
Diffraction, Radiation 
and Propagation of 
Elastic Waves 
in Isotropic and 
Anisotropic Bodies 

Alexander K leshchev 

C
o
p
y
r
i
g
h
t
 
 
2
0
1
9
.
 
C
a
m
b
r
i
d
g
e
 
S
c
h
o
l
a
r
s
 
P
u
b
l
i
s
h
i
n
g
.
 
A
l
l
 
r
i
g
h
t
s
 
r
e
s
e
r
v
e
d
.
 
M
a
y
 
n
o
t
 
b
e
 
r
e
p
r
o
d
u
c
e
d
 
i
n
 
a
n
y
 
f
o
r
m
 
w
i
t
h
o
u
t
 
p
e
r
m
i
s
s
i
o
n
 
f
r
o
m
 
t
h
e
 
p
u
b
l
i
s
h
e
r
,
 
e
x
c
e
p
t
 
f
a
i
r
 
u
s
e
s
 
p
e
r
m
i
t
t
e
d
 
u
n
d
e
r
 
U
.
S
.
 
o
r
 
a
p
p
l
i
c
a
b
l
e
 
c
o
p
y
r
i
g
h
t
 
l
a
w
.

EBSCO Publishing : eBook Collection (EBSCOhost) - printed on 2/13/2023 8:37 PM via 
AN: 2282526 ; Alexander Kleshchev, Author.; Diffraction, Radiation and Propagation of Elastic Waves in Isotropic and Anisotropic Bodies
Account: ns335141



Diffraction, Radiation and Propagation 
of Elastic Waves in Isotropic and 
Anisotropic Bodies 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



Diffraction, Radiation and Propagation 
of Elastic Waves in Isotropic and 
Anisotropic Bodies 

By 

Alexander Kleshchev 

Cambridge 
Scholars 
Publishing 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



Diffraction, Radiation and Propagation of Elastic Waves in Isotropic and Anisotropic Bodies 

By Alexander Kleshchev 

This bookfirst published 2019 

Cambridge Scholars Publishing 

Lady Stephenson Library, Newcastle upon Tyne, N E6 EPA, UK 

British Library Cataloguing in Publication Data 
A catalogue rec ord for this book is available from the British Library 

Copyright © 2019 by Alexander Kleshchev 

All rights for this book reserved. No part of this book may be reproduc ed, stored in a retrieval system, or transmitted, in any 
form or by any means, electronic, mechanical, photocopying, re cording or otherwise, without the prior permission of the 
c opyright owner. 

ISBN (10):1—5275—3993—8 
ISBN (13): 978-1-5275-3993-8 

The monograph presents the main results of the author’s published research on the diffraction, radiation, and 
propagation of elastic waves. 

1. Hydroacousm‘c scatterers. St. Petersburg: Sudostroenie, 1992 (lst ed.),- Prima, 2012 (2nd ed.). 
2. The dtfi‘raction and propagation of waves an elastic media and bodies. St. Petersburg: Vlas, 2002. 
3. The difimction, radiation, and propagation of elastic waves. St. Petersburg: Profprint, 2006. 

In this book, the author’s main ideas and results have been developed from his previous monographs 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



CONTENTS 

Preface ................................................................................................................................................................... V11 

Chapter 1 ................................................................................................................................................................. 1 
The resonances of elastic spheroidal bodies 

1.1 Solution to the problem of the diffraction of sound from an elastic spheroidal body using Debye’s 
potentials ...................................................................................................................................................... 1 

1.2 Results of the numerical experiment to determine the low—frequency resonances of elastic spheroidal 
bodies ........................................................................................................................................................... 4 

Chapter 2 ............................................................................................................................................................... 10 
The Diffitaction of Sound Stationary and Non— Stationary Ideal and Elastic Bodies Placed Near the Interface 
of Media in an Underwater Sound Channel and in a Planar Waveguide 

2.1 An elastic scatterer near the interface of media ......................................................................................... 10 
2.2 An ideal spheroid in an underwater sound channel .................................................................................... 171 
2.3 The diffraction of a pulse sound signal on a soft prolate spheroid placed in a planar waveguide 

with a hard elastic bottom .......................................................................................................................... 19 
2.4 The diffraction of a pulse sound signal on a non-analytical elastic scatterer put in a planar waveguide 

with a hard elastic bottom .......................................................................................................................... 21 

Chapter 3 ............................................................................................................................................................... 25 
The Green’s Functions Method for Problems of Sound Diffraction 

3.1 The sound scattering of simple form (sphere; spheroid) with mixed boundary conditions ....................... 25 
3.2 The Green’s functions method for the ideal scatterer of a non-analytical form ......................................... 31 
3.3 Results of the numerical experiment .......................................................................................................... 32 
3.4 The Green’s functions method for elastic scatterers of a non-analytical form ........................................... 34 

Chapter 4 ............................................................................................................................................................... 37 
Some Methods of Solving Problems of Sound Diffraction on Bodies that have a Non-Analytical Form 

4.1 Integral equations method .......................................................................................................................... 37 
4.2 Finite elements method .............................................................................................................................. 41 
4.3 The boundary elements method ................................................................................................................. 43 

Chapter 5 ............................................................................................................................................................... 47 
Measuring the Characteristics of Sound Reflection and Scattering using Elastic Cylindrical Shells 
in Hydroacoustic Basin Conditions 

5 .1 The criteria needed to make acoustical diffracted measurements .............................................................. 47 
5.2 The structural schema of the experiment and its methodology .................................................................. 51 
5.3 The analysis of the results .......................................................................................................................... 56 

Chapter 6 ............................................................................................................................................................... 60 
The Propagation of Elastic Waves in Isotropic and Anisotropic Bodies 

6.1 Calculating the phase velocities of three-dimensional flexural waves in isotropic cylindrical bars 
and shells using Debye and Debye-type potentials .................................................................................... 60 

6.2 The dynamic theory of the elasticity of the transversely isotropic medium ............................................... 68 
6.3 Hypothesis of thin shells ............................................................................................................................ 70 

Chapter 7 ............................................................................................................................................................... 74 
Diffraction of Sound on Bodies in the Form of Spheroids and Elliptical Cylinders 

7.1 The characteristics of the reflectivity of scatterers and types of boundary conditions ............................... 74 
7.2 The acoustic model of an agitated sea surface ........................................................................................... 76 
7.3 The characteristics of the diffraction in ideal spheroids and Watson transformation ................................ 83 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



vi Contents 

Chapter 8 ............................................................................................................................................................... 89 
The Application of Equations and Methods for Sound Diffraction in the Synthesis of Hydroacoustic Antennas 

8.1 The synthesis of a spheroidal surface antenna according to a predetermined radiation pattern ................. 89 
8.2 The synthesis of a linear radiator using prolate spheroid functions and synthesis of the volume 

of a spheroidal antenna ............................................................................................................................... 92 
8.3 Evaluation of antenna efficiency using a reactivity parameter .................................................................. 94 
8.4 The synthesis of a compensating antenna .................................................................................................. 96‘ 

Chapter 9 ............................................................................................................................................................... 99 
The Characteristics of Sound Scattering from Infinite Cylinders 

9.1. The solutions for three-dimensional problems of sound diffraction on elastic bodies with a cylindn'cal 
form using Debye potentials ....................................................................................................................... 99 

9.2. Sound scattering using layered viscoelastie cylindrical shells ................................................................ 108 

Conclusion ........................................................................................................................................................... 111 

Blbhography ........................................................................................................................................................ l 12 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



PREFACE 

In recent years, there has been an increase in interest in problems in the field of the diffraction, radiation, and 
propagation of elastic waves that are associated with the interaction of bodies both with each other and with 
media interfaces. In addition, a great deal of attention has recently been paid to solutions to three— dimensional 
wave problems (with the help of Debye potentials) for elastic isotropic and anisotropic bodies of analytical 
and non—analytical forms. 

The seventh chapter of this monograph provides the characteristics of the sound scattering (scattering cross- 
sections and angular diagram) of prolate and oblate spheroids, as well as theWatson transformation for ideal 
spheroids. The same chapter investigates an acoustic model of the agitated sea surface. In the eighth chapter, 
we will study the use of equations and diffraction theory methods for problems related to the synthesis of 
hydroacoustic antennas. In chapter nine, we will investigate the scattering of sound by elastic and viscoelastic 
bodies in the form of an infinite circular cylinder. The author has tried to consider all of these tendencies and 
trends when writing this monograph. 

The research into the characteristics of sound scattering by spheroidal bodies was performed by S. A. 
Bespalova, E. Sedola, and A. P. Eglaya, under the direction of the Doctor of Physical and Mathematical 
Sciences, Yu. A. Klokov. 

The calculations for the phase velocities in cylindrical bodies were carried out by S. L. Il’menkov and K. A. 
Klyubina E. I. Kuznetsova performed the calculations for diffracted and radiated pulses. The author is also 
gratefiil V. Yu. Chizhov, G. K. Evstatiev, V. M. Kuz’kin, F. F. Legusha, and S. A. Peresyolkov for their 
helpful comments on the research results. 

B. Ivanov and M. Moshchuk actively participated in the experiment to find the amplitude—phase 
characteristics of the scattering field of models in the Fresnel zone. 

The author thanks V. I. Gromova, S. M. Kleshchev, A. S. Klimenkov, and M. M. Pavlov. I would also like 
to thank the CSP team, including Helen Edwards, Joanne Parsons, and Ivan Veller, for editing, proofreading, 
and publishing my manuscript. 
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CHAPTER 1 

THE RESONANCES 0F ELASTIC SPHEROIDAL BODIES 

1.1. Solution to the Problem of the Diffraction of Sound from an Elastic Spheroidal Body 
using Debye’s Potentials 

In this section, the resonances of prolate and oblate spheroidal bodies (in their entirety and in the form of 
shells), which are impacted by three-dimensional and axisymmetric angles of irradiation, will be investigated. 
Debye’s potentials have been used to calculate the three-dimensional pattern of irradiation in order to solve 
the diffraction problem. Various publications are devoted to the resonances of elastic spheroidal bodies [1— 
9]. 

Debye first proposed expanding the vector potential if and the scalar potentials U and Vin his publication [10], 
which is devoted to studying the behavior of light waves near the local point or line. Later, this approach was 
used to solve the diffraction problems in the electromagnetic wave diffraction of a sphere, a circular disk, and 
a paraboloid revolution [11—16], as well as for the diffraction by spheroidal bodies in longitudinal and 
transverse waves [7, 17]. When Debye’s potentials are applied to problems based on the theory of dynamic 
elasticity, it occurs as follows: the displacement vector 3 of an elastic isotropic medium obeys the Lame 
equation 

(it + y)graddim‘£ — ycurlcurlfi’ = —pw2fi, (1.1) 

where )1 and ,u are Lame constants, p is the density of the isotropic medium, and a) is the circular frequency 
of harmonic vibrations. According to the Helmholtz theorem, the displacement vector fl is expressed through 
scalar <11 and vector ‘7’) potentials as follows: 

17 = —grad¢ + curl?) (1.2) 

Substituting E. (1.2) in E. (1.1), we obtain two Helmholtz equations, which include one scalar equation for 
d) and one vector equation £0117: 

MD + hq = o, (1.3) 
A? + kg? = 0. (1.4) 

Here 11 = (0/131 is the wavenumber of the longitudinal elastic wave; c1 is the velocity of this wave; k2 = w/c2 
is the wavenumber of the transverse elastic wave; and C2 is the velocity of the transverse wave. In the three- 
dimensional case, the variables involved in scalar equation (1.3) can be separated into 11 coordinate systems. 
As for equation (1.4), in the three-dimensional problem, it yields three independent equations for each of 
components of the vector function ‘7’) in the Cartesian coordinate system alone. To overcome this difficulty, 
one can use Debye’s potentials U and V, which obeys the Helmholtz scalar equation as follows: 

AV + kgV = 0; AU + k§U = 0. (1.5) 

The vector potential W (according to Debye) is expanded in potentials V and U as follows: 

W = curlcurl(§U) + ikzcurl(§V), (1.6) 

where R) is the radius vector of a point of the elastic body or the elastic medium. 
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2 Chapter 1 

Let us demonstrate the efficiency of using Debye’s potentials to solve the three-dimensional difi'raction 
problems in the acoustical difi'raction of an elastic spheroidal shell. The advantage of the representation (6) 
becomes evident, if we take into account that potentials V and U obey the Helmholtz scalar equation. It is 
convenient to represent components of IT} in the spherical coordinate system by expressing them through U , 
V, and I? and then, using vector analysis formulas, to change to spheroidal components. The expressions for 
spherical components of the vector function @(WR. W9 , 5%) in terms of Debye’s potentials take the following 
form [7]: 

9’12 = (af/BRJZWZB/BEZ) + 2035/51?)(an/aRflazB/afan)+ (577/ a10207321575172) + 
(azf/asaB/ag) +(3277/3R2XaB/511) + (<53, (1-7) 

5% = [’lo2 — 1 + n2)]‘1[(af/66)(a§/6R)(623/652)+(65/66)(617/6R)(623/afan)+ 
(ac/oRxan/oevB/acon) + (an/HRXé‘n/BGXGZB/anz) + (aB/Bs‘XOZf/ORBQ) + 

(dB/6n) (62n/0R66)] + ikz (sin 6)‘1(aV/6(p), (1.8) 
a = [hoccz — 1 + new sin Brass/aRXaZB/ocoo) + (an/6R)(azB/6n6<p) — ikz >< 

[(BEIBQXBV/a?) + (an/aexaV/onn, (1.9) 

B = hoofz — 1 +n2)1/2U;—1 s 77 5 +1; 1 s E s +co. 

Spheroidal components of the function $0115, W11, 5%,) are expressed as follows [7]: 

‘1’; = ‘1’}: (ho/119562 — 1 +772)'1/2 + We (ho/h€)(€2 — 1 + i12)1/2(€"t9/35). (1-10) 

IP11 = WRCho/hnMGZ — 1 + 7723—1” + 1123(ta — 1 + 112)1/2(66/677). (1-11) 
11"” E l11“",(112) 

11; = hoGz — 72'5““?2 — 1)1/2; kn = (52 — 712)1/2(1 — 7751/2- 
Let us consider a scatterer in the form of an isotropic elastic spheroidal shell (Fig. 1-1). All potentials, 
including the plane wave potential 430, the scattered wave potential (151, the scalar shell potential (Dz, Debye’s 
potentials U and V, and the potential $3 of the gas filling the shell can be expanded in spheroidal functions: 

so = 22a=0 2:... r” smEmmccpnofimccl.magical. 6) cos mo, (1.13) 
4a = 2221:0222mBm,n§m,n(0pn)R§§31(Cvf) cosmo: (1.14) 
oz = 2mg zzmlcmRfilcc; . s) + Bandages. 53137“... (cs. 6) cos mrp; (1.15) 
s3 = 22:2-.. 23.... EM 19,5:m 03.1.49. 22) cos mrp; (1.16) 
U = 22:.-. 2:.tm,nR£i3. (ct, s) + Gm,nR§,i1.<c..e)]§m,n<cc.n) sin m<p; (1.17) 
V = 223:0 Esatmm Rfitcct. f) + IMRtffixct. 6)]Emmtcpn) cos moo, (1.18) 
5mm (C1, n)represents the angular spheroidal function; R5346” 5), R331 (C1, E), and R531CC1, 3') represents 
the radial spheroidal functions of the first, second, and third kinds C; = hho; Ct = kzho; 61 = kho. k is the 
wavenumber of the sound wave in the liquid; C2 = [(1 ho , k1 is the wavenumber of the sound wave in the gas 
filling the shell; ho represents the half-focal distance; B C D E F Gm,R,Hm’nand 1mm are mm? mm? m,n7 mm? mm? 

unknown expansion coefficients. 

Expansion coefficients are determined from the physical boundary conditions present at two surfaces of the 
shell (£0 and E1 ; see Fig. 1-1) [7]: 

(i) The continuity of the normal displacement component at both of the boundaries {0 and f1; 
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The Resonances of Elastic Spheroidal Bodies 3 

(ii) The normal stress on the outside boundary of the elastic shell is equal to the sound pressure in the 
liquid (:50) and the normal stress on the inner boundary of the shell is equal to the sound pressure in 
the gas (61): 

X A 11 = const 

/ F 

£0 / \ 0 0  

0 h- 
/ Z 

£1 

Zha 

Figure 1-1: The elastic spheroidal shell in a harmonic plane wave field 

(iii) The absence of tangential stresses at both of the shell boundaries, ‘50 and (fl. 

The corresponding expressions for boundary conditions take the following form [7]: 
(h§)‘1(5/55)(¢o + 4’1) = (ha—1(5‘1’2/5f) + (hnhnTllm/anxho‘f’o) — (0/34)t ll"fiddling; (1-19) 

(ha—1(5d’1/5f) = (he)‘1(6¢2/af) + (hem-11W anXho‘Po) — (5/5¢)(hn‘1’n)]g=g1: (1-20) 

—/l{,k2(cbo + (91) = —2}r2q22 + 2p[(hghn)‘1(6h5/Bn)un + (h5)_1(au5/BE)]§=§O; (1.21) 
4.114% = —2n2q>2 + 2y[(h§hn)‘1(6h§/6n)ufl + (hg)‘1(6u§/Bf)]§=§l; (1.22) 

0 = (hr/h§)(5/5<f)(unlhn) + (ha/hr)(a/an)(ug/hg)g=go;g=g1: (1-23) 

0 = (ho/h5)(a/a<f)(uo/ho) + Uta/ho)(5/3<P)(u§/hg)g=go;e=glr (1-24) 
wherehq, = 110032 — 1)1/2(1 — n2)1/2; Rois the bulk compression coefficient of the liquid and [his the bulk 
compression coefficient of the gas filling the shell, 

”.5 = (ha—1(6‘1’2/55) + (hnhoJ'1[(6/0n)(ho‘f’o) ‘- (5/540t 941)]: 
14,, =(he)‘1(6q32 / 617)+(h€h¢)‘1[(a/a¢)(h;P§)—(a/ 59‘.)(he‘f’e)l;uo = (he) "1(6‘11‘2/ 609) + 
(hzhnl'1[(3/6€)(hn9"n) - (B/ahg‘l’gll- 
The substitution of series (1.13)—(l.18) in boundary conditions (1.19)—(l.24) yields an infinite system of 
equations to determine the desired coefficients. Due to the orthogonality of the trigonometric functions, 
cos m (p and sham (p, the infinite system of equations breaks into infinite subsystems with fixed numbers, 
m. Each of the subsystems is solved using the truncation method. The number of retained terms of expansions 
(l.13)—(l.18) is increased with a greater wave size for the given potential. 

The solution to the axisymmetric problem of sound waves diffraction from elastic spheroidal bodies has been 
presented in [1], [2], and [7—9]. 
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4 Chapter 1 

1.2. Results of the Numerical Experiment to Determine the Low-Frequency Resonances 
from Elastic Spheroidal Bodies 

The characteristics of the prolate gas-filled shell were calculated for two angles of irradiation: 00 = 00 and 
60 = 90°. In a different scale, Figure 1-2 presents the modules of the angular characteristics of the ID(0)I 
scattering of a steel prolate gas-filled spheroidal shell (curve 1), a soft prolate spheroid (curve 2), and a hard 
spheroid (curve 3) impacted by the sound wave at an angle of 90 2 0°, where C1 = 1,0. 

Figures 1-3 and 1-4 present the same angular distributions, but (C 1 is the wave size) C1 = 3,1 (for the elastic 
shell), C1 = 3,0 (for the ideal spheroid), and C1 = 10,0 (for the ideal spheroid). The notations of the curves 
for all three figures are identical. An analysis of the results shows that for an angle of 60 = 00 and a wave 
dimension of C1 = 1,0 (see Fig. 1-2), the angular characteristic of the elastic shell is similar to the 
characteristic of the hard spheroid. When C1 = 3,1 and the irradiation angle of the impact is equal to 90 = 
0°, the situation becomes indeterminate. The angular characteristic of the shell has a dipole character at the 
hard spheroid (see Fig. 1-3). In parallel with the increase of the wave dimension C 1, the character of the sound 
scattering from the shell remains complicated (see Fig. 1-4). In the lit region, the characteristic is |D(9)| in 
the hard spheroid but, in the shaded region, it is nearer to the shade lobe of the soft spheroid than the shadow 
lobe of a hard spheroid. From known angular characteristics of D09, (p), the relative backscattering of the 
cross-sections (00) from the elastic spheroidal bodies can be calculated [7]. Fig. 1-5 presents the mathematical 
term for the relative backscattering of cross-sections 00 of prolate spheroids with a semi axes correlation of 
1: 10 (£0 = 1,005), which are impacted by the sound wave at an axially symmetric angle of irradiation (90 = 
0°). The behavior of the solid elastic spheroid is very similar to that of the ideal hard scatterer. This is seen 
through a comparison of the angular characteristics D (6, (p) in steel and ideal spheroids. This is a coincidence 
and can be observed everywhere, with the exception of the resonance point, C = 7,4. This resonance is called 
a Rayleigh surface wave [5]. At a wave dimension of C = 7,4, the surface contour of the continuous steel 
prolate spheroid is 2,5/1R, where 11R is the length of a Rayleigh-type wave. The velocity of the wave CR is 
equal to 2889 m/s; however, on the planar boundary of the steel-vacuum, the velocity of the Rayleigh wave 
is equal to 2980 m/s. 

180” 

Figure 1-2: Modules of angular characteristics for spheroidal scatterers 
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The Resonances of Elastic Spheroidal Bodies 5 

90° [WWI 

Figure 1-3 (left): Modules of the angular characteristics of spheroidal scatterers 

Figure 1-4 (right): Modules of the angular characteristics of spheroidal scatterers 

O" 

1 

3 

2 

10" 
5 

I'eouempu-tecxax 
2 atgzcmuka 

10“ 
5 

Figure 1-5: The relative backseattering of prolate spheroid cross-sections 

Figure 1-6 presents the relative backseattering in the cross-sections 00 of oblate spheroids with a semi-axes 
correlation of 1:10 (50 = 0,1005) when, through an axially symmetric angle of irradiation 90 = 0°, the 
notations coincide with Figure 1-5. This will occur until the resonance of the zeroth antisymmetrical-flexural 
wave (C @5,3) 00 of the steel oblate spheroid is closer to the 00 of the soft spheroid. Whereas for C > 5,3, it 
approaches the 0'0 of the hard spheroid, although the angular characteristic D09) obtained for the elastic 
spheroid at 60 = 0° is for any wave size C close to the angular characteristic D(6) of the hard spheroid. 

Figure 1-7 presents sections 00 of prolate spheroidal scatterers. The steel prolate spheroid irradiated by the 
sound wave at an angle of 60 = 90° has the resonance of the surface wave with the same meaning C = 7,4 
(see curve 2, Fig. 1-5) [7]. The same section of the scattering 00 of the steel continuous spheroid (curve 3), 
which is irradiated by the sound wave at an angle of 90 = 90°, is visibly closer to the 0'0 of the hard 
spheroid (curve 4) in comparison with the 00 of the soft spheroid (curve 5). This similarity in the scattering 
properties of continuous elastic and hard spheroids was also shown in the angular characteristic D09, (,0). 
The frequency dependence of the relative section 00 in the prolate spheroidal shell (curve 1) irradiated by 
the sound wave at an angle of 60 = 0° shows the presence of considerable resonance by C = 6,75 [1, 7—9]. 
Figure 1-8 shows the modular uses of angular characteristics ID(6)I in prolate spheroidal scatterers. Curve 
1 is the steel, gas-filled shell with a wave dimension C = 6,75 that corresponds to its resonance. Curve 2 is 
a soft spheroid, while curve 3 is a hard spheroid. For all ideal spheroids, the wave size C is equal to 10,0. 
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6 Chapter 1 

From the comparison of the three curves, we can see that the shaded lobe of shell’s angular characteristic is 
shown as the “soft background”, but the lobe of the backscattering is shown as the “hard background”. 

00 

1 00 
Feomempu uecmm 

anycmuxa 
80 

60 

40 

20 

0 1 2 3 4 5 6 7 8 9 1 0  
C 

Figure 1-6: The relative backscattering in the cross-sections of oblate spheroids 

20 

,1(%') 

10 
5 

. A /  /— l 
Vgé L 

0 2 4 a s 10 c 

Figure 1-7: The relative backseattering in cross-sections of the prolate spheroidal scatterers 
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The Resonances of Elastic Spheroidal Bodies 7 

150 

180" 

150 

90' 

Figure 1-8: Modules with the angular characteristics of prolate spheroidal bodies 

Table 1-1 

0'0 at an angle of 00 = 90° 

Wave size C Spheroidal gas-filled shell Hard spheroid Soft spheroid 

4’0 =1,005075.;*1 = 1,005 fo = 1.005 5o = 1:005 

0,5 0,3012-10-3 0,2452-10-3 4,506 

1,0 0,474810-2 0,390810-2 4,760 

1,5 0,236510-1 0,196510-1 5,194 

2,0 0,735410—1 0,614710-1 5,748 

2,5 0,1751 0,1479 6,300 

3,0 0,3470 0,3006 6,754 

3,5 0,6068 0,5418 7,094 

4,0 0,9736 0,8911 7,358 

4,5 1,447 1,362 7,592 

5,0 2,014 1,960 7,815 

5,5 2,599 2,680 8,029 

The relative backscattering of the cross-section 00 of a spheroidal shell irradiated by a sound wave at an angle 
of 00 = 900 was calculated for a wave size ranging from C=0,5 to C = 5,5. The meanings of the 00 in a shell 
is very similar to the 00 in a hard spheroid; it is worthwhile to compare these sections in tabular form. As can 
be seen from Table 1-1, the angle of the Shell’s irradiation with wave sizes ranging from C=0,5 to C = 5,5 
indicates a “hard background” to the scattering. This is what we can see from a comparison of the angular 
characteristics of the scattering D(0, (p). A full scattering of the cross-section a [7] is determined through the 
square of a modulus Via the angular characteristic of the sound scattering D09, (p): 
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It 211' 

0 = f  f |D(6,r,a)|2 sin 6 dfldrp. 
0 0 

The relative scattering of the cross-section 0,. is equal to the following: 

0,. = 0/2A0, 

where A0 is depicted by the shaded geometrical region of the scatterer. 

With the help of an optical theorem, a scattering cross-section 0can be found through the imaginary part of 
an angular characteristic in the direction of an incident wave (a forward scattering) Im D (1800 — 6’0; 180°) 
[7]: 
0 = (ll-zr/k)1n‘1D(1800 — 60:1800), 

where 60 is the angle of the fall, (p0 = 0°. 

Following the analogy with the scattering of a cross-section 0, it is possible to introduce the radiation cross- 
section 0,.“ of an elastic or liquid body under the point source [7]: 

0,.” = for: f:”|F(0,<p)|2 sin 0 deq, 

where F (6, (p) is an angular characteristic of the sound radiation of a body subjected to the action of a point 
source. 

On the basis of formulas presented, a fill account was made of the total scattering cross-section 0 and the 
relative cross-section 0,.. The radiation 0mm should be moved off the cross-section 0mm in the spheroidal 
prolate and oblate bodies. Figure 1-9 presents the sections of the scattering cross-section 0,. of an ideal hard 
oblate spheroid (curve 1), a steel oblate spheroid (curve 2), and an ideal soft oblate spheroid (curve 3). In all 
three cases, there is a relation between the semi-axes a/b = 1: 10(5‘0 = 0,1005), but this has an irradiation 
angle of 60 = 0°. A relative section 0,. of an elastic spheroid shows the resonance of a coincidence, as in the 
case of the backseattering of 00 (see Fig. 1-6), but the maximum is displaced: for 00the maximum is observed 
at C = 5,25 but for 0., it is C — 5,35. With an increase of C, curve 2 approaches 0, = 1,0, thereby 
corresponding to the geometric acoustics calculations performed for an elastic oblate spheroid. This shows 
that atC = 15,0 section 0,. = 0,866, while at C = 20,0 —> 0,. = 0,941. Figure 1-10 presents the relative 
cross-sections of the scattering 0, (curves 1 and 2) and the radiation 0,.ad (curve 3) from prolate spheroidal 
bodies. Curve 1 shows the frequency dependence 0,. (C) of an ideal soft prolate spheroid. Curve 2 corresponds 
0,. (C) to a steel gas-filled prolate spheroidal shell (£0 = 1,005075; fl = 1,005). Both curves correspond to 
60 = 00 (an axially symmetric problem). Curve 2, for an elastic shell’s relative backscattering section (curve 
1 in Fig. 1-7) has two maximums (two resonances). The first maximum is observed at C = 6,7 (unlike from 
C = 6,75 for 00), while a second resonance is C x 8,25 and corresponds with L = 1,511, where L is a length 
of a contour of the neutral surface of a shell, and [1 is the length of a longitudinal wave (a zeroth symmetrical 
Lamb’s wave) that spreads with a velocity of C1 x 54-20 m/S. Curve 1, for the ideal soft spheroid, 
asymptotically tends to the following geometric acoustical value: 

a, = 1,0): 0,,(15,0) = 4,16; 0,,(65,0) = 2,23;0,.(100) = 1,93. 
Curve 3 characterizes the radiating faculty of the same shell, if it is exited from the outside by a point source 
at an angle of 60 = 0°(h0 = 50m). A section of the radiation 0mm is at its most extreme point, and there is 
a relative section of 0,.. A comparison of curve 1 (in Fig. 1-7) with curves 2 and 3 (presented in Fig. 1-10) 
shows the relative backs cattering cross-s ection when it do es not provide sufficient information about resonant 
properties of elastic scatterers. 
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Figure 1-9 (left): The relative scattering of oblate spheroids cross-sections 

Figure 1-10 (right): The relative scattering and radiating of prolate spheroidal bodies cross-sections 

The results of the numerical calculations presented above make it possible to analyze the experimental 
amplitude-phase characteristics of the pulsed-sound signal scattering in the Fresnel and Fraunhofer zones [18, 
19]. 

A series of recent publications [20—23] has demonstrated the efficiency of high-frequency asymptotes when 
calculating the diffraction fields of spheroids without using wave fiinctions. It is remarkable that this approach 
is also valid for relatively low frequencies. 

Resonances of elastic spheroidal shells (under axisymmetric excitation) have been studied in [24, 25]. In 
these publications, the authors considered steel and aluminum shells with different eccentricities and different 
thicknesses. For an aluminum shell with an axis ratio of 1:6 (an eccentricity of 0,995), the values of the 
normal velocity component were calculated. These revealed the presence of shell resonance at a wave size of 
C = 11,4 (recalculated according to the sound velocity in the liquid). In our steel shell with an axis ratio of 
1: 10 (an eccentricity 0,995), two resonances within the wave size interval 0,5—10,0 were observed for C=6,75 
and C=8,25. 

In [3], [5-6], [26—27], the resonances of elastic spheroidal shells were determined by the T-matrix method by 
applying the modified procedure to the extended Waterman method [26]. The fiinction of the backscattering 
(scattering pattern) was calculated using the formulas proposed in [5]. Since the authors of these publications 
used spherical wavefiinctions, the application of the T-matrices of dynamic elasticity theory in this method 
was limited to spheroidal axis ratios of 1:3. Our method of separating variables is free from this drawback. 
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CHAPTER 2 

THE DIFFRACTION OF SOUND STATIONARY AND NON- STATIONARY IDEAL 
AND ELASTIC BODIES PLACED NEAR THE INTERFACE OF MEDIA IN AN 

UNDERWATER SOUND CHANNEL AND IN A PLANAR WAVEGUIDE 

2.1. An Elastic Scatterer Near the Interface of Media 

In the series of problems on the study of the influence of media interfaces on the characteristics of sound 
scattering by various bodies, the following variants are usually investigated: 

a) The interaction of a scatterer with a single interface between media; 
b) The scatterer in the field of interacting modes of the underwater sound channel; and 
c) The finding of the total scattered field of the system ofreal and imaginary sources and scatterers of the 

planar waveguide. 

