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Preface

This book is written primarily with biochemists and biophysicists in mind; however,
it does not claim to be a textbook. The most important basics of chemical thermody-
namics for biochemical processes are summarized in the first five chapters so that
readers who are less familiar with this area of science have the opportunity to tackle
this material without any need to laboriously read through the appropriate text-
books to gather this information. For this reason, the term exact differential
is comprehensively derived in the first chapter and is explained with the aid of cal-
culated examples. At the same time, it is assumed that the reader knows how to
handle partial differentiation. A deep understanding of this term in particular is in-
dispensable because potential functions and their differentials do exist, particularly
in thermodynamics, on the basis of which systems can be described and character-
ized. In connection with this, a particular value is placed on expressing entropy
change through two different changes, namely through the entropy exchanged be-
tween the system and surroundings, and through the entropy produced by the sys-
tem, as described in Modern Thermodynamics: From Heat Engines to Dissipative
Structures (Dilip Kondepudi and Ilja Prigogine).

When introducing the terms of affinity and dissipation function, which are impor-
tant for the thermodynamics of irreversible processes, the terminology used by the
above-mentioned authors and the authors of the book Bioenergetics and Linear
Nonequilibrium Thermodynamics: The Steady State (S. Roy Caplan and Alvin Essig) has
been adopted. For the description of flux equations for coupled reactions, however,
these are amended insofar as only one conductance emerges in the equations, namely,
the coupling conductance. Uncoupling is described by two newly introduced parame-
ters. The resulting equations are easier to survey with regard to the coupled reactions
occurring in metabolism, and are therefore easier to cope with the application.

One of the main objectives of this book is to describe metabolic processes and
coupled reactions in particular, through these thermodynamic flux equations, which
can be solved in their entirety as a set of differential equations with the aid of a
Solver. In this context, the mathematical structure of such an equation is of particular
importance. The usual form of flux equations in the thermodynamics of irreversible
processes defines the flux as a product of conductance and affinity, where the former
is a constant and the latter can be variable. This form of equation, however, cannot
fulfil the demands of the enzyme activity controlled by reactions in the metabolism of
a cell. The possibilities of activation and inhibition are lacking. To eliminate this dis-
advantage, variable conductances were introduced by the author to provide the flux
with very similar kinetic properties as they emerge with enzyme-catalyzed reactions.
On the basis of such flux equations, the energy metabolism of muscle cells, for in-
stance, can be simulated for almost every situation.

As the analogy to Ohm’s law could be shown also for a metabolic pathway
gone through at steady state, an electrical analogue is introduced for the energy

https://doi.org/10.1515/9783110650501-202
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metabolism in the form of two batteries connected at opposite directions. Such a
simple circuit can be evaluated even without the aid of a simulation. In this way,
readers who are less familiar with cellular metabolic processes are given a quick
introduction into the principles arising from such a constellation.

One of the most important results is that the ATP cycle, in analogy with a charging
cycle in the battery model, takes place practically without entropy production. This
also applies to other cycles, for instance, the proton cycle at the inner mitochondrial
membrane or the cross-bridge cycle of muscular contraction.

To understand the metabolic processes described in this book, it is of course
advantageous if the reader already possessed some knowledge of biochemistry.
However, to the author’s opinion this is not absolutely necessary. An ample range
of biochemistry textbooks exists, covering the most important pathways of metab-
olism in clear graphic detail, which can be referenced with minimum effort. Thus,
physicists and engineers interested in cellular processes should have the opportu-
nity to penetrate the biophysics of living systems without needing to swot up on
the whole subject of metabolic biochemistry.

VI Preface
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1 State functions and exact differentials

1.1 State functions

The state function is a significant term in natural sciences and especially in chemical
thermodynamics. The state of a system is defined as follows:

A system is a spatially limited area in which physical processes or chemical or
biochemical reactions can occur separately. The system boundaries separate the in-
terior of the system from the environment. Due to different characteristics of the
borders, three categories can be distinguished: (1) isolated systems cannot exchange
energy or matter with the environment, (2) closed systems can exchange energy but
not matter with the environment and (3) open systems are able to exchange both
energy and matter with the environment.

The state of a system such as that of an ideal gas in a cylinder closed by a mov-
able piston is characterized by its state variables such as temperature T, volume V,
pressure P and number of moles n. If one or more of these variables are changed, it
is completely irrelevant in which way or on which (reaction) path these quantities
are changed, only the difference between the final and initial state counts. It is al-
ways the same, provided that the considered function such as the energy content of
an ideal gas is a state function.

In the following, we discuss the prerequisites that need to be fulfilled for such a
function to characterize it as a state function. Determining this is important because,
in such cases, handling of system changes is greatly simplified. Here, the line integral
is of particular importance.

1.2 Exact differentials and line integrals

The following two situations explain the origin of a line or path integral. A body is
moved by a force along a given path. If the force belongs to a potential field such as
the gravitational field of the earth, its differential work can be represented as the sca-
lar product of two vectors~F ·d~r = ðFx~i+ Fy~jÞ · ðdx~i+dy~jÞ (arrows indicate vectors).

An exact differential,

dW = ∂W
∂x

dx+ ∂W
∂y

dy, (1:1)

obviously exists if Fx~i+ Fy~j is the gradient of the function W, that is

Fx~i+ Fy~j= gradW = ∂W
∂x

~i+ ∂W
∂y

~j.

https://doi.org/10.1515/9783110650501-001
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This results in the exact differential from

∂W
∂x

~i+ ∂W
∂y

~j
� �

· dx~i+ dy~j
� �

= ∂W
∂x

dx+ ∂W
∂y

dy=dW.

As described later, dW must have exactly this structure in order to be treated as an
exact differential.

In a number of thermodynamic processes such as chemical reactions, potential
fields are not involved with corresponding gradients; rather, chemical energies and
the resulting work, if any, are implemented. Vector analysis is not applicable to such
processes. However, even with these energy changes, functions with exact differen-
tials (state functions) occur, which should be identified as such. Hence, slightly cum-
bersome nonvectorial derivation is treated in detail so as to emphasize the importance
of nonexact differentials.

The nonvectorial work carried out differs from the above scalar product of two
vectors. On the one hand, there is no potential field in which the direction of force as
the tangential force component comes into effect; on the other, the path is not a vec-
torially describable function of path, but a possible direction of a process or a reac-
tion. The differential work with infinitesimal progression of the process [dW in Joule
(J)] is always given by the product of two conjugated variables such as −PdV (vol-
ume work), consisting of an intensive variable such as pressure P and an extensive
variable such as the infinitesimal volume change dV. The intensive variable repre-
sents the potential of a certain form of potential energy (P = volume energy/unit vol-
ume (J/m3 = N/m2)). The product of that potential and its extensive variable always
has the dimension of an energy (in J). Other conjugate variables are, for example, the
electrical potential ϕ [electrical energy/charge unit (J/C, C = Coulomb)] and the elec-
tric charge qðCÞ, also ϕ dqðJÞ, or the chemical potential μ [chemical energy/unit of
quantity (J/mol)] and the particle quantity n (mol), that is, μdnðJÞ.

The overall work results from the integral over the execution of the process in
question (path). In this way, for example, volume work is given through

W =
ð

path

− P dV . (1:2)

Often W depends on several variables. The integrand is composed of several sum-
mands of conjugated variable pairs. For two variables (x and y), it is usual to de-
scribe the integrand with P x, yð Þdx+Q x, yð Þdy, so that W can be formulated as

W =
ð

path

Pdx+Qdyð Þ. (1:3)

In order to be able to calculate such an integral, the course of the path must be
given in the form of a function yðxÞ. The following examples are intended to explain
this.

2 1 State functions and exact differentials
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The integral I =
Ð

3ydx+ 4x+ 2yð Þdyð Þ is to be calculated as a line integral
between the starting point Pi 0.4, 2.0ð Þ and the final point Pf 2.4, 2.8ð Þ along two
different paths. Path 1 is given by y xð Þ= a x+b ða=0.4, b= 1.84Þ. Both points must
be on the path function yðxÞ. For this path, dy= f ′ðxÞdx=0.4 dx applies. Used in I
this results in

I =
ð

path1

3 0.4x+ 1.84ð Þdx+ 4x+ 2 0.4x+ 1.84ð Þð Þ0.4dxð Þ.

Thus, the line integral is transformed into an ordinary definite integral, which can
be solved based on the known rules. It is

ð2.4
0.4

3.12 x+ 6.992ð Þdx= 3.12
2

x2 + 6.992 x
� �2.4

0.4
,

and therefore I = 21.6.
Path 2 leads from Pi 0.4, 2.0ð Þ parallel to the X-axis at a distance of yi = 2.0 from

xi =0.4 to xf = 2.8 and from there along the Y-coordinate to Pf . The functions for this
path composed of path sections A= xf − xi and B= yf − yi are given through y = 2.0
(parallel to the X-axis at a distance of yi = 1.5), and x = 2.4 (parallel to a Y-axis at a
distance of xf = 2.4). Parallel to the X-axis is dy=0, and parallel to the Y-axis is
dx=0. For path A this leads to

IA =
ð
A

3 · 2.0 · dx+ ð4x+ 2 · 2.0Þ ·0ð Þ=
ð2.4
0.4

6.0 dx= 6.0 x½ �2.40.4 = 22.72,

and for path B to

IB =
ð
B

3y ·0+ 4 · 2.4+ 2yð Þdyð Þ=
ð2.8
2

9.6+ 2yð Þdy= 9.6y+ y2
� 	2.8

2 = 220.32.

The result is I = IA + IB = 243.04.
For these integrands, it is evident that different values for both line integrals

result from different paths. If this is changed in 3ydx+ 3x+ 2yð Þdy, for unchanged
initial and final points as well as the same paths, the surprising result is that at this
time both paths produce the same value for their line integral. With the slightly
changed integrand (3x instead of 4x), the line integral is now

I =
ð

3ydx+ 3x+ 2yð Þdyð Þ.

1.2 Exact differentials and line integrals 3
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On path 1, this yields with y xð Þ=0.4 x+ 1.84

I =
ð

path1

3 0.4x+ 1.84ð Þdx+ 3x+ 2 0.4x+ 1.84ð Þð Þ0.4dxð Þ

=
ð2.4
0.4

2.72 x+ 6.992ð Þdx= 2.72
2

x2 + 6.992 x
� �2.4

0.4
= 21.6,

and on path 2 with the two path sections A and B,

IA =
ð
A

3 · 2.0 · dx+ ð3x+ 2 · 2.0Þ ·0ð Þ=
ð4
0

6 dx= 6 x½ �2.40.4 = 12.0,

IB =
ð
B

3y ·0+ 3 · 2.4+ 2yð Þdyð Þ=
ð2.8
2

7.2+ 2yð Þdy= 7.2y+ y2
� 	2.8

2 = 9.6 and

I = IA + IB = 21.6.

For the above integrand, all integration paths give the same value I = 21.6. This ob-
viously has to be related to the structure of the integrand. For, as has been shown,
even a slight change of it can nullify this property of path independence. The ques-
tion therefore immediately arises as to which mathematical structure the integrand
must possess in order to produce always the same and thus path-independent line
integrals despite different integration paths. The answer is: the integrand must rep-
resent the exact (or total) differential of a function. For a function Wðx, yÞ of two
variables, this is

dW = ∂W
∂x

dx+ ∂W
∂y

dy,

and for n variable

dWðx1, x2, x3, ..., xnÞ= ∂W
∂x1

dx1 +
∂W
∂x2

dx2 +
∂W
∂x3

dx3 + � � � + ∂W
∂xn

dxn. (1:4)

∂W ∂x= and ∂W ∂y= are the partial derivatives of the function Wðx, yÞ. They are con-
sidered as functions P x, yð Þ or Q x, yð Þ, respectively, so that dW can be formulated in
the form shown earlier:

dW = Pdx+Qdy.

Now the usually unknown primitive should be found by indefinite integration of its
partial derivatives. The primitive is given here in order to understand the calcula-
tion better:

W x, yð Þ= 3xy+ y2 +C.

4 1 State functions and exact differentials
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Its differential is

dW = 3y dx+ 3x+ 2yð Þdy,
Pðx, yÞ= ∂W

∂x = 3y, and Qðx, yÞ= ∂W
∂y = 3x+ 2y.

From these data, Wðx, yÞ can be determined by indefinite integration in the
following manner. Once as

W =
ð
3y dx= 3yx+ f1ðyÞ,

and additionally as

W =
ð

3x+ 2yð Þdy= 3xy+ y2 + f2ðxÞ.

The functions f1ðyÞ or f2ðxÞ must be added to the respective function Wðx, yÞ, be-
cause the former has been found by integration of the corresponding partial differ-
ential, and thus there is the possibility that the solutions thus found have lost the
dependence on the respective other variable.

