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PREFACE

In recent years, there has been an increase in interest in problems in the field of the diffraction, radiation, and
propagation of elastic waves that are associated with the interaction of bodies both with each other and with
media interfaces. In addition, a great deal of attention has recently been paid to solutions to three-dimensional
wave problems (with the help of Debye potentials) for elastic isotropic and anisotropic bodies of analytical
and non-analytical forms.

The seventh chapter of this monograph provides the characteristics of the sound scattering (scattering cross-
sections and angular diagram) of prolate and oblate spheroids, as well as theWatson transformation for ideal
spheroids. The same chapter investigates an acoustic model of the agitated sea surface. In the eighth chapter,
we will study the use of equations and diffraction theory methods for problems related to the synthesis of
hydroacoustic antennas. In chapter nine, we will investigate the scattering of sound by elastic and viscoelastic
bodies in the form of an infinite circular cylinder. The author has tried to consider all of these tendencies and
trends when writing this monograph.

The research into the characteristics of sound scattering by spheroidal bodies was performed by S. A
Bespalova, E. Sedola, and A. P. Eglaya, under the direction of the Doctor of Physical and Mathematical
Sciences, Yu. A. Klokov.

The calculations for the phase velocities in cylindrical bodies were carried out by S. L. II'menkov and K. A.
Klyubina. E. I. Kuznetsova performed the calculations for diffracted and radiated pulses. The author is also
grateful V. Yu. Chizhov, G. K. Evstatiev, V. M. Kuz'kin, F. F. Legusha, and S. A. Peresyolkov for their

helpful comments on the research results.

B. Ivanov and M. Moshchuk actively participated in the experiment to find the amplitude-phase
characteristics of the scattering field of models in the Fresnel zone.

The author thanks V. 1. Gromova, S. M. Kleshchev, A. S. Klimenkov, and M. M. Pavlov. I would also like

to thank the CSP team, including Helen Edwards, Joanne Parsons, and Ivan Veller, for editing, proofreading,
and publishing my manuscript.
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CHAPTER 1

THE RESONANCES OF ELASTIC SPHEROIDAL BODIES

1.1. Solution to the Problem of the Diffraction of Sound from an Elastic Spheroidal Body
using Debye’s Potentials

In this section, the resonances of prolate and oblate spheroidal bodies (in their entirety and in the form of
shells), which are impacted by three-dimensional and axisymmetric angles of irradiation, will be investigated.
Debye’s potentials have been used to caleulate the three-dimensional pattern of irradiation in order to solve
the diffraction problem. Various publications are devoted to the resonances of elastic spheroidal bodies [1-
9].

Debye first proposed expanding the vector potential A and the scalar potentials Uand Vin his publication [ 10],
which is devoted to studying the behavior of light waves near the local point or line. Later, this approach was
used to solve the diffraction problems in the electromagnetic wave diffraction of a sphere, a circular disk, and
a paraboloid revolution [11-16], as well as for the diffraction by spheroidal bodies in longitudinal and
transverse waves [7, 17]. When Debye’s potentials are applied to problems based on the theory of dynamic
elasticity, it occurs as follows: the displacement vector U of an elastic isotropic medium obeys the Lame
equation

A+ wgraddivi — pcurlcurli = —pw?i, (1.1)
g P

where A and y are Lame constants, p is the density of the isotropic medium, and w is the circular frequency
of harmonic vibrations. According to the Helmholtz theorem, the displacement vector i is expressed through

scalar @ and vector ¥ potentials as follows:

i = —grad® + curl? (1.2)

Substituting E. (1.2) in E. (1.1), we obtain two Helmholtz equations, which include one scalar equation for
& and one vector equation for:

AP+ Hd =0,(1.3)

AP +i2P = 0. (1.4)

Here & = w/c, is the wavenumber of the longitudinal elastic wave; ¢, is the velocity of this wave; k, = w/c,
is the wavenumber of the transverse elastic wave; and ¢, is the velocity of the transverse wave. In the three-

dimensional case, the variables involved in scalar equation (1.3) can be separated into 11 coordinate systems.
As for equation (1.4), in the three-dimensional problem, it yields three independent equations for each of

components of the vector function @ in the Cartesian coordinate system alone. To overcome this difficulty,
one can use Debye’s potentials I and V, which obeys the Helmholtz scalar equation as follows:

AV + K3V = 0; AU + KZU = 0.(1.5)
The vector potential 7 (according to Debye) is expanded in potentials V and U/ as follows:
P = Curlcurl(ﬁU) + ikzcurl(ﬁV), (1.6)

where R is the radius vector of a point of the elastic body or the elastic medium.
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Let us demonstrate the efficiency of using Debye’s potentials to solve the three-dimensional diffraction
problems in the acoustical diffraction of an elastic spheroidal shell. The advantage of the representation (6)
becomes evident, if we take into account that potentials V and U/ obey the Helmholtz scalar equation. It is

convenient to represent components of ¥ in the spherical coordinate system by expressing them through U,
V. and R and then, using vector analysis formulas, to change to spheroidal components. The expressions for

spherical components of the vector function ‘ﬁ(‘l{q, Wy, %, ) in terms of Debye’s potentials take the following
form [7]:

W = (8§/0R)*(9°B/0E) + 2(8¢/AR)(dn/IR)(9*B/d¢dn) + (an/dR)Y*(8°B/dn*) +
(82§/8R*)(8B/d%) + (9°n/dR*)(B /dn) + k3B, (1.7)
Wy = [ho(§* — 1+ 9)] 71 [(88/00)(9¢/0R)(9°B/0E) + (9 /00)(dn/dR) (0% B/d§an) +
(95 /0RY(9n/06)(9%B /atan) + (9n/IR)(9n/a8)(9*B/dn*) + (9B/35)(9°¢ /0RA0) +
(@B /0n) (871 /dRIB)| + ik, (sin )1V /d¢), (1.8)
Wy =[hy(E* =1+ 722 sin 0)71[3E /AR) (0% B /9Ed¢p) + (In/OR) (2B [dndp) — ik, X
[(9/96)(9V/85) + (an/96)(aV /o], 1 oy
B=ho(f2— 1492 -1<n<+1;1 <& < oo,
Spheroidal components of the function ﬁ(qu, ‘Y, W, ) are expressed as follows [7]:
We = Wrlho/he)E(E2 — 14 92) Y2 + Wy (ho/he)(§2 — 14 9%)Y/2(80/09), (1.10)
Wy = Prlho /hyn(E® — 1+ 7)1 + Wa (ho/hy) (§% — 1+ 92)2 (80 /), (1.11)
Yy = W, (1.12)
hf — ho(fz _ 7;,2)1/2(52 _ 1)1/2; h"l = (";2 _ 772)1/2(1 _ 7;,2)1/2.

Let us consider a scatterer in the form of an isotropic elastic spheroidal shell (Fig. 1-1). All potentials,
including the plane wave potential @, the scattered wave potential @, the scalar shell potential @,, Debye’s
potentials J and V, and the potential @5 of the gas filling the shell can be expanded in spheroidal functions:

By = 2350 X " EmSmn (Cor o) S (CL MRG (€, €) cos mp, (1.13)

B, = 2850 Xom Brndmn IR ) cos mey  [1.14)

@y = 2 T5m0 ZtemlCinn R (1 ) + Do n R (C1, )18 (€1, €) cOs Mo (1.15)
Dy = 2 T o Ztem Emn Ron (Cas )5 n(Cont) cos mgp; (1.16)

U =232 1 ZxsmlBnnRon (€0r8) + G R (Co )18 (Cer) sinmg; (1.17)
V=253 0 SfsmlHmn Ron(Cor &) + LR (Cor )18 n (Coum) cosm g, (1.18)

Smn(Cy,mirepresents the angular spheroidal function; Rg;)n(Cl, £), R?gi)n(Cl, £), and R,,(,?n((fl, &) represents
the radial spheroidal functions of the first, second, and third kinds C; = hhy; C, = ko hy; € = kb, k 1s the

wavenumber of the sound wave in the liquid; C, =& /1, k; is the wavenumber of the sound wave in the gas

filling the shell; /1, represents the half-focal distance; B, ,.C, .D, . E . F, . Guya Hynand I, are

mme " mmnt " mnp =mn*t mn?

unknown expansion coefficients.

Expansion coefficients are determined from the physical boundary conditions present at two surfaces of the
shell (&, and &;; see Fig. 1-1) [7]:

(i) The continuity of the normal displacement component at both of the boundaries &, and &;;
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The Resonances of Elastic Spheroidal Bodies 3

(i1) The normal stress on the outside boundary of the elastic shell is equal to the sound pressure in the
liquid (&) and the normal stress on the inner boundary of the shell is equal to the sound pressure in

the gas (§1);

XA 1) = const
e
£ //\eﬂ
0 7 ;
A & N

2he

Figure 1-1: The elastic spheroidal shell in a harmonic plane wave field
(ii1) The absence of tangential stresses at both of the shell boundaries, &, and &,.

The corresponding expressions for boundary conditions take the following form [7]:
(he)TH(B/08) (P + @1) = (he) T (AD,/0E) + (hyh )T [(D/00) (R W) — (8/09) iy ¥)]g =g, s (1.19)
(hg) T (AP /0E) = (he) 71 (8D /) + (hyhp) T [(0/0m) (ho¥y) — (8/89) (hy¥)]e=,; (1.20)

—Aok? (@ + By) = —Ah D, + 2u[(hehy)) " (Bhg JNuy + (he) M (Bug/3E)|gg,; (1.21)

—AkE Dy = — AR Dy + 2u[(hehy) M (@R JOMUy, + (he) (B /3]s, (1.22)

0 = (hy /he)(0/08) /By + e [y ) (3/0M) (g [ Vgmgysemesy; (1.23)

0 = (hep/he)(0/08)(Up/hy) + (he [hy)(0/0@) (Ug /he)e =g 6 =g, (1.29)

whereh,, = hy(€2 — 1)Y/2(1 — n?)1/2; Apis the bulk compression coefficient of the liquid and A;is the bulk
compression coefficient of the gas filling the shell,

ug = (he)TH(8P2/08) + (hyhy) (/0 (ho¥p) — (8/09) (hy B)];

u, =(h,)" (@D, / 0m)+(h.h,) " [(8/ 0@Xh, ¥ )= 0/ 8E)h, Y ug = (hg) T (80,/09) +
(hehy) T (8/08) (hy'Hy) — (8/0m) (he¥e)].

The substitution of series (1.13)-(1.18) in boundary conditions (1.193(1.24) yields an infinite system of
equations to determine the desired coefficients. Due to the orthogonality of the trigonometric functions,
cos m @ and sinm @, the infinite system of equations breaks into infinite subsystems with fixed numbers,

m. Each of the subsystems is solved using the truncation method. The number of retained terms of expansions
(1.13)(1.18) is increased with a greater wave size for the given potential.

The solution to the axisymmetric problem of sound waves diffraction from elastic spheroidal bodies has been
presented in [1], [2], and [7-9].
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1.2. Results of the Numerical Experiment to Determine the Low-Frequency Resonances
from Elastic Spheroidal Bodies

The characteristics of the prolate gas-filled shell were calculated for two angles of irradiation: 8, = 0° and
8o = 90°. In a different scale, Figure 1-2 presents the modules of the angular characteristics of the |D(8)|
scattering of a steel prolate gas-filled spheroidal shell (curve 1), a soft prolate spheroid (curve 2), and a hard
spheroid (curve 3) impacted by the sound wave at an angle of 8, = 0°, where €; = 1,0.

Figures 1-3 and 1-4 present the same angular distributions, but (C; is the wave size) C; = 3,1 (for the elastic
shell), Cy = 3,0 (for the ideal spheroid), and C; = 10,0 (for the ideal spheroid). The notations of the curves
for all three figures are identical. An analysis of the results shows that for an angle of 8, = 0° and a wave
dimension of €; = 1,0 (sece Fig. 1-2), the angular characteristic of the elastic shell is similar to the
characteristic of the hard spheroid. When €; = 3,1 and the irradiation angle of the impact 1s equal to 8, =
09, the situation becomes indeterminate. The angular characteristic of the shell has a dipole character at the
hard spheroid (see Fig. 1-3). In parallel with the increase of the wave dimension €, the character of the sound
scattering from the shell remains complicated (see Fig. 1-4). In the lit region, the characteristic is |[D(8)] in
the hard spheroid but, in the shaded region, it is nearer to the shade lobe of the soft spheroid than the shadow
lobe of a hard spheroid. From known angular characteristics of D(8, ¢), the relative backscattering of the
cross-sections (¢y) from the elastic spheroidal bodies can be calculated [7]. Fig. 1-5 presents the mathematical
term for the relative backscattering of cross-sections gy of prolate spheroids with a semi axes correlation of
1:10 (& = 1,005), which are impacted by the sound wave at an axially symmetric angle of 1rradiation (6 =
09). The behavior of the solid elastic spheroid is very similar to that of the ideal hard scatterer. This is seen
through a comparison of the angular characteristics D (8, ¢) in steel and 1deal spheroids. This is a coincidence
and can be observed everywhere, with the exception of the resonance point, € = 7,4. This resonance is called
a Rayleigh surface wave [5]. At a wave dimension of € = 7.4, the surface contour of the continuous steel
prolate spheroid is 2,54g, where Ay is the length of a Rayleigh-type wave. The velocity of the wave cp is
equal to 2889 m/s; however, on the planar boundary of the steel-vacuum, the velocity of the Rayleigh wave
is equal to 2980 m/s.

120 POl 60
90°

150

180°

150

Figure 1-2: Modules of angular characteristics for spheroidal scatterers
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Figure 1-3 (left): Modules of the angular characteristics of spheroidal scatterers

Figure 1-4 (right): Modules of the angular characteristics of spheroidal scatterers
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Figure 1-5: The relative backscattering of prolate spheroid cross-sections

Figure 1-6 presents the relative backscattering in the cross-sections oy of oblate spheroids with a semi-axes
correlation of 1:10 (&, = 0,1005) when, through an axially symmetric angle of irradiation 8, = 0°, the
notations coincide with Figure 1-5. This will occur until the resonance of the zeroth antisymmetrical-flexural
wave (C =5,3) g, of the steel oblate spheroid is closer to the g, of the soft spheroid. Whereas for C > 5,3, it
approaches the o of the hard spheroid, although the angular characteristic D(6) obtained for the elastic
spheroid at 8, = 0° is for any wave size C close to the angular characteristic D(8) of the hard spheroid.

Figure 1-7 presents sections g, of prolate spheroidal scatterers. The steel prolate spheroid irradiated by the
sound wave at an angle of 8, = 90° has the resonance of the surface wave with the same meaning C = 7.4
(see curve 2, Fig. 1-5) [7]. The same section of the scattering g, of the steel continuous spheroid (curve 3),
which is irradiated by the sound wave at an angle of 8, = 90°, is visibly closer to the g, of the hard
spheroid (curve 4) in comparison with the g, of the soft spheroid (curve 5). This similarity in the scattering
properties of continuous elastic and hard spheroids was also shown in the angular characteristic D(6, ).
The frequency dependence of the relative section g, in the prolate spheroidal shell (curve 1) irradiated by
the sound wave at an angle of 8, = 0° shows the presence of considerable resonance by C = 6,75 [1, 7-9].
Figure 1-8 shows the modular uses of angular characteristics |D(8)| in prolate spheroidal scatterers. Curve
1 1s the steel, gas-filled shell with a wave dimension C = 6,75 that corresponds to its resonance. Curve 2 is
a soft spheroid, while curve 3 is a hard spheroid. For all ideal spheroids, the wave size C is equal to 10,0.
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6 Chapter 1

From the comparison of the three curves, we can see that the shaded lobe of shell’s angular characteristic is
shown as the “soft background”, but the lobe of the backscattering is shown as the “hard background™.

[17]
100 —
Teomempuuecran /
axycmuxa 1//
80 3 7Y
\\\ ///
60 2\\ ™~
FEN
40 /
////
20 s
7
e
0 234567 8910
C

Figure 1-6: The relative backscattering in the cross-sections of oblate spheroids
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Figure 1-7: The relative backscattering in cross-sections of the prolate spheroidal scatterers

EBSCChost - printed on 2/13/2023 8:37 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

The Resonances of Elastic Spheroidal Bodies 7

150 20 .
5 90
ol
7 NN
5 AN =9
2 30
\\\, ‘:' / 1
)
7
180° \H#7 0
3 r

N

60
150 0=180°
120 -
Figure 1-8: Modules with the angular characteristics of prolate spheroidal bodies
Table 1-1
0y at an angle of 8, = 90°
Wave size C Spheroidal gas-filled shell Hard spheroid Soft spheroid
& =1005073 ¢, = 1,005 $o = 1,005 o = 1,005
0,5 0,3012-103 0,2452-103 4,506
1.0 0,4748-10° 0,3908-102 4,760
L5 0,2365-107! 0,1965-107! 5,194
2,0 0,7354-107! 0,6147-10! 5,748
2.5 0,1751 0,1479 6,300
3,0 0,3470 0,3006 6,754
35 0,6068 0,5418 7,094
4,0 0,9736 0,8911 7,358
43 1,447 1,362 7392
3,0 2,014 1,960 7815
5.5 2,599 2,680 8,029

The relative backscattering of the cross-section o, of a spheroidal shell irradiated by a sound wave at an angle
of 8, = 90° was calculated for a wave size ranging from C=0,5 to C = 5,5. The meanings of the g, in a shell
is very similar to the gy in a hard spheroid; it is worthwhile to compare these sections in tabular form. As can
be seen from Table 1-1, the angle of the shell’s irradiation with wave sizes ranging from C=0,5 to C = 5,5
indicates a “hard background” to the scattering. This is what we can see from a comparison of the angular
characteristics of the scattering D (6, ¢). A full scattering of the cross-section ¢ [7] is determined through the
square of a modulus via the angular characteristic of the sound scattering D (6, ¢):
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n 2K
o =f f |D(8,)|* sin @ dode.
0 Jo

The relative scattering of the cross-section g, is equal to the following:
o, = 0/24,,
where A 1s depicted by the shaded geometrical region of the scatterer.

With the help of an optical theorem, a scattering cross-section gcan be found through the imaginary part of
an angular characteristic in the direction of an incident wave (a forward scattering) fm D (180° — 8,; 180°)

[71:
o = (4m/k) Im D (180° — 6,; 180%),
where 6 is the angle of the fall, ¢, = 0°.

Following the analogy with the scattering of a cross-section g, it is possible to introduce the radiation cross-
section o,.,4 of an elastic or liguid body under the point source [7]:

Orad = f[:r fozan(Q; fP)lz sin @ d@d(p,

where F(8, ¢) 1s an angular characteristic of the sound radiation of a body subjected to the action of a point
source.

On the basis of formulas presented, a full account was made of the total scattering cross-section o and the
relative cross-section a,.. The radiation g,.,4 should be moved off the cross-section 0,5, In the spheroidal
prolate and oblate bodies. Figure 1-9 presents the sections of the scattering cross-section o, of an ideal hard
oblate spheroid (curve 1), a steel oblate spheroid (curve 2), and an ideal soft oblate spheroid (curve 3). In all
three cases, there 18 a relation between the semi-axes ¢/b = 1: 10(§, = 0,1005), but this has an irradiation
angle of §; = 0°. A relative section o, of an elastic spheroid shows the resonance of a coincidence, as in the
case of the backscattering of gy (see Fig. 1-6), but the maximum is displaced: for oythe maximum is observed
at € =5,25 but for o, it is € —535. With an increase of C, curve 2 approaches o, = 1,0, thereby
corresponding to the geometric acoustics calculations performed for an elastic oblate spheroid. This shows
that atC = 15,0 section g, = 0,866, while at £ = 20,0 = a, = 0,941. Figure 1-10 presents the relative
cross-sections of the scattering o,. (curves 1 and 2) and the radiation o, (curve 3) from prolate spheroidal
bodies. Curve 1 shows the frequency dependence o, (C) of an ideal soft prolate spheroid. Curve 2 corresponds
o, (C) to a steel gas-filled prolate spheroidal shell (§;, = 1,005075; §; = 1,005). Both curves correspond to
8, = 0° (an axially symmetric problem). Curve 2, for an elastic shell’s relative backscattering section (curve
1in Fig. 1-7) has two maximums (two resonances). The first maximum is observed at € = 6,7 (unlike from
C = 6,75 for g;), while a second resonance is C =~ 8,25 and corresponds with L. = 1,54, where L is a length
of a contour of the neutral surface of a shell, and A is the length of a longitudinal wave (a zeroth symmetrical
Lamb’s wave) that spreads with a velocity of ¢; = 5420 m/s. Curve 1, for the ideal soft spheroid,
asymptotically tends to the following geometric acoustical value:

o, = 1,0): 0,,(15,0) = 4,16; 6, (65,0) = 2,23;6,,(100) = 1,93.

Curve 3 characterizes the radiating faculty of the same shell, if it is exited from the outside by a point source
at an angle of 8, = 0°(h, = 50m). A scction of the radiation 0,4 is at its most extreme point, and there is
a relative section of g, A comparison of curve 1 (in Fig. 1-7) with curves 2 and 3 (presented in Fig. 1-10)
shows the relative backscattering cross-section when it does not provide sufficient information about resonant
properties of elastic scatterers.
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Figure 1-9 (left): The relative scattering of oblate spheroids cross-sections

Figure 1-10 (right): The relative scattering and radiating of prolate spheroidal bodies cross-sections

The results of the numerical calculations presented above make it possible to analyze the experimental
amplitude-phase characteristics of the pulsed-sound signal scattering in the Fresnel and Fraunhofer zones [18,
19].

A series of recent publications [20-23] has demonstrated the efficiency of high-frequency asymptotes when
calculating the diffraction fields of spheroids without using wave functions. It is remarkable that this approach
is also valid for relatively low frequencies.

Resonances of elastic spheroidal shells (under axisymmetric excitation) have been studied in [24, 25]. In
these publications, the authors considered steel and aluminum shells with different eccentricities and different
thicknesses. For an aluminum shell with an axis ratio of 1:6 (an eccentricity of 0,995), the values of the
normal velocity component were calculated. These revealed the presence of shell resonance at a wave size of
C = 11,4 (recalculated according to the sound velocity in the liquid). In our steel shell with an axis ratio of
1:10 (an eccentricity 0,995), two resonances within the wave size interval 0,5-10,0 were observed for C=6,75
and C=8,25.

In [3], [5-6], [26-27], the resonances of elastic spheroidal shells were determined by the T-matrix method by
applying the modified procedure to the extended Waterman method [26]. The function of the backscattering
(scattering pattern) was calculated using the formulas proposed in [5]. Since the authors of these publications
used spherical wavefunctions, the application of the T-matrices of dynamic elasticity theory in this method
was limited to spheroidal axis ratios of 1:3. Our method of separating variables is free from this drawback.

printed on 2/13/2023 8:37 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

CHAPTER 2

THE DIFFRACTION OF SOUND STATIONARY AND NON-STATIONARY IDEAL
AND ELASTIC BODIES PLACED NEAR THE INTERFACE OF MEDIA IN AN
UNDERWATER SOUND CHANNEL AND IN A PLANAR WAVEGUIDE

2.1. An Elastic Scatterer Near the Interface of Media

In the series of problems on the study of the influence of media interfaces on the characteristics of sound
scattering by various bodies, the following variants arc usually investigated:

a) The interaction of a scatterer with a single interface between media;

b) The scatterer in the field of interacting modes of the underwater sound channel; and

¢) The finding of the total scattered field of the system of real and imaginary sources and scatterers of the
planar waveguide.

The interaction of the scattercr with the interface between media is considered in the cxample of the scattering
of sound by an elastic spheroidal body located at the interface between a liquid and an elastic medium [28].
Let the elastic gas-filled prolate spheroidal shell be placed near the boundary, a liquid, or an elastic medium
(Fig. 2-1). The axis of rotation of the shell is parallel to the planar boundary. We introduced two systems of
spheroidal coordinates &, 15, @, (s=1,2): the first (s=1) is associated with the scatterer and the second (s=2)
with the interface planc. The beginning of the Cartesian coordinate system (J; and the foci of the second
spheroidal coordinate system are defined as projections: O; and the foci of the first coordinate system on the
plane of the boundary Z,Y.. The interfocus distance, 2/g, is common for both coordinate systems. The
interface planc is two coordinate halves plancs,¢, = /2 and ¢5 = — /2, of the second coordinatc systcm,
In order to relate this solution to the solution of the problem of diffraction off of the elastic spheroidal shell,

we simplify the formulation of the problem and assume that the wave vector Kof the incident wave is in the
X:Z; plane and, correspondingly, in the X»Z, plane as well: ¢, = 0° (see Fig. 2-1). Now, along with potential

‘171(1) of the wave and scattered by the shell, the potential Cbl(z) from the elastic half-space will appear as follows:
¢1(2) = 2XYm=0Znzm Km,ngm,n(cl' UZ)RE;,)TL(CL §) cosm ey . (2.1)

XKz o

Figure 2-1: Elastic spheroidal shell near the liquid-elastic isotropic media interface

The potential dbl(z) expands radial functions of the first kind. This is due to the fact that the foci of the second
coordinate system lie in the plane of the interface. Physically, this means that the fields of pressure from two
planc waves—an incident and when it is rcflected by an interface—distort the scatters’ intcractions.
Expansions in the shell’s potentials are accompanied by expansions in the elastic half-space’s potentials:

2 w0 S T g
Uz( i = 22m=1 anm Mm,nsm,n(ctzl UZ)Rg,)n(Ctz' fZ)Sanqf)Z y (2~2)
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W2 = 250 Ziem NonnSmn(Ceyo 12) R (G §2) cosm by 5 (2.3)

&5 = 2 %m0 Bem LmnSmn(Coo 12)Rign (Cuys €2) cos my , (2.4)

where C,and C;,are wave dimensions of longitudinal and transverse waves, respectively.

The potential of the incident wave @, in two coordinate systems has the following form [29, 30]:
Py = 2 Xm0 Driam " emSmn (€1, 10)Smn (C1 1) Rin (€1, 5) cosm s, (s = 1,2) . (2.5)

The potential of a diffracted field @5 = @y + q§1(1) + q§2(2) simultaneously meets the boundary conditions on
both the surface of a shell and the planar interface between a liquid and an elastic medium. The boundary
conditions on a surface of a shell are supplemented by the conditions of an interface on a liquid elastic

medium:
€] @) = 2 (2 (2) ;
2ok? (@0 + ) + &) = 2,k2 ) + 2p5uy) sonrznys 2O
hg In) @/08) (uP /hg) + (hP hP) 0/0¢) (uP /0P| =057
¢=mn/2;-1/2
hg' [hE) (0/08) (u [hG) + (P [ng? ) @/08) (uP /)| =0;28)
¢=mn/2;-1/2

~(hg) "' @/99) (@9 + 0 + &) =

= (1) @0,/09) + (1P4P) " [0/08) (+Pw) - @/0m) (N, pne @9

where 4> and g represent Lame coefficients of an elastic half-space and kl(z) represents the wave number of
the longitudinal wave an elastic half-space.

PEs:s:Ps)

Figure 2-2 (left): Systems of spheroidal coordinates
Figure 2-3 (right): An ideal spheroid at associated with two interacting scatterers and a media interface

In our formulation, the evenness of the solution, with respect to the XZ planar boundary conditions for ¢ =
— /2, completely repels the conditions for ¢ = + /2. Additionally, given the similarity between ¢ =
—m/2 and ¢ = +7/2, there is no need to repeat the same kind of calculation for the other half of the
scatterer, which is located on other side of the axis of symmetry, because doing so does not provide any
additional information. When substituting potential expansions into boundary conditions for a shell and a

planar interface when expansion coefficients are used an additional theorem for wave spheroidal functions
[30] is as follows:

RPN, £)5,,4(Cmy) exp(ing;) = Teoo Lhae—n RSN (Cs, §5) X
X Q%?ft(;)q (C}' Cs; L; gjs)sm,n(CSv 775) exp (ip¢s) ,(2.10)
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Where e P 0 I ot 0 I a|r+p—t—m|
x b rmrimmz SOGNEr ™9, Jexpli( p—mp, |

8 represents the polar angle of a point O; which is the beginning of an s-th coordinate system in an /-th
system (Fig. 2-2); / represents the distance between O; and Os db? (C ) and d*(C;) represent the

coefficients of the expansion of functions S, ,(C;,7;) and Sp, ,(Cs, ns) by BY (n;) and P[™ (1), which (up to
a constant factor) coincide with normalized joined Legendre functions; Z((I ) = jo(kl) represents spherical
Bessel functions; 253) = kc(,l) (kl) represents spherical Hankel functions of the first kind coefficients

E((,Hp'p’tm’m) are obtained from coefficients b((,Hp'p'Hm’m) [30], taking into account a relationship

P (n,)and associated Legendre functions; a prime for signs 2 means that a summation of r and ¢ is carried
out on an even mean basis if, corresponding, g - p and n - m is even and a summation of » and 7 is carried of
on an odd basis if g - p and n - m is odd.

A strict solution can be obtained for another orientation of a spheroidal shell with respect to the planar
boundary—namely, due to the perpendicularity of the rotational axis of a shell in relation to the planar
interface between liquid and elastic media (Fig. 2-3). We will consider this orientation in more detail by
replacing a spheroidal shell with an ideal prolate soft spheroid and by replacing the elastic halt-space with an
ideal medium (hard or soft) [31]. We will map a scatterer and a source mirror-wise with respect to a boundary
and so reduce the problem to one the diffraction of the fields of two sources (both real and imaginary) by two
spheroidal scatterers (both real and imaginary). Potentials @, (5=17,2) of waves scattered by spheroids are
chosen in the form of expansions (taking axial symmetry into account) [31]:

q)s (fS’ Tfs) = 2:0 Bg,nSO,n(CSJ 775)‘R(3) (CSJ st) (2 1 1)

Since spheroids (both real and imaginary ones) are ideally soft then, for their surfaces (&= =), the key
requirement of a homogeneous Dirichlet is satisfied:

Py + Y1 P = Olpzg, 5212 - (2.12)
The potential of a falling plane wave is given by the following expansion:
Py(§5.715) = 2D i "SRR (Cor )50 (Cor D) 5= 12.(213)

Unknown coefficients Bj ,,of expansions (2.11) are sought from an infinite system of equations and boundary
conditions (2.12) [31]:

B+ Xm0 B R (Cor 800 [ROC0 00| O 6 100 =

= =20 "5 (Cs, 1)R(” ot [ROCoE)| . s=12; t=12; s#¢,Q14)

where / represents the distance between centers of coordinate systems O, and O (Fig. 2-3), in the given case
0120=00,y=m

(3) (Cp, Csi 1 0yg) = 287mHA 3 01" ; 0,1 ’doq(ct)don (Cs )ZTH i i_gbgr'o’j’o)hglj (kL) P;(cos O5) ;

Dan o=[r-j|

B0 = (1i00]60)2.