The interaction of the scatterer with the interface between media is considered in the example of the scattering 
of sound by an elastic spheroidal body located at the interface between a liquid and an elastic medium [28]. 
Let the elastic gas-filled prolate spheroidal shell be placed near the boundary, a liquid, or an elastic medium 
(Fig. 2-1). The axis of rotation of the shell is parallel to the planar boundary. We introduced two systems of 
spheroidal coordinates is, 175, (ps (s:1,2): the first (s:1 ) is associated with the scatterer and the second (s :2) 
with the interface plane. The beginning of the Cartesian coordinate system 02 and the foci of  the second 
spheroidal coordinate system are defined as projections: 01 and the foci of  the first coordinate system on the 
plane of the boundary Zn. The interfocus distance, 2kg, is common for both coordinate systems. The 
interface plane is two coordinate halves planes,¢’2 = 11/2 and gbé’ = — 11/2, of the second coordinate system. 
In order to relate this solution to the solution of the problem of diffraction off of  the elastic spheroidal shell, 
we simplify the formulation of the problem and assume that the wave vector Eof the incident wave is in the 
X121 plane and, correspondingly, in the X 22 2 plane as well: ([4303 = 0" (see Fig. 2-1). Now, along with potential 
(DIG) of the wave and scattered by the shell, the potential CD19) from the elastic half-space will appear as follows: 

a”) = 2 23:02am KmmSmmICImZIRfiMcl,£2) cosm ¢2 . (2.1) 
X112 4' 

Figure 2-1: Elastic spheroidal shell near the liquid-elastic isotropic media interface 

The potential CD19) expands radial functions of the first kind. This is due to the fact that the foci of the second 
coordinate system lie in the plane of the interface. Physically, this means that the fields of pressure from two 
plane waves—an incident and when it is reflected by an interface—distort the scatters’ interactions. 
Expansions in the shell’s potentials are accompanied by expansions in the elastic half-space’s potentials: 

(12(2) = 2 200 =1 Eiam Mm,n§m,n(ct2: 772)R1(731,(Ct21 '52) 5 m m  ¢2 1' (2-2) 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



The Diffraction of Sound Stationary and Non-Stationary Ideal and Elastic Bodies Placed Near the Interface of Media 11 
in an Underwater Sound Channel and in a Planar Waveguide 

[472(2) : 2 23:0 232m Nm,n§m,n(ct2v ’72)Rr(ri.)n(ct2' 52) COS m ¢2 ; (2'3) 

052(2) = 2 223.20%". Lm,n3m,n(cl,.n2)R%31(clz. 52) C05m¢2 .(2.4) 
where C12 and Ctz are wave dimensions of longitudinal and transverse waves, respectively. 

The potential of the incident wave 450 in two coordinate systems has the following form [29, 30]: 

$0 = 2mom",i-"emsmwl.no)5m,n(c1.ns)R,S3.(cl. 65) cosmqbs .(s = 1.2) .<2.5) 
The potential of a diffracted field (D; = (D0 + (Dim + (15(2) simultaneously meets the boundary conditions on 
both the surface of a shell and the planar interface between a liquid and an elastic medium. The boundary 
conditions on a surface of a shell are supplemented by the conditions of an interface on a liquid elastic 
medium: 

Aokz (c + ¢1(1)+ (1:10)) = ,1,kf2¢2(2) + 2,1211%; ¢=1r/2'—1r/2 ;(2.6) 

(2) (2) (2) (2) (2) (2) (2) (2) _ . (12¢ /h§ )(6/6€)(u¢ /h¢ )+(h§ /h¢ )(6/6¢)(u5 /h5 )l¢=n/2;—n/2 _ 0.0.7) 

(2) (2) (Z) (2) (2) (2) (2) (2) _ . (12¢ /h§ )(6/6£)(u¢ /h¢ )+(h5 /h¢ )(6/6¢)(u5 /h5 )l¢=n/2;_n/2 _ O,(2.8) 

-(h¢)‘1(a/a¢) («D0 + <13“) + dam) = 
= ( QED—1 (aabz/aqb) + (h?)h§f))'1 [(6/6§)(h,(12)1p,(12)) — (a/an)(h§2)1p§2))]| (2.9) 

¢=1r/2;—1r/2 ' 

where A; and y; represent Lame coefficients of an elastic half-space and klm represents the wave number of 
the longitudinal wave an elastic half-space. 

Figure 2-2 (left): Systems of spheroidal coordinates 

Figure 2-3 (right): An ideal spheroid at associated with two interacting scatterers and a media interface 

In our formulation, the evenness of the solution, with respect to the XZ planar boundary conditions for d) = 
— 11/2, completely repels the conditions for ¢ = + 7r/2. Additionally, given the similarity between d) = 
— 1r/2 and (I) = + 1r/2, there is no need to repeat the same kind of calculation for the other half of the 
scatterer, which is located on other side of the axis of symmetry, because doing so does not provide any 
additional information. When substituting potential expansions into boundary conditions for a shell and a 
planar interface when expansion coefficients are used an additional theorem for wave spheroidal functions 
[30] is as follows: 

R£T3'(3)(Cp Wang-m) exp(ip4>,-) = 22202" Matias. 55) x 
x 03353340. Cs: l: 0,-5)sm,n(cs. n5) 6xp(ip¢s) , (2.10) 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



12 Chapter 2 

y+p+r+m jug) : 2(_ 9H 2 Z df"(C. )d’“ (C ) (— I)" X 
Where 7!: mp q r—0 1 r—OJ u—{r+p—i‘—m| 

X 5§'+""”+”"")Z§)'m(161)1’3’”lislexpi (P - "Ilia-s l; 
613 represents the polar angle of a point 0; which is the beginning of an s-th coordinate system in an i—th 
system (Fig. 2—2); 1 represents the distance between OJ- and Os; dim (Ci) and d?"(CS) represent the 
coefficients of the expansion of functions Spa (0, 711-) and 3mm (CS, 775) by I? (711-) and Pg“ (715), which (up to 
a constant factor) coincide with normalized joined Legendre functions; Z?) = jUCkl) represents spherical 
Bessel functions; Z?) = by) (kl) represents spherical Hankel functions of the first kind coefficients 
Egr+p’p't+m'm) are obtained from coefficients bgflp'p'tm’m) [30], taking into account a relationship 
Em (ns)and associated Legendre functions; a prime for signs 2 means that a summation of r and t is carried 
out on an even mean basis if, corresponding, g — p and n — m is even and a summation of r and t is carried of 
on an odd basis ifg - p  and n - m is odd. 

A strict solution can be obtained for another orientation of a spheroidal shell with respect to the planar 
boundary—namely, due to the perpendicularity of the rotational axis of a shell in relation to the planar 
interface between liquid and elastic media (Fig. 2—3). We will consider this orientation in more detail by 
replacing a spheroidal shell with an ideal prolate soft spheroid and by replacing the elastic half-space with an 
ideal medium (hard or soft) [31]. We will map a scatterer and a source mirror—wise with respect to a boundary 
and so reduce the problem to one the diffraction of the fields of  two sources (both real and imaginary) by two 
spheroidal scatterers (both real and imaginary). Potentials QDS (S=I,2) of  waves scattered by spheroids are 
chosen in the form of expansions (taking axial symmetry into account) [31]: 

essays) = 223:0Bg,nSo,n(Cs,ns)R§i2ccs,:5) (2 11) 
Since spheroids (both real and imaginary ones) are ideally soft then, for their surfaces (fg=fog=§oz), the key 
requirement of a homogeneous Dirichlet is satisfied: 

4’0 +E§=1¢S = 0|€=€0i5=1w2 . (2.12) 

The potential of a falling plane wave is given by the following expansion: 

(pt) (ESJTIS)_ _ 2 200:0 l —nSO,‘n (CS! US)R[(),1-n) (CS! fs)SO, 71(651 1) 5 : 1 1 2  - (2-13) 

Unknown coefficients Bgmof expansions (2.11) are sought from an infinite system of equations and boundary 
conditions (2.12) [31]: 

Ban + 23:0 Bs,qR3},2(r: :05) [R332 (cs. 505)] (2%, (ct, Cs: I: 9,5) = 
—2i'“50n(cs, 1)R3,1,2(cs, €03) [Rgiiccsxoo] , s = 1.2 ; t = 1,2 ; s at t , (2.14) 

where 1 represents the distance between centers of coordinate systems 0; and 02 (Fig. 2-3), in the given case 

912 = 0 921 = 71' 

QEEBOqcct, 65,-1- eta— — 2r” 2:205 ”.0 1 Harvest?” (as) zzijijl i—“b§"°"'°)h31)(kuaccos 6”) ; 
.17}: 0’1’0)=(rj00I0‘0)2 

For the regularization of a system (2.14) with respect to unknown coefficients Brim we introduce a new 
unknown X3,“ [31]: 

33, 12(1) (cs. room (215) 
As a result, an infinite system (2.14) for unknown Bglnis reduced to another infinite system of a relatively 
new unknown X [in [31]: 
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_ 1  _ 

Xan + 220:0 X5,qR(()i1q)(Ct: for) [1282(6‘51 505)] 8,330,, (Ct: Cs; l3 Hts) = 
_ —1 —2t-nso,n(cs, 1) [R5?,Z(cs, 503)] .(2.16) 

Furthermore, by means of a truncation method, we find the solution of a regular system (2.16). Initially, we 
calculated the angular scattering functions D5 (05) of  two interacting spheroids, which distorted the 
monochromatic plane wave field. Fig. 2-4 shows the modules of angular characteristics IDS (65H in 
interacting spheroids (curve 1 refers to the first spheroid, and curve 2 refers to the second spheroid). Curve 3 
depicts another scale, |D(0) I, for a single soft spheroid in an infinite medium. The scale had to be changed 
so that curve 3 did not merge with curves 1 and 2. Curve 4 is characterized by the modulus ID; (91) l of a total 
angular characteristic in coordinates of a first spheroid (Fig. 2-1): 

ID):(61)| = ID1(91) + D2(91) 3951-0l COS 91)| - 

Calculations were carried out for C1=C2=1 0, 0, 50126022502], 005, with a half—focus distance of h01=h02=1M, 
l=8ho. An analysis of the curves presented in Fig. 2-4 shows that when selected parameters were (C 1, C2, 1), 
the interaction of scatterers turned out to be small and, because of this, the curves 1, 2, 3 are close to each 
other. The main role is played by the interference effects (especially in the shadow region); therefore, curve 
4 stands out sharply (again in the shadow region) against the background of the other curves. In a second 
stage (based on a calculation of the scattered field of two spheroids), the angular characteristics Dz (0) of a 
soft spheroid (60:1, 005; C :1 0) located at a distance (102411024 m) from an interface between the liquid and 
an ideal medium, were calculated. The results of the calculations ID); (0)I are shown in Fig. 2—5. Curve 1 
corresponds to the interface between liquid and soft media. 

Warns), 100' 

150 J 

tp=flm' 9: Ip=0 
k 1' 

Figure 2-4 (left): Modules of the angular characteristics of single and interacting spheroids 

Figure 2-5 (right): Modules of angular characteristics of a soft spheroid placed at the interface media 

A certain contribution to D2 (0) is made by an imaginary source and interference is associated with it along 
the fringes of both spheroids, including physically intense scattering in an illuminated region. This arises due 
to the reflection of the waves scattered by spheroids in the planar interface between media. We must not 
forget that, in this case, we are not talking about the distortion of a plane-traveling wave (as if it were an 
boundless medium) but we are, instead, talking about the distortion of a standing wave field that makes real 
and imaginary sources. 

There is only one strict solution to the problem of the scattering of sound by a spheroidal half-body placed 
on the interface between a liquid and an ideal medium. Using the mirror image of a scatterer and a source 
connected to the planar boundary, we receive a spheroidal scatterer located in a field two sources (real and 
imaginary). A phase of a wave potential, from an imaginary source on a planar interface, coincides with a 
phase of a potential of an incident wave in a liquid, which borders on an ideally rigid medium. The phases of 
these waves differ from this boundary by 180° if the liquid borders on an ideally soft medium. Fig. 2-6 shows 
the modules of the angular characteristics ID (0)| (in different scales) of spheroidal half-bodies located on the 
boundary between a liquid and an ideal medium. Curve 1 corresponds to half of a hollow steel oblate 
spheroidal shell placed on the boundary between a liquid and an ideally soft media. The outer radial 
coordinate of a shell is 60:0,1005 and the internal is — 61:0,07669. It has a wave size of C :7,1, and an 
irradiation angle of  00:0 ° (an axisymmetric problem). Two other curves (see Figure 2-6) relate to the modulus 
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of angular characteristics of a soft oblate hemispheroid bordering on a soft media (curve 2) and a hard media 
(curve 3) at the same angle of  irradiation 00:0 °and the wave size of a body of C =1 0, 0, with a radial coordinate 
of a soft oblate spheroid 60:0,1005. 

250 - 
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2 0 0 — 2 ‘ 1 7 m 2 2 F g /  

150 z 
// 1: 

10.7 / 65 

.- ,> , au / r 

\ / mm: , / / %  
+ g=0° 0'”- 0 2,0 4,0 6,0 8,0 0 

Figure 2-6 (left): Modules of angular characteristics of spheroidal semi-bodies located at an interface between the media 

Figure 2-7 (right): Relative cross sections for the backseattering of oblate spheroids 

Fig. 2-7 shows the relative cross-sections for the backscattering 00 of oblate ideal hemispheroids located at 
the interface between the two media, where by D(0; ¢) we mean the total angular characteristics (from real 
and imaginary sources). Curves in Fig. 2-7 correspond to the axial radiation (00:0) of an oblate hemispheroid 
(soft or hard) with a radial coordinate offo:0, 1005. Curves 1 and 3 refer to a hard hemispheroid placed at a 
boundary with (1) a hard media and (3) a soft media (we have designated the liquid as number “I”, the soft 
media as number “II”, and the hard media as number “111”). Curves 3 and 4 correspond to a soft hemispheroid 
located at a boundary between soft media (“2”) and hard media (“4”). Curves 5 and 6 give an idea of the 
variation 00 between hard (“5”) and soft (“6”) oblate spheroids (50:01 005) in an infinite liquid medium. It is 
easy to see that if a hemispheroid and an ideal semi-bounded medium (whether hard or soft; see curves 1 and 
2) or a hemispheroid represents a distortion in the shape of a boundary, which hides this unevenness. If 0'0 
grows slowly at small wave dimensions close to zero, then the hemispheroid and semi-bounded ideal medium 
cross-sections 00 will have much larger curves 3 and 4) across an entire investigated range of wave 
dimensions. While curves 5 and 6 tend asymptotically towards a value geometric acoustics, the remaining 
curves increase indefinitely. The mathematical and physical explanations for this phenomenon are given in 
the comments related to Fig. 2-5. 
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Figure 2-8 (left): The mutual orientation of a combined system and a hemispheroid ( 1st variant) 

Figure 2-9 (right): The mutual orientation of a combined system and a hemispheroid (2nd variant) 
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Let us now turn to passive characteristics in a scattering indicatrix from hemispheroids located on an interface 
between a liquid and an ideal medium. We imagine that, for a fairly large distance from a boundary across, 
there is a combined system (source—receiver) which moves along a line LM However, we are interested in a 
reflected signal to the point of the disposition in the combined system. The movement of the system is so 
slow that a Doppler effect can be ignored. Two admittedly possible orientations for the two half—bodies are 
depicted in Figs. 2—8 and 2-9. Fig. 2—10 presents (in different scales) modules ID;J (0)|for a prolate soft 
hemispheroid on the boundary of a liquid with an ideal hard medium (as depicted by curve 1, where the scale 
is to the left of the vertical axis, 60:] ,005, C =1 0) and for an oblate hard hemispheroid on the boundary of a 
liquid with an ideal 1 soft medium (as depicted by curve 2, the scale is to the right of the vertical axis, 
{0:01005; C =1 0). A layout orientation of the two hemi—bodies corresponds to Fig. 2-8, and the directions of 
the rays meet the oblate coordinate system. Fig. 2-11 shows modules ID? (0) Ifor a prolate hard hemispheroid 
at the boundary of a liquid with an ideally soft medium (a curve 1, {0:1 ,005, C=10) and for an oblate hard 
hemispheroid on the boundary of a liquid with an ideally soft medium (a curve 2, {0:01005; C=10). The 
orientation of the hemi-bodies corresponds to Fig. 2-9, and the directions of the rays meet the prolate 
coordinate system. The analysis presents a scattering indicatrix and shows the advantages of a second-type 
orientation (see Fig. 2-9; this is because it appears that an intense non—mirror component is associated with 
the sound reflective nature of the interface. With regard to an orientation of the first type (see Fig. 2-8), an 
intensive back-reflection at 0:0” will be masked by the reflection from the planar interface. 

Figure 2-10 (left): Modules of scattering indicatrics of soft hemispheroids 

Figure 2-11 (right): Modules of scattering indicatrics of hard hemispheroids 

We will now move from examining stationary (harmonic) irradiation to non-stationary radiation in the form 
of sound pulses with a rectangular envelope and monochromatic filling. As before, we will consider media 
interfaces of three types: the boundary between a liquid and an elastic bottom; the boundary between a liquid 
and an ideally soft medium (the Dirichlet condition); and the boundary between a liquid and an ideally hard 
medium (the Neumann condition). 

If a scatterer (an oblate hard spheroid) is placed at the interface between media (the boundary between a 
liquid and an elastic bottom) at an observation point, it will first accept the pulse of a mirror reflection from 
a scatterer. 

Fig. 2-12a shows a mirror reflection pulse r1 - 11’s (t) for a hard oblate spheroid when it is irradiated at an 
angle of 01 = 30°; a normalized modulus of the spectrum of a pulse r1 - 11150:) can be seen in Fig. 2-12b. 
After a while, the pulse 115(5) will reach observation point P, which is reflected from an elastic bottom and 
diffracted on a spheroid. 
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Figure 2-12a (left): A mirror reflection pulse 1'1 - W5 (t) 
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Figure 2-12b (right): The normalized modulus of the spectrum I55 (v)| of a pulse 1‘1 - W5 (t ') 
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Fig. 2-13a (left) shows a pulse ‘1’): (t). The normalized modulus spectrum IS;- (v)| of a pulse ‘1’): (t I) is presented in Fig. 
2-l3b. 

Figure 2-13b (right): The normalized modulus of the spectrum IS 2 (v)| of a pulse‘I’z (t ') 

8) 
Wt“) 

lllrl 
t

t
é

t
s

e
a

z
g

s
~

 
I

I
I

I
I

 

l
J

l
l

l
 

l
l

l
I

l
 

mm 

b) 
ISM '° 

‘ = f-tl as . ' 
n I. 4 I. 240' Md‘ 4-10‘ 

V,Hz 
540‘ 

Figure 2-14a (left): A mirror image of the reflection pulse ‘1’;- (t) for a hard prolate hemispheroid on a boundary with a 
hard medium 

Figure 2.14b (right): The normalized modulus of a spectrum IS 2 (v)| 

We orient a hard prolate hemispheroid in such a way that its major semi-axis will be in the plane of an 
interface between the media. We calculate mirror-reflected pulses lI’zflt’), which occur at an angle of 
incidence 61 = 60°, for two variants: 1) a hard prolate hemispheroid on a boundary with a hard medium and 
2) a hard prolate hemispheroid on a boundary with a soft medium. Fig. 2-14a presents a pulse ‘1’: (t) and a 
normalized modulus of a spectrum IS 2 (v)| for the first variant. 

Fig. 2-15 shows the same characteristics for a second variant. 
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Figure 2—15a (left): A mirror reflection pulse 111;- (t) for a hard prolate hemispheroid on a boundary with a soft medium 

Figure 2.15b (right): The normalized modulus of a spectrum IS )3 (v)| 
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Figure 2-16a (left): A mirror reflection pulsell’z (t) for a hard oblate hemispheroid 

Figure 2-16b (right): The normalized modulus of a spectrum IS z (v)| of a pulse ‘1’: (t) 

We see in Fig. 2—16 a diffracted pulse ‘1’; (t) and a modulus of its spectrum IS z (v)| in the direction of a mirror 
component for a hard oblate hemispheroid, which is located on the border between a liquid and an ideally 
soft medium in such a way that its major axis lies in a planar boundary. The angle of irradiation remains the 
same at61 = 30°. 

Fig. 2-17 shows a diffracted pulse 1112 (t) in the direction of a mirror component and a modulus of its spectrum 
[5): (11)] for a soft prolate hemispheroid placed on the border between a liquid and an ideally hard medium. 
The dimensions, the orientation of the hemispheroid, and the ratio of the semi-axis are the same as in Fig. 2- 
16. We note that for oblate and prolate hemispheroids located on an interface between the media, a diffracted 
pulse ‘1’; (t) in the direction of a mirror component is obtained as a result of the interference between two 
reflected signals: the hemispheroid and the boundary. Therefore, it is designated as a diffracted pulse / . ‘1’; (t). 
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Figure 2-l7a (left): The mirror reflection pulselllz (t) for a soft prolate hemispheroid 

Figure 2-17b (right): The normalized modulus of a spectrum IS;- (v)| of a pulse W;- (t) 

Figure 2—17 depicts the sound’s reflection by a spheroidal body located at the boundary between the liquid 
and an elastic bottom. We supplement these results with angular scattering characteristics R09, gb) for a 
stationary sound signal with a fixed frequency. 

2.2. An Ideal Spheroid in an Underwater Sound Channel 

A study into the influence of two boundaries of the waveguide on the scattered field of a spheroidal scatterer 
will begin with an ideal spheroid placed in an underwater sound channel. The sound channel has non- 
reflective boundaries [32] and is irradiated with a pulsed signal with monochromatic filling [33]. At a depth 
20 of such a waveguide, we place a point source of an impulse signal and, at a horizontal distance r from that 
sound source, a spheroidal scatterer is placed at a depth of 22 (Fig. 2-19a). A velocity profile of sound in a 
symmetrical underwater sound channel is shown in Fig. 2-19b. A receiver of a scattered signal is compatible 
with the sound source and so we will consider a combined system to find the spectrum of a scattered signal. 
Since, the velocity of sound depends only on vertical coordinate z, the rays in a horizontal plane are not bent. 
In each vertical half-plane, which passing through the center of a scatterer, a sound field will be independent 
of the adjacent half-planes and, at each half-plane, there will be complex coefficients from the excitation the 
modes of a sound channel. As a result, in each of these half-planes, one observes an interference pattern of 
modes independent of neighbouring half-planes. We are interested in a field in one vertical half—plane P, 
which contains the coincident point of a source-receiver and the center of a scatterer. Since a scattered field 
in this half-plane does not depend on the behavior of this field in all other half—planes, we shall take it to be 
the same in all vertical half-planes and equal to a field in half-plane P. The spectrum of a scattered signal at 
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the location of a source will be approximately (without taking into account the effect of the medium on an 
angular scattering characteristic) equal to [6] 

52 (w) = p§(r1)'1 A1141=1 22:11 PmPn,mDnm(w) exp[_i(Km7'1 + Knmrl _ 7112)] : (2-17) 

where Pm = pm (p0)_1¢m (zz)q5m (20); pm represents a mode excitation coefficient m; (pm (22) represents an 
intrinsic waveguide function determined by boundary conditions; pa represents the density at the depth of the 
source and the receiver; a = (1 / p2)¢n (zz)¢n(zo); p2. represents density at the depth of the centre of a 
scatterer; Dnm (w) represents the space—transfer function of the scattering for an m—th mode of a source and 
an n—th mode of a scatterer; Km and KM represent horizontal components of the wave numbers of modes of an 
incident and scattered waves, respectively; M represents the largest admissible source mode; and N represents 
the largest admissible scatterer mode for the m-th mode of a source. 

The dependence of a sound velocity on a coordinate z for a symmetric waveguide (see Fig. 2—18 b) has the 
following form [32]: 

Figure 2-18 a (left): The mutual arrangement of a spheroidal scatterer and a source in a sound channel 

Figure 2-18b Right): The profile of the velocity of sound in a sound channel with non-reflective boundaries 
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Figure 2-19: The amplitude-phase characteristic of sound scattering by a soft spheroid 

We will find spectrum 52 (w) located at the combined point of a source and the receiver for an ideal soft 
scatterer in the form of a prolate spheroid with a coordinate of an outer surface 50:], 005. We place the 
combined system (source and receiver) on the axis of a symmetric waveguide (22:20:0), which is a major 
axis of the spheroid that is perpendicular to the Z—axis. An inter—focus spheroid distance (between the foci) 
2110 is assumed to be equal to 9,7 m. A source generates a pulse signal with a duration 150:0, 05 s at a frequency 
fl): 400 Hz (C:8,0). The space-transfer function Dnm(w) is determined by a picked frequency and, in an 
XOZ plane, the angular characteristics of a sound-scattering spheroid. With the chosen velocity profile of a 
sound (see Fig. 2-18b), one of the largest angles between wave vectors in the incident and scattered waves is 
approximately 16°. Referring to the amplitude-phase angular characteristic of the scattering D(6; gb) from a 
sound wave reflected off a soft spheroid in an XOZ plane (0 = 90°, 77 = 0) (see Fig. 2—19), we note that, 
even with a maximum wave size of (C =1 0, 0), the angular characteristic D(90°; ¢) = 
|D(90°; ¢)| exp [i1/J(90°; ¢)] is practically non—directional within angles 45 = 0 + 16° (see Fig. 2—19). Such 
an approach, in which modes of an underwater sound channel are considered in the form of plane waves 
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irradiating our spheroidal scatterer, is also approximate. Curve 1, in Fig. 2-19, refers to |D(90°; ¢)I, while 
curve 2 characterizes a phase 1p(90°; 45) which is increased by 7: for all angles go. At lower wave dimensions, 
its characteristics will be even closer to the circular form. Therefore, taking into account our assumption 
about a uniform scattering in a horizontal plane, we can assume that each incident wave from a set of 
admissible modes will uniformly scatter in all directions (as a non—directional scatterer) with an angular 
constant excitation coefficient D(w), which then transfers the function Dnm (an). AS a result, the spectrum of 
a scattered signal will be calculated by means of the following formula [33]: 

S2 (0)) = D(w)pg(7'1)_1 %=1 2%:1 Pma exp[_i(’€mr + ICa _ 7112)] - (2-18) 

2.3. The Diffraction of a Pulse Sound Signal on a Soft Prolate Spheroid Placed in a Planar 
Waveguide with a Hard Elastic Bottom 

We turn to the familiar problem of the diffraction of pulses on spheroidal bodies in the planar waveguide 
[34—40]. These preserve the ideal soft upper boundary (the Dirichlet condition), waveguide dimensions, and 
scatterer with respect to the boundaries; they only replace the ideal hard lower boundary on the elastic 
isotropic bottom. Physical parameters of the lower medium will correspond to the isotropic elastic bottom 
but their values will be very close to the parameters of a transversely isotropic rock (a large slab of grey 
siltstone) [41]. The longitudinal wave velocity in this material is 4750 m/S, while the transverse wave velocity 
is 281 1 m/ S. Therefore, the method of imaginary sources needs the reflection of the coefficient Vto be entered 
for each source [40] when displaying sources relative to the upper border sources. This [34—37, 41, 42] will 
change the sign of the source on the opposite side, which corresponds to a change of phase by7r. 
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Figure 2-20: The mutual disposition of the pulse point sources and scatterers in the planar waveguide 

It is known [40] that the imaginary sources method, used to calculate the boundary conditions, is not strictly 
fulfilled for any of the borders of the waveguide, even in the case of ideal Dirichlet and Neumann boundary 
conditions. For the better fulfillment of these conditions in diffraction problems [7, 34—37, 41, 42], imaginary 
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scatterers were introduced by mirroring their relative waveguide boundaries. Likewise, we introduce 
imaginary scatterers to compare with the reflection of such pulses [7, 34, 35] in the ideal borders and in the 
presence of a hard elastic bottom in the waveguide. [40] shows that the method of imaginary sources is 
applicable in the case where the reflection coefficient Vwill be a function of the angle in the wave, which is 
from a source relative to the normal (perpendicular) boundary. In our case, this angle will be determined by 
the mutual position of the source (whether real or imaginary) and the scatterers (real or imaginary), where 
the wave falls from the source. Since the receiver is combined with a real source Q, the sequence of the 
reflected pulses will be determined by the quantity and the amplitudes of the reflected signals (from different 
scatterers), which have the same propagation time as the waves that travel from sources to scatterers and from 
scatterers to point Q, The parameters of the waveguide, the position of the real source Q (combined with the 
receiver), and the position of the real scatterer remain unchanged as in [7, 34, 35]: L = 1000 m. and H = 400 
m. The real source Q and the real scatterer are each located at a depth of 200 m. The scatterer is an ideal soft 
prolate spheroid with a semi-axes ratio of a/b = 10 (a = 0,279 m.). Its axis of rotation is perpendicular to the 
plane of the figure (see Fig. 2_20)_ The formula for the reflection coefficient VON, where N represents the 
number of a source, is given in [40]. For the calculation of the first four reflected pulses, the following 
reflection coefficients are needed: V03, in the direction of the first (real) scatterer 01; V05, in the direction of 
the second (imaginary) scatterer 02. As a result of simple calculations made with the help of [10], we obtain: 
V03: 0,8423 + 1' 0,5390; V05=0,8423 + 1' 0,5390. 

Coefficients have become complex. This means that the total internal reflection is at the boundary between 
the liquid and the hard elastic bottom. Therefore, modules of reflection coefficients are equal to 1,0 and the 
real parts of the coefficients are close to +l,0, which is typical for the boundary between a liquid and an 
absolutely hard bottom. The resulting sequence of calculations of first four reflected pulses is shown in Fig. 
2-21. 
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Figure 2-21: The normalized series of first four reflected impulses in a waveguide with a hard elastic bottom 

We compared this sequence to the sequence in Fig. 2-22, where there are ideal boundaries [7, 34, 35]: 

Y'(t) : _  I I I I I - 

13' .. 

0.2- I _ 
l l '  ' , I 

11- I I l - 
'03' - 

m -  .. 
1M" - 

1” 4.; 1'... I. :1. J; H 

Figure 2-22: The normalized series of the first three reflected impulses with harmonic filling in point Q 

The first and fourth pulses of Fig. 2-21 are identical to the first and second pulses of Fig. 2-22. As for the 
second and third pulses shown in Fig. 2-21, in the case of ideal boundaries and the symmetrical location of a 
real source and a real scatterer relative to the boundaries of the waveguide, they are compensated (absorb 
each other) by each of the reflected pulses: i. e., the second and third, pulses (see Fig. 2-21). This shows the 
difference in the sequences of the reflected pulses when replacing an absolutely hard bottom with that of an 
elastic hard bottom. Exactly the same result is obtained for the anisotropic (transversely isotropic) bottom, if 
its isotropy plane coincides with the plane of the impulse incidence. 
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A similar pattern is observed for an anisotropic bottom, such as one composed of silicon, where there is a 
quasi—longitudinal wave velocity of about 8300 m/s and a quasi—transverse wave velocity of about 5700 m/s 
[39]. Due to the high velocities of the quasi—longitudinal and quasi—transverse waves, the total internal 
reflection effect at the anisotropic bottom manifests itself even more strongly than at the isotropic bottom. 

2.4. The Diffraction of a Pulse Sound Signal on a Non-Analytical Elastic Scatterer Put 
in Planar Waveguide with a Hard Elastic Bottom 

Based on the obtained solution, let us consider the more general problem of the pulsed sound signal diffraction 
that impacts on an elastic scatterer comprised of a finite cylindrical shell supplemented with two 
hemispherical shells (one on either end) (Fig. 2-23 ) and placed in a waveguide with a hard elastic bottom 
(Fig. 2—24 ). Here, the data was calculated using integral equations [7, 43—47]. We note that a similar problem 
can be solved with the help of other methods: the boundary element method [46, 48]; the T—matrix method 
[49]; the method of a potential [50]; the finite element method [51]; and the Green’s function method [52]. 

The first stage will solve the problem of the diffraction of a harmonic wave on such a shell. 

The density of the material of the shell is p; and the Lame’s coefficients are /l and ,u. The shell was internally 
filled with the internal liquid medium with a density of p2 and a sound velocity of Ca. It was placed in an 
external liquid medium with a density of po and a sound velocity of Co. As the shell falls, the plane harmonic 
wave has the pressure p,- under the angle 00 and with the wave vector 1?. 

Figure 2-23: The elastic shell in the form of a terminal cylinder ending with semi-spheres 

As was shown in [7] and [43—47], the initial equation is an integral equation having the sense of the 
generalized Huygen’s principle for the displacement vector 170'") of the elastic shell: 

fi(?)=Lj{f(i")G(i";F)—fi(i")[fi'2(i";F):|}d5‘(i"), 75V, (2.19) 

where 30"") = fi’TG‘") is the stress vector; 13’ E 13’0"”) = 1'1” (13”) is the single vector of the external along the 
relation to S normal; T6”) is the stress tensor of the isotropic material; GO”; 1'") is the Green’s displacement 
tensor; and 2(?’;?) is the Green’s stress tensor. Additionally, if 7" is the point of surface S, then the left part 
of equation (2.19) will be 393/2. 
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Figure 2-24: The mutual disposition of the impulse point sources and scatterers in the planar waveguide 

The displacement vector 1707'), the stress tensorTCF), the Green’s displacement tensor G (F’fi’), and the 
Green’s stress tensor 207'; 17) were connected by the following correlations [7, 47]: 

T6") = mm) + ,u(|7fi + m7) , (2.20) 
I = IL +IT; IL = (PW/172; IL -IT = 0; and [T = —[l7(l71)]/l72, where [L and IT are the longitudinal and 
transverse single tensors for the Hamilton’s operator I7: 

293?) = AIVG(?';?) + W76???) + G(?';F)l7] ; (2.21) 

602'? = (1/4rrptw2){kzlg(kzl?' —*i"’|) + 

+V'[9(k1|?'-?l) -y(k2|?'—?l)]l7}, (2.22) 
where in and k; are the wave numbers of the longitudinal and transverse waves in the material of the shell. 

The second integral equation presents the Kirchhoff integral for the diffracted pressure p; (P1) in the external 
medium: 

C(P1)PL'CP1) = — ifs {192(0)(a/an'nexpczkro/ron — 
—[exp (ikTO/r0)]p0w2(t_ifi')}d3a + [lanai-(Pl) , (2.23) 

Where p;- (P1) = pi (P1) + ps(P1); 195(P1) is the scattered pressure at point P1; C(Pj) is the numerical 
coefficient, equal to 27: if P1 E S“ or 47:, if P 1 is outside of Sq; Sa is the external surface of the shell; and Q is 
the point located on the external surface of the shell. 

