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Historical foreword on the centenary after Felix
Hausdorff’s classic Set Theory

From Euclid’s “Elements” (III c. BC), the most extensive and influential mathemat-
ical treatise of the antiquity, mathematics was presented as the totality of several
separate domains such as arithmetic, algebra, and geometry. Until the nineteenth
century, these domains (and analysis, appearing in XVII c.) were developed rather
independently. There was no general foundation connecting them in any integrity.

This peculiarity distinguished mathematics disadvantageously from the most
part of natural sciences, since each of them were united up to this time in some
special integrities on the base of some uniting concepts going back to philosophy of
the antiquity. For physics, the notion of atom, for chemistry the notion of chemical
element, and for biology the notion of biological cell became such uniting concepts.

This situation in mathematics changed cardinally when Georg Cantor (1845-1918)
developed the theory of abstract sets consisting of abstract elements, i.e. connected
with each other by only one membership relation. Unfortunately, such a general idea
allowed the use such boundless and indicationless notions as the set of all sets.
This brought to the discovery of paradoxes in Cantor’s set theory and induced the
distrust to it among mathematicians. But Set Theory as a dream has been defended
by David Hilbert (1862-1943). In his famous expression, “Aus dem Paradies, das
Cantor uns geschaffen, soll uns niemand vertreiben konnen”, or in English, “From
the paradise, that Cantor created for us, no-one can expel us” (D. Hilbert, Grundlagen
der Geometry, Teubner, Leipzig-Berlin, 1930, p.274). Hilbert used the word paradise
because he excellently understood that some well-postulated set theory can be that
general foundation, which will give the opportunity to unite arithmetic, algebra,
geometry, analysis, and other domains of mathematics in a unique integrity.

Felix Hausdorff (1868-1942) was one of those mathematicians who were occupied
with the creating and forming of this mathematical set-theoretical paradise.

In his famous book, Grundziige der Mengenlehre [Vien, Leipzig, 1914; 2nd ed.
Mengenlehre, Walter de Gruyter, Berlin, 1927], F. Hausdorff described the architecture
of contemporary mathematics in the form of a tree with the set theory as a trunk and
all separate domains of mathematics as its branches. Hausdorff himself laid there the
foundations of two such main domains of mathematics, function theory and measure
and integration theory. This outstanding book became a model for all subsequent
authors who certainly built their books dealing with any branch of mathematics on
the basis of the set theory.

Starting at Hausdorff’s initial architecture of mathematics, a group of mathemati-
cians acting under the pseudonym Nicolas Bourbaki described the final architecture
of contemporary mathematics. On the basis of set theory and formal logic, they intro-
duced a general concept of a mathematical structure and a more substantial concept

https://doi.org/10.1515/9783110550948-204
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of a mathematical system consisting of a principle carrier set and a totality of some
mathematical structures on this set connected by certain logical axioms [N. Bourbaki,
Eléments de Mathématique. Livre I. Théorie des ensembles. Chapitres 1-4, Hermann,
Paris, 1956-1960]. This allowed presenting every branch of the “mathematical tree”
as a mathematical theory studying some separated totality of mathematical systems
with their own special structures and axioms.

Thus, the books of Hausdorff and Bourbaki have played the leading role in the
consolidation of mathematics as well as mathematicians on the basis of just a few gen-
eral ideas: element, set, structure, system (with an indispensable and indiscernible
involvement of logical tools).

Unfortunately, Bourbaki’s book on sets and structures turned out to be so for-
malized and difficult that it could not eclipse Hausdorff’s book and become an
acknowledged introduction to contemporary mathematics.

The aforementioned famous book by Hausdorff expounding on the set theory,
the theory of (real-valued) functions, and the measure and integration theory as
foundations of mathematics plays this role up to our days, of course, along with
remarkable later books of other authors such as K. Kuratowski and A. Mostovski
[Set theory. North-Holland Publishing Company, Amsterdam, 1967], K. Kuratowski
[Topology. Volume 1, Academic Press, New York-London, 1966], and so on. Surely, for
the past centenary after the first edition of Hausdorff’s book in 1914, these domains (as
the trunk and two main branches) of mathematics developed swiftly. Therefore, in our
time, they differ considerably from those in the beginning of the twentieth century.

The discovery of paradoxes in Cantor’s set theory forced mathematicians to bring
the strictness up to a higher level. Therefore, mathematics advanced from the naive set
theory expounded by Hausdorff to axiomatic set theories with strict logical language
and adjusted axioms restricting the bounds of mathematical creation. The Zermelo -
Fraenkel set theory and the Neumann — Bernays — Godel set theory became the most
well-known axiomatic set theories. At present, there are remarkable texts on this
subject, although almost all of them are rather intended for particular specialists than
for a wide circle of mathematicians.

Further, using von Neumann’s approach to the construction of ordinal and car-
dinal numbers, mathematicians were able to construct at first the set of natural
numbers and then the following sets of integer, rational, and real numbers within
the aforementioned axiomatic set theories. This achievement allowed overcoming the
gaps in Hausdorff’s book, where (a) ordinal and cardinal numbers were introduced
not as some special sets but on the naive level by means of extended notions such
as “thing”, “symbol”, and others, and (b) number theory was lacking since it was
considered as a prolegomenon to the naive set theory.

The enormous virtue of Hausdorff’s book is the general theory of measurable (real-
valued) functions on descriptive spaces (a descriptive space is a set with a fixed set of
its subsets). The extreme importance and naturalness of the family of all measurable
functions follows from the famous Borel — Lebesgue — Hausdor{f theorem asserting
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that (a) this family is closed under all natural mathematical operations (in particular,
addition, multiplication, division, and so on) and uniform convergence and (b) every
family of (real-valued) functions on a set with the mentioned properties is some family
of all measurable functions on some descriptive space. This family is extraordinary
abundant in its concrete forms.

However, it turned out that the concept of a measurable function is not sufficient
for the solution of some problems which arose later in function theory. Thus, in 2006,
the family of uniform functions on a prescriptive space was discovered (a prescriptive
spaceis a set with a fixed set of its finite covers). The importance and naturalness of the
family of all uniform functions follows from the characterization theorem (proved in
2008) asserting that (a) this family is closed under all natural mathematical operations
(in particular, addition, multiplication, bounded division, and so on) and uniform
convergence and (b) every family of (real-valued bounded) functions on a set with the
mentioned properties is some family of all uniform functions on some prescriptive
(in particular, descriptive) space. This family also became sufficiently abundant in its
concrete forms (for example the family of all Riemann integrable functions on the real
interval was described as some family of all uniform functions on it).

Further, the most important concrete family of measurable functions considered
in Hausdorff’s book is the family of Borel functions on a descriptive space. The out-
standing result about this family presented in his book is the Lebesgue-Hausdorff
classification describing the family of Borel functions on a metric space by means
of the transfinite application of the Baire operation of addition of the pointwise limits
of sequences of functions from the preceding families. This result essentially uses the
remarkable transfinite construction of Borel sets given by William Henry Young and
Hausdorff himself. However, these classifications and constructions are not valid for
an arbitrary descriptive space.

Thus, in 2002, new more general and more complicated constructions and classi-
fications were created. It is remarkable that the finest classification (2014) uses, in the
capacity of the initial functional family, some narrow family of uniform functions.

In the first edition of his book published in 1914, Hausdorff also expounded on
an important branch of mathematics, the theory of the Lebesgue integral. Naturally,
for the past centenary, the measure and integration theory had an enormous devel-
opment. This is reflected in the large number of excellent books on this domain with
different degrees of generality and profundity. From the times of Lebesgue and Young,
two parallel points of view were developed in integration theory: the first considers
the integral as a special structure over a descriptive space with some measure; the
second considers the integral as a superstructure over a functional linear space
with some linear functional on it. For many years, the efforts of many outstanding
mathematicians were devoted to the proof of the parallelism of these points of view.

For the most popular topological space with a Radon measure, this supposed
parallelism is known as the Riesz— Radon — Fréchet problem of characterization of
Radon integrals as linear functionals. The solution of this problem as well as of the
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problem of the general parallelism in the most general and complete form took up
almost one hundred years.

Finally, although the Lebesgue integral substantially darkened the Riemann
integral, the latter continued to develop and in result has been generalized onto an
arbitrary Tychonoff topological space with some bounded positive Radon measure. It
is remarkable that the description of Riemann integrable functions requires involving
some family of uniform functions. By the same token, the Riemann integrable func-
tions was characterized in 2006 and this characterization is completely different from
the famous Lebesgue characterization (as almost everywhere continuous functions)
even for the real interval.

All previously described (along with many other) changes and achievements
happening in the centenary after the first edition of Hausdorff’s book are reflected
(in detail and in up-to-date mathematical language) in the present comprehensive
two-volume book Sets, Functions, Measures published by Walter de Gruyter in 2018.

The present work expounds set theory, the theory of (real-valued) functions, and
the measure and integration theory as the fundamental domains of contemporary
mathematics successively built on each other. It may be said that the authors of this
book have attempted to solve one hundred years later the problem solved successfully
by Hausdorff at the beginning of the twentieth century. In particular, continuing
Hausdorff’s line, the material of the book is presented in such a way that there is no
need for references to other sources.

V. K. Zakharov and T. V. Rodionov
October 2017
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Preface

The book’s title Sets, Functions, Measures shows that it is devoted to the exposition
of the most general fundamentals of mathematics. It may be said that the book goes
back to the famous Set Theory by Felix Hausdorff [1914], where he expounded the set
theory, the function theory, and the function theory as the general fundamentals of
mathematics. The authors of this book have attempted to solve a hundred years later
the problem solved successfully by F. Hausdorff in the beginning of 20th century.

The manner of exposition also goes back to the manner of F. Hausdorff. As in “Set
Theory”, we set as an object to expound the most general results of the set theory,
the function theory, and the measure theory in such a way that there was no need for
references to other sources. Since the number theory was not included by F. Hausdorff
in his book, we, following the indicated line, considered it necessary to eliminate
this minor defect and to expound the theory of natural, integer, rational, and real
numbers, deducing it from the set theory itself.

It follows from the above that this book is addressed to a wide range of mathemati-
cians, and it can be useful both to mature mathematicians and to students and young
mathematicians, who would like to be acquainted with the fundamentals of the listed
theories.

According to its title, the book is divided into three chapters, each leaning on the
other subsequently and is supplied with special appendices. The content of the book
and the motivations of the authors are explicitly given in the introduction to each
chapter. Here, we shall touch only some of the peculiarities of the presented material.

The first chapter is devoted to the theory of classes, sets, and numbers. This
theory is expounded in the framework of Neumann — Bernays — Godel axiomatics with
generality, completeness, and thoroughness. It is called the Neumann — Bernays —
Gadel set theory (NBG). The summit of this chapter is the theory of real and extended
real numbers, including the theory of series in the extended real line [-co, co]. The
other version of the theory of sets (the Zermelo — Fraenkel set theory with the choice
axiom (ZF)) is presented in Appendix A (see A.2).

The second chapter is devoted to the theory of functions. It is based on the
first chapter, especially on its last section. It contains together with the more or less
standard material a lot of new and non-trivial materials such as the theory of uniform
functions on prescriptive spaces.

The third chapter is devoted to the general theory of measure and integral. It is
based on two preceding chapters, especially on the theory of series in the extended
real line. This allows us to consider measures taking their values in [-oo0, co] at
the very beginning. Note that in the last chapter, the authors widely used ideas
and methods expounded in the remarkable books of Fremlin [1974], Jacobs [1978],
and Konig [1997]. The particular value of this chapter consists of the solution of the
problem of characterization of Lebesgue integrals and the problem of characterization

https://doi.org/10.1515/9783110550948-205
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of Radon integrals in the most general cases, and the key tool in the solution of the
second problem is some concrete family of uniform functions.

Appendix A is devoted to the characterization of all natural models of the NBG
and ZF set theories. These models are extremely important in virtue of their simplicity.
For the reader’s convenience, the first section of this appendix describes the structure
of an arbitrary first-order language (theory) and contains necessary notions from
mathematical logic. In the second and third sections, the proper axioms and axiom
schemes of the ZF set theory are formulated, the notions of ordinals, cardinals,
and inaccessible cardinals are introduced, and properties of cumulative Mirimanov —
Neumann sets are described. Thus, these sections are good supplements to the first
chapter, giving a more profound presentation about contemporary mathematical logic
and axiomatic set theories.

Appendix B is devoted to the local theory of sets giving the solution of Maclane’s
problem of constructing a new and more flexible axiomatic set theory that could serve
as an adequate logical foundation for all the naive category theory.

Appendix C is devoted to the proof of the compactness theorem for some gener-
alized second-order language. The compactness theorem is valid for the first-order
language, but it is not valid for the usual second-order language.

Appendix D contains historical notes on the famous Riesz— Radon - Fréchet
problem of characterization of Radon integrals as linear functionals.

Each chapter C is divided into sections with two-valued numeration C.P. Each
section is divided into subsections with three-valued numeration C.P.S. Important
statements in each subsection such as lemmas, propositions, and theorems are num-
bered in a subsection by natural numbers in the manner Lemma N, Proposition N,
Theorem N. When referring in some subsection to statements from another subsection
C.P.S, we use number C.P.S in round brackets in the manner N (C.P.S).

The symbol [ is used throughout the text to indicate the end of a proof.

If some notion has several names, then the other names are written in parentheses
after the name chosen by the authors as the main name.

To shorten writings, we use the method of parallel writing in the following form. A
short writing “An [», p,...]1Bplq,r,...] C.” is equivalent to the following full writing:
“WAnBpC;(2Q)AxBqC;(3)ApBrC;...”, where the capital letters denote some
texts and the small letters denote some words, word combinations, or formulae.

By the recommendation of the publisher, the book is divided into two volumes.
For the convenience of readers, each volume is equipped by the same index of terms,
index of notations, and bibliography.

The authors express their profound gratitude to the Rector of the Lomonosov
Moscow State University, Professor Victor Antonovich Sadovnichy for his continuous
support during the twenty-year work on this book under the aegis of the University.
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1 Fundamentals of the theory of classes, sets,
and numbers

Introduction

The first chapter is devoted to the theory of classes, sets, and numbers. It is the basis
for all other chapters.

In particular, we need notions of a class and a property of a class.

In connection with the notion of a class, it is not enough for us to use the theory of
setsin Zermelo — Fraenkel’s axiomatics (ZF) (see Appendix A, A.2), but it is necessary to
use the theory of classes and sets in Neumann - Bernays — G6del’s axiomatics (NBG).

For the axiomatic construction of the theory of classes and sets, we have chosen
not the finitary version of NBG, presented for instance in [Mendelson, 1997], but a sim-
pler equivalent version, close to the version presented by Kelley [1975]. In this ver-
sion, several explicit axioms from the finitary version of NBG, claiming the existence
of some classes, are substituted by one axiom scheme AS2 (see 1.1.5) using the select-
ing term {x | p(x)} with an arbitrary formula ¢ (see [Mendelson, 1964, ch. 4, 1]). The
finitary version of NBG and the proof of equivalence between the scheme and finitary
versions are given in Appendix B (see B.7.3).

The first chapter begins with a strict inductive definition of formulas.

Not having the notion of a natural number at this stage of the theory, we were
forced to give rather unaccustomed definitions of deducibility and correctness be-
cause we could not use chains oy, 0, ..., 0, usually used in mathematical logic. For
the strict definition of deducibility and correctness, we need the full family of axioms,
i. e. not only the proper axioms and axiom schemes about classes and sets, but also
the initial logical axiom schemes LAS1-LAS14 (see 1.1.4) and the rules of deduction
(= rules of inference).

The presented logical axiom schemes and rules of deduction are used also directly
in proofs of some starting mathematical assertions such as Proposition 1 (1.1.5).

Furthermore, we were forced to introduce in the first chapter the new unaccus-
tomed notion of a (multivalued) collection of classes (A; c A | i € I) in addition to
the usual notion of a simple collection (= indexed family) of sets (a; € A | i € I). These
notions reflect our intuitive ideas about collections of totalities and collections of
wholenesses.

In addition, the necessity to have finite suits (pairs, triplets, quadruplets,...) of
classes forced us to introduce a new notion of (rmultivalued) sequential suits of classes
(A,A"),(A,A",A"),(4,4",A",A"),...;and on this base to define sequential products
of classes Ax A", Ax A" x A", Ax A" x A" x A" ,...(see 1.1.12).

All the above-mentioned topics constitute the main part of the first section of
the first chapter. The other three sections are devoted to the theory of ordinal, car-
dinal, natural, and real numbers.

https://doi.org/10.1515/9783110550948-001
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2 =— 1.1 Classes and sets

The use of axiom of regularity A6 (see 1.1.11) makes it possible to simplify strongly
the definition of ordinal and cardinal numbers. The theory of ordinal and cardinal
numbers is given by the method of J. Neumann. In this method, an ordinal is just equal
to the class of all preceding ordinals. The operations over ordinal and cardinal num-
bers are described sufficiently in details.

Natural numbers are defined as some ordinal numbers. The theory of real numbers
isbased on the progressive extension of the set of natural numbers. The operations over
numbers are introduced gradually starting from the operations over cardinal numbers.

Note, that proofs of all basic mathematical assertions of the first section are very
detailed. However, further in the book, proofs gain a form more habitual for the most
of mathematical texts.

1.1 Classes and sets

The axiomatic theory of classes and sets postulates the existence of some undefinable
objects called classes and sets and formulates the rules of action with them. Axiomat-
ics of the theory of classes and sets consists of two parts. The first part is logical and de-
scribes rules of construction of correct conclusions about classes and sets. The second
partis proper mathematical and describes some primary properties of classes and sets.

1.1.1 Symbols, symbol-strings, and texts of the theory of classes and sets

The theory of classes and sets uses the following special symbols (= signs): - (the nega-
tion); A (sometimes &) (the conjunction); v (the disjunction); = (the implication);
V (the quantifier of generality); 3 (the quantifier of existence); {|} (the selector); € (the
belonging).

The symbols -, A, v, =, V, 3, and {|} are called logical. The symbols —, A, Vv, = are
called the logical propositional connectives. The symbol — is unary; the symbols A, v,
=, and {|} are binary.

The symbol € is the single proper special symbol. It is binary as well.

These special symbols have the following sense: —... (It is not...); --- A ...
(...and...);---v... (...or...);...=> ... (...implies...; If..., then...); ¥ ... (For all...;
For any...); 3... (There is...; There exists...); {--- | ...} (All...with the property...);

«--€... (...belongs to...; ...is an element of...; ...is a member of...).

In the capacity of general symbols (= signs), the theory of classes and sets uses
the letters of Latin, Greek, Gothic, and other alphabets, Arabic and Roman numerals,
the comma “,”, the point “.”, the colon “:”, the prime -

/s

,covers“”, ", 7, 7,...”, circles
“o, ®, ®,...”, the round, curly, square, broken, and angular brackets “(,), {,}, .1, (, ),
{,)”, the blank symbol (_), and so on.

The special and general symbols compose the initial alphabet of the theory of
classes and sets (note that it is neither a class nor a set).
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1.1.2 Formulas and terms = 3

A symbol-string (= expression) of the theory of classes and sets is a sequence of
symbols of the initial alphabet of this theory except the blank symbol, written one after
another. More strictly a symbol-string is defined by induction in the following way: 1.
every symbol « is a symbol-string; 2. if o and p are symbol-strings, then op and po are
symbol-strings. A letter-string is a symbol-string every symbol of which is a letter.

The usage of only symbol-strings brings to insuperable difficulties. Therefore, fur-
ther new designating (= reducing, shortening) symbols and symbol-strings will be in-
troduced. A designating symbol-string o for a symbol-string p is introduced in the form
of the symbol-string ¢ = p or p = o (o is a designation for p). Examples of designating
symbol-strings are the following: A ¢ B,A = B,AUB, @, N, [[(4; c A | i € I}, thereal
line, the function exp, and so on.

On the level of epilogic and epimathematics (i. e. before carrying out formal de-
scriptions) the following initial opportunities of a mathematician for reasoning about
symbol-strings are assumed: 1. the opportunity to insert one symbol-string into an-
other symbol-string (in particular to write alongside); 2. the opportunity to distinguish
a part of a symbol-string in the capacity of a new symbol-string.

If a symbol-string p is a part of a symbol-string ¢ staying in one of the three
following positions: ...p, p..., ...p..., then we say that p occurs in o (or else p is
an occurrence in o).

A sequence of symbol-strings, written one after another with the blank symbol
between them, is called a text of the theory of classes and sets. More strictly text is
defined by induction in the following way: 1. every symbol-string o is a text; 2. if ®
and V¥ are texts, then ®_¥ and ¥_® are texts.

We say that a text ® occurs in a text = (or else @ is an occurrence in ¥), if @ is a part
of the text X, staying in one of the three following positions: ... ®, ®,...,... ®_....

The following initial opportunities of a mathematician for reasoning about texts
are assumed: (1) the opportunity to insert one text ® into another text ¥ (in particular
to write alongside), inserting every occurrence Q in the text ® in the capacity of an
occurrence in the text ¥; (2) the opportunity to distinguish a part of a text ¥ in the ca-
pacity of a new text @ so that every occurrence Q in the text ® is also an occurrence
in the initial text \p.

Note that in practice the blank symbol , is simply omitted or substituted by
the usual point, if there is no confusion in understanding.

Not all of possible symbol-strings and texts can be used in the theory of classes
and sets. In the next subsection, we shall describe the admissible ones.

1.1.2 Formulas and terms
At first, we shall describe those symbol-strings which are admissible in the theory of

classes and sets. The exacting reader can find the more formalized exposition of this
material in Appendix A (see A.1).
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Admissible symbol-strings are divided into two types: terms and formulas. Intu-
itively, terms are symbol-strings representing objects, and formulas are symbol-strings
representing statements about these objects.

For variables, we shall use the letters of Latin, Greek, Gothic, and other alphabets.

Now, we shall give the inductive definition of terms and formulas and free and
connected occurrences of variables (= arguments) in them.

1) Every variable x is a term with the single free occurrence of the variable x. Such
a term is called a letter term.

2) Every symbol-string (x € y) for any letter terms x and y is a formula with the two
free occurrence of the variables x and y. Such a formula is called simplest rela-
tional.

3) Every symbol-string (—=¢), (p A ¥), (¢ V v) and (¢ = v) for any formulas ¢ and
is a formula. Such a formula is called derivative logical.

Every free occurrence of some variable in the formula ¢ is called a free occur-

rence of this variable in the formula (—~¢). Every free occurrence of some variable

in the formulas ¢ and v is called a free occurrence of this variable in the formulas

(eAY), (pVy)and (¢ = y).

4) Everysymbol-string (Vx¢) and (3x¢) for any formula ¢ is a formula. Such a formula
is called derivative quantified.

Every free occurrence of some (except x) variable in the formula ¢ is called a free

occurrence of this variable in the formulas (Vx¢) and (3x¢). Every occurrence of

the variable x in the formulas (Vx¢) and (3x¢) is called the connected occurrence.

A variable x is called a free [connected] variable of a term or a formula { if there is at
least one free [connected] occurrence of x in {. If there is no free variable for a symbol-
string {, then ( is called closed.

If a variable x is a free variable of a formula ¢ [term 7], then this is denoted
by ¢(x) [r(x)]. If another variable y is a free variable of the formula ¢, then this is
denoted by ¢(x)(y), ¢(¥)(x), ¢(x,y) or ¢(y, x); the notation ¢(x, y, z) is defined in
a similar way, and so on. Every not closed formula ¢ has lists 1 of its free variables.
We can divide a list I of free variables of ¢ into two different lists X and p and use
the parametric list X, p, where X is some list of basic free variables of ¢ and p is
some list of auxiliary free variables of ¢. All the said statements are valid also for
the term 7.

If at least one of the free variables of the formula ¢ [term 7] occurs in the symbol-
string x, y, then we shall write ¢|x, y| [z|x, y|]. If at least one of the free variables of
the formula ¢ [term 7] occurs in the symbol-string x, y, z, then we shall write ¢|x, y, z|
[zlx, v, z|], and so on.

If { is a term or a formula and 7 is a term, then the symbol-string obtained by the
substitution of every free occurrence of a variable x in the symbol-string ¢ by the term =
is denoted by {(x || 7). In this case, we say also that t substitutes for free occurrences
of x in {. If x does not occur freely in {, then {(x | 7) is { itself.
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1.1.3 Axioms, deducibility, and theorems =—— 5

A letter term y is called free for a variable x in the symbol-string { if every free
occurrence of x in ¢ is not a free occurrence in some quantified formulas Vyy and Jyy
occurring in {.

If { is a term [formula] and a term 7 is free for a variable x in {, then the symbol-
string {(x | ) is a term [formula]. Every free occurrence of some variable y (except x)
in ¢ and every free occurrence of some variable z in the term 7 are free occurrences of
these variables in the symbol-string {(x || 7).

If the term 7 is free for the variable x in the symbol-string {, then along with {(x || 7)
we shall write also {(z).

Further, instead of the formula ((¢ = y) A (v = ¢)), we shall use the designation
(¢ © ) and say that ¢ is equivalent to y. Also, along with the formulas (Vx((x € y) =
¢(x))) and (Ix((x € y) A p(x))), we shall sometimes write ((Vx € y)¢) and ((Ix € y)¢),
respectively. Such the quantifiers are called bounded.

Formulas and terms contain round brackets. However, for the facilitation of no-
tations, some round brackets are omitted frequently; in particular, the exterior pair of
brackets are omitted. When omitting the brackets the agreement is used that the sym-
bol - is stronger that the symbols A and Vv, the symbols A and Vv have the equal status
and both are stronger than the symbol =, which is stronger than <. The quantifiers
V and 3 have the equal status and both are stronger than every previous logical sym-
bol. The symbol € is stronger than every logical symbol.

1.1.3 Axioms, deducibility, and theorems

After that as symbol-strings, terms, formulas were defined, it is necessary to select
some basic symbol-strings.

Along with the initial language of the theory of classes and sets, we shall use some
broader language (epilanguage) for this theory. In this epilanguage, we need variables
for formulas of the theory of classes and sets. Now, we shall give the inductive defini-
tion of formula schemes:

1) if f is a variable for formulas, then f is a formula scheme;

2) if p and o are formula schemes, then (-¢), (¢ A ¥), (¢ V y), and (¢ = v) are for-
mula schemes;

3) if p is a formula scheme and x is a variable of the initial language, then (Vxp)
and (3xp) are formula schemes.

The following property is easily proved by induction:

Iff is a variable for formulas, y(f) is a formula scheme, ¢ is a formula, then y(f || ¢)
is a formula.

This formula y(f || ¢) is called a formula generated by the formula scheme y.

Some fixed text I' is called an axiom text if every symbol-string y occurring in T
is either a formula or a formula scheme. If y is a formula in this text, then it is called
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an explicit axiom. If y is a formula scheme in this text, then it is called an axiom scheme.
Every formula generated by the axiom scheme y is called an implicit axiom.

Let T be a fixed axiom text, ¥ be some text, such that every symbol-string occurring
in it is a formula, and é be a formula.

The text ¥ is called a deduction from the condition § and the axiom text T if for
every formula y occurring in the text ¥ at least one of the following conditions is
fulfilled:

D1. v is a rewriting of the formula § or some explicit axiom occurring in the text T;

D2. v is some implicit axiom generated by some axiom scheme occurring in the
text I’

D3. some formulas ¢ and (¢ = ) occurs in the text ¥, such that ¢ precedes (¢ = v)
and (¢ = ) precedes v (the rule of implication);

D4. some formula ¢(x) occurs in the text ¥ such that ¢ precedes v, x is not a free
variable of formula 8, and v is the formula (Vx¢) (the rule of generalization with
the condition §).

The final formula p occurring in the deduction ¥ from the condition § and the axiom
text T is called the result of the deduction ¥ (or deduced by the deduction ¥) from
the condition & and the axiom text T.

The text ¥ is called a deduction from the axiom text T if for every formula y occur-
ring in the text ¥ at least one of the following conditions is fulfilled:

D1. vy is a rewriting of some explicit axiom occurring in the text I;

D2. v is some implicit axiom generated by some axiom scheme occurring in the
text I';

D3. some formulas ¢ and (¢ = ) occurs in the text ¥ such that ¢ precedes (¢ = v)
and (¢ = ) precedes v (the rule of implication or modus ponens (MP));

D4. some formula ¢(x) occurs in the text ¥ such that ¢ precedes y and v is the for-
mula (Vxg¢) (the rule of (unconditional) generalization (Gen)).

The final formula p occurring in the deduction ¥ from the axiom text I' is called the re-
sult of the deduction ¥ (or deduced by the deduction ¥) from the axiom text T.

Any formula is called true (in the sense of deducibility from the axiom text T) if it
is a result of some deduction from the axiom text I'. A formula ¢ is called false if the
formula - is true.

Usually, the indication of the axiom text I' in all the definitions mentioned above
is omitted because I' is fixed.

The text 8 I p.¥ consisting of the base § for the deduction ¥, the symbol of de-
duction t, the result p of the deduction ¥, and the deduction ¥ written one after an-
other is called a theorem of conditional deduction. The text § - pis called the statement
(= assertion, formulation), the formula ¢ is called the condition, the formula p is called
the conclusion, and the deduction ¥ is called the proof of the theorem of conditional
deduction § + p.¥.
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If formulas 7 and p occur in some theorems of conditional deduction (§ A 7)
p.®and (8 A p) + n.¥ with the conditions§ A mand § A p, respectively, then the con-
clusions 7 and p are called mutually deducible or equivalent under the condition §. This
situation will be denoted by é + (7 ~ p).

The text § + (m ~ p).®.¥, composed of the parts of the theorems of conditional
deduction (6 A 7)  p.® and (8 A p) + .Y, is called a theorem of conditional equiva-
lence. The text § I (m ~ p) is called the statement, the formula § is called the condition,
the formulas 7w and p are called the conclusions, and the deductions ® and ¥ are called
the proof of the theorem of conditional equivalence 6 + (n ~ p).®.¥.

Theorems of conditional deduction and theorems of conditional equivalence are
usually called simply conditional theorems.

The theorem of conditional deduction § I p.¥ is usually written in the following
form:

Theorem. Leté. Then, p.

Proof. ¥. O

The theorem of conditional equivalence § + (m ~ p).®.¥ is usually written in the fol-
lowing form:

Theorem. Let é. Then, the following conclusions are equivalent:
1) m;
2) p.

Proof. 1) + 2). ®.
2) +1). V. O

The text - p.¥ consisting of the symbol of deduction F, the result p of the deduction ¥
and the deduction ¥ written one after another is called a theorem of unconditional
deduction. The text - p is called the statement, the formula p is called the conclu-
sion, and the deduction V¥ is called the proof of the theorem of unconditional deduction
Fp. Y.

If formulas 7 and p occur in some theorems of conditional deduction 7 + p.® and
p + n.¥ with the conditions 7 and p, respectively, then the conclusions 7 and p are
called mutually deducible or equivalent. This situation will be denoted by + (7 ~ p).

The text +- (m ~ p).®@.¥, composed of the parts of the theorems of conditional de-
ductions I p.®and p + 7.'¥, is called a theorem of unconditional equivalence. The text
 (m ~ p) is called the statement, the formulas 7 and p are called the conclusions, and
the deductions ® and V¥ are called the proof of the theorem of unconditional equivalence
F(m~p)O.Y.

Theorems of unconditional deduction and theorems of unconditional equivalence
are usually called simply unconditional theorems.
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The theorem of unconditional deduction - p.\¥ is usually written in the following
form:

Theorem. p.

Proof. Y. O

The theorem of unconditional equivalence  (m ~ p).®.¥ is usually written in the fol-
lowing form:

Theorem. The following conclusions are equivalent:
1) m;
2) p.

Proof. 1) + 2). ®.
2)F1). Y. O

Sometimes, in statements of these theorems, some explanatory texts about some
terms and formulas occurring in these theorems can be used. In this case, the form of
these theorems can be slightly modified.

In some cases, along with the form “Let 8. Then, p.” the forms “If §, then p.”, “Sup-
pose . Then, p.”, and others are used.

Sometimes, along with the short initial phrases “Let p.”, “If p,”, “Suppose p.”, and

"«

others we shall use the more expanded initial phrases “Let we are given p.”, “If we are
given p,”, “Suppose we are given p.”, and others.

In the theorem of conditional equivalence, the forms “Then, m if and only if p.” and
“Then, for it is necessary and sufficient p.” are also used. Along with the words “if and
only if”, the shorter variant “iff” is used. In the theorem of unconditional equivalence,
these forms without the word “Then” are also used.

Note that along with the word “theorem” the words “proposition”, “lemma”,
“corollary” and others are used for the designation of less important results.

Some important properties obtain usually special names in the following form.
A text “7 is called T if ¢(7)” including a term 7, a formula ¢(7) and a text T is called
a definition (of the property of the term T by means of the formula ¢). The text T is called
a name of the property ¢(z).

With the usage of the definition “r is called T if ¢(7)” the theorem  ¢(7).¥ as-
serting that the term 7 possesses the property ¢(7) is usually written in the following
form:

Theorem. tis T.

Proof. V. O
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The following logical epitheorem of deduction (the deduction theorem) is valid.

Theorem. Let 8, p be formulas. Suppose the theorem & + p.® of conditional deduction
holds, where the deduction ® is constructed without applying the rule of generaliza-
tion D4 to the free variables of the formula 8. Then, there exists a deduction ¥ such
that the theorem - (8§ = p).¥ of unconditional deduction holds.

This epitheorem is used when one needs in the formula § = p, but it is very difficult
to deduce it. In this case, the simpler deduction ® of p from & is constructed, and
by the epitheorem of deduction, it is possible to conclude that the formula § = p is
deducible.

Further, we begin to fix some concrete axiom text of the theory of classes and sets.

1.1.4 Logical axiom schemes of the theory of classes and sets

Axioms and axiom schemes of the theory of classes and sets are diveded in two classes:
logical and proper (non-logical).

In this subsection, we shall formulate some logical axiom schemes of the theory
of classes and sets which use only the special logical symbols from 1.1.1.

Further, ¢, v, x denote variables for formulas and 7 denotes a term.

LASL. (¢ = (v = ¢)).

LAS2. (¢=vy)= (9= (y=yx) =(p=)).

LAS3. (¢ Ay) = o).

LAS4. (¢ Ay) = y).

LAS5. ((¢ = y) = (9= x) = (¢ = (¥ A Y)))).

LAS6. (¢ = (¢ V ).

LAS7. (v = (9 V v)).

LAS8. ((p=x)= (v =x) = (¢ V)= x)).

LAS9. (¢ = ) = (y = ~9)).

LAS10. ((+(-¢)) = ¢).

LAS11. ((Vx¢) = @(x || 7)) if 7 is free for x in ¢.

LAS12. (p(x || T) = (Ix¢)) if 7 is free for x in ¢.

LAS13. (Vx(v = ¢(x))) = (v = (Vx¢))) if x is not a free variable of y.
LAS14. ((Vx(e(x) = v)) = ((Axe) = v)) if x is not a free variable of y.

Using axiom schemes LAS13 and LAS14 and rules of deduction D3 and D4 in 1.1.3 we
obtain the following derivative rules of (unconditional) deduction:

D5. thereisin the deduction ¥ some formula (y = ¢(x)), such that y does not contain
the free variable x of ¢, (xy = ¢(x)) precedes y, and v is the formula (y = (Vx¢));
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Dé6. there is in the deduction ¥ some formula (¢(x) = y), such that y does not
contain the free variable x of ¢, (¢(x) = y) precedes vy, and v is the formula
((Fxe) = x).

The derivative rules of (conditional) deduction D5 and D6 are obtained by adding
to D5 and D6 the condition that x is not a free variable of the formula 8.

The rules of deduction D6 and D6 are used often in the following case. Suppose
that we deduced the formula 3x¢ and we need to deduce the formula (3x¢) = x.Then,
it is sufficient to deduce the simpler formula ¢(x) = .

Remark. We can take initially only axiom schemes LAS1 - LAS12 and rules D1, D2, D3,
D5, and D6. Then, the rule D4 can be obtained as a derivative rule of deduction.

This means that the deducibility under axiom schemes LAS1-LAS14 and rules
D1-D4 can be interchanged by the deducibility under axiom schemes LAS1 - LAS12
and rules D1, D2, D3, D5, and Dé6. The same is valid for the (conditional) deducibil-
ity under axiom schemes LAS1 — LAS14 and rules D1 - D4 and the (conditional) de-
ducibility under axiom schemes LAS1 - LAS12 and rules D1, D2, D3, D5, and D°6,
respectively.

1.1.5 First non-logical axioms and axiom schemes of the theory of classes and sets

“Intuitively, € is to be thought of as the membership relation and the values of the
variables are to be thought of as classes. ... The axioms will reveal more about what we
have mind. They will provide us with the classes we need in mathematics and appear
modest enough so what contradictions are not derivable from them” [Mendelson, 1997,
ch. 4, §1].

Aclass Aiscalledasetif x(A € x).Aclass A is called a proper classif ~(3x(A € x)).

A class B is called a subclass of a class A if Vx(x € B = x € A). This formula is
denoted by B c A. In this case, we also say that B is contained in A, B is a part of A,
A contains B. Classes A and B are called equal if Ac Band Bc A,i.e.Vx(x € A &
x € B). This formula is denoted by A = B. The formula —(A = B) is denoted by A # B.
The formula —(x € A) is denoted by x ¢ A.

Al. (The extensionality axiom.) (A =B) = (A€ C & B € C).

A formula ¢ is called predicative (= such that every connected variable of ¢ is a vari-
able for sets) if all symbol-strings Vx and 3x, occurring in the formula ¢, are situ-
ated only in positions of the following kind: Vx((3X(x € X)) = ...) and Ix((IX(x €
X)) A L)

AS2. (The full comprehension axiom scheme.) Let ¢(x, p) be a predicative formula,
such that X is not a free variable of ¢. Then, IXVx((x € X) & ((IY(x € Y)) A

@(x, )))-
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This axiom scheme postulates the existence of the unique class depending on the
parameter p and denoted by 7(p) = {x | ¢(x, p)}. It will be said that the class 7(p) is
selected by the property ¢(x, p).

Having the equality of classes, we can introduce some convenient designa-
tions. A class {x | 3a((3A(a € A)) A (x = 7(a)) A ¢(a))}, where 7 is any class with
a parameter a, and ¢ is any formula freely containing the variable a, will be de-
noted shortly by {z(a) | ¢(a)}. A class {x | Ja((3A(a € A)) A Ib((IB(b € B)) A (x =
7(a, b)) A ¢(a, b)))} will be denoted also by {z(a, b) | ¢(a, b)}, and so on.

It follows from AS2 that if Bis a class and ¢ is a formula as in AS2, then {x | (x € B)
A ¢} is a subclass of B. It is denoted also by {x € B | ¢}.

By means of axiom Al and axiom scheme AS2, we can construct some classes from
others.

Let A and B be classes. The class {x | x € A v x € B}is called the (binary) union of
the classes A and B and is denoted by A U B. The class {x | x € A A x € B}is called the
(binary) intersection of the classes A and B and is denoted by A n B.

Lemma 1.

1) AUA=A,AnA=A;

2) AUB=BUA,AnNB = Bn A (the commutativity of union and intersection);

3) (AuB)uC=AuU(BUC(C),(AnB)nC =An(BnC) (the associativity of union and
intersection);

4) AuBnC)=(AUB)Nn(AuC),An(BuUC)=(AnB)U/(An C) (the distributivity
of union with respect to intersection and intersection with respect to union).

The proof of these equalities follows directly from the definitions and axiom scheme
AS2.
The class {x | x ¢ A} is called the complement of the class A and is denoted by A°.

Lemma 2.

1) (A9 =4;

2) (AuB)‘ =A°nBS;
3) (AnB)‘=A°UB-.

The proof of these equalities also follows directly from the definitions.
The class B n A€ is called the complement of the class A in the class B or the differ-
ence of the classes B and A and is denoted by B\A.
The class {x | x # x}is called the empty (= void, vacuous) class and is denoted by @.
Classes A and B are called disjointif AN B = @.
The class {x | x = x} is called universal and is denoted by 4.

Lemma 3. The following conclusions are equivalent:

1) Aisaset;
2) Aedl
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12 — 1.1 Classes and sets

Proof. 1) + 2). Let A be a set. Take the formula x = x. Then, by axiom scheme AS2,
the equality A = A implies A € i1,
2) + 1). This follows from axiom scheme AS2. O

The following assertions are used very often without the exact indication.

Lemma 4.

1) 8cA,oUA=A,onA=g,and a° =4;
2) AcU,AuUd=8AnU=A,andy = @;
3) IfAcBandB c C,thenA c C;

4) A c Bisequivalentto AU B = B;

5) A c Bisequivalentto AnB = A.

Proof. We shall check only the inclusion @ c A. Let X € @. It was mentioned above
that X ¢ @. Therefore, by LAS1 (1.1.4) (X ¢ @) = ((X ¢ A) = (X ¢ @)). By rule of im-
plication D3 (1.1.3), we get (X ¢ A) = ~(X € @). By LAS9 (1.1.4), we get (X ¢ A) =
-(X € @)) = (X € @) = -~(X € A)). Again by rule of implication D3 (1.1.3), we get
(X € @) = ~=(X € A). By the same rule, this implication and the formula X € @ im-
ply ==(X € A). By LAS10 (1.1.4), -~(X € A) = (X € A). Finally, again by the same rule,
we conclude that X € A.

All the other assertions follow directly from the corresponding definitions. O

Let Abeaclass. Theclass {x | x ¢ A} will be called the complete (full) ensemble (= class
of all parts) of the class A and will be denoted by P(A).

Lemma 5.
1) P =4
2) XePA)iffXisasetandX c A.

Proof. 1. Let X be a class and X € P(4). Then, X is a set and so X € il by Lemma 3.
Conversely, if X € 4, then X is a set and by Lemma 4 we have X c 4. Therefore,
X e P).

2. Consider ¢(x), such that x c A.Let X € P(A). Then, X is a set and the condition
X € {x | p(x)} implies by axiom scheme AS2 that X c A. Conversely, let X be a set and
X c A. Then, ¢(X) implies by AS2 that X € {x | p(x)} = P(A). O

Proposition1. A = @ iff Vx(x ¢ A).
Proof. Let A = @. Take any class x. Suppose that x € A. Since A = @, we get x € @.
Then, by axiom scheme AS2 x # x. But this contradicts the obvious equality x = x.

It follows from this contradiction that x ¢ A. By rule of deduction D4 (1.1.3), we get
Vx(x ¢ A).
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Conversely, let Vx(x ¢ A). By Lemma 4, we get & c A. Lety € A. Take any class z.
By axiom scheme LAS11 (1.1.4), we have (Vx(x ¢ A)) = (z ¢ A). Byrule of deduction D3
(1.1.3), z ¢ A. Suppose that y = z. Then, by axiom Al (y = z) = ((y € A) & (z € A)).
By rule of deduction D3 (1.1.3), we conclude that (y € A) & (z € A) and by the same
reason, z € A. However,this contradicts the formula z ¢ A. From this contradiction,
we infer that y # z. By rule of deduction D4 (1.1.3), we get Vz(y # z). Now, by axiom
scheme LASI11 (1.1.4), we have (Vz(y # z)) = (y # y). Again, by rule of deduction D3
(1.1.3), y # y. Finally, by axiom scheme AS2, we get y € @. This means that A ¢ @. As
aresult, we get A = @. O

Remark. Axiom scheme AS2 is the single axiom scheme in our axiomatic family A1,
AS2, and A3 - A8, which uses an arbitrary formula ¢. That is why AS2 is very power-
ful creative axiom scheme. However, axiom scheme AS2 can be replaced by several
weak explicit axioms, which are specific cases of AS2. The detailed exposition of this
material is given in B.7.3.

1.1.6 First axioms of existence of sets

A3. (The axiom of the full ensemble.) For every set A, there exists a set P, such that for
every class X the condition X c A implies X € P.

Lemmal. Let A beasetand X c A. Then, X is a set.
Proof. By axiom A3, X c A implies X € P. Consequently, X is a set. |

Corollary 1. If A is a set and ¢ is a formula as in AS2, then {x € A | ¢} is a subset of
the set A.

Lemma 2. Let A be a set. Then:
1) P(A)isaset;
2) XcAiffX € P(A).

Proof. Consider the set P from axiom A3. Let X € P(A). Then, X is a set. Therefore, by
axiom scheme AS2 (1.1.5) X c A. Consequently, by axiom A3, X € P. This means that
P(A) c P. Then, by Lemma 1 we get P(A) is a set.

Now, let X c A. By Lemma 1, we see that X is a set. By AS2, X € P(A). O

According to this lemma, for a set A, the class P(4) may be called the set of all parts
of the set A or the set of all subsets of the set A.

Proposition 1. The class i1 is not a set, i. e. it is a proper class.
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Proof. Consider the class R = {x | x ¢ x}. Suppose that R is a set. Then, by virtue of
axiom scheme AS2(1.1.5), R € Risequivalentto R ¢ R, but this is impossible. It follows
from this contradiction that our supposition is not true, and so R is not a set.

By Lemma 4 (1.1.5), R ¢ 4. Now, by Lemma 1, we conclude that { isnotaset. [

Let A be a class. The class {x | x = A} is called the solitary class of the class A and is
denoted by {A}.

Lemma 3. Let A be a set. Then:
1) Xe{A}iffX=A;

2) {A} cPA);

3) {A}isaset.

Proof. 1. Let X € {A}. Then, X is a set, and so by axiom scheme AS2 (1.1.5), X = A.
Conversely, if X = A, then X is a set and again by AS2 X € {A}.

2. If X € {A}, then by Proof 1, X = A. Thus, X is a set and X c A. Now, by AS2
X € P(A). As aresult, {A} c P(A).

3. By Lemma 2, we see that P(A) is a set. Therefore, by Proof 2 and Lemma 1, we
have that {A} is a set as well. O

A4. (The axiom of the binary union.) If A and B are sets, then A U B is a set as well.

Non-ordered and ordered pairs of classes
Let A and B be classes. The class {A} U {B} is called the non-ordered pair of the classes
A and B and is denoted by {A, B}.

Lemma 4. Let A and B be sets. Then:
1) {A, B}isaset;
2) Xe{A,Bliff X=AorX=B8.

Proof. 1.1t follows from Lemma 3 and axiom A4 that {A, B} is a set.

2.If X € {A, B}, then X is a set and so by axiom scheme AS2 (1.1.5) (X € {A}) Vv
(X € {B}). Hence, by Lemma 3 (X = A) vV (X = B). Conversely, if (X =A) v (X = B),
then again by Lemma 3 (X € {A}) v (X € {B}). In both cases, X is a set. Now, by axiom
scheme AS2 X € {A} u{B} = {A, B}. O

Let A and B be classes. The class {{A}, {4, B}} is called the coordinate (= ordered) pair
(= pair of Kuratowski) of the classes A and B with the left member A and the right mem-
ber B and is denoted by (A, B). Along with the name “member”, the name “coordi-
nate” and others are used.

Lemmab5. If A and B are sets, then (A, B) is a set.
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Proof. By Lemmas 3 and 4, we see that {A} and {A, B} are sets. Therefore, by axiom A4,
(A, B) is a set as well. O

Proposition 2. Let A, B, C, and D be sets and (A, B) = (C, D). Then, A = C and
B=D.

Proof. By Lemmas 3 and 4, we have that {A}, {B}, {C}, {D}, {A, B}, and {C, D} are sets.
From {C} € (A, B) by virtue of axiom scheme AS2 (1.1.5), we get either the equal-
ity (D) {C} = {A} or the equality (IT) {C} = {A, B}. From {C, D} € (A, B), we get either
the equality (III) {C, D} = {A} or the equality (IV) {C, D} = {A, B}. Equality (II) is ful-
filled if and only if A = C = B. In this case, (III) and (IV) coincide and give C = D = A.
Thus, A = C = D = B. In the case, when we have Equality (III), the arguments are the
same.

Now, suppose that we have equality (I) or (IV). Then, C = A and either C = B or
D = B.If C = B, then we get the case (II). If D = B, then A = Cand B = D. O

Corollary 1. Let A and B be sets and (A, B) = (B, A). Then, A = B.

Let A and B be classes. The class {x | 3a3b ((a € A) A (b € B) A (x = {a, b)))}, con-
sisting of all coordinate pairs {a, b), will be called the coordinate (= direct, Cartesian)
product of the classes A and B and will be denoted by A = B.

Proposition 3.

1) AxBUC)=(A=+*B)U(Ax*C),(AUB)=xC=(Ax* C)U (B * C) (the distributivity
of union with respect to multiplication);

2) A*x(BnC)=A=*B)n(A=xC),(AnB)x*C=(A=*C)n (B * C) (the distributivity
of intersection with respect to multiplication);

3) (AnC)*(BnD)=(A=*B)n(C=D).

All of these equalities are checked by the direct application of the definitions.
Proposition 4. Let A and B be sets. Then, A = B is a set as well.

Proof. Let a € A and b € B. Then, {a} c A and {b} c B. Consequently, {a} c A U B,
{b} c AUB, and {a, b} c A U B. By axiom A4, A U B is a set. Therefore, by Lemma 2,
we get {a} € P(A U B) and {a, b} € P(A U B). By Lemma 3, we see that {a} is a set. By
Lemma 4, we see that {a, b} is also a set. Therefore, by virtue of Lemma 4, we get
(a, b) = {{a}, {a, b}} ¢ P(A U B). By Lemma 2, we have that P(A U B) is a set and
(a, by € P(P(A u B)). Again, by Lemma 2, we obtain that P(P(A U B)) is a set. As
aresult, A = Bis contained in the set P(P(A U B)). By Lemma 1, we have that A * B is
aset. O
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1.1.7 Correspondences

Let A and B be classes. A subclass u ¢ A * B of the product A * B is called a corre-
spondence (= multivalued mapping) from the class A into the class B and is denoted by
u: A——B.

Letu: A ——< Bbeacorrespondence.Ifa € A, b € Band (a, b) € u, then we shall
say that the element b is a value of the correspondence u on (or at) the argument a.
The subclass {b € B | {a, b) € u} of the class B is called the class of values of the cor-
respondence u on (or at) the argument a € A and is denoted by u(a). It is clear that
the class u{a) may be empty for some elements a. Along with {a, b) € u, we shall
write sometimes b € u{a).

The class {a € A | 3b € B (b € u{a))} is called the class of assignment (= do-
main of definition) of the correspondence u and is denoted by dom u. The class
{b € B| 3a € A (b € u{a))}is called the class of values of the correspondence u and is
denoted by rng u.

The correspondence u: A —— B will be called total, if domu = A, i.e. u{a) #+ @
for every a € A. The correspondence u will be called single-valued, if for every ele-
ment a € dom u, the corresponding class u{a) contains a single element of the class B
in that sense that b, b’ € u(a) implies b = b’. This single element b € u(a) is called
the value of the correspondence u on (or at) the argument a and is denoted by u(a) or
simply by ua.

Theclass{x | u ((u: A ——= B) A (x = u))} ofall correspondences from the class A
into the class B, which are sets, will be denoted by Cor(A, B). Its subclass of all cor-
respondences u: A — B, such that for every a € A the class u(a) is a set will be
denoted by Cor,(A4, B).

Let X be a subclass of the class A. The class {b € B | 3a € X (b € u{a))} is called
the image of the subclass X of the class A under the correspondence u and is denoted
by u[X]. It is clear that u[{a}] = u({a) and u[A] = rng u.

For X, consider theclassv = {{a, b) € u | a € X}. The correspondencev: X — B
is called the restriction of the correspondence u: A —— B on the subclass X and is
denoted by u|X or resty u. In this case, the correspondence u is called an extension
of the correspondence v. For X, consider also class w={{a,b) eu|(aeX)A
(b € u[X])}. The correspondence w: X — u[X] is called the strict restriction of the
correspondence u: A —— B on the subclass and is denoted by u||X.

The correspondence u: A — B is called surjective (= a correspondence onto,
a surjection) if for every b € B there exists a € A, such that b € u{a). The correspon-
dence u is called injective (= mutually one-valued, an injection), if from b € u{a) and
b € u{a'y it follows that a = a’. The correspondence u is called bijective (= a bijection)
if it is surjective and injective simultaneously.

Let A be a class. The particular correspondence u: A — A, suchthat u{a) = {a}
for every a € A is called the identical correspondence from the class A into the class A
and is denoted by Id,: A —— A. It is called also the diagonal of the product A = A. If
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X is a subclass of the class A, then the particular correspondence Id, |X is called the
identical (= canonical) correspondence from the subclass X into the class A and will be
denoted by Idy 4: X —< A.

Let u: A——< B be a correspondence. The correspondence {{(b,a) € Bx
A | {a, b) € u} from the class B into the class A is called inverse to the correspon-
dence u and is denoted by u™': B — A.

Let Y be a subclass of the class B. The subclass u™'[Y]={acA|TbeY (b e
u{a))} of the class A is called the preimage of the subclass Y under the correspon-
dence u. It is clear that u™'[{b}] = u"(b) and u*[B] = dom u.

Letu: A——= Bandv: B ——= Cbe correspondences. The correspondence {{a, c) €
A % C|3beB((beu(a)) A (cevib)))} from the class A into the class C is called
the composition (= product) of the correspondences u and v and is denoted by v o u or
simply by vu.

Lemmal. Let u: A—— B be a correspondence and X be a subclass of the class A.
Then, u|X = u - Idy ,.

Proof. Itis clear that u|X = {{a,b) cu|aeX}={{x,b) e X+ B|3JacA((acldy,
() A (b € u(@)))} = uIdy ,. O

Proposition1. Let u: A——= B, v: B—= C and w: C ——= D be correspondences.
Then:

1) wo(Vou)=Wov)ou;

2) wouwl=ulovl

3) whl=u;

4) uoldy =1Idgou =u.

All of these equalities are checked by the direct application of the definitions.
Lemma2. Let u: A——< B and v: A—— C be correspondences. Then, the following
conclusions are equivalent:

1) u=v;

2) uf{a) = v{a) forevery a € A.

Proof. 1) + 2).Let b € u{a).Then, {a, b) € u = vimplies b € v{(a). Thus, u{a) c v{a).
Similarly, v{(a) c u{a).

2) +1). Let p € u. Then, there are a € A and b € B, such that p = (a, b). From
b € u{a) = v{a), we infer that p = (a, b) € v. Thus, u c v. Similarly, v c u. O

1.1.8 Mappings

Here we shall consider the most important kind of correspondences.
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Let A and B be classes. A total single-valued correspondence u: A — Bis called
a mapping (= simple correspondence, function, transformation, operator and so on)
from the class A into the class B and is denoted by u: A — B.

It is clear that the properties from the definition of a mapping u are equivalent
to the properties Id, c u™' o u and u o u™' c Id;. The mapping u is denoted also by
aeAw— u(a)eB,aw~ u(a)(acA),b=u(a)(a e A)and so on with a suitable mod-
ification and simplification. The class rng u of values of the mapping u has the follow-
ing description: rngu = {b € B | 3a € A (b = u(a))}.

Remark. Theclass{(a, b) € AxB | b = u(a)}is called sometimes the graph of the map-
ping u: A — B. But it is clear that this class is equal to the class u itself. Therefore,
there is no difference between a mapping and its graph.

The class {x | Ju ((u: A — B) A (x = u))} of all mappings from the class A into
the class B which are sets will be denoted by Map(A, B). It is also called the degree of
the class B with the exponent A and is denoted by B4,

Proposition 1. Let A and B be sets. Then, Map(A, B) and Cor(A, B) are sets as well.

Proof. Let u € Map(A4, B). By the definition, u ¢ A * B. By Proposition 4 (1.1.6), A =
B is a set. Therefore, by Lemma 2 (1.1.6) u € P(A * B). This means that Map(4, B) ¢
P(A = B). Now, from Lemma 2 (1.1.6) and Lemma 1 (1.1.6), it follows that Map(4, B) is
a set. For Cor(4, B), the proof is the same. |

Let u: A — B be a mapping. If X is a subclass of the class A, then the restriction
u|X: X —< Band thestrict restriction u[|X: X —< u[X] from 1.1.7 are also mappings.
Therefore, they will be denoted by u|X: X — Band u|X: X — u[X], respectively.

For the notation of an injective, surjective or bijective mapping u: A — B we
shall write u: A>— B, u: A—» Band u: A >» B, respectively. Classes A and B
are called equivalent or equipollent (A ~ B) if there exists some bijective mapping
u: A>—» B.

If A is a class, then the identical correspondence Id,: A — A from 1.1.7 is a bi-
jective mapping, such that Id,(a) = {a} for every a € A. Therefore, it will be called
the identical mapping from the class A onto the class A and as the mapping will be
denoted by id,: A > A. Thus, by the definition, id,(a) = a for every a € A.

If X isa subclass of the class A, then the identical correspondenceldy ,: X —< A
from the subclass X into the class A from 1.1.7 is an injective mapping, such that
Idy 4{x) = {x} for every x € X. Therefore, as the mapping, it will be denoted by
idy 4: X »>— A.Thus, by the definition, idy ,(x) = x for every x € X.

Lemma1l. Let A, B and C be classesandu: A — Bandv: B — C be mappings. Then,
the composition correspondence v - u is a mapping as well.
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Proof. Denote v o u by w. By Proposition 1 (1.1.7), wehave w low = u™l o (v T o V) ou >

uleidgou=u"ousidgandwow ™ =vo(uou)ov! cveidgeov cvev cid,.
These inclusions means that w is a mapping. O

Lemma 2. Let A and B be classesandu: A — Bandv: B — A be mappings. Then,

1) ifuis bijective, thenu™ o u = id, and u o u™ = idg;

2) ifveu=id, anduov = idg, then u and v are bijective, v =u™ andu = v™'.

Proof. 1. Since u is a mapping, we have u™' o u >id, and u - u™' c idp. Besides,
u~! is a mapping as well. Moreover, by Proposition 1 (1.1.7), (u™")™" = u. Therefore,
uoul = tout sidganduou = ut o (u™!)! c id,. From these inclusions,
we get the necessary equalities.

2. Let (b, a) € v. Then, for a € A there is ¢ € B, such that (a, ¢) € u. Therefore,
(b,c) € u o v =1idy implies ¢ = b. Consequently, (a, b) € u gives (b, a) € u".

Thus, v c u™.

Let (b, a) € u™,i.e. (a, b) € u.For b € B, thereis d € A, such that (b, d) € v. Hence,
(a,d) € vou =id, impliesd = a.Thus, (b, a) € vgivesu™' c v.Finally,v = u™".
It follows from here that u™" is a mapping. Hence, u is bijective.

Analogously, u = v~! implies that v is bijective. O

Lemma 3. Let A, Band C be classes,andu: A — Bandv: A — C be mappings. Then,
the following conditions are equivalent:

1) u=v;

2) u(a) =v(a)foreverya € A.

Proof. 1) + 2). From (a, v(a)) € v = u, we conclude that v(a) € u(a). Since u{a) con-
sists of the single element u(a), we get v(a) = u(a).

2) +1). Let p € u. Then, there is a € A, such that p = {(a, u(a)). Consequently,
p ={a, v(a)) € v. Thus, u c v. Analogously, v C u. O

The following properties of mappings are used very often and practically without spe-
cial references.

Lemma 4. Let A and B be classes; X, X', and X" be subclasses of the class A; Y, Y,
and Y'" be subclasses of the class B and u: A —— B be a correspondence. Then:

@ uX'uX"l=ulXTuulX"];

(i) ulX'nX"]culXnulX"].

If besides the correspondence u is a mapping u: A — B, then
(iii) ulX"\ X"] > u[X'T\u[X"];
(i) u 'Y uY" =u[YTuu[Y"];
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& w Y nY"]=u[Y]nul[Y"];
(vi) wY\Y"]=u Y\ u Y]
(vii) X < u'[u[X]];

(viil) u[u™'[Y]] = Y nulA];

(ix) u[Xnu'[Y]]=ulX]nY.

If, moreover, the mapping u is injective, then in the assertions (ii) and (iii), we have
the equalities.

Proof. The formulas (i) - (viii) are proved by the direct checking. Therefore, we
shall prove only the formula (ix). Let y € u[X] n Y. Then, there is x € X, such that
y = ux € Y. Consequently, x € Xn u~'[Y]and y eulXn uY]). Conversely, according
to the formulas (i) and (viii), u[X N u™'[¥]] c u[X] nu[u '[Y]] = u[X] n Y. O

The following statement will be used several times in the sequel.

Lemma5. Let A, B be classes and U be a class of mappings u c A * B, such that dom

ucA, mgucB and either ucv or vcu for every u,ve U. Let w={z|JueU

(z € u)}. Then:

(i) wis amapping, such that domw c A and rngw C B;

(i) domw = {x|3u € U (x € domu)};

(iii) a € domw implies w(a) = u(a) for each u € U, such that a € domu, so that
w|domu = u;

(iv) mgw ={y | Ju € U (y € rngu)}.

Proof. Letp € w.Then, p € u ¢ A = B for some u € U. Therefore, w ¢ A = B. Let now
{a, b) € wand (a, ¢) € w. Then, there exist u and v in U, such that {(a, b) € u and
(a, c) € v.Weknowthatu c vorv c u;sayu c v.Then, (a, b) € vand (a, c) € vimply
b = c. Thus, w is a single-valued correspondence.

Let a € dom w. Then, (a, b) € w for some b € B. Thus, {a, b) € u for some u € U,
where a € dom u. By axiom scheme AS2 (1.1.5), a € {x | 3u € U (x € dom u)}.

Conversely, let z € {x | 3u € U (x € dom u)}. Then, by AS2, z € dom u for some
u € U.Thus, (z, b) € uforsome b € B. Hence, (z, b) € w,i.e.z € dom w. As a result,
we get Equality (ii). Consequently, dom u ¢ dom w for every u € U.

Let a € domw and a € dom u. Then, (a, u(a)) € u ¢ w implies w(a) = u(a) be-
cause w is single-valued. Let a' € domu. Then, by Equality (ii), a’ € domw. By
the proved property, w(a') = u(a’). This means that w|dom u = u.

Let b € rng w. Then, (a, b) € w for some a € A. Thus, {a, b) € u for some u € U,
where b € ngu. By AS2, b e {y | Ju € U (y € mgu)}.

Conversely,letz € {y | Ju € U (y € rngu)}. Then, by AS2 z € rng u forsomeu € U.
Thus, (a, z) € u for some a € A. Hence, (a, z) € w, i.e. z € rng w. As a result, we get
Equality (iv). O
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Lemma 6. Let A, B and C be classes. Then:

1) A = B ~ B x A with respect to the bijection {a, b) — (b, a) (the commutativity of
the coordinate product);

2) (A *B)* C~A % (B = C) with respect to the bijection {{a, b), c) — {a, (b, c))
(the associativity of the coordinate product).

Proof. 1.Denote A x Bby P and B * A by Q. Consider the correspondence u = {{x, y) €
P+xQ|3aecATbeB((x={a, ) A(y={(B5a)))} cPx*Q.ltisclear thatdomu = P.
Suppose that (p, q) € uand (p, r) € u. Then, p = (a, b) forsome a € Aand b € B. By
axiom scheme AS2 (1.1.5), we get ¢ = (b, a) and r = (b, a). Consequently, g = r. This
means that the correspondence u is single-valued. Thus, u is a mapping.

Let u(p) = u(p') for some p = {a, by and p’ = (a’, b'). Then, by AS2 (p, u(p)) € u
and (p’, u(p")) € uimply that u(p) = (b, a) and u(p') = (b’, a'y. Therefore, by virtue
of Proposition 2 (1.1.6), the equality (b, a) = (b’, a') gives b = b’ and a = a’. In result
p = p'. This means that u is injective.

Now, let g = (b, a) € Q. Take p = (a, b) € P. By Lemma 5 (1.1.6), p and q are sets,
where (p, gq) is aset as well. Therefore, the formulada ¢ A3b e B((p = («, B)) A (@ =
(B, «))) means by axiom scheme AS2 that (p, q) € u, i.e. g = u(p). This means that u
is surjective.

2. Denote (A * B) * Cby Pand A = (B = C) by Q. Consider the correspondence
u={{(x,y)eP « Q|3aecA3BeBIAyeC ((x = B), 1)) N (¥ ={a, (B, Y))))} C
P % Q. In the similar manner as above, it is checked that u is a bijective mapping
from P onto Q. O

Finally, we shall introduce three important mappings which will be constantly used
further.

Projections and derivative mapping
Let A and B be non-empty classes. Consider the correspondences pr, = {{{a, b), ¢) €
(A*B)+A|a=c}andprg ={{{a,b),c) e (A*B)*B|b=c}

Lemma 7. The correspondences pr, and pry are surjective mappingspr,: A+B —» A
and prg: A = B—» B, such that pry(a, b) = a and prg(a, b) = b for every {(a, b) €
A = B.

Proof. For each element (a, b) € A * B, we have ({a, b), a) € pr,. Thus, dompr, =
A = B.Let ({a, b), c) € pry and {{a, b), d) € pr,. Then, a = cand a = d imply c = d.
Hence, pr, is single-valued. Thus, pr, is a mapping from A = B into A, such that
pry(a, b) = a.

Let a, € A. Since B is non-empty, there is some element b, € B. Now, from
the equality pr,(ay, b,) = a, we conclude that the mapping pr, is surjective.

For pry, the arguments are the same. O
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The mappings pr,: A « B—» Aand prz: A * B—» B are called the projections onto
the factors A and B, respectively.

LetA,B,A’,and B' be classesandu: A — Bandu': A" — B’ be mappings. Con-
sider the correspondence 7 = {{{a, a'), (b, b)) € (A * A") = (B = B') | (b = u(a)) A
(b" =u'(a"))}.

Lemma 8. The correspondencemisamappingn: AxA' — B+B',suchthatn({a, a')) =
(u(a), u'(a")) forevery (a,a’y ¢ A« A'.

Proof. For each element, {(a,y) € A = A’ we have ({a, a'), (u(a), u'(a’))) € n. Thus,
domm=A = A'. Let {a,a’), (b, b")) e w and {(a, a'), {(c, c')) € n. Then, b = u(a),
b' =u'(a'), c=u(a)and ¢’ = u'(a’) imply b = cand b’ = ¢’, where (b, ') = (c, ¢').
Thus, = is single-valued. Thus, 7 is a mapping from A * A’ into B * B', such that
n(a,a’) = (u(a), u'(a")). O

The mapping 7: A * A’ — B B’ will be called the derivative mapping of the mappings
u: A — Bandu': A' — B’ with respect to the coordinate products A + A' and B B’
and will be denoted by (u: A — B) #,, (u’: A’ — B') or simply by u #,, u’.

Let A and B be classes and u: A — B be a mapping.

Define a mapping a«: P(A) — P(B), setting a(X) = u[X] for every subset X of
the class A. The mapping « will be called the derivative mapping of the mapping
u: A — B with respect to the ensembles P(A) and P(B) and will be denoted by
P™u: A — B) or simply P™(u).

Also, for a class I, define a mapping 8: A’ — B setting 6(f) = u o f for every f €
Al. The mapping & will be called the derivative mapping of the mapping u: A — B
with respect to the degrees A" and B' and will be denoted by (u: A — B)! or simply
W)y,

1.1.9 Multivalued and simple collections

Consider now the important parallel terminology for correspondences and mappings.

Let I be a fixed class. A correspondence u: I — A from the class I into a class A
will be called also a (multivalued) collection of subclasses and subsets of the class A,
indexed by the class I, and will be denoted alsobyu = (4; c A | i € I): I —< A, where
A; = u(i) orinashorter formbyu = (A; cA|iel)orby(A; c A|ieI). Theclass 4;
will be called the component of the collection u with the index i € I. The class I is called
the class of indices of the collection u. If for every i € I the class 4, is a set, then u will
be called a (multivalued) collection of subsets of the class A.

If the correspondence u is total, i.e. A; # @ for every i € I, then the collection
u=(A; cAlieI)will be called total as well.
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A collection u = (4; c 4 | i € I) will be called also a collection of classes and sets
and will be denoted also by u = (4; | i € I). If for every i € I the class 4, is a set, then
u will be called a collection of sets.

It is clear that any mapping u: I — A is a multivalued collection u = (4; C A4 |
iel): I —= A, such that A, = {a;} and a; = u(i). This multivalued collection will
be called a (simple) collection of elements of the class A and will be denoted by
u=(a;eAliel) orin a shorter form by u=(a; € Aliel)orby (a;cAlicl).
Thus, the notion of the simple collection u = (a; € A | i € I) is another form of the no-
tion of the mapping u: I — A. The set a; will be called the member (= coordinate) of
the collection u with the index i € 1. The class I = dom u is called the class of indices
of the collection u. The classngu = {x € 4l | 3i € I (x = a;)} will be called the class of
members of the collection u and will be denoted by {a; | i € I}.

A simple collection u = (a; c 4| i € I) will be called also a simple collection of sets
and will be denoted also by u = (a; | i € I).

Let u=(A; c A|ie€I) be acollection and X be a subclass of the class I. Then,
the correspondence v = u|X: X —< A is a collection v = (A, c A | x € X). It will be
called the restriction of the collection u on the subclass X of the class I. And the collec-
tion u will be called an extension of the collection v. The same terminology is valid for
simple collections u = (a; c A | i € I).

The identical correspondence Id;: I —= I from 1.1.7 is a multivalued collection,
which will be called the identical collection of single element subsets of the class I and
will be denoted also by Id; = ({i}; c I | i € I), where {i}; = {i} for everyi € I.

Similarly, the identical mapping id;: I > I from 1.1.8 is a collection, which will
be called also the identical collection of elements of the class I and will be denoted also
byid; = (i; e I | i € I), where i; = i foreveryi € I.

If X is a subclass of the class I, then the identical correspondence Idy ;: X —< I
from 1.1.7 is a multivalued collection, which will be called the identical collection of
single element subsets of the subclass X of the class I and will be denoted also by
Idy ; = ({x}, < I'| x € X), where {x}, = {x} for every x € X.

Similarly, the identical mapping idy ;: X >— I from 1.1.8 is a collection, which
will be called also the identical collection of elements of the subclass X of the class I
and will be denoted also by idy; ={x, e I|x e X}, where x, =x for every
x e X.

Lemmal. Let u=(A; cA|iel)and v =(B; c B|iel) be multivalued collections.
Then, the following conclusions are equivalent:

1) u=v;

2) A;=Bforeveryicl.

The same statement is valid for simple collections.

Proof. This statement is a particular case of Lemma 2 (1.1.7). O
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Lemma2. Let u=(A;cAliel): I—= A be a collection of subsets of a class A.
Then, there exists a unique mapping v: I — P(A), such that v(i) = A, foreveryi € I.

Proof. By the definition from 1.1.5, we see that A; € P(A) for every i € I. Therefore,
we can consider the correspondence v = {(i, x) € I « P(A) | x = A;}.Ifi € I, then A, =
A; means by axiom scheme AS2 (1.1.5) that (i, A;) € v. Thus, dom v = I. Suppose that
(i, p) e vand (i, q) € v. Then, by axiom scheme AS2 p = A, and q = A;. Therefore,
p = q. This means that the correspondence v is single-valued. Thus, v is a mapping
and v(i) = A;. The uniqueness of v follows from Lemma 3 (1.1.8). O

Corollary 1. Letu = (A; c A | i € I) bea collection of sets of a class A. Then, there exists
the unique simple collection v = (4; € P(A) | i € I).

Corollary 2. Letu = (A; c i | i € I) be a collection of sets. Then, there exists the unique
simple collectionv = (A; c 4| i€ I).

Proof. It follows from Corollary 1 and Lemma 5 (1.1.5). O

Consider the correspondence ¢ = {(u, v) € Cor(I, A) = Map(I, P(A4)) | Vie I (v(i) =
u(i))}-

Lemma3. Let I # @. Then, ¢ is a bijective mapping ¢: Cor(I, A) —» Map(I, P(A)),
such that ¢p(A; c Aliel)=(A; € P(A)|iel for every collection (A; cA|iel) of
subsets of the class A.

Proof. By virtue of Corollary 2to Lemma 2, we get dom ¢ = Cor(I, A).Let (u, v) € pand
(u, w) € . Then, v(i) = u(i) and w(i) = u(i) imply v(i) = w(i) for every i € I. There-
fore, by Lemma 3 (1.1.8) v = w. Thus, ¢ is single-valued. Thus, the correspondence ¢
is a mapping, such that (pu)(i) = u(i) foreveryi € I.

Suppose that ¢u = ¢u' for some u, u' € Cor(I, A). Then, by Lemma 3 (1.1.8),
(pu)(i) = (pu')(i) for every i € I. Therefore, u(i) = u'(i) for every i € I implies by
Lemma 1 that u = u'. This means that ¢ is injective.

Let now v = (4; € P(A) | i € I) € Map(I, P(A)). Consider the classu ={x|Ji el
(Ja € A; (x = (i, a)))}. If y € u, then by axiom scheme AS2 (1.1.5) 3i € I (3a € 4;
(y = (i, a))). Then, y = (i, a) for some i € I and a € A;. Since A; is a set, by axiom
scheme AS2 A; c A. Therefore, y € I « A. This means that u c I = A. Thus, u is a
multivalued collection.

Take any [ € I. If d € u(l), then p = (I, d) € u. Besides, by axiom scheme AS2
(1.1.5), p = (m, e) or some m € I and e € A,,. From the equality (I, d) = (m, e), we
infer by virtue of Proposition 2 (1.1.6) that m = l and e = d. As a result, d € A;, where
u(ly c A;. Conversely, if f € A; c A, then we can take the element ([, f) € I « A. Using
axiom schemes LAS12 (1.1.4) and AS2 (1.1.5), we deduce that (I, f) € u, i.e. f € u(l),
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where A; c u(l). Thus, we get the equality u(l) = A, for every [ € I. This means that u
is a multivalued collection u = (4; c A | i € I). By the definition of ¢, we have gu = v.
Consequently, ¢ is surjective. O

Corollary 1. Let I be a non-empty class. Then, for the universal class 4l the correspon-
dence ¢ is a bijective mapping ¢: Cor(I, L) = Map(I, {), such that ¢(A; |ieI) =
(A; | i € ) for every collection of sets (A; | i € I).

It follows from Lemma 3 and Corollary 1 to it that working only with sets we could use
only simple collections. But the necessity to have collections of classes for the future
use forced us to introduce the new unaccustomed notion of a (multivalued) collection.

1.1.10 The union and intersection of a multivalued collection

Let u = (A; c 4| i € I) be a (multivalued) collection of classes and sets, indexed by
the (non-empty) class I.

The class rngu = {x | 3i (i € I A x € A;)} is called the union of the (multivalued)
collection u and is denoted by | J(4; | i € I). The class {x | Vi ((i e I) = (x € A;))} is
called the intersection of the (multivalued) collection u and is denoted by [(4; | i € I).
It is clear that A; c |J(A; | i€ I)and ((A4; | i € I) c A, for every i € I. Besides, [(4; |
iel)cJA;|iel.

The collection u is called a cover of a class D, if D = | J(4; | i € I). The collection u
is called pairwise disjoint, if A;N A; = @ for every element i # j from I. The collection u
is called a partition (= dissection) of a class D, if u is a pairwise disjoint cover of D.

Let u=(A;|ie€lI) be a cover of a class D. Any restriction u|J = (4;|i €]) of
the collection u on the subclass J ¢ I, such that u|J is a cover of the class D as well is
called a subcover of the cover u.

A cover w = (Cy | k € K) of the class D is called a refinement of the cover u if for
every k € K thereisanindex i € I, such that C; c A;. Itis clear that every subcover of
the cover u is a refinement of u.

Lemma1l. Letu = (4; | i € I) be a collection of subclasses of a class A. Then:
) A\UA;lieD=NA\A;lieD;
2) A\NA;lieD=UA\A;liel.

Proof. 1.Letx e A\|J(A; |ieI).Since A; c | J(A;|iel),wegetx ¢ A;,i.e.x € A\A;

foreveryi € I. Consequently, x € (J(A\4; | i € I). Conversely, let x € ((A\4; | i € I).

Then, x ¢ A; foreveryi e I,i.e.x ¢ |J(4; | i € I). Therefore, x ¢ A\ J(4; | i € I).
Conclusion 2 is checked in the similar way. |

Let u = (4; | i € I) be a (multivalued) collection. The class | J(4; = {i} | i € I) is called
the disjoint union of the (multivalued) collection u and will be denoted by | J;(4; | i € I).
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For every i € I, there is the canonical injection inj;: A; >— (J4(4; | i € I}, such that
inj;(a) = (a, i) forevery a € A;.

Denote the class | J(4; | i € I) by P and the class | J4(4; | i € I) by Q. Consider
the correspondence = {{(x, y) | (x e P)A(y e Q)ATi e [ ((x € A;) A (y = (x, D))} C
P Q.

Lemma 2. Let (4; | i € I) be a pairwise disjoint collection. Then, the correspondence o
is a bijective mapping o: |J(A; | i € I) =—» Jy(4; | i € I), such that a(p) = (p, i) for
everyp € A;andi € I.

Proof. Letp € P. Then, p € A; for some index j € J. Consider the element g = (p, j) €
Q. Then, we have the formula (p € A;) A (g = (p,j))- By axiom scheme LAS12 (1.1.4),
we have the formula (p € A)N(g=(p,j))=Fiel(lp i) A (q={p,i))).Bycon-
dition 3 from 1.1.3, we get the formula Ji € I ((p € 4;) A (@ = (p, i))). Now, by axiom
scheme AS2 (1.1.5), we conclude that (p, q) € a. Thus, dom« = P.

Suppose that (p, q) € a« and (p, r) € a. Then, by axiom scheme AS2, Jie I (p €
A;Nng=(p,i))and Jiel (p € A; ANr=(p,i)). Therefore, p € A, and q = (p, k) for
somek e Iandp € A;andr = (p, ) forsome!l € I. From p € A;nA,;, we conclude that
k = 1. As aresult, g = r. This means that the correspondence « is single-valued. Thus,
« is a mapping, such that a(p) = (p, i) for every p € A,.

Let a(p) = a(p’) for some p, p’ € P. Then, (p, a(p)) € a« and (p’, a(p')) € a imply
by AS2, thatp € A,, and a(p) = (p, m) forsomem € Iand p’' € A, and a(p’) = (p’, n)
for some n ¢ I. By virtue of Proposition 2 (1.1.6), we infer from these conditions that
p = p'. This means that « is surjective.

Now, let g € Q. Then, g € A,, * {»} for some index x € I, i.e. g = (p, ») for some
p €A, c P.ByLemma5 (1.1.6), (p, g) is a set. As well as above, we deduce the formula
Jiel((p € A;) A (g = {p, i))), and by axiom scheme AS2, we conclude that (p, q) € «,
i.e. ¢ = a(p). This means that « is surjective. O

Proposition 1. Let (4; | i € I) be a collection of classes. Then:

1) if u: K—»1is a surjective mapping, then |J(A; |ie ) =U(A,u | k € K) and
N(A; | iel)=N(Ayy | k € K) (the general commutativity of union and intersec-
tion);

2) ifl =W, | m € M) forsome collection (I,, | m € M), then|J(4; | i€ I) = U(U(4; |
iel,)meM)and N(A4;1ieD)=N(N(A;|1ie€l,)| me M) (the general asso-
ciativity of union and intersection).

The proof of these equalities follows directly from the definitions.
Some useful special form of the general associativity will be derived in the end

of 1.1.13 (see Proposition 1 (1.1.13) and its corollary).

Corollary 1. Let (A; | i € I) be a collection of classes. Then:
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1) ifu: K»—» Iis a bijective mapping, then | J,(A; | i € I) = U (A, | k € K);

2) if a collection (I, | m € M) is a partition of the class I, then there exists a bi-
jection B: Uy (4; |iel)—» Jy(Ug(4;11€l,) | meM), such that B({x, 1)) =
({x, 1), m) foreverym e M,i € I, and x € A;.

Corollary 2. Let (A; | i € I) be a collection of classes, j € I and K = I\ {j} + @. Then,
U4 lieD=A;ulJ(A; lieK)and((A; |iel)=A;n((4; |i€K).

Corollary 3. Let (4; | i € I) be a collection of classes, I = {j, k} and j # k. Then, | J(4; |
ie)=A;uA and((A; liel)=A;nA,.

Lemma3. Let (A; cA|iel)and (BjcBlje]) be collections of corresponding sub-
classes, and u: A — B be a correspondence. Then:

@) ulUA; lieD]=UmlA]liel;

() ulN(A; 1ieD] cNlA]lieD.

Ifin addition the correspondence u is a mapping u: A — B, then
(i) w{UB; jeNl=Uw™[B;]1jel);
(v) u'[NB;1jeN=Nw"B]lje)).

If besides the mapping, u is injective, then (ii) becomes an equality.

All of these formulas are proved by the direct checking.

Let(A; | i € )and (B; | i € I) be (multivalued) collections of classesand (u; | i € I)
be a (multivalued) collection of mappings u;: A; — B;. Define a mapping §: (J;(4; |
iel)— JyB;|iel)settingd({a,i)) = (u;(a), i) foreveryi e I and a € A;. The map-
ping & will be called a derivative mapping of the (multivalued) collection of mappings
(u;: A; — B; | i € I) withrespect to the disjoint unions | J4(A; | i € I) and | J4(B; | i € I)
and will be denoted by J,,,, (4;: A; — B; | i € I) or simply by J,,,(u; | i € I).

Lemma 4.

1) Ifall the mappings u; are injective [surjective, bijective], then the mapping | J 4, (u; |
i € I) is injective [surjective, bijective] as well.

2) If(w;: A; > B;jliel)and (v;: B; — C; |1 €I) are two collections of mappings,
then Jgmieu; i€ ) = Ugm(vili€I)oUgmlu;liel)

All of these conclusions are proved by the direct checking because of the pairwise
disjointness of components of the collections (A; * {i} | i € I}, (B; #{i} | i € I) and (C; *
{i}|iel.

1.1.11 The other axioms of existence of sets

In this subsection, we shall introduce the other axioms of the theory of classes and
sets except the axiom of choice which will be introduced in 1.1.12.
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A5. (The axiom of the general union.) Let (A; c 4 | i € I) be a multivalued collection
of sets, indexed by the set I. Then, | J(4; | i € I) is a set as well.

Lemma 1.
1) Letu = (A; |1 € I)beamultivalued collection of sets, indexed by a set I. Then, u is
a set.

2) Letu: A — Bbeamapping from a set A into a class B. Then, rng u and u are sets.

Proof. 1.Byaxiom A5, A = | J(4; | i € I)isaset. Let p € u. Then, by axiom scheme AS2
(1.1.5) p = (i, x) for some i € I and x € Y. From (i, x) € u, we conclude that x € u(i) =
A;, where x € A. By virtue of axiom scheme LAS12 (1.1.4) and the rule of deduction D3
(1.1.3), we get the formula 3i € I (3x € A (p = (i, x))). Now, by axiom scheme AS2 (1.1.5)
p € I+A.Asaresult, u c I = A. By Proposition 4 (1.1.6), I = A is a set. Now, by Lemma 1
(1.1.6), u is a set.

2. Let now u: A — B be a mapping from a set A into a class B. By the definition
from 1.1.8, u is a multivalued collection u = (B, | a € A), such that B, = u{a) = {u(a)}
forevery a € A.Since u(a) € B, u(a)isaset. Then, by Lemma 3 (1.1.6) B,, is a set as well.
Now, by statement 1, u is a set. Besides, by axiom A5 and the definition from 1.1.10,
mgu=J(B, | aecA)isaset. O

A6. (The axiom of regularity (= foundation).) Let A be a class and A # @. Then, there
exists an element a € A, suchthatanA = @.

Lemma2. A ¢ A.

Proof. Suppose that A € A. Then, A is a non-empty set. Besides A is a single element
of the class {A}. By axiom A6, there is « € {A}, such that a N {A} = @. Since « = A, we
get A N {A} = @ and o € A. As aresult, a« € A n {A} = @. It follows from this contra-
diction that A ¢ A. O

Corollary 1. Let A be a set. Then, A + {A}.

Proof. Suppose that A = {A}. Then, A € A. But this contradicts Lemma 2. O
Lemma3. IfA € B, then B ¢ A.

Proof. Suppose that A € B and B € A. Then, A and B are sets. By Lemma 4 (1.1.6),
{A, B} is a set and x € {A, B} is equivalent to either x = A or x = B. By axiom A6,
there is « € {4, B}, such that « N {A,B} = @. If « = A, then B € a. As a result, B €

anN{A,B}=@.Ifa =B,thenA € a. Asaresult, A € an{A, B} = @. In both cases, we
get the contradiction. Thus, B ¢ A. O
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A7. (The axiom of infinity.) There exists a set A, such that @ € A, and a € A implies
a u{a} € A.

It follows from the axiom that @ is a set. It will be denoted further also by 0. By
Lemma 3 (1.1.6), {0} is also a set. By axiom A4 (1.1.6), the class O U {0} is also a set.
This set will be denoted by 1. Analogously, the class 1 U {1} is a set. It will be denoted
by 2. In the similar manner we define the sets 3 = 2 U {2}, 4 = 3 U {3} and so on.

Lemma 4.

1) 0clc2c3c4andsoon.

2) 0#1#2+3+#4andsoon.

3) 0€1;0€2and1€2;0€3,1€3,and2€3;0¢€4,1€4,2¢€4,and3 € 4; and
so on.

Proof. 1. All of these inclusions follow from the definitions.

2. Suppose that 1 =2 =1 U {1}. Then, {1} c 1. Since 1 is a set, we get by Lemma 3
(1.1.6) that 1 € 1. But this contradicts Lemma 2. Thus, 1 # 2. The similar arguments are
used for the other inequalities.

3. All the belongings follow from the definitions. O

Let A and A’ be sets. Consider the correspondence v: 2 — i, such that v = {{0, A),
(1, A"}

Proposition 1. Let A and A’ be sets. Then:
1) domv=2andrngv={A4,A'};
2) visacollection (X; € {A,A'} | i € 2),suchthat X, = Aand X, = A'.

Proof. 1.By Lemma 5 (1.1.6), (0, A) and (1, A’) are sets. Therefore, by Lemma 4 (1.1.6),
v is a set and x € v iff either x = (0, A) or x = (1, A’). Consequently, v =2, A e rngv
and A’ € rngv. By virtue of Lemma 4 (1.1.6), {4, A’} c rngv. Conversely, if y € rng v,
then by axiom scheme AS2 (1.1.5) 3i € 2 ({i, y) € v). Hence, {j, y) € v for somej € 2. If
j = 0,then (0, y) € v.Thus, either (0, y) = (0, A) or (0, y) = (1, A"). In the first case by
Proposition 2 (1.1.6), y = A. The second case is impossible in virtue of Lemma 4 (1.1.6)
and Proposition 2 (1.1.6). As a result, y = A € {A, A'}. If j = 1, then in the similar way
(1, y) € vimpliesy = A’ € {A, A’}.Thismeansthatrng v c {4, A'}.Thus,rngv = {4, A'}.

2. Now, by the definition from 1.1.9, v is the collection (v(i) c {4, A’} | i € 2). Sup-
pose that X, X' € v(0). Then, (0, X) € v and (0, X') € v. Since 0 # 1, we infer that
{0, X) =(0, A) and (0, X') = (0, A). By virtue of Proposition 2 (1.1.6), X =A = X'.
This means that the subclass v(0) ¢ {A, A’} consists of the single element X, = A. By
the same arguments, we check that the subclass v(1) consists of the single element
X, = A'. Therefore, by the definition from 1.1.9 v = (X; € {4, A’} | i € 2), where X, = A
and X, = A'. O
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Sequential pairs, triplets, and suits of sets
This collection v = (X; € {A, A’} | i € 2), such that v(0) = X, = A and v(1) = X, = A’
will be called the (simple) sequential pair of the sets A and A’ with the zero member A
and the first member A’ and will be denoted by (4, A'). Along with the name “member”
the name “coordinate” and others will be used.

Let A,A’, A", A", ... be sets. The collection (X; € 4| i € 3), such that X, = A,
X, =A' and X, = A” will be called the (simple) sequential triplet of the sets A, A’,
and A" and will be denoted by (4, A’, A”). The collection (X; € & | i € 4), such that
Xo=A, X, =A", X, =A" and X; = A" will be called the (simple) sequential quadru-
plet of the sets A, A', A" and A" and will be denoted by (4, A’, A", A""), and so on.
Thesets (4, A"), (A, A’,A"), (A, A", A", A""),... will be called (simple) sequential suits
of sets.

The sequential pair (4, A") has the best properties of the coordinate pair (A4, A").

Lemma5. Let A, A', B and B' be sets. If (A,A") = (B,B'), then A=B and A' = B'.
The similar properties are valid for corresponding triplets, quadruplets, and so on.

Proof. By the definition, (4, A") = (X; € {A,A'} | i € 2), where X, = A and X, = A,
and (B,B') = (Y; € {B,B'} | i € 2), where Y, = B and Y, = B'. By virtue of Lemma 1
(1.1.9), {X;} = {Y;} for every i € 2. Since X; and Y; are sets, we get X; = Y; for every i.
Therefore, A= X, =Y,=BandA' =X, =Y, =B O

(Multivalued) sequential pairs, triplets, and suits of classes

Now, we shall introduce another pair suitable also for classes. Let A and A’ be classes.
Consider the correspondence u={x|3ie2 (Ase U (x=({,s)) A((i=0) = (s €
A)A((i=1)=(se AN}

Proposition 2.
1) domu=2andmgu=AUA’;
2) uisacollection (X; cAUA'|ie€?2),suchthatX,=AandX, = A'.

Proof. All the assertions follow from the equalities u = {(i,s) e 2«4 | ((i=0) = (s €
ANA((i=1)=(seA)}={0,a)|acAlu{(l,a’)|a' €A} O

This multivalued collection u = (X; c A U A’ | i € 2), such that u(0) = X, = A and
u{1y = X; = A’ will be called the (multivalued) sequential pair of the classes A and A’
with the zero component A and the first component A' and will be denoted by
(4, A".

Let A,A', A", A", ... be classes. The (multivalued) collection (X; c U |1i € 3),
such that X, = A, X; = A’ and X, = A" will be called the (multivalued) sequential
triplet of the classes A, A' and A" and will be denoted by (4, A’, A”). The (multi-
valued) collection (X; c 4| i € 4), such that X, = A, X; = A", X, =A" and X; = A"
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will be called the (multivalued) sequential quadruplet of the classes A, A', A" and A"
and will be denoted by (4, A’, A”, A"}, and so on. The classes (4, A’), (A, A’, A"),
(4,A',A",A"),... will be called (multivalued) sequential suits of classes and sets.

Lemmaé. If(A,A') = (B,B'), then A = Band A’ = B'. The similar properties are valid
for corresponding triplets, quadruplets, and so on.

Proof. By the definition, (4, A’) = (X; c AUA' | i € 2), where X, = Aand X, = A’, and
(B,B') = (Y; c BUB' | i€ ?2),where Y, = Band Y, = B'. By virtue of Lemma 1 (1.1.9),
X; = Y, foreveryi € 2. Therefore, A=X,=Y,=BandA' =X, =Y, =B O

Since (A, A') is a multivalued collection, we can consider its union and intersection.
The classes | J(4,A") = J(X; c AUA' |ie2)and (4, 4") =N(X; c AUA' | i€ 2)will
be called the union and the intersection of the (multivalued) sequential pair (A, A'),
respectively. Since 2is a set, then for every set A and A’ by virtue of axiom A6, the class
(A, A') is a set. This implies by Lemma 1 (1.1.6) that [)(4, A') is a set as well.

Lemma7. J(4,A)=AuA and(N(A,A)=AnA.

Proof. 1.By the definition from 1.1.10 | J(A4, A') = {x | Ji € 2(x € X;)}. Letp € |J(4, A").
Then, by axiom scheme AS2 (1.1.5), Ji € 2 (p € X;). Therefore, for some j € 2 we have
peX;. Ifj=0, then p € X, = A. If j = 1, then similarly, p € X; = A". In both cases,
p € AU A’. This means that | J(4,A') cAUA’.

Conversely, let g € AUA’. Then, by the definition from1.1.5,q € A v q € A’. There-
fore,q € X, v q € X;,i.e.(k € 2) A (g € X;). Now, by axiom scheme LAS12 (1.1.4) and
rule of deduction D3 (1.1.3), we get the formula 3i ((i € 2) A (g € X;)). Consequently,
by virtue of axiom scheme AS2 (1.1.5), we infer that g € |J(A, A'). This means that
AUA' c|J(4,AN.

2. Analogously, by the definition from 1.1.10, (4, A" ) ={x | Vi ((i€2) = (x €
X;)}. Letp € N(A, A"). Then, Vi € 2 (p € X;) impliesp € X,nX; = AnA’. As aresult,
NA,A)cAnA's

Conversely, let g € A n A'. Then, by the definition from 1.1.5, gc A A g < A'.
Therefore, g € X, A q € X;. Consequently, we have the formula (i € 2) = (q € X;).
Now, by rule of deduction D4 (1.1.3), we get the formula Vi ((i € 2) = (g € X;)). By ax-
iom scheme AS2 (1.1.5), this implies g € (4, A’). Asaresult, AN A’ c(4,4"). O

Let A,A’,A", A", ... be classes. The classes | J(4, A, A"), (A, A", A", A"),... and
the classes ((4,4',A"), N(A,A’, A", A""),... will be called the unions, and corre-
spondingly, the intersections of the (multivalued) sequential triplet (A, A’, A"), quadru-
plet (A, A’, A", A"),... and will be denoted by AUA' UA",AUA’UA" UA",... and
correspondingly, by AnA'n A", AnA'nA"nA",....

Let A,A’,A" A", ... be sets. The set rng(4, A’, A”) (see 1.1.9 and axiom A5) of
members of the sequential triplet (4, A’, A”) will be called the non-ordered triplet of
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the sets A, A’ and A" and will be denoted by {4, A’, A”}. The set tng(A, A’, A", A"")
of members of the single-valued sequential quadruplet (4, A’, A", A""") will be called
the non-ordered quadruplet of the sets A, A’', A" and A" and will be denoted by
{A,A", A", A"}, and so on. The sets {4, A'}, {A, A", A"}, {A, A", A", A"},... will be
called non-ordered suits of sets.

Lemma8. LetX,A, A", A", A", ...besets. Then:

1) Xel{A,A,AVifX=AVvX=A'"vX=A",

2) Xe{A,AA" A"VifX=AvX=A'vX=A"vX=A";
3) andsoon.

Proof. By the definition, {4, A’, A"} = {x | Ji(i € 3 A x = X;)}, where X, = A, X; = A’
and X, = A".1f X € {A, A’, A"}, then by axiom scheme AS2 (1.1.5) Ji (i € 3 A X = X,).
Consider the formulai e 3A X =X;.If i =0, then X =X, = A;ifi =1, then X = X, =
A';ifi=2,thenX=X2 =A".Thus, X=AvX=A4A"vX=A4".

Conversely, let X = AvX =A'v X = A”. This implies (X = X,) A (0 € 3)) vV ((X =
X)A(@Qe3)Vv (X=X, A (e 3)),where (k € 3) A (X = X;). Now, by axiom scheme
LAS12 (1.1.4) and by rule of deduction D3 (1.1.3), we get the formula 3i ((i € 3) A (X =
X;)). By axiom scheme AS2, X € {4, A’, A"}.

For other cases, the arguments are the same. O

Remark. Lemma 5 shows that, in fact, the pairs of sets (A, A’y and (A4, A’) are similar
objects. But for suits of sets with several (three, four,...) members, the situation be-
comes completely different. The sequential suits (4, A’, A"), (A, A", A", A"),... are
easily defined. Moreover, generalization of the coordinate pair (A, A') requires the use
of the angular brackets (for example in the form ((A, A’), A"), (({A, A"y, A"y, A""),...).
But for the bracket form, it is very difficult to formulate the property of associativity of
the products (A+A") A", (AxA")+A")x A" ,.... That is why we were forced to intro-
duce the unaccustomed notion of (simple) sequential suits of sets (A, A"), (A, A’, A"),
(4,A", A", A™),....

Moreover, the necessity to have suits of classes forced us to introduce the other
unaccustomed notion of (multivalued) sequential suits of classes (A, A'), (A, A", A"),
(A, A", A", A")....In particular, we use them for the definition of the sequential prod-
uctsof classes A « A", A + A’ « A", A« A"« A" « A"',...in1.1.12.

LetA, A',A”,...beclasses. Then, (A, A'), (4, A’, A"),... are the corresponding multi-
valued collections. The classes | J4(4, A"), U4(4, A", A"),... will be called the disjoint
unions of the (multivalued) sequential pair (A, A'), triplet (A, A’, A"),... and will be
denotedby AuyA’, AuyA'u, A”,. ... By the definitions of the disjoint union, the mul-
tivalued sequential pair and the union we have A u; A’ = |J,(X; | i € 2) = U(X; = {i} |
i€2)=(Ax*{0})u(A’ = {1}). In the similar manner it is checked that A u,; A" u; A" =
(A={0hu(A = {1Hu (A" = {2}), and so on.
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Besides, let B, B',B",... be classes and u: A »> B, u': A' > B, u": A" -
B",... be corresponding mappings. Then, (B, B'), (B, B', B"),... and (u, u'), (u, u’,
u'"),... are the corresponding multivalued collections. The derivative mapping |,
(u,u'): Auyz A' — B U, B' from 1.1.10 of the multivalued sequential pair (u, u') with
respect to the disjoint unions A u; A’ and B u,; B’ will be denoted by u U, u'.
The derivative mapping | J 4, (u, u', u"): Auy A' uy A" — B u,; B' u,; B” from 1.1.10
of the multivalued sequential triplet (u, u’, u'') with respect to the disjoint unions
AuzA'uyA" and Buy B' uy B" will be denoted by u Uy, u' Uy, u”, and so on. It is clear
that (u U, u')({a, 0)) = (u(a), 0) and (u Uy, u")({a', 1)) = (u'(a’), 1) foreverya € A
and a’ € A'. Similarly, (uU g, u' Uy, u")({a, 0)) = (u(a), 0), (UU U’ Ugu")({a', 1)) =
(u'(a'), 1y and (u Uy, U’ Uy, u'(a”,2)) = (' (a"),2) for every a € A, a’ € A’ and
a" € A", and so on.

Remark. The axiom A5 is equivalent to the conjunction of the two following weaker

axioms A5’ and A5" presented in [Kelley, 1975].

A5'. (The axiom of values.)Ifu: A — Bisamapping from a set A into a class B, then
the class rng u of values of the mapping u is a set.

A5". (The axiom of the union.) If Aisasetand (a, c 4 | a € A) = ¢'(id,) is the multi-
valued collection from Corollary 1 to Lemma 3 (1.1.9), such that a, = a for every
a e A, then|J(a, | a € A) is a set.

It is clear that A5’ and A5" are the particular cases of A5. Now, we shall prove that A5
is deduced from A5’ and A5".

Letu = (A; c 4| i € I) be a multivalued collection of sets, indexed by a set I. Con-
sider the class X = [J(4; | i € I). Take the collection v = ¢(u) = (4; € 4 | i € I) from
Corollary 1 to Lemma 3 (1.1.9). By axiom A5', R =rngv = {A; | i € I} is a set, and by
axiom A5", Y = |J(r, | r € R) is a set as well.

If x € X, then x € A; for some i € I. Since r = A; € R, we get x € r,, where x € Y.
As aresult, X c Y. Conversely, if y € Y, then y € r, = r for some r € R. But r = A, for
some i € I. Therefore, y € A; implies x € X. Asaresult, Y c X. Thus, X = Y.

By Lemma 3 (1.1.5), Y € 4. Now, using axiom A1 (1.1.5) and rule of deduction D3
(1.1.3), we deduce that X € . Thus, X is a set.

1.1.12 The product of a multivalued collection. The axiom of choice

Let u = (A; c 4| i€ I) be a (multivalued) collection of classes, indexed by a (non-
empty) class I. Consider the class A = |J(4; | i € I).

Theclass{e = (a; € A |i € I) e Map(l, A) | Vi € I (a; € A;)}, consisting of all sim-
ple collections e = (a; € A | i € I) of elements of the class A4, such that a; € A, for every
i € 1, is called the (indexed, direct or Cartesian) product of the multivalued collection u
and is denoted by [[(4; | i € I). The class 4; is called the factor of the product [](4; |
i € I) with the index i.
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From the preceding axioms, we can not conclude that if a collection (4; | i € I)
is total and I # @, then [](4; | i € I) # &. To prove such a property, it is necessary to
introduce another axiom.

Lemmal. Let (4; | i € I) be a (multivalued) collection of sets indexed by a set I. Then,
[1(A; | i € I) is also a set.

Proof. Denote J(4; | i € I) by A. By the definition, [](4; | i € I) c Map(I, A). By axiom
A5 (1.1.11), A is a set. Therefore, by Proposition 1 (1.1.8), Map(I, A) is a set as well. Now,
by virtue of Lemma 1 (1.1.6), [[(4; | i € I) is a set. O

A8. (The axiom of choice.) Let A be a non-empty set. Then, there exists a mapping
p: P(A)\{@} — A, such that p(P) € P for every non-empty subset P of the set A.

Any such a mapping is called a choice mapping for the set A.

Theorem 1 (Russell). The following statements are equivalent:

1) the axiom of choice;

2) if(A; | i € I)is a total (multivalued) collection of sets, indexed by a non-empty set I,
then the set [[(A; | i € I) is non-empty.

Proof. 1) + 2). Consider the class A = | J(4; | i € I). By axiom A5 (1.1.11), A is a set. By
axiom A8, there is a choice mapping, p : P(A) \ {&} — A. Since A; € P(4) \ {z} for
every i € I, we can consider the correspondence e = {(i,a) € I = il | a = p(A;)}. Itis
clear thatdome = I. Let (i, a) € eand (i, b) € e. Then, a = p(A;) and b = p(4,) imply
a = b.Thus, eissingle-valued. Thus, eisamappinge: I — $l,suchthate(i) = p(4;) €
A;. Therefore, e € [[(4; | i € I).

2) I 1). Let A be a non-empty set. By Lemma 2 (1.1.6), P(A) is also a set. By Propo-
sition 1 (1.1.5), there exists a set a, such that a € A. By Lemma 3 (1.1.6), {a} c A.
From the equality a = a by axiom scheme AS2 (1.1.5), we get a € {a}. By Proposition 1
(1.1.5), this implies {a} # @. By Lemma 3 (1.1.6), {a} is a set. Suppose that {a} € {z}.
Then, by axiom scheme AS2 (1.1.5), {a} = @. It follows from this contradiction that
{a} ¢ {@}. By Lemma 2 (1.1.6), {a} € P(A). As a result, {a} € P(A) \ {@}. Again by
Proposition 1 (1.1.5) this means that I = P(A) \ {@} # @. Consider the identical collec-
tionid; = (i; € I | i € I) from 1.1.9. According to Lemma 3 (1.1.9), we can take the mul-
tivalued collection (i; c A |iel) = (p‘l(id,). By the condition, [](i; | i € I) + @. By
virtue of Proposition 1 (1.1.5), there exists a mapping p: I — [J(i; | i € I), such that
pelli;|iel). If a € A, then it was checked above that a € {a} € I. Therefore,
A c(i; | i € I). Conversely, if b € | J(i; | i € I), then b € j for some j € I. By Lemma 5
(1.1.5), j c A. Thus, b € A. This means that A = | J(i; | i € I). As a result, p is a map-
ping from I into A, such that p(i) € i; = i. Consequently, p is a choice mapping for the
set A. O
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Now, we shall connect the product of a collection, introduced here, and the binary
coordinate product, introduced in 1.1.6.

Theorem 2. Let (A; | i € I) be a collection of sets, indexed by asetI,j e Iand K =1\
{j} # @. Then, there exist bijective mapping f: [[(A; |ieI)—» Aj*H[Ai | i € K)and
y: TIA; 1iel)—» ([T(A4; i€ K])*Aj,,suchthatﬁ(ai liel)=(a;(a;|ie K)) and
yla;liel)={(a;|ieK), a]-)forevery collection (a; |i€I) € [[(A; 1€

Proof. Denote[](4; | i€ I)byEand[][(4; |i € K)by D. Consider the correspondence
B={(e,{a,d)) e Ex (4; D) | (a = e(j)) A (d = e|K)}. Itis clear that dom 8 = E. Sup-
pose that (e, (a, d)) € g and (e, (a’,d")) € B. Then, a = e(j), d = e|K, a’ = e(j) and
d' = e|K.Hence, a = a' and d = d'. As aresult, (a, d) = (a’, d'). This means that g is
single-valued. Thus, 8 is a mapping from E into A;j x D, such that S(e) = (e(j), elK).

Let B(e) = B(f) for some e, f € E. Then, the equality (e(j), e|[K) = (f(j), fIK) im-
plies by Proposition 2 (1.1.6) that e(j) = f(j) and e|K = f|K. By Lemma 3 (1.1.8), e(k) =
f(k) for every k € K. Therefore, e(i) = f(i) for everyi € I. Again, by this Lemma 3, e = f.
This means that g is injective.

Denote | J(4; | i € )by A and J(Ay | k € K) by C. Let (b, d) € A; * D. By the defi-
nition, d € Map(K, C) and d(k) € A,. Consider the correspondence e = {(i, x) e I+ A |
((i € K) > (x =d(i))) A ((i =j) = x = b)}. Itis clear that dom e = I. Let (i, x) € eand
(i,y) ee.lfie K,thenx =d(i)and y = d(i) imply x = y = d(i) € A; c A.If i = j, then
x=bandy=bimplyx =y = b € A; c A. This means that e is single-valued. Hence,
e € Map(l, A) and e(i) € A;foreveryi € I,i.e. e € E. From e|K = d and e(j) = b, it fol-
lows that S(e) = (b, d). This means that f3 is surjective.

For y, the arguments are the same. O

Corollary 1. Let (A; | i € I) be a collection of sets, such that I = {j, k} and j + k. Then,
there exist bijective mappings 8’ : [](A; | i€ ) —» AjxAyandy': T[(A;|ieD)—»
AyxA;,suchthat B'(a; | i € I) = (a;, ay) andy'(a; | i € I) = (ay, a;) for every collection
(a;1iel) eT](4|ieD.

Proof. Consider the mappingsu: A;*[[(A; | i€ K) —» A;jxAandv: ([[(A;|i€ K))=*
A; — A+ Aj,suchthatu({a, (a; | i € K))) = (a, a;) and v({(q; | i € K), a)) = {ay, a),
where K =1\ {j} = {k}. It is easy to check that u and v are bijective. Then, ' = u -
and y’ = v o y are necessary bijections. O

Product of multivalued pairs, triplets, ...

Let A and A’ be classes. Consider the multivalued sequential pair (4, A') from 1.1.11.
Since (A, A') is a collection, we can consider its product. The class [](4, A") = T](X; ¢
AUA'|ie2)will be called the (sequential) product of the multivalued sequential pair
(A4, A’) and will be denoted by A x A’.
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ForclassesA,A', A", A", .. ,theclasses[](4,A',A"),T](A, A", A", A""),... will
be called the (sequential) products of the multivalued sequential triplet (A, A, A"}, mul-
tivalued sequential quadruplet (A, A', A", A""),... and will be denoted by A x A’ x A",
AxA ' xA"xA",....

Let A be a class. Consider the sets 2,3, 4, ... according to 1.1.8 A%, A%, A%, ...,
denote the degrees of the class A with the exponents 2, 3, 4, .. ., respectively.

Consider also the sequential products Ax A, AxAxA,AxAxAxA,....Itis easy
to check that A = Ax A, A’ = AxAxA,A"=AxAxAxA,....

The binary products A * A’ and A x A’ are different objects. But there is the fol-
lowing similarity between them.

Lemma2. Let A,A', A", A", ... be classes. Then, A x A' ={(a,a’) |acAAd €
AL AxA xA"={a,d,ad)|aecAna eA rna"eA"}, Ax A xA" x A" =
{(a,a',a",a")|acAnad eA na" eAd" na" eA},....

Proof. By the definition from 1.1.11, (A, A") = (X; cAU A’ | i € 2), where X, = A and
X, =A".Denote Ax A’ by Pand {(a,a’) | a € A A a’ € A'} by Q. By Lemma 7 (1.1.11),
U(4, A") = AuA’. Therefore, by the definition, P = {p € Map(2, AUA") | Vi € 2(p(i) €
X;)}. Let p € P. Then, p(0) € X, = A and p(1) € X; = A'. Denote p(0) by a and p(1)
by a'. Since rmgp = {a, a'} ¢ A U A’, we conclude that p € Map(I, {a, d'}), i.e. p =
(x; € {a,a’} | i € 2). Besides, p(0) = a and p(1) = a’ means thatp = (a, a') € Q. Thus,
Pca.

Conversely, let g = (b, b') € Q. By the definition, g = (y; € {b, b’} | i € 2), where
YVo=beA=X,andy, =b' € A' = X,. Since {b, b’} ¢ A U A’, we conclude that g =
(y; € AUA' | i € 2) e Map(2, AuA")and q(i) = y; € X, foreveryi € 2. Thus, g € P. Thus,
QcP.

As aresult, P = Q. For the other cases, the arguments are the same. O

The equality A x A’ = {(a,a’) | a € A A a’ € A"} is resembling the equality A = A’ =
{{a,a’y |laec A Na €A} from1.1.6.

Lemma3. Let A and A' be non-empty sets. Then, there exists a bijective mapping
B AxA'—» Ax A, such that f'(a, a’) = (a, a') forevery (a,a’) e Ax A’

Proof. According to 1.1.11 (A, A') = (X; c AU A’ | i €2), where X, =A and X, = A'.
Therefore, X, * X; = A+ A’. By virtue of Lemma 4 (1.1.6) and Lemma 4 (1.1.11), 2 = {0, 1}.
By Corollary 1to Theorem 2, there is a bijective mapping g': [](X; | i € 2) = X, =X;,
such that g'(x; | i € 2) = {(x,, x;) for every collection (x; | i € 2) € [[(X; | i € 2). It fol-
lows from above that ' is a bijection f': Ax A’ = A + A'.1f (a,a’) € A x A', then
by the definition from 1.1.11 (a, a’) = (x; € {a, a'} | i € 2), where x, = a and x; = a’.
Therefore, p'(a, a’) = B'(x; | i € 2) = {xg, x;) = (a, a'). |
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Remark. Lemmas 2 and 3 show that, in fact, the binary products A + A’ and A x A’ are
similar objects. But for the products with several (three, four,...) factors, the situation
becomes completely different. The sequential products A x A’ x A", A x A’ x A" x
A" ... are easily defined. However, generalization of the binary coordinate product
A = A’ requires the use of the round brackets (for example in the formof (A = A") = A",
((A+ A"+ A"y + A’,...). But for the bracket form, it is very difficult to formulate
the property of associativity of the product. As to the indexed product [[(4; | i € I)
(in particular, the sequential products Ax A’ x A", Ax A’ x A" xA",...), the property
of associativity can be formulated and prove in large generality (see Theorem 3 below).

By this reason, we shall use further as a rule the sequential products A x A’,
AxA xA", Ax A" xA" x A",.... The single case, where we are forced to use the bi-
nary coordinate product X = Y, is the assignment of correspondences, mappings, and
collections in the formu c X = Y.

Correspondences of several arguments (variables)

Let A, Bbe classesand u: A — Bbe a correspondence. Let X, X', X", ... be classes.
If A ¢ Xx X', then u will be called also a correspondence of the two arguments (= vari-
ables) x and x'. If A ¢ X x X' x X", then u will be called also a correspondence of
the three arguments (= variables) x, x', and x"', and so on. Let (X; | i € I) be a multi-
valued collection of classes, indexed by a class I. If A c [][(X; | i € I), then u will be
called a correspondence of the arguments x; for i € I. The similar terminology is used
for mappings u: A — B.

Thus, for correspondences (and in particular mappings) of several arguments we
have, by the definition, the following inclusions: u ¢ (XxX')*B,u ¢ (XxX'xX")*B,
and so on.

Similarly, let u = (A; c 4 | i € I) bea (multivalued) collection indexed by a class I.
Let X, X', X", ... be classes. If I = X x X', then u will be called also a (multivalued)
collection, indexed by elements of the classes X and X'. If I = X x X' x X", then u
will be called also a (multivalued) collection, indexed by elements of the classes X,
X', and X", and so on. In these cases, along with the notations u = (4, | (x,x) €
Xx X", u=(Agpn | 6x,x") e Xx X' xX"),..., we shall use also the notations
u=Ay lxeX, x eXVyu=(A |l xeX, x' €X', X" € X"),.... The similar ter-
minology and notations are used also for simple collections u = (4; | i € I) of sets A;.

Thus, for collections of several arguments, we have by the definition the following
inclusions: u ¢ (X x X') * 4, u ¢ (X x X' x X"") + 4, and so on.

Commutativity and associativity of the product
Theorem 3. Let (A; | i € I) be a total collection of sets, indexed by non-empty set I.
Then:
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1) ifu: K»>—» I is a bijective mapping, then there exists a bijection : [](4;|i¢€
I »—» TT(Ayx | k € K), such that fe = e o u, i.e. f(a; | i € I) = (ayy, | k € K) for
everye = (a; | i€l) e [](4; |1 e I) (the commutativity of the product);

2) if a collection (I,, c 1| m e M) is a partition of the set I for some set M + @
(see 1.1.10), then there exists a bijection B: [[(A;ie)>—» [I(J1(4;liel)|
m e M), such that B(a;|iel)=((a;|liel,)| meM) for every (a;|iel) e
[1(4; | i € I) (the associativity of the product).

Proof. 1.Denote A, by B,.Itis evident thateou € [[(By | k € K) forevery e € [](4; |
i € I). Consequently, 3 is a correctly defined mapping. Let e = 5f for some e, f €
[1(A; | i € I). Then, for every k € K we get e(u(k)) = f(u(k)). Since u is a bijection, we
conclude by virtue of Lemma 3 (1.1.8) that e = f. Thus, f3 is injective.

Let h € [[(By | k € K). Consider the mapping e = h o ul: I> A Ifieland k=
u~l(i), then e(i) = h(k) € By = A, = A;. Consequently, e € [](A; | i € I). As a result,
B(e) =eou=hou"'ou = h.This means that f is surjective.

2. Denote [[(4; | i € I) by E and [](4; | i € I,,,) by B,,. By Theorem 1, these sets
are non-empty. Consider the multivalued collection » = (B,, | m € M). Again, by
Theorem 1, the set F = [[(B,, | m € M) is non-empty. Let e = (a; | i € I) € E. Then,
en=ell,=(a;|iecl,)€B,,. Therefore, f = (e, | m € M) € F. Consequently, 8 is
correctly defined mapping.

Let B(e) = B(e). Then, e|l,, = e'|I,, for every m € M implies e(i) = €' (i) for every
i € I,. Thus, e = e'. Thus, B is injective.

Letf € F.Then, f(m) € B,,. Therefore, f(m)(i) € A, foreveryi € I,,,. Since (I, | m €
M) is a partition of I, we can correctly define a collection e = (q; | i € I) € E, setting
a; = f(m)(i) for every i € I,,. Then, e|l,, = f(m) for every m € M. Hence, f(e) = (e|l,, |
m e M) = (f(m) | m € M) = f. This means that f is surjective. O

Projections into the subproduct and into the factor

Let (4; | i € I) be a multivalued collection of classes, indexed by a class I. Let ] be
a non-empty subclass of I. Then, the mapping (a; | i € I) — (a; | i € J) from [](4; |
i € I) into [](A4; | i € J) is called the projection into the subproduct [[(A; | i € J) and
is denoted by p;. Similarly, the mapping (a; | i € I) = a; from [[(4; | i € I) into 4; is
called the projection into the factor A; and is denoted by pr,, or simply
by pr;.

Lemma 4. Let(4; | i € I) beatotal collection of sets indexed by a non-empty set I. Then,
for every index j € I and for every non-empty subset ] c I the projections p; and pr; are
surjective.

Proof. If ] = I, then the assertion is evident. Therefore, suppose that K =1\ ] + @.
Let f € [1(4; | j € J). By Theorem 1, there is a collection g € [](Ay | k € K). Consider
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the collection e € [[(4; | i € I), such that e(j) = f(j) for every j € J and e(k) = g(k) for
every k € K. Then, p;(e) = e|l] = f.
For the other projection, the arguments are analogous. O

Derivative mapping with respect to the product

Let (A; |i€I) and (B;|i € I) be two collections of classes with the same class of
indices. Let (u; | i € I) be a corresponding collection of mappings u;: A; — B;. De-
fine a mapping 7n: (A;|iel) - [[(B;|i¢€I) setting n((a; |i €)= (u(a;) |iel)
for every e = (a; | i € I) € [[(4; | i € I). The mapping 7 will be called the derivative
mapping of the collection of mappings (u;: A; — B; | i € I) with respect to the prod-
uct [1(4; 1i€I)and T](B; | i € I) and will be denoted by [, (u;: A; = B; | i€I) or
simply by [[,,,(u; | i € I).

In the particular case, let I be the set 2,3,...; A,A’,A”,...and B, B',B", ... be
classesand u: A — B,u': A' - B, u": A" — B",... be corresponding mappings.
Then, (4,4"), (A,A’,A"),..., (B,B"), (B,B',B"),..., and (u,u'), (u,u’,u"),... are
the corresponding collections. The derivative mapping [],,(u, u'): AxA’" — Bx B’ of
the sequential pair (u, u') with respect to the products Ax A’ and Bx B’ will be denoted
by u x,, u'. The derivative mapping [],,, (u, u’, u"): AxA'xA" — BxB'xB" of the se-
quential triplet (u, u', u'') with respect to the products AxA'xA" and BxB'xB" will be
denoted by u x,, u' x,, u”, and so on. It is clear that (u x,, u')(a, a') = (ua, u'a’) for ev-
ery(a,a’) e AxA', (ux,u' x,u")a,a',a") = (ua,u’'a’,u"a")forevery (a, a’, a") ¢
AxA'x A", and soon.

If (A; | i € I) is a collection of classes indexed by a class I, such that A; = A for
some class A and every index i € I, then the product [[(4; | i € I) of the multivalued
collection (4; | i € I) and the degree A of the class A with the exponent I coincide.

Therefore, if (B; | i € I) is a collection, such that B; = B for some class B and every
index i € I, and (u; | i € I) is a collection of mappings u;: A; — B;, such that u; = u
for some mappingu: A — Bandeveryindexi € I, then the mappings [],,(u; | i € I):
[T4;1iel) > [I(B;|iel)and (u)fn: Al — B! coincide (see 1.1.8).

Lemma5. Let (A; |ie ), (B;|i€lI),and (C;|i € I) be collections of classes, indexed

by a class I, and (u;: A; — B;|i€I)and (v;: B; — C; | i € I) be collections of corre-

sponding mappings. Then:

) [lavilieDo[l,(u;lieD) =l,viou;licl);

2) if all the mappings u; are injective, then the mapping [],,(u; | i € I) is injective as
well.

Moreover, if (A; | i € I) and (B; | i € I) are collections of sets, indexed by the set I, then:

3) if all the mappings u; are surjective, then the mapping [],,(u; | i € I) is surjective as
well;

4) if all the mappings u; are bijective, then the mapping [1,,(u; | i € I) is bijective as
well.
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Proof. The statements 1 and 2 follow from the definitions and Lemma 1.

3.Let (b; € B;|i€l) €[](B;|1ie€l). Consider the non-empty sets D; = ui’l(bi) C
A;. By Theorem 1 and Proposition 1 (1.1.5), there exists a collection (d; c D |i € ) €
[1(D; | i € I). From the equality [[,,(u; | i € I)(d; | i € I) = (ui(d;) | i e I) = (b; | i € I),
we conclude now that the mentioned mapping is surjective.

