱ̃ε)𝕋3 ∫

𝕋3
(ϱ̃ε + ϱ̃ε|ũε|

2)dxdt ≲ c1(r), (4.167)

using also (4.9), (4.7), (4.135), and (4.136). Consequently, (4.161) implies

ϱ̃ε𝔽ε(ϱ̃ε , ũε) → ϱ̃𝔽(ϱ̃, ũ) in L2(0,T ;L2(𝔘;W−l,2(𝕋3)))

ℙ̃-a.s. Combining this with the convergence of W̃ ε from Proposition 4.4.9, we may ap-
ply Lemma 2.6.6 to pass to the limit in the stochastic integral and hence complete the
proof.
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4.4.3.2 Deterministic compactness method
Our ultimate goal is to show strong (pointwise a.e.) convergence of the approximate
densities. We adapt the method used in the deterministic case based on weak conti-
nuity of the effective viscous flux. Evoking the procedure yielding (4.142), we use the
quantity

∇Δ−1[ϱ̃ − (ϱ̃)𝕋3 ] = Δ−1∇ϱ̃

as a test function in (4.160). Repeating stepby step the argumentsused inSection4.4.2,
we obtain

∫
τ

0
∫
𝕋3
pδ(ϱ̃)[ϱ̃ − (ϱ̃)𝕋3 ]dxdt

= [∫
𝕋3
ϱ̃ũ ⋅ Δ−1[∇ϱ̃]dx]

t=τ

t=0
− ∫

τ

0
∫
𝕋3
ϱ̃ũ ⊗ ũ ∶ ∇Δ−1∇ϱ̃dxdt

+ ∫
τ

0
∫
𝕋3
𝕊(∇ũ) ∶ ∇Δ−1∇ϱ̃dxdt + ∫

τ

0
∫
𝕋3
ϱ̃ũ ⋅ ∇Δ−1div (ϱ̃ũ)dxdt

− ∫
τ

0
∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅ Δ−1∇ϱ̃dxdW̃ . (4.168)

As Γ ≥ 4, we deduce from Proposition 4.4.9, the standard properties of Δ−1, and
the embeddingW 1,Γ(𝕋3)

c
↪ C(𝕋3)

∇Δ−1[ϱ̃ε − (ϱ̃ε)𝕋3 ] → ∇Δ
−1[ϱ̃ − (ϱ̃)𝕋3 ], (4.169)

in C([0,T] ×𝕋3) ℙ̃-a.s. Next, it is also convenient to rewrite

∫
τ

0
∫
𝕋3
𝕊(∇ũε) ∶ ∇Δ−1∇ϱ̃ε dxdt = ∫

τ

0
∫
𝕋3
(η + μ)div ũε ϱ̃ε dxdt

and, similarly,

∫
τ

0
∫
𝕋3
𝕊(∇ũ) ∶ ∇Δ−1∇ϱ̃dxdt = ∫

τ

0
∫
𝕋3
(η + μ)div ũ ϱ̃dxdt.

Using the compactness properties of the family [ϱ̃ε , ũε , W̃ ε], established in this sec-
tion, it is not difficult to let ε→ 0 in the corresponding version of (4.142) and to com-
pare the limit with (4.168). For the convergence of the stochastic integrals, we note
that, after the change of probability space, the approximate stochastic integrals in
the corresponding version of (4.142) are driven by W̃ ε, not by a single process. Conse-
quently, in order to pass to the limit, we apply Lemma 2.6.6 together with (4.161) and
(4.169). We obtain

lim
ε→0
[∫

τ

0
∫
𝕋3
pδ(ϱ̃ε)ϱ̃ε dxdt − ∫

τ

0
∫
𝕋3
(η + μ)div ũε ϱ̃ε dxdt]
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− ∫
τ

0
∫
𝕋3
pδ(ϱ̃)ϱ̃dxdt + ∫

τ

0
∫
𝕋3
(η + μ)div ũ ϱ̃dxdt

= lim
ε→0
∫
τ

0
∫
𝕋3
[ϱ̃εũε ⋅ ∇Δ

−1div (ϱ̃εũε) − ϱ̃εũε ⊗ ũε ∶ ∇Δ
−1∇ϱ̃ε]dxdt

− ∫
τ

0
∫
𝕋3
[ϱ̃ũ ⋅ ∇Δ−1div (ϱ̃ũ) − ϱ̃ũ ⊗ ũ ∶ ∇Δ−1∇ϱ̃]dxdt ℙ̃-a.s. (4.170)

Next, we show that the right hand side of (4.170) actually vanishes.We first rewrite

∫
τ

0
∫
𝕋3
[ϱ̃εũε ⋅ ∇Δ

−1div (ϱ̃εũε) − ϱ̃εũε ⊗ ũε ∶ ∇Δ
−1∇ϱ̃ε]dxdt

= ∫
τ

0
∫
𝕋3
ũε ⋅ [ϱ̃ε∇Δ

−1div (ϱ̃εũε) − ϱ̃εũε ⋅ ∇Δ
−1∇ϱ̃ε]dxdt.

Using the convergence result from Proposition 4.4.9 and Lemma A.1.11, we obtain
ℙ̃-a.s.

ϱ̃ε∇Δ
−1div (ϱ̃εũε) − ϱ̃εũε ⋅ ∇Δ

−1∇ϱ̃ε
→ ϱ̃∇Δ−1div (ϱ̃ũ) − ϱ̃ũ ⋅ ∇Δ−1∇ϱ̃

weakly in Lr(𝕋3) for any t ∈ [0,T], where

1
r
= 1
Γ
+ Γ + 1

2Γ
.

Choosing

Γ ≥ 5 so that r = 2Γ
Γ + 3
> 6
5
,

we get (LΓ(𝕋3),w)
c
↪W−1,2(𝕋3) and, consequently,

ϱ̃ε∇Δ
−1div (ϱ̃εũε) − ϱ̃εũε ⋅ ∇Δ

−1∇ϱ̃ε
→ ϱ̃∇Δ−1div (ϱ̃ũ) − ϱ̃ũ ⋅ ∇Δ−1∇ϱ̃

strongly in L2(0,T ;W−1,2(𝕋3)) ℙ̃-a.s. This, combined with (4.153), yields the desired
conclusion

lim
ε→0
∫
τ

0
∫
𝕋3
[ϱ̃εũε ⋅ ∇Δ

−1div (ϱ̃εũε) − ϱ̃εũε ⊗ ũε ∶ ∇Δ
−1∇ϱ̃ε]dxdt

− ∫
τ

0
∫
𝕋3
[ϱ̃ũ ⋅ ∇Δ−1div (ϱ̃ũ) − ϱ̃ũ ⊗ ũ ∶ ∇Δ−1∇ϱ̃]dxdt = 0.

Consequently, relation (4.170) gives rise to

lim
ε→0
∫
τ

0
∫
𝕋3
[pδ(ϱ̃ε)ϱ̃ε − (η + μ)div ũε ϱ̃ε]dxdt

= ∫
τ

0
∫
𝕋3
[pδ(ϱ̃)ϱ̃ − (η + μ)div ũ ϱ̃]dxdt ℙ̃-a.s. (4.171)
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To exploit the piece of information hidden in (4.171), we let ε→ 0 in the renor-
malized equation (4.165) with b(ϱ̃ε) = ϱ̃ε log(ϱ̃ε). Using convexity of b together with
Proposition 4.4.9, part (4), we get

𝜕t ϱ̃ log(ϱ̃) + div (ϱ̃ log(ϱ̃)ũ) + ϱ̃div ũ ≤ 0,

or, more precisely,

∫
𝕋3
ϱ̃ log(ϱ̃)ψ(τ)dx + ∫

τ

0
∫
𝕋3
ϱ̃div ũψdxdt ≤ ∫

𝕋3
ϱ̃0 log(ϱ̃0)ψ(0)dx

+ ∫
τ

0
∫
𝕋3
[ϱ̃ log(ϱ̃)𝜕tψ + ϱ̃ log(ϱ̃)ũ ⋅ ∇ψ]dxdt, (4.172)

for any ψ ∈ C∞c ([0,τ) ×𝕋3), ψ ≥ 0.
Finally, we apply the DiPerna–Lions theory of renormalized solutions (cf. Theo-

rem A.3.1) to the limit equation from Lemma 4.4.11. Since ũ ∈ L2(0,T ;W 1,2(𝕋3)) ℙ̃-a.s.
and ϱ̃ ∈ L∞(0,T ;LΓ(𝕋3)) ℙ̃-a.s. where Γ ≥ 2, equation (4.123) is satisfied also in the
renormalized sense. We have

∫
𝕋3
b(ϱ̃(τ))ψ(τ)dx + ∫

τ

0
∫
𝕋3
(b′(ϱ̃)ϱ̃ − b(ϱ̃))divuψdxdt = ∫

𝕋3
b(ϱ̃0)ψ(0)dx

+ ∫
τ

0
∫
𝕋3
[b(ϱ̃)𝜕tψ + b(ϱ̃)ũ ⋅ ∇ψ]dxdt, (4.173)

for any ψ ∈ C∞c ([0,T] ×𝕋3). In particular,

∫
𝕋3
ϱ̃ log(ϱ̃)ψ(τ)dx + ∫

τ

0
∫
𝕋3
ϱ̃div ũψdxdt = ∫

𝕋3
ϱ̃0 log(ϱ̃0)ψ(0)dx

+ ∫
τ

0
∫
𝕋3
[ϱ̃ log(ϱ̃)𝜕tψ + ϱ̃ log(ϱ̃)ũ ⋅ ∇ψ]dxdt. (4.174)

Subtracting (4.174) from (4.172) and taking ψ as a smooth approximation of the indi-
cator function of [0,τ], we obtain

∫
𝕋3
[ϱ̃ log(ϱ̃) − ϱ̃ log(ϱ̃)](τ)dx + ∫

τ

0
∫
𝕋3
[ϱ̃div ũ − ϱ̃div ũ]dxdt ≤ 0, (4.175)

for any τ ∈ [0,T]. As the pressure is a non-decreasing function of the density, we get

lim
ε→0
∫
τ

0
∫
𝕋3
pδ(ϱ̃ε)ϱ̃ε dxdt ≥ ∫

τ

0
∫
𝕋3
pδ(ϱ̃)ϱ̃dxdt.

Thus relation (4.171) yields

∫
τ

0
∫
𝕋3
[ϱ̃div ũ − ϱ̃div ũ]dxdt ≥ 0

and (4.175) reduces to

∫
𝕋3
[ϱ̃ log(ϱ̃) − ϱ̃ log(ϱ̃)](τ)dx ≤ 0 for any τ ∈ [0,T]. (4.176)
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As the function ϱ̃↦ ϱ̃ log(ϱ̃) is strictly convex, relation (4.176) implies the strong con-
vergence of ϱ̃ε . Specifically,

ϱ̃ε→ ϱ̃ in Lq(0,T ;L1(𝕋3)) for any 1 ≤ q <∞ ℙ̃-a.s. (4.177)

With the strong convergence (4.177) at hand we are now able to identify the limit
in the stochastic integral. In view of (4.162) and (4.163) we only need the ℙ̃-a.s. conver-
gence

∫
𝕋3
ϱ̃εFk(ϱ̃ε , ũ) ⋅φdx→∫

𝕋3
ϱ̃Fk(ϱ̃, ũ) ⋅φdx a.e. in (0,T) (4.178)

for any φ ∈ C∞(𝕋3). Obviously (4.178) follows immediately from (4.177) and the Lips-
chitz continuity of Fk . Hence we infer

ϱ̃Fk(ϱ̃, ũ) = ϱ̃Fk(ϱ̃, ũ) a.e. in Ω̃ × (0,T) ×𝕋3.

We are now going to pass to the limit in the stochastic integral appearing in the
energy inequality.

Proposition 4.4.13. We have

∫
τ

0
∫
𝕋3
ϱ̃ε 𝔽ε(ϱ̃ε , ũε) ⋅ ũε dxdW̃ε→∫

τ

0
∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅ ũdxdW̃ in L2(0,T)

in probability.

Proof. Weproceed similarly as in Proposition 4.3.15 and employ Lemma 2.6.6. It yields
the claimed convergence, provided we can show

∫
𝕋3
ϱ̃ε 𝔽ε(ϱ̃ε , ũε) ⋅ ũε dx→∫

𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅ ũdx in L2(0,T ;L2(𝔘;ℝ)) (4.179)

ℙ̃-a.s. First, let us denote the approximate stochastic integral by M̃ ε . We observe, by
(4.7) and (4.9),

𝔼‖M̃ ε‖2L2(0,T ;L2(𝔘;ℝ)) = 𝔼[
∞

∑
k=1
∫
T

0
(∫
𝕋3
ϱ̃ε Fk,ε(ϱ̃ε , ũε) ⋅ ũε dx)

2
dt]

≲ f 2k 𝔼[∫
T

0
(∫
𝕋3
(ϱ̃ε + ϱ̃ε|ũε|

2)dx)
2
dt] ≲ f 2k ,

using (4.135) and (4.136). Due to the summability of fk , the convergence (4.179) follows,
provided we can show

∫
𝕋3
ϱ̃ε Fk,ε(ϱ̃ε , ũε) ⋅ ũε dx→∫

𝕋3
ϱ̃Fk(ϱ̃, ũ) ⋅ ũdx in L2(0,T) (4.180)
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ℙ̃-a.s. for all k ∈ℕ. Because of (4.135) and (4.136), this can be relaxed to

∫
𝕋3
ϱ̃ε Fk,ε(ϱ̃ε , ũε) ⋅ ũε dx→∫

𝕋3
ϱ̃Fk(ϱ̃, ũ) ⋅ ũdx for a.e. t ∈ (0,T) (4.181)

ℙ̃-a.s. for all k ∈ℕ. In order to show (4.181) we observe

∫
𝕋3
ϱ̃ε|ũε||Fk,ε(ϱ̃ε , ũε) − Fk(ϱ̃ε , ũε)|dx

≲ ∫
ϱ̃ε<ε

ϱ̃ε|ũε||Fk(ϱ̃ε , ũε)|dx + ∫
|ũε|>

1
ε

ϱ̃ε|ũε||Fk(ϱ̃ε , ũε)|dx

≲ fk[∫
ϱ̃ε<ε
(ϱ̃ε|ũε| + ϱ̃ε|ũε|

2)dx + ∫
|ũε|>

1
ε

(ϱ̃ε|ũε| + ϱ̃ε|ũε|
2)dx]

≲ fkε∫
𝕋3
(1 + |ũε|2)dx + fk(𝔏3(|ũε| >

1
ε
))

γ−1
2γ
(∫
𝕋3
|ϱ̃εũε|

2γ
γ+1 dx)

γ+1
2γ

+ fk(𝔏3(|ũε| >
1
ε
))

2γ−3
6γ
(∫
𝕋3
(ϱ̃ε|ũε|

2)
6γ

4γ+3 dx)
4γ+3
6γ
,

similarly to (4.161). Due to (4.135), (4.136), and Chebyshev’s inequality, the right hand
side vanishes as ε→ 0 ℙ̃-a.s. for a.e. t ∈ (0,T). Consequently, it suffices to prove

∫
𝕋3
ϱ̃ε Fk(ϱ̃ε , ũε) ⋅ ũε dx→∫

𝕋3
ϱ̃Fk(ϱ̃, ũ) ⋅ ũdx for a.e. t ∈ (0,T) (4.182)

ℙ̃-a.s. for all k ∈ℕ. We proceed similarly to the proof of (4.112). Note that, as a conse-
quence of Corollary 4.4.10, we have (up to a subsequence)

√ϱ̃εũε→√ϱ̃ũ a.e. in (0,T) ×𝕋3 ℙ̃-a.s.

Let us fix some arbitrary κ > 0. By Egorov’s theorem and (4.177) there exists a measur-
able set 𝒪κ ⊂ Ω̃ × (0,T) ×𝕋3 such that ℙ̃ ⊗𝔏4([Ω̃ × (0,T) ×𝕋3] ⧵𝒪κ) < κ and

√ϱ̃εũε→√ϱ̃ũ, ϱ̃ε→ ϱ̃ uniformly in 𝒪κ . (4.183)

Finally, we consider the sets

𝒪1
κ = {(ω, t,x) ∈𝒪κ ∶ ϱ̃ < κ},

𝒪2
κ = {(ω, t,x) ∈𝒪κ ∶ ϱ̃ ≥ κ}.

As a consequence of (4.183), we can choosem large enough such that

ϱ̃ε ≤ 2κ in 𝒪1
κ , ϱ̃ε ≥

κ
2

in 𝒪2
κ .

With these preparations at hand we gain

�̃�∫
T

0
∫
𝕋3
|ϱ̃εFk(ϱ̃ε , ũε) ⋅ ũε − ϱ̃Fk(ϱ̃, ũ) ⋅ ũ|dxdt
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= ∫
𝒪c

κ

|ϱ̃εFk(ϱ̃ε , ũε) ⋅ ũε − ϱ̃Fk(ϱ̃, ũ) ⋅ ũ|dxdt dℙ̃

+ ∫
𝒪1

κ

|ϱ̃εFk(ϱ̃ε , ũε) ⋅ ũε − ϱ̃Fk(ϱ̃, ũ) ⋅ ũ|dxdt dℙ̃

+ ∫
𝒪2

κ

|ϱ̃εFk(ϱ̃ε ,
√ϱ̃εũε

√ϱ̃ε
) ⋅
√ϱ̃εũε

√ϱ̃ε
− ϱ̃Fk(ϱ̃,

√ϱ̃ũ
√ϱ̃
) ⋅
√ϱ̃ũ
√ϱ̃
|dxdt dℙ̃

= (I)1κ + (I)2κ + (I)3κ .

By Hölder’s inequality we have

(I)1κ ≲ ∫
𝒪c

κ

(ϱ̃ε|ũε| + ϱ̃ε|ũε|
2 + ϱ̃|ũ| + ϱ̃|ũ|2)dxdt dℙ̃ ≲ ∫

𝒪c
κ

(1 + ϱ̃ε|ũε|
2 + ϱ̃|ũ|2)dxdt dℙ̃

≲ (ℙ̃ ⊗𝔏4(𝒪c
κ))

2γ−3
6γ (𝔼∫

T

0
∫
𝕋3
(1 + (ϱ̃ε|ũε|

2)
6γ

4γ+3 + (ϱ̃|ũ|2)
6γ

4γ+3 )dxdt)
4γ+3
6γ

≲ κ
2γ−3
6γ ,

due to the assumption on the Fk from (4.7), (4.135), and (4.136). The second integral
can be bounded by

(I)2κ ≲ κ𝔼∫
T

0
∫
𝕋3
(1 + |ũε|2)dxdt + κ𝔼∫

T

0
∫
𝕋3
(1 + |ũ|2)dxdt ≲ κ,

using (4.135) and (4.136). On the other hand, by (4.177), (4.115), and the continuity of
Fk away from the vacuum (and the lower bounds for ϱ̃ and ϱ̃ε in 𝒪2

κ), the last integral
vanishes as ε → 0. Since κ was arbitrary we obtain (4.181) and, consequently, also
(4.179). Finally, we obtain the claim by Lemma 2.6.6.

Due to the equality of laws Proposition 4.4.9 and Theorem 2.9.1, the energy in-
equality (4.76) continues to hold on the new probability space. By Proposition 4.4.9,
(4.177), and Proposition 4.4.13 it is a routine matter to perform the limit. Note in par-
ticular the convergence of the initial data (recall (4.153) and (4.149)–(4.151)).

The proof of Theorem 4.4.2 is hereby complete.

4.5 Vanishing artificial pressure limit

Our ultimate goal is to let δ→ 0 in (4.121)–(4.122) and to gain

dϱ + div (ϱu)dt = 0, (4.184)
d(ϱu) + div (ϱu ⊗ u)dt + ∇p(ϱ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW . (4.185)

As in the previous two sections, it is the momentum ϱu rather than the velocity u
that is continuous in time. Therefore, it is more natural to specify the initial values in
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terms of [ϱ(0),ϱu(0)]. We consider the space L1(𝕋3) × L1(𝕋3) along with a Borel prob-
ability measure Λ such that

Λ{ϱ ≥ 0} = 1, Λ{0 < ϱ ≤ ∫
𝕋3
ϱdx ≤ ϱ <∞} = 1, (4.186)

for some deterministic constants ϱ, ϱ, and

∫
L1x×L1x
|∫
𝕋3
[ 1
2
|q|2

ϱ
+ P(ϱ)]dx|

r
dΛ ≲ 1, (4.187)

for some r ≥ 4, where

P(ϱ) = ϱ∫
ϱ

1

p(z)
z2

dz

is the pressure potential.

Remark 4.5.1. Note that condition (4.187) requires

q = 0 on the vacuum set {ϱ = 0} Λ-a.s.

We recall the definition of a dissipative martingale solution given in Defini-
tion 3.4.1.

Definition 4.5.2. Let Λ = Λ(ϱ,q) be a Borel probability measure on L1(𝕋N ) × L1(𝕋N )
such that (4.187) holds. The quantity ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative
martingale solution to (4.184)–(4.185) with the initial law Λ if:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

−∫
T

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ϕ(0)∫

𝕋3
ϱ0ψdx + ∫

T

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdxdt (4.188)

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.;
(6) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt

+ ∫
T

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW (4.189)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.;
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(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)]dxdt + ∫

T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ ϕ(0)∫
𝕋3
[ 1
2
ϱ0|u0|2 + P(ϱ0)]dx +

1
2
∫
T

0
ϕ∫
𝕋3

∞

∑
k=1

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
Gk(ϱ,ϱu) ⋅ udxdWk , (4.190)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.;
(8) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ([0,T)) and all

ψ ∈ C∞(𝕋3), we have ℙ-a.s.

−∫
T

0
𝜕tϕ∫
𝕋3
b(ϱ)ψdxdt = ϕ(0)∫

𝕋3
b(ϱ0)ψdx + ∫

T

0
ϕ∫
𝕋3
b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋3
(b′(ϱ)ϱ − b(ϱ))divuψdxdt.

And we obtain the following result.

Theorem 4.5.3. Let γ > 3
2 . Let Λ be a Borel probability measure defined on the space

L1(𝕋3) × L1(𝕋3) such that (4.186) and (4.187) hold true for some ϱ ≥ ϱ > 0 and r ≥ 4.
Then there exists a dissipative martingale solution to (4.184)–(4.185) in the sense of Def-
inition 4.5.2.

As in the preceding sections, the proof consists of (i) showing uniform bounds
independent of δ, (ii) applying the stochastic compactness method based on Jaku-
bowski’s theorem, and (iii) showing compactness of the density by means of deter-
ministic arguments.

4.5.1 Uniform energy bounds

Westartwith the energy estimates that basicallymimic those obtained in Section 4.4.1.
Let [ϱ,u] be a dissipative martingale solution to (4.121)–(4.122) constructed by means
of Theorem 4.4.2. We intend to derive estimates which hold true uniformly in δ.

The energy inequality (4.125) in its integral form reads

∫
𝕋3
[ 1
2
ϱ|u|2 + Pδ(ϱ)](τ)dx + ∫

τ

0
∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ ∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx

+ 1
2

∞

∑
k=1
∫
τ

0
∫
𝕋3
ϱ|Fk(ϱ,u)|

2 dxdt + ∫
τ

0
∫
𝕋3
ϱ𝔽(ϱ,u) ⋅ udxdW . (4.191)
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In view of hypotheses (4.208)–(4.210), the inequality (4.191) provides uniform
bounds that can be obtained exactly as in Section 4.4.1:

𝔼[| sup
t∈[0,T]
‖ϱ‖γLγx |

r
] +𝔼[| sup

t∈[0,T]
δ‖ϱ‖ΓLΓx |

r
] ≲ c1(r), (4.192)

𝔼[| sup
t∈[0,T]
‖ϱ|u|2‖L1x |

r
+ | sup

t∈[0,T]
‖ϱu‖

2γ
γ+1

L
2γ
γ+1
x

|
r
] ≲ c1(r), (4.193)

𝔼[‖u‖2rL2tW 1,2
x
] ≲ c2(r), (4.194)

with

c1(r) ≈ 1 +𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

r
],

c2(r) ≈ 1 +𝔼[|∫
𝕋3
[ 1
2
ϱ0|u0|2 + Pδ(ϱ0)]dx|

2r
].

(4.195)

Finally, it follows from (4.123) that

‖ϱ(τ)‖L1x = ‖ϱ0‖L1x ≤ ϱ, τ ∈ [0,T]. (4.196)

4.5.2 Pressure estimates

In order to derive refined estimates of the pressure, we apply a method similar to Sec-
tion 4.4.2. We consider

∇Δ−1[b(ϱ) − (b(ϱ))𝕋3 ] = Δ
−1[∇b(ϱ)]

as test function in the momentum equation (4.124). Here b is a smooth function with
moderate growth specified below.

As ϱδ satisfies the renormalized continuity equation (see Theorem A.3.1 and
Lemma A.3.2), we get

dΔ−1[∇b(ϱ)] = −∇Δ−1div (b(ϱ)u)dt
+ Δ−1[∇((b(ϱ) − b′(ϱ)ϱ)divu)]dt. (4.197)

Exactly as in Section 4.4.2, we deduce

∫
τ

0
∫
𝕋3
pδ(ϱ)[b(ϱ) − (b(ϱ))𝕋3 ]dxdt

= [∫
𝕋3
ϱu ⋅ Δ−1[∇b(ϱ)]dx]

t=τ

t=0
− ∫

τ

0
∫
𝕋3
ϱu ⊗ u ∶ ∇Δ−1∇b(ϱ)dxdt

+ ∫
τ

0
∫
𝕋3
𝕊(∇u) ∶ ∇Δ−1∇b(ϱ)dxdt + ∫

τ

0
∫
𝕋3
ϱu ⋅ ∇Δ−1div [b(ϱ)u]dxdt

+ ∫
τ

0
∫
𝕋3
ϱu ⋅ Δ−1∇[(b′(ϱ)ϱ − b(ϱ))divu]dxdt

− ∫
τ

0
∫
𝕋3
ϱ𝔽(ϱ,u) ⋅ Δ−1∇b(ϱ)dxdW ≡

6
∑
i=1

Ii . (4.198)
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Now, consider b(ϱ) = ϱβ , where 0 < β < 1
3 will be chosen below. Although b is not be

differentiable at ϱ = 0, relation (4.198) can easily be justified by a density argument.
As a consequence of (4.196), standard Lq-estimates for the inverse Laplacian, and the
embedding relationW 1,q(𝕋3) ↪ L∞(𝕋3) for q > 3,

sup
t∈[0,T]
‖Δ−1∇b(ϱ)(t)‖L∞x ≲ 1 ℙ-a.s., (4.199)

where the norm is controlled by a deterministic constant proportional to ϱ.
The integrals on the right hand side of (4.198) are estimated in a similar way as in

Section 4.4.2:
(1) In accordance with (4.199), we have

|I1| ≤ sup
t∈[0,τ]
|∫
𝕋3
ϱu ⋅ Δ−1[∇ϱβ]dx|

≲ sup
t∈[0,τ]
‖√ϱ‖L2x sup

t∈[0,τ]
‖√ϱu‖L2x sup

t∈[0,τ]
‖Δ−1[∇ϱβ]‖L∞x

≲ c(ϱ) sup
t∈[0,τ]
‖ϱ|u|2‖1/2L1x

.

Consequently, by virtue of (4.193),

𝔼[|I1|r] ≲ c1(r)c(ϱ). (4.200)

(2) We use the elliptic estimates for Δ−1 and Hölder’s inequality to obtain

|I2| ≤ sup
t∈[0,τ]
‖∇Δ−1[∇ϱβ]‖Lqx sup

t∈[0,τ]
‖ϱ‖Lγx ∫

τ

0
‖u‖2Lpx dt

≲ sup
t∈[0,τ]
‖ϱβ‖Lqx sup

t∈[0,τ]
‖ϱ‖Lγx ∫

τ

0
‖u‖2Lpx dt,

where
1
q
+ 1
γ
+ 2
p
= 1.

Because of γ > 3
2 ,W

1,2(𝕋3) ↪ L6(𝕋3), and β ≤ 2
3γ − 1, we gain

𝔼[|I2|r] ≲ c(ϱ)c2(r), (4.201)

using (4.192), (4.194), and (4.196).
(3) As

‖∇Δ−1∇ϱβ‖L2x ≲ ‖ϱ
β‖L2x ,

we get

|I3| ≲ ∫
τ

0
∫
𝕋3
|∇u|2 dxdt + τ sup

t∈[0,τ]
‖ϱβ‖2L2x .
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In view of (4.194) and (4.196) together with β ≤ 1, we obtain

𝔼[|I3|r] ≲ c1(r). (4.202)

(4) As in the previous steps,

|I4| ≲ sup
t∈[0,τ]
‖ϱ‖Lγx ∫

τ

0
‖u‖Lqx ‖∇Δ

−1div (ϱβu)‖Lqx dt

≲ sup
t∈[0,τ]
‖ϱ‖Lγx ∫

τ

0
‖u‖Lqx ‖ϱ

βu‖Lqx dt

≲ sup
t∈[0,τ]
‖ϱ‖Lγx sup

t∈[0,τ]
‖ϱβ‖Lpx ∫

τ

0
‖u‖Lqx ‖u‖Lrx dt,

where

1
γ
+ 2
q
= 1, 1

q
= 1
p
+ 1
r
.

We observe that, as γ > 3
2 , we can choose q < 6 and r ≤ 6 such that

|I4| ≲ sup
t∈[0,τ]
‖ϱ‖Lγx sup

t∈[0,τ]
‖ϱβ‖Lpx ∫

τ

0
‖u‖2W 1,2

x
dt.

Using (4.192), (4.194), and (4.196), we find β > 0 small enough so that

𝔼[|I4|r] ≲ c(ϱ)c2(r). (4.203)

(5) By Hölder’s inequality,

|I5| ≲ sup
t∈[0,T]
‖ϱ‖Lγx ∫

τ

0
‖u‖Lpx ‖Δ

−1∇(ϱβdivu)‖Lqx dt,
1
γ
+ 1
p
+ 1
q
= 1.

Moreover, the elliptic regularity estimates Δ−1∇ ∶ Lr(𝕋3) → W 1,r(𝕋3), for any 1 <
r <∞, and the embedding

W 1,r(𝕋3) ↪ Lq(𝕋3), q ≤ 3r
3 − r

if r < 3 (4.204)

give rise to

‖Δ−1∇(ϱβdivu)‖Lqx ≲ ‖ϱ
βdivu‖Lrx ≲ ‖ϱ

β‖Lsx ‖∇u‖L2x ,

where r is as in (4.204) and s = 2r
2−r . Note that we can choose q < 6, p ≤ 6 and r < 2.

This leaves a gap for β > 0 to be chosen small enough, so that

sup
t∈[0,T]
‖ϱβ‖Lsx ≤ c(ϱ);

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



4.5 Vanishing artificial pressure limit | 175

cf. (4.196). We obtain

|I5| ≲ sup
t∈[0,T]
‖ϱ‖Lγx ∫

τ

0
‖u‖Lpx ‖∇u‖L2x dt

≲ sup
t∈[0,T]
‖ϱ‖Lγx ∫

τ

0
‖u‖2W 1,2

x
dt

and, finally,

𝔼[|I5|r] ≲ c(ϱ)c2(r) (4.205)

on account of (4.192) and (4.194).
(6) As for the stochastic integral, we have, by the Burkholder–Davis–Gundy inequal-

ity,

𝔼[|I6|r] = 𝔼[|∫
τ

0
∫
𝕋3
ϱ𝔽(ϱ,u) ⋅ Δ−1∇ϱβ dxdW|

r

]

≤ 𝔼[ sup
t∈[0,τ]
|∫

t

0
∫
𝕋3
ϱ𝔽(ϱ,u) ⋅ Δ−1∇ϱβ dxdW|

r

]

≲ 𝔼[∫
τ

0

∞

∑
k=1
|∫
𝕋3
ϱFk(ϱ,u) ⋅ Δ−1∇ϱβ dx|

2
dt]

r/2

,

where, due to (4.7), (4.199), and (4.196),

|∫
𝕋3
ϱFk(ϱ,u) ⋅ Δ−1∇ϱβ dx| ≲ fk‖Δ−1∇ϱβ‖L∞x ∫𝕋3

(ϱ + ϱ|u|)dx

≲ c(ϱ)fk ∫
𝕋3
(ϱ + ϱ|u|)dx.

We conclude

𝔼[|I6|r] ≲ c(ϱ)c2(r), (4.206)

as a consequence of (4.192) and (4.193).

Summarizing the previous estimates and going back to (4.198), we infer

𝔼[|∫
T

0
∫
𝕋3
(p(ϱ) + δ(ϱ + ϱΓ))ϱβ dxdt|

r

] ≲ c(ϱ)(c1(r) + c2(r)), (4.207)

for a certain β > 0, with c1(r) and c2(r) given by (4.195).

4.5.3 Limit δ→ 0 – stochastic compactness method

In order to proceed with passage to the limit, it is necessary to construct approximate
initial laws Λδ such that Λδ

∗
⇀Λ in the sense of measures on L1(𝕋3) × L1(𝕋3), in order
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for the assumptions of Theorem 4.5.3 to hold true uniformly in δ and, in addition, the
assumptions of Theorem 4.4.2 to be satisfied, namely, (4.126) and (4.127). This can be
done similarly to the construction of the approximate initial laws at the beginning of
Section 4.4.3. More precisely, let [ϱ0,q0] be a random variable having the law Λwhich
exists due to Corollary 2.6.4. It is a routine matter to find a sequence ([ϱ0,δ ,q0,δ])δ∈(0,1)
such that

ϱ0,δ ∈ LΓ(𝕋3), ϱ0,δ > 0, 0 <
ϱ
2
≤ ∫
𝕋3
ϱ0,δ dx ≤ 2ϱ, ℙ-a.s.,

ϱ0,δ→ ϱ0 in Lγ(𝕋3), q0,δ→ q in L1(𝕋3) ℙ-a.s., (4.208)

𝔼[|∫
𝕋3
[ 1
2
|q0,δ|2

ϱ0,δ
+ Pδ(ϱ0,δ)]dx|

r
] ≲ 1 (4.209)

for some r ≥ 4 uniformly for δ→ 0. Also,

∫
𝕋3
[ 1
2
|q0,δ|2

ϱ0,δ
+ Pδ(ϱ0,δ)]dx→∫

𝕋3
[ 1
2
|q0|2

ϱ0
+ P(ϱ0)]dx, (4.210)

as δ→ 0 ℙ-a.s. Finally, note that (4.210) implies

q0,δ
√ϱ0,δ
→ q0
√ϱ0

in L2(𝕋3) ℙ-a.s. (4.211)

Under these circumstances, Theorem4.4.2 provides a solution [ϱδ ,uδ ,Wδ] of prob-
lem (4.121)–(4.122), with the initial lawΛδ =ℒ[ϱ0,δ ,q0,δ]. As discussed in Section 4.4.3,
without any loss of generality we suppose that, for every δ ∈ (0, 1), there exists

((Ω,𝔉, (𝔉δ
t )t≥0,ℙ),ϱδ ,uδ ,W),

which is a solution to (4.121)–(4.122). Finally, since (4.186) and (4.187) are satisfied by
Λδ uniformly in δ, the bounds established in Section 4.5.1 and Section 4.5.2 give rise to
the necessary uniform estimates on [ϱδ ,uδ]. In the remaining part of this section we
show that these approximate solutions generate a dissipative martingale solution of
our target problem (4.184)–(4.185).

Finally, we are ready to apply the stochastic compactness method, replacing the
original random variables by their Jakubowski–Skorokhod representation. Similarly
to Section 4.4.3, we consider the path space

𝒳 =𝒳ϱ0 ×𝒳q0 ×𝒳 q0
√ϱ0
×𝒳ϱ ×𝒳ϱu ×𝒳u ×𝒳W ×𝒳E ×𝒳ν ,

where

𝒳ϱ0 = L
γ(𝕋3), 𝒳q0 = L

1(𝕋3), 𝒳 q0
√ϱ0
= L2(𝕋3),

𝒳ϱ = (Lγ+β((0,T) ×𝕋3),w) ∩ Cw([0,T];Lγ(𝕋3)),
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𝒳ϱu = Cw([0,T];L
2γ
γ+1 (𝕋3)) ∩ C([0,T];W−k,2(𝕋3)), k > 3

2
,

𝒳u = (L2(0,T ;W 1,2(𝕋3)),w),
𝒳W = C([0,T];𝔘0),

𝒳E = (L∞(0,T ;ℳ(𝕋3)),w∗),
𝒳ν = (L∞((0,T) ×𝕋3;𝒫(ℝ13)),w∗),

where β is taken from (4.207). Here the path space is interpreted exactly as in Sec-
tion 4.4.3, with the only modification that the energy is defined as

Eδ(ϱδ ,uδ)(τ) = [
1
2
ϱδ|uδ|2 + Pδ(ϱδ)](τ) + ∫

τ

0
[ϱγδ + δϱ

Γ
δ]ϱ

β
δ dt.

Let

[ϱ0,δ ,q0,δ ,
q0,δ
√ϱ0,δ
,ϱδ ,ϱδuδ ,uδ ,W ,Eδ(ϱδ ,uδ),δ[ϱδ ,uδ ,∇uδ]]

be the family associated to the weak martingale solution [ϱδ ,uδ ,W] with the corre-
sponding family of joint laws

{ℒ[ϱ0,δ ,q0,δ ,
q0,δ
√ϱ0,δ
,ϱδ ,ϱδuδ ,uδ ,W ,Eδ(ϱδ ,uδ),δ[ϱδ ,uδ ,∇uδ]]; δ ∈ (0, 1)}.

Similarly to Section 4.4.3, tightness of this family of joint laws on 𝒳 follows from the
estimates obtained in Section 4.5.1 and the construction of the initial data. The ana-
logues of Proposition 4.4.6 and Proposition 4.4.7 are straightforward. The only change
lies in the proof of tightness for {ℒ[ϱδuδ]; δ ∈ (0, 1)}.

Proposition 4.5.4. The set {ℒ[ϱδuδ]; δ ∈ (0, 1)} is tight on 𝒳ϱu .

Proof. We proceed similarly as in Proposition 4.4.5 and decompose ϱδuδ into two
parts, namely, ϱδuδ(t) = Yδ(t) + Zδ(t), where

Yδ(t) = q(0) − ∫
t

0
div(ϱδuδ ⊗ uδ)ds + ∫

t

0
div𝕊(∇uδ)ds − ∫

t

0
∇p(ϱδ)ds

+ ∫
t

0
𝔾(ϱδ ,ϱδuδ)dW(s),

Zδ(t) = −δ∫
t

0
∇(ϱδ + ϱΓδ)ds.

By the approach of Proposition 4.4.5 (where we employ (4.207) instead of (4.148)), we
obtain Hölder continuity of Yδ, namely, there exist κ > 0 and l > 5/2 such that

𝔼‖Yδ‖Cκ([0,T];W−l,2(𝕋3)) ≤ C.
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Next, we show that the set of laws {ℒ[Zδ]; δ ∈ (0, 1)} is tight on

C([0,T];W−1,
Γ+β
Γ (𝕋3))

and the conclusion follows by the lines of Proposition 4.4.5. We have, due to (4.207),
(up to a subsequence)

δ(ϱδ + ϱΓδ) → 0 in L
Γ+β
Γ ((0,T) ×𝕋3) ℙ-a.s.

Hence

δ∇(ϱδ + ϱΓδ) → 0 in L
Γ+β
Γ (0,T ;W−1,

Γ+β
Γ (𝕋3)) ℙ-a.s.

and

Zδ→ 0 in C([0,T];W−1,
Γ+β
Γ (𝕋3)) ℙ-a.s.

This leads to the convergence in law

Zδ
d
→ 0 on C([0,T];W−1,

Γ+β
Γ (𝕋3))

and the claim follows.

Consequently, we may apply Jakubowski’s theorem (Theorem 2.7.1) as well as
Corollary 2.8.3 to obtain the following.

Proposition 4.5.5. There exists a complete probability space (Ω̃, �̃�, ℙ̃) with 𝒳-valued
Borel measurable random variables [ϱ̃0,δ , q̃0,δ , k̃0,δ , ϱ̃δ , q̃δ , ũδ , W̃δ , Ẽδ , ν̃δ], δ ∈ (0, 1), as
well as [ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃] such that (up to a subsequence):
(1) for all δ ∈ (0, 1), we know that ℒ[ϱ̃0,δ , q̃0,δ , k̃0,δ , ϱ̃δ , q̃δ , ũδ , W̃δ , Ẽδ , ν̃δ] and ℒ[ϱ0,δ ,

q0,δ ,
q0,δ
√ϱ0,δ
,ϱδ ,ϱδuδ ,uδ ,W ,Eδ(ϱδ ,uδ),δ[ϱδ ,uδ ,∇uδ]] coincide. In particular, we have

ℙ̃-a.s.

ϱ̃0,δ = ϱ̃δ(0), q̃0,δ = ϱ̃δũδ(0), k̃0,δ =
q̃0,δ
√ϱ̃0,δ
=
ϱ̃δũδ(0)

√ϱ̃δ(0)
,

q̃δ = ϱ̃δũδ , Ẽδ = Eδ(ϱ̃δ , ũδ), ν̃δ = δ[ϱ̃δ ,ũδ ,∇ũδ],

as well as

𝔼[|∫
T

0
∫
𝕋3
[ϱ̃γδ + δϱ̃

Γ
δ]ϱ̃

β
δ dxdt|

r

]

+𝔼[ sup
t∈(0,T)
|∫
𝕋3
[ 1
2
ϱ̃δ|ũδ|

2 + Pδ(ϱ̃δ)]dx|
r
] ≲ c2(r), (4.212)

with c2(r) given by (4.195);
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(2) the law of [ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃] on 𝒳 is a Radon measure;
(3) [ϱ̃0,δ , q̃0,δ , k̃0,δ , ϱ̃δ , ϱ̃δũδ , ũδ , W̃δ , Ẽδ , ν̃δ] converges in the topology of 𝒳 ℙ̃-a.s. to
[ϱ̃0, q̃0, k̃0, ϱ̃, q̃, ũ, W̃ , Ẽ, ν̃], i.e.,

ϱ̃0,δ→ ϱ̃0 in Lγ(𝕋3),
q̃0,δ→ q̃0 in L1(𝕋3),
k̃0,δ→ k̃0 in L2(𝕋3),
ϱ̃δ→ ϱ̃ in Cw([0,T];Lγ(𝕋3)),
ϱ̃δ⇀ ϱ̃ in Lγ+β((0,T) ×𝕋3), for some β > 0, (4.213)

ϱ̃δũδ→ q̃ in Cw([0,T];L
2γ
γ+1 (𝕋3)),

ũδ⇀ ũ in L2(0,T ;W 1,2(𝕋3)),

W̃δ→ W̃ in C([0,T];𝔘0),

Eδ(ϱ̃δ , ũδ)
∗
⇀ Ẽ in L∞(0,T ;ℳb(𝕋3)),

δ[ϱ̃δ ,ũδ ,∇ũδ]
∗
⇀ ν̃ in L∞w∗((0,T) ×𝕋3;𝒫(ℝ13)),

as δ→ 0 ℙ̃-a.s.;
(4) for any Carathéodory function H =H(t,x,ϱ,v,V)where (t,x) ∈ (0,T) ×𝕋3, (ϱ,v,V) ∈
ℝ13, satisfying for some q > 0 the growth condition

|H(t,x,ϱ,v,V)| ≲ 1 + |ϱ|q1 + |v|q2 + |V|q2 ,

uniformly in (t,x), denote H(ϱ̃, ũ, ∇ũ)(t,x) = ⟨ν̃t,x ,H⟩. Then we have

H(ϱ̃δ , ũδ , ∇ũδ) ⇀H(ϱ̃, ũ, ∇ũ) in Lr((0,T) ×𝕋3)

for all 1 < r ≤ γ + β
q1
∧ 2
q2
, (4.214)

as ε→ 0 ℙ̃-a.s.

As remarked in Section 4.3.2, namely, after Proposition 4.3.10, wemay deduce that
the filtration

�̃�t ∶= σ(σt[ϱ̃] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T],

is non-anticipating with respect to W̃ = ∑∞k=1 ekW̃k , which is a cylindrical (�̃�t)-Wiener
process.

As in Corollary 4.4.10 we obtain the following as a direct consequence of Proposi-
tion 4.5.5.

Corollary 4.5.6. The following convergence holds true ℙ̃-a.s.:

ϱ̃δũδ ⊗ ũδ⇀ ϱ̃ũ ⊗ ũ in L1(0,T ;L1(𝕋3)). (4.215)
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Similar to Lemma 4.4.11, the continuity equation (4.188) is satisfied by [ϱ̃, ũ] on
the new probability space.

Lemma 4.5.7. The randomdistribution [ϱ̃, ũ] satisfies (4.188) for all ϕ ∈ C∞c ([0,T)) and
all ψ ∈ C∞(𝕋3) ℙ̃-a.s.

Next, we perform the limit δ→ 0 in the momentum equation (4.124). Similarly to
Section 4.4.3.1, at this stage of the proof, we are not able to identify the limit in the
pressure nor in the stochastic integral. This will be done below in Section 4.5.4, where
we establish strong convergence of the approximate densities.

First, we apply Proposition 4.5.5, part (4), to compositions p(ϱ̃δ) and ϱ̃δFk(ϱ̃δ , ũδ),
k ∈ℕ. Specifically, there exist p(ϱ̃) and ϱ̃Fk(ϱ̃, ũ), k ∈ℕ, such that

p(ϱ̃δ) ⇀ p(ϱ̃) in Lq((0,T) ×𝕋3), (4.216)
ϱ̃δFk(ϱ̃δ , ũδ) ⇀ ϱ̃Fk(ϱ̃, ũ) in Lq((0,T) ×𝕋3), (4.217)

for some q > 1 ℙ̃-a.s. Let us now define the Hilbert–Schmidt operator ϱ̃𝔽(ϱ̃, ũ) by

ϱ̃𝔽(ϱ̃, ũ)ek ∶= ϱ̃Fk(ϱ̃, ũ) k ∈ℕ.

We obtain the following result.

Proposition 4.5.8. The random distribution [ϱ̃, ũ, W̃ ] satisfies

− ∫
T

0
ϕ∫
𝕋3
ϱ̃ũ ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ̃0ũ0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱ̃ũ ⊗ ũ ∶ ∇φ + p(ϱ̃)divφ]dxds

− ∫
T

0
ϕ∫
𝕋3
𝕊(∇ũ) ∶ ∇φdxdt + ∫

T

0
ϕ∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅φdxdW̃ , (4.218)

for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.

Proof. Similarly to Proposition 4.4.12, we apply Theorem 2.9.1 to show that the ran-
dom distributions [ϱ̃δ , ũδ , W̃δ] solve the momentum equation (4.124). In the following
we will explain how to pass to the limit in pressure and stochastic integral. As a con-
sequence of (4.216), the definition of pδ, and Proposition 4.5.5,

pδ(ϱ̃δ) ⇀ p(ϱ̃) in Lq((0,T) ×𝕋3), (4.219)

for some q > 1 ℙ̃-a.s., where p(ϱ̃) was given in (4.216). Thus it remains to show

ϱ̃δFk(ϱ̃δ , ũδ) → ϱ̃Fk(ϱ̃, ũ) in L2(0,T ;W−l,2(𝕋3)) (4.220)
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ℙ̃-a.s. for any k ∈ℕ, where l > 3
2 . Due to Proposition 4.5.5 and Corollary 4.5.6, the con-

vergence (4.220) follows from

ϱ̃δFk(ϱ̃δ , ũ) → ϱ̃Fk(ϱ̃, ũ) in L2(0,T ;W−l,2(𝕋3)) (4.221)

ℙ̃-a.s. For details we refer to the proof of (4.161). As a byproduct we also obtain again,
similar to (4.166),

b(ϱ̃δ) → b(ϱ̃) in Cw([0,T];L2(𝕋3)) as δ→ 0, (4.222)

for any b ∈ C1([0,∞)), b′(ϱ) = 0 for ϱ→∞. Finally, (4.221) follows from the renormal-
ized form of the equation of continuity as in (4.165)–(4.166). As in (4.167) we obtain

�̃�∫
T

0
‖ϱ̃ε𝔽ε(ϱ̃ε , ũε)‖

2
L2(𝔘;W−l,2x )

dt

≲ �̃�∫
T

0
(ϱ̃ε)𝕋3 ∫

𝕋3
(ϱ̃ε + ϱ̃ε|ũε|

2)dxdt ≲ c1(r),

using (4.192) and (4.193). Consequently, (4.220) implies

ϱ̃ε𝔽ε(ϱ̃ε , ũε) → ϱ̃𝔽(ϱ̃, ũ) in L2(0,T ;L2(𝔘;W−l,2(𝕋3)))

ℙ̃-a.s. Combining this with the convergence of W̃δ from Proposition 4.5.5, we may ap-
ply Lemma 2.6.6 to pass to the limit in the stochastic integral and hence complete the
proof.

4.5.4 Limit δ→ 0 – deterministic compactness method

We consider a family [ϱ̃δ , ũδ , W̃δ] of dissipative martingale solutions of problem
(4.121)–(4.122) enjoying the compactness properties stated in (4.213) and (4.214). Our
ultimate goal is to show that the limit [ϱ̃, ũ, W̃ ] is a dissipative martingale solution of
our target problem (4.184)–(4.185).

