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Preface

In a successful theory of elementary particles, at least three important conditions must
be fulfilled:

(1) relativistic invariance in the instant form of dynamics;

(2) cluster separability of the interaction;

(3) description of processes involving creation and destruction of particles.

In the first volume of our book we discussed interacting quantum theories in Hilbert
spaces with a fixed set of particles. We showed how it is possible to satisfy the first
two requirements (relativistic invariance and cluster separability).1 However, these
theories were fundamentally incomplete, due to their inability to describe physical
processes that change the types and/or number of particles in the system. Thus, con-
dition 3 from our list was not fulfilled.

Familiar examples of the creation and annihilation processes are emission and ab-
sorption of light (photons), decays, neutrino oscillations, etc. Particles are produced
especially intensively at high energies. This is due to the famous Einstein formula
E = mc?, which says, in particular, that if the system has sufficient energy E of rel-
ative motion, then this energy can be transformed into the mass m of newly created
particles. Even in the simplest two-particle case, the energy of the relative motion of
these reactants is unlimited. Therefore, there is no limit to the number of new particles
that can be created in a collision.

To advance in the study of such processes, the first thing to do is to build a Hilbert
space of states .»#, which is capable of describing particle creation and annihilation.
Such a space must include states with arbitrary numbers (from zero to infinity) of par-
ticles of all types. It is called the Fock space. This construction is rather simple. How-
ever, the next step — the definition of realistic interaction operators in the Fock space
— is highly nontrivial. A big part of our third volume will be devoted to the solution
of this problem. Here we will prepare ourselves to this task by starting with a more
traditional approach, which is known as the renormalized relativistic quantum field
theory (QFT). Our discussions in this book are limited to electromagnetic phenomena,
so we will be interested in the simplest and most successful type of QFT - quantum
electrodynamics (QED).

In Chapter 1, Fock space, we will describe the basic mathematical machinery of
Fock spaces, including creation and annihilation operators, normal ordering and clas-
sification of interaction potentials.

A simple toy model with variable number of particles will be presented in Chap-
ter 2, Scattering in Fock space. In this example, we will discuss such important in-
gredients of QFT as the S-matrix formalism, renormalization, diagram technique and

1 See, e. g., Subsection 1-6.4.6.

https://doi.org/10.1515/9783110493207-205
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XVIII —— Preface

cluster separability. Our first two chapters have a mostly technical character. They de-
fine our terminology and notation and prepare us for a more in-depth study of QED in
the two following chapters.

In Chapter 3, Quantum electrodynamics, we introduce the important concept of
the quantum field. This idea will be applied to systems of charged particles and pho-
tons in the formalism of QED. Here we will obtain an interacting theory, which satisfies
the principles of relativistic invariance and cluster separability, where the number of
particles is not fixed. However, the “naive” version of QED presented here is unsat-
isfactory, since it cannot calculate scattering amplitudes beyond the lowest orders of
perturbation theory.

Chapter 4, Renormalization, completes the second volume of the book. We will dis-
cuss the plague of ultraviolet divergences in the “naive” QED and explain how they can
be eliminated by adding counterterms to the Hamiltonian. As a result, we will get the
traditional “renormalized” QED, which has proven itself in precision calculations of
scattering cross sections and energy levels in systems of charged particles. However,
this theory failed to provide a well-defined interacting Hamiltonian and the interact-
ing time evolution (= dynamics). We will address these issues in the third volume of
our book.

As in the first volume, here we refrain from criticism and unconventional interpre-
tations, trying to keep in line with generally accepted approaches. The main purpose
of this volume is to explain the basic concepts and terminology of QFT. For the most
part, we will adhere to the logic of QFT formulated by Weinberg in the series of articles
[19, 18, 20] and in the excellent textbook [21]. A critical discussion of the traditional
approaches and a new look at the theory of relativity will be presented in Volume 3
[17].

References to Volume 1 [16] of this book will be prefixed with “1-”. For example,
(1-7.14) is formula (7.14) from Volume 1.
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1 Fock space

There are more things in Heaven and on earth, dear Horacio, than are dreamed of in your
philosophy.
Hamlet

In this chapter, we construct the Fock space .7# populated by particles of five types:
electrons e”, positrons e*, protons p*, antiprotons' p~ and photons y. We will practice
constructions of simple interaction operators and study their properties. In compar-
ison with Volume 1, the main novelty is in working with operators that change the
number of particles. This will prepare us for mastering a more realistic theory — quan-
tum electrodynamics (QED) — in Chapters 3 and 4.

1.1 Creation and annihilation operators

Here we introduce the concepts of creation and annihilation operators. Though lack-
ing autonomous physical meaning, these operators greatly simplify calculations
in 7.

1.1.1 Sectors with fixed numbers of particles

The numbers of particles of each type are easily measurable in experiments, so we
have the right to introduce in our theory five new observables, namely, the numbers
of electrons (Ng)), positrons (Ny,,), protons (N,,), antiprotons (N,,) and photons (Npy,).
Unlike in ordinary quantum mechanics from Volume 1, here we will not assume that
the numbers of particles are fixed. We would like to treat these quantities on the same
footing as other quantum observables. In particular, we will also take into account
their quantum uncertainty. Then, in accordance with general quantum rules, these
observables should be represented in the Hilbert space (= Fock space) .;# by five Her-
mitian operators. Obviously, their allowed values (spectra) are nonnegative integers
(0,1,2,...). From part (II) of Postulate 1-6.1, it follows that these observables are mea-
surable simultaneously, so that the particle number operators commute with each
other and have common eigensubspaces. Hence, the Fock space . splits into a di-
rect sum of orthogonal subspaces, or sectors, (i, j,k,l,m) containing i electrons,

1 In this book, protons and antiprotons are regarded as simple point charges. Their internal structure
is ignored, as well as their participation in strong nuclear interactions.

https://doi.org/10.1515/9783110493207-001
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2 =— 1 Fockspace

j positrons, k protons, l antiprotons and m photons, so

(e8]
# = P #G,jkLm), (1)
ijkim=0

where

Ng#(,j, k, 1, m) =i#(,j,k, I, m),
Npo (i, j, k1, m) = j.o (i, 5, k, 1, m),
Np (0], k, 1 m) = k@i, j, k, 1, m),
N7 ,j, k, Lm) = 1¢(i,j, k, l,m),
Nph,%"(i,j, k,ILm)=ms#(,j,k,I,m).

The one-dimensional subspace without particles .7#(0, 0, 0, 0, 0) is called the vac-
uum subspace. The vacuum vector |vac) is defined in this subspace up to an unimpor-
tant phase factor.

Single-particle sectors are built according to the recipes from Chapter 1-5. The sub-
spaces .7(1,0,0,0,0) and 57(0,1,0, 0,0) contain one electron and one positron, re-
spectively. These subspaces carry unitary irreducible representations of the Poincaré
group with mass m, = 0.511 MeV/c? and spin 1/2 (see Table 1-5.1). The subspaces
#(0,0,1,0,0) and 57(0,0,0,1,0) contain one proton and one antiproton, respec-
tively. These particles have mass m, = 9383 MeV/ ¢? and spin 1/2. The subspace
##(0,0,0,0,1) contains one photon with zero mass. This subspace is the direct sum
of two irreducible massless subspaces with helicities 1 and -1 (see Subsection 1-5.4.4).

Sectors with two or more particles are constructed as (anti)symmetrized products
of single-particle sectors.? For example, if . is the one-electron sector and Hn is the
one-photon sector, then sectors having only electrons and photons can be written as

2(0,0,0,0,0) = |vac), (1.2)
#(1,0,0,0,0) = /£, 1.3)
#(0,0,0,0,1) = 7, (1.4)
#(1,0,0,0,1) = 7 ® Ay, (1.5)
#(2,0,0,0,0) = Y ®geym Has (1.6)
#(0,0,0,0,2) = Ay, ®gym A, (1.7)
#(1,0,0,0,2) = #y ® (K, ®sym Hpp)» (1.8)
#(2,0,0,0,1) = () Basym He1) ® Hphs (1.9)
#(2,0,0,0,2) = (A ®agym Ha)) ® (S ®sym Hp)- (1.10)

2 See Subsection 1-6.1.3. Note that electrons and protons are fermions, while photons are bosons.
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1.1 Creation and annihilation operators =—— 3

1.1.2 Particle observables in Fock space

As explained in Subsection 1-6.1.2, in each sector of the Fock space we can define ob-
servables of individual particles populating this sector, i. e., their positions, momenta,
spins, etc. For example, in each (massive) one-particle subspace there is a Newton—
Wigner operator describing measurements of the particle’s position r. In n-particle
sectors, in addition to the center-of-energy position R, positions r; of individual parti-
cles are defined as well.

In each sector, we can choose a basis of common eigenvectors of a complete set
of commuting one-particle observables. For further discussions it will be convenient
to use the basis which diagonalizes momenta p and spin components s, of massive
particles or helicities 7 of massless particles. For example, basis vectors in the two-
electron sector 77(2,0,0,0,0) = %) ®,eym e Will be denoted as |p;sy,, p,S,,)- Thus,
in each sector one can define many-particle wave functions in the momentum-spin
representation.

The arbitrary state |¥) in the Fock space can have components in many or all sec-
tors.? So the number of particles in the state |[¥) can be undefined, and a complete de-
scription of such a state requires the introduction of multi-sector state vectors, which
can be expanded in the basis described above.

1.1.3 Noninteracting representation of Poincaré group

The construction given above gives us the Fock space s#, where many-particle states
and observables of our theory live and where a convenient orthonormal basis is de-
fined. To complete this formalism, we need to construct a realistic interacting rep-
resentation U, of the Poincaré group in 7. Let us first solve a simpler problem and
define a noninteracting representation Ug there.

From Subsection 1-6.2.1 we already know how to build noninteracting representa-
tions of the Poincaré group in each separate sector of .57. This is done with the help of
the tensor product” of one-particle irreducible representations corresponding to elec-
trons Ué‘fl, photons Uph, etc. Then, the noninteracting representation of the Poincaré
group in the entire Fock space is formed as the direct sum of such sector representa-
tions. In accordance with the sector decomposition (1.2)—(1.10), we can write

U; =le Ugel ® Ugh ® (U;El ® ngh) ® (Ugel ®asym U;l) O (1.11)

3 Superselection rules forbid creating linear combinations of states with different charges. We will not
discuss these rules here.
4 With the appropriate (anti)symmetrization.
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4 —— 1 Fockspace

The generators of this representation will be denoted by {H, Py, J 5, K}. In each sector,
these generators are simply sums of single-particle generators.” As usual, we assume
that the operators Hy, P, and J, represent the total energy, momentum and angular
momentum, respectively.

Here we immediately notice a serious problem, which was not present in quantum
mechanics with fixed particle content. For example, according to (1.11), a free Hamil-
tonian should be represented as a direct sum of sector components, i. e.,

H,y = 0 Hy(1,0,0,0,0) & Hy(0,0,0,0,1) & Hy(1,0,0,0,1) & - - -.

It is tempting to use the notation from Section 1-6.2 and express Hamiltonians in each
sector through observables of individual particles there: p;, p,, etc. For example, in
the one-electron sector ./#(1, 0, 0, 0, 0), the free Hamiltonian is equal to

Hy(1,0,0,0,0) = \m2c* + p*c? (1.12)

and the Hamiltonian in the sector #(2,0, 0,0, 2) is®

Hy(2,0,0,0,2) = p;c + pyC + \/mf_,c“ +pic2+ \/mgc4 +pic. (1.13)

Obviously, such a notation is very cumbersome, because it does not give a single ex-
pression for the operator H;, in the entire Fock space. Moreover, it is completely unclear
how to use the single-particle observables for constructing operators of interactions
that change the number of particles, i. e., moving state vectors across sector bound-
aries. We need to find a simple and universal method for writing operators in the Fock
space. This problem is solved by introducing creation and annihilation operators.

1.1.4 Creation and annihilation operators for fermions

To begin with, it will be useful to consider the simpler case of a discrete spectrum
of momentum. In theory, such a spectrum can be produced by standard methods of
placing the system in an impenetrable box or using periodic boundary conditions.
Then the eigenvalues of the momentum operator form a discrete three-dimensional
lattice p;. In the limit of infinite box size, the usual continuous momentum spectrum
is restored.

First turn to creation and annihilation operators for electrons. We define a (linear)
creation operator a;,sz of an electron with momentum p and spin projection s, by its
action on basis vectors

IP1S12P2S225 - - > PuSnz)- (1.14)

5 For example, equations (1-6.10)—(1-6.13) are valid in each two-particle sector.
6 Two photons are labeled by indices 1 and 2, two electrons by indices 3 and 4.
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in sectors with n electrons. We should distinguish two alternatives. In the first case,
the created one-particle state (ps,) is among the states present in (1.14), for example,
(ps,) = (p;Siy)- Since electrons are fermions and two fermions cannot occupy the same
state due to the Pauli principle, this action leads to the zero result, i. e.,

:
Aps [P1S1z> - - s Pio1S(i-1)2> PiSizs Pis1S(i+1)z> - - - »PnSnz) = 0. (1.15)

In the second case, the created state (ps,) is not among the single-particle states form-
ing (1.14). Then, the creation operator a{,sz simply adds one electron to the beginning
of the particle list, so

a;,sz |P1S12:P2S2z5 - - - P> Snz) = DSz P1S125P2S255 - - s PnSnz) - (1.16)

In this case, the operator a;sz converts a state with n electrons to a state with n+1 elec-
trons. By repeatedly applying creation operators to the vacuum vector |vac), we can
construct all basis vectors in the purely electronic part of the Fock space. For example,

N
s, [vac) = |ps,), (1.17)

L.

ap s, Ay s, IVAC) = D151, P2Sy,)

are basis vectors in the one-electron and two-electron sectors.

We define the electron annihilation operator ay,_as a Hermitian conjugate to the
creation operator a;SZ. One can prove [21] that the action of ps_ ON the n-electron state
(1.14) is as follows. If the one-electron state with parameters (ps,) is already occupied,
for example, (ps,) = (p;S;,), then this state is “annihilated” and the number of parti-
cles in the system decreases by one, i. e.,

apsz |plslz’ e ’pi—ls(i—l)Z’pisiZ’pi+ls(i+l)z’ e ’pnsnz>

P
= (=1)7P1S1z> - - -> Pi—1S(i-1)2> PisaS(i+1)z> - - - > PnSnz)- (1.18)

Here P is the number of permutations of neighboring particles, which is necessary to
move the annihilated one-particle state i to the first place in the list. If the state (ps,)
is absent, i. e., (ps,) # (p;s;,) for all i, then

Aps, IP1S12> P2S2z> - - - s PuSnz) = 0. (1.19)
Acting on the vacuum state, annihilation operators always yield zero, i. e.,
aps,Ivac) = 0. (1.20)

The above formulas define the actions of creation and annihilation operators on
the basis vectors in purely electronic sectors. These rules do not change in the pres-
ence of other particles, and they extend to any linear combinations of basis vectors by
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linearity. Creation and annihilation operators for other fermions — positrons, protons
and antiprotons — are defined similarly.

For brevity, we will call the creation and annihilation operators jointly particle
operators. In this way we will distinguish them from particle observables, such as mo-
mentum p;, position r;, energy h;, etc. It should be emphasized that the (creation and
annihilation) particle operators are not intended to directly describe any physical pro-
cess or quantity. They are only formal mathematical objects intended to simplify the
notation for working with other operators having direct physical meanings. Some ex-
amples will be provided in Subsection 1.1.10.

1.1.5 Anticommutators of particle operators

In practical calculations, we often encounter anticommutators of fermion particle op-
erators. First we consider the case of annihilation/creation of unequal states of parti-
cles, such as (ps,) # (p’s;). In this case, the anticommutator is

toy ot t
{aprs: Aps,} = s, Qrsy + Ay Qs

z

Acting by this operator on a one-particle state |p"’s.’), which differs from both |ps,)
and |p’s.), we get

n.n
S

T T n.n
(Aps, Aprs + Ay Qs )IP'S,) = Ay DS, P"'s, ) = 0.

Similarly we obtain
t T
(ps, Aprs, + s Qs )IPS;) = O,
T T 1. T 1.
(Aps, Aprs; + Qs Ay )IP'S,) = Ay [Vac) + apig IPS,,P's;) = Is;) — Ips;) = 0.

It is not difficult to show that the result remains zero when acting on any n-particle
state and also on their linear combinations. Thus, we conclude that in the entire Fock
space

{ap,sé,a;;sz} =0, if(ps,) # (p's,).

In the case (ps,) = (p's,) a similar calculation yields

{aps,aps,} =1.

Therefore, for all values of p, p’, s, and s; we can write
{a;sz, ap,s;} = 6p,p'55252‘ (1.21)
Using similar arguments, one can show that

vt
{aps,» @y g} = aps, ap g} = 0.
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1.1.6 Creation and annihilation operators for photons

For photons that are bosons, the properties of creation and annihilation operators
differ slightly from the fermion operators described above. Two or more photons can
coexist in the same quantum state. Therefore, we determine the action of the photon
creation operator ¢},,” on a multi-photon state as

:
Cpr|P1T1:D2Tos - s PnT) = DT P1T1: DT - > PyT)s

regardless of whether there was a particle (p7) in the initial state or not. As in the case
of fermions, boson annihilation operators c,, are defined as Hermitian conjugates of
the creation operators. The photon annihilation operator c,, completely destroys a
multi-photon state, so

Cpr|P1T1 PoTos -+ PpTy) = 0

if the annihilated one-photon state (pr) was absent there. If the photon (pt) was
present, then the annihilation operator cp,, simply removes this component, thus
generating an (n — 1)-photon state,

Cpr,[P1T1> - - > PiaTits PiTis P Tists - - > PnTn)

= P1Te - PiaTicts Pia Tists - - > PnTh)-

The above formulas can be extended without change to states where, in addition
to photons, other particles are also present. Also, the action of operators extends by
linearity to superpositions of basis vectors. From these rules, proceeding in analogy
with Subsection 1.1.5, we obtain the following commutation relations for the photon
annihilation and creation operators:

[Cpr’ C;:T/] = 6 ’511”

pT’ [ pT’ p‘[l] = O

1.1.7 Particle number operators

With the help of creation and annihilation operators, we can build explicit expressions
for various useful observables in the Fock space. Consider, for example, the product
of two photon operators,

;
Npr = Cpr

e = CoyeCpr- (1.22)

7 The photon’s momentum is p and 7 is its helicity.
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Acting on the state of two photons with quantum numbers (pt), this operator gives

oAt i Tt
NI,T |pT,pT) = Nprcprcprlvac) = cpTcpTcpTcpTlvac)
Tt T Tt
= CprCprCprCpr [VAC) + CprCprlVAC)
Tt Tt
= CprCprCprCpr|VaC) + 2, VAC)

= 2|p7, p1),
but acting on the state |pt,p't’), we get

It tot + tot
NpT pT,p'T) = Nprcprcp, . |vac) = CprCprCprCpip |[vac)

_ ot + tot
= CprCprCprCpp |[vac) + CprCprrr [vac)

R S tot
= CprCprCprp Cprlvac) + CprCprpr [vac)

= |pT,p't).

These examples should convince us that the operator N, acts as a counter of photons
with quantum numbers (p7).

1.1.8 Continuous spectrum of momentum

The properties of creation and annihilation operators presented in the previous sub-
sections were derived for the case of discrete momentum spectrum. In reality, the mo-
mentum spectrum is continuous, and these results must be modified by taking the
limit of a “very large box.” It is not difficult to guess that in this limit equation (1.21)
goes into

{ap,s;, a;sz} = 652526(}7 —p’). (123)

The sequence of formulas®

85,5,8(p ~P') = (ps.|p's}) = (vacla, ay,, [vac)

—(VaC|a;,S; DS, IVaC) + 652826(1’ _p,)

= 652526(17 - p,)

confirms the consistency of our choice (1.23).

8 The first equality is obtained from the normalization of momentum eigenvectors (1-5.21); the second
equality follows from the definition of the creation operator (1.17); the third one from formula (1.23);
and the fourth one from (1.20).
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The same arguments can be applied to the operators of positrons (bpsz and b;sz),
protons (d,,s and d;,sz), antiprotons (f,s_and f;sz) and photons (c,, and C;T). So, finally,
we get the following set of anticommutation and commutation relations relevant to
QED:

{aps;a;'sé} = {bpsz’b;'s;} = {dps},)d;fsé} = {fpsz’f;'s;} = 5(}7 _pl)(sszs;’ (1.24)
{aps,» aprs;} = {bps,» by} = {dps,» dprst} = s, fprst}
= {aps..ay, .} = {bps by} = {dps . ), }

p's! s> “p's] s> p's,
= {fps. s} =0, (1.25)
[Cpes Cprpr] = (0 = P')1rr, (1.26)
[C;T)C,T,IT/] = [Cprs Cprr] = 0. (1.27)

Commutators of operators related to different particles are always zero.
In the limit of continuous momentum, the counterpart of the particle counter
(1.22) is the operator

Ppr = c;,cm, (1.28)

which can be interpreted as the density of photons with helicity T and momentum p.
Having summed the density (1.28) by the photon polarizations and integrating it over
the entire momentum space, we obtain the operator of the total number of photons in
the system

Npp = J dpcyy Cpr. (1.29)
T

We can also write similar expressions for the numbers of other particles. For example,

N, = Z J dpa;SZapsz (1.30)

SZ
is the electron number operator. Then the operator
N = Ngj + Npo + Npp + Ny + Ny (1.31)

expresses the total number of particles in the system.
1.1.9 Normal ordering

It is necessary to note the important property of operators (1.29) and (1.30). Being ex-
pressed through particle creation and annihilation operators, they are applicable in
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the entire Fock space. We will follow this principle in our construction of other observ-
ables as well.

Thus, we intend to express operators in the Fock space in the form of polyno-
mials in creation and annihilation operators. But for this, we need to overcome one
notational problem related to the noncommutativity of particle operators: two differ-
ent polynomials can represent the same operator. In order to have unified polynomial
representatives, we will always agree to write the products of particle operators in the
normal order, i. e., creation operators to the left and annihilation operators to the right.
Using (anti)commutation relations (1.24)—(1.27), we can always convert any product of
particle operators into a normally ordered form. Let us illustrate the above with one
example. We have

ap,s; Cq'T’ a;sz C;T = ap:s; a;sz Cq'T'Ct;‘r
= (a;szap’s; +6(p _p,)sszs;)(_cz;rcq"r’ + 6(‘1 - q,)(sr‘r’)
= _a;sz C;rap’s; Cqr T+ a;sz ap’s;6(q - q,)(STT’

- cfﬁcq/rld(p -D')8s5 +86(p-P")bs56(a-4q)8.p,

where the right-hand side is in a normally ordered form.

As can be seen from this example, the transition to the normal order is accom-
plished by moving all creation operators’ a;’, to the leftmost positions. Permutations
of operators of different particles have no additional effect. When on its way to the
left a creation operator a; meets an annihilation operator of the same particle a4, two
terms appear10 instead of one (aqa:,). In the first term, the creation operator simply
“jumps over” the annihilation operator, leading to the product J_r(a;,aq). In the second
term, the two operators contract, producing the delta function 6(p - q).

The normal ordering in complex products of particle operators can be very labo-
rious. Here, the celebrated Wick theorem comes to the rescue.

Theorem 1.1 (Wick). When transformed to the normally ordered form, an arbitrary prod-
uct abc - - - of particle operators becomes equal to the fully ordered term : abc - - - ! plus
the sum of terms with all possible contractions.'? Each term in this sum includes the fac-
tor (-1)”, where P is the number of permutations of the fermionic operators needed in
order to

9 Here, for brevity, we drop the spin/polarization labels and use symbols a', a to denote generic par-
ticles operators (bosons and fermions).

10 They come from the (anti)commutation relation aqa}; = J_ra;,aq + 6(p — q), where the minus (plus)
sign refers to fermions (bosons).

11 The : abc--- : symbol means that (i) particle operators are rearranged in the normal order and
(ii) the resulting operator is multiplied by (~1)”, where P is the number of permutations of fermionic
factors. For example, : @, Crafch : = —ahchaycy.

12 That is, contractions should be written for all pairs appearing in the “wrong” order a. .. a'.
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(i) put the contracted operators next to each other (i. e., in the aa’ configuration) and
(ii) rearrange in the normal order the operators left after all contractions.

The proof of this theorem can be found in many textbooks on quantum field the-
ory, for instance in [1]. Here we simply illustrate this result by the example of the prod-
uct of electron operators ag a,y aj,ay. According to Wick’s theorem, in a normally or-
dered form, this operator is the sum of the fully ordered product and six contractions’>:

aq""p_’g’;a:rl = —a;aq,6(p -p'),
agayatal = -ala,8(q-q'),
olzq,a_p,clz;afl = ajay8(p-q'),
aq,mfl = a;,aqlﬁ(q )
agayalal = 8(p-p)s(a-q).
aq,ap,a;af] =-6(p-9')8(q-p)

1.1.10 Noninteracting energy and momentum

Now we can fully appreciate the benefits of introducing creation and annihilation op-
erators. In particular, with their help it is easy to obtain a compact expression for the
noninteracting Hamiltonian H,,. It is obtained simply from the particle number oper-
ator (1.31), multiplying the integrands (particle densities in the momentum space) by
the energies of free particles, i. e.,

Hy = HS™™ + HE™" ¢ gPM, (1.32)
1 T T
HEPo Jdpwp Y [aps aps, + by bps 1,
s,=11/2

i T
ng+an — Jdpr Z [dpSZdPSZ + pSzfpSz]’

s,=11/2

th =c J dpp Z C;Tcpf. (1.33)

T=%1

Here w, = +mic*+p’c? are energies of free electrons and positrons, Q, =
2¢c% + p?c? i f fi d i d i f
mJc* + pc? are energies of free protons and antiprotons and cp are energies o

13 Contracted pairs of operators are marked with overline signs.
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free photons. It is not difficult to verify that H, in (1.32) acts on states from the
sector 4#(1,0,0,0,0) in the same way as equation (1.12) and H,, acts in the sector
2(2,0,0,0,2) exactly as (1.13). So, we got a single expression for the energy that
works equally well in all sectors of the Fock space.* Similar arguments show that the
operator

P, = P3P 4 pPrean  phi (1.34)
1
Py = Jdpp Y. [ap aps, + by bys. ],
s,=+1/2
Pgr+an - J’dpp Z [d;)szdpsz +f;szfpsz]’
s,=%1/2
Pgh = Jdpp z C;Tcpr (1.35)
T=%1

has the meaning of the total momentum.

1.1.11 Noninteracting angular momentum and boost

Expressions for the generators J, and K, in the Fock space are more complicated,
since they require the participation of derivatives of particle operators. For illustration,
consider the example of a massive spinless particle with creation and annihilation

operators a;, and a,, respectively. The effect of the rotation e™ #/0:% on the one-particle
state |p) (see (1-5.10))

e W |p) = |p, cos ¢ + p, sin g, p, cos ¢ — p, sin g p,) = |¢pp)

can be imagined as annihilation of the initial state |p) = |p,,p,,p,) followed by cre-
ation of the rotated state |@p), i. e.,

e % |p) = al, @, |p Dy 1)

Therefore, for an arbitrary one-particle state the operator of finite rotation has the form

e-%]o:‘/’ — Jdpa

+
op%p- (1.36)

It is not difficult to see that the same form is valid in the entire Fock space. Then the
explicit expression for the generator J,, is obtained by taking the derivative of (1.36)

14 Note that our expression for the energy does not contain the problematic infinite term (so-called
vacuum energy) that is typical for approaches based on quantum fields; see, for example, formula
(2.31) in [10].
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with respect to ¢,

Jo, = ih lim ie #loc¢
p—0 d(p

L. d :
=ih (})132) % J dpa « COS P+P, Sin @,p, cOs p—p, sin p.p, ap

) o)y oaj
= thdp(pya —pxa>ap. (137)

The action of a boost along the z-axis is obtained from (1-5.30) and (1-5.11). We

have
w
~i KOy \/ﬁwm, (1.38)
Wy

where the rapidity vector is @ = (0, 0, 8). This transformation can be represented as
annihilation of the state |p) = |p,, py,p,) and then creation of the state (1.38):

~iKof) gy = \} ol D).
I’

Thus, for all states in the Fock space the finite boost operator is

R0 _ Op T
e % = |dp m — g, .
P

The explicit formula for K, is obtained by taking the derivative of this expression with
respect to 0,

ih d _kkg 9
K,, = — i 70z
0z = T o0 de”
d wpcosh 6 +cp, sinh 6
11_I>I(1) E _[ dp wp apx,py,pz cosh 6+w), cosh 0%
aa
=ih J dp< 2‘2; a;ap + ? a—a > (1.39)

Similar derivations can be done for other components of J, and K|,.

1.1.12 Poincaré transformations of particle operators

Having defined all ten generators {H,, Py, ], K} we secured the noninteracting rep-
resentation

Uy(0; ;15t) = e 1 KoBg=3Jo® o= PoT o Hot (1.40)
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of the Poincaré group in the Fock space. By construction, this representation induces
transformations (1-5.8)—(1-5.10), (1-5.30) of one-particle states. From this, it is not dif-
ficult to find out how creation and annihilation operators transform under the action
of (1.40).

As an example, consider the boost transformation. For the electron creation op-
erators, we get?

e_%KO'ea;sze%KO‘olvac) = K"e T IVac) = e ik Ipsz)

w

=\ 2 % (0w 0)(6p)s))
Wp

- 91/2 ((pw(p 0)) )5, [vac).
“’p

Therefore'®
K00gh, ei*o? - Vs, (@w (D 0)af,

a)p 5

_ |Wep 1/2+

= w_p : 95,5;( @y 0.0)a U gpyst- (1.41)

z

The transformation law for annihilation operators is obtained by the Hermitian con-
jugation of (1.41),

e wKo eaIJ ehKOoz — 91/2( -y, 0))a(9p)s, (1.42)
b g

z

Actions of rotations and translations are derived in a similar way. We have

e’%]o"l’a;szeélo-lp -y 951/5,*( (P)a(T(pp)s;’ (1.43)
s
e’élo“”apsze%]o"” = z @sl/;,( P)a(gp)s! » (1.44)
s
e iPoT gito oay; e “iHolgiPoT _ g7 iPT o1t aps (1.45)
e iPoTgitlot apsze_ﬁ HotgiPoT _ giPT g5t s, - (1.46)

15 Here we took into account the fact that the vacuum vector is invariant with respect to Uy and used
equation (1-5.30), where the Wigner angle ¢, (p, 0) is defined by formula (1-5.18).

16 We took into account that for unitary representatives of rotations 2 T*(—(p) = gV ZT(—q,)) =
(217 = 7).
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Transformations of photon operators are obtained from equation (1-5.69); we have

_ APl _igmr+icpt i

Up(As s t)CIT,TUOl(A; r;t) = |P7P|e h(pr)+hptelr‘pW(p’A)CzAp)T, (1.47)
_ APl ipr-ipt i

Uo (s 3 )cp Ug (s 75) = | ;’ i pr-finte oW e (1.48)

1.2 Interaction potentials

We would like to learn how to calculate the S-operator in QED, that is, the quantity
most directly comparable with the experiment. Formulas derived in Section 171 tell
us that in order to achieve this goal, we need to know the interacting part V of the total
Hamiltonian

H=Hy+V.

The potential energy V in QED will be explicitly formulated only in Section 3.1. In the
meantime, we will be interested in general properties of interactions and S-operators
in the Fock space. In particular, we will try to find the limitations imposed on the
choice of the operator V by a number of physical principles, such as conservation
laws and cluster separability.

Note that in our approach we postulate that the interaction V has no effect on
the structure of the state space (Fock space). All the properties of this space” defined
in the noninteracting case remain true also in the presence of interactions. In Chap-
ter 4 we will explain that even the necessity of renormalization will not force us to
change the parameters (e. g., masses) of the particles from which the Fock space is
constructed. In this respect, our approach differs from the axiomatic or constructive
quantum field theory, where the Hilbert space of states has a non-Fock structure that
depends on interactions. For more discussions see Volume 3.

1.2.1 Conservation laws

From the experiment, we know that electromagnetic interactions obey certain impor-
tant constraints, which are called conservation laws. An observable F is referred to as
conserved if it remains unchanged during the time evolution, i. e.,

F(t) = er'F(0)e #H = F(0).

17 The inner product, the mutual orthogonality of n-particle sectors, the form of the particle number
operators, etc.
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It then follows that operators of conserved observables commute with the Hamilto-
nian [F,H] = [F,Hy + V] = 0, which imposes some restrictions on the interaction
operator V. For example, in the instant form of dynamics adopted in our book, the

conservation of the total momentum and the total angular momentum means that'®
[V,P,] =0, (1.49)
(V.Jo]l = 0. (1.50)

It is also known that electromagnetic interactions conserve the lepton charge.'® There-
fore, H = Hy + V must commute with the lepton number operator

Ny =Ng-Ny =) J Ap(ays s, — bys bps,). (1.51)

Sz
Since H, already commutes with N}, we get
[V,N;] =0. (1.52)

In addition, all known interactions preserve the baryon charge,20 i.e.,

Np =Ny~ Ny = ¥ J dp(dl, dps, ~f Fos.): (153)

SZ
Hence, V must commute with the baryon number operator, i. e.,
[V,Ng] = 0. (1.54)

Taking into account that the electrons have a charge of —e, that the protons have a
charge of +e and that the charge of antiparticles is opposite to the charge of particles,
we can introduce the electric charge operator

Q=e(Ng-Np)
—ey j dp(Dl bys, - by aps, +dls dps. 1 fis.) (1.55)
Sz

and obtain the law of its conservation,
[H,Q] =[V,Q] =e[V,Ng-N;] =0, (1.56)

from equations (1.52) and (1.54).

18 The conservation of energy is a consequence of the trivial equality [H, H] = 0.
19 In our case this is the number of electrons minus the number of positrons.
20 In our case this is the number of protons minus the number of antiprotons.
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As we have just found out, in QED both operators Hy and V commute with total
momentum P, total angular momentum J,, lepton charge N;, baryon charge Nz and
electric charge Q. Then, from the formulas in Section 1-7.1 it follows that the scattering
operators F, £ and S also commute with Py, J,, N;, N3 and Q. This means that the
corresponding observables are conserved in collisions.

Although separately the numbers of particles of a certain type (for example, elec-
trons or protons) may not be conserved, the conservation laws require that charged
particles be born and destroyed only together with their antiparticles, i. e., in pairs.
The pair production does not occur in low-energy reactions, because such processes
require additional energy of 2mec2 =2x0.51MeV = 1.02 MeV for an electron—positron
pair and 2mpc2 = 1876.6 MeV for a proton—antiproton pair. Such high-energy pro-
cesses can be ignored in classical electrodynamics. However, even in the low-energy
limit, it is necessary to take into account the emission of photons. Photons have zero
mass, and the energy threshold for their creation is zero. Moreover, photons have zero
charges (lepton, baryon and electric), so no conservation laws can limit their creation
and destruction. Photons can be created (radiated) and annihilated (absorbed) in any
quantities.

1.2.2 General form of interaction operators

The well-known theorem?! claims that in the Fock space any operator V satisfying the
conservation laws (1.49)—(1.50) can be written in the form of a polynomial in creation
and annihilation operators,22 i.e.,

V= i Vas (1.57)

M=0

18

N

I
(=}

Vm = Z JdCI;"'d‘h’vdth“'qu
nn'}

X Dy (@713 - - > NN @il - - > D)

N M
! —_— . T “ee T e
x 5(2 q; -4 )“q;n; Egn Baim " Py (1.58)

-1 ja

where the summation is over all spin/helicity indices n, n’ and the integration is car-
ried out over all particle momenta. The individual terms (monomials) Vy;, in the ex-
pansion (1.57) will be called potentials. Each potential is a normally ordered product of

21 See p.175in [21].
22 Here symbols a', a refer to generic creation-annihilation operators without specifying the particle
type.
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N creation operators a’ and M annihilation operators a. The pair of nonnegative inte-
gers [N : M] will be called the index of the potential Vy;,. A potential is called bosonic
if it has an even number of fermion particle operators Ny + M;. The conservation laws
(1.52), (1.54) and (1.56),

[V,N] = [V,Ng] = [V,Q] =0, (1.59)

require that all interaction potentials in QED are bosonic. We are only interested in
Hermitian operators V.

In (1.58) Dy, is a numerical coefficient function, which depends on the momenta
and spin projections (or helicities) of all particles being created and destroyed. To
satisfy the requirement [V,],] = 0, this function must be rotationally invariant. The
translational invariance ([V, Py] = 0) of (1.57)—(1.58) is guaranteed by the momentum
delta function

N M
6(2(#-2%)-
i=1 j=1

This delta function also expresses the momentum conservation: the sum of the mo-
menta of annihilated particles is equal to the sum of the momenta of created particles.

The potential energy operator V enters formulas for the S-operator (1-7.14), (1-7.17)
and (1-718) in a t-dependent form, i. e.,

V(t) = et g~ iHot (1.60)

We shall call regular those operators that satisfy conservation laws (1.49), (1.50) and
(1.59) and whose t-dependence is determined by the free Hamiltonian H,, as in equa-
tion (1.60). Equivalently, a t-dependent regular operator V(t) satisfies the following
differential equation:

d d i _i i i _i i
V0= EehH"tVe wHot — ﬁehH"t[Ho,V]e wHot — +[Ho, V(). (1.61)

In our convention, if a regular operator V is written without its ¢-argument, then either
this operator is t-independent (i. e., it commutes with Hy), or its value is taken at t = 0.
One final remark on notation. If the coefficient function of the potential Vy,, is
Dy, then we will use the symbol Vy,, o ¢ for an operator whose coefficient function
Dy, is the product of Dy, and a numeric function { of the same arguments, i. e.,

D&M(‘Ii’l;) e >‘11Iv’11’v; AN dyny)
= Dy (@115 - AN Qi - - Do )S (@AM - - > AN TN Da s - - > Do) -

Then, inserting (1.58) in (1.60) and using (1.45)—(1.48), we conclude that any regular
potential Vy,,(t) takes the form

Vim(6) = e80! Ve s ol = vy 0 en it (1.62)
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where

N M
Evm(gy - N1, qu) = z \/me4 +qic? - Z \/m]?c“ + q].zc2 (1.63)
i=1 j=1

is the difference between the energies of particles created and destroyed by the mono-
mial Vy,,. This difference is called the energy function of the potential Vy,;. We can
also extend this notation to general sums of potentials Vy;, and write

V(t) = enfotyemitlol = 4 @&t (1.64)

where &y, formally denotes energy functions of the monomials in V. In this economical
notation we obtain®

d i
ZVO=V@- <£5V>,

t
i N el . __1
V(t) = _EJ v(edt' = V(t) <8V ) (1.65)
v E—% j V(e)dt = ~27iV » 8(Ey). (166)

For example, formula (1.66) means that each monomial in _V_ is different from zero
only on the surface that is a solution of the equation

Envu(qy-- N1+ qu) =0 (1.67)

(if such a solution exists). This surface in the momentum space is called the energy
surface or the energy shell of the potential V,,. We will also say that the operator _V_in
equation (1.66) is zero outside its energy shell £;; = 0. Note that the scattering operator
(17.14) S =1+ _X_is different from 1 only on the energy shell, i. e., where the energy
conservation condition (1.67) is fulfilled.

It is easy to verify that the energy function of the product of two regular operators
is equal to the sum of their energy functions, i.e., £45 = &4 + . This implies the
following equality:

AB =-ABo (£p)"! = —AB o (£5)7'8(&4 + Ep)

[——

= ABo (£,)'6(E, + E) = — AB, (1.68)

which we will find useful in the third volume.

23 Here we tacitly assume the adiabatic switching of the interaction (17.26) and use formulas (1-7.12),
(1-713) and (1-7.27).
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MA

< ‘%
oD | &
3:?“3‘ 19
STET ¥

1 R, O| unphys, decay

unﬂ’hys . Figure 1.1: Locations of different types of operators in the “index
1 2 3 4 N space” [N : M]. R = renorm, O = oscillation.

o=

1.2.3 Five types of regular potentials

In this subsection we are going to introduce a classification of regular potentials (1.58),
by dividing them into five groups depending on the index [N : M]. We call these types
of operators renorm, oscillation, decay, phys and unphys.?* This classification will help
in our study of renormalization in Chapter 4 and also in Volume 3, where we will for-
mulate the “dressing” approach to QFT.

Renorm potentials have either index [0 : O] or index [1 : 1]. In the former case,
the operator simply multiplies states by a numerical constant C. In the latter case, it
is assumed that the particles that are produced and destroyed have the same type. In
QED, the most general form of a renorm potential is®

Rxa'a+b'b+d'd+f'f+cc+cC. (1.69)

Renorm potentials are characterized by the property that their energy functions (1.63)
are identically zero. This means that such potentials always have an energy shell,
where they do not vanish.

Lemma 1.2. Any two renorm operators commute with each other.

Proof. A general renorm operator is the sum (1.69). The summands referring to differ-
ent particles commute, because particle operators of different particles always com-
mute. It is not difficult to verify that two renorm operators, corresponding to the same
particle, commute as well:

U dpf (D)o, J dqg(q)af,aq] =0. m
The free Hamiltonian (1.32) and the total momentum (1.34) are examples of renorm

operators. In particular, this implies that renorm potentials commute with H,, so reg-
ular renorm operators are independent of ¢.

24 The correlation between potential’s index [N : M] and its type is shown in Figure 1.1.
25 For brevity, here we write only the operator structure of R, omitting numerical multipliers, indices,
summation and integration signs.
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Oscillation potentials have index [1 : 1]. In contrast to renorm potentials with the
same index, oscillation potentials create and destroy different types of particles having
different masses. For this reason, their energy functions (1.63) never turn to zero, so
they do not have energy shells. In nature, oscillation potentials act on particles such
as kaons and neutrinos. A vivid experimental manifestation of such interactions are
time-dependent oscillations between different types of particles [6].

In QED there cannot be oscillation interactions, because they would violate the
lepton and/or baryon conservation laws.

Decay potentials satisfy two conditions:

(1) their indices are either [1: N] or [N : 1] with N > 2;
(2) they have a nonempty energy shell, where their coefficient functions do not van-
ish.

