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Preface

Advanced Aerospace Materials aims at dissemination of advanced engineering
topics using isotropic and composite materials. The present book was written to
provide students and scholars a good understanding of new emerging technologies
using composite materials, mainly in the aerospace sector. It can serve as an intro-
ductory book for graduate students wishing to study about composite made struc-
tures, enabling them to acquire the necessary physical and mathematical tools to
understand the various aspects of composite based structures as compared to iso-
tropic ones.

The book is based on the various researches and investigations performed dur-
ing the years by the author on metal and composite structures.

The present book aims at providing a textbook to a graduate or graduate–un-
dergraduate course on thin walled structures. It also can serve as a reference for
engineers and scientists working in industry or academia.

The book starts with an extended introductory on thin walled structures, char-
acterizing aerospace and aeronautical structures. It stresses the transition from alu-
minum-based structures to laminated composite ones, to save weight. An
introductory to elasticity topics and equations of motion is also presented to enable
the understanding of structural analysis of aerospace-aeronautical structures.
Chapter 2 is devoted to laminated composite materials, and presents the classical
lamination theory and the first order shear deformation theory. This chapter aims
at providing mathematical and physical insight of composite materials. To comple-
ment this topic, higher order theories are also displayed. The first two chapters are
therefore suitable for an introduction on aluminum and/or composite materials for
aerospace/aeronautical structures to the graduate or undergraduate students.

The third chapter is devoted to some design formulas to be used by engineers
on solving various problems of thin walled structures. Fatigue issues are presented
in chapter four of the book. This chapter presents introductory topics in this well
documented subject of engineering Crack propagation subject is described and re-
viewed in the fifth chapter of the book, thus complementing the topics presented in
Chapter four, enabling the reader to understand and use the various equations to
predict the life of a single structural component.

The sixth chapter displays various issues for the buckling for columns and
plates, using isotropic and laminated composite materials. A complementary chap-
ter, chapter seven, presents the vibrational aspects for the structures presented in
the previous chapter.

Another important topic in the analysis of thin walled structure, the dynamic
buckling of structural components due to pulse loading, is described and presented
in detail in chapter eight, highlighting both analytical and experimental aspects of
the subject.

https://doi.org/10.1515/9783110537574-201
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The two last chapters of the book, optimization of thin-walled structures in
chapter nine, and structural health monitoring in chapter ten, aim at presenting the
readers with two emerging engineering topics, by providing the basic definitions
and the present state of the art.

I wish that this book, together with other books and the huge numbers of refer-
ences existing in the literature, would enable readers to become familiar with the
treatment of thin walled structures, and how to investigate and calculate their
structural behavior.

I would like to thank all my former graduate students for their dedicated re-
search in the field of composite based structures, Mr. Joshua Harris for his involve-
ment in Chapter 9 and Mr. Osher Shapira for his contribution to Chapter 10.

I want to thank, my wife, Dorit and my children, Chen, Oz, Shir and Or for their
support, understanding, love and devotion. Their continuous support throughout
the writing period enabled the publishing of the present book.

Haifa, June 2019
Haim Abramovich
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1 Introduction

1.1 Introduction

This chapter aims at presenting the reader with aerospace structures, its basic struc-
tural parts and the transfer from aluminum to laminated composite materials, as
a main way of saving weight. To be able to analyze those aerospace structures,
which are thin-walled structures, basic elasticity equations will be derived and pre-
sented. The following chapters will present additional topics and equations regard-
ing the behavior of thin-walled structures and how to analyze it.

1.2 Aerospace structures

Prior to defining the structures itself, one has to define the word AEROSPACE. As it
is defined, aerospace combines the science, engineering and business of flying
vehicles in the earth atmosphere, leading to the word AERONAUTICS, while flying
in the surrounding space is called ASTRONAUTICS. The vehicles used for aerospace
traveling are called Aerospace Structures.

The machine or the vehicle such as an airplane, helicopter, glider or any auton-
omous device capable of flying in the earth atmosphere is denoted as aircraft. Its
main parts are schematically presented in Fig. 1.1.

The vehicle, capable of flying in the space, like a satellite, space station or any
other machine, would be named as spacecraft.

Figure 1.2 presents one of the old famous aircrafts, the Lockheed Vega, a Lockheed
Corporation six-passenger high-wing monoplane, used to break flight records. The
famous Amelia Earhart used this aircraft to fly the Atlantic. From structural point of
view, one should note the wooden monologue fuselage and the plywood-covered
wings [1]. With increasing the performance of the aircraft, the wood was replaced by
aluminum, as the basic material to manufacture the structural parts of the aircraft.
A typical metal skin aircraft fuselage assembly is shown in Fig. 1.3, depicting the
frames and their clips and the longitudinal riveted stringers. The wings would be made
of an assembly of spars giving the aerodynamic shape to the wing, ribs connecting
the spars and all covered by skin panels. A space aircraft has similar structural design,
like an aircraft (see Fig. 1.4) if it has to return to earth. If the space device is designed
to spend its life in space, like satellites, solar panels and/or space antennas (see
Figs. 1.5, 1.6), then its shape and the adjacent structure would be according to the
loads expected to be applied on it during its space mission.

The aerospace structures aim at providing operational demands and safety
within a minimum weight. These structures comprise thin load skins, frames,

https://doi.org/10.1515/9783110537574-001
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stiffeners and spars, all made of high strength and stiffness materials to comply with
the minimum weight criterion. To be able to design and calculate those structures,
three basic structures, namely beams (or column for buckling and rods for tension),

Vertical tailRudder

Rear fuselage

Main fuselage

Cockpit

Main wing part

Aileron

Tail tip
Horizontal

tail

Flap

External wing partwing tip

Fig. 1.1: Main parts of a typical aircraft.
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Fig. 1.2: Lockheed Vega aircraft.
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plates and shells have to be analyzed and their behavior under various types of loads
be understood (Fig. 1.7). As shown, a beam is a 1D structure (h, b≪ L), a thin plate is
considered as a 2D structure (a, b ≫ t), while a cylindrical shell forms a 3D thin-
walled structure.

Many books and articles have been written on aerospace structures, how to an-
alyze and calculate their response to static and dynamic loads. Typical references
and their contents can be found in [2–6].

Frames

22
 ft

 =
 6

.7
05

6 
m

Cl
ip

s

Riveted longitudinal stringers

34 ft =10.363 m

Fig. 1.3: Typical metal skin aircraft fuselage assembly (from NASA CR4730, Ref. [2]).
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Fig. 1.4: A spacecraft – the NASA Shuttle.
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Fig. 1.5: The PEASSS (PiezoElectric-Assisted Smart Satellite Structure) nanosatellite structure
launched on 15 February 2017 by an Indian PLSV rocket together with other 103 nanosatellites.

Space antennas Space solar panels

Courtesy NASA

Courtesy Harris Corporation 

Fig. 1.6: Space antennas and solar panels.
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1.3 Aerospace structures – transition to composite materials

The constant strive to improve efficiency, increase performance of the aircrafts in
parallel with the need to reduce their development and operating costs is the moto
of the aircraft industry [7]. Using composite materials for primary aircraft structures
and thus reducing the aircraft weight may be the answer to improve aircraft effi-
ciency and performance.

Intensive investigation had been performed on introduction of composite materials
in commercial and military aircrafts [8–11]. Figures 1.8 and 1.9 present the realization

Straight beam

L

L

t -thickness

t -thickness

2R

Planar plate

Cylindrical shell

b
a

b

h

Fig. 1.7: Schematic drawings of the three basic structures: a straight beam, a planar plate and
a cylindrical shell.
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Fiber. pleased
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Textile C channel
intercostals

Two-piece sills
Stringer clips

Fig. 1.8: Typical skin-stringer-frame side design composite concept (from NASA CR4735, ref. [11]).
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of a fuselage panel, originally manufactured from aluminum (see Fig. 1.3), using either
laminated graphite epoxy stringers (Fig. 1.8) or laminated graphite epoxy sandwich
faces (Fig. 1.9).

One should note that the composite structure depicted in Fig. 1.9 does not have
any stringers. The fibers have been oriented to support the loads normally carried
by stringers, as in Figs. 1.3 and 1.8.

The reduction in the panel weight in comparison with the aluminum base-
line model is presented in Fig. 1.10 from [8]. One can observe that using skin-
stringer or sandwich structures would reduce the total weight by 24% or 13%,
respectively.

It is interesting to note that already in the 1950s composite materials were first
used on commercial aircraft, and 2% of the Boeing 707 was made of fiberglass (see
Fig. 1.11). Airbus introduced composite materials in its aircraft in the 1980s, using
5% composites on the A310-300.

This trend continued, and by the turn of the century, the advancements made
in composite manufacturing allowed both Boeing and Airbus to significantly in-
crease their use of composite. Boeing jumped from 12% on the Boeing 777 to 50%
on the Boeing 787, better known as the “Dreamliner” (see Fig. 1.12), while Airbus
moved from 10% on the A340 to 25% on the A380 (see Fig. 1.13) and finally to 53%
on the A350XWB (Fig. 1.14).

Mechanically
fastened metallic

window frame 

Textile intercoslals
Cobonded braided RTM AS4/PR500 J frames

Mechanically fastened
C-chennel braided edge frames

Cobonded braided
Aux frames

Cobonded
floor
attach. Blade

0.5 in, 8.0 pcf HRP Core

Fiber-pleced AS4/8552 facesheets

Two-piece sills

Fig. 1.9: Typical sandwich-frame side design composite concept (from NASA CR4735 [11]).

6 1 Introduction

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



Weight per
shipset, Ibs
1,200

1,000

800

600

400

200

Skin Stringers/
core

Frames Window
belt

Skin
panel
ass’y

Door
reinforc.

fab

Pass
floor

details

Splice
details

Assembly Total
0

Weight per
shipset, Ibs

2,800
2,592

2,247
1,984

2,400

2,000

1,600

1,200

800

400

0

Skin-stringer

Sandwich

Aluminum baseline
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With its 787 “Dreamliner,” Boeing became the first airliner to launch a full-size
commercial aircraft using composite materials for the almost full fuselage, upper and
lower wing skin, radom, wing flaps, elevators, ailerons, vertical fin and horizontal
stabilizer (Fig. 1.12). One should note that the use of composites in the Boeing 787 is
80% by volume and 50% by weight.

Chapter 2 of this book is devoted to composite materials and their use.
Additional information regarding composite materials can be found in [12, 13].

Fig. 1.12: Boeing 787 “Dreamliner” composite components.
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1.4 Basic topics in elasticity

1.4.1 Stresses, strains and rigid body rotations

To be able to calculate the structural behavior of basic and complicate components
of aerospace structures, the basic concepts of elasticity will next be presented. More
in-depth notions can be found in [14].

Fig. 1.13: Airbus A380 composite components.
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314
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Fig. 1.14: Boeing 787 versus Airbus A350 XWB.
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In a 3D structure, the components of the mechanical stress (defined as force per
unit area) are presented in Fig. 1.15 for a cubic point in a structural continuum (for
a Cartesian coordinate system).

The expressions with only one index, σx, σy, σz, are normal stresses acting in the
directions x, y and z, respectively. Positive values will mean tension stress, while
a negative value will stand for compression stress. The other expressions τxz, τzx,
τyz, τzy, τxy, τyx are shear stresses, where the first index denotes the normal of the
surface on which the shear stress acts, while the second index denotes the
direction of the stress. One should note that due to equilibrium, the following iden-
tities hold for the shear stresses:

τxz = τzx, τyz = τzy, τxy = τyx. (1:1)

The stress tensor will have the following form:

σx τxy τxz
τyx σy τyz
τzx τzy σz

264
375 =

σx τxy τxz
τxy σy τyz
τxz τyz σz

264
375 (1:2)

The stresses in cylindrical coordinate system (r, θ, z) (see Fig. 1.16) are presented in
Fig. 1.17. The normal stresses are σr, σθ, σz. All the other stresses τrz, τzr, τθz,
τzθ, τrθ, τθr would stand for shear stresses:

τrθ = τθr, τrz = τzr, τθz = τzθ. (1:3)

The stress tensor will have the following form:

σr τrθ τrz
τθr σθ τθz
τzr τzθ σz

264
375 =

σr τrθ τrz
τrθ σθ τθz
τrz τθz σz

264
375 (1:4)
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Fig. 1.15: Mechanical stresses in a Cartesian coordinate system.
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One should note that a polar coordinate system (r, θ) is a 2D planar system,
with only three stresses σr, σθ, τrθ.

Writing the stresses in spherical coordinates (see Fig. 1.16) yields

σr τrθ τrϕ
τθr σθ τθϕ
τϕr τϕθ σϕ

264
375 =

σr τrθ τrϕ
τrθ σθ τθϕ
τrϕ τθϕ σϕ

264
375 (1:5)

The associated strains for a Cartesian coordinate system are defined as

εx = ∂u
∂x

, εy = ∂v
∂y

, εz =
∂w
∂z

γxy = ∂u
∂y

+ ∂v
∂x

, γyz =
∂v
∂z

+ ∂w
∂y

, γxz =
∂u
∂z

+ ∂w
∂x

(1:6)

where u, v and w are the displacements in the x, y and z directions, respectively;
εx,εy and εz are the tension/compression strains in the x, y and z directions,

Spherical coordinates

x     =    rSin θCosϕ

y     =    rSin θCosϕ

x     =    rCosθ

y     =    rSin θ

z     =    rCosθ

Tanθ       = (   (x2 + Y 2+ z2)/z)
Tanϕ      = (Y / x) Tanθ      = (Y / x)

Y

Z

x

r     =    (x2 + Y 2+ z2)

r     =    (x2 + Y 2)

ϕ

θ

r

Cylindrical coordinates

Y

Z

x
ϕ

θ

r

Fig. 1.16: Spherical and cylindrical coordinate systems.

σz

σθ

σθ
σr

σr

σz

τrθ

τθz

z

τzr

Fig. 1.17: Mechanical stresses in cylindrical coordinate system.
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respectively, while the shear strains are represented by γxy = γyx, γyz = γzy and
γxz = γzx. In matrix notation, the strains are written as

εx εxy εxz
εxy εy εyz
εxz εyz εz

264
375 =

εx 0.5γxy 0.5γxz
0.5γxy εy 0.5γyz
0.5γxz 0.5γyz εz

264
375 (1:7)

For a cylindrical coordinate system, having the displacements ur,uθ and uz in the r,
θ, and z directions, respectively, the strains are defined as follows:

εr =
∂ur
∂r

, εθ = ur
r

+ 1
r
∂uθ
∂θ

, εz =
∂uz
∂z

γrθ = γθr =
∂uθ
∂r

+ 1
r
∂ur
∂θ

−
uθ
r
, γθz = γzθ = 1

r
∂uz
∂θ

+ ∂uθ
∂z

, γzr = γrz =
∂ur
∂z

+ ∂uz
∂r

(1:8)

The matrix notation would be

εr εrθ εrz
εrθ εθ εθz
εrz εθz εz

264
375 =

εr 0.5γrθ 0.5γrz
0.5γrθ εθ 0.5γθz
0.5γrz 0.5γθz εz

264
375 (1:9)

where εr,εθ and εz are the tension/compression strains in the r, θ and z directions, re-
spectively, while the shear strains are represented by γrθ = γθr,γθz = γzθ and γzr = γrz.

For a spherical coordinate system, having the displacements ur,uθ and uϕ in the
r, θ and ϕ directions, respectively, the strains are defined as follows:

εr =
∂ur
∂r

; εθ = ur
r

+ 1
r
∂uθ
∂θ

; εϕ = 1
r sin θ

∂uϕ
∂ϕ

+ ur
r

+ uθ cot θ
r

γrθ = γθr = r
∂

∂r
uθ
r

� �
+ 1

r
∂ur
∂θ

= ∂uθ
∂r

−
uθ
r

+ 1
r
∂ur
∂θ

γθϕ = γϕθ = sin θ
r

∂

∂θ
uϕ
sin θ

� �
+ 1

r sin θ
∂uθ
∂ϕ

= 1
r
∂uϕ
∂θ

−
uϕ
r
cot θ + 1

r sin θ
∂uθ
∂ϕ

γrϕ = γϕr =
1

r sin θ
∂ur
∂ϕ

+ r
∂

∂r
uϕ
r

� �
= 1

r sin θ
∂ur
∂ϕ

+ ∂uϕ
∂r

−
uϕ
r

(1:10)

where εr,εθ and εϕ are the tension/compression strains in the r, θ and ϕ directions,
respectively, while the shear strains are represented by γrθ = γθr,γθϕ = γϕθ and
γϕr = γrϕ. The matrix of the strains in spherical coordinates has the following form:

εr εrθ εrϕ
εrθ εθ εθϕ
εrϕ εθϕ εϕ

264
375 =

εr 0.5γrθ 0.5γrϕ
0.5γrθ εy 0.5γθϕ
0.5γrϕ 0.5γθϕ εz

264
375 (1:11)
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One should note that during deforming, an element on a given body would
change its shape, translate and rotate. So, beside strains, one can write the rigid
body rotations as a function of the assumed displacements. For a Cartesian coordi-
nate system, these rotations are defined as (see also [14])

ωx = 1
2

∂w
∂y

−
∂v
∂z

� �
, ωy =

1
2

∂u
∂z

−
∂w
∂x

� �
, ωz =

1
2

∂v
∂x

−
∂u
∂y

� �
and

ωzy = − ωyz ≡ωx, ωxz = − ωzx ≡ωy, ωyx = − ωxy ≡ωz

(1:12)

The definitions for the rotations in a cylindrical coordinate system will have the fol-
lowing expressions:

ωr =
1
2

1
r
∂uz
∂θ

−
∂uθ
∂z

� �
, ωθ = 1

2
∂ur
∂z

−
∂uz
∂r

� �
, ωz =

1
2r

∂

∂r
r · uθð Þ − ∂ur

∂θ

� �
and

ωzθ = − ωθz ≡ωr, ωrz = − ωzr ≡ωθ, ωθr = − ωrθ ≡ωz

(1:13)

while for a spherical coordinate system, these rotations will be given by

ωr =
1

2r2 sin θ
∂

∂θ
r · uϕ · sin θ
� 	

−
∂

∂ϕ
r · uθð Þ

� �
ωθ = 1

2r sin θ
∂ur
∂ϕ

−
∂

∂r
r · uϕ · sin θ
� 	� �

, ωϕ = 1
2r

∂

∂r
r · uθð Þ − ∂ur

∂θ

� �
and

ωϕθ = − ωθϕ ≡ωr, ωrϕ = − ωϕr ≡ωθ, ωθr = − ωrθ ≡ωϕ

(1:14)

Assuming Hook’s law for isotropic materials, one can write the strain–stress rela-
tions in a Cartesian coordinate system yielding the following expressions:

εx = 1
E

σx − ν σy + σz
� 	
 �

, εy = 1
E

σy − ν σx + σzð Þ
 �
εz =

1
E

σz − ν σx + σy
� 	
 �

γxy = τxy
G

, γyz =
τyz
G

, γxz =
τxz
G

(1:15)

where E, G = E
2ð1 + νÞ and ν are the Young’s modulus, the shear modulus and the

Poisson’s ratio, respectively. For a cylindrical coordinate system, the strain–stress
relations can be written as
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εr =
1
E

σr − ν σθ + σzð Þ½ �, εθ = 1
E

σθ − ν σr + σzð Þ½ �,

εz =
1
E

σz − ν σr + σθð Þ½ �,

γrθ = τrθ
G

, γθz =
τθz
G

, γrz =
τrz
G

(1:16)

In a similar way, the strain–stress relations for a spherical coordinate system can
be shown to have the following expressions:

εr =
1
E

σr − ν σθ + σϕ
� 	
 �

, εθ = 1
E

σθ − ν σr + σϕ
� 	
 �

εϕ = 1
E

σϕ − ν σr + σθð Þ
 �
γrθ = τrθ

G
, γθϕ = τθϕ

G
, γrϕ = τrϕ

G

(1:17)

The stress–strain relations, namely the stresses being expressed as a function of the
strains, for Cartesian, cylindrical and spherical coordinate systems are presented in
eqs. (1.18), (1.19) and (1.20), respectively

σx = E
ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεx + ν εy + εz

� 	
 �
σy =

E
ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεy + ν εx + εzð Þ
 �

σz =
E

ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεz + ν εx + εy
� 	
 �

τxy = Gγxy, τyz = Gγyz, τxz = Gγxz

(1:18)

σr =
E

ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεr + ν εθ + εzð Þ½ �

σθ = E
ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεθ + ν εr + εzð Þ½ �

σz =
E

ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεz + ν εr + εθð Þ½ �
τrθ = Gγrθ, τθz = Gγθz, τrz = Gγrz

(1:19)
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σr =
E

ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεr + ν εθ + εϕ
� 	
 �

σθ = E
ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεθ + ν εr + εϕ

� 	
 �
σϕ = E

ν + 1ð Þ 1 − 2νð Þ 1 − νð Þεϕ + ν εr + εθð Þ
 �
τrθ = Gγrθ, τθϕ = Gγθϕ, τrϕ = Gγrϕ

(1:20)

1.4.2 Equilibrium and compatibility equations in elasticity

For a Cartesian coordinate system, the equilibrium equations have the following
form:

∂σx
∂x

+ ∂τxy
∂y

+ ∂τxz
∂z

+ �X = 0

∂τxy
∂x

+ ∂σy
∂y

+ ∂τyz
∂z

+ �Y = 0

∂τxz
∂x

+ ∂τyz
∂y

+ ∂σz
∂z

+ �Z = 0

(1:21)

while �X, �Y and �Z being body forces in the x, y and z directions, respectively.
Similarly, for a cylindrical coordinate system, the three equilibrium equations

would read

∂σr

∂r
+ 1

r
∂τrθ
∂θ

+ ∂τrz
∂z

+ σr − σθ
r

+ �R = 0

∂τrθ
∂r

+ 1
r
∂σθ
∂θ

+ ∂τθz
∂z

+ 2τrθ
r

+ �Θ = 0

∂τrz
∂r

+ 1
r
∂τθz
∂θ

+ ∂σz
∂z

+ τrz
r

+ �Z = 0

(1:22)

with �R, �Θ and �Z being body forces in the r, θ and z directions, respectively.
Finally, the equilibrium equations in a spherical coordinate system can be written

as

∂σr

∂r
+ 1

r
∂τrθ
∂θ

+ 1
r · sin θ

∂τrϕ
∂ϕ

+ 1
r

2σr − σθ − σϕ + τrθ cot θ
� 	

+ �R = 0

∂τrθ
∂r

+ 1
r
∂σθ
∂θ

+ 1
r · sin θ

∂τθϕ
∂ϕ

+ 1
r

σθ − σϕ
� 	

cot θ + 3τrθ

 �

+ �Θ = 0

∂τrϕ
∂r

+ 1
r
∂τθϕ
∂θ

+ 1
r · sin θ

∂σϕ

∂ϕ
+ 1

r
3τrϕ + 2τθϕ
� 	

+ �Φ = 0

(1:23)

with �R,�Θ and �Φbeing body forces in the r, θ and ϕ directions, respectively.
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With the strains and the stresses being interconnected through the Hook’s law,
the question remains how to get the displacements if the expressions for the strains
are known. To ensure a unique solution for the displacements, once the strains are
given, the compatibility equations should be satisfied. These equations, for a Cartesian
coordinate system, are given in a compact form as

εij, kl + εkl, ij − εik, jl − εjl, ik = 0

where

i, j, k, l = x, y, z

(1:24)

The compact form of eq. (1.24) transforms in the following six equations, which
have to be fulfilled to ensure a unique solution for the displacement field, for a pre-
scribed strain field:

∂2εx
∂y2

+ ∂2εy
∂x2

= 2
∂2εxy
∂x∂y

∂2εx
∂z2

+ ∂2εz
∂x2

= 2
∂2εxz
∂x∂z

∂2εy
∂z2

+ ∂2εz
∂y2

= 2
∂2εyz
∂y∂z

∂2εx
∂y∂z

+ ∂2εyz
∂x2

= ∂2εxz
∂x∂y

+ ∂2εxy
∂x∂z

∂2εy
∂x∂z

+ ∂2εxz
∂y2

= ∂2εyz
∂x∂y

+ ∂2εxy
∂y∂z

∂2εz
∂x∂y

+ ∂2εxy
∂z2

= ∂2εxz
∂y∂z

+ ∂2εyz
∂x∂z

(1:25)

where

εxy ≡0.5γxy, εxz ≡0.5γxz, εyz ≡0.5γyz
εyx ≡0.5γyx, εzx ≡0.5γzx, εzy ≡0.5γzy

(1:26)

Equation (1.25) can be written in terms of stresses and are usually referred to as the
compatibility equations in terms of stress, or the Beltrami–Michell (see [14, 15]) com-
patibility equations. Before presenting these compatibility equations it is instructive
to present the equilibrium equations presented in eq. (1.21), using the assumed
Cartesian displacements. These are called the equilibrium equations in terms of dis-
placement or the Navier’s equations. Their form is given as

16 1 Introduction
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λ + Gð Þ ∂ε
∂x

+ G∇2u + Fx = 0

λ + Gð Þ ∂ε
∂y

+ G∇2v + Fy = 0

λ + Gð Þ ∂ε
∂z

+ G∇2w + Fz = 0

(1:27)

where the Laplace operator, ∇2, is defined (for a Cartesian coordinate system1) as

∇2 ≡
∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

and

ε≡ εx + εy + εz =
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

(1:28)

and the body forces Fx, Fy and Fz are defined according to the body forces defined
in eq. (1.21), yielding

Fx ≡ �X, Fy ≡ �Y, Fz ≡ �Z (1:29)

Finally, the constants λ and G, also called the Lame’s constants, are defined as

G≡
E

2 1 + νð Þ λ = νE
1 + νð Þ 1 − 2νð Þ . (1:30)

where ν and E are the Poisson’s ratio and the Young’s modulus, respectively.
The Navier’s equations in a cylindrical coordinate system can be presented as

λ + 2Gð Þ ∂Hε

∂r
− 2G

1
r
∂ρz
∂θ

−
∂ρθ
∂z

� �
+ Fr = 0

λ + 2Gð Þ ∂Hε

r∂θ
− 2G

∂ρr
∂z

−
∂ρz
∂r

� �
+ Fθ = 0

λ + 2Gð Þ ∂Hε

∂z
− 2G

∂ rρθ
� 	
∂r

−
∂ρr
∂θ

� �
+ Fz = 0

(1:31)

where, according to eq. (1.22), the body forces are defined as

Fr ≡R, Fθ ≡Θ, Fz ≡ �Z (1:32)

and

1 For a cylindrical coordinates system: ∇2 ≡ ∂2

∂r2
+ 1

r
∂
∂r + 1

r2
∂2

∂θ2
+ ∂2

∂z2
, while for a spherical one the

expression is: ∇2 ≡ ∂2

∂r2
+ 2

r
∂
∂r + 1

r sin ϕð Þ
� �2

∂2

∂θ2
+ 1

r2
∂2

∂ϕ2
+ 1

r2 tan ϕð Þ
∂
∂ϕ.
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Hε ≡
1
r
rurð Þ
∂r

+ 1
r
∂uθ
∂θ

+ ∂uz
∂z

ρr ≡
1
2

1
r
∂uz
∂θ

−
∂uθ
∂z

� �
ρθ ≡

1
2

∂ur
∂z

−
∂uz
∂r

� �
ρz ≡

1
2

∂ ruθð Þ
∂r

−
∂ur
∂θ

� �
(1:33)

while for a spherical coordinate system, the relevant expressions are

λ + 2Gð Þ ∂Hε

∂r
−

2G
r sin θ

∂ ρϕ sin θ
� �

∂θ
−

∂ρθ
∂ϕ

24 35 + Fr = 0

λ + 2Gð Þ ∂Hε

r∂θ
−

2G
r

1
sin θ

∂ ρrð Þ
∂ϕ

−
∂ rρϕ
� �
∂r

24 35 + Fθ = 0

λ + 2Gð Þ
r sin θ

∂Hε

∂ϕ
−

2G
r

∂ rρθ
� 	
∂r

−
∂ rρrð Þ
∂θ

� �
+ Fϕ = 0

(1:34)

where, according to eq. (1.23), the body forces are defined as

Fr ≡R, Fθ ≡Θ, Fz ≡Φ (1:35)

and

Hε ≡
1
r2
∂ r2urð Þ
∂r

+ 1
r sin θ

∂ uθ sin θð Þ
∂θ

+ 1
r sin θ

∂uϕ
∂ϕ

ρr ≡
1

2r sin θ
∂ uϕ sin θ
� 	

∂θ
−

∂uθ
∂ϕ

� �

ρθ ≡
1
2

1
r sin θ

∂ur
∂ϕ

−
1
r
∂ ruϕ
� 	
∂r

� �
ρz ≡

1
2r

∂ ruθð Þ
∂r

−
∂ur
∂θ

� �
(1:36)

The Beltrami–Michell compatibility equations are given in a compact form2 as

σij, kk + 1
1 + ν

σkk, uj = −
ν

1 − ν
Fk, kδij − Fi, j − Fj, i (1:37)

2 δij is the Kronecker delta defined as: δij =0 if i≠j; and δij = 1 if i= j.
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Expanding eq. (1.32) leads to the following six equations (for a Cartesian system)

∇2σx + 1
1 + ν

∂2Λ
∂x2

= −
1

1 − ν
∂Fx
∂x

+ ∂Fy
∂y

+ ∂Fz
∂z

� �
− 2

∂Fx
∂x

∇2σy +
1

1 + ν
∂2Λ
∂y2

= −
1

1 − ν
∂Fx
∂x

+ ∂Fy
∂y

+ ∂Fz
∂z

� �
− 2

∂Fy
∂y

∇2σz +
1

1 + ν
∂2Λ
∂z2

= −
1

1 − ν
∂Fx
∂x

+ ∂Fy
∂y

+ ∂Fz
∂z

� �
− 2

∂Fz
∂z

∇2τyz +
1

1 + ν
∂2Λ
∂y∂z

= −
∂Fz
∂y

+ ∂Fy
∂z

� �

∇2τzx + 1
1 + ν

∂2Λ
∂z∂x

= −
∂Fx
∂z

+ ∂Fz
∂x

� �

∇2τxy + 1
1 + ν

∂2Λ
∂x∂y

= −
∂Fy
∂x

+ ∂Fx
∂y

� �
where Λ≡σx + σy + σz

(1:38)

For a cylindrical coordinate system, the strain compatibility equations have the fol-
lowing form (see derivation in [16]):

1
r
∂2εr
∂θ2

+ ∂

∂r
r
∂εθ
∂r

− εr − εθð Þ
� 


= ∂

∂θ
∂γrθ
∂r

+ γrθ
r

� 

1
r2
∂2εz
∂θ2

+ ∂2εθ
∂z2

+ 1
r
∂εz
∂r

= 1
r
∂

∂z
∂γθz
∂θ

+ γrz

� 

∂2εz
∂r2

+ ∂2εr
∂z2

= ∂2γrz
∂r∂z

2
r
∂2εr
∂θ∂z

= 1
r
∂

∂r
r
∂γrθ
∂z

− γθz

� 

+ ∂

∂r
1
r
∂γrz
∂θ

−
∂γθz
∂r

� 

+ 1

r
∂γrθ
∂z

+ γθz
r2

2
∂

∂z
∂εθ
∂r

−
εr − εθ

r

� �� 

= 1

r
∂

∂θ
∂γθz
∂r

−
1
r
∂γrz
∂θ

+ ∂γrθ
∂z

� 

+ 1

r2
∂γθz
∂θ

2
r
∂

∂θ
∂εz
∂r

−
εz
r

� 

= ∂

∂z
∂γθz
∂r

+ 1
r
∂γrz
∂θ

−
∂γrθ
∂z

−
γθz
r

� 


(1:39)

where the various strain components were defined in eq. (1.8).
The associated Beltrami–Michell compatibility equations given for a cylindrical

coordinate system are given as
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1
r
∂

∂r
r
∂σr
∂r

� �
+ 1

r2
∂σr
∂θ2

+ ∂2σr
∂z2

+ 1
1 + ν

∂2Ω
∂r2

= −
1

1 − ν
1
r

∂ rFrð Þ
∂r

+ ∂Fθ
∂θ

+ r∂Fz
∂z

� �
− 2

∂Fr
∂r

1
r
∂

∂r
r
∂σθ
∂r

� �
+ 1

r2
∂σθ

∂θ2
+ ∂2σθ

∂z2
+ 1

1 + ν
∂2Ω
∂θ2

= −
1

1 − ν
1
r

∂ rFrð Þ
∂r

+ ∂Fθ
∂θ

+ r∂Fz
∂z

� �
− 2

∂Fθ
∂θ

1
r
∂

∂r
r
∂σz
∂r

� �
+ 1

r2
∂σz

∂θ2
+ ∂2σz

∂z2
+ 1

1 + ν
∂2Ω
∂z2

= −
1

1 − ν
1
r

∂ rFrð Þ
∂r

+ ∂Fθ
∂θ

+ r∂Fz
∂z

� �
− 2

∂Fz
∂z

1
r
∂

∂r
r
∂σθz
∂r

� �
+ 1
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� �
where Ω≡σr + σθ + σz

(1:40)

The strain compatibility equations in a spherical coordinate system, defined in eq.
(1.10), have the following form (for clarity, the expressions for the various strains
are not presented using the three assumed displacements ur, uθ and uϕ in the direc-
tions r, θ,ϕ, respectively)

∂2εr
∂θ2

+ ∂2εθ
∂r2

− 2
∂2εrθ
∂r∂θ

= 0

∂2εθ
∂ϕ2 + ∂2εϕ

∂θ2
− 2

∂2εθϕ
∂θ∂ϕ

= 0

∂2εϕ
∂r2

+ ∂2εr
∂ϕ2 − 2

∂2εϕr
∂ϕ∂r
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∂2εr
∂θ∂ϕ

+ ∂2εθϕ
∂r2

−
∂2εrθ
∂r∂ϕ

−
∂2εrϕ
∂r∂θ

= 0

∂2εθ
∂ϕ∂r

+ ∂2εϕr
∂θ2

−
∂2εθϕ
∂θ∂r

−
∂2εθr
∂θ∂ϕ

= 0

∂2εϕ
∂r∂θ

+ ∂2εrθ
∂ϕ2 −

∂2εϕr
∂ϕ∂θ

−
∂2εϕθ
∂ϕ∂r

= 0

(1:41)

where

εrθ ≡0.5γrθ, εrϕ ≡0.5γrϕ, εθϕ ≡0.5γθϕ
εθr ≡0.5γθr, εϕr ≡0.5γϕr, εϕθ ≡0.5γϕθ

(1:42)
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Finally, the associated Beltrami–Michell compatibility equations given for a spherical
coordinate system are given as
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where Ψ≡σr + σθ + σϕ

(1:43)

1.4.3 Plane stress and plane strain (2D representations)

Often 3D elasticity problems can be reduced to only 2D representations, thus en-
abling an easier solution. These cases are either called plane stress and/or plane
strain problems.
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1.4.3a Plane stress problems
Three-dimensional cases for which 1D is much smaller than the other two, like in
the case of thin flat plates, can be approximated using the plane stress assumption.
For these cases, the plate thickness would be in the z direction, with loads being
applied perpendicular to it. Then, under these assumptions, all stress components
having a subscript z are assumed to be zero. The remaining stress components are
then assumed to be functions of only x and y coordinates. This will transform the
3D equations, presented in eq. (1.15) (for a Cartesian coordinate system) into the fol-
lowing simplified 2D form:

εx = 1
E

σx − νσy

 �

, εy =
1
E

σy − νσx

 �

εz = −
1
E

ν σx + σy
� 	
 �

γxy = τxy
G

, γyz = 0, γxz = 0

(1:44)

Accordingly, for a cylindrical coordinate system, we will get the following equations
(based on eq. (1.16), under the assumption that there is no z dependence), which
are also known as polar representation

εr =
1
E

σr − νσθ½ �, εθ = 1
E

σθ − νσr½ �

εz = −
1
E

ν σr + σθð Þ½ �

γrθ = τrθ
G

, γθz = 0, γrz = 0

(1:45)

The inverse equations, namely the stresses as a function of the strains, are next
presented3

σx = E
1 − ν2ð Þ εx + νεy


 �
σy = E

1 − ν2ð Þ εy + νεx

 �

σz = 0 = 1 − νð Þεz + ν εx + εy
� 	
 �

τxy = Gγxy, τyz = 0, τxz = 0

(1:46)

3 One should note that the strain in the z direction, εz≠0!
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σr =
E

1 − ν2ð Þ εr + νεθ½ �

σθ = E
1 − ν2ð Þ εθ + νεr½ �

σz = 0 = 1 − νð Þεz + ν εr + εθð Þ½ �
τrθ = Gγrθ, τθz = 0, τrz = 0

(1:47)

The strains compatibility equations, as presented in eq. (1.25), will have the follow-
ing compact form for the plane stress case for a Cartesian system:

∂2εx
∂y2

+ ∂2εy
∂x2

= 2
∂2εxy
∂x∂y

∂2εz
∂x2

= 0

∂2εz
∂y2

= 0

∂2εz
∂x∂y

= 0

(1:48)

Note that the last three equations in eq. (1.48) might cause some difficulties for
plane stress problems. For a cylindrical coordinate system, the strain compatibility
equations would be (see eq. (1.39) for the 3D case)

1
r
∂2εr
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+ ∂

∂r
r
∂εθ
∂r

− εr − εθð Þ
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= ∂

∂θ
∂γrθ
∂r

+ γrθ
r

� 

1
r
∂2εz
∂θ2

+ ∂εz
∂r

= 0

∂2εz
∂r2

= 0

∂

∂θ
∂εz
∂r

−
εz
r

� 

= 0

(1:49)

1.4.3b Plane strain problems
Three-dimensional cases for which 1D is much larger than the other two, as in the
case of long cylindrical bodies or water dam-type structures, can be approximated
using the plane strain assumption. For these cases, the larger dimension would be
in the z direction, and for any x–y plane (perpendicular to z) it is assumed that the
loads are independent of z. Then, under these assumptions, all strain components
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having a subscript z are assumed to be zero. The remaining strain components are
then assumed to be functions of only x and y coordinates.4 This will transform the
3D equations presented in eq. (1.15) (for a Cartesian coordinate system) into the fol-
lowing simplified 2D form:

εx = 1
E

σx − ν σy + σz
� 	
 �

, εy = 1
E

σy − ν σz + σxð Þ
 �
εz = 0 = 1

E
σz − ν σx + σy

� 	
 �
γxy = τxy

G
, γyz = 0, γxz = 0

(1:50)

Accordingly, for a cylindrical coordinate system, we will obtain

εr =
1
E

σr − ν σθ + σzð Þ½ �, εθ = 1
E

σθ − ν σz + σrð Þ½ �

εz = 0 = −
1
E

σz − ν σr + σθð Þ½ �

γrθ = τrθ
G

, γθz = 0, γrz = 0

(1:51)

The inverse equations, namely the stresses as a function of the strains, are next
presented:

σx = E
1 + νð Þ 1 − 2νð Þ 1 − νð Þεx + νεy


 �
σy = E

1 + νð Þ 1 − 2νð Þ 1 − νð Þεy + νεx

 �

σz =
E

1 + νð Þ 1 − 2νð Þ ν εx + εy
� 	
 �

τxy = Gγxy, τyz = 0, τxz = 0

(1:52)

σr =
E

1 + νð Þ 1 − 2νð Þ 1 − νð Þεr + νεθ½ �

σθ = E
1 + νð Þ 1 − 2νð Þ 1 − νð Þεθ + νεr½ �

σz =
E

1 + νð Þ 1 − 2νð Þ ν εr + εθð Þ½ �
τrθ = Gγrθ, τθz = 0, τrz = 0

(1:53)

The strain compatibility equations, as presented in eq. (1.25), will have the follow-
ing compact form for the plane strain case for a Cartesian system:

4 Note that in this case σz ≠0 !
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+ ∂2εy
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∂
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= 0
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(1:54)

Note that the last three equations in eq. (1.54) might complicate the solutions for
plane strain problems (the same as for the plane stress case, presented above). For
a cylindrical coordinate system, the strain compatibility equations would be (see
eq. (1.39) for the 3D case)
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∂2εz
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= 0

∂
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∂εz
∂r

−
εz
r

� 

= 0

(1:55)

1.4.4 The Airy function ϕ x, yð Þ

One of the most efficient ways to solve 2D problems in elasticity is to introduce a new
variable, known as the Airy stress function, ϕ x, yð Þ, suggested by sir George Airy in
1862.5 According to his idea, the stresses are defined as a function of the new vari-
able leading to a new differential equation, which can be shown to be solvable in
a much easier way compared to the solution of the equations of equilibrium, the
Navier’s equations (see eq. (1.27)). This leads to the following expressions for the
three planar stresses (for a Cartesian coordinate system):

5 Sir George Biddeli Airy (1801–1892), English astronomer and mathematician (https://en.wikipe
dia.org/wiki/George_Biddell_Airy)
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σx x, yð Þ≡ ∂2ϕ x, yð Þ
∂y2

σy x, yð Þ≡ ∂2ϕ x, yð Þ
∂x2

τxy x, yð Þ≡ −
∂2ϕ x, yð Þ
∂x∂y

(1:56)

Having the stresses expressed by the Airy function, ϕ x, yð Þ, we can substitute eq.
(1.56) into eq. (1.54) yielding the compatibility equation for a state of plane strain,
with no body forces, where the unknown is the Airy function:

∂4ϕ x, yð Þ
∂x4

+ 2
∂4ϕ x, yð Þ
∂x2∂y2

+ ∂4ϕ x, yð Þ
∂y4

≡∇4ϕ x, yð Þ = 0 (1:57)

Equation (1.57) is also known as the biharmonic equation or ∇4ϕ x, yð Þ = 0.
For a cylindrical coordinate system, the biharmonic equation has the following

form:

∇4ϕ r, θð Þ≡∇2 ∇2ϕ r, θð Þ
 �
=
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+ 1
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� �
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∂r2
+ 1

r
∂ϕ r, θð Þ

∂r
+ 1

r2
∂2ϕ r, θð Þ

∂θ2

� �
= 0

(1:58)

where the stress components are defined as

σr r, θð Þ≡ 1
r
∂ϕ r, θð Þ

∂r
+ 1

r2
∂2ϕ r, θð Þ

∂θ2

σθ r, θð Þ≡ ∂2ϕ r, θð Þ
∂r2

τrθ r, θð Þ≡ −
1
r
∂2ϕ r, θð Þ
∂r∂θ

+ 1
r2
∂ϕ r, θð Þ

∂θ

(1:59)

Often, there are problems in which the applied loads have an axisymmetric distri-
bution, namely there is no dependence on the θ variable, and all derivatives with
respect to it would vanish. This results in the following stress field: σr rð Þ, σθ rð Þ and
σrθ rð Þ = 0. For the axisymmetric stress distribution, the biharmonic function (eq.
(1.58)) reduces to

∇4ϕ rð Þ≡ ∂2

∂r2
+ 1

r
∂

∂r

� �
∂2ϕ rð Þ
∂r2

+ 1
r
∂ϕ rð Þ
∂r

� �
=

d4ϕ rð Þ
dr4

+ 2
r
d3ϕ rð Þ
dr3

−
1
r2
d2ϕ rð Þ
dr2

+ 1
r3
dϕ rð Þ
dr

= 0

(1:60)
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The solution for eq. (1.60) has the following form:

ϕ rð Þ = A1 + A2 log r + A3r2 + A4r2 log r (1:61)

and according to eq. (1.59) the expressions for the stresses are

σr rð Þ≡ 1
r
dϕ rð Þ
dr

= A2

r2
+ 2A3 + A4 2 log r + 1ð Þ

σθ rð Þ≡ d2ϕ r, θð Þ
dr2

= −
A2

r2
+ 2A3 + A4 2 log r + 3ð Þ

τrθ r, θð Þ≡0

(1:62)

where A1, A2, A3 and A4 are constants to be determined from the boundary condi-
tions of the given problem.

For the case of plane stress, it can be shown that for the case of no body forces
with symmetrically distributed applied loads, the Airy stress function ϕ x, yð Þ has
the following form:

ϕ x, yð Þ≡ψ x, yð Þ − νz2

2 1 + νð Þr2 ∇
2ψ x, yð Þ (1:63)

where ψ x, yð Þ is the solution of the following biharmonic function ∇2ψ x, yð Þ.
Assuming the condition for the plane strain, namely, z is a very small quantity leads
to ϕ x, yð Þ≈ψ x, yð Þ, which makes also the plane stress cases being solved by the bi-
harmonic equation presented above.

In conclusion, the use of the Airy stress function representation reduces the
problem of solving the stresses for an elastic body to that of finding a solution for
the biharmonic partial differential equation, ∇4ϕ x, yð Þ = 0, whose derivatives
would satisfy certain boundary conditions, according to the posed problem.

1.4.5 Thermal field

All the previous equations were derived assuming the temperature of the given
structure is constant, without any changes. However, for an unconstrained body,
changing the uniform temperature, either by heating or by cooling, would cause
the body to expand or contract, leading to normal strains. Preventing the expansion
or the contraction would give rise to thermal stresses inside the structure.

To take this effect into consideration, one must redefine the stress–strain rela-
tionships, superimposing the thermal strains onto the mechanical one. Assuming
the change in temperature is given spatially by T(x, y), the corresponding change in
the length would be written by

ΔL = αLT x, yð Þ (1:64)

1.4 Basic topics in elasticity 27

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



where α is the linear thermal expansion coefficient. The associated thermal strain is
then defined as

εt =
ΔL
L

= αT x, yð Þ (1:65)

Adding thermal strains to the mechanical ones (see, e.g., eq. (1.44)) leads for the
plane stress case to

εx = 1
E

σx − νσy

 �

+ αT, εy =
1
E

σy − νσx

 �

+ αT, γxy = τxy
G

(1:66)

Expressing strains as a function of strains leads to

σx = E
1 − ν2ð Þ εx + νεy


 �
−

EαT
1 − νð Þ

σy = E
1 − ν2ð Þ εy + νεx


 �
−

EαT
1 − νð Þ

τxy = Gγxy

(1:67)

Similar expressions can also be obtained for the plane strain case.
The biharmonic equation in the presence of a temperature field, T x, yð Þ, can be

shown to have the following form:

∇4ϕ x, yð Þ + αE∇2T x, yð Þ = 0 (1:68)

This equation is true for both the plane stress and plane strains, provided the body
forces can be assumed to be negligible.
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2 Composite materials

2.1 Introduction

2.1.1 General introduction

One of the common definitions for a composite material, usually made of two con-
stituents,one being the fiber (the reinforcement) and the other the glue (the matrix)
states that a combination of the two materials would result in better properties than
those of the individual components when they are used alone. The main advan-
tages of composite materials over other existing materials, like metals or plastics,
are their high strength and stiffness, combined with low density, allowing for a
weight reduction in the finished part. The various types of composites are usually
referred in the literature, as a block diagram, as depicted in Fig. 2.1 In this chapter
when we are talking about a composite material, we restrict ourselves to only con-
tinuous fibers (reinforcements) being embedded into a carrying matrix formed from
an adequate glue.

Examples of such continuous reinforcements include unidirectional, woven cloth
and helical winding (see Fig. 2.2). Continuous-fiber composites are often made into
laminates by stacking single sheets of continuous fibers in different orientations to
obtain the desired strength and stiffness properties with fiber volumes as high as
60–70%. Fibers produce high-strength composites because of their small diameter;
they contain far fewer defects (normally surface defects) compared to the material
produced in bulk. On top of it, due to their small diameter the fibers are flexible and
suitable for complicated manufacturing processes, such as small radii or weaving.
Materials like glass, graphite, carbon or aramid are used to produce fibers (see typical
properties in Table 2.1). The today’s usage of composite materials is mainly driven by
the aerospace sector, with large percentage of the modern airplane structures, like
Boeing 787 or Airbus A380 (see Fig. 2.3), being manufactured from carbon, glass and
aramid fibers. The main material for the matrix is a polymer, which has low strength
and stiffness. The main functions of the matrix are to keep the fibers in the proper
orientation and spacing and providing protection to the fiber from abrasion and the
environment. In polymer matrix composites, the good and strong bond between the
matrix and the reinforcement allows the matrix to transmit the outside loads from
the matrix to the fibers through shear loading at the interface. Two types of polymer
matrices are available: thermosets and thermoplastics. A thermoset starts as a low-
viscosity resin that reacts and cures during processing, forming a solid. A thermo-
plastic is a high-viscosity resin that is processed by heating it above its melting
temperature. Because a thermoset resin sets up and cures during processing, it can-
not be reprocessed by reheating. A thermoplastic can be reheated above its melting
temperature for additional processing.

https://doi.org/10.1515/9783110537574-002
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2.2 Unidirectional composites

Unidirectional composites are usually composed of two constituents, the fiber and
the matrix (which is the glue holding together the two components). Based on the
rule of mixtures one can calculate the properties of the unidirectional layer based
on the properties of the fibers and the matrix and their volume fracture. The as-
sumption to be made when applying the rule of mixtures is that the two constitu-
ents are bonded together and they behave like a single body. The longitudinal
modulus (or the major modulus), E11, of the layer can be written as

E11 = EfVf + EmVm (2:1)

0° 0° / 90° –+30°

Fig. 2.2: Typical composite materials.
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Fig. 2.1: Typical composite materials.
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Table 2.1: Typical properties of mostly used reinforced continuous fibers (from [1] and [2]).

Material Trade name Density, ρ
(kg/m)

Typical fiber
diameter

(μm)

Young’s
modulus,
E (GPa)

Tensile
strength

(GPa)

α-AlO

(aluminum oxide)
FP (US) ,   .

AlO + SiO + BO

(mullite)
Nextel
(USA)

,   .

AlO + SiO

(alumina–silica)
Altex (Japan) , –  .

Boron (CVD* on
tungsten)

VMC (Japan) ,   .

Carbon
(PAN** precursor)

T (Japan) ,   .

Carbon
(PAN** precursor)

T (Japan) , .  .

Carbon
(pitch*** precursor)

Thorne IP
(USA)

,   .

SiC (+O)
(silicon carbide)

Nicalon
(Japan)

,   .–.

SiC (low O) (silicon
carbide)

Hi-Nicalon
(Japan)

,   .

SiC (+O + Ti)
(silicon carbide)

Tyranno
(Japan)

,   .

SiC (monofilament)
(silicon carbide)

Sigma ,   .

E-glass (silica) ,   .–.

E-glass (silica) ,   .–.

Quartz(silica) , –  .

Aromatic polyamide Kevlar 
(USA)

,   .

Polyethylene (UHMW)† Spectra 

(USA)
   .

High carbon steel E.g., piano
wire

,   .
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where Ef and Em are the longitudinal moduli for the fibers and the matrix, respec-
tively, and Vf and Vm are their volume fractions.1

The major Poisson’s coefficient, υ12, is given by

υ12 = υfVf + υmVm (2:2)

where υf and υm are the longitudinal moduli for the fibers and the matrix,
respectively.

One should note that the minor Poisson’s coefficient, υ21, will be calculated to be

υ12
E11

= υ21
E22

) υ21 = υ12
E22

E11
(2:3)

The transverse modulus (or the minor modulus), E22, of the layer is given as

1
E22

= Vf

Ef
+ Vm

Em
) E22 =

Em

Vf
Em
Ef

+ Vm
= Em

Vf
Em
Ef

+ 1 − Vfð Þ (2:4)

The shear modulus of the layer, G12, is given as

1
G12

= Vf

Gf
+ Vm

Gm
) G12 =

Gm

Vf
Gm

Gf
+ Vm

= Gm

Vf
Gm

Gf
+ 1 − Vfð Þ

(2:5)

where Gf and Gm are the shear moduli for the fibers and the matrix, respectively.
To be able to assess the differences between the properties of the fiber and to

compare to those of the matrix, the reader is referred to Table 2.2 (from [1]).

Table 2.1 (continued)

Material Trade name Density, ρ
(kg/m)

Typical fiber
diameter

(μm)

Young’s
modulus,
E (GPa)

Tensile
strength

(GPa)

Aluminum Electrical
wire

,   .

Titanium Wire ,   .

*CVD, chemical vapor deposition.
** PAN, polyacrylonitrile. About 90% of the carbon fibers produced are made from PAN.
*** Pitch is a viscoelastic material that is composed of aromatic hydrocarbons. Pitch is produced
via the distillation of carbon-based materials, such as plants, crude oil and coal.
† UHMW, ultra-high-molecular-weight polyethylene (or polyethene, the most common plastic
produced in the world) is a subset of the thermoplastic polyethylene.

1 Note that Vf + Vm = 1.
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As described in [1], the simple micromechanics model used in the rule of mixtures
predict well the values of the four variables, E11, E22, G12 and υ12, when compared to
experimental values, as mentioned in Table 2.3.

2.3 Properties of a single ply

A ply has two major dimensions and one, the thickness, is very small as compared
to the two major ones. Therefore, the 3D presentation of an orthotropic material will
be simplified to a 2D presentation (plane stress) by assuming that σ33 = 0 [1, 2].This
leads to a reduced compliance matrix for the ply, in the form:

ε11
ε22
γ12

8><>:
9>=>; =

1
E1

−
ν21
E2

0

−
ν12
E1

1
E2

0

0 0
1
G12

266666664

377777775
σ11
σ22
σ12

8><>:
9>=>; (2:6)

a third equation, for the strain in the thickness direction, ε33, which is seldom used
has the form

ε33 = −
γ13
E1

σ11 −
γ23
E2

σ22 (2:7)

Table 2.2: Typical properties of T300 carbon fibers and 914 epoxy resin.

Property T carbon fibers  epoxy resin matrix

Young’s modulus, E (GPa)  .
Shear modulus, G (GPa)  .
Poisson’s ratio, υ . .

Table 2.3: Predictions of unidirectional composite properties by simple micromechanic
models (adapted from [1]).

Equation Relationship Predicted values
(moduli in GPa)

Experimental values
(moduli in GPa)

. E11 = EfVf + Em 1 − Vfð Þ . .

. 1
E22

= Vf
Ef

+ 1 − Vfð Þ
Em

. .

. 1
G12

= Vf
Gf

+ 1 − Vfð Þ
Gm

. .