Since both results must be the same, it can be found by comparison that

W x, yð Þ= 3xy+ y2 +C,

with f1ðyÞ= y2 +C and f2ðxÞ=0.
Another way to get to the primitive is to start again from
W =

Ð
3y dx= 3yx+ f1ðyÞ. This expression is now differentiated with respect to y,

which leads to ∂W ∂y= 3x+ f1 ′ðyÞ



. On the other hand, Qðx, yÞ= ∂W ∂y= 3x+ 2y= .
Again by comparison it can be seen that f1 ′ðyÞ= 2y must be true; thus,

f1ðyÞ=
ð

2y dyð Þ= y2 +C.

The line integrals of this differential have already been determined for several
paths. They all resulted in the same value. Since in addition there is the primitive
obtained by integration, which corresponds to the specification, the above numeri-
cal result can be checked by inserting the coordinates of the final and the starting
points into it. It isWf −Wi =Wð2.4, 2.8Þ−Wð0.4, 2.0Þ= 21.6,

which agrees with the above calculations.
The last example shows that only an integrand can produce a path indepen-

dence of the line integral, which is an exact differential of the primitive. In order to
be able to specify the corresponding exact differential correctly, a given primitive
has been assumed. In general, the primitive is not known; hence, you cannot be
sure that the expression to be integrated really represents an exact differential,
even if it has the form Pdx+Qdy. However, there is a way to test whether the inte-
grand is actually an exact differential.

1.2 Exact differentials and line integrals 5
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As P = ∂W ∂x= and Q= ∂W ∂y= ,
for repeated partial differentiation of P x, yð Þ with respect to y and Q x, yð Þ with

respect to x, the following expressions are produced:

∂P
∂y

= ∂2W
∂x ∂y

and
∂Q
∂x

= ∂2W
∂y ∂x

,

that is,

dP
dy

≡
dQ
dx

.

This result is the content of the sentence established by Schwartz and named after
him. It represents the integrability condition that must be satisfied for the existence
of an indefinite integral. This exists if and only if the integrand is the exact differen-
tial of a primitive.

In the last example, ∂P ∂y= 3= and ∂Q ∂x= 3= , which means that the integrand
represents an exact differential, and the terms Pðx, yÞ and Qðx, yÞ are actually the par-
tial differential quotients of a primitive that can be determined by integration. If
∂P ∂y≠∂Q ∂x== , the integrand is not an exact differential, and the indefinite integral
cannot be solved. However, the line integral within specified limits can be deter-
mined, but it is now dependent on the chosen path of integration, such that different
integration values are generated by different paths, although the two points con-
nected by the paths remained the same. For both exact and nonexact differentials,
their total integral has to disappear over the forward and reverse paths, if both paths
are identical except for the direction of path. For the exact integral, however, it also
applies that the forward and reverse paths do not have to be identical in order to
make the total integral disappear. If a state variable is brought from an initial state via
various intermediate states back to the initial state, then the line integral must vanish.
If this condition is not fulfilled, then the relevant variable is not a state variable.

In the following, the application of Schwartz’s theorem is demonstrated using
the example of the ideal gas. For such a gas applies for T = const.

PV = const., with

dðPVÞ= ∂ PVð Þ
∂V

dV + ∂ PVð Þ
∂P

dP= PdV +Vdp=0

and

PdV = −VdP.

According to Schwartz,

∂P
∂P

≡
∂V
∂V

= 1.0,

6 1 State functions and exact differentials
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the differential dðPVÞ is thus exact, and the variables P and V are state variables
with the associated state function PV = const.

If T is also a variable (only n = const.), then the general gas equation applies

PV = nRT.

For P V,Tð Þ= nR T V= Þð , the result is

dP= ∂P
∂V

dV + ∂P
∂T

dT = −
nRT

V2 dV + nR
V

dT

and

∂
�
− nRT

� �
V2

 Þ

∂T
≡
∂ðnR V= Þ

∂V
= −

nR
V2 .

For V P,Tð Þ= nR T P= Þð , the result is

dV = ∂V
∂P

dP + ∂V
∂T

dT = − nRT
P2 dP + nR

P
dT

and

∂ ð− nRTð Þ P2

 Þ

∂T
≡
∂ðnR P= Þ

∂P
= −

nR
P2 .

For T P,Vð Þ=PV nR= , the result is

dT = ∂T
∂P

dP+ ∂T
∂V

dV = 1
nR

VdP+ PdVð Þ

and

∂V
∂V

≡
∂P
∂P

.

All variables are considered as state variables with the state function PV = nRT. Of
course, this can also be found by integration. For

zðP,VÞ=PV = const.

∂z
∂P

=V and
∂z
∂V

=P

are obtained, which leads to

z =V
ð
∂P =VP+ fa Vð Þ

1.2 Exact differentials and line integrals 7
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and

z =P
ð
∂V =PV + fb Pð Þ.

z ≡ z is the result for

fa Vð Þ= fb Pð Þ=0.

For V P,Tð Þ= nR T P= Þð , the result is

∂V
∂P

= − nR
T
P2 and

∂V
∂T

= nR
1
P

yielding

V = − nRT
ð

∂P
P2

� �
= nR

T
P

+ f1 Tð Þ

and

V = nR
P

ð
∂T = nR

T
P
+ f2 Pð Þ.

The last two determinative equations of V are identical for f1 Tð Þ= f2 Pð Þ=0.
For PðV,TÞ= nR T V= Þð , the result is

∂P
∂V

= − nR
T
V2

and

∂P
∂T

= nR
1
V
;

therefore,

P = − nRT
ð

∂V
V2

� �
= nR

T
V

+ f3 Tð Þ,

as well as

P = nR
V

ð
∂T = nR

T
V

+ f4 Vð Þ.

Identity arises for

f3 Tð Þ= f4 Vð Þ=0.

As expected when Schwartz’s theorem holds, the integrals exist for all conditions
and result in the respective (given here) primitives.

8 1 State functions and exact differentials
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As a rule, the infinitesimal change (dW) and the actual, finite change (ΔW)
clearly differ, so integration of dW becomes inevitable in order to determine W. For
the definite integral over dW =Pdx+Qdy,

W =
ðx0 +Δx

x0

P x, yð Þ dx+
ðy0 +Δy

y0

Q x, yð Þ dy

applies. For the above primitive

W x, yð Þ= 3xy+ y2 +C,

the result is (with x0 =0.4, y0 = 2.0, as well as Δx= 5.0 x0, Δy=0.4 y0 and C= − 2.0)
W x0, y0ð Þ= 4.4 andW x0 +Δx, y0 +Δyð Þ= 26.0; therefore, ΔW = 21.6.

The primitive also produces

ΔW = 3 x+Δxð Þ y+Δyð Þ+ y+Δyð Þ2 +C− 3 x0y0 + y02 +C
� �

= 3y0 Δx+ 3x0 + 2y0ð ÞΔy+ 3ΔxΔy+Δy2 = 21.6.

For comparison, the differential dW

dW = 3y0 Δx+ 3x0 + 2y0ð ÞΔy= 16.6

shows a significantly lower value.
The integration of this differential, however, yields also

ΔW =ΔWP +ΔWQ =
ðx0 +Δx

x0

3yð Þ dx+
ðy0 +Δy

y0

3x+ 2yð Þdy= 21.6.

If y= y0 is assumed in the first integral, x= x0 +Δx must be set in the second inte-
gral, which results in ΔWP = 12.0, ΔWQ = 9.6 and ΔW = 21.6. If x= x0 is assumed in
the second integral, then y= y0 +Δy must be set in the first. Now ΔWP = 16.8,
ΔWQ = 4.8, and ΔW is again equal to 21.6.

Figure 1.1 should clarify the integration process. The above function W x, yð Þ
represents a slightly curved surface in the considered range. Integration starts from
the lower left corner point (0.4, 2.0, 4.4) through the lower right corner point (2.4,
2.0, 16.4) and then from this point to the upper right corner point (2.4, 2.8, 26.0).
From the figure, however, it is not clear where the surfaces to be added come from.
These are the respective areas under the two functions P x, yð Þ= 3y0 (12.0) and
Q x, yð Þ= 3 x0 +Δxð Þ+ 2y (9.6). The figure illustrates that the second integral must nec-
essarily be continued from the point at which the first was ended, since all points of
the integration path must fulfil the function, that is, must lie on the surface. Since
the variables are independent of each other, W x, yð Þ must change in the same way
regardless of whether both variables change at the same time or successively.

1.2 Exact differentials and line integrals 9
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The following example from geometry is particularly illustrative. Let us con-
sider the volume change of a cylinder. With r0 = 5.0 cm and h0 = 8.0 cm, the initial
volume is given by

V0 =πr20h0 = 628.3185 cm3.

With Δr = 4.0 cm and Δh= 6.0 cm, this leads to

V1 =π r0 +Δrð Þ2 h0 +Δhð Þ= 3, 562.566 cm3

and thus to the volume increase

ΔV =V1 −V0 = 2, 934.248 cm3.

From ∂V ∂r = 2πrh= and ∂V ∂h= πr2



, the result by indefinite integration is given by

V = 2πh
ð
r dr =πhr2 + f1 hð Þ

as well as

V = πr2
ð
dh= πr2h+ f2 rð Þ.

Apparently applies f1 hð Þ= f2 rð Þ=0.
Furthermore,

∂2V
∂r ∂h

≡
∂2V
∂h ∂r

= 2πr.

The calculation using definite integration yields,

ΔVr = 2π h0 +Δhð Þ
ðr0 +Δr

r0

r dr =π h0 +Δhð Þ r0 +Δrð Þ2 − r20
� �

= 2, 463.009 cm3

(ΔVr is the volume change caused solely by variable r), and

ΔVh =πr20

ðh0 +Δh

h0

dh= πr20Δh= 471.2389 cm3

(ΔVh is the volume change caused solely by the variable h). The sum of both volume
increases results in

ΔV =ΔVr +ΔVh = 2, 934.248 cm3

10 1 State functions and exact differentials

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



and

V =V0 +ΔV = 3, 562.566 cm3.

Another integration path gives

ΔVra = 2πh0
ðr0 +Δr

r0

r dr =πh0 r0 +Δrð Þ2 − r20
� �

= 1, 407.434 cm3,

and

ΔVha =π r0 +Δrð Þ2
ðh0 +Δh

h0

dh=π r0 +Δrð Þ2Δh= 1, 526.814 cm3,

ΔV =ΔVra +ΔVha = 2, 934.248 cm3.

Of course, this last mentioned approach must obtain the same result as the earlier
method, to generate a certain integral by means of a path function, which can then
be solved like an ordinary integral. But the latter procedure might be much more
illustrative.

22.4

1.4

0.4

2.4

2.8
4

15

26

Figure 1.1: Three-dimensional surface plot of
W x, yð Þ. Coordinates: x values from 0.4 to 2.4,
and y values from 2.0 to 2.8.

1.2 Exact differentials and line integrals 11
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2 State functions in thermodynamics

2.1 Energy of the system

One of the most important state functions of thermodynamics is the internal energy
U of a system. It can be changed by the uptake or release of heat and/or work. In an
infinitesimal form, the equation underlying this fact is

dU = dQ+dW ðin JÞ. (2:1)

This formulation reflects the content of the first fundamental theorem of thermody-
namics. It states that the total energy of the energies converted by a process is always
preserved, regardless of whether identical or different forms of energy are generated
during the implementation. This fact is not only an empirical principle, but a law of
nature, as could be evidenced by the work of Noether [1].

On the basis of dU, further differentials, such as enthalpy dH, can be formu-
lated. If dW is given by the volume work of a gas, then

dU =dQ− PdV, (2:2)

or

dU =dQ− PdV −VdP+VdP=dQ−d PVð Þ+VdP,

and from there

dU +d PVð Þ= dQ+VdP.

The left-hand side of the equation can be summarized to a new function, the en-
thalpy H. The result is

d U + PVð Þ=dH = dQ+VdP. (2:3)

This procedure, known as Legendre transformation, is necessary so that the new
primitive H =U +PV can be read directly from the differential d U +PVð Þ.

If the pressure of the system can be kept constant, eq. (2.3) (due to VdP = 0)
simplifies to dH =dQ. Under these conditions (P = const. ðPÞ), dH = dU + PdV ðfrom
dH =dU + d PVð ÞÞ.

From the equation, it can be seen that when volume work is delivered at constant
system pressure, dH is by the amount of PdV more positive than dU. At variable sys-
tem pressure, for an ideal gas d PVð Þ=0 (T and n= const.), and consequently dH =dU
(this is also apparent from VdP= −PdV).

