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PR E FAC E

The goal of this book is to give a conceptual tour of the fields of
dynamical systems and chaos. What are the important themes and
realizations that have emerged from these areas of study? What
are the lessons of dynamical systems that are of particular impor-
tance for the study of complex systems? My aim is to give you a
firm understanding of key concepts and ideas, including chaos,
the butterfly effect (known scientifically as sensitive dependence
on initial conditions), bifurcations, and strange attractors.

A dynamical system is any mathematical system that changes
in time according to a well specified rule. There are two types
of dynamical systems that I will discuss in this book: differen-
tial equations and iterated functions. Differential equations play a
central role in the physical sciences, and increasingly in the natural
and social sciences as well. Iterated functions, in which a function
is repeatedly applied to a number or a vector, are less common in
the sciences, but mathematicians have used them extensively to
study properties of dynamical systems.

Dynamical systems also refers to an area of applied mathematics.
This area includes the study of particular scientific applications
of dynamical systems, but also takes a broader and more general
look at dynamical systems, developing methods for analyzing and
characterizing dynamical behaviors and seeking to understand the
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x Preface

range of behaviors exhibited by different classes of models. These
broader concerns are the focus of this short book.

The field of dynamical systems is sometimes referred to as
“chaos theory,” although this term tends to make many who study
dynamical systems, including me, a bit uneasy. There has been so
much hype around chaos theory—some of it deserved, some of
it not so much—that there is a tendency for scientists and math-
ematicians to avoid the term. Also, chaos refers to a particular
type of behavior, while the study of dynamical systems includes
a broader range of phenomena than just chaos, and so the term
“chaos theory” may be misleadingly narrow. Additionally, “chaos
theory” is not really a theory in the sense that the term theory is
typically used: a broad, general explanatory framework. Chaos is a
fascinating and fun phenomenon seen in mathematical and phys-
ical systems, but it is not an explanatory framework in the same
way as, say, electromagnetic theory, plate tectonics, or evolution
by natural selection.

This book is not intended to be a comprehensive text on
dynamical systems. Rather, I hope that it fills a gap between two
types of book. On the one hand, there are some excellent and
engaging popular books on chaos and dynamical systems intended
for the lay reader, such as Gleick (1987) and Stewart (2002). There
are also outstanding textbooks on dynamics aimed at math or
physics majors, or those with a sturdy math background (e.g.,
Peitgen et al. (1992), Kaplan and Glass (1995), Strogatz (2001),
and Hilborn (2002)). This primer aims to serve as bridge between
these two types of books. I want to communicate the important
ideas from dynamical systems using just enough math to put flesh
on the bones, but not go into as much detail, or have as high a
mathematical hurdle for entry, as is expected by most texts. For
those who want to dig deeper, suggestions for further reading can
be found at the end of each chapter.

I’ve chosen to focus on aspects of chaos and dynamical sys-
tems that I think are particularly relevant to the study of complex
systems. There is not agreement about just what the field of
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Preface xi

complex systems is, but I think there is some consensus that com-
plex systems usually involves the study of systems with many
components which interact and are often heterogeneous. Com-
plex systems often have properties that are not explicitly contained
in or easily derived from a knowledge of the system’s constituent
parts and their interactions. Such properties are said to be emer-
gent. I’ll say some more about complex systems and emergence in
Sections 10.2 and 10.3.

A bit about the sequence of topics in this book, whose depen-
dencies are illustrated in Fig. 0.1. Chapters 1 and 2 introduce
the two types of dynamical systems that we will examine in this
book: iterated functions and differential equations, respectively.
Chapter 3 is an interlude in which I discuss some of the unspoken
assumptions behind Newtonian mechanics and, implicitly, much
of science. This chapter also includes observations on the different
ways that models are used in the sciences. Chapter 3 refers only
in a general way to the dynamical systems from Chapters 1 and 2,
and so I think Chapter 3 could be read first if you want to start on
a more philosophical note.

In Chapter 4 I introduce chaos, including sensitive dependence
on initial conditions. This chapter uses only iterated functions, so
it is possible to read Chapter 4 without having read Chapter 2 if
you’re so inclined.The discussion of chaos continues in Chapter 5,
where I dig into some broader questions about the implications
of the butterfly effect and different ways of thinking about and
defining randomness.

In Chapter 6 I look at the phenomenon of bifurcations: sud-
den, qualitative changes in a system’s behavior. This chapter
makes use of differential equations, and so depends only on
Chapter 2. Chapter 7 is about universality in chaos, and requires
only Chapter 4. In Chapter 8 I introduce phase space and
higher-dimensional dynamical systems, and in Chapter 9 I con-
sider strange attractors as well as attractor reconstruction and the
Lorenz map and Poincaré sections. These two chapters (8 and 9)
draw on materials from all previous chapters except for 6 and 7.
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Chapter 3
Mathematical

Modeling 

Chapter 5
Chaos II

Chapter 9
Strange Attractors

Chapter 2
Differential
Equations

Chapter 1
Iterated Functions

Chapter 6
Bifurcations

Chapter 4
Chaos I

Chapter 8
Phase Space

Chapter 7
Universality

Figure 0.1. Dependencies among the chapters of this book.

In Chapter 9 I briefly discuss phase-space reconstruction and
delay coordinates, techniques from non-linear time series analysis.
Finally, I end in Chapter 10 with some concluding thoughts.

I have included some topics that aren’t traditionally part of
dynamical systems books, but which are encountered frequently
in the study of complex systems. Examples include emergence in
Section 7.3 and power laws, phase transitions, and related notions
in Section 7.8. I’ve also omitted some standard dynamical systems
topics that I don’t think have much relevance to complex systems;
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most significantly, Hamiltonian systems. There are some topics
that are important for the study of complex systems—such as syn-
chronization, pattern formation, and information theory—that
I would have liked to include, but decided to omit to keep the
length of this book reasonable.

What math background is needed for this book? I assume that
readers are comfortable with basic algebra and functions and are
familiar with the basic notions of differential calculus. Specifically,
readers should understand the idea of the derivative as a function’s
instantaneous rate of change. But to read this book you will not
need to use the techniques of calculus (the chain rule, product rule,
and so on) to calculate derivatives, nor will I use integration. In
practice, I have found that almost anyone with a moderate affin-
ity for mathematics can learn this material with a bit of work. A
class in differential calculus would be helpful background, but is
definitely not necessary.

If you have a more extensive math background, I think you
will still get a lot out of this book. I will be presenting material
that you may not have seen before, even if you have taken a class
in differential equations. In my experience students with a wide
range of math backgrounds find chaos and dynamical systems to
be accessible and engaging. Although I avoidmost advancedmath,
I have tried my best to avoid dumbing down the material.

I have taught a massive, open, online course (MOOC) on
dynamical systems and chaos that is structured similarly to this
book and is at a similar level. The MOOC is offered regularly
as part of the Santa Fe Institute’s Complexity Explorer Project.
The current version of the course can be found at http://chaos
.complexityexplorer.org. Here you can find over 14 hours of videos
I’ve produced on chaos and dynamical systems. Site registration
and all course materials are free.

If you encounter any errors in the book, I would be grateful to
learn of them. I hope you enjoy reading this book and learning
about the fun world of dynamical systems.
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1
I N T RODUC I NG I T E R AT ED FUNC T I ONS

A dynamical system is any mathematical system that changes in
time according to a well specified rule. We will look at two dif-
ferent types of dynamical systems in this book: iterated functions
and differential equations. We will use these two types of dynam-
ical systems to address a central question: what sorts of behaviors
are possible for different types of dynamical systems?

In this chapter I’ll introduce iterated functions. I’ll say what
iterated functions are, present several ways of visualizing their
behavior, and introduce some key terminology. This chapter may
be a bit abstract. We’ll approach iterated functions as simple math-
ematical systems, without attention to their roles as models of the
physical or biological world. In Chapter 2, where I introduce dif-
ferential equations, we will begin to see how dynamical systems are
used in science. This chapter may also be a bit dry; there’s nothing
too deep in the next few pages. However, it’s essential background
for the more interesting and surprising results that will come later.

1.1 Iterated Functions

Consider a function f of one variable such as f (x) = x2. A func-
tion establishes a relationship between a set of numbers, the inputs
x, and another set of numbers, the outputs f (x). We can think of
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2 Chapter 1

the function f as an action. We start with a number x, apply the
function f to it, and get a new number. This new number is called
f (x): it is x after it has had f applied to it.

Usually we think of the application of a function as a one-
shot deal: Do f to x, get f (x), end of story. For example, if
f (x) = x2, then f (3) = 32 = 9, and f (−0.5) = (−0.5)2 = 0.25.
But if we apply the function repeatedly, using the output at one
step as the input to the next, then we have a dynamical system:
a mathematical entity that changes in time according to a well-
defined rule. For example, we could start with 3, apply f , and
obtain 9. Apply f again, and we get 92 = 81. Apply f yet again,
and we get 812 = 6561. The result is a sequence of numbers:

3, 9, 81, 6561, 43046721, . . . . (1.1)

We see that the numbers quite quickly become very large.
This process is known as iteration. The application of f is

repeated, or iterated, and the output of one step is used as the input
for the next step. Our starting number—in this case 3—is known
as the seed or the initial condition. The sequence of numbers in
Eq. (1.1) is known as the orbit or itinerary of 3. The initial condi-
tion is usually denoted x0.The first value in the itinerary is denoted
x1 and is called the first iterate. This value is obtained by applying
f to x0. That is, x1 = f (x0). The second iterate is denoted x2 and
is obtained by applying f to x1: x2 = f (x1). Equivalently, we may
think of x2 as resulting from twice applying f to x0: x2 = f (f (x0)).
Subsequent iterates are denoted similarly.

Let’s consider another example: g(x) = 1
2x+ 4. I’ll choose an

initial condition of x0 = 1. The first iterate x1 results from g acting
on x0:

x1 = g(x0) = g(1) = 1
2
(1) + 4 = 4.5 . (1.2)

Subsequent iterates are found in a similar manner; x2 = g(x1), and
so on.The first several iterates of this initial condition are shown in
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Introducing Iterated Functions 3

t xt
0 1
1 4.5
2 6.25
3 7.125
4 7.5625

Table 1.1 The first several iterates of
the initial condition x0 = 1 for the
function g(x) = 1

2x+ 4.

Table 1.1. (You might want to grab a calculator and take a moment
to verify these numbers.)

It is often useful to display an orbit graphically rather than in a
table or list. The orbit in Table 1.1 is plotted in Fig. 1.1. This type
of graph is known as a time series plot. Such a graph gives a clear
view of the orbit’s behavior. In Fig. 1.1 we can see that the orbit is
approaching 8. Note that a time series plot is not a graph of the
function that is being iterated, g(x) = 1

2x+ 4. Instead, it is a plot
of the orbit or itinerary.

The value of 8 is a fixed point of the function g(x). This means
that 8 does not change if g operates on it: g(8) = 8, as we can
verify:

g(8) = 1
2
8+ 4 = 4+ 4 = 8 . (1.3)

In general, a number x is a fixed point of f (x) if it is a solution to
the equation

f (x) = x . (1.4)

Such an equation is called a fixed-point equation. In words,
Eq. (1.4) says that x, when acted on by f , yields x. A function
can have any number of fixed points, including none at all.

Iterated functions are our first example of a dynamical sys-
tem, a mathematical system that changes in time according to a
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4 Chapter 1
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x t
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Figure 1.1. The time series plot for the initial condition x0 = 1 iterated
with g(x) = 1

2x+ 4.

well-defined rule. In the example we just considered, the rule is
given by the function g(x) = 1

2x+ 4. The dynamical system that
results from iterating this equation is sometimes written as:

xt+1 = 1
2
xt + 4 . (1.5)

This notation makes the dynamical nature of the equation clearer.
We can see that the next value of x is determined by the current
value of x. That is, xt+1 is a function of xt . Thus, as long as we
know the initial value x0, we can figure out all subsequent values
of x by repeated application of Eq. (1.5).

Note that Eq. (1.5) does not directly tell us xt as a function
of t. If, say, we want to know x13, we can’t just plug in t = 13
somewhere. Rather, we need to start at some known value of x,
usually x0, and iterate forward, one step at a time, using Eq. (1.5).
Doing so might be a bit time consuming, but it is at base a very
simple procedure. There is a rule—namely the function f (x)—
and that rule is applied again and again. For all but the simplest
such functions one almost always turns to a computer to carry
out the iterations. I used a short python program to iterate the
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Introducing Iterated Functions 5

function g(x) = 1
2x+ 4 and make the time series plot shown in

Fig. 1.1.
Before going on I should mention some additional terminol-

ogy. A function f takes input values and returns output values. So
one sometimes refers to f as amapping from input to output. Iter-
ated functions are also often called maps. In mathematics, a map
is synonymous with function. I will usually refer to functions as
functions, but the term map is very commonly used in dynamical
systems so you will likely see it elsewhere.

1.2 Thinking Globally

In the study of dynamical systems we are often interested not in the
numerical values of a particular orbit, but in its long-term behav-
ior. We want to know about the big picture—the global dynamics
of the function—not the local details of each and every point in
a particular orbit. For example, when describing the itinerary of
x0 = 1 when iterated with g(x) = 1

2x+ 4, we simply say that it
approaches 8, rather than list all the data in Table 1.1.

Let’s consider another example: the square root function
f (x) = √

x. Our goal will be to figure out the long-term behavior
of all initial conditions. (Since the square root of a negative num-
ber results in a complex number—also known as an imaginary
number—we will limit our analysis to non-negative numbers.) To
get us started, let’s choose the seed x0 = 4. Then x1 is the result of
applying the function to x0. Since f (4) = √

4= 2, the first iterate
is 2. The next iterate is approximately 1.414, since

√
2≈ 1.414. We

keep on square rooting and obtain the itinerary shown in Table 1.2.
The orbit for x0 = 4 is shown in Fig. 1.2. Also on this figure are

the time series plots for three other initial conditions: 2, 0.5, and
0.25. You can obtain orbits for these initial conditions by entering
the seed and then repeatedly hitting the

√
key on your calculator.

However, without using a calculator we can understand the shape
of the time series plots qualitatively.
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6 Chapter 1

t xt
0 4
1 2
2 1.414
3 1.189
4 1.091
5 1.044

Table 1.2 The first several iterates of
the initial condition x0 = 4 for the
function f (x) = √

x.

When you take the square root of a number larger than one, the
result is a smaller number. For example,

√
10000= 100,

√
16= 4,

and
√
1.5≈ 1.225. Numbers larger than 1 get closer and closer to

1 when successively square rooted. We can see this in Fig. 1.2. The
seeds 4.0 and 2.0 are both getting smaller and approaching 1.

On the other hand, numbers between 0 and 1 get larger
when square rooted. For example

√
0.25= 0.5. It might be easier

to see this using fractions:
√

1
4

= 1
2
, because

(
1
2

)2

=
(
1
2

) (
1
2

)
= 1

4
. (1.6)

So for this dynamical system—iterated square rooting—any num-
ber between 0 and 1 will increase and approach 1, and any number
larger than 1 will decrease and approach 1. The numbers 0 and 1
are fixed points; they are unchanged when square rooted:

√
0= 0,

and
√
1= 1.

With these observations, we can describe the global dynamics
of the square root function. That is, we can specify the long-term
behavior of all non-negative initial conditions. Any initial condi-
tion larger than 1 will get smaller and move closer and closer to 1.
Any initial condition between 0 and 1 will get larger and get closer
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4.0

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0
0 1 2 3 4 5

Time t

x t

6

Figure 1.2. The time series plot for four different initial conditions
iterated with f (x) = √

x.

and closer to 1. The initial conditions 0 and 1 are fixed points.
They do not change when acted upon by the function:

√
0= 0

and
√
1= 1.

1.3 Stability: Attractors and Repellors

The fixed points of f (x) = √
x are 0 and 1, but these two fixed

points have a rather different character.The fixed point at 1 is called
stable or attracting. Nearby orbits are pulled toward it; it attracts
nearby points. It is called stable because if one is at the fixed point
and then a perturbationmoves you a little bit away, you will return
to the fixed point. That is, if you are at 1 and something happens
and you get moved to 1.1, the square-rooting function will move
you back, closer and closer to 1. The first several iterates of 1.1 are:
1.1, 1.049, 1.024, 1.012. The orbit is getting closer to 1.

The fixed point at 0 is different. You will not be surprised to
learn that this fixed point is unstable or repelling. If you are at 0
and something happens and you get bumped to 0.05, you will
not return to 0. Instead, you will get pushed away from 0, never
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(a) (b)

Figure 1.3. A schematic illustration of (a) a stable and (b) an unstable
fixed point.

to return. The first several iterates of 0.05 are: 0.05, 0.224, 0.473,
0.688. The orbit is not getting closer to 0.

Stable and unstable fixed points are illustrated schematically in
Fig. 1.3. On the left is shown a stable fixed point—a ball at the
bottom of a valley. If the ball is moved a small amount it will
return to the bottom of the valley. On the right, the fixed point is
unstable. If the ball is moved a little bit it will roll down one side
of the hill, not to return.

For completeness, I shouldmention that it is possible for a fixed
point to be poised between stability and unstability. In this case,
if one moves away from the fixed point one neither returns to the
fixed point nor is pushed away. Fixed points with these properties
are called neutral. In terms of the schematic representation of fixed
points shown in Fig. 1.3, neutral fixed points look like a ball resting
on a perfectly flat table. If the ball is moved to the left or right, it
will stay there; it won’t return to its original location, but it also
won’t roll further away.

The stability of fixed points—or of other dynamical behavior
that we will encounter later—is an important notion. Typically,
in a mathematical model or the real world, one only expects to
observe stable fixed points. An unstable fixed point is susceptible
to a small perturbation; a tiny external influence will move the
system away from the unstable fixed point. For example, it is pos-
sible to carefully balance a pencil on its eraser. However, it will not
stay this way for long. A small vibration or bit of wind will make
the pencil fall over and lie on its side. Or, returning to Fig. 1.3,
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Figure 1.4. A stable fixed point. A large perturbation and the ball will
not return to the fixed point, but for small perturbations it will return.

we would not expect to observe the situation depicted in part (b).
A rock balanced on the top of a hill will not remain there indef-
initely. A small gust of wind or a little push will cause it to roll
downhill. The upshot is that in dynamical systems one is particu-
larly focused on stable behavior, as usually it is only stable behavior
that is observed.

Before moving on, I should define stable and unstable fixed
points just a bit more carefully. A fixed point x is stable if there is
an open interval around x such that any initial conditions in this
interval get closer and closer to the fixed point x. In terms of the
schematic view of Fig. 1.3, this says that a fixed point is a point in
the bottom of a valley, regardless of how wide or narrow the valley
is. This is illustrated in Fig. 1.4.

1.4 Another Example

Let’s consider another example: the cubing function f (x) = x3.
What are its dynamics? Howmany fixed points are there and what
are their stability? Let’s start by solving for the fixed points. A point
x is fixed if it is unchanged by the function.That is, f (x) = x. Here,
the function is f (x) = x3, so the equation for fixed points is:

x3 = x . (1.7)

This equation has three solutions: −1, 0, and 1. Each of these
numbers, when cubed, does not change. For example, (−1)3 =
(−1)(−1)(−1) = −1.

Are these fixed points stable or unstable? Let’s think about what
happens to different initial conditions. A number larger than 1 will
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get larger when cubed. For example, the itinerary of the initial
condition x0 = 2 is:

2, 8, 512, 134217728, . . . . (1.8)

The orbit grows very rapidly and will keep getting larger. One
describes this situation by saying that the orbit grows without
bound or tends toward infinity. A number less than −1 will get
“bigger and more negative.” (Strictly speaking this means that
the orbit gets smaller; as one moves to the left on a number
line the numbers get smaller. Negative three is less than negative
two.) So we say that the orbit of −1 decreases without bound
or tends toward negative infinity. Lastly, numbers between −1
and 1 will approach zero when cubed. For example, the orbit of
x0 = −0.9 is:

− 0.9,−0.729,−0.38742,−0.058450, . . . . (1.9)

Thus, 0 is a stable, or attracting fixed point; it pulls in all initial
conditions between −1 and 1. The fixed points at ±1 are unstable,
or repelling.

1.5 One More Example

I’ll end this chapter with one more example. We’ll consider the
function f (x) = x2 − 1. Does this function have any fixed points?
Yes—two of them, in fact. The fixed point equation

f (x) = x (1.10)

has two solutions:

x = 1
2
(1+ √

5) ≈ 1.61803 , (1.11)

and
x = 1

2
(1− √

5) ≈ −0.61803 . (1.12)
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Figure 1.5. The time series plot for four different initial conditions
iterated with f (x) = x2 − 1. The two orbits plotted with gray circles
are the fixed points, 1.618 and −0.618.

Are these fixed points stable? Let’s iterate and see. In Fig. 1.5 I have
plotted the orbits for four different initial conditions. The orbits
shown with gray circles are the two fixed points, x≈ 1.61803 and
x≈ −0.61803. The orbits plotted with squares begin close to the
fixed points; the top orbit has an initial condition of x0 = 1.55, and
the initial condition for the bottom orbit is x0 = −0.8. We see in
the figure that the two square orbits are not pulled in toward the
fixed points, so the fixed points are not stable.

It looks like the two orbits plotted with squares are getting
closer together. By t = 4 or 5 they are almost on top of each other.
What could be going on? To address this question, in Fig 1.6 I
have plotted the two square orbits out to t = 15. The orbits of the
two fixed points are again shown as gray circles. As in the previous
figure, we see that the two square orbits do not get pulled toward
the fixed points. Instead, the two orbits both approach periodic
behavior; they oscillate between −1 and 0. These two points, −1
and 0, form a cycle of period 2.

To see that the orbit of −1 is periodic, first, we let f act on −1:

f (−1) = (−1)2 − 1 = 1− 1 = 0 . (1.13)
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Figure 1.6.The time series plot for the four different initial conditions
iterated with f (x) = x2 − 1. The two orbits plotted with grey circles
are the fixed points, 1.618 and −0.618.

Then, we let f act on 0:

f (0) = 02 − 1 = −1 . (1.14)

Thus, −1 is periodic with period two. The period is two, because
it takes two iterations to return to the initial condition.1 In other
words, f (f (−1)) = −1. It thus follows, of course, that 0 is also
periodic with period two.

The period-two cycle is attracting or stable. Nearby orbits are
pulled in to the cycle. Figure 1.7 gives us another way to see this.
In this figure I have made time series plots for 200 different initial
conditions distributed uniformly between −1.6 and 1.6. One can
see in the figure that all initial conditions get pulled quite quickly
into the period-two attractor. Not all of the orbits are in phase.

1. The initial condition −1 is also periodic with period four, because −1 will
return to itself after four iterations.The period of a periodic point is quite sensibly
defined to be the smallest number of iterations needed for the point to return to
itself. (In more formal mathematical settings, it is common to use the term prime
period to refer to the smallest number of iterations needed for a point to return
to itself. Then one would say that −1 is periodic with period two, four, six, and
so on, but that it has a prime period of two.)
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Figure 1.7. The time series plot for 200 initial conditions for the
function f (x) = x2 − 1. All initial conditions are pulled toward the
period-two cycle at −1 and 0.

At, say, t = 35, about half of the orbits will be at (or very near to)
−1 and half at 0. But all initial conditions get pulled in to the cycle.
Said another way, the long-term behavior of all initial conditions
between −1.6 and 1.6 is period two.

Actually, this is not quite right. It is not strictly the case that
all initial conditions become period-two. The two fixed points,
x≈ 1.61803 and x≈ −0.61803 are not period-two; they are fixed
and so remain constant. So I need to amend the statements at
the end of the last paragraph. I should have said: almost all initial
conditions between −1.6 and 1.6 are pulled toward a period-
two attractor. The word “almost” in this sentence has a technical
meaning: it means that there are infinitely many more points
that are pulled toward the period-two attractor than are not.
Another way to say this is that if I choose an initial condition
at random between −1.6 and 1.6, with probability 1 the orbit
will get pulled toward the period-two attractor. This points out
again the importance of stability and instability. The two unsta-
ble fixed points do not appear at all in Fig. 1.7. In order to
observe the unstable behavior I would have to choose an initial
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condition exactly on the fixed point, something that is vanishingly
improbable.2

To summarize, the function f (x) = x2 − 1 has an attracting
cycle of period two: −1 and 0. Equivalently, one says that the
cycle is stable. If an orbit is cycling between −1 and 0 and then
is perturbed slightly, it will return to the cycle. The function has
two fixed points, but they are unstable, and thus do not affect the
long-run behavior of almost all initial conditions.

1.6 Determinism

Before concluding, I have a few initial thoughts on an important
concept and a recurring theme in the study of dynamical systems:
determinism. The iterated functions we have studied in this chapter
are all examples of deterministic dynamical systems. This means
that there is no element of chance in the rule. For such dynamical
systems the current value of x determines the next value, that value
of x then determines the next value, and so on.

Thus, if one knows the function and the initial condition, then
the entire future—that is, the itinerary—follows. Onemight think
that deterministic systems are rather dull; once one writes down
the rule and specifies the initial condition the story is essentially
over. But one of the central lessons of dynamical systems is that
deterministic systems still hold plenty of surprises. In Chapter 3
I will make some more extensive remarks on determinism and

2. There is a bit more mathematical fine print. It could also be the case that I
chose an initial condition that after a finite number of iterations lands exactly on
the unstable fixed point. This is also exceedingly unlikely; it occurs with prob-
ability zero. There are a countably infinite number of initial conditions that
eventually land exactly on one of the unstable fixed points, but there are an
uncountably infinite number of points on the interval between −1.6 and 1.6.
Thus, there is zero probability that an orbit lands exactly on one of the fixed
points after a finite number of iterations. The bottom line is that we do not
expect to observe the unstable fixed points.
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related issues. And then in later chapters we will encounter exam-
ples of deterministic dynamical systems that behave in ways that
are counter-intuitive and produce results that are, in a sense,
random.

1.7 Summary

A dynamical system is a mathematical system that changes in time
according to a well-specified rule. In this chapter I introduced a
simple type of dynamical system: iterated functions. Iterating a
function is a repetitious and simple-minded task, requiring only a
calculator and a bit of patience. One just applies a rule—in this
case a function—to an initial condition over and over and over
again.3 Typically we’re interested in a global view of the dynam-
ics. How many fixed points does the dynamical system have
and what are their stabilities? What is the long-term behavior of
almost all initial conditions? In the examples in this chapter we
have seen several types of long-term behavior. An orbit can tend
toward positive or negative infinity, or get pulled to an attract-
ing fixed point or an attracting cycle. In Chapter 4 we will see
that iterated functions are capable of other, much more complex
behavior.

To be honest, I hope this chapter was almost boring. My
aim was to introduce a very simple type of dynamical system
and to present some key terminology and concepts: initial condi-
tion or seed, orbit or itinerary, fixed points, and stable/unstable

3. I have presented the study of iterated functions as an experimental endeavor:
choose a seed, grab your calculator, iterate, and see what happens. This is the
approach that I’ll take in this book. However, there are analytic and less com-
putational approaches to studying the properties of iterated functions. See, e.g.,
Devaney (1989); Peitgen et al. (1992). These analytic techniques are a lot of fun
and are a useful and important complement to the experimental approach I take
here.
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or attracting/repelling behavior. There is nothing deep or pro-
found in this chapter. We will soon see, however, that simple
iterated functions similar to the ones introduced here are capable
of surprising—and definitely not boring—behavior. Before doing
so, in the next chapter, I will introduce another type of dynamical
system: differential equations.
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2
I N T RODUC I NG D I F F E R EN T I A L

EQUAT I ONS

A dynamical system is a mathematical system that changes in time
according to a well specified rule. In the previous chapter I intro-
duced iterated functions, our first example of a dynamical system:
The rule in that case was simply a function f (x) that is applied
repeatedly. In this chapter I will introduce differential equations,
another type of dynamical system. I will do so largely via an
example—the temperature of a container of cold water. Differen-
tial equations are a bit more involved mathematically than iterated
functions, so this chapter is a bit longer than the previous one.

2.1 Newton’s Law of Cooling

I am writing this on a moderately hot day in July. On my desk I
have a container of cold water (see Fig. 2.1) that I got not too long
ago from the water cooler down the hall. The water temperature
is around 5◦C. The temperature of the air in my office is a little
warmer than I want it to be, perhaps 25◦C. I am interested in what
happens to the temperature of the water as it sits on my desk.

There is little mystery. The temperature of the water will rise
and approach 25◦C. My cool container of water will eventually
reach the same temperature as the room. I will denote by T (t) the

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



18 Chapter 2

Figure 2.1. My container of water. We will spendmuch of this chapter
thinking about how the temperature of the water in this container
changes.

temperature in degrees Celsius t minutes after I returned from the
water cooler and put the container on my desk. Thus, the state-
ment T (10) = 13 means that 10 minutes after I put the container
on the desk the water is 13◦C.

This situation is a dynamical system: we have something—the
water temperature T—that’s changing in time. We’d like to know
the functionT (t). Determining an algebraic formula forT (t) isn’t
easy. And, as I’ll argue such a formula might not be necessary to
understand the long-term dynamics of the equation. But it is easy
to make a rough sketch of what T (t) should look like. I’ve done
so in Fig. 2.2. The water warms up: quickly at first, and then less
and less quickly as the temperature of the water approaches room
temperature.

Now let’s use some physics and math to describe this situation.
The physical law that describes how objects warm up or cool down
is known as Newton’s law of cooling. For our container of water in
a 25◦C room, the law takes the following form:

dT (t)
dt

= −0.1(T (t) − 25) . (2.1)
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Figure 2.2. A sketch of the temperature of a cool container of water
after it is placed in a warm room. Initially the water warms up quickly.
The rate of warming decreases as the water gradually reaches room
temperature. I’ve not indicated numerical values on this sketch, but
we know that the temperature starts at 5◦C and approaches 25◦C, the
temperature of the room. For the horizontal axis, perhaps the entire
graph range would be one hour. We know from experience that after
about an hour a cool container of water would be at about room
temperature.

This equation can be used to determine T (t), the temperature as
function of time.1

But before we try to figure out T (t), let’s dissect Eq. (2.1). The
term on the left, dT (t)

dt is the derivative of the function T (t). If
you’ve studied calculus, you likely know (or knew) lots of tricks for
evaluating derivatives. But for our purposes we won’t need these
tricks. It is sufficient to know that the derivative is the instanta-
neous rate of change of a function.2 Here, the function’s derivative

1. Newton’s law of cooling is a standard topic in many thermodynamics books
and is used as an example inmany differential equations texts. Barnes and Fulford
(2002, Chapter 9) is a particularly clear discussion of heat transfer and Newton’s
law. Understanding the physics of the cooling-water situation is not important
for what is to follow. Newton’s law of cooling applies to objects warming up—
as is the case with the water bottle in this example—as well as objects that are
cooling off.

2. The derivative is the central object studied in the first part of a sequence
of courses on Calculus. For this book the most important thing is to have an
understanding of what the derivative is—what it means and what it tells us. For
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is the rate at which the water is warming up. For example, the
statement dT (10)

dt = 0.4 means that after the water has been in the
room for 10minutes, its temperature is increasing at a rate of 0.4◦C
per minute.

We now turn our attention to the right-hand side of Eq. (2.1).
The quantity (T (t) − 25) is the difference between the temper-
ature of the water and the temperature of the room, 25◦C. The
number 0.1 is a constant that is a property of the water container
and the nature of its thermal contact with the air. Different situa-
tions, for example, a beer in a pint glass or coffee in Fa mug, will
have a different constant than 0.1. In some cases it may be possi-
ble to determine the constant based on known material properties
of the container. More commonly, it would be estimated from
data. In this instance I experimented a bit and chose the value
0.1 because it seemed to give reasonable results. My goal here
is to come up with a physically-motivated equation that we can
study as a dynamical system, not to do careful thermodynamics or
engineering.

To complete our dissection of the right-hand side of Eq. (2.1)
we need to think about theminus sign.This term is here so that the
object’s temperature increases if it is colder than room temperature
and decreases if it is warmer than room temperature. We’ll see how
this works out in a moment.

Putting it all together, Eq. (2.1) says that the rate of change of
the temperature of the water is equal to −0.1 times the difference
between the water’s temperature and the room temperature, 25◦C.
For example, if the water’s temperature is 10◦C, then we can figure
out the rate of change dT

dt of the water by plugging in to the right-
hand side of Eq. (2.1):

dT
dt

= −0.1(10◦C− 25◦C) = 1.5 . (2.2)

a conceptual discussion of the derivative, see e.g.,Thompson andGardner (1998),
Feldman (2012, Chapter 28), or Feldman (2014, Unit 2.2).
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Thus, if the temperature of the water is 10◦C then its temperature
is increasing at 1.5◦C/minute. Note that the minus sign in front
of 0.1 was needed to make the derivative positive, indicating an
increasing temperature.

Equation (2.1) is a differential equation, an equation that states
a relationship between a function and its derivative. Differen-
tial equations express a relationship between a quantity and its
instantaneous rate of change, as we did when thinking about
my warming container of cool water. The majority of the laws
of physics are expressed as differential equations, and differential
equations are used in a variety of ways throughout the sciences.
I’ll have more to say about the different ways that models—
differential equations and others—are used in Sections 3.4 and
3.5 in the next chapter.

Our concern now, however, is a mathematical puzzle. Given
a differential equation like Eq. (2.1), how do we go about find-
ing the unknown function? There are several complementary ways
to approach this. The first approach that I’ll discuss is the one
that students most often learn first.3 I’ll argue, however, that this
approach is often unnecessary and may even be misleading, espe-
cially if one is considering differential equations from a dynamical
systems point of view.

2.2 Exact Solutions

It is sometimes possible to obtain an exact solution to a differen-
tial equation. By exact solution, I mean an algebraic formula for
the function that makes the differential equation true. Solving a
differential equation entails finding an unknown function. In con-
trast, solving an “ordinary” equation, such as 2x+ 4= 10 means
finding the number x that makes the equation true. For Eq. (2.1),

3. It is not necessary to have studied differential equations before. Throughout
this book I assume that readers have not had previous exposure to differential
equations.
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the differential equation describing my cooling water container,
the unknown function T (t) happens to be:

T (t) = 25− 20e−0.1t . (2.3)

More generally, if the initial temperature is T0 and not necessarily
5◦C, then the solution is:

T (t) = 25− (25−T0)e−0.1t . (2.4)

Verifying that the function given in Eq. (2.3) really does solve
the differential equation, Eq. (2.1), is a fairly straightforward exer-
cise in differential calculus. One simply plugs in T (t) on both
sides of the equation, evaluates the derivative, and simplifies to
show that the equation is true. Similarly, one can show that x= 3
is a solution to the equation 2x+ 4= 10 by plugging in x= 3, and
using arithmetic to show that the equation is true.

Once one has an exact solution, one can do all sorts of things
with it. For example, if I plug t = 10 into Eq. (2.3) I find that
T (10) ≈ 17.6, meaning that after 10 minutes the temperature of
the water is around 17.6◦C. One can also make a plot of the solu-
tion, but I’m going to hold off doing so for now. I want to show
first in Section 2.4 how one can get a general sense of the shape of
the solutions to a differential equation graphically, without using
calculus or finding formulas.

Checking to see if a function solves a differential equation is
fairly straightforward, but finding this function can be very dif-
ficult and often impossible. I’m not going to talk about how one
would go about finding an exact solution, but in the next section
I’ll talk about why I don’t want to talk about it.

2.3 Calculus Puzzles

One way of approaching differential equations is to view them
as a kind of calculus puzzle wherein one needs to find some
unknown function whose derivative is some function of itself.
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There are a variety of techniques and tricks one can employ to
find the unknown function. If you’ve taken calculus, you proba-
bly recall that differentiating functions was not too difficult, but
that anti-differentiating functions (also known as doing integrals)
is sometimes much, much harder. It is not always clear which
anti-differentiation technique one needs to use for a particular
problem. To make matters worse, there are many functions whose
anti-derivatives do not possess a closed-form solution. In such an
instance an anti-derivative exists, but there is no formula for the
anti-derivative that has a finite number of terms.

The situation is similar for differential equations, except
perhaps a bit worse. There are many different classes or fami-
lies of differential equations, and there are correspondingly many
types of techniques and tricks for solving them. Moreover, the
majority of differential equations do not possess closed-form solu-
tions; there is no finite algebraic expression for them. Almost all
non-linear differential equations are “unsolvable” in this sense.

Most differential equations textbooks and courses focus on ana-
lytic techniques—calculus tricks for solving differential equations.
I think there are several drawbacks to this approach to differential
equations. First, as previously noted, only a minority of differen-
tial equations are even amenable to such techniques. So a focus
on analytically-solvable differential equations inevitably narrows
one’s scope. Studying techniques applicable to only a small subset
of differential equations can be misleading. Non-linear equations
are rarely solvable analytically, and as we shall see, non-linear equa-
tions can display chaotic behavior—a phenomenon not seen in
linear equations. So viewing differential equations as calculus puz-
zles means that chaos is out of the picture. Moreover, I think that
the calculus-puzzle view of a differential equation might obscure
its nature as a dynamical system: a rule that tells how something
changes in time.

I feel a bit remorseful for saying bad things about using cal-
culus tricks to solve differential equations and titling this section
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Calculus Puzzles instead of Calculus Puzzles. So I’ll end this
section on a conciliatory note. Analytic solutions obtained via cal-
culus tricks are of tremendous value, when they can be found.
An analytic solution is one obtained with pencil-and-paper alge-
bra and calculus, not via a numerical or approximate approach.
It is often preferable to have a nice formula for a solution. And
it turns out that for many of the central equations of physics,
including the Maxwell and Schrödiner equations, it is usually
possible to find analytic solutions, although sometimes those solu-
tions are only approximate. Analytic solutions are also important
because they can be used to check numerical solutions, as dis-
cussed in Section 2.5. Analytic methods can also be used to find
approximate solutions or determine the asymptotic form of exact
solutions. Finding analytic solutions is a lot of fun for certain types
of people (including me). But for a book whose goal is to give an
overview of dynamical systems, I don’t think analytic solutions are
worth the time or energy. In the last section of this chapter I’ll give
a few references for those who want to dig further into the analytic
aspects of differential equations.

2.4 Qualitative Solutions

One can often learn a great deal about the general nature of solu-
tions to a differential equation via some graphical techniques that
I will illustrate in this section. We will use these techniques exten-
sively in Chapter 6 when we look at bifurcations. To get us started,
let’s return to Eq. (2.1), describing the temperature T of a cool
container of water as it warms up in a 25◦C room. I’ll re-write the
equation here:

dT (t)
dt

= −0.1(T (t) − 25) . (2.5)

Let’s make a plot of the right-hand side of this equation.The graph
is a line, as shown in Fig. 2.3. Note that the horizontal axis is
Temperature T , not time. The graph tells us how fast the water
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Figure 2.3. A plot of the right-hand side of Eq. (2.5).

is warming when the water is at a particular temperature T . For
example, we see that if the temperature is 10◦C, then the water
is warming up at a rate of 1.5◦C/min, which is what we found
back in Eq. (2.2). If, say, the temperature was 35◦C, as might be
the case for a warm cup of coffee, then the rate of warming is
−1◦C/min. In this case, the temperature is decreasing; the coffee
is cooling.

We can use the plot in Fig. 2.3 to determine the qualitative
behavior of the temperature of the water. The initial tempera-
ture is T = 5◦C. At this moment in time the water is warming
up at a rate of 2◦C/min. A little bit later, the water is warmer.
The rate of warming is not as large as before, but it is still posi-
tive, so the temperature continues to increase.The story continues.
The temperature continues to increase while the rate of warming
decreases. The temperature gets closer and closer to 25◦C. This
was the behavior I sketched by hand in Fig. 2.2.

Let’s take a more global view: what is the long-term behavior
of all solutions to the differential equation, Eq. (2.5)? All tem-
peratures less than 25◦C will increase and approach 25◦C. We
know this from common-sense physics—cool objects eventually
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25

Figure 2.4. The phase line for the differential equation Eq. (2.5).

reach room temperature. But we can also see this in Fig. 2.3. If
the temperature T is less than 25 Celsius, then the rate of warm-
ing is positive; the temperature increases. And if the temperature
is greater than 25 Celsius, then the rate of warming is negative,
and the temperature decreases. This behavior is summarized in
Fig. 2.4, which is referred to as the phase line for the differential
equation.