. υ12 = υfV f + υm 1 − V fð Þ . .
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And the remaining two equations for the shear strains are written as

γ23
γ13

( )
=

1
G23

0

0
1
G13

2664
3775 σ23

σ13

( )
(2:8)

Calculation of the stresses as a function of strains would yield (by the use of eqs.
(2.6) and (2.8)):

σ11

σ22

σ12

8>><>>:
9>>=>>; =

Q11 Q12 0

Q21 Q22 0

0 0 Q66

2664
3775

ε11

ε22

γ12

8>><>>:
9>>=>>; =

E1

1 − υ12υ21ð Þ
υ21E1

1 − υ12υ21ð Þ 0

υ12E2

1 − υ12υ21ð Þ
E2

1 − υ12υ21ð Þ 0

0 0 G12

26666664

37777775
ε11

ε22

γ12

8>><>>:
9>>=>>;
(2:9)

with Q12 = Q21 and ν12 ≠ ν21

σ23
σ13

( )
=

Q23 0

0 Q13

" #
γ23
γ13

( )
=

G23 0

0 G13

" #
γ23
γ13

( )
(2:10)

2.4 Transformation of stresses and strains

Consider the two coordinate systems described in Fig. 2.4. The one with indexes 1
and 2 describes the ply orthotropic coordinate system, while the other one (x, y) is
an arbitrary one, rotated at a given angle θ relative to the 1, 2 system. The transfor-
mation of the stresses and the strains from the 1, 2 coordinate system to the x,
y coordinate system is done by multiplication of both the stresses and the strains at
the ply level by the transformation matrix T as given by2

σ1
σ2
τ12

8><>:
9>=>;

k

= T½ �
σx
σy
τxy

8><>:
9>=>;

k

(2:11)

ε1
ε2
γ12
2

8><>:
9>=>;

k

= T½ �
εx
εy
γxy
2

8><>:
9>=>;

k

(2:12)

2 See, for example, ref. [1]: Primer on Composite Materials: Analysis by J. E. Ashton and J.C.
Halpin, TECHNOMIC Publishing Co., Inc., 750 Summer St., Stamford, Conn. 06901, USA, 1969.
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where k is the number of the ply, for which the transformation of strains and
stresses is performed.3 The transformation matrix T is given by

T½ � =
c2 s2 2cs

s2 c2 − 2cs

− cs cs c2 − s2

264
375 where

c≡ cos θ
s≡ sin θ

(2:13)

To obtain the inverse of the matrix T one needs simply to insert –θ instead of θ in
eq. (2.13) to yield

T½ � − 1 = T − θð Þ½ � =
c2 s2 − 2cs

s2 c2 2cs

cs − cs c2 − s2

264
375 (2:14)

The ply (or lamina) strain–stress relationships transformed to the laminate referen-
ces axis (x, y) is written as

σ1

σ2

τ12

8>><>>:
9>>=>>;

k

= T½ � − 1 Q½ �k T½ �
εx

εy

γxy

8>><>>:
9>>=>>;

k

where Q½ �k =

Q11 Q12 0

Q12 Q22 0

0 0 2Q66

2664
3775

k
(2:15)

and the expressions for Q11, Q12, Q22 and Q66 are given in eq. (2.9). Performing the
matrix multiplication in eq. (2.15) yields

X

2
Y

1
θ

Fig. 2.4: Two coordinate systems: 1, 2 the ply orthotropic axis; X, Y arbitrary axis.

3 Note that σ11 ≡ σ1; σ22 ≡σ2; ε11 ≡ ε1; ε22 ≡ ε2.
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σ1

σ2

τ12

8>><>>:
9>>=>>;

k

= Q

 �k εx

εy

γxy

8>><>>:
9>>=>>;

k

where Q

 �k =

Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

2664
3775

k
(2:16)

where

Q11 = Q11cos4θ + 2ðQ12 + 2Q66Þsin2θcos2θ + Q22sin
4θ

Q12 = ðQ11 + Q22 − 4Q66Þsin2θcos2θ + Q12ðsin4θ + cos4θÞ
Q22 = Q11sin

4θ + 2ðQ12 + 2Q66Þsin2θcos2θ + Q22cos4θ

Q16 = ðQ11 − Q12 − 2Q66Þ sin θcos3θ + ðQ12 − Q22 + 2Q66Þsin3θ cos θ

Q26 = ðQ11 − Q12 − 2Q66Þsin3θ cos θ + ðQ12 − Q22 + 2Q66Þ sin θcos3θ

Q66 = ðQ11 + Q22 − 2Q12 − 4Q66Þsin2θcos2θ + Q12ðsin4θ + cos4θÞ

(2:17)

Another useful way of presenting the various terms of the matrix Q

 �k

is the invari-
ant procedure suggested by Tsai & Pagano, described in details in [2]:

Q11 = U1 +U2 cos 2θð Þ + U3 cos 4θð Þ
Q12 = U4 � U3 cos 4θð Þ
Q22 = U1 � U2 cos 2θð Þ + U3 cos 4θð Þ
Q16 = −

1
2
U2 sin 2θð Þ−U3 sin 4θð Þ

Q26 = −
1
2
U2 sin 2θð Þ + U3 sin 4θð Þ

Q66 = U5 −U3 cos 4θð Þ
where

U1 =
1
8
3Q11 + 3Q22 + 2Q12 + 4Q66½ �

U2 =
1
2
Q11 −Q22½ �

U3 = 1
8
Q11 + Q22 − 2Q12 − 4Q66½ �

U4 = 1
8
Q11 + Q22 + 6Q12 − 4Q66½ �

U5 = 1
8
Q11 + Q22 − 2Q12 + 4Q66½ �

(2:18)
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Note that the terms U1, U4 and U5 are invariant to a rotation relative to the 3 axis
(perpendicular to the 1–2 plane).

2.5 The classical lamination theory

Now we shall present the addition of the properties of each lamina to form a lami-
nate, which is the structure to be investigated when we apply loads, using the classi-
cal lamination theory (CLT), which is based on Kirchhoff–Love plate theory [3–5].

Referring to Fig. 2.5, one can write the displacement in the x-direction of a
point at a z-distance from the mid-plane as follows (where w is the displacement in
the z direction):

u = u0 − z
∂w
∂x

(2:19)

Similarly the displacement in the y direction will be

v = v0 − z
∂w
∂y

(2:20)

Then the strains (εx, εy and γxy) and the curvatures (κx, κy and κxy) can be written as

εx ≡
∂u
∂x

= ∂u0
∂x

− z
∂2w0

∂x2
= ε0x + zκx

εy ≡
∂v
∂y

= ∂v0
∂y

− z
∂2w0

∂y2
= ε0y + zκy

γxy ≡
∂u
∂y

+ ∂v
∂x

= ∂u0
∂y

+ ∂v0
∂x

− 2z
∂2w
∂x∂y

= γ0xy + zκxy

(2:21)

Before deformation

Z

Z
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C a
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D

D
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B

α = + dw0
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B

After deformation

Z

u0

w0

Fig. 2.5: The plate cross section before and after the deformation (CLT approach).
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where ε0x , ε0y , γ0xy are the strains at the neutral plane. In matrix notation, eq. (2.21)
can be presented as

εx
εy
γxy

8><>:
9>=>; =

ε0x
ε0y
γ0xy

8>><>>:
9>>=>>; + z

κx
κy
κxy

8><>:
9>=>;) εf g = ε0

� �
+ z κf g (2:22)

Then the stresses at the lamina level will be written as

σf gk = Q

 �k ε0

� �
+ z Q

 �k κ½ � (2:23)

Now we shall deal with force (Nx, Ny, Nxy) and moment (Mx, My, Mxy) resultants, per
unit width (b in Fig. 2.6). Their definitions are given as (h is the total thickness of
the laminate) follows:

Fig. 2.6: Lamina notations within a given laminate.
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Nx ≡
ðh=2

− h=2
σxdz, Ny ≡

ðh=2
− h=2

σydz, Nxy ≡
ðh=2

− h=2
τxydz

Mx ≡
ðh=2

− h=2
σxzdz, My ≡

ðh=2
− h=2

σyzdz, Mxy ≡
ðh=2

− h=2
τxyzdz

(2:24)

Substituting the expressions of the stresses, one obtains expressions for the force
and moments resultants as a function of the strain on the mid-plane, ε0 and the
curvature κ (see also [2]). The short written expressions are

Nf g
Mf g

( )
=

A½ � B½ �
B½ � D½ �

" #
ε0
� �
κf g

( )

or

Nx

Ny

Nxy

8>><>>:
9>>=>>;

Mx

My

Mxy

8>><>>:
9>>=>>;

8>>>>>>>>>>>><>>>>>>>>>>>>:

9>>>>>>>>>>>>=>>>>>>>>>>>>;
=

A11 A12 A16

A12 A22 A26

A16 A26 A66

2664
3775

B11 B12 B16

B12 B22 B26

B16 B26 B66

2664
3775

B11 B12 B16

B12 B22 B26

B16 B26 B66

2664
3775

D11 D12 D16

D12 D22 D26

D16 D26 D66

2664
3775

2666666666664

3777777777775

ε0x

ε0y

γ0xy

8>>><>>>:
9>>>=>>>;

κx

κy

κxy

8>><>>:
9>>=>>;

8>>>>>>>>>>>><>>>>>>>>>>>>:

9>>>>>>>>>>>>=>>>>>>>>>>>>;

(2:25)

where the various constants are defined as

Aij ≡
ðh=2
− h=2

Q
k
ijdz =

Xn
k = 1

Q
k
ij hk − hk − 1ð Þ

Bij ≡
ðh=2
− h=2

Q
k
ijzdz = 1

2

Xn
k = 1

Q
k
ij h

2
k − h2k − 1

� 	
Dij ≡

ðh=2
− h=2

Q
k
ijz

2dz = 1
3

Xn
k = 1

Q
k
ij h

3
k − h3k − 1

� 	
where i, j = 1, 1; 1, 2; 2, 2; 1, 6; 2, 6; 6, 6.

(2:26)

The way the sum is performed in eq. (2.26) is according to the notations in
Fig. 2.6. The passage from integral over the thickness of the laminate to the sum
over the thickness is dictated by the fact that the individual plies are very thin
and the properties within each lamina are assumed constant in the thickness
direction.

Finally the equations of motion for a general case, applied to a thin plate made
of laminated composite plies, using the CLT, are given as [1, 2] follows:
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∂Nx

∂x
+ ∂Nxy

∂y
= I1

∂2u0
∂t2

− I2
∂2

∂t2
∂w0

∂x

� �
∂Nxy

∂x
+ ∂Ny

∂y
= I1

∂2v0
∂t2

− I2
∂2

∂t2
∂w0

∂y

� �
∂2Mx

∂x2
+ 2

∂2Mxy

∂x∂y
+ ∂2My

∂y2
+ ∂

∂x
Nxx

∂w0

∂x
+ Nxy

∂w0

∂y

� �
+

∂

∂y
Nyy

∂w0

∂y
+ Nxy

∂w0

∂x

� �
= − pz + I1

∂2w0

∂t2

− I3
∂2

∂t2
∂2w0

∂x2
+ ∂2w0

∂y2

� �
+ I2

∂2

∂t2
∂w0

∂x
+ ∂w0

∂y

� �

(2:27)

where pz is the load per unit area in the z direction4 and the subscript 0 represents
the values at the mid-plane of the cross section. N represents the in-plane loads and
the various moments of inertia, I1, I2 and I3 are given by (ρ is the mass/unit length)

Ij =
ðh=2

− h=2
ρzj − 1dz; j = 1, 2, 3 (2:28)

To obtain the equations for a beam, one can use eq. (2.27), while all the derivations
with respect with y are identically zero. This yields a 1D equation in the following form:

∂2Mx

∂x2
+ ∂

∂x
Nxx

∂w0

∂x

� �
= − pz + I1

∂2w0

∂t2
− I3

∂4w0

∂t2∂x2
+ I2

∂3w0

∂t2∂x
(2:29)

where Nx is the axial (in-plane, in the direction of the length of the beam) load.
Remembering the relationship between transverse deflection, w, and the bending
moment, we can rewrite eq. (2.29) in terms of w0 only to yield

− D11
∂2w0

∂x2
= Mx )

−
∂2

∂x2
D11

∂2w0

∂x2

� �
+ ∂

∂x
Nxx

∂w0

∂x

� �
= − pz + I1

∂2w0

∂t2
− I3

∂4w0

∂t2∂x2
+ I2

∂3w0

∂t2∂x

(2:30)

with its associated boundary conditions:

Geometric : specify either w0 or ∂w0

∂x

Natural : specify either Q ≡
∂M
∂x

or M

(2:31)

4 Note that the z coordinate is normally used for the thickness direction, while x and y coordinates
define the plate area.
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Typical boundary conditions normally used in the literature are in the following
form:

Simply supported : w = 0 and M = 0

Clamped : w = 0 and ∂w
∂x

= 0

Free : Q≡
∂M
∂x

= 0 and M = 0

(2:32)

The reader should be aware of thermal issues associated with the manufacturing of
composite structures due to the differential thermal contraction during the post-
curing phase and also as a consequence of any temperature changes during the ser-
vice life of the structure. This issue is caused by the relatively small axial thermal
expansion coefficient of the modern reinforcing fibers (for carbon fibers it is even
slightly negative), while the resin matrix has a large thermal coefficient. When cool-
ing from a typical curing temperature, like 140 °C to room temperature, the fibers of
the laminate composite will be in compression, while the matrix will show tension
stresses [1]. Typical residual stresses due to thermal mismatch between the two
components of the laminate are presented in Table 2.4.

Another important data for design is the experimental tension and compression
strength as measured during various laboratory tests, as presented in Table 2.5 [1].

Finally, a table with a list of the main manufacturers of various composite ma-
terials is presented in Table 2.6.

Table 2.4: Typical thermal stresses in some common unidirectional composites (from [1]).

Matrix Fiber % Fiber
volume, Vf

Temperature
range ΔT (°K)

Fiber
residual

stress (MPa)

Matrix
residual

stress (MPa)

Epoxy (high T cure) T carbon   – 

Epoxy (low T cure) E glass   – 

Epoxy (low T cure) Kevlar-   – 

Borosilicate glass T carbon   – 

CAS* glass-ceramic Nicalon SiC  , – 

*CAS, CaO–Al2O3–SiO2.
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Table 2.6: List of the main manufacturers of various composite materials and resins.

Types of composite Company Company website

Thermoplastic composites Milliken Tegris tegris.milliken.com

Thermoplastic composites Polystrand, Inc. www.polystrand.com

Nonwoven fabrics (PolyWeb™)
and foam

Wm. T. Burnett & Co. www.williamtburnett.com

Thermoplastic composites Schappe Techniques www.schappe.com

Thermoplastic composites TechFiber www.fiber-tech.net

Thermoplastic composites TenCate www.tencate.com

Thermoplastic composites Thercom www.thercom.com

Thermoplastic composites Vectorply www.vectorply.com

Composite materials:resins
and fibers

SF composites www.sf-composites.com

Formulation and manufacture
of epoxy-based systems

SICOMIN www.sicomin.com

Table 2.5: Typical experimental tension and compression strengths for common composite
materials (from [1]).

Material Lay-up % Fiber
volume, Vf

Tensile
strength,
σt (GPa)

Compression
strength,
σc (GPa)

Ratio
σc/σt

GRP ud (unidirectional)  . . .

CFRP ud (unidirectional)  . . .

KFRP ud (unidirectional)  . . .

HTA/ (CFRP) ± 450,00
2

� 	
2


 �
S

 . . .

T/
(CFRP)

± 450,00
2

� 	
2


 �
S

 . . .

T/
(CFRP)

± 450,00
2

� 	
2


 �
S

 . . .

SiC/CAS (CMC*) ud (unidirectional)   , .

SiC/CAS (CMC) 00,900

 �

3S    .

* CMC, ceramic matrix composites.
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Table 2.6 (continued)

Types of composite Company Company website

Composite materials + resin,
composite laminates

Lamiflex SPA www.lamiflex.il

Composite materials + polyester AMP Composite www.amp-composite.il

Infusion, pultrusion, wet lay-up,
prepreg, filament winding

Applied Poleramic Inc. www.appliedpoleramic.com

Epoxy and polyurethane Endurance
Technologies

www.epoxi.com

Composite materials Gurit www.gurit.com

Advanced thermoset resins Huntsman Advanced
Materials

www.huntsman.com/advanced_
materials/a/Home

Advanced thermoset resins Lattice Composites www.latticecomposites.com

Kevlar DuPont™ Kevlar® www.dupont.com/products-and-
services/fabrics-fibers-
nonwovens/fibers/brands/kev
lar.html

UHMWPE – ultra-high-molecular-
weight, high-performance
polyethylene material

DuPont™ Tenslyon™ www.dupont.com

Innegra™ HMPP (polypropylene),
high-performance fiber

Innegra Technologies www.innegratech.com

Spread tow fabrics TeXtreme www.textreme.com/bb

Adhesives and sealants M solutions.m.com

Prepreg and resins Axiom Materials Inc. www.axiommaterials.com

Fabrics, resins, composite materials Barrday Advanced
Materials Solutions

www.barrday.com

Carbon prepreg Hankuk Carbon Co.,
Ltd.

www.hcarbon.com/eng/product/
overview.asp

Carbon fibers and prepregs Hexcel® www.hexcel.com/Products/
Industries/ICarbon-Fiber

Prepregs and compounds Pacific Coast
Composites

www.pccomposites.com

Prepregs and compounds Quantum Composites www.quantumcomposites.com
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2.6 First-order shear deformation theory

Unlike isotropic materials, the ratio between the shear and the bending in ortho-
tropic material, like laminated composite structures, is not negligible. The need to
remove the somehow restricting assumptions from the CLT which, as stated above,
are based on Kirchhoff–Love plate theory [3–5], like neglecting the influence of the
shear strains and the fact that a plane before deformation remains plane after the
deformation, led to derivation of more advanced bending theories for plates, like
Mindlin theory of plates [6–8], which includes in-plane shear strains and is an ex-
tension of Kirchhoff–Love plate theory incorporating first-order shear effects.

Mindlin’s theory assumes that there is a linear variation of displacement across the
plate thickness but the plate thickness does not change during deformation. An addi-
tional assumption is that the normal stress through the thickness is ignored, an as-
sumption that is also called the plane stress condition. The Mindlin theory is often
called the FSDT of plates, and its application to composite materials is next presented.
Under the assumptions and restrictions of Mindlin’s theory (which has a similarity
to Timoshenko’s theory for beams [9–12]), the displacement field has five unknowns
(u0, v0, w0 – the displacements of the mid-plane in the x, y and z directions, respec-
tively, and ϕx,ϕy – the rotations due to shear about x and y directions, respectively)
and is given by (see also Fig. 2.7, which is similar to Fig. 2.5, but for FSDT approach)

u x, y, z, tð Þ = u0 x, y, tð Þ + zϕx x, y, tð Þ
v x, y, z, tð Þ = v0 x, y, tð Þ + zϕy x, y, tð Þ
w x, y, z, tð Þ = w0 x, y, tð Þ

(2:33)

The associated strains [13]5 assuming nonlinear terms are

εx = ∂u0
∂x

+ 1
2

∂w0

∂x

� �2

+ z
∂ϕx

∂x

εx = ∂v0
∂y

+ 1
2

∂w0

∂y

� �2

+ z
∂ϕy

∂y

εz = 0, γxz =
∂w0

∂x
+ ϕx, γyz =

∂w0

∂y
+ ϕy

γxy = ∂u0
∂y

+ ∂v0
∂x

+ ∂2w0

∂x∂y

� �
+ z

∂ϕx

∂y
+

∂ϕy

∂x

� �
(2:34)

5 Note that the assumption of constant shear strains across the height of the laminate is a rough
approximation of the true strain distribution, which is at least quadratic through the thickness.
However, although the rough approximation, the results of the application of Mindlin’s plate theory
present very good results when compared with experimental ones.
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Multiplying eq. (2.34) by the stiffness matrix Q

 �

and integrating through the thick-
ness of the laminate, yields the force and moments resultants (as in eq. (2.23)), with
two additional terms, the shear resultants, being defined by

Qx

Qy

( )
= κ

ðh=2
− h=2

τxz
τyz

( )
dz (2:35)

where κ is called the shear correction coefficient and is defined by the ratio between
the shear strain energies calculated by the actual shear distribution and the con-
stant distribution assumed in the FSDT theory. The value of κ is taken as 5/6 for
a rectangular cross section.6

The equations of motion will then have the following form:

∂Nx

∂x
+ ∂Nxy

∂y
= I1

∂2u0
∂t2

+ I2
∂2ϕx

∂t2

∂Nxy

∂x
+ ∂Ny

∂y
= I1

∂2v0
∂t2

+ I2
∂2ϕy

∂t2

∂Qx

∂x
+ ∂Qy

∂y
+ ∂

∂x
Nxx

∂w0

∂x
+ Nxy

∂w0

∂y

� �

+ ∂

∂y
Nyy

∂w0

∂y
+ Nxy

∂w0

∂x

� �
= − pz + I1

∂2w0

∂t2

∂Mx

∂x
+ ∂Mxy

∂y
− Qx = I3

∂2ϕx

∂t2
+ I1

∂2u0
∂t2

∂Mxy

∂x
+ ∂My

∂y
− Qy = I3

∂2ϕy

∂t2
+ I1

∂2v0
∂t2

(2:36)

Before deformation

B

Z

x

xC
CD

D

A

B
γxz = ϕx +

ϕx

dw0
dx

After deformation

Z

u0

w0

w0ϕx

Fig. 2.7: The plate cross section before and after the deformation (FSDT approach).

6 The accurate value is κ = 10ð1 + υÞ
12 + 11υ for a rectangular cross section and κ = 6ð1 + υÞ

7 + 6υ for a solid circular
cross section.
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where pz is the load per unit area in the z direction.7 Nxx, Nyy and Nxy represent the
in-plane loads, and the various moments of inertia, I1, I2 and I3, are given by (ρ is
the mass/unit length) eq. (2.28).

One should note that in addition to eq. (2.25), which describes the resultants of
the force and the moment as a function of the stiffness coefficients Aij, Bij and Dij,
the shear resultants Qx and Qy are defined as

Qy

Qx

( )
= κ

A44 A45

A45 A55

" # ∂w0
∂y + ϕy

∂w0
∂x + ϕx

8<:
9=; (2:37)

where

A44 ≡ κ
ðh=2

− h=2
Q
k
44dz = κ

Xn
k = 1

Q
k
44 hk − hk − 1ð Þ

A45 ≡ κ
ðh=2

− h=2
Q
k
45dz = κ

Xn
k = 1

Q
k
45 hk − hk − 1ð Þ

A55 ≡ κ
ðh=2

− h=2
Q
k
55dz = κ

Xn
k = 1

Q
k
55 hk − hk − 1ð Þ

(2:38)

and

Q44 = Q44cos2θ + Q55sin
2θ

Q45 = Q55 − Q44ð Þ cos θ sin θ

Q55 = Q44sin
2θ + Q55cos2θ

where Q44 = G23; and Q55 = G13

(2:39)

Substituting the resultants defined in terms of the five unknown displacements
(u0, v0, w0, ϕx,ϕy), we get [13] five differential equations for the five unknown
displacements:

7 Note that the coordinate z is normally used for the thickness direction, while x and y coordinates
define the plate area.
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(2:40)
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(2:41)
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(2:42)
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(2:43)
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To solve the five differential equations, 10 boundary conditions should be supplied
in the form of geometric and natural boundary conditions.8

To obtain the equations of motion for a beam, using FSDT, presented before for
a plate, one should assume that all the derivations in the y direction should vanish,
and v and ϕy should be identically zero. This yields for the general case, three cou-
pled equations of motion having the following form (assuming constant properties
along the beam):
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(2:45)

with the following boundary conditions:

A11
∂u0
∂x

+ B11
∂ϕx

∂x
= − Nxx or u0 = 0

A55 ϕx + ∂w0

∂x

� �
− Nxx

∂w0

∂x
= 0 or w0 = 0

B11
∂u0
∂x

+ D11
∂ϕx

∂x
= 0 or ϕx = 0

(2:46)

The reader is referred to refs. [14–20], as typical sources for solving buckling and
natural frequencies of beams using the FSDT approach.

8 For further discussion about the types of boundary conditions to be imposed, the reader is re-
ferred to ref. [13].
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2.7 Higher order theories

The need for higher order shear deformation theories stems from the fact that al-
though the FSDT approach presents accurate results, it does not fulfill the shear
free boundary conditions on the top and bottom sides of the beam or a plate. One
should remember that the FSDT approach would need far less computer efforts as
compared with any higher order theories, which are known as demanding large
computer memory.

One of the higher order shear deformation theory was proposed by Reddy [13]
and involves a third-order shear deformation theory (TSDT), which will be pre-
sented next.

Based on the kinematics of the problem (Fig. 2.8), the displacement field has
the following components:

u x, y, z, tð Þ = u0 x, y, tð Þ + zαx x, y, tð Þ + z2βx x, y, tð Þ + z3δx x, y, tð Þ
v x, y, z, tð Þ = v0 x, y, tð Þ + zαy x, y, tð Þ + z2βy x, y, tð Þ + z3δy x, y, tð Þ
w x, y, z, tð Þ = w0 x, y, tð Þ

(2:47)

The various terms in eq. (2.47), like αx, αy, βx, βy, δx and δy, are functions to be deter-
mined, having the following values at z = 0:

αx = ∂u
∂z

� �
, αy =

∂v
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� �
, βx = 1

2
∂2u
∂z2

� �

βy = 1
2

∂2v
∂z2

� �
, δx = 1

6
∂3u
∂z3

� �
, δy = 1

6
∂3v
∂z3

� � (2:48)

Accordingly, nine independent unknowns are to be found from nine second-order
partial differential equations. However, the number of independent unknowns can

Before deformation
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A
Z

u0

w0
x

C
D

B

ϕx

zαx + z2βx + z3δx

After deformation

Fig. 2.8: The plate cross section before and after the deformation (TSDT approach).
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be reduced for certain boundary conditions, like traction-free boundary conditions
on the top and bottom layers of the plate [13], namely9

τxz x, y, + h
2
, t

� �
= 0 , τxz x, y, − h

2
, t

� �
= 0

τyz x, y, + h
2
, t

� �
= 0 , τyz x, y, − h

2
, t

� �
= 0

(2:49)

For arbitrary values of Q55, Q45 and Q44 (see also eqs. (2.37)–(2.39)), one can show
that the boundary equations in eq.. (2.49) can be written in terms of the shear
strains (see also [13]), using the following expressions:

γxz x, y, + h
2
, t

� �
= 0 ; γxz x, y, − h

2
, t

� �
= 0 ;

γyz x, y, + h
2
, t

� �
= 0 ; γyz x, y, − h

2
, t

� �
= 0 .

(2:50)

Performing the necessary derivations to express the shear strains using the assumed
strain field (eq.. (2.47)), one gets

γxz ≡
∂w
∂x

+ ∂u
∂z

= ∂w0

∂x
+ αx + 2zβx + 3z2δx

γyz ≡
∂w
∂y

+ ∂v
∂z

= ∂w0

∂y
+ αy + 2zβy + 3z2δy

(2:51)

Substituting the boundary conditions from eq. (2.50) into eq. (2.51), we get the fol-
lowing four equations:

@z = + h
2

γxz =
∂w0

∂x
+ αx + hβx + 3h2

4
δx = 0, γyz =

∂w0

∂y
+ αy + hβy + 3h2

4
δy = 0

@z = −
h
2

γxz =
∂w0

∂x
+ αx − hβx + 3h2

4
δx = 0, γyz =

∂w0

∂y
+ αy − hβy + 3h2

4
δy = 0

(2:52)

Solving eq. (2.52) yields the following expressions:

βx = 0, δx = −
4
3h2

αx + ∂wo

∂x

� �
βy = 0, δy = −

4
3h2

αy +
∂wo

∂y

� � (2:53)

9 h being the total height of the beam (or plate), x-axis is along the beam’s (or plate’s) length,
while y and z are perpendicular to it.
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Back-substituting the expression in eq. (2.53) into eq. (2.47) provides the strain field
for the posed problem:

u x, y, z, tð Þ = u0 x, y, tð Þ + zαx x, y, tð Þ − z3
4
3h2

αx x, y, tð Þ + ∂w0 x, y, tð Þ
∂x

� �
v x, y, z, tð Þ = v0 x, y, tð Þ + zαy x, y, tð Þ − z3

4
3h2

αy x, y, tð Þ + ∂w0 x, y, tð Þ
∂y

� �
w x, y, z, tð Þ = w0 x, y, tð Þ

(2:54)

One should notice that the number of unknowns had been reduced to only 5, simi-
lar to the case of FSTD approach being applied to a rectangular plate.

For the case of small strains and moderate rotations the strain-displacement
relations can be shown to be

εxx = ∂u
∂x

+ 1
2

∂w
∂x

� �2

, εyy = ∂v
∂y

+ 1
2

∂w
∂y

� �2

, εzz =
∂w
∂z

εxy = 1
2

∂u
∂y

+ ∂v
∂x

+ ∂2w
∂x∂y

� �
, εxz =

1
2

∂u
∂z

+ ∂w
∂x

� �
, εyz =

1
2

∂v
∂z

+ ∂w
∂y

� � (2:55)

Substituting the displacement field, defined by eq. (2.54), into the nonlinear strain-
displacement equations, eq. (2.55) yields the following expressions:

εxx

εyy

γxy

8>><>>:
9>>=>>;=

∂u0
∂x

+ 1
2

∂w0

∂x

� �2

∂v0
∂y

+ 1
2

∂w0

∂y

� �2

∂u0
∂y

+ ∂v0
∂x

+ ∂2w0

∂x∂y

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
+ z

∂αx
∂x

∂αy
∂y

∂αx
∂y

+ ∂αy
∂x

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
− z3

4
3h2

� �
∂αx
∂x

+ ∂2w0

∂x2

∂αy
∂y

+ ∂2w0

∂y2

∂αx
∂y

+ ∂αy
∂x

+ 2
∂2w0

∂x∂y

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
γxz

γyz

( )
=

αx + ∂w0

∂x

αy + ∂w0

∂y

8>>><>>>:
9>>>=>>>; − z2

4
h2

� � αx + ∂w0

∂x

αy + ∂w0

∂y

8>>><>>>:
9>>>=>>>; and εzz = 0

(2:56)

where

γxy ≡ 2εxy, γxz ≡ 2εxz, γyz ≡ 2εyz (2.57)

The relationship stress resultants–strains can be shown to have the following form
(see also [13]):
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Nf g
Mf g
Tf g

8><>:
9>=>; =

A½ � B½ � E½ �
B½ � D½ � F½ �
E½ � F½ � G½ �

264
375 εðaÞ

� �
εðbÞ
� �
εðcÞ
� �

8>><>>:
9>>=>>; (2:58)

Qf g
Sf g

( )
=

A½ � D½ �
D½ � F½ �

" #
γðaÞ
� �
γðbÞ
� �( )

(2:59)

where the terms Tf g and Sf gare higher order stress resultants, stemmed from the
present TSDT. The various matrix terms for eq. (2.58) are defined in the following way:

Aij =
XN
k = 1

ðzk + 1

zk

�Qijdz =
XN
k = 1

�QðkÞ
ij zk + 1 − zk½ �

Bij =
XN
k = 1

ðzk + 1

zk

�Qijzdz = 1
2

XN
k = 1

�QðkÞ
ij zk + 1ð Þ2 − zkð Þ2
h i

Dij =
XN
k = 1

ðzk + 1

zk

�Qijz2dz = 1
3

XN
k = 1

�QðkÞ
ij zk + 1ð Þ3 − zkð Þ3
h i

while i, j = 1, 2, 6

Eij =
XN
k = 1

ðzk + 1

zk

�Qijz3dz = 1
4

XN
k = 1

�QðkÞ
ij zk + 1ð Þ4 − zkð Þ4
h i

Fij =
XN
k = 1

ðzk + 1

zk

�Qijz4dz = 1
5

XN
k = 1

�QðkÞ
ij zk + 1ð Þ5 − zkð Þ5
 �

Gij =
XN
k = 1

ðzk + 1

zk

�Qijz6dz = 1
7

XN
k = 1

�QðkÞ
ij zk + 1ð Þ7 − zkð Þ7
 �

(2:60)

while for eq. (2.59) their definition is

Alm =
XN
k = 1

ðzk + 1

zk

�Qlmdz =
XN
k = 1

�QðkÞ
lm zk + 1 − zk½ �

Dlm =
XN
k = 1

ðzk + 1

zk

�Qlmz2dz = 1
3

XN
k = 1

�QðkÞ
lm zk + 1ð Þ3 − zkð Þ3
h i

while l,m = 4, 5

Flm =
XN
k = 1

ðzk + 1

zk

�Qlmz4dz = 1
5

XN
k = 1

�QðkÞ
lm zk + 1ð Þ5 − zkð Þ5
 � (2:61)
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where

εðaÞ
n o

≡

∂u0
∂x

+ 1
2

∂w0

∂x

� �2

∂v0
∂y

+ 1
2

∂w0

∂y

� �2

∂u0
∂y

+ ∂v0
∂x

+ ∂2w0

∂x∂y

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;
; εðbÞ
n o

≡

∂αx
∂x

∂αy
∂y

∂αx
∂y

+ ∂αy
∂x

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
;

εðcÞ
n o

≡ −
4
3h2

� �
∂αx
∂x

+ ∂2w0

∂x2

∂αy
∂y

+ ∂2w0

∂y2

∂αx
∂y

+ ∂αy
∂x

+ 2
∂2w0

∂x∂y

8>>>>>>>>><>>>>>>>>>:

9>>>>>>>>>=>>>>>>>>>;

γðaÞ
n o

≡
αx + ∂w0

∂x

αy +
∂w0

∂y

8>>><>>>:
9>>>=>>>;; γðbÞ

n o
≡ −

4
h2

� � αx + ∂w0

∂x

αy +
∂w0

∂y

8>>><>>>:
9>>>=>>>;

(2:62)

Finally, the equations of motion, expressed in stress resultants, for a TSDT can be
written as [13]

∂Nxx

∂x
+ ∂Nxy

∂y
= I0€u0 + I1 −

4
3h2

I3

� �
€αx −

4
3h2

I3
∂€w0

∂x
(2:63a)

∂Nxy

∂x
+ ∂Nyy

∂y
= I0€v0 + I1 −

4
3h2

I3

� �
€αy −

4
3h2

I3
∂€w0

∂y
(2:63b)

∂�Qx

∂x
+ ∂�Qy

∂y
+ ∂

∂x
Nxx

∂w0

∂x
+ Nxy

∂w0

∂y

� �
+ ∂

∂y
Nxy

∂w0

∂y
+ Nyy

∂w0

∂y

� �

+ 4
3h2

∂2Txx

∂x2
+ 2

∂2Txy

∂x∂y
+ ∂2Tyy

∂y2

 !
+ q = I0 €w0 −

16
9h4

I6
∂2 €w0

∂x2
+ ∂2 €w0

∂y2

� �

+ 4
3h2

I3
∂€w0

∂x
+ ∂€w0

∂y

� �
+ I4 −

4
3h2

I6

� �
∂€αx
∂x

+ ∂€αy
∂y

� �� �
(2:63c)

∂ �Mxx

∂x
+ ∂ �Mxy

∂y
− �Qx =

I1 −
4
3h2

I3

� �
€u0 + I2 −

8
3h2

I4 + 16
9h4

I6

� �
€αx −

4
3h2

I4 −
4
3h2

I6

� �
∂€w0

∂x

(2:63d)
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∂ �Mxy

∂x
+ ∂ �Myy

∂y
− �Qy =

I1 −
4
3h2

I3

� �
€v0 + I2 −

8
3h2

I4 + 16
9h4

I6

� �
€αy −

4
3h2

I4 −
4
3h2

I6

� �
∂€w0

∂y

(2:63e)

where

I0 =
XN
k = 1

ðzk + 1

zk

ρ kð Þdz, I1 =
XN
k = 1

ðzk + 1

zk

ρ kð Þzdz, I2 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz2dz

I3 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz3dz, I4 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz4dz

I5 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz5dz, I6 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz6dz

(2:64)

and

�Mxx = Mxx −
4
3h2

Txx, �Mxy = Mxy −
4
3h2

Txy, �Myy = Myy −
4
3h2

Tyy

�Qx = Q4 −
4
h2

S4, �Qy = Q5 −
4
h2

S5

(2:65)

Solution of eqs. (2.63a)–(2.63e) will lead to the finding of the five unknowns,
namely displacements u0, v0, w0 and rotations αx, αy. Reddy [13] presents simplified
results of the third-order theory, by neglecting the higher order terms (Txx, Txy, Tyy),
while keeping the other higher order terms (Sx, Sy); however, the resulting theory
comes out to be inconsistent in the energy sense.

A simpler high-order theory, a second-order shear deformation, was developed
and presented by Khdeir and Reddy [21]. They propose the following displacement
field:

u x, y, z, tð Þ = u0 x, y, tð Þ + zαx x, y, tð Þ + z2βx x, y, tð Þ
v x, y, z, tð Þ = v0 x, y, tð Þ + zαy x, y, tð Þ + z2βy x, y, tð Þ
w x, y, z, tð Þ = w0 x, y, tð Þ

(2:66)

For the case of linear strains the strain-displacement relations can be shown to be
written as
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εxx ≡
∂u
∂x

= ∂u0
∂x

+ z
∂αx
∂x

+ z2
∂βx
∂x

, εyy ≡
∂v0
∂y

+ z
∂αy
∂y

+ z2
∂βy
∂y

, εzz ≡
∂w
∂z

= 0

εxy ≡
1
2

∂u
∂y

+ ∂v
∂x

� �
= 1

2
∂u0
∂y

+ ∂v0
∂x

� �
+ z

∂αx
∂y

+ ∂αy
∂x

� �
+ z2

∂βx
∂y

+
∂βy
∂x

� �� �
εxz ≡

1
2

∂u
∂z

+ ∂w
∂x

� �
= 1

2
αx + ∂w0

∂x

� �
+ 2zβx

� �
εyz ≡

1
2

∂v
∂z

+ ∂w
∂y

� �
= 1

2
αy +

∂w0

∂x

� �
+ 2zβy

� �
(2:67)

The seven equations of motion presented in stress resultant terms, for the seven un-
known displacements (u0, v0, w0, αx, αy, βx and βy), assumed for the second-order
shear deformation theory can be written as (see also [21])

∂Nxx

∂x
+ ∂Nxy

∂y
= I1€u0 + I2€αx + I3€αy (2:68a)

∂Nxy

∂x
+ ∂Nyy

∂y
= I1€v0 + I2€βx + I3€βy (2:68b)

∂Qx

∂x
+ ∂Qy

∂y
+ q = I1 €w0 (2:68c)

∂Mxx

∂x
+ ∂Mxy

∂y
− Qx = I2€u0 + I3€αx + I4€αy (2:68d)

∂Mxy

∂x
+ ∂Myy

∂y
− Qy = I2€v0 + I3€βx + I4€βy (2:68e)

∂Txx

∂x
+ ∂Txy

∂y
− 2Sx = I3€u0 + I4€αx + I5€αy (2:68f)

∂Txy

∂x
+ ∂Tyy

∂y
− 2Sy = I3€v0 + I4€βx + I5€βy (2:68g)

where

I1 =
XN
k = 1

ðzk + 1

zk

ρ kð Þdz, I2 =
XN
k = 1

ðzk + 1

zk

ρ kð Þzdz, I3 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz2dz

I4 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz3dz, I5 =
XN
k = 1

ðzk + 1

zk

ρ kð Þz4dz
(2:69)
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The stress resultants–strains relationships, based on the above second-order dis-
placement field, can be written as

Nf g
Mf g
Tf g

8><>:
9>=>; =

A½ � B½ � D½ �
B½ � D½ � E½ �
D½ � E½ � F½ �

264
375 εðaÞ

� �
εðbÞ
� �
εðcÞ
� �

8>><>>:
9>>=>>; (2:70)

Qf g
Sf g

( )
=

A½ � B½ �
B½ � D½ �

" #
γðaÞ
� �
γðbÞ
� �( )

(2:71)

where for eq. (2.70), the components are defined as

Aij =
XN
k = 1

ðzk + 1

zk

�Qijdz =
XN
k = 1

�QðkÞ
ij zk + 1 − zk½ �

Bij =
XN
k = 1

ðzk + 1

zk

�Qijzdz = 1
2

XN
k = 1

�QðkÞ
ij zk + 1ð Þ2 − zkð Þ2
h i

Dij =
XN
k = 1

ðzk + 1

zk

�Qijz2dz = 1
3

XN
k = 1

�QðkÞ
ij zk + 1ð Þ3 − zkð Þ3
h i

while i, j = 1, 2, 6

Eij =
XN
k = 1

ðzk + 1

zk

�Qijz3dz = 1
4

XN
k = 1

�QðkÞ
ij zk + 1ð Þ4 − zkð Þ4
h i

Fij =
XN
k = 1

ðzk + 1

zk

�Qijz4dz = 1
5

XN
k = 1

�QðkÞ
ij zk + 1ð Þ5 − zkð Þ5
 �

(2:72)

while for eq. (2.71) their definition is

Alm =
XN
k = 1

ðzk + 1

zk

�Qlmdz =
XN
k = 1

�QðkÞ
lm zk + 1 − zk½ �

Blm =
XN
k = 1

ðzk + 1

zk

�Qlmzdz = 1
2

XN
k = 1

�QðkÞ
lm zk + 1ð Þ2 − zkð Þ2
h i

while l,m = 4, 5

Dlm =
XN
k = 1

ðzk + 1

zk

�Qlmz2dz = 1
3

XN
k = 1

�QðkÞ
lm zk + 1ð Þ3 − zkð Þ3
h i (2:73)
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where

εðaÞ
n o

≡

∂u0
∂x

∂v0
∂y

∂u0
∂y

+ ∂v0
∂x

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
, εðbÞ
� �

≡

∂αx
∂x

∂αy
∂y

∂αx
∂y

+ ∂αy
∂x

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
, εðcÞ

� �
≡

∂βx
∂x

∂βy
∂y

∂βx
∂y

+
∂βy
∂x

8>>>>>>>><>>>>>>>>:

9>>>>>>>>=>>>>>>>>;
γðaÞ
n o

≡
αx + ∂w0

∂x

αy + ∂w0
∂y

8<:
9=;, γðbÞ

n o
≡ 2

βx

βy

( )
(2:74)

and

γxy ≡ 2εxy, γxz ≡ 2εxz, γyz ≡ 2εyz
(2:75)

The equations of motion (2.68a)–(2.68g) can be expressed using the seven unknown
displacements to yield [21]:

A11
∂2u0
∂x2

+ A66
∂2u0
∂y2

+ A12 + A66ð Þ ∂
2v0

∂x∂y
+ 2B16

∂2αx
∂x∂y

+ B16
∂2βx
∂x2

B26
∂2βx
∂y2

+ D11
∂2αy
∂x2

+ D66
∂2αy
∂y2

+ D12 + D66ð Þ ∂
2βy

∂x∂y
= I1€u0 + I3€αy

(2:76a)

A22
∂2v0
∂y2

+ A66
∂2v0
∂x2

+ A12 + A66ð Þ ∂
2u0

∂x∂y
+ B16

∂2αx
∂x2

+ B26
∂2αx
∂y2

2B26
∂2βx
∂x∂y

+ D22
∂2βy
∂y2

+ D66
∂2βy
∂x2

+ D12 + D66ð Þ ∂
2αy

∂x∂y
= I1€v0 + I3€βy

(2:76b)

A55
∂αx
∂x

+ ∂2w0

∂x2

� �
+ A44

∂βx
∂y

+ ∂2w0

∂y2

� �
+ 2B45

∂βy
∂x

+ ∂αy
∂y

� �
+ q = I1 €w0 (2:76c)

2B16
∂
2u0

∂x∂y
+ B16

∂
2v0
∂x2

+ B26
∂
2v0
∂y2

+ D11
∂
2αx
∂x2

+ D66
∂
2αx
∂y2

+ D12 + D66ð Þ ∂
2βx

∂x∂y

+ 2E16
∂2αy
∂x∂y

+ E16
∂2βy
∂x2

+ E26
∂2βy
∂y2

− A55 αx + ∂w0

∂x

� �
− 2B45βy = I3€αx

(2:76d)
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2B26
∂2v0
∂x∂y

+ B16
∂2u0
∂x2

+ B26
∂2u0
∂y2

+ D22
∂2βx
∂y2

+ D66
∂2βx
∂x2

+ D12 + D66ð Þ ∂
2αx

∂x∂y

+ E26
∂2αy
∂y2

+ 2E26
∂2βy
∂x∂y

+ E16
∂2αy
∂x2

− A44 αx + ∂w0

∂y

� �
− 2B45αy = I3€βx

(2:76e)

D11
∂2u0
∂x2

+ D66
∂2u0
∂y2

+ D12 + D66ð Þ ∂
2v0

∂x∂y
+ 2E16

∂2αx
∂x∂y

+ E16
∂2βx
∂x2

+ E26
∂2βx
∂y2

+ F11
∂2αy
∂x2

+ F66
∂2αy
∂y2

+ F12 + F66ð Þ ∂
2βy

∂x∂y
− 2B45 βx + ∂w0

∂y

� �
− 4D55αy = I3€u0 + I5€αy

(2:76f)
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+ E16

∂
2αx
∂x2

+ E26
∂
2αx
∂y2

+ F221
∂2βy
∂y2

+ F66
∂2βy
∂x2

+ F12 + F66ð Þ ∂
2αy

∂x∂y
− 2B45 αx + ∂w0

∂x

� �
− 4D44βy = I3€v0 + I5€βy

(2:76g)

The solution in [21] is given for a case of an antisymmetric angle-ply-laminated rect-
angular plate, with two opposite edges having simply supported boundary condi-
tions (in the x direction), while the other two (in the y direction) may have any
arbitrary combinations of free, clamped or simply supported edge conditions. The
natural frequencies of such a plate are calculated using a generalized Lèvy-type so-
lution, namely selecting the assumed deflections and rotations to fulfill in
x direction, the simply supported boundary conditions (these functions will be de-
pendent only on x), while in the perpendicular direction, having arbitrary boundary
conditions, the functions will be dependent only on y. These functions (in the
y direction) will now be the seven unknowns of the problem, after fulfillment of the
prescribed boundary conditions in the y direction.

Another approach for using high-order approximation is known in the literature
as “the Zig-Zag” (ZZ) theory, as in [22–35]. This approach is best summarized and
reviewed by Carrera in [25] The idea behind this approach is to describe a piecewise
continuous displacement field for basic elements like beams, plates and shells in
the thickness direction and fulfill interlaminar continuity (IC) of the transverse
stresses at each layer interface. One should note that in the literature the piecewise
assumption of stresses and displacement fields is often referred to as ZZ and IC, re-
spectively, while the theories applying both assumptions are named as ZZ theories.
As Carrera [25] pointed out in his review, Lekhnitskii [36] was the first to suggest
a theory for multilayered structures, followed by other fundamental contributors
like Ambartsumian [37, 38] and Reisner [39, 40]. In the present context, we shall
present only Lekhnitskii’s approach to highlight the ZZ theory.
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Figure 2.9 presents the multilayered beam model as suggested by Lekhnitskii. It
consists of a beam having the length L, total height H and width b. The cantilevered
beam is loaded by a concentrated load P and a bending moment M. The beam con-
sists of NL layers. The coordinate system, as presented in Fig. 2.9, shows the
Y coordinate along the length of the beam, with the Y–Z plane being perpendicular
to it. The various Z coordinates of each layer is denoted by hi, while the thickness of
each layer is given by ti. The black dots on the drawing stand for the interface
surfaces.

We shall denote the stresses for the k layer as σkxx, τkxz, σkzz, while its displacements
are written as uk,wk, with Ek, νk,Gk being the kth-layer Young’s modulus, the
Poisson’s ratio and the shear modulus, respectively. As can be seen the problem in-
volves the X–Z plane, and it is a plane-stress problem which can be solved using
stress functions ’k for each layer k, defined as

σkxx = ∂2’k

∂z2
, σk

zz =
∂2’k

∂x2
, τkxz = −

∂2’k

∂x∂z
(2:77)

The problem is then defined by demanding the compatibility of the resulted strains
due to the applied loading, which can be written as

∂4’k

∂x4
+ ∂4’k

∂x2∂z2
+ ∂4’k

∂z4
= 0 (2:78)

Now Lekhnitskii assumed the following stress function:

’kðx, zÞ = αk

6
z3 + βk

2
z2 + x

Ak

3
z3 + Bk

2
z2 + Xkz

" #
(2:79)

with αk, βk,Ak,Bk,Xk being constants to be latter determined from the boundary con-
ditions and the continuity demands at the interface between two layers.

Fig. 2.9: Lekhnitskii’s cantilever multilayered beam model – geometry and notations.
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Using eq. (2.77), one can find the three plane stresses as

σk
xx ≡

∂2’k

∂z2
= αkz + βk + x 2Akz + Bk
 �

(2:80)

σk
zz ≡

∂2’k

∂x2
= 0 (2:81)

τkxz ≡ −
∂
2’k

∂x∂z
= − Akz2 − Bkz − Xk (2:82)

As shown in eqs. (2.80)–(2.82), the longitudinal stresses σkxx are linear in both the
longitudinal (x direction) and thickness (z direction) directions, and the stresses in
the thickness direction, σkzz, are zero throughout the X–Z plane, while the shear
stresses τkxz, have a parabolic distribution in the z direction. The above results,
stemming from Lekhnitskii’s assumption of the stress function, ’kðx, zÞ(eq. (2.79)),
lead to a stress distribution that is acceptable for a beam theory.

To obtain the 5xNL unknown constants, αk, βk,Ak,Bk,Xk, the following relations
must be satisfied and then solved:

The strain–stress relation, expressed using the two displacements, uk,wk, can
be written as (using the Hook’s law)

εkxx ≡
∂uk

∂x
= σkxx

Ek − νk
σk
zz

Ek

εkzz ≡
∂wk

∂z
= σkzz

Ek
− νk

σk
xx

Ek

γkxz ≡
∂uk

∂z
+ ∂wk

∂x
= τkxz

Gk

(2:83)

The continuity (or compatibility) conditions for the displacements and the trans-
verse stresses have to be satisfied at the laminar interfaces (namely the ZZ phenom-
enon) according to the following equations

uk = uk − 1 and wk = wk − 1 for k = 2, ...,NL (2:84)

σk
yy = σk − 1

yy and σkxy = σk − 1
xy for k = 2, ...,NL (2:85)

Next the various boundary conditions have to be fulfilled. The upper and lower
planes of the beam are free of stresses. This can be written as

At Z = 0, H σ1yy = 0; σNLyy = 0 and σ1xy = 0; σNLxy = 0 (2:86)

Finally, equilibrium between the applied load (P and M) and the stresses should
also be demanded, namely
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b
XNL

1

ðhk
hk − 1

σk
zzdz = 0

b
XNL

1

ðhk
hk − 1

σk
xxzdz = M − Px

H

b
XNL

1

ðhk
hk − 1

σk
xzdz = −

P
H

(2:87)

Using expressions for stresses, as presented in eqs (2.80)–(2.82), substituting it in
eq. (2.83) and then integrating in the X and Y directions yields the following expres-
sions for the displacements:

uk =
ð
σkxx
Ek dx = 1

Ek αkz + βk
� �

x + x2

2
2Akz + Bk� 	� �

+ f zð Þ

wk = −
ð
νkσkxx
Ek dz = −

νk

Ek αk
z2

2
+ βkz

� �
+ x Akz2 + Bkz
� 	� �

+ f1 xð Þ
(2:88)

where f(z) and f1(x) are functions to be determined using the last equation in eqs.
(2.83), namely

γxz ≡
∂uk

∂z
+ ∂wk

∂z
= τxz = −

1
Gk Akz2 + Bkz + Xk
 �

(2:89)

Substituting the expressions for uk and wk into eq. (2.89) yields

1
Ek αkx + x2Ak
 �

+ ∂f zð Þ
∂z

−
νk

Ek Akz2 + Bkz

 �

+ ∂f1 xð Þ
∂x

= −
1
Gk Akz2 + Bkz + Xk
 �

(2:90)

Equation (2.90) can be rearranged to yield the following form:

F xð Þ = 1
Ek αkx + x2Ak
 �

+ ∂f1 xð Þ
∂x

≡ ek

G zð Þ = 1
Gxz

−
νk

Ek

� �
Akz2 + Bkz

 �

+ ∂f zð Þ
∂z

≡dk

K = −
Xk

Gxz

(2:91)

and

ek + dk = K = −
Xk

Gk ) ek = −
Xk

Gk + dk
 !

(2:92)
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It is clear from eq. (2.90) that if the sum of the two functions F(x) and G(z) is equal
to a constant, K, for every x and z, then each of those functions must be a constant,
ek and dk, respectively (see eqs. (2.91) and (2.92)). Now we can proceed to integrate
the functions presented in eq. (2.91) to yield the two functions f(z) and f1(x). From
eq. (2.92) we can see that

df zð Þ
dz

= dk −
1
Gk

−
νk

Ek

� �
Akz2 + Bkz

 �

df1 xð Þ
dx

= ek −
1
Ek xαk + x2Ak
 �

= −
Xk

Gk + dk
 !

−
1
Ek xαk + x2Ak
 �

(2:93)

Integrating the equations presented in eq. (2.93) yields

f zð Þ = dk · z −
1
Gk −

νk

Ek

� �
Akz3

3
+ Bk z

2

2

" #
+ dk

1

f1 xð Þ = −
Xk

Gk + dk
 !

x −
1
Ek

x2

2
αk + x3

3
Ak

� �
+ ek

1

(2:94)

where dk
1
and ek

1
, e1 are additional constants besides the constant dk (see eq. (2.93))

defined earlier. Substituting the two functions from eq. (2.94), f(z) and f1(x) into eq.
(2.88) provides the expression for the two displacements uk,wk,

uk = 1
Ek

αkz + βk
� �

x + x2

2
2Akz + Bk� 	� �

+ dk · z −
1
Gk

−
νk

Ek

� �
Akz3

3
+ Bk z

2

2

" #
+ dk

1

wk = −
νk

Ek
αk

z2

2
+ βkz

� �
+ x Akz2 + Bkz
� 	� �

−
Xk

Gk
+ d

 !
x −

1
Ek

x2

2
αk + x3

3
Ak

� �
+ ek

1

(2:95)

Having the two expressions for the displacements uk,wk, the requirements listed in
eqs. (2.84)–(2.87) are used to obtain all the unknowns, including the constants d, d1
and e1. This results in the following relations [25]:
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(2:96)

As a result of the expressions presented in eq. (2.96), the following recursive equa-
tions can be obtained:

Ak = A1Ek

E1 , Bk = B1Ek

E1 , αk = α1Ek

E1 , βk = β1Ek

E1

Xk = 1
E1 A1

Xk − 1

t = 1

h2t − h2t − 1

� 	
Et − hk − 1Ek

� �
+ B1

Xk − 1

t = 1

ht − ht − 1ð ÞEt − hk − 1Ek
� �� 


k = 2, 3,NL − 1

(2:97)

with

X1 = 1 and CNL = Ek

E1
A1h2NL + B1hNL

h i
(2:98)

The other constants can be written as

2.7 Higher order theories 65

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



A1 = 6PE1

δb
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δb
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12ME1

δb
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XNL
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XNL

i = 1
h2i − h2i − 1


 �
Ei

h i2
δ1 =

XNL
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(2:99)

One should remember that h0 = 0 and hNL = H.
Finally, the expression for the stresses can be written as

σkxx = 6Ek

δb
Px + MÞ½ � 2δ1z − δ2½ �, k = 1, 2, . . . ,NL

σkzz = 0, k = 1, 2, . . . ,NL

σkxz =
6P
δb

δ1
Xk − 1

t = 1

h2t − h2t − 1

� 	
Et + z2 − h2t − 1

� 	
Ek

� �� 


− δ2
Xk − 1

t = 1

ht − ht − 1ð ÞEt + z − ht − 1ð ÞEk
� �� 


, k = 2, 3, . . . ,NL − 1

with

σ1xz = −
6PE1

δb
z δ1z − δ2½ �, σNLxz = −

6PENL

δb
hNL − z
� 	

δ2 − hNL + z
� 	

δ1
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(2:100)

With all the constants being determined, the expressions for the two displacements
uk,wk can now be evaluated using eq. (2.95).

For other formulations of the various ZZ theories and the assumed stress functions,
one can address references [22–34] and similar available studies in the open literature.
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3 Design formulas

3.1 Introduction

This chapter aims at presenting the reader with useful design formulas to analyze
aerospace structures and predict their structural behavior. First, some Airy func-
tions will be presented, followed by the strength of materials’ formulas and natural
frequencies for various structures.

3.2 Airy functions

To solve directly the equations of elasticity for a posed problem is not an easy task.
Therefore, the use of the Airy solutions (described in detail in Chapter 1 and in [1])
might provide a way to obtain elasticity solutions. One of those functions can be
obtained by a combination of polynomials, which must satisfy the biharmonic
equation (see eqs. (1.57) and (1.58)) and having at least a second degree to prevent
obtaining a zero-stress solution. Some typical examples are presented in Table 3.1.