The following examples demonstrate this connection:
A certain amount of heat is removed from a mixture of liquid water and ice at

273.15 K (K = degrees Kelvin), so that 1.0 mol of ice is newly formed. As a result, the
volume of the system increases because the density of the ice (ρs = 918 kg=m3) is

https://doi.org/10.1515/9783110650501-002
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lower than that of the liquid water (ρl = 999.84 kg=m3). Increasing the volume of
the system against the constant pressure of atmosphere (1 bar = 105 N/m2 or Pascal)
will release work from the system to the environment. This is given through

W =P VH2O
s −VH2O

l

� �
.

With VH2O
l =m ρl = 1.8018× 10− 5= and VH2O

s =m ρs = 1.9624× 10− 5 m3



, the work re-
leased isW = −0.16 J.

When compared with the heat of fusion that must be removed from the system
to form 1.0 mol of ice (ΔH = −6.008 kJ/mol), this amount is negligible, so that the
difference between ΔH and ΔU is insignificant (the value for ΔU due to
ΔU =ΔH −PðVH2O

s −VH2O
l Þ= − 6,008−0.16= − 6,008.16 J under these conditions).

If a gas is produced or consumed at constant pressure, the difference between
ΔH and ΔU can be much more pronounced, as the generation of, for example,
1.0 mol of gas (Δn= 1.0) is associated with a volume increase of 0.022414 m3 (=molar
volume at 273.15 K). At 1.01325 bar external pressure and constant system pressure of
1.01325 bar, then W =PΔV =ΔnRT = − 2.2711 kJ (T = 273.15K) would have to be per-
formed. ΔH would then be more positive than ΔU by the amount of 2.2711 kJ.

The derivation of the Legendre transformation used here is based on the product
rule of differential calculus. If a function f xð Þ exists as the product of two functions
of the same independent variable f xð Þ= u xð Þv xð Þ, f ′ xð Þ is given as

f ′ xð Þ= v
du
dx

+ u
dv
dx

.

Therefore, the differential of f xð Þ is df = d u vð Þ= v du+ u dv, and − v du= −d u vð Þ+
u dv.

In eq. (2.2), − PdV = −d PVð Þ+VdP of the above equation corresponds to
− v du= −d u vð Þ+ udv.

In the transformation of the internal energy U into the enthalpy H, only the conju-
gated variable pair −P dV (P = intensive variable, V = extensive variable) is converted
into VdP by exchanging the variable so that V now represents the intensive variable
and P the extensive variable.

From dH =dU +PdV =dQ−PdV + PdV =dQ, it can be seen that at constant pres-
sure of the system, the differential of volume work in dH is eliminated. All other
terms of the differential dU, except −PdV, remain unchanged and must therefore
agree with those of the differential dH under the same conditions (e.g., T = const.).
Therefore, ∂U ∂T = ∂H ∂T== or ∂U ∂n= ∂H ∂n=μ== (μ = chemical potential, see below).

The exact differential of U T,Vð Þ is given by

dU = ∂U
∂T

dT + ∂U
∂V

dV,

with dQ= ∂U ∂T ×dT= and dW = ∂U ∂V ×dV= .

14 2 State functions in thermodynamics
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When V = const., dQV = ∂U ∂T × dT= , and with CV = dQV dT= , CV = ∂U ∂T= .
For finite changes, the change is

ð
dQ=QV =

ðT1
T0

CV dT =CV ΔT.

CV is referred to as the heat capacity of a substance at constant volume. It is often
constant over a wide temperature range.

At constant pressure, the result is

dQP = dU +PdV = ∂U
∂T

dT + ∂U
∂V

dV +P dV = ∂U
∂T

dT +
�
∂U
∂V

+P
�
dV.

For ideal gases, this results in the following due to ∂U ∂V =0= :

dQP =CV dT +P dV .

Furthermore, because of .PdV = nRdT (T variable), dQP dT =CP =CV + nR= , and conse-
quently CP −CV = nR.

Under these conditions, dUP = dQP −PdV =CV dT and dH =CV dT +PdV, so that
dH −dU = nRdT.

The term PdV is equal to heat that must be additionally supplied to the system
at constant pressure to achieve the same temperature change as at constant vol-
ume. However, the internal energy U does not change because exactly the same
amount of energy is released into the environment in the form of mechanical work
−PdV. This fact should be clarified by the following numerical example:

One mole of an ideal gas (n = 1.0) in a cylinder closed by a movable piston is
brought from T0 = 298.15 K to T1 = 310.15 K by supplying heat. The gas experiences a
temperature change of 12.0 K and expands against a constant atmospheric pressure
of P0 = nRT0=V0 =P = 1.01325× 105N=m2 =Pascal Pað Þð Þ. The volume at T1 is given
through V0 =VMT1 T0 =0.024465 m3



(molar volume VM =0.022414 m3 at 273.15 K).

The work delivered by the system during the expansion is WVol = −PΔV, so that the
energy change of the system caused by heat supply in this case is given as

QP =
ðT1
T0

CV dT +
ðV1
V0

PdV = n CmV ΔT +PΔV.

(CmV = 12.4715 J=mol K =molar heat capacity atV = const.). PΔV is the heat energy
that is consumed by the expansion work.

ΔV results from

ð
dV =ΔV = nR

P

ðT1
T0

dT = nR
P

ΔT = 9.846895× 10− 4m3;

2.1 Energy of the system 15
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therefore, QP = 12.4715× 12 + 1.01325 × 105 × 9.846895 × 10− 4 = 249.4317 J. The re-
sult from that is CmP =QP ΔT = 249.4317=12= 20.78598 J mol K== as well as
CmP −CmV = 20.78598− 12.4715= 8.31447 J=mol K =R.

Under these conditions, the change in internal energy is given by

ΔUP =QP − PΔV = n CmV ΔT = 149.658 J,

and the change of enthalpy by

ΔH =QP = 249.4317 J.

The following three terms must have identical values:

ΔH −ΔU =PΔV = nRΔT.

In fact,

249.4317− 149.658 = 1.01325 × 105 × 9.846895 × 10− 4 = 8.31447× 12.0= 99.7737 J.

2.2 Reversible and irreversible processes

In the last example, the volume work of an ideal gas delivered by the system was
treated at constant pressure −PΔV. However, this is not the only way for a gas to
expand. The question is essential as to whether there is a possibility that allows the
gain of maximum work from a given expansion of the gas. The maximum work
(Wmax) is released from the gas whenever the expansion is reversible. This will be
explained again with an example.

A cylinder with a piston contains 1 mol of an ideal gas in the state T0 = 310.15 K,
V1 =0.0153 m3 and P1 = 1.6852 × 105N=m2 (see previous example). This time, the gas
should be brought at a constant temperature from the initial volume V1 and the initial
pressure P1 to the volume V0 =0.02545 m3 and the pressure P0 = 1.01325 105N=m2.
This expansion at constant temperature can be accomplished in various ways.

It is noteworthy that the delivered volume work has a different value for each
path, although the values of the state variables (T, V, P) remain the same in the
initial and final states of the gas. The difference in paths is that the expansion with
temperature compensation can be carried out either in a single step from V1 to V0

or in a multitude of steps over a great number of gradually increasing volumes.
Between these extremes every other possibility is conceivable. This depen-

dence on the number of expansion steps (NV) is represented by the following
equation (Figure 2.1: red = expansion, blue = compression):

W NVð Þ= PNV
i= 1

−PðV1 + iΔV NV= Þ ΔVNV
� �

, with ΔV =V0 −V1, and i = 1,2,3,. . .,NV .

16 2 State functions in thermodynamics

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



When NV ! ∞, − P V1 + iΔV NV= Þð is transformed into –P Vð Þ, and ΔV NV= into dV
and thus the above sums into the definite integral

ðV0
V1

−P Vð ÞdV = − nRT
ðV0
V1

dV V= Þð

with the known solution

W = − nRT ln
V0

V1

� �
= − 1.3118 kJ ðexpansionÞ,

W 1ð Þ W =0.7838, W 4ð Þ W =0.93789, W 32ð Þ W =0.9919 and W 128ð Þ W =0.998.====

Figure 2.1 shows that as the number of steps increases, the value of summation
changes to that of the integral. At NV = 4 around 94.0 and at NV = 128, approxi-
mately 99.8% of the integral value is reached (with a cylinder radius of r = 0.1 m,
this would correspond to a displacement of the piston of 2.524 mm during each ex-
pansion step). In the expansion process, the system apparently delivers the maxi-
mum work exactly when the step size becomes infinitesimal, as in the case of
integration. Under such conditions, compression to initial values requires a mini-
mum amount of work to be delivered to the system. Both works are opposite and
equal under these conditions, so that WExp +WComp =0. Such a process is therefore
considered to be reversible. It must be assumed that rapid temperature compensa-
tion between the system and the environment can occur across the system bound-
aries. Even with such a small volume change under these reversible conditions,
work is released at the expense of the kinetic energy of all particles of the gas,
which leads to an infinitesimal temperature change dT (dT <0 on expansion),
which is compensated by heat input from the environment. This means that the
amount of energy that disappears in the form of work from the system is made

0 64 128
–1.6

–1.3

–1

Number of steps

W
or

k 
[k

J]

Figure 2.1: Reversible work. Blue points:
expansion work; red points: compression work
(with reversed sign). Reversibility of both
processes is reached when the curves meet after
about 128 steps at the point of reversible work
of – 1,311.8 J.
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available to the system by an equal amount of energy in the form of heat again. The
internal energy of the system does not change in such a process, and ΔU =0 applies
(at a constant temperature of an ideal gas). During compression, work is done on
the system, and an equal amount of heat is released. Also for this ΔU =0 applies.

If the gas is left in just one step to expand from V1 to V0, the gas would only
deliver the work needed to compress the atmosphere at constant pressure (P0) to
ΔV =V0 −V1 = 10.15= 10.15 × 10− 3m3. This work is given by −P0ΔV = − 1,028.5J and
is significantly lower than the work that has been obtained with the reversibly led pro-
cess. Although each of all state variables has the same values, a considerably less
amount of work has been carried out on the irreversible (one-step expansion) path at
this time, and a considerably less amount of heat (1,028.5 J) has been absorbed. Even
with the compression performed in just one step, the output values are obtained. The
work done on this irreversible path is given by the piston work P1ΔV = 1, 711.0J. In con-
trast to the reversible process, the sum of the working amount exchanged on the for-
ward and reverse paths is positive, and the sum of the exchanged amounts of heat is
negative (WExp +WComp = 682.5 J, QExp +QComp = − 682.5 J). The sum of the two forms
of energy results in zero, so that even in this irreversible process, ΔU =0 must be true.

The implication of these results must therefore be that only dU can be an exact
differential, because ΔU disappears on the closed path, that is

ΔU =
þ
dU =0.

This does not apply for dW and dQ, because their respective amounts,

W =
þ
δW >0 and Q=

þ
δQ<0

do not disappear in the cycle and are therefore marked with “δ” as nonexact differ-
entials. Equation (2.1) is thus

dU = δQ+ δW.

With the same forward and reverse paths and reversible processing, both Q and W
disappear. This is achieved simply by the fact that the respective integrals are iden-
tical on the forward and reverse paths except for the direction of integration and as
a result must vanish. Under these special conditions, therefore, the amounts of non-
exact differentials can also be zero.

The fact that the differential of the work δW depends on the path that has gained
tremendous importance, especially in technology, because of this property thermal
engines could be developed. The working principle of such machines is described by
the Carnot cycle, named after its discoverer Sadi Carnot. At high temperature Th a
certain amount of heat energy Qh is absorbed by the system (e.g., an ideal gas) and
by reversible expansion at Th = const. is converted into volume work. Thereafter, the
system is brought to a lower temperature Tc and reversibly compressed at this

18 2 State functions in thermodynamics
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temperature to a certain volume, whereby work must be performed on the system, and
a corresponding amount of heat Qc is delivered to the environment at Tc = const..
These isothermal works areWh = − nRTh ln V2 V1= Þð andWc = − nRTc ln V3 V4= Þð . The re-
sulting reversible work must be negative and thus usable because Th is greater than
Tc. Due to the reversible processing, Wh (T = const.) represents the maximum expan-
sion work andWc the minimum compression work.

To reach the lower temperature, the gas must adiabatically expand, that is,
without heat exchange with the environment, Th decreases to Tc. The initial temper-
ature Th is restored by adiabatic compression from Tc to Th. The two adiabatic
works are given by Wadexp =CV ΔT <0 (due to ΔT <0 with adiabatic expansion) and
Wadcom =CVΔT >0. Since both ΔTs are opposite and equal, Wadexp +Wadcom =0,
which means that both adiabatic works disappear in the work balance of the cycle,
so that this is given solely by the isothermal stepsWCar =Wh +Wc.