For the pressure 392 (M1) in the internal liquid medium at point M1, the third integral equation is derived: 

C(M1)p2(M1) = fl; {p2(Q')(a/an')[exp GHQ/1’3] — 
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-[exp (ii’a"3)/r3]poco2 (fififidsb. (2.24) 
where Q' is the point of the internal surface of the shell, and S1, is the internal surface of the shell. 

C ( M ) —  47:, if M1 out Sb; 
‘ _  2;: 1f MleSb; 

The boundary conditions of the external (Sq) and internal (Sb) surfaces of the shell are added to the integral 
equations (2.19), (2.23), and (2.24): 

Tilsa=0F Ti lsbzoi i = 1 . 2 :  (2.25) 

where 1 signifies that, at both surfaces of  the shell, the tangential stresses are equally null and 2 signifies that 
the normal stress our, at the external surface of the shell, is equal to the diffracted pressure p;, but at the 
internal surface it is equal to the pressure p;: 

Jn'lsa = p): : ”n’ls, = p; ; (2.26) 

In conformity with the conditions outlined in (2.25) and (2.26), the stress vector H?) in equation (2.19) is 
equal to 

E(?') = pzfi'lsa ; H?) = pzfi' Sb ;(2.27) 

Condition 3: the continuity of the normal component of  the displacement of both boundaries of the shell, in 
accordance with the relations of the theory of elasticity for an isotropic body. Condition 3 will have the form: 

un' = (l/pow2)(apz/6n')|sa ; 

“n’ = (1/p2w2)(6p2/an') lsb ' (2.28) 

The substitution of the integral equations, (2.19), (2.23), and (2.24), in the boundary conditions yields the 
system of equations in terms of unknown functions, p5, p2, and the components of the displacement vector, 
i, at both surfaces of the shell. To obtain the numerical solution to this system, the integral equations are 
replaced by the quadrature formulas and the grid of the nodal points is chosen at both surfaces of the shell, 
as has been done for ideal non-analytical scatterers [8, 43]. 

When choosing the boundary conditions, we will have two types of integrals: (1) integrals with an especially 
isolated point, and (2) integrals that are considered the principal meaning. The method of calculating integrals 
of the second type was described in [7]. 

When calculated, the reflection characteristics of the harmonic signal with frequency v can enable us to 
determine the spectral reflectance function 55 (2 ml). Additionally, it can be helpful when applying a Fourier 
transformation by which we obtain a temporary function of the reflected pulse W5 (1? ) [53]: 

@503) = iRe [3055(21rv)e+i2m’td (27:11) (2.29) 

Similarly using spectral reflectance characteristics of elastic bodies of spheroidal form [7, 54—57], we can 
compute the sequences of pulses reflected in the waveguide with a hard elastic bottom 

In the first part of this section, we investigated the interaction of sound impacting a scatterer at the interface 
between media. It was shown that interference plays a main role in this. The second part of the chapter has 
been devoted to the study of the spectrum of the scattered field of an ideal prolate spheroid placed in an 
underwater sound channel with non-reflective boundaries. Lastly, in the third part of the review, the effect of 
the influence of the parameters of a bottom on a series of pulses, which are reflected from a spheroidal body 
located in a planar waveguide, has been determined. 

As a result of this research, we can draw three conclusions: 
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1) When studying the propagation and diffraction of pulse signals in a planar waveguide, it is necessary 
to use imaginary sources as pulse-like bundles of energy, which are spread in any direction (including 
along the axis of the waveguide) at a group velocity that does not exceed the sound (based on imaginary 
sources). 

2) Replacing the hard elastic bottom with an absolutely hard bottom is acceptable for those sources (both 
real and imaginary) where waves fall to the hard elastic bottom and test the total internal reflection. 

3) We have adopted a model of image sources and image scatterers, which (following internal reflection) 
is quite acceptable, at least for the first five calculated reflected pulses in a planar waveguide with a 
hard elastic bottom. 
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CHAPTER 3 

THE GREEN’S FUNCTIONS METHOD FOR PROBLEMS 
OF SOUND DIFFRACTION 

3.1. The Sound Scatteringof Bodies with a Simple Form (Sphere; Spheroid) with Mixed 
Boundary Conditions 

Initially, the Green’s function method was used to solve the problem of the sound scattering from ideal 
scatterers in mixed boundary conditions. It was later applied to the sound diffraction studies of ideal and 
elastic bodies of a non-analytical form. The first part of section 3 sets out a detailed illustration for the use 
of the Green’s function method to solve diffraction problems regarding simple bodies (sphere; spheroid) in 
mixed bOundary conditions. Analytical solutions are complemented by the results of calculations of similar 
bodies in the Fresnel and Fraunhofer zones of the scattered sound field. In future, the Green’s function 
method will be extended to ideal and elastic scatterers of  a non-analytical form. 

Ideal scatterers, ones that have dissimilar boundary conditions on different parts of the surface area (Di- 
richlet or Neumann conditions) refer to bodies with mixed boundary conditions. Sound diffraction problems 
regarding such scatterers are solved by means of one or two methods. The first method, which was pro- 
posed by A. Sommerfeld [29], is called the variational method (or the method of least squares) [29, 58, 59]. 
The second method, the Green’s function method [45, 59—61], is based on the use of the corresponding 
Green’s function for each part of the surface of the scatterer. We will now look at the use and characteris- 
tics of both methods and an example of a sphere, with radius R, in mixed boundary conditions (one half of a 
sphere is ideally soft; another is ideally hard32 (Hz90:—180°)). On the surface area of a sphere 
S 1 (63 = 0+ 90") , the Dirichlet condition is perfomed and in the area , the Neumann condition is perfomed 
(Fig. 3-1). In accordance with the given boundary conditions, and by using the variational method, a func- 
tional G” of the following form [29] is made: 

2 6(1). 8(1) —* 5 5118’. (3.1) + 

an an 
GN=s|o,+cps 

51 

2dS+I 
5'2 

where k represents the wave number of the incident plane wave. 
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/' / \  
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Figure 3-1: The sphere with mixed boundary conditions 
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In general, (90 = a 75 0° or (90 = a 9k 180° ) the problem is three—dimensional and the potentials of inci— 
dent (Q— ) and scattered (45S ) waves are found in the following form: 

QZ (r;a9;go)= i i i  "(2n+1)8m [(n—m)!/(n + m)r!]>< 
m=0 n=0 (3_2) 

‘x a (cos 05)a (cos 6) j" (kr)cos m go ; 

N v 

(D: (r; 6; (p) = 2 2/1q” (cos6)h§1)(kr)cos vq; , (3.3) 
v=0 (1:0 

1, m = 0; 
where A; represents the unknown coefficients of expansions, 8m = {  

2, m #5 0 .  

In expanded form, a functional is G” [45, 59]: 

G” = k2R2 x 
2915/2 co m 

x I I {221' ” (2n + 1)8mPn’" (cosa)[(n —m)!/(n + m)!]a (cos 6)]‘n (kR)>< 
0 0 m=0 n=0 

N v 

X cos m¢+ZZAqV (cos6)hq(i)(kr)cosvgo}x 
v=0 q=0 

xi i  i f ”  (2111 +1)£mi[(n1 —m1)!/(n1 +1441)! ,3” (cosot)Pn’:" (cosfi)jm (kR)>< 
m;=0n1=0 

N V ]  _ 

>< cos mg) + Z Zq’q’ (cos 6)h§f)(lcR)cos v1.9} sinB 616614) + 
V1=091=0 

+R22J:r :f { i i i  ” (2n +1)n,,m (cosot)[(n — m)!/{n + m)!]P,{“ (c036)j,', (kR)k>< 
0 ”/2 m=0 n=0 

N v , 
x cos mgo + Z ZAJP; (cos 0mg” (kR)k cos my} >< 

v=0 q=0 

X{i§in1(2nl +01%: [(171 ‘m1)!/(n1 +1111)! ”TI(COSQWnT’(COSl9)j';I(kR)kX 
m1=0n1=0 (3.4) 

N V: _ I 
><cosm1¢ + 221447n (cos6)hg) (kR)kcosv1go}sm6d6dgp , 

VJ=0gl=0 

Where a line written over unknown coefficients is a sign of a complex conjugation. 

The minimization condition of a functional G” ensures the best satisfaction of boundary conditions on the 
surface of a scatterer: 

aGN/ali =0. (3.5) 

Substituting (3.4) in (3.5), we obtain equations for the determination of unknown coefficients A; : 
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N M N M 
v W _ _ vv ZZAqq. — 22%., 

12:0 51:0 71:0 q=0 

whereM represents the integer index whose value depends on the size of the wave kR; 

2/2 

Cg”; = hq"’(kR)Av jP; (case)q (c036)sm6’ d6+ a, 

+ hi1), (kRMif), UCRM V JP; (cos 6)q (cos (9)3171 6 d6 ; 
”/2 

dz; = 2i" (2" + 1M” —V)!/(" + V)!]P,Z (cos a)>< 
Jr/Z 

>< jn(kR)hgf)(kR) (P; (mm; (c056)sin6d6 + 
0 

+ fl, (kR )héf), (kR) IR," (0030)]? (cos 6)Sin6 d 6 ,' 
up 

2, v = 0 ;  
A v :  

1, v ¢ 0 ,  

In accordance with the Green’s function method [6], the potential of a scattered wave (IDS from a sphere 
with mixed boundary conditions can be represented by the one-term Huygens integral as follows: 

(D: (P) = (ID: (r;9;¢) = 
(3.6) 

=(1/4fl){-!<I>l (Q)[6G, (P,Q)/ar'] as, + 

+ J [6(1), (Q)/ar'] G2 (P,Q) (13,} , 

where P represents the point observation, with the spherical coordinates r, 6, o; Q represents the surface 
point with angular coordinates (p”, 6’" and a radial coordinate r '  = R ; G1 represents the Green’s function 
which vanishes on the surface of a scatterer; and G2 represents the Green’s function which has a zero deriv- 
ative along the normal of  this surface [16, 62]: 

G1(r,'(9;go,'r','6’;go')= ikZZ€m(2n +1)P,,”‘ (cosB')>< 

x P,“ (cos 6)[(n — m )l/(n :=mn)!] cos[m((0 — (0')]x (3.7) 
X [In (kr')hl’)(kr)— It?) (kr'Xkrlfn (l/hl’)(kR)] J 

G, (r;t9;q0;r'; (9210'): ikZZa‘m (2n + 1)a (cos c9")>< 

><a (c056)[(n— m)!/(n +:n)=!]cos[m((o — @')]X (3.8) 

x [1. (mower)— aakr')aa(kr);g (km/ad (1:12)]. 

The formula (3.6) for the potential Q53 (r;19,'g0) of a scattered wave is approximated as a formula (3.4) of 
the variational method. However, there are special cases in which the Green’s function method can be used 
because it gives accurate results. We will consider these special cases using the example of the homogene— 
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ous (soft) sphere, visualizing it being broken into two halves by a plane XOZ (Fig. 3-1). The wave vector 
i; of the incident plane wave is put in a plane XOZ ( (90 = 90° ) in the same as the observation point P (on a 
contour of the border of hemispheres S 1 and S2). We will find (1750’) in this point by using Green’s 
function G1 for the left hemisphere (S 1) and using Green’s function G2 for the right hemisphere (S2). 

For a homogeneous soft sphere, formula (3.6) is converted to the following form: 

4MP) =~(1/47T JQ(Q)[5G1(P,Q)/5r']d31 + {[595 (Q)/ar']G2 (139)452}, (3-9) 

where 

®3(Q)=—;:i ”(2n+1)gm[n_m)g/(n+m)i]pnm (comma (cosmcosmah,9>(kw)x 
X1}? (km/lattice. 

Using 455 (Q) and G1, 62 from (3.7) and (3.8), we find that the potential of a scattered wave on the sur- 
face of a sphere at a point where the contour of the border between the two hemispheres is equal: 

@503): _(1/2)dji(P)_U/2)dji(P) :_@i(P): 

That is, a boundary condition is fulfilled and the solution is accurate. 

If a sphere, 60 and 6 = 90", consists of soft and hard hemispheres (Fig. 3—1), the contribution of the ideal 
soft hemisphere in the potential €15: at the point of a contour of the border is equal to {Di (P )/ 2 , but the 
contribution of the ideally hard hemisphere 6:2 [61” to a contour of the border is equal to 
2 I (a CD1 (P )/ar) . The potential 455 in plane XOZ will be equal to half a sum of the potentials generated 

by the soft and hard spheres in the same plane. 

The arbitrary orientation of a wave vector E of the incident wave with respect to our sphere with mixed 
boundary conditions the potential of a scattered wave $30,197,117) will equal approximately by substi- 
tuting (3.2) in (3.7) and (3.8) in (3.6) [61]: 

(1)50"; t9;g0) = (l/2)iii_“ (2n +1)|:(n —m)!/(n+ m)!] ng“ (00560005 mgoa (cosa)x 
m=0 n=0 

xh£><kr){[j.(kR)/hs>(kR)]+[.z-;(km/hilt(m)]}+<vz)iii(—I)W<2n+n>< 
><(2M1 +l)|:(n1 —m)!/(n!1 +m)!] [(n—m)!/(n +m)»!:|cosmgoPn’” (0036)}? (0030011,?) (kr)>< 

><{[P:' (ow (0)—P:' (0)23; (om/tn. (n. +1)—n(n+1)]} x 
x{[—j. (we? we] +[j:. (kR)/hs>' W}, 

(3.10) 
where ninhn—n‘, odd. 
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Figure 3-2: The distribution of the module of the scattered wave on the surface of the sphere with mixed boundary 
conditions: 1, the variational method; 2, the Green’s functions method 

In contrast to the variational method, the Green’s functions method does not require looking for unknown 
coefficients of expansions and the computation of the potential 455 is a very simple problem, since all quan- 
tities in (3.10) are known. Fig. 3-2 shows distributions of IQS 

and a half-hard S2) by kR = 5 and a = 90". The ideally soft half of a sphere corresponds to the change of 
angle 0 within a range of 0° to 90°. The single value of the potential of a module is shown as a dash-dotted 
arc; it complies with the strict implementation of a boundary condition on the surface of a sphere; a condi- 
tion, which is approximately satisfied, although the difference is small between the methods themselves. 

on the surface of a sphere (a half-soft SI, 

Figures 3-3 and 3-4 show modules with angular characteristics of soft (Fig. 3-3, see curve 1) and hard (Fig. 
3-4, see curve 3) spheroids and the angular characteristic of a spheroid with mixed boundary conditions 
(Figs. 3-3 and 3-4, see curve 2). 

Figure 3-3 (left): Modules angular characteristics 

Figure 3-4 (right): Modules angular characteristics of a soft spheroid (curve 1), a hard spheroid (curve 3) and a sphe- 
roid with mixed boundary conditions (curve 2) 

If, for example, it is decided to introduce a prolate spheroid consisting of two identical halves making con- 
tact with each other in a plane ( 77 = 0 <3 0 = 90° ) and if it is also decided to place a sound source in 
the same plane ( 770 = 0 ) then the total potential 455 of a scattered field for an observation point located in 
the same plane ( 77 = 0 ) will be determined by means of expressions (3.11) ((0 = 0 ) and (3.12) 

¢.(:;n;0)= z: e. man,)§.,.(c,n)Rsa(c.:)>< (31 1) 
RS; (0,50) RSI, (0:50 ) ]  — + —  

R5521 (C, g0 ) Rib-21' (C, 50 ) 
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(153(5;77,'7r)= °° ” em slum )sm,n(c,n)R,a%2,(c,é>>< 2,; ’ (3.12) 
X REMcéa) +R£11(c,r§0) 

RS206”) 12,352; (ego) ' 

63 
100 

Ira ’ / 

20 7 /  
/; 3 1/ 

l 

a 2,0 490, 3,0 {“0 

Figure 3-5: Relative backseattering of sound reflected off oblate spheroid cross-sections irradiated along their axis of 
rotation 

Fig. 3—5 presents the given values 0'0 of oblate spheroids ( 60 = 0,1005), which are irradiated along the 

Z—axis of rotation ( (90 = 00 ). Curve 1 relates to an ideal hard spheroid, while curve 2 relates to an ideal 
soft spheroid. Curve 3 relates to a spheroid where [/3 of  the surface corresponds to a Neumann condition 
and 2/3 of the surface corresponds to a Dirichlet condition. Curve 4 relates to a spheroid where one hemi- 
spheroid is hard and the other hemispheroid is soft. 

Fig. 3-6 shows a module with the angular characteriestics I‘I’S (77)| of the oblate spheroid with a radial co- 

ordinate Q‘O = 0,1005. Half of the spheroid is hard, while the other half is soft (see curve I). A wave falls 

along the Z—axis ( 490 = 00 <:> 770 = 1,0 ) and the wave size C=10. Fig. 3-6 presents the modules I‘I’S (17)| 
for a soft spheroid (see curve 2) and a hard spheroid (see curve 3). A comparison of the three curves shows 
that for a body comprised of combined regions of softness and hardness, the amplitude of the pressure in a 
wave reflected back from the scatterer is approximately one order of magnitude smaller than for reflections 
from homogeneous ideal spheroids. 

Figure 3-6: A comparison of the modules of the angular scattering characteristics of combined and homogeneous ob- 
late spheroids 
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3.2. The Green’s Functions Method for the Ideal Scatterer with a Non-Analytical Form 

We will consider a non-analytical body, the surface of which does not apply to coordinate system with di- 
vided variables in the scalar Helmholtz equation. We will examine this non-analytical scatterer, which is in 
the form of a finite circular cylinder bounded on both ends by hemispheres (Fig. 3-7). 

17059130,) 

2
a

 

l \52 +5' 

(+24 

Figure 3-7: The non-analytical smooth scatterer in the form of a cylinder bounded by semi-spheres 

Sound pressure, scattered by this body, can be found using one of the numerical methods for the solution of 
diffraction problems [7, 60, 61, 63—65]. The Green’s fiinctions method [60, 61], which is based on the use 
of the mathematical formulation of the Helmholtz-Huygens (Kirchhoff integral) principle, is one of the 
most convenient methods. The algorithm of the calculation requires knowledge of the amplitude-phase dis- 
tribution of the sound pressure and the normal component of oscillatory velocity on some closed surface, as 
well as the integration of S that includes the lateral surface of cylinder S2 and the surface of hemispheres $1 
and 53 (Fig. 3-7). 

pm = (1/470! [pg (ma—6,160.9?) — wammw, (3.13) 
where p. (P) represents the sound pressure scattered by the body and P represents the point of observation, 
which has the spherical coordinates, 136, (p; Q represents the observation point on surface S; ps(Q) repre- 
sents the sound pressure at point Q; and G(P, Q) represents the Green function of the free space, thereby 
satisfying the inhomogeneous Helmholtz equation. 

In (3.13), the Green function is selected as being a potential point source: 

Guam = $ ,(3.14) 
where k :Zu/j, represents the wave number, it represents the length of a sound wave in the liquid environ- 
ment, and R represents the distance between points P and Q. 

Using the relative arbitrariness of the choice of Green’s functions, you can get the Kirchhoff formula op- 
tions, consisting of a single member: 

123(1)) = (1/4”)! [12. ((2)3160) (P,Q)]dS, (3.15) 

mm = —(1/4n)I[%G‘2>(P,Q)JdS, (3.16) 
By using formulas (3.15) and (3.16), the computational procedure is considerably simplified, as you only 
want to define one of the parameter,s (ps(Q) or dps(Q)/dn), on surface S. However, it is necessary to match 
surface S with a coordinate of the surface of one of coordinate systems in which the separation of variables 
is possible. Thus, the application of the Green's function method for the faces of the analytical surfaces an 
interconnected infinite cylinder and a hemisphere on either end is its main feature. 
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The possibility of the efficacy of using such a method and test calculations of the scattered field have been 
considered in [44], [55], and [66]. For example, an experiment regarding the solution of test problem [55] 
for the direct calculation of the far field of a point source [67] and [68] has shown that, with magnification 
of wave size C, the results of calculations 0'0 for both methods are getting closer to each other. When solv- 
ing the problem of diffraction to determine the values of p, (Q) and dp5(Q)/dn on surface S, you can use the 
following expression: 

For the homogeneous Dirichlet conditions (for an ideally soft body), pressure scattered waves on surface S 
has the following form: 

me) = - 11:02) , (3-17) 
For the homogeneous Neumann conditions (for an ideally rigid body): 

ap.(Q):apS(Q) (313) 
an n ’ ‘ 

where p, (Q) represents the sound pressure of the incident wave at point Q. When determining the p; (Q) 
values, you can use the expression for the scalar potential of the plane monochromatic wave as determined 
with relation to a single amplitude of an impact on the body of a sound wave emanating from a source lo- 
cated at infinity. This potential for a perfectly reflective sphere is reflected in natural functions in solving the 
Helmholtz equation in a spherical coordinate system, which has the following form [43]: 

pl. (r, 6,47) : giant ” (2n +1)—):cos mgaa (cos 6)], (kr); (3.19) 
(n— m 

n=0 m=0 (n + m) 

£n=l(n=0); 2,5202%); 

and the expression (3.19) is simplified when considering the axis—symmetric problem (dependent on the 
coordinate g) 

p, (136) = if ”(2m +1)Pm (cos a) 1m (kr) (3.20) 
m=0 

for a scatterer in the form of a perfectly reflective cylindrical scalar potential incident plane harmonic wave, 
as assessed in relation to the unit amplitude of the wave vector 3:. aimed at angle 60 of the Z—axis of the cyl- 
inder. This connects the natural functions“ solutions to the Helmholtz equation in a circular cylindrical co— 
ordinate system: 

QIm (kr0 sin (90) — ,  3.21 
QHS)(krDsin60) ( ) p.(r,co,z)=—exp(ikcosaoz)zs..(—1)"‘H,£P(kr)cosmco 

m=0 

when the plane wave vector E is perpendicular to the z axis of the cylinder. This expression (3.21) is simpli- 
fied as [43] 

__°° _ m a) (HA/1%) . 
p i ( r7¢)_  mz=ogm( 1) Hm (kr)cosm¢QH$)(kr0) ( 3 2 2 )  

3.3. Results of the Numerical Experiment 

To calculate the integral (3.15) and (3.16) on surface S, the quadrature formulas were used. A step of inte— 
gration surface S in the axial and circumferential directions (dzmdqio, (£60) in the system of nodal points 
must not exceed 0,5 3. (Figs. 3—8, 3—9). 

Using the Green’s functions method, the equivalent radius Reg of the ideal non—analytical body was 

calculated for several values of wave size 1661- (where a is the radius of the cylinder and adjacent hemispheres 
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.of {When-analytical scatterer)_=and was likewise calculated for different angles of‘iiradfat‘ion (Figs."3-'10—3- 
12)- 

'L- 

J 
f U""_K 

Figure 3-3: The coordinate system, connected with the minder- 

"Figure 3-1 1_: Angela: diagrams of equivalentradiuses Reg 

Figure '3 -1 2: Angular diagrams-o f equiv alent- radius ee~ R 
.39 alike angieof the ineidienl 9h —- 300. 

at-the-angie ofthe incident :9") — 600. 
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The analysis of equivalent radiuses Reg presented in these pictures permits the following conclusions to 
be made: 

1) The angular position corresponds to the reflecting and diffiaction lobes and totally corresponds to 
their physical representations. 

2) The angular characteristics of a non-analytical submarine object are rather similar to the angular di- 
agrams of spheroid bodies [7, 45]. 

In all figures, a diffraction (shadow) petal can be clearly observed and it grows and shrinks with increasing 
frequency. In Figures 3-10—3-12, the mirror petal is shown. This is, with an increasing frequency, similar to 
the shadow petal but, in contrast, it is limited asymptotically. You may notice that the angular diagrams of 
the non-analytical scatterer are very similar to the angular characteristics of the scattering elongated sphe- 
roids (the ideal and elastic ones) with a 1:10 ratio of the semi—axes [7, 55, 64, and 67]. In contrast to another 
work [18] that used a method of integral equations and presented calculations for a non—analytical body 
with a short cylindrical insert, the cylindrical insert in this study was much longer. The values of other 
equivalent radiuses at other angles of incidence are given in works [68] and [69]. 

3.4. The Green’s Functions Method for Elastic Scatterers with a Non-Analytical Form 

The solution of the problem of sound scattering by an elastic shell of the non-analytical form is based on an 
article [52]. The Green’s function method is approximate because it does not take account the interaction 
between individual elements forming a compound body of the non-analytical form. The interaction between 
scatterers shaped as spheroids and elliptical cylinders is shown in [7] and this interaction was negligibly 
small. In addition, the sound scattering characteristics for bodies with mixed boundary conditions calculat- 
ed using the Green’s function method, namely, the Sommerfeld method (a method for undetermined coeffi- 
cients [7, 55]); the agreement between the results was fairly good. 

For the non—analytical bodies, two structures were considered: 

1) A finite—length circular cylindrical elastic shell, limited at each end by the two halves of aprolate 
spheroidal shell (Fig. 3-13); 

/ ‘— , k 
I ,  

,r 2;, =1,005075 

I‘ T T 1 
Figure 3-13: The cylindrical shell with the semi-spheroidal shells 

2) A cylindrical shell bounded at each end by two halves of a spherical shell (Fig. 3-14). 

In article [52] a solution is given for acoustic scattering problems in relation to the constituent parts of non- 
analytical bodies. For cylindrical and spheroidal shells, Debye and Debye-type potentials are used. In [52], 
the angular scattering characteristics of such compound bodies are calculated for waves of different sizes. 
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Figure 3- 14: The elastic shell, in the form of a cylinder, terminating with a semi-sphere at each end 

We will consider a compound elastic shell, which is formed by a finite cylindrical shell whose ends are 
closed by two hemispherical shells of the same diameter (Fig. 3-14). To apply the Green’s functions meth- 
od, it is necessary to take the solution to the axisymmetric problem of plane wave diffraction by an elastic 
spherical shell in terms of dynamic elasticity theory [70] and transform this solution into the three- 
dimensional version. The resulting solution differs little from that obtained above for the three-dimensional 
problem of diffiaction by a spheroidal elastic shell [7, 55, 67, 71]. 

Figures 3-15 and 3-16 show the absolute values of the angular characteristics mam (in the XOY plane, 
9.,=90°) for a non-analytical elastic scatterer in the form of a cylindrical shell connected to the spherical 
half-shells Gig. 3-10). 

Figure 3—15: The modulus of an angular characteristic 

The Green’s function method can, in combination with analytical methods, be used for the solution of tasks 
concerned with the diffraction of a plane sound wave on an elastic isotropic scatter of a non-analytical 
form—one that consists of a circular cylindrical shell of terminated length L and radius r0, bounded at each 
end by the halves of each elongated spheroidal shell [69] (Fig. 3-13). 

The internal surface of the spheroidal shell is given by coordinate £1 = 1,005 (with the proportion of the 
axes of the inner spheroid 10:1 and the inter-focal distance 2h0 and externally by coordinate 

a, =1,005075 . 
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Figu'e 3-15: The modulus 'o‘fa'n angular characteristic 

The shell material is isotropic, with a density of p1 , modules of elasticity, coefficients Lame 111 and you” 
and. Young’s modulus E. Inside the shell, there is a gas with a density :of 92 , a.‘coefficient:.of volumetric 

compression K , a modulus of compression, and sound velocity 6'2 . 

The scatterer is submerged within an ideal cornpressed liquid with a density of pa and a coefficient of .  

volumetric compression Kn .. The potential ofthe sound. wave is submitted to-to mathematical analysis by 
means of the scalar Helmholtz equation. 

The amplitude-phase distribution of the sound pressure and. normal componentof the vibrating velocity at' 
the points of this non-analytical surface is a distribution, which is found from the strict. solution of the three— 
dirnensional boundary tasks. These are concerned with the dynamic theory of elasticity on the endless elas— 
tic cylindrical surface and the elastic spheroidal surfaces, respectively. 

The main result o f  this study is the calculation of the angular characteristics of bodies with a non-analytical. 
form using the Green’s .fun ctions method, which had previously been developed and used to solve problems 
o f  sound diffraction by bodies with mixed boundary conditions. The advantage of the Green’s functions 
method is its simplicity [it is much simpler than'the Sommerfeld method), while a drawback is its approxi— 
mate nature, as it does not take into account the individual elements forming the scatterer o f  non-analytical 
form. 

In future studies, we intend. to compare the above calculations with experimental data on sound scattering 
by an elastic cylindrical shell [’3', 13], calculations of scattered fields fonned by spheroidal elastic shells 
[5 6], and the resonance characteristics of prolate'and obl ate'sph eroid al elastic shells-[5T]. 
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CHAPTER 4 

SOME METHODS OF SOLVING PROBLEMS OF SOUND DIFFRACTION ON 
BODIES THAT HAVE A NON—ANALYTICAL FORM 

4.1. Integral Equations Method 

This section analyzes the following numerical methods of solving problems of sound diffraction on ideal and 
elastic scatterers of a non-analytical form: the integral equations method, the Green’s function method, the 
finite elements method, the boundary elements method, the Kupradze method, the T—matrix method, and the 
geometrical theory of diffraction method. There are a large number of numerical methods for conducting 
sound-scattering studies on ideal and elastic bodies of a non-analytical form. Section 4 presents the theoretical 
bases of seven such methods, along with their numerical experimentation. 

We can discern the ideal non-analytical scatterer to be in the form of a terminal cylinder with semi-spheres 
on each end (see Fig. 4-1). 

”(fin-91;“) 
xi i  

" I  - / i 
fl 

31 M ab \ s; o, / _  W /  _ 
N 0 f 

-% \s, e 
(+24 

Figure 4-1: The non-analytical smooth scatterer in the form of a cylinder with semi-spheres on each end 

The pressure p3 (r1; 61; 451) in the scattered wave at observation point 

P (1‘1; 61; (p1) is equal to [7, 16, 45, 63, 72]: 

19501; 91; (P1) = (1/ 41!) Is I {[aps(Q)/ 671] exp (ikr)/ 7' - ps(Q)(6/6n)[exp(ikT)/T]} 015. (4.1) 
where Q represents a point on the surface of the scatterer. 

Then, (4.1) the Dirichlet condition at the surface assumes the following: 

P? (n: 91; (P1) = (1/ 47!) Is I {[apéJ (Q)/ 6n] exp (ikr)/T + pi(Q)(6/6n)[BXP(ikT)/r]} d5 (42) 
The Neumann condition: 

109' (T1; 01:¢1) = —(1/41r) f5 f{[6pi(Q)/0n] exp (ikT)/T + 199’ (Q)(0/ an) [BXP(ikT)/ 7‘1} d5 - (4-3) 

We can find the function 1P = (6p; / 611') from the solution to the non-homogeneous Fredholm equation of 
the second kind [7, 16, 45, 63, 72]: 

m 6W9-(artwomnwrh 
a_n' exp(i§f’3), (4.4) 
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The integral to the left of (4.4) must be understood. 

With the help of ‘1’, we can find the scattered pressurepsD at any point in the medium P (13; 61,161): 

p£(r1;61:¢1) = (1/420 M WCQHexp (mo/rub” . (4.5) 
The Neumann condition uses the function, CD = 39;, which represents the solution to the Fredhohn equation 
ofthe second kind [7, 16, 45, 63, '72]: 

(1/2)d>(r3; 63;¢3) + (1/410 [5 f cp(Q)(a/an')[exp (ikrg)/rg]ds = expaEig) . (4.6) 
The scattered pressure at point P (r1 ; 61; (1)1) can be expressed through function (P: 

10$" (T1; 91: $1) = -(1/47r) fsf ¢(Q)(6/ an) [EXP (ikr)/ 1"] d5 - (4-7) 
The scattered pressure pf (r1; 61; {#1) can be found either with the help of the integral (4.2) ((4.3), for the 
Fredholm equation of the first kind), or with the help of equation (5) ((6) for the Fredhohn equation of the 
second kind). 

Surface S consists of S; and the surfaces S ,r and S3 (see Fig. 4-1). 

To calculate the integrals (4.2), (4.3), and (4.5): (4.6) on surface S = S1 + 5'2 + 53, we will use the grid of 
the nodal points [7, 45, 63, 72] (Figures 4—2 and 4-3). 

‘ x  

11$ 

u p  

Figure 4-2: The coordinate system connected with the cylinder 

Figure 4-3: The coordinate system, connected with the hemispheres 

Fig. 4—4 presents |p5(r1, 61,4)1)! for the chosen parameters by 60 = 90° (curve 1 corresponds to the T—ma— 
trixes method, but curve 2 represents the integral equations method). 

We are going to apply the integral equations method, which is also used in [2—5] for ideal non—analytical 
scatterers, to the elastic shell of the non-analytical form. 

To find the quality of this type of scatterer, we are going to consider the terminal isotropic elastic 
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cylindrical shell with the semi-spheres on each end (see Fig. 4—5). The density of the material of the shell is 
p], and the Lame’s coefficients are 11 and y. The shell was filled with the internal liquid medium with 
density p2 and sound velocity C3, and it was placed in the external liquid medium with density pa and sound 
velocity Co. 