4.5.4.1 Compactness of the density
As in Section 4.4.3, our ultimate task is to show strong convergence of the densities ϱ̃δ .
Following the deterministic variant of the proof, we introduce the oscillation defect
measure. We set

oscα[ϱ̃δ→ ϱ̃]((0,T) ×𝕋3) = sup
k≥1
(limsup

δ→0
�̃�∫

T

0
∫
𝕋3
|Tk(ϱ̃δ) − Tk(ϱ̃)|

α dxdt),

where α ≥ 1 and Tk is a family of cut-off functions defined for k ∈ℕ as

Tk(r) = kT(
r
k
), T ∈ C∞([0,∞)), T(r) =

{{
{{
{

r for 0 ≤ r ≤ 1,
T″(r) ≤ 0 for r ∈ (1,3),
2 for r ≥ 3.
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In the following we will show that

oscγ+1[ϱ̃δ→ ϱ̃]((0,τ) ×𝕋3) ≲ 1 for any τ > 0. (4.223)

This is crucial for the proof of compactness of the density.
Relation (4.223) will be used to show that the limit [ϱ̃, ũ] satisfies the renormalized

continuity equation ℙ̃-a.s. Note that the theory of DiPerna–Lions (see Theorem A.3.1)
does not apply to the limit as the integrability of the density ϱ̃ is only Lγ . We proceed
as follows:
– we establish a variant of the effective viscous flux identity (4.171);
– we show that oscα[ϱ̃δ→ ϱ̃]((0,T) ×𝕋3) <∞ for α = γ+ 1. In particular, this implies

that the limit [ϱ̃, ũ] satisfies the renormalized equation of continuity;
– we use the compactness argument analogous to Section 4.4.3 to complete the

proof of strong convergence of (ϱ̃δ)δ∈(0,1).

We let δ→ 0 in the renormalized equation of continuity (4.132), obtaining

∫
𝕋3
b(ϱ̃)φ(τ)dx + ∫

τ

0
∫
𝕋3
(b′(ϱ̃)ϱ̃ − b(ϱ̃))div ũφdxdt = ∫

𝕋3
b(ϱ̃0)φ(0)dx

+ ∫
τ

0
∫
𝕋3
[b(ϱ̃)𝜕tφ + b(ϱ̃)ũ ⋅ ∇φ]dxdt, (4.224)

for any φ ∈ C∞c ([0,T] × 𝕋3) and any b ∈ C1([0,∞)), b′(ϱ) = 0 for ϱ→∞. Here, b(ϱ̃)
and (b′(ϱ̃)ϱ̃ − b(ϱ̃))div ũ denote the weak L1(Ω̃ × Q)-limits of b(ϱ̃δ) and (b

′(ϱ̃δ)ϱ̃δ −
b(ϱ̃δ))div ũδ, respectively, obtained by means of Proposition 4.5.5, part (4). Note that
we may use (4.222) to get

b(ϱ̃)ũ = b(ϱ̃)ũ.

With (4.224) at hand, we use

∇Δ−1[b(ϱ̃) − (b(ϱ̃))𝕋3 ] = Δ
−1[∇b(ϱ̃)]

as a test function in (4.218) (see Section 4.5.1 for details), deducing

∫
τ

0
∫
𝕋3
p(ϱ̃)[b(ϱ̃) − (b(ϱ̃))𝕋3 ]dxdt

= [∫
𝕋3
ϱ̃ũ ⋅ Δ−1[∇b(ϱ̃)]dx]

t=τ

t=0
− ∫

τ

0
∫
𝕋3
ϱ̃ũ ⊗ ũ ∶ ∇Δ−1∇b(ϱ̃)dxdt

+ ∫
τ

0
∫
𝕋3
𝕊(∇ũ) ∶ ∇Δ−1∇b(ϱ̃)dxdt + ∫

τ

0
∫
𝕋3
ϱ̃ũ ⋅ ∇Δ−1div [b(ϱ̃)ũ]dxdt

+ ∫
τ

0
∫
𝕋3
ϱ̃ũ ⋅ Δ−1[∇(b′(ϱ̃)ϱ̃ − b(ϱ̃))div ũ]dxdt

− ∫
τ

0
∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅ Δ−1∇b(ϱ̃)dxdW̃ . (4.225)
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Similarly, letting δ→ 0 in (4.198), denoting by p(ϱ̃)b(ϱ̃) the weak L1(Ω̃ × Q)-limit
of p(ϱ̃δ)b(ϱ̃δ) (recall Proposition 4.5.5, part (4)), and using (4.221), we get

∫
τ

0
∫
𝕋3
[p(ϱ̃)b(ϱ̃) − p(ϱ̃)(b(ϱ̃))𝕋3 ]dxdt = [∫𝕋3

ϱ̃ũ ⋅ Δ−1[∇b(ϱ̃)]dx]
t=τ

t=0

− lim
δ→0
[∫

τ

0
∫
𝕋3
ϱ̃δũδ ⊗ ũδ ∶ ∇Δ

−1∇b(ϱ̃δ)dxdt

− ∫
τ

0
∫
𝕋3
𝕊(∇ũδ) ∶ ∇Δ−1∇b(ϱ̃δ)dxdt

− ∫
τ

0
∫
𝕋3
ϱ̃δũδ ⋅ ∇Δ

−1div [b(ϱ̃δ)ũδ]dxdt]

+ ∫
τ

0
∫
𝕋3
ϱ̃ũ ⋅ Δ−1[∇(b′(ϱ̃)ϱ̃ − b(ϱ̃))div ũ]dxdt

− ∫
τ

0
∫
𝕋3
ϱ̃𝔽(ϱ̃, ũ) ⋅ Δ−1∇b(ϱ̃)dxdW̃ . (4.226)

Now, the crucial step is again to apply Lemma A.1.11. Consequently, we deduce

∫
τ

0
∫
𝕋3
ϱ̃ũ ⋅ ∇Δ−1div [b(ϱ̃)ũ]dxdt − ∫

τ

0
∫
𝕋3
ϱ̃ũ ⊗ ũ ∶ ∇Δ−1∇b(ϱ̃)dxdt

= lim
δ→0
[∫

τ

0
∫
𝕋3
ϱ̃δũδ ⋅ ∇Δ

−1div [b(ϱ̃δ)ũδ]dxdt − ∫
τ

0
∫
𝕋3
ϱ̃δũδ ⊗ ũδ ∶ ∇Δ

−1∇b(ϱ̃δ)dx].

In addition, we recall that η = λ + μ3 and easily see

∫
𝕋3
𝕊(∇ũ) ∶ ∇Δ−1∇b(ϱ̃)dx = (η + μ)∫

𝕋3
b(ϱ̃)div ũdx

lim
δ→0
[∫
𝕋3
𝕊(∇ũδ) ∶ ∇Δ−1∇b(ϱ̃δ)dx] = (η + μ)∫

𝕋3
b(ϱ̃)div ũdx.

Thus, comparing (4.225) and (4.226) we obtain the following form of the effective vis-
cous flux identity:

∫
τ

0
∫
𝕋3
[p(ϱ̃)b(ϱ̃) − b(ϱ̃)div ũ]dxdt

= ∫
τ

0
∫
𝕋3
[p(ϱ̃) b(ϱ̃) − b(ϱ̃)div ũ]dxdt; (4.227)

cf. (4.171).
Now we use (4.227) to control the oscillation defect measure. The choice b = Tk

yields

∫
τ

0
∫
𝕋3
[p(ϱ̃)Tk(ϱ̃) − p(ϱ̃) Tk(ϱ̃)]dx = ∫

τ

0
∫
𝕋3
[Tk(ϱ̃)div ũ − Tk(ϱ̃)div ũ]dxdt.
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Using (4.213), the integral on the right hand side can be estimated as

�̃�∫
τ

0
∫
𝕋3
Tk(ϱ̃)div ũ − Tk(ϱ̃)div ũdxdt

= lim
δ→0
�̃�∫

τ

0
∫
𝕋3
(Tk(ϱ̃δ) − Tk(ϱ̃))div ũδ dxdt

+ lim
δ→0
�̃�∫

τ

0
∫
𝕋3
(Tk(ϱ̃) − Tk(ϱ̃δ))div ũdxdt

≲ limsup
δ→0
‖Tk(ϱ̃δ) − Tk(ϱ̃)‖L2(Ω̃×(0,τ)×𝕋3), (4.228)

where the constant in the last inequality is independent of k. Now, since p is convex,
non-negative and non-decreasing, we have p(a) − p(b) ≥ p(a − b) whenever 0 ≤ a ≤ b.
In addition, Tk concave, so we have

∫
τ

0
∫
𝕋3
[p(ϱ̃)Tk(ϱ̃) − p(ϱ̃) Tk(ϱ̃)]dxdt

≥ ∫
τ

0
∫
𝕋3
[p(ϱ̃)Tk(ϱ̃) − p(ϱ̃) Tk(ϱ̃) + (p(ϱ̃) − p(ϱ̃))(Tk(ϱ̃) − Tk(ϱ̃))]dxdt

≥ ∫
τ

0
∫
𝕋3
[p(ϱ̃)Tk(ϱ̃) − p(ϱ̃)Tk(ϱ̃) − p(ϱ̃)Tk(ϱ̃) + p(ϱ̃)Tk(ϱ̃)]dxdt

= lim
δ→0
∫
τ

0
∫
𝕋3
(p(ϱ̃δ) − p(ϱ̃))(Tk(ϱ̃δ) − Tk(ϱ̃))dxdt

≳ limsup
δ→0
∫
τ

0
∫
𝕋3
|Tk(ϱ̃δ) − Tk(ϱ̃)|

γ+1 dxdt. (4.229)

Thus relations (4.227)–(4.229) put together yield the desired conclusion:

limsup
δ→0
𝔼∫

τ

0
∫
𝕋3
|Tk(ϱ̃δ) − Tk(ϱ̃)|

γ+1 dxdt ≤ c. (4.230)

As the estimate is independent of k, we get (4.223).
Based on (4.223) we are going to pass to the limit in the following equation:

𝜕tb(Tk(ϱ̃)) + div (b(Tk(ϱ̃))ũ) + (b′(Tk(ϱ̃))Tk(ϱ̃) − b(Tk(ϱ̃)))div ũ

= −b′(Tk(ϱ̃))(T′k (ϱ̃)ϱ̃ − Tk(ϱ̃))div ũ, (4.231)

which holds in the sense of distributions thanks to (4.224). On account of (4.223) we
have, for all p ∈ (1,γ),

�̃�‖Tk(ϱ̃) − ϱ̃‖
p
Lp(Ω̃×Q) ≤ lim inf

δ→0
�̃�‖Tk(ϱ̃δ) − ϱ̃δ‖

p
Lpt L

p
x

≤ 2p lim inf
δ→0
�̃�∫
[|ϱ̃δ|≥k]
|ϱ̃δ|

p dxdt

≤ 2pkp−γ lim inf
δ→0
�̃�∫

T

0
∫
𝕋3
|ϱ̃δ|

γ dxdt⟶ 0, k→∞,
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so we have

Tk(ϱ̃) → ϱ̃ in Lp(Ω̃ × (0,T) ×𝕋3). (4.232)

In order to pass to the limit in (4.231) we have to show

b′(Tk(ϱ̃))(T′k (ϱ̃)ϱ̃ − Tk(ϱ̃))div ũ→ 0 in L1(Ω̃ × (0,T) ×𝕋3). (4.233)

Recall that b has to satisfy b′(z) = 0 for all z ≥M for someM =M(b). We define

Qk,M ∶= {(ω, t,x) ∈ Ω̃ × [0,T] ×𝕋3; Tk(ϱ̃) ≤M}

and gain

�̃�∫
Q
|b′(Tk(ϱ̃))(T′k (ϱ̃)ϱ̃ − Tk(ϱ̃))div ũ|dxdt

≤ sup
z≤M
|b′(z)|�̃�∫

T

0
∫
𝕋3
χQk,M
|(T′k (ϱ̃)ϱ̃ − Tk(ϱ̃))div ũ|dxdt

≤ C lim inf
δ→0
�̃�∫

T

0
∫
𝕋3
χQk,M
|(T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ))div ũδ|dxdt

≤ C sup
δ
‖div ũδ‖L2(Ω̃×(0,T)×𝕋3) lim inf

δ→0
‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖L2(Qk,M)

.

It follows from interpolation that

‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖
2
L2(Qk,M)

≤ ‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖
α
L1(Ω̃×Q)‖T

′
k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖

(1−α)(γ+1)
Lγ+1(Qk,M)

, (4.234)

where α = γ−1
γ . Moreover, we show similarly to the proof of (4.232) that

‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖L1(Ω̃×(0,T)×𝕋3) ≤ C k
1−γ sup

δ
�̃�∫

T

0
∫
𝕋3
|ϱ̃δ|

γ dxdt

⟶ 0, k→∞, (4.235)

so it suffices to prove

sup
δ
‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖Lγ+1(Qk,M)

≤ C, (4.236)

independently of k. As T′k (z)z ≤ Tk(z), we have, by the definition of Qk,M ,

‖T′k (ϱ̃δ)ϱ̃δ − Tk(ϱ̃δ)‖Lγ+1(Qk,M)

≤ 2(‖Tk(ϱ̃δ) − Tk(ϱ̃)‖Lγ+1(Ω̃×Q) + ‖Tk(ϱ̃)‖Lγ+1(Qk,M)
)

≤ 2(‖Tk(ϱ̃δ) − Tk(ϱ̃)‖Lγ+1(Ω̃×Q) + ‖Tk(ϱ̃) − Tk(ϱ̃)‖Lγ+1(Ω̃×Q) + ‖Tk(ϱ̃)‖Lγ+1(Qk,M)
).
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≤ 2(‖Tk(ϱ̃δ) − Tk(ϱ̃)‖Lγ+1(Ω̃×Q) + ‖Tk(ϱ̃) − Tk(ϱ̃)‖Lγ+1(Ω̃×Q)) + CM.

Now (4.223), (4.222) with b = Tk and the weak lower semicontinuity of the Lγ+1-norm,
imply (4.236). On the other hand (4.234)–(4.236) imply (4.233). So we pass to the limit
in (4.231) and gain

𝜕tb(ϱ̃) + div (b(ϱ̃)ũ) + (b′(ϱ̃)ϱ̃ − b(ϱ̃))div ũ = 0, (4.237)

in the sense of distributions. In particular, we have

∫
𝕋3
ϱ̃Lk(ϱ̃)(τ)dx + ∫

τ

0
∫
𝕋3
Tk(ϱ̃)div ũdxdt = ∫

𝕋3
ϱ̃0Lk(ϱ̃0)dx, (4.238)

where

Lk(ϱ) = {
log(ϱ) if ϱ < k,
log(k) if ϱ ≥ k.

Similarly, it follows from (4.224) that

∫
𝕋3
ϱ̃Lk(ϱ̃)(τ)dx + ∫

τ

0
∫
𝕋3
Tk(ϱ̃)div ũdxdt = ∫

𝕋3
ϱ̃0Lk(ϱ̃0)dx. (4.239)

Moreover, as p is non-decreasing, we deduce from (4.227)

∫
τ

0
∫
𝕋3
Tk(ϱ̃)div ũdxdt ≥ ∫

τ

0
∫
𝕋3
Tk(ϱ̃)div ũdxdt. (4.240)

Summing up (4.238)–(4.240), we get

∫
𝕋3
[ϱ̃Lk(ϱ̃) − ϱ̃Lk(ϱ̃)](τ)dx ≤ ∫

τ

0
∫
𝕋3
(Tk(ϱ̃) − Tk(ϱ̃))div ũdxdt. (4.241)

The final observation is that

∫
τ

0
∫
𝕋3
(Tk(ϱ̃) − Tk(ϱ̃))div ũdxdt→ 0 as k→∞,

because of (4.230). Letting k→∞ in (4.241), we finally obtain

∫
𝕋3
[ϱ̃ log(ϱ̃) − ϱ̃ log(ϱ̃)](τ)dx = 0 for any τ ∈ [0,T].

As the function ϱ̃↦ ϱ̃ log(ϱ̃) is strictly convex, this yields the desired conclusion:

ϱ̃δ(τ) → ϱ̃(τ) in L1(𝕋3) for any τ ∈ [0,T]. (4.242)

Finally, we can pass to the limit in the stochastic integral from the energy inequal-
ity as in Proposition 4.4.13.

So, we can pass to the limit in the energy inequality (4.125) using (4.210) exactly
as in Section 4.4.3. We have proved the main result of this Chapter, Theorem 4.0.2.
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5 Local well-posedness
In view of the existence result for dissipative martingale solutions from Chapter 4, it
is natural to ask whether or not one can construct solutions that are strong in the PDE
sense, at least locally in time. In the present chapter, we answer this question affirma-
tively and show the existence of a unique local-in-time strong solution, which exists
up to a positive stopping time. Recall that the notion of a stopping time associated to a
filtrationwas introduced in Definition 2.1.26. Roughly speaking, it is a random time up
to which the solution is constructed. More specifically, every trajectory of the solution
has a different life span, i.e., depends on the randomness variable ω ∈ Ω.

The system of equations reads

dϱ + div (ϱu)dt = 0, (5.1)
d(ϱu) + [div (ϱu ⊗ u) + a∇ϱγ]dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW . (5.2)

The initial conditions are the following random variables:

ϱ(0, ⋅) = ϱ0, u(0, ⋅) = u0, (5.3)

with sufficient space regularity specified below. As before, the driving process W =
∑∞k=1 ekWk is a cylindrical (𝔉t)-Wiener process in 𝔘, defined on some complete prob-
ability space (Ω,𝔉,ℙ), and the coefficient𝔾 is generally non-linear and satisfies suit-
able growth assumptions. More precisely, let𝔾(ϱ,q) ∶𝔘→ L2(𝕋3) be defined by

𝔾(ϱ,q)ek =Gk(⋅,ϱ(⋅),q(⋅)),

where ϱ ∈ L2(𝕋3), ϱ ≥ 0, q ∈ L2(𝕋3). In contrast to Chapter 4, where solutions are only
weak in the PDE sense, we have to strengthen the assumptions on the coefficients Gk .
We suppose that the coefficients Gk ∶𝕋3 × [0,∞) ×ℝ3→ℝ3 are Cs-functions that sat-
isfy uniformly in x ∈𝕋3

Gk(⋅,0,0) = 0, (5.4)

|∇lx,ϱ,qGk(x,ϱ,q)| ≤ αk ,
∞

∑
k=1

αk <∞ for all l ∈ {1,… , s}, (5.5)

with s ∈ℕ specified below. A typical example we have in mind is

Gk(x,ϱ,q) = ak(x)ϱ +𝔸k(x)q, (5.6)

where ak ∶𝕋3→ℝ3 and 𝔸k ∶𝕋3→ℝ3×3 are smooth functions. However, our analysis
applies to general non-linear coefficients Gk .

As discussed in Section 3.3, the system (5.1)–(5.3) is studied in the context of so-
lutions that are strong in both the PDE and the probabilistic sense. The main result of
this chapter is the existence of a unique maximal strong pathwise solution to system
(5.1)–(5.3). Let us first recall the definition of a local strong pathwise solution.

https://doi.org/10.1515/9783110492552-005
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Definition 5.0.1 (Local strong pathwise solution). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochas-
tic basis with a complete right-continuous filtration and let W be an (𝔉t)-cylindrical
Wiener process. Let (ϱ0,u0) be an 𝔉0-measurable random variable in the space
W s,2(𝕋3) ×W s,2(𝕋3) for some s > 7

2 . A triplet (ϱ,u, 𝔱) is called a local strong pathwise
solution to system (5.1)–(5.3), provided:
(1) 𝔱 is a ℙ-a.s. strictly positive (𝔉t)-stopping time;
(2) the density ϱ is aW s,2(𝕋N )-valued (𝔉t)-progressively measurable stochastic pro-

cess such that

ϱ(⋅ ∧ 𝔱) > 0, ϱ(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋3)) ℙ-a.s.;

(3) the velocity u is aW s,2(𝕋3)-valued (𝔉t)-progressively measurable stochastic pro-
cess such that

u(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋3)) ∩ L2(0,T ;W s+1,2(𝕋3)) ℙ-a.s.;

(4) the equation of continuity

ϱ(t ∧ 𝔱) = ϱ0 − ∫
t∧𝔱

0
div (ϱu)ds

holds for all t ∈ [0,T] ℙ-a.s.;
(5) the momentum equation

(ϱu)(t ∧ 𝔱) = ϱ0u0 − ∫
t∧𝔱

0
div (ϱu ⊗ u)ds

+ ∫
t∧𝔱

0
div𝕊(∇u)ds − ∫

t∧𝔱

0
∇p(ϱ)ds + ∫

t∧𝔱

0
𝔾(ϱ,ϱu)dW

holds for all t ∈ [0,T] ℙ-a.s.

Maximal strong pathwise solutions are then defined as follows.

Definition 5.0.2 (Maximal strong pathwise solution). Fix a stochastic basis with a
cylindrical Wiener process and an initial condition exactly as in Definition 5.0.1.
A quadruplet

(ϱ,u, (𝔱R)R∈ℕ, 𝔱)

is called amaximal strong pathwise solution to system (5.1)–(5.3), provided:
(1) 𝔱 is a ℙ-a.s. strictly positive (𝔉t)-stopping time;
(2) (𝔱R)R∈ℕ is an increasing sequence of (𝔉t)-stopping times such that 𝔱R < 𝔱 on the

set [𝔱 < T], limR→∞ 𝔱R = 𝔱 a.s., and

sup
t∈[0,𝔱R]
‖u(t)‖W 2,∞

x
≥ R in [𝔱 < T]; (5.7)
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(3) each triplet (ϱ,u, 𝔱R), R ∈ ℕ, is a local strong pathwise solution in the sense of
Definition 5.0.1.

The stopping times 𝔱R announce the stopping time 𝔱, which is therefore pre-
dictable. It denotes the maximal life span of the solution, which is determined by the
time of explosion of the W2,∞-norm of the velocity field. Indeed, it can be seen from
(5.7) that

sup
t∈[0,𝔱)
‖u(t)‖W 2,∞

x
=∞ in [𝔱 < T].

Note that the announcing sequence (𝔱R) is not unique. Therefore, uniqueness formax-
imal strong solutions is understood in the sense that only the solution (ϱ,u) and its
blow-up time 𝔱 are unique.

We then obtain the following existence and uniqueness result.

Theorem 5.0.3. Let s ∈ ℕ satisfy s > 9
2 and let γ > 1. Let the coefficients Gk satisfy

hypotheses (5.4) and (5.5) and let (ϱ0,u0) be an 𝔉0-measurable, W s,2(𝕋3) ×W s,2(𝕋3)-
valued random variable such that ϱ0 > 0 ℙ-a.s. Then there exists a unique maximal
strong pathwise solution (ϱ,u, (𝔱R)R∈ℕ, 𝔱) to problem (5.1)–(5.3) in the sense of Defini-
tion 5.0.2 with the initial condition (ϱ0,u0).

Remark 5.0.4. Large parts of the proof of Theorem 5.0.3 also apply to more general
pressure laws. In particular, the assumption γ > 1 is not needed. This restriction arises
aswe rewrite (5.1)–(5.3) to a symmetric hyperbolic system,meaningwe formally divide
the momentum equation (5.2) by ϱ; see Section 5.1.1.

Let us point out that, later on, we will choose s in order to have the embedding
W s,2 ↪W2,∞, i.e., at least s > 7

2 . Observe that even though one might expect that the
W s,2-norm blows up earlier than theW2,∞-norm, this is not true. Indeed, according to
Definition 5.0.1 and Definition 5.0.2, a maximal strong pathwise solution satisfies

u(⋅ ∧ 𝔱R) ∈ C([0,T];W s,2(𝕋3)) ℙ-a.s.

and hence the velocity is continuous in W s,2(𝕋3) on [0, 𝔱). Consequently, the blow-
up of theW s,2-norm coincides with the blow-up of theW2,∞-norm at time 𝔱. This fact
reflects the nature of our a priori estimates (see Section 5.2.2): roughly speaking, a
control of the W2,∞-norm implies a control of the W s,2-norm and leads to continuity
of trajectories inW s,2.

Note that the results of this chapter also apply to the situation in general dimen-
sions N . The corresponding bounds s > 9

2 and s > 7
2 have to be replaced by s > N

2 + 3
and s > N

2 + 2, respectively. The required regularity s >
N
2 + 3 is higher than s > N

2 + 2,
needed in the deterministic situation; see Matsumura–Nishida [MN79, MN83] and
Valli–Zajaczkowski [VZ86]. This is due to the loss of regularity with respect to the
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time variable pertinent to the stochastic problems. Possibly optimal results could be
achieved by working in the framework of Lp-spaces as Cho et al. [CCK04] and to adapt
this approach to the stochastic setting in the spirit of Glatt-Holtz and Vicol [GHV14].

Moreover, the method used in this chapter can easily be adapted to handle the
same problem on the whole space ℝ3, with relevant far field conditions for ϱ, u, say

ϱ→ ϱ, u→ 0 as |x| →∞.

On the other hand, the case when the fluid interacts with a physical boundary, for in-
stance𝒪, a bounded domainwith the no-slip boundary condition foru, would require
a more elaborate treatment.

In addition, most of our analysis applies to the stochastic compressible Euler sys-
tem as well. Indeed, the only point where we rely on the positive viscosity μ is the
proof of continuity of trajectories of a solution inW s,2; see Section 5.2.4. It is based on
the variational approach within a Gelfand triplet, which gives a very elegant proof,
especially in comparison to the Euler setting where one would need to find another
reasoning; cf. Glatt-Holtz and Vicol [GHV14].

Our approach can be summarized as follows. Similarly to Kim [Kim11] (see also
Glatt-Holtz and Vicol [GHV14]), we use suitable cut-off operators to render all non-
linearities in the equations globally Lipschitz continuous. The resulting stochastic sys-
tem may admit global-in-time solutions. Still, the approach proposed by Kim [Kim11]
and later revised by Glatt-Holtz and Vicol [GHV14] cannot be applied in a direct fash-
ion for the following reasons:
(1) The energy method is only applicable to symmetric hyperbolic systems and their

viscous perturbations.
(2) In order to symmetrize (5.1)–(5.2), the density must be strictly positive, in other

words, the system must be vacuum-free.
(3) For the density to remain positive at least on a short time interval, the max-

imum principle must be applied to the transport equation (5.1). Accordingly,
equation (5.1) must be solved exactly and not by means of a finite-dimensional
approximation.

(4) To avoid technical problems with non-local operators in the transport equation,
the cut-off must be applied only to the velocity field.

In view of these difficulties and anticipating strict positivity of the density, we trans-
form the problem to a symmetric hyperbolic system perturbed by partial viscosity and
the stochastic driving term; see Section 5.1.1. Then cut-off operators in the spirit of
Kim [Kim11] are applied to the velocity field and this system is then studied in detail
in Section 5.2. We use this technique to cut the non-linear parts as well as to guaran-
tee the non-degeneracy of the density, which leads to global-in-time strong martin-
gale solutions to this approximate system. The main ideas of the proof are as follows.
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First, we adapt a hybrid method similar to the one presented in Chapter 4: the equa-
tion of continuity is solved directly, while the momentum equation is approximated
by a finite-dimensional Galerkin scheme. On this level, we are able to gain higher or-
der uniform energy estimates by differentiating in space. Then, using the stochastic
compactness method, we prove the existence of a strong martingale solution. In Sec-
tion 5.2.5 we establish pathwise uniqueness and then the method of Gyöngy–Krylov
(see Section 2.10) is applied to recover the convergence of the approximate solutions
on the original probability space; see Section 5.2.6. The existence of a unique strong
pathwise solution therefore follows.

Finally, in Section 5.3 we employ the results of the previous sections to conclude
the proof of Theorem 5.0.3. This last step is in the spirit of the recent treatment of the
incompressible Euler system by Glatt-Holtz and Vicol [GHV14]. However, the analy-
sis is more involved due to the complicated structure of (5.1)–(5.3). We rely on a deli-
cate combination of stopping time arguments that allows one to use the equivalence
of (5.1)–(5.3) with the system studied in Section 5.2. As a consequence, also the cor-
responding existence and uniqueness result may be applied. One of the difficulties
originates in the fact that we no longer assume the initial condition to be integrable
in ω. Thus the a priori estimates from Section 5.2 are no longer valid. We present the
details of the proof of uniqueness in Section 5.3.1 and the existence of a local strong
pathwise solution in Section 5.3.2 and Section 5.3.3. We conclude with the existence of
a maximal strong pathwise solution in Section 5.3.4.

5.1 Preliminary considerations

To begin with, let us introduce a new variable r, related to ϱ through the following
formula:

ϱ = ϱ(r) = (γ − 1
2aγ
)

1
γ−1
r

2
γ−1 ,

together with the following associated family of diffusion coefficients:

Fk(⋅, r,u) =
1

ϱ(r)
Gk(⋅,ϱ(r),ϱ(r)u),

similarly to Chapter 4. Note that, for the model case (5.6), this implies

Fk(x, r,u) = ak(x) +𝔸k(x)u.

As we are interested in strong solutions for which both ϱ and u are bounded and ϱ is
bounded below away from zero, the hypothesis (5.5) implies the same property for Fk
restricted to this range. In addition, we have

∞

∑
k=1
|Fk(⋅, r,u)| ≤ c(1 + |u|). (5.8)
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Also note that it suffices to assume that (5.5) holds only locally, meaning on each com-
pact subset of 𝕋3 × (0,∞) ×ℝ3.

Recall that, if ϱ,q are (𝔉t)-progressivelymeasurable L2(𝕋3)-valued stochastic pro-
cesses such that

ϱ ∈ L2(Ω × [0,T];L2(𝕋3)), q ∈ L2(Ω × [0,T];L2(𝕋3))

and𝔾 satisfies (5.4) and (5.5), the stochastic integral

∫
t

0
𝔾(ϱ,ϱu)dW =

∞

∑
k=1
∫
t

0
Gk(⋅,ϱ,ϱu)dWk

is a well-defined (𝔉t)-martingale ranging in L2(𝕋3). We refer to Section 2.3 for more
details. In addition, combining Lemma 2.3.9, the hypotheses (5.4) and (5.5), the esti-
mate (5.11), and the embedding

W s,2(𝕋3) ↪ C(𝕋3), s > 3
2
,

we obtain the following estimate for the stochastic integral appearing in (5.2).

Lemma 5.1.1. Let Gk = Gk(ϱ,q) satisfy (5.4) and (5.5) for a non-negative integer s. Let
p ≥ 2, α ∈ [0, 12 ). Suppose that

ϱ, q ∈ Lβp(Ω × (0,T);W s,2(𝕋3)), β =max{s, 1}.

Then the following holds:
(1) If s = 0, then

t↦∫
t

0
𝔾(ϱ,q)dW ∈ Lp(Ω;Wα,p(0,T ;L2(𝕋3)))

and

𝔼[‖∫
t

0
𝔾(ϱ,q)dW‖

p

Wα,p
t L2x

] ≤ c(α,p)𝔼[∫
T

0
‖[ϱ,q]‖pL2x dt].

(2) If s > 3
2 , then

t↦∫
t

0
𝔾(ϱ,q)dW ∈ Lp(Ω;Wα,p(0,T ;W s,2(𝕋3)))

and

𝔼[‖∫
t

0
𝔾(ϱ,q)dW‖

p

Wα,p
t W s,2

x

] ≤ c(α,p)𝔼[∫
T

0
‖[ϱ,q]‖spW s,2

x
dt].
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The following estimates are standard in theMoser type calculus and canbe found,
e.g., in Majda [Maj12, Proposition 2.1]. They will be very useful when dealing with
higher order derivatives.

Proposition 5.1.2. (1) For u, v ∈W s,2 ∩ L∞(𝕋N ) and α ∈ℕN0 , |α| ≤ s, we have

‖𝜕αx (uv)‖L2x ≤ cs(‖u‖L∞x ‖∇
s
xv‖L2x + ‖v‖L∞x ‖∇

s
xu‖L2x ). (5.9)

(2) For u ∈W s,2(𝕋N ), ∇xu ∈ L∞(𝕋N ), v ∈W s−1,2 ∩ L∞(𝕋N ) and α ∈ℕN0 , |α| ≤ s, we have

‖𝜕αx (uv) − u𝜕αxv‖L2x ≤ cs(‖∇xu‖L∞x ‖∇
s−1
x v‖L2x + ‖v‖L∞x ‖∇

s
xu‖L2x ). (5.10)

(3) Let u ∈W s,2∩C(𝕋3)and let F bean s-times continuously differentiable function in an
open neighborhood of the compact set G = range[u]. Then we have, for all α ∈ℕN0 ,
|α| ≤ s,

‖𝜕αxF(u)‖L2x ≤ cs‖𝜕uF‖Cs−1(G)‖u‖
|α|−1
L∞x ‖𝜕

α
xu‖L2x . (5.11)

5.1.1 Rewriting the equations as a symmetric hyperbolic-parabolic problem

It is well known in the context of compressible fluids that existence of strong solutions
is intimately related to the strict positivity of the density, i.e., the non-appearance of
vacuumstates. Anticipating this property in the framework of strong solutionswemay
rewrite (5.1)–(5.2) as a hyperbolic-parabolic system for the unknowns r, u, where r is a
function of ϱ. To be more precise, as the time derivative of ϱ satisfies the deterministic
equation (5.1), we have

d(ϱu) = dϱu + ϱdu,

where, in accordance with (5.1),

dϱ = −div (ϱu)dt.

Consequently, the momentum equation (5.2) reads

ϱdu + [ϱu ⋅ ∇u + a∇ϱγ]dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW ,

or, anticipating strict positivity of the mass density,

du + [u ⋅ ∇u + a 1
ϱ
∇ϱγ]dt = 1

ϱ
div𝕊(∇u)dt + 1

ϱ
𝔾(ϱ,ϱu)dW .

Next, we rewrite

a 1
ϱ
∇ϱγ = aγ

γ − 1
∇ϱγ−1 = 2aγ

γ − 1
ϱ

γ−1
2 ∇ϱ

γ−1
2
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and evoke the renormalized variant of (5.1). See for instance Remark 4.4.4 and recall
that we assume that ϱ is a strong solution. This leads to

dϱ
γ−1
2 + u ⋅ ∇ϱ

γ−1
2 dt + γ − 1

2
ϱ

γ−1
2 divudt = 0.

Thus, for a new variable

r ≡ √ 2aγ
γ − 1

ϱ
γ−1
2 ,

system (5.1)–(5.2) takes the form

dr + u ⋅ ∇r dt + γ − 1
2

rdivudt = 0, (5.12)

du + [u ⋅ ∇u + r∇r]dt = D(r)div𝕊(∇u)dt +𝔽(r,u)dW , (5.13)

where

D(r) = 1
ϱ(r)
= (γ − 1

2aγ
)
− 1
γ−1
r−

2
γ−1 , 𝔽(r,u) = 1

ϱ(r)
𝔾(ϱ(r),ϱ(r)u).

Observe that the left hand side of (5.13) corresponds to a symmetric hyperbolic system;
cf. Majda [Maj12]. For such systems, higher order energy estimates can be obtained
by differentiating (5.12) and (5.13) in x up to order s; cf. Gallagher [Gal00] and Majda
[Maj12]. Unlike the more elaborated treatment proposed by Cho et al. [CCK04], giving
rise to the optimal regularity space for the deterministic Navier–Stokes system, the en-
ergy approach avoids differentiating the equations in the time variable – a procedure
that may be delicate in the stochastic setting.

5.1.2 Outline of the proof of Theorem 5.0.3

In the deterministic setting, system (5.12)–(5.13) can be solved via an approximation
procedure. The so-obtained local-in-time strong solution exists on amaximal time in-
terval, the length ofwhich canbe estimated in terms of the size of the initial data. How-
ever, in the stochastic setting it ismore convenient toworkwith approximate solutions
defined on thewhole time interval [0,T]. To this end, we introduce suitable cut-off op-
erators applied to theW2,∞-norm of the velocity field; cf. Kim [Kim11]. Specifically, we
consider the approximate system in the form

dr +φR(‖u‖W 2,∞
x
)[u ⋅ ∇r + γ − 1

2
r divu]dt = 0, (5.14)

du +φR(‖u‖W 2,∞
x
)[u ⋅ ∇u + r∇r]dt = φR(‖u‖W 2,∞

x
)D(r)div𝕊(∇u)dt

+φR(‖u‖W 2,∞
x
)𝔽(r,u)dW , (5.15)
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r(0) = r0, u(0) = u0, (5.16)

where φR ∶ [0,∞)→ [0, 1] are smooth cut-off functions satisfying

φR(y) =
{
{
{

1, 0 ≤ y ≤ R,
0, R + 1 ≤ y.

Our aim is to solve (5.14)–(5.16) via the stochastic compactness method presented
in Section 2.6. Therefore,we first construct solutions to certain approximate problems,
we then establish tightness of their laws in suitable topologies, and finally we deduce
the existence of a strong martingale solution to (5.14)–(5.16). That is, a solution which
is strong in the PDE sense but weak in the probabilistic sense. The necessary uniform
bounds are obtained through a purely hyperbolic approach by differentiating with re-
spect to the space variable and testing the resulting expression with suitable space
derivative of the unknown functions (more precisely, by applying Itô’s formula, Theo-
rem 2.4.1).

For the above mentioned reasons, the approximate densities must be positive on
time intervals of positive length. Therefore, the approximation schememust be chosen
to preserve the maximum principle for (5.14). To this end, the approximate solutions
to (5.14)–(5.16) will be constructed by means of a hybrid method based on:
(1) solving the deterministic equation of continuity (5.14) for a given u, obtaining

r = r[u];
(2) plugging r = r[u] in (5.15) and using a fixed point argument to get local-in-time

solutions of a Galerkin approximation of (5.15);
(3) extending the Galerkin solution to [0,T] by means of a priori bounds.

Note that the transport equation (5.14) canbe solved exactly in termsof a given velocity
field u as the cut-off operators apply to u only.

5.2 The approximate system

In this section we focus on the approximate system (5.14)–(5.16). More precisely, our
aim is twofold. First, we establish existence of a strong martingale solution for initial
data in Lp(Ω;W s,2(𝕋3)) for all 1 ≤ p < ∞ and some s > 7

2 . Second, we prove pathwise
uniqueness provided s > 9

2 . This in turn implies existence of a unique strong pathwise
solution using the method of Gyöngy–Krylov from Section 2.10.

To this end, let us introduce these two concepts of strong solution for the approx-
imate system (5.14)–(5.16). A strongmartingale solution is strong in the PDE sense but
only weak in the probabilistic sense. In other words, neither the stochastic basis nor a
cylindrical Wiener process can be given in advance and become a part of the solution.
Accordingly, the initial condition is stated in the form of an initial law. On the other
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hand, a strong pathwise solution is strong in both the PDE and the probabilistic sense,
that is, the stochastic elements are given in advance.

Definition 5.2.1 (Strong martingale solution). Let Λ be a Borel probability measure
onW s,2(𝕋3) ×W s,2(𝕋3) and let s ∈ℕ. A multiplet

((Ω,𝔉, (𝔉t)t≥0,ℙ), r,u,W)

is called a strong martingale solution to the approximate system (5.14)–(5.16) with the
initial law Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is an (𝔉t)-cylindrical Wiener process;
(3) r is aW s,2(𝕋3)-valued (𝔉t)-progressivelymeasurable stochastic process satisfying

r ∈ L2(Ω;C([0,T];W s,2(𝕋3))), r > 0 ℙ-a.s.;

(4) the velocity u is aW s,2(𝕋3)-valued (𝔉t)-progressively measurable stochastic pro-
cess satisfying

u ∈ L2(Ω;C([0,T];W s,2(𝕋3))) ∩ L2(Ω;L2(0,T ;W s+1,2(𝕋3)));

(5) there exists an 𝔉0-measurable random variable [ϱ0,u0] such that Λ =ℒ[ϱ0,u0];
(6) the equations

r(t) = r0 − ∫
t

0
φR(‖u‖W 2,∞

x
)[u ⋅ ∇r + γ − 1

2
r divu]ds,

u(t) = u0 − ∫
t

0
φR(‖u‖W 2,∞

x
)[u ⋅ ∇u + r∇r]ds

+ ∫
t

0
φR(‖u‖W 2,∞

x
)D(r)div𝕊(∇u)ds + ∫

t

0
φR(‖u‖W 2,∞

x
)𝔽(r,u)dW

hold, for all t ∈ [0,T] ℙ-a.s.

Definition 5.2.2 (Strong pathwise solution). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a given stochas-
tic basis with a complete right-continuous filtration, letW be a given (𝔉t)-cylindrical
Wiener process, and let s ∈ ℕ. Then (r,u) is called a strong pathwise solution to the
approximate system (5.14)–(5.16) with the initial condition (r0,u0), provided:
(1) r is aW s,2(𝕋3)-valued (𝔉t)-progressivelymeasurable stochastic process satisfying

r ∈ L2(Ω;C([0,T];W s,2(𝕋3))), r > 0 ℙ-a.s.;

(2) the velocity u is aW s,2(𝕋3)-valued (𝔉t)-progressively measurable stochastic pro-
cess satisfying

u ∈ L2(Ω;C([0,T];W s,2(𝕋3))) ∩ L2(Ω;L2(0,T ;W s+1,2(𝕋3)));
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(3) the equations

r(t) = r0 − ∫
t

0
φR(‖u‖W 2,∞

x
)[u ⋅ ∇r + γ − 1

2
r divu]ds,

u(t) = u0 − ∫
t

0
φR(‖u‖W 2,∞

x
)[u ⋅ ∇u + r∇r]ds

+ ∫
t

0
φR(‖u‖W 2,∞

x
)D(r)div𝕊(∇u)ds + ∫

t

0
φR(‖u‖W 2,∞

x
)𝔽(r,u)dW

hold, for all t ∈ [0,T] ℙ-a.s.

The main result of this section reads as follows.

Theorem 5.2.3. Let the coefficients Gk satisfy hypotheses (5.4) and (5.5) and let

(r0,u0) ∈ Lp(Ω,𝔉0,ℙ;W s,2(𝕋3) ×W s,2(𝕋3)),

for all 1 ≤ p <∞ and some s ∈ℕ, such that s > 7
2 . In addition, suppose that

‖r0‖W 1,∞
x
< R, r0 >

1
R
, ℙ-a.s.

for some deterministic constant R > 0. Then:
(1) There exists a strongmartingale solution to problem (5.14)–(5.16) in the sense of Def-

inition 5.2.1with the initial lawΛ =ℒ[(r0,u0)].Moreover, there exists a deterministic
constant rR > 0 such that

r(t, ⋅) ≥ rR > 0 ℙ-a.s. for all t ∈ [0,T]

and

𝔼[ sup
t∈[0,T]
‖(r(t),u(t))‖2W s,2

x
+ ∫

T

0
‖u‖2W s+1,2

x
dt]

p

≤ c(R, r0,u0,p) <∞, (5.17)

for all 1 ≤ p <∞.
(2) If s > 9

2 , then pathwise uniqueness holds true. Specifically, if (r
1,u1), (r2,u2) are two

strong solutions to (5.14)–(5.16) defined on the same stochastic basis with the same
Wiener process W and

ℙ(r10 = r20, u10 = u20) = 1,

then

ℙ(r1(t) = r2(t), u1(t) = u2(t), for all t ∈ [0,T]) = 1.

Consequently, there exists a unique strong pathwise solution to (5.14)–(5.15) in the
sense of Definition 5.2.2.
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The rest of this section is dedicated to the proof of Theorem 5.2.3, which is di-
vided into several parts. First, in Section 5.2.1 we construct the approximate solutions
to (5.14)–(5.16) by employing the hybrid method delineated in Section 5.1.2. Second,
in Section 5.2.2 we derive higher order energy estimates which hold true uniformly
in the approximation parameter m. Third, in Section 5.2.3 we perform the stochastic
compactness method, as we establish tightness of the laws of the approximate solu-
tions and apply the classical Skorokhod representation theorem, Theorem 2.6.2. This
yields existence of a new complete probability space with a sequence of converging
random variables. Then, in Section 5.2.4 we identify the limit with a strong martin-
gale solution to (5.14)–(5.16). Finally, in Section 5.2.5 we provide the proof of pathwise
uniqueness under the additional assumption that s > 9

2 . In Section 5.2.6 we employ
the Gyöngy–Krylov argument to deduce the existence of a strong pathwise solution.

5.2.1 The Galerkin approximation

To begin with, observe that, for any u ∈ C([0,T];W2,∞(𝕋3)), the transport equa-
tion (5.14) admits a classical solution r = r[u], uniquely determined by the initial
datum r0; cf. Theorem A.2.5. In addition, for a certain universal constant c, we have
the estimates

1
R
exp(−cRt) ≤ exp(−cRt) inf

𝕋3
r0 ≤ r(t, ⋅) ≤ exp(cRt) sup

𝕋3
r0 ≤ Rexp(cRt)

|∇r(t, ⋅)| ≤ exp(cRt)|∇r0| ≤ Rexp(cRt), t ∈ [0,T].
(5.18)

As inChapter 4,we considerHm, the space of trigonometric polynomials of orderm, to-
gether with an orthonormal basis (ψm)m∈ℕ and the projections Πm ∶ L

2(𝕋3) →Hm; cf.
(4.6). We look for approximate solutions um of (5.15) belonging to L2(Ω;C([0,T];Hm)),
satisfying

d⟨um,ψi⟩ +φR(‖um‖W 2,∞
x
)⟨um ⋅ ∇um + r[um]∇r[um],ψi⟩dt

= φR(‖um‖W 2,∞
x
)⟨D(r[um])div𝕊(∇um),ψi⟩dt

+φR(‖um‖W 2,∞
x
)⟨𝔽(r[um],um),ψi⟩dW , i = 1,… ,m.

um(0) = Πmu0.

(5.19)

As all norms on the finite-dimensional spaceHm are equivalent, solutions of (5.14) and
(5.19) can be obtained in a standardway bymeans of the Banachfixedpoint argument.
Specifically, setting ℬ = L2(Ω;C([0,T∗];Hm)), we have to show that the mapping

u↦T u ∶ℬ→ℬ,

⟨(T u)(τ),ψi⟩ = ⟨u(0),ψi⟩ − ∫
τ

0
φR(‖u‖W 2,∞

x
)⟨[u ⋅ ∇u + r[u]∇r[u]],ψi⟩dt

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



5.2 The approximate system | 199

+ ∫
τ

0
φR(‖u‖W 2,∞

x
)⟨D(r[u])div𝕊(∇u),ψi⟩dt

+ ∫
τ

0
φR(‖u‖W 2,∞

x
)⟨𝔽(r[u],u),ψi⟩dW , i = 1,… ,m, (5.20)

is a contraction for T∗ sufficiently small. The three components ofT appearing on the
right hand side of (5.20) will be denoted by T 1

det, T 2
det, and Tsto, respectively.

For r1 = r[v1], r2 = r[v2], we get

d(r1 − r2) + v1 ⋅ ∇(r1 − r2)dt +
γ − 1
2

divv1(r1 − r2)dt

= −∇r2 ⋅ (v1 − v2)dt −
γ − 1
2

r2div (v1 − v2)dt, (5.21)

where we have set

v1 = φR(‖u‖W 2,∞
x
)u, v2 = φR(‖v‖W 2,∞

x
)v.

Wemultiply (5.21) by r1 − r2 and obtain, after integrating over 𝕋3,

d∫
𝕋3

|r1 − r2|2

2
dx = ∫

𝕋3
divv1
|r1 − r2|2

2
dxdt − γ − 1

2
∫
𝕋3
divv1|r1 − r2|2 dxdt

− ∫
𝕋3
∇r2 ⋅ (v1 − v2) (r1 − r2)dxdt

− γ − 1
2
∫
𝕋3
r2div (v1 − v2) (r1 − r2)dxdt.

Consequently, we easily deduce

sup
0≤t≤T∗
‖r[u] − r[v]‖2L2x ≤ T

∗C(m,R,T) sup
0≤t≤T∗
‖u − v‖2Hm

, (5.22)

noting that r1, r2 coincide at t = 0 and that rj, ∇rj are bounded by a deterministic con-
stant depending on R; recall (5.18).

As a consequence of (5.18), (5.22), and the equivalence of norms on Hm, we can
show that the mapping Tdet =T 1

det +T
2
det satisfies the estimate

‖Tdetu −Tdetv‖2ℬ ≤ T∗C(m,R,T)‖u − v‖2ℬ. (5.23)

Setting JR(w) = φR+1(‖w‖W 2,∞
x
)w, we have, by Burkholder–Davis–Gundy’s inequality,

‖Tstou −Tstov‖2ℬ

= 𝔼 sup
0≤t≤T∗
‖∫

t

0
(φR(‖u‖W 2,∞

x
)𝔽(r[u],u) −φ(‖v‖W 2,∞

x
)𝔽(r[v],v))dW‖

2

Hm

≲ 𝔼∫
T∗

0

∞

∑
k=1
‖φR(‖u‖W 2,∞

x
)Fk(r[u], JR(u)) −φR(‖v‖W 2,∞

x
)Fk(r[v], JR(v))‖

2
Hm

dt
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≲ 𝔼∫
T∗

0
|φR(‖u‖W 2,∞

x
) −φR(‖v‖W 2,∞

x
)|2
∞

∑
k=1
‖Fk(r[u], JR(u))‖

2
Hm

dt

+𝔼∫
T∗

0
φR(‖v‖W 2,∞

x
)2
∞

∑
k=1
‖Fk(r[u], JR(u)) − Fk(r[v], JR(v))‖

2
Hm

dt,

with a constant C = C(m,R). Using the growth conditions for Fk (see (5.8)), we gain

‖Tstou −Tstov‖2ℬ

≲ 𝔼‖u − v‖2W 2,∞
x
+𝔼∫

T∗

0
‖r[u] − r[v]‖2L2x ds +𝔼∫

T∗

0
‖JR(u) − JR(v)‖

2
L2x
ds

≲ ‖u − v‖2ℬ, (5.24)

with a constant c = T∗C(m,R,T∗). Note that the last step was a consequence of (5.22)
and the equivalence of norms. Combining (5.23) and (5.24) shows that T is a contrac-
tion for a deterministic small time T∗ > 0. A solution to (5.14)–(5.16) on the whole in-
terval [0,T] can be obtained by decomposing [0,T] into small subintervals and gluing
the corresponding solutions together.