The following volumes are processed clockwise in a cyclic way:
1. V1 ! V2 isotherm,
2. V2 ! V3 adiabatic,
3. V3 ! V4 isotherm and
4. V4 ! V1 adiabatic (Figure 2.2).

The same applies to pressures. After completion of a cycle, the initial values Th V1

and P1 are reached again. As expected, the values for heat and work changes of the
respective isothermal work operations do not disappear. With reversible process op-
eration, a particularly noteworthy fact emerges. The quotients of exchanged
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0.8

1.3

1.8

Volum e [m3]

Pr
es

su
re

 [b
ar

]

Figure 2.2: Carnot cycle. The cycle starts on the forward path (isothermally at Th = 310.15 K: red
line; adiabatically: red points) at point P1(1.6852, 0.0153) through P2(1.3523, 0.01907) to P3
(0.9844, 0.02307), and runs on the return path (isothermally at Tc = 213.15 K: blue line;
adiabatically: blue points) from there through P4(1.2267, 0.01851) back to P1. The enclosed area
corresponds to the work done by the system under reversible conditions.
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thermal energy and temperature of the respective isothermal heat transfer are oppo-
site and equal, that is, in the cycle, these expressions must disappear. Then the fol-
lowing applies:

Qh

Th
+ Qc

Tc
=0 ðQc <0Þ.

For the efficiency of the cycle the following applies, due to

Th V
γ− 1
2 =Tc V

γ− 1
3 , and Th V

γ− 1
1 =Tc V

γ− 1
4 ;

hence,

V2 V1 =V3 V4,==

ηCar ¼ �
WCar

Qh
¼ Qh þ Qc

Qh
¼ 1þ�nRTc ln V3=V4ð Þ

nRTh ln V2=V1ð Þ ¼ 1� Tc

Th
(2:4)

2.3 Entropy of the system

The quantity δQ T= is evidently independent of the path, as it becomes zero on the
closed path of the cycle. According to R. Clausius, this quantity is defined as a new
variable and called entropy S (in J/K). Its exact differential is dS= δQ T= . For revers-
ible conditions, therefore

ΔS=
þ
δQ
T

=
þ
dS=0

applies.
In mathematics, 1 T= is known as the integrating factor, which transforms the

nonexact differential δQ into the exact differential dS.
The following numerical examples are intended to illustrate and explain the

influence of the irreversibly conducted process on the work delivered, the heat en-
ergies exchanged with the environment and the entropies associated therewith:

Under reversible conditions, the work delivered by the system (ideal gas) after
passing through a cycle is

WCar =Wh +Wc = − nR 310.15 ln
0.015302
0.019107

� �
+ −ð ÞnR 273.15 ln

0.01851
0.02307

� �
= − 67.7 J,

thereby Wh = − 567.5 J and Wc = 499.8 J. The heat exchanged with the environment
is Qh = −Wh and Qc = −Wc. Thus, the following applies:

ΔSCar =
Qh

Th
+ Qc

Tc
= 567.5
310.15 + − 499.8

273.15 =0 J=K.

Under partially irreversible conditions, this result changes considerably. The irre-
versibility is brought about by replacing the expansion in infinitesimal steps with
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one in just one step. It is expanded from the beginning against the respective con-
stant final pressure, or compressed with the respective constant final pressure. The
cycle should run through the same volumes as under reversible conditions. The re-
sult for the partially irreversible, isothermal expansion (310.15 K) is

Wparirr
h = −P2 V2 −V1ð Þ= − 509.4J ðreversible: − 567.5 JÞ.

The partially irreversible, isothermal compression (273.15 K) is given by

Wparirr
c = −P4 V4 −V3ð Þ= 559.1J ðreversible: 499.8Þ.

The adiabatic work steps should be carried out reversibly, so that the entire deliv-
ered work is given also under these conditions by the two isothermal steps:

Wparirr
Car =Wparirr

h +Wparirr
c = + 49.7 J.

The positive value means that in contrast to the reversible cycle, where the com-
pression work is entirely from expansion work, extra work has to be done from the
environment to operate it. The entropy change due to the reversibly exchanged
heat (only expansion and compression are partially irreversible) is

ΔeS=
Qparirr
h

Th
+ Qparirr

c

Tc
= −0.4043 J=K

(the index “e” in ΔeS refers to exchanged entropy). The nonzero value indicates
that under irreversible conditions, the entropies exchanged with the environment
do not disappear, so their differential cannot be exact. To yield

Þ
dS=ΔS=0, the

opposite and equal value would have to be added, which results from the difference
of the respective reversible and irreversible works: ΔWdiss

h =Wh −Wirr
h = − 58.1 J and

ΔWdiss
c =Wc −W irr

c = − 59.26 J.
The difference thus obtained is equal to the work dissipated in the irreversible

process. By means of division with the respective temperature that entropy change
is achieved, which evidently results directly from the irreversibly conducted pro-
cess. For this irreversibly produced entropy change

ΔiS=
−ΔWdiss

h

Th
+ −ΔWdiss

c

Tc
=0.4043 J=K

applies (the index “i” in ΔiS denotes the entropy produced by the irreversible pro-
cess). Also diS is not an exact differential. It is seen, however, that the sum of the
entropy changes disappears, so that the change in the total entropy of the cycle is

ΔSCar =ΔeS+ΔiS=0.

While ΔeS of the system is always compensated by an oppositely equal value of the
entropy change of the environment ΔeS= −ΔeSsur, ΔiS remains uncompensated.
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Since ΔiS is calculated from the dissipated work, it seems plausible to make it di-
rectly responsible for the production of entropy. Obviously, work becomes always
dissipated whenever an amount of work going beyond the level of work required is
used to drive the process. During reversible expansion, the pressure associated with
each infinitesimal amount of work is only infinitesimally greater than the counter
pressure applied to the piston. In the case of irreversible expansion, this equilibrium
pressure on the piston is lowered by a non-infinitesimal step below that of the gas.
The gas has a much higher pressure than the piston, so that the expansion is now
inevitably carried out with an excess of energy. This excess energy expenditure is
lost for the expansion work and therefore cannot influence the internal energy of the
gas. Though the gas particles release less kinetic energy to the piston under these
conditions, they also take less kinetic energy in the form of heat from the environ-
ment. While under reversible conditions, the gas particles give off a maximum of ki-
netic energy as expansion work via the piston to the environment and absorb a
maximum of heat to keep the temperature constant, this exchange of work against
heat is reduced in the case of partially irreversible expansion. However, the state of
the gas is the same under both conditions, meaning that V, P, T and S are identical
at the end of the two differently conducted processes.

Under partially irreversible conditions, less work is released into the environ-
ment during expansion compared to the fully reversible process control, and ac-
cordingly less heat energy is taken up by the system. The environment thus holds
back more heat energy. During compression, however, more work is put into the
system and accordingly more heat energy is delivered to the environment. This dif-
ference obtained in relation to reversible conditions is generated in the system and
equals the sum of both works dissipated there. In the environment they appear
with opposite and equal amounts as heat.

In this connection, also such a Carnot cycle must be considered, which does not
produce net work. For this purpose, the isothermal working steps must also be equal.
This can be realized by conducting the expansion process partially irreversibly with
Wh = −Wc, thereby the net work of the cycle vanishes. The work that could be gained
under reversible conditions becomes dissipated, which is equal to the heat

Q= −WCar =Qh +Qc = 67.7 J ðQc <0Þ.
This amount of heat remains in the hot reservoir. Only an amount of 499.8 J goes
from the hot reservoir via Carnot cycle to the cold one. The entropy change pro-
duced by dissipation is

ΔRiS=
Q
Th

= 67.7=310.15=0.2183 J=K.

It equals that entropy production, which is generated by an irreversible heat trans-
fer from a hot to a cold reservoir without contribution of a Carnot cycle (at same
temperatures, Qh <0, Qc >0):
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ΔRiS=
Qh

Th
+ Qc

Tc
= − 499.8=310.15+ 499.8=273.15=0.2183 J=K.

Under these special conditions, mechanical work is cycled at WCar =0, so that no
net work can be produced. It follows that dW must be an exact differential for that
special cycle. It will be shown that in living cells similar cycling processes occur (at
T = const.) between coupled reactions.

The irreversible or partially irreversible process is characterized by a remarkable
difference compared to the reversible process. This is given by the respective speed
with which both are gone through. While the process rate approaches zero under re-
versible conditions, it can reach very significant levels in the event of irreversible
events and, as a result, can be accompanied by an equally significant output. The as-
sociated generation of ΔiS multiplied by the respective temperature, TΔiS= −ΔWdiss,
indicates the degree of irreversibility of the process. This entropy production, in con-
trast to the exchanged entropy, which can have both positive and negative values, is
always positive. This is the content of the second law of thermodynamics, which can
be summarized as follows [2, 3]:

ΔiS≥0. (2:5)

The fastest process in the expansion is achieved when the gas can freely expand,
which means it can expand completely without work. Then, the power output also
equals zero. A gas that is in a cylinder closed by a movable piston must not transmit
any kinetic energy to the piston. Of course, this can only be verified in thought ex-
periments. After the free expansion, the gas has a larger volume and a correspond-
ingly reduced pressure, its temperature (strictly speaking, only for ideal gases) does
not change due to the expansion in the absence of work output (W =0), so that also
no heat exchange has to take place ðQ=0Þ.

For this completely irreversible expansion ΔWdiss =Wmax applies. The result is
ΔiS= −ΔWdissð Þ T = −Wmax T== , and therefore for an ideal gas,

ΔS=ΔiS= nR ln
V2

V1

� �
(2:6)

(completely irreversible expansion with ΔeS=0).
The question of which molecular mechanism of entropy production is the basis

was answered by Ludwig Boltzmann. The starting point of his theory was the idea
that the particles of a system such as that of an ideal gas, depending on its state
variables, have different energies, which are distributed over a certain number of
possible energy levels. Different distributions are possible, but not all are equally
likely. One of the possible distributions has the maximum probability. This thermo-
dynamic probability or multiplicity Ω differs from the mathematical probability, in
which the latter can assume values between 0 and 1, while Ω is always given by a
very large number. This number of all possible distributions can be determined in
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principle with the means of combinatorics. In order to simplify the calculation, its
natural logarithm is used to determine the maximum. ln Ωmaxð Þ can be related to
the entropy of the system according to the following formula:

S= kB ln Ωmaxð Þ ðkB =Boltzmann constant in J=KÞ.
This is Boltzmann’s famous formula. It combines the macroscopic quantity of the
entropy with the greatest possible multiplicity of the molecular components forming
the system. The relationship with eq. (2.6) becomes clear by comparison. First,
ΔiS= nR ln V2 V1= Þð merges by means of expansion with NA (Avogadro’s number
NA = 6.022142× 1023 particle/mol) in the expression ΔiS= kB ln ðV2=V1ÞN (N = nNA = par-
ticle number). The change of entropy according to Boltzmann is given by
ΔS= kB ln Ω2 Ω1= Þð . The comparison shows that Ω2=Ω1 = ðV2=V1ÞN .

As already shown, one can obtain from U S,Vð Þ by a Legendre transformation
with respect to V the new function H S, Pð Þ and

dH =d U + PVð Þ= TdeS+VdP. (2:7)

In the above equation δQ has been replaced by TdeS. The prerequisite for this is
that the heat exchange between the system and the environment is reversible, be-
cause only then does deS= δQ T= apply.

dU and dH can also be transformed with respect to the variable S. By means of
this the new functions A T,Vð Þ (Helmholtz energy) and G T,Pð Þ (Gibbs energy) are
created. Thus, eqs. (2.2) and (2.3) are first transformed to

dU =TdeS+TdiS−TdiS−PdV

=TdS−TdiS−PdV

(with dS=deS+diS), and

dH = TdeS+ TdiS−TdiS+VdP

=TdS− TdiS+VdP

The Legendre transformation of dU or dH with respect to S yields

dA=d U −TSð Þ= − SdT −TdiS−PdV with A=U − TS, (2:8)

dG=d H −TSð Þ= − SdT −TdiS+VdP with G=H −TS. (2:9)

The transformation to dA or to dG occurs by subtraction of d TSð Þ from both sides of
the equations for dU and dH, respectively. Through this the reversibly exchanged
heat TdeS from both dU and dH is eliminated. In contrast to dU and dH, which are
related to actual energy changes, dA and dG are related to the maximum possible
working ability, which contains both the actually performed and the dissipated work.
Therefore, TdiS= − δWdiss must be included in the equations for dA and dG.
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For T = const.,

dA=dU −TdS= −TdiS− PdV, (2:10)

dG=dH −TdS= −TdiS+VdP. (2:11)

Inserting dU or dH into the left side of the respective equation confirms the correct-
ness of the derivation. For dG, for example, the following applies:

TdeS+VdP−T deS+ diSð Þ≡ −TdiS+VdP.