Item l]? 

m0 

Figure 4—4: The modulus of the angular distribution of the scattered pressure 

The shell is irradiated by the plane harmonic wave with pressure p,- under the angle 00 and with the wave 
vector I}: 

AX 

Pt. CI °, /, 

2a
 m

 

-u2 . 1/2 

Figure 4-5: The elastic shell is in the form of a terminal cylinder with semi-spherical ends 

As shown in [7, 72], the initial equation is the integral equation, which uses the generalized Huygen’s 
principle for the displacement vector 11'0") of the elastic shell: 

17(7) = I,“ 7(7’)G(7;F)—fi(7)[fi’2(7;7):|}dS(F’), 7 e V, (4-8) 

where 3(1") = 17TH") is the stress vector; 11’ E fi’G‘") = 1'1” (13”) is the single vector of the external along the 
relation to S normal; T(?’) is the stress tensor of the isotropic material; G(1"”;1'") is the displacement Green’s 
tensor; 2013?) is the stress Green’s tensor. If 7" concerns the point of the surface S, then the left part of 
equation (4.8) 17(7" ’) / 2 will stand. 

The second integral equation presents the Kirchhoff integral for diffracted pressure 19; (P1) in the external 
medium [7, 73]: 

amp: (P1) = — It, {202(0) (fi) [exp ($39)] — 
[exp (”flfl powzwfi’ }dSa + 47rpi(P1) , (4.9) 

To 
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where p2 (P1) = pi (P1) + p5 (P1); pg (P1) is the scattered pressure at point P1; C(P 1) is the numerical 
coefficient equal to 27:. If P1 E S a is equal to 47:, and if P 1 does not belong to Sa, then Sa is the external surface 
of the shell and Q is a point on the external surface of the shell. 

For pressure 192 (M1) in the internal liquid medium at point M1, the third integral equation is derived as 
follows: 

C(M1)P2(M1) = fl; {192(Q) (%) [exp 

[exp (ii—:9] p0w2(fifi }dSb, 7 (4.10) 

(1703) 
T3 :| _ 

where Q' is the point of the internal surface of the shell; 

C(M)— 47:, if M1 out 3,; 
‘— 27: if 114163,; 

and Sb is the internal surface of the shell. 

The boundary conditions on the external (S4) and internal (Sb) surfaces of the shell [7, 43, 45, 63, 72] are 
added to the integral equations (4.8), (4.9), and (4.10). In order to chose the boundary conditions, we will 
consider two types of integrals: ones with an isolated special point, and others that are considered to form the 
sense of  the principal meaning. The method to calculate the second type is described in [7]. 

Applying the normal modes and image sources methods for a harmonic signal in the plane waveguide is 
equivalent to [74]. Harmonic signals in the plane waveguide have previously been studied sufficiently [7, 75, 
76]. On the basis of the imaginary sources and imaginary scatterers method, the problem of the scattering of 
the pulse signals on elastic spheroidal bodies is solved, as it is accommodated in the plane waveguide by the 
ideal boundary conditions. The pulse signals are bunches of energy [7]; therefore, their propagation along the 
axis of the plane waveguide is in a group velocity, which lies in the principles of the imaginary sources and 
scatterers method (the method of normal waves in the waveguide is not applicable in this case). The temporal 
and spectral characteristics of the pulse signals reflected and diffracted from the spheroidal-shape elastic 
bodies are obtained, for the first time, in this work. 

The spectrum S 0 (2711/) of the sound pulse of the source with the harmonic filling has the following appearance 
[53]: 

E110 

nag—1’2) Scam!) = (—1)n sin(1m 3—0), (4.11) 

where 110 represents the frequency of the filling of the impulse; n represents the number of the oscillation 
periods of the harmonic signal in the pulse; and v represents the circular frequency. 

The spectrum 50 (2111/) is connected with '1”,- (t) of the source by the return Fourier transformation: 

‘1’; (t) = Or)"1 Re f: 30 (27w) exp( + i27rv)d(27rv) (4.12) 

The spectrum of the scattered (reflected or transmitted) signal SS (2111/) is the product of the spectrum 50 (21:1!) 
and the corresponding meanings of the angular characteristic of the scattering of the spheroidal shell 
D0], (p,v), where?) and (p represent the angular coordinates at the point of the observation. The spectrum- 
diffracted signal 33(21111) depends on So (21:12) and SS (27w). 

In 53(21rv) and S; (2111/) , the images BUS (t') and '1”; (t ) represent scattered and diffiacted pulses, respectively 
[7]: 

5113(5) = iRe f5” 55(21tv)e+i2””td (zm) (4.13) 

912(6) = iRe f: 52(21rv)e+i2m’td (27w) (4.14) 
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4.2. Finite Elements Method 

The finite elements (WE) method, and its variations, calculates the solutions for the sound radiation of elastic 
bodies in nearly all forms. Here, we have considered the possibility of using NEFE with the Green’s functions 
method to calculate the numerical solution for the distant field of sound radiation by an extended spheroid 
shell, under the influence of the point sources on its surface (Fig. 4—6): 

Zita 

Figure 4-6: Extended spheroid shell, under the influence of the point sources on its surface 

The choice of body is caused by the definite solution to the task of identifying the effect of the sound radiation 
from the spheroid shell under the influence of point sources on its surface. This solution was found using the 
reciprocity theorem from the three—dimensional boundary task for the diffraction of a monochromatic plane 
wave on this shell. The solution is presented in [51, 77]. This task can be interpreted as the sound radiation 
of an elastic body under the influence of turbulent pulsations of liquid flow and the calculation based on the 
focused force that is stipulated by this pulsation if of interest. In this case, it is useful to compare the results 
of the numerical solution with the analytical solution results to validate its accuracy. 

The geometrical and physical parameters of the shell are similar to those presented in Fig. 4—8. The point 
sources of the harmonic signal are situated at the ends of the shell at points A and B; these sources imitate 
the turbulent pulsation and produce some amplitude—phase distribution (AFD) of the sound wave potential on 
the external surface {0 and in the liquid surrounding the shell. 

The numerical solution comprised two stages [51]: 

1) First, the values of sound wave potential and its gradient on the closed test area in the nearest field in 
the Fresnel zone created by the point sources are calculated 

2) Second, the results regarding the distant field in the Fraunhofer zone are to be re-calculated. 

1) 1n the first stage, it is necessary to conjugate the MFE solutions on the surface of area S in the sphere V1, 
adjoining the shell, with the exact analytical solution to the Helmholtz equation relative to the external surface 
of 'an endless sphere V2 with an infinitely large radius (Fig. 4—7). 

Figure 4-7: The conjugation of FEM with its exact analytical solution 

2) The functional of the full energy, if the system is “shell-fluid”, will have the form: 

. ad? a . 3) ECW, 4:1, :92) = P + r — ffs impotfilwdS + IL%¢1EZdS + po ((111 — @2)%d5, (4.15) 
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Where P and T are the potential and kinetic energies of the shell; w represents normal displacement of the 
shell; the surface {0; (1)114 (132 correspondingly represents the potentials of the velocity of liquid volumes V1 
and V2 that meet the Helmholtz equation parameters and radiation continuing for infinity in volume V2. 

The condition of the stationary state of E functionally leads to the fulfillment of the shell movement equation 
61132 
611 and and the Helmholtz equation in the sphere V1, as well as the equality of the normal speeds 65% and 

the potentials C131 andCIJ2 on surface S. 

The axial symmetry of the shell and the sources of radiation leads to the displacement of the shell and the 
potential of the liquid’s velocity will not be subject to the azimuthal coordinate (p. 

The substitution of the forms that approximate the shell displacements and potentials CD1 and CD2 in the 
stationary state of  E functionally leads to the linear algebraic system to solve equations. 

To solve this task, it is necessary to use the circular finite elements for the shell, the liquid, and the filling gas 
for the conjugation of these elements, as well as the finite elements for the sphere V2. Using these elements, 
it is possible to calculate the nearest field for the arbitrary sources in the form of the shells, if they are spinning. 
In this case, the numerical calculations are made for a finite-elementary net that consists of 131 elements and 
410 focal points (Fig. 4—8). 

/ 
Figure 4-8: The finite-elementary net in the nearest shell field 

The AFD of the sound pressure and the normal component of  vibrational speed in the focal points of the 
control surface in the nearest field is the initial for the second stage of the task solution. The sound pressure 
in the distant field is found with Kirchhoff’ s integral, which is also used in (4.15). 

The following two variants of the forms of the control surface were used in the calculations: a non-analytical 
body in the form of a cylinder with half-spheres on either end (fiom a measuring process organization point of 
View, this particular variant is the most usefiil; see Fig. 4-9a) and an analytical solution (a sphere; see Fig. 4—9b). 

A 

(a? 
Figure 4-9: The control surface in the form of (a) an enclosed cylinder (one with half-spheres at either end) and (b) a sphere 
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On the basis of  the proposed algorithms in [5 l], we calculated the angled distribution of sound pressure levels, 
due to the sound radiated by the elastic spheroid shell. These calculations demonstrated a rather satisfactory 
correspondence to the results of the analytical and numerical methods. 

4.3. The Boundary Elements Method 

To solve tasks concerning radiation and diffraction for the bodies of non—analytical surfaces, the boundary 
element method (BEM) has been successfully used during recent years. Numerous scientific works are 
published in this research area, which state the theoretical basis of the method (as well as the different aspects 
of the application) [47, 48, 77]. The bibliographic analysis shows that BEM is one of the most relevant and 
widely used methods, among the other numerical methods, to solve boundary tasks. The following advantages 
of BEM (in comparison with MFE, for example) are present when solving boundary tasks: 

1) The task of sampling the boundary, sphere, and scatterer, rather than the whole sphere, as a result of 
which additional measures to fmd the condition of radiation at infinity are not required 

2) The task of reducing the initial differential equation to the boundary integral equation, which presents 
the exact formulation of the stated task. Here, the accumulation of error occurs during processing a 
numerical solution to the integral equations by sampling, approximation, and calculation 

3) The use of the analytical method, which is valid for the whole sphere, provides a potentially higher 
accuracy than FEM. Where the approximation is commited in every area, for scatterers of a general 
geometric form, the boundary surface is presented in the form of a collection of elementary areas [7, 
51, 77]. 

The formation of isoparameter elements allows for the key coordinates of every initial element xi“ to be 
converted to the corresponding curvilinear coordinates x,- (i = 1,2,3). Here, the element’s geometry (global 
coordinates) and the main variables (of displacement) are stated using the following similarly interpolative 
relations (functions of the form) [51, 77] (see Figures 4-10a and 4- 10b): 

A :2 £2 :2 E2 

E1 

C1 / ' Na  5,2 

a) b) 

Figure 4-10: The (a) initial boundary elements and (b) the corresponding curvilinear isoparameter boundary elements 

The curvilinear coordinates of every point of the element xi (i = 1, 2,3) will be connected by the key 
coordinates xia in the expressions [7, 51, 77]: 

xiG) = 2a Na(f)xm, a: = 1,2,...,60r 8 (4.16) 

The functions of the local coordinates are described as follows: 

a) Quadrangular elements 

N103) = (1/4)(§1+)(s(2 + 1)(51 +52 — 1):N2(§) = (1/9031 — 1X52 + 1)('31 ‘5‘2 + 1); N36) = 
(1/4)(1 _ fiXEz — 1X61 +52 + 1)}N4CE) = (1/9051 + 1)(52 — 1X52 — 51 + 1): 

N505) = (1/2)(§1 + 1)(1 - 3%): N605) = (1/2)(Ez + 1X1 — 5%): 
N70?) = (1/2)(€1 — 1)(€§ - 1); NaCE) = (1/2)(1 — 52)(1 — ff): 

b) Triangular elements 

ME) = 51(251 — 1):N2(€) = 52052 — 1mm = we — 1): 
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1114(5): 45153551505) = 4€1€2§N6(5t) = 45253- 

These correlations present the implicit conversion of the surface element to the planar square or to the 
equilateral planar triangle in Fig. 4-10. 

The correlations for the interpolation of displacements and stresses are expressed similarly with regard to 
each element [78]: 

”i (6) = 2“ Na (6)1112“; {4-17) 

ti (f) = 2a Na: (aim: ( 4 1 8 )  

When submitting (4.17) and (4.18) in the equation and using the rule of numerical integration, we get 

mm = {619:}. (4.19) 
where H and G are the matrix of coefficients used in the result of numerical integration. Here, we form the 
integral equation for diffracted pressure by basing it on the viewpoint at [7, 64]: 

C(P1)P2(P1) = — ffsaozcaxa/ an')[€9€10(i1’€T)/T] — [EXPC i1‘71")/T]»00J2 (finds + 47miCP1), {4-20) 
Now, we interpolate the components of the vector on each boundary element and, similar to that of (4.17) 
and (4.18), the sound pressure on each element is presented as follows: 

192(5) = 2a Na(€)p2a- (421) 

When we substitute (4.17), (4.18), and (4.19) into (4.20) and complete the numerical integration, we receive 

[T]{u} = [D]{Pz} + 411m}. {4-22) 
where T and D they each are “matrices” of  the coefficients. 

At the next stage, we can then solve the (4.19) and (4.22) system of equations using the boundary conditions. 
According to one of the boundary conditions, the number of indeterminate stresses in the equation (4.19) can 
be expressed through pressure: 

{HRH} = [G]{t} + [F H292}, (4.23) 
where G and F they each are “matrices” of the coefficients received from matrix G in equation (4.19). 

In each of these particular cases, it is possible to use the principle of  the net of nodal points for the scatterers 
with axially symmetrical bodies. (This principle was used before, in [68].) Thus, it is possible to implement 
the cylindrical coordinate system (7’, (p, 2), connected with the cylinder, and the spherical coordinate systems 
(r, 6, (p), connected with the half—spheres, for bodies with surfaces consisting of fragments. 

In the process of numerical integration, the element of the cylinder’s surface with radius n, will be equal 
to r0 dqoodzo; for the half-sphere, the element of the surface in the spherical coordinates is equal to d5 = 
TOZSmBOdBOdtpO (Fig. 4-2, 4-3). 

In the process of forming the net of the boundary elements for this task, the discretization step for the 
boundary surface in the direction of every coordinate should not also exceed 0.57m. 

According to the Helmholtz theorem, the displacement vector F can be presented in the following form: 

a = —gmd¢ + mfi, (4.24) 

where (I! is the scalar, W’ is the vector potentials that obey the scalar Helmholtz equation and the vector 
Helmholtz equation, respectively: 

Ad) + 1&4) = 0; (4.25) 

A? + kg? = 0, (4.26) 
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where k1 = (Ll/C1 ; k2 = (0/62 ; (:1 and (:2 are velocities of linear and transverse waves, respectively, in the 
scatterer’s material. 

For the cylinder surface, the vector T) is parallel to the axis of  cylinder. 

Due to the axis of symmetry in the spherical surfaces, the vector potential Twill also have only one 
component‘l’ (p, which is different from zero, ‘1’: (p, in the spherical coordinate system. Thus, the 
Helmholtz vector equation transfers into a scalar equation (pfor the only component of a vector potential, which 
is different from zero: 

.491 + kill! = 0. (4.27) 

The potential of the diffused wave, as well as the potentials (1) PI and ‘1’, have forms corresponding to the 
planar wave and containing the voluntary constants that are determined from the boundary conditions. When 
all the main physical variables are functions of only two coordinates, the displacement vector will also possess 
two components. 

Using the correlations for the generalized law of Hooke for an isotropic sphere, which is not dependent on 
the choice of coordinate systems, it is possible to present the elastic stresses on the finite surface through the 
deformation components and through potentials CI) and ‘P [7, 55]: 

a) for a cylindrical surface: 

_ 2 _32_¢_ —2a_¢ —132¢ . a, — 111k1¢ + 2p( ar2 64’ araga)’ (4.28) 

- 1  _ 2 _  3‘15 , =,u(— 21' —+21'——k2‘P—26—:2) (4.29) 

Where 19 = 5,. + 5‘9 = divfi; 

b) for a spherical surface: 

64> _ _ 611V u.,=—;+r 1511(1t + r  16—9; (4.30) 

_ 2 _5’2_¢ —1 3_‘F’_ — 2 1 ' 3 2 _ “ ’ _ T — 2 3 _ “ ’  — ilqb + 2p( 6T2 +1" (:t ar 7" 9’6t +r‘1 a as a—T;) (4.31) 

_ 311’ _ 62W 32" _ as: . _ rm =y(r tgfifi+ 2 692 _ W _  21” 2%—r Z‘IJSLn 26), (4.32) 

where 19 = e, + eq, = divfi. 

The following boundary conditions are to be executed at the points of  the boundary surface where the normal 
(radial) component of the displacement vector u, is continuous and connected with the normal derivative of 
diffracted pressure. Normal stress is equal to the diffracted pressure: 

11,. = paid)“2 %by r=a (4.33) 

where 39,-, p5 are the sound pressures of the falling and dispersed waves, respectively. The normal stress aris 
equal to the acoustic pressure in the liquid: 

0,. = p; by r=a. (4.34) 

The tangential stresses are zero: 

rm = 13.9 = 0 by r=a. (4.35) 

When submitting the component of the displacement vector and elastic stress to the boundary conditions 
(433)—(435), we will receive the algebraic systems for the equations at every point on the surface in order 
to find out the indeterminate coefficients in the equations of potentials (I) and ‘P. 
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The indeterminate coefficients are received using the ratio of determinants from the Cramer rule that allows 
for the distribution of p}; (Q) and IL,- at the nodes of the boundary elements. 

The calculation for the diffracted sound pressure p5 (P) in a liquid sphere is processed based on (4.26) using 
the numerical integration of quadrature formulas. 

The task solution to the problem of calculating the diffraction of the elastic isotropic surface does not differ 
in principle from the examined solution for a constant elastic body: the internal boundary (with a liquid or 
gas filler or a vacuum inside the shell) is added and, therefore, the number of indeterminate coefficients and 
boundary conditions in (4.28) through (4.35) will increase. 

The additional boundary conditions are formed the following way: 

0) The normal stress on the internal surface of the shell is either missing (as in the case of a hollow shell) or 
is equal to the sound gas pressure (as in the case of a gas—filled shell); 

(1) There is an absence of tangential stress on the internal surface of the shell. 

As with the diffraction task to estimate the accuracy of the numerical solution derived using BEM in [77], 
the modules for the angular characteristics in the diffusion of an elastic sphere and spheroid were calculated. 
These modules were compared to the analogical characteristics of the same bodies using the analytical 
solution and were shown to have a rather satisfactory correspondence (Figs. 4-11, 4-12). Also, the results of 
the NIFE calculations for the scattering characteristics of an elastic scatterer with a non—analytical surface 
form (a cylinder with a hemisphere at each end) have also been presented. The results were approximate to 
the corresponding results of the precise solution for spheroids; this solution was obtained from [7, 55]. 

Figure 4-11: Modules of the angular characteristics of spherical scatterers (BEM) when ka=1, Req: a) solid sphere: 1, 
hard; 2, steel; 3, aluminum; 4, rubber; b) spherical shell thickness 11: 1, kh = 0.01; 2, [ch = 0.03; 3, kh = 0.05; 4, [ch = 0.1 

Figure 4-12: Modules of the angular characteristics of spheroids, Req: 1—steel (exact solution); 2—stee1 (BEM); 3— 
rubber (BEM); (a) for C=3; b) for C=5; C) for C=10; (where C = kho) 
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MEASURING THE CHARACTERISTICS OF SOUND REFLECTION 
AND SCATTERING USING ELASTIC CYLINDRICAL SHELLS 

IN HYDROACOUSTIC BASIN CONDITIONS 

5.1. The Criteria Needed to Make Acoustical Diffracted Measurements 

A method and an experimental setup intended for measuring the amplitude and phase of the acoustic field in 
the near zone of a scatterer are described. The results from measuring the scattering characteristics of low- 
frequency sound signals emitted by elastic cylindrical shells are analyzed. 

The following two problems regard the amplitude phase characteristics of the scattered sound field in the 
near zone of a scatterer made in the form of an elastic finite cylindrical shell. Both problems are solved on 
the basis of  experimental data [7, 18]: 

l) The determination of the nature of sound scattering by the shell at low-sounding frequencies; 
2) The calculation of the angular scattering of sound in the Fraunhofer zone from the measurement of 

both the amplitude and phase of the scattered field in the Fresnel zone. 

The measurement of the characteristics of the sound reflection and scattering is (in general) very often 
conducted on the models in the hydroacoustic basins, the shallow ponds, and any other areas used for such 
research intentions [79, 80]. A principal difference in the diffracted experiment (DE) between the conditions 
of the shallow water area (SWA) and that of the hydroacoustic basin (HB), with a comparison based on the 
natural conditions of deep sea, consists of  the reflective boundaries near to the source and the scatterer (such 
as a free surface; a bottom; or the walls of the basin). As a rule, the experimenters are interested in the 
characteristics of the sound reflection of a Fraunhofer zone (of a distant field) corresponding to an infinite 
medium where a sound plane wave falls down and irradiates from the sound source, which is infinitely 
removed from the scatterer. 

Therefore, in the DE, and according to the conditions of the HB or the SWA by the principal problem, there 
is an exception with regard to the influence of the reflective boundaries fi‘om the division of the mediums in 
the characteristics of the scatterer. The solution to this problem is begun with a choice as to the form of the 
sound signal. The optimum properties with this point of view have a pulse signal with a harmonic or 
frequency-modulated filling. The application of this type of signal allows us to distinguish when the signal is 
reflected on a body or background that prevents this from happening. Therefore, in future, we should give 
our attention to pulse type signals. 

We will choose a distance between the source of the pulse signal and the scatterer so that the wave, when 
falling on the body (at least within the limits of the scatterer), could be received by the plane wave without 
much difference. We will place a hydrophone, as a receiver of the reflected signal, in the Fraunhofer zone. 
The criterion for the minirmun distance between the combined antenna and the scatterer, which corresponds 

2 

to the above two requirements is founded on a known formula: Rmin >> D7 (where D is the maximum 
dimension of the scatterer, and A is the length of the sound wave in the medium) [79, 81]. However, in the 
diffracted measurements, the criterion of the minimum distance can be found with the help of the radial wave 
functions that appearing through the fundamental solutions to the scalar Helmholtz equation [55, 82.]. For 
example, in the simplest form of bodies (a sphere, an infinite cylinder, or prolate and oblate spheroids) we 
will first determine a difference in the angular characteristics of the sound scattering through plane and 
spherical sound waves. (Later, we will compare plane and cylindrical waves). In order to do this, we need to 
know the potential of expansion in the spherical (or cylindrical) wave by using the Hehnholtz equation [83]: 
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1) In the spherical coordinate system, an expansion has the form 

exp? = ik 23:0(211 + 1)Pn(cos 9)j,(11)(kr1) . 11 > r > 0 , (5.1) 

where R represents the distance between the source and the point of an observation; r represents the radial 
coordinate of the point of an observation; r1 represents the radial coordinate of the source; and 0 represents 
the angular coordinate of the point of the observation relative to a polar axis; 

2) In the circular cylindrical coordinate system, an expansion has the form 

H51) (kR) = 23:0 snjn(kr)H,E1)(kr1) cosn (I) , r1 > r > 0 , (5.2) 

where n, r, and R form a triangle so that angle (0 is concluded between sides r and r1; 

_ { 1  by n = 0 ;  
8 " -  2 by n i O ;  

3) In the prolate spheroidal coordinate system an expansion has the form 

(ikR) , °° 0° - - ' ex]J R = 21" Z Z €mSm,n(C:771)Sm,n(C'") x 
3 1 m=0 nzm 

fnil(C,fl)R§3n(C;f)Cosm¢' 51 >5 ' (5'3) 
where {1, 171(111=cos 01), ¢1=0 represents the spheroidal coordinates of the source, while 6' 77' (11' = cos 9') 
and (p represent the spheroidal coordinates of the point of the observation. 

1 411: plane wave;2- §.= 10; 
3- ;.=2,4; 4-;.=1,1 

Figure 5-1: Modules of the angular characteristics of the soft spheroid 

Analogously, (5.3) will look the expansion of the potential of the spherical wave and, in the oblate spheroidal 
coordinate system only C must substitute into 1C; 51 must substitute into 1'51 and (f , must substitute into i f  I. 

So, in future, we are limited by the prolate spheroidal coordinate system, remembering what we can cross 
over to the oblate coordinates by means of a simple substitution of the wave dimension and the radial 
coordinate. 

The formulas for the potential of the plane wave are derived from (5.1) — (5.3), if r1 and 51 direct us toward 
infinity, instead of the radial functions of the third type and the Hankel functions, then their asymptotical 
meanings are used [7, 55]. We have written these asymptotics for the radial functions in our chosen coordinate 
systems [7, 55]: 
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Figure 5-2: Modules of characteristics of the sound scattering of the hard spheroid 

1) The asymptotic from a Hankel function has the following form in the spherical coordinate system: 

hf,”(kr1) = (i)i1-" exp(ikr1); (5.4) 
kr1—mo krl 

2) The asymptotic in a Hankel function has the following form in the cylindrical coordinate system: 

H£1)(kr1) E 2 exp [ikrl — i (E) (n + a] ; (5.5) 
krl—mo TEk'r'1 

3) The asymptotic of a third-kind radial function has the following form in the prolate spheroidal coordinate 
system: 

-—n—1 
RS31(CI f l )  Cflg—NXJ (leg-1 ) exp(i1) - (5.6) 

In these real situations, we have the terminal meanings, r; and {1. In this case, however, we can correctly 
accomplish a passage from the spherical (or cylindrical) wave to the plane wave (the field of the falling wave) 
or from the Fresnel zone in the Fraunhofer zone (the field of the scattered wave field, which is the area where 
we explore the wave). We will apply the expansions, (5.1)—(5.3). 

The convergence of the series located in the right parts of these formulas (5.1)—(5.3) depends on this as they 
are quickly diminished (over the modulus) along with a growth of the indexes from the summing up of the 
products from the radial functions of the first and third kinds. The numbers of the members of the series (mm, 
mm) on which the summation must be broken can be established from tables of radial functions. This 
procedure is shown and explained below. It can be determined from the tables of the radial functions and it 
will be defined by the function of the wave dimension km (the sphere and the cylinder); or the C (the spheroid) 
of the coordinate r or f (in the given case, it corresponds to the coordinate of the external surface of the 
scatterer (n; or 50); or it is circumscribed round the coordinate surface and it corresponds to this with the 
requisite degree of precision. Practically, and for all intents and purposes, we can be limited by the members 
in that the modulus of the product of the radial functions of the first and third kinds are 3—4 orders of 
magnitude smaller than the largest module representing the product of these functions and the lesser meanings 
of the indexes. As well as this, it can be placed on the boundary of the Fraunhofer zone for ideal scatterers in 
the form of a sphere, cylinder, or spheroid (or similar forms). However, in this case, the indexes nh-m (the 
sphere, and the cylinder) or mm and mm (the spheroid) of the radial functions of the third kind must be 
fulfilled. The asymptotical formulas (5.4)—(5.6) are determined by the more complicated combination of the 
radial functions of the first and third kinds (the hard scatterer and the derivatives of these functions), and by 
entering the coefficients of the expansion of the pressure in the scattered wave over the functions of the 
Helmholtz equation. The concrete formula for these coefficients has been settled as it has proceeded both 
from the shade of the boundary conditions and from the type of source which generates the falling wave. For 
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the ideal scatterer in the form of a prolate spheroid, the combination of the radial functions has the following 
form: 

The point source 

a) the soft spheroid 

7 Rm)n(c é") , R533.(6,€1)R£i%(c,s)Tcg)- (5.7) 

b) the hard spheroid 

(a) (a) Kaila a) s 
R m,n(C {DRMCC E) F ;  (5. ) 

”(f-350) 

The plane wave 

a) the soft spheroid 

(3) m,_Rn(C»Eo)_ 
Rmmcc, 60—12(3) "1(6'50) (5.9) 

b) the hard spheroid 

Rim 012.5316 €03/R1S331CC, a). (5.10) 
If we use the formulas (5.9) and (5.10), we will find the boundary E of the Fresnel zone and the Fraunhofer 
zone of the scattered pressure for the plane falling wave and can then place the point source (51:6) on this 
boundary. That is, as seen from the comparison of (5.7) and (5.8) with (5.9) and (5.10), this boundary will, 
in general, show the irradiation for both types. Figs. 5-1, 5-2 confirm these through the angular characteristics 
of the scattered pressure by the soft and hard spheroids in the Fraunhofer zone from the plane and spherical 
waves. In Fig. 5-2, curve 1 corresponds to the modulus of the angular characteristic of the sound scattering 
by the hard spheroid and the plane falling wave. Curve 2 corresponds to the point source with the coordinate 
€1=10,0 and the distribution of the modulus of the scattered pressure on the radial coordinate 61:] 0,0 by the 
falling plane wave. Curve 3 characterises the distribution of the modulus of the scattered pressure for the 
radial coordinate 51:10, 0 (this is the coordinate of the source). 

The numerical estimations shown include the minimal distance Rmin from the scatterer to the boundaries of 
the Fresnel and Fraunhofer zones. This was found to be the following inequality Rman22(D2/A). 

We see that, for spheroidal form scatterers, the linear distance from the surface of the scatterer £0 to the 
boundary line, {2, depends on the angle of the observation. 0 is the greatest distance to the border for the 
angle 6:0 ° and the shortest distance for 6:90” (the oblate spheroid, as with the prolate spheroid the situation 
will be opposite and the maximum distance will be 6 = 900, while the minimum is6 = 0°). We can also 
notice that for the angle 6=0° (the axially symmetric problem), the index m in all the formulas has one 
meaning: m=0. 

When taking the measurements of diffracted acoustics in natural ponds, one must remember the following 
principal demands [79]: 

1) To have large enough dimensions so as to minimize unintended interference evoked by the sound 
reflections from the way the pulse regime is administered. 

2) To have a low level of surrounding noise. 
3) To have a liquid medium, which must be free from all sorts of factors that could potentially evoke a 

refraction or scattering of the sound (such as different flows, temperature gradients, sea Creatures, 
bubbles, and soil). 
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Protection from rainy weather must be ensured in order to secure a low level of background noise; the 
stability, and thus the accuracy, of the monitoring platform; and convenience when taking measurements. 

Sources of extraneous noise audible from the basin include ships, industrial plants (especially their associated 
water pumps), freight transport, railroads, rain, and waves. Sources of extraneous noise audible from the 
auxiliary platforms are different as they include piers, bridges, and barges, as well as ships. Piers and bridges 
offer the most convenient and stable working conditions. If the basin is large and deep, one must use a sailing 
construction; however, stability and convenience must be secured by including a weighted vertical dimension 
of the construction and by securing it in place by means of service lines running under the water to posts 
leading to the shore. 

The frequency range of the reflective body does not determine the simple criterion for the minimal acceptable 
depth when gathering measurements in the basin. 

The quality of the hydroacoustic basin depends on the degree to which it can remove the sound reflections or 
the elimination of the interference resulting from the reflections. If the sound reflections are destroyed or 
attenuated by absorbing the boundaries of the basin, then the basin will be submerged. 

A big part of the problem when conducting measurements in hydroacoustic basins is that they are not closed 
and are similar to natural ones, but not terms of their dimensions. However, an exception is the reserved 
submerged basin, as it can imitate the conditions of the measurements of the deep ocean, given the high static 
pressures and the low temperature of the water within it. 

As shown by the results of the pulse regime, the shape of the basin does not play an important role. A limiting 
factor is the distance to the reflective boundaries of the surfaces closest to the path that propagates the straight 
acoustic signal from the source to the scatterer and receiver. 

5.2. The Structural Schema 0f the Experiment and its Methodology 

A block diagram of the plant used to generate the pulse regime and gather the amplitude phase measurements 
of the reflected (scattered) signal is presented in Figure 5-3. 

) 
,, k ”' Hydrophone (H) 

Source (S) 
Model (M) 

Figure 5 -3: A block diagram of the plant used to measure the sound scattering 

The block diagram includes the radiating section, the scatterer (model), and the liquid medium. We will 
explain principles of how it works using time diagrams of the voltages in the radiating section (Fig. 5-4). 

Figure 5-4: The time diagrams of the voltages in the plant’s radiating section 
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The harmonic oscillations generator (G) creates the harmonic signal with the frequency, co (see diagram I in 
Fig. 5-4). The crystal-controlled digital frequency meter (Fr) controls the frequency. When it is entered into 
the modulator (Mod), it creates a rectangular video pulse over the duration 1' (see diagram II in Fig. 5—4). The 
harmonic signal is turned into the pulse signal by the pulse’s rectangular envelope and the harmonic filling 
on frequency a) (see diagram III in Fig. 5—4). This pulse signal, with the help of source S, exposes the liquid 
medium from either the basin or the water area to the sound. Hydrophone H (the receiver in Fig. 5-3) is able 
to receive different signals, which are independent from the situation. If it turns out well, then it will divide 
the signal p3, which is reflected from the model and the hindrance, pp, thereby creating the sound reflection 
from the boundaries of the divided medium. The receiver will fix the signal p5 towards the model’s scatter. If 
the model is absent, then the hydrophone will only receive the straight signal 1),. If the receiver is placed near 
the model, then the straight and scattered signals cannot be divided. In addition, the hydrophone is able to 
fix the diffracted pulse signal. 