For the regularization of a system (2.14) with respect to unknown coefficients Bj, we introduce a new
unknown X3 ,, [31]:

BS, = RS (Co 609 XS - (2.15)

As a result, an infinite system (2.14) for unknown Bj ,,is reduced to another infinite system of a relatively
new unknown X3, [31]:
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-1 _

X§ + Biroo X§ qRSD(Ce E0r) |RENCs, Eo) |~ Qoo (Ce, Csr s Bs) =
- —l

= 2S00 (C, 1) [REN(Co Bos)| - (216)

Furthermore, by means of a truncation method, we find the solution of a regular system (2.16). Initially, we
calculated the angular scattering functions Ds(8;) of two interacting spheroids, which distorted the
monochromatic plane wave field. Fig. 2-4 shows the modules of angular characteristics [Dg(6s)| in
interacting spheroids (curve 1 refers to the first spheroid, and curve 2 refers to the second spheroid). Curve 3
depicts another scale, |D(8)], for a single soft spheroid in an infinite medium. The scale had to be changed
so that curve 3 did not merge with curves 1 and 2. Curve 4 is characterized by the modulus |Dy5 (6,)] of a total
angular characteristic in coordinates of a first spheroid (Fig. 2-1):

|Dg(8,)] = |D;(81) + D;(8,) exp(ikl cos 6,)] .

Calculations were carried out for C;—C>—10,0, &o;—Cp2—Ep— 1,005, with a half-focus distance of Ay, —hgo— 1M,
{=8hy. An analysis of the curves presented in Fig. 2-4 shows that when selected parameters were (C;, Cs, /),
the interaction of scatterers turned out to be small and, because of this, the curves 1, 2, 3 are close to each
other. The main role is played by the interference effects (especially in the shadow region); therefore, curve
4 stands out sharply (again in the shadow region) against the background of the other curves. In a second
stage (based on a calculation of the scattered field of two spheroids), the angular characteristics Dy (0) of a
soft spheroid (=1, 005; C=10) located at a distance ({,=4/=4 m) from an interface between the liquid and
an ideal medium, were calculated. The results of the calculations |Dy(8)| are shown in Fig. 2-5. Curve 1
corresponds to the interface between liquid and soft media.

|Ds(@gs)] | 180°

-
=

Figure 2-4 (left): Modules of the angular characteristics of single and interacting spheroids
Figure 2-5 (right): Modules of angular characteristics of a soft spheroid placed at the interface media

A certain contribution to D5 (8) is made by an imaginary source and interference is associated with it along
the fringes of both spheroids, including physically intense scattering in an illuminated region. This arises due
to the reflection of the waves scattered by spheroids in the planar interface between media. We must not
forget that, in this case, we are not talking about the distortion of a plane-traveling wave (as if it were an
boundless medium) but we are, instead, talking about the distortion of a standing wave field that makes real
and 1maginary sources.

There is only one strict solution to the problem of the scattering of sound by a spheroidal halt-body placed
on the interface between a liquid and an ideal medium. Using the mirror image of a scatterer and a source
connected to the planar boundary, we receive a spheroidal scatterer located in a field two sources (real and
imaginary). A phase of a wave potential, from an imaginary source on a planar interface, coincides with a
phase of a potential of an incident wave in a liquid, which borders on an ideally rigid medium. The phases of
these waves ditfer from this boundary by 180° if the liquid borders on an ideally soft medium. Fig. 2-6 shows
the modules of the angular characteristics |D(6)] (in different scales) of spheroidal half-bodies located on the
boundary between a liquid and an ideal medium. Curve 1 corresponds to half of a hollow steel oblate
spheroidal shell placed on the boundary between a liquid and an ideally soft media. The outer radial
coordinate of a shell is &—0,1005 and the internal is — & —0,07669. It has a wave size of C—7,/, and an
irradiation angle of #y=0"(an axisymmetric problem). Two other curves (see Figure 2-6) relate to the modulus
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of angular characteristics of a soft oblate hemispheroid bordering on a soft media (curve 2) and a hard media
(curve 3) at the same angle of irradiation 8,=0" and the wave size of a body of C=10, 0, with a radial coordinate
of a soft oblate spheroid =0, 1005.

To
250 --<p—-3 <> 1
o A P
w501 T
A A bk 4 /
150 //
7S
1~
A |5
100
4 dik
\. 0 //>-
\|/ a0%2
X / o Lt
0"(7; p=0° 0 20 40 60 680 ¢

Figure 2-6 (left): Modules of angular characteristics of spheroidal semi-bodies located at an interface between the media
Figure 2-7 (right): Relative cross sections for the backscattering of oblate spheroids

Fig. 2-7 shows the relative cross-sections for the backscattering oy of oblate ideal hemispheroids located at
the interface between the two media, where by D(8; ¢) we mean the total angular characteristics (from real
and imaginary sources). Curves in Fig. 2-7 correspond to the axial radiation (6,=0°) of an oblate hemispheroid
(soft or hard) with a radial coordinate of £y=0, 1005. Curves 1 and 3 refer to a hard hemispheroid placed at a
boundary with (1) a hard media and (3) a soft media (we have designated the liquid as number “I”, the soft
media as number “117, and the hard media as number “III”"). Curves 3 and 4 correspond to a soft hemispheroid
located at a boundary between soft media (*2”) and hard media (“4”). Curves 5 and 6 give an idea of the
variation apbetween hard (“57) and soft (“6) oblate spheroids (£p=0,1005) in an infinite liquid medium. It is
easy to see that if a hemispheroid and an ideal semi-bounded medium (whether hard or soft; see curves 1 and
2) or a hemispheroid represents a distortion in the shape of a boundary, which hides this unevenness. If ¢
grows slowly at small wave dimensions close to zero, then the hemispheroid and semi-bounded ideal medium
cross-sections gy will have much larger curves 3 and 4) across an entire investigated range of wave
dimensions. While curves 5 and 6 tend asymptotically towards a value geometric acoustics, the remaining
curves increase indefinitely. The mathematical and physical explanations for this phenomenon are given in
the comments related to Fig. 2-5.
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Figure 2-8 (left): The mutual orientation of a combined system and a hemispheroid (1st variant)

Figure 2-9 (right): The mutual orientation of a combined system and a hemispheroid (2nd variant)
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Let us now turn to passive characteristics in a scattering indicatrix from hemispheroids located on an interface
between a liquid and an ideal medium. We imagine that, for a fairly large distance from a boundary across,
there is a combined system (source-receiver) which moves along a line ZM. However, we are interested in a
reflected signal to the point of the disposition in the combined system. The movement of the system is so
slow that a Doppler effect can be ignored. Two admittedly possible orientations for the two half-bodies are
depicted in Figs. 2-8 and 2-9. Fig. 2-10 presents (in different scales) modules |D§ (9)|for a prolate soft
hemispheroid on the boundary of a liquid with an ideal hard medium (as depicted by curve 1, where the scale
is to the left of the vertical axis, &=17,005, C=10) and for an oblate hard hemispheroid on the boundary of a
liquid with an ideal 1 soft medium (as depicted by curve 2, the scale is to the right of the vertical axis,
¢0=0,1005; C=10). A layout orientation of the two hemi-bodies corresponds to Fig. 2-8, and the directions of
the rays meet the oblate coordinate system. Fig. 2-11 shows modules |D§ (8) |for a prolate hard hemispheroid
at the boundary of a liquid with an ideally soft medium (a curve 1, &=1,005, C=10) and for an oblate hard
hemispheroid on the boundary of a liquid with an ideally soft medium (a curve 2, £=0,1005; C=10). The
orientation of the hemi-bodies corresponds to Fig. 2-9, and the directions of the rays meet the prolate
coordinate system. The analysis presents a scattering indicatrix and shows the advantages of a second-type
orientation (see Fig. 2-9; this is because it appears that an intense non-mirror component is associated with
the sound reflective nature of the interface. With regard to an orientation of the first type (see Fig. 2-8), an
intensive back-reflection at §=0° will be masked by the reflection from the planar interface.

Figure 2-10 (left): Modules of scattering indicatrics of soft hemispheroids
Figure 2-11 (right): Modules of scattering indicatrics of hard hemispheroids

We will now move from examining stationary (harmonic) irradiation to non-stationary radiation in the form
of sound pulses with a rectangular envelope and monochromatic filling. As before, we will consider media
interfaces of three types: the boundary between a liquid and an elastic bottom; the boundary between a liquid
and an ideally soft medium (the Dirichlet condition); and the boundary between a liquid and an ideally hard
medium (the Neumann condition).

If a scatterer (an oblate hard spheroid) is placed at the interface between media (the boundary between a
liquid and an elastic bottom) at an observation point, it will first accept the pulse of a mirror reflection from
a scatterer.

Fig. 2-12a shows a mirror reflection pulse 11 - ¥(t) for a hard oblate spheroid when it is irradiated at an
angle of 8, = 30°; a normalized modulus of the spectrum of a pulse r; - Ws(t) can be seen in Fig. 2-12b.
After a while, the pulse lI’E(t/) will reach observation point P, which is reflected from an elastic bottom and
diffracted on a spheroid.
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Figure 2-12a (left): A mirror reflection pulse r; - Ws(t)

Figure 2-12b (right): The normalized modulus of the spectrum |Sg(v)| of a pulse 7, - Wg(t)
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Fig. 2-13a (left) shows a pulse ¥ (t). The normalized modulus spectrum |S5(v)| of a pulse W5 (t") is presented in Fig.
2-13b.

Figure 2-13b (right): The normalized modulus of the spectrum |Sy(v)| of a pulse®(t")
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Figure 2-14a (left): A mirror image of the reflection pulse ¥5(t) for a hard prolate hemispheroid on a boundary with a
hard medium

Figure 2.14b (right): The normalized modulus of a spectrum |Sy (V)|

We orient a hard prolate hemispheroid in such a way that its major semi-axis will be in the plane of an
interface between the media. We calculate mirror-reflected pulses W5 (t'), which occur at an angle of
incidence 6, = 60°, for two variants: 1) a hard prolate hemispheroid on a boundary with a hard medium and
2) a hard prolate hemispheroid on a boundary with a soft medium. Fig. 2-14a presents a pulse Wy (t) and a
normalized modulus of a spectrum |S5 (v)| for the first variant.

Fig. 2-15 shows the same characteristics for a second variant.
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Figure 2-15a (left): A mirror reflection pulse ¥5(¢t) for a hard prolate hemispheroid on a boundary with a soft medium

Figure 2.15b (right): The normalized modulus of a spectrum |S5 (V)|
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Figure 2-16a (left): A mirror reflection pulse@y (t) for a hard oblate hemispheroid
Figure 2-16b (right): The normalized modulus of a spectrum |Sy (V)| of a pulse W5 (t)

We see in Fig. 2-16 a diffracted pulse W3 (t) and a modulus of its spectrum |S5 (v)| in the direction of a mirror
component for a hard oblate hemispheroid, which is located on the border between a liquid and an ideally
soft medium in such a way that its major axis lies in a planar boundary. The angle of irradiation remains the
same atf; = 30°,

Fig. 2-17 shows a diffracted pulse ¥y (t) in the direction of a mirror component and a modulus of its spectrum
|Sy(v)]| for a soft prolate hemispheroid placed on the border between a liquid and an ideally hard medium.
The dimensions, the orientation of the hemispheroid, and the ratio of the semi-axis are the same as in Fig. 2-
16. We note that for oblate and prolate hemispheroids located on an interface between the media, a diffracted
pulse W5 (t) in the direction of a mirror component is obtained as a result of the interference between two
reflected signals: the hemispheroid and the boundary. Therefore, it is designated as a diffracted pulse /. W5 (t).
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Figure 2-17a (left): The mirror reflection pulse¥ (t) for a soft prolate hemispheroid
Figure 2-17b (right): The normalized modulus of a spectrum |S; (V)| of a pulse W5 (t)

Figure 2-17 depicts the sound’s reflection by a spheroidal body located at the boundary between the liquid
and an elastic bottom. We supplement these results with angular scattering characteristics R(6,¢) for a
stationary sound signal with a fixed frequency.

2.2. An Ideal Spheroid in an Underwater Sound Channel

A study into the influence of two boundaries of the waveguide on the scattered field of a spheroidal scatterer
will begin with an ideal spheroid placed in an underwater sound channel. The sound channel has non-
reflective boundaries [32] and is irradiated with a pulsed signal with monochromatic filling [33]. At a depth
zp of such a waveguide, we place a point source of an impulse signal and, at a horizontal distance » from that
sound source, a spheroidal scatterer is placed at a depth of z> (Fig. 2-19a). A velocity profile of sound in a
symmetrical underwater sound channel is shown in Fig. 2-19b. A receiver of a scattered signal is compatible
with the sound source and so we will consider a combined system to find the spectrum of a scattered signal.
Since, the velocity of sound depends only on vertical coordinate z, the rays in a horizontal plane are not bent.
In each vertical half-plane, which passing through the center of a scatterer, a sound field will be independent
of the adjacent half-planes and, at each half-plane, there will be complex coefficients from the excitation the
modes of a sound channel. As a result, in each of these half-planes, one observes an interference pattern of
modes independent of neighbouring half-planes. We are interested in a field in one vertical half-plane P,
which contains the coincident point of a source-receiver and the center of a scatterer. Since a scattered field
in this half-plane does not depend on the behavior of this field in all other half-planes, we shall take it to be
the same in all vertical half-planes and equal to a field in half-plane P. The spectrum of a scattered signal at
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the location of a source will be approximately (without taking into account the effect of the medium on an
angular scattering characteristic) equal to [6]

52 (w) = pg(rl)_l Z%=1 ZZZ1 PmPn,mDnm(w) exp[_i(xmrl 4 KnmT1 — T[/Z)] ) (2'17)

where Py, = D1 (00) " m (22) Pm (20); prrepresents a mode excitation coefficient m; ¢y, (z,) represents an
intrinsic waveguide function determined by boundary conditions; porepresents the density at the depth of the
source and the receiver; By, = (1/p2)n(22) Pn(20); po- represents density at the depth of the centre of a
scatterer; Dy, (w) represents the space-transfer function of the scattering for an m-th mode of a source and
an n-th mode of a scatterer; x,, and «,,, represent horizontal components of the wave numbers of modes of an
incident and scattered waves, respectively; M represents the largest admissible source mode; and N represents
the largest admissible scatterer mode for the m-th mode of a source.

The dependence of a sound velocity on a coordinate z for a symmetric waveguide (see Fig. 2-18 b) has the
following form [32]:

Figure 2-18 a (left): The mutual arrangement of a spheroidal scatterer and a source in a sound channel

Figure 2-18b Right): The profile of the velocity of sound in a sound channel with non-reflective boundaries
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Figure 2-19: The amplitude-phase characteristic of sound scattering by a soft spheroid

We will find spectrum S,(w) located at the combined point of a source and the receiver for an ideal soft
scatterer in the form of a prolate spheroid with a coordinate of an outer surface &=17,005. We place the
combined system (source and receiver) on the axis of a symmetric waveguide (z>=zo=0), which is a major
axis of the spheroid that is perpendicular to the Z-axis. An inter-focus spheroid distance (between the foci)
2hy is assumed to be equal to 9,7 m. A source generates a pulse signal with a duration 7,=0,035 s at a frequency
fo= 400 Hz (C=8,0). The space-transfer function Dy, (w) is determined by a picked frequency and, in an
XOZ plane, the angular characteristics of a sound-scattering spheroid. With the chosen velocity profile of a
sound (see Fig. 2-18b), one of the largest angles between wave vectors in the incident and scattered waves is
approximately /6°. Referring to the amplitude-phase angular characteristic of the scattering D(8; ¢) from a
sound wave reflected off a soft spheroid in an XOZ plane (6 = 90°, n = 0) (see Fig. 2-19), we note that,
even with a maximum wave size of (C=10,0), the angular characteristic D(90%;¢) =
[D(90°; ¢)| exp[iyy(90°; ¢p)] is practically non-directional within angles ¢ = 0 + 16° (see Fig. 2-19). Such
an approach, in which modes of an underwater sound channel are considered in the form of plane waves
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irradiating our spheroidal scatterer, is also approximate. Curve /, in Fig. 2-19, refers to |D(90°; ¢)|, while
curve 2 characterizes a phase ¥(90°; ¢p) which is increased by 7 for all angles ¢. At lower wave dimensions,
its characteristics will be even closer to the circular form. Therefore, taking into account our assumption
about a uniform scattering in a horizontal plane, we can assume that each incident wave from a set of
admissible modes will uniformly scatter in all directions (as a non-directional scatterer) with an angular
constant excitation coefficient D (w), which then transfers the function D, (w). As a result, the spectrum of
a scattered signal will be calculated by means of the following formula [33]:

S(w) = D(w)pg (rl)_l Z%zl 211\{1:1 PP xp[— ikt + knmr — m/2)] . (2.18)

2.3. The Diffraction of a Pulse Sound Signal on a Soft Prolate Spheroid Placed in a Planar
Waveguide with a Hard Elastic Bottom

We turn to the familiar problem of the diffraction of pulses on spheroidal bodies in the planar waveguide
[34-40]. These preserve the ideal soft upper boundary (the Dirichlet condition), waveguide dimensions, and
scatterer with respect to the boundaries; they only replace the ideal hard lower boundary on the elastic
isotropic bottom. Physical parameters of the lower medium will correspond to the isotropic elastic bottom
but their values will be very close to the parameters of a transversely isotropic rock (a large slab of grey
siltstone) [41]. The longitudinal wave velocity in this material is 4750 m/s, while the transverse wave velocity
is 2811 m/s. Therefore, the method of imaginary sources needs the reflection of the coefficient V' to be entered
for each source [40] when displaying sources relative to the upper border sources. This [34-37, 41, 42] will
change the sign of the source on the opposite side, which corresponds to a change of phase bym.

"

Source 09+ 1,6 ¢ (+) Scat. 09
Source 06 + 1,24 : ) Scat. 06
Source 05- 0,8 ¢ («) Scat. 05
Source 02- 0,4 1 (+) Scat. 02

0,2 s

Scat. 01
Source 01 + 0+
H X
0,2 r
‘ I,

Source 03 + -0,4 ¢ (*) Scat. 03
Source 04 - -0,8 ¢ (+) Scat. 04
Source 07 - -1,2 4 (*) Scat. 07
Source 08 + -1,6 ¢ (+) Scat. 08

Figure 2-20: The mutual disposition of the pulse point sources and scatterers in the planar waveguide

It is known [40] that the imaginary sources method, used to calculate the boundary conditions, is not strictly
fulfilled for any of the borders of the waveguide, even in the case of ideal Dirichlet and Neumann boundary
conditions. For the better fulfillment of these conditions in diffraction problems [7, 34-37, 41, 42], imaginary
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scatterers were introduced by mirroring their relative waveguide boundaries. Likewise, we introduce
imaginary scatterers to compare with the reflection of such pulses [7, 34, 35] in the ideal borders and in the
presence of a hard elastic bottom in the waveguide. [40] shows that the method of imaginary sources is
applicable in the case where the reflection coefficient I will be a function of the angle in the wave, which is
from a source relative to the normal (perpendicular) boundary. In our case, this angle will be determined by
the mutual position of the source (whether real or imaginary) and the scatterers (real or imaginary), where
the wave falls from the source. Since the receiver is combined with a real source O, the sequence of the
reflected pulses will be determined by the quantity and the amplitudes of the reflected signals (from different
scatterers), which have the same propagation time as the waves that travel from sources to scatterers and from
scatterers to point (. The parameters of the waveguide, the position of the real source O (combined with the
receiver), and the position of the real scatterer remain unchanged as in [7, 34, 35]: L = 1000 m. and H = 400
m. The real source () and the real scatterer are each located at a depth of 200 m. The scatterer is an ideal soft
prolate spheroid with a semi-axes ratio of a/b = 10 (@ = 0,279 m.). Its axis of rotation is perpendicular to the
plane of the figure (see Fig. 2-20). The formula for the reflection coefficient Vyy, where N represents the

number of a source, is given in [40]. For the calculation of the first four reflected pulses, the following
reflection coefficients are needed: Vg3, in the direction of the first (real) scatterer 01; V5, in the direction of
the second (imaginary) scatterer 02, As a result of simple calculations made with the help of [10], we obtain:
Vy3=0,8423 +i 0,5390; V;,5=0,8423 + i 0,5390.

Coecfficients have become complex. This means that the total internal reflection is at the boundary between
the liquid and the hard elastic bottom. Therefore, modules of reflection coefficients are equal to 1,0 and the
real parts of the coefficients are close to +1,0, which is typical for the boundary between a liquid and an
absolutely hard bottom. The resulting sequence of calculations of first four reflected pulses is shown in Fig.
2-21.
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Figure 2-21: The normalized series of first four reflected impulses in a waveguide with a hard elastic bottom

We compared this sequence to the sequence in Fig. 2-22, where there are ideal boundaries [7, 34, 35]:
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Figure 2-22: The normalized series of the first three reflected impulses with harmonic filling in point Q

The first and fourth pulses of Fig. 2-21 are identical to the first and second pulses of Fig. 2-22. As for the
second and third pulses shown in Fig. 2-21, in the case of ideal boundaries and the symmetrical location of a
real source and a real scatterer relative to the boundaries of the waveguide, they are compensated (absorb
each other) by each of the reflected pulses: i. e., the second and third, pulses (see Fig. 2-21). This shows the
difference in the sequences of the reflected pulses when replacing an absolutely hard bottom with that of an
elastic hard bottom. Exactly the same result is obtained for the anisotropic (transversely isotropic) bottom, if
its isotropy plane coincides with the plane of the impulse incidence.
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A similar pattern is observed for an anisotropic bottom, such as one composed of silicon, where there is a
quasi-longitudinal wave velocity of about 8300 m/s and a quasi-transverse wave velocity of about 5700 m/s
[39]. Due to the high velocities of the quasi-longitudinal and quasi-transverse waves, the total internal
reflection effect at the anisotropic bottom manifests itself even more strongly than at the isotropic bottom.,

2.4. The Diffraction of a Pulse Sound Signal on a Non-Analytical Elastic Scatterer Put
in Planar Waveguide with a Hard Elastic Bottom

Based on the obtained solution, let us consider the more general problem of the pulsed sound signal diffraction
that impacts on an elastic scatterer comprised of a finite cylindrical shell supplemented with two
hemispherical shells (one on either end) (Fig. 2-23 ) and placed in a waveguide with a hard elastic bottom
(Fig. 2-24). Here, the data was calculated using integral equations [7, 43—47]. We note that a similar problem
can be solved with the help of other methods: the boundary element method [46, 48]; the T-matrix method
[49]; the method of a potential [50]; the finite element method [51]; and the Green’s function method [52].

The first stage will solve the problem of the diffraction of a harmonic wave on such a shell.

The density of the material of the shell is p; and the Lame’s coefficients are A and x. The shell was internally
filled with the internal liquid medium with a density of p2 and a sound velocity of Cs. It was placed in an
external liquid medium with a density of po and a sound velocity of Cy. As the shell falls, the plane harmonic

wave has the pressure p; under the angle @, and with the wave vector k.
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Figure 2-23: The elastic shell in the form of a terminal cylinder ending with semi-spheres

As was shown in [7] and [43-47], the initial equation is an integral equation having the sense of the
generalized Huygen’s principle for the displacement vector #(7) of the elastic shell:

i(F)= jsj{ F(F)G(FiF)-a(F)[ A (FiF) [}as(F), Fey, (219

where £(7") = A'T(#") is the stress vector; A’ = A’ (") = 7’ (7") is the single vector of the external along the
relation to S normal; T(#") is the stress tensor of the isotropic material; G (#'; #*) is the Green’s displacement
tensor; and Y, (#'; 7) is the Green’s stress tensor. Additionally, if #* is the point of surface S, then the left part

of equation (2.19) will be %(7")/2.
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Figure 2-24: The mutual disposition of the impulse point sources and scatterers in the planar waveguide

The displacement vector 2(r), the stress tensorT(7), the Green’s displacement tensor G(r';7), and the
Green’s stress tensor X (F r; F) were connected by the following correlations [7, 47]:

T(P) = AUVHE) + u(VE + 0V , (2.20)

[=1 +Ip; 1, =(VV)/V? I, - Iy = 0; and Iz = —[V(VI)]/V?, where [ and Iy are the longitudinal and
transverse single tensors for the Hamilton’s operator V:

(r57) = A6 (F7) + u[Pa (Fi7) + 6 (F5R)7] @.21)
G(757) = (1/4np.wDikalg(ka|F — 7]) +
+7 g (ko[ = 7]) — (k2|7 = 7)]7} , (2.22)
where k; and k& are the wave numbers of the longitudinal and transverse waves in the material of the shell.

The second integral equation presents the Kirchhoff integral for the diffracted pressure py(P;) in the external
medium:

C@IpsP) == || {p(@(0/0n Yexplikro /)] -
—[exp(ikry /1)) pow?(Un)}dS, + 4mp;(Py) , (2.23)

where py(P;) = p;(P) + ps(Py); ps(P) is the scattered pressure at point P;; C(P;) is the numerical
coefficient, equal to 2z if P, € 5, or 4z, if P, is outside of .5;; S; is the external surface of the shell; and 0 is
the point located on the external surface of the shell.

For the pressure p, (M;) in the internal liquid medium at point A}, the third integral equation is derived:

) = | (p2(Q)(0/0m Y exp Cery) ] -
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—[exp (ikrs) /13 pow? (Un) }dSy, (2.24)

where Qr is the point of the internal surface of the shell, and S; is the internal surface of the shell.

4z, if M, out §,;
C(Ml)—{ 1 b

2z if M, eS8, ;

The boundary conditions of the external (S,) and internal (S:) surfaces of the shell are added to the integral
equations (2.19), (2.23), and (2.24):

tilg, =0; wlg, =05 i=1, 2; (2.25)

where | signifies that, at both surfaces of the shell, the tangential stresses are equally null and 2 signifies that
the normal stress o, at the external surface of the shell, is equal to the diffracted pressure pz, but at the
internal surface itis equal to the pressure p::

opls =psi only, =p2; (2.26)

In conformity with the conditions outlined in {2.25) and (2.26), the stress vector £ (? ) in equation (2.19) is
equal to

i) =psil,  8F) =pal, s27)

Condition 3: the continuity of the normal component of the displacement of both boundaries of the shell, in
accordance with the relations of the theory of elasticity for an isotropic body. Condition 3 will have the form:

Uy = (1/P0w2)(apz/an’)|5a ;

wy = (1/pa0®)(3p2/0n )|, - o2
The substitution of the integral equations, {2.19), (2.23), and (2.24), in the boundary conditions yields the
system of equations in terms of unknown functions, ps, ps, and the components of the displacement vector,
4, at both surfaces of the shell. To obtain the numerical solution to this system, the integral equations are
replaced by the quadrature formulas and the grid of the nodal points is chosen at both surfaces of the shell,
as has been done for ideal non-analytical scatterers [8, 43].

‘When choosing the boundary conditions, we will have two types of integrals: (1) integrals with an especially
isolated point, and {2 ) integrals that are considered the principal meaning. The method of calculating integrals
of the second type was described in [7].

When calculated, the reflection characteristics of the harmonic signal with frequency v can enable us to
determine the spectral reflectance function S¢(27v). Additionally, it can be helpful when applying a Fourier

transformation by which we obtain a temporary function of the reflected pulse ¥¢ (t ) [53]:
we(t) = %Re I Ss(2mv)e t2 ™ (2mv) (2.29)

Similarly using spectral reflectance characteristics of elastic bodies of spheroidal form [7, 54-57]., we can
compute the sequences of pulses reflected in the waveguide with a hard elastic bottom.

In the first part of this section, we investigated the interaction of sound impacting a scatterer at the interface
between media. It was shown that interference plays a main role in this. The second part of the chapter has
been devoted to the study of the spectrum of the scattered field of an ideal prolate spheroid placed in an
underwater sound channel with non-reflective boundaries. Lastly, in the third part of the review, the effect of
the influence of the parameters of a bottom on a series of pulses, which are reflected from a spheroidal body
located in a planar waveguide, has been determined.

As aresult of this research, we can draw three conclusions:
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1) When studying the propagation and diffraction of pulse signals in a planar waveguide, it is necessary
to use imaginary sources as pulse-like bundles of energy, which are spread in any direction {including
along the axis of the waveguide) at a group velocity that does not exceed the sound (based on imaginary
sources).

2) Replacing the hard elastic bottom with an absolutely hard bottom is acceptable for those sources (both
real and imaginary) where waves fall to the hard elastic bottom and test the total internal reflection.

3) We have adopted a model of image sources and image scatterers, which {following internal reflection)
is quite acceptable, at least for the first five calculated reflected pulses in a planar waveguide with a
hard elastic bottom.
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CHAPTER 3

THE GREEN’S FUNCTIONS METHOD FOR PROBLEMS
OF SOUND DIFFRACTION

3.1. The Sound Scattering of Bodies with a Simple Form (Sphere; Spheroid) with Mixed
Boundary Conditions

Initially, the Green’s function method was used to solve the problem of the sound scattering from ideal
scatterers in mixed boundary conditions. It was later applied to the sound diffraction studies of ideal and
elastic bodies of a non-analytical form. The first part of section 3 sets out a detailed illustration for the use
of the Green’s function method to solve diffraction problems regarding simple bodies (sphere; spheroid) in
mixed boundary conditions. Analytical solutions are complemented by the results of calculations of similar
bodies in the Fresnel and Fraunhofer zones of the scattered sound field. In future, the Green’s function
method will be extended to ideal and elastic scatterers of a non-analytical form.