By means of some examples, the terms ΔUand ΔH, as well as ΔA and ΔG are
explained.

In the reversible isothermal expansion of an ideal gas from V1 to V2 (first step in
the Carnot cycle), the maximum expansion work is given by the integral

W iso
h = − nRTh

ðV2
V1

dV
V

= − nRTh ln
V2

V1

� �
= = − 567.495 J.

The heat energy required by the system is Qh =TΔeS= − Wh = 567.495 J, so that
ΔU =Q+W =0 is obtained.

As ΔH =ΔU +Δ PVð Þ and Δ PVð Þ=0 with T = const., ΔH =0: ΔG=Wh =
− 567.495 J.

Also ΔG=ΔH −Th ΔeS+ΔiSð Þ leads to this result, because ΔG=0−Qh −0 =
− 567.5 J and ΔeS+ΔiS=Qh Th +0= 1.8297 J=K.=

The same applies for the reversible isothermal compression (third step in the
Carnot cycle), ΔU =ΔH =0, because even with isothermal compression, work and heat
compensate each other. Under reversible conditions, the compression work is minimal.
It is given by ΔG= − nRTc ln V4 V3= Þ= 499.795 Jð , with Qc = −Wc = − 499.795 J:

ΔG=ΔH −Tc ΔeS+ΔiSð Þ=0− − 499.795ð Þ+0= 499.795 J,

ΔeS+ΔiS=Qc Tc +0= − 1.8297 J=K.=

In the case of partially irreversible isothermal expansion, the work is given by
Wparirr

h = − P2 V2 −V1ð Þ= − 509.391J. The amount of heat absorbed is Qparirr
h =Th ΔeS=

−Wparirr
h = 509.391 J.
Even under these conditions, the work released is energetically compensated

by the absorbed thermal energy, so that ΔU =ΔH = 0 must also apply here. The dis-
sipated work for this is ΔWdiss =Wmax −Wparirr

h = − 58.104 J.
Since ΔG=Wmax =Wparirr

h +ΔWdiss, this results in ΔG= − 509.391+ ð− Þ58.104=
− 567.495 J, or ΔG ¼ ΔH � T ΔeSþ ΔiSð Þ ¼ 0� 509:391� 58:104 ¼ �567:495 J ðwith
ΔWdiss ¼ �TΔiSÞ and ΔeS+ΔiS=Qparirr

h =Th + −ΔWdissð Þ Th = 1.642402+0.1873416==

1.8297 J=K.
The last result shows that ΔG does not depend on the reversibly or irreversibly

conducted process, that is, it is independent of the path. The same applies for ΔA.
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An adiabatic process (second step in the Carnot cycle) is characterized by the
fact that only work but no heat can be exchanged with the surroundings. That is,
dU =CVdT = −PdV. Dividing by T =PV nR= yields

dT
T

= −
nR
CV

dV
V

, or with γ=CP CV=

ln
T2

T1

� �
= n γ− 1ð Þ ln V1

V2

� �
,

which leads to T2 V2
n γ− 1ð Þ =T1 V1

n γ− 1ð Þ or P2 V2
n γ =P1 V1

nγ.
The following integrals apply (for n= 1.0):

Wad23 = −P2 V2
γ

ðV3
V2

V − γdV = −
P2 V2

γ

1− γ
V3

1− γð Þ −V2
1− γð Þ

� �
= − 461.45 J

and

Wad41 =
P1 V1

γ

1− γ
V4

1− γð Þ −V1
1− γð Þ

� �
= 461.45 J.

Obviously, both adiabatic work processes are opposite equal and therefore cancel.
This is shown as follows:

The above equations can be written as

−
P2 V2

γ

1− γ
V3

1− γð Þ −V2
1− γð Þ

� �
= −

P2 V2

1− γ

V2
γ− 1

V3
γ− 1 − 1

� �

and

P1 V1
γ

1− γ
V4

1− γð Þ −V1
1− γð Þ

� �
= P1 V1

1− γ

V1
1− γð Þ

V4
1− γð Þ − 1

 !
.

Because

Tc

Th
= V2

V3

� �1− γ

= V1

V4

� �1− γ

and

P2 V2 =P1 V1, Wad23 = −Wad41.

The adiabatic work is equal to the change in the internal energy of the system, and
hence, it can be also expressed as

ΔU =CVΔT = 12.4715 − 37.0ð Þ= − 461.45 J, with Q= TdeS=0.
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The fact that deS becomes zero in adiabatic processes can also be shown by the fol-
lowing derivation:

dQ
T

= dU
T

+ nR
dV
V

or deS=CV
dT
T

+ nR
dV
V

.

The integration results in

ΔeS=CV ln
T2

T1

� �
+ nR ln

V3

V2

� �
;

therefore,

ΔeS= 12.4715 ln
273.15
310.15

� �
+ 8.3145 ln

0.023072
0.019069

� �
=0 J=K.

ΔG=Wmax =CVΔT = − 461.45 J, with which ΔeS+ΔiS=0 J=K leads to ΔH =ΔG=
− 461.45 J.

For the partially irreversible isothermal compression (third step in the Carnot
cycle), the following applies:

ΔU =ΔH =0 and ΔG=Wmin =W +ΔWdiss = 559.055+ ð− Þ59.26= 499.795 J,

or

ΔG=ΔH −Tc ΔeS+ΔiSð Þ=0− 273.15 − 2.046696+0.2169504ð Þ= 499.795 J.

ΔeS+ΔiS= − 2.046696+0.2169504= − 1.829746 J=K.

For reversible adiabatic expansion (fourth step in the Carnot cycle), the result is with
ΔU =CVΔT = 12.4715 + 37.0ð Þ = 461.45 J, ΔG=Wmax =CVΔT = 461.45 J, ΔH =ΔG=
461.45 J and ΔeS+ΔiS=0 J=K.

For the respective line integrals concerning the closed path of the cycle (=sum
of the four steps, either all reversible, or first and third step partially irreversible)
applies,

reversible as irreversible:

X4
i= 1

ΔUi =0+ − 461.495ð Þ+0+ 461.495=0 J,

reversible as irreversible:

X4
i= 1

ΔHi =0+ − 461.495ð Þ+0+ 461.495=0 J,

reversible as irreversible:

X4
i= 1

ΔGi = − 567.495+ − 461.495ð Þ+ 499.795+ 461.495= − 67.7 J
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or

X4
i= 1

ΔGi =
X4
i= 1

ΔHi − Th ΔeSh +ΔiShð Þ+Tc ΔeSc +ΔiScð Þð Þ

=0− 310.15 1.642401+0.1873416ð Þ− 273.15 − 2.046696+0.2169504ð Þ
= − 67.7 J.

As for each step, ΔU =ΔH is fulfilled, also ΔA=ΔG must apply.
Reversible:

X4
i= 1

ΔSi =ΔeSh +ΔeSc = 1.829746+ −ð Þ1.829746=0 J=K,

irreversible:

X4
i= 1

ΔSi = ΔeSh +ΔiShð Þ+ ΔeSc +ΔiScð Þ= 1.829746+ − 1.829746ð Þ=0 J=K,with

X4
i= 1

ΔeSi =ΔeSh +ΔeSc = 1.642401+ − 2.046696= −0.404295, and

X4
i= 1

ΔiSi =ΔiSh +ΔiSc =0.1873416+0.2169504=0.404292.

Reversible:

X4
i= 1

Wi =
X4
i= 1

Wmaxi =
X4
i= 1

ΔGi = − 567.495+ − 461.495ð Þ+ 499.795+ 461.495= − 67.7 J.

Partially irreversible:

X4
i= 1

Wi = − 509.391+ − 461.495ð Þ+ 559.055+ 461.495= 49.664 J.

The positive value of the (net) work indicates that, due to irreversibility, work from
outside has to be fed into the system to make the cycle progress.

The results show that dU and dH are exact differentials. The sum concerning
ΔGi does not result in zero, so the line integral does not disappear. As a result, dG
and dA are not exact differentials with respect to the Carnot cycle. This behavior is
caused by the fact that this process has to go through different temperatures.

Also dS=deS+diS is an exact differential, the differentials deS and diS, on the
other hand, are not, because they do not disappear in the irreversible course of the
Carnot cycle. deS is exact only under fully reversible conditions.

Under isothermal conditions dG and dA are, in contrast to the working differen-
tial δW, exact differentials. This can be shown by the following consideration. The
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expansion of a gas takes place at a given temperature T completely irreversible from
V1 to V2. This changes G by ΔG= −RT ln V2 V1= Þð . On the return path from V2 to V1,
the gas is reversibly compressed at the same temperature. In the process, G changes
by ΔG= −RT lnðV1 V2Þ= . The total change ΔGcyc for this cycle disappears. In contrast,
Wcyc does not become zero but is given byWcyc =Wexp +Wcomp = 0−RTln V1 V2= Þ>0ð .

Based on this example, the interrelation of ΔeS and ΔiS is particularly clearly dem-
onstrated. The completely irreversible gas expansion (T = const.) occurs without work
and heat exchange. Accordingly ΔeS=0, while for ΔiS, ΔiS= −Wmax T = −ΔGexp T




applies.

The reversible compression (T = const.) results in ΔeS= −Wmin T = −ΔGcomp T




and ΔiS=0.
Over the closed path, isX

ΔS=
X

ΔeS+
X

ΔiS= 0−R ln V2 V1= Þ�+ R ln V2 V1= Þ+0�=0.ð½ð½

ΔS equals zero, therefore, dS must be an exact differential. Neither ΔiS nor ΔeS dis-
appear, but are opposite equal, so that they cancel out in the sum. diS and deS,
therefore, do not represent exact differentials for such a process.
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3 Chemical potentials

So far, the number of moles n has been kept constant. However, if this is also a vari-
able, the exact differential of a system consisting of several substance components
dU S,V, n1, ..., nnð Þ= ð∂U ∂S= ÞdS+ ð∂U ∂V= ÞdV +

P
i ∂U ∂ni= Þdnið applies.

When ∂U ∂S= Þ= Tð , ∂U ∂V= Þ= −Pð and ∂U ∂ni= Þ=μið , the following is obtained:

dU =TdeS−PdV +
X
i

μidni. (3:1)

The new quantity μ (in J/mol) is called chemical potential. Analogous to TdeS and
−PdV this is conjugated with the infinitesimal change of the corresponding num-
ber of moles, so that this product also has the dimension of an energy.

The general antiderivative of 3.1 is given by

U = ST −PV +
X
i

niμi

This follows from the fact that the function U (S, V, n) depends on extensive varia-
bles, so that it can be treated according to Euler’s theorem with the above result.
The completely developed differential of this latter equation is

dU = SdT +TdeS− VdP+PdVð Þ+
X
i

nidμi +μidnið Þ. (3:2)

The comparison of expressions (3.1) and (3.2) shows that some terms must disap-
pear in the above equation, so that both formulations agree for dU. This leads to
the Gibbs–Duhem relationship

SdT −VdP+
X
i

nidμi =0. (3:3)

If only one substance component is considered, and if, in addition, the temperature
is kept constant (dT =0), nidμi =VidPi is obtained.

For an ideal gas mixture then ni
Ð μi
μi� dμi = ni μi −μi�ð Þ= niRT

Ð Pi
Pi
� dPi Pi= applies;

therefore,

μi −μi
� =RT ln

Pi

Pi
�

� �
or μi = μi

� +RT ln
Pi

Pi
�

� �
. (3:4)

The Pi
� represents a reference or standard pressure at the standard temperature

of 298.15 K. μi� is the standard chemical potential at Pi
� and standard tempera-

ture. Expediently, Pi
� is set equal to the pressure unit of 1.0 bar, so that in the

argument of the logarithm only the dimensionless numerical value of Pi must be
specified.

https://doi.org/10.1515/9783110650501-003
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Equation (3.6) can also be formulated for concentrations. Then

μi =μi
� +RT ln

ci
ci�

� �
applies. (3:5)

ci� is the reference or standard concentration of 1.0 mol/L, and μi� is the stan-
dard chemical potential at this unit concentration and a standard temperature of
298.15 K.