These potentials describe decay processes 1 — N, in which one particle decays into
N products. Moreover, we require that the laws of conservation of energy and momen-
tum are fulfilled in the decay, i. e., there is a nontrivial energy shell, where the coeffi-
cient function does not vanish. Decay terms are not present in the QED Hamiltonian
and in the corresponding S-matrix, because decays of electrons, protons or photons
would be against conservation laws.” Nevertheless, decays of elementary particles
play a huge role in other branches of high-energy physics, and we will discuss them
in the third volume.

Phys potentials have at least two creation operators and at least two annihila-
tion operators (they have indices [N : M] where N > 2 and M > 2). For phys poten-
tials, the energy shell always exists. For example, in the case of the phys operator®®

¥ 1
100 (g 1008 Pan

w)p + wq in the nine-dimensional momentum space {p, g, k}. This equation has non-

trivial solutions, so the energy shell is not empty.

the energy shellis the set of solutions of the equation Q) ; +Qq_j =

All regular operators that do not belong to any of the four above classes will be
called unphys potentials. They can be divided into two subclasses with the following
indices:

(1) [0:N]or [N : 0], where N > 1. Obviously, in this case the energy shell is absent.

26 And also inverse processes N — 1.

27 In principle, one photon can decay into an odd number of other photons without violat-

ing the conservation laws. For example, such a process could be described by the potential
;rq - c;r(z - c;r(B £, S+t which formally satisfies all conservation laws if the momenta of all in-

volved photons are collinear and k; + k, + k3 — |k; + k, + k3| = 0. However, as shown in [5], such

terms in the S-operator are zero on the energy shell, so photon decays are forbidden in QED.

28 This operator describes the conversion reaction electron + positron — proton + antiproton. In the

arguments of particle operators, we have already taken into account the momentum conservation law.
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@ I Jor [N : 1], where N > 2. These are the same indices as for decay poten-
tlals, but here we demand that either the energy shell does not exist or that the
coefficient function vanishes on the energy shell.

Here is an example of an unphys potential with condition (2):

T t
(- 1)o Cer App- (1.70)

The energy shell equation Wpi + ck = wp has only one solution, k = 0. However,
the zero vector is excluded from the photon’s momentum spectrum (see Subsec-
tion 1-5.4.1), so the potential (1.70) has an empty energy shell. This means that a free
electron cannot emit a photon without violating the energy-momentum conservation

law.

Table 1.1: Types of regular potentials in the Fock space.

Potential Index [N : M] Energy shell Example

renorm [0:0],[1:1] yes a;ap

oscillation [1:1] no forbidden in QED
unphys [0:M>1],[N>1:0] no a bjp )

unphys [1:M>2],[N>2:1] no a;ap,kck

decay [1:M=2],[N>2:1] vyes forbidden in QED
phys [N>2:M2>2] yes dq+k - kd a,

The properties of potentials considered above are summarized in Table 1.1. These five
types of interactions exhaust all possibilities; therefore any regular operator ¥V must
have a unique expansion

V =y pump Vdec " Vphys + 7o

As mentioned above, there are no oscillation and decay interactions in QED, so every-
where in this volume we will assume that the most general potential is equal to the
sum of renorm, unphys and phys parts:

VQED pren . pune Vphys

Now we need to figure out how to perform various manipulations with these three
classes of potentials. In particular, we want to learn how to calculate products, com-
mutators and t-integrals that are necessary for computing scattering operators from
Section 1-7.1.
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1.2.4 Products and commutators of regular potentials

Let us first prove a few simple results.
Lemma 1.3. The product of two or more regular operators is regular.
Proof. By definition, if operators A(t) and B(t) are regular, then
A(t) = enthot g it
B(t) = entloBe~iHot
Hence, their product C(t) = A(t)B(t) has the t-dependence
C(t) = erotae #Hot oot B~ nFot _ giFol g po~rFot

characteristic of regular operators. The conservation laws (1.49), (1.50) and (1.59) are
valid for the product AB, just as they are valid for A and B separately. Therefore, C(t)
is regular. O

Theorem 1.4. A Hermitian operator P is phys if and only if it yields zero when acting on

both the vacuum vector [vac) and one-particle states |1) = a'|vac)®:
Plvac) = 0, (1.71)
P|1) = Pa'|vac) = 0. (1.72)

Proof. By definition, normally ordered phys potentials have (at least) two annihila-
tion operators on the right. So, they yield zero when applied to the vacuum or any
one-particle state. Therefore, equations (1.71) and (1.72) are satisfied for any phys
operator P.

Let us now prove the converse. Renorm operators cannot satisfy requirements (1.71)
and (1.72), because they preserve the number of particles. Unphys operators [1 : M]
can satisfy these requirements. For example,

aIa2a3|vac) =0,

a{razo@ll) =0.

However, in order to be Hermitian, such operators must always be present in pairs with
[M : 1] operators, like a; a;r a;. Then there exists at least one single-particle state |1) for
which equation (1.72) is not valid, that is,

Tl Tt
aza,04|1) = aza; [vac) # 0.

29 Here a means any of the five particle operators (a, b, d, f, ¢) related to QED. Momentum and spin
labels are omitted for brevity.
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Similar arguments apply to unphys operators with indices [0 : M] and [N : 0]. Hence,
the only remaining possibility for the potential P is to be phys. O

Lemma 1.5. The product and commutator of any phys operators A and B are also phys.

Proof. By Theorem 1.4, if A and B are phys, then
Alvac) = Blvac) = A|1) =B|1) =0

The same properties are valid for the Hermitian combinations i(AB — BA) and AB + BA.
Hence, both the commutator [A, B] and the anticommutator {A, B} are phys. The same
conclusion is true for the product, which can be expressed as the sum

{A B} + - [A BJ. O

Lemma 1.6. IfRis a renorm operator, P is a phys operator and [P, R] # 0, then operator
[P, R] is of the phys type.

Proof. Let us first check how this commutator acts on the vacuum and single-particle
states.’® We have

i(PR - RP)|vac) = iPR|vac) = iPCy|vac) = 0
i(PR - RP)|1) = iPR|1) = iPC,|1') = O

This means that the Hermitian commutator i[P, R] turns vectors |[vac) and |1) to zero.
By Lemma 1.4 this operator is phys. O

Lemma 1.7. If R is a renorm operator, U is an unphys operator and [U,R] # O, then
operator [U, R] has the unphys type.

Idea of the proof. Let us first calculate the commutator of the renorm operator R =
| dpf (p)aja, with a particle creation operator’' We have

a;;(J dpf(p)a;ap> - <J dpf(p)a;aI,)a;

[ dpr)aia, - [ dpfwiajaa)

J dpf (p)aj a0 — J dpf (P)ays(p - q) - J dpf (p)aj a0
= —f(g)a,.

o] R]

30 Here we took into account that renorm operators preserve the number of particles: R[vac) = constx
|vac), R|1) = |1') and phys operators turn the states |vac) and |1) to zero.
31 The upper sign is for bosons, the lower sign is for fermions.
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Similarly, we obtain the commutator with an annihilation operator:
lag R] = f(q)at,.
Now, as an example of an unphys operator, we take a potential with index [2: 1],
U= J da,dq,dpD(a:, 45 P)5(ay + a4, - D)y, g, .
The index of the commutator is also [2 : 1]. We have
(U.R) = | d4,da,dpD(q1.4:5P)5(d: + 05 - PG, (@, ]
+ j dq,dq,dpD(q,, 4 P)5(q; + 4> - P)ay [a} . R]a,
+ | da,da,dpD(a,.a:P)5(a + 0, - P)la}, Rla,a,
= J dq,dq,dpD(q,, 4,; p)f P)6(q: + q> —P)a;a‘gzap
- J dq,dq,dpD(qy, 4 P)f (4,)6(a; + 4> — P)ag, @}
- j dq,dq,dpD(q,, 4 P)f (4,)8(q; + 4, - P)ag, af, .

Moreover, if the operator U does not have an energy shell, then [U, R] also does not
have it, i. e., its type is unphys. If U has an energy shell where the coefficient function
D(q;,q,;Pp) is zero, then [U, R] also has this property. O

Lemma 1.8. The commutator [P, U] of an Hermitian phys operator P and an Hermitian
unphys operator U cannot contain renorm terms.

Proof. Applying the operator [P, U] to a single-particle state |1) and using (1.72), we
obtain

[P,U]|1) = (PU - UP)|1) = PU|1). (1.73)

If the commutator [P, U] contained renorm terms, then the right-hand side of (1.73)
would have a nonzero one-particle component. However, the range of any phys P does
not include the one-particle sector. This implies [P, U]™" = 0. O

Finally, it is easy to verify that there are no restrictions on the type of the commu-
tator of two unphys operators (U, U']. It can contain unphys, phys and renorm parts.
The above results are summarized in Table 1.2.

1.2.5 More about t-integrals

Lemma 1.9. The t-derivative of a regular operator A(t) is regular, and its renorm part
vanishes.
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Table 1.2: Commutators, t-derivatives and t-integrals with regular operator A in the Fock space. (No-
tation: P = phys, U = unphys, R = renorm, NR = nonregular.)

TypeofA [A,P] [AU] [AR % A A
P P P+U P P P P
u P+U P+U+R U U 8] 0
R P U 0 0 NR oo

Proof. According to (1.61), the derivative of A(t) is equal to the commutator with regu-
lar Hy. Then by Lemma 1.3 this derivative is regular.

Suppose, by contradiction, that 4 2#+A(t) has a nonzero renorm part R. Then R does
not depend on ¢, because it is regular. It follows that the most general form of A(t) is
A(t) = Rt + S, where S is any operator independent of t. From the condition that the
renorm part of the regular operator A(t) cannot depend on ¢, we obtain R = 0. O

From equation (1.65) we conclude that t-integrals of regular phys and unphys oper-
ators are regular. However, this property does not hold for t-integrals of renorm opera-
tors. As we know, renorm operators are independent of t. Hence, when the interaction
is adiabatically switched on, as in (1-7.26), we obtain

0

V() = lim (_% J pren et dt' —

t

J Vrene—et’dtl>

—00 0

> €t
-<1>V“*“ o lim <e
h e—>+0\ € |t=—co

- €
. —et
(e aml )

h €—+0 €

3"|~

€e—+0

t=0 _et L=t
e €t

)

i ren . 1
<h>v ellgrlo<e T > (174)
yren = tlirgo V(t) = 0. (1.75)

Hence, renorm operators differ from all others in that their t-integrals (1.74)—(1.75) are
infinite and nonregular.*?

By definition, an unphys operator V" either does not have an energy shell, or its
coefficient function vanishes on the energy shell. Then, from equation (1.66) it follows
that for any unphys operator

VP = 0. (1.76)

Results obtained in this subsection are shown in the last three columns of Table 1.2.

32 As we shall see in Subsection 4.1.1, correctly renormalized expressions for scattering operators
should not contain renorm terms and pathological constructs like (1.74)—(1.75).
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1.2.6 Solution of one commutator equation

Quite often we need solutions of equations of the type®
i[Hy, Al =V, 1.77)

where H, is the free Hamiltonian, V is a given regular Hermitian operator, having zero
renorm part, and A is the desired solution (yet unknown regular Hermitian operator).
What can we say about this solution? Let us first multiply both sides of equation (1.77)
by the usual ¢-exponents e# ! ... e~ #"! Then we obtain

i[Hy, A(H)] = V(t).

-5 [/ 1.;

Next, we assume that the usual “adiabatic switching” (1-7.26) is enforced, such
that V(-oo) = 0. As our initial condition, we will assume that the solution A(t) has the
same property, i. e.,

A(-00) = 0. (1.79)

Then equation (1.78) has a simple solution, i. e.,

t
J v(that' =iv(e).

—00

A(t) =

St =

In order to get the t-independent solution of our original equation (1.77), we simply
set t = 0 and obtain

A=A(Q) =iV=Vo_t (1.80)
Ey

or

[V,Hyl = V. (1.81)

33 A solution of this equation in the case of phys V can be found in § 34 of [15].
34 Here it becomes clear that if we chose V™" # 0, we would come into contradiction with Lemma 1.9,
which forbids renorm terms on the left-hand side of (1.78).
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1.2.7 Two-particle potentials

We already know that quantum-mechanical cluster-separable interactions can be
written as sums of smooth potentials (1-6.55), depending on particle observables
(positions, momenta and spins). However, this notation is very inconvenient, be-
cause such sums have very different forms in different Fock sectors. For example, the
Coulomb potential looks like (1-6.52) in the two-particle sector and like (1-6.53) in the
three-particle sector. It would be preferable to have a single formula that is equally
valid in all n-particle sectors.

This is achieved by writing n-particle potentials (n > 2) in the formalism of particle
operators. These potentials preserve the number of particles and their types, so they
should have equal numbers of annihilation and creation operators (N = M, N > 2,
M > 2). Therefore, here we are interested in phys potentials.

As an example, consider the two-electron subspace J#(2,0,0,0,0) of the Fock
space. Phys operators that act nontrivially in this subspace, and at the same time leave
it invariant, should have index [2 : 2]. In accordance with equation (1.58), we write
them in the form*>

V= j dpdqdp'dq'D,,(p.q;p'.q')6(p +q-p' - 4')aja}ayay
= J dpdqdp'Dy,(p,4;p'.p + 4 - P )ayayay ay.q
= J dpdp' dkD(p, p’,k)a;,_ka; i p s (1.82)
where we denoted k = q' - q the “transferred momentum” and

D(p.p'.k) =Dy(p +k.p' - ks p.p').

The next step is to find out how the potential (1.82) acts on two-electron states.
Applying this operator to an arbitrary two-electron state

Py = j dqdq"¥(q.q")aga; Ivac), (1.83)
we obtain
V|¥) = J dpdp'dkD(p.p’, k)a;,_ka;kapap, J dqdq'¥(q, q’)afla;, [vac).
To understand how the above product of particle operators acts on the vacuum vector

T T Tt
Ay Q1 Ap Ty Ag Qg [vac),

35 In this subsection, for brevity, we omit spin indices.
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we apply the Wick theorem, Theorem 1.1, and convert this product to the normal order.
Since the resulting polynomial in a’ and a acts on the vacuum, all terms that have
annihilation operators (on the right) are irrelevant. Therefore, we are only interested
in terms where two contractions have removed all annihilation operators, i. e.,

a at
Ay g p+kapap,aqa ,|vac>

_ it + ot + T Tt
= Ay O 1 Apy A [vac) + A1 Ap Ay Ag gy |[vac) +

=—a;,_ka;+k5(q -p')é(q - p)lvac)+ap x p+k6(q -p)8(q-p)lvac) +---.

- [ dpdp'dic | dada'D(p.p'. k) ¥(a.q)5(a’ - P)5(d - P)a, . lvac)

+ jdpdp’dkjdqdq D(p.p'.k)¥(a.4')6(d" - p)5(q - P')a}, _, ap.,IVac)
Jdpdp'depp K)¥(p,p')a’ Ty g p+k|vac)

+ | dpdp'dkD(p,p’, k)¥ (p’,p)a;,_ka;+k|vac)
=2 J dpdp'dkD(p,p’, k)‘I/(p’,p)a;,_ka;+k|vac)

=qudq'(ZJde(q'—k,q+k,k) (q+k.q - k)) a ,[vac).

Comparing this result with (1.83), we see that under the action of the operator V
the wave function ¥(q, q') has been transformed into a new wave function, namely

¥'(q,q')=V¥(q.q') =2 J dkD(q' -k, q + k. k)¥(q + k,q' - k). (1.84)

This is the most general linear transformation of a two-particle momentum-space
wave function that preserves the total momentum. For comparison with traditional
interparticle potentials, it will be more convenient to express the operator V in the po-
sition representation. This can be achieved by means of the Fourier transform (1-5.49).
Then we have

1 Lgxtig.
¥ (x,y) = o qudq’eh"’”h" "W'(q.q")

- (2712h)3 | dadg'eiexiey [ akn(q’ - kg + k k(g + kg’ - 10

36 Here we use the antisymmetric character of the two-fermion wave function: ¥(q,q') = -¥(q', q).
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_ ﬁ J dpdp' e PHOx+ @0y j dkD(p',p. k) ¥(p.p')

= (2 J dke?* Y D(p' p, k))[ dpdp'etP** P VW(p,p') |,  (1.85)

|

where in square brackets we recognize the original position—space wave function

Y(x,y) = J dpdp'e?* P Yy (p,p') (1.86)

1
(2mh)3
and the expression in the parenthesis is the operator ¥ acting on it. This operator takes
on a particularly simple form if we assume that the coefficient function D(p’, p, k) does
not depend on p and p'. Then, introducing notation

D(p',p. k) = D(k).
we obtain
TW(x,y) =2 J dke Y DIOY(x, y) = w(y - )X, Y), (1.87)
where

wr) =2 j dke ™ " D(k)

is the Fourier transform of the function D(k). We see that V acts on wave functions in
the position representation simply by multiplying them on the function w(r). Hence,
this is the usual position—space potential. Note that conservation of the total momen-
tum means that the potential w(r) depends only on the relative positionr = y — x
of the two particles. Conservation of the angular momentum (= rotational invariance)
imposes the additional restriction that the potential may depend only on the interpar-
ticle distance w(r) = w(r).
As an example, consider an interaction operator of the form (1.82)

_ @49, (dpdp'dk :
_2(2n)3hj 2 NP (1.88)

12 1 2c2 p-kp+k

where the constants g; and g, are interpreted as charges of the two particles and D(k) =
919>/ (16m°h(k? + A%c?)). Then in the position representation this interaction turns into
the Yukawa potential

w(r) = (1.89)

4919, J dk e%kd’ _ N e her/n
)3k ) K2+ 222 4rtr '

It becomes the familiar Coulomb potential w(r) — g;q,/(4nr) in the limit A — 0. In
many-electron sectors, the operator (1.88) is a sum of two-particle potentials over all
particle pairs, as in (1-6.53).
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1.2.8 Momentum-dependent potentials

Let us now consider the general case (1.85). Without loss of generality, we can repre-

sent the function D(p’, p, k) as a series,” i.e.,

D(p',p,k) =Y x;(p.p')D;(k).
j
Then we obtain

V¥(x,y) = 22 J dke 0D, (k)[ J dpdqx,-(p,q)e%”"”%"'y ¥Y(p, q)]

(2nhy?

= ZW v - )P, q)[ Jdpdqei""”%"'y ¥(p, q)]

(2nh)?
= ij(y - XX (B, PY (X, Y), (1.90)
j

where p = —ih(d/dx) and q = —ih(d/dy) are position space representatives of the mo-
mentum operators of the two particles and

wj(r) =2 [ dket*"Dy(d0.

Thus, it follows from formula (1.90) that interaction of the type a’a’aa can always
be represented as a two-particle potential, which depends on the distance between
the particles and on their momenta. This knowledge will be helpful to us in the third
volume of the book.

37 For example, a series of this kind is obtained in a Taylor expansion with respect to the variable k,
where ; are coefficients that depend on p and p.

printed on 2/13/2023 9:57 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

2 Scattering in Fock space

There are many theorists, myself included, who feel that we’re in a totally unique time, where the
questions on the table are the really huge, structural ones, not the details of the next particle. We’re
very lucky to get to live in a period like this — even if there may not be major, verified progress in our
lifetimes.

Nima Arkani-Hamed

2.1 Toy model theory

Before turning to the full-fledged quantum electrodynamics, in this section we are go-
ing to practice on a simple — but at the same time quite realistic — model theory with
a variable number of particles. In this model, the perturbation theory series for the
S-operator (1-7.14)—(1-7.15) can be calculated with minimal effort using a convenient
diagram technique.

2.1.1 Fock space and Hamiltonian

The toy model, which we are going to study, is a distant relative of QED. In this model,
only two types of particles are present: electrons and photons. So, the part of the full
Fock space that interests us here is the direct sum of electron—photon sectors with
arbitrary particle numbers, as in (1.2)—(1.10). For simplicity, we also assume that the
interaction does not affect the electron’s spin and the photon’s polarization. So, we
will omit the corresponding state labels. For reasons that will become clear in Chap-
ter 4, it is assumed that the photons have a small nonzero mass A > 0 and the en-
ergy £, = \A%c* + p>c®. One can always go to physical massless photons by taking the
A — 0 limit.

The necessary (anti)commutation relations of the particle operators are taken
from (1.24)-(1.27):

{ap.a,} = 8(p - p), 1)
[cp> ] = 6P - D), 22)
{ap. ap} = {ay,al} = 0, 23)
[CpsCpr] = [c;,c;,] =0, (2.4)
(@), ch] = [ ] = [y ] = [, c] = 0. (25)

https://doi.org/10.1515/9783110493207-002

printed on 2/13/2023 9:57 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



34 — 2 Scatteringin Fock space

The full Hamiltonian'
H"=Hy+V, (2.6)

as usual, is the sum of the free Hamiltonian
Hy = J dpwpa;ap + j dkskc,ﬁck

and the interaction, which we will choose in the following (unphys) form?:
ehc dpdk : + ehc dpdk :
V. :—J—aca +—J—aa_c.
YT @unpl2 ) g PP Qanpiz | fag, PP
The coupling constant e is equal to the absolute value of the electron charge.
In the theory constructed above, the conservation laws are valid, in particular,

(2.7)

[H",P,] = [H".],] = [H",Q] =0,
where operators Py, J, and Q refer to the total momentum

P, = Jdpp(a;ap + c;,cp),

the total angular momentum J, and the electric charge
_ +
Q=-e J dpapap,

respectively. The number of electrons is conserved due to the charge conservation law,
but the number of photons can vary without restrictions. Therefore, our model is ca-
pable of describing important processes of photon emission and absorption.

Our toy model has one important drawback: it is not relativistically invariant. In
other words, it is not possible to construct an interacting boost operator K having
the required Poincaré commutation relations with seven other generators {H", Py, J}.
Here we will close our eyes to this flaw, but in Chapter 3 we shall show how relativistic
invariance can be ensured in a more satisfactory theory — QED.

Usually, in nonrelativistic quantum mechanics, investigation of a physical sys-
tem begins with the diagonalization of its Hamiltonian, determination of the energy
spectrum, stationary wave functions, etc. However, in quantum field theories® such
studies are very difficult, if not impossible. Therefore, as a rule, field theoreticians are
concerned with calculations of the scattering operator, which is a simpler task.

1 Here we label this Hamiltonian with the superscript “n” from the word “naive.” In Section 2.2 and
Chapter 4 we will see that Hamiltonians of the type H" are not suitable for describing scattering in
higher orders of perturbation theory. Renormalization counterterms should be added to such Hamil-
tonians.

2 Such a trilinear interaction is widespread in various models of quantum field theory. Compare, for
example, with the first two terms in the QED interaction (D.9).

3 The model considered here is also a simple example of quantum field theory, although we will in-
troduce the concept of the quantum field only in Chapter 3.
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2.1.2 S-operator in second order

Our plan is to calculate the S-operator for the interaction (2.7) using perturbation the-
ory formulas (1-7.14)-(1-7.15), namely
S=1+ 2 + Z, + 23 +---

=1+ Vl +V1V1+V1V1V1+"'. (2.8)

—_—

This formula contains terms (operators) proportional to the powers of the interaction
operator and, consequently, to the powers of the coupling constant e. We will indicate
these powers with a subscript and call them perturbation orders. For example, the free
Hamiltonian H,, does not depend on e, hence its order is zero; the order of the operator
V, is equal to one, etc.

Since the coupling constant is relatively small, we will assume that terms of higher
orders are negligible, so that series of the type (2.8) converge, and the first few terms
give a good approximation for the whole series. In fact, these assumptions require
additional justification, but we will not do this in our book.

Now let us proceed to the direct calculation of the S-operator (2.8). In the lowest
perturbation orders, we have

Zl = Vl’ (2.9)

%) = (V V)" 4 (V V)P 4 (V, V)™, (2.10)

As we already know, in order to obtain the corresponding contributions to the S-opera-
tor, we have to take t-integrals, i. e.,

S=1+ % + %) +---. (2.11)

First, we notice that the operator V; is unphys. Therefore, according to (1.76), the sec-
ond term on the right-hand side of (2.11) vanishes. In general, unphys contributions
can be omitted when calculating S and X, so

S=1+B" g+ By (2.12)

At this stage we will also drop the renorm contribution in (2.12).* Then, in the second
order of perturbation theory, we get only one relevant term,

S, = (V)P4 .13)

4 In fact, in a consistent theory, one should add to the Hamiltonian (2.6) a renormalization countert-
erm which exactly compensates the renorm term %, . We will discuss renormalization in more detail
—

in Section 2.2 and in Chapter 4.
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The problem has been reduced to considering the product V, V. This calculation
is not difficult. The t-integral (1.65),

Voo ehc J dpdk _ a;C;aerk
=17 w3~ 2 Wy +E — Wy
 ehe J dpdk  ahay yCx
(2rh)3/2

, (2.14)
2€k CUp — & — a)p_k

differs from V, only by the denominator —8‘}11. Omitting numerical factors, we see that
the product in (2.13) has the following operator form:

3, = (Vlh)phys =(a'c'a+d'ac)(a’c’a+a'ac). (2.15)

To advance, it is necessary to do three things:

(1) Expand the parentheses in this product.

(2) Bring the resulting terms to the normal order.

(3) Here we are interested in the e + e scattering. So, we should focus on terms with

the corresponding operator structure a’a’aa.

After the step (1) we obtain a sum of four “primary” terms, each of which is a product
of 3 x 2 = 6 particle operators in mixed order.

The transition to the normal order (step (2)) is carried out using contractions ac-
cording to Wick’s theorem 1.1. We are only interested in terms that have the structure
a'a'aa, so not all primary terms and not all Wick contractions will be relevant. For ex-
ample, the last term in the second parentheses has a photon annihilation operator on
the right, and this operator will remain there after all reorderings. So, this term is not
useful. Similarly, the first term in the first parenthesis has a photon creation operator
in the leftmost position. This term can also be ignored.

It is not difficult to understand that there is only one contraction that yields the

desired electron—electron scattering term a'ataa,i.e.,

(- + aTamTa +e0). (2.16)

2.1.3 Drawing diagrams in toy model

Along with Wick’s theorem, the diagram technique is another convenient method for
calculating and analyzing contributions to the S-operator. The diagrams in this sub-
section are prototypes of Feynman diagrams in QED, which will be introduced in Sub-
section 3.2.4.

Let us first represent graphically the two terms in the interaction potential (2.7) as
vertices in Figures 2.1 (a) and (b). Annihilation/creation operators in V; are shown by
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Figure 2.1: Diagram representation of the operators V; = (a) + (b) and V= () + (d).

directed lines (arrows). The annihilation line enters the vertex, and the creation line
leaves the vertex. Electron lines are shown by solid arcs and photon lines by straight
dashed arrows. Hence, each vertex has three lines touching it: two electron lines (one
incoming and one outgoing) and one photon line. Each line is labeled with the mo-
mentum of the corresponding particle operator. The free ends of electronic lines touch
the vertical “order axis” on the left of each graph. The points where these external lines
touch the axis (from the bottom of the axis upwards) correspond to the order in which
the electron operators are placed in the potential (from right to left). For example, in
the potential shown in Figure 2.1(a), the annihilator a,, is to the right of the creator
a;‘,, so the line of the former operator touches the order axis at a lower point. The nu-
merical multiplier associated with each diagram is indicated in the upper left corner.

In Figures 2.1(c) and (d) we showed diagrams for the two terms in V; (2.14). The
energy denominators are represented by rectangles surrounding the vertices. The rect-
angles are drawn in such a way that the energies of the crossing lines give correct
contributions to the energy denominator. Lines leaving the rectangle (= created parti-
cles) contribute their energy with a positive sign to the total energy function &y, . Lines
entering the rectangle (= annihilated particles) give negative contributions to &y . In
addition, a common factor (-1) is associated with each rectangle. In more complex di-
agrams, there can be several such rectangles (and denominators), and rectangles may
enclose several vertices.

The diagram corresponding to the product of two operators (diagrams) AB is ob-
tained simply by placing the diagram B under the diagram A in one graph. For exam-
ple, the product of the second term in (2.7) (Figure 2.1 (b)) and the first term in (2.14)
(Figure 2.1(c)),

ViV o (a;ap_kck)(a;c;,awk,) +oen, (217)
is shown in Figure 2.2 (a).> This product should be converted to a normally ordered
form, i. e., all creation operators moved to the left, which corresponds to moving all

5 We agree to place free ends of the external photon lines on the right side of the diagram. The order of
these free ends (from bottom to top) corresponds to the order of the photon operators in the algebraic
expression (from right to left). For example, in Figure 2.2 (a) the incoming photon line is above the
outgoing line, which corresponds to the order c - - c' of the photon operators in (2.17).
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Figure 2.2: Normal ordering of the product 2.1(b) x 2.1(c).

outgoing lines to the top of the diagram. During these transformations, we will need
to perform permutations of operators/lines (outgoing)(outgoing’) — (outgoing’)(out-
going) and (incoming)(outgoing) — (outgoing)(incoming). Due to the (anti)commuta-
tion relations (2.3), each permutation of two electron creation operators (two outgoing
solid lines) changes the sign of the diagram. From (2.4) it follows that the permutation
of two outgoing photon lines has no additional effect. The permutation of incoming
and outgoing lines of identical particles has more significant consequences. Accord-
ing to (2.1) and (2.2), such a rearrangement leads to the formation of a new (secondary)
operator expression and the corresponding new diagram. In this expression, the two
swapped operators are replaced by a delta function. In the diagram, the contracted
external lines are combined into one (internal) line, which connects the two vertices
directly. Permuting operators (lines) of different particles has no effect due to (2.5).
Let us apply these rules to (2.17), i. e., the diagram 2.2 (a). First we move the elec-
tron creation operator a; to the leftmost position and add an extra term (diagram) due

to the anticommutator ap,ka; = —a;ap,k +6(q - p + k). Then we have

; Tt T T T
Figure 2.2 (a) oc gy kAg, 40 CkCpr + 6(q-p+ k)apa‘ﬁkrckck,

ot f f T
= AgayQp 1 Ag, 10 CkCpr + Aty j g CkCpor- (2.18)

Expression (2.18) is represented by two diagrams in Figures 2.2 (b) and 2.2 (c). The
diagram 2.2 (b) was obtained by moving the electron line labeled g to the top of the
order axis. During this move, the line q has crossed other electron lines twice, so the
sign of the diagram remained unchanged. On the diagram 2.2 (c), we contracted the
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incoming electron line p — k with the outgoing line g, thus obtaining an internal line
carrying the momentum p — k between two vertices.

In the expression (2.18), the electron operators have settled in the normal order —
but the photon operators not yet. In the following step we reorder the photon opera-
tors:

: ot ot tot '
Figure 2.2(a) oc aga,¢,,ap kg0 Ck + aqfkamk,apaqc?(k - k)

T t ]
+ Ay g g Ch + Ay g g0 6(K — k)

T T
p-kg.1 Ck + g1 0p.11TpYq

Tt T
+ Ay Ciy g Ck + Ay (2.19)

The resulting four terms are shown in Figures 2.2 (d)-(g). Obviously, these are the same
terms that would result from the application of Wick’s theorem to (2.17),6 i.e.,
+ Tt + t ot + A
(apap kCi)(agC, g, ) =: (apap 1 Ci)(agC g p0) : + (Apap 1 Ci)(agC; g )

T N

+ (apap_kck)(a;c;,awk,) + (a;ap_kck)(aqck,aQ+k,).

2.1.4 Reading diagrams in toy model

In the course of diagrammatic manipulations described in the previous section, we

do not really need to keep track of the momentum labels of particle lines. A complete

algebraic expression is easy to reconstruct from an unlabeled drawing using the fol-
lowing steps:

() Assign different momentum labels to all external lines except the one whose mo-
mentum is obtained from the conservation condition.”

(II) Assign momentum labels to all internal lines so that the momentum conservation
law is observed at each individual vertex. If the diagram has loops, then for each
independent loop you have to introduce an additional loop momentum.®

(III) Read external lines from top to bottom and write the corresponding particle op-
erators from left to right.’

6 To complete the calculation of V;V;, we need to consider three more products, 2.1(a) x 2.2(a) +
2.1(a) x 2.2(b) + 2.1(b) x 2.2(b). Theyido not contribute to the electron—electron scattering, and we
leave them as an exercise for the reader.

7 The sum of momenta of all incoming (annihilated) particles should be equal to the sum of momenta
of all outgoing (created) particles.

8 See diagram 2.2 (g), where k is the loop momentum.

9 If the diagram is normally ordered, then the outgoing lines (creation operators) are followed by the
incoming lines (annihilation operators).
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(IV) For each rectangle, write the factor (-1)/(E; - E;), where E; is the sum of energies
of the particles (lines) entering the rectangle and E; is the sum of energies of the
outgoing particles.

(V) For each vertex, write the factor —&<

\2Q2rth)3ey
ton line attached to the vertex.
(VD) Integrate the resulting expression with respect to all independent external and
loop momenta.

, where k is the momentum of the pho-

With certain practice, diagram calculations can be performed with considerable speed
and accuracy.

2.1.5 Scattering in second order

Let us now analyze the four second-order diagrams calculated above: 2.2 (d)-(g). The
diagram 2.2(d) is disconnected, since it consists of two unrelated pieces. Such dia-
grams describe independent scattering processes,'® so they should not interest us,
and we will simply ignore them here.

The term 2.2 (g) has the structure a‘a,i.e., it belongs to the renorm type. We will
discuss it in Section 2.2.

The potential 2.2(f) a’c’ac annihilates the pair electron + photon in the initial
state and recreates the same particles in the final state. Hence, it describes the elastic
electron—photon (Compton) scattering.

Let us consider in more detail the electron—electron scattering term (a"a"aa) de-
scribed by the diagram in Figure 2.2 (e). In accordance with rules (I)-(VI), its algebraic
expression is

Figure 2.2(e) = -

we’c? dpdqdk b
2(2mth)3 J Ex(e + Wy — wq) g kK pdq-

To take the t-integral we will use formula (1.66). We have

Figure 2.2 (e)

0(Wg_i + Wpik — Wp —Wg)

. 212 2

nie“h‘c
= aq_ka;+kapaq, (2.20)
Ex(Ex + Wp_g — Wp)

o (2mh)?

J dpdqdk

where the delta function expresses the conservation of energy in the scattering event.
In the nonrelativistic approximation (p, ¢, k < m,c),

2

p = P22+ mict = myc® + % (2.21)
e

w.

10 Possibly occurring in different corners of the universe.
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2 2
2 -k 2 p>

ex(er + Wy_p — W) = &l & + m,c* + ——— —m,c* -

(€ + Wp_i — Wp) k(k e am, € 5

& = Ac* +12C. 2.22)

e

14

Substituting this result in (2.20), we obtain the desired second-order contribution to
the S-operator,
ie? Wy i + Wy — Wy — W)

Sz[aTaTaa] alrrs Jdpdqdk PRI a;_ka;+kapaq. (2.23)

As expected, this operator is nonzero only for particle momenta lying on the en-
ergy shell, which is the solution of the equation

Wy i + Wpsk = Wg + Wp. (2.24)

Knowing coefficient functions of the S-operator on its energy shell, it is not difficult
to obtain scattering amplitudes and cross sections by usual formulas of collision the-
ory [7]. It appears that our “naive” theory is in a fair agreement with experiments on
electron—electron and photon-electron scattering. However, this agreement is lim-
ited only to the lowest (second) order of perturbation theory. Higher-order diagrams
inevitably contain loops, and integrals with respect to loop momenta quite often di-
verge. In Section 2.2, we will see how it is possible to “repair” the theory by introducing
renormalization.

2.2 Renormalization in toy model

2.2.1 Renormalization of electron self-scattering in second order

According to our diagram rules, the renorm term in Figure 2.2(g) is

232 2
ren _ ren__ehc J <J' dk > "
Z, =) = 202mh} dq P agay. (2.25)

The presence of this term has catastrophic consequences for the theory. First, the
integral with respect to k diverges. However, this divergence is not even the most
disturbing feature. Even if this integral converged, we would have to deal with a
t-independent renorm term £5*" whose contribution to the S-operator is given by the
divergent t-integral

T ]ren

Sla'a]™ = (V)"

_ 1 T dt<— eHe J dqdk ala ) =00 (2.26)
" h 22117 ) e wgy -wg+e) 19) '
—00
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The deep reason for this divergence is that our interaction (2.7), in fact, is an “per-
sistent” self-action. It acts constantly even on a free electron. We can say that in our
naive theory, the electron is permanently scattered on itself by emitting and absorbing
“virtual photons.” This contradicts the fundamental assumption of scattering theory
that interactions between particles are activated only during short collision intervals.
So, strictly speaking, scattering theory cannot be applied to our model. It would be nat-
ural to simply declare our theory untenable and discard it. However, in the mid-20th
century, having met similar problems in QED, physicists decided in a different way.
Instead of discarding this divergent theory, they decided to fix it, trying to remove the
divergences. This repair of quantum field theories is called the renormalization. Here
we will consider the simplest version of such a procedure.

According to the general renormalization recipe, we remove the divergence (2.26)
by changing our Hamiltonian. This change is achieved by adding to H" a second-order
renormalization counterterm,

(2.27)

212 2
e dqdk
= (=L J Ta,.
Q =-"1) 22rh) ) e wg g —wg+&) 71

Then the Hamiltonian, renormalized up to the second order, takes the form!!
HC:H0+V1+Qz.

To make sure that the counterterm (2.27) does cancel the undesirable divergent con-
tribution (2.25), we substitute the new interaction

Ve=17,+Q, (2.28)

into the standard formula (2.8) for the Z-operator. Then we have

ren

() = Vi + Q" + (Vi + Q)(V + Q)T + [(Vy + Q)(Vy + Q)(Vy + Q)|

[+ Q)W+ 0V + QY+ Q)] 4o (2.29)

Restricting ourselves to terms of the second order, we get
(Zg)ren _ Qz " (Vlﬁ)ren -0

Thus, the S-operator contribution from the counterterm Q, cancels exactly with the
undesirable renorm term (2.26).2

11 The subscript “c” will label the Hamiltonian with counterterms.

12 Infact, the operators Q, and (V; V;)™" are infinite, so our reasoning about the cancellation is formal
and nonrigorous. A more consistenﬁpproach should include regularization of divergent integrals, for
example, as explained in Subsection 4.1.5.
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Now we can understand why theorists often say that the renormalization “sweeps
the divergences under the rug.” The role of the rug is played by the Hamiltonian. We
decided for ourselves that we will seek physical observable effects (scattering cross
sections, decay probabilities, etc.) in the S-matrix. Therefore, we wanted to free the
S-matrix from divergences. We did this by merely adding compensating divergences
to the Hamiltonian. One would say: “How is this possible?! After all, the Hamiltonian
is an important physical operator representing an observable quantity (energy) and
generating the time evolution of states and observables. What right do we have to add
divergent counterterms to it?” This is a good question, and we will try to answer it in
Volume 3 of our book.

2.2.2 Renormalization of electron self-scattering in fourth order

In the previous subsection, we considered renormalization in the second order of
perturbation theory. In the full theory, this procedure should be repeated also in
higher orders. Third-order contributions to the S-operator have odd numbers of par-
ticle creation and annihilation operators, so there are no suspicious terms a'a. How-
ever, such terms reappear in the fourth order. Indeed, consider the fourth-order term
in (2.29),

Zila'al = (QQ" + [V Vi Q" + [V1Q,4]

ren

+[Q2ﬂ]ren+[vlvlﬂ] : (2.30)

Let us explain in some detail how to evaluate such expressions. For example, omitting
numerical factors and integral signs, the last term in (2.30) takes the form

T T il
(aplaqlckl + aplaqlckl)

T to ot T to ot t to, o
X (@0Chs + ApagCio)(Ap3a45Ce5 + Q343613 ) (Apy AguCry + ApsGguCics)-  (231)

To extract renorm contributions, it is necessary to do three things:

(1) expand the four parentheses in this product;

(2) convert the resulting terms to the normal order by the Wick theorem;
(3) collect terms with the operator structure a’a.
After step (1) we obtain a sum of 16 “primary” terms, each of which is a product of
3 x 4 = 12 particle operators in a mixed order. The normal ordering (step (2)) would
lead to dozens of terms. However, only few of them are of interest to us. It is not difficult
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to see that a'a terms can appear only from the following contractions®:

| — |
(---+a'ac)(--- +a'ac)(a’ac’ +--)(a'act +--), (2.32)
I
' |
(- + aTa(I:)(- ct alratlr)(afatl:T +--)d'act +--), (2.33)
0 1
(- + aTclzc)(clzTclch +oo )+ clz’tac)(afacT +0), (2.34)
whose results are conveniently represented by three diagrams in Figure 2.3.
h 1 ientl d by three di in Figure 2.3.

Figure 2.3: Diagrams corresponding to the three
terms (2.32)-(2.34).

Next consider the first four terms on the right-hand side of (2.30). Taking into account
the graphical representation of the counterterm vertex (2.27) in Figure 2.4, we get the
four corresponding diagrams in Figures 2.5 (a)—(d).

Figure 2.4: Diagram of the counterterm Q, = —(V,V;)"™". For easier identification of this
fragment in complex diagrams, the internal photon arc is shown by a full bold line. The
total “minus” sign is placed inside the loop.

Obviously the pairs of diagrams (2.3 (c) + 2.5 (a)) and (2.5 (c) + 2.5 (d)) cancel out.”® To
advance, we have to translate the three remaining diagrams 2.3 (a) + 2.3 (b) + 2.5 (b)
into algebraic expressions. Applying rules from Subsection 2.1.4, we get the fourth-
order renorm contribution

+ qren +
T a'al = J dqo,(q)a,a,
13 To avoid cluttering, we omitted the “underline” signs.
14 These diagrams were constructed by the usual rules. The only exception is that we no longer draw

the “order axis” and do not connect fermion external lines to it.
15 Diagrams in these pairs have the same topology, but the numbers of “minus” signs differ by one.
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Figure 2.5: Contributions to 27" from the first four terms in (2.30).

with the coefficient function

entct J dkdh

0, =——| —
4@ 42h)° | ey
x [_ !
(Wg_k — Wq + € (Wg_p_k — Wgq + & + Ep)

1
(Wy_ik — Wq + E)(Wg_p — Wyq + ER(Wy_p_i — Wq + Eic + &)

1
+ 2
(Wg_i — Wq + €1) (Wg_h-k — Wk + En)

-1
[(wg_i — wq + &)

_e'ntc! J dkdh
©42nh)6 ] g
X (wq_h_k - (Uq + & + Sh)il(wq_h_k - (Uq_k + 8},)71

-1 -1 -1
~(Wgk ~Wg + &) (Wgp—Wq +Ep) (Wg_p-k — Wq +E + En) ]

= e''c” J dkdh (w Wy — W + Wy 1) (W Wy + &)
426 | erep qa-h q q-h-k q-k/\*q-k q " <k
-1 -1 -1

X (a)q_h_k - wq + & + Sh) (wq_h_k - a)q_k + €h) (wq_h - a)q + €h) .