A phase line is a useful graphical way to summarize the behavior
of differential equations of the form of Eq. (2.5). It shows the
long-term behavior of solutions to the differential equations for
all possible initial conditions. In Fig. 2.4 we see that any initial
temperature less than 25 increases and approaches 25. And any
initial temperature greater than 25 decreases and approaches 25.
The phase line is a one-way street. At any point on the phase line
all the solutions move in the same direction.

The phase line shows us that there is a stable, or attracting, fixed
point at T = 25. All temperatures are pulled toward 25. Fixed
points of differential equations are more commonly referred to
as equilibria. For a differential equation an equilibrium (or fixed
point) is one where the derivative is zero, since a zero deriva-
tive indicates that a quantity is unchanging. The equilibrium
condition is:

dT
dt

= 0 . (2.6)

For Eq. (2.5), the derivative is zero when

− 0.1(T − 25) = 0 . (2.7)

As expected, we see that the solution to this equation occurs when
T = 25; if I plug in T = 25, the Eq. (2.7) is true. Thus, T = 25 is
a fixed point.
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Phase lines such as Fig. 2.4 are a clear way to indicate the global
behavior of a differential equation—a phase line shows the fixed
points and their stability. From a phase line, one can immediately
see the long-term behavior of all initial conditions. However, a
phase line does not give us a full specification of T (t), the tem-
perature as a function of time t. One consequence of this is that
it is not possible to use a phase line to tell how fast a trajectory
moves. For our water example, this means that one cannot tell
from Fig. 2.4 how quickly the temperature approaches 25◦C. If
we desire this sort of information, we will need another approach
to solving the differential equation.

2.5 Numerical Solutions

In this section I’ll discuss a way to determine, to arbitrary accu-
racy, the solution T (t) to a differential equation like Eq. (2.5).
The method I’ll introduce is known as Euler’s method. I like this
method because unlike the calculus puzzle approach, it gets right
at the heart of what a differential equation is: a rule that tells one
the instantaneous rate of change of a function. I’ll start by illustrat-
ing Euler’s method on the familiar warming-container-of-water
example.

We know that T (0), the temperature of the water immediately
after it is brought into the room, is 5◦C. What happens next? We
don’t know any subsequent values for the temperature, but we do
know how fast the water is cooling off at the initial moment t = 0.
The rate of change of the temperature is given by the differential
equation:

dT (t)
dt

= −0.1(T (t) − 25) . (2.8)

Since initially the temperature is 5, we plug 5 into the right-hand
side of Eq. (2.8) and obtain

dT (0)
dt

= −0.1(5− 25) = 2 . (2.9)
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So the moment the water is brought into the room it is warming
up at a rate of 2◦C/min.

Suppose we want to know T (2), the temperature of the water
2minutes after it has been in the room.We use the rate of warming
at t = 0 to obtain:

T (2)= 5◦C + (2◦C/min) × 2min

= 5◦C + 4◦C = 9◦C . (2.10)

I’ve included units on the terms in this equation to make it clearer
what is going on. The temperature increases at a rate of 2◦C/min
for 2 minutes, so the temperature increases 4◦C during these two
minutes. Since the water started at 5◦C, after two minutes it is
at 9◦C.

I hope this this is all fairly straightforward. However, there is
a problem with Eq. (2.10): it is based on a lie. The rate of warm-
ing is not constant; it continually decreases as the water warms
up. Since the rate of change is not constant at 2◦C/min during
the two-minute interval, we cannot say that the temperature gain
was 2◦C/min ×2 min = 4◦C. What do to? We pretend that the
temperature is constant over these two minutes.

Carrying on, then, we assert that T (2) = 9◦C (even though
it doesn’t really), and then can ask about the temperature when
t = 4. At t = 2 when the temperature is 9◦C, how fast is the water
warming up? We ask the differential equation. Plugging T = 9 in
to Eq. (2.8), we find:

dT (2)
dt

= −0.1(9− 25) = 1.6 . (2.11)

We can use this to figure out the temperature at t = 4. Proceeding
as we did before:

T (4) = 9◦C + (1.6◦C/min) × 2min = 12.2◦C . (2.12)

Again, this equation is based on a lie. In fact, it’s based on two lies.
One lie is that the rate of warming is constant over the two-minute
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interval from t = 2 to t = 4. This isn’t true since, as previously
noted, the rate of warming changes as the water warms up. The
second lie is that T (2) = 9. This isn’t true, since Eq. (2.10) was
based on the lie that the rate of warming is constant from t = 0 to
t = 2.

It is reasonable to get worried. Lies are accumulating. But let’s
keep our head down and move forward one more step. What is
T (6), the temperature six minutes in? We need to know how fast
the water is warming up at t = 4 when it is 12.2◦C. To get the rate,
we ask the differential equation. PluggingT = 12.2 in to Eq. (2.8),
I find 1.28◦C/min. This then yields a value of T (6) = 14.76◦C.
We can continue in this fashion, pretending the rate of warming
is constant for two-minute intervals, and calculating T (8), T (10),
and so on. The results of this method are shown in the second col-
umn of Table 2.1. (You might want to grab a calculator and check
my results for T (8) and T (10) to make sure you are following the
logic.)

The method I have just led us through is known as Euler’s
method. To implement the method one needs to choose a step size
�t, the interval of time over which we pretend that the growth rate
is constant. In this example, I chose �t = 2. Once these choices
are made, roll up your sleeves, grab a calculator, and away you go.
Or, program a computer to do the work for you.

Let’s step back and assess our Euler’s method solution. Is it any
good? For this differential equation we happen to have a formula
for the exact solution, Eq.(2.3). The exact results are shown in the
right-most column of Table 2.1. The Euler results do not agree
with the exact solution. This is scarcely surprising—after all, the
Euler “solution” is based on a series of lies. Note that the Euler
solutions are consistently too large; they give the temperature as
being warmer than it actually is. It makes sense that Euler’s method
gives us over-estimates in this case. When we used Euler’s method
we pretended that the rate of warming was constant during each
two-minute interval. In reality, the rate of warming continually
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Euler Euler
Time �t = 2 �t = 1 Exact

0 5 5 5
1 7 6.90
2 9 8.80 8.63
3 10.42 10.18
4 12.2 11.88 11.59
5 13.19 12.87
6 14.76 14.37 14.02
7 15.43 15.07
8 16.81 16.39 16.01
9 17.25 16.87
10 18.45 18.02 17.64

Table 2.1 Solutions to the differential
equation Eq. (2.8).

decreases as the water gets closer to room temperature, a real-
ity ignored by Euler’s method. Accordingly, in this example our
approximates are always larger than the exact value.

As noted, Euler’s method yielded an approximate answer
because it pretends that the warming rate is constant over a two-
minute interval. We can make the error smaller by using a shorter
interval. Let’s pretend that the warming rate is constant over one
minute instead of twominutes. This is still a lie, but it is less of a lie
than before. The rate of warming changes less over a one-minute
interval than it does over a two-minute interval. Euler’s method
proceeds as before, except we use �t = 1. Let’s do the first few
steps. Initially, we know that T (0) = 5. We determine the rate of
warming by asking the differential equation, Eq. (2.8). Plugging
in T = 5 to the right-hand side of the differential equation, we
are told that when T = 5, the water is warming up at a rate of
2◦C/min. So, T (1), the temperature after one minute is:
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T (1) = 5◦C + (2◦C/min) × 1min = 7◦C . (2.13)

This result is shown in the third column of Table 2.1.
Let’s do one more step. We know that T (1) = 7◦C, and we

want to know T (2), the temperature after two minutes. What
is the rate of warming when T = 7◦C? We ask the differential
equation. Plugging T = 7 in to the right-hand side of Eq. (2.8),
we find:

dT (1)
dt

= −0.1(7− 25) = 1.8 . (2.14)

We then use this to determine T (2):

T (2) = 7◦C + (1.8◦C/min) × 1min = 8.8◦C . (2.15)

One can keep going, pretending the rate of warming dT
dt is con-

stant for one-minute intervals, to obtain the results collected in
Table 2.1. Note that the Euler approximations with �t = 1 are
again overestimates, but they are closer to the exact values, as one
would expect. Pretending the rate of cooling to be constant over
a one-minute interval is less of a lie than pretending it is constant
over a two-minute interval.

In Fig. 2.5 I have plotted the exact solution to Eq. (2.8) along
with the Euler approximations for �t = 2 and �t = 1. One can
see that the Euler method gives a fairly good approximation to
the exact solution, despite the fact that the method is based on a
lie. One can make the results for Euler’s method more and more
accurate—closer to the exact solution—by letting �t get smaller
and smaller. This can get tedious to do by hand, but computers
can do this with ease. For example, if I set �t = 0.01, my ordinary
desktop computer can apply Euler’s method and plot the result in
under one second. The resulting curve is indistinguishable from
the exact solution.

Euler’s method yields what is referred to as a numerical solution.
This means that the solution that results is a list of numbers and
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Figure 2.5. A plot of the exact solution for the differential equation,
Eq. (2.8), describing the temperature of a warming container of water.
Also shown as squares and triangles, respectively, are the approximate
solutions obtained via Euler’s method for �t = 2, and �t = 1.

not a formula. Numerical solutions like Euler’s method are not
exact. They are based on lies—the constancy of the rate of change
over a time interval �t. This lie can be made smaller and smaller
by letting �t get smaller and smaller. As one does so, the Euler
solution gets closer and closer to the exact solutions. Mathemati-
cally, one would say that the Euler solution converges to the exact
solution.

I’ll have a little more to say about numerical solutions to dif-
ferential equations in Section 2.7. But before doing so, I want
to collect the results of the last several sections and look at some
complementary ways of visualizing and thinking about solutions
to Newton’s law of cooling, Eq. (2.8).

2.6 Putting It All Together

In this chapter we have been studying the differential equation
that describes how the temperature of a container of water
changes when it is placed in a 25◦C room. Writing that equation
one more time:
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dT (t)
dt

= −0.1(T (t) − 25) . (2.16)

A differential equation is a dynamical system: a rule that tells us
how something changes in time. Given the starting value (in our
example 5◦C) and the rule, we can figure out T (t), the temper-
ature as a function of time. In the preceding several sections I
presented a number of ways do this.

If one plots the right-hand side of the differential equation, as
I’ve done in the top plot in Fig. 2.6, one can see immediately the
regions in which the function T (t) is increasing or decreasing.
One can also see the fixed points; they occur when the derivative
is zero. From this information, one gets a sense of the dynamics of
the differential equation: the fixed points and their stability. One
can then infer the long-term behavior of any initial condition.This
information is usefully summarized with a phase line. In the top
of Fig. 2.6 I’ve drawn the phase line directly on the graph of the
right-hand side of Eq. (2.16). The phase line reveals the long-term
dynamical behavior of the differential equation.

In many instances it is useful to plot solutions as a function
of time. I’ve done this in the bottom plot of Fig. 2.6. I’ve cho-
sen three starting temperatures, 5, 15, and 35◦C and shown the
temperature as a function of time for each. Not surprisingly, in all
cases the temperature of the water approaches room temperature,
25◦C. One could obtain plots for T (t) either via Euler’s method
or an exact algebraic solution, if one exists.

At this point I’m finally ready to stop discussing the tempera-
ture of the container of water. I’m aware that I may have crossed
the line into repetition, but my hope is that carefully treating
an almost-too-simple example has helped to make it clear what
differential equations are and how to think about them.4 The

4. If you’d like to see another example, you can skip ahead to Section 6.1, in
which I analyze a different differential equation.
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Figure 2.6. The top plot shows the right-hand side of Eq. (2.16).
The phase line for the differential equation is drawn on the horizon-
tal axis. Whenever dT

dt is positive (negative) the temperature increases
(decreases). There is a stable fixed point at T = 25◦C. The bottom
plot shows solutions to Eq. (2.16), obtained via Euler’s method,
for three different initial temperatures: 5, 15, and 35◦C. The sta-
ble equilibrium value of T = 25 is indicated by the thin horizontal
line.

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Introducing Differential Equations 35

rest of this chapter contains some more general comments and
observations about differential equations.

2.7 More about Numerical Solutions

There are two other issues around numerical solutions that I’d like
to discuss. First, you should know that Euler’s method is not the
most efficient algorithm for solving a differential equation. Effi-
ciency in this context refers to the amount of time or memory a
computer needs in order to obtain a solution to a given accuracy. A
family of methods known as Runge–Kutta (RK) methods are more
efficient than Euler and are implemented as part of the differen-
tial equation solvers that are part of matlab, scipy (the scientific
computing package for python), and many other languages and
platforms. RK methods are similar to Euler’s method, but rather
than use the derivative at a single point to determine the pretend-
constant rate of change over a time interval�t, a weighted average
of the derivatives at several different times is used.5

You might ask, then, why I have focused on the less efficient
Euler method rather than the more efficient RK method. I pre-
sented Euler’s method because it is conceptually clean. It gets right
to the heart of what a differential equation is: a rule for how some-
thing changes in time. The rule is indirect, in that it gives us the
rate of change, rather than the thing itself. Further complicating
matters, the rate of change (i.e., the derivative) usually is contin-
ually changing. Euler’s method lets us go from this continually
changing derivative to the function.

The second reason I introduced Euler’s method and not RK
is that if you know how Euler’s method works, then I think you

5. Additionally, most of these built-in differential-equation solvers use an
adaptive step size algorithm. This is an algorithm that changes the step size �t
depending on the characteristics of the equation.The step size needs to be smaller
in intervals where the derivative is changing rapidly, since here the lie that the
derivative is constant over an interval is farther from the truth than for intervals
where the derivative changes slowly.
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have a pretty good conceptual picture of how RK works. Often in
this book—and in other books and in the scientific literature—
you will read simply that a solution to a differential equation
was obtained numerically. You can picture a computer doing a
slightly more clever version of Euler’s method and you’ll have the
right idea what is going on inside the “black box” of the RK
algorithm.

The second issue I want to discuss about numerical solutions is
a bit more philosophical. Some might object to calling the results
of Euler’s method a solution to a differential equation. They might
argue that the only way to truly solve a differential equation is to
find an algebraic formula that exactly solves it. I disagree. I think
it is perfectly legitimate to say that Euler or RK methods can solve
a differential equation. Yes, numerical methods give numbers, but
a list of numbers is a perfectly fine way to specify a function. And
yes, the numbers are only an approximation to the exact solution,
but in almost all cases we can make this approximation as accurate
as we want by decreasing the step size.

RK methods are not terribly difficult, but they’re a bit involved
and so beyond the scope of this short book. A description of them
can be found in almost any numerical methods text. The discus-
sion in Section 8.1 of Newman (2012) is particularly clear. See also
Chapter 16 of Press et al. (1995) for a detailed and highly readable
account of a variety of algorithms for solving differential equations
along with cautionary remarks about some the perils of solving
differential equations numerically.

2.8 Notes on Terminology and Notation

In this section I’ll discuss some different categories of differen-
tial equations and introduce some terminology. First, a few words
about alternate notation for derivatives. I have used the notation
dx
dt to denote the derivative of the function x with respect to time.
This form for writing the derivative is known as Leibniz’s notation.

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Introducing Differential Equations 37

Another very common notation, known as Lagrange’s notation, is
x′. The two notations are equivalent and are used interchangeably:

x′ = dx
dt

. (2.17)

Another common notation, due to Newton, is to place a dot
over a variable to indicate a derivative with respect to time.That is,

ẋ = dx
dt

. (2.18)

This notation is most common in physics and engineering. I will
not use dot notation in this book, but it is likely you will encounter
it elsewhere. Note that Newton’s dot notation is only used to refer
to time derivatives.

So far our discussion of differential equations has focused on
one example, Newton’s law of cooling, Eq. (2.16). This differential
equation is of the form:

dx
dt

= f (x) . (2.19)

Here x is an unknown function of time: x(t) is what we’re solv-
ing for. The right-hand side is some function involving x, the
unknown function. (In the warming water example the unknown
function was T (t), not x(t).) Equations of the form of Eq. (2.19)
are known as autonomous differential equations. The idea is that
the system does its own thing independent of time—and hence is
autonomous. The rate of change depends only on the value of x,
not on the time. In the warming water example, the rate at which
the water warmed depended only on the water temperature T ,
and not on the time t.

Another type of differential equation has a time-dependence on
the right-hand side:

dx
dt

= f (x, t) . (2.20)
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Equations of the form of Eq. (2.20) are called non-autonomous
differential equations. The following equation is of the form of
Eq. (2.19), and thus is autonomous:

dx
dt

= 2x(1− x) . (2.21)

This equation:

dx
dt

= 2x(1− x) + sin
(
3t
π

)
, (2.22)

on the other hand, is of the form of Eq. (2.20) and thus is non-
autonomous, because it has a t on the right-hand side. In this book
I will cover only autonomous differential equations.

The order of a differential equation refers to the highest order
of the derivative that appears in it. Equations (2.21) and (2.22)
are both first-order equations, because the highest derivative that
appears is the first derivative. The equation

d3x
dt3

= x+ x2 + 7x
dx
dt

, (2.23)

is a third-order equation. A differential equation is called ordi-
nary if it contains only ordinary, and not partial, derivatives.
Ordinary differential equations often go by the poetic abbrevi-
ation ODE. Partial differential equations are known by the less
poetic PDE.

I’ll end this section by introducing one more bit of termi-
nology. In order to solve a differential equation of the form of
Eq. (2.20), one needs to specify an initial condition. Thinking of
Euler’s method for the warming water example, in order to figure
out the solution, we need to know not just the differential equa-
tion but also the starting temperature of the water. A differential
equation along with an initial condition is collectively referred to
as an Initial Value Problem and is often abbreviated IVP.
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2.9 Existence and Uniqueness of Solutions

In mathematics it is nice to know that a solution exists before one
sets off trying to find it. Do all differential equations have solu-
tions? Might they have more than one solution? Let’s first think
about these questions in the context of iterated functions, intro-
duced in the previous chapter. Iterated functions are dynamical
systems of the form:

xn+1 = f (xn) . (2.24)

It is a simple matter to determine the itinerary for an initial
condition. One starts with the initial condition and applies
the function over and over again. In the context of differen-
tial equations, one would say that we’ve found a solution to the
equation—we’ve solved for the unknown itinerary, just as when
faced with a differential equation we seek to solve for the unknown
function.6

In any event, the “solution” to Eq. (2.24) exists. How could it
not? As long as the function f (xn) on the right-hand side doesn’t
behave pathologically, perhaps by requiring a division by zero,
there is no way that you’ll get stuck as you carry out the process
of determining the itinerary. Moreover, this itinerary is unique.
There is one and only one itinerary for each function f and each
initial condition x0. If you and I each start with the same initial
condition and enter numbers correctly on a reliable calculator, we
are guaranteed to compute the exact same itinerary.

The situation is the same for autonomous first-order differen-
tial equations of the form of Eq. (2.19). If the function f (x) is
continuous and differentiable in a region that includes the initial
condition x(0), then there exists a unique solution. The existence
and uniqueness of solutions to differential equations is a standard

6. Although in practice one almost never says that one solves Eq. (2.24),
because “solving” seems like too grand a word to describe just plugging a number
in to your calculator and applying a function to it over and over.
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part of most differential equation texts. For good discussions of
some of the issues around existence and uniqueness, see Section
1.5 of Blanchard, Devaney and Hall (2011) or Section 7.2 of
Hirsch, Smale and Devaney (2004). For a proof of existence and
uniqueness of solutions, see for example, Section 3.3 of Robinson
(2012).

The existence and uniqueness theorems basically say that as
long as the right-hand side of the differential equation is well
behaved, there will exist a unique solution. I like to think of exis-
tence and uniqueness in the context of Euler’s method. If one
applies Euler’s method with smaller and smaller time steps �t,
one will be led closer and closer to the exact solution. How could
one not be? As long as the derivative changes continuously and
not with any sudden jumps, there is only one possible solution.

The upshot of all this is that differential equations of the form
of Eq. (2.19) are well-posed problems.They have one and only one
solution. I hope this result is fairly intuitive. Viewed as a dynam-
ical system, a differential equation is an unambiguous rule that
specifies how a quantity changes. Given an initial condition and
this unambiguous rule, there is one and only one trajectory pos-
sible. The initial condition and the equation uniquely determine
the solution.

2.10 Determinism and Differential Equations

Before this chapter draws to a close, I want to present a result
that places strong limitations on the types of behavior possible for
autonomous differential equations of the form

dx
dt

= f (x) , (2.25)

the type of equation we have been examining in this chapter.
A solution to this differential equation can not oscillate in any way.
This is perhaps most easily seen via a counterexample. In Fig. 2.7
I have shown a function x(t). Could it be a solution to Eq. (2.25)?
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Figure 2.7. A plot of a function x(t) that cannot possibly be a solution
to an autonomous differential equation of the form dx

dt = f (x).

The answer is “no”. This can be seen as follows. Consider, say,
x= 120. The function x(t) has this value at two instants, t ≈ 7
and t ≈ 14. At t ≈ 7, x(t) is increasing, so its derivative is posi-
tive. And at t ≈ 14, x(t) is decreasing and hence has a negative
derivative.

So what we have just seen is that when x= 120, the derivative
of x, dx/dt, could be either positive or negative. But Eq. (2.25)
says that dx/dt is a function only of x and not of t. Thus, the
same value of x should always yield the same value of the deriva-
tive dx/dt. We are thus forced to conclude that the function x(t)
shown in Fig. 2.7 cannot possibly be a solution to an autonomous
differential equation of the form of Eq. (2.25).

The same story will hold for any other x(t) that oscillates
(i.e., that both increases and decreases). We thus conclude that
autonomous differential equations of one variable cannot oscillate.
The type of behaviors seen in solutions to autonomous differen-
tial equations is thus rather limited. A solution can either increase
or decrease, but not both. It can approach an equilibrium, or it
can tend toward positive or negative infinity. That’s it. This result,
thought of in terms of phase lines, simply says that the phase line
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is a one-way street. At every point on the phase line (except for
fixed points) solutions either increase or decrease, but not both.
We shall see in a few chapters, however, that systems of differ-
ential equations can have much more interesting and complex
behavior.

2.11 Iterated Functions vs. Differential Equations

In this chapter and the last we looked at two types of dynamical
systems: iterated functions and differential equations. These are
different classes of models. For iterated functions, time is discrete;
the result of iterating a function is a time series that consists of a list
of values. For example, applying the squaring function to the seed
x0 = 2 yields the orbit 2, 4, 16, . . . . The system has the value of 2 at
time 0, 4 at time 1, 16 at time 2, and so on. It does not have a value
at intermediate times. It is meaningless to ask about the value at
time 0.5. A consequence of this is that values of the orbit jump
from one to the next. For example, if x0 is 2 and x1 is 4, that does
not mean that x passes through the values between 2 and 4.

In contrast, the solution x(t) to a differential equation is
defined for all t, not just integer values of t. Additionally, the
solution to a differential equation will generally be continuous.
For example, if a differential equation’s solution x(t) has a value
of 2 and a little while later is at 4, it must have visited all values
between 2 and 4 along the way.

The upshot is that differential equations and iterated functions
are different kinds of dynamical systems with qualitatively differ-
ent properties. For example, as we shall see, iterated functions can
exhibit chaos, but one-dimensional differential equations can not.
Chaos for differential equations is only possible in three or more
dimensions.

That said, there are some connections between differential
equations and iterated functions. First, as you have perhaps
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noticed, in the process of solving a differential equation via Euler’s
method, we have reduced a differential equation to an iterated
function. Like the iterated functions of Chapter 1, Euler’s method
is a rule that uses the value of a function at one time step to deter-
mine the function’s value at the next time step. Euler’s method is
an iterated function that can emulate any well-behaved differen-
tial equation. The converse is not true. Given an arbitrary iterated
function, it is not always possible to emulate it with a differential
equation.

Note that Euler’s method is used to find approximate solutions
to a continuous function. Thus, if Euler’s method determined
that the temperature of a cup of coffee was 35 degrees at t = 1
minute and 33 degrees at t = 2 minutes, then we can be sure that
at some instant between minutes one and two the cup of coffee
was 34 degrees. As noted, in general for iterated functions there is
no expectation of continuity, nor is it meaningful to consider the
value of the solution at non-integer time values.

A second connection between iterated functions and differen-
tial equations is that iterated functions are often used to analyze
differential equations. We will see examples of this in Sections 9.4
and 9.6. Rather than working directly with the differential equa-
tion, it is sometimes easier to use the differential equation to
construct an iterated function that captures some feature of the
differential equation. Properties of the differential equation can
then be deduced from the properties of this function.

Third, iterated functions exhibit most of the dynamical phe-
nomena that differential equations do, yet are usually considerably
easier to study. So studying iterated functions is a great way to
learn about many of the key concepts and results from dynami-
cal systems. I will take this approach here. In Chapters 4 and 5
we will see how chaos and the butterfly effect arise in iterated
functions. Chaos in differential equations is covered later, in
Chapter 9.
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2.12 Further Reading

Differential equations are a standard part of the mathematics cur-
riculum; it is one of the first math classes offered beyond calculus
and is taken by all math, physics, and engineering majors, and
many others. As such, there are a range of strong textbooks on
differential equations with different styles and points of empha-
sis. One of my favorites is the text by Blanchard, Devaney, and
Hall (2011). It is quite clear and readable and takes a dynamical
systems point of view, striking a balance among qualitative tech-
niques, numerical methods, and analytic methods. There are also
a number of books on mathematical modeling and mathematical
biology that contain excellent discussions of differential equations
and their applications. These include: Britton (2005), Edelstein-
Keshet (2005), Ellner and Guckenheimer (2006), Garfinkel et al.
(2017), Mangel (2006), and Vandermeer and Goldberg (2013).
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3
I N T E R LUD E : MATH EMAT I C A L MODE L S
AND TH E N EWTON I A N WOR LD V I EW

3.1 Why Isn’t This the End of the Book?

At this point you may well be wondering why this isn’t the end
of the book. After all, I’ve introduced two types of dynamical sys-
tems: iterated functions and differential equations. For both I’ve
discussed how to solve for the future behavior given the function or
differential equation and an initial condition. And I hope to have
convinced you that solving for the future behavior is not a difficult
task, at least if one has access to a computer that can implement
Euler’s method for differential equations. Given a dynamical sys-
tem we can determine the fixed points and their stabilities, and
we can figure out the long-term behavior of any initial condition.
These simple dynamical systems have simple behavior and it is
pretty simple to figure out this behavior. End of story?

Actually, it turns out that simple dynamical systems such as
those introduced in the previous two chapters most definitely do
not always possess simple dynamical properties. Dynamical sys-
tems can exhibit surprisingly complex behavior, exhibit sudden
transitions, and can also evolve in a way that is indistinguishable
from random. This was first glimpsed by Henri Poincaré in the
late 1800s, but it wasn’t until the 1970s and 80s that the full

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



46 Chapter 3

richness of dynamical systems was appreciated and understood.
The remainder of this book is devoted to giving an overview of the
key lessons and realizations to emerge from the study of dynamical
systems. This will begin in the next chapter, where we’ll encounter
chaos: unpredictable behavior produced by a deterministic sys-
tem. In this chapter I’ll touch upon a number of philosophical
and conceptual issues that will help to set the stage.1

3.2 Newton’s Mechanistic World

In 1687 Isaac Newton published Philosophiae Naturalis Principia
Mathematia (Mathematical Principles of Natural Philosophy),
usually referred to simply as the Principia. This work is often seen
as the culmination or apotheosis of the scientific revolution. In the
Principia, Newton gave a unified account of gravity, showing that
the laws of gravity that hold on earth apply equally well to the
moon, sun, and planets. In addition to co-inventing calculus,
Newton put forth three universal laws of motion describing how
objects move: not just here on earth but everywhere in the uni-
verse. Changes in motion are a consequence of forces acting on
an object. Given knowledge of these forces, one can calculate the
future position of the object, just as, given Newton’s law of cool-
ing, Eq. (2.1) in the previous chapter, one can calculate the future
temperature of the water.

The Principia may seem like ancient history, but I bring it up
because the ideas Newton put forth form the basis for a view of
the world that I think is in many ways still with us. In the Newto-
nian picture the world is mechanistic and material. The universe
is made up of stuff that exerts forces on other stuff. Objects move
not because of spirits or desires, but because objects interact with
other objects, and those interactions can be described by univer-
sal rules—universal in the sense that the same unchanging rules

1. Section 3.2 and 3.3 closely follow Feldman (2012, Chapter 8).
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apply everywhere in the universe. The world is much like a giant
machine. In the Newtonian framework the world is also math-
ematical. The laws of nature—the rules governing how material
objects interact and behave—are expressed in mathematical form.
The business of science, then, is to figure out what mathematical
form these laws take.

Underneath all this is the assumption that the world is gov-
erned by rules or laws in the first place, and that these laws tend
to have a simple mathematical form. Further, the presumption is
that systems described by these simple laws have simple behav-
ior. This presumption is, to my knowledge, almost always implicit
or unspoken. It seems just to be just common sense that simple
mathematical systems will behave simply. In this view, complexity
arises in systems of very many interacting objects, or perhaps in
situations where, for some reason, the mathematical laws or rules
are not simple. (For further discussion of some of the assumptions
of the Newtonian worldview see Diacu and Holmes (1999) and
Stewart (2002).)

3.3 Laplacian Determinism and the Aspirations
of Science

So the Newtonian world is machine-like. The world is vast and
seems complicated, but ultimately made of simple gears and cogs.
This leads to a certain optimism; the world should be understand-
able. We can’t grasp it all at once, of course, but we can get ever
closer to the true picture of things. But this mechanistic view of the
world also leads to some puzzles. If the world really is a machine,
perhaps the future has already been written. After all, the future is
just a predictable and logical consequence of the present state of
affairs.

In such a world, is there any choice or volition? I might wind
up a toy robot, set it on a table, and let it go. The robot would
stagger forward and fall off the table. It would be absurd to say
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Figure 3.1. Are we all just complicated toy robots? (Image byD.J. Shin
(Own work) [CC BY-SA 3.0 (http://creativecommons.org/licenses
/by-sa/3.0) or GFDL (http://www.gnu.org/copyleft/fdl.html)], via
Wikimedia Commons.)

that the robot chose to walk off the table. But in the Newtonian
view, admittedly taken to the extreme, perhaps I am also a toy
robot, albeit (hopefully) a much more complicated and complex
one (see Fig. 3.1). If so, then perhaps I no more chose to write this
book than the toy robot chose to fall off the table. Is there room
for free will in a deterministic and mechanistic universe?

A related set of issues was laid out in 1814 by Pierre-Simon de
Laplace in a now-famous passage:

We may regard the present state of the universe as the effect
of its past and the cause of its future. An intellect which at
a certain moment would know all forces that set nature in
motion, and all positions of all items of which nature is com-
posed, if this intellect were also vast enough to submit these
data to analysis, it would embrace in a single formula the
movements of the greatest bodies of the universe and those
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of the tiniest atom; for such an intellect nothing would be
uncertain and the future just like the past would be present
before its eyes. (Laplace, 1951)

This “vast intelligence” is now referred to as Laplace’s demon.
There are a number of technical arguments showing “con-

vincingly that neither a finite, nor an infinite but embedded-in-
the-world intelligence can have the computing power necessary
to predict the actual future, in any world remotely like ours
(Hoefer, 2016).2” The supreme intelligence of Laplace’s demon is
clearly an unobtainable ideal. However, I think that one way of
viewing science is that it is an ongoing effort to get closer and
closer to Laplace’s demon so that one can make accurate and reli-
able predictions about the future. As I have suggested elsewhere
(Feldman, 2012, Section 8.3), there are three things scientists must
do in order to approach Laplace’s demon:

1. One needs to know the rules or laws of nature—how
it is that the current state of the world determines the
next state.

2. One needs to have accurate measurements of the cur-
rent state of the world, since this is needed to predict
the future state.

3. One needs sufficient computing power and memory
to store an accurate representation of the current state
of the world and carry out the calculations necessary,
applying the laws of nature, to predict the future state.

This is surely an over-simplified view of science, but I do think
it captures many aspects of how science functions—or at least
how we think about science functioning. Scientific progress often
occurs via advances along one or more of these three fronts: a bet-
ter understanding of the rules of nature; more careful or accurate

2. These arguments basically amount to demonstrating that a computer
needed to predict the future of the universe would need to be bigger than the
universe.
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measurements, perhaps made possible by some new measurement
or imaging technology; and bringing greater mathematical inge-
nuity or computing power to bear on a problem. The study of
dynamical systems has not, in my view, rendered obsolete this
sketch of science and scientific progress, but it has complicated
it considerably. For example, we shall see in subsequent chap-
ters that simple deterministic systems can be fantastically difficult
to predict, requiring insanely accurate measurements and vast
computing power.

In this view of science much emphasis is placed on figuring
out the rules—determining the laws of nature. The assumption is
that once this is done correctly, the work of science is essentially
done, and the phenomenon is understood.The study of dynamical
systems challenges this assumption. We will see that dynamical
systems, even very simple ones, possess behaviors that do not seem
to immediately follow from the equations themselves.

Finally, I should note that there is wide range of practices
that are considered science. Natural history, botany, genetics,
chemistry, quantum physics, observational astronomy, and string
theory all are generally viewed as science, although a reasonable
case can made that some aspects of string theory fall outside of
science. But nevertheless, there clearly is a diverse range of scien-
tific practices and explanatory modes, not all of which emphasize
prediction in the way that Laplace’s demon does. In a similar vein,
mathematical models find a range of uses in the sciences, a topic I
discuss in the next few sections.

3.4 Styles of Mathematical Models

Just as there is a range of practices that are considered science, there
is also a diversity of ways that mathematical models and equa-
tions are constructed and put to use. Many of us, I suspect, first
used scientific equations to describe reality in physics or chemistry
classes. In this setting equations are taken literally: the pressure
of the ideal gas is 1.25 atmospheres, or the (x, y) coordinates of a
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projectile at a particular moment in time really are (x= 25 meters,
y= 38 meters). In these applications, one rarely thinks one is
doing modeling. The equations are viewed as faithful represen-
tations of real objects and processes. Often, the impetus for the
use of equations in this context is to make predictions. We can
predict how hot a gas will be if its pressure is increased by a certain
amount, or we can figure out at what angle we should launch a
projectile in order for it to land at a particular location.

Quite often in physics, and elsewhere in the sciences as well,
understanding is equated with quantitative prediction. There are,
however, other ways that equations are used to model processes
and phenomena. Rather than a faithful or mechanistic account-
ing of the entirety of a phenomenon, one might instead wish to
highlight just one or two essential aspects of the object or pro-
cess being studied. Models like these are more like a caricature, a
simple sketch designed to highlight, or perhaps even exaggerate,
some feature of a phenomenon. The artist who draws a success-
ful caricature of a subject surely has understood the subject and is
able to convey this understanding to others through a sketch, even
though the sketch probably is not helpful in predicting the future
behavior of its subject.

One might think that a truer and more complete model of a
phenomenon would be preferable, but that is not always the case.
It depends on one’s goals. For example, suppose one wants a guide
to identify birds eating at your birdfeeder or that you see when hik-
ing. One might expect that a field guide filled with photographs
would be ideal for this purpose. After all, photographs are realistic,
accurate representations.3 However, good sketches or drawings are
far superior for the purpose of identifying birds.

3. Of course, it’s a bit more complicated than this, even before the current
era in which manipulation of digital images is easy and routine. Composition,
light, and resolution all can make a significant difference in the appearance of
a photograph, and a skillful photographer can manipulate this to produce the
desired effect.
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Roger Tory Peterson is one of the preeminent naturalists,
illustrators, and authors of the twentieth century. The following
passage, written by his wife Virginia Marie Peterson in the intro-
duction to one of his many field guides for birds, speaks to the
value of illustrations:

A drawing can do much more than a photograph to empha-
size the field marks. A photograph is a record of a fleeting
instant; a drawing is a composite of the artist’s experience.
The artist can edit out, show field marks to best advantage,
and delete unnecessary clutter. He can choose position and
stress basic color and pattern unmodified by transitory light
and shade. A photograph is subject to the vagaries of color
temperature, make of film, time of day, angle of view, skill
of the photographer, and just plain luck. The artist has more
options and far more control even though he may at times
use photographs for reference. This is not a diatribe against
photography; Dr. Peterson was an obsessive photographer as
well as an artist and fully aware of the differences. Whereas
a photograph can have a living immediacy a good drawing
is really more instructive (Peterson, 1989, page xi).

Photographs and illustrations are both models of something: a
bird. Actually, it’s a bit more abstract than this— in a field guide
they are models not of an individual bird but of an entire species,
within which there may be considerable variation. An illustration
in a field guide is thus a composite representation, capturing and
highlighting what is common across many different individuals.

As Peterson notes, photographs can be too detailed, cluttered
with too much unnecessary information. The same can be true
of mathematical models. The point of modeling may not be to
produce a detailed snapshot, but instead to understand. The goal
might not be a thorough and realistic model for prediction, but
a simpler model that enlightens or clarifies. Thus, when thinking
about models, it is essential to keep in mind their purpose(s).
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Figure 3.2. Left: A fetal pig (Figure source: Kelly Tippett/Shutter
stock.com). Right: A mannequin (Figure source: Sandratsky
Dmitriy/Shutterstock.com). Both are used tomodel the human body.

This point is made particularly vivid through the following
example, from Blanchard, Devaney and Hall (2011, p. 2). Stu-
dents of biology and medicine often perform dissections of a fetal
pig as a way to learn about human physiology and anatomy. The
pig, being amammal like us, serves as amodel for the human body.
It might be better, I suppose, to dissect actual humans—and most
medical students eventually do—but there are ethical issues associ-
ated with procuring and cutting up humans. So a model, the fetal
pig, is used instead. Clothes designers, like doctors, also work with
the human body. As they are designing clothes, they need to see
what their work looks like when worn by a person. To do so, they
make use of a different model of the human body—a mannequin.

So we have two different models for the human body, a fetal pig
and a mannequin, a scenario illustrated in Fig. 3.2. Which model
is better? The question is absurd. It is meaningless to critique a
model without specifying the context—the goals or motivations
for forming the model in the first place. Both are perfectly good
models for what they are intended and would be disastrous if
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interchanged. I can’t imagine wearing clothes designed for a pig,
and I certainly wouldn’t want to go to a doctor who had practiced
surgery on a mannequin. Note that it is not a useful question to
ask whether or not these models of a human are realistic. Nei-
ther are realistic, in that both leave out very important features
of human beings. But that’s the point—that’s exactly what makes
them effective models.

3.5 Levels of Models

The point of the previous section is to underscore that mathe-
matics is harnessed in different ways when attempting to describe
or understand the world. Models are constructed for different
purposes: sometimes to predict, but other times to caricature or
highlight particular aspects of a phenomenon without quantitative
prediction in mind. This latter approach is sometimes referred to
as qualitative modeling or qualitative mathematics. Models are also
sometimes based on theoretical understanding, and other times are
more empirical. For example, as previously mentioned, a model
may aim to provide a faithful or mechanistic description of a phe-
nomena. The point is not only to describe or even predict, but to
make a statement of the way things really are. This type of model-
ing has its roots in physics, where we often begin an analysis with
a precise knowledge of the behavior of a system’s constituents and
their interactions. We can thus write down rules that state how
all constituents will behave—the equations of motion. Models of
this sort are sometimes called first-principles models, because their
starting point is a mechanistic, fundamental understanding of the
entities that make up a system.

Another approach to modeling is descriptive or empirical. Here
the goal is to capture or describe regularities present in data or a
set of observations and not necessarily to elucidate the mechanism
that produced the data. Much of the use of statistics is empirical
in this way. One might want to know, for example, how strong a
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relationship there is between application of fertilizer and the pro-
ductivity of tomato plants. One could carry out a linear regression
and see if there is a statistically significant relationship between
productivity and fertilizer usage. If such a relationship does exist,
this analysis tells us nothing about why the relationship is the way
it is—it just states that there is evidence in favor of there being a
relationship.