5.2.2 Uniform estimates

In this subsection,wederive estimates that holduniformly form→∞, yielding abasis
for our compactness argument presented in Section 5.2.3. At this stage, the approxi-
mate velocity field um is smooth in the x-variable; whence the corresponding solution
rm = r[um] of the transport equation (5.14) enjoys the same smoothness as the initial
datum r0.

Let α be a multi-index such that |α| ≤ s. Differentiating (5.14) in the x-variable, we
obtain

d𝜕αx rm +φR(‖um‖W 2,∞
x
)[um ⋅ ∇𝜕αx rm +

γ − 1
2

rm div𝜕αxum]dt

= φR(‖um‖W 2,∞
x
)[um ⋅ 𝜕αx∇rm − 𝜕αx (um ⋅ ∇rm)]dt

+ γ − 1
2

φR(‖um‖W 2,∞
x
)[rm𝜕αxdivum − 𝜕αx (rmdivum)]dt

=∶ Tm1 dt + Tm2 dt. (5.25)

Similarly, we may use the fact that the spaces Hm are invariant with respect to the
spatial derivatives. In particular, we deduce

d⟨𝜕αxum,ψi⟩ +φR(‖um‖W 2,∞
x
)⟨[um ⋅ ∇𝜕αxum + rm∇𝜕αx rm],ψi⟩dt

−φR(‖um‖W 2,∞
x
)⟨D(rm)div𝕊(∇𝜕αxum),ψi⟩dt

= φR(‖um‖W 2,∞
x
)⟨[um ⋅ 𝜕αx∇um − 𝜕αx (um ⋅ ∇um)],ψi⟩dt
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+φR(‖um‖W 2,∞
x
)⟨[rm𝜕αx∇rm − 𝜕αx (rm∇rm)],ψi⟩dt

−φR(‖um‖W 2,∞
x
)⟨[D(rm)𝜕αxdiv𝕊(∇um) − 𝜕αx(D(rm)div𝕊(∇um))],ψi⟩dt

+φR(‖um‖W 2,∞
x
)⟨𝜕αx𝔽(rm,um),ψi⟩dW

=∶ Tm3 dt + Tm4 dt + Tm5 dt +φR(‖um‖W 2,∞
x
)⟨𝜕αx𝔽(rm,um),ψi⟩dW , (5.26)

for i = 1,… ,m. Using (5.10), we estimate the “error” terms as follows:

‖Tm1 ‖L2x ≲ φR(‖um‖W 2,∞
x
)[‖∇um‖L∞x ‖∇

srm‖L2x + ‖∇rm‖L∞x ‖∇
sum‖L2x ],

‖Tm2 ‖L2x ≲ φR(‖um‖W 2,∞
x
)[‖∇rm‖L∞x ‖∇

sum‖L2x + ‖divum‖L∞x ‖∇
srm‖L2x ],

‖Tm3 ‖L2x ≲ φR(‖um‖W 2,∞
x
)‖∇um‖L∞x ‖∇

sum‖L2x ,

‖Tm4 ‖L2x ≲ ‖∇rm‖L∞x ‖∇
srm‖L2x ,

(5.27)

while

‖Tn5 ‖2 ≲ φR(‖um‖W 2,∞
x
)‖∇D(rm)‖L∞x ‖∇

s𝕊(∇um)‖L2x
+φR(‖um‖W 2,∞

x
)‖div𝕊(∇um)‖L∞x ‖∇

sD(rm)‖L2x . (5.28)

Multiplying (5.25) by 𝜕αx rm and integrating over 𝕋3, we observe

d∫
𝕋3

|𝜕αx rm|2

2
dx + ∫

𝕋3
φR(‖um‖W 2,∞

x
)γ − 1

2
rm div𝜕αxum 𝜕αx rm dxdt

= −∫
𝕋3
φR(‖um‖W 2,∞

x
)um ⋅ ∇𝜕αx rm 𝜕αx rm dxdt

+ ∫
𝕋3
(Tm1 + Tm2 ) 𝜕αx rm dxdt.

Now, using (5.27) as well as

∫
𝕋3
um ⋅ ∇𝜕αx r𝜕αx rm dx = −

1
2
∫
𝕋3
divum|𝜕αx rm|

2 dx,

we obtain

‖𝜕αx rm(τ)‖
2
L2x
+ (γ − 1)∫

τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
rmdiv𝜕αxum𝜕αx rm dxdt

≲ ∫
τ

0
φR(‖um‖W 2,∞

x
)(‖um‖W 1,∞

x
‖rm‖W s,2

x
+ ‖rm‖W 1,∞

x
‖um‖W s,2

x
)‖𝜕αx rm‖L2x dt

+ ‖𝜕αx r0‖
2
L2x
, (5.29)

provided |α| ≤ s.
To apply the same treatment to (5.26), we use Itô’s formula for the function

f (Cm) = ∫
𝕋3
|𝜕αxum|2 dx. Here Cm = (cm1 ,… , cmn ) are the coefficients in the expansion

um = ∑mi=1 c
m
i ψi . We have

‖𝜕αxum(τ)‖
2
L2x
+ 2∫

τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
[um ⋅ ∇𝜕αxum + rm∇𝜕αx rm] ⋅ 𝜕αxum dxdt
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− 2∫
τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
D(rm)div𝕊(∇𝜕αxum) ⋅ 𝜕αxum dxdt

= ‖𝜕αxΠmu0‖
2
L2x
+ 2∫

τ

0
∫
𝕋3
[Tn3 + Tn4 + Tn5 ] ⋅ 𝜕αxum dxdt

+ 2∫
τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
𝜕αx𝔽(rm,um) ⋅ 𝜕αxum dW

+
∞

∑
k=1
∫
τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
|𝜕αxFk(rm,um)|

2 dxdt. (5.30)

Integrating by parts yields

∫
𝕋3
[um ⋅ ∇𝜕αxum + rm∇𝜕αx rm] ⋅ 𝜕αxum dx

= − 1
2
∫
𝕋3
|𝜕αxum|

2divum dx − ∫
𝕋3
rmdiv𝜕αxum𝜕αx rm dx − ∫

𝕋3
∇rm ⋅ 𝜕αxum𝜕αx rm

as well as

− ∫
𝕋3
[D(rn)div𝕊(∇𝜕αxum)] ⋅ 𝜕αxum dx

= ∫
𝕋3
∇D(rn) ⋅ 𝕊(∇𝜕αxum) ⋅ 𝜕αxum dx + ∫

𝕋3
D(rm)𝕊(∇𝜕αxum) ∶ ∇𝜕αxum dx.

Summing up (5.29)–(5.30) and using (5.27)–(5.28), we observe that the term con-
taining rm𝜕αx rmdiv𝜕αxum on the left hand side of (5.29) cancels out and we infer

‖(rm(τ),um(τ))‖
2
W s,2

x

+ ∑
|α|≤s
∫
τ

0
∫
𝕋3
φR(‖um‖W 2,∞

x
)D(rm)𝕊(∇𝜕αxum) ∶ ∇𝜕αxum dxdt

≲ ‖(r0,u0)‖
2
W s,2

x
+ ∫

τ

0
φR(‖um‖W 2,∞

x
)‖um‖W 1,∞

x
(‖rm‖2W s,2

x
+ ‖um‖2W s,2

x
)dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)‖rm‖W 1,∞

x
(‖rm‖2W s,2

x
+ ‖un‖2W s,2

x
)dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)‖div𝕊(∇um)‖L∞x ‖D(rm)‖W s,2

x
‖um‖W s,2

x
dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)‖∇D(rm)‖L∞x ‖um‖W s,2

x
‖𝕊(∇um)‖W s,2

x
dt

+ ∑
|α|≤s
∫
τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
𝜕αx𝔽(rm,um) ⋅ 𝜕αxum dxdW

+ ∑
|α|≤s

∞

∑
k=1
∫
τ

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
|𝜕αxFk(rm,um)|

2 dxdt

= (I0) + (I1) +⋯+ (I6). (5.31)

Remark 5.2.4. Note that the above estimate depends on R only through the cut-off
function φR. Moreover, in accordance with (5.18),

φR(‖um‖W 2,∞
x
)‖um‖W 1,∞

x
+φR(‖um‖W 2,∞

x
)‖div𝕊(∇um)‖L∞x ≲ cR, (5.32)
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‖r−1m ‖L∞x + ‖rm‖W 1,∞
x
+ ‖D(rm)−1‖L∞x + ‖D(rm)‖W 1,∞

x

≲ c(R)exp(cRT)(‖r0‖W 1,∞
x
+ ‖r−10 ‖W 1,∞

x
) ≲ c(R)exp(cRT). (5.33)

Also, in view of (5.11) and (5.18),

‖D(rm)‖W s,2
x
≤ c(R,T)‖rm‖W s,2

x
. (5.34)

In contrast to the preceding part, the following inequalities depend on R. In the
followingwe repeatedly use the embeddingW s,2(𝕋3) ↪W2,∞(𝕋3), which follows from
the assumption s > 7

2 . Using (5.32)–(5.33), we easily get

(I1) + (I2) + (I3) ≲ c(R,T)∫
τ

0
‖(rm,um)‖

2
W s,2

x
dt.

As far as (I)4 is concerned we have, by (5.33) and Young’s inequality,

(I4) ≲ c(R,T)∫
τ

0
φR(‖um‖W 2,∞

x
)‖um‖W s,2

x
‖∇s𝕊(∇um)‖L2x dt

≲ c(R,T)∫
τ

0
φR(‖um‖W 2,∞

x
)‖um‖W s,2

x
‖√D(rm)∇s𝕊(∇um)‖L2x dt

≲ κ∫
τ

0
φR(‖um‖W 2,∞

x
)‖√D(rm)∇s𝕊(∇um)‖

2
L2x
dt

+ c(κ,R,T)∫
τ

0
φR(‖um‖W 2,∞

x
)‖um‖2W s,2

x
dt,

for all κ > 0. Choosing κ small enoughwill enable us to absorb the corresponding term
in the left hand side of (5.31). By (5.5) and (5.11) we have

(I)6 ≲ ∫
τ

0
φR(‖un‖W 2,∞

x
)
∞

∑
k=1
‖Fk‖2Cs−1‖(rm,um)‖

2(s−1)
L∞x
‖(rm,um)‖

2
W s,2

x
dt

≲ c(R,T)∫
τ

0
‖(rm,um)‖

2
W s,2

x
dt.

Here the Cs−1-norm of Fk is taken over the bounded set range[(rm,um)]. The stochastic
integral can be treated in the same fashion. After applying expectations, we gain

𝔼[ sup
t∈[0,T]
|∫

t

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
𝜕αx𝔽(rm,um) ⋅ 𝜕αxum dxdW|]

p

≲ 𝔼[
∞

∑
k=1
∫
T

0
φR(‖um‖W 2,∞

x
)2(∫
𝕋3
𝜕αxFk(rm,um) ⋅ 𝜕αxum dx)

2
dxdt]

p
2

≲ 𝔼[∫
T

0
φR(‖um‖W 2,∞

x
)2(
∞

∑
k=1
‖Fk(rm,um)‖

2
W s,2

x
)‖um‖2W s,2

x
dt]

p
2

≲ 𝔼[∫
T

0
φR(‖um‖W 2,∞

x
)2‖(rm,um)‖

2(s−1)
L∞x
‖(rm,um)‖

4
W s,2

x
dt]

p
2
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≲ c(R,T)𝔼[ sup
t∈[0,T]
‖(rm,um)‖

2
W s,2

x
∫
T

0
‖(rm,um)‖

2
W s,2

x
dt]

p
2

≲ κ𝔼[ sup
t∈[0,T]
‖(rm,um)‖

2p
W s,2

x
] + c(κ,R,T)𝔼[∫

T

0
‖(rm,um)‖

2
W s,2

x
dt]

p

.

Here, we also took into account Burkholder–Davis–Gundy’s and weighted Young’s
inequality. In order to obtain the final estimate, we take the supremum in time and
the pth power and we apply expectations. Summarizing the previous discussion and
choosing κ small enough, we obtain

𝔼[ sup
t∈[0,T]
‖(rm,un)‖

2
W s,2

x
+ ∫

T

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
D(rm)|∇s+1um|

2 dxdt]
p

≲ c(R,T , s)𝔼[‖(r0,u0)‖
2
W s,2

x
+ ∫

T

0
‖(rm,um)‖

2
W s,2

x
dt + 1]

p

.

Finally, we apply Gronwall’s lemma and use (5.33) to conclude

𝔼[ sup
t∈[0,T]
‖(rm,un)‖

2
W s,2

x
+ ∫

T

0
φR(‖um‖W 2,∞

x
)∫
𝕋3
D(rm)|∇s+1um|

2 dxdt]
p

≲ c(R,T , s)𝔼[‖(r0,u0)‖
2p
W s,2

x
+ 1], (5.35)

whenever s > 7
2 .

5.2.3 Compactness

Now everything is in hand to set up our compactness argument leading to the exis-
tence part of Theorem 5.2.3. Let us define the path space 𝒳 =𝒳r ×𝒳u ×𝒳W . We have

𝒳u = C([0,T];Wβ,2(𝕋3)), 𝒳r = C([0,T];Wβ,2(𝕋3)), 𝒳W = C([0,T];𝔘0),

where β < s (not necessarily integer) canbe chosenarbitrarily close to s such that β > 7
2 .

Hence we have the embeddingWβ,2(𝕋3) ↪W2,∞(𝕋3), which is needed to pass to the
limit in the cut-off operators.

We denote by ℒ[rm] and ℒ[um] the law of rm and um, respectively, on the corre-
sponding path space. By ℒ[W] we denote the law ofW on 𝒳W and their joint law on
𝒳 is denoted by ℒ[rm,um,W]. To proceed, it is necessary to establish their tightness.

Proposition 5.2.5. The set {ℒ[um]; m ∈ℕ} is tight on 𝒳u .

Proof. We start with a compact embedding relation. We have

C([0,T];W s,2(𝕋3)) ∩ Cγ([0,T];L2(𝕋3))
c
↪ C([0,T];Wβ,2(𝕋3)), γ > 0, β < s,

which follows directly from the abstract Arzelà–Ascoli theorem, Theorem 1.1.1.
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Due to (5.35), um satisfies

um(τ) = Πmu0 − ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm[um ⋅ ∇um + rm∇rm]dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm[D(rm)div𝕊(∇um)]dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm𝔽(rm,um)dW .

Now we decompose un into two parts, namely, um = Ym + Zm, where

Ym(τ) = Πmu0 − ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm[um ⋅ ∇um + rm∇rm]dt

+ ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm[D(rm)div𝕊(∇um)]dt,

Zm(τ) = ∫
τ

0
φR(‖um‖W 2,∞

x
)Πm𝔽(rm,um)dW .

By (5.35) and the continuity ofΠm on L2(𝕋3) from (4.6), we know, for any κ ∈ (0, 1), that

𝔼[‖Yn‖Cκt L2x ] ≤ c(R).

On the other hand (5.35), combined with Lemma 5.1.1 (for s = 0) and (2.19), yields the
same conclusion for Zm, with 0 < κ < 1/2.

Proposition 5.2.6. The set {ℒ[rm]; n ∈ℕ} is tight on 𝒳r .

Proof. The proof is completely analogous to Proposition 5.2.5 using the equation (5.14)
for rm and the uniform estimate (5.35).

Since also the lawℒ[W] is tight, being a Radonmeasure on the Polish space𝒳W ,
we finally deduce the desired tightness of the joint laws ℒ[rm,um,W].

Corollary 5.2.7. The set {ℒ[rm,um,W]; m ∈ℕ} is tight on 𝒳.

Since the path space 𝒳 is a Polish space, we may use the classical Skorokhod
representation theorem (Theorem 2.6.2). That is, passing to a weakly convergent sub-
sequence due to Prokhorov’s theorem (Theorem 2.6.1) we infer the following result.

Proposition 5.2.8. There exists a complete probability space (Ω̃, �̃�, ℙ̃) with 𝒳-valued
Borel measurable random variables ( ̃rm, ũm, W̃m), m ∈ℕ, and ( ̃r, ũ, W̃ ) such that (up to
a subsequence):
(1) the law of ( ̃rm, ũm, W̃m) is given by ℒ[rm,um,W], m ∈ℕ;
(2) the law of ( ̃r, ũ, W̃ ) is a Radon measure;
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(3) ( ̃rm, ũm, W̃m) converges ℙ̃-a.s. to ( ̃r, ũ, W̃ ) in the topology of 𝒳, i.e.,

̃rm→ ̃r in C([0,T];Wβ,2(𝕋3)),

ũm→ ũm in C([0,T];Wβ,2(𝕋3)),

W̃m→ W̃ in C([0,T];𝔘0),

as m→∞ ℙ̃-a.s.

5.2.4 Identification of the limit

As the next step, we will identify the limit obtained in Proposition 5.2.8 with a strong
martingale solution to (5.14)–(5.16), completing the proof of Theorem 5.2.3. We will
proceed similarly to Chapter 4 (see, in particular, Section 4.1.2.4).

Since ̃r and ũ are stochastic processes with continuous trajectories (cf. Defini-
tion 2.1.11), progressive measurability with respect to their respective canonical filtra-
tions follows fromProposition 2.1.18. Consequently, they are progressivelymeasurable
with respect to the canonical filtration generated by [ ̃r, ũ, W̃ ], namely,

�̃�t ∶= σ(σt[ ̃r] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T].

In view of Lemma 2.1.35, the process W̃ is a cylindrical Wiener processes with respect
to its canonical filtration. In order to show that W̃ is a cylindrical Wiener process with
respect to (�̃�t)t≥0, we intend to apply Corollary 2.1.36. Hence we need to show that the
filtration is non-anticipativewith respect to W̃ . To this end,wefirst recall Theorem2.9.1
and deduce that, for every m ∈ℕ, W̃m = ∑

∞
k=1 ekW̃m,k is a cylindrical Wiener process

with respect to

σ(σt[ ̃rm] ∪ σt[ũm] ∪
∞

⋃
k=1

σt[W̃m,k]), t ∈ [0,T].

In other words, this filtration is non-anticipative with respect to W̃m. Lemma 2.9.3,
together with Proposition 5.2.8, then yields the claim.

We claim that [ ̃r, ũ, W̃ ] is a strong martingale solution to (5.14)–(5.16). Indeed, in
order to identify (5.14), we observe that, due to Theorem 2.9.1, the stochastic process
[ ̃rm, ũm] solves (5.14) on the new probability space.With Proposition 5.2.8 and (5.35) at
hand, we may pass to the limit and deduce that [ ̃r, ũ] solves (5.14).

Similarly, we may identify (5.15). In accordance with Theorem 2.9.1, the approx-
imate problem (5.19) is solved by [ ̃rm, ũm, W̃m] on the new probability space. Finally,
due to Proposition 5.2.8 and the uniformmoment estimates from (5.35), wemaypass to
the limit using Lemma 2.6.6 and (5.15) follows, which completes the existence part of
the proof of Theorem 5.2.3. Note that the strong continuity of ̃r and ũ inW s,2(𝕋3) ℙ̃-a.s.
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can be deduced directly from the equations. Indeed, using the variational approach,
the momentum equation (5.15) is solved in the Gelfand triplet

W s+1,2(𝕋3) ↪W s,2(𝕋3) ↪W s−1,2(𝕋3).

The stochastic integral has continuous trajectories inW s,2(𝕋3) due to the uniform es-
timates, Lemma 5.1.1 (part (ii)) and (2.19), while the coefficients of the deterministic
part in the momentum equation belong to the space L2(0,T ;W s−1,2(𝕋3)) a.s. Hence
Theorem 2.4.3 applies and yields the desired continuity of the velocity field ũ. The
continuity of ̃r then follows from the equation of continuity.

5.2.5 Pathwise uniqueness

To show pathwise uniqueness, wemimic the approach of Section 5.2.2. The difference
of two solutions [rj ,uj], j = 1, 2, satisfies

d𝜕αx(r1 − r2) = −φR(‖u1‖W 2,∞
x
)𝜕αx(u1 ⋅ ∇r1 +

γ − 1
2

r1divu1)dt

+φR(‖u2‖W 2,∞
x
)𝜕αx(u2 ⋅ ∇r2 +

γ − 1
2

r2divu2)dt (5.36)

and

d𝜕αx (u1 − u2) = −φR(‖u1‖W 2,∞
x
)𝜕αx(u1 ⋅ ∇u1 + r1∇r1 −D(r1)div𝕊(∇u1))dt

+φR(‖u2‖W 2,∞
x
)𝜕αx(u2 ⋅ ∇u2 + r2∇r2 −D(r2)div𝕊(∇u2))dt

+ [φR(‖u1‖W 2,∞
x
)𝜕αx𝔽(r1,u1) −φR(‖u2‖W 2,∞

x
)𝜕αx𝔽(r2,u2)]dW

for |α| ≤ s′ (later we choose s′ ∈ℕ such that s′ ≤ s − 1).
Multiplying (5.36) by 𝜕αx (r1 − r2), we get

1
2
d|𝜕αx(r1 − r2)|

2 = −φR(‖u1‖W 2,∞
x
)𝜕αx(u1 ⋅ ∇r1 +

γ − 1
2

r1divu1)𝜕αx(r1 − r2)dt

+φR(‖u2‖W 2,∞
x
)𝜕αx(u2 ⋅ ∇r2 +

γ − 1
2

r2divu2)𝜕αx(r1 − r2)dt. (5.37)

Similarly, using Itô’s product rule, Proposition 2.4.2, we obtain

1
2
d|𝜕αx(u1 − u2)|

2

= −φR(‖u1‖W 2,∞
x
)𝜕αx(u1 ⋅ ∇u1 + r1∇r1 −D(r1)div𝕊(∇u1)) ⋅ 𝜕αx(u1 − u2)dt

+φR(‖u2‖W 2,∞
x
)𝜕αx(u2 ⋅ ∇u2 + r2∇r2 −D(r2)div𝕊(∇u2)) ⋅ 𝜕αx(u1 − u2)dt

+ [φR(‖u1‖W 2,∞
x
)𝜕αx𝔽(r1,u1) −φR(‖u2‖W 2,∞

x
)𝜕αx𝔽(r2,u2)] ⋅ 𝜕αx(u1 − u2)dW
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+ 1
2

∞

∑
k=1
[φR(‖u1‖W 2,∞

x
)𝜕αxFk(r1,u1) −φR(‖u2‖W 2,∞

x
)𝜕αxFk(r2,u2)]

2 dt. (5.38)

Now observe that, by virtue of the standard embedding relation, we have

|φR(‖u1‖W 2,∞
x
) −φR(‖u2‖W 2,∞

x
)| ≤ c1(R)‖u1 − u2‖W 2,∞

x

≤ c2(R)‖u1 − u2‖W s′,2
x
,

as soon as s′ > 7
2 . We sum (5.37) and (5.38), integrate over the physical space, and

perform the same estimates as in Section 5.2.2. Note that the highest order terms in
(5.37) read

φR(‖u1‖W 2,∞
x
)∫
𝕋3
(u1 ⋅ ∇𝜕αx r1 − u2 ⋅ ∇𝜕αx r2)𝜕αx(r1 − r2)dx

+ γ − 1
2

φR(‖u1‖W 2,∞
x
)∫
𝕋3
(r1div𝜕αxu1 − r2div𝜕αxu2)𝜕αx(r1 − r2)dx

= φR(‖u1‖W 2,∞
x
)∫
𝕋3
((u1 − u2) ⋅ ∇𝜕αx r1)𝜕αx(r1 − r2)dx

+φR(‖u1‖W 2,∞
x
)∫
𝕋3

1
2
divu2|𝜕αx(r1 − r2)|

2 dx

+ γ − 1
2

φR(‖u1‖W 2,∞
x
)∫
𝕋3
(r1 − r2)div𝜕αxu2𝜕αx(r1 − r2)dx

+ γ − 1
2

φR(‖u1‖W 2,∞
x
)∫
𝕋3
r1div𝜕αx(u1 − u2)𝜕αx(r1 − r2)dx.

Here, the last integral

φR(‖u1‖W 2,∞
x
)∫
𝕋3
r1div (𝜕αx(u1 − u2))𝜕αx(r1 − r2)dx

cancels, after integration by parts, with its counterpart in (5.38), namely,

φR(‖u1‖W 2,∞
x
)∫
𝕋3
r1(𝜕αx(u1 − u2)) ⋅ ∇𝜕αx(r1 − r2)dx

= −φR(‖u1‖W 2,∞
x
)∫
𝕋3
∇r1 ⋅ (𝜕αx(u1 − u2))𝜕αx(r1 − r2)dx

−φR(‖u1‖W 2,∞
x
)∫
𝕋3
r1div (𝜕αx(u1 − u2))𝜕αx(r1 − r2)dx.

If s′ > 7
2 , we deduce, exactly as in Subsection 5.2.2,

d(‖r1 − r2‖2W s′,2
x
+ ‖u1 − u2‖2W s′,2

x
)

≤ G(t)(‖r1 − r2‖2W s′,2
x
+ ‖u1 − u2‖2W s′,2

x
)dt

+ ∑
|α|≤s′
[φR(‖u1‖W 2,∞

x
)𝜕αx𝔽(r1,u1) −φR(‖u2‖W 2,∞

x
)𝜕αx𝔽(r2,u2)] ⋅ 𝜕αx(u1 − u2)dW ,
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where we set

G(t) = c(R)(1 +
2
∑
j=1
(‖rj(t)‖2W s′+1,2

x
+ ‖uj(t)‖2W s′+2,2

x
)).

Weobserve that, if s ≥ s′+1, theapriori estimates fromSection 5.2.2 imply in particular
thatG ∈ L1(0,T) a.s. Applying Itô’s formula to the product, Proposition 2.4.2, we obtain

d[e−∫
t
0 G(σ)dσ(‖r1 − r2‖2W s′,2

x
+ ‖u1 − u2‖2W s′,2

x
)]

= −G(t)e−∫
t
0 G(σ)dσ(‖r1 − r2‖2W s′,2

x
+ ‖u1 − u2‖2W s′,2

x
)dt

+ e−∫
t
0 G(σ)dσd(‖r1 − r2‖2W s′,2

x
+ ‖u1 − u2‖2W s′,2

x
)

≤ ∑
|α|≤s′

e−∫
t
0 G(σ)dσφR(‖u1‖W 2,∞

x
)𝜕αx𝔽(r1,u1) ⋅ 𝜕αx(u1 − u2)dW

− ∑
|α|≤s′

e−∫
t
0 G(σ)dσφR(‖u2‖W 2,∞

x
)𝜕αx𝔽(r2,u2) ⋅ 𝜕αx(u1 − u2)dW .

Integrating over [0, t] and taking expectation we observe that the stochastic integral
vanishes due to the assumptions on r, u in Definition 5.2.1. Consequently, we infer

𝔼[e−∫
t
0 G(σ)dσ(‖r1(t) − r2(t)‖2W s′,2

x
+ ‖u1(t) − u2(t)‖2W s′,2

x
)] = 0,

whenever

𝔼[‖r10 − r20‖
2
W s′,2

x
+ ‖u10 − u20‖

2
W s′,2

x
] = 0.

Since

e−∫
t
0 G(σ)dσ > 0 ℙ-a.s.

and the trajectories of ri, ui, i = 1, 2, are continuous in W s′,2(𝕋3) a.s., the pathwise
uniqueness from Theorem 5.2.3 follows.

5.2.6 Existence of a strong pathwise approximate solution

In order to complete the proof of Theorem 5.2.3, we make use of the Gyöngy–Krylov
characterization of convergence in probability; see Lemma 2.10.1. It applies to situa-
tions when pathwise uniqueness and existence of a martingale solution are valid and
allows one to establish existence of a pathwise solution.

We start with regular initial data corresponding to s > 9
2 required for pathwise

uniqueness of strong solutions to the approximate problem (5.14)–(5.16). Going back
to the construction of approximate solutions, we consider the joint law

ℒ[rm,um, rn,un,W] on the space 𝒳J =𝒳r ×𝒳u ×𝒳r ×𝒳u ×𝒳W ,
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where rm, um, rn, un are the Galerkin solutions. The following result follows easily
from the arguments of Section 5.2.3.

Proposition 5.2.9. The set {ℒ[rm,um, rn,un,W]; m,n ∈ℕ} is tight on 𝒳J .

Let us take any subsequence [rmk
,umk
, rnk ,unk ,W]k∈ℕ. By the Skorokhod represen-

tation theorem (Theorem 2.6.2), we infer (for a further subsequence but without loss
of generality we keep the same notation) the existence of a complete probability space
(Ω̄, �̄�, ℙ̄) with a sequence of random variables

[ ̂rnk , ûnk , ̌rmk
, ̌umk
, W̄k], k ∈ℕ,

and a random variable [ ̂r, û, ̌r, ǔ, W̄ ] such that

[ ̂rnk , ûnk , ̌rmk
, ǔmk
, W̄k] → [ ̂r, û, ̌r, ǔ, W̄] in 𝒳J (5.39)

ℙ̄-a.s. and

ℒ[ ̂rnk , ûnk , ̌rmk
, ̌umk
, W̄k] =ℒ[rmk

,umk
, rnk ,unk ,W]

on 𝒳J . Observe that, in particular, ℒ[rmk
,umk
, rnk ,unk ,W] converges weakly to the

measure

ℒ[ ̂r, û, ̌r, ̌u, W̄ ].

As the next step, we recall the technique established in Section 5.2.4. Analogously, it
can be applied to both

[ ̂rnk , ûnk , W̄k], [ ̂r, û, W̄ ]

and

[ ̌rmk
, ǔmk
, W̄k], [ ̌r, ̌u, W̄ ]

in order to show that [ ̂r, û, W̄ ] and [ ̌r, ̌u, W̄ ] are strong martingale solutions to the ap-
proximate system (5.14)–(5.15). Finally, since rnk (0) = rmk

(0) = r0, it follows that

ℙ̄( ̂r(0) = ̌r(0)) = 1.

Since unk (0) = Πnku0, umk
(0) = Πmk

u0, we obtain, for every ℓ ≤ nk ∧mk ,

ℙ̄(Πℓûnk (0) = Πℓ ̌umk
(0)) = ℙ(Πℓunk (0) = Πℓumk

(0)) = 1.

This leads to

ℙ̄(û(0) = ̌u(0)) = 1,
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using (4.6) and (5.39). Hence, in accordancewith the pathwise uniqueness established
in Theorem 5.2.3, we get the desired conclusion

ℒ[ ̂r, û, ̌r, ǔ]([r1,u1, r2,u2]; [r1,u1] = [r2,u2]) = ℙ̄([ ̂r, û] = [ ̌r, ̌u]) = 1.

Thus, everything is in hand to apply Lemma 2.10.1, which implies that the origi-
nal sequence [rm,um], defined on the initial probability space (Ω,𝔉,ℙ), converges in
probability in the topology of𝒳r ×𝒳u to a random variable [r,u]. Without loss of gen-
erality, we assume that the convergence is almost sure (recall (5.39)) and, again by the
method from Section 5.2.4, we finally deduce that the limit is the unique strong path-
wise solution to the approximate problem (5.14)–(5.16). Let us denote this solution by
[rR,uR].

5.3 Proof of Theorem 5.0.3

Throughout the remainder of the chapter,wegoback to the original problem (5.1)–(5.3)
and prove Theorem 5.0.3. Our approach relies on the equivalence between (5.1)–(5.2)
and (5.12)–(5.13), which is valid, provided the density remains strictly positive; cf.
Section 5.1.1. In addition, introducing suitable stopping times allows us to work with
(5.14)–(5.15) instead of (5.12)–(5.13) and thereforewemay apply the results of the previ-
ous section, namely, Theorem 5.2.3. Nevertheless, there is an additional difficulty that
originates in the fact that the initial condition is not assumed to be integrable inω and
the initial density is not bounded frombelowby a positive constant. Consequently, the
a priori estimates from Section 5.2.2 are no longer valid and the initial condition has to
be truncated for Theorem 5.2.3 to be applicable. For this reason, the proof of unique-
ness as well as existence of a local strong pathwise solution is divided into two steps.
First, we consider an additional assumption on the initial data so that Theorem 5.2.3
applies. Second, we remove this hypothesis.

5.3.1 Uniqueness

Let us first take the following additional assumption:

ϱ0 ∈ L∞(Ω;𝔉0,ℙ,W s,2(𝕋3)), ϱ0 > ϱ > 0 ℙ-a.s.,

u0 ∈ L∞(Ω;𝔉0,ℙ,W s,2(𝕋3)),
(5.40)

for some deterministic constant ϱ > 0. In this case, the pathwise uniqueness of
(5.1)–(5.3) is a simple consequence of the pathwise uniqueness for (5.14)–(5.15), proved
in Theorem 5.2.3. To be more precise, let [ϱi ,ui , (𝔱iR), 𝔱i], i = 1, 2, be two maximal strong
pathwise solutions to (5.1)–(5.3), starting from [ϱ0,u0], satisfying (5.40). Then

[ri ∶= √ 2aγ
γ − 1
(ϱi)

γ−1
2 ,ui], i = 1, 2,
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both solve (5.14)–(5.15) up to the stopping time 𝔱1R ∧ 𝔱2R and their initial conditions coin-
cide. Besides, the a priori estimates from Section 5.2.2 as well as the pathwise unique-
ness from Section 5.2.5 applies up to the stopping time 𝔱1R ∧ 𝔱2R and we deduce

ℙ([ϱ1,u1](t ∧ 𝔱1R ∧ 𝔱2R) = [ϱ2,u2](t ∧ 𝔱1R ∧ 𝔱2R), for all t ∈ [0,T]) = 1.

Sending R→∞ implies by dominated convergence

ℙ([ϱ1,u1](t ∧ 𝔱1 ∧ 𝔱2) = [ϱ2,u2](t ∧ 𝔱1 ∧ 𝔱2), for all t ∈ [0,T]) = 1.

As a consequence, the two solutions coincide up to the stopping time 𝔱1 ∧ 𝔱2 and due
to maximality of 𝔱1 as well as 𝔱2, it necessarily follows that 𝔱1 = 𝔱2 a.s. This completes
the proof of uniqueness under the additional assumption (5.40).

Now, assume that [ϱ0,u0] only satisfies the hypotheses of Theorem 5.0.3. We de-
fine for K > 0 the set

ΩK = {ω ∈ Ω | ‖u0(ω)‖W s,2
x
< K, ‖r0(ω)‖W s,2

x
< K, inf
𝕋3

r0(ω) >
1
K
}

and observe that Ω =⋃K∈ℝΩK . Therefore, since ΩK is 𝔉0-measurable, the a priori es-
timates from Section 5.2.2 can be employed on ΩK . In fact we replace 𝔼[⋅] in (5.35) by
𝔼[1ΩK ⋅] and obtain

𝔼[1ΩK( sup
t∈[0,T∧𝔱iR]

‖(ri(t),ui(t))‖2W s,2
x
+ ∫

T∧𝔱iR

0
‖ui(t)‖2W s+1,2

x
dt)

p

] ≲ c(R,T , s,K). (5.41)

Accordingly, the method of pathwise uniqueness from Section 5.2.5 can be applied
to ΩK , which yields

ℙ(1ΩK [ϱ
1,u1](t ∧ 𝔱1R ∧ 𝔱2R) = 1ΩK [ϱ

2,u2](t ∧ 𝔱1R ∧ 𝔱2R), for all t ∈ [0,T]) = 1

and since 1ΩK → 1Ω, 𝔱iR → 𝔱i, i = 1, 2, a.s., we may send R,K →∞ and apply the domi-
nated convergence theorem to deduce

ℙ([ϱ1,u1](t ∧ 𝔱1 ∧ 𝔱2) = [ϱ2,u2](t ∧ 𝔱1 ∧ 𝔱2), for all t ∈ [0,T]) = 1.

The uniqueness part of Theorem 5.0.3 is thus complete.

5.3.2 Existence of a local strong solution for bounded initial data

Finally, we are ready to go back to our original problem (5.1)–(5.3) and establish the
existence of a local strong pathwise solution up to an a.s. strictly positive stopping
time. Let us first take the additional assumption (5.40) which will be removed later.
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Having constructed strong solutions for the approximate problem (5.14)–(5.16) in Sec-
tion 5.2.6, which we denote by [rR,uR], we define

τR = inf{t ∈ [0,T] | ‖uR(t)‖W 2,∞
x
≥ R},

with the convention inf∅ = T . Since uR has continuous trajectories in W s,2(𝕋3),
which is embedded intoW2,∞(𝕋3), τR is a well-defined stopping time. Moreover, due
to (5.40), the stopping time τR is a.s. positive, provided R is chosen large enough.
Next, we recall, as stated in Theorem 5.2.3,

rR ≥ rR > 0 for a.e. (ω, t,x),

for some deterministic constant rR. Consequently, the density given by

ϱR ∶= (
γ − 1
2aγ
)

1
γ−1
r

2
γ−1
R (5.42)

remains uniformly positive as well. Therefore, the unique solution [rR,uR] of the ap-
proximate system (5.14)–(5.15) with the initial condition

(r0 ∶= √
2aγ
γ − 1

ϱ0
γ−1
2 ,u0)

generates the local strong pathwise solution

(ϱR ∶= (
γ − 1
2aγ
)

1
γ−1
r

2
γ−1
R , uR,τR)

to the original problem (5.1)–(5.3) with the initial condition [ϱ0,u0].

5.3.3 Existence of a local strong solution for general initial data

In order to relax the additional assumption upon the initial datum (5.40), consider
again a solution [rR,uR] of the approximate problem (5.14)–(5.15). Now we consider
the following stopping time:

τK = τ1K ∧ τ2K ∧ τ3K ,
τ1K = inf{t ∈ [0,T] | ‖uR(t)‖W s,2

x
≥ K},

τ2K = inf{t ∈ [0,T] | ‖rR(t)‖W s,2
x
≥ K},

τ3K = inf{t ∈ [0,T] | inf𝕋3
rR(t) ≤

1
K
},

with K = K(R) →∞ as R→∞, and

K(R) < Rmin{1, 1
c1,∞
, 1
c2,∞
},
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where c1,∞, c2,∞ are the constants in the embedding inequalities

‖r‖W 1,∞
x
≤ c1,∞‖r‖W s,2

x
, ‖u‖W 2,∞

x
≤ c2,∞‖u‖W s,2

x
.

Recall that s > 7
2 . The stopping time τK is chosen in such a way that, on [0,τK ),

sup
t∈[0,τK ]
‖uR(t)‖W 2,∞

x
< R, sup

t∈[0,τK ]
‖rR(t)‖W 1,∞

x
< R, inf

t∈[0,τK ]
inf
𝕋3

rR(t) >
1
R
,

ℙ-a.s. Next we observe that Theorem 5.2.3 can be used to construct solutions with the
stopping time τK for general initial data as in Theorem 5.0.3. Indeed, let [r0,u0] be an
𝔉0-measurable random variable taking values inW s,2(𝕋3) ×W s,2(𝕋3) such that r0 > 0
ℙ-a.s. and define the set

UK(R) = {[r,u] ∈W s,2(𝕋3) ×W s,2(𝕋3) | ‖r‖W s,2
x
< K, ‖u‖W s,2

x
< K, r > 1

K
}.

Theorem 5.2.3 then provides a unique solution [rM ,uM ] to (5.14)–(5.15) with R =M and
with the initial condition [r0,u0]1[r0,u0]∈{UK(M)⧵⋃

M−1
J=1 UK(J)}

. It also solves the original sys-
tem (5.12)–(5.13) up to the stopping time τK(M). Next, we find that

[r,u] =
∞

∑
M=1
[rM ,uM ]1[r0,u0]∈{UK(M)⧵⋃

M−1
J=1 UK(J)}

(5.43)

solves the same problem with the initial data [r0,u0] up to the a.s. strictly positive
stopping time

τ =
∞

∑
M=1

τK(M)1[r0,u0]∈{UK(M)⧵⋃
M−1
J=1 UK(J)}
.

Note in particular that [r,u] has a.s. continuous trajectories in W s,2(𝕋3) × W s,2(𝕋3)
and the velocity also belongs to L2(0,T ;W s+1,2(𝕋3)) ℙ-a.s. Indeed, there exists a dis-
joint collection of sets ΩM ⊂ Ω, M ∈ ℕ, satisfying ⋃M ΩM = Ω such that [r,u](ω) =
[rM ,uM ](ω) for a.e. ω ∈ ΩM . Due to Theorem 5.2.3, the trajectories of [rM ,uM ] are a.s.
continuous in W s,2(𝕋3) ×W s,2(𝕋3). On the other hand, we lose the integrability in ω
as the initial condition is only assumed to be inW s,2(𝕋3) ×W s,2(𝕋3) a.s. and no inte-
grability in ω is assumed. In particular, the estimate (5.17) is no longer valid for the
solution (5.43).

To conclude, after the straightforward transformation to the original variables
[ϱ,u] (recall (5.42)), we obtain the existence of a local strong pathwise solution to prob-
lem (5.1)–(5.3) with a strictly positive stopping time τ.

5.3.4 Existence of a maximal strong solution

In order to extend the solution [ϱ,u] to a maximal time of existence 𝔱, let 𝒯 denote
the set of all possible a.s. strictly positive stopping times corresponding to the solu-
tion starting from the initial datum [ϱ0,u0]. According to the above proof, this set is
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non-empty. Moreover, it is closed with respect to finite minimum and finite maximum
operations. More precisely,

σ1,σ2 ∈𝒯 ⇒ σ1 ∨ σ2 ∈𝒯

and

σ1,σ2 ∈𝒯 ⇒ σ1 ∧ σ2 ∈𝒯

for any stopping times σ1, σ2. Let 𝔱 = ess supσ∈𝒯σ. Then we may choose an increasing
sequence (σM ) ⊂ 𝒯 such that limM→∞ σM = 𝔱 a.s. Let [ϱM ,uM ] be the corresponding
sequence of solutions on [0,σM ]. Due to uniqueness, this sequence defines a solution
[ϱ,u] on ⋃M [0,σM ] by setting [ϱ,u] ∶= [ϱM ,uM ] on [0,σM ]. For each R ∈ ℕ, we now
define

τR = 𝔱 ∧ inf{t ∈ [0,T] | ‖u(t)‖W 2,∞
x
≥ R}.

Then (ϱ,u) is a solution on [0,σM ∧ τR] and sending M →∞ we obtain (ϱ,u) is a so-
lution on [0,τR]. Note that τR is not a.s. strictly positive unless ‖u0‖W 2,∞

x
< R. Never-

theless, since u0 ∈W s,2(𝕋3) a.s. we may deduce that, for almost every ω, there exists
R = R(ω) such that 𝔱R(ω)(ω) > 0. To guarantee the strict positivity, we combine the two
sequences of stopping times (σR) and (τR) and define 𝔱R = σR ∨ τR. Then each triplet
(ϱ,u, 𝔱R), R ∈ℕ, is a local strong pathwise solution with an a.s. strictly positive stop-
ping time.

Next, we observe that, by repeating the construction of a local strong pathwise
solution, a solution on [0, 𝔱R] can be extended to a solution on [0, 𝔱R + σ] for a ℙ-a.s.
strictly positive stopping time σ. Indeed, with the method from Section 5.3.3 we can
construct a new solution starting from [ϱ(𝔱R),u(𝔱R)] as the initial condition as follows.
Define a stochastic basis

(Ω̃, �̃�, (�̃�t)t≥0, ℙ̃) ∶= (Ω,𝔉, (𝔉𝔱R+t)t≥0,ℙ) (5.44)

together with a cylindrical (�̃�t)-Wiener process

W̃ = (W̃k)k∈ℕ, W̃k(t) ∶=Wk(𝔱R + t) −Wk(𝔱R), k ∈ℕ. (5.45)

Due to the proof in Section 5.3.3, the datum [ϱ(𝔱R),u(𝔱R)] satisfies the assumptions
on the initial condition. Hence we obtain (ϱ̃, ũ,σ), which is a local strong pathwise
solution to (5.1)–(5.3) relative to the cylindrical Wiener process (5.45) on the stochastic
basis (5.44).We stress that the stopping time σ isℙ-a.s. strictly positive. Since solutions
are unique (cf. Section 5.3.1), setting

(ϱ̄, ū)(t) ∶=
{
{
{

(ϱ,u)(t) if t ≤ 𝔱R,
(ϱ̃, ũ)(t) if 𝔱R < t ≤ 𝔱R + σ
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yields a local strong pathwise solution to (5.1)–(5.3), defined up to the stopping time
𝔱R + σ > 𝔱R.

Thus, in order to show that 𝔱R < 𝔱 on [𝔱 < T], assume for a contradiction thatℙ(𝔱R =
𝔱 < T) > 0. Then we have 𝔱R + σ ∈ 𝒯 and hence ℙ(𝔱 < 𝔱R + σ) > 0, which contradicts
the maximality of 𝔱. Consequently, (𝔱R) is an increasing sequence of stopping times
converging to 𝔱. Moreover, on the set [𝔱 < T] we have

sup
t∈[0,𝔱R]
‖u(t)‖W 2,∞

x
≥ R.

Thus, the existence part of Theorem 5.0.3 is complete.
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6 Relative energy inequality and weak–strong
uniqueness

The concept of weak solution was introduced in mathematical fluid mechanics to
handle the unsurmountable difficulties related to the hypothetical or effective possi-
bility of singularities experienced by solutions of the corresponding systems of PDEs.
However, as shown in the seminal work of DeLellis–Székelyhidi [DLS10], the so far
well-accepted criteria, derived from the underlying physical principles as the second
lawof thermodynamics, are not sufficient to guarantee the expectedwell-posedness of
the associated initial and/or boundary value problems in the class of weak solutions.
The approach based on relative entropy/energy, introduced by Dafermos [Daf79], has
become an important and rather versatile tool whenever a weak solution is expected
to be, or at least to approach, a smooth one; see Leger–Vasseur [LV11], Mellet–Vasseur
[MV08], Masmoudi [Mas01], and Saint-Raymond [SR09] for various applications. In
particular, the problem of weak–strong uniqueness for the compressible Navier–
Stokes and the Navier–Stokes–Fourier systemwere addressed by Germain [Ger11] and
finally solved in [FN12, FNS11]. Our main goal is to derive a relative energy inequality
for the system

dϱ + div (ϱu)dt = 0, (6.1)
d(ϱu) + div (ϱu ⊗ u)dt + ∇p(ϱ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW , (6.2)

with p(ϱ) = aϱγ , a > 0, analogous to that obtained in the deterministic case in [FNS11].
For the sake of simplicity, we restrict ourselves to the physically relevant case N = 3,
seeing that our arguments can be easily adapted for N = 1, 2.

We proceed in several steps. First, let us recall that under suitable assumptions
on the initial law, existence of global solutions to (6.1)–(6.2) was established in Chap-
ter 4, namely in Theorem4.0.2. The corresponding notion of solutionwas the so-called
dissipative martingale solution, defined as follows.

Definition 6.0.1 (Dissipative martingale solution). Let Λ = Λ(ϱ,q) be a Borel proba-
bility measure on L1(𝕋3) × L1(𝕋3) such that

Λ{ϱ ≥ 0} = 1, ∫
L1x×L1x
|∫
𝕋3
[
|q|2

ϱ
+ P(ϱ)]dx|

r
dΛ(ϱ,q) <∞,

where the pressure potential is given by

P(ϱ) = aϱ∫
ϱ

1
zγ−2 dz

and r ≥ 1. The quantity ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale so-
lution to (6.1)–(6.2) with the initial law Λ if:

https://doi.org/10.1515/9783110492552-006
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(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

−∫
T

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ϕ(0)∫

𝕋3
ϱ0ψdx + ∫

T

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.;
(6) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt −ϕ(0)∫

𝕋3
ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

T

0
ϕ ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt

+
∞

∑
k=1
∫
T

0
ϕ ∫
𝕋3
Gk(ϱ,ϱu) ⋅φdxdWk

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋3) ℙ-a.s.;
(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)]dxdt + ∫

T

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ ϕ(0)∫
𝕋3
[ 1
2
ϱ0|u0|2 + P(ϱ0)]dx +

1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
ϱ−1|Gk(ϱ,ϱu)|

2 dxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋3
Gk(ϱ,ϱu) ⋅ udxdWk (6.3)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.;
(8) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ([0,T)) and all

ψ ∈ C∞(𝕋3), we have ℙ-a.s.

−∫
T

0
𝜕tϕ∫
𝕋3
b(ϱ)ψdxdt = ϕ(0)∫

𝕋3
b(ϱ0)ψdx + ∫

T

0
ϕ∫
𝕋3
b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋3
(b′(ϱ)ϱ − b(ϱ))divuψdxdt.