As we already explained, this contribution is unacceptable in the S-operator, so we
have to compensate for it by adding a fourth-order counterterm Q, to the Hamiltonian.
Hence, finally, the Hamiltonian renormalized up to the fourth order has the form

H =Hy+V;+Qy+ Q4+, (2.35)
where

n etntct
Quld'al™ =~ [ da

dkdh 1
X J (Wg-h — Wq — Wg_h-i + Wg_1 )Wy — Wy + &)
€k€n
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-1 -1 -1
X (Wg_p-k — Wq + &k + €p) (Wg_pi — Wgi + En) (Wg_p — Wy + Ep)

+
X agag. (2.36)

2.3 Diagrams in general theory

2.3.1 Products of diagrams

The diagram technique developed above can be easily extended to general interac-
tions (1.57)—(1.58), which are sums of potentials v®_ Each potential V® has N cre-
ation and M® annihilation operators. It can be represented as a vertex with N© out-
going and M? incoming lines. When calculating scattering operators (2.8), we will
encounter products of such potentials,

Yy =vOy@. . .yM, (2.37)

where V is the number of potentials in the product. Each factor V% in (2.37) has N© +
MY external momenta, so the product Y initially has

N =Y (ND + M) (2.38)

M<

I
—_

3D integrals and independent integration variables. The operator Y also contains a
product of V delta functions expressing momentum conservation in each factor V.

Next we have to translate the product (2.37) into a normally ordered form, that is,
the sum of terms y?,

Y = Zy(j>, (2.39)
j

represented as diagrams with V vertices.

According to the process described in Subsection 2.1.3, in the course of normal
ordering, a certain number of pairs of external lines in the factors VD will connect
and form internal lines. Each such contraction adds one momentum delta function to
the product. Let us denote Z the number of such internal lines and their delta functions
in y%. Then the total number of delta functions in y? is equal to

Ny=V+7T (2.40)
and the number of external lines is
E=N-2T. (2.41)

This information will be useful to us when discussing cluster separability in Sub-
section 2.4.2.
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2.3.2 Connected and disconnected diagrams

The terms y(j) in the normally ordered product (2.39) can be either connected or dis-
connected. In the former case, there is a continuous sequence (path) of internal lines
connecting any two vertices. In the latter case, such path does not exist for all pairs,
and the diagram splits into several disjointed pieces.

We already met a disconnected term as a part of the product V;V; in the dia-
gram 2.2(d). It is not difficult to verify that this term does not depend_on the order

of the factors: (V1 V)gisc = (V1 Vy)gisc- It turns out that the same property holds for the

product of any two bosonic operators.®

Lemma 2.1. In QED, a normally ordered disconnected part of the product of two con-
nected bosonic operators does not depend on the order of the factors, i. e.,
— (V(Z) V(l))

(V@) .42)

disc disc*

Proof. The products VP V® and VP V® differ only in the order of particle operators.
Hence, after converting to the normal form, the disconnected parts (VP V®) ... and
(VA W), can differ, at most, by a sign. Our goal is to show that both expressions
have the same sign.

When performing the normal ordering, swapping positions of boson particle op-
erators does not affect the sign of the product, so in our proof we shall focus on the
order of fermion operators in the products VvV and V@V, For simplicity, we as-
sume that only electron and positron operators are present in v® and V.Y For each
of the two factors V (where i = 1,2) we denote NS) the number of electron creation
operators, Nl()lg the number of positron creation operators, MS) the number of electron
annihilation operators and Mgg the number of positron annihilation operators. Taking
into account that the factors V' are already normally ordered, we can formally write

1 1 1 1 1
v o [NV IND) D)1,
V@ [ (2)] [ (2)] [M(Z)] [ ]

where the bracket [Néll)] denotes a product of N 1) electron creation operators from the

factor V| the bracket [NSO)] is a product of Ny, (1) 5 Positron creation operators from the
factor VD, etc. Then the two sides of (2.42) can be written as

VOV o [N [No M MG 1IN 1IN 1 (M [ M ], 243)
D o [N 1 (NG 1M 1M 1IN ING 1M 1 M0 (2.44)

16 As we established in Subsection 1.2.2, all potentials considered in this book are bosonic.
17 Proton and antiproton operators can be analyzed in the same way.
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Let us now bring particle operators on the right-hand side of (2.44) to the same or-
der as on the right-hand side of (2.43). First, we move NS) electron creation opera-
tors to the extreme left position in the product. This step includes NS)
tations with electron annihilation operators in the factor V® and Né})Néf) permuta-
tions with electron creation operators in the factor V®.1® Each of these permutations

changes the sign of our disconnected term, so that in the end it acquires the multiplier
0@ )
(—1)Nel (Nel JrIVIel ).

Mg) permu-

Next, we have to move the factor [ngg] to the second position on the left. This leads

1) (N 2
to the multiplier (~1)N» Vs M) Then we move the factors [MS)] and [Mélo)] to the third
and fourth positions, respectively. After all these permutations, the total numerical
multiplier accumulated in the expression (V@ V®); . becomes

f= (_1)1<§>1<§>+K;2Kg§’) (2.45)
where we denote
KO = NG+ MY,
K =NQ + M)
full (= creation + annihilation) numbers of electron and positron operators in the fac-
tor V. Let us now prove that the power of (~1) in (2.45) is an even number, so that

f=1 (2.46)

as promised. Indeed, consider the case when KS) is even, but Kfj) is odd, and the
product KS)KS) is odd. From the bosonic character of V¥ and V® it follows that Kg) +
k() and K + K{}) are even numbers. Thus, K is even, and K is odd, which means
that the product K'VK? is odd and the full power of (-1) in (2.45) is even.

po-‘po
The same result is obtained with any other combination of even/odd characters
of KS) and Kg). This proves equalities (2.46) and (2.42). O

Theorem 2.2. Each multiple commutator of connected bosonic potentials is connected.

Proof. First consider a simple commutator of two potentials VV and V2,
vy _y@y®. (2.47)

According to Lemma 2.1, after normal ordering, the disconnected terms (VP V?) ;..
and (VP VW) in the commutator (2.47) cancel out, and all remaining terms are con-
nected. This proves the theorem for the simple commutator (2.47). Since this commu-
tator is a bosonic operator, repeating previous arguments by induction, we conclude
that all multiple commutators of bosonic operators are connected. O

18 We ignore contractions, because here we are interested only in the disconnected term.
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Figure 2.6: To the proof of Lemma 2.3. In a diagram with five vertices and six
internal lines there are 6 — (5 — 1) = 2 independent loops L; and L,.

Lemma 2.3. In a connected diagram with V vertices and T internal lines, the number of
independent loops is equal to

L=T-V+1 (2.48)

Proof. V vertices can be joined together without forming loops by V-1 internal lines."

Each additional internal line will lead to the formation of one new independent loop.
Therefore, the number of independent loops is Z — (V - 1). O

Figure 2.7 shows an example of a connected diagram in an imaginary theory.*®
This diagram has V = 4 vertices, £ = 5 external lines, Z = 7 internal lines and £ = 4
independent loops. It describes a nine-fold momentum integral. Five integration mo-
menta correspond to the external lines of the diagram: two incoming momenta p;,
P, and three outgoing momenta ps, p, and ps. These five integrals are a part of the
standard expression (1.58) for any regular operator. Four additional integrals are per-
formed with respect to loop momenta pg, p;, pg and po. These integrals are included

p1+p2_p5_p8_p9

p,+P,”P,"P, P,

B

p1+p2_p6_p7_p8

y( Figure 2.7: A diagram representing one fourth-
pl/( \\132 order term in the S-operator of a hypothetical

theory.

19 For example, you can select one vertex and draw lines from it to all remaining V — 1 vertices. They
are shown by solid lines in Figure 2.6.

20 We do not draw the order axis, as in Subsection 2.1.3. Instead, we emphasize the normal ordering
by depicting all outgoing lines in the top of the diagram and all incoming lines in the bottom.
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in the definition of the coefficient function

D5 ,(p3, Py P53 D1, P2)
= J dpedp;dpsdps

X Da(Pg> P7: P> P1 + P2 — Ps — P7 — Pg; P1> D7)
X Dg(Pg,P1 + P2 — P7 — P — Po; Pg>P1 + P2 — Do — P7 — Ps)
X Dc(Ds, Py + P2 — Ps — P — Po; P7,P1 + P2 — P7 — Ps — Po)

X Dp(D3, P43 Pg> P9, D1 + P2 — Ps — Pg — Po) (2.49)

1
EalEc+Ep)
where &,, £c and & are energy functions of the corresponding vertices, and Dy, Dg,
Dy, Dp are coefficient functions at the vertices. The factor £, (& + £)”" is shown by
two rectangles enclosing the vertices A and C + D, respectively.

2.3.3 Divergence of loop integrals

In the preceding subsection we showed that S-operator terms often include loop inte-
grals like (2.49), and there is no guarantee that these integrals converge. This problem
is present even in our toy model, where in the diagram 2.2 (g) the loop integral with
respect to k,

2R c? dk
= 9 [ | o 050
i) 20y ) P (Wp — Wp_k — EEK “pllp (250)

is divergent.21 As we made clear in Section 2.2, the presence of this term makes the
S-operator meaningless and the entire theory unacceptable.

The appearance of divergences in perturbative calculations of the S-operator is a
common phenomenon in QFT. In this subsection we formulate a sufficient condition
for the convergence of loop integrals. As a rule, this condition is not satisfied in the
traditional QFT. However, we will appreciate its usefulness when discussing our new
approach in the third volume of this book.

Let us review the diagram in Figure 2.7. There are three reasons why loop integrals
can diverge:

() The coefficient functions D4, Dg, ... of the interaction vertices (2.49) can con-
tain nonintegrable singularities.?? Such singularities often arise in the presence

21 For large values of k, we have w,_j — ck, g — ck and the integrand in (2.50) tends to —1/(2c’k?).
Hence, in the limit of large momentum integration cutoff (A — co) the integral with respect to k grows
in proportion to A.

22 One such example is interaction (2.7), which is singular for A — 0, k — O.
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of massless particles (such as photons). They are often responsible for the so-
called infrared divergences of loop integrals. We will discuss them in more detail
in Chapter 4 and in Volume 3.

(II) In addition, singularities can appear due to zeros of energy denominators, such
as &," and (£.+&p) . These denominators can be rendered harmless by applying
the adiabatic switching recipe from Subsection 1-7.1.4. This leads to the appear-
ance of small imaginary additions to denominators, which remove the singular-
ities.

(III) The coefficient functions Dy, Dy, ... may decrease too slowly as the loop integra-
tion momenta tend to infinity. Then the loop integrals may diverge because of the
infinite integration volume. These ultraviolet divergences represent the greatest
danger, which we are going to discuss here in more detail.

In particular, we want to prove the following.

Theorem 2.4. If coefficient functions of the potentials decrease rapidly enough (for ex-
ample, exponentially), when their arguments move away from the energy shell, then all
loop integrals converge.

Idea of the proof. Formula (2.49) is an integral in the 12-dimensional space of the four
loop momenta pg, p;, pg and py. We denote this space by 2. Consider, for example, the
dependence of the integrand in (2.49) on the loop momentum py when p, — co and
all other variables are fixed.?> Taking into account that for large momenta wp = Cp, in
the limit py — co we obtain

&4 — const,
€8 = Wp,1p,—p,-ps-py + Upy ~ Wpg = Wp,ip,pe-p,—ps = 2CP9 = O,

-w

p; ~ Wp,4p,-p,-ps-p, > CONSL

¢ = Wp+p,-ps-ps-py + Wp,

-w

ED = wP3 + wI’4 -w Py wP1+P2*P5*Ps*P9 = _ch9 - 0.

Ps

Theloop B-D-C-Bhas a bottom vertex B, a top vertex D and an intermediate vertex C 2
When the loop momentum goes to infinity, the energy functions of the top and bottom
vertices also tend to infinity, i. e., the integration momentum moves away from the
energy surface. So, in accordance with the condition of the theorem, in this limit the
coefficient function of the vertex C tends to a finite constant while coefficient functions
of the vertices B and D rapidly tend to zero. This ensures fast decay of the product
DgD:Dp. Hence, the loop integral with respect to p, converges.

23 Notice that in Figure 2.7 we have chosen integration variables in such a way that each loop momen-
tum is present only in the internal lines forming the corresponding loop. For example, the momentum
Dy is present in the loop BDCB, and the energy function £, of the vertex A (outside this loop) is inde-
pendent of py. Such a choice of integration variables can be made in any diagram.

24 For a general loop there can be several intermediate vertices or none at all.
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The above analysis is also suitable for other loop variables pg, p; and pg. Conse-
quently, choosing an arbitrary direction in the space =, we shall see that along this
direction at least one loop momentum tends to infinity, and at least one energy func-
tion (&4, Eg, Ec or Ep) grows linearly, while others do not change (in the worst case) or
grow too. Therefore, in accordance with the condition of the theorem, the integrand
rapidly decreases along this direction. Thus, the product of coefficient functions in
the integrand rapidly tends to zero in all directions in £, hence the integral (2.49) con-
verges in the limit of large loop momenta. O

In Chapter 4, we will see that in QED the asymptotic decrease of coefficient func-
tions is not fast enough, so our Theorem 2.4 is not applicable, and loop integrals often
diverge. These divergences have to be fixed by the traditional renormalization method.

2.4 Cluster separability

2.4.1 Cluster separability of interaction

In Subsection 1.2.7, we showed how to express familiar interparticle potentials through
creation and annihilation operators. The question is, under what conditions do these
potentials have the property of cluster separability?

Let us now consider an example in which the electron—proton potential

V= J dpdp'dkD(p.p', k)d), !, dyay (2.51)

acts in the three-particle (1 proton + 2 electrons) sector s#(2,0,1,0,0) of the Fock
space, where state vectors have the form

W) = j dqda,dq.(@; 4, 4454, a, [vac). (2.52)
Applying operator (2.51) to this state, we get

Vi) = j dpdp'dk J dqdaydq,D(p.p' . K)Y(g; 41, 4} !, dpaydial al [vac).
(2.53)

Then we perform the normal ordering, leaving only terms that do not have annihila-
tion operators on the right, i. e.,
Tt ot ot
dp+kap’—kdpap' dqaq1 ag,
1 1
_ gt ot tot ot t ot RS
= derkap,_kdI,ap,dqaqlaq2 + dp)rkap,_kdpap,dqaqlaq2 +

- d;+ka;,_kajh6(p -q)é(p' -q,) - d;+ka;,_ka;6(p —q)6(p' -q,) +--.
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Substituting this result in (2.53), we get

VI¥) - - | dpdp'dk | dqda,da,D(p.p'. k)¥(q: 1.4
x 6(q - p)8(a; - P')d,, 44}, g [vac)
+ | dpdp'dk | dgda,da.D(p.p'. 10(q: a1, )
x 6(q - P)8(ay ~ P')dy, ) ag, Ivac)
_Jdpdp’dkdqlD(p,p JOY(p;q..p )d;Hk kg, T lvac)
. j dpdp' dkdq,D(p.p' k)P(psp'. 0,)d),ial, al Ivac)
- [ dpdasda,( [ kD k., + ko - K1, + K0

+Dlp - kg, + k(- Kidy + ) Jdhal a, vac).

Comparison with (2.52) shows that V acts on the three-particle wave function as fol-
lows:

Tppiana) = jde(p—k, @+ K IOY(p - K g1, g, + k)

N J dkD(p -k, g, + K, k)W - ks g, + K, ).

As expected, the two-particle interaction in the three-particle sector is split into two
terms. One term acts on the pair of variables (p, g,), and the second term acts on vari-
ables (p, q,).

We can remove electron 2 to infinity by multiplying the original momentum wave
function Y(p; q,, q,) in (2.52) by the factor exp(%q2 -a), where a — oo. The action of V
on this state is

.- i ig-a
lim V[p(p: g1, g5)e %]
= }L‘Eo“ dkD(p - k, g, + k. )p(p - k; g, g + k)er @+
+ J dkD(p - k. gy + k. IOY(® - k; g + k. gy)er %

In the limit @ — oo, the exponent in the first integral is a rapidly oscillating function
of k. If D(p, q, k) is a smooth function of k, then the integral with respect to k tends
to zero by the Riemann—Lebesgue lemma A.1. Therefore, only the second term gives a
nonvanishing contribution

J dkD(p - K, q, + I, YD — k; 4, + k, g)er .
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Thus, the spatial translation of electron 2 leads to a state in which the free remote
electron 2 coexists with the interacting subsystem “proton + electron 1”. This proves
that the potential V with a smooth coefficient function is cluster-separable.

For more complex potentials of the general form (1.57)—(1.58), the above argu-
ments can be repeated. If all potentials have smooth coefficient functions and a group
of particles is removed to infinity, then such potentials automatically separate into a
sum of independent terms, as required by the condition of separability. These argu-
ments give us the right to formulate the following theorem.

Theorem 2.5 (cluster separability). The cluster separability of the general interaction
(1.57)-(1.58) is guaranteed if coefficient functions Dy, of the potentials Vy,, are smooth
functions of particle momenta.

The power and utility of this statement come from the fact that by expressing in-
teraction potentials as polynomials in creation and annihilation operators, we get a
very simple criterion for the cluster separability: coefficient functions of the potentials
must be smooth.”> Recall that in Subsection 1-6.4.6 it was very difficult to ensure the
cluster separability of even the simplest three-particle interaction potentials written
in terms of particle observables.

2.4.2 Cluster separability of S-operator

In this book, we will consider only cluster-separable interactions. Is it true that the
S-operator, calculated with such interactions, is also separable? Of course, the answer
is “yes.” However, the proof of this statement is not so straightforward. From formu-
las of perturbation theory, we know that, generally speaking, S is a sum of products
of interaction potentials, as in (2.37). Cluster separability of interactions means that
coefficient functions of the potentials V” in the product (2.37) are smooth. According
to Theorem 2.5, the cluster separability of this product would be guaranteed if the nor-
mally ordered terms on the right-hand side of (2.39) are also smooth operators. How-
ever, the question of their smoothness is not so simple, because the normal ordering
requires permutations of particle operators, which lead to the appearance of singular
delta functions.

The following theorem establishes an important connection between the smooth-
ness of terms on the right-hand side of (2.39) and the connectedness of the correspond-
ing diagrams.

Theorem 2.6. Each term y(i) in the normal-order decomposition (2.39) of a product of
smooth potentials is smooth if and only if it is represented by a connected diagram.

25 This is why we called cluster-separable potentials smooth in Subsection 1-6.4.3.
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Proof. First, assume that y(i) is a connected diagram. We will establish the smooth-
ness of y(i) by proving that it can be represented in the general form (1.58), where the
integrand contains only one delta function required by the momentum conservation
law and the coefficient function Dy, is smooth. Indeed, the initial number of momen-
tum integrals in each term y? is A from equation (2.38). The integrals corresponding
to &£ external lines are parts of the standard form (1.58), and the integrals correspond-
ing to £ loops are parts of the definition of the coefficient function y. The number of
remaining integrals can be obtained from (2.41) and (2.48), i.e.,

N =N-E-L=T+V-1 (2.54)

This is just the sufficient number of integrals to absorb all momentum delta functions
(2.40), except one that is needed to ensure the conservation of the total momentum.
This proves the smoothness of the term y®.

Conversely, suppose that y is represented by a disconnected diagram with V ver-
tices and Z internal lines. Then the number of independent loops £ is less than the
number Z -V +1 characteristic for connected diagrams. This also means that the num-
ber of integrations A/’ in the equality (2.54) is less than Z + V — 1, and the number of
delta functions remaining in the integrand (V' — \j) is greater than 1. Therefore, the
coefficient function of the term y? has a singular delta-function multiplier, and the
corresponding operator is not smooth. O

Theorem 2.6 establishes that smooth operators are represented by connected dia-
grams. In the future we will use the terms smooth and connected as synonyms, when
applied to operators in the Fock space.

Putting together Theorems 2.2 and 2.6, we immediately arrive at the next impor-
tant observation.

Theorem 2.7. All terms in a normally ordered multiple commutator of smooth bosonic
potentials are smooth.

Now everything is ready for discussing the cluster separability of the S-operator.
Let us write it in the Magnus form (1-7.18)

S=e2, (2.55)

where @ is a sum of multiple commutators (1-7.19) of smooth bosonic potentials from V.
By Theorem 2.7, the operators ® and _@_ are also smooth and cluster-separable.
Hence, if all colliding particles are broken up into spatially separated groups (1) and
(2), then the phase operator in (2.55) takes the form of the sum,

(O] @
g - @v‘—‘ + 2—"
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where Q(l_) acts only on particle variables in group (1) and sz_) acts only on particle
variables in group (2). These two terms commute with each other, and the S-operator
separates into the product of two independent factors, i. e.,

S — exp(@? + ®?) = exp(®) exp(@?) = S5,

In other words, the total scattering amplitude for spatially separated collisions is equal
to the product of individual amplitudes in accordance with the physical meaning of
cluster separability: the result of scattering in each of the subsystems does not depend
on what happens in another subsystem.
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I have worked like a galley slave throughout these eight years, morning till night, and I have given
all I could to this work. I am happy with the results.
Vladimir V. Putin

Up to now we have been developing a general formalism of quantum theory in the
Fock space. We considered several model examples, but they were purely academic
and had a very remote relationship to the real systems observed in nature. One of the
reasons for this inadequacy is that our models were unable to satisfy at once all three
requirements’ listed in the preface.

For example, in Section 1-6.4 we formulated a model that clearly satisfied the re-
quirement of relativistic invariance. We also managed to ensure its cluster separability
in the three-particle sector. In principle, this approach can be extended to interactions
in all n-particle sectors [9]. There is even the possibility of describing systems with a
variable number of particles [12]. However, the resulting mathematical formalism is
very complex and practically applicable only to model systems.

In Section 2.1 we considered an example of a toy theory based on the formalism
of creation and annihilation operators. The huge advantage of this model is that the
cluster separability condition is conveniently expressed in terms of the smoothness
of interaction potentials (see Theorem 2.5). The hard part is to ensure the Poincaré
invariance. We did not even try to make our toy model relativistic.

As we mentioned in the preface, to date, there is only one universally recognized
approach which fulfills all three requirements. This approach is called quantum field
theory (QFT).

A special version of QFT for describing interactions between electrically charged
particles and photons is called quantum electrodynamics (QED). We will discuss QED
in the rest of this volume and in the most part of Volume 3. In Section 3.1, we will ex-
plicitly write down QED operators of potential energy V and potential boost Z. The
relativistic invariance of this approach will be proved in Appendix E.2. Section 3.2 will
show how to calculate the simplest elements of the S-matrix in the lowest nonvanish-
ing order of perturbation theory.

3.1 Interaction in QED

Our goal here is to construct a realistic interacting representation U(A;a) of the
Poincaré group in the Fock space (1.1) populated by electrons, positrons, protons,
antiprotons and photons.

1 Relativistic invariance, cluster separability and variable number of particles.

https://doi.org/10.1515/9783110493207-003
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3.1.1 Why do we need quantum fields?

From our discussion in Chapters 1 and 2 it should be clear that interaction operators V
and Z should be sought as polynomials (1.57)—(1.58) in creation and annihilation oper-
ators of particles. However, it is very difficult to define these polynomials in such a way
as to satisfy commutators (1-6.26)—(1-6.30) of the Poincaré Lie algebra. This problem is
simplified by the introduction of quantum fields ¢, (%), which are nothing but special
linear combinations of particle operators.? These combinations are chosen in such a
way that polynomials composed of quantum fields produce relativistically invariant
interactions almost automatically.

We do not offer any physical interpretation for quantum fields. For us, these are
simply abstract multicomponent functions from the four-dimensional Minkowski
space—-time M to Fock space operators. In our approach, the only role assigned to
quantum fields is to provide convenient “building blocks” for constructing Poincaré-
invariant interactions V and Z. Similarly, we refuse to identify the Minkowski “space—
time” coordinates (t, x)> with physical positions and times of events measured in real
experiments. We understand the “space-time” M as an abstract four-dimensional
manifold with a pseudo-Euclidean metric. In Section 8.6 of the third volume, we will
discuss in more detail our attitude to quantum fields and their arguments (¢, x), and
we will analyze our differences with the prevailing tradition.

3.1.2 Simple quantum field theories

Before turning to the full-fledged QED, it is useful to warm up on simpler quantum field
theories. In such simple theories, the relativistic interaction is constructed in three
steps [21, 19].

Step 1. For each particle species* participating in the theory, we build a quantum

field, which is a multicomponent operator-valued function® ¢,(t,x) defined on the

Minkowski space—time M and having the following properties:

(I) The operator ¢, (¢, x) contains only terms linear in creation and annihilation op-
erators of the particle and antiparticle.

2 Definitions of quantum fields for fermions and bosons are given in Appendices B.4 and C.1, respec-
tively.

3 Which are arguments of quantum fields.

4 Inour terminology, a particle and its antiparticle belong to the same species; therefore in our version
of QED we will need three fields: electron—positron, proton—antiproton and photon.

5 This means that for each value of its arguments (¢,x) and index a the symbol ¢,(¢t,x) defines an
operator acting in the Fock space.
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(I) The quantum field ¢,(t, x) should have a simple transformation law®

Uy (s @)y ()T (A @) = ZDaﬁ Np(AK + @) (1)

with respect to the noninteracting representation (1.40) U,(A; @) of the Poincaré
group in the Fock space, where A is a boost/rotation, a is a space-time translation
and D, is some finite-dimensional representation’ of the Lorentz group.

(III) We require the following anticommutators for fermion fields (that is, fields of par-
ticles with half-integer spin) for the same values of t:

{lrba(t)x)) lp;(ﬁ)/)} = 5(X _Y)5a[3’ (3-2)
{Wa(t, 20, Pa(t, 1)} = {6, 2), Yj(t,Y)} = 0. 33)

(IV) Forboson fields (i. e., fields of particles with integer spin or helicity) the following
equal-time commutators are postulated:

[a(t %), pp(t)] = 5(X = ¥)Byp, (34)

[alt, %), pp(t,)] = [t %), P8, y)] = 0. (35)

Step 2. Having at our disposal quantum fields ¢, (%), P5(X),x, (%), ... for all particle
species, we build an operator of the potential energy density, i. e.,

V) = Vitx) =y VOt x), (3.6)
j

in the form of a polynomial, where each term is a (local) product of several fields at
the same point (¢, x), i.e.,

VX = Y Gy, ot Xt XK, (62) (37)
apy..

and the numerical coefficients G’(jl);y___ are selected in such a way that V(%)

() is abosonic® Hermitian operator function on the Minkowski space—time M;

6 Our definition (3.1) differs slightly from (5.16)—(5.17) in [21]. This difference can be traced to our con-
vention (1-2.6) about the order of factors in the definition of a general inertial transformation (A; a) =
(boost) x (rotation) x (translation).

7 Therepresentation D, is definitely nonunitary, since the Lorentz group is noncompact and it is well
known that noncompact groups do not have finite-dimensional unitary representations. This does not
imply any contradiction, because we are not going to draw any parallels between quantum fields and
position—-space wave functions. Therefore, no unitarity is required here.

8 That is, each term in (3.7) contains an even number of fermion fields.
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(I1) transforms as a scalar with respect to the noninteracting representation of the
Poincaré group, i.e.,

Ul ) V(XU (A @) = V(A(X + @)). (3.8)

From the above properties it is not difficult to prove that V(x) commutes with itself at
space-like intervals, i. e.,

[V(t,x),V(t,y)]=0, ifx+y. (3.9)

Step 3. The required interacting generators of the Poincaré group representation are
constructed in the instant form of dynamics. This means that the generators of spa-
tial translations P, and rotations J, remain in their noninteracting forms (1.34) and
(1.37), respectively, while the generators of time translations H and boosts K are ob-
tained from their noninteracting counterparts (1.32) and (1.39) by adding integrals of
the potential energy density (3.6) at t = 0, namely

H=Hy+V=Hy+ J dxV(0,x), (3.10)

K=K,+Z=K,- C_lz jdxxV(O,x). (3.11)

Based on these definitions, one can show (see Appendix E.1) that the above op-
erators {Py, ], H, K} form a nontrivial interacting representation of the Poincaré Lie
algebra in the Fock space. By Theorem 2.5, the smoothness of coefficient functions of
the potentials (3.7) guarantees their cluster separability. Interactions that change the
number of particles are obtained in a natural way. Hence, all three conditions of a suc-
cessful theory, listed in the preface, are fairly easily satisfied in QFT. This explains the
astonishing success of QFT in describing realistic physical systems.

3.1.3 Interaction operators in QED

Unfortunately, simple formulas (3.10) and (3.11) work only in the simplest QFT models.
More interesting theories, such as QED, require the introduction of some modifications
to this scheme. Such modifications are necessary, for example, in theories containing
photons. Indeed, the Poincaré transformation (C.32) of the photon field contains the
additional term Q, (%, @), so it does not obey the simple formula (3.1). Hence the above
algorithm breaks down. In this book, we do not attempt to derive QED interactions

9 Despite it not being a 4-vector, we mark the photon quantum field with the tilde A(X) to emphasize
its four-component nature.
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from first principles.!° We simply borrow from the standard theory expressions for

four interacting Poincaré generators H = Hy, + V and K = K, + Z in terms of quantum

fields for electrons/positrons i,(X), protons/antiprotons ¥, (%) and photons Ay (X).
The full QED Hamiltonian has the familiar form

H" =Hy+ V", (3.12)

where the noninteracting part Hy is taken from (1.32), and the interaction V" is com-
posed of two terms,"!

V=V, + V. (3.13)

The first-order interaction V; is a pseudo-scalar product of two four-component oper-
ators. One of them is the 4-vector of the fermion current density j(¥) defined in (D.1).
The other is the photon quantum field A(%), i. e.,12

V= dei(o,x) - A(0,x) = J’dxj“(o,x)Ay(O,x) =- J dxj(0,x) - A(0, x). (3.14)

The second-order interaction is

.0 .0
i°(0,x);"(0,y)
V, = | dxdy—————== A
2= Jaxay =g G1)
The interaction term in the boost operator
K'=K,+Z" (3.16)
is defined as
1 . 1 xi°(0,x)°(0,)
Z"=——Jd 0,x) - A(0, ——jdd—
2 | 2x(3(0.%) - A(0,x)) - 5 | dxdy Py
- é dejo(o,x)C(O,x), (3.17)
where the operator function C(t, x) is defined as®
3 in’+c dp _ipg [ i
CX) = ———— J —— Y (e"""Xe(p,1)c,, — e’ e” (p,T)C! ). (3.18)
V22rhy | pP2 4 ( rr 2

10 The traditional derivation uses the formalism of canonical quantization. It can be found in Chapter
8 of Weinberg’s book [21]; see also our discussion in Subsection 3-1.3.1.

11 The subscript “n” comes from the word “naive,” because, as we will see in Chapter 4, this interac-
tion is unable to describe the physics of charged particles and should be modified by adding renor-
malization counterterms, just as we did in our toy theory in Section 2.2.

12 The last equality in (3.14) follows from equation (C.12).

13 See the last formula on page 461 in [19] and (B.7) in [20].
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The above operators H" and K" correspond to QED in the so-called Coulomb gauge
[21, 19]."* We will also need an expression of the interaction V" through creation and
annihilation operators of particles. For this, one can substitute quantum field expan-
sions (D.1), (B.34) and (C.2) into equations (3.14) and (3.15). The resulting formulas are
rather long and cumbersome, so we moved them to Appendix D.

3.2 S-operatorin QED

So, we have at our disposal all 10 generators {H, P, ], K} of the Poincaré group rep-
resentation in the Fock space. Therefore, in principle, nothing should prevent us from
calculating any physical quantity related to systems of charged particles and photons.
However, this statement is too optimistic, and the point here is not only and not so
much that performing such calculations is a rather complex mathematical task. In
Chapter 4 we will see that the theory outlined above has a number of serious funda-
mental difficulties and internal contradictions. In fact, this theory is only suitable for
calculations in the lowest order of perturbation theory. An example of such a calcula-
tion will be presented in this section, where we obtain a portion of the S-operator for
the electron—proton scattering in the second perturbation order. To go to higher or-
ders, we will have to modify our theory by introducing renormalization in Chapter 4.
In the third volume we will discuss further modifications of QED that will help us to
go beyond the elementary theory of scattering and to achieve an adequate description
of bound states and the time evolution.

3.2.1 S-operator in second order

We are interested in S-operator terms having the form d'a’da, i.e., describing the
electron—proton scattering. It will be convenient to begin this calculation with the ex-
pansion of the scattering phase operator (1-7.21) in powers of the coupling constant.
Substituting the interaction operator (3.13) in (1-7.21) instead of V, we get

q):q)1 +¢)2+"',
q)l :Vl’
1
®, =V, -~ 5[V, V1) (3.19)

14 As we shall see in Subsection 3.2.3, the Coulomb gauge formulation is not convenient for S-matrix
calculations, which become much easier in the Feynman gauge. Nevertheless, we begin our story pre-
cisely with the Coulomb gauge because in this case there is a fairly simple proof of relativistic invari-
ance; see Appendix E.2.
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Taking into account that operator V; is unphys (see Appendix D.2), and due to (1.76)
@, = V; =0, we obtain the following expansion for the S-operator:

S=e®

=1+ D +l D D +---

2| ==

—1+<Dl+<1)2+ (0N q>1+ (D2d>1+ (0N (2[32+(ID3

2l —= 2l —= 21—~

=1+ @, + O3 +--

=1+ V, —%[E,Vl]+®3 o (3.20)

Here our goal is to calculate the second and third terms in this expression.
Let us first calculate the contribution —% [V,, V1] in (3.20). Since we are only inter-

ested in terms of the type d"a'da, it will suffice to consider only the first four terms in
(D.9), namely®

—F
V= (mp 5 | dkdpAL(p + 104, )00

dkdpA,(p ~ KA, )], (K)

dkdpD (p + K)Dy(p)Cop (k)

(2nh)3/2 J
J

(2nh)3/ 2

_T - T “ e
" (2nh)3/2 J dkdpD,(p - KDy (P)Ch, (k) + -

According to (1.65), the corresponding terms in Vi are

1
Wpk — Wp — Ck

1

—t 1
| didpD o + 0D, P)Ca ) Opor— 0, —ck

— T 1
D,(p - k)D 0 0 +ck
| dkapD,p - 10 b ®g 5

e —
v = s J dkdpA,(p + k)A,(P)Cyp (k)

+ L
(2ﬂh)3/2

__°
(2rth)3/?

e
(2rth)3/2
o (3.21)

In order to get the desired terms of the type D'ATDA in [V}, V;], we should consider
four commutators:

(1) [first term in V;, fourth term in V;];
(2) [second term in v, third term in V;];

15 The operators A, D and C are defined in (B.52)-(B.53), (B.56)—(B.57) and (C.16), respectively.
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(3) [third term in V], second term in V;];
(4) [fourth term in V;, first term in V;].

Then using equation (C.18), we obtain

1 B )=t —t, [Cap(), C (k"))
WVl = o jdkdpdk dp'A(p + K)A,@)D (0 - K')D4(p )m
—— —t, [ch<k> Cea(k")]
! =y —t, ] [Cab(k) C (kl)]
- 2 J dkdpdlc dp'Dy(p + 0Dy P)A(P' - kAP’ )m
)t —t (!, (K), Ceq(k"))]
-5 (2 = dkdpdk'dp'D,(p - k)D,(»)A,.(p' + k' )A4(p’ )m
+
_ e’W’c [ dkdpdq -
" 4Qahy J k Yabeaho 0
—t —t 1
X (—Dc(p -l)D;(p)A,(q + k)Ab(q)m
—t — 1
+D.(p+k)Dy(p)A,(q - k)AL(q) TR
—t —
- Da(p + k)Db(p)AC(q - k)Ad(Q)m

—t —t 1
#D(p - D (PVA, (@ + @) G )

er’c [ dkdpdq
" 4Qnh)? J k Vo Yealtw (O
—t s .
y (—Da(P ~HODPIAL(G HOA)
1

—t —
+D,(p - k)D,(p)A.(q + k)Ad(q)m

— -t !
~Dalp = lODy PG + WA = —

—t —t 1
+ Dy~ IDy(P)Ac(a + WA g+ )
232 2 (K0

c
=————_ | dkdpdgqy".y’
202mh)3 J PAGY apYe (Wgsk — Wg)? — 2K

x Dy(p - K)AL(q + KOD,(P)A4(q)
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ZhZ 2 y hyv(k)
- 2(27th)3 J dkdpdqygbycd (Qp—k _ Qp)z — 22
x Dy(p — k)AL(q + KODy(P)A,(): (3.22)

Next we take into account that we are interested only in the S-operator behavior near
the energy shell, where

Qp

k= Qp = (Uq - a)q+k. (3.23)
Let us use the notation (B.64)—(B.65) in which

2
—f myC
Ag+Iy'Alg = —— Z U (g +100',40)af,, 190

VWq+kWq aa’

2
_ m,c
D' -ky'Dp) = —2— YW - k)r’,pr)dgp_k)f, dy,

\/Qp—kﬂp —

and equation (C.20). Then

1 enc? mpmec“
SVl -——s ) Jdkdpdq
2 ~(2nh) orolt! @ik, [—Qp—kQ
yv(k)blv((q+k)a qoWH(p - )T, p1) T
ra ,d a
(wq+k wq) - c2k? (P -l % (g+k)o’ “PTYq0
2h2 2 mec4

m
= dkdpdq ——2———
(2rrh)3 z J \WqskWqp-1Cp
[U((q+k)0 ,q0) - W((p - Iot', pr)
(wq+k wq)Z c2i?

(q+l)o' Aprgo-

_ (k-U(g +Kk)a',q0)) (k- W((p - k)T, pT)) ]d* 4 d
kZ((qurk _ wq)Z _ C2k2) (p-kt’

Combining this expression with the term D'ATDA in V,,'® we see that the operator @,

in (3.19) takes the form

®,= Y Jdpdqdp'dqr(pz(pl-rr’ q'0':pt.q0)s(p + 4~ p' - 4!, ! dpetige,
oro't’

(3.24)
where the coefficient function is

$,(p't'.q'0';p1,q0)

_are  mymect [_u((q +k)o'.q0) - W(p - k), p1)
(2rth)? (Wgsk — Wg)? - K2

(l)quk(Uqu,k Qp

16 The third term on the right-hand side of (D.12).
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N (k-U((q +k)d',qo)k-W((p - k)T',p1))
(g — wg)? = 2k?)
U%((g + K)o’ qo)W° (b - k)T’ p1) ]
- c2k? '

(3.25)

In the (v/c)? approximation, we apply formula (G.3) to obtain'

)
6,10, 1 1 ad. . () [k)(q]
’TI, IO'I; 7,q0) ~ 1€ 07710 (__ >_ T T, el )
$2(p'T. 40’5 p7.90) (-2m)2n)?h\k?* 8mic?/) (-2mi)4mmic”™° 2 Xo

(3.26)

As the next step we insert this result into formula (3.20) for the S-operator. According
to (1.66), in order to perform the integration with respect to t from —oo to co, we should
simply multiply the coefficient function by —271i6(€(p, q, k)), where

EDq. k) =Qp j + Wgi — Qp — Wy

is the energy function. Finally, the second-order scattering operator is represented in
the standard form (1.58), i. e.,

S(d"a"da] = (-27)) ) j dpdqdp'dq' ,(p't'.q'0";pt,q0)8* (p+q-p' -7
oro't
oot
X dp,T, aq,o,dmaqa.
In the extreme nonrelativistic approximation, we can omit terms in (3.26) having
c in the denominators and obtain

ie? 6(E(p,q.k))
Sid'a'da] = 555> j dpdqak =—B-LZ0d, o alo i dyge  B.27)
oT

which is consistent with our toy model result (2.23) if we setA = 0 there.'®

3.2.2 Covariant form of S-operator

Our expression (3.25) for the scattering phase can be simplified by taking into account
that the coefficient function outside the energy shell may be chosen arbitrarily.

Note that the 4-vector of the transferred momentum can be written in two equiva-
lent forms, i. e.,

17 Here a = €?/(4mhc) ~ 1/137 is the fine structure constant and k = p - p' = q' — q is the transferred
momentum.

18 The additional factor of 1/2 in (2.23) is due to the fact that this expression refers to the scattering of
indistinguishable particles.
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Fall

=55 =(Q- QP cp-K) = (Q, - Qp 4. k),

i( = ql -q= ((Uq+k — Wy, c(g +k) - CQ) = ((Uquk - Wy ck).