4., Tt follows from 2 and 3. O

Corollary 1. The corresponding conclusions are valid for corresponding suits (A, A'),
(4,4',A",..., (B,B"), (B,B',B"),..., (C,C", (C,C",C"),..., (u,u), (u,u',u"),..,
and (v, V"), (v,v',v'"),....

1.1.13 Formulas of the distributivity for union, intersection, and product
of a multivalued collection

Theorem 1. Let (I,, | m € M) be a collection of sets and (x,, | m € M) be a collection of

collections of sets n,, = (A,,; | i € I,,), indexed by non-empty sets M and I,,,. Consider

the set U = [](1,,, | m € M). Then:

) UUMA liel,) I meM)=UUMmnym | m e M) | u e U)(the general distribu-
tivity of union);

2) NNAyliel,) | meM) =NNAnum | meM)|u e U)(the general distribu-
tivity of intersection);

3) NUARliel,)meM) =N Anum | meM)|u e U)(the general distribu-
tivity of intersection with respect to union);

4) UN@Ap liel,) | meM) =N(UApnym | meM)|u e U)(the general distribu-
tivity of union with respect to intersection);

5 TTUA liel,) I meM)=UTI(Anum | meM)|ueU) (the general dis-
tributivity of product with respect to union);

6) TINAliel,) I meM) =NII(Anym | meM)|ueU) (the general dis-
tributivity of product with respect to intersection).

Proof. Consider the sets E,, = J(A,; |1 €1,), Fn=Anli€l,), G, =UA
me M), H, = ((Apym | m € M)and Q, = [[(Ayqm | m € M).

1. Denote the left part of Equality (1) by E and the right part by G. Let e € E. Then,
e €A, forsomem e Mandi € I,,. By Lemma 4 (1.1.12), pr,,[U] = I,,,. Therefore, there
isu € U, such thati = pr,, (1) = u(m). Consequently, e € A,y € G, C G. Asaresult,
E ¢ G. Conversely, let g € G. Then, g € A, for some u € U and m € M. By the def-
inition of the product, u(m) ¢ I,,. Therefore, g € A,y € E,,, € E. Asaresult, G C E.
Thus, E = G.

2. Denote the left part of Equality (2) by F and the right part by H. Let f € F.
Then, f € A,,; for every m e M and i € I,,,. Take any u € U and m € M. Since u(m) €
I,,, we have f € A, - By rule of deduction D4 (1.1.3), we get the formula Yu € U

mu(m) |
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(f € Apyemy)- By virtue of axiom scheme AS2 (1.1.5), f € H,,. Similarly, the formula Yu €
U (f € H,) implies f € H. As a result, F ¢ H. Conversely, let h € H. Then, h € A,
for every u € U and m € M. Take any m € M and i € I,,,. Since pr,,[U] = I,,,, there is
u € U, such that i = u(m). Consequently, h € A,,;. As above, this implies h € F,, and
then h € F, where H ¢ F. Thus, F = H.

3. Denote the left part of Equality (3) by E and the right part by H. Let e € E.
Then, e € A,,; for every m € M and some i € I,,. As above, there is u € U, such that
i = u(m). Therefore, e € A,y for every m € M implies e € H,,. By virtue of axiom
scheme LAS12 (1.1.4) and rule of deduction D3 (1.1.3), we get the formula Ju € U (e €
H,). By axiom scheme AS2 (1.1.5), we get e € H. As a result, E ¢ H. Conversely, let
h € H. Then, h € A, for some u € U and every m € M. Since u(m) € I,,, we get
the formula 3i € I,,, (h € A,,;), where h € E,, for every m € M. Thisimpliesh € E. Asa
result, H c E. Thus, E = H.

4. Denote the left part of Equality (4) by F and the right part by G. Let f € F. Then,
f € A, for some m € M and every i € I,,,. Take any u € U. Since u(m) € I,,,, we have
f € Apyomy- As above, thisimplies f € G,. By rule of deduction D4 (1.1.3), we get the for-
mula Vu € U (f € G,), where f € G. As a result, F c G. Conversely, let g € G. Then,
g € Apyqm forevery u € Uand some m € M. Takeany i € I,.. Since pr,,[U] = I,,, there
is u € U, such that i = u(m). Consequently, g € A,,;. By rule of deduction D4 (1.1.3),
we get the formula Vi € I,,, (g € A,,;), where g € F,,. As above, this implies g € F. Asa
result, G ¢ F.Thus, F = G.

5. Denote the left part of Equality (5) by P and the right part by Q. Let p € P. Then,
p = (e, € E, | m e M). Take any m € M. It follows from e,, € E,, that e, € A,,; for
some i € I,,. Therefore, the subset J,, = {i € I,,, | e,, € A,,;;} of the set I, is non-empty.
By rule of deduction D4 (1.1.3), we get the formula Vm € M (J,, # @). Consider the set
I =, | m € M)andthe correspondencen = {{m, x) € M= | x € J,}.Itis clear that
n{m) = J,,. By virtue of the mentioned formula, dom 7 = M. Thus, = is a multival-
ued collection (J,, ¢ I | m € M). By virtue of Theorem 1 (1.1.12), [[(J,, | m € M) + @.
Therefore, by Proposition 1, there exists a mapping u: M — J(J,,, | m € M), such that
u(m) € J,, forevery m € M. Itis clear that u € U.

If m € M, then u(m) € J,, implies e,, € A,,,,)- Thus, we get the formula Vm ¢
M (e, € Apymy)- By axiom scheme AS2 (1.1.5), this means that p = (e,, | m € M) ¢
Q,,. By virtue of axiom scheme LAS12 (1.1.4) and rule of deduction D3 (1.1.3), we get
the formula Ju € U (p € Q,). By axiom scheme AS2 (1.1.5), we get p € Q. As a result,
Pca.

Conversely, let g € Q. Then, g € Q, for some u € U, where g € Map(M, G,) and
q(m) € Apym for every m € M. From u(m) € I,,,, we conclude that g(m) € E,,, for ev-
erym € M. Thus, g € Map(M, |J(E,, | m € M)) and g(m) € E,, for every m € M, where
q € P. Asaresult, Q c P. Finally, P = Q.

6. Denote the left part of Equality (6) by P and the right part by Q. Let p € P. Then,
p =(f, € F,, | m e M). Take any m € M. It follows from f,, € F,, that f,, € A,,; for ev-
ery i€ I,,. Take any u € U. From u(m) € I,,, we conclude that f,, € A, ). By rule of
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deduction D4 (1.1.3), we get the formula Vm € M (f,, € A (m))- This gives p € Q,,. Sim-
ilarly, we get the formula Vu € U (p € Q,), where p € Q. Asaresult, P c Q.
Conversely, let g € Q. Then, g € Q, forevery u € U. Thus, g(m) € A, for every
m € M. Take any m € M and i € I,,. Then, as in the proof of 1, there is u € U, such
that i = u(m). Consequently, g(m) € A,,;. This gives the formula Vi € I,,, (q(m) € A,,;),
where g(m) € F,,. Similarly, this gives the formula Vm € M (q(m) € F,,), where q € P.
As aresult, Q c P. Thus, P = Q. O

Corollary 1. In the conditions of Theorem 1, there is some bijection §: [[(Us(Ami | €
Im] | me M] — Ud[H[Amum(m) | me M] | ue U]

Proof. Denote the left part of this mapping by R and the right part by S. Since A,y #
@ for every m € M, we can consider the non-empty sets Q, = [[(Apym | m € M), R, =
[1(A g * {u(m)} | m € M)and S, = Q,, * {u} forevery u € U. Then, (R, | u € U) and
(S, | u € U) are multivalued collections.

By formula 5 of Theorem 1, R = [T(J(A; * {i} | i € I,) | m e M) = (R, | u € U).
It is easy to check that the mapping 8,: R, — S, such that B, ({a,,,m), u(m)) | m €
M) = {(@pymy | m € M), u) is a bijection for every u € U. The multivalued collection
(R, | u € U) is pairwise disjoint. In fact, let u, v € U and u # v. Suppose that there ex-
ists r € R, N R,. By the condition, r = (x,,, € Apm * {u(m)} | me M) and r = (y,, €
Apyem * {v(m)} | m € M). Take any m € M. Then, x,, = (a, u(m)) and y,, = (b, v(m))
forsomea € A, ;myand b € A, . Invirtue of Lemma1x,, = y,,. Therefore, by virtue
of Proposition 2, u(m) = v(m). By rule of deduction D4 (1.1.3), we get the formula VYm ¢
M (u(m) = v(m)). Again, by Lemma 1 (1.1.9), we conclude that u = v. From the ob-
tained contradiction, it follows that R, N R, = &. That is why we can correctly de-
fine a mapping § from R = [ J(R, | u € U) into S = |J(S,, | u € U) setting 6(r) = B,(r)
for every r € R,. It is easy to check that & is a bijection. d

Corollary 2. Let (X; | j € J) and (Y, | k € K) be multivalued collections of sets, indexed
by non-empty sets ] and K. Then:

D UXjljeulUYlkeK)=UXjuYy |,k e]xK);
2) NXljeDnNYlkeK)=NX;nYy |G,k €] xK);
3) UXljeDnUYlkeK)=UX;nYy |G,k e]xK);
4) NX;jljeNuNYxlkeK)=NX;uY |G, k) €] xK);
5) U 1 e ) xUYy | ke K) = UK, x Yy | G, k) €] x K);
6) X 1j € 1) x (Y | ke K) = X x Yy | G k) € J xK).

Proof. Take M =2, I,=], I, =K, Ay; =X, for every i € ], Aj; = Y, for every i € K,
no=(X;lje])=(Agiliely),n =Yy | keK)=(Ay|ieL)andU =JxK =[](I, |
m e M).

Then, all the necessary equalities are particular cases of the corresponding equal-
ities of Theorem 1. O
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The formulas of this corollary are called the formulas of the binary distributivity.
Formula 5 gives us the ability to obtain some special form of the general associa-
tivity.

Proposition 1. Let (J; | i € I) be a collection of non-empty sets indexed by a non-empty
set I and (A, | k € K) be a collection of sets indexed by the set K = | J({i} x J; | i € I).
Then,

Ukl keK) =l JAgljeT) liel)and
(Al keK) =((A;ljel)lieD.

Proof. Consider the sets K; = {i} xJ;. Then, (K; | i € I) is a partition of the set K. There-
fore, according to assertion 2 of Proposition 1 (1.1.10), we get the equality B = | J(4; |
ke K)=UW(Ax | k € K;) | i € I). Consider the bijective mappings u; : J; = K; such
that u;(j) = (i, j) for every j € J;. Then, assertion 1 of Proposition 1 (1.1.10) implies
U(Ax | ke K;) = U(A;; | j € J;)- Thus, B=UJ(U(A; 1j € ;) [iel).

For the intersection, the arguments are the same. O

Corollary 1. Let I and ] be non-empty sets and ((A;; | j € J) | i € I) be a collection of
collections of sets. Then:

D UUMA;ljeNlieD=UUMA;lieDjel)=UMA;lG)) elx]);

2) NN ljeNlieD=NNA;lieDlje])=NA;d)) elx]).

Proof. Consider the collections (J; | i € I), where J; =] and (4 | i € I), where ; = {i}.
Then, |J(; |ie€I) =1 and | J(J; | i € I) = J. Take also the sets K; = {i} x J; and K =
U(K; | i € I). Since the mapping u : I x I — I such that u(i, i’) = i is surjective, asser-
tion 1 of Proposition 1 (1.1.10) and assertion 5 of Corollary 2 to Theorem 1 imply that
K=U{i}xJ;lieD=UlxJy |G, elIxD=UWlieDxUUyli'eD)=1x].
According to Proposition 1, we infer that [J(U(4; 1je /) liel)=U(Ax | ke K) =
U[Aij | (i,j) e Ix]).

Similarly, U(U(A; 1ieD|je])=UA;1 G, €] x I). Since the mapping
v : JxI — IxJsuchthatv(i, j) = (j, i) is bijective, by assertion 1 of Proposition 1 (1.1.10)
we getU[Aij | (i,j) eIx])= U[Aij | G, 1) e ] xI).

The second assertion is proved in the same way. |

1.1.14 Binary relations. Equivalence relations. Preorder and order relations
Let A be a fixed class. A subclass 8 c A% = A x A of the sequential product A x A is

called a (binary) relation on the class A. If (a, b) € 0, then we shall say that a is in
the relation 6 with b and shall write also a6b.
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If B is a subclass of the class A, then the relation 8; = 6 n (B x B) is called the re-
lation on the subclass B, induced by the relation 0, or the restriction of the relation 6 on
the subclass B.

The relation 0 is called symmetric, if (a, a’) € 6 implies (a', a) € 0. Itis called anti-
symmetric,if (a, a') € Oand (a’, a) € Oimplya = a’.1tis called reflexive, if (a, a) € 0 for
every a € A. Itis called transitive, if (a, a') € 6 and (a’, a’’) € 0 imply (a, a’’) € 6. 1tis
called total (= connecting), if either (a, a') € 0, or (a’, a) € 0, or a = a’. A subclass B of
the class A is called a chain with respect to the relation 0, if the relation 0y is total on B.

An element a € A is called minimal [maximal] with respect to the relation 6, if
a' € A and (a',a) €0 [(a,a’) € 8] imply a’ = a. An element b of a subclass B of
the class A is called a minimal [maximal] element of the subclass B with respect to
the relation 6, if b is a minimal [maximal] in the class B with respect to the relation 65,
i.e.b’ e Band (b',b) €9 [(b, b') € 6] imply b’ = b.

Equivalence relations, factor-classes, and factor-correspondences

A reflexive, symmetric, and transitive relation ¢ on the class A is called an equivalence
relation or simply an equivalence on A. In this case, along with (a, a’) € ¢, we shall
write a ~ a’ or a = a’(mod ¢) and shall say that a is equivalent to a’ with respect to
~= g or a is equal to a’ modulo e.

Let e be an equivalence relation on the class A.If a € A, then the subclass {a' € A |
(a, a’) € &} of the class A is called the equivalence class of the element a, with respect
to e and is denoted by ea, a mod ¢ or simply by a. It is clear that @ # @ forevery a € A,
andifa, a’ € A, theneithera=a'orana = .

Let n be some fixed neutral element of A. The equivalence class of the element n
will be called the neutral subclass of A with respect to n and ¢ and will be denoted by
A", The common examples aren = Oand n = 1.

The subclass {x | 3a € A (x = a)} of the class P(A) \ {z}, consisting of all equiv-
alence classes a which are sets, is called the factor-class of the class A with respect to
the equivalence relation e and is denoted by A/e or simply by A.

Consider the correspondence p = {{a, x) € A = (A/e) | a € x}.

Lemma1l. Let A be a class and ¢ be an equivalence on A. Then, the correspondence
p: A —= A/eis single-valued and surjective. If besides A is a set, then A /¢ is a set and
p is a surjective mapping p: A —» Ale.

Proof. If (a,x) e pand{a, y) € p,thena € xand a € yimply x = y. Thus, p is single-
valued. If x € A, then x # @ and so there is a € A, such that a € x. Then, (a, x) € p.
This means that p is surjective.

Now, let A be aset. Then, by Lemma 1(1.1.6) a is a set as well for every a € A. There-
fore, (a, a) € p forevery a € A.Thus,dom p = A. By virtue of Lemmas 2and 1(1.1.6), A
isaset. As aresult, p is a surjective mapping from the set A onto the set A. O

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

1.1.14 Binary relations. Equivalence relations. Preorder and order relations = 45

The correspondencep: A — A/eis called the factor-correspondence from the class A
onto the factor-class A /e with respect to the equivalence ¢. If A is a set, then the mapping
p: A —» A/eis called the factor-mapping from the set A onto the factor-set A/e with
respect to the equivalence «.

Consider the identical collectionid, . = (x, € P(A)\{@} | x € A/e) from 1.1.9, such
that x, = x. By virtue of Lemma 3 (1.1.9), there exists the multivalued collection (x, ¢
Al xeAle) =g \(idy),).

Lemma 2. Let A be aset and ¢ be an equivalence on A. Then, (x, C A | x € A/€)is apar-
tition of the set A.

Proof. Ifa € A, thenbyLemma1(1.1.6), x = ais aset. Therefore,x € Aanda € x = Xy
Consequently, A = |J(x, | x € A). Besides, x # y implies x, N yy = 2. O

This multivalued collection (x, c A | x € A/e) is called the partition of the set A deter-
mined by the equivalence «.

Lemma 3. Let a collection of sets (4A; | i € I), indexed by a set I, be a partition of a set A.
Then, there is an equivalence € on A and a bijection u: A/e ~—» I, such that x, = A
for every component x,, of the partition of A determined by e.

u(x)

Proof. Consider the relatione={(a,a’) e AxA|Jiel(aecA; Aa eA)}.IfacA,
then there is i € I, such that a € A;. Therefore, (a, a) € e. This means that ¢ is reflex-
ive. Let (a, a') e e and (a’, a"') € e. Then, there are i, j € I, such that a, a’ € A; and
a,a" e A;. From a e A;nA;, weinfer thati = j. Therefore, (a, a') e e. Thus, € is tran-
sitive. Finally, let (a, a') € e. Then, a, a’ € A, for some i. Therefore, (@', a) € ¢, i.e. eis
symmetric. Thus, ¢ is an equivalence relation.

Consider the set A = A/e and the correspondence u = {{x, i) € A + I | x = A;}. Let
x € A. Then, x = a for some a € A. By the definition, A = |J(4; | i € I). Therefore, a €
A;forsomei e I.Ifa’ € x, then (a, a') € eimpliesa, a’ € A;.Froma ¢ A;nA;, we infer
that i = j. Thus, a’ € A;, where x c A,. Conversely, if a” € A, then (a, a"') € e implies
a' € a = x, where A; ¢ x. Thus, x = A; and (x, i) € u. This means that dom u = A.

If(x, i) € uand (x, j) € u,thenx = A;and x = A;. Therefore, i = j. This means that
u is single-valued. As a result, u is a mapping u: A — I, suchthatx = A,,.

If u(x) = u(y), then x = A, = A, = y means that w is injective. Let i € I. Take
acA; and x=a € A. It was deduced above that these conditions imply (x, i) €
u, where i = u(x). This means that u is surjective. As a result, u is bijective and
Xy = Ay a
Preorder and order relations
A reflexive and transitive relation 0 on the class A is called a preorder relation or simply
a preorder on A. In this case, we say also that 0 preorders A. Also, in this case, along
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with (a, a') € 0 we shall write a < a’ or a’ > a and shall say that a is smaller than or
equalto a’ or a’ is greater than or equal to a with respect to <= 0. If besides a # a’, then
we shall write a < a’ or a’ > a and shall say that a is smaller than a' or a' is greater
than a.

If 0 is a preorder on the class A and B is a subclass of A, then the restriction 6y is
a preorder on the class B.

An antisymmetric preorder relation on A is called an order relation or simply an or-
deron A. A total order relation on A is called a linear order on A.1f 0 is an order [a linear
order] on the class A and Bis a subclass of A, then the restriction 6 is an order [a linear
order] on B.

If @ is a transitive relation on the class A4, then the relation U {(a, a') € AxA | a =
a'} is a preorder on A. If 0 is a preorder on A, then the relation = {(a,a’) ¢ A x A |
(a', a) € 0} is called the preorder on A opposite to the preorder 6.

The preorder and order relations are so important in mathematics that there is
an extensive row of notions connected with them. Therefore, all the necessary notions
connected with the preorder and order relations used in this book, we shall consider
in the separate subsection 1.1.15 (and also in the following sections).

1.1.15 Basic notions connected with preorder and order relations

A class A with a preorder < on A will be called a preordered class and will be denoted
by (4, <) or sometimes simply by A. If < is an order, then (A4, <) is called an ordered
class.

Monotonicity
Let (A4, <) and (B, <) be preordered classes and u: A — B be a mapping.

The mapping u is called increasing [decreasing] if a < a’ implies u(a) < u(a’)
[u(a) = u(a")]. An increasing mapping is called also order preserving or monotone;
a decreasing mapping is called also order changing or antimonotone.

The mapping u is called strictly increasing [strictly decreasing] if a < a' implies
u(a) < u(a') [u(a) > u(ah).

The increasing mapping u will be called isotone if u(a) < u(a’) implies a < a'.
The decreasing mapping u will be called antiisotone if u(a) > u(a') implies a < a'.

Preordered classes (4, <) and (B, <) are called order equivalent ((4, <) = (B, <)) if
there exists some isotone bijective mapping u: A ~—» B.

Since the mapping u: A — Bcanbe considered as the collectionu = (b, | a € A),
where b, = u(a) for every a € A, the given terminology can be easily reformulated for
the collection (b, | a € A).

Lemma1l. Let (A, <) and (B, <) be ordered classes and u: A — B be a mapping. Then:
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1) ifuisisotone, then u is injective and strictly increasing;
2) if uis isotone and surjective, then u is bijective, and inverse mapping u™: B — A
is also isotone.

Proof. 1. Let a and a’ be arbitrary elements, such that ua = ua’'. Then, ua < ua' im-
plies a < a’ and ua' < ua implies a’ < a. Asaresult, a = a’. Thus, u is injective.

Let a < d'. Then, ua < ua’' and ua # ua'. Thus, ua < ua’', i.e. u is strictly
increasing.

2. By Proof 1, uis bijective. If b < b’, then u(u™'b) < u(u'b’) implies u'b < u™'b’.
If u'b <u'b’, then applying u we get b = u(u'b’) <u(u'b’) =b'. Thus, u™' is
isotone. O

Intervals

Let (A, <) be a preordered class and a, b € A. The subclass {c € A | a < c < b} of
the class A is called the open interval with the beginning a and the end b and is de-
noted by ]a, b[. The subclass {c € A | a < ¢ < b} of the class A is called the closed
interval with the beginning a and the end b and is denoted by [a, b]. In the similar way
the half-open (= half-closed) intervals ]a, b] and [a, b[ are defined. Any subclass X
of the class A, such that ]a, b[c X ¢ [a, b] will be called an interval (of the general
kind) with the beginning a and the end b and will be denoted by |a, b|. Sometimes, a
is called the left end and b is called the right end of the corresponding interval.

A subclass B of A is called convex if [b’, b"'] c B forevery b’, b" € B.

The subclass {c € A | ¢ < b} of the class A is called the open initial interval with
the end b and is denoted by ], b[. The subclass {c € A | ¢ < b} of the class A is
called the closed initial interval with the end b and is denoted by ]«, b]. In the similar
way, the open ]a, —[ and the closed [a, —[ final intervals with the beginning a are
defined.

Let (A4, <, {n}) be an ordered class with the fixed neutral element n € A. The sub-
class A, = [n, — [= {a € A | a = n} will be called the main part of A with respect to the
neutral element n. The common examples aren = 0O and n = 1.

Let X be a subclass of an preordered class A. The subclass X is called initial in
the class A, if ], b] c X for every b € X. The subclass X is called final in the class A,
if [a, »[c X forevery a € X.

The subclass X is called coinitial to the class A, if |—, b] N X # @ forevery b € A.
The subclass X is called cofinal to the class A, if [a, —[nX # @ for every a € A.

An element y € X is called the greatest element of the subclass X if X c],y].
An element x € X is called the smallest element of the subclass X if X c [x, —[. If <
is an order, then the greatest and the smallest elements of the subclass X are unique
and they will be denoted respectively by gr X and sm X.

Supremum and infimum, greatest and smallest members
Let (a; € A | i € I) be a collection of elements of the class A4, indexed by some class I.
We consider here simple collections (a; € A | i € I). But in the particular case of the
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identical collection (i; € I ¢ A | i € I) (see 1.1.9), we shall use along with the collection
terminology also the set terminology for the set I.

An element a € A is called an upper [a lower] bound of the collection (a; | i € I)
and the collection (a; | i € I)is called (order) bounded above [below] by the element a if
a; < ala; > alforeveryi € I. The collection (a; | i € I)is called (order) bounded above
[below], if there is in A an upper [a lower] bound of the collection (a; | i € I). Itis called
(order) bounded, if it is bounded above and below.

The preordered class (4, <) is called upward [downward] directed (= filtering) if
every sequential pair (a, a') of elements of A is bounded above [below].

Let (4, <4) and (B, <) be preordered classes. A mapping u : A — B is called (or-
der) bounded if for every (order) bounded set E ¢ A the set u[E] is (order) bounded
in B.

An element a € A is called the greatest lower bound or infimum of the collection
(a; | i € I)if (1) a is a lower bound of (a; | i € I) and (2) a > a' for every lower bound
a' of (a; | i € I). If < is an order, then this element is unique and is denoted by inf(a; |
i € I).IfI c A, then we use also the notation inf I = inf (i; | i € I).

An element a € A is called the smallest upper bound or supremum of the collection
(a; | i € I)if (1) a is an upper bound of (a; | i € I) and (2) a < a’ for every upper bound
a' of (a; | i € I).If <is an order, then this element is unique and is denoted by sup(q; |
ieI).IfI c A, then we use also the notation sup I = sup (i; | i € I).

Both the supremum and the infimum of the collection (set) will be called the exact
bounds of this collection (set).

It is evident that for every collection a« = (a; € A|iel)and = (b;eA|iel)
and element a, b € A such that a; < b; for every i € I, a = supa, b = sup 3, we have
a < b. The similar property is valid for the greatest lower bound.

Let (A, <) and (B, <) be ordered classes and u: A — B be a mapping. The map-
ping u is called preserving exact upper [lower] bounds if a = sup E [a = inf E] implies
ua = sup u[E] [ua = inf u[E]] for any a € E and E ¢ A. The mapping is called preserv-
ing any exact bounds if it preserves both the exact upper and lower bounds.

Lemma 2. Let (A, <), and (B, <) be ordered classes and u : A — B be a surjective
and isotone mapping. Then, u and u':B— A (see Lemma 1) preserve any exact
bounds.

Proof. Leta € A, E c A, and a = sup E. Then, ua > ue forevery e € E. Let b € B and
b > ue forevery e € E. Then, b = ua’ for some a’ € A. By condition, ua’ > ue implies
a' > eforevery e ¢ E. Hence, a’ > a and b > ua. This means that ua = sup u[E]. For
the infimum, the arguments are similar.

According to Lemma 1, the inverse mapping u™ is also surjective and isotone.

Therefore, it preserves any exact bounds. a
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In the particular case, let I be thesets 2,3, ...and a, a’, a”, ... be elements of A. Then,
(a,a'), (a,a’,a"),... are the corresponding collections. Therefore, we can consider
the elements sup(a, a'), sup(a, a’, a"),..., and inf(a, a), inf(a, a’, a"),....

The elements sup(a, a'), sup(a, a’, a"), ...will be called the supremums of the
simple sequential pair (a, a'), triplet (a, a', a"), ... and will be denoted also by a v a’,
ava va’,.... By the definition of the simple sequential pair from 1.1.11, we have
ava' =sup(x;|ie?2),wherex, = aandx, = a'.Inthe similar manner, ava'va' =
sup (x; | i € 3), where x, = a, x; = a’, and x, = a”, and so on.

The elements inf(a, a'), inf(a, a’, a"), ...will be called the infimums of the simple
sequential pair (a, a'), triplet (a, a’, a"), ... and will be denoted alsoby ana’, ana’ A
a’,....

For the preordered class (4, <) an element ajefa;liellis called the greatest
[smallest] member of the collection (a; € A | i € I)if a; < a; [a; > a;] foreveryj € I.1f <
is an order, then the greatest and the smallest member of the collection (a; | i € I) are
unique and will be denoted by gr (a; | i € I) and sm (a; | i € I), respectively.

As above, the elements gr(a, a'), gr(a, a’, a"), gr(a, a’, a”, a'"),...will be called
the greatest member of the pair (a, a'), triplet (a, a', a'"), quadruplet (a, a', a", a"")
and will be denoted alsobyav a',ava' va',ava va'va",....

The elements sm(a, a'), sm(a, a', a"), sm(a, a’, a", a'""),...will be called the
smallest members of the pair (a, a'), triplet (a, a', a"), quadruplet (a, a’, a", a"")
and will be denoted alsobyarxa',arxa Aa",axa xa" xad",...

For the preordered class (4, <) if a; is the greatest [smallest] member of the col-
lection (a; | i € I), then a; is a supremum [infimum] of (a; | i € I).

For the preordered class (4, <) an element aj€fa;|iel}is called the maximal
[minimal] member of the collection (a; € A | i € I) if a; > a; [a; < a;] implies a; = a;.
If < is an order and g; is the greatest [smallest] member of the collection (a; | i € I),
then a; is a unique maximal [minimal] member of (a; | i € I).

The ordered class (A4, <) is called upward [downward] lattice-ordered if for every
sequential pair (a, a’) of elements of A there is the sup(a, a’) [inf(a, a’)]. It is called
lattice-ordered if it is upward and downward lattice-ordered simultaneously. In this
case, the order < is called latticed.

Let (A, <, {n}) be a lattice-ordered class with some fixed neutral element n € A.
The elements a, = a v nand a_ = a A n will be called the positive and the negative
parts of an element a € A (with respect to the neutral element n). Respectively, the sub-
classesA, ={a, € A|lac Aland A_ = {a_ € A | a € A} will be called the positive and
the negative parts of the class A (with respect to the neutral element n). Note that in this
case, A, = A,, i. e. the positive part and the main part coincide.

Let U = (4, <4) be an ordered class. An ordered class V = (B, <) is called com-
pletely (order) closed in the ordered class U if the following properties hold:

1) BcA;
2) <3 =<,I|B*B;

geee

sees
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3) ifaeAanda=sup,(b;|iel)for some simple collection (b; € B | i € I), then
a e B;

4) if a € A and a =inf, (b; | i€ I) for some simple collection (b; € B | i € I), then
acB.

Let U = (4, <,4) be a lattice-ordered class. A lattice-ordered class V = (B, <) is called
a lattice-ideal (= an l-ideal) of the lattice-ordered class U if the following properties
hold:

1) BcA;

2) <5 =<4|B=*B;

3) Vg =V,|(B*B) = B;

4) Ag=A,l(B = B) % B;

5) YacAVb,b" eB(b' <,a<, b = acB).

The ordered class (4, <) is called upward [downward] (order) complete if for every col-
lection of elements of A there is its supremum [infimuml]. It is called (order) complete
if it is upward and downward complete.

The ordered class (A, <) is called upward [downward] Dedekind complete if for
every bounded above [below] collection of elements of A there is its supremum
[infimum)]. It is called Dedekind complete if it is upward and downward Dedekind
complete.

Proposition 1. Let (A, <) be an ordered class, I and M be classes, (a; € A | i € I) and

(x,, € A | m € M) be collections and a € A. Then:

1) ifu: K—» Iis asurjective mapping, then a = sup(a; | i € I) iff a = sup(a,, | k €
K); analogously, a = inf(a; | i € I) iff a = inf(a,, | k € K) (the general commuta-
tivity of supremum and infimum);

2) iflI =, | m € M) forsome multivalued collection (I,,, | m € M) and x,,, = sup(q; |
iel,)thena =sup(a; | i€ I)iffa = sup(x,, | m € M); analogously, if x,,, = inf(a; |
iel,),thena=inf(a; |ie¢ ) iff a = inf(x,, | m € M) (the general associativity of
supremum and infimum).

Proof. Conclusion 1 follows directly from the definitions.

2.Let a = sup(a; | i € I). Then, a > x,, forevery m € M. Lety € Aand y > x,, for
every m. Then, y > a; for every i € I,, and m € M implies y > a. Thus, a = sup(x,, |
m € M). Conversely, let a = sup(x,, | m € M). Then, a > x,, 2 a, for every i € I,, and
m e M.Lety e Aandy > a;foreveryi € I.Then, y > x,,, foreverym € Mimpliesy > a.
Thus, a = sup(a; | i € I).

The checking for the infimum is analogous. O

Corollary 1. Let (A, <) be an ordered class and x, y, a, a', a", a" € A. Then:
1) sup(a, a) = aandinf(a, a) = a;
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2) a=sup(d,d"”)iffa=sup(a’,a'); analogously, a = inf(a’, a") iff a = inf(a", a')
(the commutativity of the supremum and the infimum);

3) ifx =sup(a’,a”)andy = sup(a”, a'"),thena = sup(d’, a", a"")iffa = sup(x, a'"")
and alsoiffa = sup(a’, y); analogously, ifx = inf(a’, a")andy = inf(a”, a’"), then
a =inf(a’,d",a") iff a = inf(x, a’") and also iff a = inf(a’, y) (the associativity
of the supremum and the infimum).

The following result represents some special form of the general associativity.

Proposition 2. Let (A, <) be an ordered class, I be a non-empty set. Let (J; | i € I) be
a collection of non-empty sets, (x; € A | i € I) be a collection, (a; € A | k € K) be a col-
lection indexed by the set K = | J({i} x J; | i € I), and a € A. Then:

1) ifx; =sup (ai]- |je ]i), thena =sup (x; | i € I)iffa = sup (a; | k € K);

2) ifx;= inf(aij |j€]l~), thena = inf (x; | i € I) iff a = inf (a; | k € K).

Proof. Consider the sets K; = {i} x J;. Then, (K;|i € I) is a partition of the set K.
Suppose a = sup (a; | k € K). Then, according to assertion 2 of Proposition 1 (1.1.15),
we get the equality a = sup (sup (a; | k € K;) | i € I). Consider the bijective map-
pings u; : J; > K; such that u;(j) = (i, j) for every j € J;. Then, assertion 1 of Proposi-
tion1(1.1.15) implies sup (a | k € K;) = sup (a;; | j € J;) = x;. Thus, a = sup (x; | i € I).

Conversely, if a =sup(x;|ie€I), then by the above, we have the equality
a=sup(sup(ay | keKk;)|iel)=sup(a;l|keK).

The second assertion is proved in the same way. |

Corollary 1. Let (A, <) be an ordered class, I and ] be non-empty sets, (x; € A | i €I)

be a collection, (aij €Alje ]) |ie I) be a collection of collections, and a € A.

Then:

1) ifx; = sup(aij |je ]) andy}- = sup(ai]- |ie I), then a = sup(a,»i | (i,)) € Ix]) iff
a=sup(x;|iel) =sup(yj Ije]);

2) ifx;= inf(a,.j |je ]) and y; = inf(aij i€ I), then a = inf(aii | (i,)) € Ix]) iff
a=inf(x;|iel)=inf(y;|je]).

Proof. Consider the collections (J; | i € I), where J; =] and (4 | i € I), where ;; = {i}.
Then, Y(; |ieI) =1 and |J(J; | i € I) = J. Take also the sets K; = {i} x J; and K =
U(K; | i € I). Since the mapping u : I x I — I such that u(i, i') = i is surjective, asser-
tion 1 of Proposition 1 (1.1.10) and assertion 5 of Corollary 2 to Theorem 1 (1.1.13) imply
that K=U({i} x J;lieD =W xJs |G, i"NelxD=lie)x Uy i €I) =
Ix].

Suppose a = sup (x; | i € I). Then, according to Proposition 2, we infer that
a=sup(a,|kekK)= sup(a,-j | (i,)) € Ix]).

Conversely, if a =sup (a,-i | (i,j) el x]), then by the above, we have
a=sup(a, | keK)=sup(sup(a, | keK;)|iel)=sup(x;|iel).
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Similarly, we prove that sup (y]- |je ]) = sup (ai}- | G,1) e Jx I). Since the map-
ping v:J x I — I x J such that v(i, j) = (j, i) is bijective, by assertion 1 of Proposi-
tion 1 (1.1.10) we get sup (ai,- | (i,j)el ><]) = sup (aij | (j,i) € J x I).

The second assertion is proved in the same way. a

Note that neither the analogue of the properties of the general distributivities 3 and 4
from Theorem 1 (1.1.13) nor the analogue of the property of distributivity 4 from
Lemma 1 (1.1.5) are valid for the supremum and the infimum.

Here we shall prove the analogue of the properties of the general distributivities
1 and 2 from Theorem 1 (1.1.13).

Theorem 1. Let (A, <) be an ordered class, (I, | m € M) be a total multivalued collec-

tion of sets indexed by a non-empty set Mand U = [[(I,, | m € M).Leta € A, (x,, | m €

M) be a collection of collections of elements »,, = (a,,; € A|ie€l,),and (e, € A|me

M) and (g, € A | u € U) be collections of elements. Then:

1) ife, =sup(ay, |iecl,)andg, = sup(dy,m, | m € M), then a = sup(e,, | m € M)
iffa = sup(g, | u € U) (the general distributivity of supremum);

2) ife, =inf(a,; |iel,)andg, = inf(a,,,m) | m € M), then a = inf(e,, | m € M) iff
a = inf(g, | u € U) (the general distributivity of infimum).

Proof. 1.Leta = sup(e,, | m € M).Then, a > a,,; foreverym e Mandi e I,.Ifu € U,
then u(m) € I, implies a 2 a,,, ;. Thus, a > g, for every u € U. Let x € A and x >
g, for every u € U. Then, X 2 dyy, for every u € U and every m € M. Leti € I,,. By
Lemma 4 (1.1.12), pr,,[U] = I,,,. Therefore, there is u € U, such that i = pr,,(u) = u(m).
Consequently, x = a,,; foreveryi € I,,. Thus, x > e, for every m € M. This implies x >
a. As aresult, a = sup(g, | u € U).

Conversely, let a = sup(g,, | u € U). Then, a > a,,,,, for every u € Uand m € M.
If i € I,,, then as above i = u(m) for some u € U. Therefore, a > a,,; for every i € I,
implies a > e,, foreverym € M.Lety € Aand y > e,, for every m € M. Then, y > a,,;
for every i € I,, and every m € M. If u € U, then u(m) € I, implies y > d,y,(, for
every me M. Thus, y>g, for every u e U implies y > a. This means that
a =sup(e, | m e M).

Conclusion 2 is checked completely in the same manner. O

Corollary 1. Let (A, <) be an ordered class and ] and K be non-empty sets. Let (x; €

Alje]),yr€AlkeK)and (240 €A1, k) € ] x K) be collections of elements and

a,x,y € A. Then:

1) ifx= sup(x; | j € J),y = sup(yy | k € K) and Z 1y = SUp(Xj, ¥io), then a = sup(x, y)
iff a = sup(z s | G, k) € ] x K);

2) ifx=inf(x; |je]),y =inf(y, | k € K) and z; s, = inf(x;, y;), then a = inf(x, y) iff
a =inf(z; 4 | (G, k) € J x K).
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Proof. Take M =2, I, =], I, =K, ay = x; for every i € J, a;; =y; for every i € K,
no=(xjljel)=(apliely),n = lkeK)=(a;liell)andU=]xK =[][(I, |
m e M).

Then, all the necessary conclusions are particular cases of the corresponding con-
clusions of Theorem 1. O

The formulas of Corollary 1 are called the formulas of the binary distributivity of
the supremum and the infimum.

Nets and order-convergence

Let, for a moment, A be any class. Any collection (a, € A | u € M) of elements of A
indexed by the principal set M of an upward directed preordered set (M, <) is called
anetintheclassA.Anety = (b, € A | v € N) s called a subnet of the net x = (aM €A
p € M), if there exists a mapping u = (4, € M | v € N): N — M, such that:

1) forevery u € M, there exists v € N, such that » € Nand » > vimply p,, > p;

2) xeu=y,i.e.a, =b,foreveryveN.

A net in the class A is also called a net of elements of A. In the similar way, we can
defineanetx = (A uC A | p € M) of subclasses of the class A and its subnety = (B,,
A|veN).

The mapping u is called thinning the net x out.

Lemma3. Let (M, <) and (N, <) be upward directed preordered sets and u = (u, €
M |v e N): N— M be an increasing mapping, such that the subset u[N] is cofinal to
the set M. Then, for every class A and every net x = (a, € A | p € M), the composition
XoU= (am € A | v € N) is a subnet of the net x.

Proof. By the condition for every y € M, thereis v € N, such that u, > u. Therefore, if
neNandx > v, theny, > u, > p O

Now, again, let (A, <) be a preordered class. If (aﬂ € A | u € M) is an increasing [de-
creasing] net, then we shall sometimes write (a, | 4 € M) T[(aH | ueM) l].Anet(aM |
p € M)is called increasing to anelement a € A, if(a#) Tanda = sup(aH | 4 € M). Anet
(a, | u € M)is called decreasing to anelement a € A, if (a,) | and a = inf(a, | y € M).
In these cases, we shall write (a,lpeM)Ta and (a,lpeM)|a, respectively, or
more simplea, T aanda, | a.

A net (aﬂ | 4 € M) is called order-convergent to an element a € A and a is called
an order-limit of the net (aﬂ), if there exist nets (bu €AlpeM)Taand (cﬂ €Alpe
M) | a,suchthatb, < a, < c, forevery y € M. A net can converge to many elements;
the class of all order-limits of the net (a,) is denoted by o-lim(a, | 4 € M). When
the net (a,) has exactly one order-limit a, then we shall write a = o-lim(a, | 4 € M).
If < is an order, then every net (a ) can have exactly one order-limit.
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An element a € A is called the limit inferior of a net (a € A | y € M), if there ex-
ists a net (b €A|ueM)T a,such thatb =inf(a, | ve M, v 2 p). It is denoted by
lim(a, | p € M). An element a € A is called the limit superior of the net (a,eAlpe
M), if there exists a net (CM €A|ueM)| a,such that Cu = sup(a, |veM, v=up).
It is denoted by m(aﬂ | p € M). It is obvious that if these limits exist for the net
(aM | pe M), thenli_ma# < Ea”.

Lemma 4. Let (A, <) be an ordered class, a € A and (a,eAlpeM), (b €cAlpce
M)T,(c,eAlpeM) | benets, suchthatb =inf(a, |veM, vz ,u)andc = sup(a,, |
v € M, v 2 p). Then, the following conclusrons are equivalent:

1) a-= o-lim(a, | u € M);

2) a=lim(a, | p €M) =lim(a, | u € M).

Proof. 1) + 2). By the condition, there exist nets (Vu €AlpeM)Taand (WM cAlpce
N) | a,suchthatv, < aM < w, forevery y € M.Let A and y be arbitrary elements of M.
Ifv = A, thenv, <v, < a,impliesv, <inf(a, |ve M, v= 1) =b, <b,.Ifv > y, then
w, 2w, >a, 1mp11es w, zsup(a, |[veM, vzu) =c,>c,.

Slnce M is upward directed, there is v € M, such that A <v and u < v. There-
fore, vy < b, <b, <a, <c, <c, <w,. From these inequalities, we deduce that b, <
1nf(w IyeM)—aandc zsup(vy|AeM)=a.letxe Aand x > b, for every A €
M. Then b, = v, implies x > sup(v, | A € M) = a. Thus, a = sup(b, | A € M). Let now
y € Aandy < ¢, foreveryu € M.Then, ¢, < w,impliesy < inf(w, | 4 € M) = a.Thus,

v

a =inf(c, | u € M). Asaresult, a = lim(a, | 4 € M)and a = lim(a, | u € M).
2) - 1). By the conditions b, T a, ¢, | a and b, < a, < ¢, for every y € M. This
means a = o—lim(aﬂ | ueM). O

Finally, let (U; | i € I) be a collection of preordered classes U; = (4;, <, ), indexed by
aclass I. Define a binary relation 6 on the product E = [](4; | i € I), setting (e', ") € 6
for elements e’ = (a} | i € I) and €” = (a!' | i € I) of the class E, if a! <y, a!' for every
i € I.Itis evident that 0 is a preorder on the class E. The preordered class (E, 6) is called
the product of the collection of preordered classes (U; | i € I) and will be denoted by
[To(U; | i € I) or simply by [[,(4; | i € I).

Let U =(A,<,) and U’ = (A’, <4/) be preordered classes. Consider the corre-
sponding collection (U, U') = (X; | i € 2) of preordered classes from 1.1.11, such that
X, = U and X, = U'. The preordered class [],(U, U') = [T,(X; | i € 2) will be called
the product of the pair (U, U') and will be denoted by U x, U’ or simply by A x, A'.

In the similar way, for preordered classes U = (4, <,), U’ = (4', <), U" = (A",
<ar)s U" = (A", < m),.... the preordered classes [[,(U, U', U"), [1,(U, U, U",
U""),... will be called the products of the triplet (U, U', U"), quadruplet (U, U’, U",
U"),... and will be denoted by U x, U’ xo U", U xq U’ x, U" x, U",....
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1.2 Ordinals and ordinal numbers

This section is devoted to the theory of ordinals and ordinal numbers. We follow
J. Neumann’s definition of an ordinal, which may seem strange to those habituated
to G. Cantor’s point of view (where an ordinal is the “order type” of a well-ordered
set). In J. Neumann’s approach, an ordinal is just equal to the class of all preceding
ordinals.

1.2.1 The property of minimality. The principle of induction

A relation 6 on a class A (see 1.1.14) is called a relation with the property of minimality
[maximality], if every non-empty subclass B of the class A has a minimal [maximal]
element b € B with respect to the relation 0 (see 1.1.14).

A linearly ordered class (4, <) is called well-ordered if the order relation < has the
property of minimality or equivalently if every non-empty subclass B of the class A
has the unique smallest element sm B € B. If (4, <) is a well-ordered class and B is a
subclass of the class A, then (B, <) is also a well-ordered class.

Lemmal. Let A be a class and 0 be a total relation on A with the property of minimality.
Then:

1) therelation 0 is antisymmetric and transitive (see 1.1.14);

2) therelation<=0U{(a,a’) e AxA|a=a'}isalinear order on A;

3) the linearly ordered class (A, <) is well-ordered.

Proof. 1. Leta, b € A, (a, b) € 6 and (b, a) € 6. By the condition, the set {a, b} has a
minimal element x. Suppose that a # b. If x = a, then b # x implies (b, a) = (b, x) ¢
6. If x = b, then a # x implies (a, b) = (a, x) ¢ 6. But this contradicts the condition.
It follows from this contradiction that our supposition is not true. Thus, a = b. This
means that 0 is antisymmetric.

Let (a, b) € 8 and (b, c) € 0. Suppose that (a, c) ¢ 0. Since 0 is total, we conclude
thateithera = cor(c, a) € 8.1fa = c, then (a, b) € 6and (b, a) € Oimply a = b, where
b = c. As aresult, (a, c) € 0, but this contradicts (a, c¢) ¢ 0.

Suppose now that a # c. Then, (c, a) € 6. Besides, (a, b) € 0, (b,c) € 8 and
(a,c) ¢ 0 imply b # ¢ and a # b. By the condition, the set {a, b, ¢} has a minimal
element x. If x = a, then x = a # c implies (c, a) = (c, x) ¢ 0 by virtue of the property
of minimality. Similarly, if x = b, then x = b # a implies (a, b) = (a, x) ¢ 6. Finally, if
X = ¢, then x = ¢ # b implies (b, ¢) = (b, x) ¢ 6. In all the cases, we got the contradic-
tion. Thus, our supposition that (a, c) ¢ 6 is not true, i. e. (a, ¢) € 0. This means that
0 is transitive.

2. Since 0 is transitive, the relation < =0 U {(a,a’) e Ax A | a = a'} is a preorder
on A. Since 6 is antisymmetric, the relation < is an order. Finally, since 0 is total, the
order < is linear.
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3. Let @ # B c A. Then, by the condition B has a minimal element b € B with
respect to . Let b’ € B and b’ < b. Suppose that (b’, b) € 6. By the property of min-
imality for 6, we conclude that b’ = b. If (b’, b) ¢ 0, then from the definition of the
relation < we conclude that b’ = b. This means that the order relation < has the prop-
erty of minimality. O

Theorem 1 (The principle of induction). Let (A, <) be an ordered class and the relation
of order < has the property of minimality. If B is a non-empty subclass of the class A such
that the conditions a € A and <, a[c Bimply a € B, then B = A.

Proof. Suppose that C = A \ B # @. Then, C has a minimal element x € C. Consider
the interval Y =]«, x[. Suppose that Y = @. Then, Y ¢ B implies x € B, but this is im-
possible. Suppose now that Y # @. If y € Y, then y < x implies y ¢ C, because x is a
minimal element of C. Thus, y € B. This means that Y c B. By the condition, this im-
plies x € B, but this is impossible. In both the cases, we get the contradiction. Thus,
B=A. |

Corollary 1. Let (A, <) be an ordered class and the relation of order < has the property of
minimality. Let ¢(x) be a formula such that every connected variable of ¢ is a variable for
sets. Consider the subclass B = {x € A | ¢} (see 1.1.5) of the class A. If B is a non-empty
subclass such that the conditions a € A and |—, a[c Bimply a € B, then B = A.

1.2.2 The relation of Neumann on the universal class. Ordinals

The relation p = {(x,y) e U x L | x € y V x =y} on the universal class il is called the
relation of J. Neumann. Along with the relation p, consider also the correspondence
c={{a,b)edxU|aehb Vv a=Dhb}

Lemma 1. There is the canonical bijection u: p ~—» o such that u(x, y) = {x, y) for ev-
ery (x,y) € p.

Proof. Consider the correspondence u = {{(x,y),{a, b)) ep = o |la=x A b=y}
From ((x,¥), (x,¥)) € u, we conclude that domu = p. Let ((x,y), (a, b)) € u and
((x,y),{c,d)) eu.Then,a=x,b =y,c=xand d =y imply (a, b) = (¢, d) = {x, y).
Hence u is single-valued. Thus, u is a mapping from p into o such that u(x, y) = (x, y).
If {a, b) € o, then u(a, b) = {a, b) means that u is surjective. Finally, if u(x,y) =
u(x',y"), then {(x,y) = (x',y') implies x = x' and y = y' in virtue of Proposition 2
(1.1.6). Hence (x, y) = (x', y'), i. e. u is injective. |

Proposition 1. The classes p and o are proper classes.
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Proof. Suppose at first that o is a set. Then, by Lemma 3 (1.1.6), {c} isa set and ¢ € {c}.
By Lemma 3 (1.1.5), o and {o} belong to 4, where (o, {c}) € U * 4. Thus, (o, {c}) € 0.
As a result, we get the following chain o € {0} € (o, {0}) € 0.

Consider the class A={x | x =0 V x = {0} V x = (0, {o})}. By axiom A6 (1.1.11),
there exists an element a € A such that a n A = @. By the definitionan A ={z | (z =
oV z={o}Vz={o,{0}) Vv ze€a}.

If a = o, then (o, {o}) € o implies z = (o, {0}) € an A.If a = {0}, then ¢ € {0} im-
pliesz =0 € anA.Ifa = (o, {0}), then {0} € (0, {0}) implies z = {0} € anA.In all the
three cases, we get the contradiction to the equalityan A = @.

This means that our supposition is not valid, and o is a proper class. Suppose now
that p is a set. Then, by Lemma 1 and axiom A5’ (1.1.11) o = rng u is a set, but this is
not true. Thus, p is a proper class. O

Let A be a class. By Lemma 4 (1.1.5) A c {4, where A x A c { x Y. Therefore, we
can consider the restriction 8, = p N (A x A) of J. Neumann’s relation p on the
subclass A.

A class A is called transitive or complete if x € a € A implies x € A. A transitive
class A, connected by J. Neumann’s relation 6, so that a, b € A impliesa € b, b € a,
or a = b, is called an ordinal (in the sense of J. Neumann). An ordinal, which is a set,
is called an ordinal number. According to 1.1.11, we obtain that 0 = @ is an ordinal
number.

Proposition 2. Let « be an ordinal. Then, 8, is a linear order on «, and the linearly or-
dered class («, 8,) is well-ordered.

Proof. Let @ # x C «. By axiom A6 (1.1.11), there exists a € x such that anx = @. Take
any element b € x such that (b, a) € 6,. From a n x = @, it follows that b ¢ a. Thus,
b = a. This means that a is a minimal element of x. Thus, 6, is a total relation on «
with the property of minimality. Besides, 8, = 6,U{(a, a') € axa | a = a'}. Therefore,
by virtue of Lemma 1 (1.2.1), 6, is a linear order on «, and the linearly ordered class

(«, 8,) is well-ordered. O

According to this proposition, if « is an ordinal and a, b € «, then along witha € b v
a = b we can write a < b.

Corollary 1. Let a be an ordinaland a, b € o. Then, a < biffa € b.
Proof. This equivalence follows from the definitions and Lemma 2 (1.1.11). O

According to this, along with « € 8, we can write « < § for ordinal numbers « and .
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1.2.3 Properties of ordinals
Lemmal. Let a be an ordinal, 8 C a, 3 # «, and the class (3 is transitive. Then, f € a.

Proof. By virtue of Proposition 2 (1.2.2), the subclass « \ # has a minimal element y.
Check that g =y. Let x € y. Since « is transitive, we conclude that x € «. Then, by
Corollary 1 to Proposition 2 (1.2.2), x € y implies x < y. Thus, x ¢ « \ 8, where x € 8.
As aresult, y c . Conversely, let x € . From y ¢ 3, we conclude that y # x. Suppose
that y € x. Since f is transitive, we conclude that y € S n (« \ 8) = 2. It follows from
this contradiction that x € y. Asaresult, § c y, where f =y € a. O

Lemma 2. Let « and f3 be ordinals. Then, either o C or f3 C «.

Proof. The class an s transitive. By Lemma 1, eitheranf = a oran B € a. In the first
case, a C 3. In the second case,a N ¢ B.Infact,ifan B e B, thenan B e an B, but
this is impossible in virtue of Lemma 2 (1.1.11). Now, by virtue of Lemma 1, we deduce
thata n g = B, where 8 C a. |

Corollary 1. Let « and 8 be ordinals. Then, « € 3, f € a, or ot = .
Lemma 3. Let « be an ordinal and 3 € a. Then, f3is an ordinal number.

Proof. Letx,y € B.Then, x, y € a. By virtue of Proposition 2 (1.2.2) we getx € y, y € x,
or x = y. Thus, the relation 95 is connecting on f3.

Lety € b € . Then, b € 8 € a implies y € b € a. This again implies y € «. Thus,
B, b and y belong to «. Therefore, by Corollary 1to Proposition2(1.2.2) y € band b € 8
implyy < band b < . Thus, y < 3, where y € 8. This means that 8 is transitive. Thus,
B is an ordinal. O

By virtue of axiom scheme AS2 (1.1.5), the class Ord = {x | x is an ordinal} consists of
all ordinal numbers. Consider ]. Neumann’s relation 6 = p N (Ord x Ord) on the class
Ord.

Theorem 1. The class Ord is an ordinal, but not an ordinal number.

Proof. By virtue of Lemma 3, Ord is transitive. By virtue of Corollary 1 to Lemma 2,
0 is connecting on Ord. Therefore, Ord is an ordinal. Suppose that Ord is an ordinal
number. Then, Ord € Ord. But by Lemma 2 (1.1.11), this is impossible. O

Corollary 1. Ord is the unique ordinal, which is not an ordinal number.

Proof. The conclusion follows from Theorem 1 and Corollary 1 to Lemma 2. O
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Corollary 2. The class (Ord, 0) is well-ordered.
Proof. The conclusion follows from Theorem 1 and Proposition 2 (1.2.2). O
Lemma 4. Let a be anordinaland a, b € o. Then,a < biffa c b.

Proof. By Lemma 3, a and b are ordinals. Let a < b,i.e.ae b v a=b.Ifa = b, then
acb.Ifa € b, then x € a € bimplies x € b, where a c b. Converselyleta c b.Ifa =
b, then a < b.If a # b, then by Lemma 1 we get a € b, where a < b. O

Lemma5. Let « be an ordinal number. Then, « = {x | x € Ord Ax < a} ¢ Ord.

Proof. Let 8 € a. Then, by Lemma 3, we obtain that § is an ordinal number, i.e. § €
Ord. Besides, « € Ord. Therefore, from Theorem 1 and Corollary 1 to Proposition 2
(1.2.2) we deduce that 8 < «. This means that 8 € {x | x € Ord A x < a}. Conversely let
B e {x|xeOrd AP < a}. Then, f € Ord and f < «. By the same reason, we conclude
that § € a. O

Corollary 1. Leta, B € Ordanda < . Then,a = {x | x € B A X < &} =], a[ in .

Lemma 6. Let A c Ord be some class of ordinal numbers and (a, c | a € A) =
q)_l(idA) be the multivalued collection from Corollary 1 to Lemma 3 (1.1.9) such that
a, = a forevery a € A. Then, the class « = | J(a, | a € A) is an ordinal.

Proof. Let x € y € . Then, y € b for some b € A. Therefore, x € y € b implies x € b.
Thus, x € «. This means that the class « is transitive.

Now, let x, y € a. Then, x e aand y € b for some a, b € A. By Lemma 3, we have
that x and y are ordinal numbers. By Corollary 1 to Lemma 2, x €y, y € X, or x = y.
This means that 6, connects «. O

For every ordinal number « € Ord, the class a U {«} is denoted by « + 1.

Proposition 1. Let « € Ord. Then, « + 11is an ordinal number,« <« + 1, and a + lis a
minimal element of the subclass {y € Ord | « < y} of the class Ord with respect to the
relation 0.

Proof. Letxeaeca +1=a U {a}. If a € a, then x € a. If a € {a}, then by Lemma 3
(1.1.6), a = «, where x € «. Thus, x € « + 1. This means that the class « + 1 is
transitive.

Leta,b € a+1.1fa, b € a,thena € b,b € a,ora = b.Ifa, b € {a},thena = « = b.
Ifa € xand b € {a}, then b = a implies a € b. Finally, ifa € {a} and b € a, thena = «
implies b € a. This means that the class « + 1 is connected by the relation 0,,.
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Thus, « + 1is an ordinal. By Lemma 3 (1.1.6), {«} is a set. Therefore, by axiom A4
(1.1.6), @ + 1is a set as well. Thus, « + 1is an ordinal number.

By Lemma 3 (1.1.6), « € {a}. Therefore, « € « + 1. Using Theorem 1 and Corollary 1
to Proposition 2 (1.2.2), we conclude that « < « + 1.

Thus,a+1e€ B={y € Ord | « < y}. Let f € Band 8 < a+1. Suppose that § # a +1.
Using the same arguments as above, we conclude that« < fimpliesa € fand 8 < a+1
implies 8 € « + 1. If B € «, then by virtue of Lemma 3 (1.1.11), this contradicts « € . If
B € {a}, then f = a by virtue of Lemma 2 (1.1.11) contradicts « € 8. This means that a+1
is a minimal element of the subclass B. |

Corollary 1. Let« € Ord. Then,« +1 c Ord and | J(a, | a € a +1) = a.

Proof. Letx € a.Take a = «. Then, x € « € {a} c a+1meansthatx € a,anda € a+1.
Thus,x e f=J(a, | a € a +1).

Conversely, let x € . Then, x € a, forsomea € « + 1. If a € «, then x € a € «im-
plies x € . If a € {a}, then a = a implies x € a. Thus, § = a. O

An ordinal « is called a limit ordinal if « # @ and « # f3 + 1 for every ordinal number .
Corollary 2. Ord is a limit ordinal.

Lemma 7. Let A c Ord be some set of ordinal numbers. Then, there exists « € Ord such
that « > a forevery a € A.

Proof. By Lemma 6, the class « = |J(a, | a € A) is an ordinal. By axiom A5" (1.1.11),
aisaset. Thus, o € Ord. If a € A, then a ¢ a. Therefore, by Lemma 4 wegeta <. O

Lemma 8. Let A c Ord be some set of ordinal numbers. Then, the class Ord \A is non-
empty and has a minimal element.

Proof. By virtue of Theorem 1, we get B = Ord \A # @. By virtue of Corollary 2 to
Theorem 1, B has a minimal element. O

Lemma9. Let «, § € Ord and « is a maximal element of the subset 3 c Ord. Then,
B=a+1l

Proof. By Corollary 1 to Proposition 2 (1.2.2), « < 8. It follows from Proposition 1
that « + 1 is a minimal element of the subclass Y = {y € Ord | « < y}. Suppose that
a+1<pB,i.e.a +1¢€p. Then, a + 1< «a because « is a maximal element. But by
Proposition 1, we get o < a + 1. It follows from this contradiction that « + 1> .
Since 8 € Y and « + 1is a minimal element of Y, we infer that & + 1 < . As a result,
a+l=p. O
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Lemma 10. Let « be a limit ordinal. Then, « = | J(a, | a € «).

Proof. Let x € a. Then, x +1 < «. Since « is a limit ordinal, we infer thata = x +1 < a.
Therefore, by virtue of Proposition 1 we see that x € a € « implies x € | J(a, | a € a).
Conversely, if x € | J(a, | a € «), then x € a for some a € a. By virtue of the property of
transitivity, x € a. As a result, we get the necessary equality. O

1.2.4 Relations between well-ordered sets
Recall that all the necessary definitions can be found in 1.1.14 and 1.1.15.

Lemma1l. Let (A, <) beawell-ordered classandu: A — A be astrictly increasing map-
ping. Then, a < u(a) for every a € A.

Proof. Suppose that there is a € A such that u(a) < a. Then, the non-empty sub-
class B = {a € A | u(a) < a} has aminimal element b € B. Therefore, u(b) < b implies
u(u(b)) < u(b). Thus, u(b) € B. But the inequality u(b) < b contradicts the minimality
of b. O

Proposition 1. Let (A, <) be a well-ordered class, a, b € A and a # b. Then:
1) the well-ordered classes (A, <) and (]«, a[, <) are not order equivalent;
2) the well-ordered classes (<, a[, <) and (]«, b[, <) are not order equivalent.

Proof. Denote ]«—, a[by A, and ]«, b[ by 4,.

1. Suppose that there exists an isotone bijection u: A —» A,. Then, we can con-
sider u as an isotone mapping u: A — A. By virtue of Lemma 1 (1.1.15), u is strictly
increasing. Therefore, it follows from Lemma 1 that a < u(a). But this inequality con-
tradicts the inequality u(a) < a.It follows from this contradiction that (4, <) # (4,, <).

2.Ifa < b,thena € A, and A, is an open initial interval in the well-ordered class
(A,, <). Therefore, by virtue of conclusion 1, (4,, <) # (4,, <). If b < a, then the argu-
ments are the same. O

Lemma 2. Let (A, <) and (B, <) bewell-ordered classes,andu: A —» Bandv: A —»
B be isotone bijective mappings. Then, u = v.

Proof. By virtue of Lemma 1 (1.1.15), the mappings u, v, u™* and v are strictly increas-
ing. Therefore, the mapping w = u™ o v: A — A is also strictly increasing. Then, by
Lemma 1, we get a < w(a) for every a € A. Applying u, we get u(a) < v(a) for every
a € A. Interchanging the roles of u and v in this argument, we obtain v(a) < u(a) for
every a € A. From these inequalities, we conclude that u(a) = v(a) for every a € A,
where u = v. O
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Lemma3. Let (A4, <) and (B, <) be well-ordered classes, a',a" € A, b', b" € B and
u': J—,a'[—»]—,b'[ and u": ]—, a"[—s]—, b"[ be isotone bijective mappings.
Then, either u' c u" oru” c u'.

Proof. Denote <, a'[ by A', ], a"[ by A", ], b'[ by B’ and |, b"[ by B". It is
clear that either A’ ¢ A” or A" ¢ A’.SupposethatX ={ac A'nA" |u'a + u"a} + &.
Then, X has a minimal element x. Thus, u'x # u"'x. If u’x < u"x € B", thenu'x € B".
Therefore, there exists a € A” such that u'x = u"a. Then, u"a < u""x implies a < x.
Since x is a minimal element, we infer thata ¢ X,i.e.u’a = u"a = u'x. Butthena = x
contradicts a < x. It follows from this contradiction that X = @. If u'x > u"’x, then the
arguments are analogous. O

1.2.5 The correspondence between well-ordered sets and ordinal numbers

Theorem 1. Let (A, <) be a well-ordered set. Then, there are the unique ordinal number
o and the unique isotone bijective mapping u: A >—» « such that the well-ordered sets
(A4, <) and («, <) are order equivalent with respect to u.

Proof. Take a minimal element m of the class A and the ordinal number O = @. Then,
we have the unique isotone bijection @: ]«, m[>» 0.

Consider the class U of all isotone mappings u: A, » « for some a € A and
a € Ord. It follows from the first indentation that U # @. By the definition, dom u =
A, c A.ByLemma 5 (1.2.3), « =]«, «f in the well-ordered class (Ord, <). Thus, rng u =
o ¢ Ord.

Letu, v € U,i.e.uandvareisotone bijective mappingsu: A, > aandv: Ap—»
Bforsomea, b € Aand«, 8 € Ord. Then, o =]«, a[ and 8 =], B[ in the well-ordered
class (Ord, <). Therefore, by Lemma 3 (1.2.4), we have eitheru c vorv c u.

ConsidertheclassesC = {x | Ju € U(x e domu)}andy ={y | Ju € U(y € rngu)}.
Leto € y € y.Then,o € y € rngu € Ordforsomeu € Uimplieso € rngu, andsoo € y.
This means that the class y is transitive. Let y, z € y. Then, y € rngu and z € g v for
some u, v € U. By Lemma 3 (1.2.3), y and z are ordinal numbers. Therefore, by Corol-
lary1toLemma2(1.2.3),y € z,z € y, ory = z. This means that 6, connects y (see1.2.2).
Thus, y is an ordinal.

Consider also the classw = {z | Ju € U (z € u)}. According to Lemma 5 (1.1.8), wis
the surjective mappingw: C —» ysuchthatw|domu = uforeveryu € U.Letx,y € C
andx < y.Then,y € dom uforsomeu € U.Therefore, x € dom u.Consequently, w(x) =
u(x) < u(y) = w(y). Conversely let w(x) < w(y). Then, u(x) = w(x) < w(y) = u(y) im-
plies x < y. This means that w is isotone. Therefore, by Lemma 1 (1.1.15), w is injec-
tive. Thus, w is isotone bijective mapping from the well-ordered class (C, <) onto the
well-ordered class (y, <). According to Lemma 2 (1.2.4), such a mapping w is unique.

EBSCChost - printed on 2/10/2023 4:56 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

1.2.5 The correspondence between well-ordered sets and ordinal numbers —— 63

Suppose that (C, <) is order equivalent to (3, <) for some 8 € Ord with respect to
an isotone bijective mapping v: C >» . By virtue of Corollary 2 to Theorem 1 (1.2.3),
B <y,y < B, or B =7y.Consider the case 8 < y. By Corollary 1 to Lemma 5 (1.2.3), 8 =
], B[ in y. By virtue of Lemma 1 (1.1.15), the mapping w™" is isotone. Consequently,
the bijective mapping v o wl; y = B1is also isotone. Thus, (y, <) = (J«, B[, <). But
this contradicts condition 1 of Proposition 1 (1.2.4). In the case y < f8, the arguments
are the same. It follows from these contradictions that § = y, i. e. the ordinal y for the
class (C, <) is unique.

Thus, if C = A, then the theorem is proven. Assume now that C # A. Then, the
class A\ C has a minimal element x. Consider the initial interval A,. Let a € A,. Then,
ace(C,ie A, cC. Conversely, let c € C. Suppose that x < c. Since c € A, for some
a € A,weconcludethatx € A, c C, butthisisnot so. It follows from this contradiction
that c < x,i.e.c € A,. Thismeans that C = A,.

Consider the new class B = CU{x}. Defineamappingv: B — y+1, settingv|C = w
andv(x) = y.Letb € Band b < x. Then, v(b) = w(b) € yimplies v(b) < y = v(x). Thus,
v is monotone. Conversely, let v(a) < v(b) for a, b € B. If a, b € C, then w(a) < w(b)
impliesa < b.Ifae€ C=A,and b = xthena < x = b.Finally, if b € Cand a = x, then
w(b) = v(b) 2 v(a) = v(x) = yand w(b) € y, i.e. w(b) < y, but this is impossible. As a
result, v(a) < v(b) implies a < b. This means that v is isotone. By virtue of Lemma 1
(1.1.15), v is injective. Since w is surjective, v is also surjective. Thus, v is an isotone
bijection.

Suppose that A \ C # {x}. Then, the non-empty class A \ B has a minimal element
y. Suppose that y < x. Then, either y = x € B or y < x. But the latter case means that
y ¢ A\C,i.e.y € C c B. It follows from this contradiction that y > x. Therefore, b € B
implies either b e C=A,,i.e.b<x<y,orb=x <y, whereb ¢ A,. Conversely, a €
A, implies a ¢ A \ B by virtue of the minimality of y, i.e. a € B. This means that B =
A,.Thus, v € U. This implies y + 1 = rng v ¢ y. By virtue of Lemma 4 (1.2.3), y + 1< y
in (Ord, <). But this contradicts the inequality y + 1 > y from Proposition 1 (1.2.3). It
follows from this contradiction that A \ C = {x},i.e. A=Bandv: A>» y +1is the
necessary isotone bijection.

Entirely in the same manner as was made above for the mapping w and the ordinal
number y, it is checked that for the class A the mapping v and the ordinal number y
are unique. O

This unique ordinal number « from Theorem 1 is called the order type of the well-
ordered set (A, <) and will be denoted by ord(4, <).

Proposition 1. Let (A, <) and (B, ]be well-ordered sets. Then,

I’ ]
1) ord(4,<) <ord(B,<)iff(4,<) = (]<, b[, <) forsome b € B;
2) ord(4, <) > ord(B, <) iff (], a[, =~ (B, <) forsome a € A;
3) ord(4,<)=ord(B,<)iff(4,<) = [B, <).
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Proof. 1. Consider the isotone bijectionsu: A > aandv: B > ffrom Theorem 1.
Let a < 8. Since « € f3, we can take an element b = v («). Let a € A. Then, u(a) € «
implies u(a) < a. By virtue of Lemma 1 (1.1.15), the bijective mapping v is isotone and
strictly increasing. Therefore, v'(u(a)) < v''(«) = b implies v (u(a)) € B), =], b[.
Now, let ¢ € B,. Then, ¢ < b implies v(c) < v(b) = «, i.e. v(c) € a. Take an element
a = u"'(v(c)). Then, v''(u(a)) = c. This means that v"! o u is a surjective mapping from
A onto B,. It is evident that v™' o u is isotone and bijective. Thus, (A, <) = (B, <).

Conversely, let (4, <) = (B,,, <) with respect to an isotone bijection ¢: A = B,,.
Consider the ordinal number y = v(b) and the mapping s =v o t o u™': a — f. By
virtue of Lemma 1 (1.1.15), the mappings u™', v and t are isotone, bijective, and strictly
increasing. If x € &, then t(u"'(x)) € B,, implies t(u"'(x)) < b, where s(x) < v(b) =y,
i.e. s(x) e y. If y € y, then y <y implies v’l(y) < b, i.e. v‘l(y) € B,. Therefore, we
can take an element x = (U o t ! o v‘l)(y) € . Then, sx = y. This means that s is a
surjective mapping from « onto y. Thus, s is an isotone bijection from « onto y, i.e.
(a, <) = (y, <)

By virtue of Corollary 2 to Theorem 1 (1.2.3), @« < y, & > y, or « = y. If a < 9, then
by virtue of Corollary 1 to Lemma 5 (1.2.3), « =]«, «[ in y. Thus, the well-ordered sets
(y, <) and («, <) are not order equivalent by virtue of Proposition 1 (1.2.4). It follows
from this contradiction that the cases « < y or « > y can not take place. Therefore,
a =y € fimplies o < S.

2. Conclusion 2 is simply another version of conclusion 1.

3. In the notation from the proof of conclusion 1, if « = 8, thenvou™: A ~» B
is an isotone bijection. Conversely, if there is an isotone bijection w: A >—» B, then

voewou': a>—» Bisan isotone bijection. |

1

Corollary 1. Let (A, <) and (B, <) be well-ordered sets. Then, only the following three

conclusions take place:

1) either there are the unique element b € B and the unique isotone bijectionf: A —»
l, b[;

2) ortherearetheunique element a € A and the unique isotone bijectiong: 1, a[—»
B;

3) orthereis the unique isotone bijection h: A ~—» B.

Proof. Consider the isotone bijectionsu: A >—» aandv: B > f.Byvirtue of Corol-
lary 2 to Theorem 1 (1.2.3), a < B, > B, or o = 3.

Ifa < f3, then by virtue of Proposition 1 there exist an element b € Band anisotone
bijection f: A »—»]«, b[. Suppose that there exist an element ¢ € B and an isotone
bijection g: A >—»]«, c[. Then, using Lemma 1 (1.1.15) we can consider the isotone
bijection g o 1 ], b[—»]<, c[. Now, using conclusion 2, of Proposition 1 (1.2.4),
we deduce that b = ¢, and the uniqueness of f follows from Lemma 2 (1.2.4).

If « > 3, then using the analogous arguments, we deduce conclusion 2.

Finally, if « = 3, then by virtue of Proposition 1, there exists an isotone bijection
h: A >—» B. The uniqueness of h follows from Lemma 2 (1.2.4). O
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1.2.6 Natural numbers. Multivalued and simple sequences

An ordinal number « is called a natural number, if ]. Neumann’s relation 6, on « (see
1.2.2) has the property of maximality, i. e. if every non-empty subset X ¢ « has a maxi-
mal element x with respect to 8, i. e. such that x' € Xand x € x' v x = x" imply x’ = x.
In the other notations from 1.2.2, the latter condition means that x' € X and x < x" im-
ply x' = x, i. e. x is the unique greatest element gr X of the subset X.

The class {x € Ord | x is a natural number} of all natural numbers is denoted by w
or by w,. It is clear that O = @ is a natural number.

Lemmal. Letn € wand x € n. Then, x € w.

Proof. By virtue of Theorem 1 (1.2.3), x € Ord. Besides, x ¢ n.If x = @, then x € w. Let
x # @. Take any non-empty subset X c x. Then, X c n. Therefore, X has a maximal
element o with respect to ,,. But then « is a maximal element of X with respect to 6,.
Thus, x € w. O
Corollary 1. Letn € w, « € Ord and « < n. Then, « € w.

Lemma2. Ifn € w,thenn+1 € w.

Proof. By Proposition1(1.2.3),n+1¢€ Ord.Let @ # X c n+ 1. If X ¢ n, then X has the
greatest element. f XN (n+1\n) # o,thenn € X.Letx € X.If x €e XN n, then x < n.
If x e X\ n,thenx € {n},i.e. x = n. Thus, n = gr X. O

Lemma3. Letn € w. Then,0 <n<n+1.

Proof. From 0 ¢ n, we conclude by Lemma 4 (1.2.3) that O < n. Now, by Proposition 1
(1.23),n<n+1. O

The natural number 0 is called the null element of the class w or zero. The natural num-
ber1 = 0u {0} = {0} is called the first element of the class w or one. The natural number
2 =1u{1} = {0, 1} is called the second element of the class w or two. The natural number
3=2u{2} = {0, 1, 2} is called the third element of the class w or three, and so on.

A natural number n € w such that n # 0 will be called a strictly natural number. The
class {n € w | n # 0} of all strictly natural numbers is denoted by N.

Lemma4. Letm,nce wand m+1=n+1. Then,m = n.

Proof. By Corollary 1 to Proposition 1 (1.2.3), m=J(a, laem+1)=J(a, |aen+
1) =n. O

The following statement is extremely important in mathematics.
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Theorem 1 (the principle of natural induction). Let X ¢ w and 0 € X. If n € X implies
n+1leX, thenX = w.

Proof. Suppose that X # w. Then, the non-empty subclass Y = w \ X of the class Ord
has the smallest element . By the condition, 3 # 0. By Lemma 2, we get f + 1 € w.
Therefore, the non-empty subset S of the set § + 1 has the greatest element « € 3. By
Lemma 9 (1.2.3), 8 = a + 1. From « < 3, we conclude that « ¢ Y. Besides, a € f € w
implies by Lemma 1 that « € w. Therefore, a € X. By the condition of the theorem, we
get S = a +1 € X. It follows from this contradiction that X = w. |

Lemmas 2 - 4 and Theorem 1 represent the Peano axioms for the natural numbers.
Theorem 2. w € Ord.

Proof. By virtue of Lemma 1, the class w is transitive. By virtue of Corollary 1 to
Lemma 2 (1.2.3), w is connected by 6,,. Thus, w is an ordinal.

By axiom A7 (1.1.11), there exists set A such that 0 € A, and a € A implies au{a} €
A. Consider the set X = A N w. Then, 0 € X, and n € X impliesn + 1 € A. By Lemma 2,
we get n + 1 € w. Thus, n + 2 € X. Now, by Theorem 1, we infer that X = w. Therefore,
w C A. By Lemma 1 (1.1.6), w is a set. As a result, w € Ord. O

Corollary 1. w is a limit ordinal number.

Proof. Supposew = +1forsome 8 € Ord. By Proposition1(1.2.3), w > 8, where 8 € w.
By Lemma 2, we get w = 8 + 1 € w. But this contradicts Lemma 2 (1.1.11). Therefore,
w # B+ 1for every ordinal number . |
Lemma5. Lletm,nce wand m+1<n+1. Then, m < n.

Proof. ltis clear that m # n. Suppose that m > n. Then, n € mimplies {n} c {mj}. Since
m transitive, we conclude that n ¢ m. Consequently, n+1 c mimpliesn+1< m.Asa

result, m + 1 < n + 1 < m, but this contradicts Proposition 1 (1.2.3). Thus, m < n. O

Lemma 6. Let n € N. Then, there exists the unique natural number m € w such thatn =
m+1.

Proof. Consider the greatest element m of the non-empty set n. By Lemma 9
(1.2.3), n=m + 1. By Lemma 1, we have m € w. The uniqueness of m follows from

Lemma 4. O

This unique natural number is denoted by n - 1.
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Lemma?7. Let(x, € w | n € w) be a collection such that x,, < x,,,, for every n € w. Then,
for every number x € w, there is an index n such that x < x,,.

Proof. Consider the set X ={x ¢ w | 3n € w (x < x,,)}. By Lemma 3, we get 0 < x,.
Therefore, O € X. Let x € X. Then, x < x,, < x,,,; implies x,,; € {y € Ord | x < y}. By
virtue of Proposition 1 (1.2.3), x + 1< x,,,;. Thus, x + 1 € X. By Theorem 1, we have
X =w. O

A set X is called finite, if there exist a natural number m and a bijection u: m —» X.
A set X is called infinite if it is not finite.

Theorem 3.

1) Let(A, <) be anupward directed [an upward lattice-ordered, a linearly ordered] set.
Then, every non-empty finite subset of the set A has an upper bound [the smallest
upper bound, the greatest element].

2) Let (A, <) be a downward directed [a downward lattice-ordered, a linearly ordered|
set. Then, every non-empty finite subset of A has a lower bound [the greatest lower
bound, the smallest element].

Proof. 1. Suppose at first that (A, <) is upward directed. Consider the set X of all num-
bers n € w such that if B is a non-empty subset of A and u: n +1>—» B is a bijection,
then B has an upper bound.

Leto # Bc Aandu: 0+1> B.Takeany b € Band considerx = u™'b € 0+1=
0 U {0} = {0}. Then, x = 0 implies b < u(0) for every b € B. This means that 0 € X.

Suppose now that n € X. Denoten + 1by m.Let0 # Bc Aand u: m +1>» B.
Then, m + 1 = m U {m} means that we can consider the set C = u[m] ¢ Bc A and
the bijection v = u|m. By the supposition, there exists d € A such that d > c for every
ceC.Let b € B\ C. Then, b = u(k) for some k € m + 1. Suppose that k € m. Then,
b = u(k) € C. It follows from this contradiction that k € (m + 1) \ m = {m}. Therefore,
k = m. Thus, b = u(m). By the condition, there exists a € A such that a > d > c and
a > u(m) = bforevery c € Cand b € B\ C. This means that a is an upper bound of B.
Thus, n + 1= m € X. By Theorem 1, we get X = w.

Suppose now that (4, <) is upward lattice-ordered. Then, we need to make only
some small changes in the given proof. It is clear that u(0) = sup B. By the supposi-
tion, there exists d € A such that d = sup C. By the condition, there exists a € A such
that a = sup{d, u(m)}. Let x € Aand x > b for every b € B. Then, x > c foreveryc € C
implies x > d. Besides, x > u(m). Thus, x > a. This means that a = sup B.

Finally, suppose that (4, <) is linearly ordered. In this case, the changes in the
proof are the following ones. It is clear that u(0) = gr B. By the supposition, there ex-
istsd € Csuchthatd = gr C.If d < u(m), then u(m) = gr B.Ifd > u(m), thend = gr B.
Conclusion 2 is checked in the similar way. O
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Corollary 1. Let (A, <) be a non-empty finite linearly ordered set. Then, (A, <) is well-
ordered, and the set A has the smallest and the greatest elements.

A set X is called denumerable if there exists a bijection u: w —» X. A set X is called
countable, if it is either finite or denumerable. A set X is called uncountable if it is
not countable.

Lemma 8. Every denumerable set is infinite.

Proof. Suppose that a denumerable set X is finite. Then, there exist a natural num-
ber m and bijections v: m > X and w: w > X. The bijection w™ o v: m»» w
means that the set w is finite. Therefore, by Corollary 1 to Theorem 3 the set w has
the greatest element n. By virtue of Lemmas 2 and 3, we have n < n + 1 € w. This
means that n is not the greatest element. It follows from this contradiction that X
is infinite. O

Let A be a class. A collection (A; ¢ A | i € I) and a simple collection (a; € A | i € I) are
called finite [countable], if I is a finite [countable] set.

Sequences
Let (I, <) be an ordered subset of the ordered set (w, <) with the order, induced by
the order on the set w (see 1.1.14). Any (multivalued) collection (4; c A | i € I) of sub-
classes of the class A indexed by the principal set I of the ordered set (I, <) will be
called a (multivalued) sequence of subclasses of the class A. Similarly, any simple col-
lection (a; € A | i € I) of elements of the class A will be called a (simple) sequence of
elements of the class A. According to 1.1.15, a simple sequence is a net.
Asequencet = (B; ¢ A |j €])is called a subsequence of a sequence s = (A; C A |
i € I), if there exists a mapping u = (i; € I | j € J): J — I such that:
1) for every number i € I, there exists a number j € J such that k € J and k > j imply
i 21
2) Sou= t,i.e.Aij = Bjforeveryj € J.

The mapping u is called thinning the sequence s out. The similar definition take place
also for simple sequences.

A simple sequence can have subnets in the sense of 1.1.15, which are not sim-
ple subsequences, because N in the subnet y = (y, | v € N) of the sequence s =
(a; € A|ieI) may be an arbitrary ordered set and J in the subsequence t = (b; €
A | j € J) must be a subset of w.

Now, we have the notion of sequential suits (4, A’), (4, A, A"), (A, A", A", A",
..., introduced in 1.1.11, and the notion of sequences (4; | i € n). There is the following
connection between these two important notions.
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Lemma9. LetAbeaclass,n € w,(A; c A | i € n) beasequence of subclasses and (a; €
A | i € n) be a simple sequence of elements of the class A. If n =2, then (A; cA|ie€
2) =(Ag,A) and (a; € A|i€2)=(ay, a;) (see1.111). If n =3, then (A; cA|ie3) =
(Ag, A;, Ay)and (a; € A | i € 3) = (ay, a;, a,) (see 1.1.11), and so on.

Proof. Denote a, by a and a; by a'. Then, by the definition from 1.1.11, we see that
(a,a’) = (x; | i € 2), where x, = aand x; = a'. Thus, x, = a5 and x; = a,. By Lemma 1
(1.1.9), (x; | i€2) = (a; | i € 2). Asaresult, (ag, a;) = (a,a’) = (x; | i €2) = (a; | i € 2).

For all other cases, the checking is the same. O

This lemma shows that for n € w \ 3 we can denote a sequence (A; cA|ien)anda
simple sequence (a; € A | i € n)alsoby (4, ..., A4,_;)and(ay, ..., a,_;), respectively.

For a simple sequence (ay, ..., a,_;) of sets indexed by a set n € w \ 3 along with
the notation rng(a,, ..., a,_;) we shall use the notation {ay, ..., a,_;}. If a; = a for all
i € n,then{ay,...,a,,} ={a}.

For a sequence (A, ..., A,_;) of classes and sets indexed by a set n € w \ 3 along
with the notations ((4; | i € n), U(4; | i e n), Uy(4; | i€ n) and [](4; | i € n), we
shall use also the notations Ao N ---NA,_;, AgU---UA,_1, Ag Uy --- Uy A,_; and
Ag x-+-x A,_; respectively. If A; = Aforalli e n,then Ay x---x A,_; = A".

Note that now we can not assert that every sequence and every simple sequence
are finite or countable. It will be followed from 1.3.3 and 1.3.9.

Lemma10. Letn € w\ 2. Then,n+1=1{0,...,n}.

Proof. Consider the class X ={0,1} u{new\2|n+1=1{0,...,n}}. It is clear that
0,1€X.

Since2+1=2u {2} = {0,1} U {2} = {0, 1, 2} (see 1.1.11), we infer that 1 € X implies
1+1 € X.Ifn € (w\2)nX, then (n+1)+1 = (n+1)u{n+1} = {0, ..., nju{n+1} = {0, ..., n+1}
impliesn +1 € X.

By Theorem 1, X = w, and therefore, {n € w\2 | n+1=1{0,...,n}} =w\ 2. O

1.2.7 The construction of mappings by natural induction

Now, we shall study two main methods of construction of mappings with the help of
the principle of natural induction from 1.2.6.

The following theorem is called the scheme of construction of mappings by natural
induction with the passage from n to n + 1 with respect to the productive mapping V. In
this scheme, the value u(n + 1) depends only on the value u(n).

Theorem 1. Let B be a class, b, € Band V: B x w — B be a mapping. Then, there is

the unique mapping u: w — B such that u(0) = b, and u(n + 1) = V(u(n), n) for every
ne€ w.
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Proof. First, check the uniqueness. Suppose that a mapping v: w — B possesses also
all the necessary properties. Consider the set K = {n € w | u(n) = v(n)}. Then, 0 € K.
If n € K, then u(n + 1) = V(u(n), n) = V(v(n), n) = v(n + 1). Hence, n + 1 € K. By the
principle of natural induction, we get K = w. Consequently, u = v.

Now, define a mapping u,: 1 — B setting u. Consider the subset X of w consist-
ing of all n € w, such that for n, there is the unique mapping u,: n + 1 - B, such
that: (1) u,(0) = b, and (2) u,(m + 1) = V(u,(m), m) for every m € n. It is clear that
0eX.

Letp,qeX,p<qandu,: p+1— B,u,: q+1— Bbe the corresponding map-
pings. Consider the mapping ul’o = u,|p +1. The mapping ulﬁJ : p+1 — Bpossesses the
properties 1) and 2) listed above. Since such a mapping is unique, we conclude that
u;, = Uy, Thus, Uglp +1=up,i.e.u,(m) = u,(m) foreverym e p +1.

Let n € X and u,;: n + 1 — B be the corresponding mapping. Define a mapping
Upp: (n+1) +1—> B setting u,,; =u, U{u +1, V(u,(n), n))}. We have u,,,(0) =
u,(0) = bgand u,,,(m+1) = u,(m+1) = V(u,(m), m) = V(u,,,(m), m) forevery m € n.
If m = n, then u,,,(n + 1) = V(u,(n), n) = V(u,,,(n), n). Consequently, the mapping
U, bossesses the properties 1) and 2) listed above.

Check now the uniqueness of u,,,;. Suppose that a mappingv: (n+1)+1— B
also has the same properties. Consider theset Y = {m € (n+1) +1| u,,,(m) = v(m)}u
(w \ ((n + 1) + 1)). Since u,,,,(0) = by = v(0), we have O € Y. Suppose that m € Y. If
m+1e (n+1)+1,thenm € (n+1)+1implies u,,,(m) = v(m). Besides, u,,;(m+1) =
V(uy,(m),m) = Viv(im),m) =v(m+1). Thus, m+1e Y. If m+1¢ (n +1) + 1, then
m+1ew\((n+1)+1) c Y.Inboth of the cases, m + 1 € Y. By the principle of natural
induction, Y = w. This means that u,,, = v.

Define now a mapping u: w — B, setting u(0) = by and u(n +1) = u,,,(n + 1) for
every n € N. As proven above, u,,(n) = u,(n). Therefore, u(n + 1) = V(u,,,(n), n) =
V(u,(n), n) = V(u(n), n) for every n € w. O

Denote by C the class of all simple sequences of the kind s=(b; e B|ieneN).
A mapping V: C' x w — B will be called compatible with the subclass C' c C if for
every n € N and for every sequence s = (b; € B|i € n) e C',wehaves u {(n, V(s,n -
1))} eC'.

The following theorem is called the scheme of construction of mappings by natural
induction with the passage from allm < n to n+1with respect to the productive mapping
V. In this scheme, the value u(n + 1) depends on all the values u(0), u(1),..., u(n).

Theorem 2. Let Bbeaclass, b, € B, C' be asubclass of the class C, such that the simple
sequence (b,) = (b; € B | i € 1) with the single member b, belongs to C', and V: C' x
w — B be a mapping, compatible with C'. Then, there is the unique mapping u: w — B
such that uln € C' for every n € N, u(0) = by and u(n + 1) = V(u|(n + 1), n) for every
ne€ w.
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Proof. First, check the uniqueness. Let a mapping v: w — B possess also all the nec-
essary properties. Consider the set K = {n € w | Vm € n + 1 (u(m) = v(m))}. Then, O €
K.Ifn € K,thenu|n+1 = vi[n+1land u(n+1) = V(u|(n+1), n) = V(v|(n+1), n) = v(n+1).
Hence, n + 1 € K. By the principle of natural induction from 1.2.6, we get K = w. Con-
sequently, u = v.

Now, define a mapping u,: 1 — B, setting u, = {(0, b,)}. By the condition, u, €
C'. Consider the subset X of w, consisting of all n € w such that for n there is the unique
sequence S, = (u,, | m € n + 1) of mappings u,,: m +1 — B such that: 1) u,, € C' for
everym € n+1;2) u,,(0) = b, foreverym € n+1;3) u,,lk+1 = u; foreveryk e m € n+1
and 4) u,, (k + 1) = V(u,,|(k + 1), k) for every k € m € n + 1. It is clear that O € X.

Letp,qeX,p<q,S,=(vyImep+1)and S, = (w, | m € q +1). Consider the
sequence S; = S,Ip + 1. The sequence S; possesses the properties 1- 4 listed above.
Since such a sequence is unique, we conclude that S;, = Sp. Thus, Sqlp +1= Sp, i.e.
W, =V, foreverymep+1.

Let ne X and S, = (u,, | m € n + 1). Define a mapping u,,;: (n +1) + 1 - B,
setting u,,, = u, U {(n + 1, V(u,, n))}. Then, we have u,,, € C', u,,;(0) = u,(0) = by,
Upqlk+1=u,lk+1=u;foreveryk e n+land u,,(k+1) = u,(k+1) = V(u,lk+1, k) =
V(u,,lk+1, k) forevery k € n.If k € n, thenu,,;(n+1) = V(u,, n) = V(U,,qn41,,)- Con-
sequently, the sequence S,,; = (u,, | m € n + 2) possesses the properties 1-4 listed
above. Besides, S,,,;[n+1=S§,,.

Check now the uniqueness of S,,,. Suppose that a sequence T = (v,, | m € (n +
1) + 1) of mappings v,,: m + 1 — B also has the same properties. Consider the set
Y={men+1) +1u, =v,}U(w)\ ((n+1)+1)). Since uy(0) = by = vy(0), we have
Uy = vy, whereO € Y. Supposethatm € Y.Ifm+1 € (n+1)+1, then m € (n+1)+1implies
Uy, = Vp. Besides, u, ;im+1=u, =v, = vy m+land u, (m+1) = V(u,,im+1,
m) = V(v,.qlm+1, m) = v, ,(m+1) means that u,,,,; = v,,,,;. Thus, m+1 e Y.Ilf m+1 ¢
(n+1)+1,thenm+1ew)\ ((n+1)+1)cY.Inboth of the cases m + 1 € Y. By the
principle of natural induction, Y = w. This means that u,, = v,, foreverym € (n+1)+1,
ie.S,,1=T.

It follows from the properties proven above that n + 1 € X. By the principle of nat-
ural induction, X = w.

Now, define a mapping u: w — B in the following way. For 0, set up u(0) = b,,.
For n € N, take the unique sequence S, = (u,,, | m € n + 1) and set up u(n) = u,(n).

We have u|1 = (u(0)) = (b,) € C'. Let n € N and k € n. Take the unique sequence
S = [v]- | j € k + 1). As proven above, S,, = S,|m + 1, i.e. v; = u,. Therefore, u(k) =
Vi (k) = ug (k) = u, (k). Thus, uln + 1=u, € C'. Besides, u(n + 1) = u,,(n + 1) =
V(u,, n) = V(uln +1, n) forevery n € w. O

Corollary 1. Let Bbeaclass, b, € Band V: Cxw — B be a mapping. Then, there is the

unique mapping u: w — B such that u(0) = b, and u(n + 1) = V(u|(n + 1), n) for every
n € w.
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Let D be a class, B be a subclass of the class P(D), and C be the class of all simple
sequences of thekind s = (B; € B | i € n € N). Consider the subclass Cy;; of the class
C, consisting of all pairwise disjoint sequences (B; € B | i € n € N), i.e.such that B;n
B; = @ foreveryi # j.

Corollary 2. Let D be a class, B be a subclass of the class P(D), B, € B, Cdisi be the
class of all pairwise disjoint sequences (B; € B |i e ne N)and V: Cyg x w — B be
a mapping, compatible with a class Cq;;. Then, there is the unique mappingu: w — B
such that u(m) nu(n) = @ for every m # n, u(0) = B, and u(n +1) = V(u|(n + 1), n) for
everyn € w.

Proof. Let m < n. By Theorem 2, we getuln+1 € Cdisj.Therefore, u(m)nu(n) = (uln+
DH(m)) n ((uln + 1)(n)) = @. O

Note that the indicated schemes are not absolute, but are only “the examples for imi-
tation”.
The following scheme is a generalization of the scheme from Theorem 1.

Theorem 3. Let A and B be classes, U: A — Band V: B x w x A — B be mappings.
Then, there is the unique mapping u: w x A — B such that u(0, a) = U(a) for every
aeAandu(n+1,a)="V(u(n,a),n,a)foreveryn e wand a € A.

The proof of this statement is completely similar to the proof of Theorem 1.

Theorem 3 is called the scheme of construction of mappings by natural induction
with a parameter a € A and the passage from n to n + 1 with respect to the produc-
tive mapping V. In this scheme, the value u(n + 1, a) depends only on the value
u(n, a).

The following scheme is a generalization of the scheme from Theorem 2.

Let A and B be fixed classes. Denote by E the class of all functional sequences of
thekind s = (f; ¢ Map(4, B) | i € n € N). Amapping V: E' xwx A — B will be called
compatible with the subclass E' ¢ E, if for every n € N and for every sequence s = (f; €
Map(4,B) |ien) € E',wehavesu {(n, {(a, V(s,n-1,a)) | a € A})} e E'.

Theorem 4. Let A and B be classes, U: A — B be a mapping, E' be a subclass of the
class E such that every mapping (0, a) — U(a) from 1 x A into B belongs to E'. Let
V: E' xwx A — B be a mapping compatible with E'. Then, there is the unique mapping
u: wxA — BsuchthatulnxA € E' foreveryn € N, u(0, a) = U(a) forevery a € A and
un+1,a)=V@u|(n+1)xA,n,a) foreveryn e wand a € A.

The proof of this statement is completely similar to the proof of Theorem 2.
Theorem 4 is called the scheme of construction of mappings by natural induction
with a parameter a € A and the passage from all m < n to n + 1 with respect to the
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productive mapping V. In this scheme, the value u(n + 1, a) depends on all the values
u(0, a), u(1, a),..., u(n, a).

In conclusion, we shall consider an example of using Theorem 1.

A simple sequence s = (a; € 4 | i € I) (see 1.2.6) will be called finally constant, if
there exists j € I such that a; = a; for every k > j. The sequence s will be called finally
non-constant, if for every j € I there exists k > j such that a; # a;.

Proposition 1. Lets = (a; | i € I) be a finally non-constant sequence. Then, there exists
a subsequence (a; | k € w) (see 1.2.6) such that k < i) < iy, and a;_# a;, .
Proof. Consider i, = smI. Since s is finally non-constant, for every i € I and every
j =1 there exists k > j such that a; # q;. In fact, in the opposite case, there exist i
and j > i such that a; = q; for every k > j. Then, a; = a;,, forevery k >j + 1,i.e. s
is finally constant, but this is not so. Thus, the set I, = {l € I | (I > gr{i, k}) A (a; #
a;)} is non-empty. Therefore, we can define correctly a mapping V: I x w — I, set-
ting V(i, k) = sm I;;. By Theorem 1, there exists the unique mapping u: w — I such
that u(0) = iy and u(k + 1) = V(u(k), k) = sm{l € I | (I > gr{u(k), k}) A (a; # a,q)}. It
is clear, that u(k + 1) > u(k), u(k + 1) > k + 1 and a4,y # 4, Since the mapping
u= (i €l|kew): w— Iisincreasing and the subset u[w] is cofinal to the set I, we
conclude by Lemma 3 (1.1.15) that the composition sou = (a,-k | k € w)isasubsequence
of the sequence s. O

1.2.8 The principle of transfinite induction. The constructions of mappings by
transfinite induction

The principle of induction (Theorem 1) from 1.2.1 in the application to well-ordered
classes is called the principle of transfinite induction. In the application to ordinals,
the principle of transfinite induction takes the following form.

Proposition 1. Let « be an ordinal. If B is a non-empty subclass of the class « such that
aeaanda c Bimply a € B, then B = a.

Proof. By Proposition 2 (1.2.2), the relation of order on the ordinal « has the property
of minimality. Let a € « and |«, a[= {x | x € « A x < a} ¢ B. By Lemma 3 (1.2.3), a
is an ordinal number. Therefore, by Lemma 5 (1.2.3), a = {x | x € Ord A x < a}. By the
property of transitivity from 1.2.2 and Corollary 1 to Proposition 2 (1.2.2), x < a € « im-
plies x € . Thus, by virtue of Lemma 3 (1.2.3), a =]«, a[c B. By the condition, this
implies a € B. Consequently, by Theorem 1 (1.2.1) B = a. O

This principle is the key component in the following scheme of construction of map-
pings by transfinite induction.
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Let « be an ordinal number, B be a class, and V: |J(Map(B,B) | c€«a) — B
be a mapping. Since 0 x B = 0, the inclusion 0 c 0 x B means that 0 € Map(0, B).
Consequently, 0 € [ J(Map(B, B) | 8 € a).

Theorem 1. Let « be an ordinal, B be a class and V: (Map(3,B) | € «) —> B be a
mapping. Then, there is the unique mapping u: « + 1 — B, such that u(0) = V(0) and
u(p) = V(ulp) forevery f e a + 1.

Proof. First, check the uniqueness. Let a mapping v: a+1 — B possess all the neces-
sary properties. Consider the set X = {x € « + 1| u|x + 1 = v|x + 1}. Then, 0 € X. Take
anyBea+1suchthat fc X.Lety € B+ 1.Ify < B, theny € fimplies y € X. There-
fore, u(y) = v(y), where u| = v|B. If y = 3, then u(y) = V(ulp) = V(v|B) = v(y). Thus,
ulf +1=v|B+1implies 8 € X. By Proposition 1, we have X = « + 1. Therefore, « € X
implies u = v.

Now, define a mapping u,: 1 — B, setting u, = {(0, V(0))}. Consider the subset X
of a+1, consisting of all x € a+1such that for x there is the unique mapping u,.: x+1 —
B such that u,(0) = V(0) and u,(y) = V(u,|y) for every y € x + 1. Then, 0 € X.

Let p, g € X and p < g. Consider the corresponding mappings u,, and u, and the
mapping uzlo = uylp + 1. Then, ”1'1:(0) =u,(0) = V(0) and u;(y) = uy(y) = V(ugly) =
V(H;D/) for every y € p + 1, since by Lemma 4 (1.2.3), y ¢ p + 1. This means that the
mapping u J’D possesses all the necessary properties. Since such a mapping is unique,
we conclude that u}’7 = u,. Thus, u,lp +1=u,.

letzea +1and zc X. If x,y € z and x <y, then uylx + 1= u,. Therefore,
we can define correctly a mapping v: z — B setting v(x) = Uy, (x) = u,(x) for every
x < y in z. Define a mapping w: z + 1 — B, setting w|z = v and w(z) = V(v). Then,
w(0) = v(0) = uy(0) = V(0). Lety e z+ 1. If y < z, then y € zimplies y c zand w(y) =
v(y) = u,(y) = V(uly) = V(vly) = V(wly). If y = z, then w(y) = V(v) = V(wly). Con-
sequently, the mapping w possesses all the necessary properties, listed above. Be-
sides, w is unique. In fact, suppose that a mapping w': z + 1 — B also has the
same properties. Consider theset Y ={y e z + 1| w'|y + 1 = w|y + 1}. Then, w'(0) =
V(0) = w(0) means that w'|0 + 1=w|0 + 1, where 0 € Y. Take any r € z + 1 such
that r > Y. Let B e r + 1. If B < r then B € r implies B € Y. Therefore, w'(B) = w(p),
where w'|r = w|r. If B =r, then w'(B) = V(W'|r) = V(w|r) = w(B). Thus, w'|r + 1=
w|r + 1 implies r € Y. By Proposition 1, we get Y = z + 1. Therefore, z € Y implies
w = w.

It follows from the properties proven above that z € X. By Proposition 1, we get
X = a+1.Since « € X, we can take the mapping u,: a+1 — B.It has all the necessary
properties. O

In applications of this theorem, the mapping V is usually assigned by the following
three formulas. The first one assigns the value V(0). The second one assigns the value
V(v) foramapping v: 8 — Bdefined on anon-limit ordinal 8 € « (see 1.2.3). The third
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formula assigns the value V(v) for a mapping v: § — B defined on a limit ordinal

B e€a.

1.2.9 The ordered disjoint union of well-ordered sets. The addition of ordinal
numbers

Letu = (A; c 4| i € I) be a collection of well-ordered sets, indexed by a well-ordered
set I. Define an order < on the disjoint union (J4(4; | i € I) = [J(4; = {i} | i € I) of the
collection u (see 1.1.10), setting (x, i) < (y, j) iff eitheri < jori = jand x < y. The set
Ja(A; | i € I) with this order will be called the ordered disjoint union of the collection
u and will be denoted by | J,,(4; | i € I).

Let A,A’, A", ... be well-ordered sets. Then, (4,A'), (A,A’,A"),... are the cor-
responding multivalued collections (see 1.1.11). The ordered sets |Jz,(4,4"), Ugo
(4, A", A"),... will be called the ordered disjoint unions of the sequential pair (A, A'),
triplet (A, A’, A"),... and will be denoted also by A Uy, A', AUy, A" Uy, A”,... (see
1.1.11). By the definition from 1.1.11, we have A u; A" = [ J,(A,A") = (X; cAU A" |
ie)=UX; = {i}|ie2)=(A % {0}) u (A" * {1}). Thus, (x,i) < (y,j)in Ay, A" iff
eitheri=0andj=1,0ori=j=0andx<yinA,ori=j=1andx<yinA'.

Lemmal. Let(A; | i € I) be a collection of well-ordered sets, indexed by a well-ordered
set I. Then, the ordered set | J,,(4A; | i € I) is well-ordered.

Proof. Denote this ordered set by S. It is clear that S is linearly ordered. Take any set
@ # P c S and consider thesets P, = PN (A4; = {i})and J={ie I | P; + &} # @. Take
the smallest element j of the set J. Since P; # @, we can take the smallest element
y of the set A;. Then, g = (y, j) is the smallest element of P. In fact, if p € P, then
p = {(x,1i) € P, for some i € J. Consequently, j < i.If j = i, then y < x implies g < p. If
j < i, then automatically g < p. O

Let I be a well-ordered set, (I,, | m € M) be a collection of well-ordered sets, indexed
by a well-ordered set M, and (I,, | m € M) be a partition of the set I. The collection
(I, | m € M) is called an ordered partition of the well-ordered set I if: (1) the order on
every set I, is induced by the order on the set I; and (2) i < j in I for some i € I,, and
jel,iffeitherm<norm=nandi<jinl,.

The ordered disjoint union is associative in the following sense.

Proposition 1. Let (4; | i € I) be a collection of well-ordered sets, indexed by a well-
ordered set I and a collection (I,, | m € M) of well-ordered sets, indexed by a well-
ordered set M, be an ordered partition of the ordered set 1. Then, the mapping 8: Uy,
(A; lieD)—» Ugo(Ugol4; 11 €1,) | me M) such that S({a,i)) = ({a, i), m) for ev-
eryie I, and a € A, is bijective and isotone.
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Proof. Denote the first set by S and the second oneby T. Letp = (x,i) < g = (y,j)inS.
Then, i € I,, and j € I, for some m and n. If m = n, then fp = (p, m) < (g, m) = Bq.If
m # n,theni+jandp < qimplyi < jand so m < n. Therefore, again p = (p, m) <
(g, n) = Bq. This means that § is strictly increasing (see 1.1.15). Since all the orders
are linear, we infer that § is isotone. Let t € T. Then, ¢ = (p, m) for some mand p ¢
Udo(4; | 1 € I,). Therefore, p = (a, i) for somei € I, c I and a € A;. From fp = t, we
infer that § is surjective. Now, by Lemma 1 (1.1.15) § is bijective. |

Lemma 2. Let A, B, and C be well-ordered sets. Then, AU, BUy, C = (AUy, B)Uy, C =
A Uy, (BUy, C) (see 1.1.15).

The proof of Lemma 2 is analogous to the proof of Proposition 1.

Lemma3. Let (A, | i € I) be a collection of well-ordered sets, indexed by a well-ordered
set I. Then, ord | J,,(A4; | i € I) = ord | J ,(0rd 4; | i € I) (see 1.2.5).

Proof. DenotelJ;,(4; | i€ I)bySand|J,,(ordA4; | i € I)by T. According to Theorem 1
(1.2.5), for every i € I, there is the unique isotone bijection u;: A; —» «; where o; =
ord A;. If r € S, then r = (a, i) for the unique elements i € I and a € A;. Therefore, we
can define correctly a mapping u: S — T setting ur = (u;a, i). Lets = (b, j) € Sand
r<s.Ifi <j,thenur = (w;a,i) < (u;b,j) = us.1f i = j, then a < b implies by virtue of
Lemma 1 (1.1.15) u;a < u;b, where ur < us.

Thus, u is strictly increasing. Since all the orders are linear, we infer that u is
isotone. Let t € T. Then, t = (x, i) for some i and x € «a;. Take a = ui‘lx €A;jand r=
{a, i) € S. From ur = t, we infer that u is surjective. Now, by Lemma 1 (1.1.15) u is bi-
jective. Finally, using Theorem 1 (1.2.5) we conclude that ord S = ord T. O

Letu = (o; | i € I) beasimple collection of ordinal numbers, indexed by a well-ordered
set I. Take the collection (e; | i € I) = ¢ (o | i € I) from Corollary 1to Lemma 3 (1.1.9).
The ordinal number ord | J,,(«; | i € I) is called the ordinal sum of the collection u and
is denoted by Y  («; | i € I).

Let o, &', &, ... be ordinal numbers. Then, («, &), («, &', «"),... are the corre-
sponding simple collections (see 1.1.11). The ordinal sums ¥ (&, «'), ¥, (a, &', &”'),...
will be called the ordinal sums of the simple sequential pair («, &'), triplet («, &', &''),...
and will be denoted also by & +, o', & +, &' +, &”,.... By the definition from 1.1.11, we
havea+,a’ =Y (a,a') = Y (x; | 1 € 2) = ord Uy (X; | T € 2), wherex, = aand x; = o'.

The ordinal sum is associative in the following sense.

Proposition 2. Let («; | i € I) be a simple collection of ordinal numbers, indexed by a
well-ordered set I and the collection (I,, | m € M) of well-ordered sets, indexed by a
well-ordered set M, be an ordered partition of the ordered set I. Then, Y («; | i € I) =
Yo(X (o liel,) | meM).
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Proof. By virtue of Proposition 1 and Lemma 3, we get the equalities ) («; |1 €
D =ordJgle; | iel)=o0rd Uz (Ugles |1 €l,) | meM)=ord|Jy,(ord | Jy, (e | i€
L)ImeM)=ordy (Yol liel) ImeM) =Y (Y, (| iel,)|meM). O

Lemma 4. Let «,  and y be ordinal numbers. Then, a +, B+, y = (@ +, B) +, y = & +,

(B+o )
The proof of Lemma 4 is analogous to the proof of Proposition 2.
Proposition 3. Let « be an ordinal number. Then, « + 1 = a +, 1 (see 1.2.3).

Proof. Assume that there exists x € a N {«}. Then, x € « and x = « imply « € «, but
this contradicts Lemma 2 (1.1.11). Consequently, « N {a} = @. By the definition from
1.2.3and by Lemma 7 (1.1.11), « + 1 = a U {a} = J(&, {a}) = J(x; | i € 2), where x;, = «
and x; = {«}. Therefore, by Lemma 2 (1.1.10), there is a bijective mapping u: |J(x; | i €
2)—» Uy(x; | i € 2) such thatup = (p, i) foreveryi e 2and p € x;. Letq € |J(x; | i €
2)and p < q.Then, g € x; for some j. If i = j, then p < q implies up < uq.1fi < j, then
automatically up < ug. This means that u is strictly increasing (see 1.1.15). Since all
the orders are linear, we infer that u is an isotone mapping from the ordered set o + 1
into the ordered set | J,,(x; | i € 2).

By the definition « +, 1 = |J,,(y; | i € 2), where y, = « and y; =1 = {0}. Define a
mapping v: |J,(x; |1 €2) = Uyly; | i €2), setting v({p, 0)) = (p,0) € a * {0} = y, *
{O} foreveryp € x, = aand v({a, 1)) = (0,1) € 1 % {1} fora € x; = {a}. It is clear that v
is an isotone bijection from the ordered set 4, (; | i € 2) onto the ordered set | J,,(¥; |
i € 2). As a result, the mapping v o u is an isotone bijection from the ordered set « + 1
onto the ordered set « +, 1. By virtue of Theorem 1 (1.2.5),  + 1 = a +, 1. O

Corollary 1. Let « and f be ordinal numbers. Then, (« +, ) +1=a +, (f +1).

Proof. By Proposition 3 and Lemma 4, we get (a+,8)+1 = (¢ +, ) +,1 = a+,(f+,1) =
a+, (B+1). O
1.2.10 The connection between ordinal and natural numbers

Theorem 1. Let« € Ord \w. Then, there are the unique limit ordinal y > w and the unique
natural number n such that a = y +, n.

Proof. Consider the set B, consisting of all natural numbers and all ordinal numbers
o > w, representable in the form « = y+,n for some limit ordinal y > w and some natu-
ral number n. It is clear that all limit ordinals belong to B. By Corollary 1 to Theorem 2
(1.2.6), w € B.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

78 =—— 1.2 Ordinals and ordinal numbers

Let « € Ord and « ¢ B.If « is a limit ordinal number, then « € B. If « is a non-limit
ordinal number, then « = 8 + 1 for some ordinal number . From f € « c B, we infer
that either f € wor f > wand B = y +, m for some y > w and m. In the first case, by
Lemma2(1.2.6),« = f+1 € w c B,where« € B.Inthe second case, 8 = ord(yu,,m). By
virtue of the definition from 1.2.5 and Theorem 1 (1.2.5), there is an isotone bijection
u: y Uy m>—» fB. According to 1.2.9, we see that y U; m = (y = {0}) U (m * {1}) and
yUg(m+1) = (y*={0})u((m+1) * {1}). According to 1.2.3, we get  c f+1and m c m+1.
Therefore, we can define correctly amapping v: yuU;(m+1) — S+1, setting vjyu,m = u
and v({m, 1)) = B. It is clear that v is bijective. If x € y U; m, then v(x) = u(x) < f =
v({m, 1)). This means that v is strictly increasing. Since all the orders are linear, we
infer that v is isotone. Consequently, by Theorem 1 (1.2.5) &« = 8+1 = ord(yuy, (m+1)) =
y +, (m + 1) € B.In all the cases, « € B. Thus, by Proposition 1 (1.2.8) B = Ord.

Check now the uniqueness of this representation. Leta = f+, m =y +,n. If m =
n =0, theny = . At first, suppose that m # 0. Then, there exists an isotone bijection
u: fu;m>—» yU,n. According to 1.2.9 we have that fu,; m = (B * {0}) U (m = {1}) and
yUgn = (y = {0}) U (n = {1}). Assume that there exists [ € m such that u({l, 1)) € y = {O}.
Consider the non-empty subset B of m, consisting of all k € m such that u(<k, 1)) €
y *{0}. Leta e mand a c B.Ifa = 0, then a < limplies u({a, 1)) < u({l, 1)) € y = {0}.
Therefore, u({a, 1)) € y * {0}. This means that a € B. If a > 0, then by Lemma 6 (1.2.6)
a = k + 1 for some k € w. Then, k € a c B. Thus, for p = (k,1) € m = {1}, we have » =
u(p) € y = {0}, i.e. 2 = (x, 0) for some x € y. Since y is a limit ordinal, we infer that
Xx+1<yp,i.e.x+1 e y.Consider the elements p = (x +1,0) € y * {O} and g = u‘l(p).
From u(p) = » < p = u(q), we conclude that p < g, where g € m = {1}.

Since k +1 = a € m, we can take the element r = (k + 1, 1) € U, m. Consider the
bijection e: m > m * {1} such that ¢k = (k, 1) for every k € m. From p < g, we in-
fer that k = £ 'p < £ 'q. Therefore, k < k + 1 < £ 'q implies p < (k + 1, k) < q. Hence
u < ur < p. Assume that ur ¢ y = {0}. Then, ur € n = {1} implies p < ur. From this con-
tradiction, it follows that ur € y * {0} and consequently, a = k + 1 € B. As a result, by
virtue of Proposition 1 (1.2.8), we conclude that B = m.

Thus, u[m = {1}] c y = {0}. If s = (x, 0) € B = {0}, then s < (m — 1, 1) implies us <
u({m-1,1)) € y*{0}. Therefore, us € y*{0}. This means that (y={0})u(n={1}) = rngu c
y#{0}.If n # O, then thisinclusion is impossible. If n = 0, then u is an isotone bijection
from B U; m onto y = {0}. The ordered set 8 U,, m has the greatest element (m — 1, 1).
Therefore, u((m — 1, 1)) is the greatest element in y = {0}. But this is impossible, since
y is a limit ordinal number. Thus, in all the cases we came to the contradictions. This
means that our assumption is not valid, i.e. u[m * {1}] c n * {1}. Since m # 0, this
inclusion implies n # 0. But then, using the similar arguments for the isotone bijection
u!, we can deduce that u™![n = {1}] c m * {1}. As a result, we get u[m * {1}] = n * {1}.
Therefore, m =~ m x {1} = n % {1} = n.

It follows from the proven inclusions that u[ = {0}] = y * {0}. Therefore, f = f3
{0} = y = {0} = y. By virtue of Theorem 1 (1.2.5), we conclude that m = nand 8 = y.

If n # 0, then the arguments are the same. |
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1.2.11 The other forms of the axiom of choice

The terminology of ordered classes will often be applied to the full ensemble P(A) of
a class A. Any non-empty subclass S of the class P(A) will be called an ensemble on
the class A.

On the full ensemble, P(A) define the order by inclusion setting S< Tiff Sc T
for S, T € P(A). This order induced the order by inclusion on every ensemble 8 on the
class A. With respect to the order by inclusion, an element S € 8 is a maximal member
of the ensemble 8 if S is a proper subset of no other element of S.

If A is an order class, then we can consider the ensemble of all chains (= linearly
ordered subclasses) in A. With respect to the order by inclusion on this ensemble, a
chain C in A is maximal if C is a proper subclass of no other chain in A.

Consider the universal class (. By Lemma 5 (1.1.5), P(4{) = 4. An ensemble § on
the universal class i will be called an ensemble of sets.

An ensemble of sets § is called an ensemble of sets of finite character if any set
X € U belongs to 8§ iff each finite subset of the set X belongs to S.

There are a lot of situations in mathematics to which axiom of choice A8 from
1.1.12 is not immediately applicable, but to which one or another equivalent form of
this axiom is applicable at once. We next list four such equivalent forms. The names
“lemma”, “theorem”, and “principle” are attached to them only for historical reasons.

Using the axiom of choice, we can prove the following

Proposition 1. Let F be an ensemble of sets of finite character, F be a set and B be a
chainin F. Then, | J(Bg | B€ B) € F.

Proof. Denote the considered set by X. Let Y be a non-empty finite subclass of X. Then,
there exist a number m € N and a bijection u: m ~» Y. Define a mapping v: Y —
P(B) \ {@}, setting v(y) = {B € B | y € B} + @. Take any choice mapping p: P(B) \
{@} — B from axiom A8 (1.1.12). Consider the mappingw=povou=(B; € B|ie€
m): m — B.

Consider the set K of all numbers k € m, such that the set {B; € B | i € k + 1} has
the greatest element. Let X = KU(w\m).Then, 0 € X.Letn € K.Ifn = m-1,thenn+1 =
m € X. Therefore, further we can assume that n < m - 1. Supposing that n +1 = m, we
get n = m - 1. Supposing that n + 1 > m = (m - 1) + 1, we infer by Lemma 5 (1.2.6) that
n > m — 1. In both of the cases, we get contradictions. Thus,n +1 < m,i.e.n+1 € m.
Since n € K, the set {B; | i € n + 1} has the greatest element A € B.If A < B,,,, then
B, is the greatest element of the set {B; | i € (n + 1) + 1}. If A > B,,,;, then A is the
greatest element of this set. This means that n + 1 € K ¢ X. By the principle of natural
induction, X = w. Consequently, K = m. Thus, the set {B; € B | i € m} has the greatest
element B.

Ify € Y, theny = u(i) for some i € m. Since pv(y) € v(y), we infer thaty € pv(y) =
w(i) = B; ¢ B. Thus, Y c B € . By the condition, Y € J. This implies X € &F. O
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Theorem 1. The following conditions are equivalent:

1) (the axiom of choice) for every non-empty set A, there exists a mapping p: P(A) \
{@} — A such that p(P) € P for every non-empty subset P of the set A;

2) (the Tukey lemma) every non-empty ensemble of sets of finite character, which is a
set, has a maximal member;

3) (the Hausdorff maximality principle) every non-empty ordered set contains a max-
imal chain;

4) (the Kuratowski - Zorn lemma) every non-empty ordered set, in which every chain
has an upper bound, has a maximal element;

5) (the Zermelo well-ordering theorem or the Zermelo principle) every set can be well-
ordered.

Proof. (1) - (2). Assume that (2) is false. Then, there exists a non-empty ensemble of
sets of finite character F, which is a set and which has no maximal member. Since F
has no maximal element, the ensemble A ={E € F | E> F A E # F} is non-empty
for every F € F. By Theorem 1 (1.1.12), for the collection (A | F € F), there exists an
elementu € [[(Ap | F € F),i.e. F cu(F) € Fand F # u(F) forevery F € &F.

A subensemble G of F will be called u-inductive if it has the following three prop-
erties: (1) @ € G; (2) A € G implies u(4) € G; (3) if B isachainin G, then |J(Bg | B €
B) € G. By virtue of Proposition 1, the ensemble JF is u-inductive. Consider the en-
semble of sets G, = {A € F | A € G for every u-inductive ensemble § c F}. It is clear
that G, is the smallest u-inductive ensemble.