One should note that for Case #1 in Table 3.1, assuming a rectangular plate, if
a = b = 0, one gets simple constant tension in the x direction, while for b = 0, we
would get constant tension in both x and y directions, and for a = c = 0, the result
would represent a constant pure shear stress. For Case #2, if one assumes, for exam-
ple, a = b = c = 0, the resulting stress σx = 6dy would be linear, namely representing
a pure bending of a rectangular plate.

3.3 Distribution of the shear forces, moments, deflections
and slopes for beams

One of the basic elements to be used in any complex structure is a beam. Beam may
be straight or curved, according to the required design. Loading a beam in bending
and finding the appropriate reactions at its boundaries can be obtained by demand-
ing equilibrium for all the forces and moments acting on it [2]. By the distribution of
shear forces, V, and the momentsM, along a beam, loaded in bending, one can either
use the section method [2] or the summation method, based on the next relations

dV
dx

= − p
dM
dx

= − V) d2M
dx2

= + p (3:1)

where p is the load per unit length, acting on the beam (see Fig. 3.1). One should
note the definitions of positive external loading, as depicted in Fig. 3.1.
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Establishing the relation in eq. (3.1), one can write the relations among the
bending moment, M, the shear force, V, and the load per unit length p and the de-
flectionW, for the case of small deflections, to be

EI
d2WðxÞ
dx2

=MðxÞ, EI
d3WðxÞ
dx3

= − VðxÞ, EI
d4WðxÞ
dx4

= + p ðxÞ (3:2)

Solutions for deflections, slopes and reactions for beams on various boundary con-
ditions and loadings are presented in Table 3.2.

3.4 Natural frequencies for common basic structures

For a single degree of freedom system, consisting of a mass, m, and a spring, k, the
equation of motion solving the natural frequency is known to be [3]

m€x+ kx=0 (3:3)

where x is a coordinate and €x is the acceleration of the mass. Then the single natu-
ral frequency can be written as

ωn =
ffiffiffiffi
k
m

r
) fn =

1
2π

ffiffiffiffi
k
m

r
(3:4)

Table 3.1: Typical Airy functions and their resulting stresses.

Case # Airy function σx or σr σy or σθ τxy or σrθ

 ϕ x, yð Þ= ax2 +bxy + cy2 2c 2a − b

 ϕ x, yð Þ= ax3 +bx2y + cxy2 +dy3 2cx +6dy 6ax + 2by − 2ðb+ cÞ

 ϕ x, yð Þ= ax4 +bx3y + cx2y2 +dxy3 + ey4* − 6 a+ eð Þx2 +
6dxy + 12ey2

12ax2 +6bxy

− 6 a+ eð Þy2
− 3bx2 − 3dy2

+ 12 a+ eð Þxy
 ϕ r,θð Þ=Ar2 1 − cos 2θð Þ 2A 1+ cos 2θð Þ 2A 1 − cos 2θð Þ − A sin 2θ

*If the relation 3 a+ eð Þ= − c holds, then eq. (1.57) in Chapter 1 is fulfilled.

p(x)
z

x Fig. 3.1: A schematic beam on simply supported ends
under load per unit length p(x).
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where fn is the natural frequency in Hz, and ωn = 2πfn (the circular frequency
expressed in rad/s).

For cases where the spring is provided by the deflection of a beam, the result-
ing natural frequencies are presented in Table 3.3, while the mass of the beam is
negligible compared to the mass m, and in Table 3.5, when this assumption is
removed.

Note that in Table 3.3, E represents the Young’s modulus of the beam, I is the cross-
sectional area moment of inertia, L is the beam’s length and m is the concentrated
mass.

For the case of an isotropic continuous beam, the equation of motion to find its
natural frequencies has the following form:

∂2

∂x2
EI

∂2w x, tð Þ
∂x2

� �
+ ρA

∂2w x, tð Þ
∂t2

=0 (3:5)

Table 3.3: Natural frequencies for a concentrated mass resting on a massless beam.

# Case Boundary conditions Natural frequency fn (Hz)

Left A Right B



A

m

B
L

Free Clamped 1
2π

ffiffiffiffiffiffiffiffiffi
3EI
mL3

r



A

m

B
L/2 L/2

Clamped Clamped 1
2π

ffiffiffiffiffiffiffiffiffiffiffiffi
192EI
mL3

r



A

m

B
L/2 L/2

Simply
supported

Simply
supported

1
2π

ffiffiffiffiffiffiffiffiffiffi
48EI
mL3

r

 m

a b
A B

Clamped Clamped 1
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3EIL3

ma3b3

r

 m

a b
A B

Simply
supported

Simply
supported

1
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3EIL

ma2b2

r
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Assuming constant structural properties along the beam, and using the following
expression

w x, tð Þ=W xð Þeiωt (3:6)

equation (3.5) transforms in the following regular differential equation

EI
d4W xð Þ
dx4

− ρAω2W xð Þ=0 (3:7)

having the following solution:

W xð Þ=C1 cos λxð Þ+C2 sin λxð Þ+C3 cosh λxð Þ+C4 sinh λxð Þ
where

λ4 = ρAω2

EI
) ω= λ2

ffiffiffiffiffiffi
EI
ρA

s (3:8)

where ρAð Þ is the mass per unit length of the beam, A being the cross section of the
beam and ρits density, EI is the bending stiffness of the beam and C1, C2, C3 and C4
are constants to be determined by imposing boundary conditions at both ends of
the beam. This leads to an eigenvalue problem, from which the natural frequencies
of the beam are calculated together with their associated mode shapes. The values
for the expression λLð Þ2, where L is the beam’s length, for typical configurations of
a beam are given in Table 3.4.

When a concentrated mass is added to a beam, its first natural frequency is low-
ered. Typical values are presented in Table 3.5.

The classical equation of motion for the transverse deflection, w, of thin plates
[4] can be written as

D∇4w+m
∂2w
∂t2

=0 (3:9)

where the expression for D, the flexural rigidity of the plate, is given as

D= Eh3

12 1 − υ2ð Þ (3:10)

where m is the mass density per unit area of the plate, E is the Young’s modulus,
h the plate thickness, υ the Poisson’s ratio, t the time and ∇4 the Laplacian (∇2)
squared, defined in Cartesian coordinates as

∇4 ≡
∂2

∂x2
+ ∂2

∂y2

� �2
= ∂4

∂x4
+ 2

∂4

∂x2∂y2
+ ∂4

∂y4
(3:11)
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In polar coordinates (r, θ), the expression for ∇4is written as

∇4 ≡
∂2

∂r2
+ 1
r
∂

∂r
+ 1
r2

∂2

∂θ2

� �2
(3:12)

while for skew coordinates (ξ , η) that are related to x, y Cartesian coordinates are
(where α is the angle between y and η coordinates)

ξ = x − y tan α

η= y
cos α

(3:13)

the expression for ∇4 is given as

Table 3.4: Natural frequencies for typical beams.

# Case Boundary conditions λLð Þ2

Left A Right B First
mode

Second
mode

Third
mode



A B
L

x Simply
supported

Simply
supported

. . .



A B
L

x Free Clamped . . .



A B
L

x Free Free  . .



A B
L

x Clamped Clamped . . .



A B
L

x Simply
supported

Clamped . . .



A B
L

x Simply
supported

Free  . .
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∇4 ≡
1

cos2α
∂2

∂ξ 2
− 2 sin α

∂2

∂ξ∂η
+ ∂2

∂η2

 !" #2
(3:14)

For transforming the partial differential equation (3.9) into an ordinary differential
equation as for free vibration of beams, presented above, the following expression
is used:

w=Weiωt (3:15)

which leads to

D∇4W − mω2W =0 (3:16)

where ω is the circular frequency (in rad/s) and W is a function only of the position
coordinates.

Typical values for the eigenvalues, λ, of various circular plates with different
boundary conditions are presented in Table 3.6 (from [4]).

For rectangular plates, the natural frequencies can be obtained analytically
only for a plate on simply supported boundary conditions for all four edges. This
expression is given as

ωm, n =
ffiffiffiffi
D
m

r
mπ
a

� �2
+ nπ

b

� �2� �
(3:17)

Table 3.5: Natural frequencies for a concentrated mass resting on a beam with a mass of Mb.

# Case Boundary conditions Natural frequency fn (Hz)

Left A Right B



A

m Mb

B
L

Free Clamped 1
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3EI

m+0.23Mbð ÞL3

s

 Mb

A

m

B
L/2 L/2

Clamped Clamped 1
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
196EI

m+0.35Mbð ÞL3

s

 Mb

A

m

B
L/2 L/2

Simply
supported

Simply
supported

1
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
48EI

m+0.5Mbð ÞL3

s
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where a and b are the length and width of the plate, respectively; and m and n are
half-waves in the longitudinal and lateral directions, respectively. For other bound-
ary conditions, various approximate methods have been used to determine the nat-
ural frequencies. Table 3.7 presents the results obtained using the Rayleigh method,
where the assumed function is given in Table 3.7, and the natural frequency is cal-
culated assuming the following expression (for υ=0.25, see [4]):

ω= π2

a2

ffiffiffiffiffiffiffi
Dα
mβ

s
(3:18)

3.5 Torsion of bars

When a bar is held at one side and being rotated at the other side by a torque T (see
Fig. 3.2), the bar will be under torsion, leading to shear stresses. The calculation of
the stresses for bars having circular cross section assumes that the cross section ro-
tates and remains planar, leading to the following expression:

τ= Tr
J
) τmax =

TR
J

(3:19)

Table 3.6: Values of λ2 =ωR2
ffiffiffiffiffiffiffiffiffiffi
m=D

q
for a circular plate with a radius R.

All around clamped circular plate at r = R

s n     

 . . . . .
 . . . . .
 . . . . .
 . . . . .

All around simply supported circular plate at r = R, υ= 0.3

 . . . – –
 . . . – –
 . . . – –
 . . . – –

Completely free circular plate, υ=0.33

 – – . . .
 . . . . .
 . . . . .
 . . . . .
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Table 3.7: Frequency coefficients for eq. (3.18) and various mode shapes at υ=0.25.

Boundary conditions Deflection function or
mode shape

α β

Clamped

a

b
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am

pe
d

Cl
am

pe
d

cos
2πx
a

− 1
� �
cos

2πy
b
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� � 12+8

a
b

� �2
+ 12

a
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d
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m
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y
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pp
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te

d

sin
πx
a
sin

πy
b

1
4
+ 1
2

a
b

� �2
+ 1
4

a
b

� �4 .

Free

a

b

Si
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y
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pp
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d

Si
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or
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d

sin
πx
a

1
2

.

Free

a

b

Fr
ee

Cl
am

pe
d

1 − cos
πx
2a

0.0313 .

Free

a

b

Fr
ee

Cl
am

pe
d

1 − cos
πx
2a

� �
1 − cos

πy
2b

� �
0.0071+0.024 a

b

� �2
+0.071 a

b

� �4
.

Simply supported

a

b

Si
m

pl
y

su
pp

or
te

d

Cl
am

pe
d

cos
3πx
2a

− cos
πx
2a

� �
sin

πy
b

1.28+ 5
4

a
b

� �2
+ 1
2

a
b

� �4
.

82 3 Design formulas

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



where τ is the shear stress at an intermediate radius r, T is the applied torque and J
being the polar moment of inertia expressed in m4. The maximal shear stress τmax will
appear at r = R. The angle of rotation, θ, is calculated according to the following
equation:

Table 3.7 (continued)

Boundary conditions Deflection function or
mode shape

α β

Free

a

b
Cl

am
pe

d

Cl
am

pe
d

cos
2πx
a

− 1
. .

Simply supported

a

b

Cl
am

pe
d

Cl
am

pe
d

cos
2πx
a

− 1
� �

sin
πy
b

4+ 2
a
b

� �2
+ 3

4

a
b

� �4 .

Free

a

b

Cl
am

pe
d

Cl
am

pe
d

Simply supported

cos
2πx
a

− 1
� �

y
b 2.67+0.304 a

b

� �2 .

TT L

RR

Fig. 3.2: A circular bar with a radius R and length L under a torque T.
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θ= TL
GJ

(3:20)

where G is the shear modulus and L is the length of the bar. Note that for isotropic
materials G can be expressed using the Young’s modulus E and the Poisson’s ratio,
υ, to yield

G= E
2 1+ υð Þ (3:21)

For noncircular cross sections, the behavior of the bars is nonsymmetric when a tor-
que is applied and the plane sections do not remain plane. Note that the distribu-
tion of stress in a noncircular cross section is not necessarily linear as for circular
cross sections. Typical expressions for the polar moment of inertia and the associ-
ated maximal shear stresses are presented in Table 3.8. For additional cases, the
reader is addressed to ref. [5].

Table 3.8: Polar moment of inertia and maximal shear stresses.

Type of cross section Polar moment of inertia, J Maximal shear stress, τmax

2R
πR4

2
2T
πR3

2b 2a

πa4

2
−

πb4

2
2Ta

π a4 − b4ð Þ

t << R

2R
t

2πR3t T
2πR2t

2a

2b

πa3b3

a2 +b2ð Þ
2T

πab2@ ends of minor axis

2a0

2ai2bi

2b0

πa3b3

a2 +b2ð Þ 1 − κ4
� 	

κ ≡
ai
ao

= bi

bo

2T
πab2 1 − κ4ð Þ
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Table 3.8 (continued)

Type of cross section Polar moment of inertia, J Maximal shear stress, τmax

Median
t

4A2t
L′

, A = area enclosed by
the median, L’ = length of
median

T
2tA

2I

2I

9l4

4
0.601T

l3
@ mid of each edge.

2a

2b

ab3 16
3 − 3.36 b

a 1 − 1
12

b
a

� 	4� �h i
3T

8ab2 f1+0.6095 b
a

� �
+0.8865 b

a

� �2

− 1.8023 b
a

� �3

+0.9100 b
a

� �4

g

@mid of each edge a

ss

ffiffiffi
3

p
s4

80

20T
s3

@ mid of each edge s

Median

t

L′t2

3
, ′L = length of median

T 3L′ + 1.8tð Þ
t2 L′ð Þ2

@ mid of each edge s
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Table 3.8 (continued)

Type of cross section Polar moment of inertia, J Maximal shear stress, τmax

Thin-walled profiles Li >> ti

Li = length of element 

L1,t1
L1,t1

L1,t1

L3,t3

L3,t3

L1,t1

L1,t1
L 2

,t 2

L 2
,t 2
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L2,t2

L 2
,t 2

ti = thickness of element 

1
3

Pn
i = 1

Lið Þ3ti TLmax
1
3

Pn
i = 1 Lið Þ3ti

@mid-way along tmax element
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4 Introduction to fatigue

4.1 Introduction

This chapter presents the behavior of structures under fatigue. The structures can be
made of metals or laminated composite materials. The issue of crack propagation,
normally associated with the fatigue phenomenon will be presented in Chapter 5.

4.2 Definition of fatigue

Fatigue (coming from the French word fatigué = tired) of metal structures had been
identified already in 1840 in the English railway industry, mainly on train axle failures,
as people thought that the materials became “tired” and weak due to cyclic repeated
loading [1]. The name fatigue was then introduced to describe those structural failures
due to repeated stresses and continued to be used until today to describe failures,
mainly caused by fracture of the structure due to cycling loadings (see Fig. 4.1 for typi-
cal fatigue failures).

Most of the structural parts of movable machines are susceptible to fatigue;
therefore, it is very important to assure that those parts will not fail due to repetitive
stresses, which might be expected to reach at least a few million load cycles. The
aerospace sector, the automotive and train sector, the wind-power turbines sector
and the maritime sector are the main domains of engineering that are heavily influ-
enced by the fatigue. Fatigue of various aerospace, mechanical and civil structures
had been investigated in depth during the past years, with numerous books trying to
address the issue (see typical books in [1–19]). Apart from books, the literature is full
of dedicated manuscripts covering all the aspects of fatigue and the ways to prevent
failures due to it [20–34].

4.2.1 Basic fatigue concepts

The various factors causing fatigue failure of a given structural member can be
listed as
– High value of tensile stresses
– A large number of variations and changes of the applied stresses
– A sufficient large number of the applied stress cycles
– The metallurgical structure or material characteristics
– Stress concentration
– Corrosion
– Residual stress

https://doi.org/10.1515/9783110537574-004
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– Combined stresses
– Temperature
– Overloading the structure

One should note that under the point “The metallurgical structure and material
characteristics” the following attributes could be found1:
a. Due to the way the part was fabricated:

– Method of fabrication
– Shaping method: ground, turned, broached, milled, EDM,2 chemical

milling
– Bending, spinning, stretching
– Welding
– Heat treatment

– Finishing process
– Surface finish: polished, as-cast surface, as-machined surface (with

maximal surface roughness)
– Special treatments like cold working, case hardening, plating, anod-

ized within specified thickness

(a) (b)

Fig. 4.1: Cross section after fatigue failure: (a) wheel car bolt and (b) test specimens.

1 Note that the material attributes are normally controlled by the material specifications such as
SAE/AMS (Society of Automotive Engineering/AerospaceMaterial Specification) number, part draw-
ing, the manufacturing company standards and by the way the part is fabricated.
2 EDM , electrical discharge machining.
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b. Due to the SAE/AMS number, part drawing and company standards:
– The material itself

– The chemical composition
– The cleanliness of the process (like commercial quality), the melting

method (in air vs. in vacuum) and so on
– Forming the material and its processing

– Casting, un-HIP3’d or HIP’d (location in the casting form)
– Forging, bar, extrusion, plate sheet (its texture and cold working

process)
– Type of the metal powder
– Microstructure (the size of the grain)
– The overall size of the part
– Heat treatment
– Hardness

The fluctuating stresses acting on the structure can be either sinusoidal above the
time axis, as presented in Fig. 4.2, meaning the stresses are only tensile, or completely
reversed cycle of stress, in which the sinusoidal curve passes the time axis, leading to
alternating tensile and compressive stresses. The alternating stresses can also appear
in irregular or random form. One should note that tensile stresses are positive, with
negative values being attributed to the compression ones.

The definition of the various expressions is displayed in Fig. 4.2 and the additional
ones are depicted in Table 4.1.

One should note that a structure undergoing cyclic or fluctuating stresses might
fail at loads lower than the static ones. It was noted that almost 90% of all the failure

Fig. 4.2: Schematic definition of various expressions for cyclic stress.

3 HIP , hot isostatic pressing.
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of metallic components, like aircraft, bridges and machine parts, are attributed to fa-
tigue. The fatigue failure is sudden and catastrophic, and has the nature of brittle-
type failure, even in normally ductile-type materials.

The behavior of the two types of materials, brittle versus ductile ones, is pre-
sented in Fig. 4.3, where the relevant curves of the stress versus the strain are plot-
ted. It is evident that a brittle material presents no yield point and its failure is
a sudden breakage into pieces due to the application of tensile stresses. A ductile
material exhibits a well- defined yield point with failure in the plastic strain regime.

4.2.2 The four steps of fatigue failure

One of the basic questions related to fatigue is “why the structural component
would fatigue fail if the working stress is below the yield stress?”. The answer to
this query is microscopic plasticity behavior at fatigue failure, occurring below the

Table 4.1: Definition of various expressions connected with cyclic stresses.

No. Name Equation/notation

 Maximum stress σmax

 Minimum stress σmin

 Stress range Δσ ≡σr = σmax − σmin

 Fluctuating stress σa ≡ Δσ
2 = σmax − σmin

2

 Average stress σm ≡ σmax + σmin
2

 Stress ratio R ≡ σmin
σmax

 Amplitude ratio A≡ σa
σm = 1 − R

1 + R

Strain

St
re

ss

St
re

ss

Strain
Brittle material

σFailure

εplasticεelasticε = 0.2%

σFailureσYield
σYield

Ductile material

Fig. 4.3: Brittle versus ductile materials.
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yield stress, and another important factor connected to damage accumulation on
the time axis is the many load cycles being applied on the structural component.
Roughly, four steps can be identified up to the failure:
1. Crack initiation on external and internal surfaces of the specimen due to slip

process. This will take part within the first 10% of the total component life.
2. First stage of the crack growth along planes under high shear stresses,

a continuation of the slip process encountered in the first step. This causes the
deepening of the crack.

3. Second stage of the crack growth, which is characterized by a crack growth
along high tensile stresses. This is called transgranular crack propagation.

4. Ductile failure of the component due to the crack propagation, which leads to
the reduction in the load-bearing area.

4.3 The S–N curve

The well-known curve, the S–N curve, known also as Wöhller4 curve, is the basic
representation of engineering fatigue data, in which the stress, S, versus the num-
ber of cycles, N, is drawn (see Fig. 4.4). The y-axis, the stress, can be one of the
following values (see Table 4.1):, σmaxor σmin, while mentioning the σm, R or A.

Fig. 4.4: A schematic S–N curve.

4 August Wöhller (1819–1914) was a German railway engineer who investigated in-depth metal fa-
tigue failures of railway axles.
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On the graph presented in Fig. 4.4, material “A” displays a threshold value called
“fatigue limit” or “endurance limit” in the range of 107 or 108 cycles. Below this limit,
the material presumably can endure an infinite number of cycles before failure.
Materials like mild steel (St) and titanium (Ti) show this property. The second graph,
in Fig. 4.4, material “B,” shows no fatigue limit, a property attributed to nonferrous
materials like aluminum (Al), magnesium (Mg) and copper (Cu), for which the fatigue
strength is defined at 108 cycles. Another interesting property appearing in the
S–N curve is the regime named fatigue failure at high numbers of cycles or high cycle
fatigue (HCF) defined as N > 105 cycles, while the region N < 105 cycles is called low
cycle fatigue (LCF). Note that the value of N would increase with the decrease in the
stress level. In addition, the HCF is characterized by low strains, while LCF would
display high strains. The S–N curve for the HCF region is sometimes analytically
described by the Basquin equation [35], having the following form:

σmax = αNβ
f (4:1)

where α and β are model fitting constants, σmax is the stress amplitude at N < 106

and Nf is the number of cycles at failure. To determine the constants, the following
procedure is performed: taking the log of eq. (4.1) yields

log σmaxð Þ = log αð Þ + β Nfð Þ (4:2)

Assuming that σmax at low number of cycles, let say N = 1,000, is 90% of the ulti-
mate strength of the tested material, σul, and that for N = 106 σmax = σ∞(where σ∞
stands for stress at fatigue limit), thus yielding indefinite fatigue life, which leads
to the following equations:

log 0.9σulð Þ = log αð Þ + β 1,000ð Þ = log αð Þ + 3β

log σ∞ð Þ = log αð Þ + β 1,000,000ð Þ = log αð Þ + 6β
(4:3)

from which, the two constants, α and β, can be determined to yield

α = σF.L.
106β ; β = logðσ∞Þ − logð0.9SulÞ

3
. (4:4)

To determine the Nf, for a given stressσmax, once the constants α and β were calcu-
lated (see eq. (4.4)), eq. (4.1) is changed to yield

Nf =
σmax

α

h i1
β (4:5)

Another well-known description of the S–N curve carries the name of Weibull distri-
bution [36], which suggested the following expression:

σmax − σ∞
σul − σ∞

= 1 − ’ α logNf + β½ � (4:6)
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where σmax is the maximal applied stress, σul is the ultimate tensile strength stress,
σ∞ stands for the fatigue limit stress, α, β are model fitting parameters, Nf the num-
ber of cycles at failure and ’ is a Gaussian error function. Based on eq. (4.6),
Weibull proposed an S–N curve model having the following expression:

σmax = σul − σ∞ð Þe − α logNfð Þβ

 �

+ σ∞ (4:7)

which includes both the ultimate strength stress (σul) and the fatigue limit stress
(σ∞). The two fitting parameters (α and β) in eq. (4.7) can be determined by taking
log on both sides of the equation, namely

σmax − σ∞
σul − σ∞

= e − α logNfð Þβ

 �

(4:8)

One should note that based on the characterization of the materials using the S–N
curves, some designed philosophies were used. The old design standard, also
known as infinite life design, was based on the empirical information of the fatigue
life presented by the S–N curves, adding to it a large safety factor, and requesting
the retiring of parts and components at the preset life limit value of Nfailure = 107.
Today, the American air force (but not the navy) adopted a standard based on the
damage-tolerant design, which accepts the presence of cracks in the various com-
ponents of a structure. The determination of the structural life is based on the pre-
diction of the crack growth rate (see Chapter 5).

The experimental construction of the S–N is usually done using 8–12 test speci-
mens. Normally, the tests would start at a stress σ = 2/3σstatic tensile strength of the
tested material and the stress is lowered until the specimens do not fail at about 107

cycles. As expected, a considerable scatter in the experimental data can be ex-
pected, with adoption of statistical approach to define the fatigue limit. Usually
a logarithmic normal distribution of the fatigue life is assumed for the region with
failure probability of 0.10 < P < 0.90 (P = probability).

Note also that the increase in the mean stress applied to a component would
decrease its fatigue strength.

One should be aware of the great influence of the stress ratio, R, as depicted in
Fig. 4.5, on the fatigue life of the tested specimens. The largest fatigue life would be
obtained at R = −1, while the minimal one at R = +1, with a large drop in the interval
−1 < R < +1.

4.3.1 The probability distributions for fatigue life

The log-normal distribution [37] is one of the most useful probability distributions
to model failure times of materials and structures undergoing fatigue. Its probabil-
ity density function (PDF) has the following form:
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f xð Þ = 1ffiffiffiffiffi
2π

p
· σ

e
− 1
2
x − μð Þ2
σ2

h i
, − ∞< x< + ∞;

where x = logNf

(4:9)

Note that if the fatigue life Nf has a log normal, the logarithm of Nf, namely, x, has
a normal distribution. This conclusion is very important as one can use the theoreti-
cal results and the equation of normal distribution, while applying the log-normal
distribution. The cumulative distribution function (CDF) of the log-normal distribu-
tion has the following form:

F xð Þ =
ðx
− ∞

f tð Þdt (4:10)

where the variable t is the integration one, and f(t) = f(x) is given by eq. (4.9). Note
that the integral in eq. (4.10) has no closed-form solution and a numerical algorithm
is needed to evaluate it. Next, the evaluation of the two variables has to be esti-
mated using the following relationships:

μ = 1
n

Xn
i = 1

xi; σ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
xi − μð Þ2
n − 1

s
. (4:11)

for a fatigue data obtained with n samples with xi = log(Ni), i = 1,. . .,n.
Another very popular model, successfully applied for fatigue issues, is the

Weibull distribution [37], having the following PDF form:

f xð Þ= β
Ω

x− x0
Ω

� �β− 1
e− x− x0

Ωð Þβ
(4:12)

where β is the shape parameter changing the shape of the PDF curve and it can
have the following values:

Fig. 4.5: The schematic of the influence of stress ratio, R, on the fatigue life of samples.
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a. If β < 1, PDF shape is similar to an exponential distribution.
b. If 1 < β < 3, the PDF shape is positively skewed.
c. If β > 3, the PDF is symmetrical.

The symbol Ω in eq. (4.12) is the scale parameter or the dispersion of the distribu-
tion, affecting both the mean and standard deviation. The third parameter, x0, the
location parameter for the Weibull distribution, is defined as x0 = log N0, where
N0 is a lower fatigue life, namely no fatigue failure will happen under this value. If
x0 = 0, the three-parameter Weibull distribution will be reduced to two-parameter
Weibull distribution, with the previous one providing the best fitting capacity. The
CDF of Weibull distribution has an explicit expression with the following form:

F xð Þ = 1 − e −
x − x0
Ω

� �β� �
, x≥ x0 (4:13)

To estimate the three parameters in the Weibull distribution, the most used method
is to fit the experimental points in a linear regression line in the form y = a + bx,
using the least square method. Using eq. (4.13) one obtains

log log
1

1 − F xð Þ
� �� �

= − β log Ωð Þ + β log xi − x0ð Þ (4:14)

Applying the least-square fit yields

yi = log log
1

1 − F xið Þ
� �� �

xi = log Nið Þ
a = β

b = − β log Ωð Þ

(4:15)

For a Weibull distribution, an approximated straight line could be drawn, with the pa-
rameter β being the slope of the graph, and the parameter Ω is estimated for a point of
the straight line corresponding to 63.2% failure, namely F(xi) = 0.632. The third pa-
rameter, x0, is estimated using an iteration procedure (no closed form is available).

4.3.2 Fatigue life for various combinations of alternating and mean stresses

When plotting the alternating stress σa versus the mean stress σm, as shown in
Fig. 4.6, various lines can be achieved and compared with test results. Those lines
have the following expressions (note that σe is the fatigue limit stress for a completely
reversible loading (R = −1):
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a. Goodman line – a linear approximation

σm
σul

� �
+ σa

σe

� �
= 1 (4:16)

b. Soderberg line – a linear approximation as in eq. (4.16) with the σul being re-
placed by σy, the yield strength of the material to give

σm
σy

� �
+ σa

σe

� �
= 1 (4:17)

c. Gerber’s parabola line – a nonlinear approximation with the following form:

σm
σul

� �2

+ σa
σe

� �
= 1 (4:18)

d. Modified Goodman line – starts at the yield strength σy for the mean stress σm
continues along the yield line [(σm = σy,0),(0, σa = σy)] (see Fig. 4.6) till it inter-
cepts the Goodman line. From that point, it continues along the Goodman line.

One should note that any combination of mean and alternating stresses under the
corresponding lines (depending on which theory is chosen) would lead to the re-
quired number of cycles, and all those points above the lines would expect to fail
earlier.

Appendix A provides an example for the use of Fig. 4.6 and its associated eqs.
(4.16), (4.17) and (4.18).

Fig. 4.6: Constant life diagrams: combinations of σa and σm leading to the same fatigue life.
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4.4 Miner rule – the cumulative damage

In real life, a component or a structure might experience loads at variable ampli-
tudes. Designing of fatigue for those structures is performed by the famous approach
called Miner’s rule or Miner’s linear damage rule [38]. According to it, the fatigue
damage D is found using the following equation:

D = n1
N1

+ n2
N2

+ n3
N3

+ � � � + ni
Ni

=
Xk
i = 1

ni
Ni

≤ 1.0 (4:19)

where n1, n2, n3,. . .,ni are the number of cycles at stresses S1, S2, S3,. . .,Si expected
during the life of the component, while N1, N2, N3,. . .,Ni are the number of cycles at
failure under constant load amplitude (see Fig. 4.7 for a typical example). For val-
ues less and/or equal to unity, no failure is expected. Values above unity will mean
failure due to fatigue. Note that the failure cycle Ni should be obtained from a rele-
vant component design S–N curve.

One should be aware that the Miner’s rule does not account for the sequence of the
stress ranges, but only for the number of stress ranges. To take this issue into ac-
count the design of the component should be more conservative, thus reducing the
limiting damage to a value less than unity.

4.5 Fatigue of composite materials

Although laminated composite materials experience high static strength and stiff-
ness together with a low specific mass (in the order of 15–1.6 g/cm3), showing an
almost fully elastic behavior up to failure, as described by Schijve [11], it seems that

Fig. 4.7: Schematic application of the Miner’s rule.
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fatigue problems might appear also for this type of material. This is reflected in the
numerous articles dealing with fatigue of composite materials. References [27–33]
are only typical for those papers dealing with the behavior of fiberglass-type materi-
als under fatigue, while [39–45] address the way the graphite/epoxy-type materials
(used mainly in the aerospace sector) behave under fatigue loads.

In considering fatigue damage and failure, it is generally agreed that fatigue
damage consists of various combinations of matrix cracking, fiber–matrix debond-
ing, delamination, void growth and local fiber breakage. Moreover, mechanism,
type and distribution of damage would depend upon the material system (combina-
tion of fiber and matrix material), stacking sequence of plies, fabrication techni-
ques, geometry, stress state and loading history. Finally, it can be stated that those
mechanisms are sensitive to one or more parameters, including type of loading, fre-
quency of cyclic loading, temperature and moisture.

Already in 1979, Rosenfeld and Huang [39] investigated the fatigue behavior of
graphite/epoxy laminates under compression for R = 0, −∞, −1. They reported a sig-
nificant life reduction for the load cases R = −1 and R = −∞. The mechanism causing
failure is reported to be the failure of the matrix near a stress riser, leading to fiber
split that caused a progressive delamination yielding the buckling of the fibers fol-
lowed by the laminate failure. Rotem [40] reports the behavior of orthotropic lami-
nates under applying tension–compression loading. He investigated two types of
laminates: L1 = ½00, ± 450,00�2s and L2 = ½900, ± 450, 900�2s. Both laminates started
their failure due to delamination, with the L1 laminate failing in compression due to
delamination between 0° and 45° laminae, while L2 failed under tension caused by
the delamination between +450 and −450 laminae. Typical results for both lami-
nates are shown in Fig.4.8.

Another team of researchers, Caprino and D’Amore [41], also investigated the fa-
tigue life of graphite/epoxy laminates subjected to tension–compression loading,
using the two-parameter model they developed earlier for random glass fiber

Fig. 4.8: Typical test results (adapted from [40]).
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reinforced plastics loaded in tension. This model assumes that a continuous de-
crease in the material strength will be experienced with the increasing number of
cycles N, according to the following equation [41]:

dσtN

dN
= − at ·N − bt (4:20)

where σtN is the residual tensile materials strength after N cycles; at and bt are two
positive constants to be determined from tests. It was further assumed that the con-
stant at can be written as

at = a0t · σmax − σminð Þ (4:21)

with a0t being a constant. Integrating eq. (4.20) using the boundary condition
N = 1 ! σtN = σt0, where σt0 is the monotonic tensile strength of the virgin material
one obtains

σtN = σt0 − αt · σmax · 1 − Rð Þ · Nβt − 1
� 	

where

αt =
α0t

1 − bt
, βt = 1 − bt

(4:22)

Finally, the critical number of cycles to failure, Nt, is calculated using the following
expression:

Nt = 1 + σt0 − σmax

αt · σmax − σminð Þ
� � 1

βt

(4:23)

To enable the use of the above-developed expressions also for the compression case,
eqs. (4.20) and (4.23) were modified by Caprino and D’Amore [41] to yield

dσcN

dN
= + ac ·N − bc (4:24)

Nc = 1 + σmin − σc0
αc · σmax − σminð Þ

� � 1
βc

(4:25)

The main conclusions from the research presented in [41] claim that the two-constant
model is capable of describing accurately the classical S–N curve for composites. The
experimental calculation of the two constants seems to be sensitive to the loads ap-
plied and yields different values for tension–tension and tension–compression cases.
Also, a reasonable agreement was found between the prediction and the experimen-
tal results.

Minak et al. [42] present another interesting research addressing the fatigue re-
sidual strength of graphite/epoxy circular plates damaged by low velocity impact
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and undamaged specimens. Good experimental data are presented and discussed.
Williams et al. [43] investigated Hercules As/3501-6 graphite fiber epoxy composite
using an eight-ply ½00, ± 450,00�2 laminate. The specimens were subjected to a sinu-
soidal flexural fatigue in a cantilever mode, with the load varying between +73.5
and –73.5 N at 30 Hz at room temperature. The structural state of the specimens
was measured using ultrasonic 4.0 MHz attenuation method. The method could
measure the void volume fraction. They report that beyond 10,000 cycles, the flex-
ural stiffness of the tested specimens decreased with the number of fatigue cycles
and the ultrasonic through transmission attenuation increased with the number of
fatigue cycles. Minak [44] presents an interesting research on the determination of
fatigue life of specimens manufactured from graphite-epoxy, by measuring the tem-
perature variation of the tested specimens throughout the alternating loads. Two
types of laminates were tested: type A ½00, ± 450, 900, ± 450,00� and type B
½900, ± 450,00, ± 450, 900�2. The load ratio applied was R = 0.1, with three levels of
frequencies 5, 10 and 15 Hz being used throughout the tests. Measuring the temper-
ature of the external ply and in parallel the variation of the specimen’s variation
enabled the author to conclude, “dissipated energy-life relation could be used as an
alternative method for CFRP components life prediction” [44].

Finally, Jamison and Reifsnider [45] performed a very comprehensive research
to establish the character and sequence of development of advanced damage result-
ing from tension–tension cyclic loading of graphite/epoxy laminates. They defined
the advanced damage development as the damage produced by the part of the load-
ing history, which is applied subsequent to the development of the characteristic
damage state for matrix cracking.

Three laminate types, ½00, 900
2 �s, ½00, ± 450�s and ½00, 900, ± 450�s, manufactured

from T300/5208 graphite/epoxy material, representing a broad range of intralami-
nar and interlaminar stress conditions were subjected to tensile fatigue loading.
Post-fatigue analysis was performed by both nondestructive and destructive (micro-
scopic) means. During the tests, the dynamic secant modulus was continuously
computed with any changes in this quantity serving as an indication of damage in
the specimen. The work presents a large data of experimental results for graphite/
epoxy specimens.

The authors discovered local delamination regions near interior matrix cracks
and they claim that internal stress redistributions are much larger than previously
suspected and can be large enough to cause strength reductions of as much as
30–50%, levels that are commonly observed in long-term cyclic loading. It appears
that fiber failure is much less consequential in these large strength reductions than
has been suggested in the literature, and that the acceleration of damage quite near
the end of life for laminates of this type is caused by a localization of damage, primar-
ily secondary matrix cracking and local delamination. No evidence of accelerating
fiber fracture in that region was found. It seems that the most important strength
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reduction mechanism for the tested laminated composite material is the redistribu-
tion of the internal stresses.

Another important conclusion states, “matrix cracks in off-axis plies of angle-ply
laminates seem to be important for long-term fatigue behavior primarily in the sense
that they act as initiation points of fiber failure and local delamination”. This means
that while matrix cracks alone do not reduce the residual strength during cyclic load-
ing, the events associated with and nucleated by their presence are the main drive to
the development of subsequent damage that does reduce the strength, stiffness and
life of composite laminates.

Moreover, the longitudinal engineering modulus of composite laminates seems
to change during long-term cyclic loading, in large, systematic and reproducible
ways, which are directly and quantitatively related to the details of the micro-events
that influence the residual properties of such laminates. This change can be mea-
sured using nondestructive techniques to characterize the internal damage for a spe-
cific specimen. Using the measured internal damage one can apply adequate models
to predict actual longitudinal engineering stiffness, normally yielding an excellent
agreement (within a few percent) with experimentally measured values.
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Appendix A: Application of Fig. 4.6 and its
associated equations

Determine the diameter of a 4340 steel rod undergoing alternating axial load,
which varies from a maximal value of 350 kN tension to a minimal compression of
150 kN, taking into account a safety factor S.F. = 2.5.

The mechanical properties of 4340 steel are:
σul = 1,092 MPa; σy = 1,005 MPa; σe = 520 MPa (for the safety factor of 1.0)

Solution:
Assuming that the cross-sectional area of the road is given by the variable A, with
d standing for the rod diameter:

A = π
4
d2 ) d =

ffiffiffiffiffiffi
4A
π

r
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We can write the following expressions:

σmax = 0.35
A

½MPa�, σmin = −
0.15
A

½MPa�

) σmean ≡σm = σmax + σmin

2
= 0.35 − 0.15

2A
= 0.1

A
½MPa�

σa = σmax − σmin

2
= 0.35 + 0.15

2A
= 0.25

A
½MPa�

Using eq. (4.16), namely

σm
σul

� �
+ σa

σe

� �
= 1

and substituting for σm and σa, taking into account the safety factor, S.F. = 2.5
yields

σe = 520
2.5 = 208½MPa�

0.1
A · 1,092

� �
+ 0.25

A · 208

� �
= 1 ) A = 0.1

1,092

� �
+ 0.25

208

� �
= 1293 mm½ �2

Therefore, the diameter of the rod will be

) d =
ffiffiffiffiffiffi
4A
π

r
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 · 1293

π

r
= 40.58 ½mm�
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5 Introduction to crack propagation analysis

5.1 Introduction

This chapter presents the crack behavior of various materials under repeated load-
ing. This is a continuation of Chapter 4, and presents the crack propagation philos-
ophy associated with fatigue behavior of components.

5.2 Foundations of fracture mechanics

5.2.1 Introductory concepts

Fracture mechanics deals with the appearance of a crack in an engineering mate-
rial, be it metal or composite, trying to provide answers to two key issues:
a. The failure criteria
b. Determination of strain and stress fields and the deformation in the vicinity of

the geometrical singularity of the crack tip

Griffith [1] was the first to lay the foundations of fracture mechanics already in 1921.
He suggested using the following relation to find the σf, the stress at the fracture
and the length of the crack (see Fig. 5.1):

σf ·
ffiffiffi
a

p
≈Const =

ffiffiffiffiffiffiffiffiffi
2EΨ
π

r
(5:1)

where E is the Young’s modulus of the material and Ψ is its surface energy density
(having the value of 1 J/m2 for glass).

In 1939, Westergaard [2] presented a solution for the stress field around a crack
in the form (Fig. 5.2)

σxx = σyy =
σinf .ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a

x

� 	2q (5:2)

It is clear that the stresses would tend to infinity at the crack tip and would get the
value σinf . at a far distance from it.

Irwin [3] started the extension of the discipline in 1957, by modifying Griffith’s
equation (eq. (5.1)) and suggested to include also a plastic energy dissipation, lead-
ing to the following relation:

σf ·
ffiffiffi
a

p
=

ffiffiffiffiffiffi
EG
π

r
, G = 2Ψ + Gp (5:3)
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where G is the total energy dissipation and Gp is the plastic part of it. One should
note that for glass (a brittle material), the term Ψ would dominate leading to
G≈ 2Ψ = 2 J=m2, while for ductile materials (metals like steel and some aluminum
alloys) we will obtain G≈Gp = 1,000 J=m2.

As can be deducted from eq. (5.2), in the vicinity of the crack tip, a stress concen-
tration is observed. To visualize this phenomenon, flow lines are depicted in Fig. 5.3

Crack

a

σyy

σyy

Fig. 5.1: A schematic drawing of a crack (Griffith’s model).

2a

y

x

σinf

σinf
σinf

σinf

Fig. 5.2: A schematic drawing of a crack having the length 2a under tensile stresses at infinity,σinf ..
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for a virgin specimen in comparison with the same specimen with a central crack,
which experiences a concentration of the flow lines at its tips.

Today the fracture mechanics includes nonlinear problems due to their geomet-
ric and material variations. The topic of crack bifurcation in mixed loading modes
has also been extensively researched over the last decade. In the last decade, the
fracture mechanics had been applied to composites using numerical algorithms
and FE (Finite Element) codes. (see typical references in [4–24]).

5.2.2 Basic failure modes

The basic failure modes due to cracking are presented in Fig. 5.4. The first failure mode
called in the literature Mode I (opening mode) is presenting the opening of the crack
lips in a perpendicular direction to its propagation. The second mode, Mode II (sliding
mode), is an in-plane shear with the crack propagation being parallel to the crack lip
displacements. The third and last mode, Mode III (tearing mode), is an out-of-plane
shear (torsion type) in which the crack lip displacements are perpendicular to its prop-
agation. Note that in real cases, a combination of more than one type of crack failure
might occur. To determine, after fracture, what type of failure mode occurred, one
should carefully examine the topography of the failure. In general cases, a smooth
zone characteristically to crack propagation by fatigue may be observed in ductile ma-
terials, while brittle one would show a crystalline and/or apparent grains along the
fracture boundary.

σyy σyy

σyyσyy

Fig. 5.3: Concentration of flow lines in the vicinity of the crack tip compared with a virgin
specimen – a schematic drawing.
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5.2.3 The stress intensity factor, K

Irwin [3] presented expressions for the displacements u, v along the X, Y axes (see
Fig. 5.4) and the various stresses in the singular zone of the crack tip (which
presents a singularity in the form of 1=

ffiffi
r

p
) using parameters called stress intensity

factors, KI, KII and KIII, for the three modes of failure presented earlier. These ex-
pressions are

u = KI

2H

ffiffiffiffiffi
r
2π

r
cos

θ k − cos θð Þ
2

+ KII

2H

ffiffiffiffiffi
r
2π

r
sin

θ k + cos θ + 2ð Þ
2

v = KI

2H

ffiffiffiffiffi
r
2π

r
sin

θ k − cos θð Þ
2

−
KII

2H

ffiffiffiffiffi
r
2π

r
cos

θ k + cos θ − 2ð Þ
2

(5:4)

σx = KIffiffiffiffiffiffiffi
2πr

p cos
θ
2

1 − sin
θ
2
sin

3θ
2

� �
−
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2πr

p sin
θ
2

2 + cos
θ
2
cos

3θ
2

� �
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θ
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τxy = KIffiffiffiffiffiffiffi
2πr

p cos
θ
2
sin

θ
2
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+ KIIffiffiffiffiffiffiffi
2πr
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θ
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1 − sin
θ
2
sin
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2

� � (5:5)

where
k = 3 − 4υ for plane strain; k = 3 − υ

1 + υ for plane stress; H≡ E
2 1 + υð Þ is the shear

modulus, E is the Young’s modulus, υ is the Poisson’s ratio and r, θ are the radius
and angle for polar coordinates (see Fig. 5.5).

Note that for out-of-plane tractions, the Z displacement component, w, is con-
sidered and has the following form:

Fig. 5.4: The three crack modes.
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w = 2KIII

H

ffiffiffiffiffi
r
2π

r
sin

θ
2

(5:6)

The associated stress components are

τxz = −
2KIIIffiffiffiffiffiffiffi
2πr

p sin
θ
2
;

τyz = −
2KIIIffiffiffiffiffiffiffi
2πr

p cos
θ
2

(5:7)

The definitions of the stress intensity factors, KI, KII and KIII, are

KI ≡ lim
r!0

E
8α

ffiffiffiffiffi
2π
r

r
vð Þ

" #

KII ≡ lim
r!0

E
8α

ffiffiffiffiffi
2π
r

r
uð Þ

" #

KIII ≡ lim
r!0

E
8 1 + υð Þ

ffiffiffiffiffi
2π
r

r
wð Þ

" #
(5:8)

with α = 1 for in-plane stress, α = 1 − υ2 for in-plane strain, and u, v and w are the
expressions for the displacements of the crack lips. As can be deducted from eq.
(5.8), the three stress concentration factors independent of the coordinates r, θ, de-
pend only on the applied tractions and the crack geometry and proportional to the
displacements of the crack lips.

5.2.4 The energy release rate, G

Griffith [1] presented in its seminal work the issue of bodies containing cracks
using an energy approach and introducing a variable G, the energy release rate,
defined as

Crack
X

Y
r

θ

Singularity zone

Fig. 5.5: A schematic drawing of the crack and its singularity zone.
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G≡ −
dW
d að Þ = −

Wext. + Welastic

d að Þ
where

Welastic =
ð

Volume

ð
σijdεij

 !
dV, i, j = x, y, z

(5:9)

while Wext. is the potential energy of the external tractions and a is half of the crack
length. The formal wording definition for G is the energy needed to extend the front
(tip) of the crack by a unit length da, and from the energy point of view it corre-
sponds to the reduction (the reason for the minus sign of G) of the total energy W of
a body containing a crack passing from an initial crack length 2a to (2a + da).

The energy release rate G can also be defined in the following way:

G≡
K2
I + K2

II

� 	
Γ

+ K2
III

2H
(5:10)

where Γ = E for an in-plane stress case; Γ = E
1 − υ2 for an in-plane strain case.

For a simple case of a crack in a thin rectangular plate, with the traction being
perpendicular to the notch, we can get the criterion for a crack propagation as

If G ≥ Gc the crack will propagate
where

G = πσ2a
E

, Gc =
πσ2fa
E

(5:11)

Note that eq. (5.11) is true for in-plane stress, while for the case of in-plane strain
instead of E one would use the expression E= 1 − υ2ð Þ.

For mode I, one can write the fracture toughness KI, for a center-cracked infi-
nite plate as

KI = σ
ffiffiffiffiffiffiffi
πa;p

KIc =
ffiffiffiffiffiffiffiffi
EGc

p
in-plane stress

KIc =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
EGc

1 − υ2

r
in-plane strain

(5:12)

Note that fracture will occur if KI ≥KIc. To take into account the geometry of the
specimen, eq. (5.12) is multiplied by a dimensionless correction factor f which is
a function of the crack length and width, b, of the specimen. In the case of a plate
with finite width denoted W and a through-thickness crack of length 2a, this factor
will have the following form:
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f
a

W

� �
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sec

πa
W

� �s
(5:13)

while for a plate with a finite width W and a through-thickness edge crack of length
a the correction factor will be

f
a

W

� �
= 1.12 −

0.41ffiffiffi
π

p a

W
+ 18.7ffiffiffi

π
p a

W

� �2

− � � � (5:14)

5.2.5 The J-integral

A new interpretation to characterize the singularity of the stress field in the vicinity
of a notch (crack) was proposed in 1968 by Rice [23] by defining an integral of
a contour defined as

J ≡
ð
Γ

Wdy − T
∂ u!
∂x

ds
� �

where

W = W x, yð Þ = W e!� 	
=
ðε
0

σijdεij

(5:15)

where e! = εij

 �

is an infinitesimal strain tensor, Γ(see Fig. 5.6) is a closed curve
surrounding the tip of the crack and the integral should be evaluated in a coun-
terclockwise direction starting from the lower flat part of the crack surface and
continuing along the path Γ to the upper flat surface; T is the traction vector de-
fined according to the outward normal n! along Γ; Ti = σijnj; u! is the displacement
vector and ds is an arc length element along Γ. Note that the J-integral is path inde-
pendent [23].

Гt

y = x2

x = x1

Г

n

Fig. 5.6: The integral path for the J-integral-flat
2D-surfaced notch (crack) deformation field. Γ is any
curve surrounding the crack tip, while Γt denotes
the curved crack tip.
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Rice interpreted the J-integral as the difference in potential energy W of two
cracked bodies submitted to the same boundary conditions, with lengths of crack
differing by a length Δa, expressing it by the following relation:

J ≡ − lim Δa!0
W a + Δað Þ − W að Þ

Δa = −
dW
Δa (5:16)

Assuming a case of an elastic material near the crack zone, we can write

J = G= −
dW
Δa (5:17)

5.2.6 The crack opening displacement

The COD is a variable used to model crack propagation. It is the vector for the dis-
placement at the crack tip. It represents the displacement that makes the crack prop-
agate. Normally, measurements of the COD are limited to the crack of mode I, which
propagates along a fixed direction, which corresponds to the axis of the initial crack.

When treating a mixed mode, these measurements would be based on the vector
CTD (crack tip displacement), which is defined in the literature as a combination of
CTOD (crack tip opening displacement) at loading in mode I and of CTSD (crack tip
sliding displacement) which is the vector of displacement due to the slip of crack lips
corresponding to the loading in mode II.

5.2.7 Some closure notes

Note that the above-described parameters of fracture mechanics K, G, J and COD are
used to predict the direction of crack propagation under loadings in mixed mode,
being limited to the failure in linear elastic medium. Their applications lead to very
good predictions for fragile elastic materials containing a real crack.

However, for cases with ductile material, or when the load is alternating like in
fatigue and/or in the presence of overloading or residual stresses, the applications
of these criteria would lead to less good predictions.

5.3 Fatigue crack propagation

5.3.1 Introductory concepts

In Chapter 4, the fatigue process till failure of the component was described as being
composed of four steps all connected to cracks, their initiation, growth, propagation
and failure. Once the crack has been formed, its growth can be divided into two steps:
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1. First step in which growth is done along slip bands due to shear stresses, lead-
ing to formation of intrusions or crack deepening. During this step, the crack
would extend by only few grain diameter at a rate of a few nanometers per
cycle.

2. Second step is associated with a much faster crack growth at a rate of microns
per cycle, being dictated by the normal stress applied on the specimen. This
stage would show also fatigue striations1 produced by a cycle of stress. The for-
mation of the striations is explained in the literature by three consecutive laps,
starting with formation of double notch concentrating slip at 45° due to
a tensile stress, followed by a crack widening, with the third lap being crack tip
extension and its blunting. From the fatigue failure point of view, the second
step is the most important, as at this step the component can be replaced before
the crack would reach its critical value.

5.3.2 The Paris law

In 1963, Paris and Erdogan [4] proposed the following relation, to be known in the
literature as Paris–Erdogan rule, or in short Paris law:

da
dN

= C · ΔKð Þα (5:18)

where a is the length of the crack, C is a constant in region II (see Fig. 5.7) of
the graph and α is a constant, both to be empirically determined (usually,
α≈ 3 for steel-type materials and α≈ 3 − 4 for aluminum alloys). ΔK has the follow-
ing form2:

ΔK ≡Kmax − Kmin = σmax
ffiffiffiffiffiffi
πa

p
− σmin

ffiffiffiffiffiffi
πa

p
= Δσ

ffiffiffiffiffiffi
πa

p
(5:19)

As shown in Fig. 5.7, the graph has three distinct regions. Region I is characterized
by a slow and negligible crack growth, with a large influence of microstructure
mean stress environment [11], with ΔKincep being the threshold of ΔK beyond which
the crack will start to grow considerably. The second region, II, also called the Paris
domain, due to the Paris law, presents stable crack growth with a linear behavior
between crack growth rate and log of the stress intensity factor range (log(ΔK)).
This region shows the primary mechanism of the crack, the development of stria-
tions, very small influence of the microstructure thickness and the large influence

1 Striations: a word coming from geology, meaning ridges, furrows or linear marks due to move-
ment of parts.
2 One should use a range of ΔK due to the fatigue-loading mode and this makes the link between fa-
tigue and fracture mechanics. Note that K is not defined for compression mode and it is taken as zero.
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of mean stress, fatigue frequency and certain combinations of environment [11].
Region III, the third and the last region, presents an unstable growth of the crack
leading to failure, as Kmax > Kc of the certain material. Ritchie [11] calls this region
“the static mode mechanisms” as it shows cleavage, intergranular and fibrous
mechanisms. The region presents a large influence of the microstructure, mean
stress and thickness, with very little influence of the environment [11].

Note that the fatigue life of a specimen can be obtained by integrating Paris law
(eq. (5.18)) to yield the following expression:

da
dN

= C · ΔKð Þα ) Nfinal =
ðNfinal
0

dN =
ðafinal
astart

da
C · ΔKð Þα (5:20)

Introducing the relation between the stress intensity factor and the crack length +
stress, together with the function f (see eq. (5.14)) one obtains the following expression:

Nfinal =
1

C fΔσ
ffiffiffi
π

p� 	α 1
0.5α − 1

� �
1

a
0.5α − 1
start

−
1

a
0.5α − 1

final

24 35 (5:21)

Note that the correction factor f was introduced in eq. (5.21) after integration as it is
an empirical value.

Fig. 5.7: Schematic description of the Paris law.
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5.3.3 Experimental fracture mechanics

5.3.3a Experimental determination of the Paris law
The geometry of the samples is according to ASTM E399 [25] with the variables
w and B (Fig. 5.8) being W = 1″ (25.4 mm) and B = ½″ (12.7 mm) (more details
in [24]).

The tests were performed on an MTS hydraulic fatigue tensile machine equipped
with a 100 kN load cell. At the end of the crack, an MTS COD gage was placed and it
measured the crack opening value at each load cycle (Fig. 5.9). For tests on solid
specimens, a crack length gage Vishay TK-09-CPA01-005/DP was bonded to the spec-
imen (Fig. 5.10). The gage has 20 wires at 0.25 mm distance between two adjacent ones
and as the crack propagates, the wires tear thus indicating the crack length.

5.3.3b Experimental determination of the Paris law constants
The sample was installed on the loading machine, which applied a 10 Hz sinusoidal
load at R = 0.1 (i.e., the machine applies only tensile force). During the test, every 10
cycles, a sample of the crack length gage and a sample of the COD gage were taken

W –+005 W

.25 W –+ .005 W DIA
2 Holes

.275 W
–+005 W

.275 W
–+005 W
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A

A

+

+
A A

A
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–+.010W
W
2
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a

B

63

63

63

12
5 63

1.25W–+.010 W

.6
W

–+.
00

5 
W

.6
W

–+ .
00

5 
W

Fig. 5.8: Schematic drawing of the crack propagation specimen.
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and stored. The output measurements include the maximum and minimum forces at
each cycle and the amplitude of the COD gage and the readings of the crack propaga-
tion sensor. The large database is then filtered to reduce its size for further process-
ing, by keeping only the data when the crack length changes its value by a unit.