Ideal scatterers, ones that have dissimilar boundary conditions on different parts of the surface area (Di-
tichlet or Neumann conditions) refer to bodies with mixed boundary conditions. Sound diffraction problems
regarding such scatterers are solved by means of one or two methods. The first method, which was pro-
posed by A. Sommerfeld [29], is called the variational method (or the method of least squares) [29, 58, 59].
The second method, the Green’s function method [45, 59-61], is based on the use of the corresponding
Green’s function for each part of the surface of the scatterer. We will now look at the use and characteris-
tics of both methods and an example of a sphere, with radius R, in mixed boundary conditions (one half of a

sphere is ideally soft; another is ideally hardS,(f =90+ 180°)). On the surface area of a sphere

S,(60=0+90°) , the Dirichlet condition is perfomed and in the area , the Neumann condition is perfomed
(Fig. 3-1}. In accordance with the given boundary conditions, and by using the variational method, a func-
tional G¥ of the following form [29] is made:

2

O+ 2| s (3.1)

S
on on

G" =k |0 +@,[ds+|

5 S

where k& represents the wave number of the incident plane wave.

//
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Figure 3-1: The sphere with mixed boundary conditions
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In general, (#, = #0° or 8, =a # 180° ) the problem is three-dimensional and the potentials of inci-

dent (@,) and scattered { @, ) waves are found in the following form:

@ (r;0;0)= iiz “(2n+1)e,[(n—m)Y(n+m)l]x

m=0 n=0 (32)
x Pr{cosa )Pl {cosB)j (kr)cosme ;

Nov
D (r;0;0)= ZZA;P; (cos@ ) kr)cosve (3.3)
v=0 g=0

1, m=0;

where 4} represents the unknown coefficients of expansions, &,, = {2 0
L om#0.

In expanded form, a functional is G [45, 59]:

GY =k*R’
2872 0w m

X j j {ZZ; n(2n +]).5‘mpnm (cosa)[(n *m)f/(n T m)!]an (COSQ)]n (kR)x
a

m=0 n=0

N v
xcosmp+ . > AP} (cos Q)hg(”(kr)cosvgo}x

v=0 g=0

X{iii”] (21, +1)s,, [(n, —m, W, +m BT (cosa )P, (cosO) ,, (kR )%

my=0n;=0

N ¥V _
X COs M, + ZZA;;PQ‘? (cos Ot (kR)cos ngo} sin@dfdg +

vy=tq ;=0

+R2Tj {ii; "(2n+1e, B (cosa)(n—m)f(n+mNPr{(cosO) ji (kR Yk x

a f;/; m=0n=0

Nov ‘
xcosmp+ Y > AP} {cosO)h (kR )k cos vqo} X

y=0 g=0

X{ii’m (2n, + D, [(n, —m, W0, +m P (cosa )P (cos @), (kR Yk x

mp=0nr=0 (34)
N v '
X Cos m,Q + ZZA;;P;? (cos Q)hggf} (kR)kcosngo} sinf@dfde,
vy=tg ;=0

where a line written over unknown coefficients is a sign of a complex conjugation.

The minimization condition of a functional (7% ensures the best satisfaction of boundary conditions on the
surface of a scatterer:

8GY [84} =0. (3.5)

Substituting (3.4) in (3.5), we obtain equations for the determination of unknown coefficients A :
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N M N M

vy ¥y
22 AC =224z,
v=0 g=0 n=0 g=0

where M represents the integer index whose value depends on the size of the wave kR;

7f2

G = (kR )Av ng" (cos Q)Pq“] (cos@)sinBdO+
o

+hL (kR)hq(f)’ (kR)Av qu" (cos@)P! (cosB)sinBdO ;
wf2
dy = 2i"(2n+1)[(n—v){(n+v)E; (cosa)x

=f2

x 1, (kR (kR) jB;’ (cos Q)P (cosB)sin6d +
aJ

+ i {kR)A / (kR) jP,;’ (cosB)P (cosB)sinBd ;

J'r/2

2, =)
Av =
1, v#0,

In accordance with the Green’s function method [6], the potential of a scattered wave @ from a sphere

with mixed boundary conditions can be represented by the one-term Huygens integral as follows:

D, (P) =0, (r;H;gp) =

(3.6)
= (1/4;;){—] @, (0)[8G,(P.0)[ar" | ds, +

+ j (oD, (Q)/ar' |G, (P.Q) dSz},

where P represents the point observation, with the spherical coordinates r, 4, ¢; O represents the surface
point with angular coordinates @, #” and aradial coordinate ' =R ; G, represents the Green’s function

which vanishes on the surface of a scatterer; and (5 represents the Green’s function which has a zero deriv-
ative along the normal of this surface [16, 62]:

G r;8; 070" 0") = ikzzgm (2n+1)Pr {cosf' )<

m=0 n=0

x P (cos B)(n—m)f(n+m)]cos[m{ep — ¢")]x (3.7)
X7, (e Y er ) = B G Wher ), (RR) B (RR)

G(r; 00,70 ;:0")= ikZng (2n+1)P{cos 0" )x

x PI'(cos @) {(n—m)f(n +:n):’] cos[m(p —@")]x (3.8)
A R G R LoV R !

The formula (3.6) for the potential @, (r; 6’,‘@) of a scattered wave is approximated as a formula {3.4) of

the variational method. However, there are special cases in which the Green’s function method can be used
because it gives accurate results. We will consider these special cases using the example of the homogene-
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ous {soft) sphere, visualizing it being broken into two halves by a plane XOZ (Fig. 3-1). The wave vector
fc of the incident plane wave is put in a plane XOZ ( &, = 90° ) in the same as the observation point P {(on a
contour of the border of hemispheres S; and S5). We will find @,{P) in this point by using Green'’s
function G for the left hemisphere (S;) and using Green'’s function G2 for the right hemisphere (52).

For a homogeneous soft sphere, formula (3.6) is converted to the following form:

@,(P)= (1/47{]@: (ON8G,(P.Q)or'Nas, + [[o@,(0)fer')G. (P,Q)ng}, (3.9)

where
@ _(0)= 22:: "(2n+1)e, [(n—m)f(n + m)P" (cos )P {cos 6 )cos me’ A Jer" ) x
YA )

Using @ (Q} and G, G from (3.7) and (3.8), we find that the potential of a scattered wave on the sur-
face of a sphere at a point where the contour of the border between the two hemispheres is equal:

@S(P): 7("/2)@1(10)7(]/2)@1(10) = 7@1 (P)’
That is, a boundary condition is fulfilled and the solution is accurate.

If a sphere, 8 and 8 = 9(°, consists of soft and hard hemispheres (Fig. 3-1), the contribution of the ideal
soft hemisphere in the potential &; at the point of a contour of the border is equal to @, (P )/ 2, but the

contribution of the ideally hard hemisphere oD, / or to a contour of the border is equal to

2 é@,(P)fér) . The potential @; in plane YOZ will be equal to half a sum of the potentials generated
by the soft and hard spheres in the same plane.

The arbitrary orientation of a wave vector & of the incident wave with respect to our sphere with mixed
boundary conditions the potential of a scattered wave @, (r;8;¢)  will equal approximately by substi-
tuting (3.2) in (3.7) and (3.8) in (3.6) [61]:

O (r;6;0)=(1/2) iiz "(2n+1) [ n— m)!/(ner)!]gmam (cos@)cos mpP)" (cos o )%

! (kr){[jn (kRr)/ " (;cR)}[f; (k) H (!cR)}} +(1/2) ii i " 6,0 (2n+1)x
x(2n, +1) [( m)'/ n 4+ m ][ )!/(n+m)!]cosmgoﬂm (cos@) P (cosoc)h,g]) (kr)x

(LB (0)B7 (0) =7 (0)£7 (0) /[ (m +1)=n(n+1) ]}

L () ) o 2, () /9 i)

(3.10)

where #n#n,n—n, odd

EBSCChost - printed on 2/13/2023 8:37 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

The Green’s Functions Method for Problems of Sound Diffraction 29

Figure 3-2: The distribution of the module of the scattered wave on the surface of the sphere with mixed boundary
conditions: 1, the variational method; 2, the Green’s functions method

In contrast to the variational method, the Green’s functions method does not require looking for unknown
coefficients of expansions and the computation of the potential @ is a very simple problem, since all quan-

tities in (3.10) are known. Fig. 3-2 shows distributions of |(Ds| on the surface of a sphere (a half-soft S;,

and a half-hard S>) by kR = 5 and @ = 90°. The ideally soft half of a sphere corresponds to the change of
angle 6 within a range of 0°to 90°. The single value of the potential of a module is shown as a dash-dotted
arc; it complies with the strict implementation of a boundary condition on the surface of a sphere; a condi-
tion, which is approximately satisfied, although the difference is small between the methods themselves.

Figures 3-3 and 3-4 show modules with angular characteristics of soft (Fig. 3-3, see curve 1) and hard (Fig.
3-4, see curve 3) spheroids and the angular characteristic of a spheroid with mixed boundary conditions
(Figs. 3-3 and 3-4, see curve 2).

-

500

=
——
i

N
g

720°
50°

Figure 3-3 (left): Modules angular characteristics

Figure 3-4 (right): Modules angular characteristics of a soft spheroid (curve 1), a hard spheroid (curve 3) and a sphe-
roid with mixed boundary conditions (curve 2)

If, for example, it is decided to introduce a prolate spheroid consisting of two identical halves making con-
tact with each other in a plane ( 7=0<>8=90" ) and if it is also decided to place a sound source in
the same plane (77, =0 ) then the total potential @, of a scattered field for an observation point located in

the same plane ( 77=0 ) will be determined by means of expressions (3.11) (¢ =0 ) and (3.12)

@s (5’ 17;0) = Zziin em ‘§n1,n (0'771 )gm,n(clrl)Rr(ns)l (C,f)x
nzmm=0 (3 . 1 1)

| Biled) | REM(eds)
RE)N(e.&) RG)(c,&,))
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@,Em:m) =3 Y i e, 5, (e, S RE) (e, E)x
zmzo ' (3.12)
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Figure 3-5: Relative backscattering of sound reflected off oblate spheroid cross-sections irradiated along their axis of
rotation

Fig. 3-5 presents the given values o, of oblate spheroids ( &, = 0,1005), which are irradiated along the

Z-axis of rotation (6, = 0° ). Curve I relates to an ideal hard spheroid, while curve 2 relates to an ideal

soft spheroid. Curve 3 relates to a spheroid where //3 of the surface corresponds to a Neumann condition
and 2/3 of the surface corresponds to a Dirichlet condition. Curve 4 relates to a spheroid where one hemi-
spheroid is hard and the other hemispheroid is soft.

Fig. 3-6 shows a module with the angular characteriestics |\I’S (77)| of the oblate spheroid with a radial co-
ordinate &, = 0,1005. Half of the spheroid is hard, while the other half is soft (see curve 7). A wave falls
along the Z-axis ( 6, =0° <> 7, =1,0 ) and the wave size C=10. Fig. 3-6 presents the modules I‘PS (77)|

for a soft spheroid (see curve 2) and a hard spheroid (see curve 3). A comparison of the three curves shows
that for a body comprised of combined regions of softness and hardness, the amplitude of the pressure in a
wave reflected back from the scatterer is approximately one order of magnitude smaller than for reflections
from homogeneous ideal spheroids.

Figure 3-6: A comparison of the modules of the angular scattering characteristics of combined and homogeneous ob-
late spheroids
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3.2. The Green’s Functions Method for the Ideal Scatterer with a Non-Analytical Form

We will consider a non-analytical body, the surface of which does not apply to coordinate system with di-
vided variables in the scalar Helmholtz equation. We will examine this non-analytical scatterer, which is in
the form of a finite circular cylinder bounded on both ends by hemispheres (Fig. 3-7).

b(r,8,,9,)

2a
< A
Y

Figure 3-7: The non-analytical smooth scatterer in the form of a cylinder bounded by semi-spheres

Sound pressure, scattered by this body, can be found using one of the numerical methods for the solution of
diffraction problems [7, 60, 61, 63—65]. The Green’s functions method [60, 61], which is based on the use
of the mathematical formulation of the Helmholtz-Huygens (Kirchhoff integral) principle, is one of the
most convenient methods. The algorithm of the calculation requires knowledge of the amplitude-phase dis-
tribution of the sound pressure and the normal component of oscillatory velocity on some closed surface, as
well as the integration of S that includes the lateral surface of cylinder S; and the surface of hemispheres S;
and S; (Fig. 3-7).

ps(P)= (47 ps @ = G(P.0) - L EGp, 0015, (3.13)

where p; (P) represents the sound pressure scattered by the body and P represents the point of observation,
which has the spherical coordinates, r,8, @; O represents the observation point on surface S; ps(Q) repre-
sents the sound pressure at point Q; and G(P,(Q) represents the Green function of the free space, thercby
satisfying the inhomogeneous Helmholtz equation.

In (3.13), the Green function is selected as being a potential point source:

kR
R

e

G(P,Q) =

(3.14)

where k =2z /2 represents the wave number, A represents the length of a sound wave in the liquid environ-
ment, and R represents the distance between points P and Q.

Using the relative arbitrariness of the choice of Green’s functions, you can get the Kirchhoff formula op-
tions, consisting of a single member:

PP =(1/47)[ [P (@ =G (P.ONS,  (315)

PP =-(fan)[[ LG P0NdS,  (.16)

By using formulas (3.15) and (3.16), the computational procedure is considerably simplified, as you only
want to define one of the parameter,s (ps(Q) or dps(Q)/dn), on surface S. However, it is necessary to match
surface S with a coordinate of the surface of one of coordinate systems in which the separation of variables
is possible. Thus, the application of the Green's function method for the faces of the analytical surfaces an
interconnected infinite cylinder and a hemisphere on either end is its main feature.
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The possibility of the efficacy of using such a method and test calculations of the scattered field have been
considered in [44], [55]. and [66]. For example, an experiment regarding the solution of test problem [55]
for the direct calculation of the far field of a point source [67] and [68] has shown that, with magnification
of wave size C, the results of calculations oy for both methods are getting closer to each other. When solv-
ing the problem of diffraction to determine the values of p; (Q) and dp4{{)/dn on surface S, you can use the
following expression:

For the homogeneous Dirichlet conditions (for an ideally soft body), pressure scattered waves on surface 5
has the following form:

ps(Q) = - p(Q). 3.17)

For the homogeneous Neumann conditions (for an ideally rigid body):

Q) _PAD 314
on on

where p, () represents the sound pressure of the incident wave at point ). When determining the p: ()
values, you can use the expression for the scalar potential of the plane monochromatic wave as determined
with relation to a single amplitude of an impact on the body of a sound wave emanating from a source lo-
cated at infinity. This potential for a perfectly reflective sphere is reflected in natural functions in solving the
Helmholtz equation in a spherical coordinate system, which has the following form [43]:

(n—m)!

p(r,0,0) = ZZSI "2n+1)———— v cosmeP" (cos@}j (kry,  (3.19)

n=0 m=0 (
g, =1ln=0) g, =2(n=0)

and the expression {3.19) is simplified when considering the axis-symmetric problem (dependent on the
coordinate )

p (@) =1 "(2m+1)P, (cosB)j, (kr)  (3.20)
m=0
for a scatterer in the form of a perfectly reflective cylindrical scalar potential incident plane harmonic wave,

as assessed in relation to the unit amplitude of the wave vector k aimed at angle & of the Z-axis of the cyl-
inder. This connects the natural functions’ solutions to the Helmholtz equation in a circular cylindrical co-
ordinate system:

pi (’”»(9:2) = _eXp(fk COS QOZ)ZEm (_]-)MH,E:)(IG”)COSM(’D mm (k]”o 511 90)

, (3.21
e QHg)(krDsinao)( )

when the plane wave vector k is perpendicular to the z axis of the cylinder. This expression (3.21) is simpli-
tied as [43]

p.(r0) == &, (~1)* HO (k) cos mp—n o)

om0l (399
o QH P (ery )

3.3. Results of the Numerical Experiment

To calculate the integral (3.15) and (3.16) on surface S, the quadrature formulas were used. A step of inte-
gration surface 5 in the axial and circumferential directions (dzg, deg, df,) in the system of nodal points

must not exceed 0,5 A (Figs. 3-8, 3-9).

Using the Green's functions method, the equivalent radius 1%, of the ideal non-analytical body was

calculated for several values of wave size ka (where « is the radius of the cylinder and adjacent hemispheres
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of the non-analytical scatterer) and was likewise calculated for different angles of irradiation (Figs. 3-10-3-

12

17

= |
S

Vs

Figure 3-8: The coordinate systeimn, connected with the cylinder

ha 053417 a1 AT ka2

Figure 3-10: Angular diagrams of equivalent radiuses Rgg at the angle of the incident &, — 900_

TR " i

Figure 3-11: Angular diagrams of equivalent radiuses R,  at the angle of the incident &, — 60° .

bas 1 an2 20 ke DTG

Figure 3-12: Angular diagrams of equivalent radiuses K, atthe angle of the incident &, — 30"
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The analysis of equivalent radiuses &, , bresented in these pictures permits the following conclusions to
be made:

1} The angular position corresponds to the reflecting and diffraction lobes and totally corresponds to
their physical representations.

2) The angular characteristics of a non-analytical submarine object are rather similar to the angular di-
agrams of spheroid bodies [7, 45].

In all figures, a diffraction (shadow) petal can be clearly observed and it grows and shrinks with increasing
frequency. In Figures 3-10-3-12, the mirror petal is shown. This is, with an increasing frequency, similar to
the shadow petal but, in contrast, it is limited asymptotically. You may notice that the angular diagrams of
the non-analytical scatterer are very similar to the angular characteristics of the scattering elongated sphe-
roids (the ideal and elastic ones) with a 1:10 ratio of the semi-axes [7, 55, 64, and 67]. In contrast to another
work [18] that used a method of integral equations and presented calculations for a non-analytical body
with a short cylindrical insert, the cylindrical insert in this study was much longer. The values of other
equivalent radiuses at other angles of incidence are given in works [68] and [69].

3.4. The Green’s Functions Method for Elastic Scatterers with a Non-Analytical Form

The solution of the problem of sound scattering by an elastic shell of the non-analytical form is based on an
article [52]. The Green’s function method is approximate because it does not take account the interaction
between individual elements forming a compound body of the non-analytical form. The interaction between
scatterers shaped as spheroids and elliptical cylinders is shown in [7] and this interaction was negligibly
small. In addition, the sound scattering characteristics for bodies with mixed boundary conditions calculat-
ed using the Green’s function method, namely, the Sommerfeld method (a method for undetermined coeffi-
cients [7, 55]); the agreement between the results was fairly good.

For the non-analytical bodies, two structures were considered:

1) A finite-length circular cylindrical elastic shell, limited at each end by the two halves of a prolate
spheroidal shell (Fig. 3-13);

i

4 &, =1,005075

) T i) L
Figure 3-13: The cylindrical shell with the semi-spheroidal shells
2) A cylindrical shell bounded at each end by two halves of a spherical shell (Fig. 3-14).

In article [52] a solution is given for acoustic scattering problems in relation to the constituent parts of non-
analytical bodies. For cylindrical and spheroidal shells, Debye and Debye-type potentials are used. In [52],
the angular scattering characteristics of such compound bodies are calculated for waves of different sizes.
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Figure 3-14: The elastic shell, in the form of a cylinder, terminating with a semi-sphere at each end

We will consider a compound elastic shell, which is formed by a finite cylindrical shell whose ends are
closed by two hemispherical shells of the same diameter (Fig. 3-14). To apply the Green’s functions meth-
od, it is necessary to take the solution to the axisymmetric problem of plane wave diffraction by an elastic
spherical shell in terms of dynamic elasticity theory [70] and transform this selution into the three-
dimensional version. The resulting solution differs little from that obtained above for the three-dimensional
problem of diffraction by a spheroidal elastic shell [7, 55, 67, 71].

Figures 3-15 and 3-16 show the absolute values of the angular characteristics )l (in the XOY plane,
8,=90% for a non-analytical elastic scatterer in the form of a cylindrical shell connected to the spherical
halt-shells (Fig. 3-10).

Figure 3-15: The modulus of an angular characteristic

The Green’s function method can, in combination with analytical methods, be used for the solution of tasks
concerned with the diffraction of a plane sound wave on an elastic isotropic scatter of a non-analytical
form—one that consists of a circular cylindrical shell of terminated length 7. and radius rp, bounded at each
end by the halves of each elongated spheroidal shell [69] (Fig. 3-13).

The internal surface of the spheroidal shell is given by coordinate & =1,005 (with the proportion of the
axes of the inner spheroid 10:1 and the inter-focal distance 2/, and externally by coordinate

& =1,005075 .
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Figure 3-16: The modulus of an angular characternsthic

The shell material is isotropic, with a density of 2, , modules of elasticity, coefficients Lame A, and g,
and Young’s modulus £ Inside the shell, there 15 a gas with a densify of 2, a coefficient of volumetric

compression A, amodulus of compression, and sound velocity o, .

The scatferer 1s submerged within an ideal compressed liquid with a density of 5, and a coefficient of

volumetric compression &, The potential of the sound wave 1s submitted to to mathematical analysis by

means of the scalar Heltmholtz equation.

The amnpliiide-phase distribation of the sound pressure and normal component of the vibrating velocity at
the points of this non-analytical surface 18 a distribution, which 15 found from the strict solution of the three-
dimensional boundary tasks. These are concerned with the dynamic theory of elasticity on the endless elas-
tic cylindrical surface and the elastic spheroddal surfaces, respectively.

The main result of this study is the caloulation of the angular characteristics of bodies with a non-analytical
form using the Green’s functions method, which had previously been developed and used to solve problems
of sound diffraction by bodies with mixed boundary conditions. The advantage of the Green's funcfions
method ig its simplicity (it 15 much simpler than the Sommerfeld method), while a drawback 15 s approxi-
mate nature, as it does not tales nto account the ndividual elements forming the scatterer of non-analytical
form.

In future studies, we intend to compare the above calculations with experimental data on sound scatfering
by an elastic cylindrical shell [7, 18], calculations of scattered fields formed by spheroidal elastic shells
[56], and the resonance characteristics of prolate and oblate spheroidal elastic shells [57].
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SOME METHODS OF SOLVING PROBLEMS OF SOUND DIFFRACTION ON
BODIES THAT HAVE A NON-ANALYTICAL FORM

4.1. Integral Equations Method

This section analyzes the following numerical methods of solving problems of sound diffraction on ideal and
elastic scatterers of a non-analytical form: the integral equations method, the Green’s function method, the
finite elements method, the boundary elements method, the Kupradze method, the T-matrix method, and the
geometrical theory of diffraction method. There are a large number of numerical methods for conducting
sound-scattering studies on ideal and elastic bodies of a non-analytical form. Section 4 presents the theoretical
bases of seven such methods, along with their numerical experimentation.

We can discern the ideal non-analytical scatterer to be in the form of a terminal cylinder with semi-spheres
on each end (see Fig. 4-1).

p(’?;ah'%)

x|
% /
> - —~ Tk
n' 7
S M1 (11/
\ -_ P s P
| el =
~ 0 E
f S5 o
(+2a

Figure 4-1: The non-analytical smooth scatterer in the form of a cylinder with semi-spheres on each end
The pressure pg (17; 84; ¢1) in the scattered wave at observation point
P (ry;84; ¢1) 1sequal to [7, 16, 45, 63, 72]:

ps(ry; 01 1) = (1/4m) [, [{10ps(Q)/dn] exp (ikr) /1 — ps(Q)(8/n)lexp(ikr) /r]} dS, (4.1)
where Q represents a point on the surface of the scatterer.

Then, (4.1) the Dirichlet condition at the surface assumes the following:

ps (r1; 015 ¢1) = (1/4m) [ [{lops (Q)/n] exp (ikr) /1 + pi(Q)(@/0n)[exp(ikr)/r]}dS (4.2)
The Neumann condition:

pd (ry; 045 ¢1) = —(1/4m) [ [{19p,(Q)/dn] exp (ikr) /v + p¥ (Q)(8/9n) [exp(ikr)/r]} dS . (4.3)

We can find the function ¥ = (apz M On/) from the solution to the non-homogeneous Fredholm equation of
the second kind [7, 16, 45, 63, 72]:

(%) ¥ (rs; 03; P3) — (ﬁ)LJk v(Q) (%) [exp (11;23:)] ds =

(%) exp(izf}) . (4.4)
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The integral to the left of (4.4) must be understood.
With the help of ¥, we can find the scattered pressurep? at any point in the medium P (ry; 61; ¢,):
ps (ry; 015 y) = (1/4m) [ [ ¥(Q)[exp (tkr) /r]dS . (4.5)

The Neumann condition uses the function, @ = py, which represents the solution to the Fredholm equation
of the second kind [7, 16, 45, 63, 72]:

(1/2)®(rs; 05; d3) + (1/4m) [ [ @(Q)(8/0n ) |exp (ikrs)/rs]dS = exp(iﬁfg) . (4.6)
The scattered pressure at point P(r;; 6,; ¢, ) can be expressed through function @:
pd (r1; 01; 1) = —(1/4m) [, [ P(Q)(0/0n)[exp (ikr)/7]dS . (4.7)

The scattered pressure p2(r;; 0,;¢,) can be found either with the help of the integral (4.2) ({(4.3), for the
Fredholm equation of the first kind), or with the help of equation (5) ({6) for the Fredholm equation of the
second kind).

Surface 5 consists of &> and the surfaces 5; and S; (see Fig. 4-1).

To calculate the integrals (4.2), (4.3), and (4.5): (4.6) on surface § = 5; + 5, + 53, we will use the grid of
the nodal points [7, 45, 63, 72] (Figures 4-2 and 4-3).
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Figure 4-2: The coordinate system connected with the cylinder

— ‘

Figure 4-3: The coordinate system, connected with the hemispheres

Fig. 4-4 presents |pg(ry, 04, ¢1)| for the chosen parameters by 8, = 90° (curve 1 corresponds to the T-ma-
trixes method, but curve 2 represents the integral equations method).

We are going to apply the integral equations method, which is also used in [2-5] for ideal non-analytical
scatterers, to the elastic shell of the non-analytical form.

To find the quality of this type of scatterer, we are going to consider the terminal isotropic elastic
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cylindrical shell with the semi-spheres on each end (see Fig. 4-5). The density of the material of the shell is
p1, and the Lame’s coefficients are 4 and y. The shell was filled with the internal liquid medium with
density p> and sound velocity s, and it was placed in the external liquid medium with density po and sound
velocity Co.

[Ps(ri:8sp) 7

Figure 4-4: The modulus of the angular distribution of the scattered pressure

The shell is irradiated by the plane harmonic wave with pressure p; under the angle @y and with the wave
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Figure 4-5: The elastic shell is in the form of a terminal cylinder with semi-spherical ends

As shown in [7, 72], the initial equation is the integral equation, which uses the generalized Huygen’s
principle for the displacement vector U(7) of the elastic shell:

i(F)= js [{T(F)a (57 -a(7)[AY(757) s (7). Fel, (4.8)

where £(7) = A'T(#) is the stress vector; A’ = A'(#') = &' (#) is the single vector of the external along the
relation to S normal,; T(f’ ) is the stress tensor of the isotropic material; G (#'; 7) is the displacement Green’s
tensor; Z(f’/; 7) is the stress Green’s tensor. If 7 concerns the point of the surface S, then the left part of
equation (4.8) %(7')/2 will stand.

The second integral equation presents the Kirchhoff integral for diffracted pressure ps(P;) in the external
medium [7, 73]:

CPIPs(P) = = [, {ps(@ (55) [exp (22)] -
[exp (”;%)] pow?(un’ }dSa + 4mp; (Py) , (4.9)
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where px(Py) = p;(P) +p(Py); ps(Py) is the scattered pressure at point P;; C(P;) is the numerical
coefficient equal to Zx. If P; € 5, is equal to 4z, and if P; does not belong to S, then S, is the external surface
of the shell and { is a point on the external surface of the shell.

For pressure p, (M;) in the internal liquid medium at point Af;, the third integral equation is derived as
follows:

(ikr3) _

C(Ml)pz(Mi)—ﬂ pz(Q) )[exp

[exp %] pow? (i)} dS,, (4.10)

where Q' is the point of the internal surface of the shell;

4z, if M, ouwt S,;
C(M )=
(M) {2;: if M eS8, ;

and Sy is the internal surface of the shell.

The boundary conditions on the external (5;) and internal {5:) surfaces of the shell [7, 43, 45, 63, 72] are
added to the integral equations (4.8), (4.9), and {4.10). In order to chose the boundary conditions, we will
consider two types of integrals: ones with an isolated special point, and others that are considered to form the
sense of the principal meaning. The method to calculate the second type is described in [7].

Applying the normal modes and image sources methods for a harmonic signal in the plane waveguide is
equivalent to [74]. Harmonic signals in the plane waveguide have previously been studied sufficiently [7, 75,
76]. On the basis of the imaginary sources and imaginary scatterers method, the problem of the scattering of
the pulse signals on elastic spheroidal bodies is solved, as it is accommodated in the plane waveguide by the
ideal boundary conditions. The pulse signals are bunches of energy [7]; therefore, their propagation along the
axis of the plane waveguide is in a group velocity, which lies in the principles of the imaginary sources and
scatterers method (the method of normal waves in the waveguide is not applicable in this case). The temporal
and spectral characteristics of the pulse signals reflected and diffracted from the spheroidal-shape elastic
bodies are obtained, for the first time, in this work.

The spectrum Sy (27v) of the sound pulse of the source with the harmonic filling has the following appearance
[53]:

Sy(2my) = —2 (D)™ sin(n ), (4.11)

m(vg—vZ)

where vy represents the frequency of the filling of the impulse; n represents the number of the oscillation
periods of the harmonic signal in the pulse; and v represents the circular frequency.