We will see below that the key towards the relative energy inequality is the en-
ergy inequality (6.3). Recall that the latter one is not automatically satisfied by weak
solutions, so it has to be included in the definition. In order to measure the distance
between a dissipative martingale solution [ϱ,u] of system (6.1)–(6.2) and a pair of ar-
bitrary (smooth) processes [r,U], we introduce the relative energy functional

ℰ(ϱ,u|r,U) = ∫
𝕋3
[ 1
2
ϱ|u −U|2 + P(ϱ) − P′(r)(ϱ − r) − P(r)]dx. (6.4)
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Note that ℰ ≥ 0 since P is a convex function. In view of future applications, it is conve-
nient if the behavior of the test functions [r,U] mimics that of [ϱ,u]. Accordingly, we
require r and U to be stochastic processes adapted to (𝔉t)t≥0 such that

dr = ddr dt + dsr dW , dU = ddUdt + dsUdW . (6.5)

We assume that ddr,ddU are functions of (ω, t,x), sufficiently integrable and regular
with respect to the space variable, and dsr,dsU belong to L2(𝔘;L2(𝕋3)) a.e. in (ω, t),
and have appropriate integrability and space regularity. Under these circumstances,
the relative energy inequality reads

− ∫
T

0
𝜕tϕ ℰ(ϱ,u|r,U)dt + ∫

T

0
ϕ∫
𝕋3
(𝕊(∇u) − 𝕊(∇U)) ∶ ∇(u −U)dxdt

≤ ϕ(0)ℰ(ϱ,u|r,U)(0) + ∫
T

0
ϕℛ(ϱ,u|r,U)dt + ∫

T

0
ϕdMRE, (6.6)

for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s. Here, MRE is a real-valued square integrable mar-
tingale given by

MRE(t) = ∫
t

0
∫
𝕋3
(u −U) ⋅𝔾(ϱ,ϱu)dxdW − ∫

t

0
∫
𝕋3
ϱ(u −U) ⋅ dsUdxdW

+ ∫
t

0
∫
𝕋3
(p′(r) − ϱP″(r))dsr dxdW . (6.7)

The remainder term reads

ℛ(ϱ,u|r,U) = ∫
𝕋3
𝕊(∇U) ∶ (∇U − ∇u)dx + ∫

𝕋3
ϱ(ddU + u ⋅ ∇U)(U − u)dx

+ ∫
𝕋3
((r − ϱ)P″(r)ddr + ∇P′(r)(rU − ϱu))dx − ∫

𝕋3
divU(p(ϱ) − p(r))dx

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Gk(ϱ,ϱu)

ϱ
− dsU(ek)|

2
dx − 1

2

∞

∑
k=1
∫
𝕋3
ϱP‴(r)|dsr(ek)|

2 dx

+
1
2

∞

∑
k=1
∫
𝕋3
p″(r)|dsr(ek)|

2 dx. (6.8)

We will show that the relative energy inequality holds true for dissipative martin-
gale solutions to (6.1)–(6.2). Recall that existence of such solutions defined on some
probability space was given in Chapter 4. The proof of (6.6) is presented in Section 6.1.
The main ingredients are the energy inequality (6.3) and a careful application of Itô’s
stochastic calculus.

As a corollary of the relative energy inequality we obtain a weak–strong unique-
nessproperty (pathwise and in law) for the stochasticNavier–Stokes system (6.1)–(6.2),
established in Section 6.2. In particular,weprove aYamada–Watanabe type result that
says, roughly speaking, that pathwise weak–strong uniqueness implies weak–strong
uniqueness in law; see Theorem 6.2.3.
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220 | 6 Relative energy inequality and weak–strong uniqueness

Remark 6.0.2. A dissipative martingale solution satisfying the energy inequality in
the differential form (6.3) may be seen as an analogue of the a.s. super-martingale so-
lution, introduced by Flandoli–Romito [FR08] and further developed by Debussche–
Romito [DR14] in the context of the incompressible Navier–Stokes system.

It follows from (6.3) that the limits

ess lim
τ→s+
∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx, ess lim

τ→t−
∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx

exist ℙ-a.s. for any 0 ≤ s ≤ t ≤ T,

lim
τ→0+
∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx = ∫

𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](0)dx,

and

[∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx]

τ→t−

τ→s+
+ ∫

t

s
∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ 1
2
∫
t

s
∫
𝕋3

∞

∑
k=1

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt + ∫

t

s
ψ∫
𝕋3
𝔾(ϱ,ϱu) ⋅ udxdW (6.9)

ℙ-a.s. Finally, in view of the weak lower semi-continuity of convex functionals,

ess lim
τ→t−
∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](τ)dx ≥ ∫

𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)](t)dx,

for any t ∈ [0,T)ℙ-a.s. Similar observationshold for the relative energy inequality (6.6)
that can be rewritten as

ℰ(ϱ,u|r,U)(t) + ∫
t

s
∫
𝕋3
(𝕊(∇xu) − 𝕊(∇U)) ∶ (∇u − ∇U)dxdr

≤ ℰ(ϱ,u|r,U)(s+) +MRE(t) −MRE(s) + ∫
t

s
ℛ(ϱ,u|r,U)dr, (6.10)

for any 0 ≤ s ≤ t ≤ T ℙ-a.s., with

ℰ(ϱ,u|r,U)(0+) = ℰ(ϱ,u|r,U)(0).

6.1 Relative energy inequality

The main result of this chapter is the following theorem. It states that any dissipative
martingale solution, the existence of which is guaranteed by Theorem 4.0.2, satisfies
the relative energy inequality.

Theorem 6.1.1. Let

((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W)
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be a dissipativemartingale solution of problem (6.1)–(6.2) in the sense of Definition 6.0.1.
Suppose that functions r, U are stochastic processes adapted to (𝔉t)t≥0,

r ∈ C([0,T];W 1,q(𝕋3)), U ∈ C([0,T];W 1,q(𝕋3)) ℙ-a.s. for all 1 ≤ q <∞,

𝔼[ sup
t∈[0,T]
‖r‖2W 1,q

x
]
q
+𝔼[ sup

t∈[0,T]
‖U‖2W 1,q

x
]
q
≤ c(q), (6.11)

0 < r ≤ r(t,x) ≤ r ℙ-a.s.

Moreover, r, U satisfy (6.5), where

ddr,ddU ∈ Lq(Ω;Lq(0,T ;W 1,q(𝕋3))),

dsr,dsU ∈ L2(Ω;L2(0,T ;L2(𝔘;L2(𝕋3)))),

(
∞

∑
k=1
|dsr(ek)|

q)

1
q

∈ Lq(Ω;Lq(0,T ;Lq(𝕋3))),

(
∞

∑
k=1
|dsU(ek)|

q)

1
q

∈ Lq(Ω;Lq(0,T ;Lq(𝕋3)))

for all 1 ≤ q <∞. Then the relative energy inequality (6.6) holds for all ϕ ∈ C∞c ([0,T)),
ϕ ≥ 0, ℙ-a.s., where the martingale MRE is given in (6.7) and the remainder term is given
in (6.8). In particular, the relative energy inequality (6.10) holds.

Remark 6.1.2. Hypothesis (6.11) seems rather restrictive and even unrealistic in view
of the expected properties of random processes. On the other hand, it is necessary
to handle the compositions of the non-linearities, in particular the pressure p = p(r).
Note that (6.11) can always be achieved replacing r by ̃r, where

̃r(t) = r(t ∧ τr,r),

where τr,r is the stopping time given by

τr,r = inf{t ∈ [0,T] ∶ inf𝕋3
r(t, ⋅) < r or sup

𝕋3
r(t, ⋅) > r}.

Remark 6.1.3. For the sake of simplicity, we prove Theorem 6.1.1 in the natural three-
dimensional setting. However, the same result holds in the one-dimensional and two-
dimensional settings.

Proof of Theorem 6.1.1. We start by writing

ℰ(ϱ,u|r,U) = ∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)]dx − ∫

𝕋3
ϱu ⋅Udx

+ ∫
𝕋3

1
2
ϱ|U|2 dx − ∫

𝕋3
ϱP′(r)dx + ∫

𝕋3
[P′(r)r − P(r)]dx.
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As the time evolution of the first integral is governed by the energy inequality (6.3),
it remains to compute the time differentials of the remaining terms with the help of
Theorem A.4.1.

Step 1: To compute d∫
𝕋3
ϱu ⋅ Udx, we recall that s = ϱu satisfies hypotheses

(A.10)–(A.12) withm = 1 and some 1 < q <∞. Applying Theorem A.4.1 we obtain

d(∫
𝕋3
ϱu ⋅Udx) = (∫

𝕋3
ϱ(u ⋅ ddU + u ⋅ ∇U ⋅ u)dx)dt

+ (∫
𝕋3
divUp(ϱ) − 𝕊(∇u) ∶ ∇Udx)dt

+
∞

∑
k=1
∫
𝕋3
dsU(ek) ⋅Gk(ϱ,ϱu)dxdt + dM1, (6.12)

where

M1(t) = ∫
t

0
∫
𝕋3
U ⋅𝔾(ϱ,ϱu)dxdW + ∫

t

0
∫
𝕋3
ϱu ⋅ dsUdxdW

is a square integrable martingale.

Step 2: Similarly, we compute

d(∫
𝕋3

1
2
ϱ|U|2 dx) = ∫

𝕋3
ϱu ⋅ ∇U ⋅Udxdt + ∫

𝕋3
ϱU ⋅ ddUdxdt

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|dsU(ek)|

2 dxdt + dM2,

M2 = ∫
t

0
∫
𝕋3
ϱU ⋅ dsUdxdW ,

(6.13)

d(∫
𝕋3
[P′(r)r − P(r)]dx) = ∫

𝕋3
p′(r)ddr dxdt

+ 1
2

∞

∑
k=1
∫
𝕋3
p″(r)|dsr(ek)|

2 dxdt + dM3,

M3 = ∫
t

0
∫
𝕋3
p′(r)dsr dxdW ,

(6.14)

and, finally,

d(∫
𝕋3
ϱP′(r)dx) = ∫

𝕋3
ϱ∇P′(r) ⋅ udxdt + ∫

𝕋3
ϱP″(r)ddr dxdt

+
1
2

∞

∑
k=1
∫
𝕋3
ϱP‴(r)|dsr(ek)|

2 dxdt + dM4, (6.15)

M4(t) = ∫
t

0
∫
𝕋3
ϱP″(r)dsr dxdW .
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From the equations (6.3), (6.12)–(6.15) we obtain the following formula for the martin-
galeMRE appearing in (6.6):

MRE(t) = ∫
t

0
∫
𝕋3
(u −U) ⋅𝔾(ϱ,ϱu)dxdW − ∫

t

0
∫
𝕋3
ϱ(u −U) ⋅ dsUdxdW

+ ∫
t

0
∫
𝕋3
(p′(r) − ϱP″(r))dsr dxdW .

Step 3: Now, we can derive a differential form of (6.12)–(6.15) similar to (6.3) by ap-
plying Theorem A.4.1 to the product with a test function ψ. Summing up the result-
ing expressions and adding the sum to (6.3), we obtain (6.6). We have proved Theo-
rem 6.1.1.

6.2 Weak–strong uniqueness

As the first application of Theorem 6.1.1, we present a weak–strong uniqueness result.
Here, weak solutions have to be understood in the sense of Definition 6.0.1, whereas
strong solutions solve (6.1)–(6.2) in the sense of Definition 5.0.1, which we recall in the
following for the convenience of the reader.

Definition 6.2.1 (Local strong pathwise solution). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochas-
tic basis with a complete right-continuous filtration and let W be an (𝔉t)-cylindrical
Wiener process. Let (ϱ0,u0) be an 𝔉0-measurable random variable in the space
W s,2(𝕋3) ×W s,2(𝕋3) for some s > 7

2 . A triplet (ϱ,u, 𝔱) is called a local strong pathwise
solution to system (6.1)–(6.2), provided:
(1) 𝔱 is a ℙ-a.s. strictly positive (𝔉t)-stopping time;
(2) the density ϱ is a W s,2(𝕋3)-valued (𝔉t)-progressively measurable stochastic pro-

cess such that

ϱ(⋅ ∧ 𝔱) > 0, ϱ(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋3)) ℙ-a.s.;

(3) the velocity u is aW s,2(𝕋3)-valued (𝔉t)-progressively measurable stochastic pro-
cess such that

u(⋅ ∧ 𝔱) ∈ C([0,T];W s,2(𝕋3)) ∩ L2(0,T ;W s+1,2(𝕋3)) ℙ-a.s.;

(4) the equation of continuity

ϱ(t ∧ 𝔱) = ϱ0 − ∫
t∧𝔱

0
div (ϱu)ds

holds for all t ∈ [0,T] ℙ-a.s.;
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(5) the momentum equation

(ϱu)(t ∧ 𝔱) = ϱ0u0 − ∫
t∧𝔱

0
div (ϱu ⊗ u)ds

+ ∫
t∧𝔱

0
div𝕊(∇u)ds − ∫

t∧𝔱

0
∇p(ϱ)ds + ∫

t∧𝔱

0
𝔾(ϱ,ϱu)dW

holds for all t ∈ [0,T] ℙ-a.s.

6.2.1 Pathwise weak–strong uniqueness

We claim the following pathwise variant of the weak–strong uniqueness principle.

Theorem 6.2.2. The pathwise weak–strong uniqueness holds true for the system
(6.1)–(6.2) in the following sense. Let [(Ω,𝔉, (𝔉t),ℙ),ϱ,u,W] be a dissipativemartingale
solution to system (6.1)–(6.2) in the sense of Definition 6.0.1 and let (ϱ̃, ũ, 𝔱) be a local
strong pathwise solution to (6.1)–(6.2) in the sense of Definition 6.2.1 with s ≥ 4, defined
on the same stochastic basis with the same Wiener process and with the initial data

ϱ̃(0, ⋅) = ϱ(0, ⋅), ϱ̃(0, ⋅)ũ(0, ⋅) = (ϱu)(0, ⋅) ℙ-a.s.,
ϱ(0, ⋅) ≥ ϱ > 0 ℙ-a.s.

(6.16)

Then ϱ(⋅ ∧ 𝔱) = ϱ̃(⋅ ∧ 𝔱) and ϱu(⋅ ∧ 𝔱) = ϱ̃ũ(⋅ ∧ 𝔱) a.s.

Proof of Theorem 6.2.2. Step 1:We start by introducing a stopping time

τL = inf{t ∈ (0,T) | ‖ũ(s, ⋅)‖W4,2
x
> L}.

As (ϱ̃, ũ) is a strong solution,

ℙ[ lim
L→∞

τL = 𝔱] = 1,

whence it suffices to show the result for a fixed L.

Step 2: Given L > 0, we obtain, as a direct consequence of the embedding relation
W2,2(𝕋3) ↪ C(𝕋3),

sup
t∈[0,τL]
‖∇2ũ(t, ⋅)‖L∞x ≤ c(L). (6.17)

Moreover, since ϱ̃ satisfies the equation of continuity on the time interval [0, 𝔱] and
hypothesis (6.16) holds,

0 < ϱ
L
≤ ϱ̃(t ∧ 𝔱) ≤ ϱL for t ∈ [0,τL], (6.18)
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for some deterministic constants ϱ
L
, ϱL, cf. Remark A.2.6. Next, it is easy to check that,

for any δ > 0 small enough,

P(ϱ) − P′(r)(ϱ − r) − P(r) ≥ c(δ){|ϱ − r|
2 if δ < r,ϱ < δ−1,

1 + ϱγ if δ < r < δ−1, ϱ ∉ [δ/2, 2δ].
(6.19)

This motivates the following definition. For

ΦL ∈ C∞0 (0,∞), 0 ≤ ΦL ≤ 1, ΦL(r) = 1 for all r ∈ [ϱ
L
/2, 2ϱL],

we introduce

[h]ess = ΦL(ϱ)h, [h]res = h −ΦL(ϱ)h for any h ∈ L1(Ω × (0,T) ×𝕋3).

It follows from (6.19) that

ℰ(ϱ,u|ϱ̃, ũ) ≥ c(L)[‖[u − ũ]ess‖
2
L2x
+ ‖[ϱ − ϱ̃]ess‖

2
L2x
] (6.20)

and, similarly,

ℰ(ϱ,u|ϱ̃, ũ) ≥ c(L)[‖√ϱ[u − ũ]res‖
2
L2x
+ ‖[1 + ϱγ]res‖L1x ], (6.21)

whenever t ∈ [0,τL].

Step 3: Our goal now is to apply the relative energy inequality (6.6) to r = ϱ̃, U = ũ on
the time interval [0,τL ∧ 𝔱]. To this end, we compute

dũ = d( ϱ̃ũ
ϱ̃
) = 1

ϱ̃
d(ϱ̃ũ) − 𝜕t ϱ̃

ϱ̃
ũdt.

Hence we deduce from (6.6)

ℰ(ϱ,u|ϱ̃, ũ)(t ∧ τL ∧ 𝔱) + ∫
t∧τL∧𝔱

0
∫
𝕋3
(𝕊(∇u) − 𝕊(∇ũ)) ∶ (∇u − ∇ũ)dxds

≤MRE(t ∧ τL ∧ 𝔱) −MRE(0) + ∫
t∧τL∧𝔱

0
ℛ(ϱ,u|ϱ̃, ũ)ds, (6.22)

with

ℛ(ϱ,u|ϱ̃, ũ) = ∫
𝕋3
𝕊(∇ũ) ∶ (∇ũ − ∇u)dx

− ∫
𝕋3

ϱ
ϱ̃
(𝜕t ϱ̃ũ + div (ϱ̃ũ ⊗ ũ)) ⋅ (ũ − u)dx

+ ∫
𝕋3
ϱu ⋅ ∇ũ(ũ − u)dx + ∫

𝕋3

ϱ
ϱ̃
(div𝕊(∇ũ) − ∇p(ϱ̃)) ⋅ (ũ − u)dx

+ ∫
𝕋3
((ϱ̃ − ϱ)P″(ϱ̃)𝜕t ϱ̃ + ∇P′(ϱ̃)(ϱ̃ũ − ϱu))dx − ∫

𝕋3
div ũ(p(ϱ) − p(ϱ̃))dx
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+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Gk(ϱ,ϱu)

ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx.

This can be rewritten

ℛ(ϱ,u|ϱ̃, ũ) = ∫
𝕋3

1
ϱ̃
(ϱ − ϱ̃)div𝕊(∇ũ) ⋅ (ũ − u)dx

+ ∫
𝕋3
ϱ(u − ũ) ⋅ ∇ũ ⋅ (ũ − u)dx − ∫

𝕋3

ϱ
ϱ̃
∇p(ϱ̃) ⋅ (ũ − u)dx

+ ∫
𝕋3
((ϱ̃ − ϱ)P″(ϱ̃)𝜕t ϱ̃ + ∇P′(ϱ̃)(ϱ̃ũ − ϱu))dx − ∫

𝕋3
div ũ(p(ϱ) − p(ϱ̃))dx

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Gk(ϱ,ϱu)

ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx

= ∫
𝕋3

1
ϱ̃
(ϱ − ϱ̃)div𝕊(∇ũ) ⋅ (ũ − u)dx + ∫

𝕋3
ϱ(u − ũ) ⋅ ∇ũ ⋅ (ũ − u)dx

− ∫
𝕋3
div ũ(p(ϱ) − p′(ϱ̃)(ϱ − ϱ̃) − p(ϱ̃))dx

+ 1
2

∞

∑
k=1
∫
𝕋3
ϱ|Gk(ϱ,ϱu)

ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx

=T1 +T2 +T3 +T4. (6.23)

The goal is to estimate the terms T1,… ,T4 and to absorb them in the left hand side
of (6.22) via Gronwall’s lemma. The first three terms can be estimated similarly to the
deterministic case; see [FNS11, Section 4.1]. Using (6.17) and (6.18) we estimate

T1 ≤ ϱ−1L sup
t∈[0,τL]
‖∇2xũ(t, ⋅)‖L∞x ∫𝕋3

|ϱ − ϱ̃||ũ − u|dx

≤ c(L) ∫
𝕋3
ΦL(ϱ)2|ϱ − ϱ̃||ũ − u|dx + ∫

𝕋3
(1 −ΦL(ϱ)2)|ϱ − ϱ̃||ũ − u|dx

=∶ c(L)T 1
1 + c(L)T 2

1 .

Using (6.17), (6.18), (6.19), and (6.20), we obtain

T 1
1 ≤ c(L) (‖ΦL(ϱ)(u − ũ)‖

2
L2x
+ ‖ΦL(ϱ)(ϱ − ϱ̃)‖

2
L2x
)

= c(L) (‖[u − ũ]ess‖
2
L2x
+ ‖[ϱ − ϱ̃]ess‖

2
L2x
)

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ)

and similarly, by (6.19),

T 2
1 ≤ c(L) ∫

𝕋3
(1 −ΦL(ϱ))

2ϱ|ũ − u|dx

≤ c(L) (‖(1 −ΦL(ϱ))√ϱ(u − ũ)‖
2
L2x
+ ‖(1 −ΦL(ϱ))√ϱ‖

2
L2x
)

≤ c(L) (‖(1 −ΦL(ϱ))√ϱ(u − ũ)‖
2
L2x
+ ‖(1 −ΦL(ϱ))(1 + ϱγ)‖L1x )
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= c(L) (‖√ϱ[u − ũ]res‖
2
L2x
+ ‖[1 + ϱγ]res‖L1x )

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

By (6.17) we easily find

T2 ≤ sup
t∈[0,τL]
‖∇xũ(t, ⋅)‖L∞x ∫𝕋3

ϱ|u − ũ|2 dx ≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

Finally, we have

T3 ≤ sup
t∈[0,τL]
‖∇xũ(t, ⋅)‖L∞x ∫𝕋3

(P(ϱ) − P′(ϱ̃)(ϱ − ϱ̃) − P(ϱ̃))dx

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

We conclude

T1 +T2 +T3 ≤ c(L)ℰ(ϱ,u|ϱ̃, ũ). (6.24)

Now we estimate the part arising from the correction term and decompose

T4 =
1
2

∞

∑
k=1
∫
𝕋3
χϱ≤ ϱ̃2 ϱ|

Gk(ϱ,ϱu)
ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx

+ 1
2

∞

∑
k=1
∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
ϱ|Gk(ϱ,ϱu)

ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx

+ 1
2

∞

∑
k=1
∫
𝕋3
χϱ≥2ϱ̃ϱ|

Gk(ϱ,ϱu)
ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx

=T 1
4 +T 2

4 +T 3
4 .

Using (5.4), (5.5), (6.18), and (6.19), we obtain

T 1
4 ≤ c(L) ∫

𝕋3
χϱ≤ ϱ̃2 (1 + ϱ|u|

2 + ϱ|ũ|2)dx

≤ c(L) ∫
𝕋3
χϱ≤ ϱ̃2 dx + c(L)𝔼∫𝕋3

ϱ|u − ũ|2 dx

≤ c(L) ∫
𝕋3
χϱ≤ ϱ̃2 (P(ϱ) − P

′(ϱ̃)(ϱ − ϱ̃) − P(ϱ̃))dx + c(L) ∫
𝕋3
ϱ|u − ũ|2 dx

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

Similarly, we obtain by (6.18) and (6.19) and the mean-value theorem

T 2
4 ≤

1
2

∞

∑
k=1
∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
ϱ|Gk(ϱ,ϱu)

ϱ
− Gk(ϱ̃,ϱu)

ϱ̃
|
2
dx

+ 1
2

∞

∑
k=1
∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
ϱ|Gk(ϱ̃,ϱu)

ϱ
− Gk(ϱ̃, ϱ̃ũ)

ϱ̃
|
2
dx
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≤ c(L) ∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
(|ϱ − ϱ̃|2(1 + |ϱu|2) + |ϱu − ϱ̃ũ|2)dx

≤ c(L) ∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
(|ϱ − ϱ̃|2(1 + |ũ|2) + |ϱ(u − ũ)|2)dx

≤ c(L) ∫
𝕋3
χ ϱ̃

2 ≤ϱ≤2ϱ̃
|ϱ − ϱ̃|2 dx + ∫

𝕋3
ϱ|u − ũ|2 dx

≤ c(L) ∫
𝕋3
(P(ϱ) − P′(ϱ̃)(ϱ − ϱ̃) − P(ϱ̃))dx +ℰ([ϱ,u]|[ϱ̃, ũ])

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

Finally, (6.19) yields

T 3
4 ≤ c(L) ∫

𝕋3
χϱ≥2ϱ̃(ϱ + ϱ|u|2 + ϱ|ũ|2)dx

≤ c(L) ∫
𝕋3
χϱ≥2ϱ̃(ϱ + ϱ|u − ũ|2 + ϱ|ũ|2)dx

≤ c(L) ∫
𝕋3
χϱ≥2ϱ̃(ϱγ(1 + |ũ|2) + ϱ|u − ũ|2)dx

≤ c(L) ∫
𝕋3
(P(ϱ) − P′(ϱ̃)(ϱ − r) − P(r))dx +ℰ(ϱ,u|ϱ̃, ũ)

≤ c(L)ℰ(ϱ,u|ϱ̃, ũ).

Plugging everything together, we deduce

ℰ(ϱ,u|ϱ̃, ũ)(t ∧ τL ∧ 𝔱) ≤MRE(t ∧ τL ∧ 𝔱) −MRE(0) + c(L)∫
t∧τL∧𝔱

0
ℰ(ϱ,u|ϱ̃, ũ)dt.

Taking expectation and applying Gronwall’s lemma, the claim follows.

6.2.2 Weak–strong uniqueness in law

Strictly speaking, the strong solution and the dissipativemartingale solutions of prob-
lem (6.1)–(6.2) may not be defined on the same probability space and with the same
Wiener processW . However, as a consequence of Theorem6.2.2, we also obtainweak–
strong uniqueness in law.

Theorem 6.2.3. Theweak–strong uniqueness in lawholds true for the system (6.1)–(6.2)
in the following sense. If

[(Ω1,𝔉1, (𝔉1
t )t≥0,ℙ

1),ϱ1,u1,W 1]

is a dissipative martingale solution to system (6.1)–(6.2) in the sense of Definition 6.0.1
and

[ϱ2,u2, 𝔱]
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is a local strong pathwise solution to (6.1)–(6.2) in the sense of Definition 6.2.1 defined
on a stochastic basis (Ω2,𝔉2, (𝔉2

t )t≥0,ℙ2) with Wiener process W2 such that

Λ =ℒ[ϱ1(0),ϱ1u1(0)] =ℒ[ϱ2(0),ϱ2u2(0)],

then

ℒ[ϱ1(⋅ ∧ 𝔱),ϱ1u1(⋅ ∧ 𝔱)] =ℒ[ϱ2(⋅ ∧ 𝔱),ϱ2u2(⋅ ∧ 𝔱)]. (6.25)

Proof. The proof is based on ideas of the classical result of Yamada–Watanabe for
SDEs as presented for instance by Karatzas–Shreve [KS91, Proposition 3.20]. However,
we need to face several substantial difficulties that originate in the complicated struc-
ture of system (6.1)–(6.2).

Let R1 ∶= ϱ1 − ϱ1(0), R2 ∶= ϱ2 − ϱ2(0), Q1 ∶= ϱ1u1 − (ϱ1u1)(0), Q2 ∶= ϱ2u2 − (ϱ2u2)(0).
LetM1 be the real-valuedmartingale from the energy inequality (6.3) of the dissipative
solution (ϱ1,u1) and letM2 ≡ 0. Set

Θ ∶= Lγ(𝕋3) × L
2γ
γ+1 (𝕋3) × C([0,T];𝔘0) × C([0,T])

× Cw([0,T];Lγ(𝕋3)) × Cw([0,T];L
2γ
γ+1 (𝕋3)) × L2(0,T ;W 1,2(𝕋3)).

We denote by θ = (r0,q0,w,m, r,q,v) a generic element of Θ. Let 𝔅T (Θ) denote the
σ-field on Θ, given by

𝔅T (Θ) ∶=𝔅(Lγ(𝕋3)) ⊗𝔅(L
2γ
γ+1 (𝕋3)) ⊗𝔅(C([0,T];𝔘0)) ⊗𝔅(C([0,T]))

⊗𝔅T (Cw([0,T];Lγ(𝕋3))) ⊗𝔅T (Cw([0,T];L
2γ
γ+1 (𝕋3))) ⊗𝔅(L2(0,T ;W 1,2(𝕋3))),

where for a separable Banach space X we denote by 𝔅(X) its Borel σ-field and by
𝔅T (Cw([0,T];X)) the σ-field generated by the mappings

Cw([0,T];X) → X, h↦ h(s), s ∈ [0,T].

The discussion by Brzeźniak et al. [BOS16, Section 3] shows that

(Cw([0,T];X),𝔅T (Cw([0,T];X)))

is a Radon space, i.e., every probability measure on (Cw([0,T];X),𝔅T (Cw([0,T];X)))
is Radon. Since the same is true for any Polish space equipped with the Borel σ-field
and since the topological product of a countable collection of Radon spaces is a
Radon space, we deduce that (Θ,𝔅T (Θ)) is a Radon space. As discussed by Leão et al.
[LJFR99, Theorem 3.2], every Radon space enjoys the regular conditional probability
property. Namely, if P is a probability measure on (Θ,𝔅T (Θ)), (E,ℰ) is a measurable
space, and

𝔗 ∶ (Θ,𝔅T (Θ),P) → (E,ℰ)
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is a measurable mapping, then there exists a regular conditional probability with re-
spect to 𝔗, that is, there exists a function K ∶ E ×𝔅T (Θ) → [0, 1], called a transition
probability, such that:
(i) K(x, ⋅) is a probability measure on 𝔅T (Θ), for all x ∈ E;
(ii) K(⋅,A) is a measurable function on (E,ℰ), for all A ∈𝔅T (Θ);
(iii) for all A ∈𝔅T (Θ) and all B ∈ ℰ, we have

P(A ∩𝔗−1(B)) = ∫
B
K(x,A) (𝔗∗P)(dx),

where 𝔗∗P denotes the pushforward measure on (E,ℰ).

Let j ∈ {1, 2}, let μj denote the joint law of

(ϱj(0), (ϱjuj)(0),W j ,Mj ,Rj ,Qj ,uj)

on Θ, and let ℙW be the Wiener measure on C([0,T];𝔘0) which also coincides with
the projection tow of μj . The law of (r0,q0) isΛ and the law of (r0,q0,w) is the product
measureΛ⊗ℙW since (ϱj(0), (ϱjuj)(0)) is𝔉j

0-measurable andW j is independent of𝔉j
0.

Furthermore,

μj[(r(0),q(0)) = 0] = 1.

Now, everything is in hand to bring the two solutions (ϱ1,u1,W 1) and (ϱ2,u2,W2)
to the same probability space while preserving their joint laws. To this end, we re-
call that on (Θ,𝔅T (Θ),μj) there exists a regular conditional probability with respect
to (r0,q0,w), denoted by K j . Besides, since Θ is a product space and (r0,q0,w) is the
projection to the first three coordinates, we regard K j as a function on

[Lγ(𝕋3) × L
2γ
γ+1 (𝕋3) × C([0,T];𝔘0)]

× [𝔅(C[0,T]) ⊗𝔅T (Cw([0,T];Lγ(𝕋3)))

⊗𝔅T (Cw([0,T];L
2γ
γ+1 (𝕋3))) ⊗𝔅(L2(0,T ;W 1,2(𝕋3)))].

Property (iii) above rewrites as follows. Let

A1 ∈𝔅(Lγ(𝕋3)) ⊗𝔅(L
2γ
γ+1 (𝕋3)) ⊗𝔅(C([0,T];𝔘0))

and

A2 ∈𝔅(C([0,T])) ⊗𝔅T (Cw([0,T];Lγ(𝕋3)))

⊗𝔅T (Cw([0,T];L
2γ
γ+1 (𝕋3))) ⊗𝔅(L2(0,T ;W 1,2(𝕋3))).

Then

μj[A1 × A2] = ∫
A1

K j(r0,q0,w,A2)Λ(d(r0,q0))ℙW (dw). (6.26)
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Finally, we define

Ω ∶= Θ × C([0,T]) × Cw([0,T];Lγ(𝕋3)) × Cw([0,T];L
2γ
γ+1 (𝕋3)) × L2(0,T ;W 1,2(𝕋3))

and denote by 𝔉 the σ-field on Ω given as the completion of

𝔅T (Θ) ⊗𝔅(C[0,T]) ⊗𝔅T (Cw([0,T];Lγ(𝕋3)))

⊗𝔅T (Cw([0,T];L
2γ
γ+1 (𝕋3))) ⊗𝔅(L2(0,T ;W 1,2(𝕋3))),

with respect to the probability measure

ℙ(dω) ∶= K1(r0,q0,w,d(m1, r1,q1,v1))
× K2(r0,q0,w,d(m2, r2,q2,v2))Λ(d(r0,q0))ℙW (dw). (6.27)

Here we have denoted by ω = (r0,q0,w,m1, r1,q1,v1,m2, r2,q2,v2) a canonical element
of Ω. In order to endow (Ω,𝔉,ℙ) with a filtration that satisfies the usual conditions,
we take

𝔊t ∶= σ((r0,q0,w(s),m1(s), r1(s),q1(s),v1(s),m2(s), r2(s),q2(s),v2(s)); 0 ≤ s ≤ t),
�̃�t ∶= σ(𝔊t ∪ {N ; ℙ(N) = 0}), 𝔉t ∶= ⋂

ε∈(0,T−t)
�̃�t+ε , t ∈ [0,T).

Then, from (6.27) and (6.26), it follows that

ℙ[ω ∈ Ω; (r0,q0,w,mj , rj ,qj ,vj) ∈ A1 × A2]

= ∫
A1×A2

K j(r0,q0,w,d(mj , rj ,qj ,vj))Λ(d(r0,q0))ℙW (dw)

= ∫
A1

K j(r0,q0,w,A2)Λ(d(r0,q0))ℙW (dw)

= μj[A1 × A2]
= ℙj[(ϱj(0), (ϱjuj)(0),W j ,Mj ,Rj ,Qj ,uj) ∈ A1 × A2].

Hence the law of (r0,q0,w,mj , rj ,qj ,vj) under ℙ coincides with the law of

(ϱj(0), (ϱjuj)(0),W j ,Mj ,Rj ,Qj ,uj)

underℙj . As a consequence, the law of (r0 + rj ,q0 +qj ,vj ,w,mj) underℙ coincideswith
the law of (ϱj ,ϱjuj ,uj ,W j ,Mj) under ℙj . In particular, w is an (𝔉t)-cylindrical Wiener
process.

To summarize, we have defined a stochastic basis (Ω,𝔉, (𝔉t)t≥0,ℙ) with ran-
dom variables (r0 + rj ,q0 + qj ,vj ,w) that have the same law as the original solutions
(ϱj ,ϱjuj ,uj ,W j), j = 1, 2. As a consequence,

ℙ[q0 + qj = (r0 + rj)vj] = 1
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and (r0 + rj ,q0 + qj ,vj ,w) solves (6.1)–(6.2) in the weak sense. This can be verified
by Theorem 2.9.1; see also the proof of Propositions 4.3.14 and 4.4.12. Besides, since
the law of (ϱ2,u2) is actually supported on a space of functions with higher regularity
(see Definition 5.0.1) and ϱ2 > 0, we deduce that (r0 + r2,v2,w) is a strong solution to
(6.1)–(6.2).

By the same reasoning as in Remark 6.0.2, we obtain the following version of the
energy inequality (6.3), which holds true for all 0 ≤ s ≤ t ≤ T, ℙ1-a.s.:

∫
𝕋3
[ 1
2
ϱ1|u1|2 + P(ϱ1)](t)dx + ∫

t

s
∫
𝕋3
𝕊(∇xu1) ∶ ∇xu1 dxdr

≤ ∫
𝕋3
[ |(ϱ

1u1)(s+)|2

2ϱ1(s+)
+ P(ϱ1(s+))]dx + 1

2
∫
t

s
(∫
𝕋3

∞

∑
k=1

|Gk(ϱ1,ϱ1u1)|2

ϱ1
dx)dr

+M1(t) −M1(s).

Hence the equality of joint laws of (r0 + r1,q0 +q1,v1,m1) and (ϱ1,ϱ1u1,u1,M1) implies
the corresponding inequality satisfied by (r0 + r1,q0 + q1,v1,m1). Since, in view of Re-
mark 6.0.2, this is exactly the version of (6.3) that is used in the proof of pathwise
weak–strong uniqueness, Theorem 6.2.2 applies and yields

ℙ[r0 + r1 = r0 + r2, q0 + q1 = q0 + q2] = 1

or, equivalently,

ℙ[ω = (r0,q0,w,m1, r1,q1,v1,m2, r2,q2,v2) ∈ Ω; r1 = r2, q1 = q2] = 1.

Hence, for all A ∈𝔅T (Cw([0,T];Lγ(𝕋3))) ⊗𝔅T (Cw([0,T];L
2γ
γ+1 (𝕋3))),

ℙ1[(ϱ1,ϱ1u1) ∈ A] = ℙ[ω ∈ Ω; (r0 + r1,q0 + q1) ∈ A]
= ℙ[ω ∈ Ω; (r0 + r2,q0 + q2) ∈ A]
= ℙ2[(ϱ2,ϱ2u2) ∈ A]

and (6.25) follows.
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7 Stationary solutions

The main goal of this chapter is to show the existence of stationary solutions to

dϱ + div (ϱu)dt = 0, (7.1)
d(ϱu) + div (ϱu ⊗ u)dt + ∇p(ϱ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW , (7.2)

where p(ϱ) = aϱγ , a > 0, in the framework of dissipative martingale solutions con-
structed in Chapter 4. To this end, we use a direct method based on a multi-layer ap-
proximation scheme similar to Chapter 4. Nevertheless, the uniform estimates neces-
sary for the existence theory are in general not suitable to study the long-time behavior
of the system. They are based on the application of Gronwall’s lemma and therefore
grow exponentially with the final time T . Hence, the major challenge is to derive new
estimates which are uniform with respect to all the approximation parameters as well
as inT . This is theheart of the construction. Let us point out that the standardmethods
used for the incompressible system, as for instance by Flandoli–Ga̧tarek [FG95] and
Flandoli–Romito [FR08], are not applicable in the compressible case. Indeed, system
(7.1)–(7.2) is of mixed hyperbolic-parabolic type and the dissipation term does not con-
tain the density. Consequently, the forcing terms on the right hand side of the energy
balance cannot be absorbed in the dissipative term appearing on the left hand side in
an obvious and straightforward manner.

Furthermore, it does not seem tobepossible to finduniversal estimates thatwould
be uniform in all the parametersR,m, ε, δ aswell as in T . Instead, during each approx-
imation stepwe develop new estimates which are then used for the particular passage
to the limit at hand. More precisely, at the starting level, that is for fixed parameters
R,m ∈ ℕ, ε,δ > 0, we show existence, uniqueness, and continuous dependence on
the initial condition. Thus, the resulting system is Markovian and the transition semi-
group is Feller. Consequently, the existence of invariant measures can be shown with
the help of the standard Krylov–Bogoliubov method in the infinite-dimensional set-
ting (see Section 2.12). This generates a family of approximate stationary solutions.
Note that we lose uniqueness already after the first passage to the limit (in R). Hence,
the usual Krylov–Bogoliubov approach cannot be employed anymore and even the
concept of invariantmeasure becomes ambiguous. To overcome this problem,we con-
struct stationary solutionson thenext level as limits of the correspondingapproximate
stationary solutions from the previous level.

At each approximation step, there are essentially three necessary estimates: for
the energy, the velocity, and thepressure. At thedeepest level,we are able to obtain the
first two estimates uniformly in R,m, but the third one depends on all the parameters
R,m, ε, δ and is therefore not suitable for any limit procedure. The key observation is
that these estimatesmaybe significantly improved ifwe take stationarity into account.
Therefore, working directly with stationary solutions given by the Krylov–Bogoliubov

https://doi.org/10.1515/9783110492552-007
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method, we derive an estimate for the energy as well as the velocity, which is uniform
in all the approximation parameters. The estimate for the pressure is more delicate
and has to be reproved at each level by applying a suitable test function to (7.1)–(7.2).
The proof is then concluded by performing the limit for vanishing approximation pa-
rameters based on a combination of deterministic and probabilistic tools, similarly to
Chapter 4.

It is remarkable that our result holds for the same range of the adiabatic exponent
γ > 3/2 as in the nowadays available existence theory. Note that the relevant determin-
istic problem, namely the existence of bounded absorbing sets and attractors, requires
a rather inconvenient technical restriction γ > 5/3; see [Fei00, FP01]. Indeed, consider
the iconic example of the driving force ϱf(x)dW in (7.2). If we replace it by the de-
terministic forcing ϱf(x)dt, then, to the best of our knowledge, it is not known if the
global-in-time weak solutions remain uniformly bounded for t→∞ for γ in the phys-
ically relevant range 1 ≤ γ ≤ 5/3. On the other hand, the stochastic forcing ϱf(x)dW
gives rise to stationary solutions for any γ > 3/2, as shown in Theorem 7.0.3. The reason
is the cancellation of certain terms in the energy balance due to stochastic averaging.
We therefore observe a kind of regularizing effect due to the presence of noise. Note,
however, that the growth conditions imposed on the diffusion coefficients 𝔾(ϱ,ϱu)
(see (7.9) below) appearing in the driving term are more restrictive than in Chapter 4.

In comparison to the result of Chapter 4, the existence of stationary solutions re-
quires somewhat stronger assumptions on the model. As above, we consider the peri-
odic boundary conditions, where the physical domain may be identified with the flat
torus

𝕋3 ≡ ([−1, 1]|{−1,1})
3.

However, our method leans essentially on the dissipative effect of the viscosity, repre-
sented by the viscous stress 𝕊 in (3.2). In particular, it is convenient to keep a kind of
Korn–Poincaré inequality in force. Following the idea of Ebin [Ebi83], we consider the
physically relevant complete-slip conditions

u ⋅ n|𝜕𝒪 = 0, [𝕊(∇u) ⋅ n] × n|𝜕𝒪 = 0, (7.3)

imposed on the boundary of the cube

𝒪 = [0, 1]3.

The crucial observation is that the constraint (7.3) is automatically satisfied by periodic
functions ϱ, u defined on torus 𝕋3 and belonging to the symmetry class

ϱ(t, −x) = ϱ(t,x) x ∈𝕋3,
ui(t, ⋅, −xi , ⋅) = −ui(t, ⋅,xi , ⋅) i = 1, 2,3,
ui(t, ⋅, −xj , ⋅) = ui(t, ⋅,xj , ⋅) i ≠ j, i, j = 1, 2,3;

(7.4)
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cf. [Ebi83]. In such away, wemay eliminate the problems connected to the presence of
a physical boundary by considering periodic functions defined on 𝕋3 and belonging,
in addition, to the symmetry class (7.4). Note that, for u in the class (7.4), we have the
Korn–Poincaré inequality

∫
𝕋3
𝕊(∇u) ∶ ∇udx ≥ cKP‖u‖2W 1,2

x
; (7.5)

see Remark A.1.9.
In order to complement the above, we prescribe the total mass

∫
𝕋3
ϱ(t,x)dx =M0, t ∈ [0,∞), (7.6)

where M0 > 0 is a deterministic constant. The assumption that M0 is deterministic is
taken for simplicity, in order to avoid unnecessary technicalities. A more general case
of randomM0 satisfying

m ≤M0 ≤m ℙ-a.s. (7.7)

for some deterministic constants m,m ∈ (0,∞) can also be considered. In that case,
one would prescribe the law ofM0, so that (7.7) holds.

As before, the stochastic integral in (3.2) is understood in the following sense:

𝔾(ϱ,ϱu)dW =
∞

∑
k=1

Gk(x,ϱ,ϱu)dWk .

In agreement with (7.4), we suppose that the coefficients Gk(x,ϱ,q) satisfy

Gi
k(⋅, −xi , ⋅, −qi , ⋅) = −Gi

k(⋅,xi , ⋅,qi , ⋅), i = 1, 2,3,
Gi
k(⋅, −xj , ⋅, −qj , ⋅) = Gi

k(⋅,xj , ⋅,qj , ⋅), i ≠ j, i, j = 1, 2,3.
(7.8)

The reason for (7.8) is to keep the spatially periodic solutions in the symmetry class (7.4)
as long as the initial data belong to (7.4) ℙ-a.s. More specifically, under the hypothesis
(7.8) all non-linearities in (7.1) and (7.2) map the class of functions satisfying (7.4) into
itself. Accordingly, a direct inspection of the existence proof reveals that the solutions
ϱ, u constructed in the proof of Theorem 4.0.2 will remain in (7.4) for any time as long
as the initial data ϱ0, u0 belong to (7.4).

As discussed in Section 3.5, our approach to the construction of stationary solu-
tions relies on the concept of dissipativemartingale solution introduced in Section 3.4.
However, the problemof finding stationary solutions to (7.1)–(7.2) is very different from
the evolutionary Cauchy problem. Indeed, the initial law becomes irrelevant and the
global-in-time bounds cannot be controlled by the initial condition. Hence, we give a
definition of a dissipative martingale solution which is adapted to our purposes.
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Definition 7.0.1 (Dissipative martingale solution). The quantity

((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W)

is called a dissipative martingale solution to (7.1)–(7.2) if:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) the equation of continuity

−∫
∞

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt

holds for all ϕ ∈ C∞c ((0,∞)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.;
(5) the momentum equation

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt

= ∫
∞

0
ϕ∫
𝕋3
[ϱu ⊗ u ∶ ∇φ + p(ϱ)divφ]dxdt − ∫

∞

0
ϕ ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt

+
∞

∑
k=1
∫
∞

0
ϕ ∫
𝕋3
Gk(ϱ,ϱu) ⋅φdxdWk

holds for all ϕ ∈ C∞c ((0,∞)) and allφ ∈ C∞(𝕋N ) ℙ-a.s.;
(6) the energy inequality

− ∫
∞

0
𝜕tϕ∫
𝕋3
[ 1
2
ϱ|u|2 + P(ϱ)]dxdt + ∫

∞

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt

≤ 1
2

∞

∑
k=1
∫
∞

0
ϕ∫
𝕋3
ϱ−1|Gk(ϱ,ϱu)|

2 dxdt +
∞

∑
k=1
∫
∞

0
ϕ∫
𝕋3
Gk(ϱ,ϱu) ⋅ udxdWk

holds for all ϕ ∈ C∞c ((0,∞)), ϕ ≥ 0, ℙ-a.s., with the pressure potential given by

P(ϱ) = ϱ∫
ϱ

1

p(z)
z2

dz;

(7) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ((0,∞)) and all
ψ ∈ C∞(𝕋3), we have ℙ-a.s.

−∫
∞

0
𝜕tϕ∫
𝕋3
b(ϱ)ψdxdt = ∫

∞

0
ϕ∫
𝕋3
b(ϱ)u ⋅ ∇ψdxdt

− ∫
∞

0
ϕ∫
𝕋3
(b′(ϱ)ϱ − b(ϱ))divuψdxdt.

Note that, as opposed to Definition 3.4.1, the initial state does not play any role
and we consider test functions in time that are compactly supported in (0,∞).

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



7 Stationary solutions | 239

In accordancewith the availableaprioriboundsprovidedby the energy estimates,
a suitable state space for [ϱ,ϱu] is

ϱ ∈ Lγ(𝕋3), ϱu ∈ L
2γ
γ+1 (𝕋3),

where γ is the adiabatic exponent in the state equation (7.2). Accordingly, we consider
initial laws Λ defined on the Borel σ-algebra of the product space Lγ(𝕋3) × L

2γ
γ+1 (𝕋3).

In addition, we say that a dissipative martingale solution [ϱ,u] satisfies the complete-
slip boundary conditions (7.3), if [ϱ(t, ⋅),ϱu(t, ⋅)] belong to the symmetry class (7.4) for
any t ∈ [0,T] ℙ-a.s.

Finally, everything is in hand to define the notion of a stationary solution to
(7.1)–(7.2).

Definition 7.0.2. A dissipative martingale solution [ϱ,u,W] to (7.1)–(7.2) in the sense
of Definition 7.0.1 is called stationary, provided the joint law of the time shift [𝒮τϱ,𝒮τu,
𝒮τW −W(τ)] on

L1loc(0,∞;Lγ(𝕋3)) × L1loc(0,∞;W 1,2(𝕋3)) × Cloc([0,∞);𝔘0)

is independent of τ ≥ 0.

Our result then reads as follows.

Theorem 7.0.3. Let M0 ∈ (0,∞) be given and let γ >
3
2 . Suppose that the diffusion co-

efficients Gk belong to the symmetry class (7.8) and there exist functions Fk ∈ C1(𝕋3 ×
(0,∞) ×ℝ3) and constants fk ≥ 0, k ∈ℕ, such that

Gk(x,ϱ,q) = ϱFk(x,ϱ,u),

|∇uFk(x,ϱ,u)| + |Fk(x,ϱ,u)| ≤ fk ,
∞

∑
k=1

f 2k = F <∞.
(7.9)

Then problem (7.1)–(7.2), (7.3), and (7.6) admits a stationarymartingale solution [ϱ,u,W]
in the sense of Definition 7.0.2, satisfying the complete-slip boundary conditions (7.3).

Note that, if for instance Gk(x,ϱ,0) = 0 for all x ∈ 𝕋3, ϱ ∈ [0,∞), k ∈ℕ, (7.1)–(7.2)
admits a trivial stationary solution, namely, u ≡ 0 and ϱ ≡ const. Nevertheless, Theo-
rem 7.0.3 applies to more general diffusion coefficients Gk where such trivial solutions
do not exist.

We point out that the moments in (3.27)–(3.29) for stationary solutions can only
be estimated up to a certain order p > 1. This is in contrast to the existence theory from
Chapter 4, where arbitrarily large moments are finite, provided the initial data posses
sufficient integrability.
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The rest of this chapter is devoted to the proof of Theorem 7.0.3. In Section 7.1, we
introduce the basic finite-dimensional approximation and construct a family of ap-
proximate solutions adapting the standard Krylov–Bogoliubovmethod. In Section 7.2,
we develop global-in-time estimates for stationary solutions and pass to the limit R→
∞ and m→∞. Section 7.3 is devoted to the vanishing viscosity limit, i.e., ε→ 0. Fi-
nally, in Section 7.4, we perform the limit for vanishing artificial pressure, i.e., δ→ 0,
obtaining the desired stationary solution to (7.1)–(7.2).

7.1 Basic finite-dimensional approximation

In this section, we introduce the zero-level approximate system to (7.1)–(7.2) and study
its long-time behavior for suitable initial data belonging to the symmetry class (7.4).
More precisely, based on an energy estimate, Proposition 7.1.1, and bounds for the den-
sity, Lemma 7.1.2, we apply the Krylov–Bogoliubov method to deduce the existence of
an invariant measure.

We stress that, in accordance with hypothesis (7.8), the solutions can be con-
structed to be spatially periodic solutions, i.e., they belong to the symmetry class (7.4),
as long as the initial data belong to the same class (7.4). We always tacitly assume this
fact without specifying it explicitly in the future.