Then from (B.95)-(B.96) and (3.23) we obtain on the energy shell

Q,-Q
(k-W((p -k, pr)) = Pf”‘kw‘)«p — k), pr)

w - W,
= %WO(@ -l pr),

+k

(k-U((q +k)d',q0)) = uuo((q +k)a',qo)

and
(-U)k-W)  U'W°
(g — wg)* - c?k?) k2
(g - w)’U°'W°  [(wgk - wg)’ - kU
- I (Wgik — wg)? = k) kP (Wgsx — wg)? - c?k?)
u'nw°

= 2_ 252
(wq+k_wq) -c’k

Substituting these results in (3.25), we obtain a manifestly covariant coefficient func-
tion of the S-operator, i. e.,

s,(p't'.q'd’;pr, q0)
= (-2mi)p,(p'1’, q'0'; pt, q0)
~ e’hPc?(~2mi) m,mec
QrhP(wgsk — wg)* = k%) [

4

g+k@qp-1Qp
x [U°((q + )0’ qo)WV° ((p - k)T, pt) - U((q + k)’ q0) - W((p - k)T, p1)]
@R (mi)  mymct U (g + k), gV (p - )T, pr)

— (3.28)
3 a2
(2nth) WaikWqQp kD @-4')

Note also that this coefficient function can be regarded as a matrix element of the
S-operator between two-particle momentum-spin basis states, i. e.,

(vaclagqdpy Sz[dT aTda]d;,Tafwlvac)

- (vaclaq,oldplrf[ > jdsdtds’dt’sz(s’ﬂl)tfpr; ST, tp)
npnlpl

x8(s+t-s —t)8(Qq +wp - Qg - a}t,)d;,n,a;p,dmatp dj,a},|vac)
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=y J dsdtds'dt's,(s'n’,t'p'; s, tp)b(s + t —s' - ')8(Qg + wp — Qs — wy)

npr'p!
X 8( = P)8,6(t — q)8,,6(s' —p' )8, 8(t' —q' )8,
=5,(p't’.q'0";p1,q0)8(p +q-p' - 7). (3.29)

3.2.3 Feynman gauge

The coefficient function (3.28) is manifestly covariant, and it is true that the S-operator
calculated in this way does satisfy the Poincaré invariance condition (1-7.7). However,
this result looks almost accidental. Indeed, in our interacting Hamiltonian Hy + V; +V,
it is not easy to recognize the zero component of a 4-momentum energy vector. We also
used the noncovariant form (C.21) of the function hw(k) and observed a successful
cancellation of noncovariant terms when calculating the S-operator. Was it a lucky
coincidence or a predictable inevitability?

Of course, under more detailed examination, this result does not look surprising,
because in Appendix E.2 we proved that the Coulomb gauge QED meets all the require-
ments of Poincaré invariance. However, we would like to have a method in which the
relativistic invariance remains explicit at all stages of the calculation.

An additional incentive to find an alternative approach is that calculations of scat-
tering amplitudes with interaction (3.13) V; + V, are very labor-intensive. As we see in
Appendices D.2and D.3, operators V; and V, have rather complex expressions in terms
of creation and annihilation operators. In high perturbation orders, calculations of
their multiple normally ordered products and/or commutators become almost impos-
sible.

Here, the gauge invariance of electrodynamics comes to our aid. It turns out that
one can change the gauge and redefine quantum fields and the Hamiltonian in such a
way that observable quantities, such as scattering cross sections, remain unchanged.
The theory looks most simple and invariant in the so-called Feynman gauge. The recipe
for the transition to this formulation is as follows:

(1) Instead of the noncovariant interaction V; + V, in (3.13), leave only the “Lorentz

scalar” operator V; from (3.14), i. e.,

Vv, = J dxi"(0,x).A,,(0,x)
=—e J dx@(fc)yulp(fc)A“ X)) +e J dx¥(X)y, ¥ (%) A" (%). (3.30)

(2) In formula (C.23) for the photon propagator, use a covariant expression -1, in-
stead of the matrix hy, (k).

If, in addition to these rules, one computes the S-operator with the help of the time-
ordered perturbation series (1-7.17), then calculations become much easier.
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We omit the (nontrivial) proof that the Feynman gauge approach works in all or-
ders of perturbation theory and yields results identical to the original Coulomb gauge
theory. This proof is most elegant within the functional integral approach [21, 10], the
discussion of which is beyond the scope of our book. Here we just illustrate our claims
by repeating our calculation of the S-matrix element (3.28), this time using the Feyn-
man gauge rules. We use formulas (1-7.17), (3.29) and (D.1) to obtain

s,(p'7'.q'0"sp1,q0)6(p+G-p' - q')
= (vaclay od Tfszdpfaqolvac)

+00
= —<VaC|aq U’ <2|h2 J dtldtzT[Vl tl)Vl(tZ)]> pr qU|V3C>

—00

1
=om Jd4xld x,(vac|ag

1
= _ﬁ Jd4xld x,(vac|ag,

qa’
qa’

2
4
= Id x,d"* xy(vaclag i d

" h
x TGy P) Ay () F(R)y W () A, (%) iy gy lvac). (331)

In the integrand we have the operator agq:dy . T[---1d} pr ;0, sandwiched by vac-
uum vectors (vac| - - - [vac). This operator should be normally ordered. Then, only the
c-number term will contribute to the matrix element. To provide such a number, the
operator under the T-order symbol must have the structure d'a’ da. From expressions
(B.34) and (B.37) for quantum fields ¥ and ¥, we conclude that the operator d' can
originate only from the field ¥, the operator a’ comes from the field @ and operators d
and a come from factors ¥ and ¥, respectively. The photon operators in the fields A,
and A, have to be consumed by Wick’s contractions, explained in Subsection 1.1.9. In
the process of bringing the entire product to the normal order, the fermion creation
(annihilation) operators inside the T-symbol should be contracted with the corre-
sponding annihilation (creation) operators outside this symbol. After contractions we
obtain expressions of the form (momentum delta function) x (Kronecker delta symbol
of spin components) x (numerical factor). The delta function and the Kronecker delta
disappear after integration (summation), and only the numerical factor remains. For
example, the contraction of the electron creation operator from i, with the agg
annihilation operator outside the T-symbol produces the following numerical factor:

c2

m i, - \=
m exp(Eq' ox1>ua(q’,a’). (3.32)
q/
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After all these routine manipulations, the coefficient function takes the form®

s,(p't'.q'0’;p1,q0)6(p+G-p' - q')
2 4 .
e’m,m,c
~ Jd[*xld[*x2 L2 exp( g 5‘1)

RQh)e 0wy Q,Q, N\
i. . i, . .
X exp(—£q~xl>exp<£p ’X2> eXp<—£p~X2>

xu(q', o)y u(g, oyw(p', 7' )y w(p, 7)(vac|T[ A, (%)) A, (%,)] Ivac)

22 4
e“c'm,m,c

(277 \Jw Wy QpQy

x exp(%(f]' ~q+3) -)?1>exp<%(13' -p-3) -ffz)

= i jd“xldl‘xzdl‘s
2mi

xuy(q', 0"y, u a(q,o) Wi T )W (0, T)
le C m,m C
=- = §'(p+q-p' -7

4n2h\/wqwq,Qpr,

xUy(q', 0" )V} ua(@ 0) ———

( rl ~1)2 wd(p )YZCWC(p’ T) (333)

ie’mm,c®6'(p +q-p' - g Mg, qoIW, 't . pT) 6.3

4% hn|waw e QpQp (G - ')

This formula, as expected, coincides with the result (3.28) of the noncovariant ap-
proach.

3.2.4 Feynman diagrams

The above calculation of the simplest scattering amplitude is still rather involved.
However, it can be greatly simplified by noticing that amplitudes are always con-
structed by simple rules from a small number of standard factors. Feynman came up
with a convenient way to represent these rules and factors in the form of pictures —
diagrams. Derivations of the Feynman rules can be found in any QFT textbook. Here
we will simply list the rules for drawing and interpreting diagrams in QED.

So, to write down the matrix element of the S-operator in the Vth perturbation
order, it is necessary to perform the following steps:

19 The matrix element (vac|T[A*(%;).A" (%,)]|vac) is called the photon propagator. We took its value
from (C.24).
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Table 3.1: Correspondence between elements of Feynman diagrams and factors in S-matrix elements
(e* = electron/positron, p* = proton/antiproton, y = photon).

Element of diagram Numerical factor Physical interpretation

outgoing line (thin) e~ mec ua(p, o) e instate |po) att =+oc0

incoming line (thin) e~

(2mh)3

(z;m ua(p o) e instate|po)att=-co

outgoing line (thick) p* 4 (2"h 30 W,(p,0) p*instate|po)att = +oo
incoming line (thick) p* 4 (Znh 30 w,(p,0) p"instate |po) att = -co

outgoing line (wavy) y

incoming line (wavy) y

y in state |p)T at t = +oo

\/(271?1)32,0 e .0
—e__ T
\l(z;m)32p &P 0)

y in state |p)T at t = —

internal line (thin) e* #&Q’i"w no interpretation

. . hny . .

internal line (wavy) y W no interpretation

interaction vertex e*y —i(2nh)4eygb no interpretation

interaction vertex p*y i(2rrh)4ey5b no interpretation

(1) Draw a connected?® Feynman diagram with V vertices, Z internal lines and £ =

@
®)

(4)

()

Z -V + 1 independent loops. Each vertex should be connected to two fermion
lines (electron or proton, external or internal) and one photon line (external or
internal). External incoming (outgoing) lines correspond to the initial (final) con-
figuration of the colliding particles. Momenta and spins of the particles in these
asymptotic states are assumed to be given.

Assign any 4-momentum labels to £ internal lines in independent loops.
Respecting the 4-momentum conservation rule at each vertex, assign 4-momen-
tum labels to all remaining internal lines.

The integrand is now formed from the factors corresponding to all lines and ver-
tices in the diagram according to the rules from Table 3.1. Internal lines correspond
to the photon (C.24) and electron (B.100) propagators. Each vertex factor yZb has
three summation indices corresponding to the three lines converging at the ver-
tex. Two Dirac indices a and b are coupled with the indices of the fermion lines,
and the 4-vector index u is coupled with the photon line index.

Integrate the resulting expression with respect to all loop 4-momenta.

20 As we explained in Subsection 2.4.2, we should ignore disconnected diagrams, because they cor-
respond to spatially separated and independent collisions.
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(6) Multiply by (-1)”, where F is the number of closed fermion loops.?

(7) Multiply this expression by the 4D delta function, which expresses the conserva-
tion of the total energy—momentum in the scattering process.

(8) Repeat steps (1)—(7) for all possible topologies of diagrams describing the process
of interest in the given perturbation order V. Add the resulting expressions.

Using these rules, it is not difficult to verify that equation (3.33) for the electron—proton
S-matrix element is represented by the Feynman diagram in Figure 3.1.

Figure 3.1: Feynman diagram for the electron—proton scattering in the sec-
ond perturbation order (thin full line = electron; thick full line = proton).

3.2.5 Compton scattering

As another application of the Feynman rules, let us consider the Compton scattering
electron + photon — electron + photon. Two diagrams describing this process in the
second perturbation order are shown in Figures 3.2 (a) and (b). In accordance with the
Feynman rules, the scattering amplitude is

(vac|ayy cq wSla’ctac)al, Ay quvac>

m,c? Veey(q',T')
= \=—=5—1 (p’,a’)][—i(znh)“eyl‘c]["—]
[ 3w, d l@nny32q

[ (p 4+ mecz)cb
X
i) ) (P + §)* -

\/Eev(% T) meC2
[ e

[\ (27:;1)5 uy(p',0")

[ (V _ ql + mecz)cb
X . poa—
Qi) 2mh)>((p - ¢')* -

\/Ee;; (q,’T,) meC2 4 _ Al

21 See page 120 in [10].

§(p+q-p'-d')

Vce,(q,1) ]
\(@rh)*2q

[-i(27th) ey’ ] [
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Figure 3.2: Feynman diagrams for the electron—photon (Compton) scattering. (a), (b) Second-order
terms. (c), (d), (e) Selected fourth-order terms discussed in Section 4.2.

From this expression, it is not difficult to obtain the cross section for the elastic Comp-
ton scattering. We will not reproduce here this standard result,? but only note that in
the limits of low photon and electron energies we will get exactly the Thomson formula,
known from classical electrodynamics.?® Since the low-energy Thomson formula was
verified in detail in experiments, all higher-order corrections to this result should van-
ish. This observation will prove very useful in our discussion of charge renormaliza-
tion in Chapter 4.

3.2.6 Virtual particles?

In this volume, we want to avoid speculations about the physical meaning of quantum
fields. This issue will be discussed in Volume 3. However, we should warn the reader
against a too literal interpretation of Feynman diagrams. One often hears the opin-
ion that these diagrams represent real physical processes in which virtual photons
and electrons are emitted and absorbed at interaction vertices and that these virtual
particle exchanges are the true reasons for the attraction or repulsion of the observed
charges.

Such interpretations are absolutely groundless and misleading. In fact, Feynman
diagrams are not graphical representations of any real physical events. The lines and
vertices in the diagrams have nothing to do with particle trajectories. They are simply
convenient symbols for certain factors in perturbation theory integrals. There is no
deeper meaning in these pictures.

As shown in Table 3.1, external lines represent physical particles in asymptotic
states. In particular, 4-momenta of these lines are on the mass shell, which is another

22 See, for example, Section 5.5 in [10] and Section 8.7 in [21].
23 For example, formula (5.92) in [10].
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way of saying that they satisfy standard energy—momentum relationships, i. e.,

po-c’p’ =0, (3.35)
po - P’ = mic", (3.36)
po - ¢’p* = myc, (3.37)

for photon, electron and proton external lines, respectively. Four-momenta of internal
lines do not satisfy equations (3.35)—(3.37). They are out of the mass shell and lack any
physical interpretation.
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There is no great thing that would not be surmounted by a still greater thing. There is no thing so
small that no smaller thing could fit into it.
Kozma Prutkov

In the preceding chapter, we calculated the second-order contribution to the S-opera-
tor. The obtained result (3.28) agrees rather well with experiments on electron—proton
scattering. Similarly, in the second order, one can also obtain cross sections for other
processes, such as Compton scattering or electron—positron annihilation, with good
accuracy. Can we expect even better agreement with the experiment by including
terms of higher orders in the expansion (3.20)? Unfortunately, the answer to this
question is “no.” As we shall see in this chapter, many high-order terms in the expan-
sion (3.20) are not just inaccurate — they are divergent!

This is the same situation as that described in Section 2.2 for the toy model. We
will apply the same renormalization methods for fixing the problem of divergences in
QED.

4.1 Two renormalization conditions

In this section we will be interested in general physical principles underlying the
renormalization and the removal of the so-called ultraviolet divergences. We express
these principles in the form of two renormalization conditions, namely:

(1) the absence of self-scattering in the vacuum and one-particle states;

(2) the charge renormalization.

Note that cancellation of divergences is not required explicitly in our conditions. Nev-
ertheless, in the renormalized theory, all scattering amplitudes turn out to be finite
and perfectly agreeing with the experiment.

4.1.1 No self-scattering condition

It should be noted that divergence of loop integrals is not the most painful problem in
the naive QED. Even if all loop integrals converged, the S-operator would contain very
unpleasant divergences. Let us look in more detail where these infinities come from
and how to deal with them.

Recall that the QED interaction operator (3.30) has only unphys terms. The corre-
sponding scattering phase @ in (3.20) is obtained by calculating multiple commuta-
tors of V,. Therefore, according to Table 1.2, operator @ can contain terms of all three
allowed types: unphys, phys and renorm. Then the most general expression for the

https://doi.org/10.1515/9783110493207-004
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S-operator can be written as’
S = exp(_D) = exp(@™ + P 1 ™1 = exp(OPMS + @M, (4.)

Let us now apply (4.1) to the one-electron state a;,,glvac). From Lemma 1.4 it follows
that phys operators yield zero when acting on the single particle. Renorm operators do
not change the number of particles, so we can write?

h
Sa;g|vac) = exp(@™® +CDre“)a;a|vac)
_ phys ren 1, phys reny2 T
_<1+¢;_+g_+z(g_+gr_) +-~~>apglvac)

_ (1 + chhys + cDren +l(chhys )2 + l cDphys cDren +l cDren chhys

20— AT/ 2T/

1

+_
2!

(cDren)2 + .- .)a;o|vac>

—

1 2
_ <1 " cDren +—(CDren) 4. ')(1;0|V3C>

= T\
-

= exp(CDre“)a;alvac). (4.2

Similar calculations can be made for the single-photon state c;’,rlvac) and for the vac-
uum vector, i. e.,

Schlvac) = exp(®'*")c), [vac), (4.3)
Slvac) = exp(®™")|vac). (4.4)

So, the “self-scattering” in these states depends only on the renorm part of ®. We know
from (1.75) that the t-integral ®@"" is infinite even if the operator ®*" is finite. There-
fore, if ®" # 0, then the S-operator multiplies zero-particle and one-particle states
by infinite phase factors, which are deemed unacceptable.

Intuitively, we expect that single-particle states and vacuum should evolve freely
over the entire time interval from t = —co to t = +00. This means that there cannot be
any self-scattering in these states. This also means that the S-operator must be equiv-
alent to the unit operator S = 1, when acting on such states. In other words, from phys-
ical considerations, we would like to require ®*" = 0. Obviously, this condition is not

1 Here we notice that the unphys terms in @ do not contribute to the S-operator because of equation
(1.76).

2 In fact, here we consider the result of a scattering experiment with one electron in the initial state
(in the remote past). At time ¢ = O this electron collides “with itself,” and the products of this collision
are registered in the distant future. Of course, we know in advance that the outcome of such a “scatter-
ing” should be trivial. One particle cannot collide with anything, and therefore it cannot experience
scattering. The question is whether our scattering operator S can reproduce this simple result?
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fulfilled in the theory presented here. Our particles are permanently self-interacting
and scattering on themselves. In QFT, renormalization is introduced as a means of
resolving this paradox.

The idea of renormalization is that our divergence problems come from the incor-
rect (naive) choice of the interaction operator (3.30). This operator V; has to be modi-
fied or renormalized so that the self-scattering of the vacuum and single-particle states
disappears. The modified interaction operator V¢ will be obtained from V, by adding
to the latter so-called renormalization counterterms whose presence will be indicated
by the subscript “c.” In particular, we will require that the phase operator calculated
with the renormalized interaction V¢ has a vanishing renorm part, i.e.,

(@) = 0. (4.5)
If we achieve that, then the operator @ becomes purely phys, i.e.,

= (@)™,

and expressions (4.2)—(4.4) take physically acceptable forms
T T
Scapglvac) = a,lvac),
Scc;r,rlvac) = c;rlvac),
S¢|lvac) = |vac),

in which the self-scattering is absent. Taking into account the perturbation theory ex-
pansion $¢ =1+ S5 + S5 + - - -, we will be able to write in each orderi = 2,3,...

Sfa;glvac) =0, (4.6)
Sicc:nlvac) =0, (4.7)
Silvac) =0 (4.8)
and for the S-matrix elements
(vaclapgsfa;, »Ivac) =0, (4.9)
(vaclcprsfc;, oIvac) =0, (4.10)
(vac|Sf|vac) = 0. (4.11)

So, we summarize the above conditions as follows.

Statement 4.1 (absence of self-scattering). The Hamiltonian of the theory must be
chosen in such a way that there is no self-scattering in the vacuum and single-particle
states. Nontrivial scattering is expected only in systems having at least two particles
interacting with each other.

We will deduce this statement from Postulate 2.1 in Volume 3. Later in this chapter
we will see that our no-self-scattering condition is, in fact, equivalent to the traditional
mass renormalization condition from QED textbooks.
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4.1.2 Charge renormalization

It appears that the above no-self-scattering condition cannot guarantee the cancella-
tion of all ultraviolet divergences. Additional charge renormalization efforts should be
applied as well.

Recall that the second-order amplitude of the electron—proton scattering (3.34)
has the singularity oc €?/k? at zero momentum transfer k = ¢’ — g = 0. It is known>
that in the position space such a singularity corresponds to the long-range Coulomb
potential —e?/(4nr). From classical physics and experiments, we know that this poten-
tial provides a very accurate description for the interaction between charges at large
distances and low energies. We may guess that to keep this agreement, all high-order
corrections to the low-energy long-distance scattering should vanish. In other words,
in the momentum space, components S; (i > 2) of the scattering operator should be
nonsingular at k = 0.

Besides, in Subsection 3.2.5 we have seen that the second perturbation order is
completely sufficient to describe the low-energy (Thomson) photon—-electron scatter-
ing. Therefore, we also do not expect any corrections to this result in higher orders.
Let us now raise these qualitative observations to the level of a fundamental physical
principle.*

Postulate 4.2 (charge renormalization condition). Charge—charge and charge—pho-
ton elastic scattering cross sections at large distances and low energies are described
exactly by the second-order term S, in the S-operator. All high-order contributions to
these results should vanish.

4.1.3 Renormalization by counterterms

So, we have seen that the no-self-scattering and charge renormalization conditions
are not fulfilled in QED with interaction (3.30). This problem must be solved by renor-
malization, which essentially means a transition from the naive potential

V= [ ax(-epy p) + PP ER) A0 (412)
to the new interaction
Ve=V,+Q. (4.13)

by adding counterterms [8], which we denote by Q. Operators in Q must be chosen
in such a way as to satisfy our two renormalization conditions. In particular, the new

3 See, for example, Section 3-1.4.
4 Which is, actually, violated in the naive QED.
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scattering phase, calculated with the aid of V°,
C C 1 C C
O =V _i[L’V ]+

0 — 0). Moreover, higher-order contributions

should not contain renorm terms ((D°)
@f (i > 2) should be nonsingular at k = 0.

Then the full renormalized S-operator will be expressed by the perturbation series
1-717):

+00 +00

S=1- % J ayvet) - ﬁ J dt,dt, T[VE(t)VE(L,)] -, (4.14)

-0 ’ —00
where each term turns out to be finite. In the rest of this chapter, we will see how
the renormalization program solves the problem of ultraviolet divergences in one-loop
diagrams. The problem of infrared divergences is no less difficult. We will discuss it

briefly in Chapter 5 of the third volume.

4.1.4 Diagrams of electron—proton scattering

As before, we are mainly interested in the collisions of two charges — an electron and a
proton. In Figure 4.1 we have collected all related Feynman diagrams of the second and
fourth order. Generally speaking, these diagrams can be divided into three classes:
tree diagrams, loop diagrams and counterterm diagrams. We have already discussed
the single tree diagram 4.1 (a) in Chapter 3 and found it to be in good agreement with
the experiment.

Serious problems are associated with fourth-order loop diagrams, such as in Fig-
ures 4.1 (b)—(g).” As we saw in Section 2.3, loops are associated with potentially diver-
gent integrals. There are two types of divergences in QED loop diagrams. First, loop
integrals in Figures 4.1 (e)—(g) diverge because the integrand is singular at small val-
ues of the argument (loop momentum). These are the so-called infrared divergences
[21], which will be analyzed in Volume 3.

The second type is the divergence of loop integrals (in Figures 4.1 (b)—(e)) at large
values of the loop momenta (see Subsection 2.3.3). This is the so-called problem of ul-
traviolet divergences. Historically, this problem was solved by renormalization theory
developed by Tomonaga, Schwinger and Feynman in the late 1940s. As mentioned,
the idea of this theory is that our “naive” interaction operator V; in (3.30) is incom-

5 Here we did not show diagrams with loops formed by proton lines. Their calculation is no differ-
ent from the electronic loops discussed in this chapter. However, their contribution to the scattering
amplitudes is much smaller, owing to the inequality m, < my,.
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Figure 4.1: Feynman diagrams for electron—
proton scattering up to the fourth perturbation
order (thick solid lines = protons, thin solid
lines = electrons, wavy lines = “virtual pho-
tons”). Double arcs in (h)-(k) denote countert-
erms, which will be discussed in Section 4.2.

plete. It has to be corrected by introducing additional interaction operators (countert-
erms) Q, which are shown in the diagrams in Figures 4.1 (h)-(k) as new interaction
vertices. Formally speaking, counterterms are infinite operators. However, if they are
carefully selected, then their contributions to the S-matrix cancel out the infinities
from loop diagrams, so that only some finite differences remain in each perturbation
order. These residual contributions are called radiative corrections. Taking them into
account is necessary for reaching the remarkable agreement between QED and preci-
sion experimental data.

4.1.5 Regularization

As we noted above, loop integrals in QED tend to diverge. It is quite inconvenient to
carry out calculations with infinite quantities, so to simplify the task it is customary
to perform regularization of integrals. The idea is to change the theory “by hands,” to
force all loop integrals to converge. In this approach, all intermediate computations
operate with finite quantities, and all steps are mathematically rigorous. The simplest
approach to regularization, adopted in Appendix F, is to cut off the momentum inte-
grals. Usually, such a modification depends on two parameters having the dimensions
of mass: the ultraviolet cutoff A limits the integration volume at large loop momentum
and the infrared cutoff A controls integrals at small momenta. So, with finite A and A
all loop integrals are guaranteed to be finite.
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Naturally, a theory with such truncated integrals cannot be exact. To obtain the
final result, at the end of calculations the ultraviolet cutoff must be set to infinity
A — 00.° If the counterterms are chosen correctly, then in this limit S-matrix elements
tend to finite values agreeing with the experiment.

4.2 Counterterms

Now we proceed to the practical implementation of the renormalization program out-
lined above. In this section, we apply renormalization conditions 4.1-4.2 and derive
explicit formulas for counterterms Q in the second and third orders of perturbation
theory.

4.2.1 Electron’s self-scattering

Let us see in more detail how condition (4.9) is violated in QED. There are only two con-
nected diagrams that give second-order contributions to the electron self-scattering.
They are shown in Figures 4.2 (a) and (b). Applying Feynman’s rules to the diagram in
Figure 4.2 (a), we get

(vacla ,UIS(“) »lvac)

. mee c"&“(p P _ 4y e @ = K+m)y, n* b
= 5 uy(p',o")| | d —
(i (2nh) /@ WpWy (@ - k)? - mc* k2

“lug(p,0)

(4.15)

46l _
- %;;)p) 1;(p, 0)[C V640 + CV(p - mec?) 1, + Rga () a0, 0),  (4.16)
p

Figure 4.2: Feynman diagrams for the
self-scattering electron — electron in the
second perturbation order. (a) Electron-
photon loop. (b) “Tadpole” loop that
does not contribute to the amplitude.

(c) Counterterm contribution (4.20).

6 In the complete theory, the infrared cutoff should approach zero, i.e., A — 0. However, in this
chapter we will retain a nonzero value of A. The limit A — 0 and the associated infrared divergences
will be discussed in Volume 3.
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where the (divergent) constants C'” and € are computed in (F.26) and (F.27), respec-
tively:

2. 2
c? = —M(Mn A + 1>,

2ic3 m,
2
cV = 2713 <1r1A +21ni + 9)
ic m, m, 4

The finite’ quantity R(p) includes terms that are quadratic, cubic and higher-order in
(» - m,c?); we have

R(p) =C¥(p- mecz)2 +COp - mecz)3 +eee (417)

By dropping the multipliers corresponding to external electron lines and the delta
function in (4.16), we get contributions from the loop itself and its two vertices:

loe;;(p) 2e’c?(c@ + C(l)(p - myc?) +R(p)). (4.18)

If a loop like the one shown in Figure 4.2 (a) is inserted into an external electron
line, then the 4-momentum p is on the mass shell, and only the constant term survives
in(4.18),%1.e

glge;;(p =m,c?) = W*e’?c? = 3ﬂ2i€2h2meC(21H Ae + %) (4.19)
This nonzero result contradicts the no-self-scattering condition (4.9). Moreover, this
expression tends to infinity in the limit A — co. So here we are dealing with an ultra-
violet divergence, which must be suppressed by the introduction of counterterms.

For loops in internal electron lines, the 4-momentum p is not necessarily on the
mass shell, so the expression (4.18) must be taken into account in its entirety.

Now consider the second electron self-scattering diagram, in Figure 4.2 (b). We
have

b) t
(vaclap,g,S§ )apalvac)

mc

_ mec y )
(2ﬂh)3W U (p',0") abub(p’U)<

jd4k(k + meC )CdeC
k2-mic*

(2nh)8e2 ) hcznyv64(ﬁ _ﬁ/)
w ) (m)*Qrh)®(p - p')

7 That is, tending to a finite value in the limit A — oco.
8 This applies also to loops in the diagrams in Figures 4.1 (b) and (c). Here we can formally write the
mass shell equation (p% = m c") asp = m,c?* due to (B.19).
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The integral with respect to k vanishes due to (B.11) and (B.12), i. e.,

v
a2 _o
k? —m2c*

Jd“kTI(yvyka +y'm,c?) ~ J
k2 - m2c

so diagrams like Figure 4.2 (b) can be ignored.

4.2.2 Electron self-scattering counterterm

In the preceding subsection we saw that the loop diagram in Figure 4.2 (a) makes a di-
vergent contribution (4.18) to scattering amplitudes. We are going to compensate for
this divergence by a second-order counterterm. This counterterm will become a part
of the interaction operator, so it must satisfy all conditions formulated for such oper-
ators in Subsection 3.1.2, in particular, the relativistic invariance expressed by equa-
tion (3.8). Taking these considerations into account, we choose the following electron
self-scattering counterterm:

Q¥ (t) = (6m), j dxpWP(E) + (Z, - 1), j dxp(0)(~ihcy"d, + mec® (%), (4.20)

where the 4-gradient & is defined as

10 0 0 0
=(--—, —, —,— 4.21
H <cataxayaz> (4.21)
and the parameters (6m),, (Z, —1), have to be adjusted so as to satisfy renormalization
conditions.’ The counterterm (4.20) gives the following second-order contribution to
the electron — electron self-scattering amplitude!°:

count _t
<VaC|apIo~l S5 Apy |[vac)

-T2 vaclay [ dxBRIRIa vac

9 In this chapter, we follow the traditional notation and introduce renormalization constants ém,
Zy, Z, and Z3. Unlike our usual convention, the subscripts of these constants are not related to the
order of perturbation theory. Therefore, for example, we write (Z, — 1), to denote the second-order
contribution to the renormalization constant Z, — 1. The constant §m has the dimension of energy,
and (Z, — 1) is dimensionless. We shall see later that these quantities coincide with the traditional
renormalization parameters — the mass shift and the electron wave function renormalization factor —
in the conventional approaches. Note that in our interpretation we do not “shift” the electron mass
and do not change the normalization of the electron—positron quantum field, as suggested in many
textbooks. We simply add new terms (4.20) to the interaction Hamiltonian.

10 This formula is obtained by inserting Q;el)(t) instead of V¢(t) in the second term on the right-hand
side of (4.14).
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I(Zzh )2< vac|ay g Jd4x¢(x)( ihcy"d, +moc®)P(X)ap,lvac)

_ _i(6m), J M, C*84q i P 1B %
h @y \/W
_ l(ZZ - 1)2 Jd m, C %I‘”}e éf’
h (2mh)3 m
Xﬂd(p”oj)(_p +MmeC )daua(p’ U)
2mi(6m),m,c*6* _
- _ ( )2 e (p p) a(p U)Ma(p 0_)

Wy

_ 27i(Zy - 1);mec’8" (b - P) -

Wp

Uy(p', 0" )u,(p, 0)

Uy(p, 0)(—p + myc )daua(p 0). (4.22)

Dropping factors corresponding to external electron lines and the momentum delta
function, we obtain the pure counterterm contribution

g (p) = —i@n)* WP ém, + iQm) 13 (Z, - 1),(p - m,c). (4.23)

count

In the Feynman diagram technique, the counterterm (4.20) is described by a new in-
teraction vertex, which is shown in Figure 4.2 Ok by two hollow circles connected
with a double arc and with a “~” sign in the center. This group of symbols should be
understood as a single second-order vertex and cannot be divided into component
parts.

4.2.3 Fitting coefficient (6m),

Now, consider the electron — electron self-scattering diagrams in Figures 4.2(a)
and (c). We already know that in this case the 4-momentum p is on the mass shell
= m,c?). Hence, the electron—photon loop in Figure 4.2 (a) gives a divergent con-
tribution expressed by the C © term in (4.19)," and the counterterm’s contribution is
given by the first p-independent summand in (4.23),

G (p = mec?) = —iQ2n)* 1> (6m),. (4.24)

Our task is to ensure complete cancellation of these two terms, i. e.,

1 1)
G (P = MeC) + Gy (p = M) = (4.25)

11 The symbol “~” inside the counterterm loop reminds about the cancellation of divergences in the
sum (a) + (c); see also Figures 4.1 (i) and (j) and 3.2 (d).
12 All other terms there disappear for p = mec2
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This can be achieved by choosing the following value of the renormalization constant:

_iezczc(o) 3 3m,ce?
@mh 16wk

(6m), = <1 sl ) (4.26)

2 m,
This choice is sufficient to satisfy the electron’s no-self-scattering condition in the sec-
ond order.B®

Now consider an arbitrary diagram with the electron—photon loop inserted in
an external electron line (for example, Figure 4.1 (b)). This line is also on the mass
shell. In a complete set of Feynman graphs, for each such loop there is a diagram (Fig-
ure 4.1(i) in our example) in which this loop is replaced by a counterterm. According
to (4.25), these two divergent diagrams cancel out exactly. Hence, in the renormal-
ized QED, both types of diagrams (containing loops and counterterms in external elec-
tron/positron lines) can be simply ignored. Another example of such a cancellation is
41(c)+4.1(G)=0.

4.2.4 Fitting coefficient (Z, - 1),

Now let us consider the situation where the electron—photon loop is present in an in-
ternal electron line; see, for example, the diagram in Figure 3.2 (c). Again, there exists
also a diagram (Figure 3.2 (d)) in which this loop is replaced by the counterterm vertex.
Aswe have already established, the contribution oc C ©in Figure 3.2 (c) is canceled out
exactly with the contribution oc (6m), in Figure 3.2 (d). However, the 4-momentum p
of the internal line is not necessarily on the mass shell, so the loop contribution o< C M
in (4.18) does not disappear; it even diverges. Obviously, to compensate for this diver-
gence, it is necessary to select the renormalization factor (Z, — 1), in (4.23) as™

ie’c?cV e ( A A 9)

—=——(In—+2ln—+ =
(2m)*h  8m’hc\ m, m,

(Z,-1), = (4.27)
Note that the finiteness requirement does not determine this factor uniquely. In princi-
ple, we could replace (Z,—1), with the value (Z, - 1), + 8, where § is any finite constant,
and still have a finite result for the sum 3.2(c) + 3.2(d). The correct choice of § = 0 is
explained by our desire to conform with the charge renormalization postulate, Postu-
late 4.2.If § # 0, then the sum 3.2 (c) + 3.2 (d) contains a fourth-order contribution that
is singular at k = 0 and, therefore, provides a correction to the classical Thomson for-
mula for the photon—-electron scattering. According to Postulate 4.2, such a correction

13 In the traditional mass renormalization method, the choice of (6m), is justified by the requirement
that the electron’s renormalized propagator has a pole at p = mecz, where m, is the physical mass of
the electron. Our expression (4.26) coincides with the traditional results; see, for example, equation
(21) in [4], the expression immediately after (8.42) in [2] and the second equality on page 523 in [14].
14 Compare this result to (8.43) in [2] and to equation (94b) of Chapter 15 in [14].
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is unacceptable. Therefore, we must set § = 0 and define the renormalization factor
(Z, — 1), exactly by equation (4.27).

Our choice of the renormalization constant (4.27) means that in all sums “loop +
counterterm vertex” in internal electron lines (such as the sum 3.2(c) + 3.2(d)) only a
finite and harmless R-correction is left, i. e.,

1) 1) 222
G ) + Dot @) = ECRP).

This residual term is responsible for so-called radiative corrections associated with the
electron’s self -energy. These small corrections do not play any role in the physical phe-
nomena that interest us in this book, so we will not discuss them any longer. Similarly,
we omit the analysis of proton—photon loops and corresponding counterterms.

4.2.5 Photon’s self-scattering

Cancellation of the photon’s self-scattering in many respects repeats the steps done
above for the electron. The following second-order self-scattering amplitude is ob-
tained from the diagram in Figure 4.3 (a):

(vac|c T,SZ -|vac)

ce’5..

" 2nh)2p(2n)? §'(p' - De @ ("N - PP )I(E")e, 7). (4.28)

The part of equation (4.28) associated only with the loop and its two vertices (e. g.,
omitting contributions from the external lines and the delta function) is given by the
divergent integral”

K+mecgq u @Kk +mepe
b d
K- mic* " (p- k)2 - m2c* ¢

= (Y (P ™ - p'pY). (4.29)

(ph) 2 4
400@) = e | d'k

Figure 4.3: Feynman diagrams for the photon — photon self-
scattering in the second perturbation order. (a) Divergent loop.

(b) Counterterm contribution (4.32). The symbol “~” inside the
loop reminds about the cancellation of divergences in the sum
(a) + (b).

15 We omit the calculation of this integral, which can be found in many places, for example, in Section
11.2 of [21], in Section 7.5 of [10] and in Section 8.2 of [2].
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It is convenient to write the divergent expression H(f)z) as a sum of its (infinite) value
I1(0) on the free photon’s mass shell (f)2 = 0) and a finite remainder ¢ (ﬁz). Then we
have

T(p%) = I1(0) + £(p°).
By definition, the remainder vanishes on the photon’s mass shell, so
£(0) =0. (4.30)

It is not important for us how the divergent quantity I1(0) depends on the ultravi-
olet cutoff, because in Subsection 4.2.6 this contribution will be exactly compen-
sated for by an appropriate counterterm. The function & (p?) can be represented as
the integral (11.2.22) in [21], which takes the following form for small values of the
4-momentum p:

1

4 =2 . 422
(2m) p X(l—X)> di ~ 12m'D (4.31)

=-——— | x(1-x)In[ 1+ = .
2m%ic3 6[ =% < mct 6012 m2c’

In equation (4.28), the 4-momentum p is on the mass shell, so the loop contribu-
tion (4.29) vanishes,'® despite the fact that the factor I1(0) is infinite. Then the no-
self-scattering condition 4.1 is fulfilled for photons without any additional efforts. The
same can be said about loops in external photon lines. Diagrams with such loops can
simply be ignored.”” However, we cannot ignore loop contributions in internal photon
lines (such as in Figure 4.1 (d)). In such cases, the 4-momentum p is not necessarily on
the mass shell, the expression (1”9211’” - p*p") is nonzero and the divergent factor I1(p?)
needs to be compensated for somehow.

4.2.6 Photon self-energy counterterm

Similarly to the electron’s self-energy renormalization described in Subsection 4.2.2,
we are going to cancel the divergence of I1(p?) by adding a new renormalization coun-
terterm to the QED interaction operator. We define the photon self-energy counterterm
as follows'®:

(Z3-1),

QPN (t) = - 7’

J dxF" (X)F,, (%), (4.32)

16 This follows from the fact that for p* = 0 the second term in the parentheses (7’7" — p*p") does
not contribute to the full matrix element due to the property p - é(p, 7) = 0, proved in (C.14).

17 See, for example, the diagram in Figure 3.2 (e), whose contribution is zero.

18 From the dimensionality (H.2) of the photon quantum field, it is easy to see that this counterterm
will have the required dimensionality of energy if the factor (Z; — 1), is chosen to be dimensionless.
Moreover, the energy density in (4.32) explicitly satisfies the Poincaré invariance condition (3.8).
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where we denoted
Fy =0,A, -0,A,
F’“’Fw =("A" - BVA”)(aHAV -0,A4,)
= a"A"a},AV - a“A"B‘,Aﬂ - aVA"ayAv + a"A"avAy
=20"A"9, A, - 20" A"0, A,
and (Z; - 1), is a yet undefined second-order renormalization factor. Let us now calcu-

late the effect of this counterterm on the self-scattering amplitude photon — photon.
From definitions (C.2) and (4.21), we have’

a,A,(t,x) = _ive J 4 dv Z[e’é e,(q,T)Cqr - eri¥ er(q,1)c) ],

@nh)? ) \2q ¢ 4
i .~l)~( I _*
(vaclcy 0,4, (t, x) — —(vac| ———— G \/T pe, 0. 7),
T i ~ipx
6VAy(t,x)cp,|vac) - (2nh)3/2\/2}Tce h pvey(p,r)lvac).

Then the S-matrix contribution from (4.32) is similar to (4.28) and we have

(vac|cy T,SCO“m ! vac)
i(Z3-1),
2h

1(23 1)2-[ 4 e%(ﬁ,_ﬁ).i A *K /] )

_ i e (p',7')e,(p, 7)
e | ¥ s = 0 e T et
l'(Za—l)zJ 4 e PP /

- d'x

T R

i(Z; - 1),n6"(p - p')

2pc
x (0" pre™ 0, e, 1) - p'pee™ (. 1)y, 7))
i(Z; - 1),18"(p - p') o

_ wo v
= e e, (. 7) [p n p’le,(p,1). (4.33)

(vaclcy j d'x(0" A¥ ()0 A (%) - 0" A¥ (%0, A3 (%) )] Ivac)

e (p',)ep, 1)

This means that the new (counterterm) interaction vertex?° corresponds to the multi-
21
plier

19 Here the symbol — means only the part of the expression that is needed to compute the matrix
element (4.33).

20 Such vertex is represented in diagrams as two hollow circles joined by double arches as in Fig-
ures 4.3 (b) and 4.4 (k).

21 This multiplier is obtained from (4.33) by dropping the 4-momentum delta function and factors
associated with external photon lines.
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Figure 4.4: “Vacuum polarization” diagrams in electron—
proton scattering. The same as in Figures 4.1(d) and (k).

W 8i(Zy 1)K,
G (D) = —=—2—— (""" - P'p"). (434)
As before, we expect that for each diagram with an electron—positron loop, there is a
similar diagram where the loop is replaced by the counterterm symbol. An example
of such a pair is given by Figures 4.4 (d) and (k). We can achieve the divergence can-
cellation in the sum “loop + counterterm,” if we choose the renormalization constant
(Z5 - 1), such that (4.34) cancels the loop factor (4.29) near the mass shell f)z =0,i.e.,

)

ie“c“II(0)
Z1—1)y= ———— 4.35
(Z-1,= = (4.35)
We have already explained that, when inserted into an external photon line, the loop
and the counterterm make no contributions, because the factor (p*n*” — p*p") is effec-
tively zero. However, for internal photon lines p* # 0, so the sum “loop + counterterm”
is not zero, but finite, i. e.,

- ~ - 8in*i’ ( ie’c? 22 v v
@) + 9800 = [2r10) +£67) + T o) | - )

coun!
= ErE(P%) (P’ " - P'p"). (4.36)

This means that by adding pairs of diagrams with electron—positron loops and coun-
terterms on photon lines, we remove ultraviolet divergences and obtain finite contri-
butions to scattering amplitudes. These contributions are called vacuum polarization
radiative corrections.?

4.2.7 Applying charge renormalization condition

If our only goal were to ensure the finiteness of the perturbation theory series for the
scattering operators, then the choice of the renormalization constant (4.35) would not
be unique. Indeed, we could add an arbitrary finite number 6 to I1(0) so that

ie’c*(11(0) + 6)

Zy—1), = -

22 In our understanding this traditional terminology does not make sense, because vacuum is an
empty state without particles, where no physical processes, such as polarization, are possible.
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and the radiative correction (4.36) would remain finite, i. e.,
G0 (B) + 4o (B) = € (E(P) - 8) (B0 - p'p). (437)

Why do we not do this? The answer is that such an addition would be incompatible
with the charge renormalization condition in Postulate 4.2.