The spectrum S5, (2mv) is connected with ¥; (£) of the source by the return Fourier transformation:
Wi(t) = (m) ' Re [, So(2mv) exp( + i2mv)d (2mv) (4.12)

The spectrum of the scattered (reflected or transmitted) signal S, (2mv) is the product of the spectrum S, (2mv)
and the corresponding meanings of the angular characteristic of the scattering of the spheroidal shell
D(n, @, v), wherey and ¢ represent the angular coordinates at the point of the observation. The spectrum-
diffracted signal Sy(2mv) depends on S,(2mv) and S;(2mv).

In S¢(2mv) and Sy(2mv), the images W (t") and ‘Pg(t ) represent scattered and diffracted pulses, respectively
[k

wo(t) = %Re fy Ss(2mv)e 2™t g (2mv) (4.13)

wy(t) = =Re f;" Sy(@mv)e 2™ d (2mv) (4.14)
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4.2. Finite Elements Method

The finite elements (MFE) method, and its variations, calculates the solutions for the sound radiation of elastic
bodies in nearly al! forms. Here, we have considered the possibility of using MFE with the Green’s functions
method to calculate the numerical solution for the distant field of sound radiation by an extended spheroid
shell, under the influence of the point sources on its surface (Fig. 4-6):

Figure 4-6: Extended spheroid shell, under the influence of the point sources on its surface

The choice of body is caused by the definite solution to the task of identifying the effect of the sound radiation
from the spheroid shell under the influence of point sources on its surface. This solution was found using the
reciprocity theorem from the three-dimensional boundary task for the diffraction of a monochromatic plane
wave on this shell. The solution is presented in [51, 77]. This task can be interpreted as the sound radiation
of an elastic body under the influence of turbulent pulsations of liquid flow and the calculation based on the
focused force that is stipulated by this pulsation if of interest. In this case, it is useful to compare the results
of the numerical solution with the analytical solution results to validate its accuracy.

The geometrical and physical parameters of the shell are similar to those presented in Fig. 4-8. The point
sources of the harmonic signal are situated at the ends of the shell at points A and B; these sources imitate
the turbulent pulsation and produce some amplitude-phase distribution (AFD) of the sound wave potential on
the external surface &; and in the liquid surrounding the shell.

The numerical solution comprised two stages [51]:

1) First, the values of sound wave potential and its gradient on the closed test area in the nearest field in
the Fresnel zone created by the point sources are calculated
2) Second, the results regarding the distant field in the Fraunhofer zone are to be re-calculated.

1) In the first stage, it is necessary to conjugate the MFE solutions on the surface of area S in the sphere 7,
adjoining the shell, with the exact analytical solution to the Helmholtz equation relative to the external surface
of an endless sphere V2 with an infinitely large radius (Fig. 4-7).

Figure 4-7: The conjugation of FEM with its exact analytical solution
2) The functional of the full energy, if the system is “shell-fluid”, will have the form:

. e ad
3)E(w, P, D) = P +T — [[ iwpo®dwdS + jsp—z"cpla—fds + [[. po (@1 — @z)a—jds, (4.15)
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where P and 7" are the potential and kinetic energies of the shell; w represents normal displacement of the
shell; the surface &y; @1 P, correspondingly represents the potentials of the velocity of liquid volumes V)
and ¥ that meet the Helmholtz equation parameters and radiation continuing for infinity in volume V5.

The condition of the stationary state of E functionally leads to the fulfillment of the shell movement equation
D,

= and

and the Helmholtz equation in the sphere V1, as well as the equality of the normal speeds % and
the potentials ¢, and®, on surface 5.

The axial symmetry of the shell and the sources of radiation leads to the displacement of the shell and the
potential of the liquid’s velocity will not be subject to the azimuthal coordinate @.

The substitution of the forms that approximate the shell displacements and potentials @; and @, in the
stationary state of E functionally leads to the linear algebraic system to solve equations.

To solve this task, it is necessary to use the circular finite elements for the shell, the liquid, and the filling gas
for the conjugation of these elements, as well as the finite elements for the sphere 5. Using these elements,
it is possible to calculate the nearest field for the arbitrary sources in the form of the shells, if they are spinning.
In this case, the numerical calculations are made for a finite-elementary net that consists of 131 elements and
410 focal points (Fig. 4-8).

",

N

Figure 4-8: The finite-clementary net in the nearest shell field

The AFD of the sound pressure and the normal component of vibrational speed in the focal points of the
control surface in the nearest field is the initial for the second stage of the task solution. The sound pressure
in the distant field is found with Kirchhotf’s integral, which is also used in (4.15).

The following two variants of the forms of the control surface were used in the calculations: a non-analytical
body in the form of a cylinder with half-spheres on either end {from a measuring process organization point of
view, this particular variant is the most useful; see Fig. 4-9a) and an analytical solution (a sphere; see Fig. 4-9b).

AT

Ny

N = |/

N
s

(@) ()
Figure 4-9: The control surface in the form of (@) an enclosed cylinder (one with half-spheres at either end) and (b) a sphere
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On the basis of the proposed algorithms in [51], we calculated the angled distribution of sound pressure levels,
due to the sound radiated by the elastic spheroid shell. These calculations demonstrated a rather satisfactory
correspondence to the results of the analytical and numerical methods.

4.3. The Boundary Elements Method

To solve tasks concerning radiation and diffraction for the bodies of non-analytical surfaces, the boundary
element method (BEM) has been successfully used during recent years. Numerous scientific works are
published in this research area, which state the theoretical basis of the method {as well as the different aspects
of the application) [47, 48, 77]. The bibliographic analysis shows that BEM is one of the most relevant and
widely used methods, among the other numerical methods, to solve boundary tasks. The following advantages
of BEM (in comparison with MFE, for example) are present when solving boundary tasks:

1) The task of sampling the boundary, sphere, and scatterer, rather than the whole sphere, as a result of
which additional measures to find the condition of radiation at infinity are not required

2) The task of reducing the initial differential equation to the boundary integral equation, which presents
the exact formulation of the stated task. Here, the accumulation of error occurs during processing a
numerical solution to the integral equations by sampling, approximation, and calculation

3) The use of the analytical method, which is valid for the whole sphere, provides a potentially higher
accuracy than FEM. Where the approximation is commited in every area, for scatterers of a general
geometric form, the boundary surface is presented in the form of a collection of elementary areas [7,
51,771

The formation of isoparameter elements allows for the key coordinates of every initial element x; to be

converted to the corresponding curvilinear coordinates x; (i = 1,2,3). Here, the element’s geometry {global
coordinates) and the main variables (of displacement) are stated using the following similarly interpolative
relations {functions of the form) [51, 77] (see Figures 4-10a and 4-10b):

Ae & £, &

€

Ei

a) b)
Figure 4-10: The (a) initial boundary elements and (b) the corresponding curvilinear isoparameter boundary elements

The curvilinear coordinates of every point of the element x; (i = 1,2,3) will be connected by the key
coordinates x;_ in the expressions [7, 51, 77]:

(8 =Y No (g, = 1,2,...,60r 8 (4.16)
The functions of the local coordinates are described as follows:

a) Quadrangular elements

Ni(§) = (/D (612 + DG + & — 1 Na(6) = (/B — D+ DG —&L+ 1) N3 ($) =
AL~ )62 — DG+ ot 1pNalE) = (L4 + DG —~ 1z —G+ L)

Ns(§) = (1/2)(61 + D(1 = 3 Ne(§) = (1/2)(§ + (1 — &1);
N7(§) = (1/2)(§ — 1) — 1); Ne(§) = (1/2)(1 — &) (1 — &1);
b) Triangular elements

Ni(€) = &1(28 — 1), Na($) = &:(28, — 1) N3($) = 63283 — 1);
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Ny(€) = 48183 N5 (&) = 481655 No(§) = 46,65,

These correlations present the implicit conversion of the surface element to the planar square or to the
equilateral planar triangle in Fig. 4-10.

The correlations for the interpolation of displacements and stresses are expressed similarly with regard to
each element [78]:

1y (f) = Z(x N(x (f)ui(x; (4 17)
t; (‘f) = Zo: Na: (f)tiw (4.18)
‘When submitting (4.17) and (4.18) in the equation and using the rule of numerical integration, we get
[H]{u} = [G]{t], (4.19)

where H and G are the matrix of coefficients used in the result of numerical integration. Here, we form the
integral equation for diffracted pressure by basing it on the viewpoint at [7, 64]:

C(PYPs(Py) = — [[{px(Q)(0/9n)[exp(ikr) /r] — [exp(ikr) /rlpe?(in)}dS + 4mp;(Py),  (4.20)

Now, we interpolate the components of the vector on each boundary element and, similar to that of (4.17)
and (4.18), the sound pressure on each element is presented as follows:

Pz(€) = Lo Np(E)psz,- (4.21)
‘When we substitute (4.17), (4.18), and (4.19) into {(4.20) and complete the numerical integration, we receive
[T1{u} = [D{ps} + 4m{p;}, (4.22)

where 7 and I they each are “matrices” of the coefficients.

At the next stage, we can then solve the (4.19) and {4.22) system of equations using the boundary conditions.
According to one of the boundary conditions, the number of indeterminate stresses in the equation {4.19) can
be expressed through pressure:

[H]{u} = [6]{] + [Fl{p:}, (4.23)
where G and /' they each are “matrices” of the coefficients received from matrix G in equation (4.19).

In each of these particular cases, it is possible to use the principle of the net of nodal points for the scatterers
with axially symmetrical bodies. (This principle was used before, in [68].) Thus, it is possible to implement
the cylindrical coordinate system (r, ¢, z), connected with the cylinder, and the spherical coordinate systems
(7, 8, ©), connected with the half-spheres, for bodies with surfaces consisting of fragments.

In the process of numerical integration, the element of the cylinder’s surface with radius r; will be equal
to rydpqdzg; for the half-sphere, the element of the surface in the spherical coordinates is equal to dS =
1y25in0,d0,d g, (Fig. 4-2, 4-3).

In the process of forming the net of the boundary elements for this task, the discretization step for the
boundary surface in the direction of every coordinate should not also exceed 0.54,.

According to the Helmholtz theorem, the displacement vector 1’ can be presented in the following form:
i = —grad® +rot¥, (4.24)

where @ is the scalar, ¥ is the vector potentials that obey the scalar Helmholtz equation and the vector
Helmholtz equation, respectively:

AP + ki =0; (4.25)

A¥ + k2¢ =0, (4.26)
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where ky = w/cq; ko = w/cy; ¢y and ¢, are velocities of linear and transverse waves, respectively, in the
scatterer’s material.

For the cylinder surface, the vector ¥ is parallel to the axis of cylinder.

Due to the axis of symmetry in the spherical surfaces, the vector potential W will also have only one
component ‘¥, which 1s different from zero, ¥ = Voo in the spherical coordinate system. Thus, the

Helmholtz vector equation transfers into a scalar equation for the only component of a vector potential, which
is different from zero:

AW + k3 = 0. (4.27)

The potential of the diffused wave, as well as the potentials ® u and W, have forms corresponding to the
planar wave and containing the voluntary constants that are determined from the boundary conditions. When
all the main physical variables are functions of only two coordinates, the displacement vector will also possess
two components.

Using the correlations for the generalized law of Hooke for an isotropic sphere, which is not dependent on
the choice of coordinate systems, it is possible to present the elastic stresses on the finite surface through the
deformation components and through potentials © and ¥ [7, 55]:

a) for a cylindrical surface:

% _p B g B

o, = L, k2P + 2u(—5=—r i aTaq)), (4.28)
4 %o 09 il
Tre = u(=2r lm'l- 2r 2%—]{%‘}!—2?), (4.29)
where ¢ = g, + £, = divii;
b) for a spherical surface:
fi k] _ 4 0¥
Up ===+ Ywetgh +r 15; {4.30)
Z z
o, = Aki® + 2u(— ZTT + 71 lctgh 3—? —r 2Wctgh +r 1 ;T—:; = T*ZZ—T ; (4.31)
] 2y

T = plr 2oyl Z—: +r 2 371{21 — (;7 —2r2 Z—j —r 2¥sin20), (4.32)

where 4 = &, + &, = divu.

The following boundary conditions are to be executed at the points of the boundary surface where the normal
{(radial) component of the displacement vector 1. is continuous and connected with the normal derivative of
diffracted pressure. Normal stress is equal to the diffracted pressure:

U, = py w2 % by r=a (4.33)

where p;, ps are the sound pressures of the falling and dispersed waves, respectively. The normal stress .18
equal to the acoustic pressure in the liquid:

o, = py by r=a. (4.34)
The tangential stresses are zero:
Trg = Trg = 0 by r=a. {4.35)

‘When submitting the component of the displacement vector and elastic stress to the boundary conditions
(4.33)—(4.35), we will receive the algebraic systems for the equations at every point on the surface in order
to find out the indeterminate coefficients in the equations of potentials ® and V.
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The indeterminate coefficients are received using the ratio of determinants from the Cramer rule that allows
for the distribution of ps (@) and ,. at the nodes of the boundary elements.

The calculation for the diffracted sound pressure ps(P) in a liquid sphere is processed based on (4.26) using
the numerical integration of quadrature formulas.

The task solution to the problem of calculating the diffraction of the elastic isotropic surface does not differ
in principle from the examined solution for a constant elastic body: the internal boundary (with a liquid or
gas filler or a vacuum inside the shell) is added and, therefore, the number of indeterminate coefficients and
boundary conditions in {4.28) through (4.35) will increase.

The additional boundary conditions are formed the following way:

c¢) The normal stress on the internal surface of the shell is either missing (as in the case of a hollow shell) or
is equal to the sound gas pressure {as in the case of a gas-filled shell);

d) There is an absence of tangential stress on the internal surface of the shell.

As with the diffraction task to estimate the accuracy of the numerical solution derived using BEM in [77],
the modules for the angular characteristics in the diffusion of an elastic sphere and spheroid were calculated.
These modules were compared to the analogical characteristics of the same bodies using the analytical
solution and were shown to have a rather satisfactory correspondence (Figs. 4-11, 4-12). Also, the results of
the MFE calculations for the scattering characteristics of an elastic scatterer with a non-analytical surface
form (a cylinder with a hemisphere at each end) have also been presented. The results were approximate to
the corresponding results of the precise solution for spheroids; this solution was obtained fom [7, 55].

Figure 4-11: Modules of the angular characteristics of spherical scatterers (BEM) when ka=1, R.: a) solid sphere: 1,
hard; 2, steel; 3, aluminum; 4, rubber; ) spherical shell thickness #: 1, k2 =0.01; 2, kh =0.03; 3, kh = 0.05; 4, k2 = 0.1

Figure 4-12: Modules of the angular characteristics of spheroids, R,,: 1—steel (exact solution); 2—steel (BEM); 3-—
rubber (BEM); (a) for C=3; b) for C=5; C) for C=10; (where C = Ihy)
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MEASURING THE CHARACTERISTICS OF SOUND REFLECTION
AND SCATTERING USING ELASTIC CYLINDRICAL SHELLS
IN HYDROACOUSTIC BASIN CONDITIONS

5.1. The Criteria Needed to Make Acoustical Diffracted Measurements

A method and an experimental setup intended for measuring the amplitude and phase of the acoustic field in
the near zone of a scatterer are described. The results from measuring the scattering characteristics of low-
frequency sound signals emitted by elastic cylindrical shells are analyzed.

The following two problems regard the amplitude phase characteristics of the scattered sound field in the
near zone of a scatterer made in the form of an elastic finite cylindrical shell. Both problems are solved on
the basis of experimental data [7, 18]:

1) The determination of the nature of sound scattering by the shell at low-sounding frequencies;
2) The calculation of the angular scattering of sound in the Fraunhofer zone from the measurement of
both the amplitude and phase of the scattered field in the Fresnel zone.

The measurement of the characteristics of the sound reflection and scattering is (in general) very often
conducted on the models in the hydroacoustic basins, the shallow ponds, and any other areas used for such
research intentions [79, 80]. A principal difference in the diffracted experiment {DE) between the conditions
of the shallow water area {SWA) and that of the hydroacoustic basin (HB), with a comparison based on the
natural conditions of deep sea, consists of the reflective boundaries near to the source and the scatterer (such
as a free surface; a bottom; or the walls of the basin). As a rule, the experimenters are interested in the
characteristics of the sound reflection of a Fraunhofer zone (of a distant field) corresponding to an infinite
medium where a sound plane wave falls down and irradiates from the sound source, which is infinitely
removed ffom the scatterer.

Therefore, in the DE, and according to the conditions of the HB or the SWA by the principal problem, there
is an exception with regard to the influence of the reflective boundaries from the division of the mediums in
the characteristics of the scatterer. The solution to this problem is begun with a choice as to the form of the
sound signal. The optimum properties with this point of view have a pulse signal with a harmonic or
frequency-modulated filling. The application of this type of signal allows us to distinguish when the signal is
reflected on a body or background that prevents this from happening. Therefore, in future, we should give
our attention to pulse type signals.

We will choose a distance between the source of the pulse signal and the scatterer so that the wave, when
falling on the body (at least within the limits of the scatterer), could be received by the plane wave without
much difference. We will place a hydrophone, as a receiver of the reflected signal, in the Fraunhofer zone.
The criterion for the minimum distance between the combined antenna and the scatterer, which corresponds
to the above two requirements is founded on a known formula: R, >> DTZ {(where D is the maximum
dimension of the scatterer, and A is the length of the sound wave in the medium) [79, 81]. However, in the
diffracted measurements, the criterion of the minimum distance can be found with the help of the radial wave
functions that appearing through the fundamental solutions to the scalar Helmholtz equation [55, 82]. For
example, in the simplest form of bodies {a sphere, an mfinite cylinder, or prolate and oblate spheroids) we
will first determine a difference in the angular characteristics of the sound scattering through plane and
spherical sound waves. (Later, we will compare plane and cylindrical waves). In order to do this, we need to
know the potential of expansion in the spherical (or cylindrical) wave by using the Helmholtz equation [83]:
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1) In the spherical coordinate system, an expansion has the form

exp 8 = ik 57 o(2n + DB(cos )G, 1> >0, GD

where R represents the distance between the source and the point of an observation; » represents the radial
coordinate of the point of an observation; »; represents the radial coordinate of the source; and 6 represents
the angular coordinate of the point of the observation relative to a polar axis;

2) In the circular cylindrical coordinate system, an expansion has the form
Hél)(kR) = ¥e en]n(kr)H,(ll)(krl) cosng , rn>r>0, (5.2)
where r;, r, and R form a triangle so that angle ¢ is concluded between sides » and 7;;

_{1 by n=20;
=12 by n#0;

3) In the prolate spheroidal coordinate system an expansion has the form

G(kR) < . i ,
exp——= 2ik Z Z EmSmnlC, 18 (C, 7 ) %
. " m=0nzm
X RSDL(C,EDR(C,€ ) cosmep, & >¢, (5.3)

where &, ni(n1=cos 0;), ;=0 represents the spheroidal coordinates of the source, while §' ' (n = cos 0)
and ¢ represent the spheroidal coordinates of the point of the observation.

I

1 - the plane wave ;2 - £,=10;

3- 6124, 4-81=1,1

Figure 5-1: Modules of the angular characteristics of the soft spheroid

Analogously, (5.3) will look the expansion of the potential of the spherical wave and, in the oblate spheroidal
coordinate system only C must substitute into /C; {; must substitute into i&; and & " must substitute into i 3 g

So, in future, we are limited by the prolate spheroidal coordinate system, remembering what we can cross
over to the oblate coordinates by means of a simple substitution of the wave dimension and the radial
coordinate.

The formulas for the potential of the plane wave are derived from (5.1) — (5.3), if 7; and &; direct us toward
infinity, instead of the radial functions of the third type and the Hankel functions, then their asymptotical
meanings are used [7, 55]. We have written these asymptotics for the radial functions in our chosen coordinate
systems [7, 55]:

printed on 2/13/2023 8:37 PMvia . All use subject to https://wwmv. ebsco. conl terms-of-use



EBSCChost -

Measuring the Characteristics of Sound Reflection and Scattering Using Elastic Cylindrical Shells in Hydroacoustic 49
Basin Conditions

|7

Figure 5-2: Modules of characteristics of the sound scattering of the hard spheroid

1) The asymptotic from a Hankel function has the following form in the spherical coordinate system:

h,(f)(krl) = (kirl)il‘"exp(ikrl); (5.4)

kry—o0

2) The asymptotic in a Hankel function has the following form in the cylindrical coordinate system:

H,(ll) (kry) = 2 exp [ikrl -1 (g) (n + %)] : (5.5

krl_—mo kT

3) The asymptotic of a third-kind radial function has the following form in the prolate spheroidal coordinate
system:

3) ~ i1 .
Ryn(C, &) - ( 73 )exp(szl) . (5.6)
In these real situations, we have the terminal meanings, r; and ;. In this case, however, we can correctly
accomplish a passage from the spherical (or cylindrical) wave to the plane wave (the field of the falling wave)
or from the Fresnel zone in the Fraunhofer zone (the field of the scattered wave field, which is the area where
we explore the wave). We will apply the expansions, (5.1)—(5.3).

The convergence of the series located in the right parts of these formulas (5.1)—(5.3) depends on this as they
are quickly diminished (over the modulus) along with a growth of the indexes from the summing up of the
products from the radial functions of the first and third kinds. The numbers of the members of the series (72im,
mim) on which the summation must be broken can be established from tables of radial functions. This
procedure is shown and explained below. It can be determined from the tables of the radial functions and it
will be defined by the function of the wave dimension £ry (the sphere and the cylinder); or the C (the spheroid)
of the coordinate r or ¢ (in the given case, it corresponds to the coordinate of the external surface of the
scatterer (ry or &p); or it is circumscribed round the coordinate surface and it corresponds to this with the
requisite degree of precision. Practically, and for all intents and purposes, we can be limited by the members
in that the modulus of the product of the radial functions of the first and third kinds are 3—4 orders of
magnitude smaller than the largest module representing the product of these functions and the lesser meanings
of the indexes. As well as this, it can be placed on the boundary of the Fraunhofer zone for ideal scatterers in
the form of a sphere, cylinder, or spheroid (or similar forms). However, in this case, the indexes nim (the
sphere, and the cylinder) or nim and mum (the spheroid) of the radial functions of the third kind must be
fulfilled. The asymptotical formulas (5.4)—5.6) are determined by the more complicated combination of the
radial functions of the first and third kinds (the hard scatterer and the derivatives of these functions), and by
entering the coefficients of the expansion of the pressure in the scattered wave over the functions of the
Helmholtz equation. The concrete formula for these coefficients has been settled as it has proceeded both
from the shade of the boundary conditions and from the type of source which generates the falling wave. For
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the ideal scatterer in the form of a prolate spheroid, the combination of the radial functions has the following
form:

The point source
a) the soft spheroid
(3) (3) RS (CE0)
R (€ EDRTD (€, O 72 57)

b) the hard spheroid

'

mn(C!{: )

R (€, ERGH(C, §) (3'):(6;) ; (5.8)

m,n 50
The plane wave
a) the soft spheroid

(3) ", n(C o)
R, 5:9
(a)@@m (5.9)

b) the hard spheroid

R (€, ORI, &) /REL(C,&).  (5.10)

If we use the formulas (5.9) and (5.10), we will find the boundary ¢ of the Fresnel zone and the Fraunhofer
zone of the scattered pressure for the plane falling wave and can then place the point source (£;=2) on this
boundary. That is, as seen from the comparison of (5.7) and (5.8) with (5.9) and (5.10), this boundary will,
in general, show the irradiation for both types. Figs. 5-1, 5-2 confirm these through the angular characteristics
of the scattered pressure by the soft and hard spheroids in the Fraunhofer zone from the plane and spherical
waves. In Fig. 5-2, curve 1 corresponds to the modulus of the angular characteristic of the sound scattering
by the hard spheroid and the plane falling wave. Curve 2 corresponds to the point source with the coordinate
&;=10,0 and the distribution of the modulus of the scattered pressure on the radial coordinate £;,=/0,( by the
falling plane wave. Curve 3 characterises the distribution of the modulus of the scattered pressure for the
radial coordinate &;=170,0 (this is the coordinate of the source).

The numerical estimations shown include the minimal distance R, from the scatterer to the boundaries of
the Fresnel and Fraunhofer zones. This was found to be the following inequality Ruin>2(D"/).

We see that, for spheroidal form scatterers, the linear distance from the surface of the scatterer & to the
boundary line, £, depends on the angle of the observation. @ is the greatest distance to the border for the
angle #=0"and the shortest distance for #=90° (the oblate spheroid, as with the prolate spheroid the situation
will be opposite and the maximum distance will be 8 = 90°, while the minimum is8 = 0°). We can also
notice that for the angle §=0° (the axially symmetric problem), the index » in all the formulas has one
meaning: m=0.

When taking the measurements of diffracted acoustics in natural ponds, one must remember the following
principal demands [79]:

1) To have large enough dimensions so as to minimize unintended interference evoked by the sound
reflections from the way the pulse regime is administered.

2) To have a low level of surrounding noise.

3) To have a liquid medium, which must be free from all sorts of factors that could potentially evoke a
refraction or scattering of the sound (such as different flows, temperature gradients, sea creatures,
bubbles, and soil).
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Protection from rainy weather must be ensured in order to secure a low level of background noise; the
stability, and thus the accuracy, of the monitoring platform; and convenience when taking measurements.

Sources of extraneous noise audible from the basin include ships, industrial plants (especially their associated
water pumps), freight transport, railroads, rain, and waves. Sources of extrancous noise audible from the
auxiliary platforms are different as they include piers, bridges, and barges, as well as ships. Piers and bridges
offer the most convenient and stable working conditions. If the basin is large and deep, one must use a sailing
construction; however, stability and convenience must be secured by including a weighted vertical dimension
of the construction and by securing it in place by means of service lines running under the water to posts
leading to the shore.

The frequency range of the reflective body does not determine the simple criterion for the minimal acceptable
depth when gathering measurements in the basin.

The quality of the hydroacoustic basin depends on the degree to which it can remove the sound reflections or
the elimination of the interference resulting from the reflections. If the sound reflections are destroyed or
attenuated by absorbing the boundaries of the basin, then the basin will be submerged.

A big part of the problem when conducting measurements in hydroacoustic basins is that they are not closed
and are similar to natural ones, but not terms of their dimensions. However, an exception is the reserved
submerged basin, as it can imitate the conditions of the measurements of the deep ocean, given the high static
pressures and the low temperature of the water within it.

As shown by the results of the pulse regime, the shape of the basin does not play an important role. A limiting
factor is the distance to the reflective boundaries of the surfaces closest to the path that propagates the straight
acoustic signal from the source to the scatterer and receiver.

5.2. The Structural Schema of the Experiment and its Methodology

A block diagram of the plant used to generate the pulse regime and gather the amplitude phase measurements
of the reflected (scattered) signal is presented in Figure 5-3.

Di ity
K % Hydrophone (H)
Source (S)

Model (M)

Figure 5-3: A block diagram of the plant used to measure the sound scattering

The block diagram includes the radiating section, the scatterer (model), and the liquid medium. We will
explain principles of how it works using time diagrams of the voltages in the radiating section (Fig. 5-4).

- —
iy NA
TATRY A

Figure 5-4: The time diagrams of the voltages in the plant’s radiating section
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The harmonic oscillations generator () creates the harmonic signal with the frequency, @ (see diagram 1 in
Fig. 5-4). The crystal-controlled digital frequency meter (Fr) controls the frequency. When it is entered into
the modulator {(Mod), it creates a rectangular video pulse over the duration 7 {see diagram II in Fig. 5-4). The
harmonic signal is turned into the pulse signal by the pulse’s rectangular envelope and the harmonic filling
on frequency w (see diagram III in Fig. 5-4). This pulse signal, with the help of source S, exposes the liquid
medium from either the basin or the water area to the sound. Hydrophone H (the receiver in Fig. 5-3) is able
to receive different signals, which are independent from the situation. If it turns out well, then it will divide
the signal p,, which is reflected from the model and the hindrance, p,, thereby creating the sound reflection
from the boundaries of the divided medium. The receiver will fix the signal ps towards the model’s scatter. 1f
the model is absent, then the hydrophone will only receive the straight signal . If the receiver is placed near
the model, then the straight and scattered signals cannot be divided. In addition, the hydrophone is able to
fix the diffracted pulse signal.

At low frequencies, the interference of sound reflections can only be avoided when they are near the model.
In this case, it is almost impossible to separate the direct signals from the reflected signals when both are
measured.

The receiver detects the total (diffracted) signal. If the undistorted signal (obtained without the model) is
known at the same points, then the scattered signal can be determined using the difference between the
diffracted and straight signals when the amplitudes and phases of these signals are measured simultaneously.
From the distributions of the scattered or diffracted signals, it is possible to calculate the angular
characteristics of the far field of the scatterer using the Kirchhoff integral [82—85]. In acoustics, this method
of extrapolating the near-field data to the far field was first applied to hydroacoustic arrays. This is known as
the DRL method in the literature [79, 81, &3, 86].

The sound pulse {p., p;, or pz) is turned by the hydrophone using an electric signal. This first occurs at the
preliminary amplifier (=) and then when the spectrometer’s (Sp) ultrasonic frequencies are turned towards
the frequency of the filling in pulse . Further, the signal propagates the two channels. Over the first channel,
the signal that is filtered out by the spectrometer (Sp) is given a time selector {1'S) that cuts out 1-2 periods
in the placement part of the pulse. The pulse signal with the time selector and the harmonic signal with the
harmonic oscillations generator (G) use the digital phase-meter’s (DPh) two entrances, which then measures
the phase of the signal received by the hydrophone relative to the signal from the generator (().
Simultaneously, the signal with spectrometer (Sp) arrives at the commutator’s {C) first entrance. The second
entrance receives the signal with the time selector (1S), which is dependent on the position of the
commutator’s relay. This is displayed on the cathode-ray oscilloscope’s (Fos) screen. We can then observe
either the total time of the pulse’s linear sweep picture in the liquid medium. This is either based on the time
or the placement of the time selector (TS).