Empirical models are used outside of statistics, as well. For
example one might study a population of animals of some sort
and observe that mortality as a function of population density is
concave up—that is, the mortality increases faster than linearly
with population density. This could arise because diseases spread
more easily in a denser population than a less dense one. Ormaybe
there is some other explanation. All you know is the observed fact
that mortality is concave up. A scientist building a model of this
population might account account for this by adding a quadratic
term to the death rate. The quadratic term does not get at the
mechanism behind the mortality—indeed, the mechanism might
not be known. But the term accounts for the empirical fact that
the mortality increases faster than linearly as population increases.

So some models are mechanistic, beginning with a theoretical
or fundamental understanding, while others are empirical, seek-
ing simply to mimic some observed behavior or trend. And, of
course, these categories are fluid. Many models combine elements
of both. Also, the notion of fundamental is a relative one—what
might be fundamental to a biologist might not be fundamental
to a physicist. The notions of fundamental and empirical are not
binary categories but exist along a context-dependent continuum.

Models also vary depending on the ontological status of their
elements. Models are an abstraction—a simplification and an ide-
alization of a process or system. The same can be said of the
elements of a model, the terms or variable or objects from which
the model is built. By ontological status, then, I mean the level
or type of abstraction associated with the model elements. I’ll
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give several examples of model elements at different levels of
abstraction.

Much of physics is concerned with physical objects, like my
water container, the chair I’m sitting on, or the toy mice that my
cats like to play with. At the risk of drawing unwanted attention
from philosophers, I will assert that these objects exist. I could use
physics to determine how fast and at what angle to throw the toy
mice for maximum distance. If I did so, I would treat the mouse
as a point particle, a particle occupying an infinitely small point in
space coinciding with the center of mass of the mouse. I would use
the same projectile motion equations from introductory physics
that apply to cannonballs or tennis balls or anything else. So using
these equations entails an abstraction—I forget about the details
of the toy mouse and treat it as a particle. You could do the same
thing for a ball you are throwing to your dog, or a baseball thrown
by the Red Sox rightfielder Mookie Betts to third base. This is,
I would argue, not a very drastic abstraction. It is theoretically
justified; the laws of physics assure us that a spatially extended
object like a toy mouse really does behave as a particle positioned
at the mouse’s center of mass. Moreover, even though the idea of a
particle is an abstraction, we are still talking about a real physical
object that occupies a real point in space at a particular time.

In the previous chapter we focused on a differential equation
that describes how the temperature of an object changes. Temper-
ature is more of an abstraction than a particle. There are various
ways of viewing or defining temperature: it is related to the aver-
age kinetic energy of the molecules that make up an object; it is a
measure of the tendency of energy to flow in or out of an object
(energy always flows from hot to cold); it is related to how the
entropy of a system changes when its energy changes. All of these
views of temperature can be shown to be equivalent. But regardless
of which point of view one adopts, it seems fairly clear to me that
temperature is a more abstract notion than position. Temperature
can perhaps most concretely be thought of as a measure of average
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energy. The differential equation describing how a container of
water cools off is then a statement about how an average changes,
not how the energy of individual molecules change. The descrip-
tion is at a higher level—higher in the sense that it describes the
situation in terms of coarse-grained or averaged variables.

More abstract still—or perhaps a different sort of abstract—is
the notion of a population. We might write down a differential
equation describing how a population grows. But a population is
a coarse-grained description of what is really a collection of indi-
viduals. This becomes particularly clear when one models two
populations, perhaps a predator-prey system, as we will do in
Chapter 8. Such a model includes a term that accounts for the
interaction between the two populations: the presence of prey
leads to predator growth, and vice-versa. But this is a bit of a fic-
tion. The populations don’t interact, individuals do. An individual
predator eats an individual prey. The point isn’t that this sort of
model is unjustified or wrong. All models are simplifications or
idealizations of some sort, and I think it is important not to lose
sight of this fact.

The notion of a density is also an abstraction. For example,
one may describe the population of animals that are distributed
in space by specifying their density. We might say that the density
of elephants in a particular region of the savanna is 12 elephants
per square kilometer. This is certainly a sensible thing to do, but
it is not how I would experience elephants were I walking around
the savanna. From my point of view, each point in space is either
occupied by an elephant, or not. The density smooths over spatial
variations, which may or may not be a good idea: it depends on
the context of the model.

Scale matters too. One might also use a density to describe the
concentration of smoke particles in the air. Perhaps there are some
fires burning nearby while I am walking in the savanna, and the
density of smoke particles is 25 micrograms per cubic meter. Just
like the elephants, however, each point in space is either occupied
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Figure 3.3. Some elephants in Tanzania. Both the elephants and the
smoke in the air might be described with a density: elephants per
square meter or smoke particles per cubic meter. (Image source:
Hugh_Grant. Placed in the public domain (License: CC0 Public
Domain. http://pixabay.com/en/baby-elephant-elephant-family-222
978/.))

by a smoke particle, or not. But unlike the elephants, I wouldn’t
experience the smoke this way—every breath I take would have
very many smoke particles in it. Elephants and smoke particles
operate at very different spatial scales: see Fig. 3.3. Whether or not
describing a collection of objects (smoke particles or elephants) is
a reasonable thing to do depends on the context. So the elements
of a model are inevitably abstractions. Even familiar entities like
temperature, population, and density are abstractions of a sort.

One response to these abstractions is to head in the other
direction and to build a model concerned not with entire pop-
ulations or densities, but instead focused on the individual agents
or actors that make up a system. Models of this sort are known
as agent-based models (ABMs) or sometimes, especially in ecol-
ogy, individual-based models. In ABMs, rather than have a model
describe how a population of elephants might grow, the model
would consist of a representation of a number of elephants
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themselves, each of which would move, interact, reproduce, and
die, according to some set of rules. The idea is to directly simulate
the behaviors of individual elephants. This forces attention to the
actual behaviors of the elephants, rather than thinking in average,
coarse-grained terms as one would need to do when constructing
a model at the population level.

Agent-based models have great appeal, because they dispense
with a number of the abstractions that are inevitable when con-
structing models with differential equations. Personally, I find the
case for ABMs compelling—what could be better than to work
directly with the individual entities that make up a system? But in
practice I have at times found it difficult to interpret results from
an ABM. In the process of constructing an ABM one may need
to introduce a great number of parameters, resulting in a model
that is complicated and from which it is difficult to draw gen-
eralizations. Also, some of the fundamental choices encountered
when constructing a model—is behavior stochastic or determin-
istic, rational or irrational, what forms do interactions take?—are
not resolved by ABMs, but just pushed down to a lower level.
Agent-based models are often viewed as a class of models all by
themselves and are treated separately from other types of mod-
els. In my view this is unfortunate, as I think that ABMs are best
seen as one among many different approaches to modeling. More-
over, there is not a bright line between agent-based and traditional
models; again, I think things exist along a continuum.

3.6 Pluralistic View of Mathematical Models

The picture that I hope has emerged is that there is a diversity of
styles and levels of mathematical models that are used in diverse
ways for diverse purposes. Any model that has a temporal com-
ponent can be viewed as a dynamical system. So there are thus
many ways that dynamical systems are used across the sciences.
A differential equation could be a first-principles model for the
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motion of an object as it falls due to gravity, or it could be a
caricature-style model designed to hone intuition and lead to qual-
itative, and not quantitative, understanding. The mathematics of
the differential equation is the same in both cases. But how we
view it and what its purpose is might be very different.

What to make of this diversity of modeling styles and prac-
tices?4 My intention certainly is not to deconstruct models to the
point where there isn’t any solid ground upon which to stand.
Rather, I want to argue for a pluralistic middle ground. I have
seen some who put a bit too much faith in their models, forget-
ting that what they are studying is just a model, and not the real
thing. Others are dismissive of all models, arguing that they are
misleading and not realistic. In my view neither of these extreme
stances is justified.

What is the right way, then, to think about and assess a model?
First, it is useful to remember that the abstractions that occur
while formulating a model were done by choice. Models with
their abstractions are human creations, not objective bits of real-
ity, and so we might inquire about the goals of the model and the
interests and intentions of those who made the model. Second, as
Richard Levins writes, “Abstractions [and hence models] are not
true or false but relatively enlightening or obscuring according to
the problem under study. (Levins, 2006, p. 740)” Consider again
the example of fetal pigs andmannequins as models for the human
body. Both are enlightening if used for their intended purpose and
obscuring if used for other purposes.

Different models elucidate different features of a phenomenon
or process. Because of this, it seems a full understanding—if
such a thing is even possible—will surely involve multiple models.
Models at different levels and of different styles will shine light on

4. My thinking on this question has been strongly influenced by Richard
Levins (2006) and several conversations I’ve had with him about issues of
modeling and abstractions over the last few years.
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different aspects of a problem while occluding others. A model
usually is not the end of inquiry, but a chance to ask: what next?
What have I left out of my model? As Levins puts it, “Where is
the rest of the world? (2006, p. 745).” So I think that pluralism
is called for, especially in the study of complex systems which,
almost by definition, resist a simple description. Models of differ-
ent styles and goals need not be viewed as contradictions of each
other, but can be thought of as illuminating different facets of a
complex crystal.

In the rest of this book, as we explore some of the central phe-
nomena of chaos and dynamical systems, we will mostly use mod-
els designed for qualitative understanding. And as you encounter
dynamical systems elsewhere, particularly in the study of com-
plex systems, I think it is helpful to keep in mind that dynamical
systems and mathematical models are used in many ways.

3.7 Further Reading

Much has been written about the theory and practice of using
mathematical models to understand the world. A good well-
referenced overview of epistemological and philosophical issues
around the uses of models in science is Frigg and Hartmann
(2012). A number papers written by biologists explore strategies
and motivations for model building, including Levins (1966),
May (2004), Levins (2006), Servedio et al. (2014), and
Gunawardena (2014). The short paper by Epstein (2008) is a
stirring and, in my opinion, effective defense of the role of models
in the social and natural sciences. The essay by Healy (2016) is
a provocative admonition against calls for detail or nuance in
models. Good treatments of agent-based models include Ellner
and Guckenheimer (2006, Chapter 8), Miller and Page (2007),
Railsback and Grimm (2011), and Wilensky and Rand (2015).
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4
CHAOS I : T H E BU T T E R F LY E F F EC T

We are now ready to dive into one of the most interesting and
important phenomena in dynamical systems. In this chapter I
will introduce the phenomenon of chaos and the famous butter-
fly effect. The main example we’ll consider is an iterated function
known as the logistic equation. I’ll introduce this dynamical sys-
tem in the next section and then, in analyzing its behavior, we will
be led into chaos.

4.1 The Logistic Equation

In this section I’ll motivate the logistic equation. We will use this
simple equation extensively in this and subsequent chapters as
we encounter chaos. Our starting point is to consider population
growth. For concreteness, let’s imagine a particular population: the
number of hippos in a lake somewhere. (See Fig. 4.1.) Given the
population Pn this year—that is, the number of hippos today—
what is the population next year, Pn+1? We are thinking of time
as a discrete variable. We monitor the population from year to
year, not continuously. So the population will be described by an
iterated function, like those we looked at in Chapter 1.

Pn+1 = f (Pn) . (4.1)
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Figure 4.1. A pod of hippos. (Figure source: “Hippo pod edit”
by Paul Maritz—Own work. Licensed under Creative Commons
Attribution-Share Alike 3.0 via Wikimedia Commons. https://
commons.wikimedia.org/wiki/File:Hippo_pod_edit.jpg.)

That is, number of hippos next year, Pn+1 is a function of Pn, the
number of hippos this year.

What would be a good choice for f (Pn)? Howmight next year’s
population depend on this year’s? One possibility is that the pop-
ulation grows by a constant percent each year. This corresponds to
the following iterated function:

Pn+1 = rPn , (4.2)

where r is the growth factor. In this model r is a parameter, a con-
stant that can be varied to fit data or apply to different situations.
If r is greater than one, the population will grow; if r is less than
one, the population will decay.

Let’s suppose that the hippo population increases by 10% every
year. Then r = 1.1 in Eq. (4.2). An initial population P0 of 1000
would lead to the following itinerary:

1000 −→ 1100 −→ 1210 −→ 1331 −→ 1464 −→ · · · .
(4.3)
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The population grows exponentially and will continue growing
without bound. In some circumstances this can be a good model;
there are indeed populations that grow exponentially. This might
be the case if a small group of hippos moves into an otherwise
hippo-less territory.1

However, in a finite world nothing can grow forever. As the
hippos settle in to their new home there is initially a lot of food
and room for everyone. But as the population grows, the lim-
ited food supply and/or overcrowding start to become an issue,
and the growth will not continue. We seek a simple and general
way to modify Eq. (4.2) so that the population does not grow
indefinitely.

The following equation does the trick:

Pn+1 = rPn
(
1− Pn

D

)
. (4.4)

In this equation r is again a measure of the growth rate and D
is a quantity we can think of as a “doomsday” parameter. It is the
population size at which the hippo overcrowding would become so
severe that all the hippos would perish, leading to a population of
zero. Equation (4.4) is known as the logistic equation; populations
whose dynamics are given by Eq. (4.4) are said to exhibit logistic
growth. In order to analyze Eq. (4.4), I’ll need to choose values for
the growth rate r and the doomsday population D. I’ll use r = 1.1
and D= 2000.

So we now have two different growth equations: exponen-
tial, Eq. (4.2), and logistic, Eq. (4.4). Let’s look at graphs of the
right-hand sides of both of these equations, shown in Fig. 4.2.
The exponential model, Eq. (4.2), is shown on the left of the
figure. Note that no matter how many hippos there are this year,

1. One instance in which this has occurred is on the now-abandoned hacienda
of a former drug lord in Columbia. An initial population of four hippos imported
from Africa via New Orleans now may be as large as sixty (Kraul, 2006; El
Espectador, 2014; Kremer, 2014; Howard, 2016).
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Figure 4.2. From left to right: graphs of Eqs. (4.2) and (4.4). In
both equations the growth rate r = 1.1. In the right-hand equation,
D= 2000.

there are always ten percent more next year. If there are 1000
hippos this year, there will be 1100 next year. If there are 2000
hippos, there will be 2200 next year. In contrast, Eq. (4.4) does
not always lead to more hippos. If there are 1000 hippos this year
there will be just over 500 next year. And if there are 2000 hippos
this year, there will be no hippos next year. This justifies calling
2000 the doomsday population; it is the population at which the
hippos are doomed.

We saw that the itinerary of P0 = 1000 for Eq. (4.2) grows with-
out bound; every year there are more hippos than the year before.
What happens to an initial population of 1000 hippos using
Eq. (4.4)? Will the population grow until it hits the doomsday
number and disappears? Will the population decline gradually?
Will it ever level off? Let’s iterate and find out.

The itinerary for Eq. (4.4) with a seed of P0 = 1000 is plotted
with squares in Fig. 4.3. One can see that the population drops but
levels off. It is approaching a fixed point at around 180.2 Also in
Fig. 4.3 I have plotted the orbits for two other initial conditions,

2. One can solve for the fixed points of this iterated function exactly by solving
the equation P = 1.1P(1− P

2000 ) for P. Doing so, one finds P = 0 and P ≈ 182.
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Figure 4.3.The time series for three different initial conditions (1000,
500, and 100), for Eq. (4.4) with r = 1.1 and D= 1000.

P0 = 500 (triangles) and P0 = 100 (circles). All orbits can be seen
to approach the fixed point around 180. Evidently a population
of 180 hippos is a stable equilibrium. Recall that our aim was to
modify Eq. (4.2) so the population (hippos, or whatever), does not
grow indefinitely. We were successful; Eq. (4.4) has done what we
wanted.

As noted, Eq. (4.4) is known as the logistic equation. It is more
common to write it in a slightly different and more general way.
To arrive at this alternate formulation of the logistic equation, take
Eq. (4.4) and divide both sides by D, to obtain:

Pn+1

D
= r

Pn
D

(
1− Pn

D

)
. (4.5)

Next, define a new variable xn = Pn
D . This new variable xn is

the population expressed as a fraction as the maximum possi-
ble, or “doomsday” population. So if x= 0.4, we interpret this
not as four tenths of a hippo, but as a population that is four
tenths of the maximum hippo population. With this new variable,
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Eq. (4.5) is written as3:

xn+1 = rxn(1− xn) . (4.6)

This is the standard form of the logistic equation, a deceptively
simple dynamical system that played a key role in the widening
understanding and appreciation of chaos and dynamical systems
in the 1970s and 80s. The paper by May (1976) was instrumental
in drawing attention to and sparking interest in the logistic equa-
tion. (See also May (2002).) The logistic equation is a qualitative
model of the sort described in Section 3.4; it is used to capture
in broad strokes possible features of the dynamics of a population
that has some limit to its growth. Next we begin an exploration of
its properties.

4.2 Periodic Behavior

Let’s explore the behavior of orbits of the logistic equation. To do
so, I’ll choose different values for r, make time series plots for each
r value, and we’ll see what we get. Before doing so, note that for
the logistic equation in its standard form, Eq. (4.6), we are only
interested in initial conditions between 0 and 1. Remember that

3. The procedure we just went through to define a new variable and arrive at
Eq. (4.6) is an example of non-dimensionalization. In non-dimensionalization,
one re-casts an equation in terms of dimensionless variables. In this example the
variable P, which has units of hippos, was replaced with the variable x, which
is dimensionless. The variable x has no units, being a ratio of two populations.
Note that the dimensionless equation, Eq. (4.6) now has only one parameter, r.
The original equation, Eq. (4.4) had two parameters: r and D. The process of
non-dimensionalization has thus shown us that the logistic equation really has
only one parameter, not two. The “doomsday” population level D can be made
to have a value of 1 by rescaling P. This is equivalent to changing the units we’re
using to measure population.

Non-dimensionalization (also sometimes referred to as rescaling) is a useful
and commonly used technique for simplifying iterated functions and differen-
tial equations. It is a bit of an art as well as a science. A clear discussion of
non-dimensionalization is found inOtto andDay (2007, pp. 367–70). For other
examples, see Ellner and Guckenheimer (2006, pp. 187–188), Edelstein-Keshet
(2005, Section 4.5), and Strogatz (2001, pp. 64–66).
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Figure 4.4. The time series for four different initial conditions for the
logistic equation, Eq. (4.6) with r = 1.5. There is an attracting fixed
point at x≈ 0.33.

we are measuring the population as a fraction of the “doomsday”
value. So if x= 1, the population will die the next year, as you can
verify by plugging x= 1 into Eq. (4.6). If x> 1, this means that
there are more hippos (or whatever) than the doomsday popula-
tion. The model breaks down at this point; the logistic equation
gives a negative population value. So the moral of the story is that
Eq. (4.6) only makes sense for x between 0 and 1.

I’ll begin our exploration of the logistic equation by choos-
ing a value of r = 1.5 for the growth parameter. In Fig. 4.4 I
have plotted the time series for four different initial conditions:
0.05, 0.20, 0.75, and 0.99. We see that all orbits approach x≈ 1/3,
and thus infer that this dynamical system has an attracting fixed
point at x= 1/3. Any initial population between 0 and 1 will
approach this equilibrium value of x= 1/3. And if the popula-
tion is at x= 1/3 and is subject to some external influence that
alters the population, the population will quickly return to 1/3.

What about other r values? In Fig. 4.5 I have shown the time
series for six different values of r. For all plots I have shown
only one orbit, but the behavior I have shown is stable. Other
initial conditions have the same long-term fate. In the upper
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Figure 4.5. The time series Eq. (4.6) for six different r values. For all
orbits the initial condition was x0 = 0.03 except for the r = 0.90 plot
which has an initial condition of x0 = 0.60.

left plot, r = 0.90. This corresponds to a shrinking population.
Accordingly, in this plot we see that the population decays and
approaches zero. The upper right plot shows an orbit for r = 1.5.
We have already considered this case in Fig. 4.4 and observed an
attracting fixed point at x= 1/3. In the middle left plot the growth
rate r is 1.90. We see an attracting fixed point at around x= 0.45,
a bit larger than the stable population for r = 1.50. In the middle
right plot, the growth rate is larger still: r = 2.80. The equilibrium
value is also larger. There is an attracting fixed point at around
x= 0.64. Now the population oscillates around this equilibrium
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value as it approaches it, rather than converging toward it from
below as was the case for r = 1.50 and r = 1.90.

In the lower left plot of Fig. 4.5, where r = 3.20, we see peri-
odic behavior. The orbit is pulled in to a period-two cycle; the
population oscillates between approximately 0.80 and 0.51. This
behavior is attracting; all initial conditions will end up getting
pulled in to this period-two cycle.4 Lastly, on the lower-right plot
of Fig. 4.5 we again see periodic behavior, but this time the period
is three. It takes three iterations for the population to repeat; the
approximate population values in the cycle are 0.15, 0.49, and
0.96. This is stable; almost all initial conditions are pulled in to
this period-three cycle.

To recap, we have seen two types of stable behavior: fixed points
and cycles. We’ve seen cycles of two different periodicities: period
two and period three. What is the nature of the transitions from
one type of behavior to another as the parameter r is changed?
Are there stable cycles of other periods? These questions will be
addressed in Chapter 7. We’ll now turn our attention to a non-
periodic behavior exhibited by the logistic equation.

4.3 Aperiodic Behavior

Consider the logistic equation with r = 4.0:

f (x) = 4x(1− x) . (4.7)

As I did for other parameter values, I’ll chose an initial condi-
tion, iterate, and make a time series plot. The result is shown
in Fig. 4.6. Unlike our previous experiments, this time the orbit
does not appear to be periodic. It looks like it might be about
to become period three around t = 7, but then the population

4. Actually, there are some initial conditions that do not get pulled in to the
attractor. However, if one chooses an initial condition at random, thenwith prob-
ability one that initial condition will approach the period-two cycle. A similar
caveat applies for other r-values. See the discussion at the end of Section 1.5.
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Figure 4.6. The time series for the logistic equation with r = 4.0. The
initial condition is x0 = 0.1. The orbit does not appear to be periodic.

crashes at t = 13 and grows again. What’s going on? Perhaps it
takes the population a while to settle into periodic behavior. Let’s
iterate longer and see what happens. In Fig. 4.7 I have plotted 300
iterates of the logistic equation with r = 4.0. Hmmm. It appears
that the orbit is still not periodic. The population continues to
bounce around fairly irregularly. At times it looks like the popu-
lation is becoming periodic. For example around t = 260 it looks
like period-two behavior appears, but one can see that this alleged
periodic behavior does not persist.

It turns out that trajectories for the logistic equation with
r = 4.0 are aperiodic—they never repeat. One could keep iter-
ating forever, and the orbit would never return to exactly the
same number. If you’ve not encountered this phenomenon before
it is, I hope, a bit surprising and perhaps alarming. Iterating a
function is a simple-minded and repetitive process. But for the
function of Eq. (4.6), the result is perpetual novelty. Doing the
same thing over and over again always results in something new.
Several remarks are in order.

First, you may well be wondering how I am confident that the
iterates never repeat. Figure 4.7 shows evidence that 300 iterates
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Figure 4.7. The time series for the logistic equation with r = 4.0.
The initial condition is x0 = 0.1. The orbit still does not appear to
be periodic.

do not repeat. But it is a long way from 300 to infinity. The answer
is that one can show mathematically that the orbits of the logistic
equation, Eq. (4.6), are aperiodic. The techniques for doing so
are a bit beyond the level of this book, but can be found in many
textbooks on dynamical systems. See for example, Hirsch et al.
(2004, Ch. 15) or Peitgen et al. (1992, Ch. 10).

Second, you might also wonder how it is possible for an
itinerary to bounce around between 0 and 1 and never retrace its
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steps. Won’t it run out of numbers and eventually have to start
repeating itself? The answer, of course, is that there are an infinite
number of numbers between 0 and 1, so new numbers will never
be in short supply. But on a computer, numberswill run out. Even
very large computers have a finite memory, and so can’t keep track
of an infinite number of digits or do arithmetic to infinite preci-
sion. An interesting discussion of this phenomenon can be found
in Peitgen et al. (1992, Section 10.3). In practice, I don’t think the
finite precision and memory of computers is usually a concern, at
least not for the applications covered in this book. But it is a good
thing to be mindful of.

In any event, I think aperiodicity is an impressive feat for an
iterated function. If I were to ask you to jump around a room not
following any pattern and never landing on the same piece of floor
twice, this would be a difficult task, as it would require remem-
bering everywhere you had been previously. The logistic equation,
however, has no memory. To compute the next value of the popu-
lation, the function only requires as input the current population,
not the full history of previous values. Unlike you jumping around
the room, the dynamical system does not need to remember all of
its previous positions. This is the first example of what will be a
recurring theme throughout this book: complex or complicated
behavior can emerge from a simple dynamical system.

Finally, suppose that we encountered a plot like Fig. 4.7 but did
not know its origins. Perhaps it was population data gathered over
many generations or the market price of some commodity. In such
an instance we might be inclined to think whatever system we are
studying is not following any rule—it is moving unpredictably,
driven by random external influences. But Fig. 4.7 tells us that
this need not be the case. A very simple, deterministic rule such as
the logistic equation can yield results that appear to be rule-less. I
think this is an important thing to keep in mind when studying
complex systems and encountering seemingly random data. If a
quantity is changing erratically we are not forced to conclude that
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it is subject to random external influences and is not governed by
a rule or equation. It could be following a rule like the logistic
equation with r = 4.0.

4.4 The Butterfly Effect

The time series plot shown in Fig. 4.7 seems random in that it
does not appear to follow any pattern despite being generated by
a simple iterated rule. In this section we will see that the orbits
are not just seemingly random—they are also effectively unpre-
dictable. Our starting point is Fig. 4.8. The top figure shows, on
the same axes, two time series plots for the logistic equation. As
before, the growth parameter r = 4.0. The orbits have different
initial conditions. The orbit plotted with squares and a solid line
has an initial condition of x0 = 0.10. I will use yt to refer to iter-
ates for the other initial initial condition, plotted with circles and
a dashed line. The initial condition for this itinerary is y0 = 0.11.

The two orbits start off close together and for the first three or
four iterates they remain fairly close. However, the two orbits are
quite different by the fifth time step. Subsequently, the two orbits
seem uncorrelated. They occasionally get close to each other again,
as happens at t = 14. But the two trajectories quickly diverge.
Another way to see this is to plot the difference between the orbits
as a function of time. That is, plot xt − yt versus t. Such a graph
can be found in the bottom plot of Fig. 4.8. Initially the difference
between the two orbits is small, and so the plot of xt − yt is close
to zero. As the two orbits pull apart from each other, xt − yt moves
away from zero. Sometimes xt − yt is positive, and other times it is
negative, because sometimes xt is larger than yt , and sometimes it’s
the other way around. Themain thing to note is that quite quickly
xt − yt moves away from zero.

We see quite different behavior in a plot of two different trajec-
tories for one of the r values we explored in the previous section.
For example, in Fig. 4.9 I have plotted the itineraries for two
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Figure 4.8.The top plot shows two time series for the logistic equation
with r = 4.0. The initial conditions are x0 = 0.10 (squares and solid
lines) and y0 = 0.11 (circles and dotted lines). The bottom plot shows
xt − yt , the difference between the two time series.

different initial conditions for the parameter value r = 2.8. We
saw in Fig. 4.5 that for this value of r the logistic equation has an
attracting fixed point around 0.61. We see the same behavior in
Fig. 4.9. In the bottom part of Fig. 4.9 we see that the difference
between the two orbits approaches zero. This is just another way
to see that the fixed point is attracting. Orbits that start far away
get closer to each other as they approach the attracting fixed point.

Here is another way to think about what is going on in Fig. 4.8.
Suppose that we have some physical or biological system that is
exactly described by the iterated logistic function, Eq. (4.6). Let’s
say that the exact starting value is x0 = 0.1, and so the exact tra-
jectory of the system is given by the dark squares and solid lines
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Figure 4.9.The top plot shows two time series for the logistic equation
with r = 2.8. The initial conditions are x0 = 0.30 (squares and solid
lines) and y0 = 0.6 (circles and dotted lines). The bottom plot shows
xt − yt , the difference between the two time series.

in the upper plot on Fig. 4.8. We would like to predict the future
behavior of the system. To do so, we make a measurement of the
starting value. In this scenario we know exactly the rule governing
the system, and since this rule is deterministic, we can predict with
certainty the future behavior.

Or can we? There will inevitably be some error in our mea-
surement of the initial condition. Suppose we measure 0.11 for
the initial condition instead of the true value of 0.10. We would
then use the slightly wrong initial condition, iterate it, and obtain
a set of predictions for the future. These predictions are given by
the circles and the dotted lines in Fig. 4.8. The lower plot in the
figure can thus be viewed as the prediction error; it is the difference
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between the true values and the predicted values. We see that the
prediction is only reasonable for a few time steps; by t = 5 the
difference between the true value and our prediction is already 0.4.

In order to extend the duration of time for which our prediction
is tolerable, we must increase the accuracy of our measurement of
the initial condition. After all, this is the only source of error in
this over-simplified scenario. We are assuming that the time evo-
lution of the system is exactly described by the logistic equation.
Suppose that we vastly improve our measurement techniques and
now measure the initial condition to be 0.10001. This measure-
ment is 1000 times more accurate than the previous one. What
happens to our predictions?

In the top of Fig. 4.10 I have plotted the orbits for two initial
conditions, 0.10001 and 0.1. As before, the exact values are plotted
in dark squares with solid lines, and the prediction—the itinerary
obtained by iterating the seed 0.10001—is plotted with circles and
dotted lines.The two itineraries are right on top of each other until
around t = 14, at which point they separate. This can also be
seen in the bottom plot, which shows the difference between the
two orbits—that is, the prediction error. We see that the predic-
tion error is very small for the first dozen or so iterates, but then
becomes quite large after t = 15.

With a more accurate initial measurement, we are able to accu-
rately predict the orbit farther into the future. When our initial
error was 0.01, as in Fig. 4.8, our prediction was good for around
two time steps. In Fig. 4.10 our initial error is much smaller—only
0.00001. And we are able to predict out to t = 14. As expected,
a more accurate initial measurement leads to a prediction that
remains accurate for more time steps.

However, this improved prediction came at a high cost.
We measured 1000 times more accurately but extended reliable
prediction only by a factor of seven. This is rather disappointing.
We have worked 1000 times harder and only benefited seven times
more. This is an example of a phenomenon known as sensitive

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



78 Chapter 4

1.0

0.8

0.6

0.4

0.2

0.0
0 5 10 2015

x t
, y

t

0.8

0.4

0.0

–0.4

–0.8

0 5 10 2015
Time t

Time t

x t 
– 

y t

Figure 4.10. The top plot shows two time series for the logistic equa-
tion with r = 4.0. The initial conditions are x0 = 0.10 (squares and
solid lines) and y0 = 0.10001 (circles and dotted lines). The bottom
plot shows xt − yt , the difference between the two time series.

dependence on initial conditions. A dynamical system has sensitive
dependence on initial conditions (SDIC), if very small initial
errors grow and become arbitrarily large. I’ll define SDIC more
carefully in the following section, but for now we’ll work with an
informal definition: a dynamical system has SDIC if two initial
conditions that start very close together eventually move very far
apart.

Sensitive dependence on initial conditions is also known as the
butterfly effect. The idea is that a system with SDIC is incredibly
sensitive to any external perturbation. A tiny change in the state of
a system, perhaps caused by the puff of air from the wings of a pass-
ing butterfly, could make a big difference in the system later on.
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Figure 4.11. The top plot shows two time series for the logistic equa-
tion with r = 4.0. The initial conditions are x0 = 0.10 (squares and
solid lines) and y0 = 0.10000001 (circles and light lines). The bottom
plot shows xt = yt , the difference between the two time series. Note
that the horizontal scale on this plot is larger than on the previous
several plots.

The use of the butterfly metaphor is usually attributed to Edward
Lorenz, one of the scientists responsible for the growth of the study
of chaos and dynamical systems. For a fascinating short history of
the term, see Hilborn (2004).

Let’s look at one more example. Suppose now that we mea-
sure our initial condition incredibly accurately. We measure
0.10000001 and the exact value is 0.1. Our measurement is now
accurate to one part in ten million. For how long will our pre-
diction be accurate? Let’s iterate and find out. In Fig. 4.11 I
have plotted the itineraries for the initial conditions 0.10000001
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and 0.1. The difference between the two orbits is shown in the
bottom part of the figure. As expected, the two orbits are nearly
identical for a while. However, by time t = 24, the itineraries have
pulled apart and the measurement error becomes large.

In going from Fig 4.10 to 4.11 I have increased the measure-
ment accuracy by a factor of 1000, but the time over which the
prediction is good increases by less than a factor of two: from 14
to 24 iterates. This is SDIC again. Tiny differences between ini-
tial conditions grow and quite quickly become large. It is thus
impossible to perform accurate long-term prediction of systems
that have SDIC. I will discuss some of the implications of SDIC
in the next chapter. I define SDIC more carefully and then define
what it means for a dynamical system to be chaotic in the following
section.

4.5 The Butterfly Effect Defined

In the previous section I described sensitive dependence on ini-
tial conditions—the butterfly effect—qualitatively. A system has
SDIC if two orbits that have very similar initial conditions quickly
become quite different. This qualitative definition gives the right
idea. However, there is a technical definition for SDIC, and since
SDIC is one of the central features of chaotic dynamical sys-
tems, I think it is worth stating the definition more carefully.
I’ll do so at several levels of mathematical abstraction. (That
said, strictly speaking this section can be skipped, as I won’t
make reference to the formal definition of SDIC in subsequent
chapters.)

Let’s consider a function f on the unit interval.5 This means
that any input between 0 and 1 will remain between 0 and 1 if acted
upon by f , as is the case for the logistic equation. Suppose we have
an initial condition x0.The function f has sensitive dependence on

5.This restriction to the unit interval is not necessary, but makes the definition
that follows a bit simpler.
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initial conditions if near to x0 there is some other initial condition
y0 such that, when the two initial conditions are iterated with f ,
the orbits eventually get some specified distance away from each
other. More formally: A function on the unit interval has sensitive
dependence on initial conditions if for any δ, x0, and ε ∈ [0, 1],
there exists a natural number n and an initial condition y0 ∈ [0, 1]
such that |x0 − y0|< ε and |f (n)(x0) − f (n)(y0)|> δ. In words, this
says that for any initial condition x0, there is another initial con-
dition y0 that is within ε of x0, such that the orbits of x0 and y0
eventually get further than δ apart.

It may help to think of this definition as describing a game,
specified as follows. Somebody gives you values for δ, ε, and x0.
To be concrete, let’s say that δ = 0.7, ε = 0.04, and x0 = 0.2, and
that the function is the logistic equation with r = 4.0: f (x) =
4x(1− x). Your task, then, is to find some initial condition y0 that
is within ε of x0 = 0.2 whose orbit eventually gets farther away
than δ = 0.7 from the orbit of x0.

With some experimentation, one can find a y0 that meets this
criteria. One such y0 that works is y0 = 0.201. It is within ε = 0.04
of the other initial condition x0 = 0.2, because |x0 − y0| =
|0.201− 0.2| = 0.001< ε = 0.4.The orbits of x0 and y0 are shown
in the top plot in Fig. 4.12. The difference between the two orbits
is plotted in the bottom figure. The solid horizontal lines on this
figure are at ±0.7. This makes it easy to see when the difference
between the two orbits is first greater than δ = 0.7. Evidently, this
occurs at t = 10.

For a function to have SDIC, it needs to be possible to always
succeed at tasks like this. That is, given any ε, any δ, and any x0, it
must always be possible to find a y0 within ε of x0 that eventually
gets δ away. Note that there is no stipulation about how long it
takes for the two orbits to separate by δ. It could take 10 iterations,
as is the case in Fig. 4.12, or it could take 10, 000. In both cases,
one would still say that the function has sensitive dependence on
initial conditions.
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Figure 4.12. Two plots illustrating SDIC, as discussed in the text.
The top plot shows two time series for the logistic equation with
r = 4.0. The initial conditions are x0 = 0.2 (squares and solid lines)
and y0 = 0.201 (circles and dotted lines). The lower figure shows the
difference between the two orbits. The horizontal lines are at ±0.7.
We see that the magnitude of the difference between the two orbits
becomes larger than 0.7 at t = 10.

I hope it seems plausible that the logistic equation with
r = 4.0 has SDIC, especially if you’ve played around with plot-
ting itineraries on your own. The picture that emerges from just
a little bit of experimentation is that orbits get scrambled up very
quickly; they bounce all over the place and no pair of orbits stays
close together for long. This is the idea that is captured by the
mathematical definition of SDIC laid out previously.

The fact that the logistic equation has SDIC for r = 4 can be
proven rigorously—that is, using mathematical logic and without
reference to computer experiments. Doing so is not tremendously
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difficult, but it is a bit of a long process that requires building up
somemathematical definitions and constructions. A proof that the
logistic equation has SDIC can be found in many mathematically-
oriented dynamical systems texts such as Peitgen et al. (1992,
Sections 10.5 and 10.6) and Alligood et al. (2006, Section 3.3).

4.6 Chaos Defined

I am now in a position to state what it means for a dynamical
system to be chaotic. A dynamical system is chaotic if it has all of
the following properties:

1. Its time evolution is given by a deterministic function.
2. Its orbits are bounded.
3. Its orbits have sensitive dependence on initial

conditions.
4. Its orbits are aperiodic.

We have discussed the last two criteria, SDIC and aperiodicity, in
the previous two sections. But we need to think a bit about the first
two criteria. Let’s consider the first criterion in the context of the
logistic equation. The orbits for this dynamical system are most
definitely governed by a deterministic function. The function is
applied iteratively to the initial condition. There is no element
of chance. The exact initial condition uniquely determines the
orbit.

The second criterion stating that the orbits must be bounded
is an important bit of mathematical fine print. If we omitted this
criterion, then a very simple function would meet the definition
for being chaotic. For example, consider the doubling function,
f (x) = 2x. This function is deterministic, and its orbits are ape-
riodic. If one iterates this function using any non-zero seed, the
result will never repeat. And the doubling function has sensitive
dependence on initial conditions. Given any two non-identical
initial conditions, the difference between the orbits doubles each
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time step and will eventually get larger than any threshold we
set. Aperiodicity and SDIC are not noteworthy if the orbits are
allowed to run toward infinity. They only become mathematically
interesting if the orbits are bounded—that is confined to some
finite interval.

So now you know the mathematical definition of chaos.
A dynamical system is chaotic if it is deterministic with bounded,
aperiodic orbits that have sensitive dependence on initial condi-
tions. Students in my classes are sometimes a bit disappointed
to learn that this is the official definition of chaos; they were
expecting something weirder or stranger. I can understand their
disappointment. Themathematical use of the word chaos does not
align that well with its everyday use, where chaos denotes some-
thing that is lawless and completely without order or structure.
Mathematical chaos is exquisitely lawful; a chaotic dynamical sys-
tem obediently follows a deterministic rule in perpetuity. In fact,
this obedience is the source of the butterfly effect. The system
follows its rules so precisely that it depends sensitively on its initial
conditions. To underscore this point, chaos is sometimes referred
to as deterministic chaos. Regardless of whether or not it is the best
name, chaos is here to stay. It has become an standard term in
math and science.

There are a few other definitions of chaos, most of which are
equivalent to the one just stated, which I believe to be the most
common. A good discussion of the slight differences among def-
initions of chaos can be found in Bishop (2017). In some areas
it is useful or interesting to draw distinctions among different
sorts of chaotic behavior. There is a sequence of properties known
as the ergodic hierarchy that distinguish among different degrees
or strengths of chaos. The properties are, in order of increasing
“chaos-ness”: ergodic, weak mixing, strong mixing, Kolmogorov,
and Bernoulli. Discussions of the ergodic hierarchy are often
rather technical. A fairly accessible entry point is the essay by Frigg,
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Berkovitz and Kronz (2014). In my experience the differences
among these various types of chaos are interesting mathematics,
but are often not relevant to specific applications of dynamical sys-
tems, nor to the big picture of the implications of the phenomenon
of chaos.