Consider the subensemble H ={A € G, |VBe G, (BCcA A B+ A)= u(B) c
A)}. We assert that if A € H and C € G, then either C c A or u(A) c C. To prove this
assertion, take A € 3 and consider G4, ={C e G, | C c A Vv u(A) c C}. It suffices to
show that G, is u-inductive. Since @ € G,and @ c A, (1) issatisfied. Let C € G,. Then,
wehave CcAand C+A,C=A,oru(A) cC.IfC c Aand C # A, then u(C) c A be-
cause A € H.IfC = A, thenu(A) c u(C).Ifu(4) c C,thenu(4) c u(C), because C € F
implies C c u(C). Thus, in every case, u(C) € G, and (2) is satisfied. Next, let B be a
chainin G ,.Then, either C c Aforeach C € B orthereexists C € B,suchthatu(A) c C.
In the first case, G = | J(Bg | B € B) c A, and in the second case, u(A4) c C c G. Thus,
G € G, and (3) is satisfied. Thus, G, is u-inductive. Therefore, S, = G,.

We next assert that H = G,. We prove this by showing that I is u-inductive. Since
@ has no proper subset, J satisfied (1). Next, let A € H and B € G, be such that B ¢
u(A) and B # u(A). Since B € G, = G4, we have B c A. If B # A, the definition of 3
yields u(B) c A c u(A).If B = A, then u(B) c u(A). In either case, the inclusion u(B) ¢
u(A) is valid, so u(4) € H and (2) holds for J. Finally, let ‘B be a chain in J{ and let
B € G, have the property that Bc G = |J(Bg | B€ B)and B # G. Since Be G, =G,
for every A € B, we have either B c A for some A € B or u(A) c Bforevery A € B.If
the latter alternative were true, we would have B ¢ G c |J(u(A) | A € B) c B, whichis
impossible. Thus, there is some A € B suchthat Bc A.If B # A, then u(B) c A C G,
since A € H.IfB=A,thenB € H and G € G, = Gp. This implies that u(B) c G, since
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G c Bisimpossible. Thus, in either case, we have u(B) ¢ G and so G € J. This proves
that J{ satisfies (3). Therefore, I is u-inductive. As a result, I = G,.

We conclude from the above arguments thatif A € G, = H{and B € G, = G, then
either B c A or A c u(A) c B. Thus, G, is a chain. Since G, is u-inductive, we infer
that G = [ J(A, | A € Gy) € G- Applying (2), we get G ¢ u(G) € G, and G # u(G). This
contradiction establishes the fact that (1) implies (2).

(2) + (3). Let P be a non-empty ordered set. Consider the ensemble € of all chains
in P. It is clear that @ € C and {x} € C for every x € P. By virtue of Lemmas 2 and 1
from 1.1.6, we see that C is a set. Besides, € is an ensemble of sets of finite character.
By Tukey’s lemma, C has a maximal member.

(3) I (4). Let P be a non-empty ordered set in which every chain has an upper
bound. By (3) there is a maximal chain M c P. Let m be an upper bound for M. Then,
m is a maximal element of P. In fact, if there is x € P such that m < x and m # x, then
M u {x} is a chain, which properly contains M. But this contradicts the maximality of
M.

(4) F (5). Let S be a non-empty set. Consider the ensemble Z of all well-ordered
sets (W, <) such that W c S. Introduce an order on Z, setting (W, <;) < (W, <,) iffei-
ther W, = W, and €, = <, orthereexistsa € W,suchthat W, ={x e W, | x <, anx #
a} and €, C <,. Take any non-empty chain C. Consider theset V={x e S| 3(W,<) €
C (x € W)} and the binaryrelation8 = {(x,y) € V«V | (W, <) € C(((x,y) € WxW) A
(x < y))}. Itis easy to check that 0 is a linear order on V. Let A be a non-empty subset of
V. Then, there exists (W, <;) € Csuchthat AnW, # @. Therefore, there is an element
a, € A n W, such that a; < x for every x ¢ A n W,. Suppose that there is an element
a, € A such that (a,, a;) € 0. Then, there is (W,, <,) such that (a,, a;) € W, = W, and
a, <, a;. Since C is a chain, we have either (W, ;) < (W,, <) or (W), <,) < (W, <4).

Consider the first case. Suppose that W; = W, and <, = <,. Then, a, € An W, im-
plies a; <, a,. As a result, a; = a,. Suppose now that there exists b € W, such that
Wi={xeW,|x<, b Ax#blandg, ¢, Ifa, s, band a, # b, thena, e An W,
implies a, <; a,, where a; <, a,. As aresult, a; = a,. If a, 2, b, then a, € W, implies
a, >, a;, where again a; = a,. In all the cases, we infer that a, is a minimal element of
Ain (V, 0). Thus, (V, 0) is a well-ordered set. Consequently, it belongs to Z and is an
upper bound for €.

By Zorn’s lemma, Z has a maximal element (W, <,). If W,, = S, then (5) is proven.
Assume that W, # S. Takesome s € S\ W,,. Consider the set W = W,U{s} and the order
< =<, U U, s) | x e W}, i. e. we place s after everything in W,,. Then, (W, <) € Z.
This contradicts the maximality of (W, <;).

(5) + (1). Let A be a non-empty set. By the condition, there exists an order < on A
such that (4, <) is a well-ordered set. Define a choice mapping p: P(A) \ {8} — A,
setting p(P) = sm P € P for every P € P(A) \ {@}. O

Remark. There exist some other equivalent forms of the axiom of choice. In particular,
Tukey’s lemma has several equivalent variants.
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1.3 Cardinal numbers

This section is devoted to the theory of cardinal numbers. We follow J. Neumann’s
definition of a cardinal number as an ordinal number with some exclusive properties.
Cardinal numbers have some properties of natural numbers, and natural numbers
constitute a part of the class of all cardinal numbers. Thus, cardinal numbers are a
generalization of natural numbers.

1.3.1 The definition of cardinal numbers. The cardinality of natural numbers.
The first denumerable cardinal number

According to 1.1.8 classes, A and B are called equivalent or equipollent (A ~ B) if there
exists some bijective mapping u: A —» B.

An ordinal number « is called a cardinal number if for every ordinal number S
the conditions 8 < « and 8 ~ « imply 8 = «. The class of all cardinal numbers will
be denoted by Card. According to Corollary 2 to Theorem 1 (1.2.3) the class Card with
the order, induced from the class Ord, is well-ordered.

Lemmal. Letx,y e wandx+1~y+1. Then, x ~y.

Proof. By the condition, there is a bijection u: x+1>—» y + 1. Take a mapping v: x +
1—y + 1such that v = (u \ {(x, u(0)), @™ (¥), ) U {u ), ux)), (x, y)}. Then,
v(x) = y and v|x is a bijective mapping from x onto y. O

Proposition 1. w c Card.

Proof. Consider the set X = w N Card. It is clear that 0 € X. Let m € X and assume
that x = m + 1 ¢ X. Then, x is not a cardinal number. Therefore, there exists an or-
dinal number y < x such that y ~ x. By Corollary 1 to Lemma 1 (1.2.6), y € w. By
Lemma 6 (1.2.6), y = n + 1 for some n € w. By virtue of Lemma 1, we get m ~ n. By
virtue of Lemma 5 (1.2.6), n < m. Since m is a cardinal number, this is impossible.
This means that m + 1 € X. Consequently, by the principle of natural induction,
X =w. O

Lemma 2. w ¢ Card.

Proof. Let 8 € Ord and 8 < w. Then, 8 € w. By Lemma 8 (1.2.6), w is infinite. Therefore,
B+ w. o

Lemma 3. w is the smallest of all denumerable ordinal numbers.
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Proof. Consider the class D = {« € Ord | « ~ w}. By virtue of Corollary 2 to Theorem 1
(1.2.3), D has the smallest element . Since w € D, we have 8 < w. Suppose that 8 < w.
By Corollary 1 to Lemma 1 (1.2.6), 8 € w. By Lemma 8 (1.2.6), w is infinite. Therefore,
B+ w,i.e. B ¢ D.It follows from this contradiction that = w. O

The cardinal number w is called the first denumerable cardinal number (in the sense of
Lemma 3).

1.3.2 The power of sets
Using the axiom of choice, we can prove the following

Proposition 1. Let A be a set. Then:
1) the ordinal number « = sm{f € Ord | B ~ A} is a cardinal number;
2) ifd is a cardinal number and o' ~ A, thena' = a.

Proof. According to Theorem 1 (1.2.11), the set A can be well-ordered. Therefore, by
virtue of Theorem 1(1.2.5), there is an ordinal number 3 such that A ~ f3. By Corollary 2
to Theorem 1 (1.2.3), the class Ord is well-ordered. Consequently, the non-empty sub-
class {$ € Ord | 8 ~ A} of this class has a minimal element «, which is also the smallest
element of this subclass. Take any ordinal number y < « such thaty ~ «. Then, y ~ A
implies « < y, where y = a. This means that « is a cardinal number.

From the definition of «, we infer that « < «'. Besides « ~ A ~ «' implies « ~ .
Since « is a cardinal number, we conclude that « = «'. O

Consider theclass P = {{A,«a) € 4 + Card | A ~ a}.

Corollary 1. The class P is a mapping from the universal class 4l into the class Card.
Corollary 2. Let A and B be sets. Then, A ~ Biff P(A) = P(B).

Corollary 3. Let A be a set. Then, P(P(A)) = P(A).

Corollary 4. Let A be aninfinite set. Then, there exists aninjective mappingu: w — A.
Proof. By Proposition 1, there is a bijection v: « >» A. Assume that « < w. Then, by
Corollary1toProposition2(1.2.2), « € w.The definition from1.2.6impliesthat A is finite.

It follows from this contradiction that « > w. Now, by Lemma 4, (1.2.3) and Theorem 1
(1.2.3) w ¢ a. Consequently, the mapping u = v|w is a necessary injection. O

For a set A, the cardinal number P(A) is called the power or cardinality of the set A. It
will be denoted also by card A or |A].
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Proposition 2. Let « € Ord and 8 c a. Then, card 8 < «.

Proof. ltis clear that 3 is a well-ordered set. Therefore, by Corollary 1 to Proposition 1
(1.2.5), only the following three cases take place: (1) there are the unique element b €
and the unique isotone bijection f: « ], b[; (2) there are the unique element
a € aand the unique isotone bijection g: ]«, a[>—» f; (3) there is the unique isotone
bijection h: o >—» .

At first, suppose that the first case takes place. Then, f(b) < b. By Lemma1(1.1.15),
the mapping f is strictly increasing. Thus, the mapping u = f|: 8 — Sis also strictly
increasing. Therefore, by Lemma 1(1.2.4) b < u(b) = f(b) < b. It follows from this con-
tradiction that the first case is impossible.

In the second case, a € « implies by Lemma 3 (1.2.3) that a is an ordinal number.
Therefore, by Corollary 1 to Proposition 2 (1.2.2) and Theorem 1 (1.2.3), a < «. Now, by
Corollary 1to Lemma 5 (1.2.3), a =]«, a[ in «. Consequently, g is a bijection between
a and . Therefore, by Proposition 1, we get card S < a < .

Finally, in the third case, « ~ § implies by Proposition 1 that card 8 < a. O

Corollary 1. Let A be a set and B c A. Then, card B < card A.

Proof. By Proposition 1, there is a bijection u: A ~—» P(A). Consider the subset f§ =
u[B] of the ordinal number P(A). Then, by Proposition 2, P(f3) < P(A). By Corollary 2
to Proposition 1, B ~ $ implies P(B) = P(f3) < P(4). O

Theorem 1 (the Schréder — Cantor — Bernstein theorem). Let A and B be sets, X c A,
YcB,A~YandB ~ X. Then, A ~ B.

Proof. By Corollary 1 to Proposition 2 and Corollary 2 to Proposition 1, P(A) = P(Y) <
P(B) = P(X) < P(A) implies P(A) = P(B), where A ~ B. O

This theorem can also be proven without using the axiom of choice.

Lemmal. Let A beaset,Bbeaclassandu: A — B be a mapping. Then, card(rng u) <
card A.

Proof. By Lemma 1 (1.1.11), C = rng u is a set. Take a choice mapping p: P(A)\{@} —
A from axiom A8 (1.1.12). Define a mapping v: C — A, setting v(c) = p(u(c)). If
v(c;) = v(c,), then u‘l(cl) n u_l(Cz) # @ implies c; = c,. Thus, v is injective, where
C ~ rgv. Now, by Corollary 2 to Proposition 1 and Corollary 1 to Proposition 2, we get
P(C) = P(rngv) < P(A). O

Theorem 2 (the Cantor theorem on the cardinality of the set of all subsets). Let A be
a set. Then, card A < card P(A).
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Proof. Define a mapping u: A — P(A), setting u(a) = {a}. It is clear that u is in-
jective. Therefore, by Corollary 2 to Proposition 1 and Corollary 1 to Proposition 2,
P(A) = P(rngu) < P(P(A)). Suppose that P(A) = P(P(A)). Then, there exists a bi-
jection v: A »—» P(A). Since v(a) = @ for some a, theset P={bc A | b ¢ v(b)} is
not empty. Therefore, P = v(c) for some c € A such that ¢ # a. If c € P = v(c), then
c ¢ v(c).If c ¢ v(c) = P, then c € P. It follows from this contradiction that our suppo-
sition is not valid. As a result, P(A) < P(P(A)). O

Corollary 1. Let « be an ordinal number. Then, there is a cardinal number f3 such that

a<p.

Proof. Take the cardinal number f = card P(«). Since B is an ordinal number, we have
the opportunities o < fand « > S.

If « = 8, then by Lemma 4 (1.2.3), 8 ¢ «. Hence, by Corollary 1 to Proposition 2,
card 8 < card a. Now, Corollary 3 to Proposition 1 and Theorem 2 imply 8 = card 3 <
card 8 < card P(a) = . O

Theorem 3. The class Card of all cardinal numbers is not a set, i. e. it is a proper class.

Proof. Assume that C = Card is a set. Then, by axiom A5 (1.1.11), D = J(c.. | ¢ € C)
is a set as well. Consider the element ¢ = P(P(D)) € C. If x € ¢, then x € D, where
¢ ¢ D. Consequently, by Corollary 3 to Proposition 1 and Corollary 1 to Proposition 2,
P(P(D)) = ¢ = P(c) < P(D). But this inequality contradicts Theorem 2. O

1.3.3 Properties of finite sets
Lemma 1. Aset Ais finiteiff card A € w.

Proof. The assertion follows from the definition of a finite set in 1.2.6, Proposition 1
(1.3.1) and Proposition 1 (1.3.2). O

Proposition 1. A set A is finite iff there exists an order relation 6 on A such that the sets
(4, 60) and (4, 67Y) are well-ordered.

Proof. Let A be a finite set, i. e. there exist a number n € wand a bijectionu: n»>» A.
Define a mapping w: n x n — A x A, setting w(i, j) = (u(i), u(j)). It is clear that w is
a bijection.

By Proposition 2 (1.2.2), the linearly ordered set (n, 0,) is well-ordered. According
to the definition from 1.2.6, the linearly ordered set (n, 9;1] is also well-ordered. Con-
sider the binary relation 8 = w([6,,] on A. Then, the sets (4, 8) and (4, 67') are well-
ordered.
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Conversely, let @ be an order relation on A such that (4, ) and (4, 67!) are well-
ordered sets. By Theorem 1 (1.2.5), there are on ordinal number « and an isotone bi-
jective mapping u: A >—» «. Suppose that w < a. Then, by virtue of Theorem 1(1.2.3),
Theorem 2 (1.2.6) and Lemma 4 (1.2.3), w ¢ «. Thus, we can take the set B = u™[w].
Since (4, 671) is well-ordered, the set B has the smallest element b. Then, b is the great-
est element of B with respect to the order 67L. Therefore, m = u(b) is the greatest ele-
ment of w = u[B] in (4, <). But this contradicts Lemma 3 (1.2.6). It follows from this
contradiction that w > «. By virtue of Corollary 1 to Proposition 2 (1.2.2), « € w. By
the definition from 1.2.6, A is finite. O

Lemma 2. Let A and B be finite sets. Then, the set A U B is finite.

Proof. By Proposition 1, there exist order relations # and 6 such that (4, 1), (4, 11’1],
(B, 0) and (B, 67!) are well-ordered sets. Consider the set C = B \ A. Define a binary
relationxon AUB = AUC, setting x = U (6N (C x C)) U (A x C). Then, (AU C, ») and
(A U C, ") are well-ordered sets. Therefore, by Proposition 1 we obtain that A U C is
a finite set. O

Lemma3. Let(A; c 4| i € I) bea collection of finite sets, indexed by a finite set I. Then,
U(A; | i € I) is a finite set as well.

Proof. Consider the subset X of w consisting of all natural numbers n such that if (4; |
i € I) is a collection of finite sets, indexed by a set I of the power n, then [ J(4; |i €
I) is a finite set. It is clear that O € X. Suppose that n € X. Take any collection (4; |
i € I) of finite sets such that P(I) = n + 1. By Proposition 1 (1.3.2), there is a bijection
u: n+1— I Consider the sets J = u[n] and K = {k}, where k = u(n). Fromn + 1 =
n U {n}, we infer that I = J U K. By the supposition U = |, (4; | i € ]) is a finite set.
Therefore, by Lemma 2, the set | J(4; | i € I) = UUA, is finite. This means that n+1 € X.
By the principle of natural induction, X = w. O

Lemma 4. Let A and B be finite sets. Then, the sets A = B and A x B are finite.

Proof. By the condition, there are a natural number n and a bijection u: n — B. Then,
the mapping v,: B — {a} = Bsuchthatv,(b) = (a, b) for every b € Bis a bijection for
every a € A. Since v, » u is a bijection for every a € A, ({a} = B | a € A) is a collection
of finite sets, indexed by the finite set A. Consequently, by Lemma 3 the set A * B is
finite. Now, by virtue of Lemma 3 (1.1.12), the set A * B = | J({a} * B | a € A) is finite as
well. O

Lemma5. Let (A; c 4| i € I) be a collection of finite sets, indexed by a finite set I. Then,
[1(A4; | i € 1) is a finite set as well.
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Proof. Consider the subset X of w consisting of all natural numbers n such that if (4; |
i € I) is a collection of finite sets, indexed by a set I of the power n, then [](4; | i € I)
is a finite set. It is clear that O € X. Suppose that n € X. Take any collection (4; | i € I)
of finite sets such that P(I) = n + 1. By Proposition 1 (1.3.2), there is a bijection u: n +
1 — I. Consider the element j = u(n) and the set K = I\ {j}. From n + 1 = n U {n}, we
infer that K = u[n]. By the supposition, the set E = [](4; | i € K) is finite. Therefore,
by Lemma 4, the set A;x E is finite.

By virtue of Theorem 2 (1.1.12), F = [[(4; | i € I) ~ A; = E. Consequently, the set F
is finite. This means that n + 1 € X. By the principle of natural induction, X = w. O

Lemma 6. Let A be a finite set. Then, the set P(A) is finite.

Proof. Consider the subset X of w consisting of all natural numbers n such that if A
is a set of the power n, then P(A) is a finite set. It is clear that 0 € X. Suppose that
n € X. Take any set A such that P(A) = n+1. By Proposition 1(1.3.2), there is a bijection
u: n+1— A. Consider the sets B = u[n] and C = {c}, where ¢ = u(n). Fromn + 1=
nu{n}, weinfer that A = BuCand BN C = @. Consider the set Q = {Pu{c} | P € P(B)}.
From Q ~ P(B), we infer that the set Q is finite. Since P(A) = P(B)uQ, we conclude by
virtue of Lemma 2 that the set P(A) is finite. This means that n+1 € X. By the principle
of natural induction, X = w. O

Lemma 7. Let A be a finite set and B c A. Then, B is a finite set as well.

Proof. By Corollary 1to Proposition 2 (1.3.2), 8 = P(B) < P(A) = «. By Lemma 1, we get
« € w.If B = a, then B € w. If B < a, then by Corollary 1 to Lemma 1 (1.2.6), 8 € w. Now,
by Lemma 1 B is finite. |

Lemma 8. Let A and B be finite sets. Then, the sets Cor(A, B) and Map(A, B) are finite.

Proof. 1t is clear that Map(A, B) c Cor(A, B) ¢ P(A = B). Therefore, the conclusion
follows from Lemmas 4, 6 and 7. O

Lemma 9. Let A be a finite set, B be a class and u: A — B be a mapping. Then, rng u
and u are finite sets.

Proof. By Lemma 1 (1.3.2), P(rng u) < P(A). As in the proof of Lemma 7, we check that
the set rng u is finite.

Define a mapping v: A — u, setting v(a) = (a, u(a)) for every a € A. It is clear
that v is surjective. Let v(a) = v(a'). Then, by Proposition 2 (1.1.6) a = a’. Thus, v
is injective. Thus, v is bijective. Since A is finite, we conclude that u is finite as
well. O
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Proposition 2. Let A be a finite set, B C A and B # A. Then, card B < card A.

Proof. Consider the subset X of w, consisting of all natural numbers n such that if A
isaset of the powern +1, A’ c Aand A’ £ A, then P(A") < P(A). Let A ~ 0 + 1 = {0}.
Then, A = {a} forsome a € A.If A’ c Aand A’ # A, then A’ = @. Therefore, P(A") =
0 < 0 +1 = P(A) by virtue of Lemma 3 (1.2.6). This means that 0 € X.

Suppose that n € X. Take any set A such that P(A) = (n + 1) + 1. By Proposition 1
(1.3.2), there is a bijection u: (n+1)+1 — A. Consider thesets B = u[n+1]and C = {c},
where ¢ = u(n+1). From (n+1)+1 = (n+1)u{n+1}, we infer that A = BuCand BNC = @.

LetA' c Aand A’ # A.Considerthesets B’ = A'nBand C' = A'nC.IfC' = @, then
A’ ¢ Bimplies P(A") < P(B) = n+1 < (n+1)+1 = P(A) by virtue of Corollary 1 to Propo-
sition 2 (1.3.2) and Lemma 3 (1.2.6). If C' # @, then C' = C implies B’ # B. Thus, by
the supposition, y = P(B") < P(B) = x. By virtue of Proposition1(1.2.3), y+1 = sm{z ¢
Ord | y < z}. Therefore, y < x impliesy +1 < x.

By Proposition 1, there exist bijections v: B — x and w: B’ — y. Define a map-
pingf: A — x+1, setting f | B = uand f(c) = x. Similarly, define a mapping g: A’ —
y+1,settingg | B' = wand g(c) = y. Since the mappings f and g are bijective, we infer
that P(A) = x + 1and P(A’) = y + 1. Now, by virtue of Lemma 3 (1.2.6), P(A") =y + 1 <
X < x+1 = P(A). In both of the cases, we got the necessary inequality. This means that
n + 1 € X. By the principle of natural induction, X = w. O

Corollary 1. Let A be a finite set, B ¢ A and B # A. Then, B + A.

Proof. The assertion follows from Proposition 2 and Corollary 2 to Proposition 1
(1.3.2). |

The last property is characteristic for finite sets.

Lemma 10. Let A be an infinite set. Then, there exists a subset B of the set A such that
B#AandB ~ A.

Proof. Lemma 1implies that » = P(A) ¢ w. By virtue of Corollary 2 to Theorem 1(1.2.3)
and Corollary 1 to Proposition 2 (1.2.2), we get x > w. Therefore, by Lemma 4 (1.2.3),
w C x.

By virtue of Lemma 2 (1.2.6), we can define correctly a mapping u: » — x, setting
u(x)=x+1¢€ w c xforevery x € wand u(x) = x for every x € x» \ w. Let u(x) = u(y). If
X,y € w,thenx+y = y+1implies by Lemma 4 (1.2.6) x = y.If x € wand y € x\ w, then
x + 1=y implies by Lemma 2 (1.2.6) y € w. It follows from this contradiction that this
case is impossible. Similarly, the case x € »\ wand y € w is also impossible. Finally, if
X,y € x\w, then automatically x = y. This means that u is injective. Let x € x\ {0} = X.
If x € » \ w, then x = u(x). If x € w, then by Lemma 6 (1.2.6) x = y + 1 for some y € w.
Therefore, x = u(y). This means that mgu = X # w.
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By Proposition 1 (1.3.2), there exists a bijection v: » — A. Consider the set B =
v[X] # A.Then,B~ X ~x ~ A. O

Lemma11. Let « € Ord \w. Then, card a« = card(« + 1).

Proof. Since« ¢ a+1, we infer by Corollary 1to Proposition 2 (1.3.2) that P(«) < P(a+1).
By Lemma 10, there exists a subset X of a such that X # « and X ~ «a with respect a bi-
jection u: o — X. Consider the set Y = « \ X and take some element y € Y. Define
amappingv: a+1 — a, setting v | « = u and v(«) = y. The mapping is injective. Con-
sequently, P(« + 1) = P(rngv) < P(«). O

1.3.4 The first uncountable cardinal number. The enumeration of infinite cardinal
numbers

Consider the class Q = {« € Ord | card « < w}, consisting of all countable ordinal
numbers. By virtue of Lemma 2 (1.3.1) and Theorem 2 (1.3.2), w = card w < card P(w).
Therefore, the subclass Ord \Q is non-empty and so it has the smallest element w;.

Theorem 1.

1) w, is a cardinal number.

2) w > w.

3) w =0

4) Ifx € Card and » > w, then » > w;.

Proof. 1.Ifa < w;, then a € Q. Consequently, by Corollary 1 to Proposition 2 (1.2.2) and
Theorem 1 (1.2.3), w; € Q.

Suppose that a ~ w,. Then, P(w,) = P(a) < w implies w, € Q. But this contradicts
the definition of w,. Thus, « + w,. This means that w, is a cardinal number.

2. Since w; ¢ Q, we infer that w;, = P(w,) > w.

3. Let a € Q. Suppose that « > w,. By virtue of Lemma 4 (1.2.3) and Proposition 2
(1.3.2), w; C a implies w; = P(w;) < P(«) < w, but this contradicts assertion 2. Conse-
quently, ¢ < w;, where « € w,. This means that Q ¢ w,. As aresult, w;, = Q.

4. Let »x be a cardinal number and » > w. Suppose that w, > ». Then, »x € w, implies
u = P(x) < w by virtue of equality 3, but this contradicts the condition. Consequently,
w; < n. O

It follows from this theorem that the cardinal number w,; can be called the first un-
countable cardinal number (compare with 1.3.1).

Thus, we have two infinite cardinal numbers: w, and w;. Define now the enumer-
ation of all infinite cardinal numbers.
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Theorem 2. There is unique bijective isotone mapping X: Ord —» Card \w such that
R(0) = wy and X(1) = w,.

Proof. Denote Ord by A and Card \w by X. Consider the class U of all bijective isotone
mappings u: B — Y, where B is an initial subclass of the class A and Y is an initial
subclass of the class X (see 1.1.15). If v € U, thenby Lemma 3 (1.2.4) eitheru c vorv c u.

Consider the correspondence w={{a,x) € A « X|Ju e U (aedomu A x=
u(a))}. Denote dom w by C and rngw by Z. Since w = {p | 3u € U (p € u)}, we con-
clude by virtue of Lemma 5 (1.1.8) that w is a mapping from C onto Z such that
C={a|3ueU(aedomu)},Z={x|3ueUxermgu)andw | domu = u forevery
u € U. Consequently, C is an initial subclass of the class A and Z is an initial subclass
of the class X. Besides, the mapping w is bijective and isotone.

Supposethat C # Aand Z # X. Consider the elements a = sm(A\C) and x = sm(X\
Z). Take any b € C and suppose that b > a. Since b € dom u for some u € U, we infer
that a € domu ¢ C, but this is not true. It follows from this contradiction that b < a,
i.e. C c]«, a[. Take now any b €], a[ and suppose that b ¢ C. Then, a < b, but this
is not true. It follows from this contradiction that ]«, a[c C.Inresult C =], a[. Anal-
ogously, Z =], x|[.

Consider the correspondence w' = wu{{a, x)} ¢ A*X.Then, C' = domw' = Cu{a}
and Z' = mgw' = Z U {x}. It follows from the previous indentation that C’ and Z’' are
initial subclasses in A and X correspondingly. Besides, w is a mapping from C’ onto Z’
such that w' | C = w and w'(a) = x. Therefore, the mapping w’' is bijective and iso-
tone. Consequently, w' € U.Thisimpliesa € C' ¢ C,butthisis not true. It follows from
the obtained contradiction that only the following three cases are possible: (1) C = A
andZ # X;(2)C#AandZ=X;3)C=Aand Z = X.ByLemma5 (1.2.3), a =]«, a[= C
and Z c [0, x[= x. Since a and x are sets, we conclude that C and Z are sets. By Theo-
rem 1(1.2.3) and Theorem 3 (1.3.2), the classes C and Z are not sets. Therefore, the first
and the second cases are not possible.

It follows from Lemma 2 (1.2.4) that the isotone bijective mapping w is unique.

Take B =2, Y = {wy, w;} and u: B — Y such that u(0) = w, and u(1) = w,. Then,
u € U. Therefore, w(0) = u(0) = w, and w(1) = u(1) = w,. O

The uniquely defined isotone bijection X from Theorem 2 is written usually in the form
of the simple collection X = (w, € Card \w | « € Ord). Thus, we have the transfinite se-
quence of cardinal numbers 0,1, 2, ..., wy, @, @y, - . .

1.3.5 Derivative cardinal numbers

Cardinal sum and product

Let (a; € Card | i € I) be asimple collection of cardinal numbers, indexed by the (non-
empty) set I. Consider the corresponding multivalued collection («; | i € I) = (p‘l((xi |
i € I) from Corollary 1 to Lemma 3 (1.1.9). It follows from Lemma 3 (1.1.6), Proposition 4
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(1.1.6), axiom A5 (1.1.11) and the definition of disjoint union from 1.1.10 that the class
Uale; | i € 1) is a set. The cardinal number card | J,(e; | i € I) of the set | J,(«; | i € I)
is called the (cardinal) sum of the simple collection («; | i € I) and is denoted by Y («; |
iel).

By Lemma 1(1.1.12), the class [[(«; | i € I)isaset. The cardinal number card [](e; |
i € I)oftheset [[(e; | i € I)is called the (cardinal) product of the simple collection («; |
i € I) and is denoted by P(o; | i € I).

Lemmal. Let (4; | i € I) be a multivalued collection of sets, indexed by the set I. Then,
cardJ (A; | ieI)=Y(cardA; |ieI)andcard[[(A; | i € I) = P(card 4; | i € I).

Proof. By the definition from 1.3.2, we see that A; ~ card A;. Therefore, by Lemma 4
(1.1.10), U4(4; 1i e I) ~ Jylcard A; | i € I). Similarly, by the assertion 4 of Lemma 5
(1.1.12), TI(A; i eI) ~ [](card 4; | i € I). Now, the assertions follow from Proposi-
tion 1(1.3.2). O

Corollary 1. Let (A; | i € I) be a multivalued collection of pairwise disjoint sets, indexed
by the set I. Then, card | J(A; | i € I) = Y (card 4; | i € I).

Proof. By Lemma 2 (1.1.10), [J(4; | i € I) ~ Jy(4; | i € I). By Corollary 2 to Proposi-
tion 1 (1.3.2), card | J(4; | i € I) = card [ J,(4; | i € I). Now, the necessary equality fol-
lows from Lemma 1. O

Theorem 1. Let («; | i € I) be a simple collection of cardinal numbers, indexed by

the set I. Then,

1) ifKisasetand u: K> I is a bijective mapping, then Y (o; | i € I) = Y (0, |
k € K) and P(e; | i € I) = P(e, 4 | k € K) (the general commutativity of the sum
and the product);

2) if a collection (I, | m € M) is a partition on the set I, indexed by the set M # @,
then Y(a; |ie ) =Y (o; |i€l,) | meM)and P(oa; |i€I)=P(P(; |1 €1,) |
m € M) (the general associativity of the sum and the product).

Proof. 1.By Corollary 1 to Proposition 1(1.1.10) ,(«; | i € I) = (e, | k € K). Thus,
Yo | iel)=Y(a,p | k € K). By Theorem 3 (1.1.12) [](e; | i € I) ~ [T(et, 1 | k € K).
By Corollary 2 to Proposition 1(1.3.2), P(e; | i € I) = P(ev, 4 | k € K).

2. By Corollary 1 to Proposition 1 (1.1.10) Uy(e; | i€ I) ~ Jg(Uglos i€ D) | me
M). Therefore, by Corollary 2 to Proposition 1 (1.3.2) and Lemma 1 Y («; | i €)=
card | (Ugle; 11 e L) Ime M) =Y(cardJylog iel,) ImeM)=Y (Y |iel,)]
m e M).

By Theorem 3 (1.1.12), [](e; | i€ I) ~ [1(J1(e; | i € I,,,) | m € M). Therefore, as
above P(a; | i€ I) =card[[(J](e; | i € I,) | m e M) = P(card[[(e; | i € I,,) | m e M) =
P(P(e; | i €1,) | m e M). O
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Theorem 2. Let (I,, | m € M) be a collection of sets and (»,, | m € M) be a simple col-
lection of simple collections x,, = («,,; | i € I,,) of cardinal numbers, indexed by the non-
empty sets M and 1,,. Consider the set U = [](I,, | m € M). Then, P(Y(a,; | i € I,,) |
m e M) = Y. (P(&pyym | m € M) | u € U) (the general distributivity of the product with
respect to the sum).

Proof. By Corollary 1 to Theorem 1 (1.1.13), [T(Uglomi i€ 1,) 1 me M)~ ;1
(Cmyqmy | m € M) | u € U). Therefore, by Lemma 1 and Corollary 2 to Proposition 1
(13.2), P(Y(ot; lTi€ly,) | meM)=card[[(Uglom | i €1,) | meM)=card|J,(I1
Oy | M€ M) | u € U) = Y(Potyymy | m € M) | u € U). O

Leta, o', &, &', ... be cardinal numbers. Then, («, «'), (a, &', &), (a, &, "', &'""),...
are the corresponding simple collections (see 1.1.11).

The cardinal numbers Y (a, «'), Y (a, o', &), Y(a, &', &, &'"),... will be called
the (cardinal) sums of the simple sequential pair («, &), triplet («, &', &), quadruplet
(a, ', a",a"),... and will be denoted also by e+ o', o+ o’ + o, + &’ +&’' +a',... By
the definition of the simple sequential pair from 1.1.11, we have a + o' = Y (x; | i € 2) =
card | J,(x; | i € 2) = card(a U; '), where X, = a and x; = «'. In the similar manner,
a+a +a"=Y(x;|ie3)=cardJy(x;|ie€3)=card(ax U; &' U; &), where x, = a,
x; =a' and x, = a, and so on.

Analogously, the cardinal numbers P(«a, «'), P(a, &', &), P(at, &', &, &'""),... will
be called the (cardinal) products of the simple sequential pair (e, &), triplet (e, &', '),

quadruplet (a, o', &’ ,&'""), ... and will be denoted by aa’, ac'«”, aa’a”«”,...As

above, aa' = P(x; |i€2), ad'a” =P(x;|i€3), ad’ad"a" = P(x; | i€ 4),..., where

Xo=a,x;=a ,5,=d", x5=a",...
For a simple sequence («g,...,a,_;) = (o; € Card | i € n) (see 1.2.6) of cardinal
numbers, indexed by a set n € w \ 3, along with the notations ) («; | i € n) and

P(a; | i € n) we shall use also the notations oy + - -+ + a,,_; and « . .. &t,_;.

Lemma 2.

1) Let («; | i € {p}) be a simple collection of cardinal numbers, indexed by the
set {p}. Then, Y (o; | i € {p}) = o, and P(«a; | i € {p}) = oy

2) Let (o; | i € {p, q}) be a simple collection of cardinal numbers, indexed by the set
{p, q} with different elements p # q. Then, }(«; | i € {p, q}) = &, + oy and P(e; | i €
{p,q}) = aya,.

Proof. We shall prove only assertion 2. Consider the simple collection (x; | i € 2) such
that x, = &, and x; = «,. Consider the sets I = 2and K = {p, q} and the bijective map-
pingu: K>— I'suchthatu(p) = 0 and u(q) = 1. Then, by Theorem 1, we get a, + o =
Yl iel)=Y(xyy | k € K). From x,,,,) = Xy = &, and X, = X; = a5, we conclude
that (x,y | k € K) = (o | k € K). As a result, o, +ay = (o | k € K).

For the product, the arguments are the same. O
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Theorem 3. Let x, y and z be cardinal numbers. Then:

1) x+y=y+xand xy = yx (the commutativity of the sum and the product);

2) x+y+z=x+({+2) =(x+y)+zandxyz = x(yz) = (xy)z (the associativity of
the sum and the product);

3) x(y + z)=xy + xz (the distributivity of the product with respect to the
sum).

Proof. 1. Take the sets I =2 and K = 2. Consider the simple collections («; € {x, y} |
ieland (B € {x,y} | k € K)suchthata, = x, q; =y, B, = y and B, = x. Take the bi-
jective mapping u: K »—» I such that u(0) =1and u(1) = 0. From a5y = a; = y =
and «, ) = ay = x = f;, we conclude that (e, | k € K) = (B¢ | k € K). As a result, by
virtue of Theorem 1, we get the chain of equalities x +y = Y (a; | i € I) = (ot | k €
K=YpBlkeK)=y+x.

For the product, the arguments are the same.

2. Take the sets I =3, M =2, I, = 1, and I, = {1, 2}. Then, the collection (I, | m €
M) is a partition on the set I. Consider the simple collections («; | i € I), (o; | T € 1)),
and («; | i € I,), such that «y = x, ¢; = y and «, = z. Then, by Theorem 1 and Lemma 2,
we get the chain of equalities x + y + z=Y (o | ie ) =YX |iel,) | meM)=
oy i€ Io)+ Yoy | i € ).

Further, by Lemma 2, we have Y (o; | i € I)) =ag =xand Y(o; |ie ) =a; + oy =
y+z.Asaresult, wegetx+y+z=x+(y +2).

In a similar way, we prove the equality x + y + z = (x + y) + z.

For the product, the arguments are the same.

3. Take the sets M =2 = {0, 1}, I, = 1, and I; = 2. Consider the simple collection
uy = (o | 1 € 1y) and s = (ay; | i € I;) such that ayy = X, &)y =y and «;; = z. Then,
using Lemma 2, we get the chain of equalities x(y + z) = ago(ap + 01) = X0 | i €
Io) Y(og; 11 € L) = P(Y(oy; | 1 € Iy) | m € M). Consider the set U = [](I,, | m € M).
Then, using Theorem 2, we come to the equality x(y + z) = Z(P(‘xmu(m) |meM)|ue
U).Ifu € U, thenu(0) € I, = 1and u(1) € I; = 2. Thus, we have only two opportunities:
either u(0) = 0 and u(1) = 0 or u(0) = 0 and u(1) = 1. Denote the first mapping by p
and thesecond by q. Then, U ¢ {p, g}.Itisclearthat U = {p, q}. Therefore, by Lemma 2
we obtain x(y +2) = P(aypm) | M € M)+P(egm) | M € M) = ag0) %101 + %0g(0)%19(1) =
Xy + Xz. O

Less general than the property of distributivity in Theorem 2 and more general than
the property of distributivity in Theorem 3 is the following property of distributivity of
the binary product with respect to the general sums.

Proposition 1. Let (x; | j € J) and (y, | k € K) be simple collections of cardinal num-

bers, indexed by non-empty sets J and K. Then, (Y.(x; | j € I))(X(vx | k € K)) = ¥ (x;yy |
G, k) € J x K).
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Proof. Take M =2,1I,=],1; = K, a; = x; forevery i € J, oy; = y; for every i € K, », =
(xjljel)=(ap li€ly),my=lkeK)=(a;liel),andU=]xK=[[(I, | me
M) + @.

Then, the necessary equality is a particular case of the corresponding equality in
Theorem 2. |

Corollary 1. Let x and y be cardinal numbers and (x;1jel) and (y, | k € K) be simple
collections of cardinal numbers, indexed by non-empty sets ] and K. Then, x Y (y; | k €
K) =Yyl ke K)yand (Y |je D)y =Xy ljel).

Proof. To check the first equality we can take J = 1and x, = x and apply the first asser-
tion of Lemma 2. Then, this equality is a particular case of the equality of Proposition 1.
To check the second equality, we can take K = 1and y, = y. O

Lemma3. Let («; | i € I) be a simple collection of cardinal numbers, indexed by a non-
empty set I, and ] be a non-empty subset of I. Then:

1) ifa;=0foreveryieI\],thenY(o;|i€l)= (e |i€]);

2) ifa;=1foreveryieI\],thenP(a;|i€l) =P |ic]).

Proof. 1.Ifa; = 0 = @, then«; = {i} = @ * {i} = @. Therefore, | J,(e; | i € I) = [J(o; *{i} |
iel)=J(o; = {i} | i€])=ylo | ie])implies the necessary equality.

2. Denote the sets [[(«; | i € I) and [](e; | i € J), respectively, by P and Q. By
Lemma 4 (1.1.12), the projection u = p;: P — Q is surjective. Take any elements
e=(x;|iel)and f = (y; | i € I) of the set P and suppose that ue = uf. Then, x; = y;
for every i € J. By the definition of product x; € «; and y; € «; foreveryi e K=1\].
Since o; = 1 = {0} we infer that x; = 0 = y; for every i € K. Thus, e = f, i. e. the map-
ping u is injective. This means that P ~ Q. By Corollary 3 to Proposition 1 (1.3.2), this
implies the necessary equality. a

Corollary 1. Let « be a cardinal number. Then, a + 0 = al = «.

Corollary 2. Let « and f3 be cardinal numbers and («; | i € I) and (y; | i € I) be simple
collections of cardinal numbers, indexed by the set I, such that «; = o and y; = 1for every
ielandl~ . Then,af =Y (a;|iecandf=Y(y; |iel).

Proof. 1t is evident that B ~I=J{i} |ie D) ~ Uy} = {i} | i€ I) =Uyly; | i €1). By
virtue of Proposition 1 (1.3.2), we infer that 8 = Y (y; | i € I). Therefore, using Corol-
lary 1 to Proposition 1 and Corollary 1to Lemma 3, we getaff =a Y (y; | i € I) = Y (ay; |
iel)=Y(|icl. O

Corollary 3. Let(«; | i € I) be asimple collection of cardinal numbers, indexed by a non-
empty set I. Then:
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1) ifa;=0foreveryiel, thenY (o |i€l)=0;
2) ifa;=1foreveryiel, thenP(a; |icl)=1;

Proof. 1. By the condition, there is j € I. Denote {j} by J. Then, by Lemma 3 and
Lemma 2, we have Y (o; | i € I) = Y(o; | i € ]) =a; = 0.
2. The second assertion is checked in the same way. O

Lemma 4. Let(w; | i € I) be asimple collection of cardinal numbers, indexed by the (non-
empty) set I. Then, the following conditions are equivalent:

1) o;#£0foreveryicl;

2) Pla;|iel)#0.

Proof. (1) + (2). By virtue of Theorem 1 (1.1.12), [](«; | i € I) # @. This gives (2).
(2) + (1). Condition 2implies [ [(«; | i € I) # @. This means that there exists a map-
ping u € [[(«; | i € I). Then, u(i) € «; implies «; # O for everyi € I. O

The following assertion is a generalization of Lemma 4 (1.2.6).
Lemma5. Let « and 8 be cardinal numbers and « + 1= 3+ 1. Then, o = 3.

Proof. 1t follows from the definition thata + 1 =) (x; | i€ 2)and S+ 1=Y(y; | i € 2)
wherex, = a, X, =1,y = B, and y; = 1. Therefore, Y (x; [ i € 2) =a+1=S+1=Y(y; |
i €2)impliesa =x,=y,=p. O

Cardinal degree

Let « and S be cardinal numbers. The cardinal number card Map(, «) of the set
Map(f3, «) of all mappings from the set 8 into the set « is called the (cardinal) degree
of the cardinal « with the cardinal exponent 3 and is denoted by of. Note that we have
already used this notation in 1.1.8. Therefore, it is necessary to distinguish the cardinal
degree from the degree of the set « with the exponent f3 as a set.

Lemma 6. Let A and B be sets and o = card A and 3 = card B. Then, card Map(B, A) =
B
.

Proof. By the condition, there exist some bijective mappingsu: A — «andv: 8 — B.
Define a mapping w: Map(B, A) — Map(p, «), settingwf = u-fovforeveryf: B —
A. Tt is easy to check that w is bijective. By Corollary 2 to Proposition 1 (1.3.2), this
implies the necessary equality. O

Lemma7. Let « and f3 be cardinal numbers and («; | i € I) be a simple collection of

cardinal numbers, indexed by the set I such that «; = « for every i € I and I ~ . Then,
of = P(a; | i€l
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Proof. As in the proof of Lemma 6, it is checked that Map(f, «) ~ Map(l, «) =
[1(e; | i € I). By Corollary 2 to Proposition 1 (1.3.2), this implies the necessary
equality. |

Corollary 1. Let « be a cardinal number and (3; | i € I) be a simple collection of cardinal
numbers, indexed by the non-empty set I. Then, a>#l€D = p(afi | i € I)

Proof. Denote the left part of this equality by L and the right part by R. Consider the set
K =J,(B; | i € I) and the collections (K; | i € I)and («; | k € K) such that K; = f3; * {i}
foreveryi € I and «; = « for every k € K.

Then, by Lemma 6, Theorem 1, and Lemma 7, we have the equalities L = card Map
(card K, «) = card Map(K, «) = card [J(e | k € K) = P(o | k € K) = P(P(oq | k € K;) |
iel)=R. O

8

7+ = o¥af.

Corollary 2. Let «, y and § be cardinal numbers. Then, «

Proof. Consider the simple collection (f; | i € 2) such that §, = yand 8, = §. Then, by
Corollary 1 a?*® = a2Bili€2 = p(abi | i € 2) = a?a. O

Corollary 3. Let a, § and y be cardinal numbers. Then, &’ = (af)?.

Proof. Consider the simple collection (f3;) | i € y such that §; = Sforeveryi € y. Then,
by Corollary 2 to Lemma 3, we get Sy = ¥(B; | i € y). Therefore, by Corollary 1 a** =
P(aPi | i € y) = card Map(y, of) = (aP)". O

Lemma 8. Let(w; | i € I) be asimple collection of cardinal numbers, indexed by the non-
empty set I, and f3 be a cardinal number. Then, (P(«; | i € I )P = P(af |iel).

Proof. Denote the left part of this equality by L and the right part by R. Consider the set
A = Ix fandthecollections (4; | i € I), (A, | x € B), (&, | a € A), (m; | i € I), and (7, |
x € fB),suchthat A, = Ix{x}forevery x € 8, A; = {i}xpforeveryi € I, a, = a; forevery
a=(i,x) e A,and n, = P(e; | i € I) for every x € .

Define the collection (u, | x € ) of bijective mappings u,: A, — Isettingu ,, =
i for every (i, x) € A,. Then, by the assertion 1) of Theorem 3 (1.1.12) [(e; | i € I) ~
[Ty | a € Ay) =Tlle; | (i, %) € A,) = [](«, | @ € A,). Thus, by Corollary 2 to Propo-
sition1(1.3.2), 7, = P(a, | a € A,).

Therefore, by Lemma 7 and Theorem 1, we get the equalities L = P(m, | x € ) =
P(P(a, lacAy)|xepf)=Pla,|aecA)=PP(a, |lacA;)|iel)=R. O

Lemma9. Leta be a cardinal number. Then, «® = 1,a! = a, and1* = 1. Besides, ifa # 0,
then 0% = 0.
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Proof. The first formula follows from the equality Map(@, «) = {}. Since Map(1, «) ~
«, we infer by Proposition 1(1.3.2) that o! = a. The third formula follows from the equal-
ity Map(«, 1) = {a = {0}}. Finally, if « # @, then Map(«, 0) C « * 0 = O implies the forth
formula. O

Note that 0° = 1.
Proposition 2. Let A be a set and « be its cardinal number. Then, card P(A) = 2°.

Proof. For every subset B of the set A consider the function g: A — 2 such that
g(b) = 1forevery b € Band g(a) = Oforevery a € A\ B. Define amapping y: P(4) —
Map(4, 2), setting y(B) = g. Let B # C, and suppose that there exists b € B\ C. Then,
x(B)(b) =1 and x(C)(b) = 0 means that y(B) # x(C). Therefore, x is injective. Let
g € Map(4, 2). Then, for the subset B ={a € A | g(a) =1}, we have x(B) = g. This
means that y is surjective. Consequently, y is bijective. Using Corollary 2 to Proposi-
tion 1 (1.3.2), we get the necessary equality. O

Lemma 10. Let « and f3 be cardinal numbers. Then, the following conclusions are equiv-
alent:

1) a<p

2) thereis a cardinal number y such that f = « + y.

Proof. (1) - (2). Consider the set C = 8\ « and its cardinal number y. Then, we have
the following chain of equivalences: f = «UC ~ aU; C ~ a U, y. Using the Corollary 3
to Proposition 1 (1.3.2), we infer that 8 = card(a U, y) = « + 7.

(2) + (1). By Corollary 1 to Proposition 2 (1.3.2), a = card(« * {0}) < card((« * {O}) U
(y = {1}) = card(@ Uy y) =a +y = B. O

Lemmail. Let(«; | i € I) and (a; | i € I) be simple collections of cardinal numbers, in-
dexed by the non-empty set I such that «; < a; foreveryi € I.Then, Y («; | i € I) < Y(a; |
iel)andP(o; |iel) < P(a;|iel).

Proof. It follows from the condition, Theorem 1 (1.2.3) and Lemma 4 (1.2.3) that o; € a;.
Consider the identical mapping u; = id, ,.: &; = @; (see 1.1.8). By Lemma 5 (1.1.12),
themapping v =[], (u; | i € I): [](e; |1 €I) — [](a; | i e I)isinjective. By Lemma 4
(1.1.10), the mapping u = Uy, (u; i€ I): Ugley 11 €I) — Uyla; | i €I) is injective.
Thus, by Corollary 2 to Proposition 1(1.3.2) and Corollary 1to Proposition 2 (1.3.2), Y (¢; |
iel)=card(tngu) < Y(a; |ieI)and P(x; | i € I) = card(rngv) < P(a; | i € I). O

Corollary 1. Let 3, y, b, and c be cardinal numbers such that § < b and y < c. Then,
B+y<b+cand By < bc.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

98 — 1.3 Cardinal numbers

Proof. By the definition S+ y=Y(o; |i€2)and b + ¢ = Y (a; | i € 2) where o = 3,
o =7y, ag = b and a; = c. Therefore, the inequalities «, < a, and o < a; imply by
Lemma 11 the inequality S+ y < b + c.

The second inequality is checked in a similar way. |

Corollary 2. Let 3 be a cardinal number. Then, < 8+ 1.

Corollary 3. Let x, y and z be cardinal numbers such that x = y. Then, x +z = y + z and
Xz =yz.

Proof. The equalities follow from Corollary 1 because the order relation is antisym-
metric. O

Corollary 4. Let (a; | i € I) be a simple collection of cardinal numbers, indexed by
the set I, and ] be a subset of the set I. Then, Y (a; | i € J) < Y(a; | i € I). If, besides,
a; + 0foreveryieI\], thenP(a; |ic])<Pa;|icel).

Proof. Define a simple collection («; | i € I), setting o; = a; for every i € Jand o; =0
(respectively a; = 1) for every i € I'\ J. Now, apply Lemma 11. |

Corollary 5. Let 3, y, b and b be cardinal numbers such that < b, y < cand b > 0.
Then, B < b°.

Proof. By Lemma 7, we have ¥ = P(; | i € y)and b? = P(b; | i € y), where 3; = fand
b; = b. Then, Lemma 11 implies B* < b”. In a similar way, b = P(b; | i € c). It follows
from the condition, Theorem 1 (1.2.3) and Lemma 4 (1.2.3) that y c c. Therefore, by
Corollary 4 bY < b°. O

Corollary 6. Let x, y and z be cardinal numbers such that x = y. Then, x* = y* and
=2,

Proof. The equalities follow from Corollary 5 because the order relation is antisym-
metric. O

1.3.6 Derivative natural numbers

Now, we have the definition of ordinal sum in 1.2.9 and the definition of cardinal sum
in 1.3.5. These sums may be different in general.

To distinguish for a cardinal number « the ordinal number a+1, introduced in 1.2.3,
from the cardinal sum of these numbers, we shall denote sometimes this cardinal sum
by a +. 1.
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Lemmal. Let m and n be natural numbers. Then,m +, n = n + m.

Proof. Denote the ordinal number in the left part of this equality by « and the cardi-
nal number in the right part by 8. Then, « = m +, n ~ m U, n ~ fimplies card « = f3.
According to Proposition 1 (1.3.2), 8 < a. Therefore, by Lemma 4 (1.2.3) 8 C a. By
the definition from 1.2.6, the sets m * {0} ~m and n * {1} ~ n are finite. Thus,
by Lemma 2 (1.3.3), the set m U; n is finite as well. Consequently, the set « is fi-
nite. Supposing that 8 # «, we deduce by Proposition 2 (1.3.3) that = card 8 <
card «, but this contradicts the previous equality. As a result, we conclude that
B=a. O

Thus, for natural numbers the binary ordinal and cardinal sums coincide. Moreover,
if mis a natural number, thenm+1=m+,1=m+.1.

Theorem 1. Let « be a cardinal number. Then, the following conclusions are equivalent:
1) «is a natural number;
2) a<a+.l

Proof. (1)  (2). By Lemma 3 (1.2.6), Proposition 3 (1.2.9), and Lemma 1, we get a <
at+,l=a+,.1.

(2) - (1). Let & < o +, 1. Suppose that « ¢ w. By the Proposition 3 (1.2.9) and
Lemma 11 (1.3.3), « = card(a +, 1). Consequently, « ~ a+,1 =~ aUy, 1 impliesa ~ aU, 1.
Therefore, by Proposition 1 (1.3.2), « = card(a U; 1) = « +. 1, but this contradicts
the initial inequality. Thus, « € w. O

Lemma 2. Let « be a cardinal number. Then, the following conclusions are equivalent:
1) «is a natural number;
2) «+. 1is a natural number.

Proof. (1) + (2). By Theorem 1, Lemma 1, Proposition 3 (1.2.9), and Lemma 3 (1.2.6), we
obtaina <a+.1=a+,1=a+1< (a¢+1)+1=(ax+.1)+. 1. Therefore, by Theorem 1,
we see that « +. 1is a natural number.

(2) - (1). Suppose that « = a+.1. Then, Theorem 1implies & = a+.1 < (a+.1)+.1 =
a +. 1 = a. It follows from this contradiction that our supposition is not valid. Thus,
by Corollary 2 to Lemma 11 (1.3.5), we get « < « +, 1. Now, by Theorem 1, we see that «
is a natural number. O

Sum, product, and raising to a degree for natural numbers
Lemma 3. Let (n; | i € I) be a simple collection of natural numbers, indexed by a finite
set I. Then, the cardinal numbers Y (n; | i € I) and P(n; | i € I) are natural.
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Proof. By the definition from 1.2.6, the sets n; * {i} ~ n; are finite. Thus, by Lemma 2
(1.3.3), the set X = J,(n; | i € I) is finite as well, where X ~ m for some m € w. By
virtue of Proposition 1 (1.3.2), this equivalence implies the first assertion of this
lemma.

By Lemma 5 (1.3.3), the set [](n; | i € I) is finite. As above, this implies the second
assertion. O

Corollary 1. Leta, o, ", ", ... be natural numbers. Then, the cardinal numbers o +
doao+d v+ a+d +d" +o",...anda-d oo o, a-d & - Q.. are natural.

Note that usually the symbol of multiplication “-” is omitted.
Corollary 2. Let m and n be natural numbers. Then, the cardinal number m" is natural.

Proof. The assertion follows from Lemma 7 (1.3.5) and Lemma 3. O

Now, we shall formulate especially for natural numbers some properties of addition,
multiplication, and raising to a degree, proven for cardinal numbers in 1.3.5.

Theorem 2. Let (n; | i € I) be a simple collection of natural numbers, indexed by the fi-

nite set I. Then:

1) if K is a finite set and u: K> I be a bijective mapping, then Y (n; |ie€l) =
Y(nyg | k € K) and P(n; | i € I) = P(n,q, | k € K) (the general commutativity of
the sum and the product);

2) if a collection (I, | m € M) is a finite partition of the set I, indexed by the fi-
nite non-empty set M, then Y(n; |ie)=Y(X(n;|iel,) | meM) and P(n; |
iel)=PP(n;|iecl,)| meM) (the general associativity of the sum and the
product).

Proof. These assertions are direct consequences of Theorem1(1.3.5) and Lemma3. [

Theorem 3. Let (I,, | m € M) be a collection of finite sets and (x,, | m € M) be a sim-
ple collection of simple collections »,, = (n,,; | i € I,;) of natural numbers, indexed by
the non-empty finite sets M and I,,. Consider the finite set U = [[(I,, | m € M). Then,
P(Y(ny; i €l,) | meM)=Y(P(Nyuyuem | me M) |ueU) (the general distributivity
of the product with respect to the sum).

Proof. This assertion is a direct consequence of Theorem 2 (1.3.5) and Lemma 3. O
Lemma 4.

1) Let(n; | i€ {p}) be a simple collection of natural numbers, indexed by the set {p}.
Then, Y (n; | i € {p}) = n, and P(n; | i € {p}) = n,,.
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2) Let (n;|ie€{p,q}) be asimple collection of natural numbers, indexed by the set
{p, q} with different elements p # q. Then, }.(n; | i € {p, q}) = n, + n, and P(n; |
ie{p,q}) =n,n,

Proof. This lemma is simply a special case of Lemma 2 (1.3.5). O

Theorem 4. Let x, y and z be natural numbers. Then:

1) x+y=y+xand xy = yx (the commutativity of the sum and the product);

2) x+y+z=x+({+2) =(x+y)+zandxyz = x(yz) = (xy)z (the associativity of
the sum and the product);

3) x(y +z) = xy + xz (the distributivity of the product with respect to the sum).

Proof. All the assertions are direct consequences of Theorem 3 (1.3.5) and Corollary 1
to Lemma 3. O

Proposition 1. Let (x; | j € J) and (y | k € K) be simple collections of natural numbers,
indexed by non-empty finite sets ] and K. Then, (Y.(x; | j € I))(X(vx | k € K)) = ¥ (x;yy |
(, k) € ] x K).

Proof. This assertion is a direct consequence of Proposition 1 (1.3.5), Lemma 3, and
Corollary 1 to it. O

Further, we shall consider inequalities for derivative natural numbers. Before that, we
shall recall some basic inequalities.

By the definition of the first natural numbers from 1.2.6, we have 0 € {0} = 1. By
Theorem 2 (1.2.6) and Corollary 1 to Proposition 2 (1.2.2), this means that 0 < 1.

By the same reason, if n € w and n > 0, then 0 € n. Therefore, 1= {0} c n by
Lemma 4 (1.2.3) implies n > 1. Conversely, if n € wand n > 1, thenn > 1 > 0.

Theorem 5. Let m and n be natural numbers. Then, the following assertions are equiv-
alent:

1) m<n;

2) thereis a natural number k > O such thatn = m + k.

Proof. (1)  (2). By Lemma 10 (1.3.5), there is a cardinal number k, such thatn = m+k.
It follows from Corollary 1 to Lemma 3 (1.3.5) that k > 0. Suppose that k is not a natural
number. Then, by Corollary 2 to Lemma 11 (1.3.5) k < k +. 1. From Theorem 1, we infer
that k = k +, 1. Therefore, by Theorem 3 (1.3.5), n+, 1=(m+ k) +, 1=m + (k+.1) =
m + k = n. From Theorem 1, we infer that n is not a natural number. It follows from
this contradiction that k is a natural number.

(2) + (1).Letn = m+kand k > 1. By Theorem 1, m < m+1. Therefore, by Corollary 1
toLemma 1l (1.3.5), m<m+1<m+k=n. |
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Proposition 2. Let (m; | i € I) and (n; | i € I) be simple collections of natural numbers,
indexed by the non-empty finite set I, such that m; < n; for everyi € I.If m; < n; at least
for one index, then Y (m; | i € I) < Y.(n; | i € I). If, besides, n; > O for every i € I, then
Pim;|liel)<P(n;|iel).

Proof. Let m; < n; for some j. Consider the set K = I'\ {j}. By Theorem 5, n; = m; + [
for some [ > 0. Using Theorem 2, Lemma 4, Lemma 11 (1.3.5), and Theorem 5, we can
deducethatZ(ni|ieI):nj+Z(ni|ieK)>l+mj+Z(mi|ieK):l+Z(mi|ie
D>Ym;|iel.

Denote Y (n; | i € K) by z. Then, as above, using in addition Theorem 5 we can de-
duce that P(n; |iel) = niz =m;z + kz > m;P(m; | i € K) + kz=P(m;|iel) + kz.
By Lemma 11 (1.3.5), Lemma 7 (1.3.5), and Lemma 9 (1.3.5) z > 1* = 1, where x =
card K. Therefore, by Corollary 1 to Lemma 11 (1.3.5) and Corollary 1 to Lemma 3
(1.3.5) kz = k1 =k > 0. As a result, by Theorem 5, we get the second necessary
inequality. |

Corollary 1. Letp, q, r and s be natural numbers suchthatp < qandr < s. Then, p+r <
q + s. If, besides, s > 0, then pr < gs.

Corollary 2. Let (n; | i € I) be a finite simple collection of natural numbers, indexed by
the non-empty finite set I, such that n; > 0 forevery i € I.If n; > 0 at least for one index,
then Y(n; | i € I) > 0. If, besides, n; > O foreveryi € I, then P(n; | i € I) > 0.

Proof. Consider the simple collection (m; | i € I) suchthatm; = Oforeveryi € I. Then,
by Corollary 3 to Lemma 3 (1.3.5), Y(m; | i € I) = 0. By Lemma 4 (1.3.5), P(m; | i € I) =
0. Now, it is sufficient to apply Proposition 2. O

Corollary 3. Let m, n and k be natural numbers such that m < n and k > 0. Then,

mk < n".

Proof. The inequality follows from Lemma 7 (1.3.5) and the second assertion of Propo-
sition 2. 0

Corollary 4. Let n and k be natural numbers such that n > 0 and k > 0. Then, nk > 0.

Proof. Takem = 0.Then, by Lemma 9 (1.3.5), mk = 0. Now, the inequality follows from
Corollary 3. O

Corollary 5. Let m, n and k be natural numbers such that m < n and k > 1. Then,
k™ < K"
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Proof. By Theorem 5, n = m + [ for some [ > 0. Therefore, by Corollary 2 to Lemma 7
(1.3.5), k" = k"k'.From k > 1and [ > 0, we infer by Corollary 2 and Lemma 9 (1.3.5) that
k' > 1! = 1. From m > 0, we infer by Corollary 5 to Lemma 11 (1.3.5) and Lemma 9 (1.3.5)
that k™ > 1° = 1 > 0. Now by Corollary 1, k™k! > k™1 = k™. O

Corollary 6. Let m, n, and k be natural numbers.If m+k=n+k,thenm =n.Ifk >0
and mk = nk, then m = n.

Proof. All the assertions follows from Corollary 1 by means of the proof from an oppo-
site assumption. O

Corollary 7. Let m and n be natural numbers such that m < n. Then, there is a unique
natural number k such thatn = m + k.

Proof. If m = n, then by Corollary 1 to Lemma 3 (1.3.5) n = m + 0. If m < n, then by
Theorem 5, n = m + k for some k > 0. Suppose that n = m + [ for some . Then, by
Corollary 6, we have I = k. O

If m and n are natural numbers and m < n, then the unique natural number from
Corollary 7 such that n = m + k is called the difference of the numbers n and m and is
denoted by n — m.

Corollary 8. Let k, I, m, and n be natural, numbers such that k < l and m < n. Then,
(I-k)+(n-m)={A+n)-(k+m).

Proof. By Corollary 1to Lemma 11 (1.3.5), k + m < [ + n. By the definition of difference
l=k+pandn=m+ qforp=1-kand g =n- m. Then, using Theorem 4 several
times, we deducethatl+n=(k+p)+(m+q)=k+(p+(m+q) =k+((p+m)+q) =
(k+(m+p))+q+((k+m)+p)+q = (k+m)+(p+q). Thus,p+q = (I+n)—(k+m). O

Now, we can prove an important version of the principle of natural induction from 1.2.6.

Theorem 6 (the general principle of natural induction). LetX c [m, —»[c wand m € X.
Ifne Ximpliesn+1¢€ X, thenX = [m, —|[.

Proof. ConsiderthesetY ={x-m|x e X}.Then,0 € Y.Ifn € Y, thenn =x - m for
some x € X. By the condition, x + 1 € X. Therefore, by Corollary 8 of Proposition 2
n+l=x-m+@1-0)=x+1)-(mM+0)=(x+1) —meY.ByTheorem 1 (1.2.6),
Y = w. Takeany n € [m, —[. By Corollary 7 of Proposition 2, n = m+(n-m). Therefore,
n-mew=Yimplies n - m = x — m for some x € X. By the definition of difference
x =m+ (n-m). Thus, n = x € X. This means that X = [m, —|. O
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Division of natural numbers
Theorem 7 (the Euclidean division). Let m and n be natural numbers such that n > 0.
Then, there exist unique natural numbers q and r such thatm = nq +randr < n.

Proof. If m < n,theng =0and r = m. If m = n, then g =1and r = 0 < n. Therefore,
further we shall assume that m > n. Consider the set P = {x € w | m < nx}. By Theo-
rem 1, m < m+1. Besides, 1 < n. Thus, by Corollary 1to Lemma 3 (1.3.5) and Corollary 1
to Proposition 2, m = 1m < n(m+1). This means that m+1 € P, where P # @. Consider
the smallest element p of the set P. Since p € N, we infer from Lemma 6 (1.2.6) that
p = q + 1for some q. By Theorem 1, we have g < g + 1 = p. Thus, q ¢ P, i.e. nqg < m.
Besides, m < np = n(q + 1) = nq + n. Now, by Corollary 7 of Proposition 2, we have
m = nq + r for a unique number r.

Suppose that r > n. Then, by Corollary 1to Proposition 2, m = nqg+r = nq+n > m.
It follows from this contradiction that r < n.

Now, suppose that there exist numbers »x and p such that m = nx + p and p < n.
Then, by Corollary 1 to Proposition 2, nx < m = nx + p < nx + n = n(x + 1). Therefore,
n+1e P,whereqg+1=p < x+1.Suppose that g > x. Then, by Corollary 1 to Proposi-
tion2 g+1 > »+1, but this is not so. Now, suppose that g < ». Then, » = g+ k for some
k > 0. From 1 < k, we infer by Corollary 1to Lemma 11 (1.3.5) that ¢ + 1 < q + k = ». By
the same, reason m < n(q + 1) < nx < m, but this is impossible. Consequently, g = .
Finally, p=m-nx=m-nq-=r. O

The number r from Theorem 7 is called the remainder at the division of the number m
by the number n. If r = 0, then the number m is called the multiple of the number n,
and the number n is called the divisor of the number m. In this case, we also say that
m is divided by n and n divides m. If r = O, then the number q is called the quotient at
the division of the number m by the number n and is denoted by m/n.

Natural numbers that are multiples of the number 2 are called even. All the others
are called odd. By Theorem 7. even [odd] numbers m are described by the formula
m=2q[m=2q+1].

By Theorem 1 (1.2.10), for every ordinal number « € Ord \w, there are a unique
limit ordinal number y > w and a unique natural number n such that « = y +, n. If
the natural number n is even [odd], then the ordinal number « is called even [odd].
Since n = 0 is even, all limit ordinal numbers are even as well.

1.3.7 Ordered sets of natural numbers

Let I be asubset of the set w (see 1.2.6). Since wis an ordered set, we can induce an order
onl,settingi < jfori, j € Iifi < jin w. This order is called a natural order on the subset
I Cw.
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Theorem 1. Let I be a subset of w, taken with its natural order, and m € w. If I is finite,
then there are a unique number n € w and a unique isotone (see 1.1.5) bijection u: n\
m —» I. If I is denumerable, then there is a unique isotone bijection u: w\ m —» I.

Proof. At first, note that by virtue of Theorem 2 (1.2.6) every non-empty subset K of w
has the smallest element sm K. By virtue of Theorem 3 (1.2.6), every non-empty finite
subset, L of w has the greatest element gr L. Consider the number i, = smI.

At first, assume that I is denumerable. Define an isotone injection uy: (m + 1) \
m — I, setting u,(m) = i,. Consider the subset X of w, consisting of all k € w such
that for k there is a unique isotone injection u; : (m+k+1)\m »— Isuchthatu;,(m) =
ipand u,(i+1) = sm( \ y,[(i+1)\ m])foralli e (m+ k +1) \ m.Itis clear that O € X.

Let k € X. Supposing that I = rng u;, we conclude that I is finite. According to
Lemma 8 (1.2.6), this contradicts the condition that I is denumerable. Therefore, I \
g u, # @. Hence, we can define a mapping u;;: (m+ (k +1) + 1) \ m>— I, set-
ting uy,; = u, U {{m+k+1, sm(I\ rngu,))}. The mapping u,,, has the two necessary
properties.

Suppose that a mapping v: (m + (k + 1) + 1) >— I also has the same properties.
ConsiderthesetY={y e k+2|vim+y+1)\m=u/(m+y+1)\m}u(w\ (k+2)).
Itis clear that O € Y. Suppose thaty € Y. Ify +1 € k + 2, then y € k + 2 implies v|(m +
y+)\m=u,l(m+y+1)\ m Besides,v(im+y +1) =sm(I \v[m+y+1)\m]) =
sm(I\ up,,[(m+y+1)\ m]) = uy,,(m+y +1). This means that v and v, coincide on
theset(m+(y+1)+1)\m.Thus,y+1e Y.Ify+1¢ k+2,theny+lew\(k+2) CY.
In both the cases, y + 1 € Y. By the principle of natural induction Y = w. This means
that we can take y = k+1. Then, v|[im+ (k+1)+ 1)\ m = u;,|(m + (k+1) + 1) \ m means
that v = u;;. This proves the uniqueness of u.;.

It follows from the properties proven above that k + 1 € X. By the principle of
natural induction X = w. Now, we shall check that u; is an extension of u, for ev-
ery I > k> 0. Fix k and [ and consider theset Z={zek +1|y|m+z+ 1)\ m=
U l(m+z+1)\ mhu (w)\ (k +1)). Since u;(m) = u,(m), we have 0 € Z. Suppose that
z € Z.1f (z+1) € k+1,then z € k+1implies u;|(m+z+1)\m = u,|(m+z+1)\m. Besides,
w(m+z+1) = sm(I\y[(m+z+1)\m]) = sm(I\u, [(m+z+1)\m]) = u(m+z+1). This
means that u; and u; coincide on the set (m+(z+1)+1)\m. Thus, z+1 € Z.Ifz € w\(k+1),
thenz+1 € w\(k+1) c Z.Inboth the cases, z+1 € Z. By the principle of natural induc-
tion, Z = w. This means that we can take z = k. Then, u;|(m+k+1)\m = u,|(m+k+1)\m
means that u; is an extension of u,.

Thus, we can define correctly a mapping u: w\m > I, settingu|(m+k+1)\m =
U, =yl(m+k+1)\ mforeveryl > kin w.

Letnowq > pinw\m.Then, g = m+land p = m+kforsomel > k > 0. Therefore,
u(q) =up_(m+1)>u_(m+k)=u(m+k).If k=0, then u(q) > uy(m) = u(m+ k) =
u(p).If k > 0, then u(q) > u;(m + k) = u(p). It follows from this property that u is iso-
tone and injective.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

106 —— 1.3 Cardinal numbers

Suppose that u is not surjective and take i, = sm(I \ rngu). By the construc-
tion, i, < i;. Therefore, J = {i € I | i, < i < i;} c mgu. Consider the number i, = grJ.
Then, i, = u(m + r) for some r e w. If s e r, then iy Su(m + s) <u(m + r) =i, < i;
implies u(m + s) € J, where u[(m + r + 1) \ m] c J. If there exists j € J \ {iy, i,},
then j = u(m + s) for some s € w. Thus, u(m + s) =j < i, = u(m + r) implies m +
s<m+r,i.eem+se(m+r+ 1) \ m, where jeu[(m + r + 1) \ m]. Thus,
ulm+r+1)\mj=].

Consequently, u,,,[(m +r + 1) \ m] = J. Therefore, um+r+1) = u,,(m+r+1) =
sm(I\ u, [((m+r+1)\m])=sm(\]) =i, where i, € rngu.

It follows from this contradiction that u is surjective. Finally, u is bijective. Sup-
pose that there exists another isotone bijective mapping w: w \ m > I such that
w(m + k) # u(m + k) for some k € w. Consider the mapping w' = w|(m + k + 1) \ m.
Then, we have w'(m + k) # u(m + k) = u,(m + k), but this contradicts the uniqueness
of u,. Consequently, u is unique.

At last, assume that I is finite. Take the number i; = gr I and consider the count-
ably infinite set I' =T U (w \ (i3 + 1)). As proven above, there exists an isotone bi-
jection u': w \ m»» I'. Take n such that u'(n - 1) =i;. Ifi e I, then i = u'(m +
k) for some k € w. Thus, u'(m + k) <i; = u'(n - 1) implies m + k <n - 1, where
I cu'[n \ m]. On the other hand, if m + ken \ m, then m<m + k<n - 1im-
plies iy < u'(m + k) < i3, i.e. u'(m + k) ¢ w \ (i3 + 1), where u'(m + k) € I. Thus,
I=u'[n\ m]. Take now u = u'|n \ m. Then, u: n\ m »» I is the necessary isotone
bijection.

Suppose that there exists another isotone bijection v: n \ m > I such that
v(m+k) £ u(m+k) forsome k € w. Defineamappingv': w\m — I',settingv'|n\m=v
and v'(n + 1) = i3 + I + 1. It is clear that v' is isotone bijection and v’ # u'. This is in
contradiction to the uniqueness of u’. Consequently, u is unique.

Suppose that there exist a natural number p and an isotone bijectionv: p\m »—»
I. Then, v''ou: n\ m»» p \ nis an isotone bijection. Suppose that n > p. Then,
p \ mis the initial interval |«, p[ in the well-ordered set (n \ m, <). But then, we get
the contradiction with conclusion 1 of Proposition 1 (1.2.4). Supposing that n < p, we
come to the contradiction in the similar manner. Thus, n = p, i.e. the number n is
unique. O

1.3.8 Properties of infinite cardinal numbers

To prove the properties of infinite cardinal numbers, we introduce some order on
the class R = Ord x Ord.

First, we shall give an intuitive description of this order for the set w x w. We
shall represent w x w by points on a plane. An ordering will be assigned by means
of the upper and right sides of squares in the following manner: a< b <c<d<e<
f<h.
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Now, we shall give the strict definition. If « and S are ordinals, then by
Lemma 4 (1.2.3) gr{e, B} = aU B. Consider a relation 6 on R such that ((u, v), (x, y)) € 0
iffeither gr{u, v} < gr{x, y}, or gr{u, v} = gr{x, y}and u < x, orgr{u, v} = gr{x, y},u = x
andv <y.

Lemma 1. The relation 0 is total and with the property of minimality.

Proof. Take in R any points p = (u, v) and g = (x, y). Since the class Ord is linearly
ordered, we have only the following cases. In the first case, gr{u, v} < gr{x, y}, where
(p, q) € 0. In the second case, gr{u, v} > gr{x, y}, where (g, p) € 0. In the third case,
gr{u, v} = gr{x, y}. Then, we have also the following alternative cases. If u < x, then
(p, q) € 0. If u > x, then (g, p) € 6. Finally, let u = x. Then, v < y implies (p, q) € 6;
v > y implies (g, p) € 6; and v = y implies p = g.

Take any P c R. Consider in R for every ordinal number x the square Q, = (x+1) x
(x+1) with therightside S, = {p € R | 3B (B € Ord A < x Ap = (x, f))} and the upper
side T, ={g € R| Ja (a € Ord Ax < x A q = («, x))}. Consider the set X = {x € Ord |
Q, NP # @}. By virtue of Corollary 2 to Theorem 1 (1.2.3), it has the smallest element z.
Consider the square Q, and its vertex r = (z, z). Itis clear that PN Q, c S, U T,.

If P n T, contains a point ¢ # z, then consider the set A = {a € Ord | It (t € P N
T, At#71 At=(a,2))} its smallest element u, and the point g = (u, z). By definition,
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(g, t)cOforeveryte PN T, (q,s) c0OforeverysePnS,and (g, p) €0 for every
p € P\ Q,. Thus, g is a minimal element in P.

If Pn T, contains only the vertex r and PN S, contains a point s # r, then consider
thesetB={8€O0rd|3s(s € PNS, As#r A s =(z,p))} its smallest element v, and
the point p = (z, v). By definition, (p, s) € 8 forevery s € PnS, and (p, q) € 0 for every
q € P\ Q,. Thus, p is a minimal element in P.

Finally, if Pn T, and P n S, contain only the vertex r, then r is a minimal element
in P. O

Corollary 1. The relation 0 U id,q4 is well-ordering.
Proof. The assertion follows from Lemma 1 and Lemma 1 (1.2.1). O
Denote the relation from this Corollary by <.

Lemma 2. Let u, v, x,y be ordinal numbers such that (u,v) < (x,y). Then, (u,v) €
(gr{x, y} + 1) x (gr{x, y} + 1).

Proof. 1t is clear that gr{u, v} < gr{x, y}. Thus, by Proposition 1 (1.2.3), u < gr{x, y} <
gr{x, y} + 1. By Corollary 1 to Proposition 2 (1.2.2) u € gr{x, y} + 1. The similar property
is valid for v. O

Cardinal numbers from the class Card \w are called infinite or transfinite.
Theorem 1. Let « € Card \w. Then, card(a x «) = a. In particular, card(w x w) = w.

Proof. Consider the class A = Card \w and its subclass B = {a € A | card(a x &) = a}.
Take any x € A and assume that [w, x[c B. By Theorem 1 (1.2.5) and Corollary 1 to
Lemma 1 for the well-ordered set A = x x x, there are an ordinal number « and an iso-
tone bijectionf: A » «.Since x # @, thereisu € x.Itis evident that x ~ xx{u} c A.
Therefore, x = card(x x {u}) < card A = «.

Leta = (u,v) € A,i.e., u < xand v < x. Consider the interval I = [(0, 0), a] in A.
By Lemma 2, this interval is contained in the square Q = (gr{u, v} + 1) x (gr{u, v} + 1).
Let B € a and assume that 8 € ] = [0, f(a)]. Then, 8 = f(b) for some b € A. It follows
from f(b) < f(a) that b < a, where b € I. Therefore, § € f[I]. Consequently, J = f[I],
ie.,J~1I

At first, assume that x = w. Then, gr{u, v} € w implies gr{u, v} + 1 € w by virtue of
Lemma 2 (1.2.6). By Lemma 4 (1.3.3), the set Q is finite. By Lemma 7 (1.3.3), the set I is
also finite. As a result, the set J is finite. But by Lemma 8 (1.2.6), the set w is infinite.
Consequently, w ¢ J, where f(a) < w = x.

Now, assume that x > w. If u, v € w, then in the similar manner f(a) < w < x.
Finally, if gr{u,v} ¢ w, then by Lemma 11 (1.3.3) y = card(gr{u, v} + 1) =card

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

1.3.8 Properties of infinite cardinal numbers = 109

gr{u, v} < x. It follows from this inequality that card(y x y) = y. Therefore, gr{u, v}+
1~ yimpliesQ ~yxy ~ y,i.e., card Q = y. Therefore, card I < y impliescardJ <y <
x. Suppose that f(a) > x. Then, x € J implies x c J, where x = card x < cardJ < x. It
follows from this contradiction that f(a) < x.

Thus, in all the cases, f(a) € x. Therefore, a = f[A] c x implies « < x. As a
result, we get that card A = « = x. This means that x € B. By the principle of induction
from 1.2.1, B = A. O

Corollary 1. Let « be an infinite cardinal number. Then, ax = «.

Corollary 2. Let « and 8 be cardinal numbers, « be infinite, and 0 < 8 < «a. Then,
card(a x ) = a.

Proof. From O € 3, we infer that « ~ ax{0} c ax 8 c axa. Consequently, « < card(«ax
B) < card(x x &) = ax. O

Corollary 3. Letaand f be cardinal numbers, « be infinite, and 0 < 8 < «. Then, of8 = a.
Corollary 4. Let « be an infinite cardinal number. Then, a + «a = a.

Proof. By Corollary 2 to Lemma 3 (1.3.5), 2« = « + «. By the preceding corollary, « =
card(a x 2) = card(2 x ) = 2ax. O

Corollary 5. Let « and 3 be cardinal numbers, « be infinite, and § < o. Then, a + § = a.
Proof. By virtue of Corollary 1to Lemma 11 (1.3.5),a S a + < a + o = ax. O

Corollary 6. Let « be an infinite cardinal number and n be a non-zero natural number.
Then, o™ = «.

Proof. Consider the set X = {m € w | ™! = a}. It is clear that 0 € X. Assume that
m € X. By Corollary 2 to Lemma 7 (1.3.5),a™V*! = ¢™"q = aa = a. This means that

m + 1 € X. By virtue of the principle of natural induction from 1.2.6 X = w. |

Proposition 1. Let A be an infinite set of the power «. Then, the set of all finite subsets
of the set A has also the power .

Proof. Denote the set of all subsets of A by F. From A ~ «, we infer that A" ~ a" = a,
i.e. card A" = « for every non-zero natural number. By definition, A" consists of all
sequences (a; € A | i € n). Consider also the sets F,, = {B c A | card B = n}. It is clear
that F,, N F, =@ and A,, N A, = @ for every m # n from N. Consider the surjective
mapping u, from A" onto F" such thatu,(a; € A | i € n) = {a; | i € n} (see 1.1.9). Since
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F=J(F" | n € N), we can define correctly a surjective mapping u from S = J(A" |
n € N) onto F setting us = u,s for every s € A". Then, by Lemma 1 (1.3.2), card F <
card S. Consider also the mapping v: A —— Fsuch thatva = {a}. Then, by Corollary 1
to Proposition 2 (1.3.2), « = card v[A] < card F.

By Corollary 1 to Lemma 1 (1.3.5) card S = Y (card A" | n € N). Since card A" = a,
we infer by virtue of Corollary 2 to Lemma 3 (1.3.5) that card S = aw. By Corollary 3 to
Theorem 1, aw = «. As a result, we get the inequality « < card F < card S = «, which
give the necessary equality. O

1.3.9 Properties of countable sets
Now, we can prove some basic properties of countable sets defined in 1.2.6.
Lemma 1. Any subset of countable set is countable.

Proof. Let A be countable and B ¢ A. Then, by Corollary 1 to Proposition 1 (1.3.2)
card B < card A < w. O

Lemma 2. Let A be a countable set, B be a class, andu: A — B. Then, g u is a count-
able set.

Proof. By Lemma 1 (1.3.2) card(rng u) < card A < w. O
Lemma 3. Let A and B be countable sets. Then, the sets A x B and A = B are countable.

Proof. By definition, there are injectionsu: A~ wandv: B ¥ w.Then, the map-
pingw = (u, 4, w) X, (v, B, w) from 1.1.12 is also an injection from A x B into w x w. By
Theorem 1 (1.3.8), the set w x w is countable. Thus, by Lemma 1, the set C = w[A x B] is
countable. Since w is a bijection from A x B onto C, we infer that A x B is also countable.
Now, by virtue of Lemma 3 (1.1.12), the set A * B is countable. |

Proposition 1. Let (A; | i € I) be a finite collection of countable sets. Then, the set [](4; |
i € I) is countable.

Proof. Consider the set X of all natural numbers n such that the assertion of this
proposition is valid for any set I with the power n+1. If card I = 1, then there is a bijec-
tionu: 1> I.Takethe elementi, = u(0). Since 1 = {0}, we infer that I = {i,}. There-
fore, [T(4;|iel) ~ A, This implies that O € X.

Assume that n € X and take any collection (4; | i € I) suchthatcardI = (n+1)+1.
By definition, there is a bijectionv: (n+1)+1>» Iand(n+1)+1=(+1)u{n+1}.
Consider the element j = v(n + 1) and the set K = I \ {j} # @. By Theorem 2 (1.1.12),
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P=T]J(A;liel)~A;xQ,whereQ = [](4; | i € K). According to our assertion the set Q
is countable. Thus, by Lemma 3, the set A; = Q is countable. Then, the set P is also
countable. This means that n + 1 € X. By the principle of natural induction from 1.2.6
X =w. O

Theorem 1. Let (A; | i € I) be a countable collection of countable sets. Then, the set
U(A; | i € I) is countable.

Proof. Denote |J(4; | i € I) by S. By definition, there are countable ordinal numbers
«; = wand B = wand bijections u;: «; = A;andv: S>—» I.Consider the collection
(B | k € B) of the pairwise disjoint sets By = A, o), B; = A,;)\Bg, B, = A,(5)\BoUBy,...,
By =Aymeny \UBy | ke n+1¢€p). Itis clear that T = J(By | k € ) ¢ S. Take any
x € S. Then, x € A, for some i € I. Consider the number k = v(i). If k = 0, then x €
Ay) = Bo. If k > 1, then x € A, implies either x € By orx € A,y N J(B; | j € k). In
all the cases, x € T. Thus, T = S.

Define an injective mapping U: T >— Uglayq | k € B) setting U(b) = (u g (b),
) € %ygpy * oy} for every b € By € A, Define also an injective mapping V: J,
(ay | k € B) =— w x w setting V({x, a,)) = (X, k). Then, the mapping W=V o U
is an injection from S into w x w. Using Theorem 1 (1.3.8) and Lemma 1, we infer that
the set W[S] is countable. Hence, the set S is also countable. O

1.3.10 Properties of the class of all countable ordinal numbers

Note that according to Theorem 1 (1.3.4), the cardinal number w, consists of all count-
able ordinal numbers.

Lemmal. Let (o € w, | k € K) be a countable simple collection of countable ordinal

numbers. Then, the set « = | J(« | k € K) has the following properties:

1) o« € wy, i e. aisalso a countable ordinal number;

2) ifBeOrdandp > o forevery k € K, then 8 = a, i.e., « = sup(ay | k € K) in Ord
and w,.

Proof. 1. By Theorem 1 (1.3.9), « is countable. It is clear that the set « is transitive
in the sense of 1.2.2. Take any elements a, b in «. Then, a € « and b € oy for some
indices. By Lemma 3 (1.2.3), a and b are ordinal numbers. Thus, by Corollary 1 to
Lemma 2 (1.2.3), a € b, b € a, or a = b. According to 1.2.2, this means that « is an
ordinal.

2. Take any element a € «. Then, a € «; for some j. By Lemma 4 (1.2.3), o; C B.
Thus, a € f. This means that « c 8, where o < 3. Besides, «; c « implies that o) < «
for every k. O
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Lemma 2. Let (o) € w, | k € w) be a strictly increasing sequence of countable ordinal
numbers. Then, the countable ordinal number « = | J(oy | k € w) from Lemma 1is a limit
ordinal number (in the sense of 1.2.3).

Proof. Since the sequence is strictly increasing, oy # O for some k. Thus, « > o) # @.
Assume that @ = f+1for some ordinal number B.1f 8 > o, for every k, then by Lemma 1,
B 2 « = B +1, but this is impossible. Therefore, § < «; for some k. Then, by Proposi-
tion1(1.2.3), a = f + 1 < oy < o, < o, but this is also impossible. It follows from this
contradiction that « # 3 + 1 For every f. |

Lemma 3. Let « and f3 be countable ordinal numbers. Then, the ordinal number « +, 3
is countable.

Proof. By definition from 1.2.9, « +, 8 = ord | J,,(x; | i € 2), where x, = « and x; = .
By Theorem 1 (1.3.9), the set S = [ J,(x; | i € 2) = J(x; = {i} | i € 2) is countable. Thus,
the set a +, 3 ~ S is also countable. |

Corollary 1. Let « be a countable ordinal number. Then, a+11s also a countable ordinal
number.

Proof. The assertion follows from Lemma 3 and Proposition 3 (1.2.9). O

The following theorem is called the principle of induction for countable ordinal num-
bers.

Theorem 1. Let A be a subclass of the class Ord with the following properties:
1) 0¢cA;

2) acAimpliesa+1c¢€ A;

3) if(a € A | k € w) is a strictly increasing sequence, then | J(«; | k € w) € A.
Then, w, C A.

Proof. Suppose that the class w, \ A is non-empty. According to Proposition 2 (1.2.2), it
has the smallest element 3. By property 1, 8 # 0. Suppose that 3 is not a limit ordinal,
i.e. B =y + 1for some ordinal number. Then, y < 8 € w, implies y € w;, and so y € A.
By property 2, 8 € A. It follows from this contradiction that g is a limit ordinal.

Since B is countable, there exists a bijection u: w > S. Consider the ordinal
numbers b,, = u(m) and suppose that there exists a € such thata > b,, for every m.
But a = b,, for some n. Therefore, b,, < b, < b, + 1implies b,, € b,, + 1 for every m,
where $ c b, +1. Asaresult, f < b, +1 < §, but this is impossible because 8 is a limit
ordinal. Thus, for every a € 3, thesetS, = {m € w | a < b,,;} is non-empty.

Take the smallest element m(a) of the set S,. Define a mapping V: fxw — f8
setting V(a, n) = b,,(,. By Theorem 1 (1.2.7), there is a unique mapping v: @ — f,
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such that v(0) = by and v(n + 1) = V(v(n), n) = b)), Where m(v(n)) is the smallest
element of theset S,y = {m € w | v(n) < b,,}. Consequently, v(n+1) = b)) > v(N).
In addition, the inclusion S,,, = {mew|v(n-1) <v(n) <b,} c{mew|v(n-1) <
b} = S,y implies m(v(n)) > m(v(n-1)). Suppose that m(v(n)) = m(v(n-1)). Then,
v(n+1) = by = Pmn-n) = v(N), but thisis false. Thus, m(v(n)) > m(v(n-1)). Thus,
the sequences (m(v(n)) € w | n € w) and (v(n) € B | n € w) are strictly increasing.
Itisclearthat X = | J(v(n) | n € w) c B.If b € B, then b = b, for some k. Therefore,
by Lemma 7 (1.2.6), there is n such that k < m(v(n)). Suppose that b, > v(n). Then,
m(v(n)) < k. It follows from this contradiction that b = b, < v(n) < v(n + 1), where
b € v(n+1) c X. Thus, X = . From v(n) € B € w,;, we infer that v(n) < fand v(n) € w,.
Thus, v(n) € A for every n. Therefore, by property 3, § € A, but this is false. We con-
clude from this contradiction that w, c A. O

Corollary 1. Let the set A c w, have properties 1-3. Then, A = w;,.

Note that by virtue of Lemma 1, the set w, itself has properties 1-3.

1.4 Real numbers

In this section, we set forth basic information about constructions and properties of
integers, rational numbers, real numbers, and extending real numbers starting from
the set w of natural numbers (see 1.2.6 and 1.3.6).

1.4.1 Integers

Define on the set wxw a binary relation 0 setting ((m, p), (n, q)) € 8iff m+q = n+p. We
assert that 6 is an equivalence relation. In fact, 8 is obviously reflexive and symmetric.
Let (I, p)0(m, q) and (m, q)0(n, r),i.e.l+q = m+pand m+r = n+q. Then, (I+r)+q =
(l+q)+r=(m+p)+r=(m+r)+p=(Mn+q)+p = (n+p)+qimply by Corollary 6 to
Proposition 2 (1.3.6) that I +r = n+p. This means that (I, p)0(n, r). Thus, 0 is transitive.

Consider the factor-set Z = (wx w)/6 consisting of equivalence classes x = 8(m, p)
of all pairs (m, p) € w x w (see 1.1.14). Elements of the set Z are called integers; and
the set Z is called the set of all integers.

Consider the factor-mapping f: w x w — Z from 1.1.14. By Lemma 1 (1.1.14) f is
surjective. Therefore, using Theorem 1 (1.3.8) and Lemma 2 (1.3.9) we conclude that
the set Z is countable.

Associate with every natural number m € w the integer m = 6(m, 0) € Z, and con-
sider the mapping e from w into Z such that em = m. This mapping is injective. Con-
sider theset Z, = {m | m € w}. Since w = card w = card Z, < card Z < w, we infer that
card Z = w, i. e. the set Z is denumerable.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

114 =— 1.4 Real numbers

Sum of integers

Let (x; € Z | i € I) be a simple collection of integers x; = 8(m;, p;) indexed by a finite
set I. The integer (Y} (m; | i € I), Y.(p; | i € I)) is called the sum of the simple collection
(x;€Z|iel)andisdenotedby Y (x; |i€I).IfI =n+1forn € w\ 2, then along with
Y (x; | i € n+1)we shall use the notation x, + - - - + x,,.

Itisclearthate(Y(m; e w|i€I))=Y(em; € Z | i€ I).

Let x, x', x",x", ... be integers. Then, (x, x"), (x, x", x"), (x, x', x", x'""), ... are
the corresponding simple collections (see 1.1.11).

The integers Y (x, x"), Y (x, x', x""), Y (x, x', x"", x"""), ... will be called the sums of
the simple sequential pair (x, x"), triplet (x, x', x""), quadruplet (x, x', x", x""),... and
will be denoted also by x + x', x + x' + X", x + X' + X" + x'"", ... By the definition of
the simple sequential pair from 1.1.11 we have x + x' = Y (a; | i € 2), where a, = x and
a, = X'. In the similar manner, x + x' + x" = ¥(a; | i € 3), where a, = x, a; = x' and
a, = x", and so on.

Theorem 1. Let (x; € Z | i € I) be a simple collection indexed by a finite set I. Then:

1) if K is a finite set and u is a bijective mapping from K onto I, then Y.(x; | i € I) =
> (Xu | k € K) (the general commutativity of the sum);

2) if a collection (I, c I | m € M) is a partition of the set I indexed by a finite non-
empty set M, then Y (x; | i € I) = Y(3.(x; | i € I,,) | m € M) (the general associativ-
ity of the sum).

Proof. We shall denote the left parts of these equalities by L. Let x; = 6(m;, p;).

1. Using assertion 1 of Theorem 2 (1.3.6), weget L = 0(X.(m; | i € I), Y.(p; | i € I)) =
0 (Mygy | k € K), YDy | k € K)) = X(0(Myy> Duy) | k € K) = XXy | k € K).

2. Analogously, using assertion 2 of the same theorem, we get L = 0(3(m; | i € I),
Y lieD)=0X(Em; |iel,) | meM),Y(S@;|iel,)|meM)=YOEm,|
i€, 3l iel,) meM)=Y(EOm,p)licl,) meM=YE0!|icl,)

| m e M). ]

Lemma1l.

1) Let (x; € Z|i € {p}) be a simple collection indexed by a set {p}. Then, Y (x; | i €
{p}) = x,.

2) Let(x;€Z|ie€{p,q}) beasimple collection indexed by a set {p, q} with different
elementsp # q. Then, Y(x; | i € {p, q}) = X, + X4

Proof. We shall prove only assertion 2. Consider the simple collection (a; | i € 2) such
that a, = x,, and a, = x,. Consider the sets I = 2and K = {p, ¢} and the bijective map-
ping u: K — I'such that u(p) = 0 and u(g) = 1. Then, by Theorem 1, x,, + x, = Y(q; |
iel)=Y(a, |k € K).From a,,, = a, = x, and a,, = a; = x,, we infer that (a,, |
k € K) = (x; | k € K). Asaresult, x,, + x, = Y (xx | k € K). O
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Corollary 1. Let(x; € Z | i e I) and (y; € Z | i € I) be simple collections indexed by a fi-
nite non-empty set I. Then, Y (x; |i e )+ Y (y; |ie ) =Y (x;+y; | i € I).

Proof. Consider the sets M = 2x I, M; = 2x{i}, and M,, = {k} x I. Consider also the ele-
ments a,, = x; for m = (0, i) and a,, = y; for m = (1, i). By assertion 2 of Lemma 1,
X; + y;=>(a, | me{0,i),Q1,1}) =>(a, | meM,;). Using assertion 2 of Theo-
rem1l, wegetY(x;+y;lie)=Y3(a,|meM;)|iel) =>(a, | meM)because
(M; | i € I)is a partition of M. Analogously, since (M, | k € 2) is also a partition of M,
we get Y(a, |meM)=3Y(Y(a,|meM)|ke2)=3(a,|meMy) + Y(a,|me
M) = Z(a(o,i) liel)+ Z(a(u) lieD=YxlieD)+Y(y;|iel). O

Theorem 2. Let x, y and z be integers. Then:
1) x+y =y + x (the commutativity of the sum);
2) x+y+z=x+(y+2)=(x+y)+ z(the associativity of the sum).

Proof. 1. Take the sets I =2 and K = 2. Consider simple collections (a; € {x,y} |i €
I) and (b € {x,y} | k € K) such that a, = x, a; =y, by =y, and b, = x. Take a bijec-
tive mapping u: K — I such that u(0) = 1and u(1) = 0. From a, 4 = a; = y = by and
Ay = Ao = x = by, weinfer (a,q, | k € K) = (b | k € K). As aresult, by virtue of The-
orem 1, we get the chain of equalities x + y = Y(a; | i € I) = Y(ayyy | k € K) = Y.(by |
keK)y=y+x.

2. Take the sets I =3, M = 2, I, = 1, and I, = {1, 2}. Then, the collection (I,, c I |
m € M) is a partition of the set I. Consider simple collections (a; | i € I), (a; | i € I,),
and (a; | i € I)suchthata, = x, a; = y,and a, = z. Then, by Theorem 1 and Lemma 1,
we get the chain of equalities x + y + z=Y(a; |ieI) =Y((a; |iel,) | meM)=
Ya; liely)+Y(a;|iel).

Further, by Lemma 1) (a; | i € I,) =ag=xand Y(a; |[i€ ) =a,+a, =y +z. As
aresult, wegetx+y+z=x+(y +2).

In a similar way, we prove the equality x + y + z = (x + y) + z. |

The element 0 is called the zero element in Z. For every integer x, we have the equality
O+x=x+0=x.

The element 6(p, m) is called the opposite element to the element x = 6(m, p) and
is denoted by —x. It is clear that —(-x) = x. The zero and opposite elements are con-
nected by the equality x+ (—x) = —x+x = 0. Further, along with x + (-y), we shall write
also x — y; this number is called the difference of the numbers x and y.

Consider thesets Z_ = {-m | m € w}and Z* = Z \ {O}.

Lemma 2.

1) Z=27,UZ andZ,nZ_={0}.
2) Foreveryx € Z,thereexisty € Z, and z € Z_ such that x = y + z.

EBSCChost - printed on 2/10/2023 4:56 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



116 —— 1.4 Real numbers

Proof. 1.Letx =0(m, p) € Z.If m = p, then x = 0.Ifm > p, then, by Theorem 5 (1.3.6),
there is a natural number k > 0 such that m = p + k. Therefore, x = k. If m < p, then
there is a natural number I > 0 such that m + [ = p. Therefore, x = —1.

Ifx € Z,nZ_,thenx = mand x = -1 forsome m, n € w. Therefore, ((m, 0), (0, n)) €
6 implies m + n = 0 + 0 = 0, where m = n = 0. Thus, x = 0.

2. The assertion follows from 1. O

It follows from Lemma 2 that for every integer x, we can define correctly its modulus
|x| € Z, setting x| = xifx € Z, and |x| = —xifx € Z_.

Product of integers

Let (m; € Z, | i € I) be a simple collection indexed by a finite set I. The integer
e(P(m; e w|1i € I)) € Z, is called the product of the simple collection (n; € Z, | i € I)
andis denoted by P(m; | i € I).IfI = n+1forn = w\2, thenalong with P(; | i € n+1),
we shall use the notation 1, ... m,,.

The products P(m, m'), P(im, m', m"), ... of the simple collections (i, m'),
(m, m’, m"), ... composed of elements r, ', ", ...of Z, will be denoted also by
mm', mm'm",

Lemma3. Let (m; € Z, | i € I) be a simple collection indexed by a finite set I. Then:

1) if K is a finite set and u is a bijective mapping from K onto I, then P(i; | i € I) =
P(ﬁ’lu(k) | k € K);

2) if a collection (I,, c I | m € M) is a partition of the set I indexed by a finite non-
empty set M, then P(m; | i € I) = P(P(in; | i € I,,) | m € M).

Proof. We shall denote the left and right parts of these equalities by L and R, respec-

tively.

1. Using assertion 1of Theorem 2(1.3.6), we get L = e(P(m; € w | i € I)) = e(P(m,, |
k € K)) =R.

2. Analogously, using assertion 2 of the same theorem, we get L = e(P(m; c w | i €
D)=eP(P(m;|iecl,) | meM))=PeP(m;|iel,)|meM)=R. |
Corollary 1.

1) Let(m; € Z, | i € {p}) be a simple collection indexed by the set {p}. Then, P(; | i €

b)) = i,

2) Let(m; €Z, | i€ {p,q}) beasimple collection indexed by the set {p, q} with differ-
ent elementsp + q. Then, P(m; | i € {p, q}) = ﬁ’lpﬁlq.
The proof is analogous to the proof of Lemma 1.
Let x=(x; € Z | i € I) be a simple collection indexed by a finite set I. Define
the product Px = P(x; | i € I) € Z of the simple collection x setting Px = P(|x;| € Z, |
i € I)ifthe powerof theset I ={iel|x; € Z_\ {0}} is an even natural number, and
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Px = —P(|x;| € Z, | i € I) if the power of this set is an odd natural number. If I = n +1
forn € w\ 2, then along with P(x; | i € n + 1) we shall use also the notation x;, ... x,.

Let x,x',x",x"",... be integers. As above, the integers P(x, x"), P(x,x’, x"),
P(x,x", x", x"), ... will be called the products of the simple sequential pair (x, x'),

triplet (x, x', x'), quadruplet (x, x', x"', x"""), ... and will be denoted also by xx, xx'x",

xx'x"x", ...

Lemma 4. Let m, n € w. Then, (-m)n = —(mn), m(-n) = —(mn), and (-m)(-n) = mn.

Proof. By definition, (-rm)it = P(-m, i) = P(x; | i € 2) for the collection » = (x; € Z |
i € 2) such that x, = - and x; = n. Since card 2, = card{0} = 1, we infer that P(x; |
i€2)=-P(|x;| | i € 2) = —(mn). The other equalities are checked in a similar way. O

Proposition 1. Let (x; € Z | i € I) be a simple collection indexed by a finite set I, K be
a finite set, and u be a bijective mapping from K onto I. Then, P(x; | i € I) = P(x, |
k € K) (the general commutativity of the product).

Proof. Denote the collections (x; | i € I) and (x,, | k € K) by = and », respectively.
Then, u[K, ] = I, implies the equality of the powers of these sets. Thus, these pow-
ers are both odd or both even simultaneously. In the first case, using assertion 1 of
Lemma 3, we get Pr = -P(|x;| € Z, | i € I) = =P(|x,4y| | k € K) = Px. In the second

case, the argument is the same. O

Corollary 1.

1) Let (x; € Z | i € {p}) be a simple collection indexed by the set {p}. Then, P(x; | i €
{p}) = x,.

2) Let(x; €Z|ie€{p,q}) beasimple collection indexed by the set {p, q} with different
elements p # q. Then, P(x; | i € {p, q}) = X, X,.

The proof is analogous to the proof of Lemma 1.

Lemma5. Let (x; € Z | i € I) be a simple collection indexed by a finite set I, (I, c I |
m € M) be a partition of the set I indexed by a set M such that M = {p, q} and p + q.
Then, P(x; |i€I)=P(P(x;|iel,) | meM)=Px |iel,)P(x;|iel,).

Proof. Denote the collections (x; | i € 1), (x; i€y, and (x; | i € I) by My, R, and ,
respectively. Itis clear that the collection (I,,, < I, | m € M)isa partition of theset I .
Consider the natural numbers n,, = card I, , n, = card I, , and n = card I, .. Accord-
ing to Corollary 1to Lemma 1(1.3.5), n = n,, + n,,.

At first, consider the case when the number n is even. Then, n, and n g are either
both even or both odd. In the first case, we have Px, = P(|x;| | i € I,) and Px, = P(|x;] |
iely). Besides, Px = P(|x;| | i € I). Using assertion 2 of Lemma 3 and Corollary 1to this
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lemma, we get P(|x;| € Z, |ie€I)=P(P(|x;| |iel,) | meM)=P(x;||ic Ip)P(Iin |
i€ly). As a result, Px = P(Px,, | m € M) = Px, Px,. In the second case, we have
Px, = -P(|x;| | i € I,) and Px, = —P(|x;| | i € I,). Therefore, by Lemma 4 P = P(|x;| |
iel)=P(x| |ieL)Pxlliely)=(-Pxlliel)(-Pxl|iel)) =P, Px,.
By Corollary 1 to Proposition 1, Px, P, = P(Px,, | m € M).

Now, consider the case when the number n is odd. Then, either n, is even and n,
is odd or n,is odd and n, is even. In the first case by Lemma 4, we get Px = —P(|x;] |
iel)=—(P(x] i el)Px 1 el,)=Plxl | iel)—Px||iel,)=Px,Px, =
P(Px,, | m € M). In the second case, the argument is the same. O

Finally, we can prove the property of general associativity for the product of integers.

Theorem 3. Let (x; € Z | i € I) be a simple collection indexed by a finite set I and (I,, C
I'| m € M) be a partition of the set I indexed by a finite non-empty set M. Then, P(x; |
iel)=PP(x;|icl,)|me M) (the general associativity of the product).

Proof. Consider the set X of all natural numbers n such that for every collection » =
(x; € Z | i € I) and every partition 7 = (I,, ¢ I | m € M) with card M = n + 2 we have
the property Px = P(P(x; | i € I;) | m € M). By Lemma 5, 0 € X.

Letn € X. Take any » and 7w such that card M = (n+1)+2. Fix some element m, € M
and consider the sets M, = {m,} and M, = M\ M,,. It is clear that M; = n + 2. Consider
also the sets J, = I, and J; = I'\ I,. Then, m; = (I,, | m € M;) is a partition of J; and
(Ji | k € 2) is a partition of I. Therefore, for the collection », = (x; | i € J;) and the par-
tition 7; we have Py, = P(P(x; | i € I,,) | m € M;). By Corollary 1 to Proposition 1 for
the collection », = (x; | i € J,), we have Px, = P(x; | i € Imo) =P(P(x;|iel,) I me
M).

By Lemma 5 Px = P(Pyx; | k€ 2) = P(P(P(x; |iel,) | M) | ke2)=PPx;|iec
I,) | m € M) because (M, | k € 2)is a partition of the set M. This means thatn+1 € X.
By the principle of natural induction from 1.2.6, we infer that X = w. O

Corollary 1. Let(x; € Z | i e I) and (y; € Z | i € I) be simple collections indexed by a fi-
nite non-empty set I. Then, P(x; | i € )P(y; | i € I) = P(x;y; | i € I).

The proof is completely similar to the proof of Corollary 1to Lemma 1.

Theorem 4. Let x, y and z be integers. Then:
1) xy = yx (the commutativity of the product);
2) xyz = x(yz) = (xy)z (the associativity of the product).

The proof is similar to the proof of Theorem 2.
The element 1 is called the unity element in Z. For every integer x, we have
the equality ix = x1 = x (see Corollary 1 to Lemma 3 (1.3.5)).
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Lemma 6. Let m € N and x € Z. Then, mx = Y (x; | i € I) for every simple collection
(x; € Z|iel)suchthatx; = xforeveryielandI =m.

Proof. By Lemma 2 either x=n or x =-n for some n € w. By Corollary 2 to
Lemma 3 (1.3.5) mn = Y(n; | i € I), where n; = n for every i. Therefore, in the first
case, mx =min=e(mn)=ed(n; |iel)=Y;|iel)=Y(x;|iel). In the second
case, by Lemma 4, mx = m(-n) = —(mn) = —e(mn) = —e(X(n; | i € I)) = -0} (n; | i €
D,0)=0(0,Y(n; |ieD)=30O0,n) |ie)=Yn|iel)=Y(x;|iel. O

Lemma7. Letm € wand x = 6(n, q) € Z. Then, ihx = 6(mn, mq).

Proof. Consider the simple collections v=(n; e w|iem) and x=(q; € w|i € m)
such that n; = n and gq; = q for every i. By Lemma 6 mx = Y (8(n;, q;) | i € I) = 0} v,
Y x). By Corollary 2 to Lemma 3 (1.3.5), > v = mn and Y x = mq. O

Lemma 8. Let m € wand x € Z. Then, (-m)x = —(mx).

Proof. By Lemma 2 either x = 71 or x = -7 for some n € w. In the first case by Lemma 4,
(-m)x = —(mn) = —(mx). In the second case, (-m) = mn = —(-(mn)) = —-(M(-n)) =
—(mx). O

The distributivity of the product with respect to the sum
Theorem 5. Let x,y, z € Z. Then, x(y + z) = xy + xz (the distributivity of the product
with respect to the sum).

Proof. By virtue of Lemma 2, we need to consider the following four cases: (1) x, y+z €
Z,;QxeZ_ andy+z€Z,;(3)xeZ,andy +z € Z_;and (4) x,y + z € Z_. Thus,
either x = [orx = —land eithery +z = kory+z = —k forsome , k € w.Lety = 6(m, p)
and z = 6(n, q).

In the first case, y + z=(m + n,p + q) = k = (k,0) impliesm + n=p + q + k.
Therefore, x(y+z) = lk = 6(Ik, 0) in virtue of Lemma 7. But Im+In = Ip+1q+lk implies
0(lk,0) = 0(lm + In, Ip + lq) = 6(Im, lp) + 6(In, lq) = Ty +lz= Xy + xz.

In the second case by Lemma 8 and Lemma 7, x(y + z) = (—7)(y +2z) = —(T(y +2)) =
—(Ik) = -6(Im + In, Ip + lg) = 6(p, lg, Im + In) = 6(Ip, Im) + 6(lg, In) = -6(Im, Ip) —
0(In, lq) = —(Ty) - (Tz) = (—T)y + (—f)z = Xy + XZ.

In the third case, y + z= (m + n,p + q) = -k = (0, k) implies m + n + k = p + q.
Therefore, x(y +2z) = —(ﬁ() =0(0, lk). But Im+In+1k = Ip + 1q implies 6(0, lk) = 6(Im+
In,Ip +1q) =y + Iz = xy + xz.

Finally, in the fourth case, x(y+z) = Ik = 6(lk, 0) = 8(Ip+1q, Im+In) = 6(Ip, Im)+
0(1g, In) = -6(Im, Ip) - 6(In, lq) = —(ly) - (Iz) = (-Dy + (-)z = xy + xz. O
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Now, we shall deduce the property of general distributivity of the product with respect
to the sum using the property of binary distributivity from Theorem 5 and the prop-
erties of general commutativity and associativity of the sum and the product. This
deduction does not depend on specific properties of the set Z and has quite general
character.

Lemma9. Let x € Z and (yieZljel) be a simple finite collection. Then, xZ(y]- |je
D =30y 1je.

Proof. Consider the set X of all natural numbers n such that for every collection » =
(yj | € J) withcard ] = n+1, we have the property x } » = }(xy; | j € J). By Corollary 1
to Proposition 1, 0 € X.

Let n € X. Take any » such that cardJ = (n + 1) + 1. Fix some element j, € J and
consider the sets J, = {j,} and J; = J\ J,. Itis clear that card J; = n+1. Since (J; | k € 2)
is a partition of the set ], we get in virtue of Theorem 1and Lemma 1) » = }(}(y; | j €
JOTke2)=3;ljelo)+Xy;lJje€])=y;+20;lj€]J,). Therefore, by Theorem 5
xYu=xy; + Xy ljel) =Yxy;ljelo) + Xxy;ljel) =Xy ljel) ke
2) = Y(xy; | j € ]). This means that n + 1 € X. By the principle of natural induction
from 1.2.6, we infer that X = w. |

Theorem 6. Let (I,, | m € M) be a collection of finite sets and (x,, | m € M) be a sim-
ple collection of simple collections »,, = (x,,; € Z | i € I,;) indexed by non-empty finite
sets M and I,,,. Consider the finite set U = (I, | m € M). Then, P(Y.(x,,; | i € I,,) | m €
M) = Z(P(xmu(m) | m € M) | u € U) (the general distributivity of the product with re-
spect to the sum).

Proof. We shall denote the left and right parts of this equality by L and R, respectively.

Consider the set X of all natural numbers n such that L = R for every collection
= (I, | m e M) with card M = n + 1 and every collection o = (,, | m € M) of simple
collections »,, = (x,,; | i € I,,) indexed by non-empty finite sets I,,,.

Let M = {m}. Then, L = Y (x,,; | i € I,,,) and U = Map({m}, I,;). Define a bijection v
from I,, onto U setting v(i) = {(m, i)} for every i € I,,. Using assertion 1 of Theorem 1
and Corollary 1 to Proposition 1, we get R = Y (X;pym) | U € U) = X (Xpny(iyomy | 1 € Iy) =
Y (X | 1 € I,) = L because v(i)(m) = i. This means that 0 € X.

Letn € X.Take any 7 and o such thatcard M = (n+1)+1. Fix some element m, € M
and consider the sets M, = {m,} and M; = M\ M,,. It is clear that card M; = n+1. Con-
sider also the collections 7y = (I,, | m € My), m; = (I, | m € M}), 0y = (3, | m € M),
and o, = (%, | m € M;).Then, for U, = [[ n;, wehave P(} »,, | m € M,) = ¥ (P(x
meM;) |uel,).

Using Theorem 3 and Lemma 9, we get L = P(} x,, | m € M) = P(P(} u,, | m €
Mk) | ke 2) = P(Z%m | me MO)P(Z%m | me¢ Ml) = (Z%mO)Z(P(Xmu(m) | me€ Ml) |

mu(m) |
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uel)= Z(mel- 2PXpymy | MmeMy) [uel)|ie Imo) = Z(Z(xmoiP(xmu(m) | me
M) luel)liely,).

Consider the set U, = [[ 7, = Map({m}, I,,,) and define a bijection w from U,
onto I, setting w(u,) = uo(m,). Using assertion 1 of Theorem 1 and Corollary 1
to Proposition 1, we get L = ¥ (¥ (Xpwuo)PXmuy,omy | M € My) | Uy € Uy) | ug € Up) =
3(E Comgu my Py oy | 1€ My) | 11y € Uy) [ g € Ug) = E(E (P my | M € M)
P(xmul(m) |meM,)|u elU)|uyeUy).

Consider a projection « from U, x U, onto U, such that «(u,, u;) = u;. The mapping
al{uy} x U, is a bijective mapping from {u,} x U, onto U, for every u, € U,. Therefore,
by the property of general commutativity of the sum, we get L = Y (3 (P(Xpy o) | M €
M) PXpapyomy | M € My) | p € {ug} x Uy) | ug € Up). Since the collection ({ue} x U; |
u, € U,) is a partition of the set U, x U;, we can apply assertion 2 of Theorem 1. As a
result, L = Z(P(xmuo(m) | m € Mo)P(Xpaym) | M € My) | p € Uy x Uy) = > (P(x
m € Mo)P(Xpy,(my | M € My) | (Ug, uy) € Uy x Uy).

Consider the bijection 8 from U onto U, x U; such that B(u) = (ro(u), r;(u)),
where ry(u) = u|M, and r,(u) = u|M,. Denote temporarily the element P(xmuo(m) | me
Mo)PXpy,(my | M € M) by 2y - Then, L = ¥(zy, u, | (Uo, Uy) € Ug x Uy) = X(2p, |
u € U) by virtue of assertion 1 of Theorem 1. Since ry(u)(m) = u(m) for every m € M,
and r;(u)(m) = u(m) for every m € M;, we get Zgw) = P(Xpyqmy | M € Mo)P(Xyppmy |
me M;). As a result, L=} (P(Xyym | M € Mo)P(Xypymy | m € My) | u € U). Since
the collection (M, | k € 2) is a partition of the set M, we get in virtue of Corol-
lary 1 to Proposition 1 and Theorem 3 L = } (P(P(X,yymy | M€ My) | k€2) |u e U) =
Z(P(Xmu(m) | me M) | ue U) =R.

This means that n+1 € X. By the principle of natural induction from 1.2.6, we infer
that X = w. O

mug(m) |

Corollary 1. Let (y; € Z | j € ]) and (z; € Z | k € K) be finite simple collections. Then,
Y ljeN Xzl keK) =Yz | G, k) € ] xK).

Proof. Consider the collectionn = (I, | m € 2) such thatl, = Jand I; = K and the sim-
ple collections x, = (xo; | i € Iy) and »,; = (x; | i € I;) such that x,; = y; and x;; = z;.
Then, L= Z(yj ljeDX(z ke K)=P(Xxy licly,) | me2)=3(PXpym | me
2) | u € U), where U = [] n. Define a bijection r: J x K — U setting r(j, k)(0) = j and
r(j, k)(1) = k. Then, by Theorem 1 L = Y (P(Xyj 1oy | M € 2) | (j, k) € ] x K). Using
Corollary 1 to Proposition 1, we get P(X ., iom) | M € 2) = XojXc = ¥;Z)- As a result,
L =3z | G, k) € ] xK). O

Rising to a degree for integers
Let m, n € w. The integer e(m") € Z, is called the degree of the number i with the ex-
ponent 1 and is denoted by m".
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Let x € Z. Define the degree x™ of the number x with the exponent i setting x = "
if x = m, x" = m" if x = —m and the number n is even, and x" = —" if x = —m and
the number n is odd.

Lemma10. Letn € Nandx € Z. Then, x = P(x; | i € I) for every simple collection (x; €
Z|iel) suchthat x; = x foreveryi € I and card I = n.

Proof. By Lemma 2, either x = m or x = - for some m € w. By Lemma 7 (1.3.5),
m" = P(m; | i € I), where m; = m for every i. Therefore, in the first case x" = e(m") =
e(P(m;|iel))=P(m;|iel)=P(x;|iel). In the second case, if n is even, we
get again x" = m" = P(m;|iel)=P(x;| |iel)=P(x;|iel).If nis odd, we get
Xt = —mh = -P(Ix;| |iel)=P(x;|iel). O

Proposition 2. Let(x; € Z | i € I) and (yjeZ,ljel) be simple finite collections, x € 7
andy,z € Z,. Then:

1) xX°=1x'=x andi’ =1;

2) 0/ =0fory#0;

3) x2oilieh — P |je));

4) (P(x;liel)) =P(X)|iely;

5) X% =)

Proof. Lety = m, z =i, and y; = mj.

1.1fx = I, then by Lemma 9 (1.3.5) x° = e(1°) = 1, x! = e(l') = x, and I¥ = e(1™) = 1.
Ifx = -1, then x° = e(I°) = 1and x* = —e(1!) = x.

2. Since m # 0, we get by Lemma 9 ¥ = e(0™) = 0.

3.1f x = I, then by Corollary 1 to Lemma 7 (1.3.5) x2YV€) = e(1ZMili€)y = o(P(1™ |
je)=Pel™)|je])=Pxi|je]).Ifx= —1, then the arguments are completely
the same.

4. Denote (x; | i € I) by x.Ify = 0, then 4) follows from 1). Now assume that m # 0.

Consider the sets Iy ={iel|x;=0}, ;={ieI|3eN (x;=-1)}, and I, =
{iel|3l,eN (x;=1)}. If I, # @, then Px =0 implies (Px)’ = 0 by virtue of 2.
Also, x? =0 for every i € I, implies P(xf | i € I) = 0. Therefore, in this case we get
again 4).