This example uses the DRL method [7, 9]. If we know the distribution of the scattered p: or diffracted py =
p; + ps pressures on the surface S surrounding the scatterer, then with the help of the Kirchhoff integral, we
can determine pg(P) or p;(P) at any arbitrary point of observation P [7, 18, 79-81]:

ps(P) = (=) I1L{[22£2) 6 (P; @) - pa(@) [522]}as, (5,11

where index d is s or 2 O represents the point of the surface S; and G (P; Q) represents the Green function,
according to the non-homogeneous Helmholtz equation [2].

The values of G (P; (J) are chosen so that surface § disappears ((7;) or turns into zero. Its normal derivative
is G, and so we get the following two integral formulas:

po(P) = = (=) If pa(@) [*£22] a5 ; (5.12)

ps(P) = (=) 1 [22£2] 6,(P; Q)ds . (5.13)

For the surface S of spheroidal or spherical forms, the formulas for (3; and Gz have the following form [7]:
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G(gm, d:€\m.9) = 20k ). Z S (€, D3mn(C1) X
n=0m=

x exp[im(¢ — ¢)] [RGn(C, VR, 6) — REL(C,EVREL(C,©) X

BalC)| ey e (5.14)

1
X Ry (. §0) 73 2

GoEm B 57, 9) =2k Y D S (€3 (C1) X

n=0m=-n
x explim(¢ — ¢)] [Rn(C.€ YRR (C, ) — R (C.E)RIC, &)
Ny .
& el T EE A3
61(r,6,9,7,6,¢) = ik ieo(2n + 1) Xhe , [272] x

{(n+m)!

X BM(cos G)Pm(cos 0 )exp[im(gb ¢ )] [jn(kr')h,(f) (kr) —

B (ke
)] ¥ > 7(5.16)

= nlhero )i (k) =

Gy(r,0,0,7,0,¢") = 1k2(2n+1) Z [EHJFZ;: x
x P (cos G)P,’l”(cos &, )exp[tm(qb qb )] [jn(kr )km (kr) —

i R DD ey 2 )

, r>r (517
(1)(k 7o) ( )

where &, #, @, r, 4, and @ represent the spheroidal and spherical coordinates of the point of the observation 7,
En',¢" and r',0', ¢’ represent the spheroidal and spherical coordinates of point  on surface S in which
= andr =1

An advantage of the monomial integrals (5.12) and (5.13) in comparison with the two integrals {5.11) is that,
in order to define the pressure in the distant field, it is enough to only know the distribution of the pressure
pa(Q) or its normal derivative p;(Q) along surface 5. The formulas (5.14)—(5.17) are simplified [88] due to

the substitution of the radial functions R( ) (€, &) and hg) {(kr) with their asymptotical meanings. This is a
fair statement for the distant field in the Fraunhofer zone.

With regard to the binominal integral (5.11) as the Green function G (P;(), we used
G(F;Q)=exp(ikr)/r, (5.18)

where 7 represents the distance between points £ and ). Additionally, due to the absence of miniature
receivers from the oscillating velocity sound wave, we can use one to two approximations:

1) For the scattered wave near surface 5, we can account for its movement by spreading it within a plane.

Measuring the normal derivative dzz_:z) 1S unnecessary, as pS(Q) = itkp Q).

dps(@)

2) To measure the derivative we can substitute the relationship between the terminal differences of

2

the pressures [Ap,(@Q)] and the distances Ag with the measurements of the surfaces, S; and S2:

dps(Q)  Aps(Q)
dn Aq

In the Fraunhofer zone (r is big), then the usual approximations are fair [6]:

(LRR)

ps(P) = D(6, ¢) ex; (5.19),
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where R is the distance from the beginning of system (O’s coordinates to the point of the observation; D(8,¢)
is the angular characteristic of the scattering of sound in the spherical coordinates 8, ¢; and

( d ) {ikr) ( d ) {ikR)
an |P | T\ [P TR |7
~ tkR™ 1 exp(ikR) (3—:) = ikR ' cos 0 exp(ikR) , (5.20).

In the distant zone, the single vector from Q through P can be substituted with the single vector 7t from point
O through point P, so that

cos 8 = myn, + myn, + myn, .

. . o .. d
In practice, the continuous distributions of both the pressure p(() and the normal derlvatlve% are

substituted for discrete distributions. From the integrals, we can find the numerical quadraturs for both of the
following approximations [7, 18, 82, 84]:
ihoC L2 P | '
(B, ¢) = (52) (52 — 12 [, do' [, [-paQ) cos '+ pa(Q)] x
2 2 % : J L L 5 5 3
x (§2 —n?)2 exp(iB) dn’ = ( y )(fo —1)2 Z DmZAI x
' ¥ ; m=1 =1
X P dm), § =% d=5 or X;(521)

W 2m e+l )
DO, ¢) = (ﬁ) (&5 _1)%1;) de j1 l—pd(Q)ikcosﬁ +

Ap4(Q)
4q ” g

M L
, ! . (ks 5
X (52 —7?2)2 exp(iB) dn = (ﬁ) (£2—1)2 Z szfla X
' . P m=1 =1
x Py tm), §=%&; d=5 or X;(522)

where @, (1, y,) and @, (1, by,) represent the meanings of the corresponding integrand functions in the
nodes of the numerical quadratures; 7, and M represent the number of the nodes following the coordinates 7’

and ¢', respectively; 4; and D, represent the main coefficients; and the formulas for cos 8" and B are given

in [8]. By using (5.22) for the calculation %, we can measure the pressures exerted on the two disposed

confocal surfaces, as the distance between them is much smaller than the length of the sound wave 1 in the
liquid. An exception is the non-homogeneous flexural waves in the scatterers, which occur in the form of
elastic shells. Here, the distance from the surface of each scatterer to the nearest (main) point must not be 1.2
the distance between the main points. Also, in order to avoid false maximums, the distance must be less than
A2,

The measurements of the diffracted pressure’s distributions near the model can be scattered pressure with the
help of the construction presented in Figure 5-5.
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Figure 5-5: The angular gear used to measure the distributions in the near zone
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The model (1) was suspended in the construction (2) with the help of metallic strings. The miniature
hydrophones (3) were fixed to the angular gear strings (4), which were made from hollow (water-filled) metal
tubes. In order to obtain the correct phase measurements, the hydrophone size needs to be small in comparison
to the sound’s wavelength. The low-speed electric motor (5) rotated the angular gear around the model at the
required time and on an assigned angle. At each of the system’s fixed positions, the amplitude-phase
distribution of the diffracted pressure was measured using a switch (6) and the receiving channel of the
experimental setup (see Fig. 5-5). The distribution was sent to the PC via an A/D converter, and this was used
to calculate the angular characteristic was calculated. The sound pressure, which was scattered by the elastic
shell, was measured in the Fresnel zone using the setup in Figure 5-5 and the structure in Figure 5-6.

€=1005
=0°
—_r’—_—,/ - z
’ =780°

Figure 5-6: The directions of the measurements, AB, CD, EF, and OM; the measuring points; and the cylindrical shell’s
contour on the measuring template

The latter (Fig. 5-6) consisted of a rigid template, which was fixed above the water’s surface. The paper sheet
was glued to the upper surface of the template. The cylindrical shell’s contour with flat ends; the
approximating contour in an elliptical shape; the elliptical contour; and the measurements of AB, CD, EF,
and OM were drawn. Along the shell contour, the elliptical contour and the AB, CD, EF, and OM suspended
the miniature spherical hydrophones with a diameter of d=5 mm. The strings were strained with the load,
which was positioned near the bottom of the tank in order to eliminate its effect on the scattered sound field
measurements [85].

In both types of experimental setup, changing the source’s position with respect to the scatterer varied the
angle at which the model was insonified. The insonifying pulse length was always greater than the maximal
size of the model.
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As in the setup shown in Figure 5-5, the measurements were performed twice. First, the magnitude of the
diffracted pressure and its phase were measured in the presence of the shell. Then, the shell was lifted to the
surface, and then the pressure magnitude and the phase of the incident wave were measured at the same points
as before.

5.3. The Analysis of the Results

The measured amplitude-phase distributions of the diffracted or scattered fields near the scatterer allow for
the determination of the factors that govern the formation of the scattered field. Figure 5-7 shows the
magnitude and the phase of the scattered pressure for the finite cylindrical shell, which is insonified along its
rotational axis.

[

20 T
C"=3,1

£,= 0,1005

~L_| Pz
|t
7

7&

s

- 20 7
A
/]

—7X

Figure 5-7: The magnitude-phase distributions of the scattered field

At this axis (the OM direction in Fig. 5-6), the distributions of the magnitude and the phase were measured
at different wave distances kz from the end of the shell with radius a. Curves 1 and 2 represent the
experimental values of the magnitude and the phase of the scattered pressure, respectively. Curves 3 and 4
represent the corresponding distributions for the elastic hollow oblate spheroidal shell with a major semiaxis
a and insonification along the OM direction [89]. Distributions 5 and 6 characterize the magnitude and the
phase of the scattered pressure soft oblate spheroid. The wave size of the body was C = ka = 3,1.

Figure 5-8 shows similar distributions for the magnitude and phase of the scattered pressure for the
aforementioned spheroidal shell along the OM direction with another wave size of C = 1,0.
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Figure 5-8: The calculated and experimental distributions for the magnitude and phase of the diffracted pressure

Figures 5-9 and 5-10 compare the experimental and, for the acoustically soft infinite cylinder, the calculated
distributions of the magnitude and phase of the diffracted pressure.
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Figure 5-9: Calculated and experimental distributions for the magnitude and phase of the diffracted field
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Figure 5-10: The calculated and experimental distributions for the magnitude and phase of the diffracted field

Distributions were measured along the EF direction and the data was obtained for bounded cylinders with the
wave size C = ka = 1,0 (Fig. 5-9) and C = ka = 3,1 (Fig. 5-10). In addition, Figure 5-9 compares the
distributions of the magnitude and phase of the diffracted pressure obtained for two shells (model 1 and model
2) with identical lengths and diameters but with ends of different thicknesses. In both cases, the shells were
irradiated along the EF direction.

The structure represented in Figure 5-6 makes it possible to obtain the angular sound-scattering characteristic
D(0) for axisymmetric models insonified along their axis of rotation by recalculating the relation of the near
field to the far field. This is because it is not necessary to measure |pg| and d y; for the different values of the
angle ¢. Figure 5-11 displays the results of the measurements of the magnitude of the angular characteristic
[D(6)|. This is completed for the aforementioned cylindrical shell by using the setup and method of
measurement described above.

C"=10; 0,~0°

|D(8)}-107
50

180

Figure 5-11: A module of the angular sound-scattering characteristic of the hollow cylindrical shell
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CHAPTER 6

THE PROPAGATION OF ELASTIC WAVES IN I[SOTROPIC
AND ANISOTROPIC BODIES

6.1. Calculating the Phase Velocities of Three-Dimensional Flexural Waves in Isotropic
Cylindrical Bars and Shells Using Debye and Debye-Type Potentials

The mathematical models of elastic wave propagation in an elastic bar and an elastic shell are very close to
each other. The contact boundary value problem formulated for a shell differs from the one formulated for a
bar in that it contains an additional boundary surface, which leads to an additional number of unknown
coefficients determined by the additional boundary conditions. By contrast, at high frequencies, the wave
processes in a shell differ little from those in a layer; therefore, a simultaneous study of these structures is
justified. We begin with the more simple of the two structures: namely, the bar.

Wave motion in an isotropic elastic layer was described in [90]. As in [91-95], in our work, we analyze the
phase velocities of elastic waves in an isotropic cylindrical bar with an arbitrary radius, a. Unlike [2-6], we
consider a rigorous solution to the problem of the phase velocity of a three-dimensional flexural wave in such
a bar [96-99]. The novelty of this study lies in calculating the phase velocities of three-dimensional flexural
waves propagating in isotropic bars and shells with the use of a rigorous method based on equations of
dynamic theory and Sebye- and Debye-type potentials.

We denote the density of the bar material by » and Lame coefficients, 1 and y; the isotropic bar under
consideration is assumed to be in a vacuum. The bar displacement vector Uobeys the Lame equation:

(A + 2w) graddivU — peurleurll = —pw®U , —(6.1)
where w represents the circular frequency of the harmonic vibrations.

According to the Helmholtz theorem, the displacement vector U of an elastic bar is represented as the
combination of a scalar function @ and a vector function 4:

U= —grad® + curld . (6.2)

The vector function 4 is expressed through Debye-type potentials, y and ¥ [100, 56], which are close to
Debye potentials, I and ! [96], but which differ in that they are more convenient for calculations of the
cylindrical coordinate system:

A = ¥é, + acurl(¥é,) , (6.3)

where €, represents the unit vector.

We introduce the circular cylindrical coordinates r, ¢, and z. Cylindrical components of the displacements
vector U (Ur, Ug, Uz)are represented in terms of the potential @ and the cylindrical components of the f

function A(4,,Ag, A,) [96, 971:

_ ¥ | 184, DAy
Uy = ar+ra¢ az

100 | 04, d4,

U =2 or (64)
_ 3 1 BAp 194,
U, = 62+TA¢'+ ar rdp
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Cylindrical components (4,, 4,, A) of the function A are expressed through potentials y and ¥ and take the
form

a oy
T_ra¢ (65)

oy

A, =x.(6.7)

5000 N 5
D ERE
4000 /F
e
3000 ]

Figure 6-1: Phase velocities of first three modes of a flexural wave

Potentials @, y, and ¥ can be expanded in the eigen-functions of the scalar Helmholtz equation:

& = e* T o Amfm(hT) cos(me) ;
Y =e® 3 o BuJm(kT) cos(mep) ; (6.8)
x = e* ¥h 1 CrJm(kT) sin(mg)

where h' = (h2 kz)l/2 " = (k2 — k?)¥/2; h represents the wave number of the longitudinal wave in the

bar material; k represents the desired wave number of the three-dimensional flexural wave;J,, (h /T) represents
the cylindrical Bessel function; and 4, B, Cw represents unknown coefficients, which are determined from
boundary conditions at the bar surface—namely, the absence of normal and tangential stresses:

6Ur 16U¢ 6UZ _ .
A+2) 2t (ra¢+ U, az)r:a_o ; (6.9)
AUy 1 19Uy P
S2-tUp 252 =0 (6.10)
au, AU, .
422 =0, (61D

Substituting expansions (6.8) in boundary conditions (6.9) through (6.11), we arrive at the third-order

determinant
a11 Qg2 Qg3
A= (21 G222 43|, (6.12)
az1 dzz dz3
where

a1 =~ + 20)]m(h'a) + A[(@2m? + k) (H @) — a™Ypu(Ha)] ;

ayp = 2uaikfy(k'a) ;
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a3 = 2pa tm (],'n(x'a) = afljm(x'a)) :

Ay = 2ua*1[j;n(h'a) — afljm(h'a)] 2
Ay = 2i}cmafljm(1c'a) — 2ikm]7',1(1c'a) :
sz = —j,;l(x’a) —mzafzjm(xra) + ailj,'n(hf'a) 1
ay, = —2ikfy,(h'a) ;
azy = a Yp(c'a)[m? —a 2k? + 1] — 2m*a 2 (x'a) — Jm(x'a) — afm(x'a) ;
Q33 = thma 1/, (IC ra,) .
Deeterminant (6.12) proves to be the same for cases that use Debye potentials and Debye-type potentials. This
result indirectly confirms the correctness of the method chosen to solve the problem. Setting the determinant

{6.12) equal to zero {which ensures a nontrivial solution), and assuming that the bar radius is a=1,0, we obtain
a characteristic equation for determining the wavenumbers of three-dimensional flexural waves.

To estimate the response of a liquid to the phase velocities in the bar, the latter was placed in water. In this
case, boundary conditions (6.9) through (6.11) complement the continuity condition for the normal
components of the displacement vector in both the bar and the liquid:

a¢’1

UT:_ar »

(6.13)
=a
where

@y =BT DmH,S})(y'r) cos{me) ; (6.14)

¥ = (y* — k?)'/2 ;y represents the wave number of a three-dimensional wave in the liquid; H,,(,} ) (y7)
represents the Hankel function; and 7J, represent unknown coefficients determined from boundary
conditions.

Condition {6.9) becomes inhomogeneous:

au,
ar

10U 1 ou
+A(__¢+;UT+_Z)
o

(A +2p) v 8 Az

= pow’®; (6.15)
=a

where po represents the density of the liquid medium. Substituting expansions (6.8) and (6.14) in the
boundary conditions (6.10), (6.11), (6.13) and (6.15), we arrive at the fourth-order determinant

197 1z 13 U1g
1 Gz Gz Hpa

4= ,(6.16
@31 O3z Gdzz dzq ( )
(g1 Qgqp Quz Gy
where elements a,; + as; coincide with those appearing in equation (6.12):
tlg = POCUZHm(Y a) ;
=0 ;
tyy =0 ;
y1 = —fm(h a) ;

By = aik].,;l(x'a) ;

gz = a 'mfy(x'a) ;
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Qgq = — ;n(Yra) .

In the presence of the liquid, wave numbers & that make the determinant (6.16) equal to zero become complex
because of the bar radiation causing irreversible losses. Unlike the bar, a flexural wave propagating in a
cylindrical shell can be three-dimensional or two-dimensional {axisymmetric). The result reported in [101]
was used in [102] and [103] to study phase velocities of elastic waves in an isotropic cylindrical shell.

To study a three-dimensional flexural wave propagating in an isotropic cylindrical shell, we applied the same
mathematical device used to study flexural waves in a bar. However, in this case, the inclusion of the second
(inner) boundary surface leads to a greater number of unknowns and a greater number of boundary conditions.
Now, expansions of potentials @, J, and U take the following form [71, 104, 105]:

@ =e*2y® _ cosme [Amjm(h'r) + B Nm(hrr)]'

V=e¥Y2 _cosmd [ijm(}c r) + D Nm(x T)] (6.17)

U =g¥ys 1smmq‘b[Emjm(}c r) + K m(x T)],

where A = (k7 —k° )% s = (k- kz)l/ 2; N, (h'r) represents the cylindrical Neumann function; and

Ay By Cony Doy Ei, By, TEpresent unknown coefficients determined from the boundary conditions, which are
set at the outer (r = a) and the inner (r = b) surfaces of the shell.

Boundary conditions exist, in the absence of stresses, on the two surfaces of the shell:

(r=a and r=5)
a au
@A+ 2u) (32) +2[+(S “’)+ U+(Z)]‘r=a;‘r=b=0 (6.18)
(Z8) + 210, +2 (‘;’31) =0 (6.19)
() +(22) =0 (6.20)

r=a,r=>b

Substituting expansions (6.17) in boundary conditions {6.18 through 6.20) (using the orthogonality functions
cosm¢ and sinm¢), we arrive at the following sixth-order determinant for the mth mode of three-
dimensional flexural waves [71, 104, 105]:
11 Gz 93 G4 15 Qg
tz1 Oz Q23 U4 Q235 Uz
a a a a a a
A=|%81 @32 O3z f3a G35 Osg , (6.21)

gy Qyp Qg3 Qeg gz Oy
51 G52 Q53 dsa gz Ogzg
Qg1 gz COgz dea Qgs  Ogg

where

ay =—~(A+2 p)Jy(Ha)+
+Ala2m?I (Ka)-a T, (ha) + k2T, (h'a));

a, =—(A+2u) N, (Ha)+
+ A [a?m’ N, (h'a)-a ‘N (Wa)+ k°N, (h'a);

a;, =(A+2p)-ik,m’ U, (xa)-J ) (xa)|+
tik,d o(xa)+ik,k?[J, (ka)+ad, (xa)]}+
+ Mik,a T (xa)l? v m? ) —ik,a” T (ka)(m? +k7)—
—2ik,k? T, (Ka)—ik,J ) (xa)};
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a,, =(A+2 ) {-ik,m’|N,(xa)-N (xa)]+
ik, NI {(x'a)vik,k? [N, (xa)+aN, (xa)]} +
+ A{ik,a” N, (xa)(k? + m? ) —ik,a N, (x'a)x
x{m® +k?)-2ik,k’N, (xa)—ik,N"(x)};

ays = 2(A + 2p)(a 2 — Dikmj,, (x'a);
a1 = 2(1 + 2p)(a~? — DikmN,, (x'a);

az =—AA+2u)J {Hb)+
+A[BEm?d  (WB)—b~1T! (W'b)+ k2T (W'B));

@y =—A+2 )N (h'b)+
+ A [B2m? N, (h'b)=b N, (hB)+ kN, (K'b));

ay, =(A+ 2 pu)—ik,m? [J,(xb) =T {xB)]+
vik, J (kb)Y +ik, k2 [J, (kb)Y +bJ (xb)]}+
P Alitb 20 (kBYE +m? ) 1hb T (B ) (m? + k7 )
= 2ik, kT (kb)Y —ik,J(kB)};

a,, =(A+ 2 uY=ik,m?[N, {xB)- N}, (x'B)]+
+ik, NI {(x®B)+ ik 2 |N, (xB)+ DN (xB)]} +
+ ik, b N, (DY k? +m? ) =ik, b7 N, (&b )x
x{m? + k2 )= 2ik,k° N, (xB) =ik, N {(xb}};

azs = 2(A + 2u)(b™% — Dikm/y, (xb);
aze = 2(A+ 2p)(b 2 — D)ikmNy, ('b);
agy = 2ma Y (h'a) — a Yn(k a)];
as, = 2ma [Ny, (h'a) — a 1N, (ka)];
azz = ikom{fm (c'a)[a 22 —m?) —k?] — Jpu(x'a) — a Yp(x'a)};
azq = ikom{Npy (c'a)[a 2(2 —m?2) — k2] — Npp('a) — a Ny (x'a)};
ss = ikjn(1c'a)aks;
sz = tkNy, (x'a)aks;
ay, = 2mb ) (k'b) — b=, (h')];
(g = 2mb [Ny (D) — b Ny (B'B)];
ays = ikym{J(k'b)[b2(2 —m?) — k2] — [ (D) — b Y (kD)
ayq = thom{N,, ('D)[672(2 — m?) — k2] — Np(x'B) — b7 IN,, (x'b)};
@45 = ikjy (1K'D)bkS;
Ay = tkNy, (1c'b)bk3;

as, = —2ikfn(k'a);
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asy = —2ikNy, (h'a);
ass = —kky{Jm(k'a)(m? + a1k?) + 5/ (k'a) + afy(k'a)};
asy = —kko{ Ny (k'a)(m? + a7k?) + 5Ny (k'a) + aNp (k'a)};
ass = kim[a™Y,,(k'a) — J(k'a)];
ase = k3m[a Ny, (i'a) — Ny, (ic'a)];
agy = —2ik)m (1'b);
agy = —2ikNy, (h'b);

Qg3 = —kle {Jon (kD) (2 + b7k + 5] (kD) + bl (D)}
gy = —kko{ N (k'B)(m? + b~?) + SNy (k'b) + bNm (k'b) };
ags = kZm[b™,, (k'b) — Ju (1) ];

g = kZm[b~IN,,(ic’'b) — Ny (1'D)];

Setting the determinant (6.21) equal to zero, we obtain the characteristic equation for wave numbers of the
mth mode of three-dimensional flexural waves in an isotropic cylindrical shell with an arbitrary (but constant)

thickness.

Figure 6-3: Phase velocities of three-dimensional flexural waves in aluminum shells

Figures 6-2 and 6-3 represent the solution to the characteristic equation for steel and aluminum shells of
different thickness. In calculations, the outer radius a was assumed to be identical to 1,0 and the inner radius
b had been given two values: # = 0,99 (indicated by a solid line) and 0,8 (indicated by a dashed line). The
plots show velocity values for longitudinal (c,), transverse (c,) and Rayleigh (cg) waves. The value of m=1
corresponds to the 0™ mode of the flexural wave with its velocity asymptotically tending to the Rayleigh
wave velocity cg; A = ¢;/f is the wave length of the longitudinal wave propagating in the shell material;
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and /is the wave frequency in hertz. Fig. 6-2 shows the phase velocities of three-dimensional flexural waves
in steel shells, and Fig. 6-3 corresponds to aluminum shells.

Now, we will consider flexural and longitudinal axisymmetric waves. According to [71, 104], m the
axisymmetric case, boundary conditions (6.18) through (6.20) are simplified; condition (6.19) vanishes; and
condition {6.18) takes the form of

) T+ (5l

The fourth-order determinant obtained from the boundary conditions takes the following form [71, 104,
105]:

=0 (6.22)

r=a,r=b

@+ 2)

Q17 @2 93 14

4= ; (6.23)

where
ayy = —(A+ 2w/ (h'a) + A[k2]o (k') — a~ Yy (k'a));
ay; = —(+ 20Ny (h'a) + A k2Ny(K'a) — a Ny (k'a)];
a3 = —2ipkf(c'a);
a1y = —2ipkNi(x'a);
ay1 = —(A+ 2] (WD) + A[k2To(K') — b (k') ;
ayy = —(A+ 2wNg(h'b) + A[k2Ny(h'D) — b~ INy(R'D)];
azz = —2ipkfy (xk'b);
Ayq = —2ipk Ny (x'D);
asy = —2ikjo(h'a);
as, = —2ikNy(h a);
ass = k%, (x'a) — ), (x'a) + J1(x'a) + J1 (x a);
azq = k?Ny (K'a) — Ny(x'a) + Ny (x'a) + Ny (ic'a);
ay = —2ikJy(h'b);
ay, = —2ikNy(h'b);
ays = k2 (') — J1(x'D) + J1(x'b) + /1 (x'D);
asq = k2N (k'b) — Ny (x'B) + Ny (xc'b) + Ny (x'B). EE

Expanding the determinant (6.23) and setting it equal to zero, we obtain the characteristic equation for wave
numbers of flexural and longitudinal axisymmetric waves.

For torsional axisymmetric waves, the determinant is given in [71]:

_|ahaa) - hlga)a?  a Ny Gga) — Ny (g a)a?

= b*lji(}clb) — bfzjl(}clb) blel'(K_lb) _ bile(}Clb) 5 (624)
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where k; = (k3 — k?) /2 in which k is the desired wave number of the torsional axisymmetric wave in the
shell. Setting determinant (6.24) equal to zero, we obtain the characteristic equation for wave numbers of
torsional axisymmetric waves.

6000 —

2000 —

1000

0.0 0.1 0.2 0.3 04 0.5

Figure 6-4: Phase velocities of flexural, longitudinal, and torsional axisymmetric waves in the shell

Fig. 6-4 shows the phase velocities of flexural, longitudinal, and torsional axisymmetric waves. Curve /
characterizes the phase velocity of the 0™ mode of the flexural wave; curve 2 corresponds to the 0" mode of
the longitudinal wave; curves 3, 4, and 5 correspond to nonzero modes of longitudinal and flexural waves;
straight line 6 is for the 0™ mode of the torsional wave; curve 7 is for the first mode of the torsional wave;
and @, .

To determine the influence of both the external and the internal liquid media on the dispersion curves of phase
velocities in the shell, we add two columns and two rows to the sixth-order determinant (6.21). Therefore, it
is transformed into an eighth-order determinant, while the fourth-order determinant is transformed into a
sixth-order one. Sound wave potentials @, (in the external medium) and @, (in the shell filler) are expanded
in cylindrical functions according to the following formulas:

@y = Y00 GnH (y17) cos m pei*?, (6.25)
Dy = Xin=0 KmJm(¥21) cosm ¢eikz, (6.26)

where y; = (w/c3)? —k?; y, =/ (w/cy)? — k?; c3and ¢, are velocities of sound in external and
internal media, respectively.

The surface wave vector component along the Z-axis, z = k is the same as in shell due to Snell’s law. The
boundary condition (6.18) set for normal stresses at two surfaces of the shell is transformed as follows:
A+ 2wU,/or) +

1 /80U 1 ;
42 [; (a—qj’) + ;UT + (aUZ/az)] +iwp; P, =0, |- (627)

where p; represents the density of the external medium and

A+2w)(0U,/or) +
10U 1 .
+A [z (a—qj’) +2U, + (0U,/02)| + iwpy®; = 0, |,y (6.28)
where p, represents the density of the internal medium. In addition, two other boundary conditions, which
consist of the continuity of normal components in the displacement vector at the two boundaries, are

nccessary:

— + ————— —_— = 0 (629)
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v 104, %4p 0%y _
6r+?‘6¢r 9z ar =0 (6.30)

In the axisymmetric case, condition (6.22) is transformed as follows:

A+ 2u) (55) + 2[5 0, + (32)] + iwp @y =0 (63D
@+ 2u) (52) + A [0, + (32)] + iwpr =0 (632)

In the axisymmetric case, the added boundary conditions are expressed as follows:

00 04 0o,

or dz dr (6.33)
|-

2@ od o

agr o8z @ or (6.34)
L:z;

Here,
@, = GoHM (yyr) e, (6.35)
Py = KyJo(yzr)et™. (6.36)

Boundary conditions (6.27), (6.28), (6.33), and (6.34) add two rows to the determinant, and factors
multiplying unknown coefficients G,,, K,,, 1 G, K, (the axisymmetric problem) add two columns. In each
of these two columns, only two rows are not zero. If the shell is in contact with the liquid on one side only
(while the other side is in contact with the vacuum), the determinant used for finding wave numbers will be
of seventh order in the three-dimensional problem and of fifth order in the axisymmetric case: i. e., the
corresponding determinants (6.21) and (6.23) will each acquire one additional row and column.

6.2. The Dynamic Theory of the Elasticity of the Transversely Isotropic Medium

Based on the use of the dynamic theory of the elasticity of the anisotropic medium and with the help of the
hypothesis of the shells being thin, the characteristic equation for wave numbers of elastic waves in the thin
transversely isotropic cylindrical shell is determined.

Let us consider the infinite thin transversely isotropic cylindrical shell. The elastic wave is spread along the
axis Z that is orthogonal to the plane of the isotropy. The transversely isotropic elastic medium is
characterized by the five elastic moduli [19]: Ayqq,A12, 443, Asz, Ays or by the technical modules
Ey, E3, 14, U3, vq,v3. In the chosen orientation of the axis, £ — FE;, is the Young’s modulus; p,is the shear
modulus; v;is the Poisson’s ratio in the plane of the isotropy; andEj3, pzand vy are the same values in the
transverse plane. These modules are connected with each other by the relationship [39, 67,71, 106]:

E E
Aqq =m(1_1’§5—;) ;o Az =Es(1—v3)/m ;

E E
Agg =tz ; Agp = m(vl +v3 E—;) i Az =Eqvy/m ;3 (6.37)

= = 2B
=M ; m—l_V1—2V3E—3.