For each cycle, the stiffness of the tested specimen is determined using the fol-
lowing relation:

ks =
Forcemax − Forcemin

CODlength
(5:22)

After calculating the stiffness of the specimen with respect to the crack length,
a polynomial expression is curve fitted between the crack length and the stiffness
defined in eq. (5.22). A typical graph of the crack length versus the specimen’s stiff-
ness is presented in Fig. 5.11.

COD

COD

Fig. 5.9: COD implementation.

Vishay TK-09-C PAO 1-005/D P
Crack propagation sensor

Fig. 5.10: Crack propagation sensor implementation.
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Knowing the crack length and the applied load yields, the ΔK1 values for the
entire data as well as the crack length rate da=dN (a is the crack length and
N stands for the number of cycles) lead to a graph of the crack length rate versus
ΔK1 (Fig. 5.12). ΔK1 is calculated using the following expression:

ΔK1 =
ΔP

B ·
ffiffiffiffiffi
W

p · f a
W

� �
(5:23)

where
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y = 5.61E–09x2 – 5.25E–04x + 2.26E+01

Fig. 5.11: Typical experimental graph of crack length (a) versus specimen’s stiffness (k).
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Fig. 5.12: Typical experimental graph of (da/dN) versus ΔK1.
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f χð Þ = 2 + χ
1 − χð Þ3=.2

Γ

Γ≡ 0.886 + 4.64 χð Þ − 13.32 χð Þ2 + 14.72 χð Þ3 − 5.6 χð Þ4
h i

χ ≡
a
W

(5:24)

ΔP is the load amplitude, a is the crack length, W and B are dimensions as presented in
Fig. 5.8. The graph depicted in Fig. 5.8 enables to find the Paris coefficients C and α ap-
pearing in Paris law (see eqs. (5.18) and (5.19)) as expressed by the following equations

da
dN

¼ C ·ΔKα (5:25)

where

ΔK ¼ Kmax � Kmin (5:26)

One should note that for the typical graph shown in Fig. 5.12, the following values
were obtained: α = 1.86 , Kmin = 17 MPa ·

ffiffiffiffi
m

p
 �
, Kmax = 40 MPa ·

ffiffiffiffi
m

p
 �
and

C = 6.92 · 10 − 21 m0.5= cycle ·MPað Þ½ �. For the case da=dN ! ∞, Kmax ! K1C and some-
times Kmin is also named ΔKth, occurred at lower threshold value of da=dN, below
which no crack propagation would occur (see also Fig. 5.7).
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Fig. 5.13: Experimental results for four additive manufactured specimens printed in the x–y plane
direction [24].
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It seems that the results in Fig. 5.13 are in close agreement with the results pre-
sented in the Metallic Materials Properties Development and Standardization
Scientific Report [25].
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6 Buckling of thin-walled structures

6.1 Introduction

This chapter presents the behavior of thin-walled structures like columns and
plates. The thin-walled structures can be either isotropic or orthotropic, and their
critical loads will be analytically evaluated for applicable cases. Finally, some ap-
proximate energy methods will also be highlighted, enabling the calculation of
buckling loads for cases where no closed-form solutions are available.

6.2 Buckling of columns

6.2.1 Euler buckling

To find the buckling1 load of a column, having the length L, and stiffness EI2 resting
on simply-supported, or hinged–hinged3 boundary conditions and being com-
pressed by a compressive load P (see Fig. 6.1), one needs to write the moment at a
chosen axial coordinate, x, and equate it to the known expression of EId2z/dx2. One
should note that in Fig. 6.1, the column is described after its deformation in an ex-
aggerated manner. The result is [1, 2]

EI
d2z xð Þ
dx2

= −Pz xð Þ (6:1)

Rearranging eq. (6.1) and dividing by EI, one obtains

d2z xð Þ
dx2

+ k2z xð Þ = 0, k2 = P
EI

(6:2)

The general solution for eq. (6.2) is given by

z xð Þ = A sin kxð Þ + B cos kxð Þ (6:3)

while A and B are constants to be determined from the boundary conditions of the
problem. For the hinged–hinged column case, the boundary conditions would

1 “Buckling” phenomenon has various definitions. One of those definitions describe it as the state
of a compressed column, when slight increase in the compressive load would induce sudden large
lateral (unbounded) deformation of structure, whereas before that compressive load (critical load),
the column had experienced little, if any, lateral deformation.
2 E, Young’s modulus; I, moment of inertia of the cross section (for a rectangular cross, having a
height of h and width of b, I = bh3/12).
3 In some of the books and manuscripts, these boundary conditions are referred to as pinned–
pinned boundary conditions.
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require the lateral displacement and the moment to vanish at its both ends. One
should note that for the equation of motion displayed in eq. (6.1), the natural
boundary conditions, namely the moment is inherently fulfilled. Therefore, we are
left with only two geometric boundary conditions, which lead to

z 0ð Þ = 0 ) B = 0

z Lð Þ = 0 ) A sin kLð Þ = 0

A≠0 and sin kLð Þ = 0 ) kL = nπ, n = 1, 2, 3, . . .

(6:4)

The mathematical result from eq. (6.4) is that the calculation of the buckling of a
column leads to an eigenvalue problem. Substituting the expression for k (see eq.
(6.2)) and taking n = 1 leads to the expression for what it is called the Euler buckling
load:

k2 ≡
P
EI

= nπ
L

� �2
) P = nπ

L

� �2
EI, Pn = 1 ≡PEuler =

π2EI
L2

(6:5)

For other boundary conditions (besides hinged–hinged), incorporating both geo-
metrical and natural boundary conditions, the equation of motion would have the
following form4:

d4z xð Þ
dx4

+ k2
d2z
dx2

xð Þ = 0, k2 = P
EI

(6:6)

The general solution for eq. (6.6) is then given by

z xð Þ = A sin kxð Þ + B cos kxð Þ + Cx + D (6:7)

Application of various boundary conditions (see Table 6.1 for the most used one)
would provide the relevant buckling load and its associated mode. For an enhanced
understanding of the buckling phenomenon, which is a stability issue, the reader is
referred to refs. [1–6].

L
x

P P

z

Fig. 6.1: A hinged–hinged column under compressive loads P.

4 The theory leading to eq. (6.6) is usually denoted in the literature as the Bernoulli–Euler theory.
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6.2.2 Rankin–Gordon formula

The buckling formulas derived in the previous section dealt with what is called
“slender” columns. Slenderness ratio of a column (λ is defined as the ratio of the
effective length of a column (Leff – see last row in Table 6.1) and the least radius of
gyration (r) about the axis under consideration. Consequently, this can be ex-
pressed as

λ≡
Leff
r

, r =
ffiffiffi
I
A

q
(6:8)

where A is the cross-sectional area of the column and I is its moment of inertia.
The Euler buckling formula, developed in the previous section, is not suitable

for short stubby columns. There are a few formulas to be used for relatively low
slenderness ratio, with the Johnson’s parabola [7] and the Rankine–Gordon5 semi-
empirical formula, being the most known ones.

Johnson’s parabola [7] is given by the following expression (see also Fig. 6.2):

Short columns Long columns

Johnson’s
parabola

Slenderness ratio

Yield
stress

St
re

ss

Euler curve

Fig. 6.2: Schematic diagram presenting Euler curve and Johnson’s parabola.

5 William John Macquorn Rankine (1820–1872) and Perry Hugesworth Gordon (1894–1966).
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σ ≡ σy −
1
E

σy
2π

� �2 Leff
r

� �2

= σy −
1
E

σy
2π

� �2
λ2 (6:9)

where σy is the yield stress for a given material.
Rankine–Godman semiempirical formula can be written as

1
PR − G

≡
1

PEuler
+ 1

PCrush
(6:10)

where PCrush ≡σy ·A is the crushing load or yield point load in compression for a
given material. Equation (6.10) can be rearranged to show the stress in the column
according to Rankine–Godman approach to yield

σR − G = σy

1 + σy
π2E

Leff
r

� �2 = σy

1 + σy
π2E

λ2
(6:11)

A schematic diagram presenting the Euler curve and the Rankine–Godman curve is
shown in Fig. 6.3.

One can see from Fig. 6.3 that for short columns the stress predicted by the Rankine–
Gordon curve is tending to the yield stress, while for long columns, both curves
would coincide.

6.2.3 Composite columns – CLT approach

Buckling of laminated composite columns (see Chapter 2), which are considered as
1D elements (see Fig. 6.4) can be derived for a general laminate using the classical
lamination theory (CLT), to yield the following equations of motion:

Rankine-
Gordon
curve

Euler curve

Slenderness ratio

Yield
stress

St
re

ss

Fig. 6.3: Schematic diagram presenting Euler curve and Rankine–Gordon curve.
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A11
d2u0
dx2

+ d3w0

dx3

� �
− B11

d3w0

dx3
= 0 (6:12)

− B11
d3u0
dx3

+ d4w0

dx4

� �
+ D11

d4w0

dx4
+ Nxx

d2w0

dx2
= 0 (6:13)

while A11, B11 and D11 are the stretching, coupled stretching–bending and bending
stiffness, accordingly and Nxx stands for the axial compression per unit width (b)
and it is assumed to be independent of the coordinate x. The two coupled equations
of motion (eqs. (6.12) and (6.13)) can be decoupled to yield one single equation hav-
ing the following form:

D11 −
B2
11

A11

� �
d4w0

dx4
+ Nxx

d2w0

dx2
= 0 (6:14)

or

d4w0

dx4
+ Nxx

D11 −
B211
A11

� � d2w0

dx2
= 0 (6:15)

6.2.3a Symmetric laminate (B11 = 0)
For the case of symmetric laminate, B11 = 0, and where, and wb being the buckling
deflection, one obtains

d4wb

dx4
+ P

Exx · Iyy
d2wb

dx2
= 0 (6:16)

where

Z

Z

b

y

x

L

h

Fig. 6.4: The laminated composite column model.
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b ·D11 = Exx · Iyy and b ·Nxx = P (6:17)

One should note that eq. (6.16) is exactly the Bernoulli–Euler equation of buckling
for columns (see eq. (6.6)).

Now we shall present the general solution for eq. (6.16), applicable to the buckling
of symmetric laminated composite columns (B11 = 0). Rearranging eq. (6.16) we obtain

d4wb

dx4
+ λ2

d2wb

dx2
= 0, λ2 = Nxx

D11
(6:18)

The solution of eq. (6.18) has the following general form (which is identical to eq.
(6.7) applied for Bernoulli–Euler columns):

wb xð Þ = C1 sin λxð Þ + C2 cos λxð Þ + C3x + C4 (6:19)

where C1, C2, C3 and C4 are constants to be determined using four boundary condi-
tions of a given problem. For example, assuming a simply-supported column having
a length L, one can write its boundary conditions as

wb 0ð Þ = 0; Myy 0ð Þ = 0 ) d2wb 0ð Þ
dx2

≡w′′
b 0ð Þ = 0

wb Lð Þ = 0; Myy Lð Þ = 0 ) d2wb Lð Þ
dx2

≡w′′
b Lð Þ = 0

(6:20)

Substituting the boundary conditions in eq. (6.19) yields a set of four equations
with four unknowns, which can be written in a 4 × 4 matrix while the right-hand
side of the four equations are identically zero. To obtain a unique solution, the de-
terminant of the matrix must vanish. This leads to the following characteristic
equation:

sin λLð Þ = 0 ) λL = nπ, n = 1, 2, 3, 4, . . . (6:21)

The critical buckling load of the column (the lowest one, n = 1) will then be

Nxx
� 	

cr =
π2

L2
D11 (6:22)

One should remember that that the term in eq. (6.22) should be multiplied by the
width of the beam, b, to obtain Pcr [N]. One can see that the buckling load for a
laminated symmetric composite column (eq. (6.22)) is exactly the same as for the
Bernoulli–Euler column presented in eq. (6.5).

The column buckling shape (the eigenfunction) has the following form (this is
obtained by back substituting the eigenvalue from eq. (6.21) into the matrix form):

wb xð Þ = C1 sin λxð Þ = C1 sin
πx
L

� �
(6:23)

6.2 Buckling of columns 127

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



Tables 6.2 and 6.36 present some of the most encountered column cases, while the
schematic drawings of the various out-of-plane boundary conditions are presented in
Fig. 6.5. One should note that only the out-of-plane boundary conditions can influence
the critical buckling load and the shape at buckling (see also Appendix A).

To conclude this section, a column with general boundary conditions is presented
in Fig. 6.6.

Defining the following variables as

k1 =
k1
D11

; k2 =
k2
D11

; kθ1 =
kθ1
D11

; kθ2 =
kθ2
D11

(6:24)

Table 6.2: Buckling of laminated composite columns: out-of-plane boundary conditions – CLT
approach.

No. B.C. Name Out-of-plane boundary conditions

x = 0 x = L

 SS-SS*
wb = 0;

d2wb

dx2
= 0 wb = 0;

d2wb

dx2
= 0

 C-C**
wb = 0;

dwb

dx
= 0 wb = 0;

dwb

dx
= 0

 C-F***
wb = 0;

dwb

dx
= 0

d2wb

dx2
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

 F-F d2wb

dx2
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

d2wb

dx2
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

 SS-C
wb = 0;

d2wb

dx2
= 0 wb = 0;

dwb

dx
= 0

 SS-F
wb = 0;

d2wb

dx2
= 0

d2wb

dx2
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

 G****-F dwb

dx
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

d2wb

dx2
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

 G-SS dwb

dx
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0 wb = 0;

d2wb

dx2
= 0

 G-G dwb

dx
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

dwb

dx
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0

 G-C dwb

dx
= 0;

d3wb

dx3
+ λ2

dwb

dx
= 0 wb = 0;

dwb

dx
= 0

*SS, simply supported or hinged–hinged or pinned–pinned.
**C, clamped.
***F, free.
****G, guided.

6 Some of the boundary conditions and their relevant buckling loads are also presented in Table 6.1.
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Table 6.3: Buckling loads and relevant buckling modes of laminated composite columns using
CLT approach.

No. Name Characteristic equation Critical buckling load Mode shape

 SS-SS sin λLð Þ = 0

λL = nπ
Nxx
� 	

cr =
π2

L2
D11 sin

πx
L

� �
 C-C λL sin λLð Þ = 2 1 − cos λLð Þ½ �

λL = 2π,8.987,4π, .
Nxx
� 	

cr = 4
π2

L2
D11 1 − cos

2πx
L

� �
 C-F cos λLð Þ = 0

λL = 2n − 1ð Þπ=2 Nxx
� 	

cr =
π2

4L2
D11 1 − cos

πx
2L

� �
 F-F sin λLð Þ = 0

λL = nπ
Nxx
� 	

cr =
π2

L2
D11 sin

πx
L

� �
 SS-C tan λLð Þ = λL

λL = 1.430π, 2.459π, . . . Nxx
� 	

cr = 2.045 π
2

L2
D11

sin αxð Þ+ αL 1− cos αxð Þ− x
L

h i
while α = 1.4318 π

L

 SS-F sin λLð Þ = 0

λL = nπ
Nxx
� 	

cr =
π2

L2
D11 sin

πx
L

� �
 G-F cos λLð Þ = 0

λL = 2n − 1ð Þπ=2 Nxx
� 	

cr =
π2

4L2
D11 cos

πx
2L

� �
 G-SS cos λLð Þ = 0

λL = 2n − 1ð Þπ=2 Nxx
� 	

cr =
π2

4L2
D11 cos

πx
2L

� �
 G-G sin λLð Þ = 0

λL = nπ
Nxx
� 	

cr =
π2

L2
D11 cos

πx
L

� �
 G-C sin λLð Þ = 0

λL = nπ
Nxx
� 	

cr =
π2

L2
D11 1 − cos

πx
L

� �

Linear spring Torsion spring

Free

k kθ

ClampedGuidedSimply supported

Typical boundary conditions

Fig. 6.5: Typical out-of-plane boundary conditions for laminated composite columns
(and also isotropic columns) under axial compression.
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where D11 ≡D11 −
B211
A11

and k1 and k2 are linear springs, while kθ1 and kθ2 are
torsion springs. The boundary conditions of the problem depicted in Fig. 6.6 are
given by

d3wbð0Þ
dx3

+ λ2
dwbð0Þ

dx
= − k1 ·wbð0Þ d2wbð0Þ

dx2
= kθ1

dwbð0Þ
dx

d3wbðLÞ
dx3

+ λ2
dwbðLÞ
dx

= k2 ·wbðLÞ d2wbðLÞ
dx2

= − kθ2
dwbðLÞ
dx

(6:25)

Application of the boundary conditions to the general solution presented by eq. (6.19)
yields the following characteristic equation (see details in [3]):

− k1 + k2
� 	

λ6 + kθ1 · kθ2 k1 + k2
� 	

+ k1 · k2 · L

 �

λ4 + kθ1 · kθ2 kθ1 + kθ2− kθ1 · kθ2 · L
� 	

λ2
n o

sin λLð Þ

+ k1 + k2
� 	

kθ1 + kθ2
� 	

λ3 − k1 · k2 · L kθ1 + kθ2
� 	

λ3 − 2 · k1 · k2 · kθ1 · kθ2 · λ
� �

cos λLð Þ
+ k1 · k2 · kθ1 · kθ2 · λ=0 (6.26)

Equation (6.26) can be used to solve not only problems involving boundary condi-
tions with springs, but also classical boundary conditions. Letting the linear springs
k1 and k2 tend to infinity (∞) while the torsional ones, kθ1 and kθ2 , are set to zero,
would lead to the classical hinged–hinged boundary conditions at both ends of the
compressed beam. Similarly, setting all the springs to zero would yield free–free
boundary conditions. Clamped boundary conditions can be obtained when both
types of springs (linear and torsion) would tend to infinity.

6.2.3b Nonsymmetric laminate (B11 ≠ 0)
To solve the case of a nonsymmetric laminate (B11 ≠ 0), we can use eq. (6.15). The
general solution can be written as

w0 xð Þ = C1 sin λ
_

x
� �

+ C2 cos λ
_

x
� �

+ C3x + C4 (6:27)

where

k1 k2

NxNx
kθ1 kθ2

Fig. 6.6: A typical laminated composite columns under axial compression having spring-based
boundary conditions.7

7 The drawing presented can also be suitable for a Bernoulli–Euler column.
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λ
_2 = Nxx

D11 −
B2
11

A11

� � (6:28)

The in-plane displacement will then be given as (see Appendix A)

u0 xð Þ = C5 sin λ
_

x
� �

+ C6 cos λ
_

x
� �

+ C7x + C8 (6:29)

where

C5 = −
B11

A11
· λ
_

·C2

C6 = + B11

A11
· λ
_

·C1

(6:30)

Solving for a hinged–hinged column (or pinned–pinned, or simply supported at
both ends), with the following boundary conditions, two for the in-plane and four
for the out-of-plane (see also Appendix A)

w0 0ð Þ = 0; Mxx 0ð Þ = 0 ) − B11
du0 0ð Þ
dx

+ D11
d2w0 0ð Þ

dx2
= 0 (6:31)

w0 Lð Þ = 0; Mxx Lð Þ = 0 ) − B11
du0 Lð Þ
dx

+ D11
d2w0 Lð Þ
dx2

= 0 (6:32)

u0 0ð Þ = 0 (6:33)

A11
du0 Lð Þ
dx

− B11
d2w0 Lð Þ
dx2

= − Nxx (6:34)

yields the following eigenvalue:

sin λ
_

L
� �

= 0 ) λ
_

L = nπ, n = 1, 2, 3, 4, . . . (6:35)

which gives the critical buckling load per unit width having the following form:

Nxx
� 	

cr =
π2

L2
D11 −

B2
11

A11

� �
(6:36)

The buckling shape will be like the symmetric case presented in Table 6.2, namely
sin πx

L

� 	
. Note that as expected, the buckling load for a symmetric laminate will be

higher than a nonsymmetric one, having the same number of layers. Tables 6.4 and
6.5 present the boundary conditions for the nonsymmetric case, while Table 6.6 gives
the buckling loads and the associated buckling modes for the most used cases.
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Table 6.4: Buckling of nonsymmetric laminated composite columns: out-of-plane boundary
conditions using CLT approach.

No. Name Out-of-plane boundary conditions

x = 0 x = L

 SS-SS*

w0 = 0; − B11
du0
dx

+ D11
d2w0

dx2
= 0 w0 = 0; − B11

du0
dx

+ D11
d2w0

dx2
= 0

 C-C**
w0 = 0;

dw0

dx
= 0 w0 = 0;

dw0

dx
= 0

 C-F***
w0 = 0;

dw0

dx
= 0 − B11

du0
dx

+ D11
d2w0

dx2
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

 F-F − B11
du0
dx

+ D11
d2w0

dx2
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

− B11
du0
dx

+ D11
d2w0

dx2
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

 SS-C w0 = 0

− B11
du0
dx

+ D11
d2w0

dx2
= 0

w0 = 0;
dw0

dx
= 0

 SS-F
w0 = 0; − B11

du0
dx

+ D11
d2w0

dx2
= 0 − B11

du0
dx

+ D11
d2w0

dx2
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

 G***-F dw0

dx
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

− B11
du0
dx

+ D11
d2w0

dx2
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

 G-SS dw0

dx
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

w0 = 0; − B11
du0
dx

+ D11
d2w0

dx2
= 0

 G-G dw0

dx
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

dw0

dx
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

 G-C dw0

dx
= 0

− B11
d2u0
dx2

+ D11
d3w0

dx3
+ Nxx

dw0

dx
= 0

w0 = 0;
dw0

dx
= 0

*SS, simply supported, or hinged–hinged or pinned–pinned.
**C, clamped.
***F, free.
***G, guided.
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6.3 Buckling of columns – FSDT approach

Buckling of columns using the first-order shear deformation theory (FSDT) (see also
[2, 5, 8–19]) can be obtained using the equations presented in Chapter 28:

A11
d2u0
dx2

+ d3wb

dx3

� �
+ B11

d2ϕx

dx2
= 0 (6:37)

KA55
d2wb

dx2
+ dϕx

dx

� �
− Nxx

d2wb

dx2
= 0 (6:38)

B11
d2u0
dx2

+ ∂3wb

dx3

� �
+ D11

d2ϕx

dx2
− KA55

dwb

dx
+ ϕx

� �
= 0 (6:39)

Table 6.5: Buckling of nonsymmetric laminated composite columns: in-plane boundary conditions
using CLT approach.

No. Name In-plane boundary conditions

x = 0 x = L

 SS-SS u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 C-C u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 C-F u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 F-F
A11

du0
dx

− B11
d2w0

dx2
= − Nxx A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 SS-C u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 SS-F u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 G-F u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 G-SS u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 G-G u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

 G-C u0 = 0
A11

du0
dx

− B11
d2w0

dx2
= − Nxx

8 w0 =wp
0 +wb (w

p
0 is the prebuckling deflection and wb being the buckling deflection).
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Decoupling the equations leads to the following uncoupled ones9 (see also
[12, 13]):

d4wb

dx4
+ Γ2

d2wb

dx2
= 0 (6:40)

d3ϕx

dx3
+ Γ2

d2ϕx

dx
= 0 (6:41)

d4u0
dx4

+ Γ2
d2u0
dx2

= 0 (6:42)

where

Γ2 = Nxx

D11 −
B2
11

A11

� �
1 −

Nxx

KA55

� � ) Nxx =
Γ2 D11 −

B2
11

A11

� �

1 +
Γ2 D11 −

B2
11

A11

� �
KA55

(6:43)

Accordingly, the solutions for eqs. (6.40)–(6.42) have a form similar to that pre-
sented before, namely

wb xð Þ = C1 sin Γxð Þ + C2 cos Γxð Þ + C3x + C4 (6:44)

ϕx xð Þ = C5 sin Γxð Þ + C6 cos Γxð Þ + C7 (6:45)

u0 xð Þ = C8 sin Γxð Þ + C9 cos Γxð Þ + C10x + C11 (6:46)

One should note that the 11 constants (C1–C11) are not independent. Their dependency
can be obtained by back-substituting the solutions (eqs. (6.44)–(6.46)) in the coupled
equations (6.37) and (6.39) to yield the following five relations:

A11 ·C8 + B11 ·C5 = 0 (6:47)

A11 ·C9 + B11 ·C6 = 0 (6:48)

− B11 ·C8 · λ̂2 − D11 ·C5 · λ̂2 − KA55 − C2 · λ̂ + C5

� �
= 0 (6:49)

− B11 ·C9 · λ̂2 − D11 ·C6 · λ̂2 − KA55 C1 · λ̂ + C6

� �
= 0 (6:50)

− KA55 · C3 + C7ð Þ = 0 ) C3 + C7 = 0 (6:51)

These five relationships together with the six boundary conditions of the problem
will provide the needed 11 equations with 11 unknowns, C1–C11. The six boundary
conditions of the problem are (see also Chapter 2):

9 Note that to uncouple the equations one needs to neglect high-order terms like d3wb
dx3

.
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A11
du0
dx

+ B11
dϕx

dx
= − Nxx or u0 = 0 (6:52)

KA55
dwb

dx
+ ϕx

� �
− Nxx

dwb
dx = 0 or wb = 0 (6:53)

B11
du0
dx

+ D11
dϕx

dx
= 0 or ϕx = 0 (6:54)

Let us present the general case of a simply-supported laminated composite beam
having the following boundary conditions:

u0 0ð Þ = 0 , A11
du0 Lð Þ
dx

+ B11
dϕx Lð Þ
dx

= − Nxx (6:55)

wb 0ð Þ = 0, wb Lð Þ = 0 (6:56)

B11
du0 0ð Þ
dx

+ D11
dϕx 0ð Þ
dx

= 0, B11
du0 Lð Þ
dx

+ D11
dϕx Lð Þ
dx

= 0 (6:57)

Solving for the 11 unknowns, C1–C11, we get the following results for the first four
constants:

C1 =
B11

A11

1 − cos ΓLð Þ½ �
sin ΓLð Þ , C2 =

B11

A11
, C3 = 0, C4 = −

B11

A11
. (6:58)

To obtain the buckling load, one should demand that w0 xð Þ ! ∞, leading to the
same procedure applied for a general beam using the CLT approach. Observe that
the constant C1 leads to the following eigenvalue solution:

sin ΓLð Þ = 0 ) ΓL = nπ, n = 1, 2, 3, 4, . . . (6:59)

which leads to the critical buckling load per unit width having the following form:

Nxx
� 	

cr =

π
L

� �2
D11 −

B2
11

A11

� �

1 +

π
L

� �2
D11 −

B2
11

A11

� �
KA55

=
Nxx
� 	

cr

h i
CLT

1 +
Nxx
� 	

cr

h i
CLT

KA55

(6:60)

If one defines the following term:

H ≡
Nxx
� 	

cr

h i
CLT

KA55
(6:61)

then eq. (6.60) can be written as

Nxx
� 	

cr =
Nxx
� 	

cr

h i
CLT

1 + H
(6:62)
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The shape of the buckling will be sin πx
L

� 	
like for the symmetric case, calculated

using the CLT approach. One should notice that the buckling load calculated using
FSDT approach is lower than the one calculated according to CLT. Like before, a
nonsymmetric laminate would yield a even lower buckling load as compared with a
symmetric one having the same layers. Some typical buckling loads are presented
in Table 6.7.

Table 6.7: Buckling loads and relevant buckling modes of laminated composite columns using
FSDT approach.

No. Name Nxx
� 	

cr

h i
CLT

Critical buckling load per
unit width

Mode shape

 SS-SS
Nxx
� 	

cr =
π2

L2
D11

*

Nxx
� 	

cr =
Nxx
� 	

cr

h i
CLT

1 + H
** sin

πx
L

� �
 C-C

Nxx
� 	

cr = 4
π2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
1 − cos

2πx
L

� �
 C-F

Nxx
� 	

cr =
π2

4L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
1 − cos

πx
2L

� �
 F-F

Nxx
� 	

cr =
π2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
sin

πx
L

� �
 SS-C

Nxx
� 	

cr = 2.045 π
2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H

sin αxð Þ + αL 1 − cos αxð Þ − x
L

h i
while α = 1.4318 π

L

 SS-F
Nxx
� 	

cr =
π2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
sin

πx
L

� �
 G-F

Nxx
� 	

cr =
π2

4L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
cos

πx
2L

� �
 G-SS

Nxx
� 	

cr =
π2

4L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
cos

πx
2L

� �
 G-G

Nxx
� 	

cr =
π2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
cos

πx
L

� �
 G-C

Nxx
� 	

cr =
π2

L2
D11 Nxx

� 	
cr =

Nxx
� 	

cr

h i
CLT

1 + H
1 − cos

πx
L

� �

* D11 = D11 −
B2
11

A11

� �
, **H≡

Nxx
� 	

cr

h i
CLT

KA55
.
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6.4 Buckling of plates

In contrast to the previous sections, which were dealing with a 1D structure, like
columns or beams, plates are considered to be 2D entities, with the third dimension,
the thickness, being much smaller than the other planar dimensions. Although the
issue of stability of plates had been treated intensively in the literature (see for ex-
ample [1, 4, 5, 20–37]) few closed-form solutions are available. Most of the buckling
solutions are based on approximate methods, like Rayleigh–Ritz, Galerkin–Bubnov
or extended Kantorovich methods (which will be presented in this chapter).

6.4.1 Buckling of isotropic plates

The results for isotropic plates to be presented in this section are based on the semi-
nal work of Timoshenko and Gere [1]. The equation of motion for a thin isotropic
plate (thickness, h) under in-plane loads (assuming the plate has some initial curva-
ture due to those loads) is given by the following expression:

∂4w x, yð Þ
∂x4

+ 2
∂4w x, yð Þ
∂x2∂y2

+ ∂4w x, yð Þ
∂y4

= 1
D

Nx
∂2w x, yð Þ

∂x2
+ 2Nxy

∂2w x, yð Þ
∂x∂y

+Ny
∂2w x, yð Þ

∂y2

� �
(6:63)

where Nx and Ny are compressive loads per unit length in the x and y directions
of the plate (acting at the midplane), Nxy is the shear load per unit length and

D = Eh3

12 1 − ν2ð Þ is the bending rigidity of the plate, while E and ν are its Young’s modu-

lus and Poisson’s ratio, respectively.

Let us present the solution for simply-supported boundary conditions around
all four sides of a thin plate having the length a, width b and thickness h, subjected
to in-plane compression load Nx, while Ny = Nxy = 0, also known as the Navier
method.10 The out-of-plane displacement can be assumed to be

w x, yð Þ =
X∞
m = 1

X∞
n = 1

sin
mπ
a

sin
nπ
b

(6:64)

Note that the double series, representing the lateral deflection, satisfy both eq.
(6.63) and the boundary conditions of the case, namely

w0 x,0ð Þ = 0, w0 x, bð Þ = 0, w0 0, yð Þ = 0, w0 a, yð Þ = 0

Mxx 0, yð Þ = 0, Mxx a, yð Þ = 0, Myy x,0ð Þ = 0, Myy x, bð Þ = 0
(6:65)

10 Claude-Louis Navier (1785–1836).
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where

Mxx = − D
∂2w
∂x2

+ ν
∂2w
∂y2

� �
, Myy = − D ∂2w

∂y2
+ ν ∂2w

∂x2

h i
(6:66)

Substituting eq. (6.64) into eq. (6.63) leads to the following expression:

Nx = π2a2

m2 D
m
a

� �2
+ n

b

� �2� �2
(6:67)

To obtain the critical load, one should find the smallest value of Nx in eq. (6.67),
which is easy to see that it will happen for n = 1, namely half-wave in the width di-
rection (perpendicular do the applied in-plane load Nx). Therefore, the critical buck-
ling load can be written as

Nxð Þcr =
π2

m2b2
D

b
a

� �
m2 + a

b

� �� �2
= k

π2

b2
D

k ≡
1
m2

b
a

� �
m2 + a

b

� �� �2 (6:68)

The variation of k with the aspect ratio a/b and the number of half-waves in the
longitudinal direction, m, is presented in Fig. 6.7. The minimal value of k is 4, and
it occurs at an integer value of the aspect ratio, a/b, with the critical buckling
waves following the aspect ratio, in the longitudinal direction.

9

8

7

6

5k
4

3

2

1

0
0

All around simply-supported plate-unidirectional loaded

1 2√2 √6 √12 √203 4 5 6a/b

Fig. 6.7: All-around simply-supported thin plate loaded in the longitudinal direction – buckling
factor, k, versus aspect ratio, a/b.
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Other cases of interest would include plates with two opposite sides on simply-
supported boundary conditions, while the other two sides have any combination of
boundary conditions, with the axial compression load being applied on the simply-
supported edges, also known as the Lévy method.11 The general solution has the
following form [1]:

w x, yð Þ = sin
mπ
a

A1e − αy + A2eαy + A3 cos βyð Þ + A4 sin βyð Þ½ �

where

α≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mπ
a

� �2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nx

D
mπ
a

� �2rs
, β≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

mπ
a

� �2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nx

D
mπ
a

� �2rs (6:69)

The constants A1–A4 are to be determined by the application of proper boundary
conditions, leading to the eigenvalue problem, which determines the critical buck-
ling load (per unit width). Typical boundary condition for the unloaded edges of
the plate are next given for clamped–clamped and free–free cases.
a. Clamped–clamped

w x,0ð Þ = 0, ∂w x,0ð Þ
∂x

= 0, w x, bð Þ = 0 , ∂w x,0ð Þ
∂x

= 0 (6:70)

b. Free–free

∂2w x,0ð Þ
∂y2

+ ν
∂2w x,0ð Þ

∂x2
= 0, ∂3w x,0ð Þ

∂y3
+ 2 − νð Þ ∂

3w x,0ð Þ
∂x2∂y

= 0

∂2w x, bð Þ
∂y2

+ ν
∂2w x, bð Þ

∂x2
= 0,

∂3w x, bð Þ
∂y3

+ 2 − νð Þ ∂
3w x, bð Þ
∂x2∂y

= 0

(6:71)

Typical results for the common boundary conditions are presented in Fig. 6.8
(adopted from [38]).

Timoshenko and Gere [1] presented an expression for the case E (see Fig. 6.8)
for long plates, having the following form:

kc = 0.456 + b
a

� �2

(6:72)

More details about the buckling of flat isotropic plates, involving other in-plane
loadings, bending and buckling of plates having elastic boundary conditions can
be found in [1, 38].

11 Maurice Lévy (1838–1910), Comptes Rendus, vol. 129, 1899, pp. 535–539.
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Fig. 6.8: Rectangular thin plates loaded in the longitudinal direction – buckling factor, k, versus
aspect ratio, a/b, for various boundary conditions (adapted from [38]).
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To conclude this section, we shall present the case of a rectangular flat isotro-
pic plate under pure shear (Nx =Ny = 0, Nxy ≠ 0), which was treated in [1, 38–42].
The equation of motion for this case is given by

∂4w x, yð Þ
∂x4

+ 2
∂4w x, yð Þ
∂x2∂y2

+ ∂4w x, yð Þ
∂y4

= 2Nxy

D
∂2w x, yð Þ
∂x∂y

(6:73)

Due to the mixed derivation on the right-hand side of eq. (6.73), no trigonometric
solution for the deflection, w, is possible. The approximate solutions had been ob-
tained using energy methods [1, 40]. Figure 6.9 presents the buckling coefficient,
ks, for a rectangular flat plate resting on simply-supported boundary conditions
under shear stresses along its perimeter.

From Fig. 6.9 one can obtain the buckling coefficient for infinitely long flat plates
on simply-supported boundary conditions to yield

τcrð ÞSS = ks
π2D
b2h

= 5.35 π
2D

b2h
(6:74)

10
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6ks
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National advisory
Committee for aeronautics
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8
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Fig. 6.9: Rectangular thin plates loaded in pure shear-buckling factor, k, versus aspect ratio, a/b,
for simply-supported boundary conditions (adapted from [40]).
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A similar expression is presented in [1] for infinitely long flat plates on clamped
boundary conditions, namely

τcrð Þclamped = ks
π2D
b2h

= 8.98π
2D

b2h
(6:75)

In the same reference [1], a general expression for the shear buckling coefficient, ks,
is presented for rectangular plates on simply-supported boundary conditions, start-
ing with a a/b = 1 up to long infinite one, a/b →∞,

ks = 5.35 + 4
b
a

� �2

(6:76)

6.4.2 Buckling of orthotropic plates

Finding the buckling of orthotropic plates is more complicated as compared to the
isotropic case and only few closed-form solutions are available for certain boundary
conditions and layups. Other rigorous plate solutions can be found based on the
Navier method, which treats rectangular plates on simply-supported boundary con-
ditions all around it or the Lévy method suitable for plates with two opposite sim-
ply-supported edges, while the other two can have any combination of boundary
conditions. Approximate solutions can be obtained using Rayleigh–Ritz, Galerkin-
Bubnov or extended Kantorovich methods, all being based on energy approaches.

The first case to be presented is also called special orthotropic plates for which
the bending–stretching coupling terms Bij and the bending–twisting coefficients
D16 and D26 are set to zero. This leads to the following equation, assuming constant
in-plane compressive loads per unit width in the x and y directions, Nxx and Nyy,
respectively, and shear loads Nxy:

D11
∂4w0

∂x4
+ 2 D12 + 2D66ð Þ ∂4w0

∂x2∂y2
+ D22

∂4w0

∂y4
= Nxx

∂2w0

∂x2
+ 2Nxy

∂2w0

∂x∂y
+ Nyy

∂2w0

∂y2

(6:77)

Note that the simply-supported boundary conditions presented in eq. (6.65), for the
isotropic case, still hold; however, the expressions for the moments per unit width
are for the orthotropic case:

Mxx = − D11
∂2w0

∂x2
+D12

∂2w0

∂y2

� �
, Myy = − D12

∂2w0

∂x2
+D22

∂2w0

∂y2

� �
, Mxy = − 2D66

∂2w0

∂x∂y

(6:78)

For the clamped boundary conditions along the plate’s perimeter, eq. (6.70) pre-
sented for the isotropic case is valid also for the present orthotropic case. The issue
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of free boundary conditions on all four sides of the plate, presented in eq. (6.71) for
the isotropic case, is somehow more complicated and is presented as

Mxx 0, yð Þ = 0, Mxx a, yð Þ = 0, Myy x,0ð Þ = 0, Myy x, bð Þ = 0

Vy 0, yð Þ = 0, Vy a, yð Þ = 0, Vx x,0ð Þ = 0, Vy x, bð Þ = 0
(6:79)

where

Vx = ∂Mxx

∂x
+ ∂Mxy

∂y
+ ∂

∂x
Nxy

∂w0

∂y
− Nxx

∂w0

∂x

� �
+ ∂Mxy

∂y

Vy =
∂Myy

∂y
+ ∂Mxy

∂x
+ ∂

∂y
Nxy

∂w0

∂x
− Nyy

∂w0

∂y

� �
+ ∂Mxy

∂x

(6:80)

Solving eq. (6.77) for a rectangular plate loaded in the x direction only (Nxy = Nyy= 0)
for all-around simply-supported boundary conditions (eqs. (6.65) and (6.78)), which
can be shown to be simplified yielding the following expressions:

w0 x,0ð Þ = ∂2w0 x,0ð Þ
∂x2

= 0, w0 x, bð Þ = ∂2w0 x, bð Þ
∂x2

= 0

w0 0, yð Þ = ∂2w0 0, yð Þ
∂y2

= 0, w0 a, yð Þ = ∂2w0 a, yð Þ
∂y2

= 0

(6:81)

and substituting the following out-of-plane deflection w0, which satisfies the
boundary conditions (eq. (6.81)), into eq. (6.77)

w0 = Amn sin
mπx
a

sin
nπy
b

, m, n = 1, 2, 3, . . . (6:82)

where Amn is a small arbitrary amplitude coefficient, which yields the following crit-
ical load per unit width (b being the width of the plate)

Nxx
� 	

cr = π2 D11
m
a

� �2
+ 2 D12 + 2D66ð Þ n

b

� �2
+ D22

n
b

� �4 a
m

� �2� �
(6:83)

Equation (6.83) is a function of both m and n, which are the number of half-waves
in the x and y directions, respectively. It is clearly that the minimum can be ob-
tained for n = 1. Rearranging eq. (6.83) leads to the following expression:

Kx

π2 ≡
Nxx · b2
π2D22

= D11

D22

b
a

� �2
m2 + 2

D12

D22
+ 2

D66

D22

� �
+ a

b

� �2 1
m2

" #
(6:84)

Equation (6.84) enables to find the lowest values for Kx as a function of the aspect
ratio a/b and m for given values of D11, D22, D12 and D66. Figure 6.10 presents the
behavior of eq. (6.84) for three values of D11/D22 assuming (D12 + 2D66)/D22 = 1.
Similar curves would be achieved for other values of those parameters.
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One should note that the minimum value for each curve generated by eq. (6.84) is
found for a certain aspect ratio thus obtaining Kx=π2ð Þmin

a
b

= m ·
ffiffiffiffiffiffiffi
D11

D22

4
r

) Kx

π2

� �
min

= 2

ffiffiffiffiffiffiffi
D11

D22

r
+ D12

D22
+ 2

D66

D22

� �
(6:85)

The biaxial case, where only in-plane compressive forces (Nxy = 0) are applied in
the x and y directions of an all-around simply-supported plate can also be solved,
provided one can write κ≡Nyy=Nxx (the y compression load is proportional to the x
compression load). Then using eqs. (6.77) and (6.82) one obtains the expression for
the critical buckling load, as

a/b

45
40
35
30
25
20
15
10

5
0

0 0.5

m = 1

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7

Kx
π2

= 10
D11
D22

a/b

0

2

4

6

8

10

12

14

m = 5

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7

= 1
D11
D22

Kx
π2

m = 1
m = 2

m = 3 m = 4
m = 2 m = 3

a/b

0
1
2
3
4
5
6
7
8
9

m = 4 m = 5 m = 6

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7

= 0.5
D11
D22

Kx
π2 m = 3m = 3
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Fig. 6.10: Uniaxial buckling of a rectangular special orthotropic plate simply supported on all its
sides for three values of D11/D22 while (D12 + 2D66)/D22 = 1.
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Nxx
� 	

cr = π2
D11

m
a

� �2
+ 2 D12 + 2D66ð Þ n

b

� �2
+ D22

n
b

� �4 a
m

� �2� �
1 + κ

a
b

� �2 n
m

� �2 (6:86)

yielding as before the value of Kx=π2ð Þ as a function of the aspect ratio (a/b), stiff-
ness D11, D12, D22, D66 and the half-waves in the x- and y-plate directions, m and n,
respectively

Kx

π2 =
D11

m
a

� �2
+ 2 D12 + 2D66ð Þ n

b

� �2
+ D22

n
b

� �4 a
m

� �2� �
1 + κ

a
b

� �2 n
m

� �2 (6:87)

Note that in contrast to the isotropic case, the assumption of n = 1 for the special
orthotropic case of a plate under biaxial loads will not necessarily lead to the lowest
value of the critical compression load, and therefore, its lowest value will be found
after calculating the critical buckling loads for a few combinations of m and n.

The case of a special orthotropic rectangular plate on simply-supported bound-
ary conditions under pure shear ( Nxy ≠0, Nxx = 0,Nyy = 0) case is more compli-
cated than the previous two ones. The equation to be solved is given by

D11
∂4w0

∂x4
+ 2 D12 + 2D66ð Þ ∂4w0

∂x2∂y2
+ D22

∂4w0

∂y4
= 2Nxy

∂2w0

∂x∂y
(6:88)

There are no analytical solutions for this case, even for an all-around simply-supported
rectangular plate. Bergmann and Reisner [30] assumed an infinitely long plate in the
x-direction (a/b → ∞) with the D11 bending rigidity being neglected. The exact solution
for this case, where simply-supported boundary conditions were assumed along the
long edges, has the following form:

Nxy · b2

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D22 D12 + 2D66ð Þ½ �p = 11.71 (6:89)

Another solution for eq. (6.88) was given by Leissa [29], which has the following
form:

w x, yð Þ = f yð Þ exp iκ
x
b

� �
(6:90)

where i =
ffiffiffiffiffiffiffiffi
− 1

p
, b is the plate’s width and κ is a wavelength constant to be deter-

mined. Substituting eq. (6.90) into eq. (6.88) yields

D11
κ
b

� �4
f yð Þ − 2 D12 + 2D66ð Þ κ

b

� �2 d2f yð Þ
dy2

+ D22
d4f yð Þ
dy4

− 2iNxy
κ
b

� � df yð Þ
dy

= 0 (6:91)

146 6 Buckling of thin-walled structures

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



The solution of eq. (6.91) has the following form:

f yð Þ = A1 exp iβ1
y
b

� �
+ A2 exp iβ2

y
b

� �
+ A3 exp iβ3

y
b

� �
+ A4 exp iβ4

y
b

� �
(6:92)

where β1, β2, β3 and β4 are the roots of the fourth-degree polynomial equation pre-
sented by eq. (6.91). Then the simply-supported boundary conditions are substituted
at y = 0, b into eq. (6.92), leading to a fourth-order characteristic determinant, with κ
and Nxy being free parameters. It was shown in [29] that the following parameter,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D11=D22
p

= D12 + 2D66ð Þ=D22½ �, determines the solution.
When only two opposite edges of a plate are on simply-supported boundary

conditions, while the other two sides can be either clamped, free or any other com-
bination of boundaries, the Lévy method can be applied to solve the buckling prob-
lem. Assuming the out-of-plane displacement has the following form

w0 x, yð Þ = Gn xð Þ sin nπy
b

, n = 1, 2, 3 (6:93)

and substituting into eq. (6.77), for constant in-plane loads, without shear-type
ones (Nxx ≠0, Nyy ≠0, Nxy = 0) yields

D11
d4Gn xð Þ
dx4

− 2 D12 + 2D66ð Þ nπ
b

� �2
+Nxx

� �
d2Gn xð Þ
dx2

+ nπ
b

� �2
D22

nπ
b

� �2
+Nyy

� �
Gn xð Þ = 0

(6:94)

The general solution for eq. (6.94) can be assumed to have the following form:

Gn xð Þ = A1 sinh λ1xð Þ + A2 cosh λ1xð Þ + A3 sin λ2xð Þ + A4 cos λ2xð Þ (6:95)

where λ1 and λ2 are the roots of the following characteristic equation:

D11λ4 − 2 D12 + 2D66ð Þ nπ
b

� �2
+ Nxx

� �
λ2 + D22

nπ
b

� �4
+ Nyy

nπ
b

� �2� �
= 0 (6:96)

The roots of eq. (6.96) are given by

λ1ð Þ2 = 1
D11

B +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − D11C

ph i
λ2ð Þ2 = 1

D11
− B +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 − D11C

ph i (6:97)

where

B≡ D12 + 2D66ð Þ nπ
b

� �2
+ Nxx

2

� �
, C≡ D22

nπ
b

� �4
+ Nyy

nπ
b

� �2� �
(6:98)

The constants A1–A4 are to be determined using the appropriate boundary condi-
tions at x = 0, a, yielding the buckling load of the plate.
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Appendix A: Nonsymmetric laminated composite
beam – CLT approach

The two coupled equations of motion for a nonsymmetric laminated composite
beam under compressive loads based on the CLT approach are

A11
d2u0
dx2

− B11
d3w0

dx3
= 0 (A-1)

− B11
d3u0
dx3

+ D11
d4w0

dx4
+ Nxx

d2w0

dx2
= 0 (A-2)

Derivation with respect to x of eq. (A-1) and substituting in eq. (A-2) leads to the
following decoupled equation:

−
B11

A11

d4w0

dx4
+ D11

d4w0

dx4
+ Nxx

d2w0

dx2
= 0 (A-3)

The solution of eq. (A-3) has the following general form:

w0 xð Þ = C1 sin λ
_

x
� �

+ C2 cos λ
_

x
� �

+ C3x + C4 (A-4)

where

λ
_2 = Nxx

D11 −
B2
11

A11

� � (A-5)

Let us assume that the axial displacement u0(x) has the same form as the lateral
displacement [8, 12–19, 26–28, 42], namely

u0 xð Þ = C5 sin λ
_

x
� �

+ C6 cos λ
_

x
� �

+ C7x + C8 (A-6)

The four constants in eq. (A-6) are connected to the four constants in eq. (A-4). By
substituting eqs. (A-4) and (A-6) into eq. (A-1) we get the following relationships:

C5 = −
B11

A11
· λ
_

·C2

C6 = + B11

A11
· λ
_

·C1

(A-7)

The rest of the constants C1, C2, C3, C4, C7 and C8 will be determined using the six
boundary conditions of the problem. For the case of simply supported at both ends of
the column, the out-of-plane boundary conditions have the following expressions:

150 6 Buckling of thin-walled structures

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



w0 0ð Þ = 0, Mxx 0ð Þ = 0 ) − B11
du0 0ð Þ
dx

+ D11
d2w0 0ð Þ

dx2
= 0 (A-8)

w0 Lð Þ = 0, Mxx Lð Þ = 0 ) − B11
du0 Lð Þ
dx

+ D11
d2w0 Lð Þ
dx2

= 0 (A-9)

and the in-plane boundary conditions can be written (assuming that at x = 0 there
is no axial displacement, while at the other end of the beam, at x = L, there is a com-
pression load) as

u0 0ð Þ = 0 (A-10)

A11
du0 Lð Þ
dx

− B11
d2w0 Lð Þ
dx2

= − Nxx (A-11)

Applying the four out-of-plane boundary conditions (eqs. (A-8) and (A-9)) leads to
the following four equations:

C2 + C4 = 0

B2
11

A11
· λ
_2 ·C2 − B11 ·C7 − D11 · λ

_2 ·C2 = 0

C1 sin λ
_

L
� �

+ C2 cos λ
_

L
� �

+ C3x + C4 = 0

−
B2
11

A11
· λ
_2 ·C2 · cos λ

_

L
� �

−
B2
11

A11
· λ
_2 ·C1 · sin λ

_

L
� �

+ B11 ·C7

+ D11 · λ
_2 ·C1 · sin λ

_

L
� �

+ D11 · λ
_2 ·C2 · cos λ

_

L
� �

= 0

(A-12)

Applying the two in-plane boundary conditions (eqs. (A-10) and (A-11)) yields

B11

A11
· λ
_

·C1 + C8 = 0

− B11 · λ
_2 ·C2 · cos λ

_

L
� �

− B11 · λ
_2 ·C1 · sin λ

_

L
� �

+ A11 ·C7

+ B11 · λ
_2 ·C1 · sin λ

_

L
� �

+ − B11 · λ
_2 ·C2 · cos λ

_

L
� �

= − Nxx

) C7 = −
Nxx

A11

(A-13)

Solving for the six constants we get the following results:

C1 =
B11

A11

cos λ
_

L
� �

− 1
h i

sin λ
_

L
� � , C2 = B11

A11
, C3 = 0

C4 = −
B11

A11
, C7 = −

Nxx

A11
, C8 = − λ

_ B2
11

A2
11

cos λ
_

L
� �

− 1
h i

sin λ
_

L
� � .

(A-14)
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To obtain the buckling load, one should demand that w0 xð Þ ! ∞, namely finding
when one of the constants would tend to infinity. Observing the constant C1 leads
to the following eigenvalue solution

sin λ
_

L
� �

= 0 ) λ
_

L = nπ, n = 1, 2, 3, 4, . . . (A-15)

which leads to the critical buckling load per unit width, b, having the following form:

Nxx
� 	

cr =
π2

L2
D11 −

B2
11

A11

� �
(A-16)

The shape of the buckling will be sin πx
L

� 	
like for the symmetric case.

One should note that the critical buckling load per unit width Nxx
� 	

cr is influ-
enced by the coupling coefficient B11, presenting for nonsymmetric cases, a buck-
ling load below that obtained for the symmetric case, having the same number of
laminates.

For the clamped–clamped case the involved boundary conditions are

w0 0ð Þ = 0, dw0 0ð Þ
dx = 0 (A-17)

w0 Lð Þ = 0, dw0 Lð Þ
dx = 0 (A-18)

u0 0ð Þ = 0, A11
du0 Lð Þ
dx − B11

d2w0 Lð Þ
dx2

= − Nxx (A-19)

Applying the boundary conditions yields the following characteristic equation:

λ
_

L
� �

· sin λ
_

L
� �

= 2 1 − cos λ
_

L
� �h i

) λ
_

L = 2π, 8.987, 4π, . . . (A-20)

with C1 = C3 = C4 = C8 = 0, C2 ≠ 0 and C7 = − Nxx
A11

. The critical buckling load per unit
width can then be written as

�Nxx
� 	

cr =
4π2

L2
D11 −

B2
11

A11

� �
(A-21)

The buckling shape can be written as

w0 xð Þ = C2 cos
2πx
L

� �
− 1

� �
(A-22)
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7 Vibrations of thin-walled structures

7.1 Introduction

This chapter is the complementary chapter to Chapter 6, which dealt with stability
issues for isotropic and composite columns and plates. It is aimed at presenting the
vibration analysis of isotropic and composite columns and plates based on the clas-
sical lamination theory (CLT) and the first-order shear deformation theory (FSDT)
developed in Chapter 2. Some typical references dealing with 1D behavior character-
istically to beams are given in ref. [1–17].

7.1.1 CLPT approach

As described in the previous chapter, the classical lamination plate theory (CLPT) is
an extension of the well-known Kirchhoff–Love classical plate theory to be applied
to laminated composite plates. The equations of motion are
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(7:1)

where q is the distributed pressure on the surface of the plate and the mass mo-
ments of inertia I0, I1 and I2 are defined as

I0

I1

I2

8>><>>:
9>>=>>;=

ð + h=2

− h=2

1

z

z2

8>><>>:
9>>=>>; · ρ0 · dz

(7:2)

where h is the total thickness of the plate and ρ0 is the relevant density.
In eq. (7.1), Nxx, Nxy, Nyy are the force resultants per unit length and Mxx, Mxy, Myy

are the moment resultants per unit length defined as
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In eq. (7.3), z is a coordinate normal to the surface of the plate, and σxx and σyy are the
normal stresses in the x and y directions, respectively, while τxy is the shear stress.

The stress resultants Nxx, Nxy, Nyy and Mxx, Mxy, Myy can be defined using the
assumed displacements to yield:
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where

Aij =
XN
k = 1
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(7.6)

with Q
ðkÞ
ij being the lamina stiffness after transformation. Substituting eqs. (7.4) and

(7.5) into eq. (7.1) leads to the equations of motion for a laminated composite plate
expressed by the three assumed displacements (u0, v0 and w0):
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where
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7.1.2 FSDPT approach

The first-order shear deformation plate theory (FSDPT) described in detail in
Chapter 2 is an extension of the well-known Timoshenko beam theory and/or
Mindlin–Reissner plate theory to be applied to laminated composite plates.