At low frequencies, the interference of sound reflections can only be avoided when they are near the model. 
In this case, it is almost impossible to separate the direct signals from the reflected signals when both are 
measured. 

The receiver detects the total (diffracted) signal. If the undistorted signal (obtained without the model) is 
known at the same points, then the scattered signal can be determined using the difference between the 
diffracted and straight signals when the amplitudes and phases of these signals are measured simultaneously. 
From the distributions of the scattered or diffracted signals, it is possible to calculate the angular 
characteristics of the far field of the scatterer using the Kirchhoff integral [82—85]. In acoustics, this method 
of extrapolating the near—field data to the far field was first applied to hydroacoustic arrays. This is known as 
the DRL method in the literature [79, 81, 83, 86]. 

The sound pulse (p5, p,, or 19;) is turned by the hydrophone using an electric signal. This first occurs at the 
preliminary amplifier (>) and then when the spectrometer’s (Sp) ultrasonic frequencies are turned towards 
the frequency of the filling in pulse (0. Further, the signal propagates the two channels. Over the first channel, 
the signal that is filtered out by the spectrometer (Sp) is given a time selector (TS) that cuts out l—Z periods 
in the placement part of the pulse. The pulse signal with the time selector and the harmonic signal with the 
harmonic oscillations generator (G) use the digital phase-meter’s (DPh) two entrances, which then measures 
the phase of the signal received by the hydrophone relative to the signal from the generator (G). 
Simultaneously, the signal with spectrometer (Sp) arrives at the commutator’s (C) first entrance. The second 
entrance receives the signal with the time selector (TS), which is dependent on the position of the 
commutator’s relay. This is displayed on the cathode-ray oscilloscope’s (Eos) screen. We can then observe 
either the total time of the pulse’s linear sweep picture in the liquid medium. This is either based on the time 
or the placement of the time selector (TS). 

This example uses the DRL method [7, 9]. If we know the distribution of the scattered p3 or diffracted p): = 
p,- + p5 pressures on the surface S surrounding the scatterer, then with the help of the Kirchhoff integral, we 
can determine p5 (P) or pE(P) at any arbitrary point of observation P [7, 18, 79—8 1]: 

ps(P)= (3—,)fl {[al—g,EQ)]G(P;Q)—pd(0)[%:“”]}ds, (5.11) 
where index 61 is s or E; Q represents the point of the surface S; and G (P; Q) represents the Green fimction, 
according to the non-homogeneous Helmholtz equation [2]. 

The values of G (P; Q) are chosen so that surface S disappears (G 1) or turns into zero. Its normal derivative 
is G2, and so we get the following two integral formulas: 

2MP) = - (i) If mm [W] d5 ; (5.12) 

pSCP)= (4—1,)fl [3—p;,EQ)] GZCP- (2)013 (5.13) 
For the surface S of spheroidal or spherical forms, the formulas for G1 and G2 have the following form [7]: 
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61(€,n.¢;€2n1¢)= 2m: 2 Sm,n(6.n)3m,n(an) x 
H : 0 m = — n  

x exp[im(¢ — ¢’)][R%13.(C QR“? (C @— R‘3? (6.6)Rfi1(6.5)x 
(1) 125346.?) 1, XRm 1”(C T 5 0 )  Rmn(C§o) , { > 5  ,(5.14) 

Gz(€.n.¢:s3'.n'.¢') = zc 2 s‘m,.,(c,n)§m,,(c,n') x 
n=0m=—n 

>< exp[im(¢ — <10] [Rétfiia 6312.23,)..(6. s) — RSMCJWiZKC :0) x 
R‘33 (a?) . , 
Rfiitca) ’ f >  f ’6'”) 

61(r1014bm102fl=ikz:-o<2n+urn—alga?“ X 
X Pm(cos 6)Pm (cos 6 ) exp[im(¢— (15 )] [jn(kr')h,(,1) (kr) — 

— 1,,(kr0)h(1)(k )2? :29] 1" > r' -(5. 16) 

62(r,,6 ¢,',r 9’ ,¢'=) aim/1+1) m2 ”HE ;:;:]x 
X .PJ’KCOS (9)31” (cos 6 )exp[im(q§— (15 ) ]  [in(kr)h(1) (kr)— 

—j;.(kro)h$33(k )h(1,(33)]r > r ,.(5 17) 
where g, 71, (a; r, 6, and g0 represent the spheroidal and spherical coordinates of the point of the observation P; 
6271’, (fi' and T', 6', (‘6' represent the spheroidal and spherical coordinates of point Q on surface S in which 
f=§0 andr' = r0. 

An advantage of the monomial integrals (5.12) and (5.13) in comparison with the two integrals (5.1 1) is that, 
in order to define the pressure in the distant field, it is enough to only know the distribution of the pressure 
pd (Q) or its normal derivative d—p:(Q) along surface S The formulas (5.14)—(5. 17) are simplified [88] due to 

the substitution of the radial functions R(3)n(C, E) and [1(1) (kr) with their asymptotical meanings This 18 a 
fair statement for the distant field 1n the Fraunhofer zone. 

With regard to the binominal integral (5.11) as the Green function G (P;Q), we used 

G(P;Q)=axp(ikr)/r, (5.18) 

Where r represents the distance between points P and Q. Additionally, due to the absence of miniature 
receivers from the oscillating velocity sound wave, we can use one to two approximations: 

1) For the scattered wave near surface S, we can account for its movement by spreading it within a plane. 
Measuring the normal derivative dag—SD is unnecessary,as p—nd5(Q) = ik  p.5(Q) 

(1175(0) 2) To measure the derivative we can substitute the relationship between the terminal differences of 
n 

the pressures [Aps (Q)] and the distances Ag with the measurements of the surfaces, S1 and S2: 

6119502) ~ A195 (Q) 
dn A q ' 

In the F raunhofer zone (r is big), then the usual approximations are fair [6]: 

k R ) ,  Ps(P)= 1309 (flex (5-19), 
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where R is the distance fiom the beginning of system 0’s coordinates to the point of the observation; D(6,r¢v) 
is the angular characteristic of the scattering of sound in the spherical coordinates 6, 90; and 

sum 6:0] . stew ~ 
~ ikR‘1 exp(ikR) 6%) = ikR—l cos 6' exp(ikR) , (5.20). 

'In the distant zone, the single vector from Q through P can be substituted with the single vector 175 fiom point 
0 through point P, so that 

cos 6 = mxnx + myny + mznz . 

In practice, the continuous distributions of both the pressure p502) and the normal derivativeipéfl—Q) are 
substituted for discrete distributions. From the integrals, we can find the numerical quadraturs for both of the 
following approximations [7, 18, 82, 84]: 

'h c l 2 r +1 . D<e.¢) = (1%,) (55 — Dz I, " dqs L1 [—pdw) cos 9 +pd<r2)] x 
ihOC M L 

n: 4 )(53 miz DMZ/11x 
i=1 m=1 

1 

x (5'2 -n2)76xp(i3) dn' = (  

x¢1(’75:¢7'n)1 €'=Eo; d = S  or Z ;(5.21) 

hz 21: r +1 u A 

D(6,¢) =(fi) (sf-1&1) 51¢ L [_pd(Q)l-kmg +[ 192:0)”x 

1 kg  1 M L 

X (6'2 -712)2 63961903) 6171' = (—0) (52 — 1)E Dm A; x 

><<P2(m,¢m), €=€o; d=S or 245.22) 
Where (15101;, 96,31) and (DZ (1);, (fin) represent the meanings of the corresponding integrand functions in the 
nodes of the numerical quadratures; L and M represent the number of the nodes following the coordinates 77’ 
and (,b', respectively; A: and Dm represent the main coefficients; and the formulas for cos 6 ' and B are given 
in [8]. By using (5.22) for the calculation W ,  we can measure the pressures exerted on the two disposed 

confocal surfaces, as the distance between them is much smaller than the length of the sound wave A in the 
liquid. An exception is the non-homogeneous flexural waves in the scatterers, which occur in the form of 
elastic shells. Here, the distance from the surface of each scatterer to the nearest (main) point must not be [1/2 
the distance between the main points. Also, in order to avoid false maximums, the distance must be less than 
2/2. 

The measurements of the diffracted pressure’s distributions near the model can be scattered pressure With the 
help of the construction presented in Figure 5-5. 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



Measuring the Characteristics of Sound Reflection and Scattering Using Elastic Cylindrical Shells in Hydroacoustic 55 
Basin Conditions 

4W1:- 

a
x

a
g

g
g

l
 

%
%

%
%

%
l

 O
 

O
 

\‘° ‘1 To the receiving channel, 
5 A/D converter, PC 

Figure 5-5: The angular gear used to measure the distributions in the near zone 

The model (1) was suspended in the construction (2) with the help of metallic strings. The miniature 
hydrophones (3) were fixed to the angular gear strings (4), which were made from hollow (water-filled) metal 
tubes. In order to obtain the correct phase measurements, the hydrophone size needs to be small in comparison 
to the sound’s wavelength. The low-speed electric motor (5) rotated the angular gear around the model at the 
required time and on an assigned angle. At each of the system’s fixed positions, the amplitude-phase 
distribution of the diffracted pressure was measured using a switch (6) and the receiving channel of the 
experimental setup (see Fig. 5—5). The distribution was sent to the PC Via an A/D converter, and this was used 
to calculate the angular characteristic was calculated. The sound pressure, which was scattered by the elastic 
shell, was measured in the Fresnel zone using the setup in Figure 5-5 and the structure in Figure 5-6. 

9: I50” 

Figure 5-6: The directions of the measurements, AB, CD, EF, and OM; the measuring points; and the cylindrical shell’s 
contour on the measuring template 

The latter (Fig. 5-6) consisted of a rigid template, which was fixed above the water’s surface. The paper sheet 
was glued to the upper surface of the template. The cylindrical Shell’s contour with flat ends; the 
approximating contour in an elliptical shape; the elliptical contour; and the measurements of AB, CD, EF, 
and OM were drawn. Along the shell contour, the elliptical contour and the AB, CD, EF, and OM suspended 
the miniature spherical hydrophones with a diameter of d=5 mm. The strings were strained with the load, 
which was positioned near the bottom of the tank in order to eliminate its effect on the scattered sound field 
measurements [85]. 

In both types of experimental setup, changing the source’s position with respect to the scatterer varied the 
angle at which the model was insonified. The insonifying pulse length was always greater than the maximal 
size of the model. 
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As in the setup shown in Figure 5-5, the measurements were performed twice. First, the magnitude of the 
diffracted pressure and its phase were measured in the presence of the shell. Then, the shell was lifted to the 
surface, and then the pressure magnitude and the phase of the incident wave were measured at the same points 
as before. 

5.3. The Analysis of the Results 

The measured amplitude-phase distributions of the diffracted or scattered fields near the scatterer allow for 
the determination of the factors that govern the formation of the scattered field. Figure 5-7 shows the 
magnitude and the phase of the scattered pressure for the finite cylindrical shell, which is insonified along its 
rotational axis. 

It'sl 4% 
2,0 . 

C" = 3,1 
g.= 0,1005 

/’ fl 15 
\ K  / 

W337 \ Q 

fl 
1.0 .0 5,0 4, ufl lrz 

/ A  \ 5 
I, 

/ \z 

_, / 

Figure 5-7: The magnitude-phase distributions of the scattered field 

At this axis (the OM direction in Fig. 5-6), the distributions of the magnitude and the phase were measured 
at different wave distances kz from the end of the shell with radius a. Curves 1 and 2 represent the 
experimental values of the magnitude and the phase of the scattered pressure, respectively. Curves 3 and 4 
represent the corresponding distributions for the elastic hollow oblate spheroidal shell with a major semiaxis 
a and insonification along the OM direction [89]. Distributions 5 and 6 characterize the magnitude and the 
phase of the scattered pressure soft oblate spheroid. The wave size of the body was C 2 ka 2 3,1. 

Figure 5-8 shows similar distributions for the magnitude and phase of the scattered pressure for the 
aforementioned spheroidal shell along the OM direction with another wave size of C = 1,0. 
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Figure 5—8: The calculated and experimental distributions for the magnitude and phase of the diffracted pressure 

Figures 5-9 and 5-10 compare the experimental and, for the acoustically soft infinite cylinder, the calculated 
distributions of the magnitude and phase of the diffracted pressure. 
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Figure 5-9: Calculated and experimental distributions for the magnitude and phase of the diffracted field 
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Figure 5-10: The calculated and experimental distributions for the magnitude and phase of the diffracted field 

Distributions were measured along the EF direction and the data was obtained for bounded cylinders with the 
wave size C = ka = 1,0 (Fig. 5-9) and C = ka = 3,1 (Fig. 5-10). In addition, Figure 5-9 compares the 
distributions of the magnitude and phase of the diffracted pressure obtained for two shells (model 1 and model 
2) with identical lengths and diameters but with ends of different thicknesses. In both cases, the shells were 
irradiated along the EF direction. 

The structure represented in Figure 5-6 makes it possible to obtain the angular sound-scattering characteristic 
D(6) for axisymmetric models insonified along their axis of rotation by recalculating the relation of the near 
field to the far field. This is because it is not necessary to measure Ipsl and (1 1/15 for the different values of the 
angle (0. Figure 5-11 displays the results of the measurements of the magnitude of the angular characteristic 
ID (6) I. This is completed for the aforementioned cylindrical shell by using the setup and method of 
measurement described above. 

c"=1,0-, e.= 0° 

Figure 5-11: A module of the angular sound-scattering characteristic of the hollow cylindrical shell 
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CHAPTER 6 

THE PROPAGATION 0F ELASTIC WAVES IN ISOTROPIC 
AND ANISOTROPIC BODIES 

6.1. Calculating the Phase Velocities of Three-Dimensional Flexural Waves in Isotropic 
Cylindrical Bars and Shells Using Debye and Debye-Type Potentials 

The mathematical models of  elastic wave propagation in an elastic bar and an elastic shell are very close to 
each other. The contact boundary value problem formulated for a shell differs from the one formulated for a 
bar in that it contains an additional boundary surface, which leads to an additional number of unknown 
coefficients determined by the additional boundary conditions. By contrast, at high frequencies, the wave 
processes in a shell differ little from those in a layer; therefore, a simultaneous study of these structures is 
justified. We begin with the more simple of the two structures: namely, the bar. 

Wave motion in an isotropic elastic layer was described in [90]. As in [91—95], in our work, we analyze the 
phase velocities of elastic waves in an isotropic cylindrical bar with an arbitrary radius, a. Unhke [2—6], we 
consider a rigorous solution to the problem of the phase velocity of a three-dimensional flexural wave in such 
a bar [96—99]. The novelty of this study lies in calculating the phase velocities of three—dimensional flexural 
waves propagating in isotropic bars and shells with the use of a rigorous method based on equations of 
dynamic theory and Sebye- and Debye-type potentials. 

We denote the density of the bar material by p and Lame coefficients, A and y; the isotropic bar under 
consideration is assumed to be in a vacuum. The bar displacement vector (7 obeys the Lame equation: 

(it + 2p)graddiv(7 — pcurlcurlfj = —pm217 , — (6.1) 

where a; represents the circular frequency of the harmonic vibrations. 

According to the Helmholtz theorem, the displacement vector (7 of an elastic bar is represented as the 
combination of a scalar function (P and a vector fiinction if: 

(7 = —grad¢ + curl/i . (6.2) 

The vector fimction If is expressed through Debye-type potentials, X and ‘F [100, 56], which are close to 
Debye potentials, U and V [96], but which differ in that they are more convenient for calculations of the 
cylindrical coordinate system: 

A? = X62 + acurl(¥’é’z) , (6.3) 
Where 52 represents the unit vector. 

We introduce the circular cylindrical coordinates r, go, and z. Cylindrical components of the displacements 
vector 6(UT,U¢, Uz)are represented in terms of the potential <15 and the cylindrical components of the f 
function £(A,,A¢,AZ) [96, 97]: 

_ 64> IBAZ 6A9_ 
UT— 6 r + r a q §  32 ’ 

1645 6A 6A 
U = — - —  r — — Z '  ‘15 r 6 ¢ + 6 2  0r ' (6.4) 
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Cylindrical components (A,, A), A) of the function ll) are expressed through potentials x and 5:” and take the 
form 

A =2}:- -(.65) 

14¢ = — a —  , ( 6 .  6) 

A2 = x . (6.7) 

Figure 6-1: Phase velocities of first three modes of a flexural wave 

Potentials 45, x, and Y’can be expanded in the eigen—functions of the scalar Helmholtz equation: 

ab = eikz za=oAnJm(h'r) cos(m¢) ; 
11’ = eikz 23:0 Bm]m(1c'r) cos(m¢) ; (6.8) 
X = eikz 23:1 Cm]m(1c'r)sin(m¢) . 

where h, = (hZ— k2)1/2;K ’ = (K2 — k2)1/2; h represents the wave number of the longitudinal wave in the 
bar material; k represents the desired wave number of the three-dimensional flexural wave; [m (h '1‘) represents 
the cylindrical Bessel function; and Am, Bm, Cm represents unknown coefficients, which are determined from 
boundary conditions at the bar surface—namely, the absence of normal and tangential stresses: 

6_Ur+1aU¢ 6U, = _ (1+2ua—)(a¢+—U+E)r=a o , (6.9) 

6U¢ 1 16_Ur _ _ 
W — ;  4, r a q fi r  “ — 0 ,  ( 610 )  

an, av, 
62 a1” r — a  

= 0 .  (6.11) 

Substituting expansions (6.8) in boundary conditions (6.9) through (6.11), we arrive at the third-order 
determinant 

“11 “12 “13 
“21 “22 “23 
“31 “32 “33 

A = , (6.12) 

where 

“11 = —(l + 2#)]1it(h1“) + }l[(a‘2m 2 + k2)lm(h a) _ “—1]m(h “)1' 
an = Zpaikjgloca) ; 
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a1, = 2pa-1m (gab) — a-11m(x’a)) ; 

a21 = 2ya—1[J,',,(h'a) — a—11m(h'a)] ; 

a22 = 2ixma-11m0c'a) — 2ikmj,;,(x'a) ; 

(223 = —1.;(x'a) - m2 a‘21m(x'a) + a‘114n(rc'a) ; 
c131 = —2ik1,',,(h'a) ,- 

6132 = a—11,',,(:c'a)[m2 — a—zkz + 1] — 2m2a—21m(x'a)—1,’;,(x'a) — a},’,’,(x'a) ; 
(133 = ikma—11m(x'a) . 

Determinant (6.12) proves to be the same for cases that use Debye potentials and Debye—type potentials. This 
result indirectly confirms the correctness of the method chosen to solve the problem. Setting the determinant 
(6.12) equal to zero (which ensures a nontrivial solution), and assuming that the bar radius is a: 1,0, we obtain 
a characteristic equation for determining the wavenumbers of three—dimensional flexural waves. 

To estimate the response of a liquid to the phase velocities in the bar, the latter was placed in water. In this 
case, boundary conditions (6.9) through (6.11) complement the continuity condition for the normal 
components of the displacement vector in both the bar and the liquid: 

3 U, = —% a (6.13) 0 , :  

where 

<91 = eikz saw DmHMy'r) cos<m¢) :(6.14) 
y '  = (y2 — 1‘12)“2 ;y represents the wave number of a three-dimensional wave in the liquid; H511) (y '1") 

represents the Hankel function; and BM represent unknown coefficients determined fiom boundary 
conditions. 

Condition (6.9) becomes inhomogeneous: 

& l‘l’al an (1+2‘u)6r+/1( r6¢+rUr+az)r  = pow2¢1 , (6- 15) 
=a 

where p0 represents the density of the liquid medium. Substituting expansions (6.8) and (6.14) in the 
boundary conditions (6.10), (6.11), (6.13) and (6.15), we arrive at the fourth-order determinant 

011 (112 (113 “14 
A €121 “22 (123 t124 (616) 

€131 “32 ‘133 5134 ' ' 
“41 “42 “43 “44 

where elements a” —1 c133 coincide with those appearing in equation (6.12): 

1114 = PowZHmU’VG) ; 

“24 = 0 I 

Q34 = 0 ; 

(141 = “1510121) ; 

(142 = aik];n(1c'a) ; 

(143 = a‘imflnfic'a) ,- 
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“44 = — who/I“) - 

In the presence of the liquid, wave numbers k that make the determinant (6. 16) equal to zero become complex 
because of the bar radiation causing irreversible losses. Unlike the bar, a flexural wave propagating in a 
cylindrical shell can be three—dimensional or two—dirnensional (axisymmetric). The result reported in [101] 
was used in [102] and [103] to study phase velocities of  elastic waves in an isotropic cylindrical shell. 

To study a three-dimensional flexural wave propagating in an isotropic cylindrical shell, we applied the same 
mathematical device used to study flexural waves in a bar. However, in this case, the inclusion of the second 
(inner) boundary surface leads to a greater number of unknowns and a greater number of boundary conditions. 
Now, expansions of potentials (D, V, and U take the following form [71, 104, 105]: 

CD = 6“” 231:0 cos m 95 [AnJm(h'r) + BmNm (1610]; 
V = 8”“ 3:0 cosmqb [Cm]m(rc'r) + DmNm(K'r)]; (6.17) 
U = eikz 231:1 sinm¢[EnJm(Ic'r) + FmNm(1c'r)], 

where h'=(k12 —k2)%; Ic' = (kg — [(2)1/2; Nm (h'r) represents the cylindrical Neumann function; and 
Am, Bm, Cm, Dm, Em, Fm represent unknown coefficients determined from the boundary conditions, which are 
set at the outer (r = a) and the inner (r = b) surfaces of the shell. 

Boundary conditions exist, in the absence of stresses, on the two surfaces of the shell: 

(r=a and r=b) 
(it + Zn) (661’) + 1111(1)?) +§Ur + (66%)] 4:64:19 = o (6.18) 

(1%) +314 fie?) MW, = 0 (619) 
(2—3) + (%) mm!) = o (6.20) 

Substituting expansions (6.17) in boundary conditions (6.18 through 6.20) (using the orthogonality functions 
cosmd) and sinq), we arrive at the following sixth-order determinant for the mth mode of three- 
dimensional flexural waves [71, 104, 105]: 

“11 “12 “13 “14 “15 “16 
“21 “22 “23 “24 “25 “26 

A _ “31 “32 “33 “34 “35 “36 (6.21) 
“41 “42 “43 “44 “45 “46 
“51 “52 “53 “54 “55 “56 
“61 “62 “63 “64 “65 “66 

where 

“11 = 4/1 +2#)J; (”00+ 
+ 11[a‘2m2.]m (h'a)— 01“.]; (h'a) + kZJm (h'a)]; 

“12 = —(/1+2,U)N,: (”50+ 
+11 [a‘zms(h'a)—a‘1N,',,(h'a)+k2Nm(h'a)]; 

“:3 =01 +2fl){—ik2m2 [Jm (Ida—Jr; (K2014— 
HM;(K6)+ik,k2[Jm(Ka)+aJ;,(xa)]}+ 
+/1.{z'k2a‘2.]m(rc'a)(k2 +m2)—ik2a‘1J,;(K'a)(m2 +152)— 
—2z‘k2k2.]m(K21)—ik2J;,(K'a)}; 
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a” =(/?, +2,u){—1'kgm2 [NM (Kb)—N;H(K21)]+ 
+ik2N; (Ic'a)+ik2k2 [Nm (K'a)+aN,; (K'a)]}+ 
+J,{z'kga"2Nm(Ic'a)(k2 + m2)—ikza"1N,;,(1c'a)x 
><(m2 +k2)—2ik2k2Nm (K'a)—ik2N; (1:21)},- 

6115 = 201 + 21:1)(ai2 — 1)ikm]m(1c'a); 

ale = 2(11 + 2p) (Cl—2 — 1)ikmNm (Kb); 

“21 = ’(A 4'2”)!” (”“4” 
+ ,1[b-2m2J,,, (my) — 5-11,; (h'b) + 1:21,” 0177)] ,- 

€122 = —(/1 +2#)N,Z (h'b)+ 
+2. [b-ZmZNm (h'b)— b-IN; (h'b)+ kZNm (1%)],- 

a23 =(/1+2#){-ik2m2 [Jm(K7>)—J;1(K5)]+ 
+ik2J,';(xb)+ik2k2[Jm (xb)+bJ; (Kb)]}+ 
+1 {ikzb‘s (Kb)(k2 + rJvzi’)—z'k2b“*J,;z (K'b)(m2 + k2)— 
—2ik2k2Jm (Kw—1kg; (x'b)}; 

6124 =(1+2fl){-fk2m2[Nm(K'b)-NL(K79)]+ 
+z'k2N; (K'b)+ik2k2[Nm (Kb)+ in (K'b)]}+ 
+£{ik2b‘2Nm(K'b)(k2 +m2)—ik2b‘1N,:,(K'b)x 
><(m2 +k2)—2ik2k2Nm(x'b)—ik2N; LEM}; 

(125 = 201 + 211) (19—2 — 1)ikmjm(x'b); 

a26 = 201 + 21.1)(b'2 — 1)ikmNm(x'b); 

a,31 = 2ma‘1U1'nU/a) — a-11m(h'a)]; 
a32 = 2ma-1[1\r,;1 (h'a) — a-l(h'a)]; 

agg = ik2m{]m(1c'a)[a_2(2 — m2) — k2] — 5:10:11) — a-11;1(K'a)}; 
a34 = ik2m{Nm(x'a)[a-2(2 — m2) — k2] — N,;;(x'a) — a-iNgl(x'a)}; 

c135 = ikj.,'n(1c'a)ak§; 

(136 = ikN7;1(1c'a)ak§; 

a41 = 2mb-1[j;n(h'b) — b-11m(h'b)]; 

£142 = 2mb‘1[N,;1(h'b) — b—1Nm(h'b)]; 
a43 = ik2m{1m(:c'b) [1r2 (2 — m2) — k2] —],;'1(;c'b) — b-1],;1(x'b)}; 

a44 = ik2m{Nm(x'b)[b-2(2 — m2) — k2] — N,;(rc'b) — ring; (1617)}; 
a45 = ik]§1(1c'b)bk§; 

c146 = ikNg1(1c'b)bk§; 

{.151 = —2ikj,in(h'a); 
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(152 = —2ikN,’,,(h'a); 
(153 = —kk2{]m(lc'a)(m2 + a"1k2) + 511,416,“) + aIMK'aH: 

“54 = _kk2{Nm(;c'a)(m2 + a‘lkz) + 5N,'n(lc'a) + aN,;I1(K'a)}; 

c155 = k§m[a‘11m(x’a) —1;n(K'a)]: 
“56 = k§m[a‘1Nm(K'a) — N,;1(K'a)]: 

aé1 = —2ik1,’n(h'b); 
aéz = —2ikN,’n(h'b); 

a6, = —kk2{]m(1c'b)(m2 + b-1k2) + 51;!(Ic'b) + bJMK'bH: 
am = —kk2{Nm(1c'b)(m2 + b-lkz) + 5N,'n(x'b) + bN,’,’,(:c'b)}; 

a65 = k§m[b-11m(x’b) —1;n(x’b)]: 
. (166 = k§m[b'1Nm(K'b) — en(’clb)li 

Setting the determinant (6.21) equal to zero, we obtain the characteristic equation for wave numbers of the 
mth mode of three-dimensional flexural waves in an isotropic cylindrical shell with an arbitrary (but constant) 
thickness. 

b-a” ... r u  y 

mun 

In 
«J a; 03 0.4 u s «w (m 

Figure 6-2: Phase velocities of three-dimensional flexural waves in steel shells 

C 

Figure 6-3: Phase velocities of three-dimensional flexural waves in aluminum shells 

Figures 6-2 and 6-3 represent the solution to the characteristic equation for steel and aluminum shells of  
different thickness. In calculations, the outer radius a was assumed to be identical to 1,0 and the inner radius 
b had been given two values: b : 0,99 (indicated by a solid line) and 0,8 (indicated by a dashed line). The 
plots show velocity values for longitudinal (c1), transverse (c2) and Rayleigh (CR) waves. The value of m:l 
corresponds to the 0"“ mode of the flexural wave with its velocity asymptotically tending to the Rayleigh 
wave velocity CR; 11 = C1/f is the wave length of the longitudinal wave propagating in the shell material; 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



66 Chapter 6 

and f is the wave frequency in hertz. Fig. 6-2 shows the phase velocities of three-dimensional flexural waves 
in steel shells, and Fig. 6-3 corresponds to aluminum shells. 

Now, we will consider flexural and longitudinal axisymmetric waves. According to [71, 104], in the 
axisymmetric case, boundary conditions (6. 18) through (6.20) are simplified; condition (6.19) vanishes; and 
condition (6.18) takes the form of 

(A + 211) (66?) + ’1 [10, + (6%)] = 0 (6.22) 
r=a,‘r=b 

The fourth-order determinant obtained from the boundary conditions takes the following form [71, 104, 
105]: 

an “12 5113 “14 
A “21 “22 0-23 “24 (6.23) 

“31 “32 Q33 0'34 ' ' 
“41 £142 “34 5‘44 

where 

an = —(/1 + 2y)15(h'a) + 2[k210(h'a) — a-ljg,(h'a)],- 

a12 = —(,1 + 2y)N;(h'a) + 2[k2N0(h'a) — a-1N5(h'a)]; 

a13 = —21,ukj;(x'a); 

.114 = —2i,ukN1'(:c'a),- 

a21 = —(,1 + 21.015 (h'b) + 2[k210(h'b) — 19—11;, (h'b)] ,- 
a22 = —(,1 + 2y)N5'(h'b) + 1[k2N0(h'b) — b-1N5(h'b)]; 

5123 = 41111250617); 

:124 = —2i,ukN1'(Ic'b); 

0.31 = —2ik]g,(h'a); 

agz = —2ikN6(h'a); 

6133 = kzjloc'a) —11(;c'a) + 111x11) +1{(x'a); 
(134 = M1 (K’a) — N1(Ic'a) + N;(x'a) + N1"(Ic 'a) ; 

a,“ = —2ik1g,(h'b); 
2142 = —2ic',(h'b); 

(143 = 122110619) — 1105b) +1;(x'b) +11”(x'b); 
r144 = k2N1(:c'b) — N1(:c'b) + N1“ (K'b) + N1"(1c'b). EB 

Expanding the determinant (6.23) and setting it equal to zero, we obtain the characteristic equation for wave 
numbers of flexural and longitudinal axisymmetric waves. 

For torsional axisymmetric waves, the determinant is given in [71]: 

_ “—111 (K19) —]1(Ic1a)a_2 Cl—1Ni (K10) — N1CK111)‘1_2 

— b—lji (Klb) _ b_2]1(7c1b) b_1Ni(K1b) — b_2N1(K1b) I (6.24) 
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where K1 = (k§ — k2) /2 1n wh1ch k rs the desrred wave number of the torsronal axrsymmetrrc wave in the 
shell. Setting determinant (6.24) equal to zero, we obtain the characteristic equation for wave numbers of 
torsional axisymmetric waves. 

Figure 6-4: Phase velocities of flexural, longitudinal, and torsional axisyrrrrnetric waves in the shell 

Fig. 6-4 shows the phase velocities of flexural, longitudinal, and torsional axisymmetric waves. Curve 1 
characterizes the phase velocity of the 0th mode of the flexural wave; curve 2 corresponds to the 0th mode of 
the longitudinal wave; curves 3, 4, and 5 correspond to nonzero modes of longitudinal and flexural waves; 
straight line 6 is for the 0th mode of the torsional wave; curve 7 is for the first mode of the torsional wave; 
and $1. 

To determine the influence of both the external and the internal liquid media on the dispersion curves of phase 
velocities in the shell, we add two columns and two rows to the sixth-order determinant (6.21). Therefore, it 
is transformed into an eighth-order determinant, while the fourth-order determinant is transformed into a 
sixth-order one. Sound wave potentials $1 (in the external medium) and $2 (in the shell filler) are expanded 
in cylindrical functions according to the following formulas: 

451 = 231:0 Gmj ) (1/11“) cos m ¢eikz, (6.25) 

$2 = 23:0 Km]m (1/21“) cos m ¢eikz, (6.26) 

where y1 = (co/(:3)2 —k2; 1/2 = 1/00/64,)2 —k2; C3 and c4 are velocities of sound in external and 
internal media, respectively. 