To see this, let us calculate the contribution to the electron—proton scattering from
the diagrams in Figures 4.4 (d) and (k). Using Feynman rules and (4.37), we get?>

(vac|aq,a,dp,T,SEfI)*(k)dT al |vac)

prqo
2 2.8
e m,m,h°c o
S re—— 8%q-q -p' +p)
(2mti)? (2mth) WaWq QpQyy

x eX(&(k%) - 8)u*(q'o, qo)%(kznm - kvk")%wk(p’r’,pf)

4 8 72
e'm,m,c . 5 5 k) -6
— - - p'te 54(q_ql _pl+p)£( ]~)2 L{H(q'a',qU)W”(p'T',pT)
h (27'[) wqa)q/Qprl K
e“c? _ é’(f(z) -6

64(61 -q -p +D) 850101 (4.38)

T 2t i

Taking into account equation (4.30), we conclude that with nonzero & this matrix el-
ement would have a singularity oc —8/k? for small values of k. This singularity would
contribute a fourth-order correction to the long-range scattering of charged particles,
and therefore violate the charge renormalization condition 4.2. The only way to avoid
such a violation is to set § = 0.

4.2.8 Vertex renormalization

Let us calculate the diagram in Figure 4.5 (e). By Feynman rules we have

(vaclay o dySd} al  Ivac)

pt%qo
4 4 4
e*c*mym,c oL
~_ - pe 64(q—q'—p’+p)
(i) (2mh)?\|wqw g QpQpy
_ / 2 2
x1(q',0") jd"hy,, -t AL ML -t HAETC ul g0
(h-q")-mc*"" (h-q)?-mic*" W
X %Wx(p"r',pT). (4.39)

@ -9

23 Here we denoted k = §' — § = p — p’ and used nonrelativistic approximations from Appendix B.9,
formulas (B.95)-(B.96) and u”nyvk"k’ln,\xwx = Ul V* = 0.
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Figure 4.5: Vertex diagrams in electron—proton scattering.
The same as in Figures 4.1(e) and (h). The “~” sign inside the
pseudo-loop in (h) reminds of the cancellation of divergences
in the sum (e) + (h).

The integral in square brackets is calculated in (F.44), i. e.,

2
- my, 80 A 8 J 1 A)
N(3,q'") = -—=2£ In—+ ——— - 2ln —
(@:4') i ( tan(20) nme + tan(20) 0 X tanxdx + 5 +66cotf + nme
2m°0(q +q'),

. 4.40

im, ¢ sin(26) (4.40)

Let us see if the amplitude (4.39) complies with the charge renormalization pos-

tulate, Postulate 4.2. For that we need to understand how this expression behaves at

small values of the transferred momentum.”* We use Dirac equations (B.93), (B.94)
and equation (B.8) to obtain

yy(q - mecz) +(q - mecz)Yy)u(q’ o)
Y’ + 14" Yy, - 2,mec)u(g, o)
2’1pqu - Zmeecz)u(Q: U)

This means that the 4-vector g, sandwiched between u and u can be replaced by
yymecz.Making the same substitution in the last term in (4.40), we set g, = g, = VMo C?
and obtain

Ty,
i

>

2
lim N(5],51'):—”.);"<4lni+1+6+21nA—2>z—
k—0,4—0 ic m, 2 me

where we introduced an ultraviolet- and infrared-divergent constant,?

Fz4lni+zlni+2.
e me 2

Then, at low values of g and k = §' - g, the scattering amplitude (4.39),

(vaclagigdy S\ b ah vac)
ie*crm? m,m c464(q q-p +p)

= (q'd’,qo)W (p't', pr), (4.41)

i) h)w Wy QpQy (' - q)2

2
e

24 That is, when § ~ ¢’ and, according to (F.39), 6 = arcsin(%)
(3
25 Compare with equation (23) in [4].
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has a singularity oc T'/ k2. This means that in contradiction to Postulate 4.2, the fourth
perturbation order gives a nonvanishing contribution to the electron—proton scatter-
ing at low energies (large distances). As an additional “inconvenience,” this contribu-
tion is infinite in the limit A — oco.

This unacceptable situation can be corrected by adding one more (vertex) renor-
malization counterterm

03(0) = ~e(Z, - 1), | dPEOYYE) 4,5 (4.42)

to the QED interaction. In Feynman diagrams, we denote the corresponding three-
legged vertex by three hollow circles connected by lines, as shown in Figure 4.5 (h).
The renormalization constant (Z; — 1), has the second perturbation order, so the order
of the counterterm (4.42) is three. It has the same form as the basic interaction operator
(4.12) in QED, so its contribution to the diagram in Figure 4.1 (h) is easy to calculate
(compare with equation (3.34)), as we have
<VaC|aqlo-/deTl Sih)d;Tafmlvac)
_ie’c*(Zy - 1)mym,c*8*G+ P-4 - )

47'[2;_1\ wqwq/Qpr/ (q, - 51)2

We demand that this counterterm contribution cancels the infinite and singular con-
tribution (4.41) from the vertex loop. Therefore, our choice of the renormalization con-
stant is?

U.q'e’,qo)W (p't’, pr).

(21 - 1)2 =

eT e2< A A 9>. 443)

——=——(2In—+In—+ =
16mch  8m’ch m, m, 4

Putting together all three counterterms (4.20), (4.32) and (4.42), the QED interac-
tion operator, renormalized up to the third perturbation order, takes the final form?
V) = Vi) + Q0 + QPP (6) + Qs(0) + -+
=—e J dxp(R)Y"P(R) A, (%) + e J dxV(R)y" ¥ (%).A, (%)
+ (6m), | XPEE) + (2, - D), | AP -7/, + mec )

Z3-1 V- ) — N
- % deF" (X)F,, () - e(Z; - 1), J PR PROA,X) +---.  (4.44)

26 Note that (Z; — 1), coincides with another renormalization constant (Z, — 1), in (4.27). This equality
is not accidental. It is explained, for example, in Section 8.6 of [2].

27 Strictly speaking, in the full relativistic theory it is also necessary to add counterterms to the po-
tential boost operator Z" (3.17). However, the author is not aware of any attempts to do that.
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4.3 Renormalized S-matrix

In this section, we are going to confirm that substituting the renormalized interaction
(4.44) in the usual formula (4.14) for the S-operator, we do get ultraviolet-finite scatter-
ing amplitudes. In other words, we are going to calculate all fourth-order diagrams in
Figure 4.1. As we already know, the diagrams in Figures 4.1 (b), (c), (i) and (j) cancel out
exactly. Hence, we have to calculate the six remaining diagrams, which we combined
into four coefficient functions s,. We have

c gt ot
(Vaclaqu/dp,T/S4dpraqU|Vac)

= (s sl 4 D sS4 g +p -G - D). (4.45)

For our purposes it will be sufficient to work in the (v/c)? approximation (see Appendix
B.9), which is characteristic for low-energy collisions. In particular, the transferred
momentum k will be considered small, and the proton mass infinite (mp — 00).

4.3.1 “Vacuum polarization” diagrams

Inserting (4.31) into (4.38) and setting § = 0, we find that in our approximations the
sum of S-matrix elements in Figures 4.4 (d) and (k) does not depend on momenta and
spins of the particles, i. e.,

g0 s s s s (4.46)
4 2n260mm2c3 0 T 1smPmic 7T '

4.3.2 Vertex diagram

The total contribution of the electron vertex diagrams in Figures 4.5 (e) and (h) is given
by equation (4.39), where the square bracket should be replaced by the ultraviolet-
finite expression

L I
N.(3.9") PRl

2

= _r[' yx( 86 lni + 8 thanxdx+ 1 +60cotf+2In A)
ic3 \tan(26)  m, tan(26) ) 2 m,

2005 . Al 2

D gy Ay 1 9)
im,c®sin(260)  ic3 m, m,
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0
nzyK 86 A 8
= — _ 1 _

ic3 << tan(20) 4) n m + tan(20) E)[X'E?:lrlex 4 + 60 cot 6>

21°0(q + §')s

im,c® sin(26)
In the limit of low transferred momentum (k ~ 0) all components in this formula sim-
plify, so we have?®

st KL Mkl kP
- 2m,c2  2myc?  48m3c®’
713
tan(20) = |k|2 £l ,
mec?  8mJct
K2 -
86 N 1+ 24mic" 41
= ZEaa e vt
tan(26) 1+ 83{24 3msc
fotanxd éfxzdx 56_3 K
tan(26) ) 0 . I 3m2c4’
7.2
66cot 6 ~ 69(1 ) 6-207~6- K
0 2mict
20 20 26? k2

~1 14—,
sin20) 20— 43 3 6mich

. I e i
N(3.q")+ o= —.—<2yx<1 - —)

ic? 12m2c*
@+ O\ Ank A
B 7 (1 204 )~ 3ypca I >
meC 6msc 3mset m,

so that the total contribution of Figures 4.5 (e) and (h) becomes
4
S@+h) ice®  mymec
54 272
4” k \YqWq QpQy

7.2 ~ ~ 7.2 7.2
Y Y CHCA S O N A
e

12m2c* mec? 6m2c* ) 3mic*
(4.47)

W (p't',pr)u(q’,o")

According to (G.4) and (G.6), in the (v/c)? approximation and in the limit m, — oo
this expression is further simplified, so we have
2

2 .
@) _ _ Xbrp 4 O - [k x g] ", ( A )6 5
= — ’ —_— 1 . 4.48
K 4n2mf,CX" o ot 3m’mic \m, )0 O (4.48)

28 We introduced the notation |k| = Vie.
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4.3.3 Ladder diagram

Next, we study the ladder diagram in Figure 4.6. According to the Feynman rules, its

contribution is?
) _ €' By brr m,m,c* 7 hﬁ(q')yy(q — ki +mec?)y'u(g)
tQDI? s \Jwawy 00y (G~ ? — mc*
W)y (p + b+ m,?)y,wp)

8 (B + B2 - m2c*1[R? = X2 [(h + k)2 - R2c*]

We use Dirac equations (B.93)—(B.94) for the functions u(q), w(p) and anticommutator
(B.8) of the gamma matrices to rewrite the numerator as follows:

[1u(q" )y, (g -+ mec®)y u(@)] - [Wp' )V (p + b+ myc)y,w(p)]
= [u(q )y, (g + m.c”)y" u(q) - u(q' )y, hy" u(q)]
x [W(p" " (p + myc®)y,w(p) + W(p' )y by, w(p)]
= [2u(q )y, q"u(q) - u(q )y, lty" w(@) | [2w(p")Y p,w(®) + W(p)y" hy, w ()]
= 4(q - pyu(q )y, u@w(p" )y wp) + 2u(q")y,u@w(p" )y y.gwp)h®
- 2u(q )y, Yau(@W(p )Y wp)h® - U(q )y, ey u@W(P )Y Yy, wp)h K.

In the denominators we take into account that §> = mgc“, P’ = mlzjc4 and

In the nonrelativistic approximation (B.79), we then obtain
S(f) = m
Y @u)@2mhy?
x [4(q - pyu(q )y, u(@w(p")y*wp)b(, q.k)
+ 2u(q" )y, u(@w(p" )Y yugw)b" (. g, 1)

Figure 4.6: Ladder diagram for the electron—proton scattering. The same as in
Figure 4.1(f).

29 Here we omit spin indices of the functions u and w, since in our approximations the spin depen-
dence will be lost (i. e., reduced to factors §,,6,,/) anyway.
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- 2u(q )y, yapu(@Ww(p' )y wp)b“ (. q. 1)
- u(q )y, u@w(p' )y yey, b (0. q. k)], (4.49)
where
d*h
2 -2(G- B[R +2(p - )[R - 2c*1[(h + k)2 - A2c4]
d*hh*
2 - 2(G-R)][R2 +2(p - )[R - 2c*1[(h + k)2 - A2c4]
d*hh°H?
(R? = 2(G - h)|[R2 + 2(p - )] [R? - A2c*)[(h + k)? - R2c%)

b(p,q. k) = J (4.50)

bpalo= |

b (p.q.k) = j

In the framework of our approximate approach, we are only interested in domi-
nant infrared-divergent terms in the above integrals. They come from those regions
of the four-dimensional integration space of h, where the integrand’s denominators
vanish in the limit A — 0, i.e., near & =~ 0 and h ~ —k. Using these approximations in
the numerators, we can express two other integrals in terms of (4.50), as follows:

b(p.q.k) =~ -k"b(p. q.k),
b, q,k) ~ Kb, g, k).

Next we substitute this result into (4.49) and use definitions (B.64)—(B.65) of the func-
tions &* and W to obtain

4 4
" _ ec 50015“41) k
54 (27_[)4 (Zﬂh)z (p’ q> )

x [4(q - pyu(qg )y u@w(p )y,w®) - 2u(q" )y, u(@W(p )y kgw(p)
+2u(q )y, kpu(@w(p' )y w(p) - u(q )y, Ky u@w(p )y ky,w(D)]

Lol S
= € OOy, 0k
iy " P2

x [4(q - pYU - W) - 21, w(p" )y kqw(p)
+2u(q )y, kpu(@W* - u(q' )y, Ky u(@w(p' )y ky,w(D)].

Then we use equations (B.21)—(B.22) and (B.93)-(B.94) to simplify separate parts of
this expression, as follows:

w(p")y" kgw(p)
=w(p' )y paw) - w(p')y'p' qw(p)
= -w(p Y qpwp) + 2W(p" )Y@ - Ywp) + wp 'y qw) - 20(p") (0" ) gw(p)
= -w(p W qgm,c’w(p) + 0¥ (B - §) + w(p')m, Y qw(p) - 2(0")" (G- W)
=2W*p-q) - 20" G- W), (@.51)
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u(q")y,kpu(g) = u(q")y, 4" pu(q) - u(q' )y, gpu(q)
= -u(q")g'y,pu@) + 2u(q') (@) pu@) + u(q)y,pau@) - 24(q" )y, (@ - Puq)
= -t(q")m .y, pu(g) + 2(q), (b - U + U(q' )y, pmec’u(@) - 24,(@ - P)
=2(q"), (-1 - 24,(q - D),

u(q )y, ky'u(q) = u(q")y,4'v'w(q) - u(q')y,qy u(q)
= -u(q")g'y,y"u(@) + 2u(q")q,y u(q) + u(q")y,y" qu(q) - 2u(q")y,q u(q)
=2q,U" -2q'u, (4.52)

w(p' )Y kywm) = wp' )Y (p - p )y, wp) = 20,V - 200" )W, (4.53)

Applying equations (F.37), (F.38) and nonrelativistic approximations §' = ¢ = (mecz,
0,0,0), p’ = p = (m,c?,0,0,0),d = W = (1,0,0,0), we obtain

4 4
¢ _€ec 6‘""5"'b K
54 = oy VPR

x [4@-p)U - W) - 24,2V (- ) - 2(0) (G - W)
+2(2(q"), (B - 1) - 224,@ - PYV* - (2g) U” - 24"th,) (2p, W - 20" )W)
4e*c*8,5 6, SN
= Wb(p, a.k)[(@G-p)U-w)
—U-W@-@+ @ -U)G- W)+ (@ V)@ -U) - U -V)G - P)
—@ W@ W)+ @-U- W)+ @ -3 )U-W) - (B UG W)

ATt T -
= Mb(p,q,k)(p’ .q’)(u.w)

(2m)*(2mh)?

4e*m,m,c6 .16,

p'lte oo' Y11
= b(p.q, k). 4.54
ety Pk (4.54)

The function b(p, g, k) is calculated in (F.46). We have
~ 1
e K dy

bp.q.k) = "1 —j . 455
P.2.00= 50 “(W)O G+a7y -2 ay P (459

The integral with respect to y is

1

J =
®+@)**-2p- (p+QqQy+p?

0
P VN y=1
P arctan<2(p+q)y 2p (p+q)>
B y=0
~2 S~ ~2 ~ o~
= 2%"1[ arctan(%@) + arctan(%@)]
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1 m,c
= =p [ arctan( ”:;C> + arctan( % >] (4.56)
P

where we used the inequality m, > m, and denoted

B = \a(p + 42— 4(5 + (- ) = 2\P°F - (00
2 2
~ 2\jm§m§c8 - [(mpc2 + %)(mecz + 2617‘) -c2(p- q)]
= ZW = 2impc3q.

Putting together results (4.54)—(4.56) and using k? ~ —c’k?, we finally obtain

2 2 2
6,500 m,c
sgf) ~ %[ arctan("j,—éc) + arctan(%)] ln(—%). (4.57)

2

We will not transform this result any further, as we expect it to cancel partially with
the cross ladder diagram in the next subsection.
4.3.4 Cross ladder diagram

Our calculation of the cross ladder diagram in Figure 4.7 is similar to the preceding
subsection, i. e.,

@ e4C4600’ brr J 4 ﬂ(q,)y}l(q -h+ meCZ)yvu(q)
4 = 4 > |dh 7
(2m)*(2mth) (q - h)? - mc*
y W)y, (p' -+ m,c)yw(p)
[(p' - h)? = m2c*1[R? - RcH][(h + k)2 - A2c*]

In the numerator, the application of (B.21)—(B.22) and (B.93)—(B.94) yields

[1(q")y, (g - b+ m)y u@][w (' - h+ myc )y wp)]
= [u(q" )y, (g + moc®)y"u(q) - u(q' )y, y" u(g)]
x [W(p' )y, (p' + myc )Y w(p) - WD)y, by, w(D)]

Figure 4.7: Cross ladder diagram for the electron-proton scattering. The same as in
Figure 4.1(g).
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= [2u(q")y,q"u(q) - u(q" )y, by u(@][2w(p") ("), VWD) - W(p" )y, ky" w(p)]
=4(g-p")(U - W) - 2U0,w(p")gy.y" wp)h*
— 2U(q" )y, W@ W' H" + (g )y,yoy w@W(D )y, ysy wp)h K,

SO

58 €855 6er
4 (m)4(2mh)?
x [4(g-p")(U - W)b(-p', q. k) - 2U,w(p")qy.y"w(p)b®(-p', q. k)
- 2u(q" )y, y o u(@W*b*(-p', g, k)
+U(q )y w@WP oy wp)b® (-p', g, k). (4.58)

Here we notice that the integral

d*h
J [ - 2§ W - 2" - W2 - Rt (R + )2 - ]

b(-p'.q.k) =

can be obtained from (4.50) by substituting p — —p’. Using the same assumptions as
in Subsection 4.3.3, the other two integrals can be expressed in terms of b(-p', q, k) as

follows:
d*hh*
b*(-p’,q.k) = —
(-p.q.k) J (72— 2 - )[R - 25’ - ) [R2 — 241 [(R + k)2 — A2cH]
~ -k°b(-p’, q, k),
d*hh®hP
b*(-p',q.k) = —
(-p.q.k) J (72— 2 - )[R - 25’ - W) [R2 — 241 [(R + k)2 — A2cH]
~ k“kﬂb(—p ,q. k).
Then

(8 _ eC(Saa’arr ! = =INGT VK — ) u
Y= a2 PP G INAE POU - W) + 24, W(p ) gky w(p)

+2u(q )y, kp' u@W" + u(q )y, by u(@w(p" )y, ky' w(p)].

Using familiar methods, we obtain

w(p')gky"w(p) = W(p')gpy"wp) - w(p')qp'y'w(p)
=2w(p')gp'w) - 2w(p') (@ - B )y'wp) = 2(g - W)P* - 2(q - p' )W,

u(q')y,kp'u(q) = u(q")y,q'p'u(@) - u(q" )y, qp'u(q)
= 2u(q")q,p'u(q) - 2u(q")y, (G - D" )u(q) = 24, (" - U) - 214, (G- D),
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u(q )y by"u(q) = u(q' )y, gy u(q) - u(q )y, gy"u(q)
= 2u(q")q,y" u(q) - 2u(q' )y, q"u(g) = 2q,U" - 24,q",

w(p" )y, ky"wp) = w(p' )y, py"* wp) - w(p' )y, p v wp)
= 2w(p)y,p'w(p) - 20(p" )P,y w(p) = 2W,p" - 2p, W
and
4 4
x [4(g - P")U - W) + 24,(2q - WP - 2(q - p' )W)
+2(2q,(p" - U) - 24,(q - ') )WV + qut" - 214, q") 2, 0" = 20, 0H)]
4e" 8,516,
(2m)*4 (2mh)?
-(@-p"Ua- W) +(@ - W)@ -U)-U-W)(G-p')
+(@ -p)U- W) - @-U)G- W) - (G- W)@ -U)+ - W)(G-P")]

B 4e*c*85y 6,

b(-p'.q.K)[(q-p")U- W)+ @ -U)(G- W)

b(-p'.q.k)(q" - p)WU - )

 (2n)*(2nh)?
4e4memp08500,5”,
~ b(-p',q,k).
ovtamE PPhak)
For the integral
2 72\ b
k dy
b(-p' q.k) = 21 <—>J
Phak) = 550 VP By B

we use the same method as in (4.56). This time in our nonrelativistic approximation

B = (G- ) @) - (') - (7' 7))’ = B = 2im,Cq,

1
| 3
Jer e ap e (p ey

y=1

=1, =\2 =1 Y
22%—larctan<2( D +q)y+2p -(-p +q))
B J=0
i 24" -2 - q) 20" -2 - g)
=25 [arctan<T> + arctan(—)]

B
1 mgC my,c
~ —=—|—arctan| — +arctan| —
im,c>q iq iq

2 2 2
(g _ aMeC mec m,¢ k
S4 = ﬂzqkz [—arctan<7> + arctan(v In _W 60016.”-!.

and

EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

4.3 Renormalized S-matrix = 101

By adding this result to (4.57) and using the approximation

we obtain the combined contribution from the ladder and crossed-ladder diagrams,

2.2 2
a‘m,c k
P _—rrqliz ln< A—2C2>6(m,6nu (4.59)

4.3.5 Renormalizability

Finally, we can put together our results (4.46), (4.48), (4.59) and obtain the total
electron—proton scattering amplitude in the fourth order of perturbation theory. We
have

(vaclaqupTSZd;, o a;, »1vac)

_ (Szd)+(k) N Sze)+(h) + Szf) N sﬁf’))a"(q +h-7 -7)

) )
Gre ol ol o i A
=6 (q_q -p +p)6",[15n2m§c600,+ 3”2’”,236' ln<m_8)600’

myc2a? ( % ) 5 azx;(oe1~[kxq1)xg]
- ao’ .

= 4.60
nqk? A%c? 4m’m2ck? (4.60)

As expected, this result does not depend on the cutoff parameter A. In other words, it
does not contain ultraviolet divergences, so we managed to keep the promise of renor-
malization theory.

Unfortunately, the amplitude (4.60) still contains unpleasant infrared-divergent
logarithms. The physical reason for such divergences is related to the zero photon
mass. Each collision involving charged particles® is inevitably accompanied by the
emission of a large (even infinite) number of low-energy (soft) photons. In many cases,
these photons (due to their low energy) escape experimental detection, but in a strict
theoretical description of the scattering they must be taken into account. The inter-
ested reader will find detailed discussions of such calculations in many textbooks
[21, 10]. As we shall see in Volume 3, the infrared divergences will cancel out in the
physical quantities (for example, the Lamb shift) that are of interest to us.

Thus, we conclude that our approach to renormalization has reached its goal: ul-
traviolet divergences in loop integrals have canceled out, and we are close to an ac-
curate description of scattering. Can we improve the accuracy of our approach by ex-
tending renormalization to higher orders of perturbation theory? The answer is “yes,”

30 In particular, e” + p* collisions considered here.
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but then we will have to add higher-order divergent counterterms to the interaction
operator, so as to ensure the validity of the no-self-scattering and charge renormal-
ization conditions in each perturbation order. Surprisingly, all these high-order coun-
terterms will have the same operator structure as the counterterms discussed above.
In other words, the complete interaction operator of the renormalized QED will have
the same form as our expression (4.44). Only the values of renormalization constants
om, (Z, - 1), (Z; - 1) and (Z; — 1) will be more complicated than our second-order ap-
proximations (6m),, (Z, — 1),, (Z3 — 1), (Z; — 1),. This nontrivial fact is referred to as
the renormalizability of QED.

This concludes our discussion of the traditional QED. In the third volume, we will
draw attention to the fact that, despite indisputable successes, this theory can not yet
be regarded as the ultimate unification of the principle of relativity and quantum me-
chanics. Our main issue is that the QED Hamiltonian (4.44) diverges in the ultraviolet
limit A — oo. This means that an adequate description of the time evolution (dynam-
ics) with such a Hamiltonian is impossible.

In Volume 3, we will modify the above QED formalism in order to define a new
A-independent Hamiltonian of interacting charges and photons. Our new approach
will be referred to as the relativistic quantum dynamics (RQD).
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A Useful integrals

In calculations we often find the following integral:

n e;'lprcosa 1o ;
J eiPT = J sin 6d6 J J rdr — = 2 J dz J drrenP™®
0

-1

o0 o0
ehp’ _eiP 4n pr 4oi? .
:76[ r51n<h>:p—26[dpsln(P)
4oti?
= (cos(oo) -cos(0)) = 7

(A1)

In this derivation we set cos(co) = 0, because in applications of this formula, the plane
wave e#P” in the integrand is usually present multiplied by a smooth damping factor,
which tends to zero for large values of r. This attenuation is analogous to the slow

(adiabatic) switching of the interaction described in Subsection 1-7.1.4.
To calculate the similar integral

o (PX+qY)
= J dxdy——,
Ix -yl
we change integration variables as follows:
1
x==(z+t),
2( +1)
1
= — — t 5
y 2(z )
x-y=t,
X+y=2z

The Jacobian of this transformation is

det[a(x ")” 1/8.

J= o(z, t)

Then, using formulas (1-A.1) and (A.1), we get

S (p(z+t)+q-(z-1)) L (z(p+q)+t-(p-q))
= 1 Jdtdzem— = 1 Jdtdzeh—
8 8
P9 Qan)P §(p + q)
- ()8 Jdtem = .
(2nth)’6(p + q) ; 2 -7

Other useful integrals are

J dic ticr _ (nh)?
2% T amer

https://doi.org/10.1515/9783110493207-005
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dicke iy _ o 0 [ dK ir _ _i@an)’ 9 (1Y _ i@an)’r

J 2 ‘_‘hﬁj 2 T amn ar< )‘ 4mhe? (A4)
dk(q - K)p-k) ik, (rh)’ (g-rp-r
R e R (*.5)

; 3
Jdk(q 0w -K) ier _ 211h) (q@-p)sr). (A.6)

K2 43

. . 3
[ @-p) - (q r;gp r)] (271h)

Their calculations can be found, for example, in § 83 in [1].
In the covariant time-ordered perturbation theory, we often encounter the delta
function in the 4D energy—momentum space (py, Py, Py, P;)>

8'(9) = 8(po)8(p,)8(p))5(p;) = 6(o)(p). (A7)

It has the following integral representation:

PR g _ ol
) Je d'x =6"(p). (A.8)

The step-function 0(t) is defined as!

1, ift>o0,

= A.
o0 {0, ift <0. (A9)
It has the following integral representation:
@ —ist
o(t) = — J st (A.10)
2mi s+ie

where € is a small positive number. This integral can be calculated in the complex
plane along the contour shown in Figure A.1. For ¢ > O, the integration contour can be

Figure A.1: To the calculation of the integral (A.10).

1 Sometimes, for symmetry, this definition is augmented by 68(0) = 1/2.
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closed in the lower half-plane, because the exponent is large and negative there, i. e.,
the integral over the large semicircle tends to 0. Then the integral in (A.10) is equal to
the residue (271i) at the pole s = —ie, taken with the opposite sign, because the contour
is traversed clockwise. Thus, 6(t > 0) = 1. For t < 0, we should close the contour in
the upper half-plane. This contour does not contain poles, and the integral vanishes.

Lemma A.1 (Riemann-Lebesgue). The Fourier integral of a smooth function f(x) tends
to zero as the frequency k tends to infinity, i. e.,

lim J f(x)eik" =0.
k—o00
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B Quantum fields of fermions

Usually QFT textbooks claim that (quantum) fields are the fundamental ingredients of
nature, and the main task of QFT is to apply the laws of quantum mechanics to these
systems with an infinite number of degrees of freedom. We do not adhere to this point
of view. We believe that matter consists of particles, and quantum fields are just ab-
stract mathematical creations, whose purpose is to simplify the construction of rela-
tivistically invariant and cluster-separable operators of interactions between particles.
Therefore we placed our discussion of quantum fields in this appendix, and not in the
main body of the book. Here we will talk about quantum fields for massive fermions
with spin 1/2 (electrons, protons and their antiparticles). In the next appendix we will
consider the photon quantum field.

B.1 Pauli matrices

Generators of the spin-1/2 representation of the rotation group (see Table 1-1.1) are con-
veniently expressed through so-called Pauli matrices o; (i = x,y, z). We have

(B.1)

where
. _[o 1]
x = 1—_1 0 >
B [0 —i
=R o)

1 o0
02:03:0 -

In calculations we will need the following properties of these matrices:

3
[O'i, 0']'] =2 Z eijk0k>
i=1

{01')0']'} = 261‘)"

01'2 =1
Sometimes it is useful to define the fourth Pauli matrix

1 0
0[50020 1

https://doi.org/10.1515/9783110493207-006
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108 —— B Quantum fields of fermions

For arbitrary numerical 3-vectors a and b we have

(0-a)o =ao, +ilo xa), (B.2)
o(0-a)=ao,-iloxal, (B.3)
(0-a)(o-b)=(a- b)o,+io-[axb]. (B.4)
B.2 Dirac gamma matrices
Let us introduce the following 4 x 4 Dirac gamma matrices':
[1 0 0 0]
0 01 0 O g, O ] [1 0 ]
= = ) B.
YZlo o -1 ol lo -] lo -1 (B.5)
|0 0 0O -1]
[0 0 0 1]
1o o 10 0 o,
=16 10 0 [—ox 0]’
-1 0 0 O]
[0 0 0 —i
po|0 0 i 0 0 o
0 i 0 0 -0, 0]
i 0 0 O
[0 0 1 O
Ve 0 0 0 -1 [ 0 o,
-1 0 0 O -0, 0]’
(0 1 0 O
0 o
= . B.6
=% ol (8.6)
These matrices have the following properties?:
Vy=vy=-w’ (B.7)
vy Yy =m, (B.8)
=1 (B.9)
Yy =1, (B.10)

1 On the right-hand sides, each 2 x 2 subblock is expressed through Pauli matrices from Appendix B.1.
2 The indices take values y,v = 0,1,2,3;i=1,2,3; M is the metric tensor (1-].2).
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B.3 Dirac representation of Lorentz group

Tr(y*) = 0,
Tr(yﬂyV) = 4rlyv-

Lorentz indices can be lowered by the usual rule from Appendix 1-].1,

Yu= ’va)’v)
Yo=v"
vi=-v.

Then
W' =YY =YY - Y =4,
YoV = V¥Vt + 2 ¥ = <4y, + 2y, = <2,
If A, B, C are arbitrary linear combinations of gamma matrices, then
VuAy" = =24,
v, ABy" = 2(AB + BA),
y,ABCy" = —2CBA.

— 109

(B.11)
(B.12)

(B.13)
(B.14)

(B.15)
(B.16)
(B.17)

It will be convenient to introduce the slash notation for the pseudo-scalar product

of y* with a 4-vector k,
k=y"k, =yoko -y - k.
This symbol has the following properties:
K= "oy 'k, = 1200y + v Yk, = 1 kk, = i
(k- mc®)(k +mc?) = ¥ - m*c* = i? - m?c",
vk + Ky, =2k,
pe+ap=2p-q.

B.3 Dirac representation of Lorentz group

(B.18)

(B.19)
(B.20)
(B.21)
(B.22)

Here we will construct the Dirac representation D(A) of the Lorentz group. Just as
the pseudo-orthogonal representation from Appendix 1-], the Dirac representation is

realized by 4 x 4 matrices.

In the Dirac representation, the generators of pure boosts and rotations are de-

fined through commutators of the gamma matrices. We have

oo 9]
_4c[y’Y]_2ca 0]’
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110 — B Quantum fields of fermions

i, hlo, O]
o= [ V]== , B.24
Je=7ly V] 210 o (B.24)
in hio, 0]
3, = —1V, =— |7 s B.25
Jy 4[VZ)/‘] 2lo o] (B.25)
A, 4 h[o, O]
_Mpx B.26
3, 4W)ﬂ 210 o] (B.26)

Using properties of the Pauli matrices from Appendix B.1, one can verify that commu-
tators of these generators satisfy the usual relations of the Lorentz Lie algebra (1-3.50),
(13.51) and (1-3.53). For example,

n [loy.0,] 0 ] in’ [oz o] )
~ )N = — = — = hN 5
[y 4[ 0 lop0l” 210 o] ™"
T (| B i
4¢ 0 o, oy, 0 oy, 0 0 o,
W0 O'Z] .
=—— = ihf,,
2c [UZ 0 3z
W ([0 0,10 o 0 0,][0 o
=1 (M | B O )
X y y X
__P[loeg] 0 ]__i#fo 0)_ i
42| 0 l0wo, )] 2210 o] *F

The representation of the Lorentz Lie algebra constructed above is connected with fi-
nite inertial transformations by exponential functions. For a Lorentz boost with rapid-
ity @ we have

D(QC’CG)ED(O)ZQ_%R.OZGXI)(% [000 000]>
170 o-0] 1/6\[1 0 3
_1+§[o-0 0 ]+2_1<§> [0 1]+O(6)
6 2c . .0 0
=Jcosh 5 + 5 sinh §<ﬁ~ 5) (B.27)

Boost generators (B.23) are not Hermitian, so representatives of finite boosts (B.27) are
not unitary.> We have

D'(9) = D(). (B.28)

3 See footnote 7 on page 59.

EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



B.3 Dirac representation of Lorentz group =— 111

However, generators of rotations (B.24)—(B.26) are Hermitian, so representatives of fi-
nite rotations are unitary, i. e.,

D'(¢p) = D () = D(-¢p). (B.29)

This is easily verified in the explicit matrix form

g9
=1-§[”o"’ Col 3 (5) 6 S 0w
et (o)
DT((p):Icosg——hmn%( %):D(—(P)

From equations (B.27) and (B.30) we obtain one more important property of
gamma matrices, i. e.,

DHAWFD(A) = Z Ay, (B.31)

where A is any transformation from the Lorentz group and A%, is a 4 x 4 matrix (1-].15),
realizing the pseudo-orthogonal representation of A. To see this, let us consider a par-
ticular case, where y = 0 and A is a boost along the x-axis with the rapidity 6. Then

2—Cﬁxsinh§> <Icoshg+ hﬁ smh9>

_ 0
D (0)y°D(0) = (I h- -
(0)y"D(0) cosh > - —

=<coshg[1 0]—sinhg[0 Ox >[1 0]

200 1 2lo, 0]/lo -1

><<coshg[1 O] .hQ[O 0")
200 1 2lo, 0

=cosh2§[1 0]+Zsinh§coshg[0 Ox +sinh29[1 0]
0 -1 2(-0, O 20 -1

=y%cosh 6 + y*sinh 6 = (8,)°y",

which is in agreement with our formula (1-].11) for the boost matrix.
We can also verify that for pure boosts

yOD(B)y° = yPe i 200
2

13 T ) al3) o 1) r0@
_1+2y [0-0 o |V T2\2) o 1+O(9)
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112 — B Quantum fields of fermions

1] 0 ¢-08] 1/6\[1 0 3
—1‘5[0.0 0 ]5(5) [o J*O(e)
= D7)

A similar calculation for rotations should convince us that for a general Lorentz trans-
formation A

Y°D()y° = D). (B.32)
Here we present one more useful result:

DY’ D(A) = DAY DN)Y’Y° = DW)D(A)y° =y°. (B.33)

B.4 Construction of Dirac field

According to Step 1 from Subsection 3.1.2, in order to build relativistic interaction op-
erators, we have to associate with each particle species some finite-dimensional rep-
resentation Dyg(AA) of the Lorentz group. We also should define an operator function
(= quantum field) ¢, (X) on the Minkowski space-time M, such that transformation
properties of this function are governed by the representation D. In this appendix we
will construct a quantum field for electrons/positrons. We postulate that the desired
Dirac field has four components, which transform by the Dirac representation D(A)
from Appendix B.3. In its explicit form the Dirac quantum field operator is*

Pa(X) = Pt

j (2mth)312 e Z 7% Ua(D, S;)ps, + e% 1210785 ) ) (B.34)

Here ap;_is the electron annihilation operator and b;,sz is the positron creation opera-

tor. For brevity we denoted by
D = (Wp, Py, Py, CD)s
=(t,x/c,y/c,z/c)

the energy—momentum 4-vector and the Minkowski coordinate 4-vector, respectively.
As in Appendix 1-].1, the pseudo-scalar product of two 4-vectors is denoted by the dot:
px= pyx" = wpt—Pp-X, so that exponents in (B.34) have the forms exp[+ % (wpt=p-x)],

where w,, = \ym2c* + p2c?. Note that according to equations (1.45) and (1.46)

Yo (t,x) = ertlolyp (0, x)e # (B.35)

4 This form (up to an arbitrary normalization factor) can be established unambiguously [21] from
properties (I)-(III) in Step 1 of Subsection 3.1.2. The Dirac index takes values a = 1,2, 3, 4.
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B.4 Construction of Dirac field = 113

So, the t-dependence required by equation (1.60) for regular operators is obvious in
our definition (B.34). Numerical factors u,(p, s,) and v, (p, s,) will be discussed in Ap-
pendix B.5.

It is convenient to represent the Dirac field by a four-component column of oper-
ator functions, i. e.,

(%)
7164
P5(%)
P, (%)

Y& =

We will also need a Hermitian-conjugated field

YYIC

Yi®) = j o Z Pl (p,s,)al, +e PNV (p,5,)bys ),

which can be represented by a row as follows:

Y= [Y1y. 95l

The Dirac-conjugated field
D (%) = Y Yy (Ovh (B.36)
b

is also represented by a row, i. e.,

1 0 0 O

— 01 0 O
_ '('0: * * * *

P =il o o o

0O 0 0 -1

20 2 2 AR

The proton/antiproton quantum field is built in a similar way. We have
g ipx ipx T
YD) = j(zﬂh)3,2 Z WD, 5,)dps, + Ty @S ML), (B3T)

where Q,, = \/mf,c“ +p?c?, P- % = Qpt - p - x and the coefficient functions w(p,s,)
and y(p, s,) can be obtained from u(p, s,,) and v(p, s,) simply by replacing the electron

mass m, with the proton mass m,,.
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114 =— B Quantum fields of fermions

B.5 Properties of functions u and v

The key components of the quantum field (B.34) are the numerical functions u,(p, s,)
and v,(p,s,).” We can represent them as 4 x 2 matrices with the Dirac index a =
1,2,3,4 numbering the rows and the spin projection index s, = -1/2,1/2 numbering
the columns. Let us first postulate the form of these matrices at zero momentum.® We

have
0 1 0 O
1 0 0 O
0) = R 0 = B.38
u(0) S v(0) 1 o (B.38)
0 O 0 1

Our formulas will be more compact if we introduce the two-component quantities

1 0
X1/2 = [0:| > X—1/2 = [1:| > XI/z = (1: O)) Xil/Z = (0; 1) (B.39)
Then we can write
u(0,s,) = [st] , v(0,s,) = [ 0 ] .
0 S,

First check that matrix u(0) has the following property:

Y D @uy(0,5,) = ¥ u (0,172 (), (B.40)
b T

where D is the Dirac representation of the Lorentz group from Appendix B.3, 2%/ is the
2D unitary irreducible representation of the rotation group from Appendix 1-1.5 and ¢
is any rotation. Denoting J; the generators of rotations (B.24)—(B.26) in the represen-
tation D(¢g) and S, the generators of rotations (B.1) in the representation 2'/%(¢p), we
can rewrite equation (B.40) in the equivalent differential form

Z(Gk)abub(o’ Sz) = Z ua(o’ T)(Sk)'rsz'
b T

Let us verify that this equality is valid, for example, for rotations about the x-axis. By
acting with the 4 x 4 matrix (B.24) on the index b in u;(0, s,), we obtain

010 0][0 1 10
nl1 o o oll1 ol nlo 1

~0:— = —

SUO=715 6 0 1]/lo ol 2|0 o
001 0]lo o 0 0

5 They are sometimes incorrectly called wave functions of free particles, although they have nothing
to do with wave functions. See Subsection 8.1.5 in Volume 3.

6 This choice is not accidental, since the zero vector x = (0,0, 0) is the standard momentum in the
method of induced representations of the Poincaré group for massive particles; see Section 1-5.1.
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This is the same as applying the 2 x 2 spin matrix

_h[o 1
7211 0
to the index 7 in u,(0, 1), which gives
0 1 1 0
1 0[O0 1 0 1
Y
210 O]l1 O 210 O
0 0 0 O

This proves equation (B.40).

The corresponding equation for the Dirac-conjugated factor u is obtained as fol-
lows. First we apply the Hermitian conjugation to (B.40). Then we multiply by the ma-
trix y° from the right and take into account equations (B.9), (B.29) and (B.32), to obtain

u'(0,5,)y°y° D (@)y° = Y u'0,1y° 7 (@),
T

u(0,5,)D() = Y u(0,7) 7,1 (). (B41)

T

So far we have discussed the functions u and v at zero momentum. Their values
u,(p,s,) and v,(p, s,) at arbitrary momenta p are defined by application of represen-
tation matrices (B.27) of the standard boosts Gp defined in Subsection 1-5.1.3. We have

ua(p’ SZ) = Z Dab(ep)ub(ox Sz)’ (B.42)
b

Vo(:5;) = ). Dp(8,)v5(0, 5,). (B.43)
b

By taking Hermitian conjugates of (B.42)—(B.43) and multiplying them by y° from the
right, we obtain the following coefficient functions of the Dirac-conjugated field:

up.s,) =u'(p.s,)y° =u'(0,5,)D'(8,)y° = u'(0,s,)y°y°D(B,)y°
=u'(0,5,)y°D'(8,) = u(0,5,)D'(6)), (B.44)
V(p.s,) = V(0,5,)D(8)).