4.7 Lyapunov Exponents

Sensitive dependence on initial conditions is an all-or-nothing
deal. Either a dynamical system has SDIC, or it does not. But we
could easily imagine that some dynamical systems are more sensi-
tive than others. In this section I’ll discuss Lyapunov exponents, a
standard way to quantify the degree to which a dynamical system’s
behavior is sensitive to its initial conditions. Lyapunov exponents
are quite commonly used, and they can be computed from data
without knowledge of the function that generated the data. The
material in this section will not be absolutely necessary elsewhere
in this book, so you can skip or skim it if you want.

Lyapunov6 exponents measure how the distance between orbits
with two slightly different initial conditions grows (or shrinks)
over time. To show how Lyapunov exponents are defined, I need
to begin by fixing some notation. Let our two initial conditions
be x0 and y0. The initial distance D0 between the two orbits is
given by

D0 = |x0 − y0| , (4.8)

and let the difference between the orbits at time t be denoted by

D(t) = |xt − yt | . (4.9)

For an iterated function, D(t) is defined only for integer values
of t. For a differential equation, t is a continuous variable.

6. “Lyapunov” is also occasionally Romanized as “Liapunov” or “Ljapunov.”
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For a system with SDIC, we expect D(t) to grow, since nearby
orbits get pushed apart. Usually the growth is approximately
exponential for small t, so we can write

D(t) ≈ D0eλt , (4.10)

where λ is known as the Lyapunov exponent. The intuition behind
our expectation of exponential growth is as follows. Suppose that
every time the function is iterated, the difference between two
orbits grows by some fixed percentage. For example, if the growth
was 5% each iteration, then after one iteration we would expect
the separation to be

D(1) = 1.05D0 , (4.11)

where D0 is the initial separation between the two orbits. And the
separation after two iterations would be

D(2) = 1.05D(1) = 1.052D0 . (4.12)

In general, the separation after n iterations is:

D(n) = 1.05nD0 . (4.13)

At every time step the initial separation between the two orbits,
D0, is multiplied by 1.05. Successive multiplication leads to expo-
nential growth.

Equation (4.13) can be put into the form of Eq. (4.10) using
logarithms:

D(n) = D01.05n = D0
(
eln(1.05)

)n = D0e0.0488n, (4.14)

since ln(1.05) ≈ 0.0488. (The second equality follows from the
identity eln(x) = x. The functions ex and ln(x) are inverses of each
other.) Thus, for this example the Lyapunov exponent λ is 0.0488.
In this example the multiplication factor, 1.05, was the same every
iteration. For a chaotic dynamical system this cannot be the case.
In fact, sometimes the multiplication factor must be less than
one—the difference between the orbits has to shrink occasionally.
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Figure 4.13. The circles show D(t), the difference between two ini-
tially close seeds, for the logistic equation with r = 4.0. The line is
the average growth rate of D(t), given by: D(t) =D0eln(2)t . The
Lyapunov exponent is ln(2) ≈ 0.693.

If it didn’t, the difference would grow continually and the orbits
would not be bounded.

So for a dynamical system, the Lyapunov exponent gives a
measure of the average exponential growth rate of two nearby
orbits. A positive Lyapunov exponent means that the difference
between nearby orbits grows, on average, exponentially with time.
If the Lyapunov exponent is negative, this indicates that the differ-
ence between nearby orbits shrinks exponentially fast. The average
exponential growth (or decay) rate is the given by the Lyapunov
exponent.

The exponential divergence of nearby trajectories is illustrated
in Fig. 4.13. Here I have used circles to plot the difference between
two orbits with initial conditions of 0.17 and 0.17001. As usual,
this is for the logistic equation with r = 4. For this value of r the
Lyapunov exponent is known to be exactly λ = ln(2).7 Thus, we
would expect the average difference between two orbits for small
t to be given by:

D(t) = D0eln(2)t , (4.15)

7. This is a standard result; see, e.g., Hilborn (2002, Section 9.5).
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where D0 is the difference between the two initial conditions. In
Fig. 4.13 I have plotted Eq. (4.15) as a solid line. We can see that
this is a fairly good approximation to D(t).

We wouldn’t expect Eq. (4.15) to be exact for any particular
pair of orbits, because it represents average behavior. Also, as men-
tioned Eq. (4.10) holds only for small t. So care must be used if one
wishes to use Eq. (4.10) to calculate the Lyapunov exponent, and
a careful mathematical definition of Lyapunov exponents involves
some subtleties. These issues are addressed in most intermediate
and advanced texts on dynamical systems. A nice discussion of the
calculation of Lyapunov exponents is Peitgen et al. (1992, Sections
10.1 and 12.5). See also Sprott (2003, Chapter 5) and, for a more
mathematical treatment, Robinson (2012, Section 7.6).

Despite some mathematical complexities, the basic idea of a
Lyapunov exponent is simple: it is the average exponential growth
rate of differences between two orbits that start off very close.
Equivalently, the Lyapunov exponent may be thought of as the
average exponential rate at which prediction errors grow due to
sensitive dependence on initial conditions. Geometrically, the
Lyapunov exponent tells us the average rate of stretching per iter-
ation that a typical orbit experiences. The larger the Lyapunov
exponent, the greater the sensitivity on initial conditions. If a
dynamical system has a negative Lyapunov exponent, it does not
have SDIC, and hence is not chaotic. If a dynamical system
has a Lyapunov exponent of zero, it may have SDIC or it may
not; such systems are a borderline case. Dynamical systems that
are chaotic but have a zero Lyapunov exponent are called weakly
chaotic.

The definition of the Lyapunov exponent I have given applies
to both iterated functions and differential equations. For higher-
dimensional systems there is not just one Lyapunov exponent;
instead, there is one exponent for each dimension. Lyapunov
exponents can also be determined from data alone—that is, from
a time series of data, without knowing the iterated function or
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differential equation that generated that data. References detailing
techniques for doing so include Ott et al. (1994, Chapter 4) and
Kantz and Schreiber (2004, Chapter 5).

This brings us to the end of this chapter. We will continue our dis-
cussion of chaos in the next chapter, where I’ll present several ways
of thinking about randomness that lead to the conclusion that
the logistic equation, and other chaotic dynamical systems, are
deterministic sources of randomness. I’ll also offer some thoughts
on the implications of sensitive dependence on initial conditions.
Suggestions for further reading on chaos and the butterfly effect
can be found at the end of Chapter 5.
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5
CHAOS I I : D E T E RM I N I S T I C

R ANDOMNESS

In this chapter we’ll explore some of the philosophical and
practical implications of chaos and the butterfly effect. The time
series from the logistic equation appear random. Are they really?
And how should one think about the butterfly effect? This chap-
ter is a bit more philosophical and abstract the previous several
chapters. The topics covered in Sections 5.1–5.3 are not needed in
subsequent chapters, and so could be skipped or skimmed if one
wishes.

In the previous chapter we have seen that time series produced
by the logistic equation with r = 4 are highly irregular. For exam-
ple, look again at Fig. 4.7. It is jarring how random the time series
looks. How can something so erratic come from a simple, deter-
ministic rule? The orbit can’t really be random, can it? Actually,
there are several points of view that lead to the conclusion that the
time series generated by the logistic equation with r = 4 is indeed
random. In this chapter I’ll present two lines of reasoning that can
lead to this conclusion. I’ll begin by introducing symbolic dynam-
ics, an alternate way of viewing and analyzing a dynamical system.
We’ll then use symbolic dynamics in Sections 5.2 and 5.3 to help
us think about the randomness of the logistic equation.
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5.1 Symbolic Dynamics

When one iterates the logistic equation one gets an itinerary con-
sisting of a sequence of numbers between 0 and 1. (In this chapter
all of the examples (with one clearly-noted exception) will be the
logistic equation with r = 4. So at times I will simply refer to it
as the logistic equation instead of the more cumbersome “logistic-
equation-with-r = 4.”) For example, iterating the seed 0.2, one
obtains:

0.2, 0.64, 0.9162, 0.28901, 0.82194, 0.58542, 0.97081,

0.11334, . . . . (5.1)

We convert these numbers into discrete symbols in the following
simple-minded way. If the iterate is less than 0.5, replace it with
the symbol L, and if it is greater than or equal to 0.5, replace it
with R. Applying this transformation to Eq. (5.1) yields

L,R,R, L,R,R,R, L, . . . . (5.2)

It seems as if the transformation I just did would surely have
the effect of throwing out essential information, obliterating the
dynamical system we are trying to learn about. It is as if I trans-
form a sentence into symbols by using a C for every word that
starts with a consonant and V for words beginning with a vowel.
Applying this transformation to the previous sentence yields:
VVVVVCVCVCCVVCCVCCCCVCVCCCCCVC. If the orig-
inal sentence is unknown, it cannot be inferred from the sequence
of Cs and Vs. Even if I transformed the entire book this way, you
would not be able to unambiguously decode the symbol sequence
and recover the original words in the book.

However, for the logistic equation and the particular encoding
L if xt < 0.5, R otherwise, it turns out that, given an arbitrarily
long sequence of Ls and Rs, it would be possible to go backwards.
Suppose I choose an initial condition x0, iterate it using the logis-
tic equation to generate a time series, and then convert this into a
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symbol sequence of Ls and Rs. If I handed you this long symbol
sequence, you would be able to figure out to reasonable accu-
racy what initial condition I used to generate the sequence, and
you could then iterate this initial condition to determine the time
series. This is not an obvious statement; it hinges on two facts.
First, with each additional symbol one observes in the sequence
one knows that the initial condition used to generate the sequence
must have come from a smaller interval. Second, these intervals of
potential initial conditions are non-overlapping; they partition the
space of initial conditions.

Symbolic encodings that partition the space of initial condi-
tions in this way are said to be generating partitions. One can
now view the dynamical system as acting on the symbol sequences
instead of the original numbers x between 0 and 1. A dynamical
system of this type is known as symbolic dynamics or a symbolic
dynamical system. A symbolic dynamical system obtained via a gen-
erating partition has the same topological properties as the original
dynamical system: it has the same number of fixed points with the
same stabilities. Symbolic dynamical systems are often much eas-
ier to study than the original dynamical system. Most exact results
about the logistic equation, such as proofs of its aperiodicity and
that it has SDIC, are obtained via symbolic dynamics.

Symbolic dynamics are great to work with, but a note of cau-
tion is in order. Symbolic dynamics only gives faithful information
about the original dynamical system if the symbols are produced
by a generating partition, and generating partitions are not always
possible to obtain. In some situations there may be a partition that
is not generating but which is nevertheless a useful or informative
approximation, but this is not generically the case. In particular,
a non-generating partition will make a dynamical system appear
less random than it really is and may also introduce spurious
complexity. As you might have guessed, there is a lot of elegant
and (in my opinion) fun mathematics behind symbolic dynam-
ics. Most intermediate to advanced books on dynamical systems
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with amathematical focus discuss symbolic dynamics: for example
Devaney (1989) and Robinson (2012). See also the text by Lind
and Marcus (1995).

5.2 As Random as a Coin Toss

Let’s return to the symbol sequence generated by the logistic equa-
tion and ask about its statistical properties. Do Ls and Rs appear
equally often? I’ll take an experimental approach to answering this
question. I wrote a program to iterate the logistic equation one
million times and record the fraction of Ls and Rs in the resulting
symbol sequence. The results are:

Fraction of L = 0.501, Fraction of R = 0.499. (5.3)

Evidently Ls and Rs occur with approximately equal frequency.
What about sequences of pairs of symbols? How common are LL,
LR, RL, and RR? Performing a similar experiment, I obtain:

Fraction of LL = 0.249, Fraction of LR = 0.250,

Fraction of RL = 0.250, Fraction of RR = 0.252. (5.4)

Again, we see that all pairs of sequences are approximately equally
likely to occur. (The fractions do not add up to 1.0 because each
individual fraction is rounded to three decimal places.)

You can probably see where this is headed. Let’s do one more
experiment with a million iterates of the logistic equation, mon-
itoring the frequency of occurrence of trios of symbols. The
results are:

Fraction of LLL = 0.124, Fraction of LLR = 0.125,

Fraction of LRL = 0.124, Fraction of LRR = 0.126,

Fraction of RLL = 0.125, Fraction of RLR = 0.125,

Fraction of RRL = 0.126, Fraction of RRR = 0.126. (5.5)
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As before, we see that all triples of sequences occur with approxi-
mately the same frequency. For all these experiments I used a seed
of x0 = 0.2. If I used a different seed I would have gotten slightly
different results.

If I generate longer and longer time series I would find that the
frequencies become closer and closer to uniform. For example,
all the frequencies in Eq. (5.5) would approach 0.125. This pat-
tern holds as I consider longer and longer blocks of symbols. That
is, I would find that all 16 possible sequences of four symbols
(LLLL, LLLR, LLRL, and so on), would occur with frequency
1/16. Similarly, all 32 possible length-five sequences occur with
frequency 1/32, and so on. Although I have presented these results
via an experiment with a computer, they are established rigorously.
Doing so involves showing that the logistic equation is equivalent
to the shift map, a function whose associated symbolic dynamical
system has the effect of shifting all symbols to the right by one.
See Peitgen et al. (1992, Sections 10.5 and 16) or Hilborn (2002,
Section 5.8).

Here is a way to think about what this all means. Suppose I
generate two long symbol sequences. The first sequence I make
with the logistic equation; I generate a very long orbit and then
turn it into Ls and Rs. The other sequence I make by tossing a
fair coin many times. Every time the coin comes up heads I write
down L, and if the coin is tails I record a R. The result is a long
sequence of Ls and Rs. Unlike the logistic equation and differential
equations we have studied, tossing a coin is not a deterministic
process. Making the same toss two times does not necessarily yield
the same result. Functions with this property are called stochastic.
A stochastic function incorporates an element of chance.

Suppose I handed you these two long sequences and didn’t
tell you which is which. You would not be able to tell the two
sequences apart, even if you had infinitely long sequences. The
two sequences are statistically identical. By this I mean that
for both sequences the distribution of a single symbol is the
same; both L and R are equally likely. The distribution of pairs
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of symbols are the same: LL, LR, RL, and RR are equally likely for
both sequences. And the distribution of triples of symbols are the
same, and so on.

Thus, the logistic equation has produced a sequence that is
indistinguishable from a coin toss. I think this is an amazing
fact. The logistic equation is, without any doubt, a deterministic
dynamical system. And the process by which the time series is
converted into symbols is deterministic as well. Yet the result-
ing sequence is indistinguishable from a coin toss, a paradigmatic
example of a stochastic system. Can we really say that the logis-
tic equation is producing random output? What could this even
mean?

5.3 Deterministic Sources of Randomness

What do we mean when we say that something is random?
One possibility is that something is random if it is generated by
chance—it is the result of a stochastic process of some sort. But
there is another approach to randomness that focuses on the
sequences themselves and not necessarily the process that created
them. In this section I will give a sketch of this approach, known
as algorithmic randomness. In so doing, I’ll closely follow the line
of reasoning put forth by Flake (1999, Chapter 14).

The key idea is that a sequence is random if it is incompressible.
This is perhaps best illustrated via some examples. Consider first
the following sequence:

10001000100010001000 · · · . (5.6)

The “· · · ” indicates that the pattern continues indefinitely. Sup-
pose you were asked to come up with a concise description of this
sequence. You would probably say something like

“The sequence is 1000 repeated forever.” (5.7)

By coming up with this short description, you have taken an
infinite sequence, Eq. (5.6), and expressed it very concisely. You
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have thus compressed the sequence; Eq. (5.7) is much shorter than
Eq. (5.6).

Achieving this compression was possible because there is a reg-
ularity or pattern to exploit. This regularity is what makes a shorter
description possible. In fact, the shorter description essentially is
a statement of the regularities in the sequence. Sequences that are
compressible are not random. They have some regularities.

Let’s consider another example, the sequence:

00111010110100011101011101 · · · . (5.8)

Unlike Eq. (5.6), this sequence does not have any obvious regular-
ity. The “· · · ” indicates that the sequence continues in an irregular
fashion. Suppose that you were tasked with finding a short descrip-
tion for the sequence shown in Eq. (5.8). What could you do?
Since there are no regularities to exploit, all you can do is describe
the sequence by restating it verbatim:

“The sequence is : 00111010110100011101011101 · · · .” (5.9)

The shortest description of the sequence is just the sequence itself.
It has no regularities or patterns. Sequences which are their own
shortest description are said to be random (at least in this algorith-
mic sense). This seems like a reasonable notion of randomness.
Something is random if it has no regularities.

Let’s now return to the logistic equation. The logistic equation
generates symbol sequences that are statistically indistinguish-
able from the sequences generated by a tossing a fair coin. Such
sequences are surely pattern-less and hence incompressible. Thus,
sequences produced by logistic equation are indeed random.

But wait. This doesn’t seem right. If the sequence was generated
by the logistic equation, it can be described very compactly:

Iterate f (x), starting with the seed x0 . (5.10)

Convert to symbols : 0 if xy ≤ 0.5, 1 if > xt . (5.11)
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I might not be able to figure out what the seed x0 should be, but
I know that such a seed is out there, you might argue. We know
there is such an x0 because we just saw in the previous section
that the logistic equation is as random as a coin toss. Thus, like a
real coin, the logistic equation is capable of producing any and all
sequences. Even if we can’t find the right x0, we know an x0 exists,
and so the sequence isn’t really random.

All of this is true except for the last clause of the last sentence of
the argument. Here’s the catch. In order to come up with a short
description of the sequence, we need to know the initial condi-
tion x0. However, we need to know the initial condition exactly.
The logistic equation has sensitive dependence on initial condi-
tions. This means that to describe the infinitely long sequence, an
approximate value for x0 won’t work.

So now we have shifted the problem. The issue becomes how
to describe the infinitely precise initial condition. The overwhelm-
ing majority of initial conditions are irrational; if we choose
an arbitrary initial condition, with probability one it will be
irrational. And the vast majority of irrational numbers are incom-
pressible; there is no pattern to their digits. Thus, the allegedly
short description of Eq. (5.11) is actually not short at all. In order
to describe the sequence via the logistic equation, our descrip-
tion must include the exact specification of the initial condition
which will, with probability one, be incompressible. So sequences
produced by the logistic equation really are algorithmically
random.

Let’s step back, collect some ideas and summarize. There are
three concepts we’ve been considering:

1. Deterministic. A system is deterministic if it follows a
well defined, unambiguous rule. The same input always
gives the same output. If a system is deterministic, the
itinerary is completely determined by knowledge of the
rule and the exact initial condition.
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2. Stochastic. A system is stochastic if there is an element
of chance involved. The same input does not always
yield the same output.

3. Random. A sequence is random if it is incompressible.
A random sequence has no regularities or patterns.

Note that deterministic and stochastic are statements about the
nature of the process that generated a sequence. In contrast, calling
something random is a statement about the outcome of a pro-
cess. An algorithmically random sequence can be generated by a
deterministic or a stochastic process.

This is one of the key realizations to emerge from the study of
dynamical systems: deterministic systems can produce results that
are unpredictable (due to the butterfly effect), and are random (in
the algorithmic sense).There is perhaps a tendency to think of ran-
domness and determinism as opposites—that a rule-based system
could not produce an unruly outcome. But we have seen that this
is most definitely not the case. This is surely important to bear
in mind when, as scientists, we encounter a seemingly random
phenomenon.

Teaching these topics many times over the years I have found
that some people are made uneasy by the notion of algorith-
mic randomness, and in particular the idea that deterministic
systems produce randomness. To me this discomfort points out
how entrenched the categories of random and deterministic are.
Perhaps you don’t like the definition of randomness as incom-
pressibility. That’s fine; some days I have mixed feelings about it,
too. But regardless of ones feelings about algorithmic randomness,
I think the main point of this section stands: deterministic sys-
tems can produce results that are unpredictable and statistically
indistinguishable from a stochastic process.

As you have probably imagined, there is a lot of mathematical
formalism needed to make rigorous the notion of incompressibil-
ity. The picture I have painted here is just the barest of sketches.
To dig deeper, a good place to start is Downey and Reimann
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(2007). See also Hutter (2007). Algorithmic randomness was
introduced and formalized in the 1960s by Ray Solomonoff
(1964a; 1964b), Andrei Kolmogorov (1965), and Gregory Chaitin
(1966). An accessible discussion about distinctions between
chance (loosely, stochasticity) and randomness is Eagle (2014).

5.4 Implications of the Butterfly Effect

What are the philosophical and scientific implications of the but-
terfly effect? There is not a single or simple answer to these
questions. I think there are different lessons for different areas of
study, and philosophers and scientists are certainly not in agree-
ment about what chaos means. In this section I’ll address this
question in a number of different ways and will include some of
references for readers who wish to read further.

Limits to Prediction in Practice

First, and most directly, the butterfly effect places strong limits
to prediction. Prediction of a dynamical system that has sensitive
dependence on initial conditions requires knowledge of the initial
conditions to extreme accuracy. As a practical matter, this makes
long-term prediction impossible. Small errors in measurement of
the initial condition quickly become magnified by SDIC. Typi-
cally these errors grow exponentially fast. It is important to note,
though, that chaotic dynamical systems are predictable—they’re
just not predictable for very long. How long they are predictable
will vary, and in some cases the predictability window1 might be
sufficient for whatever task is at hand. Also, it is important to

1. The width of this predictability window (i.e., the time interval over which
a predication is reliable) is related to the inverse of the Lyapunov exponent. The
largest Lyapunov exponent λ, discussed in Section 4.7, is the average exponen-
tial rate at which two nearby trajectories separate. Thus, λ is the rate at which
prediction errors grow. So 1/λ sets a predictability timescale. On average, the
accuracy of a prediction will decrease by 1/e over a time interval of 1/λ. See, e.g.,
Strogatz (2001, pp. 322–3).
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remember that not all dynamical systems are chaotic. While chaos
is a common phenomenon, non-chaotic (and hence predictable)
dynamical systems are very common as well.

One response to the impossibility of long-term prediction is
to give up trying to come up with a single best forecast—that
is, choosing one initial condition, iterating, and reporting the
resulting orbit as the prediction. The alternative is to instead
start with a collection of initial conditions centered around our
best-guess initial condition. We can then iterate the function or
solve the differential equation, keeping track of all of the differ-
ent solutions—one for each initial condition. The result will be
a spread of trajectories that one can analyze to make statistical
predictions about the dynamical system under study. The predic-
tion method I just described is known as ensemble prediction, and
the collection of initial conditions is referred to as an ensemble.
Ensemble prediction is commonly used in meteorology—this is
the origin of statements such as “there is a twenty percent chance
of rain tomorrow.” A non-technical discussion of ensemble pre-
diction can be found in Smith (2007, Chapter 10). A technical
review is Palmer et al. (2005).

Limits to Prediction in Theory?

I think the message of the butterfly effect is something quali-
tatively different than the simple observation that prediction is
hard. Sensitive dependence on initial conditions imposes more
severe constraints on prediction—constraints that are more fun-
damental than those implied by the simple observation that all
measurements are imprecise and hence all predictions are impre-
cise. For example, let’s go back to the illustration of the butterfly
effect in Fig. 4.11. Here the two different initial conditions differed
by a tiny amount. One initial condition was 0.1; the other was
0.00000001 larger. Let’s imagine that rather than a population,
this dynamical system described some physical quantity measured
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in meters. Then the first initial condition is 10 centimeters. The
second initial condition is larger by just one nanometer. This is
about the size of one glucose molecule or three times the size of a
single carbon atom.

It seems to me that the difference between something that is 10
centimeters and 10 centimeters plus three carbon atoms is almost
meaningless. It’s not an issue of not having a good enough ruler—
the difference between the two initial conditions seems physically
inconsequential. As one looks at smaller and smaller lengths, we
know from quantum mechanics that the world starts to “smear
out,” and objects cease to have well-defined positions. Quantum
fluctuations will start to manifest themselves at or a bit below the
nanometer scale. So the degree of accuracy needed to perform
long-range predictions of a chaotic system is not just unattainable
because of our coarse measuring instruments, but I would argue
is not even theoretically possible.

Moreover, sensitive independence on initial conditions calls
into question our ability to study a system in isolation. When we
are studying a phenomenon in science there is often an implied
boundary, and we assume that objects outside that boundary do
not influence the phenomenon under study. For example, if I have
students investigate the motion of projectiles in an introductory
physics lab, I don’t need to account for the gravitational pull of
nearby Cadillac Mountain. However, the situation is different if
we are studying a system that has sensitive dependence on ini-
tial conditions. In that case, we would need to keep track of all
the butterflies in the vicinity, so to speak, since the trajectory of a
chaotic system can be altered by tiny external forces. So it’s hard
to think of a chaotic system as being meaningfully isolated from
its environment.

But this does not mean that it is impossible to study chaotic
systems. Analyzing a chaotic systems involves calculating its Lya-
punov exponents or understanding its attractor structure, as
will be discussed in Chapter 9. These are features of a chaotic
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dynamical system that are stable, in the sense that they are robust
to small perturbations and changes in initial conditions. So my
students could carry out this type of analysis without worrying
about the pull of nearby mountains.

Determinism, Laplace, and Newton

In Sections 3.2 and 3.3 I discussed the Newtonian worldview and
Laplacian determinism. Briefly, the idea is that the world is mech-
anistic and deterministic. To Laplace’s all-knowing demon, the
future is an inevitable and predictable consequence of the present.
Nobody thinks that Laplace’s demon is an attainable goal, but
arguably it stands as a distant beacon that science gradually moves
toward. We seek to better understand the laws of nature, make
better measurements, and harness more computational resources
to unravel the consequences of these laws and measurements.

At one level, I think the phenomena of chaos need not obligate
us to fundamentally alter the Newtonian worldview. The dynam-
ical systems we’ve been studying are deterministic; the world is
still one of cause and effect. Rules are in place. However, these
rules don’t lead to order or predictability in the conventional sense.
Chaos doesn’t say that the world is ruleless, but it tells us that those
rules can lead to random results. We can still imagine that we live
in a mechanistic universe, but the gears are not as straightforward
as we had imagined.

In Section 3.2, I suggested that an additional aspect of the
Newtonian worldview is the often implicit assumption that sim-
ple rules will lead to simple dynamical behavior. Without a doubt
chaos tells us that this is not the case. We have already seen compli-
cated behavior coming from the logistic equation—a very simple,
non-linear rule. We will see additional examples of complicated
and complex behavior arising from simple rules—both iterated
functions and differential equations—throughout the rest of this
book.
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Some have suggested that the phenomenon of sensitive
dependence on initial conditions frees us from the shackles of
determinism and it gives a place for free will to exist again. I’m
not so sure. Systems with SDIC are still deterministic even though
the effects of that determinism are unpredictable. I think that
this actually makes the question of free will even more problem-
atic. The world is deterministic and unpredictable. How can free
will be consistent with this state of affairs? Maybe this is why
I’m not a philosopher. For more on chaos, determinism, and free
will, see Bishop (2017, Section 7). See also the edited volume by
Atmanspacher and Bishop (2014).

Order AND Disorder

Here is another way to think about how chaos might lead us to
reconsider some aspects of the Newtonian worldview. In Fig. 5.1
are two time series generated by iterating the logistic equation,
f (x) = rx(1− x). In the top plot the parameter r is 3.2, and we see
an attracting cycle of period two. In the bottom plot, r = 4.0 and
we see aperiodic, chaotic behavior. Suppose we didn’t know that
these plots were generated by the logistic equation, and instead
we encountered these images after plotting some data. Perhaps the
plots are populations of rabbits on different islands or commodity
prices in different sectors of the economy.

Upon first looking at the two plots in Fig. 5.1 I suspect most
would think they were very different. Moreover, it might not be
clear how to think of the irregular time series. Perhaps one would
attempt to describe it with a stochastic model; it would seem rea-
sonable to suppose that it wasn’t obeying any sort of rule at all.
But as we know, both plots were generated by iterating a simple,
deterministic equation.

Prior to the awareness of chaotic dynamical systems, I think
most scientists would put the two plots in Fig. 5.1 in very differ-
ent categories. These scientists would say that the world is made
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Figure 5.1. Time series generated by the logistic equation for two dif-
ferent r values. The top plot was made with r = 3.4, and the bottom
plot used r = 4.0.

up of things that are orderly and things that are random, and
we need different types of explanations for these different cate-
gories of phenomena. But chaos says that this isn’t true. The same
orderly, deterministic system can produce both predictable peri-
odic behavior and unpredictable chaotic behavior. So randomness
and order aren’t completely separate things that we need to think
of in different ways. In a sense, they are two sides of the same coin.

5.5 Further Reading

Chaos is, of course, covered in all textbooks on chaotic dynamical
systems. There is also ample discussion of chaos and the butterfly
effect in popular science writing. In addition to Gleick (1987) and
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Stewart (2002), I would also recommend the engaging and acces-
sible book by Ruelle (1993). The philosophers of science Kellert
(1993) and Smith (1998) have both written books in which they
address a range of philosophical and scientific implications of
chaos. Kellert’s views are closer to my own, but both books are
excellent and highly recommended. The Stanford Encyclopedia
of Philosophy entries on Causal Determinism by Hoefer (2016)
and Chaos by Bishop (2017) would be good places to start for an
overview of some of the issues raised in this chapter and pointers to
further references. Additional discussions of the relations among
chaos, determinism, indeterminism, and (un)predictability, can
be found in Hobbs (1991) and Bishop (2008). A clear, brief
treatment of algorithmic randomness and chaos is the thought-
provoking and influential review article by Ford (1983).The review
article by Crutchfield, et al. (1986) is also recommended.
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6
B I F URCAT I ONS : S UDD EN TRANS I T I O N S

In this chapter we will leave the world of chaos and turn our
attention to another interesting phenomenon exhibited by
dynamical systems: bifurcations. As we shall see, bifurcations are
sudden qualitative changes in the behavior of a system as a param-
eter is varied continuously. Bifurcations have not captured the
popular imagination nor gotten as much hype as chaos, but they
are an important and surprising phenomena that are definitely
worth understanding.

I will begin in Section 6.1 by introducing a differential equa-
tion version of the logistic equation that we studied in Chapter 4.
In Section 6.2 I will modify this equation by adding a harvest
term. This will lead us to bifurcations and bifurcation diagrams
in Section 6.3. In Section 6.4 I discuss bifurcations more gener-
ally, and in Section 6.5 I will comment on two notions related to
bifurcations: catastrophes and tipping points. Finally, in Section
6.6 I discuss hysteresis, a phenomenon that endows systems with
a type of memory or path dependence.

6.1 Logistic Differential Equation

Our starting point for learning about bifurcations is the logistic
differential equation, which is the differential equation version of
the discrete logistic function that served as our central example in
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Chapters 4 and 5. Recall that the logistic equation is given by:

xn+1 = rxn(1− xn) . (6.1)

I motivated this equation by arguing in Section 4.1 that it rep-
resented a simple model of a population in which there is a
limit to growth. The differential equation version of the logistic
equation is:

dP
dt

= rP
(
1− P

K

)
. (6.2)

This is a differential equation similar to Newton’s law of cooling,
which was our initial example of a differential equation, intro-
duced in Chapter 2. We will use a slightly modified version of
Eq. (6.2) to explore bifurcations. Does a small change in the dif-
ferential equation always lead to a small change in the long-term
behavior of the solutions? (Spoiler alert: no.)

As with the iterated logistic equation, the logistic differential
equation, Eq. (6.2), describes the growth of a population. For
concreteness sake, let’s imagine that this equation describes the
population of fish in a lake or a bay. The variable P is the pop-
ulation, measured in total fish number. Equation (6.2) tells us
how dP/dt, the growth rate of P, depends on P. The quantity
r is a parameter that changes the growth rate of the population.
The quantity K is, for reasons we shall see shortly, known as the
carrying capacity of the system.

Let’s analyze this equation using the techniques developed in
Chapter 2. In the top part of Fig. 6.1 I have plotted the right-
hand side of Eq. (6.2). For this plot and all subsequent plots in
this chapter I have chosen r = 3 and K = 100. The equation is
an upside-down parabola, crossing the horizontal axis at 0 and
100. When the fish population is between 0 and 100, dP/dt
is positive, so the population is increasing. When the popula-
tion is larger than 100, we see that the rate of change of the
population dP/dt is negative, so P decreases. There is thus an
attracting equilibrium at 100 and a repelling equilibrium at 0.
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Figure 6.1. Top: A plot of the right-hand side of Eq. (6.2) and its
phase line. There is a stable fixed point at P = 100 and an unstable
fixed point at P = 0. Bottom: The solutions P(t) to Eq. (6.2) for four
different initial conditions: 5, 35, 70, and 120. All solutions approach
the stable equilibrium at P = 100.

So we expect to see a stable population at 100. I have chosen the
parameters r and K in Eq. (6.2) to be numerically convenient, not
biologically realistic.The goal of the next several sections is to illus-
trate the phenomenon of bifurcations, not faithfully model actual
fisheries.
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On the top plot of Fig. 6.1 I have drawn the phase line for
this differential equation. The two fixed points are indicated as
solid circles. Note that the arrows point to the right, indicating
population growth, when dP/dt is positive, and point to the left,
indicating population decline, when dP/dt is negative. The lower
plot in Fig. 6.1 shows solutions P(t) to the differential equation.
I have shown the solutions for four different initial populations:
5, 35, 70, and 120. The solution’s behavior is consistent with that
illustrated in the phase line: all solutions are pulled toward the
stable equilibrium at 100.

The quantity K—in this example 100—is known as the carry-
ing capacity. The carrying capacity is the stable equilibrium for the
population. Ecologically, the idea of a carrying capacity should be
taken with a grain of salt. Some ecologists feel that its use implies
that there is an underlying stability to populations, which is not
warranted empirically. These critiques need not concern us here.
(If you want to read more about carrying capacity, an interest-
ing short history of the term, in ecology and elsewhere, is Sayre
(2008).) The main point of the logistic differential equation in
our context is to serve as a simple model of a population in which
there is some limit to growth. And the point of this particular
example is to illustrate bifurcations, which I will do in the next
section.

6.2 Logistic Equation with Harvest

We will now modify the logistic differential equation to account
for the effects of fishing. Doing so will add an additional param-
eter to the equation. We will see that small changes in this new
parameter lead to large, sudden changes in the system’s behavior.

One way tomodify Eq. (6.2) to account for fishing is as follows:

dP
dt

= rP
(
1− P

K

)
− h . (6.3)
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Fishing is accounted for by the −h term. It has the effect of
removing h fish per unit time, decreasing the growth rate by h. This
is often called a harvest term—hence the letter h—and Eq. (6.3)
is often called the logistic equation with harvest.

What is the effect of fishing? Presumably fishing leads to
fewer fish. But to what extent? And what happens as the fish-
ing increases—as h gets larger and larger? Let’s analyze the
equation and see. We begin by considering the case where h= 25.
(As before, r = 3 and K = 100.) A plot of the right-hand side of
Eq. (6.3) for these parameter values is shown in the upper right
of Fig. 6.2. The upper left plot in the figure shows the h= 0 case,
which we analyzed in Fig. 6.1. The logistic equation without har-
vest, h= 0, is shown in the upper left of the figure. Let’s compare
the two plots.

Subtracting h from a function shifts it down on a graph by h
units. So the upper-right curve in Fig. 6.2 is 25 units lower than
the upper-left curve. What happens to the equilibria when we
allow fishing at a rate of h= 25? We can see on the figure that
the two equilibria get closer to each other. The stable equilibrium
that was formerly at P = 100 now appears to be at P ≈ 90. And the
unstable equilibrium that was formerly at P = 0 now has shifted
up to P ≈ 10. A fish population that is less than 10 will decay and
die out.1

1. Exact values for the equilibria can be found with a bit of algebra. The equi-
librium condition is that the rate of change is zero: dP/dt = 0. Using the values
K = 100 and r = 3 in Eq. (6.3), this condition is:

3P
(
1− P

100

)
− h = 0 . (6.4)

Solving for P, one finds

P = 50± 10

√
25− h

3
. (6.5)

As long as h< 75 the argument of the square root is positive there are two real
solutions, symmetric about P = 50, as we can see in Fig. 6.2.
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Figure 6.2. A plot of the right-hand side of Eq. (6.3) for several
different harvest rates h. Also shown is the phase line for each h value.

What happens if we increase the fishing rate further? The
middle-left plot on Fig. 6.2 shows the right-hand side of Eq. (6.3)
for h= 50. As expected, the graph is shifted further down. This
has the effect of moving the two equilibrium points even closer
together. The stable equilibrium is now at P ≈ 79. This is not
surprising; more fishing should lead to less fish. We’ve seen that
increasing the fishing rate from 0 to 25 to 50 decreases the
equilibrium population from 100 to 90 to 79.
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Continuing to increase the fishing rate h will cause the
equilibrium population to decrease further still. In the middle-
right plot in Fig. 6.2 the fishing rate h is 65, and the curve is shifted
even lower. The stable equilibrium is now at around P = 68. The
unstable equilibrium is at P ≈ 32. If the fish population ever dips
below 32, it will decrease and die out.

Suppose the fishing rate was exactly 75. This scenario is shown
in the bottom-left plot on Fig. 6.2. The curve just barely touches
the horizontal axis. There is thus only one equilibrium now,
P = 50. This equilibrium is stable from the right, but not the left.
In other words, if the population is at 50 and increases by a few,
it will return back to P = 50. However, if the population is 50
and it decreases by a few, the population will continue to decrease
and all the fish will die. (Mathematically, equilibria of this sort are
sometimes called semi-stable.)

Finally, in the bottom-right plot in Fig. 6.2 I have shown the
situation for h= 80. Here the fishing rate is large enough that the
entire curve is below the horizontal axis. This means that for all
population values P the growth rate is negative. Regardless of the
current number of fish, if h= 80, the population is doomed.

Figure 6.2 shows us how the behavior of Eq. (6.3) changes as
the parameter h is changed. We see that the system transitions
from having two equilibria to zero. If h is less than 75, the sys-
tem has two equilibria (one stable and one unstable), and if h
is greater than 75, the system has no equilibria. This transition
is known as a bifurcation. I will define bifurcations more care-
fully, and also discuss what this means for fish—and for the study
of complex systems. First, however, I will introduce bifurcation
diagrams—a type of plot that is a standard way to view bifurca-
tions. Bifurcation diagrams are a bit abstract, so I’ll construct them
in several steps. The discussion that follows might be a bit pedan-
tic, but my experience has been that being careful and almost
tedious is the best way to help people understand bifurcation
diagrams.
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Figure 6.3. The phase lines for Eq. (6.2) for the six h values shown in
Fig. 6.2: 0, 25, 50, 65, 75, and 80.

6.3 Bifurcations and Bifurcation Diagrams

We have been exploring how the behavior of the differential equa-
tion, Eq. (6.3), changes as the harvest rate h is varied. Let’s see if
we can view this more comprehensively than we did in Fig. 6.2,
which shows the behavior for only six h values. It would be nice
to be able to display the system’s behavior for all h values, not just
these six. To do so, let’s start with the six phase lines shown in
Fig. 6.2 and imagine cutting them out and stacking them up, as
shown in Fig 6.3. Note that at h= 0, when there is no fishing,
there are two equilibria, a stable one at P = 0 and an unstable one
at P = 100. As h is increased, which corresponds to moving down
in Fig. 6.3, the two equilibria get closer together. At h= 75 the two
points momentarily merge into one. Then at h= 80 there are no
equilibria. The fish population will die off regardless of the initial
population.

To more clearly observe this behavior, I will take the phase lines
in Fig. 6.3 and rotate them 90 degrees counter-clockwise. I will
construct a graph on which the harvest rate h is the horizontal axis
and I will space the phase lines accordingly. The result of doing
this is shown in Fig. 6.4. Please take a moment and make sure you
understand how to go from Fig. 6.3 to Fig. 6.4.
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Figure 6.4. The same phase lines shown in Fig. 6.3 rotated ninety
degrees counter-clockwise and arranged to-scale according to their h
values.

Figure 6.4 shows us how the qualitative behavior of the differ-
ential equation, as shown by the phase line, changes as the harvest
rate h changes. Our last step is to “connect the dots”—to plot
many more phase lines so we can see the value of the equilibria
for all h values, not just the six I have shown in Fig. 6.4. Doing so
yields Fig. 6.5, a type of plot known as a bifurcation diagram. In
the figure the stable equilibrium is shown as a solid line. It starts
at 100 for zero fishing (h= 0), and decreases as h is increased. The
unstable equilibrium is the gray line. It is also common to use
dashed lines for unstable equilibria. We see that the unstable equi-
librium rises as the harvest rate h increases.The two equilibria meet
at h= 75. For h larger than 75 all initial conditions decrease and
there are no equilibria. (In Fig. 6.5 the lower limit for the pop-
ulation P is −10. Negative population values are not meaningful
biologically, but I included them on the plot so there was room
for all the arrows.)