Let

Hm = {v = ∑
m,maxj=1,2,3 |mj|≤m

[am cos(πm ⋅ x) + bm sin(πm ⋅ x)] | am, bm ∈ℝ}
3

be the space of trigonometric polynomials of orderm, endowedwith the Hilbert struc-
ture of the Lebesgue space L2(𝕋3) and let ‖ ⋅ ‖Hm

denote the corresponding norm. Let

Πm ∶ L2(𝕋3) →Hm

be the associated L2-orthogonal projection. Recall that the following holds:

‖Πmv‖Lpx ≤ cp‖v‖Lpx ∀v ∈ L
p(𝕋3) (7.10)

and

Πmv→ v in Lp(𝕋3),

for any p ∈ (1,∞); cf. Grafakos [Gra08, Chapter 3].

7.1.1 Approximate field equations

Fix R ∈ ℕ, m ∈ ℕ, ε > 0, δ > 0 and let Γ > max{ 92 ,γ}. The approximate solutions ϱ =
ϱm, u = um, um(t) ∈ Hm for any t are constructed to satisfy the following system of
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equations:

dϱ + div (ϱ[u]R)dt = εΔϱdt − 2εϱdt + χ(
1
M0
∫
𝕋3
ϱdx)dt,

d∫
𝕋3
ϱu ⋅φdx − ∫

𝕋3
ϱ[u]R ⊗ u ∶ ∇φdxdt − ∫

𝕋3
aϱγχ(‖u‖Hm

− R)divφdxdt

= −∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt +

∞

∑
k=1
∫
𝕋3
ϱΠmFk(ϱ,u) ⋅φdxdWk

+ ε∫
𝕋3
ϱu ⋅ Δφdxdt − ε∫

𝕋3
ϱu ⋅φdxdt + δ∫

𝕋3
ϱΓχ(‖u‖Hm

− R)divφdxdt,

(7.11)

for any test function φ ∈Hm, where

[u]R = χ(‖u‖Hm
− R)u,

with

χ ∈ C∞(ℝ), χ =
{{
{{
{

1 on (−∞,0],
a decreasing function on (0, 1),
0 on [1,∞).

Similar to before, we use the following notation for the corresponding energy:

Eδ(ϱ,ϱu) ∶=
1
2
|ϱu|2

ϱ
+ a
γ − 1

ϱγ + δ
Γ − 1

ϱΓ.

Note that the basic approximate system (7.11) is not the same as the one fromChap-
ter 4, namely, (4.14)–(4.15). To be more precise, in order to obtain global-in-time esti-
mateswe are forced to include twomore “stabilizing” terms in the continuity equation
and to modify the momentum equation accordingly. Nevertheless, similarly to Sec-
tion 4.1, it can be shown that problem (7.11) admits a unique strong pathwise solution
for any 𝔉0-measurable initial data [ϱ0, (ϱu)0] satisfying, for some ν > 0,

ϱ0 ∈ C2+ν(𝕋3), 0 < ϱ < ϱ0 < ϱ, (ϱu)0 ∈ C2(𝕋3) ℙ-a.s.,

𝔼[(∫
𝕋3
Eδ(ϱ0, (ϱu)0)dx)

n
] ≤ c(n) for all 1 ≤ n <∞,

(7.12)

where ϱ, ϱ are deterministic constants and where the associated initial value of u is
uniquely determined by

u0 ∈Hm, ∫
𝕋3
ϱ0u0 ⋅φdx = ∫

𝕋3
(ϱu)0 ⋅φdx for allφ ∈Hm.

7.1.2 Basic energy estimates

The energy estimates obtained from the corresponding energy balance similar to (4.55)
are notwell-suited for the constructionof stationary solutions. Indeed, the application
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of Gronwall’s lemma leads to an in time exponentially growing right hand side. In this
Section we derive improved energy estimates which overcome this problem and hold
true uniformly in t. However, it is important to note that, at this stage of the proof,
we are not able to obtain estimates independent of all the approximation parameters,
namely, the following bounds blow up as ε→ 0. The necessary uniform estimates for
the passage to the limit in ε will be derived directly for stationary solutions in Sec-
tion 7.3.

Proposition 7.1.1. Let (ϱ,u) be a solution to (7.11) starting from

ϱ0 = 1, (ϱu)0 = u0 = 0. (7.13)

Then the following bounds hold true:

𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)(τ,x)dx)

n
] ≤ c(n, ε,F), n ∈ℕ, (7.14)

1
T
𝔼[∫

T

0
(‖u‖2W 1,2

x
+ 2aε

γ
‖∇ϱγ/2‖2L2x +

2δε
Γ
‖∇ϱΓ/2‖2L2x)dt] ≤ c(ε,F). (7.15)

Proof. As in Proposition 4.1.14, we apply Itô’s chain rule to (7.11) to deduce the basic
energy balance. We have

d∫
𝕋3
Eδ(ϱ,ϱu)dx + 2ε∫

𝕋3
[ 1
2
ϱ|u|2 + aγ

γ − 1
ϱγ + δΓ
Γ − 1

ϱΓ]dxdt

+ ∫
𝕋3
𝕊(∇u) ∶ ∇udxdt + ε∫

𝕋3
ϱ|∇u|2 dxdt + ε∫

𝕋3
(aγϱγ−2 + δϱΓ−2)|∇ϱ|2 dxdt

+ ε∫
𝕋3

1
2
χ( 1

M0
∫
𝕋3
ϱdx)|u|2 dxdt

=
∞

∑
k=1
∫
𝕋3
ϱΠmFk(ϱ,u) ⋅ udxdWk +

1
2

∞

∑
k=1
∫
𝕋3

1
ϱ
|ϱΠmFk(ϱ,u)|

2 dxdt

+ χ( 1
M0
∫
𝕋3
ϱdx)∫

𝕋3
(
aγ
γ − 1

ϱγ−1 + δΓ
Γ − 1

ϱΓ−1)dxdt. (7.16)

In view of hypothesis (7.9) and the continuity of Πm (7.10), we have

∞

∑
k=1
∫
𝕋3

1
ϱ
|ϱΠmFk(ϱ,u)|

2 dx ≤ c‖ϱ‖Lγx
∞

∑
k=1
‖Fk(ϱ,u)‖

2
L2γ
′

x

≤ c‖ϱ‖Lγx
∞

∑
k=1
‖Fk(ϱ,u)‖

2
L∞x
≤ c(F)‖ϱ‖Lγx , (7.17)

where 1
γ +

1
γ′ = 1. Remark that the function ϱ̂ = ∫

𝕋3
ϱdx satisfies the deterministic ODE

d
dt
ϱ̂ = −2εϱ̂ + χ( ϱ̂

M0
). (7.18)
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In particular, the function ϱ̂ is boundedby a constant that depends solely on the initial
massM0. Taking expectation in (7.16) leads to

d
dt
𝔼[∫
𝕋3
Eδ(ϱ,ϱu)dx] + 2ε𝔼[∫

𝕋3
[ 1
2
ϱ|u|2 + aγ

γ − 1
ϱγ + δΓ
Γ − 1

ϱΓ]dx]

+𝔼[∫
𝕋3
𝕊(∇u) ∶ ∇udx] + ε𝔼[∫

𝕋3
(aγϱγ−2 + δΓϱΓ−2)|∇ϱ|2 dx]

≤ c(F)𝔼‖ϱ‖Lγx +𝔼[χ(
1
M0
∫
𝕋3
ϱdx)∫

𝕋3
( aγ
γ − 1

ϱγ−1 + δΓ
Γ − 1

ϱΓ−1)dx]. (7.19)

Now, we observe that both terms on the right hand side can be estimated by the
weighted Young inequality. Indeed, for any κ > 0, we have

c(F)𝔼‖ϱ‖Lγx ≤
ε
2
𝔼[∫
𝕋3

aγ
γ − 1

ϱγ dx] + c(ε)

as well as

𝔼[χ( 1
M0
∫
𝕋3
ϱdx)∫

𝕋3
( aγ
γ − 1

ϱγ−1 + δΓ
Γ − 1

ϱΓ−1)dx]

≤ ε
2
𝔼[∫
𝕋3
[ aγ
γ − 1

ϱγ + δΓ
Γ − 1

ϱΓ]dx] + c(ε),

using χ ≤ 1. So, both κ-terms can be absorbed in the left hand side of (7.19).
This readily implies (7.14) for n = 1 with an ε-dependent constant on the right hand

side that blows up as ε→ 0. In addition, keeping (7.13) inmind and applying the Korn–
Poincaré inequality (7.5), we deduce the estimate for the ergodic averages (7.15).

As the next step, we apply the Itô formula to (7.16) to obtain, for n ∈ℕ,

d(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n
+ 2εn(∫

𝕋3
[ 1
2
ϱ|u|2 + aγ

γ − 1
ϱγ + δΓ
Γ − 1

ϱΓ]dx)
n
dt

+ n(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
[∫
𝕋3
𝕊(∇u) ∶ ∇udxdt + ε∫

𝕋3
ϱ|∇u|2 dxdt

+ ε∫
𝕋3
(aγϱγ−2 + δϱΓ−2)|∇ϱ|2 dxdt + ε∫

𝕋3

1
2
χ( 1

M0
∫
𝕋3
ϱdx)|u|2 dxdt]

= n
∞

∑
k=1
(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
∫
𝕋3
ϱΠmFk(ϱ,u) ⋅ udxdWk

+ n(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
[ 1
2

∞

∑
k=1
∫
𝕋3

1
ϱ
|ϱΠmFk(ϱ,u)|

2 dxdt

+ χ( 1
M0
∫
𝕋3
ϱdx)∫

𝕋3
( aγ
γ − 1

ϱγ−1 + δΓ
Γ − 1

ϱΓ−1)dxdt]

+ n(n − 1)
2
(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−2 ∞
∑
k=1
(∫
𝕋3
ϱΠmFk(ϱ,u) ⋅ udx)

2
dt =∶𝒦. (7.20)
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By virtue of (7.9) and the continuity of Πm (7.10), we have
∞

∑
k=1
(∫
𝕋3
ϱΠmFk(ϱ,u) ⋅ udx)

2
≤
∞

∑
k=1
‖√ϱΠmFk(ϱ,u)‖

2
L2x
‖√ϱu‖2L2x

≤ c
∞

∑
k=1
‖ϱ‖Lγx ‖ΠmFk(ϱ,u)‖

2
L2γ
′

x
‖√ϱu‖2L2x

≤ c
∞

∑
k=1
‖ϱ‖Lγx ‖Fk(ϱ,u)‖

2
L2γ
′

x
‖√ϱu‖2L2x

≤ c(F)‖ϱ‖Lγx ‖√ϱu‖
2
L2x

≤ c(F)‖ϱ‖Lγx ∫
𝕋3
Eδ(ϱ,ϱu)dx. (7.21)

Therefore, passing to expectations, the right hand side of (7.20) may be estimated by

𝔼𝒦 ≤ n𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
∫
𝕋3
( aγ
γ − 1

ϱγ−1 + δΓ
Γ − 1

ϱΓ−1)dx]dt

+ c(n,F)𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
‖ϱ‖Lγx]dt, (7.22)

using also (7.17). Now, after a repeated application of the weighted Young inequality,
we obtain

𝔼𝒦 ≤ κ𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
∫
𝕋3
( aγ
γ − 1

ϱγ + δΓ
Γ − 1

ϱΓ)dx]dt

+ κ𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
∫
𝕋3

aγ
γ − 1

ϱγ dx]dt

+ c(κ)𝔼[(∫
𝕋3
Eδ(ϱ,ϱu)dx)

n−1
] ≤ 3κ𝔼[(∫

𝕋3
Eδ(ϱ,ϱu)dx)

n
] + c(κ),

for all κ > 0. Choosing κ small enough (depending on ε), both terms in (7.22) can be
absorbed in the second term on the left hand side of (7.20), yielding a constant that
blows up as ε→ 0. Hence we may infer (7.14) for any solution of (7.11) starting from
regular initial data (7.12).

7.1.3 Regularity of the density

Making use of the additional damping terms in the first equation in (7.11), we are able
to show strong statements about the regularity of the solution depending on the pa-
rameters.

Lemma 7.1.2. Let u ∈ C([0,∞);Hm). Let ϱ be a classical solution to

𝜕tϱ + div (ϱ[u]R) = εΔϱ − 2εϱ + χ(
1
M0
∫
𝕋3
ϱdx), (7.23)

with ϱ(0) ∈ C2+ν(𝕋3) such that ϱ(0) > 0 and ∫
𝕋3
ϱ(0)dx ≤m. Then:
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(a) We have

‖ϱ(τ, ⋅)‖Wk,p
x
≤ c(m,k,p,m,R, ε) ∀τ ≥ 1, (7.24)

for all k ∈ℕ and p ∈ (1,∞).
(b) There exists a deterministic constant ϱ = ϱ(m,m,R, ε) > 0 such that

ϱ(τ, ⋅) ≥ ϱ ∀τ ≥ 1. (7.25)

In particular, the constants are independent of u.

Proof. We start with equation (7.18) for the density averages that is independent of u.
Since (7.18) is a first order deterministic ODE, an easy observation shows

ϱ̂(t) →Mε as t→∞, (7.26)

where Mε > 0 is the unique solution to the equation 2εMε = χ(
Mε
M0
). The convergence

above is uniform in the sense that, for every κ > 0, there is T = T(m, ε,κ) deterministic
such that |ϱ̂(t) −Mε| < κ for all t ≥ T .

The next step is to show that ϱ is uniformly bounded from below as claimed in (b).
Returning to the equation of continuity, we have

𝜕tϱ − εΔϱ + ∇ϱ ⋅ [u]R = −(2ε + div [u]R)ϱ + χ(
1
M0

ϱ̂).

Seeing that

|div [u]R| ≤ D(R,m)

for some constant D(R,m), we use the comparison principle (see Protter–Weinberger
[PW67]) to deduce

ϱ(t, ⋅) ≥ ϱ(t),

where ϱ solves the equation

dϱ
dt
= −ϱ(2ε +D(R,m)) + χ( 1

M0
ϱ̂), 0 < ϱ(0) ≤ inf

𝕋3
ϱ(0). (7.27)

In accordance with (7.26), we have

χ( 1
M0

ϱ̂(t))→ χ(Mε
M0
) = 2εMε > 0 as t→∞.

Since any solution to (7.27) is asymptotically stabilized towards this equilibrium, we
conclude that ϱ̂(t) > 0 for any t > 0,

ϱ(t) →
χ(Mε

M0
)

2ε +D(R,m)
as t→∞,

and finally (7.25) follows.
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Now we are going to prove part (a). First, note that (7.26) implies

ϱ̂(t) = ‖ϱ(t)‖L1x ≤ c(m). (7.28)

We apply maximal regularity theory (see Theorem A.2.2) to equation (7.23) to obtain

‖𝜕tϱ‖L2(T ,T+1;W−2,qx ) + ‖Δϱ‖L2(T ,T+1;W−2,qx )

≤ c(‖ϱ(T)‖W−1,qx
+ ‖div (ϱ[u]R)‖L2(T ,T+1;W−2,qx )

+ ‖χ( 1
M0
∫
𝕋3
ϱdx)‖

L2(T ,T+1;W−2,qx )
),

where q is chosen such that 1 < q < 3/2. Since L1(𝕋3) ↪W−1,q(𝕋3), using (7.28) we have

‖𝜕tϱ‖L2(T ,T+1;W−2,qx ) + ‖ϱ‖L2(T ,T+1;Lqx)
≤ c (‖ϱ(T)‖W−1,qx

+ ‖ϱ‖L2(T ,T+1;W−1,qx ) + 1)

≤ c (‖ϱ(T)‖L1x + ‖ϱ‖L2(T ,T+1;L1x) + 1)

≤ c(‖ϱ‖L∞(T ,T+1;L1x) + 1) ≤ c,

where c depends on R and ε but is independent of T . Consequently, there is τ = τ(T) ∈
[T ,T + 1] such that ϱ(τ) is bounded in Lq(𝕋3) independently of T . A similar argument
as above shows

‖𝜕tϱ‖L2(τ,τ+1;W−1,qx ) + ‖ϱ‖L2(T ,T+1;W 1,q
x )

≤ c (‖ϱ(τ)‖Lqx + ‖ϱ‖L2(T ,T+1;Lqx) + 1) ≤ c.

So we have

ϱ ∈ L2(T ,T + 1;W 1,q(𝕋3)),

with a bound independent of T . Now, we can bootstrap the argument to obtain the
claim.

7.1.4 Approximate invariant measures

With estimates (7.14), (7.15), and (7.24) at hand, we are ready to apply the method
of Krylov–Bogoliubov (see Section 2.12) to construct an invariant measure for sys-
tem (7.11) with fixed parameters R,m, ε, and δ. For r > 0, we define the set

ℛ =ℛr = {(r,v) ∈ C2+ν(𝕋3) ×Hm; r−1 ≤ r ≤ r, ‖∇r‖L∞x ≤ r},

which will be the state space for solutions to (7.11). By Cb(ℛ) we denote the space of
bounded continuous functions on ℛ.
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First of all, we recall that the approximate system (7.11) can be solved using the
same method as in Section 4.1. In what follows, for an 𝔉s-measurable ℛ-valued ran-
dom variable η, we denote by Uη

s,t = (ϱ
η
s,t ,u

η
s,t) the solution of (7.11) at time t starting

at time s from the initial condition η. If s = 0, then we write simply Uη
t . We obtain the

following result.

Theorem 7.1.3. There is r large enough such that the following holds. Let 0 ≤ s < t be
given. Let η be an 𝔉s-measurable ℛ-valued initial condition. Then there exists Uη

s =
(ϱηs ,uηs ) ∈ L2(Ω;C([s, t];ℛ)), which is the unique strong pathwise solution to (7.11) start-
ing from η at time s. In addition, if η1, η2 are two such initial conditions, there is β ∈ (0, 2)
such that

𝔼‖Uη1
s,t −U

η2
s,t‖

2
ℛ ≤ C(t − s,R,m, ε,δ)𝔼‖η1 − η2‖

β
ℛ. (7.29)

Proof. The existence of the unique strong pathwise solution follows by the argu-
ments of Section 4.1. In addition, by means of Lemma 7.1.2, the solution belongs to
L2(Ω;C([s, t];ℛ)) if we choose r large enough. Following the ideas of Proposition 4.1.9
(see, in particular, Corollary 4.1.10), we obtain

𝔼‖uη1s,t − u
η2
s,t‖

2
Hm
≤ 𝔼 sup

s≤σ≤t
‖uη1s,σ − uη2s,σ‖2Hm

≤ C(t − s,R,m, ε,δ)𝔼‖η1 − η2‖2ℛ.

Moreover, Lemma A.2.7 implies

sup
s≤σ≤t
‖ϱη1s,σ − ϱη2s,σ‖W 1,2

x
≤ C(t − s,R,m, ε,δ) sup

s≤σ≤t
‖uη1s,σ − uη2s,σ‖Hm

ℙ-a.s. and hence

𝔼‖ϱη1s,t − ϱ
η2
s,t‖

β
W 1,2

x
≤ C(t − s,R,m, ε,δ)𝔼‖η1 − η2‖

β
ℛ,

for any β > 0. Inorder to obtain thefinal estimate,we choose l ∈ℕ such thatW l,2(𝕋3) ↪
C2+ν(𝕋3) and interpolateW l,2(𝕋3)betweenW l+1,2(𝕋3) andW 1,2(𝕋3). UsingLemma7.1.2,
this implies, for some β ∈ (0, 2),

𝔼‖ϱη1s,t − ϱ
η2
s,t‖

2
C2+νx
≤ c𝔼‖ϱη1s,t − ϱ

η2
s,t‖

2
W l,2

x

≤ c𝔼‖ϱη1s,t − ϱ
η2
s,t‖

β
W 1,2

x
‖ϱη1s,t − ϱ

η2
s,t‖

2−β
W l+1,2

x

≤ C(t − s,R,m, ε,δ)𝔼‖η1 − η2‖
β
ℛ.

Let us now define the operators Pt by

(Ptφ)(η) ∶= 𝔼[φ(U
η
t )] φ ∈ Cb(ℛ).
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Corollary 7.1.4. Equation (7.11) defines a Feller–Markov process, that is, Pt ∶ Cb(ℛ) →
Cb(ℛ) and

𝔼[φ(Uη
t+s)|𝔉t] = (Psφ)(U

η
t ) ∀φ ∈ Cb(ℛ), ∀η ∈H , ∀t, s > 0. (7.30)

Besides, the semi-group property Pt+s = Pt ∘ Ps holds true.

Proof. The Feller property Pt ∶ Cb(ℛ) → Cb(ℛ) is an immediate consequence of (7.29)
and the dominated convergence theorem.

In order to establish the Markov property (7.30), we shall prove

𝔼[φ(Uη
t+s)Z] = 𝔼[(Psφ)(U

η
t )Z],

for all 𝔉t -measurable random variables Z ∈ L1(Ω). By uniqueness,

Uη
t+s = U

Uη
t

t,t+s ℙ-a.s.

It is therefore sufficient to show that

𝔼[φ(UV
t,t+s)Z] = 𝔼[(Psφ)(V)Z]

holds true for every 𝔉t -measurable random variable V. By approximation (we use
dominated convergence and the fact that Vn → V in ℛ implies Ptφ(Vn) → Ptφ(V) in
ℝ), it suffices to prove it for random variables V = ∑ki=1V

i1Ai , where Vi ∈ℛ are deter-
ministic and (Ai) ⊂𝔉t is a collection of disjoint sets such that⋃i A

i = Ω. Consequently,
it suffices to prove it for every deterministic V ∈ E. Now, the random variable UV

t,t+s de-
pends only on the increments of the Brownian motion between t and t + s and hence
it is independent of 𝔉t . Therefore

𝔼[φ(UV
t,t+s)Z] = 𝔼[φ(UV

t,t+s)]𝔼[Z].

Since UV
t,t+s has the same law as UV

s by uniqueness, we have

𝔼[φ(UV
t,t+s)Z] = 𝔼[φ(UV

s )]𝔼[Z] = Psφ(V)𝔼[Z] = 𝔼[Psφ(V)Z]

and the proof of (7.30) is complete.
Taking expectation in (7.30), we get on the one hand

𝔼[𝔼[φ(Uη
t+s)|𝔉t]] = 𝔼[φ(U

η
t+s)] = (Pt+sφ)(η)

and on the other hand

𝔼[(Psφ)(U
η
t )] = (Pt(Psφ))(η).

Thus the semi-group property follows.
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For an 𝔉0-measurable random variable η ∈ℛ, let μt,η denote the law of Uη
t . If the

law of η is μ, then it follows from the definition of the operator Pt that μt,η = P∗t μ. For
the application of the Krylov–Bogoliubovmethod (cf. Corollary 2.12.4), we shall prove
the following result.

Proposition 7.1.5. Let the initial condition be given by (7.13), that is, η ≡ (1,0) ∈ℛ. Then
the set of laws

{ 1
T
∫
T

0
μs,η ds; T > 0}

is tight on ℛ.

Proof. Recall that μs,η are laws on the spaceℛ. In particular, the second component is
finite-dimensional whereas the first one is not. Let μϱs,η and μus,η denote the marginals
of μs,η corresponding, respectively, to the first and second component of the solution.
That is, μϱs,η is the law of ϱηs on C2+ν(𝕋3) and μus,η is the law of uηs onHm. Then it suffices
to establish tightness of both following sets separately:

{ 1
T
∫
T

0
μus,η ds; T > 0}, {

1
T
∫
T

0
μϱs,η ds; T > 0}. (7.31)

As a consequence of (7.15) and the equivalence of norms on Hm, we have

1
T
𝔼[∫

T

0
‖uηt ‖

2
Hm

dt] ≤ c(m, ε,F).

Consequently, for compact sets

BL ∶= {v ∈Hm; ‖v‖Hm
≤ L} ⊂Hm,

by means of Chebyshev’s inequality, we obtain

1
T
∫
T

0
μus,η(BcL)ds =

1
T
∫
T

0
ℙ(‖uηs ‖Hm

> L)ds ≤ 1
L2

1
T
𝔼[∫

T

0
‖uηt ‖

2
Hm

dt],

which in turn implies tightness of the first set in (7.31). In order to establish tightness
in the second component, we define

BL ∶= {r ∈Wk,p(𝕋3); ‖r‖Wk,p
x
≤ L}.

For p ∈ (1,∞) and k ∈ ℕ sufficiently large, this is a compact set in C2+ν(𝕋3). Hence,
making use of (7.24), we have

1
T
∫
T

0
μϱs,η(BcL)ds =

1
T
∫
T

0
ℙ(‖ϱηs ‖Wk,p

x
> L)ds ≤ 1

L
sup
t≥0
𝔼‖ϱηt ‖Wk,p

x

and the desired tightness follows.
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Finally, the Krylov–Bogoliubov theorem applies and yields the following.

Corollary 7.1.6. Fix R, m ∈ℕ, ε, δ > 0. Then there exists an invariant measure ℒϱ,u for
the dynamics, given by (7.11). In addition,

ℒϱ,u[r ≥ ϱ] = 1, ℒϱ,u[∫
𝕋3
r dx =Mε] = 1.

Proof. The existence part follows from Corollary 2.12.4. The second part of the state-
ment is then a consequence of Lemma 7.1.2, namely, (7.25) and (7.26).

7.2 First limit procedures: R→∞,m→∞

The existence of an invariant measure for the zero-level approximate problem (7.11)
implies the existence of a stationary solution [ϱR,uR]. Our ultimate goal is to perform
successively the limits for R→∞, m→∞, ε → 0, and finally δ → 0. Even though
this may look like a straightforward modification of the arguments in Chapter 4, there
are several new aspects that must be handled. First of all, the uniform bounds used
in Chapter 4 are controlled by the initial data. This is not the case for the stationary
solution for which the “initial value” is not a priori known and the necessary esti-
mates must be deduced from the energy balance (7.20) using the fact that the solution
possesses the same law at any time. Moreover, the estimates derived in the previous
section, that is, Proposition 7.1.1 and Lemma 7.1.2, do not hold independently of the
approximation parameters R, m, ε, δ and are therefore not suitable for the limit pro-
cedure. In addition, since the point values of the density are not compact, the proof of
the strong convergence of the approximate densities based on continuity of the effec-
tive viscous flux must be modified.

Let [ϱR,uR] be a solution of the approximate problem (7.11), whose law at every
time t is given by the invariant measure ℒϱR,uR , constructed in Corollary 7.1.6. As the
first step, we show a new uniform bound for [ϱR,uR] that can be deduced from the
energy balance (7.20). Note that at this stage, the estimate still blows up as ε→ 0.

Proposition 7.2.1. Let [ϱR,uR] be a stationary solution to (7.11) given by the invariant
measure from Corollary 7.1.6. Then we have, for all n ∈ℕ and a.e. t ∈ (0,∞),

𝔼[(∫
𝕋3
[ 1
2
ϱR|uR|2 +

aγ
γ − 1

ϱγR +
δΓ
Γ − 1

ϱΓR]dx)
n
] ≤ c(n,F, ε),

𝔼[‖uR‖2W 1,2
x
] ≤ c(F, ε).

(7.32)

Proof. After taking expectations in (7.20), we observe, due to stationarity of [ϱR,uR],
that the first term is constant in time, thus its time derivative vanishes. This is a con-
sequence of Corollary 2.11.9. By the same reasoning we may ultimately omit the time
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integrals in all the remaining expressions. Then we apply (7.17) and (7.21) to estimate
the terms coming from the stochastic integral and obtain

ε𝔼(∫
𝕋3
[ 1
2
ϱR|uR|2 +

aγ
γ − 1

ϱγR +
δΓ
Γ − 1

ϱΓR]dx)
n

+𝔼[(∫
𝕋3
Eδ(ϱR,ϱRuR)dx)

n−1
∫
𝕋3
𝕊(∇uR) ∶ ∇uR dx]

≤ c(n,F)𝔼[(∫
𝕋3
Eδ(ϱR,ϱRuR)dx)

n−1
∫
𝕋3
( aγ
γ − 1

ϱγ−1R +
δΓ
Γ − 1

ϱΓ−1R )dx]

+ c(n,F)𝔼[(∫
𝕋3
Eδ(ϱR,ϱRuR)dx)

n−1
‖ϱR‖Lγx].

The application of the weighted Young inequality (similar to the estimates after (7.22))
allows one to absorb both terms on the right hand side into the first term on the left
hand side and (7.32) follows. The estimate of the velocity is then obtained from the
Korn–Poincaré inequality (7.5) by taking n = 1.

Proposition 7.2.2. Let [ϱR,uR] be a stationary solution to (7.11) whose law is given by
the invariant measure from Corollary 7.1.6. Then we have, for all n ∈ℕ, a.e. T ∈ (0,∞),
and τ > 0,

𝔼( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱR,ϱRuR)dx)

n

+ 2ε𝔼(∫
T+τ

T
∫
𝕋3
[ 1
2
ϱR|uR|2 +

aγ
γ − 1

ϱγR +
δΓ
Γ − 1

ϱΓR]dxdt)
n

+𝔼(∫
T+τ

T
‖uR‖2W 1,2

x
dt)

n

+ ε𝔼(∫
T+τ

T
∫
𝕋3
(aγϱγ−2R + δϱΓ−2R )|∇ϱR|2 dxdt)

n

≤ c(n,F, ε,τ), (7.33)

where the constant on the right hand side does not depend on T.

Proof. Taking the nth power and expectation in the energy balance (7.16), we estimate
the corresponding stochastic integral using Burkholder–Davis–Gundy’s inequality
and (7.21) as follows:

𝔼( sup
t∈[T ,T+τ]
|
∞

∑
k=1
∫
t

0
∫
𝕋3
ϱRΠmFk(ϱR,uR) ⋅ uR dxdWk|

n

)

≤ c(n)𝔼(∫
T+τ

T

∞

∑
k=1
(∫
𝕋3
ϱRΠmFk(ϱR,uR) ⋅ uR dx)

2
dt)

n
2

≤ c(n,F)𝔼(∫
T+τ

T
‖ϱR‖Lγx ∫

𝕋3
ϱR|uR|2 dxdt)

n
2

.
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The second term on the right hand side of (7.16) is estimated using (7.17) and the dissi-
pative term uses the Korn–Poincaré inequality (7.5). Therefore, we deduce

𝔼( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱR,ϱRuR)dx)

n

+ 2ε𝔼(∫
T+τ

T
∫
𝕋3
[ 1
2
ϱR|uR|2 +

aγ
γ − 1

ϱγR +
δΓ
Γ − 1

ϱΓR]dxdt)
n

+𝔼(∫
T+τ

T
‖uR‖W 1,2

x
dt)

n

+ ε𝔼(∫
T+τ

T
∫
𝕋3
(aγϱγ−2R + δϱΓ−2R )|∇ϱR|2 dxdt)

n

≤ c(n)𝔼(∫
𝕋3
Eδ(ϱR,ϱRuR)(T)dx)

n

+ c(n,F)𝔼(∫
T+τ

T
‖ϱR‖Lγx ∫

𝕋3
ϱR|uR|2 dxdt)

n
2

+ c(n,F)𝔼(∫
T+τ

T
‖ϱR‖Lγx dt)

n

+ c(n)𝔼(∫
T+τ

T
∫
𝕋3
[ aγ
γ − 1

ϱγ−1R +
δΓ
Γ − 1

ϱΓ−1R ]dxdt)
n

. (7.34)

Due to (7.32), the first term on the right hand side can be estimated by a constant
c(n,F, ε). The third term on the right hand side can be estimated by Young’s inequality
as follows:

𝔼(∫
T+τ

T
‖ϱR‖Lγx dt)

n

≤ ε
2
𝔼(∫

T+τ

T
∫
𝕋3
[ 1
2
ϱR|uR|2 +

aγ
γ − 1

ϱγR +
δΓ
Γ − 1

ϱΓR]dxdt)
n

+ c(n, ε,τ). (7.35)

Subsequently it can be absorbed into the second term on the left hand side of (7.34).
A similar approach applies to the last term on the right hand side of (7.34). For the
remaining term we write

𝔼(∫
T+τ

T
‖ϱ‖Lγx ∫

𝕋3
ϱR|uR|2 dxdt)

n
2

≤ 𝔼( sup
t∈[T ,T+τ]

∫
𝕋3

1
2
ϱR|uR|2 dx∫

T+τ

T
‖ϱR‖Lγx dt)

n
2

≤ κ𝔼( sup
t∈[T ,T+τ]

∫
𝕋3

1
2
ϱR|uR|2 dx)

n
+ c(κ)𝔼(∫

T+τ

T
‖ϱR‖Lγx dt)

n

,

where the last term can be again estimated as in (7.35). Choosing κ sufficiently small
yields the claim.

In view of the uniform bounds provided by Proposition 7.2.2, for fixed ε,δ > 0,
the asymptotic limits for R→∞ and m→∞ can be carried over exactly as for the
initial value problem in Section 4.2. In the limit, we obtain the following approximate
system:
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– Regularized equation of continuity.We have

−∫
∞

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt − ε∫

∞

0
ϕ∫
𝕋3
[∇ϱ ⋅ ∇ψ + 2ϱψ]dxdt

+ 2ε∫
∞

0
ϕ∫
𝕋3
Mεψdxdt, (7.36)

for all ϕ ∈ C∞c ((0,∞)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.
– Regularized momentum equation.We have

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt

= ∫
∞

0
ϕ∫
𝕋3
ϱu ⊗ u ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
(aϱγ + δϱΓ)divφdxdt

− ∫
∞

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt + ε∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ Δφdxdt

− ε∫
∞

0
ϕ∫
𝕋3
ϱu ⋅φdxdt + ∫

∞

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW , (7.37)

for all ϕ ∈ C∞c ((0,∞)) and allφ ∈ C∞(𝕋3) ℙ-a.s.

To summarize, we deduce the following.

Proposition 7.2.3. Let ε,δ > 0 be given. Then there exists a stationary weakmartingale
solution [ϱε ,uε] to (7.36)–(7.37). In addition, for n ∈ℕ and every ϕ ∈ C∞c ((0,∞)), ϕ ≥ 0,
the following generalized energy inequality holds true:

− ∫
∞

0
𝜕tϕ(∫

𝕋3
Eδ(ϱε ,ϱεuε)dx)

n
dt

+ 2εn∫
∞

0
ϕ(∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx)
n
dt

+ n∫
∞

0
ϕ(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
∫
𝕋3
𝕊(∇uε) ∶ ∇uε dxdt

≤ n
∞

∑
k=1
∫
∞

0
ϕ(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
∫
𝕋3
ϱε Fk(ϱε ,uε) ⋅ uε dxdWk

+ n
2
∫
∞

0
ϕ(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1 ∞
∑
k=1
∫
𝕋3

1
ϱε
|ϱε Fk(ϱε ,uε)|

2 dxdt

+ n∫
∞

0
ϕ(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
χ(Mε

M0
)∫
𝕋3
[ aγ
γ − 1

ϱγ−1ε +
δΓ
Γ − 1

ϱΓ−1ε ]dxdt

+
n(n − 1)

2
∫
∞

0
ϕ(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−2 ∞
∑
k=1
(∫
𝕋3
ϱε Fk(ϱε ,uε) ⋅ uε dx)

2
dt. (7.38)

Proof. The proof follows the lines of Sections 4.2 and 4.3. The first passage to the
limit as R→∞ relies on a stopping time argument from Section 4.2.2, whereas the
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limitm→∞ employs the stochastic compactness method based on the Jakubowski–
Skorokhod representation theorem (Theorem 2.7.1) as in Section 4.3.2. We point out
that all the necessary estimates in Section 4.2 and 4.3 come from the energy balance,
which is controlled by the initial condition. In the present construction, the bound for
the initial energy is replaced by the estimate (7.32), which holds true due to stationar-
ity. Apart from that, the only difference from Section 4.3 is that we have to deal with
path spaces containing an unbounded time interval, that is,

Lqloc([0,∞);X), (L
q
loc([0,∞);X),w), Cloc([0,∞); (X,w)),

where q ∈ (1,∞) and X is a reflexive separable Banach space. Recall that Lqloc([0,∞);X)
is a separable metric space given by

(f ,g) ↦ ∑
M∈ℕ

2−M(‖f − g‖Lq(0,M;X) ∧ 1)

and a set 𝒦 ⊂ Lqloc([0,∞);X) is compact, provided the set

𝒦M ∶= {f |[0,M]; f ∈𝒦} ⊂ Lq(0,M;X)

is compact for everyM ∈ℕ. On the other hand, the remaining two spaces are generally
non-metrizable locally convex topological vector spaces, generated by the semi-norms

f ↦∫
M

0
⟨f (t),g(t)⟩X dt, M ∈ℕ, g ∈ Lq′(0,∞;X∗), 1

q
+ 1
q′
= 1

and

f ↦ sup
t∈[0,M]
⟨f (t),g⟩X , M ∈ℕ, g ∈ X∗,

respectively. As above, a set 𝒦 is compact, provided its restriction to each interval
[0,M] is compact in (Lq(0,M;X),w) and C([0,M]; (X,w)), respectively. Furthermore, it
can be seen that these topological spaces belong to the class of sub-Polish spaces (see
Definition 2.1.3), where the Jakubowski–Skorokhod theorem applies. Indeed, in these
spaces there exists a countable family of continuous functions that separate points.
The proof of tightness of the corresponding laws in the current setting is therefore re-
duced to exactly the samemethodas inSection4.3.2.Note that the keywas theuniform
energy bound from (4.63), which is replaced by (7.33). Consequently, the passage to
the limit follows the lines of Section 4.3.2. In addition, Lemma 2.11.4 and Lemma 2.11.5
show that this limit procedure preserves stationarity and hence the limit solution is
stationary. Finally, we obtain (7.38) by passing to the limit in (7.20), which holds on
the new probability space according to Theorem 2.9.1. The passage to the limit in the
stochastic integral can be justified as in Proposition 4.3.15. The situation here is even
easier since the assumptions on the noise are more restrictive.
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Remark 7.2.4. Note that, for n = 1, the generalized energy inequality (7.38) corre-
sponds to the usual energy inequality (4.134). The higher order version for n ∈ ℕ is
new and employed in order to obtain an analogue of Proposition 7.2.2, suitable for the
subsequent limit procedures ε→ 0 and δ→ 0 in Section 7.3 and Section 7.4.

7.3 Vanishing viscosity limit

Our goal in this section is to perform the passage to the limit as ε→ 0. This represents
the most critical and delicate part of our construction. Remark that, after complet-
ing this limit procedure, we have already proved existence of stationary solutions to
the stochastic Navier–Stokes system for compressible fluids – under an additional as-
sumption upon the adiabatic exponent γ. The last passage to the limit presented in
Section 7.4 is then devoted to the weakening of this additional assumption.

We point out that the key results needed for the previous limit procedure in Sec-
tion 7.2, namely, Proposition 7.2.1 and consequently Proposition 7.2.2, depend on ε.
Furthermore, it turns out that the global-in-time energy estimates uniform in ε and
δ are very delicate. On the contrary, in the existence proof in Chapter 4, the basic en-
ergy estimate (4.63) established on the first approximation level held true uniformly in
all the approximation parameters. Consequently, no further manipulations with the
energy inequality were needed. This brought significant technical simplifications in
comparison to the present construction of stationary solutions. To be more precise,
this is due to the fact that, already after the passage to the limit N →∞, the energy
balance is violated and has to be replaced by an inequality. In otherwords, one cannot
justify the application of Itô’s formula anymore and it is necessary to establish a more
general version of the energy inequality; cf. (7.38).

Recall from Section 4.4 that, in addition to the usual energy estimate (4.134),
a higher integrability of the density (4.148) was necessary in order to justify the com-
pactness argument. Nevertheless, as in the deterministic setting, it was not possible
to obtain strong convergence of the approximate densities directly. Consequently, the
identification of the limit proceeded in two steps. First, the passage to the limit in the
approximate systemwas done but the expressionswith non-linear dependence on the
density could not be identified. Second, a stochastic analogue of the effective viscous
flux method originally due to Lions [Lio98] allowed one to prove strong convergence
of the densities and hence to complete the proof.

Let us begin with an estimate for the velocity.

Proposition 7.3.1. Let [ϱε ,uε] be the stationary solution to (7.36)–(7.37) constructed in
Proposition 7.2.3. Then, for a.e. t ∈ (0,∞),

𝔼[‖uε‖2W 1,2
x
] ≤ c(F,M0), (7.39)

𝔼[∫
𝕋3
Eδ(ϱε ,ϱεuε)dx‖uε‖2W 1,2

x
] ≤ c(F,M0)𝔼[∫

𝕋3
Eδ(ϱϱ,ϱεuε)dx] + c(M0). (7.40)
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Proof. Taking expectation in the energy inequality (7.38) we observe that, due to sta-
tionarity of [ϱε ,uε], the first term is constant in time, thus its time derivative vanishes.
We recall thatMε ≤ c(M0) and, using (7.9), we estimate

∞

∑
k=1
∫
𝕋3

1
ϱε
|ϱεFk(ϱε ,uε)|

2 dx ≤ c(F)∫
𝕋3
ϱε dx ≤ c(F,M0) (7.41)

and
∞

∑
k=1
(∫
𝕋3
ϱεFk(ϱε ,uε) ⋅ uε dx)

2
≤
∞

∑
k=1
‖√ϱεFk(ϱε ,uε)‖

2
L2x
‖√ϱεuε‖2L2x

≤ c(F,M0)∫
𝕋3

1
2
ϱε|uε|2 dx ≤ c(F,M0)∫

𝕋3
Eδ(ϱε ,ϱεuε)dx, (7.42)

which leads to

2ε𝔼[(∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx)
n
]

+𝔼[(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
∫
𝕋3
𝕊(∇uε) ∶ ∇uε dx]

≤ c(n,F,M0)𝔼[(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
]

+ n𝔼[(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

n−1
χ(Mε

M0
)∫
𝕋3
( aγ
γ − 1

ϱγ−1ε +
δΓ
Γ − 1

ϱΓ−1ε )dx]. (7.43)

Moreover, it follows from Corollary 7.1.6 that

χ(Mε
M0
) = 2εMε .

Hence, setting n = 1 and applying the Korn–Poincaré inequality (7.5) yields

2ε𝔼[∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx] +𝔼[‖uε‖2W 1,2
2
]

≤ c(F,M0) + εc(M0)𝔼[∫
𝕋3
( aγ
γ − 1

ϱγ−1ε +
δΓ
Γ − 1

ϱΓ−1ε )dx].

Since the second term on the right hand side in (7.43) can be absorbed in the first term
on the left hand side (cf. the estimates after (7.19)), the bound (7.39) follows.

Setting n = 2 in (7.43), we obtain

2ε𝔼[(∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx)
2
]

+𝔼[∫
𝕋3
Eδ(ϱε ,ϱεuε)dx ‖uε‖2W 1,2

x
]

≤ c(F,M0)𝔼[∫
𝕋3
Eδ(ϱε ,ϱεuε)dx]

+ εc(M0)𝔼[(∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)∫

𝕋3
(
aγ
γ − 1

ϱγ−1ε +
δΓ
Γ − 1

ϱΓ−1ε )dx]

=∶ I1 + I2.
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Here we argue again with the weighted Young inequality. More precisely, we estimate
the second term on the right hand side as

I2 ≤
ε
2
𝔼[(∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx)
2
]

+ εc(M0)𝔼[(∫
𝕋3
[ aγ
γ − 1

ϱγ−1ε +
δΓ
Γ − 1

ϱΓ−1ε ]dx)
2
]

≤ ε𝔼[(∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx)
2
] + εc(M0).

Thus (7.40) follows.

We point out that the corresponding bound for the energy which can be obtained
from (7.43), i.e.,

ε𝔼[∫
𝕋3
[ 1
2
ϱε|uε|2 +

aγ
γ − 1

ϱγε +
δΓ
Γ − 1

ϱΓε]dx] ≤ c(F,M0),

still depends on ε and is therefore not suitable for the passage to the limit ε→ 0. As the
next step, we derive an improved estimate for the energy as well as for the pressure.

Proposition 7.3.2. Let [ϱε ,uε] be the stationary solution to (7.36)–(7.37) constructed in
Proposition 7.2.3. Then the following uniform bound holds true for a.e. t ∈ (0,∞):

𝔼[∫
𝕋3
[aϱγ+1ε + δϱΓ+1ε +

1
3
ϱ2ε|uε|2]dx] ≤ c(δ,F,M0). (7.44)

In addition, if s ∈ (1, Γ+1Γ−1 ∧
2(γ+1)
γ+2 ], then, for a.e. T > 0 and τ > 0,

𝔼[( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

s
] +𝔼[(∫

T+τ

T
‖uε‖2W 1,2

x
dt)

s

] ≤ c(τ,δ,M0,F, s), (7.45)

where the constant is independent of T.

Proof. Similarly to Section 4.4.2, our goal is to use∇Δ−1[ϱε −(ϱε)𝕋3 ] as a test function in
themomentumequation.HereΔ is theperiodic Laplacian and themeanvalue satisfies
(ϱε)𝕋3 = |𝕋3|−1Mε . We apply Itô’s formula to the functional

f (ϱ,q) = ∫
𝕋3
q ⋅ ∇Δ−1[ϱ − (ϱ)𝕋3 ]dx = ∫

𝕋3
q ⋅ Δ−1∇ϱdx.

This step can be made rigorous by mollifying the equation. We obtain formally,
from (7.37),

∫
𝕋3
(aϱγ+1ε + δϱΓ+1ε )dxdt

= d∫
𝕋3
ϱεuε ⋅ Δ−1[∇ϱε]dx − ∫

𝕋3
ϱεuε ⊗ uε ∶ ∇Δ−1∇ϱε dxdt
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+ ∫
𝕋3
𝕊(∇uε) ∶ ∇Δ−1∇ϱε dxdt − ε∫

𝕋3
ϱεuε ⋅ ∇ϱε dxdt

+ ε∫
𝕋3
ϱεuε ⋅ Δ−1∇ϱε dxdt − ∫

𝕋3
ϱε𝔽(ϱε ,uε) ⋅ Δ−1∇ϱε dxdW

− ∫
𝕋3
ϱεuε ⋅ ∇Δ−1(𝜕tϱε)dxdt.

After a rather tedious but straightforward manipulation, we deduce, from (7.36),

∫
T+1

T
∫
𝕋3
(aϱγ+1ε + δϱΓ+1ε )dxdt + ∫

T+1

T
∫
𝕋3

1
3
ϱ2ε|uε|2 dxdt

= Mε
|𝕋3|
∫
T+1

T
∫
𝕋3
(aϱγε + δϱΓε )dxdt +

1
3
Mε
|𝕋3|
∫
T+1

T
∫
𝕋3
ϱε|uε|2 dxdt

+ ∫
T+1

T
∫
𝕋3
(μ + η)divuε ϱε dxdt

+ 2ε∫
T+1

T
∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdt + ε∫

T+1

T
∫
𝕋3
ϱ2εdivuε dxdt

− ∫
T+1

T
∫
𝕋3
(ϱεuε ⊗ uε −

1
3
ϱε|uε|2𝕀) ∶ ∇Δ−1∇ϱε dxdt

+ [∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dx]

t=T+1

t=T

+ ∫
T+1

T
∫
𝕋3
ϱεuε ⋅ ∇Δ−1[div (ϱεuε)]dxdt

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
Gk(ϱε ,ϱεuε) ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdWk , (7.46)

where we denote again η = μ + 1
3λ. Note that in the above the second term on the left

hand side, the second term on the right hand side, and the second summand on the
fifth line were added artificially and they cancel out. Passing to expectations in (7.46)
and keeping in mind that the processes are stationary, we deduce

𝔼[∫
𝕋3
[aϱγ+1ε + δϱΓ+1ε +

1
3
ϱ2ε|uε|2]dx]

≤ c(M0)𝔼[∫
𝕋3
Eδ(ϱε ,ϱεuε)dx] −𝔼[∫

𝕋3
(ϱεuε ⊗ uε −

1
3
ϱε|uε|2𝕀) ∶ ∇Δ−1∇ϱε dx]

+𝔼[∫
𝕋3
(μ + η)divuε ϱε dxdt] +𝔼[∫

T+1

T
∫
𝕋3
ϱεuε ⋅ ∇Δ−1div (ϱεuε)dx]

+ 2ε𝔼[∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dx] + ε𝔼[∫

𝕋3
ϱ2εdivuε dx]

=∶ (I) + (II) + (III) + (IV) + (V) + (VI).

Now, we estimate each term separately. By Young’s inequality we obtain, for every
κ > 0,

(I) ≤ κ𝔼[∫
𝕋3
( 1
3
ϱ2ε|uε|2 + aϱ

γ+1
ε + δϱΓ+1ε )dx] + c(κ,M0)𝔼[∫

𝕋3
(|uε|2 + 1)dx]

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



7.3 Vanishing viscosity limit | 259

≤ κ𝔼[∫
𝕋3
( 1
3
ϱ2ε|uε|2 + aϱ

γ+1
ε + δϱΓ+1ε )dx] + c(κ,F,M0),

using the uniform bound (7.39). In order to control the remaining integrals on the right
hand side, we first use Hölder’s and Sobolev’s inequalities to obtain

(II) ≤ c𝔼[‖√ϱεuε‖L2x ‖uε‖L6x ‖√ϱε ∇Δ
−1∇ϱε‖L3x ]

≤ c(𝔼[‖√ϱεuε‖2L2x ‖uε‖
2
W 1,2

x
] +𝔼[‖√ϱε ∇Δ−1∇ϱε‖

2
L3x
]).

Furthermore, since Γ ≥ 9/2, we have

𝔼[‖ϱε1/2∇Δ−1∇ϱε‖
2
L3x
] ≤ 𝔼[‖ϱε‖L

9
2x
‖∇Δ−1∇ϱε‖

2
L
9
2x
]

≤ c𝔼[‖ϱε‖3
L
9
2x

]dt ≤ c𝔼[‖ϱε‖3LΓx ] ≤ κδ𝔼[‖ϱε‖
Γ
LΓx ] + c(κ,δ).