Further, assume that I, = @. Consider the set K = {1,2} And the collections
= (x; | 1 € I,). Since (I, | k € K) is a partition of the set I, we get by Theorem 3 and
Corollary 1to Proposition1Px = P(P(x; | i € I}) | k € K) = Px,Px,. At first assume that
m is even. If card I, is even, then Py, = P(I; | i € I,). Therefore, Px = Ps,Px, = P(l, |
ie Il)P(fi liel)= P(fl- |iel)=e(P(l;|iel) implies by Lemma 8 (1.3.5) (Px)’ =
(e(Pilie)) =e(P(; lieD)™) =eP(" |ieD)) =Pl |icl) = P(ff’ lie
I)=P(x]|iel.
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If cardI; is odd, then Py, = —P(T,- | i € I,). Therefore, P» = Px,Px, = —P(f,- |ie
I)P(; |ieL)=-P(, |iel)=-e®(; |icl) implies (Px) = (e(P(;|iel)y =
PAT™lieD) =P |iel.

Finally, assumethat misodd. Then, xiy = —e(l" foreveryi € I, andxiy = e(l")forev-
eryi € I,.Ifcard I, iseven, thenasabove Px = e(P(l; | i € I))implies(Px)” = (e(P(l; | i €
)y = e(P(l,f" |iel))= P(e(l;") liel) = P(e(l;") |ie Il)P(e(llT") liel,) = P(—e(llf") |
iel)P(x! |iel) =P} |ieL)P(x]|iel) =P |iel.

If card I, is odd, then as above Px = —e(P(l; | i € I)) implies (Px)" = —(e(P(l; |
ieD)) =—e(P(I" |iel)=-Pe™ |icl) = (P |iecl)Pel" |icl,)=
P(-e(I™ |i e I)P(X |ie L) = P | ie [)P(X |iel)=P0 |icl.

5.1fx = I, then by Corollary 3to Lemma 7 (1.3.5) x’* = e(I™) = e((I™)") = (e(I™))* =
o).

Now, assume that x = —1. If m and n are even, then again x’* = e(I™) = (e(I™))? =
(’)?.If misevenand nisodd, then x*? = e(I™) = e((I™") = (e(I™))* = (-1)Y)* = (X’)°.
If m is odd and n is even, then X7 = e(I™) = e((I™") = (~e(I™))* = ((=1))? = (X’).
Finally, if m and n are even, then X’ = —e(I™") = —e((I™)") = (—e(I™))* = (-I)¥)* =
(X2, O

Order properties of Z

Consider on Z the binary relation 9 = {(x, y) € ZxZ | (Gm,ne w(x =mAy=nAm<
n)v@Emnewkx=-mAy=n)Vv@mnewkx=-mAy=-iAmzn))}. Using
Lemma 2, we can easily check that 9 is a linear order. Along with (x, y) € 9 we shall
write also x < y. Numbers from Z, [Z, \ {0}] are called positive [strictly positive], and
numbers from Z_ [Z_ \ {0}] are called negative [strictly negative).

Lemma1l. Let m, n € w. Then:
1) m<aiffm<n;
2) -m<-niffmzn.

Proof. We check only the second assertion.
Let -1 < —1. Suppose that m < n. Then, by definition —m > —i, where —-m = -n
and m = n. It follows from this contradiction that m > n. O

Lemma12. Letx,y € Z. Then,x <y iffy —x > 0.

Proof. Letx = -mand y = -n. If x < y, then by Lemma 11 m > n. Therefore, by Theo-
rem 5 (1.3.6), m = n+ k for some k > 0. By definition k > 0.Asaresult,y—x = 6(0, n) +
6(m, 0) = 6(m, n) = 6(k, 0) = k > 0. Conversely, let y—x > 0. Supposing thaty —x = -1
for some I > 0, we get by definition y — x = - < 0. Thus, y - x = [ for some [ € w. From
y —x = 6(m, n) = 6(l, 0), we infer that m = n + [ > n. By definition, this implies x < y.
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In the case when x = m and y = f, the arguments are the same.

Letx = —fmand y = #. Then, x < yandy - x = 8(m + n, 0) = e(m + n) = 0.

Finally, let x = i and y = —n. Then, y < x. If x < y, then x = y implies m = -7,
where m + n=0, and so m = n = 0. As a result, y — x = -0 — 0 = 0. Conversely, if
y — x > 0, then simultaneously y — x = -1 — 1 = —e(n + m) < 0. Therefore, y — x = 0
and x = y. O

Proposition 3. Let (x; € Z |e I) and (y; € Z | i € I) be simple finite collections, x, y, z €

Z,andr,s € Z,. Then:

1) ifx;<y;foreveryiel, thenY (x; |iclI)<d(y;|1iel);if besides x; < y; at least
for oneindex, then Y (x; | i€ I) < Y.(y; | i € I);

2) iff) <x;<y; foreveryiel, then P(x;|iel)<P(y;|iel);if besides x; < y; at
least for one index and y; > 0 for everyiel, thenP(x;|iel)<P(y; |iel);

3) ifx<y,thenxz <yzforz>0andxz > yzforz<O0;

4) ifO<x<yandr>O0,thenx <y';

5) ifx>1andr <s,thenx" < x°.

Proof. 1.By Lemma 12 x; < y; implies y; - x; > 0. By virtue of Lemma 2, either y; - x; =
—1; ory; —x; = ;. In the first case, y; — x; < 0 implies y; - x; = 0. Thus, in both cases,
¥i — X; = m; for some m; € w. Therefore, sum(y; - x; |[iel)=Y(m; |iel)=e(} m;|
i € I) > 0. But by Theorem 1, Yyi—xlieD=YWy;lieD+Y(-x;lie)=Yy;lie
I) - Y (x; | i € I). Therefore, by Lemma 12 Y (x; | i € I) < Y.(y; | i € I).

If besides x; < y;, then m; > 0. Therefore, by Proposition 2 (1.3.6), Y(m; |iel) >
0. Consequently, Y(y; |[iel) - Y(x;|ie)=Y(m; |iel)=eY(m;|iel)>0. By
virtue of Lemma 12, this implies the necessary strict inequality.

2. From the condition 0 < x; < y;, we infer as above that x; = 7;; and y; = #; for
some m;, n; € w. By Lemma 11 m; < n;. Therefore, by Lemma 11 (1.3.5), P(m; | i € I) €
P(n; | neI).Finally, P(x; |ieI)=eP(m; |iel)<eP(n;|iel)=P(y;|iel).

If besides x; < y; and y; > 0 for every i, then m; < n; and n; > O for every i. There-
fore, by Proposition 2 (1.3.6), P(m; | i € I) < P(n; | i € I). Since the mapping e is injec-
tive, we conclude that P(x; | i € I) < P(y; | i € I).

3.Ifx < y, then y—x > 0 implies as above that y —x = 7i for some m > 0. Similarly,
if z > 0, then z = 71 for some m > 0. Therefore, by Corollary 1 to Proposition 2 (1.3.6)
mn > 0. Thus, by Theorem 5, yz — xz = (y — x)z = e(mn) > 0, where by Lemma 12 xz <
yz.

If z < 0, then z = —f for some n > 0. Therefore, by Lemma 4 yz — xz = (y - x)z =
m(-f) = —e(mn) < 0, where yz < XZ.

4. As above, 0 < x < y implies x = /i and y = /i for some m, n € w. By Lemma 11,
m < n. Besides, r = k for some k > 0. Therefore, by Corollary 3 to Proposition 2 (1.3.6),
mk < nk. Asaresult, x" = e(m*) < e(n*) = y*.

5. As above, x =m, r = I}, and x = [ for some m, k,l € w. By Lemma 11 m > 1 and
k < 1. Therefore, by Corollary 5 to Proposition 2 (1.3.6) m* < m'. Asaresult, X" < x*. O
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Corollary 1. Letx,y,z € Z.Then,x = yiffx+z = y+z.Whenz # 0, thenx = yiffxz = yz.

Proof. Fromx < yandy < x,weinferx+z<y+z<x+zand xz < yz < xz.

Let x + z = y + z. Then, the proven property impliesx =x+(z-2) = (x+z) -z =
(u+z)—-z=y.

Finally, let z # 0 and xz = yz. Suppose that x # y. Then, by assertion 3 of Propo-
sition 3, xz # yz. It follows from this contradiction that x = y. O

Corollary 2 (the Archimedes principle). Let x,y € Z, and x > 0. Then, there is a num-
ber n € N such that nix > y.

Proof. Since x > 1and y +1 > y, we infer that (y + 1)x > yx > y. O
Corollary 3. Let x,y € Z and xy = 0. Then, either x = 0 or y = 0.

Proof. Suppose that the conclusion is not valid. Then, there are the four opportunities.
If x > 0 and y > 0, then by assertion 2 of Proposition 3, xy > 0. If x> 0 and y < 0,
then by assertion 3 of this proposition, (-1)y > (-1)0 = 0, and so (-1)xy > 0 implies
xy < 0.Ifx < 0and y > 0, then by the same reason xy < 0. Finally, if x < Oand y < 0,
then (-1)x > 0 and (-1)y > 0 imply xy > 0. In all the four opportunities, we come to
contradiction. O

Proposition 4. Let (z; € Z | i € I) be a simple finite collection, x,y € Z, and z € 7Z,.

Then:

1) Ix|=|-x|,x<|x|,and —x < |x|;

2) |P(z; | i€ Dl =Pzl | iel);inparticular, |xy| = |x|lyl;

3) Xl = IxI%;

4) ify >0, then |x| <y is equivalent to -y < x < y, and |x| < y is equivalent to -y <
X <y;

5 Xz 1ieDI <Xzl i€ D);inparticular, |x +y| < x| +|yl;

6) llxl=Iyll <Ix -yl

Proof. 1. 1t is clear that x < |x|. If x € Z,, then —x € Z_. This implies |x| = x and
| - x| = —(-x) = x. If x € Z_, then x = -1 implies —x = i € Z,. Therefore, |x| = -x
and | — x| = —x. In both cases, |x| = | — x|. Therefore, -x < | — x| = |x|.

2. By definition, P(z; | i € I)iseither P(|z;| | i € I) or —P(|z;] | i € I). Applying 1, we
get the necessary equality.

3. Let z = A. By Lemma 2 either x = 1 or x = -, where |x| = . By definition x”
is either m" or —m™. In both cases, by 1, we get |x?| = m" = |x|*.

4, By assertion 1, |x| < y implies x < |x|] <y and —-x < |x| <y, i.e. x = -y. Con-
versely, if -y < x <y, then -y < —x <y, where |x| < y. For strict inequalities, the ar-
gument is the same.
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5. We always have z; < |z;|. By assertion 1 of Proposition 3, Y (z; | i € I) < Y.(Iz;] |
i € I). Similarly, —z; < |z;| implies - Y (z; |1 €)=Y (-z; | i e I) < Y(|z;| | i € I). Now,
applying 4) we get the necessary inequality.

6.Using5and 1, weget [x| =y + (x =y < |yl + [x —yland |y| = Ix + (y - x)| <
[x] + |y = x| = |x|] + |x — y|. Therefore, —|x — y| < |x] — |y| < |x — y|. Applying 4, we
get 6. O

Further in the book, we shall identify positive integers m € Z, with the corresponding
natural numbers m € w.

1.4.2 Rational numbers

Define of the set Z x Z \ {0} a binary relation 6 setting ((m, p), (n, q)) € 0 iff mq =
np. We assert that 0 is an equivalence relation. In fact, 8 is obviously symmetric and
reflexive. Let (I, p)8(m, q) and (m, q)0(n, r), i.e. lg = mp and mr = nq. Then, (Ir)q =
(Ig)r = (mp)r = p(nq) = (np)q and q # 0 imply by Corollary 1 to Proposition 3 (1.4.1)
that Ir = np. This means that (I, p)f(n, r). Thus, 6 is transitive.

Consider the factor-set Q = (Z x (Z \ {0}))/6 consisting of equivalence classes x =
6(m, p) of all pairs (m, p) € Z x (Z \ {0}) (see 1.1.14). Elements of the set Q are called
rational numbers or rational fractions, and the set Q is called the set of all rational
numbers.

Consider the factor-mapping f: Z x (Z \ {0}) — Q from 1.1.14. By Lemma 1 (1.1.14)
f is surjective. According to 1.4.1, the set Z is countable. Therefore, by Lemma 3 (1.3.9),
the set Z x Z is countable. Consequently, by Lemma 1 and 2 (1.3.9), the set Q is count-
able.

Associate with every integer m € Z the rational number i1 = 8(m, 1) € QQ, and con-
sider the mapping e from Z into Q such that em = m. This mapping is injective. Con-
sider the set Q, = {m | m € Z}. Since w = card Z = card Q, < card Q < w, we infer that
card Q = w, i. e. the set Q is denumerable.

Along with 8(m, p), we shall write also m/p.

Product of rational numbers
Let (x; € Q| i € I) be a simple collection of rational numbers x; = m;/p; indexed by
a finite set I. The rational number P(m; | i € I)/P(p; | i € I) is called the product of
the simple collection (x; € Q | i € I) and is denoted by P(x; | ie I). If I=n+1forn e
w \ 2, then along with P(x; | i € n + 1) we shall use the notation x, ... x,,.

Itis clear that e(P(m; € Z | i € I)) = P(em; € Q| i € I).

Letx, x', x", x"", ... berational numbers. Then, (x, x'), (x, x", x"), (x, x', x", x""),
... are the corresponding simple collection (see 1.1.11).

The rational numbers P(x, x"), P(x, x',x"), P(x,x",x",x"),...will be called
the product of the simple sequential pair (x, x'), triplet (x, x', x"), quadruplet (x, x', x",

x'""),...and will be denoted also by xx’, xx'x", xx'x"x"",....
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Theorem 1. Let (x; € Q | i € I) be a simple collection indexed by a finite set I. Then:

1) if K is a finite set and u is a bijective mapping from K onto I, then P(x; |i € I) =
P(x, | k € K) (the general commutativity of the product);

2) if a collection (I, c I | m € M) is a partition of the set I indexed by a finite non-
emptyset M, then P(x; | i € I) = P(P(x; | i € I,,,) | m € M) (the general associativity
of the product).

Proof. We shall denote the left parts of these equalities by L. Let x; = 8(m;, p;)-

1. Using Proposition 1 (1.4.1), we get L = 8(P(m; | i € I), P(p; | i € I)) = 0(P(m,, |
k € K), P(py | k € K)) = P(O(My4)5 Pugy) | k € K) = P(x,, | k € K).

2. Analogously, using Theorem 3 (1.4.1), we get L = O(P(mm; | i € I), P(p; | i € I)) =
O(P(P(m; |iel,)| meM),P(P(p;|liel,)| meM))=POPm,;|iecl,),Pp,;lic

I) | meM)=PPOm;,p;)liecl,) | meM)=PPx;|iecl,) | meM). O

Lemma 1.

1) Let (x; € Q| i€ {p}) be a simple collection indexed by a set {p}. Then, P(x; | i €
{p}) = x,.

2) Let(x; €Q|ice€{p,q}) beasimple collection indexed by a set {p, q} with different
elements p # q. Then, P(x; | i € {p, q}) = x,X4.

The proof is analogous to the proof of Lemma 1 (1.4.1).

Corollary 1. Let(x; € Q| i € I)and (y; € Q| i € I) be simple collections indexed by a fi-
nite non-empty set I. Then, P(x; | i € )P(y; | i € I) = P(x;y; | i € I).

The proof is completely similar to the proof of Corollary 1 to Lemma 1 (1.4.1).

Theorem 2. Let x, y and z be rational numbers. Then:
1) xy = yx (the commutativity of the product);
2) xyz = x(yz) = (xy)z (the associativity of the product).

The proof is analogous to the proof of Theorem 2 (1.4.1).

The element 1 is called the unity element in Q. For every rational number x, we
have the equality 1x = x1 = x.

The element p/m is called the inverse element to the element x = m/p + 0 and is
denoted by 1/x or by x™*. It is clear that (x)™*. The unity and inverse elements are
connected by the equality xx ™' = x"'x = 1. Further, along with xy™ we shall write also
x/y; this number is called the quotient of the numbers x and y.

Consider the set Q' = {I/m | m € Z \ {0}}.

Lemma 2.

) QnQ =11

2) Forevery x € Q, thereexisty € Q, and z € Ql"l such that x = yz.
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Proof. 1.Letx e Q; N Ql’l. By definition x = m/1and x = 1/n for some m € Z and n €
7 \ {0}. Thus, (m, 1)0(1, n) implies mn = 1. Therefore, either m, n > 0 or m, n < 0. At
first, suppose that m, n > 0 and at least one of them is greater than 1. Then, by virtue
of assertion 2 of Proposition 3 (1.4.1) we get mn > 1-1 = 1. Now, suppose that m, n < 0
and at least one of them is smaller than —1. Then, by the same reason, mn = |m| |n| > 1.
It follows from these contradictions that eitherm =n=1orm=n = -1.

2. By definition, x = m/p for some m € Z and p € Z \ {0}. Consider the rational
numbers y = m/1and z = 1/p. Then, yz = m1/1p = x. O

Let (x; € Q| i € I) be a simple collection of rational numbers x; = m;/p; indexed by
a finite set I. To define a sum of this collection, we need to prove some preliminary
assertion.

Lemma3. Let x; = m;/p; = n;/q; for every i€ I. Then, Z(m,-P(pj l[jel \ {i}|ie
D/P(p;|iel)=3YmP(g;ljelI\{i})|iel)/P(q;|iecl).

Proof. Consider the sets I; = I\ {i}. Since every pair ({i}, I;) is a partition of the set I, we
infer by Corollary 1 to Proposition 1 (1.4.1) and by Theorem 3 (1.4.1) that P(p; | i € I) =
piP(p; | j € I)and P(q; | i € I) = q;P(q; | j € I;). Therefore, using the equalities m;q; =
n;p; and Lemma 9 (1.4.1), we get Z(m,-P(pj ljel;)|ie)P(q;|iel) =) (m;P(q; |
ieDP(p;ljel)|iel)=3(mq;P(g;|jel)P(p;ljel)|iel)=3Y(npPp;lje

IDP(g; ljel) lieD =Y PP lieDP(gljel)|ieD)=YmP@ljel)lic

DP(p; | i € I). This gives the necessary equality. O

Sum of rational numbers

The rational number Y (m;P(p; | j € I \ {i}) | i € I)/P(p; | i € I) is called the sum of
the simple collection (x; € Q | i € I) and is denoted by Y (x; | i € I). It follows from
Lemma 3 that this definition is correct. f I=n + 1 for n € w \ 2, then along with
Y (x; | i € n+ 1) we shall use the notation x;, + - - - + x,,.

Itisclearthate(}(m; € Z |iel)) =Y(em; e Q|ie€l).

Let x, x', x", x"", ... be rational numbers. The rational numbers Y (x, x'), ¥ (x, X,
x"), Y(x, x', x", x""), ...will be called the sums of the simple sequential pair (x, x'),
triplet (x, x', x"), quadruplet (x, x', x", x'"), ...and will be denoted also by x + x', x +
X +x", x+x +x"+ X", ...

Theorem 3. Let (x; € Q | i € I) be a simple collection indexed by a finite set I. Then:

1) if K is a finite set and u is a bijective mapping from K onto I, then Y (x; | i € I) =
Y (xyw | k € K) (the general associativity of the sum);

2) if a collection (I,, c I | m € M) is a partition of the set I indexed by a finite non-
empty set M, then Y (x; | i € I) = Y(3.(x; | i € I,,) | m € M) (the general associativ-
ity of the sum).
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Proof. We shall denote the left and right parts of these equalities by L and R, respec-
tively. Let x; = m;/p;.

1. Using assertion 1 of Theorem 1 (1.4.1) and assertion 1 of Theorem 1, we get
L=6(X(mP(p;|j €I\ {i}) |ieD),P(p;|iel)=0(X(mygPm;|jel\ {ulk)|ke
K}, Py | k € K)) =R.

2. Using assertion 2 of Theorem 1 (1.4.1), we get L = 0(X.(X.(m;P(p; | j e I\ {i}) | i €
I.) | meM),P(p;|iecl).Ontheotherhand, R, =Y (x;|i€cl,) = G(Z(miP(pj |je
I \{i}) le I,,), P(p; | i € I,,)) = O(a,, X,,), where a,,, = Z(miP(pj [jel, \{ihliel,)
and x,,, = P(p; | i € I,,). Therefore, R = }(R,,, | m € M) = 0(}.(a,,P(x, | n € M\ {m}) |
m € M), P(x,, | m € M)). By Theorem 3 (1.4.1), P(x,, | me M) =P(p; |iel)=y.

Using Lemma 9 (1.4.1), we get b = Y (a,P(x, | n € M\{m}) | m € M) = }(¥.(m;P(p; |
je Ly\{i}) i€ L)P(x, | ne M\ {m}) | meM)=Y(EmPw;|jely\{i)P(x, | ne
M\{m})|iel,)| me M).Consider thesets M,, =M\ {m}and J,, = U, | n € M,,).
Since the collection (I,, | n € M,,) is a partition of the set J,,,, we get by virtue of The-
orem 3 (1.4.1), P(x, |neM,,)=P(P(p;|i€l,) |neM,)=Pp,|iec],). Since for
every i € I, the pair (I,,,\ {i}, J,,,) is a partition of the set I'\ {i}, we get in the same man-
ner P(p; | j € Ly \{iDP(x, | n € My) = P(p; | j € Iy \ (i)P(; | § € Jy) = P(p; | 1\ {i}).
Asaresult, b = Y (X (m;P(p; | I\{i}) | i € L,,) | m € M).

Thus, R =0(b,y) = L. O
Lemma 4.
1) Let (x; € Q| i€ {p}) be a simple collection indexed by a set {p}. Then, Y (x; | i €
{p}) = x,.

2) Let(x; € Q|ice€{p,q}) beasimple collection indexed by a set {p, q} with different
elementsp # q. Then, }.(x; | i € {p, q}) = x,, + x,.

The proof is analogous to the proof of Lemma 1 (1.4.1).

Corollary 1. Let (x; € Q| i € I)and (y; € Q| i € I) be simple collections indexed by a fi-
nite non-empty set I. Then, Y (x; |i e )+ Y.(y; |ie ) =Y (x;+y; | i € I).

The proof is completely the same as the proof of Corollary 1to Lemma 1 (1.4.1).

Theorem 4. Let x, y and z be rational numbers. Then:
1) x+y =y + x (the commutativity of the sum);
2) x+y+z=x+(y+2)=(x+y)+ z(the associativity of the sum).

The proof is analogous to the proof of Theorem 2 (1.4.1).

The element 0 is called the zero element in Q. For every rational number x, we
have the equality 0 + x = x + 0 = x.

The element (-m)/p is called the opposite element to the element x = m/p and is
denoted by —x. Itis clear that —(—x) = x. The zero and opposite elements are connected
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by the equality x + (-x) = —x + x = 0. Further, along with x + (-y), we shall write also
x — y; this number is called the difference of the numbers x and y. If x € e[Z,], then
-x e e[Z_];ifx € e[Z_], then —x € e[Z,].

Consider thesets Q, ={m/p |meZ, Ap € Z \{O}}andQ_={-m/p | meZ, A
p e Z,\ {0},

Lemma 5.
) Q=Q,uQ_andQ, nQ_ = {0}.

2) Forevery x € Q, thereexistsy € Q, and z € Q_ such that x = y + z.

Proof. 1. Letx=m/p e Q.lf m>0and p > 0, thenx € Q,.If m > 0 and p < O, then
m|p| = (-m)pimpliesx = -m/|p| € Q_.If m < 0and p > O, then |m|p = m(-p) implies
x = —|m|/p € Q_. Finally, if m < 0 and p < 0, then m|p| = [m|p implies x = |m|/|p| €
Q..

Ifx e Q,nQ_,thenx =m/pandx = -n/q = (-n)/q forsome m,n > Oand p, q >
0. Therefore, mq = (—n)p = —np implies by virtue of Lemma 2 (1.4.1), mq = —np = 0.
Hence,m =n =0, and so x = 0.

2. The assertion follows from 1. O

Lemma 6. Let x,y € Q. Then, (-x)y = —xy, x(-y) = —xy, and (-x)(-y) = xy.

Proof. By definition for x = m/p and y = n/q, we have (-x)y = ((-m)/p)(n/q) =
(-mn)/pq = -mn/pq = —xy. The other equalities follow from the first one. O

Lemma?7. Let m € N and x € Q. Then, mx = Y (x; | i € I) for every simple collection
(x; € Q| 1i€el)suchthatx; = x foreveryi € I and card I = m.

Proof. By Lemma 5 either x =n/q or x=-n/q for some n>0 and g > 0. By
Lemma 6 (1.4.1) mn = Y(n; | i € I), where n; = n for every i. Consider g; = g.

In the first case, mx = mn/q =Y (n; |i e )/gand Y.(x; | i e I) = Y(n;/q; | i€ I) =
Z(niP(qj [jeI\{i})|iel)/P(g;|iel).Check that these fractions are equal. Using
Lemma 9 (1.4.1) and Theorem 3 (1.4.1), we get Y(n; | i € [)P(q; | i € I) = Y(n;P(q; | j €
Dliel)=Y(nq;P(g;|je\{i}) |iel)=(X(n;P(g;|jeI\{i})|ieI)q.Thus,really
mx =Y (x;|ie€l).

In the second case, the argument is the same. O

Theorem 5. Let x,y, z € Q. Then, x(y + z) = xy + xz (the distributivity of the product
with respect to the sum).

Proof. Letx =1/p,y = m/q,and z = n/r.Then, y + z = (mr + nq)/qr, xy = In/pq, and
xz = In/pr. Consequently, x(y + z) = l(mr + nq)/pqr = (Imr + Inq)/pqr and xy + xz =
(Impr+Inpq)/pqpr = (Imr+Inq)/pqr.These equalities givethenecessaryequality. [

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



1.4.2 Rational numbers = 131

Lemma 8. Let x € Q and (y;eQljel) be a simple finite collection. Then, xZ(yj |je
D=3y ljel).

The proof is analogous to the proof of Lemma 9 (1.4.1).

Theorem 6. Let (I,,, | m € M) be a collection of finite sets and (x,, | m € M) be a sim-
ple collection of simple collections »,, = (x,,; € Q | i € I,,,) indexed by a non-empty fi-
nite sets M and I,,,. Consider the finite set U = [[(I,, | m € M). Then, P(} (X, | i € I,,)) |
m e M) = Y (P(Xpymy | m € M) | u € U) (the general distributivity of the product with
respect to the sum).

The proof is completely the same as the proof of Theorem 6 (1.4.1).

Corollary 1. Let (y;eQlje)) and (z, € Q| k € K) be finite collections. Then, Z(yi |
Jel) Xz | keK) =Yz | G, k) € ] x K).

The proof is completely the same as the proof of Corollary 1 to Theorem 6 (1.4.1).

Rising to an integer degree
Let x = m/p € Q and y = 71 € Q,. Define the degree x* of the number x with the expo-
nenty setting X’ = m"/p"ifn e Z, andx’ = (x )Y ifn € Z_\ {0} and x # O.

It is clear that e(m") = (em)®" foreverym € Z and n € Z,.

Lemma9. Letn € Nand x € Q. Then, x" = P(x; | i € I) for every simple collection (x; €
Qi€ I)suchthat x; = x foreveryi € I and card I = n.

Proof. Letx = m/p. Consider the collectionsy = (m; € Z | i € I)and n = (p; € Z\{0} |
i € I) such that m; = m and p; = p. Then, by Lemma 10 (1.4.1), x" = m? /p" = Pu/Pn =
P(x;|iel). |

Proposition 1. Let (x; € Q\ {0} | i € I) and (y; € Q, | j € ]) be simple finite collections,
X € @,\ 0, angi Y,z € Q;. Then:

D x°=1,0°=1,x'=x,and ¥ =1;

2) 0¥ =0fory e e[N];

3) x2oilieN) _ P(X | je));

4) (P(x;|ieD) =P(x!|iel);

5 X% = ().

Proof. Letx =l/p,y =m, z = i, x; = l/p;, and y; = m;.

1. By assertion 1 of Proposition 2 (1.4.1), x° = 1°/p° = 1/1 = 1. Similarly, X =1p' =
I/p = x. If m € Z,, then by definition I =1™/1™ = 1/1 = 1. Finally, 0° = 0°/1° =1/
1=1.
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2. Since m € Z, \ {0}, we get by assertion 2 of Proposition 2 (1.4.1) 0 = 0"/1™ =
0/1=0.

3. Denote (y; | j € J) by x and (m; | j € J) by p. It was mentioned above that ) » =
ey p.

Consider thesets J; = {j € J | m; < 0} and J, = J \ J; and the collections y, = (m; |
je]p)and y, = (mj | j € J). Since (J | k € {1, 2}) is a partition of the set J, we infer
from assertion 2 of Theorem 1 (L4.1) that Y =Y py + ¥ t,.

First, assume that ) u > 0. Then, using assertion 3 of Proposition 2 (1.4.1),
we get L= XoHZm = I(ZH—ZM)/p(Z#—ZM) _ lz.“l—z#l/pZﬂp—ZM - (IZM/pZH)(I—ZM/
p M) = xEX(PAT™ | j € J)/PT™ | j € Jy) = x2*PUT™ [pT | € Jy) = X2 P(x7V |
jel) =M.

On the other hand, ¥ u - ¥ p; = ¥ u, implies L = x2# = [Z#2/pt = P(I™ | j €
L)P®™ |je],)=PI™[p™i|je],) =P |je],) =N.Asaresult, M = N. Multi-
plying both sides by Q = P(x”i | j € J;) and applying assertion 2 of Theorem 1, Corol-
lary 1 to Lemma 1, and the equality x ¥ x¥i = (I"™ /p™)(p™™ /I"™) = 1, we get x2* =
X2*P(x7ix"i | j € J;) =MQ = QN = P(x") | j € ]).

Now, assume that ¥ u < 0. Then, as above L = x“L# = i pm I = p(ITM [pT™
lje]))=Px7 |je]) =M. On the other hand, - Y y; =Y 4, — > p implies L =
xZHTXE = bR E [ iRl o XLk [pYia T b = ([2E2 [pli) ([T 2H [ pT 2 H) = (P(I™
[j€J)/P(@™ | jel)x Xt =P |je],)x¢I# = N. As a result, M = N. Multiply-
ing both sides by Q = P(x/ | j € J,), we get 1 = QM = QN = P(x” | j € J)x *Z¥. Now,
multiplying both sides by x2*, we get x2* = P(x"i | j € ]).

4. Denote (x; | i € I) by w. If m > 0, then by assertion 4 of Proposition 2 (1.4.1)
(Pry = (P(l; | ie D/P(p; |ie D) =(P{; |ieD)"/(P(p;|ieD)" =P({"|iel)
Pl lie) =PI /pl"liel) = P(xiy liel). If m<o0, then (Prn) = (Pn)™)” =
(P(p; lieD/P(; |ieD)” =Pp;|ieD)”/(PU|iel)” =Pp;”|iel/P(I” |
ie)=P@/I7 |ie)=P(x;)” |ieD =P |iel).

5.1f m > 0 and n > 0, then by assertion 5 of Proposition 2 (1.4.1) X’ = ™" /p™" =
Im™/E™"=A"/p™? = (). If m>0 and n <0, then X? = p™™/I7™ = (p™) "/
A™™ = (™/p™ ™ = (X)?. If m < 0 and n > 0, then the argument is the same. Fi-
nally, if m < 0 and n < 0, then x*% = [™/p™" = [-MEN jpEMER _ ((p=m j-my=1y=2
((7H7y = (). O

Order properties of Q
Consider on Q the binary relation 9 = {(x,y) e Q xQ | Im,n € Z3Ap,q € Z \ {0} (x =
m/p Ay =n/q A (mq —np)pq < 0)}.

Lemma 10. The relation 9 is a linear order in Q.
Proof. 1t is clear that this relation is reflexive. Let (m/p, n/q) € 9 and (n/q, m/p) € 9.

Then, (mq — np)pq < 0 and (np — mq)pq < O imply by virtue of Lemma 8 (1.4.1) and
assertion 3 of Proposition 3 (1.4.1) (mgq — np)pq > 0, and so (mq — np)pq = 0. Since
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pq # 0, we conclude by virtue of assertion 2 of Proposition 3 (1.4.1) that mq - np = 0,
i.e. m/p = n/q. Thus, this relation is antisymmetric.

Now, check the reflexivity. Let (I/p, m/q) € 9and (m/q, n/r) € 9,i.e.(lg-mp)pq <
0 and (mr - nq)qr < 0. Since p?, ¢°, and r* belong to Z, \ {0}, we can multiply the first
inequality by r* and the second one by p®. Then, adding the obtained inequalities, we
get 0 > Igpqr’—mppqr’ + mrqrp*—nqqrp* = (Ir-np)prg>. It follows that (Ir—np)pr <
0,i.e. (I/p, n/r) € 9. Thus, 9 is an order relation.

Take any x = m/p and y = n/q. Then, x = mpq*/p*q* and y = np’q/p>q’. Since
the order in Z is linear, we infer that either mpg® = np*q, or mpq* > np’q, or mpq* <
np’q. In the first case, x = y. In the second case, (mq — np)pq > 0 implies y9x. in
the third case, (np — mq)pq > 0 implies x9y. O

Further, along with (x, y) € 9, we shall write also x < y.
Corollary1. Q, ={zeQ|x>0}andQ_ = {x e Q| x < O}.

Proof. Let x = m/p. If x € Q,, then by definition m > 0 and p > 0. Therefore, (m1 —
0p)p1 = Oimplies x > 0. Conversely, if x > 0,thenmp > 0.Ifm > Oandp > 0, thenx €
Q,.If m<0andp < 0, then (-m)p = m(-p) implies x = (-m)/(-p) € Q,. The second
equality is checked in a similar way. O

2
2

Numbers from Q, [Q, \ {0}] are called positive [strictly positive], and numbers from Q_
[Q_ \ {0}] are called negative [strictly negative].

Lemmall. Letm,n € Z. Then,m < niff m < n.
Proof. By Lemma 12 (1.4.1) th < f is equivalent to m < n. |
Lemma12. Letx,y € Q. Then,x <y iffy — x = 0.

Proof. Letx = m/p andy = n/q. Then, (mq — np)pq < 0 is equivalent to (Ogp — (np —
mgq)1)1gp < 0. But the first inequality means that x < y, and the second one means
that 0/1 < (np - mq)/qp =y - x. O

Proposition 2. Let (x; € Q | i € I)and (y; € Q | i € I) be simple collections, x, y, z € Q,

andr,s € Q,. Then:

1) ifx;<y;foreveryiel, then Y (x; |ieI)<Y(y;|ice€l,if besides x; < y; at least
foroneindex, then Y (x; |iel) < Y(y; | i €I);

2) if0< x; <y; forevery i € I, then P(x; | i € I) < P(y; | i € I), if besides x; < y; at
least for one index and y; > O foreveryi € I, then P(x; | i € I) < P(y; | i € I);

3) ifx<y,thenxz <yzforz>0andxz > yzforz < 0;

4) if0<x<y,thenx <y forr>0andx >y forr<0andx > 0;

5) ifr<s,thenx < x*forx>1andx" > x*for0 < x <1.
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Proof. Denote (x; | i € I) byrand (y; | i € I) by ». Let x; = m;/p; and y; = n;/q;.

L. By definition } 7 = }(m;P(p; | je I\ {i}) | i e )/P(p; | i € I) = }(m;P(q; | i €
DP(p; |j € I\{i}) | i€ D/P(p; |ieDP(g;|ieDand Y x=Y(nP(p;|iecDP(g|je
I\{i}) |ieI)/P(p; |ieI)P(q;|1i e I).ByCorollary 1to Lemma 1, the denominator of
these fraction is equal to thenumber P(p;q; | i € I) = Z.Denote P(p;q; | i € I\{i}) by Z,.
Then, Z = p;q;Z; for every i because ({i}, I \ {i}) is a partition of the set I. By the same
reasons P(p; | i € DP(q; | j € I\ {i}) = p;P(p; | j € I\ {iDP(g; | j € I\ {i}) = p;Z; and
P(g; | i € DP(p; | j € I\ {i}) = ¢;Z:.

Asaresult,Y n = Y(m;q;Z; | i e I)/Zand ) » = Y (n;p;Z; | i € I)/Z.Denote the nu-
merator of the first fraction by X and the numerator of the second one by Y. Since
x; < y;, we have (m;q; — n;p;)p;q; < 0. Therefore, (XZ - YZ)Z* = (Y.((m;q; - n;p;)ZZ; |
ieD)Z’ = (X(((m;q;—n;p;)p:q;)Zi | i € ))Z* < 0. ThismeansthatY 7 = X/Z < Y/Z =
Y n.

Let in addition x; < y; for somej € I, i. e. (m;q; — n;p;)p;q; < 0. Then, using asser-
tions 1 and 3 of Proposition 3 (1.4.1), we infer that (XZ — YZ)Z? < 0. This means that
Y <Y u

2.Bydefinition, Pr = P(m; | i € I)/P(p; | i € I) = A/Rand Px = P(n; | i € I)/P(qg; |
i € I) = B/S. Since 0 < x; < y;, we infer by Lemma 12 (1.4.1) that m;p; > 0 and 0 <
m;q;p;q; < n;p;p;q;. Therefore, using assertion 2 of Proposition 3 (1.4.1), we get
(AS — BR)RS = P(m;q;p;q; | i € I) — P(n;p;p;q; | i € I) < 0. This means that P =
A/R < B/S = Px.

Letinadditiony; > Oforeveryi e I and x; < y; forsomej € I.Then, n;q; > O forev-
ery i and O < m;q;p;q; < n;p;p;q; imply by virtue of assertion 2 of Proposition 3 (1.4.1)
that ASRS < BRRS, where (AS — BR)RS < 0. This means that Pt < Px.

3.Letx =l/p,y = m/q, and z = n/r. By condition (Ig — mp)pq < 0.If z > 0, then
(Or — n1)1r < 0, i.e. nr > 0. Multiplying the first inequality by nr > 0 and > > 0 and
using assertion 3 of Proposition 3 (1.4.1), we get (Inqr — mnpr)prqr < 0. This means
that xz = In/pr < mn/qr = yz.1f z < 0, then (n1 - 0r)r1 < 0, i.e. nr < 0. Therefore, in
this case (Inqr — mnpr)prqr > 0, where xz > yz.

4. Letr = u/1. By conditions Ip > 0 and (lg—mp)pq < 0, where O < lgpg < mppq.
If r > 0, then u > 0. Using assertion 4 of Proposition 3 (1.4.1), we get (Igpq)* <
(mppq)*. Using assertion 4 of Proposition 2 (1.4.1), we get (I*q" - m“p*)p“q" < 0. This
means x" = [“/p¥ <m“/q* =y". If r <0 and x > 0, then u <0, Ip > 0, and mq > 0.
Multiplying lgpq < mppqbylp > 0and mq > 0, we get (qllm)(p*q®) < (pmIm)(p*q?).
By virtue of assertion 3 of Proposition 3 (1.4.1), we deduce that gllm < pmlm. As above,
this implies (gllm)™ < (pmlm)™, and so (g “I™ - p™*m™)I"™*m™ < 0. The obtained
inequality means thaty” = g“/m™ < p™/I"" = x".

5. Let s = v/1. From r < s, it follows by Lemma 11 that u < v. Since x > 0, we can
presuppose that ! > 0 and p > 0.

Atfirst, assume that u > 0.Letx > 1. Then, (1p-I1)1p < 0, i.e. p? < Ip. This implies
p < L.Fromu < v, weinfer thatv = u+wfor w = v—u > 0. Then, by virtue of assertion 4
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of Proposition 3 (1.4.1) p < limplies p” < I*. Multiplying this inequality by I > 0 and
p* > 0,wegetl“p” = (I“p*")p" < (p")I" = I"p". Consequently, (I*p* - 1I"p*)p*p"* < O.
This means that x" = I“/p* < I'/p" = x°.

Now, let x < 1. Then, Ip < p?implies < p. Therefore, I < p". Acting as above, we
getl"p" = ("p")I" < (I"'p")p” = I"p". Consequently, (I"'p*~1"p")p“p" < 0.This means
that x* = 1"/p" < I*/p* = X".

Now, assume that u < 0 < v. Let x > 1. Then, p < [ implies 0 < p™ < 1™ and 0 <
p’ < l'. Multiplying these inequalities, we get p™p” < I'I"*. Consequently, (p™*p" -
'i'I™¥p¥ < 0. This means that x” = p™/I™* < I"/p" = x°.

Now, letx < 1. Then, I < pimplies0 < I"™* < p™and 0 < I' < p*. Multiplying these
inequalities, we get I"I"* < p~*p". Consequently, (I'l™ - p™p")p"I"™ < 0. This means
thatx® =1"/p" <p™/I™ = x".

Finally, assume that u <v <0, i.e. 0<-v< -u. Then, ~-u=-v + w for w =
—u—(-v) > 0.Letx > 1. Then, p < limplies p* < I*. Multiplying this inequality by p™
and I, we get p™I7" = (p™"I™")p" < (p™'I"")I" = p7'I"". Consequently, (p7*I"" -
p Il < 0. Thismeans thatx" = p™/I™" < p™V/I"" = x°.

Now, let x < 1. Then, I < p implies I < p". Acting as above, we get p
P"IY < (p™'I7")p" = p™1I7". Consequently, (p™"I"*-p™“I"™")I"VI"* < 0. This means
thatx* =p™V/I7V <p™/TT" = X'. O

-V l—u

Corollary1. Letx,y,z € Q. Then,x = yiffx+z=y+z Whenz # 0, thenx = y iffxz =
yz.

The proof is the same as the proof of Corollary 1 to Proposition 3 (1.4.1).

Corollary 2 (the Archimedes principle). Let x,y € Q, and x > 0. Then, there is a num-
ber n € N such that fix > y.

Proof. Letx = l/pandy = m/q.Sincex > Oandy > 0, we infer by assertion 2 of Propo-
sition 2 that lgpq > 0 and mppq > 0. Using Corollary 2 to Proposition 3 (1.4.1), we
find a number n such that nlgpq > mppq. Consequently, ((nl)q — mp)pq > 0 implies
nx>y. O

Corollary 3. Let x,y € Q and xy = 0. Then, either x = 0 or y = 0.
The proof is the same as the proof of Corollary 3 to Proposition 3 (1.4.1).

Corollary 4. Letx,y € Qand x < y. Then, thereis z € Q suchthatx < z < y.
Proof. Takez=x+(y—-x)/2=(x+y)2=y - (y — x)/2. O

Corollary 5. Letx,y € Qand0 < x <y. Then,0 <y < x7%.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

136 —— 1.4 Real numbers

Proof. From -1 < 0, we infer by Lemma 11 that e(-1) < e0. Therefore, by virtue of as-
sertion 4 of Proposition 2 x! = x®D > y¢D = y71 Let y = n/q. Since y > 0, we infer
that nq > 0. Consequently, y ™ = g/n > 0. O

Modulus of a rational number
For every rational number, x we can define correctly its modulus |x| € Q, setting |x| = x
ifx € Q, and |x|] = —xif x € Q_. Itis clear that x| = x V (—x).

Lemma13. Let x = m/p € Q. Then, |x| = |m|/|p|.

Proof. Ifx € Q,,thenm > Oandp > 0. Thisimplies x| = x = m/p = |m|/|p|.lfx € Q_,
then by Corollary 1 to Lemma 10 x < 0. Therefore, mp < 0. If m > 0 and p < 0, then
Im| = mand |p| = -p imply |x| = —x = (-m)/p = (-Im|)/(~Ipl) = Im|/|p|. f m < 0 and
p > 0, then |m| = -m and |p| = p imply |x| = -x = (-m)/p = |m|/|p|. O

Proposition 3. Let (z; € Q| i € I) be a simple finite collection, x,y € Q, and z € Q.

Then:

D x| =|-xl,x < |x],and -x < |x|;

2) |P(z; | i€ )| =P(zl|ieI);inparticular, |xy| = |x|yl;

3) Xl =IxFifx #0;

4) ify >0, then |x| <y is equivalent to -y < x <y, and |x| < y is equivalent to —y <
X<Yy;

5 1X(z1ieDI< Xzl |iel);inparticular, [x +y| < x| +yl;

6) lxl =yl < Ix -yl

Proof. 1. 1t is clear that x < |x|. If x € Q,, then —x € Q_. This implies |x| = x and
| - x| = —(-x) = x. If x € Q_, then x = —y for some y € Q,. Therefore, -x = —(-y) = y.
This implies |x| = —x = y and | — x| = y. In both cases, |x| = | — x|. Therefore, —x <
| - x| = |x|.

2.Letz; = n;/r;.Denote (z; | i e )by m, (Iz;| |i e D byx,(n; |ie ) byu, (In;| i€
Dby v, (r;|iel) by p,and (|r;| | i € I) by . By Lemma 13 |z;| = |n;|/|r;]. Therefore,
using assertion 2 of Proposition 4 (1.4.1), we get |Pr| = |Pu/Pp| = |Pu|/|Pp| = Pv/Po =
P(|nl/Ir;| |'i € I) = Po.

3.Letx = I/pand z = 7. At first, assume that n > 0. Then, x* = ["/p". By Lemma 13
and assertion 3 of Proposition 4 (1.4.1) we infer that |x*| = |I"|/Ip"| = [II"/IpI" = (Il1I/|p])*
|x|?. Now, assume that n < 0, i. e. n = —k for some k > 0. Then, x* = (x )% = p*/I¥ im-
plies [x*| = [p"|/11*] = Ip/* /I = (pl/II) " = (U/Ip) ™) = (X177 = IxI*.

The other assertions are checked as the corresponding assertions of Proposi-
tion 4 (1.4.1). O

Corollary 1. Letx,y € Qandy # 0. Then, |x/y| = |x|/|y|.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

1.4.3 Real and extended real numbers =— 137

Proof. By definition y' = y~¢®
tion, we get |x/y| = |nye(1)| _

. Therefore, using assertions 2 and 3 of this proposi-
X ly™*®1 = x lyl*® = IxI/Iyl. m
Lemmai14. Letx,y € Q, andr € e[N]. Then, (x +y) = x" +y'.

Proof. Consider the set N ¢ w of all natural numbers n such that (x+y)°"*? > xé™+D 4
vV Itis clear that O € N. Assume that n € N. Then, (x+y)*™? = (x+y)*™ D (x+y) >
(xem )y yemDy iy 4 y) > x°1*D 4 ye1+D means that n + 1 € N. By Theorem 1 (1.2.6),
N = w. O

Further in the book, we shall identify rational numbers m € Q, = e[Z] with the corre-
sponding integers m € Z.

1.4.3 Real and extended real numbers

A sequence « = (a, € Q | n € w) is called bounded if there is a number b € Q such
that |a,| < b for every n (see also 1.1.15). A sequence « is called inner convergent
(= fundamental), a Cauchy sequence if for every € € Q, \ {0}, there is a natural num-
ber n such that |a, - a,| < e forall p, g > n. A sequence « is called null (= negligible)
if for every such an e, there is a natural number n such that |a,| < e for all p > n.
The sets of all inner convergent and all null sequences « will be denoted by R and N,
respectively.

For asequence a = (a, € Q | n € w) and a number ¢ € Q, \ {0}, we shall consider
thesets I(a,e) ={new|Vp,gecw(p,g=n= la, — agl <gland N(a,e) ={new|
Vo cw(p=n=|ayl<el If « is fixed, then we shall denote these sets simply by I(¢)
and N(e), respectively. If a sequence « is inner convergent, then I(«, ) # @ for every e.
If a sequence « is null, then N(«, ) # @ for every e.

Lemmal. Every null sequence « is inner convergent, and every inner convergent se-
quence « is bounded.

Proof. If « is null, then for every n € N(e/2) and every p, g > n, we have |a, — a | <
la,| +la,l < &/2 +¢&/2 = e. It follows that « is inner convergent.

If « is inner convergent, then for every n € I(1) and every p, g > n we have
la, — a4l < 1. In particular, |a,,, — a,| <1 for every k € w. Consider the number
b =gr(lagl,...,la,l,la,] + 1). Then, la,| < b for every p € w. Thus, « is
bounded. O

Lemma 2. Let («; | i € I) and (B; | i € I) be finite simple collections of null sequences

a;=(a;, € Q| new) and bounded sequences f3; = (b;, € Q| n € w), respectively.
Then, the sequence (}(a;, by, | i € I) | n € w) is null.
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Proof. We may assume that c=cardl € N. Fix any € € Q, \ {0}. Let |b;,| < b;.
Consider the number b = gr(b; | i € I). Take any numbers n; € N(«;, ¢/(c;b)), where
¢; = cforevery i € I. Using assertion 1 of Proposition 2 (1.4.2) and Lemma 7 (1.4.2), we
get | X(apby, |ieDl<X(aylbyllic)<cle/(ch)b=¢ for every p>
gr(n; |iel). O

Lemma3. Let(«; | i € I) and (B; | i € I) be finite simple collections of inner convergent
sequences o; = (a;, € Q | n € w) and null sequences f; = (b;, € Q | i € I), respectively.
Then, the sequence (}(a;, + b;, | i € I) | n € w) is inner convergent.

Proof. We may assume that ¢ = cardI € N. Denote Y (a;,+b;, | i € I) by c,,. Fixanye €
Q. \{0}; take any numbers m; € I(«;, ¢/3c) and n; € N(f3;, €/3c). Consider the numbers
m=gr(m;|iel), n=gr(n;|iel), and [ = gr(im, n). Then by Proposition 3 (1.4.2),
Lemma 7 (1.4.2), and Corollary 1to Lemma 4 (1.4.2), we have |c, — ¢,| < Y.(I(a;, + b;,) -
(g +bil 1 €) < Y(lay, —ajgl + byl + bl |1 € 1) = Y(lay, —a;gl | T € )+ Y(by,| |
iel)+Y(Ibylliel)<3(cle/3¢) = e. O

With every rational number a, we shall associate the constant sequence«, = (a,, € Q |
n € w) such that a,, = afor every n. Itis clear that «, is inner convergent and bounded.

Define on the set R a binary relation 6 setting ((a, | n € w), (b, | n € w)) € 0 iff
(a,—b, | n € w) € N. We assert that 6 is an equivalence relation. In fact, 8 is obviously
reflexive and symmetric. Let («, ) € 6 and (83, y) € 0 for some « = (a,,), f = (b,), and
y = (c,). Then, (a, - b,) € Nand (b, - ¢,) € N.Since a, - ¢, = (a, - b,) + (b, — Cp),
we infer by Lemma 2 that (a,, — ¢,) € N, i.e. («, y) € 0. Thus, 0 is transitive.

Consider the factor-set R = R /6 consisting of equivalence classes x = 6a = & of
all sequences « € R (see 1.1.14). Elements of the set R are called real numbers; and
the set R is called the set of all real numbers.

Associate with every rational number a € Q the real number a = 0«, = &, € R,
and consider the mapping e from Q into R such that ea = a. This mapping is injective.

Let (x; € R| i € I) be a simple collection of real numbers x; = 0(a;, € Q | n € w)
indexed by a finite set I. It easily deduced from Lemma 2 that we can introduce the
following definitions.

Sum and product of real numbers
The real number 63 (a;, | i € I) | n € w) is called the sum of the simple collection (x; €
R |ieI)andisdenotedby Y (x; | i€ I).IfI =n+1forn € w\2, then along with Y (x; |
i € n + 1), we shall use the notation x, + ... + x,,.

Itis clear thate(}(a; e Q |i e I)) = Y(ea; e R|i € I).

Let x, x', x", x'"", ... be real numbers. Then, (x, x), (x, x', x"), (x, x', x", x'""), ...
are corresponding simple collections (see 1.1.11).
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The real numbers Y (x, x), ¥ (x, x', x'"), Y.(x, x', x"", x'"),...will be called the sums
of the simple sequential pair (x, x'), triplet (x, x', X"'), quadruplet (x, x', x", x""),... and
will be denoted also by x + x', x + x" + x", x + x' + x" + X", ...

In the similar manner, the real number 6(P(a;, | i € I) | n € w) is called the prod-
uct of the simple collection (x; € R | i € I) and is denoted by P(x; | i € I).If I = n+ 1 for
n € w\ 2, then along with P(x; | i € n + 1), we shall use the notation x, ... x,,.

Itis clear that e(P(a; e Q |i € I)) = P(ea; e R | i € I).

The real numbers P(x, x"), P(x, x', x"), P(x, x', x", x'"),... will be called the prod-
ucts of the simple sequential pair (x, x"), triplet (x, x', x"), quadruplet (x, x', x", x""),...

and will be denoted also by xx', xx'x", xx'x"x"",...

Theorem 1. Let (x; € R | i € I) be a simple collection indexed by a finite set I. Then:

1) if K is a finite set and u is a bijective mapping from K onto I, then Y (x; | i € I) =
XXy | k€ K) and P(x; | i € I) = P(x,q | k € K) (the general commutativity of
the sum and the product, respectively);

2) if a collection (I, c I | m € M) is a partition of the set I indexed by a finite non-
empty set M, then Y(x;|iel)=YQ(x;|iel,)| meM) and P(x;|iel) =
P(P(x; | i eI,)| me M) (the general associativity of the sum and the product,
respectively).

All the assertions are direct consequences of definitions and the corresponding asser-
tions of Theorems 1 and 3 from 1.4.2.
The following assertion represents some special form of the general associativity.

Proposition 1. Let (J; | i € I) be a collection of finite non-empty sets indexed by a fi-
nite non-empty set I and (x; € R | k € K) be a simple collection indexed by the set K =
Uit xJ; lieI). Then, ¥ (x; | ke K) =Y (X (x;1jeJ;) liel)and P(x; | k e K) =
P(P(xjljel;)liel).

Proof. Consider the sets K; = {i} xJ;. Then, (K; | i € I) is a partition of the set K. There-
fore, according to assertion 2 of Theorem 1, we get the equality B= Y (x; | k € K) =
Y (X (x| keK;)|iel). Consider the bijective mappings u; : J; = K; such that
u;(j) = (i, j) for every j € J;. Then, assertion 1 of Theorem 1 implies ¥ (x; | k € K;) =
Y(xjljeJ;). Thus,B=Y (¥ (xsljeJ;)liel).

For the products the arguments are the same. O

Corollary 1. Let I and ] be finite non-empty sets and ((x;; € R | j € J) | i € I) be a collec-
tion of collections. Then:

D Y(X(xgliel)liel)=Y(X(xliel)lje])=Y(x;lG))elx]);
2) P(P(xjlje))liel)=P(P(x;liel)lje])=P(x;|@,j)elIx]).
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Proof. Consider the collections (J; | i € I), where J; = ] and (;; | i € I), where ;; = {i}.
Then, (; |ieI)=1and |J(J; | i €I) =]. Take also the sets K; = {i} x J; and K =
U(K; | i € I). Since the mapping u : I x I — I such that u(i, i') = i is surjective, asser-
tion 1 of Proposition 1 (1.1.10) and assertion 5 of Corollary 2 to Theorem 1 (1.1.13) imply
K=U{itxJ;lieD=UlxJp |G, i) eIxD=UllieD)xUUy i e =1x].
According to Proposition 1, we infer that )’ (Z (x,-j |je ]) |ie I) =Y (x| kekK)=
Y (x; 1 G, ) € Ix)).

Similarly, ¥ (X (x; |ieI)|jeJ)=3(x;1(,i)eJxI). Since the mapping v :
J x I — I x J such that v(i, j) = (j, i) is bijective, by assertion 1 of Theorem 1, we get
Y (xg 1) eIx]) =% (x;1 G, ) e xI).

The second assertion is proven in the same way. O

Lemma 4.

1) Let (x; e R|i e {p}) be a simple collection indexed by a set {p}. Then, Y (x; | i €
{p}) = x, and P(x; | i € {p}) = x,,.

2) Let(x; € R|ie€{p,q}) beasimple collection indexed by a set {p, q} with different
elements p # q. Then, Y (x; | i € {p, q}) = x,, + x, and P(x; | i € {p, q}) = x,,X,.

The proof is analogous to the proof of Lemma 1 (1.4.1).

Corollary 1. Let(x; € R | i€ I)and(y; € R|i € I) besimple collections indexed by a fi-
nite non-empty set I. Then, Y (x; |ie )+ Y(y; lie) =Y (x;+y;|ie)and P(x; | i €
DP(y; |iel)=P(x;y; |iel).

The proof is completely similar to the proof of Corollary 1 to Lemma 1 (1.4.1).

Theorem 2. Let x, y and z be real numbers. Then:

1) x+y=y+xand xy = yx (the commutativity of the sum and the product, respec-
tively);

2) x+y+z=x+(y+2)=(x+y)+zand xyz = x(yz) + (xy)z (the associativity of
the sum and the product, respectively).

The proof is analogous to the proof of Theorem 2 (1.4.1).

Lemma5. Let m € N and x € R. Then, mx = Y (x; | i € I) for every simple collection
(x; e R|iel)suchthatx; = x foreveryi e I and cardI = m.

The assertion is a direct consequence of definition and Lemma 7 (1.4.2).

Theorem 3. Let x,y, z € R. Then, x(y + z) = xy + xz (the distributivity of the product
with respect to the sum).

The assertion is a direct consequence of definitions and Theorem 5 (1.4.2).
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Lemma 6. Let x € R and (y;eR|je)) be a simple finite collection. Then, xZ(yj |je
D=3y ljel).

The assertion is a direct consequence of definitions and Lemma 8 (1.4.2). It can also be
proven in the same manner as Lemma 9 (1.4.1).

Theorem 4. Let (I, | m € M) be a collection of finite sets and (x,, | m € M) be a sim-
ple collection of simple collections x,, = (x,,; € R | i € I,,,) indexed by non-empty finite
sets M and I,,,. Consider the finite set U = [[(I,, | m € M). Then, P(Y.(x,,; | i € I,,) | m €
M) = Z(P(xmu(m) | m € M) | u € U) (the general distributivity of the product with re-
spect to the sum).

The assertion is a direct consequence of definitions and Theorem 6 (1.4.2). It can also
be proven in the same manner as Theorem 6 (1.4.1).

Corollary 1. Let (y; € R|j €]) and (z; € R | k € K) be finite simple collections. Then,
2 ljeD Xzl keK) =2z | G, k) € ] xK).

The proof is completely the same as the proof of Corollary 1 to Theorem 6 (1.4.1). It can
also be deduced directly from Corollary 1 to Theorem 6 (1.4.2).

The element O is called the zero element in R. For every real number x, we have
the equality O + x = x + 0 = x. By virtue of Lemmas 1 and 2, we also have the equality
Ox =x0 = 0.

The number 6(-a,, | n € w) is called the opposite number to the number x = 0(a,, €
Q | n € w) and is denoted by —x. It is clear that —(—x) = x. The zero and opposite ele-
ments are connected by the equality x + (-x) = —x + x = 0. Further, along with x +
(-y) we shall write also x — y; this number is called the difference of the numbers
xandy.

It is clear that e(—a) = —ea for every a € Q.

The element 1 is called the unity element in R. For every real number, we have
the equality ix = x1 = x.

Proposition 2. Let x € R and x # 0. Then, there is a unique number y € R such that
xy = 1.

Proof. Let x = 0« for some « = (a, € Q | n € w). Since x # 0, there exists a rational
number ¢ > 0 such that for every natural number r, there is some natural number s >
r for which |a,| > e. Take any number m € I(«, ¢/2), and for it take a number s > m
for which |a,| > €. Then, for any p > m we have ¢ < |ag| = |a, - a, + a,| <&/2+|a,l.
Hence, |a,| > £/2. We now define a sequence g = (b, | n € w), supposing b,, = 1 for
everyn < mand b, =1/a, foreveryn > m.1Ifp, g > m, then we have |b, - b,| = |a, -
agl/la,lla,l < 4la, - a,l/e.
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Take any rational number § > 0, and for it take a number [ € I(«, £28/4). Then, for
everyp, q > gr(m, l), wehave |b,-b,| < §. This means thaty = B € R.From b,a,-1=
0 for every p > m, we infer that xy = 1.

Let xz =1 and y=(c, | new) ez Then, x(y - 2) = 0 implies ¢ = (a,(b, — c,) |
n € w) € N. Take any rational number, { > 0 and a number k € N(o, {¢/2). Then, for
p = gr(m, k) we have Ibp —Cyl= Iap(bp = cpl/layl < {. This means that (v, - c, | n €
w) € N,i.e. 0y. Thus, y = z. O

The number y from Proposition 2 is called the inverse number to the number x and is
denoted by 1/x or by x*. It is clear that (x *)™ = x. The unity and inverse elements are
connected by the equality xx* = x 'x = 1. Further along with xy ' we shall write also
x/y; this number is called the quotient of the numbers x and y.

Corollary 1. Let x € R x#0,a= (a,Ilnew)ex,kew,ac Q,andlapl >a>0inQ
for every p > k. Let B = (b, € Q | n € w) be a sequence such that b, = 1/a,, for every
p = k. Then, B e x.

Proof. Take any rational number ¢ > 0 and a number [ € I(a, ea?). Then, for p,q =
gr(k, 1) we have Ibp - bql =la, - apl/(la,lla,l) < e. This means that the sequence S is
inner convergent. Thus, we can consider the real number y = 6. Since a, bp -1=0
for p > k, we infer that xy = 8(a,b, | n € w) = 6, = 1. By Proposition 2,y = x™'. [

Rising to an integer degree
Letx=aeR,a=(a,|new),y= I}, and k € Z. Define the degree x’ of the number x
with the exponent y setting x¥ = 0" | new)ifke Z,and x¥ = xH7VifkeZ_\ {0}
and x # 0.

It is clear that e(a) = (ea)®* for every a € Q and k € Z.

Lemma7. Letk € Nand x € R. Then, xi‘ = P(x; | i € I) for every simple collection (x; €
R | ieI)suchthatx; = x foreveryi e I and cardI = k.

Proof. Let x = 0(a, | n € w). Consider the numbers a,; = a,, for i € I. Then, x; = x =
6(a,; | n € w) invirtue of Lemma 9 (1.4.2) implies x* = 8(a* | n € w) = O(P(a,; | i€ D) |
new)=Pkx;|iel). O

Proposition 3. Let (x; € R\{O} | i € ) and (y; € elZ] | j € ]) besimple finite collections,
x €R\ {0}, afzd Y,z € e[Z]. Then:

) x°=1,0°=1,x'=x,and? =1;

2) 0V =0foryee[N];

3) x2wjlieh — P(xi ljel;

4) (P(x;lieD) =P(x]|iel)

5) X% =Y.
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All the assertions are direct consequences of definitions and the corresponding asser-
tions of Proposition 1 (1.4.2).

Further in the book, we shall identify real numbers a € e[Z] with the correspond-
ing rational numbers a € Q. Real numbers from R \ Q are called irrational.

Basic order properties of the real line

Consider on R the binary relation 9 such that (x, y) € 9 iff there are sequences (a,, |
new) € xand (b, | n € w) €y and a natural number m such that a, < bp for every
p=m.

Lemma 8. The relation 9 is a linear order in R.

Proof. ltis clear that this relation is reflexive. Let (x, y) € 9 and (y, x) € 9. Then, there
are (a, |new), (ad,Incw)ex, (b, new), (b,|necw) ey, and m,m’ € w such
that a, < b, for p > m and b, < a,, for p > m'. Take any ¢ € Q, \ {0}. By definition
there are k, | € wsuch that |ap - aI’J| < eforp = kand |bp - b;l < efor p = L. Therefore,
for every p > gr(k, 1, m, m'), we have a,, - bl’] <b,- bj’a <eanda, - bI’, >a, - a; > —¢,
where |a, - b1’n| < &. This means that x = y, i. e. 9 is antisymmetric.

Let (x,y) € 9and (y, z) € 9. Then, thereare (a, | n € w) € x, (b, | n € w), (b;, | ne
w)ey,py=(c, I ne€w) ez,andm, m' € wsuchthatap <b,forp = mandb; < cpfor
p > m'. Therefore, forevery p > gr(m, m')wehavea, < b, (bp—bl’g)+b1'g < (bp—bl'g)+
c,. Consider the sequence y' = (c;, | n € w) such that ¢, = c, + (b, - b},). By Lemma
3y' is inner convergent. Now, from c), - ¢, = b, - b], we infer that )’ € z. This means
that (x, z) € 9. Thus, 9 is transitive.

Letx=9a,y=96, a=(a, | ncw), f=(b, | n € w),and x £ y. Consider the se-
quencey = (¢, | n € w), where c,, = a, — b,,. Since y ¢ N, there exists a rational num-
ber ¢ > 0 such that for every natural number r, there is some natural number s > r for
which |c,| > e. Take m € I(y, €/2) and s = m such that |cy| > €. Then, forany p > m, we
have e < |¢5| = ¢ — ¢, + ¢,| < &/2+|c,|. Hence, [c,| > &/2.1f ¢,y > O, then for every
p = mwehavea,-b, = (C,~ Cpy) +|Cpiyl > —€/2+€ = ¢/2,i.e. a, > b,. In this case,
we infer that y9x. If ¢, < 0, thenwehave a,—b, = (Cp)—Cypy1)—[Cpuil < €/2—6 = —¢/2,

i.e. a, < bp. In this case, we infer that x9y. This means that 9 is a linear order. O

p

p

Further, along with (x, y) € 9 we shall write also x < y.

Lemma9. Let x = 6(a, | n € w) € R. Then, x + 0 iff there are a € Q, \ {0} and m € w
such that either a, > a or a, < —a foreveryp > m.

Proof. Letx # 0. Then, there exists a rational number ¢ > 0 such that for every natural
number r, there is some natural number s > r for which |a,| > €. Take k € I(¢/2) and
s > ksuchthat|a,| > e. Then, forany p > k, wehavee < |a| = |a;-a,+a,| < e/2+|a,,|.
Hence, |a,| > ¢/2. Take | € I(e/4) and consider m = gr(k, I). If a,,,; > O, then for every
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m, we have a, = (ay = Apyy) + Ayl > —€/b+e/2 = /4. Ifa,,.; <O, then for every
m we have a, =(a, — ) — Ayl < e/4 - €/2 = —¢/4. Now, take a = ¢/4.

Conversely, let either a,>aora, <-a for p = m. Then, la,| > a for p = m. Thus,
x # 0. O

p>
p>

Lemma10. Letx =0(a, | n € w)andy = 0(b,, | n € w) be real numbers. Then, x < y iff
there are a € Q, \ {0} and m € w such that a,, + a < b, for every p > m.

Proof. Consider the sequencey = (c,, | n € w), where c,, = b, — a,,. Since y ¢ N, there
exists a rational number ¢ > O such that for every natural number r, there is some
natural number s > r for which |cy| > 2¢. Take k € I(y, €) and s > k such that |cg| > 2e.
Then, forany p > k, wehave 2¢ < [¢| = lcs—cp+Cpl < e+]cyl|. Hence, [c)| > &. By condi-
tion x < y, there are (a), | n € w) € xand (b}, | n € w) € y, and | € w such that al'g > bzlo
for p > . Take some u € I((a, — a;, | n € w), ¢/2)and v € I((b, - b}, | n € w), £/2), and
consider the number m = gr(k, 1, u, v). Then, for every p > m, we have Cp = (bp —b;,) +
b;, + (aI’D -a,) - a;, > —£/2 - ¢/2 = —¢ and simultaneously |c,| > ¢, where ¢, > & > ¢/2.
Take the number a = ¢/2. Then, a,+a< bp.

Conversely, let a, + a < b, for some a and m and every p > m. Then, x < y. From
bp—ap > a > 0, we infer that x < y. |

Corollary 1. Let x € R and x > 0. Then, x™* > 0.

Proof. Letx = 6(a, | n € w). By Lemma 10, there are a and m such that a < a, for ev-
ery p > m. Besides, by Lemma 1, a, < b for some b € Q. Therefore, by Corollary 5
to Proposition 2 (1.4.2) a;l > b~ > 0. Consider the sequence B=b,cQ|necw)
such that b, =1 for p < m and b, = a;l for p = m. By Corollary 1 to Proposition 2
Be x~'. From the condition 0 + b~! < bp for p > m by Lemma 10, we infer that
x1>o. O

ConsiderthesetsR, = {xVO | x e R} ={x e R|x 20} =RyandR_ = {xA0 | x e R} =
{x € R | x < 0} (see 1.1.15). Numbers from R, [R, \ {0}] are called positive [strictly posi-
tive], and numbers from R_ [R_\ {0}] are called negative [strictly negative] (with respect
to the neutral element 0). It follows from Lemma 8 that R = R_UR, and R_nNR, = {0}.

Lemma1ll. Leta,b € Q. Then,a < binQiffea < ebinR.

Proof. Leta < b.Then, a + ¢ < bfor c = (b — a)/2 € Q. Therefore, by Lemma 10 ea <
eb. Conversely, let ea < eb and suppose that a > b. Then, thereare (a,, | n € w) € ea,
(b, | n € w) € eb,and m € wsuchthata, < b, forp > m.Takee = a-b,k € N((a,-a |
n e w),ef2),and l € N((b, - b | n € w), ¢/2). Then, for every p > gr(k, I, m), we have
a, —bp:(ap -—a)+a-+ (b—bp) —b>—£/2—e/2+s=0,whereap >bp.Butthis
contradicts a, < bp. Thus, a < b. O
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Lemma 12. For every real number x, there exists a strictly positive rational number a
such that -a < x < a.

Proof. Letx =0(a, | n € w). By Lemma|a,| < b < b + 1 for some rational number b.
Therefore, -(b +2)+1 < -b < a,, +1 < b + 2. Consider a = b + 2. Then, by Lemma 10,
we infer that —a < x < a. O

Lemma 13 (the Archimedes principle). Letx,y € R, and x > 0. Then, there is a number
n € N such that nx > y.

Proof. By Lemma 9, there is arational number a > O such thatx > a > 0. By Lemma 12,
there is a rational number b > 0 such that y < b. Therefore, by Corollary 2 to Proposi-
tion 2 (1.4.2) na > b for some n. As a result, we get na > b > y.

Let (a, | n € w) € x. By Lemma 10, there are a strictly positive rational number ¢
and a natural number m such that a + ¢ < a,, for every p > m. Then, the inequality
na + nc < na, implies by Lemma 10 the inequality na < nx. Thus, nx > y. O

Corollary 1. Let x € R and x > 0. Then, there is a number n € N such that nx > 1.

Proposition 4. Let(x; e R|i e I)and(y; € R | i € I) besimple finite collections, x, y, z €

R,andr, s € Z. Then:

1) ifx;<y;foreveryiel, then Y (x;|i€l)<Y(y;|1el;ifbesides x; < y; at least
for one index, then Y (x; | i€ I) < Y(y; | i € I);

2) ifOo<x; <y, foreveryiel, then P(x; |iel)<P(y;|iel); if besides x; < y; at
least for one index and y; > O foreveryi € I, then P(x; | i € I) < P(y; | i € I);

3) ifx<y,thenxz <yzforz>0andxz > yzforz<0;

4) ifosx<y,thenx" <y forr>0andx” >y forr<0andx > 0;

5) ifr<s,thenx” <x’forx>1landx” > x°forO<x<1.

Proof. Denote (x; | i e I) by and (y; | i € I) by ».

1. By definition, there are (a;, | n € w) € x;, (b;, | n € w) € y;,and m; € wsuch that
a;, < by, for every p > m;. By assertion 1 of Proposition 2 (1.4.2), we get a,, = Y(a;), |
iel)<Y(by |iel)=b,foreveryp > m=gr(m; | i € I). This means that ) 7 < } ».
Letnow x; < y; for somej € I. By Lemma 10, there are a € Q, \ {0} and n € w such that
aj, +acx< b]-p for every p > n. Consider the collection p = (al{p € Q| i€l such that
a}fp = a;,+aand alfp = a;, foreveryi # j. Then, }(a,, |[ie D+a=Yp < Y(by, i€l
for every p > gr(m, n).

By Lemma 10, we conclude that Y 7 < ) .

2. We shall use the notations from 1. By assertion 2 of Proposition 2 (1.4.2),
we get a, =P(a;, |iel)<P(by|icl)=b, for every p > m = gr{m; | i € I}. This
means that P < Px. Now, let x; < y; for some j and y; > O for every i. Then, as above

a;,+a < bj, forevery p > n. By the same reason, thereare b; € Q, and n; € wsuch that
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0 < b; < by, for every p > n;. Therefore, in Q, we have 0 < P(b; | i € I) < P(by, |
i € I) for every p > gr(n; | i € I). Consequently, by Lemma 10 0 < Px. If x; = 0 for
some k, then P = O < Px. Therefore, we now assume that x; > O for every i. Then,
by Lemma 10, there are l; € w such that a;, > 0 for every i and every p > [,. By asser-
tion 2 of Proposition 2 (1.4.2), we get b = aP(a;, | i € I'\ {j}) > 0. Consider the number
l=gr(l;|iel).

Since a, +b < P(a;, | i € )+(bj,—a;,)P(a;, | i € I\{j}) = b;,P(a;, | i e I\{j}) < b,
for every p = gr(l, m, n), we conclude by Lemma 10 that Pz < Px.

3.Llet(a,|new)ex,(b,|new)ey,and (c, | n € w) € z. By Lemma 10, there
are a € Q, \ {0} and k € w such that a, + a < b, for p > k. At first, assume that z >
0. Then, by the same reason, there are b and I such that 0 < b < Cp for p > 1. Using
assertions 2 and 3 of Proposition 2 (1.4.2), we get a,cp, + ab < (a, + a)c, < bp Cp for
every p > gr(k, l). Since ab > 0, we infer by Lemma 10 that xz < yz.

Now, assume that z < 0. Then, there are ¢ and m such that cpt€<0 for every
p = m. Therefore, b,c, + ac < b,c, + (b, - a,)(-c,) = a,c, for every p > gr(k, m). By
Lemma 10, this implies yz < xz.

4.Let(a, |new)ex,(b,|new)ecy,andr=em.Asabovea,+a < b, forp > k.
At first, assume that r > 0. By Lemma 11 m > 0. If x = 0, then by Proposition 3 x" = 0.
In this case, we can suppose that a, = O for every n € w. Therefore, by assertion 4 of
Proposition 2 (1.4.2), 0 < a™ < b} for p > k. By Lemma 10, we infer thatx" =0 < y".

Now, assume that x > 0. Then, by Lemma 10, there are b and I such that0 < b < a,
for p > I. Therefore, by Lemma 14 (1.4.2), a;"+am <(ay+a)™ < b;," forp > gr(k, 1).Since
a™ > 0, we infer by Lemma 10 that x" < y'.

Finally, assume that r < 0 and x > 0. Then, m < 0. By Corollary 1 to Lemma 10
x>0 and y‘1 > 0. By Lemma 1, |a,| < u and |b,| < v for some rational numbers
u and v and for every n. Consequently, 1/a, - 1/b, = (b, - a,)/a,b, > a/uv > 0 for
p = gr(k, 1). By Corollary 1to Proposition 2 and Lemma 10, we get x ' —=y~! > 0. Adding
this inequality to the inequality y ' > y™', we get by assertion 1that x™! > y™* > 0. Hav-
ing -r > 0 and using the inequality prove above, we get x" = (x )" > (y )" = y".

5.Let(a,|new)ex,r=eu,s=ev,andr <s.ByLemmall,w=v-u>0.

At first, consider the case x > 1. By Lemma 10, there are a rational number
a >0 and a natural number k such that 1 + a < a,, for every p > k. Let u > 0. By
Lemma 14 (1.4.2), al‘j > (1+a)* = 1+a" and a;,V > 1+a". Therefore, a;—al'; = al'j(ap‘”—l) >
Q+aHY(1+a)"-1)=21+a"HQ+a" -1) =1+ a“)a” > 0 for p > k. By Lemma 10
x =6(ay I new <Ba,|new=x°

Letu < 0 < v.By Lemma 1 |a,| < b for some rational number b. Consider the se-
quence B = (b, | n € w) such that b, = 1for p < k and b, = 1/a, for p > k. By Corol-
lary 1to Proposition 2 8 € x. Therefore, x" = (x 1) = (88) " = 0(b," | n € w).Besides
x* =60(a, | n € w).Sincea,-b," = a,-a, = a,(a,-1) > (1+a)"-1/a," > 1+a" -
1)/b™ =a"/b™ > 0 for p > k, we infer by Lemma 10 that x" < x°.

Finally, let v < 0. Then, as above, x° = 8(b." | n € w). Since as above, b;" -bt=

p
a, - a, >a"/b™ >0 for p > k, we infer by Lemma 10 that x" < x°.
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Now, consider the case O < x < 1. By Lemma 10, there are rational numbers c and d
and a natural number [ such that 0 < ¢ < a, < a, + d <1for every p > L It is clear
that d < 1. Let u > 0. By assertion 4 of Proposition 2 (1.4.2), 0 < 1 - d < 1 implies 0 <
(1-ad)" <1" = 1. Therefore, a, - a,, = a,(1 - a,) > c*(1- (1-d)") >0 forp > L. By
Lemma 10, this implies x° = 6(a}, | n € w) < 6(a, | n € w) = X'.

Let u < 0 < v. Consider the number b and the sequence j3 as above. Since b," -
a; = a;—a; = a;(l—a;f) > (1—(1—d)w)/a;” >(1-1-d)")/b™ > Ofor p > I, we infer
by Lemma 10 that x° = 6(a), | n € w) < (b, | n € w) = X".

Finally, letv < 0. Then, asabove, b,"~b," > (1-(1-d)")/b™ > Ofor p > limplies
x*=60(b,) Incw) <O(b" | necw) =x". O

Corollary1. Letx,y,z e R.Then,x = yiffx+z=y+z. Whenz # O, thenx = y iff xz =
yz.

The proof is the same as the proof of Corollary 1 to Proposition 3 (1.4.1).

Corollary 2. Let x,y € R and xy = 0. Then, either x =0ory = 0.

The proof is the same as the proof of Corollary 3 to Proposition 3 (1.4.1).
Corollary 3. Letx,y e Rand0 < x <y.Then,0 <y < x.

Proof. By Corollary 1 to Lemma 10 x* > 0 and y™! > 0. Therefore, by assertion 2 of
Proposition 4y = y 'x'x < y Ix7ly = x7L. O

Interval density of rational numbers in R
The following lemma shows the interval density of rational numbers in the set of all
real numbers.

Lemma14. Let x,y € R and x <y. Then, there is a rational number r such that
X<r<y.

Proof. At first, assume that y > 0. By Corollary 1to Lemma 13, there is a number n € N
such that a = y - x > 1/n. Similarly, by Lemma 13, there is a number k € N such that
k(1/n) > y. Consider the number m = sm(k € w | k/n > y). Then, (m-1)/n < y. Adding
the inequalities y < m/nand -a < -1/n, we getx = y—a < (m-1)/n. Denote (m-1)/n
by r.

Now, assume that y < 0. Then, as above for 0 < -y < —x, there is a rational num-
ber s such that -y < s < —x. Hence, x < —s < y. Denote —s by r. O

Corollary 1. Let x,y € R and x < y. Then, there are rational numbers r and s such that
X<r<sS<y.
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Lemma15. Letx,y € Randx < y.Then, there aresequencesa = (r, € Q | n € w) Tand
B=(s,€Qlnew)| such that Xx<r,<ry,;<S; <S,<y for every

p.q €.

Proof. By Corollary 1 to Lemma 14, there are r, and s, such that x <ry < s, <y.
Consider the class B=Q x Q, the element b, = (ry, Sg), and a choice mapping
p: P(B)\{} — B from the axiom of choice in 1.1.12. Define a mapping V: Bxw — B
setting V((r,s),n) = p{(r',s') e B| r <t <s' <r}. This definition is correct since
theset {(r',s') € B| r < r' < s' < r}is non-empty by Corollary 1 to Lemma 14.

Now, by Theorem 1 (1.2.7), there is a unique mapping u: w — B such that u(0) =
b, and u(n + 1) = V(u(n), n). Consider the projections pr, and pr; from B onto Q
such that (pry(b), pr;(b)) = b. Define sequences « = (r, [ n e w) and B = (s, | n € w)
setting r, = pro(u(n)) and s, = pr,(u(n)). Then, (1,1, Spyq) = u(n + 1) = V(u(n), n) =
V((rn, s,), n) implies r, < 1,,; < Sy41 < S,. Thus, « Tand g |.

Takeany p,q e N.Ifp = g, thenx <ry <1, <s; <s, <y.lfp < g, thenx <ry <
Ty <Tg<S;<8Sy<y.lfp>gq,thenx<ry<r,<s<s,<s;<y. O

Lemma16. Let x,y € R and x < y. Then, there are sequences « = (r, € Q | n € w) |
and B=(s, € Q| new)Tsuchthatx <r,, <1, <S;<Sy, <yforeveryp,q € w.

The proof is similar to the proof of Lemma 15.

Proposition 5 (the Bernoulli inequality). Letx € R,n € N, and x > —1. Then, 1+ x)" =
1+ nx.

Y > 14+ (n+1)x.

Proof. Consider the set N ¢ w of all natural numbers n such that (1+x
It is clear that O € N.

Suppose that n € N. Since 1 + x > 0, we infer by virtue of assertion 2 of Proposi-
tion 4 that (1+ %)™ = Q1+ x)"1+x) = 1+ (n+ 1)x)(1 + x) = 1+ (n + 2)x. This means

that n + 1 € N. By the principe of natural induction (Theorem 1 (1.2.6)) N = w. O

Corollary 1. Letx,y € R,y > 0, and x > 1. Then, there is a number n € N such that x" >
y.

Proof. Ify < 1, then by assertion 4 of Proposition 4 x" > 1 > y for every n. Thus, further
we can presuppose that y > 1. Consider z = x — 1 > 0. Then, by Proposition 5, x" =
1+ 2)" 21 + nz for every n. By Lemma 13, there is n such that y - 1 < nz. For this n,
we infer that x" > y. |

Corollary 2. Letx,y € R,y > 0,and O < x < 1. Then, there is a number n € N such that
X" <y.
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Proof. Consider z = 1/x > 1. By Corollary 1 to Lemma 13, there is m € N such that y >
1/m. By Corollary 1 to Proposition 5, there is n such that z" > m. As a result, we get
X" <1/m<y. O

Corollary 3. Lety,z € R, \ {0},y # z, and n € N. Then, y"*!/z" > (n + 1)y — nz.

Proof. By Proposition 5 (y/z)""" = (1+ (y/z = 1))"" 2 1+ (n + 1)(y/z — 1). Then, using
Proposition 3, Proposition 4, and Theorem 3, we get y"*!/2" = z(y/2)"! > z(1 + (n +
Ny/z-1)=z+(n+1)y-(n+1)z=(n+1y-nz. O

Corollary 4. Letx e R,n e N,and x > -1. Then, 1+ x)™" =1 - nx.

Proof. For x = 0 we have the equality. If x > -1 and x # 0, then applying Corollary 3
toy=landz=1+x,weget(1+x) " =1"/1+x)">n+1-nl+x)=1-nx. O

The following lemma shows the interval density of dyadic-rational numbers in
[0,1] c R.

Lemma1l7. Let x,y € R and 0 < x <y < 1. Then, there are natural numbers k and n
such that x < k/2" < y.

Proof. Consider the number z = y — x > 0. By Corollary 2 to Proposition 5, there is n
suchthat1/2" < z < y.If x < 1/2", then we have the necessary inequality. Thus, further
we can presuppose that 1/2" < x. Consider the non-empty set K = {k € N | k/2" < x}.
By Lemma 13, there is m such that m/2" > x. If k € K, then k/2" < x < m/2" implies
k < m. Consequently, K c m. Thus, the set K is finite. Therefore, by Theorem 3 (1.2.6)
K has the greatest element L. Itis clear that /2" < x < (I+1)/2" = 1/2"+1/2" < x+1/2" =
y-z+1/2" <y. O

Modulus of a real number
For every real number x, we can define correctly its modulus |x| € R, setting |x| = x if
x € R, and |x| = —xif x € R_. Itis clear that |x| = x V (—x).

Lemmai18. Leta = (a, | n € w) € x € R. Then, (|a,| | n € w) € |x|.

Proof. Letx = 0.Then, « is null. Therefore, the sequence 8 = (|a,| | n € w)isalsonull.
Thus, g € 0 = |x].

Now, let x > 0. Then, by Lemma 10, there are a and m such that 0 < a < a, for
p = m.Since |a,| - a, = a, - a, = 0 for p > m, we infer that B € x = |x|.

Finally, set x < 0. Then, by the same reason, there are a and msuch thata,+a < 0
for p > m. Since |a,| - (-a,) = -a, + a, = 0for p > m, weinferthat B ¢ —x = |x|. O

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



150 —— 1.4 Real numbers

Proposition 6. Let (z; € R | i € I) be a simple finite collection, x,y € R, and z € e[Z].

Then:

1) |x|=]-x|,x<|x|,and —x < |x|;

2) |P(z;|ieD)| =Pzl |iel);inparticular, |xy| = |x| lyl;

3) Xl =IxIPifx # 0;

4) if y > 0, then |x| < y is equivalent to -y < x <y, and |x| < y is equivalent to -y <
X<Yy;

5 |1X(z;1ieD| <Yzl |1ieD;inparticular, |x +y| < |x| + |yl;

6) |IxI-Iyl|<Ix-yl

Proof. 1.1tisclear that x < |x|. If x > O, then —x < O implies x| = xand |- x| = —(-x) =
x = |x|. If x < 0, then —x > O implies |x| = | = (=x)| = | — x|. Therefore, —-x < | - x| = |x|.

2.Let(c;, | n € w) € z;. By Lemma 18, (|¢;,,| | n € w) € |z;]. Sinceu = P(z; | i € I) =
O(P(ciy | i € I) | n € w), we infer by Lemma 18 and assertion 2 of Proposition 3 (1.4.2)
that |u| = 0(|P(c;y i€ D| | new)=0P(c;yl |iel)| new)=P(zl|iel).

3.Lleta=(a, | necw)exandz=ek. Letk > 0.ByLemma 18, y = (la,| | n € w) €
|x|. Applying assertion 3 of Proposition 3 (1.4.2), we get |x| = |0(a® | n € w)| = 6(|a*| |
new) =0(a," | new)=Ou =x".

Now, let k < 0. By Lemma 9, there are a rational number a > 0 and a natural num-
ber m such that |a,| > a for p > m. Consider the sequence 8 = (b,, | n € w) such that
b, =1for p<m and b, =1/a, for p > m. By Corollary 1 to Proposition 2 x'=06B.
Therefore, by Lemma 18, Ix7Y| = 0(|b,| | n € w). Since |b,| = 1/|a,| for p > m, we in-
fer as above that |x|™ = |x™'|. Finally, using for -z, the property proven above, we get
) = 1)) = I = (77 = I

The other assertions are checked as the corresponding assertions of Proposi-
tion 4 (1.4.1). O

Corollary 1. Letx,y € Randy # 0. Then, |x/y| = |x|/|yl.
The proof is completely the same as the proof of Corollary 1 to Proposition 3 (1.4.2).

Extended real numbers
Now, we shall consider some important extension of the set of all real numbers.

Asequence a = (a, € Q | n € w) will be called uniformly upper [lower] unbounded
if for every b € Q, thereis n € wsuch thata, > b [ap < b] for all p > n. The sets of all
uniformly upper unbounded and all uniformly lower unbounded sequences « will be
denoted by R* and R/, respectively.

Consider the set R =R U Rl U R, in which all component sets are mutually
disjoint. Define on the set R a binary relation 6 = U (R! x RY) U (R* x RY). In
the set 8, all component sets are also mutually disjoint. It is clear that 8 is an equiva-
lence relation.
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Consider the factor-set R = R /6 consisting of equivalence classes x = fa = & of all
sequences « € R. Elements of the set R are called extended real numbers, and the set R
is called the set of all extended real numbers. It is clear that R c R.

The extended real number co = 8(n € Q | n € w) = R* is called the upper (= right,
plus) infinity or simply the infinity. The extended real number —co=0(-n € Q| n ¢
w) = R! is called the lower (= left, minus) infinity. Note that many writers use the
symbol +co for what we write as co. The + sign is a more nuisance and so we omit
it.

Consider thesets R, =R, U{co}and R_ = R_U{-oo}. Itis clear thatR = R_UR,
andR_nR, = {0}.

Let = (x; € R |ieI) be a simple finite collection. The number Yx;|iel)=
Y u, called the sum of the collection x, is defined in the following cases:

1) ifx; e Rforalli € I, then Y x is the common sum of » in R;
2) ifx; e Ru{oo}foralli € Iand x; = oo at least for one index, then Y x = oo;
3) ifx; e Ru{-oco}foralli e I and x; = —co at least for one index, then ) » = —oo0.

In all other cases, the sum ) » is undefined.
The notations xg ++++ + X, X + X', x + X' + X", x + X' + X" + X", ... are defined in
the manner as it was made above.
In partial cases, we have co + 00 = 00, —00 + (—00) = —00, and co + X = X + 00 = 00
and —co+x = x+(—00) = —co for every x € R. Besides, 0+x = x+0 = x forevery x € R.
The number —x, called the opposite number to the number x € R, is defined in
the following cases:
1) if x € R, then —x is the common opposite number in R;
2) —(c0) = —00;
3) —(-o0) = oo.

Consider on R the binary relation 9 = 9 U ({~co} x R) U {(-00, c0)} U (R x {oo}). It is
clear that 9 is a linear order. Since all component sets are mutually disjoint, we infer
that 9RxR = 9, i. e. 9is an extension of 9. Further, along with (x, y) € 9 we shall write
alsox <y.

It is clear that R, = {x e R | x > 0} and R_ = {x € R | x < 0}. Numbers from R,
[R, \ {0}] are called positive [strictly positive], and numbers from R_ [R_ \ {0}] are
called negative [strictly negative].

For every extended real number x, we can define its modulus |x| € Rr setting |x| =
xifx e R, and |x| = —xifx e R_.

Let %= (x; € RlieDbea simple finite collection. Consider the set I, = {i € I |
X; < 0}. The number P(x; | i € I) = Px, called the product of the collection x, is defined
in the following cases:
1) ifx; e Rforalli € I, then Px is the common product of » in R;
2) if x; = O at least for one index, then Px = 0;
3) ifx; >Oforalli € I and x; = oo at least for one index, then Px = oo;
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4) if x; # O0forallie I, then Px = P(|x;| | i € I) if card I, is even and Px = —P(|x;| |

i eI)if card I is odd.

The notations x, ... x,,, xx', xx'x", xx'x"x",... are defined in the same manner as it
was made above.

In partial cases, we have cox = xco = 0o and (—00)x = x(-00) = —oo for x > 0,
and ocox = xco = —0co and (—00)x = x(-00) = oo for x < 0. Besides, 1x = x1 = x and
0x = x0 = 0 for every x € R. The latter property is not so “natural” as others, but it is
very convenient for measure theory (see Chapter 3 of the book and also [Hewitt and
Stromberg, 1965, ch.1l, 6.1]).

For such defined sums and products, we have the common properties of commu-
tativity, associativity, and distributivity; however, with some reservations.

Further in the book, initial intervals ]«<, x[ and ]«, x] and final intervals ]x, —|
and [x, —[ in the ordered set (R, <) (see 1.1.15) will be denoted also by ] — oo, x[, ] —
0, x], ]x, o[, and [x, co[, respectively.

If we consider the ordered set (R, <), then we have the following useful equalities:
[~00, 0] = R, [~00, 00[= {-c0} UR, ] — 00, co[= R, and ] — 00, c0] = R U {co}.

1.4.4 The Cantor completeness of the real line

Sequences of real numbers
In this subsection, we shall consider simple sequences s = (x,, € R | n € N) of real
numbers indexed by infinite subsets N of the set of all natural numbers w (see 1.2.6).
According to 1.2.6, such sequences are called infinite.

As in 1.1.15 for a preordered set (M, <) closed final intervals [m, »[={p e M | p =
m} with the beginnings m € M will be denoted also by M,,.

According to 1.1.15, a subset N is cofinal to the set w iff for every m € w, there is
neN,.

Lemmal. Let N c w. Then, N is infinite iff N is cofinal to w.

Proof. Let Nisinfinite. Suppose that thereis m € wsuchthat Nnw,, = @.Then, N c m.
Since the set m is finite, the set N is also finite. It follows from this contradiction that
N is cofinal.

Conversely, let N is cofinal. Suppose that it is finite. Then, by Theorem 3 (1.2.6), it
has the greatest element m. Therefore, Nnw,,,; = @, but this contradicts the cofinality
of N. Thus, N is infinite. O

According to 1.2.6, a sequence t = (y, € R | n € N) is called a subsequence of a se-
quence s = (x,, € R | m € M) if there exists a sequence (m, € M | n € N) such that:
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1) for every number m € M, there exists a number n € N such that k € N,, implies
my € Mp,;
2) yn =Xy, foreveryneN.

According to 1.1.15, a sequence s = (x, € R | n € N) is called bounded above [below]
if there is a number b € R such that x,, < b [x,, = b] for every n € N. A sequence s is
called bounded if it is bounded above and below simultaneously or equivalently if
there is a number b € R such that |x,,| < b for every n € N.

A sequence s is called inner convergent (= fundamental, a Cauchy sequence) if for
every real number ¢ > O, there isa number n € N such that |x, -x,| < eforallp, g € N
such that p, g = n.

A sequence s is called convergent to a number x € R and the number x is called
a limit of the sequence s if for every real number ¢ > 0, there is a number n € N such
that |x, — x| < eforall p € N such thatp > n.

For a sequence s, a number x, and a number ¢ € R, \ {0}, we shall consider the sets
I(s,e)={neN|Vp,qeN (p,gzn=1x, - x,| <e)} and C(s,x,e) ={ne N |Vpe
N(p = n = |x,-x| < e)}. If sis fixed, then we shall denote these sets simply by I(e) and
C(x, ¢). Ifa sequence s is inner convergent, then I(s, ¢) # @ for every ¢. If a sequence s
is convergent to a number x, then C(s, x, €) # @ for every e.

Lemma 2. Lets = (s, € R | n € N) be an infinite sequence and x, y € R. Then:
1) if s is inner convergent, then s is bounded;

2) if s is convergent to x, then s is inner convergent;

3) ifsisconvergenttoxandtoy,thenx =y.

Proof. 1.1t is checked completely in the same manner as the corresponding assertion
in Lemma 1 (1.4.3).

2. Take any ¢ > 0 and some m € C(x, ¢/2). Then, X, = xg| < 1x, = x| + |x = x| <
ef2+¢ef2=¢cforp,q > m.

3. Suppose that x # y. Then, for e =|x — y| > 0, there are m € C(x, ¢/2) and
n € C(y, €/2). Therefore, |x —y| < |x - Xyl +1x, —yl <ef2+ef2=¢ for p > gr(m, n), but
this is impossible. Thus, x = y. O

Thus, a sequence s can have a unique limit. To denote the property that x is a limit
of s, we shall write x = lim s or x = lim(x,, | n € N).

Lemma3. Let s = (x, | n € N) be an infinite sequence and x € R. Then, the following
conclusions are equivalent:

1) x=Ilims;

2) O0=lim(x,—x|neN);

3) 0=lim(|x, - x| | n e N).
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Proof. The assertion follows from the equalities |x,—x| = 10-(x,—x)| = [0-|x,—x||. O
Lemmad4. Letx e Randa = (a, € Q| n € w) € x. Then, x = lim(a, | n € w).

Proof. Take any ¢ € R, \ {0}. By Lemma 14 (1.4.3), there is e € Q such that0 < e < ¢.
Take some m € I(«a, e). Then, for every p, g = m, we have a, g<a,t+e in Q.
Using the definition of the order in R, we get a, ~e < @, -é<x=0a < a,+e < a,+e
for every p > m. This implies |x — a,| < eforp > m. O

-—e<a

Lemma5s. Let t = (x,, | k € K) be a subsequence of an infinite sequence s = (x, € R |
n € N), x € R, and x = lim s. Then, the sequence t is infinite and x = lim t.

Proof. Suppose that the set K is finite. Then, by assertion 1 of Theorem 3 (1.2.6), there
isp = gr(n; | k € K). Since forevery n € N, thereis! € K such that n; > n, we infer that
n < n; < p for every n € N. But this is impossible because N is cofinal to w. Thus, K is
infinite.

Take any e > 0 and some m € C(s, x, ). Then, |x, — x| < e if m < p € N. By def-
inition of m, there is I € K such that n, > m if I < k € K. Therefore, |xnk - x| <eif
l<keK. O

Lemma 6. Let s = (x, € R | n € N) be an inner convergent sequence, t = (x,, | k € K)
be a subsequence of s, and x = lim t. Then, x = lim s.

Proof. Take any ¢ > 0 and some m € I(s, ¢/2) and n € C(t, x, ¢/2). By Lemma 1, there
isl € N such thatl > gr(m, n). By definition of a subsequence for [, there is k € K such
thatn, > lif k < p € K. Take any g € N such that q > gr(l, k). By Lemma 1 for g, there
is p € K such that p > q. Therefore, k < p € K implies n,, > I. Consequently, |x, - x| <
lxg = x,,pl + |x,,p — X| < €/2 + ¢/2 = &. This means that x = lim s. O
Lemma7. Let x € R and N be an infinite subset in w. Then:

1) lim(x" | n e N) =0 forevery x € [0, 1[;

2) lim(x" | n € N) = oo for every x €]1, col.

Proof. 1. For x > 0, this assertion follows from Corollary 2 to Proposition 5 (1.4.3).
2. It follows from Corollary 1 to Proposition 5 (1.4.3). O

The Cantor completeness of R
The following theorem may be understood as the theorem about the Cantor complete-
ness of the real line (R, <)
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Theorem 1. Let an infinite sequence s = (x,, € R | n € N) be inner convergent. Then,
there exists x € R such that x = lim s.

Proof. By Theorem 1 (1.3.7), there is an isotone bijection v: w — N. Consider the
sequence t = (y, | n € w) such that y, = x,,. If t is finally constant in the sense
of 1.2.7, then the assertion is evidently fulfilled. If ¢ is finally non-constant, then by
Proposition 1 (1.2.7), there exists a subsequence (Vn, | k € w) such that k < ny < ny,
and yy, # Yn,,,-

Consider the sequences u = (z; | k € w)andr = (dy | k € w)suchthatz, =y, and
dy = |z -zl Itis clear that the sequence ¢ is inner convergent. For any ¢ > 0 and any
n € I(t, &) by virtue of n,, > p and n, > g, we infer that |z, - z,| < e for every p, g = n.
In particular, d,, < e for every p > n.

By Lemma 4 for z,, there is a € Q such that |a - zpl < dp. Thus, the set Qp =
fa € Q| la - z,| < d,}is non-empty. Take some choice mapping c: P(Q) \ {g} - Q
from the axiom of choice in 1.1.12. Define a sequence « = (a, € Q| p € w) settinga, =
c(Qp). Take any rational number e > 0 and some number n € I(r, ¢/3). Then, for every
b, q = n,wehavela, - a,| < |a, -z, +1z, - z,l + |z, - a,| < d, +e/3+d, <& Thus,
the sequence « is inner convergent. Therefore, we can take the real number x = fa.

Now, take any ¢ > 0 and some n € I(t, ¢/2) and m € C(a, x, £/2) (the latter set is
non-empty by virtue of Lemma 4). Then, for every p > gr(m, n), we have |z, - x| <
|z, — a,| + la, — x| <d, + &/2 < &/2 + ¢/2 = e. Consequently, x = lim u. By Lemma 6
x = lim t. Since v is an isotone bijection, we conclude that x = lim s. O

Theorem 1 and conclusion 2 of Lemma 2 give us the well-known Cauchy criterion of
convergence of sequences.

According to 1.1.15, asequence s = (x,, € R | n € N) is called increasing [strictly in-
creasing, decreasing, strictly decreasing] if m,ne N and m <n imply x,, <X,
[Xp < Xps Xpp 2 Xy Xy > X,

Proposition 1. Let an infinite sequence s = (x, € R|n € N) be strictly increasing
[decreasing] and bounded above [below). Then, s is inner convergent.

Proof. As in the proof of Theorem 1, take the isotone bijection v: w — N and the
sequence f = (y, | n € w) such that y, = x,(,y. Then, y, <y,,; <y for some real
number y.

Suppose that the sequence t is not inner convergent, i. e. there exists a real number
€ > 0 such that for every natural number k, there are some natural numbers ! and m
suchthatl,m > k,l < m,and y,, - y; > €. Consider in the set B = w x w the non-empty
subsets P, = {(l, m) e B| (L, m = k) A (I < m) A (y,—¥; = €)}. Take some choice map-
ping ¢: P(B) \ {@} — B from the axiom of choice in 1.1.12. Consider the projections
pr, and pr; from B onto w such that (pry(b), pr,(b)) = b for every b € B. Define
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sequences (I cw|k e w) and (m, € w| k € w) setting [, = pry(c(P;)) and my =
pr,(c(Py)). By definition, (I, m;) € P,.

Take b, = (l,, my) and define a mapping V: B x w — B setting V((p, q), n) =
(I, my), where k = gr(p, q). By Theorem 1 (1.2.7), there is a mapping u: w — B such
that u(0) = b, and u(n + 1) = V(u(n), n) for n € w. Define sequences (p, € w | n € w)
and (¢, € w | n € w) setting p, = pro(u(n)) and g, = pr;(u(n)). Then, (Pp.1, Gni1) =
u(n + 1) = V(u(n), n) = V((p,., g,)> n) € Py, where k = gr(p,, q,). Therefore, p,.;,
dni1 2 ks Dpia < qpy,andy, -y, > e Hence,p, < g, < Py < gy, Consequently,
Yoo <Van <Ypu <Vara 804 Yg,, =Yg, > Va,, = Vp,, 2 &

Fore > 0andy-y, > 0byLemma13(1.4.3), thereis n € Nsuchthatne >y-y, .
Asaresult, yg, = Vg, =Yg, )+ Ug,, Vg, )+ -+ (g, =Vg))+Vq, > ME+Yq, >y > Vg, It
follows from the obtained contradiction that the sequence t is inner convergent. Thus,
the sequence s is also inner convergent. O

Proposition 2. Let an infinite sequence s = (x, € R | n € N) be increasing [decreasing]
and bounded above [below]. Then, there exists x € R such that x = lim s.

Proof. As in the proof of Theorem 1, take the isotone bijection v: w — N and the
sequence t = (y, | n € w) such thaty, = x,,,. Then, y, < y,,; <y for some real num-
ber y. If tis finally constant in the sense of 1.2.7, then the assertion is evidently fulfilled.
If ¢t is finally non-constant, then by Proposition 1 (1.2.7), there exists a subsequence
(Vn, | k € w)suchthatk < ny < ny, andy,, # y,,,.Since tisincreasing, we infer that
Ve <V

Consider the strictly increasing sequence u = (z; | k € w) such that z; =y, . By
Proposition 1, there is x such that x = lim u. Take any ¢ > 0 and some m € C(u, X, €).
Then, for every p > m, we have |x - z,| < . Therefore, for every p > n,,, > m, we infer
thatx-y, <x-y, =x-z,<eandx-y, ZX=Yn =X—2Zp> —esincep <n,.Asa
result, [x - y,| < efor p > n,,. Consequently, x = lim ¢. Since v is an isotone bijection,
we conclude that x = lim s. |

Lemma 8. Let an infinite sequence s = (x,, € R | n € N) be increasing [decreasing] and
x = lims. Then, x,, < x [x,, = x] for every n € N.

Proof. Suppose that there is n € N such that x,, > x. Then, for & = x,, — x, there is
m € N such that |x, — x| <e if m <p € N. Take p = gr(m, n). Then, x,, < x, and
X, < X, imply € = x, — x < x), — x < &. It follows from this contradiction that x,, < x for
every n. O

Theorem 2. Let a sequence s = (x,,, € R | m € M) be increasing, a sequence t = (y, €
R | n € N) be decreasing, and x,, <y, for every m € M and n € N. Then, there exist
X,y € Rsuchthatx,, < x<y<y,foreveryme Mandn € N.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

1.4.5 The Dedekind completeness and order properties of the extended real line = 157

Proof. By Proposition 2, there exist x = lims and y = lim t. By Lemma 8 x,, < x and
Yn = y. Suppose that x > y. Take € = x — y and some numbers m € C(s, x, €/2) and
n € C(t,y, &/2). By Lemma 1, there are p € M and g € N such that p, g > gr(m, n).
Therefore, 0 < X=X, < &f2and 0 <y, -y < &/2implyy,—x, = (y,~y)+(y-X)+(x-x,) <
e/2-e+ef2=0,i.e.y, < x,. But this contradicts the condition. Thus, x < y. O

Corollary 1. Let (I, c R | n € N) be an infinite sequence of closed intervals such that
I, cl,ifn>m.Then,((I,| n € N) # @.

Theorem 3. The set R is uncountable.

Proof. Since w c R, the latter set is at least denumerable. Suppose that there exists
a bijective mapping f: w — R. Consider theset B={IcR|3Jda,beR(a<hb A=
[a, b])}. For every interval I = [a, b] € B, consider the intervals I' = [a, a + (b — a)/3],
I"=[a+ b -a)3,a+2b-a)3],and I" =[a + 2(b - a)/3, b]. It is clear that
I=Truruvr”.

Take the interval I, = [f(0) + 1, f(0) + 2]. Define the mapping V: B x w — B by
the following conditions: (1) if f(n + 1) ¢ I, then V(I,n) =1I; (2) if f(n + 1) € I and
fn+1) ¢I',thenV(I,n)=I';3)iffn+1) eIl'and f(n+1) ¢ I", then V(I,n) = I";
@) if f(n+1) e I'nI" and f(n+1) ¢ I'", then V(I, n) = I'". It follows from this definition
that f(n+1) ¢ V(I,n) c I.

By Theorem 1 (1.2.7), there is a mapping u: w — B such that u(0) = I, and
u(n+1) = V(u(n), n). Denote u(n) by I,,. Then, I,,,; = V(I,, n) implies f(n+1) ¢ I,,,; €
I,,. By Corollary 1 to Theorem 2, there is x € (|(I, | n € w). But x = f(m) for some m.
Therefore, x ¢ I,, and simultaneously x € I,,. Thus, R is not denumerable. O

The cardinal number card R is called the power of continuum and is denoted by «.

1.4.5 The Dedekind completeness and order properties of the extended real line

The Dedekind completeness of R

The greatest lower bound inf o and the smallest upper bound sup o of a collection
o = (x; € R | i€ I)indexed by a non-empty set I (see 1.1.15) can be characterized in R
by the following property of countability.

Lemma 1. For a collection o = (x; € R | i € I) and a number y € R the following condi-

tions are equivalent:

1) y=supoly=infol;

2) yisanupper [lower] bound of o and for every n € N, thereisi € I suchthaty—-1/n <
x;<yly+1n>x 2yl
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Proof. (1)  (2). Suppose that y — 1/n > x; for every i. Then, y — 1/n > y, but this is
impossible. Thus, y — 1/n < x; for some i.

(2) + (1). Let b be any upper bound of ¢. Suppose that y > b. Then, by Corollary 1
to Lemma 13 (1.4.3) y — b > 1/n for some n € N. By condition for n, there is i such that
y-1/n < x;. Asaresult, x; > y—1/n > b > x;, but thisis impossible. Thus, y < b, where
y = supo. U

Lemma 2. Let x € R. Then, x = sup(x —1/n | n € N) =inf(x + 1/n | n € N).

Proof. By assertion 1 of Proposition 4 (1.4.3), 0 > -1/n and x > x imply x > x - 1/n.
Let b = x — 1/n for every n. Suppose that b < x. By Corollary 1 to Lemma 13 (1.4.3)
m(x — b) > 1for some m > 1. Consequently, b < x — 1/m, but this is impossible. Thus,
b > x. The first equality is checked. The second one is checked analogously. O

Let (4, <) be some ordered class (see 1.1.15). A pair (R, S) of non-empty subsets of
the set A is called a Dedekind cutin Aif r < sforeveryr e Rands € Sand RU S = A.

Lemma 3. Let x € R. Then, there exists a Dedekind cut (R, S) in Q such that x = sup(r |
re R) =inf(s| s €S).

Proof. ConsiderthesetsR={re Q|r<x}andS ={s € Q| x < s}.ByLemma 14 (1.4.3),
there are rational numbers r and s such that x—1 < r < x < s < x+1. Therefore, the pair
(R, S) is a Dedekind cut in Q.

Letareal number y is an upper bound of the set R. Suppose that y < x. By the same
lemma there is a rational number ¢ such thaty < t < x. Bydefinitiont € Randsot < y.
It follows from this contradiction that x < y. Consequently, x = sup(r | r € R).

In the same manner, it is checked that x = inf(s | s € S). O

Corollary 1. Let x € R. Then, there exist sequences (r, € Q | n € w) Tand (s, € Q| n e
w) | such that x = sup(r,, | n € w) = inf(s, | n € w).

Proof. Consider the identical collectionsidg = (r, | r € R)andidg = (s, | s € S) (see1.1.9)
for the Dedekind cut (R, S) from Lemma 3. By Lemma 1, thesetsR,_; = {r e R | x-1/n <
r<xtand S, ; ={s eS| x+1/n>s > x} are non-empty. Take some choice mapping
p: P(@Q) \ {o} — Q from the axiom of choice in 1.1.12. Define sequences u = (x,, €
Qlnew)andv=(y, € Q|n € w) setting x, = p(R,) and y,, = p(S,,). By definition,
x -1/n<x,; <xand x + 1/n > y,_; = x. Therefore, by Lemma 1 x = supu = infv.
Consider the rational numbers r, = sup(x, | ke n+1)and s, =inf(y; | ke n+1). 1t
is easy check that x = sup(r, | n € w) = inf(s, | n € w). O

The following theorem shows the Dedekind completeness (see 1.1.15) of the real
line (R, <).
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Theorem 1. Let a collection o = (x; € R | i € I) be bounded above [below]. Then, there
is a number y € R such thaty = supo [y = inf o].

Proof. Let b be an upper bound of ¢. Take some i € I and n € w. Since b - x; > 0,
there is a number m € N such that b - x < m2™. Therefore, b < x + m2™", i.e.
x + m2™" is an upper bound of o. Consider the number p(n) = sm(m € N | Vi ¢
I (x; £ x + m2™)). Then, for the interval I,, = [x + (p(n) — 1)27", x + p(n)2™"], there
is an index i such that x; € I,. Compare the intervals I, and I,,,;. Since the number
x+2p(n)2-™Y = x + p(n)2™" is an upper bound and the number x + (2p(n) - 2)2~™*Y =
x + (p(n) — 1)27" is not an upper bound, we infer that either p(n + 1) = 2p(n) or
p(n+1) =2p(n)-1.Inany case, I,,,; < I,,. By Corollary 1to Theorem 2 (1.4.4), I = (I, |
new)+ a.

Suppose that there are a, b € I such that a < b. Then, [a, b] c I, implies b — a <
27" for every n. But by virtue of Corollary 2 to Proposition 5 (1.4.3), 2™ < b — a for
some m. It follows from this contradiction that I = {y} for some y.

Suppose that y < x; for some j. Then, 2™ < x; — y for some n. Since y € I,,, we
infer that X;>y+ 27" > x + p(n)27". But this contradicts the definition of the num-
ber p(n). Therefore, y is an upper bound of ¢. Take any upper bound d of ¢ and
suppose that y >d. Then, y — d >2™ for some n. Since c € I, we infer that
d<y -2"<x + (p(n) - 1)27", i.e. the latter number is an upper bound of o.
But this contradicts the definition of the number p(n). Thus, y <d. Thus,
y = supo. O

Corollary 1. Let a set X ¢ R be bounded above [below]. Then, there is a number y € R
such thaty = sup(x | x € X) [y = inf(x | x € X)].

Corollary 2. Let (R, S) be a Dedekind cut inR. Then, thereis x € R such that x = sup(r |
r € R) =inf(s | s € S).

Proof. By Corollary1,thereare x = sup Randy = inf S. Then, x < sforalls € Simplies
x < y. Suppose that x < y. By definition of a Dedekind cut, z= (x + y)/2€ RuU S. If
ze€R,thenx <z < x.Ifz € S, theny > z > y. It follows from these contradictions that
x=y. O

Corollary 3. Let (R, S) be a Dedekind cutin Q. Then, thereis x € R such that x = sup(r |
r € R) =inf(s | s € S).

Proof. By Corollary 1, there are x = sup(r | r € R) and y = inf(s | s € S). Then, x < y.
Suppose that x < y. By Lemma 14 (1.4.3) x < t < y for some rational number t. But
teRuS. IfteR,thenx<t<x.IfteS, theny >t z>y. It follows from these con-
tradictions that x = y. O
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The order completeness of R
Now, we shall generalize Theorem 1 for the ordered set (R, <), i. e. we shall prove that
the ordered set (R, <) is order complete (see 1.1.15 and 1.4.3).

Theorem 2. Leto = (x; € R | i € I) be a collection indexed by a non-empty set I. Then,
there are numbers y, z € R such that y = sup o and z = inf o.

Proof. At first, assume that there is a € R such that x; < a for every i € I. If x; = —c0
for every i € I, then —co = supo. If there is j € I such that X; > 00, then the set J =
{jell X; > —oo} is non-empty. Consider the subcollection z = (x; € R | j € J). Since t
is bounded above, there is by Theorem 1 y € R such that y =supz. Ifi € I \ J, then
X; = oo < y. Thus, y is an upper bound of 0. If b € Rand b > x; for every i € I, then
b > y. Consequently, y = supo.

Now, assume that for every a € R, there is i € I such that x; > a. By definition of
the order in R from 1.4.3 y = oo is an upper bound of ¢. If b € R and b > x; for every
i € I, then b > a for every a € R. Thus, b = co > y. Consequently, y = supo.

For the infimum, the arguments are the same. |

Corollary 1. Let X c R. Then, there are numbers y, z € R such that y = sup(x | x € X)
and z = inf(x | x € X).

Corollary 2. Let (R, S) be a Dedekind cut inR. Then, thereis x € R such that x = sup(r |
r € R) =inf(s | s € S).

Proof. At first, assume that R # {-oco} and S # {oo}. Then, (R,,S;), where R, =
R\ {-00}, S; =S\ {00} is a Dedekind cut in R. By Corollary 2 to Theorem 1, there
is x € R such that x = supR = inf S.

Now, consider the case S = {co}. By Corollary 1, there are x = supR and y = inf S.
Then, x <s for all s € S implies x < y. Suppose that x < y = co. By definition of
aDedekind cut,z=x+1¢€ RUS.Ifz € R, then x < z < x. It follows from this contra-
diction that z € S. Therefore,z = ccandx=z-1=o00 =y.

The case R = {—oo} is considered in a similar way. O

Some further order properties of R
Consider some order properties of R.

By Theorem 3 (1.2.6) every simple collection o = (x; € R | i € I) indexed by a finite
non-empty set I has the largest element gr ¢ and the smallest element sm ¢. Therefore,
according to 1.1.15, we have sup o = gro and inf o = smo.

In particular, if I=n+1,thenxy, vV ... Vx, =X, ¥ ... Yx,and xo A ... A X, =
Xo A ... A X, (see1.2.6).
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Also, if x, x', x", x",---e R, thenxvx =xvx, xvx vx"=xvx' vx" xv
Xvx"vx"=xvx vx VX’” ccandxAx =xAaxX,xAxX AX"=xAx & X",

XAX AX"AX" =xAX Rx" R X"

Lemma4. Let 0 = (z; € R | i € I) be a simple collection indexed by a non-empty set I

and z, a € R. Then:

1) ifz=supo,thena+z=sup(a+z;|iel);

2) ifz=info,thena+z=inf(a+z;|iel);

3) ifz=supo, then az = sup(az; | i € I) when a > 0 and az = inf(az; | i € I) when
a<o0;

4) ifz =info,thenaz = inf(az; | i € I)whena > O and az = sup(az; | i € [)whena <
0;

5) ifz; > 0foreveryielandz =supo,thenz™' =inf(z;' | i € I);

6) ifz>0andz =info,thenz™' =sup(z;' | i € I).

Proof. 1.1tisclearthata+z > z+z; foreveryi.Letb > a+z; foreveryi.Then, b—-a > z;
implies b — a > z, where b > a + z.

Assertion 2 is checked in a similar way.

3. Let a > 0. By assertion 3 of Proposition 4 (1.4.3) az > az; forevery i.Let b > az
for every i. Then, b/a > z; implies b/a > z, where b > az

Let a < 0. By the same reason az < az; for every i. Let b < az; for every i. Then,
b/a < z; implies b/a < z, where b < az

If a = 0, then the equalities are obvious.

Assertion 4 is checked in a similar way.

5. Since O < z; < z for every i, we infer by Corollary 3 to Proposition 4 (1.4.3) that
0<z'<z'.Letb <z foreveryi.If b <0, then b <z '.If b > 0, then by the same
reason b~ > (z;')™! = z; implies b™' > z. Consequently, b = (b™)' < z7\.

6. Since 0 < z < z; for every i, we infer as in 5) that 0 < z;' < z™'. Let b > z; for
every i. Then, 0 < b™' < z; implies b~ < z. Consequently, b > z 7. 0

Corollary 1. Letx,y, z € R. Then:
1) a+xyy=(@+x)¥(a+y);
2) a+xAay=(a+x)A(a+y);

3) a(xYy)=axYaywhena>O0anda(xYy)=axnaywhena < 0;
4) a(xxy)=axKayWhena>0anda(xKy)=ax\_/aywhen a<0;
5) ifx,y >0, then(xVy)‘lz /\y ;
6) ifx,y>0,then(xry)'=xtvy™

Lemmabs. Letx,y € R. Then:
1) x]=x¥Y0+(-x)¥0=xY0-xA0;
2) x¥y=(x-y)¥0+y=(y-x)v0+x;
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3) XAy=x-(x-y)¥0=y-(y-x)vO0;
4) XVYy+XARYy=Xx+Y;

5 XYy-xAay=|x-yl;

6) |x| =xVY(=x).

Proof. 1.Ifx > 0,then x| =x¥ 0+ (—x) v 0.If x <0, then [x] = —x=x¥ 0+ (-x) ¥ 0.
The second equality follows from the first one and Corollary 1to Lemma 4.

Assertions 2 and 3 follow from Corollary 1 to Lemma 4.

Assertion 4 follows from assertions 2 and 3.

5. Subtracting the second equality in 3) from the first equality in (2) and apply-
ing(1),wegetxYy—-xAy=x-y)Y0+(y-x)¥0=|x-yl.

6. It is clear. O

Corollary 1. Let x,y € R. Then:
1) xvy=x+y)/2+x-yl/2;
2) xAy=(x+y)2-Ix-yl/2

Lemmaé. Leta,b,x e Rand a > b. Then:
1) xYazxVyb;
2) xAaz=xnAbh.
Proof. 1.Sincexva >xandxvYa > a,wehavexva > xandxva > b,wherexva >
xVb=xVvbhb.

2. Analogously, x Ab < xandxAb < b<aimplyxAb<xAa=xRxna. O

Now, in addition to Proposition 1 and Theorem 1 from 1.1.15 we can prove for R the fol-
lowing properties of distributivity.

Proposition 1. Let 0 = (x; € R | i € I) be a simple collection indexed by a non-empty
set I and x, e € R. Then:

1) ife=supo,thenxAe=sup(xAx;|icel);

2) ife=info,thenxve=inf(xVvx;|iel).

Proof. 1. Since e > x;, we infer by Lemma 6 that x A e 2 x A x;. Take any u € R such
that u > x A x; for every i. By assertion 4 of Lemma5xAx; = x+x;-xVx;andxAe =
x+e-xVe.Thus, u > x+x;-xVx; implies u—x > x; - xVx;, where xvx;+u-x = x;. By
Corollary 1to Theorem 1 (1.1.15) x V e = sup(x vV x; | i € I). Consequently, by assertions
2and3of Lemma4xVe+u—-x=sup(xVx;+u—-x)=xVx;+u-xzx; foreveryi.
Thisimpliesxve+u—-x > e,whereu > x+e—xVve =xAe.Thus, xAe = sup(x Ax; |
iel).

