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PREFACE

Attempts to quantize gravity started from the 1960s and continue until now.
However, in the framework of Einstein’s theory, quantization of gravity did
not go well because it does not become renormalizable in the standard way
applied to other ordinary fields. Attempts were made to modify Einstein’s
theory to render it possible, but another difficulty known as ghost problem
appeared, and eventually the attempt to quantize gravity with the standard
field theory methods has gone away. After the 1980s, methods that do not
depend on quantum field theory like string theory and loop quantum grav-
ity have become mainstream. Many of books published in this research are
about these theories. However, even though these theories have been stud-
ied for many years, realistic predictions that can explain briefly the current
universe are not derived yet. Now is a good time to revisit the problem of
quantization of gravity by returning to the traditional method again.

In this book, I will describe a renormalizable quantum gravity formu-
lated with incorporating a new technique based on conformal field theory
which recently has made prominent progress. Conformal invariance here
appears as a gauge symmetry that gives a key property of quantum gravity
known as the background-metric independence. Due to the presence of this
symmetry, the theory becomes free from the problem of spacetime singular-
ity, and thus from the information loss problem, namely the ghost problem
as well. Furthermore, I will give a new scenario of the universe that evolves
from quantum gravity world to the current classical world through the space-
time phase transition, including inflation driven by quantum gravity effects
only.

This book also includes descriptions of recent developments in confor-
mal field theory, renormalization theory in curved space, and conformal
anomalies related thereto, almost of which do not found in other books.
In addition, it includes review on evolution equations of the universe that is
the foundation of modern cosmology necessary to understand results of the
CMB experiments such as WMAP. Furthermore, it will be briefly shown
that there is a noticeable relationship between the quantum gravity and a
random lattice model that is based on the dynamical triangulation method
known as another description of the background free property. I would like
to describe these topics by taking enough pages as a latest advanced text-
book for leading to this new area of quantum field theory that developed
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xii Preface

mainly since the beginning of this century.

Research results on the quantum gravity over the last twenty years are
summarized in this book. I was helped by several collaborators in continu-
ing this research. I am grateful to them for attending to my discussions for a
long time. I especially thank Shinichi Horata and Tetsuyuki Yukawa. I could
not proceed with this research without the help of two. This book is an En-
glish version of the book published in 2016 from the Pleiades Publishing in
Japan, with adding a bit of new content and sentences. I appreciate the sup-
port of the Pleiades Publishing. In publishing this English version, I would
like to thank Makoto Kobayashi, Kei-Ichi Kondo, and again Yukawa. I also
wish to thank Cambridge Scholars Publishing for giving me the opportunity
for publication. And I thank my wife Nonn and my daughter Kyouka for
supporting me.

Tsukuba, Japan
June 2018
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CHAPTER ONE

INTRODUCTION

The elementary particle picture represented by an ideal point without spread-
ing is a concept incompatible with Einstein’s theory of gravity.! Because
such an object is nothing other than a black hole in terms of the theory
of gravity. If its mass m is smaller than the Planck mass m,,, the Comp-
ton wavelength which gives a typical fluctuation size of particles becomes
larger than the horizon size of the mass m, hence it can be approximated
as a particle. However, in the world beyond the Planck scale, such an ap-
proximation does not hold because particle information is confined inside
the horizon (see Fig. 1-1).

T~ NG
m < Mmp m > mp]

Figure 1-1: The Compton wavelength of mass m is given by A ~ 1/m, while
particle’s horizon size (dotted line) is 74 ~ m/ mf,l. Therefore, A < ry for m >
myp1, as shown on the right, and information on such an elementary excitation is
confined inside the horizon and lost. Hence, in the world beyond the Planck scale,
normal particle picture is no longer established.

The goal of quantum gravity is to reveal a high energy physics beyond
the Planck scale. While particles live in spacetime, gravity rules the space-
time itself, and the difference between their roles stands out there. Quantum
fluctuations of gravity become large, so that the concept of time and distance
will be lost. Quantization of the spacetime itself is required to describe such
a world where the image of particles moving in a specific spacetime is bro-
ken.

One way to resolve the problem mentioned above is to realize such a

" The original paper is A. Einstein, Die Grundlage der allgemeinen
Relativitatstheorie, Annalen der Phys. 49 (1916) 769.
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2 Chapter One

quantum spacetime where the scale itself does not exist. It can be repre-
sented as gauge equivalence between spacetimes with different scales. This
property is called the background-metric independence. In this book, as a
theory with such a property, we will present a renormalizable quantum field
theory, called the asymptotically background-free quantum gravity, whose
ultraviolet limit is described as a special conformal field theory that has con-
formal invariance as a gauge symmetry.

Academic Interests

From observations of the cosmic microwave background (CMB) radiation
by Wilkinson Microwave Anisotropies Probe (WMAP), which is an astro-
nomical satellite launched from the NASA Kennedy Space Center in 2001,
cosmological parameters were determined with high precision and the the-
ory of inflation which suggests that a rapid expansion occurred in the early
stage of the universe was strongly supported. On the other hand, there are
still many simple and fundamental questions left, for example, why the uni-
verse is expanding or what is the source of repulsive force that ignites infla-
tion.

Interpreting the inflation theory naturally, the universe has expanded
about 10%° times from the birth to the present. This means that the larger
size than a cluster of galaxies was within the Planck length [, before infla-
tion begins. It suggests that traces of quantum fluctuations of gravity in the
creation period of the universe are recorded in the CMB anisotropy spectrum
observed by WMAP.

Cosmic expansion, the big bang, creation of the primordial fluctuations,
and so on, it seems to be natural to consider that their origin is in quantum
effects of gravity. Quantum gravity is expected as a necessary physics to
understand the history of the universe from the birth of spacetime to the
present. The ultimate goal of this book is to explain the spectrum of CMB
using the asymptotically background-free quantum gravity. Recent studies
have revealed that we can explain a number of observed facts well if con-
sidering that a spacetime phase transition suggested by this theory as the big
bang occurred at 107GeV.

Historical Background

Einstein’s theory of gravity has many properties unfavorable in constructing
its quantum theory, for examples, the Einstein-Hilbert action given by the

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Introduction 3

Ricci scalar curvature is not positive-definite, and the Newton coupling con-
stant has dimensions so that the theory becomes unrenormalizable. How-
ever, renormalization itself is not an idea contradictory to diffeomorphism
invariance, or invariance under general coordinate transformations, which is
the basis of the gravity theory.

In the early studies of the 1970s, it was considered that renormalizable
quantum gravity could be obtained by simply adding fourth-order derivative
gravitational actions to the Einstein-Hilbert action. It is because due to the
fact that the gravitational field is dimensionless unlike other known fields,
not only the coupling constant becomes dimensionless, but also the action
can be made positive-definite. Furthermore, when including the Riemann
curvature tensor in the action, spacetime singularities can be removed quan-
tum mechanically because the action diverges for such field configurations.

However, with methods of treating all modes of the gravitational field
perturbatively, we could not prevent undesirable gauge-invariant ghosts from
appearing as asymptotic fields. It is the problem of the so-called massive
graviton with negative metric.> Eventually, the attempt to quantize gravity
with standard methods of quantum field theory had gone away, and after the
1980s, methods that do not use quantum field theory have become main-
stream. Actually, there are many studies on quantum gravity, but there are
few ones that have directly performed quantization of the gravitational field.

The purpose of this book is to return to the traditional method of quan-
tum field theory again and propose a new approach to renormalizable quan-
tum theory of gravity. In order to solve the problems, we introduce a non-
perturbative technique based on conformal field theory which has recently
made remarkable progress. As the result, the particle picture propagating in
a specific background will be discarded.

A significant progress in methods to quantize gravity was made in the
latter half of the 1980s. That is the discovery of an exact solution of two-
dimensional quantum gravity. The major difference from the conventional
quantum gravity mainly studied from the 1970s to the early 1980s was that
it correctly took in contributions from the path integral measure and treated
the conformal factor in the metric tensor field strictly. This study indicated

2 There is a work on the unitarity issue by T. Lee and G. Wick, Nucl. Phys, B9
(1969) 209, in which they proposed an idea that considering a full propagator in-
cluding quantum corrections, a real pole representing the existence of ghosts disap-
pears and moves to a pair of complex poles so that ghosts do not appear in the real
world. For its application to quantum gravity, see E. Tomboulis, Phys. Lett. 70B
(1977) 361 and references in Bibliography. For more detailed explanations, see the
end of Chapter 7. However, this idea cannot be applied to the ultraviolet limit where
interactions turn off.
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that diffeomorphism invariance in quantum theory should be handled more
carefully than that in classical theory.

The essence of this approach is that diffeomorphism invariance involves
conformal invariance, thus the quantum gravity theory is formulated as a
certain conformal field theory defined on any background spacetime. The
difference from normal conformal field theory is that conformal invariance
is a gauge symmetry, namely BRST symmetry.? In normal conformal field
theory, only the vacuum is conformally invariant, whereas in the quantum
gravity fields must be conformally invariant as well. All of the theories with
different backgrounds connected each other by conformal transformations
become gauge-equivalent, thus the background-metric independence is re-
alized. This is called the BRST conformal invariance. It represents that the
so-called Wheeler-DeWitt algebra is realized at the quantum level.*

Developing this method in four dimensions, we have formulated a new
renormalizable quantum theory of gravity. The gravitational field is then
decomposed into three parts: the conformal factor defined in an exponen-
tial, the traceless tensor field, and a background metric. By quantizing the
conformal factor in a non-perturbative way, the background-metric indepen-
dence is strictly realized as the BRST conformal invariance in the ultraviolet
limit. On the other hand, dynamics of the traceless tensor field which can-
not be ignored in four dimensions is handled perturbatively by adding the
fourth-order derivative Weyl action. Since the coupling constant becomes
dimensionless, the theory becomes renormalizable.

In conventional quantum field theories based on Einstein’s theory of
gravity, the Planck scale is usually regarded as an ultraviolet cutoff. Hence,
problems of spacetime singularities, ultraviolet divergences, and even the
cosmological constant are substantially avoided. On the other hand, this
new renormalizable quantum gravity does not require such an ultraviolet
cutoff, because the beta function of the gravitational coupling constant be-
comes negative, like in quantum chromodynamics (QCD). Therefore, we

3 BRST is an abbreviation for Becchi-Rouet-Stora-Tyutin which arranged the names
of four discovers. The original papers are C. Becchi, A. Rouet, and R. Stora, Renor-
malization of the Abelian Higgs-Kibble Model, Comm. Math. Phys. 42 (1975)
127; Renormalization of Gauge Theories, Ann. Phys. 98 (1976) 287, and I. Tyutin,
Lebedev preprint FIAN, 1975. See T. Kugo and I. Ojima, Local Covariant Operator
Formalism of Non-Abelian Gauge Theories and Quark Confinement Problem, Prog.
Theor. Phys. Suppl. 66 (1979) 1 and reference books on quantum field theory in
Bigliography.

4 At the classical Poisson bracket level, the Wheeler-DeWitt algebra holds for ar-
bitrary diffeomorphism invariant theory, but for the algebra to close at the quantum
level, the theory is constrained, so that the gravitational action is determined tightly.
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can describe a world beyond the Planck scale.

Furthermore, the massive graviton mode becomes unphysical in this ap-
proach, because a quadratic term of the field giving mass to this mode is not
gauge invariant due to the existence of the exponential conformal factor in
the Einstein-Hilbert action. Not only that, the BRST conformal symmetry
shows that all modes in the fourth-order derivative gravitational field are not
gauge invariant after all even in the ultraviolet limit.

As a theoretical background in which this four-dimensional quantum
gravity was devised, there is a work of numerical calculations by the dy-
namical triangulation method.> It is a random lattice model in which the
two-dimensional model (matrix model) is generalized to four dimensions,
and the simulation result strongly suggested that scalar fluctuations are more
dominant than tensor fluctuations. From this research result, we came up
with this quantization method which treats only the traceless tensor field
perturbatively.

After that, the first observation result of WMAP was released in 2003,
and it was indicated that a scale-invariant scalar fluctuation dominates in
the early universe. At the same time, the existence of a new scale close
to the Planck length was suggested. At first, we could not imagine that a
wavelength of observed fluctuations about 5000Mpc which corresponds to
the size of the universe is related with the smallest length scale among the
known ones, but it can be understood when we consider that the universe
expanded about 10%° times from its birth to the present, including an in-
flationary period and the subsequent 13.7 billion years, predicted from a
typical scenario of the inflation theory. From the consideration of this new
scale, the idea of quantum gravity inflation was born.

Excellent Points of The Theory

A theoretical superiority of the BRST conformal field theory is that what-
ever background metric we choose, as far as it is conformally flat, the theory
does not lose its generality. With this theory as the core, the renormaliz-
able quantum gravity can be constructed as a quantum field theory in the
flat background as usual. Dynamics that represents a deviation from the
conformal invariance is controlled by only one dimensionless gravitational

5 See S. Horata, H. Egawa, and T. Yukawa, Clear Evidence of A Continuum Theory
of 4D Euclidean Simplicial Quantum Gravity, Nucl. Phys. B (Proc. Suppl.) 106
(2002) 971; S. Horata, H. Egawa, and T. Yukawa, Grand Canonical Simulation of
4D Simplicial Quantum Gravity , Nucl. Phys. B (Proc. Suppl.) 119 (2003) 921. See
also the fifth section of Appendix D and the author’s review article in Bibliography.
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coupling constant whose beta function becomes negative.

The renormalization theory is formulated using dimensional regulariza-
tion, which is a regularization method that can calculate higher loop quan-
tum corrections while preserving diffeomorphism invariance. The long-
standing problem that the form of fourth-order gravitational actions can-
not be fixed from classical diffeomorphism invariance alone is settled at
the quantum level, that is, it is determined by not only imposing the Wess-
Zumino integrability condition but also using a certain new renormalization
group equation.

The fact that the beta function is negative means that the theory can
be defined correctly in the ultraviolet limit. Unlike conventional quantum
field theory, however, it does not indicate that the flat spacetime in which
asymptotic fields can be defined is realized. This is because the conformal
factor still fluctuates non-perturbatively so that spacetime is fully quantum
mechanical. Therefore, the traditional S-matrix is not defined as a physical
quantity. In this book, we refer to this behavior as “asymptotic background
freedom”, in distinction from the conventional asymptotic freedom.

It also suggests the existence of a new dynamical infrared energy scale of
quantum gravity denoted by Aqg here, like Aqcp in QCD.6 At sufficiently
high energy beyond Aqg, tensor fluctuations become smaller, while scalar
fluctuations by the conformal factor dominate. Below Aqq, such conformal
dynamics disappears. Thus, this scale divides quantum spacetime filled with
conformal fluctuations of gravity from the current classical spacetime with-
out conformal invariance. The more detailed physical implications indicated
by this scale are as follows.

Inflation and spacetime phase transition If setting the magnitude
relation between the Planck mass my, and the dynamical scale Aqg as
mp1 > Aqg, there is an inflationary solution, then evolution of the early
universe can be divided into three eras separated by these two scales. At
high energy far beyond the Planck scale it is described as a conformally in-
variant spacetime where quantum scalar fluctuations of the conformal factor
dominate. The conformal invariance starts breaking in the vicinity of the
Planck scale, and gradually shifts to the era of inflation. The inflationary
era drastically ends at Aqg where the conformal invariance loses its valid-
ity completely. At this point, the universe is expected to make a transition

6 The existence of such a scale is a characteristic of renormalizable quantum field
theory, which is a scale that does not exist in a manifestly finite continuum theory
like string theory. It is also characterized by the fact that the effective action has a
nonlocal form, and this point is also different from a manifestly finite theory which
generally gives a local effective theory.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Introduction 7

to the classical Friedmann spacetime in which long distance correlation has
been lost. If we choose this scale as 10'7GeV, we can explain the CMB
observation results well.

One of the excellent points in this inflationary scenario is that it can ex-
plain the evolution of the universe using the dynamics of the gravitational
field alone without introducing a phenomenological scalar degree of free-
dom called the inflaton.” Interactions between the conformal-factor field and
matter fields open through conformal anomaly, and become strong rapidly
near Aqg. The big bang is caused by that a fourth-order derivative scalar
degree of freedom in the conformal factor changes to matter fields imme-
diately at the time of the spacetime phase transition. Hence, it is suggested
that quantum fluctuations of gravity are the source of everything. The origin
of primordial fluctuations necessary for explaining the structure formation
of the universe is given by a scale-invariant scalar spectrum predicted from
conformal invariance.

Existence of physical minimum length The dynamical scale Aqg
separating quantum and classical spacetimes implies that there is no concept
of distance shorter than the correlation length {, = 1/Aq¢ because space-
time totally fluctuates there. In this sense, £, denotes a minimum length we
can measure. Thus, spacetime is practically quantized by &5, without dis-
cretizing it explicitly, that is, without breaking diffeomorphism invariance.
Excitations in quantum gravity would be given by the mass of order Aqg.

Although we do not know how large our universe is, at least most of
the range that we are looking at today falls within the minimum length be-
fore inflation, because the present Hubble distance is given by the order of
10%9 x &, as mentioned before. That is to say, we can consider that the uni-
verse we are observing now was born from a “bubble” of quantum gravity
fluctuations. This is the reason why the primordial spectrum of the universe
is almost scale invariant.

On the other hand, since correlations larger than £, disappear, the sharp
fall-off observed in large angular components of the CMB anisotropy spec-
trum can be explained by this length scale.

7 On the other hand, Einstein’s theory of gravity is a theory that matter density
determines the structure of spacetime. In other words, the current spacetime cannot
be produced from the absence of matters. Therefore, the inflation model based on
Einstein’s theory of gravity has to introduce a scalar field as a source of all matter
fields, but it is unconvincing that elementary particles with a theoretical background
such as gauge principles and renormalizability are created from a scalar field that
does not have these properties.
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New approach to unitarity problem As stated at the beginning, in
gravity theories based on the Einstein-Hilbert action, an elementary exci-
tation that has energy beyond the Planck mass becomes a black hole, and
thus unitarity is broken. On the other hand, the asymptotically background-
free theory indicates that spacetime configurations where the Weyl curvature
tensor disappears dominate at high energy beyond Aq¢. Therefore, space-
time configuration where the Riemann curvature tensor diverges like the
Schwarzschild solution is excluded at the quantum level.® The existence of
such a singular point is also denied by the realization of the BRST conformal
invariance representing the background-metric independence.

Since singularities are eliminated, it is possible to discuss the problem of
unitarity non-perturbatively. Algebraically, conformal invariance becomes
important. The unitarity in conformal field theory is that the Hermitian na-
ture of fields is preserved even in correlation functions. It is expressed as
the conditions that not only two-point functions are positive-definite but also
operator product expansion coefficients are real.’

The BRST conformal invariance gives far stronger constraints on the the-
ory than conventional conformal invariance. Negative-metric ghost modes
included in the fourth-order derivative gravitational field are necessary for
the conformal algebra to close, but they are not gauge invariant themselves,
so that they do not appear in the real world. Physical operators are given by
real primary scalar composite fields with a specific conformal dimension,
whereas fields with tensor indices become unphysical. Since the whole ac-
tion is positive-definite, the stability of the path integral is guaranteed, and
thus the Hermitian nature of the physical operators will be retained.'?

8 Since the Weyl action diverges, singular configurations are obviously unphysical,
whereas in Einstein’s gravity theory such a singularity cannot be eliminated because
the Einstein-Hilbert action given by the Ricci scalar vanishes, that is, it is physical.

° Since the action is often unknown in conformal field theory, such conditions will
be imposed (see Chapters 2 and 3). If the action is known, it can be easily under-
stood in statistical mechanics by considering Wick-rotated Euclidean space. If the
Euclidean action [ is positive-definite, the path integral with weight e T is correctly
defined and thus reality of fields is preserved. If the action is not bounded from
below, the path integral diverges and thus the field reality is sacrificed in order to
regularize it.

10 Each mode in the fourth-order gravitational field is not a physical quantity, thus
as long as considering correlation functions of physical fields, the positivity of the
whole action expressed by the original gravitational field is essential (see Footnote
9).
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Outline of The Book

In Chapters 2 and 3, we explain the basis of conformal field theory and
recent developments. The basis of two-dimensional conformal field theory
is summarized in Chapter 4. In Chapter 5, we describe conformal anomaly
involved deeply in the construction of quantum gravity. Chapter 6 is devoted
to two-dimensional quantum gravity, which is the simplest theory with the
BRST conformal invariance.

In Chapters 7 and 8, we formulate the BRST conformally invariant quan-
tum gravity in four dimensions, which is one of the main subjects of this
book, and construct physical field operators and physical states. As a first
step to define renormalizable quantum theory of gravity by using dimen-
sional regularization, we examine quantum field theory in curved space-
time in Chapter 9. The form of gravitational counterterms and conformal
anomalies is then determined using an advanced technique of renormal-
ization group equations applied to composite fields. Based on this result,
we formulate the renormalizable asymptotically background-free quantum
gravity in Chapter 10.

In the last four chapters we will discuss evolution of the universe that
the quantum gravity suggests. In order to show why we can consider that
its traces remains today, we first explain the Friedmann universe in Chapter
11, then present a model of inflation induced by quantum gravity effects in
Chapter 12. Furthermore, in Chapter 13, we explain in detail cosmological
perturbation theory describing time evolution of fluctuations. In Chapter 14,
we apply it to the quantum gravity cosmology and examine time evolution of
quantum gravity fluctuations in the inflationary background, then show that
the amplitudes reduce during inflation. From quantum gravity spectra given
before the Planck time, we derive primordial power spectra right after the
spacetime phase transition, and with them as initial spectra of the Friedmann
universe, the CMB anisotropy spectra are calculated and compared with
experimental data.

Each chapter of the appendix supplements useful formulas for gravita-
tional fields and also useful knowledge that will help understanding although
it is slightly out of the main subject.

Finally, from the author’s review article listed in Bibliography, extract
the following passage:

The wall of Planck scale reminds us the wall of sound speed. When an
airplane speeds up and approaches to the sound speed, it faces violent vibra-
tions due to the sound made by the airplane itself and sometimes breaks the
airplane into pieces. People of old days thought that the sound speed is the
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10 Chapter One

unpassable wall. However, we know now once we pass the wall with durable
body, a peaceful space without sounds spreads about us. Similarly, we might
think that the Planck scale is the wall that we can never pass. However, once
we go beyond the Planck scale, there is no singularity, but a harmonious
space of conformal symmetry.

The thought of this research is summarized in this sentence.
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CHAPTER TWO

CONFORMAL FIELD THEORY IN
MINKOWSKI SPACE

As places where conformal field theory appears, non-trivial fixed points in
quantum field theories and critical points in statistical models are widely
known. In addition, we will show that an ultraviolet limit of quantum gravity
is described as a certain conformal field theory in this book.

These theories will be discussed in Minkowski space or Euclidean space,
and each has advantages. First of all, the basis of conformal field theory in
Minkowski space are summarized. In this case, the procedure of quanti-
zation, the Hamiltonian operator, the nature of field operators such as Her-
miticity, etc. are more clear than quantum field theory in Euclidean space.
Conformal field theory in Euclidean space is basically considered to be ob-
tained by analytic continuation from Minkowski space.

On the other hand, in the case where an action or a (non-perturbative)
quantization method is not clear, it is easier to discuss in Euclidean space,
because we can avoid divergences specific to Minkowski space. In addition,
there are advantages such as structures of correlation functions, correspon-
dences between states and operators, and so on become clearer, and also cor-
respondences with statistical mechanics becomes easy to understand. Con-
formal field theory in Euclidean space is discussed in the next chapter.

Hereinafter, when describing the basic properties of conformal field the-
ory, we describe them in any D dimensions. When presenting specific ex-
amples, calculations are done in four dimensions for simplicity.

Conformal Transformations

Conformal transformations are coordinate transformations in which when
transforming coordinates to z# — x'#, a line element changes as

Nuwdztde” — n,da'"de’ = Q*(2)n,,da*dz” (2-1)

where € is an arbitrary real function and the Minkowski metric is 7, =
(=1,1,---,1). Rewriting the right-hand side, the conformal transformation

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

12 Chapter Two

is expressed as
oz’ o',
M 5ox gpo (Z)Mro-

The 2 = 1 case corresponds to the Poincaré transformation.

Conformal transformations are defined only on the background metric
N, and under the transformation this metric tensor itself does not change.
On the other hand, diffeomorphism is a coordinate transformation in which
the metric tensor is regarded as a field to transform together in order to
preserve the line element as a scalar quantity, thus it has to be distinguished
from the conformal transformation.' Below, all contractions of indices of
tensor fields are done with the background metric 1),,,,.

Considering an infinitesimal conformal transformation x# — a'* =
" + ¢*, we find from the above equation that (* must satisfy

2
0o+ 0uCy — Bn,wm@ =0. (2-2)

This is called the conformal Killing equation, and ¢* is called the conformal
Killing vector. The arbitrary function is then given by

2
0 =1+ =0\ 2-3
+50C (2-3)
Deforming the conformal Killing equation (2-2), we get
(1 0% + (D — 2)9,0,] 9 = 0.

Furthermore, since (D — 1)020,¢* = 0 is obtained from the trace of this
expression, we get 9,0,0,(* = 0 for D > 2.2 Solving the equation with
this in mind yields (D + 1)(D + 2)/2 solutions. They correspond to D
translations, D(D — 1)/2 Lorentz transformations, one dilatation, D spe-
cial conformal transformations, denoted by Cq’\w’ L.D,s» respectively, which
are given as follows: l

(@)\")u = 5),;7 (Ci\)/w = xu(S):\/ - xué);\u

(p =2, ((8)p = 2°8, — 2my2™. (2-4)

I Considered the metric as a field and combined with diffeomorphism, the conformal transfor-
mation can be expressed as the Weyl rescaling of the metric field, but in this and the next two
chapters it is not considered.

2 In D = 2, the condition reduces to 828,\C>‘ = 0, and the number of the conformal Killing
vectors becomes infinite.
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Conformal Field Theory in Minkowski Space 13

The indices p, v here represent the degrees of freedom of C%, .- The first
two correspond to isometry transformations that satisfies the Killing equa-
tion 0,,¢, + 0,¢, = 0, namely the Poincaré transformations.

Finite conformal transformations for dilatation and special conformal
transformation are given by

o + atx?

ot — 2’ = ot — P 5
1 + 2a,7" + acx

respectively. In addition to these, we introduce conformal inversion

/ at
at =t = (2-5)
x
which is an important transformation that can be used in place of special
conformal transformation. By combining conformal inversion and transla-
tion, special conformal transformation can be derived as

I
o gt L +a* T + atz?
x“%—%—Jra“% " 5 = TR E
x? (";—Q—I—al‘) 1+ 2a,2t +a*x

Conformal Algebra and Field Transformation Law

Let P,, M,,, D, and K,, be generators of translation, Lorentz transforma-
tion, dilatation and special conformal transformation, respectively.® These
(D+1)(D+2)/2 infinitesimal conformal transformation generators satisfy
the following SO(D, 2) algebra:*

[Py, P)] = My, Pal = =i (Mua Py — muaPp)
(M, a] =—i (nMMW + Moo My — Mo Myx — nuaMo)
(D, ;L] = —iPy, (D, MW] =0, [D,K#} =Ky,
(M, Ky = —i (W;MK —naKy), K, K,)]=0,
[Kuv Pu] = 77/wD + Muu) . (2-6)

3 In this book, the same symbol D as spacetime dimensions is used for the generator of
dilatation. They can be readily distinguished from the context.

4 In two dimensions, the SO(2, 2) conformal algebra is extended to the infinite dimensional
Virasoro algebra and what is called the central charge appears, but such a central extension
does not exist in the conformal algebra of D > 2.
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A subalgebra SO(D — 1,1) composed of the generators of translation and
Lorentz transformation is the Poincaré algebra. Hermiticity of the genera-
tors is defined by

pi=p Df =D

1 o M/L/:M

s Kl =K

’ we

The conformal algebra can be represented collectively using the genera-
tor of SO(D, 2) denoted by J,; as

[Jab7 Jc } = —1 (nachd + ndeac - nchad - nad']bc) 3 (2'7)

where the metric is set to be 7,5 = (=1, 1,...,1,—1), numbering as a, b =
0,1,2,...,D,D + 1. The generator is antisymmetric J,;, = —Jp, and
satisfies Hermiticity J;b = Jup. Indeed, the conformal algebra (2-6) is
obtained by choosing the spacetime indices as p,v = 0,1,...,D — 1 and
writing the generators as

M/w = J;w, D= JD+1D7

P,=J.p+1 — Jups K, = Jup+1+ Jup-

Fields that transform regularly under conformal transformations are par-
ticularly called primary fields. We here consider a symmetric traceless ten-
sor field O,,, ...,,, representing a field of integer spin /.7 Let A be a conformal
dimension and the field satisfies Hermiticity

OF o (@) = Opy oy ().

A primary scalar field is defined so that it transforms under conformal trans-
formations as
O'(z') = Q2 (2)0(x).

Since Oy, ...y, (x)dxH - - - dzt transforms as a scalar quantity of conformal
dimension A — [, the transformation law of a primary tensor field is then
given by

oz ox¥
/ N _ Ol—A _
Oy (@) = Q72 (2) S D Opy.ony (). (2-8)
5In D = 4, this is a tensor field corresponding to the j = j = 1/2 case in the

(4, 7) representation of the Lorentz group SO(3, 1), which can be expressed as Oy, ..., =
(00)181 - (0,)%1% 00y oy iy -, - In addition, as fields with j # 7, spinor fields of
(1/2,0) and (0, 1/2), Rarita-Schwinger fields of (1,1/2) and (1/2, 1), antisymmetric tensor
fields of (1,0) and (0, 1), and so on are widely known.
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Denoting a vector representation of the orthogonal group SO(D — 1,1)
as D,,,,, Jacobian of the transformation is decomposed in the form dz" /0x"*
=Q Y(2)D .. (). Here, a primary field of arbitrary spin is simply denoted
as O;(z) and the representation matrix acting on it is written as R[D)] ;.
The conformal transformation can then be expressed with a combination of
scale transformations and rotations as O’ (') = Q™2 () R[D(z)] F Oy ().

If the vacuum |0) is conformally invariant, correlation functions of these
operators satisfy

(010, (1) -+ Oj,, (2n)[0) = (010, (x1) - - OF (n)[0),  (2-9)

where note that the argument of the field on the right-hand side is x;, which
is the same as the left-hand side.

The conformal transformation law under an infinitesimal change x* —
o't =zt + (" is derived by expanding 5. O;(x) = O;(z) — O(x) by (*.
Noting that O’ (z" = z + () = O’(x) + ¢"0,0,(z), D H=0H— (9,(F—
0"(,)/2, and (2-3), an infinitesimal conformal transformatlon of primary
tensor fields is given by

0¢Opyeeopi (z) = (Cka)\ + ZA)a)\C)\> Ous-o (x)

l
1
+§ Z (0#_7()‘ - 8)\@]) O#1~--#_7‘—1>\u.7+1-“#z ()

Jj=1

from the transformation law (2-8).
The infinitesimal transformation is expressed as a commutator between
the generator and the field operator as

§COH1"'HL (:L‘) =1 [QC7 0#1'"#1 (CC)] )

where ) is a generic name of (D + 1)(D +2)/2 generators for the confor-
mal Killing vector (*. By substituting the concrete forms of the conformal
Killing vectors C%, L.p.s (2-4), we obtain the following transformation laws:

i[Py,0n,..0, (2)] = 8,04, ..., (z),
Z'[le,O)\l... ()] = (l‘ﬂ —x,0, —i8,) Ox, o0 (2),
i[D,0x, .5 (x)] = (2”0, + A) Oy, ...x, (),
i [Kpuy Oxyoony (2)] = (220, — 22,270, — 283, + 2i2”S,, ) Or,..5, (z),

(2-10)
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where spin term is defined by

l
. o g
EHVO)\l“'N =1 E (77“/\15 v 77V>\j5 M) O>\1"‘)\j—10)\j+1"‘)\l'
Jj=1

If defining a spin matrix as X,,0\,...n, = (Z/J,V>Al-<7)1\l“.o-l Og,...c,» then
it satisfies the same algebra as the Lorentz generator M,,,. In the case of a
vector field, it is given by (3,,,),7 = i(1,20,” — 7,10, ), and the general
formula of [ is represented using it as

l
g1 0 o1 gj—1 95§ Oj+1 g}
(EHV)Al-“)\l - Z 6}\1 T 6}\_7‘_1 (Z/'“’))\J‘ 6)\J‘+1 T 6)\1 :
j=1
If there is an energy-momentum tensor ©,,,, satisfying the traceless con-

dition, the generators of conformal transformations can be expressed using
the conformal Killing vectors as

Q¢ = /dD_GCA ©xo,

where dP~1x is the spatial volume element. Indeed, using the conformal

Killing equation (2-2) and the conservation equation 0"©,,, = 0, we can
show that 9,Q; = —(1/D) x [dP~'x9,(*O",, thus when the energy-
momentum tensor is traceless, the time-dependence disappears and the gen-
erator is conserved. Assigning C% Lp.s 24to( 2, we obtain the following
concrete expressions: '

P, = /dD_lx ©u0, My, = /dD_lx(xu@l,o —2,0,0),
D= /dD_lxac’\@,\o, K, = /dD_lx (2200 — 22,2700) . (2-11)

As a simple example, calculations of the conformal algebra and the confor-
mal transformation law in the case of a quantum free scalar field are given
in the third section of Appendix B.

Finally, we give a differential equation that correlation functions satisfy.
Conformal field theory is a theory with a conformally invariant vacuum |0),
and such a vacuum is defined as a state that satisfies

@Qcl0) =0,  (0|Qc=0
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for all generators Q. (= Qz) If any n conformal fields are simply ex-
pressed as O, (i = 1,...,n), correlation functions of these fields satisfy

(0][Q¢, 05, (1) -+ - Oj, ()] |0) = 0. Thus,
6¢(0[0j, (1) - - - Oy, (%4)[0)

n

=i (0[0;, (1) [Qc, Oj, ()] - -+ Oj, (n)[0) = 0

i=1

holds. This is an infinitesimal version of (2-9). For example, let O}, be a
primary scalar field O; with conformal dimension A; and consider the case
of D and K, as ()¢, we obtain

( " Bl A') (0[O1(21) -+ - Op(2)|0) = 0,

MSWM:

0 0
( . M — 2,2 — a7 —2A; ;L’m> (0|01 (21) - - - On(x,)]0) = 0,

=1

respectively, from the transformation law (2-10).

Correlation Functions and Positivity

Consider two-point correlation functions of traceless symmetric primary
tensor fields of integer spin [ defined by

Wi (2 = 9) = 0[Oy (2) O,y (9)[0). (2-12)

Letting A be conformal dimension of the field, it is generally expressed as

1
Wi or (z) = CPuy ey -mn (z) (mQ)A ’
20 =20 —ie
where C' is a constant and e is an infinitesimal ultraviolet cutoff. The func-
tion Py, ..., v, .., 15 determined from the primary field condition.
In order to determine the form of the two-point correlation function, we

use the conformal inversion (2-5), which is expressed as

This transformation gives Q(x) = 1/z2. Since it returns to its original
form when it is operated twice, namely R? = I, the inverse is given by
zy = (Ra') .
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Primary scalar fields are transformed under the conformal inversion as

A

O'(z') = Q2 (2)0(z) = (2?)” O(x).

It can be also written as O'(x) = (22) "2 O(Rx) by returning the argument
to . Here, we proceed with the discussion with the argument of O’ as
2’. Using this transformation law, the conformal invariance condition (2-9)
expressed as (0|0’ (z")O’(y")]0) = (0|O(z")O(y")|0) yields

(2%y%)2(010(2)0(y)|0) = (0|O(Rz)O(Ry)|0).

Noting that

1 1.2 y2

(Rz =Ry~ (@ —y)*’
we find that the two-point function of the primary scalar field is given by

1/(xz — y)*2 up to an overall coefficient. Restoring the ultraviolet cutoff,
we get

(2-13)

1 1

0I0E)00)10) = C g5 = Ol g

29 —20—de

where ¥ # 0 and €2 is ignored. In the same way, we can determine the
form of the three- and four-point functions of the primary scalar field (see
the fourth section in Chapter 3).

Primary vector fields are transformed under conformal inversion as

1-a 0"
Ox'v
where we introduce a function /,,,, of the coordinates x# defined by

0, (z) = (%) 17 (2)0, (x),

m

O, (z") = Q(x)

Ty

I;w(x) = Nyw — 2

b

22
which satisfies 1} ()1, (x) = 1, and I* (x) = D — 2. Therefore, the
conformal invariance condition (0|0}, (z")O,,(y")[0) = (0|0, (z")O,(y')[0)
is expressed as

(a?y?) 2 LN @) L7 () {0|0A(2) 04 (y)[0) = (0|0, (R2)O, (Ry)|0).

Noting that

2
7 Y [ Tuty  YuYy
LM@) L W) o (2 — ) = Tu(z — ) + 2 2( uTy _ Yub )

x y
= I,ul/(Rx - Ry)a
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Conformal Field Theory in Minkowski Space 19

we can see that the two-point function of the primary vector field is given by
L. (z —y)/(z — y)?2, except for an overall coefficient. Thus, the function
P, ., is determined to be I,,,, and we obtain

1

(010, (@)0(0)10) = Clus 355

20 —20 —je

The same is true for general primary tensor fields. The correlation func-
tion of a spin 2 primary tensor field is expressed as

{0104 ()04 (0)[0)

1 1 1 1
=C| =1 II/O' =1 G’Il/ - [Nuvxe | 7 oA
(2 72N + g H A DW U ) (ZZ)A

20 —20—ie
For general integer spin [, the function is given by

1
Py, = il (Ljyvy -+ Ly, + perms) — traces.

where “perms” and “traces” reflect the symmetric and traceless properties
of the tensor field.

From physical (unitary) conditions examined below, we find that the
overall constant must be

C>0.

In the following, we proceed with the discussion by normalizing to C' = 1
in advance.

Using the correlation function (2-12), we define an inner product for
arbitrary functions f1 2(z) as

(f1,f2) = /dedDy AT @)W v (& = ) 54 ().

By introducing Fourier transform of the correlation function

WHl"'Hh”l"'”l(k) = /de VV/Ll"'/Ll,V1~~~yl (I) eiik*‘zu,

the inner product is expressed in momentum space as

dPk . YL
(flva) :/(27T)D f{ll H (k) 21 l(k) W#l"‘#l#’l'--ul(k)v
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20 Chapter Two

where f1 2(k) are Fourier transforms of the corresponding functions. In a
physical theory that satisfies unitarity conditions, the inner product between
the same functions is positive-definite as

(f, f)>0.

This is called the Wightman positivity condition.
The positivity condition imposes restrictions on the conformal dimen-
sion A as follows:

Azgfl for s = 0,
A>D—-2+s fors#0, (2-14)

where s is spin of primary fields. This condition is called the unitarity
bound. Below, by taking specific examples, we will see that this condition
is indeed satisfied.

Specific Examples of Positivity Conditions

In the following three sections, we consider the unitarity condition at D = 4
for simplicity.

First, consider a primary scalar field with arbitrary conformal dimension
A. Fourier transform of the correlation function W (z) (see the first section
of Appendix B) is given by

5 2m(A—1)

W(k) = (2m) m

O(k®)O(—k>)(—k2)2 2.

Thus, the condition that the inner product (f, f) = [d*k|f(k)[*W (k)/(2m)*
becomes positive is given by
A>1.

The lower bound A = 1 is the case of a free field. From lima_,1 (A —
1)0(—k?)(—k?)A=2 = §(—k?), it is expressed as

4
oo 20291 = | G P00

Pk 1 )
- [ G P

which is consistent with the expression calculated directly from a canoni-
cally quantized free field.
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Next, consider the positivity condition in the case of a vector field. We
here consider a two-point function of more general real vector field A,, given
by

AU A0)0) = (i —20752) s

20 =20 —je

_ 1 A—-a 52
T oA 2(A —1)(A o)

o} 1
YN 18#81’} (22)A-1

Substituting the Fourier transform of the scalar field correlation function
into the last part yields Fourier transform of the vector field. Writing it as

20 =20 —ie

Wp(ﬁ) we get
2m(A — 1)
45817 (AT (A + 1)

x {(A — Q) — 20(A = 2) k’;]j } .

W (k) = (2m)°

nv

O(k*)0(—k?)(—k*)2 2

The correlation function of the primary vector field O,, corresponds to
a = 1, denoted by Wﬁ) = W,.. On the other hand, if we choose a@ =
A, A, can be considered as a descendant field 0,0 discussed in the next
section, where the conformal dimension of the primary scalar O’ is A’ =
A—1.

The Wightman positivity condition requires f** f ”W,Eﬁ‘) to be positive
for any function f,,. Even if we select the center-of-mass frame k" =
(k°, k%) = (K,0,0,0), the generality is not lost. Then,

PR ()W) (k)
= CAH(K>9(K2>{[(2A —3)a — Al fol* + (A - a)\fj|2}K2(A_2)
is obtained, where the coefficient Ca = 4(2m)3(A — 1) /42T (A)T(A +1)

is a positive number assuming A > 1. The positivity condition is thus given
by (2A —3)ar— A > 0and A — « > 0, and solving it for A yields

A 3a
~ 2a—1

A>a.

)

Assigning o = 1, the known unitarity condition

A>3
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for the primary vector field is derived.® The primary vector field with the
lower bound A = 3 corresponds to a conserved current satisfying the condi-
tion 0*0,, = 0. Actually, applying differentiation to the above expression,
O*W,,(z) = 0is yielded at = # 0.

Descendant Fields and Positivity

Fields generated by applying the translation generator P, to a primary field
O; such as

0y -+ 0,0,

are called descendants of the primary field O;. In a unitary conformal field
theory, not only primary fields but also their descendants must be physical.
That is, two-point functions of descendant fields must satisfy the positiv-
ity condition. Here, with specific examples, we show that this condition is
consistent with the unitarity bound described in the previous section.

We first consider the two-point functions of a first descendant 9,0 and
a second descendant 920 of a primary scalar field O at D = 4. In the latter
case, we get

2 2 2
(0]0°0(x)0°0(0)]0) = 1I6A*(A +1)(A —1) @,
The descendant field 920 is a scalar quantity so that the unitarity condition
simply requires that the sign of the coefficient of the two-point correlation
function is positive. Therefore, A > 1 comes out. Here, A = 1 is the case
of a free scalar field and then the right-hand side disappears, which means
that the equation of motion 920 = 0 holds.

In the case of the first descendant, we get

(010,0(x)0,0(0)|0) = 2A {mw TN 1);13;:251, }(IQ)%H

29 —x0—ie

Imposing the Wightman positivity condition discussed in the previous sec-
tion on this expression, we obtain the condition of A > 1 again.

6 Since normal gauge field has dimension one, it does not satisfy the unitarity condition, but
the gauge field itself is not a gauge invariant physical quantity so that there is no problem. On
the other hand, the gauge-invariant photon field strength F},;, satisfies the unitary condition
A > 2 for antisymmetric tensor fields (see the next chapter).
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Next, examine the case of a primary vector field O,. Considering a
scalar quantity 90O, as a first descendant, we obtain

1

(010" 0, (@)0" 0, (0)]0) = 4(A = 1)(A = 3) rayasy

20 =120 —ie
As before, it turns out that the coefficient becomes positive when A > 3.
A = 3 is the case that O, is a conserved current, in which the right-hand
side disappears and 0*O,, = 0 holds.

Similarly, for a primary tensor field O,,,,, the two-point functions of its
first descendant 9*O,,,, and a second descendant 9*9” O, that becomes a
scalar quantity are given by

(0[0" 0, ()0 O, (0)|0)

- (A—4)(4A—7){ma—2

5A — 11 z,z, 1
AN — 7 22 (x2)A+1

20 —x0 —ie

and

(0[0"9" O,,,(2)9*0° O, (0)|0)
1

= 2AUAA DA =3)A - D) 5rg

)
20 —20—de

respectively. From the latter expression, we can obtain the unitarity bound
A > 4 easily. Also, applying the Wightman positivity condition discussed
in the previous section to the former expression, we find that this condition
comes out. At A = 4, the right-hand side disappears. Thus, O, with
conformal dimension 4 is a conserved field satisfying 0*O,,,, = 0, which is
nothing but an energy-momentum tensor.

Feynman Propagators and Unitarity

Lastly, the unitarity bound for conformal dimensions discussed in the previ-
ous section is described in a slightly different way.
Feynman propagators are defined in the coordinate space by

O|T[Op, . (2)Ou; .0, (0)]]0) = 9(900)(0\0#1.4.1” (2)Oy, ..., (0)]0)
+0(—2°)(0|0,,...0, (0)Opy -y, ()]0).
Fourier transform is expressed as
d*k
(2m)*

eik“w“Dﬂl'“m,l’l'--w (k)

(OT(Op1- ()00 0)]0) =
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In the case of primary scalar fields, the propagator is given by

OITIO@OO0) = ) s g

1
(22 i)’

+0(—2°)

where 2¢|2°| is simply rewritten as € in the last expression. Fourier trans-
form of this equation is given by

,T(2—A)

D) = =M (a8

(k% —ie)A2.

Similarly, for primary vector fields, it is given by

(01704 (2)0,,(0)]]0)
1 1 , 1 1
T2A {Z(A - 2)77’“’8 A 18”8”} (22 + ie)A 1’

By substituting the expression of the scalar field propagator into the last part,
its Fourier transform can be easily obtained as
(2m)?T(2 - A)
_2t) S \e T =)
42-1T(A + 1)

x (k% — )23,

D) = {(A — D k® = 2(A — Dkyuk, )

Let us consider an interaction between a primary scalar field O and an
external field f as

Tt = g/d4x(f0 +h.c.).

Considering the S-matrix due to this interaction and letting S = 1+ 47, the
transition amplitude from fT to f is given by

W) = —92/d4:vff(év)/d4y f() OIT[O(z)O(y)]]0)

4
= (jﬂ’; 71 (k)£ (R D(K).

The unitarity requires 2Im(7") = |T'|?> > 0 from STS = 1 and therefore the
following condition comes up:

4
o T11) = ¢° [ Gz [P T {6D()} > 0,
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Using (z + ie)* — (z — ie)* = 2isin(7\)0(—x)(—2)" for an infinitesimal
e and sin(w\) = /T (A\)I'(1 — \), we obtain

Im{iD(k)} = (27r)247Ar(—A1F_2(1A))9(_k2)(_k2)A_2~

The right-hand side has the same form as the Fourier transform of the cor-
relation function (there is no 6(k"), but the whole is divided by two). Since
this has to be positive, the unitary condition A > 1 is obtained.
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CHAPTER THREE

CONFORMAL FIELD THEORY IN
EUCLIDEAN SPACE

This chapter is devoted to describing conformal field theory in Euclidean
space. Since it is free from singularities originated from Lorentzian sig-
natures, correlation functions are rather easy to handle. Moreover, states
and inner products can be defined simply using field operators in coordi-
nate space. Therefore, we can examine physical properties of them in more
detail.

In Euclidean space, all spacetime indices are written with subscripts, and
the same indices denote to be contracted with the Kronecker delta §,,,,.

Critical Phenomena and Conformal Field Theory

If we take the continuum limit of a classical statistical system like the Ising
model in D dimensions at a critical point, it shall be described as a con-
formal field theory on D dimensional Euclidean space.! Before discussing
basic structures of Euclidean conformal field theory, we briefly describe re-
lationships with critical phenomena.

Let 7" be a variable that controls critical phenomena of a statistical sys-
tem such as temperature, and 7, be a critical point. In general, if it is far
from the critical point, physical correlation functions decay exponentially as

1

~lol/¢
~ e jal/€.

(O(2)0(0))

where |x| = V&2 and £ is a correlation length. At the critical point 7' = T,
the correlation length becomes & — oo, and the correlation function behaves

in a power law like
1

(O@00) = L

! The Euclidean path integral weight represents the Boltzmann weight in classical statistical
systems. On the other hand, conformal field theory in D dimensional Minkowski spacetime
corresponds to a quantum statistical system in D — 1 dimensional space.
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This indicates that conformal invariance has appeared. For convenience, an
action of conformal field theory which appears exactly on the critical point
is denoted by Scg here.

If the action is known, unitarity shall be described as a positivity of the
path integral weight e ~“¢FT which is ensured by physical conditions that
the action is real and bounded from below, as was mentioned in Footnote
9 in Chapter 1. However, the action is unknown in most cases. Hence,
conformal field theory is also a study to understand critical phenomena from
the conditions of conformal invariance and unitarity without relying on the
action.

Critical phenomena are classified by exponents representing how to ap-
proach the critical point when a small perturbation is applied in a critical
system. Consider, for example, a perturbation by a relevant operator O
whose conformal dimension is A < D. Denoting a deviation from the
critical point by a dimensionless parameter ¢ (< 1), the action is deformed
as

Scrt — ScrT — tCLAiD/dDZ O(Jj),

where a is a ultraviolet cutoff length, which corresponds to a lattice spac-
ing in statistical models. If we write ta®~? as €2~ from dimensional
analysis, ¢ represents the correlation length and behaves as?

¢~ at= /(D=0

For example, considering an energy operator € as O, it represents a pertur-
bation by the temperature ¢ = |T' — T, |/T.. Letting A, be its conformal di-
mension, since a corresponding critical exponent v is defined by £ ~ at™",
arelation v = 1/(D — A.) is obtained. In this way, if conformal dimen-
sions of field operators in conformal field theory are known, we can classify
critical exponents, that is, critical phenomena. See the second section of
Appendix B for derivations of various critical exponents.

Basic Structures

Conformal algebra in Euclidean space R” is given by SO(D + 1, 1), and
it has the same form as (2-6) in Minkowski space M” when replacing the
metric from 7, to §,,,. Conformal transformation laws also have the same

2 The correlation length £ is a physical scale, which does not depend on any scale a. Thus,
due to d¢/da = 0, the lowest order of the beta function for the coupling constant ¢ is obtained
as f = —adt/da = —(D — A)t.
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form as (2-10). A significant difference between them is that Hermiticity of
the generators P, K,,, and D change as follows:
Pl =K,, Dt = —D. (3-1)
This is easy to understand by deriving the conformal algebra using the
generator J,, of the SO(D,2) algebra given in Chapter 2 as follows. In
the D + 2 dimensional indices a,b = 0,1,...,D, D + 1 with the metric
na = (—1,1,...,1,—1), we here select a D dimensional Euclidean space
part as u,v = 1,...,D. Furthermore, in order to make SO(D + 1,1),
we specify an imaginary unit for J,, with the Oth index and identify the
generators of conformal transformations as

M,uu:J,u,uv D:iJD+107
P/L = J,uD+1 - iJ/LOy K/t = J/LD+1 + 7;(]“0.

The conformal algebra and Hermiticity in Euclidean space mentioned above
can be read from the algebra (2-7) of .J,; and its Hermiticity.

Two-point correlation function of a symmetric traceless primary tensor
field of integer spin [ with conformal dimension A is written as

(Optye0 () Oy (0)) = CP P

220V AT R 4 ( 2)A’
x
where P, ....u; v, .1, 18 a function determined from primary field conditions.

As in Minkowski space M, using the I wv function in Euclidean space
defined by

it is determined as

1
Py, = il (Lyyvy -+ Ly, + perms) — traces.
In physical correlation functions, the coefficient C' must be positive. We
here set C' = 1 as in the previous chapter.
Using the conformal inversion

7, — Re, = =%, (3-2)

Hermiticity of a real primary tensor field in Euclidean space is defined as

1

OLl"'M (:L’) = WIMW (1') U ImVl (x)OVl"'Vl (Rl’) (3-3)
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Let us concretely see that the Hermiticity of the field is consistent with
the Hermiticity of the generator (3-1). For example, considering transla-
tion of a primary scalar field :[P,, O(x)] = 0,0(x), its Hermitian con-
jugate is i[K,,Of(z)] = 0,0%(x). Introducing new coordinates y, =
Rz, = z,,/x?, Hermitian conjugate of the field can be written as Of (z) =
(y*)2O(y). Hermitian conjugate of the translation is then expressed as

)2 [ O] = 5% 50 { () *0))

= )% (4’04 — 29,9.0, — 2Ay,) O(y).

Apart from (y?)2 on both sides, this is special conformal transformation
of the primary scalar field. Similarly, considering Hermitian conjugate of
dilatation ¢[D, O(x)| = (2,0, + A)O(z), we can see that it is consistent
with the Hermiticity DT = —D.

The case of primary vector fields can be shown in the same way. Con-
sidering Hermitian conjugate of translation i[P,, O, (z)] = 9,0, (z) with
attention to 1,,,, (x) = I,,,,(y), we get

Yy, 0O

o, Dy, {(*)2LAOA(y) }

i(y*) 2 La[K,, Oa(y)] =
= (y2)A{Iu>\ (¥20, — 2y,Y0 05 — 2Ay,,) O (y)

+ <—25m/w 26#/\%/ + 431/51/1//\) O,\ (y)}

Removing extra functions on both sides with attention to [,xI,x = 6.,
yields special conformal transformation i[K,, O, (y)] = (4?0, —2y,Ys 05—
2Ay, + 21y,2,0)Ox(y) for the primary vector field, where spin term is
given by i3,,0) = —0,005 + 0xsOp.

Consider two-point correlation functions between O, ...,,, and its con-
jugate operator OLl ..., using conformal inversion. For example, in the case
of primary scalar fields, it becomes

(01 (2)0(0)) = @wmm)om» —1

from (Rz)? = 1/22, which is positive-definite regardless of the coordinate
z. Similarly, in the cases of primary vector and tensor fields, we get

(01(2)0,(0)) = 8y,

1 2
(0L )03 0)) = 5 (Bordur + dydin = Hdubir ).
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using I,z I, = 6,,,. With these properties, we can define states using field
operators in Euclidean space as below.

A primary state is defined as a state satisfying the following conditions
for the generators of conformal transformations:

M|{pr -k, A) = (Z“”)Vr--l/z,m---m {1 -u}, A),
iD[{pr -t A) = Al{pr -}, A),
Kul{pa - m} A)=0.

This state can be defined using the field operator as®

|{:u1 s :ul}a A> = OHI'”MZ (0)|0>, (3-4)

where a conformally invariant vacuum |0) is defined as a state that disap-
pears for all generators of conformal transformations. This relation is called
the state-operator correspondence. States obtained by applying P, to the
primary state (3-4) is called its descendants.

Pay attention to I,,,,(x) = I,,,(y) for y, = Rz, the Hermitian conju-
gate of the field operator at the origin can be written as

OlTn---m (0) = Ilggo(xQ)_AImm Ly Opy oy (Rx)
= yzhi)noo(y2)AIlL1V1 e IMVI,OVl'“Vz (y)

Therefore, Hermitian conjugate of the primary state (3-4) is defined by

<{,U1 T ﬂl}7 A| = <O|0L1~'-m (O)
= lim (CUQ)AIMIVI e I/J,]VL <O|OV1"'VI, ("’E)

2 —00
Positive definiteness of inner products is then expressed as

(o f) = Fhp foren Q- A{vn -}, A)

= |fu1-~uz|2 >0

using an arbitrary symmetric traceless tensor f, ..., .

3 In Minkowski space, we cannot simply use this correspondence. In fact, considering an inner
product of |[A) = O(0)0), it diverges as (A]A) = (0]0T(0)0(0)|0) = (0]|O(0)O(0)|0)
because Of (x) = O(x) in MP. On the other hand, in a cylindrical space of R x SP~1, we
can define states in the  — 7oo limit of time as well (see the fourth section of Appendix B
and Chapters 6 and 8).
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Rederivation of Two-Point Functions

Let us rederive two-point correlation function of primary scalar fields on
RP using conformal algebra and Hermiticity. The coordinate dependence
of scalar fields is expressed using the translation generator as

O(z) = e O(0)e™ o,
Since PJ = K, its Hermitian conjugate is given by
O'(z) = eBrmu Ot (0)e = HKumn,

Using these expressions and Hermiticity (3-3), the two-point correlation
function can be expressed as

x (O'(Rz)O(a"))

1 » N
N (x2)A<A|€ (R0t Peti | A),
where |A) = O(0)|0) and (A| = (0|O(0) are primary states. Expand-
ing the exponential function and evaluating it, we can show that it has a
value only when the numbers of K, and P, are equal. Therefore, the above
expression can be expressed as

o 22 n/2
(O@OE) = a7 D O ) () ,
n=0

where the expansion coefficient C’nA is given by

/ /

A M1 Hn v U,
Cn B (n')2 (3}23;/2)71/2 <A|Kﬂ1 e K.“'npl/l e PVn |A>

Reducing the number of generators using conformal algebra yields the fol-
lowing recursion formula that Gegenbauer polynomials satisfy:

nCS =2(A+n—1)202 | — (2A +n —2)C5 ,,

where z = x - 2’ /v 222’2, Thus, the coefficients are Gegenbauer polynomi-
als with the variable z (Legendre polynomials when A = 1/2). Using the
formula of the generating function

- A
(1 2zt+t2 ZC

and substituting z and ¢t = /22 /22 into it, we obtain the known expression

(O(2)0()) = 1/(x —a')*»
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Three- and Four-Point Scalar Functions

Consider n-point correlation functions of primary scalar fields ¢;(x;) with
conformal dimension A, where j = 1, ..., n, denoted as

Gn(r1,...,20) = <301(x1) : ‘Pn(xn»

Since the fields transform as ¢’ (z;) = (x?)AJ' @;(x;) under conformal in-
version x;” = (Raj)" =z} / % (3-2), invariance under this transformation
(see (2-9)) is expressed as

(DA (222G, ..., xp) = Gp(Rxy, ..., Rz,).  (3-5)

Moreover, from translation invariance, the correlation function is expressed
as a function of the difference |z;;| = |z; — ;| = \/(; — x;)%.

Three-point functions A general form of the three-point correlation
function satisfying the translation invariance is given by

C(a,b,c

|213]b|223]¢

G3 T1,T2,T3) = Z
( ’ ’ ) o |x12|a

Using the relation 1/(Rx; — Rxj)? = 73 /(x; — x;)?, itis easy to see that
the conformal inversion condition (3-5) results in

2A1 =a+b, 205 = a + ¢, 2A3 =b+c.

Thus, three variables a, b, and c are fixed completely so that the three-point
correlation function is determined to be

a = Cs
3(1‘1,.132,.2?3) - |x12|A1+A27A3‘.’E13|A1+A37A2|$23|A2+A37A17

except for a single constant C’.
From inva}riance ur}Qer dilatation ¢’;(x;) = A~%9¢;(x;) where :c;-” =
Az, we obtain a condition

)\7(A1+“'+A")Gn($la oy n) = Gn(Az, . ATy).

When n = 3, this condition gives A1 +As+As = a+b+c. However, since
this can be derived from the conformal inversion condition, new information
is not given. In general, information on dilatation is included in conformal
inversion, and thus it is not considered below.
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Four-point functions From the translation invariance, a general form
of the four-point correlation function is given by

Cubed f
G _ E a,b,c,d,e,, )
4(11717552;37371'4) |1712|a|1713|b‘$14|c|$23|d|1‘24|e‘f£34|f
a,b,c.de, f

In the same way as in the case of the three-point function, we obtain four
conditions

2A1 = a+b+c, 2A5 =a+d+e, 2A3 =b+d+f, 2A,=c+e+f

from the conformal inversion invariance (3-5). Since there are four con-
ditions for six variables, two unknown variables remain. If the unknown
variables are chosen as = (b+ ¢+ d +¢)/2 and § = —d, we get

a:Al*FAQ*a, b:A34+Oé+ﬁ, C:A127A34fﬁ,
d:_ﬁa €:—A12+O(+6, f:A3+A4—Oé,

where A;; = A; — Aj. Therefore, the four-point correlation function can
be expressed as

|x24|)A12<x14|)A“ G(u,v)

|z 14] [z13] ) |w1o|Ait B2 pgy|As A’

G4(l’1,$2, $3,$4) = (

where the part which is not determined from conformal invariance is a func-
tion G(u,v) = 3, 5 Ca pu®/?v?/? of two cross ratios defined by

2 .2 2,2
_ T1aT34 _ T14%33

2 2 2 2 ¢
Ti3%24 T13%24

Operator Product Expansions

Operator product expansions (OPE) between primary scalar fields are con-
sidered. Fields that appear on the right-hand side of the product of the same
field can be expressed as ¢ X ¢ ~ I + Zl=072747_“ Oy, .opy» Where I is a
unit operator and O, ...,,, is a primary tensor field with integer spin /. Only
fields with even spin appear in the scalar field OPE, including an energy-
momentum tensor that is a spin 2 primary tensor field with conformal di-
mension same as the spacetime dimension D. Besides these primary fields,
their descendant fields (derivatives of primary fields) also appear.
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Let d be a conformal dimension of the primary scalar field ¢ and A be
that of a spin [ primary tensor field, and these two-point correlation functions
are normalized as

and

<Ou1--~m (331)01/1--1/[ (x2>>

1 1
— TS {l' (L (212) -+ Ly (21,2) + perms] — traces} ,

where (z12) u = T1, — T2,. Moreover, the form of three-point correla-
tion functions between them is determined from conformal invariance, apart
from an overall coefficient. With a coefficient fa ;, it is normalized to

(p(z1)0(22)Opy -y (23))
fagu

= 21220 BH 315 | AT|z05] A1

(Z,,---Z,, —traces),  (3-6)

where

The OPE between the same primary scalar fields is then expressed as

e(@)e(y) = ﬁ

~ Y @Y
+ Z fAl{ s art O ()
A, l(=2n) y‘

fAl
‘2d + Z y|2d- T a Cau@ = y,0y)0n,(y),
A, l(=2n)

where in the second equality, the spin [ primary tensor field is denoted sim-
ply by Oa ;. The differential operator 9, in the coefficient C'a; represents
contributions from descendants, which is denoted by the last dots in the sec-
ond line.

The constant fa ; is called the OPE coefficient or the structure constant.
As will be discussed in the penultimate section, fa ; shall be a real number
if the theory is a physical one that satisfies unitarity.
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Let us derive the [ = 0 coefficient C ¢ as an example. By applying
O = Oa to both sides of the OPE and taking an expectation value, we
obtain

(0(@)p(1)0(2)) = MZA{;ACA,OW — 4,0,)(0(5)0(2).

From this, the following equation is derived:
1 1
A,O('r Y, y)ly_2|2A

Using the Feynman parameter integral formula given in the first section of
Appendix D, the left-hand side can be rewritten as

ra) (1~ 1)]%
r(A)F(%)A ISR —t)(y—z)?]A
i Hi Q) 10 = D )"

n! —z—i—t(m—y)] YA+n?

|z — 23y — 2|2

where B(a,b) = I'(a)['(b)/T'(a + b) and (a), = I'(a + n)/T'(a) is the
Pochhammer symbol. Furthermore, we rewrite it to the form expanded in
derivatives of 1/|y — 2|22 by y using the formulas

! n _ 1
2ys = O+ 1= D/ v
1 _ _tx-0, 1

-  _  —e¢ [ —
[(y + ta)?]A (y*)~
That is identified with the right-hand side, thus we obtain

(82)n

Crpolz —y,0y) = B(é,é)/o dt [t(1 — t)]%—

1" [t(1 = t)a?]"

- ( 2\n, ta-0
3 (@)t

n=0 47! (A +1- D/2)7L Y a=x—y
The first few terms are given as

1 A+2
Capo(r—y,0y) =1+ 5(35 —Y)u0} + m(ﬂf —y)ulz —y)0,,0)

A 242
BTSN T R A

Similarly, we can calculate the case of [ # 0 from the three-point corre-
lation function (3-6), though it is complicated.
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Conformal Blocks

As shown in the previous section, the four-point correlation function of the
primary scalar field ; with conformal dimension A; can be simplified to
the following form from conformal symmetry:

(p1(z1)p2(@2)p3(23)pa(2a))
- (Iml )A< 714 )A“ G(u,v) (37)
|z14] [w13] ) |w1o] Bt T Az [zgy|RetAa’
where A;; = A; — A and the variables v and v are the cross ratios defined
by

2 .2 2 2
_ LYoy _ T14%33
=2 2 V=55 -
i1 2.0
13T24 13724
©1 P4
¥1 ©4
> = > |0
O
¥2 ¥3
P2 ¥3

Figure 3-1: Crossing symmetry.

The right-hand side of (3-7) is in the form that OPE is taken between
1 and 9. On the other hand, the result should not be changed even when
taking OPE between ¢ and ¢4. Thus, even if (22, Ay) and (x4, Ay) are
exchanged on the right-hand side, the result does not change. Similarly, the
exchange of (z2, Ay) and (x3, Ag) does not change the result. This property
is called crossing symmetry. Therefore, G(u,v) can also be written as a
function of G(v,u) or G(1/u,v/u).

For simplicity, consider the case of A; = Ay = Az = Ay in this
section, while general cases will be discussed in the next section. If ex-
tracting the part proportional to the unit operator in OPE as G(u,v) =
L+ A f& 19A 1 (u, v), the four-point correlation function of the primary
scalar field ¢ with conformal dimension d can be written as

1
(ple)p(ea)p(ws)olwa)) = g [ 1+ 2SRt v,
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where ga ;(u,v) is a function called conformal block. From the crossing
relation v?G(u,v) = uG(v,u) coming from the exchange of x5 and x4,
the conformal block satisfies the following relation:

ud —vd = Zfi.,l [vdgA‘,l(u,v) - udgA,l(v,u)] . (3-8)
Al

In the following, by computing the conformal block ga; from OPE,
we will see that it can be written as the product of Gauss hypergeometric
function

0 n

2F1(a,b;c;a) = Z Mi-

n=0

Here, the fact that the function is numerically analyzable is significant. As

will be mentioned in the penultimate section, this result is a basis of studies

imposing restrictions on the value of conformal dimension from the condi-
tion that the OPE coefficient fa ; shall be real in unitary theories.

We here examine the conformal block that the [ = 0 scalar mode prop-

agates as an intermediate state. Using the OPE calculated in the previous

section, it can be calculated as

1
gao(u,v) = |$12\A|$43|ACA70(3312752)CA,0($43753)W
23

A
,|$12| |m43‘ /dt/ ds[t(1 —t)s(1 —s)]2 7"
2’2
n+m

» 1 (B)nim [t = D)ap]"[s(1 — s)afs]™
Z ”'m' (A) (A (w23 + twry — swag)?|AFmtm’

where A = A +1— D/2. Letting A2 = t(1 — t)2?, and B2 = s(1 — s)x2,
and using

(Igg + tIlg — 5$43)2 = A2 — A2 — 32
A =t [sxi + (1 - 3)95%3] +(1—1) [3$§4 + (1 - 3)3353] )

the right-hand side can be rewritten as

A 1— 1— 2-1 <o
‘“”12| '“’43| /dt/d f)s ;)2]; Fi(A, A A, A X, Y),
27 2

where X = —A?/(A2 - A?—-B?)and Y = —B%/(A? - A% — B?). The
function F} is a hypergeometric series with two variables (double series)
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called Appell function, defined as

o0

n,m=0

In a special case, this function is related to Gauss hypergeometric series as

1 4
F4(a,b;b,b;$,y):(1—$—y)a2F1<a ot ; s oy >

272 T (1—x—y)?

Using this fact, the right-hand side can be written as

|.’1712| |.Z'43|A/ / 1—t 1—8)]%_1
dt -
2’ 2) (A2)2

A A+1 . 4A4?B?
X2F1 (27 9 7A7 A4 )

The ¢ and s parameter integrations are sequentially performed using integral

formulas
1 ta— 1 t)b 1 1
/odt [ta+( — t)B]ot? = aaleB(O’?b)a
1 5@ 1(1 S)b 1
/0d5(1_8a> (1—56) B(a,b)Fi(a,c,d;a+ b; o, ),

where F} is a new hypergeometric series with two variables defined by

Fi(a,b,c;d;x,y) = Z Wi' :7yn'

n,m=0

In a certain case, it can be written in terms of Gauss hypergeometric series
as

Fi(a,b,e,b+c;z,y) = (1 —y) %2 F (a,b;b+c;fy) .
-y

Using these formulas and 4" (A/2),,((A 4 1)/2),, = (A)2,, we obtain

[e'e) A
A (2 <A A )
2y 2 R (S, S A+ 2m1 -
U 2 ol (A) (A) 5 n 5 n n v
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as an expression of the conformal block ga o(u, v). Furthermore, we intro-
duce a new hypergeometric series with two variables defined by

. o - (d— a)ﬂ(d - b)ﬂ (a)n+m<b)n+m " ym
G(a7 b y) - n;:O (C)n (d)2n+m F E

Rewriting the conformal block using (n + A/2),, = (A/2)p4m/(A/2),,
and (2n+ A)y = (A)2pntm/(A)2y, finally yields the following expression:

A A D
gaolu,v) —u2G — = A+1——= Aju,l—v).
' 272 2
Let us introduce new coordinate variables z and z defined through the
relations

u=zZz, v=(1-2)(1-2).
The following relation then holds:
G(a,b,c—1,¢u,1 —v)

1
= 7[22F1(a,b;c;z)2F1(a—1,b—1;c—2;2)
z2—Z

—ZoFi(a,b;c;2) o F1(a—1,b—1;5¢— 2;,2)]

Thus, the conformal block in four dimensions, for example, can be written

as _
zZ

92,0, )| D=4 = [Fa(2)ka-2(2) = (z < 2)],

22—z
where

The conformal block with I > 1 can also be obtained directly from OPE
in the same way if [ is small, though it is complicated. For general [, there
is an approach to calculate it by deriving recursion formula about [. Writing
the results only, the conformal block in four dimensions is given by

(—1)! 2z
2L 2—Z
In two dimensions, it is given by
(-1
9l
On the other hand, general expressions in three dimensions are still unknown
except for a special case of z = Z.

9a,1(u,v)[p=a = [kati(2)ka—i-2(2) — (2 <> 2)] . (3-10)

9a(u,v)|p=2 = [kati()ka—i(2) + (2 <> 2)]. (3-11)
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Casimir Operator and Conformal Blocks

Consider a second order Casimir operator Co = J ab J b /2 that commutes
with the generator J,;, of the conformal algebra SO(D + 1,1). It can be
written with the generators of conformal transformations as

1 1
Cy = 5M,WMW - D% 3 (K, P, + P,K,).

Primary states are eigenstates of this operator. In the case of spin [ and
conformal dimension A, the following holds:

ColAl) = CaylAD, Car=A(A—=D)+1(l+D—2).

The four-point correlation function between different primary scalar fields
is considered here. Inserting a complete set of states in between, it can be
expressed as

(p1(z1)p2(z2)ps(w3)pa(s))

=) (Olpr(@1)pa(@)|n; A, 1) (n; A, 103 (23)a(24)[0),
Ajl,n

where |n; A, ) denotes n th descendant states of the primary state |A, ).
Hence, consider

2 (0] [970. 1 () pa(a)] ] s .1
= (0lp1(@1)pa(e2)Colm A, 1) = Cag (0l (1) 2 (@2) ms A1),

where (0|.J,, = 0 is used and note that the Casimir operator C, commutes
with the translation generator P, which generates the descendant states. Us-
ing the conformal transformation law of the scalar field, the left-hand side
can be rewritten as

{1‘%282#92 — 2(1‘12)H($12)y8132 — 2A1($12)M83 + 2A2(I12)H61

+ (A1 + Az) (A + A — D)}<O|<P1($1)<P2($2)\n§ A, l).

Parts of the four-point correlation function which have an intermediate
state O ; can be expressed using the conformal block ga ; as

D (0lpr(@1)pa(@s)n; A, 1) (n; A, Ups(w3) pa(wa)|0)

n
A1z Asg
_ <x§4) : <1’?4) = fRu9a0(u,v)
- 2 2 A1+A AgtA, *
) \Tiy)  (a3,) T (ag) T
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Using this fact, we find that the conformal block satisfies the following dif-
ferential equation:

1
Dgn,i(u,v) = §CA,ZQA,I(U7U)7

where
B 0 0 9 0 0
D=(1- u+v)u% <u(“)u) +[(1=v)* —u(l+v)] P <U8v>
ok 0
—2(1+wu— v)uvm — Du%
1 0 0 0
—|—§ (A1 — Agy) {(1 +u—v) (uau + v(%) —(1-u-— v)av]

1
—|—1A12A34(1 +u — ’U).

Furthermore, if the coordinate variables are converted to z and Z, the
differential operator can be written as

2 62 =2 = 2
1 0 0 1
+5 (Ap — Ay —2) <2207z + 228z> + ZA12A34(Z + %)
2z 0 0

Solutions of the differential equation in D = 4 and 2 are given by (3-10)
and (3-11), respectively, with the function kg replaced by

_ .8 B A B Az
kﬁ(x)_‘r 2F1<2 2 72+ 2 7ﬂ7x>'

Unitarity Bound Again

The unitarity condition (2-14) is considered again using primary states de-
fined previously. Here, we consider the D = 4 case specifically.

Consider a primary vector state |u, A), for example. From the uni-
tarity, its inner product must be positive-definite, which is normalized to
(A, p|lv, Ay = da1A0,,. The unitarity further requires that inner products
of its descendants are also positive-definite. Focusing first descendant states
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|w; v, A) = P,|v,A), the inner product is calculated from the conformal
algebra as follows:

(s N, A |vyo,A) = (N A'|[K,, P o, A)
= (N A2 (D6, + M,y |o, A)
= 26A/A (A(;[LI/(S)\U - 5,u>\§l/a + 61/)\5,ua) )

where the Hermiticity PJ = K,,, the primary state condition K, |v, A) =
(v, A|P, = 0, and (A, A|M,,|0,A) = (X,.)xo are used. When pairs of
indices are expressed as a = (p, A) and b = (v, 0), itis a 16 x 16 matrix
(a|b). There are three kinds of eigenvalues, one for 2(A—3), six for 2(A—1)
and nine for 2(A + 1). Since these all must be positive, A > 3 comes out.
More generally, we proceed with the discussion by denoting a repre-
sentation of the rotation group SO(4) as {r}. Writing a primary state that
belongs to it as |[{r}, A), the primary state condition can be expressed as

M, [{r}, A) = (Z#u){r'},{r} {r'}, A),

iD |{7‘}, A)=A |{T‘}, A),

K, |{r},A) =0.
Since SO(4) is expressed as SU(2) x SU(2), the representation {r} can be
denoted by a combination of (j1, j2) and its dimension is (21 +1)(2j2+1),
where j; and jo are spins of the left and right SU(2). For example, the
integer spin [ traceless symmetric tensor field O,,, ..., is given by j; =
Jo =1/2.

A n-th descendant states generated by applying P, to the primary state

n times is expressed as

|a - pn {r, A) = Py - Py [{rg, A).

Assuming that the primary state has a positive-definite inner product nor-
malized to ({r'}, A’|{r}, A) = d,/}{r10a/A, the unitarity requires that all
of the descendant states have positive-definite inner products.

Calculating an inner product of the first descendant state |u; {r}, A) =
P,|{r}, A) as before, we obtain

s ('} A (), A) = 6ara {2860y oy + 2 (07}, Al i}, A) .
(3-12)

Using the fact that Lorentz generator can be written as

. 1 1
iMyy = i3 (Opadup = Gupdva) Map = 5 (Bap),, Mas
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and denoting the matrix X3 as (,u|M(£E}|V> = (¥ap)uv by introducing a

vector state |u), the last term in (3-12) can be expressed as

2({r'}, Al M| {r}, A) = (ul © ('}, Al M M}, A) @ v).
(3-13)

This can be solved in the same way as an angular momentum coupling prob-
lem. Letting Mig} = Mig} + Mig},

(wy ey _loqry oy Lo qoy gy 1oy ey
Mg Mygh = SMygh - Mgt — S Mgt Moy — S Mg Mg
=c2({R}) — c2({v}) — ca({r})

holds, where ¢5 is a second order Casimir operator of the SO(4) rotation
group. The representation {r} is denoted as (ji,j2) using the expression
of SU(2) x SU(2), while the vector representation {v} is (1/2,1/2). The
representation { R} is denoted by (.J1, J2), where, J1 o takes the values of
J1,2 £ 1/2. Substituting the values of the second order Casimir, it can be
seen that eigenvalues of the matrix (3-13) are summarized to 2.J; (J; + 1) +
2J5(J2 + 1) =3 — 251(j1 + 1) — 2j2(j2 + 1). Using this result, we can
obtain eigenvalues of the inner product (3-12) of the first descendant state.

What we want to know here is a minimum eigenvalue of the inner prod-
uct (3-12). The condition of unitarity is that it is positive. Below, we ex-
amine the condition separately. In the case of ji, jo # 0, the inner product
(3-12) has a minimum eigenvalue 2A — 2(j; + jo +2) when J; = j; —1/2
and Jy = jo — 1/2. Therefore, the unitarity bound becomes

A > g1+ jo +2 for ji, j2 # 0.

Substituting j; = jo = [/2, we obtain the unitarity bound A > [ + 2 for
spin [ traceless symmetric primary tensor states, as is given in the previous
chapter. In the case of j; = 0 and jo # 0, we obtain a minimum value
2A —2(jo + 1) when J; = 1/2 and Jo = jo — 1/2. Thus, we get

AZJQ"’I fOI'jl:O,jQ#O.

The result is the same even when exchanging j; and jo. Substituting jo = 1,
we obtain the unitarity bound A > 2 for second-rank antisymmetric tensor
fields.

In the case of primary scalar states with j; = j» = 0, we obtain a min-
imum eigenvalue 2A. This implies A > 0 unlike the result in the previous
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chapter. Therefore, in this case, it is necessary to further consider a sec-
ond descendant state such as P*P,|A). The inner product is calculated as
(A'KFEK,PYP,|A) = 32A(A — 1)da’a. The condition that it is positive
gives the known

AZ]. f0rj1:j2:0.

Unitarity Bounds from Conformal Bootstrap

The unitarity bounds derived from positive definiteness of inner products
gives only lower bounds of conformal dimensions. Here we introduce an
approach to restrict conformal dimensions by adding a new unitarity condi-
tion to four-point correlation functions.