Hooke’s law for the transversely isotropic elastic medium is written in the next form [39]:
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O = A1 & + Appgy + Agzé,
Oy = A1p8& + A118¢ + 4438, ;
o, = A13(ET + qu)) + Asz8,;
Tpz = A44y¢z ;

Try = AgaVrz ;

Trgp = % (411 — Ay,

(6.38)

where &, £g, €2, Vrz: Yoz, Yre are components of the tensor of deformations, which are equal to each other
[19]:
g = QU 0r ¢ B = 0l/0% ;
gy =77 (0Uy/3¢) + U, /T ;
Yoz =1 (AU, /0¢) + 0Uy/0z ; (6.39)
e = (0U,/02) + 8U,/0r ;
Yre = (0U/0r) —1 04 + 177100, /39) .

where U, Uy, U, are components of the displacement vector u.

Equations of the dynamic balance in the circular cylindrical system of coordinates with the harmonic
dependence starting from the time of exp( iwt) have the following appearance [39, 67, 71, 106]:

(da,/0r) +r‘1(ar,,¢/a¢) + (0%,,/82) + 77 (0, — 0¢) +pw?l, =0 ;

(0T, /07) + 1700y /00) + (074,/02) + 77127, + pw?Uy = 0 ; (6.40)
(91,,/07) +r‘1(ar¢,z/a¢) +(do,/0z) +r 711, + pw?U, =0,

Uy | Agp 6U¢ A12 auz )
AUy | Ay g A11 3Uz
O'¢, AIZ ar +__¢+_U +A13 i
Al | Aqgz 0U A au
where 0, = A3 5 -+ 72 a¢‘i’+ U + A3z L ; (6.41)
_AMBUZ BU‘i, . _ 2 aUZ .
Tz = ap T AuT, T'rz_A44E+A44a_ ;
o =18Us Ay AU A4, 0U0p | Ay A5 8Ur
i 2 ar 2r 9 o ap 2 9z 2r 9 2p ap

Components of the displacement vector U,., Uy, U, can be presented in the following series form [67, 71
106]:

U, =e*2y® _cosmep - Up(r) ;

Uy = etkzy= _cosme -V, (r) ; +(6.42)

U, =e®2y2 _cosma - Wy,(r) ,

where k is the wave number of the elastic wave.

Then, substituting (6.41) into (6.40), we receive equations of the dynamic balance in displacements [67, 71,
106]:

32U, av, 92U d
2, 1 b _ -2 -1.7r
el e 3% +r” azaa¢ U-+r pm
2 2 a U —26U¢

u, | _, U,
tazgo—+7"a, 52 +a4—az2 il +aglf,. =0,({643)

+

8%u 2%y
y2 @ @

55 T M5 —a;r 20y +a;r™! —¢+ 2 2
au.. a<u a=u
+(1+ayr ?— 3% + a(;+r 1a3a a;
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32U¢
ta 5+ asUyp = 0 ;(6.44)
92U, 32U, 32U, 02Uy, 92U,
—+a +a +rlay——+r2 +
ar2 % 9z2 7 oroz 7 9zd¢ A2
-1 au, _13& _
gl ek +agl, = 0,(6.45)
-A Agq+A Ayz+A A w? A AgatA
where @) = =242 . g, =42 . W3R L, D Lo BT g o233, —eelld
2444 2444 Aqq Agy Agy Ay Aga
g = £
g Agy

Now if' components of the displacement vector Uy, Uy, U, taken from (6.42) are substituted into (6.43)
through (6.45), then we receive the following equations for the radial functions U, (), Vi, (r), Wy, (1) [67,
71, 106]:

92U, ar au
arzm —r amV, + rilazma—;n —r U, +rt a—;n +
tagik 28 — 2 ,mP U, — @k Uy — 7 2ml, + a5l = 0, (6.46)
a2y, av,
r2m?V, + a, ?;n — a7, +agr! 6_:1 -
au
—(a; + Dr *ml,, — azma—;n —r taymik W, —

—a,k*Vy, + asl, = 0;(647)

au _: — .
—=t agr YmV, + agr U, + a, ik W,
=

regq = 0.(648)
r=b
The boundary conditions are as follows: normal (o) and tangent (,, T,-;) stresses on both the external (r =

a) and internal (r = b) surfaces of the elastic shell are equal to zero. These values are added to equations
(6.46) through (6.48) [67, 71, 106]:

ally, = - .

gT+ agrtmlpy, + agr T Uny, + agotkWe, | = 0 ; (6.49)
r=b

v, g

Rt W =77 'mUpy,|,._, = 0 (6.50)

=qa
r=b

, W, _
ikl + =2, = 0 .(6.51)

r=b
where
A1z Asz
g = ; B0 = 5
Ay’ Ay

6.3. Hypothesis of Thin Shells

The fellow parameter & = Ri can be used for thin shells, where R = azﬁ is the middle radius and z = r —
0

R, is the coordinate taken from the middle surface [67, 71, 106, 107]:
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U (T) = inoxnfn ;
Vi (r) = Z:io Y™ ; 1 (652)
W (T) = Ziig Zn‘i:n .

We substitute decompositions (6.52) in the boundary conditions (6.49) through (6.51) and in six equations
relative to 3(N; + 1) unknown coefficients x,,, ¥, z, [91-93]:

Ny Ny
Rt xym(&) ™ + agm(Ro + /27 ) 3 (€)™ +
n=0 n=0

+ag(Ry + h/2) P XN 2, (8 + agoik XN 2, (6)" =0, (6.53)
Ny

Ny
Ry' Y atan(—6" + agm(Ro = /2™ Y (=) +
n=0

n=0
tag(Ry — h/2) L ENL x (€)™ + aggtk Yot 2, (—E)" = 0 (6.54)

Ny Ny
Ryt D ()™ = (Ro+h/2)7 ) )" —
n=0 n=0

—m(Ry + h/2) 1IN 6, (G =0 (6.55)

N4 Ny
Ry ) yun(—E)™ = (Ro +4/2) 1 ) yu(—§)" -
—m(Ry + h/@*Zﬁioxn(—gfgl =0 (6.56) -
ihe Yrto (61 )™ + Ry XLy 2an(E)™ 1 = 05 (6.57)
ihe Yoo 2 (— &)™ + Ry B0 o zyn(=§)" 1 = 0 .(6.58)

The rest of the equations can be derived, by means of the substitution of the decompositions (6.52) into
equations {6.46) through (6.48) and by the equating of coefficients of identical powers &, [91-93]:

X+ 2)n+ D) +x,0n+DCn+1) +

+x,(n* —1—am? — ask?RE + asR3) +

+xn—12R§(a5 - k2a4) +xn—2R%(a5 - k2a4) 5

+Vni1(n+ Daym + yyla,mn —a (m + D] +
+zp1tkRy(n + 1)asz + z,2ikRynas + z, 1ikRy(n — 1)as; = 0 ;(6.59)

—Xpp1@emRy(n+ 1) —x,m(a; + 1+ 2a,Rgn) — xp_1aomRy{n — 1) +

tYni21 (M + 2)(n + 1) + ypp (0 + Day (1+ 2n) —

“ylay(n? — 1) — m? — agk®RE + asRE] — yn_12R3(ask? — a5) —
—y, oR3(a,k? —as) — z,azmikRy — z, ja;mikRy = 0 ; (6.60)

Xpp(n + DasikRy + x,ikRya,(2n + 1) + x,,_,a,ikRyn +

+y,a,mikRy + ¥y _qa;mikRy + z, . (n +2)(n + 1) +

+z,1(n+ D2+ 1) + z,(n* —m? — agk®R3 + agR3) —
_Z‘n—IZR[Z)(aGkZ —ig) — Zn—zRg (agk® —ag) =0,(6.61)

wheren =0,1,2, ...

It is necessary to use 3(N; + 1) — 6 in equations (6.59) through (6.61) and to use n =0 and n =1
coefficients with negative indexes are equal to zero. Then, in common with equations through (6.58), the
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homogeneous system of 3(N; + 1) equations relative to the coefficients x,,, yy,, Z, is formed. Afterwards, we
expand the determinant of this system and let this determinant be equal to zero. We receive the characteristic

equation for wave numbers k in the elastic waves of the mode m in the transversely isotropic cylindrical
shell.

Now we turn to elastic waves, which have axial symmetry, where the dependence on the angle ¢ disappears.
If the vector of the shell displacement Udoes not have the component U, then we have waves with vertical
polarization. In this case, the components of the strains ¥, ¥y, and tangent stresses Tpy, Ty, are equal to
zero, but stresses oy, 0, 0, and 7, are equal to [67, 71, 106]:

AU, Ay, au,
o = Ay ot —U + Az~
au, A au
Oy = Ay —+ U, + A3 —=;
dr T dz (6 62)
_ U,  Ags au, :
g, = Aq3 3 +TUr +A33_az ;

. an, au,
Try = Apa7 -+ Aaa7-

Diynamic balance equations, where two take the following form [67, 71, 106]:

a%u 14U, u atu U
Au( ”+——”——;’)+A44(—”+ Z)+

arz r ar T fz2 ar2

au, 2
+A13%+pm UT =0 3

97U 97U 18U 18U,
A ( vy 800, 10U __Z)
4 6r62+ ar2 +r 9z +‘r ar T
92U 19U a2y,
A(—'"-'")A—Z WU, =0.
T3 a'raz+'r 8z Tilg3 dz2 TP Z

(6.63)

Diisplacements U,. and U, can be introduced in the following form [67, 71, 106]:

U, =e*u(r) ;

U, = e®2w(r) } (6:64)

For the thin shell the components, U {r) and W (r) can be expanded in the following series:

Glry =Tty 8" 5

6.65
W)= TV zem .}( )

Boundary conditions can be expressed as [91-93]

av = 3
5 T aor W+ ay ikW S}
r=b
6.606)
L aw (
ikl + o 0.
r=b

When (6.64) and (6.65) are not inserted into boundary conditions {6.66) and are inserted into dynamic
balance equations instead then (6.63) results in the system of 2(N; + 1) equations in order to calculate
unknown coetficients x,, z,. The characteristic equation for wave numbers k of elastic axisymmetrical waves
in the transversely isotropic cylindrical shell are received by expanding the determinant, which is equal to
zero. The axisymmetrical wave of the horizontal polarization (torsional wave) has only one component ()

of the displacement vector U. The problem, in this case, has an analytical solution. Components of strains

&) Eg, €z, Yz are equal to zero, but components of strains y,,, and ¥, are equal to the following: y,, =
au au
@, —

a9z Vg = ar P

The equation of the dynamic balance has the following form:
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Brwp 3T¢Z ZTW;{} 2 _
& T3, T trw Up =0(6.67)

Using (6.38) and {6.39), we can describe (6.67) in the following form:

62U¢ 32U¢ i n 6U¢
=t s — S Uy + ==+ pw?lUy = 0. (6.68)

The component U,, can be presented as:
Uy =V(r) - e'Eez=D) (6 .69)
where k; is the torsional wave number.

We substitute (6.68) in) (6.69) and, as a result have

a%v  1dv pw? 2H3 1 —
et G =)V =0.670

The equation (6.70) is the Bessel equation for Bessel J; (1) and Neumann Ny (y;r) functions of the first
order:

V(T) = B]l()(l?") + CNI(XIT) i (671)

1/2 -1
where Band C are arbitrary constants; y; = (}cz —k? %) X = (Jjul/p) w .
1

From the boundary condition Try = 0 [r=a;r=b], we receive a determinant for torsional wave numbers k;:

101@) —=/10na) NGaa) —=Ni(ria)

A= 2 , : =0,(6.72)
JiGab) =21 0nb)  N;Gnb) — 2N, 0 b)

where J; (x1a) = 9Jalxar) 1;):1T)

r=a
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CHAPTER 7

DIFFRACTION OF SOUND ON BODIES IN THE FORM OF SPHEROIDS
AND ELLIPTICAL CYLINDERS

7.1. The Characteristics of the Reflectivity of Scatterers and Types of Boundary
Conditions

In this section, the resonances of prolate and oblate spheroidal bodies are investigated. Hydroacoustics,
as arule, studies the distant scattered fields of various bodies. Pressure in a scattered wavep, (scattered
pressure) of the circular frequency « in the Fraunhofer zone (far field) in an unbounded liquid for the
final body can be represented in the form [7, 55, 108]:

ps(r,0,0) = (A/T)D(0,9) exp[—ilwt — kr)], (7.1)

where r, ], ¢ represent spherical coordinates of the observation point; I3 (8; @) represents the angular
characteristic of the scatterer; k=2z/] represents the number of waves in a liquid; A represents the length
of a sound wave in a liquid medium; and A4 represents the amplitude factor. In other words, it is possible
to separate the characteristics of a scattering body, the wave size of the scatterer, and its shape, material,
and orientation relative to the source and the observer, thereby determining D (8; ¢) = 1 the
characteristics of the source (amplitude A4 of the wave created at the location of the scatterer) and the
distance 7 to the observation point.

We assume that the distance » from the source (the irradiating antenna) to the scatterer is such that, in
the incident wave, the pressure p; obeys a relation of the type (7.1) [7. 55, 108]:

pilr; 045 1) = (B/r)D(01; 1) exp[—i(wt — kry)],(7.2),

where r, 8, and g represent the scatter’s coordinates in a system of the source’s spherical coordinates;
D (8; @) represents the angular characteristic of a radiation system; B represents the amplitude of the
pressure of the wave created by the source at a distance of 1m from A=8/.

For the intensity [; of the reflected signal at the observation point, we can write the following [7, 55,
108]:

I = (A21D(6; )12/ (rP2poc) = K(ly/T?),  (7.3)

where K = |D(8; ¢)|?:1, = A?/2pyc represents the intensity of the wave incident on the reflecting
object (the source is non-directed D (8; ¢)=1).

As a rule, the distance from the source to the scatterer is such that the wave incident on the body, at
least within its geometric dimensions, can be considered to be flat.

For the logarithm (7.3), we obtain the following:
10igl, =10Ig K +101lgl, —201gr.(7.4)

In real conditions, the intensity I of the reflected wave decreases more rapidly than r2does, due to the
sound attenuation in the marine environment. Therefore, the total attenuation, due to the spacing of the
front of the spherical wave, is denoted by 2H.

The quantity, J0/gK. is called the strength of the target. To calculate it, one can write that it proceeds
rom(7.4)[7,55 108): T =E -85+ 2H,(7.5)
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where E = 101g ;5 = 101g I;.
However, since K = |D(8; ¢)|?, then [7, 55, 108]: T = 10 lg K = 20 Ig|D(0; $)|. (7.6)

For an ideally reflective sphere with a radius R and large wave dimensions kR we can, with a good
approximation, use 8 and ¢ for all angles except for the shadow direction:|D(8; ¢)|= const = R/2. (7.7)

But for a scatterer with arbitrary parameters, we need to introduce the concept of the equivalent radius
Re ¢ in accordance with the formula [7, 55, 108]:Re g = 2|D(6; ¢)|. (7.8)

When the radiating antenna is the same as the receiving antenna, the system is called a combined or
single-position. We can only measure one value of the scattered pressure corresponding to the
coordinates of the combined system. Since the total diagram of the scattering of the sound is not
considered and is usually unknown, it is convenient to assume that the obstacle acts as an isotropic
scatterer which creates, in all directions, the same scattered pressure as in the combined system. Under
this assumption, one can introduce a new characteristic for the reflectivity of bodies. This is a relative
backscattering cross-section ¢y, which is the ratio of the total power Fdissipated by the fictitious

isotropic scatterer to the power P; incident on the reflecting object of the wave from the source [7, 55,
108]:

o, = Ps[P, =tim[{4m? /4, )1, 1,]=
-tim|(4 /4, |, pf]-

= 11'111[4fz;»~2142 ID(0; )’ [ 4,2 4° ]: (an/4,)D(0:0) .

’ 2p0¢{2p4c

{7.9)

where Ay represents the area of the geometrical shadow of a scatterer (its projection on a plane of a
wave front) for a given direction of incidence of the wave from a source.

In so-called spaced {two-position) systems, a receiving antenna is located in an arbitrary direction with
respect to a radiating antenna. For such a system, we introduce the concept of a two-position scattering
cross-section, which is determined by the said formula (7.9). In this case, [ represents the intensity of
a sound in the direction of a receiving antenna. The total scattering cross-section o can be calculated
only based on the known angular characteristic 1) (8, ¢) of a reflecting object. It is defined as the ratio
of a total scattering power F; in a solid angle 4z in relation to the intensity {; of a wave irradiating on
an obstacle from a source [7, 55, 108].

oc=8B/I, =
- i |G 2me/r2men®) | [10G0;gyas| -
- J"DZ” S5 1D(8; $)1? sin 6 dédg, (7.10) ’
where dS = 12 sin 0 dOd¢ represents the surface element of a sphere of radius 7.

The relative cross-section of the scattering «,.is expressed in terms of a total cross-section 7 and an area
of the geometric shadowAy: g, = a/24,.

With the help of formulas (7.6), (7.8), and (7.9), one can establish relations between the named
characteristics of the reflectivity of scatterers [7, 55, 108]:

oy =mReq/4y;  Req=2|D(0;¢)l;

T=20lg(Req/2); T =101gloAy/4m); +(7.11)
T =201g|D(6; )| .
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To calculate the scattered field and the characteristics of a sound reflection by bodies in the liquid, an
important role is played by the boundary conditions on their surface. We can formulate them in
connection with the following three-dimensional problem [7, 55, 107, 108]:

On the boundary &, of a liquid body with a vacuum (absolutely soft medium) or an elastic body with a
vacuum, the homogeneous Dirichlet condition must be satisfied:

1. For a liquid body
Pglg, = 0,(7.12)
where @ represents the potential of a displacement in a liquid medium

a) For an elastic body
o-‘n.lfo = 0,' Inalfo = Tnf_?|€0 = 0; (713)
where o,and 7y, Tng Tepresent normal and tangential stresses within an elastic body.

2. On the boundary of a liquid body with an absolutely hard medium or elastic bodies with an
absolutely hard medium, the homogeneous Neumann condition must be satisfied:

a) For a liquid body

(@®y/0n)ls, = 0,(7.14)

where n represents a normal border

b) For an elastic body

tlg, = 0,(7.15)
where trepresents the displacement vector of elastic body particles.

3. At an interface between an elastic body and a medium (rigidly connected/tfused), the continuity
of normal and tangential stresses and displacements must be observed.

4, At the liquid-elastic interface, normal displacements are continuous; normal stresses in an
elastic body are equal to the boundary pressures in a liquid medium; and tangential stresses in an elastic
body at the boundary with a liquid are absent.

5. At the interface between two liquid media pressures, where normal displacements are
continuous.

In most books and articles on wave processes, the problems presented are generally concerned with the
diffraction of electromagnetic waves rather than acoustic waves. Therefore, it 18 necessary to be able to
interpret the results of the solutions to electromagnetic problems with respect to acoustic waves [14, 15,
16, 40, 53, 107]. Methods for the mathematical description of electromagnetic and acoustic waves are,
formally, very close, as both are subject to the wave equation [14, 15, 16,40, 53, 107]. Therefore, many,
although by no means all, of the results obtained for electromagnetic waves are valid for sound waves.

7.2. The Acoustic Model of an Agitated Sea Surface

The model for a sound field in a shallow sea with an agitated surface presupposes an approximation of
sea waves generated by soft elliptical cylinders. In the first approximation, ellipses (cross-sections of
wind) waves can be considered to be equal at a constant wind velocity, which allows the train of wind
waves to be transformed into a grate of elliptical cylinders (Fig. 7-1).
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Figure 7-1: Diagram of real and imaginary sources and scatterers

When using the imaginary sources method for a waveguide with an uneven upper boundary caused by
wind waves and by a constant sound velocity, the problem is reducible to finding the diffraction fields
(ps) of the real and imaginary sources separated from each other by elliptical cylinders. The diffracted
pressure py at the observation point P is found through the following [109]:

ps(P) = Xi—1 Diom (P) + XG-1 Xie1 Paoc (P) (7.16)

where p; ., represents the pressure within an irradiating wave from the real (m=1/) and imaginary (m>1)
sources creating a radially symmetric cylindrical wave; pg o+ (P) represents the scattered pressure from
a cylinder with number 1 from a grate with a number q. Due to the velocity of wind waves }J'<<c¢ (where
¢ represents sound velocity in a waveguide) the Doppler effect will not be taken into account. Between
the depth of waveguide H and the height / of the waves, the inequality, H >> A, is satisfied; this makes
it impossible to take into account an interaction between grates of elliptical cylinders. The distance from
the sources to observation point P is assumed to be such that a wave incident in the neighborhood of
point P can be assumed to be plane with an amplitude that varies in accordance with the cylindrical law.
The cylindrical scatterer with number 7 pounds of pressure

Ds,0t (&¢, e, 2¢) in the coordinates &, 1, z.of the same cylinder will be sought in the following form
[109]:

Ps,ot(ft»nt' z) = 2ethe Xiso [afcltMel(l)(ft' qe)ce; (Mg qe) +
+ bltdiel(l)(ft' qe)se;(me, Qt)] , (1.17)

where M el(l) (ét,q¢) and - N el(l) (&, q¢) are modified even and odd Mathieu functions of the 3™ kind;
al and bfrepresent the unknown coefficients of decompositions, which are determined from the
boundary conditions. The boundary conditions on the surface of soft-sound elliptical cylinders of each
of q grates are equal to zero in the diffracted pressures:

0 oo q
Zmzl Piom T thl Psot = Olfzfot (7.18)
where the first sum refers to incident waves, and the second sum refers to scattered waves.
High-Frequency Asymptotics

Using A << Ay, Where Ay, i,represents the minimum height of wind waves, the calculation of
diffracted sound pressure is greatly simplified due to the following factors:

1) The sound-insulating capacity of gratings increases for real and imaginary sources, especially at
oblique angles of incidence;

2) The dominant role in a formation of a scattered sound field begins to play out in a mirror-
reflection of a petal-like shape;

3) Taking into account the intense absorption and scattering of sound by air bubbles (especially
resonant), by saturating near-surface layers of water, we can limit ourselves to the consideration
of a single reflection of sound from or coming through the cylinder gratings.
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In the deep sea, a single mapping of the source 01, with respect to the upper boundary, and its identical
elliptical half-cylinders is presented in Fig. 7-2.

Y
02| A Y,
0 C e
S e SN
A GflB
01 R 1
+ IP

Figure 7-2: Circuit of sources and scatterers in the deep sea

The problem of the diffraction of sound is reducible to calculating the scattered field of the elliptical
cylinders, which are irradiated by real (01) and imaginary (02) sources (Fig. 7-2). The scattered signal
is received either at point 4 (a combined system), or at point £ (spaced or two-position system). Primary
attention will be paid to the real source “(01)”, since the contribution of an imaginary source “(02)” in
the sound scattered field is negligible (especially at high frequencies) because of the screening effect of
the grate of the elliptical cylinders. We solve the problem using a plane formulation, assuming the
source of the second field is in the form of an infinitely thin cylindrical radiator with an axis parallel to
the elliptical cylinders’ axes (Fig. 7-2).

At high frequencies, as it well known, a small part of the scatterer’s surface is equal to half of the first
Fresnel zone and this plays a decisive role in the formation of the scattered field. This allows us to
exclude the interaction of scatterers (elliptical cylinders) with each other.

For the spaced system, the maximum scattered pressure will correspond to the angles of the mirror
reflection of the sound by elliptical cylinders. At other angles of incidence, the reflected signal at point
P will be noticeably smaller (assuming that the velocity of the wind is constant and all the elliptical
cylinders have the same shape and sized sections). For a combined system, the maximum reflected
signal corresponds to the moment of the sound’s passage through the center of an elliptical cylinder
through point O (Fig. 7-2).

To determine the mirror component reflection that contributes the most to the equally spaced system,
let us compare the modules angular scattering characteristics, where|D(8; ¢)| represents a sound-soft
prolate spheroid with a semi-axes ratio of 1 : 10 for three angles of irradiation 8, = 30°, 8, = 60°, and
8y, = 90° at high frequencies (the wave size of the spheroid is 65 units). A comparison between these
three characteristics makes it possible to arrive at the important conclusion that the maxima of the mirror
lobes irradiation (8, = 30° and 8, = 60°) at high frequencies almost coincides with the maximum of
the inverse reflection at 8y = 90°. In figures, it looks like this: |[D(30°,0°)| = 0,15386, |[D(60°,0°)| =
0,15231, and |D(90°,0°)| = 0,15163.

In view of the plane formulation, a calculation of the inverse reflection of sound by an elliptic cylinder
will be performed according to the well-known formula:

ps = %Rl/z (7.19)

where p, represents the pressure of an incident wave; R represents the radius of a curvature; and r
represents the distance from a central axis of the cylinder to a point of an observation. The shapes and
sizes of an elliptic section of a cylinder can be found with the help of the following expressions:

A=2mV%/g; (7.20)
h=02V%/g; (7.21)

where A represents the characteristic length of the wind wave; / represents its height; and g represents
its acceleration due to gravity.
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In our model, A is a major axis of an ellipse and / represents a minor semi-axis. Using formulas (7.20)
and (7.21), we calculated the A and /4 values for three velocities of the wind: J'= 10 m/s; 20 m/s; 30 mv/s.
The values obtained are presented in Table 7.1.

Table 7.1
V, m/s A,m h,m Yo He
10,0 62,8 2,0 495,
20,0 2522 8,0 123,
30,0 5652 18,0 55,1

Calculations of the radius of curvature R were performed by the following formulas:

3
2 2%z
R:l;k=|d_32’:‘1+(d_y) ;
, kz dx dx (7.22)
x Y
atm=1

where k represents curvature.

The values of R were calculated for points £ and C (Fig. 7-2). It can be shown that R is proportional to
V2. The values of R for the velocity =10 m/s at points B and C are presented in Table 7.2.

Table 7.2

Points B @

R, m. 492,98 01 2F

2

The performed calculations make it possible to estimate fluctuations in the reflected signals for the
combined and spaced systems at different wind velocities.

Point C, which gives the minimum value of R in our model, cannot be a point of contact of the plane at
the wave front and the elliptical contour of a cylinder, since it is always in the zone of the sound shadow.
The proposed schema of calculation can be extended to elliptic sections with a different semi-axis ratio
(i.e., ellipses with different radial coordinate values).

In [110-112], a lattice formed by elliptic cylinders was used as a model of the rough sea surface. The
difficulty of calculating the reflection of sound from such a model sea surface depends on the strength
of the interactions between neighboring elliptic cylinders. In [31, 113], the scattering characteristics
were calculated for sound scattering by interacting bodies irradiated with a plane harmonic wave. In
[113], the diffraction of a low-frequency stationary sound by a lattice of elliptic cylinders was
considered in the Fresnel zone. In [31], the scattering of a sound signal by a spheroid placed at the
boundary between two media was studied. Both of these studies were carried out using, first, the
summation theorem for the eigen functions of the Helmholtz equation in the elliptic cylindrical and
spheroidal coordinates and, second, the corresponding coupling functions proposed by Ivanov [30]. A
solution to the problem of sound scattering by two interacting elliptic cylinders was found in [114].
Based on the results obtained in [31, 114, 115], we can calculate the interaction of two elliptical
cylinders under irradiation from a plane harmonic wave in the far field {the Fraunhofer zone) in a wide-
frequency band.
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We introduce two elliptical cylindrical coordinate systems § ¢, Ne , Z ¢ (g =0, —1), which are related to
the cylinders g = 0 and g = —1, respectively (see Fig. 7-3). The Y0 and ¥ 1 axes, as well as the Z 0 and
Z 1 axes, are parallel to each other; and the X . axis is the same for both coordinate systems. The
cylinders have identical half-focal lengths #0 = / 1, and the radial coordinates of the elliptical cylinders
are also identical: €0 = § (see Fig. 7-3). The distance /0, 1 between the centers of the cylinders is

ly—1 = 2a + A (Fig. 7-3), where a is the major semi-axis of any of the cylinders. The aforementioned
system of twe elliptic elliptical cylinders is irradiated by a plane harmonic wave with a frequency v and
a wave vector £ lying in the X O ¥ plane (a planar ne,o = Ne, -1 axis}. At the surfaces of the two cylinders,
the homogeneous Dirichlet condition is satisfied. Fer a cylinder marked by the index g, its angular
characteristic A, (5) has the form [30, 113-113]

Ag(rl') = 2%/ (nk)_l/ze_in/4) Em—d a“}g Cncen(go,g; gg)cen(rl'; gg) + bgdnsen(fo,g; gg)sen (T.'g; gg)
(7.23)

where Cy, d, are the expansion coefficients, cedNg : ge ) 1s the even Mathieu function of the first kind,;
se ANe 3ge ) 18 the odd Mathieu function of the first kind; Ce (§og ; ¢ } 1s the medified even Mathieu
function of the first kind; Se (§og ; ¢¢ ) 1s the modified odd Mathieu function of the first kind; ¢ , =
hKE 14; af and b,f are unknown expansion coefficients determined from the boundary conditions. The
method of finding these coefficients with the use of the coupling function and the summation theorem
for the wave functions of an elliptic cylinder was described in detail in [30, 113-115]. For a single
cylinder (with the number g=0), the unknown expansion coefficients are determined by the following
formulas [115]:

Cen(éo,0i90) |

0
Ay, = —cen(Mo,0; Go)
" " e Mep(ll)(fo,oi%)’

Sen(fo,oi%)

bl = —se : :
n 2 (Mo,0i Go) Neff)(fn,o:qﬂ)

[} 1 P -)‘:'
2 \
:' =1 ‘ E \‘.l]h 0
i ; S0\
g=0 \ - 'g="1 / A%
: / I
L ~ ¥ 7 g
A ¥ _— el
t = ' / 0 ,I‘A' \ l V‘
] o L ’_A_/-—»"'“ 3 %
ey -‘7*3%4 2h J
A/r I\:‘..\

Figure 7-3: The relative positions of elliptical cvlinders

The presence or absence of interaction between the scatterers can be determined from the difference
between the angular scattering characteristic of a single cylinder and the corresponding characteristic
of the same cylinder positioned near the other identical cylinder. For this purpose, we performed the
calculations for a single cylinder and an interacting cylinder in a wide range of variations using the
following parameters: the wave size g ¢ (the cyclic frequency v), the angle of incidence nMog, and the
distance between the cylinders. In the presence of the second cylinder, the unknown expansion
coefficients @, and b,f (g =0, —1) are determined from the infinite algebraic system [31, 113]:

af + Yoo o(@hm @by + Bhmbs) = vy (7.24)
b + ¥ o (Vhm @l + 8l bl = w, (7.25)
where

-1 __ 2 Cmcem(fo,—ﬁQ—l) (1) (_1; 0; 0);

Epm = 1 mn
che,% )(S(n,—ﬁl?—ﬂ

printed on 2/13/2023 8:37 PMvia . All use subject to https://wwm. ebsco.com termns-of-use



Diffraction of Sound on Bodies in the Form of Spheroids and Elliptical Cylinders 81

-1 _ - dmSem(So-1:9-1) =1 .
ﬁnm =2 CnMer(zl)(fo—ﬁCI—ﬂ an(_l’ 0’ 0)’

-1 — 2 Cmcem(fo,—ﬁCI—l) R(l) _1_ 0. 0 .