2. The proof is a simple modification of the proof of assertion 1. O
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Corollary 1. Letx,y, z, e € R. Then:

1) xa(y¥z)=(xAy)VY(xaz) (the distributivity of the smallest element with respect
to the greatest element);

2) xY(yAz)=(xYy)r(xVz) (the distributivity of the greatest element with respect
to the smallest element).

Proof. 1. Consider the set I = 2and a simple collection o = (x; | i € I) suchthatx, =y
and x; = z. Then, by Corollary 1 to Proposition1(1.1.15) e=syvYz=yVz =X,V Xy =
sup(x; | i € I). Therefore, by Proposition1xAe = xAe = sup(xAx; | i € I) = sup(xAx; |
ie)=XAXx)VXAX)=(XARY)Y (XA 2).

2. The proof is a simple modification of the proof of assertion 1. O

Corollary 2. Let o= (yjeRIlje)) and 1= (z, € R| k € K) be simple collections
indexed by non-empty sets ] and K and f, g € R. Then:

1) iff =supoandg=supr,thenf Ag=sup(y; Azl (, k) €] xK);

2) iff =infoandg =infr, thenfv g =inf(y; vz, | (j, k) € ] x K).

Proof. 1. By Proposition 1y; A g = sup(y; Az, | k € K)and f A g =sup(y; Ag|je€)).
Since f A g 2 y; A z; for every j and k, by Theorem 1, there is a number u such that
fagzu=sup(y;Azcl|(,k) e JxK).Itisclearthatu > y;Agandsou > fAg.Asa
result, fAg = u.

Assertion 2 is checked in a similar way. O

Theorem 3. Let (I,, | m € M) be a total multivalued collection of sets indexed by a non-
empty set Mand U = [[(I,, | m € M). Let (»,, | m € M) be a collection of collections of
numbers x,, = (x,,; € R|iel,)and (e, € R|me M)and (g, € R|u e U) be collec-
tions of numbers. Then:

1) ife, =sup(xy | ie€I,)andg, =inf(x,,,, | m € M), then there exists x € R such
that x = inf(e,, | m € M) and x = sup(g, | u € U) (the general distributivity of
the infimum with respect to the supremum);

2) ifey, =inf(x,; | i€ I,)and g, = SUp(X,p,4m) | M € M), then there exists x € R such
that x = sup(e,, | m € M) and x = inf(g, | u € U) (the general distributivity of
the supremum with respect to the infimum).

Proof. 1.If e, = sup(x,,; | i € I,,) and g, = inf(x,,,,yy | m € M), then for every m and
u the condition u(m) € I, implies the inequality e > X,,,(,)- Therefore, e, > g,. By
Theorem 1, there exists unique numbers x and y such that x = inf(e,,, | m e M), y =
sup(g, | u € U), and x > y. We need to prove that x = y.

By Lemma 1, for every n € N and every m € M, there is i€ I,, such that
en—1/n < x,,;. Therefore, we can consider the non-emptysets J,,,, = {i € I,,, | e,,—1/n <
Xmi}- By the axiom of choice from 1.1.12 for the non-empty set I = | J(I,,, | m € M), there
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exists a choice mapping p: P() \ {@} — I. Define some mapping u from M into I
setting u(m) = p(J,) € Jym € Iy- Then, u € U and x - 1/n< e, — 1/n < Xy for
every m € M. Consequently, x - 1/n < g, < y.By Lemma 2 x < y, where x = y.

2. The proof is a simple modification of the proof of assertion 1. O

Corollary 1. Let I be a finite set, (J; | i € I) be a collection of non-empty sets, U = [[J; |
i eI).Let(o; | i € I) be a collection of collections of numbers o; = (x,-]-i eR|j; e ]i), and
(z; € R | i € I) be a collection of numbers. Then:

1) ifz; =supoy, theninf(z; | i € I) = sup (inf (x;,; | i € I) | u € U);

2) ifz; =info;, thensup(z; | i € I) = inf (sup (x;,; | i € I) | u € U).

Theorem 4 (The Birkhoff identity). Letx,y,z € R.Then, |xYz-yYz|+|xAz-yAz| =
Ix -yl

Proof. Applying the formula |[p — g/ =p ¥ q — p A q from Lemma 5 to the case that
p=xY¥zand g =y YV zas well as to the case that p = x A zand g = y & z, we obtain
L=|xvz-yVvzl+|xAz-yAzl=(x¥Y2)Y(y¥2)-(xXYZ2)A(YVY2)+(XAZ)Y (YA Z)-
(x~z) A (y A z). Using Corollary 1 to Proposition 1 and Corollary 1 to Theorem 1 (1.1.15),
weobtain L=(xVvz)Vz-(XxAY)YZ+(XVYY)Az-(XAY)Az=((XYy)Yz+(xV
y)Az) - ((xAy) Y z+ (x Ay) A z). Finally, using equalities 4) and 5) from Lemma 5, we
obtainL =(xvYy+2)-(XAy+2z)=xYy—-xAy=|x-yl O

Corollary 1 (the Birkhoff inequalities). Letx,y,z € R. Then, |[xvz-yVvz| < |x-y|and
xARz-yRrRz|<|x-Yl

1.4.6 Natural roots of positive real numbers. Raising to a rational degree

Consider the set B = w and take the number b, = 1. Define for the set B a productive
mapping V from B x w into B setting V(m, n) = m(n + 1). Then, by Theorem 1 (1.2.7),
there is a unique mapping u from w into B such that u(0) = b, and u(n + 1) =
V(u(n), n) = u(n)(n + 1). The mapping u is called the factorial function. The number
u(n) is called the factorial of the number n and is denoted by n!. It follows from this re-
cursive formula that O'=1, 1'=1, 2!=1' . 2=1 . 2, 3!1=21 . 3=
1-2-3,...

For numbers k, m € w, thenumber m!/(k!(m-k)!) is called the number of combina-
tions of m things k at a time and is denoted by C¥ or by (). It follows from the definition
that C° = 1and C* = ¢,

Theorem 1 (the Newton binomial theorem). Let a, b € R and m € N. Then, (a + b)™ =
Y(Cha™ P [kem + ) =a™ + Cha™'B' + ... + Cha™FB* + ..+
pm 4 p™,
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Proof. Consider the set X of all numbers n € w such that for m = n + 1, we have
the equality written above. If n = 0, then for m = 1 by Lemma 4 (1.4.3), we have
the equality ¥ (C¥a'™*b* | k € 2) = C?a°p° + Cla’'b' = (a + b)". Thus, O € X.
Suppose that n € X. Takem = n+1.Then, (a+b)™*" = (a+b)™(a+b) = ¥ (C* a™'*
b ke m+1)+ ¥(CKa™ " | ke m+1) = a™' + ¥(CKa™*b* | ke m+1)\1) +
Y(CE @™ kpR | ke (m+2)\1) = @™+ T((CK + CEHa™ K px | ke (m+1)\1)+b™.
Since Ck + C&1 = mi/ki(m - k)t + mY/(k — Di(m + 1 - K)! = (m + DI/kI(m + 1 - k)! =
Cck .., we conclude that (a + b)™! = a™' + ¥(CX a™"*b* | ke (m+ 1)\ 1) + ™" =

m+1?

Y(CK.,a™"7*b* | k € m+2). This means that n+1 € X. By Theorem1(1.2.6), X = w.

Theorem 2. Let x € R, and m € N. Then, there is a unique number a € R, such that
a™ = x.

Proof. If x = 0, then by Proposition 3 (1.4.3) a = 0. Therefore, we shall assume that
x > 0.ConsiderthesetsR=R_uU{re R, | r" < x}and S = {s € R, | s™ > x}. By Corol-
lary 1 to Lemma 13 (1.4.3), there is n € N such that x > 1/n = (1/n)™. Thus, R # @.
If x <1, then 1™ > x; if x > 1, then by Proposition 4 (1.4.3) x™ > x. Thus, S # @. Be-
sides, R = RuU S. Take any r € R and s € S and suppose that r > s. Then, by Proposi-
tion 4 (1.4.3), x > r™ > s™ > x, but this is impossible. It follows from this contradiction
that r < s. Thus, (R, S) is a Dedekind cut in R in the sense of 1.4.3. By Corollary 2 to
Theorem 1 (1.4.5), there is a such that @ = sup(r | r € R) = inf(s | s € S).

By Lemma 1 (1.4.5) for every n € N, there are r € R and s € S such that a - 1/n <
r<a<s<a+ 1/n. Therefore, (a — 1/n)™ <™ < x and (a + 1/n)™ > s™ > x. Since
(1/n)" 1/n for every k € N, we get by virtue of Theorem 1 the inequality x < (a +
1/n)™ < a™+ Y(Cka™™* | ke (m+1)\1)/n. Denote ¥ (Cka™™* | ke (m+1)\1) by z.
Then, again by Theorem 1 x > (a —1/n)™ = a™ + Z(C’,‘nam’k(—l/n)k |[ke(m+1)\1) >
a™ - Z(C’,‘nam‘k(l/n)" |[ke(m+1)\1)=a™-z/n. Thus,a™ -z/n < x <a™ + z/n for
everyn € N.

Suppose that x > a™. Then, by Lemma 13 (1.4.3), n(x — a™) > z for some n, i.e.
x > a™ + z/n. But this contradicts the proven inequality. Now, suppose that x < a™.
Then, in the same way, n(a™ -x) > zfor some n, i. e. x < a™ —z/n. It follows from these
contradictions that x = a™.

Now, suppose that x = b™ for some b. If a < b, then by assertion 4 of Proposi-
tion 4 (1.4.3) x = a™ < b™ = x. If a > b, then by the same reason, x = a™ > b™ = x. It
follows from these contradictions that a = b. O

<
<

The number a from Theorem 2 is called the root of the number x € R, with the natural
exponent m and is denoted by */x. It is also called the degree of the number x € R,
with the exponent 1/m and in this case is denoted by x/™.

Let r = m/p be a rational number with a denominator p € N and a numerator
m ¢ Z. Define the degree x" of the number x € R, with the rational exponent r setting

x" = (x'P)™ if either x > 0 or m > 0.
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Proposition1. Letw = (x; e R,\{0} |i e I)and » = yjeQljel) be simple finite col-
lections, x e R, \ {0}, and y, z € Q. Then:

) V=1

2) 0'=0fory>0;

3) x2Wilieh — P |je));

4) (P(x;lieD)) =P(X) |iel;

5) x* = ()%

Proof. Lety = m/p, z = n/q, and y; = m;/p; for some m, n, m; € Zand p, q, p; € N.

1. Since 17 = 1, we infer that 17 = 1. Therefore, ¥ = (1/7)™ = 1™ = 1.

2. Since 07 = 0, we infer that 07 = 0. From y > 0, we infer that m > 0. Therefore,
0’ = (0" = 0™ = 0.

3. Denote P(p; | j € ]) byv, P(p; | i €]\ {j}) by Vi, and Z(mjvj | j € J) by u. Then,
by definition from 1.4.2 " % = u/v. Therefore, L = x2* = (xXMH. By virtue of assertion 5
of Proposition 3 (1.4.3), we have LV = ((x*/")")¥ = x*.

On the other hand, x*/ = (x/P/)™ implies R = P(x”i | j € J) = P(x}’P))™ | j € J). By
virtue of assertions 4 and 5 of Proposition 3 (1.4.3), we have RY = P((x/P))")™ | j €
J). Since by Theorem 1 (1.4.2) v = p;v;, we infer that (x/Pi)Y = x¥i. Consequently, by
assertion 3 of Proposition 3 (1.4.3), R = P(x™"i | j € J) = x"*.

As a result, we get the equality LV = R". By virtue of Theorem 2, we conclude that
L=R.

4.Since L = (Prr)’ = ((Pm)"/P)™, weinfer that L = (Px)™ = P(x[" | i € I). Onthe other
hand, R =P(x | ieI) = P((x!'")"™ | i e I) implies RP = P((/")™)P | i e I) = P(x" |
i € I). As a result, we get equality L? = R”, which implies L = R.

5. From yz = mn/pq we infer that L = x’* = (x/P9)™", Therefore, LP? = x™. On
the other hand, for R = (x)? = ((x"’?)™"9)" we have R? = (x/P)™, and as a result,
RP? = (R7)? = x™. From the equality L?? = R”Y, we conclude that L = R. O

Proposition 2. Letx,y € R, \ {0} andr, s € Q. Then:
1) ifx<y,thenx <y forr>0andx >y forr<O0;
2) ifr<s,thenx” <x®forx>1andx" > x° forx < 1.

Proof. Letr=m/pand s =n/qform,n € Zand p,q € N.

1. By definition L = x" = (x/P)™ and R =y" = (y/P)™. Therefore, L” = x™ and
RP =y™.

If r > 0, then m > 0. Consequently, by virtue of assertion 4 of Proposition 4 (1.4.3)
x™ < y™ where LP < RP.Supposethat L > R. Then, by the same reason, L? > RP. Since
this inequality contradicts the previous one, we conclude that L < R.

For r < O, the arguments are the same.

2. By definition, L = x" = (x'’)™ and R = x° = (x/9)". Therefore, L?? = x?™ and
RPZ = xP",
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By definition from 1.4.2 r < s implies mq # np and (mq —np)pq < 0. Suppose that
mq - np > 0. Then, by assertion 3 of Proposition 3 (1.4.1), (mq — np)pq > 0, but this
contradicts the previous inequality. Thus, mq < np.

If x > 1, then by assertion 5 of Proposition 4 (1.4.3) x™ < x, where LP? < RP9, As
above, this implies L < R.

If x < 1, then using the similar arguments we deduce that L > R. O

Now, we shall prove that rising to a natural degree and taking a natural root possess
properties of “acceleration” and “deceleration”, respectively.

Lemmal. Letx,y e R,m e N,andO <y < x. Then, (x +y)" = x™ > x™ - (x - y)".

Proof. By Theorem1 (x+y)™—x™ = Y (C* x™*y* | k € (m+1)\1) > Y (-1 1k xmFyk |
kem+D\)=x"-(x-y)™ O

Corollary 1. Letx,y e R,me N,and0 <y < x. Then, {x +y — Vx < Vx - Yx—y.

Proof. Denote Yx by aand ¥x+y - Vx by b. Then, b < V2x — a < V2"x - a = a.
Supposethat b>a - Yx—-y,i.e.0<a-b< yx—y.Bylemmal,y=x+y-x=
(a+b)"-a™ > a™-(a-b)™ = x—(x-y) = y, but this is impossible. Now, the necessary
inequality follows from this contradiction. |

Proposition 3. Let x € R, \ {0}. Then, lim(Vx | m € N) = 1.

Proof. At first, assume that x > 1. Then, by virtue of Proposition 2 V/x > 1. Take e > 0
and suppose that for every n, thereis m > n such that ¥/x -1 > e. By Lemma 13 (1.4.3),
there is n € N such that ne > x, where me > ne > x. At the same time, by Theorem 1
for thism,wehavex = (1+ &)™ =1+ me+--- + me™ ! + &" > me. It follows from this
contradiction that there is n such that m > nimplies0 < Vx - 1< e.

Now, assume that x < 1. Take ¢ > 0. Then, fory = 1/x > 1, thereis n such that Yy -
1 < e for every m > n. Using assertion 5 of Proposition 1, we gete > {/y-1= (xhHm _
1=xY™T1-1=1/¥x -1=(@1- VYx)/Vx. This implies 1 > Vx > 1/(1 + ¢) for every
m 2 n.Consequently, 0 < 1- VYx <1-1/(1+¢) =¢/(1+¢) <e. O

In conclusion, we shall prove that R # Q.

Lemma2. Letr € Q. Then, r* + 2.

Proof. Suppose that r* = 2. Let r = m/p for some m € Z and p € N. We can assume
that m and p have no common divisor. From m?/p? = 2, we infer that m? = 2p?, i.e.

m? is even. Suppose that m = 2k + 1 for some k € Z. Then, m? = 2k? + 2k + 1 = 2Q2k* +
k) + 1 means that m? is odd. It follows from this contradiction that m = 2k. But then,
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2p? = m? = 4k implies p® = 2k?, i. e. p? is even. As above, this implies that p = 21 for
some [ € N. Thus, m and p have the common divisor 2. It follows from this contradic-
tion that r? # 2. O

Corollary1. V2 € R\ Q.

Proof. The assertion follows from Theorem 2 and Lemma 2. O

1.4.7 Convergence of nets in the extended real line

Limits of nets in R
In this subsection, we shall consider nets s = (x,, € R | n € N) of extended real num-
bers indexed by the principal set N of an upward directed preordered infinite set (N, <)
(see 1.1.15). According to 1.2.6, such nets are called infinite.

Asin 1.4.4, for a preordered set (N, <) closed final intervals [n, —»[= {p € N | p = n}
with the beginnings n € N will be denoted also by N,,.

A net s is called convergent to a number x € R and the number x is called a limit
of the net s if for every number ¢ > 0, there is an index n € N such that Ix, —x| < e for
all p € Nsuch thatp > n.

Lemmal. Lets = (x,, € R|neN)bean infinite net, x, y € R, and s convergent to x and
toy.Then, x =y.

Proof. Suppose that x # y. Then, for e = |x — y| > 0, there are m, n € N such that
Ix, — x| < e/2and |x, - y| < ¢/2forall p, g € N such that p > m and g > n. Take some
k € N such that k > m and k > n. It follows from these inequalities that x, € R for all
r € N such that r > k. Therefore, |x - y| < |x — x,| + |x, — ¥| < &, but this is impossible.
Thus, x = y. O

Thus, the net s can have a unique real limit. To denote the property that x € R is a limit
of s, we shall write x = lim s or x = lim(x,, | n € N).

Lemma 2. Lets = (x, | n € N) be a net and x € R. Then, the following conclusions are
equivalent:

1) x=lims;

2) O0=lim(x, —x|neN);

3) 0 =lim(]x, — x| | n € N).

Proof. The assertion follows from the equalities |x, — x| =0 - (x, - X)|=
|0 = |x, — x||. O
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The net s is called convergent to the number x = oo [x = —co] and the number x is called
the limit of the net s if for every real number § > 0 [§ < 0] there is an index n € N such
that x,, > & [x,, < &] forall p € N such that p > n. This property is denoted by x = lim s
or by x = lim(x,, | n € N).

As above, for a net s = (x, € R |neN), a number x € R, and a number ¢ ¢
R, \ {0}, we shall consider theset C(s,x,e)={neN|VpeN(p=z=n= Ix, — x| < &)}
and besides for the net s, a number x = co [x = —00], and a real number § > 0 [§ < 0]
we shall consider the set C(s, x,8) ={ne N|Vp e N(p > n = x, > § [x, <]}

Lemma3. Let s = (x, € R | n € N) be a net and x € R. Then, for the ordered set R,
the following conclusions are equivalent:

1) x=lims;

2) x =o-lims (see 1.1.15).

Proof. (1)  (2). For every n € N, consider the set N, ={p € N | p > n}. Since the
ordered set R is order complete in the sense of 1.1.15, there are nets s = (y, € R |
neN)Tands = (z, € R | n € N) | such that Y, = inf(x, | p € N,) and z,, = sup(x, |
p € N,).Ifl,m € N, then for g € N;n N,,,, we have y; <y, < X, < 2, < zy,. Therefore,
there are y, z € Rsuch thaty = sups, z =infs,and y < z.

At first, assume that x € R. Then, by definition, for any real ¢ > 0, thereis k ¢ N
such that |x, - x| < e for every p € N;. It follows from this inequality that x,, € R for all
p € Ny. Consequently, x —& < y; < X, < z < X +¢&, whereyy, z; € R.Then,y, <z, € R
and z,, >y, € Rforall [, m € N. Therefore, y < zand z > y, imply y, z € R. Besides,
x-& <Y, <yandz < z; € x+e&. Now, using Lemma 2 (1.4.5) we infer thatx < y < z < x,
wherey = z = x. Thus, s T xand s | x. By definition from 1.1.15 x = o-lim s.

Now, assume that x = co. Then, by definition, for every real § > 0, there is k €
N such that x,, > 8 for every p € N,. Therefore, y >y, > § implies y = co = x. Thus,
s T x. Therefore, the net t = (v, € R | n € N) | x such that v, = co for every n. Since
Vn < X, < Vv, we conclude that x = o-limss.

Finally, assume that x = —co. Then, for every real § < 0, there is k € N such
that x,, < & for every p € N;. Therefore, z < z; < § implies z = —co = x. Thus, 5 | x.
Consider the net t = (u,, € R | n € N) T x such that u, = —oo for every n. Since u,, <
X, < z,, we conclude that x = o-lim s.

2) +1). Let there be nets (y, e R |ne N) T x and (z, € R | n € N) | x such that
Vn < X, < z,foreveryn e N.

At first, assume that x € R. Then, for every real ¢ > 0, there are [, m € N such that
xzy,>x-eandx<z;, <x+eforallp e N and g € N,,. Take k € N; n N,,. Then,
X-e<y, <X, <z <x+eimpliesx, €e Rand —¢ < x, —x < eforall r € N;. This means
that x = lim s.

Now, assume that x = co. Take any real § > 0 and suppose that y, < 8 for every
n € N.Then, co = x = sup(y,, | n € N) < 6. It follows from this contradiction that there

q
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is n € N such that y, > 8. Therefore, x,, >y, >y, > & for all p € N,,. This means that
x =lims.

Finally, assume that x = —co. Take any real § < O and suppose that z, > § for
every n € N. Then, —co = x = inf(z, | n € N) 2 4. It follows from this contradiction
that there is n € N such that z,, < 8. Therefore, x, < z, <z, < § forall p € N,.. Thus,
x =lims. |

Properties of the limits

Proposition 1. Let X c R,s= (x, e X|neN)andt = (y, € X | n € N) beinfinite nets,
x,y € X,x =lims, andy = limt. Then:

1) x+y=lim(x,+y,|neN)forX=RU/{oo}orX =RU{-o0};

2) xy=lim(x,y, |neN)forX=RorX =R\ {0};

3) 1/x=1lim(1/x, | n € N) for X = R\ {0};

4) xvy=lim(x, vy, |neN)forX=R;

5) xAy=lim(x, Ay, |neN)forX=R.

Proof. Denotetheset{l € N|12> k}for k € N by N,.

1. We shall consider only the case X = R U {oo}. The other case is considered in
a similar way.

At first, assume that x,y € R. Take any ¢ >0 and some m € C(s, x, £/2),
neC(ty,e/2), and k € N, n N,. Then, |x - x,| < /2 and |y - Yl < /2 imply x,,,
y, € Rforevery p € N,. Therefore, by assertion 5 of Proposition 6 (1.4.3) [x +y — (x, +
Yol <Ix = x,| + |y - y,| < & for every p € N;. This means that x + y = lim(x, + y, |
n € N).

Now, assume that x € R and y = co. Fix any § > 0 and take some m € C(s, x, 1),
necC(ty, (d-x+1)v1),and k € N, nN,. Then, Ix = x,| < 1andyp >0 -x+1)vi1
for every p € Ny imply x,, +y, > (x = 1) + (§ — x + 1) = 4. This means that x + y = co =
lim(x, +y, | n € N).

If x=00 and y € R, then the arguments are the same. Finally, assume that
X =y = oco.Fixany $ > 0 and take some m € C(s, x,8),n € C(t,y,d),and k € N,,NN,,.
Then, x,, > § and y, > & for every p € N imply x,, + y, > 6. This means that x + y =
oo = lim(x, +y, | n € N).

2. At first, consider the case X = R. Take some [ € C(t, y,1). Then, ypl <ly -
1| ¥ |y + 1] = b for every p € N,. Take any ¢ > 0 and some m € C(s, x, /2(|x| + 1)),
n e C(t,y, ¢/2b), and k € N; n N, n N,.. Then, by Proposition 6 (1.4.3), [xy - x,y,| <
|xy = xy, +xy, = Xp¥p| < x|y =yl + [¥pl X = x| < |xle/2(|x| +1) + be/2b < & for every
p € N,. This means that xy = lim(x,y, | n € N).

Now, consider the case X = R \ {0}. At first, assume that x, y € R\ {0}. Then, as
above, |y,| < b for every p € N;. Take any ¢ > 0 and some m, n and k as above. Then,
X, Y, € R forevery p € N,. Therefore, by the same arguments as above, we infer that
Ixy — x,y,| < e for every p € N;. This means that xy = lim(x,y, | n € N).
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Now, assume that —co < x < 0 and y = co. Take any é < 0 and some m € C(s, X,
-x/2), n € C(t, y,258/x), and k € N,, n N,.. Then, |x - x,,| < -x/2 and y,, > 2§/x imply
XY, < (x/2)(28/x) = & for every p € Ni. This means that xy = —co = lim(x,y, |
n € N).

Finally, assume that x = —co and y = co. Take any & < 0 and some m € C(s, X,
-V=6), n € C(t,y, V=9), and k € N,, n N, (see Theorem 2 (1.4.6)). Then, X, < -V=8
andy, > V=& imply X,Y, < 0 forevery p € N;. This means that xy = —oco = lim(x,y,, |
n e N).

All the other opportunities are considered in a similar way.

3. Take any & >0 and some m € C(s, X, |x|/2). Then, |x - x,| < |x|/2 implies
x—|x|/2 < x,, < x+|x|/2foreveryp € N,,.Ifx > O, thenx/2 < x,,;if x < 0, then x,, < x/2.
In both cases, x| > 1x1/2. Take some n € C(s, x, |x|*¢/2) and k € N,,nN,.Then, [1/x-
1/xpl < Ix = xpl/1xl1x,| < & for every p € N,. This means that 1/x = lim(1/x, | n € N).

4, At first, assume that x, y € R. Take any ¢ > 0 and some m € C(s, x, &/2), n €
C(t,y,€/2),and k € N,, n N,,. Then, X, Vp €R for every p € N. Therefore, by Corol-
lary 1 to Theorem 4 (14.5), [x Yy = X, Yy, |<|[x Yy —x VY y |+ [x Yy, - X, ¥
Yol <1y =yl + Ix = x,,| < ¢ for every p € N. This means that x v y = lim(x,, ¥ y,, |
n e N).

Now, assume that x € Rand y = —co. Take any real ¢ > 0 and some m € C(s, x, €),
neC(t,y,-Ix| - ¢, and k € N,, n N,.. Then, |x - x,| < and y, < -|x| - & imply
Yp <X —e<x), foreveryp € N;. Thus, x, vy, =x,and x Yy = x € Rimply |[x v y -
X, Y Yl =[x = x,| < e for every p € Ny. This means that x v y = lim(x,, vy, | n € N).

Finally, assume that x = co and y = —c0. Take any § > 0 and some m € C(s, x, §),
n e C(t,y,-98), and k € N,, n N,.. Then, X, > é and Yp < -8 for every p € N,. Since
xVy=ocoandx,Vy,=Xx, > 0§, weinfer that x vy = lim(x,, vy, | n € N).

All the other opportunities are considered in a similar way.

Assertion 5 is checked analogously to assertion 4. O

Corollary1. Let X be R or R \ {0}, (x,, € X | n € N) be an infinite net, x, y € X, and
x =lim(x, | n € N). Then, yx = lim(yx,, | n € N).

Proof. Consider the constantnet t = (y,, | n € N) such thaty, = y. Then, we get a par-
tial case of assertion 2 of Proposition 1. O

Corollary 2. Let (x, € R | n € N) be an infinite net, x € R, and x = lim(x, | n € N).
Then, |x| = lim(|x,| | n € N).

Proof. By Corollary 1, we have —x = lim(-x,, | n € N). Therefore, by assertion 4 of
Proposition 1 we obtain |x| = x ¥ (-x) = lim(x,¥(-x,) | n € N) =lim(|x,| | n e N). O

Corollary 3. Lets = (x, e R|ne N)andt = (y, € R | n € N) beinfinite nets, x,y € R,
x =lims,y =lim¢, and x, <y, foreveryn € N. Then, x < y.
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Proof. By condition y,, = x,, ¥ y,. Therefore, by assertion 4 of Proposition 1 we get
y=Ilim¢ =lim(x, vy, | neN)=xVvy.Hence, x <y. O

Proposition 2. Let X c R, o = (s; | i € I) be a finite collection of infinite nets s; = (x;, €
X|neN),»x=(x; € X|1iel) bea finite collection, and x; = lim(x;, | n € N) for every
i €. Then:

1) Y(x;lieD=lim(}(x;, |iel)|neN)forX=RuU{oco}orX =RU{-co};

2) P(x;liel)=lim(P(x;,|iel)|neN)forX=RorX= R\ {0};

3) gr(x;|iel) =1lim(gr(x;, |iel)|neN)forX=R;

4) sm(x;|iel)=lim(sm(x;, |i€I)|neN)forX=R.

Proof. We shall prove only assertion 2. All the other assertions are proven completely
in the same manner.

2. Consider the set E consisting of all numbers e € w such that the assertion 2 is
valid for all collections ¢ and » with the condition card I = e + 2.

Letcard I = 2. Then, I = {j, k} for some different element j and k. It can be checked
that Px = x;x; and P(x;, | i € I) = x;,Xx;,,. Therefore, by virtue of assertion 2 of Propo-
sition 1 Px = x;x; = lim(x]-nx,m | n e N)=1lim(P(x;, | i € I) | n € N). This means that
0eX.

Suppose that e € E. Take arbitrary collections ¢ and » such that there is a
bijective mapping u from e + 3 onto I. Consider the element k = e(e + 2) € I and
the sets I, = u[e + 2] and I; = {k}. Then, (I,, | m € 2) is a partition of I and card I, =
e+2.

Consider the collections o, = (s; | i € I,,) and »,, = (x; | i € I,,). By the condi-
tion, Py = x; =lim(xy, | n € N) =1lim(P(x;, | i € I;) | n € N). By our supposition,
Pxy =lim(P(x;, | i € Iy) | n € N). It can be checked that Px = PxyP», and P(x;, | i €
I) = P(x;, | i € I,))P(x;, | i € I) for every n € N. Now, applying assertion 2 of Propo-
sition 1, we get Px = PuyPs, = im(P(x;, | i € I,)P(x;, | i € I,) | n € N) = im(P(x;, |
iel)|neN).

This means that e + 1 € E. Consequently, by Theorem 1 (1.2.6) we get E = w. O

Corollary 1. Let (x, € R|n € N) be an infinite net, x € R, k € w, and x = lim(x,, |
n € N). Then, x* = lim(xX | n € N).

Proof. If k = 0, then x° = x? = 1 implies the necessary equality. If k > 1, then the
assertion follows from Lemma 7 (1.4.3) and Proposition 2. O

Lemma4. Let s=(x, € R\ {0} | neN) be an infinite net and lims = co or lim
S = —co. Then, lim (1/x, | n € N) = 0.

Proof. First letlims = co. Take any ¢ > 0 and some m € C(s,00,1/e)={ne N|Vp €
N (p 2 n= x, >1/¢e)}. Then, x, > 1/¢ for every p € N,,. Hence, by Corollary 3 to
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Proposition 4 (1.4.3) [1/x, -0l =1/x, <¢ for every p € N,,. This means that lim(1/x,, |
neN)=0.

Now, let lims = —co. Take any ¢ > 0 and some m € C(s, -0, -1/e) ={n € N |
Vp € N(p 2 n= x, <-1/e)}. Then, x,, < -1/e for every p € N,,. Hence, by assertion 3
of Proposition 4 (1.4.3) and Corollary 3 to Proposition 4 (1.4.3) |1/x, - 0| = -1/x,, =
1/(=xp) <e for every p € N,,. This means that lim(1/x, | n € N) = 0.

O

According to 1.1.15, anet t = (y,, € R | n € N) is called a subnet of a net s = (X € R

m € M) if there exists a collection (m, € M | n € N) such that:

1) foreveryindex m € M, there exists an index n € N such that k € N, implies m; €
M,;

2) yn =Xy, foreveryneN.

In this case, we shall say that ¢ is a subnet of s with respect to a thinning collection
(m,eM|neN).

Lemma5. Let (M, <) and (N, <) be upward-directed preordered sets,anett = (y, € R |
n € N) be asubnetofanets = (x,, € R| m e M), x € R, and x = lims. Then, x = lim ¢.

Proof. At first, assume that x € R. Take any ¢ > 0 and some m € C(s, X, €). By defi-
nition for m, there is n € N such that p € N,, implies m, € M,,. Therefore, |x — Ypl =
|x — mel < e for every p € N,. This means that x = lim ¢.

Now, assume that x = co. Take any § > 0 and some m € C(s, x, §). Then, take
n € N as above. Since y,, = X, > d for every p € N, we infer that x = co = lim ¢.

The case x = —o0 is considered in a similar way. O

Lemmaé6. Let r=(x,cR|neN),s=(y,cR|neN),and t=(z, € R|neN) be
nets, x € R, x = lims, x = lim t, and Vo < X, < z,foreveryn € N. Then, x = limr.

Proof. Atfirst, assumethat x € R.Takeanye > Oandsomem € C(s, x, ¢), n € C(t, x, €),
and k € N, N N,,. Then, |x - y,| < e and |x - z,| < & for every p € N,. Therefore, y,,
z, € Rfor every p € N,. By the condition, the same is valid for x,,. Using assertion 4 of
Proposition 6 (1.4.3), we get —¢ < YVp=XSX,—XS<Zp—X<§ where |x — xpl < e. This
means that x = limr.

Now, assume that x = co. Therefore, any § > 0 and some n € C(t, x, §). Then,
X, >y, > dforeveryp € N,,. Thus, x = co = limr.

The case x = —co is checked analogously. O

Lemma7. Lets = (x, € R|neN)bean increasing [a decreasing] net and x € R. Then,
the following conclusions are equivalent:

1) x=sups[x=infs];

2) x=lims.
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Proof. (1) - (2). Let x € R. Take any ¢ > 0. Then, there is n € N such that x — € < x,,.
Therefore, for every p € N,, we have x — & < x,, < X, < X < X + ¢, where |x, - x| <ee.

Let x = —co. Then, x,, = —oco for every n € N. Thus, x = —co = lims.

Finally, let x = co. Takeany é > 0. Then, thereis n € N suchthatx, > &. Therefore,
X, = X, > & forevery p € N,. Thus, x = co = lims.

2) +1). By Lemma 3, there are nets s=(y, € R|neN)Tx and s=(z,€R|
n € N) | x such that y, < x, <z, for every n € N. Take any g € N. If g < n, then
X, < Zp < 243 if g 2 n, then x, < x, <z,. Since x = infs, we infer that x, < x for
every n € N. Let b e R and b > x,, for every n € N. Take any p € N. If p < n, then
bzx,> Xp 2 Vps ifp>n,thenb > Xp 2 Vp- Since x = sup s, we infer that b > x. This
means that x = sups. O

Proposition 3. Letanet (x, € R | n € N) beincreasing and bounded above [decreasing
and bounded below]. Then, it has the limit.

Proof. By Theorem 1 (1.4.5) on the Dedekind completeness of the real line the collec-
tion (x,|neN) have the supremum [infimum] x. By virtue of Lemma 7,
x =lim(x, | n € N). O

The exponential function
Define the sequence (a, |n e N) of functions (mappings) a,:R — R setting
a,(x) = (1+ x/n)" for every n € Nand x € R. Note that a,(0) = 1for every n € N.

Lemma8. Letx € R,n € N, n > —x. Then, a,,(x) = a,(x).

Proof. 1f x = 0, then a,,,,(x) =1 = a,(x).

Forx #0,putz=1+x/nandy =1+ x/(n + 1) # z. It follows from x/n > -1 that
z > 0,y > 0. Applying Corollary 3 to Proposition 5 (1.4.3), we obtain y"*!/z" > (n+1)y—
nz=n+1+x-n-x=1Hence, a,,,(x) =y"" > z" = a,(x). O

Thus, for every x € R, the sequence (a,(x) | n € N_,), where N_, ={n e N | n > —x},
is increasing. Prove that this sequence is bounded above.

Lemma9. Letx e R,n,m e N,n > -x, m > x. Then, a,(x) < 1-x/m)™™.

Proof. Since x > —n > —nm, it follows from Corollary 4 to Proposition 5 (1.4.3) that
(1 + x/(mn))™ =1 - x/m. Then, by assertion 4 of Proposition 4 (1.4.3), we get
(1 + x/(mn))™ < (1 — x/m)™™. Using Lemma 8, we conclude that a,(x) < a,,,(x) =
1+ x/(mn))™ < (1-x/m)™. O

Thus, for every x € R, the sequence (a,(x) | n € N_,) is bounded above by every
number (1 — x/m)™ for m > x. Such m € N exists by virtue of the Archimedes
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principle (Lemma 13 (1.4.3)). By Proposition 3 for every x € R, there is the limit
lim (a,(x) | n € N).

This allows us to define the exponential function exp : R — R setting expx =
lim ((1 + x/n)" | n € N) for every x € R. It is obvious that exp 0 = 1.

Lemma 10. Letx € R. Then,1+x < a,(x) foreveryn > —x.If, besides, x < 1,then a,(x) <
1/(1 - x).

Proof. Since n > —x, we have x/n > —1. Then, Proposition 5 (1.4.3) guarantees that
a,(x)=1+x/m)" =1+x.

Corollary 4 to Proposition 5 (1.4.3) implies that 1/a,(x) = (1+x/n)™" > 1-x. Hence,
by Corollary 3 to Proposition 4 (1.4.3), we get a,(x) < 1/(1 - x) for x < 1. |

Corollary 1. Let x € R. Then, exp x > 1 + x. If, besides, x < 1, then exp x < 1/(1 - x).
Proof. By Lemma 10 a,(x) > 1+ x for every n > —x. According to Corollary 3 to Propo-
sition 1, this impliesexpx > 1 + x.

The second inequality for x < 1is proven in the same way. O

Corollary 2. Let x € R. Then, exp x > 1 for every x > 0 and exp x < 1 for every x < O.

1+x>1.
1/1-x) < 1. O

Proof. For x > 0 by Corollary 1, we get exp x
For x < 0 by Corollary 1, we obtain exp x

N WV

Lemma1l. Let (x, € R | n € N) be a sequence such that lim (x,, | n € N) = 0. Then,
lim (a,(x,) | n e N) = 1.

Proof. Since lim (x,, | n € N) = 0, by the definition, there exists m € N such that
—1/2<xp<1/2forallp>m.Then,N_xpE{neN|n>— ppc{neN|n>1/2} =N
for every p > m. Therefore, by virtue of Lemma 10, we have 1+ x,, < a,(x,)) < 1/(1-x,,)
for all n > m. By Proposition 1, we get lim(1+x, |n € N) =0 and lim1/(1 - x,,) |
n € N = 1. According to Lemma 6, this implies lim (a,(x,) | n € N) = 1. O

Theorem 1. Let x,y € R. Then, exp(x + y) = €Xp X - €Xp Y.

Proof. Foreveryn > —(x+Yy), we have the equality (1+x/n)(1+y/n) = 1+ (x+y)/n)(1+
z,/n), where z, = xy/(n + x + y). This provides a, (x)a,(y) = a,(x + y)a,(z,). Apply-
ing the definition of the exponential function and Lemma 11 we get expx - expy =

exp(x+y)-1. O

Corollary 1. Let x, y € R. Then:
1) exp(-x) =1/expx;
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2) expx>0;
3) exp(x—y)=expx/expy.

Proof. By Theorem 1 we have exp(—x) expx = exp0 = 1.

2. Assertion 1 implies exp x # O for every x € R. Then, using Theorem 1, we get
exp x = exp(x/2) exp(x/2) > O.

3. Assertion 1and Theorem 1imply exp(x—y) = exp x-exp(-y) = expx/expy. O

Theorem 2. Let (x, € R | n € N) be anet, x € R, and x = lim (x,, | n € N). Then:
1) ifx eR,thenlim(expx, | n e N)=expx;

2) ifx = oo, thenlim (expx, | n € N) = co;

3) ifx=-oo, thenlim(expx, | n e N)=0.

Proof. 1. By the definition of limit, there exists m € N such thatx,—x < 1foralln > m.
It follows from Corollary 1to Lemma 10 that x, —x =1+ x, - x -1 < exp(x, —x) -1 <
1/1 - (x, — x)) - 1=(x, - x)/(1 = (x,, — x)) for all n = m. Corollary 1 to Theorem 1
implies that (exp x,,—exp x)/ exp x = exp(x,—x) —1.ByLemma2,lim (x, —x | n € N) =
0. Therefore, using Lemma 6, we get lim ((exp x,, — exp x)/ exp x | n € N) = 0. Hence,
lim (exp x, — exp x | n € N) = 0. Finally, again, by Lemma 2, lim (exp x,, | n € N) = x.

2. By Corollary 1 to Lemma 10, we have expx,, 2 1 + x,, =y, for every n € N. By
Proposition1,lim (y, | n € N) = 1+lim (x,, | n € N) = 0o.Takingz, = coforeveryn ¢ N
we havey, < expx, < z,. Therefore, Lemma 6 implies lim (exp x,, | n € N) = co.

3. By Corollary 1 to Theorem 1, exp x,, = 1/ exp(-x,,). By Corollary 1 to Proposi-
tion1lim (-x,, | n € N) = —x = co. It follows from (2) that lim (exp(-x,,) | n € N) = co.
Finally, by Lemma 4 lim (exp x,, | n € N) = lim (1/ exp(-x,) | n € N) = 0. O

1.4.8 Netful and sequential series in the extended real line

Let (x; € X | i € I) be a collection of extended real numbers from the set X = R U {co}
or the set X = RU{—oo} [from the set X = R or the set X = R\ {0}, respectively] indexed
by a non-empty set I.

Consider the ensemble P/ (I) of all finite non-empty subsets J of the set I. Endowed
pf (I) with the order by inclusion J < K = J ¢ K. With respect to this order pf I is
upwards directed. For every finite subset J of I, we can consider the extended real num-
bers; = Y (x; | j €]) [p; = P(x; | j € ])] (see 1.4.3). It is called a partial sum [product] of
the collection (x; | i € I). The collection(s; e X | ] € PHI)) [(pyeX|Je P/(I))]is anet
inR. Itis called the additive [multiplicative] netful series of the collection (x; € X | i € I)
and is denoted by Si.. (x; | i € I) [Spe (x; | i € D].

If there is an extended real number, s € R [p € R] such that s = lim Se(xi i€l
[p =lim Sp.,(x; | i € I)], then s [p] is called the netful sum [product] of the collection

e

(x; | i € I)andis denoted by . (x; | i € I) [Ppe((x; | i € D)].
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If x; e R for every i € I and s € R [p € R], then the netful series S;,(x; | i € I)
[Spei(x; | i € )] is called convergent (in R), and the collection (x; | i € I) is called
well-summarized [well-multiplied]. Along with the word “well”, the words “commuta-
tively”, “unconditionally”, and “unorderedly” are used.

Let now the considered collection (x; € X | i € I) beasequence (x; € X | i € N) for
some infinite set N ¢ w. In this particular case, by virtue of Theorem 1 (1.3.7), there is
a unique isotone (see 1.1.15) bijection u from N into N. Therefore, we can consider
for every number n € N the finite set N(n) = u[n] € P/(N), consisting of the first n
elements of the set N, and the corresponding partial sum s, = sy, = X.(x; | i € N(n))
[product p, = py = P(x; | i € N(n))]. The sequence (s, € X | n e N) [(p, | n e N)] is
called the additive [multiplicative] (sequential) series of the sequence (x; € X | i € N)
and is denoted by S*(x; | i € N) [S™(x; | i € N)].

If there is an extended real number s € R [p € R] such that s = lim S%(x; | i € N)
[p =limS™(x; | i € N)], then s [p] is called the (sequential) sum [product] of the
sequence (x; | i € N) and is denoted by Y (x; | i € N) [P(x; | i € N)].

If x; € R for every i € N and s € R [p € R], then the series S?(x; | i € N) [S™(x; |
i € N)]is called convergent (in R), and the sequence (x; | i € N) is called (sequentially)
summarized [multiplied]. Along with the word “sequentially” the words “condition-
ally” and “orderedly” are used.

Lemma 1. Let X be the set R U {co} or the set R U {-co} [the set R or the set R \ {0}] and
(x; € X | i € N) be an infinite sequence. Then, the net S*(x; | i€ N) = (s, € X | n € N)
[S™(x; | i € N) = (p, € X | n € N)] is a subnet of the net S;(x; |ie N)=(s; e X |] €
PIN)) [Spe(x; | i € N) = (py € X | T € PE(N))].

Proof. Consider the corresponding collection (N(n) € PHN) | n € N). By definition,
Sy = Symy- Take any J € Pf(N). Since J ¢ N ¢ w, by Theorem 3 (1.2.6), the collection
(j € w|j €]) has the greatest element j, € J. Since u is bijective, j, = u(q) for some
q € N.Ifj € ], then j = u(p) for some p € N. From the inequality u(p) = j <j, = u(q),
we infer that p < g, where p € g + 1. Denote q + 1 by n. We proven that J c u[n] =
N(n). If k e N,,, then n c k implies N(n) c N(k), i.e. N(k) > N(n) 2 J in the ordered
set (P/(N), <). O

Corollary 1. In the conditions of Lemma 1, let s€ R [p e R] and s = Yonet(Xi 1 1€ N)
[p = Poei(x; | i € N)). Then, s = Y.(x; | i € N) [p = P(x; | i € N)L.

Proof. By conditions s = lim S, ,(x; | i € N). Therefore, by Lemma 1and Lemma 5 (1.4.7)
s =lim S%(x; | i € N). O

It follows from this corollary that if a sequence (x; € R | i € N) is well-summarized
[well-multiplied], then it is sequentially summarized [multiplied]. But the converse
assertions are not true. It follows from the following lemma.
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Lemma 2. Suppose N = Nandx = (x; | i € N), such that x; = <"Tl>ifor everyi € N; then,
the sequence x is sequentially summarized but is not well-summarized.

Proof. 1. Prove that the sequence s = (s, | n € N), where s, = ¥ (x; | i € n), is inner
convergent. Take € > 0, n € N such that ne > 1 from Lemma 13 (1.4.3), p, k € N, p > n,
and g = p + k. Then, |s, - s, | = %ifk:l,

S SRS S S S S
P p p+1 p+2 7 p+k-2 p+k-1
1 1 o 1 1
p (@+DP+2 = @+k-2p+k-1) p
if kis odd and k # 1, and
Is —sl—l—L+L— - ! + ! - ! =
7 °P" " p p+1 p+2 7 p+k-3 p+k-2 p+k-1
i v 1 o 1
p (@+DP+2 T (p+k-2(p+k-1) p+k-1 p

if k is even. In all the cases, |s; - s,| < % < &; hence, s is inner convergent. By Theo-
rem 1 (1.4.4), the sequence s is convergent and, therefore, the sequence x is sequen-
tially summarized.

2. For every k € N, consider the subsets I} = u[2k+1]Juv[k+1]and J, = u[2k +1]uU
v[k + 1], where u and v are mappings from N to N such that u(n) = 2n, v(n) =2n -1
for all n € N. We claim that for the subnets of partial sums ¢; =} (x;11€l) and
t;, =X (x; |i€Jy), we have the inequalities t; < % <ty for every k > 10. Indeed,
=Y (5 Ine2k+1)-Y (55 Inek+1) <Y (% Ine2k+1)-Y (% Inek+1)=

! ‘- <iand

1
D Tt 3k < e

t,k:Z(%|n62k+1)—Z(2nl 1|nEk+1)>
1 1
>Z<£|n62k+1)—2(m|n€(k+l)\2)—1=
—1(1+—1 + +l)—1>
C2\k  k+1 T 2k

1 2/( _ zk—l zk—l _ 2k—2 2k—5 _ 2k—6 ~
> = 2k + Zk_l +...+2k7_6 -1=

2
Ll gL
2772 2

Then, it follows from Lemma 5 (1.4.7) that there is no ¢ € R such that t = lim S;,(x; |
i € I) and the sequence x is not well-summarized. |
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Proposition 1. Let X = [0, co] [respectively, X = [1, 0]l, 0 = (x; € X | i € N) be an infi-
nite sequence,m =sm(n e w | n € N)+1,andt = (t, € X | n € N,,,) be a sequence such
thatt, =Y (x;|ie Nnn)[t, = P(x; | i € Nnn)]foreveryn € N,,. Then, thereis s € X
[p € X]suchthats = sup T [p = supz]. Moreover,s = Y ,oands = Y o [p = Py,0 and
p = Pol.

Proof. The sequence 7 is increasing. By Theorem 2 (1.4.5), there is s € R such that
s = sup . Itis clear that s € X.

Takeany/ € P/ (N). By Theorem 3 (1.2.6), the collection (j € w | j € J) has the great-
estelementj, € J.Taken = j,+1. Then, n > m. From ] c Nnn, we infer that Sy = >(x; |
i € J) < t, < s.Thus, sis an upper bound of the collection#n = (s; | ] € Tf(N)).Ifb eR
and b is another upper bound of #, then b is an upper bound of 7. Therefore, b > s.
Consequently, s = sup#.

At first, assume that s is a real number. Then, s; is also a real number for every J.
Take any ¢ > 0. Then, by Lemma 1 (1.4.5), thereis J € P/(N) such thats —¢ < s ;. Since
the collection  is increasing, we get s—¢ < s; < S < s < s+eforevery K ¢ P/ (N) such
that K > J. Thus, |s - s| < emeans that s = limy =Y 0.

Now, assume that s = co. Take any § > 0. Then, ¢, > § for some n € N,,,. Denote
NnnbyJ.IfK € (Pf(N) and K > J, then sg > s; = t,, > §. This means that s = co =
limy = ) . 0.ByCorollary1to Lemmals =} o. O

Consider now some important example of an additive series. Let x be a real number
suchthatO < x # 1. The sequence (x' | i € w)is called the infinite geometric progression
with the base x. The corresponding additive (sequential) series S%x' | i € w) of this
progression consists of the partial sums s,, = Z(xi | i € n). Weshall consider this series
in the ordered set (R, <).

Lemma 3 (on the sum of the infinite geometric progression). Let x € Rand 0 < x # 1.
Then, s, = (1 - x")/(1 = x) < Sp,q. If x < 1, then s, < Y liew) =1/ -x).Ifx>1,
thenn < s, <Z(xi | i € w)=oo0.

Proof. Itis easy to check that (1 - x)s,, = 1 - x". Therefore, s, = (1 - x")/(1 - x).

Ifx < 1,then 0 < x"! < x" and by Lemma 7 (1.4.4) lim(x" | n € w) = 0. By virtue of
Proposition 1(1.4.7), we get im(1-x" | n € w) = 1and Y.(x' | i € w) = lim(s, | n € N) =
1/(1 - x). Besides, by virtue of Proposition 4 (1.4.3), s,, < Sp,1 < 1/(1 = Xx).

Now, let x > 1. If n € N, then by Proposition 5 (1.4.3) x™ > x" =1 + n(x - 1),
where 1 - x™! <1 - x" < n(1 - x) and, respectively s, > s, > n. Take any & > 0. By
Lemma 13 (1.4.3) § < m for some m € N. Therefore, s, > s,, > m > & for every p € N
such that p > m. This means that Y (x' | i € w) =lim(s,, | n € N) = co (see 1.4.4). O

Lemma4. Let xR, O0<x<1, and (y, €R|necw) be a sequence such that
[V = Vsl < X" for every n. Then:
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D)y, —y4 <2x"/(1-x)forallp, q = n;
2) thesequence (y, | n € w) is inner convergent.

Proof. 1.1fp > n, then by virtue of Lemma 3, |y, -y, | < Y(yi=yial 11 € p\n) < Z(xi |
iep\n)=x"Yx*|kep-n) <x"/(1-x).1fp =n, theny, - y,| =0 < x"/(1 - x).
Consequently, forall p, g > nwe have |y, -y | <y, = Vol + 1y, = Y4l < 2" /(1 - x).
2. Take any real & > 0. Then, by Corollary 2 to Proposition 5 (1.4.3), x < &(1 - x)/2
for some n € N. Using assertion 1, we infer that |y, - y,| < eforall p, g > n. |

In conclusion, we shall prove the properties of general commutativity and associativ-
ity for netful sums and products.

Theorem 1.

1) Let X be the set R U {oo} or the set R U {—oco} [the set R or the set R \ {0}], I and K
be non-empty sets, x = (x; € X | i € I) be a collection, u be a bijective mapping from
theset Kinto thesetI,ands € X [p € X]. Then,s = 3 . (x; | i € Diffs = ¥ o (X0 |
k € K)[p = Pyet(x; | i € ) iff p = Pye(X, 9 | k € K)] (the general commutativity of
the netful sum and the netful product, respectively).

2) Let X be the set R, or the set [0, co], or the set [-00, O] [the set R, or the set [1, co],
or the set [0, 1]], I and M be non-empty sets, y = (x; € X |ie ) and a = (a,, € X |
m € M) be collections, a total collection (I,, c I | m € M) be a partition of the set I,
and a,, = Y. (x; |1 € I,) [ay, = Ppe(x; | 1 € I,)] for every m € M. Then, s = Y
(x; | i€l implies s =Y (a, | meM) [p =Py (x;|1i€l) implies p = Py(a,, |
m € M)]. Moreover, if X is the set [0, co] or the set [-00, 0] [the set [1, co] or the set
[0,1]], thens = ¥ o X UfFS = Yot € [P = Pretx Uff P = Pl (the general associativ-
ity of the netful sum and the netful product, respectively ).

Proof. 1. We shall consider only the case X = R U {oo}. Denote x,,, by y, (i | k € K)
by vy, PF(I) by M, and P (K) by N. Considernetsy = (s; | J € M)and9 = (t; | L € N)
suchthats; =Y (x; |ieJ)andt; = Y(y, | ke L).Lets = Y . x-

At first, assume that s is a real number. Take any real e > O and some J € C(y, s, €).
Then, |s - sp| < & for every P € M. Consequently, sp € R for such indices P. Consider
theset L = u™'[J] € N.

Take any set R € N; and consider the set P = u[R]. Then, L c R c K implies
JcPcliePeM;Fromsp=73(x;|ie€P)eR,weinferthatx; ¢ Rforeveryi ¢ P.
Therefore, by virtue of assertion 1 of Theorem 1 (1.4.3) sp = Y(X,x) | k € R) = Y.(yy |
k € R) = tp. As a result, we get |s — tz| = |s — sp| < &. This means that s =1lim9J =
Znet v = Znet(xu(k) | k € K).

Now, assume that s = co. Take any real § > O and some J € C(y, s, ). Then, sp > &
for every P € M. Consider the set L = u .

Take any set R € N and consider the set P = u[R] € M;.Ifx; < oo foreveryi € P,
then as above sp = Y (X, | k € R) = Y(yi | k € R) = tg. If x,, = co for some p € P,
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then y, = s,y = x, =00 for r = u™'(p) € R. Therefore, by definition of sums in R
from 1.4.3, we have sp = co = t;. In both cases, as a result, we get t; = sp > 8. This
means thats = co =1im9 = Y . v = Y o (X0 | k € K).

Conversely, let s = Y ..(X, 4 | k € K) = Y . Then, we can apply the proven
property to the bijection v = u™ from I into K. As a result, Yviy = Xuway = X; yields
S = Znet(yv(i) liel)= Znet X-

2. We shall use some notations from 1). Denote the collection (x; | i € I,,)) by x,p-
Consider nets #,, = (s, | J € P/(I,,)) and 0 = (Sy | N € P/(M)) such that s; = Y(x; |
ie])and Sy = Y(a, | m € N).

At first, consider the case X = [0, co]. Assume that a,, = co for some m € M.
Then, Y . « = co. Take any real § > 0. Then, there is J € pf (I,) such that s; > §. If
P e M, then sp = Y (x; | i € P) 2 s; > 4. This means that co =limy =) . x. As a
result, ¥ e X = e @

Now, assume that a,, < co for every m € M. Then, x; < co for every i € I. Let
S =Y et X- At first, assume that s is a real number. Take any real £ > 0 and some
J € C(n, s, ¢/2). Then, |s—sp| < e/2for every P € M;. Consider the finite sets J,, = JnI,,
and the non-empty set N={m e M | J,, # @}. Then, (J, | n € N) is a partition of J.
Define a mapping e: N — P(J) setting e(n) = J,,. By Lemma 6 (1.3.3) the set P(J) is
finite. Thus, by Lemma 7 (1.3.3), the set e[N] is finite. Since e is injective, we infer that
the set N is also finite.

Take any set U € P/ (M) such that U > N. Consider the number ¢ = card U. For
every u € U, take some K, € fPf(Iu) such that |a, — s;| < &/2c for every L € fPf(Iu)
such that L > K,,. Define a collection A = (L, | u € U), setting L, = K,, U ], for ev-
ery ne N and L, = K, for every u € U \ N. This collection is a partition of the set
L = JA. By Lemma 3 (1.3.3), the set L is finite. Besides, L > J. Therefore, |s - s;| < /2.
By virtue of assertion 2 of Theorem 1 (1.4.3), we have s; = Y(x; |i€ L) = Y (X(x; | i €
L)luel)= Z(sLu | u € U). Since L, > K,,, we have |a, - sl <e/2c. As a result,
|5 - Syl <Is - sl +12(s;, |l ue U) - Y(a, |ue )l <e/2+ (s, —a,lluel)<e
2+ (¢/2c)c = e. This means that s =lim0 =Y, a.

Now, assume that s = co. Takeanyreal § > Oand someJ € C(, s, §). Then, s; > §.
Consider as above the sets I,, and N and the partition (J,, | n € N) of the set J. Take any
set U € P/ (M) such that U > N. Since the net 7, is increasing, we infer that a,, > s I
By virtue of assertion 2 of Theorem 1 (1.4.3), we have s; = }(s; | n € N). Therefore,
SyzSy=X(a,IneN)=>Y(a,~-s;|n¢ N)+Z(s]n | n € N) > s; > 8. Thismeans that
s=oco=limf=Y ,a.

Conversely, let s =Y . «. At first, assume that s is a real number. Take any
real € > 0 and some N € C(«, s, €/2). Then, |s — Sy| < &/2 for every U ¢ in(M) such
that U > N. Consider the number ¢ = card N. For every n € N take some K, ¢ P/(I,)
such that |a, — s;| < ¢/2c for every L ¢ pf (I,)) such that L > K,,. Then, the collection
u = (K, | n € N) is a partition of the finite set K = | ] ».

Take any P € My. Consider the finite sets P,, = P n I, and the non-empty set
U={meM|P, # @} Then, (P, | u € U) is a partition of P. As above, we check that
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the set U is finite. From K c P, we infer that sy < sp. As above, we have sy = ¥ (sg_ |
n e N)andsp = Y(sp, | u € U).Since a, = lim#, and the net#, is increasing, we infer
by Lemma 7 (1.4.7) that o0 > a,, > Sp,- By the same reason, s = lim 6 implies s > Sj;.
Applying assertion 1 of Proposition 4 (1.4.3), we get sp < Y(a, |u e U) =S, <s.
Therefore, 0 <s — sp<s — Sg=(s — Sy) + (Sy — Sg) <&/2+ Y(a, — sg, IneN)<
€/2 + (¢/2c)c = e. This means that s = limy = ) x.

Now, assume that s = co. Take any real § > 0 and some N € C(«, s.28). Then,
Sy > 26 for every U € P (M) such that U > N. Consider the number ¢ = card N. For
every n € N, take some K, € ?f(In) such that |a, — s;| < /c for every L € Tf(In)
such that L > K,,. Then, the collection » = (K, | n € N) is a partition of the finite set
K=

Take any P € M. Then, sp > s = Y.(Sg, [ n € N) = Y(sg, —a, | neN)+X(a,|
neN)z=c(-8/c)+Sy>-6+25=49.Thismeansthats = co =limy =Y x.

In the case X = [-00, 0], the arguments are completely the same.

Finally, if X = R, then we can prove only the first implication by slight modi-
fication of the previous arguments in the case when a,, < co for every m € M and
seR. O

1.4.9 The order equivalence of intervals of the real line

Define a mapping u from R into ] — 1, 1[ setting u(x) = x/(1 + |x|) and a mapping v
from ] — 1, 1[ into R setting v(y) = y/(1 - |yl).

Lemma 1. The mappings u and v are bijective and isotone, v = u™ and u = v'.

Proof. Let 0 < x' < x". Then, 1 + x' <1 + x" implies 1/(1 + x") > 1/(1 + x""), where
u(x') =1-1/0+x") <1-1/Q+x") = u(x").If x' < x" <0, thenu(x’) = -1+1/(1-x") <
-1+1/Q-x") =u(x"). If x' <0< x", then u(x') < 0 < u(x"). Finally, if x' <0 < x”,
then u(x') < 0 < u(x"). This means that u is strictly monotone.

Let ux’' < ux" and suppose that x' > x". Then, ux’ > ux"". This contradiction
shows that x' < x”'. Thus, u is isotone in the sense of 1.1.15.

The similar arguments prove that v is also isotone. Take any point y €] — 1, 1[ and
the corresponding point x = v(y). Then, it is easy to check that u(x) = y. Thus, u is
surjective. By Lemma 1 (1.1.15), u is bijective. Analogously, take any point x € R and
the corresponding point y = u(x). Then, v(y) = x. Thus, v is surjective, and by the same
reason as above, v is bijective.

Besides, the equalities v(u(x)) = x and u(v(y)) = y forevery x e Rand y €] - 1, 1]
showthatv =u"'andu =v". O

Define a mapping f from ] - 1, 1[ into ]a, b[ setting f(x) = (b — a)x/2 + (a + b)/2 and
a mapping g from |a, b[ into ] — 1, 1] setting g(x) = 2x/(b — a) — (a + b)/(b — a).
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Lemma 2. The mappings f and g are bijective and isotone, g = f ' and f = g™".

Proof. Using Proposition 4 (1.4.3), we can easily check that x’ < x" implies f(x') <
f(x"). Thus, f is strictly monotone. As in the proof of Lemma 2, it is checked that f
is isotone. Since g(f(x)) = x and f(g(y)) = y for every x €] - 1, 1[ and y €]a, b[, we in-
fer that f and g are bijective and mutually inverse. O

Corollary 1. The mapping f - u from R into ]a, b[ and the mapping v » g from ]a, b[
into R are bijective and isotone, ve g = (fou) Y, andfou = (vog) ™.

It follows from the proven properties that the ordered set (R, <) and all its ordered
open intervals are order equivalent. According to 1.4.4, card]a, b[= cardR = c.

For every number, a € R consider the mapping t, from R into R such that
t,(x) = x + a. It is called the translation on R.

Lemma 3. The mapping t,, is bijective and isotone.
Proof. The assertion follows from Proposition 4 (1.4.3). O

Corollary 1. The mapping t, o v from ] — 1, 1] into R is bijective and isotone and maps
theintervals 1 -1, 0[,]-1, 0], [0, 1], and ]0, 1[ onto the intervals |, a[, |«<, al, [a, =],
and la, —|, respectively.

Lemma4. Letx € R, (x, € R | n € N) be an infinite sequence, and x = lim(x,, | n € N).

Then:

1) ux) =lim(u(x,) | n € N) and t,(x) = lim(t,(x,) | n € N);

2) ifxe]l-1,1] and x, €] - 1,1[ for every n € N, then v(x) = lim(v(x,) | n € N) and
f0) =1lim(f(x,) | n € N);

3) ifx €la, b[and x,, €]a, b for every n € N, then g(x) = lim(g(x,,) | n € N).

Proof. All the assertions follow from Proposition 1 (1.4.7) and Corollary 1 to it. O

Remark. Define a mapping it from R into [-1, 1], a mapping f from [-1, 1] into [a, b],
and a mapping 7, from R into R, extending the corresponding mappings u, f, and t,
in the following way: &t(-c0) = -1, @t(c0) = 1, f(-1) = a, f(1) = b, {,(-c0) = —c0, and
t,(00) = co. Then, these mappings are bijective and isotone. Thus, the corresponding
ordered sets are order equivalent.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost - printed on 2/10/2023 4:56 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

A Characterization of all natural models of
Neumann - Bernays — Godel
and Zermelo - Fraenkel set theories

Introduction

The crises that arose in the naive set theory at the beginning of the 20th century
brought to the origin of some strict axiomatic theories. The most widely used are the
theory of sets in Zermelo — Fraenkel’s axiomatics (ZF) [Zermelo, 1908; Fraenkel, 1922]
and the theory of classes and sets in Neumann — Bernays — Godel’s axiomatics (NBG)
[Neumann, 1929; Bernays, 1976; Gidel, 1940].

D. Mirimanov [1917], using transfinite induction, constructed the cumulative
collection (= hierarchy) of sets V, for all ordinal numbers « having the following
properties:

) V,=a;
2) Vg =V, uPV,), where P(V,) denotes the set of all subsets of the set V;
3) V,=U(Vg | B €« for every limit ordinal number «.

It turns out that cumulative sets V,, themselves and the collection (V, | « € On) as a
whole have many remarkable properties. In particular, J. von Neumann proved [1929]
that the regularity axiom in ZF is equivalent to the property Vx3a (« is an ordinal num-
ber Ax € V) and the class [ J(V,, | « € On) is an abstract (=class) standard model for
the ZF theory in ZF. Models of the ZF and NBG theories of the form (V,, =, €) are called
natural.

After the introduction of the concept of a (strongly) inaccessible cardinal number
in [Zermelo, 1930] and [Sierpinski and Tarski, 1930], E. Zermelo [1930] (not strictly) and
J. Shepherdson [1951, 1952, 1953] (strictly) proved that a set U is a supertransitive stan-
dard model for the NBG theory iff it has the form V , for a certain inaccessible cardinal
number ». Thus, the natural model of the NBG theory was described.

The Zermelo — Shepherdson theorem admits the following equivalent reformula-
tion: a set U is a supertransitive standard model for the ZF theory with the strong sub-
stitution property (VxV¥f(x € UNf € U* = g f € U)) iffit has the form V,, for a certain
inaccessible cardinal number x.

Starting from the requirements of category theory, instead of the metaconcept of
a supertransitive standard model set with the strong substitution property for the ZF
theory C. Ehresmann [1957], P. Dedecker [1959], J. Sonner [1962], and A. Grothendieck
[Gabriel, 1962] introduced an equivalent set-theoretic concept of a universal set U
(see [MacLane, 1971, 1.6] and [Forster, 1995; Holmes, 1998]), which is defined by the
following properties:

https://doi.org/10.1515/9783110550948-002
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1) xeU=xcU;

2) xeU= Px),ux e U;

3) x,xeU=xux,{x,y}L{x,y),xxyelU,

4) x e UA (f € U) = mgf € U (strong substitution property);

5) w e U,wherew={0,1, 2, ...}1is the set of all finite ordinal numbers.

To deal with categories in the set-theoretic framework, they suggested to
strengthen the ZF theory by adding the universality axiom AU: each set is an ele-
ment of a certain universal set. The equivalent form of the Zermelo — Shepherdson
theorem states that the universality axiom AU is equivalent to the inaccessibility ax-
iom Al: for every ordinal number there exists an inaccessible cardinal number strictly
greater than it.

For axiomatic construction of inaccessible cardinal numbers, in [Tarski, 1938] (see
also [Kuratowski and Mostowski, 1967, IX, §1, § 5]) A. Tarski introduced the concept of
a Tarski set U, which is defined by the following properties:

1) x € U = x c U (the transitivity property);
2) x € U= P(x) € U (the exponentiality property);
3) ((xcU) AYf(f e U= mgf # U)) = x € U (the Tarski property).

In [Tarski, 1938], it was also proven that the set V, (sinaccessible cumulative set) is
a Tarski set for each cardinal number x. In this paper, A. Tarski also proved that the
inaccessibility axiom Al is equivalent to the Tarski axiom AT: every set is an element
of a certain Tarski set. In connection with the Tarski theorem, the following problem
remained open: to what extent is the axiomatic concept of Tarski set is wider than the
constructive concept of inaccessible cumulative set?

In this appendix, we give an answer to this question: the concepts of an inaccessi-
ble cumulative set and of an uncountable Tarski set are equivalent.

The equivalence of the concepts of an inaccessible cumulative set and an uncount-
able Tarski set was proven using the concept of a universal set. More precisely, it was
proven that every uncountable Tarski set is universal.

As a result, we obtain the following theorem on the characterization of natural
models for the NBG set theory: the following properties are equivalent for a set U:

1) Uis aninaccessible cumulative set, i.e., U = V,, for a certain inaccessible cardinal
number »;

2) P(U) is a supertransitive standard model for the NBG theory;

3) U is a supertransitive standard model with the strong substitution property for the

ZF theory;

4) U is a universal set;
5) U s an uncountable Tarski set.

The Zermelo — Shepherdson theorem yields a canonical form of supertransitive stan-
dard models for the NBG theory and an (equivalent) canonical form of standard
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models with the strong substitution property for the ZF theory. However, R. Montague
and L. Vaught [1959] proved that for any inaccessible cardinal number », there exists
an cardinal number 6 < x such that it is not inaccessible and the cumulative set V
is a supertransitive standard model for the ZF theory. Therefore, the problem on the
canonical forms of supertransitive standard models for the ZF theory turned out to be
more complicated.

Since the concept of model in the ZF theory cannot be defined by a finite set of
formulas, in this appendix, using the formula scheme and its relativization to the set
Vg, we introduce the concept of a (strongly) scheme-inaccessible cardinal number 6
and prove a scheme analogue of the Zermelo — Shepherdson theorem.

To prove this theorem, we introduce the concept of a scheme-universal set, which
is a scheme analogue of the concept of a universal set. Moreover, here we introduce
the concept of a scheme Tarski set, which is a scheme analogue of the concept of a
Tarski set.

As a result, we prove the theorem on the characterization of natural models for
the ZF theory: the following properties are equivalent for a set U:

1) U is a scheme-inaccessible cumulative set, i.e., U =V, for a certain scheme-

inaccessible cardinal number 0;

2) U is a supertransitively standard model for the ZF theory;
3) U is a scheme-universal set;
4) U is a scheme Tarski set.

In this appendix, the problems mentioned above are solved for the ZF set theory (with
the axiom of choice). For the NBG set theory, all things are equally true. For the reader’s
convenience, we present all the necessary facts that are not sufficiently reflected in the
literature or related to the mathematical folklore, with complete proofs.

The exposition of the material is based on papers [Bunina and Zakharov, 2003;
2005; 2006; 2007].

A.1 First-order theories
A.1.1 The language of first-order theories

The proposed theory is a first-order theory. We will give definition of a first-order theory
basing on [Mendelson, 1997].

The special symbols of every first-order theory T are the following:

parentheses (, );

connectives = (“implies”) and - (“not”);

quantifier V (for all);

a countable set of variables v;, (i > 0) (in our case variables are denoted by letters
xX,v,Y,z,Z,u,U,v, V,w, W, and also these letters with primes);
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a non-empty countable set of predicate letters P} (n > 1, i > 0);

a countable set of functional letters F} (n > 1, i > 0);

and, finally, a countable set of constants a; (i > 0).

General symbols are symbols that are not special, but are often used in mathemat-
ics. The special and general symbols compose the initial alphabet.

A symbol-string is defined by induction in the following way: (1) every symbol «
of the initial alphabet, except the blank-symbol, is a symbol-string; (2) if o and p are
symbol-strings, then op and po are symbol-strings.

A designating (= shortening) symbol-string o for a symbol-string p is introduced in
the form of the symbol-string ¢ = p or p = o (0 is a designation for p).

If a symbol-string p is a part of a symbol-string o, staying in one of the three fol-
lowing positions: ... p, p...,...p..., then p is an occurrence in o (= p occurs in o).

A text is defined by induction in the following way: (1) every symbol-string o is a
text; (2) if ® and VW are texts, then ® ¥ and ¥ ® are texts.

Ifatext @ is a part of a text X, staying in one of the three following positions:... @,
®...,... D ..., then ®isan occurrence in T (= ® occurs in ).

Some symbol-strings constructed from the mentioned above special symbols are
called terms and formulas of the first-order theory T.

Terms are defined in the following way:

1) avariableis a term;

2) aconstant symbolis a term;

3) ifF ," is a n-placed functional letter, ¢, ..., t,_; are terms, then F ;’(to, .o tpp)isa
term;

4) asymbol-string is a term if and only if it follows from the rules 1- 3.

If P} is some n-placed predicate letter, ¢, ..., t,_; are terms, then the symbol-string
Pl(ty, ..., t,_y) is called an elementary formula.
Formulas of a first-order theory T are defined in the following way:
1) every elementary formula is a formula;
2) if ¢ and v are formulas, v is a variable then every symbol-string (-¢), (¢ = v),
and Vv(g) is a formula;
3) asymbol-string is a formula if and only if it follows from the rules 1 and 2.

Let us introduce the following abbreviations:
(p A y) for =(¢ = —y);

(p Vy)for () = y;

(p=y)for(p=v) A (v = ¢);

v ¢ is an abbreviation for (=(Vv (-¢))).

Introduce a notion of free and connected occurrence of a variable in a formula. An

occurrence of a variable v in a given formula is called connected, if v is either a variable
of an occurring in this formula quantifier Vv or is under the action of occurring in
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this formula quantifier Vv; otherwise an occurrence of a variable in a given formula is
called free. Thus, one variable can have free and connected occurrences in the same
formula. A variable is called a free (connected) variable in a given formula, if there
exist free (connected) occurrences of this variable in this formula, i. e. a variable can
in the same time be free and connected in one formula.

A sentence is a formula with no free variables.

If { is a term or a formula, 6 is a term, v is a variable then {(v || 6) denotes a symbol-
string, obtained by replacing every free occurrence of the variable v in the symbol-
string { by the symbol-string 6.

The substitution v || 8 in { is called admissible, if for every free occurrence of a
variable w in the symbol-string 6 every free occurrence v in { is not a free occurrence
in some formula v, occurring in some formulas Vw y(w) and 3w y(w), occurring in
the symbol-string (.

In the sequel, if the substitution v || 8in { is admissible, then together with {(v || 6)
we will write {(0).

If { is a term or a formula, 6 is a term, v is a variable such that the substitution v || 6
in ¢ is admissible, then the substitution {(v || 6) is a term or a formula respectively.

Every free occurrence of some variable u (except v) in a symbol-string { and every
free occurrence of some variable w in a symbol-string 6 are free occurrences of these
variables in a symbol-string {(v || 6).

A.1.2 Deducibility in a first-order theory

A symbol-string y, equipped with some rule, is called a formula scheme of a theory

T, if:

1) this rule marks some letters (in particular, free and connected variables), occur-
ring in y;

2) this rule determines the necessary substitution of these marked letters in y by
some terms (in particular, variables);

3) after every such a substitution in y some propositional formula ¢ of the theory T
is obtained.

Every such a propositional formula ¢ is called a propositional formula obtained by the
application of the formula scheme y.

A text T consisting of symbol-strings separated by the blank-symbols is called an
axiom text, if every symbol-string y occurring in I is either a formula or a formula
scheme of the theory T. If y is a formula, then y is called an explicit axiom of the theory
T.If yis a formula scheme, then it is called an axiom scheme of the theory T. Every for-
mula, obtained by the application of the axiom scheme y, is called an implicit axiom
of the theory T.

Axioms and axiom schemes of every first-order theory are divided in two classes:
logical and proper (or mathematical).
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Logical axiom schemes of any first-order theory are cited below:

LASL. ¢ = (y = ¢);

LAS2. (9= =2x)=>{e=2vy)=(p=));

LAS3. (p Ay) = ¢;

LAS4. (o Ay) = y;

LAS5. 9= (v = (p Ay));

LAS6. ¢ = (¢ V y);

LAS7. v = (o VVy);

LAS8. (p=x)=((y=x) = (e Vy)=));

LASY. (p=v) = (9 = ) = —¢);

LAS10. (+(~¢)) = ¢;

LAS11. (Vve) = ¢(v || 0), if v is a variable, 0 is a term such that a substitution v | 6 in
¢ is admissible.

LAS12. ¢(v || 8) = (3v ¢) in the same conditions as in LAS11;

LAS13. (VWv(y = ¢(v))) = (v = (Vvg)), if y does not contain a free variable v;

LAS14. (Yv(p(v) = v)) = ((3v¢) = v) in the same condition as in LAS13.

Proper axioms and axiom schemes can not be formulated in general case because they
depend on a theory. The first-order theory which does not contain any proper axioms
is called the first order predicate calculus.

The rules of deduction in the first-order theory are the following:
- the rule of implication (= modus ponens (MP)): from ¢ and ¢ = v it follows that y;
- the rule of generalization (Gen): from ¢ it follows that Vv ¢.

Let @ be a totality of formulas and y be a formula of the theory T. A sequence f = (¢ |

ien+1) = (¢, ..., p,) of formulas of the theory T is called a deduction of the formula

y from the totality ®, if ¢, = v and for any O < i < n one of following conditions is

fulfilled:

1) ¢; belongs to @;

2) there exist 0 < k < j < i such that ¢; is (¢, = ¢;), i. e. ¢; is obtained from ¢, and
@ = ¢; by the rule of implication MP;

3) there exists 0 <j < i such that ¢; is Vx ¢;, where x is not a free variable of every
formula from @, i. e. ¢; is obtained from ¢; by the rule of generalization Gen with
the given structural requirement.

Denote this deduction either by f = (¢g, ..., ¢,) : ® -y, orby (¢y, ..., ¢,) : @ Fy, or
byf: @ y.

A totality @, is called a totality of axioms of the theory T if ®, consists of all
explicit proper axioms of the theory T, all implicit proper axioms of the theory T,
and all implicit logical axioms of the predicate calculus. If there exists a deduction
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f: ®, F vy, then the formula v is called deducible in the axiomatic theory (T, ®,) and
the deduction f is called a proof of the formula .

A totality of formulas @ is called contradictory (= non-consistent) if every formula
of the theory T is deducible from it. In the opposite case, @ is called non-contradictory
(= consistent).

An axiomatic theory (T, ®,) is called contradictory [non-contradictory] if the
totality of its axioms @, is contradictory [non-contradictory]. The proposition express-
ing the consistency of the theory (T, ®,) will be denoted by cons(T, ®,) or simply
cons(T).

Lemma 1. A totality of formulas @ is contradictory if and only if the formulas ¢ and —~¢
for some sentence ¢ are deducible from ©.

Proof. If the totality @ is contradictory, then every sentence of the theory T is
deducible from it, in particular, ¢ and -¢ for arbitrary sentence ¢ are deducible.
Suppose now that sentences ¢ and —¢ are deducible from the totality @, and ¢ is an
arbitrary formula. Show that the formula o can be deduced from ¢ and —¢. This is a
deduction: 1. ¢ = (-0 = ¢) (LAS1); 2. ~p = (-0 = —¢) (LAS1); 3. ¢; 4. ;5. 70 = ¢
(MP,1and 3); 6. (n0 = ¢) = (n0 = @) = —(=0)) (LAS9); 7. (no = —¢) = —(-0) (MP,
5and 6); 8. ~g = —¢ (MP, 2 and 4); 9. -=(-0) (MP, 7 and 8); 10. (~(-0)) = o (LAS10);
11. o (MP, 9, and 10). O

A.1.3 An interpretation of a first-order theory in a set theory

Consistency of first-order theories is often proven by the method of interpretations,
going back to A. Tarski (see [Mendelson, 1997, 2.2]).

A first-order theory S is called a set theory, if the binary predicate symbol € belongs
to the set of its predicates symbols. This symbol denotes the belonging ratio (€ (x, y)
is read as “x belongs to y”, “x is an element of y”, and so on.)

Let some object D be selected by means of the set theory S. We will call this
selected object D of the set theory S equipped, ifin S for all n > 1the notions of n-finite
sequence (x; € D | i € n) of elements of the object D, n-placed relation R ¢ D", and
n-placed operation O : D" — D and also a notion of an infinite sequence x,, ..., Xgs -
of elements of the object D are defined.

Let S be some fixed set theory with some fixed equipped object D.

Aninterpretation of a first-order theory T in the set theory S with the equipped object
Dis apair M, consisting of the object D and some correspondence I, assigning to every
predicate letter P}’ some n-placed relation I(P}') in D, every functional letter F}' some
n-placed operation I(F}') in D, and every constant symbol a; some element I(a;) of D.

Let s be an infinite sequence x,, ..., Xgs - of elements of the object D.
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Define the value of aterm t of the theory T on the sequence s under the interpretation
M of the theory T in the set theory S (in notation ¢,,[s]) by induction in the following
way:
- ift =v;, then t)[s] = x;;
- ift = a;, then ty[s] = I(a;);
- ift=F(t,,...,t,1), where F is a n-placed functional symbol and ¢, ..., t,_; are
terms, then ty[s] = I(F)(tyy[s], ..., thiiyls]).

Define the translation (satisfaction) of a formula ¢ on the sequence s under the interpre-

tation M of the theory T in the set theory S (in notation M E ¢[s]) by induction in the

following way:

- ife=(P(ty, ..., t,1)), where P is an n-placed predicate symbol and ¢y, ..., t,4
are terms, then M k ¢[s] = ((¢gy[S], ..., t,_1y[S]) € I(P));

- if ¢ = (-0), then M k ¢[s] = (-M k 0]s]);

- ifp=(6,>06,),then M E ¢[s] = (M E 0,[s] = M E 0,[s]);

- if ¢=(vv;0), then ME¢[s]=(Vx(x e D => M EO[Xg, ..., Xi_1, X, Xiz1s--esX
D).

q»

Using the abbreviations cited above, we have also the following:

- ife=(0, AB,),then M E ¢[s] = (M k 6,[s] A M E 0,[s]);

- ifep=(0,Vvh,),thenMEg[s]=(MEO vVMEOb[s]);

- ifp=(3v;0),then M k ¢[s] = (Ix(x € DAM E O[xg, ..., X;_1, X, Xistr e Xgs o 1))s
- ifp=(0, ©0,),then Mk ¢[s] = (M E 0,[s] & M k 6,[s]).

If, in the theory S, the symbol-string o(s) = ((fo[S], ..., t,_1[S]) € I(P)) is a formula
of the theory S, then this definition implies that M  ¢[s] is always a formula of the
theory S.

Further in this section, we will consider the set theory S for which all symbol-
strings o(s) for every sequence s from D are formulas of the theory S. All concrete set
theories considered later in this paper will possess this property.

An interpretation M is called a model of the axiomatic theory (T, ®,) in the
axiomatic set theory (S, E,) with the selected equipped object D if for every sequence
s from D the translation M E ¢[s] of every axiom ¢ of the theory T is a deducible
formula in the theory (S, E,).

Define now the translation of the deduction f = (¢, ..., ¢,) : ® + v of the formula
y from the totality ® of formulas of the theory T on the sequence s under the inter-
pretation M of the theory T in the set theory S in the form of the sequence g = (M E
@olSls ..., M E @,[s]), which is a D-bounded deduction of the formula M k y|s] from
the totality M = ®[s] = {M E ¢[s] | ¢ € ®}in such a sense that the rule of generaliza-
tion Gen = - is used in the following D-bounded form

o

Genp= —————,
b Vx(x € D = o)
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where x and o are a variable and a formula of the theory T, respectively.

Lemmal. A sequence g= (M kE ¢y[s],..., M E @,[s]) can be canonically extended
to some sequence g, = (M E @S], ..., M E @,[S])ey SO that g : M EQ[s] - M E
y[S], i. e. 8,y IS a usual deduction of the formula M k y|[s] from the totality M = ®[s].

Proof. We willlook through allj from 1to n. Let ¢; be Vy ¢; for somei < j, where y is not
a free variable of every formula ¢ of the totality ®. The parameters of every formula
M & ¢[s] from M & ®[s] are only some members of the sequence s. Then M k ¢;[s]
is Vx(x € D = M k ¢;[s]), where x differs from all the parameters of the totality M &
®[s]. We insert in g, right after the formula M k ¢;[s], the explicit axiom

§=(ME¢(s)= (x € D= ME g¢s])),

obtained from logical axiom scheme LAS1. Then applying the rule MP to the two pre-
vious formulas M k ¢;[s] and &, we can insert in g, after £, the formula y = (x e D =
M & ¢;[s]). Then the formula M F ¢;[s] = Vx y is obtained as the usual application of
the rule Gen to the formula y. O

This lemma implies that the translation of a deduction f = (¢, ..., ¢,) : ® I v leads
to the deduction g,,;, = (M E @y[S], ..., M E ¢,[S])ey : M E ©(s) - M E yIs]. This pro-
cedure is always used without any special mentioning.

Lemma 2. Let every formula from the translation M £ ®[s] of a totality ® of formulas of
the theory T is deducible in the axiomatic theory (S, B,) from the totality E , of axioms of
the theory S. Besides, let f = (¢, ..., ¢,) : © - y. Then the deduction g, : M £ ®(s) +
M E yls] can be extended to some deduction h : £, + M k& y[s] in the theory (S, E,).

Proof. Consider the deduction g, : Mk ®[s]+ M E y([s]. Let g, =&, ..., &),
Every formula &; of the theory S in this deduction either is one of the formulas of
the totality M k ®[s] or follows from the previous formulas of this sequence as a
result of application of one of the rules of deduction. At first, we consider only such
&; that do not follow from previous formulas of the deduction. These formulas belong
to the totality M k ®[s]. By the lemma condition each of these formulas, &; is de-
duced in the theory (S, E,) from the totality 2, of axioms of this theory, i. e. for each
&; there exists a deduction g; = (;119,...,17?‘") : (Ep); E &, where (E,); is some finite
subtotality of the totality £,. Change in the finite subtotality (E,),, ..., (E,), all
free variables in such a way that they became different from those variables which
were touched by the application of rule of generalization in the deduction g,,,. For
i € m+1such that¢; is a corollary of the previous formulas we put k; = 0,7 = ;. Then
h= (;18,...,11’50,11f,...,11f1,...,11?n,...,;1’,‘"") is a deduction of the formula M E y(s]
from the totality £, in the theory (S, E,). O
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Lemma 3. Let for every sequence s from D, every formula from the translation M &
@, [s] of axioms of the theory (T, ®,) is deduced in the theory (S, E,) from the totality
B, of axioms of the theory (S, E,), i.e. M is a model of the theory (T, ®,) in the theory
(S, E,). Under this condition, if the theory (S, E,) is consistent, then the theory (T, ®,)
is also consistent.

Proof. Suppose that the theory T is contradictory, i.e. there exist some formula y
of the theory T and some deduction f = (¢g, ..., ¢,) : ©, - ¢y A ~y. Consider on an
arbitrary sequence s from D its translation g = (M E ¢q[s],..., M E ¢,[s]) and its
canonical extension g,,; : M £ ©,[s] + (M k y[s] A =M k y[s]) from Lemma 1. Then,
according to Lemma 2, there exists a deduction h: 2, - (M E y[s] A =M E y[s]).
However by virtue of consistency of the theory S such a deduction is impossible.
So the theory T is consistent. O

A.2 Some elements of the Zermelo - Fraenkel set theory
A.2.1 The proper axioms and axiom schemes of the ZF set theory

At the beginning we will cite the list of proper axioms and axiom schemes of the
theory ZF (the Zermelo - Fraenkel set theory with the choice axiom) (see [Zermelo,
1908; Fraenkel, 1922; Kolmogorov and Dragalin, 1982; Jech, 1971)).

This theory is a first-order theory with two binary predicate symbols of belonging

€ (we write A € B) and equality = (we write A = B).

The predicate of equality = satisfies the following axiom and axiom scheme:

- Vx(x = x) (reflexivity of equality);

- (x=Y) = (p(x, x) = ¢(x, y)) (replacement of equals), where x and y are variables,
¢(x, x) is an arbitrary formula, ¢(x, y) is constructed from ¢(x, x) by changing
some (not necessarily all) free occurrences of x by occurrences of y with such a
condition that y is free for such occurrences of x that are changed.

Objects of the given theory are called sets.

As above it is useful to consider the totality C of all sets A, satisfying a given for-
mula ¢(x). The totality C is called the class (ZF), defined by the formula ¢. The totality
C(i1) of all sets A, satisfying a formula ¢(x, i1), is called the class (ZF) defined by the
formula ¢ through the parameter ii. Along with these words we will use the notations

AeC=9(4), AcC)=9¢,i)
and
C={xle)}, C)={x]oe, ).

If C = {x | p(x)} and ¢ contain only one free variable x, then the class C is called well-
defined (= completely determined) by the formula ¢.
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Every set A can be considered as the class {x | x € A}.

A class C = {x | ¢(x)} is called the subclass of a class D = {x | y(x)} (denoted
by Cc D) if Vx(¢(x) = y(x)). Classes C and D are called equal if (C c D) A
(DcO).

Further, we will use the notation {x € A | p(x)} = {x | x € A A p(x)}.

If a class C is not equal to any set, then C is called a proper class. Not every class
is a set: the class {x | x ¢ x} is a proper class.

The universal class is the class of all sets V = {x | x = x}.

For classes C = {x | ¢(x)} and D = {x | w(x)} define the binary union C u D and the
binary intersection C N D as the classes

CuD={x]|ex) Vy)}andCnD = {x| e(x) A w(x)}.

ALl (The extensionality axiom.) VXVY(Vu(u e X o ueY) = X=Y).

This axiom postulates that if two sets consist of the same elements, then they are
equal.

For sets A and B, define the unordered pair {A, B} as the class {A,B} ={z | z =
AV z=B}
A2. (The pair axiom.) VuVvaAxVz(z e x @ z=u VvV z = v).

Axioms A2 and A1l imply that the unordered pair of sets is a set.

For sets A and B, define

— the solitary set {A} = {A, A};

— the ordered pair (A, B) = {{A}, {A, B}};

From the previous assertions, we infer that {A} and (A, B) are sets.

Lemmal. (A,B) =(A',B"yifandonlyifA=A"andB = B'.

AS3. (The separation axiom scheme.) VX3YVu(u € Y © u € X A ¢(u, p)), where the
formula ¢(u, p) does not contain Y as a free variable.

This axiom scheme postulates that the class {u | u € X A ¢(u, p)} is a set. This set
is unique by Al. Suppose that there exist some sets Y and Y’ such that Vu(u ¢ Y &
ueXAeup) and Yu(u e Y © ue X A ¢(u, p)). Then, by LASI,, ue Y s u e
XAou,p)and ue Y o ueX A ¢(u, p), where, by LAS3 and LAS4, ue Y = u ¢
XApu,phueY sueXnou,p)eu,p) N\ueX=>ueY,andu € X A ¢(u, p)
= u €Y' Consequently, u € Y @ u € Y', and by the rule of generalization (Gen),
Yu(u € Y @ u € Y'), where now, by A1, Y = Y'.

Consider the class C = {u | ¢(u, p)}. Then axiom scheme AS3 can be expressed in
the following form: VX3Y(Y = C(p) n X).

For classes A and B, define the difference A\B as the class A\B={x € A | x ¢ B}.

If A is a set, then, by AS3, the difference A\B is a set.

Since AN B ={x € A | x € B} c A, we infer, by AS3 that for any sets A and B, the
binary intersection A N B is a set.
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For a class C = {x | ¢(x)}, define the union UC as the class UC = {z | Ix(p(x) A
z € x)}.
A4. (The union axiom.)

VXIYWVu(ue Yo Fz(uez N ze X)) AzeX)).

We can deduce from A4 and AS3 that for every set A its union UA is a set.

We have the equality AUB = U{A, B}. Therefore, for every sets A and B, their binary
union A U B is a set.

We will call the full ensemble of a class C the class P(C) = {u | u < C}.

A5. (The power set (= full ensemble) axiom.) VX3YVu(u € Y = u c X).

If A is a set, then, according to A5 and A1, P(A) is a set.

For classes A and B, define the (coordinate) product

A«B={x|3uaviue AAveBAXx=(uv)l.

The fact that A = B is a set for sets A and B follows from AS3, because A * B C
P(P(A U B)).
A class (in particular, a set) C is called a correspondence if

Yu(u € C = Ix3y(u = (x, y)))).
For a correspondence C consider the classes:

domC = {u | Iv({u, v) € CO)};
mgC = {v | Ju({u, v) € C}.

If Cis a set, then dom C c U U C, by A4 and AS3, implies that dom C also is a set.
A correspondence F is called a function (= a mapping) if

Vxvyvy' (o, y) € FA (x,y) e F=y =y).

The formula expressing for a class F the property to be a mapping will be denoted by
func(F). For the expression (x, y) € F, we also use the notations: y = F(x),F: x — y,
and others.

A correspondence C is called a correspondence from a class A into a class B if
dom C c A and rng C ¢ B (itis denoted by C : A —= B). A function F is called a func-
tionfromaclass AintoaclassBifdomF = AandrngF c B(itisdenoted byF : A — B).

The formula expressing the property of the class F to be a function from the
class A into the class B will be denoted by F = A — B. The formulas (F = A —
B) A Vx,y € A(F(x) =F(y) = x=y) and (F =< A — B) A rngF = B will be denoted
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by F = A>— B and F = A —» B, respectively. The conjunction of these formulas
will be denoted by F = A >—» B. These formulas define the injectivity, the surjectivity,
and the bijectivity of the function F : A — B, respectively.

The class {f | func(f) A domf = A A rgf c B} of all functions from a class A
into a class B which are sets is denoted by B® or by Map(A, B). Since B% ¢ P(A = B),
we infer that the class B is a set for any sets A and B.

The restriction of the function F on the class A is defined as the class

FIA = {x| Juav(x=(u,v) A x e F AueA}.

The image and the inverse image of the class A with respect to the function F are defined
as the classes F[A] = {v | 3u € A(v = F(u))} and F'[A] = {u | F(u) € A}.

A correspondence C from a class A into a class B is called also a (multivalued)
collection of subclasses B, = C{a) = {y | y € B A (a, y) € C} of the class B, indexed by
the class A. In this case, the correspondence C and the class rng C are denoted also
by (B, cB|aeA)and U(B, c B| a € A) respectively. The class U(B, c B| a € A)
is called also the union of the collection (B, c B | a € A). The class {y | Vx € A(y ¢
B,)} is called the intersection of the collection (B, c B| a € A) and is denoted by
N(B, c B| a € A). With every class A it is associated in the canonical way the col-
lection (a € V | a € A) of element sets of the class A. For this collection, the equality
UA =U(a cV|a e A)isvalid.

A function F from a class A into the class B is called also the simple collection of
elements b, = F(a) of the class B indexed by the class A. In this case, the function F and
the class rng F are also denoted by (b, € B| a € A)and {b, € B | a € A}, respectively.
The collection (b, € V | a € A) is also denoted by (b, | a € A). With every class A it is
associated in the canonical way, the simple collection (a € A | a € A) of elements of the
class A.Itisclearthat {a € A| a € A} = A.

AS6. (The replacement axiom scheme.)

VXYY (p(x, ¥, B) A @(x,y', B) = y =y') = VX3YVx € XVy(p(x,y,p) = y € Y),

where the formula ¢(x, y, p) does not contain Y as a free variable.
To explain the essence of this axiom scheme, consider the class

F={u|3x3y(u=(x,y) A ox,y, D)}

The premise in AS6 states that F is a function. Therefore, scheme AS6 can be expressed
in the following way: func(F) = VX3Y(F[X] ¢ Y). In other words, if F is a function,
then for every set X the class F[X] is a set.

If A is a set, then by AS6 we infer that the class rngF = {b, € B | a € A} is a set.
Then F c A x rng F implies that the class F = (b, € B | a € A) also is a set. Therefore,
if A is a set we use the notations F: A - Band F= (b, e B| a € A).
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A7. (The empty set axiom.) IxVz(~(z € x)).

Axiom A1l implies that the set containing no elements is unique. It is denoted
by @.

A8. (The infinity axiom.) 3Y(z € Y AVu(u € Y > uu {u} € Y)).

According to this axiom, there exists a set I, containing @, {@}, {@, {@#}}, and
So on.

Note that any set X with property u € X = u U {u} € X is called inductive.

A9. (The regularity axiom.)VX(X + @ = Ax(x e X A x N X = @)).

A function f : P(A)\{@} — A is called a choice function for the set A, if f(X) € X
for every X € P(A)\{a}.

The last axiom postulates the existence of a choice function for every non-empty
set.

A10=AC. (The choice axiom.)

VXX # 2 = 3z((z = PX\{o} - X) AVY(Y € PX)\{2} = 2z(Y) € Y))).

The described first-order theory is called the Zermelo — Fraenkel axiomatic set theory
(ZF) (with the choice axiom).

A.2.2 Ordinals and cardinals in the ZF set theory

Let A, A’, A", ...be classes, where the prime symbol (') is used only for the sake of
uniformity of notations.

The collection (A; ¢ V | i € 2)suchthat A, = Aand A, = A’ will be called the (mul-
tivalued) sequential pair of the classes A and A’ and will be denoted by (A, A'). The
collection (A; ¢ V | i € 3) such that A, = A, A; = A’, and A, = A” will be called the
(multivalued) sequential triplet of the classes A, A’, and A" and will be denoted by
(A,A’,A"), and so on.

Letnowa, a’, a”, ...be sets.

The simple collection (a; € V | i € 2) such that a, = a and a, = a’ will be called
the simple sequential pair of the sets a and a' and will be denoted by (a, a'). The sim-
ple collection (a; € V | i € 3)such that a, = a, a, = a’, and a, = a”, will be called the
simple sequential triplet of the sets a, a', and a" and will be denoted by (a, a’, a"),
and so on.

If A, A/, B, B’ are classes and (A,A’) = (B,B'),thenA=Band A’ =B'. If a, a/,
b, b’ are setsand (a, a’) = (b, b'), then a = b and a’ = b'. The similar properties are
valid also for every finite collections.

Let some collection u = (A; c V| i € I) be indexed by a class I # @. The class
[TAA; liel)={zeV]|(z:I > V) A (Vx(x eI = z(x) € A))} will be called the prod-
uct of the collection u. In the particular case, if A, A’, A", ...are classes, then the
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classes [](A, A'), [1(A, A’,A"), ...will be called the product of the pair (A, A’), the
triplet (A, A’, A"}, ... and will be denoted by A x A’, Ax A’ x A", ....

One can checkthat Ax A’ ={x e V| @3y3y'(y e AAY e A Ax=(y,y)} Itis
easily seen from this equality that the product A x A’ is similar to the coordinate prod-
uct A + A’, but in contrast to the latter one it is a partial case of the general product
[1(A; cV]iel.

IfA=A'"=A" =...,then AxA = A’ = Map(2, A), AxAxA = A’ = Map(3, A), ....
At the same time, A = A # A? and between the classes A * A and A? there exists only a
bijective mapping of the canonical form (a, a') ~ (a, a’). Namely, this stipulates the
necessity of introducing the non-coordinate product A x A’, Ax A’ x A", ....

If n € w, then a subclass R of the class A" = Map(n, A) is called an n-placed cor-
respondence on the class A. A mapping O : A" — A is called an n-placed operation on
the class A. Note that O ¢ A" = A # A", Therefore, an n-placed operation O can not
be considered as an (n + 1)-placed correspondence.

It can be checked that Ax A’ = {x | Fy3y'(y e AA Yy € A’ A x = (y,y"))} and A? #
A« A.

A class P is called ordered by a binary relation <c P> = P x P on P, if:

1) VpeP(p<p);
2) Vp,qeP(p<qArqg<p=p=q)
3) Vp,q,rePp<qArnqg<r=p<r.

If, in addition,

4) ¥p,qeP(p<qVq<p),
then the relation < is called the linear order on the class P.
An ordered class P is called well-ordered if

5) VQ(z + Q <P = 3Ax € Q(Vy € Q(x £ y))), i.e. every non-empty subset of the
class P has the smallest element.

Let P and Q be ordered classes. A mapping F : P — Q is called monotone (= increas-
ing, order preserving) if p < p’ implies F(p) < F(p'). The mapping F is called strictly
monotone (= strictly increasing) if p < p’ implies F(p) < F(p'). The mapping F is called
isotone if it is monotone and F(p) < F(p') implies p < p'. It can be checked that: (1) if
F is isotone, then F is injective and strictly monotone; (2) if F is isotone and surjective,
then F is bijective and the inverse mapping F™! : Q — P is also isotone.

Ordered classes (P, <) and (Q, <) are called order equivalent (in notation (P, <) =
(Q, <)) if there exists some isotone bijective mapping F : P —» Q.

If a class P is ordered by a relation < and A is a non-empty subclass of the class P,
then an element p € P is called the smallest upper bound or the supremum of the sub-
class Aif Vx € A(x < p) A Vy € P((Vx' € A(x' < y)) = p < y). This formula is denoted
by p = supA.
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A class S is called transitive if Vx(x € S = x € S). The class S is called quasitransi-
tiveif VxVy(x € S A y ¢ x = x € S). A transitive and quasitransitive class is said to be
supertransitive.

A class [a set] S is called an ordinal [an ordinal number] if S is transitive and well-
ordered by the relation € U = on S. For the property of a class S to be an ordinal, we
will denote by On(S).

In the form of formula

OnS)=vVx(xeS=>x<S) A
AVX,y,Z(xeESANYyeSAZzeESAXeEYyANYyezXEZ) A
AVX,y(xeSANyeS=>xeyvx=yVvyex) A

AVT(@+#T<S=3Ix(xeTAVYy(yeT = xey))).

Ordinal numbers are usually denoted by Greek letters «, 3, y, and so on. The class
of all ordinal numbers is denoted by On. The natural ordering of the class of ordinal
numbers is the relation « < f = « = § V a € 5. The class On is transitive and linearly
ordered by the relation € U =.

There are some simple assertions about ordinal numbers:
1) ifais an ordinal number, A is a set, and A € «, then A is an ordinal number;
2) a={B|p € a} for every ordinal number «;
3) a+1=aU{a}is the smallest of all ordinal numbers that are greater than «;
4) every non-empty set of ordinal numbers has the smallest element.

Therefore, the ordered class On is well-ordered. Thus, On is an ordinal.

Lemma1l. Let A be a non-empty subclass of the class On. Then A has the smallest
element.

Proof. By the condition there exists some ordinal number « € A. Consider the class
B = {x | x € A A x € a+1}. By axiom scheme of separation AS3 this class is a set. Since
a € B c Onand the class Onis well-ordered, the set B has the smallest element f3. Take
an arbitrary elementy € A.If y < a, theny € Band thereforey > B.Ify > «, theny > .
Thus, g is the smallest element of the class A. O

Lemma 2. If A is a non-empty set of ordinal numbers, then
1) the class UA is an ordinal number;
2) UA = sup A in the ordered class On.

Proof. (1) The set UA is transitive. In fact, if x € y € UA, then y € a € A for some

ordinal «. By virtue of transitivity of « we get x € a, where x € UA. It is clear that
the set UA is well-ordered by the relation € U =. (2) Show that p = UA satisfies the
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formula p = sup A. First p is an ordinal number. Second, assume that there is x € A
such that p < x, i.e. p € x. Since p € x and x € A, we infer that p € UA = p, but it is
impossible. Therefore, Vx € A(x < p). Third, let 3y € On((Vx' € A(X' <y)) Ay € p).
Since y € p, we infer that 3x € A(y € x), but it contradicts Vx' € A(x' <y).
Sop =supA. O

Corollary 1. The class On is a proper class.

An ordinal number « is called successive, if « = 8 + 1 for some ordinal number g. In
the opposite case, « is called limit. This unique number 3, we will denote by « — 1. The
formula expressing for an ordinal number «, the property of being successive [limit]
will be denoted by Son(«) [Lon(«)].

Lemma 3. An ordinal number « is limit if and only if « = sup a.

The smallest (in the class On) not zero limit ordinal is denoted by w. The existence of
such an ordinal follows from A7, AS6, and AS3. Ordinals which are smaller than w are
called natural numbers.

Remark. The principle of natural induction in ZF is quite similar to the principle of
natural induction in NBG (see Theorem 1 (1.2.6)). Moreover, all assertions about sets in
NBG hold also in ZF and have the same proofs. Therefore, in what follows, we directly
refer to such assertions from Chapter 1 when it is needed.

Collections (B, c B|n € N c w)and (b, € B| n € N c w), where N is an arbitrary sub-
set of w, are called sequences. If N ¢ n € w, then these collections are called finite; in
the opposite case, they are called infinite.

Theorem 1 (the principle of transfinite induction). Let C be a class of ordinal numbers
such that:

1) @eC

2) acC=a+1€C;

3) Lon(e) AacC)= SeC.

Then C = On.

Proof. Let it be false. Consider the subclass D = On\C. The class D is not empty, and
therefore, according to Lemma 1, has the smallest element y. Now, y + &, because
@ € C. Thus, y is either the successive ordinal number, or a limit one. Suppose that
y=79" + 1. Since y' € y, then ' ¢ D and so y' € C. Then, by condition 2 of the the-
orem, y =9’ + 1 € C. Suppose that y is a limit ordinal number. Then, y ¢ C, and by
condition 3 of the theorem, y € C. In both the cases, we arrive at a contradiction with
the fact that y ¢ C. Therefore, C = On. O
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Theorem 2 (the construction by transfinite induction). For every function G : V — V
there exists a unique function F : On — V, such that for every a € On the equality
F(a) = G(F|w) is fulfilled.

Proof. Consider the class C = {f | func(f) A On(dom f) A Vx € dom f(f(x) = G(f|x))}.
Take any function f, g € C and consider the numbers « = dom f and 8 = dom g. Let
acf.Ifa=9,thenf =2 c g.Ifa # 0, then consider theset P = {x € a | f(x) + g(x)}.
Suppose that the set P is not empty. Then, P contains the smallest element 7. Since
f(0) = G(f|@) = G(2) = G(g|@) = g(0), we infer that 7 # 0. By definition, for every
x € , we have f(x) = g(x), where f|n = g|n. This implies f(rr) = G(f|n) = G(g|n) =
g(m). But it follows from = € P that f(rr) # g(m). From this contradiction, we in-
fer that the set P is empty. Therefore, f c g. Thus, we proved that « c § implies
f c g. It follows from this property that « = § implies f = g. Consider the corre-
spondence E = {z | 3a € On3f € C(a« = domf A z = {«a, f))}. From the proof above,
we infer that E is a mapping from the class D = domE into the class V. We will
consider this mapping in the form of simple collection E = (f, € C | « € D). As was
proven above, « C 8 implies f, c fg. Prove by transfinite induction that D = On.
Since @ € C and (0, @) € E, we infer that O € D. Let a € D. Using the function f,,
define a function g : « + 1 — V setting gla = f, and g(«) = G(f,). From « N {a} = &,
a+1l=aU{a, g=1f, U{{a, G(f,))}, and axiom of union A4, it follows that this
definition is correct. Let x € a + 1. If x € «, then g(x) = f,(x) = G(f,|x). By virtue of
transitivity, x c « = dom f,. Therefore, f,|x = g|x implies g(x) = G(g|x). If x € {a},
then g(x) = G(f,) = G(g|x). Consequently g € Cand (« + 1, g) € E implies « + 1 € D.
Let « be a limit ordinal number and « ¢ D. By Lemmas 3 and 2, « = supa = Ua. Let
x € «. Then, x € y for some y e a ¢ D. Let x e z € a. If y = z, then fy(x) =f,(x). If
y € z, then y c z by virtue of the embedding f, c f, implies f,(x) = f,(x). If z € y,
then, in a similar way, f,(x) = f,(x). Define a function g:a — V, setting g(x) =
fy(x) for any y € a such that x € y. It is clear that gly = f,. From a ={y | y € a},
g =Ulfy | y € g), axiom scheme of replacement AS6 and axiom of union A4, it fol-
lows that this definition is correct. Check that g € C. Let x ¢ dom g = «. Then, x €
y € « implies g(x) = fy(x) = G(fylx) = G(g|x) since x c y Cc «. Now, from g € C and
a =domg, it follows that « € D. By virtue of the principle of transfinite induc-
tion, we conclude that D = On. Let x € On. Then, x e x + 1=a. Let x e fand x € y
for some B,y € On. Since a c B, a Cy, f, cfﬁ, and f, c f,, we infer that fﬁ(x) =
f(x) = fy(x). It follows that we can define correctly a function F : On — V setting
F(x) zfﬁ(x) for every 8 € On such that x € . It is clear that F|f =f5 eV for ev-
ery f € On. If x € On, then x € x + 1=« and x c « implies F(x) = f,(x) = G(f,|x) =
G(F|x). It remains to show that the function F is unique. Assume that there is a
function F' : On — V such that F'(a) = G(F'|a) for any « € On. Note that by ax-
iom scheme of replacement AS6, F'|a € V for any « € On. Consider the class A =
{a € On | F(a) = F'(«)}. Since F(0) = G(F|@) = G(2) = G(F'|@) = F'(0), we infer that
0 € A, i.e. this class is non-empty. Assume that the class B = On\A is non-empty.
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Then, it contains the smallest element . If « € B, then « € A implies F(«) = F'().
Thus, F|B = F'|8. Hence, we get F(B) = G(F|B) = G(F'|) = F'(8), but this contra-
dicts the inequality F(B) # F'(B). It follows from the obtained contradiction that
A =On. O

In ZF, there exists the following principle of e-induction.
Lemma 4. If a class C satisfies the conditionVx < C = x € C,thenC = V.

Proof. Suppose that C # D, i.e. D = V\C # @. Then, there exists P e D.IfPnD = &,
then put X = P. Let Pn D + @. Consider the set N containing all n € w satisfying the
condition that there exists a unique sequence u = u(n) = (R, | k € n+1) of sets R;,
such that R, = P and R;,; = UR, for every k € n. Since the sequence R; | k € 1 such
that R, = X satisfies this property, we infer that 0 € N. Let n € N, i.e. for n there ex-
ists a unique sequence u = (R, | k € n+1). Define the sequence v = (S | k € n+2),
putting S, = R, foreveryk e n+1and S,,; =UR, =US,,i.e.v=uuU{{(n+1,UR,)}. It
is clear that the sequence v possesses all necessary properties. Check its uniqueness.
Suppose that there exists a sequence w = (T) | k € n+2) such that T, = P and Vk €
n+1(T,,; = UT,). Consider the set M’ consisting of all m € n+2 such that S,, = T,,.
Let M" = w\(n+2)and M = M' UM". Since S, = P = T,, we infer that 0 € M’ ¢ M. Let
meM.lfm=n+1,thenm+1=n+2eM’" cM.ifm<n+1,thenm+1e n+2and
Sps =US,, =UT,, =T,,, implies m+1e M cM.lf me M, then m+1e M" c M.
Therefore, m € M implies m +1 € M. By the principle of transfinite induction (The-
orem1), M = w. Hence, M' = n+2and v = w, i. e. the sequence v is unique. Therefore,
n+1 € N. By the principle of natural induction (see Theorem 1 (1.2.6) and Remark be-
fore Theorem 1), N = w. Thus, for every n € w there exists a unique sequence u(n). By
virtue of the uniqueness we can denote it by (R} | k € n+1). Consider the following
formula of the ZF set theory: ¢(x,y) = (x e w = y = R}) A (x ¢ w = y = @). By axiom
scheme of replacement AS6, for w there exists a set Y such that Vx € w(Vy(p(x, y) =
y € Y)).Ifn € w, then ¢(n, Ry) implies R, € Y. Therefore, we can define in the set wx Y
an infinite sequence u = (R,, € Y | n € w) settingu = {z € wx Y | 3x € w(z = (x, R}))}.
The property of uniqueness mentioned above implies that u(m) = u(n)|(m + 1) for all
m < n. Thus, u|(n+1) = u(n). Hence, the sequence u satisfies the following proper-
ties: Ry = P and Ry, = UR; for every k € w. Having the set u, we can take the set
A=mgu={R,|necwandthesetQ =UA ={y | 3x € w(y € R,)} = U(R,In € w). Itis
clear that R, c Q for every n € w, and therefore, P = R, ¢ Q.Since PNnD # @, we infer
that R = Q n D # @. By regularity axiom A9, there exists X € Rsuchthat XN R = @.
Check that X n D = @. Suppose that there exists x € X n D. Since X € Q, we infer that
X € R, forsomen € w. Therefore, x € X € R, implies x € UR, = R,,; ¢ Q.Thus, x € R.
As aresult, we have x € XN R = @, but it is impossible. It follows from this contradic-
tion that X € Dand X n D = @. Thus, in both cases, X ¢ C. By condition, X € C, but it
is impossible because X € D. From this contradiction, we infer that C = V. O
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Sets A and B are called equivalent (A ~ B) if there exists a bijective function u :
A —» B.

An ordinal number « is called cardinal if for every ordinal number 3 the conditions
B < aand f ~ aimply § = a. The property of an ordinal number « to be a cardinal we
will denote by Cn(«). The class of all cardinal numbers will be denoted by Cn. The
class Cn with the order induced from the class On is well-ordered.

Lemma 5. For every set A there exists an ordinal number « such that A ~ a.

Now, for a set A consider the class {f| $ € On A 3 ~ A}. By Lemma 5 this class is
not empty and therefore it contains the smallest element «. It is clear that « is a
cardinal number. Besides, this class contains only one cardinal number «. This
number « is called the power of the set A (it is denoted by |A| or card A). A set of
the power w is called denumerable. Sets of the power n € w are called finite. A set
is called countable if it is finite or denumerable. A set is called infinite if it is not
finite.

Note that if » is an infinite cardinal number then x is a limit ordinal number.

If x = a + 1, then » = card » = card(« + 1) = card « < « < x, but it is impossible.

Let « be an ordinal. A confinality of « is the ordinal number cf(«), which is equal
to the smallest ordinal number 8 for which there exists a function f from f into « such
thaturngf = a.

A cardinal x is called regular if cf (s) = x, i. e. for every ordinal number f3 for which
there exists a function f : § — » such that urng f = » itis valid » < 8.

A cardinal » > w is called (strongly) inaccessible if » is regular and card P(A) < x
for all ordinal numbers A < x. The property of a cardinal number » to be inaccessi-
ble will be denoted by Icn(s). The class of all inaccessible cardinal numbers will be
denoted by s In.

A.3 Cumulative sets in the ZF set theory
A.3.1 Construction of cumulative sets

Now, we will apply the construction by transfinite induction in the following situation.
Consider the class

G={Z|3XAYZ =X, YWVAN(X=2=Y=0)V
VIX+2 = (funcX)=>Y=0)V
V (func(X) = (=On(domX) = Y =g) v
V (On(dom X) = (Son(domX) = Y = X(dom X - 1) U P(X(dom X — 1))) v
V (Lon(dom X) = Y = urng X))))))}.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

A.3.2 Properties of cumulative sets = 205

If we express the definition of the class G less formally, then G consists of all pairs

(X, Y) for which there are the following five disjunctive cases:

1) ifX=g,thenY = g&;

2) if X #+ @ and X is not a function, then Y = &;

3) ifX # @, Xis a function, and dom X is not an ordinal number, then Y = g;

4) if X # @, X is a function, dom X is an ordinal number, and dom X = « + 1, then
Y = X(x) U P(X(x));

5) if X + @, Xis a function, and dom X is a limit ordinal number, then Y = urng X.

By definition, G is a correspondence. Since any set X possesses one of these properties,
we have dom G = V. Since in each of these five cases the set Y is defined by aset Xin a
unique way, using the property of an ordered pair from Lemma 1 (A.2.1), we infer that
G is a function from V into V.

According to Theorem 2 (A.2.2), for the function G there exists a function
F : On — V for which for any « € On, we have F(x) = G(F|«).

From case 1, for the function G, it follows that F(@) = G(F|@) = G(2) = @.

From case 4, it follows that if 8 is a successive ordinal number and = a + 1, then
F(B) = G(F|pB) = (F|B)(«) U P((FIB)(«)) = F(a) U P(F(ax)).

Finally, from case 5, it follows that if « is a limit ordinal number, then F(«) =
G(Flar) = urng(F | o) = U(F(B) | B € o).

Denote F(«) by V. Thus, we obtained the collection (V, c V | « € On) satisfying
the following conditions:
) V,=a;
2 V,= U[Vﬁ | B € a), if a is a limit ordinal number;
3) Vi =V, UuPV,).

This collection is called the Mirimanov — Neumann collection, and its elements V, are
called cumulative (Mirimanov — Neumann) sets.

A.3.2 Properties of cumulative sets
Prove now some lemmas about the sets V,, which we will need later.

Lemmal. If « and f3 are ordinal numbers, then
) a<BoV, eV

2) a=feV,=Vg

3) acVyandaeV,,,.

Proof. (1) and (2). By means of transfinite induction we will prove that for any ordinal

number B(x € f = V, € V). If f = @, then it is clear because Va—(« € ). If for some
ordinal number g (« € f = V, € V;), then consider the ordinal number 8 + 1. From
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a € B+ 1, we infer that « € B vV a = 8. If « € 3, then, by the inductive assumption,
V, € Vg, and since Vg,; = V3 U P(Vy), we infer that V, € Vp,;. If a = f, then V,, =
Vy € Vg4, because Vg € P(Vyp). Therefore, for B + 1, the propertya € f+ 1=V, €
V.4 is fulfilled. Suppose now that f3 is a limit ordinal number and Vy € pVa(a € y =
V, € V,). Let a belongs to B. Since f is a limit ordinal number, it follows thata + 1 €
B. From Vg =U(V, | y € f), it follows that V,,; ¢ V. In this case,V, € V,,,, implies
V, € Vg Itisclearthata = = V, = V. If V, = Vg, then eithera < fora = orf <
a. If a < B, then V,, € Vy; if B < a, then Vg € V,. Therefore, g = a. If V,, € Vp, then
a < B, because for a = g it is fulfilled V, = V;, and for B < « it is fulfilled Vg € V,.
(3) Consider the class C={x | x e On A x c V,}. Since O c @ = V,,, we infer that O €
C.IfaeC,thenacV, impliesa +1=a U {a} c V, c V,,,. Let a be a limit ordinal
number and « ¢ C. By construction, V,, = U[Vﬁ | B € a).Ifx € a, then x € Cmeans that
x c V. Therefore, x € P(V,) c V,;. Since « is a limit ordinal number then x +1 € «
implies x € V. Thus, « ¢ V, and so « € C. By Theorem 1 (A.2.2), C = On. The lemma
is proven. O

Lemma 2. For every ordinal number « the conditionz c x € V impliesz € V.

Proof. We will prove this assertion by transfinite induction. Let C = {a | « € On A
VxVz(z c x € V, = z € V,)}. Show that C = On. If « = &, then it is clear that « € C.
Suppose that « € C. Prove that in this case « + 1 € C. Let z c x € V,,;. Since V,; =
V,uP(V,), weinferthatx € V,orx c V,.If z c x € V,, then z € V_ by the inductive
assumption and therefore z € V ;. If x c V, and z c x, then z c V,, and therefore
z € V1. Thus, & + 1 € C. If « is a limit ordinal number and V € «(f € C), then from
zcx eV, weinfer that 3fca(z c x € Vﬁ), and, by inductive assumption, we con-
clude that 3B € a(z € V). From V, = (V4 | B € a it follows now that z € V,,. There-
fore, by transfinite induction, C = On. O

This lemma shows that any cumulative set V, is quasitransitive.
Lemma 3. For any ordinal number o, we have Vx(x € V, = x c V,).

Proof. This lemma also will be proven by transfinite induction. For « = @ the given
formula is valid, because Vx—(x € V). Let for some ordinal number « it is valid Vx(x €
V, = x c V,). Consider the ordinal number a+1.Ifx € V,,,thenx € V, v x € P(V,),
or more presicely x € V, v x c V,. In the case x € V, by the inductive assumption,
xcV,and V, c V,,, implies x c V,,. If x c V, then we infer from V, c V., that
x € Vg,q. Now, let a be a limit ordinal number and V3 € aVx(x € V; = x ¢ Vp). Then,
fromx € V, weinfer that 38 € a(x € Vp). By the inductive assumption 38 € a(x ¢ Vp),
and therefore x ¢ V. The lemma is proved. |

This lemma shows that any cumulative set is transitive. Thus, any cumulative set is
supertransitive.
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Corollary 1. If a and 3 are ordinal numbers and o < 3, then V,, € V.

Corollary 2. For every ordinal number « the inclusion V, ¢ P(V,) and the equality
V1= PV,) arevalid.