The equations of motion in terms of displacements for the FSDPT approach can
be written as
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where P(w0) is given by eq. (7.10), u0, v0,w0 are the displacements in the directions
x, y and z, respectively, ϕx,ϕy are rotation about the x and y axes, respectively, and
the various terms Aij, Bij and Dij are defined in detail in Chapter 6.
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7.2 Vibrations of columns – CLT approach

The equations of motion for calculating a general laminate column can be derived
from eq. (7.1) by assuming that the displacement of the model is only a function of
the x coordinate, yielding the following equations (v0 is assumed to be zero):
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where
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and h is the total thickness of the plate and ρ0 is the relevant density.
To analyze the vibration problem of the columns, the lateral load q will be as-

sumed to be zero while the axial compressive load, P w0ð Þwill be assumed to be non-
zero. This leads to the following coupled equations:
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7.2.1 Symmetric laminate (B11 = 0, I1 = 0)

For the case of symmetric laminate, namely, B11 = 0, and I1 = 0, the following single
equation is obtained, while eq. (7.20) (assuming the term ∂3w0

∂x3
is neglected) is solved

independently
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Assuming that w0 x, tð Þ=W xð Þeiωt, where ω is the circular natural frequency and
substituting into eq. (7.22) yields the following differential equation:

D11
d4W
dx4

+ Nxx +ω2I2
� 	 d2W

dx2
−ω2I0 ·W =0 (7:23)

The solution of eq. (7.23) has the following general form:

W xð Þ=A1 sinhðα1xÞ+A2 coshðα1xÞ+A3 sinðα2xÞ+A4 cosðα2xÞ (7:24)

where A1,A2,A3 and A4 are constants to be determined using boundary conditions
and the terms α1 and α2 are defined as
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To investigate the influence of the compression load, Nxx and the rotary inertia, I2,
on the natural frequency, the circular natural frequency squared (ω2) is rewritten
using eq. (7.25) to yield

ω2 = D11α41 +Nxxα21
I0 − I2α21

= α41
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The expressions in eq. (7.26) are the same, are the same and only one of the equa-
tions should be used , for instance when, α2 is known. Also it is clear from eq. (7.26)
(the second expression) that the compressive load Nxxreduces the natural frequency,
and the same tendency is obtained by including the rotary inertia, I2. Assuming
Nxx = I2 =0; one obtains the known frequency equation used by Bernoulli–Euler the-
ory, namely

ω2 = α42
D11

I0
(7:27)

which holds true also for an isotropic column, by letting the bending stiffness, to be
written as D11 ≡D=Eh3= 12 1− υ2ð Þ½ �, where E is the Young’s modulus, υ is the
Poisson’s ratio and h is the thickness of the column.

Let us show the application of boundary conditions in eq. (7.24) for the simply
supported case. The boundary conditions for this case are
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Substituting the boundary conditions in eq. (7.24) yields a set of four equations
with four unknowns, having the following matrix form:
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To obtain a unique solution, the determinant of the matrix appearing in eq. (7.29)
must vanish. This leads to the following characteristic equation:

sin α2Lð Þ=0 ) α2L= nπ, n= 1, 2, 3, 4... ) α22 =
n2π2

L2
(7:30)

Substituting the result of eq. (7.30) into the second expression of eq. (7.26) leads to
the natural frequencies of a symmetric layered column, having a length L, under
compressive load, including rotatory inertia on simply supported boundary
conditions
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Neglecting the rotatory inertial leads to the following expression:
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showing that the axial compression load reduces the natural frequencies of
a column, while for the case of no axial compression, but including the rotatory in-
ertia the expression has the following form:

ω= nπ
L

� �2 ffiffiffiffiffiffiffi
D11

I0

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1+ I2
I0

nπ
L

� 	2� �vuut , n= 1, 2, 3, 4, ... (7:33)

displaying the same tendency as before, namely the rotatory inertial tends to reduce
the natural frequencies of the column. For the simple case of a column, without
axial compression and rotatory inertia the expression for the natural frequencies is
like for an isotropic case using the classical beam theory
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ωn =
nπ
L

� �2 ffiffiffiffiffiffiffi
D11

I0

s
, n= 1, 2, 3, 4, . . . (7:34)

Tables 7.1 and 7.2 present some of the most encountered column cases having vari-
ous boundary conditions (see similar tables in Chapter 6). The various expressions
given in Table 7.1 are for the case without axial compression load and neglecting
the rotary inertia term. For this case, eq. (7.24) simplifies into the following
equation:

W xð Þ=A1 sinhðα2xÞ+A2 coshðα2xÞ+A3 sinðα2xÞ+A4 cosðα2xÞ (7:35)

Table 7.1: Characteristic equations and eigenvalues for natural vibrations of laminated composite
columns using CLT approach.

No. Name Characteristic equation Eigenvalues

 SS-SS* sin α2Lð Þ=0

α2Lð Þn = nπ, n= 1, 2, 3, ...
ωn =

nπ
L

� �2 ffiffiffiffiffiffi
D11
I0

q
 C-C** cos α2Lð Þ cosh α2Lð Þ= 1

α2Lð Þn =4.73004, 7.85321, 10.9956, ... 2n+ 1ð Þπ
2

ω1 =
4.73004

L

� �2 ffiffiffiffiffiffi
D11
I0

q
 C-F*** cos α2Lð Þ cosh α2Lð Þ= − 1

α2Lð Þn = 1.87510,4.69409, 7.85340, ... 2n− 1ð Þπ
2

ω1 =
1.87351

L

� �2 ffiffiffiffiffiffi
D11
I0

q
 F-F cos α2Lð Þ cosh α2Lð Þ= 1

α2Lð Þn =4.73004, 7.85321, 10.9956, ... 2n+ 1ð Þπ
2

ω1 =
4.73004

L

� �2 ffiffiffiffiffiffi
D11
I0

q
 SS-C tan α2Lð Þ= tanh α2Lð Þ

α2Lð Þn = 3.9266, 7.0686, 10.2102, ... 4n+ 1ð Þπ
4

ω1 =
3.9266

L

� �2 ffiffiffiffiffiffi
D11
I0

q

 SS-F tan α2Lð Þ= tanh α2Lð Þ

α2Lð Þn = 3.9266, 7.0686, 10.2102, ... 4n+ 1ð Þπ
4

ω1 =
3.9266

L

� �2 ffiffiffiffiffiffi
D11
I0

q

 G****-F tan α2Lð Þ= − tanh α2Lð Þ

α2Lð Þn = 2.3650, 5.4978,8.6394, ... 4n− 1ð Þπ
4

ω1 =
2.3650

L

� �2 ffiffiffiffiffiffi
D11
I0

q

 G-SS cos α2Lð Þ=0 α2Lð Þn = 2n− 1ð Þ π2 n= 1, 2, 3, ... ωn =
2n− 1ð Þπ

2L

� � ffiffiffiffiffiffi
D11
I0

q
 G-G sin α2Lð Þ=0

α2Lð Þn = nπ, n= 1, 2, 3...
ωn =

nπ
L

� �2 ffiffiffiffiffiffi
D11
I0

q
 G-C tan α2Lð Þ= − tanh α2Lð Þ

α2Lð Þn = 2.3650, 5.4978,8.6394, ... 4n− 1ð Þπ
4

ω1 =
2.3650

L

� �2 ffiffiffiffiffiffi
D11
I0

q

*SS, simply supported; **C, clamped; ***F, free; ****G, guided.
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Table 7.2: Mode shapes and their relevant eigenvalues for natural vibrations of laminated
composite columns using CLT approach.

No. Name Mode shape Eigenvalues

 SS-
SS

Wn xð Þ= sin
nπx
L

� �
ωn =

nπ
L

� �2 ffiffiffiffiffiffi
D11
I0

q

† C-C

Wn xð Þ= cosh
α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
− cos α2Lð Þn


 �
sinh α2Lð Þn


 �
− sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
2n+ 1ð Þπ

2L

� �2 ffiffiffiffiffiffi
D11
I0

q


† C-F

Wn xð Þ= cosh
α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
+ cos α2Lð Þn


 �
sinh α2Lð Þn


 �
+ sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
2n− 1ð Þπ

2L

� �2 ffiffiffiffiffiffi
D11
I0

q


† F-F

Wn xð Þ= cosh
α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
− cos α2Lð Þn


 �
sinh α2Lð Þn


 �
− sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
2n+ 1ð Þπ

2L

� �2 ffiffiffiffiffiffi
D11
I0

q


† SS-C

Wn xð Þ= cosh
α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
− cos α2Lð Þn


 �
sinh α2Lð Þn


 �
− sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
4n+ 1ð Þπ

4L

� �2 ffiffiffiffiffiffi
D11
I0

q


† SS-F

Wn xð Þ= cosh
α2Lð Þnx
L

� �
+ cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
+ cos α2Lð Þn


 �
sinh α2Lð Þn


 �
+ sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
+ sin

α2Lð Þnx
L

� �� 
 ωn =
4n+ 1ð Þπ

4L

� �2 ffiffiffiffiffiffi
D11
I0

q


† G-F

Wn xð Þ= cosh
α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−
cosh α2Lð Þn


 �
− cos α2Lð Þn


 �
sinh α2Lð Þn


 �
− sin α2Lð Þn


 � sinh
α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
4n− 1ð Þπ

4L

� �2 ffiffiffiffiffiffi
D11
I0

q

 G-SS Wn xð Þ= sin
2n− 1ð Þπx

2L

� �
ωn =

2n− 1ð Þπ
2L

� � ffiffiffiffiffiffi
D11
I0

q
 G-G Wn xð Þ= cos

nπx
L

� �
ωn =

nπ
L

� �2 ffiffiffiffiffiffi
D11
I0

q


† G-C
Wn xð Þ= cosh

α2Lð Þnx
L

� �
− cos

α2Lð Þnx
L

� �
−

sinh α2Lð Þn

 �

+ sin α2Lð Þn

 �

cosh α2Lð Þn

 �

− cos α2Lð Þn

 � sinh

α2Lð Þnx
L

� �
− sin

α2Lð Þnx
L

� �� 
 ωn =
4n− 1ð Þπ

4L

� �2 ffiffiffiffiffiffi
D11
I0

q

†The expression for the eigenvalues is given for n ≫ 1. For the first modes, see Table 7.1
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7.2.2 Nonsymmetric laminate (B11 ≠ 0, I1 ≠ 0)

To solve the case of a nonsymmetric laminate, it is easier to present eqs. (7.20) and
(7.21) in a matrix form, where higher order terms are neglected, leading to

A11
∂2

∂x2
−B11

∂3

∂x3

−B11
∂3

∂x3
D11

∂4

∂x4
+Nxx

∂2

∂x2

24 35 u0 x, tð Þ
w0 x, tð Þ

( )
+

− I0 I1 ∂
∂x

I1 ∂
∂x I0 − I2 ∂2

∂x2

" #
∂2

∂t2
u0 x, tð Þ
w0 x, tð Þ

( )
=

0

0

( )
(7:36)

The matrix presentation in eq. (7.36) includes axial compression Nxx, rotary inertia
I2, and the coupling mass moment of inertia I1, which couples both structurally and
dynamically the two assumed deflections, u0 and w0. There is no general solution
for eq. (7.36). Only for simply supported boundary conditions we can present the
natural frequencies of a non-symmetric beam in a closed form solution. For this
case we assume that the deflections u0 and w0 have the following form:

u0 x, tð Þ
w0 x, tð Þ

( )
=

PM
m= 1

Um cos mπx
L

� 	
eiωtPM

m= 1
Wm sin mπx

L

� 	
eiωt

8><>:
9>=>;≡

PM
m= 1

Um cos λxð ÞeiωtPM
m= 1

Wm sin λxð Þeiωt

8><>:
9>=>; (7:37)

where i=
ffiffiffiffiffiffiffi
− 1

p
, ω2 is the circular natural frequency squared and λ=mπ=L.

Substituting eq. (7.37) into eq. (7.36) yields

A11λ2 −B11λ3

−B11λ3 D11λ4 −Nxxλ2

" #
Um

Wm

( )
+

−ω2I0 ω2I1λ
ω2I1λ −ω2 I0 − I2λ2

� 	" #
Um

Wm

( )
=

0

0

( )
(7:38)

Then eq. (7.38) can be casted in the following form:

A11λ2 −ω2I0 −B11λ3 +ω2I1λ
−B11λ3 +ω2I1λ D11λ4 −Nxxλ2 −ω2 I0 − I2λ2

� 	" #
Um

Wm

( )
=

0

0

( )
(7:39)

To obtain a unique solution, the determinant of the matrix in eq. (7.39) must vanish,
leading to the following characteristic equation:

A ω2� 	2 +B ω2� 	
+C =0 (7:40)

where

A≡ I21λ
2 − I0 I0 − I2λ2

� 	
B≡A11λ2 I0 − I2λ2

� 	
+ I0 D11λ2 −Nxx
� 	

λ2 − 2I1B11λ4

C ≡ A11Nxx − A11D11 −B2
11

� 	
λ2


 �
λ4

(7:41)
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Solution of eq. (7.40) would provide the natural frequency for the simply supported
nonsymmetric case. For a symmetric case (B11 = I1 = 0) eq. (7.39) will not be coupled
and the result will be the expression presented in eq. (7.31).

Appendix A presents a procedure to solve the case of a non-symmetric beam
having other boundary conditions.

7.3 Vibrations of columns – FSDT approach

As derived in Chapter 6, the equations of motion for a general laminate using the
FSDT approach (see also [9–14]) can be written as (assuming v0 = ϕy = 0)

A11
∂2u0
∂x2

+ ∂3w0

∂x3

� �
+B11

∂2ϕx

∂x2
= I0

∂2u0
∂t2

+ I1
∂2ϕx

∂t2
(7:42)

KA55
∂2w0

∂x2
+ ∂ϕx

∂x

� �
−Nxx

∂2w0

∂x2
= q+ I0

∂2w0

∂t2
(7:43)

B11
∂2u0
∂x2

+ ∂3w0

∂x3

� �
+D11

∂2ϕx

∂x2
−KA55

∂w0

∂x
+ϕx

� �
= I2

∂2ϕx

∂t2
+ I1

∂2u0
∂t2

(7:44)

One should note that eqs. (7.42)–(7.44) are for the case of uniform properties along
the beam. For the particular case of properties varying along the x coordinate of the
beam, the reader is referred to [12–14]. To solve the vibration problem, the lateral
load, q, is set to zero leading to the following three coupled equations of motion:

A11
∂2u0
∂x2

+ ∂3w0

∂x3

� �
+B11

∂2ϕx

∂x2
= I0

∂2u0
∂t2

+ I1
∂2ϕx

∂t2
(7:45)

KA55
∂2w0

∂x2
+ ∂ϕx

∂x

� �
−Nxx

∂2w0

∂x2
= I0

∂2w0

∂t2
(7:46)

B11
∂2u0
∂x2

+ ∂3w0

∂x3

� �
+D11

∂2ϕx

∂x2
−KA55

∂w0

∂x
+ϕx

� �
= I2

∂2ϕx

∂t2
+ I1

∂2u0
∂t2

(7:47)

Assuming harmonic vibrations with a circular squared frequency, ω2 and neglect-
ing higher order terms we can rewrite eqs. (7.45)–(7.47) as

A11
d2U
dx2

+B11
d2Φ
dx2

+ω2I0U +ω2I1Φ=0 (7:48)

KA55
d2W
dx2

+ dΦ
dx

� �
−Nxx

d2W
dx2

+ω2I0W =0 (7:49)

B11
d2U
dx2

+D11
d2Φ
dx2

−KA55
dW
dx

+Φ
� �

+ω2I2Φ+ω2I1U =0 (7:50)
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For symmetric laminates, we can write the following expressions:

A11
d2U
dx2

+ω2I0U =0 (7:51)

KA55
d2W
dx2

+ dΦ
dx

� �
−Nxx

d2W
dx2

+ω2I0W =0 (7:52)

D11
d2Φ
dx2

−KA55
dW
dx

+Φ
� �

+ω2I2Φ=0 (7:53)

One should note that for the symmetric case, the first equation eq. (7.51) is not cou-
pled with the other two equations, eqs. (7.52) and (7.53), which are coupled and
have to be solved together.

7.3.1 Symmetric laminate (B11 = 0, I1 = 0)

First, we shall present a general solution for the symmetric case presented by the
two coupled equations (7.52) and (7.53). The two equations are decoupled to yield
uncoupled equations

D11 −
Nxx

KA55

� �
d4W
dx4

+ ω2 D11I0
KA55

+ 1−
Nxx

KA55

� �
I2 +Nxx

� �� 

d2W
dx2

+ω2I0
I2ω2

KA55
− 1

� �
W =0

(7:54)

D11 −
Nxx

KA55

� �
d4Φ
dx4

+ ω2 D11I0
KA55

+ 1−
Nxx

KA55

� �
I2 +Nxx

� �� 

d2Φ
dx2

+ω2I0
I2ω2

KA55
− 1

� �
Φ=0

(7:55)

One should note that without axial compression, Nxx =0 eqs. (7.54) and (7.55) will
have the following form which is similar to what is given in [10]

D11
d4W
dx4

+ω2 D11I0
KA55

+ I2

� �
d2W
dx2

+ω2I0
I2ω2

KA55
− 1

� �
W =0 (7:56)

D11
d4Φ
dx4

+ω2 D11I0
KA55

+ I2

� �
d2Φ
dx2

+ω2I0
I2ω2

KA55
− 1

� �
Φ=0 (7:57)

The general solutions for eqs. (7.54) and (7.55) (as well as for eqs. (7.56) and (7.57))
have the following form:

W xð Þ=A1 cosh s1xð Þ+A2 sinh s1xð Þ+A3 cos s2xð Þ+A4 sin s2xð Þ (7:58)

Φ xð Þ=B1 cosh s1xð Þ+B2 sinh s1xð Þ+B3 cos s2xð Þ+B4 sin s2xð Þ (7:59)
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while the constants A1,A2,A3,A4 and B1,B2,B3,B4 are interconnected (by back-
substituting eqs. (7.58) and (7.59) into the coupled equations (7.52) and (7.53) and
have the following form:

B1 =
KA55 · s1

D11 · s21 −KA55 +ω2I2
A2 ≡ αA2 (7:60)

B2 =
KA55 · s1

D11 · s21 −KA55 +ω2I2
A1 ≡ αA1 (7:61)

B3 =
KA55 · s2

ω2I2 −D11 · s21 −KA55
A4 ≡ βA4 (7:62)

B4 = −
KA55 · s2

ω2I2 −D11 · s21 −KA55
A3 ≡ − βA3 (7:63)

and

s1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

b
2a

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 4acð Þp
2a

s
(7:64)

s2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
+ b
2a

+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 4acð Þp
2a

s
(7:65)

where

a≡D11 −
Nxx

KA55
;b≡ω2 D11I0

KA55
+ 1−

Nxx

KA55

� �
I2 +Nxx

� �
;c≡ω2I0

I2ω2

KA55
− 1

� �
(7:66)

The remaining constants, A1, A2, A3 and A4 will be found after imposing the relevant
boundary conditions.

The general boundary conditions for a nonsymmetric laminate are given in
Table 7.3 and eq. (7.67).

Table 7.3: Out-of-plane boundary conditions for a nonsymmetric laminate column.

Name Boundary conditions

Simply supported (or hinged) end
W =0 and B11

dU
dx

+D11
dΦ
dx

=0

Clamped end W =0 and Φ=0

Free end
B11

dU
dx

+D11
dΦ
dx

=0 and KA55
dW
dx

+Φ
� �

−Nxx
dW
dx

=0

Guided end Φ=0 and KA55
dW
dx

+Φ
� �

−Nxx
dW
dx

=0
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The in-plane boundary condition for the nonsymmetric laminate is given as

A11
dU
dx

+B11
dΦ
dx

= −Nxx or U =0 (7:67)

One should note that for a symmetric case without axial compression load the expres-
sions for the boundary condition simplify and are given in Table 7.4 and eq. (7.68).

The in-plane boundary condition for the symmetric laminate axial noncompressed
column is given as follows:

dU
dx

=0 or U =0 (7:68)

Table 7.5 presents the characteristic equations for various boundary conditions for
symmetric laminate, axial noncompressed columns.

7.3.2 Nonsymmetric laminate (B11 ≠ 0, I1 ≠ 0)

The way to solve a nonsymmetric laminate for the case of beams of columns, we
shall follow the derivation performed by Abramovich and Livshits [17].

The equations of motion (7.45)–(7.47) will be presented in a matrix formulation
(for Nxx =0) namely,

A11
∂2

∂x2
0 B11

∂2

∂x2

0 KA55
∂2

∂x2
KA55

∂
∂x

B11
∂2

∂x2
−KA55

∂
∂x D11

∂2

∂x2
−KA55

� �

2666664

3777775
u0 x, tð Þ
w0 x, tð Þ
ϕx x, tð Þ

8>><>>:
9>>=>>;

+

− I0 0 − I1

0 − I0 0

− I1 0 − I2

2664
3775 ∂2

∂t2

u0 x, tð Þ
w0 x, tð Þ
ϕx x, tð Þ

8>><>>:
9>>=>>;=

0

0

0

8>><>>:
9>>=>>;

(7:69)

Table 7.4: Out-of-plane boundary conditions for a symmetric
laminate axial noncompressed column.

Name Boundary conditions

Simply supported (or hinged) end W =0 and
dΦ
dx

=0

Clamped end W =0 and Φ=0

Free end dΦ
dx

=0 and
dW
dx

+Φ=0

Guided end Φ=0 and
dW
dx

+Φ=0
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The associated boundary conditions are given by eq. (7.63) and Table 7.3.
Following [17], nondimensional displacements and beam’s length are defined as

qf g= u0=L,w0=L,ϕx

� �T , ξ ≡ x=L (7:70)

Table 7.5: Characteristic equations for natural vibrations of laminated composite columns using
FSDT approach.

No. Name Boundary conditions Characteristic equation

 SS-SS* Wð0Þ=0 dΦð0Þ=dx =0
WðLÞ=0 dΦðLÞ=dx =0

sin s2Lð Þ=0

s2Lð Þn = nπ, n= 1, 2, 3, ...

 C-C** Wð0Þ=0 Φð0Þ=0
WðLÞ=0 ΦðLÞ=0

2α − 2α cos s2Lð Þ cosh s1Lð Þ+
α2 −β2

β

� �
sin s2Lð Þ sinh s1Lð Þ=0

 C-F*** Wð0Þ=0 Φð0Þ=0
dΦ Lð Þ=dx =0

dW Lð Þ=dx +Φ Lð Þ=0

α s1 s1 −αð Þ− s2 s2 +βð Þ½ �+

s1s2
β−α2

β

� �
+α βs2 − αs1ð Þ

� �
cosh s1Lð Þ cos s2Lð Þ+

−α 2s1s2 + s1β+ s2αð Þ cosh s1Lð Þ cos s2Lð Þ=0

 F-F dΦ 0ð Þ=dx =0

dW 0ð Þ=dx +Φ 0ð Þ=0

dΦ Lð Þ=dx =0

dW Lð Þ=dx +Φ Lð Þ=0

2αs1 s1 +αð Þ− 2 cos s2Lð Þ cosh s1Lð Þ+
β2s22 s1 +αð Þ2 −α2s21 s2 +βð Þ2

βs2 s2 +βð Þ sin s2Lð Þ sinh s1Lð Þ=0

 SS-C Wð0Þ=0 dΦð0Þ=dx =0
WðLÞ=0 ΦðLÞ=0

β tanh s1Lð Þ=α tan s2Lð Þ

 SS-F Wð0Þ=0 dΦð0Þ=dx =0
dΦ Lð Þ=dx =0

dW Lð Þ=dx +Φ Lð Þ=0

s1α s2 +βð Þ tanh s1Lð Þ= − s2β s1 + αð Þ tan s2Lð Þ

 G****-F Φ 0ð Þ=0

dW 0ð Þdx +Φ 0ð Þ=0

dΦ Lð Þ=dx =0

dW Lð Þ=dx +Φ Lð Þ=0

s1α s2 +βð Þ tan s2Lð Þ= s2β s1 + αð Þ tanh s1Lð Þ

 G-SS Φ 0ð Þ=0

dW 0ð Þdx +Φ 0ð Þ=0
WðLÞ=0 dΦðLÞ=dx =0

cos s2Lð Þ=0 s2Lð Þn = 2n− 1ð Þ π2 n= 1, 2, 3, ...

 G-G Φ 0ð Þ=0

dW 0ð Þdx +Φ 0ð Þ=0
Φ Lð Þ=0

dW Lð Þdx +Φ Lð Þ=0

sin s2Lð Þ=0

s2Lð Þn = nπ, n= 1, 2, 3, ...

 G-C Φ 0ð Þ=0

dW 0ð Þdx +Φ 0ð Þ=0
WðLÞ=0 ΦðLÞ=0

α tanh s1Lð Þ= −β tan s2Lð Þ

*SS, simply supported; **C, clamped; ***F, free; ****G, guided.
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yielding

qf g= diagonal L, L, 1f g qf g (7:71)

To obtain expressions for free vibrations, we assume that the solution for eq. (7.69)
has the following form:

qf g= U,W,Φf gTeiωt ≡ Qf geiωt (7:72)

Substituting eq. (7.72) into eq. (7.69) leads to the following matrix equation:

A11
∂2

∂x2
0 B11

∂2

∂x2

0 KA55
∂2

∂x2
KA55

∂
∂x

B11
∂2

∂x2
−KA55

∂
∂x D11

∂2

∂x2
−KA55

� �
266664

377775+ω2

I0 0 I1

0 I0 0

I1 0 I2

264
375

266664
377775

L ·U
L ·W
Φ

8><>:
9>=>;=

0

0

0

8><>:
9>=>; (7:73)

Introducing nondimensional parameters and after some algebraic transformation,
eq. (7.73) can be written as

ζ 21 0 ζ 2

0 1 0

ζ 2b2 0 b2

264
375 ∂2

∂ξ 2
+

0 0 0

0 0 1

0 − 1 0

264
375 ∂

∂ξ
+

p2 0 η2p2

0 b2p2 0

η2b2p2 0 r2b2p2 − 1ð Þ

264
375

264
375 U

W

Φ

8><>:
9>=>;=0

(7:74)

where the various parameters are defined as

p2 ≡
ω2I0L4

D11
, b2 ≡

D11

KA55L2
, ζ 2 ≡

B11L
D11

, ζ 21 ≡
A11L2

D11
, r2 ≡

I2
I0L2

, η2 ≡
I1
I0L

(7:75)

Assuming that the general solution for eq. (7.74) has the following form:

Qf g= Q
� �

eimξ (7:76)

with m being the eigenvalue and Q
� �

the eigenvector, substituting into eq. (7.74)
leads to the following cubic algebraic equation:

As3 +Bs2 +Cs+D=0 , s≡
m2

p2
(7:77)

with
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A≡ ζ 21 − ζ 4, B≡ 1+ r2 +b2ð Þζ 21 − ζ 2 2η2 + ζ 2b2
� 	

,

C≡ ζ 21 r2b2 −
1
p2

� �
+ r2 +b2
� 	

− η2 η2 + 2ζ 2b2
� 	

,

D≡ r2b2 −
1
p2

− b2η4

(7:78)

Solving eq. (7.77) we can write the general solution for eq. (7.74) in the following
form (see a detailed discussion regarding the format of the solution in [17])

U =A1γμ sinh m1ξð Þ+A2γμ cosh m1ξð Þ+A3λδ sin m2ξð Þ
−A4λδ cos m2ξð Þ+A5αβ sin m3ξð Þ−A6αβ cos m3ξð Þ

W =A1 cosh m1ξð Þ+A2 sinh m1ξð Þ+A3 cos m2ξð Þ
+A4 sin m2ξð Þ+A5 cos m3ξð Þ+A6 sin m3ξð Þ

Φ= −A1μ sinh m1ξð Þ−A2μ cosh m1ξð Þ−A3λ sin m2ξð Þ
+A4λ cos m2ξð Þ−A5α sin m3ξð Þ+A6α cos m3ξð Þ

(7:79)

where the various terms in eq. (7.79) are defined as follows:

m1 ≡
ffiffiffiffi
s1

p
p, m2 ≡

ffiffiffiffiffiffiffiffiffi
− s2

p
p, m3 ≡

ffiffiffiffiffiffiffiffiffi
− s3

p
p

γ≡
ζ 2s1 + η2

ζ 21s1 + 1
, δ≡

ζ 2s2 + η2

ζ 21s2 + 1
, β≡

ζ 2s3 + η2

ζ 21s3 + 1

μ≡
s1 +b2ffiffiffiffi

s1
p p, λ≡

s2 +b2ffiffiffiffiffiffiffiffiffi
− s2

p p, α≡
s3 + b2ffiffiffiffiffiffiffiffiffi

− s3
p p

(7:80)

Imposing the adequate boundary conditions would lead to the finding of both the ei-
genvalues (the natural frequencies) and the eigenvectors (the modes of vibration). For
this problem six boundary conditions should be imposed as presented in Table 7.6.

One should note (see also [17]) that only for a column or a beam with two sim-
ply supported (hinged) movable ends, an analytical solution exists. The characteris-
tic equation, obtained after demanding that the determinant of the coefficients in
eq. (7.79) has the following form:

sin m3ð Þ sin m2ð Þ=0 (7:81)

The solutions for eq. (7.81) has two series: the first one having bending dominated
vibrations

m3 = kπ, k= 1, 2, 3, ..., n (7:82)

while the second series has longitudinal dominated vibrations

m2 = kπ, k= 1, 2, 3, ..., n (7:83)
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7.4 Vibrations of plates – CLPT approach

7.4.1 Simply supported special orthotropic plates

The first case to be solved is sometimes called special orthotropic plates for which
the bending–stretching coupling terms Bij and the bending–twisting coefficients
D16 and D26 are set to zero. Then taking eq. (6.77) from Chapter 6 assuming symme-
try (Bij = D16 = D26 = I1 = 0) and zeroing the in-plane and out-of-plane loads one
obtains:

D11
∂4w0

∂x4
+ 2 D12 + 2D66ð Þ ∂4w0

∂x2∂y2
+D22

∂4w0

∂y4
+ I0

∂2w0

∂t2
− I2

∂2

∂t2
∂2w0

∂x2
+ ∂2w0

∂y2

� �
=0

(7:84)

where I0 and I2 are defined in eq. (7.2). Let us assume the following solution for the
out-of-plane displacement w0 (tacitly assuming harmonic vibrations with a circular
frequency ω)

w0 x, y, tð Þ=Wmn sin
mπx
a

� � nπy
b

� �
eiωt (7:85)

where a is the length and b is the width of the plate having a total thickness of t,
and substituting in eq. (7.84) we get

D11
mπ
a

� �4
+ 2 D12 + 2D66ð Þ mπ

a

� �2 nπ
b

� �2
+D22

nπ
b

� �4
−ω2 I0 + I2

mπ
a

� �2
+ nπ

b

� �2� �� 

=0

(7:86)

The solution for eq. (7.86) has the following form, which presents the natural fre-
quencies for a special orthotropic laminated plate

Table 7.6: Boundary conditions for the nonsymmetrical laminated columns using the FSDT approach.

Name Boundary conditions

Clamped immovable end U=W =Φ=0

Clamped movable end ζ21
dU
dξ

+ ζ2
dΦ
dξ

=W =Φ=0

Simply supported immovable end ζ2
dU
dξ

+ dΦ
dξ

=W =U =0

Simply supported movable end ζ2
dU
dξ

+ dΦ
dξ

=W = ζ21
dU
dξ

+ ζ2
dΦ
dξ

=0

Free end ζ2
dU
dξ

+ dΦ
dξ

= 1
b2 Φ+ dW

dξ

� �
= ζ21

dU
dξ

+ ζ2
dΦ
dξ

=0
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ω2
mn =

π
a

� �4 D11m4 + 2 D12 + 2D66ð Þm2n2
a
b

� �2
+D22n4

a
b

� �4
I0 + I2

π
a

� �2
m2 + n2

a
b

� �2� � (7:87)

while the mode of vibration is given by

w0 x, yð Þ=Wmn sin
mπx
a

� � nπy
b

� �
(7:88)

One can see from eq. (7.87) that inclusion of the rotary inertia I2 tends to reduce the
natural frequencies. For a square plate, a = b, when neglecting the rotary inertia,
the general frequency would show as

ω2
mn =

π
I0a4

4
D11m4 + 2 D12 + 2D66ð Þm2n2 +D22n4

 �

(7:89)

The lowest frequency, sometimes called also the fundamental frequency, will occur
at m = n = 1, namely for a rectangular plate we will have

ω2
11 =

π
I0a4

4
D11 + 2 D12 + 2D66ð Þ a

b

� �2
+D22

a
b

� �4� �
(7:90)

7.4.2 Simply supported on two opposite edges of special orthotropic plates

Using the Lévy method1 one can solve the vibrations of rectangular plates, where
two opposite edges are on simply-supported boundary conditions, while the other
two sides can be either clamped, free or any other combination of boundaries.
Therefore the equilibrium equation, without in-plane loads, is given by eq. (7.84).
The out-of-plane deflections can be written as

w0 x, y, tð Þ=Wm xð Þ nπy
b

� �
eiωt (7:91)

Substituting eq. (7.91) into (7.84) leads to the following differential equation:

D11
d4Wm

dx4
+ ω2I2 − 2 D12 + 2D66ð Þ nπ

b

� �2� �
d2Wm

dx2
− ω2 I0 + I2

nπ
b

� �2� �
−D22

nπ
b

� �4� 

Wm =0

(7:92)

or

ba d4Wm

dx4
+bb d2Wm

dx2
−bcWm =0 (7:93)

1 M. Lévy, Memoire sur la theorie des plaques elastiques planes, J Math Pures Appl, Vol.3, p. 219,1899.
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where

ba≡D11, b b≡ω2I2 − 2 D12 + 2D66ð Þ nπ
b

� �2
, c≡ω2 I0 + I2

nπ
b

� �2� �
−D22

nπ
b

� �4
(7:94)

The general solution of eq. (7.92) has the following form:

W xð Þ=A1 sinhðα1xÞ+A2 coshðα1xÞ+A3 sinðα2xÞ+A4 cosðα2xÞ (7:95)

where

s1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−bb+ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb2 + 4babcq

2ba
vuut

,
s2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb+ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffibb2 + 4babcq
2ba

vuut (7:96)

Application of the boundary conditions in the x direction will lead to the natural
frequencies and their associated mode shapes in the x direction.
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Appendix A: General solution for a nonsymmetrical
beam resting on any boundary
conditions

Using eq. (7.36), and assuming no axial compression is applied (Nxx =0), while
I1 = 0 (by placing the beam’s coordinate system in the middle plane of the beam)
and the rotary moment of inertia, assumed to be being negligible (I2 = 0) we have
the following matrix notation:

A11
∂2

∂x2
−B11

∂3

∂x3

−B11
∂3

∂x3
D11

∂4

∂x4

24 35 u0 x, tð Þ
w0 x, tð Þ

( )
+

− I0 0

0 I0

" #
∂2

∂t2
u0 x, tð Þ
w0 x, tð Þ

( )
=

0

0

( )
(A-1)

Assuming that the nondimensional displacements have the following form:

u0 x, tð Þ
L

w0 x, tð Þ
L

( )
= U xð Þeiωt

W xð Þeiωt

( )
(A-2)

while the axial nondimensional axis being ξ = x/L (L is the length of the beam) and
substituting the nondimensional expressions of the two beam’s displacements into
eq. (A-1) we get

ζ 21 d2

dξ2
+ p2 − ζ 2 d3

dξ3

− ζ 2 d3

dξ3
d4

dξ4
− p2

264
375 U ξð Þ

W ξð Þ

( )
=

0

0

( )
(A-3)

where

p2 ≡
ω2I0L4

D11
, b2 ≡ D11

KA55L2
, ζ 2 ≡ B11L

D11
, ζ 21 ≡

A11L
2

D11
(A-4)

The characteristic equation of eq. (A-3) has the following form:
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ζ 21 − ζ 4
� 	

s3 + s2 −
ζ 21
p2

s−
1
p2

=0, s≡
m2

p2
(A-5)

Solving eq. (A-5) we can write the general solution for (A-3) in the following form
(see a detailed discussion regarding the format of the solution in [17])

U =A1γμ sinh m1ξð Þ+A2γμ cosh m1ξð Þ+A3λδ sin m2ξð Þ
−A4λδ cos m2ξð Þ+A5αβ sin m3ξð Þ−A6αβ cos m3ξð Þ

W =A1 cosh m1ξð Þ+A2 sinh m1ξð Þ+A3 cos m2ξð Þ
+A4 sin m2ξð Þ+A5 cos m3ξð Þ+A6 sin m3ξð Þ

(A-6)

where the various terms in eq. (A-6) are defined as follows:

m1 ≡
ffiffiffiffi
s1

p
p, m2 ≡

ffiffiffiffiffiffiffiffiffi
− s2

p
p, m3 ≡

ffiffiffiffiffiffiffiffiffi
− s3

p
p

γ≡
ζ 2s1

ζ 21s1 + 1
, δ≡

ζ 2s2
ζ 21s2 + 1

, β≡
ζ 2s3

ζ 21s3 + 1
μ≡

ffiffiffiffi
s1

p
p, λ≡

ffiffiffiffiffiffiffiffiffi
− s2

p
p, α≡

ffiffiffiffiffiffiffiffiffi
− s3

p
p

(A-7)

Imposing the adequate boundary conditions would lead to the finding of both the
eigenvalues (the natural frequencies) and the eigenvectors (the modes of vibration).
For this problem six boundary conditions should be imposed at each end as pre-
sented in Table A.1.

Table A.1: Boundary conditions for a nonsymmetric laminate beam (CLT approach).

Name Boundary conditions

Clamped immovable end
U =W = dW

dξ
=0

Clamped movable end ζ21
dU
dξ

− ζ2
d2W

dξ2
=W = dW

dξ
=0

Simply supported immovable end
U =W = ζ2

dU
dξ

−
d2W

dξ2
=0

Simply supported movable end ζ2
dU
dξ

−
d2W

dξ2
=W = ζ21

dU
dξ

− ζ2
d2W

dξ2
=0

Free end ζ2
dU
dξ

−
d2W

dξ2
= ζ21

d2U

dξ2
− ζ2

d3W

dξ3
= ζ21

dU
dξ

− ζ2
d2W

dξ2
=0
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Appendix B: Matrix notation for the equilibrium
equations using CLT approach

A convenient way of presenting the equilibrium equations at buckling and/or vibra-
tion is the following matrix form:

α11 α12 α13
α21 α22 α23
α31 α32 α33 −N½ �

264
375 u x, y, tð Þ

v x, y, tð Þ
w0 x, y, tð Þ

8><>:
9>=>;+ ∂2

∂t2

m11 0 m13

0 m22 m23

m13 m23 m33

264
375 u x, y, tð Þ

v x, y, tð Þ
w0 x, y, tð Þ

8><>:
9>=>;=

0

0

q

8><>:
9>=>;

(B-1)

where the various operators are given by

α11 ≡A11
∂
2

∂x2
+ 2A16

∂
2

∂x∂y
+A66

∂
2

∂y2

α22 ≡A22
∂2

∂y2
+ 2A26

∂2

∂x∂y
+A66

∂2

∂x2

α33 ≡D11
∂
4

∂x4
+ 4D16

∂
4

∂x3∂y
+ 2 D12 + 2D66ð Þ ∂

4

∂x2∂y2
+ 4D26

∂
4

∂x∂y3
+D22

∂
4

∂y4

α12 = α21 ≡A16
∂2

∂x2
+ A12 +A66ð Þ ∂2

∂x∂y
+A26

∂2

∂y2

α13 = α31 ≡ −B11
∂3

∂x3
− 3B16

∂3

∂x2∂y
− B12 + 2B66ð Þ ∂3

∂x∂y2
−B26

∂3

∂y3

α23 = α32 ≡ −B16
∂3

∂x3
− B12 + 2B66ð Þ ∂3

∂x2∂y
− 3B26

∂3

∂x∂y2
−B22

∂3

∂y3

N ≡Nxx
∂2

∂x2
+ 2Nxy

∂2

∂x∂y
+Nyy

∂2

∂y2

(B-2)

and

m11 ≡ − I0, m22 ≡ − I0, m33 ≡ I0 − I2
∂2

∂x2
+ ∂2

∂y2

� �
m13 ≡ I1

∂

∂x
, m23 ≡ I1

∂

∂y
,

(B-3)
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Appendix C: The terms of the matrix notation
for the equilibrium equations using
FSDPT approach

bα11 bα12 0 bα14 bα15bα21 bα22 0 bα24 bα25
0 0 bα33 bα34 bα34bα41 bα42 bα43 bα44 bα45bα51 bα52 bα53 bα54 bα55

26666664

37777775

Umn

Vmn

Wmn

Emn

Emn

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
=

0

0

0

0

0

8>>>>>><>>>>>>:

9>>>>>>=>>>>>>;
(C-1)

where

bα11 ≡A11
mπ
a

� �2
+A66

nπ
b

� �2 bα12 =bα21 ≡ A12 +A66ð Þ mπ
a

� � nπ
b

� �
bα14 =bα41 ≡B11

mπ
a

� �2
+B66

nπ
b

� �2 bα15 =bα51 ≡ B12 +B66ð Þ mπ
a

� � nπ
b

� �
bα22 ≡A66
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8 Dynamic buckling of thin-walled structures

8.1 Introduction

This chapter deals with what is called in the literature “dynamic” buckling of columns
and plates (metal and composite materials). First, the term “dynamic” buckling will
be explained and defined followed by examples from the literature. Then the equa-
tions of motions for columns and plates will be presented, and numerical and experi-
mental results of tests performed on columns, plates and shells will be highlighted.

The topic of applying an axially time-dependent load onto a column was stud-
ied for many years, thus inducing lateral vibrations and eventually causing the
buckling of the column. Sometimes this is called vibration buckling, as proposed
by Lindberg [1]. As it is described in his fundamental report [1], the axial oscillat-
ing load might lead to unacceptable large vibrations amplitudes at a critical com-
bination of the frequency and amplitude of the axial load and the inherent
damping of the column. This behavior is presented in Fig. 8.1a (adapted from [1]),
where an oscillating axial load induces bending moments that cause lateral vibra-
tions of the column. As described in [1], the column will laterally vibrate at large
amplitude when the loading frequency will be twice the natural lateral bending
frequency of the column. The term, vibration buckling, used by Lindberg, presents
some kind of similarity to vibration resonance. However, in the case of vibration
resonance the applied load is in the same direction as the motion, namely in our
case lateral to the column, and the resonance will occur when the loading fre-
quency equals the natural frequency of the column. This type of vibration buckling
was called by Lindberg as dynamic stability of vibrations induced by oscillating
parametric loading. This type of resonance is also called in the literature as paramet-
ric resonance (see an application of this type of dynamic stability in [2, 3]).

Another type of vibration type is sometimes also called pulse buckling, where
the structure will be deformed to unacceptably large amplitudes as a result of a
transient response of the structure to the dynamic axially applied load [1]. One
should note that the sudden applied load might cause a permanent deformation
due to plastic response of the column, a snap to a larger postbuckling deformation
or simply a return to its undeform state. This is pictured in Fig. 8.1b (adapted from
[1]) where the response of the column to a sudden short-time axial load is shown.

One should note that buckling will occur when an unacceptably large deforma-
tion or stress is encountered by the column. The column can withstand a large axial
load before reaching the buckling condition, provided the load duration is short
enough. Under an intense, short duration axial load, the column would buckle into
a very high-order mode as shown in Fig 8.1b. Lindberg [1] claims that pulse buckling
falls under the following mathematical definition: dynamic response of structural
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systems induced by time-varying parametric loading. Throughout this chapter, the
pulse buckling will be equivalent to dynamic buckling.

The dynamic buckling of structures has been widely addressed in the literature.
It started with the famous paper by Budiansky and Roth [4], through Hegglin’s re-
port on dynamic buckling of columns [5] and continued with Budiansky and
Hutchinson [6] and Hutchinson and Budiansky [7] in the mid-sixties. Then more
structures have been addressed as presented in typical references [1, 2, 8–43].

One of the most intriguing and challenging things is to define a criterion to
clearly define the critical load causing the structure to buckle under the subjected
pulse loading. As presented by Kubiak [32] and also by Ari Gur [13, 19, 22] and
others in [18, 20, 24–26] a new quantity is introduced called DLF (dynamic load fac-
tor) to enable the use of the dynamic buckling criteria. It is defined as

DLF≡
Pulse Buckling Quantity
Static Buckling Quantity

≡
Pcrð Þdyn.
Pcrð Þstatic

(8:1)

According to Kubiak [32], the most popular criterion had been proposed by Volmir
[10] for plates subjected to in-plane pulse loading. As quoted in [32], Volmir pro-
posed the following criterion:

Dynamic critical load corresponds to the amplitude of pulse load (of constant
duration) at which the maximum plate deflection is equal to some constant value
k (k – half or one plate thickness).

Another very widely used criterion has been formulated and proposed by
Budiansky and Hutchinson [6], based on an earlier work [4] and latter extended [7].
Originally, the criterion was formulated for shell-type structures but was used also
for columns and plates. The criterion claims that “Dynamic stability loss occurs
when the maximum deflection grows rapidly with the small variation of the load

P P

P

tt
(a) (b)

P

P(t)

P(t)

Fig. 8.1: (a) Buckling under parametric resonance and (b) pulse-type buckling.
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amplitude.” This criterion is schematically presented in Fig. 8.2b, where R (λ, t) is
the response of the simply nonlinear model assumed in [6] and presented also in
Fig. 8.2a, and λ is the nondimensional applied dynamic pulse-type compressive
load. Figure. 8.2c presents the application of the criterion for the axisymmetric
dynamic buckling of clamped shallow spherical shells as presented in [4].

Other dynamic buckling criteria were suggested and applied by Ari-Gur and
Simonetta in their manuscript [22]. They formulated four criteria presented sche-
matically in Figs 8.3a–d. The first criterion (see Fig. 8.3a) correlates the maximum
lateral deflection, Wm, to the pulse intensity defined as Lm. The first criterion is
stated as “Buckling occurs when, for a given pulse shape and duration, a small in-
crease in the pulse intensity causes a sharp increase in the rate of growth of the
peak lateral deflection” [22]. The authors claim that this criterion can be used to
both displacement and force loading types for a wide range of pulse frequencies;
however, for very short pulse durations the results might be misleading. The reason
for this is connected to the characteristics of the out-of-plane deflections which, for
short pulse duration in the vicinity of buckling loads, turn out to have short wave-
length patterns that are associated with smaller peak deflections. Therefore, the au-
thors present the second criterion (Fig. 8.3b), which comes to answer the deficiency
of the first criterion and is suitable to patterns of short-wavelength deflection
shapes. It claims that “dynamic buckling occurs when a small increase in the pulse
intensity causes a decrease in the peak lateral deflection” and is relevant to only
impulsive loads and may be used in complimentary to the first criterion The last

(a) (b) (c)

λ = 5

Pcr = 0.52

Δmax

p

1.5

1.0

0.5

0
0 0.2 0.4 0.6 0.8λ(λD)cr

R(
λ,

t)

L

λ

L
or

Cubic

Quadratic

(x + x )–

F = kL L L
x 2xα–

F = kL L L
x 3xβ–

Fig. 8.2: (a) The nonlinear model (adapted from [6]), (b) the Budiansky and Hutchinson (B&H)
schematic criterion (from [6]) and (c) the application of the B&H criterion to axisymmetric dynamic
buckling of clamped shallow spherical shells ((adapted from [4]).
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two criteria presented in [22] connect the intensity of the applied load versus the
maximum response of the loaded edge, say at x = 0. According to the third buckling
criterion (Fig. 8.3c), “buckling occurs when a small increase in the force intensity
Fm causes a sharp increase in the peak longitudinal displacement Um at x = 0.” The
buckling phenomenon under pulse loading is due to the diminishing of the struc-
tural resistance to an in-plane compressive load when the dynamic lateral deflec-
tions grow rapidly. The fourth buckling criterion associated with a displacement
pulse (Fig. 8.3d) states that “buckling occurs when a small increase in the pulse
displacement intensity Um causes a transition of the peak reaction force Fm at x = 0
from compression to tension.” This transition would come true, when the tensile
force needed to keep the deforming structure at the prescribed Um would be greater
than the maximum compression at its loaded edge.

Another interesting criterion was suggested by Petry and Fahlbush [24], claim-
ing that the Budiansky–Hutchinson criterion is very conservative for structures
with stable postbuckling equilibrium path because it does not take into account
load-carrying capacity of the structure. The criterion proposed is based on stress
analysis and claims that “a stress failure occurs if the effective stress σE exceeds the
limit stress of the material, σL; a dynamic response caused by an impact is defined
to be dynamically stable if σE ≤ σL is fulfilled at every time everywhere in the struc-
ture.” Using this criterion, which is claimed to be practical also for ductile materials
(by using the yield stress σY instead of σL), the DLF (see eq. (8.1)) is modified to

DLF≡
NFð Þdyn.
NFð Þstatic

(8:2)

Lm

Lm

Lm

Lm

Wm

Wm

Fm

Fm

(a) (b)

(c) (d)

Fm
Fm

Um
Um

Um

Um

(Compression)

(Tension)

Wm

Wm

Fig. 8.3: Buckling criteria (adapted from [6]): (a) the first criterion, (b) the second criterion, (c) the
third criterion and (d) the fourth criterion.
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where (NF)dyn and (NF)static are defined as the dynamic failure and static failure
loads, respectively.

8.2 Dynamic buckling of columns

8.2.1 Dynamic buckling of columns using CLT

The column differential equations of motion under time-dependent axial compres-
sion, as presented in Fig. 8.4, are given by

Nx, x = I0€u− I1 €w, x (8:3)

Mx, x +Nx ·w, x + I2 · €w, xx½ �= I0€w+ I1€u, x (8:4)

where

I0;I1;I2ð Þ= ρ
ðh=2

− h=2

1; z;z2
� 	

dz (8:5)

and (),x is the first partial differentiation with respect to x, €u, €w are the second par-
tial differentiation of the axial and lateral displacements with respect to time, t, h is
the total thickness of the column and ρ is the relevant densities for each layer in the
laminate.

Assuming that the force and moment resultants can be written as a function of
the strains and curvatures, according to the CLT approach we obtain

L

z,w

x,u

w0

N0(t)

Fig. 8.4: A column with geometric initial imperfection, w0,
subjected to time-dependent axial compression (N0(t) is the axial
compression at x = 0).

8.2 Dynamic buckling of columns 181

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



Nx

Mx

( )
=

A11 B11

B11 D11

" #
εx
κx

( )
(8:6)

where

A11;B11;D11ð Þ=
ðh=2

− h=2

Q11 1; z;z2
� 	

dz (8:7)

and Q11 is the plane stress-reduced stiffness for each layer after transformation (for
an exact expression, see Chapter 2). The strain displacements (u longitudinal dis-
placement, w lateral displacement) relationships are

εx
κx

( )
= u, x +

1
2

w2
, x −w2

0, x
� 	

− w−w0ð Þ, xx

8<:
9=; (8:8)

Substitution of eqs. (8.6)–(8.8) into eqs (8.3) and (8.4) yields

A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ−B11 w−w0ð Þ, xxx = I0€u− I1 €w, x (8:9)

A11 u, x ·w, xð Þ, x +
3
2
w2
, x ·w, xx −w0, x w0, xx ·w, x −

1
2
w0, x ·w, xx

� �� �
+

B11 u, xx +w0, xx w−woð Þ, x

 �

, x −D11 w−wo½ �, xxxx = I0 €w+ I1€u, x
(8:10)

Assuming a symmetric laminate, B11 = I1 = 0, then eqs. (8.9) and (8.10) are simpli-
fied to yield

A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ= I0€u (8:11)

A11 u, x ·w, xð Þ, x +
3
2
w2

, x ·w, xx −w0, x w0, xx ·w, x −
1
2
w0, x ·w, xx

� �� �
−D11 w−wo½ �, xxxx = I0 €w

(8:12)

One should note that all the terms in eqs. (8.11) and (8.12) are a function of both x
and t.

The associated boundary conditions (pinned-pinned or simply supported) for
the symmetric laminate are

Lateral deflection: wð0, tÞ=wðL, tÞ=0 (8:13)

Bending moment: D11 ·w, xxð0, tÞ=D11 ·w, xxðL, tÞ=0 (8:14)

Axial force: A11 · u, xð0, tÞ=Nxð0, tÞ= − N0ðtÞ= −N0 sin
πt
T

(8:15)

Axial displacement: u, xðL, tÞ=0 (8:16)
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while the initial conditions assume that wðx,0Þ=w0 w, xðx,0Þ= uð0,0Þ= _uð0,0Þ=0.
Note that eqs. (8.11) and (8.12) can be used for an isotropic column, by letting

A11 = EA, the axial stiffness (E = Young’s modulus and A = cross section of the col-
umn) and the bending stiffness, D11 = Eh3= 12 1− υ2ð Þ½ �.

The solution for the equations of motion (8.11) and (8.12) can be obtained using
energy methods, like the Galerkin method, using the boundary and initial condi-
tions presented in eqs. (8.13)–(8.16). To apply the Galerkin approach, one should
assume displacements that satisfy the boundary conditions of the problem, namely
for the present case the following functions will be assumed:

wðx, tÞ=AðtÞ sinπx
L
; w0ðxÞ=A0 sin

πx
L

uðx,0Þ=BðtÞ cosπx
L
; N0ðtÞ=N0 sin

πt
T
.

(8:17)

Multiplying eq. (8.11) by the expression for u(x, 0) while eq. (8.12) is multiplied by
w(x, t) and integrating both from x = 0 till x = L, will exclude the x dependence, yield-
ing two nonlinear time-dependent equations that have to be solved numerically.

For each value of No, the response of the beam w and u can be calculated for an

assumed initial geometric imperfection, w0ðx, tÞ=A0 sin
πx
L
, where A0 is a known am-

plitude (usually percentage of the columns thickness), for a constant time period T.
A typical drawing is presented in Fig. 8.5 (adapted from [18]). Calculating the

dynamic buckling for each value of the 2T/Tb and dividing it by the static buckling
load will yield the DLF for the tested or calculated case (see eq. (8.1).
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Fig. 8.5: The influence of the loading duration (T) on the columns response (adapted from [18]), Tb
first natural period of the column, A0 is the amplitude of the initial geometric imperfection.
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8.2.2 Dynamic buckling of columns using FSDT

To solve the dynamic buckling of columns (see Fig. 8.4) using the FSDT we shall
assume the following displacement field:

uxðx, z, tÞ= uðx, tÞ+ zϕx x, tð Þ
uzðx, z, tÞ=wðx, tÞ−w0ðxÞ

(8:18)

where the assumed variables u and w are displacements in the x and z directions, of
a point on the mid-plane of the plate (namely at z = 0), respectively, and ϕx is a rota-
tion about the x-axis, while w0 is the initial geometric imperfection of the column.
The equations of motion can be written as (see Chapters 6 and 7)

Nx, x = I0€u+ I1€ϕx

Qx, x + Nx · w, x −wo, xð Þ½ �, x = I0 €w

Mx, x −Qx = I2€ϕx + I1€u

(8:19)

In eq. (8.19), Qx is the shear force or the transverse force resultant defined as

Qx =K
ð + h=2

− h=2
τxy ·dz (8:20)

where K is the shear correction coefficient computed by equating the strain energy
due to transverse shear stresses to the strain energy due to true transverse shear as
calculated by a 3D elasticity theory while τxy is the transverse shear stress. For
a homogenous beam having a rectangular cross section, K = 5/6 (see Chapter 6).
The force and moment resultants as a function of displacements are given by

Nx

Mx

Qx

8><>:
9>=>;=

A11 B11 0

B11 D11 0

0 0 KA55

264
375 u, x +

1
2

w2
, x −w2

0, x
� 	
ϕx, x

ϕx +w, x −w0, x

8>><>>:
9>>=>>; (8:21)

As assumed in Section 8.2.1, the strains have the following form:

εx
γxz

( )
= ux , x +

1
2

w2
, x −w2

0, x
� 	

ux, z + uz, x

( )
= u, x +

1
2

w2
, x −w2

0, x
� 	

+ zϕx, x

ϕx +w, x −w0, x

8<:
9=; 8:22)

Substituting eq. (8.21) into eq. (8.19) yields the following equations of motion ex-
pressed by the three assumed displacements,uðx, tÞ, wðx, tÞ, ϕx x, tð Þ and the known
initial geometric imperfection, w0ðxÞ (see also a similar derivation in [25]):
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A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ+B11ϕx, xx = I0€u+ I1€ϕx

A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ+B11ϕx, xx

 �

w, x −w0, xð Þ+

A11 u, x +
1
2
w2

, x −
1
2
w2

0, x

� �
+B11ϕx, x

� �
w, xx −w0, xxð Þ+KA55 ϕx, x +w, xx −w0, xx

� 	
= I0 €w

B11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ+D11ϕx, xx −KA55 ϕx +w, x −w0, xð Þ= I2€ϕx + I1€u

(8:23)

For a symmetric layup, B11 = I1 = 0, then eq. (8.23) are simplified to yield

A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ= I0€uh
A11 u, xx +w, x ·w, xx −w0, x ·w0, xxð Þ

i
w, x −w0, xð Þ+

A11 u, x +
1
2
w2
, x −

1
2
w2
0, x

� �� �
w, xx −w0, xxð Þ+KA55 ϕx, x +w, xx −w0, xx

� 	
= I0 €w

D11ϕx, xx −KA55 ϕx +w, x −w0, xð Þ= I2€ϕx

(8:24)

As in the previous section, one should note that all the terms in eq. (8.24) are a
function of both x and t.