Note that we also used the continuity of ∇Δ−1∇ and Young’s inequality for arbitrary
κ > 0. Similarly, we estimate

(IV) ≤ 𝔼[‖uε‖L6x ‖ϱε‖L3x ‖∇Δ
−1div (ϱεuε)‖L2x ] ≤ c𝔼[‖uε‖L6x ‖ϱε‖L3x ‖ϱεuε‖L2x ]

≤ c𝔼[‖uε‖2W 1,2
x
‖ϱε‖2L3x ] ≤ c𝔼[‖uε‖

2
W 1,2

x
‖ϱε‖ΓLΓx ] + c(F,M0),

using (7.39). We also have

(III) ≤ κδ𝔼[‖ϱε‖2L2x ] + c(κ,δ)𝔼[‖∇uε‖
2
L2x ]

≤ κδ𝔼[‖ϱε‖ΓLΓx ] + c(κ,δ,F,M0)

as well as

(VI) ≤ κδ𝔼‖ϱε‖ΓLΓx + c(κ,δ,F,M0).

Finally, continuity of ∇Δ−1 and (7.39) implies

(V) ≤ κδ(𝔼‖ϱε‖4L4x +𝔼‖∇Δ
−1[ϱε −

Mε
|𝕋3|
]‖

4

L4x
) + c(κ,δ)‖uε‖2L2x

≤ c κδ𝔼‖ϱε‖ΓLΓx + c(κ,δ,F,M0).

Summing up the inequalities above, choosing κ small enough, and using stationarity,
we obtain

𝔼[∫
𝕋3
[aϱγ+1ε + δϱΓ+1ε +

1
3
ϱ2ε|uε|2]dx]

≤ 𝔼[∫
𝕋3
Eδ(ϱε ,ϱϱuε)dx ‖uε‖2W 1,2

x
] + c(δ,F,M0).
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Thus, due to (7.40) and Young’s inequality, we conclude that the stationary solution
[ϱε ,uε] admits the uniform bound (7.44) as well as

𝔼[(1 + ∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)‖uε‖2W 1,2

x
] ≤ c(δ,F,M0). (7.47)

Finally, let us show (7.45). To this end, we may go back to the energy inequal-
ity (7.38) for n = 1, obtaining

𝔼[( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱε ,ϱεuε)dx)

s
] +𝔼[(∫

T+τ

T
‖uε‖2W 1,2

x
dt)

s

]

≤ c(s)𝔼[ sup
t∈[T ,T+τ]
|
∞

∑
k=1
∫
t

T
∫
𝕋3
ϱε Fk(ϱε ,uε) ⋅ uε dxdWk|

s

]

+ c(s)𝔼[ sup
t∈[T ,T+τ]

|
∞

∑
k=1
∫
t

T
∫
𝕋3

1
ϱε
|ϱεFk(ϱε ,uε)|

2 dxdr|
s

]

+ c(s)𝔼[ sup
t∈[T ,T+τ]

|∫
t

T
∫
𝕋3
ϱγ−1ε + ϱΓ−1ε dxdr|

s

].

The first term on the right hand side is estimated using the Burkholder–Davis–Gundy
inequality and (7.42); the second term using (7.41). We deduce

𝔼[( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱε ,ϱϱuε)dx)

s
] ≤ c(s,τ,M0,F)

× (1 +𝔼[(∫
T+τ

T
∫
𝕋3
ϱε|uε|2 dxdr)

s
2

] +𝔼[|∫
T+τ

T
∫
𝕋3
ϱγ−1ε + ϱΓ−1ε dxdr|

s

]).

Now, byHölder’s and Sobolev’s inequalities, stationarity, (7.44) and (7.47), for s ∈ (1, 2),

𝔼(∫
T+τ

T
∫
𝕋3
ϱε|uε|2 dxdr)

s
2

≤ c(τ, s)𝔼(∫
T+τ

T
(‖√ϱεuε‖L2x ‖uε‖L6x )

s‖√ϱε‖sL3x dt)
1
2

≤ c(τ, s)𝔼(∫
T+τ

T
‖√ϱεuε‖2L2x ‖uε‖

2
L6x
+ ‖√ϱε‖

2s
2−s
L3x

dt)
1
2

≤ c(τ, s)(𝔼[‖√ϱεuε‖2L2x ‖uε‖
2
W 1,2

x
] +𝔼‖ϱε‖

s
2−s
Lγx )

≤ c(τ, s,δ,F,M0)(1 +𝔼(∫
𝕋3
ϱγ+1ε dx)

s
(γ+1)(2−s)
)

≤ c(τ, s,δ,F,M0)(1 +𝔼∫
𝕋3
ϱγ+1ε dx) ≤ c(τ, s,δ,F,M0), (7.48)

provided s ≤ 2(γ+1)
γ+2 . Similarly,

(∫
𝕋3
ϱγ−1ε + ϱΓ−1ε dx)

s
≤ c(1 + ∫

𝕋3
(ϱγ+1ε + ϱΓ+1ε )dx),

provided s ≤ Γ+1Γ−1 . Consequently, (7.45) follows due to (7.44).
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With Proposition 7.3.1 and Proposition 7.3.2 at hand, we are able to follow the com-
pactness argument of Section 4.4. To bemore precise, as ε→ 0 we aim at constructing
stationary solutions to the following system:
– Equation of continuity.We have

−∫
∞

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt, (7.49)

for all ϕ ∈ C∞c ((0,∞)) and all ψ ∈ C∞(𝕋3) ℙ-a.s.
– Regularized momentum equation.We have

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt

= ∫
∞

0
ϕ∫
𝕋3
ϱu ⊗ u ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
(aϱγ + δϱΓ)divφdxdt

− ∫
∞

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW , (7.50)

for all ϕ ∈ C∞c ((0,∞)) and allφ ∈ C∞(𝕋3) ℙ-a.s.

Note that, unlike the energy estimate in Chapter 4, the bound (7.45) only gives limited
moment estimates, i.e., s cannot be arbitrarily large. Nevertheless, (7.45) is sufficient
to perform the passage to the limit. We also point out that the assumption (7.9) on the
noise coefficients is actually stronger than the one in Chapter 4 and consequently the
convergence of the stochastic integral is more straightforward.

We deduce the following.

Proposition 7.3.3. Let δ > 0 be given. Then there exists a stationary solution [ϱδ ,uδ] to
(7.49)–(7.50). Moreover, we have the estimates

𝔼[‖uδ(t)‖
2
W 1,2

x
] ≤ c(F,M0) (7.51)

and

𝔼[∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx∫

𝕋3
‖uδ‖2W 1,2

x
dx] ≤ c(F,M0)𝔼[∫

𝕋3
Eδ(ϱδ ,ϱδuδ)dx]

+ c(M0), (7.52)

for a.e. t ∈ (0,∞). In addition, the equation of continuity (7.49) holds true in the renor-
malized sense and for all ϕ ∈ C∞c ((0,∞)), ϕ ≥ 0, the following energy inequality holds
true:

− ∫
∞

0
𝜕tϕ(∫

𝕋3
Eδ(ϱδ ,ϱδuδ)dx)dt + ∫

∞

0
ϕ∫
𝕋3
𝕊(∇uδ) ∶ ∇uδ dxdt

≤
∞

∑
k=1
∫
∞

0
ϕ∫
𝕋3
ϱδ Fk(ϱδ ,uδ) ⋅ uδ dxdWk

+ 1
2
∫
∞

0
ϕ
∞

∑
k=1
∫
𝕋3

1
ϱδ
|ϱδ Fk(ϱδ ,uδ)|

2 dxdt. (7.53)
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Proof. First, we proceed as in Section 4.4.3 and establish the necessary tightness of
the joint law of [ϱε ,ϱεuε ,uε ,W] as well as the other necessary quantities. The only dif-
ference is that the corresponding path spaces are replaced by their local-in-time ana-
logues, as discussed in the proof of Proposition 7.2.3. Consequently, the Jakubowski–
Skorokhod theorem applies and we obtain a new family of martingale solutions, still
denoted by [ϱε ,ϱεuε ,uε ,Wε], obeying the same laws and converging alsmot surely
with respect to a new basis, still denoted by (Ω,𝔉, (𝔉t)t≥0,ℙ). In addition, the limit
satisfies

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt, ∫

𝕋3
ϱdx =M0, (7.54)

for all ϕ ∈ C∞c ((0,∞)) and all ψ ∈ C∞(𝕋3) ℙ-a.s., and

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt

= ∫
∞

0
ϕ∫
𝕋3
ϱu ⊗ u ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
(aϱγ + δϱΓ)divφdxdt

− ∫
∞

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW , (7.55)

for allϕ ∈ C∞c ((0,∞)) and allφ ∈ C∞(𝕋3) ℙ-a.s. Here, the bars denote the correspond-
ing weak limits with respect to t, x. In addition, ϱ satisfies the renormalized equation
of continuity, that is,

𝜕tb(ϱ) + div (b(ϱ)u) + (b′(ϱ)ϱ − b(ϱ))divu = 0, (7.56)

in the sense of distribution on (0,∞) × 𝕋3 for every b ∈ C1([0,∞)), with b′(z) = 0 for
z ≥Mb for some constant Mb > 0. However, as discussed in [FNP01, Remark 1.1], the
assumption on b′ can be weakened to

|b′(z)z| ≤ c(zθ + z
γ
2 ) for all z > 0 and some θ ∈ (0, γ

2
).

This in particular includes the function b(z) = z log z employed below.
In order to complete the proof, it suffices to show strong convergence of the den-

sities as in Section 4.4.3. More specifically, we prove that

limsup
ε→0
𝔼[‖ϱε − ϱ‖Γ+1LΓ+1x

] ≤ limsup
ε→0
𝔼[∫
𝕋3
(ϱΓ+1ε − ϱΓϱ)dx] ≤ 0 (7.57)

holds true for any t > 0. Note that the first inequality follows from the algebraic in-
equality

(A − B)Γ+1 = (A − B)Γ(A − B) ≤ (AΓ − BΓ)(A − B) whenever A,B ≥ 0.
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In order to see the rightmost inequality in (7.57), we use the method of Lions [Lio98]
based on regularity of the effective viscous flux. More specifically, mimicking the tech-
nique from the proof of Proposition 7.3.2, we derive from (7.36)–(7.37) the following
identity:

∫
T+1

T
∫
𝕋3
(aϱγ+1ε + δϱΓ+1ε )dxdt =

Mε
|𝕋3|
∫
T+1

T
∫
𝕋3
(aϱγε + δϱΓε )dxdt

+ ∫
T+1

T
∫
𝕋3
(ϱεuε ⋅ ∇Δ−1div (ϱεuε) − ϱεuε ⊗ uε ∶ ∇Δ−1∇ϱε)dxdt

+ ∫
T+1

T
∫
𝕋3
(μ + η)divuε ϱε dxdt

+ 2ε∫
T+1

T
∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdt + ε∫

T+1

T
∫
𝕋3
ϱ2εdivuε dxdt

+ [∫
𝕋3
ϱu ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dx]

t=T+1

t=T

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
Gk(ϱε ,ϱεuε) ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdWε

k . (7.58)

In addition, since ϱε satisfies the equation of continuity in the strong sense, we have

d(ϱε logϱε) = −div (ϱε logϱε uε) − ϱε divuε + εΔ(ϱε logϱε) − ε
|∇ϱε|2

ϱε
− 2ε(ϱε logϱε + ϱε) + 2εMε(logϱε + 1)
≤ −div (ϱε logϱε uε) − ϱε divuε + εΔ(ϱε logϱε) + 2εc(M0)(ϱε + 1).

In the above we applied the estimate

−2ε(ϱε logϱε + ϱε) + 2εMε(logϱε + 1) ≤ εc(M0)(ϱε + 1),

which follows since −ϱε logϱε is bounded from above by a constant and logϱε is
bounded by ϱε . Inserting this into (7.58) implies

∫
T+1

T
∫
𝕋3
(aϱγ+1ε + δϱΓ+1ε )dxdt ≤Mε ∫

T+1

T
∫
𝕋3
(aϱγε + δϱΓε )dxdt

+ ∫
T+1

T
∫
𝕋3
(ϱεuε ⋅ ∇Δ−1div (ϱεuε) − ϱεuε ⊗ uε ∶ ∇Δ−1x ∇ϱε)dxdt

− (μ + η)[∫
𝕋3
ϱε logϱε dx]

t=T+1

t=T
+ ε c(M0)∫

T+1

T
∫
𝕋3
(ϱε + 1)dxdt

+ 2ε∫
T+1

T
∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdt + ε∫

T+1

T
∫
𝕋3
ϱ2εdivuε dxdt

+ [∫
𝕋3
ϱεuε ⋅ ∇Δ−1x [ϱε −

Mε
|𝕋3|
]dx]

t=T+1

t=T

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
ϱFk(ϱε ,ϱεuε) ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dxdWε

k . (7.59)
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Similarly, as the limit density ϱ also satisfies the renormalized equation of continu-
ity (7.56), cf. Theorem A.3.1, we choose b(z) = z log z and deduce that

d(ϱ logϱ) = −div (ϱ logϱu)dt − ϱdivudt

holds true in the sense of distributions. Therefore, we obtain from the limit equa-
tions (7.54) and (7.55)

∫
T+1

T
∫
𝕋3
(aϱγ + δϱΓ)ϱdxdt = M0

|𝕋3|
∫
T+1

T
∫
𝕋3
(aϱγ + δϱΓ)dxdt

+ ∫
T+1

T
∫
𝕋3
(ϱu ⋅ ∇Δ−1div (ϱu) − ϱu ⊗ u ∶ ∇Δ−1∇ϱ)dxdt

− (μ + η)[∫
𝕋3
ϱ logϱdx]

t=T+1

t=T

+ [∫
𝕋3
ϱu ⋅ ∇Δ−1[ϱ − M0

|𝕋3|
]dx]

t=T+1

t=T

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
ϱFk(ϱ,ϱu) ⋅ ∇Δ−1[ϱ −

M0
|𝕋3|
]dxdWk .

Thus passing to expectations and using the fact that the processes are stationary, we
get

𝔼[∫
T+1

T
∫
𝕋3
(aϱγ+1ε + δϱΓε )ϱε dxdt] ≤

Mε
|𝕋3|
𝔼[∫

T+1

T
∫
𝕋3
(aϱγε + δϱΓε )dxdt]

+𝔼[∫
T+1

T
∫
𝕋3
(ϱεuε ⋅ ∇Δ−1div (ϱεuε) − ϱεuε ⊗ uε ∶ ∇Δ−1∇ϱε)dxdt]

+ 2ε𝔼[∫
𝕋3
ϱεuε ⋅ ∇Δ−1[ϱε −

Mε
|𝕋3|
]dx] + ε𝔼[∫

𝕋3
ϱ2εdivuε dx] + ε c(M0). (7.60)

Note that the inequality uses ∫
𝕋3
ϱε dx =Mε ≤ c(M0) for all ε > 0. Similarly, we obtain

𝔼[∫
T+1

T
∫
𝕋3
(aϱγ + δϱΓ)ϱdxdt] =M0𝔼[∫

T+1

T
∫
𝕋3
(aϱγ + δϱΓ)dxdt]

+𝔼[∫
T+1

T
∫
𝕋3
(ϱu ⋅ ∇Δ−1div (ϱu) − ϱu ⊗ u ∶ ∇Δ−1∇ϱ)dxdt]. (7.61)

Note that the ε-terms in (7.60) vanish due to Proposition 7.3.2 and we haveMε→M0 as
ε→ 0. Consequently, the desired conclusion (7.57) follows as soon as we observe

lim
ε→0
𝔼[∫

T+1

T
∫
𝕋3
(ϱεuε ⋅ ∇Δ−1div (ϱεuε) − ϱεuε ⊗ uε ∶ ∇Δ−1∇ϱε)dxdt]

= 𝔼[∫
T+1

T
∫
𝕋3
(ϱu ⋅ ∇Δ−1div (ϱu) − ϱu ⊗ u ∶ ∇Δ−1∇ϱ)dxdt]. (7.62)
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In fact, (7.62) in combination with (7.60) and (7.61) implies

limsup
ε→0
𝔼[∫

T+1

T
∫
𝕋3
(aϱγε + δϱΓε )ϱε dxdt] ≤ 𝔼[∫

T+1

T
∫
𝕋3
(aϱγ + δϱΓ)ϱdxdt],

which shows strong convergence of ϱε bymonotonicity arguments. Relation (7.62) can
be established by compensated compactness arguments (LemmaA.1.11 appliedℙ-a.s.)
if we show that the expressions under expectations are ℙ-equi-integrable. Consider-
ing the two summands separately and using continuity of ∇Δ−1∇ and Sobolev’s em-
bedding, we have

|∫
𝕋3
ϱεuε ⋅ ∇Δ−1div (ϱεuε)dx| ≤ c‖√ϱεuε‖L2x ‖√ϱε‖L2Γx ‖∇Δ

−1∇ϱεuε‖L
2Γ
Γ−1x

≤ c‖√ϱεuε‖L2x ‖√ϱε‖L2Γx ‖ϱεuε‖L
2Γ
Γ−1x

≤ c‖√ϱεuε‖L2x ‖√ϱε‖L2Γx ‖uε‖L6x ‖ϱε‖LΓx
≤ c‖√ϱεuε‖L2x ‖√ϱε‖L2Γx ‖uε‖W 1,2

x
‖ϱε‖LΓx ,

as Γ ≥ 9
2 . Similarly, we have

|∫
𝕋3
ϱεuε ⊗ uε ∶ ∇Δ−1∇ϱε dx| ≤ c‖√ϱεuε‖L2x ‖u‖W 1,2

x
‖√ϱε‖L2Γx ‖ϱε‖LΓx .

Here, in accordance with (7.47),

𝔼[‖√ϱεuε‖2L2x ‖u‖
2
W 1,2

x
] ≤ c(δ,F,M0),

while, by virtue of (7.44),

‖√ϱε‖L2Γx ‖ϱε‖LΓx = ‖ϱε‖
3
2
LΓx
∈ Lq(Ω), q = 2Γ

3
> 2.

We have shown the claimed ℙ-equi-integrable equation (7.57), whence strong
convergence of ϱε . Consequently, as in Section 4.4.3, we may identify the non-linear
terms in (7.55) and hence [ϱ,u] is a weak martingale solution to (7.49)–(7.50). Station-
arity then follows by Lemma 2.11.4 and Lemma 2.11.5. The estimates (7.51) and (7.52)
are obtained by weak lower semi-continuity from (7.39) and (7.40), respectively, since
the constants were uniform in ε. The same arguments give the energy inequality
and hence (7.53). Note that the passage to the limit in the stochastic integral can be
justified, for instance with the help of Lemma 2.6.6.

Remark 7.3.4. It is important to note that there is an essential difference between
the strong convergence of the density in the existence theory in Chapter 4 and the
above proof. More specifically, the existence theory requires compactness of the initial
data which is not available in the present setting. Instead, the fact that the solution is
stationary must be used.
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7.4 Vanishing artificial pressure limit

As the final step of the proof of our main result, Theorem 7.0.3, it remains to perform
the last limit procedure, that is δ→ 0. Recall that, according to Proposition 7.3.3, the
stationary solutions constructed in the previous section already satisfy the uniform
bounds (7.51) and (7.52). Nevertheless, the pressure estimate as well as the estimate for
the energy and velocity from Proposition 7.3.2 all blow up as δ vanishes. Therefore, in
order to apply the compactness argument from Section 4.5, it is necessary to improve
these estimates. The rest of the construction then proceeds exactly as in Section 4.5.

Proposition 7.4.1. Let [ϱδ ,uδ] be the stationary solution to (7.49)–(7.50), constructed in
Proposition 7.3.3. Then the following uniform bound holds true for some α > 0 and a.e.
t ∈ (0,∞):

𝔼[∫
𝕋3
[aϱγ+αδ + δϱ

Γ+α
δ + ϱ1+αδ |uδ|2]dx] ≤ c(F,M0). (7.63)

In addition, for some s > 1 and for a.e. T > 0 and τ > 0,

𝔼[( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx)

s
] +𝔼[(∫

T+τ

T
‖uδ‖2W 1,2

x
dt)

s

] ≤ c(τ,M0,F, s), (7.64)

where the constant is independent of T.

Proof. As far as the pressure estimates are concerned, we use the test function

∇Δ−1[ϱα − (ϱα)𝕋3 ], α > 0.

We obtain after a rather tedious but straightforward manipulation the following ana-
logue of (7.46):

∫
T+1

T
∫
𝕋3
(aϱγ+αδ + δϱ

Γ+α
δ )dxdt + ∫

T+1

T
∫
𝕋3

1
3
ϱ1+αδ |u|2 dxdt

= ∫
T+1

T
(∫
𝕋3
(aϱγδ + δϱ

Γ
δ)dx (ϱαδ)𝕋3)dt +

1
3
∫
T+1

T
(∫
𝕋3
ϱδ|uδ|2 dxdx (ϱαδ)𝕋3)dt

+ ∫
T+1

T
∫
𝕋3
(μ + η)divuδ ϱαδ dxdt

− ∫
T+1

T
∫
𝕋3
(ϱδuδ ⊗ uδ −

1
3
ϱδ|uδ|2𝕀) ∶ ∇Δ−1∇[ϱαδ]dxdt

+ [∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[ϱαδ − (ϱαδ)𝕋3 ]dx]

t=T+1

t=T

− ∫
T+1

T
∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[d(ϱαδ)]dx

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
Gk(ϱδ ,ϱδuδ) ⋅ ∇Δ−1[ϱαδ − (ϱαδ)𝕋3 ]dxdWk . (7.65)
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Next, we evoke the renormalized equation of continuity (7.56)

dϱαδ + div (ϱαδuδ)dt + (α − 1)ϱαδdivuδ dt = 0,

deducing from (7.65)

∫
T+1

T
∫
𝕋3
(aϱγ+αδ + δϱ

Γ+α
δ )dxdt + ∫

T+1

T
∫
𝕋3

1
3
ϱ1+αδ |uδ|2 dxdt

= ∫
T+1

T
(∫
𝕋3
(aϱγδ + δϱ

Γ)dx (ϱαδ)𝕋3)dt +
1
3
∫
T+1

T
(∫
𝕋3
ϱδ|uδ|2 dx (ϱαδ)𝕋3)dt

+ ∫
T+1

T
∫
𝕋3
(μ + η)divuδ ϱαδ dxdt

− ∫
T+1

T
∫
𝕋3
(ϱδuδ ⊗ uδ −

1
3
ϱ|uδ|2𝕀) ∶ ∇Δ−1∇[ϱαδ]dxdt

+ [∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[ϱαδ − (ϱαδ)𝕋3 ]dx]

t=T+1

t=T

+ ∫
T+1

T
∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[div (ϱαδuδ) + (α − 1)ϱαδdivuδ]dxdt

−
∞

∑
k=1
∫
T+1

T
∫
𝕋3
Gk(ϱδ ,ϱδuδ) ⋅ ∇Δ−1[ϱαδ − (ϱαδ)𝕋3 ]dxdWk . (7.66)

Before proceeding, we make the assumption that 0 < α < 1/3, which implies in
particular

|(ϱαδ)𝕋3 | ≤ c(M0), ‖∇Δ−1[ϱαδ − (ϱαδ)𝕋3 ]‖L∞x ≤ c(M0),

using Hölder’s inequality, Sobolev’s embedding, and continuity of ∇Δ−1∇. Passing to
expectations in (7.66) andkeeping inmind that theprocesses are stationary,wededuce

𝔼[∫
𝕋3
[aϱγ+αδ + δϱ

Γ+α
δ + ϱ1+αδ |uδ|2]dx]

≤ c(M0)(𝔼[∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx] + 1) +𝔼[∫

𝕋3
(μ + η)divuδ ϱαδ dx]

+𝔼[∫
𝕋3
(ϱδuδ ⊗ uδ −

1
3
ϱδ|uδ|2𝕀) ∶ ∇Δ−1∇[ϱαδ]dx]

+𝔼[∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[div (ϱαδuδ) + (α − 1)ϱαδdivuδ]dx]. (7.67)

Moreover, using the uniform bound (7.51) we further reduce (7.67) to

𝔼[∫
𝕋3
[aϱγ+αδ + δϱ

Γ+α
δ + ϱ1+αδ |uδ|2]dx]

≤ 𝔼[∫
𝕋3
(ϱδuδ ⊗ uδ −

1
3
ϱδ|uδ|2𝕀) ∶ ∇Δ−1∇[ϱαδ]dx]

+𝔼[∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[div (ϱαδuδ) + (α − 1)ϱαδdivuδ]dx] + c(F,M0).

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



268 | 7 Stationary solutions

Note that we have applied Young’s inequality to the first and second term on the right
hand side of (7.67) in order to absorb the arising terms eventually. To control the re-
maining integrals on the right hand side, we first use Hölder’s inequality to obtain

|𝔼[∫
𝕋3
(ϱδuδ ⊗ uδ −

1
3
ϱδ|uδ|2𝕀) ∶ ∇Δ−1∇[ϱαδ]dx]|

≤ c𝔼[‖√ϱδuδ‖L2x ‖uδ‖L6x ‖√ϱδ ∇Δ
−1∇[ϱαδ]‖L3x ]

≤ c(𝔼[‖√ϱuδ‖2L2x ‖uδ‖
2
W 1,2

x
] +𝔼[‖√ϱδ ∇Δ−1∇[ϱαδ]‖

2
L3x
]).

Furthermore, we have

‖√ϱδ ∇Δ−1∇[ϱαδ]‖
2
L3x
≤ ‖√ϱδ‖2L2γx ‖∇Δ

−1∇[ϱαδ]‖
2
Lqx ,

1
2γ
+ 1
q
= 1
3
, γ > 3

2
.

Now, we choose α > 0 so small that αq ≤ 1, to conclude

‖√ϱδ div∇Δ−1∇[ϱαδ]‖
2
L3x
≤ c(M0)‖ϱδ‖Lγx .

Similarly, we estimate

|∫
𝕋3
ϱδuδ ⋅ ∇Δ−1div [ϱαδuδ]dx| ≤ ‖√ϱδuδ‖L2x ‖√ϱδ‖L2γx ‖∇Δ

−1∇[ϱαδuδ]‖Lqx ,

where

1
2
+ 1
2γ
+ 1
q
= 1, in particular q < 6 if γ > 3

2
,

and where

‖∇Δ−1∇[ϱαδu]‖Lqx ≤ ‖ϱ
α
δuδ‖Lqx ≤ ‖uδ‖L6x ‖ϱ

α
δ‖Lsx ,

1
6
+ 1
s
= 1
q
.

Taking αs ≤ 1 we get, similarly to the above,

|∫
𝕋3
ϱδuδ ⋅ ∇Δ−1div [ϱαδuδ]dx| ≤ c(M0)(‖√ϱδuδ‖2L2x ‖uδ‖

2
W 1,2

x
+ ‖ϱδ‖Lγx ).

Finally, we have

|∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[ϱαδdivuδ]dx| ≤ ‖√ϱδ‖L2γx ‖√ϱδuδ‖L2x ‖∇Δ

−1
x [ϱαδdivuδ]‖Lqx

≤ 1
2
(‖ϱδ‖Lγx + ‖√ϱδu‖

2
L2x ‖∇Δ

−1
x [ϱαδdivuδ]‖

2
Lqx ),

where

1
2γ
+ 1
2
+ 1
q
= 1, q < 6 if γ > 3

2
.
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As the ∇Δ−1-operator gains one derivative, we get, by means of the standard Sobolev
embedding,

‖∇Δ−1[ϱαδdivuδ]‖Lqx ≤ ‖ϱ
α
δdivuδ‖Lrx , r < 2.

Thus, similarly to the previous steps, we conclude

|∫
𝕋3
ϱδuδ ⋅ ∇Δ−1[ϱαδdivuδ]dx| ≤ c(M0)(‖√ϱδuδ‖2L2x ‖uδ‖

2
W 1,2

x
+ ‖ϱδ‖Lγx ).

Summing up the above estimates, we obtain

𝔼[∫
𝕋3
[aϱγ+αδ + δϱ

Γ+α
δ +

1
3
ϱ1+αδ |uδ|2]dx] ≤ 𝔼[∫

𝕋3
Eδ(ϱδ ,ϱδuδ)dx∫

𝕋3
‖uδ‖2W 1,2

x
dx]

+ c(F,M0),

wherewehave absorbed the term ‖ϱδ‖Lγx in the left hand side.We close the estimates by
evoking (7.52) and absorbing the Eδ(ϱδ ,ϱδuδ)-term in the left hand side. Thus we may
conclude that any global-in-time stationary solutions admit the uniform bound (7.63)
as well as

𝔼[(1 + ∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx)‖uδ‖2W 1,2

x
] ≤ c(F,M0). (7.68)

Finally, we claim that

𝔼[(∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx)

s
] ≤ c

for a certain s = s(α) > 1. Indeed the ϱδ-dependent terms can be estimated directly
by (7.63) while, by Hölder’s inequality and Sobolev’s embedding,

(∫
𝕋3
ϱδ|uδ|2 dx)

s
≤ (‖√ϱδuδ‖L2x ‖uδ‖L6x )

s‖√ϱδ‖sL3x

≤ c[‖√ϱδuδ‖2L2x ‖uδ‖
2
W 1,2

x
+ (∫
𝕋3
ϱγδ dx)

1
γ(2−s)
].

Note that we also took into account γ > 3
2 . This can be estimated by (7.68), provided

s < 2 − 1
γ . The term with ϱγδ and δϱΓδ is estimated by Jensen’s inequality. Now we go

back to the energy inequality (7.53). Using (7.41), we obtain, after taking the power s
and the supremum in time and expectation,

𝔼[( sup
t∈[T ,T+τ]

∫
𝕋3
Eδ(ϱδ ,ϱδuδ)dx)

s
] +𝔼[(∫

T+τ

T
‖uδ‖2W 1,2

x
dt)

s

]

≤ c(F,M0) +𝔼[ sup
t∈[T ,T+τ]
|
∞

∑
k=1
∫
t

T
∫
𝕋3
Gk(ϱδ ,ϱδuδ) ⋅ uδ dxdWk|

s

].
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Note that all terms are well-defined by (7.68). Here, the second term on the right hand
side is controlled by (7.42) and the Burkholder–Davis–Gundy inequality, similarly
to (7.48), as follows:

𝔼[ sup
t∈[T ,T+τ]
|
∞

∑
k=1
∫
t

T
∫
𝕋3
Gk(ϱδ ,ϱδuδ) ⋅ uδ dxdWk|

s

]

≤ c(s,M0)𝔼[∫
T+τ

T
(∫
𝕋3

1
2
ϱδ|uδ|2 dx)

s
2
dt],

which can be again estimated by (7.63). We therefore conclude that (7.64) holds true
for a.e. T > 0, where the constant depends on τ but is independent of T .

Finally, everything is in hand to complete the proof of Theorem 7.0.3.

Proof of Theorem 7.0.3. We follow the lines of Section 4.5. In view of Proposition 7.4.1,
we are able to apply the Jakubowski–Skorokhod representation theorem and obtain
convergence of [ϱδ ,uδ] (in fact, we obtain a new family ofmartingale solutions defined
on anewprobability space but keep the original notation for simplicity) to a stationary
weak martingale solution of

−∫
∞

0
𝜕tϕ∫
𝕋3
ϱψdxdt = ∫

∞

0
ϕ∫
𝕋3
ϱu ⋅ ∇ψdxdt, ∫

𝕋3
ϱdx =M0,

for all ϕ ∈ C∞c ((0,∞)) and all ψ ∈ C∞(𝕋3) ℙ-a.s., and

− ∫
∞

0
𝜕tϕ∫
𝕋3
ϱu ⋅φdxdt

= ∫
∞

0
ϕ∫
𝕋3
ϱu ⊗ u ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
aϱγdivφdxdt

− ∫
∞

0
ϕ∫
𝕋3
𝕊(∇u) ∶ ∇φdxdt + ∫

∞

0
ϕ∫
𝕋3
𝔾(ϱ,ϱu) ⋅φdxdW ,

for allψ ∈ C∞c ((0,∞)) and allφ ∈ C∞(𝕋3) ℙ-a.s. Here, the bars denote the correspond-
ing weak limits. In addition, ϱ satisfies the renormalized equation of continuity.

In order to identify the non-linear density-dependent terms, we keep Remark 7.3.4
in mind and apply the effective viscous fluxmethod in the same way as in Section 4.5,
thereby completing the proof. Note that, similarly to Section 7.3, even the limited mo-
ment estimates from Proposition 7.4.1 are sufficient for the passage to the limit.
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8 Singular limits
The Navier–Stokes system of partial differential equations describes the entire spec-
trum of possible motions, ranging from sound waves and cyclone waves in the atmo-
sphere to models of gaseous stars in astrophysics. Its generality constitutes a serious
defect of the equations from the point of view of applications. Eliminating unwanted
or unimportant modes of motion and building on the essential balances between flow
fields allows one to better focus on a particular class of phenomena and to potentially
achieve a deeper understanding of the problem. Scaling and asymptotic analysis play
an important role in this approach. By scaling the equations, meaning by choosing
appropriately the system of the reference units, the parameters determining the be-
havior of the system become explicit. Asymptotic analysis provides a useful tool in
situations when certain of these parameters, called characteristic numbers, vanish
or become infinite. As a matter of fact, most, if not all, mathematical models used in
fluidmechanics rely on formal asymptotic analysis ofmore complex systems. The con-
cept of incompressible fluid itself should be viewed as a convenient idealization of a
medium in which the speed of sound dominates the characteristic velocity.

We consider the dimensionless rescaled Navier–Stokes system in the following
form:

[Sr]dϱ + div (ϱu)dt = 0, (8.1)

[Sr]d(ϱu) + div (ϱu ⊗ u)dt + 1
[Ma]2
∇p(ϱ)dt = 1

[Re]
div𝕊(∇u)dt + 1

[Fr]2
𝔾(ϱ,ϱu)dW ,

(8.2)

where

p(ϱ) = aϱγ , γ > N
2
, (8.3)

and

𝕊(∇u) = μ(∇u + ∇tu − 2
3
divu𝕀) + λdivu𝕀, (8.4)

with viscosity coefficients μ > 0 and λ ≥ 0. The equations contain dimensionless pa-
rameters – the characteristic numbers: the Strouhal number [Sr], the Mach number
[Ma], the Reynolds number [Re], and the Froude number [Fr]. We refer to [FN09, Chap-
ter 4] for the derivation of system (8.1)–(8.2) as well as the physical interpretation of
the characteristic numbers.

Singular limit processes bridge the gap between fluid motions considered in dif-
ferent geometries, time scales, and/or under different constitutive relations as the
case may be. As already pointed out, they describe the situation when one or sev-
eral of the characteristic numbers vanish or become infinite. In their pioneering paper,
Klainerman–Majda [KM81] proposed a general approach to these problems in the con-

https://doi.org/10.1515/9783110492552-008
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text of hyperbolic conservation laws. In particular, they examined the passage from
compressible to incompressible fluid flow motion via the low Mach number limit. As
the problems are typically non-linear, themethod applies in general only to short time
intervals on which regular solutions are known to exist. A qualitatively new way, at
least in the framework of viscous fluids, has been opened by the mathematical theory
of weak solutions developed by Lions [Lio98]. In a series of papers, Lions–Masmoudi
[LM98, LM99] (see also Desjardins–Grenier [DG99] and Desjardins et al. [DGLM99])
studied various singular limits for the barotropic Navier–Stokes system, amongwhich
ssible low Mach number limit.

Another distinguished singular regime corresponds to the inviscid limit character-
ized by large values of the Reynolds number. There is a vast amount of literature con-
cerning the inviscid limit for the incompressible deterministic Navier–Stokes system;
see, e.g., Kato [Kat84], Temam–Wang [TW97, TW02], Wang et al. [WXZ12], the survey
articles by Weinan [Wei00] and Masmoudi [Mas06], and the references cited therein.
On the other hand, much less seems to be known in the context of compressible flu-
ids, even in the deterministic case. Recently several results in this direction have been
obtained by Sueur [Sue14] for the barotropic Navier–Stokes system and related issues
were discussed by Wang–Williams [WW12].

In this chapter we present a rigorous mathematical approach to the asymptotic
analysis of the Navier–Stokes system (8.1)–(8.4) with stochastic perturbations. No-
tably, we examine the incompressible and the inviscid–incompressible limits. For the
readers’ convenience we restate Definition 3.4.1, giving the concept of dissipativemar-
tingale solution to (8.1)–(8.4), on which our theory is built up.

Definition 8.0.1 (Dissipative martingale solution). Let Λ = Λ(ϱ,q) be a Borel proba-
bility measure on L1(𝕋N ) × L1(𝕋N ) such that

Λ{ϱ ≥ 0} = 1, ∫
L1x×L1x
|∫
𝕋N
[ [Sr]|q|

2

ϱ
+ 1
[Ma]2

P(ϱ)]dx|
r
dΛ(ϱ,q) <∞, (8.5)

where r ≥ 1 will be determined below.
The quantity ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) is called a dissipative martingale solution

to (8.1)–(8.4) with the initial law Λ if:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is a cylindrical (𝔉t)-Wiener process;
(3) the density ϱ and the velocity u are randomdistributions adapted to (𝔉t)t≥0, ϱ ≥ 0
ℙ-a.s.;

(4) there exists an𝔉0-measurable randomvariable [ϱ0,u0] such thatΛ =ℒ[ϱ0,ϱ0u0];
(5) the equation of continuity

− ∫
T

0
𝜕tϕ∫
𝕋N
[Sr]ϱψdxdt = ϕ(0)∫

𝕋N
[Sr]ϱ0ψdx + ∫

T

0
ϕ∫
𝕋N

ϱu ⋅ ∇ψdxdt (8.6)

holds for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋N ) ℙ-a.s.;
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(6) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋N
[Sr]ϱu ⋅φdxdt −ϕ(0)∫

𝕋N
[Sr]ϱ0u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋N
[ϱu ⊗ u ∶ ∇φ + 1

[Ma]2
p(ϱ)divφ]dxdt

− ∫
T

0
ϕ ∫
𝕋N

1
[Re]
𝕊(∇u) ∶ ∇φdxdt

+ 1
[Fr]2

∞

∑
k=1
∫
T

0
ϕ ∫
𝕋N

Gk(ϱ,ϱu) ⋅φdxdWk (8.7)

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞(𝕋N ) ℙ-a.s.;
(7) the energy inequality

− ∫
T

0
𝜕tϕ∫
𝕋N
[[Sr] 1

2
ϱ|u|2 + 1
[Ma]2

P(ϱ)]dxdt + 1
[Re]
∫
T

0
ϕ∫
𝕋N
𝕊(∇u) ∶ ∇udxdt

≤ ϕ(0)∫
𝕋N
[[Sr] 1

2
ϱ0|u0|2 +

1
[Ma]2

P(ϱ0)]dx

+ 1
[Fr]4

1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

ϱ−1|Gk(ϱ,ϱu)|
2 dxdt

+ 1
[Fr]2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

Gk(ϱ,ϱu) ⋅ udxdWk (8.8)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s.;
(8) if b ∈ C1(ℝ) such that b′(z) = 0 for all z ≥Mb, then, for all ϕ ∈ C∞c ([0,T)) and all

ψ ∈ C∞(𝕋N ), we have ℙ-a.s.

−∫
T

0
𝜕tϕ∫
𝕋N
[Sr]b(ϱ)ψdxdt = ϕ(0)∫

𝕋N
[Sr]b(ϱ0)ψdx + ∫

T

0
ϕ∫
𝕋N

b(ϱ)u ⋅ ∇ψdxdt

− ∫
T

0
ϕ∫
𝕋N
(b′(ϱ)ϱ − b(ϱ))divuψdxdt. (8.9)

8.1 Incompressible limit

The incompressible regime corresponds to the scaling [Sr] = [Re] = [Fr] ≈ 1, [Ma] ≈
ε→ 0. Accordingly, when ε→ 0, the speed of the acoustic waves represented by the
gradient component of the velocity field becomes infinite. At the same time the fluid
density approaches a constant and the velocity becomes solenoidal. The limit behav-
ior is described by the standard incompressible Navier–Stokes system. Our first sin-
gular limit result is concerned with the compressible–incompressible scenario in the
context of stochastically drivenfluids. Specifically,we consider system (8.1)–(8.4)with
[Sr] = [Re] = [Fr] = 1, [Ma] = ε and study the asymptotic behavior of solutions in the
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low Mach number regime ε→ 0. More specifically, for dimension N = 2,3, we study
the limit as ε→ 0 in the following system:

dϱ + div (ϱu)dt = 0, (8.10)

d(ϱu) + div (ϱu ⊗ u)dt + 1
ε2
∇p(ϱγ)dt = div𝕊(∇u)dt +𝔾(ϱ,ϱu)dW , (8.11)

where

p(ϱ) = ϱγ , γ > N
2
, (8.12)

and

𝕊(∇u) = μ(∇u + ∇tu − 2
3
divu𝕀) + λdivu𝕀, (8.13)

with viscosity coefficients μ > 0 and λ ≥ 0.
The parameter ε in (8.11) is proportional to the Mach number, i.e., the ratio of the

characteristic flow velocity and the speed of sound. From a physical point of view, the
fluid should asymptotically behave like an incompressible one if the density is close
to a constant, the velocity is small, and we look at large time scales. A suitable scaling
of the Navier–Stokes system results in (8.11) with a small parameter ε; see Klein et al.
[KBS+01]. In the limit of (8.10)–(8.13) we recover the stochastic Navier–Stokes system
for incompressible fluids, that is,

du + [div(u ⊗ u) − μΔu + ∇π]dt = Φ(u)dW , (8.14)
div(u) = 0, (8.15)

where π denotes the associated pressure and Φ(u) = 𝒫H𝔾(1,u), with 𝒫H being the
Helmholtz projection onto the space of solenoidal vector fields; cf. Theorem A.1.4. To
bemore precise, we show that, for a given initial lawΛ for (8.14)–(8.15) corresponding
to ill-prepared initial data for the compressibleNavier–Stokes system (8.10)–(8.13), the
approximate densities converge to a constantwhereas the velocities converge in law to
a weak martingale solution to the incompressible Navier–Stokes system (8.14)–(8.15)
with the initial lawΛ. Theprecise statement is given inTheorem8.1.6 below. This result
is then strengthened in dimension two, where we are able to prove the convergence in
probability of the velocities; cf. Theorem 8.1.7.

Remark 8.1.1. In analogy with the deterministic case, the initial data are ill-prepared
if

∫
𝕋N
[ 1
2
|q0,ε|2

ϱ0,ε
+ 1
ε2
(P(ϱ0,ε) − P′(ϱ)(ϱ0,ε − ϱ) − P(ϱ))]dx <∞ ℙ-a.s.

In other words, the “distance” between the initial density ϱ and its integral mean ϱ is
controlled in terms of the Mach number. Note that this is a necessary condition for the
solutions of the compressible system to remain bounded uniformly for ε→ 0.
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The data are well-prepared if

u0,ε = q0,ε/ϱ0,ε→ v0, where divv0 = 0,

∫
𝕋N

1
ε2
(P(ϱ0,ε) − P′(ϱ)(ϱ0,ε − ϱ) − P(ϱ))dx→ 0,

as ε→ 0 ℙ-a.s.

Our approach is based on the concept of dissipative martingale solution (in the
sense of Definition 8.0.1) to the compressible Navier–Stokes system (8.10)–(8.13),
whose existence was established in Chapter 4. Similarly to its deterministic counter-
part, the low Mach number limit problem features two essential difficulties:
– finding suitable uniform bounds independent of the scaling parameter ε;
– analysis of rapidly oscillating acoustic waves, at least in the case of ill-prepared

initial data.

Here, the necessary uniform bounds follow directly from the associated stochastic
analogue of the energy inequality exploiting the basic properties of Itô’s stochastic in-
tegral; see Section 8.1.3.1. The propagation of acousticwaves is described by a stochas-
tic variant of Lighthill’s acoustic analogy: a linearwave equationdrivenbya stochastic
forcing; see Section 8.1.3.2. The desired estimates are obtained via an analogue of the
deterministic approach, specifically the so-called local method proposed by Lions–
Masmoudi [LM98, LM99], adapted to the stochastic setting.

The proof makes use of the stochastic compactness method presented in Sec-
tion 2.6. Similarly to the previous chapters of this book, we rely on the Jakubowski–
Skorokhod Theorem 2.7.1, which applies to a large class of topological spaces, includ-
ing separable Banach spaces with weak topology. In the case of two space dimen-
sions pathwise uniqueness for the limit system (8.14)–(8.15) holds true and we gain
a stronger convergence result; see Theorem 8.1.7. This is based on the discussion in
Section 2.10, particularly the version of the Gyöngy–Krylov characterization of con-
vergence in probability presented in Theorem 2.10.3.

8.1.1 Incompressible Navier–Stokes equations

In this subsectionwe are concernedwith the incompressible stochastic Navier–Stokes
system

du + [div(u ⊗ u) − μΔu + ∇π]dt = Φ(u)dW , (8.16)

div(u) = 0, (8.17)
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where Φ ∶ L2(𝕋N ) → L2(𝔘;L2(𝕋N )) is such that

‖Φ(v)‖2L2(𝔘;L2x) ≤ C(1 + ‖v‖
2
L2x ),

‖Φ(v) − Φ(w)‖2L2(𝔘;L2x) ≤ C‖v −w‖
2
L2x ,

(8.18)

for all v,w ∈ L2(𝕋N ). Several notions of solution to (8.16)–(8.17) are typically con-
sidered depending on the space dimension. From the PDE point of view, we restrict
ourselves to weak solutions (although more can be proved in dimension two), i.e.,
(8.14)–(8.15) is satisfied in the sense of distributions. From the probabilistic point of
view,we consider two concepts, namely, pathwise solutions andmartingale solutions.
The reader is referred to Section 2.5 for the introduction of these two concepts. Recall
that existence of a pathwise solution is stronger and implies existence of a martingale
solution. Besides, due to the classical Yamada–Watanabe type argument, existence
of a pathwise solution follows from existence of a martingale solution together with
pathwise uniqueness. In dimension three, existence of a strong solution, which is
closely related to uniqueness, belongs to the celebrated Millennium Prize Problems
and remains unsolved. Therefore, we consider weak martingale solutions with initial
data gven by a probaility measure on

L2div(𝕋N ) = {v ∈ L2(𝕋N ) ∶ ∫
𝕋N

v ⋅ ∇φdx = 0 ∀φ ∈ C∞(𝕋N )};

see for instance Capiński–Ga̧tarek [CG94] or Flandoli–Ga̧tarek [FG95].

Definition 8.1.2. Let Λ be a Borel probability measure on L2div(𝕋N ). Then

((Ω,𝔉, (𝔉t)t≥0,ℙ),u,W)

is called a weak martingale solution to (8.16)–(8.17) with the initial data Λ, provided:
(1) (Ω,𝔉, (𝔉t)t≥0,ℙ) is a stochastic basis with a complete right-continuous filtration;
(2) W is an (𝔉t)-cylindrical Wiener process;
(3) the velocity field u is (𝔉t)-adapted and

u ∈ Cw([0,T];L2div(𝕋N )) ∩ L2(0,T ;W
1,2
div(𝕋

N )) ℙ-a.s.;

(4) there exists an 𝔉0-measurable random variable u0 such that Λ =ℒ[u0];
(5) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋N

u ⋅φdxdt −ϕ(0)∫
𝕋N

u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋N

u ⊗ u ∶ ∇φdxdt − μ∫
T

0
ϕ∫
𝕋N
∇u ∶ ∇φdxdt

+ ∫
T

0
ϕ∫
𝕋N
Φ(u) ⋅φdxdW

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞div(𝕋N ) ℙ-a.s.
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Under the condition (8.18), the following existence result holds true and can be
found for instance in Capiński–Ga̧tarek [CG94] or Flandoli–Ga̧tarek [FG95].

Theorem 8.1.3. Let N = 2,3 and assume that Φ satisfies (8.18). Let Λ be a Borel prob-
ability measure on L2div(𝕋N ) such that, for some r > 2,

∫
L2x
‖v‖rL2x dΛ(v) <∞.

Then there exists a weak martingale solution to (8.16)–(8.17) in the sense of Defini-
tion 8.1.2 with initial law Λ.

In dimension two, pathwise uniqueness for weak solutions is knownunder (8.18);
we refer the reader for instance to Capiński–Cutland [CC91] or Capiński [Cap93]. Con-
sequently, we may work with the definition of a weak pathwise solution.

Definition 8.1.4. Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a given stochastic basis with a complete
right-continuous filtration and an (𝔉t)-cylindrical Wiener process W . Let u0 be
an 𝔉0-measurable random variable. Then u is called a weak pathwise solution to
(8.16)–(8.17) with the initial condition u0, provided:
(1) the velocity field u is (𝔉t)-adapted and

u ∈ Cw([0,T];L2div(𝕋N )) ∩ L2(0,T ;W
1,2
div(𝕋

3)) ℙ-a.s.;

(2) the momentum equation

− ∫
T

0
𝜕tϕ∫
𝕋N

u ⋅φdxdt −ϕ(0)∫
𝕋N

u0 ⋅φdx

= ∫
T

0
ϕ∫
𝕋N

u ⊗ u ∶ ∇φdxdt − μ∫
T

0
ϕ∫
𝕋N
∇u ∶ ∇φdxdt

+ ∫
T

0
ϕ∫
𝕋N
Φ(u) ⋅φdxdW

holds for all ϕ ∈ C∞c ([0,T)) and allφ ∈ C∞div(𝕋N ) ℙ-a.s.