The completely irreversible gas expansion and the associated entropy produc-
tion ΔiS can also be derived from the chemical potential. Instead of the movable
piston, the cylinder containing the ideal gas is provided with a rigid partition divid-
ing the total volume (V2) into the volumes V1 and Vd =V2 −V1 . At the beginning of
the process, the total amount of gas in V1 is same as in the piston experiment. After
removal of the partition, the gas expands into the evacuated volume Vd without per-
forming work. It takes on the volume V2 at the end of the process, just like in the
piston experiment. The chemical potential μ1 of the gas in V1 decreases continu-
ously, while that in VdðμdÞ increases until equilibrium is reached. At equilibrium
μd =μ1 applies. As there is no mechanical work, pressure changes in the system are
irrelevant. Therefore, the following applies:

dG=
X
i

μidni = −TdiS ðP = const.Þ. (3:6)

For gas expansion,Gas1 ! Gasd; therefore, μd −μ1 =
∂Gd
∂nd

− ∂G1
∂n1

·
When − ∂n1 = ∂nd = ∂n and ∂Gd + ∂G1 = ∂G,

∂G
∂n

=RT ln cdð Þ− ln c1ð Þð Þ=RT ln
cd
c1

� �
=RT ln

cd
ceq

� �
− ln

c1
ceq

� �� �
(3:7)

(the standard potentials are the same in both compartments and disappear
accordingly).

ceq is the concentration that remains the same in both compartments after
reaching equilibrium. The integration is based on the following formulation:

∂G
∂n

=RT ln cid +
n
Vd

� �
−RT ln ci1 −

n
V1

� �
.

The integral over ∂G is

ΔG=RT
ðn
0

ln cid +
n
Vd

� �
− ln ci1 −

n
V1

� �� �
dn.

As a solution,

32 3 Chemical potentials

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



ΔG=RT

cid +
n
Vd

� �
ln cid +

n
Vd

� �
− 1

� �
1
Vd

−
ci
d

ln ci
d

� �
− 1

� �
1
Vd

−
− 1ð Þ ci1 −

n
V1

� �
ln ci1 −

n
V1

� �
− 1

� �
1
V1

−
− 1ð Þci1 ln ci1

� �
− 1

� �
1
V1

0
BB@

1
CCA

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

is obtained. When n= neq, the following is obtained:

ΔG=RT
neqd
� �

ln ceqd
� �

− 1
� �

− nid ln cid
� �

− 1
� �

− − 1ð Þ neq1
� �

ln ceq1
� �

− 1
� �

− − 1ð Þni1 ln ci1
� �

− 1
� �� 	

" #
.

Since ni1 − neq1 + nid − neqd =0, this leads to

ΔG= RT neqd ln ceqd
� �

− nid ln cid
� �

+ neq1 ln ceq1
� �

− ni1 ln ci1
� �� 	

.

Therefore, ceq1 = ceqd as well as neq1 + neqd = ni1 + nid yields

ΔG= ni1RT ln
ceq1
ci1

� �
+ nidRT ln

ceqd
cid

 !
.

When nid =0, the following is obtained:

ΔG= ni1RT ln
ceq1
ci1

� �
= ni1RT ln

ci1
V1

V1 +Vd

ci1

0
@

1
A= − ni1RT ln

V1 +Vd

V1

� �
≡Wmax.

This proves that the irreversible expansion of an ideal gas in a vacuum is equivalent
to the free expansion (volume increase without work) in the piston experiment.

The above equation (nid =0) can be interpreted as follows: In the irreversible ex-
pansion of an ideal gas from volume V1 to V2 =V1 +Vd neq moles (in the following
example, neq =0.1975 mol) the potential difference ΔRG nð Þ is obtained, which con-
tinuously decreases to zero (equilibrium). The neq is obtained from the equilibrium
condition cid + neq Vd


 �
= ci1 − neq V1


 ���
, neq = 0.1975 mol.

The integral of this process yields ΔG= ni1RT ln ceqd ci1

 ��

. The integrative process
can obviously be equated in this case (cid =0) with the passage of ni1 moles through
the constant potential difference with the concentrations ceqd = ceq1 and ci1. If, in addi-
tion, as in the example ni1 = 1.0 mol, numerical equality results between ΔG=
ni1RT ln ceqd ci1


 ��
and ΔRG=RT ln ceqd ci1


 ��
, which means that 1.0 mol goes through

the above potential difference, as it corresponds to the definition of a potential it-
self. It should not be overlooked, however, that ΔG and ΔRG have different dimen-
sions (J or J/mol). The above formula does not apply to any n, but only to n= neq for
the specific case.
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ci indicates the initial concentrations of the gas. For example, in compartment 1,
ci1 = ni1 V1 = 1.0=0.0153= 65.35 mol=m3



, while compartment d is set to cid =

10− 12 mol=m3, which is practically zero, and cid = 19.605 mol=m3 (Figure 3.1). The cor-
responding ΔG processes go through a minimum, which represents the respective
equilibrium state. At values nmin1

eq =0.1975 mol and nmin2
eq =0.1383 mol, the concentra-

tions in both compartments are the same.

In the absence of volume work, dG=
P

i μidni = −TdiS (T and P const.) and
diS= − 1=Tð ÞP

i
μidni,which leads cid =0 to

ΔiS= −
ΔG
T

= nRln
ci1
ceq

� �
= nRln

V1 +Vd

V1

 !
,

and cid≠0 to

ΔiS= ni1R ln
ci1
ceq

� �
+ nidR ln

cid
ceq

� �
.

Based on this equation, the entropy production of mixing two ideal gases can be de-
termined. As an example, the following task (see Atkins, example 5.2 [4]) is calcu-
lated: a container with two equal compartments of volume V1 =Vd =0.0153 m3

contains nH2 = 3.0 mol of the ideal gas H2 in V1 and nN2 = 1.0 mol of the gas N2

in Vd. The initial concentrations of H2½ �i = 3.0=0.0153 = 196.08 and N2½ �i = 1.0=
0.0153= 65.36 mol=m3, which results in cid + n

Vd
= ci1 − n

V1
and n= ci

Vd V1
Vd +V1

(1.5 mol H2

and 0.5 mol N2), H2½ �eq = 98.025121 mol=m3 and ΔGH2 = nH2RT ln
H2½ �eq
H2½ �i

� �
= − 5.1549 kJ

T =ð 298.15 KÞ.
For ΔGN2 with N2½ �eq = 32.68 mol=m3, the following is obtained:

0 0.15 0.3
–0.6

–0.3

0

n [mol]

De
lG

[k
J]

Figure 3.1: Irreversible expansion of an ideal gas.
Del G = ΔG in kJ (integrated). Red points: initially
no gas present; blue points: initial gas
concentration 19.605 mol/m3.
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ΔGN2 = nN2RT ln
N2½ �eq
N2½ �i

� �
= − 1.7183 kJ

therefore, ΔGH2 +ΔGN2 = − 6.873 kJ.
However, the value −6,873 kJ is too negative because it contains ΔGunif that is

obtained from different concentrations. For its calculation, both ideal gases are
combined into a single gas, which results in

ΔGunif = 3:0RT ln
2:0=V1

3:0=V1

� �
+ 1:0RT ln

2:0=Vd

1:0=Vd

� �
= − 1:297 kJ.

Then for mixing alone results

ΔGmix =ΔGH2 +ΔGN2 −ΔGunif = − 5.576 kJ.

Both ΔU and ΔH are zero for this irreversible process. When ΔG=ΔH − T ΔeS+ΔiSð Þ,
during mixing, neither work is performed nor is heat exchanged:

ΔiS= −
ΔG
T

= 5.576 103=298.15= 18.702 J=K.
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4 Chemical reactions

The treatment of completely irreversible processes with the help of chemical potentials
is indicated above all because they are identical to ΔG at constant temperature and
pressure. It is shown that an ideal gas spontaneously passes without an energy change
from an unlikely to a more probable arrangement of its components. The latter is char-
acterized by a larger volume. The improbability of the arrangement can therefore be
regarded as a prerequisite that the gas can perform volume work. The actual work de-
livery can occur under isothermal conditions only by simultaneous heat absorption.
Such behavior is not observed in spontaneous chemical and biochemical reactions.
Heat is always generated in such an irreversible reaction. This can be reduced if the
considered reaction is coupled to another, which in the absence of coupling would
spontaneously proceed with heat production in the opposite direction. By the cou-
pling, the coupled reaction (index “1”) is forced into the direction of the input reaction
(index “2”), as long as the sum of chemical potentials of both reactions is negative. At
equilibrium, this sum equals zero. This corresponds to the coupling of an ideal gas in
the cylinder/piston system, insofar as the gas is prevented from irreversible expansion
by means of the oppositely equal pressure from a piston. It is also possible to obtain a
maximum of work from a chemical reaction, if infinitesimal changes are applied pro-
gressively to induce successive equilibria as in the case of reversible gas expansion.
This consists of bringing the chemical potentials of the coupled reaction (1) to more
positive values. Unlike gas, this does not happen as a result of the consumption of
kinetic energy, which must be returned to the system as heat from the environment
(T = const.). In chemical reactions, the necessary energy comes from the difference in
potential energies between products and reactants. Therefore, under irreversible con-
ditions, the amount of energy that must be released could have been extracted as
work in the reversible case. This release of energy takes place in the irreversible case
in the form of heat energy, which can be understood as the dissipated reaction work

ΔWdiss = −Qirr = −TΔiS

of the chemical reaction concerned. In contrast to the ideal gas, the entropy produc-
tion ΔiS in chemical reactions is always accompanied through the associated heat
production with an actual change of energy.

The potential energy released by the reaction changes with the changing chemi-
cal potential differences in the course of the reaction. This energy, which was distrib-
uted to reactants and products before the reaction started, can now be distributed via
the heat energy produced to a considerably larger number of possible states, which is
accompanied by an increase in the probability of the newly arising energy distribu-
tion. The entropy increase ΔiS is therefore of particular importance in a spontaneous
chemical reaction. In the course of the reaction, potential energy is transformed into
kinetic energy as in a conservative force field in which a potential gradient provides

https://doi.org/10.1515/9783110650501-004
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the driving and directional force of the transformation. However, since a comparable
force field between products and reactants does not exist, it follows that chemical re-
actions are not driven by such a gradient. However, the presence of a difference of
potential chemical energy is essential because, according to the first law, the produc-
tion of heat energy can only originate from such a difference of potential energy be-
tween products and reactants.

The reason why chemical reactions can proceed spontaneously, is due to the in-
creasing probability associated with a redistribution of energies of all involved par-
ticles. This is connected with a reduction of reactant and an increase of product
concentrations, whereby the difference of potential energy is concomitantly decreased.
It appears as heat energy, which is released from the system into surroundings
ðT ¼ const., Qirr¼ TΔiSÞ. When this difference reaches zero, no more potential energy
can be dissipated as heat and, as a result, the probability of energy distribution cannot
be increased further by the reaction. At this stage, a further progressing of the reaction
becomes extremely unlikely, and the process is at equilibrium. The sum of the chemi-
cal potentials of products is then oppositely equal to the sum of the chemical poten-
tials of reactants, that is, the stoichiometric sum of all chemical potentials involved in
the reaction is equal to zero. It follows, that for the spontaneous progression of a reac-
tion, a difference of potential energy between products and reactants must first be
present, and that, in addition, a possibility (reaction path) must exist, to increase the
probability of the momentary energy distribution. The fulfilment of the first condition
is a necessary prerequisite, while the fulfilment of the second condition is sufficient to
allow a chemical or biochemical reaction to run spontaneously.

The difference in the irreversible expansion of a gas evidently consists of the
fact that in the case of gas, the vehicle for the increase in probability already exists
in the form of kinetic energy, whereas in the chemical reaction, this must first be
produced by the reaction itself.

Also, the heat exchange (TΔeS) occurring in the course of isothermal chemical
reactions is significantly different from the exchange observed with the expanding
gas. While the ideal gas only compensates for changes in the kinetic energy of the
system, in chemical reactions the difference in thermal energy content between
products and reactants is compensated by heat transfer. This is explained by the
example of the following reaction:

GluðsÞ+ 6O2 ðgÞ ! 6CO2ðgÞ+ 6H2OðlÞ, (R4:1)

where Glu represents glucose, s represents solid, g is gas, l is liquid.
During progression of the reaction in a closed system, the reactants Glu plus

6 O2 are continuously consumed and replaced by products 6 CO2 plus 6 H2O. At a
given temperature, each of the compounds involved contains a certain amount of
heat energy. This corresponds exactly to the amount of energy that would be sup-
plied to a certain amount (e.g., 1.0 mol) of the substance in question in order to
bring its temperature from 0 to 298.15 K.
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At the beginning of the reaction, all reactants are in thermal equilibrium. After
an extent of reaction of, for example, ξ = 1.0 mol, 1.0 mol Glu plus 6.0 mol O2 are con-
sumed, leaving just the amount of heat that was required to bring the sum of the re-
actants to 298.15 K. The new products resulting from the reaction 6.0 mol CO2 plus
6.0 mol H2O must absorb heat energy in order to reach the specified temperature.
This can be done first by taking up the heat energy from reactants. In principle, this
amount of heat cannot be equated with that which would have to be applied for heat-
ing the products from 0 to 298.15 K. In the above example, it is too small, so addi-
tional heat must be absorbed from the environment to bring the products into
thermal equilibrium with the system temperature of 298.15 K. This heat exchanged
with the environment is equal to TΔeS (with ΔeS>0 for the above reaction).