Proof. 1f x € V, then by the given lemma x c V,, i.e. x € P(V,). Thus, V, c P(V,).
Therefore. V,,, = V, U P(V,) = P(V,). O

Corollary 3. If a and p are ordinal numbers and o < B, then |V, | < |V|.

Proof. By the previous two corollaries, V,, ¢ P(V,) = V,,; ¢ V. Using Cantor’s theo-
rem, we infer that |V,| < |P(V )| = |Vl < IVﬁI. O

Lemma 4. For every ordinal number aifx € V,,, thenx c V,.

Proof. Suppose that x € V. It means that x e V, v x c V. If x c V, then every-
thing is proven. If x € V,, then by the previous lemma x c V. O

Lemma5. For every ordinal number a VxVy(x e V, Ay e V, = xUy e V,).

Proof. We will again use the principle of transfinite induction. If « = @, then the con-
clusion of lemma is valid, because Vx—(x € V). Let now « =  + 1 for some ordi-
nal number S. Then, from the formula x € V, A y € V, by Lemma 4 we infer that
x ¢ Vg Ay c Vg. Therefore, xUy ¢ Vg, wherex Uy € Vg, i.e.xUy € V,. Now, sup-
pose that « is a limit ordinal number and V3 € avVxVy(x € Vg Ay € Vg = xUy € Vp).
Then, x,y € V, implies 3 € a(x, y € Vp). Therefore, by the inductive assumption,
B ealxUy € Vp),andsoxuy e V,. O

Lemma 6. For every limit ordinal number « the condition x € V, implies P(x) € V,.

Proof. Suppose that « is some limit ordinal number and x € V. Then, there exists
p € a such that x € Vﬁ. Show that in this case P(x) c Vﬁ. By Lemma 2, from x € Vﬁ
and z c xweinferz € Vﬁ, whereVz(z € P(x) > z € Vﬁ), and it means that P(x) ¢ Vﬁ.
If P(x) ¢ Vg, then P(x) € Vg,; C V,. O

Corollary 1. For every limit ordinal number « the condition x, y € V implies {x}, {x, y},
(x,y) e V,.

Proof. By Lemma 6, P(x) € V,. By Lemma 2, {x} ¢ P(x) implies {x} € V,. Now, by
Lemma 5, {x, y} € V,. It follows from the proved properties that (x, y) € V,,. O

Corollary 2. For every limit ordinal number « the conditions X,Y € V, implies
XxYeV,
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Proof. Letx € Xandy € Y. Then, {x} c XuYand {y} c XuYimply {x,y} c Xu Y. By
Lemmab5, XuY € V,.Since {x} € P(XUY)and {x, y} € P(XuY), weinfer that (x, y) =
{{x}, {x, y}} ¢ P(XUY). Hence, (x,y) € P(P(XUY)). Therefore, X + Y c P(P(XUY)).
By Lemmas5,6,and 2, X « Y € V. O

Lemma?7. Ifa > w, thenw c V. Ifa > w, thenw € V,,.

Proof. ByLemmal,wc V,c V, .Ifa > w, thenw c V, € V_,,, by Lemma 2, implies
weV,,cV,. O

Let A be an ordinal number. Consider a collection K(A) = (Mg | f € A + 1) of the
sets M 5= x|x= iP(IVﬁI) —» IiP(IVﬁI)I} of all corresponding bijective mappings
for all B € A + 1 and the set M(A) = U[MB | B € A + 1). By the choice axiom there ex-
ists a choice function ch(1) : P(M(A))\{@} — M(A) such that ch(1)(P) € P for every
P e P(M(M)\{@}. Since Mg c M(A) for B € A+1, we infer that cpgd) = ch(A)(Mﬁ) € Mg,
i.e. cg(A) is a bijection from P(|Vy|) onto [P(|Vgl)I.

Theorem 1 (the Zakharov theorem on initial synchronization of powers of cumulative

sets). Let A be an ordinal number. Then, for every ordinal number « < A there exists a

unique collection u(a) = u(A)(@) = (fg | B € a+1) of bijective functions fg : Vg —» |V

such that:

1) fo=o;

2) ify<Pea+lthenf,=fV,;

3) if fea+ 1land =y + 1, then fﬁIVy = fy and fﬁ(x) = cy(/\)(fy[x]) for every
x € Vg\V, = P(V)\V,;

4) if B € a+1and Bis alimit ordinal number then fz = U(f, | y € B).

It follows from the uniqueness property that u(«)|8 + 1 = u(d) for every 8 < a, i. e. these

collections continue each other.

Proof. In the beginning check the uniqueness of the collection u = u(«). Let for «
there exist a collection v = (8g | B € a + 1) of bijective functions 8p: Vgr—> |V,
possessing properties 1-4. Consider the set D' = {8 € a + 1| f5 = g}, the class D" =
On\(« + 1), and the classD=D'u D".Itisclearthat0 e D' c D.Let B e D.If B > «,
then B + 1€ D" c D. Let B < a. Then, f € D' and B + 1 € a + 1. Therefore, by prop-
erty 3, f5+1(x) =fﬁ(x) = gﬂ(X) = gﬁ+1(x) for every x € Vﬁ and fﬁ+1(X) = Cﬁ(/\)(f;;[x]) =
cp(M)(gslx]) = gp(x) for every x € Vi, ,\Vp, i.e. fgq = 8py1- SO B+1€ D' ¢ D. Thus,
B € D implies B + 1 € D. Let B be a limit ordinal number and B c D. If fn D" # &,
then there exists y € 8 such that y > « + 1. Therefore, § >y > a + 1 implies 8 €
D" cD.Let n D" = @, i.e. B c D'. Then, for every y € it is valid f, = g,. Since
Bca+1,then f<a+ 1. If B=a + 1, we infer that Be D" cD. Let fea + 1. If
x € Vg=U(V, | y € B), then x € V, for some y € B. Therefore, by property 2, f5(x) =
fy(x) = g,(x) = gg(x) for every x € Vi, 1. e.fﬁ =8p-Sof € D’ ¢ D. Thus, the properties
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Lon(B) and B c D imply 8 € D. By the principle of transfinite induction, D = On.
Consequently, D' = « + 1. Therefore, u = v. Now, we will write c, instead of cy(/\).
Consider a set C’, consisting of all ordinal numbers « < A, for which there exists
a collection u(«) with properties 1-4. Consider also the classes C” = On\(A + 1)
and C=C' u C". Since V, = @ and |V,| = 0, we infer that the collection u(0) =
(fg | B € 1) with the bijective function f, = @ : V, >—» |V,)| possesses all properties
1-4, and therefore 0 € C. Let « € C. If « > A, then « + 1€ C"” c C. Let now « < A.
Then, « + 1€ A + 1 means that we can use the function c,. Since a € C’, we in-
fer that for « there exists a unique collection u = (fﬁ | B € a + 1). Define a collec-
tion v=(gs | B € a + 2) of bijective functions gz : Vs =—» |Vjl, setting gz = f4 for
every x € V, and g,,,(x) = ¢, (f,[x]) for every x € V,\V, = P(V )\V,. Check that
v possesses properties 1-4. Let f € o + 2. If f € a + 1, then properties 1-4 are evi-
dently true. Let 8 = « + 1. Then, gﬁ(x) = 8un(x) = f,(x) = g,(x) for every x € V, and
850 = 8o (0) = C,(f[X]) = ¢, (8, [x)) for every x € V,\V,. Besides, gy|V,, = f, = g,
Therefore, y < B implies g4V, = g,IV, =f,IV,=f,=8,. So a + 1€ C' cC. Let «
be a limit ordinal number and « ¢ C. If « n C" # @, then there exists € a such
that B > a + 1. Consequently, « > <A + 1 impliesa € C" c C. Letan C" = @, i.e.
a ¢ C'. Then, for every B € « there exists a unique collection Ug = (ff lyepB+1)of
bijective functions ff : V, = |V, | with properties 1-4. Since a« ¢ A + 1, it follows
thata <A+ 1L Ifa=1+1,thenaeC’' cC.Letnowa e A+ 1. Forevery§< e a
consider the collection w = ugld + 1= (ff |y €8 + 1). The collection w possesses
properties 1-4. By the uniqueness, which was proved above, w = u;. Therefore,
Us = ugld +1, 1. e.f]‘,s = ff for every y € 8 + 1. In particular, fg = ff for every 6 < 8. De-
fine a collection v = (g | B € a+1) of functions g, setting g, = ff forevery f € «and
g,(%) sz(x) for every x € V, = U(V, | y € «) and every y < € asuch that x € V,,. It
is clear that gz = V »—» |V| for every f € a. Check that g = V,, — |V,|. By Corol-
lary 1 to Lemma 3, Vy c V,. Consequently, |V,,| c |V,|. Therefore, for every x € V,,
it is valid g,(x) sz(x) € IV),I Cu= U[IVyl c|V,l lyea)c|V,|. Let x,y € V, and
8a(X) = 84(y). Then, x € V,, and y € V; for some y, § € a. Consider the number S,
which is greatest of the numbers y and . By definition, fg x) =8,(x) =g,(y) = fg ).
From injectivity of this function we infer that x = y. Therefore, the function g, is sur-
jective. Let z € ». Then, z € |V, | for some y € a. Since the function f}f cV,—» |V, | is
injective, we infer that z = f;’ (x) for some x € V,, ¢ V. Consequently z = g, (x). Thus,
g, is a bijective function from V, onto %, i.e. V, ~ ». By Corollary 3 to Lemma 3
|Vy| € |V,|. Therefore, there exists a set A={xe|V,| |3Tyecalx= |Vy|)} = {|Vy| |
y € a} of all ordinal numbers IV),I. Since « is a limit ordinal number, we infer that
A # @. Therefore, by Lemma 2 (A.2.2), the set UA = sup A is an ordinal number. If
z€UA={z|3x € A(z € x)}, then z € |V,| C » for some y € a. Conversely, if z € x,
then z € |Vy| € A for some y € a. Therefore, z € UA. Consequently, » = UA, i.e. x is
an ordinal number. Prove that x is a cardinal number. Let 8 be an ordinal num-
ber, B <, and B~ x. Suppose that <. Then, B € » implies 8 € |V,| for some
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y € a. Consequently, 8 < IVyl = cardIVyl < || = |B|. Since B is an ordinal number,
we infer that || < 5. As a result, we come to the inequality 8 < 8, which is impos-
sible. It follows from this contradiction that = ». It means that » is a cardinal
number. Since x is a cardinal number and »x ~ V,, we infer that » = |V_|. There-
fore, g, = V, = |V,|. Check that the collection v possesses properties 1-4. By
definition of this collection, g, = f§ = @. Let y < B € a + 1. If B € a, then the equal-
ity fyy = ff, which was proved above, implies gg4|V,, = fEIVy = ff = fyy =g, ff=q,
then, by construction, gg4|V, = g,IV, = f;’ = g,. Thus, for v property 2 is valid. Let
Bea+1,B=y+1and x € Vg=P(V,). If B € a, then the equality f} = fF, which
was proved above, implies 800 = fg (x) = ff (x) = f}’,’ (x) = 8,00 for every x € v, and
8p(x) = fg(x) = cy(fi3 x]) = cy(fyy[x]) = ¢,(g,[x]) for every x € Ve\V,. Therefore, for v
property 3 fulfilled. Property 4 follows from property 2. From the properties which
were already checked we infer that « € C' ¢ C. By the principle of transfinite induc-
tion, C = On, and therefore C' = A + 1. |

Note that, since the functions c,(1) depend on the number A, we can not componate
the (continuing each other) collections u(1)(«) into one global collection indexed by
all ordinal numbers.

Corollary 1. For every limit ordinal number « the equalities |V | = UVl | Bea) =
U{IVﬁI | Beal = sup{IVBI | B € a} are valid.

Proof. Consider the number A = «. By Theorem 1, there exists the corresponding col-
lection u(a) = (fg | B € a+1). Since a is a limit ordinal number and & € ar+1, it follows
that by property 4, f, = U(fg | B € a). Therefore, |V,| =1tngf, =ulmgfs | f€a) =
U[IVﬁI |Bea)= U{IVﬁI | Bea}= sup{IVﬁI | B € a}, where the latter equality follows
from Lemma 2 (A.2.2). O

A.3.3 Properties of inaccessible cumulative sets

The sets V,, for inaccessible cardinal numbers » will be called inaccessible cumula-
tive sets. They have a number of specific properties. We present these properties with
complete proofs. Note that their proofs are practically absent in the corresponding lit-
erature and are not obvious.

Lemma 1. For every inaccessible cardinal number » and every ordinal number « € x the
property |V | < nis valid.

Proof. Consider the set C' = {x € x| |V,| < %} and the classes C" = On\x and C =
C' u C". Since V, = @, we have |V,| = 0 < x. Therefore, 0 € C. Let a € C. If & > 1,
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then « + 1€ C" cC.Let a <% Then, a € C'. If « + 1=, then « + 1 € C" c C. Let
a + 1< ». Since V, ~ |V,|, we have P(V,) ~ P(|V,]). Therefore, |P(V,)| = |P(V,])I.
By Corollary 2 to Lemma 3 (A.3.2), |V,4| = [PV )| = |P(V,]). Since |V | < » and
the cardinal number x is inaccessible, we obtain |P(|V,|)| < ». Hence, |V ;| < 2.
Thus, « + 1€ C' c C. Let « be a limit ordinal number and a« c C. If « N C" + @,
then there exists € a such that B > ». Therefore, a > B > » implies a € C" ¢ C. Let
anC'=g,i.e.acC culfa=unthena e C" cC.Let a < xn By virtue of « ¢ C’,
for every f8 € «, we have Vgl < . Therefore, sup{|Vg| | B € a} < x. Using the prop-
erty |Vl € », we can correctly define a function f : « — %, setting f(f) = [Vgl. 1t is
clear that g f = {| Vgl | B € a}. By Corollary 1 to Theorem 1 (A.3.2), urng f = U{] Vgl |
Bea}= sup{lVﬁl | B € a} = |V,|. By virtue of the inequality, which was proved above,
weinfer that |V, | < x. Suppose that|V,| = ». Then, » = Urng f by virtue of regularity of
the number »x implies x < «, but this contradicts the initial inequality « < ». Therefore,
|V,| < x. Consequently, & € C' ¢ C. By the principle of transfinite induction, C = On.
Thus, C' = ». O

Lemma 2. If »is aninaccessible cardinal, then » = |V |.

Proof. By Lemma 1 (A.3.2), » c V,. Therefore, » = || <|V,|. By Corollary 1 to
Theorem 1 (A.3.2), |V, | =sup(|V4l | B € 3). Since by Lemma 1 |V,| < », we have
|V, | < x. As aresult, we have » = |V|. O

Lemma 3. If x is an inaccessible cardinal number, « is an ordinal number such that
a < n, and f is a correspondence from V, into V,, such that domf =V, and f(x) € V,,
foreveryx € V, thentngf e V.

Proof. Since x is a limit ordinal number, we have V,, = U(V; | § € x). For x € V, there
exists & € » such that f(x) € V;. Therefore, a non-empty set {y € » | f(x) € V,} con-
tains the smallest element z. By virtue of the uniqueness of the element z we can
correctly define a function g : V, — x, setting g(x) = z. Consider the ordinal num-
ber f=|V,| and take some bijective mapping h : § ~—» V,. Consider the mapping
@ =8 o h: 3 — x and the ordinal number y = Urng ¢ = suprng ¢ < x. Suppose that
y = . Since the cardinal x is regular, the supposition Urng ¢ = x impliesx < = |V, |.
But, by Lemma 3 |V,| < . It follows from this contradiction that y < ». Since h is
bijective, g ¢ = g g. Therefore, y = suprngg. If x € V,,, then f(x) € V, = V.
From g(x) < y, we infer, by Lemma 1 (A.3.2) that Ve C Vy. Consequently, f(x) € Vy
by Lemma 3 (A.3.2) implies f{x) c v,. Therefore, rmgf c V,. By Lemma 1 (A.3.2)
mgfeV, cV,. O

Lemma 4. If x is an inaccessible cardinal number, A € V,, and f is a correspondence
from A into V,, such that f(x) € V,, forevery x € A, thentngf e V,.
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Proof. Since x is a limit ordinal number, V, = U(V,, | « € »). Therefore, A € V, for
some « € ». By Lemma 3 (A.3.2), A c V,. Define a correspondence g from V, into V,,,
setting g|A = f and g(x) = @ c V,, for every x € V,\A. Then, domg =V, and rng g =
mgf.lfx € A, theng(x) = f(x) € V,,andifx € V \A, then g(x) = @ € V,. Therefore,
by Lemma 3, we obtainngf =rmgge V,. O

Corollary 1. If » is an inaccessible cardinal number and (B, | a € A) is a collection of
setssuchthatA e V,and B, € V, foreverya € A, then|J(B, | ae€ A) e V,,.

Corollary 2. If » is an inaccessible cardinal number and A € V,, thenUA € V,,.

The following assertion is due to A. Tarski [1938] (see also [Kolmogorov and Dragalin,
1982, IX, §1, Theorem 6]). Here, we present another proof of this assertion.

Lemma5s. If x is an inaccessible cardinal number, A c V,, and |A| <|V,|, then
AeV,.

Proof. By Lemma 2 |A| € |V,| =» < V,. Consider the bijection b: |[A| > A V,.
Lemma 4 impliesA =mgb € V,,. |

Lemma 6. If x is an inaccessible cardinal number, ¢ is an ordinal number, and e € V,
thene € x.

Proof. Since V,=J(V, | a € x), it follows that ee V, for some «e€x. By
Lemma 3 (A.3.2) e ¢ V,. By Lemma 1 |¢] < |V,| < x. Suppose that ¢ > ». Then, » C ¢
implies » = |%| < |e|, what contradicts the previous inequality. Hence, & < ». O

Consider the class IT = {x | 3« € On(x € V )} = U(V, | « € On).
Lemma 7 (the von Neumann identity). I1= V.

Proof. Show that II satisfies the principle of e-induction. Introduce the function
ran : I1 — On, setting ran(x) = the smallest ordinal « such that x € V,;. It follows
from Lemma 1 (A.3.2) that all ordinal numbers are contained in IT. Check that x c II
implies x € II for every set x. If x = @, then, by Lemma 1 (A.3.2), x=0¢ V, c IL
Let x # @. Consider the following formula of the ZF set theory: ¢(y,2) = (y e II =
z=ran(y)) A (y ¢ Il = z = @). By axiom scheme of replacement AS6, for the set x
there exists a set B such that Vy € xVz(¢(y, z) = z € B). If y € x, then ¢(y, ran(y))
implies ran(y) € B. Therefore, A = {z € B | 3y € x(z = ran(y))} ¢ B. By axiom scheme
of separation AS3, A is a set. By Lemma 2 (A.2.2), « = UA = sup A is an ordinal
number. If y € x, then z = ran(y) € A implies z < a. Therefore, by Lemma 1 (A.3.2),
yeV,,cV,,. Thus, x c V,,,, where x € P(V,,,) c V,,, c II. By the principle of
e-induction, we now infer that IT = V. O
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A.4 Universal sets and their connection with inaccessible
cumulative sets

A.4.1 Universal sets and their properties

A set U is called universal in the ZF set theory (see [MacLane, 1971, 1, 6] and [Forster,
1995; Holmes, 1998)) if it has the following properties:

1) x € U = x c U (the transitivity property);

2) xeU= Pkx),uxeU;

3) xeUAyeU=xuy,{x,y},{x,¥),xxy e U

4) xeUA (f € U) > mgf e U (the strong substitution property);

5 weU.

Clearly, not all of these properties are independent.

The property that a set U is universal will be denoted by Ux. Denote by U the class
(possibly, empty) of all universal sets. It immediately follows from the definition of
a universal set that the intersection NA = {x | VU € A(x € U)} of any non-empty sub-
class A of the class of universal sets is a universal set. Let us deduce several properties
of universal sets from these conditions.

Lemmal. Ifaset Uis universal,thenx c UANy cx =y € U.

Proof. If x € U, then (2) implies P(x) € U and (1) implies P(x) c U. Sincey € P(x), we
havey € U. |

This lemma shows that a universal set is quasitransitive. This fact and the transitivity
property imply that a universal set is supertransitive.

Lemma 2. Ifaset U is universal, then @ € U.
Proof. This follows directly from properties 1 and 5. O

Lemma 3. Let (4; | i € I) beacollectionsuchthatl € UandA; € U foreveryi € I. Then,
U(4;|iel)eU.

Proof. Consider the function f : I — U such that f(i) = A;. Then, (4) impliesngf € U
and (2) implies U(A; | i e I) =urngf € U. |

Lemma 4. If U is a universal set, then x € U = |x| € U.

Proof. Consider the class C = {« € On | « ¢ U)}. Since the class On is not a set, the
class C is non-empty. Denote its minimal element by . Suppose that there exists an
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element x € U such that « = |x| ¢ U. Then, there exists a bijection f : « — x. It follows
from « € Cthat » < a. Since » ¢ «, we can consider the mapping g = f|»x. The mapping
g is a bijection from » onto y = rng g ¢ x. The inclusion y ¢ x implies y € U. Hence,
h =g is a function from y € U onto » ¢ U. Since x is a minimal element of then
class C, we have Vf € »(f € U). Therefore, h(z) € x provides that h(z) € U for every
z € y. Then (4) implies » € U what contradicts the definition of ». This contradiction
yields Vx € U(|x| € U). O

Let us prove that in a universal set there exists a e-induction principle similar to the
e-induction principle in the ZF set theory (see Lemma 4 (A.2.2)).

Lemma5. Let U be an universal set, C c U,andVx € Ux c C = x € C). Then, C = U.

Proof. Suppose that C # U, i.e. D = U\C # @. Then, there is P € D. It is clear that
PeU.IfPNnD = @, thenput X = P.Let PN D # @. Consider the set N consisting of all
n € w such that there is a unique sequence u = u(n) = (R, € U | k € n + 1) of the sets
R, € UsuchthatR, = Pand R, ,; = UR, forevery k € n. Since the sequence (R, | k € 1)
such that R, = P possesses this property, it follows that O € N. Let n € N, i.e. for n
thereis a unique u = (R, € U | k € n+1). Define the sequencev= (S, e U| ke n+2)
setting S; = R, € Uforeveryk e n+land S, ,; = UR, =US,,i.e.v = uu{(n+1, UR)}.
Since U is an universal set, R, € U implies S,,; € U. Clearly, v has the necessary prop-
erties. Check its uniqueness.

Suppose thereisasequencew = (T € U | k € n+2)suchthat T, = PandVk € n+
1(Ty,y = UT,). Consider the set M’ consisting of all men + 2 such that
Sp=Tp-Put M" = w\(n +2)and M = M' u M". It follows from S, = P = T, that O ¢
M c M.

LetmeM.fm=n+1,thenm+1=n+2eM’' cM.Iffm<n+1,thenm+1e¢
n+2andS,,; =US, =uUT,, =T, implym+1eM cM.lfmeM", thenm +1¢
M" ¢ M. Hence, m € M guarantees that m + 1 € M. By the principle of natural induc-
tion (Theorem 1 (1.2.6)), M = w. Thus, M’ = n + 2, and therefore, v = w, i.e. the se-
quence v is unique. Hence, n + 1 € N. By the principle of natural induction, N = w.
Therefore, for every n € w there is a unique sequence u(n). Since it is unique, it will be
denoted by (R} | k € n +1).

Consider the following formula of the ZF set theory: ¢(x,y)= (x cw =y =
RY) A (x ¢ w = y = @). By the replacement axiom scheme (AS6) there exists a set Y
such that Vx € w(Vy(p(x,y) = y € Y)). If n € w, then ¢(n, R};) implies R} € Y. There-
fore, we can define in the set w x Y the infinite sequence u = (R, € Y | n € w) setting
u={zewxY|3Ixewiz=(x,R}))} The property of uniqueness mentioned above
implies that u(m) = u(n)|(m + 1) for all m < n. Thus, u|(n + 1) = u(n). Hence, the
sequence u has the following properties: R, = P and R,,; = UR; for every k € w.
Having the sequence u we can take the set A =rmgu ={R, | n € w} € U and the set
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Q=UA={y|Ixecwly ecR)}=UR,|necw)eU. Itis clear that R, c Q for every
n € w, and therefore, P = R, c Q.

Since PN D + @, we infer that R = QN D # @. By regularity axiom A9, there exists
X € Rsuchthat XN R = @. Clearly, X € U and X c U. Check that X n D = @. Suppose
that there exists x € X n D. Since X € Q, we infer that X € R,, for some n € w. There-
fore, x € X € R, implies x € UR,, = R,,,; € Q. Thus, x € R. As a result, we obtain x ¢
X N R = @, which is impossible. It follows from this contradiction that X € D and
XnD=ga.

Thus, X € Uand X c Cinboth the cases. Therefore, X € C. This contradicts X € D.
Hence, C = U. O

For a universal set the following analogue of the von Neumann identity from
Lemma 7 (A.3.3) holds.

Lemma 6. Let U be a universal set. Then, V, € U foreverya e OnnUand U = U(V, ¢
U|laeOnnU).

Proof. Considerthesets A =0OnnUandC' ={a € A |V, € U}and classesC" = On\U
and C=C'u C". By Lemma 7 (A.3.2) 0=V, = @ € U. Hence, O € C. Let a € C. Sup-
pose that « + 1 € A. Since a € « + 1 € U, property 1 implies « € U, and therefore,
a €A n C=C'. Then, it follows from V, € U and properties 2 and 3 that V,,, =
V,u PV, e U, where a + 1€ C' c C. In the case « + 1 ¢ A, we immediately get
a+leC’cC.

Let « be a limit ordinal number and « c C. Supposse that « € A. If 8 € «, then
B €aeUimplies € An C=C'. Then, the condition V; € U and Lemma 1 (A.3.3)
provide the equality V, = U(V; | B € a) € U. Hence, a € C' c C.In the case « ¢ A we
immediately get « € C" ¢ C.

By the principle of transfinite induction (Theorem 1 (A.2.2)), C = On, and there-
fore, C' = A.

By the above, we have V,, c Uforeverya € A,whereP = U(V, | « € A |c)U. Show
that P satisfies the €-induction principle from Lemma 5. Define the functionr: P — A
setting r(p) = sm{a € Alp € V,} foreveryp € P c U.

Letx € Uand x c P.If x = @, then x € P. In what follows, we assume that x # @.
If y e x c P, then y € V, for some « € A. Hence, it follows from r(y) <« € U and
Lemma 6 (A.3.2) that r(y) € A. Therefore, we can consider the function s = r|x from x
to A. By property 4, R = mgs € U and by property 2 p = UR € U. Since @ # R c On,
p is an ordinal number by virtue of Lemma 2 (A.2.2). Therefore, p € A.

Ify € x, then s(y) ¢ pimpliesy € V) c V, due to Lemma 1 (A.3.2). According to
Lemma 2 (A.3.2), x ¢ V, € V,,, implies x € V,,,;. Property 3and p + 1= p U {p} € U
provide p + 1 € A. Therefore, x € P.

Now, it follows from Lemma 5 that P = U. O
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A.4.2 Description of the class of all universal sets

The following theorem is deduced from the Zermelo - Shepherdson theorem
(see [Zermelo, 1930] (incomplete proof) and [Shepherdson, 1951; 1952; 1953] (com-
plete proof)) on the canonical form of standard supertransitive model sets for the
NBG set theory in the ZF set theory (see A.6 below). Here, we give another proof.

Theorem 1.

1) Let U be an arbitrary universal set. Then, » = sup(Onn U) = u(Onn U) c Uis an
inaccessible cardinal number and U = V.

2) The correspondence q : U — x such that U = V,, is is an isotone injective mapping
from the class U of all universal sets into the class In of all inaccessible cardinal
numbers.

Proof. 1. Since A = On n U contains the element w by virtue of property 5 from the
definition of a universal set, A is non-empty. Hence, Lemma 2 (A.2.2) implies that » is
an ordinal number.

Suppose that » is not a cardinal number. Then, there are an ordinal number
« < » and a bijective function f : @« — ». Since « € » c U, we get « € U.If € «, then
f(B) € U. Then, by property 4 » =rngf € U and by property 3 {x} € U and »" =
xn U {u} € U. It follows from »* € On that »* € 4, i.e. %" < », which is impossible.
Having this contradiction, we infer that x is a cardinal number.

Suppose now that x is not regular. Then, « = cf(») < ». By definition, there is a
function f : « — x such that Urng f = ». As above, we get « € U and f(f) € U for all
B € a, whererng f € Uby virtue of property 4. Sinceung f € U, property 2 guarantees
that » € U. Similarly to the previous indentation, we arrive at a contradiction. Hence,
u is a regular cardinal.

Let A is a cardinal number such that A < . Since A € » ¢ U, property 2 implies
P(A) € U. By Lemma 4 (A.4.1), |P(A)| € U. Therefore, |P(A)| < . If we suppose that
» = |P(1)| € U, then, as above, we arrive at a contradiction. Hence, |P(1)| < ».

Besides, w € Uimpliesw+1 = wU {w} € U. Then, it follows fromw € w+1 € A that
w € UA = xn.

Prove now that U = V,,. As was shown above, x is a limit ordinal number, where
V,=U(Vg | B € %). Lemma 6 (A.4.1) provides that U=U(V, | « € A). If a € A, then
a < » implies V,, c V.. Hence, U c V.. If B € % = UA, then 8 € « € A for some «a. By
property 1, 8 € A. Therefore, V,, c U. Thus, U = V,.

2. Lemma 1 (A.3.2) implies that x is unique. Therefore, we can define the mapping
q: U — Insuch that q(U) = », where U = V,. Lemma 1 (A.3.2) also guarantees that q
is isotone. O

Corollary 1. If U is a universal set, then |U| is an inaccessible cardinal number, |U| =
sup(Onn U), and U = V y,.
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Proof. By Theorem 1 U = V,, for the inaccessible cardinal number » = sup(On n U).
By Lemma 2 (A.3.3)x = |V, | = |U|. |

Corollary 2. If U is a universal set, then |U| = sup(|V,| | « € On n U).

Proof. By Theorem 1, U = V,, for the inaccessible cardinal number » = sup A, where
A = 0nn U. Since x is a limit ordinal number, Corollary 1to Theorem 1 (A.3.2) implies
|V, =sup(|V,| | « € x). If « € », then « € a for some a € A. By the transitivity prop-
erty we get o € A. Conversely if « € A, then « < ». Suppose that « = ». Then, » € U.
However, in the proof of Theorem 1 we obtain that the condition » € U leads to a con-
tradiction. Hence, « € ». O

Theorem 2. For any set U the following conclusions are equivalent:
1) U is ainaccessible cumulative set;
2) Uis a universal set.

Proof. (1)  (2). Let U = V,, for some inaccessible cardinal number ». Show that the
set U possesses each of five properties from the definition of a universal set.

The property x € U = x ¢ U follows from Lemma 3 (A.3.2). The propertyx € U =
P(x) € U follows from Lemma 6 (A.3.2). The property x e UAye U=>xUyeU
follows from Lemma 5 (A.3.2). Corollaries 1 and 2 to Lemma 6 (A.3.2) implies the
property x e U Ay € U = {x, y}, {x,¥), x x y € U. The property w € U follows from
Lemma 7 (A.3.2). Lemma 4 (A.3.3) and its Corollaries implies the properties x € U =
UxeUandx e UA (f e U") = mgf € U.

Thus, the set U is universal.

(2) + (1). This deduction follows directly from Theorem 1. O

Corollary 1. The mapping q : U — In from Theorem 1 is an isotone bijection.

Thus, the cardinalities of universal sets exhaust all inaccessible cardinal numbers.
The last theorem allows us to make the following conclusions on the structure of
the class U = {U | U} of all universal sets.
The relation € U = is an order relation on the class U. It will be denoted by <, i. e.
U< VifUeVorU-=YV.Lemma 3 (A.3.2) guarantees that the class U is transitive.
Hence, U € V implies U ¢ V, and therefore, U < V implies U ¢ V. Prove that these
relations are equivalent.

Proposition 1. Let U and V be universal sets. Then, the relation U < V is equivalent to
the relation U c V.

Proof. We only need to verify that U c V implies U < V. By Theorem 1 U = V,, and
V =V, for some inaccessible cardinal numbers 7 € ». lf 7 = %, thenU=V_ =V, = V.
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If 7 < %, then by Lemma 1 (A.3.2) U = V, € V,, = V. Finally, if = > %, then by the same
lemma V=V, e V= U c V, which is impossible. Hence, U < V. |

Theorem 3. Let the class U of all universal sets is non-empty in the ZF set theory. Then,
it is well-ordered with respect to the order c. Moreover, any non-empty subclass of the
class U has a minimal element.

Proof. Let @ #+ Ac U, i.e. VU € A(Ux). The isotone injection q: U>— On from
Theorem 1 maps a class A to some subclass B=g[A] ={x|x € On A 3U € A(x =
q(U))} of the class On. By Lemma 1 (A.2.2) it has a minimal element 7, which is an
inaccessible cardinal. Since 7 € B, we have 7 = q(U) for some U € A, i.e. U=V_.
Since q is injective and strictly monotone, U is a minimal element in the class A. [

A.4.3 Enumeration of the class of all universal sets in the ZF+AU set theory and the
structural form of the universality axiom

Now, we shall consider the ZF set theory with some additional axioms. The first of
them is the universality axiom, which means that for any set X there exists a universal
set containing X.

AU. (The universality axiom.) VX3U(Ux A X € U).

Consider the following class in the ZF+AU set theory:

G={Z|3IXFYZ =X, YN (X=2=>Y=n{U|Ux}) v
X+2=CfuncX)=>Y=0)V
(func(X) = (-On(domX) = Y =@2) v
V (On(domX) = (Son(domX) => Y =n{U|Ux A X(domX-1) € U}) v
(Lon(domX) = Y=n{U | Ux A nmgX c U})))))}.

If we reformulate the definition of the class G less formally, then we can say that G
consists of all pairs (X, Y) such that the following five mutually exclusive possibilities
take place:

i) if X = @, then Y is the intersection of all universal sets (the existence of a non-
empty intersection follows from the universality axiom);
ii) if X #+ @ and X is not a function, then Y = &;
iii) if X # @, X is a function, and dom X is not ordinal number, then Y = &;
iv) if X + @, X is a function, dom X is an ordinal number, and dom X = « + 1, then Y
is the intersection of all universal sets U such that X(«) € U (the existence of this
non-empty intersection follows from the universality axiom);
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v) if X #+ @, X is a function, and dom X is a limit ordinal number, then Y is the
intersection of all universal sets U such that urng X c U (the existence of this
non-empty intersection follows from the universality axiom).

As in A.3.1 we can check that the class G is a function from V to V.

By Theorem 2 (A.2.2) there exists a function F : On — V such that F(«) = G(F|«).
For every a € On.

Case i) for the function G implies that F(¢) = G(F|@) = G(@) = n{U | Ux}.

It follows from case iv) that if fis a subsequent ordinal number and 8 = a+1, then
F(B)=G(FIB) =n{U| Ux A F(x) € U}.

Finally, case v) implies that if « is a limit ordinal number, then F(«) = G(F|a) =
NMU|Ux A U(F(B)|Bea)cUl

Denote F(«) by U, . We have obtained the collection (U, € U | « € On) possessing
the following properties:
1) Uy=n(U]| Ux);
2) Upy=n{U|Ux AU, €U}
3) Uy=n{U|Ux A U(Ug| B e a)c U}forany limit ordinal number .

Let us establish several properties of this collection.

Lemma 1. In the ZF+AU set theory, the collection (U, € U | a € On) has the following

properties:

1) aepe U, € Ug(strict increasing);

2) U, is the minimal universal set (initiality);

3) if Vis auniversal set and U, c V € U,, then V = Upg for some f € o (incompress-
ibility);

4) if V is a universal set, then V = U, for some « (surjectivity);

5) « c U, (absorptivity).

Proof. 1. Prove by transfinite induction that (« € B = U, € Up) for every ordinal num-
ber S.

If 8 = O, then it follows from Va—(«x € f3).

Let Va(a € = U, € Up) for some ordinal number . Consider the ordinal num-
ber 8 + 1. It follows from o € S+ 1that « € B vV a = . If & € f3, then by the inductive
assumption U, € Ugand U, € Uy, because Uy € Ug,;. Ifa = B, then U, = Uy € Up,;.
Hence, for B+ 1we geta € B+1= U, € Up,;.

Now, suppose that $ is a limit ordinal number and Vy € fVa(a € y = U, € U).
Leta € f.Since Bisalimit ordinal number, we have a+1 € B.Since U(U,, | y € B) ¢ Up,
we obtain Uy, ¢ Ug. In this case,U, € U,,, implies U, € Up.

Clearly,a = B = U, = Uy.Since U, = Ugfora = fand Uy € U, for B € a, U, € Uy
implies « € f8.
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2. This property holds by construction.

3. Let V be an arbitrary universal set. If V = U,,, then the property is proved.

Suppose that V # U,.

Consider the class A = {a« € On | U, € V}. By construction U, c V. By Proposi-
tion 1(A.4.2) U, € V. Therefore, O € A.

Consider the class F = {z | 3x € Ady € In(z = {x, y) A y = q(U,))}, where q is the
mapping from Theorem 1 (A.4.2). It is clear that F is a mapping from A into In. If « € A,
thenF(a) = q(U,) € q(V). Therefore, rng F c q(V). This implies that B = rng F is a set.
Leta, B € Aand a # f. If a € B, then property 1 proven above implies U, € Up. Since
q is isotone, we get F(«) < F(B). If B € «, then similarly, F(f) < F(«). This means that
the mapping F : A — B is bijective and the inverse mapping F' : B~ A is defined.
Since B is a set, the replacement axiom scheme AS6 implies that A = rng F™! is a set.
Therefore, in what follows, instead of A, we will write A.

Consider the non-empty class C = On\A and its minimal element S. Clearly,
Ug ¢ V. Then, by Proposition 1 (A42)V c Ug. If V = Up, then the property is proven.

Suppose V € Ug and 8 =y + 1. Then, y € A implies U, € V, and therefore, prop-
erty 2 of the collection (U, € U|« € On) provides Ug c V. Thus, in this case,
V = Ug.

Suppose that B is limit. If y € 3, then y € A implies U, € V and, according to the
transitivity property, we have U, ¢ V. Hence, U(U, | y € ) ¢ V. In view of property 3
of the collection (U, € U | « € On), this entails Uﬁ c V. Thus, in this case, we also
have V = Uj.

4., This property follows from properties 1 and 3 proven above.

5. Using property 1 and induction prove that « c U, for every «. It is clear that
a=0=g cU,.

Let « c U,. Since a« + 1=a U {a}, it follows from « c U, € U,,; that a € U,,;.
Therefore, {a} € U, The transitivity properties « c U,,; and {«} c U,,,; imply

a+l®

a+1cU,,.
Let a be a limit ordinal number and 8 ¢ Uy for every B € a. Lemmas 2and 3 (A.2.2)
a=supa =Uax =U(B | B € a).Since B c Ug c U,, we geta = Ua C U,. O

This lemma implies that the collection (U, € U | « € On) is a natural enumeration of
the class of all universal sets in the ZF+AU theory. The following lemma shows that
this enumeration is unique.

Lemma 2. Inthe ZF+AU set theory, the collection (U,, € U | a € On) with properties1-3
from Lemma 1 is unique.

Proof. Assume that there exists a collection (W, € U | a« € On) possessing the proper-
ties 1 -3 from Lemma 1. Consider the classes A = {« € On | U, = W,} and B = On\A.
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Since U, = W,,, we get O € A. Suppose that B # @. Then, by Theorem 3 (A.4.2) there
is B =smB. If Ug € W, then the condition W, = U, ¢ Ug € W, implies Uz = W, for
some y € f3 by virtue of property 3.

It follows from y € A that W, = U,, and therefore, U = U, and y € . This contra-
dicts property 1. If Wﬁ eU B> then we arrive to a contradiction in a similar way. Hence,
Ug = Wy by virtue of Theorem 3 (A.4.2) and Proposition 1 (A.4.2). However, this contra-
dicts the definition of the class B. Thus, we arrive to a contradiction. Therefore, B = @
and A = On. |

Below, we shall also consider the following inaccessibility axiom, which means
that for any ordinal number « there is an inaccessible cardinal number greater
than a.

AL (The inaccessibility axiom.) Va(On(«) = 3u(Icn(x) A « € x))

The following theorem yields the structural form of the universality axiom.

Theorem 1. In the ZF set theory, the following conclusions are equivalent:

1) AU;

2) there is collection (U, € U | « € On) of universal sets having properties 1-5 from
Lemma 1;

3) AL

Proof. (1) + (2). This deduction was proven in Lemma 1.

(2)  (3). Take an arbitrary order number «. By Corollary 1 to Theorem 2 (1.3.2)
(see also Remark before Theorem 1 (A.2.2)), there is a cardinal number § such that
a < fB. By property 5, B ¢ Ug. Consider the cardinal number s = |Uy,|. The univer-
sality implies B € Upg,;, and therefore, 8 ¢ Up,;. Hence, B = |B| < |Ug,4| = ». Suppose
that B = ». Then, x € Ug,, implies P(x) € Ug,;, and therefore, P(x) c Ug,;. Applying
the Cantor theorem on the cardinality of the set of all subsets (Theorem 2 (1.3.2)),
we get x = || < [P0 < |Upyl = It follows from this contradiction that f < .
Therefore, a < x. By Corollary 1 to Theorem 1 (A.4.2) » is an inaccessible cardinal
number.

(3) + (1). Lemma 7 (A.3.3) guarantees that X € V, for some ordinal number .
By condition 3, « < » for some inaccessible cardinal number ». By Lemma 1 (A.3.2)
V, € V,. By virtue of Theorem 2 (A.4.2) the set V, is universal. By Corollary 1 to
Lemma3(A3.2)V, c V,.Thus,X € V,. O

Note that the equivalence of the universality and inaccessibility axioms was proven in
[Da Costa and Caroli, 1967] by another method. Theorem 1 shows the structure of the
class of all universal sets in the ZF+AU set theory. The amount of all universal sets and
is the same as that of ordinal numbers in the ZF set theory.
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A.4.4 Enumeration of the class of all inaccessible cardinals in the ZF+Al theory and
the structural form of the inaccessibility axiom

Now, let us enumerate all inaccessible cardinal numbers in the ZF+AI set theory.
For this purpose, consider the class

G={Z|3X3aYZ=(X,Y) A (X =2 = Y =sm{x | Icn()}) v
X+@=CfuncX)>Y=2)Vv
(func(X) = (-On(domX) = Y=ga) v
VvV (On(domX) > mgX¢O0On=Y=g)Vv
V (g X c On = (Son(dom X) = Y = sm{x | Icn(x) A X(dom X — 1) € x}) v

(Lon(dom X) = Y = sm{x | Icn(»x) A urngX c U}))))))}.

If we reformulate the definition of the class G less formally, then we can say that G
consists of all pairs (X, Y) such that the following six mutually exclusive possibilities
take place:

(i) if X = @, then Y is is a minimal inaccessible cardinal number (its existence fol-
lows from the inaccessibility axiom);

(ii) if X + @ and X is not a function, then Y = @;

(iii) if X # @, X is a function, and dom X is not ordinal number, then Y = &;

(iv) if X + @, X is a function, dom X is an ordinal number, and rng X ¢ On, then Y =
a3

(v) if X+ @, X is a function, domX is an ordinal number, rmngX c On, and
dom X = « + 1, then Y is minimal among all inaccessible cardinals » such that
X(a) € x (its existence follows from the inaccessibility axiom);

(vi) if X + @, X is a function, rng X ¢ On, and dom X is a limit ordinal number, then
Y is is minimal among all inaccessible cardinals » such that urng X c » (its ex-
istence follows from Lemmas 1 and 2 (A.2.2), the inaccessibility axiom, and the
transitivity of ).

As in A.3.1 we can check that the class G is a function from V to V.

By Theorem 2 (A.2.2) there exists a function F : On — V such that F(«) = G(F|«).
for every a € On.

Case i) for the function G implies that F(@) = G(F|@) = G(@) = sm{x | Icn(x)}.

It follows from case v) that if 8 is a subsequent ordinal number and 8 = « +1, then
F(B) = G(F|B) = sm{x | Icn(s) A F(x) € u}.

Finally, case vi) implies that if « is a limit ordinal number, then F(«) = G(F|«) =
smix | Icn(x) A U(F(B) | B € ) C u}.

Denote F(«) by g,. We have obtained the collection (g, € In | « € On) of inacces-
sible cardinal numbers possessing the following properties:
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1) go =smix | Icn()};
2) Guu =smix | Icn(x) A q, € x};
3) g =smix|Icn(x) A U(gg| B € a) s} for any limit ordinal number a.

Let us establish several properties of this collection.

Lemma 1. In the ZF+AlI set theory, the collection (q,, € In | « € On) has the following

properties:

1) aep e q,cqg(strictincreasing);

2) g, is a minimal inaccessible cardinal number (initiality);

3) if p is an inaccessible cardinal and q, c p € q,, then p = qgp for some f€a
(incompressibility);

4) if p is an inaccessible cardinal, then p = q, for some o (surjectivity);

5) « c g, (absorptivity).

The proof is analogous to the proof of Lemma 1 (A.4.3). However, it can be obtained
from Lemma 1 (A.4.3) by using the isotone bijection q : U > In from the Corollary 1
to Theorem 2 (A.4.2).

Lemma 2. Inthe ZF+Al set theory, the collection (g, € In | « € On) with properties 13
from Lemma 1 is unique.

The proof is analogous to the proof of Lemma 2 (A.4.3).
The following theorem yields the structural form of the inaccessibility axiom.

Theorem 1. In the ZF set theory, the following conclusions are equivalent:

1) theinaccessibility axiom AI;

2) thereis collection (g, € In | « € On) of inaccessible cardinal numbers having prop-
erties 1-5 from Lemma 1.

Proof. (1) + (2). This deduction was proven in Lemma 1.

(2) + (1). Consider an arbitrary order number «. It follows from properties 5 and
1thata c g, € q4,; = fand « # B. The transitivity implies « c g, c 3, and therefore,
the non-empty set S\« has a minimal element y. Check that « = y.

If x € y, then x € y € fimplies x € B. Since x < y, we get x € a. This means that
y C a. Conversely, let x € a. It follows from y ¢ « thaty # x.

Ify € x,theny € x € aimplies y € «. Therefore,y € « n (S\a) = . This contra-
diction provides x € y. As a result, we obtain « ¢ y, and therefore, « = y € . O

Theorem 1 shows the structure of the class of all inaccessible cardinal numbers in the
ZF+Al set theory. The amount of all inaccessible cardinal numbers is the same as that
of ordinal numbers in the ZF set theory.

Now, let us connect the collections (V, € V|« € On), (U, € U | a € On), and
(¢, € In | « € On) with each other.
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Theorem 2. In the equivalent ZF+AU and ZF+AI set theories, the equality V, =U,
holds for every ordinal number «.

Proof. Since qu is a universal set by virtue of Theorem 2 (A.4.2), we get U, C qu.
Let U be an arbitrary universal set. By Theorem 1 (A.4.2), U = V,, for some inaccessible
cardinal number ». Lemma 1 provides » = g, for some a. Since g, c q,, we see that
Vy, € Vy, =V, = U.Therefore, V, <n{U | Ux} = U,. As aresult, we have V, = U,,.

Consider the non-empty class A = {a € On | V, = U,} and the class B = On\A.
Suppose that B + . Then, there is a number = smB > 0. Consider universal sets
Vqﬁ and Uj.

Suppose that Vqﬁ € Up. Then, according to Lemma 1 (A.4.3), the condition U, =
Vg € V € U implies V = U, for some y € . It follows from y < B that y € A,
and therefore V =U,. As a result we obtain the equality V, 0= =V, . Applying
Lemma 1 (A.3.2), we conclude that g4 = g, and y € B, but this contradlcts Lemma 1.

On the other hand, suppose that Ug € V, g . Since Uy is a universal set, by Theo-
rem 1 (A.4.2) we get Ug=V, for some inaccessible cardinal number ». Then, it fol-
lows from V, = U, c Us =V, € V, that g, C x € g4 in view of Lemma 1 (A.3.2). By
virtue of Lemma 1 this implies » = g, for some y € B. Since y € A, we get qu =U,.As
a result, we obtain the equality Uﬁ =V, = qu = Uy, where y € 3, but this contradicts

Lemma 1 (A.4.3).
Using Theorem 3 (A.4.2) and Proposition 1 (A.4.2), we conclude that Vqﬁ = Up.
But this contradicts the definition of the class B. Hence, B = @ and A = On. O

Corollary 1. In the equivalent ZF+AU and ZF+AI set theories, the equality |U,| = q,
holds for every ordinal number «.

Proof. By Theorem 2 and Lemma 2 (A.3.3), we get |U,| = |V, | = q,. |

A.5 Weak forms of the universality and inaccessibility axioms
A.5.1 The w-universality and w-inaccessibility axioms

Along with universality axiom AU, the following weaker w-universality axiom is con-
sidered in the ZF set theory.

AU(w). (The w-universality axiom.) 3X(VU e X(Ux) AN X# @ AVU € X3V € X
(U e 1)).

The explanation of such a name of this axiom is given by the following theorem
and proposition, which is proven using Theorem 1 (A.4.2).

Theorem 1. In the ZF set theory, the following conclusions are equivalent:
1) AU(w);
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2) forevery n € w there exists a finite set of universal sets with the cardinality n + 1;
3) forevery n € w, there exists a finite sequence u = (U | k € n + 1) of universal sets
suchthat U, € U, forany k € | € n +1, i. e. the sequence u is strictly increasing;

4) there exists a universal set U and for every n € w there is a unique finite strictly
increasing sequence u(n) = (Uy, | k € n+1) of universal sets such that U; = U" and
if Vis a universal set and Uy < V < Uy, then V = Uy, for some k € n + 1 (the incom-
pressibility property);

5) there exists a denumerable set of universal sets;

6) there exists an infinite sequence u = (U, | n € w) of universal sets such that U, < U,
forsome k € | € w, i. e. the sequence u is strictly increasing;

7) there exists an infinite strictly increasing sequence u = (U, | n € w) of universal sets
such that if n € w, V is a universal set, and U, < V < U,, then V = U, for some k ¢
n + 1 (the incompressibility property);

8) there exists an infinite set of universal sets.

Proof. (1) + (4). Consider a non-empty set W whose existence is ensured by axiom
AU(w). Consider also the non-empty class W={x|xx AJye Wx<y)l.IfxeW,
then x < y forsomey € W. Axiom AU(w) guarantees that fory € W thereisz € W such
that y < z. Hence, x < z € W. Thus, for the class W, all the properties are listed in for-
mula AU(w).

Since @ # W ¢ U, by Theorem 3 (A.4.2) there is a minimal element U* in W. Since
U* <y for every y € W, we get W* € W. The class W has the following property: if
zeUandz < yforsomey ¢ W, thenz ¢ W.

Consider the set N consisting of all n € w such that there is a unique finite strictly
increasing sequence u = u(n) = (U € W | k € n + 1) such that U, = U* and if Vis a
universal setand U, < V < Uy, then V = U, for some k e n + 1.

Since the sequence (U, € W | k € (1) such that U, = U* has all the properties
listed above, we see that O € N. Let n € N. By the property of the class W for U, ¢ W
there is z € W such that U, < z. Hence, the class J = {x ¢ W | U, < x} is non-empty.
Therefore, by Theorem 3 (A.4.2) it has a minimal element A.

Now, we can define the sequence v = (P, € W | k € n+2) setting P, = U, for every
ken+landP,,, =A,i.e.v=uu{(n+1, A)}.Itis clear that, P, = U* and P, < P, for
allkelen+2.letVeUandP,<V<P,,.Then, Ve WandU,< V<A IfV =U,,
thenV =P,.IfV < U,,then U, < V < U,, implies V = U, = P, for some k € n. Finally,
if V> U, then V € J. This means that A < V, but it contradicts the property V < A,
and therefore, this case is impossible. In the previous two cases, we have V = P, for
some k € n+1. This means that the sequence v possesses necessary properties. Check
its uniqueness.

Suppose that there exists a strictly increasing sequence w = (V;, e W | k e n + 2)
such that V, = U*,and if Ve Uand V, < V < V,,,, then V = V, for some k e n + 1.
Since the sequence win + 1= (V;, € W | k € n + 1) has all the properties listed above
for n, the uniqueness of the sequence u implies u = w|(n+1),i.e. V; = U, = P, forall
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ken+11fV,, <P, then Py =V, <V, <P, implies by above V, ; = P, =V},
forsome k € n+1, whichisimpossible.If P, < V,,;,then V, = P4 < P,,; < V,,; simi-
larly implies P,,,; = V; = P; forsome k € n+1, whichis alsoimpossible. Hence, V, ,; =
P,.;. Thus, the uniqueness of the sequence v is proven, where n+1 € N. By the princi-
ple of natural induction, N = w. Therefore, for every n € w, there exists the indicated
unique sequence u(n). Its uniqueness allows us to denote it by (U} | k € n +1).

4. + (7). Consider the following formula of the ZF set theory: ¢(x,y) = (x € w =
y=U}) A (x ¢ w =y = @). By the replacement axiom scheme AS6 for w there is a
set Y such that Vx € w(Vy(p(x,y) = y € Y)). If n € w, then ¢(n, Uy) implies U}, € Y.
Therefore, we can define the infinite sequence u = (U, € Y | n € w) setting u ={z ¢
wxY | 3x € w(z = (x, U}))}. The property of uniqueness mentioned above guarantees
that u(m) = u(n)im+1forall m < n. Hence, uln+1 = u(n). It is clear that the sequence
u possesses necessary properties. (6) + (1). Consider the following formula of the ZF
set theory: p(x,y) = (x e w =y =U,) A (x ¢ w = y = @). By the replacement axiom
scheme AS6 for w, thereis a set Y such that Vx € w(Vy(p(x,y) = y € Y)).Ifn € w, then
¢(n, U,) implies U,, € Y. By the separation axiom scheme AS3, theclass X = {U,, | n €
wl={y|Ixecwly=U)}={ylyeY A 3Ixecw(ly="U,)}isaset. Since the sequence u
strictly increases, the set X satisfies axiom AU(w).

The deductions (7)  (6) + (5) I (2) are obvious.

The deductions (4) + (3) + (2) are also obvious.

(2) + (3) and (2) + (6). Consider the non-empty class A of all finite sets consisting
of universal sets. Then, the class W = UA is also non-empty, and therefore, it has a
minimal element U* in view of Theorem 3 (A.4.2).

Consider the set N consisting of all n € w such that there is a unique finite strictly
increasing sequence u = u(n) = (U, e W | ke n + 1) such that Uy = U" and if V ¢ W
and U, < V < U, then V = U, for some k € n+1(the property of W-incompressibility).

Since the sequence (U, € W | k € (1) such that U, = U has all the properties
listed above, we see that 0 € N. Let n € N, i.e. the sequenceu = (U, e W | ken+1)
is constructed for n. Consider the finite set A = {U, € W | k € n + 1} of the cardinality
n + 1. By conclusion 2 for n + 2, there is a finite set B € A of the cardinality n + 2.
Take a minimal element a and a maximal element b in B. By definition, a > U*. Sup-
pose that b < U,,. Then, for every c € B the inequality U, = U* <a<c<b<U,is
valid. If ¢ < U,, then ¢ € W implies ¢ = U, for some k € n by virtue of property of
W -incompressibility, i.e. ¢ € A. If ¢ = U,,, then we again get c € A. As a result, we
obtain the inclusion B c A, which is impossible. This contradiction implies U, < b.
Since b € W, the classJ = {x ¢ W | U, < x} is non-empty. Therefore, it has a minimal
element A.

Therefore, we can define the sequence v = (P, € W | k € n+2) setting P, = U, for
every k e n+land P,,,; = A,i.e.v = uu{(n+1, A)}. Further, almost in the same way as
in the proof of deduction (1) + (4) with the replacement of U by W, we conclude that
the sequence v possesses all necessary properties and is unique. Hence, n + 1 € N.
By the principle of natural induction, N = w. Therefore, for every n € w, there exists
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the indicated unique sequence u(n). Its uniqueness allows us to denote it by (U}, | k €
n + 1). This completes the deduction (2) + (3).

Further, almost in the same way as in the proof of deduction (4) + (7) starting from
sequences (U | k € n+1), we construct infinite strictly increasing sequence u = (U, |
n € w) of universal sets. This yields the deduction (2)  (6).

Thus, we obtain deductions (1) + (4) + (7) + (6) (1) and (6) + (5) + (2) I (6) and
the equivalence 2) ~ (3). This provides the equivalence of conclusions 1-7.

(8) + (6). Let W be an infinite set of universal sets. By Theorem 3 (A.4.2) in W, there
is a minimal element U™,

Consider the set N consisting of all n € w such that there is a unique finite strictly
increasing sequence u = u(n) = (U, € W | ke n+1)suchthat Uy = U* andif Ve W
and U, < V < U,,, then V = U, for some k € n+1(the property of W-incompressibility).

Since the sequence (U, € W | k € 1) such that U, = U* has all the properties listed
above, we see that 0 € N. Let n € N. Consider the set ] = W\{U, | k € n + 1}. It is non-
empty because the set W is infinite; hence, ] has a minimal element A. Clearly, A # U,
and A > U = U,,. Suppose that A < U,. Then, U, < A < U,, implies A = U, for some
k € n, which is impossible. Therefore, U,, < A.

Now, we can define the sequence v = (P, € W | k € n+2) setting P, = U, for every
ken+1land P, =A,i.e.v=uuU{(n+1,A)}. Itis clear that, P, = U* and P, < P,
forallkelen+2 LetVeWandP,<V <P, Then, Uy <V <A.IfV = U,, then
V=P, IfV<U,then U, <V < U, implies V = U = P, for some k € n. Finally, if
V >U,, then V > U, for all k € n + 1, and therefore, V € J. This means that A < V,
but it contradicts the property V < A, and therefore, this case is impossible. In the
previous two cases, we have V = P, for some k € n + 1. This means that the sequence
v possesses necessary properties. Check its uniqueness.

Suppose that there exists a strictly increasing sequence w = (V, e W |k e n +2)
such that V) = U*,andif Ve Wand V, < V < V,,;, then V = V; for some k € n + 1.
Since the sequence win + 1= (V,, € W | k € n + 1) has all the properties listed above
for n, the uniqueness of the sequence u implies u = w|(n +1),i.e. V; = U, = P, forall
ken+1.1fV,, <P, then P, =V, <V, <P,,, implies by above V,,; = P, = V;
for some k € n + 1, which is impossible. If P,,; < V,,;, then Vy =Py < P, <V,
similarly implies P,,; = V, = P, for some k € n + 1, which is also impossible. Hence,
Vi1 = Ppia- Thus, the uniqueness of the sequence v is proven, where n + 1 € N. By
the principle of natural induction (see Theorem 1 (1.2.6) and Remark before Theo-
rem 1 (A.2.2)), N = w. Therefore, for every n € w, there exists the indicated unique se-
quence u(n). Its uniqueness allows us to denote it by (Uy; | k € n +1).

Further, as in the proof of deduction (4) +- (7) starting from sequences (Uj |
k en + 1), we construct infinite strictly increasing sequence u = (U, | n € w) of
universal sets.

(6) + (8). As in the proof of the deduction (6) I (1) consider for the sequence u the
set X = {U,, | n € w}. Suppse that the set X is finite. Then X has a maximal element V.
This contradicts strict increasing of u. O
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The fact that the w-universality axiom is weaker than the universality axiom is estab-
lished in the following proposition.

Proposition 1. Inthe ZF set theory, the w-universality axiom is deduced from the univer-
sality axiom.

Proof. Show that assertion 2 of Theorem 1 is deduced from AU. For this purpose, prove
by induction that for every n € w there exists the finite set of universal sets with the
cardinality n + 1.

For n = 0, this means that there is at least one universal set. This assertion obvi-
ously holds.

Suppose that for some n € wthereis a set of cardinality n+1 consisting of universal
sets. Denote this set by A. The universality axiom provides the existence of a universal
set Usuchthat A € U, and therefore, A c U.IfV € A, then V # U, since otherwise, U €
U, which is impossible. Consider the set B = A u {U}. Clearly, this set is of cardinality
n+2. U

Along with inaccessibility axiom Al, in the ZF set theory, the following weaker w-
inaccessibility axiom is considered.

Al(w). (The w-inaccessibility axiom.) 3X(Vx € X(Icn(x)) A X+ @ AVx e X3y €
X(x €y)).

The explanation of such a name of this axiom is given by the following theorem
and proposition.

Theorem 2. In the ZF set theory, the following conclusions are equivalent:

1) Allw);
2) foreveryn € w, there exists a finite set of inaccessible cardinals with the cardinality
n+1;

3) for every n € w, there exists a finite sequence u = (i | k € n + 1) of inaccessi-
ble cardinals such that i, < 4 for any ke l e n + 1, i.e. the sequence u strictly
increase;

4) there exists a inaccessible cardinal »*, and for every n € w, there is a unique finite
strictly increasing sequence u(n) = (i; | k € n+1) of inaccessible cardinals such that
15 = u* and if » is an inaccessible cardinal and iy < » < 1, then » = 1 for some k €
n + 1 (the incompressibility property);

5) there exists a denumerable set of inaccessible cardinals;

6) there exists an infinite sequence u = (1, | n € w) of inaccessible cardinals such that
y < iy forsome k € | € w, i. e. the sequence u is strictly increasing;

7) there exists an infinite strictly increasing sequence u = (1, | n € w) of inaccessible
cardinals such thatifn € w, »is aninaccessible cardinal, and 1, < x < 1,, thenx =
for some k € n + 1 (the incompressibility property);

8) there exists an infinite set of inaccessible cardinals.
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The proof of this theorem is completely analogous to the proof of Theorem 1. However,
it can be also obtained from Theorem 1 by using the isotone bijection
q: U>—» In from the Corollary 1 to Theorem 2 (A.4.2). Moreover, this result is re-
peated as Theorem 1 (B.4.1) with the complete proof.

The following proposition is an w-analogue of Theorem 1 (A.4.3).

Proposition 2. In the ZF set theory, the following axioms are equivalent:
1) the w-universality axiom AU(w);
2) the w-inaccessibility axiom Al(w).

Proof. To prove the equivalence, it is sufficient to apply the isotone bijectionq : U ~—»
In from Corollary 1 to Theorem 2 (A.4.2). O

A.5.2 Comparison of various forms of the universality and inaccessibility axioms

Along with axioms AU and AU(w) the following axiom is considered in ZF.
ATU(w). (The axiom of transitive w-universality.) There exists a set Y such that:

a) Y+g;

b) VU € Y(Ux);

c) YUYVW(Ux ANUeV AVeY = UeY) (the transitivity property with respect to
universal sets);

d) VV e Yaw e Y(V € W) (the unboundedness property).

Lemma 1. In the ZF set theory, the following axioms are equivalent:
1) AU(w);
2) ATU(w).

Proof. (1) - (2). Denote by D a set whose existence is ensured by AU(w). Consider the
set E = {U € uD | Uwn}. It satisfies conditions (a) and (b).

If U € D, then AU(w) implies 3V € D(U € V). Consequently, D c E. Show that the
set E satisfies condition (c). Indeed, if Ux and U € V € E, then U € V ¢ W € D for
some W e D. By virtue of transitivity of the set W we obtain U € W € D,i.e. U € E.

If V€ E, then by definition V € W € D c E for some W. Hence, E satisfies
condition (d).

(2) + (1). This deduction is obvious. O

An analogous lemma holds for inaccessible cardinals with the replacements of AU(w)

by Al(w) and ATU(w) by ATI(w) (the axiom of transitive w-inaccessibility).

Lemma 2. Let E be a non-empty set of universal sets with the transitivity property with
respect to universal sets, i. e. E satisfies conditions a) — c) from Lemma 1. Then E contains
a minimal universal set a, = U, = NU.
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Proof. Let V € E. By Proposition 1 (A.5.1) V = aor a € V. In the first case, a € E. In the
second case, a € V € E implies a € E in view of condition (c). O

An analogous lemma holds for inaccessible cardinals with the replacement a = U, by
q=qg,=smlin.

Along with axioms AU and AU(w) consider one more weaker 1-universality axiom
asserting the existence of at least one universal set.

AU(1)=AUS. (The l-universality axiom or the axiom of universal set.) 3U(Ux)

In the ZF+AU(1) the class U of all universal sets is non-empty, and therefore, con-
tains a minimal element a, = U, = nU.

Similarly, along with axioms AI and Al(w) consider one more weaker
1-inaccessibility axiom asserting the existence of at least one inaccessible cardinal
number.

AI(1)=AIC. (The l-inaccessibility axiom or the axiom of inaccessible cardinal.)
Ax(Icn(x)).

In the ZF+AI(1), the class In of all inaccessible cardinal numbers is non-empty,
and therefore, contains a minimal element q = g, = smIn.

The following proposition is a 1-analog of Theorem 1 (A.4.2) and Proposition
2 (A.5.1).

Proposition 1. In the ZF set theory, the following axioms are equivalent:
1) AU();
2) AIQ1).

Proof. To prove the equivalence, it is sufficient to apply the isotone bijectionq : U —
In from Corollary 1 to Theorem 2 (A.4.2). O

The following relations between these axioms hold:
AU+ AU(w) - AUQ1) and Al + Al(w) + AI(1).
Let us show that these axioms are really different.

Statement 1.

1) If the theory ZF + AU(1) is consistent, then the theory ZF + AU(1) + -AU(w) is
consistent.

2) If the theory ZF + AU(1) is consistent, then axiom AU(w) is not deducible in ZF +
AU(1).

Proof. 1. Let U, be a minimal universal set whose existence is ensured by axiom

AU(1). Consider the classes W= {W | Wx A Uy e WiandD = {X | YW(Wx A U, €
W= XeW)l
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The following two cases are possible. If the class W is non-empty, the in contains
aminimal element U,. Clearly, D c U;.If X € U; and W € W, then X € U; ¢ W implies
X € W. Consequently, X € D. Hence, D = U,. If the class W is empty, then D = V.

By Lemma 1 axiom AU(w) is equivalent to axiom ATU(w). Therefore, we consider
the equivalent theory T = ZF + AUS + -ATU(w). Consider a class standard interpre-
tation M = (D, I) of the theory T in the set theory S = ZF + AUS such that the cor-
respondence I (see A.1.3) assigning to predicate symbols = and € in T 2-placed rela-
tionE={z | Ix3y(xe DAyeDAz=(x,y) Ax=y)landB={z | IxTy(x e DAy €
DAz=(x,y) Axey)lonD.

If D = U,, then Proposition 1 (A.5.1) guarantees that the interpretation M = M =
(Uy, I) is a model of the ZF set theory in the theory S. If D = V, then it is clear that the
interpretation M is a class model of ZF in the theory S.

Check that axiom AUS holds in M. The axiom can be written as follows:

AUS=3X(Vx(x e X = x XA PX) e X A
ANUXeX)AVxXVy(x e XANyeX={x,y}eX) A
AVXVfx e XANf=sx—>X>mgfeX) AweX).

Consider the first case. Let s be some sequence x,, ..., Xgs - of elements of the do-

main U,. Taking into account the equivalences (u € v)! & u' e v/, (v c w)! & v! c v/,
and (u = v)' © u' = v proved in Proposition 1 (A.6.1) below and the notation from its

proof, we obtain

AUS!=3X e U(Vx e Uj(x e X = x CXAPX)" € X A
AU) eX)AVxeUVyeU(xeXAnyeX={xy’eX) A
AVxeUNfeUxeXAFfsx—XF=angf) eX)Aow" €X).

In the proof of Proposition 1 (A.6.1), it was established that P(x)* = P(x), (Ux)" = ux,
v =y F=sx - X o (f = x — X), and (rng f)? = rng f. In a similar way,
we can prove that " = w. Therefore, AUS! & 3X € U, x(X), where the formula

XX =VxelU(xeX=2xcXANPX)eXANUxeX)A
AVxeUVyeUxeXAnyeX={xyleX) A
AVxeUVfelUxeXnfsx—->X=>mgfeX)AhwekX

is obtained by deleting indices 7, o, and p in the conjunctive kernel of formula AUS.
Since U, is a universal set, the formula y(U,) is valid for it. This means that the formula
x(Uy) is deduced from axiom AUS in the theory S. Consequently, the formula 3X €
U, x(X) is deduced, and therefore, formula AUS! is also deduced.
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In the second case, it is clear that formula AUS translates (see A.1.3) on the se-
quence s of elements x,, ..., Xgs-- of the domain V into formula AUS again. Hence,
axiom AUS holds in M.

It remains to be checked that the formula ~ATU(w) is fulfilled. By Lemma 2, we
can insert the formula U, € Y into the conjunctive kernel of axiom ATU(w). Consider,
therefore, the formulas

¢ =ATU(w) =IYVU(U € Y = Ux) AUy € Y A
AVOVV(UX AUEVAVEY S UeY)AVVI(VeY = IWWeY AV e W)

and ¢' = M E ¢[s].
Let us consider the first case. Taking into account the elucidations made after
rewriting of axiom AUS, we obtain

¢ o= e U (VU e U(U e Y = (Ux)°) AU e Y AVU € UV € U,
(U AUeVAVeYUe)AVVelU(VeY >
=>IWecU(WeY AVeW))).

Considering the translation of the previous axiom, we have proven that (Ux)° & x(U)
and (Ux)* & x(U).
Since the set U, can be determined by the formula 3!1Z(Zx A VU(Ux = Z c 1)),
the set Uj is determined by the formula 3!1Z € U,((Z»)* A VU € U;(Ux)*" = Z c U)).
As above, (Zx)" & x(Z) & (Ux)*" o x(U). Hence, U; defines from the formula
ANZ e Uy(x(Z) AVU € Uy(x(U) = Z c U)). Then, it is clear that U, = U,. Thus,

(pt(:b3Y€ UVUeU(UeY=xx(U)AUyeY AVU € UVV € U (x(U) A
ANUeVAVeYa2UeY)AVWelU(VeY=23aWelU(WeY AV eW))).

Suppose that the condition ¢' is fixed and consider the set E € U, = D, which existence
follows from this condition. By condition, U, € E. Therefore, <p‘ implies that for U, €
U, thereis W € U, such that W € E and U, € W. Deduce that the set W is universal.

Since W € E, we get y(W). Let x € W. It follows from W € U, that x € U, by virtue
of the transitivity of U,. Hence, y(W) implies x ¢ W, P(x) ¢ W, and ux € W. Simi-
larly, if x, y € W, then x, y € U; and (W) implies {x, y} € W. Finally, suppose x € W
andf = x —» W.Then, x € U;and W € U, imply f ¢ x *+ W € U,. Lemma 1 (A.4.1) pro-
vides f € U, and therefore, it follows from y(W) that rng f € W. The properties y c
xANxeW=yeWandx,ye W= ({x,y) € WA xuUy € W) are easily derived from
the properties proven above. Since x xy ¢ P(P(xuUy)) weobtainx,y € W = xxy € W.
Finally, it follows directly from x(W) that w € W. Thus, W is universal.

EBSCChost - printed on 2/10/2023 4:56 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

A.5.2 Comparison of various forms of the universality and inaccessibility axioms = 233

Moreover, U, € W. Consequently, W € W, and therefore, U; c W. In view of
Proposition 1 (A.4.2), we conclude that W ¢ U;. On the other hand, we have deduced
from ¢' that W € U,.

Thus, in the theory S, we have deduced from the formula ¢ the formulasy = W ¢
U, and - = W ¢ U,. By the deduction theorem, we derive the formulas (¢’ = x) and
(¢' = —x) in the theory S.

Applying now the implicit logical axiom (¢' = x) = ((¢' = —x) = -¢") (LAS9),
we sequentially deduce the formulas (¢' = —~y) = —¢' and —¢'. Thus, we have de-
duced the formula ¢’ from the condition W # @. By the deduction theorem, the for-
mulaW # @ = -¢' is deduced in the theory S.

In the second case, it is clear that the formula ¢ translates on the sequence s of
elements x,, ..., X4, ... of the domain V into the formula ¢ again. i. e. ¢ = 9.

Suppose that the condition ¢' = ¢ is fixed and consider the set E € V = D, which
existence follows from this condition. By condition, U, € E. Then ¢' guarantees that
for U, there is a universal set W € E such that U, € W, where W # &. By the deduction
theorem, the formula ¢' = W = & is deduced in the theory S. Applying logical for-
mula (¢' = ~(W = @)) = (W = g = —¢'), we obtain W = g = -¢". Thus, we have
deduced the formulaW = g = —wpt from the condition W = @. Therefore, the formula
-¢" is deduced from W = @. By the deduction theorem, the formula W = g = -¢' is
deduced in the theory S. Denote the formula W = @ by &.

Applying now the logical formula (£ = —¢") = (=€ = -¢") = ((£ v =&) = -¢")),
we sequentially deduce in the theory S the formulas (=€ = =¢') = (£ vV ~& = -¢")
and £ v & = -¢". Since in the first-order theory for any formula & the formula & v —&
is deduced, we obtain ~¢' in S.

The last formula equals to the formula M E (—~¢)[s]. This means that M is a model
of Tin S.

2. We will proceed in the naive propositional logic with the implication symbol >.

Denote the totalities of the axioms of the theories T and S by @, and Z,,
respectively.

Consider the propositions A = cons(S) > ~(g, + AU(w)) and B = cons(S) A (E, +
AU(w)). Then, -A = cons(S) A =—(E, + AU(w)). Using the axiom --C > C, we get
-A > B.

Clearly, B> (@, + AU(w)) and @, + -AU(w). Therefore, the proposition B >
(O, + AU(w)) A (O, F-AU(w)), i.e. the proposition B > -cons(T) is true. By the
deduction rule, =A > —~cons(T).

According to (1), the proposition cons(S) > cons(T) is deduced. Hence, B >
cons(T) is true. By the deduction rule, A > cons(T).

Thus, the proposition (=A > cons(T)) A (=A > =cons(T)) is deduced. Apply-
ing the tautology (“reductio ad absurdum”) (-A > C) A (=A > =C) > A (see, e.g.,
[Kolmogorov and Dragalin, 1982, 1, § 7]), we deduce the proposition A. O
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Corollary 1. If the theory ZF+AU(1) is consistent, then axiom AU is not deducible in
ZF+AU(1).

Remark. In fact, we have prove that the existence of a second universal set U, i. e. of
aset U, suchthat U, € U;and U; = n{U | Ux A U, € U}is not deducible in ZF+AU(1).

Analogous assertions hold for inaccessible cardinals with the replacement of AU(1),
AU(w), and AU by AI(1), Al(w), and Al, respectively.

Statement 2.
1) Ifthe theory ZF+AU(w) is consistent, then the theory ZF+AU(w) + -AU is consistent.
2) Ifthe theory ZF+AU(w) is consistent, then axiom AU is not deducible in ZF+AU(w).

Proof. 1. Let D be a set whose existence follows from Axiom AU(w). Consider the
classesW={W | Wwx ADeW}landD={X |VW(Wx ADeW = X e W)}

The following two cases are possible. If the class W is non-empty, the it contains
a minimal element U*. Clearly, D = U". If the class W is empty, then D = V.

Consider a class standard interpretation M = (D, I) of the theory T = ZF + AU (w) +
=AU in the set theory S = ZF + AU(w) with the same correspondence I as in the proof
of Statement 1. According to that proof, M is a class model of the theory ZF in the
theory S.

Check that that axiom AU(w) of the theory T holds in M. This axiom has
the form

AU(w) =3IXNVUU e X =2 U AX+ S AVV(V e X = AWIW e X AV € W))).

Consider the first case. In the same way as in the proof of Statement 1, we
establish that

AUW) @ X eU' VU e U UeX=xU)AX#a A
AVVeU (VeX=2aWeU (WeXAVeW)).

Consider theset D + @.If U € D, then U is a universal set, and therefore, the formula
x(U) holds forit. Let V € D. It follows from AU(w) that thereis W € DsuchthatV € W.
By transitivity of U* we derive W € U* from W € D € U". This means that the formula
AU(w)! is deduced from the formula AU(w)!.

In the second case, it is clear that the formula AU(w) translates into the formula
AU(w) again, and therefore, axiom AU(w) holds in M.

It remains to verify the fulfilment of the formula -AU.

Consider the formula ¢ = AU = VX3V(V x A X € V). Consider the first case.
Then, ¢' © VX e U*3V e U*(y(V) A X € V).
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Suppose that the condition ¢' is fixed. Since D € U*, this condition guarantees
that there is a set W € U” such that y(W) and D € W. As in the proof of Statement 1,
we deduce from W € U and y(W) that the set W is universal. Moreover, D € W.
Consequently, W € W. This implies that W € W, and therefore, U* ¢ W. In view of
Proposition 1 (A.4.2), we conclude that W ¢ U*. On the other hand, we have deduced
from ¢’ that W € U*.

Thus, as in the proof of Statement 1, we conclude that the formula W # g = —|(pt
is deduced in the theory S.

In the second case, it is clear that ¢ translates into ¢ again, i. e. ¢’ = ¢.

Suppose that the condition ¢ = ¢ is fixed. By this condition for the set D there
is a universal set W such that D € W. This implies W € W, and therefore, W + @. By
the deduction theorem, in S the formula (pt = W # @ is deduced. As in the proof of
Statement 1, we deduce from this formula that W = g = —|(pt .

As in the proof of Statement 1, we deduce from the formulas £ = -¢' and ~& = ¢'
the formula —¢' equal to the formula M £ (-¢)[s]. This means that M is a model of T
in S.

2. The proof is the same as the proof of assertion 2 of Statement 1, O

Thus, in fact, axiom AU(w) is strictly weaker than axiom AU and axiom AU(1) is
strictly weaker than axiom AU(w). The quite similar relation holds for axioms Al,
Al(w), and AI(1).

Note that axiom AI(1) is not deducible in ZF. Moreover, by methods formalized
in the ZF set theory it is not possible to show that that axiom AI(1) is consistent with
ZF (see [Jech, 2003, Theorem 12.12]). The similar assertions are valid for axioms Al(w)
and Al and for the universality axioms equivalent to them.

A.6 Characterization of all supertransitive standard models of the
ZF and NBG set theories in the ZF set theory

A.6.1 Supertransitive standard model sets with the strong substitution property
for the ZF set theory

Let U be a setin the ZF set theory. Consider on U binary relation of equality E = {z € U=
U|3x,y e Uz=(x,y) A x =y)}and relation of membership B={z ¢ U+« U | 3x,y €
U(z = (x,y) A x € y)}. An interpretation M = (U, I) (see A.1.3) of the ZF or NBG the-
ories such that the correspondence I assigning to predicate symbols = and € binary
relations E and B on the set U is called standard.

A set U is called standard model for the theory ZF |for the theory NBG] if the stan-
dard interpretation M = (U, I) is a model of ZF [of NBG, respectively].
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If VxVf(x e U A f € U = mgf € U), then we say that the set U has the strong
substitution property.

As usual for a formula ¢(x, y, ...), we denote by ch(x, y, ...) the relativization of
the formula ¢ to the set U, i. e. the formula obtained by replacement in ¢ all quantifier
prefixes Vt and 3t by quantifier prefixes Vt € U and 3t € U, respectively.

Proposition 1. In the ZF set theory, the following conclusions are equivalent:

1) U is a supertransitive standard model for ZF and U has the strong substitution
property;

2) U is universal.

Proof. (1)  (2). Consider an arbitrary sequence s = x,, ..., Xgs o of elements of the
set U and translations of some axioms and axiom schemes of the theory ZF with re-
spect to the standard interpretation M = (U, I) on the sequence s (see A.1.3).

Instead of 0,,[s] and M k ¢[s], we shall write 6’ and ¢’ for terms 6 and formulas ¢,
respectively.

To simplify the further presentation, we first consider the translations of certain
simple formulas. Let u and v be some sets.

The formula u € v translates into the formula (u € v) = ((u%, v') € B). Denote the
last formula by y. By definition, this formula is equivalent to the formula (Ix3y(x €
UAyeUn @,v' =(x,y) A x €y)). Using the property of an ordered pair, we con-
clude that u' = x and v' = y. Therefore, it is deduced from y that § = (u' € v'). By the
deduction theorem, y = §. Conversely, consider the formula §. It is proven in ZF that
for sets u' and V', there is a set z such that z = (u', v'). By virtue of logical axiom
scheme LAS3 (A.1.2) we deduce from the formula é the formula (z = (uf, v!) = u’ €
UAVvieUAnz= v Aut evh). Since the formula z = (uf, v') is deduced from
the axioms, the formula (u' € U A v! € U A z = (u', v') A u' € v') is also deduced. By
LAS13, wededuce theformula3ax3y(x e UAy € U A z= (X, y) A X € y)equivalent to
the formula z € B, and therefore, to the formula y. By the deduction theorem, § = y.
Thus, the first equivalence (u € v)' & u' € v' holds.

The formula v ¢ w translates into the formula (v ¢ w)’. Denote the last formula
by e. The first equivalence proven above is equivalent to the formula ¢’ = Vu € U(u ¢
vl = u e wh). According to LAS11, from the formula &', we deduce the formula ¢" =
(xeU= (xevi = xewh).Ifx eV, then v' € U and transitivity of U imply x € U.
Then, the formula ¢” implies x € v' = x € w'. Consequently, by the deduction theo-
rem we deduce (e = (x € V! = x € w')). By the rule of generalization (Gen), the for-
mula Vx(e = (x € v\ = x e w')) is deduced. By LAS12, we deduce the formula (¢ =
Vx(x € vi = x e w')), i. e. the formula (e = v c wh).

Conversely, let the formula v ¢ w' be given. Using the logical axioms, we sequen-
tially deduce from it the formulas (u € vV = u e w)and (u € U = (u € v/ = u e w')).
By (Gen) we deduce the formula £'. Hence, by the deduction theorem, we get the for-
mula (v' ¢ w' = ¢). Thus, the second equivalence (v ¢ w)! & v' ¢ w' holds.
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We obtain the third equivalence (u = v) & u' = v in exactly the same way as the
first equivalence.

In what follows, we will write not literal transformations of axioms but their equiv-
alent variants obtained using the mentioned equivalences.

The extensionality axiom A1 translates into the formula A1 « A1V = VX € UVY ¢
UVuelUueXoueY)=X=Y).

The pair axiom A2 translates into the formula A2' & A2Y = vu € Uvv € U3x €
UVzelU(zexoz=uVz=v).

The union axiom A4 translates into the formula A4’ & A4Y = VX € U3Y € UVu €
UueXeoedzeUuezAzeX)).

The power set axiom A5 translates into the formula A5 & A5Y = VX € U3Y ¢
UVvuelUucXsuey).

The replacement axiom scheme AS6 translates into the formula scheme

AS6' & Vx € U¥y e UYY' € Ul@" (X, ) Ao (x,Y) =y =Y) =
=>VXeUIY e UVx e Ux e X = Vy e U9 (x,y) > y € V),

where ¢" and ¢° are denotations of the formulas M £ ¢[s"] and M E ¢[s”] and s and
s? denote the corresponding changes of the sequence s under translation of the quan-
tifier overformulas indicated above. Denote the last formula scheme by o = .
The empty set axiom A7 translates into the formula A7' & A7Y = 3x € Uvz ¢
U(z ¢ x).
The infinity axiom A8 translates into the formula A8' & A8" =3Y ¢ U(z' ¢
YAVyeUlyeY = (yu{y)® €Y)), where
— theset @' is determined by the formula A7Y;
- theset Z, = Z;(y) = (y U {y})" is determined by the formula 3Z;, € UVu € U(u €
Z,o3zelUlueznzely, iy
- the set Z, = Z,(y) = {y, {y}}° is determined by the formula 37, € UVu € U(u €
Zysu=yvu={¥);
- the set Z; = Z5(y) = {y}’ is determined by the formula 3Z; e UVu e U(u € Z; &
u=y).

Since M is a model of the ZF theory, all the translations written above are deducible
formulas in the ZF theory.

Therefore, the formula A7V asserts the existence of some x € U denoted by @'. If
z € U, then A7Y implies z ¢ x. Now, suppose that z ¢ U and z € x. Then, by virtue of
transitivity of U we obtain z € U, but it contradicts the condition. Hence, z ¢ x. Thus,
wededucez ¢ x. By (Gen) the formula Vz(z ¢ x) meant x = @ is deduced. Thus, @' =
and @ € U.

Checknow thatify € U, then Z; = {y}. Letu € Z;.Since Z; € U and U is transitive,
we get u € U.If u € U, then the formula for Z; presented above implies u = y, where
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u € {y}. Therefore, Z; c {y}. Conversely, suppose u € {y}. Then, u = y. Since y € U,
we get u € U, where, by the same formula, we obtain u € Z;. Consequently, {y} c Z;,
which implies the required equality. This equality eliminates the index p in the for-
mula for Z,.

Using this equality, show that Z, = {y, {y}}. Let u € Z,. Then, as above, u € U.
Therefore, the formula for Z, presented above implies u =y or u = {y}, where u €
{y, {y}}. Consequently, Z, c {y, {y}}. Conversely, suppose u € {y, {y}}. Then,u =y e U
or u={y}=2;¢€U,i.e. ueU in both cases. Hence, by the same formula, we get
u € Z,, where {y, {y}} c Z,. This implies the required equality. This equality elimi-
nates the index ¢ in the formula for Z;.

Finally, we verify thatif y € U, then Z, =y U {y}. Let u € Z,. Since Z, ¢ Uand U
is transitive, we get u € U. It follows from the formula for Z; that there exists z € U
such that u € z and z € {y, {y}}. Therefore, u € U{y, {y}} = Z, i.e. Z, c Z. Conversely,
suppose u € Z. Then, there exists z € {y, {y}} such that u € z. It follows from z = y €
Uorz = {y} =Z; € U that z € U. Then, the formula presented above implies u € Z;.
Hence, Z c Z,, which implies the required equality. This equality eliminates the index
7 in the formula for A8".

All said above impliesA8* =3Y e U(@ e Y AVy e U(y € Y = yu{y} € V). Ify €
Y, thenit follows from Y € U and transitivity of U thaty € U. Then, yu{y} € Y deduced
from this formula. By the deduction theorem, we deducey € Y = y U {y} € Y. By the
generalization rule we deduce Vy € Y(y U {y} € Y). Thus, we deduce from A8’ the for-
muladY € U(@ € Y AVy € Y(y U {y} € Y)) almost coinciding with the infinity axiom
and asserting the existence of an inductive set Y € U.

Using the obtained translations, let us prove that the set U is universal.

Consider the formula A2Y. According to it, for any u, v € U there is a correspond-
ing set x € U. If z € x, then by transitivity of U we get z € U. Therefore, the formula
z=uV z=visdeduced fromit. If z = u v z = v, then z € U, and therefore, it is de-
duced from A2V that z € x. Since A2V is deducible in ZF, by the deduction theorem
and the generalization rule the formula Vz(z € x & z = u v z = v) is deduced. This
formula means that x = {u, v}. Hence, {u, v} € U. By the deduction theorem, we de-
duce the formula u, v € U = {u, v} € U. This implies {u} € U and (u, v) € U.

Consider the formula A4Y. According to it, for any X € U there is a corresponding
set Y € U. As above, transitivity of U implies Y = uX. Consequently, uX € U, and by
the deduction theorem, we deduce the formula X € U = uX € U. This implies that it
followsfrom X, Y e Uthat Xu Y = u{X, Y} € U.

Consider the formula A5Y. According to it, for any X € U, there is a corresponding
set Y € U. Clearly, Y c P(X). Let y € P(X). Then, y c X € U implies y € U in view of
quasitransitivity of U. Hence, Y = P(X). Therefore, P(X) € U, and by the deduction
theorem, we deduce X € U = P(X) € U.

IfX,Y e UthenX*Y c P(P(XUY)) € Uimplies X x Y € U in view of quasitran-
sitivity of U.
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Consider the inductive set Y € U, whose existence was proven above. Since w is
the smallest among all inductive sets, we get w ¢ Y. By the quasitransitivity property,
this implies w € U.

It is obvious that property 4 from the definition of a universal set holds.

Thus, we have proven that (1) I (2).

(2) + (1). Let U be a universal set. According to A.4.1, it is supertransitive. Consider
the standard interpretation M = (U, I) of the theory ZF. We have translated above some
axioms and axiom schemes of ZF under the interpretation M on the sequence s. Prove
that they are deducible in ZF.

Consider the formula A1”. Let X,Y € U and y =Vu € U(u € X & u € Y). Take
an arbitrary set u. If u € X, then by transitivity of U, we obtain u € U, and there-
fore, the formula u € Y is deduced. Similarly, we deduce u € Y from u € X. Then,
by the deduction theorem, the formula u € X & u € Y is deduced, and by the gen-
eralisation rule (Gen), the formula Vu(u € X © u € Y) is deduced. According to
the extensionality axiom Al, the equality X = Y is deduced. By the deduction the-
orem, in ZF the formula y = X =Y is deduced. Further, by logical tools, we de-
duce A1".

Consider the formula A2Y. Let u, v € U. By the property of a universal set {u, v} €
U. It follows from the pair axiom A2 that Vz € U(z € {u, v} © z = u v z = v). Then, by
LAS13, we deduce 3x € UVz € U(z € x © z = u Vv z = v). Further, by logical tools we
deduce A2".

The separation axiom scheme AS3 translates into the formula scheme AS3! &
VXeU3YeUVueUueY o ueXAe¢(u), where Y is not a free variable in
¢(u) and ¢’ denotes the formula M k ¢[s"], where s” denote the corresponding
changes of the sequence s under translation of the quantifier overformulas Vvx(...),
3Y(...), and Vu(...) indicated above. According to AS3 for X € U there is Y such that
VueUueYoueXAg¢(u).SinceY c X € U, by Lemma 1 (A.4.1), we get Y € U.
Therefore, AS3! is deduced in ZF.

Similar to the deducibility of A2‘, we verify the deducibility of A4‘ and A5'.

Let us verify the deducibility of AS6’. Suppose that the formula « holds. Consider
the set X € U. According to the separation axiom scheme AS3, the set F={z € U |
Ax,y € U(z = (x,y) A ¢°(x,Y))} exists. Clearly, F c U = U. It follows from transitivity
of U that X c U. Therefore, there is a set Z = F[X] c U. Consider the set G = {z € U |
W,yelUz=0y)ANe"(x,y) AxeX)}=FIXcX=*Z LetxeXcU. Ifx ¢ domGgG,
then G(x) = @ € U.Letx € dom G,i.e. G{(x) # @.Ify,y' € G(x) c U, thenthe formula
o°(x,y) A ¢°(x,y") or, more precisely, the formula ¢’(x,y, X, Y) A ¢"(x,y', X, Y)
holds (since X and Y can be free variables of the formula ¢°). Since ¢"(x,y) =
o (x, ¥, X | Xy[s], Y || Yy [s]) and, similarly, for y’, by virtue of LAS11 we obtain
@ (x,¥) A 9" (x,y"). Hence, the formula « implies y = y'. Therefore, G{(x) = {y} € U.
Thus, G{x) € U for every x € X. By Lemma 3 (A.4.1), we get Y, =g G = U(G(x) | x €
X)eU.
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IfxeXcU,yeU, and¢’(x, y), then (x,y) € G implies y € Y,,. This means that
the formula $ deduced from the formula «. By the deduction theorem, the formula
a = fis deduced, and therefore, the scheme AS6' is deduced.

According to Lemma 2 (A.4.1), @ € U. Then, we deduce A7 from this and A7.

Consider the formula A8" and the set w € U. It follows from the above that
@'= @ e w.Lety € Uand y € w. Then, as above, we check that Zs =L Z,={y, y}}
and Z; = yu{y} € w. By the deduction theorem, we deduce (y € w = Z; € w). Further,
by logical tools we deduce (z‘ € w A Vy € U(y € w = (y U {y})" € w)), and therefore,
the formula A8’

The regularity axiom translates into the formula A9' © A" =VX e UX + o' =
IxeUxeXAExnX) =g"), where
— the set @' is determined by A7Y and, as was proven above, it coincides with the

empty set @,

— the set Z=(x n X)" is determined by the formula 3Z e UVu e Ulue Z s u ¢

x AueX).

Checknowthatif X e Uand x € U,thenZ = xnX.Letu € Z.Since Z € U and U is tran-
sitive, we get u € U. Therefore, it follows from the formula for Z that u € x A u € X,
i.e. u € x n X. Hence, Z c x n X. Conversely, suppose u € x N X, i.e.u € x A u € X.
Then, by virtue of transitivity we get u € U and the mentioned formula implies u € Z.
Thus, x N X ¢ Z, which implies the required equality. This equality eliminates the
index 7 in the formula A9".

Let X € U and X + @' = @. By the regularity axiom, there is x € X such that xn
X = @. By virtue of transitivity we get x € U. Further, by logical tools, we deduce A9".

Finally, the choice axiom A10 translates into the formula

A10" & A107 =
=VXeUX+ g!l=3ze Ul(z = PXO\{@)} - X)" AVY e U(Y € (PX)\{z))’ =
>VxelUxeXA Y, x)° ez=xeY)))),

where

- thesetZ, = Z,(X) = (P(X)\{@})? is determined by the formula 3Z; € UVu € U(u ¢
Zioue PX)P Au¢{z}),

— the set Z, = (Y, x)? is determined by the formula 32, e UVu e U(u € Z, © (u =
{Y}? v u={Y,x}%),

- the set Z; = {Y, x}° is determined by the formula 3Z; ¢ UVu € U(u € Z; & (u =
Y vV u-=x)),

- theset Z, = {Y}? is determined by the formula3Z, e UVvu e Ulu € Z, ® u = y),

and ¢’ = (z = P(X)\{@} — X)" denotes the formula M F ¢[s’], where s* denote the
corresponding changes of the sequence s under translation of the quantifier overfor-
mulas VX(...) and 3z(...) indicated above.
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Fix the conditions X € U and X # @' = @ € U. As was shown above, this implies
P(X)? = P(X) and {@}* = {@}. This equality eliminates the index p in the formula
for Z,.

Check that Z; = P(X)\{o} = Z. Let u € Z,. Since Z, € U and U is transitive, we
get u € U. Then, the formula for Z; implies u € Z. Hence, Z, c Z. Conversely, suppose
u € Z.Since P(X) € U and U is transitive, we get P(X) c U. This implies u € U. Con-
sequently, the mentioned formula implies u € Z,. Therefore, Z c Z,, which implies
the required equality. This guarantees that Z, is replaced by Z in the formula A10".

Consider the formula ¢ = (z = Z — X). It is the conjunction of the following
three formulas: ¢, = (z ¢ Z % X), ¢, = (domz =Z),and ¢; = (Vx(x e Z=> Vy(y e X =
WY eX=y)yeznlxy)ez=y=y))).

Then, ¢ = @] Ag; A@3. Since @, = (Vu(u € z = IxJy(x € ZAy € XAu = (x,y)))),
weobtaingf © VueUluez=3Ixec Uy e UxeZAyecXAu=(x,y)7))). Simi-
larly, it follows from ¢, = (Vx(x € Z = Jy(y € X A (x,y) € 2))) that ¢] & (Vx € U(x €
Z=3yeUly e XA {x,y)° €2)).

Finally, ¢ © (Vx e Ux e Z=Vy e Uy e X =Yy cUY e X = ((x,y)° €z A
Xy ez=y=y)M).

By the transitivity property for x, y, and y' in the formulas ¢, ¢ & ¢5, we
have x, y,y' € U. Therefore, as was shown above, the equalities (x, y)’ = (x, y) and
(x,y")? = (x,y') hold in these formulas. This implies that the formulas ¢;, ¢;, and
¢ differ from the formulas ¢, ¢,, and ¢;, respectively, only by bounded quantifier
prefixesV.--e Uand 3--- € U.

For X by the choice axiom A10 there is z such that y=(z= 72 - X) AVY(Y €
Z=>Vx(xe XAV, x)ez=xeY)).

Hence, the formula ¢ = ¢; A ¢, A @5 is deduced, and therefore, the formulas ¢,
¢,, and ¢; are also deduced.

Let u € U and u € z. Then, it is deduced from the formula ¢, that there are x € Z
and y € X such that u = (x,y). Since x € Z€ U, y € X € U, and U is transitive, we
get x, y € U. This means that for the given conditions u € U and u € z, the formula
IxeUdyelUxeZAyeXAu={x,y)°) isdeduced. Applying the deduction theo-
rem and the deduction rules twice, we deduce the formula ¢;.

Let x € U and x € Z. Then, we deduce from the formula ¢, that for x thereisy € X
such that (x, y) € z. It follows from y € X € U that y € U. This means that for the
given conditions x € U and x € Z the formula 3y € U(y € X A {(x,y)° € z)is deduced.
Therefore, as above, we deduce the formula ¢;.

LetxeU,xeZ,yeUyyeX,y eUy e€X, (x,y) €z,and (x,y') € z. Then, it
is deduced from ¢4 that y = y'. Applying alternately the deduction theorem and the
deduction rules several times, we deduce the formula ¢3.

Thus, the formula ¢* is deduced.

Check that Z, = {Y} under the conditions X e U, Y € U, and Y € Z. Let u € {Y},
i.e.u =Y € U.Then, the formula for Z, implies u € Z,. Conversely, ifu € Z, € U, then
u € U, and therefore, u = Y € {Y}. This yields the necessary equality.
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Check that Z; = {Y, x} under the conditions X e U, x € X, Y € U,and Y € Z. Let
ue{Y,x}. Then,u=Y e Uoru=xeXeUimplies u € U, and therefore, u € Z;.
Conversely, if u € Z; € U, then u € U and the formula for Z; implyu =Y v u = x, i.e.
u € {Y, x}. This yields the necessary equality.

Finally, check that Z, = (Y, x) under the indicated conditions. Let u € (Y, x), i.e.
u = {Y} or u = {Y, x}. The previous equalities eliminate the index ¢ in the formula
for Z,. Since Y € U and x € X € U, we see that x € U and universality of U imply
u={Y} eUoru={Y,x} e U. Hence, u € U implies u € Z,. Conversely, ifu € Z, € U,
then u € U and the formula for Z, imply u = {Y} or u = {Y, x}, i.e. u = (Y, x). This
yields the necessary equality.

Since Z € U and X € U, we get Z = X € U. By Lemma 1 (A.4.1), it follows from
zcZ+Xthatz e U.

Thus, it can be deduced from axiom A10 that there exists the object z € U sat-
isfying the formula y, implying the formula £ = (" AVY e U(Y € Z = Vx € U(x €
X A({Y,x) € z= x € Y)). Consequently, we deduce the formula 3z € U & from the
fixed conditions. Applying the deduction theorem and the generalization rule several
times, we, as a result, deduce the formula A10°.

Thus, M is a supertransitive standard model of the ZF set theory. O

This proposition implies that for supertransitive standard model sets all the assertions
presented in A.4 for universal sets hold.

Theorem 1. In the ZF set theory, the following conclusions are equivalent for a set U:
1) U =V, for the inaccessible cardinal number x = |U| = sup(On n U);
2) U is a supertransitive standard model for ZF and U has the strong substitution

property.

Proof. (1) + (2). By Theorem 2 (A.4.2), the set U = V,, is universal. By Proposition 1, it
satisfies (2). (2) + (1). By Proposition 1, U is universal. By Theorem 1 (A.4.2), U=V,
and » = sup(On n U). By Corollary 1 to Theorem 1 (A.4.2), » = |U|. O

This theorem gives the canonical form of supertransitive standard model sets with the
strong substitution property. It is equivalent to the Zermelo — Shepherdson theorem
[Zermelo, 1930; Shepherdson, 1951; 1952; 1953] on the canonical forms of supertransi-
tive standard model sets for the NBG theory in the ZF set theory (see A.6.2 below).

Unfortunately, this theorem does not yield the description of all natural models
and all supertransitive standard models of the ZF set theory. This description will be
given in A.8.3.

A.6.2 Supertransitive standard model of the NBG set theory in the ZF set theory

The NBG set theory is a first-order theory (without equalities) with a single binary pred-
icate symbol of belonging € (we write A € B). The objects of the NBG theory are called
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classes. All proper axioms and axiom schemes of NBG and all corresponding defini-
tions and comments are given in subsections 1.1.5 - 1.1.12. Here we only list these ax-
ioms and axiom schemes in more formal way as it was done for the axioms of ZF in
A.2.In this list, the formula 3X(A € X) meaning that A is a set is denoted by S(A).

A1l. (The extensionality axiom.) VyVz((y = z) = VX(y € X & z € X)).

AS2. (The full comprehension axiom scheme.) Let ¢(x) be a predicative formula
such that the substitution ¢(x || y) is admissible and such that Y is not a free variable
of 9. Then, AYVy(y € Y & (S(¥) A ¢(¥))).

A3. (The axiom of the full ensemble.)

VX(S(X) = IY(S(Y) AVZ(Z c X & Z € Y))).

Axiom A3 is equivalent to the conjunction of the following two axioms.
A3'. (The axiom of subset.) VXVY(S(X) A Y c X = S(Y)).

A3". (The power set axiom.) VX(S(X) = S(P(X))).

A4. (The axiom of binary union.) VXVY(S(X) A S(Y) = S(XU Y)).

A5. (The axiom of general union.)

VXVYVZ(SX) A (Zc X+ Y) AVx(x € X = S(Z{x))) = S(rng Z)).

Axiom A5 is equivalent to the conjunction of the following two axioms.
A5’. (The axiom of values.)

VXVYVZ(SX) AN (Z=X - Y) = Sng 2)).

A5". (The axiom of the union.) VX(S(X) = S(UX)).

A6. (The axiom of regularity. ) VX(X + @ = Ax(x e X A xn X = @)).
A7. (The infinity axiom.) 3X(S(X) A @ € X A Vx(x € X = x U {x} € X)).
A8. (The axiom of choice.)

VXSX) A X+ 2 = 3z(z = PXO\{@} - X) AVY(Y € PX)\{} = z(Y) € Y))).

Theorem 1. In the ZF set theory, the following conclusions are equivalent for a set P:
1) Pis a supertransitive standard model set for the NBG set theory;
2) P = P(U) for some universal set U.

Proof. (1)  (2). Consider an arbitrary sequence s = x, ..., Xgs - of elements of the
set P and translations of the axioms and the axiom schemes of the NBG theory on the
sequence s with respect to the standard interpretation M = (P, I).

We shall write 6 and ¢' instead of 8,,[s] and M k ¢[s] for terms § and formulas ¢,
respectively.

To simplify the further presentation we first consider translations of some simple
formulas. Let u and v be some classes.
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Exactly in the same way as in the proof of Proposition 1 (A.6.1) we verify that the
equivalences (U €ypg v)' © u' €5 v and (u cypg v)' © u' g v hold. This implies
that the equivalence (u =yp; v)! © (U czp V) A (V' cyp u') holds.

The formula X ¢ Y A Y ¢ X of the ZF theory, which is equivalent to the formula
Ya(a € X & a € Y), will be temporary denoted by X = Y.

Suppose that u = v'. By the extensionality axiom Al the formula u’ =, v’ is de-
duced in ZF. By the deduction theorem, the formula u’ = v! = u' =,; v' is deduced in
ZF. Conversely, suppose u’ =, v'. Take a € u'. By the scheme of replacement of equals
we deduce the formula a ¢ v' from the last equality. Then, by the deduction theorem
in ZF we obtain a € u’ = a € V!, and by the generalization rule, we get u‘ c v'. Simi-
larly, the formula v’ ¢ U is deduced. Consequently, we deduce the formula u’ = v'.
By the deduction theorem, in ZF we deduce u’ =, v! = u’ = v'. Thus, the equiva-
lence u’' = v' & u' =, v' holds. Hence, the equivalence (u =yz; v)! © (u' =5z V') is
also holds.

In what follows, we will write not literal transformations of axioms but their equiv-
alent variants obtained using the mentioned equivalences.

The extensionality axiom A1 translates into the formula A1’ & A1 = vy € Pvz ¢
Py=z=VXeP(yeX o zeclX)).

The full comprehension axiom scheme AS2 translates into the formula scheme
AS2' & 3Y e PVy e P(y € Y & 3X € P(y € X) A ¢°(y)), where Y is not a free variable
in ¢(y) and ¢" denotes the formula M k ¢[s"], where s* denotes the corresponding
changes of the sequence s under translation of the quantifier overformulas 3Y¢...),
vy(...), and 3X(...) indicated above.

The axiom of subset A3’ translates into the formula (43')! & (43')" = VX € PVY €
PEE e PXeE)YANYcX=3F € P(Y € F)).

The power set axiom A3" translates into the formula (43")' @ (A3")" =VX ¢
P(AE € P(X € E) = 3F € P(P(X)" € F)), where the set Z = P(X)* is determined by
the formula3Z € PYVz € P(z € Z & (3G € P(z € G) A z c X)).

The axiom of binary union A4 translates into the formula A4' & A4™ = VX €
PvY e PAE € P(X € E)AJF € P(Y € F) = 3G € P(XU Y)" € G)), where theset Z =
(X U Y)" is determined by the formula 3Z € PVz € P(z€e Z o (AH e P(ze H) A (z €
XV zeY))).

The axiom of general union A5 translates into the formula

ASt(:»A57=VX€PVY€PVZGP(EIEEP(XEE) ANZcX=Y))A
AVx e P(x € X = 3F € P(Z{x)° € F)) = 3G € P((tng 2)" € G)),
where

- theclassZ; = (X+Y)" isdetermined by the formula3Z, e PVz € P(z € Z, & (3H ¢
PzeH)AIxePIyePxeXAyeYAz={(,y)));
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— theclass Z, = Z,(x) = Z(x)° is determined by the formula3Z, ¢ PVYy e P(y € Z, &
AKeP(yeK)Aye Y A{X,y)" €2));

- the class Z; = (tng Z)" is determined by the formula 3Z; ¢ PVy e P(y € Z; &
AL ePyeL)Aye YATxePxe X A {x,y)" € 2));

- theclassZ, = (x, y)" is determined by the formula3Z, ¢ PVz e P(ze€ Z, & IM ¢
Pze M)A (z=1{x}"Vz={xy});

- theclass Z; = {x, y}" is determined by the formula 3Z; € PVz € P(z € Z; & AN ¢
PzeN)A(z=xV z=Y));

- the class Z; = {x}" is determined by the formula 3Z, € PVz € P(z € Z; & 3Q ¢
P(ze Q) ANz=Xx).

The regularity axiom A6 translates into the formula A6l & A6"=VX e PX + o' =

Ixe Pxe X A (xnX)" = ")), where

~ the class Z, = @' is determined by the formula 3Z; € PVvz € P(z € Z; & (3E ¢
P(z € E) N\ z +2));

- the class Z, = (x n X)" is determined by the formula 3Z, e PVz € P(z € Z, &
(FF e P(z € F) Az e x N\ z € X)).

The infinity axiom A7 translates into the formula A7’ © A7" =3X ¢ P(AE ¢ P(X ¢

E)A @' e X AVXxeP(x e X = (xU{x})" € X)), where

- theclass Z, = @' is determined by the formula presented above;

— theclass Z, = Z,(x) = (x U {x})" is determined by the formula 37, € PVz € P(z €
Z, o @AF e P(ze F) A (z e x V z € {x}°)));

- theclass Z; = Z;(x) = {x}° is determined by the formula 3Z; € PVz € P(z € Z; &
(3G € P(z € G) A z = X)).

Since M is a model of the NBG theory, all the translations written above are deducible
formulas in the ZF theory.

Using the obtained translations, we prove that P = P(U) for some set U.

Consider the formula ¢(x) = (x = x) in NBG theory. Then, AS2 defines in NBG the
implicit axiom of the form 3YVy(y € Y & 3X(y € X) A y = y). According to the trans-
lation obtained above, this implicit axiom translates into the formula equivalent to
the formula ® = 3Y € PV¥y € P(y € Y & 3X € P(y € X) A y = y). Since this formula is
deducible in ZF, it defines in ZF some element U € P.

Consider an arbitrary element X € P. Let y € X. Since P is transitive, we get y €
P, where for y the formula 3X € P(y € X A y = y) is deduced. By the formula ®, we
have y € U. Therefore, X c U, i.e. X € P(U). Thus, we have derived the embedding
P c PU).

Conversely, if X € P(U), then quasitransitivity of P implies X € P. Hence, P =
P).

Prove that the set U is universal.
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Lety € x € U € P. By the transitivity of P we get x € P = P(U). Therefore, y € x
U implies y € U. Thus, the set U is transitive.

Lety c x € U € P.Then,x € P = P(U)andy c x c Uimplyy € P.Byvirtue of A3"
we conclude that y € F for some F € P.Hence, y € F ¢ Uimplies y € U. Therefore, the
set U quasitransitive.

Check that in A3"" for X € E ¢ P the equality P(X)* = P(X) holds. Let z € P(X).
Then, z c X € P and the quasitransitivity of P imply z € P. Further, zc X € E €
P =P(U) implies z c X € E c U. In view of quasitransitivity of U, it follows from
z c X € U that z € U € P. Then, the formula for Z = P(X)" presented above implies
z € P(X)". Therefore, P(X) ¢ P(X)". The mentioned formula provides also the inverse
embedding.

Let X € U € P. Then, X € P by virtue of A3"" implies P(X) = P(X)" € F for some
F € P. Hence, P(X) € F c Uimplies P(X) € U.

Check that in A4" for X € E € P and Y1F € P the equality (X U Y)" = X U Y holds.
Let z € X U Y. Then, z € X or z € Y. By virtue of transitivity of P we get X € P and
Y € P,wherez € P.Besides,ze€ X € Ec Uorze Y € F c Uimpliesz € U € Pinview
of the transitivity of U. Then, the formula for Z = (X U Y)" presented above implies
z € (XU Y)". Therefore, X U Y c (X U Y)". The mentioned formula provides also the
inverse embedding.

LetX,Y € U.Then, X, Y € PimpliesXuY = (XU Y)" € G forsome G € P by virtue
of A4". Hence, XU Y € G c UimpliesXuU Y € U.

Let X € U € P. By the above, we have P(X) € U. Then, {X} ¢ P(X) € U and the
quasitransitivity of the set U imply {X} € U.

Let X, Y € U. By the above, we have {X, Y} = {X} U {Y} € U, where (X, Y) € U.

IfX, Y € U, thenit follows from X « Y ¢ P(P(XuY)) € Uand the quasitransitivity
oftheset Uthat X = Y € U.

To prove other universality properties, we need some simplification of the formula
A5" obtained by translation of axiom AS5.

Letz € {x}. Then, z = x € X € Pimplies z € P, and therefore, z € Z,. Conversely, if
z € Zg € P, then z € P and the formula for Z, imply z = x € {x}. Therefore, Z, = {x}.

Letz € {x, y}. Then, it followsfromz = x € X ¢ Porz =y € Y € Pthatz € Z;. Con-
versely, if z € Z;, then z = x or z = y implies z € {x, y}. Therefore, Z; = {x, y}.

These equalities eliminate the asterisk in the formula for Z,. Let z € (x, y). Then,
z={x} or z={x, y}. Since x € X € P = P(U), we get x € U. Similarly, y € U. By the
above, this implies {x} € U or {x, y} € U. Hence, z € U € P implies z € Z,. Conversely,
ifz € Z, € P, thenitfollows from z € P and the formula for Z, thatz = {x} or z = {x, y},
i.e.z € (x,y). Consequently, Z, = (x, y).

This equality eliminates the asterisk in the formulas for Z;, Z,, and Z;.

Using this conclusion, verify that Z, = X = Y. Let z € Z; € P. Since P is transitive,
we get z € P. Therefore, the formula for Z; guarantees that z = (x, y) for some x € X
and y € Y. Hence, z € X * Y. Conversely, suppose z € X = Y. Then, z = (x, y) for some
x € X e Pandy € Y € P.Since P is transitive, we get x, y € P. By theabove,x e X c U
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andy € Y c Uimply z = (x,y) € U € P and z € P. Hence, the formula for Z, implies
z € Z,. This yields the necessary equality.

Consequently, Z c X = Y.

Using this conclusion, verify that Z; = g Z. Let y € Z; € P. Since P is transitive,
we get y € P. Therefore, the formula for Z; implies y € rng Z. Conversely, suppose y €
mgZ c Y € P. The thereis x € X € P such that (x, y) € Z. Since P is transitive, we get
X,y € P.Then, by the formula for Z; we get y € Z;. This yields the necessary equality.

Finally, check that Z, = Z(x).

Let y € Z, € P. Since P is transitive, we get y € P. Therefore, the formula for Z,
implies y € Y and (x, y) € Z, where y € Z(x). Conversely, suppose y € Z{(x) C Y € P.
Then, (x, y) € Z. Since P is transitive, we get y € P. Then, by the formula for Z, we get
y € Z,. This yields the necessary equality.

We can conclude now that the indices T and ¢ disappears in the formula A5°.

Using this conclusion, prove that X € U implies uX € U. Consider in ZF the sets
Y=uXandZ={zeX*xY|IxeXIyey(z={(x,y) Nyex)}.Ify e x e X € U, then
we get y € U in view of the transitivity of U. Therefore, Y ¢ Uimplies Y € P.Letz € Z,
i.e.z=(x,y)forsomex € Xandy € Ysuchthaty € x. Then,y € x € Uimpliesy € U.
By the above, we have z = (x, y) € U. Consequently, Z c U,i.e. Z € P.

Check that for every x € P such that x € X, we have Z(x) = x. If y € Z(x), then
(x,y) € Zimplies (x, y) = (x', y') forsome x' ¢ Xand y' ¢ Ysuchthaty' ¢ x'. Hence,
y =y' € X' = x. Conversely, if y € x € X, theny € Y and {x, y) € Z provide y € Z{x).

This implies that Z(x) = x € U € P for every x € P such that x € X € U € P. Since
the formula A5" is deducible in ZF, this formula guarantees that Y = mgZ ¢ G for
some G € P.Hence, Y € G c U.

Check that X € Uand f € U¥implymgf e U.Ifx e X e Uandy € U, thenx € U,
by above, implies (x, y) € U. Consequently, f c X «+ U c U provides f € P. Moreover,
by above again, f(x) € U provides f{x) = {f(x)} € U € P for every x € X. Applying the
formula A5", we infer that rng f € G for some G € P. Hence, rng f € U.

Simplify now the formula A7°. Check that Z, = @ 4. Letz € P. Supposethatz € Z,.
Then, by the formula for Z; we obtain z # z. But, according to the equality axiom, z =
z. This contradiction implies z ¢ Z;. Suppose now z ¢ P. Since Z, c P, we get z, ¢ Z,.
Thus, for every z, we have z ¢ Z,. According to the empty set axiom A7 of the ZF theory,
we conclude that Z, = @ 4.

When we simplified the formula A5%, we established that the formula for Z; = {x}°
implies Z; = {x}.

Let x € X € P. By the above, we have that x € U implies {x} € U € P. By the tran-
sitivity of P we get {x} € P. When we simplified the formula A4", we established that
these properties provides the equality Z, = x U {x}.

Thus, the formula A7" take the form 3X e PBE € P(X € E) A @, € X AVX €
P(x e X = x U {x} € X)). Let x € X, where X € E € P. Since P is transitive, we get
x € P.Then, the formula xU{x} € X is deduced from A7". By the deduction theorem, we
deduce (x € X = xU{x} € X) and the generalization rule we deduce Vx € X(xu{x} € X).
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Thus, it is deduced from A7° that 3X € P(AE e P(X €e E) A @ ,p € X A Vx € X(xU{x} €
X)), almost coinciding with the infinity axiom A8 in ZF and asserting the existence
of an inductive set X € E € P. Since w is the smallest among all inductive sets, we get
w C X € U. By the quasitransitivity property, this implies w € U.

Thus, we have proven that (1) + (2).

(2) + (1). Let P = P(U) for some universal set U. Consider the standard interpreta-
tion M = (P, I) of the NBG theory. We have translated above some axioms and axiom
schemes of NBG under the interpretation M on the sequence s. Prove that they are
deducible in ZF.

Check that P is supertransitive. Let x € y € P. Then, x € y c U implies x € U.
Since U is transitive, we get x c U, and therefore, x € P. Hence, P is transitive. Let
x cy € P.Then, x c y c U implies x € P. Hence, P is quasitransitive.

Lety,z € P,y = z,and X € P. Consider the formula ¢(y) = (y € X). By the scheme
of replacement of equals in ZF, we deduce the formula ¢(z) = (z € X) for the formula
y = z. By the deduction theorem, we deduce y € X = z € X. Similarly, the formula z €
X = y € Xisdeduced. Thus, we deduce the formulay € X © z € X, and therefore, the
formula X € P = (y € X © z € X). By the generalization rule, the formula y = VX €
P(y € X & z € X)is deduced. Further, by the deduction theoremwe gety = z = yand
by logical tools we deduce the formula A1’

According to AS3 in ZF, for the formula ¢"(y) and the set U there is a set Y such
thatVy(ye Yo y e U A ¢"(y)). Lety € Y. Then, y € U A ¢"(y). Since U € P, we ob-
tain 3X € P(y € X) A ¢"(y). By the deduction theorem, the formula y e Y = 3X ¢
P(y € X) A ¢"(y) is deduced. Conversely, let 3X € P(y € X) A ¢"(y). Then,y e X c U
implies y € U. Hence, y € U A ¢"(y) implies y € Y. By the deduction theorem, the
formula 3X € P(y € X) A ¢"(y) = y € Y is deduced. Thus, we deduce the formula
yeYeo X e Py eX) A ¢ (y). It deduced from it that Vy e P(ye Y & IX e P(y €
X) A ¢"(y)).Since Y c U € Pand P is quasitransitive, we obtain Y € P. Consequently,
AS2' is deduced in ZF.

LetX,YeP,XecEecP,andY c X.Then, Y c X € E c U and the quasitransitivity
of the universal set U imply Y € U € P. This means that A3" is deducible in ZF.

We have established above that for X € E € P the equality P(X)" = P(X) holds.
By axiom A5 in ZF, P(X) exists. Since U is universal, we see that X € E ¢ U implies
P(X) € U € P. This means that A3"! is deducible in ZF.

LetX,YeP,XeEeP,and Y € F € P. We have established above that in these
conditions, the equality (X U Y)" = X U Y holds. It follows from X € Uand Y € U that
XUY e U e Pby virtue of the universality of U. This means that A4' is deducible in ZF.

Let X,Y,Z € P and X € E € P. We have derived above that in these conditions
the equality (X = Y)" = X = Y holds, and if Z c X = Y, then the equalities Z{x)’ =
Z{x) and (g Z)" =mgZ hold. If x ¢ X and Z(x) € F € P, then X € U, x € U, and
Z{x) € U. Since U is universal, we get U » U c U. Consider theset f={s e U = U |
Vx € X(s = {x, Z{x))) ANVx(x ¢ X = s = (x, @))}. It is clear that f is a function from
X in U such that f(x) = Z(x). Since U is universal, we infer that S = rng f € U, and
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therefore, T=uUS € U.Ift € T, then t € s € S implies t € Z({x) for some x € X. Hence,
t € rng Z. Conversely, if t € mg Z, then (x, t) € Z for some x € dom Z c X. Therefore,
t € Z{x) = f(x) € S, and therefore, t € T. Thus, rngZ = T € U € P. This means that
A5' is deducible in ZF.

We have derived above that @' = @ ;. Let X € Pand X # @ 4. Verify that Z, = (xn
X)* for x € X in the formula A6° coincides with x N X. Suppose that z € x n X; then,
z € X € Pimplies z € P by virtue of the transitivity of P. By the formula for Z, we obtain
z € Z,. Conversely, suppose z € Z, € P; then, z € P implies z € x n X in view of the
formula for Z,. Hence, Z, = x n X.

By regularity axiom A9 in ZF there is x € X such that x n X = @ ;. It follows from
x € X € P that x € P. This means that A6' is deducible in ZF.