The surface wave vector component along the Z-axis, 2 => k is the same as in shell due to Snell’s law. The 
boundary condition (6.18) set for normal stresses at two surfaces of the shell is transformed as follows: 

(,1 + 2p)(6U /ar) + 
+2[— (a—BU‘”): +— U + (6Uz/6z)] + twp1¢1— _ o, |r_ a (6 27) 

where p1 represents the density of the external medium and 

(a + 2p)(6U mm + 
HE (a—MU‘I’)+— U + (M /az)]+ia)p2¢2— _ o, |r_ b (6 28) 

where p2 represents the density of the internal medium. In addition, two other boundary conditions, which 
consist of the continuity of normal components in the displacement vector at the two boundaries, are 
necessary: 

a_q> 1 6A, aA¢ fl = 0 (6.29) 
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ad: 16.42 6A2 _ 34:2 
61' r 395 62 67" 

= o (6.30) 
r=b 

‘In‘the axisymmetric case, condition (6.22) is transformed as follows: 

(1+ 2“) (2—3) + AE U, + (%)] + iwp1¢1lr=a = 0 (6.31) 

(a + 21.1) (i—i) +,1 EU; + (36%)] + impzrpz : 0  6.32 m ( ) 

In the axisymmetric case, the added boundary conditions are expressed as follows: 

E‘E’W” (6.33) 
I.-. 

141%-fl = 0 
ar 62 67 (6.34) 

a 
Here, 

(D. = GOHSDWflkWZF (6.35) 
‘152 = K010 (727")eikz- (636) 

Boundary conditions (6.27), (6.28), (6.33), and (6.34) add two rows to the determinant, and factors 
multiplying unknown coefficients Gm, Km mm GO, K0 (the axisymmetric problem) add two columns. In each 
of these two columns, only two rows are not zero. If the shell is in contact with the liquid on one side only 
(while the other side is in contact with the vacuum), the determinant used for finding wave numbers will be 
of seventh order in the three-dimensional problem and of fifth order in the axisymmetric case: i. e., the 
corresponding determinants (6.21) and (6.23) will each acquire one additional row and column. 

6.2. The Dynamic Theory of the Elasticity of the Transversely Isotropic Medium 

Based on the use of the dynamic theory of the elasticity of the anisotropic medium and with the help of the 
hypothesis of the shells being thin, the characteristic equation for wave numbers of elastic waves in the thin 
transversely isotropic cylindrical shell is determined. 

Let us consider the infinite thin transversely isotropic cylindrical shell. The elastic wave is spread along the 
axis Z that is orthogonal to the plane of the isotropy. The transversely isotropic elastic medium is 
characterized by the five elastic moduli [19]: A11,A12,A13,A33,A44 or by the technical modules 
E1, E3, tab/43,111,113. In the chosen orientation of the axis, Z — E1, is the Young’s modulus; his the shear 
modulus; viis the Poisson’s ratio in the plane of the isotropy; andE3, p3 and v3 are the same values in the 
transverse plane. These modules are connected with each other by the relationship [39, 67, 71, 106]: 

E E 
A11 =m(1—V§E—:)I A 3 3 = E 3 ( 1 — v 3 ) / m ;  

E E 
A44=fla i  A12=W(V1+V§ET:); A13=E1v3/m; (6-37) 
A —A E 

Hooke’s law for the transversely isotropic elastic medium is written in the next form [39]: 
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0,. = A1151. + 4112545 + A1352 ; 

043 = A1251" + A1154) +A13£z F 
02 = A13(£,. + £45) + A3362 ; 

T952 = All-47452 ; 
Trz = A4471? ; 

Twp = 'i' (A11 — 1412))"; , 

(6.38) 

where 5,, £99, 52, 71-2. n.2, yw are components of the tensor of deformations, which are equal to each other 
[19]: 

6,. = BUT/6r; £2 = aUz/az; 
5,5 = r‘1(6U¢/a¢) + Ur/r ,- 
y¢z = r_1(6Uz/6q.’>) + 6U¢/az ; (6.39) 

72 = (aUr/az) + aUz/ar I 
34¢ = (aU¢/ar) —r‘1U¢, + r‘1(6Ur/6¢) . 

where U,., U¢, U2 are components of the displacement vector U. 

Equations of the dynamic balance in the circular cylindrical system of coordinates with the harmonic 
dependence starting from the time of exp( iwt) have the following appearance [39, 67, 71, 106]: 

(am/61”) +r‘1(61:,.¢,/6¢) + (arm/dz) +T_1(0'.,. — 045) +pw2Ur = 0 ;  
(arm/6r) + r-1(aa¢/a¢) + (aw/62) + r124”, + pw2U¢ = o ,- (6.40) 
(arm/6r) +1”1 (61¢z/6115) + (602/62) +r‘1rrz + psZ = 0 , 

3—HT +A_12 6—114, A_12 6—2112 ——A11 6 r +  1' 6(1) _ — +  UT +1413— 

~
.

 

au A_11 6U A11 aU 0¢=A126r r +  6—:+— Ur +A13— —zzi 
Bur A 6U A 6U whereo'z=A13——r+1f—STq;E+—1—3 U +1433? —z ; (6.41) 

_A446_UZ+ Bug _ _ 626—211,. 6—112 . 
T¢z — 7— 345 +1444 62 , Trz — A443— + Illa—A44 . 

_m_av¢_m m%_m_wi _ -4126!» 177-41, — 2 61' 21' 45 Zr 64$ 2 62 27‘ 4’ g fi  

Components of the displacement vector Ur, Urp, Uz can be presented in the following series form [67 71 
106]: 

Ur = 3”“ Z°°=0 cosm¢ - Umfir) ; 
U95 = 9“” mncosmqfi -Vm(r) ; (6.42) 
U2 = eikz Zfifl, cos mgb - WmCT) , 

where k is the wave number of  the elastic wave. 

Then, substituting (6.41) into (6.40), we receive equations of the dynamic balance in displacements [67, 71, 
106]: 

620,, EU 62 U93 6 _ —2 95 " 1 r " 2  —1 7‘ drz r (116$ + r  “Zaraqs—T Ur+r 6 r +  
2 a + c1422? — r—2 T? + aSUr = 0 , (6.43) azuz azu 

+0.3 araz +1" 2&1 my 

BZU 
T‘2#+a1 way—air 2U¢+a1T_1:—¢¢+ 

+(1+ ) 2,.6U _ +  BZUT + _1 a211,, 
0.1 T— 0.2 7' a3 

6915 617695 62 696+ 
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6 2  +64 3:; + a5U¢ = 0 ; (6.44) 
aZUZ azUz aZU, 62U¢ aZU 
— + a  — + a  +r'1a +r_Z——Z+ ar2 6 622 " am 7 62665 6452 

_1 BU]. _1 Bug _ 
+77" [17—62 +1” T” + ClaUz — 0 , (6.45) 

A —A A +A A +A A (.02 A A +A 
W h e r e a 1 = # ;  2 : : M ;  3:13—44, 4 = £ i  5 = p — ; a 6 = fl ; a 7 = M ;  

2A11 2A11 A11 A11 A11 A44 A44 

a —pw2 
8 A44 I 

Now if components of the displacement vector UWUW Uz taken from (6.42) are substituted into (6.43) 
through (6.45), then we receive the following equations for the radial functions Um (r), Vm (1"), Wm (r) [67, 
71, 106]: 

aZU V, 6U 
arzm — r'zalm + r‘lazma—r" — r—ZUm +1"—1 611? + 

+0.31%? — r—Zalmzum — a4k2Um — r—vm + a511,“ = 0 , (6.46) 
521/ 6V r‘zsm + (11 V2” — alréym + air—1 6—1:” — 

—(a1 + 1)r'2mUm — azm 61:” — T'1a3mik — 
—a4k2Vm + as = o ,- (6.47) 
aum _ _ . 61' + a9?" 1m + 6191" 10m + 61101k Tm = 0 . (6.48) 

7r=b 

The boundary conditions are as follows: normal (0,.) and tangent (17W! 177.2) stresses on both the external (r = 
a) and internal (1" = 1:) surfaces of the elastic shell are equal to zero. These values are added to equations 
(6.46) through (6.48) [67, 71, 106]: 

6;“ + agr‘lm + agr‘iUm + amik r=a = 0 ; (6.49) 
'r=b 

avm _ _ ? —r 11/”, — r 1mUmlr=a = o ; (6.50) 
r=b 

ikUm + % W = 0 .(6.51) 3r 1' 
r=b 

where 

2 1113 a = —  ' a = — .  
9 A11 I 10 A11 

6.3. Hypothesis of Thin Shells 

The fellow parameter «E = R1 can be used for thin shells, where R0 = g is the middle radius and z = T — 
0 

R0 is the coordinate taken from the middle surface [67, 71, 106, 107]: 
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Um (T) = 22:0 xnfn ,' 

M?) = 22:0 m .- (6.52) 
mm) = 22:02.5" _ 
We substitute decompositions (6.52) in the boundary conditions (6.49) through (6.51) and in six equations 
relative to 3 (N1 + 1) unknown coefficients xn, yn, Zn [91—93]: 

N1 N1 

R51 2 mean-1 + ammo + h/2)-1 2 yum)” + 
n—O n=0 

+0.90% + h/2)—12nN;oxn(€1)n + aloik Zfiéoznofl)?‘ = 0 : (653) 

N1 N1 

120-1 Z Weston-1 + agmmo — h/2)-1 2 yn(—€1)" + 
n=0 n=0 

+519 (R0 _ h/2)_1 ZnNioxnC-E1)” + aioik 22:0 Arc—$1)” = 0 } (654) 
N1 N1 

R31 2 mean-1 — (R0 + Jam-1 2 ynca)" — 
n=0 n=0 

—m(R0 + 11/2)-12;,",’;ox,,(§1)n = o ; (6.55) 
N1 N1 

R51 2 mew-1 — (R0 + was 2 ync—a)" — 
—m(Ro + h/2)-12£;oxn(—§1=)% = o ; (6.56) ”:0 
ik zfiioxnca)” + R51 ”:0 mean-1 = o ; (6.57) 
ik zfiioxnemn + R51 22:02nn(—€1)”-1 = 0 .(6.58) 
The rest of the equations can be derived, by means of the substitution of the decompositions (6.52) into 
equations (6.46) through (6.48) and by the equating of coefficients of identical powers {1 [91—93]: 

xn+2(n + 2)(n + 1) + xn+1(n + 1)(2n + 1) + 
+xn(n2 — 1 — aim2 — a4k2R§ + asRfi) + 
+xn—12R3CQS — k2a4) + 9511—s (a5 — k2a4) + 
+Yn+1(n + 1)a2m + yn[a2mn — all (m + 1)] + 

+Zn+1ikR0(n + 1)a3 + ZnZikRona3 +zn_1ikR0(n— 1)a3 = 0 ;(6.59) 

—xn+1a2mR0 (n + 1) — xnm(a1 + 1 + ZaZRon) — xn_1a2mRD (n — 1) + 
+yn+2a1(n + 2)(n + 1) + yn+1(n + 1)a1(1 + 2n) — 
-yn[a1(n2 — 1) _m2 — acisd + 615135] — 361—1236014572 — ‘15) — 

—yn_2R§(a4k2 — a5) — ZnasmikRo — zn_1a3mikR0 = 0 ; (6.60) 

xn+1(n + 1)a7ikR0 + xnikRo a7(2n + 1) + xn_1a7ikR0n + 
+yna7mikRo + yn_1a7mikR0 + 2114.201 + 2) (n + 1) + 
+zn+1(n + 1)(2n + 1) + 21,,(712 — m2 — afisS + aSRg) — 

_Zn—12Rg(a6k2 — a6) — Zn—s (askz — as) = 0 105-61) 
where n = 0,1,2, . .. 

It is necessary to use 3(N1 + 1) — 6 in equations (6.59) through (6.61) and to use n = 0 and n = 1 
coefficients with negative indexes are equal to zero. Then, in common with equations through (6.58), the 
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homogeneous system of 3 (N1 + 1) equations relative to the coefficients xn, yn, Zn is formed. Afterwards, we 
expand the determinant of this system and let this determinant be equal to zero. We receive the characteristic 
equation for wave numbers k in the elastic waves of the mode m in the transversely isotropic cylindrical 
shell. 

Now we turn to elastic waves, which have axial symmetry, where the dependence on the angle (p disappears. 
If the vector of the shell displacement [7 does not have the component Utpv then we have waves with vertical 
polarization. In this case, the components of the strains ”(917492 and tangent stresses 1.3,s are equal to 
zero, but stresses 0,, 09,, 0'2 and In are equal to [67, 71, 106]: 

=A11—'  6U,» +1412 —U,. + 1413— BUZ ; 

6,, = Alzgauwflur +1113”? ; 
=A13— 0—11: +A13 —U + A33— 6—112: ; (6-62) 

Trz — 2A44i33;—l:++ [144% 

Dynamic balance equations, where two take the following form [67, 71, 106]: 

A11(azur+la_ur_7u_:)+A44(a_zur+azuz)+ 
012 1' 31' 622 672 

2 

+A13 a Uz+pw2Ur = 0; 
626T 

A (62% 32U2+13Ur 16U2)+ (6'63) 
44' araz Br2 1' 62 1' 61' 

6211, 16:1,) 62:12 2 _ +A13 (am +r az +1433 62, +pw Uz _ 0. 

Displacements U7. and U2 can be introduced in the following form [67, 71, 106]: 

U7. = eisCT) ; 
UZ = eisO") .} (664) 

For the thin shell the components, U (r) and W0”) can be expanded in the following series: 

_ N1 n . [1(7) — 211—0a }(6.65) 

W0”) = Zn=oz zn‘fn 

Boundary conditions can be expressed as [91—93] 

"b (6.66) 

3V _ 
E+a9r 

ikV + ‘2—‘1’ m = 0 . 
r=b 

When (6.64) and (6.65) are not inserted into boundary conditions (6.66) and are inserted into dynamic 
balance equations instead then (6.63) results in the system of 2(N1 + 1) equations in order to calculate 
unknown coefficients xn, zn. The characteristic equation for wave numbers k of  elastic axisymmetrical waves 
in the transversely isotropic cylindrical shell are received by expanding the determinant, which is equal to 
zero. The axisymmetrical wave of the horizontal polarization (torsional wave) has only one component (U¢) 
of the displacement vector 3. The problem, in this case, has an analytical solution. Components of strains 
57,8652,e are equal to zero, but components of  strains q and yrq, are equal to the following: )q = 
a_zu@_ a_u¢_ 11—4, 

’ YT‘P: 61' "r ' 

The equation of the dynamic balance has the following form: 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



The Propagation of Elastic Waves in Isotropic and Anisotropic Bodies 

67—” fl 27_r¢ 2 _ m + 62 + T +pw U¢—0(6.67) 
Using (6.38) and (6.39), we can describe (6.67) in the following form: 

52112 621] 3 U  

”1 67'? + “3 .32q — Elks + §fi + pU¢ = 0 . (6.68) 
The component U¢ can be presented as: 

U4, = v(r) - ei<ktz—w0 ,(6.69) 

where kt  is the torsional wave number. 

We substitute (6.68) in) (6.69) and, as a result have 

dZV id‘V pwz 2fl3 1 _ m+m+ (T."‘tE‘Tz)V ‘0  '(6'70) 

73 

The equation (6.70) is the Bessel equation for Bessel 11 (hr) and Neumann N1()(1r) functions of the first 
order: 

V0") = 311(117") + CNiOlfl”) : (6-71) 
. 11 1/2 —1 

where Band C are arbltrary constants; x1 = (K2 — k? ”—3) JX = ( 1111/!) w . 
1 

From the boundary condition Tr¢ = 0 [r=a;r=b], we receive a determinant for torsional wave numbers kt: 

idle—51w) NiCXia) —§N1(x1a) A — = 0, (6.72) _ 11(x1b)-%11(x1b) Nimb) —§N1(x1b) 
where 110(1 :1) = _BI16(2:1T) 

r=a 
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CHAPTER 7 

DIFFRACTION OF SOUND ON BODIES IN THE FORM OF SPHEROIDS 
AND ELLIPTICAL CYLINDERS 

7.1. The Characteristics of the Reflectivity of Scatterers and Types of Boundary 
Conditions 

In this section, the resonances of prolate and oblate spheroidal bodies are investigated. Hydroacoustics, 
as a rule, studies the distant scattered fields of various bodies. Pressure in a scattered waveps (scattered 
pressure) of the circular frequency on in the Fraunhofer zone (far field) in an unbounded liquid for the 
final body can be represented in the form [7, 55, 108]: 

P50", 9. 4’!) = (A/T)D(9.¢) exvl-it - k0], (7-1) 
where r, 6, (0 represent spherical coordinates of the observation point; D (6; (1)) represents the angular 
characteristic of the scatterer; k=27r/l represents the number of waves in a liquid; 1 represents the length 
of a sound wave in a liquid medium; andA represents the amplitude factor. In other words, it is possible 
to separate the characteristics of a scattering body, the wave size of the scatterer, and its shape, material, 
and orientation relative to the source and the observer, thereby determining D (6; (a) = 1 the 
characteristics of the source (amplitude A of the wave created at the location of the scatterer) and the 
distance r to the observation point. 

We assume that the distance r from the source (the irradiating antenna) to the scatterer is such that, in 
the incident wave, the pressure p,- obeys a relation of the type (7.1) [7, 55, 108]: 

. Pifii.‘ 91.1131) = (3/71)D(91} (151) 696:0 [‘iCOJt — [‘71)]; (7-2), 

where r, 6, and (0 represent the scatter’s coordinates in a system of the source’s spherical coordinates; 
D (6; (0) represents the angular characteristic of a radiation system; B represents the amplitude of the 
pressure of  the wave created by the source at a distance of 1m fromA=B/r. 

For the intensity [5 of the reflected signal at the observation point, we can write the following [7, 55, 
108]: 

[s = (AZID(9;¢)|2)/(TZZPoC) = KUo/TZ), (7-3) 
where K = |D(6; ¢)|2;I0 = Az/Zpoc represents the intensity of the wave incident on the reflecting 
object (the source is non-directed D (6; go): 1). 

As a rule, the distance from the source to the scatterer is such that the wave incident on the body, at 
least within its geometric dimensions, can be considered to be flat. 

For the logarithm (7.3), we obtain the following: 

101g IS = 10 n + 101gI0 — 20 lg T. (7.4) 

In real conditions, the intensity Is of the reflected wave decreases more rapidly than rzdoes, due to the 
sound attenuation in the marine environment. Therefore, the total attenuation, due to the spacing of the 
fiont of the spherical wave, is denoted by 2H. 

The quantity, 1 On, is called the strength of the target. To calculate it, one can write that it proceeds 
from (7.4) [7, 55, 108]: T = E — S + 2H, (7.5) 
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whereE = 101gIs;S = 101g10. 

However, sinceK = ID(6;¢)I2, then [7, 55, 108]: T = 101g K = 20 lgID(6;¢)I. (7.6) 

For an ideally reflective sphere with a radius R and large wave dimensions kR we can, with a good 
approximation, use 6 and q) for all angles except for the shadow direction: ID (6; qb) I= const =R/2. (7.7) 

But for a scatterer with arbitrary parameters, we need to introduce the concept of the equivalent radius 
Re q in accordance with the formula [7, 55, 108]:Re q = 2 IDCB; ¢)l. (7.8) 

When the radiating antenna is the same as the receiving antenna, the system is called a combined or 
single-position. We can only measure one value of the scattered pressure corresponding to the 
coordinates of the combined system. Since the total diagram of the scattering of the sound is not 
considered and is usually unknown, it is convenient to assume that the obstacle acts as an isotropic 
scatterer which creates, in all directions, the same scattered pressure as in the combined system. Under 
this assumption, one can introduce a new characteristic for the reflectivity of bodies. This is a relative 
backseattering cross-section 00, which is the ratio of the total power Psdissipated by the fictitious 
isotropic scatterer to the power Pi incident on the reflecting object of the wave from the source [7, 55, 
108]: 

0'0 =Ps/R. =122[(4m2/A0)Is/10]= 
=ljggk4m2/A01ps 22,006/2,00(:lpjl21: 

aalwz IDwmr/Aorwl (475/14, JIMMY: (7.9) 

where A0 represents the area of the geometrical shadow of a scatterer (its projection on a plane of a 
wave front) for a given direction of incidence of the wave from a source. 

In so—called spaced (two-position) systems, a receiving antenna is located in an arbitrary direction with 
respect to a radiating antenna. For such a system, we introduce the concept of a two—position scattering 
cross-section, which is determined by the said formula (7.9). In this case, [S represents the intensity of 
a sound in the direction of a receiving antenna. The total scattering cross-section 0' can be calculated 
only based on the known angular characteristic D (6'; p) of a reflecting object. It is defined as the ratio 
of a total scattering power PS in a solid angle 4a in relation to the intensity 10 of a wave irradiating on 
an obstacle from a source [7, 55, 108]. 

0' = Ps/Io = 

= 11,113 [(AZZPoC/TZZPOCAZ)LIIDCQHWIZCIS] = 

= [02" fg‘low; ¢)I2 sin 9 dedqb, (7.10) 
where d5 = r2  sin 9 d ¢  represents the surface element of a sphere of radius r. 

The relative cross-section of the scattering 0,. is expressed in terms of a total cross—section a and an area 
of the geometric shadowAO: 0,. = 0/2140. 

With the help of formulas (7.6), (7.8), and (7.9), one can establish relations between the named 
characteristics of the reflectivity of scatterers [7, 55, 108]: 

00 = nRe q/Ao; Req = ZlD(9:¢)|; 
T = 201g(Re q/Z); T = 1019(00A0/4n); (7.11) 
T = 2019|D(9:¢)|. 
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To calculate the scattered field and the characteristics of a sound reflection by bodies in the liquid, an 
important role is played by the boundary conditions on their surface. We can formulate them in 
connection with the following three—dimensional problem [7, 55, 107, 108]: 

On the boundary {0 of a liquid body with a vacuum (absolutely soft medium) or an elastic body with a 
vacuum, the homogeneous Dirichlet condition must be satisfied: 

1. For a liquid body 

450 I50 = 0, (7.12) 

where (Do represents the potential of a displacement in a liquid medium 

a) For an elastic body 

(all;0 = 0; "Emlfo = 1,1,3 [50 = 0, (7.13) 

where anand rm, 11,3 represent normal and tangential stresses within an elastic body. 

2. On the boundary of a liquid body with an absolutely hard medium or elastic bodies with an 
absolutely hard medium, the homogeneous Neumann condition must be satisfied: 

a) For a liquid body 

(acDD/an)|;o = 0, (7.14) 

where n represents a normal border 

b) For an elastic body 

filfo = 0, (7.15) 

where firepresents the displacement vector of elastic body particles. 

3. At an interface between an elastic body and a medium (rigidly connected/fused), the continuity 
of normal and tangential stresses and displacements must be observed. 

4. At the liquid-elastic interface, normal displacements are continuous; normal stresses in an 
elastic body are equal to the boundary pressures in a liquid medium; and tangential stresses in an elastic 
body at the boundary with a liquid are absent. 

5. At the interface between two liquid media pressures, where normal displacements are 
continuous. 

In most books and articles on wave processes, the problems presented are generally concerned with the 
diffraction of electromagnetic waves rather than acoustic waves. Therefore, it is necessary to be able to 
interpret the results of the solutions to electromagnetic problems with respect to acoustic waves [14, 15, 
16, 40, 53, 107]. Methods for the mathematical description of electromagnetic and acoustic waves are, 
formally, very close, as both are subject to the wave equation [14, 15, 16, 40, 53, 107]. Therefore, many, 
although by no means all, of the results obtained for electromagnetic waves are valid for sound waves. 

7.2. The Acoustic Model of an Agitated Sea Surface 

The model for a sound field in a shallow sea with an agitated surface presupposes an approximation of 
sea waves generated by soft elliptical cylinders. In the first approximation, ellipses (cross-sections of 
wind) waves can be considered to be equal at a constant wind velocity, which allows the train of wind 
waves to be transformed into a grate of elliptical cylinders (Fig. 7— 1). 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



Diffraction of Sound on Bodies in the Form of Spheroids and Elliptical Cylinders 77 

o 
>

.
B

u
 

,1
'\ 

+
8

 e 
+

-',
 

Figure 7-1: Diagram of real and imaginary sources and scatterers 

When using the imaginary sources method for a waveguide with an uneven upper boundary caused by 
wind waves and by a constant sound velocity, the problem is reducible to finding the diffraction fields 
(p z) of the real and imaginary sources separated from each other by elliptical cylinders. The diffracted 
pressure p: at the observation point P is found through the following [109]: 

22:09) = wartime) + 22212212020413) (7.16) 
Where pilomrepresents the pressure within an irradiating wave from the real (m =1) and imaginary (m> 1) 
sources creating a radially symmetric cylindrical wave; p20,: (P) represents the scattered pressure from 
a cylinder with number 1 from a grate with a number q. Due to the velocity of wind waves V< <c (where 
0 represents sound velocity in a waveguide) the Doppler effect will not be taken into account. Between 
the depth of waveguide H and the height h of the waves, the inequality, H >> h, is satisfied; this makes 
it impossible to take into account an interaction between grates of elliptical cylinders. The distance from 
the sources to observation point P is assumed to be such that a wave incident in the neighborhood of 
point P can be assumed to be plane with an amplitude that varies in accordance with the cylindrical law. 
The cylindrical scatterer with number t pounds of pressure 

Ps,ot(§t. m, zt) in the coordinates 6t, 17¢, ztof the same cylinder will be sought in the following form 
[109]: 

Ps,ot(ftn 71b Zt) = zeihzt 220:0 [afcel(1)(§t, qt)cel(ntv qt) + 

+ bfdtNeFka. qt)sel(m. cm] .017) 
where M 81(1) (Er, qt) and - N elm (ft, qt) are modified even and odd Mathieu functions of the 3rd kind; 
af and bf represent the unknown coefficients of decompositions, which are determined from the 
boundary conditions. The boundary conditions on the surface of soft-sound elliptical cylinders of each 
of q grates are equal to zero in the diffracted pressures: 

2:1:1 pipm + 2:):1 Pg,” = 0|E=Eot (7-18) 

where the first sum refers to incident waves, and the second sum refers to scattered waves. 

High-Frequency Asymptotics 

Using 2 << hmin, where hminrepresents the minimum height of wind waves, the calculation of 
diffracted sound pressure is greatly simplified due to the following factors: 

1) The sound-insulating capacity of gratings increases for real and imaginary sources, especially at 
oblique angles of incidence; 

2) The dominant role in a formation of a scattered sound field begins to play out in a mirror- 
reflection of a petal-like shape; 

3) Taking into account the intense absorption and scattering of sound by air bubbles (especially 
resonant), by saturating near—surface layers of water, we can limit ourselves to the consideration 
of a single reflection of sound from or coming through the cylinder gratings. 
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In the deep sea, a single mapping of the source 01, with respect to the upper boundary, and its identical 
elliptical half-cylinders is presented in Fig. 7-2. 

Y A  

0? A' Y: g 
o / fi C / “ < / _ \  A m X 
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Figure 7-2: Circuit of sources and scatterers in the deep sea 
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The problem of the diffraction of sound is reducible to calculating the scattered field of the elliptical 
cylinders, which are irradiated by real (01) and imaginary (02) sources (Fig. 7-2). The scattered signal 
is received either at pointA (a combined system), or at pointP (spaced or two-position system). Primary 
attention will be paid to the real source “(01)”, since the contribution of an imaginary source “(02)” in 
the sound scattered field is negligible (especially at high frequencies) because of the screening effect of  
the grate of the elliptical cylinders. We solve the problem using a plane formulation, assuming the 
source of the second field is in the form of an infinitely thin cylindrical radiator with an axis parallel to 
the elliptical cylinders’ axes (Fig. 7-2). 

At high frequencies, as it well known, a small part of  the scatterer’s surface is equal to half of the first 
Fresnel zone and this plays a decisive role in the formation of the scattered field. This allows us to 
exclude the interaction of scatterers (elliptical cylinders) with each other. 

For the spaced system, the maximum scattered pressure will correspond to the angles of the mirror 
reflection of the sound by elliptical cylinders. At other angles of incidence, the reflected signal at point 
P will be noticeably smaller (assuming that the velocity of the wind is constant and all the elliptical 
cylinders have the same shape and sized sections). For a combined system, the maximum reflected 
signal corresponds to the moment of the sound’s passage through the center of an elliptical cylinder 
through point 0 (Fig. 7-2). 

To determine the mirror component reflection that contributes the most to the equally spaced system, 
let us compare the modules angular scattering characteristics, where|D(6; ¢)I represents a sound-soft 
prolate spheroid with a semi—axes ratio of 1 : 10 for three angles of irradiation 60 = 30°, 60 = 60°, and 
60 = 90° at high frequencies (the wave size of the spheroid is 65 units). A comparison between these 
three characteristics makes it possible to arrive at the important conclusion that the maxima of the mirror 
lobes irradiation (60 = 30° and 60 = 60°) at high frequencies almost coincides with the maximum of 
the inverse reflection at 60 = 90°. In figures, it looks like this: |D(30°, 0°)I = 0.15386, |D(60°, 0°)I = 
0,15231, and |D(90°, 0°)| = 015163. 

In View of the plane formulation, a calculation of the inverse reflection of sound by an elliptic cylinder 
will be performed according to the well-known formula: 

p5 = fire” (7.19) 

where p0 represents the pressure of an incident wave; R represents the radius of a curvature; and 7' 
represents the distance from a central axis of the cylinder to a point of an observation. The shapes and 
sizes of an elliptic section of a cylinder can be found with the help of the following expressions: 

1 = 21rV2/g; (7.20) 

h = 0,2V2/g; (7.21) 

where 1 represents the characteristic length of the wind wave; h represents its height; and g represents 
its acceleration due to gravity. 
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In our model, 7t is a major axis of an ellipse and It represents a minor semi—axis. Using formulas (7.20) 
and (7.21), we calculated the 11 and k values for three velocities of the wind: V: 10 m/s; 20 m/s; 30 m/s. 
The values obtained are presented in Table 7.1. 

Table 7.1 

V, mfs ,1, m h, m Vkp, Hz 

10,0 62,8 2,0 495, 
20,0 252,2 8,0 123, 

30,0 565,2 18,0 55,1 

Calculations of the radius of curvature R were performed by the following formulas: 

1 ci ty d y 2 3 / 2  R _ ; ; k _ | _ 2  1 + ( E )  ; ( 7 2 2 )  

x2 yz 
a — 2 + b —  1 ’  

where k represents curvature. 

The values of R were calculated for points B and C (Fig. 7-2). It can be shown that R is proportional to 
V2. The values of R for the velocity V=10 m/s at points B and C are presented in Table 7 .2. 

Table 7.2 

Points B C 

R, m. 492,98 0,127 

The performed calculations make it possible to estimate fluctuations in the reflected signals for the 
combined and spaced systems at different wind velocities. 

Point C, which gives the minimum value of R in our model, cannot be a point of contact of the plane at 
the wave front and the elliptical contour of a cylinder, since it is always in the zone of the sound shadow. 
The proposed schema of calculation can be extended to elliptic sections with a different semi-axis ratio 
(i.e., ellipses with different radial coordinate values). 