On the other hand, if the reactants had released more heat energy than the
newly created products needed, heat would have to be given off by the system to
maintain the given temperature. In this case, it would be ΔeS<0. The so-called
third law entropies (S

�
m) present in ΔeS can be regarded as absolute quantities be-

cause they have been calculated from T =0 K up to the standard temperature
T = 298.15 K. They are largely independent of concentration. These values must be
used in the stoichiometric sum of the reaction (R4.1) to obtain ΔeS (for T = 298.15 K):

ΔeS= 6 SCO2m + 6 SH2O
m − SGlum + 6 SO2m

� �
= 259.072 J=mol K.

The differentials for the internal energy and the enthalpy in chemical and biochem-
ical reactions that result from (without volume work) dU =TdeS+

P
i μidni and

dH =TdeS+
P

i μidni apply.
Unlike gases, the Legendre transformation can be applied to TdeS alone. This

yields the differential of the Helmholtz energy,

dA=d U − TSð Þ=dU −TdeS=
X
i

μidni ðV and T = const.Þ, (4:1)

and for that of the Gibbs energy,

dG=d H −TSð Þ=dH −TdeS=
X
i

μidni ðP and T = const.Þ. (4:2)

The reason why the sum of both entropy differentials (deS plus diS) does not enter
the transformation but only deS is given by the fact that in spontaneous reactions
always the entire maximum work is dissipated and is delivered to the environment
as heat energy at T = const. In contrast to the irreversible expansion of a gas, this
reduces the actual energy content of the system, which must be accompanied by a
decrease in U or H.

As for chemical reactions in the absence of volume work dG= P
i
μidni = −TdiS

applies, it follows, with
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dG=dH −TdeS, (4:3)

that

dH =TdeS−TdiS. (4:4)

Equations can also be related to the respective extent of reaction ξ rather than to n.
This results in the case that only one reaction takes place in the system,

dG=
X

μdξ , with μ= ∂G
∂ξ

The sum sign represents the stoichiometric sum of products and reactants of this
reaction, resulting in

dG
dξ

=
X

μ (4:5)

and
dH
dξ

=T
deS
dξ

+
X

μ. (4:6)

The same applies to the differentials dA or dU.
The differential quotients dG dξ= , dH dξ= and deS dξ= are usually shown in ab-

breviated notation as ΔRG, ΔRH and ΔReS. They indicate the infinitesimal change of
the respective quantity per infinitesimal extent of reaction in J/mol and in J/K mol,
respectively. The differential quotient is also referred to as the driving force
DF= −ΔRG of a reaction or a process. For the distinction between differential quo-
tient (e.g., ΔRG) and difference (ΔG), the integration over ΔRG is used. With

dG
dξ

=ΔRG; (4:7)

and dG=ΔRGdξ , the integration results in

ðξ
0

dG=ΔG=
ðξ
0

X
μdξ .

From eqs. (4.3), (4.5) and (4.6)

ΔRG=ΔRH −TΔReS (4:8)

can be obtained.
ΔRG can be calculated by means of the chemical potentials of the substances

involved in the reaction. The following reaction is considered:
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A+B! C+D

Insertion of the chemical potentials into the stoichiometric sum yields

ΔRG= μC +μD − μA +μBð Þ;
furthermore,

ΔRG=μ�C +μ�D − ðμ�A +μ�BÞ+RT ln
C½ � D½ �
A½ � B½ �

� �
. (4:9)

With ΔRG� = μ�C + μ�D − μ�A +μ�B
� �

,

ΔRG=ΔRG� + RT ln
C½ � D½ �
A½ � B½ �

� �
(4:10)

(square brackets indicate a concentration).
At equilibrium ΔRG vanishes, and

ΔRG� = −RT ln
C½ �eq D½ �eq
A½ �eq B½ �eq

 !
(4:11)

is obtained.
With Γeq =

C½ �eq D½ �eq
A½ �eq B½ �eq and Γ= C½ � D½ �

A½ � B½ �, the following is obtained:

ΔRG= −RT ln Γeq
� �

+RT ln Γð Þ (4:12)

or

ΔRG=RT ln
Γ
Γeq

� �
.

Γeq is identical to Keq, the equilibrium constant of the mass action law.
ΔRG� can be also obtained by setting Γ = 1.0, that is, the reaction would extend

at constant concentrations of 1.0 mol/L.
Equations (4.10) and (4.11) can be converted to

ΔRG=RT ln
C½ �
C½ �eq

 !
+ ln

D½ �
D½ �eq

 !
− ln

A½ �
A½ �eq

 !
+ ln

B½ �
B½ �eq

 ! ! !

The comparison with eq. (3.7) reveals the close relationship between the expansion of
an ideal gas and the progression of a chemical reaction. While during the expansion
process ln Keq

� �
due to Keq = 1.0 disappears and is thus irrelevant; however, the equilib-

rium constant in a chemical reaction must be considered. Its value significantly influ-
ences the course of the reaction as will be shown. It is possible to calculate ΔRG also
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with the help of the last formula. For this, however, the corresponding equilibrium con-
centrations must be determined for each initial condition. They result from the relation

C½ �+ ξeq V
. �

D½ �+ ξeq V
. �

A½ �− ξeq V
. �

B½ �− ξeq V
. �

=Keq.
��.��

They change with each change of an initial concentration, but always result in Keq.
The entropy ΔeS exchanged in the course of the reaction is of far less importance

for the spontaneous reaction, since it is not involved in the maximization process.
The entropy ΔReSSur exchanged with the environment is always opposite and equal to
the entropy change occurring in the system ΔReS, so that their sum disappears and
consequently cannot be maximized.

The above ideas will be explained below using the example of Glu oxidation
(R4.1).

The standard values of the molar reaction enthalpies and Gibbs energies, ΔRH�

or ΔRG�, are often tabulated or can be determined from the standard values of the
molar enthalpies and Gibbs energies of formation ([4], 298.15 K):

ΔRH� = 6ΔHCO2ðgÞ+ 6ΔHH2OðlÞ− ΔHGluðsÞ+ 6ΔHO2ðgÞ
� �

= − 2, 808.04 kJ=mol,

as well as

ΔRG� = 6ΔGCO2ðgÞ+ 6ΔGH2OðlÞ− ΔGGluðsÞ+ 6ΔGO2ðgÞ
� �

= − 2, 878.94 kJ=mol.

Due to ΔRG� =ΔRH� −TΔReS the following also applies:

ΔReS=
ΔRH� −ΔRG�

T
= 237.8 J=mol K.

If a reaction is initiated by other than the standard values, then the result is, for
example, for Glu oxidation with initial values Glu(s) = 1.0, PO2 = 1.6 and
PCO2 =0.03612 bar (T = 298.15 K):

ΔRH =ΔRH� +RT ln
PCO2

� �6
Glu PO2

� �6
 !

= − 2, 864.43 kJ=mol,

ΔRG= −TΔRiS=ΔRG� +RT ln
PCO2

� �6
Glu sð Þ PO2

� �6
 !

= − 2, 935.33 kJ=mol,

ΔReS=
ΔRH −ΔRG

T
= 237.8 J=Kmol and ΔRiS= −

ΔRG
T

= 9, 845.13 J=Kmol.

ΔRH is also given by ΔRH = T ΔReS−ΔRiSð Þ= − 2, 864.43 kJ=mol. In practice, it is im-
portant that the units used for the standard values are identical to those of Γ.

Figure 4.1 shows the curves of ΔG, ΔG� and ΔH resulting from integration of
eqs. (4.11) and (4.12), respectively, in terms of the extent of reaction ξ (mol).
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Integrals such as

Iplus = 6
ðξ
0

ln CO2½ �in + 6
ξ
V

� �� �
dξ and Iminus = 6

ðξ
0

ln O2½ �in − 6
ξ
V

� �� �
dξ ,

have the solutions

Iplus = CO2½ �in + 6
ξ
V

� �
ln CO2½ �in + 6

ξ
V

� �
− 1

� �
− CO2½ �in
� �

ln CO2½ �in
� �

− 1
� �

or

Iminus = − 1ð Þ O2½ �in − 6
ξ
V

� �
ln O2½ �in − 6

ξ
V

� �
− 1

� �
− − 1ð Þ O2½ �in

� �
ln O2½ �in
� �

− 1
� �

,

where V is the unit volume of 10−3 m3, and the stoichiometric coefficients of CO2 or
O2 are both equal to 6.0 according to (R4.1). If the initial conditions are given in
pressure units, these must be converted into concentration units.

In the specified range, all functions are almost linear and almost identical. At a
strongly negative standard potential, ΔG differs only slightly from ΔRG� × ξ . ΔRG and
ΔRH can be recovered by differentiation, so both represent the respective slopes of the
tangents to ΔG or ΔH. For example, ΔRGðξ =0Þ= − 2, 935.33 kJ=mol. This is the value
of ΔRG at the given initial concentrations, whereas ΔRGð5× 10− 3Þ= − 2, 926.05 kJ=mol
represents the value at concentrations changed from initial values by an extent of re-
action of ξ = 5.0 10− 3 mol. At this ξ , ΔGð5× 10− 3Þ= 14.651 kJ.

Analogously, ΔRG� can be determined as that of ΔRG, which results from the
standard concentrations and/or pressures. ΔRG� is given by the slope at that point
of the ΔG function, where Γ= 1.0 (ΔRG� = − 2, 878.94 kJ=mol). It is not at all identical
to a value of ΔG, which would result from ξ = 1.0 mol.

0 6x 10–3 0.012
–40

–20

0

ξ  [mol]

Gl
u 

ox
 [k

J]

Figure 4.1: Glucose oxidation. Red line:ΔG; blue
points: ΔH; black points:ΔG�. The integrated
quantity ΔG� is given by ΔG� =ΔRG� × ξ.
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Figure 4.2 shows the course of ADP phosphorylation by phosphocreatine:

PCrþ ADPÐ Crþ ATP (R4:2)

where PCr represents phosphocreatine, Cr represents creatine (biochemical nota-
tion, see Section 10.1). In contrast to the Glu oxidation with a ΔRG� of −2,878.94 kJ/
mol, this reaction has a ΔRG� of only −13.35 kJ/mol. This relatively low value causes
ΔRG and ΔRG� to differ significantly, for example, ΔRG of (R4.2) is at the point
ξ = 4.5 × 10− 5 mol ΔRGð4.5 × 10− 5Þ= −0.07 J=mol.

Figure 4.2 is intended to demonstrate the energetic behavior of the reaction at near
equilibrium. The forward reaction (lines) occurs spontaneously only until reaching the
minimum of ΔG ð− 0.0748 JÞ at ξ fmin = 5.794574× 10− 5 mol (A). ΔRG is zero at this
point and would become positive if the reaction could proceed beyond this ξ value. At
ξ f = 7.0 10−5 mol (in forward direction), for example, ΔRG would be clearly positive
(877.57 J/mol), but negative in the direction of the reverse reaction (ξ r = 2.0 × 10−5,
−877.57 J/mol, A and B), so that the reaction now in this direction can be spontaneous.
This opposite course is shown by the points, red and blue, which is calculated for the
reverse reaction and becomes zero at ξ rmin = 9.0× 10− 5 − ξ fmin = 3.2054× 10− 5 mol.

When the reaction direction is reversed, the sign of ΔReS must change. Near
equilibrium applies to the forward and the reverse reactions, ΔRH ≈T ΔReS, so that
in this range both ΔRH values are practically opposite equal (at ΔRG≈0,
Figure 4.2B). The corresponding ΔRG values, on the other hand, must be negative
for both the spontaneous forward reaction and the spontaneously occurring reverse

0 4.5× 10–5 9×10–5
–0.09

–0.045

0
(A)

ξ [mol]

DG
 [J

]

0 4.5×10–5 9×10–5–2

0

2
(B)

ξ [mol]

Dr
G 

, D
rH

 [k
J/

m
ol

]

Figure 4.2: Phosphocreatine reaction near equilibrium. (A) Course of ΔG in J; (B) red line (forward):
ΔRG; blue line (forward): ΔRH; red points (reverse): ΔRG; blue points (reverse): ΔRH. Initial
concentrations for the forward reaction: [PCr] = 22.0 mM, [ADP] = 0.1 mM, [Cr] = 18.0 mM,
[ATP] = 8.9 mM. Initial concentrations for the reverse reaction: [Cr] = 18.0 + 9.0 10−2 mM,
[ATP] = 8.9 + 9.0 10−2 mM, [PCr] = 22.0–9.0 10−2 mM and [ADP] = 0.1–9.0 10−2 mM.
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reaction. Also under near-equilibrium conditions, heat cannot be absorbed by a re-
action. This would lead to ΔRiS<0, which is incompatible with the second law. But
heat can be exchanged. In this case, near-equilibrium heat is taken up by the for-
ward reaction (ΔRH ≈ 1.42 kJ=mol), because ΔReS>0 and is released by the reverse
reaction (ΔRH ≈ − 1.42 kJ=mol), because ΔReS<0.