Consider the case of the four-point correlation function of the same
scalar field with conformal dimension d discussed in the previous section.
From the crossing symmetry (3-8), the conformal block ga ; satisfies the
following equation:

ZPA,le,A,l(Za z) =1,
Al

viga.(u,v) — ulga. (v, u)
ud — pd

Fd7A7l(Z,2) = ) (3_14)

where pa ; = fi’ ;- For example, in the case of a free scalar field with d = 1,
AL = 0a1+201,2,2'71(11)2/(20)! and [ is a nonnegative even integer.
Since we consider correlation functions of real fields, the OPE coeffi-

cient fa ; should be a real number unless physically dubious operations are
done. Since the square is positive, that is expressed as

pa = 0. (3-15)

If this positive-definiteness condition is newly imposed, conformal dimen-
sions of fields appearing on the right-hand side of OPE are subject to re-
strictions. After some concrete results are presented below, its calculation
method will be described briefly.

For example, considering OPE between scalar fields ¢ x ¢ ~ I +0Oa +
-+ at D = 4, an upper bound of the conformal dimension A for a lowest
scalar field that appears on the right-hand side is calculated as

A<2407(d—1)Y24+21(d—1)+0.43(d—1)3/?
+o((d—1)%), (3-16)
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where d is conformal dimension of . This condition does not say that there
is no primary scalar field with conformal dimension higher than this upper
limit. Although a number of scalar fields may appear in the right-hand side
of the OPE regardless of whether they are present continuously or discretely,
the unitarity condition (3-15) indicates that the scalar field with the lowest
dimension must be within the range (3-16).

If performing the same calculation at D = 2, we get results that are
consistent with the exact solution of two-dimensional conformal field the-
ory. For example, in the Ising model, ¢ is a spin operator o and O is
an energy operator €. Their strict conformal dimensions are known to be
d=A, =1/8and A = A, = 1, respectively. Therefore, if d = 1/8 is
set and the upper limit of the conformal dimension of the first scalar field
appearing on the right-hand side of the OPE is examined, we can see that the
condition of A < 1 indeed comes out. The exact solution A = 1 appears
exactly at the upper limit allowed. Furthermore, if we analyze the Ising
model at D = 3 on the basis of this fact that it appears at an upper limit of
allowed region, we obtain results consistent with Monte Carlo calculations
on lattice.

The concrete calculation method will be briefly described below. In-
troducing new coordinates z = 1/2 + X 4 iY and Z = z*, consider the
following differential operator A up to the Nth order for X and Y':

A[F] = 37 A n0ROPF|x—y=o.
2Cm i n N

The reason why we evaluate at X =Y = 0 (z = z = 1/2) is simply that
convergences at this point are good when performing calculations numeri-
cally. Applying this operator to (3-14), we get

> paA[Faal =0. (3-17)
Al

This equation indicates that if an inequality A[Fy A ;] > O is satisfied for
all A and [, it is against the positive-definiteness condition, except in trivial
cases.

First of all, we assume a OPE structure given as follows:

(PXWNI‘FZOA"'Z Z OA,Z-

A>f 1>0 A>D—2+1

l=even

Here we impose a stronger constraint A > f than the unitarity bound on the
conformal dimension of the scalar field O, whereas there is no restriction
more than the unitarity bound on tensor fields of [ > 0.
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Let us consider a set of inequalities A[Fy A ;] > Oforall A > f (I =0)
andall A > D—2+1 (I > 0) with fixing d and f. If there is a finite number
of solutions A, ,, that satisfy this infinite number of inequality systems, it is
contradicting the condition (3-17) because it means ZAJ AN [Fang] #
0 from (3-15). Therefore, such combination of d and f is forbidden because
it does not satisfy the positivity condition. If there is no solution, such com-
bination is allowed. In this way, examine a region where the values of d and
f are allowed. As d is fixed and f is gradually increased, it enters the for-
bidden region from the allowed region at a certain place. Letting the value
be f.(d), it gives an upper limit of A of [ = 0, thus the region allowed from
the unitarity becomes D/2 — 1 < A < f.(d).

In actual calculations, it is necessary to reduce infinite number of in-
equalities to finite number. Hence, we set an upper limit on [ and also dis-
cretize A for each [. The method of determining whether or not solutions
of the inequality system exist is an application of the linear programming
method. The value of A, ,, itself has no physical meaning here. The ex-
pression (3-16) at D = 4 is obtained in this way. Numerical results at
D = 3 are depicted in Fig. 3-2.

Allowed Region

1.0\\\\\\ll\lll\\\\\l\\lll\ll\\\\
050 055 060 065 070 075 080 A

Figure 3-2: Numerical analysis of the allowed region in three dimensions, where
A = Acand d = A,. The Ising model appears at the upper limit of the allowed
region where the boundary line breaks. [S. El-Showk, M. Paulos, D. Poland, S.
Rychkov, D. Simmons-Duffin, and A. Vichi, Phys. Rev. D 86 (2012) 025022.]

In order to see the OPE structure in more detail, further decompose the
scalar field O by dimension by assuming that there is a discrete structure.
Since the allowed region of the lowest dimensional scalar field is determined
first as described above, then select, for instance, one point within that re-

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

48 Chapter Three

gion and fix the dimension of the lowest scalar to be A, and for the remain-
ing higher dimensional scalar field O/, a new condition is imposed such as
A" > f' (> f.). Thatis to say that it is calculated assuming the existence
of a gap between A and A’. While gradually increasing the value of f’,
perform the same calculation and examine an allowed region for each fixed
A and d. In this way, in addition to restrictions on A’, the allowed region in
the A —d plane can be restricted further. The region is then scraped off and
hollowed out so that a sharp region appears, and it is found that the upper
bound f.(d) that A can take at a certain d emerges as a special point on a
tip of the sharp region.

Allowed Region Assuming Afe'J=3 Allowed Region Assuming Ale’r=3.4

055 o5 oe o6 om0 015 omow 050 055 060 065 070 075 1
Allowed Region Assuning Ae’=3.8 (Zoomed) Allowed Region Assuming A(e'j=3.8
A A,
| (ETe
1.8} E
T 143
| Ising J :
16 - 142}
[ = B Ising 4
I / ; ng
| g LA
1ap ¥ :
140;
13 i 5 139
| PSS e, y T | S AN S o (N S .
W% 05 o060 065 070 075 080 As 0510 0.515 0.520 0.525 CER

Figure 3-3: The detail analysis of the allowed region in three dimensions, where
A" = A(€'). From the top, the condition is gradually strengthened as A" > 3, 3.4,
and 3.8. The last is the enlarged view in the vicinity of the Ising model point. [S.
El-Showk, M. Paulos, D. Poland, S. Rychkov, D. Simmons-Duffin, and A. Vichi,
Phys. Rev. D 86 (2012) 025022.]

When this calculation is performed in three dimensions, it is found that
as a special point, d = A, = 0.5182(3) and f. = A, = 1.413(1) are
yielded, which are consistent with Monte Carlo calculations of the three-
dimensional Ising model (see Fig. 3-3). Further strengthening the restriction
to higher dimensional scalar fields and tensor fields, more detailed structure
can be examined and finally the allowed region becomes like an isolated
island and is narrowed down to this value. Hence, a discrete OPE structure
has been revealed by the (semi) analytical method also in the case of three-
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dimensional conformal field theory, as in two-dimensional one.

Wilson-Fisher Epsilon-Expansion

Lastly we briefly describe the Wilson-Fisher e-expansion, which has been
long known as a field-theoretical approach to study critical phenomena.*
Consider a scalar field theory with a four-point interaction in D = 4 — 2¢
dimensions (see the third section of Appendix D):’

S = /de [;(8@)2 + i‘!go‘*] .

Calculating the beta function using dimension regularization yields

A2 1T A3

A = =2+ 3055 — S

+o(A1).

This suggests that when € # 0, there is a non-trivial fixed point

A A ge—l— @62 + o(€?)
(4m)2  (4m)2 3 81

satisfying 35 (A«) = 0. At the fixed point, it is considered that a conformally
invariant quantum field theory will be realized.

Anomalous dimensions of the field ¢ and its normal product [p?] are
calculated as v = A\2/12(47)% and 6 = \/(47)? — 5A2/6(47)%, respec-
tively. Evaluating their conformal dimensions at the fixed point by taking
into account a canonical dimension of the field, we obtain

D -2 1 A2 €2 )

A= =5 o] et — 3

°= 3 T €t g7 Hole),
A 5 X2

4 38
=2— e+ —e> +o(e).

Appz) = D — 2
el T @n? T 6 (4 3781

Since the beta function vanishes, these values become renormalization group
invariants, namely physical values. By comparison between OPE algebras,

4 The original paper is K. Wilson and M. Fisher, Critical Exponents in 3.99 Dimensions, Phys.
Rev. Lett. 28 (1972) 240. For review see K. Wilson and J. Kogut, Renormalization Group and
e-Expansion, Phys. Rept. C12 (1974) 75; J. Zinn-Justin, Quantum Field Theory and Critical
Phenomena (Oxford University Press, 2002).

5 It is common to set the dimension to D = 4 — ¢ in the e-expansion.
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o X o ~ ¢ in the Ising models and ¢ x ¢ ~ [©?] in the field, they are
identified as A, = A, and A 2) = Ac. Actually, if we apply a negative
perturbation by [¢?] to the system, the potential becomes a double well type
and two minima at {p) # 0 appear. The minimum corresponds to an up or
down of the Ising spin and can be regarded as a state where the spins are
aligned in either. Therefore, the fixed point is considered to have the same
universality as critical phenomena of the Ising models.

When taking ¢ — 1/2, we obtain A, = 0.51 and A, = 1.45 for the
critical exponents of the three-dimensional Ising model.® These are in good
agreement with the results shown in the previous section. Moreover, from
(B-3), the critical exponent v is given by

1 1 1

— — 142 3
DAy 2 e Ta tole)

14

In three dimensions, v = 0.63 is obtained.

6 The calculation has been made up to o(e®), and the result matches better and are given by
Ay = 0.5180 and A: = 1.4102. It is unknown how much the correctness of this method is
guaranteed, but there are some achievements to resolve this doubt based on conformal invari-
ance: S. Rychkov and Z. Tan, The e-Expansion from Conformal Field Theory, J. Phys. A48
(2015) 29FT01 and R. Gopakumar, A. Kaviraj, K. Sen, and A. Sinha, Conformal Bootstrap in
Mellin Space, Phys. Rev. Lett. 118 (2017) 081601.
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CHAPTER FOUR

BASIS OF TWO-DIMENSIONAL CONFORMAL
FIELD THEORY

The Virasoro algebra and its representation theory are briefly summarized
here, which are basic algebraic structures of two-dimensional conformal
field theory. In addition, we will describe the Coulomb gas representation
of the theory using a free boson field. There are many good textbooks on
two-dimensional conformal field theory. For more information, please refer
to them.

Virasoro Algebra and Unitary Representations

In two dimensions, there are infinitely many conformal Killing vectors, and
the SO(2, 2) algebra extends to an infinite-dimensional conformal algebra
called the Virasoro algebra. Its generator has left- and right-handed compo-
nents, where one of them is denoted as L,,, then the algebra is given by

[Lna Lm] = (Tl - m)Ln—i-m + %(ng - n)6n+m,0- (4-1)
The last term is a central extension part of two-dimensional conformal alge-
bra, where c is called the central charge. Hermitian conjugate of the gener-
ator is LIL = L_,,. Let the other generator that commutes with L,, be fm,
it also satisfies the Virasoro algebra, where we consider the case that it has
the same central charge c. For the six n = 0,%1 generators, the central
extension disappears and they form the subalgebra SO(2,2) = SL(2, C).
In the following, we consider only the L,, component when discussing rep-
resentation theory, but similar for in.

A conformally invariant vacuum |2} is defined by

L,y =0, n>-1.
A primary state |A) with conformal dimension A is defined by

LolA) = A|A), LAY =0, n>1
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Descendant states are generated by applying L_,, (n > 1) to the primary
state |A) as

L*’I‘Ll e L*’nk |A>7 (4-2)

which is an eigenstate of Lj. An infinite-dimensional space spanned by the
descendant states is called the Verma module, and is written as Va. Using
[Lo, L_] = nL_,, we can see that conformal dimension of (4-2) is given
by A + >, n;. The positive integer part ), n; = N is called the level of
the state. The number of independent descendant states at level N is then
equal to the number P(N) of partitions of the integer N. The generating
function of the partition number is given by

S — P(N 43
i 1<1—q N; -

The unitarity requires that inner products of not only the primary state
but also its descendant states are non-negative. Therefore, let us consider a
descendant L_,,|A) of the primary state |A) and calculate its inner product
as

(AlLpL_n|A) = (A[[Ln, L-n] |A)
= [2nA + %(n?’—n) (A|A),

where the inner product of the primary state is assumed to be non-negative.
Since it must be non-negative, the following conditions are derived:

c>0, A >0.

Actually, substituting n = 1, the central charge term is eliminated and A >
0 is obtained. Considering the case of A = 0 and n = 2, only the central
charge term remains and ¢ > 0 is yielded. Here note that L_5|(2) is a state
obtained by applying the energy-momentum tensor to the vacuum.

Degenerate representations Degeneracy of states which is an impor-
tant property widely known in two-dimensional conformal field theory is
described here.!

1 See V. Kac, Contravariant Form for Infinite-Dimensional Lie Algebras and Superalgebras,
Lecture Notes in Phys. 94 (1979) 441; B. Feigin and D. Fuks, Invariant Skew-Symmetric
Differential Operators on the Line and Verma Modules over the Virasoro Algebra, Funct. Anal.
Appl. 16 (1982) 114.
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First, consider the level 2 descendant state. In general, there are two in-
dependent states, which are given by L_5|A) and L? ;|A). They degenerate
in a particular case. To see that, consider their linear combination such as

) = (L2 +2L2,) |A).

Let us examine conditions that this state is to be a primary state satisfying
L,|x) =0 (n > 1). From the n = 1 condition, we get

Lilx) = [3+ 2(4A +2)] L_1]A) = 0

by using [L1,L_5] = 3L_q and [L1,L2%,] = L_1(4Lo + 2). Fromn = 2,
we obtain v
Loly) = (4A +5+ GzA) IA) =0,

where [LQ, L,Q] = 4L(] + 0/2 and [LQ, Lgl] = GL(] + 6L,1L1 are used.
The conditions for n > 3 are trivially satisfied. Solving the conditions above
simultaneously,  and A are expressed as functions of ¢, then a new primary
state with conformal dimension A + 2 can be constructed as follows:

) = (L_2 - 2(2A3+1)L2‘1> A),

1
A== [5—cj: (1—0)(25—c)} .
However, due to the primary condition L, |x) = 0 (n > 1), it is obvious
that the inner product of this state disappears as

00 = (8] (22— srpps 22 o =o.

Such states whose inner product vanishes are called null states. Since this
state is orthogonal to all other states of Va, it can be set as

Ix) = 0.

An irreducible representation of the Virasoro algebra obtained by eliminat-
ing such null states is called the degenerate representation.

In general, when there is a null descendant at level N, the state is called
degenerate at level V. The Kac determinant is known as a formula express-
ing the existence of such a null descendant state. In the above N = 2 case,
it is given by the determinant of the following 2 x 2 matrix:

Af - ((AlL2LoofA) (AILTL5|A)\ _ (44 +c/2 6A
27 (AL L% |A) (A|LZL2,|A) ) — 6A  4A(1+2A7) )
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The condition that degeneracy occurs is that its determinant disappears as

det My = 2(16A% — 10A? + 2A%¢ + Ac)
=32(A — A1 1)(A — Apo)(A—Agy) =0,

where A ; = 0 and Ayo, Agy = [5 —eF/I-0)(25- c)} /16. The
condition A = A;; = 0 indicates that the vacuum |Q2) has a null de-
scendant at level 1 given by L_1|Q2), and A = A; 5, Ay indicates that
each primary state with these conformal dimensions has a null descendant
at level 2, as mentioned above.

The determinant obtained by Kac is that extended to general N, and
is given for the P(N) x P(N) matrix My of the Verma module (4-2) as
follows:

det My = Cn [ (A = Ay )"V,

nm<N

where C)y is a constant independent of ¢ and A, and n, m are positive in-
tegers whose product does not exceed N. A, ,, is a function of ¢ given
by

-1 1
An,m = 624 + g (nﬂ-‘r +mﬂ—)23
Bz = \/% (VIi—c+v25—¢).

This is called the Kac formula.
In the following, we examine conformal field theory of ¢ < 1. The
central charge is then expressed as

c=1-12Q% (4-4)
so that

Br=Q+VQ>+2, (4-5)

where 5+ + f_ = 2Q and 54 5_ = —2 hold. Introduce a pair of relatively
prime positive integers p’, p (p’ > p) and consider the case that the ratio of
B+ and B_ becomes a rational number as

Pr _ P (4-6)

B
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Then, Q? = (p' — p)?/2p'p, and thus the central charge is expressed by a
rational number as ) )
6(p —p)

c=1-— -
pp

and the Kac formula is given by

/o 2 _ /o 2
A, = mp) = —p) 7 4-7)
’ 4p'p
where note that A,, ,, = A,_,, ,y—, holds.
Belavin, Polyakov, and Zamolodchikov showed that operator product
expansions (OPE) close between these finite number of primary states when

limiting possible ranges of (n, m) to the following:

1<n<p—1, 1<m<yp -1 (4-8)

The series of conformal field theory whose conformal dimensions are given
by (4-7) and (4-8) is called the minimal series.

Among the minimal series, especially important one is the unitary dis-
crete series of p’ = p + 1, which is given by

6 [n(p+1) —mp]* =1

c=1- AR A'rL,rn =
p(p+1) 4p(p + 1)

where p = 2,3,...and 1 < m < n < p— 1 can be set because A, ,,, =
Ap_n p+1—m holds. Friedan, Qiu, and Shenker showed that only in this
case the minimal series satisfies the unitarity condition, that is, all conformal
dimensions are non-negative.

As a concrete example, the p = 3 unitary discrete series, which corre-
sponds to the Ising model, is given by

1 1 1

2’ 1,1 ) 2,1 9’ 2,2 16

The conformal dimensions of the energy operator € and the spin operator o
are given by combining the left and right dimensions as A, = Ay 1+Ag ) =
land A, = Ago 4+ Ag oy = 1/8.

The unitary discrete series corresponds one-to-one with the Andrews-
Baxter-Forrester (ABF) model which is a series of solvable lattice models
including the Ising model.> The model is defined by assigning a positive

)

C =

2 It is one of integrable models given as a solution of the Yang-Baxter equation. See
G. Andrews, R. Baxter, and P. Forrester, Eight-Vertex SOS Model and Generalized Roger-
Ramanujan-Type Identities, J. Stat. Phys. 35 (1984) 193. For correspondence with the unitary
discrete series, see D. Huse, Exact Exponents for Infinitely Many New Multicritical Points,
Phys. Rev. B30 (1984) 3908.
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integer height variable I; = 1, ..., p to each site ¢ on a square lattice and
taking the difference of hight variables between the nearest neighbor sites
(1,7) to be |l; — I;| = 1. The degenerate representation mentioned above
corresponds to that the height variable is restricted to a finite range. The
number of ground states of this lattice model becomes p — 1, and thus the
Ising model that has two ground states is given by p = 3.

As the number of ground states increases to 3 and 4, the value of p of
the corresponding unitary discrete series also increases to 4 and 5. When
p — oo there is no limit on the possible values at each site and it can be
regarded as a free boson field. Such a restricted lattice model is generally
called the RSOS (restricted solid on solid) model, while the case where
there is no restriction is called the SOS model. The name of SOS comes
from the image of stacking crystals on a solid. The six vertex model is a
representative of the SOS model, which corresponds to the ¢ = 1 conformal
field theory.

Virasoro Character and Partition Function on Torus

Let us consider the partition function on a torus which is defined employing
a cylindrical space R x S'. A conformal transformation from the com-
plex plane (z, Z) to a cylindrical Euclidean space (w,w) is given by w =
(L/27)log z, where L is circumference of S*. Hamiltonian operator and
momentum operator on the cylinder are given by

H= 2% (Lo+Lo)—2r,  P= 2% (Lo=Lo). @9
The shift term dependent on the central charge in the Hamiltonian operator
is a Casimir term generated when the system is transformed from the plane
to the cylindrical space. It is originated from the fact that energy-momentum
tensors are not primary fields, so that an extra term proportional to the cen-
tral charge (Schwartz derivative) appears when conformally transformed.

The partition function on the torus defined by the cylinder of the length
l is given by

Z(l,s) = Tre tHTisP,

The translation operator ¢ for the S! direction shows that it is rotated by
s when identifying the ends of the cylinder. Letting 7 = (s + il)/L, the
partition function can be written as

Z(r) =Tr ezm'r(Lo75/24)672772‘%@01/24).
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The variable 7 is called the moduli of the torus. Thus, we can write the parti-
tion function on the torus using the Virasoro character yo = Try, qlo—e/24,
where g = €27

It can be found from (4-3) that the Virasoro character YA with ¢ = 1 and
conformal dimension A is given by

oo
e 1 q
Xa(7) = Try,qho=e/2 = ¢A=21 3~ P(N)gN = )
= n(7)

where

n(r) =g JJ(1-q")

is the Dedekind 7-function.

The Virasoro character for the irreducible representation of the unitary
discrete series with ¢ = 1 — 6/p(p + 1) is derived by subtracting null de-
scendant states systematically. The result is given by?

Xn,m('r) _ TrVAn,m qLofc/24
q </ A A
= 41_[?21(1 — ql) Z [q n+42pk,m __ q n,+2pk,—m] .

keZ

The partition function on the torus can be obtained by combining left and
right of these finite number of the Virasoro characters so that it becomes a
real function. The combination is completely categorized, and the simplest
one is given by*

Znas(T) = Z |Xn,m(7')‘2 :

1<m<n<p-1

Here we mention about a maniac relationship between the unitary dis-
crete series and the ABF lattice model, which can be found when the parti-
tion function on the torus is deformed as follows. Consider the action of a

3 See A. Rocha-Caridi, Vacuum Vector Representations of Virasoro Algebra, in Vertex Opera-
tors in Mathematics and Physics, MSRI Publications 3 (Springer, 1984).

4 Strictly, the partition function is given as an invariant function under the modular transforma-
tionsT : 7 — 7+ land S : 7 — —1/7. The combination can be classified according to the
ADE type Dynkin diagram of Lie algebra, and the simplest one in the text corresponds to the A
type. See A. Cappelli, C. Itzykson, and J. Zuber, Modular Invariant Partition Functions in Two
Dimensions, Nucl. Phys. B280 445; A. Kato, Classification of Modular Invariant Partition
Functions in Two-Dimensions, Mod. Phys. Lett. A2 (1987) 585.
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free boson field on the torus defined by
S(g,7) = @/ d*z 9"y p,
4 Jr

and calculate the partition function with jumps d1p(2,2) = p(z + 1,z +
1) — (2, 2) and d20(2,2) = (2 + 7,2 + T) — ¢(z, Z) for each cycle of
the torus as

ZM,M’(g7T) :/5190 — oM’ [d(p] e_S(gﬂ—)
o2 =2M

) o - wt)

It is known that when taking g = p/(p + 1), the partition function of the
unitary discrete series can be expressed as

1 p E J /
Zuwds(T) = = Z \g=——7,T cos | 27 MAM"),
a(7) QM%ZM,M(g 2 )z (2t

where M A M’ is a greatest common divisor of M and M’ and M A0 = M.
With g = 1 — A/, this partition function corresponds to the ABF model of
A = 7/(p + 1). The last factor represents degeneracy or restriction in the
solvable model. The partition function of g = 1 in the absence of this factor
corresponds to the six vertex model.

5 The Boltzmann weight of the ABF model generally given by elliptic functions reduces to
trigonometric functions just at critical points. The square lattice assigned the trigonometric
Boltzmann weights is tilted obliquely at 45 degrees to construct the partition function on the
torus, and when lattice sites of the same height are connected by the vertical and horizon-
tal lines, it can be rewritten to the sum of clusters of zigzag lines with branching. Further-
more, consider loops surrounding the zigzag lines, in which there are contractible and non-
contractible loops. When crossing the loop, the height differs by one. Regardless of its length
and its inner and outer heights, a weight 2 cos A is assigned for each contractible loop. Each
cluster can be thus expressed as (2 cos A\)™, where n is the number of contractible loops. On
the other hand, if there is a non-contractible loop that wraps around the cycle, the height in-
creases or decreases by one when crossing it. Since the number of the non-contractible loops
that appear is always even, the increase and decrease for each cycle is an even number, which
is set to 2M and 2M’. Letting Z M, v be the sum of all configurations with such jumps, the
partition function of the ABF model is given by performing the sum of M, M’ with adding the
factor Z?:1 cos(2mjM N M’ /(p + 1)), while the six-vertex model is the one performing
the sum without this factor. In this way, the same structure as the one of the partition function
derived from conformal field theory appears. See V. Pasquier, Lattice Derivation of Modular
Invariant Partition Functions on the Torus, J. Phys. A20 (1987) L217; O. Foda and B. Nien-
huis, The Coulomb Gas Representation of Critical RSOS Models on the Sphere and the Torus,
Nucl.Phys. B324 (1989) 643.
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Free Boson Representation

A free boson representation of two-dimensional conformal field theory, also
called the Coulomb gas representation, is briefly described here. The action
is given by®

1 1
Sca = fﬂ/dzx«/—g <26“<p3#<p + iQRga) .

As a background metric g,,,, we employ a cylindrical Minkowski space
R x S! with coordinates z# = (n,c), where 0 < ¢ < 27. In the two-
dimensional cylindrical space, the metric is given by the flat g, = (—1,1).
From the equation of motion 9%*¢ = (=97 + 07)¢ = 0, the field is
expanded in right- and left-handed oscillation modes and zero-modes as

o(n,0) =G+ 2np + Z % (ane—m(n+a) + dne—in(”l—o)) . (4-10)
n#0

and its conjugate momentum is given by IT = 9,,¢o/4m. From the equal-time
commutation relation [¢(n, o), II(n, 0')] = i6(c — ¢’) and an expression of
the delta function §(oc —o') = > ., e~ =" /97, the commutation
relation of each mode is given by

[(jaﬁ] = ia [Oéna anL] = n5n+m,07 [dna &m] - n5n+m,07
and [a,, &) = 0. Since Hermiticity of the field is T = —¢ from reality
of the action, it is ¢ = —¢, p' = —p, ol = —a_,,, &l = —a_,, for each

mode. Therefore, creation modes are here expressed by negative frequency
modes instead of using the symbol {.

Using the conformal Killing vector (* that satisfies the two-dimensional
conformal Killing equation

alLCl/ + 31/@ - nuua)\<)\ =0,

the generator of conformal transformation is given by

Le = /S do (" Oy, (4-11)

6 This is an unphysical action. Actually, when written in a real function, it corresponds to
the Liouville action S, (5-8) introduced in the next chapter with the coefficient by, of a wrong
negative sign. By converting the Liouville field to ¢ — ¢/+/2by, and putting by, = —b, we
can obtain this action with a right kinetic term and @) = /b/2, but the imaginary unit appears.
Therefore, there is no physical meaning in the boson field ¢ itself, and this system generally
gives a non-unitary conformal field theory. It becomes unitary under the special conditions
mentioned earlier.
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The energy-momentum tensor is defined using a variation formula as
2 4Sca

V=9 g

then taking the flat metric, we obtain

1
47

o

1 .
O = {Gusoéw — SN0 00rp +i2Q (1,070 — %(‘%)@} :

2
The first two terms correspond to the normal energy-momentum tensor for
a two-dimensional free scalar field, while the last term is derived from a
variation of the R term. The trace disappears according to the equation of
motion of the field. Using the conformal Killing equation and the conserva-
tion equation of the energy-momentum tensor, we find that L is conserved
because time derivative of the generator vanishes in proportion to the trace
of the energy-momentum tensor.

In two dimensions, there are an infinite number of the conformal Killing
vectors, which are expressed by arbitrary functions ¢* = >, a,(/ and

(" =3 ez @nCl with the basis

¢ :< pin(n+o) ;emww)), & :<1 in(n— 0)7_;62'71(?70))7(4-12)

where n is an integer. Substituting ¢/} and fﬁ into the generator (4-11) and
writing them L,, and L,,, respectively, the former is given by’

) 27 1 QQ
L, =¢""[ doe™ = :(Og+ Op1): ——=0no
0 2 2 v
1 2
=3 Z cabat - Qnay, — %%,o, (4-13)
meZ

where ag = p (= o) and the symbol : : represents normal ordering of
free fields. Hermiticity is given by LIL = L_,. Likewise, L, is given by

7 In two dimensions, conformal field theory is often formulated in Euclidean complex plane. If
the coordinates are taken to be z and its complex conjugate z, the conformal Killing vectors are
given by analytic functions ¢(z) and ((Z). Considering the z component, the field is expanded
as(z) =G—iplogz+i Zn;éo an 2~ ™ /n. The energy-momentum tensor is then given by
T(2) = —(1/2) : 09020 +iQ0%2¢p = Y onez Lz~ "~2. Writing ag = p, the Virasoro
generator is L, = (1/2) ZmEZ S mOn—m : — Q(n + 1)ay, where the constant term

disappears. Hermiticity is given by ail =—a_n(n>1)and a(]; = —ap + 2Q. This means

that a background charge 2(Q) concentrates on a conformally invariant out-vacuum at |z| — oo,
while it does not exist in an in-vacuum defined at the origin.
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replacing «,, in the above expression with a,. The last term —(Q?/2)d, 0
of the Virasoro generator is added here so as to satisfy the Virasoro algebra
(4-1) with the central charge (4-4), which corresponds to the Casimir effect
by choosing the coordinates to R x S*.

Further describe this Casimir effect in more detail. As mentioned in
the previous section, the Hamiltonian operator on the cylindrical space is
given by H = Ly + Lo — ¢/12. On the other hand, when calculating
the Hamiltonian operator in the free boson representation using a famous
formula

as a regularization of the zeta function {(z) = >_.°  n™*, we get

27 B 0 B 1
H= i do ©go = g+Lg+;n:Lg+Lg_ﬁ,
where O is the energy-momentum tensor without normal ordering, while
L}, is the normal ordered part of (4-13) with the last constant term removed,
and also Lj). The shift term —1/12 that comes out when taking normal or-
dering reflects that the central charge of a free scalar boson is unity. Since
the two Hamiltonian operators are the same, it is understood that the Vi-
rasoro generator satisfying (4-1) is given by Ly = L{ + (¢ — 1)/24 =
Ljy — Q?/2. The same is true for L.
The conformally invariant vacuum is defined as a state that satisfies
L,|Q) = L,|Q) = 0 (n > —1). Since the zero-mode component of L
is (1/2)(p? — Q?), itis given by

) = e o) = e~ %]0),

where |0) is not a conformally invariant vacuum, but represents the Fock
vacuum which disappears for p and annihilation modes. Exponents of ex-
ponential factors are generally called charge, especially what the vacuum
has is called background charge, which is —( here.® Noting that T = —¢,
we obtain (Q| = (0|e~*@¥(%) thus the out-vacuum also has a background

8 The background charge originates from the R term in the action. It can be easily understood
when considering the Euclidean path integral as follows. Extracting the part related to the zero-
mode @o = § yields the path integral weight e ~?@X%0_ where x is the Euler characteristic.
Since topology of states is represented by a disk of x = 1 (gluing together two disks yields
inner products), we can find that an extra charge —@Q by the factor e ~“2%¥0 is added for each
State.
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charge —(@). Consequently, the conformally invariant vacua totally have a
background charge —2Q).

Considering a state |3) = ¢"##(9)|Q) with a charge 3 in addition to the
background charge, it satisfies the conditions L, |8) = 0 (n > 1) and

LolB) = Aalf),  Ap= 36— QB

Therefore, |5) is a primary state of conformal dimension Ag. A similar
expression holds for L,,, and Ag = Ag is provided. From a duality relation
Apg = Agg_p, we can see that |2Q) — () is also a primary state that has the
same conformal dimension. In the free boson representation, these states
with the same conformal dimension are identified because the field itself
does not have a physical meaning (see Footnote 6).

The primary field is given by an exponential operator as

Vs(n,0) = - etBe(no) . — ew“’>(7””)eiBW°(”)ew”<(”"’),
where ¢~ and ¢ represent creation (n > 0) and annihilation (n < 0)

parts of the oscillation modes «_,, and &_,, in the field expansion (4-10),
respectively. The zero-mode part can be written as’

(iBeo(n) _ ,iBa/2 2iBnp 4iBi/2
Applying the Virasoro generator to this operator, we obtain

[Ln, Va(n, O’)} = n(nto) (—i8+ + gd@) Va(n, o),

|:Ln7 Vﬁ(nv U)} = ein(nig) (—’La_ + gdﬁ) Vﬁ(nv 0)7

where 01 = (9, £ 0,)/2 and dg is the sum of left and right conformal
dimensions given by

dg =205 = B> — 2QB.

Using the generator L¢ (4-11) defined by the conformal Killing vector ¢#,
the transformation law can be expressed as

d
i[Le, Vil = C"0uVs + 5 0,C" Vg

9 The Baker-Campbell-Hausdorff formula is
1 1
eAeP = exp {A + B+ A, B+ (1A, [4, B + [B,[B,A]) + - } :

The formula for the case that [A, B] is a constant is used here.
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In addition, a correspondence between the field operator Vz and the state
|B) is given by '
18) = lim e™"V;5(n,0)|Q).

n—+100
In particular, the operators with dg = 2 are called screening operators.
Using (4-5), they are expressed as

Vi =:efre.

Volume integrals of these operators both commute with the Virasoro gener-
ator L,, as

[L,, /deVi(m)] =—i /d2x o (ei"(’”a)vi(o:)) =0.

Likewise, they commute with in.
Let us consider the minimal series defined by (4-6), then the charge /3
whose conformal dimension Ag is the Kac formula (4-7) is given by

fnm = Q= 0By +mp) = 3 (1= m)Bs + (1 —m)5].

The conformally invariant vacua have the background charge —2@) in to-
tal. From this fact, a two-point correlation function (Vag_g, . (2)Vg, .. (¥))
has a value because charges are canceled, or conserved. In general, such a
charge conservation does not hold in arbitrary correlation functions. There-
fore, we consider a system adding the screening operators as potential terms,
which is described by the action

Scrr = Sca — /dzx vV, — /d% V..

A correlation function defined by using this action has the following struc-
ture:

(Ve (1) -+ Vg, (1))

~ ﬁ <V51(1171) -V, (k) (/dzx V+)n (/d%v_>m>0,

where 3; = B, m; and (- - -)o denotes a correlation function in the free field
representation without the potential terms. The charge conservation is then
given by

k
Zﬂj +nBy +mp_ =2Q.

j=1
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The correlation function has a value only when this equation holds. Paying
attention to Q@ = (54 + [$—_)/2, this condition can be expressed as

k k
1
fE 1—nj )+n=1, 55 l—mJ )+m=1.
j=1 j=1

If n and m are given by non-negative integers at this time, the calculation
becomes easy. However, in general, they are given in rational numbers. In
this case, in order to make them non-negative integers, the charge of one or
more operators should be replaced as 3; — 2Q — j3;.1°

DO =

10°See V. Dotsenko and V. Fateev, Conformal Algebra and Multipoint Correlation Functions in
2D Statistical Models, Nucl. Phys. B240[FS12] (1984) 312.
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CHAPTER FIVE

CONFORMAL ANOMALY AND
WESS-ZUMINO ACTION

The Wess-Zumino action that plays a central role when we construct the
background-free quantum gravity is summarized here. That is an action in-
duced in accompany with conformal anomaly. In two-dimensional quantum
gravity, it is what is called the Liouville action, or the Polyakov action. Its
four-dimensional version is the Riegert action that plays an important role
in this book. These actions are necessary to ensure quantum diffeomor-
phism invariance, namely background-metric independence, which will be
mentioned in the following chapters in detail.

Wess-Zumino Integrability Condition

Conformal anomaly means that even if a classical action has conformal in-
variance, the invariance breaks down by quantum effects. Then, the trace of
the energy-momentum tensor that vanishes classically becomes non-zero at
the quantum level. In general, it arises in even dimensions in which there
are dimensionless gravitational actions.

Let us consider an effective action I and examine §,,I" obtained by ap-
plying a conformal variation defined by 6,9, = 2wg,,. If the effective
action is derived from a theory with classical conformal invariance, its con-
formal variation is conformal anomaly as the name suggests. However, such
a classical conformal invariance is not essential in the following discussion.
Note that what we shall take care of most is diffeomorphism invariance.
Conformal anomaly inevitably appears as a consequence of this invariance.

In two dimensions, we generally obtain the following formula:

b
5.7 = —f/d% —gwR. (5-1)

™

The scalar curvature is the only possible gravitational term in two dimen-
sions when there is no mass scale. When the coefficient is written by by, =
—c/6, the constant ¢ becomes the central charge of the Virasoro algebra. On
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the other hand, in four dimensions, there are generally four possible gravi-
tational terms such as

1
0,1 = W/d4$v —gw {7]1Riy>\0— + 772R/2“, + 3R + 7]4V2R}- (5-2)
The form of conformal anomalies is constrained by the so-called Wess-
Zumino integrability condition in which the effective action satisfies

[0y 50y T = 0.

In two dimensions, this condition trivially holds. On the other hand, in
four dimensions, with applying a conformal variation to (5-2) again, the
following non-trivial condition is obtained:

4
[6ur 0w, | ' = W(m + 12 + 3n3)

x/d4x\/—gR (w1 VPws —waViwr) =0, (5-3)

thus the coefficients must satisfy 7y + 12 + 313 = 0.! The combinations
satisfying this condition are given by the square of the Weyl tensor

Fy = C?

2.4

1
= Rio — 2R}, + SR (5-4)

PN
and the Euler density (Gauss-Bonnet combination)

Gi=R.,,, — AR, + R?, (5-5)

nrvo

while V2 R satisfies the condition trivially. Therefore, the conformal anomaly
is classified in the following form:

1
5., = W/d4x —gw {QC’?WM + (Ga+ GVPR}. (5-6)

Note that the pure R? term is excluded due to the integrability condition. In
the following, we will obtain the effective action I" inversely by integrating
the right-hand side of (5-6) with respect to the conformal factor.

! As a quantity in the right-hand side of (5-2), we can treat F'2,, as well. Furthermore, grav-
itational quantities with a mass coefficient such as R and 1 (cosmological term) can be also
considered, but they all trivially satisfy the integrability condition.
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Liouville and Riegert Actions

Decompose the metric tensor field into the product of the conformal factor
and others as

Juv = 62¢g;wa (5'7)

and consider to carry out functional integrations with respect to the conformal-
factor field ¢. In the below, gravitational quantities with the bar are defined
by using the metric tensor g,,,,.

First, consider the two-dimensional case. The scalar curvature can be
decomposed as

V—gR = /=3(282¢ + R),

where Ay = —V2. The differential operator /—gAs acts conformally for
a scalar A as /—gAxA = \/TQAQA in two dimensions. Using the above
formula, we can easily carry out the integration of the scalar curvature as

b ¢
Su(0v9) = = [ [ aoy=g R

b o
- / /G (680t + R) . (5-8)

This action is called the Liouville action. When writing by, = —c¢/6, for
example, ¢ = 1 is derived for a free scalar field in curved space (see the
fourth section of Appendix D).

The reason for using the symbol S instead of I" for the integrated quan-
tity is because S is not diffeomorphism invariant, and to make it invariant,
we need to further add a non-local term that does not depend on ¢, as dis-
cussed later.

In four dimensions, there are three integrable quantities. Since the first
term given by the square of the Weyl tensor does not depend on the conformal-
factor field, we can easily integrate it and obtain the following form of the
effective action:

@ _
G [ds [(dov=5 =G [d'ev=5 6 Chn,
0
Next, consider the integration of the Euler density /—¢gG4. Although
this quantity can be functionally integrable as it is, we here consider the

combination adding a total-divergence term to it as

2
Ey=Gy — §V2R. (5-9)
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This modified Euler density satisfies a decomposition formula similar to that
of the two-dimensional scalar curvature as follows:

V=9B1 = /~§(484¢ + Eu),
where /—gA, is a conformally invariant differential operator for a scalar
satisfying \/—gA4 A = /—gA4 A, which is defined by
2 1
Ay =V*+2R"V,V, — ng"’ + 3 VIRV, (5-10)

This differential operator satisfies a self-adjoint condition [d*z\/—g AA4B
= [d*z\/=g (A4A)B. Using the above formula, we can easily integrate

v—gFE, as

¢
Su(0.9) =~ [ a'e [ aov=aEy

-~ [ eV 0B+ Big). 1)

For later convenience, we here change the sign of the coefficient as (5, =
—b.. The action (5-11) is called the Riegert action.

Although the Riegert action was given from the analogy with the Liou-
ville action without offering reasons here, we will reveal in the following
chapters that this action is an indispensable element to construct quantum
algebra of diffeomorphism invariance together with the Weyl action. The
linear term of the conformal-factor field ¢ plays an essential role to gener-
ate diffeomorphism. This is true for the Liouville action.

Lastly, we consider the last derivative term in (5-6) alone. The functional
integration of the pure V2R term yields R2. It corresponds to the inverse
transformation of the four-dimensional variational formula

Swrv/—gR%? = —12\/—gRV?w.

This indicates that local R? effective actions as well as local R? ultraviolet
divergences can exist.

Here note that there is no non-local effective action that produces a pure
R? term when the conformal variation is done because it is not integrable as
discussed in previous section. On the other hand, as mentioned a bit before,
there are non-local terms in the effective action associated with the F; and
FE4 terms.
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In this chapter, we considered the three terms of Fy, 4, and V2R as a
base of conformal anomalies, and obtained the effective action by integrat-
ing these terms with respect to the conformal-factor field. In these three, the
last V2R term is the quantity often taken up as a problem of arbitrariness
in conformal anomalies. However, if it is treated properly, it should be de-
termined at the quantum level. Indeed, when we consider QED in curved
space and determine the form of conformal anomalies using a certain renor-
malization group equation in Chapter 9, we can show that only the first two
combinations will appear.”

The overall coefficients ¢; and b. (= —() are determined by calculating
one-loop corrections in curved space. For instance, when considering Ng
scalar fields, Np Dirac fermions, N4 gauge fields as free fields coupled
conformally with gravity, we obtain

1
= — (N, 6N 12N
G 120( s +6Np +12Na),

1
be ==—=(Ng+ 11Np +62N,). (5-12)
360
In quantum gravity, quantum corrections by the gravitational field itself are
added to them.

Diffeomorphism Invariant Effective Actions

Let us examine the integrability condition in more detail. Since the action
I for a conformally coupled field in curved space does not depend on the
conformal-factor field ¢, the relation I(f,g) = I(f,g) holds, though de-
pending on the type of the field and the spacetime dimension, it is necessary
to rescale the field appropriately to exclude the ¢-dependence. The depen-
dence of ¢ comes from the path integral measure. That is, considering a
Jacobian arising when we rewrite the diffeomorphism invariant measure de-
fined on the full metric g, to the measure defined on the metric g,,, such
as [df], = [df]; €*5(#9), the effective action can be written in the form

/[df]g e1(f:9)

= ei5(¢7§)/ [df]5 €19 = ¢i9(#:9) 09, (5-13)

e T'(9)

2 We do not adopt the combination F + 2V2R/3 that appears in the original paper by Duff
in Bibliography because it does not match with dimensional regularization at higher loops (see
Footnote 13 in Chapter 10).
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If we apply a simultaneous shift transformation
¢ — ¢ — W, g/w — 62w.§_7/w (5-14)

that preserves the full metric g,,,, to equation (5-13), the left-hand side is
trivially invariant, while the right-hand side changes to

IS (6-w,e39) JT(27g) _ iS(p—w,e*g) ,iS(w.g) ,iT(g)

In order for this to return to the original €1'(9) | the induced action S must
satisfy

S(¢ —w,e*g) + S(w,7) = 5(4,7). (5-15)

This relation expresses the Wess-Zumino integrability condition in another
form. The fact that Sy, (5-8) and Sy (5-11) satisfy (5-15) is obvious from the
definitions when the interval of integration [0, ¢] is decomposed into [0, w]
and [w, ¢]. The invariance under the simultaneous shift transformation (5-
14) represents diffeomorphism invariance, hence the Liouville and Riegert
actions appear exactly to ensure it.

The Liouville action Sy, and the Riegert action Si themselves are not
diffeomorphism invariant, respectively. For each action, by adding a non-
local term that does not depend on the ¢ field, we can obtain a diffeomor-
phism invariant effective action. By adding the part corresponding to I'(g)
in (5-13), it is expressed as

I'Lr(9) = SLr(9) +T'Lr(9),
and we find that each is given by

b, 9 1
F = —— — e
L(g) 167r/d T/ gRA2R
b / TN — E4 E47 (5—16)

where A1 Fy(z) = [d*y/—gG(z,y)Es(y) and AyG(z,y) = 6*(z —

Y)/\/ =9, and a s1m11ar equation is also given in the case of two dimensions.
The functions I'y, g () are given by these expressions defined on the metric
Guv-

The effective action obtained by integrating the Weyl tensor squared is
not diffeomorphism invariant as well. It will become a diffeomorphism in-
variant form by incorporating the ¢ field into a physical momentum that ap-
pears in running coupling constants. The details will be discussed in Chap-
ter 10. Anyway, conformal anomalies are physical quantities that appear to
ensure diffeomorphism invariance, unlike gauge anomalies.
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Finally, we briefly mention higher order effective actions obtained by
integrating the Wess-Zumino action further. They are given by

/d4xr¢ C;LVAO”
sg“’ — o [V {207 Buo + Buon)

for the Weyl term and the modified Euler term, respectively. The n = 1 case
is the effective action discussed above.® These satisfy the relations

/ T 6(; oSt s(") S<” 2

where we use the self-adjointness of the differential operator A4 and the
fact f d*z\/—g A4 A = 0 derived from it. The effective action of n > 2 will
appear in higher loop calculations of the renormalizable quantum gravity
discussed in Chapter 10.

Toward BRST Conformal Symmetry

In this chapter, we discussed conformal anomalies of quantum field theory
in curved space. In the following chapters, we will explain the BRST con-
formal symmetry as a main subject. The important thing to note in that case
is a peculiar role of conformal anomalies.

As we have seen here, even when considering a field with a conformally
invariant kinetic term, if we quantize it, conformal anomalies will emerge
and its invariance is necessarily broken. However, if we quantize the grav-
itational field in the diffeomorphism invariant manner by incorporating the
Wess-Zumino action for the Euler density conformal anomaly, we can show
that conformal invariance is fully recovered as a gauge symmetry in a cer-
tain limit. This is the BRST conformal invariance. And then, it turns out
that the kinetic terms of classical actions for mater fields and the gravita-
tional field have to be conformal invariant after all as a condition for explic-
itly constructing generators of the BRST conformal algebra that close at the
quantum level.

In the next chapter, as an exercise, we will explain two-dimensional
quantum gravity by employing R x S' as a background spacetime. Of

3 The expressions other than 7 = 1 do not satisfy the Wess-Zumino integrability condition
(5-15), because the integrands used here are not diffeomorphism invariant.
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course, it does not depend on how to choose the background, but by choos-
ing such a cylindrical background, we will be able to describe physical states
explicitly.

In Chapters 7 and 8, we will formulate the four-dimensional background-
free quantum gravity by employing Minkowski background M * and a cylin-
drical background R x S3, respectively. At a glance, since the number of
conformal Killing vectors that is infinite in two dimensions decreases to fi-
nite 15 in four dimensions, it appears that the condition of the conformal
symmetry becomes considerably weak compared with the two-dimensional
case. However, since the isometry group of space is extended from the
abelian group of SO(2) to the non-Abelian group of SO(4), this brings
powerful restrictions on physical states.
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TWO-DIMENSIONAL QUANTUM GRAVITY

Before discussing quantization of gravity in four dimensions, we briefly de-
scribe two-dimensional quantum gravity! whose exact solution is known
and its properties are well studied. The basis of the BRST conformal sym-
metry is contained in this theory.

Quantization of Liouville Action

Let us decompose the gravitational field g,,,, into the conformal factor e2?
and the metric g, as in (5-7). Diffeomorphism 6¢g,, = g,i,\VyfA +
o ,\VN§>‘ is then decomposed as

1_
e = £ 0no + gvxf’\’
55@;1,1/ = gu/\?qu + guk?u§>\ - gul/?/\gk- (6-1)

The metric field with the bar can be further decomposed as g, = (ge"),.
by introducing a non-dynamical background metric g, and the traceless
tensor field satisfying h“# = g"h,, = 0. However, in two dimensions,
since the number of degrees of freedom of the traceless tensor field is the
same as the spacetime dimension, we can take a gauge-fixing condition
called the conformal gauge defined by

By = 0 (6-2)

using two gauge degrees of freedom &#.
The partition function of two-dimensional quantum gravity under the
conformal gauge is given by

2= [ ldga et 4

= /[dqﬁdbdcdf]g iSL($:9)+ilu(f.9)+ilgn (b,c.9)

! It is also called the non-critical string (see Footnote 10 in this chapter).
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where f is a conformally invariant matter field and Ij; denotes its action.
Associated with the conformal gauge, what is called the bc ghost action I,
appears, which is also conformally invariant. The Sy, is the Liouville action
(5-8) introduced in the previous chapter,

b .
Su6.9) =~ 3= [@ov=5 (37 0.00,0 + Bo). (©3)

The coefficient by, is determined from conformal anomaly of the whole sys-
tem, and letting the central charge of the matter field be cy, it is given by?

CM—25

by, = 5

(6-4)
How to determine this value will be described after defining the bc ghost
action below. If the matter central charge is ¢y < 25, the Liouville action
has a right sign such that by, > 0. We here consider the system coupled with
conformal field theory (CFT) of ¢y < 1.

In two-dimensional quantum gravity, the conformal-factor field ¢ is of-
ten called the Liouville field. We call it so here as well.

From the second equation of (6-1), the transformation law of the two-
dimensional traceless tensor field in the conformal gauge (6-2) is given by

Schyw = Vo + Vil — GV En. (6-5)

By replacing " with ghost fields ¢ and introducing anti-ghost fields b,,,,
according to normal gauge-fixing procedure, we obtain the ghost action as

7

I p—
gh 2T

/ d*x\/=G b0 h" = — / d*2\/=§ b, VF ", (6-6)

1
™
where the anti-ghost field is a symmetric traceless tensor field with two de-
grees of freedom.

Here, we mention what to note about the coefficient by, (6-4) in front
of the Liouville action. Unlike the path integral measure of the matter field
[df], discussed in the previous chapter, the measure of the gravitational field
[dg], gives a nested structure in which the integration over the metric field
9y has to be performed using the measure defined on g, itself. Hence,
at this time, it is an assumption that the theory can be expressed using the

2 The field is usually redefined as ¢ — ¢/+/2br, so that the action density is rewritten to the
form —(1/87)[(0¢)2 + 2QR¢], where Q = /by, /2. In this book, to emphasize similarity
with the four-dimensional quantum gravity, we proceed without redefining.
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Liouville action as described above, including the measure of the gravita-
tional field. However, once it is rewritten to a quantum field theory on the
background with the action

Sapqa = St + I + gy,

we can quantize it as usual, and thus it is possible to ascertain whether there
is no inconsistency in the theory.

For the time being, we quantize the action Sopqe, assuming that we
do not know the value of the coefficient by,. The conformal anomaly (5-
1) of this theory can be determined independent of br,, and thus writing
the coefficient with a prime to distinguish it from by,, it is given by 0], =
—(cm — 25) /6. Here, ¢y is the matter central charge. The contribution —25
in the numerator of b{, is the sum of —26 from the bc ghost field and 1 from
the Liouville field. The later comes from the fact that the kinetic term of the
Liouville field is that of a free scalar field.?

Based on this result, let us change the background metric g, confor-
mally. The partition function then transforms as

Z(e*g) = / [dpdbdedf) 2y €50 (#€™ O Filu+ilan
_ /[d(ﬁdbdcdfb eiSL(w,g)eiSL(¢,ez“’g)+iIM+iIgh

_ /[dd)dbdcdf]g eiSL(w,g)JriSL(¢7w,e2“’§)+iIM+iIgh.

In the first equality we use the fact that the actions of the matter field and the
ghost field are conformally invariant. Moreover, the fact that the kinetic term
of the Liouville field is conformally invariant is also necessary to evaluate
the conformal anomaly. By rewriting the w-dependence in the measure as a
Jacobian with the Liouville action, the second equality is obtained, where S’£
is the Liouville action with the coefficient b} . The third equality is obtained
by converting the Liouville field to ¢ — ¢ — w. Here, it should be noted
that the measure [d¢]; defined on the background is invariant under such a
shift transformation. If we put by, = bL, we can show

Z(emg) _ /[dqbdbdcdf]g eiSL(w,g)+iSL(¢—w,ezwg)+iIM+ilgh

N / [dgdbdedf]g (@9t = 7(g)

3 Note that the central charge of the Virasoro algebra for the Liouville field is not 1, but 1+6br,
added with a contribution from the linear term of ¢ (see the next section).
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using the Wess-Zumino integrability relation (5-15). In this way, the coef-
ficient of the Liouville action is determined to be (6-4) from the condition
that the theory becomes conformally invariant exactly.

As shown above, the fact that the Liouville field is an integration variable
plays an essential role when showing the conformal invariance. Thus, it is
important that as the gravitational field is integrated, conformal invariance
is restored exactly, despite the appearance of a quantity called conformal
anomaly that breaks the conformal invariance of original classical action
Iyi. It means that this invariance is inherent to quantum gravity, and it is
nothing but a realization of the so-called background-metric independence.

Virasoro Algebra and Physical States

Let us canonically quantize the action Sepqc and examine the background-
metric independence in an algebraic manner. Here, as in the case of the free-
field representation of two-dimensional conformal field theory in the third
section of Chapter 4, we expand each field in the cylindrical background
R x S! parametrized by the coordinates x# = (1, 0), where 0 < o < 2.
Quantization of the Liouville field can be done in the same way as in Chapter
4, but pay attention to differences in field normalization (see Footnote 2 in
this chapter) and how to enter imaginary units.

From the equation of motion 9*¢ = (=97 + 97)¢ = 0, the Liouville
field is expanded in zero modes, left-handed modes, and right-handed modes
as

1 1 ) )
_ o N e + _—in(n+o) — _—in(n—o)
¢(n,0)m{q+2m}+7§)n(%e Tt agem ™ )}

(6-7)

Since ¢ is a real field, Hermitian conjugate is defined by af = o, . The
conjugate momentum is given by II = (b, /27)0, ¢ and the equal-time com-
mutation relation is set as [¢ (o), II(0”)] = id(c — o’). Since the delta func-
tionis givenby (0 —o') = > 5 ¢™(@=9") /27 the commutation relation
of each mode is obtained as

[qA7ﬁ] = Z.7 [ariy,a arj‘r:y,] = n5n+m,07 [aril7 a’r:'T:L] = 0

Residual gauge degrees of freedom after gauge-fixing to the conformal
gauge (6-2) are given by the conformal Killing vectors (#satisfying the con-
formal Killing equation

aILCV + av@ - nuua)\CA =0.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



Two-Dimensional Quantum Gravity 71

That can be seen from the fact that the gauge condition is preserved because
Ochyuy = 0 when §* = (¢* from the transformation of the traceless tensor
field (6-5). Generators of the guage transformations by the residual degrees
of freedom (* that form conformal algebra are given by

L;= Slda ¢" 0, (6-8)

where © w18 the energy-momentum tensor defined by a variation with re-
spect to the background metric as

on _ 2 0S9pqa

B \/_g 6g,uy ’

which satisfies the traceless condition. The indices are raised and lowered
by using the background metric as ©#, = g, O"*.
The energy-momentum tensor of the Liouville field is given by

br,

oL — b
w9

{au¢au¢ - %77;“/5’\¢3A¢5 + (nuua/\a)\ - aual/) ¢} .
The first two terms correspond to that of a normal scalar field. The last term
is a term specific to the Liouville theory obtained from a variation of the
R(b term. The trace disappears according to the equation of motion of the
Liouville field.

The conformal Killing vectors (# exist infinitely and are given as an
arbitrary function expanded in the basis (4-12). They are here expressed as
G = (ein(n+a)/2, em(nJrJ)/Q) and (" = (ein(nfa)/g, fein(nfa)/g)_
Substituting these into (6-8), we obtain the so-called Virasoro generators as

follows:
L+ ' o tino 1 (AL AL by
L;*= = e””’/ doe ’””5 :(Og0 + Oy ) : +Z(5n’0
0
1 . /b bL
=3 Z cobat 4 ?na,f + Zén’o’
meZ
where aoi = p. Since the energy-momentum tensor is Hermitian, the

generator satisfies the Hermiticity condition L{;ﬂ = Llji The last term
(br,/4)8,.0 is the Casimir effect by choosing the coordinates to be R x S*.
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It shifts the Hamiltonian operator by by, /2 as*
HL:L(I;""_AFL(I;_: +Z{Q+T + TO&;}

This energy shift is necessary for conformal algebra to close quantum me-
chanically.

Let us consider the total Virasoro generator with adding the generators
of the matter field and the bc ghost field (see (6-16) in the next section) as

LE = L8 + LM 4 [ehs,
It satisfies the Virasoro algebra

C
[L;E, Li} = (Tl — m)Lf_’_,m + E(TLB — n)5n+m70

and [L;}, L, ] = 0 whose total central charge vanishes as

c=146b, +cm —26 =0. (6-9)

Thus, it turns out that when the coefficient by, is given by (6-4), it becomes
conformally invariant at the quantum level, where cy; and —26 are the cen-
tral charge of the matter field and the bc ghost field, respectively. The con-
tribution from the Liouville field is 1 4+ 6by,, of which 1 comes from the
Liouville field being a scalar boson field, while 6b;, comes from the fact that
the Liouville action has the non-conformally invariant ]%(;5 term. Actually,
calculating the algebra of the energy-momentum tensor with Poisson brack-
ets, a non-zero central charge 6by, is yielded. When the quantization is done,
the correction 1 is added to this.

The condition that the central charge vanishes indicates that diffeomor-
phism invariance holds in the whole system quantum mechanically. Since
the conformal invariance appears as part of diffeomorphism invariance that
is a gauge symmetry, all theories that connected one another by the con-
formal transformation are gauge equivalent. In this way, it can be shown
algebraically that the theory does not depend on how to choose the back-
ground spacetime.

4 On the cylindrical background, Lg corresponds to a dilatation operator that counts left/right
conformal dimension, and the Hamiltonian operator H = LS‘ + L, is an operator that counts
the sum of left and right conformal dimensions.

5 The matter central charge ¢y has the same structure if using the free field representation.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Two-Dimensional Quantum Gravity 79

Next, we examine physical states of two-dimensional quantum gravity.
We first consider the case where the bc ghost field is integrated out and not
appear explicitly. A conformally invariant vacuum is then defined as a state
that satisfies L'|Q) = 0 (n > —1), which is given by

Q) = e~190|0), (6-10)

where |0) is a normal Fock vacuum which disappears for p and annihilation
modes. The exponential factor of the zero-mode ¢ = §/+/2by, originates
from the Rqﬁ term. Exponents in such exponential factors are generally
called the Liouville charges, especially what the vacuum has is called the
background charge.®

We also introduce another Fock vacuum |y) = €7%°|Q) with the Liou-
ville charge v added to the conformally invariant vacuum (6-10). This state
is an eigenstate of the Hamiltonian operator, which satisfies
~2

HY) = hyly), Dy = T

(6-11)
Considering states in which the creation operators are applied to this vacuum
as

T) = 0o, )),

physical states are defined by those which satisfy the Virasoro condition
(HY+ HM - 2) |¥) =0, (LE*+LM*)|¥)=0, (6-12)

where n > 1. This is nothing but a quantum version of the Wheeler-DeWitt
constraint condition that ensure diffeomorphism invariance. Here, —2 ap-
pears in the Hamiltonian condition because the bec ghost field is integrated
out. This 2 comes from the spacetime dimension.

As physical states, for simplicity, we consider only the case where pri-
mary matter fields described by CFT receive corrections of quantum gravity.
A real primary matter field with the same left and right conformal dimen-
sions A is defined using the matter Virasoro generator as

Ly=|A) = AlA),  LyF|A) =0 (n>1).

6 Considering the Euclidean path integral and letting  be the Euler characteristic, the weight
of the path integral of the zero-mode part is given by e ~PLX%0_ Since topology of states is
represented by a disk of x = 1, e "L %0 is added to a nothing state. See Footnote 8 in Chapter
4.
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The state of the matter field is symbolically expressed as |A) = <I>TA|0)
by introducing the corresponding primary field operator ®».” The physical
state that has undergone quantum gravity corrections, that is called a gravi-
tationally dressed state, is given by

LINEIND

From the Hamiltonian condition, the Liouville charge v satisfies a quadratic
equation
hoyn +2A =2,

where h., is given by (6-11). Of the two solutions, choosing the one that the
classical limit by, — oo approaches a canonical value 2 — 2A, the Liouville
charge is determined to be®

4 —4A
b,

21— A2 4(1— A3
+ 2
b ]

’yA:bL 1-— 1-—

=2 -2A+ e (6-13)

Due to duality relation i, = hap, -, a state <I>JrA |2br, — ya ) also satisfies
the physical state conditions (6-12). Since there is no corresponding clas-
sical gravitational state to the dual state, it is not considered as a physical
object. Using the dual state, however, we can define an inner product as
(2by, — 7A\¢A(DTA|7A> = (Q]e2r?0|Q2) = 1 because the Liouville charges
totally cancel out. Hence, we consider the dual state to be a virtual state that
appears only in intermediate states.”

Physical field operators corresponding to gravitationally dressed states
are expressed by introducing an exponential operator with Liouville charge
v defined as

V. (n,0) =: e1?(.9) . — 10> (1,0) YP0(n) ¥P< (1:0) (6-14)

7 Strictly speaking, the correspondence between the state and the operator is given by |A) =
limy, s j00 € 221 ® A (17, 0)|0). See the third section in Chapter 4 for the description of the
primary field using the free boson field representation.

8 The quantum gravity correction factor eYA®0 means that eigenvalue p of the zero-mode
operator p in the Liouville field is given by a pure imaginary number. If it is real as in string
theory, we can normalize the state in a delta function like [deo ePP0¢ir ¢0 — S(p+p).
However, the quantum gravity state cannot be simply normalized in this way.

9 Unlike the free field representation of CFT discussed in Chapter 4, the Liouville field has a
physical meaning as the conformal factor of the gravitational field. This fact is reflected in how
correlation functions are constructed in the last section.
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where ¢g, ¢~, and ¢ correspond to the parts of the zero-modes, the cre-
ation modes, and the annihilation modes in the field (6-7), respectively.

The zero-mode part in the exponential operator (6-14) can be expressed as
€190 () = V4/2V2bL 290D/ V2bL 74/2V2b1 - Applying the Virasoro genera-

tor, we find that this operator transforms as
. n
(L=, V,(n,0)] = ein(n£o) (—i@i + §h7) Vy(n,0), (6-15)
where 01 = (0, £ 0,)/2. If we choose the A = 0 charge in (6-13) as ,

i [LY V) (n,0)] = 02 {e™ "V (n, 0) )}

holds due to h.,, = 2. Therefore, it satisfies the condition of diffeomorphism
invariance as follows:

Lk, [ v, @) =o

The operator V,, =: €7°? : corresponds to the cosmological term /=g.
Indeed, in the classical limit by, — oo, it reduces to \/—g = €2 itself.

The same can also apply to the case including the primary matter field
® . The product of ®A and V., with the Liouville charge (6-13) satisfies
i[LE, ®AV, A (n,0)] = 0x{e™MEDDAV,, (n,0)} for the total Virasoro
generator, and its volume integral becomes Virasoro invariant. This operator
corresponds to /—g®a. The correspondence between the physical state
mentioned above and the operator is given by the following limit:

Dhlya) = lim e 20NV, (,0)|9).

BRST Operator and Physical States

In this section, we reformulate the theory using the BRST formalism.'? In-
troducing new field variables b+ = bgo & bo; and ¢* = ¢® £ ¢!, the be

10 The original paper is M. Kato and K. Ogawa, Covariant Quantization of String based on
BRS Invariance, Nucl. Phys. B 212 (1983) 443. See also D. Friedan, E. Martinec, and S.
Shenker, Conformal Invariance, Supersymmetry and String Theory, Nucl. Phys. B 271 (1986)
93. The unitarity issue of string theory discussed in these papers is nothing but to show that
we can introduce a Lorentzian signature into 10- or 26-dimensional target spacetime. A boson
field on world sheet representing a time coordinate in the target spacetime has a wrong sign
when viewed as a two-dimensional quantum field theory even considering a Euclidean world
sheet, but by canceling its degrees of freedom with those of the bc ghost, the unitarity recovers.
As the result, it can be shown that the S-matrix in the Minkowski target spacetime becomes
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ghost action (6-6) can be written in the form

Igh = i/dQ.ﬁU (b++6_c+ + b__(9+cf) .
s

Since the equations of motion are givenby &_c¢* = 9, ¢~ = 0and9_b, , =
0+b__ = 0, we can mode-expand the bc ghost fields as
+ _ Z crzllze—in(n:to)’ bii _ Z brzll:e—in(n:ta).
nez neZz
Hermiticity of each mode is ¢XT = ¢*, and bt = b% . The equal-time

anti-commutation relations are given by {c (o ), biy(o )} = 270(0 — o')
and {c*(0),bzx(0")} = 0. The anti-commutation relation of each mode
then becomes

{Cf,bi} = 6n+m707 {C;‘E’ bi} =0.

The ghost part of the Virasoro algebra can be written in terms of the
modes as

LEM =) " (n+m) :bf e (6-16)
meZ

At this time, a ghost vacuum |0}y, is defined by c,jﬂO)gh =0(n>2)and
bE0)gn = 0 (n > —1) so as to satisfy the conformal invariance condition
LgE|0);, = 0 (n > —1). The normal ordering is then defined as bringing

ghost modes that disappear for this vacuum to the right.!!

unitary. Two-dimensional quantum gravity may also be regarded as a string theory called the
non-critical string theory that has a two-dimensional target spacetime of (¢, ¢) by introducing
a time field ¢t. The Liouville field ¢ then represents a spatial coordinate of the target space-
time called the linear dilaton background. The theory discussed here corresponds to what the
time coordinate ¢ is replaced with a free boson field of CFT introduced in the third section
of Chapter 4. In any case, it is necessary to distinguish between the unitarity property on the
target spacetime physics and a positive-definiteness of the field on the world sheet. From the
viewpoint of quantum gravity, there is no concept of the S-matrix because the world sheet itself
is fluctuating gravitationally. What is important here is that physical fields become real in the
context of two-dimensional CFT.

! This is an ordering suitable for OPE calculations, sometimes called the conformal nor-
mal ordering. On the other hand dmtmgulihed from this, an ordering associated with the
Fock vacuum which brings cn and b with n > 0 to the right is called the creation-
annihilation normal ordering. If it is denoted by I I, the Virasoro generator is written as

LEME =3 cp(n+m)ibE_ | ciht — dn0.
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The BRST operator is decomposed as Qprst = Q@ + Q~ and each is
given by

Q= Y, (L4 L) = 5 N ()t b

nez n,mez

This can be further decomposed as

Q* = c¢FLE —vEM* + dF, M* =2 "nct, e,
n=1
where L(jf is the whole Hamiltonian operator including the ghost part, and

the last term of each Q* that does not include the ghost zero-modes is given
by

1
dt = Z o (L{;i + LnMi) ) Z (n—m) :cfncj_:mbi,_m: .
" Suder
The BRST operator satisfies nilpotency Qfrqr = 0, which can be ex-
pressed as

d*? = LgM*,  [dF, LF] = [d*, M*F] = [L§, M*] =0.

In order to construct physical states, introduce a Fock ghost vacuum ex-
pressed by ¢} ¢, |0)gn, which disappears when applying annihilation modes
cE, b (n > 0) toit.!? Consider states obtained by applying creation modes
to a whole Fock vacuum where this ghost vacuum and |v) are combined such
as

W) = O(az!, et b)) @ ¢ ey [0)gn,

n o n r'n 0
then physical states are defined by such states satisfying the BRST confor-
mal invariance condition QprsT|¥) = 0.
Since the state |¥) disappears when the zero-mode b2 is applied to it,
we find that it is sufficient to consider the state satisfying the conditions

WEIw) =0, LT =0 (6-17)

as a physical state. The second condition comes from that the whole Hamil-
tonian operator is BRST trivial such as L§ = {Q@QsBrsT, bg}.13 Thus, the

12 Using the ghost fields, this vacuum is given by the limit limy, 00 e2incte~ [0)gh-

13 In general, the whole Virasoro generator is BRST trivial as LF = {QBRsT), bf} There-
fore, descendant states obtained by applying Lf ,, to physical states become BRST trivial.
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BRST conformal invariance condition for physical states composed on the
subspace (6-17) reduces to
d*|0) = 0.

As in the previous section, if O does not include the ghost mode, it is the
same as the condition (6-12), where the energy shift —2 originates from
LE"™|0)gn = —ci'[0)gn-

In two-dimensional quantum gravity, there are a special physical state
including derivatives (discrete state) and a state with non-trivial ghost num-
ber with a ring structure (grand ring state).'* Moreover, by combining these
states, we can construct a conserved current whose divergence becomes
BRST trivial. It generates W, symmetry, and as the Ward identity of this
symmetry we can derive a nonlinear structure established between correla-
tion functions, called the W and the Virasoro constraints.'?

Because the Hamiltonian operator L%hi does not contain ¢ and b, the
ghost vacuum is degenerate and its inner product vanishes as g, (0]0)g, =
an(0lcZ ¢t ef e [0)gn = 0. This is obvious from the fact that it van-
ishes if {b,cT} = 1 is inserted inside each inner product. One of the
pair that is degenerate with the Fock ghost vacuum is 9¥cf ¢1|0)gn, where
9 = z'car ¢y - Using this fact, the ghost inner product is normalized to
en(0lcZ el dcf er|0)gn = L.

The BRST transformation law of the Liouville field is given by

Q% 000, 0)] = *02(n,0) + 30xc*(n,0).

Combining the left and right components, we obtain i[QgrsT, ¢] = "0, ¢+
0yt /2, which is the transformation obtained by replacing the gauge trans-
formation parameters in (6-1), that is (* after the gauge fixing, with the
ghost field ¢*. The BRST transformation law of the field operator (6-14) is
given by

. h
i[QF,Vy(n,0)] = 0.V, (n, o) + gaicivw(n,o)

from (6-15). Combining the left and right components, we obtain the con-
formal transformation of a real scalar field with the conformal dimension

14 See P. Bouwknegt, J. McCarthy, and K. Pilch, BRST Analysis of Physical States for 2D
Gravity Coupled to ¢ < 1 Matter, Commun. Math. Phys. 145 (1992) 541 in Bibliography.

15 See K. Hamada, Ward Identities of Weo Symmetry in Liouville Theory coupled to cp; < 1
Matter, Phys. Lett. B324 (1994) 141. As for the W and the Virasoro constraints, see M.
Fukuma, H. Kawai, and R. Nakayama, Continuum Schwinger-Dyson Equations and Universal
Structures in Two-Dimensional Quantum Gravity, Int. J. Mod. Phys. A 6 (1991) 1385.
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h~. As shown before, the cosmological term is given as the operator of the
Liouville charge vy satisfying h., = 2, and its volume integral [d?z V,,
becomes BRST invariant, namely diffeomorphism invariant. Generally, the
volume integral of ®AV,,, becomes BRST invariant.

Furthermore, consider field operators multiplied by a ghost field function
ctc™. They become locally BRST invariant operators satisfying

i[QprsT, T @AV, (n,0)]
1
= i(hﬂYA +2A = 2)cte” (04ct 4+ 0-c7) ®aV,,(n,0) =0,

where

i{QF, ¢t} = oLt
and h,, + 2A = 2 are used. The corresponding BRST invariant physical
state can be obtained by taking the limit lim,)_, ;o ¢T¢™ ®AV,, (1, 0)|Q) @
|0)gn (see Footnote 12 for the Fock ghost vacuum).

On Correlation Functions

The BRST conformal invariance is the same as diffeomorphism invariance.
The fact that the zero-mode p is a pure imaginary number (see Footnote 8)
represents that physical fields are real composite fields. In order to calcu-
late correlation functions between them, we have to regularize divergences
resulting from an integration of the Liouville zero-mode ¢y. To do so, it
is necessary to add a physical field with the Liouville charge as a potential
term to the action.

We here consider an interacting system adding the cosmological operator
Vo= [ d%x : e®? : with the Liouville charge o = y. When considering
the path integral Wick-rotated to the Euclidean space (7 = in), the action
is expressed as St, + 1V,. A general physical operator is denoted as O =
[d*z O,.

Since the Euler characteristic of the space is [ d2x\/§R /4T = 2, the ¢p-
dependence in Sy, can be derived as 2by, ¢, with attention to a sign in the
Wick-rotated action. Since the zero-mode dependence of the field operator
O, is given by €Y% if we introduce a variable A = e*?° and perform the
zero-mode integration first, the correlation function is expressed as

1 [®dA .
(Oy, - 05,) = o Js IA (Ony - Oy, 6714V
sL(—s s
=0, 0, V)
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where (- - ) is a correlation function in the free theory without the potential
term. The power of the cosmological term is determined to be

The zero-mode then cancel out, that is, the Liouville charge is conserved
and the correlation function has a value. What is important here is that
the dependence of the scale u (here, the cosmological constant) shows a
power-law behavior, and it may be a negative power. Calculations of this
correlation function are not easy, but a method using analytic continuation
is known in two-dimensional quantum gravity.'®

16 See M. Goulian and M. Li, Correlation Functions in Liouville Theory, Phys. Rev. Lett. 66
(1991) 2051.
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CHAPTER SEVEN

BACKGROUND-FREE QUANTUM GRAVITY

In order to construct quantum field theory of gravity, we impose the follow-
ing three basic conditions:

o diffeomorphism invariance.
e finitness.
e four-dimensional spacetime.

The first condition is one of basic principles of Einstein’s theory of gravity,
and we think that this symmetry also holds for quantum theory. It shall be
expressed as a background-metric independence in the high energy limit.

Physically meaningful quantities must be finite. When quantizing grav-
ity, the second condition not only refers to renormalizability but also implies
that there is no spacetime singularity. In addition, although several higher
dimensional models have been proposed, four dimensions are dimensions
that guarantee renormalizability of known quantum fields. Since there are
no facts suggesting the existence of extra dimensions from observations,
spacetime is assumed to be four dimensions.

These three conditions are quite realistic so that we can believe them
to be true. One of the purposes of this book is to understand what we can
find when thoroughly investigating these conditions. In Chapters 7-10 we
will see that the action of quantum gravity is actually determined from these
three conditions.

Quantum Gravity Action

When considering quantum field theories in curved spacetime, ultraviolet
divergences proportional to the square of the curvature tensor necessarily
occur. Thus, considering fourth-order derivative gravitational actions to
renormalize such divergences is natural and becomes essential in renormal-
izable quantum gravity. Furthermore, since conformal invariance becomes
important at high energy, we will consider quantum fields with conformally
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invariant couplings as matter fields.! Indeed, as in gauge field theories, al-
most of the actions of widely known quantum field theories are conformally
invariant.

On the other hand, conformal invariance of classical kinetic terms will
feed back as a condition necessary for constructing the BRST conformal
algebra, which is a representation of the background free property. This in-
dicates that quantum diffeomorphism invariance gives considerably stronger
conditions than classical diffeomorphism invariance. Such a constraint also
appears when discussing renormalization theory in Chapters 9 and 10.

Conformally invariant gravitational actions required for a gravitational
system coupled with conformally invariant matter fields are the Weyl action
(5-4) and the Euler term (5-5) in the fourth-order derivative actions intro-
duced in Chapter 5. Writing the matter action density as Ly, the action of
quantum gravity is given by

1. [ — _l 2 - l L -
ﬁl_/d «TN{ tQC,uV)\o' bG4+h<167TGR A+£M)}7(7 K

where ¢ is a dimensionless coupling constant that controls dynamics of
quantum gravity. The coefficient b is introduced for removing divergences
proportional to the Euler term. However, since the Euler term does not con-
tain a kinetic term, this constant is expanded using other coupling constants,
rather than independent coupling constants (see Chapter 10). The constants
G and A represent the Newton constant and the cosmological constant, re-
spectively. The reduced Planck constant 7 is restored here, while the speed
of light is taken to be unity.

Quantum gravity is defined by the path integral over the gravitational
field with a weight e*//". Since the gravitational field is a dimensionless
field by definition unlike gauge fields etc., its fourth-order derivative action
is completely dimensionless in four dimensions. Therefore, / appears only
before the lower derivative action such as the Einstein-Hilbert term and so
on. This fact is essential and indicates that the dimensionless fourth-order
gravitational action describes purely quantum mechanical dynamics.? This
is why the Weyl action and the Riegert action induced quantum mechan-

! We can add interactions with mass parameters like mass terms, but they do not contribute
at high energy. Since such interactions do not affect the fourth-order gravitational action, we
do not consider them, except for the Einstein term and the cosmological term written by the
gravitational field only.

2 It may be regarded as part of the path integral measure, including the weight of the Weyl
action.
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ically can be used together as a kinetic term in later discussions. In the
below, let i = 1.

As can be seen from the action I, the conformally invariant gravitational
action dominates in a high energy region beyond the Planck mass scale. Let
us consider an expansion by the coupling constant ¢ of the Weyl action in
that region. It means that we consider a perturbation theory about a con-
formally flat configuration satisfying C,,x, = 0. Therefore, the conformal
factor is pulled out and the gravitational field is expanded as

uv = €2¢gm/7

~ ~ t2 g
g,uu = (geth);w = gu)\ <§);, + th)\,/ + 5h>\gh v + o > ) (7'2)

where R/}, is the traceless tensor field and b/}, = ¢""h,,, = 0 is satisfied.
The background metric g,,,, is an artificial non-dynamical metric introduced
practically to carry out calculations. The conformal factor is given in the
form of an exponential to ensure that it is positive. The important point here
is that since the conformal-factor field ¢ is not subject to any restrictions
from the conformally flat condition, it is necessary to handle exactly without
introducing an extra coupling constant for it.