The associated boundary conditions (pinned–pinned or simply supported) for
the symmetric laminate are

Lateral deflection: wð0, tÞ=wðL, tÞ=0 (8:25)

Bending moment: D11 ·ϕx, xð0, tÞ=D11 ·ϕx, xðL, tÞ=0 (8:26)

Axial force: A11 · u, xð0, tÞ=Nxð0, tÞ= − N0ðtÞ= −N0 sin
πt
T

(8:27)

Axial displacement: u, xðL, tÞ=0 (8:28)

while the initial conditions assume that wðx,0Þ=w0, w, xðx,0Þ= uð0,0Þ= _uð0,0Þ=0.
As before the analytic solution of the equations of motion cannot be obtained,

therefore, energy methods like Galerkin method are suggested. Suitable assumed
solutions for the case of simply supported boundary conditions are

uðx,0Þ=AðtÞ cosπx
L
, wðx, tÞ=BðtÞ sinπx

L
, ϕxðx, tÞ=CðtÞ cosπx

L

w0ðxÞ=A0 sin
πx
L
, N0ðtÞ=N0 sin

πt
T

(8:29)

The procedure described before in Section 8.2 is again employed to obtain the re-
sponse of the column to a pulse-type loading. As shown in Fig. 8.6, based on the
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results presented in [25], the response of the column has a similar behavior to what
had been presented in Fig. 8.5. Note that in Fig. 8.6b, the compressive strain is a
linear function of the applied axial compression load; therefore, it can be compared
with what it is presented in Fig. 8.5.

8.3 Dynamic buckling of plates

The present derivation for the dynamic buckling of orthotropic rectangular plates
under uniaxial loading is based on Ekstrom’s fundamental study [11] presented al-
ready in 1973 using the models developed by Lekhnitskii for anisotropic plates [44].
Let us assume a simply-supported rectangular orthotropic plate uniaxially loaded
as presented in Fig. 8.7. We choose the natural axes of the material to coincide with
the coordinate axes leading to the following in-plane stress–strain relations
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Fig. 8.6: The dynamic pulse buckling response of a column (L = 150 mm, width = 20 mm) for
various initial geometric imperfections: (a) mid-span deflection versus maximal axial displacement
at the impacted end; (b) mid-span deflection versus compressive strain at the neutral axis of the
column mid-span (adapted from [25]).
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and

Q12 =Q21 ) υyx =
Ex

Ey
υxy (8:32)

The dynamic buckling problem can be solved assuming out-of-plane initial geometric
imperfections (w0), and therefore the strains will be assumed to have the following
expressions:
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(8:33)

where w(x, y, t) is the total out-of-plane, w0 (x, y) is the initial out-of-plane geomet-
ric displacement and u(x, y, t) and v(x, y, t) are the in-plane displacements in the
x and y directions, respectively.
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a

Fig. 8.7: A thin orthotropic plate uniaxial loaded.
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The compatibility equation for the stress function F (x, y, t) and the plate equa-
tions of motion (see [11, 44]) can be written as

1
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· ∂
4F
∂x4

+ 1
Ex

· ∂
4F
∂y4

+ 2
1

2Gxy
−
υxy
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(8:34)
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where h is the plate thickness and ρ is the plate density. The flexural densities of
the plate are defined as follows:

Dx ≡
Exh3

12 1− υxyυyx
� 	 ; Dy ≡

Eyh3

12 1− υxyυyx
� 	 ; Dxy =

Gxyh3

12

D1 ≡
Exυyxh3

12 1− υxyυyx
� 	 = Eyυxyh3

12 1− υxyυyx
� 	 (8:36)

The out-of-plane boundary conditions of the present problem, assuming that the
initially straight edges of the plate remain straight after buckling can be written as

@x=0, a w=w0 =0 and ∂2w
∂x2

= ∂2w0

∂x2
=0

@y=0, b w=w0 =0 and ∂2w
∂y2

= ∂2w0

∂y2
=0

(8:37)

The in-plane boundary conditions have no restrain at y = 0,b and in the x direction

@x=0, a 1
b

ðb
0
σxdy=

1
b

ðb
0

∂2F
∂y2

dy= −P

@y=0, b 1
a

ða
0
σydx=

1
a

ða
0

∂2F
∂x2

dx=0

(8:38)

where P is the compression load acting on the plate.
The assumed solution for the w, and the initial geometric imperfection, w0,

have the following forms:

w x, y, tð Þ=A tð Þ sinmπx
a

sin
nπy
b

(8:39)

wo x, y, tð Þ=Ao sin
mπx
a

sin
nπy
b

(8:40)
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One should note that the expressions in eqs. (8.39) and (8.40) satisfy the boundary con-
ditions assumed above (eq. (8.37)). Substituting those equations in the compatibility
equation leads to the following relationship between the stress function F and the
displacements
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+ 2
1
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2a2b2
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+ cos
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� �
A2 −A2

0

� 	
(8:41)

The solution for eq. (8.41), which also satisfies the in-plane boundary conditions,
eq. (8.38), can be written as

F x, y, tð Þ= A2 −A2
0

� 	 a2n2Ey

32b2m2 cos
2mπx
a

+ b2m2Ex

32a2n2
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2nπy
b

� �
−
P
2
y2 (8:42)

Equation (8.42) is then inserted in eq. (8.34) yielding
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Note that eq. (8.43) is a nonlinear equation containing functions of the variables x,
y and t. To eliminate the x, y dependency, the Galerkin method is applied which

demands the multiplication of both sides of the equation by sin
mπx
a

sin
nπy
b

dxdy

and integrating over the middle plane of the plate yielding the following nonlinear
time-dependent expression:
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+ π4
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(8:44)

where m and n are both odd integers. The time dependence of the term P(t) is cho-
sen according to its time dependence, namely for a step function P(t) = P0 (con-
stant), for an impulse P(t) = P0δ(t) (where δ(t) is the Kronecker delta1) or any other

1 The function is 1 if the variables are equal, and 0 otherwise, namely:

δij =0 if i≠j

δij = 1 if i= j
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time function. Equation (8.44) can be nondimensionalized (assuming n = 1) to yield
the following expression (see discussion in [11]:)
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(8:45)

where

P1 ≡
4Dxπ2
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(8:46)

Equation (8.45) is solved using numerical methods for integration of nonlinear
equations, like the famous Runge–Kutta methods.2 Solutions for the response of the
plate for various S values are presented in [11].

It is interesting to note that eq. (8.44) can be used to obtain the static plate
buckling load and its natural frequencies, as well as the expression for large plate
deflections.

Assuming the static case for a perfect plate,

d2A tð Þ
dt2

=0 and A0 =0 (8:47)

and neglecting high-order terms like A3, eq. (8.44) yields
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+ 2 D1 + 2Dxy
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−
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P =0 (8:48)

The critical buckling load of the plate is obtained from eq. (8.48) by assuming n = 1,
namely

Pcr =
π2Dx

b2h
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+ 2 D1 + 2Dxy
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(8:49)

2 Runge–Kutta methods are a family of implicit and explicit iterative methods (including the Euler
methods routine), used in temporal discretization for the approximate solutions of ordinary differ-
ential equations developed approx. in 1900 by C. Runge and M. W. Kutta.
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Neglecting high-order terms like A3, and assuming a perfect plate (A0 = 0) eq. (8.44) is
written as
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dt2

+ π4
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The second term in eq. (8.50) is the square of the natural frequency of the perfect
plate, namely
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Finally, assuming the static case, the expression for the postbuckling behavior for
a perfect plate with large deflections is obtained from eq. (8.44), namely
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Equation (8.52) shows that the lateral deflection would be zero until the critical
buckling load given by eq. (8.49) is reached. After that point, nonzero deflections
are possible while the load–deflection relation is cubic.

For further references dealing with the behavior of plates under dynamic buck-
ling, the reader is referred to [16–20, 22, 24, 32, 36].

The definition of the buckling loads for plates, both for a static and dynamic
case is one of the often issues to be solved consistently. To assist the definition of
the buckling load for a plate, a method is described in Appendix A, which can be
easily applied for experimental and numerical data consisting of deflections versus
applied load.

8.4 Dynamic buckling of thin-walled structures – numerical
and experimental results

The dynamic buckling of thin-walled structures has been dealt in depth also from
the experimental point of view, besides various calculations using different ap-
proaches. Figure. 8.8a presents a shallow clamped spherical cap loaded by
a sudden rectangular pressure q applied at time t = 0 and held constant for a given
period of time and then suddenly removed (as described in [4]). Typical numerical
results are then shown in Fig. 8.8b, showing the reduction of the critical nondimen-
sional pressure by the increasing the duration of the applied pressure (see other re-
sults in [4]). It is interesting to note that the static critical load, from a certain
nondimensional time duration (in this case from approximately τ= 3) and the static
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critical pressure, is above the dynamic critical pressure, whereas for short time du-
ration the dynamic critical load is higher than the static one, as is normally known
for short duration loads. The various nondimensional terms used in Fig. 8.8 were
defined in [4] as

τ= ct
R
; c=

ffiffiffi
E
ρ

s
; p= q

q0
;

λ= 2 3 1− υ2
� 	
 �1=4 H

h

� �1=2

; q0 =
2E

3 1− υ2ð Þ½ �1=2
h
R

� �1=2
(8:53)

where E is the Young’s modulus, υ is the Poisson’s ratio and ρ is the density.
Similar results were reported in [24], where an isotropic plate (Fig. 8.9a) is sud-

denly loaded by a rectangular impulse and the response of the plate is presented
using the term DLF as being defined in eq. (8.2) as a function of the nondimensional
time duration, where Ts is the impact period and Tp is the natural period of the
plate. As shown by other researchers, in the vicinity of Ts/Tp = 1, the term DLF is
less than unity, implying that the static load is higher than the dynamic one.
Shifting this period ratio toward 0.5 shows a rapid increase in the value of DLF,
reaching a maximal value of 3.6 in the vicinity of Ts/Tp = 0.1 (approx.), namely as
expected the plate can withstand high dynamic compressive stresses (3.6 the static
buckling load of the plate) provided the time duration is very short. Impacting the
plate with sinusoidal or triangular impulses displays the same behavior as the rect-
angular one (see Fig. 8.10 taken from [24]).

Experimental results for laminated composite plates under impulse-type uni-
axial loading obtained by dropping masses and measuring the response using

2 4 6 8 10
τ

120
0

0.5

1.0

1.5

Pcr

(Pcr)dynamic

(Pcr)static

λ = 5

2.0

(a) (b)

HZ0

2a

h

R

r

Fig. 8.8: (a) A clamped shallow spherical cap and (b) variation of the nondimensional critical
pressure with nondimensional load duration (adapted from [4]).
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a back-to-back strain gages bonded in the center of the plate is described in [20].
Figure. 8.11 presents the experimental variation of the DLF term defined as

DLF≡
εcrð Þdyn.
εcrð Þst.

(8:54)

4

3 Rectangular impact

a/b = 1
h/b = 0.005
σL = 100 MPa

Sinusoidial impact

Triangular impact
2DL

F

1

0
0,0 0,5 1,0 1,5
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2,0 3,02,5

Fig. 8.10: Variation of DLF with the nondimensional load duration for three types of impulses [24].
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Fig. 8.9: (a) An isotropic flat plate and (b) variation of DLF with the nondimensional load duration
(from [24]).
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as a function of the nondimensional period ratio Timp=Tb, where Timp is the period of
the impact as measured by the bonded strain gages and Tb is the lowest natural
frequency of the plate.

As shown before, DLF less than one was measured for some values of nondi-
mensional period ratio, while for short periods, the DLF is higher than unity,
reaching experimental values of up to 2. The properties of the specimens pre-
sented in Fig. 8.11 are summarized in Table 8.1, while the material properties are
presented in Table 8.2 (using the data published in [20]). Table 8.3 presents addi-
tional data in the form of natural frequencies and static buckling strains as ob-
tained during the tests described in [20]. One should note that except plate CM32,
which was on clamped boundary conditions all around the perimeter of the plate,
all the other plates had simply supported boundary conditions along the four
edges of the plate.

00 2 4 6
Timp/Tb

8 10 12

0.5

0.5

DL
F

1.5

2

CS21
CS22
CM32
KM32

Fig. 8.11: Variation of DLF with the nondimensional load duration – experimental results
(adapted from [20]).

Table 8.1: The properties of the tested plates (from [20]).

Specimen Material Lay-up Total number
of layers

Total thickness
(measured) (mm)

CS Graphite-Epoxy
HT-T (Torey)

±45�, ±45�, ±45�ð Þsym  .

CS Graphite-Epoxy
HT-T (Torey)

±45�, ±45�, ±45�ð Þsym  .

CM Graphite-Epoxy
HT-T (Torey)

0�, ±45�,90�, ± 45�,0�ð Þ  .

KM Kevlar (Dupont) 0�, ±45�,90�, ± 45�,0�ð Þ  .
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As the measured response of the plates was in the form of strains, measured by
two back-to-back bonded strain gages, the compression strain εc and the bending
strain εb were calculated3 and the axial compression load and lateral out-of-plane
deflection were replaced by the compression and bending strains, respectively.

The definition of the static load was performed using the modified Donell’s ap-
proach, which was found to be the most appropriate for plates with initial geomet-
ric imperfections, w0 (see a discussion in [45]), having the following expression:

εb
εc

= εb +w0

εcrð Þst. + a ε2
b
+ 3εbw0 + 2w2

0

� � (8:55)

Using experimental data in the form of εb versus εc one can curve fit it using eq.
(8.55) to yield the static buckling strain εcrð Þst. together with the initial geometric
imperfection w0 and the constant a. Based on the work performed in [18], the dy-
namic buckling strain εcrð Þdyn. is determined by curve fitting the following equation
to the experimental data (εb vs. εc):

εb
εc

= εb +w0

εcrð Þdyn. + aεb
(8:56)

3 εc ≡
ε1 + ε2

2 ; εb ≡
ε1 − ε2

2 where ε1, ε2 are the measured strains.

Table 8.2: The material properties of the tested plates (from [20]).

Material E
(MPa)

E
(MPa)

G

(MPa)
υ υ

Graphite-Epoxy HT-T (Torey)  . . . .

Kevlar (Dupont) . . .o . .

Table 8.3: The experimental results – the tested plates (from [20]).

Specimen AR [a × b] (mm) fexp (Hz) (εcr)st. (μs)

CS  [ × ]  

CS  [ × ]  

CM
*

 [ × ]  

KM  [ × ]  

*Nominal clamped boundary conditions
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As for the static case, the two terms, the constant a and the initial geometric imper-
fection wo are also determined from the curve fitting process, yielding consistent
results as presented in [20].

A dynamic buckling investigation was numerically performed in [39] on a
curved laminated composite stringer stiffened panel. Details of the actual model,
the dimensions of the stringer, the FE model and the mode shape at f = 424 (Hz)
(the lowest frequency of the panel) are presented in Fig. 8.12.

The variation of the DLF (defined by eq. (8.1)) versus the nondimensional load
duration is shown in Fig. 8.13, where T is the period of the applied load and

The stiffened panel model

Stringers geometry (mm)

(a) (b)

(c) (d)

60

18

3.0

19
.5

20
.5

FE model of the panel

Lowest mode shape @
f = 424(Hz)

CL

CL

SS SS

Fig. 8.12: Dynamic buckling investigation of a curved laminated composite stringer stiffened panel:
(a) the stringered panel model, (b) geometric dimensions of the stringer, (c) the FE model,
(d) the lowest mode shape of the stringered panel @ f = 424 Hz (adapted from [39]).
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Tb = 1/fb = 2,358.5 µs is the lowest natural period of the stringered panel (fb = 424 Hz).
As shown before for other structural cases, also for this stringered panel, the DLF is
lower than unity in the vicinity of the lowest natural frequency of the specimen, return-
ing to values above unity for very short periods, while for long periods of time, the DLF
tends to unity.

Investigations of shells under dynamic-type loading have been performed by many
investigators, like in [21, 23, 26, 27, 30, 31, 38, 46, 47]. A comprehensive experimen-
tal and numerical investigation was performed in the Ph.D. thesis written by Eglis
[38], in which composite cylinders were subjected to gradually and suddenly ap-
plied axial compression loads, including half-sine-shaped pulse loads leading to
the eventually dynamic buckling of the tested specimens. Figure 8.14 shows typical
numerical and experimental results for the variation of the DLF with the loading
period. The general trend presented in Fig. 8.14 is that the DLF is above unity for
the tests performed on type 1 shells [38]. The mode shapes for loading periods less,
equal and above the lowest natural frequency (the largest period) are presented in
Fig. 8.15. At T < τ/2, the shell buckling modes are similar to the static buckling
mode, but with a larger number of longitudinal waves, at load duration T = τ/2 the
buckling mode starts to transform to an axisymmetric mode while for T > τ/2 leads
to axisymmetric buckling mode together with a slight drop of DLF at a load dura-
tion of T = 2a/c ( a is the shell length and c the speed of sound in the shell). The
natural periods for RTU #16, RTU #4 and RTU #1–4 tested shells (see Fig. 8.14) were
τ = 2.92, 4.04 and 6.06 ms, respectively (see [38]).

Similar results are presented in [46], where numerical and experimental inves-
tigations of a composite laminated cylindrical shell under impulsive loading are
presented. The tested shell (see Fig. 8.16a) had a laminate of [0°,−45°, +45°], was
nominally clamped at its edges, with a length of 230 mm (between the clamped
edges), a diameter of 250 mm and manufactured from graphite-epoxy with the
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0.4
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0
0 1 2 3 4

2T/Tb
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Fig. 8.13: Variation of DLF with the nondimensional load duration – experimental results
(adapted from [39]).
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following properties: E11 = 137.0 GPa, E22 = 9.81 GPa, G12 = 5.886 GPa and ν12 = 0.34
and 0.125 mm layer thickness. The dynamic loading was calculated using
a dropping mass on the end plate with a mass of 32 kg. The calculated shell static
mode shape is presented in Fig. 8.16b, while the dynamic responses for 746 and
2,170 μs impact duration are shown in Fig. 8.16c and d, respectively. As expected
the static and the dynamic modes have different patterns. The calculated DLF for
numerical and experimental results is presented in Fig. 8.17 for various initial geo-
metric imperfections. Although the experimental results do not go below DLF = 1,
the numerical results show a DLF lower then unity in the vicinity of T/Tb = 1, for
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Fig. 8.14: Typical results from [38] – variation of DLF with load duration – experimental and
numerical results of specimens type 1 (adapted from [38]).
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T = 𝜏/2T < 𝜏/2 T > 𝜏/2

Fig. 8.15: Typical results from [38] – variation of dynamic buckling mode shapes (not to scale) with
load duration (τ represents the longest natural bending period of the shell) – numerical results of
specimen type 1 (adapted from [38]).

Fig. 8.16: Typical results from [46] – (a) the tested cylindrical shell, (b) the static mode shape,
(c) dynamic mode shape @ 746 μs, (d) dynamic mode shape @ 2,170 μs (adapted from [46]).
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zero initial geometric imperfections, while for higher values of geometric imperfec-
tions, the DLF curve is higher the unity.

A recent research [47] presents similar results to those described in [46], for the
behavior of composite cylindrical shells having laminates of [0°/90°/0°/90°/90°/
0°/90°/0°] and [0°/0°/60°/−60°/−60°/60°/0°/0°] under various durations of load
impulse. A step pulse was used for the compressive loading, while calculations
using the ABAQUS/Standard code yielded a lowest natural frequency of 427 Hz and
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Fig. 8.17: DLF versus nondimensional impulse period (Tb = 1/fb, where fb is the lowest natural
frequency of the shell) (adapted from [46]).
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a static linear buckling load of 97.19 kN for the [0°/90°/0°/90°/90°/0°/90°/0] lami-
nate and 120.39 kN for the [0°/0°/60°/−60°/−60°/60°/0°/0°] laminate. ABAQUS/
Explicit was used for the dynamic buckling analysis of the shells under the impul-
sive loading. Figure. 8.18 presents the DLF, calculated using eq. (8.1), as a function
of the period of the applied step impulse loading. For short periods the DLF is
higher than unity, while from T = 5 ms it drops below unity for both laminates. As
the largest natural period can be calculated to 2.342 ms, it again shows that in the
vicinity of the lowest natural frequency the DLF might fall below unity also for lami-
nated composite cylindrical shells.
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Appendix A: Calculation of the critical buckling load
of a uniaxial loaded plate from test
results

One of the issues faced by a researcher is to correctly define the buckling load of
a plate for the static and dynamic cases, based on experimental points obtained ei-
ther by tests or numerically. The following method was already published and ap-
plied in [39] and is based on the work performed by Brown.4 It was shown that for
practical structural geometries and loading conditions, the following equation
holds:

4 Brown, V.L., Linearized least-squared technique for evaluating plate-buckling loads, Journal
Engineering Mechanics, Vol. 116, No. 5, pp.1050–1057, 1990.
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δ2i − δ20 = α2h2θ= α2h2
Pi

Pcr
− 1+ δ0

δi

� �
(A-1)

where δi is the lateral plate deflection due to corresponding in-plane loading Pi; δ0
is the initial lateral plate deflection; h is the thickness of the plate and α is a con-
stant accounting for the load configuration and boundary conditions. After some
mathematical manipulations, eq. (A-1) can be rewritten as

Piδi =A1 +A2δi +A3δ3i (A-2)

where

A1 = −Pcrδ0; A2 = Pcr 1−
δ20
α2h2

" #
; A3 =

Pcr

α2h2
(A-3)

Equation (A-3) is presented in a suitable form for the application of the least square
method to fit a curve to a series of given data points, Pi, δi. To do so, let us define
the sum of the squares of the residuals for m data points as

SUM=
Xm
i= 1

Piδi −A1 −A2δi −A3δ3i
� 	2

(A-4)

Taking partial derivatives of eq. (A-4) with respect to the coefficients A1, A2 and A3

(see eq. (A-3)) and equating them to zero (thus minimizing the error) yields the fol-
lowing system of equations written in a matrix form:

m
Pm
i= 1

δi
Pm
i= 1

δ3
iPm

i= 1
δi

Pm
i= 1

δ2
i

Pm
i= 1

δ4
iPm

i= 1
δ3
i

Pm
i= 1

δ4
i

Pm
i= 1

δ6
i

2666664

3777775
A1

A2

A3

8><>:
9>=>;=

Pm
i= 1

PiδiPm
i= 1

Piδ2iPm
i= 1

Piδ4i

8>>>>><>>>>>:

9>>>>>=>>>>>;
(A-5)

The three linear equations, presented in a matrix form in eq. (A-5), are then solved
for the three unknowns A1, A2 and A3. Substituting them into eq. (A-3) and the re-
sults in eq. (A-2) lead the following cubic equation for the single unknown Pcr:

P3
cr −A2P2

cr −A2
1A3 =0 (A-6)

Solving eq. (A-6) will yield the buckling load of the plate based on the displacement–
force curve, generated either by experiments or by numerical calculations.
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9 Optimization of thin-walled structures

9.1 Introduction

The concept of design optimization is based on using a mathematical method to ar-
rive at the best possible design according to a selected number of desirable features.
Owing to the fact that design is a decision-making process, there is a possibility of
superior, alternative designs that exist. The use of mathematical expressions of the
relevant natural laws, empirically obtained relationships, experience and geometry
are combined to obtain an abstract description of the artifact being designed [1].
These mathematical expressions can be used to analyze other possible designs and
arrive at a more optimal solution [1]. The existence of multiple alternative designs
obtainable from the mathematical model leads to the need to introduce criteria for
comparing the alternative designs found from the mathematical model [1]. These cri-
teria allow for the use of mathematical methods to find the optimal solution that sat-
isfies all of the criteria. An important factor to consider during the optimization
process is the prioritization of criteria, particularly for designs where multiple criteria
are required to be optimized. In every design, the optimization of one criterion will
have an impact on the other criteria. The prioritization of criteria allows the optimiza-
tion process to be applied in a way which ensures that the more important criteria
are optimized while the less important ones remain within the desired design con-
straints. An example of this can be seen in the aerospace structure field, where
weight reduction, cost reduction and structural rigidity are generally prioritized, even
though these criteria generally have a negative impact on each other. Additionally,
the optimization of a structural design could negatively impact the design from an-
other point of view, such as aerodynamics, where size, shape and surface conditions
have higher priority. This example illustrates not only the complexity of optimizing a
single component of a design, but ensuring that this optimization does not impact
the overall design negatively. The example further illustrates the additional complex-
ity in multidisciplinary optimization, particularly cases where optimization from the
point of one design discipline negatively impacts that of another discipline requiring
the introduction of trade-offs in the design. This high level of complexity has led to
the logical exploitation of computers and software in order to allow for an increase
in the speed, number of constraints and complexity of problems that can be simulta-
neously optimized. This has been exploited, particularly in recent years, where the
drastic increase in computing power at a fraction of the historical cost has led to a
plethora of optimization software [2]. This has led to a major challenge for researchers
requiring them to design methods that can be implemented computationally by users
with little knowledge of the source algorithms used by the software [2]. The results of
an optimization method, whether manual, numerical or computational, are also
highly dependent on the quality of the input model [1]. With the lack of obtainable

https://doi.org/10.1515/9783110537574-009

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use

https://doi.org/10.1515/9783110537574-009


knowledge on the intricate workings of modern software packages, the quality [2],
the general concepts, methods and procedures for optimization will be discussed in
the next section.

9.2 The optimization process

The following sections will provide a brief introduction of the necessary vocabulary,
concepts and the design process with the inclusion of optimization within the process.

9.2.1 Vocabulary and concepts

The first concepts that will be discussed are those of the design variable, the design
parameter and the design constant. The design variables are made up of quantities
by which the model can be described, which can vary during the optimization pro-
cess [1, 3]. During the design optimization, the design variable is considered an input
of the model, which can be varied in order to obtain an optimum solution. The design
variables can either be classified as continuous (having any value within a range of
values) or discrete (having specific values from a list of permissible values) [2]. There
also exist design parameters that are quantities by which the model can be described
which are set at a constant value during the optimization process. The choice of
which quantities will be classified as variables or parameters is a subjective decision
to be made by the designer [1]. The final type of quantity that can be used to describe
a model is the design constants. These are constant values that are usually fixed by
the underlying phenomenon instead of the model statement and are, therefore, un-
controllable by the designer, such as the gas constant [1]. These concepts can then be
used to generate the objective or target function, which is discussed later.

The second concept that will be discussed is the objective function. The objec-
tive function is the specific criterion required to be optimized in order to character-
ize whether the design is the best one possible. It is a mathematical relation, which
relates several model variables, parameters and constants as a function [4]. The
purpose of any optimization problem is to find either a maximum or minimum
value for the objective function, subject to the constraints of the problem that are
further discussed below [4]. The formulation of the objective function is usually the
most difficult part of the modeling process, with the mathematical relations at-
tempting to describe the function of the model within the conditions imposed by its
environment [4]. It must be noted that for a standard optimization problem it is pos-
sible, if not highly likely, that the objective “function” can be a system of algebraic
or differential equations or even a computerized procedure or subroutine [1]. The
objective function can also be written in terms of multiple variables that would
then classify the problem as multicriteria optimization [2].
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The problem constraints are a set of mathematical relations that limit the possible
optimized solutions based on the requirements of the design. The constraints can ei-
ther be inequality constraints (formulated using > or < criteria) or equality constraints.
The points of the objective function that satisfy the constraints of the system are
known as feasible design points, with all of the feasible design points making up the
feasible region [3]. The feasible region will include a global minimum or maximum
value of the objective function, which will be the optimized solution to the design
problem. The feasible region can also include local minimum or maximum values,
which give an optimized solution within a given range, however, will not be the most
optimized solution within the entire feasible region. The minima or maxima that gives
a global minimum or maximum value of the objective function will be the best opti-
mized solution of the design problem [3].

When the objective function and all of the constraints of an optimization prob-
lem are linear with respect to the design variables, the optimization problem is said
to be a linear problem [2]. These problems can be solved using a branch of mathe-
matics known as linear programming [2]. If either the objective function or the con-
straints are nonlinear, the optimization problem is defined as a nonlinear problem.

The design problem can also be classified as constrained or unconstrained.
Constrained design problems arise when explicit constraints are placed on the opti-
mization variables. The constraints placed on the variables can be anything from
simple bounds to a system of equalities and inequalities used to model highly com-
plex relationships between variables in the mathematical model. These constraints
can be linear, nonlinear or convex in nature and can be further defined by their
smoothness, making them either differentiable or nondifferentiable.

The discussed vocabulary and concepts can now be used to describe the gen-
eral procedure followed during design optimization and will be discussed in the fol-
lowing section.

9.2.1a The general design optimization process
The design process, while highly complex and variable in nature, will generally fol-
low a specific set of steps, which can vary depending on the design itself. An exam-
ple of a general procedure is shown in Fig. 9.1.

The optimization step, while always having been an important step in the past,
has become the focus of much research in recent years, owing to the improvements
in computing capabilities allowing for more complex optimization to be performed
in a reduced amount of time. However, even with the increase in the number and
complexity of methods for optimizing a design, the general procedure for optimiza-
tion has remained similar.

The initial process of the optimization procedure is to set up the model, varia-
bles, parameters and constants. Once this has been set up, the objective function
and constraints can be defined, usually in the following format [2]:
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Minimize: f ðxÞ such that: gðxÞ≥0, hðxÞ = 0 (9:1)

where x represents the optimization variables, f(x) is the objective function, which
can be made up of more than a single function, g(x) represents the inequality con-
straints and h(x) represents the equality constraints. Once the objective function
and constraints have been set up, the actual optimization process can begin.
Using an initial design, an attempt is made to improve the design by adjusting the
design variables using one of the methods described in the next section. By seeing
if the objective function is larger/smaller, depending on if the objective function
needs to be maximized/minimized, than the objective function of the previous de-
sign, the new design can be directly compared to the previous iteration to deter-
mine if it is a more optimized solution. This process is terminated when no
improvement can be made in the design without violating any of the constraints
[2] (see for example Fig. 9.2).

The procedure described earlier is a general approach to optimization, which is
widely used in the industry and academy. There exist many different methods of
implementing this procedure, which are discussed later in the report.
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Fig. 9.1: Generalized design procedure.

208 9 Optimization of thin-walled structures

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



9.3 Structural optimization

The principal aim of structural design is to create a structure that can carry the ex-
pected load in an efficient way [5]. This leads to a design that uses the least amount
of material in order to carry the predicted loads in order to maximize its efficiency.
The aim of using a minimum amount of material is usually synonymous by ensur-
ing that the weight of the structure is minimized [5]. The optimization process is a
useful tool for optimization of structures, particularly in the aerospace field where
lightweight yet rigid structures are required.

Structural optimization is usually split into three main sections: size optimiza-
tion, shape optimization and topology optimization. While the first two sections are
easily explained in their naming, topology optimization attempts to distribute the
least amount of material within a specified available area [6].

The main constraint for structural optimization is usually the required load,
which the structure needs to carry; however, in real design problems, a multitude
of other constraints, such as maximum deformation, fatigue requirements, damage
resistance, buckling requirements and natural frequency of the structure can be in-
cluded in the optimization procedure [5].

9.4 Multidisciplinary and multiobjective design optimization

In order to obtain a design solution for many existing problems, it is usually nec-
essary to solve the problem using a number of disciplines. It is very common for
the optimization of one subsystem within a design, or even the optimization of a
single subsystem from the point of view of a single discipline, to negatively
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Fig. 9.2: Optimization process – a block diagram.
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impact the optimization of another subsystem or the subsystem being optimized
from the point of view of another discipline. A classic example of this is the design
of an aircraft wing, where from a structural point of view the designer would pre-
fer a thicker wing cross section with internal structural strengthening, whereas
from an aerodynamics point of view a very thin wing is more optimal. Both of
these requirements are also not optimal for the design of the systems that are
stored in the wing which require adequate space to be placed throughout the
wing. It can be seen that if the wing was to be optimized by prioritizing a single
discipline’s requirements it would negatively impact the design of the wing and
the aircraft as a whole. It is for this reason that multidisciplinary design optimiza-
tion exists; to ensure that the entire design is optimized incorporating all of the
relevant disciplines simultaneously. As expected, the inclusion of multiple disci-
plines within the simultaneous optimization problem significantly increases the
complexity of the optimization problem.

The need for multidisciplinary optimization leads to the requirement to use a mul-
tiobjective design optimization method. These processes use multiple objective func-
tions in order to find an optimum design [1]. It is generally impossible to arrive at an
optimal design for every objective function, as objective functions are usually compet-
ing, which introduces the need for trade-offs within the optimization process [1]. The
objective functions, relevant criteria, parameters and constants can be represented in
a vector form and require specialized mathematics and optimization techniques to
solve the optimization problem with the feasible solutions making up an attainable
set instead of a region [1]. Another approach that is taken to solve a multiobjective
design optimization problem is to represent the objective function as a single scalar
equation, which contains weighted contributions from all of the objectives [3].

A majority of methods that use the vector form attempt to find the Pareto optimal
point. The Pareto efficiency, named after the Italian engineer and economist Vilfredo
Pareto who used the concept for economic efficiency and income distribution, is a
concept that looks for a Pareto optimal point, where any change to one objective can-
not be made without negatively affecting another objective [3]. A Pareto improvement
exists if another optimal design point occurs, where an improvement can be made to
one objective without negatively affecting, but not necessarily improving, any other
objectives [3]. The set of all Pareto-efficient design points, usually depicted graphi-
cally, is called a Pareto set or frontier and is shown in Fig. 9.3.

The example in Fig. 9.3 shows a production-possibility frontier, where the fron-
tier and the area left and below it is a continuous room of choices. The brown points
are examples of Pareto optimal choices of production. Points off the frontier, such
as K and L, are not Pareto efficient.

There are multiple methods for solving a single scalar setup, which heavily
vary in their approach. While most of these methods are based on methods using
calculus or numerical solving techniques [3], there is no simple procedure from
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which they all stem from; therefore, these methods, as well as other methods in
general, will be discussed individually in the next section.

9.5 Methods of optimization

The previous section discussed the general approaches and definitions with regard to
the optimization of a design solution. This section will use these approaches and
concepts in order to discuss a selection of methods that are used for optimal design
analysis. While a multitude of methods do exist, relying on calculus or numerical
methods to obtain a solution, they all require some form of repetition or iteration.
While defining a good mathematical model and objective functions from the start can
greatly reduce the number of iterations required to arrive at a solution, the specific
abilities of computers to perform billions of calculations in each second have made
them a requirement for efficient implementation of any of the methods mentioned in
what follows below [3, 5]. While the simpler techniques can be done manually, it is
vastly more inefficient than a computerized solution while limiting the complexity of
the problem that can be solved.

The following sections are split into general categories of methods for solving opti-
mization problems with specific examples of methods that fit into each category given.

9.6 Classical optimization techniques

The classical optimization techniques are a set of methods that have been devel-
oped from differential calculus and are, therefore, very useful for obtaining optimal
solutions for functions that are continuous and differentiable [7]. The methods are
analytic in nature and use calculus methods to find the optimal points for the
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objective function. Many practical problems involve objective functions that are not
continuous or differentiable, limiting the number of scenarios to which classical op-
timization techniques can be applied [7]. The classical techniques, however, are
also the basis for the numerical methods used to obtain solutions for practical prob-
lems. The classical optimization techniques can be used to find an optimal solution
for single-variable functions, multivariable unconstrained functions and multivari-
able constrained functions with both equality- and inequality-type constraints [7].
Classical optimization methods usually lead to a set of nonlinear, simultaneous
equations whose solution is required to obtain the optimum point, with the possi-
bility of these equations being difficult to solve. The necessary and sufficient condi-
tions required to use classical optimization techniques on each of the previously
mentioned categories are presented below:

For single-variable optimization problems, the first necessary condition is that
at a local minimum/maximum point within the range of the objective function with
a dependence on only a single variable in which optimization is being performed,
the first derivative of the function will be equal to zero [7]. This theorem does not
state that all points that have a gradient equal to zero are minimum/maximum
points as they can also be stationary points. A sufficient condition for classifying a
minimum/maximum for this class of optimization problem states that if

f ' x*
� 	

= f '' x*
� 	

= � � � = f n x*
� 	

= 0 and f n x*
� 	

≠0 (9:2)

Then the point is a minimum if the final derivative is greater than zero and n is
even; it is a maximum point if the final derivative is negative and n is even and nei-
ther a maximum or minimum if n is odd [7]. These two theorems can be used to
prove a local minimum/maximum point in a classical optimization technique.

The requirements for multivariable problems, both constrained and uncon-
strained, are immensely more complicated than those for single-variable problems
and will therefore not be discussed in this chapter, particularly owing to the superi-
ority of numerical methods when solving these problems. It is for this reason that
numerical optimizations methods, particularly with the use of computers, are pre-
ferred for solving both complex single-variable problems and multivariable prob-
lems. Numerical methods, however, are usually based on classical methods but
introduce an iterative estimation process to solve the problem instead of finding
actual solutions for the problem.

9.7 Numerical methods of optimization

Numerical methods in mathematics are a highly useful tool for optimization prob-
lems. They use approximation methods to arrive at a solution to problems that are
too complex for or cannot be solved using classical methods. A numerical method
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generally uses an initial value for the solution of a problem and, using a variation of
developed techniques, iteratively changes the solution until it converges on a solu-
tion approximately equal to the actual solution. The iterative nature of these methods
makes computers highly suitable tools for running these methods until a solution
is reached. There is usually a trade-off between computational complexity and con-
vergence speed when utilizing these methods. These methods are also useful, as a
solution can be found without large amounts of analysis needing to be performed
manually by the user. However, as with all numerical methods, the ability and speed
of the method to converge to a realistic answer depends heavily on the model and
the input by the user, as well as the starting feasible point used by the solver.

Many numerical methods and solvers exist for optimization problems. A few ex-
amples are next given and discussed in the following sections.

9.7.1 Linear programming

Linear programming is a method where the objective function and all of the equal-
ity and inequality constraints are linear with respect to the design variable. Owing
to its early conception and relative simplicity, linear programming has been applied
to an immeasurable number of optimization problems [7]. The relative simplicity of
the objective function and constraints usually allows for a graphical solution to
simpler real-world optimization problems. An example of the geometric solution is
shown in Fig. 9.4.

A method of solving a linear programming problem, known as the simplex method,
utilizes the fact that if an optimum solution exists, it will be represented by a vertex
of the feasible region. This allows for the selection of an optimal point from the set
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Fig 9.4: Typical graphical solution to linear programming.
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of all of the possible feasible points as the optimal point will be found on a vertex
of the feasible region [7]. While examining each feasible point individually is ineffi-
cient, the simplex method improves the efficiency by only looking for a point that
reduces the value of the objective function until a minimum is found [7].

The simplex method, while improving efficiency compared to checking each
individual feasible point, still requires large amounts of computing power and
memory to run; particularly for multivariable optimization processes. Other meth-
ods, such as the revised simplex method, dual simplex method and Karmarkar’s
interior method, can further improve efficiency of the linear programming solu-
tion method; however, they are still relatively computationally expensive and will
not be discussed in this chapter [7].

9.7.2 Integer programming

Integer programming is similar to linear programming except some or all of the var-
iables are constrained to take on integer values. These possible variable values are
not continuous and while it is possible to use a linear programming approach and
round off the answer, this approach can lead to violations of the constraints [7].
This is the only difference between linear programming and integer programming.
Integer programming is useful for optimization problems, where the variables can-
not physically take on a value that is not an integer. An example of that would be a
number of a certain product produced or number of people in a workforce. The inte-
ger variable can also represent a decision in which case it can only be represented
by a 0 or a 1. This is known as binary integer programming. While there are some
applications in engineering design, integer programming is more useful in fields
such as production planning, scheduling and cellular networks.

9.7.3 Nonlinear programming

Nonlinear programming is used to solve general optimization problems, where ei-
ther the objective function or the constraints are nonlinear. While it is possible to
use classical optimization techniques to solve specific nonlinear problems, a large
portion of them do not contain closed-form solutions to the problem requiring a nu-
merical solving method to be implemented [7]. It is also possible, in some specific
circumstances, to linearize any nonlinear components within the optimization
model setup; however, this can result in a loss of generality of the model and the
subsequent solution. Specific solution methods exist for different types of nonlinear
programming problems, which usually depend on the type of nonlinear program-
ming problem and the way in which the objective function or the constraints are
characterized.
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9.7.4 Quadratic programming

Quadratic programming is a type of nonlinear programming used for optimization
problems, where the objective function contains quadratic terms while the con-
straints are linear. Some examples of methods that are used to solve quadratic pro-
gramming optimization problems are the interior point’s method, active set
method, augmented Lagrangian method, conjugate gradient method and an exten-
sion of the simplex method that is used to solve linear programming problems [7].
They have been successfully used in specific applications such as financial portfolio
optimization, power generation optimization for electrical utilities and in engineer-
ing design optimization.

9.7.5 Stochastic programming

Stochastic programming is used to optimize cases in which some of the variables
depend on random variables. These methods are usually based on statistical anal-
ysis with the randomness of the variables originating from a number of sources.
Examples of real-world applications for optimization using stochastic program-
ming include material properties (owing to variations in test results for the same
material), dimensions of parts within a permissible range and flight loads placed
on aircraft structures during operation [7]. Stochastic programming problems can
be divided into stochastic linear, geometric dynamic or nonlinear programming
problems [7]. Using classical optimization techniques, the approach usually in-
volves converting stochastic programming problems into equivalent deterministic
problems, which are then solved using the relevant numerical technique for the
type of deterministic problem obtained [8]. These techniques use classical statisti-
cal techniques in place of calculus techniques to model the optimization problem.

9.7.6 Dynamic programming

Dynamic programming uses the approach of dividing the optimization problem into
smaller optimization problems. This optimization method is particularly useful for
engineering design of subsystems that all need to be optimized, where, owing to the
need to make decisions sequentially at different stages of the design process (known
as multistage decision problems), it is impossible to optimize the overall design as
any changes would change the succeeding decisions that would be inefficient and
impractical [7]. The dynamic programming optimization technique decomposes a
multistage decision process into a sequence of single-stage decision problems, opti-
mizing each stage individually [7]. The optimization technique used at each stage,
whether classical, differential calculus, nonlinear programming or any other
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numerical method, is irrelevant to the overall process [7]. While it is possible to solve
multistage decision problems using classical methods, it requires the number of vari-
ables to be small and the functions to be continuous and differentiable [7]. The use of
nonlinear programming techniques can solve more difficult multistage decision prob-
lems; however, particularly with the introduction of randomness to the variables, a
majority of the problems become unsolvable. Dynamic programming can handle all
of these complexities, owing to the procedure of breaking down the optimization
problem into smaller optimization problems while being able to vary the optimization
technique used at each stage according to which the technique is most efficient and
appropriate. Another advantage of dynamic programming is its ability to be used to
optimize infinite or continuous problems as the optimization occurs at each decision
point whether there are a finite or infinite number of them. An example of this would
be a missile system following a target where, even though the time frame is finite, the
number of decisions made by the missile system is continuous as the target move-
ment is measured and relayed to the missile system. A negative aspect of using dy-
namic programming is the “curse of dimensionality,” a term that refers to the arising
of various phenomena when organizing and analyzing data in high-dimensional
spaces such as the ones needed for dynamic programming.

9.8 Advanced optimization techniques

The need for advanced optimization techniques arises out of the requirement to
solve difficult optimization problems such as those that include multimodality, di-
mensionality and differentiability, which are usually associated with large-scale
problems [9]. Traditional methods such as those previously discussed tend to fail
for large-scale problems particularly if the objective function or the constraints are
nonlinear. The previous methods also generally rely on obtaining information re-
garding the gradient of the function that is problematic if the function is not differ-
entiable. Previously mentioned optimization techniques also tend to fail if there are
many local maxima/minima [9]. It is for these reasons that more capable and robust
optimization methods have become the focus of recent research. A large portion of
these techniques are inspired by naturally occurring systems. A selection of techni-
ques is discussed in the following sections.

9.8.1 Hill climbing

Hill climbing is a graph search algorithm, where a successor node is extended from
the current path which is closer to the solution than the end of the current path.
The hill climbing technique starts at a random solution in the feasible region and
iteratively moves from a current solution to a better neighboring solution in the
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feasible space until a local optimum is reached [10]. The algorithm will only accept
a downhill movement, where the quality of the neighboring solution is better than
the current one, which can lead to the algorithm getting stuck on a local maxima/
minima instead of the global optimal point [10]. Attempts to improve the method
have led to other methods such as simulated annealing, Tabu search (TS),1 greedy
randomize adaptive search procedure, variable neighborhood search, guided local
search and iterated local search, all of which attempt to overcome the problem of
stagnation on local optimum points instead of global ones [10]. Hill climbing is
used in artificial intelligence in order to reach a goal state from a starting node.

9.8.2 Simulated annealing

The inspiration for the simulated annealing method comes from the metallurgical
process of annealing, where the heating and cooling of a metal increases the crystal
sizes and reduce defects. The heating allows the atoms within the crystal lattices to
detach and wonder from their position while the controlled cooling allows for the
possibility of their finding of a configuration with a lower internal energy than the
initial one.

The simulated annealing method compares each point within a feasible region
to the state of a physical system where the function to be minimized is interpreted
as the internal energy of the system in the current state. The method then attempts
to bring the system from an arbitrary starting point to one with minimum internal
energy, therefore, finding an optimal point in the feasible space. In order to simu-
late the annealing process, a temperature-like parameter is introduced and is con-
trolled using the Boltzmann’s probability distribution [7]. The accuracy of the
solution obtained is unaffected by the chosen starting point with the only effect
being on computational effort required to solve the problem [7]. The method can be
used for mixed-integer, discrete and continuous problems.

9.8.3 Genetic algorithms

Genetic algorithms (GAs) are optimization methods inspired by evolutionary genetics,
making use of concepts such as inheritance, mutation, selection and crossover. They
are usually implemented as computer simulations in which a population of abstract
representations (“chromosomes”) of feasible solutions (“individuals”) evolve toward

1 TS is a global optimization algorithm and a metaheuristic or metastrategy for controlling an em-
bedded heuristic technique. TS is a parent for a large family of derivative approaches that introduce
memory structures in metaheuristics, such as reactive TS and parallel TS (from www.cleveralgor
ithms.com/nature-inspired/stochastic/tabu_search.html).
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a better solution. The initial population is completely random with improvements
occurring in generations. The fitness of the whole population within each generation
is evaluated with select individuals chosen stochastically according to their fitness
and modified by being mutated or recombined to form a new population, which is
then used in the next iteration of the algorithm.

GAs are best suited to design problems with mixed continuous–discrete varia-
bles and discontinuous design spaces, which would be computationally expensive
for standard nonlinear techniques [7]. Standard nonlinear techniques tend to find
local optimum points, whereas GAs have a high probability of finding global opti-
mal points. GAs do not rely on the gradient of the objective function but rather on
the value of the objective function itself [7].

9.8.4 Ant colony optimization

The ant colony optimization method is inspired by the foraging process of ants. In
reality, ants initially wonder randomly in search of food sources. When they find
food, they return to the colony leaving a pheromone trail leading to the food source.
Any other ants that come across the trail are likely to stop traveling randomly and
follow the pheromones to the food source leaving their own pheromone trail
thereby strengthening the trail. Owing to evaporation, the longer it takes for an-
other ant to travel down the trail the less strong the pheromone trail will be causing
a short path to a food source to have a stronger trail. The evaporation also stops
convergence on a specific food source allowing for full exploration of the solution.
When one ant finds a good and short path to a food source, the other ants are more
likely to follow this path. If the path leads to a good food source, the number of
ants on this path increases until all of the ants follow a single path. Simulating this
search pattern within a feasible region allows for an optimum solution to be found.
The simulation can be run continuously and react to real-time changes. This
method of optimization is applicable to optimization in fields such as network rout-
ing and urban transport systems.

9.8.5 Neural network optimization

Neural network optimization methods are inspired by the large computational
power of the nervous system and its ability for parallel processing [7]. A neural net-
work is a massively parallel network of interconnected simple processors (“neu-
rons”) in which each neuron accepts the inputs from other neurons and computed
an output that is sent to the output nodes. The network of processors maps an
input vector from one space to another with the mapping being learnt instead of
specified [7]. The network is described by individual processors, the network
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connectivity, the weighting of the connections between the processors and the acti-
vation function of each processor. The network can be trained by minimizing the
mean squared error (MSE) between the actual output and the target output for all
the input parameters by adjusting the weighting values in order to determine the
optimal weighting values that lead to an optimum association of the input and out-
put [7]. There are multiple methods and architectures of the neural network that
can be used to solve optimization problems.

9.9 Gradient-based methods

Another way of classifying optimization methods is by separating the methods
based on their approach to solving the optimization problem. Gradient-based meth-
ods use differential calculus to check the gradient of an objective function while
moving from point to point in a feasible region until a gradient of zero (indicating a
minimum/maximum point) is found. Gradient-based methods can be applied to
both constrained and unconstrained problems. During each iteration of a gradient-
based method, both the search direction and the step size between each iteration
are required to be calculated. The different gradient-based methods, some of which
are discussed below, are categorized by the method in which they compute the
search direction. A problem with gradient-based methods arises from the need to
determine if a point with a zero gradient is a global or local maximum/minimum
point.

9.9.1 Unconstrained methods

These methods are applied to optimization problems without any constraints on the
possible values of the optimization variables. The first gradient-based method for
unconstrained problems, which will be discussed, is the steepest descent method.

The steepest descent method uses the theory that, for a differentiable function,
the value of the function will decrease faster if the negative gradient of the function
at a test point is used to determine the direction to the next test point until a mini-
mum value is found [2]. In order to find the minimum point along this direction, a
line search is then performed on the line in that direction [5]. By using the positive
gradient for the method, a local maximum can be found instead of a minimum. A
graphical representation of the method is presented in Fig. 9.5.

The steepest descent method is not very efficient for many problems and can
suffer a condition known as zigzagging, which increases the time it takes for the
method to converge on a solution. A method that attempts to correct for this error is
the conjugate gradient method. The conjugate gradient method is an improvement
of the steepest descent method, where the history of the gradients is taken into
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account when calculating the direction of the movement. This improves the effi-
ciency of the method, which result in a decrease in convergence time [5].

Another related pair of gradient-based methods for unconstrained problems
are the Newton method and the quasi-Newton method. The Newton method uses
the value of the Jacobian or the Hessian matrix, a matrix of the second derivatives
of the objective function at a specific point, at each iteration to numerically deter-
mine the minimum/maximum value of the problem [5]. However, calculating the
Jacobian or Hessian can be computationally expensive at each iteration with the
possibility of divergence being introduced to the problem. In order to overcome
this, the quasi-Newton method uses estimates of the Hessian matrix, which are
improved with the results from each iteration, to calculate a new search direction
instead of the actual optimum point in each iteration [5].

9.9.2 Constrained methods

Some examples of gradient-based methods for constrained problems are the sim-
plex method, sequential linear programming (SLP) method, sequential quadratic
programming method, exterior penalty method, interior penalty method, general-
ized reduced gradient method, method of feasible directions and mixed integer pro-
gramming which will be briefly discussed below.

Sequential or successive linear programming is a gradient-based method for
approximately solving nonlinear optimization problems by reducing the problem
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Fig. 9.5: Steepest descent method.
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using linearization to a series of linear approximations of the nonlinear optimiza-
tion problem [2]. This method is particularly useful when the computation of the
constraints, objective function and its derivatives are much larger than the calcu-
lation costs of the optimization operations, such as the search direction or step
size [2]. The approximation involved in each cycle of the linear programming opti-
mization generally results in a solution which is not the optimum solution; how-
ever, the solution will be more optimal than the initial design analyzed. The
method is then repeated on the new solution, creating a sequence of linear pro-
gramming problems giving this method its name [2].

Sequential or successive quadratic programming has the same concept of an SLP;
however, it is applied to optimization problems with nonlinear quadratic approxima-
tions of the objective function instead of linearizing the objective function.

Penalty-based methods are used to convert a constrained problem into an effec-
tively unconstrained problem by introducing a penalty term into the objective func-
tion, which ensures that the original constraints are either not violated or a solution
that does violate them is penalized [5]. The method is repeated with decreasing pen-
alty terms, producing a solution that approaches the optimal solution of the original
constrained problem [5]. These methods are used for their simplicity and their ability
to be applied to equality and inequality problems for both linear and nonlinear opti-
mization problems [9]. The method does rely on iteration and is, therefore, more com-
putationally expensive than the more sophisticated constraint following methods [5].
The exterior penalty method is a method that applies a penalty to a solution violating
any of the problem constraints [2]. This method applies penalties only if the point is
found on the exterior of the feasible domain meaning that the method approaches
the optimization problem from the unfeasible region and moves toward the feasible
region. The interior penalty method uses a similar approach to the exterior penalty
method; however, this method is restricted to solutions that are found in the feasible
region only [5].

Generalized reduced gradient methods use the concept of projecting the search
direction into the feasible region at a tangent to the constraints of the optimization
problem [2]. They are suitable for large-scale, nonlinear structural optimization prob-
lems [11]. The method uses the addition of slack variables to inequality constraints to
transform them to equality constraints while maintaining the total number of varia-
bles in the optimization problem, making the method completely general in terms of
its application [11]. The method then uses the equalities to express the part of the
variables, called basic variables, in terms of the remaining nonbasic variables in a
manner similar to the simplex method [11]. This reduces the problem to a series of
problems with only upper and lower bounds, which are then solved sequentially
with all of the constraints being treated in the same manner [5, 11]. Using the deriva-
tives of the constraints, a reduced gradient in the basic variables is found from which
the search direction is calculated with nonbasic variables that need to remain posi-
tive or zero throughout the optimization procedure [5]. A line search method is then
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used in the direction calculated with a new reduced gradient when a nonbasic vari-
able reaches zero [5].

The methods of feasible directions are specifically aimed at nonlinear optimiza-
tion problems with inequality constraints [5]. These methods solve the problem of
directions tangent to nonlinear constraints of an optimization problem causing a
departure from the true constraints [5]. In these methods, the search direction is al-
lowed to point at an angle into the feasible region [5]. The use of these methods
ensures that the next solution considered during the optimization process is within
the feasible region [1].

9.10 Heuristic methods

Heuristic methods are methods that rely on rules of thumb instead of established
mathematical procedures to arrive at a near-optimum solution. These methods
often use algorithms that were inspired by nature and are useful for solving large
complex optimization problems. They are also able to circumvent the problem of
getting stuck on local optimum points instead of global ones, usually by incorporat-
ing some form of randomness within the algorithm. Heuristic methods are generally
faster and more efficient than traditional methods by sacrificing optimality, preci-
sion, accuracy or completeness for speed. A few of the heuristic methods have been
discussed in a previous section of advanced optimization techniques. Another ex-
ample of a heuristic method, the TS, is discussed below.