Bifurcation diagrams such as Fig. 6.5 are fairly abstract
constructions—it is a collection of phase lines plotted as a function
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Figure 6.5. The bifurcation diagram for the logistic differential equa-
tion with harvest, Eq. (6.3). The black curve shows the stable
equilibria while the gray curve, the unstable equilibria.

of a parameter. If you get confused when thinking about or
working with bifurcation diagrams, I suggest going back to this
example and remembering that a bifurcation diagram is noth-
ing more than a bunch of phase lines “glued” together. With a
bifurcation diagram in hand, we can figure out the phase line,
and hence the qualitative dynamics, for any parameter value we
choose. We treat the bifurcation diagram as a dictionary of phase
lines: choose the h we’re interested in, look it up on the bifurca-
tion diagram, and read off the phase line. For example, looking at
Fig. 6.5 we see that at h= 40 there is an attracting fixed point a
bit above 80 and a repelling fixed point a bit below 20. At h= 90,
we see that there are no fixed points and all P values decrease
continually.

So now we know how to make a bifurcation diagram, but what
are they used for? And what is a bifurcation, anyway? A bifurca-
tion is a sudden change in the qualitative behavior of a dynamical
system as a parameter is varied continuously. Fig. 6.5 shows that
the logistic equation with harvest, Eq. (6.3) has a bifurcation at
h= 75. Below h= 75 the dynamical system has two equilibria,
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one stable and one unstable. Above h= 75 there are no equilibria.
This is what is meant by a change in the qualitative behavior of
a dynamical system—the number of fixed points or their stability
changes. In contrast, there is not a bifurcation at h= 40. Below
and above h= 40 the qualitative behavior is the same: there is one
stable and one unstable equilibria. The position of these equilibria
change slightly, but this is not considered a qualitative change in
the dynamical system’s behavior.

The existence of bifurcations has some important and interest-
ing implications. Let’s think about what the bifurcation diagram
in Fig. 6.5 is telling us. If there is no fishing, h= 0, we know that
there is a stable equilibrium at P = 100. If we allow fishing, the
stable population decreases. For example, if h= 25, the stable pop-
ulation decreases to P ≈ 90, as we have seen. This certainly makes
sense; if we introduce fishing, the fish population goes down. If
we increase the fishing a little bit, the population decreases a little
bit. No big deal. We could keep going in this manner: increase the
fishing rate a little bit every year, and each year the fish population
would decrease a little bit. This story will come to an abrupt end,
however, at h= 75. When we cross the bifurcation, going from h a
bit less than 75 to h a bit more than 75, the fish population drops
suddenly from 50 to 0. There are no stable values in between. The
fish population crashes.

Once h is greater than 75, it might take a year or two for the
crashing fish population to become evident. During this time the
fish population would be declining all the while. We could imag-
ine that it is not until the population reaches 25 that some action
is taken. Perhaps it is then decided to enact legislation so that
h= 60. This would seem like a safe fishing level, since previously
when the fishing rate was 60 there was a stable equilibrium a bit
below P = 70. However, if h= 60 and P = 25, the fish are still
in trouble. A population of P = 25 is below the unstable equi-
librium at P ≈ 27. The result is that the population continues to
decline.
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Figure 6.6. Two scenarios for how the fish population decreases as the
fishing rate h is increased. In the top plot, the population decreases
smoothly and continuously as h increases. In the bottom plot, there
is a bifurcation at h= 75. The equilibrium population jumps from
50 to 0 at h= 75.

Here is another way to visualize and think about what is going
on with the fish. We might expect that a small increase in fishing
will always lead to a small decrease in the number of fish. As the
fishing rate h is increased, the number of fish might not fall off
linearly, but we would expect a smooth decrease until eventually
there are no fish left. This is the scenario depicted in the top plot
of Fig. 6.6. But what actually happens in this model is shown in
the lower plot on Fig. 6.6. The equilibrium population P decreases
smoothly and continuously for a while, but then at h= 75 there
is a sudden transition. The equilibrium population jumps from
50 to 0.
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This is potentially bad news, especially in a realistic setting
in which it would not be possible to accurately measure the fish
population directly. Instead, one would have to rely on an indirect
measure, perhaps how hard it is to catch a certain amount of fish.
More crucially, we would not know the parameters of the model
exactly, and so we would not know exactly where the bifurcation
point is. And as we have seen, the intuition that a small change in
the fishing rate h leads to a small change in the fish population P
is not always correct.

The preceding analysis focused on the logistic differential equa-
tion with harvest, Eq. (6.3). But what about the collapse of real
fisheries, as opposed to mathematical models? And what about
other phenomena in which abrupt changes occur? It is unarguable
that physical, natural, and social systems sometimes undergo sud-
den changes (see, e.g., Scheffer (2009)). Fisheries and economies
collapse, climates change quickly (on geological time scales) from
moist to dry, evolution often consists of periods of sudden change,
and social norms and practices sometimes change at surprising
times with surprising speed. The world consists of behavior like
both of the plots in Fig. 6.6.

Bifurcations of the sort we have examined here surely do not
explain all of these phenomena. But studying dynamical systems
does demonstrate that sudden transitions can occur in very simple
models. Moreover, these are models that are themselves contin-
uous. The right hand side of the logistic equation with harvest,
Eq. (6.3) is continuous and smooth. It is perhaps surprising—and
in my opinion interesting and fun—that one can get discontin-
uous behavior from a continuous model. Like a lot of things in
math, I think bifurcations are kind of obvious or at least not very
deep once one encounters them. But until one has seen an exam-
ple of a bifurcation, it might be counter-intuitive to think that
a population described by a smooth and continuous differential
equation could undergo a sudden change.
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6.4 General Remarks on Bifurcations

So far in this chapter I have focused on a single example of a
bifurcation—the disappearance of the stable and unstable equilib-
ria that occurs in the logistic equation with harvest. This section
contains some more general remarks about bifurcations.

First, it turns out that while bifurcations are common, there
are only a few different types of them. The reason for this is as fol-
lows. Bifurcations occur when the number or stability of equilibria
change. For differential equations of the form dP/dt = f (P),
equilibria occur at the populations P at which f (P) = 0. (Of
course the differential equation need not describe a population,
but I’ll continue to use this language for the sake of concreteness.)
Geometrically, equilibria occur when the function f (P) crosses the
horizontal axis. Bifurcations occur when there is a change in the
number of times f (P) crosses the axis.2 There are only a handful of
ways that the number of times f (P) crosses the axis can change as a
parameter is varied, assuming that f (P) depends continuously on
whatever parameter is being varied. One such way that the num-
ber of crossings of f (P) can change was illustrated in Fig. 6.2. This
gave rise to the bifurcation diagram shown in Fig. 6.5. We will see
a different example in the subsequent section.

So bifurcations fall neatly into several classes. For example,
any differential equation in which two equilibria disappear by
shifting f (P) downward as a parameter increases—as in Fig. 6.2—
belongs to the same class. Bifurcations in this class are generally

2. There also is a bifurcation if there is a change not in the number of times
f (P) crosses the horizontal axis, but in how that crossing occurs. If f (P) crosses
the axis from below, that equilibrium point is unstable; if it crosses from above,
the equilibrium point is stable. There would be a bifurcation if there is a change
such that f (P) at an equilibrium point switches from crossing below to above,
or vice-versa.
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known as saddle-node bifurcations. There is a creative and not-
quite-standard terminology used to describe bifurcations. The
saddle-node bifurcation is sometimes referred to as a fold, tangent,
turning-point, or blue-sky bifurcation. There are other classes
of bifurcations, including transcritical bifurcations and pitchfork
bifurcations, the latter of which comes in two flavors, supercritical
and subcritical. To be honest, except for “pitchfork bifurcations,”
which actually resemble pitchforks, I find the names for bifurca-
tions to be unhelpful. There is a standard example for each type
of a bifurcation known as the normal form. A normal form for a
bifurcation can be thought of as a prototype for all bifurcations in
each class.3 More complex dynamical systems will have the same
bifurcations as simpler ones. Thus, we can learn about bifurca-
tions exhibited by complex models by studying simple ones. The
last section of this chapter lists some references that you can turn to
if you want to explore further. But before concluding this section,
a few remarks on some ideas and terms related to bifurcations.

6.5 Catastrophes and Tipping Points

There are two terms that are closely related to bifurcations: catas-
trophes and tipping points. In this section I’ll briefly discuss both
of these terms, comparing and contrasting them to bifurcations.
A closely related phenomenon, phase transitions, is discussed in
the next chapter in Section 7.8.

Catastrophe theory is an extrapolation of the theory of bifur-
cations. Developed in the late 1960s by René Thom, it received
widespread attention when Thom published a book on catastro-
phe theory, Structural Stability and Morphogenesis, in 1972 (Thom,
1994). At a technical level, catastrophe theory sought to classify
and explain jumps and discontinuities in mathematical models

3. Mathematically, one can locally transform a system near the equilibrium
point into normal form via a Taylor expansion and a re-scaling of the variables.
See Strogatz (2001, pp.48–51) for an example.
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controlled by two or more parameters. But the aims of Thom
were broader. He, and later Zeeman (1976; 1977), sought an anti-
reductionist approach to modeling and a generic theory of forms
and structures in natural and social systems. The idea was to study
transitions and shifts in fairly abstract and geometric ways, as
opposed to starting an analysis with equations obtained from first
principles.

The 1970s and 80s saw an explosion of interest (and hype)
around catastrophe theory. Several popular books appeared: Pos-
ton and Stewart (2012), Woodcock and Davis (1978), and Arnol’d
(2003). The first two of these books were originally published in
1978; the book by Arnol’d first appeared (in Russian) in 1981.
While catastrophe theory captured the imagination of many, both
inside and out of math and science communities, it was met with
strenuous objection and antagonism (Zahler and Sussmann, 1977;
Kolata, 1977). What is the status of catastrophe theory today?

David Aubin writes bluntly that “Catastrophe theory is dead”
(Aubin, 1998, p. 109), noting that there is almost no one who
would describe her or himself as working on catastrophe theory,
nor are there journals or conferences devoted to it. But Aubin
goes on to argue that the influence of catastrophe theory lives
on, largely as a matter of style or philosophy. René Thom, the
principal founder of catastrophe theory, was interested not only
in new mathematics but in “new ways to use mathematical tools
and practice in order to make sense of the world (Aubin, 1998,
p. 111).” This new way of understanding entails a focus on forms
and structures themselves, without reference (at least initially) to
the detailed equations of motion or the properties of the materials
or entities under study.

This account is a rather simple sketch of what is a rich
and layered episode in mathematics and science. For a short,
semi-technical overview of catastrophe theory written during its
heyday, see Zeeman (1976). Balanced accounts of the history
and impact of catastrophe theory are Ekeland (1990), Aubin
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and Dahan Dalmedico (2002, Section 2.3), and Aubin (1998,
Chapter 3). For discussions of the philosophy and epistemol-
ogy underlying catastrophe theory, see Aubin (2001) and Aubin
(2004).

We now turn our focus to Tipping Points, a term whose use
has become quite common after the 2002 publication of Malcolm
Gladwell’s book by the same name 2002. A tipping point is a
condition or threshold at which a change suddenly occurs—the
system “tips” from one behavior to another. My sense is that “tip-
ping point” is used mainly to describe transitions in social systems.
That said, the notion of a tipping point is similar to the bifurca-
tion: it is a sudden transition as some parameter or feature of a
system changes. To my knowledge “tipping point” does not have
a standard technical meaning in the way that bifurcation does. So
you should be aware that tipping point is not a technical term
and, in my experience, is not commonly used by those studying
dynamical systems.4

By the way, it is interesting (to me, at least) to track the fre-
quency of use of the terms “bifurcation”, “catastrophe theory”, and
“tipping point”. This can be done via a google ngram (Michel et al.
(2011)), which lists the frequency of occurrence of words or phrases
in a corpus of over a million books that google has digitized. The
results are normalized to account for the fact that the number of
books published yearly has increased with time. Such an ngram is
shown in Fig. 6.7.The frequency of “catastrophe theory” rose from
zero with the publication of Thom’s book in 1972. The frequency
of “bifurcation,” being a word commonly used outside of mathe-
matics, is fairly constant over time. The peak in the late 1940s is
presumably due to frequent reference to the bifurcation of Europe.

4. Moreover, many of some of the claims put forth by Gladwell have been
strongly (and in my view convincingly) critiqued. In particular, the idea that
“influencers” or hubs play an essential role in the spread of ideas has met much
criticism. See, e.g., Watts and Dodds (2007); Thompson (2008); Watts (2012).
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Figure 6.7. Google ngrams (Michel et al., 2011) for the phrases
“bifurcation”, “catastrophe theory” and “tipping point.” http://books
.google.com/ngrams.

As expected, the use of “tipping point” spikes upward around
2000. Gladwell’s book was published in 2002, and he used the
phrase in the title of a New Yorker article that appeared before
the release of his book (Gladwell, 1996). The term “tipping point”
was first used several decades earlier, to refer to the tendency for
a neighborhood to “tip” from predominantly white to all black,
once a certain fraction of homes in the neighborhood were owned
by black families. This fraction was referred to as a “tipping point”
(Griffith, 1961, note 67). A phenomenon closely related to bifur-
cations are phase transitions, which I discuss in Section 7.8 in the
next chapter.

6.6 Hysteresis

A dynamical system with bifurcations can sometimes lead to a
phenomenon known as hysteresis—a type of path-dependence or
irreversibility. In this section I’ll briefly work through an example
of such a system and will offer a few thoughts on the importance
and implications of hysteresis. This example follows the presen-
tation in Strogatz (2001, pp. 59–62). This section is a bit more
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advanced and specialized than the rest of this chapter, and can be
skipped or skimmed if the reader wishes.

Consider the differential equation:

dP
dt

= rP + P3 − P5 . (6.6)

Here P need not necessarily represent a population, but I will
stick with the convention of this chapter and use P as the vari-
able. This differential equation has one parameter, r. We will see
how the solutions to this differential equation change as we vary r.
As we did for the logistic differential equation in Fig. 6.2, we will
plot the right-hand side of Eq. (6.6) for different r values and
then draw the phase line. (In the logistic differential equation,
Eq. (6.2), h was the parameter that we varied, while r and K were
held constant.)

We’ll start with r = 0.01. The right-hand side of the differential
equation is graphed in the top plot of Fig. 6.8. We see that there
are three equilibria: an unstable fixed point at P = 0 and two sta-
ble fixed points at P ≈ ±1. At r = −0.2, shown in the middle of
Fig. 6.8, the situation has changed. There are now five equilib-
ria. The equilibrium at the origin, which formerly was unstable is
now stable. There are two unstable equilibria at P ≈ ±0.6, and at
P ≈ ±0.85 there are two stable equilibria. At r = −0.28, plotted
in the bottom graph in Fig. 6.8, the situation has changed again.
Now there is only one fixed point: a stable equilibrium at P = 0.
Note that in Fig. 6.8 I have plotted stable equilibria with black
circles and unstable equilibria with gray circles.

Note that all three phase lines in Fig. 6.8 are qualitatively
different; they have different numbers of fixed points. Thus, a
bifurcation must occur between r = 0.01 and r = −0.2 (moving
from the top figure to the middle), and another bifurcation must
occur between r = −0.2 to r = −0.28 (from the middle figure to
the bottom). In Fig. 6.9 I have plotted the bifurcation diagram
for Eq. (6.6). It is likely worth taking a moment to see how three
phase lines in Fig. 6.8 can be found in the bifurcation diagram.
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Figure 6.8. The right-hand side of Eq. (6.6) for three different values
of r. The phase line for each dynamical system is drawn on the
horizontal axis.

As in Fig. 6.5, stable equilibria are drawn in black and unstable
equilibria in gray.

As anticipated, there are two bifurcations on this bifurcation
diagram. There is one bifurcation at r = 0. The system shifts from
five equilibria to three as r crosses 0 from the left to the right.
There is another bifurcation at r = −0.25. If r < −0.25 there is
only one stable equilibrium at P = 0 But if r is between−0.25 and
0, there are five equilibria. A population (or whatever) described
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Figure 6.9. The bifurcation diagram for Eq. (6.6).
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Figure 6.10. The bifurcation diagram for Eq. (6.6), for non-negative
values of P. This diagram shows hysteresis, or path dependence. For
parameter values between r = −0.25 and r = 0 there are two stable
equilibria. In this region, which equilibrium the system is found in
will depend on the path taken to arrive at that r value.

by this equation will undergo jumps, but will also exhibit a type
of irreversibility.

To see this, we’ll consider an example in which negative values
of P are not possible—perhaps P is a population, and so nega-
tive populations are not meaningful. The bifurcation diagram for
non-negative P is shown in Fig. 6.10. Let’s suppose that initially
the parameter r is 0.1. For this value there is one and only one
equilibrium at a P that is slightly larger than 1.
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Now suppose that we decrease the parameter r. The equi-
librium value will decrease. If we decrease r a bit further, the
equilibrium value for P decreases a bit further. This continues,
until we get to r = −0.25. At this parameter value the equilib-
rium value for P disappears, and P plummets to zero. This is the
same sort of bifurcation that we saw with the fish population in
Fig. 6.5: an equilibrium value does not decrease gradually to zero,
but jumps to zero at some critical parameter value.

Suppose that r = −0.3 and P is at zero. What happens if r
is then increased? The system will remain at the equilibrium at
P = 0, even if r gets larger than −0.25, the parameter value at
which the crash occurred. The reason for this is that the equilib-
rium at P = 0 remains attracting as one crosses the critical value of
r = −0.25. It is only when r is increased further, to r = 0.0, that
the P = 0 equilibrium loses stability, at which point the system
will jump back up to the stable equilibrium at P = 1.

The story I just told is illustrated in Fig. 6.10. If r is greater than
zero, the system will be at the stable equilibrium near P = 1. If r is
changed, the systemmoves back and forth along the upper branch
of the bifurcation diagram. If r becomes less than zero, no sudden
transition occurs. The value of P continues to decrease smoothly.
A sudden transition will occur, however, the moment that r dips
below 0.25. At this point P jumps to zero. The story is different if
one moves across the diagram in the opposite direction, from left
to right. As r is increased, there is no transition at r = −0.25; the
value of P remains at zero. But a transition does occur later on; P
jumps from 0 to 1 at r = 0.

The behavior of this system shows path dependence. In between
r = −0.25 and r = 0, the value of P depends on the path the sys-
tem took to get there. This phenomenon of path dependence is
also known as hysteresis. It occurs often in systems with multiple
stable equilibria, as is the case in Fig. 6.10 when r is between−0.25
and 0.0. For such a system, knowing the value of the parameter is
not enough to determine its behavior. For example, if I told you
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at r = −0.1, you would not be able to figure out the value of P.
You would need to know the path the system took—how did it
come to have this r value? Did it move along the upper or lower
equilibrium? History matters. In contrast, if r = 0.1, you can be
certain that the population P will be approximately one, regardless
of what r values it had previously.

Systems with hysteresis possess a simple type of memory. In the
region between r = −0.25 and 0 in Fig 6.10, the system “remem-
bers” where it has been. This is another surprising feature of
simple differential equations.The differential equation we’re work-
ing with in this section, Eq. (6.6), is autonomous—dP/dt, the
rate of change of P, depends only on P, not on the time t. So the
equation appears to be memoryless; it does the same thing regard-
less of the value of time t. However, as we have seen, if one varies
the parameter r, a type of memory or path dependence occurs. It
is perhaps a long way from Eq. (6.6) to any realistic model. But
I think this example is useful nevertheless. It provides intuition
about how hysteresis or path dependence can occur when a system
has multiple equilibria.

6.7 Further Reading

Bifurcations are a standard topic in dynamical systems and are
also treated in some differential equations courses. Strogatz (2001,
Chapters 3 and 8) and Kaper and Engler (2013, Chapter 5) both
give particularly clear treatments of bifurcations. Kaper and Engler
(2013) also contains several examples of bifurcations arising in
models of the earth’s climate. Appendix B of Hilborn (2002) is
a short introduction to bifurcation theory, including a mention of
the center manifold theory. More advanced and formal treatments
can be found in Crawford (1991) and Guckenheimer and Holmes
(2013).
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7
UN I V E R S A L I T Y I N CHAOS

In the previous chapter we looked at bifurcation diagrams for
differential equations. In this chapter we will return to iterated
functions and examine their bifurcation diagrams. We will see that
such diagrams are remarkably complex—much more so than the
bifurcation diagrams for differential equations that were the topic
of the previous chapter. Looking at the regularities and structures
in these bifurcation diagrams will lead us to the notion of univer-
sality, in my opinion one of the most amazing results to emerge
from the study of dynamical systems.

7.1 Logistic Equation Bifurcation Diagram

Our main example in this chapter will be the bifurcation diagram
for the logistic equation:

f (x) = rx(1− x) . (7.1)

This equation was introduced in Section 4.1 as a very simple model
for a population that has some limit to its growth. We saw in
Sections 4.2 and 4.3 that different values of the growth param-
eter r led to time series with a range of behaviors, both periodic
and aperiodic. Themain results of our investigations were summa-
rized in Fig. 4.5. For convenience, I’ve reproduced these plots in
Fig. 7.1. In the previous chapter we formed a bifurcation diagram
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Figure 7.1. Time series for the logistic equation for six different r
values. This figure is identical to Fig. 4.5.

by “gluing” together a bunch of phase lines for a differential equa-
tion. Bifurcation diagrams for iterated functions are formed via a
similar strategy.

For iterated functions, however, one summarizes the behavior
of the system with a construction known as a final-state diagram
and not a phase line, as was the case for differential equations.
The idea behind a final-state diagram is, as the name suggests, to
record the final state or states of the dynamical system. For exam-
ple, if r = 0.9, we see in the upper left plot of Fig. 7.1 that the
orbit approaches zero. The final state in this case is just the point
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Figure 7.2. Final-state diagrams for the logistic equation for several
different values of the parameter r. Orbits for these r values are shown
in Fig. 7.1.

x= 0. If we iterated the function for a while, the orbit will end
up stationary at x= 0. This is illustrated in the top diagram of
Fig. 7.2.

If r = 1.50 the situation is slightly more interesting. We see in
Fig. 7.1 that the orbit is pulled toward an attracting fixed point
at x= 0.33. The final state in this case is just the single point
x= 0.33. This is shown in the second diagram in Fig. 7.2. In gen-
eral, if the orbit is pulled toward an attracting fixed point, then
the final-state diagram is a just a single point—namely, the fixed
point. We can see this for r = 1.90 and r = 2.80 in Fig. 7.2.

What if the orbit is pulled toward a periodic cycle instead of a
fixed point? This is the case for r = 3.20, as shown in the lower left
of Fig. 7.1. Here the orbit oscillates between x≈ 0.52 and x≈ 0.8.
In this case there are two final states, not one, as shown in the
final-state diagram in Fig. 7.2. Similarly, when r = 3.84, shown in
the bottom right of Fig. 7.1, the orbit is pulled toward a cycle of
period three, and there are three values on the final-state diagram.

The final-state diagrams for periodic orbits are fairly straight-
forward—the diagram consists of a number of dots, one for each
point on the periodic cycle. But how can we represent chaotic
behavior on a final-state diagram? In Fig. 7.3 I have shown the
orbit for the logistic equation with r = 4.0, a parameter value
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Figure 7.3. An orbit for the logistic equation with r = 4.0. For this
parameter orbits are aperiodic; they do not repeat.

1
r = 4.00

0

Figure 7.4. The final-state diagram for the logistic equation with r =
4.0. The orbit is shown in Fig. 7.3.

that we have seen yields chaos. How can we represent this behav-
ior? Since the orbit is chaotic, it is aperiodic; it doesn’t become
periodic.

The answer to this puzzle is to simply plot a few hundred points
of the itinerary on the final-state diagram.This is a reasonable rep-
resentation of the final “state” of the system. After all, the orbit
doesn’t settle down; it keeps jumping around, never returning to
exactly the same place. So its final-state diagram should reflect
this perpetual wandering. Such a final state diagram is shown in
Fig. 7.4. The diagram includes around 40 points. If I plotted more
points, the dots on the line would get denser and denser, until it
appeared as a solid smear of black. The points never land exactly
on top of each other, since the orbit never exactly repeats. But the
orbit bounces all over the interval between 0 and 1. Thus, since the
dots on the diagram are of finite size, eventually the dots would
fill up the entire diagram.

The general algorithm for making a final-state diagram is as
follows. Choose the parameter value r and a seed x0 for the orbit.
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Figure 7.5. An orbit for the logistic equation with r = 3.61. For this
parameter orbits are aperiodic; they do not repeat. However, the
orbit does not take all values between 0 and 1, as was the case for
r = 4.0.

Then iterate the function for, say, 200 time steps. This ensures that
the system has moved beyond any transient behavior and is in its
final state, be it a periodic or an aperiodic one. After this, iterate
for 100 more timesteps and plot those 100 iterates as dots on the
interval [0, 1]. This recipe will yield a final-state diagram.1

Before we use final-state diagrams to make a bifurcation dia-
gram for the logistic equation, there is one more subtlety to
consider. In Fig. 7.5 I have plotted the time series for the logis-
tic equation with r = 3.61. For this parameter value the orbits
are chaotic. If you look closely you will see that the orbit in the
figure is aperiodic. (Iterating for more timesteps will confirm this.)
However, the orbits do not wander all over the unit interval, as
they did for the r = 4.0 case. Instead, in the long run the orbit in
Fig. 7.5 is confined to two bands. There is a large lower band, from

1. This recipe may need some adjustment, however. There could be long
transients—it might take the system more than 200 iterates to reach its final
behavior. Also, depending on the resolution one desires, one might need to plot
manymore than 100 iterates. This algorithm is not efficient for making final-state
diagrams for periodic orbits. For example, if the orbit moves to a fixed point, then
the 100 iterates plotted would all be essentially the same, and so plotting all 100
of them would be wasteful and slow. See footnote 2 for more discussion of how
to make bifurcation diagrams more efficiently.
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1
r = 3.61
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Figure 7.6. The final-state diagram for the logistic equation with
r = 3.61. The orbit is shown in Fig. 7.5.

x≈ 0.31 to x≈ 0.61, and a smaller upper band, from x≈ 0.78
to x≈ 0.89. To help make this clearer, on Fig. 7.5 I have drawn
horizontal lines at x= 0.31, 0.61, 0.78, and 0.91. One sees that
except for the initial value, all iterates fall between the pairs of gray
lines.

This is reflected in the final-state diagram for the logistic equa-
tion with r = 3.61, shown in Fig. 7.6. We see that the orbits
fall within two bands. If I plotted more orbits, the two bands
would be completely filled in. The orbits are aperiodic—they do
not repeat. They keep bouncing around the two bands. Note, by
the way, that there is some regularity to the orbit. The iterates
alternate between bands. If an iterate is somewhere in the lower
band, the next iterate will always be in the upper band, and vice
versa. The orbits for this r value are aperiodic and have sensitive
dependence on initial conditions, but the orbit is not completely
patternless.

We are now ready to make the bifurcation diagram. This will
allow us to visualize how the system’s long-term behavior changes
as the parameter r changes. Already we have seen a number of
different behaviors, periodic and aperiodic. What else can the
logistic equation do, and how does its behavior change as r is var-
ied? We’ll begin constructing the bifurcation diagram by using the
final-state diagrams for the eight r values we have considered so
far: 0.90, 1.50, 1.90, 2.80, 3.20, 3.61, 3.84, and 4.00. The result of
doing this is shown in Fig. 7.7. I have taken the final-state dia-
grams and rotated them ninety degrees counter-clockwise. I have
also drawn an r-axis horizontally and glued the final-state diagrams
at the appropriate location. For example, the final-state diagram
for r = 1.90 (shown in Fig. 7.2, third from the top), is placed at
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Figure 7.7. The first steps in the construction of the bifurcation dia-
gram for the logistic equation. Plotted on the horizontal r-axis are the
final-state diagrams from Figs. 7.2, 7.4, and 7.6.

r = 1.9 on the r-axis of Fig. 7.7, just to the left of the r = 2.00
marker. Youmight want to take a moment and see where the other
final-state diagrams from Figs. 7.2, 7.4, and 7.6 have been placed
in Fig. 7.7.

It is hard to get a full picture of the logistic equation’s behaviors
from the bifurcation diagram of Fig. 7.7. Since what we’re after is
a picture of all the behaviors the equation exhibits and how those
behaviors change as r is varied, we will need to choose many more
r-values, determine the final-state diagram for each, and add them
to the bifurcation diagram. At this point we’ll turn to a computer
to make the bifurcation diagram for us. The result of doing so is
shown in Fig. 7.8.

Here’s how I made this figure. I asked my computer to do the
following for 1000 r values between 0 and 4.0: iterate the logis-
tic equation for 200 time steps; then iterate for 200 more and
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Figure 7.8. The bifurcation diagram for the logistic equation.

plot those 200 points on the bifurcation diagram. This has the
effect of making a finite-state diagram for 1000 different r values.
Plotting them all together yields the bifurcation diagram shown in
Fig. 7.8.2

2. Actually, while the description I just gave for making the bifurcation dia-
gram will work, I did something a bit more complicated so the program ran
faster. If an orbit is periodic, there is no need to plot many iterates when making
a final-state diagram. A periodic orbit repeats, and so fairly soon the points on
the graph fall on top of each other, providing no additional information but still
taking up computer time and making the plot an unnecessarily large file. The
program I wrote detected if the orbit was periodic and only plotted 10 iterates in
this case. Otherwise it plotted 200 iterates.

To detect whether or not the orbit was periodic, I calculated the Lyapunov
exponent. For an iterated map f , it is a standard result that the Lyapunov expo-
nent λ can be calculated from an itinerary x0, x1, . . . xn via the following
formula:

λ = lim
N→∞

1
N

N∑
i=0

ln(f ′(xi)) . (7.2)

(See, e.g., Peitgen et al. (1992, Section 10.1) or Strogatz (2001, Section 10.5).)
Equation 7.2 thus gives an efficient way to estimate the Lyapunov exponent; one
just iterates for a little while, evaluating the derivative of f at each iterate, and
putting the log of the result into the sum. As mentioned in Section 4.7, for a
chaotic system, the Lyapunov exponent λ is positive, whereas it is negative for
a periodic system. Hence, calculating λ using Eq. (7.2) and then examining its
sign gives us a quick way to tell if the orbit of an iterated map is periodic or
chaotic.
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Before proceeding to explore the bifurcation diagram, a few
remarks on terminology. The plot shown in Fig. 7.8 is very com-
monly referred to as a bifurcation diagram. Note, however, that
Fig. 7.8 is very different from the bifurcation diagrams for dif-
ferential equations explored in the previous chapter. Those bifur-
cation diagrams showed both stable and unstable fixed points,
whereas Fig. 7.8 only includes stable behavior.The bifurcation dia-
grams of this chapter are often referred to as orbit diagrams (e.g.,
Strogatz (2001)), since what they show is the long-term behavior
of the orbit for each r value. They are also sometimes calls final-
state diagrams (e.g. Peitgen et al. (1992)). I will continue to call
figures like Fig. 7.8 a bifurcation diagram. This is slightly sloppy
terminology, but it is also quite standard and I think is unlikely to
cause confusion. For an engaging discussion of the “real” bifurca-
tion diagram with unstable fixed points included, as opposed to
the “impostor” orbit diagram, see Ross and Sorensen (2000) and
Ross et al. (2009).

7.2 Exploring the Bifurcation Diagram

As discussed in Chapter 6, a bifurcation diagram serves as a dic-
tionary of possible behaviors for a dynamical system. If you want
to know the behavior for a particular parameter value, locate that
parameter on the horizontal axis of the bifurcation diagram. A
vertical slice directly above that point is the final-state diagram
for that parameter value. For example, in the bifurcation dia-
gram of Fig. 7.8 we see that if r = 2.0, the final-state diagram is
a single point at a bit less than x= 0.6. This indicates that the
logistic equation with r = 2.0 has a single, attracting fixed point
at x≈ 0.6.

The bifurcation diagram of Fig. 7.8 reveals a range of behav-
iors. When r is between 0 and 1, there is a single attracting fixed
point at 0. This makes sense; if the growth rate r is less than one,
the population will always die off. For r = 1 to r = 3, there is a
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non-zero fixed point; the population reaches a steady value. This
steady value increases as the parameter r increases. Then when r is
greater than 3.0, the line on the bifurcation diagram splits in two.
This indicates that we now have period-two behavior; in the long
run orbits are pulled toward an attracting cycle of period two. As
r increases further still, the two lines in the bifurcation diagram
split again, indicating period-four behavior.

The change in behavior that occurs at r = 3.0 is known as a
period-doubling bifurcation. Recall that a bifurcation is a sudden,
qualitative change in a dynamical system’s behavior as a parameter
is varied continuously. The qualitative change seen here is that the
period of the attractor doubles. If r is a bit less than 3.0, the logistic
equation has an attracting fixed point. If r is a bit larger than 3.0,
then the logistic equation has a periodic attractor of period two.
There is another period-doubling bifurcation at r ≈ 3.449. If r is
a bit less than this value, the attractor has period two; if r is a
bit larger than this value, the attractor has period four. Period-
doubling bifurcations are also known as pitchfork bifurcations.

I’ll have more to say about period-doubling bifurcations in the
next few sections. For now, let’s keep exploring the bifurcation dia-
gram. In Fig. 7.8 we see period-two behavior for r between 3.0 and
around 3.5, and after that we see period-four behavior.Thenwhat?
It is hard to see on this figure. Let’s take a closer look. Figure 7.9
shows the bifurcation diagram for the logistic equation for r rang-
ing from 3.0 to 4.0. We see that the bifurcation diagram has a
complicated structure. The equation is chaotic for many parame-
ter values—all those above for which there is a solid or almost-solid
vertical line. (Recall that for a chaotic dynamical system the orbit
is not periodic, and so the final-state diagram appears as one or
more solid regions, as in Fig. 7.4 and 7.6.) Amidst these chaotic
regions there are also many regions where the orbits are again peri-
odic. These are known as periodic windows and appear as narrow
vertical gaps in the darker, chaotic regions. For example there is a
window of period three around r = 3.83.
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Figure 7.9. The bifurcation diagram for the logistic equation, r = 3.0
to 4.0.

To get a better sense of what is going on in the bifurcation
diagram, let’s take a closer look and zoom in. Figure 7.10 shows
the bifurcation diagram for smaller and smaller ranges of r and x.
The top plot in this figure shows the region in Fig. 7.9 that is
marked with a rectangle. The middle plot of Fig. 7.10 shows the
small boxed region in the top plot. And the bottom plot shows
the region of the bifurcation diagram that is boxed in the middle
plot. If the entire bifurcation diagram of Fig. 7.9 was expanded
as much as in the bottom plot of Fig. 7.10, it would be around
100 meters wide. The self-similar, fractal structure of the bifurca-
tion diagram is apparent; we see similar shapes appearing at many
different scales.

Figure 7.10 reveals a remarkable structure. We see that the logis-
tic equation’s orbits shift from chaotic to periodic and back again
as r is varied. This is another sense in which a chaotic system can
exhibit sensitive dependence. The dynamical system depends sen-
sitively on the value of the parameter; small differences in the value
of r can lead to qualitatively different behavior. In fact, periodic
windows in the bifurcation diagram are dense. What this means is
that in any interval of chaotic r-values there is an interval of r val-
ues for which the orbits are periodic (Peitgen et al., 1992, p. 638).
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Figure 7.10. Successive zoom-ins of the bifurcation diagram for the
logistic equation.
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So whenever one zooms in on a region that appears solidly chaotic,
one will see small periodic regions. Another way to say this is
that there are infinitely many periodic windows between any two
periodic windows.

And yet, there is quite clearly regularity and structure in the
bifurcation diagram. One can see repeating patterns as one zooms
in. I’ll examine one of these regularities—the sideways U’s indicat-
ing successive period-doubling bifurcations—in the next section.
Before doing so, a few remarks on emergence.

7.3 Some Words about Emergence

The handful of logistic equation bifurcation diagrams that I’ve
plotted in this chapter are just the tip of the iceberg. I’d encour-
age you to explore further using one of the many programs online
that will plot bifurcation diagrams for you. Searching will bring
up many such programs3, or you can write your own. It is fun to
choose what appears to be a solidly chaotic region of the bifur-
cation, zoom in, and discover periodic windows. It is also fun to
zoom in on the right-hand side and admire the veils and ribbons
that decorate the bifurcation diagram.

It’s worth reminding ourselves that all the structures in the
bifurcation diagrams—all the plots so far in this chapter and all
of those you might make exploring on your own—come from
iterating a simple equation:

f (x) = rx(1− x) . (7.3)

Moreover, the code to generate the bifurcation diagram is short
and simple. One basically iterates the equation, discards the first

3. One of my favorite such programs can be found at: https://s3.amazonaws
.com/complexityexplorer/DynamicsAndChaos/Programs/bifurcation.html.
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hundred or so iterates and keeps the next hundred. Do this for a
range of r values, and plot. That’s it.

And yet there is a powerful sense in which writing down
the logistic equation or even specifying the bifurcation-diagram-
generating algorithm doesn’t really explain the bifurcation dia-
gram. It feels like a longway fromEq. (7.3) to the plots in Fig. 7.10.
This is arguably an example of an emergent phenomenon, which
is informally defined as a pattern or behavior that is not directly
contained in the description of the pattern’s constituents and their
interactions.

In my opinion emergence is a difficult notion to nail down
rigorously and is sometimes discussed with unneededmysticism or
fanfare. But intuitively, emergence is palpable. I think of it as the
feeling of not knowing where something came from, even if you
know where it came from. By this I mean the following. On the
one hand, I know exactly where the bifurcation diagrams in this
chapter come from. After all, I wrote the program that generated
the plots. But when looking at the figures, and especially when
zooming in repeatedly, one gets the sense that it doesn’t quite seem
right to say that I made the bifurcation diagram. Where does the
pattern come from?

Perhaps it is best to think of the pattern as being generated by
the act of running the code, not writing it. In this sense, making
a bifurcation diagram is very different from, say, building a book-
case. If I were to build a bookcase, I would first draw up a sketch
of what I wanted the bookcase to look like. Then I would build
something that looks (hopefully) like the figure I just sketched. In
contrast, in building a bifurcation diagram, I definitely don’t pro-
duce a sketch or representation of the diagram. Instead, I specify
the algorithm that will make the bifurcation diagram, and let it
run. So the pattern emerges from the dynamics but is not directly
present in the dynamical rule itself. I’ll return to the notion of
emergence in Section 10.3.
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7.4 The Period-Doubling Route to Chaos

We now turn our attention to one of the more striking regularities
in the bifurcation diagram: the successive period-doubling bifur-
cations that are responsible for the sideways U-shapes or pitchforks
in the bifurcation diagram. Doing so will lead us to the phe-
nomenon of universality. We shall see that there are certain features
of chaotic transitions that are the same for almost all dynami-
cal systems, and which can be observed in physical systems, as
well.

In Fig. 7.10 we see period-doubling occurring throughout
the bifurcation diagram at different scales. As the parameter
r is increased, the period doubles, then doubles again, and so on.
The distance between period doublings gets smaller and smaller as
r gets larger. Eventually, the period doublings “accumulate” and
the dynamical system transitions to chaotic behavior. These suc-
cessive period doublings are often referred to as a period-doubling
cascade or the period-doubling route to chaos. The parameter value
at which the function shifts from periodic to chaotic is known as
the accumulation point.

There is a regularity to the period-doubling route to chaos
that forms the basis of one of the most remarkable results from
the study of dynamical systems. This regularity can be captured
as follows. Figure 7.11 shows a sketch of three period-doubling
bifurcations: from period one to period two, period two to period
four, and period four to period eight. The period-eight behavior
would then split into period-sixteen behavior on the far right of
the diagram, although this transition is not shown. The approxi-
mate parameter values at which these bifurcations occur are listed
in Table 7.1.