A kinetic term and interaction terms of the conformal-factor field are
induced as the Wess-Zumino actions from the path integral measure, as de-
scribed in Chapter 5. When rewriting the diffeomorphism invariant measure
of the full metric g,,,, to a practical measure defined on the background met-
ric §,., such actions appear as Jacobians to recover diffeomorphism invari-
ance. Thus, the path integral can be rewritten as

el — /[dgdf]g H(f9) — /[dgbdhdf]g €i5(¢7§)+i1(f79), (7-3)

where S is the Wess-Zumino action. The symbol f denotes matter fields
with a conformally invariant kinetic term. The action S appears from zeroth
order in expansions by the coupling constant ¢. The lowest is the Riegert
action (5-11) defined before by

be
(4m

SR(¢7 g) == )2/d4$ V=g (2¢A4¢ + EI4¢) ) (7'4)
which gives the kinetic term of the conformal-factor field ¢.

We consider quantization of the gravitational field according to the path
integral expression (7-3). The coefficient b, in (7-4) is determined from the
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conformal anomaly proportional to the Euler density in the whole system as

bC:%(NS+11NF+62NA)+%, (7-5)
where the contribution from matter fields is given by (5-12). The last term
is a contribution from gravitational loops, which is the sum of —7/90 from
the conformal-factor field ¢ and 87/20 from the traceless tensor field h,,,,.
Since b, is positive, the kinetic term of the Riegert action becomes positive-
definite in our signature convention.’

Considering the beta function of ¢ defined by udt/du = —SBot?, one-
loop contributions from matter fields to By are summarized to (; (5-12)
divided by 2(4)2. Furthermore, adding one-loop quantum corrections by
the gravitational field itself, we obtain

Bo = @ {WL)(NS—’_GNF +12NA)+ 16907} .
The last term is the sum of the contributions from the conformal-factor field
—1/15 and from the traceless tensor field 199/30. Since f; is positive, it
turns out that the beta function becomes negative and the traceless tensor
field h,, shows an asymptotically free behavior. Thus, it is justified per-
forming the perturbation theory about a conformally flat spacetime such as
(7-2) at high energy.

Here we briefly describe the meaning of the asymptotic freedom in the
quantum gravity. First of all, it should be noted that this asymptotic free-
dom does not mean the existence of free gravitational asymptotic fields like
a graviton. Fluctuations of the traceless tensor field become small, but fluc-
tuations of the conformal-factor field that substantially defines physical dis-
tance remain large non-perturbatively. It indicates that a conformally in-
variant spacetime is realized at the high energy limit. As described below,
this conformal invariance represents the background-metric independence
which shows that the theory does not depend on how to select the back-
ground metric gu,,.“ Thus, we shall call this property as “asymptotic back-
ground freedom”, in distinction from the conventional asymptotic freedom.

3 It is easy to understand when discussing in a Wick-rotated Euclidean background space.
The weight of the path integral then becomes e, and the positive-definiteness is expressed
as I > 0. The Weyl action also satisfies this positivity condition in the Euclidean space as
I= fd4$\/§CiV)\g/t2.

4 Since the traceless tensor field is handled perturbatively, the background-metric indepen-
dence for this field is not complete, but its asymptotically free behavior means that it is not
significant in the ultraviolet limit.
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This also leads to the discussion of 7 earlier. Since the fourth-order grav-
itational action is a completely dimensionless quantum-mechanical quan-
tity, the concept of classical asymptotic fields is not adapted here. In ad-
dition, the asymptotic background freedom indicates that spacetime sin-
gularities are eliminated, because it means that the Weyl curvature tensor
including the Riemann curvature tensor disappears at a short distance, so
that spacetime configurations that the Riemann curvature diverges such as
the Schwarzschild solution are excluded quantum mechanically. In the first
place, such a field configuration that the action diverges is unphysical. This
is one of the reasons why we should consider the positive-definite action
including the Riemann curvature tensor.

In this and next chapters, we consider the quantum gravity defined in the
limit where the coupling constant ¢ disappears. The action is then given by

S4DQG = SR(¢7§) +I(g)soa‘47"')|t—>0' (7_6)

Since the Weyl action is divided by 2, only the kinetic term of /,,, remains.
Furthermore, at this limit, the metric g,, becomes the background metric
Juv» thus the interaction terms between the traceless tensor field and other
quantum fields disappear. Moreover, we ignore interaction terms with mass
parameters such as the Einstein-Hilbert term, the cosmological term, mass
terms of matter fields, and so on.

Similar to the discussion in the case of two-dimensional quantum grav-
ity given in the first section of the previous chapter, we can show that using
Wess-Zumino integrability condition (5-15), the background-metric inde-
pendence of the theory Sipqg holds when the coefficient of the Riegert
action is given by the coefficient of conformal anomaly of the whole theory
(7-5). 1Its essence is that, since the conformal-factor field ¢ is an integra-
tion variable, the theory remains unchanged even if this field is shifted as
¢ — ¢ — w. Since the theory is also invariant under a simultaneous shift
¢ =+ ¢ —wand g, — e gy that preserves the full metric, it becomes
invariant even if we change only the background metric as g, — e2v -

In this way, despite the involvement of the Euler-density conformal
anomaly that originally breaks conformal invariance, strict conformal in-
variance is realized rather owing to that. In the following, we will formulate
this background-metric independence as the BRST conformal invariance.
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Diffeomorphism Invariance and Conformal Invariance

Diffeomorphism is defined using a vector £/ by

559/11/ = gu)\vu§>\ + gVAv/J.g)\'
The transformation laws of scalar fields and gauge fields are defined respec-
tively by’
6530 = 6)\6)\507
SeA, = ENVAA, + ANV,

Decomposing the metric field g,,,, with the conformal factor €% and the
metric with the bar g,,,, as in (7-2), diffeomorphism can be expressed as

1~
e = E20n¢ + vaﬁ’\,
_ _ 1 A
5§g,uu = g,u)\vugA + gl/)\vqu - iguuv)\f)\a
where we use the fact that VA& = 9 (v/—5€*)/v/—§ = VA& holds due

to /—g = v/—g. Expanding both sides of the second expression further,
we obtain the transformation law of the traceless tensor field as®

1/ . 1 .
5§h,u1/ = ; <v,u£u + vu{p - QQ}LVVAS)\> + SAvAh,uv

1 A - 1 - .
5t (Vo€ = ¥26)) + Shoa (Vg = V3¢,.)
+o(th?), (7-7)

where gauge transformation parameters with subscript are defined by £, =
9u€” using the background metric.

At the limit where the coupling constant ¢ vanishes, diffeomorphism re-
duces to a widely known gauge transformation for the kinetic term of the
Weyl action. It can be expressed by replacing £# with k# = £*/t and then
taking the limit of ¢ — 0 as

~ - 1 ~
6r@huu = V}LK‘V + vu”u - iguuv)\’iAa (7-8)

5 Like scalar fields, the transformation law of gauge fields can also be written with normal
differentiations as §¢ A;, = £A8,\AH + A,\B,@)\

6 With O¢Guv = 0¢ (geth)‘w =to¢huy +t2h’)\(p6§h>\u) +o(t?) in mind, expand both sides
and determine the terms for each order.
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while d,,¢ = 0 and matter fields are not transformed either.
Even if the gauge transformation (7-8) is fixed as usual, 15 gauge degrees
of freedom (* satisfying the conformal Killing equation

. . 1. -
V.o + Vi(, — iviAgA =0 (7-9)

still remain. For ¢*, the lowest term in the transformation law (7-7) disap-
pears so that the next term becomes effective. Thus, we obtain the following
transformation:

1.
S = (10 + ZV,\C’\,

- 1 - - 1 - -
el = CVahy + Shun (Vo = VA6, ) + Shoa (V¢ = V26, -
(7-10)

The first expression represents a conformal transformation of scalar fields
of conformal dimension zero with a shift term added (note that there is no
field dependence in the shift term). The second is nothing but the confor-
mal transformation of traceless and symmetric tensor fields with conformal
dimension zero.

Here note that usual gauge transformations become independent of the
fields as in (7-8) at the vanishing coupling limit, whereas this residual gauge
transformation has field-dependences even at the limit. This means that
modes in the field are mixed with each other through the gauge transforma-
tion even though there is no interaction. This fact becomes important when
we show that ghost modes are unphysical.

Next, we give the transformation laws of the matter fields under this
gauge fixing that leaves only the conformal Killing vectors as the residual
gauge degrees of freedom. First, consider a conformally invariant scalar
field ¢. In this case, we can remove the conformal-factor dependence in the
action explicitly by redefining the field as ¢ = e~?¢’. Using this redefined
field ¢’ and writing it again as ¢ below, diffeomorphism can be rewritten as

1 -
dcip = (MOup+ 1oV, (7-11)

The second term on the right-hand side appears to compensate for the change
of the conformal-factor field. This transformation is the same as the confor-
mal transformation of a scalar field with conformal dimension 1.7

7 Specifically, looking at the invariance on the flat background, since the variable ¢# satisfies
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Since the action of the gauge field does not depend on the conformal-
factor field, it is not necessary to redefine the field as in the case of the scalar
field. By restricting the gauge transformation parameter to (* and rewriting
using the conformal Killing equation, diffeomorphism given before reduces
to
1
4
This means that the gauge field is transformed as a vector field of conformal
dimension 1.

These conformal transformations defined on the background g, are
gauge transformations, unlike those in normal conformal field theory. The
conformal-factor field and the traceless tensor field are one of the gauge
fields, which are not physical fields. Therefore, these fields themselves do
not necessary to satisfy the unitarity bound (2-14) for conformal dimensions,
as ordinary gauge fields do not so (see Footnote 6 in Chapter 2).

The background-metric independence is expressed as a symmetry in
which all of theories that can be transformed one another by the conformal
transformation become gauge equivalent. Although the remaining gauge de-
grees of freedom are only 15, this gauge symmetry gives strong constraints
to physical states because the right-hand side of the transformation law (7-
10) depends on the field.

On the other hand, when ¢ # 0, diffeomorphism gradually deviates from
the conformal transformation, as can be seen from the original transforma-
tion law (7-7). Dynamical processes in which conformal invariance breaks
will be discussed in later chapters.

~ A 1 A ~
5CAM = CDVVAH + AMVVC” + §AV (VMCU - VUCH) :

Quantization of Gravitational Field

In order to carry out quantization, we need to choose the background metric
Juv- In the ultraviolet limit where the coupling constant ¢ disappears, since

the conformal Killing equation, it can be shown that the action of the scalar field is invariant as
follows:

1
Sl =— / d'z "oy (c*aw + Zm@)
1 . )
= /d4x {4 (387]<0 + BZ'CZ) an@&q@ + (anCi + &LCO) 37]806190

g Ls (L K| 5imi 0 L (n aon a) 2| _
+[ 91¢; + 3817 (=0nCo + 0k )]a@a ot (0:070:0*) % | =0,
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spacetime configurations where the Weyl tensor vanishes are realized, the
background metric should be conformally flat, but as long as it is so, the
background metric can be selected arbitrarily from its independence. In
this chapter, we employ the Minkowski metric 77, = (—1,1,1,1) as the
background metric §,,,, and the coordinates are written as z* = (1, x).

In this section, we quantize the conformal-factor field and the traceless
tensor field. At that time, the gauge degrees of freedom «* of the transfor-
mation (7-8) are completely fixed so that only the gauge degrees of freedom
(" of the conformal transformation (7-10) remain.

Conformal-factor field

First we quantize the conformal-factor field. In the Minkowski background,
the Riegert action (7-4) is simply given by —(b./87?%) [ d*z$0?¢, and then
the linear term of ¢ disappears. The contribution from the linear term ap-
pears in the energy-momentum tensor introduced in the next section.

The gravitational field, which is a higher-order derivative field, is canon-
ically quantized according to the Dirac quantization procedure.® Introducing
a new variable

X = 00, (7-12)

the action of the conformal-factor field can be written in a second-order form
in time derivative as

Sg = /d4x {_8()7;2 [(3,7x)2 +2xd*x + ((3?2(;5)2} + v (0o — X)} ,

where §? = 9°0; is the Laplacian operator is space. The last is the Lagrange
multiplier term. Canonically conjugate momenta P, Py, and P, with re-
spect to x, ¢, and v, respectively, are derived from this action, and Poisson
brackets are set as

{x(n,%),Py(n,x)}p = {¢(n,%),Py(n,x')}p
= {U(% X)7 PU(T]7X/)}P == 63(X - X/).

Since the action of the new field x is a second-order derivative in time, it
has a normal momentum variable P, = —(b./47%)d,x, while since ¢ and

8 See P. Dirac, Lectures on Quantum Mechanics (Belfer Graduate School of Science, Yeshiva
University, New York, 1964) and the textbooks in Bibliography.
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v are first order and zeroth order respectively, their momenta give constraint
equations as’
w1 =Py —v >0, o =P, =0.
The constraint conditions constitute a subspace in the phase space spanned
by six variables, ¢, x, v and their conjugate momenta Py, P, P,,. The weak
equation represents that it holds as an exact equation on the subspace.
Poisson brackets between the constraints are given by

0 -1
C'ab{@m@b}l)(l 0 >,

where the three-dimensional delta function is expressed as 1 for simplicity.
Since det C,;, # 0 is satisfied, these constraints are called second class.
According to the Dirac procedure, we introduce the Dirac brackets to handle
the second class constraints as follows:

{F,G}p ={F.G}p — {F,0a}rCy' {s,G}p.

The Dirac brackets satisfy the basic properties that Poisson brackets hold.
Since the constraint satisfies {F, ¢, }p = 0 for an arbitrary function F’, the
Dirac brackets can be regarded as Poisson brackets in the phase subspace.
Substituting Hamiltonian as F, it means that the constraint does not evolve
in time, and thus if ¢, = 0 is set first, it is preserved. Therefore, we can set
the constraints to zero as an exact equation using the Dirac brackets.

The Dirac brackets between the four variables in the phase subspace are
given by

{x(n,%),Py(n,x")}p = {¢(n,%x),Py(n,x') }p = d3(x — x),

and the Hamiltonian is written as

2
H= / dx {_QWP; FPox+ o5 [+ (#0)7] } L (1-13)

be w2

Equations of motion are then given by

o ={¢,H}p = x,

472
aTIX = {X?H}D - 7TPX’
b
a”IPX = {vaH}D = —Py — o2 &2X7
be
37,P¢ = {P¢,H}D = —47T2 (’?4d) (7-14)

9 If considering the symmetrized Lagrange multiplier term like (VO — pOyv) /2, the con-
straints become 1 = Py — v/2 and @2 = Py, + ¢/2, but the result is the same.
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Canonical quantization is performed by replacing the Dirac brackets
with commutators as

[p(n,%), Py (n,x)] = [x(n,%), Py (n,x")] = id3(x — x), (7-15)

and other commutators disappear. From (7-14), the momentum variables
are given by

be be o

Pyo=— 150 Po=-0,P = 5% (16

The conformal-factor field satisfies an equation of motion 84¢) = 0,

which becomes 9,P, = —(b./47%) #'¢ when expressed using the mo-

mentum variable. The solution is given by a linear combination of e?*»*"

and ne**»*" and their complex conjugate, where kyrt = —wn + k-x and

w = |K|.

Decomposing the field into two parts of annihilation and creation opera-

tors as ¢ = ¢~ + ¢, the annihilation operator is expanded as

k1
¢<(z) \ﬁ (232 372
and the creation operator is given by ¢ = ¢Jr<. Substituting this into the

defining equations of the variables, (7-12) and (7-16), the annihilation oper-
ator part for each variable is given as follows:

[a(k) + iwnb(k)] e*Fre"

Pk 1 , -

X< SC = \/* 27'(' 3/2 1/2 a(k) + (_1 + an)b(k)} € " )
C 4’k 1/2 . ik,
Pre(e) = [ gy @ a0) & (=2 + iwm)bli] e

Vbe
P¢< (LL') = _Z\i; (271')3/2

From the canonical commutation relations (7-15), we obtain the following
commutation relation of each mode:

la(k),a’ (k)] = d5(k — k'),
[a(k)a bT(k’)] = [b<k)a aT(k/)] = 63(1{ - k/)a
[b(k),b"(kK")] =0

The Hamiltonian operator is given by doing normal ordering to (7-13), which
is expressed in terms of the modes as

w32 [a(k) + (1 + iwn)b(k)] e*n=".

H= /d3kw {a’(k)b(k) + b'(k)a(k) — 2T (k)b(k)} .
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The two-point correlation function of the conformal-factor field is given
as follows:

(Olg(z)o(x

2
% / w3 {1 + iw (7] n )} —iw(n—n'—ie)+ik-(x—x )7
>z

c

where € is an ultraviolet cutoff to regularize ultraviolet divergences, which
is introduced only in the exponential part. This is a necessary treatment to
obtain the canonical commutation relation correctly. In addition, we intro-
duced an infinitesimal mass scale z to handle infrared divergences coming
from the conformal-factor field being dimensionless. This corresponds to
adding a fictitious mass term to the action. Since it breaks diffeomorphism
invariance, the z-dependence shall not appear when considering diffeomor-
phism invariant quantities.' The momentum integral is evaluated under
z < 1, while leaving the ultraviolet cutoff e finite.

Momentum integral formulas required for calculations are given as fol-
lows:

dsk 1 —tw 1€)+1k-x
In(nvx) = / ( )3 wne (n—ie)+ik:

2dw

dCOSQ/ zw\x\cos@e—iw(n—ie)

= 27T2 |x| / 51n(w\x|) —iw(n—ie) (7-17)

where n is an integer. The infrared cutoff z is necessary when n > 3. This
integral satisfies I, (1, x) = 90y, I,,+1(7, x). The expressions of n = 2, 3 are
obtained as

1 . _
I3(n,x) = 47TQ{log [—(n —i€)? + x*] — log 2%e* 72

+77—i610g77—1:6—|><\
x| n—ie+ [x|

.11 n—ie— |x|
I ={——log ———.
2(0:%) =i o8 Ty

10 Note that the Einstein-Hilbert action and the cosmological term do not give normal mass
terms as described here because these actions involve exponentials of the conformal-factor
field.
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Using these integral formulas, we obtain

O10()o(a)10) = —-log { [~ —f —ie)? + (x = x 7] 2672}

1 i€ n—mn' —ie—|x—x|

- 1 . 7-18
4b. |x — x'| Ogn—n’—ie+|x—x’| (7-18)

The last term which disappears at e — 0 contributes to calculations of quan-
tum corrections in later sections. The cutoff e is taken to zero after calculat-
ing quantum corrections.

Traceless tensor field

From the Weyl action, the kinetic term of the traceless tensor field is given
by

1 1
I = /d41‘ {—282h‘u1/62huy + aﬂxuauXV - BB/JX”@VXU} I

where x,, = O hy - In order to quantize the traceless tensor field, we need
to fix the gauge symmetry d,.h,,,, (7-8). For that, we decompose the field as

1
hoo, hoi, hij = h§§ + §5ijh007

where “tr” denotes the traceless part of the spatial component. The gauge
transformation (7-8) is then decomposed as

3 1
drhoo = 5&750 + §5kl<~'k7 dihoi = Opk; + Ok,
2
5,&12 = ij + 8]»/@» — gémémk

First, using the four gauge degrees of freedom, we impose the transverse
gauge conditions defined by

O'hos =0, 'R =0.

At this time, the hgo component becomes a non-dynamical degree of free-
dom which does not contain time derivative in the kinetic term. Since this
component can be removed further using gauge degrees of freedom that
still remain after this gauge-fixing, the following additional condition is im-
posed:

hoo =0.
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The transverse gauge including this extra condition is called the radiation
gauge.

When the radiation gauge is adopted, almost all degrees of freedom of
k# are fixed, and only the finite gauge degrees of freedom (* of the con-
formal transformation (7-10) remain. In fact, when solving conditions that
this gauge is preserved as d,.(hoo) = (30,0 + Ok¥) /2 =0, 8, (0°hg;) =
OyOk" + @*ko = 0, and 6,(0'hf5) = &2k + 9;0kKF /3 = 0, we can see
that the residual gauge degrees of freedom are x* = (* only.

In this and next chapters, we will simply express the transverse (T) com-
ponent of hg; and the transverse-traceless (TT) component of h;; in the
Gothic style as

ha; = h, hit = hyj.

Dynamical fields in the radiation gauge are given by these fields.!!

As in the case of the conformal-factor field, in order to quantize the
transverse-traceless tensor mode according to the Dirac procedure, we in-
troduce a new variable defined by

U;; = 8,, h”
On the other hand, since the transverse vector mode has at most second-

order derivatives in time, it is not necessary to introduce a new variable.
With using the variable u;;, the Weyl action can be written as

1 . .
1= [ L 0y 208+ 3 w0 (05 4 ), )
4 Lo ij ij 92 Lo ij a2
= [dx —ianu Opui; — u? @ u;; — E(’? h* §=h;;
+6nhj‘j928nhj + &2hj€?2hj +AY (Onhaj — “ij)}»

where A\ is the Lagrange multiplier.
By solving constraint equations and removing the Lagrange multiplier
A" as before, we obtain a phase subspace spanned by the canonical variables

1" As another gauge-fixing condition, we can choose hop = 0. In this case, the spatial com-
ponent can be decomposed as h;; = h;; + 8;1(81-h]- + 0;h;) + (8i; — 30;0;/9?)h, then
the h component of the Weyl action becomes fh(38,2] — 3?)2h/3. On the other hand, we
can see from ¢, ho, = O that there still remains a scalar gauge degree of freedom 1 = Oy, kP
satisfying (38727 —#?)¢) = 0. Therefore, we can further impose an extra condition h = 0 using
it. In this way, the same result as the radiation gauge can be obtained.
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Us5, hij, h; and their conjugate momenta
P — —_9 u pij — 9 P — 2{?2uij
u n . h n"u ’
P/ = 26[?28th,

respectively. By replacing the Dirac brackets with commutators, canonical
commutation relations between them are provided as

[0 (), PE (1, y)] = [0 (1, ), P! (. y)] = 05" (x — ),

[h'(n,x), P (n,y)] =05 (x —y), (7-19)

where the three-dimensional delta functions with indices are defined by
55 (x) = A 63(x) and 65°F (x) = A%+ 65(x) with differential operators

0,;0;
Ajj =055 — ({}92]’

1
Nijrl = 3 (Al + Al — A Aw) .
These operators satisfy the transverse and traceless conditions BiAij =0,
Aly =2,0"Ajj i = 0, and A, ;= 0. They also satisfy Ay, A% = Ay
and AideAkl’mn = Aij,mn~
The Hamiltonian operator is given by

1. 3 3 1,y 4

H = /d3x :{—QP?Pfj +PYuij +u7§u;; + §&Qh”c‘l92hij
1 . .
PR - i, |

where =2 = 1/9>.

The transverse-traceless tensor mode satisfies an equation of motion
d*h’ = 0, which can be written as 9,,P;/ = —#*h" in terms of the momen-
tum variable. As in the case of the conformal-factor field, we decompose the
field into parts of annihilation and creation operators as h'/ = h% +-h%. The
annihilation operator is expanded as

17 ddk 1 ij . ij ikt

and the creation operator is given by hi>j = hi<jT. On the other hand, the
equation of motion of the transverse vector mode is #?9*h’ = 0, or 9,,P7 =
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2d*h7 in the momentum variable. Since it is a second-order derivative in
time, the annihilation operator is expanded as

he(@) = /(27r)3/2 2,53/2 e (ke

where h/ = h‘i + hj> and hj> = hj<T as before. Similarly, the annihilation
operators of other variables are given by

i . d’k 1 i . i ik ok
uz(z) = _Z/(27T)3/220J1/2 [c¥ (k) + (—1 + iwn)d” (k)] e™ne",

ij P’k w!/? ij . ij ikt
Puj<(m) :/(27T)3/22 [Cj(k)+(—2—|—zw77)d3(k)} etk ,

APk W i ikt
Phj<(x) = _Z/(27'r)3/22 [Cj(k) + (1 +zw77)d J(k)] etk ,

[ dk o
PL(x )z/(2ﬂ_)3/2 w2 el (k)ethu"

Substituting these expressions into the canonical commutation relations
(7-19), we obtain the following commutation relation of each mode:

[c(k), M (k)] = 65" (k — K),

¢ (k),d*1 (k)] = [d (k), M (K)] = 05" (k — k'),
[d¥(k),d"T(K")] =0,

[e'(k),e’T(K)] = —0¥ (k — K),

where 62/ (k) and 05" (k) are the delta function d3(k) multiplied by the
following functions:

Ay (k) = 65— 55"
~ 1~ _ _ ~ - _
A1) = S{Ain (R0 +A0 () A (k)= Ay () A (k) }, (7-20)
respectively.

To further simplify the commutation relations, we introduce polarization
vectors 5@1) (a = 1,2) and polarization tensors ag ) (a = 1,2). They satisfy

a transverse condition k‘iez(' @) = 0 and transverse and traceless conditions
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kisg) k) = E(Z)i(k) = 0, and are normalized as

ZE(Q) (@) = A (k), g—:{a)(k)e(b)j (k) = 4,

2
25@ 5(a) = AV (k) 521) (K)e )i (k) = dap-

Each mode can be expanded using these as

2

Ze K)eg k), d(k) =Y el (K)d(a) (K),

a=1
Z& e(a)

then the commutation relations are given by

[c(a) (K), ¢y, (k)] = Gapda(k — K'),

[e(ay (). dlyy ()] = [diay ().l (k)] = Buns (ke — K)
[d(ay (k). dfy (K)] =0,

[e(a) (K), el (K)] = —dads(k — k')

The Hamiltonian operator is rewritten as

2
H= ; / d*kw{cl,) (K)d(a) (k) + df,, (K)c(a) (K)

24, (1) (k) — e, (K)e(a () }-

The two-point correlation functions of the transverse-traceless tensor
mode and the transverse vector mode are calculated as follows. Let us in-
troduce new real fields H(*) and Y'(*) whose annihilation operator parts are
defined as

3
@ [ @k 1 , ikt
@) = [ G g w9 + iwnda ()] "

3
@ _ [ 4k 1 ikt
Y () = /(277)3/22003/2 e (ke .
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The correlation function of H (%) is then expressed as (H (@) () H(®) (z')) =
dap(H (2)H (2")) where

(H(x)H(2") = ———5log {[~(n — 1 —i€e)* + (x —x')*] 227}
1 ie n—n —ie—|x—x|
1672 |x —x/| “n—n —ie+|x—x|

and the correlation function of Y'(®) is also given by (V@) (z)Y®)(2/)) =
dap (Y (2)Y (2')) where

(Y(2)Y(2')) = 161 5 log {[-n—n" - i€)? + (x — X/)2] 2262"’_2}

1 7771771‘61 n—n —ie—|x—x|
— 0 .
1672 |x — x/| gn—n’—ie+|x—x’|

Using these functions, the two-point correlation functions of the transverse-
traceless tensor mode and the transverse vector mode can be expressed as

(hij(2)hw(2") = Ajw(x) (H(z)H(2')),
(hi()h;(2")) = Ay (x)(Y (@)Y (2)). (7-21)

Generators of Diffeomorphism

The quantum gravity is now described as a certain quantum field theory de-
fined on the background spacetime. Its energy-momentum tensor is thus
defined by a variation of the action Sypqc (7-6) with respect to the back-
ground metric as
2 4Sspgc

V=3 G
The spacetime indices are raised and lowered with using the background
metric as @W = Jux guUG . After carrying out the variation, we set the
background metric to the M1nk0wsk1 metric. Generators of diffeomorphism
d¢ (7-10) given in the form of the conformal transformations are then pro-
vided by

& =

Q¢ = /d?’x *Oxo.
Conformal-factor field The energy-momentum tensor of the conformal-

factor field is given by

O — 8b 2{ 40240,y + 20,0760, + 20,0°$0,,6
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+§auak¢a,,aw - gaﬂayawaw

s/ (6%8% - ga%waw - gaAang)aAaw)
2 2

_§8M8V82(b + 377My84¢}.

The last two linear terms are derived by varying the second term of the
Riegert action (7-4). It satisfies traceless and conservation conditions as
O\ = —(b./47%)d*¢ = 0 and IO, = —(b./472)D* D, ¢ = 0 using
the equation of motion.

With the four canonical variables, the (00) component is expressed as

27 2 2 k

be
872

g@k&qﬁ@ka%) + %@2PX +

Og0 = —

+

2 4 9
<3x<1’2x — gaankX + #0870 — gakc‘P%a’“cﬁ
be
1272

o,
and the (0j) component is

A 2 1

O0j = 3PxOix = 30iPxx + Py0;0

be 8
+3.3 (43]-;(@2(;) - gakxaja% —2x0; 7 + 28*x0; 6

be

4 1
~0;0kx0"¢ | — Z0;Py — —0;§x.
+3 Ok X ¢) 3 it 127T2 ](?X
The generator ()¢ can be obtained by substituting these expressions into
the definition above and performing normal ordering. Specifically, the gen-
erator for each conformal Killing vector (2-4) can be obtained from (2-11).

Then the translation generator is given by
Py=H= / d3x A, P = / d*x B;, (7-22)

where the local operators A and B; are

272 b,
A=— 2 :Pi: + :Pyx: +ﬁ (2 DX+ :d?zgé(’??gb:),

Bj =:P0;x: + :Py0;0: . (7-23)
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The generator of Lorentz transformation is
My; = /dgx{—r]l’)’j —z;A—:P,0;¢:},
Mij = /dSX {Jizlgj — JZJBZ} (7-24)

The generators of dilatation and special conformal transformation are re-
spectively given by

D= /d?’x {nA+ z*By+ Pyx: +P¢} (7-25)
and

Ky = /d3x{(772 + x2) A+ 2n2*By, + 21 Pyx: +22" Py Ok:

be
e (2 At :qubak(ﬁ:) +2nPy + 2PX}7

K; = /d3x{(—772 + x2) Bj — 2x;2" By, — 2nz; A — 25 Py x:

be
—2n:P,0;¢: ) 1x0;¢: Qm]—P¢}. (7-26)

Although My;, D, and K, include the time variable 7 explicitly, they
are independent of the time as 0,My; = 0,D = 0,K, = 0. The linear
terms in D and K, generate the shift term in the transformation d¢¢ (7-10).

Traceless tensor field Similarly, we can obtain generators of the con-
formal transformations of the traceless tensor field in the radiation gauge by
using the energy-momentum tensor derived from the Weyl action. Only the
results are shown below.

The translation generator is expressed as

j——)():I{:/dSX./‘l7 PJ:/dSXBJ,
where the local operators .A and B; are given by

1 1
A= —3 PRPY PR+ oM @Pu —&-5 PRy, -
1
i P*YTPy: — :§7hF 9%y,

Bj = :P’jlajukl: + :Pflajhkl: + :Pkﬁjhk: .

+
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The generator of Lorentz transformation is
Mo; = /d3X {=nBj —z;A—C;},
M;; = /d3x {:B; —xiB; +Cij},

where the local operators C; and C;; are defined by

C; = :PiOjhu: + 1Py ;4P +2 1Py S hy:
+ :hijk: +2 :ukjEPQhk:,

Cij =2 (:Pfiukj: — :Pfjuki:) +2 (:Pfihkj: — :Pfjhkis)
+ ZPihjZ — ZPjhiZ .

The generator of dilatation is given by
D = /d3x {nA+2*By+ :PElug:}
The generator of special conformal transformation is
Ko = =Py + 21D + Ny, Kj =0’ P; + 2nMo; + Ny,
where Ny = fd3xx2é)00 and N; = [d?x (%200, — 22,2y are given
by
Ny = /d3x {X2.A—|— 22%C, — 2 :uFlug s — 0™ hy

fg :&72Pk&72Pk: —4 :akhlakhl:},

N; = /d3x {szj — 2xjmk8k + kackj — 2z, :Pflukl:
-2 :uklajhkl: +2 :&?72Pk8jhk: —4 :Pffjhk:
—4 :ukjc'P_QPk: +4 :h’?&ﬁhk:}.

Conformal Algebra and Primary Fields

Let us examine conformal algebra and transformation laws of various field
operators using the generators obtained in the previous section. To do that,
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we first explain the calculation method. As a simple exercise, calculations in
the case of a free scalar field are presented in the third section of Appendix
B.

We here use the fact that an operator product of two Hermitian operators
A and B is expressed as

A()B(y) = (0]A(2)B(y)|0)+ : A(z) B(y): -

The two-point function part that diverges at a short distance can be calcu-
lated as

(0[A(z)B(y)|0) = [A<(x), B> ()],

where A is an annihilation operator part of A and B- is a creation operator
part of B, as defined earlier. With care to : A(x)B(y) :=: B(y)A(x) :,
commutation relation between the two operators can be expressed as

[A(x), B(y)] = (0]A(x)B(y)[0) — (0|B(y) A(«)|0).

Since the second term on the right-hand side can be written using its Hermi-
tian conjugate as (0| B(y)A(z)|0) = (0|A(z)B(y)|0)T, it turns out that the
commutation relation disappears if the right-hand side is a real function.

The two-point correlation function of the conformal-factor field ¢ is al-
ready calculated in (7-18). Two-point correlation functions including other
field variables x, P,, and Py can be calculated directly using their mode
expansion expressions. Alternatively, they can be obtained by differentiat-
ing the correlation function (7-18), according to the definitions of the field
variables. Using these correlation functions, the equal-time commutation
relation can be expressed as follows:

[¢(n,%), Py (1,x")] = (0[6(n, x)Py (1, x")|0) — h.c.
o1 €

‘2 [(x —x/)2 +€2]2’

where h.c. represents the Hermitian conjugate and the right-hand side is a
regularized delta function'?

dgk ikex—ew __ 1 €

The equal-time commutation relation between x and P, is the same as
above. For other commutation relations, it can be shown that they all vanish

12 1t can be written as 63(x) = Ip(n = 0, x) using the integral formula (7-17).
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because corresponding two-point functions become real while keeping e fi-
nite. In this way, the canonical commutation relations are derived correctly.

Next, consider equal-time commutation relations between composite op-
erators. From Wick’s operator product expansion, we obtain the following
formula:

Hck =Z[A<w>, Ci(y)] :B(x) [T Ci(y)
ko(#1)
+Z[B(:c)7 Hck
+ Y {(0lA(x) \0><0|B<> i)[0) —he}: ] Cr)

1,5 (i#7) k(#4,5)

The last term represents a quantum correction, and it disappears if it is real.

The conformal algebra of SO(4,2) (2-6) can be calculated using this
formula. Compared with the case of a free scalar field in the third section
of Appendix B, more complicated correction functions appear in the case
of the conformal-factor field, but they all disappear and it can be shown
that the conformal algebra closes at the quantum level. In the case of the
traceless tensor field, unfortunately, it is not easy to show that conformal
algebra closes by this method. However, on R x S® discussed in the next
chapter, it can be shown that the conformal algebra for the traceless tensor
field also closes successfully.

We here consider transformation laws in which a finite quantum correc-
tion term remains. First, consider conformal transformations of a composite
operator : ¢ :. An equal-time commutation relation with the local operator
A (7-23) is calculated as

[A(x),:¢"(y):] = —inds(x —y) :x¢" ' (¥):
= —i03(x —y)0y: 0" (y): . (7-28)

For simplicity, field operators are expressed with time dependence omitted,
when considering equal-time commutation relations.

A quantum correction term appears in commutation relation with the
local operator B; (7-23) as

[Bj(x),:0"(y):] = —ids(x — y) 0j:¢" (y):
n(n —1e;(x —y) :¢" 2(x):, (7-29)

90,
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where e;(x) representing quantum correction is given by

1 ex;[1 — h(x)] i€ i€ + |x]|
— SR X)) - ]
2 x2(x2 + 2)?’ h(x)

ej(x) =

2] e~ [x||

The function £ satisfies h'(x) = h(x) and limy_,o h(x) = 1.

Since the generator of conformal transformation is conserved, or time-
independent, its algebra can be calculated using equal-time commutation
relations. From the commutation relations (7-28), (7-29), and [: P, 0;$(x):
,:0"(y):] = 0, the translation (7-22) and the Lorentz transformation (7-24)
are calculated as

P[Py, :¢"(x):] = 0,:0" (),
[ My, 0" (x):] = (2,0, — ,0,) 10" (x): .

There is no quantum correction in these equations, especially in the second
equation it disappears because of the antisymmetric property of the Lorentz
generator and the fact that volume integrals of functions including e; satisfy
[d3xej(x) = 0and

1o Ll —h@)] 1
3 2

Similarly, the dilatation (7-25) and the special conformal transformation
(7-26) are calculated as

i[D,:¢™(z):] = 20, : " () : +n g™ (z):
1 n—2 .
—4bcn(n —1) 0" %(2):,

i[Kp,:¢"(2):] = (220, — 22,279, :¢"(2):

20y (07 @)s = gnn = 1) 20" ) ).

Each : "' : term is derived from commutation relations with the linear
term of P, in the generator. The last term including 1/b. of each transfor-
mation law is quantum correction. Those of D and K are calculated using
the integral formula (7-30), and that of K is calculated using a formula
developed it as

/d?’x {xzej(x —-y)— ZIjCEk@k(X - Y)} = —Yj-
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The n = 1 expression of the conformal transformation is nothing but the
transformation law of the conformal-factor field given in (7-10). Using ¢*
to write it all together, it is given by'3

Q0] = CH0u0 + 00" = 5¢6.

In this case, the quantum correction term disappears.
The simplest primary scalar field is given by

(o]

Vo(z) =:e@) . = Z @

nl’

. "(x): . (7-31)

n=0

The new exponent « is called the Riegert charge. In general, exponents in
such exponential operators are called so. From the transformation laws of
:@" : obtained above, conformal transformations of V,, are calculated as

[P,“V ()] = ( ),
i[Myuw, Va(z)] = ( — 2,0,) Va(z),
i[D, (x)]:(ff“a + ha) Va(z),
1 [Ku, Valz)] = (anH 2x,2" 0, — 2x,ha) Va(x),

and its conformal dimension is obtained as

a2

ho = a0 — o (7-32)

The second term proportional to 1/b,. is quantum correction.
Next, consider composite scalar fields involving differential operators.
There are two field operators containing second derivatives, which are

e n 4 2
= 32 e (e ).

n=0

R% = Z %:¢"3A¢5)‘¢1 =:e’? (_X2 + 3k¢ak¢) e
n=0

13 The transformation law of the traceless tensor field is also obtained from the commutation
relation i[QC, h#,,], but in this case, an extra term called the Fradkin-Palchik term has to be
added to 6¢hy (7-10) so that the gauge-fixing conditions are preserved. See the sixth section
of Appendix B or K. Hamada, Phys. Rev. D 85 (2012) 024028 in Bibliography.
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These operators transform as a scalar field for the translation and the Lorentz
transformation. The transformation laws for the dilatation are given by

i[D. R @) = @0, + hy +2) RY (@),
and those for the special conformal transformation are given as

i [Ku, Rp(2)] = {2°0, — 2,270\ — 2z, (hg +2) }Rﬁ
+4:0,0¢?(x):,
[K#,Rﬁ z)| = {20, — 22,2705 — 2z, (hg + 2) }RB
—4h— 10,0 (),
B
respectively, where hg is defined by (7-32).

From these transformation laws, considering a field operator that com-
bine the two as

Rs=Rj+ hﬁnﬁ e’? (a2¢+ iamaw) Lo (733)

we find that R is a primary scalar field with conformal dimension hg + 2,
which transforms under the conformal transformations as follows:

i[Pu, Rp(@)] = 0 Rp(),
i[Myuw, Rp(2)] = (2,00 — 2,0,) Ra(z),
i[D,Ra(x)] = (m)‘@\ + hg + 2) Rp(x),
i [Ky, R ()] = {220, — 22,20\ — 2z, (hg +2) } Rp(2)

Generalizing this operator to a scalar field operator containing 2m-th
derivatives as

RIM = e7? (a%s - }Zamaw) ;7

Y

we find that it becomes a primary scalar with conformal dimension A~ +2m.
The m = 0, 1 correspond to V,, and R g, respectively.

Physical Field Operators

Since the conformal invariance is a gauge symmetry that occurs as part of
diffeomorphism invariance, unlike normal conformal field theory, not only
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vacua but also field operators must be invariant under the conformal trans-
formations. Hence, diffeomorphism invariance requires that physical fields
satisfy the following conformal invariance condition:

@@/&xomﬂzo (7-34)

The operator O satisfying this physical condition is given by a primary
scalar field with conformal dimension 4 which is the same as the spacetime
dimensions. Because it satisfies

i[Q¢, O(x)] = 9, {¢*O(x)}

for all conformal Killing vectors (*, we can see that the physical condition
is satisfied. On the other hand, primary tensor fields do not satisfy this
condition because of the presence of spin terms in their transformation laws.

The simplest example of such a physical operator is the operator V, (7-
31) with h, = 4. Solving the condition h, = 4, the Riegert charge is

determined as
/ 4
o = 2b, (1 —4 /1= b) . (7-35)

At this time, out of two solutions, we select this solution that « approaches
the canonical value 4 in the classical limit b. — oo which takes the num-
ber of matter fields to infinity (large N limit). That is the solution that V,
approaches the classical volume element \/—g¢, and thus the operator with
(7-35) is called the quantum cosmological term operator. Since « is always
a real number due to b, > 4 from (7-5), it becomes a real operator, as ex-
pected in gravity theories.

Likewise, the primary scalar field R (7-33) with hg = 2 satisfies the
physical condition. Solving the condition hg = 2 and selecting one solution
that 3 becomes the canonical value 2 in the classical limit b. — o0, the
Riegert charge is determined as

B=2m<1—w1—5>. (7-36)

The operator R g with this solution is called the quantum Ricci scalar oper-
ator. Indeed, it reduces to the Ricci scalar \/ng in the classical limit of
B8 — 2.

In general, the primary scalar field Rlym] with the Riegert charge v =

2b(1 — /1 — (4 —2m)/b.) that satisfies the condition h, + 2m = 4 is

a physical operator corresponding to the m-th power of the Ricci scalar,

v—gR™.
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BRST Formulation and Physical Conditions

Lastly, we construct the BRST operator of the transformation (7-10). The
BRST conformal transformation is a transformation obtained by replacing
the 15 gauge transformation parameters ¢* with corresponding ghost fields
¢*. The ghost field can be expanded using 15 Grassmann modes, ¢, cH”,
c,and ¢/, as

= (@), +e (G2),, +eld ek (G3),

=} + 2z,c" + 2t + 2%} — 22z,

where c*” is antisymmetric. The ghost modes are Hermitian operators, and
¢ and c*” are dimensionless, while ¢ and c’i have dimensions —1 and 1,
respectively.

At the same time, we introduce 15 anti-ghost modes b" , b*¥, b, and b’fr
with the same properties as the ghost modes have. Take anti-commutation
relations between the ghost and anti-ghost modes to

{C,b} _ 1’ {C,uv,bkcr} _ nu)\nua _ nuanu)\’
{0‘17]31} = {Ci,bli} = nlw’
then we obtain generators of the ghost part that satisfies the conformal alge-
bra (2-6) as follows:
*z( 2bc++b c+bied +2bych),
gh” =i (bc” =D +blel —bZeh + b — b)),
gh—z(b Cr — +C /\)
K}, =i (2bc” —blc+ b A —|—2bic“)\),
where the suffix “gh” is applied to the ghost part.

With these generators, the BRST operator that generates the BRST con-
formal transformation is constructed as

1 .
QprsT = ¢ (P + 2Pgh> + M (M,w + 2M§B>

1 1
¢ (D + Dgh) +cff (Kﬂ + K§h>

= c (D + D) + e (M, + MEE) —bN — b N, +Q,

iz

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Background-Free Quantum Gravity 115

where P, M,,,, D, and K, are respectively the sums of the generators of
conformal transformations other than the ghost part, and other operators are
defined by

N = 2iclc_,, N# = — (chte” +ctch) +ictieh,

N | .

Q=c"P,+ K,

Using the conformal algebra that P, M,,, D, and K,, satisfy, nilpotency
of the BRST operator can be expressed as

Q3rsr = Q> — ND — 2ick ¢’ M, = 0.
Anti-commutation relations between the BRST operator and the anti-ghost
modes are given by

{@BrsT; b} = D + Dgp, {Q@BrsT, D"} =2 (M‘“’ + Méthu) ;

{@prsT, b} = K" + K}, {Qprst, by} = P"+ PL.
Thus, the whole generator of conformal transformation including the ghost
part becomes BRST trivial. Therefore, it is not necessary to consider the
descendant field obtained by applying the whole translation generator to the
physical operator given as a primary scalar field, because it becomes BRST
trivial.

The BRST conformal transformation of the conformal-factor field can
be directly derived from its conformal transformation law as

i[@ersT, #(2)] = " Oudp(x) + ié)ﬂc"(z).

Similarly, the BRST conformal transformation of a primary scalar field O,
such as V,, and R4 obtained in the previous section, is given by

i Qprst, O] = 0,0(r) + S 9,40(z),

where A is its conformal dimension. As shown before, when A = 4, the
volume integral of O becomes a BRST conformal invariant as

i[QBRrsT, /d4:c O(z)] = /d4:r Ou{c" O(x)} = 0.

This is a rewrite of the physical condition (7-34).
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Local BRST conformal invariants can be constructed by introducing a
ghost field function obtained by contracting indices with a fully antisym-
metric tensor as )
= EE/LV)\O'CMCVC)\

Since the BRST conformal transformation of the ghost field is given by

i{@prsT, ¢ (7)} = "0, (),

w .

the function w transforms as
i[@rsT, w(7)] = HOyw(z) = —wdyc(2),

where c*w = 0 is used in the second equality. Using this commutation rela-
tion, the product of w and a primary scalar field with conformal dimension
A = 4 becomes a local BRST conformal invariant as

i [@prsT,wO(7)] = i (A = 4)wd,"O(z) = 0.

Correlation functions of physical field operators O, = [d*z O, can be
defined in the same way as in two-dimensional quantum gravity. However,
its calculation method has not been established yet. Here, as in the last
section of Chapter 6, we consider a quantum gravity system in the Wick-
rotated Euclidean background, in which the cosmological term A [ d*xV,
is added as an interaction term and we see only the A-dependence of correla-
tion functions in this system. Since the Euler characteristic of the Euclidean
space is given by [ d*z/5G, /3272 = 2, we find that a correlation function
({(O~, -+ - O,,,)) has a behavior proportional to A® when the integration of
the zero-mode of the conformal-factor field is performed, where the power
is determined to be s = (4b. — >0, vi)/a.M

As we have seen so far, each mode itself introduced to quantize the grav-
itational field does not become BRST invariant. Physical quantities in the
background-free quantum gravity are given as real composite scalar func-
tions of the gravitational field. Therefore, as described in Chapter 1, the
condition for ensuring that their correlation functions are real-valued is not
the positive-definiteness of each mode, but the positive-definiteness of the
whole action given by the Riegert action and the Weyl action written in
terms of the field variables, which guarantees validity of the path integral.

14 This equation indicates that conformally invariant vacua have a background charge —4b. in
total. Such a vacuum will be discussed in detail in (8-23) in Chapter 8.
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Difference from conventional thinking

Finally, we describe the difference from the unitarity argument studied in
the earlier higher-order derivative quantum gravity in the 1970s." In those
days, the R? action was introduced as a kinetic term of the conformal-factor
field, and all gravitational fields were treated in perturbations. Therefore,
when discussing gauge invariance of the kinetic term, only the transforma-
tion of the field-independent part like (7-8) works. In this case, positive-
metric and negative-metric modes are not mixed with each other by the
gauge transformation. Hence, their residual modes which cannot be elim-
inated by gauge-fixing become gauge invariant. For that reason, it was
impossible to prevent negative-metric modes from appearing as physical
asymptotic states.

The idea at those days by Tomboulis who applying the work of Lee and
Wick to the gravitational field is based on the fact that as the positive-metric
and negative-metric modes are mixed through interactions, the negative-
metric mode does not actually appear alone.'® It can be seen from the fact
that propagators acquire quantum corrections through interactions like

1 p2
ZW7 M (p*) = M3 + 4fp° log

)

Adq

where Mp = 1/4/87G is the reduced Planck mass. When treating all the
gravitational fields in perturbations, the Einstein-Hilbert term plays a role
of mass term. The real pole 1/p? represents a positive-metric mode what
is called graviton. On the other hand, 1/M (p?), which corresponds to a
negative-metric mode called massive graviton, has no real poles as a conse-
quence of the asymptotic freedom (35 > 0), and thus we can see that it does
not appear in the real world.

This idea is still effective when considering contacts with the real world
at low energy. However, it is clear that it cannot be avoided that the negative-
metric modes appear as gauge invariant asymptotic states when coupling
constants disappear at the ultraviolet limit.

15 n general, a free propagator of fourth-order derivative fields has the form 1/(p* +m?2p?). It
can be decomposed as (1/m?2)[1/p? — 1/(p? +m?)], where the first term denotes a massless
physical particle, while the second term is a massive ghost particle because of the wrong sign.
Thus, we cannot avoid the appearance of ghosts as far as we consider such a free field.

16 See T. Lee and G. Wick, Negative Metric and the Unitarity of the S-Matrix, Nucl. Phys. B9
(1969) 209; N. Nakanishi, Indefinite Metric Quantum Field Theory, Prog. Theor. Phys. Suppl.
51 (1972) 1, and T. Tomboulis in Bibliography.
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On the other hand, in the background-free quantum gravity, due to the
non-perturbative treatment of the conformal-factor field, the BRST confor-
mal symmetry that mixes the positive-metric and negative-metric modes still
remains as part of diffeomorphism invariance even in the ultraviolet limit. It
prohibits the negative-metric mode from appearing alone as a physical state.
To begin with, there is no concept of asymptotic states, so that the S-matrix
is not defined. Since spacetime is totally fluctuating quantum mechanically,
there is no longer a picture of particles moving in the flat spacetime.
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CHAPTER EIGHT

PHYSICAL STATES OF QUANTUM GRAVITY

Let us concretely construct and classify physical states in the background-
free quantum gravity. For this purpose, it is convenient to employ a cylin-
drical spacetime R x S as the background. By using a compact S® space,
there is no need to worry about infrared divergences. Moreover, we can see
similarities with two-dimensional quantum gravity on R x S described in
Chapter 6.

Minkowski spacetime M* and the cylindrical spacetime R x S3 can
be converted to one another by conformal transformations. Since the the-
ory is gauge equivalent under conformal transformations (7-10), namely the
background-metric independence, the result is the same regardless the back-
ground we choose.

Canonical Quantization on R x S?

The metric of the background spacetime R x 52 can be expressed using the
Euler angles & = (o, 3,7), with the radius of S3 as unity, as follows:

A& g5 = gm,dx“d:z:" = —dn? + Ai;da"dz?
= —dn® + - (da + dB? + dv? + 2 cos Bdady),

where possible ranges of «, (3, and vy are respectively [0, 27], [0, 7], and
[0, 47] (doubling the range of + in consideration of half-integer representa-
tion). The curvatures are then given by

Riji = (RaAji — YY),  Rij = 2%, R=6,
and C'ﬁy o = G4 = 0. The volume element of S is defined by
dQs = d33/3 = = sm BdadfBdry,

and its volume is

ng/dﬂgz/o /dﬂ/ d’yfsm6727r
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Spherical tensor harmonics on three-sphere Quantum fields are ex-
panded in modes using spherical harmonics on S®. A symmetric-transverse-
traceless (ST?) n-th rank tensor harmonics is classified using a representa-
tion (J + &5, J — &,) of the rotation group SO(4) = SU(2) x SU(2), and
it is denoted as Y}z Mza ) where €,, = £n/2 is an index representing polar-
ization. The spherical tensor harmonics is an eigenfunction of the Laplacian
operator Oz = 47V, V; on S satisfying

Y}%ME )= ={-2J(2J +2)+ n}Y“M;’l),
where J(> n/2) is an integer or a half-integer and M = (m,m’) is an
index representing degeneracy of the representation for each polarization
and takes the following values:

m=—J—¢e,, —J—e,+1,....J+e,—1, J+¢e,,
m=—-J4¢e,, —J4+e,+1,....J—c,—1,J—¢,.

From this, the degeneracy of the tensor harmonics becomes 2(2J + n +
1)(2J —n+1) in consideration of polarization, while the degeneracy of the
n = 0 scalar harmonics is (2. + 1)2. Specific expressions and formulas of
the spherical tensor harmonics are summarized in Appendix C.

Complex conjugate and normalization of the ST? spherical tensor har-
monics are defined by

Y}%Msn) = (—1)" Y}% ZME,L)

/adQ3 le(j\}": VYisoin Jo(Mae2) = 00,7200, M, 0c 162
s

n<n

where dar, a1, = Omymo 5,”/1 my, and €y is a sign factor defined by

’

€M = (71)m7m s

which satisfies €2, = 1. In the following, the polarization indices for spher-
ical tensor harmonics where the rank n is two or less are particularly written
as

1
y:€1:i§, T =¢e9 = £1.

Quantization of scalar fields The action of a conformally invariant
free scalar field on R x S is given by

1
I:/dn/ngfgo(f5'3+Dgfl)90,
53 2
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where missing dimensions in the action come from the fact that we set the
radius of S to be unity. By expanding the field as ¢ oc e~¥7Y,, using
scalar harmonics, we obtain a dispersion relation w? — (2J + 1)2 = 0.
Therefore, the scalar field is mode-expanded as

oae i(2J+1)nyJM_’_SDTIMei(2J+1)77YfM}'

v JEZ:O%:,/ 2(2J + {

Quantization can be done according to normal procedures. The conju-
gate momentum is given by P, = 0, and the equal-time commutation
relation is taken to be [p(n, %), P, (1,%X')] = id3(X — %’), where the delta
function on S® can be represented from completeness of the spherical har-
monics as

GBER-%)=) > Yiy®)Yu(&)

J>0 M
=85(a — a’)d(cos B — cos ') (v — 7).

The commutation relations between the modes are then given by
[ harts] = 000,60
PIiM15 P M, = 0J1J29M Mo

and [© .7, My s Paonty] = [@T,l M @T,z ,] = 0. The Hamiltonian operator can
be found from the action as

1 1
H= [dQs:{=P%2 - —p(03—-1)¢p;:
40 {2 e~ 5% (05 )90}

=33 @I+ 1)¢l e (8-1)

J>0 M

Quantization of gauge fields Adopting the Coulomb gauge Vid; =0
to quantize the gauge field, the action on R x S3 is given by

I/dn/dgg{ 824‘53*2)14 A0D3A0}
S3

where A® = 4% A;. Since Ay becomes a non-dynamical variable whose
kinetic term does not contain time derivative, we further take Ag = 0 using
remaining gauge degrees of freedom in the Coulomb gauge. This gauge
condition is called the radiation gauge.
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Expanding the transverse gauge field as A° e"“”}”( Y) using the

vector harmonics, the same dispersion relation w? — (2.J + 1)2 = 0 as the
scalar field has is obtained. Thus, the gauge field is mode-expanded as

ST )

Z Z \/T_H{QJ(MQ

J>1 My
T z(2J+1) i%
Ty € ny y)}

The conjugate momentum is P, = 9, A" and the equal-time commutation
relation is set to be [A° (1,%), P4 (n,¥)] = 05 (X—9). where the delta func-
tion on S3 is given by 65 (X — §) = 2rsi oy Y. Tovy) Y Z)Y (pry) (F)
from completeness of the vector harmonics. “The commutation relation be-
tween creation and annihilation operators becomes

[qh(Mlyl)v q$2(M2y2)] = 07,7200, M Oy
and the Hamiltonian operator is given by

1 . 1 .
H = ng{P%P?—Az(Dg—Q)Al}
P 2 2

= Z Z(QJ + 1)93(My)QJ(My)~ (8-2)
J>% My

Quantization of gravitational fields In order to gauge-fix the Weyl
action, decompose the traceless tensor field as in the third section of Chapter
7, that is,

1
hoo, hoi, = hji + %g hoo,

where h§§ is a component satisfying the spatial traceless condition h'"¢, =
& hg = 0. The gauge transformation (7-8) of the traceless tensor field is
then decomposed as

3 1. N
drhoo = ianlio + ivklik, 0rhoi = Opki + Viko,
r = v 2, ¢
5nh§j = Vilij + leﬁ - g’yijvkﬂk.

As in the previous chapter, using four gauge degrees of freedom of dif-
feomorphism, we apply the following transverse gauge conditions:

Vihoi =0,  V'hE=0.
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In the following, we write the transverse vector component satisfying this
condition as h; and the transverse-traceless tensor component as h;;, in the
Gothic style.

The four-dimensional quantum gravity action on R x S3 composed of
the Riegert action and the Weyl action fixed in the transverse gauge becomes

SipQa = /dn/dﬂg { ¢ (05 — 20307 + 03+ 402) ¢
—5hi; (0 — 25362 + 03 + 802 — 403 + 4) h¥/
+hi (O5 +2) (—0; + 05 —2) b’
—ﬁhoo (1603 + 27) D3h00} (8-3)

The field hgg is not a dynamical field because it does not contain time deriva-
tive in the kinetic term. Therefore, using remaining gauge degrees of free-
dom that preserve the transverse gauge conditions, we further impose the
gauge condition

hoo =0.

The combination of this and the transverse conditions is called the radiation
gauge.

In addition, we remove a non-dynamical transverse vector mode that
satisfies (O3 + 2)h; = 0. This mode can be written with the J = 1/2 vector
harmonics, and thus the condition can be expressed as

hl‘.]:% = 0. (8_4)

The radiation gauge with this condition is called the radiation™ gauge. Then,
residual gauge degrees of freedom of diffeomorphism become the same as
degrees of freedom of the conformal Killing vectors. The details are de-
scribed when constructing generators of diffeomorphism in this gauge in
the next section.

As in the previous chapter, let us perform canonical quantization ac-
cording to the Dirac quantization procedure. By rewriting the action of the
conformal-factor field using the variable x = 0,¢ (7-12), we obtain

SR = /dﬁ/sd93 { (5nX)2 + 2xO3x
—4x* + (D:»,W} +0(0y¢ — X)}-
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The Dirac brackets are set as before between the four variables in the phase
subspace obtained by solving constraints. Replacing them with commuta-
tion relations yields

[X(% 5\()7 Px(n7 y)} = [(b(na 5()7 P¢(777 S’)] = 263(5& - y)a
where the momentum variables on R x S? are given by

be be be
PX = _manx7 P¢ = _anPX - ﬁDSX + ﬁx

Then we obtain the Hamiltonian operator
21% 5 be 2 2
i =5 —PL+Pox + o5 [2x0Osx — 4x* + (O30)%] ¢ .
S3 c Y5

By deriving the equation of motion of the conformal-factor field from the
action (8-3) and substituting ¢ o< e~*7Y7,, into it, we obtain a dispersion
relation {w?—(2.J)*}{w?—(2J+2)?} = 0. Therefore, the conformal-factor
field is mode-expanded as follows:

¢ = 2%{2(@ + pm) Yoo

—i2J7 t gy e
JME "Yin +alye r]YJM)

"I Y

(bJNIe_i(2J+2)nYJM

1
+
I e
+bTIMei(2J+2)nny) }7

where Yoo = 1/v/V3 = 1/4/27. From the canonical commutation rela-
tions, the commutation relation of each mode is given by

[4,p] =1, [aJlMpaT]QMJ = —[leMl,bLMQ] = 0.7, 7, OM, Mo

Thus, a jps has a positive metric and b s, has a negative metric.
The Hamiltionian operator is given in the modes as

PP be+ > {2Jalyasn — (27 + 2)bY b} (8-5)
J>0 M
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The energy shift b, is a Casimir effect dependent on the coordinate system,
which cannot be derived from the above normal ordered definition. For the
sake of simplicity, it is here determined by requiring that conformal algebra
on R x S$3 discussed in the next section shall close. See the last section in
the next chapter as for one specific method to derive this Casimir term.

Since the transverse-traceless field h;; is a fourth-order derivative field,
it is quantized according to the Dirac procedure as in the conformal-factor
field, whereas since the transverse vector field h; is second order, it is quan-
tized in a normal way. Using the tensor and the vector harmonics and ex-
panding the fields in modes like h%/ o e’i‘”"Y}%Mz) and h® o< e Z‘*’”YJ(My),
we obtain dispersion relations {w? — (2J)?}{w? — (2J + 2)?} = 0 and
(2J —1)(2J + 3){w? — (2J + 1)?} = 0, respectively, from the gauge-fixed
action (8-3) From these, the fields are mode-expanded as!

h' = Z Z /7{ - JWY}JMz
J>1 M,z 2J + 1 ( )
12J 1%
+CJ(MJ;) nYJfo)}
1 ) .
4= {dJ(N[$)6—1(2J+2)n¥zj N
4;%\/(J+1)(2J+1) (M)

z(2J+2)nYU*

J(Mz )}

i1 i
=522 V2T D)) f )2 1 3)

J21 M,y

+dJ(]LIw)

X{ej(My)e—i(2J+1)nY}'(My) _ eE(My)ez(2J+1)nyz* } (8-6)

As mentioned above, the J = 1/2 mode of the vector field which is the
mode satisfying (O3 + 2)h’| ;—; 2 = 0 is removed by the gauge condition.
The commutation relation of each mode is given by

[CJl(Mml)ﬂT]z(Mﬂz)] = _[dJl(Ilel%dT]z(]w?w?)] = 07, J20M; My Oz 205

[eJl(Mlyl)’ T]Q(szz)] 5J1J25M1M25y1y2

Therefore, ¢ j(arz) is a positive-metric mode, d j(ps) and e j(pr,) are negative-
metric modes. The Hamiltonian operator can be written as

H= Z Z{QJCTJ(Mm)CJ(A4w) —(2J + 2)dTJ(M;E)dJ(]\/fw)}
J>1 M

! Why the expansion of h? is unusual is merely a convention for conforming to normalization
of the generator 5y of special conformal transformation, derived in the next section.
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=Y D> @I+ el erany). (8-7)

J21 M,y

Generators of Conformal Transformations

Using the conformal Killing vector (* and the energy-momentum tensor as
defined in the previous chapter, generators of conformal transformations can
be expressed as

Qc = /ﬂ 195 ¢,

In fact, using the conformal Killing equation (7-9) and the conservation
equation \vid @,“, = -0 @,,0 + Vi @/u = 0, we can show that the gen-
erator is preserved due to tracplessness of the energy-momentum tensor as
0yQc = —(1/4) [dQ3VAC* OH, = 0.

Let us first solve the conformal Killing equation on R x S® and find 15
conformal Killing vectors. The conformal Killing equation is written for
each component as

3877C0 + ¢ = 07 aT[Cl + @iCo = 07
. . 2
Vil + VG — §7ij¢ =0, (8-8)

where ¢ = \2 ;C*. Solving these equations for 1 yields (Dg +3)¥ = 0and
(82 1)¢) = 0. The former is obtained by applying V7V to the last equa-
tion in (8-8). Substituting the result into the remaining conformal Killing
equations yields the latter. From this, a solution which simultaneously sat-
isfies these two equations is expressed as 1) = 0 or ¢ x eii"Y%M.

The solution of 1 = 0 is that satisfying 0,{o = U3(p = 0 and the
Killing equation V;(; + V,;¢; = 0 on S2. One of the solution is a vector for
time evolution represented by ¢(; = 0 as

¢F=1(1,0,0,0).

Others are the six Killing vectors representing the rotation (isometry) of S3,
which satisfies (o = 0 and 9,,(; = 0 simultaneously. The Killing vector of
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3 denoted by ¢ = (0, Cﬁ) can be expressed using a scalar harmonics as?

(Ch)mn = i% {Y%*MV]Y%N - Y%NVJY%*M} ;
where the indices M and N denote a 4-vector representation of SU(2) x
SU(2). Even after this, for simplicity, when describing the 4-vector indices
of the conformal Killing vectors and corresponding generators of conformal
transformations, we display only the degeneracy index M with omitting
J=1/2.

Substituting these into the definition of the generators, we obtain the
Hamiltonian operator

H = d93 2(:)00:
S3
and six rotation generators of S® as
Ryn = /dQ?, (Gh)mN :Ojo:,
S3
where Ry satisfies

_ T _
Ryn = —emenR_n_wr, Ry =Rnwm.

Solutions of the conformal Killing equation satisfying ¢ # 0 are denoted
by ¢§ = (. (%). There are eight solutions, four of which are given by

VVs s ; V3 e
B) SemY%M» () = —ZTse UVJY%M (8-9)

and the other four are complex conjugates of them. Substituting (8-9) into
the definition of the generator and rewriting it using the conservation equa-
tion of the energy-momentum tensor, four generators of special conformal
transformations are obtained as

() =

Q]M = \/\T3P(+)/dﬂg Y%*JVI :éool, (8-10)
3

where P(+) = ¢™(1 4 i9,)) /2. By performing the spatial integration over
S3. we can show that only functions of e£ remain. Thus, P(*) is an opera-
tor that selects only the e~ part and makes the generator time-independent.

2 The Killing vector on S can be expressed using the J = 1/2 component of the vector

harmonics Yj (My) and a SU(2) x SU(2) Clebsch-Gordan coefficient of the G type (C-4) as

j . 1/2M *
Cr)mn =i(vVs/2) 2vy G1/2(Vy);1/2NY1]/2(Vy)'
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Their Hermitian conjugates Q;rv[ correspond to four generators of transla-
tions.

In this place, we explain the residual gauge degrees of freedom in the
radiation” gauge mentioned before in detail. The residual gauge degrees
of freedom preserving normal conditions of the radiation gauge defined
by hgo = 0 and Vihg = V%tr = 0 are expressed by three equations
O0xhop = (3877160 + ’lﬂ)/2 = 0, 5H(V hoz) = nw + Oskg = 0, and
55(@%5) = (O3 + 2)K; + Vj9/3 = 0, where ¢ = V;x’. These equa-
tions indicate that the residual gauge degrees of freedom are wider than 15
gauge degrees of freedom spanned by the conformal Killing vectors. That
is, the second equation is weaker than the second condition of the conformal
Killing equation (8-8), and thus there is a solution satisfying 9,x’ # 0 as
a solution of the Killing equation on S3. Letting f(7) be an arbitrary func-
tion of time, it means that x* = (0, f(n) 1/2(My)) is allowed as a residual
degree of freedom. With this gauge degree of freedom we can remove the
J = 1/2 mode in h; and impose the gauge-fixing condition (8-4). Thus,
the residual degrees of freedom of the transformations after fixing in the
radiation® gauge is the same as the conformal Killing vectors.

The 15 generators of the conformal transformations form a conformal
algebra of SO(4, 2) as follows:

[Qnr, QY] = 26MNH + 2Ruw,

[HvQM] —Qw, [HvQM} - Q}LVI’
[H,Run| = [Qm,Qn] =0,
[Qur, Rty ns | = Onin, @ty — €ary €01, 001 - a1, Q-
[Raty My Ratonay] = Oary vty Ravis vz — €01y €01, 0— vt R — ity

—Ongy My By vy + €y €01, 0— niy s R— iy vy -
(8-11)

On the cylindrical background R x S®, the Hamiltonian operator is a
dilatation operator that counts conformal dimensions of states. In order to
see this, consider a conformal mapping y — r = e? from the Euclidean
R x S% metric dy? + d©3 to the R* metric dr? + r2d$)3. A scale transfor-
mation r — e“r corresponds to time evolution y — y + a in the cylindrical
spacetime. From this, the way to quantize fields on R* is called the radial
quantization.> Quantum field theory on the Lorentzian R x S® is obtained

3 See S. Fubini, A. Hanson and R. Jackiw, New Approach to Field Theory, Phys. Rev. D 7
(1973) 1732.
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by doing analytic continuation as y = 7. We can then see that each mode
of fields with a time-dependence e*#" has a conformal dimension E.

Since the rotation generator R,y commutes with the Hamiltonian oper-
ator, it is an operator whose conformal dimension is zero. The generator of
the special conformal transformation () ; has conformal dimension —1 and
its Hermitian conjugate has 1. Therefore, the generator Q) is represented
by a proper combination of creation and annihilation operators whose con-
formal dimensions differ by 1.

Parameterizing a 4-vector index {(1/2,1/2),(1/2,-1/2),(—1/2,1/2),
(=1/2,—1/2)} by {1,2,3,4}, and setting A, = Rsy, A_ = Rl,, A3 =
(Ri1 + Ry3)/2, By = Ry, B_ = R}, and By = (Ry; — Ry3)/2, the
last rotation algebra in (8-11) can be written in a familiar form of SU(2) x
SU(2) algebra as

[Ap, AL] =243, [As, AL] = £A4,
[By,B_] = 2Bs, [Bs, B1| = £Bx,

where A4 3 and B4 3 commute.

We here discuss the four-dimensional quantum gravity by dividing it into
four sectors: the scalar field, the gauge field, the conformal-factor field, and
the traceless tensor field. Full generator of the conformal transformation is
given by the sum of all sectors. The following will provide the generator
concretely for each field.

Scalar field The energy-momentum tensor of the conformally invari-
ant scalar field is given by

. 2. 1 . - 1.
O = =V,uoVp — =V, Voo + ~ R p?
3 3 6

1. - N 1.
_éguu {VM@V}\S@ =+ GRQOQ} .

Since the trace vanishes proportional to the equation of motion as @’\/\ =
(1/3) @(=V? + R/6)¢ = 0, the generator of the conformal transformation
is preserved as shown before.

The generator can be obtained by substituting the energy-momentum
tensor into the definition and performing the integration over S®. The Hamil-
tonian operator is already given by (8-1). The rotation generator can be
expressed, using the index {1,2,3,4} parameterized as the 4-vector index
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above, as*

Ry = Z Z(m + m/>(lDT]]\/[SOJMa

J>0 M

Roy = Z Z(m - m/)SDT]MSDJM7

J>0 M

Ry = Z Z VI +1=m)(T+m)eh e a7,

J>0 M

Ry =Y > (T +1=m)(J +m)e)ypim,

J>0 M

where the indices with upper and lower lines are defined by M = (m,m’ —
1)and M = (m —1,m’).

The generator of the special conformal transformation is obtained by
substituting the normal ordered energy-momentum tensor into the expres-
sion (8-10) as follows:

v
pH) 5 A Y] YranY.
Jz]\:/[ Jzzv:f A\ QA+ 12 +1) Jge 3 TR
1, 1 2, 2

X (<PJ My Puar e BNF2T4 0
1 1 2 2

+€]wl ng]l*]\/h €M, %0;'-]2,]\/[2 ei(2J1+2J2+2)77)
1
+ {(2'11 +1)@2L+ 1)+ (2 + 1) — 2}

T —i(2J, —2J:
x<¢J1M1€MZ<pJ2_M26 (271 2)1

4 Using the SU(2) x SU(2) Clebsch-Gordan coefficient of the type G (C-4), the rotation
generator can be expressed as

Run = G it 1
M Jz>;) 522 ;y: v 2 ( Vy), 2 2 (Vy) JS2 SQJSl $IS2:
1/2M \/7 1/2m 1/2m JM
Substituting GJ(Vy) JN = 2J(2J +2 CJerv In J o’ I and G1/2(Vy) JN =
—/2J(2J +2) Cif/wzleru J7LCi7/"217yv, Tn reduces this expression to the one in the text,

where the coefficient G T ( Miy1);Jo Mo
at J = Jy when J; = 1/2.

has values only at J; = Jo when J = 1/2 and only
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+enr, @Bl—f\/flngQJ\/fg ei(2']1‘2']2)") }

M
=3 CjM11']+%M2\/(2J+ )27 + 2)ear, ©Y_pr, @4 20150
(8-12)

where C is a SU(2) x SU(2) Clebsch-Gordan coefficient obtained by inte-
grating the product of three scalar harmonics over S® defined as

JM . »
Corvy, g =V V3 / ;iﬂs Yinu Yo Yo,
S.

2N+ +1) (m I
= \/ 2J+ 1 C}1M1,J2M20}1m/1,J2m/2’ (8_13)

where CJ™ " is the normal Clebsch-Gordan coefficient, from which
1My,J2Mm2

J + J1 + Jy is an integer, and a triangular inequality |J; — J2| < J <

Ji1+ Jy and M = My + M5 hold. In addition, C is a real function, and
JM _ M _ J-M _ J1 M,y
Comunms = Chrnnn = Cr v m—m = €MCrar g, -, and

Cgé‘f] N = Oumn are satisfied. The C-coefficient with JJ = 1/2 appears in
the generator Q) .

The free scalar field is transformed as a primary field of conformal di-
mension 1. Actually calculating commutation relations between the gener-
ators and the field operator, the transformation law (7-11) is obtained as

. - 1.
i[Qc¢, ] = CHVyup + ZWC“@-

For example, when the conformal Killing vector is n*, the generator is the
Hamiltonian operator, and we can show i[H, ¢] = 0, ¢ immediately. In
the case of the special conformal transformation, substituting (¢§) s on the
right-hand side and rewriting it using a product expansion of scalar harmon-
ics (C-6) in the third section of Appendix C, we can show that it agrees with
i[Qur, @]

Gauge field The energy-momentum tensor of the gauge field is given
by

o 1. -
@/J,l/ = p,)\-FyA - Zg/tuF)\o'F)\ ;

where F# = gH*Fy,,. This energy-momentum tensor is obviously traceless.
The generators of the conformal transformations are given in the radia-
tion gauge Ag = V'A; = 0. The Hamiltonian operator is already given in
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(8-2). The generator of the special conformal transformation is

Qm = Z Z Z Mlyl) J+3 (Mays)

J>2% Mi,yr M2,y

X/ (2T + 12T + 2) (=€t )45 gy o) D13 (aya)» B-14)

where we introduce a new SU(2) x SU(2) Clebsch-Gordan coefficient of
the type D defined by

im * 1
D). s+ 300 = V'V /Sém?’ Vi Yoy Yire i (a4aps)

1 ’
— ./ zm 2m
- J(2J + 3 CJ-H/ mi,J+5 +yzmch—y1m’1,J+%—y2m;'

The general expression of the D-coefficient is given by (C-2) in the second
section of Appendix C.
Here and also below, the rotation generator on S is omitted because its
concrete expression is not essential in the following discussion.
Conformal-factor field The energy-momentum tensor of the conformal-
factor field is obtained from a variation of the Riegert action with respect to
the background metric as
A b
Ow=-373 { —4AV2PV V.6 4 2V, V26V, ¢ + 2V, V26V ¢
s
8¢ & & ©A de & o e 3 SN o
+§vuv)\¢vuv d) - gvuvuv)\(bv (b + 4Ru)\uov ¢v ¢
P ~ PN ~ 4 . . ~
HAR AV, 0+ 4Ryka¢vu¢ — 3R VaoVie

—va,iwm — SV, V., V26 — 4R 00 VIV ¢

OJ

LU 3 va2¢+2Rv v6 — AR AVAV, 6 — 4R, \V V¢
TR0 = TR0+ 4, 200 P60
SISV 0 — SR OV + SRV T
P20+ ARGV~ 2RV + ;vmm} }

Its trace disappears in proportion to the equation of motion of the conformal-
factor field on R x S3 as © = —(b./47%)Ayp = 0.

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Physical States of Quantum Gravity 133

The Hamiltonian operator is already given in (8-5). From (8-10), the
generator of the special conformal transformation is derived as

Qm = (V20 —ip) ayy

;
+Z Z CJMl,J+ M{ a(J)ennay_n, @i,

J>0 My, M2
+B(T)enn bl _apbrs i, +W(J)€MQGTJ+%_M25JM1}a (8-15)

where the C-coefficient is the same as (8-13) introduced in the case of the
scalar field. Other coefficients are given by

alJ)=+/2J2J+2), B(J)=—(2J+1)(2] +3),
y(J) = 1. (8-16)

As mentioned earlier, the Casimir term in the Hamiltonian operator (8-5) is
necessary for the conformal algebra (8-11) to close.

In calculations of the conformal algebra, the following crossing relation
that the C-coefficient satisfies is useful:

]3M3 ]3M3
E , § :GMCJQMQJ MCJM TaMy = E , § :eMCJ4M47J MCJM Jo M-
J>0 M J>0 M

(8-17)

This relation can be derived by integrating the product of four scalar har-
monics

* *
/S ;ZQ:s Y7o Yoo Y n, Yo,

in two ways using the fact that the product of two scalar harmonics can be
expanded in another scalar harmonics as

Yo Yo = r > > Ciln san Yoo

J>0 M

The crossing relation (8-17) is quite useful, for example, when calculating
the commutation relation between () 5; and Q;V. It is also useful when con-
structing physical states in the next section.

The conformal transformation law can be expressed using a commuta-
tion relation between the generator and the field operator as

i[Q¢, 0] = C“Wcﬂl V,.C". (8-18)

,4;
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In the case of the special conformal transformation, it can be shown easily
by using the product expansion of scalar harmonics (C-6) as in the case of
the scalar field.

Traceless tensor field The generators of the conformal transforma-
tions for the traceless tensor field are given in the radiation™ gauge. The
Hamiltonian operator H is given in (8-7). The generator of the special con-
formal transformation, writing only the result, becomes

1
Qu = Z Z Z Ej(l\l\l/llml),J+%(M2r2)

J>1 My,x1 Ma,xs

8 {a(J)eMl C'Jf](—Mlm1)CJ+%(M2$2) +B(J)enn dTJ(—Mwl)dJ"‘%(Mﬁz)

+’7(‘])6M20TJ+;(_JMZQ:Z)dJ(]Wl:rl)}

DI Hf(Mm )5 (Mayz)

J>1 M1,z1 M2,y2

X {A(J)EM1 CT](,MIZI)GJ(MM) + B(J)EMQt?T](,Mm)dJ(Mlzl)}

™ T
+Z Z Z D?(M1y1)’J+%(M2y2)C(J)€MleJ(—Mlyl)eJ""%(M?y?)'
J>1 M1,y1 M2,y2
(8-19)

The coefficients «(.J), B(.J), and ~(.J) are given by the same as (8-16) in
the conformal-factor field. Other coefficients are given by

B 4 B 2(2J +2)
AW = \/(QJ— 1)(2J +3)’ B(J) = \/(2J— 1)(2J +3)’

C(J) = \/(QJ 1(2J + 1)(2J+2)(2J+4).