B.6 Explicit formulas for v and v

Next we are going to find explicit expressions for the factors u, v, u and v as functions
of the momentum. Using equations (B.27), (B.23) and denoting w = ctanh 6, — the
speed of the standard boost 6, — we obtain

0p = tanh~!(w/c),
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116 —— B Quantum fields of fermions

tanh Gp w/c pc

tanh(Gp/Z) = =

1+\/1—tanh26p 1+V1-w2/c2  wp+mc?

w,, + m,c?
cosh(Gp/Z) = ! = pz ; ,
\1- tanh*(8,/2) MeC

sinh(6,/2) = tanh(6,/2) cosh(6,/2),

~(Rr.2)g 20R8-p .
D(Hp) =e PP = Icosh(Gp/Z) + ET 51nh(6p/2)
1 0] . o 2%
= cosh(6,/2) [O 1] +sinh(6,/2) [Q 8 ]
p

ap
= cosh(6,/2) <1 +tanh(6,/2) [& g ])
p

Wy + M, C? pc o °F
= (1 2 |op
2m,c Wy +M,C 0

2 o-pc
- Wp + MeC [ 1 wp+m,c?
- 2 0-pc
2mec wp+m,c? 1

Substituting this result in (B.42), we have

2 _opc
@y +mec 1 aprme | [Xs,
e T R - R I
e Wy +Mm,C?
~ \/wp +m,c2 X,
= = .
Wp =M€ (0 - 1) | \2m,c?

Similar calculations yield explicit expressions for v, u and v, i. e.,

p
Wp = meCZ(U : Ij) X—sz
3 >
\/wp +m,C A /2meC2
t
Xs,

up,s,) = —[\/wp + mecz,—\/(ulJ - mec2<0‘ . 5)]

\/2m,c?

+
v(p,s,) = )L—SZ[\/wp - mecz(a . I—’), \wWp + mecz].
\2m,c? p

v(p, sz) = [

These functions are normalized to unity in the sense that (here we used (B.4))

up,s,)u(p.s,) :)(;rz [ \/a)p +m,c?, —\/wp - mec2<§ : 0>]
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We also need to calculate the sum )

B.6 Explicit formulasforuandv =— 117

Wy + M, C? 1
8 2(P X5, m 2
Wp —MC (17 - Q) e
_ T 2 » (P -0)Pp-0) 1
_st<wp +MyC” — (W, — MyC”) 5 % omc?
:X;;Xs; = 6525;' (B.49)
1/2

—y u(p,s,)u’ (p,s,). At zero momentum, we can

use the explicit representation (B.38)

1
1

000 0] [100 O
1/2
1
Zu(o,sz)u*(o,sz)zo 0 of o000
R 0000/ loo oo
0 0 0o0] [oooo
10 0 0]
010 0 o
= =—(1
0 0 o0 o= 20*Y)
0 0 0 0]

For arbitrary momenta, we apply (B.42), (B.44), use the Hermiticity of the matrix D(6),)
and properties (B.9), (B.31)-(B.33) to obtain

1/2

s,=—1/2

Similarly, we obtain

1/2
> u(p,sz>u*<p,sz)=z>(a,,>< D u(o,sz>u*<o,sz>>1>*(o,,)

s,=-1/2

1 1
= ED(GP)(l +y°)D(B),) = E(D(ep)p(op) +y%)
1 1 _
= 5 (D@Y’Y'D(6,)°)° +1°) = S(DB,)y’ D™ (B,) +1)y°
0
= %(yo cosh 6, -y - 9—;’ sinh 6, + 1>y0

1
= ——(’w, -y - pc+m,’)y°

2m,c?
1 2\.0
= — m,C . B.50
Zmecz(w €)Y (B.50)
1/2 1
z v(p, s,V (p,s,) = ——p- m,c?)y°. (B.51)
.S 2m,c
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118 = B Quantum fields of fermions

B.7 Useful notation

To simplify our calculations we will introduce the following combinations of particle

operators:
A,(p) = Zuam $,)dps (B.52)
Ap) = Zua(p $.)ps (B.53)
B}(p) = \/7 > Va(P:5)bps (B.54)
B,(p Zva(p $2)bps,» (B.55)
D,(p) = Z Wo(D, 5;)dps,» (B.56)
Dy(p) = Zwa(p s.)dp (B.57)
Fi(p) = 562 3 Val®:5:Ifs (B.58)
P S

el

2
(D) = \,m v Zyam 5 s, (B.59)

In this notation the electron—positron and proton—antiproton fields look a bit more
compact, i.e.,

V)= s [ aple i 4,) + 0B ), (B.60)
Pu®) = sy [ aplei A, p) + e B, )], (B.6)
¥,(®) (2;1;)3 - J dple P*D,(p) + e Fl (p), (B.62)
V(%) = W J dp[ei? D! (p) + e T PF,(p)]. (B.63)

In QED calculations, we often find products like uy*u and wy*w. It will be conve-
nient to introduce special symbols for them:

U (p's.,ps,) =u(p',s,)y*u(p,s,) (B.64)
WH(p's.. ps;) = w(p',s, )y w(p, sz). (B.65)
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B.8 Poincaré transformations of fields

Operators (B.52)—-(B.59) have simple transformation properties with respect to the
noninteracting representation of boosts in the Fock space. For example, using (1.42),
(1-5.18), (B.40) and (B.42), we obtain

. . 2 . .
-LK,0 CK,0 mec -LK,0 ©K,0
e ATt = 7 Y up e e
4

u(p s;) Z 7, (- Pw®.0))agpys
0,) Z u(0,s,) Z 7, (~0w®.0)a@p);

‘PW(P 0)) Z u(O, Sz)a(ﬂp)sz

.91 ng) Z u(0,5,)agp)s

Sz

D(07')D(6g,) Z u(0, 5,)agp)s,

ﬁ
ﬁ
ﬁ

)Zu 0p.s,)a(gp)s,

- ﬂD((Tl)A(Bp). (B.66)
Wp

From here, with the help of Hermitian conjugation and (B.28) it follows that

ic ic w w
e 1 K004t (pyenko® = Z% pTgyat(gp) = —2p(e)AT(6p), (B.67)
Wp Wp
ic ic w
e 1Ko 0pt (p)entod - %D(O_l)BT(ep). (B.68)
p

Let us now verify that the quantum field 1,(X) has the required covariant trans-
formation law (3.1)

Up (0 @), () UG (A3 @) = ) Dy (A )y (AKX + @)). (B.69)
j

Transformations with respect to translations are obtained from equations (1.45), (1.46)
for the creation and annihilation operators. We have
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120 — B Quantum fields of fermions

e—éPo-reéHotl/)a()?)e—%Hote%Po-r

- J (zdﬁ(e*%’”e*%P“e%H()‘Aa(p)e%”“e*%f’“
7T

" e%ﬁ-i{e—éPO»re%HotB;(p)e%Po-re—%Hot)

d ineia [P o
[ b (A ) OB ) = i+

where a = (t,r/c) is an arbitrary translation 4-vector. For boosts we use equa-
tions (B.66), (B.68), (1-5.31) and (1-].6) to obtain

g 9, EK d _ipg g icpe ipg g icpe
e hKool/)(X)ehKooz p (e WP% g hKOOA(p)ehKOG_I_ehpxe hKOOB’r(p)ehKOO)
(2rth)3/2

_ d Wep , _ipg i5g
=D(6 1),[ (271:)3/2 w_:(e "WTAOp) + e B (Op))

= () J (2::)3/2 (7 *a(g) +ei® T'B'(q)

- D(07) | o (e A + i ()

=D(07")(8%), (B.70)

where 0 is the 4 x 4 boost matrix (1-].10). The verification of (B.69) in the case of rota-
tions is left as an exercise for the reader.

B.9 Approximation (v/c)?

We will often make QED calculations in weakly relativistic or nonrelativistic approx-
imations, when particle velocities are much lower than the speed of light and their
momenta are smaller than m,c. In these cases, with reasonable accuracy, one can ex-
pand all quantities as series in powers of (v/c) and leave only quadratic oc (v/c)* and
lower-order terms. Then with the help of (2.21) we obtain

— v’ v’
Wy + MeC? = \[MC? + Z— + MC? = \2m,c* + —
2m, 2m

e

2 2
— 4/ 2 p ~ 2 14
= Zmec l+4m5c2~ 2mec <1+W§cz>’ (B.71)
p? p
w,, —m,c? = \|m,c? -m,c? = , B.72
fou = ymets £ met - L 57

e
(Wgsk — wq)2 -~ =K, (B.73)

mpmec4 1 1 1 1

Q3 QW W (p-k)? r’ (g+k)? 7
\/ p-k>prq+k™q 1+ ZmIf)c2 1+ 2m§c2 1+ 2m2c? 1+ 2m2c?
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B.9 Approximation (v/c)? =—— 121

-k P g+’ 7

4mic?  4mlc?  4mic?  4mlc?

P’ p-k k2 q q-k 2
- 2myc? * 2myc? - 4mpyc? S 2m22 2mic? 4mic?

(B.74)

In order to get the (v/c)? approximation for equations (B.64) and (B.65), we use formu-
las (B.71), (B.72), (B.45)—(B.48) and (B.2)—(B.4). We have

U (ps,.p's}) = u(p,s,)y u(p',s})

_Xs [\/w +MeC?, \/w -m C2<— a)] (@p * mec? Xs;
Wy —m cz(” .0) | 2mC?
=X;rz<\/‘”p + M, c? \/wp, +m,c?

p- 0)(p, -0) Xs"Z
+ \/wp - mec? \/wp, — M2 o e
2 12
t p @) ) ' p-o)p' - o))
=~ 1 1
st<< " 8m£,c2 >< * 8m§c2 + 4m2C2 ' Xs!
+p)? +2io - [pxp']
:X;Z<1+<P P pxp >

2.2
8mgc

(B.75)

WO(psz’plsl) W(p Sz)y W(P s ) ( (p"'P) + 2i0 - [pXP’]> 5>

B.76
8m12,c2 (B.76)

U(ps,.p's,) = u(p,s,)yu(p’,s,)
P 0 o
=XSTZ[\/wp+mec2,—\/wp—mec2(5 -a>] [ ]

Wy + Mec? Xs:
\, '~ m Cz(p 0) zmecz

Nl A ,
:X;z [ \/wp + mecz, —\/(Up - meC2<§ . 0'>:| [ P € b st

2
2m,c

'
_yt 2 20(}’ - 0)
_st<\/wp +m,c \/wp, - mect =

~ > S(p-0)a\ X
+ \/wp mec \/wp, +m,C » _Zmecz
T ;. 0 o -0 ., b (p-0)0> Xs;
= 2m,cc——— + \2m,c
st( ¢ \2m, p' " \2m, p /2m,?
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122 — B Quantum fields of fermions

Xs!
— o ((er . o A
=Xs,((0-p)o+0(0 P))Zmec
T 1 Ny Xst
=X, PP +ilox(p-p)])5 = (B.77)
e
. Xs!
Wips,.p's,) =xL(p+p' +ilo x (p-p)])5 = (B.78)
P

In the extreme nonrelativistic limit (¢ — ©0), all formulas simplify even more. Then
we have

hmwp_mc

C—00
Cll)rgo Qp = mpc ,
m,m,c*
Jim —r -y (B.79)
\’ pr(uq,Qpa)q

CILIEOMO(I’SZ’I’ sy) = )(sz)(sl = 656> (B.80)
Jim Wo(ps,.p's.) = R (B.81)
Jim U(ps,.p's,) =0, (B.82)
Cllrglo W(ps,.p's,) = (B.83)

B.10 Anticommutation relations

In order to verify anticommutators (3.2), we use (1.24)—(1.25), (B.50)-(B.51) and obtain
{lpa(o Xx), ll’b(o »)}

m,c? m,c?
(Znh 3/2 (27'[?1)3/2 Wy

1/2 i i
x Y {(e‘zl"xua(p,sz)apsz+eﬁp'xva(p,sz)b};sz),

s,8,=-1/2

(e Vup(pl,sL)al,, + € V(P s )b,,fs;»

B J dpdp' m,c? 1/2

(2ﬂh)3 le’wp 3521/2

+ PP Yy (ps i (p! 57) by, bprs:})

(e~ ipx+ip Yu,(p, sz)ub(p s ){ ps, ’a;’s;}

dpdp'm,c> L2 i
= J e Y (e Py p,s,)ul(p',s,)6(p - p')os
P s,sl=-1/2

+ eip'(x_y)va(ll SZ)V;(p,’ S;)(S(p - p’)észsé)

EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



B.11 Dirac equation = 123

- .[ domc UZZ (e i Ug(p,s)uy(p.s;) + en? * Y)Va(p $.)Vy(D,S;))
@rhywy o =)
dpmc iy t t

= (ug(D> 5,)up (D S,) + Vo (-D, 5,V (-D, S,))

J rh)w s,;l/z a2z z) tVa 2 2

dpm,c? o P (Y)

= _[ (2ﬂh)§a}p ’ ZmeC2 [(yowp -y'b+ mecz)yo + (yoa}p +y-p- meCZ)yo]
dpm,c® i, wp

= [ PR iren 2 (00),,
(2mth) Wy m,c

= 00X =¥)dap (B.84)

We will also find useful the following anticommutators:
{%&mwmwn4Wmmmen= (B.85)
{A,p). 2, (P} o050 (P'5){ps @y}

Pss

(Z%m%mm%ﬂ s(p-p')

Wp

(y —Y - pC+myC )ab

2, §(p-p") (B.86)

0w, -y - pc-m,?)y,

p

{B,(p). B}(p")} = 8(p-p') (B.87)

B.11 Dirac equation
The electron—positron quantum field (B.34) can be written as a sum of two terms, i. e.,
Yo (%) =1, (1) + Y5 (%),
Y, (%) = z J d_p mecz ua(p 5.)a -
sz Wp

(2h)3/2

y dp myc? izg
Ya) = ZJ @rh)32 \ aj ehvaa(p’sz)b;s
s p

Let us now apply the operator in parentheses to the field component ¢~ (x). Then we
have

( ¥ —535¥>¢ ®)

B 00 im,c? MeC? ipy iy
- <_y a Vix )SZJ 2\ w, ert T Up, 52 )aps
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124 — B Quantum fields of fermions

m,c?
SZJ )32 \ wp (yow —Cy-p-mgC )u(p Sz)e;,l’x Llw, tapsz

For the product on the right-hand side we use the equality

pc= \/wp +m,C? \/wp - myc?,
explicit expressions for gamma matrices (B.5)—(B.6) and equation (B.45) to obtain

(yowp -Cy-p- mecz)u(p> Sz)

:wp[ 0 e ,,] X _[ Jop—mecipe | s
—\w, —mcX(0 5) W —\ Wy, + m,c?(0 - p)c W
) Wy, + M,C? Xs,
- [ Wp + MeCA(Wp = (W~ MeC?) — MC?) } X _o (B89
[~(wp + mecz)\/wp —m,c + \/a)p +myc?pcl(o- B) W
This leads to the Dirac equation for the field component i~ (%),
(yOaﬁt oy aix - imgcz )z/f(fc) - 0. (B.89)

The same equation is valid for the component *(X) and for the full field operator

00 0 zmc
(y T A )w( )=0 (B.90)

Taking the Hermitian conjugate of (B.88) and multiplying it on y° from the right, we

obtain

0=u'(p,5)(()") wp - cy) - p - me)y°
=u'(0,5,)(Y°w, + cy - p - mc?)y’
=u'@.5,)y°y°(Y°w, + cy - p - my?)y°
=u(p, sz)yo(yowp +cy-p- mecz)y0

= u(p, sz)(yowp —cy-p-my?). (B.91)

This implies the following Dirac equation for the conjugate field

NE) o OPR) im,c?
a | T YT
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B.12 Fermion propagator = 125

In the “slash” notation (B.18), Dirac equations (B.88) and (B.91) take more com-
pact forms, i.e.,

(p - mecz)u(p, Sz) =0, (B.93)
u(p,s,)(p — myc?) = 0. (B.94)

If we denote k = p’ - p, then ¥ = p - p, and (B.93)-(B.94) imply

U (ps,.p's; )k, = U, s,)ku(p',s.)

=up,s,)[p' up'.s;)] - [u@.s,) p Ju@'.s;)
= (m,c® — m,c?)u(, s,)u(p',s.) = 0, (B.95)
WH(ps,.p's )k, = 0. (B.96)
It must be emphasized that in our approach the Dirac equation is an unremark-
able property of the fields of fermions with spin 1/2. This equation makes it possible
to simplify many calculations, but it does not play the fundamental role attributed to
it in many textbooks. In any case, the Dirac equation cannot be regarded as a “rela-
tivistic analog of the Schrodinger equation for electrons”. The correct relativistic elec-
tron wave functions were constructed in Chapter 1-5. The relativistic analog of the

Schrodinger equation for an interacting electron—proton system will be formulated
in Chapter 3 of the third volume.

B.12 Fermion propagator

Let us calculate the electron propagator, a matrix element that often shows up in the
covariant time-ordered perturbation theory,

D p (X1, %) = (vac| T, (X)), (%,)] Ivac). (B.97)

Note that for anticommuting fermion fields the definition of time ordering includes a
change of sign (compare with equation (1-7.16) for bosonic operators), i. e.,

lpa()?l)ib()?z), ift; > t,,

o B.98
P, G a(R), ity < by, (B.98)

TP, ()P, (%)) = {

If t; > t,, we can drop the time ordering sign in (B.97) and use (B.50) to obtain

D (31, 55) = (vac|i, (%), (%) Ivac) o (vac|(a+b')(a’ + b)|vac) o (vac|aa'|vac)

d m,c? _ing
= (VaCI(I —(271)511;3/2 \ aj e "y, (p, Sz)apsz>
p s,

d MyC? « izg
) <J (271;&33/2 aj Z ent™u (g, T)021>yolvac)
q T
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126 —— B Quantum fields of fermions

dpdll me C2 hpxl ;.qxz 0
B 1y°8(p - q)6
J (2nth)3 m;e Uy (P, s,)er 1ul (g, 1)y 8(p - @)6;
dp m, c? _
J (2712)3 Ptk Zua(p s)up (. s,)y°
J 4 e”(wl’(tz t)-p-(x=x1)) (y -y-pc+ mecz)ab
(2mh)3 20 )

p

In the case where t; < t,, we apply (B.51) to obtain

DX, %) = —(vaclpy, (%), (%) |vac)

o —(vac|(a’ + b)(a + b")|vac) o« —(vac|bb'|vac)

= —(vac| J (2d2)3 e‘%f"’?sz(p) j dqeéq"_‘lBZ(q)Ivac)
B J _dp mec® c?

Qrh} w eiP i) Zva(p sV (D,5,)y°

_ J dp e;< (t-t)-pxx) Y Wp ¥ - PC = MeCay

(2mth)3 2w,

The sum of these two expressions is

Xq, X P iw,t —t))-p-(x,—x,)) Pap(s (Up)
/’Dab(xbxz) = 9(t1 - tz) J (2nh)3 eh \“p\2 2 zwp
AP i (w,(t-t)-p-x,-xy) Pap(-p; —wp)
0@, -t 7 (Wp(i—)-pP-(X1—X; ZabTR P B.
ol J (@rhp® 2, (B.99)

where we denoted

Pab(p> wp) = (yowp -y -pc+ mecz)ab

and 6(t) is the step function defined in (A.9). Our next goal is to rewrite equa-
tion (B.99) so that integration is carried out with respect to four independent variables
(Po> Px> Py P2)- Using the integral representation (A.10) of the step function, we obtain

—is(t,—t. .
Dy (%1 %) = —— J dpPay P, Wp) J Hh Z)e L wpti—t)-P-05x)
b1 2mi ) (2nh)2w, s +ie

- L J PP P~ ) st Pt o @p(t6=6)p-0%2)
2mi (2ﬂh)32wp S +ie
1 dp J 1 — L (@y +h) (t;—t)—D-(,~X,)

= - ds - e n\\Wp 1~6)=P- (XX, P W
J(Zﬂh)3 (s +i€)2w), [ ab (P Wp)

L@y +hs) (t,-t,)-p-(x;—x,))
+ e OB PO gy )]

EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

B.12 Fermion propagator =— 127

__LJ dp J dp,
- 2mi ) 20mh) ) (po - wy, +i€)w,

x [ HOD PRI D g5 () ) 1 eE Pl PRI Dy )]

The integral with respect to p, can be calculated in the complex plane, closing the
contour in its lower part. Then the integral will be equal to the residue at the pole
Do = wy, — ie. This value will not change if we replace w,, with p, in the arguments of
the function P,. Hence

L 1 dp J 1
DX, %) = —— dpp——
(1, %) 2mi J (2mth)3 Po (Do — wp + i€)2w,,
% [e—é(po(tl—tz)—p-(xl—xz))pab(p’ Do) + e—;(—po(tl—t2)+p-(x1—xz))Pab (-1, -1o)]
L j dp J dpge ottty a1
2mi ) (2mh)3 2w

P
% [ Pab(p>p0) n Pab(P,Po)
Do~ Wp +i€ —py—wy,+ie

_ L J dp J dp e‘%(ﬂo(fl—tz)—l"(xrxz)) pab(papo)
2mi ) (2mh)3 0 P} - wlz, +ie

_ 1 J 4 1p(-%) Pab (P> Do)
27mi(2mth)3 ph — c?p? —mict +ie

__ 1 J 0 ipiy) B+ MeC)ap
2mi(2mh)3 p? - mict +ie’

(B.100)
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C Quantum field of photons

C.1 Construction of photon quantum field

Here we are going to construct a quantum field based on the creation (c;T) and an-
nihilation (c,,) operators of photons. Our goal is to satisfy conditions (I)-(V) listed
in Step 1 of Subsection 3.1.2. In particular, we require that the Poincaré transforma-
tion (3.1) of the photon field A, (x) is associated with the four-dimensional pseudo-
orthogonal representation of the Lorentz group from Appendix 1-J. So, our intention
is to obtain

v

W A(AE + @), (€D

Up (0 @) A, (UG (s @) = Y (A7)

where the indices y and v run through the values 0, 1, 2, 3. We will try to define the
photon four-component quantum field by analogy with the Dirac field (B.34),

A (R) = Ay (£,%)

hc d _ing iz .
= Gt | e 21 e e+ eV GG ] (€2
T

where p - X = cpt — p - x. Following the recipe from Appendix B.5, we first postulate
the following value of the coefficient function ey(x, T) at the standard momentum x =
(0,0,1), which was selected in (1-5.61):

0
111
T) = — . C.

e, (K, 7) 7 |ir (C3)

0

For all other photon momenta p we define!

é(p, 1) = A,e(k, 1), (C4)
e'p)=e' DA, (C5)

where A, is a 4 x 4 matrix of the Lorentz transformation (1-5.67) that transforms the
standard momentum k into the momentum p, i. e.,

/\p = Bp °P, (C.6)

1 Note the analogy with the massive case (B.42)—(B.44). We mark the coefficient function é(p, T) by the
tilde to underscore its four-component nature, although, strictly speaking, it is not a 4-vector.

https://doi.org/10.1515/9783110493207-007
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130 —— C Quantum field of photons

Here ¢, is a pure rotation that takes k to the vector p/p, and 8, is a boost along the
direction p/p, which takes the latter vector to p. For the vector ¢,,, it is not difficult to
obtain the following explicit formulas:

= > > O
P _ (=py, Dx ), €7
% e
b,
cos @, = ==, (C.8)
Pp D
\Px +P;
singp, = ——. (c.9)
Pp »
Indeed, the substitution in the definition (1-D.22) gives?
D, [ (-Py. Dy 0)] PR +Dy ipo+ip, +kp, p
(ppK =K— — |KX = = —
p il p p
C.2 Properties of function e, (p, 1)
Let us rewrite definition (C.6) in the form
-1
Ap=0po@p=PyoPy 0,09y =Ppo0p.1, =, 00, (C.10)

where Opx is a boost along the z-axis, taking k to px. Obviously, this boost does not
change the 4-vector (C.3), i.e.,

0, (K, T) = &(K, 7).

The zero component of this 4-vector does not change under rotations ¢,, as well.
Hence, we conclude that for all p and x

eo(D, 7) = Apep(K, 7) = Py © 0,0 (K, T) = Ppey (K, T) = ey(K,T) = 0, (C11)

Ao(x,t) = 0. (C.12)

Denoting e(p, 7) the 3-vector part of the quantity e, (p, 7) and taking into account the
rotational invariance of the scalar product, we obtain

p= /lpK = ((pp ° pK)K :p(PpK,
e(p,7) = ,e(K,7) = @, - 0,,e(K,7) = p,eK,1), (Ca3)
p-e(p,1)= PPLK - (ppe(x, T) =pk-e(k,7) =0.

2 We change the sign of ¢ in (1-D.22), because this is an active rotation.
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C.3 Useful commutator = 131

Taking into account (C.11), we then obtain

Pe,(p,7)=-p-e(p,1)=0. (C.14)

In the third volume we will also need an explicit expression for e,(p, 7). Inserting
(C.7)-(C.9) into (C.13) and (1-D.22), we obtain

e,(p,7) = ((ppe(x, 1)), = —[e(k, T) X %‘:L sin(¢pp) = —p%z;:py (C.15)

for all momenta p.

C.3 Useful commutator

It will be convenient to introduce a special notation for the following combination of
photon annihilation operators:

Cap(P) = \/_y‘“’ Y e, . 7)c, (C.16)

In this notation, the pseudo-scalar product y"Au of the photon field with gamma ma-
trices takes the form

Faru®) | (2:1:;3/2( & PR ) + €7C)y D). (€17)

In Subsection 3.2.1 we will need the commutator of C-operators

[cl, ). Cca(p)] =

2\/—2)’ bycde (p T)ev(p T )[ p‘r’CpT]

zyabycde (p.T)e, (p T )5(}) _p,)5rr’

rr’

Wc

= —Z 4 ZbyZde;(p’ T)ev(p> T)a(p - p,)
e v
~ Vel @6 - (C18)
where the sum
P (@) = 1) = Y €, 1)} (p,7) (€19)
T

often appears in calculations. First we compute this sum at the standard momentum
= (0,0, 1) with the help of (C.3),

hyy () = Y e, (6, T)e) (x, T)
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132 — C Quantum field of photons

0 0
1)1 1]1
== 01 -i 0]+= 01i0
51! i ol+5 | 1 i 0]
|0 0
[0 0 0 O 0 0 00O
_101—i0+101i0
210 i 1 0 0 -i 1 0
(0 0 0 0 0 0 00
0 00O
o1 0 0
1o 01 0
0 00O

This result can be also written in terms of the components of the standard vector k =
(0,0,1),i.e.,
hOH(K) = hyO(K) = Oa
KiK;
hij(K) = 51']' T2

where i,j = 1,2,3; u = 0,1,2,3. For arbitrary values of p we now use equations (C.4),
(C.5), (C.6) and (C.10) and obtain

hy(®@) = ) e, )e (D, T)

= Z(""’ ° 0,e,(16,7)) (e} (16, 7)8, o @)

- ‘Pp(Z e, (K, T)e} (K, T))(p;,l

0 00O

101 0 Of 4

“Prlo 0 1 0o|P
0 00O

This implies that hg, (p) = h,o(p) = O, that the 3 x 3 submatrix is equal to

Kk pib;
h;(p) = ¢p[5ij - ;—2]]%’1 =0 - # (C.20)
and that the final formula for h,, (p) is
0 0 0 0
2

hy(p) = 0 _Pdy P o |- (c.21)

T PP

2
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C.4 Commutator of photon fields =—— 133

C.4 Commutator of photon fields

The photon quantum field (C.2) commutes with itself at space-like intervals, as re-
quired in (3.4). Indeed, assuming that x # y, we obtain

[A4,(0.x), AT (0,y)]

Hc dpdp' ol fpx v .
= 2(2nh)3j \/IE Z[ nPX e, (P, T)Cp, + €7 Xey(p,‘r)cpr),

(eép’-ye; (p T )C e + e_%p"yev(p',‘l")cp,r/)]

2
h°c Jdpdp Z e hpxehp Ye (p r)e (P T )[Cpr’CT ]

22nh) ) \p a
+ehpxe ip' ye (. 7)e, T(p T)[;T)Cp‘r])
Hc dpdp' '
= 6 - 6 '
22mh)3 J p p-p )Z "

T’
X (e_%"‘(x_y)e w.vel (', 1) - eip'(x_y)e* (. De (p', 7))
h’c

= 20an) J P 3 (2 0Ye (b, 1)e! (b, ) - P Ve (5, 1)’ (9,7)

2 i i
)
- (;th) J d_sm(hflp - =¥)h () (C.22)
= 0)

because the integrand in (C.22) is an odd function of p.

C.5 Photon propagator
Next we should calculate the photon propagator, defined by
(vac|T[A,(%;)A, (%)]Ivac).

We can drop the time ordering sign and consider the two cases t; > t, and ¢; < ¢,
separately. For t; > t,, we have

(vaclA, (%) A, (xy)Ivac)

nc dpdp’ _izg ing
= 6, - ) (vacl 5o j \I/’Ef" Y (e e, (B, )Gy + eiPie’ (p,1)C),)
T’

x (e ey (b, 7 )y + €7 ey (b7 )cl, ) vac)
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134 — C Quantum field of photons

2
=0(t, - tz)(vacl% J d\l/’ﬁ TZT;e hl’xlenl’ %0 (D, T)e, (.1 CpeC pT ,[vac)

Kc  (dpdp’ < _ip,-
=0(t - t2)2(27'[h)3 J z hl’ (% Xz)e (p T)e (p”‘[’)é(p _p’)(STT/
hc dp 5% %,) .
=0t - tZ)W J — ze WP ey(p,r)ev(p,r)
nc dp i
=0t~ t, J P gip iy,
(6= )2(2nh)3 ' /P
The propagator’s value for t; < t, is obtained by swapping theindices1 = 2andu = v,
so that
- - hc dp _i
(vacl4, ()4, () Ivac) = Bt ~ )30 j &P - ip g (p).

Next we use the integral representation (A.10) of the step function 6(t), to write down
the full expression

(vac|T[A, (%) A, (%)]Ivac)

d i h(f R B (R
=#e J ﬁ%m)[e PR — 1) + e PR, - )]

we [ dp
= ds J ———h
2mi J 2(2rth)3p w(P)
—00
) —is(t,~t ) —is(t,~t
y [e—éﬁ-(f{l—f(z)e IS( 1 2) N e—éﬁ‘(f(z—)-(l)e lS( 2 1)
s+ie s+ie

_ﬁ T dSJ dp hyv(p)
2mi 2Q2rth)3p s +ie

x [eh CPUtIP0X)) grisllit) | o (ep(lyt) (1) il t))
. Hc J dp
2(2rth)3p
[ee]

erCr)ti-t) o (cpHhs)(ti—t)
o[

A

; + ;
S+1€ S+1€

—00

We change integration variables in the first integral (s — p, = —cp — ks) and in the
second integral (s — p, = cp + hs) to obtain

(vac|T[A, (%) A, ()] Ivac)

(00 i i
= hzc J J —dp (p)e_li;np'()ﬁ_)(z) eﬁpo(ﬁ_tz) " egpo(ﬁ—tz)
2Qmhy’p M —Cp—po +i€  —Cp+pg +i€
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22 ® _ _
Fi J d J dp eépo(trtz)e*%p-(xrxz) hyv(p)
2mi (2rth)3 P2+ ie

= (C.23)

ﬁj d4 *p(xl X,) HV(p)
2mi (27'[)51)3 p2+ie’

where we denoted p? = p3 - ¢?p* and d*p = dp,dp.

The factor h,, (p) in (C.23) was calculated in (C.21) in the Coulomb gauge. However,
as we explained in Subsection 3.2.3, in applications it is more convenient to use the
Feynman gauge in which this matrix is replaced by the metric tensor h,, (p) — -1,,-
This is how we get our final formula for the photon propagator,

Hc 2J' dl'p e%ﬁ,.(jriz) My

(vac|T[A, (%) A, ()] Ivac) = i | Qany p+ie’

(C.24)

C.6 Poincareé transformations of photon field

Now we approach a very important step, namely, the determination of the pho-
ton field’s transformations with respect to the noninteracting representation of the
Poincaré group in the Fock space [18]. Note that we defined the coefficient functions
e,(p,7) in Appendix C.2 in the hope of getting a covariant transformation law (C.).
Such a goal was achieved in the case of the massive electron—positron field in Ap-
pendix B.8. It turns out that for massless photons the situation is more complicated.
Although actions of translations and rotations do agree with the requirement (C.1),
i.e.,

e 0P A, (6, x)eWo® = A, (¢, @x),

e P At x)eo? = @ LAt @x),

e_%PO're%HofAu(t,x)e_h TeiPoT = A (t+T1,x+7), (C.25)
boost transformations deviate from our expectation, i. e.,

e K00 4, (1)e Ko 2 3 (07 A, (B), (C.26)
v

where 0 is the 4 x 4 boost matrix (1-].10). In order to see this difference, we first use
equations (1.47)—(1.48) and write
Uy(6;0;0; O)A (foU(;lw 0;0; 0)

(pr)eh c eh ko0

(ZITh 3/2 J \/ﬂ Z

+e3p'xey(p,‘r)e_?K° OCT e Ko-0)
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hc d 7] _ipg i
j D m Z(e ;,pxey(p) ‘r)e lan(p’e)C(Gp)T

Q)R 2pc\ P %
+ eii"i‘e; P, T)eiT‘pW(p’e)c(Top)T). (c.27)

Next we take equation (C.4) for the momentum 0p, i. e.,
é@p,1) = Agpé(x, T),
and multiply both sides by 8" from the left, so
0 'e(0p,7) = A, (4,1 8" 0 1), 7). (C.28)

The term in parentheses is the familiar little group element, which keeps the standard
vector k unchanged and rotates by the Wigner angle —¢;(p, 0) in the x-space (see
Section 1-5.4). So, we can use representation (1-5.62) to get

4 a1 ~ & ~
(A 00 0 Agy)e(x, T) = £(X;, Xy, —pyy)e(k, T)
1+(X2+XD)2 X, X, -X+x)277]0
X1CW - XZSW CW _SW —X1CW + XZSW 1
Xisw+Xocw  sw cw  —Xisw—Xocw | | T
X2+xH2 X, X, 1-(X*+Xx3)/2] |0

0 1
i 1 0
= e TP + (X +itX.
it X 2 0
0 1
_i X, +itX
= e TwPge 1) + Lty (C.29)

where ¢y, = cos oy (P, 0), sy = sinpy(p,0), k = (c,0,0,c) is the standard energy-
momentum 4-vector and X;, X, are some functions of @ and p. Our next goal is to re-
move these unknown functions from the field transformation formula. Denoting

X,(p,6) = 21T +C”X2, (C.30)
we obtain from (C.28)—(C.30)°
1 1
(6 e06p. 1), =(6 ), e 06pD
= )y (e ™wPOe (x,7) + X, (p, O)K,)
=P (p,7) + X, (p, 0)p,, (C31)

3 As usual, we assume summation over repeated indices v.
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C.6 Poincaré transformations of photon field =—— 137

where p,, = (cp, cpy, cpy, cp,) is the energy-momentum 4-vector corresponding to the
photon’s momentum p. By setting u = 0 and taking into account (C.11), we also get

(8o e,(0p,7) = e ™" PV (p,7) + X, (D, O)po = X, (B, O)cp,
—i ~-1
e PO (p,1) = (8),,6p.7) - X,(p.O)p,

-[@) - 2@ Jewop.

Since 0 from (1-].10) are real matrices, the complex conjugate of this equality is
i " ~-1 Dy -1 "
e’T<pw<p,9)e” p.7) = [(0 )yv - é(e )Ov}ev(ﬂp, T)

and transformation (C.27) can be written in its final form*

IR0, yon LKy
e hKOOAy(x)ehKOG

he |0p < ——px[ -1 V_& ~—1 v]
2ﬂh)3/2J’ \/E Z 0 )y Cp(o )() ev(ep>T)C0p1—

7=-1

-1, v

»—iwﬂﬂm@n%J

h/c d(p) Ay P
- oo | famlon 3 [0, - ey

T=-1

+e%ﬁ'i[(9

X (efzi"’?ev(ﬂp, T)Copr + eaP' e, (6p, T)C;I’T)

@y hc dp < ~ipbx 1pOx x t
=(6), e \/2—7 Zl(e e (D, T)Cyr + €17 e (p, 7))
=

_ h j Z (0 p)y ~—1
@rh)? ) \2pe =4 I0_1p| o

X [e_%é_lp"?ev(p,‘r)c +end P% e, (D, T)Ch]
= (87), A,(07) + 0, (%, 0). (€32)

So, we see that property (C.1) is not satisfied for boosts. In addition to the desired co-
a1 - =~
variant term @ A(0%), we get the unwanted correction

h @ P ~—1
Q,(%,0) = - J
K @nrh)>2 ) \2pc z1 16~ PI
« [ 10 PR (p, )y + €10 it (p, )ch.], (€.33)

4 Here we used the Lorentz invariance of the integration measure dp/(cp) (1-5.31) and equation (1-].6).
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138 — C Quantum field of photons

which, by the way, can be expressed as a 4-gradient as follows:
-1
- in’c dp <& 0 )
Q,(x,0)=0 j
W0 = s | “pe 2y 7l

ipls o ipls o
X [e"ﬁe PXe (b, T)Cpr — en® PXel (p, T)C;T]. (C.34)

The presence of this correction is the reason why interaction operators in the theory
with massless photons (QED) cannot be constructed by simple rules from Subsec-
tion 3.1.2. For QED we need a more complex construction (explained in Subsection
3.1.3), in which the interacting boost has a more complicated form (3.17).

From

e
61)15(1)(0 )Ovev(p, T) = 6pe,(D, T) = ey(P,T) = O, (C.35)
we obtain the following useful property:

Q(x,0) = 0. (C.36)
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D QED interaction in terms of particle operators

D.1 Current density

In QED, an important role is played by the so-called current density operator, which is
defined as the following sum of electron—positron j’e‘p (%) and proton-antiproton j’;a 69)]
components

P = i) + 0

= —ep(RY"P(R) + P (DY ¥ (%), (D.1)

where e is the proton’s charge, gamma matrices y* are taken from definitions (B.5)—
(B.6) and quantum fields y(X), @(}?), ¥(%) and ¥(X) are taken from Appendix B.4.! Let
us consider the electron—positron part j’e‘p (%) of the current density and derive three
important properties of this operator function.’ First, we claim that j’;p()”() transforms
as a 4-vector function on the Minkowski space—time. In particular, it is not difficult to
show that space—-time translations simply shift the arguments, i. e.,

e_%P ehHOt I’l (X)e h teépo.r = (X + a) (D.2)

where a = (t,r/c).
Verification of the boost transformation is a bit more complicated. We use equa-
tions (B.31), (B.33) and (B.70) to obtain

-©Ko0. i (X)ehKO I —ee‘%Ko'elpT()?)yoy"Lp()?)e%KO'e
_ _ee—%Ko-Gl/)T()?)e%KO-Gyoyye—%KO-Glp(;{)e%Koﬂ
= —ep"(60)D"(87")y Y D(87)(8%)
= —ep"(@0)D(67)y*D(67")D(O)Y D(87)p(6%)
= —ey" (0%)y°D(O)y* D (67" p(8%)

3
—e Y @Ry’ )y Y(dx)
v=0

3
Z(é )it (85). (D.3)
v=0

1 Note that i(x) is a four-component column and E()'() is a four-component row, so the product
i()’()y"zp(i) is a scalar in the 4D space of Dirac indices. We would like to remind the reader that in
our interpretation quantum fields are formal mathematical objects and that the “current density” op
erator has no relationship to electric currents measured in laboratories.

2 The proton—antiproton part j’;,a (%) has similar properties.

https://doi.org/10.1515/9783110493207-008
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140 —— D QED interaction in terms of particle operators

From this and (1-].13) we obtain a useful commutator,

KOZG 0 ( g0

0 - ih,, d
[KOZ,;gp(x)] = ?;m dGe h X)er

% 61)212) % [jgp<tcosh6 + % sinh 8, x,y,z cosh @ + ct sinh 0) cosh @

- jzp<t cosh 6 + % sinh 6, x,y,z cosh 6 + ct sinh 9> sinh 0]

Lz d d
—in( 55+ e )0 - ity 0. (D.4)

Second, the current density satisfies the continuity equation, which can be proven with
the help of Dirac equations (B.90) and (B.92),

Zi0n) = e 2 (BR)Y Y1)
¢ Sy Jpi - ey 29
- e(cai,(f) v+ 50 i) + e ey 2
o5

alP(X)

Y + ech(X)y -
a o
=ec- PEYP(X))

= —Co iep(®). (D.5)

Third, from equations (B.84)—(B.85) it follows that components of the current density
commute at space-like intervals, i. e.,

[itp(6:X):iep (6] = 0, ifx #y. (D.6)

Using expressions for the fields (B.60)—(B.63), we can also write operator (D.1) as
a normally ordered polynomial in creation and annihilation operators, i. e.,>
(%) = —ePOy" () + e¥ DY ¥ ()

J dpdp’
Qmh)3

x (~[et? AL(p) + e P By )]y, [e + * A4, (p') + e *B] (p')]
ipg=t _ipg= _iplg
+ [P D) + e P F )Y, [e P Dy (') + et VE (p)])

3 We assume summation over Dirac indices a and b.
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D.1 Currentdensity =— 141

_ [ dpdp’ .
_eJ 2h)3 ab

< P L = P
X(_Aa(p)Ab(p,)e n® p)x_Aa(p)BZ(pl)eh@ﬂ))x_Ba(p)Ab(p,)e n (PP
o Lp_pyx =t _ip_pyy  —t iB, By
- B,B!(p")er® P* + D} (0)D,(p")e T D% 4 DL ()Ff (p')e 1 P D%

+Fa@Dy(p)e 1" P 4 F o)F) (p)er ™ %)

_ [ dpdp’
_eJ )3 Ve

X (—ZZ(p)Ab(pl)e—%(iﬂ_ﬁ)-i _ ZZ(P)BZ(p')e%@’J“ﬁ)& B Ea(P)Ab(p')e_%(ﬁ“fﬁ)‘f‘
+B)(p")Bo@)er” P 4 Dy )Dy(p ) TP 4 Dy )] (p)e" 1 7P
+ Fa(p)Db(p’)e*%(P”rp)-f‘ B F;(P’)Fa(p)e%(p'*p)'i

- Bup). By(p)}er® P + {Fo(p). Fy(p)}er ™ D).