Ynm ane‘r(ll)(SOI—1;q—1) mn( » Yy )'
- dmSem(§o,-1,4-1) 5D

Sk = 2 dmSemGovd-D) B (1. 0; 0);
m aney(ll)(fo,—ﬁCI—ﬂ mn( Y )’

cen(No,0:90)

Ug = et 100 207
1 ’
CnMe'r(l )(50,0;'%)
se .
Wr? = _ _Sen(00ido)

aney(ll)(fo,OJCIo)’

The results of our calculations are shown in Figures 7-4 to 7-9, which represent the magnitudes of the
angular characteristics of a single cylinder (curves 1) and an interacting cylinder (curves 2). For the
calculations, we used the following cylindrical dimensions and variations in the parameters listed above:
2a = 63m and 2ho = 62.8m (Figs. 7-4-7-9).
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Figure 7-4: The magnitudes of the angular characteristics (q*/? = 5; Moo =907 Ay =0,2m.)
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Figure 7-5: The magnitudes of the angular characteristics (q*/? = 5; Moo =607 A; =0,2m.)
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Figure 7-6: The magnitudes of the angular characteristics (q*/? = 5; Fag =133 ’A1 = 0,2m.)
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Figure 7-7: The magnitudes of the angular characteristics (q*/? = 5; Moo =907 Ay = 63m.)
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Figure 7-8: The magnitudes of the angular characteristics (q*/? = 5; Moo =133 ’A; = 63m.)
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Figure. 7-9: The magnitudes of the angular characteristics (¢*/? = 5; Moo <1507 A = 63m.)

By analyzing the numerical experiment for determining the strength of the interactions between two
scatterers (in the form of elliptic cylinders), we found that, for the chosen cylinder parameters (the wave
size, the distance between the cylinders, the shape and size of the scatterers, and the type of the boundary
conditions), the interaction is rather weak (Figs. 7-4 through 7-9). Therefore, in its application to wind
waves on the sea surface, this conclusion makes it possible to calculate the scattered field of each single
wave without considering its interaction with neighboring waves and to take the simple sum of the
complex contributions of individual wind waves at the observation point.

The interaction between the scatterers was tested in an actual experiment on low-frequency sound
scattering by elastic cylindrical shells [18].

7.3. The Characteristics of the Diffraction in Ideal Spheroids and the Watson
Transformation

Prolate and oblate (flattened) spheroids are scatterers with analytic surfaces in systems of prolate and
oblate (flattened) spheroidal coordinates (Fig. 7-10). Prolate and oblate systems of coordinates can be
obtained by rotating a two-dimensional elliptic elliptical coordinate system consisting of confocal
ellipses and hyperboloids around large and small axes of ellipses, respectively [116].

z
a) / =1
N =const i~ 5) z
- n=1 n=const
s f _T
T 1 gp=7b’/2 P==
% / i _ E=const
& Y
ey i 9 > Y
S8 | ,, Y
G\l i v
R B ~<—
s s
@ =const p=const
a) b)

Figure 7-10: The systems for prolate (a) and oblate (b) spheroidal coordinates

We have denoted the interfocus distance as 102hy. The prolate coordinates, &, #, ¢, shown in Fig. 7-10a,
are expressed in terms of the Cartesian coordinates x, y, z as follows [116]:
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x = hy(1 =) — )2 cos b ;
(y = ho(1 =7*)/2(2 = 1)2sing ; ((7:26)
z = hoén .

The radial coordinate £ and two angle coordinates, # and ¢, change within the following limits 1 < § <
o0; ) < ¢ < 2m. For oblate spheroidal coordinates £, #, and ¢, this conversion is as follows:

x =ho(1 —p2)Y2(E2 + 1)V 2 cos ¢ ;
y =ho(1 _?72)1/2(52 + 1)1/2 sing ;¢ (7.27)
z = hyén .

where -1 <7< 1;0< <0 0 < ¢ < 21

Expressions for scale factors /1,=hz, h:=h,, h:=h; have the following form:
For the prolate system

g = ho(€2 = g)V/2(g2 = 1) /2

hy = ho(§2 = )2 (1 — )72 ;1 (7.28)
hg = hy(1 —?)/2(E* —1)V/2

For the oblate system [116]
he = ho(§2 +72)/2(52 + 1)74/2

hy = ho(82 +72)12(L—n2) /2 5} (7.29)
hg = ho(1 = PIV2(E2 + V2.

The scattered wave potential @;(&, 1, ¢) for an ideal prolate spheroid has the following form [7, 55,
108, 117]:

(&, 1, §) = Ymco X B Rin (€, )Sn (C,) cosm e, (7.30)
where B, represents the unknown coefficients, which are determined by the boundary conditions

; ONG
B = —28mi S n(C,170) 2 é) (6,4, (731);

¢o represents radial coordinate of the prolate spheroid £2=/ for the ideal soft spheroid; and {) =
(0/0%)|¢=¢, for the ideal hard spheroid.

The angular diagram of the scattering of sound is found using the asymptotes of radial functions of the
third kind [7, 55, 108, 117]:

For the prolate spheroid

D(n, ) =— (i) =0 2mem{— 1) emi S n(C, 1) cosm ¢ X

S (CARGI(CED)

FreRCrS
For the oblate spheroid

D@y, ¢) =— (i) Yo =0 Dmank— 1) e i TS (—1C, ) cos M X

S (—iCMARSY (—ic,igy)
ﬂR(g) L)

(7.33)

EBSCChost - printed on 2/13/2023 8:37 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Diffraction of Sound on Bodies in the Form of Spheroids and Elliptical Cylinders 85

Figures (7-11)—(7-14) show the different characteristics of sound scattering by ideal spheroids (prolate
and oblate ones).

| #s(8:8)|
129 iz

Figure 7-11: The distribution of the module |¢JS (£,8) |in the Fresnel zone

<)

700, ] -7
1¢ // 100 7 =
/ 10 >/ Z Egﬂ o -
X Y

e
Vi
e
Ny
4
N
=
s,

107"l

7073

gg
2

a) b)

Figure 7-12: The relative cross-sections for the backscattering of oblate spheroids: a) a soft spheroid b) a hard
spheroid

When using the Watson transformation for ideal scatterers of a spheroidal form, it is expedient to use
the spheroidal wave functions proposed in [118].@5 = @; + &,

Bo(E 1) = (1/2) z z exp(—inm/2) ey (2n + DI (n+ 1 —m) X
m=0nzm

X [F(n+ 1+ m)]"1PS™(n;y2)PSM™(ny; ¥2) cosm ¢ X
o
x a7 Eun|  [esy P nsr @@y — asy P e nsr P&y, (734)

where PS™™(17; y2) represents an angular spheroidal function; S, (3)(5 ;v) and

S,T ) (&;y) represent the radial spheroidal functions of the third and fourth kinds, respectively; y =
2mhy/ A represents the wave dimension of the spheroid; and I'(n + 1 — m) = (n — m)! represents the
gamma function.

We use the Watson transformation and represent the series (7.34) as an infinite sum of contour integrals
on the complex plane v of one the indices [119]
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D5 (&, ¢) = (4) Ym_oemcosme Pexp (an) v+1) x

x |25 (G ST P (1) - 257D G ISP E )|
XI'(w+1=m)PST(=m;y)PST(mo; v DI (v + 1 + m)(=1)™ x
b4 sinnv.QS,T(3)(€0;y)(fo;y)]‘ldv .(7.35)

We assign all contours to the corresponding index m. The value of each of the integrals of the series is
equal to the sum of the residues of the integrand with respect to simple poles at points v = n, where 7 is
an integer. In the case of a sphere, the contours of integrations embrace the positive part of the real axis
of the complex plane v. Therefore, the contour with the index of m=0 is practically the same as the
contour for the ideal sphere. This contour m=0 is shown in Fig. 7-13. As for the other contours (m>0),
we shall deal with them in the following way:

1) Contours with index m < entire (ySp) (integer part y&p ) will encompass all points n = 0, where n
represents an integer and so they will not differ in any way from the contour described by m=0.
2) At m >, the entire (y<y) contours will include only the integer, n = m.

Artificial stretching of integration contours to the left of the point v = -1/2 (m <entire (y&)) (Fig. 7-13)
does not affect the magnitude of the integral in any way, if we recall that PS*(17;72) = 0 by n < m. By
making a change to the independent variable v = t — (1/2), based on the properties of the gamma
function and the spheroidal wave functions, we find that the that the integrand is oddt = v + 1/2.

Imv

Plane Y

ey =7

T3~ -  Rev
v=- m< entire(y-§o) an

Figure 7-13: The integration contour =0 for an ideal spheroid
The oddness of the integrand allows us to modify the integration contours as follows:

1) Contours with indices m <entire (y&y) are transformed into straight lines parallel to the real axis
and lie in the upper half-plane v, then they turn into semicircles of an infinitely large radius and loops
that cover the poles v, (Fig. 7-13). They are defined as the roots of the following equation:

S (&g v) = 05 (7.36)

2) Roots with indices m > entire (yp) are formed into two half-lines bonded by points v = +m
(Fig. 7-14).

Imy

Plane v

JE— _——

\ v
-m/ 0 YE

——7 Rev
Figure 7-14: The integration contour m > entire (y<p) for an ideal spheroid

0
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Asymptotic formulas for radial spheroidal functions of the third and fourth kinds with one complex
index and one real index for y >> 1 have the form [118, 119]:

ST Eor) % (@ = DRI+ B)/v&ol explivéy — iw + Dr/2]
517711(4) (£6,7) 'yfoa (fé - 1)—??1/256”[(1 + B)/v&] expl—iyé&, + ilv + Vm/2] ,(7.37)

where B has the order &, 7.

Therefore, functions S, @) (&0, 7) and S @) (é,,7) can be represented as the product of following
functions [118, 119]:

S:;l(s)('fo;?’) y’"‘" F3('>;0)h1(;1)("(0:)/) ;

— o0

7o) 3 R (o) . (138)

Since functions F3(&,) and F,(&;) do not vanish on the complex plane v, the zeros of the function
ose & (&0;v) coincide asymptotically (y >> 1) with the zeros of the function !),hl(,i) (¥&,), and

consequently, with the zeros of the cylindrical function QHTSI) (y¢,). The contour integrals of the first
type (m < entire {y)) can be replaced by the sum of residues or the sum of the poles v, and the mfinite
sum of the integrals (7.35) is then represented as two terms (see 119):

PEn ¢) = (/) Tl V) e cosm pE20, (1) ™ X

X (sinmvg) [ (ve + 1 —m)/T'(vs + 1+ m)]PST(—n; ¥?) X

X PSP (10; v2) exp(—imvg/2) 57 (&) %

x [os7® &)/ @/aas7 P G| +

sy $exp(—ive/2)2v+1)[F(v+1-m) /T (v+1+m)]
+(i/4) Z 2cos
m=entire (y&p)+1

X PST (=1 ¥ PST(1o; ¥ (= D)™ sinw v2Sy ™ (&5; )17 x

x [257 (g ST v) — TP (8o ISTP (&) ] dv . (7.39)

As an analogy, with the spherical and cylindrical Hankel functions of the third kind, the module varies

slowly until |v| < y&; and |v| > y&, increase {for m=0). Considering this, we come to the conclusion
that the second term in (7.39) is negligibly smaller than the first. As with the first term, it is sufficient
to leave it as m < entire {y&/2). As a result, the relation (7.39) takes the following form [119]:

entire (¥Z,/2)

OxEN @) =W/ ) EmcosmPI(2ve+ 1) X
m=0

X exp(—inmvg/2)[(—1)" sinmv] YI'(v+1—m)/I'(v+ 1+m)] X
X PSR -n; y2)PSL(nos v2) |27 Goi )/ (8/0v) ST Eoim ||

x ST (&;) .(7.40)

This Watson transformation allows us to move from the summation y? /2 in the terms of the double
series on undamped waves to the sum = y in the terms of the double series (7.40).

When solving the axisymmetric diffraction problem with regard to an ideal spheroid, the index m
assumes only one value for m: m=0 and, in its expression {7.40), there only remains a series of wave
residues [119]:
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o, ¢) = (/2 Z(2v, + Disinmv,) ™ X
X PS3,(—m;v2)PS3,(1;y?) exp(—imvs/2) S2,(£:7) X
x [057 Goi)/(0/av) 0]V G|
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CHAPTER 8

THE APPLICATION OF EQUATIONS AND METHODS FOR SOUND
DIFFRACTION IN THE SYNTHESIS OF HYDROACOUSTIC ANTENNAS

8.1. The Synthesis of a Spheroidal Surface Antenna According to a Predetermined Radiation
Pattern

Antennas used in hydroacoustics have a variety of directional patterns, depending on their purpose. In
particular, they can be directed to one plane rather than another in order to have a narrow main lobe, to keep
the width of the main maximum in a wide frequency range, and so on. Requirements for antenna directivity
characteristics play an initial data-related role when solving antenna synthesis problems. This is calculated
using the amplitude-phase distribution of the pressure of vibrational velocity on its surface, provided there is
a given directional characteristic. The synthesis of an antenna will be considered. Our example is a solid
{continuous) cloistered form system with a curved spheroidal surface (the revolving body). The choice of
surface form is not accidental because, with the help of coordinate systems, prolate and oblate spheroids can
be described (approximately or strictly) due to their large number of surfaces for revolution.

For example, a sphere and an infinite cylinder can be considered to be particular cases of bodies of a
spheroidal form. An infinitely thin bar of finite length is a degenerate prolate spheroid. However, an infinitely
thin disk is a degenerate oblate spheroid. We will take an antenna in the form of a prolate spheroid and look
for the distribution of pressure p.(Q) or its derivative along the normal 8p,(Q)/dn on this surface, providing
there is the given angular characteristic Ry (8, ¢). We will introduce prolate spheroidal coordinates &,7, ¢
with the interfocus d = 2. Pressure in the far field of an antennap, (0, ¢, r) can be represented as a product
of the angular characteristicR, (0, ¢) by the potential of a point source (exp i kr)/r.

Using single term integral formulas, we can obtain Fredholm integral equations of the first kind relative to
the pressure pg(Q) or dps(Q)/dngexerted onto the surface of an antenna [7, 55, 97, 120-124].

ro1 oG
R (0.9) :el—hgjps (Q)a—n]dS;
. (Q)° . (8.1)
r P
R0 ==, of
5 0

where r represents distance to an observation point and { represents an antenna point.

The directional diagram R(8, ¢) is, in essence, a normalized angular characteristic Ry (0, ¢):
R(0,9)=R (0,90)! R{6,,9,), (8.2)

whereR, (8, ¢p) represents the normalizing value of the angular characteristic, usually in the direction of its
maximum. Therefore, in the future, the synthesis problem can be solved for the angular characteristic
R,(0,¢) and then, (8.2) can be used to go to the directional diagram R(0, ¢). Therefore, the surface of the
antenna is given by coordinate &y. Green’s functions Giand Gcan be expended in spheroidal functions [7,
55,97, 120-124]:
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Gi(&m, 98,00 = 20k ) Y Spn(C,m) expimp — ) X

m=0na2m

X [RRcC.9RS €, ) - SR D €, )R €.

xS, (C.n"); (8.3)
G,(&,1,@;: 81,07 = 2ik X -0 Xmvem Smn (C, 1) expim(p — @) X

[Rcl) €, £9RE (c, &) — R (C40) p(3) €, HRE (¢, 5)]

R (&) T
X S_'mn (c, Tf’); (8.4)

where &, i, and ¢ represent the spheroidal coordinates of the observation point and the coordinates of a point

source. In the far field, expressions for Green’s functions can be simplified, taking into account the asymptote
of radial functions of the third kind

R (C, &)
.—i—1
R(3) C 5y i IOE.
mn( ’St)c‘dj—m C{: 2.
JOE i . (8.5)
Cé

The antenna surface element can be described in terms of dS = ki, hydnd¢ (h,and hyrepresenting scale

factors for coordinates  and ¢, respectively) and dn, = h.d& (hg representing the scale factor for the
coordinate &).

Substituting values dS and d#, in (8.1) with an allowance for (8.5), we obtain [7, 55, 97]:

127
= [ [0 (5,0 ) K" (n,0:1',0)dn'de, (8.6)

10
where ©V (7', ¢") = p,(Q% 0V (7', 9"y =p, (D) DS,
KO@ (n, o;n, ¢ ')represents kernels of the Fredholm integral equations of the first kind equal to:
K(l)(n, w7, p) = ey ozmmw mn(C,U) X
X S (C,1) exp im{g — );

K@@, pin,9) = — omem SmnlC,7) X

X Smn(C,U') exp im(p — ¢).

Eigen values A2 of kernels K (12 (n, o1, (,b')are found from the solution to the Fredholm integral
equation of the second kind:

ey, ) — AN [T [T oW (5, ) X

x K@, 51, ) dn'de’ = Ri(@, 9).(8.7)
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The solution of equation {8.7) has the form:

O (7.0) =R, (1.0)+ 3. > BV, (Con)expime. (5.9

m=0nzm

Substituting (8.8) for (8.7), and integrating ' and ¢, as well as using the orthogonality of the exponential
and angular spheroidal functions, we can find the eigen values of the kernels [7, 55, 97]:

AQ) = i kR (€,60); (8.9)

Ay = kR, (€,6). (8.10)
By means of the known eigen functions of the kernel’s K W@ (n, b1, b ) functions

SmnfC, 1) and exp i m¢, the generalized Fourier coefficients of the characteristic [7, 55, 97] can be found:

12z

:—J. J‘ R{n.9)S,.{C.n)exp(—imp)dndp. (8.11)

The solution to the integral equation (8.1) will be physically realizable if the series

2
Yo e (Ag?;(z)) converges. When this condition is satisfied, one function (since the kernel eigen

functions are complete) satisfies the equation (8.1) and it can be calculated as the average limit [7, 55, 97]:
oM (m.e)=>>" a, AUOT (C.n)expimep. (8.12)
m=0nzm

The same eigenvalues are obtained by considering the diffraction problem of sound scattering by an ideal
spheroid (whether soft or hard). In reality, the angular characteristic of a soft spheroid (in the field of a plane
incident wave) has the form [7, 55, 97]:

2 v ) mn &
Rl(n:ﬁo) = _EZ ozn>m( 1)n5‘mn(C nl)smn(c 77) (3) EC ?); eL‘m&p’
Ran 0

wherer, represents the angular coordinate of the wave vector of a plane incident wave, and &, represents the
radial coordinate of a scattering surface. The Fourier coefficients a,,,of the angular characteristic in
accordance with {8.11) are equal:

_ ()2 m(Co6)
- 5w (Cm 1) RU(C.E,) (8.13)

In view of the homogeneous Dirichlet boundary condition on the surface of the scatterer (¢ = &) , the
function ¢ 1) (1, ¢)is equal (with the opposite sign) to the distribution pressure in the plane incident wave of
the unit amplitude along surface of the scatterer &, [7, 55, 97]:

D, 0) = =235 o 3% S (€ 11)Smn (€, MREA(C, &) expim @

Comparing expressions for @, ¢p)with (8.12) and taking into account (8.13), we are able to find the eigen
values of/l?%:)n [F:55,97 ]:

A = TRREN(C,6), (8.14)
which coincides with (8.9).

Similarly, referring to the hard spheroid, we obtain [7, 55, 97]:

A =g g s, 8
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Analysis of the eigen values/lgz{(z)shows that the physically realizable solution @2 (7, ¢) will be
provided by the Fourier coefficients a,,,, which decrease with the increasing indices m and # faster than the

radial functions of the first kind R(l) 2(€,&) for @V (n, ), or their first derivatives along the radial

coordinate R.,(n% (€, &) for @@ (5, ¢). If, in all formulas, the obtained wave size C is replaced with -iC and
the radial coordinate £ is replaced with /£, we will obtain a solution to the problem of synthesis of the oblate

spheroidal antenna. By fixing the interfocus distance d to zero, we can pass from spheroidal coordinates to
spherical coordinates.

In the case of an antenna with the sizeC >> 1,0, then the Watson transformation can be used to solve the
problem [124].

8.2. The Synthesis of a Linear Radiator Using Prolate Spheroid Functions and the Synthesis
of the Volume of a Spheroidal Antenna

A linear antenna in the form of a segment of an infinitely thin bar is a degenerate prolate spheroid (£, = 1).
The synthesis of such an antenna can be performed according to the same schema. These will not only depend

on the angle ¢ but, in addition, Fredholm integral equations of the first kind, thereby linking the angular
characteristic Ry (77) with the required distributions pg(Q) or dps(Q)/0¢ | Far which are given in [55, 97,
1211251

R (1) - I PL(Q)K" (.Y
, (8.16)

R (1) = [ 22k )y

where

RO ,21) = by E e 8 (S R (8 s

K@ @,m) = —hy Tigeo i "Son (€, 1)5C,1)RG, (€, € ey
Factor £5 — 1 vanishes when §; — 1is in expressions for p3(Q)and

api(Q)/aé "|¢7=1. This emphasizes that as soon as the antenna degenerates into an infinitely thin bar, it
cannot be ensured to have R, (1) finite values of distributions ps(Q) or dps(Q)/9§" |¢r-4; only distributions
pe (Q)andapE(Q)/af'E,:l will be finite.

The eigen values of nuclei KM (37, 7") and K ® (n,n')will be equal [55, 97, 116, 123, 124]:

r RO (e
ho[ (en] (8.17)

A= i [ RV (C,l)]_l

A=

The distributions of pz(Q)and dp3(Q)/d¢ | Ll sought in the following series:
p:(Q)= Za ASSS,, (C.m)

dps (Q) _ iaonA Z)SOH (C T])
dé‘ ) n=0

. (8.18)
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. TS 2 [ D) 5 a2 .
Distributions (8.33) will be finite if series }.,, agy, (A(m) and ), g, (A(m) coincide.

There are other methods to synthesize a linear antenna [122, 127]. In particular, A. A. Pistol’kors [130]
applied eigen functions to the synthesis of a linear antenna, using a system of elliptic cylindrical coordinates
and the eigen functions of an elliptic cylinder (Mathieu functions). The antenna appeared in the form of a
hole with a width d of infinite length. But since the antenna distribution along the length of the antenna
remains constant, it appears to be recruited from an infinite number of identical linear antennas. This is
because its tranverse distribution is nothing more than the distribution of the field in the linear antenna.
Another method for synthesizing a linear antenna—the partial diagram method—is based on the
representation of a desired field distribution in the form of a convergent series of exponential functions. Then,
the role of partial diagrams (angular characteristics) is played by the function S,(z) =
[sinm (n — z)/m(n — z)]. In another version of this method, the partial diagrams are Bessel functions. When
using the Fourier integral method with reference to the synthesis of a linear antenna, the antenna is assumed
to be infinitely long, but the field distribution behind its physical wire is assumed to be close to zero. In
practice, very often the angular characteristic R, (1)is given in tabular form. On the basis of the characteristic
Fourier coefficients a,,,, may not satisfy the necessary conditions for physical realization. In this case, one
must resort to approximate solutions, which provide physically realizable angular characteristics. Fig 8-1
shows two angular characteristics: (1) The solid curve shows the modulus [R; ()| for a soft prolate spheroid
with a radial coordinate &, = 1,005, where the wave size of the body us C=10,0; (2) the characteristic R, (1)
was given in tabular form with Step 5°. The dashed curve refers to the modulus of the angular characteristic
|R; (n)|of the synthesized antenna, with the form of an oblate spheroid with a radial coordinate of &, =
0,1005 at wave size C=10,0. When the given function R, (#)is approximated with any degree of accuracy
by a function possesses the required properties, the criterion for their proximity will be the smallness of the

value max|R,(n, ¢) — Ri(n, P)|.

Figure 8-1: Modules of a given |R;(8)| and its synthesized | R} (8)| angular characteristic

Another approximate method for the synthesis of an antenna, is called approximate-on synthesis. In this
method, the predetermined angular characteristic or a directivity diagram is represented as a polynomial and
well-known methods of the theory of interpolation are used to determine its coefficients so that an obtained
polynomial, in a sense, constitutes the best approach was for approaching a given characteristic. The degree
of approximation of the obtained angular characteristic relative to a given factor is estimated by means of the
norm:

O(A) =R (7.0)- & (n.9)

|, 8.19)

where A represents coefficients of the approximating polynomial.
A solution to the synthesis problem involves a set of coefficients 4,,;, which minimize the functional (8.19).

A method for the synthesis of surface and linear antennas using eigen functions can be found in volume V,
of the spheroidal form with the external surface &yusing the angular characteristic R, (17, ¢p). These functions
are related by an integral equation [120, 126-129]:

R (n.9)=[F(&.n'0 K (n.0:5'n'.0")dE dn'dp', (8.20)

"
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where
FEEL 00 = hy(§% —n* )0 n',0);
The solution to the equation (8. 20) represents a series:
F(&\n'\e) 22 o {Co11') expzmgo'R (C &Y, (8.21)
m=0nzm

where this represents the Fourier coefficients of given angular characteristic.

The distribution F(&',n',¢') is physically realizable if the series Y, Y. b2, [R (1) g £ fo)] converges.
Because of the zero-point scale factors, the density of sources has a singularity in the coordinate system: £ =
Ly 9= L

8.3. Evaluation of Antenna Efficiency Using a Reactivity Parameter

The efficiency of a surface and active (radiating) antenna is determined, on the one hand, by the ratio between
the active (r¢)and reactive (xg)components of the radiation resistance z but, on the other hand, the reactivity
parameter ¢J can also be used, if the antenna power W is represented in the form W = Re W + i Im W. In the
latter case, the reactivity parameter () curvilinear surface antenna of a spheroidal form providing the
directivity characteristic of Ry (1, ¢p)is equal to @ = |Im W|/|Re W|. The pressure distribution on the surface
antenna in accordance with (8.27) has the form [7, 55, 121]:

p(m:0)= 23 4, A0S, (C.n)expimg, (8.22)
m=0n=m

where

Ag; = i1+nkRTE§‘BL(CJ€')|f'=€O'

The normal component [of the vibrational velocity of antenna points v,,(#, ¢), in turn, will be

iop, h.  dg’

Ve (U,g}) = |
£=4

The total power of the synthesized antenna, providing a given angular characteristic, can be found to be [7,
55, 121]

_ 1 'pl(mp) _
W_chp Skf pl(m@) f:fods_

_ 7hy (& - )kzzZZ .

(’Dpﬂ m=0nzm

“ROAC,EVRY (C.8), w24)

where
RE(E By = R (6 ) — iR B

p1(1, ) — complex conjugate p; (17, p).

The radiated power is determined by the real part (8§.24) and the reactive imaginary part (8.24). We will now
consider the special case of the angular characteristic R, (1, ¢), which is represented as the product of the
following eigen function:

R(n.@)=5,,(C.n)expimp. (8.25)
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In view of the orthogonality of the eigen function, only one Fourier coefficient is different from the zero of
the characteristic Ry (n, ¢) with indices m and 7 : a,,, = 1 The pressure distribution

12 (77, ¢) along the antenna surface repeats the given characteristic R (7, ¢») and the total power
of the antenna W will be equal to {7, 55, 121]

= I (2 — )i {R(C. E)Rima (€. §0) + RN (C, E)RI (€., §0) +

+i [R,%%(C £0)RS (C,66) — RA(C,E)RGA(C €0}

The reactivity parameter () in this case is calculated from formulae [7, 55, 121].

mn(C 50) (C§)+Rmn (C 50) mn'(C’go)
Rmn (C’ 50 )Rmn (C’ 50 ) _Rmn (C’ §O)Rmn' (C’ 50)

Figure 8-2: shows the comparison function values Q(n) for antennas with a radial coordinate

. (8.26)

& = 1,005 and &5 = 1,6 at m=0 and wave size C=10,0. The higher the reactivity, the greater the number of
mode »; the antenna of smaller dimensions (§; = 1,005) has a higher reactivity. Figure 8-3 shows the
reactivity parameter O of the pulsating mode (m=0, n=0) is the range of the radial coordinate &, from 7,005
to 70,0., while the wave size C is still equal to /0,0. With a further increase in the radial coordinate &,, the

function Q(&;) will tend asymptotically towards zero.

/ l6,=1,008 /
05 025
o ’

ST V. e 07 3 3
£

(3%

Figure 8-2: Dependence of the reactivity parameter

on the mode number Figure 8-3: Dependence of the reactivity

parameter on the radial coordinate

We will find the partial acoustic resistance z on which the antenna with the angular characteristic (8.25) is
loaded [7, 55, 121]:

P1(1,9) _ R (€,60) R (€. 60)]
—iwpohg,

RS el Wy’ @ 4
§=&o [Rmn (C; 50)] + [Rmn (C' 50)]

R (C.E)REN(C, o) -rRZ)(c, so)R(“ €50) _
[Rco)] +[REh 0]

x = —lwpohg,

wo . O
= P . (8.27)

R (Ce)] R (8]

where W (/2 represents the Wronskian of the 1° and 2™ kinds of functions
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‘Rrquj (Ca gﬂ)‘Rrqujl (C= 50) _Rﬂ[azn} (C=§D )Rﬁq}l (C=§D)
(RY (€.8)] +[R2(c.8)]

Comparing (8.27) and (8.28) with (8.26), we find that the reactivity parameter O of the acoustic

. (8.28)

¥= —ia)poh%

(8.25) 1s equal to the ratio of the modules of the active and reactive parts of the full acoustic resistance:
Q = [¥|/lx].