We have established above that in the formula A7", we have @' = @, and if x €
X € E € P, then (x U {x})" = x U {x}. Since U is universal, we get w € U, where w € P.
Since w is an inductive set, we have @, € X and x € X = x U {x} € X. Further, by log-
ical tools, we deduce the formula A7°.

The axiom of choice A8 in NBG translates into the formula

A8' & A8 =VX ¢ PEEe PXeE)NX #+ gi=3ze P((z = PXO\{z} = X)" A
AVY e P(Y € (PX\[{2}) =2VxePxe XA (Y, x)° ez=2xeY),

where

- thesetZ; = Z;(X) = (P(X)\{@})° is determined by the formula 3Z;, € PVu € P(u €
ZiouePX)P Au¢{o));

- the set Z, = (Y, x)° is determined by the formula 37, € PYu € P(u € Z, & 3F ¢
PweF)Au={Y}) vu={Y,x}%));

- the set Z; = {Y, x}° is determined by the formula 3Z; € PVYu e P(u € Z; & 3G ¢
PueG)Au=YVu=x));

- the set Z, = {Y}’ is determined by the formula 3Z, ¢ PVvu e P(ue Z, & 3H ¢
PlueH)Au=Y);

— the set Z; = {@}* is determined by the formula 3Z; € PVz € P(z € Z; & (3K €
PizeK)Az=gY);

and ¢’ = (z = P(X)\{g} — X)" denotes the formula M k ¢[s"], where s” denotes the
corresponding changes of the sequence s under translation of the quantifier overfor-
mulas VX(...) and 3z(...) indicated above.

We have established above the equality @' = @ ;. Since @z € w € U € P, as was
shown above, these conditions implies Z; = {@ ;;}.

Fix the conditions X € P, X € E € P,and X # @' = @ ;5. As was shown before, this
implies P(X)? = P(X).

Check that Z; = P(X)\{@ zp} = Z.Letu € Z; € P.Since X € E c U and U is univer-
sal, we get P(X) € U. The quasitransitivity of U implies now Z € U. Since u € P, the
formula for Z, provides that u € Z. Hence, Z; c Z. Conversely, letu € Z € U € P. Since
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P is transitive, we get u € P. The formula for Z, implies now u € Z. Hence, Z c Z,,
which yields the necessary equality. This leads to the replacement of Z; by Z in the
formula A8".

Consider the formula ¢ = (z = Z — X). It is the conjunction of three formulas:
¢p=@ZcZ+X),p=(domz=2),and ¢;=(Vx(x e Z=Vy@ye X =V eX >
((x,y) €ezA{x,y"y e z= y ="))))). Therefore, 9" = 9] A 93 A ¢3. Since ¢, = (Vu(u €
z=IxTFy(x e ZAy e X Au=(x,y)))), weobtain ¢] & (Vu e Pluecz= 3Ix e Py ¢
PxeZAyeXAu={x,y)%)). Similarly, ¢, = (Vx(x € Z = Ty(y € X A (X, y) € 2)))
implies ¢; © (Vx e Px € Z = Jy € P(y e XA (X, y)° € 2))).

Finally, 9] © (Vx e Px e Z=>Vy e Pye X=Vy' e P(y' e X = ((x,y)° €z A
(x,y")? € z= y ='))))). This guarantees that ¢, ¢, and ¢; differ from the formulas
@1, 95, and g5, respectively, only by bounded quantifier prefixesV--- € Pand3--- € P.

By the axiom of choice in ZF for X thereis zsuchthat y = (z = Z —» X) AVY(Y €
Z=Vx(xe X A(Y,x) ez= x eY)). Hence, the formula ¢ = ¢; A ¢, A ¢; is de-
duced, and therefore, the formulas ¢;, ¢,, and ¢, are deduced.

Let u € Pand u € z. Then, we derive from the formula ¢, that there are x € Z and
y € Xsuchthatu = (x,y).Sincex € Z € U € Pand y € X € P, by the transitivity prop-
erty we get x, y € P. This means that under the conditions u € Pand u € z the formula
Ix e PAy e P(xe Z Ay e X Au={x,Yy)) is deduced. Applying the deduction theo-
rem and the deduction rules twice, we deduce the formula ¢;.

Let x € P and x € Z. Then, we derive from the formula ¢, that for x thereisy € X
such that (x, y) € z. It follows from y € X € P that y € P. This means that under the
conditions x € P and x € Z the formula 3y € P(y € X A (x, y) € z) is deduced. There-
fore, as above, we deduce the formula ¢J.

LetxeP,xeZ,yeP,yeX,y €P,y X, (x,y) € z,and (x,y') € z. Then we
deduce from the formula ¢; the formula y = y'. Applying alternately the deduction
theorem and the deduction rules several times, we deduce the formula 3.

Thus, the formula ¢" is deduced.

Checkthat Z, = {Y} under the conditionsX € E€ P,Y € P,and Y € Z.Letu ¢ {Y},
i.e.u=Y eP.Sinceu=Y € Z € U € P, the transitivity implies u € U € P. Then, the
formula for Z, implies u € Z,. Conversely, if u € Z, € P, then u € P and the formula
for Z, imply u = Y € {Y}. This yields the necessary equality.

Check that Z; = {Y, x} under the conditions X e E€ P,x € X, Ye P,and Y ¢ Z.
Letu e {Y,x}.Then,u=YeZe Ue€Poru=xecXeE e Pimpliesu € P, and there-
fore, u € Z;. Conversely, if u € Z; € P, then u € P and the formula for Z; imply u =
Y v u=x,i.e. ue{Y,x} This yields the necessary equality.

Finally check that Z, = (Y, x) under the previous condition. Let u € (Y, x), i.e.
u = {Y} or u = {Y, x}. The previous equalities eliminate the index ¢ in the formula for
Z,.SinceY € Z e U,wegetY e U. Moreover, x € X € E € Pimpliesx € X € P,i.e.x €
X c U. It follows now from the universality of U that u = {Y} € U or u ={Y, x} € U.
Hence,u € U € Pand u € P provides u € Z,. Conversely, ifu € Z, € P,thenu € Pand
the formula for Z, imply u = {Y} oru = {Y, x},i.e. u € (Y, x). This yields the necessary
equality.
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Since ZeUeP and Xe€eE€P, i.e. Xe EcU, we obtain zcZ = X e U by
virtue of the universality of U. By Lemma 1 (A.4.1), we get z € U € P, and therefore,
z e P.

Thus, we see that it is deduced under the fixed conditions from the axiom of choice
in ZF that there exists the object z € P satisfying the formula y implying the formula
E=(p"AVYeP(YeZ=>VxeP(xeX A (Y, x) ez= xeY))).Asaresult, we con-
clude that for the fixed conditions the formula 3z € P§ is deduced. Applying alter-
nately the deduction theorem and the generalization rule several times, we deduce
the formula A8'.

Thus, M is a model of the NBG set theory. O

Now, we can prove the Zermelo — Shepherdson theorem [Zermelo, 1930; Shepherdson,
1951; 1952; 1953].

Theorem 2. In the ZF set theory, the following conclusions are equivalent for a set P:
1) Pis a supertransitive standard model set for the NBG set theory;
2) P=V,_, =P(V,) for some inaccessible cardinal number .

Proof. (1)  (2). By Theorem 1 P = P(U) for some universal set U. By Theorem 1 (A.4.2)
U = V,, for some inaccessible cardinal number ». By Corollary 2 to Lemma 3 (A.3.2)
P=P(V,) =V,

(2) + (1). By Corollary 2 to Lemma 3 (A.3.2) V,,,; = P(V,). By Theorem 2 (A.4.2) the
set V, is universal. Now, the assertion follows from Theorem 1. O

A.7 Characterization of all natural models of the NBG set theory
A.7.1 Tarski sets and their properties

A set U in ZF is called a Tarski set if it has the following properties (see [Tarski, 1938]
and [Kuratowski and Mostowski, 1967, IX, § 5]):

1) x € U = x c U (the transitivity property);

2) x € U= P(x) € U (the exponentiality property);

3) (xcU) AVYf(f e U =mgf + U)) = x € U (the Tarski property).

A. Tarski added to the ZF theory the following axiom.

AT. (The Tarski axiom.) Every set is an element of a certain Tarski set.

In [Tarski, 1938], it was proven that AT is equivalent to inaccessibility axiom Al
(see also [Kuratowski and Mostowski, 1967, IX, § 1, Theorem 6 and § 5, Theorem 1]).

Lemma 1. For any sets U and X, the following conclusions are equivalent:

3) cUAYf(feU ' =mgf+U)=xelU;
3) xcU) A (x| <|U)=xeU.
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Proof. 3') + (3). Let x c U and Vf(f € U* = mgf # U). Cleatly, |x| < |U|. Suppose
that |x| = |U|. Then, there is a bijection f : x = U. This contradicts the condition.
Hence, |x| < |U|. By property 3' we get x € U.

(3) + 3'). Let f € U*. Then, |mgf| < |x| < |U| implies rngf # U. By property
3xeUl. O

Let us derive other properties of Tarski sets from these properties.
Lemma 2. If U is a Tarski set and x € U, then |x| € |U|.

Proof. By properties1and 2, x € U implies P(x) € U and P(x) c U. By the Cantor the-
orem (Theorem 2 (1.3.2)), |x| < |P(x)| < |U|. O

Lemma3. IfUis a Tarski set,thenx e UNy cx =y € U.

Proof. If x € U, then by property 2, we get P(x) € U and by property 1, we get P(x)
U. It follows from y € P(x) thaty € U. a

Lemma 4. If Uis a Tarskiset, thenx ¢ U A (f € U*) = mgf € U.

Proof. If x € U, then by Lemma 2, we get |x| < |U|. Since f € U¥, wehaverng f ¢ Uand
| rng f| < |x| < |U|, where, by property 3, we obtain rng f € U. O

Lemmab5. If U is a Tarski set, then |U| c U.

Proof. ConsidertheclassC = {x | x € On A x ¢ U}. This class is non-empty, since oth-
erwise the class On s a set. Therefore, it has a minimal element 3. Since Va € »(a € U),
we get » ¢ U. Consequently, |»| < |U|. Suppose that |»| < |U|. Then, by Lemma1x € U,
which is false. Hence, |U| = |x| < »,i.e. |U| c x c U. O
Lemma 6. If U is a Tarski set, then |U| ¢ U.

Proof. Suppose that » = |U| € U. Then, by property 2, we infer P(x) € U. Lemma 2
implies « = |P(x)| € |U|. On account of Lemma 5, we conclude that « € Uand & c U
by virtue of property 1. By the Cantor theorem (Theorem 2 (1.3.2)) « > |U|. But since
o ¢ U, we get a < |U|. This contradiction proves that |U| ¢ U. O

Lemma 7. If U is a Tarski set, then |P(«)| € |U| holds for every ordinal number « € |U]|.

Proof. Since a € |U| and |U| c U by virtue of Lemma 5, we get « € U. Then, property 2
implies P(«x) € U. By Lemma 2 we obtain |P(«)| € |U|. O

Lemma 8. If U is a non-empty Tarski set, then @ € U and |U| = 5.
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Proof. Since Vx(@ c x), we get x, = @ c U. Since |g| =0 < |U|, Lemma 1 implies
Xy € U. By property 2, x; = {xo} = P(@) € U. It follows from x, # x; that |U| > 2.
These properties provide x, = {x;} ¢ U and |x,| = 1 < |U|. Hence, property 3’ implies
x, € U. Consequently, by x; = {x,} c U and |x3| =1 < |U| implies x; € U. Similarly,
x4 = {x3} € U. Since all x; are different for i € 5, we obtain |U]| > 5. O

Lemma9. If Uis a Tarski set, then x,y € U = {x}, {x, ¥}, {x,y) € U.

Proof. By Lemma 8, we have |U| > 5. Therefore, {x}, {x,y} c Uand |{x}| =1 < |{x, y}] €
2<|U| imply {x},{x,y} €U in view of property 3'. Hence, (x,y) = {{x},
{x,ytteU. O

Lemma 10. If U is a Tarski set, then |x| > |U| = x ¢ U.

Proof. Assume the converse, i. e. there is x such that |x| = |U| A x € U. By property 2,
we get y = P(x) € U. Since |P(x)| > |x|, we get |y| > |U|. Property 1implies y c U. But
in this case |y| < |U|. This contradiction proves that x ¢ U. O

Lemma1l. If Uis a Tarski set, thenx,y € U = xuy € U.

Proof. SinceVz(zex Vv zey=ze U),wegetxuy c U.Itfollows from x,y € Uand
Lemma 10 that« = |x| < |U| = xand 8 = |y| < ». We need to prove that |xUy| < . First,
consider the case where « < 2 and f3 < 2. Then, it is easily seen that [x U y| < 4 < |U]|
by virtue of Lemma 8. Therefore, x U y € U in view of property 3'. Further, suppose
that « > 8 > 2. Consider the sets P={0} x x, Q={l} xy,S=xUy,and T=P U Q.
Define the mapping u : T — S setting u(0, a) = a for every (0, a) € Pand u(1,b) = b
for every (1, b) € Q. Since u is surjective, we get |S| < |T].

It is clear that there exist bijections g : P> a and h : Q > f3  a. Define the
function f : T — P(«) setting f(p) = {g(p)} for every p € P and f(q) = a\{h(q)} for ev-
ery q € Q. Since P n Q = @, this function is well defined. The function f is injective.
Indeed, f is injective on Pand on Q. Let p € P, q € Q, and f(p) = f(q). Then, {g(p)} =
o\{h(q)} implies « = {g(p)} U {h(q)} = {g(p), h(q)} < 2, but it contradicts our assump-
tion. Consequently, f(p) # f(q). The injectivity of f implies |S| < |T| < |P(«a)| < % by
virtue of Lemma 7. Then, by property 3’ we get S € U. O

Corollary 1. If U is a Tarski set, then w c U.
Corollary 2. If U is a Tarski set, then |U| > w.
Corollary 3. IfUis a Tarski set, thenx,y e U = x =y € U.

Proof. Lemma 11 and property 2 imply B = P(P(x U y)) € U. By Lemma 3, it follows
fromA=x+ycBthatA € U. O
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Lemma12. If U is a Tarski set, then « < |U| = |a * «| < |U| holds for every ordinal
number «.

Proof. First, consider the case where |«| < 2. Then, by Lemma 8 we get |a x| < [2%2| =
4 < |U|. Further, suppose that |«| > 2. Since « < |U| = », Lemma 7 implies |P(«)| < 2.
The set X = a = « consists of ordered pairs (S, y) such that 8, y € «. Divide the set
X into three disjoint subsets X; = {(B,y) | B<y<a}, Xo={(B, B) | B<a}, and X; =
{(B, ) | y < B < a}. Obviously, X; U X, U X; = X. Define the function f : X — P(«)
in the following way: if x; = (B, y) € X;, then f(x;) = {8, y} € P(«);if x, = (B, B) € X,,
then f(x,) = {B} € P(a); if x5 = (B, y) € X3, then f(x3) = a\{B, y} € P(«). The function
f is injective on X;, X,, and X;. If f(x;) = f(x,), then {B, y} = {8} implies y = B < v,
which is impossible. If f(x;) = f(x3), then {8, y} = a\{p, y}, which is impossible in view
of « # @. Finally, if f(x,) = f(x3), then {f} = a\{B, y} implies « = {B} U {B, y} = {B, v},
and therefore, |a| < 2, but it contradicts our assumption. This contradictory guaran-
tees that f is injective. Consequently, |X| < |P(«)]| < . O

The following theorem and its Corollary 1 were proved by A. Tarski [1938] (see also
[Kuratowski and Mostowski, 1967, IX, § 5]). We give here another proof.

Theorem 1. If U is a Tarski set, then » = |U| is a regular cardinal number.

Proof. Suppose that the cardinal number » is not regular; then, o’ = cf(3) < » and
Lemma 5 implies « € U. By definition, there is a function ¢ : ' — 3 such that
urng ¢ = x. Denote rng ¢ by A and consider the cardinal number « = |A| < & < 2.
By Lemma 5, A c U and « € U. Define the function g: A — P(x) in the following
way. Consider an arbitrary ordinal number 8 € A and theset Ag = {y € A | y < f}. Put
B' =sup Ag = UAg for Ag # @ (see Lemma 2 (A.2.2)) and B' =0 for Ag = 2. Consider
the set Cg={y € x| B <y < B} and put g(f) = Cg. Show that g(B;) n g(B,) = @ for
B: # B,- Indeed, let B, < B,. Then, B, € Ay, and therefore, 8, < B,". If x € g(B;) A x €
g(f3,), then x € CIB1 AXE Cﬁz’ where x e x A X < B; A ,82' < X, which is impossible.
This contradiction implies that g(3;) N g(p3,) = @. Check that B=u(g(f) | f € A) = ».
It follows from the definitions of the sets g(f8) that B c x. Suppose now that x € ».
Since UA = x, there is 8 € A such that x € B. Therefore, theset D={y € A| x e y}is
non-empty, and therefore, it has a minimal element A. By the definition of D we get
Vy e A(y < A = y < Xx), where x > M. Hence, ' < x < A, i.e. x € g(1). Consequently,
B =

Since U is a Tarski set and x is its power, there is a bijection f : % >» U. Since
n=U(g(B) | B € A) and the sets g(f8) are pairwise disjoint, we conclude that U =
U(flg(B)] | B € A). Denote the sets f[g(3)] by Ug.Fix e A. 1t follows from Csc B that
|Ugl = 1Cgl < 1BI-

Consider (possibly, empty) the set Fj

={q € Uﬁ | Ig| = a}. By above, IF,;I < IUﬁI <
IBl < B. Hence, | U Fg| = U (gl geFgll<|U

(g = {g} | g € Fg)l = X(ql | g € Fp) =
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06le| <alfl = Z(ocq lgepB)=lUlax{q}|qgce ﬁ]Lwhere(xq = o for every g € . Since
Ula * {g} | g € B) c a * B c max(e, B) * max(«, f) and max(«, ) < x, by Lemma 12,
we get | U Fy| < . Consequently, UFg € U and P(UFy) € U.

It follows from Fyz ¢ Ug ¢ U and the transitivity of U that UFg ¢ U. Therefore,
by the inequality proven above, we conclude that Vi = U\ U Fg # @ for every § € A.
Suppose that P(UF ﬁ) € UF 3 Since UF € P(UF ﬁ), we obtain an infinite decreasing
sequence P(UF ﬁ) > UFy > P(UF ﬁ) > UFg > .... This contradicts the regularity axiom.
Hence, ‘.P(UFﬁ) € Vﬁ. Define the function h : A — U setting h(f) = (P(UFﬁ). Consider
the function h' = ho ¢ : o« — U. By Lemma 4, we get M = rngh = mngh’ € U.

Evidently, |[M| < «. The transitivity of U implies « c U. If « is an infinite number,
then for the set M' = MU« c U the inequalities o < [M'| < |(M {0} U(a % {1})| = M| +
a = ahold, where we get the equality |[M'| = «. By Lemma 11, it follows from « € U and
M ¢ Uthat M’ € U.If ais a finite (i. e. natural) number, then the set U\M is infinite by
virtue of Corollary 2 to Lemma 11. Consequently, there is an injective mapping v : v —
U\M. Consider the natural number n = « — |M| and the finite set N = v[n] ¢ U\M. In
this case, the equality |[M'| = « hold for the set M' = MUN. By Corollary 1to Lemma 11,
we get n € w ¢ U. Therefore, by Lemma 4, we get N = rng(u|n) € U. It follows from
M e Uand N ¢ U that M’ € U by virtue of Lemma 11.

Since we have proventhat U = U(Uy | B € A),wehave M' € Ug forsome 3 € A. Be-
sides, |M'| = «, where M’ € Fg.1fx € M' € F, then x € UFg, i.e. M c UF. It follows
from h(p) € V; = U\UFg that h(B) ¢ M'. However, by definition, h(8) € M ¢ M'. This
contradiction implies that the cardinal » is regular. O

Corollary 1. If U is a Tarski set and » = |U| > w, then » is an inaccessible cardinal
number.

Proof. By Theorem 1 the cardinal number x is regular. By Lemma 7 for every « < »
we get |P(«)| € ». By condition, » > w. Consequently, » is an inaccessible cardinal
number. O

Theorem 2. If U is a Tarski set, then x € U = ux € U.

Proof. Consider the numbers « = |x| and » = |U| and some bijection u : « = x. By
Lemma 2 « € ». Since U is transitive, we get ux c U. Hence, | U x| < .

Suppose that |ux| = »; then, thereis a bijection f : ux > x.Fixanelementa € a.
Then, u(a) € x implies u(a) c ux. Therefore, we can consider the injective mapping
g4 = flu(a) : u(a) — x. Consider the number g, = |u(a)l, a bijectionv, : 8, —» u(a),
and the injective mapping h, = g, ° v, : § — ». Suppose that urng h, = ». Then, by
Theorem 1, we get 3, = ». However, u(a) € x c U implies 8, = |u(a)| < » by virtue of
Lemma 2. This contradiction provides suprgh, = Urngh, < ».

Thus, we can define the function # : « — x setting n(a) = suprng h,. Consider
the set Z = mg# c x. By the above, z < x for every z € Z. Let = be an order number
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such that z < 7 for every z € Z. Take any element g € x and consider the element p =
f(q) € ux.Then, p € y € xforsomey ¢ x. Consider the element a = u™'(y) € «. Since
pey=u(a), we get g =f(p) € flu(a)] =mggq, =mgh,. Hence, g <suprngh, =
n(a) < 7. This means that sup x < 7. Since x is a limit number, Lemma 3 (A.2.2) guar-
antees that » = sup »x < 7. This implies » = sup Z = UZ = Urng . Now, we have « > »
by virtue of Theorem 1. This contradicts the inequality « < .

Hence, | U x| < . By property 3', we conclude that ux ¢ U. O

A.7.2 Galactic sets and their connection with Tarski sets

Let x be a set. Any finite sequence (x; | i € n+1) such that x, = x and x;,, € x; for every
i € n will be called a chain of subelements of the set x (of the length n).
A set U is said to be dominant if for any set x the following conclusions are
equivalent:
1) xeU;
2) all elements of any chains of subelements of the set x are of cardinality less
than |U|.

Lemma 1. Any dominant set is transitive.

Proof. Letaset Ubedominant, x € U,and y € x. Any chain of subelements of the set y
is a subchain of some chain of subelements of the set x, and therefore, all its elements
are of cardinality less than |U|. Hence, y € U. O

Lemma 2. Any dominant set U has property 3' of a Tarski set,i.e.x c U A |x| < |U| =
x e U.

Proof. Letx c Uand |x| < |U|. Consider an arbitrary chain of subelements (x,, x;, ...,
x,) of the set x. Since x; € x, = x c U and U is transitive by virtue of Lemma 1, x; € U
implies by induction that x; € U for every i € n + 1\ 1. Hence, |x;| < |U| for every i €
n + 1\ 1. Moreover, by condition, |x,| = |x| < |U|. Consequently, x € U. O

Proposition 1. Any Tarski set is dominant.

Proof. Let (x; | i € n + 1) be a chain of subelements of the set x and x € U. Since U is
transitive, using induction, we infer that x; € U for every i € n + 1. By Lemma 2 (A.7.1)
;| < |UL.

Denote by C the class consisting of sets satisfying property 2 from the definition of
dominant sets. Show that C c U. Consider theclassD={x | (x e UAXx € C) v x ¢ C}
and prove that it satisfies the e-induction principle (Lemma 4 (A.2.2)). Take some y
D. Then, foreveryz e ywe get (ze UA z € C) v z ¢ C. If z ¢ C for some z € y, then
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y ¢ C, and therefore, y € D. Suppose now that Vz € y(z € U A z € C). Consider a = |y|
and x = |U|. If « = », then y ¢ C, where y € D. Let «a < x. In this case, y € U by virtue
of Lemma 1 (A.7.1). Show that y € C. Indeed, consider an arbitrary chain (y; | i € n+1)
of subelements of the set y. Then, the sequence (y; | i € (n+1)\1) is a chain of subele-
ments of thesety, € y = y,. Since, by assumption, y; € C, all elements of the sequence
(y; | i € (n+1)\1) are of cardinality less than ». Thus, y € C. Hence,y € U A y € C,and
therefore, y € D. Then, we conclude that the class D satisfies the e-induction principle,
which yields D = V. Therefore, Vx((x e UAx € C) v x ¢ C),i.e.C c U. O

Lemma 3. For every cardinal number «, there exists no more than one Tarski set of car-
dinality «.

Proof. Suppose that there exist two Tarski sets U; and U, of the same cardinality «.
Let x € U;. Then, by Proposition 1, we get |x| < « = |U;| and any chain of subelements
of the set x consists of sets of cardinality less than « = |U;|. This implies that |x| <
|U,| and any chain of subelements of the set x consists of sets of cardinality less than
|U,|. Consequently, the same Proposition provides x € U,, where U, c U,. Similarly,
we obtain U, c U,. Thus, U, = U,. O

A set U is said to be exponential if Vx € U(P(x) € U). A dominant and exponential set
will be called galactic.

Theorem 1 (the Bunina theorem on galactic sets). The following conclusions are equiv-
alent for a set U:

1) U is a Tarski set;

2) Uis agalactic set.

Proof. (1)  (2). This deduction follows from the exponentiality property of Tarski sets
and Proposition 1.
(2) + (1). This deduction follows from Lemmas 1 and 2 and Lemma 1 (A.7.1). O

Let us show that under the assumption of the continuum hypothesis, there exists a
dominant non-exponential set.

Lemma 4. If|2“| = w,, then there is a dominant set of cardinality w,.

Proof. If |2°| = w,, then to prove the existence of a dominant set of cardinality w; it
is sufficient to prove that for a set X consisting of sets such that all their chains of
subelements consist of countable sets only, we have |X| = w,.

Since w; ¢ X, we get |X| > w,.

Check now that |X| < w;, i. e. there is a injection from the set X into the set of infi-
nite sequences of zeros and units.
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Any set x € X can be represented as a tree whose root is the set x itself, branches
are chains of subelements, and leaves are last elements of these chains, i. e. sets con-
taining no sets (empty sets). All branches of such a tree are of finite length, and, more-
over, the number of these branches is countable. The number of stores of the tree is
also countable, and on each store, there are countably many sets (nodes or leaves of
the tree). Clearly, certain trees correspond to the same set in X (these are the trees
obtained from each other by a renumbering of vertices), but only one set in X corre-
sponds to each three X. We will consider not trees themselves but their “isomorphism
classes”.

Let us enumerate leaves of the tree in a certain way (this can be done, since the
set of leaves is countable). we put into correspondence to every such “numbered”
tree the function f € w** in the following way: f(n, m) is the maximal natural k such
that n-th and m-th leaves end branches of a certain set from the k-th store (if n = m
set f(n, m) = n). We can always define such a number k, since, first, any two leaves
end the branches of the initial set x, i.e. k > 1; second, k < min(m, n). Such a func-
tion f € 0 determines uniquely the isomorphism class of a tree. Therefore, |X| <
]

Show that || = |2] = w,. Since |wxw| = w, we get |0 = |w“|. The set w” is the
set of infinite sequences of natural numbers. Since |w“| > |2|, it remains to check that
|w®| < |2°], i. e. to construct an injective mapping from the set of infinite sequences of
natural numbers into the set of infinite sequences consisting of zeros and units. We
do this as follows. Let N = (n; € w | i € w) be an infinite sequences of natural num-
bers. Put into the correspondence to this sequence the sequence M = {m; € 2 | j € w}
of zeros and units such that for every i € w put m; =0 for j = Y (n; | k € i) + i and
m; =1 for all other j. For example, the sequence 1, 2,3, 4,5, ... maps into the se-
quence 1,0,1,1,0,1,1,1,0,1,1,1,1,0,1,1,1,1,1, 0.... This mapping is injective,
where |0®| = |2°|, and therefore, | X| < |2°]. Since | X| = |2“|, the Cantor theorem (Theo-
rem 2 (1.3.2)) implies |X| = |2“]. Since, by assumption, [2“| = w,, we get |X| = w,. Thus,
the set X is dominant. O

The fact that such a set X is not exponential is obvious, since w, is not an inaccessible
cardinal number.

A.7.3 Characterization of Tarski sets. Characterization of all natural models
of the NBG theory

Proposition 1. Let U is a Tarski set and |U| = w. Then, U = V,,.
Proof. By Lemma 1 (A.3.2) w ¢ V,,. Hence, w < |V,|. Since V, =u(V, | n € w) and

|V,| < w, we have |V, | < w, and therefore, |V,| = w. Prove that V, is a Tarski set.
By Lemma 3 (A.3.2) the set V,, is transitive, by Lemma 6 (A.3.2), it is exponential.
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Check that V,, has property 3'. Consider some set x ¢ V,, such that |x| < |V, | = w. If
yexcV,=U(V,|new), then Ny)={new]|yeV,} + 2. Consequently, the set
N(y) has a minimal element n(y) € w. Since the set x is finite, the set M = {m € w |
Jy € x(m = n(y))} has a maximal element n. Therefore, x ¢ V, impliesx € V,,; c V,,.
Thus, V,, is a Tarski set. Since by Lemma 3 (A.7.2) a Tarski set of cardinality w is unique,
wegetU="V,. O

Theorem 1. Let U be a Tarski set and » = |U| > w. Then,
1) U is a universal set;
2) U =V, for the inaccessible cardinal number » = sup(On n U).

Proof. 1. Show that the set U has all the properties of a universal set.

Property 1 follows from property 1 of a Tarski set. The property x € U = P(x) e U
follows from property 2 of a Tarski set. The property x € U = ux € U follows from The-
orem 2 (A.71). The property x, y € U = xUy € Uis a consequence of Lemma 11 (A.7.1).
The properties x,y € U = {x, y}, {(x, y) € U follows from Lemma 9 (A.7.1). Corollary 3
to Lemma 11 (A.7.1) implies the property x,y € U = x =y € U. Property 4 follows from
Lemma 4 (A.7.1).

Since, by condition, |U| > w, Lemma 5 (A.7.1) implies w € U.

Thus, the set U is universal.

2. Theorem 1 (A.4.2) guarantees that U = V,, for the inaccessible cardinal number
x = sup(On n U). O

Now, we can prove the main theorem on the characterization of natural models of the
NBG set theory.

Theorem 2. In the ZF set theory, the following conclusions are equivalent for a set U:

1) U is an uncountable Tarski set;

2) Uis a universal set;

3) U is aninaccessible cumulative set, i.e. U = V, for a certain inaccessible cardinal
number x;

4) U is a supertransitive standard model set for the ZF set theory and U has the strong
substitution property;

5) P(U) is a supertransitive standard model set for the NBG set theory;

6) U is an uncountable galactic set.

Proof. The deduction (1) + (3) follows from Theorem 1.
The deduction (3) (1) follows from Lemmas 3 and 6 (A.3.2) and Lemma 5 (A.3.3).
The equivalence of (2) and (3) follows from Theorem 2 (A .4.2).
The equivalence of (2) and (4) follows from Proposition 1 (A.6.1).
The equivalence of (1) and (6) follows from Theorem 1 (A.7.2).
The equivalence of (2) and (5) follows from Theorem 1 (A.6.2). O
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The deduction (3) I (1) was proven by A. Tarski [1938]. The equivalence of (3) and (4)
was, in fact, proven by Zermelo [1930] and Shepherdson [1951, 1952, 1953] (see also
[Kanamori, 2003, Theorem 1.3]). All other assertions of this Theorem belong to E.I.
Bunina and V. K. Zakharov [2006].

Consider one more axiom in ZF.

AG. (The galacticity axiom). Every set is an element of a certain galactic set.

Corollary 1. In the ZF set theory, axioms AT, AU, Al, and AG are equivalent.

The equivalence of axioms AT and Al in this corollary was proven by A. Tarski [1938]
(see also [Kuratowski and Mostowski, 1967, IX, § 5, Theorem 1]). Here another proof
using the theorem on characterization of natural models is given.

A.8 Characterization of all natural models of the ZF set theory in

the ZF set theory
A.8.1 Scheme-inaccessible cardinal numbers and scheme-inaccessible cumulative
sets
If all free variables of a formula ¢ are among the variables xg, ..., X1, Pgs - - - 5 Pt
then this situation will be denoted in the form ¢(X, p). In this case, the variables
Dos ---»Pny Will be called parameters. Instead of x, € A A ... A X1 €A, VX, €
A...Vx,_,€A,and 3x, € A...3x,,_; € A we shall write X € A, VX € A, and 3X € A,
respectively.

For every transitive set A every formula ¢(x, y, p) of the ZF theory defines the cor-
respondence [¢(x,y,P)IAl ={z€ A+ A|3Ix,y e A(z=(x,y) A <pA(x, Vv, D)} CAxA
depending on the parameter p (see A.6.1).

An ordinal number x is said to be scheme-regular if

VP € VVa(a € % A ([p(x, ¥, DIV, ] = & — x = umglo(x, v, )IV,] € %),
where ¢ is a metavariable denoting an arbitrary formula of ZF.
An ordinal number » > w is said to be (strongly) scheme-inaccessible if
1) Va(a € x = |P(x)| € n);

2) nisscheme-regular.

Lemmal. Let an ordinal number » satisfy the quasiexponentiality condition Va(x €
1 = |P(«)| C ). Then, » is a cardinal number.

Proof. Let a be an ordinal number such that « < » and « ~ x. Then, |«f = |x].
Suppose that « < x. By the condition, |P(«)| c ». Applying the Cantor theorem
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(Theorem 2 (1.3.2)), we obtain |a| < |P(«)| < |x|. It contradicts the preceding equal-
ity. Hence, a = ». O

Corollary 1. An scheme-inaccessible ordinal number x is a cardinal number.

Proof. If « € u, then property 1 implies |P(«)| € ». By virtue of transitivity, we get
|P ()| C x#, where » satisfies the conditions of Lemma 1, and therefore, x is a cardi-
nal number. O

The sets V, for scheme-inaccessible cardinal numbers » will be called scheme-
inaccessible cumulative sets.

Lemma 2. Let x be an scheme-inaccessible cardinal number and « is an ordinal number
such that « € »n. Then, |V,| < x.

Proof. Consider theset C' = {x € » | |V,| < »} and the classes C" = On\xand C = C'uU
C". Since V, = @, we get |V,| = 0 < », where 0 € C.

letaecCIfazu,thena+1eC’' cC.Ifa<x thenae C'.Ifa + 1=, then
a+1eC” cC.Leta+1<xSince V, ~ |V, |, we get P(V,) ~ P(|V,|), where|P(V,)| =
|P(IV,|)|. By Corollary 2 to Lemma 3 (A.3.2), we have |V ;| = |P(V,)| = |P(|V,])I. Since
|V,| < % and the ordinal number » is scheme-inaccessible, we obtain |P(|V_|)| < .
Consequently, |V,,;| < %, and therefore, « +1 € C' c C.

Let « be a limit ordinal number and « ¢ C.If« N C" # @, then there is B € a such
that B > ». Therefore, & > B > »impliesa € C" c C.LetanC” = @,i.e.a ¢ C' c % If
a=u,0la € C" c C.Suppose a < x; then, for every 8 € a the inequality |Vl < »holds
since « ¢ C'. Consequently, sup{|Vgl | B € a} <.

Consider the formula gp(x,y) = (x ca =y =|V,) A (x ¢ a = y = @).

Show that under our conditions x € « € V,, and y € V,, the equivalence (y =
V)" oy =|V,|holds.

The formula (y = IVXI)V” is rewritten as (Cn(y))V“ ANIfeV,fsyr—» VX)V”.
The formula Cn(y)V" can be rewritten as On(y)V" A Va € Vu(On(oc)V" A (a C y)V“ A
JheV, (h=ar—» y)V“ = « = y). Consider the formula On(y)V" under the condition
y € V,,. This formula has the form

ony) =vxeV,(xey=xcy))a
A X X eV, (xeynx ey ax " eynxex Ax ex" s xex")n
AV, X eV (xeynx ey=xex' vx=x vx ex)a

AVT eV (@+Tcy) =>axeV,(xeTAVX eV, (X' € T=xex"))).

Note that under the condition y € V, the formula (x c y)"* =Vze V (zex = z€y)
is equivalent to the formula x ¢ y by virtue of the supertransitivity of V,,. Similarly,
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(@ +Tcy) o @+ Tcy. The formula Vx € V,(x ey = x Cy) is equivalent to
the formula Vx(x € y = x C y) since x € y implies x € V,. The formula Vx, x', x"" €
V.xeyAax' eynx" ey Axex Ax' ex" = x ex")is equivalent to the formula
v, x',x"xeynx eynx" eynxex' nx' ex" =xex") since x,x',x" ey
impliesx, x', x" € V_.Theformulavx,x' e V,(xeyAx ey=xex' vx=x'vx ¢
x) is equivalent to the formulaVx, x'(x e y Ax' ey = x e X' v x=x" v x' € x) since
x,x' € y implies x, x' € V,. Finally, the formula VT e V(@ # TCy = Axe V, (x €
TAVX eV, (X' € T = x € X'))) is equivalent to the formulaVT(@ # T c y = Ix(x €
TAVX (X' € T=xex'))sinceT c yimpliesT € V, and x, x' € Timpliesx, x' € V,.
Thus, On(y)"* < On(y).

This guarantees that the formula Cn(y)V~ can be rewritten as On(y) A Va €
V., (On(a) A (a y)V“ ANJheV, (h=ar-—» y)V” = « =Y). Since y € V,, we obtain
(x C y)V“ © « c y, and therefore, x € V,,.

The formula 3h € V, (h = a > y)"~ is written as

JheV,(VxeV, (xehe3IzeV,3Z eV (zeanIZ ey Ax=(z,2') A
AVzeV (zea=3Z eV (2 ey n{z,Z') eh) A
AVZ eV, (Z ey=>3zeV (zean(z,Z)eh)A
AVz, 2, 2" eVizeanZ, 2 eyniz,zyehn(z,z2'yeh=2 =2")A

AVz, 2, 2" eV (z,2 eanZ eyniz,z'yehn(Z,Z"yeh=z=2")).

The formulaVx e V,(x e h o 32,z e V (zca A Z €y A x = {(z,2'))) is equivalent
to the formula Vx(x € h & 3z € a3z’ € y(x = (z,2'))) since z ¢ a implies z € V,, 2’ €
yimpliesz’ € V,,and x = (z,z') impliesx € V,.

The formula Vz € V, (z e a = 3z’ € V,(z' €y A (z,Z') € h)) is equivalent Vz ¢
a3z’ € y({z,2') € h) since z € « implies z € V,, and z' € y implies z' € V,. Similarly,
the formulaVz' € V,(z' ey = 3z € V,(z € a A {z,2') € h)) is equivalent Vz' € y3z €
a({(z,Z'y € h).

The formula Vz,z',z" e V, (zea AN Z,2" ey n{(z,Zy e hn (2,2 eh =2 =
Z") is equivalent Vz e aVz',z" e y((z,2") e h A (z,2"y e h = Z' =Z") since z ¢
« and Z',Z" ey imply z,Z',z" € V,. Similarly, the formula Vz,z',z" € V (2,2’ €
anz' ceyni{z,zZVehn{,z"Yeh=2z=2).

Thus, the formula Cn(y)"~ is equivalent to the formula On(y) A Ya(On(a) A & C
yAdheV (hsa—»y)=a=Yy).Sinceh = a>—» y, we get h C « * y. By Corol-
lary 2 to Lemma 6 (A.3.2), it follows from «,y € V, that a = y € V,, and, therefore,
h € V,. Hence, we obtain Cn(y)V" o Cn(y).

We know that for x < », wehave V, € V.. Therefore, as above, it can be shown that
the formula 3f € V,(f = y = V,)"* is equivalent to the formula 3If(f = y »—» V).

Now, we can conclude that (y = |V,)"* & (y = |V,|).
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Then, [¢|V,]={z|IxeV IyeV z=xAxeca=y=|VDAXx¢a=
y=02)ANacV)} If yerngle|V,], then Ix((x,y) € [¢|V,]), i.e. ye V, A Ix(x €
VA (xeany=|V,)V(x¢aAy=g)). Thus,y= o ory =V, for some x € a.
Conversely, if y = V, for some x € «, then y € rng[¢|V, ]. Hence, rgle|V, ] = {1Vl |
B € a}. By Corollary 1 to Theorem 1 (A.3.2) urngf = U{IVgl | B € a} =sup{|V4l | B e
a} = |V,|. By the inequality proven above, we obtain |V,| < x.

Suppose that |V, | = »; then, % = Urng[¢|V,,] implies » < « since x is scheme-regular.
This contradicts the initial inequality « < ». Hence, |V,| < x. Therefore, a € C' c C.
By the principle of transfinite induction, C = On, and therefore, C' = x. O

Lemma 3. Let » be a scheme-inaccessible cardinal number. Then, » = |V,|.

Proof. By Lemma 2, we get »x c V,,. Therefore, » = |x| < |V,|. By Corollary 1 to Theo-
rem 1(A.3.2) |V, | = sup(|Vg]| | B € ). Since by Lemma 2 | V| < , we obtain |V, | < ».
As a result, we obtain » = |V,,|. O

Lemma 4. Let » be a scheme-inaccessible cardinal number, « be an ordinal number
such that « < », and ¢(x,y, p) be a formula. Then, Vp € V, ([p(x,y, DIV, ] =V, —
V, = mglex,y,p)IV,] € V,).

Proof. Since x is a limit ordinal number, we get V,, = U(V; | § € x). For x € V, thereis
0 € x such that [|V,](x) € Vs. Hence, the non-empty set {y < & | [¢|V,](x) € V,} has
a minimal element z.

Consider some bijection h : |V, | — V.

Since, by condition, v € V, the formula Vx € V_ 3v[¢p|V, J(x) = v A (pV% (x,v,p) A
D € V,, holds. Consider the formula w(u, z) = (u € |V,| = z =sm{y <6 | [p|V,](h(u))
eV,HhAu¢l|V,|=z=0). In this case, [y|V,]={v|FueV,Aze V,(v=_(uz) A
v"*(u, z)). Consider the formula y"* (u, z) in more detail. It is equivalent to the formula
(e V) = (z=smly <8 [pIV,I(hw)) € V,D") A (U ¢ |V, ])"* = (z = 2)")
equivalent to the formula (u € IV,XIV" = ((Vy < 8([¢lV, I(h(u)) € V,=zcy) A (gl
V., ](h(u)) € VZ)V") AU ¢ IValvﬂ = z = vrn). The last formula is equivalent to (u €
Vol = ([plV,](h(w) € V)" AVy € V,(y <8 A ([9lV,J(hw) € V)" = zcy) A (u
¢V, =z=09).

The formula ([g|V,](h(w)) € V,)" AVy € V,(y <8 A ([¢lV,](h(w) € V)" =
z cy) is equivalent to the formula ([¢|V, ](h(u)) € VZ)V% A VY <8(([plV, I(h(u)) €
Vy)V“ =z cy)sincey < §impliesy € V,.

Consider the formula ([¢|V, ](h(u)) € VZ)V" in more detail. It is equivalent to the
formula Iw(w € V, A (h(u), w) € [(pr%]))V” equivalent to 3w € V, (w € V, A ((h(u),
wyefal|3dbeV,3ce V (a=(b,c)A¢"*(b,c,p) AP eV,))"). This means that
IweV,weV,A(ueV, AweV, Ao (), w,p) ApeV,)™),ie IwweV,
A @V (h(u), w,p) AP € V).
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Thus, the formula [y|V, ] is equivalent to the formula

viueV,zeV,(v=(u,z) A(uelV,|=
=>3IwweV, A ch"(h(u), wW,D)APeV,)A
AVy e n(Fw(w e V, A ch"(h(u),w,fa) ADpeV )= zcy) A ¢V, =z=0))}

This formulais equivalenttotheformula{v | Ju e V,3z e V (v=(u,z) A (u e |V, | =
z=smiy | Iw(w eV, A (pV”(h(u), W,D)ADPeVIHA¢|V,|=2z=2))}. Now,
we easily derive that [y|V,] = |V, | — ».

Consider the ordinal number y = urng[y|V, ] = supmgly|V,] < x.

Suppose y = x; but it is impossible since the cardinal » is quasiregular. Therefore,
y < .

Letrng[¢|V, ] ¢ V,.Then, thereist € rng[¢|V, ] such that¢ ¢ Vy. To this set, some
s € dom[g|V,] such that (s, t) € [¢|V,] and s € V, corresponds. Moreover, hl(s) €
IV,l.

Consider 8 = [y|V,](h7(s)). Since h™\(s) € |V,|, we get B = sm{y | Iw(w € V, A
<an (s,w,p) A p € V,)} and since the formula ¢ is functional, we get w = ¢, i.e. 8 =
smiy|te Vy}. Since, by condition, t ¢ Vy, we get 8 > y, what contradicts the condi-
tion rng[y|V,] cC y.

Thus, mg[¢|V,] c V, € V,. |

Corollary 1. Let » be a scheme-inaccessible cardinal number, A € V,,, ¢(x,y, D) be a
formula, and [¢(x, y, p)|V,] = A — V,. Then, mg(e(x,y, P)|V,] € V,.

Proof. Since x is a limit number, we get V,, = U(V, | « € %), and therefore, A € V, for
some « € x. By Lemma 3 (A.3.2) A ¢ V,. Consider the formula y(x, y, P, A, ) = (x €
AN, y, D)V (x e VNA Ay = @). It follows from x € V \A c V, € V,, and the su-
pertransitivity of V, that x, V,\A € V,. Hence, (x € V,\A)"* & x € V,\A. Therefore,

v o xeAne)v(xeV\NA)Ay=g.Sinceg = [y|V,] = V, - V,, we obtain
mg g € V,. It follows from B = mg[¢|V,] cmgg e V, thatBe V,. O

Lemma5. Letx be a scheme-inaccessible cardinal numberand A € V,,. Then,UA € V,,.

Proof. Since x is a limit ordinal number, we get V,, = U(Vy | § € x). For A € V,, there
is 8 € xsuch that A € V. Then, for every a € A, we have a € V. This implies that for
every a € A the non-empty set{y <& | a € V,} has a minimal element z,,.

Consider some bijection h : |Vg| — V.

Consider theformulay(u,z) = (u € [Vsg| A h(u) e A= z=sm{y<d| h(u) € V,h
A(ué¢lvslvVhu) ¢ A= z=g).Inthiscase, [y|V,]={v|FueV, IzeV, (v=(uz
A wV”(u, z)). Consider the formula wvﬂ(u, z) in more details. It is equivalent to the for-
mula ((u € |Vg)" A (h(u) € A)"* = (z=smly <& | h(u) € V,}H") A ((u ¢ |Vs)"™ v
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(h(u) ¢ A)V* = (z = 2)"*). As in the proof of the previous lemma, we establish
its equivalence to the formula (u € |Vs| A h(u) € A= ((Vy <d8(h(w) e V) = z ¢
y) A (h() € V,))%) A (u ¢ Vsl v hu) ¢ A = z = o).

The formula ((Vy < 8(h(u) € V) =zcy) A (h(u) € Vz))V% is equivalent to the
formulaVy € V,(y <8 A h(u) € V,=zcy)A (h(u) € V,) byvirtueof h, h(u), s, V,,
V, e V,. Since y < § implies y € V,, in this case, this formula is equivalent to the
formula (Vy < 6(h(u) € Vy)=xcy)A (h(u) € V), i.e. the formula z = sm{y <4 |
h(u) € V,}.

Thus, the formula [y|V,]={v|Ju e V,3z e V, (v =(u,z) A ((u € |Vs| A h(u) €
A=z=sm{v<d|hw)eV,})A@¢lVslVvhu¢A=z=g)). We easily derive
from this that [y|V, ] = |Vs| — ».

Consider the ordinal number y = urng[y|V,] € .

Suppose UA ¢ V; then, thereis t € UA suchthat ¢ ¢ Vy. Since t € UA, there exists
a € Asuch thatt € a, where a ¢ V,. If we consider s = [leu](h’l(a)), the we obtain
s <y A a € Vg, wherea € V,. This contradiction yields UA € V. O

Any transitive set A and any arbitrary formula o(x; if) of the ZF set theory define the
scheme set {a(x; 1)|A) = {x € A | a*(x; 1)} depending on the parameter .

Lemma 6. Let »x be a scheme-inaccessible cardinal number and ¢(x, y, p) and o(x; i) be
formulas. Then, Vp, tl € V, Ve € |V, |([p(x,y, D)V, ] = (c(x:; W)|V,,) > & = (o(x; )|
V) eV,).

Proof. Denote [¢|V, ], mgl¢|V,],and (o|V,) forgivenp, it € V, byf, R,and S, respec-
tively. Consider the formula p(y, p, it) = Ix(c(x; &) A ¢(x,y, P)). Then, pV“ =3dx e
V, (a"*(x;11) A 9"*(x,y, P)) implies {p(y, p, W)|V,) ={y € V,, | Ix(x € V,, A ¢"*(x; 1)
A @ (x,y, D))} = R for given p, i € V,. By Lemma 3, wehave Rce € |V, |=x C V,.
Hence, R € V,.. Consider the formula y(y, x, p, il) = a(x; il) A @(x,y, ). Then, y"» =
oV (x; 1) A 9"*(x,y, p)impliesg = [y|V, ] ={te V, +V, |3y, x e V,(t = (y,x) A c"*
(x; ) A (pV" Xy, D)} = f7L. Therefore, g is a bijective mapping from R onto S. Since
R e V,, Corollary 1to Lemma 4, wegetS=rmgge V,. O

A.8.2 Scheme-universal sets and their connection with scheme-inaccessible
cumulative sets

A set U is said to be scheme-universal if it has the following properties:

1) x € U = x c U (the transitivity property);

2) xelU= Px),uxeU;

3) x,yeU=xuy,{x,y},{x,y),x*yeU,

4) Vp e UVx(x € U A [p(x,y, P)IU] = x — U = mgle(x, y, p)|U] € U);
5 weU.
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Similarly to Lemmas 1 and 2 (A.4.1), one can prove the following two lemmas.

Lemmal. Ifaset U is scheme-universal,thenx e UANy cx = y € U.

This lemma shows that a scheme-universal set is quasitransitive. This and the transi-
tivity property imply that a scheme-universal set is supertransitive.

Lemma 2. Ifa set U is scheme-universal, then @ € Uand1 € U.

The following theorem is similar to Lemma 4 (A.4.1), but it has a completely different
proof.

Theorem 1. If U is a scheme-universal set, then X € U = |X| € U.

Proof. If X = @, then |X| = 0 € U. In what follows, we will assume that X # @. By the
Zermelo principle (Theorem 1 (1.2.11)), we can assume that the set X is well-ordered.
Take a minimal element m of the set X and consider the non-empty set A = Onn U.

For every x € X, denote by X, the initial interval ]«—, x[={t € X | t < x}. By
Lemma 1, it follows from X, ¢ X € U that X, € U. If for X, there is a mapping f such
that domf = X, and rngf € A, then f c X, = rngf € U implies f € U by virtue of
Lemma 1.

Assume that for x € X there are isotone bijections f and g such that dom f =
domg =X, and rngf,mgg € On. If x = m, then f = g = . If x > m, then consider
the set X' = {y € X, | f(y) # g(y)}. Suppose that X' # @; then X' has a minimal ele-
ment n. Consider the set X,, ¢ X,.. Suppose that f(m) > 0and consider z € X, such that
f(z) = 0. Since f is isotone, it follows from f(m) > f(z) that m > z, which is impossi-
ble. Consequently, f(m) = 0 = g(m) implies m < n, i.e. m € X,,. Cleatly, f|X,, = g|X,.
Since an isotone bijection preserves any exact bounds, we obtain f(n) = f(sup X,)) =
sup f[X,] = supg(X,] = g(sup X,,) = g(n). This contradicts the property n € X'. This
contradiction implies that X' = @, i.e. f = g.

Denote by bij(f) and isot(f) the formulas expressing the properties of the map-
ping f to be bijective and to be isotone, respectively. Consider the formula ¢(x, a;
X)=(X#a AxeXAIf(func(f) A dom(f) = X, A mg(f) = a A bij(f) A isot(f) A
On(a)). By the above, we infer that for x € X only unique f can exists, and there-
fore, only unique a, i. e. the formula ¢(x, a; X) is functional. Consider the function
H=[plUl={ze U=+ U|3x,aeU(z=(x,a) A o’(x,a; X))} c U+ U depending on
parameter X € U.

Consider the formulaqu(x, a;X)=(X+o AxeXANTfe U(funcU(f) A (dom(f)
=X)Y A (mg(f) = a)V A bijU(f) A isotU(f)) A OnY(a)) for x, a, X € U. By virtue of
transitivity of U and the property of absoluteness of the corresponding subformulas
of this formula (see Lemma 12.10 from [Jech, 2003]) we have func?(f) & func(f),
(dom(f) = X,)V & (dom(f) = X,), (mg(f) = a)! & (mng(f) = a), On"(a) & On(a),
bijU(f) < bij(f), and isotU(f) & isot(f). Therefore, (pU(X, X))o X+aAXxeXA
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3f € Ufunc(f) A domf = X, A mg(f) = a A bij(f) A isot(f)) A On(a))fora, x, X €
U. Consider the set Z = dom H. Since Z ¢ X € U and U is quasitransitive, we get Z € U.
Hence, property 4 from the definition of a scheme-universal set implies ¢ = rng H € U.
Thus, H is a function from Z into c. Since the set e = @ € U is an isotone bijection such
thatdome =X,, =@ € Uandrnge = @ = 0 € A, we conclude that H + 2.

Leta € B € c.Then, 8 = H(y) forsome 8 € Onandy € Zsuch that ¢V (y, ; X). This
means that y € X and there is an isotone bijection g € U such that dom(g) = X, and
rng(g) = B. Since Bis an ordinal number, we conclude that « is also an ordinal number
and o ¢ . Consider x = g7'(a) € X,. If t € X, ¢ X, then g(¢) < g(x) = a, i.e. g(t) € .
Ify € a, then y € fand we can take an element z = gy e X, . It follows from g(z) =
y <« = g(x) that z < x, i. e. z € X,.. Moreover, g(z) = y. This implies that the function
f = glX, maps X, on a. Clearly, it is bijective and isotone. Since f c g € U and U is qu-
asitransitive, we get f € U. Hence, o = H(x) € c. This means that the set c is transitive.

Let «, B € c. Then, a = H(x) and f = H(y) for some «, $ € On and x, y € Z such
that <pU(x, o; X) and <pU(y, B; X). This means that x, y € X and there are isotone bijec-
tions f, g € U such that dom(f) = X,, dom(g) = X,,, rng(f) = «, and rng(g) = B. Since
a and S are ordinal numbers, we see that « € § or § € « or « = . Therefore, the set ¢
linearly ordered with respect to the binary relation € U =.

Let @ # a C c. By the regularity axiom there is r € a such that r N« = @. Take any
s € a such that s € r or s = r. It follows from r N « = @ that s ¢ r. Hence, s = r. This
means that r is a minimal element in «. Consequently, ¢ is well-ordered.

Thus, we have proven that c is an ordinal number.

Check that the function H is bijective and isotone. Let x, y € Zand x < y. Then, for
ordinal numbers a = H(x) and b = H(y) there are isotone bijections f, g € U such that
dom(f) = X,, dom(g) = Xy, mg(f) = a, and rng(g) = b. Consider the ordinal num-
ber a’' =g(x) e b. If t € X,, then t < x <y implies g(t) < g(x) = d’, i.e. g(t) e a'. If
« € a' c b, then for the element s = g7 («) it follows from & < a’ thats < x,i.e.s € X,
and g(s) = a. Therefore, the function f' = g|X, is an isotone bijection from X, onto a’.
IT follows from the uniqueness proven above that f’ = f. Thus, f c g implies a c b.
Suppose that a = b; then, X, = f'[a] = f''[a] = g '[a] = g"'[b] = X,. This contra-
dicts the inequality x < y. Hence, a € b, i.e. a < b. Conversely, let x,y € Zand a < b.
Since a € b, we can take the element x" = g7'(a) € X,. If t € X,n, then t < X' <y
implies g(t) < g(x") = a, i.e. g(t) € a. If « € a c b, then for the element s = g7\(«) it
follows from « < a that s = g7 (a) < g7'(a) = X", i.e. s € X,» and g(s) = «. Therefore,
the function f” = g|X, is an isotone bijection from X,» onto a. Consider the isotone
bijections p=f":a>» X, and p" = 7 a s X,». We prove, as above, that
p = p". Consequently, X, = X,» implies x = x" < y.

Thus, the surjective function H is isotone. Therefore, H is an isotone bijection
from Z c X onto ¢ € A. Assume that Z # X; then, the set X\Z has a minimal element y.
Consider the initial interval X,. Ifx € X, thenx € Z,i.e. X, cZ. Conversely, let x € Z.
Suppose that y < x. Consider the ordinal number a = H(x). For it there is a bijection
f € Usuch that dom(f) = X, and rng(f) = a.If y = x, then y € Z, which is impossible.
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Suppose y < x. Consider the ordinal number b = f(y) € a and the isotone bijection
g = fIX, from X, onto b. Since g ¢ f € U and U is quasitransitive, we obtain g € U.
Hence, b = H(y) and y € Z, which is impossible. This contradiction implies x < y, i.e.
X € Xy. As a result, we obtain Xy =Z.

Consider the set Y =Z u {y} and define the function f: Y —» a=c + 1 set-
ting fIZ=H and f(y) = c. Let x,x' e Y and x < x". If x,x' € Z, then f(x) = H(x) <
H(x') = f(x").If x € Zand x' =y, then f(x) = H(x) € cimplies f(x) < ¢ = f(x). There-
fore, f is strictly monotone. Conversely, let f(x) < f(x') for x, x' € Y. If x, x' € Z, then
H(x) < H(x') implies x < x'. If xe Zand X' =y, thenx <y =x".If X' €e Zand x = y,
then f(x') = H(x') € c. Consequently, f(x') < ¢ = f(x). This contradicts the condition.
As a result, we obtain x < x'. Hence, f is isotone, and therefore, f is bijective.

Assume that X\Z # {y}. Then, the non-empty set X\Y has a minimal element x.
If x = y, then x € Y, which is impossible. If x < y, then x ¢ X\Z,i.e.x € Z c Y, which
is also impossible. Hence, y < x. Lett € Y. If t e Z=X,, thent <y < x,i.e. t € X,. If
t =y < x, then we again get t € X,. Therefore, Y c X,. Conversely, if t € X,, then t < x
impliest ¢ X\Y,i.e.t € Y. Asaresult, we obtain Y = X,. Consequently, f is an isotone
bijection from X, onto a. It follows from y € X € U that y € U. Hence, (y, c) € U and
{{y, c)} € U. Further, H c Z + c € U implies H € U by vitrue of the quasitransitivity
of U, and therefore, f = H U {{y, ¢)} € U. This means that a = H(x) € ¢ € a, which is
impossible. This contradiction implies X = Y. Thus, f is an isotone bijection from X
onto a.Sincea = cU {c} € U,wegeta € A.

If Z=X,thenputa =candf = H.

Thus, in any case, we have constructed the isotone bijection f € U from X onto
a € A. Since |X| c a € U, the quasitransitivity of U implies |X| € U. O

Now, let us show that in a scheme-universal set, as in a universal set, the e-induction
principle similar to the e-induction principle in ZF holds (see Lemma 4 (A.2.2) and
Lemma 5 (A.4.1)).

Lemma 3. Let U be a scheme-universal set, C c U, andVx € U(x c C = x € C). Then,
Cc="U.

Proof. The proof is similar to the proof of Lemma 5 (A.4.1) except its central part
changing as follows. Denote R by R,. Consider the following formula of ZF: ¢(x, y) =
(x ew Ay =R,). Consider also the formula ¢"(x,y) = ((x € )V A (y = R)Y) for
x,y € U. Since x, w, y, R, € U, using the transitivity of the set U, one can prove that
(x € w)U oXxewe(y= RX)U © y = R,. Hence, (pU(x, y) © ¢(x,y) for x,y € U. Con-
sider the function

[plUl={ze U U|3x,y € Uz=(x,y) Ao’ (x,y))} =
fzeU=U|3Ix,yeUlz=(x,y) A p(x,y))} =
{zeU«U|3IX,yeUiz={,y) AxewAy=R)cUxU.
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Itis clear thatdom[¢|U] = wéA = mge|U] ={g € U | Ip € w(q = R,)}. Since [p|U] =
w — U, properties 5, 4, and 2 from the definition of a scheme-universal set guarantees
that A € U and Q = UA € U. Evidently, Q = {y | 3n € w(y € R,,)}. Hence, R,, c Q for
every n € w, and therefore, P = R, c Q. It follows from the uniqueness property men-
tioned above that u(m) = u(n)|(m + 1) forall m < n,i.e. R} = R} forevery k e m + 1.
Therefore, UR, = UR™ = UR™! = R™1 =R, ... O

m+l =

For a scheme-universal set, as well as for a universal set, the following analogue of
the von Neumann identity holds (see Lemma 7 (A.3.3) and Lemma 6 (A.4.1)).

Lemma 4. Let U be a scheme-universal set. Then,
1) V,eUforeverya e OnnU;
2) U=u(V,cU|aeOnnU).

Proof. 1.Consider thesets A=0nnUand C' ={a € A | V, € U}and the classes C" =
On\UandC = C'uC”.ByLemma20 = V, = @ € U. Hence, 0 € C. Let « € C. Suppose
thata+1 € A.Since a € a +1 € U, by property 1, we get « € U, and therefore, « € A N
C = C'. Then, the condition V,, € Uimplies V., = V,UP(V,) € U by virtue of proper-
ties 2and 3. Therefore, a+1 € C' ¢ C.Ifa+1 ¢ A, then weimmediately geta+1 € C” c C.

Let « be a limit ordinal number and « c C. Suppose that « € A. If 8 € «, then
BeaeUimpliesBe AnC=C.

Consider the functional formula ¢(x,y)=(xca=>y=V,) A (x ¢ a =y = 2).
Then, [p|U] ={z | Ix e Uy e Uz=(X,y) N(Xca=>y= VX)U/\(X¢(x:>y:Q)U)
A « € U}. Since, by condition, « € U and x € a = v, € U, this formula is equivalent
totheformula{z |Ix e Uy e Uz=(x,y) A(xcea=y=V)A (X ¢a>y=0))}
Evidently, in this case, [¢|U] = a« — U and rng[e|U] = (V, |y € a). By property 4,
(V, |y € «) € U, and therefore, V, = U(V, |y € «) € U. Hence, x € C' c C. If a ¢ A,
then we immediately get « € C" c C.

By the transfinite induction principle we conclude that C = On, and therefore,
C'=A.

2. It follows from the above that V, c U for every o € A. Hence, P=U(V, | a €
A) c U. Check that P satisfies the e-induction principle from Lemma 3. Consider the
formulagp(u,z)=(ueP=z=smiacA|lpeV)HAu¢P=z=0).

Letx € Uand x c P.If x = @, then x € P. In what follows, we assume that x # @.
If y e x c P, then y € V, for some « € A. Hence, ¢(y) < « € U implies ¢(y) € A by
virtue of Lemma 1. Therefore, we can consider the functional formula y = ¢|x. It is
easy to prove that [y|U] = x — A. By property 4, we get R = ing[y|A] € U, and by
property 2, we get p = UR € U. Since @ # R ¢ On, Lemma 2 (A.2.2) implies that p is an
ordinal number. Consequently, p € A.

If y € x, then [y|U](y) ¢ p implies y € Vi, y), € V, in view of Lemma 1 (A.3.2).
Then, by virtue of Lemma 2 (A.3.2), it follows from x c V,, € V,,,; that x € V,,,;. By
property 3, it follows from p + 1 = p U {p} € U that p + 1 € A. Consequently, x € P.

Now, Lemma 3 implies P = U. O
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Theorem 2. Let U be a scheme-universal set. Then,

1) U=V,forxu=sup(OnnU)=uOnnU)cU;

2) s a scheme-inaccessible cardinal number;

3) the correspondence q : U — x such that U = V,, is an isotone injective mapping
from the class U’ of all scheme-universal sets into the class In' of all scheme-
inaccessible cardinal numbers.

Proof. 1. Since A = On n U contains the element w by property 5, it is non-empty.
Then, by Lemma 2 (A.2.2) x is an ordinal number.

Let % € U. Then, according to the properties of a scheme-universal set, we get » +
1=xU{»}eU.Sincex +1€0n,wegetx+1€e(0OnnU),ie »+1<xn whichis
impossible. Hence, » ¢ U.

Suppose that » = « + 1 for some ordinal number «; then, « € U since » ¢ U and
a € n. Since »x = « U {a}, the properties of a scheme-universal set imply » € U, which
is impossible.

Thus, x is a limit ordinal number.

Therefore, V, = U[Vﬁ | B €xn). By Lemma 4, we get U=U(V, |a € A). f a € A,
then « < » implies V, c V.. Hence, U c V,.. If f € % = UA, then § € « € A for some
a. Property 1 guarantees that € A. Therefore, V,, c U.

Thus,U=1V,.

2. Obviously, » # 0.

Suppose that the ordinal number » is not scheme-regular; then Ja(« € % A [¢|U] =
a— n A U rgle|U] = ») for some formula ¢(x,y, p). But « € U and » c U im-
ply mgle|U] € U in view of property 4 of a scheme-universal set, and therefore,
urng[e|U] € U. Hence, Urng[¢|U] # ». This contradiction provides that the ordinal
number » is scheme-regular.

Let A be an ordinal number such that A < ». Since A € » c U, property 2 im-
plies P(A) € U. By Theorem 1, we get |P(1)| € U. Hence, |P(A)| < . Assuming that
» = |P(A)| € U, as above, we arrive at a contradiction. Therefore, |P(1)| < .

3. Using Lemma 1 (A.3.2), we conclude that » is unique. Therefore, we can de-
fine the mapping q : U’ — In’ such that q(U) = », where U = V. Lemma 1 (A.3.2) also
guarantees that q is isotone. |

Corollary 1. If U is a scheme-universal set, then |U| is a scheme-inaccessible cardinal
number, |U| = sup(Onn U), and U = V y,.

Proof. By Theorem 2 U =V, for the scheme-inaccessible cardinal number » =
sup(On N U). By Lemma 3 (A.8.1) » = |V, | = |U|. O

Theorem 3. For any set U the following conclusions are equivalent:
1) U is a scheme-inaccessible cumulative set;
2) U is a scheme-universal set.
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Proof. (1)  (2). Let U = V,, for a scheme-inaccessible cardinal number » > w. Prove
that the set U is scheme-universal. The property x € U = x c U follows from
Lemma 3 (A.3.2).

The property x € U = P(x) € U follows from Lemma 6 (A.3.2). The property x €
UAyeUs= xuy € Ufollows from Lemma 5 (A.3.2). The propertyx e Uny € U =
{x, ¥}, (x, ), x = y € U follows from Corollaries 1 and 2 to Lemma 5 (A.3.2). The prop-
erty w € U follows from Lemma 7 (A.3.2). The property x € U = ux € U follows from
Lemma 5 (A.8.1). The property x € U A [¢|U] = x — U = 1ng|¢|U] € U follows from
Corollary 1 to Lemma 4 (A.8.1). Thus, the set U is scheme-universal.

(2) F (1). This deduction follows directly from Theorem 2. O

A.8.3 Supertransitive standard models of the ZF set theory in the ZF set theory

In this subsection, we consider supertransitive standard models of the ZF set theory
in the ZF set theory.

Proposition 1. In the ZF set theory, the following conclusions are equivalent for a set U:
1) U is a supertransitive standard model set for ZF;
2) U s a scheme-universal.

Proof. Consider an arbitrary sequence s = x, ..., Xgs o of elements of the set U and
translations of some axioms and axiom schemes of the ZF theory with respect to the
standard interpretation M = (U, I) on the sequence s.

Instead of 0,[s] and M k ¢[s], we write 0" and (pt for terms 6 and formulas ¢,
respectively.

To simplify the further presentation, we first consider the translations of certain
simple formulas. Let u and v be some sets.

The formula u € v translates into the formula (u € v)! = (¥, v!) € B). Denote the
last formula by y. By definition, this formula is equivalent to the formula (Ix3y(x €
UAyeUn @,vY =(x,y) A x €y)).Using the property of an ordered pair, we con-
clude that u' = x and v' = y. Therefore, it is deduced from y that 8 = (u' € v'). By the
deduction theorem, y = §. Conversely, consider the formula §. It was proven in ZF
that for sets u‘ and v' there is a set z such that z = (uf, v'). By virtue of logical axiom
scheme LAS3 we deduce from the formula 8 the formula (z = (uf, v!) s u' e U A v €
U A z= v A ut evh).Since the formula z = (uf, v') is deduced from the axioms,
the formula (u' e U A vl € U A z = (u', v') A u' € V') is also deduced. By LAS13, we
deduce the formula Ix3y(x e UAy € U A z = (x,y) A x € y) equivalent to the for-
mula z € B, and therefore, to the formula y. By the deduction theorem, § = y. Thus,
the first equivalence (u € v)! & u' € v! holds.

The formula v ¢ w translates into the formula (v ¢ w)‘. Denote the last formula by
e. By the first equivalence proven above is equivalent to the formula ¢’ = Vu € U(u ¢
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v = u e wh). According to LAS11, from the formula ¢’ we deduce the formula ¢ =
(xeU= (xevi = xewh). Ifx e V', then v € U and transitivity of U imply x € U.
Then, the formula ¢ implies x € v = x € w'. Consequently, by the deduction theo-
rem we deduce (¢ = (x € v/ = x € w')). By the rule of generalization (Gen) the for-
mula Vx(e = (x € v/ = x e w')) is deduced. By LAS12, we deduce the formula (¢ =
vx(x € vl = x € wh), i. e. the formula (¢ = v! ¢ wh).

Conversely, let the formula v* ¢ w' be given. Using the logical axioms, we sequen-
tially deduce from it the formulas (u € vV @ u e wH)and (u e U = (u € v! = u e wh)).
By (Gen) we deduce the formula £'. Hence, by the deduction theorem, we get the for-
mula (v¢ ¢ w' = ¢). Thus, the second equivalence (v ¢ w)! & v ¢ w! holds.

We obtain the third equivalence (u = v)' & u' = v' in exactly the same way as the
first equivalence.

In what follows, we will write not literal transformations of axioms but their equiv-
alent variants obtained by using the mentioned equivalences.

The extensionality axiom Al translates into the formula A1’ & A1Y = VX € UVY €
UVueUueXecoueY)=X=Y).

The pair axiom A2 translates into the formula A2' & A2V = Vu € Uvv € U3x €
UvVzelU(zexoz=uVvz=v).

The union axiom A4 translates into the formula A4' & A4Y = vX € U3Y € Uvu €
UueXoe3dzelU(uezAzeX)).

The power set axiom A5 translates into the formula A5' & A5Y = VX € U3Y €
UVuelUucXouey).

The replacement axiom scheme AS6 translates into the formula scheme

AS6' & Vx € UVy € UVY' € U("(x,y) A" (x,Y) =y =Yy) =
=>VXeUaY e UVx e Ux e X = Vy € U(¢°(x,y) = y € Y)),

where ¢" and ¢ are denotations of the formulas M F ¢[s*] and M k ¢[s°] and s*
and s° denote the corresponding changes of the sequence s under translation of
the quantifier overformulas indicated above. Denote the last formula scheme by
a=p.
The empty set axiom A7 translates into the formula A7' & A7Y = 3x € Uvz €
U(z ¢ x).
The infinity axiom A8 translates into the formula A8' & A8 =3Y e U(z' €
YAVye U(y €Y= (yu{y}® e€Y)), where
the set @' is determined by the formula A7Y;
- theset Z, =Z,(y) = (y U {y})" is determined by the formula 37, € Uvu € U(u €
ZioFzelUlueznzely, y1);
- the set Z, = Z,(y) = {y, {y}}° is determined by the formula 3Z, € Uvu € U(u ¢
Zyeou=yVvu={y});
— the set Z; = Z5(y) = {y}* is determined by the formula 3Z; ¢ UVu e Uu € Z; &
u=y).
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Since M is a model of the ZF theory, all the translations written above are deducible
formulas in the ZF theory.

Therefore, the formula A7V asserts the existence of some x € U denoted by o'. If
z € U, then A7V implies z ¢ x. Now, suppose that z ¢ U and z € x. Then, by virtue of
transitivity of U we obtain z € U, but it contradicts the condition. Hence, z ¢ x. Thus,
wededucez ¢ x. By (Gen) the formula Vz(z ¢ x) meant x = @ is deduced. Thus, @ =
and @ € U.

Checknow thatify € U, then Z; = {y}. Letu € Z;.Since Z; € U and U is transitive,
we get u € U. If u € U, then the formula for Z; presented above implies u = y, where
u € {y}. Therefore, Z; c {y}. Conversely, suppose u € {y}. Then, u =y. Since y € U,
we get u € U, where, by the same formula, we obtain u € Z;. Consequently, {y} c Z;,
which implies the required equality. This equality eliminates the index p in the for-
mula for Z,.

Using this equality, show that Z, = {y, {y}}. Let u € Z,. Then, as above, u € U.
Therefore, the formula for Z, presented above implies u =y or u = {y}, where u €
{y, {y}}. Consequently, Z, c {y, {y}}. Conversely, suppose u € {y, {y}}. Then,u =y € U
oru = {y} = Z; € U,i.e.u € Uinboth cases. Hence, by the same formulawe getu € Z,,
where {y, {y}} ¢ Z,. This implies the required equality. This equality eliminates the
index o in the formula for Z;.

Finally, we verify that if y € U, then Z, =y U {y}. Let u € Z,. Since Z, ¢ U and U
is transitive, we get u € U. It follows from the formula for Z, that there exists z € U
such that u € z and z € {y, {y}}. Therefore, u € U{y, {y}} = Z, i.e. Z, c Z. Conversely,
suppose u € Z. Then, there exists z € {y, {y}} such that u € z. It follows from z = y €
Uorz={y} =Z; € U that z € U. Then, the formula presented above implies u € Z;.
Hence, Z c Z;, which implies the required equality. This equality eliminates the index
7 in the formula for A8".

All said above implies A8" =3Y e U(@ e Y AVy e Uy € Y = yu{y} e YV)).Ify €
Y, then it follows from Y € U and transitivity of U thaty € U.Then, yu{y} € Y deduced
from this formula. By the deduction theorem, we deducey € Y = y U {y} € Y. By the
generalization rule we deduce Vy € Y(y U {y} € Y). Thus, we deduce from A8 the for-
muladY e U@ € Y AVy € Y(y u{y} € Y)) almost coinciding with the infinity axiom
and asserting the existence of an inductive set Y € U.

Using the obtained translations, let us prove that the set U is scheme-universal.

Consider the formula A2Y. According to it, for any u, v € U there is a correspond-
ing set x € U. If z € x, then by transitivity of U we get z € U. Therefore, the formula
z=uV z=visdeduced fromit. If z=u v z = v, then z € U, and therefore, it is de-
duced from A2V that z € x. Since A2V is deducible in ZF, by the deduction theorem
and the generalization rule, the formula Vz(z € x & z = u v z = v) is deduced. This
formula means that x = {u, v}. Hence, {u, v} € U. By the deduction theorem, we de-
duce the formula u, v € U = {u, v} € U. This implies {u} € U and (u, v) € U.

Consider the formula A4Y. According to it, for any X € U there is a corresponding
set Y € U. As above, transitivity of U implies Y = uX. Consequently, uX € U, and by
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the deduction theorem, we deduce the formula X € U = uX € U. This implies that it
follows from X, Y e Uthat X U Y = U{X, Y} € U.

Consider the formula A5Y. According to it, for any X € U there is a corresponding
set Y € U. Clearly, Y ¢ P(X). Let y € P(X). Then, y ¢ X € U implies y € U in view of
quasitransitivity of U. Hence, Y = P(X). Therefore, P(X) € U, and by the deduction
theorem, we deduce X ¢ U = P(X) € U.

IfX,YeU,thenX+Y c P(P(XuY)) € Uimplies X « Y € U in view of quasitran-
sitivity of U.

Consider the inductive set Y € U, whose existence was proven above. Since w is
the smallest among all inductive sets, we get w ¢ Y. By the quasitransitivity property,
this implies w € U.

Property 4 from the definition of a scheme-universal set holds automatically.

Thus, we have proven that (1) + (2).

(2) + (1). Let U be a scheme-universal set. According to A.8.2, it is supertransitive.
Consider the standard interpretation M = (U, I) of the theory ZF. We have translated
above some axioms and axiom schemes of ZF under the interpretation M on the se-
quence s. Prove that they are deducible in ZF.

Consider the formula A1V. Let X, Y € U and x=VueU@ueX o ucY)Takean
arbitrary set u. If u € X, then by transitivity of U, we obtain u € U, and therefore, the
formula u € Y is deduced. Similarly, we deduce u € Y from u € X. Then, by the deduc-
tion theorem, the formula u € X © u € Y is deduced, and by the generalisation rule
(Gen), the formula Vu(u € X © u € Y) is deduced. According to the extensionality ax-
iom Al, the equality X = Y is deduced. By the deduction theorem, in ZF, the formula
x = X = Y is deduced. Further, by logical tools we deduce A1l

Consider the formula A2Y. Let u, v € U. By the property of a universal set {u, v} €
U. It follows from the pair axiom A2 thatVz € U(z € {u, v} © z =u Vv z = v). Then, by
LAS13, we deduce 3x € UVz € U(z € x © z = u V z = v). Further, by logical tools we
deduce A2".

The separation axiom scheme AS3 translates into the formula scheme AS3' &
VXeUIYeUVuecUueY o ueXA ¢ (u), where Y is not a free variable in ¢(u)
and ¢" denotes the formula M k ¢[s’], where s™ denote the corresponding changes of
the sequence s under translation of the quantifier overformulas vx(...), 3Y(...), and
Vu(...) indicated above. According to AS3 for X € U there is Y such that Vu € U(u ¢
Yo ueXA¢'(u). Since Y c X € U, by Lemma 1 (A.8.2), we get Y € U. Therefore,
AS3!is deduced in ZF.

Similar to the deducibility of A2, we verify the deducibility of A4’ and A5'.

Let us verify the deducibility of AS6'. Suppose that the formula « holds. Consider
the set X € U. According to the separation axiom scheme AS3, the set F={z € U |
Ix,y € Uz = (x,y) A ¢°(x,y))} exists. Clearly, F c U = U. It follows from transitivity
of U that X c U. Therefore, there is a set Z = F[X] ¢ U. Consider the set G = {z € U |
W,yeUz= A", y)AxeX)}=FIXcX«Z LetxeXcU.Ifx ¢ domGgG,
then G(x) = @ € U.Letx e dom G,i.e. G{(x) # @.Ify, y' € G{x) c U, then the formula
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o (x,¥) A ¢°(x,y') or, more precisely, the formula ¢’(x,y, X, Y) A ¢°(x,y', X, Y)
holds (since X and Y can be free variables of the formula ¢°). Since ¢"(x,y) =
o (X, ¥, X | Xy [s], Y || Yy [s]) and, similarly, for y’, by virtue of LAS11 we obtain
" (x,y) A ¢%(x,y"). Hence, the formula « implies y = y'. Therefore, G{x) = {y} € U.
Thus, G{x) € U for every x € X. By properties 4 and 2 of a scheme-universal set, we
getY,=mgG=U(G(x) | xeX)el.

IfxeXcU,yeU, and¢’(x,y), then (x,y) € G implies y € Y,,. This means that
the formula f deduced from the formula «. By the deduction theorem, the formula
a = fis deduced, and therefore, the scheme AS6! is deduced.

According to Lemma 2 (A.8.2), @ € U. Then, we deduce A7¢ from this and A7.

Consider the formula A8” and the set w € U. It follows from the above that @' =
@ € w.Lety € U and y € w. Then, as above, we check that Z; = {y}, Z, = {y, {y}} and
Z, =y U {y} € w. By the deduction theorem, we deduce (y € w = Z; € w). Further, by
logical tools we deduce (@' € w A Vy € U(y € w = (YU {y})" € w)), and therefore, the
formula A8'.

The regularity axiom translates into the formula A9' © A" =VX e UX + o' =
IxeUxeX A (xnX) =ga'), where
- the set @' is determined by A7Y and, as was proven above, it coincides with the

empty set @,

- the set Z=(x n X)" is determined by the formula 3Z ¢ UVu e Uue Zs u ¢

X AueX).

Checknow thatif X e Uand x e U, then Z=xn X. Let u € Z. Since Z € U and U is
transitive, we get u € U. Therefore, it follows from the formula for Z thatu e x A u €
X,i.e.u € xn X. Hence, Z c x n X. Conversely, supposeu € xn X,i.e.u e x A u e X.
Then, by virtue of transitivity we get u € U and the mentioned formula implies u € Z.
Thus, xnX ¢ Z, which implies the required equality. This equality eliminates the index
7 in the formula A9°.

LetX € Uand X #+ @' = @. By the regularity axiom there is x € X such that xnX =
@. By virtue of transitivity we get x € U. Further, by logical tools we deduce A9".

Finally, the choice axiom A10 translates into the formula

A10" & A107 =
=VXeUX# o '=3zeU(z= PO\ - X) A

AVY e U(Y e (PX)\{2}) = z(Y)° € Y))),
where
- thesetZ, = Z,(X) = (P(X)\{@})? is determined by the formula 3Z, € UVu € U(u €

ZyeouePX)P Autiol),
- theset Z, = z(Y)? is determined by the formula (Y, Z,)” € z,
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and ¢’ = (z = P(X)\{@} — X)" denotes the formula M F ¢[s’], where s* denote the
corresponding changes of the sequence s under translation of the quantifier overfor-
mulas VX(...) and 3z(...) indicated above.

Fix the conditions X € U and X # @' = @ € U. As was shown above, this implies
P(X)? = P(X) and {2}’ = {@}. This equality eliminates the index p in the formula
for Z,.

Check that Z; = P(X)\{@} = Z. Let u € Z,. Since Z; € U and U is transitive, we
get u € U. Then, the formula for Z; implies u € Z. Hence, Z; c Z. Conversely, sup-
pose u € Z. Since P(X) € U and U is transitive, we get P(X) c U. This implies u € U.
Consequently, the mentioned formula implies u € Z;. Therefore, Z c Z;, which im-
plies the required equality. This guarantees that Z; is replaced by Z in the formula
A107.

Consider the formula ¢ = (z = Z — X). It is the conjunction of the following
three formulas: ¢, = (z ¢ Z % X), ¢, = (domz = Z),and ¢; = (Vx(x e Z = Vy(y e X =
Wy eX= )y eznxy)yez=y=y))))).

Then, ¢ " =¢{ A¢; A¢g;. Since ¢ =(NVuuez=3IxIyxeZAyeXAu-=
(x,y)))), we obtain ¢ o VueUuez=>IxeclUFyelUxeZAyeXAnu=
(x,¥)))). Similarly, it follows from ¢, = (Vx(x € Z = Jy(y € X A {x,y) € 2))) that
g WxelxeZ=3yeclUyecXAN Xy c2)).

Finally, ¢ © (Vx e Ux e Z=Vy e Ulye X =V e UQY e X = ((x,y)’ €z A
X,y ez=y=y)N).

By the transitivity property for x, y, and y' in the formulas ¢, ¢; & ¢5, we
have x, y, y' € U. Therefore, as was shown above, the equalities (x, y)° = (x, y) and
(x,¥"Y? = (x,y") hold in these formulas. This implies that the formulas @1, ¢;, and
@5 differ from the formulas ¢;, ¢,, and ¢, respectively, only by bounded quantifier
prefixes V--- € U and 3--- € U. For X by the choice axiom A10 there is z such that
x=((z=sZ-X)AVY(Y eZ=2z(Y)eY)).

Hence, the formula ¢ = ¢; A ¢, A @5 is deduced, and therefore, the formulas ¢,,
¢,, and ¢ are also deduced.

Let u € U and u € z. Then, it is deduced from the formula ¢, that there are x € Z
and y € X such that u = (x,y). Since x e Z € U, y € X € U, and U is transitive, we
get x,y € U. This means that for the given conditions u € U and u € z the formula
IxeUyeUxeZAyeXAu={x,y)°)isdeduced. Applying the deduction theo-
rem and the deduction rules twice, we deduce the formula ¢;.

Let x € U and x € Z. Then, we deduce from the formula ¢, that for x, thereis y ¢
X such that (x, y) € z. It follows from y € X € U that y € U. This means that for the
given conditions x € U and x € Z the formula 3y € U(y € X A {x,y)° € z)is deduced.
Therefore, as above, we deduce the formula ¢;.

LetxeU,xeZ,yeUyeX, ¥y eUy €X, (x,y) €z,and {x,y') € z. Then, it
is deduced from ¢, that y = y'. Applying alternately the deduction theorem and the
deduction rules several times, we deduce the formula ¢3.

Thus, the formula ¢" is deduced.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

A.8.4 Tarski scheme sets. Characterization of all natural models of the ZF set theory =— 277

Sincez=Z->X,wegetz(V)={z(Y).If YeUand YeZ, =2, then Z, e U
implies (Y, Z,)? = (Y, Z,). Then, (Y, Z,) € z implies Z, € z(Y), where Z, = z(Y).
Therefore, for the function z, the conditions Y € Uand Y € Z, imply Z, = z(Y) € Y.

Since Z=Z7, € U and X € U, we get Z + X € U. It follows from z c Z « X by
Lemma 1 (A.8.2) that z € U.

Thus, we see that it is deduced from axiom A10 that there exists the object z € U
satisfying the formula y, implying the formula & = (" AVY e U(Y € Z, = Z, € Y)).
Consequently, we deduce the formula 3z € U & from the fixed conditions. Applying
alternately the deduction theorem and the generalization rule several times, we, as a
result, deduce the formula A10°.

Thus, M is a supertransitive standard model of the ZF set theory. O

Corollary 1. Any uncountable scheme-inaccessible cumulative set V,, is a supertransi-
tive standard model set for the ZF set theory.

Proof. The assertion follows from Proposition 1 and Theorem 3 (A.8.2). O

Using Theorems 2 and 3 (A.8.2) and Proposition 1, we infer the following theorem.

Theorem 1. In the ZF set theory, the following conclusions are equivalent for a set U:
1) U =V, for the scheme-inaccessible cardinal number » = |U| = sup(On n U);
2) U is a supertransitive standard model set for the ZF set theory.

Proof. (1)  (2). By Theorem 3 (A.8.2), the set U = V,, is scheme-universal. By Proposi-
tion 1, the set U is a supertransitive standard model set.

(2) + (1). By Proposition 1 U is scheme-universal. By Theorem 2 (A.8.2) U = V,, and
u = sup(0On n U). By Corollary 1 to Theorem 2 (A.8.2) » = |U]. O

This theorem yields the canonical form of supertransitive standard model sets for the
ZF set theory. Thus, we have described all natural models of the ZF set theory.

A.8.4 Tarski scheme sets. Characterization of all natural models of the ZF set theory

A set U in the ZF set theory will be called a scheme Tarski set if:

1) x € U = x c U (the transitivity property);

2) xeU= Pkx),uxeU;

3) vp, e Ullex,y, DIU] = (a(x;)|U) — €) A €€ |U|l = (o(x;t)|U) € U), where
¢ and ¢ are metavariables denoting arbitrary formulas of ZF;

4) weUand|U|c U.

It follows from A.71 that any Tarski set of uncountable cardinality is a scheme
Tarski set.
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Lemmal. If Uis a scheme Tarski set and x € U, then |x| € |U]|.

The proof is completely the same as the proof of Lemma 2 (A.7.1).

Lemma 2. Any scheme Tarski set is supertransitive.

The proof is completely the same as the proof of Lemma 1 (A.7.1).
Lemma 3. If U is a scheme Tarski set and x, y € U, then {x}, {x, y}, (x,y) € U.

Proof. Consider the formulas o;(s;u) = (s = u), o5(s;u, V) = (S =u V s = v), ¢,(s, t; u)
=(s=u=t=0), and @5, Eu,V)=(s=u=t=0A(S=vAv=u=t=0)A
(s=vAv+u=t=1).Then, X; = (o,(s; x)|U) = {x} and X, = (oy(s; X, y)|U) = {x, y}.

Consider the correspondences f; = [¢,(s, t; x)|U] and f, = [¢,(s, ; x, y)|U]. If s €
X, and (s, t) € f;, then s = x and ¢ = 0. Therefore, f, is an injective mapping from X;
into {0} =1 € |U|. By property 3, X; € U.

Now, let s € X, and (s, t) e f,. lf s=x,thent=0.If s=y Ay =x, then t = 0. If
S =y Ay # x, then t = 1. Therefore, f, is an injective mapping from X, into {0, 1} = 2 €
|U]. By property 3, X, € U. Thus, we conclude that (x, y) € U. O

Corollary 1. If U is a scheme Tarski set and x,y € U, thenx Uy € U.
Proof. Lemma 3 and property 2imply x Uy = U{x, y} € U. a
Corollary 2. If U is a scheme Tarski set and x,y € U, thenx =y € U.
Proof. Since x x y ¢ P(P(xUy)) € U,by Lemma 2, weget x =y € U. O

Lemma 4. Let U be a scheme Tarski set, ¢(a, b;7) be a formula in the ZF, and x € U. If
7 € Uand [¢(a, b;7)|U] = x — U, then mgle(a, b;7)|U] € U.

Proof. Denote [¢(a, b;7)|U] and ng[¢|U] for a given 7 € U by f and R, respectively.
Consider the formula p(b; 7, y) = 3a € y¢(a, b; 7). Then, (p(b; 7, x)|U) ={b € U | Ja ¢
U(a € x A ¢¥(a, b;7))} = R for given 7, x € U.

Consider the formula y(b, ¢;7,y) =Va € c(a € y A ¢(a, b;7)) A Va € y(p(a, b;7)
= a ¢ c) and the correspondence [y(b, ¢; 7, ¥)|U] = {t ¢ U«U | 3b, c € U(t = (b, c) A
Vaeclaey A <pU(a, b;7)) AVa € y(<pU(a, b;7) = a € ¢))}. Itis easily proven that the
correspondence g = [y(b, c; 7, x)|U] is an injective mapping from R into S = P(x) such
that g(b) = f'(b) for every b € R.

Properties 2 and 4 and Lemma 1, we get S € U, |S| € |U|, and |S| € U. Con-
sider some bijection h : S — |S|. By Corollary 2 to Lemma 3 S = |S| € U. It follows
from h c S = |S| that h € U by virtue of Lemma 2. Consider the formula x(s, t;e) =
((s, t) € e). Then, for value of the parameter e equal to h, we have [x(s, t; h)|U] =
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{zeU=xU|3s,t e U(z=(s,t) A(s,t) € h)} = h. It remains to take the composition
of the mappings g and h. For this purpose consider the formula {(b, t;7,y, e) = 3s €
Py)Va e s(acy A ¢(a,b;7)) AVa € y(p(a, b;7) = a € s) A (s, t) € e) and the cor-
respondence [{(b, t;7,y,e)|Ul ={ze U = U|3b,t € U(z=(b,t) A Is € P(y)(Va €
saecy A ¢Y(a, b;P) AVa e y(@¥(a, b;?) = a € s) A (s, t) € e)}. It is clear that F =
[{(b, t;7, x, h)|U] = h » g. Consequently, F is an injective mapping from R to |S| € U.
By property 3, R € U. O

Proposition 1. Any scheme Tarski set is scheme-universal.

Proof. The assertion follows from properties 2 and 4, Lemma 3, Corollaries 1 and 2 to
Lemma 3, and Lemma 4. O

Theorem 1 (the Zakharov theorem on the characterization of natural models of the ZF

set theory). In the ZF set theory, the following conclusions are equivalent for a set U:

1) Uisascheme-inaccessible cumulative set,i.e. U = V, for some scheme-inaccessible
cardinal number »;

2) U s a scheme-universal set;

3) U is a supertransitive standard model set for the ZF set theory;

4) U is a scheme Tarski set.

Proof. The equivalence of (1) and (2) follows from Theorem 3 (A.8.2).

The equivalence of (2) and (3) follows from Theorem 1 (A.8.3). The deduction
(4) + (2) follows from Proposition 1 (A.8.3). (1) - (4). Let U = V,, for some scheme-
inaccessible cardinal number » > w. Show that U is a scheme Tarski set. The property
x € U = x c U follows from Lemma 3 (A.3.2). The property x € U = P(x) € U follows
from Lemma 6 (A.3.2). The property x € U = Ux € U follows from Lemma 5 (A.8.1).
Property 3 follows from Lemma 6 (A.8.1). The property w € U follows from
Lemma 7 (A.3.2). Finally, the property |U| c U follows from Lemma 1 (A.3.2) and
Lemma 1 (A.8.2). Thus, U is a scheme Tarski set. |
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B Local theory of sets as a foundation for category
theory and its connection with the Zermelo -
Fraenkel set theory

Introduction

The crises that arose in the naive set theory at the beginning of the 20th century
brought to the origin of some strict axiomatic theories of mathematical totalities.

The most widely used of them are the theory of sets in Zermelo — Fraenkel’s
axiomatics (ZF) (see A.2 and also [Kuratowski and Mostowski, 1967; Tourlakis, 2003b])
and the theory of classes and sets in Neumann — Bernays — Godel’s axiomatics (NBG)
(see 1.1 and also [Kelley, 1975; Mendelson, 1997]).

These axiomatic theories eliminated all the known paradoxes of naive set the-
ory at the expense of the sharp restriction of possible expressive means. At the same
time, they gave the opportunity to include almost all then-existing mathematical
objects and constructions within the framework of these theories.

In 1945, the new mathematical notion of a category was introduced by Eilenberg
and MacLane in their initial paper [Eilenberg and MacLane, 1945]. Henceforth, the cat-
egory theory became an independent branch of mathematics. But from the very be-
ginning, the category theory unfortunately not did not go within the framework of the
theory of sets in Zermelo — Fraenkel’s axiomatics but even within the framework of the
theory of classes and sets in Neumann — Bernays — Godel’s axiomatics NBG (see [Eilen-
berg and MacLane, 1945]).

By thisreason, S. MacLane [1961] put the general problem of constructing a new and
more flexible axiomatic set theory that could serve as an adequate logical foundation for
all the naive category theory.

Different variants of new axiomatic theories of mathematical totalities, adjusted
for ones or others needs of category theory, were proposed by C. Ehresmann [1957],
P. Dedecker [1959], J. Sonner [1962], A. Grothendieck [Gabriel, 1962], N. da Costa
[1965, 1967], J. Isbell [1966], S. MacLane [1969, 1971], S. Feferman [1969],
H. Herrlich, and G. Strecker [1979], and others.

C. Ehresmann, P. Dedecker, J. Sonner, and A. Grothendieck introduced the impor-
tant notion of a (categorical) universe U, i.e. such totality of objects, which satisfies
the following properties of closedness:

1) X € U= X c U (Ehresmann - Dedecker did not propose this property);
2) XeU=PX),uXeU;

3) X,YeU=XUY,{X,Y}L,(X,Y),XxYeU;

4) XeUA(FeU¥ =mgFeU;

5 weU(w=1{0,1,2,...}is here the set of all finite ordinal numbers).

https://doi.org/10.1515/9783110550948-003
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Within the framework of such a universe, it is possible to develop a quite rich cate-
gory theory, in particular, the theory of categories with direct and inverse limits. To
satisfy all needs of category theory, these authors proposed to strengthen the ZF or
the NBG set theory by the strong axiom of universality, postulating that every set be-
longs to some universal set. In MacLane’s axiomatics, the existence of at least one uni-
versal set is postulated. Similar versions were proposed by J. Isbell and S. Feferman.
Herlich - Srecker’s axiomatics have dealings with objects of three types: sets, classes,
and conglomerations.

Within the framework of each of these axiomatics, some definitions of a cate-
gory and a functor are given. But the notions of a category given in [Isbell, 1966;
MacLane, 1969; 1971; Feferman, 1969; Herrlich and Strecker, 1979] are not closed with
respect to such important operations of naive category theory as “the category of
categories” and “the category of functors” (see [Hatcher, 1982, 8.4]).

Within the framework of the axiomatic theories from [Ehresmann, 1957; Dedecker,
1959; Sonner, 1962; Gabriel, 1962, the definition of a U-category, U-functor and natu-
ral U-tranformation consisting of subsets of a universal set U is given. This notion of
a category is closed with respect to such operations as the V-category of U-categories
and the V-category of U-functors, where 'V is some universal set containing the uni-
versal set U as an element.

Axiomatics from [Da Costa, 1965; 1967] also give definitions of a category and a
functor closed under mentioned operations of naive category theory. But N. da Costa
uses logic with non-constructive rule of deduction ¢(V,), ¢(V,), ¢(V3),--- + Vt ¢(t),
where V,, V,, ..., V,,, ... is an infinite sequence of constants which denotes universes
like the NBG-universe (see [Da Costa, 1967]).

In connection with logical difficulties of constructing a set-theoretical foundation
for all naive category theory, different attempts to construct purely arrow-axiomatic
foundations were undertaken (see [Lawvere, 1966; Blanc and Preller, 1975; Blanc and
Donnadieu, 1976]). Butin attempts of arrow-axiomatic description ofindexed categories
and fiber categories, their own logical difficulties appeared (see [Hatcher, 1982, 8.4]).

Consider now more precisely what the mentioned above formulation of MacLane’s
problem means. To do it, we need to have the strict definition of a category. This defini-
tion became possible after the elementary (= first-order) category theories T, took their
shapes. There are many such theories, two-sorted and one-sorted (see, for example,
[MacLane, 1971, 1.3, 1.8], [Hatcher, 1982, 8.2], [Goldblatt, 1979, 2.3, 11.1]). But for every
set theory S, there exist canonical one-to-one correspondences between the totalities
of models of these theories in the theory S. Therefore, for the strict definition of a
category, one can use any elementary theory T.. According to the definition of Law-
vere [1966] (see also [Hatcher, 1982, 8.2]), a category in some set theory S is any model
of the theory T, in the theory S. The complete [a partial] formalization of naive cate-
gory theory C in the set theory S is an adequate translation of all [some] notions and
constructions of naive category theory C into strict notions and constructions for cat-
egories (as models of the theory T,) in the set theory S.
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Along with the notion of a category in the set theory S, there exists also the notion
of an abstract category in S. An abstract category in the set theory S is any abstract
model of the theory T. in the set theory S. The complete [a partial] abstract formal-
ization of naive category theory C in the set theory S is an adequate translation of all
[some] notions and constructions of naive category theory C into strict notions and
constructions for abstract categories (as abstract models of the theory T.) in the set
theory S.

According to these definitions, abstract categories in the ZF set theory can be con-
sidered also on classes (as abstracts of the ZF set theory), and abstract categories in
the set theory NBG can be considered also on assemblies (as abstracts of the the-
ory NBG). However, the complete abstract formalization of naive category theory C
in any set theory S is impossible because it is impossible to take abstracts of abstracts.
Only a partial abstract formalization of C in S is possible. It means that the notions of
an abstract category in S and a partial abstract formalization of C in S have only an
auxiliary value with respect to the notions of a category in S and the complete formal-
ization of C in S.

Therefore, more precisely, the MacLane’s problem is understood as constructing a
set theory that admits the complete formalization of naive category theory C in this set
theory.

According to the definitions, mentioned above categories in the ZF set theory can
be considered only on sets, but categories in the set theory NBG can be considered
also on classes. But the complete formalization of naive category theory C in these set
theories is impossible because it is impossible to define the operations “the category
of categories” and “the category of functors” (at least nowadays we have no methods
of approach to this formalization).

By this reason, C. Ehresman, P. Dedecker, ]. Sonner and A. Grothendieck proposed
the idea of formalization of naive category theory C within the framework of the ZF+AU
set theory with the axiom of universality AU stronger than the ZF set theory. Using
the totality of universal sets, we can make the complete adequate translation of all
notions and constructions of naive theory C to the strict notions and constructions for
categories in ZF+AU. It holds also for the sets theories of N. da Costa.

For other mentioned set theories, such a complete translation is impossible.
Therefore, the theory ZF+AU and the sets theories of da Costa are the most adequate
with respect to MacLane’s problem. Moreover, by virtue of the deficiency of da Costa’s
set theories mentioned above the set theory ZF+AU is more preferable.

However, the theory ZF+AU is too strong for the complete formalization of cat-
egory theory by virtue of redundancy of the totality of all universal sets, because for
formalization of the operations “the category of categories” and “the category of func-
tors” it is sufficient to have only a countable totality of universal sets as it is done in
da Costa’s axiomatics.

The ZF+AU(w) set theory with the axiom of w-universality AU(w) postulating the
existence of an infinite totality of universal sets is weaker than ZF+AU and satisfies
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all needs of the theory C. But it leaves behind the limits of categorical consideration
such mathematical systems that are not elements of universal sets from this infinite
totality.

Therefore, the necessity arose to create a set theory S having an infinite totality U
of some objects of the theory S, called universes and satisfying the following condi-
tions:

1) S has to be in some sense weaker than the redundant ZF+AU;

2) S has to satisfy all needs of the theory C in such an extent as the ZF+AU(w)
does it;

3) inthe contrary to ZF+AU(w) the theory S has not to have objects laying outside of

the totality of universes U.

In 2000, V. K. Zakharov proposed in the capacity of more adequate foundation of cat-
egory theory the local theory of sets (LTS), satisfying all these conditions, and in 2003,
he proposed its equiconsistent strengthening: the locally minimal theory of sets (LMTS)
(see [Zakharov, 2005b; Zakharov et al., 2006]). The main idea of the LTS and the the
LMTS consist in that for the construction of a set theory satisfying conditions 1-3 it is
not necessary to assign a global set-theoretical structure, but it is sufficient to assign
only local variants of this structure in each universe U.

The local theory of sets tries to remain all positive that is contained in the globally
internal concept of Ehresmann - Dedecker — Sonner — Grothendieck.

The locally external ideology of the LTS states that it is necessary to take the NBG-
universe as the basic one and to duplicate externally its local copies, and to get some
hierarchy of universes with the following properties:

1) every class belongs as a set to some universal class, which is a usual NBG-
universe;

2) all subclasses of a given universal class are sets of any larger universal class (the
property of value change);

3) there exists the least universal class (= the infra-universe), belonging to all other
universal classes.

The first of these properties is similar to the axiom of universality mentioned above.

Thus, in the LTS the notion of a big totality becomes relative: totalities that are
“big” in one universe become “small” in any larger universe.

This appendix is devoted to rigorous development of the expressed ideas.

In the first section, all proper axioms and axiom schemes of the LTS are stated and
the important set-theoretical constructions are defined.

In the second section, such key categorical constructions as “the category of cat-
egories” and “the category of functors” are formalized in the LTS. As in the globally
internal concept, in the LTS, all categorical notions and constructions are defined only
within the framework of local NBG-universes. Therefore, categories under considera-
tion are called local.
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In the third section, the notions of ordinals, cardinals, and inaccessible cardinals
in the LTS are introduced, cumulative Mirimanov — Neumann classes are constructed,
and the connection between universal classes and cumulative classes with indices
that are inaccessible cardinals are stated. Through that, it was proven that the as-
sembly of all universal classes in the LTS is well-ordered with respect to the order
by inclusion U ¢ V and has some more complicated structures. Here, we also carry
out the globalization, i. e. for the assembly of all classes we define almost all local set-
theoretical constructions excluding the most important construction of the full union,
which is basic for the construction by transfinite induction.

In the fourth section, the relative consistency between the LTS and the ZF set the-
ory with some additional axioms is stated. It is also shown there that the LTS satisfies
conditions 1 -3 on a set theory S indicated above and, therefore, gives the solution of
the MacLane problem of constructing an adequate foundation for the naive category
theory. The stricter version of the solution is considered in B.6.3.

In the fifth section, the method of abstract interpretation is considered. Further,
with its help, the independence of the introduced additional axioms and the unde-
ducibility in the LTS of the global axiom scheme of replacement are stated.

Finally, in the seventh section, the finite axiomatizability of the LTS and the NBG
set theory is proven.

For the reader’s convenience, this appendix contains all necessary notions as was
done in the whole book. Proofs are all detailed, making them useful for young math-
ematicians.

B.1 The local theory of sets
B.1.1 Proper axioms and axiom schemes of the local theory of sets

The local theory of sets is a first-order theory with two predicate symbols: a binary
predicate symbol of belonging € (write A € B) and an unary predicate symbol of uni-
versality x (write A x), and also with two constants @ (the empty class) and a (the
infra-universe). The set of functional letters in the LTS is empty. By this reason, terms
in the LTS are constant symbols and variables.

Objects of the LTS are called classes.

A notation ¢(#l) is used for the formula ¢(uy, . .., u,_;), where ug, ..., u,_, are free
variables of the formula ¢.

By technical reasons, it is useful to consider the totality C of all classes A satisfying
a given formula ¢(x). This totality C is called the assembly defined by the formula ¢.
The totality C of all classes A, satisfying the formula ¢(x, i), is called the assembly
defined by the formula ¢ through the parameter ti. Along with these, we will use the
notations

AeC=¢(A), AcC=g¢(A,il) and C= {x| p(x)}, C= {x | o(x, i1)}.
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If C = {x | p(x)} and ¢ contains only one free variable x, then the assembly C is called
well-defined by the formula ¢. Assemblies will be usually denoted by semibold Latin
letters.

Every class A can be considered as the assembly {x | x € A}.

The universal assembly is the assembly of all classes V={x|x=x}

An assembly C = {x | ¢(x)} is called a subassembly of an assembly D = {x | y(x)}
(in notation, C ¢ D) if Vx(¢(x) = w(x)). Assemblies C and D are called equal if (C c D)
A (D c C) (in notation, C = D).

We will use the notation {x € A | p(x)} = {x | x € A A p(x)}.

A1l. (The extensionality axiom.) VyVz ((y = z) = (VX (y € X & z € X))).

Let « be some fixed class. A class A will be called a class of the class « (= a-class)
if A c a. A class A is called a set of the class « (= a-set) if A € a.

A formula ¢ is called a-predicative (see [Mendelson, 1997, 4.1]) if for all variables x
all symbol-strings Vx and 3x, occurring in the formula ¢, are situated only in the fol-
lowing positions: Vx(x e a = ...)and Ix(x e a« A ...).

In what follows, we use symbol-strings of the form X, p = xy, ..., Xy, P1s--+» Py
with m > 1and n > 0, assuming that the case n = 0 corresponds to the symbol-string
X1s .- 5 Xy. The variables x, ..., x,, will be called basic and the variables p,, ..., p,

will be called auxiliary (or parameters for ¢). If all variables of ¢ occur among the
symbol-string X, p only, we shall write ¢[X, p].

The short symbol-strings VX and 3X are the designations for the symbol-strings
VX, ...Vx, and 3x; ... 3x,,, respectively.

AS2. (The full comprehension axiom scheme.) Let ¢[x, p] be an X-predicative for-
mula such that the substitution ¢[x || y, p] is admissible. Then,

VXAY(Vy((y € V) & (v € X A ¢ly, P]))).

This axiom scheme postulates that for each class X and any X-predicative formula
¢[x, p], there exists a unique class defined as {x € X | ¢[x, p]}.

Let A be a class and an assembly C = {x | ¢(x)} is defined by A-predicative for-
mula ¢.IfC c A, then the assembly Cis a class. By AS2, there existsaclassB = {x € A |
e(x)}. If x € C, then Vx(p(x) = x € A) implies x € B. Therefore, C c B. Conversely, if
x € B, then, by AS2, x € A A ¢(x),i.e. x € C. Hence, C = B.

A3. (The empty class axiom.)VZ (Vx(x ¢ Z)) © Z = @).

Lemmal. VX (@ c X).
Proof. Denote the formulas x € @ and x € X by ¢ and v, respectively. Since it follows

from A3 that —¢, by rules of deduction we obtain ¢ = y. Applying the rule of general-
ization, we get Vx (x € @ = x € X). |
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A class « will be called universal if « .

A4. (The axiom of equiuniversality.) VUVV (U =V) = (U x © V x)).

This axiom postulates that equal classes are simultaniously universal or not uni-
versal.

A5. (The infra-universality axiom.) ax A YU (Ux = a c U).

This axiom postulates that the class a is the “smallest” universal class. We will
call it infra-universal or the infra-universe.

A6. (The universality axiom.) VX 3U (Ux A X € U).

This axiom postulates that every class A is an element of some universal class.

The following axioms explain what the notion “universality” means.

A7. (The transitivity axiom.) VU (Ux = VX (X e U = X c U)).

This axiom postulates that if « is a universal class, then every a-set is an a-class.

AS8. (The subset (or quasitransitivity) axiom.)

VU(Ux =2 VXVYXeUANYCcX=Yel).

This axiom postulates that if « is a universal class then every subclass of every a-set

is an a-set.

Within the framework of every class « we can define all basic set-theoretical con-
structions.

For every class A the a-class P, (A) = {x € a | x c A} is called the full x-ensemble
of the class A.

A9. (The full ensemble axiom.) VU (Ux = VX (X € U = Py(X) € U)).

This axiom postulates that if « is an universal class and A is an «-set, then P, (4)
is an a-set.

For classes A and B the a-class A|J,B={xca|x e AV xe B} is called the
a-union of the classes A and B; the a-class A(),B={x e a|x € A A x € B} is called
the a-intersection of the classes A and B.

A10. (The binary union axiom.)

VUUx =2 VXVYXecUANYecU=XuyYel)).

This axiom postulates that if « is a universal class then the binary a-union of a-sets is
an a-set. Axioms A10 and A8 imply that the same holds also for the binary
a-intersection.

For a class A consider the solitary a-class {A}, = {x € a | x = A}.

Call the «a-class {4, B}, = {A}, ,{B}, the unordered a-pair, and the a-class
(A, By, = {{A},, {4, B},}, the coordinate a-pair of the classes A and B.

Lemma 2. Let « be a universal class and a, b € . Then, {a},, {a, b}, and {a, b), are
a-sets.
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Proof. If a is an a-set, then by A9 P (a) € a. From {a}, c P (a) by A8, it follows that
{a}, is an a-set.

From A10, now, we have that {a, b}, € a. This fact together with {a}, € «according
to the proven property implies (a, b), € a. O

Corollary 1. Let « be a universal class and a,a’,b, b’ € a and {(a, b), = (a', b"),.
Then,a=a' andb = b'.

For classes A and B, thea-class A «, B={x e a | JyAz(y e ANz € BAX=(y,2),)}
will be called the coordinate a-product of classes A and B.

Lemma 3. Let « be a universal class and A, B € «. Then, A =, B € a.

Proof. Leta € Aand b € B. Then, {a}, c A U, Band {b}, c A U, Bimplies {a, b}, ¢
A u, B.By Al10, A U, B € a. According to Lemma 2, {a}, € P,(A U, B) and {a, b}, €
P,(A U, B). By the same reason, (a, b), = {{a},, {a, b},}, ¢ P,(A U, B). Hence,
{(a, b), € P (P, (A U, B)). Therefore, A *, B c P, (P (A U, B)) € a. By A8, we have
A=x,Be€a. O

Further, A and B will denote some fixed «-classes.

An a-subclass u of the a-class A =, B will be called an a-correspondence from
the a-class A into the a-class B and will be denoted also by u : A —= , B. The for-
mula u c A =, B will be denoted also by u = A — , B. For the a-correspondense
u: A —=, Bconsider the a-classes

domyu={xeca|xecAAN((TyyeBAn(x,y), €u))}and
mg u={ycalyeBA((Tx(xeAA (X, y), €u)l

The a-subclassB, = u{a) ={y e« |y € B A {a, y), € u} of the a-class B will be called
the a-class of values of the a-correspondence u on the element a € A, the a-subclass
ulA'l={yealyeBA @x(xeA A{x,y), € w}ofthe class B the image of the sub-
class A’ of the class A with respect to the a-correspondence u. It is clear that u[{a},] =
u(a) foreach a € A and u[A] = g, u.

If u{a) contains a single element b € B (in such sense that 3y (y € B A u{a) =
{y}.)), then this single element b is called a value of the a-correspondence u on the
element a € A and is denoted by u(a) or by b,,.

An a-correspondence u will be called total if dom, u = A and single-valued if
u{a) = {u(a)}, for every a € dom, u. The single-valued a-correspondence is called
also the a-mapping (= a-function).

The total single-valued «-correspondence u : A — , B is called the a-mapping
(= a-function) from the a-class A into the a-class B and is denoted by u: A —, B. A
formula, expressing the property for the a-class u to be an a-mapping from the «-class
A into the a-class B, will be denoted by u = A —, B.
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An a-mapping u : A —, Bis called:

- injectiveif Vx,y € A(u(x) = u(y) = x = y) (itis denoted by u : A —, B);

- surjective if ing, u = B (it is denoted by u : A —», B);

— bijective (=one-to-one) if it is injective and surjective (it is denoted by
u:A»—», B).

The a-class{x € « | x = A —, B} of all a-mappings from the a-class A into the «-class
B which are a-sets will be denoted by B‘(“a) or by Map (A, B).
A11. (The full union axiom.)

VUUX = VXVYVZIX e UNY cUAN(zCc X5 Y) A
A (Vx(x € X = z(x) € U))) = (1ngy z € U))).

An «-correspondence u from a-class A into a-class B will also be called a (multivalued)
a-collection of a-subclasses B, of the a-class B, indexed by the a-class A. In this case,
the class u and the formula u = A — , B will be denoted also by (B, c B| a € 4),
and u = (B, c B| a € A),, respectively. An a-mapping u from A into B will also
be called a simple a-collection of the elements b, of the a-class B, indexed by the
a-class A. In this case, the class u, the class mgu, and the formula u = A -, B
are denoted also by (b, e B|a € A),, {b,€BlacA},and u= (b, € B|lacAl),,
respectively.

The a-class {y € a | 3x € A(y € B,)} is called the a-union of «a-collection (B, c B |
a € A), and is denoted by U, (B, ¢ B | a € A),. The a-class {y € a | Vx € A(y € B,)}is
called the «-intersection of a-collection (B, ¢ B | a € A), and is denoted by n (B,
Blace€A),.

In these terms and notations, the axiom of full union means that if « is a universal
classand (B, ¢ B | a € A), is an a-collection of a-subsets B, of the a-class B, indexed
by the a-set A, then its «-union U, (B, ¢ B | a € A), is an a-set.

With a-class A, it is associated in the canonical way the a-collection (a C « |
a € A), of one-element w-sets of the a-class A (according to axiom A7, a € A C a im-
plies a ¢ «). The a-union of this a-collection (a c « | a € A), is called the a-union
(= a-sum) of the a-class A and is denoted by U, A. If « is a universal class and A is an
a-set, then U, A is also an a-set. With every a-class A4, it is associated in the canonical
way the simple a-collection (a € A | a € A), of elements of the a-class A. It is clear that
{aeAlacA},=A.

The next axiom serves, in particular, to exclude the possibility for a set to be its
own element.

A12. (The regularity axiom.)

VUUx =2 VXX cUAX+28 =2Ix(xeX Axny X =2)).

The next axiom postulates the existence of the infinite set.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

290 —— B.1 The local theory of sets

A13. (The infra-infinity axiom.)
X Xecang eXAVx(xeX = (xU, {x}, € X))).

Denote the postulated a-set by 7.

This axiom implies that the class @ is an a-set. By axiom A5, @ is an a-set for every
universe a.

Consider the a-class »={Yea|YcnAgeYAVy(@yeY=>ycanyl,
{y}, € Y) Since » c P (), axioms A9 and A8 imply that » is an «-set.

Consider the a-class w={y e a | VY (Y € x = y € Y)}. Since w c 7, we infer by
axiom A8 that w is an a-set. Call it the a-set of natural numbers. By axiom A5, w is
an a-set for every universe a.

Consider the initial natural numbers 0 = ¢, 1=0|J,{0},, 2=1J,{1},, .... From
the definitions of » and w, it follows that 0, 1, 2, --- € w. Byaxiom A7, 0, 1, 2, --- € «
for every universe a.

The last axiom postulates the existence of a choice function.

Al14. (The choice axiom.) VU(Ux = VXX e UAX#+ 2 = 3z((z= PyX) \
{aly =y X) AVY (Y € PyX)\ {@}y = 2(Y) € Y)))).

The description of the list of mathematical axioms and axiom schemes of the LTS
is finished. It was proposed by V. K. Zakharov [2005b].

B.1.2 Some constructions in the local theory of sets

Almost all modern mathematics (except naive category theory and naive theory of
mathematical systems) can be formalized within the framework of the infra-universe
a. Only the mentioned naive theories require using other higher universes.

To show that all naive category theory can be formalized within the framework
of the local theory of sets we need to introduce an analogue of the coordinate a-pair
(A, B), working also with a-classes A and B not only with « sets a and b (see Corol-
lary 1 to Lemma 2 (B.1.1)).

Now, let « be some fixed universal class.

Let A, A', A", ..., be a-classes, where the prime symbol (') is used only for the
sake of uniformity of notations.

The a-collection (o; € « | i € 2),,, such that ay = A and «; = A’ will be called the
(multivalued) sequential a-pair of a-classes A and A’ and will be denoted by (4, A"),.
The a-collection (a; € « | i € 3),, such thata, = A,a; = A’,and &, = A", will be called
the (multivalued) sequential a-triplet of a-classes A, A', and A" and will be denoted by
(4,A',A"),, and so on.

Letnowa, a’, a”, ...be a-sets.

The simple a-collection (a; € « | i € 2),, such that a, = a and a, = a’ will be
called the simple sequential a-pair of a-sets a and a' and will be denoted by (a, a’),.
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The simple a-collection (a; € « | i € 3),, such that a, = a, a, = a’, and a, = a”, will
be called the simple sequential a-triplet of «-sets a, a’, and a" and will be denoted by
(a,a',a"),, and so on.

IfA,A’, B, and B are a-classes and (A, A"), = (B, B'),,then A = Band A’ = B'. If
a, a', b, and b’ are a-sets and (a, a’), = (b, b'),, then a = b and a’ = b’. The similar
properties are valid also for every finite a-collections. Thus, the a-pairs (4, A'), and
(a, a'), possess the mentioned property of the Kuratowski a-pair {(a, a'), (see Corol-
lary 1 to Lemma 2 (B.1.1)). However, in contrast to the latter one, the a-pair (4, A'),
works also for a-classes not only for a-sets.

Let some a-collectionu = (A; c a | i € I), beindexed by a-classI # @. The a-class
[I,AA;jcaliel),={zeal(z: ] -, a) A (Vx(x el = z(x)eA,))} will be called
the a-product of the a-collection u. In the particular case A, A’, A", ...are a-classes,
then the a-classes [],(A4, A"),, [1.(A, A", A"),, ...will be called the a-product of the
a-pair (A, A'),, the a-triplet (A, A', A"),, ...and will be denoted by A x, A’, A x, A'x,,
A" ...

Onecancheckthat Ax, A" = {x ea | Qy3y'(y e ANy € A" Ax=(y,y"), )} Itis
seen from this equality that the a-product Ax, A’ is similar to the coordinate a-product
A *“A’, but in contrast to the latter one, it is a partial case of the general product
[I,(A; caliel,.

IfA=A"=A"=.., then A x, A=A(, =Map,2,A), A x, A x, A=A}, =
Map,(3, A), .... At the same time, A *, A + Afa), between the a-classes A %, A and
Afa), there exists only a bijective a-mapping of the canonical form {a, a') — (a, a’).
Namely, this stipulates the necessity of introducing the non-coordinate a-product
Ax, A Ax A x, A", ...

If n € w, then an a-subclass R of the «-class AE’“) = Map,(n, A) is called n-placed
a-correspondence on a-class A. a-mapping O : AZ’“) —, Aiscalled n-placed a-operation
ona-class A.Notethat O c A x A # AZI)I. Therefore, an n-placed operation O cannot

(o) "

be considered as an (n + 1)-placed correspondence.