Theorem 8.1.5. Let N = 2 and assume thatΦ satisfies (8.18). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a
given stochastic basis with a complete right-continuous filtration and an (𝔉t)-cylindrical
Wiener process W. Let u0 be an 𝔉0-measurable random variable such that u0 ∈
Lr(Ω;L2div(𝕋2)) for some r > 2. Then there exists a unique weak pathwise solution to
(8.16)–(8.17) in the sense of Definition 8.1.4 with the initial condition u0 .
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8.1.2 Main result

Due to the presence of the acoustic waves, the gradient part of the velocity converges
only weakly to zero. This problem already occurs at the deterministic level; cf. Lions–
Masmoudi [LM98]. Consequently, the limit in the stochastic forcing 𝔾(ϱ,ϱu)dW can
be performed only if 𝔾 is linear with respect to ϱu. Unfortunately, a non-linear de-
pendence on the velocity u cannot be handled by the present method. However, our
setting already covers the particular case of

𝔾(ϱ,ϱu)dW = ϱ𝔾1 dW 1 + ϱu𝔾2 dW2

with two independent cylindrical Wiener processesW 1 andW2 and suitable Hilbert–
Schmidt operators 𝔾1 and 𝔾2, which is the main example we have in mind; cf. Sec-
tion 3.2.2. This result can only be strengthened in the case of unbounded domains,
where powerful dispersive estimates are available.We refer toMensah [Men16], where
a variant of Theorem 8.1.6 is shown on the whole space ℝ3. In this case it is possible
to allow the noise to be non-linear in the momentum ϱu.

To give the precise definition of the diffusion coefficient 𝔾, consider ϱ ∈ Lγ(𝕋N ),
ϱ ≥ 0, and v ∈ L2(𝕋N ) such that √ϱv ∈ L2(𝕋N ). Denote q = ϱv and let 𝔾(ϱ,q) ∶ 𝔘→
L1(𝕋N ) be defined as follows:

𝔾(ϱ,q)ek =Gk(⋅,ϱ(⋅),q(⋅)) = hk(⋅,ϱ(⋅)) + αkq(⋅), (8.19)

where the coefficients αk ∈ℝ are constants and hk ∶𝕋N × [0,∞)→ℝ are C1-functions
that satisfy

∞

∑
k=1
|hk(x,0)|

2 = 0,
∞

∑
k=1
|∇ϱhk(x,ϱ)|

2 ≤ C,
∞

∑
k=1
|αk |2 <∞. (8.20)

Under these assumptions, the existence of a dissipative martingale solution of
(8.10)–(8.13) in the sense of Definition 8.0.1 was proved in Theorem 4.0.2.

Note that, due to our assumptions on the operator𝔾, the stochastic perturbation
that we obtain in the limit system (8.14)–(8.15) is an affine linear function of the veloc-
ity and takes the following form:

Φ(v)ek dWk =𝒫H𝔾(1,v)ek dWk = (𝒫Hhk(1) + αkv)dWk .

Besides, due to (8.20) we see that (8.18) holds. Hence Theorems 8.1.3 and 8.1.5 apply.
Our main incompressible limit results are the following.

Theorem 8.1.6. Let N = 2,3 and let𝔾 satisfy (8.19)–(8.20). LetΛ be a given Borel prob-
ability measure on L2div(𝕋N ). Let Λε be a Borel probability measure on L1(𝕋N ) × L1(𝕋N )
such that, for some constant M > 0 independent of ε, we have

Λε{(ϱ,q) ∈ L1(𝕋N ) × L1(𝕋N );
1
M
≤ ϱ ≤M, |ϱ − 1

ε
| ≤M} = 1

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



8.1 Incompressible limit | 279

and, for some r ≥ 4,

∫
L1x×L1x
‖ 1
2
|q|2

ϱ
‖
r

L1x
dΛε(ϱ,q) ≤ C,

while the marginal law of Λε corresponding to the second component converges to Λ
weakly in the sense of measures on L

2γ
γ+1 (𝕋N ). If ((Ωε ,𝔉ε , (𝔉ε

t )t≥0,ℙε),ϱε ,uε ,Wε) is a dis-
sipative martingale solution to (8.10)–(8.13) in the sense of Definition 8.0.1with [Ma] = ε
with the initial law Λε , ε ∈ (0, 1), then

ϱε→ 1 in law on L∞(0,T ;Lγ(𝕋N )),
uε→ u in law on (L2(0,T ;W 1,2(𝕋N )),w),

where u is a weakmartingale solution to (8.16)–(8.17) in the sense of Definition 8.1.2with
the initial law Λ.

In the two-dimensional case we are able to strengthen the result of Theorem 8.1.6
using the uniqueness of the limit system; cf. Theorem 8.1.5. To be precise, we obtain
convergence in probability instead of convergence in law. In order to obtain a pathwise
solution with given initial datum u0, we assume the latter one to be deterministic.
Consequently, it is possible to start the evolution of the compressible system close
to u0.

Theorem 8.1.7. Let N = 2, let 𝔾 satisfy (8.19)–(8.20), and let u0 ∈ L2div(𝕋2) be a deter-
ministic initial condition. Let Λε be a Borel probability measure on L1(𝕋2) × L1(𝕋2) such
that, for some constant M > 0 independent of ε, we have

Λε{(ϱ,q) ∈ L1(𝕋2) × L1(𝕋2);
1
M
≤ ϱ ≤M, |ϱ − 1

ε
| ≤M, |q − u0

ε
| ≤M} = 1.

If ((Ωε ,𝔉ε , (𝔉ε
t )t≥0,ℙε),ϱε ,uε ,Wε) is a dissipative martingale solution to (8.10)–(8.13) in

the sense of Definition 8.0.1 with [Ma] = ε with the initial law Λε , ε ∈ (0, 1), then

ϱε→ 1 in L∞(0,T ;Lγ(𝕋2)) in probability,
uε→ u in (L2(0,T ;W 1,2(𝕋2)),w) in probability,

where u is the unique weak pathwise solution to (8.16)–(8.17) in the sense of Defini-
tion 8.1.4 with the initial condition u0 .

Remark 8.1.8. It turns out that the present problem does not require the full gener-
ality of the energy inequality (8.8), that is, its differential form. It suffices to consider
an integrated version of (8.8), namely,

𝔼[ sup
t∈[0,T]
(∫
𝕋3
[ 1
2
|ϱu(t)|2

ϱ(t)
+ 1
ε2

ϱγ(t) − 1 − γ(ϱ(t) − 1)
(γ − 1)

]dx)
r
]
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+𝔼[(∫
T

0
∫
𝕋3
𝕊(∇u) ∶ ∇udxdt)

r

] ≤ c(r,T),

uniformly in ε; cf. Proposition 8.1.9.

8.1.3 Convergence in law – the proof of Theorem 8.1.6

This section is devoted to the study of the limit ε→ 0 in the system (8.10)–(8.13) and
the proof of Theorem 8.1.6. To this end, we recall that it was proved in Chapter 4 that,
for every ε ∈ (0, 1), there exists

((Ωε ,𝔉ε , (𝔉ε
t )t≥0,ℙ

ε),ϱε ,uε ,Wε),

which is a dissipative martingale solution to (8.10)–(8.13) in the sense of Defini-
tion 8.0.1. As already mentioned several times in the limit procedure in Chapter 4, it
suffices to consider only one probability space, namely,

(Ωε ,𝔉ε ,ℙε) = ([0, 1],𝔅([0, 1]),𝔏) ∀ε ∈ (0, 1),

where 𝔏 denotes the Lebesguemeasure on [0, 1]. Moreover, we assumewithout loss of
generality that there exists one commonWiener processW for all ε.

8.1.3.1 Uniform bounds
We start with an a priori estimate which follows from the energy inequality (8.8). It
is obtained from (8.8) by integrating and estimating the stochastic integral as well as
the correction term by means of the Burkholder–Davis–Gundy inequality, (8.20), and
Gronwall’s lemma, similarly to the energy bounds in Chapter 4. It is important to note
that the constant on the right hand side depends on T and the constants in (8.20) but
is independent of ε.

Proposition 8.1.9. Let r ≥ 2. Then the following estimate holds true uniformly in ε ∈
(0, 1):

𝔼[ sup
t∈[0,T]
|∫
𝕋N
[
1
2
|ϱεuε(t)|2

ϱε(t)
+ 1
ε2

ϱγε(t) − 1 − γ(ϱε(t) − 1)
(γ − 1)

]dx|
r
]

+𝔼[|∫
T

0
∫
𝕋N
𝕊(∇uε) ∶ ∇uε dxdt|

r

] ≲ c(r), (8.21)

where c(r) is given by

c(r) ≈ 1 +𝔼[|∫
𝕋N
[ 1
2
|(ϱεuε)(0)|2

ϱε(0)
+ 1
ε2

ϱγε(0) − 1 − γ(ϱε(0) − 1)
(γ − 1)

]dx|
r
] (8.22)

and is independent of ε.
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Proof. First of all, we observe that the pressure potential P(ϱε) in (8.8) can be per-
turbed by a linear function. In particular, one can replace P(ϱε) by

Pϱ(ϱε) =
1
(γ − 1)
(ϱγε − γϱγ−1(ϱε − ϱ) − ϱγ), (8.23)

for any constant ϱ > 0, and (8.8) remains valid. This is a consequence of the mass
conservation

∫
𝕋N

ϱε(t)dx = ∫
𝕋N

ϱε(0)dx, t ∈ [0,T], (8.24)

which holds due to (8.10). So, we have

− ∫
T

0
𝜕tϕ∫
𝕋N
[ 1
2
ϱε|uε|2 +

1
ε2
Pϱ(ϱε)]dxdt + ∫

T

0
ϕ∫
𝕋N
𝕊(∇uε) ∶ ∇uε dxdt

≤ ϕ(0)∫
𝕋N
[ 1
2
ϱε(0)|uε(0)|2 +

1
ε2
Pϱ(ϱε(0))]dx

+ 1
2

∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

ϱ−1ε |Gk(ϱε ,ϱεuε)|
2 dxdt

+
∞

∑
k=1
∫
T

0
ϕ∫
𝕋N

Gk(ϱε ,ϱεuε) ⋅ uε dxdWk ,

for all ε > 0. Now we choose ϕ such that it approximates 1[0,t] and gain

1
2
∫
𝕋N

ϱε|uε|2 dx + ∫
t

0
∫
𝕋N
𝕊(∇uε) ∶ ∇uε dxds +

1
ε2
∫
𝕋N

Pϱ(ϱε)dx

≤ 1
2
∫
𝕋N

|(ϱεuε)(0)|2

ϱε(0)
dx + 1

ε2
∫
𝕋N

Pϱ(ϱε(0))dx

+ ∫
t

0
∫
𝕋N

ϱ−1ε |Gk(ϱε ,ϱεuε)|
2 dxdt +

∞

∑
k=1
∫
t

0
ϕ∫
𝕋N

Gk(ϱε ,ϱεuε) ⋅ udxdWk

=∶ 1
2
∫
𝕋N

|(ϱεuε)(0)|2

ϱε(0)
dx + 1

ε2
∫
𝕋N

Pϱ(ϱε(0))dx + T1(t) + T2(t).

Using (8.20) and (8.24) we have

T2(t) ≤
1
2

∞

∑
k=1
∫
t

0
∫
𝕋N

ϱ−1ε |Gk(ϱε ,ϱεuε)|
2 dxdt ≲ ∫

t

0
∫
𝕋N
(ϱε|uε|2 + ϱ

γ
ε + 1)dxdt

≲ ∫
t

0
∫
𝕋N
(ϱε|uε|2 +

1
ε2
Pϱ(ϱε) + 1)dxdt. (8.25)

We apply the rth power on both sides and then take the expectation. As a consequence
of the Burkholder–Davis–Gundy inequality, (8.20), and (8.24), we gain

𝔼[ sup
t∈[0,T]
|T2(t)|]

r
= 𝔼[ sup

t∈[0,T]
|∫

t

0
∫
𝕋N

uε ⋅𝔾(ϱε ,ϱεuε)dxdW|]
r
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= 𝔼[ sup
t∈[0,T]
|∫

t

0

∞

∑
k=1
∫
𝕋N

uε ⋅Gk(ϱε ,ϱεuε)dxdβk|]
r

≲ 𝔼[∫
T

0

∞

∑
k=1
(∫
𝕋N

uε ⋅Gk(ϱε ,ϱεuε)dx)
2
dt]

r
2

≲ 𝔼[∫
T

0

∞

∑
k=1
(∫
𝕋N

ϱε|uε|2 dx)(∫
𝕋N

ϱ−1ε |Gk(ϱε ,ϱεuε)|
2 dx)dt]

r
2

.

By Young’s inequality and a computation similar to (8.25), we gain, for every δ > 0,

𝔼[ sup
t∈[0,T]
|T2(t)|]

r
≤ δ𝔼[ sup

t∈[0,T]
∫
𝕋N

ϱε|uε|2 dx]
r

+ c(δ)𝔼[∫
T

0
∫
𝕋N
(ϱε|uε|2 +

1
ε2
Pϱ(ϱε) + 1)dxdt]

r

.

Finally, taking δ small enough and applying Gronwall’s lemma, we obtain

𝔼[| sup
t∈[0,T]
∫
𝕋N
[ 1
2
|ϱεuε(t)|2

ϱε(t)
+ 1
ε2

ϱγε(t) − 1 − γ(ϱε(t) − 1)
(γ − 1)

]dx|
r
]

+𝔼[|∫
T

0
∫
𝕋N
𝕊(∇uε) ∶ ∇uε dxdt|

r

]

≲ 1 +𝔼[|∫
𝕋N
[ 1
2
|(ϱεuε)(0)|2

ϱε(0)
+ 1
ε2

ϱγε(0) − 1 − γ(ϱε(0) − 1)
(γ − 1)

]dx|
r
],

choosing ϱ = 1 in (8.23). In addition, due to the Taylor theorem and our assumptions
upon Λε =ℒ[ϱε(0),ϱεuε(0)], we have

ϱγε(0) − 1 − γ(ϱε(0) − 1) ≤ Cε2 ℙ-a.s.

Hence (8.21) follows independently of ε.

We obtain the following corollary.

Corollary 8.1.10. We have the following uniform bounds:

𝔼[‖∇uε‖2rL2tL2x ] ≲ c(r), (8.26)

𝔼[| sup
t∈[0,T]
‖ϱε|uε|2‖L1x |

r
] ≲ c(r), (8.27)

where c(r) is given by (8.22).

Proof. The estimates (8.26) and (8.27) follow immediately from Proposition 8.1.9.
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Let us now introduce the following essential and residual components of a func-
tion h:

h = hess + hres,
hess = χ(ϱε)h, χ ∈ C∞c (0,∞), 0 ≤ χ ≤ 1, χ = 1 on an open interval containing 1,
hres = (1 − χ(ϱε))h.

The decomposition captures the different behavior of the pressure potential P1(ϱ) ∶=
ϱγ − 1−γ(ϱ− 1) in different subregions of [0,∞). This will be described in the following
lemma.

Lemma 8.1.11. There exist constants C1, C2, C3, C4 > 0 such that:
(i) C1|ϱ − 1|2 ≤ P1(ϱ) ≤ C2|ϱ − 1|2 if ϱ ∈ supp χ;
(ii) P1(ϱ) ≥ C4 if ϱ ∉ supp χ;
(iii) P1(ϱ) ≥ C3ϱγ if ϱ ∉ supp χ.

Proof. The first statement follows immediately from the Taylor theorem. The second
one is a consequence of the fact that P1 is strictly convex and attains its minimum
at ϱ = 1. If ϱ ∉ supp χ and ϱ ∈ [0, 1), then the third statement is a consequence of the
second one. Finally, we observe that the function P1(ϱ)

ϱγ is increasing for large ϱ ∈ [1,∞)
and its value at ϱ = 1 is zero. This implies the remaining part of (iii) and the proof is
complete.

Accordingly, using Lemma 8.1.11 and the energy estimate (8.21), we obtain the fol-
lowing uniform bounds:

𝔼[| sup
t∈[0,T]
‖[ϱε − 1

ε
]
ess
‖
2

L2x
|
r
] ≲ c(r),

𝔼[| sup
t∈[0,T]
‖[

ϱε − 1
ε
]
res
‖
γ

Lγx
|
r
] ≲ c(r),

where c(r) is given by (8.22). Therefore, setting φε ∶=
1
ε (ϱε − 1), we deduce that uni-

formly in ε

𝔼[| sup
t∈[0,T]
‖φε‖

min(γ,2)
Lmin(γ,2)
x
|
r
] ≲ c(r). (8.28)

As the next step, we want to show

lim
ε→0
𝔼[| sup

t∈[0,T]
‖ϱε − 1‖

γ
Lγx |

r
] = 0, (8.29)

which in particular leads to

𝔼[| sup
t∈[0,T]
‖ϱε‖

γ
Lγx |

r
] ≤ c. (8.30)
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Let us now verify (8.29). For all δ > 0, there exists Cδ > 0 such that

ϱγ − 1 − γ(ϱ − 1) ≥ Cδ|ϱ − 1|γ ,

if |ϱ − 1| ≥ δ and ϱ ≥ 0. By (8.21), we obtain

𝔼[| sup
t∈[0,T]
∫
𝕋N
|ϱε − 1|γ dx|

r
] = 𝔼[| sup

t∈[0,T]
∫
𝕋N

1{|ϱε−1|≥δ}|ϱε − 1|
γ dx|

r
]

+𝔼[| sup
t∈[0,T]
∫
𝕋N

1{|ϱε−1|<δ}|ϱε − 1|
γ dx|

r
]

≤ Cδ 𝔼[| sup
t∈[0,T]
∫
𝕋N
(ϱγε − 1 − γ(ϱε − 1))dx|

r
] + δγp

≤ Cδε2p + δγp.

Letting first ε→ 0 and then δ→ 0 yields the claimed estimate (8.30).
Combining (8.27) and (8.30), respectively, we deduce the uniform bound

𝔼[| sup
t∈[0,T]
‖ϱεuε‖

2γ
γ+1

L
2γ
γ+1
x

|
r
] ≲ c(r). (8.31)

Moreover, the estimate (8.30) finally allows to show that, for r ≥ 2, we have

𝔼[‖uε‖2rL2tL2x ] ≲ c2(r), (8.32)

with c2(r) given by

c2(r) ≈ 1 +𝔼[|∫
𝕋N
[ 1
2
|(ϱεuε)(0)|2

ϱε(0)
+ 1
ε2

ϱγε(0) − 1 − γ(ϱε(0) − 1)
(γ − 1)

]dx|
2r
]. (8.33)

To show (8.32) we argue as in (4.88) and obtain

‖ϱε(0)‖
2
L1x
∫
τ

0
|(uε)𝕋N |

2 dt ≲ sup
t∈[0,τ]
‖ϱε‖2Lγx ∫

τ

0
‖∇uε‖2L2x dt

+ τ sup
t∈[0,τ]
(‖ϱε‖2L1x + ‖ϱε|uε|

2‖2L1x ). (8.34)

On account of (8.26), (8.27), (8.30), themass conservation (8.24), and the assumptions
on the initial law, we obtain the desired estimate (8.32).

8.1.3.2 Acoustic equation
In order to proceed we need the Helmholtz projection𝒫H , which projects L2(𝕋N ) onto
divergence-free vector fields from

L2div(𝕋N ) ∶= C∞div(𝕋N )
‖⋅‖2 .

 EBSCOhost - printed on 2/10/2023 3:38 PM via . All use subject to https://www.ebsco.com/terms-of-use



8.1 Incompressible limit | 285

Moreover, we set 𝒬 = Id − 𝒫H . Recall that both 𝒫H and 𝒬 are continuous on all
W l,q(𝕋N )-spaces, l ∈ℤ, q ∈ (1,∞); cf. Remark A.1.5.

Let us now project (8.11) onto the space of gradient vector fields. Using the fact
that 𝒬∇f = ∇f , system (8.10)–(8.11) rewrites

εdφε + div𝒬(ϱεuε)dt = 0, (8.35)
εd𝒬(ϱεuε) + γ∇φε dt = εFε dt + ε𝒬𝔾(ϱε ,ϱεuε)dW , (8.36)

where

Fε = νΔ𝒬uε + (λ + ν)∇divuε −𝒬[div(ϱεuε ⊗ uε)] −
1
ε2
∇[ϱγε − 1 − γ(ϱε − 1)].

The system (8.35)–(8.36) may be viewed as a stochastic version of Lighthill’s acous-
tic analogy [Lig52, Lig54] associated to the compressible Navier–Stokes system. Note
that Proposition 8.1.9 (see also Corollary 8.1.10) yields, for l > N

2 + 1, using Sobolev’s
embedding,

𝔼[|∫
T

0
‖Fε‖W−l,2x

dt|
r

] ≲ c(r), (8.37)

with c(r) given by (8.22) uniformly in ε.

8.1.3.3 Compactness
Let us define the path space 𝒳 =𝒳ϱ ×𝒳u ×𝒳ϱu ×𝒳W , where

𝒳ϱ = Cw([0,T];Lγ(𝕋N )),

𝒳u = (L2(0,T ;W 1,2(𝕋N )),w),

𝒳ϱu = Cw([0,T];L
2γ
γ+1 (𝕋N )) ∩ C([0,T];W−k,2(𝕋N )), k > 5

2
,

𝒳W = C([0,T];𝔘0).

To proceed, we have to show tightness of the set

{ℒ[ϱε ,uε ,𝒫H (ϱεuε),W]; ε ∈ (0, 1)}.

This will be done by the stochastic compactness method, similarly to Chapter 4 (see,
in particular, Sections 4.4.3.1 and 4.5.3). We start with tightness of the law of uε .

Proposition 8.1.12. The set {ℒ[uε]; ε ∈ (0, 1)} is tight on 𝒳u .

Proof. This is a consequence of (8.32). Indeed, for any R > 0, the set

BR = {u ∈ L2(0,T ;W 1,2(𝕋N )); ‖u‖L2tW 1,2
x
≤ R}
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is relatively compact in 𝒳u and

μuε (B
c
R) = ℙ(‖uε‖L2tW 1,2

x
≥ R) ≤ 1

R
𝔼‖uε‖L2tW 1,2

x
≤ C
R
,

which yields the claim.

Proposition 8.1.13. The set {ℒ[ϱε]; ε ∈ (0, 1)} is tight on 𝒳ϱ .

Proof. Due to (8.31), {div(ϱεuε)} can be controlled in W−1,
2γ
γ+1 (𝕋N ). In particular, we

have

𝔼[| sup
t∈[0,T]
‖div(ϱεuε)‖

2γ
γ+1

W
−1, 2γγ+1
x

|
r
] ≲ c(r).

Therefore the continuity equation (8.11) and (8.30) yield the following uniformbound:

𝔼[|‖ϱε‖
2γ
γ+1

C0,1t W
−1, 2γγ+1
x

|r] ≲ c(r).

Now, the required tightness follows by a similar reasoning as in Proposition 8.1.12,
together with (8.30) and the compact embedding (see Theorem 1.8.5)

L∞(0,T ;Lγ(𝕋N )) ∩ C0,1([0,T];W−1,
2γ
γ+1 (𝕋N ))

c
↪ Cw([0,T];Lγ(𝕋N )).

Proposition 8.1.14. The set {ℒ[𝒫H (ϱεuε)]; ε ∈ (0, 1)} is tight on 𝒳ϱu .

Proof. We decompose 𝒫H (ϱεuε) into two parts, namely, 𝒫H (ϱεuε)(t) = Yε(t) + Zε(t),
where

Yε(t) =𝒫Hqε(0) − ∫
t

0
𝒫H [div(ϱεuε ⊗ uε) − μΔuε]ds,

Zε(t) = ∫
t

0
𝒫H𝔾(ϱε ,ϱεuε)dW(s).

Hölder continuity of (Yε). We show that there exists l ∈ ℕ such that, for all κ ∈
(0, 1/2), we have

𝔼‖Yε‖Cκt W−l,2x
≤ C. (8.38)

Choose l such that L1(𝕋N ) ↪W−l+1,2(𝕋N ). The a priori estimates from Corollary 8.1.10
and the continuity of 𝒫H (cf. Remark A.1.5) yield

𝔼‖Yε(t) − Yε(s)‖θW−l,2x
= 𝔼‖∫

t

s
𝒫H [div(ϱεuε ⊗ uε) + μΔuε]ds‖

θ

W−l,2x

≤ C𝔼‖∫
t

s
div(ϱεuε ⊗ uε)ds‖

θ

W−l,2x

+ C𝔼‖∫
t

s
Δuε ds‖

θ

W−l,2x

≤ C𝔼‖∫
t

s
ϱεuε ⊗ uε ds‖

θ

L1x

+ C𝔼‖∫
t

s
∇uε ds‖

θ

L1x

≤ C|t − s|θ/2
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and (8.38) follows by the Kolmogorov continuity criterion, Theorem 2.3.11.
Hölder continuity of (Zε). Next, we also show

𝔼‖Zε‖Cκt W−l,2x
≤ C,

where l ∈ ℕ was given by the previous step and κ ∈ (0, 1/2). From the embedding
L1(𝕋N ) ↪W−l,2(𝕋N ), (8.20), the a priori estimates, and the continuity of 𝒫H , we get

𝔼‖Zε(t)−Zε(s)‖θW−l,2x
= 𝔼‖∫

t

s
𝒫H𝔾(ϱε ,ϱεuε)dW‖

θ

W−l,2x

≤ C𝔼‖∫
t

s
𝔾(ϱε ,ϱεuε)dW‖

θ

W−l,2x

≤ C𝔼(∫
t

s

∞

∑
k=1
‖Gk(ϱε ,ϱεuε)‖

2
W−l,2x

dr)
θ
2

≤ C𝔼(∫
t

s

∞

∑
k=1
‖Gk(ϱε ,ϱεuε)‖

2
L1x
dr)

θ
2

≤ C𝔼(∫
t

s
∫
𝕋N
(ϱε + ϱε|uε|2)dxdr)

θ
2

≤ C|t − s|
θ
2 (1 +𝔼 sup

0t∈[0,T]
‖√ϱεuε‖

θ
L2 +𝔼 sup

t∈[0,T]
‖ϱε‖

θγ/2
Lγ ) ≤ C|t − s|

θ
2

and the Kolmogorov continuity criterion, Theorem 2.3.11, applies.
Conclusion. Collecting the above results, we obtain

𝔼‖𝒫H (ϱεuε)‖Cκt W−l,2x
≤ C,

for some l ∈ℕ and all κ ∈ (0, 1/2). This implies the desired tightness by making use of
(8.31) and the continuity of 𝒫H , together with the following compact embedding (see
Theorem 1.8.5):

L∞(0,T ;L
2γ
γ+1 (𝕋N )) ∩ Cκ([0,T];W−l,2(𝕋N ))

c
↪ Cw([0,T];L

2γ
γ+1 (𝕋N )).

Tightness of μW is obvious; cf. Corollary 4.3.9. We conclude with the following
Corollary.

Corollary 8.1.15. The set

{ℒ[ϱε ,uε ,𝒫H (ϱεuε),W]; ε ∈ (0, 1)}

is tight on 𝒳.

The path space𝒳 is not a Polish space, so our compactness argument is based on
the Jakubowski–Skorokhod representation theorem, Theorem 2.7.1. To be more pre-
cise, we infer the following result.
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Proposition 8.1.16. There exists a complete probability space (Ω̃, �̃�, ℙ̃)with𝒳-valued
Borelmeasurable random variables [ϱ̃ε , ũε , q̃ε , W̃ ε], ε ∈ (0, 1), as well as [ϱ̃, ũ, q̃, W̃ ] such
that (up to a subsequence):
(1) for all ε ∈ (0, 1),ℒ[ϱ̃ε , ũε , q̃ε , W̃ ε] andℒ[ϱε ,uε ,𝒫H (ϱεuε),W] coincide on𝒳, in par-

ticular,

q̃ε =𝒫H (ϱ̃εũε),

ℙ̃-a.s.;
(2) the law of [ϱ̃, ũ, q̃, W̃ ] on 𝒳 is a Radon measure;
(3) [ϱ̃ε , ũε ,𝒫H (ϱ̃εũε), W̃ ε] converges in the topology of 𝒳 ℙ̃-a.s. to [ϱ̃, ũ, q̃, W̃ ], i.e.,

ϱ̃ε→ ϱ̃ in Cw([0,T];Lγ(𝕋N )),

q̃ε→ q̃ in Cw([0,T];L
2γ
γ+1 (𝕋N )),

ũε⇀ ũ in L2(0,T ;W 1,2(𝕋N )),

W̃ε→ W̃ in C([0,T];𝔘0),

(8.39)

as ε→ 0 ℙ̃-a.s.

Similarly to Section 4.3.2 and the subsequent sections within the course of the
construction of a dissipative martingale solution in Chapter 4, we observe that it is
convenient to work with random distributions as introduced in Section 2.2. This can
be seen from the above compactness result as the limit velocity ũ is not a stochastic
process in the classical sense; cf. Definition 2.1.11. In view of Section 2.3, the stochas-
tic integration theory relies on progressive measurability of the corresponding inte-
grands. Recall that, for random distributions that are adapted in the sense of Defini-
tion 2.2.13 and satisfy a suitable integrability assumption, Lemma 2.2.18 guarantees
the existence of a progressively measurable stochastic process belonging to the same
class of equivalence.

As a consequence, it was discussed in Remark 2.3.7 that the minimal assump-
tion on integrands, under which the stochastic integral is well-defined, is the non-
anticipativity of the corresponding joint canonical filtrationwith respect to the driving
Wiener process. In particular, we define

�̃�t ∶= σ(σt[ϱ̃] ∪ σt[ũ] ∪
∞

⋃
k=1

σt[W̃k]), t ∈ [0,T],

and need to check that �̃�t is independent of σ(W̃ (s) − W̃ (t)) for all s > t.
To this end, we first recall Theorem 2.9.1 and deduce that, for every ε ∈ (0, 1), W̃ ε =

∑∞k=1 ekW̃ ε,k is a cylindrical Wiener process with respect to

σ(σt[ϱ̃ε] ∪ σt[ũε] ∪
∞

⋃
k=1

σt[W̃ ε,k]), t ∈ [0,T].
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In other words, this filtration is non-anticipative with respect to W̃ ε . Lemma 2.9.3, to-
gether with Proposition 8.1.16, then allows one to pass to the limit as ε→ 0 and the
non-anticipativity of (�̃�t)t≥0 with respect to W̃ follows. Finally, due to Lemma 2.1.35
and Corollary 2.1.36, the process W̃ is a cylindrical Wiener processes with respect to
(�̃�t)t≥0.

8.1.3.4 Identification of the limit
The aimof this section is to identify the limit processes given byProposition 8.1.16with
a weak martingale solution to (8.14)–(8.15). Namely, we prove the following result,
which in turn verifies Theorem 8.1.6.

Theorem 8.1.17. The multiplet

((Ω̃, �̃�, (�̃�t)t≥0, ℙ̃), ũ, W̃)

is a weak martingale solution to (8.16)–(8.17) in the sense of Definition 8.1.2 with the
initial law Λ.

The proof proceeds in several steps. First of all, we show that, also on the new
probability space (Ω̃, �̃�, ℙ̃), the approximations ϱ̃ε, ũε solve the corresponding com-
pressible Navier–Stokes system (8.10)–(8.13). As a consequence of the equality of laws
from Proposition 8.1.16 as well as Theorem 2.9.1 we obtain the following.

Proposition 8.1.18. Let ε ∈ (0, 1). The multiplet

((Ω̃, �̃�, (�̃�ε
t )t≥0, ℙ̃), ϱ̃ε , ũε , W̃ ε)

is a dissipative martingale solution to (8.10)–(8.13) in the sense of Definition 8.0.1 with
[Ma] = ε and the initial law Λε .

Consequently, we recover the result of Proposition 8.1.9 together with all the uni-
form estimates of the previous subsection. In particular, we find (for a subsequence)

ϱ̃ε→ 1 in L∞(0,T ;Lγ(𝕋N )) ℙ̃-a.s. (8.40)

Due to Corollary 8.1.10 we have the following bounds on the new probability space.

Corollary 8.1.19. We have the following bounds uniform in ε, for all l > N
2 :

𝔼[| sup
t∈[0,T]
‖ϱ̃ε|ũε|2‖L1x |

r
] ≲ c(r),

𝔼[| sup
t∈[0,T]
‖φ̃ε‖

min(γ,2)
Lmin(γ,2)
x
|
r
] ≲ c(r),
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𝔼[|∫
T

0
‖F̃ε‖W−l,2x

dt|
r

] ≲ c(r),

where φ̃ε =
ϱ̃ε−1
ε and

F̃ε = νΔ𝒬uε + (λ + ν)∇div ũε −𝒬[div(ϱ̃εũε ⊗ ũε)]−
1
ε2
∇[ϱ̃γε − 1 − γ(ϱ̃ε − 1)].

A further consequence of Proposition 8.1.16 is that we can show strong conver-
gence of 𝒫H ũε .

Proposition 8.1.20. We have the following convergence ℙ̃-a.s.:

𝒫H ũε→ ũ in L2(0,T ;Lq(𝕋N )) ∀q < 2N
N − 2
. (8.41)

Proof. Since the joint laws of (ϱε ,uε ,𝒫H (ϱεuε)) and (ϱ̃ε , ũε , q̃ε) coincide, we deduce
that q̃ε = 𝒫H (ϱ̃εũε) ℙ̃-a.s. and consequently it follows from the proof of Proposi-
tion 8.1.14 that

�̃�‖𝒫H (ϱ̃εũε)‖Cκt W−l,2x
≤ C, (8.42)

for all κ ∈ (0, 12 ) and some l ∈ℕ.
Besides, it follows from (8.40) and the convergence of ũε to ũ that

ϱ̃εũε⇀ ũ in L2(0,T ;L
2γ
γ+1 (𝕋N )) ℙ̃-a.s. (8.43)

If we pass to the limit in the continuity equation, we see that div ũ = 0, which in turn
identifies q̃ with ũ. Indeed, using continuity of 𝒫H (cf. Theorem A.1.4), we obtain

𝒫H (ϱ̃εũε) ⇀ ũ in L2(0,T ;L
2γ
γ+1 (𝕋N )) ℙ̃-a.s.

Thus, with Proposition 8.1.16 and the compact embedding L
2γ
γ+1 (𝕋N )

c
↪W−1,2(𝕋N ),

𝒫H (ϱ̃εũε) → ũ in L2(0,T ;W−1,2(𝕋N )) ℙ̃-a.s. (8.44)

Since

div ũε⇀ 0 in L2(0,T ;L2(𝕋N )) ℙ̃-a.s., (8.45)

we also have

𝒫H ũε⇀ ũ in L2(0,T ;W 1,2(𝕋N )) ℙ̃-a.s. (8.46)

Note that (8.45) is a consequence of div ũ = 0 and the ℙ̃-a.s. convergence ũε ⇀ ũ in
L2(0,T ;W 1,2(𝕋N )); cf. Proposition 8.1.16. Combining (8.44) with (8.46), we conclude
that

𝒫H (ϱ̃εũε) ⋅𝒫H ũε⇀ |ũ|2 in L1((0,T) ×𝕋N ) ℙ̃-a.s.
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Proposition 8.1.16 yields ℙ̃-a.s.

|∫
Q
(|𝒫H ũε|2 −𝒫H (ϱ̃εũε) ⋅𝒫H ũε)dxdt| ≤ ‖ϱ̃ε − 1‖L∞t Lγx ‖ũε‖

2
L2tLsx
→ 0,

where s = 2γ
γ−1 <

2N
N−2 . This implies ‖𝒫H ũε‖L2x → ‖ũ‖L2x and hence

𝒫H ũε→ ũ in L2(0,T ;L2(𝕋N )) ℙ̃-a.s.

Combining this with weak convergence in L2(0,T ;W 1,2(𝕋N )) (recall Proposition 8.1.16)
yields the claim.

In the following we aim to identify the limit in the gradient part of the convective
term. To this end, we adopt the deterministic approach proposed by Lions–Masmoudi
[LM99].

Proposition 8.1.21. For l > N
2 , we have

div(ϱ̃εũε ⊗ ũε) ⇀ div(ũ ⊗ ũ) in L1(0,T ;W−l,2div (𝕋
N )) ℙ̃-a.s.

Proof. Following Lions and Masmoudi [LM99], we decompose

ϱ̃εũε = ũ +𝒫H (ϱ̃εũε − ũ) +𝒬(ϱ̃εũε − ũ),
ũε = ũ +𝒫H (ũε − ũ) +𝒬(ũε − ũ).

The claim follows once we have shown that the following convergences hold true
weakly in L1(0,T ;W−l,2div (𝕋

N )) ℙ̃-a.s.:

div(ũ ⊗𝒫H (ũε − ũ)) ⇀ 0, (8.47)
div(ũ ⊗𝒬(ũε − ũ)) ⇀ 0, (8.48)
div(𝒫H (ϱ̃εũε − ũ) ⊗ ũ) ⇀ 0, (8.49)
div(𝒬(ϱ̃εũε − ũ) ⊗ ũ) ⇀ 0, (8.50)
div(PH (ϱ̃εũε − ũ) ⊗𝒫H (ũε − ũ)) ⇀ 0, (8.51)
div(PH (ϱ̃εũε − ũ) ⊗𝒬(ũε − ũ)) ⇀ 0, (8.52)
div(𝒬(ϱ̃εũε − ũ) ⊗𝒫H (ũε − ũ)) ⇀ 0, (8.53)
div(𝒬(ϱ̃εũε − ũ) ⊗𝒬(ũε − ũ)) ⇀ 0. (8.54)

The first four convergences follow from Proposition 8.1.16, (8.43), and the continuity
of 𝒫H and 𝒬, respectively; cf. Theorem A.1.4. The convergences (8.51)–(8.53) are con-
sequences of (8.40) and (8.41). In fact, the only critical part is (8.54). First, we need
some improved space regularity. Similarly to Lions and Masmoudi [LM99], we use
mollification by means of spatial convolution with a family of regularizing kernels
with a parameter 0 < κ≪ 1. As a matter of fact, thanks to the special geometry of the
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flat torus 𝕋N , the mollified functions can be taken as projections to a finite number
(which is the smallest natural number greater than 1

κ ) of modes of the trigonometric
basis (em)m∈ℤN , defined in Section 1.7. Note that this is a different regularization than
the mollification from Section 1.7.3. The regularization by projections is more conve-
nient for our purposes here since it commutes with all spatial derivatives as well as
with the projections 𝒫H and 𝒬. For δ > 0 arbitrary, we take κ = κ(δ) so small that

�̃�‖(ϱ̃εũε)
κ − ϱ̃κε ũ

κ
ε‖

L2tL
2γ
γ+1
x

+ �̃�‖(ϱ̃εũε)
κ − ϱ̃εũε‖

L2tL
2γ
γ+1
x

≤ δ, (8.55)

�̃�‖(ϱ̃εũε)
κ − ũκε‖

L2tL
2γ
γ+1
x

+ �̃�‖ũκε − ũε‖
L2tL

2N
N−2x
+ �̃�‖ũκ − ũ‖

L2tL
2N
N−2x
≤ δ, (8.56)

uniformly in ε. We note that the norm �̃�‖ũκε − ũε‖
L2tL

2N
N−2x

can be made uniformly small

as a consequence of the gradient estimate (8.26). As the mollification commutes with
div and 𝒬, it suffices to show that ℙ̃-a.s.

div(𝒬(ϱ̃κε ũ
κ
ε − ũκ) ⊗𝒬(ũκε − ũκ)) ⇀ 0, (8.57)

for fixed κ instead of (8.54). In fact, expectation of the L1(0,T ;W−l,2div (𝕋
N ))-norm of the

difference of (8.57) and (8.54) can be estimated in terms of δ using (8.55) and (8.56).
To prove (8.57), we write

𝒬(ũκε − ũκ) =𝒬(ϱ̃κε ũ
κ
ε − ũκ) +𝒬((1 − ϱ̃κε )ũ

κ
ε ).

By (8.40), the continuity of 𝒬, and the boundedness of ũκε , we know

𝒬((1 − ϱ̃κε )ũ
κ
ε ) → 0 in L2((0,T) ×𝕋N ) ℙ̃-a.s.

So (8.57) follows from

div(Q(ϱ̃κε ũ
κ
ε − ũκ) ⊗𝒬(ϱ̃κε ũ

κ
ε − ũκ)) ⇀ 0 in L1(0,T ;W−l,2div (𝕋

N )). (8.58)

As div(𝒬ũκ ⊗𝒬ũκ) = 1
2∇|𝒬ũκ |2, the convergence (8.58) is a consequence of

div(𝒬(ϱ̃εũε)
κ ⊗𝒬(ϱ̃εũε)

κ) ⇀ 0 in L1(0,T ;W−l,2div (𝕋
N )), (8.59)

thanks to (8.43) and (8.55). In order to show (8.59), we need to introduce the function
Ψ̃ε = Δ−1 div(ϱ̃εũε), which satisfies ∇Ψ̃ε =𝒬(ϱ̃εũε). We have the system of equations

d(εφ̃ε) = −∇Ψ̃ε dt, d∇Ψ̃ε = −
γ
ε
∇φ̃ε dt + F̃ε dt +𝒬𝔾(ϱ̃ε , ϱ̃εũε)dW̃ε ,

where the right hand side only belongs toW−l,2(𝕋N ). We apply mollification and gain
Ψ̃κε = Δ−1 div(ϱ̃εũε)

κ and ∇Ψ̃κε =𝒬(ϱ̃εũε)
κ . The system of equations for φ̃κ

ε and Ψ̃
κ
ε reads

d(εφ̃κ
ε ) = −ΔΨ̃

κ
ε dt, d∇Ψ̃κε = −

γ
ε
∇φ̃κ

ε dt + F̃
κ
ε dt +𝒬𝔾(ϱ̃ε , ϱ̃εũε)

κ dW̃ε . (8.60)
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We note that, for the special choice where the mollification is taken as the projection
onto a finite number of Fourier modes, the system (8.60) reduces to a finite number of
equations. Now, we apply Itô’s formula to the function

f (εφ̃κ
ε , ∇Ψ̃

κ
ε ) = ∫
𝕋N

εφ̃κ
ε∇Ψ̃

κ
ε ⋅φdx,

withφ ∈ C∞div(𝕋N ) arbitrary, and gain

∫
𝕋N

εφ̃κ
ε (t)∇Ψ̃

κ
ε (t) ⋅φdx

= −∫
t

0
∫
𝕋N
ΔΨ̃κε∇Ψ̃

κ
ε ⋅φdxds − γ∫

t

0
∫
𝕋N

φ̃κ
ε∇φ̃

κ
ε ⋅φdxds

+ ε∫
t

0
∫
𝕋N

φ̃κ
ε F̃

κ
ε ⋅φdxds + ε∫

𝕋N
∫
t

0
φ̃κ
εφ ⋅𝒬𝔾(ϱ̃ε , ϱ̃εũε)

κ dW̃ε dx.

Note that we have

∫
t

0
∫
𝕋N
ΔΨ̃κε∇Ψ̃

κ
ε ⋅φdxds

= 1
2
∫
t

0
∫
𝕋N
∇|∇Ψ̃κε |

2 ⋅φdxds − ∫
t

0
∫
𝕋N
∇Ψ̃κε ⊗ ∇Ψ̃

κ
ε ∶ ∇φdxds

= −∫
t

0
∫
𝕋N
∇Ψ̃κε∇Ψ̃

κ
ε ∶ ∇φdxds,

∫
t

0
∫
𝕋N

φ̃κ
ε∇φ̃

κ
ε ⋅φdxds = 1

2
∫
t

0
∫
𝕋N
∇|φ̃κ

ε |
2 ⋅φdxds = 0,

due to divφ = 0, so we obtain

∫
t

0
∫
𝕋N
∇Ψ̃κε ⊗ ∇Ψ̃

κ
ε ∶ ∇φdxds

= −ε∫
𝕋N

φ̃κ
ε (t)∇Ψ̃

κ
ε (t) ⋅φdx

+ ε∫
t

0
∫
𝕋N

φ̃κ
ε F̃

κ
ε ⋅φdxds + ε∫

𝕋N
∫
t

0
φ̃κ
εφ ⋅𝒬𝔾(ϱ̃ε , ϱ̃εũε)

κ dW̃ε dx.

For fixed κ > 0, the right hand side vanishes ℙ̃-a.s. for ε → 0 at least after taking a
subsequence due to Corollary 8.1.19, Proposition 8.1.16, and the properties of the mol-
lification. Finally we concludewith (8.59), which implies the lastmissing convergence
(8.54) as explained above.

Now, everything is in hand to complete the proof of Theorem 8.1.17, which implies
the proof of our main result, Theorem 8.1.6.

Proof of Theorem 8.1.17. In order to show that (8.14)–(8.15) is satisfied in the sense of
Definition 8.1.2, let us take a divergence-free test function φ ∈ C∞div(𝕋N ). This way we
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only study the approximate equation (8.11) projected by 𝒫H and the pressure term
drops out. By Proposition 8.1.16, we can pass to the limit in the deterministic parts of
the equation. We comment on the passage to the limit in the terms coming from the
stochastic integral in detail. To this end, we write

‖𝔾(ϱ̃ε , ϱ̃εũε) −𝔾(1, ũ)‖L2(𝔘;W−l,2x )

≤ (∑
k≥1
‖hk(ϱ̃ε) − hk(1)‖

2
W−l,2x
)

1
2
+ (∑

k≥1
|αk |2‖ϱ̃εũε − ũ‖

2
W−l,2x
)

1
2

= I1 + I2.

For I2, we use (8.20) together with (8.44) to obtain I2→ 0 for a.e. (ω, t). For I1, we apply
the Minkowski integral inequality, the mean value theorem, and (8.20), to obtain

I1 ≤ C(∑
k≥1
‖hk(ϱ̃ε) − hk(1)‖

2
L1x
)

1
2
≤ C∫
𝕋N
(∑
k≥1
|hk(ϱ̃ε) − hk(1)|

2)
1
2
dx

≤ C∫
𝕋N
(1 + ϱ̃

γ−1
2ε )|ϱ̃ε − 1|dx ≤ C[∫

𝕋N
(1 + ϱ̃

γ−1
2ε )p dx]

1
p
[∫
𝕋N
|ϱ̃ε − 1|

q dx]
1
q
,

where the conjugate exponents p,q ∈ (1,∞) are chosen in such a way that

pγ − 1
2
< γ + 1 and q < γ.

Therefore, using (8.30) and (8.40) we deduce

∫
T

0
I1 dt→ 0

ℙ̃-a.s. and we obtain

𝔾(ϱ̃ε , ϱ̃εũε) →𝔾(1, ũ) in L1(0,T ;L2(𝔘;W−l,2(𝕋N ))) (8.61)

ℙ̃-a.s. Besides, since, for some r > 2,

�̃�∫
t

s
‖𝔾(ϱ̃ε , ϱ̃εũε)‖

p
L2(𝔘;W−l,2x )

dσ

≤ C �̃�∫
t

s
‖ϱ̃ε‖

r
2
L2x
(1 + ‖ϱ̃ε‖

γ
Lγx + ‖√ϱ̃εũε‖

2
L2x )

r
2 dσ

≤ C(1 + �̃� sup
0≤t≤T
‖ϱ̃ε‖

γr
Lγx + �̃� sup0≤t≤T

‖√ϱ̃εũε‖
2r
L2x) ≤ C,

using (8.27) and (8.30), we obtain

𝔾(ϱ̃ε , ϱ̃εũε) →𝔾(1, ũ) in L2(0,T ;L2(𝔘;W−l,2(𝕋N ))).
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Combining this with the convergence of W̃h from Proposition 8.1.16, we may apply
Lemma 2.6.6 to pass to the limit in the stochastic integral. Hence ũ solves (8.14)–(8.15).
It follows immediately from our construction that ℙ̃-a.s.

ũ ∈ L2(0,T ;W 1,2
div(𝕋

N )).

Besides, since we have ℙ̃-a.s. (due to Proposition 8.1.16 and (8.40))

√ϱ̃εũε⇀ ũ in L1(Ω;L1(Q)),

the lower semi-continuity of the functional

w̃↦ �̃�[| sup
t∈(0,T)
∫
𝕋N
|w̃|2 dx|

r
]

yields

�̃�[| sup
t∈(0,T)
∫
𝕋N
|ũ|2 dx|

r
] ≲ c(r), (8.62)

on account of Corollary 8.1.19. The usual argument about the fractional time derivative
in the distributional sense implies ũ ∈ Cw([0,T];L2div(𝕋N )) ℙ̃-a.s. In fact we can argue
as in the proof of Proposition 8.1.14 and decompose ũ into the sum of

Ỹ(t) = ũ(0) − ∫
t

0
𝒫H [div(ũ ⊗ ũ) − μΔũ]ds,

Z̃(t) = ∫
t

0
𝒫H𝔾(1, ũ)dW̃(s),

in order to show

𝔼‖ũ‖Cκt W−l,2x
≤ C,

for all κ ∈ (0, 12 ) and some l ∈ ℕ. Due to (8.62), this implies ũ ∈ Cw([0,T];L2div(𝕋N ))
ℙ̃-a.s. The proof is hereby complete.

8.1.4 Convergence in probability – the proof of Theorem 8.1.7

In order to complete the proof of Theorem 8.1.7, wemake use of Theorem 2.10.3, which
is a generalization of the Gyöngy–Krylov characterization of convergence in probabil-
ity introduced in [GK96], adapted to the case of sub-Polish spaces. It applies to situa-
tions when pathwise uniqueness and existence of a martingale solution are valid and
allows one to establish existence of a pathwise solution. We recall that, in the case of
N = 2, pathwise uniqueness for (8.16)–(8.17) is known; cf. Theorem 8.1.5. We consider
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two null sequences (εn) and (εm). Let (ϱn,un) = (ϱεn ,uεn ) and (ϱm,um) = (ϱεm ,uεm ) be
density andvelocity corresponding to adissipativemartingale solution to (8.10)–(8.13)
in the sense of Definition 8.0.1 with a = 1

ε2n
and a = 1

ε2m
, respectively. As explained at the

beginning of Section 8.1.3, we can assume that both sequences of dissipative martin-
gale solutions are defined on the same probability space and with the same Wiener
processW . We consider the collection of joint laws of (Xn,Xm,W), where

Xn = (ϱn,un,𝒫H (ϱnun)),
Xm = (ϱm,um,𝒫H (ϱmum)),

on the extended path space

𝒳J = (𝒳ϱ ×𝒳u ×𝒳ϱu)2 ×𝒳W ,

where

𝒳ϱ = Cw([0,T];Lγ(𝕋2)),

𝒳u = (L2(0,T ;W 1,2(𝕋2)),w),

𝒳ϱu = Cw([0,T];L
2γ
γ+1 (𝕋2)) ∩ C([0,T];W−k,2(𝕋2)), k > 5

2
,

𝒳W = C([0,T];𝔘0).