9.10.1 Tabu search

The TS method uses the premise of a local search technique, starting at a point and
proceeding iteratively from one point to another local point until a termination cri-
terion is met. Unlike the gradient descent method, the TS can move to a neighbor
solution that is inferior to the current solution point while selecting the move from
point to point using a modified neighborhood which helps in avoiding getting stuck
at local minima/maxima. The method uses both short-term and long-term memory
structures in order to construct the modified neighborhoods. This leads to the
neighborhood being dynamic rather than static, such as in local search methods.
The most common memory structure used in TSs is that of recency-based memory.2

This memory structure records information about solution properties that change

2 The first item in a list is initially distinguished from previous activities as important (primacy ef-
fect) and may be transferred to long-term memory by the time of recall. Items at the end of the list
are still in short-term memory (recency effect) at the time of recall.
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when moving from point to point. Recency-based memory structures keep track of
solution properties that have changed in the recent past, labeling some solution
properties as Tabu active. When a solution contains Tabu-active elements, these
solutions become Tabu (or Taboo), removing them from the modified neighborhood
and preventing them from being revisited. The use of adaptive memory creates a
balance between search intensification and diversification. Intensification strate-
gies modify search rules to encourage more move combinations and solution fea-
tures which were seen to be historically good while diversification strategies
attempt to incorporate new attributes and attribute combinations that were not pre-
viously part of the previously generated solutions.

9.11 Optimization of topology of aerospace structures

The design of a structure usually requires optimization of three parameters of the
structure: size, shape and topology. The optimization of the structure size attempts
to find the optimum thickness distribution of components within the design which
is based on the desire to minimize or maximize a physical quantity such as peak
stress, deflection or a multitude of other parameters [6]. The main feature of size
optimization is that the domain of the design model is fixed throughout the optimi-
zation procedure [6]. Shape optimization problems use the design domain as the
optimization variable in an attempt to find the optimum shape of this domain [6].
Topology optimization of solid structures attempts to optimize the features of the
structure such as the number and location and shape of holes and the connectivity
of the design domain [6]. Figure 9.6 presents a schematic example of the above
three types of structural optimizations.

Topology optimization assists with ensuring that a design has a minimum weight
and that all components of the design are carrying maximum load so that no material
is wasted in terms of the potential load-carrying capabilities [8]. This has led to vast
improvements in the field since the early 2000s in both research and applications, as
the optimization of the distribution of material and the load paths in the structure are
of vast importance in all fields, particularly the aerospace field [8].

A topology optimization problem is generally defined using the design loads,
possible support conditions, the available domain size for the structure and the re-
quired holes or solid sections for other design considerations as constraints for the
problem [6]. The constraints are used to optimize the distribution of the available
material in the fixed domain size, usually by using a distribution function instead
of a standard parametric function [6]. Topology optimization methods are focused
on deciding whether a point in the design domain should contain material (a mate-
rial point) or should not contain any material (a void) [6]. This led to the consider-
ation of topology optimization as a binary optimization problem with a point in the
design domain either containing material or not which would usually require an
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integer programming approach to solve [8], resulting in computationally expensive
methods to solve such large-scale integer programming problems and, therefore,
limited the success of applicable methods. This also led to the development of mul-
tiple methods that approached an optimization problem from different perspectives
in order to avoid these problems [8]. The sections below discuss a selection of meth-
ods developed within the last 20 years in order to optimize topology problems in
the structural field. The number of methods developed over the last 20 years are
immense and it is for that reason that this chapter will only focus on a select few
methods that were considered to have made important advances in the field of to-
pology optimization.

9.12 History of topology optimization

The first description of structural optimization was presented by Anthony G.M.
Michell, an Australian mechanical engineer [12]. The field of structural optimization
was only focused on and further developed nearly 50 years later with the invention of
electronic computers, allowing for a great increase in efficiency of all procedures [13].
The success of topology optimization, even with the use of computer solutions, was
limited until the late 1980s as the problem was approached as a binary optimization
problem, which required large amounts of computing power and precluded the use of
gradient free algorithms [8]. The first major improvement was made by Bendsöe and
Kikuchi in 1988 when they proposed a homogenization-based method [14], which was

Fig. 9.6: Types of structural optimization problems: (a) truss structure sizing optimization, (b)
shape optimization, (c) topology optimization (left: initial problem; right: optimized solution)
(adapted from [10]).
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the basis for the density-based methods discussed in the next section. The homogeni-
zation method uses density variables, which are linked to specific microstructure mod-
els, in order to optimize global structural performance. The density variable of each
cell within the design domain is then modified iteratively in order to optimize the to-
pology. Figure 9.7 displays schematically the different microstructure cells that were
used for the optimization procedure.

The original homogenization method is extremely mathematically complicated,
which prevents its general application. This led to the density-based methods to be
presented and discussed in the next section.

9.13 Density-based methods

Density-based methods are the most widely used methods for topology optimization
[15]. These methods operate by discretizing a fixed domain into finite elements and
minimizing an objective function by deciding whether each element should contain
materials or remain empty (void). The constraints are usually placed on the amount
of material that is utilized. To avoid a challenging large-scale integer programming
problem, discrete variables are replaced by continuous variables and iteratively
driven to a discrete solution by the use of an interpolation function, which inter-
prets the continuous design variables as the material density of each element [15].
This is because the general discretized problems lack a solution [16] as for many
problems the addition of more holes will decrease the objective function and, there-
fore, the optimum solution for the discretized design domain is dependent on the
number of divisions of the domain (mesh dependence) [13]. The first density-based

Typical truss macrostructure

Typical macrostructure

Fig. 9.7: The homogenization method cell structures (adapted from [8]).
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method introduced was the simplified isotropic with penalizations (SIMP) method
[17] and will be discussed below.

The SIMP method was first introduced by Bendsøe [17] as an improvement of
the previously devised homogenization method [14]. Its purpose was to artificially
reduce the complexity of the homogenization method while improving the conver-
gence of the binary topology optimization problem [13]. The SIMP method was
physically justified by Bendsøe and Sigmund [18].

The SIMP method makes the use of a power law relation to apply a penalization
parameter onto the density design variable that is multiplied onto a material prop-
erty (such as material stiffness, cost or conductivity) [13, 18]. The simplicity of the
SIMP method has led to its widespread use both in industry and academia. The
choice of the penalization parameter has a major impact on the quality of the solu-
tion obtained using the SIMP method, possibly causing either grayscale or conver-
gence problems [13]. The experimentally verified value for the penalization
parameter is a value of 3, which ensures physical realizability of elements with in-
termediate densities [18] and has been shown to make density gradients equal to
topological derivatives for elasticity problems [19]. The penalization parameter,
however, will only work correctly when the volume of the material is constrained,
either as a direct constraint or indirectly through another constraint [13].

The SIMP method, while being simple and efficient to implement compared to
the homogenization method, does have some shortfalls. When looking at the well-
posedness of the SIMP method, when the penalization parameter is greater than 1,
there is no guarantee that a solution to the optimization problem can be found [6].
Therefore, the use of numerical methods to solve the optimization problem, such as
FEA=Finite Element Analysis, introduces the possibility of mesh dependence of the
solution [20]. Another problem is the possibility of the checkerboard phenomenon,
where the optimum solution has adjacently varying material-filled elements and
voids creating a checkerboard pattern. This is often seen in topology optimization
problems particularly when lower-ordered finite elements are used to discretize the
design domain [20]. An example of the checkerboard phenomenon is presented in
Fig. 9.8.

Another problem is the possible existence of intermediate density values in the
optimization solution, where the element has a density value that is neither 0 nor 1
and is therefore neither a pure solid-filled element nor a void [20].

The problems associated with the SIMP method have led to modified versions of
the penalization method being developed, such as the rational approximation of ma-
terial properties (RAMP) method [19] and the SINH method [21, 22]. Unlike the SIMP
method, the RAMP method has nonzero sensitivity (gradient) at zero density [23], rec-
tifying numerical problem in regions with low-density values in the presence of de-
sign-dependent loading [15]. The RAMP method was introduced in order to alleviate
nonconcavity of the original SIMP method [24] ensuring convergence to a fully binary
solution. This feature does not play a major role in practical examples. The SINH

226 9 Optimization of thin-walled structures

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



method uses cost penalization, as cost can represent material weight, in order to pe-
nalize material volume instead of material parameters as seen in the previous two
methods [15]. The various expressions for the three methods, the SIMP, the SINH and
the RAMP, are described in the following equations, where p or q is the penalization
parameter (with multiple values shown in Fig. 9.9) and ρ is the density variable:

SIMP: ζ ρð Þ= ρp

SINH: ζ 1 ρð Þ= 1− sinh p 1− ρð Þ½ �
sinh ρð Þ

ζ 2 ρð Þ= ρ

RAMP: ζ ρð Þ= ρ
1+ q 1− ρð Þ

(9:3)

This results in intermediate density cells carrying more volume with respect to the
loading than either material filled cells or voids, reducing the number of intermedi-
ate cells in the optimization problem [15]. A comparison of the results for the three
methods in shown in Fig. 9.9.

In general, density-based methods are represented by smooth, differentiable
problems that are easily solvable by gradient-based methods [25, 26], the method of
moving asymptotes [27] or other mathematical programming-based methods [13].

(a)

P

(b)

(c)

Fig. 9.8: Typical example of the checkerboard problem: (a) initial structure, (b) coarse optimization
and (c) finer optimization (adapted from [6]).
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The use of these optimization methods also allow for the systematic and straight-
forward inclusion of any additional global constraints; however, when including
local constraints, parametrization problems, particularly in stress constrained prob-
lems, may cause great difficulty when solving real problems [28].

9.14 Hard-kill methods

Hard-kill methods optimize a topology problem by incrementally adding or removing
a material to a design domain, with the choice of the location to add or remove mate-
rial being dictated by the heuristic method [15]. The heuristic analyses may or may
not be based on the sensitivity information in the design domain which, unlike the
density-based methods, is never relaxed [15]. A problem with hard-kill methods is the
possibility that the solution that is obtained may be nonoptimal when the methods
are implemented and used inadequately, particularly when a prescribed boundary
support is broken during optimization of a statically indeterminate structure resulting
in a completely changed structure from the initially defined one [29]. By far the most
popular and widely implemented hard-kill method is the evolutionary structural opti-
mization (ESO) method and its derivatives which are discussed in more detail in the
following section.

9.14.1 Evolutionary structural optimization methods

The first developed evolutionary method was the ESO method. The ESO method is
based solely on the heuristic-based removal of material from an optimization design
by gradually removing redundant or inefficient material from the structure until an
optimal solution was found by achieving the presumed volume constraint [30]. This
is achieved by calculating a criteria function, also known as a sensitivity number,
for each element in the model, with the removal of elements having low sensitivity
numbers [15]. Early versions of ESO were devised for use with FEA analyses for
stress-based, stiffness or displacement problems using an iteratively increasing re-
jection ratio to remove increasing amounts of inefficient material from the FEA
model until an optimum solution is reached [31]. An example of an ESO stiffness
topology optimization process for a Michell-type structure3 with two simple sup-
ports is shown in Fig. 9.10.

3 A. G. M. Michell formulated the criteria to be satisfied by all least-volume trusses with equal ten-
sile and compressive yield stresses (see Michell, A. G. M., The limits of economy of material in
frame-structures, Philosophical Magazine, 8 (47), 1904, pp.589–597).
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A major disadvantage in the ESO method comes from the way in which it is im-
plemented. The method removes material, or volume, iteratively until with the re-
moval of any more material, a constraint is no longer satisfied. This, however, does
not necessarily give an optimum solution as a material that has been removed in
earlier iterations could be required for a more optimum design at a later stage in the
process when other elements of a material have been removed [31]. This removed
material cannot be recovered by using the ESO method. The early implementation
of the ESO method also ignored many numerical problems that arose, such as
checkerboarding, owing to its being a heuristic method. These deficiencies in the
method led to the development of the bidirectional ESO (BESO) method.

The BESO method is an attempt to correct the disadvantage of not being able to
reintroduce the removed material in the ESO method by simultaneously removing
and adding material at each iteration of the optimization problem. A method for the
removal and addition of elements was first designed in 1998 [32] and was applied
for a stress-based optimization problem [33] and for a stiffness optimization prob-
lem [34] using FEA model bases. The method developed in the stiffness optimiza-
tion problem [34] uses a linear extrapolation of the displacement field in the FEA
model to estimate the sensitivity numbers of void elements, allowing the removal of
elements with the lowest sensitivity numbers and the replacement of void elements
with the highest sensitivity numbers. The method that makes use of the rejection
ratio for the removal of a material and an inclusion ratio for addition of a material,
both of them are not in relation to each other [31]. The selection of these values di-
rectly impact the ability of the method to arrive at an optimum solution. The BESO

10 m

RR 10%

RR 25%
RR 20%

5 
m

F

F F

F

A Michelletype structure on two
unmoveable simple supports

Fig. 9.10: ESO topologies with varying rejection rates (RR) (adapted from [30]).
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method can be applied to initial full designs, an initial guess design and can even
be used for 3D optimization.

The BESO method is a widely used optimization method mainly owing to its
ability to obtain converged, checkerboard free, mesh-independent solutions for a
multitude of designs with comparable optimal solutions to the SIMP method, as
shown in Fig. 9.11, with the ability to start from a smaller than the domain guessed
initial design, saving the computational time.

The BESO method, however, has been shown to be incorrect for specific optimization
problems bringing the validity of the method into question [35]. While overcoming
some shortfalls of the ESO method, the BESO method still has some common prob-
lems. The methods are fully heuristic; therefore, there is no mathematical proof that
the obtained solution is the optimal one. Both the ESO and BESO methods rely on
selecting the best solution by comparing a large number of intuitively generated sol-
utions, reducing the efficiency of the methods heavily. Both methods have many
cases where the solution obtained is not the optimal solution or, in particular cases,
where they are completely broken down [35]. These problems have led to a large
number of debates in the academic world on the validity of ESO/BESO methods, par-
ticularly when compared to SIMP methods [35].

9.15 Boundary variation methods

Boundary variation methods are a relatively recent addition to the topology optimiza-
tion field, having been adapted from shape optimization techniques. Compared to

Optimization using SIMP

Optimization using BESO

Fig. 9.11: Comparison of beam optimization using BESO and SIMP methods (adapted from [31]).
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density-based methods, they use implicit functions to define structural boundaries
instead of explicit parameterizations of the design domain. Boundary variation tech-
niques generally have the advantage of producing very well-defined results, having
little need for post optimization processing or interpretation of results [15]. These
methods are also distinguished from the shape optimization methods on which they
are based as they allow for the movement of structural boundaries as well as the ad-
dition, removal and merging of voids within the model, making these methods as to-
pological optimization methods [15]. There are two prominent boundary variation
methods being researched, which will be discussed in the following sections.

9.15.1 Level-set methods

In level-set methods the boundary of the design is defined by the zero-level contour
of the level-set function while the structure is defined by the domain where the
level-set function takes positive values. The shape of the geometric boundary is
modified by controlling the motion of the level set according to optimization condi-
tions and the physical problem by using the shape sensitivities of the objective
function until a convergence criterion is met.

The conventional level-set approach, developed from the work of Wang et al.
[36], uses the concept of the link between the velocity of the points on the structural
boundary, the design sensitivity, the structural optimization process and the level-set
method for boundary definition. Concurrently, a mathematical framework linking the
velocity of the level-set boundaries to an adjoint shape sensitivity analysis for a stiff-
ness optimization problem was developed [37–39]. These two direct methods are lim-
ited by their inability to create new holes in the level-set function away from the free
boundary, which typically represent the outside of the design domain, and that they
both are extremely dependent on the initial state of the design problem. This led to
the inclusion of topological derivatives, representing the change in objective function
with the introduction of infinitesimally small holes, in subsequent methods in order
to allow for the nucleation of holes at any point in the design domain [39–41]. More
recently, Dunning and Kim [42] make use of a secondary level-set function instead of
topological derivatives to introduce holes. James and Martins [43] proposed using an
extension of the conventional level-set method on body-fitted finite mesh models, al-
lowing the design domain to be irregularly shaped.

The conventional level-set formulations make use of an explicit numerical
method for solving the Hamilton–Jacobi partial differential equation (PDE) that
controls the structural boundary. A problem associated with explicit numerical
methods is that their convergence is dependent on the time step size chosen for the
method. Additionally, the explicit method often causes the need to reinitialize the
level-set function when they become too steep or too flat. This reduces the compu-
tational efficiency of the method. This has led to the development of a number of
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alternative level-set function methods that use alternative strategies to solve the
Hamilton–Jacobi PDE. These methods will not be discussed in this chapter as they
are too numerous both in types and methods of solving the PDE.

Level-set methods have some advantages when compared with other topology
optimization methods. Checkerboarding can be significantly reduced, the optimal
shape and topology can be obtained simultaneously and the handling of any topol-
ogy-dependent loads is more easily implemented when using level-set methods
while the method is more versatile compared to the density-based methods [20, 44].
However, the level-set methods have their own distinct disadvantages. They have a
slow convergence rate, particularly when using a Hamilton–Jacobi-based level-set
method, and the required topology changes can only be obtained by pinching or
merging of the boundaries in the original form with complicated workarounds re-
quired adding voids in the problem [20]. In general, there is large potential for the
use of level-set methods; however, currently, the majority of uses are in research
and not commercial applications.

9.15.2 Phase field method

The phase field method for topology optimization is based on theories that were
originally developed as a method to represent the surface dynamics of phase-transi-
tion phenomena such as solid–liquid transitions [45, 46]. While this method has
been utilized in many fields, such as diffusion, crack propagation and multiphase
flow, the method can also be applied to topology optimization problems. The
method begins by specifying a phase field function over a design domain that is
composed of two phases with a continuously varying boundary region between the
phases having a thin finite thickness. This setup is shown in Fig. 9.12.

Phase A
Phase B

ξ

Diffuse interface
region center

Edge of diffuse at
interface region

Phase A

Phase B

ξ

β

Diffuse interface

φ

α

(a) (b)

Fig. 9.12: (a) A 2D domain represented by a phase field function, and (b) a 1D representation of the
phase field function (adapted from [46]).
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In phase field topology optimization this region defines structural boundaries and
is modified by dynamic evolution equations of the phase field function. The main
difference between the level-set and phase field methods lies in the fact that in
the phase field method the boundary interface between phases is not tracked
throughout optimization as it is when using level-set methods. The governing
equations of phase transition are solved over the complete design domain without
previous information about the location of the phase interface. In addition, phase
field methods do not require the re-initialization step of level-set functions [15],
which reduces the complexity of the problem [47]. Phase field methods, like level-
set methods, have the advantage of being able to simultaneously solve shape and
topology optimization problems [47]. However, it has been observed that phase
field methods are dependent on the initial shape of the design model as well as
the mesh size and number of iterations of the method on the optimization problem
[47]. An example of these effects is shown in Fig. 9.13.

Initial work began on the phase field method in 2003 by Bourdin and Chambolle [48]
with further developments being made from 2004 onward. However, because of the
later start date as well as relatively less research being performed on phase field
methods, the field has remained in the academic sphere and has not been widely ap-
plied in real-world applications. Additionally, the computational costs of the phase
field method are relatively high, reducing the current applications of the method [49].
The flexibility of the approach has the potential to allow for modeling coupled

Fig. 9.13: Effect of initial shape to obtain the optimal shape using the phase field optimization
(adapted from [47]).

234 9 Optimization of thin-walled structures

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use



systems, not only focusing on a pure structural optimization problem, giving the
method a large potential for future research [49].

9.16 Recently developed methods

The field of topology optimization is a vast topic. While shape and size optimization
problems have been developed further than topology optimization, mainly due to
the complexity of topology optimization comparatively, the possible benefits of a
topologically optimized design outweigh those from size or shape optimization.
Additionally, with the increased computing power available today, computationally
expensive methods are becoming easier, quicker and cheaper to run while yielding
better results. It is for these reasons that research into new, more efficient methods
that give improved optimization results is a focus of the field of topology optimiza-
tion. While many different new methods of topology optimization have been pro-
posed, one of the most promising and easy-to-implement methods is a bio-inspired
cellular division-based method which is discussed as follows.

9.16.1 Bio-inspired cellular division-based method

In 2010, Kobayashi proposed a topology optimization method inspired by the cellu-
lar division process in living organisms that is capable of generating discrete and
continuum-like structures [49]. The method uses a developmental program to im-
plicitly govern topology layout development in stages. The method, when driven by
a GA, assigns a set of rules called a Lindenmayer or map-L system4 which define
the tasks of the developmental program as the design variables for the optimization
problem [15]. By controlling these developmental rules, a diverse set of topological
designs may be generated with few design variables [15].

An advantage of the method is its ability to couple easily onto the existing finite
element tools to develop a topology optimization capability. Similar to ESO methods,
this is done by using simple pre-processing and post-processing operations especially
if the design is a multiphysics one. The method also produces topologically optimal
solutions that are immediately ready to undergo shape and sizing optimization pro-
cesses and has the potential for these optimization processes to be performed simul-
taneously with the topology optimization process [15]. However, the use of a GA as a

4 L-systems were introduced and developed in 1968 by Aristid Lindenmayer, a Hungarian theoreti-
cal biologist and botanist at the University of Utrecht. He used L-systems to describe the behavior
of plant cells and to model the growth processes of plant development.
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basis of the method immediately ensures that it is more computationally expensive
than the most gradient-based methods.

The map-L systems are a type of grammar system capable of acting as rewriting
systems that can generate developmental programs to describe the construction of
a natural engineered system [51]. The maps are analogous to cellular layers with the
regions representing the cells and the edges in the walls of the cells. A series of pro-
duction rules can then be applied in order to govern the processes that construct
the map leading to complex topology being obtained. An example of the execution
of a production rule is shown in Fig. 9.14.

More complex topologies can be obtained by utilizing additional rules and not just
the division rule shown in Fig. 9.14. The geometry can also be stretched and super-
imposed onto nonrectangular domains that can also undergo shape changes.
However, it must be noted that topologies generated by the map-L system have no
physical or structural meaning and as such the geometry must be interpreted into a
structural element [15]. Reference [53] presents the topology of a structure defined
by the map-L system, projected onto a nonrectangular domain and interpreted into
a 3D wing and spar layout for an aircraft component.

Topology optimization is performed by encoding the map-L system into a binary
representation to use in a GA. A number of parameters that affect the topology are
controlled by the optimizer, including those that control the growth and dynamics
of the development, the developmental rules and the definition of the overall geome-
try or physical properties of the design model. The GA is, therefore, able to modify
both the initial map and the rules that create the topology according to some fitness
function.
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Fig. 9.14: The first four steps in a cellular division process (adapted from [52]).
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The implicit representation of topology found in the GA of this method differs
from the explicit representation, where a single design variable for each finite ele-
ment corresponds to the genome that is utilized in other GA topology optimization
methods. It is this representation that allows for fewer design variables and more
design freedom while avoiding other issues such as maintaining domain connectiv-
ity throughout the evolution process [15].

9.17 Applications in the aerospace field

Having discussed a multitude of methods for topology optimization, the following
section will look at some real-life applications of topology optimization in the aero-
space field and, where possible, will give examples of the specific topology optimi-
zation methods discussed in the previous section.

9.17.1 General topology optimization applications

This section contains some general examples of topology optimization for struc-
tural components in the aerospace field. A majority of the examples are presented
as graphical results and have limited information on the method of optimization
used, usually because the design process relied on optimization software where
the specific method of optimization was not attainable.

When optimizing aircraft components, a vast majority of the optimization prob-
lems are either minimum compliance (stiffest design) problems or minimum weight
designs. Optimizing topology has a great effect on both cases with some stating
that out of the three structural optimization categories, this will have the greatest
impact on the design.

9.17.2 Applications of density-based methods

A good example of topology optimization using a density-based method is observed
in the optimization problem for an engine pylon of a large cargo aircraft [8]. The opti-
mization was performed in order to comply with stiffness, strength and weight re-
quirements of the design. The first consideration was to define the design and
nondesign domains based on multiple restriction imposed on the structure from sour-
ces such as aerodynamic restrictions and manufacturing restrictions.

The next consideration was the predicted flight loads. The entire envelope of
predicted flight loads was analyzed with 24 possibly critical cases chosen for the
topology optimization of the pylon, leading to the use of a polynomial interpolation
model to incorporate all the loading cases and boundary conditions. The
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implemented topology optimization method was an extended formulation of the
SIMP method.

Another use of density-based topology optimization is to solve aeroelastic prob-
lems. The first work to tackle this problem used a 3D Euler solver, linear finite ele-
ment models and additional sensitivity analyses to design wing stiffeners for
minimizing mass with constraints given by the values of the drag, lift and deflection
[54]. While the chapter did reach a final design, the focus was on developing a
methodology for similar problems and, as such, the pictures of the results are not
presented here.

9.17.3 Applications of hard-kill methods

Hard-kill methods have been utilized far less frequently than density-based meth-
ods. This is partially owing to their fully heuristic nature and the possibility for pre-
senting a nonoptimum result as an optimum one. However, there have still been
attempts to use these methods in optimizing aircraft structures. An example of the
optimization of an aircraft bulkhead component using a modified ESO method [55]
is presented below.

The paper focuses on improving the optimization of the design of a bulkhead
in an F/A 18 fighter aircraft. The goal was to produce a lighter bulkhead for the
aircraft while satisfying the geometric, functional and strength requirements. A
finite element analysis of the half symmetric 3D model of the current bulkhead
was first performed. The von Mises stress was then taken as the ESO criterion. The
ESO algorithm was used to reduce the weight of the structure by removing the in-
efficient material. At each optimization cycle, a finite element analysis was per-
formed using NE-NASTRAN (a FE code). The optimization algorithm was then
employed to modify the topology based on the von Mises stress field. At each iter-
ation, an element of the structure was removed only if the calculated current von
Mises stress was less than a reference value. The topology optimization presented
in [55] succeeds in removing the material from regions not in the primary load
path. This has led to a lower weight design with a more even distribution of the
von Mises stresses.

9.17.4 Applications of boundary variation methods

The use of boundary variation methods in aerospace fields appears to be very lim-
ited. NASA has researched the optimization of a 3D wing for different purposes,
with an example focusing on aeroelastic constraints [56] and another focusing on a
common research model wing [57]. The example described later is focused on the
topology optimization of a reinforced wing box for enhanced roll maneuvers [58].
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The chapter looks for a solution to maximize aileron reversal speed of a wing
torsion box by reinforcing the upper skin of the wing. A spectral level-set topology
optimization method was used to solve the design problem. The results showed that
similar topology optimum results were obtained for different initial conditions.
Therefore,, for any of the four initial setups, the final optimal solution is similar for all
cases. This was considered a successful implementation of the optimization method;
showing some form of independence between the initial setup and the solution.

9.17.5 Applications of bio-inspired cellular division-based method

While the bio-inspired division-based method is relatively new, there have been a
few attempts to use the method for topology optimization in aircraft structures,
such as the optimization of aircraft lifting surface [57] and the aeroelastic optimiza-
tion of flapping wing venation [58]. The example below is for the topology optimiza-
tion of a component in a jet engine [59]. The topology optimization of a bracket for
drawing bars of a reverse device was performed using a software-based implemen-
tation of the bio-inspired cellular division-based method. Because the method was
implemented using a software-based optimizing tool, the details of the method are
scarce in the chapter.

The optimization procedure resulted in a weight saving of nearly 20% of the
part being built out of steel powder by a selective laser melting method in order to
be tested mechanically.

9.18 Conclusions

The field of optimization in general and particularly for structures is a vast one,
which is continuously growing. Having been developed from mathematical first prin-
ciples, most methods became practical and feasible after the introduction of the com-
puter, which allowed for iterative procedures to be performed economically and
quickly while increasing the complexity of the calculations that could be handled.
With the continued increase in computational power and the focused research on
both improving current methods and developing new methods, the field of optimiza-
tion is continuously expanding and improving. The obvious benefits of design opti-
mization to design solutions and procedures are numerous. Not only can a design
save on material and cost while ensuring that any part of the structure that is ineffi-
cient is removed, but the ability to run optimization simulations before having to
manufacture test items is increasing the overall efficiency of the design process
continuously.

The chapter has covered some background to design optimization and some
general optimization techniques while focusing on topology optimization methods
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and their applicability in the aerospace field. However, the amount of information
contained within this chapter is just a small part of the immense field that is design
optimization.

To enhance the optimization method applicability, Appendix A presents a method
to design optimized structures using the response surface methodology (RSM) ap-
proach, as authored by Dr Kaspars Kalnins, from Riga Technical University, Latvia.
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Appendix A: Response surface methodology

K. Kalinin
Riga Technical University, Latvia

RSM can be summarized as a collection of statistical tools and techniques for con-
structing and exploring an approximate functional relationship between a response
variable and a set of design variables [1]. RSM has been widely used to simulate and
analyze complex engineering problems in different industrial applications (see [2, 3]).
The strategy used in RSM is to utilize approximation models, which are often referred
to as metamodels or surrogate models, as they provide a model of the model, replac-
ing the expensive simulation analyses during the process. This approximate func-
tional relationship is typically constructed in the form of a low-order polynomial,
referred to as a response surface (RS) approximation. RSM was originally developed
for constructing and exploring approximate response functions based on physical ex-
periments and results in smooth approximate response functions, thus effectively fil-
tering out any noise.

RSM includes methods for selecting data points where the experiments should
be evaluated, a process known as statistical design of experiments (DoE) (as in [4,
5]); methods for solving the unknown coefficients of an RS approximation; and
methods for evaluating the accuracy of the resulting RS approximation. The un-
known coefficients of an RS approximation are estimated from experimental data
points by means of a process known as regression. These coefficients are esti-
mated in such a way as to minimize the sum of the squares of the error terms, the
so-called least squares criterion (e.g. [1, 6–8] with more than 300-year long
history).

An alternative to least squares is maximum likelihood estimation method re-
quiring an assumption about the probability distribution of the disturbance
term. It is commonly assumed that the disturbances are identically and indepen-
dently distributed normal variables with zero mean and constant variance.

An important research issue related to metamodeling is how to achieve good
accuracy in a metamodel with a reasonable number of sample points and the distri-
bution of the sample points in the domain of interest. This sampling technique is
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often referred to as a design of computer experiments (DoCE), and is implemented
into numerical analysis in order to reduce the number of simulation runs without
decreasing the accuracy of the metamodel.

The stages of metamodeling (see Fig. A1) can be considered as follows [9–11]:
– Development and experimental verification of a representative finite element

model
– Formulation of the domain of interest and selection of variables to be used in

approximation of sampled data responses
– Elaboration of space-filled experiment designs to determine sample points for

which deterministic computer simulation is performed
– Building the approximating function (parametric or nonparametric approxima-

tions) employing the data set of deterministic computer experiment (or alterna-
tively employing a combined data set of numerical and physical experimental
data)

– Screening, parametric sensitivity analysis and validation of metamodel
– Design optimization and derivation of design guidelines

It should be noted that all of these metamodeling stages can easily be extended
by additive user-defined functions or methods, though the so-called curse of di-
mensionality is the limiting factor for application of the methodology to engineer-
ing processes and problems.

A1 Design of experiments and design of computer experiments

An experiment can be defined as a test or series of tests on a process or system that
is performed in order to study the relationship between the input variables and the
output responses of the process. In any experiment, the results and conclusions
that can be drawn depend to a large extent on the manner in which the data are
collected [12]. In this context, the objectives of any experiment may be outlined as
follows:
– determining which of the input variables, x, is most influential on the response,

y;
– determining where to set the influential x’s so that y is almost always near the

desired nominal value;
– determining where to set the influential x’s so that variability in y is small.

In attempting to fulfill these objectives, engineers and scientists frequently use a
best-guess approach; however, this is limited by the technical or theoretical knowl-
edge of the experimenter. The one-factor-at-a-time approach is an alternative ap-
proach that is also extensively used in practice, though this is limited to problem
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dimensions and fails to consider any possible interaction between input factors. So,
there is an obvious need for an experimentation strategy, or an approach for DoE.

There is also an important distinction between physical experiments and com-
puter experiments, so that separate experimentation strategies have been devel-
oped for DoCE. While physical experiments have statistical experimental error,
numerical analysis is deterministic and results are obtained with 100% repetition
and no statistical variance of model parameters (see [13, 14]), though there is nu-
merical noise due to calculation or discretization errors (see, e.g., [15]). Many re-
searchers (see [16–18]) argue that classical experimental designs are not well
suited for sampling deterministic computer experiments, and Sacks et al. [17]
state that the “classical notions of experimental blocking, replication and ran-
domisation are irrelevant” when it comes to deterministic computer experiments
that have no random error. This means that designs for deterministic computer
experiments should “fill the space” of experiment design as opposed to possess-
ing properties for estimating the variability in the data. Currently there is a wide
range of literature concerning different methods for DoCE (as in [4, 5]), which in-
clude many approaches for space-filling designs. It should be noted that the first
space-filling design criterion [13, 19] for numerical experiments was proposed at
Riga Technical University.

In this section the key concepts of DoE and DoCE are summarized, which in-
cludes the classical DoE and Latin hypercube (LH) design. This is followed by dis-
cussion on the techniques of space-filling and sequential design, which were
developed for DoCE with LH designs.

A1.1 Classical design of experiments

Classical experimental designs are so named because they have been developed for
what are considered to be the more “classical” applications of RS metamodeling:
physical experiments, which are plagued by variability and random error (see [6–8,
20, 21]. Among these designs, the full-factorial, central composite and Box–Behnken
designs (BBD) are well known and are easily generated, and a more detailed descrip-
tion of these types of designs can be found in literature [21, 22].

In box-like design spaces, the range of a design variable between the upper
and lower limit is typically divided into levels, and experiments are run only at
the particular levels of the design variables. A full-factorial design contains all the
combination of the different levels of all the design variables that are also com-
monly called factors. It is easy to understand that even with a modest number of
factors, the full-factorial design approach becomes unreasonable in solving prac-
tical problems, as the number of experimental runs becomes very large and can
be an order of magnitude greater than the number of parameters to be estimated.
The number of experiments required by a factorial design is lndv , where ndv is the
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number of design variables and l is the number of levels per design variable. There
are several special cases of the factorial design that are important to discuss be-
cause they are widely used and because they form the basis of other designs of con-
siderable practical value. The most important of these is perhaps the 2ndv factorial
design. Figure A2 shows a two-level factorial design for three design variables that
is a 23 factorial design. Note that in the figure the location of experiments is denoted
by black dots.
This design is particularly useful in the early stages of experimental work when
only the different impact of the design variables on the results is of interest.

Because there are only two levels per design variable, only a linear RS or at most
the mixed terms of a quadratic RS approximation (first-order interactions) can be
obtained from the 2ndv factorial design. The limitation of linear approximation in-
hibits the use of 2ndv factorial designs for many problems. When the true function
that is being approximated by the RS approximation is expected to have consider-
able curvature, designers often apply 3ndv factorial design. The 3ndv factorial designs
allow an estimation of all the terms of a quadratic RS approximation. Also, RS ap-
proximations obtained from 3ndv factorial designs are generally accurate because
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Fig. A2: Full-factorial design, 2n = 23.
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they avoid extrapolation. An example of a 3ndv factorial design for a three-variable
case with a total of 27 experiments is shown in Fig. A3.

A central composite design (CCD) is a combination of 2k factorial points, 2k star
points and a center point for k factors as shown in Fig. A4. CCDs are the most widely
used experimental design for fitting second-order RSs [1]. Different CCDs are de-
fined by varying the distance from the center of the design space to the star points,
and include:
– ordinary central composite design – star points are placed at a distance of ± a

(a > 1) from the center with the cube points placed at ±1 from the center;
– face-centered central composite design – star points are positioned on the faces

of the cube;
– inscribed central composite design – star points are positioned

1
a
from the cen-

ter with the cube points placed at ±1.

It should be noted that experiments in center point are replicated at least three to
five times in order to estimate the variance of output y.
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A BBD is formed by combining 2k factorial and incomplete block designs and is
an important alternative to CCDs because they require only three levels of each fac-
tor [8]. The BBD are found by perturbing combinations of two variables in turn, and
adding to this nc replicates of the nominal design. When the experiments are nu-
merical in nature, instead of repeating the nominal design experiment slight pertur-
bations are needed. The two variables vary from their nominal value to a low and
high level, respectively, in all four possible ways. As there are different ways to se-
lect two variables out of ndv, a particular BBD consists of totally 2ndv(ndv – 1) +
nc + 1 points. This arrangement of the BBDs allows the number of design points to
increase at the same rate as the number of polynomial coefficients. For a large num-
ber of variables, the amount of points asymptotically approaches four times the
number of terms required for a quadratic polynomial fit. As an example, a seven-
variable BBD with no center-point replication holds 85 designs, nearly half of the
143 runs required by the CCD and only a fraction of the 2,187 needed for a full 3ndv -
level factorial design. The inevitable drawback of a BBD is that corner regions of the
domain are poorly represented; therefore, corner approximations are based on ex-
trapolation rather that interpolation. As a result, Myers et al. [1] warn that these de-
signs should not be used when accurate predictions at the extremes (i.e., the
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Fig. A4: Central composite design.
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corners) are important. An example for 13-point BBD for three factors is shown in
Fig. A5.

A1.2 Latin hypercube designs

LH design was first proposed by Audze and Eglājs [13] and later McKay et al. [23]
formulated the term Latin hypercube. In the context of statistical sampling, a
square grid containing sample positions is a Latin square only if there is only one
sample in each row and each column. An LH is the generalization of this concept to
an arbitrary number of dimensions, whereby each sample is the only one in each
axis-aligned hyperplane containing it (see Fig. A6). When sampling a function of m
variables, the range of each variable is divided into n equally probable intervals,
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Fig. A6: A comparison between random sampling, LH sampling and orthogonal LH sampling.
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where n-sample points are then placed to satisfy the LH requirements. Note that
this forces the number of divisions, n, to be equal for each variable. Also note that
this sampling scheme does not require more samples for more dimensions, and this
independence is one of the main advantages of LH sampling.

Another advantage of LH designs is that random samples can be taken one at a
time, with regard to the samples that have already been taken. Orthogonal sam-
pling adds the requirement that the entire sample space must be sampled evenly.
Although more efficient, orthogonal sampling strategy is more difficult to imple-
ment since all random samples must be generated simultaneously. A 2D compari-
son in Fig. A6 demonstrates the difference between random sampling, LH sampling
and orthogonal LH sampling, and is explained as follows:
a) In random sampling new sample points are generated without taking into ac-

count the previously generated sample points. Thus, one does not necessarily
need to know beforehand how many sample points are needed.

b) In LH sampling one must first decide how many sample points to use and for each
sample point remember in which row and column the sample point was taken.

c) In orthogonal LH sampling, the sample space is divided into equally probable
subspaces, where Fig. A6 shows four subspaces. All sample points are then
chosen simultaneously making sure that the total ensemble of sample points is
an LH sample and that each subspace is sampled with the same density.

In other words, LH sampling ensures that the ensemble of random numbers is a
good representative of the real variability, whereas traditional random sampling is
just an ensemble of random numbers without any guarantees. However, there is a
general belief that the distribution of points in the design space should be regulated
by a certain criterion, detailed in the following section, and therefore the distribu-
tion will be regular and experiments can be used not only for parametric approxi-
mations but also for nonparametric approximations.

A1.3 Space-filling criteria

Numerous space-filling experimental designs have been developed in an effort to
provide more efficient and effective means for sampling deterministic computer ex-
periments based on LH, as discussed previously. Different space-filling criteria for
LH designs were proposed by many authors: maximin LH [24], minimal integrated
MSE (IMSE) designs [17], orthogonal array-based LH designs [25], orthogonal LH
[26], IMSE and optimal LH [27].

Historically, the first space-filling experimental design criterion for numerical
experiments was proposed by Riga Technical University researcher Vilnis Eglājs
and published in 1977 [13], which is referred to as Eglajs or Audze–Eglais uniformity
criterion [28]. For the analysis of deterministic computer experiments, Eglājs
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proposed the principle that the number of levels for each factor is equal to the num-
ber of runs and each level is used only once. In the situation when the response
depends mainly on one factor (the number of which is unknown before experimen-
tation) this principle provides the maximum amount of information about this de-
pendency. Later McKay et al. [23] introduced the name “Latin Hypercube” for DoEs
of this type and showed that random LHs give better accuracy for the Monte Carlo
integration than pseudorandom samples. The second principle proposed in Audze
and Eglājs [13, 19] was that the experiments must fill the area of interest as uni-
formly as possible. For the measure of the uniformity, Audze and Eglājs [13] intro-
duced the first space-filling criterion – the potential energy criterion

ΦEglajs =
Xm
i= 1

Xm
j= i+ 1

1
d2ij

(A-1)

where m is the number of experimental points (runs) and dij is the Euclidean dis-
tance between points i and j. The LH designs with minimal value of the criterion
(A-1) have good space-filling properties; however, the experimental points tend to
spread out to the corners of the unit cube. Audze and Eglājs [13] also proposed the
first coordinate exchange algorithm for construction of LHs with minimal value of
the potential energy criterion. Morris and Mitchell [29] introduced a generalization
of Eglājs criterion:

ΦMorris−Mitchell =
Xn− 1
i= 1

Xn
j= i+ 1

1
dpij

" #1 p=

(A-2)

where

d xi, xj
� 	

=dij =
Xm
k = 1

xik − xjk
�� ��t� �1=t

, t = 1 or 2 (A-3)

The other category of space-filling designs are constructed by algorithmic ap-
proaches under certain optimality criteria, such as minimax and maximin designs
[30]. The initial results on minimax and maximin distance designs were developed
by Johnson et al. [24], and as they are based on the same principle, they are referred
to as the MinDist criterion.

The MinDist criterion [24] seeks to maximize the minimum distance between
any pair of points in the design:

ΦMinDist = min
u, ν= 1, ..., n

Xm
i= 1

xui − xνi
� 	 2 (A-4)

The entropy criterion was first proposed by Shewry and Wynn [31] and then used by
Currin et al. [32]. The application of the entropy criterion for designs in unit cube
0, 1½ �m is equivalent to the minimization of E = − log Cj j, where C is the n× n covari-
ance matrix of the design with elements:
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ΦEntropy = exp −Θ
Xm
u= 1

xiu − xju
��� ���q� 


, 0< q≤ 2 (A-5)

Where i, j= 1, . . . , n. The mostly used value of the parameter q is 2 [33], so the corre-
lation between two points is a function of their Euclidean distance L2, and Θ is set
equal to 2.

Another measure used in constructing designs is the discrepancy ðDcÞ2 [34––37].
The discrepancy measures how much the empirical distribution of the design points
departs from the uniform distribution; in other words, the criterion averages the
squared difference in the cumulative density function [38], and so minimum dis-
crepancy designs are often called uniform designs. The discrepancy has been used
to construct space-filling designs in computer experiments [28], and to construct
designs for evaluating multiple integrals. Fang and Wang [34] gave the details of
uniform designs and described several examples of discrepancy measurement.
Uniform designs are a class of designs based on statistical applications of a number
of theoretical methods [34]:

Φ
DCð Þ2 =

13
12

� �m

−
2
n

Xn
u= 1

Ym
i= 1

1+ 1
2
xui −0.5
�� ��− 1

2
xui −0.5
�� ��2� �

+

+ 1
n2
Xn
u= 1

Xn
ν= 1

Ym
i= 1

1+ 1
2

xui −0.5
�� ��+ xνi −0.5

�� ��− xui − xνi
�� ��� 	� � (A-6)

The MSE criterion, as suggested by Fang and Wang [34] and Auzins [34], would give
the root mean squared distance between the mesh points in design space Rm and
the nearest point from experimental design D:

ΦMSE =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

� �XN
ν= 1

min
u= 1, ..., n

Xm
i= 1

wνi − xui
� 	2� �s

(A-7)

Where wv are points from a large sample in design space Rm, v= 1, . . . ,m, m is the
number of points of the experimental design and n is the number of mesh points.
Designs optimized according to the MSE criterion give points uniformly distributed
in the design space and tend to minimize the expected MSE of the nonparametric
approximations [14, 34, 39]). According to any criterion, to search for the optimal
LH DoE is a very difficult task, though this can be achieved with methods of discrete
optimization – coordinate exchange, multistart, threshold or simulated annealing
methods ([1, 33, 37, 40]). Comparisons of the different types of space-filling experi-
mental designs are few, and often the novel space-filling design being described is
compared against LH designs and random sampling [27], though rarely are space-
filling designs compared with each other. Simpson [14, 18] gives a comparison of
wide variety of space-filling designs against themselves and classical experimental
designs. In a paper by Auzins [33] a comparison was given of many metamodeling
test problems where experimental designs are sampled according to an optimality
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criterion and space-filling criteria such as MSE, Eglājs criterion, entropy criterion
and discrepancy criterion. It is the decision of the author to state that in the case of
second-order local polynomial approximation the use of the MSE criterion would be
preferable, as it gives good accuracy of metamodels and the finding of optimal de-
signs using the proposed algorithm is less difficult than optimization according to
other criteria.

Further comparison of the various approaches is given below, where Fig. A7
shows several 3D 20-factor plans of experiments with different space-filling criteria,
and Table A1 presents a comparison of different space-filling criteria and designs.

A1.4 Sequential design

Sequential designs can be obtained in a traditional way by adding new experimental
points to the existing design created with space-filling criteria. These designs are
called “adaptive,” when the information about responses in previously created experi-
mental points is used. Such designs are commonly needed when the initial amount of
the sampling points is insufficient in order to derive a required level of approximation
error. To obtain a sequential design from a fixed-size design space, Auzins et al. [33,
41–43], used the point arranging method. According to this method, first, an optimal
LH design with large number of runs must be built. Then the point that gives the mini-
mal worsening of optimality criterion by its elimination is moved out from the n-run
design to build an n–1-run design. In this work and in [37], also the cross-validation
approach was used where a point with the largest prediction error is selected as the
new sample point. An accurate and efficient assessment of the prediction error must
be made in light of the fact that in usual engineering optimization tasks several re-
sponses must be simultaneously approximated. A validation test was performed by
Janushevskis et al. [39] and Auzins et al. [41–43], where the point in which the largest
prediction error occurs for some test functions (six-hump camel, Branin) was directly
added, and the authors found that maximal prediction error measures decreased when
using fixed-size experimental designs or sequential designs without adaptation.

Sequential design of sample point addition is required in order to manage the
fact that at the start of an experiment the optimal number of runs for metamodel
building is unknown, but adding additional runs to an existing data set damages the
uniformity of LHs. The classical hierarchical quasirandom sequences, which allow
adding new sample points (experimental runs, trials), like Halton [44] and Sobol [45]
sequences, give highly correlated components for four, five or more dimensions.
Good results are given by adaptive experimental designs, in which the approximation
or optimization information obtained from previous experimental runs is used for the
choice of additional runs. However, this approach loses effectiveness in the practical
engineering case when several responses must be simultaneously observed and used
in optimization for quality criterion and constraint functions. In this work a recently
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developed approach for the creation of hierarchical degrees of freedom (DoEs) and
the modification of a local polynomial approximation method is applied for the first
time to engineering applications, and this approach has been shown to give almost
the same or better accuracy of prediction than metamodels built with adaptive sam-
pling methods and other nonparametric approximations.

The sequential design approach applied in this work is based on a compromise
between space uniformity and subspace uniformity, including the uniformity of 1D
projections, being used to build a combined criterion for any known criterion as the
weighted sum of criteria for entire space and subspaces. For example, when we are
interested in the uniformity of space filling of the entire space of all 1D projections
and all 2D subspaces, we can build the combined criterion

Φcomb =Φ+ a
m

Xm
k = 1

Φk +
2b

m m− 1ð Þ
Xm− 1

k = 1

Xm
j= k + 1

Φkj (A-8)

where Φk, Φkjare filling quality criterions for 1D and 2D subspaces, and a, b are
weighting coefficients for 1D and 2D uniformity, respectively. For example, using
criteria (A-7) and (A-8), we can build the complex criterion

Φcomplex =
"XN − 1

i= 1

XN
j= i+ 1

1Pm
k = 1

xik − xjk
�� ��

264
375
p

+ a
m

XN − 1

i= 1

XN
j= i+ 1

Xm
k = 1

1
xik − xjk
�� ��
" #p

+ 2b
m m− 1ð Þ

XN − 1

i= 1

XN
j= i+ 1

Xm− 1

k = 1

Xm
l= k + 1

1
xik − xjk
�� ��+ xil − xjl

�� ��
" #p#1=−p (A-9)

Table A1: Comparison of different space-filling criterions and design.

Eglājs Morris–
Mitchell

MinDist Entropy Discrepancy MSE

Eglājs ΦEglajs .* . . . . .

MinDist ΦMinDist . . .* . . .

MinDist between points – – – – – –

Entropy ΦEntropy . . . .* . .

Discrepancy ΦðDcÞ2 . . . . .* .

MSE ΦMSE . . . . . .*

D
, , , , , ,

D
 . . . . .
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In order to apply this equation, the weighting coefficients need to be determined.
Using large values of weighting coefficients a, we can obtain LHs with a nearly uni-
form distribution. The analysis of the problem can be facilitated by an approximate
expression, which describes the dependency of the optimal criteria (A-7) and (A-8)
values on the number of runs N and the number of factors m. Figure A8 shows this
dependence graphically for p= 50, t = 1, 20≤N ≤ 200 and 1≤m≤ 6.

Good approximation for the dependency of the optimal criterion values on the num-
ber of runs N and number of factors (variables) mgives the expression

ΦOptimal
p = 1+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m− 1ð Þ 0.04778+0.000422Nð Þ

p� �
Nmð Þ1=p N1=m − 1

� �
(A-10)

This equation can be used for the control of the choice of the weighting coefficients
a, b in the complex criterion (A-9).

The nonadaptive sequential design was implemented into the program code
Relax [33]. Figure A9 gives an example of the use of this code for the optimization
of a 2-factor 41-run design, obtained by adding one point at a time according to cri-
terion (A-5), beginning from a 13-run optimal LH design. As further example of the
use of the program in three dimensions, Fig. A10 shows the sequential design for a
3-factor 125-run experiment.
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Fig. A8: Optimal values of criterion presented in eqs. (A-7) and (A-8).
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A1.5 Fitting an approximation to given data

In this section, methods for determining an accurate RS for a given experimental
data set are discussed. It is assumed that a relationship describing the performance
measure of a phenomenon that it is under investigation exists, and that this rela-
tionship is a function of the design variables. It is important to note that this rela-
tionship does not have to be known explicitly or even be possible to be known
exactly. The response that is to be approximated is denoted as y or F̂ðxÞ, and in
principle can represent any measurable quantity such as stresses, critical force, de-
flection and structural eigenfrequencies.

In statistics, regression analysis is used to model relationships between random
variables, determine the magnitude of the relationships between variables and can
be used to make predictions based on the approximated models. Least square re-
gression is one of the simplest, which is the most applicable and widely used meth-
odologies for derivation of functional dependencies.

A1.5.1 Polynomial approximations
Low-order polynomial approximations are the most widely used and are described in
every statistics book, and implemented in every statistics program. First-, second-
and third-order polynomials can be expressed as follows:

F̂ðxÞ= b0 +
Xm
i= 1

bixi (A-11)

F̂ðxÞ=b0 +
Xm
i= 1

bixi +
Xm
i= 1

Xm
j= i

bijxixj (A-12)

F̂ðxÞ= b0 +
Xm
i= 1

bixi +
Xm
i= 1

Xm
j= i

bijxixj +
Xm
i= 1

Xm
j= i

Xm
k = j

bijkxixjxk (A-13)
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Fig. A9: Fixed-size Latin hypercubes optimized according to eqs. (A-9) and (A-10), p = 50.
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where m is total amount of variables; b0 bi bij bijk are the unknown coefficients of
the regression functions.

As stated by Myers and Montgomery [46], there is a considerable practical expe-
rience indicating that second-order models work well in solving real RS problems.
In general, it is thought that third- and higher order polynomials can over-fit data,
consequently avoiding construction of global behavior of the parameters. On the
contrary, first-order polynomials are too simple and give prediction errors too high
for use in science and engineering. In this chapter, a linear model will be used in
order to derive parametric sensitivities and weight-saving parametric analysis, and
third-order approximations will be compared with second-order and nonparametric
approximations for RSs.

A1.5.2 Partial polynomial approximations
In general, design variables in engineering problems are not equally distributed. For
example, in the analysis of simple beam bending, beam length, height and thickness
have different effects on the response. Moreover, commonly response parameters are
affected by only some of the input variables, and the irrelevant parameters become
approximation noise that decreases prediction accuracy. In light of this, it seems rea-
sonable to use partial polynomials instead of full-order polynomial approximations.
In such an assumption, polynomial parameters are used adequately with relevance
to the input variables [47, 48]. However, one of the drawbacks for partial polynomials
is the difficulty in selecting the essential parameters for an approximation function in
the case of using nonorthogonal terms.

By generalizing the idea of polynomials, the nonlinear regression function is
the linear combination of any kind of function. Such a model is written as follows:

F̂ðxÞ=b0F0ðx1, x2, . . . , xDÞ+ b1F1ðx1, x2, . . . , xDÞ+ � � � +bm− 1Fm− 1ðx1, x2, . . . , xDÞ
(A-14)

where F = Fif g is a set of linearly independent functions consisting exclusively of m
functions.

An exhaustive search of the space is impractical, as there exist 2M possible sub-
sets of functions. The problem of function selection is to take a set of candidate
functions and select a subset with the best performance. Eglājs [19] proposed the
algorithm of selection of the terms for nonpolynomial regression function. In this
work also the “correlation” approach for the optimal choice of the number of terms
was proposed. This approach needs no additional experimental runs for the estima-
tion of best choice of regression function but may give wrong results in some cases.

The selection procedure can provide better regression accuracy due to finite sam-
ple size effects – irrelevant functions may negatively affect the accuracy of regression
[49–51]. In addition, reducing the number of functions may help decrease the cost of
acquiring data and might make the regression models easier to understand.
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One strategy is to normalize variables in scaled [−1, 1]m space and eliminate
the regression parameters that have the least importance, therefore, decreasing
the approximation prediction error. This approach is the most simple and practi-
cal; however, variations of different parametrical interdependencies cannot be
realized.

A more efficient approach conducts the search by considering local changes to
the current set of attributes, selecting one and then iterating. For instance, the hill
climbing approach considers both adding and removing functions at each decision
point, which lets one retract an earlier decision without keeping explicit track of the
search path. Within these options, one can consider all states generated by the oper-
ators and then select the best, or one can simply choose the first state that improves
accuracy over the current set. A convenient paradigm for viewing the function selec-
tion approach is that of heuristic search, with each state in the search space specify-
ing a subset of the possible functions. Two of the most promising sequential search
algorithms are those proposed by Russel and Norvig [52], namely, the sequential for-
ward floating selection (SFFS) algorithm and the sequential backward floating selec-
tion (SBFS) algorithm. They improve the standard SFS (Sequential Floating Selection)
and SBS (Sequential Backward Selection) techniques by dynamically changing the
number of features included (SFFS) or removed (SBFS) at each step and by allowing
the reconsideration of the features included or removed at the previous steps.

Another effective algorithm is random mutation hill climbing (RMHC) [53].
RMHC is a stochastic meta-algorithm. It simply runs an outer loop over hill climbing
that stochastically iterates in any direction as long as it is possible to increase the
value of the criterion function. Each step of the outer loop chooses a random initial
condition x0 to start hill climbing. The best xm is kept: if a new run of hill climbing
produces a better xm than the stored state, it replaces the stored state.

A1.5.3 Nonparametric approximations
Nonparametric approximations such as multivariate adaptive regression splines
(MARS), radial basis functions (RBF) and krigings are recognized as the most pre-
cise for different orders of nonlinearity and problem scale response approxima-
tions, though by definition nonparametric approximations do not generate any
tangible function. In design optimization, all nonparametric approximations are su-
preme over polynomial functions, though on the other hand implementation of re-
sponse functions in different tools requires more advanced skills in statistics.
Comparative studies of metamodeling techniques under multiple modeling criteria
were performed by Jin et al. [37] providing insightful observations into performance
of various metamodeling techniques under different testing problems. The compar-
ative study presented three common advantages for polynomial regression models
and MARS: they both have a good transparency, which means it is easy to obtain
the contributions of each input factor and the interaction among them; both
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methods take the least amount of time for model building and; both methods are
resistant to numerical noise from the input data.