8.4. The synthesis of a Compensating Antenna

Along with passive methods to compensate for pressure in a reflector or scattered waves [130 132], one can
achieve the same goal and active means, based on the application of a compensating radiating system which
creates, at the point of reception, the opposite pressure on the sign. In the expression for the pressure in the
scattered field p.(P) (where P represents the observation point), we separate, as usual, the radial and angular
function

po(P) = =Ry (a, §),

27

where r represents the distance between the point P and the center of the scatterer O ( (Fig. 8-4); k = =

the wave number Ry (e, ¢) = |Ryla, ¢)| expli®y(a, ¢r)] represents a scattering characteristic; A represents

the length of a sound wave in a medium; @, (e, ¢) represents the phase characteristic; and «, @ tepresents
angular coordinates of the observation pomt (Fig. 8-4).

|

P & g,

Figure 8-4: The mumal arrangement of the scatterer and the compensating antenna

On the basis of Ry(a, ¢) we synthesize the radiating system using the amplitude angular characteristic of
which |Ry(a, ¢)| will be close to the selected sectors of angles @ and . The phase angular characteristic of
an antenna = @, (e, ¢) will shifted by n relative to the angular phase characteristic @, (e, ¢).

The accurate reproduction of the directivity characteristic Ry(a, ¢) = |R,(a, ¢)| explid,(a, ¢)] is only
possible if it belongs to functions ofthe class W, .+ [122]. Otherwise, we can only talk about the approximate
directional characteristic, R](a, ¢). Since the compensating antenna is intended to compensate for the
pressure created by an ideal soft spheroid scattered wave in the Fraunhofer zone, we use the
expression Ry(a, ¢) for spheroidal finctions. The wave incident on the body is assumed to be plane [7, 55,
117, 126]

Ro(@,9) = = = Sinm0 e~ 1) € S [C, cos(a = D] X
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1
RE(C,&)

— s
X SmnlC cos(as — )] — co
27 R (C,50)

smag

Figure 8-5 (left): Modules of the angular characteristics of the scatterer and synthesized antenna
Figure 8-6 (right): Phase angular characteristics of the scatterer and synthesized antenna

We will consider a linear antenna that must compensate for the scattered field of the soft spheroid for the
angles @ = —90° + +90°, ¢ = 0 — 5°,355" — 360°. We note that, in this sector, along the azimuthal angle
@, the radius-vectors of the initial diagrams only vary a little. At the first stage, the natural path difference
between the antenna and the scatterer 1s not taken into account. It is assumed that the antenna and the scatterer
are in the same region of the medium. Alternately, the longitudinal axis of the antenna coincides with the Z
axis, and its center is at point O (Fig. 8-4). Since the initial amplitude and phase characteristics of the scatterer
were specified in tabular form, the method of synthesis will be approximate. When calculating the sensitivity

i) = |F;(0) | explivy, (y)] ( = ZETZ), (/ represents the length of the radiating system; z represents the
distance along the antenna, as measured from its center) and for the directional characteristics we used
expansions [122, 126]:

n=entiera

L= 2, Rme™;

n=—entiera

n=entiera

RU()Y= D, RmS,©)

n=—enliera
Expansion coefficients R, (1) (partial characteristics) are equal to values R, () in integer points.

The module with the largest integer is |1, |||a because the symmetry of the scattering diagram and the
partial characteristics are identical pairs R(4+n) = R(—mn)).

The found partial characteristics enabled us to calculate the amplitude |E;(y)| and phase - 4 (y)
characteristics of the sensitivity distribution along the linear antenna (Fig. 8-7), as well as its amplitude and
phase directional characteristics (as previously shown in Figures 8-5 and 8-6).

% .#_.;/,.‘
U % W Y%t

Figure 8-7: Amplitude and phase distribution of the synthesized linear antenna’s sensitivity
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The above method, with the help of functionS, (&) was used to calculate the sensitivity off,(y) and the
directional characteristic of the compensating antenna R3(&) (Figs. 8-5, 8-6, and 8-7). As we see,
compensation is only observed within the limits of the main maximum of the scattering {&¢ = 0° 1+ 40°). To
achieve compensation in the remaining field of the angle change, o, it is necessary to increase the dimensions
of the antenna (that is, to increase the parameter ). As a result of this, the number of nodal points » will
grow, in which the initial and calculated directional characteristics coincide. Due to the natural difference
between the paths taken, the relative amplitude compensation

Rel  IRy(@¢) + R, (@ 9)]
|Ro(, ) B |Ro(a. @)

at angle ¢ in the selected range of the variation will not exceed 8%.
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CHAPTER 9

THE CHARACTERISTICS OF SOUND SCATTERING
FROM INFINITE CYLINDERS

9.1. The Solution for Three-Dimensional Problems of Sound Diffraction on Elastic Bodies
with a Cylindrical Form Using Debye Potentials

We will now turn to the oblique incidence of the plane wave on the elastic hollow cylindrical shell. The
geometry of the problem is shown in Fig. 9-1.

O (re:0; 0)

T
A
TN
N

- {

/

Figure 9-1: Hollow elastic cylindrical shell in the field of the plane sound wave

The scalar potential of an incident wave @;(r, ¢, z) for a unit amplitude with a wave vectorktilted at an angle
of @ the axis Z. We can expand this in terms of eigen functions of the scalar Helmholtz equation in a circular
cylindrical coordinate system:

D, (r,,2) = eV Y% e (=), (kyr) cosmo, 9.1)

1 by m =0;

wherey = k cos 6 ; ky=ksin9; sm={2 by m % 0

We can now transform the representation for the vector function, ffgenerated in [100], by introducing an
additional operator rof in order thatAautomatically obeys the gauge condition (divf_l) = 0):

A = curl(x8,) + curlcurl(é,), (9.2)

where €, represents the unit vector in the direction of the Z axis and y and w represent scalar potentials which
satisfy the scalar Helmholtz equation [7, 67, 71, 100, 108]:

A)(+k§)(=0}

Mp+k3p=0 ©3)

Components of vector functionA , in accordance with (9.2), will accept the following:

_1ox %
Ar = rd¢p = ordz ’
__ox 10%
Ap=—57 r 0oz ©-4)
19y 9%y 1 9%y

Components of the displacement vector ¥ will be equal to:
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2o _10% 1% _ 10

¥ ar  riardd T aridd  riadd
2y 1 3%y

drdz  rodazz '

Iy i 19 1 8%y R 18y
¢~ ya¢p ' ropdz | 9rdz: | rZor
1929 %y | 29% 1 3%

Trarz  ors | r3agr  r2orag?

9¢ 19y 1 3% Py 1 Y

27 9z ror  riagdz  9r?  rogaz
1 3%y

rZ 2’

(9.5)

Potentials @, y, ¥ and the potential of the scattering wave @.expand in terms of the eigen functions of the
scalar Helmholtz equation in a circular cylindrical system:
@ =elt?y _D[Amjm(hrr) + B Nm(hﬂr)] cosma¢ ;
x=e7? [ijm(aar)+D N, (aar)] cosme¢ ;
Y= glrz [Em]m(aar) + K (ce r)] sinme ;
@, = elr” Z%:o GmH.,%) (kyr) cosmao ,

(9.6)

whereh = (k% — kz)l/ 2; 0 = (ki — kz)l/ 2; andAqy,, By, Cony Dony By B G represent unknown coefficients.
We will find these from the following boundary conditions:

1) The continuity of the normal components from the displacement vector in an elastic shell and a liquid
medium at the outer boundary (r=a):

a1 8w 1 3w 1d°w %y

dr  rEardg  rTaridd AP drdz
(9.7)

1 9%y

rpdzZ o

2) The equality between the normal stress in the elastic shell at the outer boundary to the pressure in a liquid
medium:

BUT (i} — BUZ —
(A+ 2;,1) ( a¢, +r U, + ) =
= —powz(d)i + q)s)l‘r:a ’ (98)

wherepgrepresents the density of the liquid medium.

3) The absence of the normal stress from the hollow shell’s inside boundary:

o al,
Afr a;’+ W0, +52) = 0l (99)

4) The absence of tangential stresses on both boundaries of the shell:

au au
rs ¢4yt s - —T_1U¢ = 0|r=a; ;

’ 4 r=b (9.10)
U, AUy ’
6_ + == Ol'rza.

24 ar r=b

Substituting expansions (9.1} and (9.6) in (9.5) and then the boundary conditions in ( 9.7)~(9.10), we obtain
the heterogeneous system of seven equations with respect to an infinite number of unknown coefficients for
the expansions of potentials. Using the orthogonality of trigonometric functions cos mg and sin m@, we can
reduce the problem to that of finding seven unknown coefficients with a fixed index m:
A By Gy Doy B, Fy, G0t the seven equations boundary conditions) from heterogeneous system.
Coefficients G,,of the potential of the scattered wave @, that is of interest in the first place will be found
using Cramer’s rule from the ratio of two determinants from the seventh order [7, 67, 71, 108]:

printed on 2/13/2023 8:37 PMvia . All use subject to https://wwmv. ebsco. conl terms-of-use



The Characteristics of Sound Scattering from Infinite Cylinders 101

G = A4, (9.11)
where A'represents the minor of the system and A represents its determinant, which is equal to [7, 67, 71,108]:
12 = N‘_,;l(h,a) .
iz = ik],,'n(ce'a) ;
1 =].,'n(h’a) ;
a1 = N%(k’a) 3
a3 = ik],'n(aa'a) :
a;, = ikN,, (oe'a) i
@ :a—‘rmfm(ae'a)(ar_zm2 +k2)—a_2mJ};(ae'a)—
—a”'m/!(x'a);
@y =2 a_jmj\fm(aa'a)(a_zmz +k2)—a_2mN;1(ae'a)—
—a'mN! (&'a);
aj; = _HE)'(kya) ’
ay, =(A+2u)t(Wa)+ A [a_jJ,; (n'a)-
f(mzazf2 +k2)]m(//z’a)];
lyy = 2yik],','1(a2'a) s
a,, = 2uikN,, (ae'a) ¥
a, ={A+2u)a "{ma 5 (aa’a}(a ‘m’ —k® -3a 2m2)+
+mJ! (ze’a)(Za ? +k2)—m.];’(ae’a)}+
+Aa j{a jm]m(aa'a)(kz —a 21f}12)+
+ml! (ze’a)(a ‘m’ fk2)72a ‘mg! (ze’a)fmf;'(ae’a)};
a, =(A+2u)a j{ma ‘N, (ae'a)(a ‘m?—k® -3a 2m2)+
+mN /!, (ze’a){Za ‘ +k2)—mN;’(ae’a)}+
+Aa "{a ‘mN (ae’a)(kz —a 2m2)+
+mN /!, (ze’a)(a ’m? —kz)—Za ‘mN " (aa’a)—mN;:’(aa’a)};
(7 = PowzHg)(kya) ;
a;, = (A+ 20\ (W) + A [b7' T (W'b) -
b7 K7V, (1');
ay, —(A+2uN" (W'B) + 2 [N (n'b) -
b W, (1R);

3z = Zﬂik];l(wrb) ;
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3y = ZHEkN?;,(aerb) ;
a,, =(A+2u)b b ' (BN 'm® k7 - 3b 2m® )+
] (e'b)2b 7 k7 )—ma ! (b)) +
wab U img (@b —b 2m? )+
! (@'b)p 2m® —k?)-2b ‘mI ! (@'b)- mI " (='b)}:
a,, = (A+2u)b mb "N (e'b)b 'm® —k? —3b Tm’ I+
+mN (ze'b)(2b e )*WIN;’(EB’I))}‘I’
Db mN, (eb)k” b Tm? )
+mN| (ze’b)(b ‘m? sz)be ij;(ae'b)me;’(ze’b)};
azr =0;
ay, =2ma Y a Y, (ka) - Jn,(Ka)] ;
gy = Zmafl[alem(h’a) — N.,;l(h'a)] :
gz = Zmikafl[afljm(aera) —].,'n(aa'a)] :
Apg = Zmikafl[alem(ce'a) - N,;l(ce'a)] :
@y 20 "mZJm(ae’a)(Sa f—a’m’ —k2)+
+a *J] (ae’a}(.?kz -3—4m’ )+
+a 2J;(ae'a)(3fk2 +2m2)+
ta'J"@'a)-J " (x'a);
Gz =G "msz(ze'a)(Sa f—a’‘m’ fk2)+
+a 3N;(ae’a)(3k2 —3—4m2)+
+a ZN;(Ee'a)(j’ka +2m2)+
+a lN;'(ze'a)fNiV(ae’a);
ay7 =0
azy = 2mb b~ Y (h'b) — Jr (BD)] ;
as, = 2mb = b IN, (h'b) — Ny (h'D)] ;
asz = 2mikb b~ Y, (@'h) — Jnm(eb)] ;
asy = 2mikb b N, (&b) — Ny(&'h)] ;
ag, =b 'm’J, (@b)8b 7 —b *m’ k7 )+
1b AT (e Y3k? 3 4m® o
+h ZJ;(ae’b)(j’—kz +2m2)+
+b 1T M@'b)—-J Y (='b);
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oy =5 'm0 (N0 > 5 s
+b N (@b )3k? —3—4m® Jr
+bh N (ae’b)(j’—kz +2m2)+
+h jN;’(EE’b)*NéV(EE’b);
as; =0;
agy = 2ikjm(ha) ;
gy = 2ikNy,(h'a) ;
Qg = *2a73mzjm($'a)+
a2 ),
Asy =*2a73m2Nm(w’a)+
PN felafa vatm® k)N (ela);
a; =a fmi/c]m(aa'a)(a 202 L 2 )+
+a zmik]};(aa'a)(j’a 2 ,2),
—a gmik];(w’a);
A e
+a zmikN};(ag’a)(j’a g ,2),
—a 'mikN ! (z'a);
gy =0 ;
ayy = 2ikf, (kD) ;
a7 = 2ikNy (h'b) ;
a,; =—2b EmZJm(EB'b)-I—
+J;1(ae’b)(b S+bTm’ —kz)—J;(aﬂ:’b);
a, =—2b EmZNm(EB'b)+
NN o P k) e
Qo =0 Emi/c]m(m’b)(b 2 4? +k2)+
+b Zmik];i(ze’b)(,?b 2 _2)_
—b 3mi/a]:1(m’b);
G = b jmikNm(aa’b)(b m” +k2)+
vb 2k, (w'b)3b 7 - 2)-
—b 3m1’k]\f;(ae’b);
azy = 0;

by; = Em(_i)m]‘l;l(kya) ;
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byy = —po@?en (=) (kya) .

Now we will turn to the problem of the diffraction of a harmonic wave from the frequency @ from the point
source (J on the elastic cylindrical shell. The source is at a distance of 1 from the shell axis Z. The shell is
placed in an external liquid medium with a density of p; and the velocity of a sound ¢,.

The potential @; of the harmonic point source is determined by series [7, 87, 71. 108, 133]:
Dy(r,§,2) = s Nmgcos(ng) - &, [ expliyz) - B (kyro) - Ju(kyr)dy ,(9.12)

where k), = (k2 — yz)l/ 2; k = w/cy; y and k,, represent components of the wave vector kaxial and radial

respectively (Fig. 9-1); &, = {é 2 z 8

The potential of the scattered wave @;(r, ¢, z)can be written in an analogous way:.®;(r, ¢, z)
o +o0 .
Pur,6,7) = igmg Oy cos(na) - [*7 AQ) expliyz) - HP (kyr) dy , 9.13)
where a, and A(y) are unknown coefficients and functions y, respectively.

These are found from the boundary conditions. We can write the cylindrical components of the displacement
vector I (U,,,, Up, U z) through the potential @ and the cylindrical components of the function

E(AT,A¢,AZ) [133]:

_ 184, 94¢
Uy = r B(f) dz
1 aq:: BA, 04,
Up =225tz o 619
_ e 1 BAg 194,
UZ_aZ+TA¢ ar rap’
The cylindrical components A, Ay, A of the function Aare expressed through the Debye potential I/ and
[133]:
au | .1 av
S + 2;4‘ l;kZZ% ; (9.15)
. av av]  18u | d*u 1
Ap = —ik; [ZF_T_ Trag Tareg Tt aza¢ +(9.16)
2 aV 32y au

A, —kzzU +z——Lk

za¢ araz+2§’ (9.17)

where k, represents the wave number of the transverse wave in the material of the shell.

The potentials €, U/, and " also decompose into series on own functions of the scalar Helmholtz equation [7,
67,71, 108, 133]:

r .0, z Zcos nqa{ nTB(y)exp(z'}z)Jn (hy]")d}"F

(9.18)
IB exp 1;1/z (h r)d}/}
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r o, z Zsm nqp){cn TC(}/)exp(iyz)Jn (aeyr)d;y+

» (9.19)
+c! IC’( ¥ Yexpliyz)N (ze r)d}f}

r 0,z Zcos ngo){dn TD(}/)exp(i}/z)Jn (ae},r)d;v+

. (9.20)
+d J-D’(;/)exp(ijz)Nn (zeyr)dj/} :

where h, = (ki — y2)1/ 2; ky = w/c represents the wave number f'of the longitudinal wave in the material
of' the shell; ¢, represents the velocity of the longitudinal wave in the material of a shell; NV, (aeyr) represents
the cylindrical Neumann function; e, = (k3 — yz)l/ 2;b,, bl €, chid,, dl and B(y), B'(y); €(), C'(y);
D(y), D'(y) represent the unknown coefficients and functions, respectively. These are determined from the
following boundary conditions:

1) A normal component of displacement vector U,.is continuous on the outer boundary of the shell
2) The sound pressure in a liquid is equal to the normal stress exerted on the outer boundary of the shell
3) The normal stress experienced within a shell on an internal boundary is zero
4) Tangential stresses on shell boundaries are zero
In an analytical form, the listed boundary conditions are as follows:
A 9.21)

17 U9z 93 d1g Q15 @5 Qg7
Uy Gpp fGOpz Gy Gy Upg Oy
f31 HUzp Q33 Q34 dzg Azg O3y
A= |04 Q4 a3 @Agq g5 g Qgy| (9.22)
51 sz @53 QG54 dss 55 Q37
g1 g2 Qg3 Oga g5 Ogs g7
71 dyp Q73 Q74 Q5 Q7 Q77

b1 iy @3 Ay Qs Ay Qg7
by1 Gy Gpz Quy Gy Gy Gy
0 azgy azz azg Gz Gdze dz7
0 @y G4z Gua Q45 Qag  Auy| . {9.23)
0 asy asz @sg @Ass Gse  dsy
0 agp gz Qs Qg Geg  Ug7
0 ay; Gy Qyg Gys Gye gy

6U¢ 1 IBU

ar e Tree = 0|Zg . (24
U, | U,

r=b

The substitution of series (9.12), {9.13), and {9.18)—9.20) in the boundary conditions (9.21)}9.25) yields an
infinite system of equations for finding unknown co-efficients and functions a,A(y); b,B(y); bi,B'(y);
c,CO)ichC'(y); d,D(¥):d,,D'(¥). Due to the orthogonality of trigonometric functions cos(ng) and sin(ng),
an infinite system breaks up into seven equations with a fixed index » to find the seven combinations for the
unknown co-efficients and functions.
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a, A(y)for the potential ®;of a scattering wave is calculated using the Cramer rule from the ratio of two
determinants from the seventh order:

a,A(y) = 47/4, (9.26)
where A represents the determinant of a system and A'represents its minor, which is equal to function [133]

17 g 1z A1g Q15 @ Qg7
flpg  dpy Upz Opq Qps fzp U7
tl3q dgy Ugz Azq4 Az5 zp U37
A= A4y Cqp Qg3 U4 U435 Qg Qg7
sy G5y O3z G54 g5 dge Oy
Qg1 Bgz Qgz Oga Ugs Qg Ogy
€ty Uy Uyz Qz4 Az flyg  Oy7

bi1 @ a3 @ Q3 g A4y
by Gy Gz @y Gz Gz Gz
0 a3z azz @z dzs Qze Qzy
0 ay Gy Qg GQus Qe Gy
0 as; asz @sq Gss Gz Gsy
0  agy Qg3 Qs g5 Qs Qg7
0 ayp a3 au Gy 4y Gy

ayy = —H (kya) ;
a1z = Jn(hya) ;
a3 = Np(h,a) ;
a4 = niy|ajn(@,a) + 2/n(e,a)] ;
ay5 = niy|aN,(e,a) + 2N, (e, a)] ;
a6 = ie|(n? + ay?), (e, a) + Jn(@,a)] ;
ay; = ie[(n? + ay?)Np(w,a) + Np(e,a)] ;
821 = pow?HP (kya) ;
i = (/1 + 2y)[J$(hya)J -
“ila g, (ha)-a g a)r 2T (ha);
ay, = {2+ 2u)|\N!{h a)|-
—A [a Zrzan(h},a)—a JN,;(h},a)+}/2Nn(hya)] g
g = 2(A +2u)(a 2 — Diyn/,(e,a) ;
azs = 2(A + 2u)(a~* — L)iynNy(eya) ;

&y, = (/1 + 2;4){7 ien’ [Jn (ae},a)fJ; (aeya)]Jr
B iaafg(aeya)Jrz’aeyyz [Jm(aeya)Jr aJ;(aeya)] }
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By = (/1+2y){ nZ[N &:},a) N’(& a)]
+ i H(FB?,CI)‘I’IFB}/E[N ®, )+aN;(wya)]};

az; =0;

=(a+2p)7np )|

—ﬂ,[b g (b )-b T 0k )+ 72T, (R )]
Ay = /1+2/U |_ (h )J
— Al N b} -0 NB b} N, (1, B)):
azq = 2(A+2u)(b 2 — 1)iynjn(azyb) -
azs = 2 +2u)(h™2 — 1)iynNn(aayb) 4

e, = (/1 T 2;1){7 isn’ [Jm (aeyb)fJ]: (aeyb)]Jr
1 iae.],’;(ae},b)+ iey’ [Jn (aeyb)+ bJ! (aeyb)]};

as =2+ 2u)iwn? [N, (b )- N fee )]+

+izN (e, b) i [N, (e, b)+ 6, (e, )] |
g =0 ;
fyy = 2na [ (h,a) + a i), (k,a)] ;
a3 = 2na =N, (h,a) + a N, (h,a)] ;
ayq = iya@*f,(e,a) ;
ays = iyae®Ny(e,a) ;
a,, —iznl (e, a)[a o' )-7]-

~ e a)-a ' e a);
a,, - i@niN (e a)a (2-n’)}- 7]

~Nife,a)-a Vife,a)f:

g =05
asy = 2nb —J(h,b) + b (D)
asz = 2nb [—Ny(hyb) + b Ny (h,b)] ;
asq = iyb&?),(a,b) ;

ass = iyb&® Ny (e, b) ;

s = z';’cn'{.],2 w},b)[b (2 7},12)7?2]7
— e, b)=b T (b))
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a5, —izn{N, (e, b)p (20— n)- 1]
~Vile,b)-b6 Nl b))
gy =0 ;
sy = 2iyjn(hya) ;
(g3 = 2ty Ny (hya) ;
agy = @nla”V, (@, a) —Jn(eya)] ;
ags = @’nla”' Ny (@,a) — Ny(@ya)] ;
s :fyw{.]m(wya n ta fy2]+
+57' e a)+al(e al};
a, =—y® {]\fm(ae},a)[n2 ta fy2]+
Wi, e
4y =0 ;
ay, = 2iy)n (i b) ;
ty3 = 2ty Np(hyb) ;
azy = @’n[b™ (@, b) — Jnleyb)| ;
azs = @’n[b™ Ny (yb) — Nn(eeyb)] ;
a,, :fyw{Jn(aeyb n o+ b fy2]+
+57,(w,b)+ 87 (e, b))
a,, :—yw{Nﬂ(&yb n+b fy2]+
+ 5N e b )+ N (e b)) ;
buy = zenlly” (o) (k) ;

by = —pow? %gnval) (kYTO)]n(kya) '

9.2. Sound Scattering Using Layered Viscoelastic Cylindrical Shells

In the second section of this chapter, we will consider the diffraction of sound by cylindrical layers of
viscoelastic shell. Let the harmonic continuous sound signal with frequency « irradiate the system of
cylindrical elastic and viscoelastic layers (Fig. 9-2). In other words, we will direct a plane sound wave toward

this structure so that a wave vector k from the incident wave is perpendicular to the Z axis in a system of

cylindrical layers {a plane problem).
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Figure 9-2: The systemn is comprised of both viscoslastic and elastic oylindrical layers

The system consists of 4 layers: Regions 2, 4 and 5 are the viscoelastic layers; Region 3 15 the elastic layer
Region 1 15 the vacuum; and Region 6 1s the water. All viscoelastic layers differ from each other in terms of
the density of the material, elastic modules, and loss factors. Due to the presence of losses in the viscoelastic
layers, the wave numbers of transverse (shear) waves will become complex. Therefore, the corresponding
arguments based on the cylindrcal functions of Bessel and Nenmann will likewise be complex.

We have mtroduced the followmg designations for the sound pressures and displacement potentials (both
scalar and vector ones) for our problem:

1. The mside layer (Region 1} 15 the vacuum, within which the wave process 1s absent

2. Layer 2, which iz viscoelastic (Fig. 9-2), is charactenized by a scalar potential @, and a vector potential
¥

Layer 3, which is elastic, has potentials @, and ¥, respectively

Layer 4, winch is viscoelastic, has potentials @ and @.4

Layer 5, which is viscoelastic, has potentials @, and ¥

In an extemnal liguid medium (Region &), there is a sound pressure in an incident wave p; and pressure
in a scattered (reflected) waveps pq

o

In wview of this plain statement of the problem, all vector potentials will have only one component that is
different from zero, namely ¥, which we will denote ¥ We will decompose all potentials and pressures
using the fundamental solutions of the Helmholtz equation in the circular cylindrical system for the followmg
coordinates:

B2 (r, @) = 3% o[t (ot + KN (ko) coSTLQ

Wo(r, @) = Bca [Emfm (k2 1) + QuNop(kpr)] sin me;
D3{r, @) = Li=o[Brdm (K1) + RN (R51)] cosmog;
(1, 9) = Eomea [Smfm (ks 1) + TNy (Rgr)] sinm g
Du(r, @) = X =o[Vnfm (ko) + Wip N (kar)] cosm @;
Valr, @) = Tinoa [Knfm (ka1 + YN (Rgr)] sinm @;
P51, ¢) = Lm=o[Vimfm (kst) + Wi Ny (ksr)] cosme ;
¥s(r,9) = Bt [XimSm (ks 1) + Vi Ny ()] sinm @

Bl @) = Eizo e (D" (ker) cos m g

Pslr, @) = Ty AmH (Re?) cos m;
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where k, — kgand k, — ké — are wave numbers of longitudinal and transverse waves 1n the elastic layer,
viscoelastic layers, and the external liquid medium. The angular scattering diagram using the layer system
takes the following form:

D(p) = —exp( — im/4) (mwke) 1 X —o(—)™ Ay cos Mm@,

Modules of angular scattering diagramsD () are presented in Fig. 9-3 for different wave sizes: Fig. 9-3a
corresponds to kg Rs = 3,78, Fig. 9-3b to kgRs = 7,56, and Fig. 9-3c to kgR5 = 11,35.

0 4

Figure 9-3: Modules of angular scattering diagrams |D ()|
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CONCLUSION

This monograph has presented the author’s scientific work on the diffraction, radiation, and propagation of
elastic waves in isotropic and anisotropic media and various bodies. It has also shown the results of his
research into the synthesis of hydroacoustic antennas.

Using Debye potentials, a solution for the three-dimensional problem of sound diffraction from spheroidal-
shaped elastic bodies has been obtained. Based on this approach, the characteristics of sound scattering by
spheroidal elastic bodies have been calculated, and the nature of their resonances has been revealed and
explained.

The analytical expressions for the three-dimensional characteristics of the sound scattering (the angular
scattering characteristic, the relative backscattering cross-section, the total scattering cross-section, and the
relative scattering cross-section), the equivalent radius, and its target strength have been obtained and their
one-to-one correspondence has been established. These characteristics have been calculated and analyzed up
to a wave size of C=100. The Watson transformation has been obtained for the three-dimensional problem of
the diffraction of sound from an ideal spheroid.

The characteristics of the sound scattering by the spheroidal bodies located near the media interface have
been calculated. Theoretically formulated and physically verified conditions where one can ignore the
multiple reflections of sound from the interface between the media have been created.

The sequence of pulses which are reflected by a spheroid placed in a planar waveguide with an elastic bottom
has been calculated using a method involving imaginary sources and imaginary scatterers.

The spectral characteristic of the reflected pulsed signal for a spheroid located in an underwater sound channel
has been found.

Using the Debye and “Debye-type” potentials, the characteristic equations for the phase velocities of the
three-dimensional flexural waves have been both obtained and solved. The equations for calculating the phase
velocities of elastic waves in a transversely isotropic elastic shell have been found using the small parameter

method.

The author proposes a new method (the Green’s function method) for solving problems connected to the
diffraction of sound from bodies with mixed boundary conditions and elastic bodies of a non-analytical form.
The effectiveness of this method has been demonstrated by calculating the field of sound scattered by similar
bodies.

This monograph provides an overview of the methods to solve problems with regard to the sound diffraction
from bodies with a non-analytical form {including integral equations, a finite element method, and a boundary
element method). The calculation of the scattered fields demonstrates the effectiveness of these methods.

In Chapter 8, using the equations and diffraction theory method, problems related to surface, volume, and
linearity regarding the synthesis of the hydroacoustic antennas have been solved using the given pattern of
acoustical radiation.
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