B.2 The MacLane problem on a set-theoretical foundation for the
naive category theory. The solution of this problem within the
framework of the local theory of sets

By the naive notion of a category, we mean the notion of metacategory, given by
S. MacLane in [1971]. According to [MacLane, 1971], a metacategory consists of a
objectsa, b, c, ...,arrowsf, g, h, ...,and fouroperations f — domf, f — codom f,
aw— i, andf, g — g - f, satisfying some additional conditions. Unfortunately, even
such a pathological object as the metacategory of all metacategories satisfies this
definition.

The MacLane problem appeared because of the internal contradictoriness of the
notion of metacategory. The aim of any formalization of the naive category theory is 1)
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to construct some axiomatic theory (set-theoretical, arrow or mixed) and 2) to give in it
a strict definition of some fundamental notion that (a) corresponds to the naive under-
standing of a category, (b) is closed with respect to all operations and constructions of
naive category theory, (c) includes in itself all known important concrete examples
of categories, and (d) cuts off such naive pathological examples as the metacategory
of all metacategories.

B.2.1 The definition of a local category in the local theory of sets

Using all notations of the previous section we can formalize the naive notion of a cat-
egory in the following way. For a universe « we define an a-category as a big two-
sorted algebraic system with two relations and one operation (see [Bourbaki, 1954;
1957; Zakharov and Mikhalev, 2000c]). For this purpose we will use the notion of an
a-collection of a-classes and an a-pair of a-classes introduced in the previous section.

Consider fixed a-set Q, consisting of three elements of the class «, denoted by the
signs # o, and <, called the symbol of partition, the symbol of composition, and the
symbol of identification, respectively. The set Q. is called a signature of the category.
Since a ¢ «, we infer that Q. is also an a-set for every universe «.

Fix some universe «.

Consider an a-pair A = (Obj, Arr),, containing two «-classes Obj and Arr, and
the a-collection s, = (w, € « | w € Q.), with the three components{ = s .(#) = #,1 =
Sc(0) =oyq,and J = s.() = .

An a-class C = (4, s.), will be called an a-category (= a category of the class «) if
the a-classes Obj, Arr, {, n, and 9 occur in the sequential conjuction of the following
formulas (written in informal way):

P 1. ({ c (Obj x,, Obj) =, Arr) A (n C (Arr x, Arr) =, Arr) A (9 c Obj =, Arr);

This formula postulates that the partition assignes to every pair of elements of Obj
some a-class of elements of Arr; the composition assignes to every pair of elements of
Arr some third element Arr, and the identification assignes to every element of Obj
some element of Arr.

P.2.(mg,{ = Arr) A (Vx,y € Objx,Obj(x £y = {(x) (), ¢{{y) = @)); {isusually
written in the form of the a-collection { = (Arr(n, %) c Arr | (n, »), € Objx, Obj),; in
this notation the indicated property means that the a-class Arr is equal to the a-union
of this pairwise disjoint «-collection.

P3. (dom,n = {x € « | JuIvIW IV IW' ((u, v,w € Obj) A (V', W' € Arr) A (V' €
Arr(u, v)) A (W' € Arr(v,w)) A (x = (vV/, W) )} A (: dom, 5 — Arr);

P 4. (9:0bj -, Arr) A (VX € Obj(9(X) € Arr(X, X))) A (Vf € Obj(9(f) € Arr
(f, ))); 9 is usually written in the form of the simple a-collection 9 = (i, € Arr | €
Obj),, where i, = 9(r);

P.5. n(Arr(m, x) x, Arr(x, p)) c Arr(m, p) for every elements m, x, p € Obj;
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P.6. n(n(F, G), H)) = n(F, n(G, H)) for every elements n, x, p, 0 € Obj and every
elements F € Arr(m, %), G € Arr(x, p) and H € Arr(p, 0);

P.7. yn(F,i,) = F and y(i,, G) = G for every elements 7, », p € Obj and every ele-
ments F € Arr(x, m) and G € Arr(m, p).

«-Categories defined in such a way can be called local.

Elements F of the class Arr(r, ») are called arrows from the object i to the object .
The formula F € Arr(m, ) is also denoted by F : = — . The correspondence 7 is called
the composition and is usually denoted simply by o; in this case along with o(F, G) we
write also G o F.

An a-category C is called small, if € is an a-set. An a-Category C is called locally
small if every a-class Arr(m, ») is an a-set.

Remark. In category theory, the refusal of the term “a morphism F from an object
to an object »” took its place by the following reason. For algebraic systems U and V,
the notion of homomorphism f from U to V is usual; for smooth manifolds U and V,
the notion of a diffeomorphism f from U to V is usual, and so on; the generalization of
all these notions is the notion of a morphism of mathematical systems (see [Bourbaki,
1954; Zakharov and Mikhalev, 2000b]). However, mathematical systems U, V,... of
a type € and morphisms f from U to V of a status & do not form a category because
the morphism f does not define uniquely the system V; therefore, for some systems,
the property (U, V) # (U', V') = Mor(U, V) Mor(U', V') + @ is possible. But this
property contradicts the property P.2. To form the corresponding category, it is nec-
essary to take not morphisms f from U into V, but triplets (f, U, V), which can be
naturally called arrows from the system U into the system V defined by the morphisms f
(see [MacLane, 1971, 1.8]).

B.2.2 Functors and natural transformations and generated by them “the category
of categories” and “the category of functors” in the local theory of sets

Let € and D be a-categories. An a-class ® = (®,, @), will be called a (covariant)

a-functor (= a functor of the class «) from the a-category C to the a-category D if:

1) @, is an a-mapping from the a-class ObjC into the a-class ObjD;

2) ®;is an a-mapping from the a-class Arr€ into the a-class ArrD;

3) @p(F) € Arr (®(), @y(x)) for every objects m, » € ObjC and every arrow
F e Arre(m, n);

4) ®4(G o F) = ©(G) o ®(F) for every objects m, x, p € ObjC and every arrows
F e Arro(m,n)and G € Arre(x, p);

5 ®y(i,) = ig,y for every object 7 € ObjC.

Usually, a-mappings @, and @ are denoted by one symbol .
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a-Functors are exactly homomorphisms between a-categories considered as alge-
braic systems.

The composition ¥ - ® of an a-functor ® = (®,, ), from C to D and an a-functor
¥ = (¥, Y1), from D to € is the a-functor (¥, o ®,, Y7 o D), from C to E.

The identity a-functor I for the a-category C is the a-functor (idgp;e, idgyelas
containing the two identical mappings for the a-classes ObjC and ArrC, respectively.

Now, we will formalize the operation of naive category theory known as “the cat-
egory of categories”.

Take any universe 3 such that « € f3.

Consider the f-class Catf = {X € B | Xis a a-category} of all a-categories C.

Consider also the g-class f Arrﬁ ={X e B|3Ix3Y3Z((Y, Z are a-categories) A (x
is an a-functor from Y to Z) A (X = (x, Y, Z),))} of all a-functorial arrows F = (®,
e, D),.

For every simple B-pair (€, D), of a-categories € and D, consider the p-class
Tarrf(@, D) ={X € B Ix3IY3IZ((Y, Z are a-categories) A (x is an a-functor from
Y to Z) A (X = (x, Y, 2),)}. Consider the p-collection {' = (Arrf(@, D) cfAr# |
(€, D)y € Cath xz Cath)g.

Consider the B-correspondence #' from/ Arr? Xg TArrf tof ArrP, generated by the
composition of a-functors and consider the f-mapping 9' from C atf to/A rrﬁ such that
9(©) = e, €, €,

These B-classes give us the opportunity to consider the 3-correspondence s.. from
Q. into Bsuch that s.(# = ', s.(c) =#',and s.(-) = 9.

As a result, we get the p-category Ch = ((Catf,”Arrf),, s.) 5. It will be called the
B-category of all a-categories and all a-functorial arrows between them.

Now, let € and D be fixed a-categories. Suppose that ® and ¥ are a-functors from
C to D. A simple a-collection T = (t, € ArrD | m € ObjC), will be called a (natural)
a-transformation from the a-functor ® to the a-functor ¥ if:

1) t, € Arr(®(n), ¥(n)) for every object = from ObjC;
2) W(F) o t,=t, o ®(F) for every objects 7, » from ObjC and every arrow F from

Arre(m, »).

The composition U o T of an a-transformation T = (t, € ArrD | = € ObjC), from
® to ¥ and an a-transformation U = (u,, € ArrD | mw € ObjC), from ¥ to Q is the
a-transformation (u, o t, € ArrD | = € ObjC), from @ to Q.

The identity a-transformation I, from the a-functor @ to the a-functor @ is the
a-transformation (I, € ArrD | m € ObjC), from @ to ®.

Finally, we will formalize the operation of naive category theory known as “the
category of functors”.

Consider the p-class Functﬁ(@, D) of all a-functors from the a-category € to
the a-category D. Also consider the f-class CArrfx; ={XeB|3Ix3Y3Z((Y,Z are
a-functors from C to D) A (x is an a-transformation from Yto Z2) A (X = (x, Y, Z),))}
of all a-transformational arrows F = (T, ®, ¥),.
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For every simple B-pair (®, ¥); of a-functors ® and ¥ from C to D, consider
the S-class CArrﬁ(CD, ¥) = {X € B | 3x ((x is an a-transformation from ® to ¥) A (X =
(x, @, ¥),))}. Consider the B-collection ¢ = (CArrf(®, ¥) c “Arrk | (®, W) € Functf,
€, D) x; Functh(€, D)),.

Consider the -correspondence 1" from “Arrf x; “Arr® to *Arrf, generated by the
composition of a-transformations.

Consider the B-mapping 9" from F unctﬁ(@, D) to CArrg, such that 9"(®) =
[ch’ (D’ d)]‘x.

These B-classes give us the opportunity to consider the -correspondence s/ from
Q. into Bsuch that s (# =", s!!(c) =", and s!/ (o) = 9.

As a result, we get the -category F£(C, D) = ((Functt(C, D), “Arrh),, s)). 1t
will be called the -category of all a-functors from the «-category C to the a-category
D and all a-transformational arrows between o-functors.

The constructions C# and F£(@, D) show that the notion of an a-category is closed
with respect to such important operations of naive category theory as “the category of
categories” and “the category of functors”. Thus, the notion of an a-category has all
the good properties of the notion of an U-category.

B.3 Universal classes, ordinals, cardinals, and cumulative classes
in the local theory of sets

B.3.1 The relativization of formulas of the LTS to universal classes. The
interpretation of the ZF set theory in universal classes

We use the abbreviations Vx € X(¢) for Vx(x € X = ¢) and 3x € X(¢p) for Ix(x €
X A ). As in A.6.1 by ¢, we denote the formula (the relativization of the formula
¢ to the class U) received by changing in ¢ all subformulas of the form Vx(¢') and
Ax(¢') to Vx € Ug' and Ix € Ug', respectively.

Statement 1. Let U be a universal class in the LTS. Consider the interpretation M =
(U, I) of the ZF set theory in the LTS in which the correspondence I assigns to the
predicate symbols €, and =, the binary U-correspondences B={z € U | 3x € U3y ¢
Uz=y)yAxeqsytand E={zeU|Ixe Uy ecUz=X,y)y AN X =15 ¥)} on
the class U. Then, the interpretation M is a model of the ZF set theory in the LTS.

Proof. We need to check that in the LTS there exists a deduction of the formula or the
scheme of formulas M E ¢[s] for every proper axiom or axiom scheme ¢ of the ZF set
theory and every sequence s = x, ..., Xgs - of elements of the class U.

On s, axiom Al is translated into the formula M k Al[s] = A1Y = VX € UVY €
UVueUueX o ueY)= X=Y). By the definition of equality in the LTS, this

formula is evidently deducible.
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On s, axiom A2 is translated into the formula M £ A2[s] = A2V =vu ¢ U(Vv €
UIxeUVzeU(zexoz=uVvz=yv).

For the U-sets u and v, consider the unordered U-pair x = {u, v};. By Lemma 2
(B.1.1) x € U. From the corresponding definitions, we infer that x = {u}, U {v}, ={y €
Ulye{uyvye{vyl={yeUl|y=uvVvys=v} By axiom scheme AS2 (LTS), we
haveVz € U(z € x & z = u v z = v), and we get the desired deducibility.

On s, the axiom scheme of separation AS3 is translated into the scheme M E
AS3[s]=VXeUaY e UVueUueYsoueX A (pU(u,ﬁM[s])),where Y is not a free
variable of the formula ¢(u, p).

By AS2 (LTS), for the U-predicative formula ch(u, Puls]) and U-set X, there
existsan U-class Y = {u € U | goU(u,faM[s]) Aue€eX}tsuchthatue Yo (uelUAuce
XA (pU(u,f)M[s])). Since Y ¢ X € U, we have, by subset axiom A8 (LTS), Y € U, and
it gives us the desired deducibility.

On s, the axiom of union A4 is translated into the formula M k A4[s] = A4V =
VXeUaY e UVzeUVueUluezNzeX>uey).

For the U-set X and the corresponding U-predicative formula, by AS2 (LTS), there
exists the U-class Z={we U|3Ix,ye UxeXANyexAw=xy}cX =y U.
Since Z{x) = x € U for any x € X, by the axiom of full union A11 (LTS), Y = uy(x c U |
xeX)y=mgyZ e U.lfueze X, thenu e Y, and we get the desired deducibility.

On s, the axiom of power set A5 is translated into the formula M k A5[s] = A5V =
VXeUaY e UVueUucX=ucey).

For the U-set X, by AS2 (LTS), there existsan U-class Y = Py(X) = {x ¢ U | x c X}.
By axiom A8 (LTS), Y € U. If u € U and u c X, then, by AS2, u € Y, and we get the
desired deducibility.

On the sequence s, the axiom scheme of replacement ASé6 is translated into the
scheme

M E AS6[s] = Vx € UVy € UVY' € U(¢"(x,y, Byls]) A
AU,y Pulsl) =2y =y)=>VXeUaY e UWxe Ux e X =

= Vy e UpY(x,y, pls]) = y € Y)))))

where p,[s] denotes the line of values of the terms p,, ..., p,,_; on s under the inter-
pretation M.

By AS2 (LTS), for the U-predicative formula ¢V (x, y, p[s]), there exists the U-class
F={zeU|Ix,yecUlz=(x,y)y A q)U(x, ¥, Duls]))}. From the formula scheme cited
above, we infer that the U-classes F is a U-function.

Consider any U-set X and the U-class Y = F[X]. Consider the U-class G = {z € U |
Ix,y e Uz ={x, )y A (pU(x, Vs DulsD) A x e X} = FIX c X« Y. Ifx € X, then G(x) =
@ € U for x ¢ domy F and G(x) = {F(x)} for x € domy; F. Therefore, by the axiom of
full union A11 (LTS), Y =g, G € U.
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Ifxe X,y e U, andch(x, ¥, Duls]), then (x, y), € F.Thus,y € F[X] = Y.It proves
the formula scheme M £ AS6[s].

On s, the axiom of empty set A7 is translated into the formula M  A7[s] = A7 =
dx € UVz € U(=(z € x)).

The empty U-set @15, by axiom A3 (LTS), possesses the necessary property Vz €
Uz ¢ 2115).

On s, the axiom of infinity A8 is translated into the formula M £ A8[s] = 3Y ¢
U eYAVyeUyeY=yuyiylyeY)).

Consider the a-set 7 postulated by axiom of infra-infinity A13 (LTS). By this ax-
iom, o e mand, ify e Uandy € w, theny u, {y}, € n. Check that A = y U, {y}, = yuy
{y}y = B. Let x € A. Then, x € a and x € y V x = y. Since by axiom A5 (LTS) a c U,
then x € U. Therefore, x € B. Conversely, let x € B,i.e.,x € Uand x € y vV x = y. Since
y € 7 € a, we have, by axiom A7 (LTS), y € a. If x € y, then by the same reason, x € a.
If x = y, then again x € a. Thus, in each case x € a. Therefore, x € A. From the equality
which was proven above we infer that y Uy {y}; € 7. It means that the translation of
axiom A8 (ZF) is deduced in the LTS.

On s, the axiom of regularity A9 is translated into the formula M £ A9[s] = VX €
UX+ @ = 3Ixe U e X A xnyX = @)). This formula is evidently deduced from the
axioms of transitivity A7 (LTS) and regularity A12 (LTS).

Finally, on s, the choice axiom A10 is translated into the formula M k A10[s] =
VXeUX+2=2>3z2cU(z=s PyX)\ {(8ly 2y X) AVY e UY € Py(X) \ {8}y =
z(Y) € Y))).

If o +X € U, then by choice axiom A14 (LTS), there exists the class z such
that (z = PyX) \ {8}y =y X) AVY(Y € Py(X) \ {8}y = 2(Y) € Y). By axiom A9,
PyX) € U, and, by axiom A8, A = Py (X) \ {@}y € U. Therefore, by Lemma 3 (B.1.1)
B =AxyX e U.From z c Baccording to axiom A8, we infer that z € U, and that gives
us the required deducibility. O

According to Statement 1, we can use in every universal class U all assertions for
U-classes and U-sets which can be proven in ZF for the classes and sets.

B.3.2 The globalization of local constructions

In the same manner as in ZF for classes (see A.2.1), we define in the LTS for assemblies
A and B and classes A and B the following assemblies:

1) PA)={x]|xcA}h

2) AuB={x|xecAVxecB}

3) AnB={x|xecAAxcB}

4) {A}={x|x=A}L

5) {A,B}={A}U{B}={x|x=AV x =B}

6) (A,B)=1{A,{A,B}};
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7) A+B={x|3ycAIzecBx={(y,2)}
8) UA={x|3yecAxey)

In the same manner as in ZF changing the word “class” to the word “assembly”
and the word “set” to the word “class”, we define in the LTS a correspondence C
with the domain dom C and the class of values g C, a function (= a mapping) F, a
correspondence C : A—— B, a function F : A — B, a (multivalued) collection (B, c B |
a € A)withtheunionU(B, c B | a € A) and theintersectionn(B, c B | a € A), asimple
collection (b, € B | a € A) with the assembly of members {b, € B | a € A}, the (multi-
valued) sequential pair (A, A'), triplet (A, A’,A"), ...of assemblies A,A’, A", ..., the
simple sequential pair (a, a'), triplet (a, a’, a"), ...of classes a, a’, a", ..., the prod-
uct [I(A; c A | i e1) of a collection (A; c A|i€l), the product A x A’, A x A’ x A",
...of the pair (A, A"), triplet (A, A, A"), ...of assemblies A,A’,A", ..., an n-placed
relation R ¢ A" = Map(n, A) on an assembly A, an n-placed operation O : A™ — A on
an assembly A, and so on.

One can check that the pairs (a, b) and (a, b) possesses the usual property:
(a,by={(a',b'yoa=a Ab=b"and (a,b)=(d',b') @ a=a A b=Db'forevery
classes a and b.

With every assembly A, it is associated in the canonical way the collection (a c V |
a € A) of element classes of the assembly A and the simple collection (a € A | a € A)
of elements of the assembly A. The equalities UA = U(a € ViacA)andA={acA|
a € A} are valid for them.

Now, we will state the connection between local notions and constructions and
corresponding global ones.

Lemmal. Let « and f be universal classes, A € «, and A € f. Then, P (A) = Tﬁ(A) =
P(A).

Proof. Let x € P,(A), i.e. x e « and x c A. Since A € f, by axiom A8, x € . There-
fore, x € iPﬁ(A). Hence, P,(4) c iPﬁ(A). The converse implication is checked
analogously.

It is clear that P,(A) c P(A). The inclusion P(A) c P (A) can be checked as
above. O

Corollary 1. For every class A the assembly P(A) is a class.
Proof. By the axiom of universality A6, for A, there exists a universal class « such that
A € a. Then, by the proven lemma, P(A4) = P,(A). But by axiom scheme AS2, P (A)

is a class. O

Lemma 2. Let « and 8 be universal classes, A, B c «, and A, B c . Then, A U, B =
AUﬁB=AUBandAﬂaB:AUﬁB=AﬂB.

printed on 2/10/2023 4:56 PMvia . Al use subject to https://ww.ebsco.confterms-of-use



EBSCChost -

B.3.2 The globalization of local constructions =— 299

Proof. Let x€ A U, B, i.e. x €, and x € A v x € B. Then, x € 8, and therefore,
x € Aug B. Thus, A U, B ¢ A Uy B. The converse inclusion can be checked in the
same way.

Itis clear that Au, B ¢ AUB. Theinclusion AUB c AU, Bis checked as was done
above. O

Lemma3. Let « and f be universal classes, A,B € o, and A, B € . Then, {A}, =
{A}g = {A}, {A, B}, = {A, B}g = {A, Bt and (A, B), = (A, B)g = (A, B).

Proof. If ye{A},={xea|x=A}, then y=A e S, and therefore, ye{xef]|
x = A} = {A}g. Thus, {4}, c {A} g The converse inclusion is checked in the same way.
It is clear that {A}, c {a}. The inclusion {A} c {4}, is checked as was done above.

Now, according to the proven assertions and Lemma 2, {4, B}, = {A}, U, {B}, =
{A}g U, {Blg = {A}s Ug {B}g = {A, B}, Similarly, {A, B}, = {A, B}.

Finally, by Lemma 2 (B.1.1) {4}, € «, {A}s € B, {A, B}, € aand {4, B} € B. There-
fore, by the properties proven above, {A}; € a and {4, B}; € a.

Consequently, applying the equality proven above, we get

(A, B), = {{A}4, {A, Blo}o = {{A}p, {A, Bigl, = {{A}g, {A, Blglp = (4, B)g.
Similarly, (A4, B), = (A, B). O

Corollary 1. For every class A, the assembly {A} is a class.

Proof. By the axiom of universality A6, for A, there exists a universal class « such that
A € a. Then, by the proven lemma {A} = {4},. But, by axiom scheme AS2, {4}, is a
class. O

Lemma 4. Let « and f3 be universal classes, A,B c a, and A,B c 3. Then, A *, B =
AxpB=A=xB.

Proof. Let x€ A *, B, i.e. xea and 3yJz(yc AANzeBAXx=(y,z),). Since
y € A c 3, we have y € . Similarly, z € 8. By Lemmas 2 (B.1.1) and 3 (B.3.2), x =
Vs 2)q = (Vs z)p € B. Therefore, x € § and Jydz(yc AANzeBAx={y, z)ﬁ), i.e.
x € A =g B. Therefore, A x, B ¢ A =z B. The inverse inclusion is checked in the
same way.

It is clear that A *, B c A * B. The inclusion A * B c A %, B can be checked as
above. O

Lemma5. Let « and 3 be universal classes, A, B c aand A, B c f. Then, for every class
u, the following assertions are equivalent:

1) u=sA—=,B]| respectively,u = A —, Bl;

2) usA— s B [, respectively, u = A —g BJ;

3) u= A ——= BJ,respectively,u = A — B].
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Besides, dom, u = domg u = dom u and g, u = IMgg U = rng u.

Proof. (1) + (2). By Lemma 4, u ¢ A =, B = A %, B. Therefore, domgu c A. If x € 4,
then, by (1), x € A = dom, u. Therefore, x € « and (x, y), € u for some y € B. By
Lemma 3, (x, y)ﬁ € u.Hence, x € domﬁ u.Thus, A ¢ domﬁ u. As a result, domﬁ u=A.

Let (x,y) € u and (x, y’)ﬁ € u for some x € A. Then, y,y’ € mgsu C B. Since
x,y,Y €a and x,y,y € B, we infer by Lemma 3, that (x,y), = (X, y)B € u and
(X,¥")a = (x,¥') € u. From (1), we now infer y = y'. It means that u = A —; B.

All other deducibilities are proven in the same manner.

The equalities dom, u = dom, u = dom uand rng, u = gz u = rgu are checked
with the help of Lemma 3 in an obvious way. O

Lemma 6. Let a and f3 be universal classes, A ¢ a, and A ¢ . Then, U,A = UgA = UA.

Proof. By definition, U,A =U,(a ca | a € A), ={z € a | Ty € A(z € y)}. Therefore, if
x € U,A, thenx € y € A c 8, by axiom A7, implies x € 8. Thus, x € UI;A. Thus, U,A ¢
UgA. The inverse inclusion is checked similarly.

It is clear that U,A c UA. The inclusion UA c U,A is checked in the same way as
above. O

Corollary 1. For every class A, the assembly UA is a class.

Proof. By the axiom of universality A6, for A, there exists a universal class « such that
A € . Then, by the previous lemma, UA = U, A. But, U, A, by axiom scheme AS2, is a
class. O

Unfortunately, for classes A and B, we cannot yet prove that the assemblies A U B,
AnNnB,{A, B}, (A, B),and A * B are classes. It will be done in B.3.5 (see Corollary 3 to
Theorem 1 (B.3.5)).

B.3.3 Ordinals and cardinals in the local theory of sets

In the same manner as in ZF, changing the word “class” to the word “assembly” and
the word “set” to the word “class” in the LTS, we can define ordered and well-ordered
assemblies, ordinals and ordinal numbers.

In the same manner as in ZF, changing the word “class” to the word “U-class”,
the word “set” to the word “U-set”, and the word “relation” to the word “U-relation”,
in the LTS for every universal class U we can define U-ordered and well-U-ordered
U-classes, U-ordinals, and U-ordinal numbers with the following change of the defi-
nition of a well-U-ordered U-class. Namely, an U-ordered U-class P is called well-U-
ordered,ifVQQcUAN@+QcP=3IxecUxeQAVyeUlyeQ=x<y)),what
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means that every non-empty U-subclass of the U-class P has the smallest element.
From x, y € Q c P c U, we infer that this formula is equivalent to the formula VQ(& #
Q c P = 3x € Q(Vy € Q(x < y))), cited in condition 5 from the definition of a well-
ordered class in ZF. But in the LTS, this formula has a wider sense, namely, it means
that every non-empty subclass of the U-class P has the smallest element (compare
with Lemma 1 (A.2.2) in ZF).

It implies that the following lemma is fulfilled.

Lemmal. Let U be auniversal class and « € U. Then, the following assertions are equiv-
alent:

1) «is an ordinal number;

2) «ais a U-ordinal number.

Now, we will infer from this lemma that the assembly On = {x | On(x)} of all ordinal
numbers in the LTS is well-ordered by the relation € U =.

Lemma 2. The assembly On is well-ordered by the relation € U =.

Proof. Let«aand Bbeordinal classes and « # . By the axiom of universality A6, « € U
and 8 € V for some universal classes U and V. Then, either « ¢  or § ¢ «. Let for
certainty ¢ «. In this case, by subset axiom A8, the non-empty V-set f\a ={n e V|
n € B An¢a}l e Vhasthe smallest elementy € V. We have y ¢ «, by the definition of
the V-set 8\ a. Since every element y by virtue of the minimality of y is an element
of a, we have y ¢ «. By the subset axiom, y € U. From y ¢ a« and y < «, it follows that
y=a,i.e.aepf.

We proved that € U = is a linear order on the assembly On. Show that this
assembly is well-ordered with respect to the given order. Suppose that we have some
non-empty class S of ordinal numbers. Consider a universe U, containing S. Then,
by axiom A7, S c U. By Lemma 1, S is a U-class of U-ordinal numbers. Since by
Statement 1 (B.3.1), the universe U is a model of the ZF set theory, we infer that the
U-class S of U-ordinal numbers has the smallest element. O

The next lemma is similar to Lemma 1 (A.2.2), but it has completely another proof.

Lemma 3. Let A be a non-empty subassembly of the assembly On. Then, A has the
smallest element.

Proof. By condition, there exists some ordinal number « € A. By the axiom of univer-
sality A6 (LTS), there exists a universal class U such that « € U. Consider the assembly
B={xeU|xeAAx e aUy{a}y}. By full comprehension axiom scheme AS2 (LTS),
this assembly is an U-class. Since « € B ¢ On and the assembly On is well-ordered,
we infer that the class B has the smallest element S. Take an arbitrary element y € A.
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Ify < a, theny € a € U, where, by the axiom of transitivity A7 (LTS), y € U. Therefore,
in this case, y € Band hence y > . If y = «, then again y € Band so y > . Finally, if
y > «, then y > f. Therefore, f3 is the smallest element of the assembly A. |

Lemma 4. Let « be an ordinal number. Then:
1) theassembly «* = a + 1= a U {a} is an ordinal number:
2) «" is the smallest of all ordinal numbers which are greater than the number «.

Proof. 1. By axiom A6, « € U for some Ux. Let x € af; = (&« + 1)y = a Uy {a}y. Then,
x € U and either x € a or x = a. Therefore, x € a*. Let y € a*. In this case, either
y € a or y € a. In both the cases, y € U. It means that y € «f;. Thus, o = af; and
a" is a U-ordinal number and therefore an ordinal number. It is clear that
at > a.

2. Let S be an ordinal number such that 8 > «. Suppose thata* > . Then, 8 € a¥,
i.e. either 8 € a or 8 = «a, but it contradicts to the condition 8 > «a. From this contra-

diction, we infer that 8 > a. O

An ordinal number «* will be called the successor of the ordinal number «.

Lemma 5. If A is a non-empty class of ordinal numbers, then:
1) UA is an ordinal number;
2) UA = sup A in the ordered assembly On.

Proof. By axiom A6, A € U for some universal class U. Then, by axiom A7, A c U.
Consider the assembly X = UA and the U-class Y = uyA. By Lemma 6 (B.3.2), X = Y.
By Lemma 2 (A.2.2) from ZF and Statement 1 (B.3.1), Y is an U-ordinal number;
and therefore, by Lemma 1, it is an ordinal number. Thus, X is also an ordinal
number.

Leta e A.IfX < a,then X € a € Aimplies X € UA = X, but it is impossible. From
which a < X, and so Xis an upper bound of the class A. Let « be an ordinal number and
a > a for every a € A. Suppose that X > «. Then, « € X = UA implies « € a for some
a € A.Hence, « < a, butitis impossible. Therefore, X < a. Thus, X = sup A in On. O

A limit ordinal is an ordinal which is not equal to «* for any ordinal number «.

Asin A.2.2, classes A and B are called equivalent (A ~ B) if there exists a one-to-
one (= bijective) function u : A —» B.

An ordinal number « will be called cardinal, if for every ordinal number  the
conditions 8 < a« and  ~ « imply 8 = a. The assembly of all cardinal numbers will be
denoted by Cn. The assembly Cn with the order, induced from the assembly On, is
well-ordered.

Let U be a universal class. U-Classes A and B are called U-equivalent (A ~; B) if
there exists a bijective U-function u : A > B.

A U-ordinal number « is called U-cardinal if for every U-ordinal number  the
conditions < awand  ~y a imply 8 = a.
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Proposition 1. Let U be a universal class and « € U. Then, the following assertions are
equivalent:

1) «is a cardinal number;

2) «is an U-cardinal number.

Proof. (1) + (2). By Lemma 1, « is a U-ordinal number. Let 8 be a U-ordinal number
suchthat < wand 8 ~; «. It means that there exists a bijective U-mapping f : f >y
«. By axiom of transitivity A7, 8 ¢ « ¢ U. Therefore, by Lemma 5 (B.3.2), f = B » a.
Hence, 8 ~ a. By condition 1, we get 8 = a.

(2) + (1). By Lemma 1, a is an ordinal number. Let  be an ordinal number such that
pB < aand f ~ . It means that there exists a bijective mapping f : f ~—» «. By axiom
A7, B c « c U. Therefore, by Lemma 5 (B.3.2) f = By «a, i.e. B ~; a. By condition
2, we infer 8 = a. O

The power card; A of aset A € Uin auniverse U is a U-cardinal « € U such that there
exists a one-to-one U-mapping f : A = «. The power card A of a class A is a cardi-
nal « such that A ~ «.

Proposition 2. SupposethatA € U € V, Ux,and Vx. Then,card A = cardy A = cardy A <
cardy U.

Proof. Let cardy A = «, a € U, Then, « € V. By definition, there exists a one-to-one
functionf : A >, a. ByLemma 5 (B.3.2), f = Ay a.

By Proposition 1, a is a U-cardinal number. Therefore, o = card,, A.

Similarly, by Lemma 5 (B.3.2) f = A >—» «, and by Proposition 1, « is a cardinal
number. Thus, « = card A.

Show now that cardy A < cardy U. According to Statement 1 (B.3.1), card; A <
cardy U. Suppose thatcardy A =cardy U=«, acV.

From the assertions proven above, we infer that card; A = card, A = « implies
a € U.Byaxiom A7, « c U,a c V,and U c V. By the definition of V-power, there exists
a bijective V-function f : « =», U. According to Lemma 5 (B.3.2), f = a = U. By
the axiom of full union A11, U = gy f € U.

We infer that U € U, but it is impossible. O

An inaccessible cardinal number is defined in the LTS as was done in the ZF set theory.

A U-cardinal number » will be called U-regular if for every U-ordinal number §,
for which there exists a U-functionf : § — »suchthatuy gy f = », itisvalid » < .
A U-cardinal number » > w, = w will be called U-inaccessible if » is U-regular and for
every U-ordinal number A from A € x it follows that P (1) € .

Proposition 3. Let U be a universal class and « € U. Then, the following conditions are
equivalent:

1) «is aninaccessible cardinal number;

2) «ais a U-inaccessible U-cardinal number.
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Proof. (1) + (2). By Proposition 1, « is an U-cardinal number. Let S € U, 8 be a
U-ordinal number, and there exist a U-mapping f : 8 - « such that Uy rngy f = a.
By Lemma 1, 8 is an ordinal number. Since 3, « € U, then, by the axiom of transi-
tivity 8, « ¢ U. Therefore, by Lemma 5 (B.3.2), f = 8 — « and rngy, f = g f, where
a = Uy g f. By Lemma 6 (B.3.2), « = Urng f. Since « is a regular cardinal number, we
infer that « < . Hence, « is a U-regular U-cardinal number.

Let 8 € U, Bis an U-ordinal number and f8 € a. By Lemma 1, 3 is an ordinal num-
ber. Since « is inaccessible, then P(f) € «. By Lemma 1 (B.3.2), Py (B) = P(B) € a.
Therefore, « is a U-inaccessible U-cardinal number.

(2) + (1). By Proposition 1, « is a cardinal number. Let 3 be an ordinal number and
letf : B — abeamapping such thaturng f = a. Suppose that § € o € U. By the axiom
of transitivity A7, § € U. By Lemma 1, $is a U-ordinal number. By A8, 8, « ¢ U. There-
fore, by Lemma 1 f = 8 —; a and rng f = rngy; f. By Lemma 6 (B.3.2) a = urngy f =
Uy gy f. Since « is a U-regular U-cardinal number, we infer that « < < «, butitis
impossible. From this contradiction, we infer that the case 8 € « is impossible. Thus,
a < . Hence, « is a regular cardinal number.

Let 8 be an ordinal number and f3 € «. By axiom A7, $ € U. By Lemma 1 S is a
U-ordinal number. Since « is U-inaccessible, then P;(f) € a. By Lemma 1 (B.3.2) and
Proposition 2 card P(B) = card Py (p) = cardy Py(p) € a. Therefore, « is an inaccessi-
ble cardinal number. |

In the LTS, we can use the principle of transfinite induction by virtue of the well-
ordering of the assembly of all ordinals. Show that

Theorem 1 (the principle of transfinite induction in the LTS). Let C be an assembly of
ordinal numbers such that:

1) oeC;

2) acC=a+1€C;

3) (ais a limit ordinal number A « ¢ C) = « € C.

Then, C = On.

Proof. Suppose that it is not true. Consider the subassembly D = On \ C.

Since the assembly D is not empty, we infer by Lemma 3 that it has the smallest
element.

Then, y + @, because @ € C. Therefore, y is either * for some ordinal number
or a limit ordinal number. Suppose that y = $+1. Since f3 € y, it follows that 8 ¢ D and
soy € C. By condition 2 of the theorem, y = +1 ¢ C. From this contradiction, we infer
that y # 8 + 1. Now, the case remains when y is a limit ordinal number. In this case,
y = supyandy c C; thus, by the condition 3 of the theorem, y = sup y € C. Therefore,
the assembly D is empty and so C = On. O
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Theorem 2 (the principle of natural induction in the LTS). Let C be some assembly in
LTS such that:

1) @eC;

2) foralln € w the condition n € Cimpliesn +1 € C.

Then, w < C.

Proof. Consider the assembly C = C n w. This assembly is not empty because o €
C A @ € w = @ € C,andbesides, it contains only ordinal numbers. Suppose now that
the assertion of the theorem is not fulfilled. In this case, the assembly C = {x | x €
w A x ¢ C}is not empty because it is a subassembly of On, and therefore contains the
smallest element « € w. We know that « # @, because @ ¢ C. Since « € wand « # @,
then there exists 8 such that & = 8 + 1. In this case, 8 € C because « is the smallest
ordinal number in C. By condition 2 of the theorem, in this case, f +1 € C,ie acC,
and we get the contradiction with our assumption. |

B.3.4 Cumulative classes in the LTS and their connection with universal classes

Using all previous material, we will construct cumulative classes in the LTS.

Consider an arbitrary universe U. Since it is a model of ZF, we can, using the con-
struction by transfinite induction, define cumulative U-sets V! for every U-ordinal
number « € U. By the axiom of universality A6 and Lemma 1, for every ordinal num-
ber a we define some cumulative U-set V! for every universe U such that « € U.

Lemma 1. Let U and W be universal classes and « be an ordinal number such that o € U
and o« € W. Then, VY = V.

Proof. We will prove it by the transfinite induction. Consider the subassembly C of the
assembly On, consisting of all ordinal numbers « such that either « € U, « € W and
VV=vV¥ ora¢Uorag¢W.

Sinceg e U, g e W, Vg = @ and VS’ = g, it follows that Vg = Vg’ . Therefore,
@ € C.

Leta € C.Ifa ¢ Uora ¢ W, thenrespectivelya+1¢ Uora+1 ¢ W,i.e.a+1 € C.
Leta € U, a € W. By the facts proven in section A.2, VY., = VY uy, P (VY) and V¥, =
VY uy Pw(VY). By assumption, VY = V! = V,. Since V, € Uand V, € W, it follows
by Lemma 1(B.3.2) that P, (V,) = Py (V,). Hence, VY., = V,uyPy(V,) = Pand V¥, =
V, Uy Py(V,) = Q. Byaxiom A9 (LTS), Py (V,) € Uand Py(V,) € W. Using axiom A7,
we can easily check that P = Q. Thus, Vgﬂ = ngfrl. Therefore, « + 1 € C.

Let « be a limit ordinal number such thata ¢ C.If« ¢ Uora ¢ W, then« € C. Con-
sider the case a € U and « € W. By axiom A7, « ¢ U and a ¢ W. Since a ¢ C, we have
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Vg = V;;V = Vg for all B € a. According to assertions from A.3.1, we get Vg = UU[Vg |
Bea)yand V' = Uy(Vg | B € a)y. Since V = V' = Vgand Vg € U, Vg € W forall
B € &, we can write that V) = Uy (Vg | B € &)y, and V' = Uy (V; | B € )y Show that
R=uy(VglBea)y=uy(VglBea)y=S.

Let x € R.Then, x € Uand x € Vﬁ for some S € «. Since x € Vﬁ € W, we have, by
axiom A7, x € W. Therefore, x € S. Thus, R ¢ S. The converse implication is checked
similarly. Thus, we infer that VY = R = S = V¥, It means that « € C.

By Theorem 1 (A.2.2), C = On. O

Using this lemma, we can for every « € On define in the LTS the cumulative class V_“
(we draw a line over V,, to differ these classes from the corresponding classes in ZF) as
the U-class Vg for every universe U, satisfying the condition « € U. In the result, we
get the Mirimanov — Neumann collection (V,, c V|« € On) in the LTS. It satisfies prop-
erties 1-3 of the Mirimanov — Neumann collection in ZF, listed in section A.2.

Lemma 2. The collection [V c V | a € On) possesses the following properties:
1) a=fe=7V,= Vﬂ,
2) a<Pfe=s7V, ¢ V.

Proof. At the beginning we will show that « < 8 implies V, e Vﬁ Suppose that
B € U for some universe U. Then, « € U implies V, = Vg and Vﬁ = Vg . By State-
ment 1 (B.3.1), our assertion follows now from the fact that in ZF, by Lemma 1 (A.3.2)
a<p=V,eVs Now, we will prove all assertions of the lemma. The assertion
a=B=>V, = = Vj is proven above. If vV, = Vﬁ, then either a < fora =, or < a.
Ifa< B, thenV, e V/;, if B < a, then V/3 € V,, therefore 8 = «.

The assertiona < = V € Vﬁ,IS already proven. If V € Vﬁ,thenoc < fB, because
fora = 8, we have V, = Vﬁ, and for 8 < «, we have Vﬁ eV, |

The following theorem shows that all universal classes in the LTS are cumulative sets
for inaccessible cardinal indices.

Theorem 1. Let U be an arbitrary universal class. Then:

1) x= sup(ﬁ N U) = u(On n U) c U is an inaccessible cardinal number;

2) U= V%;

3) the correspondence q : U — x such that U = V,, is an injective isotone mapping
from the assembly U of all universal classes into the assembly In of all inaccessible
cardinal numbers.

Proof. 1. Since A =0n n U is a non-empty class, because it contains the element
0 = @, we infer, by Lemma 5 (B.3.3) that x is an ordinal number.

Suppose that » is not a cardinal number. In this case, there exist an ordinal
number « < x and a bijective function f : « »> x. Since » ¢ U and « c U, we have,
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by Lemma 4 (B.3.2) « * x = « *; ». Therefore, f is a U-function f : a »> ». Since
a € x c Uand f(x) € x c U for every x € 3, by the axiom of full union, for the uni-
versal class U we infer that x = rng, f € U n On and therefore, by the axiom of
binary union, x;; = % Uy {x}y € U. By Lemma 4 (B.3.3) x;, = »* € On. Thus, 1, <
n < %{,, but it is impossible. From this contradiction, we infer that s is a cardinal
number.

Suppose that the cardinal » is not regular. Then, « = cf(x) < ». By definition, there
exists a function f : « — x such that sup f[«] = x. As above, f isa U-function f : « —
wand gy f € U.Itis clear that gy f c f[«]. Conversely, if y € f[a], theny = f(x) for
some x € a. Since f(x) € » c U, we have y € U. Consequently, y € rng, f. As a result,
fla] = gy f € U. By the axiom of full union, » = supfla] = Uf[a] =Uy(ly c U |y €
flal)y € U. Similarly, as was done before, the property » € U brings us to the contra-
diction. Therefore, » is a regular cardinal.

Let A be a cardinal number such that A < ». Since A € » c U, we have, by the
axiom of full ensemble and by Lemma 1 (B.3.2) P(1) = Py (1) € U. Consequently,
a = card P(A) = card Py (7). According to Proposition 2 (B.3.3), this last number is
equal to the number card; Py(A) € U. Thus, a € U N On. Therefore, « < %. Suppose
that » = a. Then, x € U. But as above this property leads us to the contradiction. As a
result, we infer that « < .

Now, it remains only to show that »x > w. Since w € a (see after axiom A13 in sec-
tion B.1), we have w € Uand so w + 1 = w U {w} € U. Therefore, w € w + 1 € A implies
w € UA = u.

Assertion 1 is proven.

2. From (1) it follows that » is a limit ordinal number.

Therefore, V, = U[Vﬁlﬂ € ). Since B € » c U, we have, by the definition, 7[; =
Vg c U. Consequently, V,, c U. Conversely, let x € U. By Lemma 7 (A.3.3) IT = Vin ZF.
Similarly, Uy (VY | « € Onn U) = U in the LTS. Therefore, x € VU for some « € A c U.
Since VY = V,, we have x € V, c V,.. Therefore, U c V,.. As a result, we infer that
Uu="v,.

3. From Lemma 2, we infer that » is unique. Therefore, we can define a mapping
q : U — In such that q(U) = », where U = V,,. From Lemma 2 we also infer that q is
isotone. O

Corollary 1. IfUis auniversal class, then » = card U is an inaccessible cardinal number
andU =V,

Proof. According to Theorem 1, we only need to show that for any inaccessible cardi-
nal number », we have card Vu = .

Consider some universal class W such that » € W. In this case, V, = V) € W. By
Proposition 2 (B.3.3), carqu = cardy, Vu Since the universe W is a model of ZF, by
Lemma 2 (A.3.3) the property x = card, V¥ = card V,, is fulfilled in it.
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Therefore, if U is a universal class, then, by Theorem 1, U = V_u, where » is an
inaccessible cardinal number. Our assertion now follows directly from the property
card U = card V, = ». O

Corollary 2. In the LTS, the equality U(V,, | « € On) = V is valid.
Proof. We need to show that for an arbitrary class x in the LTS the assertion x ¢ U[V_“ |
« € On) is valid, i. e. there exists « € On such that x € V.

By the axiom of universality, there exists a universe U such that x € U, and, by
Theorem 1, U = VM for some » € On. Therefore, x € 7%, i.e.our assertion is true. O

Theorem 1 allows to make the following conclusions about the structure of the assem-
bly U = {U | U} of all universal classes.

The relation € U = is a relation of order on the assembly U. We will denote it by
<, i.e. U< V,if U e Vor U = V. By axiom A7, the assembly U is transitive. Therefore,
U € Vimplies U c V. Thus, U < V implies U c V. We will prove now that these rela-
tions are equivalent.

Proposition 1. Let U and V be universal classes. Then, the relation U < V is equivalent
to therelation U c V.

Proof. We only need to check that U c V implies U < V. By Theorem 1, U = V and
V =V, for some inaccessible cardinals 7z and ». If 7 = %, then U=V_=V, = V. If
7 < u, then, by Lemma2 U = V,_ € V, = V. Finally if = > », then, by the same lemma,
V=V, eV, =Uc V,butitis impossible. Therefore, U < V. O

Corollary 1. The infra-universe a is the smallest element in the assembly U of all univer-
sal classes.

Corollary 2. If U is a universal class, then either U = aora € U.

Corollary 3. With the universal class a it is associated a unique inaccessible cardinal
number »* such that a = V.. This number is the smallest in the assembly In of all inac-
cessible cardinal numbers.

Thus, in the LTS, there exists at least one inaccessible cardinal number.
Prove now that in the LTS there exists more than one inaccessible cardinal number.

B.3.5 The structure of the assemblies of all universal classes and all inaccessible
cardinals in the local theory of sets

Proposition 1. Inthe LTS for every ordinal number a, there exists an inaccessible cardi-
nal number » such that o < x.
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Proof. By the axiom of universality, « € U for some universal class U. By Theo-
rem 1 (B.3.4), U =V, for some inaccessible cardinal ». By definition, V, = V! ¢
U=7V,.By Lemma 2 (B.3.4) « < ». Suppose that » = a. Then, » € U. But this prop-
erty leads to the contradiction, as it was shown in the proof of Theorem 1 (B.3.4).
Therefore, « < . O

This property is similar to the axiom of universality, which postulates that every class
in the LTS is an element of some universal class.

The parallelism between properties of universal classes and inaccessible cardi-
nals in the LTS is confirmed also by the following assertions.

Theorem 1. The assembly U of all universal classes with respect to the order C is
well-ordered. Furthermore, every subassembly of the assembly U has the smallest
element.

Proof. Let @ # A c U. Using the injective and strictly monotone mapping q : U — »
from the assembly U into the assembly On of the form U = V, from Theorem 1 (B.3.4),
we can consider for the assembly A the subassembly B = g[A] = {x | x € On A 3U €
A(z = q(U))} of the assembly On. By Lemma 3 (B.3.3), it has the smallest element 7,
which is an inaccessible cardinal. Since 7 € B, we have 7 = q(U) for some U € A, i.e.
U = V,. Since the mapping q is injective and strictly monotone, it follows that U is the
smallest element in the assembly A. O

Corollary 1. For every class A, there exists a universe U(A) which is the smallest in the
assembly of all universes U such that A € U.

Corollary 2. The intersection NA = {x | VU € A(x € U)} of any non-empty assembly
A of universal classes is a universal class.

Proof. By Theorem 1, the subassembly A of the assembly U has the smallest element
U.lItisclearthatnA c U.IfV € A, then U < Vimplies U c V. Therefore, U c NA. Thus,
NA = U. O

Theorem 1 allows to finish the globalization of local constructions, which was started
in B.3.2.

Corollary 3. For every class A and B, the assemblies A U B, AN B, {A, B}, (A, B), and
A * B are classes.

Proof. By the axiom of universality A6, for A and B, there exist universal classes 8

and y such that A € Sand B € y. By Theorem 1, either 8 c y or y c B. Therefore, there
exists a universal class « (o« =  or a = y) such that 3, y c a. Thus, A, B € «. By the
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axiom of transitivity A7, A, B c a. Therefore, by Lemmas 2—-5 (B.3.2) AuB = Au, B,
AnB =An,B,{A, B} ={A, B},, (A, B) = (A, B),,and A« B = A x,B. By axiom scheme
AS2, the right parts of all these equalities are classes, because they are defined by
a-predicative formulas. O

Corollary 4. Letn € w\1andF be an assembly such that F is a mapping from the class n
into the assembly V. Then, the assembly F is a class.

Proof. Consider theassembly K’ ¢ n, consisting of all natural numbers k € n such that
the assembly F|(k + 1) is a class. Consider the assembly K" = w \ n and the assembly
K=K uK".

Since F|1 = (0, F(0)), we infer by Corollary 1to Theorem 1 that F|1is a class.

Let ke wand ke K. If k < n — 1, then k + 1 € n. Since in this case k € K, the
assembly F|(k + 1) is a class. By Corollary 3 to Theorem 1, the assembly (k + 1, F(k + 1))
is also a class. Now, from the equality F|(k + 2) = F|(k + 1) U {¢k + 1, F(k + 1))} by the
mentioned corollary we infer that the assembly F|(k + 2) also is a class. It means that
k+1eK cK

Ifk>n-1,thenk+1> nimpliesk+1 e K" cK.

Applying Theorem 2 (B.3.3), we conclude that w ¢ K ¢ w. Therefore, K’ = n. Con-
sequently, n — 1 € K’ means that the assembly F = F|((n — 1) + 1) is a class. O

Corollary 5. Let A, A’, A", ... be classes. Then, the assemblies (A, A'), (A, A’,A"), ...
are classes.

Proof. By definition, the assemblies (4, A"), (A, A’, A"), ... are the particular cases of
sequences (A, ..., A,_;) when n € w\ 2. But, by the previous corollary, the sequences
(Ag,..., A, ) areclasses. |

Thus, the assembly V of all classes in the LTS allows us to produce almost all set-
theoretical constructions which are possible in a universal class or in the NBG-
universe, except the construction of full union, which is basic for the construction
by transfinite induction. The fact that the construction of full union is impossible
in the LTS follows from Statement 1 (B.6.1). It means that the global assembly of all
classes in the LTS with respect to its constructive possibilities is much more poor than
local universal classes in it.

The next theorem describes the structure of the assembly U of all universes in the
LTS. It is proven with the help of Theorem 1.

Theorem 2. In the LTS, for every n € w, there exist a unique universal class U and a
unique U-sequence of universal classes u(n) = (U, € Ulk € n + 1)y such that U, = a,
U, € U, forevery k € l € n+1andif Vis anuniversalclassand U, c V € U, thenV = U,
for some k € n + 1 (the property of incompressibility).
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From the property of uniqueness, it follows that u(n) | m + 1 = u(m) for all m < n,
i. e. these finite sequences continue each other.

Proof. Consider the set N, consisting of all n € w, for which there exist a unique uni-
versal class U and a unique sequence of universal classes u = u(n) = (U, e U | k €
n+1)ysuchthat Uy = a, Uy € U, forany k € | € n+1and if V is a universal class and
UycVeU,thenV = U, forsomeken+l1

By Corollary 1 to Theorem 1, for the infra-universe a, there exists a universe U*
which is the smallest from all universes U such that a € U. Since the universe U = U*
and the sequence (U € U | k € 1) such that U, = a, satisfy all mentioned properties,
wehaveO € N.Letn € N. ConsidertheassemblyV={i |ix Au+UAVken+1(u+
U,)}. By axiom A6, for U, there exists a universal class K such that U € K. Therefore,
the assembly V is non-empty and consequently, by Theorem 1, it contains the smallest
element V.Clearthat V + Uand V = U* > U,.Suppose that V € U.Then, U, < V € U,
by supposition, implies A = U, for some k € n + 1, but it is impossible. Therefore,
UeV.

Thus, in the universe V we can define a V-sequence v= (Ve V |k en + 2)y,
setting V, = U, forevery k e n + 1and V,,; = U. It is clear that Vy =aand V € V;
for every k e l e n + 2. Let W be a universe and V, < W e V. Then, Uy c W e V. If
W=U, then W=V,,,. If WeU, then Uy c W € U implies W = U = V; for some
ken +1. Finally, if U e W, then Uy € U; € --- € U, € U € W implies W ¢ V. There-
fore, V ¢ W. But this case is impossible. From the two previous cases, we infer that
W =V, for some k e n + 2. It means that the pair V and v possesses all neces-
sary properties. Check its uniqueness. Suppose that there exist a universe W and
a W-sequence of universes w = (W, € W | k € n + 2)|}, such that W, = a, W, € W,
forall kel e n + 2, and if K is a universe and W, c K € W, then K = W, for some
ken+2.

Consider the universe U' = W,,,, and the U’-sequenceu’ = (U, e U' | ke n+ 1)y
such that U,' = W, for every k € n + 1. It is clear that Uy, = Wy =a and U,/ = W, €
W, = U, foreveryk € l e n+1.IfKis auniverseand U, < K € U’, then U, < K € U’
and W, < K € W,,; € W. By the axiom of transitivity A7, W, c K € W. Therefore, by
assumption, K = W, for some k € n + 2. Since K € W,,,, we have K = W, = U, for
some k € n + 1. Thus, the pair U’ and u’ possesses all the properties for n mentioned
above. Therefore, by virtue of the uniqueness of this pair, we infer that U = U’ = W,
andu=u'"=wn+1,i.e. Wy, =U=V,,,and W, = U, =V, for all k € n + 1. Thus,
w=Vv.IfW e V,thenV, = W, c W € V, by the above, implies W = V; = W, for some
k € n + 2, but it is impossible. If V € W, then W, = V, c V € W in a similar manner
implies V = W, = V, for some k € n + 2, but this is impossible. Thus, W = V and the
uniqueness of the universe ¥ and the sequence v is proven. Therefore, n+1 € N. By the
principle of natural induction, N = w. Thus, for any n € w, there exists the mentioned
unique pair V and u. O
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Unfortunately, in the LTS, in contrast to ZF, where there is the axiom scheme of
replacement, we have no means to componate all these finite sequences into one
infinite sequence of universal classes.

With the help of Proposition 1 (B.3.5), we can prove the following

Theorem 3. In the LTS, for every n € w, there exists a unique sequence c(n) = (s €1 |
k € n+1) of inaccessible cardinals such that s, = %", %, € »;foreveryk € l € n+1andif
7 is an inaccessible cardinal and », < 7 < n,, then w = »; for some k € n (the property
of incompressibility).

From the property of uniqueness, it follows that c(n)im +1 = c(m) forallm < n,i.e.
these finite sequences continue each other.

The proof is similar to the proof of the previous theorem.

The remark, which was made after Theorem 2, is valid also in this case: in the LTS,
there are no means to construct from these finite sequences continuing each other one
infinite sequence of inaccessible cardinals. In the next section, we show how to do it
in the ZF set theory.

B.4 Relative consistency between the LTS and the ZF set theory
B.4.1 Additional axioms on inaccessible cardinals in the ZF set theory

To prove the relative consistency, we need to write the axioms on inaccessible car-
dinals in more formal way. Therefore, we are forced to adduce the following formal
definitions in the ZF set theory (some of these notions, notations, and axioms were
also considered in A.2, A.4, and A.5):

— «a is an ordinal number = On(a) = (Vx(x cea =>Vy(yex =y € a))) A (Vx,y,z
x,y,zeanxeyAhyez=xez)) A(Vx,y(x,yea=>Xxe€yVXx=yVyEeXx))
AVZ(@ #zCca= Ax(x e zZAVY(y € z = X € y)));

- fisafunction = func(f) = VxXVyWY' ({5, ) e fA (Y)Y ef=y=Y');

- f=A—B=func(f) A domf=A A mgf c B;

— xuisacardinal number = Cn(x) = On(x) A Vx(On(x) A (X =xV x € x) A Ju(u =
X —» n) > X = xn);

— n is a regular cardinal number = Rcn(x) = Cn(x) A Vx(On(x) A Ju(u = x —
A UmMgu=x)= (x=xVX€xn));

— n is an inaccessible cardinal number = Icn(») = Rcn(x) A Vx(On(x) A x € x =
card P(x) € »);

AIC. (The axiom of inaccessible cardinal.) Ax(Icn(x)) (see A.5.2).

Al(w). (The w-inaccessibility axiom.) AX(Vx € X(Icn(x)) A X + @ AVx € XTy €
X(x € y)). (see A5.).
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Allw+w). =3XIAYNVWx e XVy e YIcn(x) AIcnW)) AXeY)ANX+ B ANY + @ A
Vx e Xax' eX(x e x') AVy e YAY € Y(y e y"));

AL (The inaccessibility axiom.) Va(On(a) = Ix(Icn(x) A a € x)) (see A4.3).

Consider the class (possibly empty) In = {x | Icn(x)} of all inaccessible cardinal
numbers in the ZF set theory.

The adduced list will allow us later in process of investigation of corresponding
interpretations to look accurately what values some derivative terms such as rng u,
urng u, P(x), {x}, xu{x}, (x, y), dom f, rng f, and others take under the interpretation,
and also what formulas such formulas as z ¢ «, u = x — 3, and others are translated
into.

Theorem 1. In the ZF set theory, the following assertions are equivalent:

1) Allw);

2) forevery n € w, there exists a finite set of inaccessible cardinals of the power n + 1;

3) foreveryn € w, there exists a finite sequence u = (i | k € n+1) of inaccessible car-
dinals such that y. < i, forall k € l € n + 1, i. e. the sequence u is strictly increasing;

4) there exists an inaccessible cardinal »* and for every n € w, there exists a unique
finite strictly increasing sequence u(n) = (1p | k € n + 1) of inaccessible cardinals
such that i; = »™ and from the fact that » is an inaccessible cardinal and 1 < » < 1,
it follows that » = 1, for some k € n + 1 (the property of incompressibility);

5) there exists a denumerable set of inaccessible cardinal;

6) there exists an infinite sequence u = (1, | n € w) of inaccessible cardinals such that
y < yforeveryk el € w, i.e. the sequence u is strictly increasing;

7) there exists an infinite strictly increasing sequence u = (1, | n € w) of inaccessible
cardinals such that from n € w, » is an inaccessible cardinal, and 1, < x < 1,, it fol-
lows that » = i, for some k € n + 1 (the property of incompressibility);

8) there exists an infinite set of inaccessible cardinals.

Proof. (1)  (4). Let I be a non-empty set, the existence of which is postulated by
axiom Al(w). Consider the non-empty class I = {x | Icn(x) A dy e Ix < y)}. If x € I,
then x < y for some y € I. By Al(w), for y € I, there exists z € I such that y < z. There-
fore, x < z € L. Thus, the class I possesses all the properties, listed in formula Al(w).

Since @ # I c In, by Lemma 1 (A.2.2) in I there exists the smallest element »".
From »* < y for every y € I, we infer that »* € I. The class I possesses the following
property:ifz e Inand z < y forsomey e I, thenz € I.

Consider the set N, consisting of all n € w, for which there exists a unique
sequence u = u(n) = (y €Il ke n+1)suchthaty =»", 4y <y foreverykelen+1
and » € Inand = 4, < » < 1, imply » = 1 for some k € n.

Since the sequence (i € I| k € 1) such that 1, = %™ possesses all the mentioned
properties, we infer that O € N. Let n € N. By the property of the class I, for ¢, € I,
there exists z € I such that 1, < z. Therefore, the classJ = {x € I | 1, < x} is not empty.
Hence, by Lemma 1 (A.2.2), it contains the smallest element o.
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Therefore, we can definea sequencev = (7, € I | k € n+2), setting m; = 4 forevery
ken+landm,,,=a,iev=uu{(n+1,a)} ltisclear that n, = »* and m; < m; for
allk el e n+2.Letx e Inand ny < x < m,,;. Then, » e Iand 1y < % < a. If 5 = 1, then
un =1, If u <1, then 1y < x < 1, implies » = 4, = m; for some k € n. Finally, if » > 1,,
then x € J. Thus, « < x, but it contradicts the property » < «. Therefore, this case is im-
possible. It follows from the two previous cases that »x = m; for some k € n+1. It means
that the sequence v possesses all the necessary properties. Check its uniqueness. Sup-
pose that there exists a sequence w = (34 € I | k € n+2) such that », = x", . < »; for
allk e l e n+2,and » € Inand », < x < x,,,; imply » = s, for some k € n+1. Since the
sequence win+1 = (3, € I| k € n+1) possesses all the mentioned properties for n, by
virtue of the uniqueness of the sequence u we infer that u = w|(n+1),i.e.s, = 4 = m;
forall k € n + 1. If %, < w4, then my = 2 < 2,4 < m,,; by the above implies »,,,; =
. = m forsome k € n+1, butitisimpossible. If ,,,; < »,,;, thensx, = my < w4 < 21,44
in a similar way implies m,,; = »; = m; for some k € n + 1, but it is also impossible.
Therefore, x,,, = m,,;. Hence, the uniqueness of the sequence v is proven. Conse-
quently, n +1 € N. By the principle of natural induction, N = w. Thus, for every n € w,
there exists the unique mentioned sequence u(n). By virtue of its uniqueness, we can
denoteit by (if | k € n +1).

(4) + (7). Consider the following formula of the ZF set theory: ¢(x,y) = (x € 0 =
y=1) A (x ¢ w =y = @). By the axiom scheme of replacement AS6 (ZF), for w, there
exists a set Y such that Vx € w(Vy(p(x,y) = y € Y)). If n € w, then ¢(n, 1) implies
i € Y. Therefore, we can in the set w x Y define an infinite sequence u = (1, € Y |
new), setting u={zew x Y|3Ix € wz=(x,))}. It follows from the mentioned
above property of uniqueness that u(m) = u(n)|m + 1 for all m < n. Hence, ujn + 1 =
u(n). It is clear that the sequence u possesses all the necessary properties.

(6) + (1). Consider the next formula of the ZF set theory: p(x,y) = X e w = y =1,)
A (x ¢ w = y = @). By axiom scheme AS6 (ZF), for w, there exists a set Y such that Vx €
w(Vy(p(x,y) =y € Y)). If n € w, then ¢(n, 1,) implies 1, € Y. By axiom scheme AS3
(ZF),aclassX={i, | newl={y | Ixcw(y =)} ={y |y e Y A Ix € w(y =1,)}iaset.
Since the sequence u is strictly increasing, then the set X satisfies axiom Al(w).

Deducibilities (7) + (6) + (5) + (2) are evident.

Deducibilities (4)  (3)  (2) are also evident.

(2) + (3)and (2) I (6). Consider the non-empty class A of all finite sets of inaccessible
cardinals. Then, the class I = UA is also non-empty, and therefore, by Lemma 1 (A.2.2)
in I there exists the smallest element »*.

Consider the set N, consisting all n € w, for which there exists a unique sequence
u=u(m)=(y el|ken+1)suchthatsy =",y <yforallk el e n+1andx € Iand
lp € u < 1, imply » = . for some k € n (the property of I-incompressibility). Since the
sequence (4 € I'| k € 1) such that s, = %", possesses all the listed properties, we have
0 € N.Let n € N, i.e. for n the sequence u = (4 €I | k € n + 1) is constructed. Con-
sider the finite set A = {y € I | k € n + 1} of the power n + 1. By condition 2, for n + 2,
there exists a finite set B € A of power n + 2. Take in B the smallest element a and the
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greatest element b. By definition, a > »*. Suppose that b < 1,. Then, for every c € B,
the inequality 1, = " < a < ¢ < b <, is valid. If ¢ < 4,, then from c € I, by the prop-
erty of I-incompressibility, we infer that ¢ = 1, for some k € n,i.e.c € A.If c = 4,, then
again c¢ € A. In the result, we come to the inclusion B ¢ A, but it is impossible. From
this contradiction, we infer that 1, < b. Since b € I, the classJ = {x € I | 1, < »} is not
empty. Therefore, by Lemma 1 (A.2.2), it contains the smallest element «.

Consequently, we can define sequence v = (m;, € I | k € n + 2), setting m; = i for
every k € n+landm,,; = a,i.e.v = uu{(n+1, a)}. Then, in almost the same manner as
inthe deduction (1) + (4) changing In by I, we make sure that the sequence v possesses
all the necessary properties and that it is unique. Therefore, n+1 € N. By the principle
of natural induction, N = w. Thus, for every n € w, there exists the unique mentioned
sequence u(n). By virtue of its uniqueness, we can denote it by (i} | k € n + 1). Thus,
deduction (2) + (3) is finished.

Now, as in deducibility (4) + (7) using the sequences (i | k € n + 1), we construct
an infinite strictly increasing sequence u = (1, | n € w) of inaccessible cardinals. It
gives us deduction (2) + (6).

Thus, the following deducibilities and equivalences are proven: (1) + (4) + (7) +
(6) + (1) and (6)  (5) + (2) + (6) and (2) ~ (3). This implies immediately the equiva-
lence of all assertions 1-7.

(8) + (6). Let I be an infinite set of inaccessible cardinals. By Lemma 1 (A.2.2) in I,
there exists the smallest »*.

Consider the set N, consisiting of all n € w, for which there exists a unique
sequence u = u(n) = (4 € I | k € n+1)such thats, = »",y <y foreveryk el e n+1,
and x € Iandy, < » < 1, imply x = i for some k € n (the property of I-incompressibility).

Since a sequence (y € I | k € 1) such that 4, = »*, possesses all the listed proper-
ties, we infer that O € N. Let n € N. Consider the set J =1\ {4 | k € n + 1}. It is not
empty because in the opposite case, the set I has to be finite; therefore, it contains the
smallest element «. It is clear that « # 1, and « > »* = 1,. Suppose that « < 1,. Then,
1y < a < 1, by the condition n € N implies « = 1 for some k € n, but it is impossible.
Thus, 1, < a.

Therefore, we can defineasequencev = (r; € I | k € n+2), setting m; = 1 forevery
ken+landm,,=a,i.e.v=uuU{(n+1,a)} ltisclear that n, = »* and m; < m; for
allkelen+2 Letx e Iand iy < x < 7m,,;. Then, iy < % < . If 3¢ = 1, then » = . If
u < 1,, then 1, < » < 1, implies x = 1 = m; for some k € n. Finally, if » > 1,, then » > 5,
for all k € n + 1. Hence, » € J. Therefore, « < x, but it contradicts the property » < «a.
Therefore, this case is impossible. It follows from the two previous cases that » = m;,
for some k € n+1. It means that the sequence v possesses all the necessary properties.

Check its uniqueness. Suppose that there exists a sequence w = (3, € I | k € n+2)
such that »y, = %, 3, € sy forall k e l e n + 2, and » € I and », < » < x,,, imply » =
u;, for some k € n + 1. Since the sequence win + 1= (3, € I | k € n + 1) possesses all
properties for n mentioned above, by virtue of the uniqueness of the sequence u, we
inferthatu = win+1,i.e.s; = 4y = m forallk € n+1.1f »,,; < 7,4, thenmy = 35 < 2,4
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< m,,1, by the above, implies x,,,; = m; = 5, for some k € n + 1, but it is impossible. If
Tl < Hpeq> thensy = my < w4 < x,,, inasimilar way implies r,,,; = %, = m; for some
k € n+1, but it is also impossible. Therefore, »,,; = 7,,;. Thus, the uniqueness of the
sequence v is proven. Consequently, n + 1 € N. By the principle of natural induction,
N = w. Hence, for every n € w, there exists the unique mentioned sequence u(n). By
virtue of its uniqueness, we can denote it by (1} | k € n+1). Further, as in the deduction
(4) + (7), using the sequences (¢, | k € n+1) we construct the infinite strictly increasing
sequence U = (1, | n € w) of inaccessible cardinals.

(6) + (8). In the same manner as in the proof of deducibility (6) + (1) for the
sequence u, consider the set X = {1, | n € w} of its members. Suppose that the set X
is finite. Then, X contains the greatest element », but it contradicts the fact that the
sequence U is strictly increasing. O

Proposition 1. In the ZF set theory, the following assertions are equivalent:

1) Allw + w);

2) there exist infinite sequences u = (1, | m € w) and v = (»,, | n € w) of inaccessible
cardinals such that y <1, <»; < xn, for every ke mew and l € n € w, i.e. the
sequences u and v are strictly increasing and continue each other.

Proof. (1)  (2). By Al(w + w), there exist sets X and Y, satisfying axiom Al(w). There-
fore, by Theorem 1, there exist strictly increasing infinite sequences u = (1, € X |
mew)andv = (%, € Y| n € w). By Allw + w), 4, < 3 forall k, 1 € w.

(2) + (1). Similarly to the proof of the deducibility (6) + (1) from Theorem 1, we
check that the classes X = {1,, | m € w}and Y = {x, | n € w} are sets. These sets satisfy
axiom Al(w + w). |

It becomes clear from assertion 2 of this proposition that ZF+Al(w + w) ensures the
existence of w + w different inaccessible cardinals.
Now, we will clear up the correlation between the axioms on inaccessible cardi-
nals:
—  AIC = there exists at least one inaccessible cardinal;
— Al(w) ~ there exists an infinite set of inaccessible cardinals;
— Al(w + w) ~ there exist two following one after another infinite sets of inaccessible
cardinals;
— Al =forevery ordinal «, there exists an inaccessible cardinal which is greater than .

Proposition 2. In the ZF set theory, the deducibilities Al + Al(w +w) + Al(w) + AIC are
valid.

Proof. Prove that from Al we can infer property 2 of Proposition 1. The arguments
repeats completely the proof of deducibility (1) + (2) from Theorem 1.
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Using now the equivalence of (2) and Al(w + w), we get the proof of deducibility
Al + Al(w + w). All other deducibilities are evident. O

In Appendix A, it is proven that in the ZF set theory, the axiom of inaccessibility Al is
equivalent to the axiom of universality

AU =vX3UWUwx A X € U),

where Ux denotes the property of a set U to be universal (see Theorem 1 (A.4.3)).
Hence, the set theories ZF+Al and ZF+AU are equivalent.

It that appendix, it is also proven that in ZF the axiom of w-inaccessibility Al(w) is
equivalent to the axiom of w-universality

AU(w) = 3AX(VU e X(UX) A X+ @ AVU € X3V € X(U € V)),

postulating the existence of an infinite set of universal sets (Proposition 2 (A.5.1)).
Therefore, the set theories ZF+Al(w) and ZF+AU(w) are also equivalent.

B.4.2 “Forks” of relative consistency

Using globalization of local constructions in the LTS, which was made above, we can
prove the following statement.

Statement 1. All axioms of the ZF set theory, except the axiom scheme of separation
(AS3) and the axiom scheme of replacement (AS6), are deducible in the LTS as formulas
of the LTS.

Proof. For every formula ¢ in the first-order theory, the formula scheme ¢ = ¢ is
deduced. By the definition of equality in the LTS, it gives us the formula Vu(u € X &
u € Y) = X = Y. Formula Al is inferred from it by the rule Gen.

For classes u and v, by Corollary 3 to Theorem 1 (B.3.5), there exists the class {u, v}.
By definition, z € {u, v} = z = u Vv z = v. Using the scheme ¢ = ¢, we get the formula
(z € {u,v}) © z=u Vv z =v. By the rule Gen, logical axiom scheme LAS12, and the
rule MP, we can infer from it the formula 3xVz(z € x © z = u Vv z = v). Formula A2
(ZF) is inferred from it by the rule Gen.

For a class X, by Corollary 1 to Lemma 6 (B.3.2), there exists a class UX. By defi-
nition, u € UX = 3z(u € z A z € X). Using the formula scheme ¢ = ¢, we get the for-
mula (u € UX) © 3z(u € z A z € X). Bytherule Gen, logical axiom scheme LAS12, and
the rule MP, the formula 3YVu(u € Y © 3z(u € z A z € X))isinferred from it. Formula
A4 (ZF) is inferred from it by the rule Gen.
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For a class X, by Corollary to Lemma 1 (B.3.2), there exists the class P(X). By
definition, u € P(X) = u c X. As it was done above, we consecutively infer the for-
mulas ue PX)eoucX, Vulue PX)oucX), IYVu(ueY o ucX), and
A5 (ZF).

Consider the class 7, which exists by axiom of infra-infinity A13 (LTS). Let u € .
Then, u e m € a by the axiom of transitivity A7 implies u € a. Therefore, by
Lemma 3 (B.3.2) {u}, = {u}. By Lemma 2 (B.1.1), {u} € a. By A7 u, {u} c a. Hence, by
Lemma 2 (B.3.2) u U {u} = u U, {u} = u U, {u},. By virtue of A13, we infer u U {u} € n.
Since we did not apply the rule of generalization, then by the deduction theorem
and by the generalization rule, the formula VYu(u € # = u U {u} € n) is deduced.
Since, by A13, n # @, we infer that by the derivative rule of conjuction, the formula
n+ @ AVu(u € m = uU{u} € n) is deduced. Using logical axiom scheme LAS12 and
the rule MP, we infer from it formula A7 (ZF).

For every non-empty class X, by the axiom of universality A6, there exists a
universal class « such that X € a. By the axiom of transitivity A7, X c «. From the
axiom of regularity A12 (LTS), the formula 3x(x € X A x n, X = @) is deduced. Since
x € X c a, we have, by A7, x ¢ a. Hence, by Lemma 2 (B.3.2) x N, X = x n X. Thus, the
formula Ix(x € X A x N X = @) is deduced. By the theorem of deduction, the formula
X # o = 3x(x € X A xnX = @) is deduced. By the rule Gen, we infer from it formula
A8 (ZF).

Consider in the LTS the empty class @. From A3 (LTS), the formula Vz(z ¢ @) is
deduced. Using LAS12 and MP, we infer formula A9 (ZF) from it.

For every non-empty class X, by A6, there exists a universal class « such that
X € a. From choice axiom A14 (LTS), we infer the formula 3z((z = P,(X) \ {2}, —4
X) AVY(Y € P (X) \ {@}, = 2(Y) € Y)). By Lemmas 1 and 3 (B.3.2), ?,(X) = P(X)
and {@}, = {@}. Therefore, z = P(X) \ {¥} —, X. By the axiom of transitivity A7,
X c aand @ ¢ a. Consequently, by Lemma 5 (B.3.2) z = P(X) \ {@} — X. Thus, the
formula 3z(z = PX) \ {@} - X) AVY(Y € P(X) \ {8} = 2(Y) € Y)) is deduced. By
the theorem of deduction and the rule Gen, formula A10 (ZF) is deduced from it. O

Undeducibility in the LTS of the axiom scheme of replacement will be proven later.
The existence of inaccessible cardinal numbers in the LTS proven in B.3.4 and
B.3.5 allows to prove the following statement.

Statement 2. If the LTS is consistent, then the theory ZF+AIC is consistent.

Proof. By axiom A6, for a fixed universe U, there exists a universe U such that U, € U.
Consider the interpretation M = (U, I) of the ZF set theory in the LTS, described in
the proof of Statement 1 (B.3.1). Prove that this interpretation is a model of ZF+AIC.
According to the proof of Statement 1 (B.3.1), we need only to consider the translation
of axiom AIC and prove its deducibility in the LTS.
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We will use all notations of the proof of Statement 1 (B.3.1).
On the sequence s axiom AIC is translated into the formula ¢, = M  AIC[s] =

AICY = 3x' € U(cn(x'))Y, where

- (X = Ten(xX")Y = (Ren(xX')NY A vx" e U(On(x")Y A x" e X' = cardy Py
(x") € x'), where

- ¢(X") = Ren(xX)Y = (Cn(xXNIAVX" € U(On(X")Y A u e Uu = X" -y X' A
upmgyu=x') = (x' =x" v x' € x"")), where

- @3(x") = (Cn(x"))Y = (On( )Y AVX" € UOn(X")Y A" = x' vx" e X')ATu e
Ulu = x" —»y x') = X" = x'), where

- (XM =0n(xX")Y = VxeUxex"=VyeclUyex=yex"))) A, y, z¢
Ux,y,zex" ANxey Ayez=xez) AN (Vx,yelUx,yex" =2 xeyvx=
YyVyex)AVzeU(z# oAVxeUxez=xex")=IxeUkxezAVy e Uy €
z=Xx¢€Y))),

- (On("Y = o, (X" | ') = ¢,(x"), and

_ ((On(x”’))U — ¢4(XII ” X"’) = (Pq(X’”)~

The comparison of the formula ¢, (x"") with the definition shows that the subformula
v =Vx € U(x € z= x € x"") is unusual in it. But in that place, where it is staying, it
is equivalent to the formula y' = z ¢ x"'. If x € z, then from z € U, by the axiom of
transitivity A7 (LTS), it follows x € U and therefore x € x". Thus, we can substitute
y' for y. Under this substitution we see that the formula ¢,(x"') means that x" is a
U-ordinal number in the universal class U. Consequently, ¢,(x') and ¢,(x""") mean
that x’ and x""’ are U-ordinal numbers.
It leads to the following form of the formula ¢;(x'):

¢;(x") = (x" is an U-ordinal number) A Vx"' € U((x"" is an U-ordinal number) A

n

AX"<XYANTueUu ="y x')=x" =x).

In this formula, the subformula y = Ju € U(u = X"’ = x') is unusual. Since x"",
x' € U,weinferthatu c x"'+;x’ € U, by the axiom of subset A8, implies u € U. There-
fore, y is equivalent to the formula y' = Ju(u = x"" —y x). Substituting y' for y, we
see that ¢,(x’) means that x’ is a U-cardinal number.

It leads to the following form of the formula ¢,(x"):

¢,(x") = (X' is an U-cardinal number) A Vx"' € U((x"" is an U-ordinal number) A

ANJueUu=sx" -y x" A ugmgypu=x)= ' <x).

By the same reasons as above, in ¢,, the quantifier prefix Ju € U can be replaced by
Ju. But then the formula ¢,(x") means that x’ is a U-regular U-cardinal number.
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It leads to the following form of the formula ¢, (x'):

¢,(x') = (x' is a U-regular U-cardinal number) A

A Vx" € U((x" is a U-ordinal number) A x” € x' = cardy Py(x") € x').

This means that x’ is a U-inaccessible U-cardinal number in the universe U. Thus,
axiom AIC has been translated into the formula ¢, = M  AIC[s] = Ix' e U(x' is a
U-inaccessible U-cardinal number).

Infer this formula in the LTS. By Corollary 3 to Proposition 1 (B.3.4), there exists
an inaccessible cardinal number x such that a = V,. Since » c a c U, € U, we have,
by the axiom of subset A8, x € U. By Proposition 3 (B.3.3), » is an U-inaccessible
U-cardinal number. As a result, we deduced the desired formula. O

Statement 2 was proven with the help of constructing a model of the ZF set theory+AIC
in the LTS. It follows from Theorem 3 (B.3.5) that to construct a model of the LTS in
the theory ZF it is necessary to have in ZF at least the same as in Theorem 3 (B.3.5)
“metasequence” c(0), c(1),...,c(n),... of finite incompressible sequences c(n) =
(4 | k € n + 1) of inaccessible cardinals. But in ZF, this metasequence can be global-
ized by the axiom scheme of replacement into the usual unfinite sequence ¢ = (», =
%: | n € w). The existence of such an infinite sequence of inaccessible cardinals, as
Theorem 1 (B.4.1) shows, is equivalent to axiom Al(w).
Using Theorem 1 (B.4.1), we can prove the following statement.

Statement 3. Ifthe theory ZF+Al(w) is consistent, then the LTS is consistent.

Proof. Consider the sequence (i, | n € w) from Theorem 1 (B.4.1) and the set A =
{1, | n € w}. By Lemma 2 (A.2.2), « = UA = sup A is an ordinal number. Further, in-
stead of V, we will write W,,. Since 1, < «, we have W,, ¢ V,.. Therefore, D = U(W,, |
n € w) c V,.ByAS3, Disaset.SinceO < 1, < 1,+1 < 1,,,, We obtain, by Lemma 1(A.3.2)
o=VyeW,eW,, cDforeveryn ¢ w.

The set D is transitive. If y € D, then y € W, for some m, and Lemma 3 (A.3.2)
implies that y ¢ W,, c D. Similarly, with the help of Lemma 2 (A.3.2) we can check
that if x c y € D, then x € D. We will often use later these two properties.

Choose the set D in the capacity of the domain of interpretation of the LTS in the
theory ZF+Al(w). Consider in D the subset R = {x € D | 3n € w(x = W,))}. Define a cor-
respondence I, assigning to the predicate symbol € in the LTS the two-placed relation
B={zeDxD|3x,y € D(z=(x,y) A x € y)}, to the symbol x in LTS the one-placed
relation R, and to the constant symbols @ and a in the LTS the elements @ and W, of
the set D, respectively.

Let s be some sequence x,, ..., Xgs oo of elements of D. We will consider transla-
tions M E ¢[s] of axioms and axiom schemes of the LTS on the sequence s under the
interpretation M and will prove their deducibility in the theory ZF+Al(w). Instead of
Oy (sl and M k ¢[s] we will write 0" and (pt for terms 0 and formulas ¢, respectively.
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To simplify our account further, consider at first the translations of some basic
formulas. Let u and v be some classes in the LTS.

The formula u € v is translated into the formula (u € v)! = ((u!, v') € B). Denote
this last formula by y. By definition, this formula is equivalent to the formula (3x3y(x €
DAyeDA W, VY =(x,y) A (x € y)). Using the property of a sequential pair, we
conclude that u‘ = x and v = y. Consequently, the formula & = (u’ € v') is deduced
from y. By the theorem of deduction, y = §. Conversely, consider the formula &.
In the ZF set theory, one can prove that for sets u’ and v/, there exists the set z
such that z = (uf, v'). By virtue of LAS3, the formula (z = (u',v)) > u' e DA V' e
D A z=@wh v A ut e vh)isdeduced from 8. Since the formula z = (uf, v!) is deduced
from axioms, we infer that the formula W' e D AVie D A z= @, v) Aul evh) is
also deduced. By LAS12, the formula Ixdy(x e DAy e D Az=(x,y) AXx€Yy) is
deduced, and it is equivalent to the formula z € B and so to the formula y. By
the theorem of deduction, § = y. Thus, the first equivalence (u € v)' & u' e V' is
valid.

The formula v ¢ w is translanted into the formula (v ¢ w)'. Denote this last
formula by e. By the equivalence proven above, it is equivalent to the formula &' =
Yu € D(u € v! = u € w'). According to LAS11, the formula ¢’ = (x e D = (x e V! =
x € w')) is deduced from the formula ¢'. If x € v/, then v € D and the transitivity
of the set D imply x € D. Then, the formula ¢ implies x € v = x € w'. Conse-
quently, by the theorem of deduction, the formula (¢ = (x € v/ = x € w'))is deduced.
By the rule of generalization, the formula Vx(e = (x € v = x € w')) is deduced.
By LAS13, we infer the formula (¢ = Vx(x e v! = x e w')), i.e. the formula
(e = vicwh.

Conversely, let the formula v' c w' be given. With the help of logical axioms
we can consecutively infer from it the formulas (u e v = u e w') and (ue D =
(u € v! = u e w')). By the rule Gen, the formula ¢’ is deduced. Therefore, by the theo-
rem of deduction, the formula (v ¢ w' = ¢) is deduced. Thus, the second equivalence
(v cw)t o vt c whisvalid.

It follows from this equivalence that we get the equivalence (v =5 w)' &
(' cwh) A (W' ¢ vY). By the axiom of extensionality Al (ZF), the last formula im-
plies v/ =,z w'. By the theorem of deduction in the ZF set theory, the formula
(V' cwh A (W' c V') = v = w') is deduced. Conversely, if v/ =, w', then, by the re-
placement of equals principle (see the beginning of section A.2), the formula (u € v' =
u € w') is deduced. By the rule Gen, the formula v' c w' is deduced. Similarly, the
formula w' c v' is deduced. Therefore, the formula (v ¢ w®) A (W' c v!) is also de-
duced. By the deduction theorem, the formula (v' =, w' = (v' c w') A (W' c V) is
deduced. Thus, we get the third equivalence (v =75 w)' & v! =, w'.

Further on, we will write not literal translations of axioms and axiom
schemes, but their equivalent variants, which are received by using the proven
equivalences (u €75 vV)! © u' €, V!, (v s W) o Vi W, and (v=i5 W) &
v =, w'. We will denote these equivalent variants, using the sign “~”
over them.
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ZleVyeDVzeD((y:z)=>(VXeD(yeX<:>zeX))).

In ZF, the formula y = z = z = y can be proven in the following way. By the
property of changing equals, we have (y =z = (y = y = z = y)). Since the formula
y =y is valid for any y, we obtain y = z = z = y. Besides, by the property of chang-
ing equals, (y=2)=>(yeX=>z€eX)and (z=y) = (z€ X = y € X) are deduced.
Withy=z=z=y,then(y=2)=>(yeX<zeX)and (y=2)=>(yecXozecX)
are deduced. Now, by LAS1 and the rule of generalizationVX e D((y=2z) = (ye X ©
z € X)) is deduced. From LAS13 and the rule of generalization, the formula Al is
deduced.

ASD2: if ¢(x) be an X-predicative formula of the LTS such that the substitution
¢(x || y) is admissible and ¢ does not contain Z as a free variable, then VX € D(3Z €
D(Vy e D((y e Z) © (y € X A ¢7())))), where ¢" denotes the formula M E [s7], in
which by s” we denote the corresponding change of the sequence s under the trans-
lation of the quantifier over-formulas VX(...), 3Y(...) and Vy(...), indicated above.

Since ¢" is a formula of ZF, we infer that AS® is deduced from AS3 (ZF). By
AS3 (ZF), for X € D, there exists Z such that Vy(y € Z & y € X A ¢"(y)). Therefore,
Z c X € D. By the definition of D, there exists n € w such that X € W,. By Lemma 2
(A3.2),Z € W, c D.Thus, for X € D, there exists Z € DsuchthatVy e D(ye Z o y ¢
XA ﬂy)).

A3=VZ e D((VxeD(x ¢ 2)) & Z = @).

Fix the condition Z € D. Consider the formula y=Vx(x e D=>x¢ Z2). If xe Z
then, by condition, x € D and then y implies x ¢ Z. If x ¢ Z, then evidently y implies
x ¢ Z. Consequently, under our condition from y it is deduced x ¢ Z. By the rule of
generalization from y, it is deduced Vx(x ¢ Z). By axioms Al and A7 (ZF), Vx(x ¢ Z)
implies Z = @. Thus, from the totality Z € D and y itis deduced Z = @. By the theorem
of deduction, Z € D implies the formula y = Z = @. Conversely, by Aland A7, Z = @
implies Vx(x ¢ Z). Therefore, from the totality Z € D and Z = @ we can infer y. By the
theorem of deduction, from Z € D, we can infer the formula Z = @ = x. Therefore,
from the condition Z € D the formula y & Z = @ is deduced. By the theorem of deduc-
tion, theformulaZ € D = (y © Z = @)isdeduced. Thus, by the rule of generalization
the formula A%3 is deduced.

A4, YU e DVV € D((U=V)= (U € R & V € R)). By the property of changing
equals, we have (U =V) = (U € R = V € R). By the proof above, (U=V) = (V =
U), and therefore (U=V) = (Ve R = U e R). It follows that (U=V)= (UeR &
V € R), and by the rule of generalization, we infer the formula Ath,

A5, W, e RAVU € D(U € R = W, c U).

The formula W, € R is deduced in ZF+Al(w) by virtue of AS3. Therefore, we
need only to deduce the formula VU € D(U € R = W, c U). In another form, we can
write this formula as VU € D(3n € w(U = W,) = W, c U). By virtue of Corollary 1 to
Lemma 3 (A.3.2), iy < 1, implies W, ¢ W, for every n € w. It follows from this assertion
that the mentioned formula is deduced in ZF+Al(w).

A%6.YX € DAU € D(U € R A X € U).
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It follows from X € D that X € W, for some n € w. Consider U = W,,. Then, X € D
impliesU €e D A U € R A X € U, and as a result, we obtain Afé.

A7=YUeDWU eR=VY¥Xe DX e U= XcU)).

It follows from U € R that U = W, for some n € w, and X € W, implies X ¢ W,, by
Lemma 3 (A.3.2). This gives the desired formula.

mEVUeD(UeR:VXeDVYeD(Xe UNYcX=Yel).

Since from U € R, it follows that U = W,, for some n € w, we need only to prove
that forany X, Y from Ditisvalid (X e W, A Y c X = Y € W,). But it directly follows
from Lemma 2 (A.3.2).

A9 =vU € D{UeR=>VXeDX e U= Py(X)" € U)),wherethesetZ = P,(X)*
is defined by the formula 3Z € D(Vy e D((y € Z) © (y € U A y c X))).

At first, check that if U € R, X € D, and X € U, then Z = P(X). Let y € Z. Since
Z € D, it follows from the property of transitivity that Z c D. Consequently, y € D.
But in this case y e Dand y € Z imply y c X, i.e. y € P(X). Conversely, let y € P(X),
i.e. y ¢ X. From X € D, by the property of the set D proven above, we get y € D. It
follows from U € R that U = W, for some n € w. Consequently, y ¢ X € W, implies by
Lemma 2 (A.3.2) thaty e W, = U. But theny € D,y € U, and y c X imply y € Z, and
it proves the desired equality.

By Lemma 6 (A.3.2), X € W, implies Z = P(X) € W, = U. From here, the formula
A9 is deduced by logical means.

A0 = VU ¢ DUeR=>VXeDVY eDXeUAYeU= (XuyY)" € U)), where
the set Z = (X uy Y)" is determined from the formula 3Z € D(Vy e D((y € Z) & (y €
UA(yeXVyceY))).

In the same manner as at the deduction of formula Z@, we check that the con-
ditions U e R, X e D,Y e D, X € Uand Y € U imply the equality Z = X U Y, and also
U =W, for some n € w. By Lemma 5 (A.3.2), X,Y ¢ W, impliesZ=Xu Y e W, =U.
From here the formula Af10 is deduced.

All=YUeDWU e R=>VYXeDVY e DVze D(X € UNY C U A (z € (X %y Y)°)
A (Vx € D(x € X = z(x)" € U))) = ((tngy 2)° € U))), where

the set Z, = (X #; Y)? is determined from the formula 3Z, € D(Vy € D((y € Z,) &

(yeUA@ueDIveDueXAveYAy= v
- the set Z,=Z7,(x) =z(x)" is determined from the formula 37, € D(Vy € D

((yeZy) o (yeUNyeY A,y €2);

- theset Z; = (rngy 2)° is determined from the formula 3Z; € D(Vy € D((y € Z;) &

YeUAyeYA@xeDxeXA Xy e2)))).

As before, we check that the conditions U € R,u € D,v e D, u € U, and v € U imply
consecutively the equalities {u};, = {u}, {u, v}j, = {u, v} and (u, v)j, = (u, v), where
U = W, for some n € w. By Corollary 1to Lemma 6 (A.3.2), u, v € W, implies (u, v)[, =
(u,vy e w,=0.

Thus, in its turn, we infer that the conditions U e R, X € D,Y e D, X e U, Y c U,
x € D, and x € X imply the equalities Z, = X = Y, Z, = z(x) and Z; = rng z. Let we
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have also the condition Vx € D(x € X = z(x)" € U). Since z is a correspondence
from X into Y c U, it follows that z is a correspondence from X into W,,. If x € X € D,
then from the transitivity of D it follows x € D. Therefore, this additional condi-
tion implies z{x) = z{x)" € W,,. Since X € W,,, it follows by Lemma 4 (A.3.3) that
(g, z)° =gz € W, = U. From here, by logical means, we infer the formula A1,

A2 = VU ¢ D(UeR=>VXeDXcUNX # @ = Ix € D(x € XAN(xnyX)" = @))),
where the set Z = (x ny; X)* is determined from the formula 3Z € D(Vy € D((y € Z) &
(yeUNn(yexAnyeX))).

If we fix some U € R, i.e. U = W, for n € w, then we need to prove the formula
VXeDX W, AX#@=3IxeDxeXAxny, X)" = @)). Since X ¢ W,, implies
X e D, and x € X implies x € D, it follows that this formula can be transformed to the
formulaVX(X c W, A X+ 2 = Ix(x e X A (x Ny, X)" = @)). For x, X ¢ W, we have
((x Ny, X)" = x n X), therefore we only need to prove that VX ¢ W, (X # & = Ix(x €
X A xn X = @)). But it is the direct consequence from the axiom of regularity in ZF.

A3 =3X ¢ DX eWyn@eXAVxeDxeX= ((xuy, {X}WO)T € X))), where
- the set Z; = (x Uy, {x}WO)’ is determined from the formula 3Z; € D(Vy € D

(yezZp) o (yeWyn(yexVyexhy));

— the set Z, = {x}a,0 is determined from the formula 37, € D(Vy € D((y € Z,) &

(y e Wy Ay =x))).

From the conditions X € D, X € W,, x € D, and x € X, it follows that Z, = {x} and
therefore Z; = x U {x}. Consider in ZF the set X = w. This set evidently satisfies the
condition @ € X A Vx € X(x U {x} € X). We need to prove that w € W,. Since W, = V,0
and ¢, > w, by the definition of an inaccessible cardinal, it follows by Lemma 7 (A.3.2)
that w € W,,.
A4 =YUeDU ecR=>VXeDXcUANX+2=3zeD((z= PyX) \ {2}y
-y X)'AVY € D(Y € (Py(X) \ {@}y)" = z(Y)" € Y)))), where
- thesetZ, = (Py(X) \ {@}y)" is determined from the formula 3Z, € D(Vy € D((y €
Z)e (yeUn(yePyX) Ay¢{ohy))
- theset Z, = z(Y)" is defined from the formula Z, € U A (Y, Z,)}; € z;
— 7" denotes the formula M k #[s"], in which s* denotes the corresponding change
of the sequence s under the translation of the quantifier over-formulas VU(...),
vX(...), and 3z(...), indicated above.

Fix the conditions U € D, U € R, X € D, and X € U. Denote Py(X) \ {@}y by S and
P(X) \ {@} by T. We have proven above that X € U and @ € U imply Py(X)* = P(X)
and {@};, = {@}. Since U € R, it follows that U = W, for some n € w. Therefore, by
Lemma 6 (A.3.2) X € U implies P(X) € U, and, by Lemma 2 (A.3.2) it implies T € U.
By Lemma 3 (A.3.2), y € T € U implies y € U. All these properties imply Z; = T.

IfYeDandY € Z;,thenY € T € Uimplies Y € U. As it was stated above, Z, € U
and Y € U imply (Y, Z,)[, = (Y, Z,). Then, (Y, Z,) € z implies Z, € z(Y). From here
and from the previous conditions, we cannot yet infer that Z, = z(Y).
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Consider the formula ¢ = (z = Py(X) \ {@}y -y X). It is the conjuction of the
three following formulas: ¢, = (z ¢ S *y X), ¢, = (domyz = S),and ¢; = (Vx(x € S =
Wy eX=WQ{ eX=>ogeznyyez=y=y))).

Therefore, ¢” = o7 A @7 A ¢5.Since g, = (Vu(uez=ucUAIxTy(xeSAye
X Au={x,y)y)), it follows that ¢] © (Vue Dluecz=ueUA Ix e DIy € D(x ¢
ZynyeX Au={x,y);)). Similatly, ¢, = (Vx(x e S=>=xec UAxeSATy(ye X A
(X, ¥)y €2)) implies ¢ o (VxeDxeZ =>xecUAxeZ ANJyeDyecXA
XYYy € ).

Finally,¢; © (Vx e D(x € Z, =>Vy e Dy e X =Vy e DY e X = ((x, V) €z A
X yYpez=y=yN).

For X, by choice axiom A10 (ZF), there exists z such that y = (z = P(X) \ {2} —
X) AVY(Y e PX)\{o} = 2(Y) € V).

Consider the formula v = (z = P(X) \ {&} — X). As above y =y; Ay, Ay,
where y,=(Vu(uez=IxAyx e TAye X Au=0,¥))), v, =NWx(xeT=xc¢€
TATyye Ax,yyez)andy;=(WVx(xe T=Vy(y e X = VyY'(y e X = ((x,y) €
ZAY) ez=y =y )))).

Since T € U, by Corollary 2 to Lemma 6 (A.3.2), we get T = X € U. The formula v,
means that z ¢ T = X. Therefore, z € Uand z € D.

Deduce from these properties the formula ¢7. Let u € D and u € z. Then, u €
z € U, by Lemma 3 (A.3.2) implies u € U. From the formula vy, it follows that for u,
there exist x € T and y € X such that u = (x, y). By Lemma 3 (A.3.2), x,y € U c D. We
have stated above that in this case (x, y)}; = (x, y). Since x € T and T = Z,, it follows
x € Z,.Thus, fromu € zitisdeduced theformula(u e UANIx e DIy e D(x € Z, Ay €
X A u={x,y);)). Applying the theorem of deduction and the rules of deduction, we
deduce the formula ¢f.

Let x e Dand x € Z, = T. Since T € U, it follows by Lemma 3 (A.3.2) that x € U.
From the formula vy, we infer that for x, there exists y € X such that (x, y) € z. The
condition y € X € D, by the transitivity of D, implies y € D. Similarly, y € X € U by
Lemma 3 (A.3.2) implies y € U. But in this case (x, y) = (x, y){;. Thus, from x € Z,, it
is deduced the formula (x e U A x € Z; A 3y € D(y € X A {x,y); € z)). From here, as
above, we deduce the formula ¢J.

Letxe Z,=T,yeD,ye X,y €D,y € X,(x,y)}; € z,and (x, y')], € z. As above,
these conditions imply (x,y) € z and (x, y') € z. But then, the formula y; implies
y = y'. Applying several times in turn the theorem of deduction and the rules of
deduction, we deduce from the formula y the formula (pg’.

Thus, the formula ¢° is deduced.

Since z = T — X, it follows that z(Y) = {z(Y)}. Consequently, from Z, € {z(Y)},
we infer that Z, = z(Y). Therefore, for the function z the conditions Y e D and Y €
Z,=TimplyZ, =z(Y) € Y.

All this means that from axiom A10 (ZF), the existence of an object z is deduced,
satisfying the formula y, from which the formulaé =¢° AVY e D(Y € Z, = Z, € Y)
is deduced. Therefore, in ZF from the fixed conditions, it is deduced the formula
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3z € D(§). Applying several times the deduction theorem and the generalization rule,
we deduce, as a result, the formula All4,

Since all the translations of the axioms of LTS turned out to be deducible formulas
of ZF+Al(w), it follows that the LTS is consistent. O

An absence in the LTS of an axiom scheme like the axiom scheme of replacement
in the ZF set theory apparently renders the interpretation of the ZF set theory+Al(w)
impossible in the LTS. But this interpretation becomes possible, if to strengthen the
LTS by the following axiom.
AU(w). (The w-universality axiom.) AX(VU e X(Ux) A X+ @ AVU € X3V € X
(U e V).
Consider also the following axiom in the LTS.
ATU(w). (The axiom of transitive w-universality.) There exists a set Y such that:
a) Y+o;
b) VU € Y(Ux);
c) YUVWW(WUx ANUeV AVeY = UEeY) (the transitivity property with respect to
universal sets);
d) VV e YaW € Y(V € W) (the unboundedness property).

Lemma 1. In the LTS, the following assertions are equivalent:
1) AU(w);
2) ATU(w).

Proof. (1)  (2). Denote by D the class, the existence of which is postulated by axiom
AU(w). It follows from the axiom of universality A6 that D € « for some universal
class a. By the axiom of transitivity, A7, VV € D(V € «). By Corollary 2 to Propo-
sition 1 (B.3.4), a € « or a = a. It is clear that the second case contradicts AU(w).
Therefore, a € a.

Consider theclassE={U e a | Ux A AV € D(U € V)}.If U € D, then, by AU(w),
3V € D(U € V).Thus, D c E. The class E is universally transitive. If Uxand U € V € E,
then U € V € W € D for some W. Using axiom A7, we get by turns U e W e D € q,
UeWea,and U € a. Therefore, U € E.

If V € E, then, by definition, V € W € D c E for some W. Therefore, E has prop-
erty (d).

(2) + (1). This deduction is obvious. O

Lemma 2. Let E be a non-empty class of universes with the property of transitivity with
respect to universes, i. e. E possesses properties a) — c) from Lemma 1. Then, a € E.

Proof. Let V € E. By Corollary 2 to Proposition 1(B.3.4), V = aora € V. In the first case
a € E. In the second case, a € V € Eimplies a € E. O
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Statement 4. If LTS +AU(w) is consistent, then ZF+AI(w) is consistent.

Proof. Consider the class C, the existence of which is postulated by axiom AU(w).
According to axiom of universality A6, there exists a universal class D such that C € D.
Consider the interpretation M = (D, I) of the ZF set theory in the LTS, described in the
proof of Statement 1 (B.3.1). In the proof of Statement 1 (B.3.1), it was established that
the interpretation M is a model of ZF in the LTS, and so a model of ZF in the LTS+AU(w).
Check the deducibility of the translation of axiom Al(w) under the interpretation M
on an arbitrary infinite sequence s = x,, ..., Xgs - of elements of the class D. This
translation has the form ¢ = M £ Al(w)[s] =3X e D(Vx e D(x e X = Ien(x)P) A X #
aANVyeDyeX=3zeD(ze X Ayce€z)). In the proof of Statement 2, it was
established that the formula Icn(x)? means that x is a D-inaccessible D-cardinal
number in the LTS.

By Theorem 1 (B.3.4), there exists the injective mapping q : U — In such that
g(a) caand o = V). Ifa € C, then g(a) c a € C € D, by axioms A7 and A8, implies
q(a) € D. Therefore, p = q|C is an injective mapping from C into D. Since C c D, it
follows by Lemma 5 (B.3.2) that p = C»>p D and K = rngp = rng, p ¢ D. Hence,
p = C»p K. Since p(a) € D, it follows, by the axiom of the full union A1l, that
K € D.From C # @, itfollowsthatK # @.If » € K, then » € D. By Proposition 3 (B.3.3),
»u is a D-inaccessible D-cardinal. Consequently, K consists of D-inaccessible
D-cardinals.

By axiom AU(w), for » € K and B =V, € C, there exists y € C such that 8 € y.
Consider the inaccessible cardinal A = p(y) € K c D. Since q is strictly monotone, it
follows that » € A. Consequently, the formula w(K)=(Vx e D(x € K= (xisa
D-inaccessible D-cardinal)) AK+ @ AVyeD(ye K= 3zeD(ze KAy € 2z)))) is
deduced in the LTS+AU(w). Thus, the formula ¢ =3X e Dy(X) is also
deduced. O

Axiom AU(w) allows to componate the continuing each other finite sequences of uni-
versal classes from Theorem 2 (B.3.5) into one infinite sequence.

Proposition 1. In the LTS, the following assertions are equivalent:

1) AU(w);

2) there exist a universal class X and an infinite strictly increasing X-sequence u =
(U, € X | n € w)x of universal classes such that from n € w, V is a universal class,
and U, ¢ V c V,, it follows that V = V, for some k € n + 1 (the property of incom-
pressibility);

3) there exists a universal class X such that Uy € X forany k e n+1and any n € w,
where u(n) = (Uy € U(n) | k e n + 1)y, are the continuing each other strictly
increasing incompressible U(n)-sequences of universal classes from
Theorem 2 (B.3.5).
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Proof. (1)  (2). Consider the class A, the existence of which is postulated by axiom
AU(w). By the axiom of universality, there exists a universal class X such that A € X.
By Theorem 1 (B.3.5) in the class A, there exists the smallest element «.

In the same way as in the proof of Theorem 2 (B.3.5), it is proven that for every
n € w, there exists a unique X-sequence of universal classes u(n) = (U, € A | k €
n + 1)y such that U, = «, Uy, € U, for every k € | € n + 1, and if V is a universal class
and U, c V c U, then V = U, for some k € n + 1 (the property of incompressibility).
It follows from the property of uniqueness that u(n)|(m + 1) = u(m) for all m < n,
i. e. these finite sequences continue each other. By virtue of this uniqueness, we can
denote the sequence u(n) by (U | k € n +1).

Consider the X-class w#*xA and the X-correspondence u = {z € w*xA | Ix € w(z =
(x, Ux)x)}. Since u(n) = {Uy;}x € X foreveryn € w, it follows thatu = w —y A. By the
axiom of transitivity, U, = Uy € A € X implies U,, € X. Therefore, u is an X-sequence
(U, eX|new).

(2) + (3). From the property of uniqueness of the U(n)-sequence u(n) and the
class U(n) from Theorem 2 (B.3.5), it follows that u|n + 1 = u(n), i.e. U,,,; = U(n) and
U, = Uy forany n € wand any k € n + 1. Therefore, U} € X.

(3) + (1). Consider the X-class Y={y e X | Ix c w(y = U})} ={U} € X | n € w}y.
Since the U(n)-sequences u(n) are strictly increasing and continue each other, it
follows that the class Y satisfies axiom AU(w). |

It follows from assertion 2 of this statement that the LTS+AU(w) resembles the axiomat-
ics of N. da Costa [1965, 1967] with the denumerable set of constants &1, ..., 4l,, ... for
universes with axioms like the axiom X c i, = X € ,,,. However, the theory of da
Costa uses the non-constructive rule of deduction (namely, the w-rule of Carnap) and
some properties of natural numbers.

Corollary 1. In the theory LTS+AU(w), there exist a universal class X and an infi-
nite strictly increasing incompressible X-sequence of universal classes u = (U,, € X |
m € w)y, and also for every n € w there exist a unique universal class V and a unique
finite strictly increasing incompressible V-sequence of universal classes v(n) = (V; €
V| k en+1)ysuchthat V, = X.

From the property of uniqueness, it follows that v(n)|(1 + 1) = v(l) foralll < n, i.e.
these finite sequences continue each other.

Proof. By Proposition 1, there exist the corresponding X and u = (U,, € X | m € w)y.
Further, similarly to the proof of Theorem 2 (B.3.5), it is deduced the existence of cor-
responding Vandv(n) = (V, e V| ken+1)y. O

Roughly speaking, LTS+AU(w) ensures the existence of w + Vn different universal
classes.

It follows from this corollary and the remark, which was done before Theo-
rem 1 (B.4.1) that to construct a model of the LTS+AU(w) in the ZF set theory, it is
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necessary to have in ZF at least two infinite sequences u = (1, | m € w) and v = (5, |
n € w) of inaccessible cardinals such that ¢ <1, < 5 < », for every k e m € w and
l € n € w. But the existence of such infinite sequences, as Proposition 1 (B.4.1) shows,
is equivalent to axiom Al(w + w).

With the help of Proposition 1 (B.4.1), we can prove the following statement.

Statement 5. Ifthe theory ZF+Al(w + w) is consistent, then the theory LTS+AU(w) is also
consistent.

Proof. In the same way, as in the proof of Statement 3, consider the sequences (s, |
m € w) and (s, | n € w) from Proposition 1 (B.4.1). Consider the sets A = {1,, | m € w}
and B = {x, | n € w}. Further, instead of V, and V, we will write W,," and W,",
respectively. Consider the ordinal numbers « = UA = sup A and 3 = UB = sup B and
the sets D = U(W,,' Im ew) c V, and E=D U U(W," | n € w) c V. It is clear that
g=VoeW) eW/eW,'cDcV,cW," eW,”eW," cEcVgforevery0Oeke
m e wand 0 € [ € n € w. Therefore, by Lemma 2 (A.3.2) we infer that W,/, W,” ¢ E for
allk, l € w.

Choose the set E as the domain of interpretation of LTS+AU(w) in the set theory
ZF+Al(w + w). Consider in E the subsets R={x € E | 3m € w(x = W,,/)} and S = {x ¢
E|3ncwix =W, v x=W,"). Define a correspondence J, assigning to the predi-
cate symbol € in the LTS the two-placed relation C = {z € ExE | 3x,y € E(z = (x,y) A
x € y)}, to the symbol x in the LTS, the one-placed relation S c E, and to the con-
stant symbols @ and a in LTS, the elements @ and W,’ of the domain E. Consider
the interpretation N = (E, J) of the LTS in the theory ZF+Al(w + w), which is similar
to the interpretation M = (D, I), described in the proof of Statement 3. Prove that this
interpretation is a model of the LTS+AU(w). According to the proof of Statement 3, we
need only to consider the translation of axiom AU(w) and to prove its deducibility in
ZF+Al(w + w).

Let s =Xg,..., Xg, ... be an arbitrary sequence of elements of the set E. The
translation of axiom AU(w) under the interpretation N on the sequence s has the
form ¢=NEAU(w)[s]=3XcENVUcEUecX=>UecR AX+3 AVVeEV ¢
X=>3IWeEWeXAVeW))).

Since 1, < %y <, for every m e w, it follows that W,’' e W," ¢ W,". By
Lemma 2 (A.3.2), R € W,"”, and therefore, R € E. From W,' € R, it follows that R #
@.1f UeE and U € R, then U=W,,' for some m € w. Since 1, <1, + 1< 1,9, by
Lemma 1 (A.3.2) we infer that U= W, € W,,,' = V € R ¢ E. Consequently, for the
set R in ZF+Al(w + w) the formula y(R) = (VU e ElUc R=UcR)AR+ 3 AVV ¢
E(VeR=3W e E(WeRAV eW)))isdeduced. Thus, the formula ¢ = 3X € Ey(X)
is also deduced. O

Thus, we have proven the following chain of interpretations:

ZF + AIC < LTS < ZF + Al(w) < LTS + AU(w) < ZF + Al(w + w) < ZF + Al
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where T < S denotes the interpretability of the theory T in the set theory S. Denot-
ing by cons(T) the consistency of the theory T, we get the converse chain of relative
consistency:

cons(ZF + Al) = cons(ZF + Al(w + w)) = cons(LTS + AU(w)) =
= cons(ZF + Al(w)) = cons(LTS) = cons(ZF + AIC).

These chains were proven by V. K. Zakharov and E.I. Bunina in [2006]. The similar
chains remain valid, apparently, if we change the theory ZF by the theory NBG.

It follows from Proposition 2 (B.4.1) that inside the theory ZF+Al, which is the
strongest of the mentioned ones, the chain of mutual interpretations can be continued
further, if we take as the next steps theories LTS+AU(w+w), ZF+Al(w+w+w), and so on.

Since, according to Theorem 1 (A.4.3), the theories ZF+AU and ZF+AlI are equiv-
alent, it follows from Proposition 2 (B.4.1) that the theory ZF+Al(w) is weaker than
the theory ZF+AU. It follows from Statement 3 that the LTS is weaker than ZF+Al(w).
Hence, the LTS is weaker than the theory ZF+AU. Thus, the LTS satisfies condition 1
formulated in the introduction.

It follows from Theorem 2 (B.3.5) that the LTS, so as the theories ZF+AU(w) and
ZF+Al(w) (see B.4), has a countable totality of different universes, and therefore, sat-
isfies all needs of category theory in such an extent as the theory ZF+AU(w) does it.
Therefore, the LTS satisfies condition 2.

Finally, axiom of universality A6 from B.1.1 asserts that in the LTS there are no
objects, which are not elements of this countable totality of universes. By the same
token, the LTS satisfies condition 3.

As a result, we obtain that the LTS is more adequate foundation for category theory
than the theories ZF+AU and ZF+AU(w). Moreover, the consistency of the theory
ZF+AU(w) implies the consistency of the LTS. Besides, the LTS is a more adequate
foundation for category theory than the set theory of da Costa, because the existence
of a countable totality of universes in the LTS is deduced, but is not postulated be-
forehand as in the axiomatics of da Costa. This saves from the necessity to attract
externally the natural numbers and their properties.

Note also that in B.6, we will show that in the LTS we cannot prove that the con-
structed in Theorem 2 (B.3.5) assemblies’ sequence of finite U(n)-sequences u(n) =
(U € U(n) | k € n+1)y, of universal classes U;' can be continued as was done in the
assertion 3 of Proposition 1. It means that in the LTS, we have only countable assembly
of universes from Theorem 2 (B.3.5).

B.5 The proof of relative consistency by the method of abstract
interpretation

The method of abstract interpretation, going back to K. Godel (see [Jech, 1971, 10]), is
the direct generalization of the method of interpretation stated in the section A.1.
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B.5.1 Abstracts of a set theory

Let S be some set theory (see A.1). We will consider that either S is a theory with
the equality or, in S, the equality is introduced by the formula (A ¢ B) A (B c A).
We introduced classes in the ZF set theory (A.1.1) and assemblies in the LTS (B.1.1).
Now in exactly the same way we introduce the abstracts C = {x | ¢(x)} and C(ii) = {x |
¢(x, t1)} in an arbitrary set theory S. For the abstracts C = {x | ¢(x)} and D = {x | w(x)}
as in B.1.2, we define the formulas C ¢ D and C = D. Define the formula C € y as a no-
tation for the formula 3z(z € y A z = C).

As in B.3.2 for abstracts A and B and objects A and B of the set theory S, we intro-
duce the abstracts P(A), AuUB, AnB, {A}, {A, B}, (4, B), A = B, and UA.

Similarly, we define in S a correspondence C with the domain of definition dom C
and the range of values rng C, a function (= a mapping) F, a correspondenceC : A — B,
a function F : A — B, a (multivalued) collection (B, ¢ B | a € A) with the union U(B, ¢
B | a € A) and the intersection N(B, c B | a € A), a simple collection (b, € B| a € A)
with the abstract of members {b, € B | a € A}, the (multivalued) sequential pair (A, A'),
triplet (A, A’,A"), ...of abstracts A,A’, A", ..., the simple sequential pair (a, a’),
triplet (a, a’, a"),...of objects a,a’, a", ..., the product [[(A; c A | i € I) of a collec-
tion (A; c A |iel), the product A x A, A x A" x A", ...of the pair (A, A'), triplet
(A,A',A"), ...of abstracts A,A’, A", ..., an n-placed relation R ¢ A" = Map(n, A) on
an abstract A, an n-placed operation O : A" — A, and so on.

The abstract 4 = {x | x = x}, consisting of all objects of the theory S, is called
universal.

Note that, operating with abstracts, we are always staying within the framework
of formulas of the set theory S.

B.5.2 The abstract interpretation of a first-order theory in a set theory

A set theory S will be called finitely closed (= closed up to finite collections) if in the
theory S some formula on(x) defines natural numbers as the objects of this theory and
for every natural number n > 1every abstract F that is a mapping from the object n into
the universal abstract 41 is an object of the theory S.

In a finitely closed set theory S, we define the abstract w = {x | on(x)}, consisting
of all natural numbers. Therefore, in such a theory abstracts s : w — A are defined.
They can be called abstract infinite sequences of elements of the abstract A.

Suppose that in a set theory S we have selected by means of this theory some
abstract D = {x | ¢(x)}.

Let S be some fixed finitely closed set theory with some selected abstract D.

An abstract interpretation of a first-order theory T in the finitely closed set theory S
with the selected abstract D is a pair M, consisting of the abstract D and some corre-
spondence I, assigning to every predicate letter P}’ some n-placed relation I(P}) in D,
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every functional letter F}' some n-placed operation I(F}') in D, and every constant sym-
bol a; some element I(a;) of D.

Let s be some abstract infinite sequence x,, ..., Xgs - of elements of the abstract
D = {x | p(x)}.

Define the value of a term t of the theory T on the sequence s under the abstract
interpretation M of the theory T in the set theory S (in notation ty[s]) by induction in
the following way:

- ift = v;, then ty[s] = x;;

— ift = a;, then ty[s] = I(q;);

- ift=F(ty,...,t, 1), where Fis an n-placed functional symbol and ¢, ..., t,_; are
terms, then ty[s] = I(F)(tyulS], ..., toimSD).

Since I(F) is an operation from D" into D, it follows that for the term t = F(t,, ..., t,_;),
we have ty[s] € D. Consequently, the value of a term is always an element of the
abstract D, i. e. it is some object of the theory S.

Define the translation of the formula ¢ on the sequence s under the abstract inter-
pretation M of the theory T in the finitely closed set theory S (in notation M E ¢[s]) by
induction in the following way:

- ife=(P(t,..., t,1), where P is a n-placed predicate symbol and ¢, ..., t,_; are

terms, then M k ¢[s] = ((tolS], . .., thoimlS]) € I(P));

- ifp = (-0), then M E ¢[s] = (=M E O[s]);
- ifp=(6,=0,),thenME ¢[s] = (M E 6,[s] = Mk 6,[s]);
- ifp = (¥v;0), then

ME@[S]=(Vx(xeD=MEO[Xg, ..., X;15 X, Xjy1s---5Xgs---1)).

On other formulas the translation is continued similarly to A.1.3.

This definition needs in some explanation. For the formula ¢ = (P(¢ty, ..., t,_1))
the symbol-string ((tyy[S], ..., t,_im[S]) € I(P)) is a formula of the theory S. We have
mentioned above that the values of the terms ¢;;;[s] are objects of the theory S. Since
the theory S is finitely closed, it follows that the abstract v = (¢yy[s], ..., t,_1y[S]) isan
object of the theory S. By definition, I(P) is a subabstract of the abstract D". Therefore,
the symbol-string (v € I(P)) is, in fact, a formula of the theory S. It follows from the
other items of this definition that as a result of the translation we always get formulas
of the theory S. Thus, M k ¢[s] is a formula of the theory S.

An abstract interpretation M is called an abstract model of the axiomatic theory
(T, ®,) in the axiomatic finitely closed set theory (S, E,) with the selected abstract D, if
for every abstract sequence s of elements of D the translation M k ¢[s] of every axiom ¢
of the theory T is a deducible formula in the theory (S, E,).

All other definitions and assertions from A.1.3 are transferred to the case of
abstract interpretation under the corresponding insignificant changes.
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B.6 Undeducibility of some axioms in the LTS

In this section, all proofs are given by the method of abstract interpretation described
in the previous section.

B.6.1 The undeducibility of the axiom scheme of replacement

In B.3, we have made the globalization of almost all main constructions used in naive
set theory.

Now, we need only to know if in the LTS one can deduce the global axiom scheme
of replacement.

ASR. (The axiom scheme of replacement.) Let ¢(x, y) be a formula of the LTS and
¢ does not contain Y as a free variable. Then, VxVyVy'(p(x, y) A (x,y) =y =y') =
VX3AYVx € XVy(p(x,y) =y e Y).

Statement 1.
1) Ifthe LTS is consistent, then LTS + —ASR is consistent.
2) Ifthe LTS is consistent, then axiom scheme ASR is not deducible in the LTS.

Proof. 1.Consider forn € wthe class U and the U-sequence u(n) from Theorem 2 (B.3.5).
By virtue of their uniqueness, we can denote them by U(n) and u(n) = (Uy € U(n) |
ken+1yp-

Consider the assembly C = {z | Ixdy(x e w A y € U(x) A z = {x, y))}. It is clear
that C is a correspondence from the class w into the assembly V such that C(n) = U,
for every n € w. Therefore, C can be written as the collection C = (U(n) € Vinew).
Consider the assemblies D= uU(U(n) | n € w) ={y | 3x € w(y € U(x))} and R = {y |
3x € w(y = U(x))}. By Theorem 2 (B.3.5), U(m) = Uit} = Ui, € Ult] = U(n) ¢ D for
any m € n € w. Therefore, R c D. Besides, @ € U, c D implies @ € D.

By virtue of Corollaries 4 and 1 to Theorem 1 (B.3.5), the LTS is a finitely closed set
theory.

Choose the assembly D as in the capacityof the domain of abstra