2J(2J + 3)
New SU(2) x SU(2) Clebsch-Gordan coefficients are defined by
E:M = Vs [ 49V Y oy,
J(Miwy),J+ L (Mams) — 3 3ELIMY I( M) ij I+ 5 (Maxz)
/ m *ml
(2J B 1)(J + 2) C;+.L1’VVL1,J+ +J,27n2C;—wlm’l,J-i-%—xg?n’z’

Lar " i ~
Hj(Mﬂl);J(szz) =V V3/dQ3 YlMYJZMlzl)vinJ(ﬂbw)

1 ’
Em

= /(27 -1)(2J +3) cim

Jt+zima,J+yamo T J—xym),J—yaml®
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The general expressions for these coefficients are given in (C-3) and (C-5)
in the second section of Appendix C.

Here, we have found this generator by determining the six coefficients
«, B, v, A, B, and C' so that the conformal algebra closes without speci-
fying their values in advance, instead of directly deriving from the energy-
momentum tensor of the Weyl action according to the definition of Q)¢. At
that time, calculations of the algebra can be simplified by using crossing
relations derived from product expansions of the vector and the tensor har-
monics. Each convention such as a sign of the coefficients and the mode-
expansion (8-6) already shown is decided to be consistent with the confor-
mal transformation law of the field.

The existence of cross terms between the positive-metric mode ¢y (ps.)
and the negative-metric modes d j(yrz), €.(ay) indicates that the conformal
algebra does not close with the positive-metric tensor mode only. Hence,
these negative-metric modes are indispensable modes for the conformal al-
gebra. In this way, in order to realize the conformal invariance that rep-
resents quantum diffeomorphism invariance, the fourth-order gravitational
field including the negative-metric modes is essential.

BRST Operator and Physical State Conditions

Ghost fields c* satisfying the conformal Killing equation @HCV + @ch —
9V N /2 = 0 are represented in terms of 15 Grassmann modes. Denot-

ing these modes as ¢, casn, car, and C}Lw in the Roman style, the ghost fields
are mode-expanded as

M =cnt + Z (cjw(jf{ + CMCj(f) + Z cMNChrns
M M,N

where c is a Hermitian operator and ¢,y are six modes that satisfy CR[ N=
cyam and ey = —emenc_n_a In addition, we introduce anti-ghost
modes b, bysn, bar, and b}rw with the same properties as the ghost modes
have and set anti-commutation relations between them as

{b,c} =1, {bvn,cLr} =0MLONK — €EMENO_MKOI_NL,
{bj\ch} = {bM,ij} =0MN-

5 The cs v mode satisfies Soamcemam = 0,and also Y-, earc—prcas = 0 holds from the
Grassmannian property.
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Using these Grassmann modes, we can construct 15 generators satisfy-
ing the conformal algebra (8-11) as follows:

th = Z (C}rwa — CMbR[) s
M

R%;N = —CMb]ILV + C;rvb]v[ + €pmEN (C_NbT_M - CT_Mb_N)
—> (ermbrn —enrbur),
3
Q%wh = —2cpb —cbyr — Z (2cpmbr +crbymr),
I3
Q%Z‘T = QC;rwb + Cb;r\/[ + Z (20]\4[,1)2 + CEbLM) . (8-20)
L

In the following, the whole generators of conformal transformations includ-
ing these ghost parts are expressed as

H=H+H",  Ryn=Run+Ry,
h h
Qu =Qu+Q%, Q=+,
where H, Ryrn, Qar, and QR[ are respectively the sums of the generators
other than the ghost sector.

The BRST operator of the transformation (7-10) defined on the back-
ground spacetime R x S3 is given by

QBrsT = cH + Z (C]]L\/[QM + CMQ;fw) + Z cunRun
M M.N
! pen L t Heh gnt) , 1 gh
+§CH +§Z(CJVIQJVI+CMQM >+§ZCMNRMN'
M M.N

Further deforming it, we obtain

QBrsT = cH + Z cMNRyn —bM — Z bunYun + Q, (8-21)
M.N M.N

where H and R s are the whole generators defined above. Other terms
are defined by

M =2 Z C}LWCM; Yun = CMCN + ZCMLCLNa
M I3

Q = Z (C}waM + CNIQ]TM) .
M
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Using the expression (8-21) and the conformal algebra (8-11), we can show
nilpotency as

Qrsr = Q> — MH — 2ZC;[\4CN [RMN + Z (cLmbrn —cenrbumr)
M,N L

Q*— MH — 2ZCB4CNRMN =0.
M.N

Anti-commutation relations between the BRST operator and the anti-
ghost modes are given by

{@srsT, b} =H, {@BrsT,bun} =2RmnN,
{@srsT,bm} = Qs {QBRSTabJ]rV]} = ol

Thus, the whole generator of the conformal transformation becomes BRST
trivial. Therefore, descendant states which are generated by applying Q;rw to
a BRST invariant physical state given as a primary scalar state in the below
become BRST trivial.

The BRST transformation is a diffeomorphism replacing the gauge trans-
formation parameter (* with the ghost field ¢. It is expressed using a com-
mutation relation with the BRST operator as

| .1
i [@BRsT, 9] = 'V, 0 + EVNC”-

The same applies to other fields. In the case of the ghost field, it is given
with an anti-commutation relation as

i {QprsT, '} = 'V,

Physical states are represented as BRST conformally invariant states.
Writing them symbolically as |¥), physical state conditions are simply ex-
pressed as

Qrst|¥) = 0. (8-22)

In the following, we will construct physical states by solving this condition.

First of all, we define several vacuum states. Separating the ghost sec-
tor and other field sectors, we write the latter Fock vacuum as |0), which
disappears when the zero mode p of the conformal-factor field and the anni-
hilation operators such as a ;s and b, are applied. Furthermore, a confor-
mally invariant vacuum which disappears for all of the generators H, Ry,
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Qs Q;rw without the ghost part is expressed as
Q) = e 2?0 ()|), (8-23)

where ¢0(0) = ¢/+/2b.. Both the vacuum |2) and its Hermitian conjugate
(2] have a Riegert charge —2b,. as a background charge. Thus, the total
background charge of the conformally invariant vacua is —4b... This charge
originates from the linear term in the Riegert action.

Let us write a conformally invariant ghost vacuum as |0) 4, which dis-
appears for all of the generators (8-20) of the ghost sector. This vacuum
vanishes for all of the anti-ghost modes, but it does not disappear against
the ghost modes. On the other hand, a Fock ghost vacuum which disap-
pears when the annihilation operators c,; and by, are applied is expressed
as [, ¢ar|0)gn using the conformally invariant ghost vacuum.

Since the Hamiltonian operator H gl does not include the ¢ and ¢y
ghost modes and the b and b, anti-ghost modes, the ghost vacuum is
degenerate. Its degenerate pair is given by the vacuum multiplied by ¢ and
[T carn. Inner products between them will be discussed later.

For later convenience, we introduce the whole Fock vacuum with a
Riegert charge v, including the ghost part, as

) = e O10) @ [T ear|0)gn-
M

Since ip|y) = (v/+v/2b. — v/2b.)|7y), this state satisfies

2
HA) = (= Dh), hy=7— 1, (8-24)
where h., is the same as given in (7-32), and —4 comes from the ghost part.
The physical state |¥) is constructed by applying the creation opera-
tors such as aTJ A and bE o 1n the field sectors, the creation operators c}rw
and b;[\/[ in the ghost sector, and the zero-mode p to the whole Fock vac-
uum. The zero-mode p may be replaced with its eigenvalue. Here, note
that the state disappears if b or bsn are applied. Since these modes satisfy
{@srsT,b} = H and {@QsrsT,byn} = 2R, we find that as physi-
cal states it is only enough to consider states in a subspace that satisfies the
following conditions:

H|W) = Run|¥) =0, b|W) = byn|T) = 0. (8-25)

On this subspace, from the expression of (8-21), the BRST conformally
invariant state (8-22) is the same as a (Q-invariant state.
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For a while, as the physical state constructed on the subspace (8-25), we
consider the following form:

@) = A (B0 4B aps ) 1), (8-26)

where the dots represent other field creation operators except for the ghost
and anti-ghost modes. The operator A and the Riegert charge ~ are deter-
mined from the BRST conformal invariance conditions. The case where the
ghost and anti-ghost modes are included in A will be discussed at the end
of the next section.

As long as concerning the state of the type above, the Q-invariance con-
dition reduces to

Q) = ZC}L\/IQMW) =0
M

because of ¢ps|¥) = 0. Furthermore, adding the condition of the Hamilto-
nian operator and the rotation invariance condition in (8-25), we obtain

(H —4)|¥) = Ryn|¥) = Qum|¥) =0 (8-27)

as the BRST conformal invariance conditions of the state, where the QR[
condition is not necessary. The condition (8-27) indicates that the BRST
conformally invariant state is given by a primary scalar with conformal di-
mension 4.

The BRST conformal invariance condition (8-27) requires that the oper-
ator A satisfies the following algebra:

[H,A]=1A,  [Run,Al=0, [Qum, Al =0,

where [ (> 0) is conformal dimension of A. The Hamiltonian operator
condition then indicates that the Riegert charge  in the whole Fock vacuum
|v) must satisfy

hy+1—-4=0.

This is a quadratic equation for the Riegert charge . If we choose a solution
that approaches the canonical value 4 — [ at the classical limit b, — 0o, 7y is

given for each [ as
4-1
v = 2b, (1— 1-— 2 ) (8-28)

This is a real number due to b. > 4 (7-5). Here, vy and 5 correspond to the
previous « (7-35) and S (7-36), respectively.
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Construction of Physical States

In order to construct physical states, we have to find primary states which
disappear by applying the generator (), of special conformal transforma-
tions. First, we look for combinations of creation operators that commute
with Q). After finding such operators for each field sector, we combine
them to be rotation-invariant, and then construct physical states so as to sat-
isfy the Hamiltonian operator condition.

Primary states of scalar fields As a simple example, we first examine
primary states of the scalar field. A commutation relation between ) 5s (8-
12) and the creation mode cpT] A, 1s given by

1y
[Qur, @TIMJ =V2J(2]+1) ZeMijMl J—1—M, <‘0J——
Mo

Thus, the creation mode that commutes with @) 57 is only <p$0 with conformal
dimension 1. Here we will impose a Z> symmetry under ¢ <> —¢ on the
scalar field and allow only even product of apgo.

Next, consider operators given by the product of the creation modes.
Such a quadratic operator that belongs to a .JJ representation with conformal
dimension 2L + 2 is generally expressed as

L]t
(I)!]J]V = Z ZZf L, K) CL KMl,KMzs‘JL KM#’KM2
K=0 M, M,

Calculating commutation relation with @), yields

[QM»CD!JLN Z ZZWL K— MI‘P}(MQ

K=0 M, M-

x{\/(2L —2K)(2L — 2K + 1) f(L, K)

ESs JN
2
x E :GSCL—K—%]wl,L—K—SCL*KS’KIWQ

+V (2K +1)(2K +2)f (L,K + ;)

JN
XZGSCKMQ,K+§—SCK+ 1S L—K— Ml}‘

Using the crossing relation (8-17), it is understood that conditions for this
commutator to vanish are only if J = L, L is a nonnegative integer, and the
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coefficient f satisfies the following recursion relation:

1 (2L — 2K)(2L — 2K + 1)
f(L’K+2> \/ (2K + 1)(2K +2) H(E, K)-

Solving this recursion relation, the coefficient is determined as
-1 2K
fLK) = 1) ( 2L ) (8-29)
V2L —2K +1)(2K + 1) \ 2K

up to a normalization constant that depends only on L. In this way, we can
find a quadratic creation operator that commutes with (Q5;. Writing it as

(I)EN = <I>[LLJU, we obtain

L
T LN
Py = Z Z Z f(L, K)CLfKMl,KMQSOTLfKMl <P}<MQ»
K=0 M, M,

where L is a nonnegative integer, and the operator of L = 0 is the already
obtained ®{, = (¢,)2.

rank of tensor 0
creation operators (IJTL N
conformal dimension | 2L + 2

Table 8-1: Building blocks of primary states for the scalar field, where L is a
nonnegative integer.

Combining the operator fI)TL N With the SU(2) x SU(2) Clebsch-Gordan
coefficient, we can construct a basis for creation operators that commute
with @s. It is thought that any creation operator that commutes with Qs
can be represented in such a form basically due to the crossing relation of
the Clebsch-Gordan coefficient and so on. Hence, we may consider the
operators <I>TL N (L € Z>() as building blocks of primary states for the scalar
field sector, which are summarized in Table 8-1.

Let us concretely see relationships between primary states obtained in
this way and field operators. First, the simplest primary state wggT |0) with
conformal dimension 2n corresponds to a field operator : ™ : by a state-
operator correspondence.® A primary state <I>I 110) of conformal dimension

6 In the cylindrical spacetime of R x 53, the state-operator correspondence is given by
[{pr -} A) = limy_ioo e A0y, .., (1,%)]0). See also the fourth section of Ap-
pendix B.
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4 with nine independent components corresponds to the traceless energy-
momentum tensor ©,,. Likewise, a primary state <I>TL 210) corresponds to a
symmetric traceless tensor field of even spin [ = 2L with conformal dimen-
sion 2L + 2.

In the same way, building blocks of primary states for the gauge field can
be obtained. The results are summarized in the seventh section of Appendix
B.

Primary states of gravitational fields Next, we consider primary states
in the conformal-factor field sector. Commutation relations between the
generator (); (8-15) and the zero-modes of the conformal-factor field are
given by

[QM7qA] = —ain, [QM)ZS] = 0.

Commutation relations with a! /o and aly, (J>1)are
[Qur, GT;M |= (\/ 2b. — iﬁ) On, My s
— al
[QM’aJMl] = (‘] - ) ZCJMl, 1, M2y 1 gy,

Mo

and that with b%,, (J > 0) is

P 1 i
[QM’bJMl] =—(J) Z TMy T+ 3 M M2y Ly,
Mo

;
—8 (J - ) ZCJMl, §M2€M2bJ—%—M2'

As in the same way as doing for the scalar field, we can construct quadratic
creation operators with conformal dimension 2L that commute with @ ;.
Let L be a positive integer, we obtain the following two types:

of V2V —ip)
N eL—1)(2L+1) Y

L-1

+ Z ZZ (L, K) CL KM, KMQGTL KMla}a\@

K=1 Mi M,

Sl_uv = —\/i(\/ 2b. — iﬁ) bTL—1N

-2
L—1N 1 T
+§ E E x(L’K)CL—KMl,KJ\42aL—KM1aKA42
K=1 M; M,
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L1
L—1N t t
+ Z ZZy(L,K) CrLokin ko k- 10, O ay
K:% My Mo

where the coefficients are given by

- i () (30

y(L,K) = —2y/(2L — 2K — 1)(2L — 2K + 1)z(L, K). (8-30)

If L is a half integer, there is no such operators. These two quadratic creation
operators will be building blocks of primary states for the conformal-factor
field. They are summarized in Table 8-2.

rank of tensor 0
creation operators S z N
t
Spoin
conformal dimension 2L

Table 8-2: Building blocks of primary states for the conformal-factor field. Each
building block exists for an integer L (> 1).

If we do the same analysis for the traceless tensor field, we find that
the only creation mode that is commutative with Qs (8-19) is the lowest
positive-metric mode ci Mo ID the transverse-traceless field h;;. Moreover,
as in the cases of the conformal-factor field, we can classify @) ;-invariant
quadratic creation operators using triangle inequalities and crossing rela-
tions of several SU(2) x SU(2) Clebsch-Gordan coefficients even if their
explicit values are unknown. In this case, quadratic operators with tensor
index up to rank 4 appear. They shall be building blocks of primary states
for the traceless tensor field, which are summarized in Table 8-3. For their
concrete expressions, see the seventh section of Appendix B.

From the building blocks in Tables 8-2 and 8-3, we can construct gravita-
tional primary states. For example, let us consider the lowest scalar operator
of the conformal-factor field,

,A 1
S, = —V2(\/2b, — ip)bl, — 7 Z eMaT%_MaT%M. (8-31)
M

A gravitational primary scalar state of conformal dimension 2 can be con-
structed by applying this operator to the vacuum (8-23) as SgO|Q>. This state
corresponds to the Ricci scalar R, apart from an exponential factor of ¢.
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0 1 2 3 4
T T T T T
Apn BL_%(Ny) C1(Nz) DL_%(NZ) EL(Nw)
+
Al N gL—l(Nw)
2L 2L 2 2L 2L

Table 8-3: Building blocks for the traceless tensor field. Items are the same as Table
8-2. Each building block of n = 0, 1, 3, 4 exists for an integer L(> 3). Here, z and
w are the polarization indices €3 and €4, respectively.

The next building blocks, each of which has nine independent compo-
nents, are given by

2
- T T
SlN—\/;(m ip) alN \f ZClMl,iMﬂlMlalM?

My, Mo

SIN - —\[2(@—2]3)17]; 4b OalN \f Z CthleaTe,MlaTle

My ,M>
T T
JF\/:;’ Z C1Ml,1Mg‘111wla11\42 +4 ClM1 blMlalM2
Ml,Mz Ml;M2

From these, we obtain traceless symmetric primary tensor states, of which
the state SI ~1€2) of conformal dimension 2 corresponds to R, — g, R/4
and the state 51T ~|€2) of conformal dimension 4 corresponds to the energy-
momentum tensor of the conformal-factor field.

In addition, we obtain a primary tensor state CJ{ Nz) |2) of conformal
dimension 2 using the lowest building block of the traceless tensor field.
It has ten independent components, and corresponds to the Weyl tensor
Clvro, Where v = £1 represents selfdual and anti-selfdual components.

Primary states of conformal dimension dare Yy € nel (- Nw)ci (Noy [0

and ZNI o ZNz,xz 1(N1-L1) 1(Naz2) 1(N1r1) 1(N2T2)\Q>. These states cor-
respond to C?, , _and the energy-momentum tensor of traceless tensor field,
respectively.

Some of the primary states raised as examples here do not satisfy the
unitarity bound (2-14). It is a characteristic feature in higher-order derivative
theories, but it is not necessary to satisfy this condition because these states
are still gauge dependent.” In fact, they do not satisfy the conditions of H

2N

7 As another example, the normal U(1) gauge field A, is a primary vector field, but the
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and Rjsn yet, and thus are not gauge-invariant physical states of quantum
gravity.

Physical states  Physical states in the form of (8-26) are now expressed
using the building blocks obtained above as

W) = AT, 57,8, ).

All of tensor indices of the building blocks are then contracted by using
various SU(2) x SU(2) Clebsch-Gordan coefficients so that A becomes
invariant under the S® rotation. The conformal dimension [ of the operator
A is given by an even number because all the building blocks have even
dimensions. It represents the number of derivatives of corresponding field
operators. Finally, by choosing the Riegert charge (8-28) so as to satisfy the
Hamiltonian operator condition for [, physical states can be constructed.

As an example, let us see physical states where the conformal dimension
[ is four or less. A physical state that the identity operator A = I is dressed
by quantum gravity is given by the [ = 0 state

170)-

This is a state corresponding to the quantum cosmological term, which re-
duces to y/—g¢ in the classical limit. Physical states of [ = 2 are given by

®lle),  Slole)-

These are quantum states corresponding to \/—g¢? and the scalar curvature
/—gR, respectively. Physical states of [ = 4 are given by

(@ho)21va).  @hoSholra),  ShoSiolra).
S oenSl nSivlad, D enel vy liva -

N N,x

These are quantum states corresponding to \/—gp?, \/—gR@?, /—gR2,
V=9(Ruw — g, R/4)%, and \/ngﬁw\g, respectively. Since v4 = 0, there
is no exponential factor of ¢ in these physical states even at the quantum
level.

Lastly, we dlscuss phys1cal states including the ghost and anti-ghost cre-
ation modes ¢}, and bl a- For example, in the case of [ = 2, there exists
another BRST conformally invariant state such as

{= (V2 —ip)" > endlyyely + 1Y emal_yal, fhe), 8-32)
M M

conformal dimension is 1, which does not satisfy the unitary bound. This is because the gauge
field depends on the gauge. See Footnote 6 in Chapter 2.
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where h = p?/2 + b.. However, it turns out that (8-32) is BRST equiva-
lent with the physical state already given above. In order to show that, we
introduce a new state

T) = (V2o —ip) D earbl yyal 1)
M
satisfying H|T) = Ryn|YT) = b|T) = by |Y) = 0. Applying the BRST
operator to this state yields

Qorsr|T) = { (VI —ip)* S earbl yrcly

M

4 (Vb — ip) by + 20y eMaE_MaEM}Wz>-
M

From this, paying attention to /|3) = 2|), the BRST invariant state (8-32)
can be written as

2\[$go|’72> + Qprst|Y).
Thus, we can show that it is BRST equivalent to the physical state Sgo |v2)-

In general, physical states including the ghost modes in A seem to be
BRST equivalent with physical states given by the standard form (8-26).
Therefore, we will consider only the standard form in this book.

Physical Field Operators

The BRST invariant physical field operators discussed in the previous chap-
ter are considered again on R x S3. As mentioned earlier, such physical
fields consist of primary scalar fields. In order to obtain such operators,
we first examine transformation laws of the n-th power operator of the
conformal-factor field defined by

n

19" =: (s + do + p)" Z

k:O

,k,w B (o + d<)",

where ¢ and ¢~ (= (;SL) are the annihilation and creation operator parts of
the field, respectively, and ¢ = (¢ + np)/+/2b. is the zero-mode part.

Transformation laws of this operator for time evolution and S rotations
are given by

i[H,:¢":| =0y 0", i[RMN,:qS":]:@j (C?VIN¢">
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In these transformations, quantum corrections do not appear. On the other
hand, using the fact that each part of the conformal-factor field is trans-
formed under special conformal transformations as

. 1.
i1Qur, 0] = Vit + Qrdndo + 7 Vully,

i [Qar, o + d<] = Ay Ve,

S

we obtain

Q0™ = (Ve 20™: +7VuChy 10"

n(n_ )Au M ¢n 2

1
16D,
The last term on the right-hand side is a quantum correction, which can be
derived by using i(§, = V,,(},/4 and an expansion formula

By (b0 + 6<)* = kdyd< (o + <) + kdydo (d0 + ¢<)*
(k—1) (¢o + ¢<)F 2

T,

yielded by paying attention to the zero-mode commutation relation [¢g, O, ¢o]
= i/2b... The transformation of n = 1 is simply the transformation (8-18).
The simplest primary scalar field with a Riegert charge « is given by

o0 an
Vo =:%:= g o PN = P> 2P0 P<
n=0

where the exponential operator of the zero-mode can be expressed in the
~ ~ . 2 .
form %0 = 4/ V2be gnpa/v/2be g—ina”/4be The transformation laws are

i[H,Va] = 0V, i[Run,Val = V;j(CynVa),
. h
? [QMa Va ] CMVILV + — MCA{VOH

where the conformal dimension h,, is given by (8-24). Letting the Riegert
charge a be a real number so that V,, is a Hermitian operator, the transforma-
tion law of the translation Q;r\/[ is given by the one that ¢}, is replaced with
its complex conjugate 4. These transformation laws can be expressed by
one equation using the BRST operator as

. he,

i [QBRST, Vol = ¢V, Va + T@ MV,.
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From this, we find that a volume integral of the primary scalar operator
V, with h, = 4 becomes BRST invariant as

i[QBRST, /dQ4 Va] = /dQ4 ?M (C#Va) =0,

where d€)y = dndf)s is the volume element of the background spacetime.
This condition is equal to that the field operator commutes with all of the
15 generators. Furthermore, as in the previous chapter, if we introduce the
ghost field function contracted with a fully antisymmetric tensor as w =
(1/4)) €uuroctc’cre?, the product of w and V, becomes a locally BRST
invariant field operator as

1 -
i[QBRST,wVa] = Z (ha — 4) wqu#Va = O7

because w transforms as i[QprsT, W] = —wV pct under the BRST transfor-
mation. The Riegert charge is then given by the | = 0 expression of (8-28),
which is a real number o = 9 = 2b.(1 — \/1 — 4/b.). This is the same as
(7-35). The operator V, with this value is the quantum cosmological term
operator on R x S3.

Next, we consider a physical field operator corresponding to the Ricci
scalar curvature. Writing only the result here, a primary scalar field with
second derivatives is given by

. L h
Rp = :eP? (v%s + hivmv#qs - ;) :
1 5 2 hﬁ
= Rﬂ + %Rﬁ - FVL%»

where Ré’z are defined by
RE = V26V + Vs V36,
1 1 1
R2 = —Zﬁnqﬁoan(boVB 3 190V Oy do — ZV,@67]¢0877¢0

—0n0 (039> Vs + Vaond<) — (0y95 Vs + VOyd<) 950
+VM¢>V#¢>V5 + 2vu¢>VBv#¢< + VBVH¢<V”¢<.
Since the operator R g is transformed as a primary scalar field of conformal

dimension hg + 2, we can see that it transforms under the BRST transfor-
mation as

. - hg +2
i [@BrsT, Rp] = "'V, R + 64 V' Rg.
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Therefore, when hg = 2, the volume integral of Rg or the field product
wRg becomes BRST invariant. The Riegert charge is then given by the
I = 2 expression of (8-28), which is 5 = 75 = 2b.(1 — /1 —2/b,),
the same as (7-36). The operator Rz with this value is the quantum scalar
curvature, which reduces to the normal scalar curvature on R x S? given by
d*z\/—gR = dQe??(—6V2p — 6V ,6V ¢ + 6) divided by —6 when the
classical limit b, — oo is taken.

State-Operator Correspondences and Dual States

Finally, we clarify correspondences between physical field operators and
physical states and examine the structure of inner products. In general,
when considering a physical field operator O, with Riegert charge ~y that
satisfies the BRST conformal invariance condition [Qgrst,wO~] = 0, a
state corresponding to this operator is given by

lim e *"0,|Q) = |0,),

n—io00

apart from the ghost part.
For example, for the quantum cosmological term operator V,, paying
attention to h, = 4, it becomes

Vo) = lim e~4ny, |©2)

A)lOO

= lim ef(~tHhaIngass (Vi) = cabe(©)|0y.
For the quantum Ricci scalar operator Rg with hg = 2, it becomes

IRs) = lim e *R4Q) = lim (- 4+hﬂ)’7{v2q§> — 2i0y ¢~

nN—100 n—100
Byt } B o vare B st
+-—V,s VH e Ve |Q —= 8l
hB ,u¢> ¢> € € | > 2\/§b ‘ >

where SSO is given by (8-31).

Since the most divergent part of the ghost function w at the limit of
n — 100 behaves like w o e 4 11 M CM» it can be seen that the state-
operator correspondence including the ghost part is given by

Jim w0, |0) @ [0)gn o< 05) ® [ [ earl0)gn.
M
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The right-hand side is the physical state discussed in the third and fourth
sections in this chapter.

In order to define inner products, we examine a conjugate state of |O0,) ®
[Tcarl0)gn. A conjugate of the state |©.) denoted by (O.| is now not
given by an ordinary Hermitian conjugate state (O.|. It is because such
an inner product (O, ]0O,) cannot be normalized as usual from the fact that
the Riegert charge v is a real number and the vacuum has the background
charge —4b. and thus the total Riegert charge has a non-vanishing value
2+ — 4b,. # 0 (the zero-mode is not canceled out).®

The state (O., | is given by a dual state of |©.,) which is obtained through
a duality relation h., = hgp, —~. Again, considering the physical operators
V, and R g, their dual field operators satisfying the physical field condition
are given by

Va = V4bcfa7
~ bc
5= Rav—p
be [, 4, B, hs
= —Z <R4bc—ﬁ + TRAM)C_[; — mvzﬂ){:fﬁ .

The corresponding dual states are defined by
(1}a| = lim e4i”<Q|f}a = <Q|e(4bcfo“)¢"(0)7

n——100
4b. — B
8v2

Using these, the inner products can be defined and normalized as

(7@5|: iim e4’"’7<Q|7~€/3: <Q‘e(4b0_6)¢0(0)800.
77— —100

<f}04|v0/> =1, <7é,3|72,3> =1,

where (Q[e*=#(0)|Q) = 1 is used, which is derived from the fact that the
sum of Riegert charges of the field operators reduces to 4b., and it cancels
with the background charges of the vacua, and thus the zero-mode disap-
pears.

As in two-dimensional quantum gravity, there is no corresponding clas-
sical gravitational state in the dual state. Hence, this state only appears in an
intermediate as a purely quantum virtual state.

8 If the Riegert charge is a pure imaginary number like v = ip and the vacuum does not
have a background charge, the state can be then normalized to its Hermitian conjugate like
(O_ip|Oip) = 1 as usual.
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Taking an inner product of the ghost vacuum and its Hermitian conju-
gate, we find that it vanishes as ;1,(0[0)gn, = 0 or zn(0| [ ],, CR4 [Ty cen|0)gn
= 0. It can be easily shown by inserting the anti-commutation relation
{b, C} =1lor {bMN, CLK} =0mLONK — EMENO—_ N K O_ N into the inner
product, such as 4(0|0)gh = gu(0|{b, ¢}|0) g1 =0, because the vacuum dis-
appears if b or b is applied. Therefore, the inner product in ghost states
is defined and normalized by inserting a Hermitian operator ¢ = ic [[ cprn

as
(0] Hc}ruﬂHcM|O>gh =1

Thus, a conjugate of the physical state |O.,) @[] car|0)gn is given by (O, |®
{0 TTch .
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CHAPTER NINE

GRAVITATIONAL COUNTERTERMS AND
CONFORMAL ANOMALIES

As a first step to quantize gravity, we discuss renormalization of quantum
field theory in curved spacetime using dimensional regularization. Since
ultraviolet divergences are local, it is possible to generalize the theory reno-
malizable in the flat spacetime to that on curved spacetime. Here we pro-
ceed with the argument assuming that there exists renormalizable quantum
field theories in curved spacetime. That is, we require that all ultraviolet
divergences to be removed are local. Then, we will find that the form of
gravitational counterterms is strongly restricted from this renormalizability
condition. It indicates that diffeomorphism invariance at the quantum level
gives stronger conditions than that at the classical level, as was mentioned
from an algebraic point of view in several previous chapters. From this con-
sideration, we will show that the form of E4 (5-9) introduced by Riegert
appears as a conformal anomaly.

In this and next chapters, from the beginning, we will consider the D-
dimensional Euclidean spacetime convenient for dimensional regulariza-
tion.

Summary of Gravitational Counterterms

At the beginning, we briefly summarize the results on gravitational coun-
terterms and conformal anomalies obtained in this chapter.

Dimensional regularization we employ here is the method to regularize
the theory by making spacetime dimension a little smaller than four. Since
ultraviolet divergences are extracted as poles of D — 4, renormalization cal-
culations can be easily carried out. After removing ultraviolet divergences,
the dimension is returned to four and physical quantities are obtained. This
method is the only one that we can do higher loop calculations while pre-
serving diffeomorphism invariance among several regularization methods of
ultraviolet divergences. And, this fact is significant because as mentioned
earlier, conformal anomalies are physical quantities that appear in order to
preserve diffeomorphism invariance.
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A further advantage of dimensional regularization is that it does not de-
pend on how to choose the path integral measure. In the DeWitt-Schwinger
method and so on defined in four dimensions, conformal anomalies as con-
tributions from the measure are derived by regularizing a divergent quantity
§M(0) = (x[2')]s—." On the other hand, in dimensional regularization,
this quantity becomes identically zero due to §(”)(0) = [dPk = 0, and
thus there is no contribution from the measure.

In dimensional regularization, conformal anomalies are included be-
tween D and four dimensions. That is, conformal anomalies are finite quan-
tities obtained by canceling poles of ultraviolet divergences with zeros rep-
resenting deviations from four dimensions of D-dimensional counterterms

as
1

D -4
Conformal anomalies are generated from higher poles as well. Therefore, it
is necessary to determine the D-dependence of counterterms exactly.

Four-dimensional gravitational counterterms with dimensionless cou-
pling constants are not uniquely determined only by diffeomorphism invari-
ance classically. They are expressed by any combinations of three fourth-
order derivative actions of the square of the Riemann curvature tensor, the
square of the Ricci tensor, and the square of the scalar curvature. Which
combinations are chosen is directly linked to the problem of how to define
coupling constants. Here, we will impose conformal invariance on actions,
considering that a scale-invariant world is realized in the ultraviolet limit.
At this time, gravitational counterterms are settled in two, the square of the
Weyl tensor and the Euler density.

However, one problem arises here. Even if conformal invariance is im-
posed on actions, it is broken in quantum theory. It is obvious from the fact
that new scales appear when renormalization calculations are carried out.
In addition, since dimensional regularization literally shifts the dimension,
conformal invariance is obviously broken. For this reason, there is no guar-
antee that renormalization calculations can be accomplished with only two
gravitational counterterms. Nevertheless, it can be shown that the calcula-
tions using dimensional regularization goes well for various gauge theories.

In this chapter, we will see that the form of gravitational counterterms
receives strong restrictions from the renormalizability condition at all loop
orders. In particular, if we consider quantum field theories where classical

x o(D — 4) — finite.

! Tt can be expressed as §(4) (0) = (z]e*K|x)|s_,0 using a positive-definite regularization
operator K specific to the theory. This quantity can be obtained by solving the heat equation
(8s + K)(z|e=*K|z) = 0. See the fourth section of Appendix D.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Gravitational Counterterms and Conformal Anomalies 155

actions, apart from mass terms, are restricted to be conformally invariant
at four dimensions by gauge symmetry, such as quantum electrodynamics
(QED) and non-abelian gauge theories in curved space, we will find that
gravitational counterterms are limited to two combinations even in D di-
mensions.

We here examine QED in curved space and will determine gravitational
counterterms by analyzing renormalization group equations.” As the result,
it will be shown that gravitational counterterms are given by the following
two: the square of the D dimensional Weyl tensor (A-1) defined by

4 2
Fp = C? = R? - ——R? — R? (9-1
D 2N, PNy D—2 uu+ (D—].)(D—Q) ( )

and the Euler density modified by adding a correction term of o(D — 4) as
Gp = Ga+ (D~ 4)x(D)H?, 9-2)

where G4 and H are the ordinary Euler density and a rescaled scalar curva-
ture defined by

R
_ p2 2 2 _
G4_RHV)\U_4RIU,I/+R 5 H—m,
and x (D) is a finite function of only D without poles. Expanding x (D) in a
non-negative power of D — 4 and solving renormalization group equations
for each order, we can determine all of its expansion coefficients. The first
three terms are calculated explicitly, which are given by

1

X(D):%+Z(D_4)+3

(D —4)* +---. (9-3)
The trace of the energy-momentum tensor, that is, the conformal anomaly
is determined in the following form:

B b, 1 _ _
© = [FuwF" ] + 5 (D—1+27y) [Ey] — pP=* (BaFp+BED),
where 3, B4, and [3, are the beta functions defined in the following (9-8)
and (9-9), and 7, is an anomalous dimension of fermion. The quantity with

[ ] denotes its normal product (to distinguish it from : : in free fields). The

2 Similar arguments hold for quantum chromodynamics (QCD) (see Footnote 8 in fifth section
in this chapter).
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gravitational part of the conformal anomaly consists of two combinations of
the Weyl tensor squared (9-1) and

Ep = Gp — 4x(D)V?H (9-4)

defined by extending the modified Euler density (9-2).> When D — 4, the
conformal anomaly Ep reduces to Fy. In this way, it will be shown that
the combination E,4, which is predicted by Riegert from the analogy with
two-dimensional quantum gravity, appears at the quantum level.*

In this chapter, we will show that the above fact strictly holds for all
orders by examining special renormalization group equations by Hathrell
that correlation functions of the energy-momentum tensor satisfy.

QED in Curved Space

The reason for considering massless QED in curved spacetime with classical
conformal invariance is that it is one of the most fundamental renormaliz-
able quantum field theories whose interactions between quantum fields and
gravitational fields are completely fixed at the classical level by both gauge
invariance and diffeomorphism invariance. Hence, an ambiguity in this the-
ory that cannot be determined classically from these symmetries appears
only in gravitational counterterms. In spite of that, it will be shown that the
ambiguity can be settled at the quantum level.

The action is divided into three parts, the QED action, the gauge-fixing
term, and gravitational counterterms, and is written as S = Sqgp + Sg.f. +
S,. In the following, the quantities with the suffix O represent bare quantities
before renormalized.

The QED action in D-dimensional curved space with Euclidean signa-
ture is given by

1 T
SQED = \/dDI\/g{LLFO'U’VFOIL =+ M/JolDdJo} .

The Dirac operator is defined by ) = v#D,, and v* = ek~“, where e 418
the D-dimensional vielbein field, which satisfies e Ife,,a = guv and ebe,, =

3 These functions satisfy the Wess-Zumino integrability condition in D dimensions given by
(A-2) in the first section of Appendix A.

4 The coefficient of the V2R term of the conformal anomaly can be arbitrarily changed by
adding a finite R? term to the action. However, that is possible only when quantization of
gravitational fields is not supposed. The aim here is to determine the minimum form of the
gravitational counterterm excluding such a term not necessary for renormalization.
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Sap- The Dirac’s gamma matrix is normalized as {y%,7*} = —26?°. The
covariant derivative acting on fermions is defined by

1 .
Du% = au¢0 + iwuabzabdjo + Zevo,ﬂﬁo,
_ 1 _ , _
Dypo = Optho — Qwuabl/fozab —iegAgut)o,

where the spin connection and the generator of local Lorentz group are de-
fined by wyap = €%, (Fpens — I, ex) and £° = —[y*, %] /4. For details,
see the third section of Appendix A.

The BRST transformation is defined by replacing a gauge transformation
parameter with a Grassmann ghost field 779. We also introduce an anti-ghost
field 7y conjugate to the ghost field and an auxiliary field By, which are
defined as

SpAop = Vumo, Opto = —ieonotbo, dptho = ieonotbo,
dpno =0, dpio = iBo, 0By = 0.

This transformation indicates nilpotency 6% = 0. Using the BRST trans-
formation, the gauge-fixing term can be expressed in a BRST trivial form
as

Sg.t. = /de\@(SB {—i 7o <V“A0u - %’Bo)}

= /de\/;; {BOWAOH — %033 - iﬁOVQnO} :

The auxiliary field satisfies an equation of motion By = V* A, /&o. Solv-
ing it, the gauge-fixing term reduces to

1 e
Sgs. = /de\/g{%O (V#Aou)? — N“novwo} .

As for the counterterms to eliminate ultraviolet divergences of the grav-
itational field, in order to keep generality, we first consider three possible
terms such as

S, = / dP2/G {aoFp + boGa + coH?} (9-5)

In the following argument, we will show that the latter two terms are related
each other through renormalization group equations and thus the indepen-
dent gravitational counterterms are only two at all orders in perturbations.
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Renormalized quantities of the fields and coupling constants are defined
according to the ordinary procedure of introducing renormalization factors
into each as

Ao 1/2A o = 21/21#7 ep = MQ—D/2Z;1/2€’ €0 = Zs€,

where p is an arbitrary mass scale to compensate for missing dimensions,
and thus the renormalized coupling constant e becomes dimensionless. The
Ward-Takahashi identity is used when defining the renormalization factor of
the coupling constant. In the following, all the renormalization factors are
expanded in powers of the fine structure constant

ag = 'uD—4 (a + La), L, = Z (gn_(ojl))n7
n=1
o b,
bO _ ,LLD_4 (b+ Lb>7 Lb = Z (D (Oil))
co = ,U/D_4 (C+ LC)’ LC = Z (‘DCTL(%Z) (9_6)

where L, . are pure pole terms and the residues a,, b,, and ¢, are func-
tions of only a, not depending on D.

As apparent from the above procedure, the essence of renormalizability
is that ultraviolet divergences appear in the form of poles with the local
actions, but poles with nonlocal actions do not appear.

Conventional renormalization group equations Commonly known
renormalization group equations are summarized here. They are equations
that correctly regularized renormalizable theories shall satisfy. In dimen-
sional regularization, bare quantities do not depend on the mass scale p
introduced arbitrarily, and thus the following equation holds:

(bare) = 0, ,ui 0 + da 0 df 0

d
M dp~ Pop THauoa THauoe

dp

Below, we will refer all equations derived through this condition as renor-
malization group equations.
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We first consider the following renormalization group equation:

d (et pt=P d i da
=0= 4—D—p—logZs+==—). (97
M (M) 0 7 @ Hap o8 5+ 2 o dp - (9-7)

Defining the beta function of the fine structure constant as

B(O&,D)E M7:D_4+B(a)7 (9'8)

the part that depends only on « can be written as 3 = ud(log Z3)/dj.
Furthermore, expanding the renormalization factor as

o~ fula)
log 7+ = SECALL
0g 43 Z ( D— 4)1’7,7
n=1
and expanding the right-hand side of (9-7) to extract conditions for it to
disappear, we find that the residues must satisfy

afn—‘,—l 5 8fn7
do "% =0

Moreover, we can see that the beta function is written as § = adf;/0a
using the simple pole residue.

As a point to note in later calculations, it is worth mentioning that since
£ has the D — 4 dependence, its inverse 1/ has poles when expanded by
the coupling constant (see (9-17) below).

Similarly, the beta function of the coupling constant a in the gravitational
part (9-6) is defined as

u(0.D) = e = (D= 4)a-+ A (o). ©9)

Those for the coupling constants b and ¢ are also defined in the same way.
Since the bare constant ag does not depend on p, we find that by solving a
renormalization group equation udag/dp = 0, the residues satisfy

0 ~ Jday,
% (Oéan_t'_l) + /BOL% =0. (9'10)
The beta function can be expressed as 3, = —d(aa;)/da using the simple

pole residue. The same is true for the bare constants by and cg.
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Normal Products

In this section, we introduce some normal products (see also the third sec-
tion of Appendix D). They are renormalized composite fields that behave as
finite operators in correlation functions of the fundamental fields.

Equation-of-motion fields As the simplest example, we first intro-
duce what is called the equation-of-motion field. That for the gauge field is
defined by

08

EOA AO/L 5140
"

7
v 7 1 v
= Ao, VL, Y — eghoy" Aoutbo — zoAOHV”V Aoy (9-11)

Considering correlation functions of the renormalized gauge field with N 4
different points defined by

Na N A B Na
<H Auj (xj)> = Z;T/dAoudlﬁodwo H AOM;‘ (J?j)eis,
Jj=1 j=1

and inserting the equation-of-motion field into it and performing partial in-
tegration of the functional integral of Ay, we obtain

<E0A HA xj>

= d Ao, dipodiby HAOMJ ;)
2 L] o2z

Na
:Z\}gaD(x—xj) <H Auj(xj)>. (9-12)

Here note that in dimensional regularization, functional derivatives at the
same point vanish as 0 Ay, (x)/0 Ao, (z) = 5;517(0) =03
Similarly, the equation-of-motion field of the fermion field is defined by

465 P
a = f (%(S% ¢o 50 ) =it Do,  (9-13)

5 As mentioned at the beginning of this chapter, this represents that the path integral does
not depend on how to choose the measure. Therefore, we denote _the measure by a concise
expression without dependencies on the metric field as d A, dipodo.

) -
AON( )(5A0#(£L')e s

Eoy =
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where the Dirac operator with left and right arrows is

1/_102_51/10 = Yo" Dyptpo — Durboy*o.

From this, we obtain

Ny Ny Ny
(et Tl (wor ) ) = 3= 76 Tl (wer o).

(9-14)

Since each of the right-hand sides of the expressions (9-12) and (9-14)
is a finite correlation function composed of the renormalized fundamental
fields, it shows that the equation-of-motion field behaves as a finite operator
in such a correlation function. It is nothing but a normal product. Writing it
by the notation [ ], each equation-of-motion field can be expressed as

Eoa =[Ea],  Eoy = [Ey] (9-15)

The volume integrals of these equation-of-motion fields can be written
respectively as

1

1 w -
/le’\/gEOA = /dex/ﬁ{zFouuFé’ —€0¢07“A0u¢0+£0

s}

/ dPr\/gEoy = / dPr\/g2ioy" D uabo.

By performing the volume integration for (9-12) and (9-14), we find that
these normal products become the number of each field, N4 and N, in the
correlation function.

Normal product of gauge field squared A normal product of the
gauge field squared generally has the following structure:

[F, F*] = (1+Z poles) Fou F§" + Z poles x (other fields) , (9-16)

because it returns to the product of the bare field at the limit where interac-
tions disappear. Here, we will determine the undecided part from considera-
tions of finite quantities obtained by differentiating correlation functions of
the renormalized fundamental fields with respect to renormalized variables.

Consider a finite quantity obtained by differentiating the correlation func-
tion by &, then find that the following holds:

5 /Na Ny i
Eaig <H Ay, () H (v or ¥) (Cﬂk)> = finite
j=1

k=1
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:<{ No e glgzz }HAM (25) ﬁ wor@<xk>>

_ </4DM{ (VA,)* ~ [E ]fsaaflogzz}
A T ) 00,

where we use the facts that 9/0¢ passes through the bare fields A, 1o, and
tho which are integration variables, N, can be written in terms of the volume
integral of [Ey], and £05/0¢ = —(1/2€) [ dPz/g(V*A,)?. Thus, we
can see that the volume integral in the braces on the right-hand side is a
finite quantity. It is denoted as [ d”z,/g[(V*A,,)?]/€ using the notation of
normal products.

In the same way, we consider a finite quantity obtained by differentiating
the correlation function with ««. The a-dependence of the bare coupling
constants is calculated as

deg _ D—4 %_ég
Y9a T 28 @ Y9a T g%

dag ~ D—-4 p , Ba
0~ 5 M \Latp—g)

For by and ¢y, the same equation as ag holds. As for the renormalization
factors, the following equations hold:

B aalong/2—1<¢+B§ €long/Q),

0
log Z3 = 5 3 3

“oa
where vy = pd(log Z21 / %) /dy is the anomalous dimension of the fermion.
By differentiating the action S with « using these equations, we obtain

8SQED o D —4
da 2/

8ng _,E D Ao 2
aa - d $\/§ 50 (v AO/—L) 9

s, D ey 3,
Do T F fa xd( D- 4>FD

B Be

dPz\/geoon" Aoutho,
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Calculating the a-derivative of the correlation function using these formulas
and disregarding obviously finite terms proportional to [(V*A4,,)?]/¢ and
[E 4], we obtain

</dD$f{ FOWFW g}[Ew]
+D54ﬂ“[( pea) o (B 5t ) &

(1o g2 ] e T or0 o)

= finite,

where 5
Yo =y — (D — 4)58—g logZzl/Q.

This shows that the inside the braces is expressed as a normal product except
for derivative terms that vanish in the volume integral.
Noting that (D — 4)/0 is expanded by the coupling constant as

D-4 _
_ 71+ 9-17)
e e

it can be seen that the inside the braces has the structure of the normal prod-
uct (9-16). This means that it is equal to the normal product [F},, F*¥]/4,
except for total divergence terms. Since V2 H is the only candidate for such
a term from the symmetry of the theory, with this as an unknown term we
obtain the following expression:

1 D—4 LA
JFw ] = = Fou By %’[Em
D—4 ,_, Ba By
+TN |:<LG+D—4>FD+<L +l)4> Gy
Be 9 O0+Ls_,
+< o 4)H -5 VH} (9-18)

where o in the last term is a finite function of «, and L,, is a pure pole term.
In order to determine these unknown quantities, it is necessary to consider
another finite condition. It will be discussed later.
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Energy-momentum tensor The energy-momentum tensor is defined
by a variation of the action S with respect to the metric field as

W_zfss_11< 5 55)

w v
e e
“euq “depua

VI 09w a 5%

and its trace is expressed as

o0 _2 5
00~ g Sgu

Since the variation of a finite correlation function with respect to the metric
field is finite, we obtain

G (I TIAIT9) = (o TTATTIT9)

— finite.

Therefore, the energy-momentum tensor ©#” is one of normal products.
Like the equation-of-motion field, it is a finite operator defined as a bare
quantity. Even after this, as for the energy-momentum tensor, it will be
simply written as ©* without using the suffix 0 indicating bare quantities
nor the normal product symbol.

Decomposing the energy-momentum tensor as ©*” = Gé’fm + @g_l; +
©8", the QED part is given by

v 1
OQEDp = _FébAFg,\ + ZQWFO,\UFO’\U

(- _ RS
— 2 { P07 Do — Doy o + (1 < v) = 20" B P o},
and its trace is
1 | -
ZFO[U/FO + §(D - 1)Z¢)O$ '(/)O-

The part derived from the gauge-fixing term can be written in a BRST
trivial form as

1
o _
®g.f. - g

1
o]

+iVH iV 10 + iV oV 10 — ig" VoV amo

Oqep = (D —4)

[ASVVVAAOA + AGVFVA gy — g" Ay VAV Ay,

- -~ v | 24 v -~ 1 | o4
=—idp {V”TIOAO + V¥ip Al — g Vi Ay — 59” oVAAY|
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where ¢ 5 is the on-shell BRST transformation d g7jg = iV AS /&o obtained

after solving the equation of motion of By, and then an equation of motion

V2no = 0 is used to ensure nilpotency. This means that @’g""f. disappears

when inserting it into physical correlation functions which do not include

the ghost fields. Hence, @’g‘_l; will be ignored in the following discussion.
The gravitational part of the energy-momentum tensor is given by

v Ao v 8(D _4) vo N v
oy :ao{—4R’>‘ PRp — ﬁR#)‘ Ryo + 8R*RY,
8 8(D—3)_, A(D —3)
—° pewp- g W T guygrg
D-1(D-2) p—a YTy V'Y
g (R — o B3, + & R?
Aopr D27 T (D —1)(D —2)
4(D - 3) 2 N A
270 |\ gyl —armrRY, 4 8RR,
To-nm-2)" }}+0{ oo 3
U DUV Qv nv Co o nv
+8RMRY, — ARM R + g G4}+7(D_1)2{ ARM™ R
+AV*VYR + g™ [R* — 4V°R] } (9-19)

and its trace is
Oy = (D —4) [aoFp + boGa + coH?| — 4¢)V*H.

Let us see that the trace of the energy-momentum tensor can actually be
described in terms of the normal products given before. If the metric field
is taken to be the flat one, for simplicity, and the BRST trivial term Og ¢ is
ignored, we get

D—4 L1
("') - TFO/“’F(I) + i(D — I)Eow

1
= 2[R F™) 4 5 (D~ 1+ 23) [By].

The first equality is from the definition and the second equality is from the
expressions of the normal products (9-18) and (9-15). The right-hand side
is the so-called conformal anomaly, and this expression shows that it is pro-
portional to the beta function, apart from the equation-of-motion field. The
expression of the conformal anomaly in curved spacetime will be derived in
the later section.
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Restrictions from Correlation Functions

In the following sections, we will show that the form of the gravitational
counterterms is restricted through new renormalization group equations by
Hathrell, which will be derived from considerations of correlation functions
between the normal products obtained in the previous section.

Two-point correlation functions Since a quantity obtained by per-
forming the variation of the partition function twice with respect to the met-
ric field is also finite, we obtain the following finiteness condition concern-
ing the energy-momentum tensor:

@ ()N () — > <6®W(x)>=ﬁnite.

V) \ 99xe(y)

Taking the flat spacetime and Fourier transforming this expression, we ob-
tain

(0 (p)O* (=p))at — a0 A" (p) — coCH*7 (p) = finite,

where A*¥A7 and CHA7 are derived from the Weyl term F'p and the H?
term in the gravitational counterterm (9-5), respectively, which are given by

4(D —3
AILV,)\U (p) _ ( ) |:p4 (6}1)\6V{T 4 6/1.(761/)\) o p2 (6/L)\pyp0
D -2
+5;L0pupA + (;ukpu,pa + 51/opupk) + 2pupup>\pa}
8(D —3) 4 cp s 2 A A
- 5“”6 g __ 6“1/ a (S O MoV
(D71)<D72)[p p* (6" p p” + 07 ptpY)
+p“p”pAp"},
8
29N _ 4spv sho _ 2(suv, N o Ao L,V
2 (p) 7(1)_1)2[1)5 57— p* (3" p pT + M ptp")
+p“p”pkp"} : (9-20)
Contracting the spacetime indices of the energy-momentum tensor yields
8 .
<@lw(p)@;w(_p)>ﬁat - 4(D - 3)(D + 1)aop4 - D— 1001)4 = finite
(9-21)
and
(O(p)O(—p))gat — Scop® = finite. (9-22)
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Therefore, ¢y can be determined from (9-22), and then ag from (9-21). On
the other hand, to determine by, we need to consider three-point functions,
which will be discussed later. In the following, we will examine the condi-
tion (9-22) only.

Let us introduce a quantity in which the trace of the energy-momentum
tensor is slightly modified as

0=0- %(D —1)[BEy]. (9-23)

As an important property of the equation-of-motion field (9-13), note that
two-point functions involving it disappear as
o _ 0P (y)
(B = - [P0 5| =( ~ 0. 920
Y t (@) g \OX(@) /o

where P denotes any fermion composite field, and in the last equality we
use the fact that one-point functions disappear in the flat spacetime, which
is because tadpole diagrams vanish when dimensional regularization is ap-
plied for ordinary massless fields with actions equal to or less than second
derivative. By rewriting (9-22) using this property, we obtain

<é(p)é(_p)>ﬂat - 8p4uD’4LC = finite.

Furthermore, we introduce the following composite field defined on the
flat spacetime:

{A%} = FU,“,F””
=7 [F,WF‘“’] + %’[Ew}. (9-25)

Ignoring the part originating from the gauge-fixing term as not contributing,
this field has a relation with © (9-23) as

Olfat = A{A}. (9-26)

Note that © is a finite operator, but as can be seen from the fact that 1/ has
poles, { A%} is not a finite quantity.

Consider a two-point correlation function of the composite field { A%} in
the flat spacetime. Its Fourier transform is written as

Paa(p?®) = ({A30){A*H(=P)) oy -
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In this case, although {A?} itself is not a finite quantity, the term contain-
ing 1/ which breaks the finiteness is eliminated from the property of the
equation-of-motion field (9-24). Thus, I'44 is expressed by a two-point
function of the normal product [FWFW]. In general, in correlation func-
tions between normal products, ultraviolet divergences may occur, but are
local, that is, nonlocal poles such as p* log™ (p*/u?) /(D — 4)™ do not ap-
pear. Therefore, it can be expressed in the form

D —4\?
Taa(p?®) —p'p”™* (6) L, = finite, (9-27)

where
L, = —
Z (D _ 4)n
n=1

The expression (9-27) is a definition of the pole term L,, and the factor
(D — 4)? /B2 in front of L, is introduced for the following convenience.

Since 32T 44 = (©O)g.,; is established from (9-26), it is found that the
pole terms satisfy the following relation:

(D — 4)*L, — 8L, = finite. (9-28)

From this, a relation between the residues is derived as

Cp = é$n+2~ (9-29)
That is, if z3 is obtained, ¢; can be determined. Since the renormalization
group equation for ¢,, has already been given as in (9-10), this means that if
x3 is obtained, all ¢,, will be determined. At the same time, x,, (n > 4) are
also determined.
Next, we examine a relation that holds between the residues x;,,. For this
purpose, we use the fact that when F' is a finite quantity,

Vo d onpy _ 98 B, _ ..
ﬂ—nud—u (B"F) = udu + naaaF = finite (9-30)

holds for a positive integer n even if 1/4 is a divergent quantity. Assigning
(9-27) as a finite quantity F' and letting n = 2, we obtain

1 d B .
L {B°Taa(p®) — p*u”~*(D — 4)°L, } = finite.
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Since 3{A?} is a bare quantity from the definition (9-25), ud(B3{A?})/du =
0 holds. Thus, we can see that the first term on the left-hand side vanishes.
Therefore, the following holds:

1 d
e dp
By Laurent expanding this expression, we derive conditions that poles

disappear and the left-hand side becomes finite. For the n(> 1)-th pole, we
obtain the following renormalization group equation:

1o} ~ Oz,
% (axn—i—l) + ﬂa%

{uP~4(D —4)°L, } = finite.

n—1
_ 0 ~ O0xm
+ 3 (1) m+ DFT | S (azg) + o
— da oo
1)+ 1) (awy) =0
O v
In particular, the equations for n = 1, 2 are given by
0 0 9
—_— _— —— pr— 0
(9(1(362) aaa(am) ’
0 B B*a
— - —— —_ =0.
Oa (ag) o o (a xQ) + a? do (a xl)
Solving these equations, the residues x5 and x3 can be determined using 1

as

Ty = l/ dalﬁ(of)% (0/21‘1(0/)),
0

(0% «

w3 = —laf‘)/oada’ {a%l(a’);o/ (5531)) } L (931

On the other hand, as can be seen from the relation (9-29), the renormal-
ization group equation of z,, above is simplified for n > 3 and reduces to
the same equation as (9-10) that ¢,, satisfies.

Three-point correlation functions As before, performing the varia-
tions of the partition function three times with €2, we obtain the following
finiteness condition:

©@ewe) - (o106 )~ 5alew )

_<2389(y)> + <(m((SSE$(Z)> — finite.
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The flat spacetime limit is then taken.

Although two-point functions including [E,] disappear in the flat space-
time as (9-24), three-point functions including it have values and are ex-
pressed such as

(EIPRENm = (57506)) +(PnTaT) .

Moreover, using the fact that a variantion of [E,] is given as

S[Ey(z)] _ 00(y) _
6Qy) ox(x)

D\jf% —y)Ey),

the finiteness condition of the three-point function can be expressed in terms
of © (9-23) as

(B(2)0(y)O(2))iar — (O(2)O2(y; 2))fiar — (O(y)O2(2, 2))fat
3
—(6(2)0, )fat + <6Q 0 S > = finite,
where ~ -
~ _00(z) 1 00(x)
O =5a0) 2P V)

and this function satisfies Oz (z,y) = O2(y, z).
Introduce a three-point function I 4 4 4 of the composite field {Az}. Its
Fourier transform is denoted as

Taaa(ps. v, 03) = { A% ) { A% Py {AH(p2) ) g,y -
From the relation (9-26) and
©2(,y)|rar = —48{A%}(2)6” (z — y) + 8c0d"6" (z — y),
we find that the following holds:

BT aaa(p?,p2,0%) + 482 {Taa(p?) + Taa(p?) + Taa(p?)}
+boB(p2. py,p2) + coC(p3, pl, p7) = finite, (9-32)

where the second term in 62|ﬂat does not contribute here. The functions B
and C are parts derived from the variations of byG4 and co H?, respectively,
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which are given by
B(p2,p;,p2) = —2(D —2)(D — 3)(D — 4)
X [pi +p, + s =2 (pp; + Pyp? +p§pi)},
Cp2,p3p2) = —4[(D +2) (vt + 7 + 1)
+4 (p22 + P32 + p2p2) |

In the following, in order to simplify the calculation, we consider two
cases in which some momenta satisfy on-shell conditions such as p? = 0
and p2 = p? or p2 = p? = 0.% The functions B and C' are then given by

B(p*,p*,0) =

C(p*,p°,0) = 8(D+4)p7

B(p?,0,0) = —2(D )(D 3)(D —4)p*
C(p®,0,0) = —4(D + 2)p*

Furthermore, since 32T 4 4 (p?)—8p* P L. =finite is established from (9-
27) and (9- 28) if rewriting (9-32) using these, we obtain 33T 4 4 4 (p?, p?, 0)—
8(D—4)p*uP=L.=finite and

BT aaa(p®,0,0) — p*uP~*[2(D — 2)(D — 3)(D — 4) Ly,
+4(D —6)L.| = ﬁnlte (9-33)
Next, we extract information of I' 4 4 4 in a slightly different way. Con-

sider a finite quantity obtained by applying a differentiation «d/da to (9-27)
and rewrite it using

D -4

ﬁ = /d% {—{AQ} + W[EA] - f (0" Aou) }
. aaﬁ

ane 4%y = -2 %0 a2y,

so that we obtain

(1) [aragary) - B2 () [abaima)

6 Although we are considering in Euclidean spacetime here, we assume that considering an-
alytic continuation the momentum itself does not vanish even if it is on-shell and the conser-
vation law p% + plj + p£ = 0 holds. See the original paper by Hathrell for discussion in
Minkowski spacetime as it is.
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3 finite,
in which the gauge-fixing term disappears from gauge invariance. Note
that with attention to [dPz{A?}(x) = {A?}(p = 0), the first term on the
left-hand side gives I'4 44 (p?, p?,0). In the second term, performing par-
tial integration of the gauge field according to the definition (9-11) of the
equation-of-motion field [E4] = Ep and using

[ Aape) 51 (42 ) = 2040} )

we obtain the relation

(140) (2)) [2lEA@]) = 400420 0) ATy,

flat

) ) N
—2%%<{A2}{A2}>M—p4uD‘4a% KD 4) L,

By using Fourier transform of this expression, we finally obtain the follow-
ing finiteness condition:

, _
Laaa(p?, p®,0) — 2%8% <§) Caa(p?)

19 D —4\°
_ 4 D4t 2 _op
D =7 [a < 3 ) Lm] finite.

Since 3% is not multiplied to the whole, this expression gives a stronger
condition than that found before.
In general, I' 4 4 4 has the following structure:

Taaa(p2,p3,p?) — > polesx {Taa(p) + Taa(p))

+0aa(p?)} — Pt Z poles x {terms in p}p; } = finite.

Unlike I' 4 4, ' 4 4.4 has nonlocal poles because the three-point function in-
cluding [E] does not disappear and thus the contribution from the term
[E]/B that breaks finiteness of {A4%} (9-25) remains. The second term
involving I' 4 4 in the above equation plays a role of canceling out such non-
local poles.

From this consideration, it can be easily inferred that a finiteness condi-
tion for ' 4.4 (p?, 0, 0) is given by

, _
20022 (8 2
['aa4(p~,0,0) 7 9 (a) Laa(p?)
3
—piuP—t (Dﬁ_4> L, = finite. (9-34)
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Here, it is important that the coefficient of the factor including poles in front
of T' 4 4 is half of the case of ' 44.4(p?,p?,0). On the other hand, the last
term is a new pole term defined through this expression and is expanded as

- . yn(a)
b= o

while the factor (D — 4) /% in front of L, is introduced for convenience.
By multiplying (9-34) by 32 and rewriting the part that becomes 32T 4 4
using (9-27) and (9-28), we get

0

5 (g) L.+ (D — 4)3Ly} = finite.

B°Taaa(p®0,0) — 4D4[82
Eliminating I"' 444 by using (9-33), we obtain the following relation be-
tween pole terms:

20 (B
2(D-2)(D—-3)(D—-4)Ly+4|D—-6—2a"— | — )| Le

OJa \ o
—(D — 4)>L,, = finite. (9-35)

Lastly, we consider conditions that the pole term L, satisfies. As in the
case of L,, substituting (9-34) into (9-30) as a finite function F' and letting
n = 3, we obtain

D—-4 0
—a TBFAA(pQ) —ptuP- 4( 5 ) [(D4)Ly + 5awLy] = finite,

d [ ,0 (B _72826
“w[“aa(aﬂ—ﬁ“aa?

and the fact that ud(B°T a4)/dpu = pud(B3T a44)/dp = 0 holds because
(B{ A2} is a bare quantity. Furthermore, using (9-27), we get a renormaliza-
tion group equation which relates L, and L, as

D—4\’ 9 20?8 (D—4
(ﬁ) [(D—4)Ly + 5@(%[[/4 +a? a2 ( 3 ) = finite. (9-36)
From conditions that the n-th poles disappear when Laurent expanding this
expression, we find the following relation between the residues:

where we use

) 1< . )
% (Qn+1) + 5,,; m+1)ﬁ [(m—|—2)aa(ayn_m+1)
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—mai —a? 0 i (=)™ mpB™ g =0. (9-37)
aaynfm+1 ) n—m-+1 .

Since we already give the equation to calculate general z,, from x, this
equation shows that general y,, is also determined if y; is given.

Residues of the pole terms Since the pole term L, is related to L,
through the renormalization group equation (9-36) and L, is related to L.
through (9-28), we find that the renormalization group equation (9-35) gives
a relation between L, and L.. We here solve the renormalization group
equations and derive the residues of L, and L, specifically. The data nec-
essary for that is the QED beta function and the simple pole residues x; and
y1, which are expanded as

B = Bra+ Baa® + Bsa® + o(a?),
71 = X1 + Xoa + X302 + o(a?),
y1 = Y1 + Yaa + Yza? + o(a?).

Specific values of these coefficients will be given later.

We first calculate the residues z,,. The formulas for calculating x5 and
x3 from 1 are already shown in the integral representations (9-31). As
is seen from the relation (9-29), x,, (n > 3) satisfies the same equation
as (9-10) that c¢,, satisfies. From these equations, we calculate z,, up to
o(a™*1) using the above expressions of 3 and x;. Writing down the case of
n = 2, 3, 4 specifically, each is given by

282X X 33, X
$2=51X1a+( b2 1+51X2)0é2+<531+ b 2+61X3>a37

3 2 4
o= _P1P2Xa s L[ X1 BiBsXy  PifeXo ol
3 12 15 10 20 ’
BB Xy 31/183X1  BifeXo  BifsX1) s
Ty = 20 a” + 360 + 30 + 5 a’. (9-38)

Note that the lowest order of each z,, is given by o(a”~1!) for n < 2,
whereas for n > 3 it becomes o(«™). Moreover, there is a three-loop con-
tribution X3 in the o(a?) term of x5, whereas X3 does not appear in the
o(a™1) term of x,, forn > 3.

Since ¢, is given by x,,12/8 from the relation (9-29), the lowest order
of ¢, becomes o(a"*2) from the expression of z, (n > 3).

Next, substituting the value of z,, into the renormalization group equa-
tion (9-37) and solving it, we can derive the residue ¥,,. Calculating up to
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o(a™*1) for each y,,, we obtain

361Y; 26, X 5061Y5
Yy — b1 Loy (- B2 WX vy ﬂ12a2
2 3 3
303X, BoXo  3B3Y1  5BYs  TB1Y3) 4
+< ; S R e ot
BT 20102X1  5616:Y1 | 287Ya) 4
Y3z = 9 a”+ 3 + 3 + 3 «
L (388 Xs  BrfaXs 263X, +355Y3 L 2951512
2 2 5 4 60
2Y1 +961ﬁ3y1 ot
5 20
_ BEBYy 4 (BEBsY1 | 138183y BifeYa  13B163X1)
=T T s T a0 T 0 T e )
:_5%ﬂ2yla5
Ys 60
530705X1  BiBsYr  8IBIBTY:T  BiBYa) 4
+< 1260 42 1680 6 ) O3

Note again that the lowest order of each y,, is given by o(a™ 1) for n < 3,
whereas for n > 4 it starts with o(a™). Also, the o(a™*!) term of ¥,
includes a three-loop value Y3 for n < 3, but it does not appear for n > 4.
This structure is related to the fact that the renormalization group equation
(9-37) reduces to the simple form

0 = Oy , 0%
gaovt) + gy =~
for n > 4, as is similar to the fact that the renormalization group equation
of z,, reduces to the simple form for n > 3.

The respective residues can be calculated by substituting concrete val-
ues. Each coefficient of the beta function is given by’

81 1 124 1

612557 ﬁ2:8(4ﬂ_)27 53:_?(4/”_)3'

The values of X 5 and Y] » are yielded by calculating I' 4 4 and I"' 4 4 4 up
to o(«), respectively.

(xn + ﬁmn 1)

(9-40)

7 See S. Gorishny, A. Kataev, S. Larin and L. Surguladze, The Analytical Four Loop Correc-
tions to The QED B-Function in The MS Scheme and to The QED -Function: Total Reevalu-
ation, Phys. Lett. B256 (1991) 81.

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



176 Chapter Nine

{A%} {A%} {A%} {A%}

(1) (2)
Figure 9-1: Quantum corrections to I' 4 4.

The contributions up to o(«) are given at the two-loop level. Feynman
diagrams for I' 4 4 are depicted in Fig. 9-1. Substituting Fourier transform
of the composite field { A%}, T'4 4 can be written as

Taa(p®)(2m)P6" (p + q)
(D4 Pk APl N
(%5 ZS) 1[G amp K k=PI =

X(Au(k) Ay (p — k) AN Ag (g — 1)),

where
K" (k,k—p)=k-(k—p)o* — (k—p)Ik”

and the Z3 factor appears when Ay, is replaced with Z; / 2Au in the defini-
tion of {A2}. Calculating the four-point function of the gauge field A, and
performing the momentum integration, we find that ultraviolet divergences
are given by

D—4
m L 101 o [4 1 5 1
r HN=2 — .
Aal?) = e P { 2D—4 4 |3(D—42 "3D—4
From this, the coefficients X o of the residue 2 are determined to be

1 1 5 1
X1=-3 (47)2° X2=3 (4)3"
Also, the lowest order term of the residue x5 can be directly calculated as
—4a/3(4m)? from (9-27) with taking into account the (D — 4)? /32 factor.
This value is consistent with the result (9-38) of the renormalization group
equation.

Similarly, I 4 4 4 can be calculated from the diagrams in Fig. 9-2 and we
obtain

D—4 1 1 o 1 11 1
Taaa(p®,0,0) = Fopts —o ——— 4 = |2 0 :
a44(p”,0,0) (47r)2p 2D—4+47T (D_4)2+ 6 D—4

(9-41)
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{A%} {A%}

{A%} {A%} {A%} {A%}

1) 2)

Figure 9-2: Quantum corrections to ' 4.4 4.

From this, the coefficients Y; o of the residue y; are determined to be

1 1 11 1
Vi=——-—— _ Yo="F—"_. 9-42
YT 2 (4 76 (4m)p? ©-42)
In addition, the lowest order term of the residue y, is determined to be
—2a/(4m)3 from (9-34). The value is consistent with the result (9-39).

Determination of Gravitational Counterterms

As L, has already been given in the previous section, we find that the renor-
malization group equation (9-35) gives a relation between L; and L.. It
indicates that the independent gravitational counterterms are given by two
of the D-dimensional Weyl term Fp (9-1) and a certain combination of G4
and H?. Therefore, we here introduce a new function, which is just (9-2)
presented at the beginning of this chapter, as

Gp =G4+ (D —4)x(D)H?,

and define the gravitational counterterm in the following form:

Sy = /de\/ﬁ{aoFD +boGp},

where (D) is a finite function of only D. The modified Euler density Gp
reduces to the ordinary Euler density G4 in four dimensions. This gravita-
tional counterterm indicates that there is a relation between L; and L. as
follows:

L. — (D — 4)x(D)Ly, = finite. (9-43)
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And also, the coupling constant ¢ in ¢ (9-6) is removed and only b in by
is considered. In the following, we will see that the function x (D) can
be determined by solving the relation (9-43) and the renormalization group
equation (9-35) simultaneously.

From the renormalization group equation (9-35), it turns out that the
following relation holds between the residues:

9 /3
4bpy1 + 6bpy2 + 20y 43 — 8 [1 +a? = <ﬂ)] Cn
oo \ «

+4Cn+1 —Yn+3 = 0. (9-44)

Since the equation of n > 2 can be derived from the n = 1 equation using
the renormalization group equation of each residue, we will consider only
the n = 1 equation below.

In order to solve it in perturbations, we expand x (D) as

x(D) = ZXn(D )" P =x1+x2(D—4) + x3(D—4)* +- -

and determine each coefficient in order. Then, from (9-43), the following
relation holds:

c1 = X1b2 + x2bs + x3bs + - -. (9-45)

Since the residue b,, of n > 3 can be derived from b, through the renormal-
ization group equation (9-10), ¢; can be written in terms of by. Expanding
by as

by = B1a® + Bya* + B3a® + 0(046)7

we obtain the residue b,, as
3 4 1 2 5 6
by = —551B1a - 53231 + §ﬂ1Bz a” +o(a),
2
by = gﬁfBlof + o(a), bs = o(a®).

In addition, parts that depend on the coupling constant v of the lowest
residue by are determined to be

2B; , ( 5B 462B1> . .
bh=———a"+|—~+ a” +o(a”). 9-46
! B1 361 36% (o) (9:46)
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Substituting the expressions of by 3 4 into (9-45), the residue c¢; can be ex-
pressed as

3
a1 = x1Bia® + (X132 - 5X25131) ot + {X1Bg
1 2 2 o 5 6
—xz2 | 5P2B1+ 3h1B2 | + £x3Bi B pa” + ol ).

On the other hand, the residue ¢; is given by x3/8, therefore compared with
the solution (9-38), we can read the coefficient B,, as

B, — BB Xy
96x1
By — Cx2BiBe Xy BIXy BiBsXy  BifeXo

1602 120x,  80x 160x,

The residue ¢,, (n > 2) can also be obtained from ¢; through (9-10).
Substituting the above expressions of b,, and ¢,, into the renormalization

group equation (9-44) of n = 1 and ignoring o(a®), we obtain

3
4(1—-2x1) Bia® + {4(1 —2x1) B2 — 5 (6 +4x1 — 8x2) 3131} ot

1 2
+{4 (1 —2x1)Bs —8x162B1 — (6 + 4x1 — 8x2) (25231 + 35132)

2 =
T (2 +4x2 — 8x3) 5%31}04‘) — ya(a) = o(a®).
Noting that y4 (9-39) starts with o(a*), the coefficient ; is determined to

be
1

X1 = )
in order for o(a®) to disappear. Furthermore, by substituting the concrete
expression of 34 (9-39) and solving the condition that o(«*) disappears, we

obtain

Since the Bs-dependence disappears when assigning x1 = 1/2, the condi-
tion of o(a®) can be solved, so that

1 N\, NN 1k N
X8 = 3 X, X,) 652 X,

1 Xy (Yg 3Y1>

66X\ X2 2X;
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In this way, we can determine Y, sequentially. Substituting the concrete
values (9-40), (9-41), and (9-42) into them yields

1 3 1
X1 = 5> X2 = 7, X3 =73 (9_47)

2 4 3
Thus the expression (9-3) is derived.

Lastly, we summarize the results of the residues by 2, which are calcu-
lated as

73 1 a? 25 of

1
b= S0 Ta? 6@t T 108 @y T @)
2 o 22 at
bg = §W + ?m + 0(&5).

The residue by is derived from (9-46) with the exception of the constant
term. The constant term cannot be determined from the renormalization
group equation. It is given by assigning Ng = 0, Np = 1,and Ny = 1to
the value b, (5-12) divided by (47)? which is derived from direct one-loop
calculations.

For completeness, we also present the result of the residue a; obtained
from direct calculations of the two-point correlation function of ©,,,, as

3 1 7T «
a1 = ———=

20 (47)2 72 (4n)3

where the constant term is given by —(; /(4m)? (5-12).

If the same discussion is done in the case of QCD in curved space, we
obtain renormalization group equations which have the same form as those
of QED. Solving them, we find that the values of 1 2 are the same as above,
regardless of gauge groups and fermion representations.® The value of the
first coefficient x; is particularly important, and as is discussed soon below,
the form of conformal anomaly introduced by Riegert is determined from
this value.

8 See M. Freeman, The Renormalization of Nonabelian Gauge Theories in Curved Space-time,
Ann. Phys. 153 (1984) 339 and the appendix of K. Hamada and M. Matsuda, Phys. Rev. D 93
(2016) 064051.
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Determination of Conformal Anomalies

Rewriting (9-18) based on the result in the previous section, the composite
field [F7,] can be expressed as

1 D—4 v
4[FIWF ] 48 FO#VF# ?[Ew]
D—4 ,_ Ba B
+7ﬁ ,uD 4|:<LG+D—4)FD+ <Lb+D—4>GD
4x(D)(0 + Ls) o
~dPlg L) g H},

where the last term is multiplied by 4x (D) for convenience. Using this
expression, we can rewrite the trace of the energy-momentum tensor as

1 , 1 e
0= (D - 4)1F0;WF‘(§L + i(D - 1)“/)012) 1/)0

+(D —4) {aoFp + by [Gp — 4x(D)V*H]}
= S EW P + 3 (D= 14+23) [By] - iP~ (aFb + AiGo)
—4pP= D) (D~ b+ L) — (0 + Lo)] V2,

except for the gauge-fixing term. To make the last term finite, we impose a
condition (D —4)(b+ Ly) — (0 + L) = finite = (D — 4)b — o + by. The
residue o, (n > 1) of L, is then expressed in terms of the residue of Lj, as

Onp — bn+1-

Furthermore, based on this result and pd©/dp = 0, we can solve an extra
condition that 3~ ud(B[F2,])/dp is finite, as in (9-30). Thus, we get

o= B+ br.

Substituting this result, the form of the conformal anomaly is determined
to be

B

1
o= 1 [F F"] + B (D —1+2%y) [By) — P~ * (BoFp + BvED)

where the last term is given by

Ep = Gp — 4x(D)V?H,
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which is just (9-4) presented at the beginning of this chapter. When D = 4,
this function reduces to

2
E, =Gy — §V2R

because of x(4) = 1/2. This is the combination (5-9) predicted by Riegert
from the analogy with the gravitational effective action in two dimensions,
as discussed in Chapter 5. Now we showed that the F4 exactly appears from
the renormalizability of quantum field theory in curved space.

Note that conformal variations of the volume integral of F'p and that of
Ep (same as that of G p) satisfy

5

50 / d"x\/gFp = (D — 4)Fp,
J D
5q | 4 ev9Ep = (D —4)Ep,

where
— /de\/§H2 = (D —4)H? —4V*’H

is used.

Casimir Energy

Last of all, we briefly mention the Casimir effect in curved spacetime. It
is obtained from the time-time component of the energy-momentum tensor
restored to the Lorentzian metric.