Let us now show that the last two terms cancel out. Using the anticommutator (B.87)

and properties of the gamma matrices, we rewrite these terms as

dpdp'
ej PP YZb‘S(P—P,)

(k)3
) <_(y0wp +y-pc- mecz)bae%@,_i))'x . (yOQp +y-pc- mpcz)bae;(l"’—f’)%)
2w, ZQp
2
[ dp <mec2_mpc ) J p <_pc pc>
- eJ @'\ 2w, ~ 20, )" €] Ganp V¥)aa 2w, | 20,
dp o < 1 1)
ej Qi VY e 73 % 3 (B.7)

dp (m b m,,c2> j dpp < 1 1 )
_ § eC” KoY. .1
eTrly )J G\ 2w, ~ 20, )TN | G\ "2, T 20, )

The first term drops out due to (B.11). The second integral vanishes, because the inte-
grand is an odd function of p. Finally, the normally ordered current density operator

has the form

e dpdp'
Hx)=e J 2ty Vab

x (AL 0)A,(p")e 77 P% _ 7! p)B (p')er P _ B, (p)A, (p')e FO P
— Lep'_pyx =T _iBpl_pyy  —t [P
+BZ(p')Ba(p)eh(P D)X +Da(p)Db(p')e L(P'-P)yx +Da(p)F;(p')e+h(P +P)-x

+F, @)Dy (p")e + " P _Fi (p"F (per D). (D.8)
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D.2 First-order interaction in QED

Substituting (D.8) and (C.17) in (3.14), we obtain the first-order QED interaction ex-
pressed through creation and annihilation operators. We have

. j dxj"(o,x)Ay(O,m

—t P
(2 h)9/2 jdxdpdp/dk(—Aa(p)Ab(pr)e @ P)x+.“)

x (e" () + ehkaTb(k))

- W Jdkdp
x [ - Ay + 0AyD)Cap (k) ~ Ao(p ~ K)A,(P)CL, () + Dy(p + KDy (B)C (k)
+ Dy - KD, (P)Ch, (k) + B (b + K)By(p)Cop (K) + BZ,(p K)B,(p)C}, (k)
~ F}(p + K)F 4(p)Cq (k) — F} (p - K)Fo(D)C], () — a (D + KB} (p)Cgy (k)
~A(p - KB ()C, () — Ap(D + K)Ba(P)Cap(K) - Ay(p — 0B, (p)CE, ()
+ Dy(p + KF}(D)Cay (k) + Dy — K)F}(D)CL, (K) + Dy(p + K)F 4(0)Cap (k)
+Dy(p - K)F ,(p)C], ()] (D.9)

This operator is of the purely unphys type.

D.3 Second-order interaction in QED

The second-order interaction potential (3.15) is expressed through creation and anni-
hilation operators by a rather cumbersome formula. We write

‘ 1
v, - dedyJO(O,x)ﬁJO(O,y)

dxd Jd dp'dgdq ————
(2nh)6 a;dyabycdj y | dpdp'dqdq’ ¢ "

% [-AL(D)Ay(p))e @ P* _ Al (p)B](p')er ® X _ B, (p)Ay(p)e PP

-B (p)BT(p’)e% -»x  p " 0)D,(p')e” s0-px | pf T F(p I)e%(p’+p)~x
+F,(p)Dp(p')e
x [-An@Aq()e

- Bo(@)B}(@)e? " Y + Dl(q)D,(q')e U™ + D (@)F (g )er VY
(q')e

-l +I’)X+F (p)FT( )eg(l’ -P)X ]

i

-+ ~y_A (q)BT( )eﬁ(q +q)‘y—§c(q)Ad(q') -lq'+q)y

i

=5 +q)y+F (q)FT( )eﬁ(q’—q%y]

!

+F.(q)Dy

printed on 2/13/2023 9:57 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

(27'()%)6

D.3 Second-order interaction in QED

> j dxdy J dpdp’ dqdq’ VabV e
abcd 8mlx —y|

X[Za(p)Ab(p’)ZT(q),qd( e i@V g 0P

Noila +q)ye—g(p -p)x

q

+A (p)Ab(P B (tI)Ad( Ne @ +DY o5 (P'-P)X

pA. e
)B
+ A (D)Ay(p)Bo(@)Bl(q )er @ DYe @ P
- A, A,p' )D (Q)Dd(q Je h @ DY i 0PI
)D,
) e
)F

!

)
_A (p)Ab(P qQ)F (q')eé "+q) ye—g(P -p)x
- A AP )F q)Dd(q

- AL (p)A,(p)F(@F (g’ oh @DV = 0 -P)x

Ne @ +q)ye—g(p -p)x

)
+ A (0)B} (0 AL @)Aq(q e 1@ -y o1 @' +p)x
)

+ A DB} (P A (@B}, (q')eé +q)yeh(p'+p)x

+ A «D)B} (P )B.(@)A4(q e $ @Y o7 04X

)A
)A
)B
+ A «(P)B}(p")B. (q)BT(qf)e’ 4'-9)y o @' +P)x
—Aa(p)B ' )D (@)D4(q')e @ - 5 @' +p)x
A )8} (0D (@1 (q et @ DY P)x
- 4,)B}(p"F.(@Dq(q
A (p)BL(pF(@F)(q)erd DV en® )X
+By(0)Ay()A @ Aq(g'
+B,(p)A,(p")A, (q)BT Neh @ DY =i @' P)x

)B

)B

)D

"\D,

)F,

)F,

A

)4,

)B,

~#(@'+@)y o7 ' +p)x

o h @+ DY o 0 +p)x

)e n @ DY o B D)X
+B,()A,(p')B.(@)B}, q')eéq @)Y o (0 +P)X
)e

- B,(p)A,(p")D (q)Dd(q' 5@y o= @' p)x
- B,(p)A,(p oh @ +DY o= ' +P)x
- B,(0)A,(p'

- B,(p)Ay(p'
+B,(0)B,(p'

ACAY) ye—g(p +P)-x

Je
Je
(q
+B,(p)Ay(p")B.(@)A4(q)
(
)
Je

QF;(d
@)Da(q'
qQF (q')ei 9-9)y ;0" +p)x

q) Jd)e 1@ -0y o5 0 -P)x
q

+§a(p)BT( ! B ’)eé +q)yeh(l’—p)x

A
a(
+B,(0)B; (' )Ad( e @ DY g, ' P)X
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+B,(p)B} (p")B.(q)B}, ')el 4-9)y o7 0'-P)x
- B,(»B}(p')DL(@)Dq
- BB} (p')D,(@F}(q’

Jer
~B,(p)B}(P)F.(@D4(q')e 7@+ ;0 -p)x
Je

(p (a
(p (q/)e i q)yeh(p—p)x

+¢1)~yeé(p'—p)~x

- B,)B}(p)F(@F(q')er ™ q)yehw-p

- D(p)Dy(P VAL (@A4(q e+ DY e ¥ DX

~D,(@)Dy(p

D, «D)Dy(p")B(D)A,

_ DL (p)Dy(p)B.(@)Bl(q )er @ DYe ¥ P
q

A Ner @D g ' p)x
)B,
)B,

+ D (®)Dy(p')D, (@)D ')e’éq @)Y =i, (P -P)X
)D
F,
F,

Al (@B}

! e’ﬁ "+q) ye*a(p -p)X

(q
(q

Cc
1_
c

i

)
+ Dy (p)D,(p' (@F)( Nen @ DY i, 0 P)x
(q")e q9+9)y o= 0'-P)x

q
+D (p)Db(p F.(q)D4(q
+ Dy(p)D,(p')F (@)F}

(q’ eﬁ Ye—g(p -p)x
(q')e @~ o5 @' +P)X

Da(p)Fb(P )AL (@A
~ DL )F(p))AL(@)Bl(q')er @ DY er @ DX
DL (p)F}(p)Be(@Aq(
D, (p)F, (' B(@)Bl(
)

)

)

!

)
)
q)
q)e 5@+ o 0 +p)x
q')ei q q)yeh(p D)X
)e

)

)
)e

U
e—*(q q)yeh(p +D)X

+ D (pF} (0" DL (@)Dy(d’
+ Dy@)F) (0 DL @F}(d
+ Dy(pIF)(p)F.(@)D4(q’
+1—7T(p)F;(p’)F (q)F*(q')e% 4-9)y ;@' +p)x
- F )0, (p AL @)A4(q
‘Fa(I’)Db(P')ZC(Q)B (q
(
(

7@+ )Y o (0 +P)x

e ﬁ HI)Yeh(p +p)x

')e Hd-ayy —g(p +p)x
!
! e +q ye_g(p +p

1

"Ne +‘1)ye-g(p +p)x

~Fo(p)Dy(p")B(@)A4
~F,(®)D,(p")B.(q)B}
+ F,(0)D,(p' Do (@)Dy(q' )& #4~0Y e=s®'+P)x
+T7a(p)Db(p')ﬁ @F}(q)e 1y - 0 p)x

+F,(0)D,(p))F.(@)D,(q')e +@*9Ye n @ +P)x

q
q')eé 9~y ;0" +)x
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+ F,(p)Dy(p))F(@F} (g )er @ DVe @ P
- F.0)F})(p)A(@)A4(d
- F,@F;(p)AL@)B}(d
~F,0)F,(p")B.(@A4(q
— F(p)F} (p')B.(q)Bl(q')er@ PV er® DX

Jer
) -lq q)yeh(p—p)x
)e q'+9)y o5 (0 -P)x
e~ 7@+ ;' -p)x
+F,(0F}(p')D(@)Dy(q')e ™ q)ye,,(p—mx
+Fa(I-’)FZ(P')EZ(q F (q’ en @' -P)x

+F,(0)F}(p')Fo(@)Dy(d’

+1?a(p)F;(p')1?C(q)F (q' i q)yeh(p p)x I Do)

I
eﬁ

)
)e’% q +q)ye,,(p -p)x
Je

We should bring this polynomial to a normal order, i. e., move all creation operators
to the left. The resulting expression will contain phys, unphys and renorm terms.”

Among the unphys terms we can notice some cancellations. For example, let us
bring to the normal order the 12th term in (D.10), so we have

YorVe
> J dxdy J dpdp'dqdq’' —2b7cd_

(2”h)6 abed 8mtx —y|

XEZ(p)B (p')B.(@)B}(q')e 7@ - ;@' +p)x

62

e E dxd ) bycd
2th y J dpdp’dqdq’ _rab’ca
( )6 abcdj 87‘[|X —y|

x A, (p)B [(p')Bl(q')B.(q)er @ DY er®tPIX

Vapea
dxdy J dpdp' dqdq' —YabYed_
abzc:d -[ 8mlx -yl

< 4. (9)BL(p'){B.(q), B'(q)}er T DY er? P

(2ﬂh)6

For the second term on the right-hand side we use (B.87), (B.11)—(B.12), (A.1) and obtain

2
¢ Z J dxdy J dpdp'dqdq’ yﬂbycd

@h)° e 87l - ]
—t 1 o |
an(P)B;( )Zw (y Wq =Y qc—meC )cd5(‘1 q)eh(q DY o7, P +P)X
q
2 0
e v,
= dxd Jd dp'dg—Yeb
(27Th)6 ;J y pap q87T|X _yl

4 Integrals in the renorm terms diverge. This is another evidence of the renormalization problems
discussed in Chapter 4. In the remainder of this appendix, we omit the renorm part of V,.
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XZZ@)BL(p’)i

(27'(?1)6

e’

(27'[)51)3

This integral diverges. However, there are three other divergent terms in (D.10) that
arise in a similar manner from ~A"B'FF' + BB'A"B" - FFTATB'. Added together these

0
Z J dxdy J dpdp’dq—

> | apap'dayo, AL pB ) R

qu

Sy Aa @B (P e PP

5p' +p)
@ +p)?*

four infinities yield zero.

Taking into account the above results and using anticommutators like (B.86) and

(B.87), we obtain interaction (D.10) in a normally ordered form, i. e.,
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(271)51)6

4 bYCd
dxd Jdpdp’dqdq’ a
Z Jaxar srix -]

— —f _ia-a)v —L(n' —p)-
x [~ A(DYAL @Ay (P )Ag(q )e + T DY 1P PIX

- Z,TZ(IJ)ZZ(q)Ab(p’)Bg(q’)e%(¢I'+tl>-ye—§'(p’—p)-x
VA (D)4, (0)A,(q)B(q)e DY e i@ PIx
~A,(p)4,(p")B)(q "\B.(q)erd DY i ¥ P
—Z;(p)Ab(p Zq)Dd( )e—é(q’—q)ye—% "_p)x
~ 4! (0)4,(p")D.(g)F}(q')er T+ DY e s P
- A,(0)Ay(p")Dy(q
+ A (D) Ay (P )F
+ A (DA (@)A4(q)B b(p’)e’%(q’*q)'ye%(p“rp)-x
+ A (VA (q)B}(p)B](q')er @ DY er® DX

)B
)D
)D
)

"F.(q)e i@ +@)Y ;0" -p)x

/\

O gt -0 10

A

+A (p)Ad(q) B} (p')B.(@)e 1@+ ;@' p)x
-4, .)B)(p")Bl(q "\B,(q)erd DY i@ p)x
A (0)B](p')D.(q)Dy(q e @ DY @' tPIX
-4, DB}’ )D @Fi(q )eé(tl'w)-ye;'(p#p).x

- A, (DB} (0 )Dy(g ) (q)e + TV ei P Px
+ A (0)BL(p')F}(g)F.(g)er @DV n® D)X
— AN (@A(P)Ag(q)By(p)e +d DY 1P 1P
+Ac(q)Ab( )B (q")B, h(q +q)y h(p+p)x
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+ Ab(p )Ba (p)Ec (q)e—é(q’+q)~ye—é(p’+p)~x

)

+A,(p')

— Ay(p))B,(0)D.(q)Dy(g )e # 9 "0V e ¥ )X
)B,
)B

D:J:l>

a(q
'(@)Bu(p)B, (q)er@ DYe i P DX
— 4,(p")B,()D(q)F}(q')er @ "9V i P
~ Ap(P")Bo®)D4(q'F (@) + TV i ¥4
+Ay(p")B a(P)FT( ")F, (q)e%(‘I’—q)ye—;(pqp).x
~AN@Aq)BL(p)B,(p)e 4 DY er® P
+A (q)BT( "\B (
~ 44(q")B)(p")B,(p)B. (@) +@ 10 Vei ' P
- B,(p')B;
+Bj(p')B, (P)D (@)D4(q')e La-a)y i 0P
)B
)B

"\By(p)er @ DY i @)X
(@B P)B.(q)er @ D Yer® P

+ B} (p")B,(p)D, (q)F*( )ezq ")y o 0 -P)x
+ B (p))B,(p)Dy(q')Fo(gq)e #@ DY er @ P
— B)(p))B,(p)F}(q'F.(g)er @DV er® )X

—AN@Ay(q)DL(p)Dy(p')e @ DYV n PP
—~A.(q)B}(q')D,(p)D,
- A4(d")B.(@D,®)D,
+Bl(q)B.(@)DL(p)Dy(p')er @ DY @ P

N1l +q)y o n P -P)x

Ne @+ o3 @' -P)x

Je
(p')e
(p")e
)

- D@D (D)Dy(q')Dy(p')e +@ DY i PP
D @)D (@)D, (P )F}(q et @DV i Px
+ Dy(p)Dy(p)Da(d)F(q)e #9 DY i ¥ DX
- D,(p)Dy(p)F)(q'Felg)er @ 9Ye PP
—ZZ(q)Ad( ')l_)T(p)FT( ’)e-é(q’—q)-yeé(p%p)»x
ZT( )Bl(q")D, (p)FT(p) 1@y ;@' +p)x
- A4(q")B. (q)D (p)FT(p )e’% q+q)yeh(p p)x
+ BY(q")B.(q)D,(p)F}(p)er @~V i +P)X
+ DL (p)DL(q)D4(q)F(p)e + @~V ¥ )X
)

—t —t L
+Da(p)DC(q)FZ( "F ( ’enq”l)yea(l’ﬂ’)x
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+ D p)Da(q)F (P Fo(@ye @07 o 2%
~ D,(@)F}(p)F}(qFe(@er@ Ve DX
Al (@)Ay(q)Dy(p Fy(pre #@ DY n®PIX
A (@B(q)Dy(p Fu(p)eh @ 1Y 0 Px
— A4(¢")B.(@)Dy(p')F,(p)e +@ "DV e s @ P)x
+ BZ(Q,)EC(q)Db(p’)Fa(p)e%(ql—q)'ye—%(p'+p)-x
D! @Dy (0 )Dy(dF (p)e Ha DY i PP
+ D (@)D, (p)F' (g )Fo(p)er @ DY @ P
+ D, (p")Dy(q')F,(p)F.(q)e +@ "0V e s @ P)x
+ Dy(p)Fi(q' Fo(0)F.(qer @ DYe s PP
+AL@Ad )EL (p' )Fa(p)e’ﬁ @' -9y ;@' -P)x
+ AN (@Bl (g )F}(p)Fy(p)er @+ en® D)X

+ Ag(q)BQF] (p)Fy(p)e + 4 +0Y e ® D)X
~ BY(q")B.(q)F} (p')F,(p)er@ ~PVer® P
—ET(q)Dd(q’)FT( "F, (p)e—é(q’—q)-yeg(p’—p).x
+ DLQF] (p')F} (@ )Fy(p)er@ DY er®-Px
-Dy(q")F;(p' VF, (D). (q)e @ "DV i@ -P)x
~ Fi(p)F! (@ )F,(0F (@)t @DV er® Prx].

Next we change summation indices a < c and integration variablesx & yandp < q
to get the following simplified expression:

2

e Y bycd
v, = dedjdd’dd’“
2= Gah)f %d y | dpdp'dqdq’ oo

< _Zz(p)zz(q)Ab(P’)Ad(q’)e*z(‘l Y, ;@' -P)x
+ 28, (p) A (p')Aq(q)Bo(g)e + TV P
_ 24, (9)A,(p)Bl(q)B.(q)er@ PVe P P
— 241 (0)A,(P)DL(q)D,(q e @ DY n PP
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)
)

!

"R

Dy ol
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+ 24 (DA (
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+ Z2;(1’)52(q)B{,(p’)B(Ti(q’)eé<q’+q)-yeg<p’+p)~x
+ 24! (D)Ay(q)B},(p')B.(g)e +@ "DV er @ D)X
27 (p)BY (0B} (@ B (et @DV mx
-24 (P)BT( ’)EC (@)D4(q')e 5@ -y o @' p)x
— 24! (B} (p')D,.(@)F}(q')e+ @ 10 Ver P
-2, «D)B}(p")D4(d)F (@e 7@+ ;@' p)x
+24 (pBT( "F ( "F.(q)e el q)yeh(erp)x
+4,(0")A4(q)B,(0)B.(q)e 74DV e n PP
+24,(p' ( "\B,(p)B, (q)eé(q'—q)-ye—é(p%p).x
- 24,(p’
~24,(p")Bo(P)D, (Q)F;(q )er @ DY o (B +p)x
- 24,(p")B,(p)Dy(q")F, (q)e # @ +DY o= PP

)B
)B

B,(P)D(@)Dy(q)e @ DY e i P

+28,(p')B,(D)F} (g )F.(g)er @~V e n® D)X
- B} (p")B!(d")B.(p) B,(q)er T Y i P

+ 2B](p")B, ()DL (@)Dy(q')e 1@ ~DYei @' P
+ 2B} (p)B,(p)D. (q)F} (g )er 4+ er®' P
+ 2B} (p))Bo(p)Dy(q')Fo(@)e #@ "DV er @ P
~ 2B} (p)B(D)F}(q)F.(g)er@ DY er® P
- D, (0D, (@)Dy(p")Dy(q )&+ 1~V i '
30! (oD, (@)D, (0 F (q')eh @ Ve h P PIX
+ 2D (p)Dy(p')Dy(q')F.(q)e + @ DY s ®'-P1x
— 2D )D, (P )F! (g )Fa(q)er@ Ve i PP
+ DL ()DL (q)F] (p')Fi(g )er @ * DY 1P 4P

+ 2D (pP)Dy(q')FL(p)F.(qre + @ 1Y i@ p)x
- D PF (Y@ Fo(@er @Y ei

+ Db(p’)Dd(q’)Fa(p)FC(q)e—é(q'+q)-ye—;'<p'+p).x

EBSCChost - printed on 2/13/2023 9:57 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

150 — D QED interaction in terms of particle operators

+2D,(p’ )FT( "YF,(p)F. (q)eh(q )Y o (P +D)x
—F}(p")Fi(q)F,(p)F(q)er @ PVer @],

Integrals with respect to x and y are calculated by formula (A.2), i.e.,

V2= 2(2nh)3 Z
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Finally, we integrate with respect to ¢’ and divide V, into phys and unphys parts, as
follows

hys un;
V2=V§Dy + V)P,

h
V; s = 2(2 h)3 Z Jdpdp,dq}/ab)/cd
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After all these efforts, we can appreciate the enormous simplifications achieved
by introducing the Feynman gauge in Subsection 3.2.3. In that approach, the cumber-
some V, interaction operator was not present at all, so in calculating the S-matrix it
was not necessary to evaluate the commutators or products of multiple terms in (D.12)—
(D.13). Moreover, Feynman gauge calculations can be done even without the explicit
form of V; in (D.9) and without explicit evaluation of related products and/or commu-
tators. All these complex computations turn out to be hidden in convenient Feynman
diagrams. Feynman rules immediately convert diagrams into relativistically invariant

(loop) integrals. Their calculations will be discussed in Appendix F.
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E Relativistic invariance of QFT

E.1 Relativistic invariance of simple QFT

Here we would like to verify that interacting quantum field theory presented in Sub-
section 3.1.2 is indeed relativistically invariant [21, 19]. In other words, we are going
to check Poincaré commutators (1-6.26)—(1-6.30) for the potential energy and boost
operators

V= deV(O,x),
Z= —lz jdxxV(O,x) (E.1)
c

postulated in (3.10)—(3.11).

Equation (1-6.26) follows directly from the property (3.8) in the case of spatial
translations and rotations. The potential boost Z in (E.1) is a 3-vector by construction,
so equation (1-6.28) is also satisfied. Let us now check the commutator (1-6.27). Con-
sider the case i = j = z. Using equation (3.8) with A = 1, we obtain

[POZ)Zz] = _% hIT(l) % dee_ép‘)zaz[/(o) x)eéPOza
Ccc a—

. d
=2 clzli% T dezV(O,x,y,z +a)

ih ., d
T2 lim da de(z— a)V(0,x,y,2)

= % deV(O, XY,2z) = %V, (E.2)
c c

i.e., exactly (1-6.27).
Checking equation (1-6.30) is a bit more difficult. Again, we restrict ourselves to
the case i = z and try to prove!

[Koz V()] + [Z,(t), Hy] = [V (1), Z,(t)] = O. (E.3)

To derive the first term on the left-hand side we use (3.8) and

Lood e . d z . .
él_{% EV(OX) = él_r% %V<tcosh9 + - sinh 0, x,y,z cosh 6 + ct sinh 6)

= lim<ﬂ<tsinh6+ z cosh@) + y(zsinhQ + ct cosh 6))
ot c 0z

6—0
L, 2V
T 70z cot’

1 In this calculation, it will be convenient to represent condition (1-6.30) in a t-dependent form, i. e.,
multiplied from the left by exp(%HOt) and from the right by exp(—éHot), as in (1.60). At the end of
calculations, we will set t = 0.

https://doi.org/10.1515/9783110493207-009
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where 0 is the boost matrix (1-].13). Then

(Ko V(8)] = % ;ir% %E%Koze J dxv(;()e%KoZG

ih.. d .
= % tim 2 deV(Ox)
(20 22V ®a
c 0z c ot
For the second term in (E.3) we obtain
., 0 ih 0
[Z,(t),Hy] = 1h&ZZ(t) =25 dezV(t,x). (E.5)

Setting t = 0, we see that (E.4) and (E.5) cancel out. The last term on the left-hand side
of (E.3) vanishes due to (3.9).
Calculation of the remaining nontrivial commutator (1-6.29)

[Koi’Zj] + [Zi)KOj] + [Z,-,Zj] =0,

is left as an exercise for the reader.

E.2 Relativistic invariance of QED

In this appendix we are going to verify the relativistic invariance of QED. In other
words, we will check the commutators (1-6.26)—(1-6.30) of the Poincaré Lie algebra
for the interaction operators (3.13) and (3.17).2

The potential energy V"(t) in (3.13) obviously commutes with operators of total
momentum and total angular momentum, as in (1-6.26). The potential boost Z in (3.17)
is a 3-vector by construction, so equation (1-6.28) is also valid.

Next we check the commutator (1-6.27). Denote

V(620 = 5620 - AlX) + 5 j Ayt 05 - »)i’(E.y),

1
Gx) = W’

so that
V(¢t) = deV(t,x),

Z'(t) = —% dexV(t,x) _ é dejo(t,x)C(t,x), (E.6)

2 It will be more convenient to work with operators in the t-dependent form; see the footnote on
page 155. The proof presented here was borrowed from Weinberg’s works [21, 19]; see, especially, Ap-
pendix B in [20].
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where the operator function C(X) is given by equation (3.18). Consider, for example,
the case i = j = x. Then from equations (C.25), (D.2) and (1.47)—(1.48) we obtain

. d _ip ip
[Po- Zy ()] = lh(IILI% Ee wPoc 71 () enfoxd

= —i—z lim % dee*%POX“[xV(t,x) + jo(t,x)Cx(t,x)]e£P°X“

= —i—z llf(l) % J dx[xV(t,x + a,y,z) +i°(t, x + a,y,2)Cy (t, X + a,,2)]

= _2_2 ill]‘(l) % J dx[(x-a)V(t,x,y,z) + i%(t, %, y,2)C,(t, X Y,2)]

- & [axviexyz) = Sve, (E£7)

i. e., exactly equation (1-6.27).
Let us prove equation (1-6.30) in the particular case where i = z. We rewrite this
formula by taking into account that [Z] (t), Hy] = ih%Z;(t), so we have

(Ko Vi(®)] + [Kog Vo(B)] + ih%Zf(t) - [V, Z] ()] = 0. (E.8)

We shall calculate all four terms on the left-hand side of (E.8) one by one. For the first
term we use equations (D.4), (C.32), (C.36), (1-].4) and (1-].6) and obtain

[Koz» Vi(0)] = % éli% %8_%&”9 J dxj(x) - A()?)e%KOze
= % lim % I dx[675(6%) - 87 ABx) + 6 3(0%) - (%, 0)]

ih . d T
= l? éll% a0 '[dx[J(OX) -A0%) + 0 1](0)() -Q(%, 0)]

. d-oa o o = d ooz d a1\, =~
=7 551(1) j dx< @](GX) - AX) + (%) - @A(Bx) + <%0 ))(x) -Q(x,0)
+ i’(iﬁc) -Q(%,0) +j(%) - ifz(fc a)>

a0’ AR T
ih . d T~ -~ Ty~ d -~ Vs~ d ~ ~
=< 61)1_r)1(1) J dx( %](GX) - AX) +i(%) - %A(BX) +i(X) - EQ(X, 9)), (E.9)
where Q(, 0) is given by formula (C.33) and 0 is the 4 x 4 boost matrix (1-.13). To
simplify this expression we will need the following results:

o doao o ds z . .
él_rg %](Ox) = églg) E](tcoshe + S sinh 0, x,y,z cosh 8 + ct sinh 9)

= lim[a—xtsinhe + % cosh@) + g—;(zsinhe + ctcoshe)]

6—0
z 9 9

=22 yct=, E.10
cot e 0z (E.10)
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lim —A(G ) = faa%‘ t%i‘ (E.11)

Calculation of the term with dQ/d6 is a bit more complicated. We have

1 —Q Jm .[
15 (X, 0) = (2nh)3/2 9—>0 do \2pc T_Z,l 107"l

CNCE e, (p, )y + €10 P e, (. T)ch . (E.12)

The only quantities depending on 6 are matrices 8. Hence, the derivative on the
right-hand side of (E.12) has four terms, i.e., %(éflp)", d%lf)_lprl, %(éfl)ov and
d% exp(iié_lfa - X). After the differentiation we have to set & — 0. From (C.35) and
(1-J.13) it then follows that the only nonvanishing contribution is from

d , --1.v . d . . .
éljl;l) E(O )o = éljlg) E(cosh 6,0,0,-sinh 0) = 61)13(1)(51nh 0,0, 0, —cosh 0)

=(0,0,0,-1).

Therefore

dpp L iz i 55
L x Y [e P e,(p, T)cy, + €77 e} (p, T)C),]

Qn h)3/2 J \/_ Z

od
Jm 5000 -

lh \/_ 1 71‘2,.;( ii"f( . ;
T 2@y ”J p3? Y. [ e, 1)cy: - e el (b, 7))
T=-1
= _alicz(x)- (E.13)

Here we used definitions (3.18), (4.21) and took into account that
P e = tincd, et i,

From (E.13) and the continuity equation (D.5), we conclude that the last term on
the right-hand side of (E.9) is equal to’

" yim j A6 () - —Q(x g)=_1" de;"(t X)3,C(6,%)
C 6—0

3 Here we have assumed that the fields are damped in remote regions of the space-time M, so that
all relevant functions (f, g) of quantum fields also turn to zero at infinity, so we can take the integrals
by parts, as in the following example:

T . (d T . d T d
| dx(ﬁ(@)g(k) - | dxa(fa)g(i))—J dxf ()2-8(3)

oo [ o d T ofd
- FRERI, - j de(X)(ag(X)> - j de(X)<ag(X)>.
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aC,(t aC,(t,

Y PR Y P

_ih aC (t x) ih 9j(t, x)

- 5 [ a0t - 2 [ T e 6
oC, ]

:%de (t, %) (“‘)+’C—Z‘Jd % étx)C(t X)

= —Zag dej (t, x)C,(t, x). (E.14)

Inserting results (E.10), (E.11) and (E.14) into equation (E.9) and setting t = 0, we get
w10 = 2 [ax(220 i 43w 220+ 12 (0 rc.m) )
ih 0 oy xe .0~ -
= lc—zg de[z(i(x) ~A(X)) +JO(X)CZ(X)]. (E.15)

For the second term on the left-hand side of (E.8) we use equations (D.4) and (D.5).
Also, we take into account that at the end we will set t = 0, so all terms proportional
to t can be dropped. Then

(Koo Vo(8)] = % JdXdX’ [KOZ’jO(t’X)]g(X —X,)jo(t’xl)
3 [ dxax' 000 - x') Koan (6.X)
- [ xdx' (Ko, (e 01 (x - X' (6.6

0
=ih J dxdx'(% 9 gt’x) - %jz(t,x)>g(x -x"i°(t.x")

. .0
_ % j dxdx! —a’ G2 (2~ g -x)0(t,x)

ih /31 (t,x) O/p o
# o | dxax TP 260X (e.x)

o150
|
2 o

dxd
in a; (tx)
_2J dxdx' =——>=

dxdx'i* (t,x)G(x - x")i%(t,x")
lal(t X)

-2)G(x -x")°(t.x')

Gl -x)i(t.x")

ot

- ?h j dxdx'i(t,x)G(x - x")i%(t,x")

dedx iVt x)zG(x — x")

a((z-2)G(x —X'))jo ¢

_ ik ’.
=5 jdxdx j(t, x) . (t.x")
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toda j dxdx'i%(t,x)zG(x - x")i°(t,x")

ih 0
_n dedx’;z(t x)G(x - x")i%(t,x"). (E.16)

With the help of (E.6) we get the third term on the left-hand side of (E.8), i.e.,

th= Z,? )= —ﬂi JdXZJ(t x) - A(t,x) - dejo(t,x)Cz(t,x)
ot
h 0
: Z'—Cz 2 [ axdy €026 -)°e.9). (E.17)

To calculate the last term in (E.8), we note that the only part in Z"(t) not commuting
with V"(t) is the one containing C. Therefore

SVAGRAGIE —% dedx'j(t,x) A, C(6x)]i° (6 X).

Let us calculate this commutator at t = 0, using equation (C.20) as well as the inte-
grals (A.3) and

Jdk ir g_(2n)3r
k* 8mh ’

where £ is an infinite constant.* We have

in’c ( dpd X
[A4,(0,%),C,(0,x")] = (217'[?33 J ZPq; ;[(ek(p 0)Cpoe X + e} (b, 0)Ch e TPX),

Lax! + _igy!
(e.(g:T)cgre™ ™™ — e} (q,T)ch e 1)

ic dpd N LIS )
T @y J 2pq3q 2 (e, 0)e (g 18P ~ q)6,,eP*H ™

— €} (p,0)e,(g, DO — q), e P HTY)

= (217(_;)3 J Zek(p 0')6 (p, T)(ehP(X X)+e hp(x X))
) (2:)3 J dp (5"2 B %>(e?"'("‘x’) + e P
ic dp< pkpz> l‘p_(xixl)
@ny J pr\ ke T2 e
= —ihcd AN 1C 3.9 J ;ll’ X
ihcbi;G(x - x7) %% ) B —e

4 See formula (5.20) in [20].
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Ix —x'|

= —ihcbi,G(x — x') + ihco, 0,
- —ihc(&kzg(x -x') - 0z ) x - x'))>.
Restoring the t-dependence, we have
I LAGRAG)

-2 3 | dxdx'ﬂ%x)(skzg(x x') - Sal(z - z)g(x—x’)])f(i')

k=1
- 2 axax' o - X)) - I [ axax'icn - 2 ((z - 2)5(x - X))
c 2 ox

(E.18)
Adding together the four terms (E.15), (E.16), (E.17) and (E.18), we see that at t = O the
first two terms in (E.17) cancel out with the two terms on the right-hand side of (E.15),
the third term in (E.17) cancels with the second term on the right-hand side of (E.16)
and (E.18) yields zero when added to the first and third terms on the right-hand side

of (E.16). This proves equation (E.8).
Checking the last remaining nontrivial commutator,

(Koi- 2] + [ Koj] + (2, 2}'] = O,

is left as an exercise for the reader.
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F Loop integrals in QED

F.1 Schwinger-Feynman integration trick

In QED calculations, we often meet integrals of expressions like 1/(abc---), where
a,b,c,...are certain functions of the loop momentum. Calculations of such integrals
are greatly simplified if it is possible to replace the denominator by a function linear
ina,b,c,.... This can be achieved with the help of a witty trick [4].

The simplest example of such a trick is given by the integral representation of the
expression 1/(ab), i.e.,

1 1
J dx 1 1 1 1

(ax+b(1-x)2 (B-a)(ax+bA-x)|o (b-aja Bh-ab ab’

(F.1)
0

The denominator of the left-hand side is a square of a function linear in a and b. De-
spite the introduction of additional integration (with respect to x), the problem of cal-
culating the loop integral of the expression (ab)™ is substantially simplified, as we
shall see below.

Using equation (F.1), we can linearize more complex denominators. For example,

1

1
1 d(1 d dx 2xdx
@b _E(E> - _EJ (ax+b1-x)2 J (ax + b1 - 1)) E2)

From these two results we obtain an integral representation of 1/(abc), i. e.,

L%i)L(fL)l
abc \bc)a ) (by+c-y)?/a
1 1

1
- J b J 2y v e —y)x + all =P

1

1
_ dy
=2 j de! [byx + cx(1-y) + a1 -x)]? (F3)

One more useful formula is equation (131.2) in [1], i. e.,

101 1
1 Sx+y+z-1)
abc dejdyjdz[ax+by+cz]3
0 0 0
1 1-x 1
=2\d d . F.
J X! y[ax+by+c(1—x—y)]3 (E4)

https://doi.org/10.1515/9783110493207-010
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Figure F.1: Wick rotation in the integral (F.6) with re-
spect to ky. Dashed line, the original integration
path kg € (—00, +00). Full line, the Wick-rotated path
ko € (—ico, +ico).

Next we differentiate equation (F.2) with respect to a:

L__l.i<L>__iJ' zdz _3J 22dz
@d 2 da\a’d) da) [az+d(1-2) ") [az+d(1-2)]*

5 0
This implies
) 1 1 1 1
abed <20JXdX!dy[a(1—x) +bxy + Cx(l‘y)]g)a
1 11 Z2dz
=6 6[ xdx J dy! l[az(1 - x) + bxyz + cxz(1 - y) + d(1 - 2)]*° (F.5)

Obviously, such derivations can be continued for expressions with more factors
in denominators; see, for example, the last formula on page 520 in [14] and equa-
tion (11.A.1) in [21].

F.2 Some basic four-dimensional integrals

In our study of loop integrals we will stick to the original Feynman approach [4]. Let
us start from the following simple 4D integral:

4
K=J d'k EJ dkydk ’ 56)
&2-Lp ) (2-ck2-L+iey

where L > 0 and € is a small positive number. The original path of integration with
respect to k, goes from —oo to +co, as shown by the dashed line in Figure F.1. The
integrand has two third-order poles at k, = +Vc%k? + L ¥ ie. Without crossing these
poles, we can turn the integration contour, so that it goes along the imaginary axis
(from —ico to +ico, shown by the solid linel), and then change the integration variables

1 This step is known as the Wick rotation [10].
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iky = z, and ck = z. This leads to the integral

1 ico d . © d
zZ 1 VA
K-~ dkj—z—jd J—
3 J w2 3 ) 2oy
—00

—ioco

Next we introduce four-dimensional spherical coordinates,’ where r* = zﬁ +z%and the
“area” of the unit “sphere” is equal to j dQ = 2%, so that

o _zLZiT Pdr i T(t—L)dt ) _n_2i<_1 N L) e
3 )2+ 3 B 3\t 22)|
0 L
2
T
= . F.
2ic3L (E7)
From symmetry properties we also obtain
Jd‘*k# - 0. (F.8)
(k2 -1y
Replacing k — k — p in (F.6) and denoting L — p* = A, we have
LS J d'k ~ J d'k
272+ ) ((k-p2-1P ) (d2-2p-k+p?P-L)p
d*k
- J S, S— (F9)
(k2 -2p-k-A)3
After making the same replacements in (F.8) we get
0= J dj‘k(ko_po) _ J ~d4k(ka tpa) )
((k-p)*-L) (k> -2p -k~ Ay
Then
4 4 2
J ¥ =I _ Ty _ TP (F.10)
(k2 -2p-k-A)3 (k2-2p-k-A)3 2(p*+A)c

Differentiating both sides of (F.9) first with respect to A and then with respect to p,;, we
obtain

J d*k 5 F11)
(K2-2p-k-A*  6i(p? + M) '
J d*kk, _ 1p,

(2-2p-k-0)*  6i(p?+0)%c3

2 See [3] as well as equations (6.49) and (7.81) in [10].
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Next, differentiate both sides of (F.10) with respect to p,. If T # g, then

4 2
J _ Ak TPoPr (F12)
(k2-2p-k-N4  6i(p?+0)>C
Otherwise (1 = 0),
J d'kkoky Py T EDB)
(2-2p-k-N*  6i(p* +A)2c  12i(p? + )3’ ’
Joining (F.12) and (F.13) yields
j d'kikoke _ T@ebr — 3055 + 1))
(k2 = 2p - k — N)* 6i(p? + A)2c3
Then we use (F.2) and (F.9) to calculate®
J d*k
(k? - 2py -k = 0)X(k2 = 2p, -k - Ay)
1
~ J _ J d*k
) [(k2 -2, -k - Apx + (k2 - 2D, - k — Ay)(1 - x)P3
1
- J xdx j &'k
0
y 1
[k2x = 2py - kx — DX + K2 = 2Py - k — Ay — k2x + 2D, - kx + A,x]3
( d*k 2 0 xd
=J2xdxj . 3 =7—BJ~2XX , (F.14)
) ?-2p, k-4, i€ ) pr+h,

where

Dx =xp1 + (1-X)p,,
Ay =xA + (1-X)A,.

Similarly, we use (F.2) and (F.10) to obtain

J d*kk,
(kK2 2Py -k — D)2k - 2p, - k - Ay)

1 1
SEr di, 7 | PaoXdx. F15)
0 [kz_zﬁx"}_AxP iC3 0 f’)2(+AX

3 Here p,, p, are two arbitrary 4-vectors and A;, A, are numerical constants.
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Three more integrals can be obtained: the derivatives of (F.14) with respect to A, and
D and the derivative of (F.15) with respect to p,,, i. €.,

1
J d*k 3 _n_z J x(1-x)dx (F16)
(2 =2y - k= 02 (2 = 2p, - k= A2 ic? ) (B + A '
j d*kk, o Jl DyeX(1 = x)dx (E17)
(K2 =2y - k=822 = 2p, - k=D 12 ) (By+ 0,07 '
J d*kk,k,
(k% = 2p, - k — A)2(K? - 2p, - k — Ay)?
1
7 [ DoPrr — (1128, (B + A))X(1 — x)dx (F18)
= -7 (p)z( N AX)2 . .

ic3
0

F.3 Electron self-energy integral

Using equations (B.13)-(B.15), the loop integral in square brackets in (4.15) can be
rewritten as

Jaa®@) = v, (p + m,c?)Iy* - yuy"Ivy" =(-2p+ 4m,cAI +2y'1, (F.19)

where
' J d*k
(@ - K)? - mgc* i

I - J d*kk,
e -2 - m2eti

The factors 1/k? in the integrands are sources of both ultraviolet and infrared diver-
gences. Therefore, these integrals should be regularized, as explained in Subsec-
tion 4.1.5. To do this, we introduce two cutoff parameters: the ultraviolet cutoff A and
the infrared cutoff . Then we can replace the problematic factor 1/k? by the following
integral:

A%t
1/k% — - J

A2t

dL

4 The parameters A > 0 and A > 0 have a physical dimension of mass. The nonzero value of A is
equivalent to introducing a fictitious photon mass A « m, < A.
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At the end of the calculations, we must go to the limits A - coand A — 0.” Then, as
expected, the integral reduces to 1 /I~<2, as follows:

[ee] o0
_J’ dL de_l
—..2_ 2—_ - = =5
O(k L) _i2

We use equations (F.14) and (F.15) with parameters

AM=L p=0, A=mic"-p° Py=h (F.21)
=(1-x)p, Ay=xL+(1-x(mc*-p) (F.22)

to rewrite our integrals as follows:

A2C4 4 ) AZC4
d'k T xdx
I T J dLJ k k k ) J J P2 +A,
2_9p. 52 _ m2e8) (k2 — T)2 ic3 52
A (2 =2p-k+p?—mpe(2 =12 0> J o F P+ Ay
A2t

~ _7'[_2 j dLJ xdx
T ic3 . (1-x)2p? + xL + (1 - x)(m2c* - p?)