In [110—112], a lattice formed by elliptic cylinders was used as a model of the rough sea surface. The 
difficulty of calculating the reflection of sound from such a model sea surface depends on the strength 
of the interactions between neighboring elliptic cylinders. In [31, 113], the scattering characteristics 
were calculated for sound scattering by interacting bodies irradiated with a plane harmonic wave. In 
[113], the diffraction of a low—frequency stationary sound by a lattice of elliptic cylinders was 
considered in the Fresnel zone. In [31], the scattering of a sound signal by a spheroid placed at the 
boundary between two media was studied. Both of these studies were carried out using, first, the 
summation theorem for the eigen functions of the Helmholtz equation in the elliptic cylindrical and 
spheroidal coordinates and, second, the corresponding coupling functions proposed by Ivanov [30]. A 
solution to the problem of sound scattering by two interacting elliptic cylinders was found in [114]. 
Based on the results obtained in [31, 114, 115], we can calculate the interaction of two elliptical 
cylinders under irradiation from a plane harmonic wave in the far field (the Fraunhofer zone) in a wide— 
frequency band. 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



80 Chapter 7 

We introduce two elliptical cylindrical coordinate systems § g, ng , z g(g = 0, -1), which are related to 
the cylinders g = 0 and g = -1, respectively (see Fig. 7-3). The Y 0 and Y 1 axes, as well as the Z 0 and 
Z l axes, are parallel to each other; and the X 3 axis is the same for both coordinate systems. The 
cylinders have identical half-focal lengths 110 = h 1, and the radial coordinates of the elliptical cylinders 
are also identical: §0 = E (see Fig. 7-3). The distance 10, 1 between the centers of the cylinders is 

1071 = 2a + A (Fig. 7-3), where a is the major semi-axis of any of the cylinders. The aforementioned 
system of two elliptic elliptical cylinders is irradiated by a plane harmonic wave with a frequency V and 
a wave vector k lying in theX O Y plane (a planar [10,0 = no, _1 axis). At the surfaces of the two cylinders, 
the homogeneous Dirichlet condition is satisfied. For a cylinder marked by the index g, its angular 
characteristic Ag (17) has the form [30, 113—115] 

Ag (77) = 23/2 (nk)_1/23_in/4) 2220 aig ancen (50,9; gg)cen (17; 99) + bgdnsen(§0,gi gg)sen (77g; 99) 
(7.23) 

where C", d" are the expansion coefficients, cenmg ; qg ) is the even Mathieu function of the first kind; 
se "(ng ;qg) is the odd Mathieu function of the first kind; Ce "(figg ; qg ) is the modified even Mathieu 
function of the first kind; Se ”(€03 ; qg ) is the modified odd Mathieu fimction of the first kind; q 3 = 
11gZK2 /4; ang and [7,5 are unknown expansion coefficients determined from the boundary conditions. The 
method of finding these coefficients with the use of the coupling filnction and the summation theorem 
for the wave functions of an elliptic cylinder was described in detail in [30, 113—115]. For a single 
cylinder (with the number g=0), the unknown expansion coefficients are determined by the following 
formulas [115]: 

Cenfio 0:90) “3 = -C€n(?lo,o: ( 10W;  
111 Gunilla) 

SEnCEOfiI‘ID) b 0  : —Se  ’ 
I 

11 11070.0 q0)Ne1(11)(fo,OIQO) 

Figure 7-3: The relative positions of elliptical cylinders 

The presence or absence of interaction between the scatterers can be determined from the difference 
between the angular scattering characteristic of a single cylinder and the corresponding characteristic 
of the same cylinder positioned near the other identical cylinder. For this purpose, we performed the 
calculations for a single cylinder and an interacting cylinder in a wide range of variations using the 
following parameters: the wave size q g (the cyclic frequency v), the angle of incidence 1mg, and the 
distance between the cylinders. In the presence of the second cylinder, the unknown expansion 
coefficients ang and bug (g = 0, —1) are determined from the infinite algebraic system [31, 113]: 

at + 2‘” swim a; + lambs) = 17:; (7.24) 
b'rgi + 2:101:0(715171 “in + afimbiii) = W1?» (7-25) 

where 

“ — 1  = 2 CTl'lceTfl.(Em-liq—1) (1) _1’_ 0; 0 ; 

71m 011” 91(3) (50,—1161—1) a (  ) 
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— _ dmsem(50,—1FQ—1) —'(1) _ . . . 

finm — 2 ce£1)(fo,—1;CI—1) a (  1' 0' 0), 

—1 : M R “ )  _1-o-0- Ynm a3£1)(§0,—1iq—1) mn( ' ' ) '  

— d 59 (50 —15Q—1) _(1) 6 1 : 2 — m  m ’ R —1;0;0; 
nm ae§1)(fo,—1;q—1) mn( ) 

o _ _ 09120703310) , 
17n — —(1) . ' cen (fonflo) 

se ; W,? = n(770,o ‘10) 

a 91(3) (50,0310), 

The results of our calculations are shown in Figures 7-4 to 7-9, which represent the magnitudes of the 
angular characteristics of a single cylinder (curves 1) and an interacting cylinder (curves 2). For the 
calculations, we used the following cylindrical dimensions and variations in the parameters listed above: 
2a = 63m and 2% = 62.8m (Figs. 7-4—7-9). 

IAo(rI)| 

-L~u A 
- "  

_ 0. 
Figure 7-4: The magnitudes of the angular characteristics (q1/2 = 5; 770,0 _ 9O ’ 111 = 0,2m.) 

Wall 
n- 

_ 0. 
Figure 7—5: The magnitudes of the angular characteristics (q1/2 = 5; ”0'0 _ 6O ’ A1 = 0,2m.) 
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W711 

|4.(ri)l 
0' 

_ 0. 
Figure 7-7: The magnitudes of the angular characteristics (q1/2 = 5; 770,0 _ 9O ’ A1 = 63m.) 

Mm)! 

_ 0. 
Figure 7-8: The magnitudes of the angular characteristics (q1/2 = 5; 770,0 _135 ’111 = 63m.) 
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_ 0. 
Figure. 7-9: The magnitudes of the angular characteristics (q1/2 = 5; 770,0 _ 150 ’ A1 = 63m.) 

By analyzing the numerical experiment for determining the strength of the interactions between two 
scatterers (in the form of elliptic cylinders), we found that, for the chosen cylinder parameters (the wave 
size, the distance between the cylinders, the shape and size of the scatterers, and the type of the boundary 
conditions), the interaction is rather weak (Figs. 7-4 through 7-9). Therefore, in its application to wind 
waves on the sea surface, this conclusion makes it possible to calculate the scattered field of each single 
wave without considering its interaction with neighboring waves and to take the simple sum of the 
complex contributions of individual wind waves at the observation point. 

The interaction between the scatterers was tested in an actual experiment on low-frequency sound 
scattering by elastic cylindrical shells [18]. 

7.3. The Characteristics of the Diffraction in Ideal Spheroids and the Watson 
Transformation 

Prolate and oblate (flattened) spheroids are scatterers with analytic surfaces in systems of prolate and 
oblate (flattened) spheroidal coordinates (Fig. 7-10). Prolate and oblate systems of coordinates can be 
obtained by rotating a two-dimensional elliptic elliptical coordinate system consisting of confocal 
ellipses and hyperboloids around large and small axes of ellipses, respectively [116]. 

Z 
11 = const; 

N
F

]
 

tf=7E/2 
E-aanst 

\ 

\ 

a) b) 

Figure 7-10: The systems for prolate (a) and oblate (b) spheroidal coordinates 

We have denoted the interfocus distance as 102h0. The prolate coordinates, f, 11, ¢, shown in Fig. 7-10a, 
are expressed in terms of the Cartesian coordinates x, y, 2 as follows [116]: 
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x = hum -n2)1/2(€2 — 1W2 a ; 
(y = hoC1 -n2)1/2(€2 - 1)“2 sinrfi : (7-25) 
Z = hog” . 

The radial coordinate cf and two angle coordinates, a and 4p, change within the following limits 1 S «f < 
00; 0 S (I) S 21!. For oblate spheroidal coordinates f, :7, and go, this conversion is as follows: 

x = h0(1 —n2)1/2(52 + 01/2 cosqfi ; 
y = hoC1 —TIZ)1/2(fz + D1” sintfi ; (7-27) 
Z = hof’? - 

w h e r e — 1 S n S l ; O S E < 0 0 ; O S ¢ S 2 1 : .  

Expressions for scale factors h1=h§, h; =h,,, ha =h¢ have the following form: 

For the prolate system 

h; = hoz - UZWZGZ - i f “ ;  
h" = hoCsfl —n2)1/2(1 — n2)‘1/2 ,- (7.28) 
a, = ho (1 -n2)1/2(€2 — 1W2 . 

For the oblate system [116] 

h; = are + 71231/ZCEZ + 1W2 .- 
I747 = we +n2)1/2(1 — nzrl/Z ; (7.29) 
as = hon — n2)1/2(s‘2 + 1W2 . 
The scattered wave potential (155 (E, 77, (13) for an ideal prolate spheroid has the following form [7, 55, 
108, 117]: 

ms (5, n, <15) = Esau 2am 3mR539ncc, é)5m,ncc,n) cos m qb , (7.30) 
where BM represents the unknown coefficients, which are determined by the boundary conditions 

-— ' 9R%)n(cr€ ) 
3111,71 = _25ml nSm,n(CIT]0) {fie—(3)0 (C, 50) ; (7-31); 

{0 represents radial coordinate of the prolate spheroid [2:1 for the ideal soft spheroid; and I) = 
(6/65) |¥=fo for the ideal hard spheroid. 

The angular diagram of the scattering of sound is found using the asymptotes of radial fimctions of the 
third kind [7, 55, 108, 117]: 

For the prolate spheroid 

DM) = — (“i—1)magmamc—1)nemrns'm,ncc,no) mm x 
5.11111! (5371)!) R%)n(C-€o) _ (7  32 )  

mama) ‘ 

For the oblate spheroid 

007145) = — (é) 221:0 mamC—l)"emi‘n _m,n (—i6', 770) cos m ()5 x 
smn(—ic,n)nag)n(—ic,i§0) 

mafia—iota) . (7.33) 
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Figures (7—11)—(7—l4) show the different characteristics of sound scattering by ideal spheroids (prolate 
and oblate ones). 
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Figure 7-12: The relative cross-sections for the backseattering of oblate spheroids: a) a soft spheroid b) a hard 
spheroid 

When using the Watson transformation for ideal scatterers of a spheroidal form, it is expedient to use 
the spheroidal wave functions proposed in [118].<Dz = (bi + (D5 

czar, 17. ¢) = (1/2) 2 Z exp(—in1r/2) £m(2n + 1)F(n + 1 — m) x 
m = 0  7127". 

X [I‘(n + 1 + m)]‘1PS{l"(n;y2)PS,’1"(no;)/2)cosmgb X 
—1 x [053‘m m] [1253‘m y)SI{‘(4)(f: y) — r2513“) «MSW (a m] .034) 

Where P3771" (17; yz) represents an angular spheroidal fimction; 5,11" (3) (5 ; y) and 

5,71" (4) (f ; y) represent the radial spheroidal functions of the third and fourth kinds, respectively; y = 
Znho / 11 represents the wave dimension of the spheroid; and I" (n + 1 — m) = (n — m)! represents the 
gamma function. 

We use the Watson transformation and represent the series (7.34) as an infinite sum of contour integrals 
on the complex plane v of one the indices [119] 
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man. ¢) = (4) 27,220 am cosmqb 45 exp (“’7”) (2w + 1) x 
x [123?” ems?“ (s; y) — 05:3“) (60; mil“) (5; m] x 
x F(v + 1 — m)PS;"(—n; y2)Ps;"(no: y2)[F(v + 1 + m)(—1)’" x 

x sinn vnSZ‘B’Go; meg; yn—ldv . (7.35) 
We assign all contours to the corresponding index m. The value of each of the integrals of the series is 
equal to the sum of the residues of the integrand with respect to simple poles at points v = n, where n is 
an integer. In the case of a sphere, the contours of integrations embrace the positive part of the real axis 
of the complex plane v. Therefore, the contour with the index of m=0 is practically the same as the 
contour for the ideal sphere. This contour m=0 is shown in Fig. 7-13. As for the other contours (m>0), 
we shall deal with them in the following way: 

1) Contours with index m S entire (yfo) (integer part yfo ) will encompass all points n 2 0, where n 
represents an integer and so they will not differ in any way from the contour described by m=0. 

2) At m >, the entire (yfo) contours will include only the integer, n 2 m. 

Artificial stretching of integration contours to the left of the point v = -1/2 (m S entire (7160)) (Fig. 7—13) 
does not affect the magnitude of the integral in any way, if we recall that PS,’I"(17; y2) = 0 by n < m. By 
making a change to the independent variable 17 = t — (1/2), based on the properties of the gamma 
function and the spheroidal wave functions, we find that the that the integrand is oddt = v + 1/2. 

’2 
”1 

— _  _ _ q  

—-r— , —/ Rev 
111‘ untidy-E.) 71' 

Figure 7-13: The integration contour m=0 for an ideal spheroid 

The oddness of the integrand allows us to modify the integration contours as follows: 

1) Contours with indices m S entire (yfo) are transformed into straight lines parallel to the real axis 
and lie in the upper half-plane v, then they turn into semicircles of an infinitely large radius and loops 
that cover the poles vs (Fig. 7-13). They are defined as the roots of the following equation: 

05.1:(3)(50;y) = o ; (7.36) 
2) Roots with indices m > entire (yfo) are formed into two half-lines bonded by points 17 = -|_-m 
(Fig. 7-14). 

I!!! v 

Plane 1’ 

o — — /  

7 ”m  mum-s.) ’ 

Figure 7—14: The integration contour m > entire (yfo) for an ideal spheroid 
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Asymptotic formulas for radial spheroidal functions of the third and fourth kinds with one complex 
index and one real index for y >> 1 have the form [118, 119]: 

531(3) (:0, y) y; (:3 — art/25mm + BJ/rfol €pn — £02 + mar/2] ; 
3117”“)(fom) yr... (:3 — 1)—m/2€s”[(1 + Ema] expt—iya + £02 + Dar/2] «7.37) 
where B has the order «53". 

Therefore, functions 531(3) (60,1!) and 331(4) (€04!) can be represented as the product of following 
functions [118, 119]: 

531(3)(€o,y) ya wanna”) ; 
—)oa 

5.3"“)(m) yw F4(Eo)h§2)(50,y) .038) am 

Since functions F3150) and F4 (50) do not vanish on the complex plane v, the zeros of the function 
0531(3) (foul) coincide asymptotically ()1 >> 1) with the zeros of the function oh§1)(y§0), and 
consequently, with the zeros of the cylindrical function 9H,?) 0/50). The contour integrals of the first 
type (m S entire (3150)) can be replaced by the sum of residues or the sum of the poles v, and the infinite 
sum of the integrals (7.35) is then represented as two terms (see 119): 

¢z(f,T], (15) = (TE/2) 232:? 05°) em cos m (352872125 (—1)"m X 
X (sinnvSTiU‘Cvs + 1 —m)/I‘(vs + 1 + m)]PS§,’s1(—71;y2) X 
x Marne: 1’2) expc—i avg/2) 5::(BJG; y) x 
x [125.7(4) casual/airman“) (50:11)] 17. + 

oozfiexp(—ivn/2)(2v+1)[F(v+1—m)/F(v+1+m)] 

+(i/4) Z Zoos 
m=entire (y50)+1 

>< PSW-mYZWSé" (no; fur—1)": sin 2: 121253“) (Emu-1 x 
x [05W (50; y)ns::“‘”(:;y) — 1253‘“)(:o;y)1253“3)cs;y)] oh: .039) 
As an analogy, with the spherical and cylindrical Hankel functions of the third kind, the module varies 

slowly until Iv l  < 1150 and Iv l  > yfo increase (for m=0). Considering this, we come to the conclusion 
that the second term in (7.39) is negligibly smaller than the first As with the first term, it is sufficient 
to leave it as m S entire (fig/2). As a result, the relation (7.39) takes the following form [119]: 

entire (o l2) 

45205.71. «I» = (Tr/2) Z a... m 452512125 + 1) x 
x exp(—i1m5/2) [(—1):‘1:ijmrv]‘1[['(v + 1 -m)/I‘(v + 1 +m)] x 
x Psrgr—n;y2)P53:(no;y2) [95.7fm (€o;y)/(a/av)05?‘3) (60:10] v x 

x sfiflm) . (7.40) 
This Watson transformation allows us to move from the summation yz / 2 in the terms of the double 
series on undamped waves to the sum % y in the terms of the double series (7.40). 

When solving the axisymmetric diffraction problem with regard to an ideal spheroid, the index In 
assumes only one value for m: m=0 and, in its expression (7.40), there only remains a series of wave 
residues [119]: 

 EBSCOhost - printed on 2/13/2023 8:37 PM via . All use subject to https://www.ebsco.com/terms-of-use



88 Chapter 7 

(DECEJI, (15) = (n/ZDSZ'CZVS + 1) (Sin nvs)_1 X 

X PSSSC-n: 75135350: 72) expC-ivrvs/Z) 535(5; y) X 
x [1253“) (so;y)/ca/av)1253(3)(5o;y)]|v . 
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CHAPTER 8 

THE APPLICATION OF EQUATIONS AND METHODS FOR SOUND 
DIFFRACTION IN THE SYNTHESIS OF HYDROACOUSTIC ANTENNAS 

8.1. The Synthesis of a Spheroidal Surface Antenna According to a Predetermined Radiation 
Pattern 

Antennas used in hydroacoustics have a variety of  directional patterns, depending on their purpose. In 
particular, they can be directed to one plane rather than another in order to have a narrow main lobe, to keep 
the width of the main maximum in a wide frequency range, and so 011. Requirements for antenna directivity 
characteristics play an initial data—related role when solving antenna synthesis problems. This is calculated 
using the amplitude—phase distribution of the pressure of vibrational velocity on its surface, provided there is 
a given directional characteristic. The synthesis of an antenna will be considered. Our example is a solid 
(continuous) cloistered form system with a curved spheroidal surface (the revolving body). The choice of 
surface form is not accidental because, with the help of coordinate systems, prolate and oblate spheroids can 
be described (approximately or strictly) due to their large number of surfaces for revolution. 

For example, a sphere and an infinite cylinder can be considered to be particular cases of bodies of a 
spheroidal form. An infinitely thin bar of finite length is a degenerate prolate spheroid. However, an infinitely 
thin disk is a degenerate oblate spheroid. We will take an antenna in the form of a prolate spheroid and look 
for the distribution of pressure 195 (Q) or its derivative along the normal aps (Q) /6n on this surface, providing 
there is the given angular characteristic R1(6, (,6). We will introduce prolate spheroidal coordinates «5,77, ()5 
with the interfocus d = 2%. Pressure in the far field of an antennapICH, 45, r) can be represented as a product 
of the angular characteristicR1(6, (,6) by the potential of a point source (exp i kr)/ 1". 

Using single term integral formulas, we can obtain Fredholm integral equations of the first kind relative to 
the pressure pSCQ) or Zips (Q)/6n0exerted onto the surface of an antenna [7, 55, 97, 120—124]. 

r 1 BG 
R1014?) Zyalpl)a+n;d3; 

a (3-1) 
1 a R1(6,¢)=—e.%gl%?)ezds 

S 

where 7’ represents distance to an observation point and Q represents an antenna point. 

The directional diagram RC6, 4)) is, in essence, a normalized angular characteristic R109, 45): 

R094”) = R1(t9,¢)/R1(60,¢0), (8-2) 

whereR1(6, ([5) represents the normalizing value of the angular characteristic, usually in the direction of its 
maximum. Therefore, in the future, the synthesis problem can be solved for the angular characteristic 
R109, qb) and then, (8.2) can be used to go to the directional diagram RC9, ([3). Therefore, the surface of the 
antenna is given by coordinate {0. Green’s functions Gland Gzcan be expended in spheroidal functions [7, 
55, 97, 120—124]: 
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6105,11, (p:E’.n’.cv') = 2ik Z 2 Emma) exp :c — «09 x 
m = 0  nam 

><[R‘32. (6 m8; (C a -  —§i§:§3 R332. (6 012(3). (6 E’)]>< 
x§mn(C,?]‘); (8.3) 

62(5177180: 5'17!) 80’) = 2ik2$1=0 mzm‘nCC’n) 9x19737718” — (0') X 

><[R‘3,1(C 5013‘3216 @— —'g;'f§312‘33(c are“) (6,3)] x 
X 37111:,(6177’); (8-4) 

where f, n, and (0 represent the spheroidal coordinates of the observation point and the coordinates of a point 
source. In the far field, expressions for Green’s functions can be simplified, taking into account the asymptote 
of radial functions of the third kind 

Mike 50) 
l—n— —l 

Rmn(C 43%;“, C6 6‘33; 
eiC’é em . (8.5) 

cg a? 
The antenna surface element can be described in terms of d5 = hnhqv, dnq (hnand h¢representing scale 
factors for coordinates 7] and w, respectively) and dno = hgdg (h; representing the scale factor for the 
coordinate 6). 

Substituting values dS and dno in (8.1) with an allowance for (8.5), we obtain [7, 55, 97]: 

12 ; :  

R1(77,¢)= I I (PM) (77',¢‘)K (W) (77, wmtw‘) 6177 WE (8.6) 
1 o 

where CD“) (7734)) = pS(Q);<D(”(77’,¢') = 5p: (Q) / 593'; 
K (0.0) (11, 4531', ¢')re1presents kernels of  the Fredholm integral equations of the first kind equal to: 

K(1)(77:<0:?7"<0) = —  Znik m=02n2m_ (3) Smn(crn) X 
Rmn(c 50) 

X gmn(cx77’) exp im((0 _ (0')} 

K(2)(17,(0:71'1(0')= Tnik2m= _02n>m-7TE) 51mm, 11) x 

X SmnCCJUI) exp ”"80 _ 80,)- 

Eigen values A(1),(2) of kernels K (13(2) (1], <1); n',q5')are found from the solution to the Fredholm integral 
equation of the second kind: 

>< K(1)'(2)(71.<0:713(P')d71'd¢'= 13107.49)- (8-7) 
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The solution of equation (8.7) has the form: 

(DOW) (77,;0) : R1 (17, go) + :0: iB(I)’(2}§W (Cm) expimg (8.8) 
m=0 nzm 

Substituting (8.8) for (8.7), and integrating n’ and 95 r, as well as using the orthogonality of the exponential 
and angular spheroidal functions, we can find the eigen values of the kernels [7, 55, 97]: 

A5713. = i“"kR.Sf?.(c,€o); (8.9) 

A8A=i1+nkR£8 (6,50). (8.10) 
By means of the known eigen functions of the kernel’s K (1)42) (77, d); 71', (I) ) fiJnctions 

SmnCC, 11) and exp imd), the generalized Fourier coefficients of the characteristic [7, 55, 97] can be found: 

1211 

an—] I R] (77,40)Smn (C,77)exp(—imq0)dno. (8.11) 

The solution to the integral equation (8.1) will be physically realizable if the series 
2 

2111271 afnn (1153(2)) converges. When this condition is satisfied, one function (since the kernel eigen 
functions are complete) satisfies the equation (8.1) and it can be calculated as the average limit [7, 55, 97]: 

(pure) (,7, 8) = Z”: i amA%(2)§m (C, 77)expz'm¢>. (8.12) 
m=0 n2m 

The same eigenvalues are obtained by considering the diffraction problem of sound scattering by an ideal 
spheroid (Whether soft or hard). In reality, the angular characteristic of a soft spheroid (in the field of a plane 
incident wave) has the form [7, 55, 97]: 

R1(n’¢)= _ _  00— —0zgs—1)n§mn(cx771)§mn(cl77) :E:E(C:::;e eim‘P 

wherenlrepresents the angular coordinate of the wave vector of a plane incident wave, and 50 represents the 
radial coordinate of a scattering surface. The Fourier coefficients am, of the angular characteristic in 
accordance with (8.11) are equal: 

__(-_1)"2— REMC 60) . m. 1k $0M W —  Rg;>(c 50) (8.13) 

In View of the homogeneous Dirichlet boundary condition on the surface of the scatterer (5 = $0) , the 
function @(1) (n, ¢)is equal (with the opposite sign) to the distribution pressure in the plane incident wave of 
the unit amplitude along surface of the scatterer £0 [7, 55, 97]: 

¢(1)(n.<p) = 42:. _ozami “ ma: 2705mm 21mg}. (c) exp imrp 
Comparing expressions for .90) (17, qb)with (8.12) and taking into account (8.13), we are able to find the eigen 
values of/LSB, [7, 55, 97 ]: 

AS113. = i1+nkR£32.(6.€o). (8.14) 
which coincides with (8.9). 

Similarly, referring to the hard spheroid, we obtain [7, 55, 97]: 

A53. = i1+nkR£flra a). (8.15) 
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Analysis of the eigen values/1:352) shows that the physically realizable solution @(DIZ) (17, (1)) will be 
provided by the Fourier coefficients am”, which decrease with the increasing indices m and 12 faster than the 
radial functions of the first kind R(1)(C, ED) for (0(1) (17, ), or their first derivatives along the radial 
coordinate REM, (C, 50) for 43(2) (1], (1‘)). If, in all formulas, the obtained wave size C 1s replaced with -iC and 
the radial coordinate f is replaced with if, we will obtain a solution to the problem of synthesis of the oblate 
spheroidal antenna. By fixing the interfocus distance d to zero, we can pass from spheroidal coordinates to 
spherical coordinates. 

In the case of an antenna with the sizeC >> 1,0, then the Watson transformation can be used to solve the 
problem [124]. 

8.2. The Synthesis of a Linear Radiator Using Prolate Spheroid Functions and the Synthesis 
of the Volume of a Spheroidal Antenna 

A linear antenna in the form of a segment of an infinitely thin bar is a degenerate prolate spheroid (£0 = 1). 
The synthesis of such an antenna can be performed according to the same schema. These will not only depend 

on the angle (a but, in addition, Fredholrn integral equations of the first kind, thereby linking the angular 
characteristic R107) with the required distributions 335 (Q) or 6395 (Q) / 65 I 6': 1, which are given in [55, 97, 
121—125]: 

1 

R1 (77) = I p; (Q)K (l) (17,77')d77 '; 
, (8.16) 

m )= 11— p—gé?) K(2)(fl,fl‘)dfl' 
where 

K<13(n,n9- — ho Mr" 't mac 17912533 (amen; 
14307379: ‘ho n=0 i n onCC U)5(C177')R(113(C, {Olym- 

Factor :5 — 1 vanishes when {0 — 1is in expressions for p§(Q)and 

6p}(Q)/6E’I§r=1. This emphasizes that as soon as the antenna degenerates into an infinitely thin bar, it 
cannot be ensured to have R1 (17) finite values of distributions 195(0) or 61);; (Q) / Bf ’ | fr=1; only distributions 
in; (Q)andap;(Q)/a€'| 51:1 will be finite. 

The eigen values of nuclei K (1) (11,77') and K (2) (mnjwill be equal [55, 97, 116, 123, 124]: 

AS130 [1252' (C 1)] ; 

Aga=g[a2'(c,n]‘l 
. (8.17) 

The distributions of p; (Q)and 6p; (Q)/6f | é:,=1are- sought in the following series: 

P; (Q) : :2“t A980” (C 77) 

d1); (Q) (2)— : 610 AD S C dgg gr=o ; DH ( ’77) 

.(8.18) 
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. . .  . 2 (1)2 2 ( 2 ) 2 . .  Distributions (8.33) w111 be fin1te 1f serles 2,, a0” (110,1) and Zn “on (1101,) comc1de. 

There are other methods to synthesize a linear antenna [122, 127]. In particular, A. A. Pistol’kors [130] 
applied eigen functions to the synthesis of a linear antenna, using a system of elliptic cylindrical coordinates 
and the eigen functions of an elliptic cylinder (Mathieu functions). The antenna appeared in the form of a 
hole with a width d of infinite length. But since the antenna distribution along the length of the antenna 
remains constant, it appears to be recruited from an infinite number of identical linear antennas. This is 
because its tranverse distribution is nothing more than the distribution of the field in the linear antenna. 
Another method for synthesizing a linear antenna—the partial diagram method—is based on the 
representation of a desired field distribution in the form of a convergent series of exponential functions. Then, 
the role of partial diagrams (angular characteristics) is played by the function Sn (2) = 
[sin it (n — z) /1t(n — 2)]. In another version of this method, the partial diagrams are Bessel functions. When 
using the Fourier integral method with reference to the synthesis of a linear antenna, the antenna is assumed 
to be infinitely long, but the field distribution behind its physical wire is assumed to be close to zero. In 
practice, very often the angular characteristic R1(r])is given in tabular form. On the basis of the characteristic 
Fourier coefficients amn may not satisfy the necessary conditions for physical realization. In this case, one 
must resort to approximate solutions, which provide physically realizable angular characteristics. Fig 8-1 
shows two angular characteristics: (1) The solid curve shows the modulus IR1(n)| for a soft prolate spheroid 
with a radial coordinate {0 = 1,005, where the wave size of the body us C =1 0, 0; (2) the characteristic R101) 
was given in tabular form with Step 5°. The dashed curve refers to the modulus of the angular characteristic 
IR; (17)|of the synthesized antenna, with the form of an oblate spheroid with a radial coordinate of $0 = 
0,1005 at wave size C=10,0. When the given function R1(17)is approximated with any degree of accuracy 
by a function possesses the required properties, the criterion for their proximity will be the smallness of the 
value max|R1 (1], (P) — RIG]. ¢)|- 

0-100 ' 

Figure 8-1: Modules of a given |R1(0)| and its synthesized IR; (0)| angular characteristic 

Another approximate method for the synthesis of an antenna, is called approximate-on synthesis. In this 
method, the predetermined angular characteristic or a directivity diagram is represented as a polynomial and 
well-known methods of the theory of interpolation are used to determine its coefficients so that an obtained 
polynomial, in a sense, constitutes the best approach was for approaching a given characteristic. The degree 
of approximation of the obtained angular characteristic relative to a given factor is estimated by means of the 
norm: 

Q(A)=IIR1(77,¢)-Rf (n,¢)||, (8.19) 
where A represents coefficients of the approximating polynomial. 

A solution to the synthesis problem involves a set of coefficients A opt, which minimize the functional (8.19). 

A method for the synthesis of surface and linear antennas using eigen functions can be found in volume V0 
of the spheroidal form with the external surface €0using the angular characteristic R1 (17, 45). These functions 
are related by an integral equation [120, 126—129]: 

R1(77,co)= [FEW',¢')K(77,¢;rf',n',¢‘)d€'dn'd¢', (820) 
V0 
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where 

FCaitp') = has“ — n“)¢(€znzrp9; 
The solution to the equation (8. 20) represents a series: 

F(§',q',¢') = 22 bmgm (C, 77') expimgp'RiB ((1,569, (8.21) 
”1:0a 

where this represents the Fourier coefficients of given angular characteristic. 

The distribution F (f’, 17’, (15' ) is physically realizable if the series 2,, 2m bfim [R (1) n(C, £0) )]2 converges. 
Because of the zero-point scale factors, the density of sources has a singularity in the coordinate system: 5 :  
1; 11' = 1. 

8.3. Evaluation of Antenna Efficiency Using a Reactivity Parameter 

The efficiency of a surface and active (radiating) antenna is determined, on the one hand, by the ratio between 
the active (r5)and reactive (x5)components of the radiation resistance 2 but, on the other hand, the reactivity 
parameter Q can also be used, if the antenna power Wis represented in the form W = Re W + i [m W. In the 
latter case, the reactivity parameter Q curvilinear surface antenna of a spheroidal form providing the 
directivity characteristic of R107, ¢)is equal to Q = IIm W | / | Re WI. The pressure distribution on the surface 
antenna in accordance with (8.27) has the form [7, 55, 121]: 

p1 (rue): 22am A (”Sm (C, 77)expim¢, (8.22) 
”1:0a 

where 

115,131 = i1+"kR§32.(C.€91;v=;,. 
The normal component [of the vibrational velocity of antenna points V1107: ()5), in turn, will be 

1 1 d 5 12,,(77,¢)):—@_é0#nfl (8.23) 

The total power of the synthesized antenna, providing a given angular characteristic, can be found to be [7, 
55, 121] 

1 W =m Ski—19107.40) d_p1‘(n.<p) d5 = 
5 =50 

_7Zh0(§01i°°)k2 2 2 0  am 
(9100 m: 0 n>m 

Rt: (C amt: (C a) (824) 

where 

R5,? .m a): 12.92. (c m— iRfitcc «20)- 
27301195) — complex CODJUgate 19167, <15). 
The radiated power is determined by the real part (8.24) and the reactive imaginary part (8.24). We will now 
consider the special case of  the angular characteristic R1 (11, (3’)), which is represented as the product of the 
following eigen fiinction: 

R1(77,¢p)= Sim (C,1])exp 112149. (8.25) 
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In View of the orthogonality of the eigen function, only one Fourier coefficient is different from the zero of 
the characteristic R1 (17, qb) with indices m and n : amn = 1 The pressure distribution 

p1 (77, ¢) along the antenna surface repeats the given characteristic R107, 4)) and the total power 

of the antenna Wwill be equal to {7, 55, 121] 

W = :11” (65 — 1)i{RmR(1’,,.(C €012,212, (C 5,) + R5,? ,(c. {$12,232, (c $0) + 
+z [R(1)(C €012,222; (C €o)— 12(2) (C £0)a12 (C. 60]} 
The reactivity parameter Q in this case is calculated from formulae [7, 5 5 , 121]. 

|RE2< (C 6,)Rf,,”'(C,C,)+REZ2(c,«:,)1z‘,2'(a:,)l 
REMC «50125,? (Caéo)—R‘2(C7:,)R£2(Caéo)l 

Figure 8-2: shows the comparison function values Q(n) for antennas with a radial coordinate 

£0 = 1,005 and 50 = 1,6 at m=0 and wave size C =1 0, 0. The higher the reactivity, the greater the number of 
mode n; the antenna of smaller dimensions (60 = 1,005) has a higher reactivity. Figure 8-3 shows the 
reactivity parameter Q of the pulsating mode (m =0, n=0) is the range of the radial coordinate $0 from 1,005 
to 10, 0., while the wave size C is still equal to 10,0. With a further increase in the radial coordinate $0, the 
function Q(fo) will tend asymptotically towards zero. 

Q :  . (8.26) 

€194.12. ‘_ . f . gsa 

o 4,", . a. 5...:"71'2u'éfn T 03.14:-" 4 "77 a" . .7 :50, 
Figure 8-2: Dependence of the reactivity parameter 
on the mode number Figure 8-3: Dependence of the reactivity 

parameter on the radial coordinate 

We will find the partial acoustic resistance 2 on which the antenna with the angular characteristic (8.25) is 
loaded [7, 55, 121]: 

R“) (C 50) [R532 (C 50)] 10107. (p) 5 ; 

0 [R531 (C. 50)]2 + [Rfiffla 50)]2 171,07. (p) ,_ 5 
— ——iwpoh z = x + W =  

123,1),(c. £012,252, (c. m— —R,Si2,(c.so)R£:2,'(c.Eo) = x = —ia) h p° f°[R,‘,1,2,'(c.so)] +[R,‘,t2,'(C.zo)]2 
2 01,0t Wmfi) 

[R522 (Cur, )T + [R532 (@5002 
where W(1)'(2) represents the Wronskian of the 1St and 2m1 kinds of functions 

. (8.27) 
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3153(0 9%t (C in) Rm2}(C 5013i? (Cage) 
[Rm [1} (C ($302)] +I:R[:}_'( Céolz] 

Comparing (8 27) and (8.28) with (8 .26), we find that the reactivity parameter Q of the acoustic 

y=-iwpoh§ ..(a'.23) 

(8 25) is equal to the ratio of the modules of the active and reactive parts of the full acoustic resistance: 

= lylflxl- 

"8.4. The synthesis of a "Compensating Antenna. 