Similarly to Corollary 8.1.15, the following fact holds true. The proof is nearly identical
and will therefore be left to the reader.

Proposition 8.1.22. The set

{ℒ[Xn,Xm,W]; n,m ∈ℕ}

is tight on 𝒳J .

Let us take any subsequence (Xnk ,Xmk
,W). By the Jakubowski–Skorokhod theo-

rem, Theorem 2.7.1, we infer (for a further subsequence but without loss of generality
we keep the same notation) the existence of a probability space (Ω̄, �̄�, ℙ̄) with a se-
quence of random variables (X̂nk ,

̌Xmk
, W̄k) with

X̂nk = (ϱ̂nk , ûnk , q̂nk ), k ∈ℕ,

X̂mk
= ( ̌ϱmk
, ǔmk
, ̌qmk
), k ∈ℕ,

converging almost surely in 𝒳J to a random variable (X̂, ̌X, W̄ ), with

X̂ = (ϱ̂, û, q̂),
̌X = ( ̌ϱ, ǔ, ̌q).
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Moreover,

ℒ[X̂nk , X̌mk
, W̄k] =ℒ[Xnk ,Xmk

,W]

on 𝒳J for all k ∈ℕ. Observe that, in particular, ℒ[Xnk ,Xmk
,W] converges weakly to

the measure ℒ[X̂, X̌, W̄ ]. As the next step, we should recall the technique established
in Section 8.1.3.4. Analogously, it can be applied to both

(ϱ̂nk , ûnk , q̂nk , W̄k), (ϱ̂, û, q̂, W̄ )

and

( ̌ϱmk
, ǔmk
, ̌qmk
, W̄k), ( ̌ϱ, ̌u, ̌q, W̄ )

in order to show that (û, W̄ ) and (ǔ, W̄ ) are weak martingale solutions to (8.14)–(8.15)
defined on the same stochastic basis (Ω̄, �̄�, (�̄�t), ℙ̄), where (�̄�t)t≥0 is the ℙ̄-augmented
canonical filtration of (û, ̌u, W̄ ). Besides, we obtain

ϱ̂ = ̌ϱ = 1, q̂ = û, ̌q = ̌u ℙ̄-a.s.

In order to verify the assumption of Theorem 2.10.3, we employ the pathwise unique-
ness result for (8.14)–(8.15) in two dimensions; cf. Theorem 8.1.5. Indeed, it follows
from our assumptions on the approximate initial laws Λε that ϱ̂(0) = ̌ϱ(0) = 1 as well
as û(0) = ǔ(0) = u0 ℙ̄-a.s. Therefore, according to Theorem 8.1.5, the solutions û and
ǔ coincide ℙ̄-a.s. and

ℒ[X̂, ̌X]((X1,X2) ∈𝒳J ∶ X1 = X2)

= ℙ̄((ϱ̂, û, q̂) = ( ̌ϱ, ̌u, ̌q)) = ℙ̄(û = ̌u) = 1.

Now, everything is in hand to apply Theorem 2.10.3. It implies that the original se-
quence (ϱε ,uε ,𝒫H (ϱεuε)), defined on the initial probability space (Ω,𝔉,ℙ), converges
in probability in the topology of 𝒳ϱ ×𝒳u ×𝒳ϱu to a random variable (ϱ,u,q). There-
fore, by the method from Section 8.1.3.4, we finally deduce that u is a pathwise weak
solution to (8.14)–(8.15). Actually, identification of the limit is more straightforward
here since in this case all the work is done for the initial setting and only one fixed
driving Wiener processW is considered. The proof of Theorem 8.1.7 is complete.

8.2 Inviscid–incompressible limit

In the inviscid limit, the Reynolds number (essentially the reciprocal of the viscos-
ity) tends to infinity. Accordingly, the viscous friction in the flow can be neglected.
Although inviscid fluids such as superfluids are rare to find in reality, inviscid fluid
models have many applications in physics and engineering. More precisely, there are
many limit regimes in which the fluid motion is “inviscid” although the concrete fluid
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is “viscous”. From the physical point of view, if theMach number tends to zero and the
Reynolds number becomes infinite, the fluid flow becomes incompressible and invis-
cid. The limit behavior is therefore described by the incompressible Euler system. We
rigorously describe the asymptotic behavior of the system (8.1)–(8.4) in the low Mach
number-low viscosity regime, meaning [Sr] = [Fr] = 1, [Ma] = ε, [Re] ≈ 1

ε . That is, for
dimension N = 2,3, we study the system

dϱ + div (ϱu)dt = 0 (8.63)

d(ϱu) + div (ϱu ⊗ u)dt + 1
ε2
∇p(ϱ)dt = div𝕊ε(∇u)dt +𝔾(ϱ,ϱu)dW , (8.64)

𝕊ε(∇u) = με(∇u + ∇tu −
2
3
divu𝕀) + λεdivu𝕀, (8.65)

where

με , λε→ 0 as ε→ 0.

Similarly to the previous part, the underlying spatial domain is the flat torus 𝕋N .
In particular, we avoid the highly non-trivial and still not fully understood problem
of boundary layer occurring in the case of physically relevant no-slip conditions; see,
e.g., Weinan [Wei00].

The scaling in (8.63)–(8.65) reflects the situation when the Mach number is low
and the Reynolds number is high, meaning the fluid is in a highly turbulent almost
incompressible regime; see, e.g., Klein et al. [KBS+01]. Under these circumstances,
the motion is expected to be governed by the incompressible Euler system

divv = 0 (8.66)
dv + v ⋅ ∇vdt + ∇Πdt =𝔾(1,v)dW , (8.67)

where Π is the associated pressure. To compare the primitive and limit systems, we
require the following:
– The Navier–Stokes system (8.63)–(8.65) possesses a dissipative martingale solu-

tion ((Ω,𝔉, (𝔉t)t≥0,ℙ),ϱ,u,W) and the Euler system (8.68)–(8.69) a strong solu-
tion (v,Π), defined on the same probability space (Ω,𝔉, (𝔉t)t≥0,ℙ) and with the
same Wiener processW .

– Both v and the pressure ∇Π are smooth enough in the x-variable, so that r = 1,
U = v can be taken as test functions in the relative energy inequality (6.6).

8.2.1 Solutions of the Euler system

In this subsection we are concerned with the incompressible stochastic Euler system

divv = 0 (8.68)
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dv + v ⋅ ∇vdt + ∇Πdt = Φ(v)dW , (8.69)

where Φ ∶W s,2(𝕋N ) → L2(𝔘;W s,2(𝕋N )) such that

‖Φ(v)‖2L2(𝔘;W s,2
x )
≤ C(1 + ‖v‖2W s,2

x
),

‖Φ(v) − Φ(w)‖2L2(𝔘;W s,2
x )
≤ C‖v −w‖2W s,2

x
,

(8.70)

for all v,w ∈W s,2(𝕋N ) with s > N
2 + 1. Different from the incompressible case, the only

available framework for three-dimensional flows is the concept of local strong so-
lutions. This is analogous to the deterministic theory. A first stochastic result was
given by Mikulevicius–Valiukevicius [MV00], who studied (8.68)–(8.69) with additive
noise via a semi-deterministic approach using the flow transformation in the spirit of
Bensoussan–Temam [BT73]. A first fully stochastic result was shown by Kim [Kim09],
where the existence of local strong solutions to (8.68)–(8.69) was shown on the whole
space. Finally, the case of bounded domains has been studied by Glatt-Holtz andVicol
[GHV14]. Inspired by [GHV14], we introduce the notion of local strong solutions of the
Euler system (8.68)–(8.69) similarly to Definition 5.0.1.

Definition 8.2.1 (Local strong solution). Let (Ω,𝔉, (𝔉t)t≥0,ℙ) be a stochastic basis
with a complete right-continuous filtration and let W be a cylindrical (𝔉t)-Wiener
process. Let v0 be an 𝔉0-measurable random variable in the spaceW s,2

div(𝕋
N ). A tuple

(v, 𝔱) is called a local strong pathwise solution to system (8.68)–(8.69), provided:
(1) 𝔱 is an a.s. strictly positive (𝔉t)-stopping time;
(2) the velocity v is aW s,2(𝕋N )-valued (𝔉t)-progressively measurable stochastic pro-

cess such that

v(⋅ ∧ 𝔱) ∈ C([0,T];W s,2
div(𝕋

N )) ℙ-a.s.;

(3) the equations

divv = 0,

v(t ∧ 𝔱) = v(0) − ∫
t∧𝔱

0
𝒫H [v ⋅ ∇v]dt + ∫

t∧𝔱

0
𝒫H [Φ(v)]dW

(8.71)

hold ℙ-a.s. for all t ∈ [0,T].

Recall that 𝒫H denotes the standard Helmholtz projection onto the space of
solenoidal vector fields; cf. Theorem A.1.4.

The existence of local strong pathwise solutions to the stochastic Euler system
was established by Glatt-Holtz and Vicol [GHV14, Theorem 4.3]. It reads, with minor
modifications, as follows.
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Theorem 8.2.2. Let N = 2,3 and let s ∈ℕ satisfy s > N
2 + 1. Let the coefficientsΦ satisfy

hypothesis (8.70) and let v0 be an 𝔉0-measurable W
s,2
div(𝕋

N )-valued random variable.
Then there exists a unique local strong pathwise solution (v, 𝔱) to problem (8.68)–(8.69)
in the sense of Definition 8.2.1 with the initial condition v0 .

Remark 8.2.3. The solution constructed by Glatt-Holtz and Vicol [GHV14, Theo-
rem 4.3] is in fact a maximal strong pathwise solution; see also Definition 5.0.2. How-
ever, the concept of Definition 8.2.1 suffices for our purposes.

In the following we assume a very simple form of Φ, which is

Φ(v) = 𝔽 + vℍ, where 𝔽 = (Fk)k∈ℕ, ℍ = (Hk)k∈ℕ. (8.72)

Here Fk , Hk are real numbers such that ∑∞k=1 |Fk | < ∞ and ∑∞k=1 |Hk | < ∞. The advan-
tage of such a choice is that the pressureΠ can be computed explicitly from (8.71) and
does not contain a stochastic component (in the general case an additional stochastic
integral is part of the pressure; see [Bre15, Section 2]). Indeed, seeing that

𝒫H [Φ(v)] = Φ(v),

we obtain

∇Π = −𝒬[v ⋅ ∇v] = −∇Δ−1div (v ⊗ v), (8.73)

where 𝒬 = Id −𝒫H . Accordingly, the second equation in (8.71) reads

v(t ∧ 𝔱) = v(0) − ∫
t∧𝔱

0
[v ⋅ ∇v]dt − ∫

t∧𝔱

0
∇Πdt + ∫

t∧𝔱

0
Φ(v)dW . (8.74)

8.2.2 Main result

In accordance with (8.72), we assume a very simple form of the diffusion coefficient𝔾
in (8.63)–(8.65), namely that it is an affine function of density and momentum

𝔾(ϱ,q) = ϱ𝔽 + qℍ, where 𝔽 = (Fk)k∈ℕ, ℍ = (Hk)k∈ℕ. (8.75)

Here Fk ,Hk are real numbers such that∑∞k=1 |Fk | <∞ and∑∞k=1 |Hk | <∞. Nowwehave a
special case of the assumptions (3.13) and (3.14) supposed in the existence theory from
Chapter 4. The advantage of (8.75) can be found in (8.73) above. Our main inviscid–
incompressible limit result is the following.

Theorem 8.2.4. Let N = 2,3 and let 𝔾 satisfy (8.75). Let (Ω,𝔉,ℙ) be a complete prob-
ability space and W a cylindrical Wiener process on (Ω,𝔉,ℙ). Assume that

((Ω,𝔉, (𝔉ε
t )t≥0,ℙ),ϱε ,uε ,W)
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is a dissipative martingale solution to (8.63)–(8.65) in the sense of Definition 8.0.1, and
(v, 𝔱) defined on the same probability space (Ω,𝔉,ℙ) is a unique local strong solution of
the Euler system (8.68)–(8.69) driven by the same cylindrical Wiener process W in the
sense of Definition 8.2.1. Assume that the initial data [ϱ0,ε , (ϱu)0,ε] and v0 satisfy

[ϱ0,ε , (ϱu)0,ε] ∈ Lγ(𝕋N ) × L
2γ
γ+1 (𝕋N ), ℙ-a.s.,

v0 ∈W s,2(𝕋N ), divv0 = 0, ℙ-a.s.,

𝔼[‖v0‖
q
W s,2

x
] <∞ for all 1 ≤ q <∞

and

ϱ0,ε ≥ ϱ > 0,
|ϱ0,ε − 1|

ε
≤ δ(ε), |(ϱu)0,ε − v0| ≤ δ(ε) ℙ-a.s.,

where

δ(ε) → 0 as ε→ 0.

Then

sup
t∈[0,T]
𝔼[∫
𝕋N
[ 1
2
ϱε|uε − v|2 +

1
ε2
(P(ϱε) − P′(1)(ϱε − 1) − P(1))]dx(t ∧ 𝔱)] → 0 (8.76)

as ε→ 0.

Remark 8.2.5. It follows from (8.76) that

𝔼[∫
T∧𝔱

0
‖uε − v‖2L2x dt]→ 0 as ε→ 0.

Moreover, we have

ϱε(⋅ ∧ 𝔱) → 1 strongly in Lγ∗(Ω × (0,T) ×𝕋N ),

where γ∗ =min{2,γ}.

Remark 8.2.6. The situation considered in Theorem 8.2.4 corresponds to the so-
called well-prepared data. With some additional technical effort, our approach can
be extended to the case of ill-prepared data; cf. Masmoudi [Mas01] and [FN14] for the
related deterministic results.

Remark 8.2.7. Note that the inviscid limit in the purely incompressible setting was
studied by Glatt-Holtz et al. [GHŠV15] in the two-dimensional setting.
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8.2.3 Proof of Theorem 8.2.4

As compactness is lost in the inviscid limit, our main tool is the relative energy in-
equality from Chapter 6 which we recall in the following. Given a dissipative martin-
gale solution [ϱε ,uε] of system (8.63)–(8.65) and a pair of arbitrary smooth processes
[r,U], the relative energy functional is given by

ℰ(ϱε ,uε|r,U) = ∫
𝕋N
[ 1
2
ϱε|uε −U|2 +

1
ε2
(P(ϱε) − P′(r)(ϱε − r) − P(r))]dx. (8.77)

Here, r and U are stochastic processes adapted to (𝔉t)t≥0 such that

dr = ddr dt + dsr dW , dU = ddUdt + dsUdW , (8.78)

where the processes ddr, dsr, ddU, and dsU are sufficiently regular with respect to the
spatial variable. It is shown in Theorem 6.1.1 that under these assumptions the relative
energy inequality

− ∫
T

0
𝜕tϕ ℰ(ϱε ,uε|r,U)dt + ∫

T

0
ϕ∫
𝕋N
(𝕊ε(∇uε) − 𝕊ε(∇U)) ∶ ∇(uε −U)dxdt

≤ ϕ(0)ℰ(ϱε ,uε|r,U)(0) + ∫
T

0
ϕℛ(ϱε ,uε|r,U)dt + ∫

T

0
ϕdMRE (8.79)

holds for all ϕ ∈ C∞c ([0,T)), ϕ ≥ 0, ℙ-a.s. Here,MRE is a real-valued square integrable
martingale. The remaining term reads

ℛ(ϱε ,uε|r,U)

= ∫
𝕋N
𝕊(∇U) ∶ (∇U − ∇uε)dx + ∫

𝕋N
ϱ(ddU + uε ⋅ ∇U)(U − uε)dx

+ ∫
𝕋N
((r − ϱε)P″(r)ddr + ∇P′(r)(rU − ϱεuε))dx − ∫

𝕋N
divU(p(ϱε) − p(r))dx

+
1
2

∞

∑
k=1
∫
𝕋N

ϱ|Gk(ϱε ,ϱεuε)
ϱε

− dsU(ek)|
2
dx − 1

2

∞

∑
k=1
∫
𝕋N

ϱεP‴(r)|dsr(ek)|
2 dx

+ 1
2

∞

∑
k=1
∫
𝕋N

p″(r)|dsr(ek)|
2 dx. (8.80)

Suppose that v, with a stopping time 𝔱, is a local strong solution of the Euler system
(8.68)–(8.69). For each L > 0, let

τL = inf{t ∈ [0,T]; ‖∇v(t)‖L∞x > L}

be another stopping time. In view of the existence result Theorem 8.2.2, we assume,
without loss of generality, that τL ≤ 𝔱. Choosing the functions r = 1, U(t) = v(t ∧ τL) in
(8.79), together with the choice ϕ = χ[0,t], yields

ℰ(ϱε ,uε|1,v)(τ ∧ τL) + ∫
τ∧τL

0
∫
𝕋N
(𝕊ε(∇v) − 𝕊ε(∇uε)) ∶ (∇v − ∇uε)dxdt
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≤ ℰ(ϱε ,uε|1,v)(0) +MRE(τ ∧ τL) −MRE(0)

− ∫
τ∧τL

0
∫
𝕋N

ϱε(uε − v) ⋅ ∇v ⋅ (uε − v)dxdt + ∫
τ∧τL

0
∫
𝕋N
𝕊ε(∇v) ∶ (∇v − ∇uε)dxdt

− ∫
τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ (v − uε)dxdt

+ 1
2

∞

∑
k=1
∫
τ∧τL

0
∫
𝕋N

ϱε|
1
ϱ
Gk(ϱε ,ϱεuε) −Gk(1,v)|

2
dxdt. (8.81)

Note that the terms involving ddr, dsr, ∇xP′(r) vanish since r is constant.We also used
divv = 0. We show that, similarly to the proof of Theorem 6.2.2, the terms on the right
hand side of (8.81) can be absorbed by means of a Gronwall type argument. To see
this, we first observe

|∫
τ∧τL

0
∫
𝕋N

ϱε(uε − v) ⋅ ∇v ⋅ (uε − v)dxdt| ≤ c sup
t∈[0,τL]
‖∇v‖L∞x ∫

τ∧τL

0
ℰ(ϱε ,uε|1,v)dt

≤ cL∫
τ∧τL

0
ℰ(ϱε ,uε|1,v)dt. (8.82)

Similarly,

|∫
τ∧τL

0
∫
𝕋N
𝕊ε(∇v) ∶ (∇v − ∇uε)dxdt|

≤ 1
2
∫
τ∧τL

0
∫
𝕋N
(𝕊ε(∇v) − 𝕊ε(∇uε)) ∶ (∇v − ∇uε)dxdt + c∫

τ∧τL

0
∫
𝕋N
|𝕊(∇v)|2 dxdt

≤ 1
2
∫
τ∧τL

0
∫
𝕋N
(𝕊ε(∇v) − 𝕊ε(∇uε)) ∶ (∇v − ∇uε)dxdt + (με + λε)cTL2, (8.83)

whence (8.81) reduces to

ℰ(ϱε ,uε|1,v)(τ ∧ τL) +
1
2
∫
τ∧τL

0
∫
𝕋N
(𝕊ε(∇v) − 𝕊ε(∇uε)) ∶ (∇v − ∇uε)dxdt

≤ ℰ(ϱε ,uε|1,v)(0) +MRE(τ ∧ τL) −MRE(0) + cL∫
τ∧τL

0
ℰ(ϱε ,uε|1,v)dt

+ (με + λε)cTL2 − ∫
τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ (v − uε)dxdt

+ 1
2

∞

∑
k=1
∫
τ∧τL

0
∫
𝕋N

ϱε|
1
ϱε
Gk(ϱε ,ϱεuε) −Gk(1,v)|

2
dxdt. (8.84)

Next, using divv = 0, the integral containing the pressure can be written

∫
τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ (v − uε)dxdt

= ∫
τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ vdxdt − ∫
τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ uε dxdt

= ε∫
τ∧τL

0
∫
𝕋N

ϱε − 1
ε
∇Π ⋅ vdxdt − ∫

τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ uε dxdt.
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Finally, we handle the integral
∞

∑
k=1
∫
𝕋N

ϱε|
1
ϱε
Gk(ϱε ,ϱεuε) −Gk(1,v)|

2
dx.

Applying our assumption (8.75), we obtain
∞

∑
k=1
∫
𝕋N

ϱε|
1
ϱε
Gk(ϱε ,ϱεuε) −Gk(1,v)|

2
dx

=
∞

∑
k=1
∫
𝕋N

ϱε|(uε − v)Hk |
2 dx ≤ cℰ(ϱε ,uε|1,v),

using ∑∞k=1 |Hk |2 < ∞ (which is a consequence of ∑∞k=1 |Hk | < ∞). After integrating in
time and applying Gronwall’s lemma, equation (8.84) gives rise to

𝔼[ℰ(ϱε ,uε|1,v)(τ ∧ τL)] ≤ c(L,T)(𝔼[ℰ(ϱε ,uε|1,v)(0)] + με + λε)

+ ε𝔼[∫
τ∧τL

0
∫
𝕋N

ϱε − 1
ε
∇Π ⋅ vdxdt] −𝔼[∫

τ∧τL

0
∫
𝕋N

ϱε∇Π ⋅ uε dxdt]. (8.85)

In order to control the last two terms in (8.85), we use again (8.79), this time for r = 1,
U = 0, obtaining

𝔼[∫
𝕋N
[ 1
2
ϱε|uε|2 +

1
ε2
(P(ϱε) − P′(1)(ϱε − 1) − P(1))]dx(τ ∧ τL)]

≤ 𝔼[∫
𝕋N
[ 1
2
ϱε|uε|2 +

1
ε2
(P(ϱε) − P′(1)(ϱε − 1) − P(1))]dx(0)].

Thus, since the right hand side of the above inequality is boundeduniformly for ε→ 0,
we deduce the following uniform bounds (recall (6.19) and set γ∗ =min{γ, 2}):

𝔼[∫
𝕋N

1
2
ϱε|uε|2 dx(τ ∧ τL)] ≤ c, 𝔼[∫

𝕋N

|ϱε − 1|γ∗
ε2

dx(τ ∧ τL)] ≤ c. (8.86)

Using also (8.73), the continuity of ∇Δ−1div , and regularity of v, we obtain

|𝔼[∫
τ∧τL

0
∫
𝕋N

ϱε − 1
ε
∇Π ⋅ vdxdt]|

≤ ‖
ϱε − 1
ε
‖
Lγ∗x
‖∇xΠ‖L2γ′∗x ‖v‖L2γ′∗x ≤ ‖

ϱε − 1
ε
‖
Lγ∗x
‖v ⊗ v‖

L2γ
′∗x
‖v‖

L2γ
′∗x
≤ c

uniformly for ε→ 0. Additionally, (8.86) implies

ϱεuε(⋅ ∧ τL) → v(⋅ ∧ τL) weakly in L
2γ∗
γ∗+1 (Ω × (0,T) ×𝕋N ),

ϱε(⋅ ∧ τL) → 1 strongly in Lγ∗(Ω × (0,T) ×𝕋N ).

Passing to the limit in the continuity equation (8.63) shows that divv = 0. In particular,
the last two terms on the right hand side of (8.85) vanish for ε→ 0. We have proved
Theorem 8.2.4.
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A Appendix
For the convenience of the reader, a number of standard results used in the preceding
text is summarized in this chapter.

A.1 Elliptic equations and related problems

In this section we review important consequences of the theory of elliptic equations.
The standard reference material are the monographs by Gilbarg–Trudinger [GT83],
Ladyzhenskaya–Ural’ceva [LU68], or the nowadays classical paper by Agmon et al.
[ADN59]. As the underlying spatial domain is the flat torus𝕋N , the problem simplifies
considerably since the boundary behavior does not play any role in the analysis.

We start by considering the problem

Δu = f in 𝕋N . (A.1)

A weak solution to (A.1) can already be defined if f = div f. We call a function u a weak
solution to (A.1) with f = div f if

∫
𝕋N
∇u ⋅ ∇ψdx = ∫

𝕋N
f ⋅ ∇ψdx

for all ψ ∈ C∞(𝕋N ). The following is the fundamental statement on the Lq-regularity
that may be seen as a direct consequence of the discrete variant of the Hörmander–
Mikhlin theorem (Theorem 1.7.1).

Theorem A.1.1. Let 1 < q < ∞ and suppose that f ∈ Lq(𝕋N ). Then problem (A.1) with
f = div f admits a weak solution u, denoted by Δ−1 div f, unique in the class

u ∈W 1,q(𝕋N ), ∫
𝕋N

udx = 0.

Moreover, there exists a positive constant c = c(q) such that

‖u‖W 1,q
x
≤ c‖f‖Lqx .

In the context of the so-called strong solutions, equation (A.1) is satisfied a.e.
in 𝕋N . Iterating the result stated in Theorem A.1.1 we easily obtain the following.

Theorem A.1.2. Let 1 < q < ∞ and suppose that f ∈ Lq(𝕋N ) with ∫
𝕋N

f dx = 0. Then
problem (A.1) admits a solution u, denoted by Δ−1f , unique in the class

u ∈W 1,q(𝕋N ), ∫
𝕋N

udx = 0.

Moreover, there exists a positive constant c = c(q) such that

‖u‖W 2,q
x
≤ c‖f ‖Lqx .

https://doi.org/10.1515/9783110492552-009
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The above results can be generalized to higher order derivatives by iteration. We
may go even further and consider the elliptic problem (A.1) in the following class of
periodic distributions:

⟨u, Δψ⟩ = ⟨f ,ψ⟩, ⟨f , 1⟩ = 0

for all ψ ∈ C∞(𝕋N ). The driving force f may be taken in the scale of Hilbert spaces
W ℓ,2(𝕋N ), ℓ ∈ ℝ, introduced in Section 1.7, or even W ℓ,q(𝕋N ), 1 < q < ∞. The follow-
ing statement is again a straightforward consequence of Theorem 1.7.1 and contains
Theorem A.1.1 and Theorem A.1.2 as special cases.

Theorem A.1.3. Let 1 < q <∞ and ℓ ∈ℝ and suppose that f ∈W ℓ,q(𝕋N ) with ⟨f , 1⟩ = 0.
Then problem (A.1) admits a solution u, denoted by Δ−1f , unique in the class

u ∈W ℓ+2,q(𝕋N ), ⟨u, 1⟩ = 0.

Moreover, there exists a positive constant c = c(q) such that

‖u‖W ℓ+2,qx
≤ c‖f ‖W ℓ,qx .

Afirst important consequenceof the elliptic theory is the existenceof theHelmholtz
decomposition. It allows to decompose any vector-valued function into a divergence-
free part and a gradient part. Set

Lpdiv(𝕋
N ) ∶= {v ∈ Lp(𝕋N ,ℝN ) | divv = 0},

Lpg(𝕋N ) ∶= {v ∈ Lp(𝕋N ) | v = ∇Ψ, Ψ ∈W 1,p(𝕋N )}.

The Helmholtz decomposition is defined by

v =𝒫Hv +𝒬v for any v ∈ Lp(𝕋N ;ℝN ),
𝒫Hv = v − ∇Δ−1 divv, 𝒬v = ∇Δ−1 divv.

Basic properties of Helmholtz decomposition follow directly from Theorem A.1.3.

Theorem A.1.4. The Lebesgue space Lp(𝕋N ;ℝN ) admits a decomposition

Lp(𝕋N ) = Lpdiv(𝕋
N ) ⊕ Lpg(𝕋N ), 1 < p <∞.

More precisely,

v =𝒫Hv +𝒬v for any v ∈ Lq(𝕋N ),

with

𝒬v = ∇Ψ, Ψ ∈W 1,p(𝕋N ), Ψ = Δ−1divv.

In the particular case p = 2, the decomposition is orthogonal with respect to the
L2(𝕋N ;ℝN )-inner product.
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Remark A.1.5. In accordance with the regularity properties of the elliptic opera-
tors reviewed in Theorem A.1.3, both 𝒫H and 𝒬 are continuous linear operators on
W l,q(𝕋N ) for any 1 < q <∞ and any l ∈ℤ. In particular, they are continuous on Lq(𝕋N )
for any 1 < q <∞.

Remark A.1.6. The fact that the functions are space periodic makes all statements
about Helmholtz decomposition and related problems quite easy in view of the
Hörmander–Mikhlin result stated in Theorem 1.7.1. In particular, the linear opera-
tors ∇Δdiv are represented by discrete Fourier symbols mimj

1
|m|2 , i = 1,… ,N , that are

Lp-multipliers.
It is standard in fluid mechanics to define Helmholtz decomposition on general

even unbounded spatial domains; see e.g. Farwig et al. [FKS05].

Another consequence of Theorem 1.7.1 is a type of Poincaré inequality that con-
cerns norms in the negative Sobolev spaces in the spirit of Nečas [Nec67].

Lemma A.1.7. Let 1 < q <∞ and ℓ ∈ℝ. Then there is c = c(q) such that

‖f − 1
|𝕋N |
⟨f , 1⟩‖

W ℓ,qx
≤ c‖∇f ‖W ℓ−1,qx

,

for all f ∈W ℓ,q(𝕋N ).

Proof. We write f in terms of the corresponding Fourier series

f = ∑
m∈ℤN

amem;

cf. Section 1.7. Then the desired result follows from Theorem 1.7.1, as the operator

∇Δ−1/2 represented by the symbol m
|m|

is an Lq-multiplier for any 1 < q <∞; cf. Theorem 1.7.1.

Next we report Korn’s inequality; see also [FN09, Theorem 10.22].

Theorem A.1.8. Let 1 < q < ∞ and N ≥ 2. There exists a positive constant c = c(q,N)
such that

‖∇v‖Lqx ≤ c‖∇v + ∇
Tv − 2

N
divv𝕀‖

Lqx

for any v ∈W 1,q(𝕋N ), where 𝕀 = (δi,j)Ni,j=1 is the identity matrix.
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Proof. In view of Theorem 1.7.1, it suffices to observe that the kernel of the linear oper-
ator

v↦∇v + ∇Tv − 2
N
divv𝕀

consists of constant functions. Let

∇v + ∇Tv − 2
N
divv𝕀 = 0.

Without loss of generality, we assume that v is smooth. Integrating by parts, we easily
obtain

0 = ∫
𝕋N
|∇v + ∇Tv − 2

N
divv𝕀|

2
dx = 2‖∇v‖2L2x + 2(1 −

2
N
)‖divv‖2L2x ;

whence ∇v = 0.

Remark A.1.9. Under the assumptions of Theorem A.1.8 it is not possible to obtain
the inequality

‖v‖W 1,q
x
≤ c‖∇v + ∇Tv − 2

N
divv𝕀‖

Lqx
(A.2)

for any v ∈W 1,q(𝕋N ), as the right hand side obviously vanishes on the set of constant
functions. Inequality (A.2) holds, however, if we suppose in addition symmetry con-
ditions

ui(t, ⋅, −xi , ⋅) = −ui(t, ⋅,xi , ⋅) i = 1,… ,N ,
ui(t, ⋅, −xj , ⋅) = ui(t, ⋅,xj , ⋅) i ≠ j, i, j = 1,… ,N ,

on v; cf. [Ebi83]. Clearly, the symmetry conditions reduce the kernel of the operator

v↦∇v + ∇Tv − 2
N
divv𝕀

to zero.

Remark A.1.10. Following the arguments from the proof of Theorem A.1.8, one can
verify the standard Korn inequality

‖∇v‖Lqx ≤ c‖∇v + ∇
Tv‖Lqx

for any v ∈W 1,q(𝕋N ) in the same way.

We conclude this section by reporting a variant of the celebrated Div–Curl lemma.
A proof can be found in [FN09, Theorem 10.27].
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Lemma A.1.11. Let

uε→ u weakly in Lp(𝕋N ), vε→ v weakly in Lq(𝕋N ),

where

1
p
+ 1
q
= 1
r
< 1.

Then

uε ⋅ ∇Δ−1div [vε] − vε ⋅ ∇Δ−1div [uε]
→ u ⋅ ∇Δ−1div [v] − v ⋅ ∇Δ−1div [u]

weakly in Lr(𝕋N ).

A.2 Regularity for parabolic equations

We consider the parabolic problem

{
𝜕tu − εΔu = f in (0,T) ×𝕋N ,

u(0,x) = u0(x), x ∈𝕋N ,
} (A.3)

where ε > 0 is a positive constant. We call a function u a weak solution to (A.3) if

−∫
T

0
𝜕tϕ∫
𝕋N

uψdxdt = ϕ(0)∫
𝕋N

u0ψdx − ε∫
T

0
ϕ∫
𝕋N
∇u ⋅ ∇ψdxdt

+ ∫
T

0
ϕ∫
𝕋N

f ψdxdt

for all ϕ ∈ C∞c ([0,T)) and all ψ ∈ C∞(𝕋N ). The following statement is the maximal
regularity property (see Amann [Ama93, Ama95] and Ladyshenskaya et al. [LSU68]).

Theorem A.2.1. Let 1 < p,q <∞ and suppose that

f ∈ Lp(0,T ;Lq(𝕋N )), u0 ∈ Xp,q = {Lq(𝕋N );W2,q(𝕋N )}1−1/p,p,

where {⋅; ⋅} denotes the real interpolation space.
Then problem (A.3) admits a weak solution u, unique in the class

u ∈ Lp(0,T ;W2,q(𝕋N )), 𝜕tu ∈ Lp(0,T ;Lq(𝕋N )).

Moreover, there exists a positive constant c = c(p,q, ε,T) such that

sup
t∈[0,T]
‖u(t)‖Xp,q + ‖u‖LptW 2,q

x
+ ‖𝜕tu‖Lpt Lqx ≤ c(‖f‖Lpt Lqx + ‖u0‖Xp,q ).
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Note that the solution obtained in Theorem A.2.1 is in fact a strong solution, the
first equation in (A.3) is satisfied a.e. in (0,T) ×𝕋N and the initial condition holds a.e.
in 𝕋N .

We refer to Bergh–Löfström [BL76] for the definition of the interpolation spaces.
In particular, we have Xq,q(𝕋N ) =W

2− 2q ,q(𝕋N ).
The periodic structure makes it particularly easy to extend the above result to a

more general class of data. Note that the periodic Laplacian commutes with all frac-
tional derivatives with respect to the space variables. The following statement holds
(cf. also Hieber–Prüss [HP97]).

Theorem A.2.2. Let 1 < p,q <∞, ℓ ∈ℝ and suppose that

f ∈ Lp(0,T ;W ℓ,q(𝕋N )), u0 ∈ Xℓp,q = {W ℓ,q(𝕋N );W2+ℓ,q(𝕋N )}1−1/p,p.

Then problem (A.3) admits a weak solution u, unique in the class

u ∈ Lp(0,T ;W2+ℓ,q(𝕋N )), 𝜕tu ∈ Lp(0,T ;W ℓ,q(𝕋N )).

Moreover, there exists a positive constant c = c(p,q, ℓ, ε,T) such that

sup
t∈[0,T]
‖u(t)‖Xℓp,q + ‖u‖LptW 2+ℓ,q

x
+ ‖𝜕tu‖LptW ℓ,qx ≤ c(‖f‖LptW ℓ,qx + ‖u0‖Xℓp,q ).

Maximal regularity in the classes of smooth functions relies on a classical argu-
ment. A result in this direction reads as follows (see Lunardi [Lun12, Theorem 5.1.2]).

Theorem A.2.3. Let ν ∈ (0, 1) and suppose

f ∈ C([0,T];C0,ν(𝕋N )), u0 ∈ C2,ν(𝕋N ).

Then problem (A.3) admits a solution u, unique in the class

u ∈ C([0,T];C2,ν(𝕋N )), 𝜕tu ∈ C([0,T];C0,ν(𝕋N )).

Moreover, there exists a positive constant c = c(p,q, ε,T) such that

‖𝜕tu‖CtC0,νx
+ ‖u‖CtC2,νx ≤ c(‖u0‖C2,νx + ‖f ‖CtC0,νx

).

Similarly to the above, we may use the periodic structure to generalize Theo-
rem A.2.3.

Theorem A.2.4. Let ν ∈ (0, 1) k ≥ 0 be a non-negative integer and suppose that

f ∈ C([0,T];Ck,ν(𝕋N )), u0 ∈ C2+k,ν(𝕋N ).
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Then problem (A.3) admits a solution u, unique in the class

u ∈ C([0,T];C2,k+ν(𝕋N )), 𝜕tu ∈ C([0,T];C0,k+ν(𝕋N )).

Moreover, there exists a positive constant c = c(p,q, ε,kT) such that

‖𝜕tu‖CtCk,νx + ‖u‖CtC2+k,νx
≤ c(‖u0‖C2+k,νx

+ ‖f ‖CtCk,νx ).

In the following, we consider a more particular parabolic equation which arises
when regularizing the continuity equation with an artificial viscosity. We consider the
parabolic problem

{
𝜕tu − εΔu = div(uF) in (0,T) ×𝕋N ,

u(0,x) = u0(x), x ∈𝕋N ,
} (A.4)

where F ∶ 𝕋N → ℝN is given. The following Theorem is concerned with the existence
and regularity of solutions to (A.4) (see Lunardi [Lun12, Theorem 5.1.21] as well as
[FNP01, Lemma 2.2] and Protter–Weinberger [PW67] for the comparison principle).

Theorem A.2.5. Let ν > 0 and suppose

F ∈ C([0,T];C2(𝕋N )), u0 ∈ C2,ν(𝕋N ), u ≤ u0 ≤ u,

where u,u > 0.
Then problem (A.4) admits a solution u, unique in C([0,T];C2,ν(𝕋N )). Moreover, we

have

uexp(∫
t

0
‖divF‖L∞x ds) ≤ u(t,x) ≤ uexp(∫

t

0
‖divF‖L∞x ds),

for all t ∈ [0,T] and all x ∈𝕋N .

Remark A.2.6. It is easy to see that the maximum principle from Theorem A.2.5 con-
tinues to hold for solutions to (A.4) with ε = 0 provided F satisfies appropriate regu-
larity assumptions.

Let us finally present a result concerning the stability of solutions to (A.4); cf.
[FNP01, Lemma 2.2].

Lemma A.2.7. Under the assumptions of Theorem A.2.5 let u1 and u2 be two solutions
to (A.4) with right hand sides F1 and F2, respectively, and the same initial datum u0 .
Then we have

‖u1 − u2‖CtW 1,2
x
≤ Tc(T ,K)‖F1 − F2‖CtW 1,2

x
,

provided F1 and F2 belong to the set

{F ∈ C([0,T];C2(𝕋N )) ∶ ‖F‖L∞t W 1,∞
x
≤ K}.
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A.3 Renormalized solutions of the continuity equation

In this sectionwe explain themain ideas of the regularization technique developed by
DiPerna–Lions [DL89] and discuss the basic properties of the renormalized solutions
to the equation of continuity. Detailed proofs of the statements for the corresponding
problem on the whole spaceℝN can be found in [FN09, Appendix 10.18]. The straight-
forward modifications for the periodic setting are left to the reader.

Theorem A.3.1. Let N ≥ 2, β ∈ [1,∞), q ∈ [1,∞], 1
q +

1
β ∈ (0, 1]. Suppose that the func-

tions (ϱ,u) ∈ Lβ((0,T) ×𝕋N ) × Lq(0,T ;W 1,q(𝕋N )), where ϱ ≥ 0 a.e. in (0,T) ×𝕋N , satisfy
the transport equation

𝜕tϱ + div(ϱu) = 0 in 𝒟′((0,T) ×𝕋N ). (A.5)

Then

𝜕tb(ϱ) + div((b(ϱ)u) + (ϱb′(ϱ) − b(ϱ))divu = 0 in 𝒟′((0,T) ×𝕋N ) (A.6)

for any

b ∈ C1([0,∞)) ∩W 1,∞((0,∞)). (A.7)

Once the renormalized continuity equation is established for any b belonging
to (A.7), it is satisfied for any “renormalizing” function b belonging to a larger class.
This is clarified in the following lemma.

Lemma A.3.2. Let N ≥ 2, β ∈ [1,∞), q ∈ [1,∞], 1q +
1
β ∈ (0, 1]. Suppose that the functions

(ϱ,u) ∈ Lβ((0,T) × 𝕋N ) × Lq(0,T ;W 1,q(𝕋N )), where ϱ ≥ 0 a.e. in (0,T) × 𝕋N , satisfy the
renormalized continuity equation (A.6) for any b belonging to the class (A.7). Then we
have:
(i) Equation (A.6) holds for any

b ∈ C([0,∞)) ∩ C1((0,∞)),
lim
s→0+
(sb′(s) − b(s)) ∈ℝ, (A.8)

|b′(s)| ≤ csλ if s ∈ (1,∞) for a certain λ ≤ β
2 − 1

(ii) The function z → b(z) in statements (i) can be replaced by z → cz + b(z), c ∈ ℝ,
where b satisfies either

b ∈ C1([0,∞)), |b′(s)| ≤ csλ , for s > 1, where λ ≤ β
2 − 1, (A.9)

or (A.8) as the case may be.
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(iii) We have

𝜕t(ϱB(ϱ)) + divx(ϱB(ϱ)u) + b(ϱ)divxu = 0 in 𝒟′((0,T) ×𝕋N )

for any

b ∈ C([0,∞)) ∩ L∞(0,∞), B(ϱ) = B(1) + ∫
ϱ

1

b(z)
z2

dz.

Next, we shall investigate the pointwise behavior of renormalized solutions with
respect to time.

Lemma A.3.3. Let N ≥ 2, β,q ∈ (1,∞), 1
q +

1
β ∈ (0, 1]. Suppose that the functions (ϱ,u) ∈

L∞(0,T ;Lβ(𝕋N )) × Lq(0,T ;W 1,q(𝕋N )), ϱ ≥ 0 a.e. in (0,T) ×𝕋N , satisfy the continuity
equation (A.5) and the renormalized continuity equation (A.6) for any b belonging to
class (A.7). Then

ϱ ∈ Cw([0,T];Lβ(𝕋N )) ∩ C([0,T],Lp(𝕋N ))

for any 1 ≤ p < β.

A.4 A generalized Itô formula

We conclude with a generalized version of Itô’s formula, Theorem 2.4.1.

Theorem A.4.1. Let W be a cylindrical Wiener process in 𝔘 defined on a stochastic
basis (Ω,𝔉, (𝔉t)t≥0,ℙ). Let s be a stochastic process on (Ω,𝔉, (𝔉t)t≥0,ℙ) such that, for
some λ > 0,

s ∈ Cw([0,T];W−λ,2(𝕋N )) ∩ L∞(0,T ;L1(𝕋N )) ℙ-a.s.,

𝔼[ sup
t∈[0,T]
‖s‖2L1x] <∞, (A.10)

ds = ddsdt + dssdW . (A.11)

Here dds, dss are progressively measurable with

dds ∈ L2(Ω;L1(0,T ;W−λ,q(𝕋N ))),
dss ∈ L2(Ω;L2(0,T ;L2(𝔘;W−m,2(𝕋N )))),
∞

∑
k=1
∫
T

0
‖dss(ek)‖

2
L1x
dt ∈ L1(Ω),

(A.12)

for some q > 1 and some m ∈ℕ.
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Let r be a stochastic process on (Ω,𝔉, (𝔉t)t≥0,ℙ) satisfying

r ∈ C([0,T];Wλ,q′ ∩ C(𝕋N )) ℙ-a.s.,

𝔼[ sup
t∈[0,T]
‖r‖2

Wλ,q′
x ∩Cx
] <∞, (A.13)

dr = ddr + dsr dW , (A.14)

where q′ = q
q−1 . Here d

dr, dsr are progressively measurable with

ddr ∈ L2(Ω;L1(0,T ;Wλ,q′ ∩ C(𝕋N ))),
dsr ∈ L2(Ω;L2(0,T ;L2(𝔘;W−m,2(𝕋N )))),
∞

∑
k=1
∫
T

0
‖dsr(ek)‖

2
Wλ,q′

x ∩Cx
dt ∈ L1(Ω).

(A.15)

Let Q be [λ + 2]-continuously differentiable function satisfying

𝔼[ sup
t∈[0,T]
‖Q(j)(r)‖2Wλ,q′

x ∩Cx
] <∞ j = 0, 1, 2. (A.16)

Then

d(∫
𝕋3
sQ(r)dx) = ∫

𝕋3
[s(Q′(r)ddr + 1

2

∞

∑
k=1

Q″(r)|dsr(ek)|
2)]dxdt

+ ⟨Q(r),dds⟩dt + (
∞

∑
k=1
∫
𝕋3
dss(ek)dsr(ek)dx)dt + d𝕄, (A.17)

where

𝕄 =
∞

∑
k=1
∫
t

0
∫
𝕋3
[sQ′(r)dsr(ek) +Q(r)dss(ek)]dxdWk . (A.18)

Proof. In accordance with hypothesis (A.13), relation (A.14) holds pointwise in 𝕋N .
Consequently, we may apply Itô’s formula, Theorem 2.4.1, to obtain

dQ(r) = Q′(r)[ddr dt + dsr dW] + 1
2

∞

∑
k=1

Q″(r)|dsr(ek)|
2 dt (A.19)

pointwise in 𝕋N .
Next, we regularize (A.11) by taking a spatial convolution with a suitable family of

regularizing kernels; cf. Section 1.7.3. Denoting by [v]δ = [v]x,δ the regularization of v,
we write

d[s]δ = [dds]δ dt + [d
ss]δ dW
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pointwise in 𝕋N . Thus, by Itô’s product rule, Proposition 2.4.2,

d([s]δQ(r)) = [s]δ dQ(r) +Q(r)d[s]δ +
∞

∑
k=1
[dss]δ(ek)d

sr(ek)dt

= [s]δ(Q′(r)ddr +
1
2

∞

∑
k=1

Q″(r)|dsr(ek)|
2)dt

+Q(r)[dds]δ dt + [[s]δQ
′(r)dsr +Q(r)[dss]δ]dW

+
∞

∑
k=1
[dss]δ(ek)d

sr(ek)dt (A.20)

pointwise in 𝕋N . Integrating (A.20), we therefore obtain

d∫
𝕋3
[s]δQ(r)dx = ∫

𝕋3
[[s]δ(Q′(r)ddr +

1
2

∞

∑
k=1

Q″(r)|dsr(ek)|
2)]dxdt

+Q(r)[dds]δ dt + ∫𝕋3
[[s]δQ′(r)dsr +Q(r)[dss]δ]dxdW

+
∞

∑
k=1
∫
𝕋3
[dss]δ(ek)d

sr(ek)dxdt. (A.21)

Finally, usinghypotheses (A.10), (A.12), (A.13), (A.15), and (A.16)weare able to perform
the limit δ→ 0 in (A.21), completing the proof.

Remark A.4.2. The result stated in Lemma A.4.1 is not optimal with respect to the
regularity properties of the processes r and s. As a matter of fact, we could regularize
both r and s in the above proof to conclude that (A.17) holds as long as all expressions
in (A.17) and (A.18) are well-defined.
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B Bibliographical remarks

The results collected in Chapter 1 are standard and can be found in the literature. The
precise references are provided directly in the text.

Chapter 2 presents an introduction to the principal concepts from probability the-
ory and stochastic analysis with applications to stochastic PDEs. The standard refer-
ences include for instance the monographs by Karatzas–Shreve [KS91] and Da Prato–
Zabczyk [DPZ92]. The novelty of our presentation is twofold. First, various concepts
are discussed in the context of more general topological spaces, such as locally con-
vex topological vector spaces, rather than Polish spaces. Second, we introduce the
concept of random distribution (see Section 2.2). It is a generalization of the notion of
stochastic process, which allows one to treat random elements as space-time distribu-
tions rather than functions of time taking values in some abstract function space. In
Section 2.2 and the sequel we establish various original results that explain how ran-
dom distributions naturally fit into the stochastic Itô integration theory and provide
simplifications in the analysis of stochastic PDEs.

The main part of this book starts with Chapter 3. Here, we introduce our model
system and the main questions of interest. A particular emphasis is put on various
notions of solutions that are treated later on.

As the first step in our analysis of the compressible Navier–Stokes system driven
by stochastic forces we establish existence of a dissipative martingale solution in
Chapter 4. This result is motivated by [BH16] and [BFH17]. In the former, existence
of the so-called finite energy weak martingale solution was proved. In the latter, we
show that solutions constructed in [BH16] satisfy a more general version of an energy
inequality. In Chapter 4 we put forward a direct and more refined construction based
on a different approximation procedure.

Chapter 5 is devoted to the existence of strong solutions. These solutions are
strong in the PDE and probabilistic sense and can only be showed to exist locally in
time, that is, up to a positive stopping time. The results of this Chapter can be found
in [BFH16a].

In Chapter 6 we continue our discussion of dissipative martingale solutions and
show that they satisfy a relative energy inequality. This is a kind of distance between
a dissipative martingale solution and a pair of arbitrary smooth stochastic processes.
The results of this Chapter are based on [BFH17].

As the next step, we focus on the long time behavior of dissipative martingale
solutions in Chapter 7. Namely, we prove the existence of a stationary dissipativemar-
tingale solution. This result relies on [BFHM17].

Finally, in Chapter 8we present two singular limit results, an incompressible limit
(Section 8.1) and an inviscid–incompressible limit (Section 8.2). The former result is
motivated by [BFH16b] but the discussion relies on dissipative martingale solutions
rather than finite energy martingale solutions employed in [BFH16b]. The inviscid–

https://doi.org/10.1515/9783110492552-010
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incompressible limit is based on the relative energy inequality and can be found in
[BFH17].

The results in the appendix are again standard and references are provided di-
rectly in the text.
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