We can use the data in the table to determine the widths of
each periodic region in Fig. 7.11. For example, the width of the
period-two region, denoted �1, is given by:
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∆1 ∆2 ∆3

Figure 7.11. A sketch of several period-doubling bifurcations.

�1 = 3.44949− 3.00000 = 0.44949 . (7.4)

A similar calculation yields �2 ≈ 0.09460 and �3 ≈ 0.02002.
The region that has period 2 is larger than the period-four region:
�1 is larger than �2. How many times larger? Well,

�1

�2
≈ 0.44949

0.09460
≈ 4.7515 . (7.5)

So the period-two region on the bifurcation diagram is about 4.75
times larger than the period-four region. I’ll denote this ratio by
δ1. That is, δ1 = �1/�2.

We also see on Fig. 7.11 that the period-four region is bigger
than the period-eight region. How many times larger? Denoting
this ratio by δ2:

δ2 = �2

�3
≈ 0.09460

0.02002
≈ 4.7253 . (7.6)

Hmmm.The two ratios are about the same. If we continue explor-
ing further period doublings in the bifurcation diagram, we will
continue to see approximately the same ratio. The width of each
period-doubling region is around 4.7 times larger than the next.

Stating this more precisely, let δn be the ratio of the nth and the
(n+ 1)th periodic regions: δn = �n/�n+1. Then it turns out that
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Transition r
1 → 2 3.00000
2 → 4 3.44949
4 → 8 3.54409
8 → 16 3.56441

Table 7.1 The approximate r values
at which the first several period-
doubling bifurcations occur for the
logistic equation.

lim
n→∞ δn ≈ 4.669201609 . (7.7)

In words, as one goes farther and farther along the period-
doubling route to chaos, the ratio of the widths of successive peri-
odic regions approaches 4.669201609.The number 4.669201609,
which I’ll round to 4.669 from now on, is known as Feigenbaum’s
constant. In the late 1970s, Pierre Coullet and Charles Tresser
(1978; 1980) andMitchell Feigenbaum (1978) independently real-
ized that this number is relevant to much more than the logistic
equation, as we shall see.

7.5 Universality in Maps

So far in this chapter we have looked at the bifurcation diagram for
the logistic equation in quite a bit of detail, but what about other
iterated functions. Are their bifurcation diagrams similar to that
of the logistic equation, or are all bifurcation diagrams completely
different? Let’s look at the bifurcation diagram for a function other
than the logistic equation. For example,

f (x) = axe−x . (7.8)

I’ll refer to this as the exponential function, even though it is not
a pure exponential e−x. The variable a is a parameter, just as r is a
parameter for the logistic equation.
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Figure 7.12. Plots of the logistic and exponential functions. The
parameter values are a= 30 and r = 3.9.

A plot of this function is shown in the left half of Fig. 7.12.
The right plot is the familiar logistic equation, f (x) = rx(1− x).
Note that both functions have a single maximum and both
have bounded orbits. For the exponential function we can see
on Fig. 7.12 that since the maximum value of the function is
around 11, any initial x value between 0 and 11 will remain between
0 and 11. (The exact value of the maximum is 30e−1 ≈ 11.036.)

What does the bifurcation diagram for the exponential func-
tion look like? The answer to this question is found in Fig. 7.13,
which shows a bifurcation diagram Imade using the samemethods
used to produce the logistic equation bifurcation diagrams earlier
in this chapter. The exponential bifurcation diagram looks a lot
like the bifurcation for the logistic equation, shown in Fig. 7.8.
This is curious. The two bifurcation diagrams definitely aren’t
identical, but both show sideways U’s indicating that the func-
tion is undergoing period doubling—the structure sketched in
Fig. 7.11. What if we calculated the δ’s, the factors by which the
width of one periodic region is larger than the next one. Doing so,
I find the following:

δ1 ≈ 2.99 , (7.9)

δ2 ≈ 4.21 , (7.10)
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Figure 7.13. The bifurcation diagram for the exponential function,
Eq. (7.8).

δ3 ≈ 4.57 , (7.11)

δ4 ≈ 4.64 . (7.12)

This is curiouser still. It looks like δ for the exponential function
is approaching the same number that it did for the logistic equa-
tion.4 It seems that these two different functions have something
in common.

It turns out that the number that the δ’s approach, 4.669, is
universal. We could repeat this experiment with more and more
functions and we would keep finding δ’s that approach 4.669. Let
me state this result a bit more carefully, and then I’ll talk about
what this result might mean. Given a sequence of period dou-
blings, define δn as the width of the nth periodic region divided
by the width of the (n+ 1)th region. Then limn→∞ δn = 4.669

4. By the way, it can be difficult to pin down the precise numerical values for
the parameter values at which bifurcations occur. At the bifurcation point the
attractor shifts from one period to the other. In the vicinity of the bifurcation,
the attractors are very weakly attracting, so it takes a long time for the orbit to
get pulled into them, and so it is not easy to see what the period of the attractor
is. This problem becomes more and more pronounced for longer periods. For
example, while it is not too hard to determine the parameter value at which
behavior shifts from period two to period four, it is very challenging to pin down
the parameter at which the behavior shifts from period 32 to period 64.
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for any iterated function with a quadratic maximum that exhibits
a period-doubling route to chaos.5 A quadratic maximum is
a maximum that can be locally approximated by a parabola.
More formally, it is a maximum that has a non-zero second
derivative.

What the phenomenon of universality means is that certain fea-
tures of the period-doubling route are the same for all functions.
Almost all functions that undergo the period-doubling transition
to chaos do so in a similar way. So there are similarities among
a broad class of different dynamical systems. The logistic equa-
tion is just about the simplest non-linear equation imaginable;
it’s an upside-down parabola. Nevertheless, aspects of its period-
doubling route to chaos have the same geometric characteristics as
the period-doubling route to chaos for more complicated equa-
tions: not just the exponential function but any function with
a single quadratic maximum. So this simple model, the logistic
equation, captures properties of more complicated models. More-
over, this is a quantitative result. It’s not just that the bifurcation
diagrams look kinda similar; they share quantitative geometric
properties such as the ratio δ. (The ratio of the heights of suc-
cessive periodic regions is also universal, although I won’t discuss
this here.) How is universality possible? I’ll discuss this some in
Section 7.7. But first, let’s take a look at some physical dynamical
systems—real experiments—that exhibit period-doubling.

5. There is a bit more mathematical fine print. In addition to the requirement
that f has a single quadratic maximum, the function must be smooth, its orbits
must be bounded, and the function must have a negative Schwarzian derivative
S[ f ], where

S[ f ] = f ′′′
f ′ − 3

2

(
f ′′
f ′

)2
. (7.13)

For a discussion of some of these mathematical details, see Schuster and Just
(2006). In practice, my sense is that the Schwarzian derivative condition is almost
alwaysmet.The upshot is that a generic or typical function with a single quadratic
maximum will almost surely have the universal value for δ.
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7.6 Universality in Physics

Period-doubling is not just a mathematical phenomenon; the
period-doubling route to chaos has been observed in physical sys-
tems as well. I’ll briefly discuss an example. Chaotic behavior
can be observed in electrical circuits. One such circuit consists
of a resistor, inductor, and a diode in series (Linsay, 1981). The
capacitance of the diode introduces a time delay into the circuit,
since it does not charge and discharge instantaneously. This capac-
itance depends nonlinearly on the voltage across the diode, and
the circuit is driven by a sinusoidal voltage. When the amplitude
of the driving voltage is low, the voltage across the diode has
the same frequency as the driving frequency. As the voltage is
increased, the circuit undergoes a bifurcation and the frequency
of the voltage across the diode doubles. If the voltage is increased
further still, the frequency across the diode doubles again, and
so on. For a large enough driving frequency, the system becomes
chaotic.

One can determine the voltages at which these bifurcations
occur, just as one can determine the values of the parameter r or
a at which bifurcations occur for the one-dimensional functions
studied in this chapter. Linsay (1981) determined these voltages
and then calculated values for δ. He found that δ1 = 4.4± 0.1 and
δ2 = 4.5± 0.6, in good agreement with the theoretical value of
4.669. (The theory says that δn only equals 4.669 in the large-n
limit. In practice, however, δn is often quite close to Feigenbaum’s
value of 4.669 for small n.)

There are many other physical systems that exhibit a period-
doubling route to chaos as a parameter is varied. Examples include
several other circuits, laser and acoustic feedback systems, oscil-
lating chemical reactions, and oscillations in convection rolls of
fluids. In all cases the δ’s that are calculated are consistent with
Feigenbaum’s value of 4.669. A good summary of this experimen-
tal work is the edited volume by Cvitanović (1989).
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This is a remarkable result. The physical systems that undergo
period-doubling and are described by the universal value of 4.669
are quite different from one another: electrical circuits, convection
rolls in fluids, oscillating chemical reactions, and so on. It is not
at all obvious what these systems have in common. But they must
have something in common, since their transitions to chaos are all
captured by the universal value of δ. How can this be?

Moreover, what in the world do these physical systems have in
common with one-dimensional iterated functions? I introduced
the logistic equation in Section 4.1 as a deliberately almost-too-
simple equation that models a population that has some limit to
its growth. We noticed in the bifurcation diagram for this equation
a geometric regularity in the period-doubling route to chaos; the
ratio of the widths of the periodic regions converges to 4.669. And
then we found this same number in multi-dimensional physical
systems whose relation to one-dimensional iterated functions is
not clear.

At this point there are two mysteries that need explaining.

1. In the previous section we saw that the period-doubling
route to chaos is universal. All one-dimensional iter-
ated functions with a single quadratic maximum are
described by the ratio δ ≈ 4.669. Why?

2. What do one-dimensional iterated functions have to
do with higher-dimensional systems such as electric
circuits or turbulent fluids?

There are well understood answers to both of these questions. Let
me begin with a few words about the second question. Geometri-
cally, any system that exhibits chaotic behavior must involve both
stretching and folding. One-dimensional functions with a single
maximum also stretch and fold. This one-dimensional stretching
and folding captures the same basic geometric action that occurs
in some higher-dimensional chaotic systems. We’ll return to this
in Sections 9.4 and 9.5. We now turn our attention to the first
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question: why is the period-doubling transition to chaos universal
for one-dimensional iterated functions?

7.7 Renormalization

There is a well-developed mathematical framework that helps one
see why certain features of the period-doubling route to chaos in
one-dimensional iterated functions are the same. Additionally, in
this framework one can calculate values such as δ. This approach
is known as renormalization. In what follows I’ll give an sketch of
renormalization and how it explains universality. Section 7.7.1 is a
non-technical sketch of renormalization. In Section 7.7.2, I look
at applying renormalization to period doubling. This section is
fairly abstract and can certainly be skimmed or skipped. Section
7.7.3 is a quick summary of renormalization.

7.7.1 A Very Simple Example

Renormalization concerns how properties of a system change
when the scale of the system is changed. I’ll illustrate this first with
a simple example. Consider a curve. If you zoom in on a portion of
a curve, the curve will look straighter. And if you zoom in again,
it will look straighter still. The first step of this process is illus-
trated in the top part of Fig. 7.14. If the shape we’re zooming in
on happens to be a straight line, then its appearance is unchanged
by zooming in, as shown in the bottom part of the figure.

Let’s introduce some terminology. The process of changing
scale is known as renormalization. A particular zoom-in would
be referred to as a renormalization operation. The framework of
renormalization is sometimes called the renormalization group,
since the collection of renormalization operations has the prop-
erty of a mathematical structure known as a group6. If a shape

6. Strictly speaking, the renormalization group is not a always group. The
zooming procedure described here is invertible, but many renormalization oper-
ations in other contexts are not invertible. So in general, the set of all possible
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Figure 7.14. An illustration of a renormalization operation that con-
sists of zooming in—magnifying the portion of a shape by a factor of
three. In the top part of the figure, we see that zooming in on a curve
makes it appear straighter. In the bottom figure, the curve is already
straight, so zooming in on it does not change the shape.

is unchanged by the renormalization operation, then we call that
shape a fixed point. The straight line, shown in the bottom of
Fig. 7.14, is a fixed point of the renormalization operation in this
example. One can view renormalization as a dynamical system and
ask what happens to different initial conditions when successively
renormalized. Are there any fixed points? Are they attracting or
repelling?

As noted, curves become straighter when renormalized, as illus-
trated in the top of Fig. 7.14. As one zooms in more and more, the
curve bears a closer and closer resemblance to a straight line. Thus,
the straight line is an attracting fixed point. Curves, when renor-
malized, approach straight lines. The line might not be horizontal,
but it will be straight. In the language of renormalization, one
would say the straight line is a universal curve. It’s universal in the
sense that all other curves approach this universal curve—that is,
the straight line—when renormalized. If an object is a fixed point
of a renormalization operation, then this means that that object
does not change appearance when the scale is changed. When this
is the case, one says that the object is scale free.

renormalization operations has all of the properties of a group except it is not
always invertible. A set with these features is called a semi-group.

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Universality in Chaos 153

Figure 7.15. Two curves that will not approach a straight line when
zoomed in.

But there’s a bit more to the story than this. There are some
curves that can’t be turned into straight lines. Two such curves
are shown in Fig. 7.15. The curve on the left is discontinuous.
If we zoom in near the discontinuity, the discontinuity remains.
It will not look like a straight line under continuous zooms. The
curve on the right is continuous but it is “pointy”—it has a non-
continuous slope at the sharp peak. This pointiness persists as one
zooms in. Again, the curve will not approach a straight line.

To put it all together, a renormalization operation entails chang-
ing the scale of view or analysis of the system under study.
In this example the renormalization operation consists of
magnification—zooming in. The operator acts on curves. A
straight line is an attracting fixed point of the renormalization
operator. All continuous and smooth curves will approach a
straight line when repeatedly magnified.7

7.7.2 Renormalization Applied to Period Doubling Transition

We now need to talk about how to apply renormalization to the
bifurcation diagram of the logistic equation. First, let’s think about
why we might want to apply renormalization in the first place.
The process of renormalization is useful when there is some sort
of scale-free behavior. The pitchforks in the bifurcation diagram
are scale free. If you’re in a periodic region on the bifurcation dia-
gram, the next one in the doubling sequence will be 1/4.669 times

7. As it has perhaps occurred to you, this is the central idea behind differential
calculus. The graph of a function f (x) is a curve. If one zooms in on this curve
around some point x, the curve will look more and more like a straight line. The
slope of the straight line is the derivative of f (x) at x.
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smaller. As we zoom in and out of the bifurcation diagram we see
this same pattern repeated across scales: pitchforks on which are
1/4.669 times smaller pitchforks, on which are 1/4.669 smaller
pitchforks, and so on.

Since we observe scale-free behavior, we seek to apply renor-
malization. But what is there to renormalize? Well, since we see
scale-free behavior in the bifurcation diagram, presumably there
is also scale-free behavior hidden in the logistic equation.8 To
uncover this scale-free behavior we’ll start by thinking about the
transition from period 1 to period 2. In the upper-left plot of
Fig. 7.16 I have plotted with a dotted line the logistic equation for
the parameter value r = 2. I’ll denote this function as f1(x). For this
parameter, the orbits are drawn toward a period-one attractor—
that is, a fixed point. The y= x line is shown in gray.The attracting
fixed point occurs at x= 0.5, where the logistic equation crosses
the y= x line. I chose r = 2 because for this parameter value the
period-one attractor is most strongly attracting; among all possi-
ble r-values that give a period-one attractor, for r = 2 the rate of
attraction is the largest. Such an attractor is called super-stable or
super-attractive. See for example, Peitgen et al. (1992, pp. 596–8).
So f1(x) is the logistic equation that has a super-stable fixed point.

Let’s now turn our attention to period two. I’ll choose to look
at the logistic map for r = 3.236. This is the parameter value for
which the period-two attractor is super stable. I’ll call the logistic
equation with a super-stable period-two attractor f2(x). The rea-
son I’m focusing on super-stable behavior is as follows. I want to
compare the period-one and period-two logistic equations. But
the logistic equation has these properties not for a single r value,
but for a range of r values. By always choosing the super-stable r
values, I’m comparing “apples to apples.”9

8. The discussion in the rest of this section closely follows Peitgen et al. (1992,
Section 11.3) and Strogatz (2001, Section 10.7).

9. Also, one can show that the distances between super-stable r values in suc-
cessive period doublings are the same as the distances between bifurcation points.

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Universality in Chaos 155

1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.4 0.80.2 0.6 1.0

x

1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.4 0.80.2 0.6 1.0

x

1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.4 0.80.2 0.6 1.0

x

1.0

0.8

0.6

0.4

0.2

0.0
0.0 0.4 0.80.2 0.6 1.0

x

f 1(
x)

f 1(
x)

, f
2(2

) (x
)

f 1(
x)

, f
4(4

) (x
)

f 1(
x)

, Ф
−1

[f 2
(2

) (x
) ]

Figure 7.16. Graphs of the the logistic equation composed and scaled
in different ways to show self-similarity. For further discussion, see
text.

Now, if a point x∗ is period-two for f2(x), this means that

f2(f2(x∗)) = x∗ . (7.14)

In words, apply f2 twice to x∗ and you end up with x∗ again; this
is what it means for a point to be period two. I can also think
of “apply f2 twice” as a single composite function. I’ll denote
this single, function by f (2)

2 (x). Using this notation, I can write
Eq. (7.14) as

f (2)
2 (x∗) = x∗ . (7.15)

This means that I could calculate δ by using the super-stable r values instead of
the r values at which the bifurcations occur.
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So if x∗ is period-two for f2, then it is a fixed point of f (2)
x .

This notation might look odd, but there’s nothing deep going on
here—Eqs. (7.14) and (7.15) are just two different ways of stating
the criterion for points of period two.

I’ve plotted the composite function f (2)
2 (x) as a solid line in the

upper-right part of Fig. 7.16. I’ve also shown f1(x), again as a dot-
ted line. Note that f (2)

2 (x) intersects the gray y= x line four times.
Let’s think about why.The intersections at x= 0.5 and 0.81 are the
cycle of period two: f2(0.5) = 0.81, and f2(0.81) = 0.5. The com-
posite function f (2)

2 (x) also intersects the y= x line at x= 0 and
x= 0.69. These are both unstable fixed points: f2(0.69) = 0.69
and f2(0) = 0. If a point is fixed, it also has period two. For exam-
ple, since f2(0.69) = 0.69, if follows that f2(f2(0.69)) = 0.69, and
thus f (2)

2 (0.69) = 0.69. Again, there’s nothing deep or new going
on here; we’re looking at the composite function f (2)

2 (x) and using
it to visualize fixed points and points of period two.

Here is the key observation: the functions f1(x) and f (2)
2 (x)

appear similar. To see this, look in the upper-right plot in Fig. 7.16
and focus on the portion of the graph of f (2)

2 (x) that is inside the
gray box. It looks a lot like a small, upside-down version of f1(x).
Let’s see just how similar the two functions are. I’ll take the portion
of f (2)

2 (x) that is inside the box, flip it upside down, and expand
it so that the gray box is as large as the full graph. Let’s call this re-
scaled function φ−1[f (2)

2 (x)]. (I’ll explain why I’m calling this φ−1

and not φ.) The idea is that φ−1 is an operator that takes a function
as input, flips it upside down, and enlarges it. In the lower left plot
of Fig. 7.16 I show φ−1[f (2)

2 (x)] as a solid line together with f1(x),
plotted as a dotted line. Sure enough, the two functions look very
similar. Ah-ah. We’ve found some self-similarity.

The story continues. I can do a similar thing with f4(x),
the logistic equation with r = 3.498, which has a super-stable
period-four attractor. Denote by f (4)

4 (x) function f4 applied four
times: f (4)

4 (x) = f4(f4(f4(f4(x)))). The composite function f (4)
4 (x)

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Universality in Chaos 157

is plotted as a solid line in the lower-right graph on Fig. 7.16. The
portion of f (4)

4 (x) in the gray box closely resembles the portion of
f (2)
2 (x) in the gray box in the upper right figure, which also closely
resembles f1(x). This self-similarity is what we are after. We have
found self-similarity in f (x), as anticipated.

I can now state what the renormalization operator φ is for this
example: φ is an operator that takes a function as input and returns
a re-scaled version. Geometrically, φ takes the unit square, flips it
upside down, and shrinks it so it fits in the gray box in the upper
right of Fig. 7.16. The result of applying this transformation to
the function at some super-stable periodic parameter value will
be a new function that is very similar to the function that has
twice the period of the original function. For example, φ[f1(x)]≈
f (2)
2 (x). The operator φ takes f1(x) and rescales it so that it looks
like the portion of f (2)

2 that is in the gray box in the upper-right
part of Fig. 7.16.10 We could then apply φ again to get a function
that is f (4)

4 (x). We are thus iterating φ. It turns out that φ has an
attracting fixed function, just as many of the dynamical systems we
have studied have a fixed point. The fixed function is a function
that does not change when φ is applied to it. That is, φ[f∞]= f∞.
The function f∞(x) can be thought of as the composite function
for the r-value that has an infinitely long period—just before the
transition to chaos.

This fixed function, which is usually called a universal func-
tion, is an attractor. This means that different initial conditions
(i.e., functions) will all approach f∞ when iterated with φ. We
could start with the exponential function f (x) = axe−x, or any
other function with a quadratic maximum, and we would end
up at the same universal function f∞. Once we have an expres-
sion for φ and f∞, it is possible to determine the exponent δ

10. The operator φ−1 moves in the other direction. It takes the function
f (2)
2 (x) and scales it so it resembles f1(x).
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that describes the ratio of pitchfork lengths in the bifurcation dia-
gram. Note that to calculate δ we do not need to know the initial
condition—the particular function we start with—only φ and f∞.
The renormalization process thus explains why δ is universal: it is
because the process of period doubling is moving one toward a
universal function.

This discussion obviously isn’t at all rigorous, but I hope it gives
a flavor of what goes on in a renormalization calculation. Carrying
this process out with algebra instead of graphs is quite involved.
The Further Reading section at the end of this chapter has a num-
ber of suggestions for references at varying levels that you can turn
to if you want to learn more.

7.7.3 Some General Remarks on Renormalization

I’ll conclude this section with some general comments about
renormalization. Renormalization is a standard technique in the-
oretical physics. Originally developed in high-energy field theory
in the 1960s, it quickly found applications in statistical physics
as well, and it’s this form of renormalization that is used in the
study of dynamical systems. Renormalization is a well under-
stood theoretical line of attack on a bunch of interesting problems
all concerning some sort of transition where there is scale-free
or fractal behavior. The mathematics of renormalization can be
rather involved, and my sense is that it is not a standard part of
undergraduate curricula. That said, the math is not forbiddingly
difficult; most elements of renormalization theory should be acces-
sible to someone with a strong calculus background and a bit of
fortitude.

In Section 7.6 I noted that there were two mysteries. The first
was to figure out how universality could be possible for one-
dimensional functions. Renormalization explains this mystery.
The second mystery is how physical systems and higher-
dimensional dynamical systems can have the same universal
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properties that we see in one-dimensional functions. Renormal-
ization does not explain this mystery. Presumably there is some
feature of higher-dimensional systems that is captured by one-
dimensional iterated functions. We will see in Sections 9.4 and
9.5 that this is indeed the case.

7.8 Phase Transitions, Critical Phenomena,
and Power Laws

The period-doubling transition to chaos can be viewed as a phase
transition. So in this section I’ll take a bit of a detour and offer
some comments on phase transitions. The idea of a phase transi-
tion comes up often in some discussions of complex systems, and
in my experience is a term that is occasionally used imprecisely.
My aim is to untangle a handful of terms: phase transitions, criti-
cal phenomena, and power laws, as well as bifurcations and tipping
points, which were discussed in Section 6.4.

First, a reminder that a bifurcation is a sudden, qualitative
change in the number and/or stability of the fixed points of a
dynamical system as a parameter is continually varied. We dis-
cussed bifurcations in Chapter 6. Closely related to bifurcations
are phase transitions. A phase transition is a sudden qualitative
change in the properties of a thermodynamic system. By a ther-
modynamic system I mean a system that consists of a very large
collection of interacting entities, typically molecules. Mathemat-
ically, the number of entities is usually taken to be infinite; in
practice the number might be on the order of 1023. So bifurcations
and phase transitions are similar, but are terms that originated in
different contexts: bifurcations for dynamical systems and phase
transitions for thermodynamic systems.

One approach to studying phase transitions leads to mathe-
matics that is very similar to that which we encountered in our
treatment of bifurcations in dynamical systems. One can choose
to ignore statistical fluctuations in a thermodynamic system and
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instead focus on the average behavior of a salient quantity. This
approach is known as mean field theory, since in ignoring fluctua-
tions we are making the assumption that each degree of freedom
in the system interacts with the average, or mean, field produced
by all the other degrees of freedom. In mean field theory the sys-
tem is described by just one average variable. One then can solve
for the equilibrium state of the system by finding the minimum
of a thermodynamic potential such as the Helmholz or Gibbs free
energy plotted as a function of the mean variable. The shape of the
free energy function changes as a parameter such as temperature is
varied.These variations can lead to a sudden change in the minima
of the thermodynamic system, just as changing a parameter in a
differential equation can lead to a sudden change in the number of
zeros of the right-hand side of the differential equation, as we saw
in Figs. 6.2 and 6.8. So the mean-field analysis of phase transitions
essentially reduces to the same mathematics that describes bifur-
cations in differential equations. Mean field theory is a standard
topic in most statistical mechanics texts; Chapter 4 of Yeomans
(1992) is a particularly clear introduction.

The phase transition we are probably most familiar with is the
freezing or boiling of water. As one cools down liquid water, it
transitions from liquid to solid at 0 C. The transition is not a
gradual one. As we cool it, the water does not get more and more
syrupy and viscous and gradually harden into ice. Rather, the water
suddenly goes from liquid to a solid; there is nothing in between.
One says that water transitions from the liquid phase to the solid
phase; these two phases have qualitatively different properties.

The period-doubling route to chaos can also be viewed as a
phase transition. For the period-doubling route to chaos, the
two “phases” are periodic and chaotic. (I put phases in quotes
in the previous sentence because one doesn’t usually refer to peri-
odic and chaotic regimes as phases.) The transition point for the
logistic equation is rc ≈ 3.56995. Above this parameter value the
dynamical system is chaotic; below this value it is periodic.
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7.8.1 Critical Phenomena

There are two types of phase transitions: discontinuous and con-
tinuous. These types of phase transitions are also commonly
called first-order and second-order, respectively. The discontinuous/
continuous designation is a bit more modern and commonly used
than first/second-order. In discontinuous phase transitions, as the
name suggests, a quantity changes discontinuously. For example,
in the liquid-solid transition of water, the density changes discon-
tinuously;11 liquid water has a density of 1g/cm3, while solid water
(also known as ice) has a density of 0.92g/cm3. First-order phase
transitions are not universal in the way that the period-doubling
route to chaos is.

Continuous phase transitions are those in which a quantity
of interest changes suddenly but continuously. For example, in
a magnet–non-magnet transition, a material’s magnetization rises
from zero suddenly as the temperature is decreased. The tem-
perature value at which this transition occurs is known as the
critical point. Near the critical point, the system exhibits fractal-
like behavior; there are fluctuations at all length scales and there
are long-scale correlations. Mathematically, this fractal-like behav-
ior manifests itself as a power law12 distribution of fluctuations.
Functions such as the specific heat or the magnetic susceptibility
that measure the system’s response to an external perturbation

11. In physical systems, the discontinuity associated with first-order phase tran-
sitions gives rise to a latent heat. For example, in order to solidify a kilogram of
water, 330,000 J of energy must be removed it. This amount of energy is known
as the latent heat of solidification or the latent heat of freezing.

12. A discrete random variable X is power-law distributed if the probability
that X takes on the particular value x is proportional to 1/x raised to some power.
That is,

P(X = x) = Cx−α , (7.16)
where C is a normalization constant. Power-law distributions have long tails—
they decay much more slowly than an exponential or Gaussian distribution.
Thus, the occurrence of extreme values is much more likely for a power-law
distributed variable than more typical exponential or Gaussian variables.
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often diverge as a power law near the critical point. The behav-
iors associated with continuous phase transitions are collectively
referred to as critical phenomena. The exponents on the various
power laws that are observed near the critical point are called
critical exponents.

Continuous phase transitions are interesting, rich phenomena
that have attracted considerable attention from physicists and oth-
ers. One of the reasons for this interest is that a continuous phase
transition involves some form of collective behavior. In such a
transition, many degrees of freedom that interact locally conspire
to produce long-range correlations—correlations between system
components decrease as a power law as their separation increases.
The system’s behavior is scale free; there are fluctuations on all
length scales. Moreover, the exponents that describe the various
power laws that one observes are universal in the same way that δ

is universal for the period-doubling route to chaos.
Continuous phase transitions are grouped into a handful of

universality classes. Which universality class a continuous phase
transition belongs to is determined by the dimension of the sys-
tem and the symmetry properties of the quantity that experiences
a sharp change. (The technical name for such a quantity is an order
parameter.) By symmetry I mean whether the quantity is a scalar,
a vector in two-dimensional space, a vector in three-dimensional
space, and so on. A given universality class will contain many dif-
ferent systems, and all systems in the same class will have the same
critical exponents. In the same way, all iterated quadratic func-
tions that undergo the period-doubling route to chaos will have
the same value of δ.

7.8.2 Musings on Power Laws

As previously noted, at or near the critical point, a system
that undergoes a continuous phase transition is almost always
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characterized by a power law distribution of some sort. However,
the converse is resoundingly not true: if one observes a power law,
that does not mean that the system is at or near a critical state.
This is an important point, and something that people very often
get confused about, so I’ll say it again. Observing a power law
does not mean that one is at a critical point—that the system is
poised between two phases. Nor does it mean that the system is
in a state characterized by organization or some sort of collective
behavior. There are many processes that produce power laws that
have nothing to do whatsoever with critical phenomena and are
not associated with complexity or memory. There have been some
excellent essays and review papers on these issues over the last
decade or so: Reed and Hughes (2002), Mitzenmacher (2004),
Newman (2005), Keller (2005), Stumpf and Porter (2012). Read-
ers wanting to know more about the diversity of mechanisms that
can produce power-law data are encouraged to check these refer-
ences out. I review some of these mechanisms in Unit 6 of my
online course on fractals and scaling (Feldman, 2015). See also
chapters 16 and 17 of Mitchell (2009) for an even-handed look
at the roles and relevance of power laws for complex systems.
There are several pitfalls associated with detecting the existence
of power laws in empirical data and accurately and reliably esti-
mating their exponents. For a discussion of these pitfalls and
a careful explanation of how to avoid them, see Clauset et al.
(2009).

Also, it is important to remember that not all phase transi-
tions are critical phenomena. Many, if not most, phase transi-
tions are discontinuous, and so are not universal and are not
characterized by power laws or diverging correlations. In my
experience the distinction between continuous and discontinuous
phase transitions is occasionally misunderstood, and some imply
that all transitions, regardless of their type, are associated with
power laws and universal behavior.
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7.8.3 Exporting Physics Terminology

The study of phase transitions began in physics. Andwithin physics,
the term phase transition has a fairly precise meaning: a discontin-
uous or non-smooth change in the properties of a thermodynamic
system. But the concept of a phase transition has been exported
from physics and now is often used to describe any relatively sud-
den change in a system, thermodynamic or not, including those
transitions for which the change is not infinitely sharp. Simi-
larly, the term critical phenomena, which within physics would
describe only continuous phase transitions, is also sometimes used
to describe other transitions, both first-order phase transitions and
transitions that are, strictly speaking, not phase transitions at all,
since they are not infinitely sharp or sudden.

Although I occasionally find this slightly imprecise use of
physics terminology to be troublesome, overall I think this is a
reasonable state of affairs. It is indeed the case that our world is
one in which properties of systems change abruptly: epidemics
suddenly arise and spread, stock markets crash, species become
extinct, empires fall, and social norms can change in less than a
generation. Calling these sudden changes phase transitions seems
not unreasonable. What I think is less reasonable, however, is to
assume that these transitions share common features or are uni-
versal, just because some physics phase transitions are universal.
It may indeed be the case that there are some common mech-
anisms among transitions in biological and social systems, but
this is a proposition that requires support—it does not follow
automatically from the simple observation that there exist sudden
transitions.

The term “universal” has also come to be used outside of
physics. And as with the term “phase transition,” the non-physics
use of universal is broader and a bit fuzzier than the original use
of the term within physics. As Stein and Newman note (2013,
p. 282), “over the years the meaning [of universality class] has
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broadened to a less precise notion of a class of systems that dis-
play the same general behavior despite being very different in
nature.”

I’ll conclude this section by mentioning a few more ideas
related to phase transitions. In ecology and earth science the term
regime shift is used to describe a transition from one type of dynam-
ical behavior to another. For example, a region may transition
from prairie to desert, or a lake may shift from a turbid state to
one which is dominated by vegetation. Transitions of this sort
are clearly similar to bifurcations or phase transitions. A similar
notion is that of a tipping point, taken to be a threshold at which
a transition occurs, as briefly discussed in Section 6.4.

Recently there has been interest in critical transitions, defined
by Scheffer (2009, p. 104) as “the subclass of regime shifts that
in models could correspond to... transitions in which a positive
feedback pushes a runaway change to a contrasting state once a
threshold is passed.” The basic idea seems to be that in a critical
transition, if one crosses the transition point, one is pulled very
quickly to an alternative attractor. There has been much work on
developing methods to detect critical transitions. (See e.g., Dakos
et al. (2012) and Scheffer et al. (2012)). Some argue that near the
transition point one might observe slower dynamics and larger
fluctuations, as is the case with critical phenomena in physical sys-
tems. My sense is that this is an ongoing area of research, and while
there have been some promising results for model systems, detect-
ing critical transitions using only data has, unsurprisingly, proved
more difficult.

7.9 Conclusion: Lessons and Limits to Universality

What are the take-away messages from universality? What are
its implications for the study of complex systems? My thoughts
on these questions are mixed. To start, I think universality
is unarguably a stunning result for mathematics and physics.
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A remarkably simple equation, the logistic equation, has made
accurate, quantitative predictions about a range of physical phe-
nomena that seem completely unrelated to whatever caricature
of population dynamics that the logistic equation was intended
to capture. Even though renormalization provides a convincing
mathematical understanding of how this can be so, it still seems
to me to be a bit magical.

Universality tells us that the period-doubling route to chaos
in almost all phenomena are characterized by a δ of 4.669. This
fact lets us make quantitative statements about some systems
without detailed knowledge of their physics. For example, one
phenomenon that undergoes the period-doubling transition is
convection rolls in a fluid. When heated from below in a container
of the appropriate size, fluid will form two convection rolls. As the
temperature is increased, the rolls develop a simple wiggle at a cer-
tain frequency. As the heat is increased further, the rolls develop
more complicated wiggles—first with period two, and then period
four, and so on.

The key parameter in this experiment is the difference between
the temperatures of the top and bottom of the container, which
I’ll call �T .13 Suppose that the wiggle in the rolls first appears
when �T is 1 degree, and that the period two wiggles appear at a
�T of 2 degrees. Then you can determine approximate values for

13. Results for these experiments, e.g., Libchaber et al. (1982), are usually
expressed in terms of the Reynolds number, which is a dimensionless quantity
used in fluid dynamics to characterize fluid properties. In the context of these
experiments, Reynolds number is directly related to �T , the temperature dif-
ference between the top and bottom of the container. I will tell the story using
temperature, because this is a more familiar quantity than Reynolds number.
Also, in order to keep the numbers inmy example simple, I’ve deliberately chosen
unrealistic temperature values; in actual experiments, �T is several milli Kelvin.

By the way, the original experiments I described here were done by Albert
Libchaber in the 1980s (Libchaber et al. (1982); Libchaber and Maurer (1982)).
These experiments were fiercely difficult; see the chapter titled “The Experi-
menter” in Gleick (1987). An interesting, short profile of Libchaber is Mukerjee
(1996).
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the �T ’s at which all the subsequent period doublings occur. For
example, the next period-doubling occurs when �T ≈ 2.21414.
What’s noteworthy about this is that you can figure this out with-
out knowing anything about fluid mechanics. Since the period-
doubling route to chaos is universal, it does not depend on details
of the system.

The discovery and appreciation of universality is an example
of anti-reductionist science. In broad strokes, reductionism is the
belief that the best line of attack on a scientific problem is to try
to understand something by learning about its constituent parts.
It is surely the case that learning about something’s parts can be
very instructive. We’ve certainly learned a lot about biology by
understanding cells and genes. And we’ve learned a lot about cells
and genes by understanding organic chemistry, which in turn we
can learn a lot about by studying quantum mechanics. But the
study of dynamical systems often takes us in the other direction,
looking for general dynamical mechanisms and phenomena that
are common across many systems—seeking larger patterns rather
than smaller parts. I think that universality in chaos is among the
most successful anti-reductionist examples; it successfully predicts
quantitative features of the transition to chaos in starkly different
physical systems.

In Sections 3.4 and 3.5 we discussed the merits of using simple
models—models that are designed to serve as a caricature or sketch
of some key features of the system under study. Such models were
presented as a stylistic or subjective choice.The assertion or hope is
that these simple models give us some insight into the more com-
plex systems that they are designed to model. The phenomenon of
universality provides mathematical and experimental vindication
of this choice. It tells us that it is indeed the case that for some

14. To see this, note that

2− 1
2.214− 2

≈ 4.67 .
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classes of systems certain features—the critical exponents—are
largely independent of the details of the system.

So what does universality hold for the study of complex bio-
logical and social systems? Is there any reason to expect to observe
universal phenomena? My fairly strong hunch is probably not. I
think it is clear that complex systems sometimes undergo tran-
sitions from one type of behavior to another. And, to varying
degrees, these transitions can be viewed as phase transitions. But
critical phase transitions are relatively rare, even in the physical
realm. I can think of no critical phase transition that is commonly
experienced in everyday life; the freezing and boiling of water are
both discontinuous transitions, and hence not universal. Also, the
presence of quantities distributed according to a power law is not
sufficient to conclude that one is observing a critical phenomenon.
Power laws are common in complex systems, but there are many
ways to generate power-law behavior that have nothing to do with
critical phenomenon and universality.

In fact, I suspect that the discovery and understanding of uni-
versality in transitions to chaos and continuous phase transitions
may actually be a somewhat misleading guide for the study of
complex systems. I think it is extremely unlikely that one will
find quantitative universality in the study of complex systems.
There may be qualitative universality—generic mechanisms of
observed phenomena. But I think that the search for critical phe-
nomena and quantitative universality in complex systems may be
a blind alley. A notable exception could be the West–Brown–
Enquist theory of metabolic scaling (West et al., 1997; West and
Brown, 2004; West, 2017), which predicts and explains a scaling
law that describes the metabolic rates of organisms from amoebas
to whales. It is important to note, however, that this relation-
ship, which is often called universal, does not arise from a critical
phenomenon or phase transition.

I should be clear, though, that these comments are my opin-
ions and are not universally shared. Some argue that biological and
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perhaps even social dynamics can drive (though natural selection
or other reward mechanisms) a system to tune its parameters so
that it is at or near a critical point. The argument is that being
near a critical point is advantageous because a critical system has
fluctuations at many scales, and thus is better suited to adapt or
respond to a changing environment. (See, e.g., Mora and Bialek
(2011), Ball (2014), and Attanasi et al. (2014)).

7.10 Further Reading

There are a wide range of accounts of universality and renormal-
ization. Popular discussions can be found in Stewart (2002) and
Gleick (1987). Feigenbaum (1983) wrote a semi-technical account
of his discovery and analysis of universality. Thesis 4 of Aubin and
Dahan Dalmedico (2002) is a thorough and nuanced historical
analysis of universality. See also Mitchell (2009, pp. 34–38), the
recent history by Coullet and Pomeau (2016), and “The Butter-
fly Effect” by Ghys (2015). A short general-audience discussion
of critical phenomena in physics and networks is Watts (2004,
pp. 61-68).

A technical but accessible treatment of the period-doubling
route to chaos, including a discussion of universality, is Peitgen
et al. (1992, Chapter 11). See also Chapter 6 of Smith (1998). A
much more formal overview of period-doubling is Tresser et al.
(2014). The edited volume by Cvitanović (1989) contains many of
the early papers on universality in dynamical systems, including
experimental observations of universality.