Along with passive methods to compensate for pressure in a reflector or scattered waves [130 132], one can 
achieve the same goal and active means, based on the application of a compensating radiating system which 
creates, at the point of reception, the opposite pressure on the sign. In the expression for the pressure in the 
scattered field p5 (P) (where P- represents the observation point), we separate, as usual, the radial and angular 
function 

P3(P)— — —Ro(a (P) 

Where rrepresents the distance between the point P and the center of the scatterer- 0 ( (Fig. 8-4); k = 27“, 

the wave number R001, (15) = IR.) (a, ¢)| exp [11% (as, (15)] represents a scattering characteristic; 2 represents- 
the length of a sound wave in a medium; CPD ((1, gt) represents the phase characteristic; and a, 99 represents 
angular coordinates ofthe observation point (Fig. 8-4). 

F 

at!!!“ I 9-H} 

\
‘

l
 

”a 

/ 
Figure 8-4: The mutual arrangement of the scatterer'and the compensating antenna 

5' 

On the basis of R0052, 915) we synthesize the radiating system using the amplitude angular characteristic of 
which [12002, (10] will be close to the selected sectors of angles a and (p. The phase angular characteristic of 
an antenna = £1.51 (a, (a) will shifted by a relative to the angular phase characteristic 4500.1, (p). 

The accurate reproduction of the directivity characteristic R101, (1)) = IR1(a,¢)| exp[i®1(a,¢)] is only 
possible if it belongs to fiinctions of the class Way: [122]. Otherwise, we can only talk about the approximate 
directional characteristic, R101, 9’1). Since the compensating antenna is intended to compensate for the 
pressure created by an ideal soft spheroid scattered Wave in the Fraunhofer. zone, we use the 
expression R0051, (1')) for spheroidal functions. The wave incident on the body is assumed to be plane [7, 55; 
117, 126] 

R0 (‘2: St) = _§%2%=0 E§2m(‘1)n Em Ema; [5, COSC'R - ED] X 
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1 5)] R5346. :0) CO 
3 2 Rates) 

smqb X EmfldC, cos( (to — 

—r—t——'—-1 [HT—é—J‘I' 1 %  

Figure 8-5 (left): Modules of the angular characteristics of the scatterer and synthesized antenna 

Figure 8-6 (right): Phase angular characteristics of the scatterer and synthesized antenna 

We will consider a linear antenna that must compensate for the scattered field of the soft spheroid for the 
angles at = —90° + +90°, (I) = 0 — 5°,355° — 360°. We note that, in this sector, along the azimuthal angle 
go, the radius-vectors of the initial diagrams only vary a little. At the first stage, the natural path difference 
between the antenna and the scatterer is not taken into account. It is assumed that the antenna and the scatterer 
are in the same region of the medium. Altemately, the longitudinal axis of the antenna coincides with the Z 
axis, and its center is at point 0 (Fig. 8-4). Since the initial amplitude and phase characteristics of the scatterer 
were specified in tabular form, the method of synthesis will be approximate. When calculating the sensitivity 

f1(y) = IF1(y)I exp [upl (31)] ( = 2%), (1 represents the length of the radiating system; 2’ represents the 
distance along the antenna, as measured from its center) and for the directional characteristics we used 
expansions [122, 126]: 

n=entiem 

13(7) = Z R1(n)e_‘"" ; 
n=—entiera 

nzemiem 

R1*(é")= Z R1(n)Sn(§)- 
n=—enriera 

Expansion coefficients R1 (n) (partial characteristics) are equal to values R1(§) in integer points. 

The module with the largest integer is Inmax||la because the symmetry of the scattering diagram and the 
partial characteristics are identical pairs R(+n) = R(—n)). 

The found partial characteristics enabled us to calculate the amplitude IE1(y)| and phase - 1,01(y) 
characteristics of the sensitivity distribution along the linear antenna (Fig. 8-7), as well as its amplitude and 
phase directional characteristics (as previously shown in Figures 8-5 and 8-6). 

Figure 8-7: Amplitude and phase distribution of the synthesized linear antenna’s sensitivity 
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The above method, with the help of  functions” (E) was used to calculate the sensitivity offz (y) and the 
directional characteristic of the compensating antenna 133(5) (Figs. 8—5, 8—6, and 8—7). As we see, 
compensation is only observed within the limits of the main maximum of the scattering (at = 0° i 40 °). To 
achieve compensation in the remaining field of the angle change, a, it is necessary to increase the dimensions 
of the antenna (that is, to increase the parameter a). As a result of this, the number of nodal points 11 will 
grow, in which the initial and calculated directional characteristics coincide. Due to the natural difference 
between the paths taken, the relative amplitude compensation 

IRzl = Wows) +Rz*<oc,¢)l 
IRo(a:¢)| |R0(a.¢)| 

at angle 90 in the selected range of the variation will not exceed 8%. 
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CHAPTER 9 

THE CHARACTERISTICS OF SOUND SCATTERING 
FROM INFINITE CYLINDERS 

9.1. The Solution for Three-Dimensional Problems of Sound Diffraction on Elastic Bodies 
with a Cylindrical Form Using Debye Potentials 

We will now turn to the oblique incidence of the plane wave on the elastic hollow cylindrical shell. The 
geometry of the problem is shown in Fig. 9-1. 

1 {Hr-rd; 0) 

M
m

”
 

§ \ 

N
v

‘
.

‘
 

N
 

1 - / 
4 /  / 

Figure 9-1: Hollow elastic cylindrical shell in the field of the plane sound wave 

The scalar potential of an incident wave (Di (1", ¢, 2) for a unit amplitude with a wave vectorEtilted at an angle 
of 6’ the axis Z. We can expand this in terms of eigen functions of the scalar Helmholtz equation in a circular 
cylindrical coordinate system: 

¢i(r, qb, z) = eiyz Zfifl, £m(—i)m]m (kyr) cos m qb, (9.1) 

1 b y m = 0 ;  
wherey=kcost9;  k y = k s i n 6 ;  £ m = { 2  bq tO 

We can now transform the representation for the vector function, [lgenerated in [100], by introducing an 
additional operator rot in order thatil automatically obeys the gauge condition (diwl = 0): 

ii = curl(xé’z) + curlcurlfipé’z), (9.2) 

where 52 represents the unit vector in the direction of the Z axis and x and 1/1 represent scalar potentials which 
satisfy the scalar Helmholtz equation [7, 67, 71, 100, 108]: 

A x + k § x = 0 }  
mp + k§¢ = 0 (9'3) 

Components of vector functionil’, in accordance with (9.2), will accept the following: 

_ 1% fl . 
A1” _ ra¢ +araz' 

_ _0_X 132—1!’ . 
A¢ _ 6r + ra¢az ' (9‘4) 

1 01/; 621,0 1 621,0 

Components of the displacement vector 11’ will be equal to: 
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U _a_«>_;azw _2 63¢ 46;!» w 
T —  1' rZara¢ rarzaqs T35¢3 

62x 1 631;) 
araz —;6¢u622 ’ 

_ 16¢ 1 62;; 631]; 1 av; 
_ 17$ Faqbaz W 72?— 

132‘1’ 33—1” £ fl _ i  331” rarz ar3 7'3 my r2 aracpz ; 
_ a ¢  16x 1 62¢ _ a z x _  1 021;; 

Z E_Far  7‘2 641362 61'2 1'2 64362 
_ 1 62% 

r2 aqsz ' J 

04> > (9.5) 

Potentials €25, x, S? and the potential of the scattering wave (Psexpand in terms of the eigen functions of the 
scalar Helmholtz equation in a circular cylindrical system: 

(15 = eiyz Zm=0[Am]m(h'r) + BmNm (hrr)] cosm 4) ,- 
x = 9i Zfi=o[Cm]m(ce'r) + DmNm (ce'r)] cos m 4) ,- 
5” = eil’z 2:1[Emlm(oe'r) + FmNm(aa'T)] sinmgb ; 

(IDS = eiyz 2:1:0 GmHS) (kyr) cos m ()5 , 

(9.6) 

whereh' = (kf — k2)1/2; 08' = (k3 — k2)1/2; andAm, Bm, Cm, Dm, Em, Fm, Gmrepresent unknown coefficients. 
We will find these from the following boundary conditions: 

1) The continuity of the normal components from the displacement vector in an elastic shell and a liquid 
medium at the outer boundary (r=a): 

M 162‘? 1 631? 163K? 62;; 
31' r2 ara¢ _ ?ar26¢ 1'3 6433 61—62 

a = 5““ + (p5) (9.7) _2 63W 
1' Bqfiazz r=a 

2) The equality between the normal stress in the elastic shell at the outer boundary to the pressure in a liquid» 
medium: 

Bur 4014: —1 % _ (zl+2,u)ar+}t(r a¢+r Ur+az)— 
= _p0w2 (cpl + ¢S)1T=a I (9 '8)  

whereporepresents the density of the liquid medium. 

3) The absence of the normal stress from the hollow shell’s inside boundary: 

fl 4 %  -1 % _ (A+2,u) 67' +210” 645 +1» UT+ az)‘0|‘r=b (9.9) 

4) The absence of tangential stresses on both boundaries of  the shell: 

6 U  _ 5 U  _ 
—¢ T 1—r—T 1 U ¢ = O l r = a ; ;  61‘ 64b r=b 
% + ”i _ 0| (9‘ 10) 
62 67' _ :3: 

Substituting expansions (9.1) and (9.6) in (9.5) and then the boundary conditions in ( 9.7)—(9. 10), we obtain 
the heterogeneous system of seven equations with respect to an infinite number of unknown coefficients for 
the expansions of potentials. Using the orthogonality of trigonometric functions cos mg? and sin mqa, we can 
reduce the problem to that of finding seven unknown coefficients with a fixed index m: 
Am, Em, Cm, Dm, Em, Fm, Gm of the seven equations boundary conditions) from heterogeneous system. 
Coefficients Gmof the potential of the scattered wave (D3 that is of interest in the first place will be found 
using Cramer’s rule fiom the ratio of two determinants fiom the seventh order [7, 67, 71, 108]: 
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Gm =A ' /A  , (9.11) 

Where A represents the minor of the system and A represents its determinant, which is equal to [7, 67,» 71 ,108]: 

0.12 = N7; (h’a) ,' 

an = ik],'n(ce'a) ; 

“11 =11'n(h’a) : 

“12 = N1;1(h'a) ; 

c113 = ik],'n(ce'a) ,- 

a14 = ikN,;1(aa'a) ; 

a” =a‘1mfm(w'a)(a_2m2 +k2)—a_2mJ;n(gg'a)_ 

—a_1mf;,'1(m'a); 

am =a‘1mNm(m'a)(a_2m2 +k2)—a_2mN;n(w'a)— 

—a_1mN,';(ae'a); 

(117 = —H,g)'(kya) ; 

a2] = (/1 + 2y)]£1(h'a) + A [cl—£1; (1m) — 
—(m2a'2 +k2)1m(h'a)]; 

c123 = Zuikjglfle'a) ,- 

a24 = ZpikNJIG/e'a) ; 

025 =(I1+2#)a l{ma JJmGB'a a 1m; —k2 —3a 2m2)+ 
+n1a(ae'a)(2a 2 +k2)—W;’(ae'a)}+ 
+Aa  1{a lm(ae’a)(k2 —a 2m2)+ 
+111a (ae'a)(a 2m2 —k2 )—2a 1m];(ae'a)—m1;'(ae’a)}; 

azs :(A+2fl)a 1{ma 1N,“ (23,0161 [m2 —k2 —3a 2m2)+ 

+mN;1 (28,0)(20 2 +k2)—mN;'(ae’a)}+ 

+161 1{a lmNm (ae’az —a 2m2)+ 

+mN;i (ae'aXa 2m2 —k2)—2a JmN; (ae'a)—mN$(ae'a)}; 

‘127 = P003253? (kya) ; 

a3} =(fl.+2y).]:1(h’b)+1 lb"J;1(h'b)_ 

—(m2b‘2 +k2 )1m(/q'b)]; 
6232 = (,1 + 2 gm; (h'b) + ,1 [la-IN; (h'b) — 

—(m2b_2 +k2)Nm(h'b)]; 
(133 = 2yik],§1(ce'b) ; 
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(134 = 2yikN,I1(ce'b), ' 

(135 =(,1+2,u)b {mb Jm (ae'bXbm —k2 —3b 2m2)+ 
+mJ;(ae'b)(2b +k )—mJ mm ';)}+ 
+2!) 1{b lm(ae'b)(k2 —b 2m2)+ 
+m1;(ae'b)(b 2m2 —k2)—2b 1m];(ae'b)—mJ;'(m'b)}; 

c136 =(A+2,u)b ’{mb 1Nm(ae'b)(b Imz —k2 —3b 2m2)+ 
+mN; (ae’bXZb 2 +k2)—mN;’(ae’b)}+ 
+2 b 1{b lmNm(ae'b)(k2 —b 2m2)+ 
+mN;(ae'b)(b 2m2 —k2)—2b Imwflae' 19—) mN'"(ae'b)}; 

(137 = 0 ; 

c141 = 2ma‘1[a_1]m(h'a) — 1;“ (3a)] ,- 

a42 = 2ma‘1[a‘1Nm(h'a) — N1; (1111)] ; 

(143 = 2mika‘1[a‘1jm(ae'a) — 1;“ (6831)] ; 

mm = 2mika‘1[a'1Nm(wra) — Nélfierafl ,- 

0“ :a  ’sm(ae'a)(8a 3 —a 2m2 —k2 )+ 
+ a  3.1"; (ae'a)(3k2 —3—4m2 )+ 
+6: 2J;(ae'a)(3—k2 +2m2)+ 
+a  1J$(ae'a)—J;V(ze'a); 

£146 261 ImZNm (as'a)(8a 3 —a 2m2 —k2)+ 
+a 3N; (ae’aXS‘kz —3—4m2)+ 
+a  2N;(£B’a)(3—k2 +2m2)+ 
+a 1N:(ae’a)—N;:V(ae'a); 

[[47 = 0 ;  

€151 = Zmb‘1[b‘1lm(h'b)#1310177” ; 
(152 = 2mb-1[b-1Nm(h'b) — N7;1(h'b)] ; 

(153 = 2mikb_1[b_1]m(ce'b) —];n(aa'b)] ; 

£154 = 2mikb_1[b_1Nm(ae'b) — N,'n(ae'b)] ; 

a” 2]) "m2Jm(ae'b)(8b 3 —b 2m2 —k2)+ 
+b 3.1,; (ae'b)(3k2 —3—4m2)+ 
+b 2J;(ae'b)(3—k2 +2m2)+ 
+23 ’J:(ae'b)—J;V(ae’b); 
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=b Imwmwsb 3—3: _k2)+ 
+b 3N:n(ae’b)(3k2 —3—4m2)+ 
+b 2N; (33,5)(3—162 +2m2)+ 

+b wage—Newbi- 
‘157 = 0 : 

am = ZikL'n (h'a) ; 

afiz = 21m;1 (h'a) ; 

6163 2—261—3m2Jm(a3’a)+ 

”Mala-2 mum 481—n (m),- 
6264 =—2a-3m2 m($'a)+ 

mum'axa-z -k2)-N;;($Ia); 
“65 = a  1mi/(Jm(m'a)(a 2m; +k2)+ 

+a 2mik],'n(ae’a)(3a Z _2)_ 

—a 3mik];(aa'a); 

“66 2 “  1mikNm($'a)(a zmz +k2)+ 
+ a  2mikN,’n(a=:’a)(3a 2 _2)_ 

—a 3mikNflw’a); 

“67 = 0 ; 

a71 = 2ik1,’n(h'b) ; 

a72 = 2ikN7'n(h'b) ; 

“73 :_2b 3m2Jm(w'b)+ 

”new 2 +5 W)() 
“74 =—2b BmZNm (E'b)+ 

Meme 2 +b —k2)—N;($vb); 
=b Imwwxb my 
+1; 2mim(ae'b)(3b 2 _2)_ 
—b 3mik],';(m'b); 

:b 1mikNm(ae'b>(b+k2)+ 
+b 2mim;(m'b)(3b 2 -2)_ 
_ b  3mikNflm'b); 

“77 = 0: 

1’17 = &n(—i)m]7;1(kya) ; 
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1727 = —p0w2£m(—i)m]m(kya) - 

Now we will turn to the problem of the diffraction of a harmonic wave from the frequency a) from the point 
source Q on the elastic cylindrical shell. The source is at a distance of To from the shell axis Z. The shell is 
placed in an external liquid medium with a density of po and the velocity of a sound C0. 

The potential (D; of the harmonic point source is determined by series [7, 87, 71. 108, 133]: 

' 00 +00 , ¢i(r,¢,z) = iznfl, 603014)) - en f—oo exp (tyz) - H121)(kyr0) - ]n(kyr)dy , (9.12) 

where ky = (k2 — y2)1/ 2 ; k = w/CO; y and [CY represent components of the wave vector fiaxial and radial 

respectively (Fig. 9-1); En = G, 2 : g 

The potential of the scattered wave (1)50", 45, Z)can be written in an analogous way:€D[-(r, (I), z) 

4w. «1.2) = 223:0 an cos(n¢) - ffjAcy) expayz) 1H,S_1)(kyr)dy , (9.13) 
Where an and A(y) are unknown coefficients and functions 3;, respectively. 

These are found from the boundary conditions. We can write the cylindrical components of the displacement 
vector 3(Ur, U¢, U 2) through the potential (15 and the cylindrical components of the function 

A’(A,,A¢,,AZ) [133]: 
6_¢16_AZ_B_A¢ ' 
Br r 6¢ Bz ’ 
13¢ 0 A r _ &  _ , U¢ —a;:—¢+ 62 3? . (9.14) 

_+3_*‘1_15Ar 
+ r A ¢ +  6r 7' a¢ '  

Ur= 

The cylindrical components AT, A¢,Azof the function A’are expressed through the Debye potential U and V 
[133]: 

620' 
B r a z +  

A = k 2 r U + r — + z  +Zaa—U+i—sz—; ; (9.15) 

av ra—V 1 a_U azu 12 
A4’ _ —1k2 [232 _ ‘r a? Brag!) r Za—zaqb’ '(9‘ 16) 

A _ —k§zU +2:— —ik§ 3—2” 2:, (9.17) 

where k2 represents the wave number of the transverse wave in the material of the shell. 

The potentials 45, U, and Valso decompose into series on own functions of the scalar Helmholtz equation [7, 
67, 71, 108, 133]: 

@(r, q), z) = gcos (ngoibn TB(y)e3gv(igz)Jn (hyryly + 

(9.18) 
+b' E317) expfiflNMIh 9012/] 
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U (r, (p, z) = i sin (ngo)[cn TC (y)exp(i 9/2711” (aevyr)dy + 
”=1 

+00 (9.19) 

+4 Jc'(7)exp(m)2v.(ae.r)dy],- 
V(r, q), z) = 2 cos (maid; ID(y)exp(i 12V” (ae f,r )dy + 

”:0 °° (9.20) 
+ d; TD'(y)exp(iyz)Nn (wimpy/l ; 

where hj, = (k12 — y2)1/2; k1 = w/Clrepresents the wave number f of the longitudinal wave in the material 
of the shell; (:1 represents the velocity of the longitudinal wave in the material of a shell; Nn (aeyr) represents 
the cylindrical Neumann function; ale), = (kg — y2)1/2;bn, 12:1; an, 6,231”, d,’1 and 8(7), B'(y); C (y), (3’01); 
D (y), D ()1) represent the unknown coefficients and functions, respectively. These are determined from the 
following boundary conditions: 

1) A normal component of displacement vector Uris continuous on the outer boundary of the shell 

2) The sound pressure in a liquid is equal to the normal stress exerted on the outer boundary of the shell 

3) The normal stress experienced within a shell on an internal boundary is zero 

4) Tangential stresses on shell boundaries are zero 

In an analytical form, the listed boundary conditions are as follows: 
I A (9.21) 

“11 “12 “13 “14 “15 “15 “17 
“21 “22 “23 “24 “25 “25 “27 
“31 “32 “33 “34 “35 “35 “37 

A = “41 “42 “43 “44 “45 “45 “47 , (9.22) 
“51 “52 “53 “54 “55 “55 “57 
“51 “52 “53 “54 “55 “55 “57 
“71 “72 “73 “74 “75 “75 “77 

1’11 “12 “13 “14 “15 “15 “17 
“21 “22 “23 “24 “25 “25 “27 

0 “32 “33 “34 “35 “35 “37 
r 

A = 0 “42 “43 “44 “45 “45 “47 - {9-23) 
0 “52 “53 “54 “55 “55 “57 
0 “52 “53 “54 “55 “55 “57 
0 “72 “73 “74 “75 “75 “77 

6114, 1 1 an 
— — - U + ——r = 0 = ' .24 62— r 45 r 345 I:=g ’ (9 ) 

an au —’ + —z = Olf=a . (9.25) 
dz 6r ‘r=b 

The substitution of series (9.12), (9.13), and (9.18)—(9.20) in the boundary conditions (9.2l)—(9.25) yields an 
infinite system of equations for finding unknown co—efficients and functions anACy); a (y); b53111); 
CnCCY);C,'1C’ (y); a ()0;n ()7). Due to the orthogonality of trigonometric functions cos(n¢) and 5171044)), 
an infinite system breaks up into seven equations with a fixed index n to find the seven combinations for the 
unknown co—efficients and functions. 
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anA(y)for the potential (10501" a scattering wave is calculated using the Cramer rule from the ratio of two 
determinants from the seventh order: 

4140/) = 4/4 , (9.26) 
Where A represents the determinant of a system and A represents its minor, which is equal to function [133] 

“11 “12 “13 “14 “15 “15 “17 
“21 “22 “23 “24 “25 “25 “27 
“31 “32 “33 “34 “35 “35 “37 

A = “41 “42 “43 “44 “45 “45 “47 , 
“51 “52 “53 “54 “55 “55 “57 
“51 “52 “53 “54 “55 “55 “57 
“71 “72 “73 “74 “75 “75 “77 

J“11 “12 “13 “14 “15 “15 “17 
1721 “22 “23 “24 “25 “25 “27 

0 “32 “33 “34 “35 “35 “37 
0 “42 “43 “44 “45 “45 “47 - 
0 “52 “53 “54 “55 “55 “57 
0 “52 “53 “54 “55 “55 “57 
0 “72 “73 “74 “75 “75 “77 

a11 = 41,21) ’(kya) ; 
a12 =1,;(hya) ,- 

5113 = N,;(hya) ; 

= ninaxnwya) + 215471)] : 
515 = niy[aNn(aaya) + 2N,;(aaya)] ; 

:116 = iae[(n2 + ay2)]n(aaya) + 1,;(ceya)] ,- 

5117 = ice[(nz + ay2)Nn(ae,,a) + N,;(ceya)] ; 

a21 = p0w2H£1)(kya) ; 

6122 = (/1 + #1112050”— 
— it [a ZnZJn(/1ya)— a 1J;(h7a)+ y‘ZJn(h7a)] ; 

5123 2(11 + 2y)|_N:(h7a)J— 

—2 [a aNn(h7a)—a ’N; (hya)+ fiNn (195)] ,- 

c124 = 201 + 21!!)01“2 - 1)i7nln(ceya) ,- 
azs = 2(2 + 21001—2 — 1)iynNn(aeya) ; 

“25 2(11 + 2p){—iaen2 [J]1 (Esra—J; (aera)]+ 
+1'aeJ:(a3-ya)+ iaeyyz [Jn(ae7a)+ a];(aeya)]}; 
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a2, = (A + 2y){—izen2 [Na (acrea— N; (wya)]+ 

+z'aeN:(aeya)+ tiny/2 [NH (asya)+ 622V:1 GEM)”; 

0 . 3 1 : 0 '  

=0» + 2MP 50% 5-H 
— z [b 2:121 M01 22—12) b’IJ;(hyb)+ sn (195)],- 

5133 :(A+2IL‘)I. ”( r [9—)] 

—,2. [b 2n2N (113,2: )— bJN;(h,b)+ yaUzybfl; 

“34 = 2C1 + 2fl)(b_2 — 1)iYnfn(a3yb) : 

6135 = 2(A + 2,11)(b_2 — 1)iynNn(ceyb) ; 

6136 =(/1+2,u){— 1'n |;1n(ae},b)—J:i (myb) + 
+ia:J:(wrb)+iae;/2 [Jn (arb)+ bJ;(w7b)]}; 

6137 = (2. + 2y){—1’aan2[Nn(wyb)—N;(aeyb)]+ 
+izeN:(wrb)+iw;/2[Nn(aeyb)+ bN;(aerb)]}; 

(141 = 0 ; 

a42 = 2na-1[—j,;(hya) + a"1]n(hya)] ; 

(143 = 2na‘1[—N,;(hya) + a-a(hya)] ,- 

a44 = iyawZMceya) ; 
£145 = iyaoezN,;(ceya) ; 

“45 =ian{Jn(aafa)[a 2(2_”2)_ 72]— 
—J:(ae,a)—a ’J;(ae,a)}: 

afl =iaen{Nn(aeyala 2(2—n2)—y2]— 
—N:(aera)—a ”N;(ae,a)}: 

a51 = o ; 
(152 = 2nb“1[—],'l(hyb) + b-11n(h,,b)] ,- 

asg = 2nb—1[—N,;(h,,b) + b‘a(hyb)] : 
6154 = iybaezjfiaeyb) ; 

as5 = iybaezNgfieyb) ; 

G56 : ikn{Jn (gerbil; 2 (2 _ n2)— 7,2 ]_ 

— J;(ae,b)— [9 {1428719)}; 
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(157 =iwn{Nn(eeyb)[b 2(2—n2)—y2]— 
—N:(aeeb)—b 1N;(ae,b)}: 

a61 = 0 ; 
(162 = 2iyj,;(h,,a) ; 

1263 = 2i,;(hya) ; 

“64 = wznia‘11n(wya)—J§e(wya)] I 
ass = wzn[a_1Nn(wya) — Nelwyafl ; 
c266 =—yae{Jn(ae,a)[n2 +a J;/2]+ 

were» wee»,- 
a6, = —yae {Nn(aeya)[n2 +a 1y2]+ 

+ 5N;(ae,a)+ aN;(ae,a)}; 
a71 = 0 ; 
a72 = 2iyj,;(h,,b) ; 

a73 = 2i,;(h,,b) ; 

an = wznlb‘11n(wyb) -Je'e(wyb)] : 
6175 = wznib"1Nn(wyb) — Nedwybfl : 

aye =-7m{1n(aeyb)in2 +b ‘ViJr 
+5J;(web)+w:(web)}: 

a7, = —yae {Nn(aeyb n2 + b 1y2]+ 
+ 5N;(ae,b)+ bN;(ae,b)}; 

bu = gentle?) (kyro)1é(kya) : 
b21 = —p0w2%EnH,(l1)(kyro)]n(kya) . 

9.2. Sound Scattering Using Layered Viscoelastic Cylindrical Shells 

In the second section of this chapter, we will consider the diffraction of sound by cylindrical layers of 
viscoelastic shell. Let the harmonic continuous sound signal with frequency a) irradiate the system of 
cylindrical elastic and viscoelastic layers (Fig. 9—2). In other words, we will direct a plane sound wave toward 
this structure so that a wave vector I: from the incident wave is perpendicular to the Z axis in a system of 
cylindrical layers (a plane problem). 
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gnu 

HT 
Figure 9-2: The system is comprised of both viscoelastic and elastic cylindrical layers 

The system consists of 4 layers: Regions 2, 4 and 5 are the viscoelastic layers; Region 3 is the elastic layer, 
Region 1 is the vacuum; and Region 6 is the water. All viscoelastic layers differ from each other in terms of 
the density o f  the material, elastic modules, and loss factors. Due to the presence of losses in the viscoelastic. 
layers, the wave numbers of transverse (shear) waves will become complex. Therefore, the corresponding 
arguments based on the cylindrical functions of Bessel and Neumann will likewise be complex. 

We have introduced the following designations for the sound pressuresand displacement potentialslfboth 
scalar and vector ones) for our problem: 

The inside layer (Region 1) is the vacuum, within which the waveprocess isabsent . 
Layer 2, which is viscoelastic (Fig. 9-2), is characterized by'a scalar potential (Dz and avector potential 
57’} 
Layer 3, which is elastic, has potentials (P3 and $3, respectively 
Layer 4, which is viscoelastic, has potentials lligand $4 
Layer 5, which is viscoelastic, has potentials (155 and $5 
In an external liquid medium @egion I5), there is a sound pressure in an incidentwave pi. and pressure. 
in a scattered (reflected) waveps .ps 

t
u

t
-

 
P

‘P
‘P

'P
’ 

In view of this plain statement of the problem, all vector potentials will have only one component that is 
different fromzero, namely ‘Fz, which we will denote i:P’fiiil'e will decompose all potentials and pressures 
using the fundamental solutions of the Helmholtz equation in the circular cylindrical system for the following 
coordinates: 

@263 :50] = 23;:n {kzrj + KmNmflkzrj] cos m go .-,. 
5‘20: to) = 23:1 [Lmlm£ki r) + QmNmikérll Sin mrp; 

<33 (1’, v) = 23:0 [Pmtka-T) + RmNm {karll "603 m a”; 

as in (p) = schemata r) + TmNmik‘e] .Sinm. 4:; 
(Pair. (P) = 2?; =0 [mm (kt?) + WmNm (karll €03 ma; 

‘t’affi rs] = 23:1[Xmlmiki-T') + YmNmikifil Emma; 

dis C?” (P) = nll'imfmfksr) + WimNmfksrll 903 mg; 

9’50: to) = EEnWmImflké 1") + YmNmEkéfll sin ms? :- 

pafr. to) = £°°=o en£-i)mfm{k5r) 003 m to; 

1050: to) = $=0AmH§P£ke cos "1150; 
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where k2 — kfiand kg — kg — are wave numbers of longitudinal and transverse waves in the elastic layer, 
viscoelastic layers, and the external liquid medium. The angular scattering diagram using the layer system 
takes the following form: 

Duo) = — em — weeks-1 aneumm cosmso. 
Modules of angular scattering diagramsD (go) are presented in Fig. 9-3 for different wave sizes: Fig. 9—3a 
corresponds to k6R5 #5 3,78, Fig. 9-3b to k6R5 x 7,56, and Fig. 9—3c to k5R5 z 11,35. 

Figure 9-3: Modules of angular scattering diagrams ID ((p)| 
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CONCLUSION 

This monograph has presented the author’s scientific work on the diffraction, radiation, and propagation of 
elastic waves in isotropic and anisotropic media and various bodies. It has also shown the results of his 
research into the synthesis of hydroacoustic antennas. 

Using Debye potentials, a solution for the three—dimensional problem of sound diffraction from spheroidal- 
shaped elastic bodies has been obtained. Based on this approach, the characteristics of sound scattering by 
spheroidal elastic bodies have been calculated, and the nature of their resonances has been revealed and 
explained. 

The analytical expressions for the three—dimensional characteristics of the sound scattering (the angular 
scattering characteristic, the relative backseattering cross-section, the total scattering cross-section, and the 
relative scattering cross—section), the equivalent radius, and its target strength have been obtained and their 
one-to-one correspondence has been established. These characteristics have been calculated and analyzed up 
to a wave size of 0:100. The Watson transformation has been obtained for the three-dimensional problem of 
the diffraction of sound from an ideal spheroid. 

The characteristics of the sound scattering by the spheroidal bodies located near the media interface have 
been calculated. Theoretically formulated and physically verified conditions where one can ignore the 
multiple reflections of sound from the interface between the media have been created. 

The sequence of pulses which are reflected by a spheroid placed in a planar waveguide with an elastic bottom 
has been calculated using a method involving imaginary sources and imaginary scatterers. 

The spectral characteristic of the reflected pulsed signal for a spheroid located in an underwater sound channel 
has been found. 

Using the Debye and “Debye-type” potentials, the characteristic equations for the phase velocities of the 
three-dimensional flexural waves have been both obtained and solved. The equations for calculating the phase 
velocities of elastic waves in a transversely isotropic elastic shell have been found using the small parameter 
method. 

The author proposes a new method (the Green’s function method) for solving problems connected to the 
diffraction of sound from bodies with mixed boundary conditions and elastic bodies of a non—analytical form. 
The effectiveness of this method has been demonstrated by calculating the field of sound scattered by similar 
bodies. 

This monograph provides an overview of the methods to solve problems with regard to the sound diffiaction 
from bodies with a non-analytical form (including integral equations, a finite element method, and a boundary 
element method). The calculation of the scattered fields demonstrates the effectiveness of these methods. 

In Chapter 8, using the equations and diffraction theory method, problems related to surface, volume, and 
linearity regarding the synthesis of the hydroacoustic antennas have been solved using the given pattern of 
acoustical radiation. 
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