Consider the contribution from free fields in curved spacetime. If space-
time is restricted to be conformally flat, the Casimir effect results from
the boGp action only. By placing the residue of the simple pole of b
as by = b./(47)P/? and computing the quantity that remains in the four-
dimensional limit, we obtain

b 1 2 0
uv — _ i D, /—
O ot == i, o g g (/27796

b 4 1
I c 72N oY 2 » 17128 > X 112 2 T p2
(4W)2{2R R~ R"R—yg (RM 2R)

2 1
-5 (R""R — V*V"R) + 1—89“” (R* — 4V°R) }

conf.
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This is the same as the four-dimensional limit of the expression (9-19) in
which ¢ is replaced with (D —4)x(D)bo and the Riemann curvature tensor
is eliminated using the fact that the Weyl tensor (A-1) vanishes in a con-
formally flat spacetime. The overall negative sign is due to returning to the
Lorentzian signature.

Consider the R x S3 spacetime with the unit three-sphere used in Chapter
8 as space. The curvatures are then R = 6, Ry, = 0, and wa = 12, and
the volume of the unit three-sphere is given by V3 = [dQ3 = 272, Thus,
the Casimir energy is calculated as

be
()2

E,.= /dQ3 Q%) =8 V3 = b,
in which the contribution from G4 in Gp is 3b./4 and the remaining b./4

comes from (D — 4)x(D)H?. This effect appears in the Hamiltonian oper-
ator (8-5).
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CHAPTER TEN

RENORMALIZATION IN QUANTUM GRAVITY

In the first half of this book, we have shown that the background-free quan-
tum gravity can be expressed as a special conformal field theory where
conformal invariance is a gauge symmetry. It is realized by quantizing the
conformal-factor field strictly, while the traceless tensor field is handled in
perturbations. Renormalizable quantum gravity in which such a conformal
field theory appears at very high energy beyond the Planck mass is called
the asymptotically background-free quantum gravity. In this chapter, we
describe renormalization of this theory using dimensional regularization.

Since it does not lose generality even if we employ the flat metric as a
background metric due to the background-free property, the renormalizable
quantum gravity can be formulated as usual as a quantum field theory in the
flat spacetime.

D-Dimensional Action and Renormalization Procedure

Since quantum gravity includes quantum field theory in curved space as a
part, we use the gravitational counterterms for dimensional regularization
obtained in the previous chapter as a quantum gravity action.

As in the previous chapter, we will examine the system in which QED
and gravity are coupled, as an example. The bare quantum gravity action in
D-dimensional space with Euclidean signature' is given by?

1 1 .

S = /de\/g{tQFD + boGD + ZFO;LVFéu + Z’Ml)oleﬂ}oj
0 j=1
Mg

R+ Ap ;.
24—0}

I Since the flat background can be adopted due to the background-metric independence, we
can Wick-rotate to Euclidean time 7 = 47 in the flat background.

2 This action reduces to I (7-1) at D — 4, where note that the whole sign is reversed in the
Euclidean space, apart from fermion. The reason why using S as a symbol instead of I is from
the fact that quantum correction terms such as the Riegert action Sg (7-4) are included in the
D-dimensional action as discussed in Chapter 9.
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The first two terms are those defined in the previous chapter. Writing those
again, F'p is the D-dimensional Weyl action (9-1) defined by

4 2

Qv 2
D gl (D — 1)(D—2)R '

Fp = Cjypg = Runoe R —
The bare constant ¢ is the coupling constant for the traceless tensor field,
where ag in curved space is replaced with 1/¢3. The combination G p (9-
2) is a D-dimensional generalization of the commonly used Euler density

Gy= R, — 4R}, + R?, which is defined as

R
Gp =G4+ (D —4)x(D)H?, H=—— (10-1)
It is also the bulk part of the conformal anomaly Ep = Gp — 4x(D)VZH
(9-4). The coefficient x(D) is a finite function of only D and is expanded
as

X(D) = xa(D—4)"".
n=1

The coefficient y,, is a number independent of the coupling constant which
can be determined for each order.

The lowest 1 and the second - are particularly important, and these
values are considered to be universal constants. Indeed, from the calcula-
tion of QED and QCD in curved spacetime, regardless of not only gauge
group but also the number or representation of fermions, they have been
determined to be the values (9-47),

1 3
> X2 = - (10-2)

X1 = 1

The first value is also derived from the calculation of a scalar field in curved
spacetime.? On the other hand, there is still a possibility that 3 may de-
pend on the matter theory coupled with gravity, but from the QED calcu-
lation x3 = 1/3 has been found. In the following, we will proceed with
calculations with 3 as an arbitrary number. The gravitational interaction
concerned with this value contributes only to quantum corrections of three
or more loops.

3 In the case of the scalar field, however, it is pointed out that we need to introduce an extra
interaction term 1p Rp? additively which represents a deviation from the conformal coupling.
In this case, three counterterms are necessary: (1/ t%)F ', boGp, and koR2. The former
two used here are responsible for the conformal coupling, while the last controls the deviation
therefrom, which will disappear in the ultraviolet limit.
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The gravitational field is decomposed into the conformal-factor field ¢,
the traceless tensor field hg,,, and the background metric g, as before.
Using the coupling constant %, it is expanded as

uv = 82¢gul/7
- toh . £,
g,u,l/ = (96 ° D);Ll/ = Guv + t()hO/,uz + 5h0#h0)\u + -

The inverse of each metric is defined by g"*gx, = §" o, = 3" Gan = 04
The contraction of the indices of the tensor field hg,, is done by using the
background metric such as ho,, = g, Ah(}l, and hgu =0.

It should be noted here that we do not introduce own coupling constant
in the conformal-factor field ¢, but treat it strictly. Since ¢ is an integration
variable, even if we shift the field like ¢ — ¢ — o, it is nothing but a change
of the integration variable, thus the theory remains unchanged. Since this
shift is equivalent to converting the background metric as §,,, — €27 §,,,., the
background-metric independence is realized. Therefore, even if we employ
the flat metric as the background metric, the result does not change. In the
following, §,,. is the Euclidean flat metric §,,,,, unless otherwise mentioned.

Renormalization factors of the traceless tensor field, gauge field, and
fermion field are defined according to normal procedure as

Aoy = 232 A, o = 2372405, hopw = Z0 % hy. (10-3)

For the coupling constant of QED and that of the traceless tensor field, they
are defined by

ey = u2_D/2Zee, to = ,u2_D/QZtt. (10-4)

Moreover, when the renormalization factor for the QED interaction is de-
noted by Z; as usual, the Ward-Takahashi identity Z; = Z5 holds also in
the system coupled with quantum gravity as will be shown in the later sec-
tion, thus the famous relation Z, = Z5 1/2 holds as well. Here, we will
describe the renormalization procedure as this relation is being satisfied.

The most characteristic property of renormalization in the asymptoti-
cally background-free quantum gravity is that the conformal-factor field ¢
does not receive renormalization, which is expressed as

Zy=1. (10-5)

This property originates from not introducing a coupling constant in the
conformal-factor field. In the later section, by doing concrete calculations,
we will demonstrate that this non-renormalization theorem actually holds.
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In dimensional regularization, ultraviolet divergences appear as negative
powers of D — 4. Therefore, the renormalization factors for removing them
are defined by Laurent expansions in D — 4 as

logZy = Y (D]:"LL)”, log 272 =Y (D{#)n. (10-6)

Other renormalization factors are similarly Laurent expanded. The residues
frn and g, are functions of the renormalized coupling constants ¢ and ¢. In
the following, as the coupling constants, we use

n=1 n=1

e? 12
o= — Ay = —.
’ 47

On the other hand, we need to be careful for the bare constant by. Since
the action G'p becomes topological in four dimensions, the kinetic term of
the gravitational field appears from o(D — 4) when it is expanded around
four dimensions. It means that this action does not contribute classically
to dynamics of gravity. Therefore, since by cannot be regarded as an inde-
pendent coupling constant, it is expanded only in negative powers of D — 4
as

/J/D_4

[e’e} bn
bo = WLZ,, L,,:Zlm, (10-7)

unlike what we did in (9-6) in curved space.

As we can see from the calculation in curved space, the residues b,, (n >
2) are functions of only the coupling constants, whereas there is a constant
term in the simple pole residue b; so that it can be decomposed as

b= b+ b, (10-8)

where b is the part that depends on the coupling constant, while b is just the
number.*

The conformal anomaly or the corresponding Wess-Zumino action, as
described in the previous chapter, is a finite quantity that poles of the renor-
malization factor cancel out with zeros of D — 4 that appear when the ac-
tion is expanded near four dimensions. It is a quantum mechanical quantity
that appears in order to preserve diffeomorphism invariance, and hence it

4 Note that it is different from the coupling constant b in bq introduced in the previous chapter,
although we use the same symbol here.
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is physically not an anomalous quantity. Especially important one is the
Riegert action (7-4) which is derived from the cancellation of the o(D — 4)
term in the expansion of Gp and the simple pole of by. It gives the kinetic
term of the conformal-factor field at the zeroth order of the coupling con-
stant. For details, see (10-20) in the next section. The fact that quantum
diffeomorphism in the vanishing coupling limit is completed only when the
Riegert action and the Weyl action are combined has already been shown in
Chapters 7 and 8.

It should be noted here that there is a contribution to the constant b that
gives the coefficient of the induced Riegert action from this action itself
through loops of the conformal-factor field. Therefore, in order to resolve
the nested structure and take in such loop contributions systematically in
renormalization calculations, we need a manipulation described below.

First of all, we will calculate by considering the constant b as a new
coupling constant for the time being. At this time, the effective action has
the following structure:

’UID74 b— bc

I'= (477)D/2D—4/de\/§GA4+Frcn(avatvb)v

where I'},, is a renormalized finite function. The divergence term remains
only when a curved background is employed, and b.. is a constant indepen-
dent of the coupling constant determined from one loop corrections of QED
and the gravitational field, which is given by’

b, — 1ing 40

360 + 9"
After carrying out all renormalization calculations, we put b = b, and get
the effective action I'ye, (v, a, b ). In this way, the renormalizable quantum
gravity is constructed, in which its high energy dynamics is described by the
dimensionless gravitational coupling constant a; only.

Since b appears in front of the Riegert action, quantum loop corrections
by the conformal-factor field will appear in a negative power of b (see (10-
22) in the next section). That is to say that as b increases, the conformal
factor becomes classical. The 1/b expansion corresponds to the so-called
large N expansion which increases the number of matter fields.

5 In general, it is given by b, = (Ng + 11Ng + 62N4)/360 + 769/180 (7-5), where
Ng, Np, and N4 are the number of scalars, fermions, and gauge fields with conformal cou-
plings. The last number is the sum of —7/90 and 87/20, which are the corrections from the
gravitational fields ¢ and h ., respectively.
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The beta functions for the coupling constants « and «; are defined as

p=LI_p_4ip,
a dp
d _
g =22 _p_443, (10-9)
oy dp

where the definition of (3 is the same as (9-8) in the previous chapter. We
have also defined 3; according to that definition.® On the other hand, the
beta function for b is defined as

g = (0= DB, (10-10)

unlike the previous chapter.

Let us first consider a renormalization group equation udbo/du = 0.
Rewrite the p-differential

B 8+ da8+ dat(’9+ dba_'_
Mdu 7“8;; ud,u@a 'udu day duab

with (10-9) and (10-10), and Laurent-expand pdbg/dy with the definition
(10-7) of by. In order for it to disappear, all expansion coefficients must
vanish, so that a renormalization group equation for the residue b,, is ob-
tained as

0 0 = 0 0
< a +Oéfa t+ﬂbab+1> n+1+(ﬂa +,Btaf at)bno.

Apart from the parts depending on a; and b, this equation returns to the ex-
pression obtained by QED in curved space discussed in the previous chapter.
From a finite part that must disappear, we obtain

- 0by 0by 0by
= b -1
B (ab> (ﬁ o0 Y0 )
If the pole term L; is decomposed as L, = b/(D — 4) + Lj according
to the structure (10-8) of the simple pole b1, it can be also expressed as
By =—b— (D —4)L, — pdL;/dp.
Since the function 3, is finite, (10-10) indicates that udb/dy — 0 at the

limit of D — 4. Hence, it is justified that the coupling constant b is replaced
with the constant b, after finishing all renormalization calculations.

6 It is slightly different from the definition when touched on the beta function of ¢ in the first
section of Chapter 7.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Renormalization in Quantum Gravity 191

Parts that depend on the coupling constant « in the simple pole b; and
the double pole by have already been calculated in the previous chapter up
to o(a?) and o(a?), respectively. Here we will use the following results:

2 2 2 3 3
— _E(g) :ﬁ(g) 10-11
b= 6 \4dn/’ b2 9 A/ (10-11)
Then we obtain
= nZ /a2
Bo=—b+ L <E> . (10-12)

From a renormalization group equation ud(e? /4m)/dp = 0, we find that
the residue f,, of log Z3 satisfies

( 2 ot P )fn+1+ (ﬁaamat 0 )fn—o (10-13)
t

The beta function is given by

- Of df1
B=a Do +a at-f—ﬁb

2

The residue g,, of log Z, 2 also satisfies similar equations. Each of the
beta functions can be expressed using the renormalization factors as 3 =
pd(log Zs) /dp and By = pd(log Z; %) /dp.

In advance, we summarize various results derived from calculations that
will be performed in the later section. The residues f7 and f, are given by

np « 16n2F a \?
s (e ) (2
h==3 4w+<"F AN

3202 ;a2 (12802 160n3. [ o \3
=— —) - - — 10-14
f2 9 (47r) ( 9 81b )(zm) ;1014

which are derived from the renormalization factor (10-31) of the gauge field
including ordinary QED loop corrections as well as loop corrections of the
conformal-factor field given by o(1/b), while there is no one-loop o(ay)
correction from the traceless tensor field to f;. Paying attention to 3, =
—b + o(a?), we can see that the residues f; o satisfy the renormalization
group equation (10-13). From the simple pole residue f, the beta function
of QED is obtained as

_ 16n2 1 2
5 8np a <8np _ 16n% ) (ﬁ) _ (10-15)
™

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

192 Chapter Ten

Replacing b with the constant b, yields the final result. Due to b. > 0, the
gravitational correction term of o(1/b.) gives a negative contribution.

Similarly, from the result (10-30) calculated in the later section, we ob-
tain the beta function of the gravitational coupling constant as

20 3

4 36 (4m)?’

Bi=-

~ 2
(np O) o Tnp aos (10-16)

Since this becomes negative, we find that the traceless tensor field has an
asymptotically free behavior. This shows that the perturbative expansion
about a conformally flat spacetime is justified.

The thing to note here is that as we use the term asymptotic freedom
according to historical nomenclature, this does not mean that an asymp-
totically free tensor field appears in the ultraviolet limit. Since no cou-
pling constant is introduced in the conformal factor, the conformal fac-
tor remains fluctuating non-perturbatively even in the ultraviolet limit, so
that the background-free world is realized. Thus this technical term simply
means that fluctuations of the traceless tensor field become less significant
than those of the conformal factor. For this reason, ordinary particle picture
where gravitons and other particles propagate as small fluctuations in the flat
spacetime is no longer established. Hence, to distinguish from the asymp-
totic freedom, we call this behavior as the asymptotic background freedom.

On the other hand, the negativity of the beta function indicates the exis-
tence of a new dynamical infrared energy scale Aqg, as in the case of QCD.
It will be defined later when introducing the running coupling constant. Be-
low this energy scale, the conformally invariant gravitational dynamics dis-
appears and it becomes incorrect to treat the gravitational field separately
into the conformal-factor field and the traceless tensor field. These fields
are tightly coupled together at low energies to act as one gravitational field,
and its dynamics will be dominated by the Einstein-Hilbert action.

Kinetic Terms and Interactions

Renormalization calculations are performed by Laurent-expanding the bare
action S’ with renomalized quantities. Then, terms with negative power of
D — 4 are set as counterterms for eliminating ultraviolet divergences, and
terms having zero or positive power are treated as kinetic terms and interac-
tion terms.

Let us first describe the gauge field action. When writing the Laurent
expansion of the renormalization factor Z3 — las ) _, x,/(D —4)", the
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bare action of the gauge field is expanded as

1
i / dP /g Fo,u FY' 423 / dPzeP=YF, F\,g" 5"
1 X Z2
= — dD 1 FVFU;L)\ vo
4/ I{( "D-at o " ) Ard
D—4 L Fl PG g"°
( +x1+D 4+ )d)u \o

1
| (R AR R W AR

+} (10-17)

where using the residues f; 2 of log Z3 (10-6), the coefficients x; » are ex-
pressed as

1
1= fi, @ =f2+§ff. (10-18)
The renormalized gauge field is given by
F,, =V,A, -V,A,=0,A, —0,A,.

The first line on the right-hand side of (10-17) gives normal kinetic term
and counterterms of the gauge field. When expanded with the coupling con-
stant ¢y and replaced it with the renormalized one through (10-4), interaction
terms with the traceless tensor field and their counterterms appear. The re-
sults of the coefficients f; o are given in (10-14) in advance.

The second line gives terms which do not appear in normal quantum
field theory in the flat spacetime, in which ¢F3 is a Wess-Zumino ac-
tion obtained by integrating the conformal anomaly Fiu with respect to the
conformal-factor field. Inversely, if we perform a variation of this action by
the conformal-factor field, the conformal anomaly is produced. This indi-
cates that the conformal anomaly is related to the beta function. The third
line gives terms that yield higher-order conformal anomalies.

In the same way, we can consider the Weyl action. In D dimensions,
terms that depend on the conformal-factor field ¢ appear as

1
dD;L'\/EFD = % dPz P9 CEWAU

1 - D
= /de |:t(2)031/)\0' + ¢O;LVAU N (10_19)

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

194 Chapter Ten

When Laurent expansion is performed by replacing the bare quantities with
the renormalized ones, a kinetic term, interaction terms, and counterterms
are generated, in which interactions like ¢”C’ZU \o associated with the con-
formal anomalies appear.

Next, we examine the bare action for the Euler density G p (10-1) with
the coefficient (10-2). From the Laurent expansion of the bare constant by
(10-7) and the expansion (A-10) of the volume integral of G given in the
fourth section of Appendix A, the bare action is expanded as follows:

b/defG —W/d% b \e
0 95D = (gm)D/2 D—4 (D-4)2 !

b A ~ 2595 15

_ 1= _
+[(D —4)by + -] <¢2A4¢> - §G4¢2 +36V4¢
e - 4 o, 10 o,
ORIV, V6 — SRV + VIRV 6 + -
14+ 1\,
+[(D —4)%by + -] {3¢3A4¢ + <4><3 - 2) (v%vmf + - }
+ - } (10-20)
where A is defined by
A =4 PDUVYT © 2 - 2 1—f—
Ay =V 2RV, = SRV + SVIRY,

which is (5-10) introduced in Chapter 5 that becomes conformally invariant
for a scalar in four dimensions when multiplied by /g. The first line of
the expansion gives counterterms to eliminate ultraviolet divergences pro-
portional to G, which determine the residue b,,. The second line gives the
Riegert action Sy (7-4) induced by the divergences, we write its finite part
again as

D—4

_ _ 1 -
Sk = (Zr)mbl/de <2¢A4¢ + Eid + 1832> ., (10-21)

where £, = G4 — 2V2R/3 (5-9) and an extra term R? is added. This
action gives the kinetic term of the conformal-factor field. The third line
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of the expansion (10-20) gives new self-interactions that become effective
in higher loop calculations. As the coefficients b; 2, we use the values in
(10-11) here.

From the part independent of «; and o of (10-21) when expanded with
the coupling constant ¢y, the kinetic term of the conformal-factor field is

given as
D—4

(“ o7 zb/de¢a4¢,

where 02 = 0,0, is d’Alembertian in the flat Euclidean background. As
a convention, indices in Euclidean background will be represented by sub-
scripts and the same index will be contracted with the Kronecker delta §,,,,.
The propagator of the conformal-factor field is then given by

p(Am)P2 1

(@(R)$(=k)) = '™ P —F—17 (10-22)

From this expression, it can be seen that loop quantum corrections by the
conformal-factor field will appear in the order of 1/b.

Here, we write out the gravitational interaction terms required for later
calculations in advance. From the third line on the right-hand side of the
expansion (10-20), we obtain a three-point self-interaction of the conformal-
factor field as

D—4)b D4
Sl = (D —4)b ('U)D/Q/de $20%6. (10-23)
Note that since D — 4 is multiplied to the whole, this interaction contributes
to ultraviolet divergences in more than two loops. In addition, four-point
self-interactions with (D — 4)? appear in the fifth line of (10-20).
Expanding the bare action (10-20) further with the coupling constant ¢,
interaction terms between the conformal-factor field and the traceless tensor
field appear. From the terms V2 R¢ and R? in the Riegert action Sg (10-21),
we obtain two-point interaction terms

pPrP=2 o 2,
SG¢h] bt7(47-‘—)D/2 /d xga ¢8NXH’

w2 bt? p 1
S&inn) = (477)[’/2/d mﬁauxﬂauxy, (10-24)

where x,, = 0, h,,,. Employing the Landau gauge defined in the next sec-
tion, these two interactions will disappear and the number of Feynman dia-
grams can be reduced considerably.
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From the ¢A4¢ term, we obtain three- and four-point interactions as
follows:

bt pP D A
SG[(i)th] = b(4ﬂ-)D/2 /d $2¢A4¢) o(t)
ND/272 8
= bt o7 /de {48@5‘”8% + 3040x00,008
—gawauayam - 46M6V¢82q5}h,w (10-25)
and
bt2 pP D A
SGlgghn] = b(47r)D/2 /d z 20049 o)
bt?
= o / Pz {Qa%aﬂam By

28,0, 005 d hyhirg + terms with Oh } (10-26)

where the first two terms in Sgt[z bohn) ATC from V2¢V?2¢. The four-point in-
teractions including derivatives of the traceless tensor field are not depicted
because they give a vanishing contribution to one-loop calculations in the
later section, as in a tadpole diagram (2) in Fig. 10-1.

When calculating two-loop corrections of the cosmological constant, we
further need interaction terms obtained by expanding the third and fourth
lines of (10-20) with ¢. Besides that, we cannot ignore the terms omitted in
(10-26). For derivations of these interaction terms, see the expansions (A-5)
and (A-6) in the first section of Appendix A.

The action of fermions is conformally invariant in any D dimensions
(see the second section of Appendix A). That is to say that we can always
absorb the conformal-factor field dependence into the fermion field by re-
defining it appropriately.” When calculating the effective action, it is useful
to rewrite the field so that the conformal-factor field dependence disappears,
because dimensional regularization does not depend on how to choose the
measure. Expanding the bare fermion action up to o(#3) in the flat back-
ground, we obtain

/ 4P it i

7 Rewriting the action in terms of Py = e(P=1)¢/ 21/)9 , the conformal-factor field dependence
can be eliminated as [dPz/go Do = [dPx\/Gp} Dby In the text, 1) is written again
as 1g.
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. to - .
= /dDaj {Z¢07N6M¢0 — ’LZO (1/)0’}/“6,,’(/)0 — 8y1/)0’yu¢o)holw
13- -
-H% (Y0vu0ut0 — Outhovut0) hour o

3 - _
+Z%¢O’Yuy)\w0h0uoakh0w7 - eOd)O")/ud)OAOM

eoto - e t2 _
+%¢0’YH¢0AOV}10W - ?womlﬁoflwhouxhom}, (10-27)
where 7,0 = (1/3!) (7,7, 7x + antisymmetric). Expanding the bare cou-
pling constants eg and ¢, and the bare field ¢y by their renormalized quan-

tities, we get interaction terms and counterterms.

Gauge-Fixing

From the lowest order of the expansion of the Weyl action (10-19), the ki-
netic term of the traceless tensor field is given by

D -3 D-3
/de {D2 (hOuua4hOpu + 2X0ua2X0u> - l):[XO,u,a/J.al/XOZ/} 3
where X0, = Oxhoxu.

Let us perform gauge-fixing of the kinetic terms of the traceless tensor
field and the U (1) gauge field. According to procedures of the BRST gauge
fixing, we introduce the following gauge-fixing terms and ghost actions:

Sg.f, :/dDIL' OB |:—’i EO;LN;LV <X0u - C;Bol,> —1Co <8uA0u — 520Bo>:|,

where ¢, and ¢y are anti-ghost fields, By, and By are auxiliary fields. The
differential operator N, is symmetric and second order, which is taken as

2D -3) , D-2
Mo = 25 (200 + 5500,

so that only the first term in the kinetic term above remains when the Feyn-
man gauge defined later is adopted. By assigning a ghost field ¢, to the
diffeomorphism parameter &, /t, as well as assigning a ghost ¢ to the U(1)
gauge transformation parameter, the BRST transformations of the traceless
tensor field and the gauge field are given respectively as

2
6Bh0uu = 8;LCOV + 8uCOM - B(Suua)\CO)\ + tOCO/\a)\hO;UJ
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t t
+§Ohou,\ (Ovcon — Oxcov) + §Oh0u,\ (Oucor — Oxcop) + -+,
(SBAQu = 8Hco + to (Co)\a)\Ao# + Am@#co)\) .

The BRST transformation of the conformal-factor field is
to
0B = tocorOr® + Eaxcox

From nilpotency of the BRST transformation and Grassmannian properties
of the ghost and anti-ghost fields, the BRST transformations of other fields
are given by®

dBco = tocordxco,

dpco = 1By, 0By =0,
0BCou = toCoaOrCou,
5350# = 1By, (sBBo# =0.

Applying the BRST transformation, the gauge-fixing term and the ghost
action are written as

Sg‘f. = /dD(E {BO,LLN;U/XOV - %BO}LN/,LUBOV + iéOuN;LVa/\(éBhOV)\)

+Bo0,, Aoy — %OBS + ieoau(aBAoﬂ)}.
Moreover, if the auxiliary fields B, and By are integrated out, the gauge-

fixing terms become’

1 1
dPx{ — (0, 40.)% + =——X0uNyuw Xow p - 10-28
/ x{2§0(u 0;) +2COX0;L MXO} ( )
Note here that there is no interaction with the conformal-factor field ¢ in the
gauge-fixing terms and the ghost actions.

The renormalization factors of the gauge-fixing parameters are defined
as &g = Z3& and (p = Z,(, so that the counterterm for each kinetic term

8 In any background Juv, the ghost field is defined by the superscript 06‘ and its subscript is
given by coy = guwcg (see the second section of Chapter 7). The BRST transformation of the
ghost field is expressed as dcly = toch Vych = tochdycly from the Grassmannian property,
thus it does not depend on how to choose the background metric.

9 When By, is integrated out, a determinant det ™1/ 2(N, ) appears. If considered in a
curved background as in the background field method, it is necessary to evaluate this determi-
nant.

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



Renormalization in Quantum Gravity 199

is given in the gauge-invariant form because (10-28) is written in the renor-
malized quantities only. We also need to introduce renormalization factors
to the ghost fields.

The equation of motion of the traceless tensor field including the gauge-
fixing term (10-28) is denoted as K©

e (F)hag (k) = 0 in momentum
space, where

2(D -3 1-— 1
Kp(ni),xo(k) = (D_Q){IEV,)\ok4 + TC {2/3 (8nkvko + Ourkyukos

1
+0uckvka + Ouokuky) — ﬁkQ (8,wknko + Sxokyuky)

1 . D-2
+m(sﬂy(s)\o—k’ - leukl/k)\ko:| }

and I" is a projection tensor

1 1
I;I;IM/\U = 5 (5;1,/\61/0 + 6;4051/)\) - 5611”6)\0

which satisfies (I™)? = I, The propagator is given by its inverse defined

as Kﬁi{)\a(k)mxg(k)hpn(fk)) = I, .. which is expressed as
D-2 1

—_— k).

2(D — 3) k* pirro ()

Reflecting symmetric and traceless properties of the field, the tensor in the

numerator is given by

(huw (k) hro (—k)) = (10-29)

1 kyke k. k kyk
I;(Li),)\o(k) = I;IJ:IV,)\U + (C - 1) lQ (6;0\ k2 +0vo Z2A + 6uo’ k2)\

+6,3 kﬂkg) 5 (% L kﬂku)

k2 D—-1 k2 k2

1 D — 2k, k kxk
LS S N LU
R I R Ay S R 1

This reduces to a simple form of only the projection tensor when ¢ = 1. We
call this choice the Feynman gauge. Also, the transverse condition is given
by

1 1 1
klllf(fu),)\a(k) = C <2k)\5110 + 5]{051/)\ - Dkud)\a> ’

7O

o (k) = 0 when ¢ = 0. This choice is called the

and thus it becomes k,,
Landau gauge.
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Calculations of Renormalization Factors

In this section, we will describe renormalization of ultraviolet divergences
by showing various concrete calculations. As can be seen below, in the
renormalizable quantum gravity, loop expansion does not become the h-
expansion. This can be seen from the fact that the Riegert action, which is
the kinetic term of the conformal-factor field, appears as a quantum effect.
As mentioned earlier, it also originates from the fact that the fourth-order
gravitational actions in four dimensions including the Weyl action are com-
pletely dimensionless functions given by the zeroth order of A.

In order to handle infrared divergences, we regularize them by adding
an infinitesimal mass z (< 1) to the gravitational field. In other words, the
momentum dependence of the denominators of the propagators of ¢ (10-22)
and h,,,, (10-29) is replaced as

1 1

MR (Rt

Infrared divergences then appear in the form of log 2. This is the same
way as introducing a photon mass when dealing with infrared divergences
in QED. Since this mass term is not gauge-invariant, the infrared divergence
finally shall cancel out and disappear.'?

Here it is noted that the Einstein term and the cosmological term cannot
be regarded as mass terms of the fourth-order gravitational field. In the
fourth-order derivative actions, the ¢-dependences appear as polynomials in
the expansion of the coupling constant ¢, while these lower derivative actions
have a exponential factor of ¢ even at the vanishing limit of ¢. Since these
lower derivative actions become diffeomorphism invariant with including
this conformal factor, mass terms defined by a quadratic term of the field
are not gauge-invariant. In addition, it is suggested that the presence of
the conformal factor renders dependency of mass parameters such as the
Planck mass a power-law. Renormalization of such composite fields will be
discussed in the penultimate section.

In the following, calculations will be carried out by taking the spacetime
dimension as

D =4-2e

The propagators of the conformal-factor field ¢ and the traceless tensor field
h,.., are described by solid and spiral lines, respectively. The U(1) gauge

10 By checking that the infrared divergences actually cancel out, we can confirm that calcula-
tions are going successfully in the diffeomorphism invariant way.
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field, namely photon is represented by a wavy line. The fermion is a dotted
line with an arrow. Because loop calculations including the gravitational
field are very complicated, in most cases we will write only the results.

Non-renormalization theorem (I) We first calculate corrections of
the order of a; = t2/4n for two-point functions of the conformal-factor
field given by Feynman diagrams in Fig. 10-1, and show that this field does
not actually receive renormalization.

bt?

(1) (2)

Figure 10-1: Loop corrections to the conformal-factor field at o(ax).

Corrections from the diagram (1) in Fig. 10-1 are calculated using the
interaction term Sé’f[ boh] (10-25) in the Feynman gauge (¢ = 1) as

dPk D—-2 b ¢? dPi 1
[ 20 3555 om | G ETre:

X [6(l2k6 +19%2) 4+ 241k — 16(1 - k) (1Pk* + 14K?)

=201 - k)212k? — 2(1- k)2 (1* + k%) + 8(1- k)3 (1> + k) + 8(1 - k)*
4—D
3D

—A( R+ k) = 16(0 - k)P0 + k) = 16(1 ";)4)} }

+ (36l4k4 + 241 k) (12K 4+ 12K2) 4+ 40(1 - k)% 1%k2

Evaluating the momentum integral of [ with the condition of z < 1 using
integral formulas in the first section of Appendix D, the inside the braces is

calculated as'!
D—4 2
I 4 ap (1 z 7
okt |39 (2 1og 2 4 L
(4m)D/2 { 47 <e Ogu2+6>} ’

I The infrared divergence is rewritten in the form of log(z2/u2) with attention to 1 =
pP=44=D = ,D=4(] 4 clog u2).
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where 1/€ = 1/e — + log 4. In this case, nonlocal terms like log(k?/u?)
are canceled out and do not appear.

Corrections from the tadpole diagram (2) in Fig. 10-1 can be calcu-
lated easily using the interaction Sé’ff bohh] (10-26). Here, note that unlike
second-order derivative theories, fourth-order derivative theories have ul-
traviolet divergences even in such tadpole diagrams. Since contributions
from interaction terms involving derivatives of h,,,, disappear at z — 0 af-
ter carrying out the momentum integration, only the two terms described in
(10-26) contribute. Thus, we obtain

D—4 2
H afqqu (L 2 7
(amyprz 20 [3 ( log 12 +12”

Combining the corrections from these two Feynman diagrams, we can
see that not only the ultraviolet divergences but also the infrared divergences
cancel each other. Thus, Z, = 1 (10-5) is shown at o(a).

The calculation has been done in arbitrary gauge, and we finally obtain
the following finite correction:

o 7 1 de
2 [ 2 0] o [ e (-

Renormalization for traceless tensor field In order to determine the
renormalization factor of the traceless tensor field, it is necessary to calcu-
late two-point and three-point functions as in Fig. 10-2. In the counterterm
for the Weyl action, there are two- and three-point functions of the traceless
tensor field, but in the countertrem proportional to G that is necessary for
determining the residue b,,, there are only three-point functions or more.'?

As an example of calculations for two-point functions of the traceless
tensor field, consider a one-loop correction in Fig. 10-3 in which the fermion
propagates inside. From the interaction (10-27), it is calculated as'3

PP, [ dPk o [dPp 1
ot (2myp " (B o[ @) 2l + )2

12 n the flat background, the o(h2) term of G4 becomes a total divergence in any dimension
(see (A-4) in the first section of Appendix A).

13 The form of conformal anomaly Fy + 2V2R/3 initially introduced by Duff is determined
by performing a conformal variation to the effective action obtained when written in terms
of the four-dimensional nonlocal Weyl action and the local R? action after eliminating the
divergence from this expression. Actually, however, it is correct to include the last term in the
D-dimensional Weyl action, not in R2.
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(1 (2)

Figure 10-2: Loop corrections to two- and three-point functions by the traceless
tensor field.

Xtr('Ya'Yu’YB'YA) Pa(p + k)ﬁ(2p + k), (2p + K)o

_ o [ d%k 1 /1 ) ,
— T (27T>D hlu.l/(k)h)\a'( k){ 10 <26“)\6l,0k 5,U.Akuko-k

1 1 kK* 12 1
“kukokyks || = —log — + — —ku ko kxks p.
+3u A ><e Ogu2+5>+360” A }

Writing this with the D-dimensional expression of the Weyl action, we get'*

dPk 1 /1 K217
LA hyw (k) has (—k) {— (6 - logﬁ + )

drr (2m)P 40 5
D-3 D-3
X |:D—2 (5,u)\61/o-k4 _ 26/.L>\kl/ko'k2) —+ l)—lk#kukAkU:| }

In order to cancel out the ultraviolet divergence, the renormalization factor
of the traceless tensor field defined by (10-3) is determined as
1 Qg 1

Zp=1+———.
h +4047T€

In the case of the diagram in which fermions propagate inside, since the
result is independent of the gauge choice, the relation Z,Z }1/ | repre-
senting the gauge invariance holds. Using this relation, the fermion one-loop
contribution to Z; is determined to be —(1/80)(c/4m)(1/€).

Similarly, we can calculate two-point functions in which the conformal-
factor field propagates inside. Feynman diagrams which may cause ultravi-
olet divergences are given in Fig. 10-4, in which the three- and four-point

14 The quantity obtained by applying k. (k)hxo (—k) to the momentum function inside the
square brackets is by (k) hao (—k) A 2o (k) /8 when using (9-20).
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Figure 10-3: Loop corrections by the fermion.

iI.lteractions. Sgt[ o] (10-2.5) gnd Sf}t[z sonn (10-26) contribute.. However,
since there is always a derivative on the conformal-factor field in the four-
point interaction, the tadpole diagram (2) disappears. Contributions from
the diagram (1), when writing only the results, are expressed in the form of
the D-dimensional Weyl action with

o (1l )

47 30 \ € 12 60 )’
as in the case of the fermion. Infrared divergences are canceled out within
the calculation of the diagram (1). From this, the contribution to Z; be-
comes (—1/30)(a:/4m)(1/€). Since the gauge-invariance relation Z; =
A h_ 1/2 is established in this case as well, the contribution to Z; can be cal-
culated as (1/60)(cy/4m)(1/€).

- LA

(1) (2)

Figure 10-4: Loop corrections by the conformal-factor field.

In general, it is difficult to calculate the renormalization factor of the
traceless tensor field. One-loop corrections from diagrams in which the
traceless tensor field propagates inside have been calculated by using the
background field method'> which is often used in renormalization of non-
Abelian gauge fields or the gravitational field. Here write only the results,

15 For the background field method, see L. Abbott, The Background Field Method Beyond One
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the coupling constant renormalization factor defined by (10-4) is given by

ng S\l Tnp aog 1 9
Zy=1- (DE 2 %l e ag 2 . (1030
‘ <80 i 3> Ire 88 @nze Tolar). (1030

The contribution of o) is yielded by the sum of —n /80, —1/40, 1/60,
and —199/120 from the fermion, the U(1) gauge field and its ghost field,
the conformal-factor field, and the traceless tensor field and its ghost field,
respectively. The contribution of o(aay) is from two-loop Feynman dia-
grams in which only the fermion and the gauge field propagate inside. From
this result, the beta function of the coupling constant «; is determined as
(10-16).

Here, we give a little explanation on the background field method. In this
method, if defining the renormalization factor Z; as ﬁo,“, = zY 2?1“” for

X h
the background field §,,, = (etoho) v the relation Z, ;’/ 2 — 1 holds at all

orders as a gauge invariance condition so that the product ¢ ho v becomes a
renormalized quantity. Thus, an advantage of the background field method
is that although the normal renormalization factor Zj, is gauge-dependent,
the background field renormalization factor Z; becomes gauge-invariant ob-
viously. Therefore, we can obtain Z; by calculating Z;. In this way, the
one-loop correction in (10-30) has been calculated.

Non-renormalization theorem (II) From the calculation of the two-
point function of the conformal-factor field ¢, it has already been shown that
this field does not receive renormalization at o(cv; ). Here, using the result of
the previous chapter, we demonstrate that Z; = 1 (10-5) holds up to o(a?).

First of all, we can easily find that two-point functions of ¢ at o(«) are
obviously finite from the order of the induced interaction quFIfV in (10-17)
that contributes to the calculations.

Next, consider quantum corrections of o(a?), whose Feynman diagrams
are given in Fig. 10-5. The three-point interaction with n pe? is derived from
the residue z1 = (8np/3)(a/4m). The part written as “21p” in the circle de-
notes the ordinary two-loop photon self-energy diagram in QED. Diagrams
that include counterterms as a part in order to eliminate divergences in sub-
diagrams are not depicted for the sake of simplicity. At o(a?), there is no
counterterm other than that prepared for subdiagrams. It is because since the
double pole reside by appears at o(a?) as shown before, a simple pole coun-

Loop, Nucl. Phys. B185 (1981) 189. For applications to the gravitational field, see E. Fradkin
and A. Tseytlin, Nucl. Phys. B201 (1982) 469; I. Antoniadis, P. Mazur and E. Mottola, Nucl.
Phys. B388 (1992) 627; K. Hamada and F. Sugino, Nucl. Phys. B553 (1999) 283 and so on
listed in Bibliography.
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() (6) (7)

Figure 10-5: Loop corrections to the conformal-factor field at o(a?).

terterm eliminating an entire ultraviolet divergence of the two-point function
appears at o(a?) as seen from the Laurent expansion (10-20) of G'p.

Regarding each Feynman diagram in Fig. 10-5, the diagram (5) is obvi-
ously finite because the two-loop photon self-energy diagram produces only
a simple pole divergence which cancels out the € present at the vertex of
¢. Moreover, since the four-point function of photons including a fermion
loop is finite, (6) and (7) also become finite. Therefore, diagrams in which
a simple pole divergence occurs are from (1) to (4). Summing over these
divergences yields a finite result.

In o(a?) as well, we can demonstrate Zs = 1 using the results in the
previous chapter. The part to be noted in the calculation of o(a?) is that, as
already mentioned, since the double pole residue b- has a value at this order,
a simple pole counterterm appears in the kinetic term of the conformal-
factor field.

Ward-Takahashi identity The renormalization factor of the fermion
field at o(ay) is calculated from self-energy diagrams in Fig. 10-6. In the
Feynman gauge, it is given by

Contributions of o(a) to the vertex-function renormalization factor Z; are
given by Fig. 10-7. By studying the relationship between them, we will
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show that the Ward-Takahashi identity Z; = Z5 holds even if gravitational
internal lines are included.

Figure 10-6: Loop corrections to Z at o(cv).

Let us examine the self-energy function derived from (1) in Fig. 10-6.
Ignoring an overall coefficient for simplicity, it is given by

1 1
2(1) = ’7#«%+¢7)\ ;A ,ul/ )\U(k + 2p) (k + 2p)07

where p is a momentum of the external fermion field and % is a momentum
of the internal traceless tensor field. Since the momentum dependence of £+
2p arises from the gravitational interaction (10-27), a derivative of the self-
energy function by the external momentum p is affected by this dependence,
unlike the Ward-Takahashi identity in ordinary QED. Thus we obtain

Oy __, 1 1 1
app 7#&_,_}67/)%_’_}67/\]{4 w/ Ao
1
+ry“k+15wk4 WM{Q(SV,, k+2p)s + 200,(k + 2p), }.

(k +2p),(k +2p),

The first term on the right-hand side corresponds to the diagram (1) in Fig.
10-7 in which momenta of external photons are taken to be zero. The second
term corresponds to the sum of (2) and (3) in Fig. 10-7.

When the same operation is performed for the tadpole diagram (2) in
Fig. 10-6, we can see that a term corresponding to the diagram (4) in Fig.
10-7 is produced. This reflects the fact that the interaction ¥y,,10 A, (h™) .
in (10-27) can be generated by applying a replacement p,, — p, —eA,, to the
interaction ifyupl,w(h”)w. On the other hand, for other interaction terms
including derivatives of the traceless tensor field in (10-27), the differential
operator of p passes through them.
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Figure 10-7: Loop correction to the vertex function renormalization factor Z; at

o(ay).

The diagrams from (5) to (7) in Fig. 10-7 which have no correspondence
to those in Fig. 10-6 do not involve ultraviolet divergences. Furthermore,
when momenta of external photons are taken to be zero, it can be seen that
these contributions disappear due to gauge symmetry. In this way, we can
show that the Ward-Takahashi identity Z; = Z5 holds at o(ay).

In general, if vertex function corrections have external photons coming
from gravitational interactions of the type ¢" F'F or h™ F'F such as (5) to
(7) in Fig. 10-7, they disappear when external photon momenta vanish be-
cause photon fields appear in the form F},,,. Furthermore, as vertex function
corrections which cannot be generated by the operation mentioned above,
we need to consider diagrams such as (1) and (2) in Fig. 10-8 in which
an external photon is directly connected to an internal closed fermion loop.
In order that the Ward-Takahashi identity holds at all orders, they have to
disappear when the external photon momentum vanishes.

The disappearance of vertex functions of the type (1) in Fig. 10-8 can be
easily seen by using a generalized Furry’s theorem: a fermion loop diagram
with odd number of attached photons disappears regardless of the number
of attached gravitational fields. It can be shown from the fact that when the
charge conjugation is taken, photons change sign, but gravitational fields do
not change. On the other hand, vertex functions of the type (2) in Fig. 10-8
do not vanish obviously, but the external photon field appears in the form
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of F),, after all because of gauge invariance. Therefore, it also disappears
when the momentum is set to zero. In this way, Z; = Z5 can be shown.

Figure 10-8: Examples of vertex function corrections in which an external photon
is attached to an internal closed fermion loop.

Renormalization of gauge field Let us calculate corrections to the
renormalization factor Z3 by the gravitational interactions. Contributions
of o(cy) where the traceless tensor field propagates inside are given by two
Feynman diagrams in Fig. 10-9. Because ultraviolet divergences from the
self-energy diagram (1) and the tadpole diagram (2) cancel each other, it is
found that the correction at this order becomes finite.

t2

(1) (2)

Figure 10-9: Loop corrections to Z3 at o(cv).

Feynman diagrams in which the conformal-factor field propagates in-
side appear from o(a/b). Among them, diagrams where simple poles oc-
cur are only three, given in Fig. 10-10. As mentioned earlier, Feynman
diagrams including the two-loop QED photon self-energy diagram that only
gives a simple pole are not depicted here because they become finite obvi-
ously. In addition, Feynman diagrams that generate a double pole at o(a3 /b)
are given in Fig. 10-11.
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Figure 10-10: Feynman diagrams that yield a simple pole to Z3 at o(a?/b).

(1) (2) (3)

Figure 10-11: Feynman diagrams that yield a double pole to Z3 at o(a®/b).

Adding contributions from these Feynman diagrams to normal QED cor-
rections, we obtain the following renormalization factor:

4 1 2 21
Zgzl_w+(_2nF+8”F) o 1
€

3 4me 27 b ) (4m)?

8n% 8 n%\ o 1 9

L) ) . (1031
+< 9 T8 ) @npe toleowad). (103D

From this result, we can read the residues f; > (10-14), and the beta function
is calculated as (10-15).

Non-renormalization theorem (III) [vertex function] Furthermore,
we calculate vertex functions of the type qSFiV, and demonstrate that they
can be renormalized by Z; = 1, namely only information of Z3.

Since the double pole in the renormalization factor Z3 occurs at o(a?),
we find that a simple pole counterterm of the type ¢F3V is derived at o(a®)
from the Laurent expansion (10-17). Therefore, Feynman diagrams that
produce ultraviolet divergences appear from this order.

Let us first consider the case where only the QED fields propagate in-
side. For simplicity, we perform the calculation by taking a momentum of
the conformal-factor field to be zero. Feynman diagrams where ultravio-
let divergences occur are depicted in Fig. 10-12. The diagrams (1) and
(2) are derived by attaching the vertex n Fe2¢Fﬁ” to the two-loop photon

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Renormalization in Quantum Gravity 211

Figure 10-12: Loop corrections to the vertex function ¢F.,, at o(c®).

self-energy diagrams in QED. Since the two-loop photon self-energy gives
a simple pole, the sum of these diagrams also gives a simple pole.

The diagrams (3) and (4) in Fig. 10-12 are derived by attaching the
vertex eqﬁFiU to the three-loop photon self-energy diagrams in QED. Since
it is known that the three-loop self-energy diagrams that have two fermion
loops are known to give at most a double pole, we find that the sum of these
diagrams also gives a simple pole due to the € at the vertex. The last diagram
(5) is a simple pole counterterm that appears in the Laurent expansion (10-
17) associated with the double pole of Z3.

In addition, there are Feynman diagrams derived by attaching the vertex
ebeiV to the three-loop photon self-energy diagrams with one fermion loop.
However, the sum of such diagrams becomes finite obviously because the
sum of the three-loop photon self-energy diagrams with one fermion loop
produces at most a simple pole so that the e at the vertex cancels out the
pole. Therefore, such diagrams are omitted here.

Summing over ultraviolet divergences from these diagrams, we can show
that the renormalized vertex function becomes finite as follows:

: 1{ 8 16 8 a3
PAA (. div. _ ~)_© - © 2 2 o
L5205k, k) one) = 6{ R g}nF(4ﬂ) (8,k”— kyky) =0,
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where the effective action is normalized as

r= / o _d71 o=k — DALR)A, () TS0 (—k — 13k, 1)
) (@2n)P (2m)P K v i T
The first —8/3 is from the sum of (1) and (2) in Fig. 10-12, the second term
16/9 is from (3) and (4), and the last 8/9 is from the counterterm (5).
Finally, consider renormalization of the vertex function at o(a® /b) where
the conformal-factor field propagates inside. Feynman diagrams where ul-
traviolet divergences occur are drawn in Fig. 10-13. There are other Feyn-
man diagrams including the two- and three-loop photon self-energy dia-
grams, but they become obviously finite, and thus they are not depicted.
In the diagrams with internal lines of the conformal-factor field, there are

contributions from the three-point self-interaction Sg:[)(b_ﬁ]b (10-23) and the

interaction of the type ¢ Fﬁu Therefore, it becomes non-trivial verification
of the action Gp (10-20) and the Laurent expansion of the gauge field ac-
tion (10-17). Combining all of the contributions from Fig. 10-13, ultraviolet

divergences cancel out and the effective action becomes finite as follows:

. 1 8 16 8\ nkh/a\
LA | —fydiv, =202 4 22 l(f)dyszkkl,
(03K =K)lo(asey el 81 81 81 b \4rm (0 whv)

:0,

where the first term is from the sum of (1) to (3) in Fig. 10-13, and the
second term is from the sum of (10) to (13). The third term is the contribu-
tion from (14), which is a simple pole counterterm induced from the double
pole of Z3 at o(a®/b). The sum of ultraviolet divergences from (4) to (9)
becomes finite.
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(13) (14)

Figure 10-13: Loop corrections to the vertex function ¢F.,, at o(a®/b).
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Background-Metric Independence Revisited

The background-metric independence is realized by treating the conformal-
factor field ¢ non-perturbatively. In fact, a conformal change of the back-
ground metric §,,, — €27, is equivalent to a shift transformation of the
conformal-factor field ¢ — ¢ + o. The shift is merely a change of integra-
tion variables, thus the independence is expressed as an invariance under the
shift of the path integral measure. This means that the background-metric
independence is a purely quantum mechanical symmetry that does not exist
in the classical theory.

With this shift invariance, the background-metric independence can be
expressed as

0
dp—— (O(z)e ") = 0.
/ 50) (O@)e™)
Given ,/g© = 05/0¢ as an operator O, we get

0./90(z
aotvaeu) - (M) 0. ao)
3¢(y)
where © = © 440,40, is the trace of the energy-momentum tensor. Each

And
term is given by ©4 = (D — 4)Fo,u )" /4, Oy = (D — 1) Y77 igpo;
Yoj, and ©, = (D — 4)(C} /15 + boEp). Here, it is significant that
the right-hand side of (10-32) vanishes, unlike the case in curved space dis-
cussed in the previous chapter.

Let us see that the equation (10-32) actually holds with attention to the
role of the conformal-factor field ¢. First, we will confirm it directly by
performing calculations on the flat background. Expanding ,/g© with D —

4, the gauge field part is given by
1
VIO = (D —4)Z3 1P TVE, B,

 D-14 ¥
- [1

and the gravitational part that depends on b is given by

Di4 + (D -4+ f1)¢p+ | FuFo, (10-33)

D—4
V0, = (:77)70/2 {4b64¢ + (D = 4)b 20" ¢ + 0*(¢*)]

+(D —4)% {¢264¢ + é84(¢3)

2 (8xs — 1) 01 (amagqbam)] ;.. } (10:34)
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In these expansions, interactions with the traceless tensor field are omitted.
The gravitational part derived from the Weyl action is also given by (D —
4)eP=4oC2 | /i3, This part is difficult to handle because it involves self-
interactions of the traceless tensor field, but since it has a structure similar
to (10-33), we will be able to infer the behavior of this part from the gauge
field part discussed below.

= e

(1) (2)

Figure 10-14: Tree diagrams indicating the background-metric independence.

For each order, we specifically demonstrate that the equation (10-32)
holds. A contribution of o(b) of the two-point correlation function of ,/g©
is given by the tree diagram (1) in Fig. 10-14, where ,/g0© is denoted by a
double line. From the first term of the expansion (10-34), it is easily calcu-
lated as 4buP~*k* /(47)P/? using the propagator (10-22). The second term
of (10-32) represented by the diagram (2) in Fig. 10-14 can be calculated
from the first term in (10-34) as well, which cancels out the contribution
from the diagram (1), and thus the equation holds at o(b).

R

Figure 10-15: Feynman diagrams representing the background-metric indepen-
dence at o(1) and o(«) with internal lines of the QED fields.

Moreover, we can show that (10-32) holds at o(1) and o(«) using the
expansion (10-34) and the interaction (10-20), as in Figs. 10-15 and 10-16.
The last tadpole diagram in Fig. 10-16 represents a contribution from the
second term of (10-32), in which there is no contribution of o(«). This is
consistent with the result (10-11) that there is no o(«) term in the residue b;.
For each order considered here, the equation holds regardless of the value
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Figure 10-16: Feynman diagrams representing the background-metric indepen-
dence at o(1) with internal lines of the conformal-factor field.

of X3-

Finally, we show in a more obvious way that the equation (10-32) rep-
resents the background-metric independence. Consider the trace of an-
other energy-momentum tensor VO = 68 /0o which is yielded by do-
ing a variation of the action with respect to the background metric, where
0/00 = 2§G,,,,0/6,,,. Since the change in ¢ can be expressed as a change in
o in quantities written in terms of the original metric g, , the relationship
V30 = /90 is established, except for parts derived from the gauge-fixing
term. Therefore, taking gauge invariance into account, (10-32) can be ex-
pressed in terms of the o-variation as §2(1) /6o (x)do(y) = 0, because the
variation by the background metric can be put outside the correlation func-
tion. In this way, we can show that the partition function does not depend
on how to choose the background o.

Diffeomorphism Invariant Effective Actions

In this section, from considerations of the effective action, we will see that
the Wess-Zumino action associated with conformal anomaly comes out to
ensure diffeomorphism invariance.

We first describe the relationship between conformal anomaly and the
beta function in QED again. Carrying out renormalization, a scale ap-
pears in the effective action through a non-local term that takes the form
of log(k?/u?) in momentum space.

The effective action of QED including a dependence of the conformal-
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factor field is given as

2 (47)?

The third term on the right-hand side is the Wess-Zumino action induced
by the residue z;. The fourth term is a finite contribution coming from
diagrams in Fig. 10-17. Since the two-loop photon self-energy has only a
simple pole, it becomes finite by the cancellation of the pole and the € at the
vertex. For simplicity, we are considering only the zero-mode part of ¢ here.
Performing the ¢-variation of the effective action, the conformal anomaly is
found and its coefficient is proportional to the beta function as

3 k2 a? 1-
F'qep = {1 _f log (MQ> +$1¢+4nF¢}4F3u(k)«

a? 1 -1
dsTqeD = dnp—r | —/9F2, = B~/gF2,.
»'qQED <x1+ TlF(47T)2> 4\/§ o 54\/§ o

This is the equation of the conformal anomaly obtained in the previous chap-
ter. Note that the coefficient of the o(a?) term in 3 is twice that of the
residue x.

Figure 10-17: Finite loop corrections to the vertex function ¢F.,, at o(a?).

Recall that the momentum squared is defined by k% (= k,k, 6"") in the
flat background. Here we introduce a physical momentum squared defined
on the full metric g, (= €*%4,,,) as

2 k2

phy — 627 (10-35)

By using this, the effective action can be written as a diffeomorphism in-

variant form
B kr2>hy 1 2
FQED: {1—21Og 7 Z\/EFNV.

Thus, conformal anomalies are quantities in accompany with the scale
that appears in the process of renormalization, and the Wess-Zumino actions
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occur to make non-local terms diffeomorphism invariant. Consequently,
conformal anomalies are physically indispensable ingredients to preserve
diffeomorphism invariance, unlike usual gauge anomalies. The interaction
of the type ¢" F2, will correspond to a nonlocal term log™ (k*/?) associ-
ated with higher order corrections.

The same holds true for the Weyl action. The non-local term log (k2 /11?)

and the Wess-Zumino action ¢C* Lwao are generated with carrying out renor-

malization. Letting the beta function be §; = —8mByc; (B9 > 0),'° the
effective action is given by

1 k;2 .
I'w = t2 260¢ + ﬁO 1Og ,u C/,LV)\G’

\[ 2NN

t2(k phy)

The function t(k:phy) which puts together the inside the braces, is the run-
ning coupling constant expressed as

1
k = , (10-36)
Pl) = 5 ToglR2,, R2)
where k:phs is the physical momentum squared (10-35). The dynamical in-

frared energy scale is defined as Aqc = pexp{—1/(26ot?)}. This is a
physical scale which is renormalization group invariant as pdAqg/dp = 0.
The Wess-Zumino action of the type ¢"C Liwao Will correspond to the non-
local term log™ (k2 /11?) as well.

Next, we derive a diffeomorphism invariant effective action which pro-
duces the conformal anomaly E4. Consider the effective action that occurs
together with the simple pole divergence of the residue b; proportional to
the Euler density G4. Since G4 does not have quadratic terms, Feynman
diagrams to determine it are given by three-point functions of the traceless
tensor field, and the form of their finite parts will be

be 1= 1 _
We(g) = 2 [ae!lE, L E - L2
o0 = g [ oS Ba  )
at the lowest order of b;. The term proportional to R? guarantees that W¢

does not have quadratic terms of the traceless tensor field when it expands
in the flat background.

16 The coefficient 3y is that when the beta function is defined as udt/dp = —Bot> + o(t>).
This convention is used in Chapters 7, 12, and 14.
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The effective action is given by the sum of the Riegert action Sg (10-21)
and this finite part W, and is expressed as

o = Sn(0.) + Wold) = g5z [ "oV By P
The R? terms cancel out, thus it becomes a diffeomorphism invariant form.
In this way, the scale-invariant non-local Riegert action (5-16) given in
Chapter 5 is obtained.

Furthermore, consider the case where in the coefficient b, of the Riegert
action there are higher order corrections that depend on the coupling con-
stant ¢. If we replace ¢ with the running coupling constant and expand it
like fz(kghy) = t2 + 2B8pt*¢ — Bot*log(k?/pu?) + - - -, we find from its
¢-dependence that the $p?A4¢ term is generated. This suggests that the
®" A4 (n > 2) term appears so as to ensure that the coupling constant can
be replaced with the running coupling constant in the effective action.

Renormalization of Mass Parameters

Renormalization calculations for the Einstein term and the cosmological
term are performed, and anomalous dimensions of the Planck mass and the
cosmological constant are derived here.

Since the conformal-factor field ¢ is strictly handled without introduc-
ing its own coupling constant, the cosmological term is expressed by its
exponential as

Sh = Ao/dDz\/E: Ao/deeD¢.
The Einstein-Hilbert action is expanded up to o(h?) as follows:
Sgn = —A;[g/de\/gR
- —J\/f/de (P=2) {R — (D - 1)?%}

_ 32 [ (D20 ) D=1
= 2Mo/d Te 3 0o
D -2
+Ttohow (—3M8u¢ + au¢au¢)
D—-1 D—-1

+ Ttg hOuA h’OV>\ aualld) + Tf%h@pwau hoy,\a)\¢
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D-3 t2 t2
—TtghOWX(mau¢ + éaAhoﬂua)\houu - é)X(mX(m}

(10-37)

Recall that the conformal-factor field is not renormalized, namely Z4 =
1. Therefore, renormalization can be done by replacing the bare Planck
mass and the bare cosmological constant with

Mg = pP~* Zgu M?,
Ao = pP~4Zy (A+ Ly MY,

where M is a renormalized Planck mass with dimension 1 and A is a renor-

malized cosmological constant with dimension 4. Their renormalization

factors are denoted by Zgi and Z,, while Ly, is a term with only poles.
An anomalous dimension of the Planck mass squared is defined by

b dM
M2 du

YEH = — =D — 4+ ygu,

where Ygn = pd(log Zgn )dp. An anomalous dimension of the cosmologi-
cal constant is defined by

o dA _ M*_
=——-——=D-4 — 10-
YA A dp + A + A oA, (10-38)

where Y5 = pd(log Z, )dp and
< dL
or = MT;W —(D—4)Ly + (A — 2%eu) L.

Consider contributions from the gravitational coupling constant only
here. The renormalization factor Z, is Laurent-expanded as

o0

u,
log ZA = Z m

n=1

Expanding 7, using this and extracting finite parts, we obtain

Fa = B 24_ i
YA = bab ataat Uy,

and also a renormalization group equation

_ 9 0 _ 0
(51)% + Oétaat> Up+1 + Btat@un =0
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from pole parts which have to vanish. The same is true for the renormaliza-
tion factor Zgp.

To solve the renormalization group equation, we need to decide a depen-
dence of oy in Bb- It has not yet been calculated, but we have known that
the dependence of the gauge coupling constant «v is given by (10-12). Based
on this result and from the similarity between the gauge field action and the
Weyl action of the traceless tensor field, we guess that the dependence of oy
in /3, is given by

Bb =-b + O(Oét2 )
as similar to the case of a.

We first calculate the anomalous dimensions at ; — 0. In this case, we
can check correctness of the results by comparing with the exact solutions
obtained from the BRST conformal invariance. Feynman diagrams up to the
third order in the 1/b -expansion that contribute to the simple pole residue u
are depicted in Fig. 10-18, in which the bottom represents ¢" that appears
when the exponential is expanded as eP? =Y~ D"¢" /nl.

€ €b €b
(1) (2) (3) (4)

Figure 10-18: Loop corrections to the cosmological term up to o(1/b%).

Contributions to the simple pole u; are 4/b from (1), 4/b from (2),
—8/3b% and 28/3b? from (3) and (4), respectively, in Fig. 10-18. Although
infrared divergences remain at this time, it will be shown that they all cancel
out each other when constructing the effective potential in the next section.
Therefore, ignoring them, we consider only ultraviolet divergences here.
Recalling 3, = —b at oy — 0, we obtain

L bau1 48 20

W= Ty TR T T
Lastly, by replacing b with b., we find the anomalous dimension of the cos-
mological constant. Disappearance of the anomalous dimension at b — oo
is consistent with the fact that it is the classical limit where the conformal-
factor field does not propagate.
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Compare this result with the exact solution. The conformal-factor field
dependence of the renormalized cosmological term is expressed as d4Sx =
(44 ~4)SA."7 On the other hand, the quantum cosmological operator deter-
mined from the BRST conformal invariance is f d*r :e*?: and the Riegert
charge « is given by (7-35). From this, the exact solution of v, is given by

/ 4
VA—oz4—2bc(1 1b> —4.

Expanding this expression with 1/b., we can see that the first three terms
agree with the calculation result.

Likewise, we can perform renormalization calculations of the Einstein
term and obtain

% e

-, M —

1 171 9 (4m)%1
Zrgu =1-— Ly =— .
o [ ] € 16 b2 €

The anomalous dimension of the Planck mass squared is then given by

_ 1 + ! +
TER S T T
This result also agree with the 1/b. -expansion of the exact anomalous di-
mension ygg = S — 2 derived from the Riegert charge 3 (7-36) of the
quantum Ricci scalar. Moreover, from the pole term L ,;, we obtain

Sr = 9(477)2
AT TR T

c

Loop corrections by traceless tensor field Loop corrections by the
traceless tensor field are calculated in the Landau gauge. Since the two-point
interaction (10-24) disappears when this gauge is employed, the number of
Feynman diagrams can be reduced considerably.'®

Feynman diagrams that may give corrections of o(a;) to the anomalous
dimension of the Planck mass in the Landau gauge are depicted in Fig. 10-
20. However, ultraviolet divergences from (2), (3), and (4) disappear in this
gauge. Moreover, (5) that contributes to L, becomes finite. Consequently,
only the contribution from (1) remains and Zgy — 1 = —(5/8) (¢ /4me) is

17 Since the variation with respect to the conformal-factor field corresponds to a scale change
in real space, d¢ can be identified with —pd/d.

18 See K. Hamada and M. Matsuda, Phys. Rev. D 93 (2016) 064051 on the calculations in the
Landau gauge and some issues about gauge-dependence.
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€b
(1) (2)

Figure 10-19: First two diagrams give corrections to Zgy at o(1/b) and o(1/b?),
respectively. The last gives a correction to Las of o(1/b%).

(3)

%

9%

1) (2) 3) (4) ()

Figure 10-20: First four diagrams give corrections to Zgu of o(a:) and the last
gives a correction to Lys of o(a:/b) in the Landau gauge.

obtained. Thus, together with the previous result, the anomalous dimension
is calculated as

Yiom = bl + b% + ZZ‘—; (10-39)
Loop corrections to the cosmological constant by the traceless tensor
field are yielded from two-loop diagrams of o(«;/b) in the Landau gauge,
which are given by Feynman diagrams in Fig. 10-21 with Fig. 10-22 as
subdiagrams, where (1) and (2) are the same as those in Fig. 10-1. In the
subdiagram (3), there are contributions from two three-point interactions in
which one is derived from the ¢-independent part of the Wess-Zumino action
(10-19) associated with the Weyl action with a factor D — 4 given by

D—14 -
D—4 D 2
SF[(,/)hh] = t%/d wCWU

o(t0)
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Figure 10-21: Loop corrections of o(c/b) to Z in the Landau gauge. The gray
part including bt is given in Fig. 10-22.

@ .

(1) (2)
R W
‘GQZ?[?? ebt bt ebt?
®3) (4) (5)

Figure 10-22: Subdiagrams necessary for two-loop corrections of o(ay /b) to Za.

and the other is the o(bt?) part derived from the expansion (10-20) of the
Euler term as

MD4 I B 2727
SGd)hh b()D/?/d x¢<G43V R>

In the subdiagram (4), there are contributions from the three-point interac-
tion used in (1) and the three-point interaction of (D — 4) x o(bt) given by

o(t2) '

ng(;;;)]”t (D — 4b H D/g/dD [ G190 + 3¢pV40

+4¢vam¢ - MR+ 9¢vARvA¢}
o(t)

The subdiagram (5) is from the four-point interaction S D¢ Q:Z)ZT which is

derived by expanding the right-hand side of above up to o(t?). The two-loop
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computation is cumbersome. Here we write only the result of summing all
the contributions from these diagrams, which is given as follows:

155 2 1
Ipn =m0 = —F 77—
(Za = Dle=o = 73 b(4m)2 €
Thus, the anomalous dimension of the cosmological constant is given by

A A A N e 2 10-40
A T T e T s A b ar (10-40)

together with the previous results.

Physical Cosmological Constant

In general, a physical mass scale M, must be renormalization group in-
variant as
d Mo
/‘@ phy = 0.

One of such gravitational scales is Aqg, which is already introduced when
we define the running coupling constant. In addition, there are the physical
Planck mass and the physical cosmological constant denoted by Mp and
Acos, respectively.

These physical mass scales are determined through the effective action.
Introducing a background o and decomposing the conformal-factor field as
¢ = o + ¢, the effective action is expanded in powers of ¢ as

L(o)=)_ i/d%l e dPar, T 2y, xy) o(@1) - o)

"X G

XU (ky, .. k) o(k) - o(kn),

where T'(") is a renormalized n-point Green function given by the sum of
all 1PI Feynman diagrams with n external legs of 0. Renormalization group
analysis for the 1PI Green function I'(") can be carried out as in the case
of the ¢*-theory. One of the crucial differences is that the conformal-factor
field is not renormalized, namely Z4 = 1, and also for the background
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o. Therefore, the renormalized T'(") is the same as the bare one, and thus
pdl'™ /dy = 0 holds."?

A physical cosmological constant is defined by an effective potential V/
given by the zero-momentum part of T'")(ky, ..., k,) as

o)y = /dD:BV(o) => % r™o,... ,0)/deU"(x).

Diffeomorphism invariance requires that T (0,...,0) = A D" so that
the effective potential has the form

V(o) = Acos €271, (10-41)

The renormalization group equation indicates that Ao satisfies
d
—Acos = 0.
/’Ldu Ccos

Thus, we find that the effective potential gives the physical cosmological
constant, which can be observed cosmologically. Likewise, the second
derivative term defines the physical Planck mass.

Let us examine the physical cosmological constant here. We calculate
the one-loop effective potential within the large b approximation, where the
background ¢ is taken to be a constant. Moreover, as lower-derivative inter-
actions, we consider only the cosmological term for simplicity. By expand-
ing the conformal-factor field ¢ up to the second order, the action becomes

S|, = /de ND—“{ a 1)]3 [2bpd%p + (D — 4)b (20 + 3)0" ¢]
)2

Do D2 2 Do
+Ae 1+750 + (Zy — 1)Ae ,

where the term with D — 4 comes from the three-point interaction (10-23).
Furthermore, by rescaling the field as

— ¢ o= (471-)%
=i 4b[1+ (D — 4)(o + )’

19 In the ©* theory, the field receives renormalization so that '(") is not renormalization group
invariant, though I'(¢) itself is invariant.
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we obtain

12

1 D?q?
S‘¢2 :/de{2<p’34<p'+ A€DU<,O/2 _ eb/’LD4A€DJ}'

2

The last term is the one-loop counterterm for the cosmological constant,
where the modified minimal subtraction (MS) scheme is adopted, that is,
divergences are removed by the combination of 1/é.

Letting A = D?a? AeP? and writing the kinetic term to D = Dy + A,
where Dy = k* in momentum space, the one-loop effective potential (see
Fig. 10-23) can be calculated as

_ ~r 1 [ dPk A
VIOOP —_ log I:det (DO ID):I 2 = E/W log (1 + k4)

z
oo -1 n—1
S DT g,
n=1

n

N | =

where [, is a tadpole-type integral defined by

A
A A
Vloop = + 4 4o
A A A

Figure 10-23: One-loop effective potential to the physical cosmological term.

The integral I; has divergences of both ultraviolet and infrared, while
for n > 2 only infrared divergences appear, which are given by

s 1 | ) s 1 22(27271)
L= )2 (e G > Y T e 2n - DEn - 2)

Substituting these integrated values, we obtain the following loop correc-
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SRR
) 41) {;1 (_logz)+i(z —A)log( +i)
Aarctan <\£§> +ZA}'

With attention to the D-dependence of A, we find that a finite o-dependent
term arises from the first term as

1 A1 2 5 4, po(1 5
WEE*EM Ae g+20+2—log4w+logu ,

in which in order to match the form of the counterterm, the p-dependence is
recovered through the relation P ~4[1 — (D —4)log ] = 1 +o[(D — 4)?].
Removing the ultraviolet divergence by the counterterm and taking D = 4,
the loop correction V'1°°P results in

2

1 A A z
{2 (20 +2 — log4m) — 5logﬁ

(4m)?

1 A - VAY 3
—|—4 (z —A) log (1—}—24) — 2V Aarctan <22> —|—4A},

where A = A|p—y = 4(4m)%2Aet? /b.

This expression can take the limit of z — 0 and we obtain a finite re-
sult V1P = A[7 — 2log4m — log(A/u*)]/4(47)%. In this way, we can
demonstrate that infrared divergences cancel out by summing up all contri-
butions. Adding the classical (tree) part Ae*® and putting b = b,., we get the
following effective potential:

1 6472 A
V=AJ1+ — |7—2logdr — log T2 eto.
be ut b

Note that the o-dependence disappears except for the e*? at last. This o-
independent part gives the physical cosmological constant A¢gs.

20 To calculate the sum of series f(z) = Y00 5(—1)""122"/2n(2n — 1)(2n — 2), it
is good to consider h(z) = 02/0x%{f(x)/z}. Since this is easily obtained as h(z) =
[log(1 4 2?) — x?] /23, the original series can be derived as f(z) = z [ du [;'dv h(v).
The series part here is then given by z* f(v/A/22).

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Renormalization in Quantum Gravity 229

More generally, adding the Einstein-Hilbert action and taking in loop
corrections by the traceless tensor field in the Landau gauge, we obtain the
following physical cosmological constant at the one-loop level:?!

27174 2
ANeos = A+ (7—210g47r)bA _ (A 9 M >log(647r A)

be 2b2 ut b
972 (25 M*
(=~ 4log4
2 (3 o ”) 2
. M? [N 9r2M4 3w M2
— — — ————ar
T b, b, 102 arccos 5VbA

m2aZM* 21
128 ’

5 o34
—a; M™ (1
+ lo'n <0g A 5

where we assume that the ratios A/b. and M*/b? are comparable, and
ay /4 and 1/b,. are also so, in the large b. approximation.

21 See K. Hamada and M. Matsuda, Phys. Rev. D 96 (2017) 026010.
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CHAPTER ELEVEN

THE UNIVERSE IN EINSTEIN GRAVITY

Why is quantum gravity necessary? Why is it possible to think that its traces
are left in the cosmic microwave background radiation today? Before an-
swering these questions, we first need to know about the Friedmann universe
given as a solution of the Einstein equation. The purpose of this chapter is
to concisely summarize what is known about the Friedmann universe and
connect it to later chapters.

Instability and Evolution of Fluctuations

What we have to mention first is that the Friedmann solution of the Einstein
equation is an unstable solution. Usually, such a solution is never chosen
as physics. This is because if we consider a small fluctuation (perturbation)
around this solution it will grow with time and deviate significantly from
the solution. Nevertheless, the universe can be approximated well by the
Friedmann solution. This means that initial amplitudes of the fluctuations
were unnaturally small.! It was one of the big problems of cosmology to
clarify what initial dynamics of the universe that produces such very small
fluctuations is.

Inflation theory was proposed around 1980 as an idea to create very
small initial fluctuations necessary for the universe to last more than 10 bil-
lion years. It is an idea that there was an era when the universe expands
exponentially before the big bang where matters are created, and fluctua-
tions become small at that time. At the same time, this idea can also explain
why correlations larger than the horizon size existed in the early universe
(the horizon problem).

After the big bang, fluctuations grow and structures such as stars, galax-
ies, and clusters of galaxies are built. Since these structure formation in-
cludes nonlinear effects, it cannot be described by a simple perturbation the-
ory, but until the universe is neutralized, fluctuations are still small and can

I Although it depends on perturbation variables we employ, when considering the matter den-
sity fluctuation 6p/p, it is required to be as small as 1060,
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be handled within a linear perturbation. Furthermore, after neutralization,
radiation fluctuations do not grow because photons become free (decoupled)
from interactions with matters. The so-called Sachs-Wolfe effect expresses
that.? Therefore, if we know spectra of fluctuations at the time of decou-
pling, we can roughly know the current spectra of the cosmic microwave
background radiation (CMB).

The CMB discovered in 1964 by Penzias and Wilson has a Planck distri-
bution whose temperature 7" is 3 degrees Kelvin.? The temperature fluctua-
tion amplitude §7'/T that denotes a deviation from it is the order of 107> in
which a linear perturbation method works well enough. This value was ob-
served for the first time in the 1990’s by the Cosmic Background Explorer
(COBE). The method describing evolution of the universe perturbatively
based on this fact is called cosmological perturbation theory.

The temperature fluctuation spectrum of CMB obtained from the obser-
vation by Wilkinson Microwave Anisotropies Probe (WMAP) depicted in
Fig. 11-1, which is a successor of COBE, records the history of the uni-
verse from the radiation-dominated era to the present. It is believed that the
spectrum in the early universe was almost scale-invariant. When writing its
spectrum what is called the Harrison-Zel’dovich type* in Fig. 11-1, it be-
comes a horizontal straight line whose amplitude almost coincides with that
of the dent in large angle components. That is to say that the deformation
from the straight line represents dynamics that the fluctuation was subjected
to during evolution of the universe.

Most of these deformations occur during the period between the time
that the universe is moving from the radiation-dominated era to the matter-
dominated era and the time it is neutralized. Since the scale-invariant spec-
trum is retained before that, we can go back to the past anywhere as far as
the radiation-dominated era continues.® Therefore, as long as the Einstein’s

2 The Sachs-Wolfe effect is expressed as a relation that connects the current temperature fluc-
tuation (07°/T")(no) with a gravitational potential value W (7)qec) at the decoupling (last scat-
tering surface). For long wavelength fluctuations (large angle components) which leaves in-
formation of the primordial spectra intact, the relation (67"/T)(no,%0) =~ ¥ (Ndec, Xdec)/3
holds. See the first section of Appendix E for details. The original paper is R. Sachs and
A. Wolfe, Perturbations of a Cosmological Model and Angular Variations of the Microwave
Background, Astrophys. J. 147 (1967) 73.

3 The original paper is A. Penzias and R. Wilson, A Measurement of Excess Antenna Temper-
ature at 4080-Mc/s, Astrophys. J. 142 (1965) 419.

4 The original papers are E. Harrison, Fluctuations at the Threshold of Classical Cosmology,
Phys. Rev. D 1 (1970) 2726 and Ya. Zel’dovich, A Hypothesis, Unifying the Structure and the
Entropy of the Universe, Mon. Not. R. Astron. Soc. 160 (1972) P1.

5 In the period when the fluctuation size is larger than the horizon size, the spectrum hardly
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theory of gravity is correct, from the current CMB spectrum, we can derive
information on the big bang where the primordial spectrum was generated.

6000

5000

1(1+1)G,/21 (uK2)
n w B
o o o
8 8 8

1000

P i1 aaaaal I I I 1 I I PRI BT
10 100 500 1000
Multipole moment [

Figure 11-1: WMAP temperature fluctuation spectrum [C. Bennett, et.al., Astro-
phys. J. Suppl. 208 (2013) 20]. Low multipoles correspond to large angle compo-
nents.

The spectrum can be roughly divided into three regions: the low mul-
tipole component region ! < 30 in which the scale-invariant spectrum of
the early universe is considered to be preserved almost as it is, the region
30 < [ < 700 where a plasma fluid oscillation of photons and baryons
appears, and the Silk damping region [ > 700 where the amplitude of
photon fluctuations decreases exponentially in the process of neutralization.
In this damping region, the approximation of perfect fluids breaks and an
anisotropic stress appears.

The Silk damping occurs because thermal equilibrium cannot be main-
tained gradually as the mean free path of light becomes longer during the pe-
riod from the start of the recombination process until the light is completely
free from matters. If the wavelength is longer than the mean free path, the
perfect fluid approximation holds, but if it is short, photon diffusions occur
and the amplitude of the fluctuation decreases.® This effect begins to appear
beyond the first acoustic peak, and becomes significant where [ exceeds 700.

changes. In particular, the CMB multipole components of { < 30 are maintaining the primor-
dial spectrum just after the big bang, which represent fluctuations that entered the horizon after
the neutralization of the universe, or do not enter the horizon currently.