A methodology comparable to MARS is that of locally weighted polynomial re-
gression (LOESS). In LOESS, originally proposed by Cleveland [53] and further devel-
oped by Cleveland and Devlin [54] and Cleveland and Grosse [55], at each point in
the data set a low-degree polynomial is fit to a subset of the data, with explanatory
variable values near the point whose response is being estimated. The polynomial is
fit using weighted least squares, giving more weight to points near the point whose
response is being estimated and less weight to points further away. The value of the
regression function for the point is then obtained by evaluating the local polynomial
using the explanatory variable values for that data point. The LOESS fit is complete
after regression function values have been computed for each of the Ndata points.
Many of the details of this method, such as the degree of the polynomial model and
the weights, are flexible. The range of choices for each part of the method and typi-
cal default values are briefly discussed in the following paragraph. LOESS is an effi-
cient method that makes use of small data sets to share the ability to provide
different types of easily interpretable statistical intervals for estimation, prediction,
calibration and optimization.

To predict the value of the response function at point x, we use a second-order
locally weighted polynomial approximation:

F̂ðxÞ= β0 +
Xm
j= 1

βjxj +
Xm
i= 1

Xm
k = j

βjkxjxk (A-15)

Unlike global (parametric) approximation the coefficients β depend on x and are
calculated by minimizing the weighted least squares

β= argmin
β

X
j2Nx

wðx− xjÞ× ðFj − β0 −
Xm
i= 1

βixji −
Xm
i= 1

Xm
k = 1

βikx
j
ix

j
kÞ

2

(A-16)

Where β0,βi,βik are coefficients of the local quadratic approximation, Nx is the set of
the nearest neighbors of the point x. Here we use a constant number of neighbors –
bandwidth Nt. The weight function w depends on the Euclidean distance (in scaled
[−1, 1]m space) between the points of interest x and the points of observation xj.
Let u be

u= ðx, xjÞ= x− xj

x− xq

���� ���� (A-17)

where xq is the furthest point in the neighborhood of point x. An often-used weight
function is the tricube function 1− u3ð Þ3[34, 40]; however, investigations in this
work showed that a more accurate local approximation model can be obtained
using a weight function of 1− uð Þ4. Also in this work the Gaussian weight function
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wðx, xjÞ= exp − αu2
� 	

(A-18)

is used to achieve a very accurate and smooth fit. In general, the Gaussian weight
function with constant value α= 1 2= is used in local approximations varying only
the optimum bandwidth value. In this work, the Gaussian weight function was
used with a particular weight function of fixed bandwidth value Nt = N, controlling
the selection of the optimal fitting coefficient α. If the coefficient value is set to
zero, then the global instead of the local parametric approximation is evaluated.

A main advantage of weighted least squares in comparison with other methods
is the ability to handle regression situations in which the data points are of varying
quality [56]. If the standard deviation of the random errors in the data is not con-
stant across all levels of the explanatory variables, using weighted least squares
with weights that are inversely proportional to the variance at each level of the ex-
planatory variables yields the most precise parameter estimates possible. However,
the biggest and largely unknown disadvantage of weighted least squares is the fact
that when the weights are estimated from small numbers of replicated observations,
the results of an analysis can be very badly and unpredictably affected. This is espe-
cially likely to be the case when the weights for extreme values of the predictor or
explanatory variables are estimated using only a few observations. Therefore, it is
recommended to remain aware of this potential problem, and to only use weighted
least squares when the weights can be estimated precisely relative to one another
[57, 58].

A1.6 Evaluation of metamodel prediction accuracy

The accuracy of an RS approximation is expressed in terms of various error terms
and statistical parameters that are representative of the predictive capabilities of
the approximation [1]. Traditionally, the statistical DoE is performed using a mini-
mum-variance criterion that assumes all errors to be random errors of variance, as
shown in Table A2.

When finite element codes are used, the random errors associated with uncer-
tainties of testing and measuring can be disregarded; therefore, for evaluation of
approximation prediction accuracy different error estimation criteria should be
used. A bootstrap or jackknife [59] error estimation methodology is one of the most
promising methods; however, for effective application of these error estimation
methodologies the amount of testing samples is not reasonable in engineering
problems. The most effective approach for prediction accuracy can be a leave-one-
out cross-validation error approach [52], in which each single experiment in turn
removed from the data set, and the result for this removed experiment is estimated
using the approximation built from the remaining data. Using this approach, the
choice between polynomial approximations of full, partial and locally weighted
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different order polynomial functions can be evaluated. The standard deviation of
approximation can be written in the form

σ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i= 1 ðFðxiÞ− F̂ðxiÞÞ2

N

s
(A-24)

The relative (percentage) standard deviation is calculated as

σ% = 100%
σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i= 1 F xið Þ− �Fð Þ2
N

r = 100%
σ

STD
(A-25)

where �F is the mean of observed response values and STD stands for standard devi-
ation from the mean value of experimental responses. This measure shows the de-
gree to which the standard deviation of approximation is smaller in comparison
with the approximation using a constant value.

The leave-one-out cross-validation error is calculated as

σcr =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i= 1 F̂ − i − Fi
� �2
N

vuut
(A-26)

where F̂− i denotes the prediction of the response of xi using the metamodel created
with N – 1 sample points and point i removed (i = 1,2,. . .,N).

Similarly, the cross-validation leave-one-out percentage error [33, 39] is calcu-
lated as

σcr=STD% = 100% · σcr
STD

(A-27)

Table A2: Error measures for accuracy assessment.

Name Equation

Max. absolute error max Fi − F̂ i
�� �� (A-)

Average absolute error
1
n

Xn
i = 1

Fi − F̂ i
�� �� (A-)

Mean square error
1
n

Xn
i = 1

Fi − F̂ i
� �2

(A-)

Root mean square error

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i = 1 Fi − F̂ i
� �2
n

vuut
=

ffiffiffiffiffiffiffiffiffiffi
MSE

p (A-)

Relative root mean square error 100%

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MSE

Variance

r
= 100%

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Pn
i = 1 Fi − F̂ i
� �2

1
n

Pn
i = 1 Fi − �F
� 	2

vuuut (A-)
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or alternatively the standard deviation mean value can be used

σcr=MEAN% = 100% ·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 n= ÞPn

i= 1 F̂ − i − Fi
� �2

1 n= ÞPn
i= 1 Fi

�
0B@

vuuuut (A-28)

Usually leave-one-out cross-validation error gives an overvaluation of the predic-
tion error, though it has the singular benefit of being able to estimate the prediction
error without additional experimental runs. Various statistical tools are available in
order to evaluate the predictive capabilities of an RS approximation from the data
used to generate them (MiniTab, Design Expert and Modefrontier). In this disserta-
tion the calculation of cross-validation percentage error was performed using
EDAOpt, a program developed at Riga Technical University, Machine and
Mechanism Dynamics Research Laboratory [39, 41–43], and FUNSEL [50, 60].

A1.7 Sensitivity analysis of metamodels

Sensitivity analysis methods can be classified in a variety of ways. In a report by Frey
and Patil [61], they are classified as (1) mathematical, (2) statistical and (3) graphical.
In this classification, the focus is on sensitivity analysis techniques applied in addi-
tion to the fundamental modeling technique. For example an analyst may be required
to perform a deterministic analysis, in which case a mathematical method, such as
nominal range sensitivity, can be employed to evaluate sensitivity. Alternatively, an
analyst may perform a probabilistic analysis, using either frequentist or Bayesian
frameworks, in which case statistical-based sensitivity analysis methods can be used
[62, 6, 63–65].

Mathematical methods assess the sensitivity of a model output to the range of
variation of an input. These methods typically involve calculating the output for a
few values of an input that represent the possible input range [66]. These methods
do not address the variance in the output due to the variance in the inputs, but they
can assess the impact of range of variation in the input values on the output [67]. In
some cases, mathematical methods can be helpful in screening the most important
inputs [68], which can also be used for verification and validation [69] and to iden-
tify inputs that require further data acquisition or research [70].

Statistical methods involve running simulations in which inputs are assigned
probability distributions and assessing the effect of input variance on the output
distribution [71, 72]. Depending on the method, one or more inputs are varied at a
time. Statistical methods allow one to identify the effect of interactions among mul-
tiple inputs. The range and relative likelihood of inputs can be propagated using a
variety of techniques such as Monte Carlo simulation, LH sampling and other meth-
ods. The sensitivity of the model results to individual inputs or groups of inputs can
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be evaluated by a variety of techniques, with Cullen and Frey [62], Fontaine and
Jacomino [73] and Andersson et al. [71], all giving examples of the application of
statistical methods. The statistical methods evaluated include regression analysis,
analysis of variance, RS methods, Fourier amplitude sensitivity test and mutual in-
formation index.

Graphical methods give a representation of sensitivity in the form of graphs,
charts or surfaces. Generally, graphical methods are used to give visual indication
of how an output is affected by variation in inputs [74]. Graphical methods can be
used as a screening method before further analysis of a model or to represent com-
plex dependencies between inputs and outputs [75]. Graphical methods can be
used to complement the results of mathematical and statistical methods for better
representation [76, 77].

A1.8 Metamodels in optimization

RS approximations are often used to replace constraints or objective functions in opti-
mization problems. Optimization problems, however, have the general tendency of
exploiting weaknesses in the formulation of RS. In terms of RS approximation, the op-
timizer tends to drive the optimum design toward regions where the approximations
are inaccurate. Due to the similarities between detailed numerical simulations and
physical experiments, there has recently been growing interest in using RS approxima-
tions within structural optimization. When using polynomial RS approximations, in
addition to providing the designer with an overall perspective of the response, spuri-
ous local minima resulting from human and numerical errors are eliminated by using
the least squares method to formulate smooth low-order polynomials.

In recent years, many researchers have exploited the advantages of using conven-
tional (second-order polynomial) RS approximations that are more global in nature to
integrate numerical analyses in an optimization environment. For example, in a
monograph by Schmidt and Launsby [3] a manufacturing process of forging hammer
and molding casting was optimized using a response approach. Similarly, using GAs
a design and optimization procedure of laminated composite materials was compiled
by Gürdal et al. [78]. Additionally, Thacker and Wu [79] used RS approximations to
reduce the computational cost associated with reliability-based optimization problems
using probabilistic methods, while Harrison et al. [80] and Sellar and Batill [81] re-
duced the cost of designing a stiffened composite panel using a GA. RBF formulated
by GA in combination with neural network approximations was used in post-buckling
optimization of composite stiffened panels by Bisagni and Lanzi [82]. Giunta et al.
[15], Kaufman et al. [83] and Venter and Haftka [84] showed that RS approximations
are valuable in solving optimization problems with nonsmooth functional behavior,
as numerical noise is filtered out from the resulting approximate response function.
Additionally, Mistree et al. [85] made extensive use of the global perspective of the
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response over the design space provided by global RS approximations, while
Barthelemy and Haftka [86] used RS approximations to meet the organizational chal-
lenge posed by multidisciplinary optimization problems. More specifically, Ragon
et al. [87] used RS approximations as a simple yet flexible interface between the global
and local design codes in the design of a large airplane wing structure. Rodríguez
et al. [88] applied the approach to multidisciplinary design optimization, constructing
local RS approximations in a sequential manner based on design points evaluated at
the discipline level of the current design cycle. With few exceptions [89], almost all
the standard applications of RS approximations in structural optimization employ
quadratic approximations, which still do not provide fully global approximations. For
further details, Haftka and Gürdal [90] gave a wide overview of engineering problems
optimized using RS methodology, and also provided some of the benchmark cases fre-
quently validated in structural design optimization.
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10 Structural health monitoring (SHM)

10.1 Introduction

Structural health monitoring (SHM) is an emerging technique developed from nonde-
structive testing (NDT),1 which combines advanced sensing technology with intelli-
gent algorithms to interrogate the structural “health” condition of a given structure.
Unlike conventional maintenance procedures based on NDTs, the SHM system, also
known as health and usage monitoring system, makes the embedded/bonded sensors
an integral part of the structure and operates with a minimal manual intervention.
The potential benefits of using an SHM system might include improved reliability
and safety and reduced operating costs [1]. Furthermore, when used to monitor new
manufacturing processes, SHM-based procedures might also improve the design and
ensure the quality of the products [2]. The field of SHM is considered to emerge from
another relatively new field of smart structures, and includes various disciplines
such as materials, fatigue, NDT, sensors, signal processing, communication systems
and decision-making processes. It is an interdisciplinary field, with a very active
research community (a dedicated journal on this field being well evaluated by the
scientists2), with industrial deployments being demonstrated as very effective.

A typical SHM system consists of three key subsystems: diagnosis, damage
prognosis (DP) and predictive maintenance (PM) (see Fig. 10.1). Diagnosis deals
with the sensing mechanism, which usually relies on active or passive in situ sen-
sors. The sensors can be either wired or wireless, covering a large area of inspection
on the monitored structure. Usually the measurements are recorded and logged, in
real time or periodically as part of the maintenance policy, using a centralized anal-
ysis station.

DP involves taking the data acquired from the diagnosis subsystem and per-
forming analysis that combines damage evolution models with probability of detec-
tion models. The purpose of DP is to assess the structural integrity of the structure
and its remaining lifetime under assumed operational and service conditions.
Relying on the DP, the prevailing scheduled maintenance policy of the structure
can be replaced by PM, also known as condition-based maintenance (CBM), which
allows scheduling and optimizing the corrective maintenance actions required in
order to ensure the structural integrity of an aircraft or any other system.

1 NDT is a wide group of analysis techniques used in science and technology industry to evaluate
the properties of a material, component or system without causing damage. The terms nondestruc-
tive examination (NDE), nondestructive inspection (NDI) and nondestructive evaluation (NDE) are
alternative terms.
2 Structural Health Monitoring, https://journals.sagepub.com/home/shm.
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10.1.1 Diagnosis

As stated earlier, the diagnosis subsystem refers to the sensing mechanism exist-
ing in every SHM system. The sensors constantly record at least one parameter
related to the monitored structure, which is expected to obtain irregular values in
the case of structural integrity deterioration. Electrical conductivity, mechanical
strain, mechanical stiffness and wave propagation characteristics are few exam-
ples of parameters that can be monitored over time, each by its own sensing
mechanism.

The literature divides the sensor mechanism into two categories: passive and
active sampling.

Passive sampling-based sensors operate by detecting responses due to pertur-
bations of ambient conditions in the monitored structure, without using any exter-
nal source of energy. This category includes pressure-sensitive polymers, shape
memory alloys (SMAs), comparative vacuum monitoring (CVM) sensors, which can
passively detect crack propagation. Another type of passive sensing, considered to
be much more advanced than the previous examples, is the acoustic emission (AE)
measurement using piezoelectric wafers.

Active sampling-based sensors require externally supplied energy in order to
function. This energy can be in the form of mechanical stress or electromagnetic
waves. This category includes the electrical and magnetic impedance sensors, pie-
zoelectric wafer-active sensors (PWAS) and optical fiber sensors (OFS), which re-
quire an external laser for taking measurements.

Appendix A presents the various sensors and the way they operate.

Monitored
structure

Sensors

Damage

Diagnosis

Centralized
analysis station

Damage evolution
models + POD

Damage
prognosis

Predictive
maintanence

Fig. 10.1: A schematic typical SHM system.
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10.1.2 Damage prognosis

DP attempts to forecast the structural integrity of an aircraft structural component by
assessing its current damage state, estimating the future loading environments, and
then performing a prediction, through simulations and past experience, of the remain-
ing applicable lifetime of the component. There are two main approaches for conduct-
ing DP as part of SHM. The first is to monitor load sequences/cycles, which are then
used to estimate the assumed accumulated fatigue damages. The other way is to use
the diagnosis system to directly determine the occurrence, size and location of the
damages in the structural component, and then to constantly estimate its remaining
lifetime. The former approach of DP is based on operating load monitoring (OLM),
and the latter one is based on a process called pattern recognition (PR). This section
briefly introduces both of the DP approaches and the relevant terminology associated
with them. Even though the latter approach, which deals with the identification and
classification of the actual damage, is considered more advanced and attractive, these
two approaches are presented for a better understanding of the full picture.

10.1.2a Operating load monitoring
Loads can be monitored only through the parameters describing them. Here (again)
there are two approaches. Loads monitoring can be performed globally by analyz-
ing the flight parameters recorded in the flight data recorder, which is found in al-
most every aircraft. Flight parameters such as height, speed, acceleration, position
of control surfaces and flap positions determine the aerodynamic forces acting on
the aircraft structure. Using the manufacturer-supplied strength reports, numeric
simulations and several assumptions, the loads acting on the aircraft can be indi-
rectly deduced and monitored during the aircraft lifetime.

The second approach, which is much more “straightforward,” is based on taking
local measurements of the mechanical strain at several discrete points. The data are
analyzed and directly converted, usually through a preliminary calibration test, to the
aerodynamic loads acting on the aircraft. Both ways have their advantages and disad-
vantages. The former approach involves much less data processing issues, but de-
mands full information regarding the aircraft structure, which is (intentionally) not
always provided by the aircraft manufacturer. On the other hand, the latter approach
only requires a fundamental knowledge regarding the structural loads acting on the
monitored structure in order to adequately place the sensors on the aircraft compo-
nents. However, it demands a large amount of data processing, in direct relationship to
the number of the sensors. An OLM system allows the identification of unusual flight
events that could lead to a static failure, and the estimation of the number of load
cycles leading to a fatigue failure. Therefore, loads monitoring can assist the operator
to indirectly forecast damages before occurrence, and thus to define a more effective
maintenance policy.
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10.1.2b Pattern recognition (PR)
A number of definitions can be proposed to define damage. Intuitively, damage is
a material, structural or functional failure. Therefore, one of the fundamental as-
sumptions taken while designing SHM system is that material or structural failure
in a structure will lead to a change in its static and/or dynamic behavior. In other
words, one can think of the data recorded, containing the static and/or dynamic
information of a structure, as describing its “healthy” pattern, and a change in this
recorded pattern may be associated with the existence of a new damage. This ap-
proach is known in the professional jargon as “statistical pattern recognition3.”

PR, originally a term borrowed from “Machine Learning,” describes the ability
to (automatically) recognize patterns in multivariable data sets [3]. The notion of PR
appears in many literature sources in the context of damage identification and clas-
sification. As explained earlier, after having the ability to identify and classify all
types of damages in a structure, the step toward having DP abilities is quite small.
Here, three types of the most common applications of PR are introduced and briefly
discussed.

10.1.2c A strain measurement under constant static loading
Consider a “healthy” structural component, that is, without any significant dam-
age, which is subjected to a constant static loading. As a result, a mechanical strain
field develops in the structural component, obeying Hooke’s law. As long as the
component remains “healthy,” and after the cancellation of all environmental ef-
fects, the same external static loading will lead to the same corresponding mechani-
cal strain field. Monitoring the mechanical strain field, either using local strain
sensors [strain gauges, fiber Bragg gratings (FBGs), PZTs, etc.] or a distributed sens-
ing (optical fiber backscattering), allows the location of areas in a component that
might have been damaged.

10.1.2d Modal analysis
Modal analysis relates to the dynamic properties of a structure under vibrational
excitation. The dynamic properties of a structure are determined by how it responds
to forced and free vibrations. Forced vibrations occur when the structure is forced
to vibrate at a particular frequency by a periodic input of force. Free vibrations are
caused by a one-time excitation. In this case, the structure vibrates in one or more
particular frequencies that are called natural frequencies/resonant frequencies.
Since the resonant frequencies do not depend on the external one-time excitation,
they can be thought of a unique pattern of the structure, which can be monitored.

3 From the writer’s point of view, the word “statistical” can be omitted since there are several SHM
applications that do not necessarily involve statistics.
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Williams and Messina [4] formulated a correlation coefficient that compares the
resonant frequencies of a structure with a finite element model (FEM)-based predic-
tion for damage identification and localization purposes. For that, they defined
a damage index,δDi, which represents a linear stiffness reduction in the i element
of the model. Thus, the fractional change in the k resonant frequency, δfk can be
described as follows:

δfk =
Xm
i= 1

δfk
δDi

δDi (10:1)

where i and m represent the element index and the total number of elements,
respectively, and the expression

δfk
δDi

= ϕk

� �T Ki½ � ϕk

� �
8π2 ϕk

� �T Mi½ � ϕk

� � (10:2)

is the sensitivity of the k frequency to the damage index at the i element, ϕk

� �
being the k mode shapes, Mi½ � and Ki½ �, respectively, the mass and stiffness matrices
of the element i.

Williams and Messina conducted several experiments on aluminum rods
and compared the predicted changes in the resonant frequencies, δf , to the ac-
tual changes measured in the experiments, Δf , by using the cross-correlation
technique:

C=
Δff gT Δff g

��� ���2
Δff gT Δff g

h i
· Δff gT Δff g
h i (10:3)

where C represents the cross-correlation coefficient that takes the value of 1.0 in the
case of a perfect match between the model and experiment, and 0.0 in the case of
a mismatch. They found that 10–15 resonant frequencies are needed to provide suf-
ficient information about a damage. Furthermore, they also suggested a couple of
techniques to improve the accuracy of the damage estimation. Additional informa-
tion can be found in their paper [4].

Many other works based on a modal analysis have been conducted in the past
two decades, demonstrating creative ideas to identify, classify and even predict
damages. However, the major challenge in this kind of PR technique is related to
damage sensitivity. Modal analysis is in fact a global method, and is therefore lim-
ited to the identification of local damage, which affects the dynamic behavior of the
entire monitored structure [5]. In other words, damage must have become more sig-
nificant before being identifiable. This is an issue especially in composite-based
components. For example, a minor delamination, which does not necessarily affect
the global dynamic response of the structural component, may lead to a structural
failure. This issue requires further investigation.
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10.1.2d Principal component analysis
Principal component analysis (PCA) is another familiar PR-based technique. This
technique involves multivariable analysis, which reduces complex data sets to
a lower dimension, thereby revealing simplified patterns, which are often hidden in
the complexity of the raw data. Generally, PCA enables to determine the more im-
portant patterns in the measured data, which provides more information regarding
the structural integrity of the component under test.

A fundamental PCA of a multiple sensor-based SHM system can be described in
three main stages: First, it is necessary to normalize and arrange the collected data
in a [m × n] matrix A, which represents the measurements acquired from n sensors
in m experimental trials. Experimental trial is defined as a measurement taken from
each sensor at a specific moment. The next stage is the calculation of the covariance
matrix, symbolized by CA, which measures the degree of linear relationship within
the data set among all possible pairs of the sensors. CA is calculated as follows
(T stands for “transpose”):

CA =
1

m− 1
ATA (10:4)

In the last stage, the eigenvectors and eigenvalues of the covariance matrix are de-
rived using the following relation:

CA ·V =V ·Λ (10:5)

where the eigenvectors of CA are the columns of V, and the eigenvalues are the di-
agonal elements of Λ (the off-diagonal elements are zero). The columns of the ma-
trix V are arranged according to the corresponding eigenvalues in descending
order. The principal components are defined as the eigenvectors of the covariance
matrix scaled by their corresponding eigenvalues.

10.1.3 Predictive maintenance

As stated at the beginning of the present chapter, once the DP stage was executed,
the prevailing scheduled maintenance policy of the monitored structure or the mon-
itored system can be replaced by a PM, also known as CBM. This will allow schedul-
ing and optimizing the corrective maintenance actions required in order to ensure
the structural integrity of the monitored system or structure. The benefits from ap-
plying the PM are:
a. Reduced maintenance time- automatic reports for strategic maintenance sched-

uling and pro-active repairs, can lead to a reduction of up to 20–50% in mainte-
nance time, yielding a decrease in overall maintenance costs.

b. Better efficiency- insights based on analytical procedures would improve the over-
all equipment effectivity, by reducing/ unnecessary maintenance procedures,
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leading to extended system life and enabling the application of root cause system
analysis to pinpoint issues ahead of failure.

c. Improved customer satisfaction- providing the customer with automatic alerts
for parts to be replaced in parallel with timely maintenance services, would
lead to a better predictability of the product thus boosting the satisfaction of
the customers.

d. Competitive advantage- a company applying the PM would be seem as a strong
one with costumers continuously appreciating it due to its reliable and better
products.

e. Additional revenues- a company can earn additional revenues by offering its
PM digital services to their customers, thus generating a new growth engine for
the company.

10.2 Applications

The use of SHM in industry is somehow restricted to two main sectors: the aero-
space and the civil engineering, although other sectors also use the method (naval
engineering and car industry). In the present chapter we shall address the aero-
space and the civil engineering sectors.

Beside industry, the academy is very active in the SHM area, delivering many
new manuscripts on advanced topics of this research area. To familiarize with the
topic applications, the reader is referred to the various reviews [5–8].

10.2.1 Aerospace applications

The aerospace sector demands high reliability for its vehicles, therefore the SHM
was first introduced in this industry. References [9–28] are only typical manu-
scripts, written on SHM issues. The increasing use of laminated composite mate-
rials in the various passenger aircraft, lead to numerous papers on how to
increase the reliability of those structures. Scala et al. [9] present a report on the
use of AE method to monitor and thus ensure the structural integrity of an air-
craft. Staszewski et al. [10] address the issue of impact being inflicted to
a composite made structure. The research presents the use of an active approach,
3-D laser vibrometry, to scan the structure and by revealing the change in the
Lamb wave response amplitudes, the severity of the local delamination can be
estimated. An additional approach, the authors called "passive means" involves
the use of an array of piezoelectric patches, serving as sensors, to detect the
waves being caused by an applied impact on the composite structure. Using
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Genetic Algorithms,4 the authors succeeded in locating the impact. Giurgiutiu
et al. [11], use PWAS to monitor the onset and the progress of fatigue cracks and
corrosion in aging aircraft structure. The electromechanical (EM) impedance
technique is used to detect near field damage, while the wave propagation ap-
proach is applied for far-field damage detection. Heida and Platenkamp [12] de-
rived in-service NDT guidelines for aerospace structures made of composite
materials, mainly carbon fiber reinforced structures. They recommend using tap
test to detect and find the size and depth of the damage due to impact, delamina-
tions and debonds. The application of the shearography5 and thermography6

methods seemed to be less applicable due to its poor-to-moderate capability to
characterize a defect, when compared to ultrasonic inspection. However, the au-
thors recommend the use of noncontact techniques, like thermography, for spe-
cial shape configurations like curved panels and/or repaired structures, and for
detection of water entry in honeycomb structures.

Giurgiutiu and Soutis [13] recommend the use of enhanced SHM to increase the
reliability and integrity of composite structures, while Assler and Telgkamp [14]
from Airbus advocate the use of smart structures approach, in the design phase of
an aircraft, thus enabling SHM during the manufacturing and operation phases of
the vehicle. Finlayson [15] present the use of AE and acousto-ultrasonic NDT meth-
ods to monitor the health of aerospace structures. Pieczonka et al. [16] present
a theoretical and experimental study for detection of damage. They used guided ul-
trasonic waves together with 3d laser Doppler7 vibrometry. The Lamb waves are ex-
cited by surface bonding piezoelectric actuators. Comparing between in-plane and
out-of-plane wave vector components leads to the reliable detection of the struc-
tural damage. D’Angelo and Rampone [17] address the diagnosis issue within the
SHM approach. They present a high-performance computing parallel implementa-
tion of a novel learning algorithm, U-BRAIN,8 allowing them to process multiparam-
eter data involved in composite specimen testing. They claim that their approach
yielded a “defect classifier in aerospace structures.” A different approach is

4 Genetic algorithm is a method that is used to optimize a given problem and is based on natural
selection, the same process that drives biological evolution. The genetic algorithm repeatedly modi-
fies a population of individual solutions.
5 Shearography, sometimes called speckle pattern shearing interferometry, is an NDT approach
like holographic interferometry. It uses coherent light or coherent soundwaves yielding strain mea-
surement output of the measured structure.
6 Thermography is an NDT approach that uses infrared cameras usually to detect radiation in the
long-infrared range of the electromagnetic spectrum due to changes in the measured specimen.
7 Doppler vibrometry is a scientific instrument used to make noncontact vibration measurements
of a surface using a laser .
8 U-BRAIN (Uncertainty-managing Batch Relevance-based Artificial INtelligence) is designed for
learning DNF Boolean formulas from partial truth tables, possibly with uncertain values or missing
bits.
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presented by Oliver [18], in his Ph.D. thesis for the diagnosis issue. He developed and
validated a damage identification approach based on a statistical least-squares dam-
age identification algorithm based on concepts of parameter estimation and model
update. The data used by the algorithm is the frequency response function-based re-
sidual force vectors coming from the distributed vibration measurements, which is
updating a FEM through statistically weighted least-squares minimization leading to
the location and the size of the damage, its uncertainty and a new updated model.

Boukabache et al. [19] designed an advanced sensor, based on a piezoelectric
transducer, capable of generating Lamb waves (shear type waves) and measuring
those waves to detect the damage and its severity. In addition, the manuscript
presents an analog interface procedure for the measurements and an experimental
validation of the new sensor.

Wandowski et al. [20] checked three NDT methods to assess the integrity of
composite aerospace structures. They used laboratory samples made of CFRP (car-
bon fiber reinforced polymer) and GFRP (glass fiber reinforced polymer). The appli-
cation of the EM impedance method on CFRP specimens revealed the delamination
by measuring the real part of the impedance, namely the resistance. The delamina-
tion caused the shifting of some resonance frequencies, which could be detected by
the resistance characteristics. The second method applied was laser vibrometry,
a noncontact NDT technique. They had used two types of waves, standing (vibra-
tion-based application) and propagating (guided wave-based application) ones.
The third method was Terahertz spectroscopy, using electromagnet radiation in the
range of 01–3 THz. The GFRP specimens were scanned yielding B scans and
C scans, from which the delamination could be located.

Diamanti and Soutis [21] used the Lamb waves NDT technique to monitor the
composite layers of an aerospace structure, to ensure no delamination was devel-
oped, thus increasing the reliability of structures. Baker et al. [22] address another
important issue, namely the patched cracks in an aircraft structure. Monitoring the
health of the patch was done in their study using strain gages, although they had
evaluated also the use of Bragg grating optical fibers. Maier et al. [23] address the
same topic also in their report on SHM of repairs. The state of the art to detect
cracks, delamination, impacts and corrosion of aircraft structures using AE, acous-
tic ultrasonic, phase array ultrasonic fiber Bragg gratings and CVM is outlined and
discussed. Schnars and Henrich [24] give a review of the application of various NDT
methods in the composite aerospace structures. Manual and automatic ultrasonic
measurement using either single element transducers or phase array detectors ap-
plying pulse echo or transmission modes is highlighted in their report. Other NDT
methods, like resonance methods, shearography and thermography, mentioned
earlier in this chapter are also described. Laser ultrasonic method is recommended
for contactless measurements of composite structures. Hsu [25] addresses also the
application of NDT methods, for composite structures. The focus is on the practice
applications of those methods.
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Chang and Lan [26] address the issue of SHM being applied on aging transport
aircraft, which experienced severe atmospheric turbulence. Due to the lack of
knowledge on the structural flexibility of those old structural parts, the structural
response is achieved using the fuzzy logic modeling of the aerodynamic loads.

Finally, Terroba et al. [27] present a research study on the measurement of the
structural integrity of a target drone equipped with four fiber Bragg grating sensors.
The system was found to be reliable and can detect barely visible structural damage
in the high-loaded front fuselage of the drone.

10.2.2 Civil applications

Spencer et al. [28] present a short review of the use of smart sensors technology for
SHM of civil engineering structures like bridges, highways and buildings. They de-
fine a smart sensor as a MEMS9 sensor with wireless capabilities. Various aspects of
the use and the respective hardware are outlined. Swartz et al. [29] address the
same topic of the use of smart sensors. Wireless sensors serve as the basic means to
monitor the health of civil structures. Their sensors would include accelerometers,
strain gages, geophones, whose data have to be transmitted to a central computer
for further analysis. Typical results for wind turbines structures and bridges are
presented.

Sun et al. [30] review the smart sensing technologies available for SHM of civil
engineering structures. Typical sensors as fiber optic, piezoelectric transducers,
magnetostrictive transducers and self-diagnostic fiber reinforced composite are
cited as good candidates to measure the health of the structure monitored. Typical
laboratory and on-site applications of those sensors are evaluated and compared.

Yi et al. [31] apply a hybrid method named optimal sensor placement strategy
to optimize the number of sensors and their locations on a monitored structure. The
on-site use of the method on a high TV tower (Guangzhou New TV Tower, China)
proved to be effective with a friendly software interface. Yi et al. [32] also studied
the use of global positioning system to monitor the displacement of high-rise struc-
tures due to wind, thermal variation and earthquake-induced responses.

Dhakal et al. [33] review wired and wireless technologies, with subtechniques
like impedance-based, nondestructive evaluation using vibration signature, limit
strain measurement, data fusion method and inverse method and their applications
in civil infrastructures like buildings, bridges and towers.

Kim et al. [34] present an interesting technique to digital processing of images
containing actual cracks and differ them from crack-like noise pattern like dark

9 MEMS – microelectrical mechanical system.
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shadows, stains, lumps and holes, characteristic of concrete structures. The tech-
nique is based on machine learning process.

Li et al. [35] also use the learning machine process to accurately monitor the
displacement of a deep foundation pit at early construction stage and predict its
behavior with time.

Qu et al. [36] present a new approach of using an amplitude-adaptive wavelet
transform, to detect deep or shallow delaminations in a concrete slab, using the im-
pact echo experimentally recorded. The authors report good results for the civil
structures they had tested.

10.2.3 General applications

Various NDT methods are found in the literature. Park et al. [37] review the piezo-
electric impedance-based health monitoring method, while Oromiehie et al. [38]
use the Bragg grating sensors to characterize process-induced defects in automated
fiber placement manufacturing of composites. Cha and Wang [39] improved the
learning machine method by adding an unsupervised mode, as it requires only
enough intact states at the training of the machine. A novel detection-based struc-
tural damage localization using a density peak-based fast clustering algorithm is
described in detail. The same topic, the use of machine learning, is addressed by
Demarie and Sabia [40] for long-term SHM and Jin and Jung [41] in their study.

Other topics like guided wave excitation in composite plates [42], the use of
fuzzy c-means clustering algorithm to detect double defects in plates [43], damage-
scattered wave extraction in an integral stiffened isotropic plate [44] and the use of
changes in the curvature mode shapes of the monitored structure to detect damage
[45] are worth to be mentioned to show the diversibility of the SHM method.

10.3 Monitoring natural frequencies of composite beams for
detection of damage

This section is aimed at providing the insight of a method to monitor the natural
frequencies to detect a damage in a given structure as elaborated by Penias and
Abramovich [46], in the first author master thesis.

The numerical study was performed on a rectangular beam, with a high length-
to-width ratio (1:20) (see fig. 10.2 for beam’s geometry). The beam was constructed
of 16 Graphite-Epoxy As4–12k/E7K8 layers (see Fig. 10.3 for the beams’ cross
section).

The cantilever beam’s first 10 natural frequencies and their associated mode
shapes were calculated numerically, using the ANSYS FE code. Delamination was
created by changing the boundary condition of certain elements (by choice) to
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“unbounded,” thus creating a perfect delamination. A typical delamination,
which was implemented in the beam between various layers, is displayed in
Fig. 10.4.

Numerical results show that the natural frequencies around the Z-axis (sideway
bending) remain the same (as expected); therefore, those modes were disregarded.
The natural modes around the X-axis (torque) and the Y-axis (bending) show de-
crease in the natural frequencies as the delamination is closer to the mid-layer of
the beam (Figs. 10.5 and 10.6).

Delamination of different sizes were considered, all symmetric with respect to
the X-axis. The numeric results show that, as expected, the natural frequencies in
the bending and torque modes decrease with the increase in the delamination size.
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Fig. 10.2: The geometry of the beam’s model.
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Fig. 10.3: The model’s cross section.
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Figure 10.7 shows the results for delamination of different sizes and different layers,
for the fourth bending mode and second torque mode as typical examples (all
modes showed the same behavior).

To determine the effect of delamination’s location, a delamination, with fixed
sizes, was implemented in different locations (along the X-axis) in the mid-layer of
the beam (see Fig. 10.8). The results for the first four bending modes, presented in
Fig. 10.9, display various behaviors of the natural frequency as the delamination
change its location (Fig. 10.9).

The results, presented in Fig.10.9, show that the change in the natural frequen-
cies for every bending mode resembles its mode shape, which indicated that the
change in the natural frequency is affected by the movement of the delaminated
area with respect to the mode shape.

A similar investigation was performed for the Y-axis, for which different delami-
nations were inspected in various ways (Fig. 10.10) – symmetric and nonsymmetric
with respect to the Y-axis. Results presented in Fig. 10.11 show that the bending
modes (e.g., fourth mode) are not influenced by the delamination location along
the Y-axis, and the change in the natural frequency was dictated only by the size of
the delamination. On the other hand, torque modes (see, e.g., second mode) display
a noticeable difference between symmetric and nonsymmetric delaminations (as ex-
pected) along the Y-axis.

Additional parameters were investigated, such as the type of the material used,
the influence of the width of the beam, the influence of the boundary conditions
and various other laminates. The results are found in [46].

To validate the numerical model, an experimental campaign was performed on
four specimens, with their geometry presented in Fig. 10.12.

The specimens that were clamped at one end and freed at the other end were
excited using a shaker table. The response measured by accelerometer bonded on
the specimens was recorded using a PC. Typical results are shown in Fig. 10.13 [46].
Although the four tested specimens were not 100% identical, the results present
a detectable reduction in the natural frequencies.

1,000 mm
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50
m

m

30
m

m

Delamination

Fig. 10.4: The delamination model (not to scale).
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The conclusions from the study were:
a. The effect of delamination on the bending and torque modes of natural frequen-

cies is larger, as the delamination is closer to the midlayer of the beam.
b. Natural bending and torque frequencies are reduced, as the delamination is

larger.
c. Bending frequencies are affected by the delamination’s size only. Torque fre-

quencies are affected by the deviation of the delamination from the symmetry
line of the specimen.

d. The variation of the natural bending frequencies change with the location of
the delamination on the X-axis. The frequency change plot resembles the rele-
vant mode shape.

e. Delamination in laminated composite beams has a significantly larger effect on
their natural frequencies when compared with delaminated isotropic materials.
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f. Clamped–clamped beams tend to show a more significant change in their natu-
ral frequencies compared with cantilever and simply supported beams.

g. Tests performed on four specimens, with and without damage, showed the re-
duction in the natural frequencies due to the presence of delaminations.

All the above conclusions show that a simple measurement of the first few bending
and torque natural frequencies of a beam might provide a lot of information regard-
ing the presence of a delamination:
– Delaminated layer – by the change in bending mode frequencies
– Delamination size – by change in both torque and bending modes
– Delamination location:

– Along the X-axis – by difference between different bending modes
– Along the Y-axis – by change in the torque modes
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To increase the chances of detecting delaminations in laminated composite beams,
it is recommended to clamp the beam at its both sides.
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Appendix A: Passive and active sensors

A1 Passive sensors

A1.1 Pressure-sensitive polymers

Pressure-sensitive polymers are materials that will change their properties due to
applied stress. Two types that are discussed here are pressure-sensitive paint (PSP)
and pressure-sensitive film (PSF).

A1.1.1 Pressure-sensitive paint
PSP has been around for some time (see [1–11]. PSP was developed at NASA to
enable better measurements of the drag loadings on airfoils. The technology be-
hind PSP is based on the sensitivity of certain luminescent molecules to the pres-
ence of oxygen. Using a process called oxygen quenching, the fluorescence of the
molecules change as a function of the pressure in oxygen molecules. The mea-
surement system, depicted in Fig. A1 consists of a light source to excite the oxygen
and the luminescence molecules contained in the paint layer, and a photodetector
to detect the long-wavelength emission to be translated into pressure applied on
the paint.
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A1.1.2 Pressure-sensitive film
PSF is based on a simple but reliable technology. The film consists of
a microencapsulated color layer and a color-developing layer sandwiched between
two polyester layers as presented in Fig. A2. When a defined pressure is exceeded,
the microcapsules would break and would react with the adjacent color-forming
layer leading to a change in the film color. The color presented is monochromatic
but the shading of the color will indicate pressure level. A calibration table is sup-
plied by the manufacturing of the film (see, e.g., Fuji company10). One should note
that the measurement of the pressure is not continuous, and the change in color is
at discrete levels of pressure, causing the user to use various PSFs for different load
levels, and also the films come in a variety of pressure ranges (0.05–300 MPa).

A1.2 Shape memory alloys

SMAs are materials that “would remember” their original shape and go back to
their original shape after deformation under a stimulus in the form of heating/cool-
ing and/or application of mechanical stresses. Probably, the most known SMA is
the one abbreviated as NITINOL (Nickel Titanium Naval Ordnance Laboratory) de-
veloped by William Buehler and Frederick Wang of the US Naval Ordnance

Photodetector

Long-pass
filter

Long
wavelength

emission

Light
source

Short
wavelength
excitation

Structure

Binder layer

Luminescence
molecules

Oxygen
molecules

Fig. A1: – A schematic PSP test setup.

10 http://www.fujifilm.com/products/prescale/prescalefilm/#See_All.
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Laboratory in 1962 [12]. Some SMAs can go back to a shape different from their orig-
inal shape under a stimulus, thus holding two different shapes and are called two-
way SMAs.

SMAs have two different phases with different crystal structures leading to
large different properties: martensite, a low-temperature phase; and austenite,
a high-temperature phase. Contrary to a typical transformation that involves the dif-
fusion of atoms, the phase change in SMAs occurs by a shear lattice distortion,
which makes the change reversible.

SMAs also show a property called pseudoelasticity sometimes, whereby they
show almost rubber-like mechanical behavior. SMAs can produce a large deforma-
tion compared to most other metals. Due to their lattice structure, the pseudoelas-
ticity property enables the SMA to recover from relatively large strains (up to 7%),
although some hysteresis can be experienced. This dissipation of energy by SMAs
finds applications in vibration dampers.

Their property of changing structural phases from martensite to austenite and
vice versa, applying mechanical stress, allows the use of SMA as sensors to me-
chanical loads.

Fig. A2: – A schematic PSF way of activating due to the application of pressure on the film.
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A1.3 Comparative vacuum monitoring

CVM offers a novel application for in situ, real-time monitoring of crack initiation
and/or propagation. CVM measures the differential pressure between very small di-
ameter tubes containing a low vacuum alternating with similar tubes at atmosphere
in a simple manifold-type structure. A schematic picture of the sensor, manufac-
tured by the SMS Company11 mounted on a structural part containing a crack is
shown in Fig. A3.

The CVM system consists of three primary components: a sensor, a fluid flow meter
and a stable source of low vacuum. As no adhesive is needed, the method utilizes
a direct measurement of the test surface making it a part of the sensor, thus result-
ing in a high reliability [13, 14] and built-in fail-safe mechanisms.

A1.4 Acoustic emission

AE is the phenomenon of sound and ultrasound stress wave radiation in structures,
which undergo deformation or fracture processes. When a structure is subjected to
an external stimulus (change in pressure, load or temperature), localized AE sour-
ces trigger the release of stress waves that propagate to the surface. These stress
waves are recorded by several sensors, and then are analyzed in order to locate and
classify these AE sources (see Fig. A4).

AV AV AV

Sensor

Crack
Structural part

Fig. A3: A schematic drawing of the sensing of the crack using CVM (V, vacuum pressure; A,
atmospheric pressure).
Note that an increase in ΔP pressure (between the vacuum and the atmospheric pressures) would
be measured when a crack would cross two adjacent channels, one at vacuum (V) and the second
one at atmospheric (A) pressure. As schematically shown in Fig. A3, any shape development of
a flaw will cause a flow of air from the atmosphere to the vacuum channel, through the passage
between them. A transducer would be used to measure the fluid flow between the small tubes; the
rate of fluid flow would be an indication of the size of the flaw.

11 www.smsystems.com.au/.
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Common examples of AE sources can be growth of cracks, slip and dislocation
movements, melting and phase transformations in metals. In composites, matrix
cracking, fiber breakage and delamination are typical modes of failure and each
contributes its own unique AE (see [15]).

AE sensing is considered to be passive since the only energy required for acti-
vating the sensors is supplied by the wave signal, which is spontaneously released
in the case of existence of damage/discontinuity in the loaded structure. AE usually
provides an immediate indication relating to the risk of failure of a component. In
addition, using multiple AE sensors, a large area of inspection can be monitored.
These sensors can even be permanently mounted for applications demanding peri-
odic inspections, saving the need for preliminary preparations.

However, AE-based systems can only qualitatively gauge how much dam-
age is contained in a structure. In order to obtain quantitative results about
size, depth and overall acceptability of a part, other sensing techniques
should be involved.

Another aspect that should be mentioned is how to define a loading procedure,
which ensures optimal damage identification. Currently, there is no standard,
which gives certain guidelines regarding the loading procedures, and therefore
most of the applications today are based on the accumulated experience of the de-
signers. The loading procedure becomes a challenge mostly in the case of large air-
craft components, which are assembled on aircrafts. It will be interesting and
feasible to investigate new techniques for implementing local loading, that is, load-
ing only area of interests instead of all the aircraft. Such techniques can be based
on either dynamic or thermal loading. Usually, the sensors utilized for AE are piezo-
electric (see Fig. A5).

Sensor
Signal

Crack

Stress

Acoustic emission
detection device

Stress

Tested structure

Fig. A4: Schematic of AE source, a crack, triggered due to an external stress, detected and
transmitted to a centralized device prior to further analysis.
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A2 Active sensors

A2.1 Electrical impedance

The sensor is capable of measuring the changes in the impedance of the tested
specimen and thus provide adequate output to correlate the measured change in
the impedance to the size of the flaw. Depending on the application, a change in
the resistivity, capacitance or inductance (the structure’s impedance, Z) of the
tested structure in the presence of a flaw can be detected, providing the intact struc-
ture was previously measured.

A2.2 Magnetic impedance

The magnetoimpedance sensor is based on the change in the complex impedance
(Z) that ferromagnetic conductors experience (like amorphous micro wires) when
an external magnetic field (H) is applied and a high frequency (ω) alternating cur-
rent flows through them. The sensor is applied on the tested structure, and due to
external disturbances and/or flaws, it will change its magnetic impedance, thus

Fig. A5: Acoustic emission piezoelectric sensor from Fuji Ceramics Corporation.12

12 www.fujicera.co.jp/en/product/ae/.
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measuring the reason for its change. Note that the method would require
a reference data, for the undisturbed, perfect structure.

A2.3 Piezoelectric wafer active

The brothers Jacque and Pierre Curie first discovered piezoelectricity at the end of
the nineteenth century, who demonstrated it on crystals of tourmaline, quartz,
topaz, cane sugar and Rochelle salt [12]. The word Piezoelectricity comes from the
Greek word piesi, which means pressure, and electricity, which implies the produc-
tion of electricity resulting from the pressure. Piezoelectric materials, whether in-
herently piezoelectric or artificially poled, can be used to convert mechanical
energy to electrical energy and vice versa. The constitutive equations describing
these materials are written as follows:

S= sET + dtE

D=dT + εTE
(A-1)

where S is the mechanical strain, E is the electric field, T is the mechanical stress,
D is the electrical displacement (all these variables are second-order tensors in the
general case); dt, sE and εT, respectively, represent the matrix of the transpose pie-
zoelectric effect, the mechanical compliance tensor (obtained at E = 0) and the per-
mittivity (obtained at T = 0). This EM coupling property enables the utilization of
these unique materials both as strain sensors and mechanical actuators. The
voltage–strain curve does not exhibit linear behavior in its entire range. However,
there is always a linear part in the curve used in practice for the sensing.

Piezoelectric ceramics, also called piezoceramics, is a subgroup of piezo-
electric materials, which exhibit simultaneous actuator and sensor behavior,
and therefore, are particularly attractive for diagnosis systems especially in
the form of PWAS, which can be permanently attached to the structure [12].
The main advantage of PWAS over conventional ultrasonic probes is in their
small size, lightweight, low-profile and inexpensive cost. In addition, their
frequency bandwidth is several orders of magnitude larger than that of con-
ventional modal analysis equipment, permitting effective modal diagnosis in
a relatively wide frequency band. The diagnosis process can be described as
follows: The PWAS transmitter generates Lamb waves in the structure [16].
The generated Lamb waves travel through the structure and are reflected or
diffracted by the structural boundaries, discontinuities and damage. The
waves arrive at the PWAS receiver, where they are transformed into electrical
signals. Using at least two PWAS, one can detect structural anomalies, that
is, cracks, corrosions, delaminations and other damage [17]. PWAS can be
used in several sensing applications as shown in Fig. A6.
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Since the PWAS sensing technology has been found to be useful for detecting
damages in composites, much effort has been recently invested in the qualification

Piezotransmitter
(a)

(b)

(c)

(d)

Piezoreceiver
V2V1

Pitch-catch mode

Pulse-echo mode

Impact detection
Impact

Thickness mode

Piezotransmitter V1
+Piezoreceiver V2

Piezotransmitter V1
+Piezoreceiver V2

Piezoreceiver
V2

Lamb wave

Lamb wave

Lamb wave

Lamb wave
(AE) From crack

Crack

Damaged area

Damaged/crack Corrosion

Crack

Fig. A6: Implementations of PWAS as traveling wave transducers for damage detection:
(a) pitch-catch mode, (b) pulse-echo mode, (c) thickness mode and (d) detection of impacts and
acoustic emission (AE) (adapted from [11]).
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of this technology. This effort includes the investigation of sensor transduction
under mechanical static and cyclic loading [18] and its reliability over time [19].

A2.4 Optical fiber

Among the available sensing technologies, the use of OFS to implement SHM ap-
pears quite attractive. Optical fibers are flexible, passive, tolerant to environmental
conditions and insensitive to electromagnetic disturbances. In addition, due to
their small diameter, it can be easily embedded within composite materials. The
most common implementation of a fiber optic-based SHM system involves one of
the two sensing principles: site-specific sensing, performed by using FBG sensors,
or distributed sensing, performed by using Rayleigh backscattering.

A.2.4.1 Fiber Bragg grating
Site-specific sensing using FBG sensors allows the measurement of mechanical
strain and temperature changes in several locations along an optical fiber. An FBG
sensor is a type of distributed Bragg reflector13 constructed in a short segment of op-
tical fiber, which reflects a particular wavelength of light and transmits all others
(see Fig. A7). This particular wavelength reflected, called the Bragg wavelength, is
given as follows:

λB = 2neΛ (A-2)

where ne is the effective refractive index characterizing the FBG, and Λ represents
the grating period. The linear dependence of the reflected wavelength λB on the
grating period Λ enables to easily deduce changes in the grating period Λ by mea-
suring the reflected wavelength λB.

An external mechanical load or temperature change causes a uniform change in
the grating period Λ, resulting in a shift in the reflected wavelength λB. By measur-
ing the difference in the reflected wavelength λB, the strain and the temperature of
the optical fiber at the FBG location can be derived by using the following relation:

ΔλB
λB

=Csε+CTΔT = 1−Peð Þε+ αΛ + αnð ÞΔT

where

1−Peð Þ=CS αΛ + αnð Þ=CT

(A-3)

13 A structure formed from multiple layers of alternating materials with varying refractive indices.
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where Cs is the strain coefficient that is related to the strain optic coefficient Pe and
CT is the coefficient of temperature, obtained by the summation of the optical fiber
core thermal expansion coefficient, αΛ, and the thermo-optic coefficient αn .

A.2.4.2 Rayleigh backscattering distributed strain sensing
Rayleigh backscattering in an optical fiber caused by random fluctuations in the re-
fractive index profile along the length of the fiber. For a given fiber, the scatter am-
plitude as a function of distance is a random but fixed property. Similar to FBG
sensors, external stimulus such as mechanical strain or change in the temperature
causes a shift in the local reflected spectrum [20]. In data processing, the complex
data acquired from the optical fiber are divided into interval length, also called
“sensor length,” which are separated in a constant predefined gap. The shift in the

Fig. A7: Optical fiber containing several FBG sensors (each sensor reflects a particular wavelength
of light only), depending on its grating period [14].
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reflected spectrum is calculated upon each “sensor length” separately and indepen-
dently. Thus, the optical fiber can be modeled as a series of weak FBG sensors,
which are placed side by side in a constant predefined gap (see Fig. A8). The prede-
fined length of the sensors and the gap between the sensors, respectively, affect the
spectral resolution and the signal-to-noise ratio. Therefore, these two parameters
should be optimized to obtain the desired spatial resolution with maximum mea-
surement accuracy.

Additional information associated with Rayleigh-distributed strain and temperature
sensing can be found in Ref. [21].
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Neural network optimization method 218
Newton method 220
Nondestructive testing (NDT) 272
Nonlinear 207
Nonlinear programming 214
Nonsymmetric laminate 130
Nonsymmetric laminated composite beam 150

Optical fibers 302
Optimization 205
Orthotropic 121
Orthotropic material 46
Orthotropic plates 143

Parametric resonance 177
Pareto efficiency 210
Paris law 113
Phase field method 233
Piezoceramics 300
Piezoelectric patches 278
Plane strain 21
Plane stress 21
Plastics 30
Plate 3, 81
Ply 35
Poisson’s ratio 13
Polar coordinate system 11
Polynomials 69
Predictive maintenance (PM) 272
Pressure-sensitive film 295
Pressure-sensitive paint (PSP) 294, 295
Pressure-sensitive polymers 294
Principal component analysis (PCA) 277
Probability distributions 93
Pulse buckling 177

Quadratic programming 215

RAMP method 226
Rankine–Gordon semiempirical formula 124
Rayleigh–Ritz 138
Recursive equations 65
Reinforcement 30
Residual stress 87
Response surface methodology (RSM) 243
Rice 112
Rigid body rotations 13
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Ritchie, R. O. 114
Rotary inertia 158
Rotations 46

Safety factor S.F. 103
Sandwich 6
Satellite 1
Sensors 278
Sequential design 254
Sequential linear programming (SLP) 220
Shape memory alloys (SMA) 295
Shear modulus 13
Shearography 279
Shell 3
SIMP method 226
Simulated annealing method 217
Singularity 108
SINH method 226
“Slender” columns 124
S–N curve 91
Soderberg line 96
Solar panels 1
Space antennas 1
Spacecraft 1
Space-filling criteria 251
Spherical coordinate system 12
Stiffener 2
Stiffness coefficients 48
Stochastic programming 215
Strains 11
Stress 10
Stress concentration 87

Stringers 1
Structural health monitoring (SHM) 272
Symmetric laminate 126

Tabu (or Taboo) 223
Temperature field 28
Thermal stresses 27
Thermography 279
Thermoplastic 30
Thermoset 30
Thin-walled structures 1
Third-order shear deformation theory (TSDT) 51
Timoshenko’s theory for beams 46
Topology 223
Torsion 81
Transformation matrix 36

Unidirectional 30

Variables 207
Vibration buckling 177
Void growth 98

Weibull distribution 92
Westergaard, H. M. 105
Wing skin 8
Wings 1
Woven cloth 30

Young’s modulus 13

“The Zig-Zag” (ZZ) theory 60

308 Index

 EBSCOhost - printed on 2/14/2023 1:08 PM via . All use subject to https://www.ebsco.com/terms-of-use


	Preface
	Contents
	1. Introduction
	2. Composite materials
	3. Design formulas
	4. Introduction to fatigue
	5. Introduction to crack propagation analysis
	6. Buckling of thin-walled structures
	7. Vibrations of thin-walled structures
	8. Dynamic buckling of thin-walled structures
	9. Optimization of thin-walled structures
	10. Structural health monitoring (SHM)
	Index