Discussions of the renormalization group applied to dynami-
cal systems are, by necessity, quite technical. A particularly clear
reference is (Strogatz, 2001, Section 10.7). See also Coppersmith
(1999), Hilborn (2002, Chapter 5 and Appendix F), and Schuster
and Just (2006, Chapter 4). An excellent introduction to the appli-
cations of the ideas and techniques of renormalization to complex
systems is the Complexity Explorer Course by DeDeo (2016).
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H I GH ER - D IM ENS I ONA L S Y S T EMS

AND PHAS E S PAC E

Thus far in this book I’ve focused exclusively on one-dimensional
dynamical systems. We’ve looked at how a single number—a
population or temperature or whatever—changes over time. In
this chapter I’ll introduce a few higher-dimensional systems and
present the idea of phase space—a powerful geometric technique
for visualizing and thinking about the behavior of dynamical sys-
tems. In the subsequent chapter, we’ll look at how chaos manifests
itself in higher dimensions, a highlight of which is strange attrac-
tors. I’ll begin by quickly reviewing one-dimensional differential
equations that I first presented in Chapter 2.

8.1 A Quick Review of One-Dimensional
Differential Equations

In Chapter 2 we looked at differential equations of the following
form:

dP
dt

= f (P) . (8.1)

I’m using the variable P here because I’m thinking of the variable as
representing a population that varies in time. Equation (8.1) tells
us how the growth rate of the population (dP/dt) depends on the
population P. This dynamical system is one-dimensional, because

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



Phase Space 171

there is only one variable, the population P, whose behavior we
are interested in.

In Section 6.1 we looked at the logistic differential equation:

dP
dt

= 3P
(
1− P

100

)
, (8.2)

a differential equation that is of the form of Eq. (8.1). This equa-
tion describes the growth of a population that has a carrying
capacity of 100. We analyzed this equation graphically in Fig. 6.1.
I’ve reproduced these plots here in Fig. 8.1 for easy reference. In
the top plot in the figure we see the right-hand side of Eq. (8.2)—
that is, a plot of the growth rate versus the population P. We
see that the population grows (dP/dt is positive) if P is less than
100 and the population shrinks (dP/dt is negative) if P is greater
than 100.

There are two aspects of Fig. 8.1 that I want to remind you
of before we move to considering two-dimensional systems. First,
recall that the solution to a differential equation of the form of
Eq. (8.1) is P(t): the population as a function of time. In order
to figure out P(t), we need to know the initial value of the pop-
ulation; all future values of the population are determined by the
differential equation. In the bottom part of Fig. 8.1 I have shown
four different solutions P(t) to the differential equation.

The second thing I want remind you about is that we can sum-
marize the behavior of all solutions to a differential equation of
the form of Eq. (8.1) with a phase line. I’ve shown the phase line
for Eq. (8.2) on the horizontal axis of the top plot in Fig. 8.1.
The phase line shows that all populations greater than 0 will move
toward the stable equilibrium at P = 100. The phase line tells us
which way solutions move at any point on the line. This lets us see
quite clearly the global behavior of the differential equations—the
fate of any initial condition. What the phase line does not tell us,
however, is how fast the population will move along the phase line.
To observe this, we would need the solution P(t).
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Figure 8.1. Top: A plot of the right-hand side of Eq. (8.2) and the
phase line for the equation. There is a stable fixed point at P = 100
and an unstable fixed point at P = 0. Bottom: The solutions P(t)
to Eq. (8.2) for four different initial conditions: 5, 35, 70, and 120.
Note that all solutions approach the stable equilibrium at P = 100.
This figure is identical to Fig. 6.1.

8.2 Lotka–Volterra Differential Equations

Having reviewed one-dimensional differential equations, we now
turn our attention to two-dimensional differential equations. I’ll
do so via a simple and well known model of two interacting
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species, the Lotka–Volterra (LV) model. The model considers two
different populations, one prey, and the other a predator. For con-
creteness, I’ll use rabbits and foxes, and denote their populations
by R and F , respectively. Rabbits are the prey; they get eaten by
the foxes.

The growth rate of the rabbits (dR/dt) depends on both the
current number of rabbits R and the current number of foxes F .
The same is true for the growth rate of the foxes (dF/dt), although
the functional dependence need not be the same.The general form
for a differential equation describing this situation is:

dR
dt

= f (R, F ) ,

dF
dt

= g(R, F ) . (8.3)

Compare these equations with Eq. (8.1), where the growth rate
dP/dt of the population is a function of the current population P.
In Eq. (8.3) there are two populations, R and F , each of whose
growth rates, dR/dt and dF/dt, depend on both R and F . One
says that Eq. (8.3) is a system of two coupled ordinary differential
equations.

The Lotka–Volterra model consists of a particular form of the
coupling functions f (R, F ) and g(R, F ). The general form for the
LV model is:

dR
dt

= aR− bRF ,

dF
dt

= cRF − dF , (8.4)

where a, b, c, and d are model parameters, all of which are positive.
The parameters have the following interpretations: a is the growth
rate of the rabbits in the absence of foxes, b is a measure of how
deadly foxes are to the rabbits, c is a measure of how beneficial
rabbits are to the foxes, and d is the death rate of the foxes. The
minus sign in front of the parameter b means that the presence
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of foxes causes the rabbit population to decrease. Similarly, the
presence of rabbits causes the fox population to increase, since the
cRF term is positive. Since R and F both represent populations,
we will restrict our analysis of Eq. (8.4) to non-negative values of
R and F . I will not give a full motivation of the LV model here,
as it is a standard topic and is well-treated elsewhere.1 Our interest
here is to study Eq. (8.4) as a dynamical system. How might we
produce solutions and what are their long-term behaviors?

In solving the logistic differential equation, Eq. (8.1), we looked
for the population P as a function of time.That is, we sought P(t).
Here we are looking at two populations: the rabbits and the foxes.
So we seek R(t) and F (t). We solved Eq. (8.1) (i.e., we found
P(t)) by using Euler’s method, discussed in Section 2.5. Recall
that when using Euler’s method we pretend that the ever-changing
rate of change dP/dt is constant for small intervals �t and then
use this pretend-constant rate of change to figure out the change in
the population over each time interval �t. An essentially identical
procedure works for two-dimensional systems like Eq. (8.3).2

So let’s look at some solutions to the Lotka–Volterra equa-
tions obtained via Euler’s method. To find such solutions, I need
to choose numerical values for the four parameters in Eq. (8.4).
I chose a= 1, b= 0.25, c= 0.2, and d = 0.6. I chose these num-
bers for the sake of convenience—I’m not claiming that these
numbers, or the LV equations themselves, necessarily say anything
true about actual rabbits and foxes. To come up with a solution to
the differential equation I also need to choose initial conditions:

1. Derivations can be found in many textbooks on differential equations
and mathematical modeling, e.g., Edelstein-Keshet (2005, Secs. 6.2 and 6.3)
or Feldman (2012, Chapter 30). I sketch a derivation of the LV equations in
Unit 7.1, Video 3 of my online course on chaos and dynamical systems (Feld-
man, 2014). The Wikipedia article on the Lotka–Volterra equations is also good
(Wikipedia, 2016).

2. I won’t go through the calculation in detail. It is conceptually no different
than Euler’s method in one dimension. For a more thorough treatment, see, e.g.,
Feldman (2012, Chapter 30).
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Figure 8.2. Solutions to the LV system, Eq. (8.4), obtained via Euler’s
method. The parameters are: a= 1, b= 0.25, c= 0.2, and d = 0.6.
The initial conditions are R(0) = 10 and F (0) = 6. The solution to
the system of differential equations consists of two functions: R(t)
and F (t), the values of the rabbits and the foxes as a function of time.

starting values for the rabbits and the foxes. I chose R(0) = 10
and F (0) = 6. Again, I chose these for numerical convenience,
not biological fidelity.

The solutions I obtained via Euler’s method are shown in
Fig. 8.2. We see that both populations oscillate. One can tell a
simple story to explain these oscillations. Initially the fox pop-
ulation increases and the rabbit population decreases. The foxes
are benefiting by eating the rabbits, and their population goes up,
while the rabbits suffer from being eaten, and their population
goes down. But as this continues, the foxes start to suffer; there
are not enough rabbits for them to eat. From roughly time 1 to
time 7, the fox population is decreasing. By around time 3, the
rabbit population begins to recover, since there are fewer foxes
around to eat them. Then, at t ≈ 7, the fox population begins
to increase again, since there are now plenty of rabbits to eat. And
the cycle continues. The foxes eat the rabbits, the rabbit popula-
tion decreases, then the fox population decreases, then the rabbit
population recovers, then the fox population recovers.
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Figure 8.2 shows that two-dimensional systems of differen-
tial equations are capable of more types of behavior than one-
dimensional differential equations. In Section 2.10 I argued that,
due to determinism, solutions to a one-dimensional autonomous3

differential equation cannot exhibit oscillations of any kind. A par-
ticular solution to such a differential equation can either increase
or decrease (or remain constant), but not both. In terms of the
phase line, the effect of the determinism of the differential equa-
tion is to make the phase line a one-way street. At a given point on
the phase line, all solutions will either move to the left or to the
right (or remain constant). But it is not possible that at a single
point on the phase line there are two solutions moving in different
directions.

8.3 The Phase Plane

The phase line gives us a global view of the dynamics of a one-
dimensional differential equation: it lets us see the fate of all initial
conditions. The phase line also lets us think about the types of
dynamical behaviors that are—and aren’t—possible, as I did in
the previous paragraph where I argued against the possibility of
oscillating solutions. There is a similarly useful geometrical con-
struction for two-dimensional differential equations: a phase plane
as opposed to a phase line.

Figure 8.3 shows the phase plane representation of the solutions
to the LV equations that I plotted in Fig. 8.2. To make the phase
plane plot, I plotted F against R. This allows us to see directly
the relationship between F and R. The rabbit and fox populations
move around the oval in a counter-clockwise direction. Figures 8.2
and 8.3 are two complementary ways of representing the solutions
to the LV equation. You might want to take a moment, perhaps
making a quick sketch, to see how to go from Fig. 8.2 to Fig. 8.3.

3. Recall that autonomous means that the right-hand side of the differential
equation dP/dt = f (P) has no explicit time dependence.
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Figure 8.3. The solutions of Fig. 8.2 plotted in the phase plane.

Note that it is not possible, however, to go in the other direction;
we cannot determine the solutions R(t) and F (t) from their phase
plane plot in Fig. 8.3. The reason for this is that there is no time
dependence on a phase plane. Figure 8.3 tells us that the popu-
lations move along the oval in a counter-clockwise direction, but
we don’t know how fast they traverse the oval. The phase plane
plot indicates that R(t) and F (t) will each oscillate, but we can’t
determine how long each oscillation takes.

To help make sense of Fig. 8.3, it may be helpful to use it to
tell the story of the intertwined fates of the rabbits and foxes. Let’s
start in the lower left corner of the oval. Here there are few foxes
and few rabbits. The rabbit population then grows, unchecked
by hungry foxes, and the solution moves to the right—the direc-
tion of increasing rabbits. But gradually, as the rabbit population
increases, the fox population increases too. Then the rabbit pop-
ulation is around 10.5—the right-hand “corner” of the oval—the
rabbit population begins to decrease, suffering losses due to the
foxes. Meanwhile, the well-fed fox population grows. This contin-
ues until the fox population is roughly 11—the top “corner” of the
oval. At this point the rabbit population is too small to support so
many foxes. So the fox population decreases significantly and we
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Figure 8.4. The phase portrait for the Lotka–Volterra system.

end up where we started, in the lower left part of the cycle with
few foxes and few rabbits. This is, of course, the same story I told
about Fig. 8.2.

To complete the Lotka–Volterra example we should think
about other solutions. What happens for other initial conditions?
Is the cycle shown in Fig. 8.3 attracting? To answer these ques-
tions, I’ve plotted some additional solutions to the LV equations
on the phase plane in Fig. 8.4. The three ovals are the result of
choosing three different initial rabbit and fox populations. For all
ovals the initial fox population was F (0) = 6. The initial rabbit
populations are R(0) = 10, 8, and 6. The outermost oval is the
one shown previously, in Fig. 8.3. These ovals are neither repelling
nor attracting. If the population is cycling along one oval and the
number of foxes or rabbits changes a little, then the trajectory in
the phase plane will move neither back to, nor away from, the
original oval. Rather, the system will proceed along a new oval,
more or less concentric to the original one.

The LV system has two equilibrium points. Recall that an equi-
librium for a differential equation is a point at which the derivative
is zero, and thus solutions to the differential equation are constant.
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For a two-dimensional system an equilibrium (i.e., a constant
solution) occurs when both derivatives are zero:

dR
dt

= 0 ,

dF
dt

= 0 . (8.5)

So to find the equilibrium values for the LV system, I need to set
the right-hand sides of both parts of Eq. (8.4) equal to zero and
solve for R and F . One solution is immediately apparent: R= 0
and F = 0. Biologically, this makes sense. If there are no rabbits
and foxes now, there will be no rabbits and foxes forever. This
equilibrium value is shown as a black square on Fig. 8.4.

There is another equilibrium point that is a bit less obvious,
both algebraically and biologically. It turns that there is another
set of R, F values that make the right-hand side of Eq. (8.4) zero:

R = a
b
,

F = c
d
. (8.6)

You can verify that if you plug these values for R and F into
Eq. (8.4), that both derivatives really are zero. For the particular
parameter values I’ve been using in this chapter, these equilibrium
values are R= 3 and F = 4. If there are initially 3 rabbits and
4 foxes4 then the two populations will remain at this value for-
ever. I’ve indicated this equilibrium value on Fig. 8.4 with a black
circle.

To conclude our analysis of the LV system, there are two more
cases we need to think about. First, what happens if we start
with no foxes but some rabbits? Plugging F = 0 into Eq. (8.4),

4. Remember that we’re thinking of R and F in arbitrary units. So R= 3might
mean 30000 rabbits or 3000 kg of rabbits.
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we have:
dR
dt

= aR ,

dF
dt

= 0 . (8.7)

So we see that the fox population will remain at zero; this makes
sense, because if there are no foxes in the world today, there will
be no foxes in the world tomorrow. And Eq. (8.7) tells us that the
rabbit population will grow exponentially. Its growth rate dR/dt
is always positive, since there are no foxes to keep the rabbits in
check. This scenario is illustrated on the horizontal axis of Fig. 8.4.
Second, we need to consider what happens if there are no rabbits.
Plugging R= 0 into Eq. (8.4), one gets:

dR
dt

= 0 ,

dF
dt

= −dF . (8.8)

These equations tell us that the number of rabbits remains at zero,
and the foxes, who have nothing to eat because there are no rabbits,
decay to zero. This is shown on the vertical axis of Fig. 8.4.

Figure 8.4 lets us determine the behavior of any initial condi-
tion. If R and F are both non-zero, the resulting trajectory in the
phase plane will be a counter-clockwise oval. The one exception
is if R and F start right on the equilibrium value, R= 3, F = 4.
Then the population is fixed; it will remain at these values. If R is
zero but F is not, the system moves down the horizontal line on
the left toward the origin. All the foxes die. And if F is zero but
R is not, the system moves horizontally to the right, and rabbits
take over the world. Figure 8.4 is known as a phase portrait: a phase
plane with enough trajectories included so as to illustrate the fate
of all initial conditions. A phase portrait is a phase space plot con-
sisting of several trajectories and all equilibria so as to produce a
clear view of the long-term fate of all initial conditions.
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X
Y

Figure 8.5. Two trajectories on a phase plane. The situation shown
is not possible, because at the point where the trajectories cross,
determinism is violated.

8.4 Phase Planes in General

Let’s step back and think about the phase plane a bit more
generally for equations of the form:

dX
dt

= f (X ,Y ) ,

dY
dt

= g(X ,Y ) . (8.9)

This is the same form as Eq. (8.3), but now I am using X and Y for
the variable names instead of R and F , since we are not necessar-
ily thinking about populations of rabbits and foxes. At each point
on the phase plane, the differential equation specifies the direction
that the solution will move. This is just a re-statement of what a
system of two differential equations like Eq. (8.9) means—it is
set of instructions that specifies the instantaneous rate of change
of two variables, and these rates of change depend only on the
current values of the two variables.

A consequence of this fact is that solutions on a phase plane
cannot cross. To see this, consider Fig. 8.5, on which I have
sketched two possible solutions to a system of two differen-
tial equations. At the crossing point the two curves are moving
in different directions. But this isn’t possible, because it violates

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



182 Chapter 8

the determinism inherent in Eq. (8.9)—the rates of change of X
and Y (and hence their directions on the phase plane) depend only
on the value of X and Y . That is, the direction of a solution tra-
jectory is uniquely determined by its position on the phase plane.
We thus conclude that solutions to Eq. (8.9) cannot cross on the
phase plane.5

So trajectories in the phase plane cannot cross. This limits
the types of behavior possible for two-dimensional differential
equations. In particular, it is not possible to have a bounded, ape-
riodic trajectory. Thus, chaos is not possible for two-dimensional
differential equations. Proving this result, known as the Poincaré–
Bendixson Theorem, is beyond the scope of this book.6 However, it
is not hard to see why bounded aperiodic orbits are forbidden. As
a trajectory moves through the phase plane, it continually boxes
itself in, extending the line that it cannot cross. The result is
that its available space effectively shrinks down to nothing, mak-
ing it impossible for the trajectory to continue indefinitely. Thus,
the only possible behaviors for dynamical systems of the form of
Eq. (8.9) are:

1. Orbits can tend toward infinity—move infinitely far
from the origin. This was the case if F (0) = 0 on the
phase portrait of Fig. 8.4, where the rabbit population
grows without bound.

2. Orbits can approach a fixed point. We saw this
behavior if initially there are no rabbits in Fig. 8.4;
the fox population approaches the fixed point at
(R= 0, F = 0).

3. Orbits can be periodic or approach a periodic cycle.
We also observed this behavior in the Lotka–Volterra

5. This assumes, of course, that f (X ,Y ) and g(X ,Y ) are both well-behaved
functions: deterministic, finite, and differentiable.

6. For a more technical discussion and proof of the Poincaré–Bendixson see,
e.g., Section 10.5 of Hirsch et al. (2004) or Section 10.3 of Robinson (2012).
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system in Fig. 8.4. There all orbits that start with both
R and F positive are immediately cyclic. For other
systems, it is often the case that an orbit is not exactly
cyclic immediately, but gets pulled toward a periodic
cycle. Attracting periodic cycles of this sort are called
limit cycles. A limit cycle is any closed, attracting
trajectory on a phase plane.

And that’s it. That’s all that two-dimensional autonomous differ-
ential equations can do.

What we’re seeing is that the geometry of space in which the
solutions live—a one-dimensional phase line or a two-dimensional
phase plane—together with the determinism of the equations,
limits the possible dynamical behaviors. In one dimension, solu-
tions cannot oscillate. In two dimensions, oscillations are possi-
ble, but not aperiodic ones. As a consequence, chaotic solutions
(bounded, aperiodic trajectories) do not exist in two dimensional
systems. What about three-dimensional differential equations?
We shall see that the additional dimension in which their solutions
live means that they are capable of much more complex behavior.
In the next section I’ll introduce a simple system of three differen-
tial equations that we will use in the next chapter when we’ll look
at some of the fun and complex phenomena exhibited by three-
dimensional differential equations, including chaos and strange
attractors.

8.5 The Rössler Equations and Phase Space

In this section and in the next chapter, we’ll examine in some
detail a system of three differential equations known as the Rössler
equations. The equations are:

dx
dt

= −y− z ,
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dy
dt

= x+ ay ,

dz
dt

= b+ z(x− c) , (8.10)

where a, b, and c are parameters. These equations were concocted
by Otto Rössler to be a simple system that has a strange attractor
that is easy to visualize. (We’ll encounter this strange attractor in
the next chapter.) This is a system of three, coupled, first-order
differential equations. Each equation specifies the rate of change of
one of the variables as some function of the other three. A solution
to this differential equation consists of three functions x(t), y(t),
and z(t).

As with the two-dimensional Lotka–Volterra system, we find
solutions to Eq. (8.10) using Euler’s method. The results of doing
so are shown in Fig. 8.6.7 We can see that all three solutions oscil-
late. The oscillations initially grow but by the around t = 50, the
system has reached a steady state of some sort; the oscillations do
not appear to be changing. Different initial conditions lead to the
same long-term behavior. The steady-state behavior is attracting;
all nearby solutions are pulled towards it.

Just as we did for the Lotka–Volterra equation, we can plot
these solutions on the phase plane—except now it’s not a plane
but a three-dimensional phase space, since there are three vari-
ables: x, y, and z. Figure 8.7 shows several views of x(t), y(t),
and z(t) plotted in phase space. The large, bottom plot shows
a three-dimensional rendering of the solutions in phase space—
the curve traced out by the x, y, z coordinates. The upper left plot
shows a top view of the trajectory; I plotted x versus y and did
not plot z. In this view one can see the trajectory spiraling out,

7. Actually, this isn’t true. I used a more efficient Runge–Kutta method, which
I mentioned briefly in Section 2.7. I find that for three-dimensional systems—
especially chaotic systems as we’ll encounter in the next chapter—Euler’s method
is not always reliable or efficient.
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Figure 8.6. Solutions x(t), y(t), and z(t) to the Rössler system,
Eq. (8.10). The parameter values are a= 0.1, b= 0.1, and c= 3.0.
The initial conditions are x(0) = 1, y(0) = 1, and z(0) = 1.5.

counter-clockwise, until it reaches the stable periodic cycle. This
cycle is the slightly darker band. The upper right figure shows a
side view of the same trajectory. I plotted x versus z and did not
plot y.

To help see the periodic attractor more clearly, in Fig. 8.8 I
have shown the trajectories without the transient behavior. I did
this by making a phase space plot of x, y, and z from Fig. 8.6
using only the values from time 50 onwards. By this point the
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Figure 8.7. The solutions of Fig. 8.6 plotted in phase space. The
top two plots show a top and side view. The bottom plot is a
“three-dimensional” rendering. The darker, saddle-shaped loop is the
periodic attractor. The starting point for the trajectory, (x(0) = 1,
y(0) = 1, z(0) = 1.5), is indicated with a black dot.

solutions are already on the attractor, and so the resulting phase
space plot shows only the periodic behavior. Viewed from above,
motion on the attractor is counter-clockwise. This shape is an
attractor; nearby initial conditions will be pulled in toward this
shape. Equivalently, we would say that this dynamical behavior is
stable. If a trajectory is on the attractor and then is bumped off it,
the trajectory will return to the attractor.
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Figure 8.8. The periodic attractor for the Rössler system, Eq. (8.10),
with a= 0.1, b= 0.1, and c= 3.0. This figure shows the same tra-
jectories as shown in Figs. 8.6 and 8.7, but they are plotted from
t = 50 to 100, not t = 0 to 100. Viewed from above, the motion on
the attractor is counter-clockwise.

Note that trajectories in phase space in Fig. 8.7 do not cross—
they can’t, for the same reason that trajectories in one- and
two-dimensional phase spaces can’t: doing so would violate deter-
minism. In Fig. 8.7 trajectories appear to cross, but they never
actually touch; one is always above or behind the other. Three-
dimensional dynamical systems have more space in which to
operate. A trajectory in a three-dimensional phase space does not
create an impassible barrier; the trajectory can pass under or over
it. This hints that three-dimensional dynamical systems are capa-
ble of more complex behavior than two-dimensional dynamical
systems. We will see in the next chapter that this is indeed the
case.

To conclude, a note about terminology. Phase space is very
often referred to as state space. State space is defined as the set of all
possible states of a dynamical system. For the Rössler equation, the
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state space is all possible values of x, y, and z. For the LV system,
the state space is all possible values of the populations R and F .
Like many authors, I am using phase space to be synonymous with
state space. Some authors, however, use phase space to refer only
to a state space that forms a smooth manifold (e.g., Terman and
Izhikevich (2008)) or to describe the state space for a Hamilto-
nian system (e.g., Hilborn (2002)). A Hamiltonian system is a
dynamical system that conserves energy.

8.6 Further Reading

The discussion in Sections 8.2 and 8.3 give a minimal overview
of the analysis of two-dimensional differential equations. This is a
rich and interesting area of mathematics, and there are many stan-
dard and not-too-difficult analytic techniques that complement
the numerical and experimental approach I’ve taken here. Most
modern texts on differential equations treat two-dimensional dif-
ferential equations in considerable detail. Of the books that I’m
familiar with, I think Blanchard et al. (2011) and Hirsch et al.
(2004) are particularly clear. Two-dimensional systems of differ-
ential equations are also covered in many books on modeling; I’d
particularly recommend Edelstein-Keshet (2005).

The idea of phase space—plotting dynamical variables against
themselves instead of time—has been a powerful and far-reaching
abstraction. Note that, for the Lotka–Volterra equations, the
phase plane ends up being a fairly abstract space. Lengths in this
space are not measured in meters or inches, but in numbers of
animals. Phase space is a construction that is very commonly used
in applied mathematics and across the sciences, but this was not
always so. A short history of phase space is the article, by Nolte,
“The tangled tale of phase space” (2010). A succinct and clear
overview of phase space is Terman and Izhikevich (2008). A dis-
cussion of references about the Rössler equations can be found at
the end of Chapter 9.
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9
S T R ANGE AT T R AC TORS

In the previous chapter we looked at the Rössler equations, a
system of three, coupled, autonomous, ordinary differential equa-
tions. The equations are:

dx
dt

= −y− z ,

dy
dt

= x+ ay ,

dz
dt

= b+ z(x− c) . (9.1)

We saw that for a certain set of parameter values (a= 0.1, b= 0.1,
and c= 3.0) these equations have a periodic attractor that loops
through a three dimensional phase space, as shown in Fig. 8.8. In
this chapter we will explore the behavior of the Rössler equations
for a different set of parameter values: a= 0.1, b= 0.1, and c= 10.
We will see that the dynamics of the Rössler system for these
parameter values are quite different from the periodic dynamics
we saw in the previous chapters.1

1. It is traditional to use a different set of equations, known as the Lorenz
equations, to introduce chaos in differential equations. These equations, intro-
duced by Edward Lorenz in 1963, played an important role in the advancement
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9.1 Chaos in Three Dimensions

In Fig. 9.1 I have plotted the solutions to the Rössler equations
with the parameters given in the caption. For initial conditions,
I chose x(0) = 5, y(0) = 5, and z(0) = 1. The solution consists of
three functions: x(t), y(t) and z(t), shown separately in Fig. 9.1.
Let’s take a look. The x and y variables wiggle at a fixed frequency.
But if you look closely, you’ll see that the amplitudes of the wiggles
are not constant; some peaks are higher than others. That said,
looking at just x(t) and y(t), one wonders if the behavior might
be periodic.

But take a look at at z(t), shown in the bottom plot of Fig. 9.1.
Here we see upward spikes at regular time intervals. The heights
of these spikes, however, are most certainly not regular: the spikes
have different heights, and there does not appear to be a pattern.
As youmight have anticipated, the trajectories for the solutions are
aperiodic: they do not repeat. You are probably wondering what
the solutions of Fig. 9.1 would look like plotted in phase space.
We’ll look at such a plot momentarily. First, however, let’s think
about aperiodicity, sensitive dependence on initial conditions, and
chaos.

We first encountered aperiodic behavior in Section 4.3 when
we were considering the orbits of the logistic equation, an iterated
one-dimensional function. Here we have found aperiodic behavior

of chaos and the discovery of strange attractors. I’m breaking from this tradi-
tion for two reasons. First, the Lorenz system is covered thoroughly in many
other references, including Strogatz (2001, Chapter 9), Peitgen et al. (1992,
Section 12.4), and Hilborn (2002, Section 1.5). Lorenz and the role that his
work played in developing non-linear dynamics are nicely discussed in the popu-
larizations by Gleick (1987) and Stewart (2002) and the history of dynamical
systems by Aubin and Dahan Dalmedico (2002). See also Lorenz’s memoir
(1993). The second reason that I am not using the Lorenz equations to illus-
trate strange attractors is because I think that the Rössler attractor’s dynamics are
a bit simpler to visualize and provide a particularly clear view of how the attrac-
tor stretches and folds trajectories—the geometric action that is at the heart of
chaos.
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Figure 9.1. Solutions x(t), y(t), and z(t) to the Rössler system,
Eq. (9.1). The parameter values are a= 0.1, b= 0.1, and c= 10.0. The
initial conditions are x(0) = 5, y(0) = 5, and z(0) = 1.

in the Rössler equations, a three-dimensional differential equation.
Recall that for a dynamical system to be considered chaotic, it
must have the following properties:

1. Its time evolution is given by a deterministic function.
2. Its orbits are bounded.
3. Its orbits have sensitive dependence on initial

conditions.
4. Its orbits are aperiodic.
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I stated this definition in Section 4.6 in the context of iterated
functions, but it applies to differential equations, too. The Rössler
system is a deterministic dynamical system that has bounded,
aperiodic orbits. Does it have sensitive dependence on initial
conditions? Let’s see.

To test for sensitive dependence on initial conditions—that is,
the butterfly effect—I’ll do what I did in Section 4.4 and plot the
solutions to the differential equation for two slightly different sets
of initial conditions.The results of doing this are shown in Fig. 9.2.
The solid curve is the solution for the initial condition x(0) = 5,
y(0) = 5, and z(0) = 1. The dotted line is the solution for a
slightly different initial condition: x(0) = 5.001, y(0) = 5, and
z(0) = 1.

As expected, the solutions for the two different initial condi-
tions start off essentially identical. It isn’t until around t = 150
that the solutions become significantly different and the dashed
curve becomes visible. This is the butterfly effect: sensitive depen-
dence on initial conditions. Two solutions with almost identical
initial conditions eventually become very far apart. Note that the
initial conditions are different only for the x variable. The other
two variables are initially identical—they both have y(0) = 5 and
z(0) = 1. Nevertheless, the y and z solutions are not identical.
This is to be expected, since we are working with a set of three
coupled differential equations. Equation 9.1 says that the rates
of change of each variable depend on the others; their fates are
intertwined.

I’ve discussed the butterfly effect in some detail in Chapter 4
and 5; I won’t repeat that discussion here. But there are two
things I want to highlight before moving on. First, recall that
one of the phenomena we encountered when examining sensitive
dependence on initial conditions for the logistic equation was that
greatly increasing the accuracy of our initial condition results in
only a small improvement on the accuracy of our solutions. Sup-
pose that in Fig. 9.2, the solid curve represents the system’s true
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Figure 9.2. Solutions x(t), y(t), and z(t) to the Rössler system,
Eq. (9.1). The parameter values are a= 0.1, b= 0.1, and c= 10.0.
The initial condition for the solid curves is x(0) = 5, y(0) = 5, and
z(0) = 1. For the dotted curve the initial condition is x(0) = 5.001,
y(0) = 5 and z(0) = 1.

behavior and the dotted curve is our prediction of the system’s
behavior. Our measurement of the x initial condition is off by
0.001, or 0.02%. With this degree of accuracy we are able to
predict reliably out until around t = 150. What if we measure
1000 times more accurately, so that our initial condition is x(0) =
5.000001? In Fig. 9.3 I have shown the z(t) solutions for two
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Figure 9.3.The z part of the solutions to the Rössler system, Eq. (9.1).
The parameter values are a= 0.1, b= 0.1, and c= 10.0. The initial
condition for the solid curves is x(0) = 5, y(0) = 5, and z(0) = 1. For
the dotted curve the initial condition is x(0) = 5.000001, y(0) = 5
and z(0) = 1.

initial conditions that are identical, except for one x(0) = 5.0, and
for the other, x(0) = 5.000001. The two trajectories start to sepa-
rate around t = 300. So our measurement accuracy has increased
by 1000 times, but we are only able to make accurate predictions
for twice as long. This is the butterfly effect again.

The second thing I want to highlight is the irregular nature
of the solutions to the Rössler equations. The z(t) solutions,
as seen in the bottom plot of Fig. 9.1 are, well, a bit weird.
The spikes occur at regular intervals, but the spikes themselves
seem highly irregular. As we saw with the logistic equation in
Chapters 4 and 5, we are are again seeing a deterministic sys-
tem produce apparently random behavior. Imagine the situation
reversed—suppose we had obtained the z(t) curve from some
experimental data: perhaps the strengths of spiking neuronal sig-
nals or the amount of rain in yearly monsoon seasons. One might
be led to model or understand the situation using probability
or a stochastic model of some sort, not realizing that a simple,
deterministic system such as Eq. (9.1) could produce such jittery
output. We will return to the z(t) spikes in Section 9.4, where we
will see that they can be explained by a one-dimensional iterated
function.
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Figure 9.4. The solutions to the Rössler system, Eq. (9.1), plotted in
phase space. The parameter values and initial conditions are the same
as those of Fig. 9.1. The initial condition is indicated with a black
circle.

9.2 The Rössler Attractor

Now it’s on to the main attraction of this chapter: what happens if
we plot the three solutions, x(t), y(t), and z(t) together in phase
space? These solutions are aperiodic: they don’t repeat. So perhaps
the trajectory in phase space would look like a tangled ball of
yarn, a mess of trajectories weaving in and out, filling up a three-
dimensional region of phase space. Let’s take a look. The solutions
from Fig. 9.1 are plotted in phase space in Fig. 9.4. The shape is
definitely not a messy ball of yarn. The motion in the x–y plane is
mostly circular, as one might expect from looking at the x(t) and
y(t) solutions in Fig. 9.1. The circular motion is counter-clockwise
when viewed from above. The spikes in the z(t) solution on the
bottom of Fig. 9.1 are what lead to the “handle” on the upper right
of the phase space plot in Fig. 9.4.
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This is an intriguing shape. Would it look different if I chose a
different initial condition? It would seem that it must. The Rössler
system has sensitive dependence on initial conditions, and so we
know that different initial conditions will yield different solutions.
Figure 9.5 shows the phase space trajectory for six different initial
conditions. The initial conditions are indicated with black circles.
I’ve left the axes off of these plots in order to save space. We see
that in all cases the trajectory, perhaps after some brief transient
behavior, approaches a shape very similar to that which we saw
in Fig. 9.4. How can this be? This seems contrary to the butterfly
effect that we observed in Figs. 9.2 and 9.3. In those figures we
saw that two initial conditions that differ only slightly give rise to
very different trajectories.

The shape shown in phase space in Figs. 9.4 and 9.5 is an
example of a strange attractor. It is usually referred to as the
Rössler attractor, after Otto Rössler, who put forth Eq. 9.1 in 1976
(Rössler, 1976). The Rössler attractor is a fairly complex shape in
phase space. It’s a band that stretches up and then folds on itself.
Although the phase space is three dimensional, the attractor itself
is essentially two dimensional.2 I’ll say more about the stretching
and folding of the attractor in Section 9.5. But first, let’s dig into
strange attractors. What is strange about them, and in what sense
are they attractors?

In Fig. 9.5 we observed that six different initial conditions all
yield a qualitatively similar shape in phase space. The shape is thus
an attractor, pulling nearby trajectories into it. Here is another
way to see that the Rössler attractor is indeed attracting. In the

2. Actually, the dimension of the Rössler attractor is just a little bit larger than
two (Peitgen et al., 1992, p. 644): between 2.01 and 2.02. The notion of dimen-
sion used here is the box-counting or capacity dimension (sometimes also called
the fractal dimension), which is different from the more familiar topological
dimension. The box-counting dimension and related constructions are standard
topics in many textbooks on dynamical systems. The Very Short Introduction on
Fractals by Falconer is a clear, not-very-technical introduction to fractals and
dimensions (Falconer, 2013). See also Chapters 16 and 18 of Feldman (2012).
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Figure 9.5. Solutions x(t), y(t), and z(t) to the Rössler system plot-
ted in phase space for six different initial conditions. The initial
conditions are shown as a solid black circle.
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Figure 9.6.The evolution of 1728 initial conditions that start out uni-
formly spaced on a cube whose x and y values range from −15 to 15
and whose z values range from 0 to 20. The positions evolve accord-
ing to the Rössler equations. The values of the 1728 initial conditions
are shown at t = 20, t = 40, and t = 60.

upper-left plot of Fig. 9.6 I have plotted 1728 (123) points evenly
distributed on a cube extending from −15 to 15 in the x and y
directions and from 0 to 20 in the z direction. I then used these
1728 points as initial conditions for the Rössler equation, Eq. (9.1).
I have also plotted the Rössler attractor with a gray line. Where do
these 1728 initial conditions end up? By the time t = 20, shown
in the upper-right of Fig. 9.6, almost all the points are on the
attractor or in the middle of the empty circle on the x-y plane
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inside the attractor. When t = 40, most of the points have left the
empty inner circle and are on the attractor. And when t = 60, all
the points are on or very close to the attractor. Figure 9.6 thus
shows that the Rössler attractor is indeed an attractor; it pulls in
nearby orbits.

The behavior on the attractor itself, however, is chaotic. We saw
this back in Fig. 9.2 where I plotted the solutions to the Rössler
equations for two almost-identical initial conditions. We observed
that the two solutions become quite different around t = 150.
Note that in Fig. 9.2 the difference between the two z(t) solutions
is particularly dramatic. How does the butterfly effect manifest
itself in phase space? In Fig. 9.7 I have shown the time evolution
of 100 points that start on the attractor.The points are initially uni-
formly spaced in a square that sits on the flat part of the attractor.
The points move together counter-clockwise around the attractor
and when they reach the handle of the attractor at t = 2.5 they
spread out at bit in the z direction. This is shown in the top right
plot on Fig. 9.7.

At t = 6.0 the points continue on their counter-clockwise jour-
ney and are lined up on the outer rim of the circular part of
the attractor, as seen in the middle-left plot. The points are then
stretched in the z direction when they reach the attractor handle,
as shown in the middle-right plot in Fig. 9.7. This general pat-
tern continues. The 100 points move together around the attractor
and are stretched when they traverse the handle. At t = 24.5 in
the lower-left plot on the figure, the points have spread out and
now extend along almost the entire lower band of the attractor. At
t = 26.7 in the lower-right, we again see that the points are spread
out as they move through the handle.

Figure 9.7 shows that the trajectories on the attractor are
chaotic, but not dramatically so. You might have expected the
initial conditions to spread out and uniformly fill the attractor.
However, this is clearly not the case. The system definitely has
sensitive dependence on initial conditions: initial conditions that
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Figure 9.7. The evolution of 100 initial conditions that start out
uniformly spaced on a square that sits on the attractor.
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start off close to each other have very different z values when they
traverse the handle, and the orbits spread out radially on the
attractor. However, there is also some regularity to the orbits:
the initial conditions move counter-clockwise around the attractor
and remain close together.

One can think of the dynamics of the Rössler attractor as con-
sisting of three components. First, the dynamics pull orbits very
quickly to the attractor; this is what we observed in Fig. 9.6.
Second, orbits move together around the attractor in a counter-
clockwise direction. And third, nearby orbits tend to get pulled
apart when they move through the handle in the attractor. This
last aspect is what is responsible for sensitive dependence on ini-
tial conditions.3 Thus, it is the stretching in the z direction that
is responsible for the chaotic behavior in the Rössler equations.
This suggests that perhaps the behavior of the Rössler orbits are
effectively one-dimensional. We shall see in Section 9.4 that this
is indeed the case.