6 The perfect fluid is a fluid with zero viscosity (7 perfect gas). Viscosity is proportional to
the mean free path, and having zero viscosity means a strongly coupled system with zero mean
free path. In such a frequently interacting system, heat exchange is closed in the system and
thermal equilibrium can be realized.
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Therefore, the cosmological perturbation theory assuming the perfect fluid
is effective in the long wavelength region up to at most [ < 700, which will
be described in detail in Chapter 13. In order to analyze the Silk damp-
ing, it is necessary to solve Boltzmann equations considering the Thomson
scattering, but it is not dealt with in this book.

Calculations of the CMB temperature fluctuation spectra have already
been programmed, and existing calculation codes such as CMBFAST are
published. One of the important things in early cosmology is to give the
primordial spectrum as its initial condition. The goal of the quantum gravity
theory is to give the scale-invariant primordial spectrum and the dynamics
of inflation that generates it.

Friedmann Universe

The Friedmann solution of the Einstein equation is summarized, and various
scales that appears there are explained. Since the spatial curvature is almost
zero from the observation result, we ignore it for the sake of simplicity be-
low. It is also assumed that matters are perfect fluids. The metric tensor and
the energy-momentum tensor for each matter state « are given by

ds® = 2? (—dn2 + dx2) ,
T(g)y = diag(—pa, Po, Pos Pa),

respectively, where 413(77) is a conformal-factor background field. The time
variable 1 is called the conformal time, and x = (2!, 22, 2%) are the comov-
ing coordinates which are coordinates like angles that will not change even

if the universe expands. The physical (proper) time 7 is defined by

dr = e®dn (11-1)

and a physical distance is given by e?dx. The variables p,, and P, represent
energy density and pressure of each state «, respectively. Usually, we con-
sider multiple matter states. These variables depend only on the conformal
time 7.

The matter state « is represented by the equation-of-state parameter de-
fined as a proportionality factor between pressure and energy density as

P,
Wo = —.
Pa
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In radiation states, the equation-of-state parameter is given by 1/3 and the
energy-momentum tensor becomes traceless. Also, if temperature is suffi-
ciently high like just after the big bang, even massive particles can be re-
garded as massless ones and described as a radiation state. When the uni-
verse cools and temperature becomes lower than the particle mass, pressure
disappears and the equation-of-state parameter becomes 0.

The conservation law V uT( g)y = 0 in the absence of particle sources is
expressed for each state as

Onpoc+ 30,0 (pa + Pa) = 0. (11-2)
The trace part and the (00) component of the Einstein equation are respec-
tively given by
M3 ¢ (6020 + 60,00,0) — p+ 3P — Ahcos = 0,
~3ME e 208,00, + p+ Mooy =0, (11-3)
where Mp = 1/ V/87@G is the reduced Planck mass and Acos 1S the cosmo-

logical constant. The energy density p and the pressure P are the sums over
all states, respectively, given by

p=> pay P=> Pa (11-4)

Note that the conservation law (11-2) holds for each state «, whereas
variables in the Einstein equation come in the form of the sum of states. Of
course, the conservation law also holds for the variables p and P, and the
equation-of-state parameter is then given by w = P/p.

Introduce a commonly used scale factor a and the Hubble variable H,
which are defined with the conformal-factor field as

a=eb,  9,0= L (11-5)
a

Rewriting the equations with the Hubble variable, the Einstein equation (11-
3) can be expressed as

6Mg (a= "0, H + 2H?) = p — 3P + 4Acos = (1 — 3w)p + 4Acos,
3MEH? = p+ Acos, (11-6)

and the energy conservation equation (11-2) is

Onpa = —3aH (po + Po) = =3 (1 +wya) aHp,. (11-7)
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The Hubble constant representing the current value of the Hubble vari-
able is one of the cosmological parameters specifying the Friedmann uni-
verse, often denoted as Hy = 100/ [kms~*Mpc '] using the small letter h.
In natural units (¢ = A = 1), it is given by

= 0.00024Mpc !,

0= 99979

where the value of h = 0.72 is adopted. Then, the Hubble distance 1/H)
which is often used to represent the size of the universe currently visible is
4164 Mpc.

Current density parameters are defined by using the Hubble constant as

Qa _ Pa0

- 3MEHZ
where p,o denotes current energy density for each state a. As a mater
state «, cold dark matters (CDM) are denoted by ¢’ baryons are b and
radiations are . The whole massive matters combined ¢ and b are called
dusts, which are denoted by d. Also, the cosmological constant can be re-
garded as a matter of w = —1 and thus it is useful to define the quantity
Qp = Acos/ 3M§H§. In this book, we use the following values:

Q=Q,+Q,=42x10°/h* =8.1x 1077,

Q, = 0.042,
Qg =0+ Qp =0.27,
Oy = 0.73,

where €2, is the sum of {2, from photons and §2,, from neutrinos. From
pyo = 2(m%/30)T5 and p,o = N,2(w?/30)(7/8)T,,, the ratio is given

QV 14 Tl/ :
Qo T <) = 0.68,
Qy Py 8\ Ty

where N, is the number of generations. In the last equality, 7, /T, =
(4/11)Y/3 and N,, = 3 are used. From this, the photon density is given
by Q, = 4.8 x 107°.

From the Einstein equation (11-6), we find that these quantities satisfy

Qq+Qp =1,

7 Dark matter is an unknown object giving only gravitational effects which hardly interact with
ordinary matters. Its existence is predicted indirectly to explain observed results such as CMB
spectra, galactic rotation curves, gravitational lens effects, etc.
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where €, is small and thus ignored here. This is an equation showing that
the space is flat. If there is a curvature in the space, the right-hand side is
deviated from one, but the observation suggests that it is one.

Since the equation-of-state parameters of the states r, ¢, and b are

wT':ga wC:O7 ’lUbZO,
respectively, we obtain
4 4
Pr = Pro (@) = 3M§H§Qr (@> y
a a
3 3
pe=peo (%) = 3MEHEQ. (),
a a
ag\3 2 772 ap\?
o= () =i (7).

by solving the conservation equation (11-7), where ag is a current scale
factor and is often normalized as ag = 1. Unless otherwise specified, ag = 1
will be taken when calculating numerical values below. Substituting this
into the Einstein equation (11-6), the Hubble variable can be written as

H? = 12 {Q,. (%)4+Qd (‘Z))S+QA}. (11-8)

As can be seen from this equation, the cosmological constant does not con-
tribute to dynamics unless the scale factor is about ag/a < 2 which is close
to the current value.

The red shift z representing a wavelength elongation due to cosmic ex-

pansion is defined by
z+1= @,
a
which is used to indicate how far back in the past since the present time.
As we integrate the equation (11-8) by rewritten in the form dn = - - - using

H = 0,a/ a?, the relation between the red shift and the comoving angular
size distance is calculated as

1 # dz
d = ’f]() — 'f] = .
aoHo Jo \/Q(z + 1) + Qa(z + 1) + Qa
Specific numerical values are as follows:
z=0.1 < d =408 Mpc,
z=1<«d=3271Mpc,
z =05 d="T7822Mpc,
Zdec = 1100 < dgec = 13808 Mpc (=~ the size of the universe),
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where z4e. denotes the redshift of the last scattering surface where the uni-
verse neutralized.

Figure 11-2: Redshift and distance.

The relationship between the distance and an angle is given by 6 ~ \/d
as in Fig. 11-2. We here give a relationship of multipole [ and comoving
wavenumber k = 7/ denoting the size of fluctuations. Since the distance
dgec comes in when defining the angular power spectrum C; through the
Sachs-Wolfe effect, [ is evaluated at d = dge. S0 that

m
~ fr—

l = — kd ec 11'9
hOldS. Therefore,

k =0.0002Mpc~! < [ ~ 3,
k= 0.002Mpc—! < [ ~ 30,
k = 0.005Mpc~! < [ ~ 70,
k= 0.015Mpc~! < [ ~ 210,

k =0.05Mpc~! < [ ~ 700.

The physical wavenumber of fluctuations is given by dividing the comov-
ing wavenumber by the scale factor as p = k/a. Since ag = 1 is taken
here, the value of k represents the size of current physical fluctuations. The
wavelength of the [ = 3 fluctuation is 1/k ~ 5000 Mpc which is about the
same as the Hubble distance (1/H). The I ~ 30 corresponds to the size
of 1/k ~ 500Mpc. Even | ~ 700 is 1/k ~ 20 Mpc, which is the size of a
super cluster of galaxies given by 10 to 30 Mpc.

Since energy density of radiations decreases with a~* as the universe
expands, whereas that of massive matters decreases with a2, there is a time
that the universe shifts from the radiation-dominated era of p, > pq to the
matter-dominated era of p, < pq. Solving the defining equation p, = pq,
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the redshift value that indicates the time is given by

Zeg t 1= %j = 3333.

Lastly, we briefly describe the behavior of the scale factor. In the radiation-
dominated era approximated as p; = 0, the Einstein equation can be easily
solved and a o< 7 is obtained. In the mater-dominated era approximated as
pr = 0, we get a oc n°. In the physical time, it is expressed as a oc 7'/2 and
a o< 72/3, respectively.
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CHAPTER TWELVE

QUANTUM GRAVITY COSMOLOGY

First of all, we assume that the universe is only one and we are inside it. Al-
though we do not know how large the universe is, we think that the whole is
homogeneous and the area we are looking at is part of it. The spacetime that
we recognize now shall be born through a phase transition from quantum
space to classical space. It is not a discussion based on a perspective as we
are watching the universe from the outside, such as suddenly the time and
space itself is created out of nothing.

In this chapter, we describe evolution of the initial universe based on the
asymptotically background-free quantum gravity. Based on the existence
of two energy scales, the Planck mass m, = 1/v/G =~ 10'°GeV and the
dynamical scale Aqg, we construct a model of inflation in which our cur-
rent universe comes out from a conformally invariant spacetime. Taking the
value of the dynamical energy scale to be Aqg ~ 10'GeV, lower than the
Planck mass, the evolution can be regarded as a violating process of confor-
mal invariance by these two scales, and eventually the spacetime changes
from inflation to the Friedmann universe through the big bang described as
a phase transition.

Inflation and Spacetime Phase Transition

At high energy beyond the Planck mass, higher-order derivative actions
dominate, and spacetime fluctuations will be described by the background-
free quantum gravity. Here, we discuss a region where energy falls to the
Planck scale and the Einstein-Hilbert action becomes effective. On the other
hand, the cosmological constant A is here ignored as it is extremely small.

As mentioned earlier, we assume the following magnitude relationship
between the two gravitational energy scales that govern dynamics:

mpl > Aqa.

In this case,' an inflationary solution exists.

! This magnitude condition is also involved with a problem of unitarity. As mentioned in
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In the chapters on cosmology, the metric tensor field is decomposed as
Juv = ewg,“, as before, but the metric with the bar is expanded as g, =
Nuv + Ny + - -+ without introducing the coupling constant ¢ in order to
consider the case where ¢ becomes large. That is, we write th,, as h,,
in the following. The coordinates of the flat background with the metric
N = (—1,1,1,1) are 2# = (n, %), where 7 is the conformal time and z°*
is the comoving spatial coordinate.

Stable inflationary solution When energy is sufficiently higher than
the dynamical scale Aqg, the coupling constant ¢ can be ignored due to the
asymptotic background freedom. In this region, dynamics of the quantum
gravity is described by the action Sipqg (7-6) which is a combination of
the original action I (7-1) and the Riegert action Sy (5-11) induced quantum
mechanically.

Consider the equation of motion of the conformal-factor field ¢. The
equation for its spatially homogeneous component é(n) is given by

be 42 3 ~ PO
— 5086+ 6ME 2 (926 + 0,00,0) = 0,
where we use the fact that matter actions do not depend on the conformal-
factor field. Rewriting this equation using the Hubble variable H (11-5)
introduced in the previous chapter, we obtain

be /o . ) . )

wooy (H +THI + 4 + 1H + 6H* ) = 3M3 (1 +2H7) =0,

s
where the dot denotes a derivative by the physical time 7 (11-1). This equa-
tion has the following inflationary solution (de Sitter solution):

(12-1)

The scale factor a (11-5) increases exponentially as a function of the physi-
cal time as
a(r) o< efo7,
Time in the universe is a monotonically increasing variable, and the in-
flationary solution shows that it is nothing but a scale factor. This means

Chapter 1, assuming that gravity is classical until the Planck energy, an elementary excitation
with the Planck mass becomes a black hole and its information is lost. Under this condition,
however, the problem can be avoided because the effect of quantum gravity begins to work
before reaching the Planck energy.
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that time is dynamically generated by the Planck scale which causes the ex-
ponential expansion. Before that, it can be thought of as a world without
time, where time changes are quite moderate and fluctuations dominate.

The value of the coefficient b, (7-5) is about 10 for the Standard Model
and various GUT models, and therefore the constant Hp is located between
the reduced Planck mass Mp = 2.4 x 108 GeV and the normal Planck mass
mp1 = 1.2 x 10! GeV. In the following, Hp is treated as one of the Planck
mass scale, and

1

TP
is defined as the Planck time, which is the time when the universe starts to
exponentially expand.

Let us show that the inflationary solution is stable. With a deviation from
the solution as ¢, and assigning H = Hp (1 + 0) to the equation of motion,
we get

§ +7Hpd + 15H36 + 12HE6 =0,

where 0(2) is ignored. Solving this equation by substituting § = €“” yields
—4Hp and (—3/2 + iv/3/2) Hp as solutions for v. Since all three modes
have negative real parts, it is found that the deviation decreases exponen-
tially with time, and thus the inflationary solution is stable. As shown in the
later chapter, it is also stable against spatial fluctuations (perturbations), that
is, fluctuations will be found to be gradually decreasing.

Spacetime phase transition Near the Planck scale, the breaking of
conformal invariance is still small and quantum correlations shall behave in
powers of the scale. On the other hand, the breaking at the dynamical energy
scale Aqg occurs logarithmically through the running coupling constant,
thus the conformal invariance rapidly and completely breaks at this scale.

The physical correlation length of the quantum gravity is given by {5 =
1/ Aqg. Fluctuations shorter than it are quantum mechanical, while those
longer than it can be considered as classical fluctuations. If energy falls
below Aqg, all fluctuations of spacetime will become classical. We call it
the spacetime phase transition.

In considering dynamics of the phase transition, we refer to quantum
chromodynamics (QCD) which is a representative of quantum field theory
showing the asymptotic freedom. There is a dynamical energy scale Aqcp
in QCD, and the kinetic term of the gauge field disappears at low energy
below this scale. Likewise, it can be considered that the conformally invari-
ant kinetic terms of the gravitational field disappear at the spacetime phase

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

244 Chapter Twelve

transition. In fact, if the coupling constant becomes infinite at the dynam-
ical scale Aqa, we know that the Weyl action —(1/t*)C? ,, disappears
because the curvature should be finite.

The dynamics of the conformal-factor field is considered as follows. The
coefficient b. before the Riegert action will be replaced by a function includ-
ing quantum corrections as

be = be(1 —art® +--+) = b.Bo(2).

VAo

As its non-perturbative expression, we here use the form bravely summed
up as

1
(1 &+ ag2)s’
(1+2e2)"
where & is a phenomenological parameter that controls higher order effects
and is assumed to be in the range 0 < x < 1.

Incorporating this effect, the equation of motion of the conformal-factor
field becomes

be - foran
5 B+ ME {6026+ 60,00,6} = 0. (12-4)

In addition, the energy conservation equation is obtained from the (0,0)
component of the energy-momentum tensor as

Bo(t) = (12-3)

%BO{%%@W@ - 6%337(/5} — 3ME ¢*9,40,0 + ¢**p = 0, (12-5)

where p is a matter energy density.

By taking in the running effect of the coupling constant further, we de-
scribe time evolution in the inflationary era until the spacetime phase tran-
sition. The running coupling constant is here defined as a response to the
physical time by the renormalization group equation —7di/dr = B(t) =
—3ot>. The solution that becomes infinite at a dynamical time scale

1
T = ———
A Aoa
is given by
1
(1) = ) (12-6)
)= Bolog(1/77A%,0)

2 Actually, it seems natural to think that the change occurs before the coupling constant be-
comes infinite, but here we represent the disappearance of the kinetic term assuming that it
becoms ideally infinite.
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This corresponds to the running coupling constant (10-36) with the physical
momentum kphy replaced by the inverse of the physical time 7 (> 0).

Replacing the coupling constant ¢ with the time-dependent running cou-
pling constant (), the dynamical factor By is expressed as a function de-
creasing with time. Rewriting it using the Hubble variable, we obtain the
following equation of motion:

Bo(r) (B +THH + 4H? + 18H2H + 6H") — 3H} (1 +2H2) = 0.
(12-7)
The equation of energy conservation is also given by
Bo(7) (2HH — 0%+ 6H2H + 3H4) —3HLH?+p=0. (12-8)

In the early epoch of inflation where the coupling constant is small, the
solution of the equation of motion is given by H ~ Hp. Substituting this
solution into the conservation equation yields p ~ 0. Therefore, the matter
energy density is generated when starting to deviate from the inflationary so-
lution H = Hp. The coupling constant increases gradually during inflation
and rapidly in the neighborhood of the spacetime phase transition. Along
with this, the dynamical factor B decreases gradually and disappears at the
phase transition point.?

The generation of the matter energy density can be explained from the
fact that a new Wess-Zumino interaction associated with conformal anomaly
such as

o,
opens at t # 0. At the time of the phase transition, the strength of this
interaction becomes very large, and it is considered that the big bang occurs
when the conformal-factor fields changes to matter fields at once.

At the phase transition point, the fourth-order derivative terms disappear.
From the conservation equation (12-8), we can see that gravitational ener-
gies that these terms have are transferred to matter energies and the density
p(Ta) = 3MBH?(7,) is generated. This is easy to understand by consider-
ing the following equation obtained by differentiating conservation equation
with time:

p+AHp = gbcz Bo(r) (QHH ~ [ 6H2H + 3H4) .
Y5

3 At the phase transition point, the third derivative of the Hubble variable diverges when 0 <
Kk < 1. When k = 1, the second derivative also diverges, but in any case By H becomes finite,
thus the matter energy density which is a physical quantity remains finite.
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The right-hand side corresponds to a source term, which means that when
the dynamical factor By is greatly changed with time, the matter is gener-
ated. In this way, we can explain inflation and the big bang without intro-
ducing an artificial scalar degree of freedom like inflaton.

If the inflationary era is defined by the period from the Planck time
7p (= 1/Hp) at which the universe starts expanding rapidly to the dynami-
cal time 7a (= 1/Aqq) at which the spacetime phase transition occurs, the
expansion rate of the universe called the number of e-foldings in this period
is given by
a(Ta)
a(7p)’

N, =log
If expanding almost exponentially as a ~ e/P7 until the phase transition,
the number of e-foldings is given by a ratio of the two energy scales as

N, ~ 2 (12-9)

The actual number of e-foldings changes depending on the dynamical pa-
rameters [y, a1, and . Since these are phenomenological parameters that
depend on strong-coupling dynamics of ¢, we do not consider them to be ex-
act here and we will choose appropriately for convenience of the calculation.
In Figs. 12-1 and 12-2, the calculation results in the case of Hp/Aqa = 60,
Bo/be = 0.06, a1 /b, = 0.01, and k = 0.5 are shown. In these figures, the
scale is normalized as Hp = 1, thus the phase transition time is 74 = 60.
The number of e-foldings then becomes N, = 65.0. The low energy region
after the transition (7 > 7, ) will be described in the next section.

Actually, the total number of e-foldings in the inflationary era will be
about A, = 70, which is given by the sum of the rapid expansion until the
phase transition and the following expansion until settling to the Friedmann
solution after that. This means that the scale factor expands by 103" times.
This value is used in the evolution scenario of the universe shown at the end
of this chapter.

With b. = 10 as mentioned before, Hp = 6.7 x 108 GeV is obtained
since the reduced Planck mass is Mp = 2.4 x 10'® GeV. From this, the
dynamical energy scale deriving the above number of e-foldings is given by

Aqg = 1.1 x 10'7 GeV. (12-10)

Moreover, using this value to estimate an amplitude of scalar fluctuations
from dimensional analysis, it is expected to decrease in the inflationary era
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-

2 -1 0 1 TAp 3
logyo(7/7p)
Figure 12-1: Time evolution of the scale factor a(7). It begins to expand rapidly

from the Planck time 7p. The inflationary expansion terminates at the dynamical
time 7o (= 607p), and there the universe turns to the classical Friedmann spacetime.

and become
sr| Mo
R 12H]2D

TA

at the time of the spacetime phase transition. The denominator is the curva-
ture of the inflationary (de Sitter) spacetime. This value agrees with the
magnitude of the scalar amplitude required from CMB observation. In
Chapter 14, we will see that the amplitude actually decreases considering
time evolution of the fluctuation. Quantum gravity cosmology based on this
inflationary scenario is summarized in Fig. 12-3.

Low Energy Effective Gravity Theory

The Einstein-Hilbert action dominates in the low energy region below the
dynamical energy scale Aqg, and the classical spacetime where particles
come and go as we normally consider appears. In this section, we discuss
the low energy effective theory of quantum gravity.

In the case of QCD, dynamics at high energy beyond the dynamical scale
Aqcp is described by the kinetic term of the gauge field, but below this
scale the kinetic term disappears, and mesons and baryons become dynam-
ical field variables. The situation is slightly different in the renormaliz-
able quantum gravity. In energy regions sufficiently higher than Aqg, the
conformal-factor field and the traceless tensor field, which are two modes of

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



248 Chapter Twelve

2.5
p
H I
2r Friedman ]
1.5+ 1
Q.
-
1 J
05 1
0

0 20 40 60 80 100 120

proper time,T

Figure 12-2: Time evolution of the Hubble variable H and the matter energy den-
sity p. The scale is normalized by Hp = 1. After the phase transition at 7 = 60,
the solution gradually approaches the Friedmann solution as time passes.

the gravitational field, each have the unique kinetic terms and describe con-
formally invariant dynamics. Below Aqq, the conformal gravity dynamics
is lost with the disappearance of these kinetic terms, but the Einstein-Hilbert
action remains as a kinetic term of the gravitational field. Therefore, as a
composite field in which the two modes are tightly coupled, the gravitational
field still remains as a dynamical variable.

The low energy effective theory of quantum gravity is given by an ex-
pansion in derivatives of the gravitational field as

Tiow = / Q=G (Lo + La+ -},

where the number of subscripts represents the order of derivatives. The
cosmological term is not considered because it does not contain derivatives
and can be ignored in the early universe. The second-order derivative term
that consists of the Einstein-Hilbert action and matter actions is given by
M2
Ly = "R+ Lu

where £y is a matter action density.
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The reduced Planck mass Mp is analogous to the pion decay constant
47 F; in chiral perturbation theory. The expansion is performed by the in-
verse of the reduced Planck mass, which is guaranteed by the magnitude
relationship of Mp > Aqg. In practice, we employ the terms up to £,
given by

1 1

R? R,T", —T"T,,

R*, R
? UV AT Mg Mp

%]
where T),,, is a matter energy-momentum tensor satisfying the traceless con-
dition.

Since the low energy effective theory is defined as an expansion around
the Einstein theory which is the lowest order, we consider that higher order
terms related each other through the Einstein equation M3 R,,, = T}, are
not independent ones. The Einstein equation is also R = 0 due to the
traceless condition of 7},,. Taking into account these equations and the
Euler relation to remove the square of the Riemann curvature tensor, we can
reduce the number of the terms in £, to one as
K

(4m)?

where « is a positive parameter which is phenomenologically determined.

The coupling constant x undergoes loop corrections from L£5. With in-
troducing a cutoff E' (< Aqg), calculations can be done by using the back-
ground field method about a background satisfying the Einstein equation.
Including quantum corrections in x, the following function that depends on
the cutoff is obtained:

K(E) = k(Aqa) + Clog(E?/A{q)- (12-11)

For contributions from Feynman diagrams in which only matter fields prop-
agate inside, we obtain ( = (Ng+6Np+12N,4)/120, where Ng, N, and
N4 are the numbers of scalars, Dirac fermions, and gauge fields, respec-
tively. If k(Aqg) is taken to be a positive number, the phenomenological
coupling constant x(F) indicates that since ¢ is positive it decreases at low
energy and the fourth order terms become irrelevant immediately.

In addition, although ghost poles arising from the higher-order derivative
terms appear at the Planck scale, the low energy effective theory is defined
in energy regions less than Aqgg. Hence, ghosts do not appear and there is
no conflict with the unitarity problem.

The equation of motion for the homogeneous component is given by

£4 = RHVR/LV?

M2 (H n 2H2) n ﬁ (H YTHH + 4H? + 12H2H> — 0, (12-12)
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and the energy conservation equation is
K

—3MpH* + p+ 1

(76]-[]? £ 3H2 - 18H2H) — 0. (12-13)

As in the previous section, we take in quantum effects by replacing the cou-
pling constant x with a time-dependent running coupling constant (7). It
is defined by replacing the cutoff with £ = 1/7 as

KA
TZA%g) 14+ % log(T2A3c)

)

) =+ Clog

where k= k(Aqc). The last rewriting assumes that the running coupling
constant eventually vanishes.

In order to describe behaviors before and after the phase transition, a
non-perturbative method such as lattice QCD is necessary, but here let us
simply connect the inflationary solution and the solution obtained by solving
the equations of motion of the low energy effective theory at the time 7 =
7A. The initial values of H, H, and p for solving the coupled equations (12-
12) and (12-13) are chosen so that the scale factor a is smoothly connected
with the inflationary solution. The initial value of H to solve (12-12) is
then determined from the conservation equation (12-13). The numerical
results are shown in Figs. 12-1 and 12-2, where the parameters are chosen
askpy = land ( = 1.

The equations of motion (12-12) and (12-13) include the Friedmann so-
lution that satisfies F +2H? = 0 and 3M2H? = p. At first, the value of H
decreases sharply, and it gradually approaches the Friedmann solution while
oscillating. The asymptotic Friedmann solution is also written in Fig. 12-2.

Order parameters The scalar curvature is a variable which greatly
changes before and after the phase transition, because inflation is expressed
as R # 0, whereas the Friedmann solution is R = 0. To see behaviors of
the change, we introduce the scalar curvature R = 6 H + 12H? as a variable
and rewrite (12-12) and (12-13) as

. Y
R+3HR+ %ME,R —0,
o= 3MZH? + " (HR+ H?R - L R2
P 42 127 )"

Defining the mass scale m,s, = Mp+/872/2k of the order of the Planck
scale, this equation shows that the spacetime changes from R # 0to R = 0
within about the Planck time of 1/ Mygp-
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scale QG energy
a E

éa

10-59+ mp +10Y9GeV

inflation
il / \ Agc 1 1077GeV
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. 133
big bang

radiation-dominated era

matter-dominated era

1 * today * 3K
1/H, (Hubble distance)

74
B

Figure 12-3: Quantum gravity cosmology. A fluctuation which was the size of the
correlation length €5 = 1/Aqc (5> Ip1) before the Planck time expands about 10°°
times until today to the Hubble distance 1/Hy (~ 5000 Mpc) comparable to the
size of the universe, namely 1/Hq ~ 10595/\.
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COSMOLOGICAL PERTURBATION THEORY

Cosmological perturbation theory is a method to describe time evolution
of the universe in linear approximation assuming that fluctuations (pertur-
bations) around a certain homogeneous background are sufficiently small.
In this chapter, we solve the Einstein equation around the Friedmann solu-
tion and examine time evolution of fluctuations. Once we know how small
fluctuations obtained by inflation evolve after the big bang, we can get in-
formation on quantum fluctuations at the beginning of the universe from the
current observations by tracing back in time.

Perturbation Variables

First, we introduce gauge invariant perturbation variables that are used in
cosmological perturbation theory. The gravitational field is decomposed
into the conformal-factor field ¢ and the traceless tensor field h,,,,, which
is expanded as

uvs

Juv = 62¢§;w7 Juv = (eh);w = Nuv + h;w + -
where the indices of the traceless tensor field are raised or lowered by the

flat metric 7),,,, and h’\/\ = 0. The conformal-factor field is also decomposed
into a background field ¢ and perturbation ¢ as

d(n,x) = ¢(n) + (0, x).

The gravitational field is then expanded within linear approximation as fol-
lows:!
ds® = g datdz” = 624’(1 +2¢) (Muv + hpw) datdz”
= ag{—(l + 2 — hoo)dn2 + 2hgidndaz’

+ (613 + 2@5@' + hlj) dl’idxj},

! The symbols commonly used in cosmological perturbation theory are A, B;, and H;j, which
are defined by ds? = a? {—(1 4 24)dn? — 2B;dndz® + (6;; + 2H;;) da'dx’ }.
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where a = e? (11-5) is the scale factor and i,j = 1,2, 3 represents the
components of the spatial coordinates. Perturbations for energy density and
pressure of matters are defined for each state « as

Pa(1,%) = pa(n) + dpa(n, x),
Po(n,x) = Pa(n) + 6Pu(n,%).

In the following, unless otherwise noted, p and P represent the homoge-
neous parts that depend only on time.

Matters are described as almost perfect fluids. For each state «, the
energy-momentum tensor is given as

Ty = {pa(n, %) + Pa(n, %)} ugus + Po(n, x) (3%, + 11,

where II¥}, is an anisotropic stress tensor that represents deviations from
perfect fluids, which has only spatial traceless components such that IIf,

The variable u/, is a four-velocity of particles in state « satisfying
Guvubug = —1. (13-1)

The four-velocity without perturbations is u# = (1/a,0,0,0). By solving
(13-1) to the first order of perturbations, the variables u}, and uj; = g, ug
are given by

S
I

1 1 ]
o a<1—¢+2h00)7 Uy = —,

a

1
ug = —a (1—}—(,0—2h00>7 u = a (v + hoi) ,

where v, and v¢* = §;;v/, are spatial components of the four-velocity which
are perturbation variables not determined from (13-1).

Substituting the expression of the four-velocity into the matter energy-
momentum tensor and expanding it up to the first order, we obtain

T(g)o = —(pa +6pa),
T((i)() = —(pa + Pa)viw

T(g)j = (pa + Pa)(v; + hoj),
T(g)j = (Po +0P,)8"; + P, 117 (13-2)

When written in terms of 7|, K ,, as in the left-hand side, the indices are raised
or lowered by the physical metrlc 9uv» but the spatial indices of perturbation
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variables in the right-hand side are done with d;; such as v; = 5ijvj . That
is why the second and third equations are not symmetric, namely 79 =
9 Txi # ¢ Tho = T,

The velocity perturbation variable is decomposed as

[ le% To
vy = 0 +v; “,

where v ® satisfies the transverse condition. The anisotropy stress tensor

satisfies the traceless condition I1%%, = 0.
Gauge transformations In linear approximation, the perturbations of
the gravitational field are transformed as

~ 1
Sep =&+ Zaxf’\,
1
Sehy = OuEy + 0,6, — in,waAg*

under diffeomorphism d¢ g, = gu,\V,,E’\ + g,,,\Vuf’\, where the subscript
of the gauge transformation parameter is defined by §,, = 7,,£" using the
flat metric. The traceless tensor field is further decomposed as

hoo = h, hoi = hi + Ok,

1 0;0; 1
TT T
where the vectors i and h}’ satisfy the transverse condition and the tensor
hiTjT satisfies the transverse and traceless conditions. The spatial Laplacian
& = 0'0; is defined in the comoving coordinates. Decomposing the param-

eter &% into €0 and &; = &F + 0;¢5, the transformation can be expressed
as

~ 1 1
O = €°0y0 + 70nE" + Zﬂﬂﬁs,
3 1 )
Geh = =500+ S0, 0eh = —€0 40,65, G = 20°€°
deht = 0,88, dehl’ =268, sehiit =o.

The matter energy-momentum tensor is transformed under diffeomor-
phism as

STl = DT L\ — ONEMT 0, + ENT L

a)v’
Therefore, the matter perturbations are transformed for each state a as
Sev® = —0,E5, Sevf® = —a,€F,
0¢(0pa) = €0npa;  Ge(6Pa) = 0, Pa,  GeI1% = 0.
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Gauge invariant variables Introduce gauge invariant variables within
the linear approximation. As scalar variables, there are two gravitational
potentials called the Bardeen potentials defined by

1 1 -
q) = (p‘i’ ghf 6h"+03n(;5,

1 ~
U=yp-— §h+05‘n¢+&70, (13-3)
where
19,h"
_ n
o—h—§ 2 (13-4)
Since the ¢ variable transforms as 6co = 750, we can easily show that the

Bardeen potentials are gauge invariant variables satisfying 0¢® = ;¥ = 0.

Adopting the Y = h” = 0 gauge called the conformal Newtonian gauge
or the longitudinal gauge, the Bardeen potentials are written as ® = ¢+ h /6
and ¥ = ¢ — h/2. Then, the scalar components of the metric are simply
expressed as

ds* =a® [— (14 29)dn® + (1 +2®) dx?] .
From this expression, ¥ which appears in the time component is also called
the Newton potential.

Gauge invariant vector and tensor perturbations of the gravitational field
are defined by

1
T T T TT
i = hi - 5877]171 /7 hl] .
The transverse-traceless tensor field becomes gauge invariant in itself.

Gauge-invariant perturbation variables commonly used for each matter
state « are given by

@ o lanh// 1e% Ta 1 T
V = +§ (,?27 ‘/7, :Ui +§8”7hi/a
5pa Onpa i
Do = 2P Cnla s 3014 w,)0, 4V
Pa Pa
(Spa 2 «
= — =31+ wa)Oyo(oc + V),
Pa
6 (e} «
po = o Onla sy e
Pa Pa
8pa X
_ pi +3(1 + wa ) (® — 8,00),
O =vf*+n, IO (13-5)
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In the variables D and D¢, the 0,,p, terms are rewritten using the conser-
vation equation Jppo = —3(1 + wa)&]épa without a source. Therefore,
when there is a source, they must be defined by the first expressions. The
scalar and vector variables introduced here are not independent, which sat-
isty D* = Da—3(1+wa)(q>+an¢3va) and 1, +V,*—Q% = 0, respectively.
As discussed in the next section, D is an energy density variable appearing
on the right-hand side of the Poisson equation. On the other hand, D¢ is a
useful density variable when considering angular power spectra of CMB.?
The variables p and P defined as the sum of states are already introduced
in (11-4). For the perturbation variables, D, D, V, and II;; are defined as

pD =Y "p.D* ~— pD=> paD
« (6%

L+ w)pV =(p+ P)V =" (pa+Pa)V*=> (1 +wa)paV*,

[e3 [e3

PIL;; = > PuIIY,. (13-6)

The equation-of-state parameter is defined by

P > . P

w=— =

P Dala

Here, it should be noted that D # > D D # " D* V # >V,
and w # ) wq. This is because D* and D are defined by dividing by
Pa» While quantities that can be summed must be in the form p, Dy ~ dpq
which appears in the energy-momentum tensor. Similarly, since the velocity
variable appears in the form of (p, + P,)V®, the sum V must be defined
by the above equation.

Finally we introduce variables related to entropy. Between pressure and
energy density perturbations, the thermodynamic relationship

oP oP
P=|= —— = T
) (ap )S(Sp+ (35)65 c;op+T198

p

holds. If considering an adiabatic fluid (6.5 = 0), 6 P becomes proportional
to dp and its coefficient is given by the sound speed squared, ¢2 = OP/dp.

2 The relationship between the photon density variable and the variable © often used is
D7 /4 = © + ® in the conformal Newtonian gauge.
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As a gauge invariant variable associated with the thermodynamic relation-
ship, we introduce

_ b
=&

25, ) 5P _ 4 Opa
((LD(X Cafspa) B P, Wa Pa

FO(

proportional to entropy of each state a.

In addition, the invariant I" representing entropy of the whole system is
defined by

PT =P — c2ip, (13-7)
where 0 P and §p are the simple sum of states and the sound speed squared

is defined as
2= onP _ Za&,Pa.
# anp Za a'flpa
Note here that ¢2 # Y 2.

Evolution Equations of Fluctuations

Let us derive evolution equations of fluctuations from the Einstein equation
and conservation equations for each matter state a.

Einstein Equations

In order to treat the conformal-factor field specially, a variation of the action
I is defined as follows:

1
ol = 3 /d4x\/fg T 66,
1

=3 /d4xv —5{2T\6¢ + T 6G, }

1
_ /d4x {TAAM) + 2T"l’,5h”u} .

Here we introduce three kinds of energy-momentum tensors, 7,,,, TW, and
T ... These are useful when considering perturbations around a conformally
flat spacetime. The second equality is shown by using an expression that the

variation of the metric g, = e2? Juv 1s decomposed in modes as

59#1/ = 262¢§uu5¢ + €2¢6§,uy'
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For each tensor, we should be aware of the metric used to contract the index.
The normal energy-momentum tensor 7),,,(¢g) defined in the first equation is
contracted with the physical metric g,,,,. The tensor Tuy(qﬁ, g) on the second
line is done with the metric g, excluding the conformal-factor field, and
the last T, (¢, k) is with the flat metric 7,,,,.

The difference between the normal energy-momentum tensor and the
tensor with the bar appears as a conformal-factor dependence, which is ex-
pressed as THY = e 09T = ¢=69(1 — 6p)TH or TH = e 4TH =
e 4?(1 — 4¢)T*. The relationship between the tensors with the bar and
written in the bold is given by T\, = 71y MT’l\,), symmetrized within the
linear approximation, which satisfies T’\A(: n*'T,,) = T>/‘\ by definition.

The Einstein equation can be written by the sum of the Einstein term,
the cosmological term, and the matter term as

T#V - TEE + T,L/}u + Tl,l\ZIV = Oa

where the matter energy-momentum tensor is given by the sum of all states
as
M
T,uu - Z TLO;)
[e3

Rewriting (13-2) to the tensor in the bold and summing all states, it is ex-
pressed as

TM) = % {—p+ 3P — 6p+36P + 4(—p+ 3P)y} ,
Too = €**(p + 0p + 4pp),
; 1
T = —€**(p+ P) (Ui + 2h0i> ;
T} = ' {(P+ 6P + 4Pp)s;; + PIL;}, (13-8)

where dp and J P are given by the sums of states as in (11-4), and IL;; is
defined in (13-6). The velocity variable v; is also given by the sum of states
as in the definition of V' in (13-6).

Since the anisotropic stress tensor is traceless, it is decomposed as

99; 1 s VT
where II} satisfies the transverse condition and Hg;- satisfies the transverse
and traceless conditions. Decomposition of the variable II; for each state
is the same.
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The energy-momentum tensor derived from the Einstein-Hilbert action
is given, when expanded up to the first order of the traceless tensor field, by

T = M%e%{?aﬂauas —28,00,¢ + Ny (—20%¢ — 0*$0r0)

1
—0(uXo) + 58%,“, — 20, 0,)070 + 21,0, $Ox G
_28(/1}13) 8)\¢ + aAhHJ/a)\¢

1
1 (23»@ + 20793956 + W7 9x00,6 + QX)\a/\QJ)) }

where x,, = O\h’, and 0> = 9*0x = —97 4+ @*. The conformal-factor
field ¢ has not expanded yet. Taking the trace, we obtain

TER — M562¢{—662¢ — 6829 + x> + R 9N, 6

16X One + 6h’\"8,\¢8(,¢}.

Decompose the conformal-factor field ¢ into the background (5 and the
perturbation ¢, and further expand the energy-momentum tensor up to the
first order of . For the sake of simplicity, we take the conformal Newtonian
gauge of b’ = h" = 0 and h}’" = 0 by using four gauge degrees of freedom.
Each component of the energy-momentum tensor for the Einstein term is
expanded as follows:

TP — Mgew{(sa?,é + 60,00, + 12(02¢ + 9,00, 0) 0 + 607
6% + 120,¢0,¢ + 02h + %&Zh + 60,0, h
+6(020 + aanaan)h},
TH = Mse%{—ganqﬁan(;s — 60,00y — 60,0, + 28
—30,) 08, ph — 8, ddnh + :,1)@%},
To = M.%ew{wnaw — 20,00ip + éanaih + 9, $0;:h + %@%?

+(8§é—8n<2>8n¢3)h?},
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TEH = Mge%{m,»aj@ + 6 [23,% + 0,00y + 2020 — 287
) - o 1
+20,00¢ + (48,7¢ + zan¢a,,¢) gp} — S0id;h
1 2 1 2 5 ~ 27 n n
+0ij | 305h + 3@ h + 50005h + (26,7¢ + 0n¢0n¢) h
1

~ 1 ~
+0,0(ih )+ 20,00 b}, — §a§h;ff+ iéPQh;ij — OOyl }

The energy-momentum tensor for the cosmological term is given by
Tﬁu = —Acos e4¢(1 + 49) -

Lastly, we rewrite the above expressions in terms of the gauge-invariant
variables using ¢ = (3® + ¥)/4 and h = 3(® — ¥)/2 in the conformal
Newtonian gauge.

Linear scalar equations Consider the following four types of equa-
tions satisfied by the scalar variables:

(?2
T¢0> = 0, €

N N . iaj
e TN =0, e (T _32% TZ-]) =0,

9 ¥

The combinations on the left-hand side are normalized so that they become

the left-hand side of equations which will be obtained below directly as it is.
The first trace equation is expressed as

e=49 <T00 + 30,6 Tjo=0. (13-9)

M3 e 24 {6020 + 180,60,® — 447D — 60,60,V
+ (12026 + 120,60, — 24w}
+(32 = 1)p{ D +3(1+w)9,0V | + 3uwpl
(3w — 1)p(3® + ¥) — 4A s (30 + W) = 0, (13-10)

where the matter term is also rewritten in terms of the gauge-invariant vari-
ables after replacing § P with PT" + ¢2§p using (13-7). From the second
equation, we obtain a relation between ® and W as

M2 e 2%(—292) (& + ) + 2PIIS = 0. (13-11)
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From the third equation, we obtain the Poisson equation
MZe 292928 + pD = 0. (13-12)
The fourth equation, which includes the velocity variable, becomes
M2 e~29 {2an<1> - 287703\1/} —(1+w)pV =0.  (13-13)

In order to derive the equations above, we used the Einstein equation (11-3)
that the background qAS satisfies.

Let us set II° = 0. Actually, since the perfect fluid approximation holds
for relatively large size fluctuations, it is not contradictory to the observa-
tions as for such fluctuations. In this case, these equation systems can be
solved because there are four equations for four variables. It should be noted
here that the variables that we can solve are D, V, ®, and ¥ only which are
defined by the sum of all states. If the universe can be approximated as
one radiation state just after the big bang, there is no problem, but if various
matter states coexist, it is necessary to solve conservation equations for each
state, as will be shown below.

Linear vector equations As equations that the vector variables satisfy,
we consider the following two types:

- 97
—4

Extracting vector components from each equation, we obtain

= 0, 6_4¢§T0i =0.

MZe=2% {;aﬂi + a,,&ri} + %PH}/ =0 (13-14)
and
%M& e 292, — (1 + w)pS; = 0. (13-15)

Also when deriving these equations, the Einstein equation (11-3) for the
background ¢ is used. Like the scalar equation, (13-14) can be solved easily
if ITY = 0, and ©; can be obtained by substituting its solution into (13-15).

Linear tensor equations From e~ **T;; = 0, we obtain the following
equation for the tensor variable:

1 . 1
Mge > {—Zagh;ff — OpdOnhy;" + 2@%}}} + PII]; = 0. (13-16)

This equation can be easily solved if HiTj =0.
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Conservation Equations for Matter Fields

Since the variables in the Einstein equation are those of the sum of all states
as shown above, we cannot follow changes in each state with the Einstein
equation only. On the other hand, as far as there is no source term, the matter
energy-momentum tensor (13-2) satisfies a conservation equation

1
V#T(g)y = V ng(S)U) + B (auguA) gAGT(S)G =0

;L@4
V=9
for each state. If the state is not one, we have to solve the Einstein equation
and the conservation equation in combination.

Let us consider the following normalized equations for each component
of the conservation equation:

1
VTl =0.

1
——V, " =0 —_— =
aC ’ (14 wa)pa (@)

po M0
From the first equation, we obtain
0D + 3 (2 —wa) 0y¢D* + (1+wa) PV + 3wad,y¢l™ = 0.(13-17)

By applying 9°/@? to the second equation to remove the transverse compo-
nent and extracting the scalar component, we obtain

Ve + (1-3¢2) 0,0V + ¥ — 320

P w 2
a__po © e — 28| = . 13-18
+1 + wq * 1+ wq [ 3 ] ( )

An equation for the vector variables is also yielded by extracting the trans-
verse component from the second equation as

Wa

a 9.2 1O
OO + (1 —3¢2) 0,008 + 50+ we)

PV =0. (13-19)

In order to derive these equations, we used the conservation equation (11-2)
for the background field and a differential equation for the equation-of-state
parameter

Onpa

(63

Oywa = (2 —wa) = —=3(1+wa) (2 — wa) 0,0

What we note here is that when deforming the equations, we use the conser-
vation equations of each state, but do not use the Einstein equation, so that
the equations hold for each state.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

264 Chapter Thirteen

These equations also hold true when the variables with « are all replaced
with the variables defined by the sum of states. They can be easily derived by
considering the equations —p~ 'V, 7™ = 0 and (1 +w)~'p~ 1V, T =
0.

Finally, we examine scalar equations that D%, not D¢, satisfies. Using
the relation between two variables

D* =D+ 3 (1 +w,) (<1>+ang£va) ,

the equation (13-18) including a derivative of V'* can be rewritten as

OV + 0,0V + U + i Do 4 L
g K 14+ wq 1+ we

2
Foziil—[s’a =0
]

for each state. On the other hand, when rewriting (13-17) to get a differential
equation for D“, we have to use the Einstein equation (13-13) to remove
0, ® and also use (11-3) to remove 8%(25 Thus, the following equation is
obtained:

Oy D — 3wa 0D 4 (1 + wy ) A*V + 20,0,y

3 2 o
+2—W(l+wa)(l+w)pa (V-V* =0,
in which the state sum variables p, w, and V' appear in the last term. For

this reason, we will use the perturbation variable D in the following calcu-
lations.

Fourier Transform of Evolution Equations

We will solve the evolution equations in the comoving momentum space.
Since the curvature of the three-dimensional space is now assumed to be
zero, we can consider normal Fourier transform.?> For the dimensionless
scalar variables W, ®, D, and D, Fourier transform is defined such as

3
U(n,x) = /(gﬂk)?) T (n, k) e™>,

Fourier transform for the dimensionless transverse vector variables V;, €;,
T, and the transverse traceless tensor variable hiTjT is the same. For the

3 If the space is curved, it expands with harmonic functions on the space.
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scalar variable V' with dimension, it is defined as

d3k 1 ikx
V(n,x) = /(27T)3<k,>v(77,k)6k )
where k& = |k|.

In the following, the cosmological constant A.,s and the anisotropic
stress tensor I are assumed to be zero for simplicity. In fact, the cos-
mological constant can be ignored in the era before the universe is neutral-
ized. Its effect becomes significant near today, which is of increasing the
amplitude of the large angle component of CMB spectrum known as the
integrated Sachs-Wolfe effect, but we will not discuss it here. Also, we
assume that matters are adiabatic fluids of I'* = 0.

From (13-11), (13-12), (13-17), and (13-18), the scalar equations can be
expressed in momentum space as

a® o Ve
0,D* + 3 (2, — wo) aHD* = — (1 + wy) KV,

2
O3V + (1= 3¢2) aHV® = k (¥ = 3¢ @) + 1—=—kD", (13-20)

respectively. From (13-14) and (13-19), the vector equations are

&ﬂ"i + 2G/HT1 = 0,
9,0 + (1= 3¢2) aHOQY = 0. (13-21)

From (13-16), the tensor equation is

it +2aHO, b5 + K2R = 0. (13-22)

Adiabatic Conditions
The initial universe is in a thermal equilibrium state and it is considered to

be in an adiabatic state with no exchanges of heat from the outside because
itis a closed system. It is also seen from the fact that the spectrum of cosmic
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microwave background radiation shows a Planck distribution of black body
radiation. Hence, the adiabatic condition shall be imposed as the initial
condition necessary to solve the evolution equation below.

We here give the adiabatic condition of a mixed fluid composed of ra-
diations and dusts. Since the dust is P; = 0P; = 0, energy density and
pressure in this system are given by

p = pr+ pd; dp = 0pr +0pd,
1 1
P=P.=>p,,  6P=06P = =dp,.
5P 50P

The sound speed squared is then given by

9 OyP 1 1
C. = = — s
O 31452

where the time derivatives are rewritten using the conservation equations.
From these expressions, entropy of the system is calculated as

Tés:(sp_cz(sp:lpii 30pr _ dpa
314362 \4 pr pa

Therefore, the adiabatic condition 6.5 = 0 of the mixed fluid is given by

Opr _ 40pa

Pr 3 pd '
In terms of the gauge-invariant variables, it becomes D" = (4/3)D?. Con-
sidering that the adiabatic condition for the velocity variable is given by
VT = V4 itis also D" = (4/3)D<.

The adiabatic condition as an initial condition of the evolution equation
is set in the radiation-dominated era. Assuming fluctuations come from one
scalar component, we here take the following initial condition as the adia-
batic condition (13-23) separately holds for any pair of radiation and dust
components:

(13-23)

Opy _ Spy _ 40pe _4dp <: ‘5”> (13-24)

Py Pv 3 pe 3 p
where the last equality in the parenthesis represents that energy density of
radiations is overwhelmingly larger than that of CDM and baryons in the
radiation-dominated era. Also, as described later, since photons and baryons
are strongly coupled until the universe is neutralized, they behave as one
fluid with the adiabatic condition maintained in good approximation until
then.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

Cosmological Perturbation Theory 267

Solutions of Vector and Tensor Equations

We first solve the vector and tensor equations which are simpler than the
scalar equation. After grasping its physical behavior from the equation writ-
ten in terms of the physical (proper) time, we solve the equation with the
conformal time as it is which is easy to handle.

Solutions in Physical Time

The linear equation can solve for each comoving momentum k. Therefore,
the physical momentum p = k/a, which represents an actual fluctuation size
for each k, decreases with the expansion of the universe. If we normalize
the current scale factor to ag = 1, k represents a current fluctuation size.
For example, a fluctuation k£ = 0.0002Mpc~—! corresponding to the current
horizon size was 0.2Mpc~! when the universe was neutralized because of
1/a =1+ z=1100.

Let us first examine the vector equations. Rewritten in the physical time
7 using d7 = adn (11-1), the first vector equation in (13-21) becomes

Y, +2HTY,; =0,

where the dot denotes a derivative with respect to 7. If the Hubble variable
H is a positive constant, this equation indicates that the vector fluctuation
reduces with time by e~ 27. Actually, the reduction eventually stops be-
cause H is a positive function decreasing with time. However, even if the
vector fluctuation is large in the initial universe, it will decrease soon and
not be observed today.

The variable (2 also will be vanishing eventually. From the second
equation of (13-21), we can see that although its amplitude in the radiation-
dominated era does not change almost due to ¢ ~ 1/3, it starts to reduce
when turning to ¢2 < 1/3. Therefore, the vector fluctuations are not usually
considered in analysis of the CMB anisotropy spectrum.

The tensor equation (13-22) written in the physical time is given by

.. . k2
TT TT TT _

In this case, the physical momentum k/a appears in the last term. This
term decreases as the scale factor increases with time. In regions where the
last term is negligible compared to the second term, a solution satisfying
h;ST = 0 becomes stable and the tensor fluctuation maintains a constant
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value, but in regions where the last term dominates, the tensor fluctuation
reduces.

Whether it decreases or not depends on whether the physical momentum
k/a is larger or smaller than the Hubble variable H. Considering the size
of fluctuation a/k in real space, the tensor fluctuation, which was larger
than the horizon size 1/H in the early universe, decreases as it enters the
horizon along with the expansion of the universe. That is, although both
a/k and 1/H increase with the expansion of the universe, there is a time
when the horizon size overtakes the fluctuation size on the way, after which
the reduction of the tensor fluctuation starts. Here, a scale larger than the
horizon size is called super-horizon scale, and a smaller one is called sub-
horizon scale.

The wavelength 1/k observed as the CMB temperature fluctuation spec-
trum today has a size of 10 to 5000 Mpc, and it is from sizes comparable to
the Hubble distance 1/Hy = 4164 Mpc to smaller ones. These fluctuations
are all a/k > 1/H in the past, and it indicates that the largest size fluctu-
ation has been propagated to the present without entering the horizon from
the beginning of the universe. That is, it means that if there is the tensor
fluctuation in the early universe, it is left in large angular components of
the CMB spectrum without reducing. Conversely, with small angular com-
ponents, the tensor fluctuation begins to reduce at the stage of entering the
horizon, and becomes so small that it can be hardly observed now.

Solutions in Conformal Time

Let us solve the same equations using the conformal time. In this case, it is
convenient to introduce

z=kn (0<z<o)

as a time variable. Using this variable, a region where the size of fluc-
tuation becomes a super-horizon scale in the radiation-dominated (matter-
dominated) era is expressed as

> = r<1(x<2)

a
k- H
due to aH = 0,a/a = 1/n (2/n) from a o< n (n?). In other words, if =
is less than 1 (2), it is a super-horizon scale, and if time goes by more than
1 (2), it enters the horizon and becomes a sub-horizon scale. The distinction
between 1 or 2 is whether it enters in the radiation-dominated era or in the
matter-dominated era.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



Cosmological Perturbation Theory 269

radiation-dominated matter-dominated

super-horizon =

|

sub-horizon
N S

Tleq Ndec

Figure 13-1: A fluctuation size 1/k and the time to enter the horizon. The oblique
solid line represents the position of the horizon (k = aH).

The thing to note here is that the time variable x can still take the value
of x < 1 even today for very large size fluctuations. Such fluctuations will
have remained super-horizon ones from the beginning to the present. The
low multipole components of [ = 2,3 in the CMB spectrum correspond to
such fluctuations.

A typical fluctuation size 1/k and the time when it entered the horizon
are shown in Fig. 13-1. It corresponds to & = 0.002Mpc~! (I ~ 30), k =
0.005Mpc~! (I ~ 70), k = 0.015Mpc~* (I ~ 210), and k¥ = 0.05Mpc~*
(I ~ 700) from the top, respectively, where the relationship with the mul-
tipole [ is given by | ~ 7/0 = kdgec (11-9). It shows that the large angle
fluctuation (I ~ 30) observed today as the CMB temperature fluctuation be-
came a sub-horizon size after the universe was neutralized. In contrast to
this, we can see that the fluctuation of [ ~ 210 near the first acoustic peak
became a sub-horizon size in the radiation-dominated era.

The vector equation in the conformal time can be written using af{ =
Opa/a as

Oy Yi+2aHY; = 9, (a®Y;) =0

0,0 + (1 = 3¢2)aHQY ~ 9, (a3 Q%) = 0,
where the sound speed ¢, is assumed to be a constant for simplicity. Thus,
T, quickly reduces with the expansion of the universe and (2§ also reduces

at c2 < 1/3 as follows:

2
Tixa 2, QF xa’et
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Rewriting the tensor equation in terms of the variable x and using aH =
¢q/x in the radiation-dominated (¢ = 1) and matter-dominated (¢ = 2) eras,
we obtain ;

27 TT TT T
Ophi; + 2;6_%}% +h;; = 0.
Using Bessel functions, its solution is given by h;FjT = eijxl/Q*qu_l/g(x),
where ¢;; is the transverse-traceless polarization tensor. It behaves as

BIT _ { const. for z < 1 (super-horizon)
i =

1 for > 1 (sub-horizon) .

Thus, the tensor fluctuation decreases when it enters the horizon.

Solutions of Scalar Equations Without Baryons

In order to understand properties of the scalar equations, we here consider a
simple system that can be easily solved, in which there are cold dark matters
(CDM) and radiations only, and the anisotropic stress tensor and the cosmo-
logical constant are zero. As a time variable, we use * = k7 introduced in
the previous section.

Radiation-Dominated Era

Consider a system in the radiation-dominated era where CDM and radia-
tions exist. Since it is radiation-dominated,

Pr 2> pPe

holds. Therefore, the Friedmann equation can be approximated as 3SM3H? =
p ~ p,. Similarly, ignoring p. from the right-hand side of the Poisson equa-
tion (the second equation of (13-20)), we get
31 1
V- ID" 4V + V")), (13-25)
2 22 x
where we use the first equation of (13-20), and also aH = Oya/a = 1/n
and a?p,. /2M3 = (3/2)(aH)? = 3/2n? derived from the fact that a o 7 in
the radiation-dominated era.

The conservation equations for radiations are given by

4 1
0D+ VI =0, 9,V =20+ D’ (13-26)
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from w, = ¢2 = 1/3. The conservation equations for CDM are
1
0, D+ Ve =0, 0 VE+ =Ve=T (13-27)
x

from w. = ¢ = 0.
Combining the differential equations (13-25) and (13-26), we obtain
2 2yr 12 T 1 2 T
(z*+6)0;D" + —0,D" + g(x —6)D" =0.
T

A general solution of this differential equation is given by

oeafe () ()]
+B {sin (%) + Zﬁ cos (\%) } .

Imposing regularity at  — 0 as an initial condition, we get B = 0 and thus

T 2V/3 T
Dr=A<cos|—= ) — —sin| — ,
3 3([22—-6 T 2 x
T _Z9 D= A= : el = el
v = { e () + e () 1
1 Lo12
\P__12+21:2(3D HV)-

Each solution behaves at the super-horizon limit (x < 1) as

1
\1;:\1/1_%\1;1&;24_...,

1
D’“:—G\IIIfg\IIIx2+~-,

1
Vi= gt (13-28)

where the initial value U1 = A/6 of the Bardeen potential is a function of
the wave number k only. In the super-horizon region, since the 22 terms can
be ignored, ¥ and D" do not change almost. However, the energy density
fluctuation D" that appears on the right-hand side of the Poisson equation
becomes

2
D" = —ZWp2?
3 T,
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and its initial value almost vanishes. The requirement that initial fluctuations
must be very small in order to solve the flatness problem means that among
energy density fluctuations, this D variable is small.

The velocity fluctuation V¢ of CDM can be obtained by substituting the
solution of ¥ into the second equation in (13-27). Furthermore, the energy
density fluctuation D¢ can be obtained by substituting the solution of V¢
into the first equation in (13-27). As initial conditions of them, the adiabatic
conditions (13-24) are imposed as

3
D(x=0) = iDr(x:0)7 Vé(r=0)=V"(x=0).
By substituting the solution (13-28) of W into (13-27) and solving under the
adiabatic condition, we obtain

9 1
D¢ = - — — Uz + ...
Y17 g -+ ,
ve—ly +
—_— — €T DR
21

Thus, D¢ also does not change almost in the super-horizon region.

In the sub-horizon region (z >> 1) where fluctuations enter the horizon,
D" and V" begin to oscillate. On the other hand, the Bardeen potential
decreases by 1/x22 as

3
222

Therefore, solving the CDM fluctuation as W ~ 0, we get

s

v =

, : 1
D¢ x logz, Vex ——,
x
and thus the growth of D¢ is slow even in the sub-horizon region (Meszaros
effect).

Matter-Dominated Era

Since p, < p. in the matter-dominated era, the Friedmann equation can be
approximated by 3M3aH? = p.. The Poisson equation in (13-20) can be
expressed as —k*W = (a?/2ME)p.D¢ = (6/n*) D¢ because of aH = 2/n
from the behavior a o n?, and thus the Bardeen potential is determined from
the CDM fluctuations. Substituting the parameter w, = ¢ = ( representing
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the CDM state, the differential equations that the CDM fluctuations satisfy
are given by

36 2
—(2*+18)¥ = 6D° + —V°, 9,D°+V° =0, 9,V°+ -V =10,
x x
Combining these equations, we obtain
72 72
(22 +18)02V° + <4x + ) 0, V¢ — (4 + 2> Ve =0.
x x
A general solution of this differential equation is given by
Vi
Ve=Vyxr+ —1,
x
and if imposing finiteness at + — 0, we obtain V; = 0 as an initial condi-

tion. Substituting this solution into the above differential equations, we can
calculate other fluctuations and obtain

U= \Illv
1
D¢ = —50; — 6\1/13;2,
1
Ve = 5‘1’1% (13-29)

where U1 = 3V}.
The differential equations for radiations are given by

4 1
0D+ 3V =0, 2, V" =20+ D

due to w, = ¢2 = 1/3. Combining these equations yields

2y,r 1 T
Since the Bardeen potential is a constant, the right-hand side vanishes, and
thus this equation can be easily solved. Also, substituting the solution into

the original equation, D" can be calculated. We thus obtain the following
general solutions:

V" = Asin (\%) + Beos (\%) :
D= %Acos (\%) - %Bsin (\%) — 8.
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The coefficients A and B are determined by the adiabatic condition. Im-
posing that V" = V¢ and D" = (4/3)D¢ hold at the limit z — 0, we get
B=0and A =9y/ V/3. Therefore, the solution is

4 T
D' = 80 + -0 2
8Ur + 3 1COS (\/§> ,
v Y <x ) . (13-30)

In the super-horizon region (z ~ 0), it becomes D" ~ (—20/3)¥.

It turns out that the Bardeen potential does not change at all in the matter-
dominated era. Also, it is already mentioned that the Bardeen potential
does not change for super-horizon size fluctuations even in the radiation-
dominated era. Furthermore, it is known that the amplitude of the large size
CMB temperature fluctuation can be determined by the magnitude of the
Bardeen potential at the decoupling time through the Sachs-Wolfe effect (E-
5). Thus, it can be thought that the current observed value AT /T ~ 10°
directly conveys the magnitude of the Bardeen potential at the time of the
big bang.

The energy density fluctuations D¢ and D" change greatly after enter-
ing the horizon (z > 2). The CDM fluctuation D¢ rapidly increases with
22, while the radiation fluctuation D" starts to oscillate, although they are
almost constants in the super-horizon region (r < 2).

The CDM velocity fluctuation V' “ monotonically grows with z. On the
other hand, the radiation velocity fluctuation V" grows with x in the super-
horizon region, but begins to oscillate like D" after entering the horizon.

The thing to note here is that since the solution is obtained under the
matter-dominated condition, it will not lead to that in the radiation-dominated
era even at x — 0. Since the initial condition is set in the super-horizon re-
gion (z ~ 0), it is assumed that the fluctuation is not yet inside the horizon
even going into the matter-dominated era. In other words, we have consid-
ered relatively large size fluctuations about [ < 200 in the CMB multipole.
In addition, it can be seen that even for sufficiently large fluctuations as
always staying in a super-horizon size even in the matter-dominated era,
W does not change, while D" will slightly increase from D" = —6¥5 to
D" = (—20/3) ¥y before reaching the turning point (n = 1eq) of the era.

Finally, we briefly describe the position of the first acoustic peak. The
CMB temperature fluctuation spectrum in this region is almost determined
from the amplitude of the fluctuation when the universe is neutralized. Us-
ing the scalar component of the Sachs-Wolfe effect (E-4) derived in the first
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section of Appendix E, the CMB temperature fluctuation today is given by

AT

1 1
T(TIO) ~ iDr(ndCC) + 2¥ (Ndec) = g‘I’I cos (CsTdec), (13-31)

where (13-29) and (13-30) are used and ¢, = ¢, = 1/\/§ is applied as a
sound speed. The extreme values are therefore given by csxqec = CskNdec =
0,7, 2m, . ... The first extreme is given by k1peax = 7/7s except for zero,
where s = csNqec 1S called the sound horizon at the decoupling time. The
position in the multipoles can be calculated using (11-9) as

T — m
llPeak = klpeakddec = W = ; (V Zdec + 1- 1) . (13‘32)

Substituting z4ec = 1100 and the value of the sound speed yields /ipeax ~
174. This value is smaller than the observed value because no baryon effects
are included in the sound speed. As shown in the following section, a sound
speed in a fluid composed of baryons and radiations becomes ¢, < 1/+/3,
and thus the position of the peak moves to the larger of .

Solutions of Scalar Equations With Baryons

Let us consider states including baryons before the universe is neutralized.
Before the neutralization, electrons and baryons are strongly interacting and
can be regarded as one. Therefore, what we call baryons usually represents
a state where electrons and baryons united.

Interactions between baryons and photons are due to the Thomson scat-
tering, and its scattering cross section is given by o = 87a?/3m? (a =
e? /47 ~1/137). In order to find evolution equations for fluctuations incor-
porating effects of the Thomson scattering, it is strictly necessary to handle
Boltzmann equations. Here, we will give the evolution equation without
showing its derivation, and only examine the behavior of the solution.

The equation-of-state parameter and the sound speed squared of baryons
are wy, ci < 1, respectively.* For simplicity, we make them zero here.

4 For details, they are determined by p, = nmy and P, = nT}, where n (o< 1/a3) and
Ty (< 1/a) are the number density and temperature, respectively, and m, ~ 1 GeV is a
typical mass of baryons. We then get w, = Py/py, = Tp/myp and ¢2 = 0y P, /Onpp =
4T}, /3my. In the period considering now which is from around zeq to zqec Where the universe
is neutralized, baryons can be described as a sufficiently non-relativistic state of T3, < myp,
and therefore we can approximate them to wy = c% =0.
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Also, as components of radiations, we consider photons and neutrinos sep-
arately as

namely P, = p,/3, P, = p,/3, and P. = P, = 0. The Poisson equation
then becomes

avgw = (o vs (wran) )
)}
)}

+pp {Db +3 <\I/ +aH-— : )} . (13-33)

Taking into account that baryons interact with photons but not neutrinos, we
obtain the following matter conservation equations:

0,D° = —kV®, 8,V +aHV = kU,

+pu {D” +4 ( +aH

ve
k

VY
+py D+ 4 (W aH

4 1
817DD == —ngV7 anV" - 2k‘1’ + szV,

4 1 1
DY = ——kV?, 9,V =2kU + kD" — — (V? = V"),
3 4 nr
14
0,D" = —kV®,  9,V' +aHV® = kU + — =22 (V7 %) (13-34)
nr 3 po
The variable on the Thomson scattering is defined by
1
nr = .
aoTNe

It means that photons and baryons are strongly coupled when 77 is small.
From the equations, we see that the nr — 0 limit signifies the adiabatic
condition V7 = V?,
The initial adiabatic conditions (13-24) for solving these equations are
set in the radiation-dominated era as
De(0) = D'(0) = 5D7(0) = SD*(0),

Ve() = V(0) = V7(0) = V¥(0).
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When photons and baryons are tightly coupled, they can be described as
one plasma fluid. Therefore, the adiabatic condition between these compo-
nents holds like

Db(x) ~ ZD’Y(%)

as a good approximation until the universe is neutralized. After that, the
interaction becomes ineffective, and this condition does not hold. In fact,
by combining the conservation equations in (13-34), 9,(D® — 3D7/4) =
—k(V® —V7) can be derived. This equation means that the initial adiabatic
condition is maintained long enough as long as photons and baryons are
tightly coupled so that V? = V7.

In order to emphasize that it is one plasma fluid, we introduce

1
P = P~y + Po, P:P7+Pb:§/)7

as new variables representing the sum of the two states. The equation-of-
state parameters and the sound speed squared of this fluid are

P 1 1 o,P 1 1

= ===z . (13-35)

ngl—i—%’ T Oy 31442

The perturbation variables are given by

1
D=

p (p/ D" + pD"),

= %P {(oy + PV + V")

This state is denoted as by in the following sentences, although it is omitted
in the variables.

Substituting the three states @ = ¢, v, by into the second equation of
(13-20), the Poisson equation written with these variables is given by

2]112 . Ve
—2M3 U =p, D"+ 3 (¥ +aH—
a k

o for i (i an®))
+p {D +3(1 +w) <\I/ + aHZ) } . (13-36)

This equation is exactly the same as (13-33). From the first, third, and fourth
equations in (13-20), the conservation equations for &« = by are given as
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Figure 13-2: Time evolution of the perturbation variables. From the top, the CDM
density perturbation D¢ (black), the photon density perturbation D (dark gray), and
the Bardeen potential ® (light gray). Time is represented using a common logarithm
of the redshift z. Calculations are performed from the radiation-dominated era to the
decoupling time (z ~ 10°) by taking the initial value of ® as 1 independent of k.
The density perturbation D¢ increases monotonically from the shorter wavelength
which enters the horizon first after zeq, while D" oscillates greatly. Changes in ®
are easier to understand in Fig. 13-3.

follows:

9D +3(c2—w)aHD = —(1+w)kV,

2
%

9.2 _ 2
OV + (1 —3c¢3)aHV k(1+3cs)\lf—|—1+w

kD. (13-37)

These conservation equations are related to the original equations (13-
34) with the Thomson scattering terms as follows. Calculating 0,,D by com-
bining the photon and the baryon equations in (13-34), we get

pOnD = —(1 4+ w)pkV + 3waH pD — aHp,D".

As mentioned before, since the derivatives of the two density perturbations
satisfy 9,/(D® — 3D7/4) ~ 0 when V? ~ V7, the adiabatic condition is
maintained with a good approximation so that D® ~ 3D7 /4 can be always
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Figure 13-3: From the top, the Bardeen potential ® (light gray), the baryon velocity
perturbation V' (dark gray) that oscillates greatly, and the CDM velocity perturba-
tion V¢ (black). Calculated under the same conditions as in Fig. 13-2. The ampli-
tude of ® reduces slightly in the high wavenumber region before z.q, but it does not
change after zeq.

fulfilled. Therefore, applying the relation D = 3(1+w)D” /4 obtained from
the adiabatic condition to the last term and rewriting p? D7 to 3¢2pD, we can
derive the first conservation equation in (13-37). Similarly, calculating the
combination (1 + w)pd,V from the equations including derivatives of the
photon and baryon velocity perturbations in (13-34), the Thomson scattering
terms cancel out and we get

(1+w)pd,V = (14w)p{— (1 —3c2) aHV + (1 + 3¢2) k‘ll}—i—%k:pTDV.

Rewriting the last term as above, we get the second equation of (13-37).
Let us numerically examine the differential equations in the case that
baryons and photons are tightly coupled. We simultaneously solve the con-
servation equations of the CDM variables D¢ and V¢ as well as the neu-
trino variables D” and V¥ in (13-34), the equations (13-37) of the plasma
fluid variables D and V, and the Poisson equation (13-36) which deter-
mines the Bardeen potential ® (= —¥), together with the Friedmann equa-
tions. The cosmological parameters are taken as €2, = 0.042, 24 = 0.27,
Q. =81x107°,Q, =4.8x107°,Q, = 0.73, and h = 0.72. The initial
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Figure 13-4: Time evolution of the combination D7 /4 + 2W that appears in the
Sachs-Wolfe effect. Calculated under the same condition as in Fig. 13-2. The last
solid line is the spectrum at the decoupling time (z ~ 10%), in which a cosine func-
tion appears [see (13-31)]. The first extreme value near 0.02 Mpc ™! corresponds to
the first acoustic peak of CMB.

value was given at the radiation-dominated era as W1 = —1 that represents
the Harrison-Zel’dovich spectrum (see the analytic solution in the radiation-
dominated era).5 The results are shown in Figs. 13-2 to 13-5, where the
photon density perturbation and the baryon velocity perturbation are ob-
tained using the adiabatic approximation relations D? = 4(1 + w)D/4 and
V? = V. Time evolution of the combination D? /4 + 2 that appears in the
Sachs-Wolfe effect is also shown in Fig. 13-4.°

Here, reconsider the position of the first acoustic peak. The conservation

3 Actually, the Harrison-Zel’dovich spectrum is the case where k3|¥|? becomes a constant
that does not depend on k, and therefore the initial condition should be given by k3201 = —1.
However, within the linear approximation, even if we introduce a new dimensionless variable
U = k3/2W (similarly for other variables), this variable satisfies the same linear equation that
the original variable satisfies. Thus, each figure can be regarded as the result calculated using
the dimensionless variable with the initial condition ¥ = —1.

6 This combination corresponds to k3/2(60 + ) in W. Hu and N. Sugiyama, Phys. Rev. D
51 (1995) 2599.
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k /Mec

Figure 13-5: Spectra at the decoupling time (z ~ 10%) for the Bardeen potential ®
(light gray), the baryon velocity perturbation V® (dark gray), and the combination
D7 /4 4 2 (black) that appears in the Sachs-Wolfe effect.

equation (13-37) indicates that photons and baryons oscillate as one plasma
fluid with the sound speed (13-35). The sound speed at the decoupling time
is provided as

1 1
Cs(ndec) = = .
\/3<1+3Qbadec> \/3(1_|_ 30 1 )
492y a0 4 Zdect+1

Substituting the numerical values of the cosmological parameters, we obtain
¢s(Ndec) = 0.456. Therefore, assigning this value into the expression (13-
32) that determines the position of the first acoustic peak yields

(VzZdee +1 — 1) = 220,

l ~
lpeak Cs (ndec)

which fits well with the observed value.

Evolution of Matter Fluctuations After Neutralization

After the universe is neutralized, photons are less affected by the evolu-
tion of the universe and its spectrum is maintained until today (Sachs-Wolfe
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effect). On the other hand, fluctuations of dusts like CDM and baryons con-
tinue to grow, and build structures such as galaxies and clusters of galaxies.
Here we briefly describe evolution of such fluctuations after the decoupling.

Evolution equations for fluctuations of CDM and neutralized baryons
are given by the same equation as

0,D%" = —kVet, 9,V +aHV = kU,
By eliminating V*?, we get
2D’ + aHO, D’ = K>V

Since both satisfy the same equation, the difference between the two
variables satisfies

92 (D¢ — D) + aHO, (D° — D") =0.

A stable solution of this equation satisfies 9, D¢ = 9, D’. The CDM den-
sity perturbation starts growing when going into the matter-dominated era,
whereas the growth of the baryon perturbation is suppressed until the decou-
pling due to interactions with photons. The solution that their derivatives
become the same means that the growth of the baryon perturbation which
has been suppressed for a long time like 9,D°(ngec) =~ 0 on the average
is accelerated after the decoupling so as to follow the already grown CDM
perturbation of 9, D°(1dec) > 0.

Conversely, this means that if there is no CDM, the growth of the baryon
perturbation is suppressed, and the distribution of galaxies constituted by
baryons will be different from that of the present. This behavior is regarded
as an indirect evidence of the existence of CDM, as well as the behavior of
the galactic rotation curve.
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FROM QUANTUM GRAVITY TO CMB

If the big bang as the spacetime phase transition occurs at the energy scale
Aqc ~ 10'7 GeV, the universe after that expands about 10%° times. Since
the universe expands 103° times during the inflationary era, a fluctuation that
was the Planck length at the Planck time expands as much as 10°° times so
that its size is now hundreds of megaparsec (Mpc) that is bigger than the size
of a cluster of galaxies, as shown in Fig. 12-3. As described in the previ-
ous chapter, the fluctuation of this size is long staying in the super-horizon
region, and reaching to the present without much changing its amplitude.
As the result, it can be observed through CMB. Therefore, by studying its
power spectrum, we can understand phenomena at the Planck scale.

In this chapter, we consider fluctuations around the inflationary solu-
tion, and applying cosmological perturbation theory, we derive evolution
equations of quantum gravity fluctuations. By solving them actually, we
show that the inflationary solution is stable, that is, the fluctuations gradu-
ally decrease. We also derive spectra at the time of the phase transition by
examining how conformally invariant initial spectra set before the Planck
time evolve with time. By identifying them with the primordial power spec-
tra which become initial conditions of the Friedmann universe, we calculate
the CMB angular power spectra.

Brief Summary After Big Bang

We begin this chapter from summarizing the linear evolution equations in
the Einstein theory when the entire universe is in thermal equilibrium just
after the big bang. Since the Bardeen (gravitational) potentials have the
relation

d4+U =0
from (13-11), the equations can be described by one Bardeen potential. By

applying this relation and considering that the trace of the matter energy-
momentum tensor disappears, we find that from the Einstein equation (13-
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10) it satisfies a scalar equation
3020 + 120,00,® — §°® =0,

where the background ¢ satisfies the Friedmann equation. The tensor evo-
lution equation (13-16) is given by

ORhET + 20,00,h5" — @PhfT =

Since the vector fluctuation disappears with time, it is not usually consid-
ered.

As time goes on and temperature of the universe goes down, various
matter states come away from the thermal equilibrium state. At that time,
depending on the state, its energy-momentum tensor is no longer traceless,
and the Einstein equation is also affected. Therefore, it is necessary to solve
the Einstein equation together with the conservation equations of each state.

As mentioned in Chapter 11, the amplitude of the current CMB temper-
ature fluctuation in the long wavelength region is given by the value of the
Bardeen potential at the time when the universe was neutralized through the
Sachs-Wolfe effect. Moreover, from the evolution equation, we find that its
value does not change almost from after the big bang until the universe is
neutralized. Hence, it can be seen that the primordial value of the Bardeen
potential just after the big bang was on the order of the same 10~° that the
current temperature fluctuation has. One of the aims of quantum gravity
cosmology is to give this value as an initial condition of the current Fried-
mann universe. Its rough estimation by dimensional analysis has already
been given at the end of the first section in Chapter 12.

Evolution Equations in Quantum Gravity

Since scalar fluctuations are expected to be small with time, as a first step we
consider linear equations of motion obtained by expanding in perturbations
about the homogeneous inflationary solution. Discussion on whether or not
the linear approximation can apply, in particular whether it is effective even
in the initial region, will be done after solving the equations actually.

Also, in order for the linear approximation to be effective even in the
vicinity of the phase transition, it is necessary that spectra do not depend
on non-perturbative dynamics of the phase transition. If fluctuations under
consideration have a size comparable with the dynamical correlation length
&n = 1/Aqc at the phase transition, detailed information on the dynam-
ics is needed. However, fluctuations considered here have a size of about
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the Planck length at the Planck time, and by the time that inflation is over,
its size will become much longer than the dynamical correlation length. It
suggests that such fluctuations are not affected by the phase transition dy-
namics.

We also solve a linear equation of motion for the tensor field which is
expected to be small initially due to the asymptotically free behavior, and it
will be shown that its amplitude for the size considered here are maintained
small until the phase transition.