N

|
|
|=l
N
Ot . O, Ot . >
QU
<
—

L=Nc"

dxn[(1-x7p’ +xL+ (1 -0(mc - p))]| ..,

(1 -x)*p* + xA>c* + (1 - x)(mﬁc“ -p?)
(1-x)?p? + xA%c* + (1 - x)(mic* - p?)

xM\*c*
dx1 , F.2
X (1-x)2p? + xA%c* + (1 - x)(m2c* - p?) (F23)

A%t
L=~ dLIdAk 225k ~2kv 268\ — [)2
i (k*=2p -k + p* —msc*)(k* - L)
) A%t 1
mm pyx(1—x)dx
:_TJdLJ 252 2.4 _ 52
ic P (1-x)p* + xL + (1 = x)(m5c* - p?)
C

1

_ __z J dx( - 0p, In 1 -x)%p* + xA’c* + (1 - x)(mac* - p)
0

(1-x)2p? + xA%c* + (1 - x)(m2c* - p?)

5 In a physically acceptable theory, in these limits, all measurable quantities should tend to well-
defined finite constants.
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~ —i’z—z j (1= 0p, 0 x/lzc):Aj C(i D (F.24)
Substituting (F.23) and (F.24) in (F.19), we obtain
T =~ 2 i+ dmec ) j dxin (1-x)%p? + x)lzc):AJrzC(i - x)(mic* - p?)
ic F’ (! dx(1-x1n (1-x)2p2 + x/lzc)iAjC(: - x)(m2c* - p?)
- _g:_z Jl ax(4mec’ ~2px)In (1-x72p*+ x}lzc)zAjij - x)(m2c* - p?)’ (F25)

For our discussions in Subsections 4.2.1 and 4.2.2 it will be convenient to represent
J(p) as a Taylor expansion near the mass shell, where p = mecz, i.e.,

Jaa® = C98,49+ CV(p ~ moc?) g + Raa®)-

Here C? is a constant (independent on p), the term CV(p — mc?) is proportional to
;i)—mec2 and R(p) unites all other terms (quadratic in (p—mecz), cubic, etc). To calculate
€ we simply set p = m,c? and p> = m2c* in (F.25), then

2 1 2.4
cO o 2 MeC de (2-x)In D¢
) (1-x)*m2c*
2 2 4 x=1
- ( 2x—4x+3)1nXA—C—x2+4x+5+6lnx>
41c3 (1-x)’m2c* x=0
= —ﬂ r.nec <8— (—121nA +5>>
2ic3 m,
2. 2
:-M(nmn A). (F.26)
2ic3 m,

To calculate the coefficient C'V we use the integral Ig dxx1n(1 - x)™% = 5/4, so

co_ Y
dp p:mecz
1
212 xN2c*
:TJXdXIH 252 2.4 24 _ 72
ic ] (1-x)°p* + xA*c* + (1 - x)(m5c® = P?) lp=m,c2

1
)
+ i%mec2 J(Z - x)dx

0

(l—x)2 +xA%ct + 1- x)(m pz)
xN\2c*
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XA’c*2(1 - x)*p - 21 - x)p)
[(1 X)2P? + xA2c* + (1 - x)(m2c* - P22 lp-m

1
° x\?
=— jxdx In———
ic3 (1-x)’m2

0

N

1
N 27'r2mec2 J dx(2 - )2(1 - x)zmec2 -2(1- x)mec2

ic3 J (1-x)?m2c* + xA%c*
2 ! 2 1 2
=zljxdxln +£J —(Z_X)(X —X)
ic3 ) 1- x)zm2 ic3 ) (1-x)? + xA%/m2
2 2 x=1 2 2
z2L<(x l)[ x+1)1n—+x+5]+21nx> +2,l<ln/l—+l>
4 (1-x)*m2 =0 1\ m2
= n — (ln A +2In l + 2) (E.27)
ic m, m, 4

Then the residual term

Rea®) = Jaa @) ~ C¥84 = CV(p ~m %)
is finite in the ultraviolet limit, because all A-dependent contributions cancel out
there. Indeed,®
1 1
2m..c2
-— lnA I dx(4m,c® - 2p x) + % In A? J dx(2-x)
0

lc3
0

1
2
-(p- mecz)% In A? jxdx = 0.
0

We see that C%) has an ultraviolet divergence, while C diverges in both ultraviolet
and infrared limits. In other words, the integral J;.(p), as a function of p, is infinite on
the mass shell p = m,c? and has an infinite derivative there. However, the second and
higher derivatives are all finite.

F.4 Vertex integral

Let us calculate the integral in square brackets in equation (4.39).” We have

N(E]E]’):jd“hy h+g +m? —h+g+mc? ul
o Hh-g'y? —m2c* " (h-q)* -m2c*” R?

6 On the left-hand side we collected all terms proportional to In A from (F.25), (F.26) and (F.27).
7 Here we used equation (F.20) and took into account that § and §' are on the mass shell, so that
@ =)= mzc“
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F.4 Vertexintegral =— 171

At

~_ dL j d4th(_M + q’ + mecz))/x(_yl + GI + mecz)yyl
(2 = 2g' - h)(h? - 2 - h)(h? - L)?

A2t

We can rewrite the numerator

V=t + g+ mec®)y (-l + g+ mec?)y*
= Yy(ql + mecz))/x(q + mecz)y}l - )’yh)’x(q + meCZ)y}l
— (g’ + my,y? + y,dy, iy

Then the desired integral is

N(@.3') = vu(g" +mec?)yi(g + mec?)y D = v,y y(g + mec®)y'am,

—yu(d" + M)y Y My + Y Yy YV Mo, (F.28)
where®
1 2t "
smz—jdyjdLj __dh , (F.29)
L R N e
C
1 A% 4hh
om, = [ay j dLj I M (F:30)
L R N
C
1 A% 4
M, E_jdy j dLj _ dhhoh (F31)
L R N e
C

These are particular cases of the integrals (F.16)—(F.18) with parameters p; = g, A; = 0,
P,=0,4, =L, p, =xq, and A, = (1 - x)L. We have

5 1 At 1 1-xd
i3 x(1 - x)dx
M=—|d J dLJ —_— F.32
ol (G2 + (1-x)L)? (32
0 Xt 0
2 b N GyoX>(1 = Xx)dx
T o -
M, =— |d JdLJy—, F.33
a ic3j y (XZC"])Z,+(1—X)L)2 (3
0 Xt 0
1 A%t

- ‘ [X*8ydyr — (1/2)8, (0, + (1= X)L)]x(1 - x)dx

S):nm':-_J‘dy J. dLJ 22 2
0 e b (x*q, + (1-x)L)

(F.34)

S
W

8 We combined the denominators by using (F.1) and g, = yg + (1 - v)q'.
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F.4.1 Calculation of 9t

In the limit A — oo we obtain for (F.32)

20 X L= e X
m= Cicd J dy .[ dxxzqy + (1= x)L |[=p2ct T i J’ dyj xzc'])z, + (1 -x)A%c*
~£iﬂﬁma7—uﬂw&”3» j”mfi (F35)
ic? ) q; y =0 2ic3 . aG At '

Next we introduce the 4-vector of the transferred energy—momentum
k=q¢ -q. (F.36)

Then from (§')* = (g + k)? and (§')* = §* = m2c” it follows that

G-k =-k/2, (F.37)
(B-k) =K/2, (F.38)
a,=a+ -k

~2 ~2 ~ 71 72 2 2 4 72
4y =0 +2q-k(1-y)+k*(1-y)" =myc’ - (1-y)yk".

Instead of k? and the integration variable y it will be convenient to introduce two new
variables 6 and a, such that®

I = 4m’c* sin” 6, (F.39)
< tana )
tan @
1- < tana )
y= tan 6

22 2 24 .24 1 tana 1( tana)
—mc—4mc sin@-=(1+ 1=
4 2< tan6> 2 tan @

y

=mic* - mlc" cos’ 6( tan’ 6 - tan’ @)
= m2c*(1 - cos® @tan” 6 + cos’ A tan’ &) = m>c” cos® (1 + tan’ a)
2,4 cos’ 6
¢ cos?a’
dv — da i(sina)_ da
Y= Jtan6da\cosa)” 2 tanfcosta
dy _ da da

qy 2m2c4 cos?0 tan m2c4 sin(20)

9 Note that, by definition, 0 < k< (25])2 = 4m§c4.
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The integral 91 is infrared divergent, i. e.,1°

0
Em:rr_zj dL.t 1n<mf_,c0529>
2ic3 9 m2c*sin(20) \ A?cos? a
21°0 m, cos 6 2’ ’
= - - In —& - - - Jd(x In(cos a)
ic>m2c* sin(26) A ic3m2c* sin(20) )
2 m, cos 6 ab [
_ e _ _
= ic3mf,c4 Sn20) < pl aln(cos a) o 6[ atan ada>
0
= 2Ql<Hln % - j atan ada), (F.40)

0

where we denoted

7'[2

A= s -
im2¢’ sin(20)

F.4.2 Calculation of 91,

Next we calculate (F.33), using the variables 6 and a introduced above. Taking the
limits A — 0 and A — oo, we obtain a result where both infrared and ultraviolet
divergences are absent. We have

2 1 2 L=c0 5 1
b4 X°q b4 q
imoz_ic_3jdx.|’ yx2~2+(im—x)L le—BJd%;
5 a, L=0 s b
, 0
_ﬂ_J da ( +k_g<1_ tana>>
Cic3 e m2c* sin(260) QDo tan
2 2 6
—H—L< +’&>— ko Jda tana
~ic3 m2c* sin(20) KL 2ic3m2c* sin(20) tan 6 )

=A0(qy +4q,,). (F.41)

10 We took by parts the following integral: j(? daln(cosa) = aln(cos a)lgjg + joe a tan ada.
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F.4.3 Calculation of Mt

To calculate (F.34), we assume that A’c* > g} > A°c* and use integral jé dxx1n[(1 -
x)/x%] = -1/4. Then

1 1
7'[2 X3(1 - X)Qyoqy‘r
= — L _—
mm— N J d J dx J d)’ (qulzl 4 (1 — X)L)2

1 1
e 6,.x(1—Xx)
- L o7 77
J 4 dejdyx2q§+(1—x)L

11 3
:—n—zjdxjdy< 2~2x dyolyc _ _xq{ozqyf>
qu+(1—x)Ac ay

1 1
T j dx j dy8 ex[In((1 - )A%C") - In(C7)]
0 0

2ic3
2 26 1 A2
- T[_ deqyfqy‘r _ /4 .601 JXdX J dy In (1 X?‘A C
2ic3 ) a; 2ic3 ) ) x’q;
2 | dyoldyr 76 ( (1-x) %6 1 A%
= F Jd}’ qz - 2.C(37T JXdX In >~ —4.(;‘[ Jd In _qz
i i be i
0 y 0 0 y
1 1
B T[_2 qyaqyr _ 7'[2601. /\2C4 7'[25("
=-—=|ay - dyln —— + —=.
2ic3 ) q; 4ic3 ) a; 8ic3

The integrations with respect to y are carried out with the help of the variables 6, a
and the table integrals

jtanzxdx =tanx -x+C,

dx
J 5= = tanx + C,
COS% X

J In cos® x

dx = —2x + 2tan x + tan x In(cos® x) + C,
cos® x

1

0
dyoqyr J’ < 1 ky tana) < 1 k; tana> da
dy o _ 1 _ K tana 1
J 4 a; A 9% 3%~ S%ane \T "2~ 2tano m2c* sin(26)

0

_J< +1k>< +1k> da +Ikakrtan2a da
AGAPAIIC AL m2c* sin(26) e 4 tan’@ mic*sin(20)
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9
6 ' / k,k, cos 8 J 3
= Sm2ct sin(20) — | t d
2m2c* sin(26) (90 +40)(dr +40) + 4m2c" sin® 0 J an- ada
k,k
- - ! ! ot _
- 2m5c4 Sln(29) (qO' + qa)(qT + qr) + ]}2 (1 9 cot 9),
1 9
Jd n ¢ _ J da A cos’a
Y a2 ) tanf cos?a  mZcos?6

n A -
m2cos?6  tan@

(-26 +In(cos® §) tan 6 + 2 tan 6)

=21nA +2(1-0coth).
m

e

Now we see that 9t,, diverges in the ultraviolet, i. e.,

A6
mo’r = T(qo + q(’])(qT + q-,r) + Qkakr + 6601’ (F.42)
where we introduced the notation
7%(1 - 0 cot 6)
2ic3k?

2
¢ T <lnA+§—9cot9).
m, 4

D=

2ic3

F.4.4 Complete integral

Using results (F.40), (F.41) and (F.42), we obtain the full integral (F.28). We have
NK(Q’Q’) = WYy((I’ + mecz)yx(q + mecz)yu
— 2A6y,(4 + 4" )Vie(g + mec® )y = A6y, (4" +mc?)y,(g + g W
A6
+ 7 Yl +4)vlg + 4V + Dykyidy” + 4y,
A6
=T - 2A6T? - 2078 + % T + Dy, ky, ky* + 4y, (F43)
First, we notice that according to (4.39), the integral N,(q,g') is multiplied by
u(q', o' from the left and by u(q, o) from the right. Then from (B.93)-(B.94) it follows
that if in some term the factor ¢’ is in the leftmost position, then it can be replaced
with mecz. Similarly, the factor ¢ in the rightmost position is replaceable by mecz. So,

our plan is to employ formulas from Appendix B.2 to move factors ¢’ to the left and
factors ¢ to the right. For example, in the environment u(q’, 0’) - - - u(q, 0) it is true that

Vud = —4'v, + 2‘1;,4 = —meczyy + Zq}'l,
Q" = -y'q+2g" = -m,c’y* + 20",
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Then, using (F.36), (F.37), we obtain
T = yu(g' + mec®)yi(g + mec®)y
= Yl Vety + My iy + meCyud' vy + mect vy’
= (~q'vy + 20,y (-Y"q + 2¢") + m. Py y, (V' + 29")
+mo?(=q'y, + 2q))y,y* - 2micty,
= mecty " - 2m Cyyd” - 2yt + 4qL g
=ty + 2mey, v d” - mecty, v + 2m a0t - 2micty,
= 4y (q' - q) = (-2 + 4mc Yy,
For further calculations we will need some simple results:

kYKk = _kaz + 2k kx = _YKi(z + 2(ql - q)kx = _i(zyx)

Yk =Ky = vi(d' - 9) - (@' - ¥ = vielg' = mec®) = (me? - @)y,
= =2/xmeC + Vi + @V = —22meC” = 4'Vic + 24y — Vil + 24
= “2yxm €’ = Mo CPyye +2q) — MeCy, + 24
= ~4mC*yy +2(g + qy),
v’ = (@ - B)yig+8) = 4'ved — kv + 4'v,k - Ky, ck
= M3y, = MKy, + meClyk + Ky,
= 3m2cty, + 2moc*(qy + qL) + Ky,

Then

TP =y, (@ + 4" )vi(g + me)y*
= Y @vedy" + vud Vi@V + moCy, gy y* + mecy vy
= =20y, — 24V’ + 2MeCqyyc + 2MmCY,ed + 2m gy, + 2m Py, g’
= =24, — 24V’ + 4m gy + hmecq,,

T =y, (@' + moc)yilg + 4 W
=Y d Vi dV" + My, vy + v, vt v + meCy, v v
= —2¢Yx¢' - 2‘1’)’;&1’ + 2meC2qu + ZmecquK + zmeczqu, + Zmeczq,)/x
= -24y,d' - 24'ycq’ +4me’q, + 4mec’qy,
TP + TO = -2m,c’qy, — 2mC’y,d’ — 44y, d’ +8m,c*(q, +q,)
= zmeczqu - zmecqu + Zmeczq,YK - 2mecqul(
— 4(=3m2c"y, +2m,c*(qy + qp) + K2y, + 8mec?(a, + q))
= 16m>cy, — 4m,c*(qy + qL) - 4Ky,
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F.4 Vertexintegral = 177

T =y, (g + 4 )velg + g )Y

=V, @V dY" + vl V@Y + v,y v + v, vid v

=20y, ~ 20,4 ~ 24"V, ~ 24"y’

= —Zmeczqu - 2(—3mic4yx + 2mecz(qK +qp) + I~<2yK)
- amicty, - 2moCy g’

= 8m>cy, — 8m,c*(qy + q.) - 2K%y,.
Adding all terms together, we get the full integral:
Ne(g.q") = M(=2k* + 4m>c*)y, — AO[16m>cy, — 4m, (g, + qL) - 4K%y, ]
+ Ql6<2m§c4yx - 2mec2(qK +qr) - %fczyx) + 2©l~<2y,< + 4Cy,
= <—2sml'<2 + 2017 + 4mmic” + 4€ - 142A0mic” + ;mm?)yx
+ 20m,c*(qy + qp).

The coefficient in front of y, is

2ﬂ2(—21~<2+4mf3c4)[ 1 Me

o Me 7%(1- 0 cot )
7l —_—

0
- Jx tanxdx] +
0

ic>m2c* sin(26) ic3
2 (A 1 14m°6 7m%k%0
- —(ln—+(@1-6coth) - = |- +
ic3 ( m, ( ) 4 ) ic3sin(20)  2ic3m2c* sin(26)

_ 2% (-8mc” sin® 0 + 4m’c") [

9
m
o1 —e—j tan xd ]
ic3m2c* sin(260) n X ranxax

A

_ 7%(1- 0 cot ) _ 2_7'[21 A 712 147%0 1471%0 sin’ 6

T +
ic3 ic3 " m, 2c® ic3sin(20)  ic3 sin(26)

2
= ,L[—Gln i - Jx tanxdx]
ic3 tan(20) m, )

_712(1—l9(:0t6)_2_7121 A nz _7n26c0t9

- — 1N + ;
ic3 icc " m, 2ic3 ic3

Therefore, finally we have

2
o V[ 80 A 8 J 1 A)
N.(q.d') = o < tan(20) 1 —me + tan(20) J x tanxdx + 5 +60cotf+2In —me
2m%0(q + q'), (F44)

im,c®sin(26)
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F.5 Integral for ladder diagram

For the integral (4.50)
b(p.q.k) = j d*r[i? - 2q - b)) [+ 2 - )[R - A%t
s [+ 2(h - &) + K2 - 2],
we follow the calculation method from [13] (see also [11]). First we use equation (F.5)
with parameters
a=h+2k-h)+ k-2,
b=h-2q-h),
c=h+ 2(p - h),
d=h* -2,

to obtain

1 1 1
b(p,q.k) = 6 j d'h j dx J dijzzdz
0 0 0
x [(R* +2(k - h) + K = A%c*)z(1 - x)

+ (R -2G R)xyz + (R + 20 - )z -y) + (R - 2 1-2)]

x [W? = 2h - (~kz(1 - x) + Gxyz — pxz(1 - y)) + KPz(1 - x) + A°c* (2x - 1)]_4

2
- jal“hjalxjdyj~ xz'dz ,
R O[h2—2(h-px)z—A]“

where
A=Ac*(1-2x) - KPz(1 - %),
Py = —k(1-x) - px(1 - y) + Gxy = k(1 - X) - xpy,
by =p(1-y)-gqy.
Equation (F.11) permits us to take the integral with respect to A, i. e.,
1 1

2 1 2
b(p,q,k):_%JdXdeJ xz°dz
ic ] (

22p2 + A
] ) @P+h)
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Figure F.2: Splitting of the integration area in the x-z plane.

Using (F.37) and (F.38), we obtain
5 5 5 ]’&2 7.2 ,’%2
(k-py)=(k-p)1-y)-(k-qy = 70-)’) tSYES
P2 = (xBy + k(1 - x))" = Xp% + K2(1 - 0% + (1 - 0By - k)
= xzﬁf, + k2 = 20%x + K + KPx - kX = xzfa)z, +k(1-x),
1

1 1
i xz*dz
b(p, ,k:—_—dejd j _ _ . (F45)
P.q.k) ic3 ) yO [220¢p5 + K2(1 - %)) + A2c*(1 - 2x) - kK?z(1 - X))

Even if the parameter A is small, the term A2c*(1 - zx) cannot be neglected11 when
x — 0,z - 0,whenx — 1,z —» 0 and when x — 0, z — 1. Therefore, we are going
to break the segment of integration with respect to x into three regions: 0 < x < ¢,
€e<x<1-6and1-6 < x <1, where € and 6 are small, but large enough so that in
the interval € < x < 1 — 8 one can ignore the term A%c*(1 - zx) (see Figure F.2). So, our
integral consists of three parts, i. e.,

€ 1-6 1
b(p,q,k)zLI+LII+LIII=J’"'dX"‘ "'dX+J"'dX.
0 1-6

[LYS—

F.5.1 Calculation of L,

In the integral L; we make the substitution s = 1 — z to obtain

€ 1 1
VA

2
LI=ic—3deJ'ddesx(l—s)2
0 0 0

x [(1- s)2(x2f9)2, +IP(1-x) + A%t (1- (1 -s)x) - K21 -5)(1 - x)]_2

11 Because other terms in the denominator can be even smaller.
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180 —— F Loop integralsin QED

and we break the s-integration segment into two regions 0 < s < s and s, < s < 1,
where the parameter s is small, but sufficiently large for us to neglect the A-term in
the latter region. Then

S¢ 1
LI=LIa+LIb:J---ds+j---ds.
0 S

In the first integral we take into account that s?> < s « 1and x*> < x < 1. Then we

have
5 € 1 Sc
T
L, “_ic_BJd"dest
0 (0]

X
8 [(1 - 25)(x2P2 + k(1 = X)) + A2t — k(1 = 5)(1 - x)2

5 € 1 Sc
m xds
~ - J dx J dy J =
S [Py, + A%c*) — (%), + K2(1 - x))s])?
, € 1
= —;—3 dex J dy
0o 0
1 s=s.
X p =
[2¢p; + K2(1 - )1[(°py, + A%c*) — (2P + k*(1 = x))s] Is=0

5 € 1

Z—%deXde#
5 5 2xpy+k(1—x)

a L )
(p; + A2c*) — (232P] + k(1 - X))s, X*p2 + A%ct
5 € 1
= —% dex J dy~;~
1C 2X2p2 + k2(1 _ X)
0 0
(2 + k2(1 X))S,
[(sz +A2c%) - (2x2p +i2(1- X)s[x2p2 + A2c*]

2
SC
J J (xzp +A2c*) - (2x2p +k2(1-x))s, ][x2ﬁ§ +A2cH]
) €
n_3 dex dy : -
ic> J (0P} + A%c*) - ks ] [X°P] + A%c*]

1
(!
€ 5 1 €
M “wlola
c3k2 x*p;, + )lzc4 ic3 K
0 0 0
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F.5 Integral for ladder diagram

P 5 1 €
- '7;2 J zd% In(x°p2 + A°c")AZS - % jdyj iﬂ
ic’k 5 Py o o ks,
5 1 2.2 5 €
[T g
k2 ] 2p; At ic? Y ks,
In the second part, Ly,, we drop the A-term and obtain
2 P o2
Ly ~-2 dxjdyjds _XAZ8)
ic [(a- s)z(xzfo2 +1k2(1-x)) - k21 -5s)(1-x)]?

Sc

N

& |:1
%)
C——n C——man C——n
oY
=
C—

1
ds
d
yj [x2 (xzp +12(1 - x))s)?

Sc

— 181

5 1 s=1
T | xax J dy !
ic3 3P+ (1= )1X2P2 - (p2 + k(1 = x))s] Is=s,
1
n—z dx j dy X ( 1 + 1 )
ic3 3 X+ RA-x)\I21-x)  x2p2 - (P2 + k(1 - X))s,

&

dy

X x2p§ - (0P} + K*(1 - x))s, + k*(1 - x)

Ot O

xdx
I2(1 - 0 [x2p2 - (P2 + k(1 - x))s]

Hl:l
w
© ey
QU
<
Oty Oy O——

, 1
m xdx
ic ks,
0
The sum of both parts
> 1 22
n dy €Dy
Ly =L +Lp= T J _21"9}2, ln( 2C4>

does not depend on s, as expected.

F.5.2 Calculation of L;,

In the second integration region we neglect the A-term, so

5 1-6 1

L ~—H—defdyj xdz
e LU g viea - - ea - o
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We use the table integrals

J dz =- ! + const
(az+b)?  alaz+bh) ’

J dx =In(x) - In(x — 1) + const
x(1-x)

and obtain

1 z=1
Ja .

3 epy (1 - )1[z03P2 + k(1 - X)) = kA(1 - x)]

i

Ly=— | d

1 ic3j x
€

z=0

| =

1
T X 1 1

ooty )
lC3J ) yxzf;2+k2(1—x) sz; k(1 -x)

’ l x=1-6
dxj b (1 X gkzj [IH(X)—ln(x 1)]|
y

7'[
2

[-1n(6) - In(-1) - In(€) + In(-1)] = -

Rﬂl%

7% In(6¢) J
icdk? ) p¥

el
e ¥

F.5.3 Calculation of L,

In the third integral we substitute x — 1 — x and obtain

,0 1 1 1 -2

T -X)z
LIII:'_JdXdeJdZ 2 272 . 2 204 P22

1c 5 o0 b [z ((l—x)py+kx)+/1(:(l—z(l—x))—kzx]

0o 1 1
n 22dz
=~ — dejdyj - = =
ic S 5 b [zzp§+sz2x+)lzc“(1—z)—kzzx]2

x=0

_ . n jdyj zdz ( 1 >
ic3k? 5 (z-1) 2%p; + 22k2x + A2 (1 - z) - k22x /Ix=s

1 1
__nz dej zdz< 1 B 1 )
ic3k? g (z-D\2%p) + A%c*(1~-z2) 22p? +22k26 + 2c*(1 - z) — k%26

T2 Jl 4 Jl zdz zzi))z, + 2218 + Xt (1-z) - K26 - zzfa§ ~A%ct(1-2)
i3k ] y ] (z-1) [22[9}2, +A2c4(1 - 2)] [22[9)2, + 22126 + 2t (1 - 2) — k%26)
20 L1 2
= _7‘[—36 j dy J dz z = = .
ic : [zzjjf, +A2¢*(1 - 2)] [zzfaf, +22k26 + A2¢*(1 - z) — k226)
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F.5 Integral for ladder diagram =— 183

Then we break the region of z-integration into two subregions 0 < z < z. and
2z, < z < 1, where the boundary z. is selected so that A>c* < 25[95 < k°z.6. Then

Lyp = Lyga + Ly

where

20 b 2

6 z

Lma = 7jdyjdz 252 L 204 252+ 2128 + A20h P2
Ic a8 [zpy+/1¢(l—z)][zpy+zk6+/1c(1—z)—kz5]
1 ¢
__ms dy] Zdz
ic3 a (22[9)2, + A2c (A2 - k226)

1 Z. -
%8 J J dz <A2c4 + k%26 A2t )
— dy

i )7 ) ppch + ke \ 2p) + Bct - Rk~ iozs
726 dy 6. o4 a2
:TJ—”TIH(AC +Zﬁy)
ic ) p2A2ct + k46?2 2p, z=0
oty
20 72 2
= —35 J %(k_j In(A%c* +z§[7§) - k_j 1n(A2c4)>
ic> J ppacct + k6% \ 2p, 2py
1 .
n? dy Z§P§
= -3”2J~_21n A2c% >
2ic3k 5 by c
2o b1 2
6 z
Ly = T3 jdyjdz 222 L 124 252 , 272 2 4 ic2
Ic 0z [zpy+)lc(1—z)][zpy+zk6+)lc(1—z)—kzé']
11
L [a | dz
ic3 g pzlz(p2 + k26) — k26]
1
2 _
m6 (dy 1 ) 29 1P
=— | =—|1 -1 k°6) - k6
2ty 1
7T . . ~ ~
== J ~—}2/~—2[— ln(pi) -In(z,) + ln(zc(p}z, +1°6) - K°6)]
2 72
[
ick? ) b, \Dbyz

Adding together these two contributions, we obtain

Lyt = Lyga + Lumy
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184 — F Loop integralsin QED

F.5.4 Complete integral

Collecting all the above terms, we obtain equation (A20) from [13], i. e.,

b(p.q.k) =Ly + Ly + Ly

1

1 252 1 -
2 € 2 2 462
~ .713~2 J%’ln(%) - _713~2 j cf—)zlln(6262) + % J {I—)2/1n< ~12(/1f 4>
2ic’k? J Py ¢ 2ic’ke J Py 2ic’ks J Py \PAC
1 252 - - 1
2 € 452 2 2
T (L Ry (BN g
2icck’ 3 py \Mch 8% pc icck? \Ac*/) py

0
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G Scattering matrix in (v/c)? approximation

In formulas (3.25) and (4.47) we expressed contributions to the S-operator through
functions ¢* and W*. For further analysis, it would be convenient to rewrite these
formulas using the (v/c)? approximation from Appendix B.9. In Appendix G.1 we will
do this in the second perturbation order (3.25), and in Appendix G.2 we will consider
the fourth-order formula (4.47).

G.1 Second perturbation order

The coefficient function (3.25) of the scattering phase operator is composed of three
components, i. e.,

by = B3 + @5 + 5. G.1)
Using properties of the Pauli matrices from Appendix B.1, the formula

(O X K] - [0 x k] = [[0¢ x k] x 0] - K
= (k(ael : apr) - Upr(ael : k)) -k
= kz(ael ’ apr) - (apr ’ k)(ael k)

and approximations (B.74)—(B.78), we obtain

2:2 4
eh m,m,c 1
=y a4 (@ k0’ a0pV (@l pr)
WqWq.kQpQpi
. e2h2 <1_ p2 +pk - k2 ~ qZ ~ qk ~ kz >
@anPke\" 2m2c? T 2mdc®  4mdc? 2mic? 2m2c 4mic?
1 2q + k)* + 2ig,, - [k x q] 0
XX(e' )T< 8m2c§ X((Je
2p-k)? - 2ig, - [k x p]
oot @~ -
XX <1 8m2c2 >Xr
er eyt oot
- (27.[;.1)3)( XT’
(l o1 1 ey [kxp] L 10 - [k x ¢I]> (e (b0
k2 Smf,c2 8m2c2 4m§52k2 4m2ci2 o Xt
oo EWC_ mmec’ U +ko',g0) W Kot po
b3 (27'[}’1)3 wg q+kQ Q ((wq+k _ wq)z — )
e’n’ (eDt, (pr)t

S Tz cte X

https://doi.org/10.1515/9783110493207-011
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X el)X pr)
2q +k+1i k) (2p -k -i k)= —
x (2q + k +i[og x k])(2p [0, ])4mempc2
L €7 et (
(2ﬂh)3X XTI
( pP-q B kq N pk B 1 _i[oprxk]-q
m,m,c’k?  2m,m,c’k? = 2m,m,c’k?  4mym,c?>  2m,m,c’k?

zp [0 o] X k] (apr ! oel) ( k)(ael k)> (el)_,(pr)

+ >
2m myc2k? 4mpmec2 4mpmec2k2 oo
¢C = e2h2c2 mprneC4 1
L@ g0g 00y g (@gii — wg)* — IO

x (k-U((q +k)a',qo)) (k- W((p - k)T',pr))

e*n?
= (2ﬂh)3k4 4m,m, CZX(eDTXT: (217 k- kz)(zq k+ kz)Xfyd Xipr)

e’ (et oot

(27'[h)3X‘7' Xp
<(p I)(q k) q-k + p-k _ 1 >X el)X pr)
m,m,c2k* Zmpmeczk2 2m,m,c?k*  4mymyc? )77 7T

Adding together these three terms, we obtain the coefficient function (G.1)

,(p't'.q'0’;p1,q0)

e’ el 3 1 1 1 pP-q
~ (2ﬂh)3X‘(7' ! ?') )T< e 8m2c? " 8m2c? * m,m,c?k?
(k)G k) 0y kxp] g, -[kxq] 0y lkxql
m,m,c2k* 4mgck? 4m2ck? 2m,,m,c2k>
y 10 lkxp] (O 0)  (Op k(0 - k)> (e (pD) (G.2)
2m,m,c’k? ~ 4m,m,c? 4mymec?k? )70 T

where k = q' —q = p-p’ is the transferred momentum. The proton mass is much larger
than the electron mass (mp > m,), so we are interested primarily in the terms that do
not have m, in the denominator:

212
eh 1 1 0. - [k x
¢2(p’r',q'o’;pr,qo) (eht < + i< [ q]) (eh (G.3)

6 .
@rny e \Ti2 8m2c? : 4m2c?k? )70

These terms survive in the limit m, — co and give the dominant contribution to the
electron—proton scattering amplitude.
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G.2 Vertex contribution in fourth order = 187

G.2 Vertex contribution in fourth order

It will be convenient to break the S-matrix element (4.47) into two parts,

(e)+(h) _ _fin div
S, =S, tS,

where szin remains finite in the infrared limit A — 0, while s;" contains the infrared-
divergent logarithm In(A/m,). As usual, we introduce the 3-vector of the transferred
momentum k = q' — q = p - p'. Then, for the infrared-finite part we obtain

div
4

. 4
fin _ICd  mpmeC

4 T T, 02
4k Vi Wy kg

_ K2 G+k)+q i
!
xu(q+k,o )[2y,<<1— 12m§c">_ mezz "<1+ 6m§c4>]u(q’a)

xW*((p - I)7',pr)

icca? m,m.c

47'[2](2 \ Qp_kaa}q+ka)q

]22 ! !
X [2(1 - W)uo((q +1k)0’,qo)W°((p - k)T', p1)

4

’}2 ! !
- 2<1 - W)“((q +k)o’,qo) - W((p - I)T', p1)

7.2
- (1 k )wq+k % u(q + k, 0" u(q, o)W°((p - k)1', pr)

+
6mic*/) myc?
K\ g+l -W(p-kt'.pr)_ :
1 k, ,
+ ( + 6m§c4> m.c u(q +k,0")u(q,0)
_ ic3a2 mpmec4

(szin(l) + sgn(z) + 52“8 ) 4 sgnm)).

272
4k ok Wy kg

Next we use formulas from Appendices B.6 and B.9! and calculate in turn all four con-
tributions. As in the preceding section, we will take the limit m, — oo, but in the
part 52“1(2) we also leave a term which contains both factors @, (= electron spin) and
p (= proton momentum). Although this term vanishes in the limit m,, — oo, we will
need it in the third volume to derive the so-called anomalous magnetic moment of the
electron. We have
2
sy = 2(1 +

W)U‘)((q + 000", go)W°((p - k), pr)

1 For example, in these approximations we can set W° = §_,, W = 0 and k? = —c?k. In particular,

this means that szm(l” = 0.

T
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188 —— G Scattering matrix in (v/c)? approximation

K )( N (2q+k)2+2iael~[k><q]>

(et (pr)’rz(
ot X 12m2¢? 8m2c?
2 .
«(1 @p-k)" - 2oy, - kxXpl\ 0o (@
8m2c? e Ko
P

k2 2 . k k2
2X(€DTX' < 22t q22+q22+ 2.2
T 12mses  2mges  2mges 8mgc

L0 kxql  p° N B
4m2c? 2mic?  2mlc?  8mlc? 4mgc? T
5k2 ¢ gk iog-lkxql\ ()
~ 26, el)T( el > (el)
X 24m§c2 ' 2m2c? ' 2m2c? ' 4m2c? ’
2
fin(2) _ ! !
5, = —2(1 + @)u((" +k)a',qo) - W((p - k)1, pr)
= 2 X el)fX(pr)T< K )
4mem,c270 T 12m2c?
x (29 + k + 110 x K1) - (2p — k — il0, x K] POxs
0rp (el (el)
meTpch‘T' (loeg x k] P, -
To calculate the third term, we also use (B.4) and formulas
u(q + k,0')u(q, o)
(el)’r o a+k >]
[\/w k+mc \/wq+k mc(|q+k| (18]
\Wgq + Mec? x&
w/wq—m c (— o) | 2mec?
Xy 2m,c?
R EETE I
2m,c? lg+kl ¢)\gq o
X(em[<1 (q+k)2><l+ ' )_ |q+k|q< q+k )(q
o' 8m2c? 8m2c? 4m2c? \ |q + k| )\ q
(el)’r<1+ K iy (kxq] >X<e1)
o’ 8m2c? 4mic? g
Wak + W 2 2
ark? Bq 12< ez+(q+k) imyc?+ g )
m,C m,C e 2m,

2 2
-k k
2<1+ q + c| + >

2m2c?  2mic? 4mic?
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G.2 Vertex contribution in fourth order —— 189

to obtain

2
fin(3) k Wak + Wq _ ) 0 )
5,0 = —(1— 6m§c2> n.c? u(q + k0" )u(q,o)W"((p - k)t', pt)

2 2 2
(LN (O N .

6m2c? 2m,c?  2m,c?  4m,c?
. 2 .
X<1+ K zoel-[kxcﬂ)(“ (2p — k)" - 2i0, - [k x p] >X<pr>x<en
8m2c? 4m’c? 8myc? e
2 2 2 2
= =26 (el)T<1— k +-4 .4 k + k + k
6mic?  2m2c>  2mic?  4mic?  8mic?

_ 0 - [k x q] > (el)
4m2c? 7
3 (el)t q q-k 5k iog - [kxql\ (e
=-26.0X, + + - o -
2m,23c2 2mic?  24mic? 4m2c?

So, the sum 5fm(l) ﬁ“(3) determines the part independent of m,,, i. e.,
ico® m,m,c* ' '
fin(1+3) _ 1CQX p''te fin(1) , _fin(3)
4 = 22 (54 +54 )
4’k o Qo w, w
'p-k>“pLq+k%q

. 4 :
- 2ica’S.. m,meC (et 210 - [k x q] )

) X
42k? /Qp_ QW sicWq o 4mic? "7

_ a26‘rr’ ent (g - [k X q])X(el

4mm2c”o' k? (G4)
and the contribution due to the electron’s anomalous magnetic moment is
i ica’é m,m,c* .
Sfm(z) _ 1ICQA Oy p'e 5fm(z)
4 - 47-[2](2 4
Qp,kQ a)q+ka)q
. 2 s (et
Ica 6.”./ lX (el)
~ ——T . —% ([0 x k] - D)X
4m°k?  m mpc
o’s o, - [k x
7! (el)t Yel * [ p]X(el) (G.S)

" 4n’m My k2
For the A-dependent part in (4.47) we use the nonrelativistic approximations (B.79)—

(B.83) and obtain

) 4
ixm,m,Cc ~ -
sdv p_e 1n<i>(u-)/v)
me

22|
3 mgC[Qp k Wa 1 QpWy

. 2

i A

:—ln<—>5 16 1. (G.6)
3m’mic m,) %"
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H Checks of physical dimensions

In our formulas, we explicitly indicate all fundamental constants, such as ¢ and #,
instead of the usual practice of choosing a system of units in which # = ¢ = 1. This
makes our formulas somewhat more cumbersome than usual, but this is offset by two
important advantages. First, in our notation it is easy to sort the terms in the order of
their smallness in the important classical (A — 0) and nonrelativistic (¢ — co) limits.
Second, it is much easier to monitor the physical dimensions of terms at all stages
of computations. In this appendix, we will offer several rules for evaluating physical
dimensions of expressions containing quantum fields.
From the familiar formula

J dpé(p) =1,
it follows that the dimension of the delta-function is the inverse cube of momentum
1
<6(p)> = <—3
(Anti)commutators of creation and annihilation operators

{ Apg> pcr’} 5(p p) oo'>
[ pr’ pr] - ( )671’
suggest their dimensions
: 1

<al > =<ayqy>=<c >:<CTT,>=T.
<p3/2>

po ' pr " (H.1)

In the definition of the Dirac quantum field (B.34),

Yt = J (2rth)3/? e Z (e P u(p. ‘7)apa+eé (P, 0)by, ),

the 4-vectors p and x have the dimensions of energy and time, respectively:

<p> =<E>,

<X> = <t>.
The Planck constant has the dimension of action

<h> = <p><r> = <E><t>,

https://doi.org/10.1515/9783110493207-012
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192 —— H Checks of physical dimensions

which implies that the arguments (%ﬁ - X) of the exponents are dimensionless, as ex-
pected. The functions u and v are dimensionless as well (see equations (B.45)—(B.48)).
Then the dimension of the field operator is

3 3/2
<p’> < > 1
<> = P 4 =

S <Blsepdls T <32 <32y

Similarly, we get the dimension of the photon quantum field (C.2)

<h><C1/2><p3> _ <p><Cl/2> _ <p1/2><C1/2>

A= <hH><pl25<p32> — <pl2> T <12

, (H.2)

the current density operator (D.1),

. — <e>
<> = <ePh> = ——
! 42 <>’

and the potential energy (3.14),!

5 <e> <ps<c?s  <ces<hPs<c?s <>
<Vp>=<r>— = = .
<> <tz <r> <r>

The latter result is expected from comparison with the Coulomb interaction energy E =
e%/(4nr). In QED, the second-order potential (3.15) also has the dimension of energy,

_ <r3><r3> <e> <e> <€2>

<V,> = =
2 <> <r3><r3> <>

Following these rules, it is not difficult to confirm that all three terms in the potential
boost (3.17) have the expected dimension of <m><r>.

Let us now illustrate the dimension check on the example of the scattering am-
plitude (3.31). The S-operator is a dimensionless quantity, while the dimension of cre-
ation/annihilation operators is <p~>/%>. So, for the dimension of the matrix element

_ Tt 65 gGj
Sy = (vaclaqfdpgszdp,a, Ay |[vac) we expect to get <p~~>. Since

1

<8*(p)> = <6(E)6(p)> = —————,
<E><p3>

the dimension of (3.33) is

<e’><c?> <> 1

<h><E><p3><E?>  <E3><p3> - <pb>’

in agreement with our expectation.

1 We simplified this expression by using the formula <e?> = <h><c>, which follows from the fact that
a = e%/(47hc) ~ 1/137 is the dimensionless fine structure constant.
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