9.3 Strange Attractors

Before moving on, I want to talk about strange attractors in more
general terms. Recall that we saw in Section 8.4 that bounded,
aperiodic orbits were not possible for two-dimensional systems of
differential equations. Trajectories of a differential equation can-
not cross—doing so would violate determinism—and so in two

3. This qualitative analysis of the dynamics of the Rössler system can be made
quantitative by calculating the Lyapunov exponents (see Section 4.7). Since
the Rössler system is three-dimensional, there are three Lyapunov exponents.
Numerical estimates for their values are 0.0714, 0, and −5.3843 (Sprott, 2003,
p. 431). Recall that a positive exponent is associated with sensitive dependence on
initial conditions. For the Rössler system there is one positive exponent, 0.0714.
Note that while positive, this is fairly small. In contrast, the Lyapunov exponent
for the logistic equation with r = 4 is ln 2≈ 0.693. So orbits are pushed apart in
the Rössler system, but not as quickly as they are for the logistic equation. The
zero Lyapunov exponent corresponds to the circular motion along the attractor,
while the negative exponent of −5.3843 corresponds to the strong attraction to
the attractor itself.
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dimensions as a trajectory proceeds in phase space it creates
barriers that it cannot subsequently traverse. This is not the case in
three dimensions, and thus in three or more dimensions, bounded
aperiodic behavior—and thus strange attractors—are possible.
Strange attractors are fairly common; they are most certainly not
a quirk of the Rössler system. They are found in many other sys-
tems of three or more differential equations. Strange attractors
are also often observed in discrete dynamical systems in two or
more dimensions—that is, in iterated functions of two or more
variables.4

Strange attractors are stable, in the sense that almost all initial
conditions get pulled to the strange attractor. Any initial condition
we choose will quickly approach the same shape in phase space,
as we saw in Figs. 9.5 and 9.6. But the dynamics on the attrac-
tor are chaotic. Trajectories have sensitive dependence on initial
conditions, and thus long-term prediction is not possible. Strange
attractors thus combine order and disorder. They are globally sta-
ble, or ordered, in that we know that any trajectory will trace out
the strange attractor in the long run. Two different initial condi-
tions will lead to the emergence of the same strange attractor. But
dynamical systems with strange attractors are locally unstable. The
particular trajectories of two nearby initial conditions will be very
different, even as they trace out the same shape in the long run.

A familiar example of local instability paired with global stabil-
ity is weather and climate. The weather is unpredictable. Weather
forecasts in most locations beyond a few days are notoriously unre-
liable, and weather predictions more than a week in advance are
essentially worthless. Forecasts a week ormore in the futuremay be
meaningful in locations such as a desert where the weather almost
never changes. I live in the northeastern US, where the weather is

4. A classic example is the Hénon attractor, introduced by Michel Hénon in
1976. This is a two-dimensional, discrete dynamical system: xn+1 = y+ 1− ax2,
yn+1 = bxn. The Hénon system is covered in many dynamical systems texts. A
particularly clear and thorough treatment is Peitgen et al. (1992, Section 12.1).
See also Feldman (2012, Chapter 26).
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highly variable in all seasons. Here, weather predictions even five
or six days ahead are highly suspect. Nevertheless, there is some
long-term regularity and stability to the weather over periods of
hundreds of years. Temperature and precipitation vary seasonally
but follow some regular patterns. For example, where I live it is
almost never hotter than 90o F in July and almost never warmer
than 40oF in December. In this analogy, the weather is a particular
trajectory on the strange attractor, and the attractor itself is the cli-
mate. Particularly obtuse climate deniers sometimes like to assert
that it is impossible to know if the climate is changing over a period
of decades, because we can’t predict the weather for more than a
few days. This is codswallop. There is absolutely nothing contra-
dictory about there being long-term statistical predictability in a
system whose trajectories are unpredictable due to the butterfly
effect.

The term “strange attractor” was first used by David Ruelle and
Floris Takens in 1971 (Ruelle and Takens, 1971). Although they
don’t state why they chose this term, I think there are two rea-
sons why one might call strange attractors “strange.” First, strange
attractors have an irregular, fractal shape. This is very different
from the simple shapes of attracting points and cycles. Second, the
dynamics on a strange attractor are chaotic. That chaotic behav-
ior can be stable was, I believe, not assumed to be possible before
1970. But we now know that stable chaotic behavior is not just
possible, but is quite common in dynamical systems. At the risk
of relying on a cliché, strange attractors show an example of order
within chaos. We see behavior that is unpredictable due to the
butterfly effect, but is also structured and constrained.

9.4 Back to 1D: The Lorenz Map

We now turn our attention back to the Rössler attractor shown
in Fig. 9.4. Let’s imagine following a single trajectory around
the attractor. The journey is generally predictable and unsurpris-
ing; it moves counter-clockwise around the attractor. The only
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Figure 9.8. The top plot shows z(t) solution to the Rössler system,
Eq. (9.1). The bottom plot shows z(t) in gray, while the local maxima
for z(t) are plotted with squares.

unpredictable part is when it traverses the upper-left handle.
Sometimes the trajectory rises quite high, other time it barely
leaves the horizontal plane on which most of the attractor lies.
This can be seen in the top plot of Fig. 9.8, where I have plotted
the z(t) solution for the Rössler system. As expected, we see that z
is usually near zero; this corresponds to the portion of the trajec-
tory that is on the flat, circular portion of the attractor. And z(t)
spikes up at regular intervals as the trajectory climbs the attractor’s
handle.

Let’s look at the relativemaximum values of z: the heights of the
peaks in Fig. 9.8. I’ll denote these values as zmax

1 , zmax
2 , zmax

3 , and
so on. If you stare at Fig. 9.8 for a bit, you will notice a pattern:
a large zmax is always followed by a very small one. And a small
zmax is usually followed by a much larger one. To help us see this
pattern more clearly, in the bottom part of Fig. 9.8 I have plotted
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the local z maxima as squares. The continuous trajectory z(t) is
included on the plot in gray.

Note that what we have done is convert the continuous func-
tion z(t) into a time series: a sequence of values at a series of
discrete time values. For the plot shown in Fig. 9.8, the first ten
time series values happen to be:

0.08, 0.97, 17.74, 0.29, 9.38, 4.47, 14.56, 0.77, 16.57, 0.41 .
(9.2)

The time series plot in the bottom of Fig. 9.8 looks a lot like
the chaotic time series generated by the logistic equation back in
Chapter 4. See, for example, Fig. 4.7. Recall that in Chapter 4 time
series were generated from the logistic equation with the param-
eter r = 4: f (x) = 4x(1− x). We started with an initial condition
x0 and determined x1, the next value in the time series, by applying
the function. That is, x1 = f (x0). To get the next iterate, we apply
f again; x2 = f (x1). And, in general,

xn+1 = f (xn) . (9.3)

When working with the logistic equation, as we did in
Chapter 4, we know the function f (x), and we use it to figure
out xn+1 given our knowledge of xn. What we’re going to do now
is do this process the other way around. We’ll use our knowledge
of zmax

n and zmax
n+1 to figure out the function f (zmax) that is gen-

erating the time series. To do so, one forms pairs of zmax
n+1 , zmax

n
pairs, and plots them. An example will make this clearer. The first
ten zmax values are listed in Eq. (9.2). Since the idea is that the
function f is generating subsequent values of zmax, we know that
f (0.08) = 0.97, f (0.97) = 17.74, f (17.74) = 0.29, and so on. We
can then use this information to form a plot of f (zmax). The results
of doing so are shown in Fig. 9.9. We see that the points form a
nice curve, suggesting that zmax

n+1 really is a function of zmax
n . The

construction that leads to Fig. 9.9 is known as the Lorenz map,
having been introduced by Edward Lorenz (1963) around a half
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Figure 9.9. The Lorenz map for the Rössler system. This figure was
made using the time series shown in the bottom plot of Fig. 9.8.

century ago. The Lorenz map is now a fairly standard tool in the
analysis of strange attractors: for example see, Peitgen et al. (1992,
Sections 12.4 and 12.5) or Strogatz (2001, Section 9.4).

Let’s step back for a moment. The plot shown in Fig. 9.9 is
rather remarkable. Although I asserted that we would expect to
see that a function was generating the time series of zmax values
shown in the bottom portion of Fig. 9.8, it is not at all obvi-
ous that this is how things were going to work out. It could
have been the case that when plotting zmax

n+1 versus zmax we would
have ended up with a scattering of points suggesting that there
was not a functional relationship between the two. But instead
we see a very clear relationship; each input has one and only one
output.5 So what Fig. 9.9 demonstrates is that the dynamics of the

5. Actually, this isn’t quite true. If we plotted very many points, we could
begin to notice a bit of thickness to the line, indicating that zmax

n+1 is not quite
completely determined by zmax

n .
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Rössler equations—a system of three differential equations—can
be captured by a one-dimensional iterated function.

This realization helps explain a lingering mystery from
Chapter 7. There, we saw that certain features of the period-
doubling route to chaos in one-dimensional iterated functions
are universal. We also saw that the same universal features are
observed in higher-dimensional physical systems that seem to be
completely unrelated to one-dimensional functions. The Rössler
system is not a physical system, but it is three-dimensional and
continuous. But we’ve just seen that its dynamics are captured
by a one-dimensional, iterated function. The Rössler system is
not anomalous; many other higher-dimensional systems can be
reduced to one-dimensional maps. This suggests that we should
not be surprised to see universal behavior in higher-dimensional
systems, just as we have with one-dimensional maps.

9.5 Stretching and Folding

There is also a geometric relationship between one-dimensional
maps and higher-dimensional systems. Any chaotic system must
be composed of two elements: stretching and folding. Nearby
orbits are stretched apart; this is what gives rise to sensitive
dependence on initial conditions. But if a dynamical system only
stretched, its orbits would not be bounded. So a chaotic system
must involve folding to bring orbits back together.

It is not hard to see that trajectories are stretched apart in the
Rössler attractor. This occurs when the trajectories move through
the protruding handle that juts up in the z direction. We can
see this in Fig. 9.4, where we see the trajectory lines pull apart
from each other. As trajectories complete their journey through
the handle, they are folded on top of each other. A top view of the
attractor, shown in Fig. 9.10, makes this clearer. Here we are look-
ing straight down on the attractor shown in “three dimensions”
in Fig. 9.4. A fold is evident in the top right portion of Fig. 9.10.
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Figure 9.10. A top view of the Rösser attractor. The same attractor is
shown in “3D” in Fig. 9.4.

There one can see that trajectories that are roughly in the outer
third of the loop are folded over and end up in the inner portion
of the attractor.

Stretching and folding also occurs in the logistic equation. This
is illustrated in Fig. 9.11, in which I have plotted the logistic
equation for r = 4: f (x) = 4x(1− x). We saw in Chapter 4 that
iterating this equation yielded chaotic orbits. In Fig. 9.11 I have
shown what happens to three different initial conditions when
iterated once. The initial conditions are x0 = 0.05, x0 = 0.1, and
x0 = 0.8, indicated on the figure with a square, circle, and trian-
gle, respectively. The values of these initial conditions after one
iteration are shown on the vertical axis.

After the function is applied to them, the square and the cir-
cle move away from each other. The square and the circle are
farther apart after f is applied to them. So these two points are
stretched apart. This will be the case for any two nearby points
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Figure 9.11. Stretching and folding in the logistic equation, f (x) =
4x(1− x).

in a region where the function f has a derivative greater in magni-
tude than 1 (i.e., |f ′(x)|> 1). In contrast, the circle and the triangle
end up closer together after the function is applied to them. This
is folding. So the logistic equation stretches and folds trajectories
in a similar way to what happens to trajectories on the Rössler
attractor.

As noted previously, stretching and folding are the essential
geometric ingredients for chaos. Stretching is needed to give
rise to sensitive dependence on initial conditions, while folding
keeps orbits bounded. One-dimensional maps like the logistic
equation stretch and fold, and thus capture some features of
higher-dimensional chaotic systems. We have seen this for the
Rössler equation, where the dynamics can be captured by the one-
dimensional Lorenz map, shown in Fig. 9.9. The Rössler equation
also exhibits a period-doubling route chaos that is universal. The
transition is characterized by δ ≈ 4.669, just as we saw for the
logistic equation (see, e.g., Strogatz (2001, pp.376–9)).
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Figure 9.12.TheRössler attractor and a Poincaré section.The Poincaré
section is a rectangle in the x= 0 plane.

9.6 Poincaré Maps

In constructing the Lorenz map in Section 9.4 we took a three-
dimensional differential equation whose solutions are three con-
tinuous functions (x(t), y(t), z(t)) and reduced it to an iterated
one-dimensional function, shown in Fig. 9.9. Iterating the func-
tion yields a time series of zmax values. So the Lorenz map took
a three-dimensional differential equation and turned it into a
one-dimensional iterated function. This is quite a simplification.
A construction closely related to the Lorenz map is the Poincaré
map. Like the Lorenz map, the Poincaré map has the effect of low-
ering the dimension of the dynamical system under study. In this
section I’ll describe the Poincaré map.

Consider a continuous trajectory in phase space, such as the
three-dimensional Rössler equation trajectory shown in Fig. 9.4
and re-drawn in Fig. 9.12. To understand the attractor’s structure
and dynamics, it can be useful to examine a cross section. To do so,
one chooses a lower-dimensional surface, referred to as a Poincaré
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Figure 9.13. A Poincaré section for the Rössler attractor. The Poincaré
section is shown in Fig. 9.12.

section and looks at where the attractor intersects that surface. I
chose for my Poincaré section a rectangle6 in the x= 0 plane. The
Poincaré section—that is, the rectangle— is shown in Fig. 9.12
along with the Rössler attractor. All the trajectories flow through
the rectangle. It appears as if the trajectories flow underneath, but
that is an illusion caused by the necessity of visualizing a three-
dimensional figure on a two-dimensional sheet of paper. Note that
in Fig. 9.12 we are looking at the Rössler attractor at a slightly
different perspective than in the previous figures.

The Poincaré section is shown in Fig. 9.13. Each intersection
of the attractor with the rectangle is shown as a small circle. The
Poincaré section was chosen to occur shortly after the trajecto-
ries complete their traversal of the handle that juts upward. This
handle carries out a fold; the Poincaré section shows the fold as
it is almost complete. The Poincaré section for the Rössler attrac-
tor is not super exciting. For other systems, the Poincaré section

6. The rectangle’s four corners are (0, 9.5,−3), (0, 9.5, 1), (0, 16.5,−3), and
(0, 16.5, 1).
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often shows an interesting fractal structure. Poincaré sections are
not just tools for visualization. They can also be used to analyze
dynamics. Let �x0 be the first point7 on the Poincaré section—
that is the first time the trajectory intersects the rectangle. Denote
by �x1 the next point on the Poincaré section, and so on. Since
the dynamical system is deterministic, the location of one point
on the Poincaré section determines the location of of the next.
There thus exists a function that gives the value of the next point
on the Poincaré section given the previous one. This function, or
map, is called the Poincaré map. Calling this map P, we then have
P(�xn) = �xn+1. When analyzing the behavior of a dynamical system
in some cases it is easier to work with the Poincaré map P than the
original dynamical system. Poincaré maps are a standard topic in
most intermediate to advanced dynamical systems textbooks. (See
e.g., Strogatz (2001, Section 8.7) or Hilborn (2002, Section 5.2).)

9.7 Delay Coordinates and Phase Space
Reconstruction

Let’s revisit the Lorenz map from Section 9.4 and think about its
construction. We started with z(t) in Fig. 8.7, and we then deter-
mined the values of the local maxima and used these values to
produce the Lorenz map in Fig. 9.9. Note that in so doing we did
not need to use the equations that generated z(t). Simply having
z(t) in our possession was enough. In our case z(t) arose from
solving the Rössler equations on a computer, but it could have its
origin in an experiment in which the equations generating z(t) are
unknown.

Constructing the Lorenz map is an example of non-linear time
series analysis, a broad area of applied mathematics that takes
notions and ideas from nonlinear dynamics and applies them to
time series with the goal of characterizing their qualities and, often,

7. I’m writing this point as �x and not x, since points on the Poincaré section
will typically be two-dimensional coordinates, not scalars.
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Figure 9.14. A time series x(t).

producing predictive models. Time series in this context refers to
a long sequence of measurements indexed by time. The measure-
ments could be the result of a physical experiment: the successive
positions of a pendulum or a sequence of hourly temperature
measurements. Time series also arise from biological and social
systems, and can also be generated by a simulation. Nonlinear time
series analysis is a large and growing field. I’ll conclude this chapter
by giving a sketch of a fun and surprising technique from non-
linear time series analysis: using delay coordinates to reconstruct
an attractor.

Suppose we have a long series of measurements which I’ll
denote x(t). An example is shown in Fig. 9.14. This time series
happens to be an x(t) solution to the Rössler equation. The tech-
nique I’m about to describe, however, can be applied to any
time series, even if we don’t know its origin. The time series
in Fig. 9.14 looks erratic. We might wonder if it arose from
a chaotic dynamical system. Could x(t) be part of a higher-
dimensional dynamical system? That is, perhaps there is also a
y(t) and z(t) that is part of this system, but we don’t know about
these variables and/or aren’t able to measure them. And might
this higher-dimensional system possess a strange attractor? These
are good questions that seem unanswerable. All we have at our
disposal is x(t)—a one-dimensional signal. How can we build a
multi-dimensional phase space? Is this the end of the road?
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Figure 9.15. The original signal x(t) and the two delay coordinates,
x(t − τ) and x(t − 2τ).

Amazingly, there is a way forward. We proceed by using a clever
construction. We choose a time delay τ and then form a new
time series x(t − τ) which is x(t) shifted backwards in time (i.e.,
delayed—by τ ). In the top two plots of Fig 9.15 I have have plotted
x(t) and x(t − τ). To make these plots I chose τ = 0.5. (Shortly
I will give a not-very-satisfactory reason for this choice.) Note on
the graph that x(t − τ) is x(t) shifted to the right by τ units. The
function x(t − τ) is known as a delay coordinate.

There is no reason to limit ourselves to just one delay
coordinate. We can form another delay coordinate, x(t − 2τ). As
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Figure 9.16. The Rössler attractor “reconstructed” using delay coordi-
nates with τ = 0.5.

shown in the bottom plot in Fig. 9.15, x(t − 2τ) is x(t) shifted
to the right by 2τ time units. As before, I’ve chosen τ = 0.5. The
three functions x(t), x(t − τ) and x(t − 2τ) extend from t = 1 to
t = 200. However, in Fig. 9.15 I have shown them from 1 to 15
to allow you to see how the peaks in delay coordinates are shifted
to the right. The shift is perhaps most easily seen if you note the
positions of the right-most peak in the three plots.

We now have three functions: x(t), x(t − τ), and x(t − 2τ).
This state of affairs is similar to Fig. 9.1, where our three functions
were the solutions to the Rössler equations: x(t), y(t), and z(t).
This suggests that we plot x(t), x(t − τ), and x(t − 2τ) in “phase
space” and see what results. I put phase space in quotes, because
this is sort of a phony phase space. Via delay coordinates we’ve
bootstrapped our way to a three-dimensional phase space even
though we really just have a one-dimensional signal, x(t). Nev-
ertheless, let’s plot the delay coordinates in a three-dimensional
space and see what happens. The results of doing this are shown
in Fig. 9.16.
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Kinda weird, eh? Figure 9.16 looks an awful lot like the Rössler
attractor in Fig. 9.4. The two figures aren’t identical, but are very
similar: both consist of a circular band, a portion of which folds
over on itself. The Rössler attractor, Fig. 9.4, arose from plotting
the three solutions x(t), y(t), and z(t) against each other. But in
Fig. 9.16 we recovered a near facsimile of the Rössler attractor using
only x(t). How can this be?

TheRössler equations are coupled. In other words, x(t) depends
on y(t) and z(t). So the single time series x(t) contains infor-
mation about y(t) and z(t) as well. Thus it is perhaps not that
surprising that we can produce a shape like the Rössler attrac-
tor using x(t) alone, since at some level x(t) “knows” about
y(t) and z(t). More formally, one can show that under appro-
priate conditions, the mapping from delay coordinates (x(t),
x(t − τ), x(t − 2τ)) to the original coordinates (x(t), y(t), z(t))
is one-to-one. The original (x, y, z) dynamics are determinis-
tic, and so because of the one-to-one relation between (x(t),
x(t − τ), x(t − 2τ)) and (x(t), y(t), z(t)), the dynamics of (x(t),
x(t − τ), x(t − 2τ)) are deterministic as well. So this says that
the dynamics in our phony phase space (x(t), x(t − τ), x(t − 2τ))

are the same as the original dynamics. All we’ve done is changed
coordinates from (x(t), y(t), z(t)) to (x(t), x(t − τ), x(t − 2τ)).
We haven’t changed the dynamics. The attractor in the original
and phony phase spaces may look different, but they’re generated
by the same dynamics.

Moreover, generically it will be the case that the coordinate
change is not only one-to-one, but is also continuous and smooth.
In this case, the attractors in the original and phony phase spaces
will have the same properties—the same dimension and the same
Lyapunov exponents. And so what I’ve been calling the phony
phase space isn’t really phony at all; it’s legit. The process of using
a single time series and then forming delay coordinates to make a
phase space is called phase space reconstruction. It is also sometimes
referred to as attractor reconstruction or embedding. The picture
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behind the latter term is that we are taking an attractor (that might
live in a high-dimensional phase space) and “embedding” it in
different space.

As you have probably sensed, there is a good bit of mathemat-
ical detail that I’ve swept under the rug. A full discussion of these
details would take us too far afield, but there are two big ques-
tions that I want to at least say something about. How do we
know how many delay coordinates to choose? And how do we
choose the time delay τ ? Regarding the number of delay coordi-
nates, there is some good news: there is a theorem that provides
guidance. The number of delay coordinates must be larger than
twice the box-counting dimension of the attractor one is trying
to reconstruct. But there’s also some bad news: the dimension
of the attractor is almost always not known when one applies
phase space reconstruction: the starting point is a time series x(t)
of unknown origin. So this theorem doesn’t help much in prac-
tice. This story ends with some good news: in practice, usually
figuring out the number of coordinates needed, known as the
embedding dimension, is not difficult. One increases the number of
delay coordinates and looks to see when an attractor or limit cycle
emerges.8

The issue of how to choose the time delay τ is more difficult.
One seeks a τ that is neither too small nor too large. Suppose we
use a super-small τ : say τ = 0.001. Then x(t) and x(t − 0.001)
are almost the same; x(t − 0.001) tells us almost nothing that we
didn’t already know from x(t). We want to choose a τ that is
long enough so that some of the information from y(t) and z(t)

8.Of course one wouldn’t know in advance what the attractor should look like.
So in practice determining the embedding dimension is not done by eye alone.
One approach is to look at neighboring points in the embedding space. These
neighboring points should move together, at least for short time ranges, since we
assume that the dynamical system yields continuous solutions. If neighboring
points do not move together, this is an indication that the embedding dimension
is not high enough to fully unfold the attractor. See e.g., Kantz and Schreiber
(2004, Section 3.3).
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Figure 9.17. The Rössler attractor reconstructed using bad τ values.
On the left figure, τ = 0.05. On the right, τ = 5.0.

(or however many dimensions there are in the true phase space)
have time to “flow” into x(t). This, after all, is how phase space
reconstruction works: by sampling x(t) at different times, we are
incorporating information about y(t) and z(t). A reconstructed
Rössler attractor with a too-small τ of 0.05 is shown in the left
plot of Fig 9.17. Since the three coordinates, x(t), x(t − τ) and
x(t − 2τ) are almost identical, the plot is an almost-straight line
in three dimensions.

On the other hand, suppose we choose a very large τ : perhaps
τ = 250. Then x(t) and x(t − 250) will be very different—almost
uncorrelated. The problem here is that two much information
about y(t) and z(t) will have flowed into x(t). The shape in recon-
structed phase space will be complicated and folded over on itself.
This situation is illustrated in the right plot of Fig. 9.17. The
figure looks pretty, but it doesn’t look that much like the Rössler
attractor.

There is an approach one can take to choosing τ that is a bit
less ad hoc. The idea is to look at some measure of how x(t) is
correlated with itself, either via the auto-correlation function or
the mutual information. One then uses this to choose a time delay
τ that is not so small as to be almost perfectly correlated with x(t)
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but is not so large that the correlation between x(t) and x(t − τ)

is very small. My sense is that τ -selection methods are a bit of an
art as well as a science. If you want to pursue this issue further,
suggestions are found in the Further Reading section at the end of
this chapter.

9.8 Determinism vs. Noise

Phase space reconstruction is a powerful tool. Upon first encounter,
it seems almost like magic—that’s certainly how it appeared to
me. But there are limits to the magic: phase space reconstruction
and related methods like the Lorenz map will be successful only if
the dynamical system generating the time series x(t) is determin-
istic. If there is a rule generating x(t) (along with possibly many
other unobserved variables), then delay coordinates can be used to
reconstruct phase space and study the phase-space dynamics. If the
dynamical system is not deterministic, however, then phase space
reconstruction will not be successful. Delay coordinates cannot
reveal a dynamic that is not there. I’ll illustrate this with a simple
example.

Let’s return one more time to the logistic equation. In the top
left plot of Fig. 9.18 I have shown a time series generated with
the logistic equation, f (x) = 4x(1− x). In the upper right plot
in the figure I have taken that time series and done something
very similar to what we did when we made the Lorenz map for
the Rösser equations in Section 9.4: I plotted xn+1 versus xn. I
used 100 points to make this plot; I only showed 30 in the time
series plot. The result in the upper right part of Fig. 9.18 is the
logistic equation—the function we used to generate the time series
in the first place. In this case this is not a surprise. But if we were
given the time series and we didn’t know where it came from, the
result in the top right of the figure would be big news, telling us
that the apparently random time series was generated by a simple
one-dimensional iterated function.
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Figure 9.18. The left plots show two time series. The top time series
was generated from the logistic equation. The bottom time series was
generated stochastically. Iterates were chosen by sampling at random
from the distribution generated by the top time series. The right-hand
plots show xn+1 plotted against xn.

In the lower left of Fig. 9.18 I have plotted a different time
series. This time series was generated by a stochastic process, not a
deterministic dynamical system. Recall that a system is stochastic if
there is an element of chance in its output; the same input will not
always give the same output. To make the time series I determined
the distribution that describes the 100 iterates I generated for the
top plots, and then drew x values at random from this distribu-
tion. I did this by resampling from the original time series, with
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replacement. A plot of this time series is shown in the lower left
part of Fig. 9.18. As expected, it looks different from the logistic
time series in the top left of the figure. Nevertheless, if we encoun-
tered this time series as the result of some experiment, we might
be tempted to wonder if it had been generated by a deterministic
dynamical system. The lower right of Fig. 9.18 indicates that this
is not the case. The value of xn+1 does not appear to be a function
of xn.

There are two take-home messages from Fig. 9.18. First, phase
space reconstruction and related methods do not work if the sys-
tem is not deterministic. Phase space reconstruction is almost
magic, but it cannot conjure an attractor out of a stochastic sys-
tem. Second, the process of phase-space reconstruction gives us
a way to determine if a time series is deterministic or stochastic.
This is an important thing to know about whatever system you are
studying.

In practice, of course, the world is an unknown mix of random
and deterministic. How much determinism must there be in a
system for non-linear time series analysis to be of use? What level
of noise in your measuring device or data-gathering methods will
be toomuch?These are difficult questions that are topics of current
investigation.

9.9 Further Reading

Strange attractors are a standard topic that is treated in almost all
dynamical systems texts and popular accounts of chaos. An accessi-
ble review article on strange attractors is Ruelle (1980).The Rössler
system was introduced by Otto Rössler in 1976. For reviews of
the Rössler system, see Letellier and Rössler (2006) and Gaspard
(2005). A discussion of the motivation and influences on Rössler
as he developed his equation, see Letellier and Messager (2010).
Chapter VII of Aubin (1998) provides a detailed account of inter-
disciplinary efforts toward a mathematical understanding of fluid
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turbulence in the 1970s and 80s, including strange attractors.
The illustrated book by Abraham and Shaw (1992) contains many
drawings of strange attractors and is a fantastic, visual introduction
to dynamics.

Delay coordinates and phase space reconstruction are a sub-
set of the field of nonlinear time series analysis. The standard text
on nonlinear time series analysis is Kantz and Schreiber (2004).
Chapters 3 and 9 of Kantz and Schreiber (2004) are the clear-
est introduction to phase space reconstruction that I am aware of.
See also Chapter 5 of Sauer (2006). A good, recent review arti-
cle on nonlinear time series analysis is Bradley and Kantz (2015).
A brief introduction to attractor reconstruction is Sauer (2006).
A more mathematical review is Takens (2010). See also Pecora
et al. (2007). A commonly-used software package that carries out
a wide array of nonlinear time series analyses is TISEAN (TIme
SEries ANalysis) by Hegger, Kantz, and Schreiber (1999).The idea
of delay coordinates was first put forth in Packard et al. (1980) and
was subsequently put on a firmer mathematical footing by Takens
(1981). Takens’ theory was extended a decade later in Sauer et al.
(1991).
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CONC LUS I ON

In this final chapter I’ll give a short summary of what we’ve covered
and then offer some thoughts on some of the broader lessons that
nonlinear dynamics might hold for those interested in complex
systems.

10.1 Summary

A dynamical system is a mathematical system that changes in
time according to a well specified rule. In this book we looked at
two types of deterministic dynamical systems: iterated functions
and differential equations. In both of these types of dynamical
systems we encountered chaos: bounded, aperiodic orbits that
have sensitive dependence on initial conditions. Chaos is possi-
ble in one-dimensional iterated functions but requires three or
more dimensions for systems of differential equations. We inves-
tigated sensitive dependence on initial conditions (SDIC), known
more famously as the butterfly effect. If a system has SDIC, a tiny,
perhaps even imperceptible difference in the initial condition can
make a large difference in the dynamical system’s orbit. As a practi-
cal matter, this means that long-term prediction of chaotic systems
is not possible. It calls into question our notion of randomness and
its relation to determinism, issues that I explored in Chapter 5.
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The character of a dynamical system sometimes changes
suddenly when a parameter is varied. These sudden qualitative
changes, known as bifurcations, occur in both differential equa-
tions and iterated functions. We used bifurcation diagrams to
visualize and analyze these transitions. The bifurcation diagram
for the logistic equation revealed intricate fractal structure. The
logistic equation transitions from periodic to chaotic behavior via a
series of period-doubling bifurcations. We saw that features of this
transition were universal: the same for almost all one-dimensional
functions as well as higher dimensional systems, including differ-
ential equations. Universality even extends to physical systems that
undergo period-doubling transitions to chaos.

Our study of systems of differential equations led us to strange
attractors: attracting structures in phase space on which the
dynamics are chaotic. Strange attractors, whose shapes are often
elegant and fractal, combine order and disorder. They are locally
unstable (individual trajectories are unpredictable due to SDIC),
but globally stable (all trajectories in the long run trace out a sim-
ilar shape). I also touched briefly on phase space reconstruction,
a technique that lets one take a single time series and reconstruct
the higher-dimensional phase in which it is embedded.

Deterministic dynamical systems generate behavior that is ape-
riodic and has sensitive dependence on initial conditions. We’ve
seen lots of examples of simple systems producing erratic solutions
that seem to be of a totally different character from the regular rule
that creates them. And order and disorder live together happily in
strange attractors. The study of dynamical systems thus suggests
that order and disorder are not opposites or completely separate
categories. Ordered rules can produce disordered results.

I think that dynamical systems and chaos are fun and impor-
tant topics that serve as an excellent entry point into the study of
complex systems. For the rest of this chapter I’ll offer some per-
sonal thoughts about why I think this is so. I’ll begin with some
remarks about complex systems.
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10.2 Complex Systems

I write this section with some trepidation. Complex systems is an
evolving area of study and not everyone agrees on what the term
complex systems should mean. There is also not full agreement
on what term to use; some say “complexity science,” while others
prefer “complex adaptive systems.” I’ll stick with complex systems.
I don’t think all complex systems are adaptive, and I worry that the
term “complexity science” suggests that complex systems is a type
of inquiry that is epistemically separate or distinct from the rest of
science, which I don’t think is the case.

There is a spectrum of opinions on the status of complex sys-
tems. Is it a discipline, a field, an area of study, a constellation
of concepts and methods, an interdisciplinary amalgam of top-
ics, a hodgepodge of ideas, a collection of buzzwords? My own
view is toward the middle of this spectrum: I tend to think of
complex systems as an area of study that has at its core a semi-
solid collection of concepts and methods. I should be clear that
“semi-solid” is not meant in a negative way. The boundaries of
complex systems are fuzzy and there is not complete agreement
on some concepts and definitions. But I think this is a positive
state of affairs. I think that other areas of study are sometimes held
back by concepts that have become fixed too narrowly. In advocat-
ing for fuzzy disciplinary boundaries I’m definitely not advocating
for fuzzy thinking. We can recognize the arbitrariness of disci-
plinary boundaries and the contingent nature of some categories
and concepts without sacrificing scientific rigor.

So what is inside the big complex systems tent? Complex
systems typically have at least several of the following features.

1. Complex systems consist of many entities that interact.
The interactions are strong enough that they cannot be
treated as non-interacting.

2. Complex systems are made up of heterogeneous parts.

 EBSCOhost - printed on 2/10/2023 4:06 PM via . All use subject to https://www.ebsco.com/terms-of-use



226 Chapter 10

3. Complex systems are dynamic; they adapt and/or are
not in equilibrium.

4. Complex systems often exhibit emergent properties—
patterns or structures that are not contained in an obvi-
ous way in the description of the system’s constituents
and their interactions.

5. Complex systems combine elements of order and
disorder, and thus resist a simple mathematical analysis.

This list is definitely not meant to be exhaustive or prescriptive.
I see complex systems as a notion and not a strict category.

There are methods that are commonly used to study complex
systems. Examples include network theory, computation the-
ory, dynamical systems, agent-based models, and simulation
more generally. Many of the mathematical tools and techniques
used in complex systems have an anti-reductionist flavor. These
approaches look for structures and patterns that are common
across different systems. Researchers in complex systems draw
upon a diverse and interdisciplinary set of mathematical tools and
theoretical frameworks. In my view this diversity is a strength of
complex systems.

I think that all fields have a duality between the entities they
study and the methods they use to study them. For example,
physics is the scientific study of the physical world. But it is also
a set of methods, techniques, epistemic commitments, habits of
mind, and cultural practices. All of these are what make physics
physics—a particular way of producing knowledge about some
aspects of the world. In order for a research paper to be considered
physics, it must be both about the right physics stuff and done the
right physics way. The situation is similar with complex systems;
it is at once a collection of topics and a collection of mathematical
tools and techniques.

In order for a discipline to be a discipline, there needs to be
a culture or community of people doing it. There definitely is a
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community of complex systems scholars. There are conferences,
journals, institutes, summer schools, and academic departments
dedicated to it. So another approach to thinking about com-
plex systems is anthropological. Find communities that identify as
complex systems communities, and what they study and how they
study it is what complex systems is. I don’t mean to sound glib. I
think if you really push on the definitions of other disciplines,
you’ll often end up in a similar place. Physics is what physicists
do. Anthropology is what anthropologists do. And so on. As with
any area of study, part of what delineates complex systems as a
type of inquiry is a community with shared commitments and
aesthetics—a similar eye for scientific or mathematical problems
that are considered fun or important.

Complex systems can be thought of as a collection of topics
sharing certain features and themes, a collection of methods and
techniques, and as a cultural practice. I think dynamical systems
is relevant to all these ways of thinking about complex systems.

10.3 Emergence(?)

I discussed the notion of emergence back in Section 7.3 and I’d
like to revisit the idea here. An emergent property is generally
understood to be a pattern or phenomenon that is not clearly
derivable from an understanding of a system’s constituent parts
and their interactions. I am of two minds regarding emergence.
On the one hand, I find it a powerful and compelling idea.
When one studies emergent phenomena, one sees patterns that
seem to come from nowhere. Simple models produce surprising
and delightfully complex results. We’ve seen examples of this in
these pages: the logistic equation’s bifurcation diagram and the
strange Rössler attractor. Chaotic and periodic behavior in the
logistic map can also be seen as emergent. These are features
that appear only when the equation is iterated. A deterministic
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process depending on no historical information—only the present
population matters—produces patterns over long time scales.

Emergence is a very appealing idea. Encountering an emergent
phenomenon—patterns in nature or a simple simulation that I
wrote that produced an unexpected result—is exciting and fun.
That said, in my view it has proven difficult to come up with a
quantitative, objective definition of emergence. Descriptions of
emergence often rely on subjective notions: patterns that cannot
easily be predicted from knowledge of the constituent parts or
structures that are not obviously contained in the description of
a system’s dynamics. Easily or obviously for whom? Pinning down
what is meant by emergence has been vexing to philosophers and
scientists.

All that being said, appreciation of emergence is one of the
important things to come out of the study of dynamical systems,
and this appreciation informs the study of complex systems. This
certainly is true historically. Many dynamical systems researchers
shifted attention to complex systems as the area was coalescing
in the 1980s. And scientists in other fields who were drawn in
to complex systems were clearly motivated by and influenced by
chaos. I think that dynamical systems remains relevant; an aware-
ness and appreciation of the tools and concepts of dynamics is still
important for those wishing to learn about and explore complex
systems.

Dynamical systems show us very clearly that simple systems do
not necessarily possess simple properties. I think this is a fact that is
not always appreciated. Many people see a complicated outcome
and assume it must have a complicated cause, or see a random
outcome and assume it must have a stochastic cause. Cohen and
Stewart (1995, pp. 19–22) have a nice phrase that captures this
common misunderstanding. They refer to it as the mistaken belief
in the “conservation of complexity”: the complexity of an explana-
tion should be proportional to the complexity of the phenomenon
being explained. Cohen and Stewart give two examples: the eye is a
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complicated organ, and therefore a simple explanation like evolu-
tion by natural selection must be wrong. And inflation is a simple
phenomenon and therefore adjusting inflation in the desired direc-
tion should be simple (Cohen and Stewart, 1995, p. 29). If we’re
going to grapple with complex phenomena we need to be clear
that complex phenomena do not require complex explanations.
Dynamical systems are capable of a range of behavior: simple,
complex, predictable, unpredictable. The same can be said of sys-
tems of simple interacting entities—this is one of the key lessons of
the study of complex systems. So patterns and structures in phys-
ical, biological, and social systems are not necessarily evidence of
design, intent, or conspiracy. There are many systems that form
patterns without any intervention or instruction.

10.4 But Not Everything is Simple

The study of dynamical systems shows us that complex phe-
nomena can have simple explanations. This realization, although
perhaps surprising at first, is in many ways not a radical depar-
ture from traditional physics, which seeks to explain phenomena
in terms of simple, general mathematical laws. Universality is an
excellent example of this. A line of attack that began with a sim-
ple, abstract model led to the understanding that certain features
of the period-doubling route to chaos are universal. Far from over-
turning traditional physics, universality is perhaps an exemplar of
an explanatory mode that is at the heart of physics.

How far can this physics-inspired approach take us? Can simple
models elucidate the workings of ever more complex systems? I’m
doubtful. Surely simple models will remain an important tool for
complex systems. But I don’t think it’s the case that all complex
systems have simple explanations. Other styles of explanations will
be needed, and many will not be compact and simple. Simply
put, complex systems should not be the physics-ization of other
fields.
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Most scholars working in complex systems share a belief that
there are some similar features among many complex systems and
that there are common methods and frameworks that can be used
to help us find and understand those features. To what extent is
this the case? I’m not sure, but I am certain that fun discoveries
and debates lie ahead. I would caution against both a reflexive
reductionism and a reflexive anti-reductionism. A challenge with
complex systems is to remain open to different approaches and to
recognize that the relationships between simplicity and complexity
are not simple.

10.5 Further Reading

As noted before, much has been written by philosophers and
scientists grappling with the notion of emergence. See Bedau
and Humphreys (2008), Butterfield (2011a), Butterfield (2011b),
O’Connor and Wong (2015), and references therein. An influ-
ential early paper about emergence and complexity is Anderson
(1972). See also Crutchfield (2002). Although not about emer-
gence per se, Philip Ball’s trilogy Nature’s Patterns: A Tapestry in
Three Parts (2011c; 2011b; 2011a) is an engaging and accessible
look at pattern formation in a wide range of physical and natu-
ral systems. Ball (2016) is a non-technical introduction to pattern
formation in nature with breathtaking illustrations.

Much has also been written about complexity and com-
plex systems. For accessible starting points, I recommend Flake
(1999), Mitchell (2009), Mitchell (2013), Miller (2016), and
Charbonneau (2017). Newman (2011) is an annotated bibliogra-
phy that gives a sense of the wide scope of complex systems and
contains a comprehensive list of references, current as of 2011.

10.6 Farewell

You’ve reached the end of this short book, but hopefully not the
end of your journey into chaos and complex systems. I hope you’ve
found these ideas fun and rewarding to learn about.
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