Evolution equations in the renormalizable quantum gravity are expressed
as equations that the sum of energy-momentum tensors from each action
disappears as follows:

Ty =Ty, + T, + T+ T), =0,

jn%

where R, W, EH, and M denote that they are derived from the Riegert, Weyl,
Einstein-Hilbert, and matter actions, respectively. The cosmological term
is ignored as small. Derivation of the evolution equations is very trouble-
some.! Practically, if we take the conformal Newtonian gauge that satisfies
the o = 0 condition mentioned earlier, calculations can be reduced. The
Bardeen potentials (14-1) are then simply expressed as & = ¢ + h/6 and
U = ¢ — h/2. In the following, we examine the equations in this gauge.

Without describing the details here, we will give only the results ob-
tained and examine their properties. Parts with the coefficients b., 1/#2,
and Mg are derived from the Riegert, Weyl, and Einstein-Hilbert actions,
respectively, where 2 is the time-dependent running coupling constant (12-
6).

Linear scalar equations Since the matter energy-momentum tensor
is traceless such that TM’\A = 0, we obtain the following scalar evolution
equation from the trace component:

be

. - 10
WBg(T){—Q@f;(I) — 20,005 + (—88§¢ + 3@2> 02

+ (—128,% + % ,,<Z>c‘]92> Dy + (13683@ — ;1&2> P

+20,0 02 + (883& + 2&2> 02T + (1285’;45 — 1?)()877&@2) 0,

I'In order to make the evolution equation gauge invariant, it is necessary to modify the
time-dependent dynamical factor Bp (12-3) to a function that transforms as a scalar like
0¢B = ErAO\B = €90, B. Using the variable o (13-4), the modified dynamical factor can be
expressed as B = Bo — 00, Bo. However, if we take the conformal Newtonian gauge, we do
not have to consider this modification.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



286 Chapter Fourteen

16 5~ 2
_524— 202\ 2w
+ ( 3 0n0 =30 ) @
+ME e2<f’{685<1> + 180, 0, — 407® — 60, 0, T
n (1283,<;3 + 120, 0y — 2@2) \1/} -0, (14-1)
where the term including 87%45 is eliminated using the equation of motion
(12-4) of the background field.

From the second combination of the energy-momentum tensor in (13-9)
further divided by 2, we obtain a second-order differential equation

2
(1)
. 28 5+~ 8_ -~ 8

+40,¢ 0, ® + <3ag¢ — gan;bangb - 9(192> i)

be
872

4 4 4
{485@ — @0~ 4070 + 3@2\11} + BO(T){333<I>

4, - A, 8. - - 4
—30n®0p ¥ + (Saf,gb + 300 P06 — 9&2> \1/}
—2MZ 2 {® + U} = 0. (14-2)

This equation plays a role of a constraint condition connecting from the in-
flation era to the Friedmann universe. In the small running coupling limit
t — 0 as in the early stage of inflation, the scalar mode & originated from the
traceless tensor field disappears and the ® = ¥ (= ) fluctuation becomes
significant. On the other hand, at the phase transition where the running cou-
pling constant diverges, the last Einstein term dominates, indicating that the
fluctuation of ® = —W, which holds in the Friedmann universe, is realized.

In the vanishing coupling limit where ® = U = ¢, the left-hand side of
the trace equation (14-1) can be written using only the fluctuation variable
 of the conformal-factor field as

be ;
s (O30 = 202070 + 40) + ME {6020 — 60%¢

+120,0 9,0 + 12 (026 + 0,60,6) ¢}

T’mtao = -

Linear tensor and vector equations From the equation of motion
T;; = 0, we obtain a linear evolution equation for the tensor fluctuation

2 47 TT 2921 TT 4pTT bc
—52(7){—anhij + 2070305t = @*hi" } + o5 Bo(7)
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1 27 4 2 2 2;TT 1 37 8 27 in TT
§6n¢ + 58,7(;56,7(;5 Ophi; + 5677(# + §6n¢8,,¢ Onhi;
Toon 2.+, 4
+ (—Saf,qs + 38,,¢a,,¢> @%@T}

1 - 1
—02hET — 9,60, + Q@Qh?j—T} =0. (14-3)

+M§€2¢;{ 9 n'ig

A linear evolution equation that the vector fluctuation satisfies is derived
from @~207T;; = 0, which is

2
()

{50 — 0,9°70:} —

be L A
82 Bo(T){ (3872,¢ + 38,7¢8,7¢> T

1gn 8 55, o (1 .
+ (3af;¢ + 383,q58,,¢> L} + M2 6%{2&71@ + anwi} =0. (14-4)

Conversion formulas to physical time When solving the equations
of motion, we will use the physical time 7 defined by dr = a(7)dn (11-1).
Below we summarize useful conversion formulas from the conformal time
to the physical time. Using the scale factor a(7) = ¢®(") and the Hubble
variable H(7) = a(7)/a(7), the differential operators can be rewritten as

k2
P =a? (a2>7 0y = alr, 8,2]:(12 (02 + HO,),

03 =a* {02 + 3102 + (H +217) 0, } .

oy =a’ {03 +6HO? + (4H + 11H2) 9% + (H +THH + 6H3> 87} .
The derivatives of the background field are rewritten as

Ond = al, 020 =a* (I+H?), 036 =a® (I +4HH +20%),
946 = a (H FTHH + 4H? + 18H2H + 6H4) .

On contributions from nonlinear terms In the spectral region we are
considering here, amplitudes of the scalar fluctuations decrease with time as
will be shown in the later section, and the linear approximation actually
becomes well. Even in the initial stage, since the coupling constant  is
small, the scalar mode & in the traceless tensor field may be handled with
the linear approximation. Even if £ grows with time, the amplitude also
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decreases at the same time, and therefore it is considered that nonlinear
terms derived from three-point interactions including h in the fourth-order
gravitational action may be ignored. Likewise, nonlinear terms derived from
self-interactions of the conformal-factor field ¢ with the coupling ¢ can be
neglected.

Moreover, since the tensor fluctuation remains small from the beginning
to the end as will be sown later, nonlinear terms including it are also negligi-
ble. Although not discussed in this book, the vector fluctuation that initially
has a small amplitude grows around the phase transition, but it will have
little effect.

However, since interaction terms derived from the exponential confor-
mal factor in the Einstein-Hilbert action exist even at £ — 0, they may affect
the initial stage before the amplitude becomes small yet. Actually, as we
will see later, this nonlinear terms cannot be ignored in the region where
the wavenumber k is larger than the Planck mass scale m (14-8) in the co-
moving coordinates. It means that we have to add the nonlinear terms to the
evolution equation (14-1). The second and third order nonlinear terms are
given as follows:

T N2 = M,362<5{12¢a§¢_12¢@2¢+24a,,¢3 PO
46377@37;90*6@@0%%12(3§¢3+8n¢35n<3>) soz},

T nws = M§62"3{12¢2372,<P—12902@290+24&,<5</>23n<p
+12@an¢an¢—12<pai<pa%o+8(a§¢3+anéanq3) @3}.(14-5)

Similarly, the higher order nonlinear terms can be obtained.

On the other hand, in the constraint equation (14-2), when t is small as
in the initial stage, the first term dominates and the Einstein term does not
contribute. Moreover, at the final stage when the Einstein term becomes
dominant, the scalar fluctuations are already small. Thus, it will not be
necessary to add nonlinear terms to the constraint equation.

Evolution Equations for Matter Fields

Consider equations of motion including the perturbation variables of matter
fields. Although these equations are not necessary for calculations of the
primordial spectrum to be done in the next section, we here present them to
complete the equation system.
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The matter energy-momentum tensor (13-8) is traceless and can be ex-

pressed as
M 4¢ M 4 4¢ 1
Too = (p+dp+4pp), Ty, = EECRA + §h0i )
1 ~
T} = §€4¢ (p =+ 0p +4pp) by (14-6)

Similar to the previous chapter, a differential equation including the en-
ergy density perturbation D is obtained from the third combination of the
energy-momentum tensors in (13-9) as

b 2 .
871_2B0(T){<2372]¢ + 20,00, — 3&2> 020 + (2036 — 10200,6 )0,

+0, (2020 + 20,00,6 — 20°) 0, + <—2??8n¢38n¢3 + 3@2) R
~ ~ ~ ~ 2 ~ ~ ~ ~
+0,0 <za§¢ — 20,00n$ + 3&2>a,7\1/ + (—20300,6 + 4026020 w
+ (2@203 + 20,00,0+ 3&2> ép?q/}
2 4 4 7 a2 4 4 7 a2
+t~2(7){3& D — 40,6 90,9 + 58"V 449,69 anxp}
+ME 2290 + €**pD = 0.

Since this equation only contains at most the second-order time derivative
of the Bardeen potential &, we can determine the value of D by substituting
the values of ® and ¥ obtained by solving the simultaneous differential
equations of (14-1) and (14-2).

From the fourth expression in (13-9), a differential equation including
the scalar velocity perturbation V' is obtained as

be 2 10 .- 2 - - 4 4 .
WBO(T){—gagcp + (—383,(;5 + gangzaanqs + 9@2) 0, ® — gangz) P
20,6020 + (2026 — 20,80,6 + 202\ 0, 0 + (20%6 — 20,08\ v
+§ n¢n + 77¢_§ 17¢ 17¢+§C? n + 77¢_§ 17¢&
2 4, 4.,
+£2(T){ g(j? On® + géP 6,,\11}

. R 4 4
+ME 2 {20,0 — 20,6 0} - StV —o.
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This equation is also third order in time derivatives of the Bardeen potential
®, and thus we can obtain V' by substituting the solution of the simultaneous
differential equations of (14-1) and (14-2).

Extracting a vector component from the equation of motion Ty, = 0
yields a differential equation including the vector variable €, as

e Bo(7) (;agas + ganéan(g,> 7,

4
+§M|;2> €2¢ C?QTZ' — §€4¢,0 Ql =0.

Since this equation only contains at most the second-order time derivative
of the vector variable Y';, we can obtain €2; by substituting the solution of
the differential equation (14-4).

Initial Spectra of Quantum Gravity

As an initial condition for solving the linear evolution equations, we here
consider spectra obtained from two-point functions of the gravitational field.
The initial spectra are set at an appropriate physical time 7, = 1/FE; before
inflation starts, where E; > Hp.

In the early epoch, the conformal-factor fluctuation ¢ represented by
® = ¥ dominates, and its dynamics is described by the fourth-order deriva-
tive Riegert action. The correlation function is given by a logarithmic func-
tion reflecting that the field is dimensionless, which is

(73, %) (7, X)) = = 4b (m?x =x'?) (14-7)

at the equal time, where b, is the coefficient in front of the Riegert action
which is positive. The mass scale m is the Planck mass in the comoving
coordinates at the time 7; defined by

m = (L(Ti)HD. (14-8)

A physical distance on the hypersurface of the time 7; is [r — /| = a(7;)|x—
x|, and thus H3|r —1r'|? = m?|x — x/|?. The logarithmic correlation func-
tion (14-7) indicates that there are fluctuations with correlations longer than
the Planck length Lp = 1/Hp which is the horizon distance in inflation.

Spectra are expressed using Fourier transform in the three-dimensional
comoving space. For the variable ¢ (x), it is defined as

3
<p(x)—/(;lﬁl;3 (k)™ x,
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and its mean square (|¢(k)|?) is defined by
(pk)p(K)) = (lp(k)*)(2m)*0° (k + K'). (14-9)

Fourier transform of the logarithm function is given by

d*k 4Aw? m?
—1 2 2 — / T ikex 1 e
og (m?[x[?) e (2103 K3 € 8\ 2p2v—2 )

where k = |k| and y is the Euler constant. The e(< 1) is a small infrared
cutoff, and its effect will be introduced as the correlation length £ later.
Since the constant term on the right-hand side is proportional to §%(k) in
Fourier space, it is ignored. Using this formula, we get

2
o T 1
(lo(mi, k)| >*bfc@-

Thus, a scale-invariant scalar power spectrum is obtained as

k3 1
Py k) = 55 (lp(m )P) = 5 (14-10)

Since the Riegert action is positive-definite with b. > 0, the amplitude be-
comes a physical positive value. This scalar spectrum corresponds to a spec-
tral index n, being 1, called the Harrison-Zel’dovich spectrum, when it is
expressed in the form of A,k™ ! as usual. Here note that how to define
the exponent as ng — 1 is a traditional convention used only for the scalar
spectrum.

The initial tensor spectrum is obtained from the two-point correlation
function of the transverse traceless tensor field hET The dynamics of the
tensor field is described by the fourth-order derivative Weyl action. From
(7-21), it is expressed as

(hij" (@)l (1)) = 284 (x) (BT (2) D1 (2')),

where the relationship between the field notation in Chapter 7 and that here
is given by h;" = th;; and h™" = tH/\/2. The normalization is in ac-
cordance with (E-13) in Appendix E. The two-point correlation function of

hTT is given by a logarithmic function, and at the equal time it is
2
<h’TT(Ti7 X)hTT(Tiu X/)> = - 32;1_2 log(m2|x - X/|2)7

where ?; is an initial value of the coupling constant ¢.
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In the same way for ¢, the tensor power spectrum is defined using the
correlation function of KT so that a scale-invariant spectrum is yielded in
Fourier space as

_ K BT (1 )12 = t
= BT R = 1
This corresponds to n; = 0 when the tensor spectrum is expressed using
the spectral index in the form of A k™. The initial tensor amplitude is
expected to be sufficiently smaller than that of the scalar amplitude due to
the asymptotically free behavior.

Finally, it should be recognized that there is room for discussion as to
whether the spectra given here are physical. Although we adopt the linear
approximation from practicality, since there is the BRST conformal invari-
ance in the foundation of the theory, it seems necessary to think about phys-
ical quantities more properly. Indeed, the existence of any tensor fluctuation
is denied from the discussion of physical states. Here, the tensor equation is
introduced to complete the entire equation system. And also, since a small
tensor fluctuation may be dynamically created, it is added to the discussion.
On the other hand, it is considered that the scalar spectrum contains the
essence of fluctuations.

Py (i, k)

Solutions of Evolution Equations and Stability

Let us numerically solve the linear evolution equations and see how the
amplitude changes during inflation. We then obtain spectra at the spacetime
phase transition point 7 = 7 and identify them with the primordial power
spectra for the structure formation of the universe after the big bang.

Since the Bardeen potentials satisfy U = ® = ¢ in the initial time 7
where the running coupling constant is sufficiently small, we take the initial
condition as

q)(Ti, k) = \I/(Ti, k)7
whereas it can be seen from the constraint equation (14-2) that ¥ = —® will
be realized at the phase transition point where the running coupling diverges.
Therefore, we numerically solve the simultaneous differential equations of
(14-1) and (14-2) in the physical time 7 as a boundary value problem by
imposing the boundary condition

®(7p, k) + U(ra, k) = 0. (14-11)

When carrying out the calculation specifically, the two variables ® and / are
considered by putting ¥ = ® —2h /3. The fourth order equation (14-1) from
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which a?;h is removed using the equation obtained by differentiating the
second order equation (14-2) is solved simultaneously with (14-2) itself.?
The initial condition is ®(7;, k) = /P, (k) and h(7, k) = 0, and further
the derivatives of ® with respect to the physical time up to third order are
set to zero. The boundary condition is given by ®(7a, k) — h(7a,k)/3 =0
from (14-11).

In the linear approximation, it can be solved by fixing the comoving
wavenumber k. Factoring out the scale factor a(7) and making the whole
equation dimensionless by using Hp,® the terms containing — §? that de-
pend on k are replaced with a physical wavenumber function k% / H3 a*(7),
where the scale factor of the denominator is given by the solution of the
background field equation. When doing the calculation, the initial value of
the scale factor is normalized to a(7;) = 1 and the Planck constant Hp is
then rewritten to m.

Both at the initial time and at the phase transition point, the two-point
function of ® and that of ¥ become the same, thus we use ® to represent
the scalar spectra below. Defining the transfer function representing the
temporal change of the Bardeen potential as

O(7a, k) = To(Ta, 1) (73, k),

the primordial power spectrum that is the initial condition of the Friedmann
universe is given by Py (7p, k) = TZ(7A, 71) Py (71, k).

Since the physical wavenumber rapidly decreases as the scale factor
a(T) increases during inflation, the equations of motion no longer have the
wavenumber dependence near the phase transition. Therefore, although the
phenomenological parameters [y, a1, and x which relate to the dynamics of
the phase transition affect an amplitude of the primordial power spectrum,
it is considered that they do not affect its pattern.

We here use the values adopted in the inflationary solution in Chapter 12,
which are b, = 10, Hp/Aqg = 60, and the phenomenological parameters

2 It is treated as a boundary value problem in order to solve it while retaining the constraint
equation (14-2). If we try to solve it as an initial value problem, it does not go well because
it is difficult to maintain the constraint (14-2), which will be not satisfied gradually with time.
In actual calculations, it has been solved by using Fortran software published on the web,
“BVP_SOLVER?”, which can be applied to cases where some derivative quantities other than
physical quantities diverge at the boundary. See W. Enright and P. Muir, SIAM J. Sci. Comput.
17 (1996) 479. It seems that commercially available Maple software also has this performance,
and if we want to calculate a single line as shown in Fig. 14-1, we can solve it somehow. At
that time, we set the boundary condition just before the phase transition time 75 at which the
coupling constant diverges and calculate it up to that point.

3 It is useful to replace the physical time 7 with a dimensionless time t = Hp .
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Figure 14-1: Solutions of the linear evolution equations for the Bardeen potentials
® (solid) and ¥ (dotted) in the inflationary background. The initial value is & =
U (= ¢) = 1/4/20, the comoving wavenumber is set to k& = 0.01 Mpc ™", and the
comoving Planck mass is mm = 0.0156 (= 60)\) Mpc™* () is defined later). The two
Bardeen potentials change while decreasing the amplitude, respectively, and become
& = —W at the phase transition point 7. [K. Hamada, S. Horata, and T. Yukawa,
Phys. Rev. D 81 (2010) 083533.]

Bo/be = 0.06, a1 /b. = 0.01, and £ = 0.5. The number of e-foldings is
then N, = 65.0. The comoving Planck mass is m = 0.0156 Mpc~!, and
the initial amplitude of the Bardeen potential is given by /P, = 1/1/2b,.
The calculation results are shown in Figs. 14-1 and 14-2. The decreasing of
the amplitude with time indicates that the inflationary solution is stable.
The linear tensor evolution equation (14-3) is solved with the initial
value /P, = t;/47 = 107>, and we get Fig. 14-3.* It can be seen that
the amplitude of the tensor fluctuation is maintained small until the end.
Limit of linear approximation The wavenumber region for which the
calculation is valid within the linear approximation is k¥ < m. In k > m,
the nonlinear terms derived from the conformal factor in the Einstein-Hilbert

4 If Bp which is one of the phenomenological parameters is decided, the running coupling
constant is determined, and thus the initial value ¢; will be determined in principle, but its
value is not used here. This is because the phenomenological parameters have no absolute
meaning since they are appropriately selected considering the convenience of the calculation.
In fact, in this setting, we can reduce the initial value as much as possible by making the start
time earlier.
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Bardeen Potential ®(b;=10, m=0.0156)
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Figure 14-2: Time evolution of the Bardeen potential ®. The line at the phase
transition point 7 = 60 gives the primordial power spectrum.

Tensor Perturbation (b =10, m=0.0156)

Figure 14-3: Solution of the tensor evolution equation.

action cannot be ignored anymore. Since this exponential factor is due to
conformal invariance, this invariance will not be retained for £ > m unless
the nonlinear terms are taken into account.

In fact, in the linear approximation, the Einstein term acts like a mass
term, so that an exponential damping occurs in k£ > m. The nonlinear terms
have effects of relaxing it to a power-law behavior. When the nonlinear
effects are taken in, it can be expected that the scalar amplitude has a gentle
slope to ns < 1 called the red tilt for k£ > m.

Numerical calculations with the nonlinear terms are very difficult and
not done yet. Therefore, we will proceed with calculations of the CMB
spectra simply assuming that the scale invariant spectrum of ny = 1 is re-
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tained for k& > m.

Effects of correlation length We here consider spectra in which the
dynamical correlation length given by {4 = 1/Aqg (> Lp) is taken into
account. This length scale indicates that there is no correlation between two
points separated by a physical distance over &5 before the Planck time where
spacetime has not begun to expand yet.

This effect can be expressed by adding a correction of o(#?) to the spec-
tral index n, that is now setting to 1. Replacing the coupling constant ¢2
with the k-dependent running coupling constant (k) = 1/5; log(k?/A?),
we obtain

k v/ log(k?/A?)
Py(k) = Ay <m> , (14-12)

where v is a positive constant and A is the dynamical energy scale in the
comoving coordinates defined by

A= a(n)Aqa. (14-13)

Between this scale and the comoving Planck mass defined before, A\/m =
Aqc/Hp < 1 holds. The spectrum (14-12) sharply drops near k = A,
indicating that the correlation vanishes.

As mentioned in the caption of Fig. 12-3, when looking at the comoving
wavenumber k, quantum correlations for £ < ), which did not exist before
the universe began to expand, never exist during the evolution. Therefore,
we adopt the spectrum (14-12) as the primordial scalar spectrum at the phase
transition point.

Similarly for the tensor fluctuation, we give a spectrum at the phase tran-
sition point as

k v/ log(k?/A?)
) . (14-14)

Pi(k) = A, (

m

As shown in Fig. 14-3, the amplitude A; remains small during the inflation-
ary era.

The amplitude of the scalar spectrum decreases during the inflationary
era, whereas the amplitude of the tensor spectrum does not change. There-
fore, the tensor amplitude may become comparable to the scalar amplitude
at the phase transition, if there is a small tensor fluctuation at the beginning.
In this case, the tensor-to-scalar ratio

_ A
-4

is to be an element for determining the CMB spectrum.

r
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CMB Angular Power Spectra

We calculate the CMB angular power spectra by setting almost scale-invariant
spectra P (14-12) and P, (14-14) derived from the consideration of the evo-
lution equations as the primordial power spectra of the Friedmann universe.
The calculations are performed using the widely known calculation code,
“CMBFAST”, and the results are displayed in Figs. 14-4 and 14-5, together
with the observed data of such as WMAP.

6000 — T
wmap Syrs s+
acbar2008 o
4000
B
o
<€)
= 2000 |
0 L
1 10 100 500 1500

Multipole, /

Figure 14-4: The temperature-temperature (TT) angular power spectrum of CMB.
The calculation result (solid) is displayed together with the data of WMAPS and
ACBAR 2008. The tensor-to-scalar ratio is » = 0.06. The parameters of the dy-
namical damping factor are A = 0.00026 (= m/60)Mpc ! and v = 0.00002. The
cosmological parameters are 7. = 0.08, €2, = 0.043, 2. = 0.20, Qyac = 0.757,
Hy = 73.1, Temp = 2.726, and Yue = 0.24. [K. Hamada, S. Horata, and T.
Yukawa, Phys. Rev. D 81 (2010) 083533.]

The parameters As and v are adjusted to be consistent with the experi-
mental data. We also add the tensor amplitude in order to compensate for
the lack of the scalar amplitude at large angle components (I < 100). The
tensor-to-scalar ratio is here set to » = 0.06. The values of the Planck mass
and the dynamical mass scale in the comoving coordinates are m = 0.0156
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Figure 14-5: The temperature-polarization (TE) angular power spectrum of CMB
together with the WMAPS data. The parameters are the same as those in Fig. 14-4.
[K. Hamada, S. Horata, and T. Yukawa, Phys. Rev. D 81 (2010) 083533.]

and
m —1
A= 50 = 0.00026 Mpc™ ", (14-15)

adopted in the calculation in the previous section. The ratio of these two
scales is almost determined by the number of e-foldings, as shown in (12-
9). Among the cosmological parameters, the optical depth is determined to
be 7. = 0.08 from the polarization-polarization (EE) power spectrum (not
depicted here). Other cosmological parameters are also determined to match
the experimental data.

First, we pay attention to the sharp falloff at low multipole components
in the WMAP data. If the falloff suggests the existence of a new physical
scale, its value just becomes about 0.0002 Mpc~! above, which is given by
substituting ! = 2 to the relation (11-9) between multipole [ and comoving
wavenumber k. Therefore, the primordial power spectra Py (14-12) and P,
(14-14) with the value (14-15) can explain the observed data.’

5 The deviation seen at the low multipole in Fig. 11-1 is often regarded as an error that can be
explained by cosmic variance, but we here consider that it represents the existence of the scale.
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Substituting A (14-15) and Aqg ~ 1.1 x 107 GeV (12-10) into (14-13),
it turns out that the initial scale factor before inflation becomes the following
order: .

0.00026 Mpc™ _59

a(n) = 11107 Gav = 1.5 x 10
with the present as 1. In other words, it indicates that the wavelength of
1/X\ ~ 4000 Mpc today was a wavelength of the correlation length £, =
1/Aqc ~ 2 x 10~3'cm before inflation. This value well matches the in-
flationary scenario given in Chapter 12. In the inflationary era, the universe
expands about 10%° times from the Planck time to the end of the phase tran-
sition process (see Figs. 12-1 and 12-2). After moving to the Friedmann
spacetime, from the ratio of the dynamical energy scale Aqg and 3°K, it
can be estimated that the universe expands about 10?Y times until today. In
total, 109 is derived.

From the latest CMB observations, it is suggested that the primordial
power spectrum is slightly inclined to ns < 1 (red tilt). We consider that
this is not a feature of initial quantum spectra, but rather is a secondary one
caused by dynamics during inflation. Such an effect will be expected from
the nonlinear term as mentioned before.

Finally, non-Gaussianity of the primordial power spectrum is derived
from diffeomorphism invariant interactions. When expressed by fng which
is used everywhere as an indicator of its strength,® it becomes o(1).

Other issues In the renormalizable quantum gravity it is not necessary
to introduce any ultraviolet cutoff at the Planck scale. Therefore there is no
fine-tuning of the 10'2° digit known as the cosmological constant problem
in the first place. The cosmological constant is given as a renormalization
group invariant physical scale that can be taken small as mentioned in Chap-
ter 10.

In this theory we can explain the initial inflation and the current de Sitter
expansion separately on different scales. The former is explained by the
Planck mass and the latter is by the cosmological constant. In this way,
since we do not use the cosmological constant for the initial stage, there is
no need to introduce a new quantity called dark energy to distinguish the
current inflation mechanism from the initial one.

There is a gravitational f-term composed of the Weyl tensor as a CP vi-
olating term at the Plank scale. If this term actually exists, how will it affect
baryogenesis? Is there any possibility that a Cohen-Kaplan-type coupling

6 See E. Komatsu and D. Spergel, Acoustic Signatures in the Primary Microwave Background
Bispectrum, Phys. Rev. D 63 (2001) 063002.
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between the Ricci scalar curvature and a divergence of the baryon number
current causing baryogenesis appears in the low energy effective theory of
gravity?

The true character of dark matters is not known yet. Dark matters hardly
interact with ordinary matters, but are affected by gravity. It is considered
to exist because if there is no dark matter, we cannot explain the current
galactic distribution of the universe as well as the behavior of the rotation
curve of galaxies. If there is a stable gravitational soliton based on quantum
gravity, it will be a candidate for dark matters.

Moreover, when the effect of quantum gravity turns on at the center of
macroscopic black holes, is there a possibility that black holes will eventu-
ally explode due to the repulsive force that ignites inflation? It is a future
task.
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USEFUL GRAVITATIONAL FORMULAS

Formulas on Curvatures

The Lorentz signature employed in this book is (—1,1,---,1).! In Ap-
pendix A, unless otherwise noted, dimensions of spacetime are arbitrary
D. Definitions of the Christoffel symbol and the Riemann curvature tensor
are

1
F>\V = 59/\0 (aﬂgva + 81/9#0 - af’gﬁ”’) ’

A A A A A
Ry = 0517, — 0,17, + 15,10, — 5T,

respectively. The Ricci tensor is defined by R, = R L and the Ricei
scalar curvature is R = R/, A covariant derivative is expressed using the
Christoffel symbol as

AUI Um. _a A Um § F AUI Um”/\’ § 1% A f’ Vi 'Um’

nv;
which satisfies
V. Vo] Axyoon ZRM A

The Riemann curvature tensor satisfies an antisymmetric property R, o =
_Rup,/\o' = _RMVO')\ and

R VAo + R Aov + RHOV}\ = O’
VR, + VaRY,, + VR | =

The last is the Bianchi identity. From this, V,, R",
and VR, = V,R/2 are yielded.

VVR)\U - va R)\y

Avo T

! In Euclidean space, rewrite y/—¢g to R and also 7, to 6, for the flat metric.
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The Weyl curvature tensor is defined by

C/,LV)\O' = RMVAO' - (gu)\RVo - guoRl//\ - gl//\R;,LO' + guURp,/\)

-2
! R A-1
+m (9u7Gvo — Guogun) R. (A-1)
This tensor vanishes no matter which index is contracted such as C"; o =
C",» = 0. The number of independent components is (D — 3)D(D +
1)(D + 2)/12, which is identically zero in three dimensions and ten in four
dimensions.
Variational formulas Variational formulas of the curvatures are given
as follows:

1
59" = —g"g""6gre, O/ —g = 5V =99"" 90,

1
6F;/\LV = 79)\0 (vuégua + vuég,ua - voégpw) )

SR, = égarfw — V0T,
- %gAp [vavuag,,,, Vo V0idup — VoV 00 — VoV 1000
Y, V80, + vyvpag,w] ,
SRy = 06R)),y,

1
§ {vuv/\(sg)\y + VI/V)\égA/,L - VMVV (gAﬂégAa) - VQ(SQMV}

1
_RAugyég/\a' + 5 (R;‘(Sg)\y + RVA(SQ)\M) )
OR = 69" Ry + g""OR ..
= _Rﬂuégul/ + Vﬂvyéguu - V? (glw(sguu) .

In addition, the following variation formulas including derivatives are use-
ful:

5(V,A) =V, 04,
§(V,V,A)=V,V,5A— %V’\A (Vu8gur + Viubgun — Vadguw) s
§(V2A) = V20A — 69, VIV A — VF AV g,
VAT S,

where A is an arbitrary scalar.
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Conformal variations of curvatures A conformal (Weyl) variation
0wy = 2wg,, of the scalar curvature is given from the above variational
formulas as

Suv/—gR = (D — 2)w\/—gR — 2(D — 1)y/—gVw.

Conformal variations of various curvatures squared are given by

3o/ =gR; e = (D — 4w /GRS 5\ — 8V =gR" VY,V 0,
Su\/9R,, = (D — 4w /gR;, — 2¢/—gRV’w
—2(D —2)y/—gR"'V ,V,w,
6w/ —gR? = (D — 4)w\/gR* — 4(D — 1)\/gRV?w,
0uv/—gV2R = (D — 4)wy/—gV? R + (D — 6)y/—gV RV w
—2y/—gRV?w —2(D — 1)\/gV'w,
6V —gFu F" = (D — 4)w\/—gF,, F",

where R¥“2? R\, is simply expressed as wa)\g, and so on.
A generalized expression of the Wess-Zumino integrability condition (5-
3) obtained by performing the conformal variations twice to an effective

action I" in D dimensions is given by
[0y 0o ]T = {4n1 + Dz + 4(D — 1) + (D — 4)ma }
1
><72/de\/—9 R (w1V2w2 — OJQVQ(JJl)

(47)
=0. (A-2)

Three combinations that satisfy this integrability condition are the square of
the Weyl curvature tensor, the Euler density (Gauss-Bonnet combination),
and a function that becomes a total divergence form in four dimensions,
which are given as follows:

4 2

Fp=C?, =R?>, ——R> +————— _R?

D = Yuvxe = uvie D—2 MV (D— 1)(D—2) ’
Gi=R,\, 4R2 + R?,
Mp = (D — 4)H?* — 4V?H,

where H = R/(D — 1). The conformal anomalies introduced in Chapter
9 can be written with Fp and Ep = G4 + x(D)Mp. The modified Euler
density Gp = G4 + (D — 4)x(D)H? is the bulk part of Fp excluding the
total divergence term.
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Euler characteristics The Euler characteristic is a topological invari-
ant existing in even-dimensional Euclidean spaces. For a compact space in
D = 2, itis defined by

1
=— [ .
X 47T/ z\/gR

In D = 4, using "R, 50 = €, R,iro/2, it is defined by2

PR
Ly

1 * *DUVNC 1
X = 3272 /d4x\/§ Ryuvro R = 397 2/d4fo4

Euler’s relations As relations associated with the Euler characteris-
tics, when D = 2,

1
Ruz/ = §guuR
holds, and when D = 4,
1
R#,\UPR — 2RH,\WR — 2RH,\R +R,R= g,“,G4

holds.
Mode expansions When the metric field is decomposed into a confor-
mal factor and others as g,,, = e2¢ Juv» the curvatures are expressed as

F)\ :f‘/\ +g Vu¢+ ,u¢ g;wv ¢7
R)\/,m'u = R/\;mu +g Auo - g A;w + g;wA v gmxA/\g
+(9 vOpo — agw> p¢v o,
Ry, =Ry — (D —2)A, — G [V + (D = 2)VAoV 4],
R=e¢?[R-2(D-1)V?¢— (D —1)(D—2)V,¢V'9],
ch  =c*

pov pov?

where A, = V,V,¢ — V,¢V,¢. The quantity with the bar is defined
using the metric field g,,,,. The square of the Weyl tensor is then expressed

as
V=g 0;21,1/)\0 =V _g e(D_4)¢ CELUAU

2 The expression Ry Ao *R¥YAZ of the Euler density is a function defined only in four
dimensions, whereas G4 is defined in any dimension so that it can be used in renormalization
theory by dimension regularization.
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and the Euler density is

V=9Gs=+/=geP™Y?[Gy+ (D - 3)V,J" + (D - 3)(D - 4 K],
(A-3)
where
JH =8R"V,¢ — ARV" ¢+ 4(D — 2)(V*¢V?p — VIV $V ¢
+VHOVAOV D),
K = 4R"V ,¢V, ¢ — 2RV \¢V ¢ + 4(D — 2)VZpV 16V ¢
+H(D = 1)(D —2)(VAdV 9)*.
Thus, the conformal-factor dependent part of the Euler density multiplied
by /—g becomes a total divergence form in four dimensions.

Furthermore, when the metric field with the bar is expanded in terms of
the traceless tensor field A, as g, = (§€”),. up to o(h?), we obtain

- 1. 1. 1

T =T+ Vuh'y) = 5V + V(07 = 1V ()
- 1 A

—h, V(b5 + §M Vhu,

» Ny = v v le = v
R— R, W™ +V,V,h* + RM,,hﬁ,hﬂ —ivkhf;vm

=
I

+ VY VRN =V (RN RY ),

hJ\PJ

_ ~ ~ ~ ~ 1.
Ry, = RW - RJ h/\ + P”(A huyx + V(#V)\hV)A - §V2hw
—fh \ V2h, — kah" Vohuyx — %hﬁ%h‘;
~ 1. ~
—ivk(hi,v(“hfg )+ VA( Vih'y) + §V,\(hAUV"hW),

where the raising and lowering of the index is performed using the back-
ground metric g,,,,, and the traceless condition is h“u = §"hy, = 0. The
symmetric product is defined by a(, b,y = (a,b, +a,b ) /2. With attention
to R = g" R, and g = (ge~M)m = g — h* + ... we can derive R
from Ry, where [Vx,V,]h%, = W R7,,\ + o R, is used.

When the flat background metric gW = Ny is employed, the square of
each curvature with the bar, and so on, is expanded up to o(h?) as
R2 .\ = 0x00h,, 0207 — 20,00h,0 0" O WY + 0005 hyu OM0" W,

nvo
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_ 1 1 )
Rj, = 50ux00"x” = Ohu0'X" + 50,x0 0" X" + 30%hyu 01,
R2 = 8HX”auXV7
— _ 1 1
VIR = 90X = 0% (ahyw O W) + 0% (xux) = 00" (hyuX”)
PO~ XD 0

where x,, = 0,h",. From these, we can see that the o(h?) term of the
Euler density with the bar can be written in a total divergence form in any
dimension as

Gy =0,L°, (A-4)
where
L7 = O\h,, 020 WM — 0 Ry 02 WY — 2030y, 0 0MhY7 — 20,h,7 O
+407 hyu O X" + O\, 010" WA — O3h,7" X — X2 O™ X°
X7
Moreover, quantities involving ¢ are expanded up to o(h?) as follows:
_ 1 1
V26 = 0°6 = x"0ud — W00, + 50,1006 + SH X0
1
+§h#AhV,\au8u¢a
- = 1
ViV = 0u0ut — 5 (8.1, + Ouh’, — 0 hy) Or6
1 o A o A A o A o
-7 (h 7 Ouh, + hG,0,07, — hA,9,h%, — h0,h°,
—h%, 0 hy — hG,0 hyy + QhA”é)ghuy)a,\qx
Vi =9'¢ — 9*(h"0,0,¢ + x"0,9) — W 0,0,0%¢ — x"0,0¢

£ (G000 + SHOIAO0 + 51,00

+hl“/ (8;48Vh)\08)\80¢ + 26uh>\gaua)\ao¢ + h)\gauaua)\aad)
1 1

+§ap,h)\ya>\a2¢ + §Xuau82¢ + auauX)\akd) + 2auX)\6ua/\¢

+2X*8u8V8A¢) + X1 0ux" b + XXV 00,0

+X"0,h 0,000 + %hﬂ*haauaya%, (A-5)
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and
RMN N = 0 X" 0,0y — %a%waﬂayqs - %akhwmﬂa@
—%(%h’“’@ux’\&,(b + %akhwaﬂxyaws
+%thWaMh§aA¢ — ia%wakhwam
—h 00,000 — W 9, x 0, 0n
%hwawﬁbaya@ - %akhwauwayam
—%ahhwaﬂhwmaﬂs - %@(h“@“h"a)aﬁbam
%@(hwayhz)auam + %&(h“@t,h“”)au&,d),
R0 = 0,090 ~ (0 0,0-+ ,0%0
OB P — (aﬂxya% + an*a,Lam) ,
VARV ¢ = 08, X" 0,p — %akaahwaAhwam - %aﬂ(xvxy)am

— MW" 8, X, )Onp — W 0,00 x 0, 0. (A-6)

Scalar Fields in Curved Space

The kinetic term of a free scalar field in curved space is given by

S:f%/de\/jgga(—V2+§R) ®.

Under conformal transformations, since a scalar field transforms as ., =
Awep, where A = —(D — 2)/2, the action transforms as

2
+[D =2 4€(D — 1)] (VH9V 40 + 0V2) }

5,8 = —E/stc fgw{(D —24+24)¢ (*Vz +§R) 2

The first term on the right-hand side disappears when introducing the value
of A. The second term disappears and the action becomes conformally in-
variant when the parameter representing the strength of the coupling is set
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as

D -2

=" A-7
Y (A7)
Thus, the action has conformal invariance when & = 0 in two dimensions
and £ = 1/6 in four dimensions.

The energy-momentum tensor is defined by ©"" = (2//=¢)3S/d9,1.

which is given by
v v 1 NA w2 v 2 1 v 2
O = VIpV e — 5 g™V pVap + £ R 9™ — 5 g™ Ry
(V“V”gﬂ”VQ)wﬂ (A-8)
for any &. Its trace © = OF) is

1
0=~ [D~2-48(D - 1] V¥,

-2
—26(D—-1)p |-V>+ ——R| ¢.
&( )w[ +MD—1)}¢
In the conformal coupling (A-7), the first term disappears. In addition, only
then, the second term is proportional to the equation of motion (—V? +
ER)p = 0. Therefore, © disappears in proportion to the equation of motion
in the case of the conformal coupling.

Fermions in Curved Space

In terms of the vielbein eZ in D dimensions,? the metric field can be rep-
resented as g, = €j,e,q. In the following, unless otherwise noted, a, b,
¢, and d denote the local Lorentz indices, while p, v/, A, and ¢ are the Ein-
stein indices. The gamma matrix that basically has the local Lorentz index
is defined by an anti-commutation relation {y%,v*} = —2n%. The gamma
matrix with the Einstein index is then expressed as 7 = ef~y“ using the
vielbein. The Dirac adjoint of a fermion field v is defined by 1) = ¢/~°

using the gamma matrix ~© with the local Lorentz index.*

3 In four dimensions, it is called the vierbein or tetrad.

4 Hermitian conjugate of the product of two Grassmann numbers 6 and 1) follows a rule of

(op)t = ptot.
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Covariant derivatives Introducing the vielbein, we can define a co-
variant derivative acting on the local Lorentz index. For a vector, by taking
V. = ekV,, itis represented as

b
v,uva = 6/1, + w/m, ‘/1)7
where w,,qp is the spin connection. To coincide with a normal covariant
derivative V,V,, = 9,V — F;\WV,\, we require the condition that a covariant
differentiation of the vielbein vanishes as V ,ef, = d,ef+w Mabel;fl“f;ye‘j\ =
0. The spin connection is thus represented as

A
Wyab = BZ (aueub - Fﬂye)\b) ’

where an antisymmetric property w,,q5 = —wpybe holds for the local Lorentz
indices.
In order to apply the covariant derivative to fermions, it is generalized as

1

Vi=0u+3

b
Wy,abza )

where 3% is a generator of the local Lorentz group satisfying®
[Eab7 ch] _ _naczbd + ,rladzbc + nbczad o nbdzac.

Using this algebra, the commutation relation between the covariant deriva-
tives is expressed as

1
[v}n Vl/] = 5 (a,uwuab - 8l/wp.ab + [wua Wu}ab) Eab

1
= iRuuabZab7

where R,,,q, = e{)eg‘RW xo- The Riemann curvature tensor can be repre-
sented as above by using the spin connection.

The generator of the Lorentz group for scalar fields is £° = 0. When
acting on vector fields, it is given by (£9) .4 = 6%, — 4% For fermions,
it is given by using the gamma matrix as

1

zab _ _Z [ a7,yb] )

5 A slightly different convention than that in Chapters 2 and 3 is used here.
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Fermion action The action for a massless free fermion is given by
S = i/dex/—gz/?v“Vw
i _ _
=5 [P T - Vi) a9)

where the covariant derivatives for fermions are defined by
1 ab
V}Ld) = a,u + iwyabz 1/%
- o 1 "
Vud) :w$H = ’l)b (8H — iwwbE b) .

The second equality in (A-9) can be shown by performing a partial inte-
gration with attention to d,,(y/—gel) = —y/—gw,be} and rewriting the
expression using [£%, v¢] = n®¢y® — a4t This can also be shown from
the fact that the covariant derivative satisfies the Leibniz rule V M(z/}y”z/)) =
Vuz/jv”z/J + @’y”v,ﬂb, where V7" = v*V ey = 01is used. This quantity
can also be expressed as

V(07 ) = 0 (7" ¥) + Ty
= H&fyyw + llﬁf}/u ;A¢ - wuabegz/;’yaw'

The action can be rewritten as
_ 1 _
S = l/de\/ [ (L/W“a;ﬂ!) 5#1#7”1#) - Zw#ab65¢7abcw )

where y%%¢ = (y2~%~y¢ + antisymmetric) /3! is a completely antisymmetric
product of the gamma matrix and Y¢X% + $0~¢ = —42b¢ 5 ysed.

Energy-momentum tensor The variation of the metric field is ex-
pressed with the vielbein as §g,,, = defjeva + €f,0€,q, and thus o/—g =
V/—geldej, is obtained. Since a variation of J,, expressed in terms of the
vielbein disappears, we get det = —el'e e 6eb. Using these, a variation of
the spin connection is expressed as dw,qp = €V e, — ege,\béFfw and a
variation of the action is given by

w—i/E%Jg%W%M@%VWV@V@

es (V"' V — Viytep) — *eb 2V (9y**9) |-
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Therefore, the energy-momentum tensor is yielded as

1 1 68 6S
A I v
© 2—g (ea denq +6“(5€W>

[«va + Py Vi — VHpy e — Vit

_
4
—2g" (Y7 Vg — wWw)} :

The trace is

=06/, = i%(D — 1) (P VA — Var ) .
As in scalar fields with the conformal coupling, the trace vanishes according
to the equation of motion Y*V ;1) = V ,4py* = 0.

Conformal invariance The massless fermion action is conformally
invariant at any dimension. Under the conformal transformation d0.,9,, =
2wg,w, the vielbein and fermions transform as

dpel = —wel, dwCpa = Wepa,
1-D _ 1-D -
owth = TM/J, duth = wip.
The spin connection and so on transform as
D+1

6ww;uzb = (euaeli\ - eubeg) Ohw, Oy (W"’VMP) = - WV“VM#

where 7,%% = (D — 1)7*/2 is used in the second. Thus, it can be shown
that the kinetic term of fermions is conformally invariant in arbitrary D
dimensions as

— 1-D D+1
0w (\/jgl//’Y“Vﬂ)) = (Dw + - s w

w
2 2

>\/791[)’Y'uvu77/} = 0.

Expansions of spin connection Here give an expansion formula of the
spin connection in the flat background. Since the kinetic term of fermions
is conformally invariant, it is presented excluding the conformal-factor field
dependence. The vielbein with the bar is expanded with the traceless tensor
field as

_ 1 1 1

Cpa = (e2h)ua = Npa + §h““ + g(hQ)Ma +oy
1 1

eh = (T HME = d = Shi ()
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where él‘jéya = guv and ee,, = 7mq. Since it is expanded employing
the flat background, 7),,, is a vielbein of the flat background metric, so that
all indices that appear on the right-hand sides can be regarded as the local
Lorentz indices (or the Einstein indices). By using these expansions, we
obtain
@Mab = EZ (aué,,b — f;\wé,\b)
1 1
= ) (aahub - abhua) 8 (hgauhkb - h?auhka)

1 1
- (hurOahy — hur0ghy) + 1 (hyOxhub — Py Orhya) -

Expansions of Gravitational Actions Around D = 4

Expanding the D-dimensional Weyl action around D = 4 yields
/deV -9 Cﬁu)\o = /de _g e(D_4)¢ Cﬁu)\a
- (D — 4)n G O
= Z — dPx\/—g ¢ CEWM.
n=0

The action for the generalized Euler density G'p in D dimensions is
expanded as follows. First, the volume integral of G4 is expanded using
(A-3) as

/dDaf\/ng4
= /d% 5PV Gy + (D —3)V,J" + (D - 3)(D — 4)K]|

> P 420/ [5G+ (D~ 3) (6"9,0% + K]

n!
n=0
= (Dgi'@n/d[)x\/jg {¢nG4 +4(D = 3)¢"R"'V,V, ¢
n=0 ’

(D~ B)§" BT — 2D — 2)(D — 3)(D — TV r0
(D= 2)(D - D - )" (T 97107,

From the H squared term multiplied by D — 4, where H = R/(D — 1), we
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obtain

(D — 4)/de\/ng2

n=0
+2(§ )¢"VARVA¢+4¢>"V4¢+ S(D — 9" V26T V30

(D 22D - 4>¢"<W>w>2} .

Substituting these expansions and x(D) = 1/2+ 3(D —4)/4 + x3(D —
4)2 4+ x4(D — 4)? + - - -, the Gp action is expanded as follows:®

/ I Nartel
_ /de\/jg [Gs + (D — 4)x(D)H?]
D 4 D n —4 n p2
Z:j /dxf{qscﬁ( — (D) R
+4(D — 3)¢"R*'V , V¢ — 2{19 3+fo( )] O"RV?¢

2022 (D)6 RY,6 + 4(D)6 T
12(D — 4) [~(D — 2)(D - 3) + 4x(D)] 6" T269 5670
(D~ 2)(D —4) [~(D — 3)* + (D~ 2x(D)] ¢"<ww>2}
_ /d%\/fg {64 +(D—4) (2¢A4¢ Gy — gév% n 1832)

+(D — 4)? (¢2A4¢ + %sz +3¢Vi¢ + 49RMV V0

6 In two-dimensional quantum gravity, the action in dimensional regularization is given by the
volume integral of the D-dimensional Ricci scalar curvature, which is expanded around D = 2
as

/deWR Z(D_Q) /dD { (D =1)¢"V2¢ + Ro™|.

The n = 1 part gives the Liouville action.
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14 5o 10 =x 5e 2 2 2
— 5 ORV?6 + 6V RV 6 - va 6+ R b+ mR )
+(D —4)° { P> Aup + G4¢ + <4X3 - ) (VapV )2
+ (8x3 — 2) V2oV Vo + §¢2?4¢ +2¢° RN V¢
%&Rv% + ggzﬁvnizvm + im? + sV

+ <4><3 _ 35) SRV + (4><3 + ) $VARV ¢

3 3
4 T\ men, (1 1\ o
108 B+ <_X3+ 27) BV + (9 X 27) . }
+o((D — 4)4)}, (A-10)

where \/—gA, is the differential operator defined by (5-10) in D dimen-
sions which becomes conformally invariant at four dimensions. Note that
the coefficients up to o((D — 4)?) do not depend on the value of y4.

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

APPENDIX B

ADDENDA TO CONFORMAL FIELD THEORY

Fourier Transform of Two-Point Function

In D-dimensional Euclidean space, the two-point correlation function of a
scalar field with conformal dimension A is given by (O(2)O(0)) = 1/(x?)4
and its Fourier transform is expressed as

1 _(27T)%P(§_A) (TN
(@3~ 4a-Fr(a) / et ()

where A < D/2 is assumed.

Fourier transform of two-point functions in Minkowski space can be
found using the expression above. The product k& - x in Euclidean space
is rewritten as k - x + kP x”, and hereafter k - x represents the product in
Minkowski space. When the D-th coordinate is rewritten as xP =izl 4 e,
the left-hand side of (B-1) becomes a correlation function (0|O(z)O(0)|0)
in Minkowski spacetime. Rewriting the right-hand side as well, we obtain

|y

(B-1)

1 _(@emErg A)/ s
[—(20 —ie)2 +x2]2  48-27(A) (2m)P—t
dkP 1D (20 —ie A-D
x/ﬁe S S (0 b S

(B-2)

Due to the presence of a phase factor eick” , the path of the k”-integration

can be extended to the upper half of the complex plane. There are cuts
on the imaginary axis from k” = i|k| to ico in the upper half and from
kP = —i|k| to —ico in the lower half because there are poles at k” = +i|k]|
and A is not an integer. Therefore, the path —oo < k” < oo can be
deformed to a path that traces the left and right sides of the imaginary axis
in the upper half avoiding the cut and the pole (in the case of a free scalar
with A = D/2 — 1, pick up only a residue of the pole). Letting k¥ = k",
the kP -integration can be rewritten as

ooﬂ —kDT—ze) 2 D A-
/_oo o e+ (007
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dKY _D
_ z/ 76711@%0751@0{ [kz — (K0 — io)Q]A 2
0o 27
_D
— [k2 _ (ko —i—iO)Q]A 2 }7

where a new positive infinitesimal o is introduced to avoid the cuts. Further-
more, using

0 forz > 0
2i|z|*sinwA  forz < 0

(z +i0) — (z —io)* = {
= 2i(—x) 0(—x)sin A,
the integrand can be written as [k? — (k* — i0)2]2~P/2 — [k — (K° +

i0)2|A~P/2 = 2i(—k?)A~P/20(—k?) sin[r(A — D/2)], where k? = k? —
(k°)2. Therefore, the right-hand side of (B-2) is expressed as

~2sin [ (8- )] (em*r(3 - 4) [ e

2 4A-7T(A) 2m)P-1
P ARY _pog0 2\A-2 2
></0 5. ¢ (—k%) O(—k7)

_ (2m)FtlgEoa APk . i pas
S TATA-S+ 1)/(27r)De OO (k) (—k*) 23

where T'(A\)I'(1 — X\) = 7/sin(7wA) and T'(A + 1) = AI'(\) are used. From
this, we can read the Fourier transform W (k) for scalar fields introduced in
Chapter 2.

Derivation of Critical Exponents

Various critical exponents are derived by adding small perturbations to con-
formal field theory Scpr. First, consider a perturbation by energy operator
€, which is a representative of relevant operators whose conformal dimen-
sion satisfies A < D in D dimensions. It corresponds to a perturbation by
temperature. Letting a dimensionless temperature parameter representing a
deviation from the critical point be ¢ = |T" — T,|/T, the action of such a
system is given by

Sy = Scpr — taAEiD‘/dDI€(I),

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Addenda to Conformal Field Theory 317

where A, is conformal dimension of the energy operator. The length scale
a introduced to compensate for the dimension is a ultraviolet cutoff corre-
sponding to lattice spacings in statistical models.

The correlation length £ is then given by

1

~ t_u = —
f a ) v D—AE,

(B-3)
because ta” P ~ ¢2<=D holds from dimensional analysis. The limit
& — oo is equivalent to ¢ — 0 because the exponent v is positive from the
condition A, < D.

When the temperature perturbation ¢ is added, one-point function of an
operator O is defined by ((O)); = [ O e™"¢, and is expanded as

(0Ni=3 - <o (taAg_D/dee(x)>n> ,

n=0

where (O) = [O e~°FT represents a normal correlation function of CFT.

In order to obtain critical exponents, we investigate behaviors near the
critical point where the correlation length ¢ is sufficiently large. In this limit,
the ultraviolet cutoff a corresponding to lattice spacings does not affect the
results, and thus @ = 1 is taken below unless otherwise required.

Consider a spin operator ¢ in addition to ¢ as a relevant operator. To
specify the statistical system, we assume that they satisfy the following OPE
structure which the Ising model possesses:

oxon~1+e¢, o Xegnreg, exen 1.

First, examine a critical exponent of specific heat. Writing free energy
per unit volume as f, its specific heat is given by C = —9%f/0t*> =
0({(0)));/0t. Since one-point function (¢) in CFT disappears, the term
that contributes most in the large £ (small ¢) limit is given by a two-point

function
1
C = 5(0)/ dPre(x) :/deT>
lel<¢ ol<e 2[22

! In lattice models, a parameter giving the dimension is only the lattice spacing, whereas cou-

pling constants corresponding to a temperature variable, and so on, are dimensionless quan-
tities. From this fact, the temperature parameter ¢ is introduced as a dimensionless quantity,
and the dimensions is made up for with a. Although this scale is necessary to make the sys-
tem finite, the value of a itself is not important when finding critical exponents in the large
correlation length limit, and it appears only in dimensional analysis.
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where ((£)); is evaluated at the origin for convenience. Evaluating the inte-
gral inside the correlation length such as |x| < &, it can be shown that the
specific heat is given as a function of £ as follows:

C ~ P28 4 const.

The constant term is a contribution from the ultraviolet cutoff, which is ig-
nored as being smaller than the first term in the vicinity of the critical point
where ¢ is large.? The critical exponent is defined by C' ~ =, thus rewrit-
ing the right-hand side to the behavior of ¢ using £ ~ ¢t~ yields

a=v(D—-2A,).

Next, consider a critical exponent of magnetization given by a one-point
function of the spin operator. In CFT, one-point functions (o) and () as
well as a two-point function (o) disappear from the OPE structure. There-
fore, when a perturbation by temperature is applied, the behavior of magne-
tization in the vicinity of the critical point is given by

t2
M = {(oO): = 5 [ % [ % (O)e(@lelu).
Hlel<e Jlyl<g
The integrals can be easily evaluated from dimensional analysis, and the

most contributing part at £ — oo (¢ — 0) is given by

M ~ t2 % é‘QD—An_ZAE ~ tl/AU

b

where A, is conformal dimension of the spin operator. Thus, the critical
exponent defined by M ~ t7 is given by

B8 =vA,.

In order to derive a critical exponent of magnetic susceptibility, it is nec-
essary to add perturbations by not only temperature but also an external
magnetic field h, whose action is given as follows:

St,n = Scrr — taAE*D/dDz e(x) — haA"*D/dD:c o(z).

The magnetic susceptibility near the critical point is calculated as
0

— 2 s0 ’ Y 0 ~ £D-28, _ 4—v(D-2,)

= gl = [ 4 000 ~¢

2 In the case of the D = 2 Ising model, the exponent becomes zero, but a logarithmic diver-
gence appears.
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Therefore, the critical exponent defined by x ~ ¢t~7 is determined to be
v =v(D —2A,).

Moreover, the h-dependence of magnetization defined by M ~ h'/? at
the critical temperature ¢ = 0 is obtained from the following action that has
only the perturbation by the external magnetic field h:

Sy = Scrr — haA"_D/dD:L‘ o(x).
From this action, the magnetization is given by
M = (o) = [ ds (o(0)o(2)).
lz]<¢

Note that the correlation length in this system is represented by £2¢—0 ~
ha®~P. Evaluating the term that contributes most in ¢ — oo (h — 0)
from dimensional analysis yields

M ~ h x é‘D—QAo ~ hAa/(D—A,,).

Thus, the critical exponent is expressed as
s=D-%s
Ay

Finally, summarize widely known scaling relations. By defining a new
exponent 1) by a relation 2A, = D — 2 + 7 and eliminating A, and A,
using this relation and (B-3), each critical exponent can be expressed as

a=2—vD [Josephson’s law],
1
ﬁ: §V(D_2+77)7

v=v(2—mn) [Fisher’s law],
D+2—n
D—-2+n

In addition, the following relations hold:

5=

a+28+~v=2 [Rushbrooke’ law],
v=pB(6—1) [Widom’s law].
For the Ising model in D = 2, as a concrete example, v = L andnp = 1/4
are obtained from A, = 1 and A, = 1/8, and thus

1 7

«@ 07 /B 87 PY 4’ 5 5
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Conformal Algebra for Free Scalar on )M*

As a simple exercise, we derive conformal algebra and transformation laws
for the conformally coupled massless free scalar field. The canonical mo-
mentum is given by P, = 0, ¢ and the canonical commutation relation is
set to [p(n, x), Py (n,x")] = id3(x — x’). Decomposing the scalar field into
annihilation and creation operator parts as ¢ = ¢~ + ¢-, the annihilation
part is expanded as

d*k 1 ik
<P<($)/(27r)3/2m<ﬁ(k)e e

where w = |k|, while the creation part is given by ¢~ = <pT<. The mode op-
erator then satisfies [o(k), ¢f(k')] = d3(k — k). The two-point correlation
function is expressed as (0| (2)¢(0)|0) = [p<(z), ¢~ (0)], which is given
by

Pk 1 N
= = —ilk|(n—ie)+ik-x
(O]p(2)(0)[0) /(%)3 €

1 1

C 4m2 —(n —ie)? +x2’
where € is a ultraviolet cutoff, and see (7-17) given in Chapter 7 for the
momentum integration.

The energy-momentum tensor is given by substituting £ = 1/6 into (A-

8) as
2

1 1
O = gaugpaugp - gcpaua,,go — gnwakwaw-

The trace disappears when using the equation of motion. Each generator of
conformal transformation can be expressed as follows:

Py :H:/dBX.A, p; :/dngp

Mo; = /dgx(*nBj —z;A), M;; = /d3x(xi3j —x;Bi)
D= /d3x (A + 2"By+ :Pup:),
Ky = /d3X {(772 +x?) A+ 2nz* By, + 21 P - +% 1 p? :] ,

K; = /d3x [(77}2 + X2) Bj — 2x;2* By — 2nz; A — 22, Pop:],
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where A and B; are energy and momentum densities, respectively, defined
by

1 1
AzizPi:—ézw?ng:, Bj =:P,0j¢:,

and §? = 0'0; is the Laplacian in space.

Since the generators are time-independent operators, conformal algebra
can be calculated using equal-time commutation relations. Using two-point
functions at the same time

! €

272 [(x —x')2 + €2]?’
1 (x—x)% -3¢
272 [(x — x')2 + €2]?’

we can express the equal-time commutation relation between ¢ and P, as

[p(n, %), Py (n,x")] = (0](n, x)Py(n,x")|0) — h.c.
1 €
AT

where the right-hand side is a regularized three-dimensional §-function

d3k ik-x—ew 1 €
%2() = /(271')3 ‘ T+ )

It is found that the equal-time commutation relation between ¢’s disappears
because it becomes real. It is as well between P,’s.

Similarly, the equal-time commutation relations for A and 5; are calcu-
lated as

[A(x), A(y)] = %itﬁéz(x —¥) (Po(x)p(y): — :0(x)Py(y):),
[Bj(x), Bk (y)] = i0;,03(x —y) :0;0(x)Py(y):
+i0703(x —y) : Py, (x)Iep(y)
[A(x), Bj(y)] = i07d3(x —y) : P, (x)Py(y):

_%i&z(x — ) :@*p0i0(y):

S (x — ¥) p00(y): i fi(x ).
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Other necessary equal-time commutation relations are given by

AGK)Pply) ] = =il ) (P2(3): g otPoly):)

S8k~ ¥) 0 (X)p(y): iy fx )
[Bj(x),:Pop(y):] = —ids(x — x)B;(y) +i07d(x —y) :Pu(x)e(y):,

where f; and f that represent quantum corrections are defined by

1 exj(x® —€2) B 1 e(5x? — 3€2)
N =G e a0 W= pe T erap

which satisfy f;(x) = 0; f(x). Spatial integrals for these functions satisfy

[expe =0 [@xsm =0, [axe o0 =0

while keeping € finite, whereas the integral [d®xx?f(x) = —1/160€? di-
verges at e — 0.3

Calculating the conformal algebra (2-6) using the equal-time commu-
tation relations above, we can show that all the quantum corrections that
diverge at € — 0 cancel out and the algebra closes quantum mechanically.

Next, examine transformation laws of a composite field : ¢™:. Equal-
time commutation relations between this operator and the variables that ap-
pear in the generators are calculated as

[A(), 1" (y):] = —ids(x —y) Oy 1" (¥),
[Bj(x),:¢"(y):] = —id3(x —y) 0; 1" (y):
o1 e
+iggn(n = 1)g;(x —y) 0" 2(y),
[[Pop(x):,:0"(y):] = —inds(x —y) : " (y):
.3 n—
+iggn(n = Dg(x—y) 19" *(y):,
where quantum correction functions are defined by
‘ 1 ey _ _L €
g] (X) - 7T2 (X2 + 62)4, g(X) - 6’/T2 (X2 + 62)37

3 The function f can be expressed as f(x) = (—1/320) x §? (J3(x)/x2), where another
expression 283 (x) = 4e3/(x? + €2)? of the §-function is used.
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which satisfy g,(x) = 0;9(x).
From these commutation relations, it can be shown that all the quantum
corrections disappear and the composite operator transforms as

[Py " ()] = O " (@),
i [Myy, 19" (@):] = (2,00 — 2,0,) 9" (2)
(D" (@):] = ("0 + 1) 19" (),
i [Kp, 0" (2):] = (220, — 22,2"0, — 2z,m) 1" (2)

In this way, we can see that : ¢™: is a primary scalar field with conformal
dimension n.

Mapping to R x S* Space

First, consider a mapping from R* to Euclidean R x S3. Define the radial
component 7 of the coordinates x,, in R* with uTy = r2, while the coordi-
nates of a unit S* are expressed as X, = z,,/r satisfying X, X, = 1. The
R* metric ds2, = dx,dz,, can then be written as

ds3. = dr* +r?dX,dX,
= e7 (d7'2 + ququ) = eZTds%{ng,

where r = ¢7. Thus, R* and Euclidean R x S® with the metric ds3 , g are
linked by the coordinate transformation.

Let us consider a mapping of a primary scalar field from R* to R x S3.
Scalar fields do not change in the transformation from the coordinates x,, to
the coordinates (7, X, ), while the mapping = e” from (r, X,) to (7, X,,)
is a conformal transformation. Thus, denoting a scalar field in R* as O(x),
it is expressed as

O(z) = e 270(r, X),

where A is conformal dimension of the scalar field. The transformation law
of translation in Euclidean R x S® then becomes

i[P,,O(1,X)] = e27i[P,, O(z)] = 279,0(x)

or 90X, 0
_ AT [ Y v —AT
—° <8xu or ' oz, axy) e o X)
— T { X,0r + (6, — X, X)) a% - AXM} O(r,X). (B-4)
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Similarly, special conformal transformation yields

i[K,,O0(1, X)] = €27 (2%0,, — 22,2,0, — 2Az,) O(z)
0

=€’ {X,ﬁT + (6 — X, X)) X AXH} O(r,X). (B-3)

Dilatation and Lorentz transformation are given by

i[D,0(r,X)] = 0-0(t, X),
0 0

i[MMV7O<T7X)] = (Xua)( — Xl,aT
v I

) O(r, X). (B-6)

In Euclidean R x S3, the dilatation represents evolution of the radial di-
rection 7 = e”. Therefore, the field operator at any 7 can be expressed as
O(1,X) = e™P0(0, X) e="P. If the field at 7 = 0 is identified with a
Minkowski field that satisfies Hermiticity O'(0, X) = O(0, X ), Hermitic-
ity in Euclidean R x S2 is expressed as Of (7, X) = e 772 0(0, X) ¢'"P =
O(—7,X) from Dt = —D.

Further rewrite these conformal transformations using harmonic func-
tions on S, Introduce the Euler angles & = (a, 3,7) and let their ranges
be [0, 2], [0, 7], and [0, 47], respectively. The line element of the unit S? is
expressed as

co 1
dX,dX, = Ai;ditd) = i (da® + dB® + dy* + 2 cos Bdady) .
The coordinate X, is then expressed using the Euler angles as

1 1
oncosgcosi(oz—i—v), Xlzsingsing(a—*y),

1 1
ng—singcos§(a—*y), X3:—cos§sin§(a+’y),

and the (induced) metric 4;; on S® can be written using X, as

. 09X, 0%,
Vi T hai 9z

S (B-7)

In particular, we need a scalar spherical harmonics of J = 1/2 to de-
scribe the generators. The J = 1/2 component of the Wigner D-function
can be expressed using the coordinates X, as

D% Xo+iX3 Xo +1iX4 >—\f2(T)MX
= u o

mm’ = ( ~Xo+iX1 Xo—iX;3
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where M = (m, m') and T}, is defined by this expression. Since J = 1/2, M
denotes a 4-vector index here. Introducing a sign factor € = (—1)’”*’”/,
complex conjugate of 7}, is expressed as (1) = enr(Ty)—ar,* then it is
found that

(T a(T)n = 0w, > (T (L) = S0,
M

hold, where dp/N = OpnOm/ns. Using this expression, the J = 1/2 scalar
spherical harmonics Y7 /257 can be expressed as

.
—”23'Y1M = (T)) X -

This scalar harmonics satisfies the following product formulas:
‘/3 * ‘/3 v * v -y
IZY%MY%M =1, ZZViY%MVjY%M = i,

Vs e Vs

4
From the first equation, it also satisfies ), Yl*/2 MVle s2m = 0. These
four equations correspond to X, X,, = 1, the induced metric (B-7),
cij 0X, 0X,
ozt o0xI
and X, d X, = 0, respectively. Actually, letting 7’7 and T,, act on both sides
of (B-9), we can derive the third equation in (B- 8) Furthermore, using

v YiuVi¥in =y — Vi Vi (B-8)

=0 — XXy, (B-9)

L 0X 0t
§1 B = (§,, - XX, B-10
7 gar = O )ox, (B-10)
which is a modified version of (B-9), we get
VVs i 0 oz

B) Y 0 ]Yle(T#)M(é X X )8X

Let us rewrite conformal algebra using these tools. By applying (7},) as,
we write the generators of the conformal transformations as follows:

H = iD, RJV[N = Z(TM)M(T ) le,

Qum = —i(T) MKy, Q= i(Tu)r Py,

4 The functions T}, can be represented as (Tp)ar = (I)ar/v2 and (T5)ar = i(0j)n/V2
using the identity matrix I and the Pauli matrix ;. Note here that T}; is not Hermitian conju-
gate.
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where H becomes a Hermitian operator. The generators (), and Q A are
Hermitian conjugate with each other, and the rotation generator of S satis-
fies the relations RLN = Rnyy and Ry ny = —epenR_n_ . Conformal
algebra can be then written as

[Qur, QY] = 20MnH + 2Ry,

[H,Qu| = _QM7 [H,Ql,] = Ql,, [H,Ryn] =0,
(Qu,QnN] = [Qur, Rne] = 0mrQn — enerdn—nQ-1,
[Run, Rrk| = 5MKRLN —emeNO_NKRL M
—ONLRMK +emend-pmrR-NK- (B-11)

Since the rotation generator R s commutes with H, it is an operator whose
conformal dimension is zero. The generator of special conformal transfor-
mation (s has conformal dimension —1, while its Hermitian conjugate
QR[ which is the translation generator has conformal dimension 1.

Using H and R,/ N, the transformation laws (B-6) are rewritten as

i[H,0(r,%)] =i0,0(r, %),
i[Run, O(7,%)] = (ph)unV,0(T, %),
where V,, = (8,, V) is a covariant derivative for the metric g,,, = (1,%;;).
The first equation describes a time-translation corresponding to a Killing

vector v = (4,0,0,0) on R x S3. The vector (pR)mn = (O,png) in the
second equation is a Killing vector on S3, where

V3 * g =Gy %
Phin =i (Vi V' Yyn = Yy ViYiy, ). (B-12)
Since pg\;N = pg\,M and Pgmv = —eMeijfoM are satisfied for the 4-

vector indices M and N, the vector has six components.
The transformation laws for the special conformal transformation and
the translation are rewritten as

i[QA{,O(T,)’\()} —( )MV O(T X)
T V(@) uO(r, %)

i[Ql, O(1.%)] = (A" )MV, O(T, %) + .

from (B-5) and (B-4) of K, and P,, respectively, where p* is a conformal
Killing vector on Euclidean R x S® defined by

2 2

-
e Y%M,—z

A )
4 v#(pN)MO(Tv X)?

A

(P")m = (P?vagw) = eTﬁjY§M> ’
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and p* is also a conformal Killing vector that is defined by p9%,(7,%) =
_p(])\j[(_T’ %) and ﬁ?\/[ (T7 5() = P?\/*[(—T’ ).

Thus, the conformal Killing vectors on Euclidean R x S for the dilata-
tion H, the S® rotation Ry, the special conformal transformation @y,
and the translation Q}Lw are given by v*, piy, p*, and p#, respectively.

Conformal Killing vectors on R x S with Lorentzian signature can be
obtained by Wick rotating the above vectors with 7 = ¢7. The dilatation is
then expressed as i[H, O] = BT,O, that is, H is the Hamiltonian operator on
Lorentzian R x S3. Moreover, the relationship between states and operators
is given by

|A) = lim e *A70(n,%)|0).

n—+100

A primary scalar state, for instance, is defined by the following conditions:
H|A) = A[A),  Run|A) =0, QulA)=0.

Descendant states are generated by applying ij to the primary state.

Two-Point Correlation Functions on R x S

The scalar harmonics, defined in Chapter 8 and Appendix C, satisfies the
following formula:

2J +1
ZYJM You(X) = % =X (w),
3
where ) "
v W) = sin[(2J + 1)5]

n ¥
SlIl2

is the character of the rank .J irreducible representation of SU(2). The
angular variable w is defined using the Euler angles as

w Bp-p" a—a g
cos§ = cos 3 cos 5 cos 5
—cosﬁ+6/sina_a sinfy_’y/
2 2 2

Scalar fields Using this formula, the two-point correlation function of
the scalar field ¢ defined in Chapter 8 can be written as

(Olp(x)e(2)|0) = 2V Y e I ),

J>0
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To make the series converge, we regularize it by introducing an infinitesimal
cutoff as 7 — ' — 1 — 1’ — ie. Using a formula for the character

ZtQJXJ(w) 1

_ w 27
= 1 2tcos +t

we obtain
1 1

0 Ny = —— o,
(O (z)p(2")|0) Vs 20— 7. @)
where € is omitted and L? is a function on R x S* defined by
2 / / w
L“(n—n',w)=2 [cos(nfn)fcosi} .
At short distance, it becomes L? ~ —(n—n')?+(a—a/)? /4+(B—')? /4+
(v =)?/A+ (a—a)(y =7')/2.
Conformal-factor field In the same way, consider the two-point func-

tion of the conformal-factor field. Since the conformal-factor field has the
zero-mode, we calculate the following operator product with attention to it:

P(z)d(z) = % [o(n), Go(n)] + [¢< (), &> ()] + : P(x)P(2') .

The part that diverges at short distances is given by

S 4 e w
[9<(2), 0> (2 )]_4ch3Z2J+1€ Cos{(2J—i—1)2}

1 — 92 t=1") og 2 (n*n’)}.
4b { e cos 5 +e

Adding the contribution from the zero-mode, we get

p(x)p(z') = — (n—n' w)+ :d(x)d(z): .

4b

Using this, we can obtain an operator product of the primary scalar field
V., =:e%?: as

aa’

VW) = () V)

where the normal ordering is defined by

Vo (@) Vo (2') : = e00(M+a’d0(0) o> (2) oo’ é (27) gad< () o’ < (2")
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Here, for the zero-mode part, we use the Baker-Campbell-Hausdorff for-
. 1

mula when [A, B] is a constant such that e4e? = ¢3[4.BleA+E,

If one is a dual operator of the other, such as o’ = 4b.—a, its expectation

value by the conformally invariant vacuum is given by

h
1 o

QVo(@)Vap, —a(@)Q) = [ ———

WaleVar, o) = (22 5)
where we use the facts that V,, has the conformal dimension h, = o —
a?/4b. (8-24), and since the conformally invariant vacuum has the back-
ground charge —4b,., (Q[e**=?()|Q) = 1. When V,, is the physical cosmo-
logical operator in quantum gravity, it has h, = 4.

Correction Terms in Gauge-Fixed Conformal
Transformations

A relationship between conformal transformations and gauge-fixing condi-
tions is discussed here. We first describe the case of the U(1) gauge field.
When the radiation gauge Ay = Vid; = 0is adopted, the conformal trans-
formation of the transverse component becomes

N 1. . 1 /7~ . ~ s
ScAi = ("0 Ai + IV, A+ SV, A+ 5 (Vid! = VIG) Ay (B13)

However, this transformation does not preserve the transverse condition.
Moreover, it turns out that the transformation of the time component of the
gauge field becomes

5cAg = VI(¢0Ay), (B-14)

hence it does not preserve the radiation gauge condition. In fact, in terms of
the generator Q)¢ the transformation law is written in the form with an extra
term to preserve the gauge-fixing condition as follows:

5CAM =1 [QO AH] + VMS\,

where ) is given as a function depending on the field variable. The last extra
term which has the form of a gauge transformation is called the Fradkin-
Palchik term.

Let us specifically see the gauge field on R x S discussed in Chap-
ter 8 as an example. In the conformal transformations (B-13) and (B-14),
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the transformations that do not preserve the radiation gauge are the spe-
cial conformal transformation with the conformal Killing vector ¢£ and the
translation with its complex conjugate, whereas it is preserved for the case
of the Killing vectors ¢/ and Cf.

Assigning (C5)ar (8-9), we examine the transformation law of the trans-
verse component. Expanding the right-hand side of (B-13) using the har-
monics product expansion (C-7), an extra term appears in addition to the
commutation relation between the special conformal transformation gener-
ator (05, and the field operator as follows:

(8¢5 Ai)ar = i[Quar, Ai] + Vi(N) e, (B-15)

where a scalar function X is given by

- i 1 1 ‘ 3M
CIFEED DI o) e T
2 VeI r D 5L 2 7
1 - M
t (2742 *
Pt G s Vi

Since the extra term is in the form of a gauge transformation, (B-15) can be
written as (0 A; — 05 Ai) = 1[Qar, As] when (65A4,)n = V. (N)ar is
considered as a gauge transformation following the special conformal trans-
formation. Furthermore, it can be seen that the transformation of the time

component is calculated as
(3¢5 Ao — 5. 40) s = (V'((§4s) — Oy M) s = 0.

Thus, the transformation generated by ()¢, which forms the closed con-
formal algebra, can be expressed by 6<T = 0¢ — 05 as a combination of
the normal conformal transformation d and the associated mode-dependent
gauge transformation d5, where (5\) » and its Hermitian conjugate are as-
signed for the special conformal transformation (),; and the translation
ij, respectively, while for others it should be zero. This conformal trans-
formation which preserves the radiation gauge conditions can be summa-

rized as follows:
5CTAZ- =1i[Q¢, Ai, 5CTA0 =0.

The same holds true for the conformal transformation of the traceless
tensor field. The conformal transformation in the radiation” gauge adopted
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in Chapter 8 can be written as
A 1/ A
bchiy = COOyhij + C*Vihy; + 5 (Vick = V4G ) b
1/ - - . 2
t3 (VjCk - Vij) hii +h;V;¢° +h; V0 — g%jvk (¢°hF),
. 1/- . .
Bchi = CO0yhi + CFVihi + 2 (Vich = VA6 ) b+ VF(¢h)
Schoo = 2V*(¢Chy) .
The transformations do not preserve the radiation™ gauge obviously. There-
fore, as in the case of the gauge field, consider a transformation 5@‘T =
d¢c — 0z by introducing a gauge transformation of the form (7-8) with a
mode-dependent parameter <*, then the conformal transformation that pre-

serves the radiation™ gauge can be expressed by the commutation relation
with the generator as

6t hij = i[Qc¢, hijl, 5t hi = i[Qc, hil, 8¢ hoo = 0.

In the cases of the special conformal transformation and the translation, k"
has a value. Its expression is a little complicated, and therefore not shown
here, though we can get it as in the case of the gauge field.

Building Blocks for Vector and Tensor Fields

Building blocks of primary states for the gauge field sector and the trace-
less tensor field sector, which will give a basis of @) j;-invariant creation
operators, are summarized here.’

The commutation relation between a creation mode qu] My) in the gauge
field and the special conformal transformation generator () 1s given by

[Qur, qE(Mlyl)]

N Y IO N R 3M t
- 2J(2J+ 1) Z €M2DE(Mlyl)vJ*%(*Mﬂ/z)qJ*%(szz)'

M2,y2

From this, we find that only the lowest J = 1/2 creation mode qI /2(My)
commutes with Q5. Since other creation modes do not commute alone,

5 See K. Hamada, Int. J. Mod. Phys. A 20 (2005) 5353 in Bibliography.
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consider a quadratic form of them, then we obtain the following () ys-invariant
creation operators:

L-3%

T i T
iy = Z Zf (L, K L K(Mlyl)K(MzUz)qL K (Myy1) UK (Mays)
K=1My.,y1;
Mo,y

FL(No) t t
Z Zf (s K F L b () K (M) 9L~ K (M) DK (M)

K=3 50
where f(L, K) is given by the same as (8-29) for the scalar field, and L is
a positive integer, whereas these operators do not exist in the case of half-
integers. A new SU(2) x SU(2) Clebsch-Gordan coefficient is defined by

J(Mu) s ijx
FJl(Mlyl),Jz(szz) =V Vs /53de YJ%N[@’)Y;Jl(Mlyl)}/}J2(M2y2)'

Since L = 1 is expressed using qi /2(My) only, L > 2 gives new invariant
operators. Thus, the building blocks are summarized in Table B-4.

rank of tensor 0 1 2
i i T i
creation operators VN 43 (vy) T (v
conformal dim. (L € Z>5) | 2L + 2 2 2L+ 2

Table B-4: Building blocks of primary states for the gauge field.

The lowest primary state is given by qI J2(Ny) |0) of conformal dimension
2 with 6 independent components. It corresponds to the field strength F),,,
and the polarization y = =£1/2 represents the selfdual and anti-selfdual
components.

The results for the traceless tensor field shown in Table 8-3 are sum-
marized below. The commutation relation between (), and each creation
mode of cTJ(Mw), dTJ(Mw), and eT](My) is given as follows:

1 1p
1 _ T
[QJV[’CJ(Mlzl)] - 0‘( 2) ZENIQEj(Mlxl),Jfé(fngz)CJf%(Mgzg)7
Ms,z2

n

+ _ im
[QM’ dJ(lel)] - _W(J)ZijzEj(Mﬂ?l),J-‘r%(—M2$2)CJ+%(1V12I2)
Ms,z2
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+
_/8<J_> ZGMQ erl) J—l(—]\/fzmz)dJ—*(Mzmz)

Mz,:rz

Lar +
3
J)ZEM?HJ(]WLM);J(—M2y2)€J(JV[2y2)’
Maz,y2

T _ M t
[QM7 eJ(Mlyl)] = 7A(J)ZGMQH(?(—MQZEQ);J(MIZUI)CJ(M2I2)

]\/Iz,wz

1 Lar +
—C (J— 2) ZeMzDﬂMlyl),Jf%<7M2y2>e.ff%<M2y2>'

Mas,y2

Therefore, only the lowest positive-metric creation mode cl( M) COmmutes
with ;. Moreover, as shown in Table 8-3, this is the only one with an
index of second-rank tensor harmonics.

Building blocks given in a quadratic form with a scalar harmonics index
are given by the following two with L as a positive integer:

L—1
T LN T T
Aln = Z Zx(L’K) EL*K(Mlml)aK(Mz7172)CL7K(1\41:01)CK(M2302)’

K=1Mj,z1;
Mgy,zo

T _ L—-1N i i
AL = Z Zx(L,K E; - K(Myz1),K (Ma,x2) L— K (My21) K (Maas)

K=1Mjy,z1;
Mo ,xo

L—1N T T
+ Z Z L K EL K— 1(M1£E1) K(M2,Iz)deKfl(AflIl)cK(Mzzz)

K=1Mj,zy;
Mo,z

t t
+Z Z (L, K)H %(Mm);mzvrg,yz)CLfo%(MIacl)eK(Mm)
K= 1%212

L—1N T T
+Z > vl K)Dp Y 1(Myyn ), K (May) L— K —1(Mi 1) 6K (Mays)

K=1Mj,y1;
Mg,y2

where z(L, K) and y(L, K) are the same as (8-30) for the conformal-factor
field, and other new coefficients are given by

(2L—2K —1)(2L—2K +1)
w(l, K) =2 LK
f\/ K@K-1)ek13) "R
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@K -1)2K+2)(2L—2K —3)(2L—2K) 1
”(L’K)__\/ (2K +3)(2L—2K +1) I(L’KJ’)'

These operators do not exist if L is a half integer. Also, it is obvious that
L = 1 does not exist. Although L. = 2 exists, it becomes @ ,-invariant
obviously because it is represented by ci (M) only. Therefore, L > 3 gives
new ()s-invariant creation operators.

Furthermore, there are building blocks with indices of first, third, and
fourth rank tensor harmonics. To describe them, introduce new SU(2) x
SU(2) Clebsch-Gordan coefficients of the types "E and "H, which include
at least one tensor harmonics of the rank n. The coefficients of n = 2 are
defined by

omJ (Mz) / *
EJl(lel),Jz(Mzwz) /dQ?’Y}zNIg,) le(Mlml)nsz(MQzQy

J(Mz) * -
HJl(Mlxl) Jo(Mays) — / dfds Y}?Maf) i Jl(lel)v(ij)Jz(szz)’

while the n = 1 coefficients 1B~ ¥ and 'HZM
Ji(Myzy1), Jz(Mzwz) Jl(Mlil) J2(Mayz2)

with V(iy?)

are defined by replacing the first Y Tim

J(Mz)

V) in the above ex-
pressions. The n = 4 coefficients are

4J (Mw) / ijklx

EJ1(M1I1) JQ MQCL‘Q / dQs YJzMw) 'LJJl(J\ilml)Yli2(]\/I2$2)7

4y7d (Mw) / 1 kl*

HJl(Mla:l) JQ(]szyz) / dQ‘3 Y J 'L]Jl(MlIl v(k}/z)JZ(M2y2)

(M=) 3
(Mlibl),JQ(MzéL’z) anq H
are defined by replacing the first ngﬁw) with V(Y7 (k ]f/)lz
Building blocks with a vector harmonics index are given by the follow-

ing with an integer L (> 3):

J(Mz)

. o . 3J
while the n = 3 coefficients °E’; Ty (My1)3 2 (Mays)

' B 1L~ 3 (Ny) 4 o
Bl sy =D 2 E) By R e, K (Maa) K () G (M)
K=1Mj,zy;

Mo,z
L—'—
tE i i
+KZ ME:“’ (L, K) H L(Mya1);K (Mays) L—K— 1 (My21) K (May2)®
1 Mq,zq

Mo, yg
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Building blocks with an index of third-rank tensor harmonics are given
by the following with an integer L (> 3):

i 3 3(Nz) i ol
Dy —L(Nz) Z Zx (L, K) EL ?(Mlll)K(MQIQ)CL K (Myz1) K (Maas)

K=1M;j.zy;
Mg,za

L—'—
3 L—*(NZ) i T
+Z Zw L K H (lel);K(M2y2)CLfoé(lel)eK(szz)'

K=1My,xq;
Mg ,yz

Building blocks with an index of fourth-rank tensor harmonics are given
by the following two with an integer L (> 3):

4 L(Nw) o t
L(Nw) Z Zx (L, K)"E7~ K(Myz1),K (Maxo) L— K (Myz1) K (Mazs)
K=1Mj,xq;

Mo,
4 L—1(Nw) ol ot
L 1(Nw) Z Zl‘ L K EL K(Miz1),K(Maxz) - K(Mix1) K(M2I2)
=1 My,zq;
My 7o

4pL—1(Nw) T ol
+Z Zf’/ (L, K) "By~ 1(]Mlm1)K(Mzzg)dL K—1(Miz1) K (Ma2)

K=1M;j,zy;
Mg, zo

L—'—
AxyL— 1(Nw) -‘— .i.
+Z Zw L K H (Mlzl) K(]V[z’qg) L K**(Mlévl) K(MQ'!JQ).

K=1Mj,zq;
Mg,y
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APPENDIX C

USEFUL FUNCTIONS ON THREE-SPHERE

Spherical Tensor Harmonics on S°

Let us define symmetric-transverse-traceless tensor harmonics (ST? tensor
harmonics) on S2.! First of all, we introduce two coordinate systems repre-
senting R*. One is the Cartesian coordinate system expressed by ## (ji =
0,1,2,3), and the other is a spherical coordinate system expressed by ## =
(2°,2%), where i = 1,2,3 and #° = r = (2Fz;)*/2. In order to distinguish
the indices, the bars are attached to the indices of the Cartesian coordinates.
The R* space is expressed using the metric of each coordinate system as
follows:

ds?y = Sppdafde” = dr? + r?3;;dit i

where 4;; is the metric of the unit S. If we use the Euler angles to represent
the coordinates of S3 as 2 = («, 3,7), the relation connecting the two
coordinate systems is given by

1 1
Y :rcosgcosg(a—kv), z! :7"sin§sin§(oz—7)7
5 1 3 1
x2:—rsinfcos§(a—'y), x3:—rcos§sin§(a+’y).

Spherical ST? tensor harmonics  Spherical tensor harmonics can be
defined using the Clebsch-Gordan coefficient and the Wigner D-function.
In general, the D-function can be expressed using a symmetric traceless
tensor 7y, ..., as

mm’

1 _ _
J A, e R2d (o
D 27" M (T finy Jmm? -

Complex conjugate of the symmetric traceless tensor part is defined by

(Tas - fin e = (D)™™ (T i) —m—m -

I See M. Rubin and C. Ordéiiez, Eigenvalues and Degeneracies for n- Dimensional Tensor
Spherical Harmonics, J. Math. Phys. 25 (1984) 2888.
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Scalar harmonics which belongs to the (.J, .J) representation of the rota-
tion (isometry) group SU(2) x SU(2) (= SO(4)) of S? can be expressed
using the Wigner D-function as

2J+1D:rizm"
Vs

You =
where M = (m,m’). It is normalized to
/ A3 Y5 ar, Yiont, = 60,0000z, Yy = €mYi-mr,
S3

where the second Kronecker delta is defined by dar, ar, = 0myme 6m/1 my, and
enr = (—1)™™ is a sign factor.

Next, consider spherical harmonics with spacetime indices. We first ex-
press it in the Cartesian coordinate system of R*. Vector harmonics which
belongs to the (J + y,J — y) representation of SU(2) x SU(2) with a
polarization parameter y = +1/2 is expressed by

11 _

n _ - = 2 : J+ym ~J—ym’ i
YJ(JV[ZJ) B \/57’ C,]s,%t OJs’,%t’YJS(T )tt/’
S, T

and tensor harmonics which belongs to the (J + x, J — ) representation
with a polarization x = 41 is

o 11 / -
v - J+axzm ~J—xm v
YJ(Mx) T 92 § :CJs,lt CJs’,lt’ YJS(T )tt’7
S, T

where 7;; and 7, are those in the expression of the D-function above, which
are normalized to (77)%  (Tp)nn = 20mn and (7F7)%  (Tao)nn =
49N, respectively. Each complex conjugate is given by
o _ Iz prx v
YJ(My) = _GMYJ(fhly)’ YJ(Ma:) = eMYJ(fM:r)’

and each overall coefficient is normalized to
- 1
/53 dd3 in (Mlyl)YﬂJ2(M2y2) = ﬁaJl J2 §M1M2 5y1y2 )
[LD % 1
/SadQ?’ Y vy Yanda(Mawz) = T76J1J25M1]V1251112~

These spherical harmonics satisfy

Yy = TaY(aey = 0- (C-1)
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The vector and tensor harmonics in the spherical coordinate system are

obtained by performing coordinate transformations as
Oxh Oz Oz
Yusory) = gz Yusouyy: Yavsie) = 520 520 Y (va)-

The equation (C-1) represents that all components with the (= #°) coordi-
nate disappear like 0 = 2/Y; = z# (02" /0z")Y,, = r(0z"/or)Y, =Y,
when transforming to the spherical coordinates. That is, in the spherical
coordinates, they become

Yy =0, Yiluzy = Yiiara = 0,

and only the S® coordinate components survive. Therefore, we can calculate
scalar quantities composed of tensor harmonics using the expressions in the
R* coordinates such as

i 1\ . _ N
Yy, = <2> Y, YPYY, = (4) YUYy,
T T

even if we do not know each specific expression in the spherical coordinates.
This fact is used for calculating their normalizations and the SU(2) x SU(2)
Clebsch-Gordan coefficients.

In general, spherical tensor harmonics of rank n belonging to the (J +
€n,J — £5,) representation with a polarization parameter €,, = +n/2 can be
expressed as

B fin J+enm~J—epm’ 010
Yine,) E :CJS 2y Cyy, ny Yys(mH i ),

and its complex conjugate is given by Y“( o 5“) =(—1)"¢ MY”(1 AZ‘E X

Finally, the Euler angle expression of the vector harmonics obtained by
the above method is displayed as an example. For y = 1/2, it is given by

(2J+2m+1)(2J-2m+1) -1
Ya](M ) — 2[\/ Dme”

(2J+1)V;

v " (2J+2ml+1>(2J—2m/+1)DJ+%
pIOME) = f(2J+1) smﬂ (2J+1)V3 mm!

-~ (2J4+2m~+1)(2J —2m+1) D3
(2J+1)V3 (7

(2J+2m/+1) (2]—2m/+1)DJ+%
’yJ(M ) 2\/’ 2J+1)V3 mm’?
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and fory = —1/2, it is

(2J42m+1)(2J—-2m+1) _j4+1
Yoru-1) = 2\f\/ DTz

2J+1)V; mn’
v o (2J+2m+1)(2J —2m+1) _s4+1
BI(M—3%) = f(QJ—Fl) smﬁ (2J+1)V3 mm/
/ _ /
oy [ @2 D@2 ) s |
(27+1)Vs mm
v (2J42m/+1) (2J—2m’+1)DJ7%
yI(M—) = Q\f (27 + 1)V3 e

SU(2) x SU(2) Clebsch-Gordan Coefficients

The SU(2) x SU(2) Clebsch-Gordan coefficients are defined by integrals
over S® of the three products of the ST? tensor harmonics. The general ex-
pressions of the coefficients other than the type C (8-13) defined in Chapter
8 are summarized below.?

Type D

JM / * i
DJl(Mlyl)Jz(szz) =VVs /SSdQ3 YJMYJl(Mlyl)Y;JQ(sz2)

- \/2J1(2J1 +1)(2J1 +2)2J5(2J2 + 1)(2J2 + 2)
B 2J +1

5 J Jl J2 J Jl J2
% Jot+y2 Ji+wn % Jo—y2 Ji—u

Jm Jm/'
XCJ1+y1m1,J2+y2mQCJ1 —yimi,Ja—y2mb> (C-2)

which satisfies M = M; + M> and triangle inequality |J; — Jo| < J <
Ji + Ja, where J + J1 + J; is an integer, and the equality on the lower side
(higher side) of the inequality holds in the case of y1 = y2 (y1 # y2).

Type E

B Myan) sa(Maan) = V'V /dQSYJM T ) Yid s (M)

2 See K. Hamada and S. Horata, Prog. Theor. Phys. 110 (2003) 1169 in Bibliography.
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B \/(2111 —1)(2J1 +1)(2J1 + 3)(2J2 — 1)(2J5 + 1)(2J2 + 3)
N 2J 41

5 J J1 J2 J Jl J2
1 Jo+xe Ji+x1 1 Jo—x9 J—x1

xCym oy (C-3)

Jit+zima,Jotzome Y Ji—x1m],Jo—xaml

which satisfies M = M; + M> and triangular inequality |J; — Jo| < J <

Ji + Jo, where J + J1 + Jo is an integer, and the equality on the lower side

(higher side) of the inequality holds in the case of 1 = x5 (x1 # x2).
Type G

Gjlk([Mlyl);J2M2 =VVs /SSdQ3 YjMle(Mlyl)viYJzMz

1 \/2J1(2J1 +1)(2J1 +2)(2J5 + 1)
=— 2K (2K +1
- 2

J ] K J K
X (2K + 2
exea {1 % 50 1T 3 aty
<y oy (C-4)

Jityima,Jama ~ J1r—y1m’,Jaml

which satisfies M = M; + M> and triangular inequality |.J; — Ja| + % <
J < Ji+ Jo — 5, where J + Jy + Jo is a half integer.
Type H

JM / * ij =
HJ1(1\/I1$1);J2(M292) = V3 /deQ3 YJMYJf(Mlml)Vi)/sz(ngg)

3 \/(2J1 —1)(2J1 +1)(2J1 + 3)2J2(2J5 + 1)(2]5 + 2)
22 2J+1

x Y 2K(2K +1)(2K +2)
K=Jt3

X{K 1 J2+y2}{K 1 Jz—yz}
1 1 1 1
32 2 3 o 2
T hva Bty [

1 K 7 1
XO§ﬁ$17n1~,Jz+y2mzoj1nirlm'1,Jz—yzmé’ (C-5)

which satisfies M = M;+ M, and triangular inequality |.J; _J2‘+% <J<
Ji+Ja— %, where J+ J; + Jo is a half integer, and the equality on the lower
side (higher side) of the inequality holds in the case of x1 = 2y (z1 # 2y2).
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Product Formulas for Spherical Harmonics on S*

As product formulas involving the J = 1/2 scalar harmonics, the following

are useful:
Y%*MYJN {ZC;II:/'{JJF 1g J+ S+ZCJN] 15Yj S}’
@iY%*M@iYJN { QJZCJN ssYT4is
+(2J +2) ZCJNJ 1s j_;s}, (C-6)
and

1 1af )
* j j*
Y%MYJ(Ny) - /7\/'3 {ZDj(Ny),H;(vy/)YH;(Vyf)
V /

M G

+ Z D J(Ny),J—-3(Vy’ )Y s (Vy)

+i1 S GE VY
2J(2J +2) o I NIS IS (o

Siyx 7.\ _ J*
VY uVi¥iavy) = { 2JZDJ(Ny) T3 VT3 vy

g
+(27+2) ZDJ(Ny) J—3(Vy )YJ—l(Vy)

2 7]\4 P
+m Z GJinvy); JSVJY.]S}~ (C-7)

The product with the tensor harmonics can be expanded similarly using the
E and H coefficients.

Formulas containing Clebsch-Gordan Coefficients and
Wigner D-Functions

The normal Clebsch-Gordan coefficient C'; , 5 has a value when satisfying

the triangular inequality [a — b| < ¢ < a + b and a + 8 = ~, where a,
b, and ¢ are non-negative integers or half integers, while a + b + ¢, a + «,
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b+ 3, and ¢ + -y are nonnegative integers. This coefficient is normalized to

22 00 = Coibi™ = 1 and satisfies the following relations:?

Cc(zl’oyz bB T ( 1)0+b (.Ca a,b—p3 T (_1)a+b—0 Cl():g,aa
2¢c+1 .,
2a+1 ¢

_ (71>b+5

Various formulas containing the Clebsch-Gordan coefficients and the 6
symbols are

Z Caa ,bB 0201 b T 600 67’}’ )
a,p

Z (=) Cp3 aa Chb.as Cdaa o = (=1)¥Hrer L /2c+ 1) (2f + 1)

«,3,6
a b c
x sfy,fso{ e f d }’

P+rt+pto+T b3 cy
Z ( 1) pd) qK qui rp Crp so CSO’ tT tT,p P
b,k,p0,0,T

_ (_1)—a—b—2c—2p—2r—t+a+6 (2(1 + 1)(2d-‘r 1)

XZZ S22 + 1) (2y + 1)

Y £
o ey a b = T e y y c
XCaoc.Lf z&yncynd 5{r D q}{ tor p}{s t T}’
_{yptate a b =z o bowl _Jacoa

and so on.
As formulas containing the Wigner D-function, there are the following:

D]*L/:( l)m mD]

mm —m—m’s
J
Jx J —
E Dmlm,szm = Omyma>
m/'=—J
Jl* J2 — V3 S
Asdﬂg Dmlm’lezmé = 20, + 1(5J1J26m1m25m’1m

3 For the following formulas, see D. Varshalovich, A. Moskalev and V. Khersonskii, Quantum
Theory of Angular Momentum (World Scientific, Singapore, 1988).
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Ji+J2
Jq Jo _ Jm Jm’ J
Dmlm szmfz - Z Z CJ1m1,J2mQCJ1m1,J2m' Dmm )

J:‘Jlf.]ﬂ mym/

O3D7 =4 {6% + cot 305 + v (92 — 2cos SO0y + 82)} mm!
sin

= _4‘](‘] + ) mm/>»
Z Z OJ1WL1,JQmQOJl’nL/l,JQ’n’LQD'r{;Im Dr{fg 6JJ'{J1J2J}Dmm )

my,mjma,mh

Kn K'n'
E E E CKn IgmgCJlml,ngQC 'n’ ng/ CJlm/l,sz/z

mi,my me,mfH ms,my

XD;vlmllm'lDiLsz/zDr{f my = 5JJ/5KK/{Jp]gK}{KJgJ}Dmm y
where all the D-functions have the same arguments «, 3, and ~y. The 3j-
symbol {.J; JoJ5} is 1if J; + Jo + J3 is an integer and |J; — Ja| < J3 <
J1 + Jo, otherwise disappears. In addition, it is invariant with respect to
permutations of Jq, Js, and Js.

The specific expressions of the Wigner D-function of J = 1/2 and J =
1 in terms of the Euler angles are given as follows:

D% . CcoS ge_%(o‘—i_'}/) —singe_%(a_w
mm sinez(@=7)  cos Zes(at) ’
Itcos f o—i(aty) _sinf —ia l=cosf —i(a—ry)
2 V2 2
1 o sin 8 —iry _sinf iy
Dmm’ - V2 € cos ﬁ 2 ¢
1-cos B i(a—v) sin 8 iax 14cos B i(aty)
2 V2 2
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APPENDIX D

ADDENDA TO RENORMALIZATION THEORY

Useful Formulas in Dimensional Regularization

Renormalization calculations are done after Wick-rotating to Euclidean space
in advance. In that case, all spacetime indices are written with subscripts,
and the same index is contracted by the Euclidean metric ¢,,,,.

The integral in D-dimensional Euclidean momentum space is given by

/ dPp = / PPl dp / A, (0 = pupn)

27T'D/2

/dQD_/Hme 0o = Sy

Basic integral formulas The basic form of the momentum integral
appearing in dimensional regularization is

JECNEI YA T I

2m)P (p* + L)*  (4m)P/2T (§) D(a) ’

whose integrand is a function of p? only. If Py, 18 included in the integrand,
rewrite the integral to the basic form such as

P dP
/# pupuf(p?) = %fﬁw (%)pD P’ (),

de 1
/(27T)D PupvpAPo f (D7) = DIGES) (640070 + 6ur0uo + 0,00u)

D
X/(Z)Dpf( %).

If the integrand has an odd number of p,,’s, it vanishes. In general, we obtain
/ d%p (p*)"(p-1)*"
2m)P (P2 + L)~
1 D D
P(m+ i)r(n—f—m—’_?)]‘—‘(a_n_m_ 7)L§+n+m—a.
(4m)P/2T (3) T (m+ 3) T(a)

— (12)m
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Feynman parameter integrals More complex integrals that appear in
renormalization calculations of self-energy diagrams and vertex functions
are evaluated by rewriting them using the Feynman parametrization

1 Lla+pB) [! (1 —z)>1gh-t

2B~ T(a)T(B) Jy ™0 —2)A + 2BJo+P

into a form in which the basic integral formula can apply.

For example, consider a combination of A = p?+2%and B = (p+¢)*+
22, which appear in various self-energy calculations, where 22 corresponds
to a mass term. In this case, we obtain the following:

/ de f(pm QV)

2m)P (2 + 22)2((p + q)2 + 22)P

_La+p) [ e[4Sl — 2 a0)

- T(a)T(B) /0 de (1 - ) /(QW)D P2+ 22 + o(1 — 2)g?o+p

In vertex-function calculations, we repeat this procedure.
Evaluation of divergences In dimensional regularization, we take D =
4 — 2e¢, then ultraviolet divergences are extracted as poles of €. At that time,

1 € 72
I'(e) = - -7+ 5 (72 + 6) + o(e?),

a¢=eM =1 +elna+ o(e?),
are used, where as examples of a, there will appear a square of momentum
p?, an infinitesimal 22 for handling infrared divergences, and so on.

Gamma matrices formulas Define the Dirac’s gamma matrix in the
D-dimensional flat Euclidean space as

s} = =204, tr(1) = 4.

Various formulas of the gamma matrix used in dimensional regularization
are as follows:

YAy = —D, VYA = (D — 2)7,,
MYV IA = —(D = 4) 7Y + 46,0,
Vi Yor = Yuwrx = O YA + 0un Vs
VorVu = Yoru T O Yn — Opr Vv,
YuVwro = Yuvro = OpvYro + 0ur Voo — OpoVvrs
Yoro Vi = Yorou = O Yro + 0uxVvo = OpoYur,
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where completely antisymmetric products of the gamma matrices are de-
fined as v = [V %l/2, Yor = (Y ya + antisymmetric)/3!, and
Yurre = (Yu VYA Ve + antisymmetric)/4!.

Examples of Renormalization Calculations in QED

Renormalization calculations are shortly described by taking the self-energy
function of the U(1) gauge field as an example. Strict discussions on the
effective action using the Legendre transformation refer to field theory text-
books. Here we perform loop calculations in Euclidean space. One of the
advantages of doing so is that troublesome imaginary units do not appear,
and thus it is only necessary to pay attention to signs and coefficients, and
integrations can be performed immediately. The partition function is given
by the path integral Z = [ e~Saep and its effective action I' = — log Z is
simply expressed as follows:
— 1

D= —e%| = Z ! (=Sin)" [ 1pp

n=0

where Si,; denotes interaction terms, including counterterms. The 1PI re-
striction which corresponds to taking the logarithm of the partition function
is that for all possible one-particle irreducible diagrams, Wick contractions
are taken, that is, connected by propagators. The 1PI connections are rep-
resented by Feynman diagrams, but Feynman rule is not introduced here
because it differs from person to person. Moreover, since the symmetric
factor is included as long as all possible Wick contractions are taken into
account, we do not have to worry about it.

Figure D-1: One-loop and two-loop self-energy diagrams of the U (1) gauge field.

First of all, we write the QED action Sqgp in momentum space. Define
Fourier transform of the field as f(z) = [[dk]f(k)e’*™, where [dk] =
dPk/(27)P, then the kinetic terms are given by

S4 = /[dk] %A#(k) (k26,0 — k) Ay(—Fk),
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St = [ bl G0,

where } = 7, k,. The interaction term is
Su = =2 e [R50+ 1+ ) F0, 0 (DA,

where §(k) = (2m)P§P (k). The counterterms SF; = (Z3—1)SA +(Z2—
1)Sffm and S¢ = (Z; — 1)S, are also added to Sips.

From the kinetic terms, the propagators are given by

(Au(K) AL (k) = k—lz <6MV —(1-¢) sz”) S(k' + k),

WD) = S5k + k) = L 5k + ),

where ¢ is a parameter associate with the usual gauge-fixing. In order to
avoid mistakes in coeffcients, the delta functions are left.

The effective action for the one-loop self-energy correction in Fig. D-
1 is obtained by Wick-contracting all of the others with leaving only two
gauge fields as follows:

1

2
9l (=5v) ’1PI
1

= —i,u‘l_DeQ / [dk'dl'dp|[dkdldp) 5(K' + 1" + p') 6(k + 1 + p)

< (=1) tr[(D (O (E) 7 (0 (1)1 (k)7 ] Ay (P Au (p).-

@ —

In this example, there is only one type of Wick contraction, thus the over-
all factor remains 1/2!. The operation of (—1)tr is a loop factor caused
by moving (1) from the right end to the left end. Assigning the fermion
propagator yields

4D g2 L +p

ra _ # o /[dp] A#(—p)AV(p)/[dl] Wtr['ywﬂ%%l
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Expressing the effective action as'

D) = | ldp] 54024 ()T ),

and expanded with e after setting D = 4 — 2¢, the one-loop contribution is
obtained as follows:

8e? D D D p?\ 272
Wy = 5 e D AYETENS
F#u(p) (471')?F<2 2>B(272>(p 5#1/ p#pl/) <M2>

eso a [41 4 p? 20 9
20 2 f21 2 iog (2) + 2L (52, — pup)
471'{36 3°g(u2 + 00w = pup)

where o = €2 /47 and 1/€ = 1/€ — v + log 4m. Thus, in order to remove
the ultraviolet divergence, we find that the renormalization factor should be
Zs — 1 = —(«a/4m)(4/3¢), where the minimal subtraction (MS) scheme
(subtracting only poles) is adopted.

The contribution from the two-loop diagram in Fig. D-1 is given by
—S2/41. In addition to that, there are contributions from (S, + Sf; )3/3!
and — (S, + 5¢)? /2! including one-loop counterterms. Diagrams including
the counterterms are not depicted here. Writing only the result obtained by
adding these contributions, it is given by?

r@) = - {2 4105 () + const. | (p% )
= - —4log | — const. v — Pubv) -
Hv p ( 477)2 € g ,LL2 p 12 pllp
Note that double poles disappear in this case. Therefore, the renormalization
factor up to o(?) is determined as follows:

4 al a? 1
Zy=1--22 9 .
3 34w e (4m)? €

1" A two-point correlation function of the gauge field is given by
(Au(P)Av () = Au(p)Au(@)e™ 1% |ick conraction

= Ay (9) Au (@) [T (A)] ik commetn = 50+ q)%% T ()]

Therefore, fFHV(p) corresponds to a correlation function (truncated Green’s function) with
propagators from external lines removed. The same is true for multipoint functions.

2 For details, see C. Itzykson and J. Zuber, Quantum Field Theory (McGraw-Hill Inc, 1980),
Chap.8-4-4.
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The renormalized effective action is then given by

ren 4 «Q 012 p2
18 1§55 ()}

where the first term is a contribution from Skm,
on « are disregarded.

and local terms that depend

Renormalization of Composite Scalar Fields

Renormalization of composite fields using dimensional regularization is de-
scribed by taking the \p®*-theory as an example.® Its Euclidean action is
given by

1 A
S = /d x ( ;A@Oap,@o + §mg<p(2) + 4(')903> :
Ordinary renormalization factors are defined by

o = Z;/ng, mg = Znm?, Ao = ,u4*DZ>\)\, (D-1)

where g is an arbitrary mass scale to compensate for missing dimensions.
The beta function and the mass anomalous dimension are respectively de-
fined by

o dm?

dA =
rs=p—=D-HA+Br,  Tm=-—

du m2 dp
where 3, and ,, are functions of \ only.

Letting pd/dp act on the definitions (D-1) while be aware that bare
quantities do not depend on the arbitrary scale y, the renormalization group
functions above can be expressed using the renormalization factors as ) =
—Mud(log Zy) /dp and 7, = pd(log Z,y,)/du.* The anomalous dimension
of the field is also defined as v = ud(log Z}D/ 2) /du, where ¢ satisfies

3 See L. Brown, Dimensional Regularization of Composite Operators in Scalar Field Theory,
Ann. Phys. 126 (1980) 135.

* Expanding as log Zy = .00, fa(A)/(D — 4)" yields By = —A29f1/0X and
AO frg1/ON + BrO fn /0N = 0.
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ude/du = —~p due to udeo/dp = 0.° Each value is calculated as

_ A2 17 N3 .
6)\—3(47")2_?(47‘_)4"'0()\ )7

1 A2 . A5 A2 .
Y= e oA = g gy oY)

Note here that B \» Ym, and y are finite functions of A only, whereas ) has
a D — 4 dependence, and thus its inverse 1/ has poles when expanded in
the coupling constant (see the expansion (D-5)).

A N-point correlation function of the renormalized field ¢ is defined
using the path integral as

N N N
<H¢@»:Zﬁ/wd]%@ns. (D-2)
j=1

j=1
Normal product [p?] First, consider a normal product of the field
squared. This finite operator is related to the square of the bare field as

follows:

P = Za[¢?, (D-3)

where Z5 is a new renormalization factor. Once the factor is known, it is
possible to calculate the anomalous dimension of [p?] as

d
0= ,u@ log Zs,

and thus the composite field satisfies pd[?]/dp = —3[p?].

The renormalization factor Z5 can be determined from the condition that
[¢?] is a finite operator. For example, consider the condition that correlation
functions of the renormalized field including one normal product is finite
such as®

([¢*]¢y) = finite.

Concretely, expressing [¢?] by the product of ¢ using (D-3) and (D-1) yields

D
(0 = 22, | (;fr)lD ok — 1)

5 The dimension of the field ¢, including its canonical dimension, is given by A, = (D —
2)/2 + ~. The behavior in correlation functions due to the anomalous dimension becomes
(p?/12)7/2 in each field.

6 Note that correlation functions between normal products are not finite in general.
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Figure D-2: Three-point functions including [©?], where the right is a quantum
correction.

in momentum space, then the correlation function ([¢? (k)] (p)p(q)) is cal-
culated as

D
22, | éﬂl[,ww(k ~De)ela)

2 . A1
Prmd) @ rm?) 2 Z“’{” <47r>2D—4}'

The four-point correlation function is calculated as in Fig. D-2, where a
double line represents the composite field. In order for poles to cancel out
so that the right-hand side becomes finite, with attention to Z, = 1+ 0()\2),
the renormalization factor Z5 has to be

A

1
Zy =14 —5—— 4.
2 +(47T)2D—4+0()\)

= (2m)P6P(k+p+q)

In this way, Z5 can be obtained for each order.
On the other hand, we can determine Z5 without doing such calculations
in the case of the Ap®*-theory as follows. First, note that
9 OF 2 O\g OF 28m0 oF 2 BF

"o T amiang " amzomZ  "0om

holds for any function F', where d\g/0m? = 0 and Om3/Om? = m3/m?
are used. Therefore, considering the finite correlation function (]| ¢) as F,
we get

g (IT0) = i (TTe) = [P (~gm3 @ [T o).

Since the left-hand side is obviously a finite quantity, the right-hand side is
also finite. This indicates that mZ¢32 is a finite operator. In other words,
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noting that m2¢? can be generally expressed as m?[p?](1 + >_ poles), the
finiteness shows that the poles strictly disappear. Thus,

mg ¢ = m?[y?]
holds. From this relation, Z5 can be determined as

m2

Zo=— =2,".

my

Therefore, we find that the anomalous dimension of the composite field [¢?]
is given by

A 5 A2

= = 2 2

(4m)%2 6 (4m)?

Normal product [¢*] Next consider a more complicated normal prod-

uct [p*]. In this case, unlike [©?], we have to consider mixing with other

operators with the same dimensions.
One of the field operators to be mixed is the equation-of-motion field,

which is defined by

+0(\®).

]

S A
Eo, = Sﬁoa = ©o {(—82 +m(2)) o + 3(;%08} .

Inserting Ey,, into the correlation function yields

N ~ N 5
<E0W(x) H <p(mj)> = —Zgﬁ/dwo H @o(xj)%(x)mefs

> 6P (@ —ay) <H <P($j)> :

Jj=1

The first equality can be found immediately by assigning the definition of
Ey,, to the correlation function (D-2). The second equality is derived by
moving 0 /g by performing partial integration and using dpo () /dwo(x)
= 0P (z — ;). In doing so, note that as a significant feature of dimensional
regularization, contributions from the derivative at the same point disappear
suchas 67 (0) = [ dPk = 0. As mentioned in Chapter 9, this property indi-
cates that dimensional regularization does not depend on how to choose the
measure of the path integral. Since the right-hand side of the above equation
is a finite quantity obviously, the left-hand side is also finite. Therefore, Eq,
is one of normal products and can be denoted as

Eo, = [Eso] .
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Moreover, we can see that its volume integral [ d”x [E,,] becomes the num-
ber of the fields, IV, in the correlation function.

The normal product [¢?] generally has the following structure in consid-
eration of mixing with other possible operators:

4-D
" 1 1
41 [@4] = (1 + Z poles) Icpé + Zpoles §mggo(2)
+ Z poles Eo, + Z poles 9% 2. (D-4)

In order to determine the unknown pole parts, consider a quantity ob-
tained by differentiating the correlation function by A below. From renor-
malization group equations pud\g/dp = (4 — D)\g + Br0No/OX\ = 0 and
pdm3/du = Br\Om2/OX — vmm?Omi /Om? = 0, we find that quantities
obtained by differentiating the bare constants by A are

B)\O_D—4)\ omg Ym m2,
xN B T

From these, the derivative of the action S by A is given by

as p [foyml o o D—41 4
a—/d l{ﬁ)\zmowo‘i’ﬁklﬂ)\o(po .

Here, since the bare field g is an integral variable, the differentiation by A
passes through it. With this and 0(log Z;,/Q)/a)\ = /B, we can calculate

I(TTY, o(a;)) /0N as

D—41 1 N
<_/de{ B e+ g g }H xj>

The volume integral of the last Fy,, is a replacement of /V. Since the above
quantity is finite, the inside the braces is also a finite quantity up to derivative
terms that vanish in the volume integral. Noting that

—1)" ([ f
1
> o (3]
we can see that the inside the braces has the structure (D-4) of the normal

product [¢?]. Therefore, identifying it with y*~P[p*]/4! except a total di-
vergence term, we obtain

D — 4 1
By A

(D-5)

4—D

WP Do 41 Y 1 Z7'
T (9

4! [(P ] ﬁ)\ ﬁ)\ O0p — ﬂ 9007
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where d in the last term is a function including poles, and Z5 !is introduced
for later convenience. This d is a function not determined by the above
method.

Differentiating the normal product [¢*] by 1, we get

L1 = -S40 + 4P 2 Ly

dp N ax 2w
%] B d(Zy 'd) 20 2

where pd(1/8x)/dp = —(1/Bx)(0Bx/ON), pdym/dp = Br(Oym/ON),
and pdy/dp = Bx(0v/0N) are used. For the right-hand side to be finite,
the coefficient before the last 9?[p?] must be finite. If it is expressed as
Z20(Zy *d) /ON = /), d can be written as

A
¢
d:Z/ i 9
*Jo X Z

Noting also that 9(log Z2)/O\ = §/8x = —7m/ B, we find that d satisfies
a differential equation (0/0\ + v, /5x)d = (/. The last remaining ¢ can
only be determined by directly computing correlation functions including

[¥*].

DeWitt-Schwinger Method

The DeWitt-Schwinger method is a widely known technique used when
calculating one-loop effective actions in curved spacetime.’ It is briefly
described here using the kinetic term of a scalar field in curved space-
time as an example. Consider Euclidean space, and let the action be [ =
(1/2) [ d%z/gpK p, where the dimension d is an even number and the dif-
ferential operator is defined by

K =-V?+¢R.

The conformal coupling is given by £ = 0 in two dimensions and £ = 1/6
in four dimensions.

7 In addition to books of quantum field theory in curved spacetime listed in Bibliography, see
also, in two dimensions, O. Alvarez, Theory of Strings with Boundries: Fluctuations, Topology
and Quantum Geometry, Nucl. Phys. B216 (1983) 125. For studies containing higher-order
derivative terms, see A. Barvinsky and G. Vilkovisky, The Generalized Schwinger-DeWitt Tech-
nique in Gauge Theories and Quantum Gravity, Phys. Rep. 119 (1985) 1.
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The effective action is given by

r= —log/[dgo]ge_I = —log (det K)™'/%.

This can be rewritten in an integral representation as

—log (det K) :/ %Tr (e7*%),

S

where ¢ is a ultraviolet cutoff, and Tr(A) = [ dz,/g(z|A|z), (z]y) =
6%(z — y)/\/g. Therefore, a conformal variation of the effective action is
given by

1 o0
o0, = f/ ds Tr(éwKe*SK) .
2 €
The conformal variation of the differential operator /' can be written as
0K = —2wK + 6L,

where
SL = —(d - 2)V*wV, —2¢(d — 1)Vw.

Using this expression, we obtain
> 0 —sK 1 > —sK
0 = [ ds— [Tr (o.;e )] + = | ds'Tr (5Le )
. Os 2 /.

1 1
=-T Ky L " Ty (6L = ). -
Y (w e ) + 5 by ((5 ) (D-7)
The first term of (D-7) can be written as — [ d%z/gw(z|e~¥|z). The

integrand is obtained from G*)(z,y) = (x|e~*X|y) called the heat kernel,
which is a solution of the following heat conduction equation:

0
(s) —
<88+K>G (z,y) =0,

which satisfies an initial condition lim,_,o G*)(z,y) = ¢(z — y)/\/3.
From this, the DeWitt-Schwinger method is also called the heat kernel method.
Assuming that the parameter s is small, the heat kernel at the same point is
expanded as

1 1

GO w0) = o

(1—|—sa1—|—32a2—|—-~-).
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The contribution from the second term of (D-7) disappears when § . =
0 in the case of the conformal coupling in two dimensions. On the other
hand, when the conformal coupling in four-dimensions (¢ = 1/6), terms
including differentiations of the two-point function (z|K ~!|y) at the same
point appear, such as (1/2) [ d*z,/gwV?(z|K~'|x). It seems that this term
is in the form V2R, but its regularization is difficult, and it will remain
arbitrary in this method.

First, we find the coefficient a; of the the heat kernel when d = 2
and £ = 0. In two dimensions, since the traceless tensor field can be
eliminated by using gauge degrees of freedom, we can consider only the
conformal-factor field ¢, and thus the differential operator can be written
as K = —V? = —e72%92. Let us take coordinates that are locally flat at
the origin and put ¢(0) = 9,¢(0) = 0 (¢ = 1,2). Expand the differen-
tial operator around the origin and decompose it into the flat space Lapla-
cian operator and a potential term V = —x%2°9,0,$(0)0? + o(x?) so that
K = —0% — V. The heat kernel in the flat space is given by

L w2,

Gy (ayy) = o

and the heat conduction equation is solved by the integral equation G =

Go + GoVG. Solving it sequentially, the first two terms of G*)(0,0) are
given as follows:

G{(0,0) + / &’z / ds' G8 (0, 2)V (2)G{ (2, 0)
0

1 s —z2/4(s—s') —x?/4s'
=T 8a8b¢(0)/ ds'/de £ ettt
0

47 dm(s — s') 4ms’!
1 1,
=T 12000

Here, the volume integral of the coordinates x® is concentrated on the origin
at s — 0 due to the structure of the heat kernel. Evaluating the volume
integral and the s’-integral produces a finite value independent of s. Since
the curvature at the origin can be written as R(0) = —29%¢(0), the heat
kernel coefficient a; in the case of the two-dimensional conformal coupling
is given by

1
a; = ER

Because of ,I' = — [ d*x.,/gway /4w, we find that the coefficient of the
conformal anomaly defined in (5-1), namely, the central charge of a scalar
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field is given by ¢ = 1 (by, = —1/6). Note here that the sign of the whole
action is reversed in Euclidean space.

Similar calculations in four dimensions are difficult because it is impos-
sible to classify necessary terms merely by the dependence of the conformal-
factor field. Here we only present the results of a; and as calculated with
any &, which are given by

a1 — (é—&)R,

L L LD N 1L
@2 = 1gg e 180RW+2<6 §>R+6<5 5>VR’

The finite part of the first term in (D-7) at d = 4 is given by J§,I' =
— [ d*xz\/gwas/(4m)?, and thus the conformal anomaly coefficients (5-6)
derived from a scalar field with the conformal coupling £ = 1/6 are found
tobe ¢; = 1/120 and (3 (= —b.) = —1/360. On the other hand, the deriva-
tive term (3 cannot be determined by this method because of the unknown
part already mentioned.

Dynamical Triangulation Method and Quantum Gravity

The relationship between a simplicial gravity based on dynamical triangu-
lation and quantum gravity is briefly mentioned here. The former method
is defined by summing over all possible lattice manifolds made by bonding
simplices.

In two dimensions, we consider random surfaces made by gluing poly-
gons (mainly triangles and quadrangles). Let the number of polygons be
N5 and denote possible ways of the gluing as 75. Then we examine the
following partition function:

Zsca(N) = ) D e = 5 Qe

N>=0 T2 N2=0

where Q(N2) is the partition number of possible surfaces with N, polygons.
This is known as a statistical model in which a second-order phase transition
occurs. Denoting the critical point by A = \¢, the partition number behaves
in the large N as

A3 AN,
Q(NQ) ~ N2° e s

where fys(tz ) is a constant called the string susceptibility. Assuming that an
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area of each polygon is one, Ny is an area of the surface made by gluing,
and therefore \ acts as a cosmological constant to control it.

Introducing a scale a corresponding to lattice spacings, two-dimensional
quantum gravity is then derived by taking a continuum limit that Ny — oo
at the same time as a — 0 while retaining (A — A¢)/a? — u at the phase
transition point, where 1 is a physical cosmological constant.

Figure D-3: A random surface constructed by gluing quadrangles. Its dual is given
by a vacuum Feynman diagram of the matrix model with a four-point interaction,
where a double line denotes a propagator of the matrix.

In two dimensions, the above partition function can be analytically cal-
culated using matrix models. Consider, for example, a zero-dimensional
path integral over a N x N Hermitian matrix M with a potential term
gtr(M*) as well as a kinetic term tr(M?)/2,

l p -
Fn(9) = 373 log /dNM o—tr(3M24gM*)

Each four-point interaction in Feynman diagrams corresponds to a quadran-
gle, and a vacuum diagram with N interactions is identified with a compact
random surface with area Ny (see Fig. D-3). Various vacuum diagrams rep-
resent how quadrangles are connected, that is 7.8 Topologies are classified

8 An odd-point interaction gtr(M3) which corresponds to a triangle can be considered as
well. Although it is generally ill-defined because it is not bounded below, the path integral can
be actually defined at N — oo for the reason mentioned soon below. At the critical point, it
belongs to the same universality class as the four-point interaction.
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with 1/N? expansion, and the lowest is planar Feynman diagrams that give
random surfaces of S? we consider here.

Since the path integral is zero-dimensional, it can be evaluated exactly
and vacuum Feynman diagrams can be summed over at all orders. The
second-order phase transition point g.. is defined as a point where analyticity
of g is broken. In general, for finite IV, it is analytic for g > 0 where the
potential term is bounded from below. However, taking the limit N —
o0, contributions from the N x N matrix integration measure dominate, so
that the analyticity extends to the negative region and the breaking point
appears at a value g. = —e*".? This negativity is essential when identifying
limy o0 F(g = —e) with the simplicial gravity partition function above,
and its continuum limit can be taken at g.."

On the other hand, in two-dimensional quantum gravity, we can calculate
the behavior of the partition function in a large surface area by focusing the
zero-mode ¢q of the Liouville field. The ¢(-dependence of the Liouville
action except for the cosmological term is given by St, = b, x¢o, and when
fixed the value of v, = e“%0, the partition function has the following v-
dependence:

/d¢0 e—bLX¢0§(ea¢o —vg) ~ v;lbex/Oé’

where o = 7 is the Liouville charge (6-13) with A = 0 and Y is the Euler
characteristic. Noting that vo ~ N5, we can see that the string susceptibility
is expressed as 75(3 ) =9 br,x/c. Considering y = 2 of spherical topology

and letting the central charge of CFT coupled with gravity be ¢y yields

1
P =2+ 5 {em -2 - V@5 -l -}

This is consistent with the analytic solution of the matrix model. Here,
matrix models with the central charge like the Ising model are constructed

° The path integral can be rewritten in terms of N real eigenvalues \; of M. The measure is
then expressed as [ ]; dA\; AZ()), where A()) = [Ti<i<j<n(Ai = A;) is the Vandermonde
determinant. Exponentiating the determinant factor, logarithmic interactions are generated. See
E. Brezin, C. Itzykson, G. Parisi, and J. Zuber, Planar Diagrams, Commun. Math. Phys. 59
(1978) 35; D. Bessis, C. Itzykson, and J. Zuber, Quantum Field Theory Techniques in Graphical
Enumeration, Adv. Appl. Math. 1 (1980) 109.

10 See Footnote 9. For the continuum limit, see E. Brezin and V. Kazakov, Exactly Solvable
Field Theories of Closed Strings, Phys. Lett. B236 (1990) 144; M. Dougls and S. Shenker,
Strings in Less Than One Dimension, Nucl. Phys. B335 (1990) 635; D. Gross and A. Migdal,
Nonperturbative Two-Dimensional Quantum Gravity, Phys. Rev. Lett. 64 (1990) 127.
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by increasing the number of matrices to introduce spin degrees of freedom
on random lattices and considering couplings between them.!!

This method can be generalized to any integer dimension. In four di-
mensions, we will make a four-dimensional manifold made by bonding 4-
simplices. Unlike the two-dimensional case, it is difficult to draw it in dia-
grams, but it is possible algebraically. Let V4 be the number of 4-simplices
representing the total volume and N, be the number of 2-simplices con-
tained therein, and denote possible ways of the bonding of N, 4-simplices
as 7. The partition function is then defined by

No—raN. N
Zsqa(ka, Ka) E g efziam i — E Q(ka, Ng)e™ 44,

Ny Ta

where k9 corresponds to the square of the Planck mass and 4 is the cosmo-
logical constant. Assuming that the second-order phase transition occurs at
kg = K§(k2), the partition number will behave as

Q(k2, Ny) ~ NZif)iBCKZ(K[Z)N‘L,

where WS(;L ) is a four-dimensional version of the string susceptibility. Al-
though the existence of the second-order phase transition point is non-trivial
in four dimensions, its existence is numerically suggested in a system in
which matter fields are added (see Fig. D-4).12

A prediction from the asymptotically background-free quantum gravity
in four dimensions can be derived from the behavior of the zero-mode ¢ of
the conformal-factor field as in the case of two dimensions. The zero-mode
dependence of the Euclidean action at the ultraviolet limit where the cou-
pling constant ¢ disappears is given by Sypqa = 2b.X¢o — k26?0 R, where
‘R is the Ricci scalar part other than the zero-mode and S is the Riegert
charge (7-36) of its operator. Therefore, the v, = e*?° dependency of the
partition function is found as follows:

/d¢0 oxp (=2bex o + r2e”R) §(e*% — vy)

v4—1—2bcx/af(n2vf/a)’

I For the Ising model, see V. Kazakov, Ising Model on a Dynamical Planar Random Lattice:
Exact Solution, Phys. Lett. A119 (1986) 140; D. Boulatov and V. Kazakov, The Ising Model
on Random Planar Lattice, Phys. Lett. B186 (1987) 379.

12 See S. Horata, H. Egawa, and T. Yukawa, Grand Canonical Simulation of 4D Simplicial
Quantum Gravity , Nucl. Phys. B (Proc. Suppl.) 119 (2003) 921.
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Figure D-4: The phase transition point x§ and its k2-dependence in numerical
calculations when the number of matter fields is Nx +62/N 4. Below the X mark, the
susceptibility becomes negative and a second-order phase transition point appears.
[K. Hamada, S. Horata, and T. Yukawa, Focus on Quantum Gravity Research (Nova
Science Publisher, NY, 2006), Chap. 1.]

where « is the Riegert charge (7-35) of the cosmological term operator.
From this, the susceptibility is expressed as %?f ) = 2—2b.x /. Considering
topology of four-sphere $* with y = 2 yields

A9 = (b + /b2 — 4b, ) (D-8)

In Fig. D-5, the numerical result for wéf ) that has been calculated with

sixteen thousand 4-simplices is compared with the prediction from the con-
tinuum theory. The values of b;’s shown in the figure are calculated using
the measured 'y( )’s through the expression (D-8) in which b, is replaced
with by. It indicates that the results are in good agreement. Since the value
of b, in the continuum theory (7-5) is given by b. = 0.00278( Nx +62N 4)+
4.27, the by can be thought of as b, with a small negative correction of o(#?)
added, where Nx and N4 are the numbers of scalar and gauge fields, re-
spectively. The point to note here is that the matter field dependence appears
correctly with the non-trivial combination of Nx + 62N 4 predicted from
the conformal anomaly.
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@@ Grand—Canonical Method
— b, =0.0030(3) (N, + 62N, )+3.98(3)

N,=10

0 50 100 150 200
N, +62N,

Figure D-5: Numerical results of the susceptibility 7.;’. The values of b’s are
calculated using the measured ’yéf Vg through the expression (D-8) predicted from
the continuum theory in which b, is replaced with b;. The solid line is the best fit of
by as a function of Nx + 62N 4. [K. Hamada, S. Horata, and T. Yukawa, Focus on

Quantum Gravity Research (Nova Science Publisher, NY, 2006), Chap. 1.]
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APPENDIX E

ADDENDA TO COSMOLOGY

Sachs-Wolfe Effect

Calculate an energy shift by gravity of light which is emitted from sender
i and observed by receiver f. Electromagnetic waves are expressed as
F,, = Re(4,,¢"), in which the amplitude A,, changes slowly com-
pared to the phase part e . If waves under consideration have a wavelength
shorter than length of gravitational changes, we can do such a separation ap-
proximately. In this case, moving of planes with a constant phase describes
the propagation of light.

Since the geodesic of light is conformally invariant, the square of the
scale factor a = e is factored out and the line element is expressed by
ds? = a?do? as in Chapter 13. Linear perturbations are here expressed as'

do? = Gudrtde” = (N + M) datda”.

Letting A\ be an affine parameter for the line element do?, a null vector in

' uf
A
w - 15 } ASf
n
Asi{
(
sender receiver

Figure E-1: Light path from sender i to receiver f.

! Unlike the metric G for the traceless tensor field, G,,,, includes the perturbation ¢ of the
conformal-factor field as well (g = a2G0).
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the propagation direction and its geodesic equation are given by

daxt
nt = C.lr)\ 3 guunun’/ =0,
dn*
% + It 5 (G)nn” = 0.

Then, planes with a constant phase can be described as

P (" +ntAN) =y (V) = n“%zo.

Moreover, from the null condition, we can describe it as

oY y
darn — NG
where K is a proportionality constant.
Consider another plane with a constant phase that is transmitted with a
slightly delay as shown in Fig. E-1. Writing the proper time as s, a phase

difference is expressed as

o dat np

A= — —As = —u'A

¥ ozt ds 0 ant °%

where ut = dx*/ds is a four-velocity of the sender or receiver satisfying
guvutu” = —1 (13-1). Therefore, denoting a frequency of light as v, an

energy shift between the sender and the receiver is given by

A
B_u_ % Gurey .
E oy ﬁ—i (Guonru?);

In the absence of the perturbation, since the null vector is n=1,n'n; =1
and the four-velocity is u* = (1/a,0,0,0), this results in E¢/E; = a;/a¢
that represents the red shift.

Let us calculate the energy shift in the presence of the linear perturba-
tions. From the geodesic, writing the null vector containing the perturbation
asn# = (1,n) 4 on* yields

dont
d\

1
—(_ 1% - a, B
= ( 8(0‘7{6) + 23“7{&5) n*n”.
The first term of the right-hand side can be easily integrated using

d(H"nP)  dH" dx®
8 _ BB _ woaB Ky B
N N n N O H i (OuH B)n n”,
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which holds within the linear approximation. Then, we get the following
expression:

1 f
ol = —H [ + 3 / AN (9" Has) non”. (E-2)

Letting the current background temperature be 7 and writing an observ-
able temperature as T' = T /a + 07T, the following relation holds:

T a; 0Ty 0T a; 1dpy|f
Ti af<+Tf Ti) af(+4pvi7 =

where p, o T* is used in the last equality. Assigning the 0-component of
(E-2) and the relation (E-3) into the energy shift equation (E-1), we obtain

Ef Qa; 1 f
-t _ 1 — Zhoo — i hz i 60
o) af{—i—[(p 5100 (vi + o)n—i—nL}
T; 16p 1 . f
S8 R e —h i + hog) n' — on®
T; f

1

1 ) .
= — — _DY . b, i _ 1_71
Ti{1 {41) + O,V + T <1>+an}

f
+ / X (0, ¥ — 0,® + 9, in' — 9, b n'n?) }

where V? is a velocity of baryons as the sender or receiver. Because of
E¢/E; = Tt/T;, the inside the braces becomes unity. Especially in a scalar
component, if the Bardeen potential does not change with time, the quantity
in the square brackets is preserved and its initial and the final values become
the same.

Let the initial value set at the decoupling time i = 7)4ec, and the final
value is taken at the present f = 7)9. The temperature fluctuation of CMB is
given by (AT/T)(no) = (1/4)D7(n), except for ¥(no) and n'd; V(1)
contributing to monopole and dipole components which are excluded in ob-
servations.> Decomposing it into contributions from scalar, vector, and ten-

2 Arelative velocity of the observer to CMB gives a dipole. Since power spectra are considered
in a rest frame of the CMB in which the dipole component is removed, intrinsic anisotropies
are represented by multipoles with [ > 2.

EBSCChost - printed on 2/13/2023 4:13 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

368 Appendix E

sor fluctuations, it can be described as follows:

Fon=(F)+ () + (7).

AT\ (1 :
(T> = {4’D’Y + (%Vbnz + \Ij - (I)}(ndemxdec)

+ /nodn (877\1/ — f)n(I)) (777 X(U)) ’

AT 14 ) To .
<T> :Q?(ndemxdec)nz—’_/ dn 9, i (1, %x(n)) ',

Tdec

AT T 7o P
(T) :_/ dn Dy hys+ (n,x(n)) n'n?, (E-4)

Tdec

where the path of light is given by x(7) = x¢ + (1 — 79)n. This relation is
called the Sachs-Wolfe effect.

Finally, we write a famous formula for scalar fluctuations that holds only
for large angle components. The multipole component of [ < 10 represents
a large size fluctuation that does not enter the horizon until today. The solu-
tion to such a fluctuation is given by the super-horizon limit z (= kn) < 1
of (13-30). That is, DY = (—20/3)¥y and V7 = (1/3)a V1 ~ 0, where U;
is an initial value given after the big bang. Since at the decoupling time still
V? ~ V7 and the Bardeen potential ¥(= —®) is almost constant such as
U (ngec) = Y1, we obtain

ATN? 1
(T) (nO;XO) ~ g\y(ndecaxdec)- (E'S)

This relation which has been derived first is called the ordinary Sachs-Wolfe
(OSW) effect, while the integral part of the scalar fluctuations in (E-4) is
called the integrated Sachs-Wolfe (ISW) effect.

CMB Angular Power Spectra

Expand the CMB temperature fluctuation using spherical harmonics as

AT [eS) l

T 7707X0a Z Z alm X0 lem )

=0 m=—1
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Considering an ensemble average of the multipole a;,,, satisfying (a;,,) = 0,
the mean square C; = (|a;,,|?) is given by

E3
(1m @) = Cré1 6mme -

Then, using the formula of Legendre polynomials

1
ZYzm n)Yj;,(n') = (20 + Y0 n) (E-6)

m=—I

and n - n’ = cosf, we can write a two-point correlation function of the
temperature fluctuation as

C16) = (G-t x0.m) (. x00) )
- Z <alma7’m’>§/lm(n)}/ﬁm/ (l’l/)

LU, mm’

Z 20+ 1)C; P (cos 6). (E-7)
l

In the following, we calculate the multipole components of the angular
power spectrum C; of unpolarized CMB temperature fluctuations, usually
called the temperature-temperature (TT) spectrum. There are contributions
from both scalar and tensor fluctuations, and their sum is caught by observa-
tions. The scalar fluctuation contributes to the entire TT spectrum, whereas
the tensor fluctuation mainly contributes only to low multipoles (large angle
components) of [ < 50.

Scalar fluctuations For simplicity, we here consider the terms other
than the integral part in the scalar component of (E-4), which give main
contributions to the CMB temperature anisotropy spectrum. That is, con-
sider

AT 1 )
T(nm X0, Il) = {47)7 + aivbnl + ZW}(ndec; Xdec) ,
where ® = —W is used. From Xgec = X0 — (70 — 7)dec )11, Fourier transform
of this equation is given by
AT

1 . ,
— (0, k,m) = {4D7 — ik -nV’+ 2\1:}(7](1% k) ¢~k n(m0—"ace)

1 Vb —ik-nn)
= ZDW +2V + ?877 (Ndec; k) € K ‘n:nofndem
(E-8)

printed on 2/13/2023 4:13 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



370 Appendix E

where k = |k| and k = k/k = (0, ¢r).

First, consider relatively large size fluctuations (I < 30) where the ordi-
nary Sachs-Wolfe effect holds. In this case, the CMB temperature fluctua-
tion is given by the Bardeen potential at the decoupling as shown in (E-5),

and the Fourier transform (E-8) is simplified as
AT 1 .
T(nov k, 1’1) ~ g\lj<"7de(:7 k) e_Zk'n(VIO_TIdec) )

Describing C'() using this relation yields

- B3k Bk /AT AT ;o (kK)o
00 = [y [ ey (T miem g kot )

d’k K / 1
~ i(k+k")xo — /
- /(27_(_)3 /(27’(’)3 € 9 <\Ij(nd307 k)\Ij(ndecﬂ k )>

Xe_ik'n("]()_"]dec)e_ik/'n/(no_ndec)

d’k 1 , o
= /( ~{| W (Ndec, k) |?) e~ k0 Nace) giken’ (0 —Tace)

27)3 9
where the two-point function is expressed as
(U(n,k)¥(n,K)) = (| (n, k)[*)(27)*6° (k + K'). (E-9)

Expand the phase terms on the right-hand side using the following ex-
pansion formula by spherical Bessel functions:

etk —47TZ Z i1 (ky) Y, (K) Yim (3), (E-10)
=0 m=—1

where y = |y| and ¥ is defined like k. Denoting the distance to the last
scattering surface as dgec = 70 — 7dec, C(0) is then expressed as

3
) [ <\§m<mec,k>

x Z i lZ Vi (K)Y;7, (n Z Yy (K) Vi ().

L= m=—I m/=—=1'

2
> jl (kddec )jl’ (kddec)

Divide the integral over the comoving momentum k into radial and angu-
lar components as d°k = k2dkdS);, where dS);, = dcos,dpy. Using
orthogonality of spherical harmonics

/ko Yi:n (lA{)Yi'WL/(R) = 5ll’§mm’ (E-11)
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and the formula (E-6) for Legendre polynomials, we get

8

C0) = 4 D+ 1R 2 [k 50 e ) 57 )
By comparing this expression with (E-7), C; can be found. From the shape
of spherical Bessel functions, the relation [ >~ kdge. (11-9) comes out as the
area most contributing to the integration.

For super-horizon fluctuations where the ordinary Sachs-Wolfe effect
holds, the initial value Wy of the Bardeen potential is almost maintained, that
is, the transfer function is 7g (Ndec, 71, k) == 1. Thus, k2 (| ¥ (ngec)|?) /272
can be identified with the primordial scalar power spectrum defined by P, =
k3(|W1]?) /272, Assuming that the primordial scalar spectrum is expressed
in a power of the spectral index ng as

Py(k) = A, (k)l 7

m

the angular power spectrum is calculated as

*dk1
Co™v = 47/ ——Py(k) ji (kddec)
0

oAy 1 T(B-n)l(l—3+%)

" a9 - )T (145 %)

In the case of a scale-invariant spectrum (ng = 1) called the Harrison-
Zel’dovich spectrum, it becomes

(L+1)C™ Ay

o2 9"

Thus, in the low multipole region, it is believed that the primordial power
spectrum Ps (k) in the early universe has been retained until today without
being deformed.

In the case to examine fluctuations of a little smaller size where acoustic
oscillations can be seen, we need to take into account contributions from all
the terms in (E-8). Calculating in the same way as above, we obtain

3 3
0(9):/ &k dk k)0

x <{ (T + 2\?) (dee, k) + Vb(",‘fc’k)an}
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D VP (naee, K
{(4 + 2\11) (ndeca k/) + (C]l’)an’}>

. -1,/ ’1
Xe—zk‘nn e—zk ‘n'n

n=n'=daec

Performing the integration over k’ using expressions of two-point functions
such as (E-9) and expanding the remaining phase terms using (E-10), it is
expressed as

S A

L= m=—I

><<{ (T + 2\If> (Mdec k) Ji(kn) + Waﬁl(k”)}
{(B 4 20 e b0y + 20,5, |

Integrating the angular variables of k using (E-11) and (E-6) yields

2 DY
C) = ;/dek <H (4 + 2@) (Ndec, K) Ji(kdgec)
2
+Vb(ndeca k) jl/(kddec)} >;
where j/(z) = 0,71(x).

The fluctuations under consideration are still super-horizon size at the
initial time 7y set in the radiation-dominated era. Letting 7 4 v (9dec, 71, k)
be the transfer functions until decoupling at 74, the value at the decoupling
time can be written as

DY 1
(4 + ﬂ’) (ace, k) = 3T D7 (1, k) + 2T ¥ (1, k)
= ( gT +2T\1/> 1(k),

1
VP (1dec, k) = Tp VO (1, k) = Ty k@i (k)

nN=ddec

using the initial value W1, where we use the fact that D7 — —6¥, ¥ — Uy,
and V(= V7) — knyV¥;/2 in the super-horizon limit z = kn — 0 from
the solution in the radiation-dominated era given in Chapter 13. Therefore,
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given the primordial power spectrum P, determined by the initial value Uy,
the CMB angular power spectrum can be calculated as

dk 3 1 ?
Cl - 477/ L { (_27; + 27-\11) jl(kddec) + 7;)2]“71][/(kddec)} Ps(k)

Lastly, we present the TT power spectrum calculated using the CMB-
FAST code in Fig. E-2, in which the cosmological parameter dependence is
shown.

15000
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Figure E-2: Parameter dependence of the TT power spectrum. It shows changes
of the spectrum when varying the density parameters €23, €2, 2o, the Hubble con-
stant h, the spectral index ns, and the optical depth 7. from the top. [E. Martinez-
Gonzalez, Lect. Note Phys. 665 (2009) 79.]

Tensor fluctuations The angular power spectrum of tensor fluctua-
tions are calculated using the tensor part in (E-4). In the same way as for the
scalar fluctuation, we obtain

3
c) = / = / / ! pikn(no—n) ,—ik-n’(no—n")
Tldec TMdec

M%h?ﬁ(m—k)@m (7, k) n'nntn,  (E-12)

where two-point correlation function with different time appears. From the
transverse and traceless conditions, the correlation function is normalized
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as’

(h5" (n, =k)hG (', X)) = 285 (k) (BT (n, =) R (0 X)) , (B-13)
where Aij’lm(k) is defined in (7-20) as

1
Aij,kl(k) = {5ik5jl + 5il5jk 52J5kl + —

5 (5”/%/{1 + Orikik;

k2

—0ikjky — dukik; — Ojikik; — 6jlkikk)

k4k ikj kkkl}

Introducing new variables o = n-k and ;/ = n’ -k, and noting n2 = n’? =
1, we get

20 m(K)n'ndn*nt = 2(n-n')? — 1+ p? + % — dpp'n -’ + P2

Moreover, using

(o9}

enno=) = ikt = S (9 4 1)i" i (ko — 1)) Pr (1),
r=0

we can express (E-12) as follows:

A3k , 10 1o ,
ZZ (2r + 1)(2r" +1)4" /(2 B P,,(H)Pr/(u)/ dn/ dn
MNdec MNdec

r=07r'=
x{[2<n )2 = o (ko — ) (ko — 1)
=y (k(no —n))jr (k(no —n')) — gr(k(no —n))jy" (k(no — "))
32 (ko — )% (ko — 7)) — 4m - nmk(no—n))jmk(no—n'))}

X <87]hTT (T]v _k)an/hTT (77,7 k)> )

where j/.(x) = 0,j-(x). This expression can be rewritten to a form pro-
portional to Legendre polynomials by performing the angle integration d€)
using

4
/ko PT‘(,U/)PT' (‘U/) = T—Hdrr/Pr(n . n/).

3 In this normalization, (k' (1, KRS (', —k)) = 4T (n, AT (1, =k)). If two

polarization components of h;I;T commonly used are chosen as haT = fh;F2T = h4
and LT = RIT = hy on the z'-22 plane, their correlation functions are given b
12 p g Y

(g (D)h (1) = (hox () (27) = (WTT (@)RTT ().
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Moreover, n - n'’s in the brackets are absorbed in the argument of the poly-
nomial by using a recursion formula

r+1 r

(@) =5 bn@ + 577

Prfl(.%').

Furthermore, rewrite it to be the form of the definition (E-7) using recursion
formulas for spherical Bessel functions

y _r+1 r

Jr(x) = TH%H(IHQ +1]T 1(),
. . 2r+1 .

Jr1(®) + jro1(z) = Jr().

Eventually it is put together into the following simple form:

=1 oy [T (14 2)!
Zﬁ(QH—l)PZ(mn)/kdk dn dn(l_2)!

= Tdec Tdec

0
J (k(no —n) ji(k(no —n') - e
o — m)? k(o — n)] (Ogh ™" (0, =)Dy T (1 K))

Compared with (E-7) with attention to n - n’ = cos 6, we finally obtain

m (| nnarsin ) 123

< ¥lm )2

Let us roughly evaluate this equation. As far as the fluctuation has a
super-horizon size, the solution of the tensor equation (13-22) is almost
constant so that 9,h™™ = 0, and thus C; will not be generated. The ten-
sor fluctuation begins to change after entering the horizon. Therefore, the
integral has a value only for large size fluctuations that enter the horizon
during from the decoupling time 74 to the present 79, which correspond to
low multipole components (I < 50).

Since we know that the solution attenuates with H o 1/a after entering
the region of z = kn > 1, it can be written as 9,h™" ~ —aHRTT =
(—2/n)ATT in this region. The last equality shows that the epoch we are
considering is the matter-dominated era with a o 2. From this, the integral
can be evaluated as

o k — i1 (k - _2d
/ dn(“) pIT JZ(Q (770 771) ~ Jl(;](;))/ Ui pTT
Ndec k (770 - 77) k Mo n=2/k n
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Furthermore, considering h*™" oc1/n?, itis calculated as [(—2dn/n) ™" =

hTT(no) — KT (n = 1/k), where hTT (1) is negligibly small. Since 79
can be considered to be the same as dgec = 79 — 7dec, the angular power
spectrum can be written for [ < 50 as

2 1
Ci 150 =~ /k2dk< BTt (n — ,k)
T k

Since the tensor fluctuation hardly changes until entering the horizon, that is,
the transfer function is unity until then, we can consider that the spectrum
just before entering the horizon (n = 1/k) is the same as the primordial
spectrum so that k3(|h™ ' (n = 1/k,k)|?) = 272 P,(k). If the primordial
tensor spectrum is denoted as*

2\ j2(kdgee) (1+2)!
kit (1—2)

we get

z+2'/°° dk j2(kdgec)
=20 )y k ki

224, (1+2) TO6—-n)l(1—2+%)
 (mdgec)™ (I —2)! 26-mT2 (* - nt) r (l +4 - %) '

Ci |i<s0 ~ 4w Py (k)

For a scale-invariant spectrum of n; = 0, we obtain [(I + 1)C; /27 ~ A; X
81(1 +1)/15(1 — 2)(1 + 3). There is a divergence at [ = 2, but it is because
the approximation is rough.

Thus, the contribution from the tensor fluctuation may be included in the
large angle components of the TT spectrum of CMB. However, the tensor-
to-scalar ratio r = A; /A, which shows how much the tensor fluctuation is
included, cannot be determined exactly by the observed TT spectrum alone.

On polarization spectra Finally, we briefly describe other angular
power spectra without touching the details. The CMB is polarized, the main
cause of which is due to the Thomson scattering in the process of the uni-
verse becoming neutral. The spectra for polarizations called the E and B
modes are shown in Fig. E-3. The top is the TT spectrum. The second is
the TE, the third is the EE, and the bottom is the BB spectrum. The BB
spectrum is generated only from the tensor fluctuation.

4 The convention of the tensor spectral index is different from the scalar one defined before. It
comes from the historical background.
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Figure E-3: Power spectrum of each mode of scalar and tensor fluctuations (r =

0.01). From the top, the TT, TE, EE, and BB (right only) spectra. In each mode

except for the B, the CMB spectrum we can observe is only the sum of contributions

from the two fluctuations. [E. Martinez-Gonzalez, Lect. Note Phys. 665 (2009) 79.]

The optical depth 7, is determined from the behavior of the low multi-
poles (I < 10) in the EE spectrum and 7. ~ 0.1 is obtained. It represents the
degree to which the universe became a little opaque due to the reionization
of particles by lights emitted at the time first stars were born. Therefore, the
optical depth is a cosmological parameter that determines when the first star
was born.

The tensor-to-scalar ratio r can be determined by the spectrum of the B
mode originating from the tensor fluctuation, which appears at the bottom
in Fig. E-3 (right).

Analytical Examinations of Evolution Equations

The solution of the simultaneous linear scalar evolution equations (14-1)
and (14-2) is analytically examined here. In order to do that, we make the
following simplification. First of all, let the coupling constant ¢ be a suffi-
ciently small constant. In this case, the Hubble variable can be regarded as
a constant and it is normalized to H = Hp/v/By = 1. We also introduce a
constant 7' = b.Byt? /87%(< 1) proportional to the square of the coupling
constant. Furthermore, ignore the momentum dependence of the equation.
Since it becomes k?/a? when expressed using the physical time 7, such a
situation will be realized at the time when the scale factor a is sufficiently
increased after passed a little since inflation began. The evolution equations
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of the scalar fluctuations are then expressed as

—2P —14 P —36d — 48D + 2 U +14T + 36¥ + 48V
+6 ((’1;+4¢),¢,,4\1,) -0 (E-14)

and

4. 4. 4
§q>+3<1>+3<1>—§\1/+3\11+ (<I>+<1> B — \11)
2@+ W) =0, (E-15)

where the dot denotes the derivative by 7.
Introducing a new variable f = W — ®, these equations can be rewritten
as

F4+7f+15f +12f =0,
7 7
P — <1+12T><I> ET<I>_—f (1+ T)f—Tf

The first equation can be easily solved, and the following general solution is
obtained:

_ s . (V3 _3 V3
f=ce™ +ce 2Tsm<27> +c3e 2Tcos<2r>.
Substituting this solution into the second equation, we get

7 7
= (a;+c1)e "+ (a2 + c2) <1 — T7'> (as + ¢3) <1 + TT) e’

12 12
360 — 7T _,.  /3ca +5c3 i V3
cl—————e€ _— cos| —T
1800 14 2
5cy — 3
422 14\[03 —a7 sm({T), (E-16)

where the solution is considered up to the first order of 7.

Since we calculate it ignoring the momentum dependence here, this so-
lution includes a vacuum solution which gives the background besides a
solution of the fluctuation we are looking for. It can be seen from (E-14)
that when 7" = 0 the vacuum mode ® = ¥ = w satisfies

W46 W 480 — 3w — 12w =0,
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while (E-15) becomes trivial in this case. This equation is nothing but the
equation of motion of the background d; discussed in the first section of
Chapter 12, which has an inflationary solution e” and three decaying so-
lutions e~*7, e=37/2sin(y/37/2), and e=37/2 cos(v/37/2). What we are
looking for is a solution for evolution of the fluctuation, and therefore we
need to exclude solutions which become these vacuum ones at 7' = 0 from
the general solution (E-16). Indeed, these solutions will cease to satisfy the
constraint equation (14-2) as time goes on. In this way, ignoring exponen-
tially decaying solutions, it is found that the behavior of the fluctuation ¢
with 7" < 1 is given by

7
~1——=TT.
P 12T7’

This behavior appears in the attenuating part of the numerical solution given
in Figs. 14-1 and 14-2.

Scattering Cross Sections in Einstein Gravity

In the energy region less than Aqe, Einstein’s theory of gravity is effec-
tive and the description of the so-called graviton propagating in a classical
spacetime becomes adequate. Here, we introduce the results of differential
cross sections for the Rutherford scattering and the Compton scattering of
scalar particles involving gravitons. For the sake of simplicity, we consider
a massive scalar field which is minimally coupled with gravity (¢ = 0 in
Appendix A).

p b2

Figure E-4: Scattering of scalar particles exchanging a graviton.

Rutherford scattering Let us consider a process in which a particle of
mass m with momentum p; and another particle of mass M with momentum
po are scattered to p} and p) by exchanging a graviton, as shown in Fig. E-4.
Here we employ a laboratory system in which the particle py is stationary
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as in Fig. E-5, and let the incident particle be p}' = (w1,0,0,q) whose
dispersion relation is w? = ¢*> + m?. Furthermore, considering M > m,
the particle p, remains stationary, and only the angle in the scattered particle
p) changes, and p/ has the same dispersion relation as the incident particle.
Letting the velocity of the incident particle be v, the differential cross section
is then given by

dQ 4 vg3y/m? + ¢? Sin4g'
In a non-relativistic limit m >> ¢, putting ¢ = mv and £ = mvz/ 2, this
reduces to

dor, Cizl\lQ(m2 +2¢%)% 1

dQ) - 4 2F sint g ’
This agrees with the Rutherford scattering formula when the central force is
given by GMm /r?.

doy, 1<GMm>2 1

Figure E-5: Parameters in the laboratory system.

Gravitational Compton scattering Feynman diagrams of the Comp-
ton scattering between graviton and scalar particle of mass m is depicted
in Fig. E-6. Differential cross section in the laboratory system where the
particle p is stationary is given by’

doy, G?*m* cos® § +sin® &
A (m+2Esin® %)2 sin & ’

where E = |k| is a graviton energy.

It is thought that these scattering processes were active right after the big
bang. In particular, we think that they contributed to the scattering of scalar-
like dark matter which interact only with the gravitational field. However,
unfortunately, it is difficult to find traces of them at present.

5 For details, see F. Berends and R. Gastmans, On the High-Energy Behaviour of Born Cross
Sections in Quantum Gravity, Nucl. Phys. B88 (1975) 99.
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Figure E-6: The Compton scattering between graviton and scalar particle.

Fundamental Constants

Reduced Planck constant h

Speed of light c
Newton’s constant G
Planck mass Mpl
Reduced Planck mass Mp
Planck length lp1
Planck time ol
Boltzmann constant kg
Megaparsec 1Mpc
Hubble constant Hy
Hubble distance ¢/Hy

1.055 x 10727 cm? g s™!
2.998 x 1010 cm s—!
6.672 x 1078 cm3 g1 s72
2177 x 107° g

1.221 x 10" GeV/c?
2.436 x 10'® GeV/c?
1.616 x 10733 cm

5.390 x 10~* g

1.381 x 10716 erg K—!
3.086 x 10%* cm

100h km s~ Mpc~!
2998h ! Mpc

(current observation: h ~ 0.7)

Useful constants for converting to natural units (c = A = kg = 1)

lem = 5.068 x 10'3 h/GeV
s = 1.519 x 10** h/GeV/c
lg = 5608 x 10%® GeV/c?
lerg = 6.242 x 10% GeV

1K = 8618 x 107 GeV/kp
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