For the formulation of the second law, the equation

ΔRG=ΔRH −TΔReS

is frequently used. It has often been misinterpreted, with regard to the Glu oxida-
tion, it could be concluded for example that ΔRG is more negative than ΔRH because
ΔReS is positive for this reaction. However, such a conclusion would be wrong, al-
though this reading does not contradict the above formula. ΔRG has independent
meaning. Its value is independent of the reversible heat T ΔReS exchanged with the
reaction, which in this case is positive and in principle does not depend on concen-
tration. T ΔReS is eliminated from ΔRH by means of the Legendre transformation
and as a result is not present in ΔRG. The above formula thus only describes the
fact that ΔRG is obtained, if T ΔReS is subtracted from ΔRH, whereas both ΔRG and
T ΔReS are contained in ΔRH.

Equation (4.12) appears trivial and therefore should not be used to formulate
the second law. For chemical reactions, this theorem is adequately described (see
eq. (2.5) for comparison) by the inequality

ΔRiS≥0. (4:13)

In older textbooks, the second law is sometimes interpreted as follows: ΔRH is com-
pared with a gross income that cannot be fully used because a tax is payable. This
duty should correspond to TΔReS while the remainder would correspond to the so-
called free enthalpy ΔRG.

This explanation is wrong. As already mentioned, ΔRH has been freed from
TΔReS by a Legendre transformation. However, this mathematical operation should
not be interpreted as meaning that the generation of useful work by the reaction
can only occur if it gives off a certain proportion of its ΔRH, namely TΔReS, so that
only the remainder ΔRG remains freely available for use.

Rather, it is correct that the production of useful work is achieved by dissipat-
ing at least part of the Gibbs energy (ΔRG) of the reaction. Spontaneous chemical
reactions are usually uncoupled, so their course is completely irreversible. Under
these conditions, ΔRG is always completely dissipated, producing the irreversible
heat TΔRiS ð= −ΔRGÞ and the associated entropy change ΔRiS>0, respectively. The
reversibly exchanged heat TΔReS has nothing to do with it, at the first instance.
However, it is inextricably linked to the extending reaction, regardless of whether it
runs reversible or irreversible.
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This fact should be explained by the following examples:
A spontaneously occurring reaction absorbs heat from the environment at a

constant temperature, so it can be described as endothermic. Its ΔRG is negative,
meaning that the reaction produces the irreversible heat Qirr =TΔRiS, then it would
have to be released by the system if no simultaneous reversible heat exchange
Qrev =TΔReS occurred. As already described, this results from the difference in the
contents of heat energy or the entropy contents between products and reactants. If,
for example, the heat energy from the reactants is insufficient to bring the products
to the specified temperature, the system must absorb heat from the environment in
order to keep the system’s temperature constant. In such an endothermic reaction,
the exchanged heat is positive but reduced by the amount TΔRiS with respect to
TΔReS, which can be seen from equation ΔRH =T ΔReS− TΔRiS.

As ΔRiS is always positive, in this case ΔReS must be sufficiently positive, so
that also ΔRH > 0. In exothermic reactions, a strong negative ΔRG= −TΔRiS usually
predominates, so that even if TΔReS is positive, the result is ΔRH <0.

In the next example the melting of ice

H2O sð Þ Ð H2O lð Þ
at 273.15 K is investigated. At this temperature, ΔRG=0, that is, ΔRiS=0 also must
be true, and it remains so as long as the reaction is reversible. For the melting pro-
cess to proceed, heat must be reversibly added to the system. This exchanged heat
TΔReS is required, because the heat energy left behind by the disappearing reactant
H2OðsÞ is insufficient to bring the continuously evolving product H2OðlÞ to 273.15 K.
It is ΔRH =TΔReS−T ΔRiS= 273.15ð22.0−0Þ= 6.01 kJ=mol.

In the reverse process, the same amount of heat energy is given off because
under these conditions ΔReS<0.

In summary, it can be stated that the introduction of chemical potentials by
Josiah W. Gibbs has greatly increased the understanding of chemical reactions and
their energetics. For such a phenomenological approach, although it enables calcu-
lations of energy and entropy changes, it cannot give an insight into the molecular
mechanism of a reaction. So, it is not possible to explain on a molecular level, by
which mechanism the concentration dependence of ΔRG is brought about.
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5 The temperature dependence of ΔRG

The derivation of the Gibbs–Helmholtz equation is based on the definition equation
G=H −TS=H Tð Þ+Tðð∂G Tð ÞÞ=∂TÞ [4]. ∂G Tð Þ ∂T = − S Tð Þ= is obtained from the differ-
ential of G Tð Þ. Dividing by T results in

G Tð Þ
T

= H Tð Þ
T

+ ∂G Tð Þ
∂T

.

The differentiation from G Tð Þ T= with respect to T using the chain rule yields

∂
G Tð Þ
T

� �
∂T

= −
∂iS Tð Þ
∂T

= 1
T
∂G Tð Þ
∂T

+ ∂ 1
T

� �
∂T

G Tð Þ= 1
T
∂G Tð Þ
∂T

−
1
T2 G Tð Þ ·

= 1
T

∂G Tð Þ
∂T

−
1
T
G Tð Þ

� �
·

As

∂G Tð Þ
∂T

−
1
T
G Tð Þ= −

H Tð Þ
T

the following Gibbs–Helmholtz equation is obtained:

∂
G Tð Þ
T

� �
∂T

= −
H Tð Þ
T2 . (5:1)

On second differentiation with respect to ξ leads to

∂
dG Tð Þ
dξ T

� �
∂T

= −
d

H Tð Þ
dξ

� �
T2

or

∂
ΔRG Tð Þ

T

� �
∂T

= −
ΔRH Tð Þ

T2 .

To derive the closely related van’t Hoff equation, it is assumed that ΔRG� Tð Þ=
−RT ln Keq Tð Þ� �

.
The differentiation with respect to T leads to

−
∂

ΔRG� Tð Þ
RT

� �
∂T

= ∂ ln Keq Tð Þ� �
∂T

.
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With

ΔRG� Tð Þ=ΔRG Tð Þ−RT ln Γð Þ and ΔRG� Tð Þ
T

= ΔRG Tð Þ
T

−R ln Γð Þ,

this yields after differentiation with respect to T:

∂
ΔRG� Tð Þ

T

� �
∂T

=
∂

ΔRG Tð Þ
T

� �
∂T

= −
ΔRH Tð Þ

T2 .

It follows that

∂ ln Keq Tð Þ� �
∂T

= ΔRH Tð Þ
RT2 , (5:2)

and with

∂
1
T

� �
= −

1
T2 ∂T,

∂ ln Keq Tð Þ� �
∂ 1=Tð Þ ¼ −

ΔRH Tð Þ
R

(5:3)

can be obtained.
The above derivation differs from the van’t Hoff equation,

∂ ln Keq Tð Þ� �
∂T

¼ −
ΔRH� Tð Þ

RT2

since the latter refers to ΔRH� instead of ΔReS. This deviation can be distinguished
as follows:

ðTx
T1

∂
ΔRG Tð Þ

T

� �
= ΔRG Txð Þ

Tx
−
ΔRG T1ð Þ

T1
=
ðTx
T1

−ΔRH Tð Þ
T2

� �
dT

and

ΔRG Txð Þ= ΔRG T1ð Þ
T1

Tx +Tx

ðTx
T1

−ΔRH Tð Þ
T2

� �
dT.

Also,

ðTx
T1

∂
ΔRG� Tð Þ

T

� �
= ΔRG� Txð Þ

Tx
−
ΔRG� T1ð Þ

T1
=
ðTx
T1

−ΔRH Tð Þ
T2

� �
dT
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must apply, and

ΔRG� Txð Þ= ΔRG� T1ð Þ
T1

Tx + Tx

ðTx
T1

−ΔRH Tð Þ
T2

� �
dT.

With

ΔRG Txð Þ−ΔRG� Txð Þ=RTx ln Γð Þ
the result from the above two equations is Tx

T1
ΔRG� T1ð Þ+RT1 ln Γð Þ−ΔRG� T1ð Þð Þ≡

RTx ln Γð Þ.
This result can only be achieved by replacing ΔRH� Tð Þ with ΔRH Tð Þ in van’t

Hoff’s equation. For only then do the terms

Tx

ðTx
T1

−ΔRH Tð Þ
T2

� �
dT

disappear, so that the relation ΔRG Tð Þ−ΔRG� Tð Þ=RT ln Γð Þ is fulfilled.
The following example should explain the relationships as follows:
The reaction enthalpies of a reaction are determined at different temperatures.

The measured data are approximated by the function ΔRH Tð Þ= aT2 + bT + c with the
values a = −0.47, b = 30.0 and c = −103 with sufficient accuracy. From

ΔRH� Tð Þ=ΔRH Tð Þ−RT ln Γð Þ ðΓ= 10− 4Þ
for example

ΔRH 298.15ð Þ= − 3.3835 104 J=mol.

According to the above approximation formula,
ΔRH� 298.15ð Þ= − 1.1003 104 J=mol can be obtained, if ΔRG� 298.15ð Þ= − 3.0 × 104

is known. This allows ΔRG� Tð Þ to be calculated according to

ΔRG� Txð Þ= ΔRG� T1ð Þ
T1

Tx + Tx

ðTx
T1

− aT2 + bT + cð Þ
T2

� �
dT

= ΔRG� T1ð Þ
T1

Tx + − Txð Þ a Tx −T1ð Þ+ b ln
Tx

T1

� �
+ − cð Þ 1

Tx
−

1
T1

� �� � ðT1 = 298.15KÞ.

For example, when Tx = 310.15 K, the result is ΔRG� 310.15ð Þ= − 2.9785 104 J=mol.
When ΔRG Tð Þ=ΔRG� Tð Þ+RT ln Γð Þ, ΔRG Tð Þ is given as follows, for example,

ΔRG 298.15ð Þ= − 5.2832 × 104 and ΔRG 310.15ð Þ= − 5.353611 × 104 J=mol.
From ΔReS Tð Þ= ΔRH Tð Þ−ΔRG Tð Þ

T , the result is ΔReS 298.15ð Þ= 63.715 and
ΔReS 310.15ð Þ= 53.619 J=ðmol KÞ.

If there is no functional connection available, and if, in addition, the tempera-
ture difference is sufficiently small, then ΔRH Tð Þ can be assumed to be constant for
this range. This leads to
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ΔRGapp Txð Þ= ΔRG T1ð Þ
T1

Tx +Tx ΔRH T1ð Þ 1
Tx

−
1
T1

� �
.

For example, at 294.15 K, ΔRG 294.15ð Þ= − 5.2571 × 104 J=mol. The approximated
value is ΔRGapp 294.15ð Þ= − 5.212 × 104 J=mol.

If ΔRH� Tð Þ would be included in the integration, this would yield

ΔRG�vH Txð Þ= ΔRG� T1ð Þ
T1

Tx +Tx

ðTx
T1

−ΔRH� Tð Þ
T2

� �
dT

= ΔRG� T1ð Þ
T1

Tx +Tx

ðTx
T1

− ΔRH Tð Þ−RT ln Γð Þð Þ
T2

� �
dT.

For ΔRG�vH 310.15ð Þ, for example, −3.0722 × 104 instead of −2.9785 104 J/mol would be
obtained.

In Figure 5.1, Keq Tð Þ (A), ln Keq Tð Þ� �
(B), ΔRG Tð Þ T= (C) and ΔRG� Tð Þ T= (D) are

shown as functions of T. The curve points fulfil the corresponding functions exactly
because they were generated from them. In an experiment, of course, minor devia-
tions have to be assumed.

The results of Figure 5.1D demonstrate that the ΔRG Tð Þ T= curves including
ΔRG� T Tð Þ= have all constant distances from each other and therefore possess equal
slopes.

Different ΔRG Tð Þ T= functions of a specified reaction can be produced by differ-
ent Γs. Although the temperature functions are shifted on the ΔRG Tð Þ T= axis, they
must have the same slope at constant Γs at all corresponding temperatures. The
same applies for ΔRG� T Tð Þ= with Γ= 1.0. For this reason,

∂
ΔRG� Tð Þ

T

� �
∂T

must be equal to
∂

ΔRG Tð Þ
T

� �
∂T

·

Both slopes must have the same value, namely −ΔRH Tð Þ T2



.
For example, −ΔRH 298.15ð Þ 298.152 =0.38063 J=ðmol K2Þ


.
In principle, this value may also be negative in another reaction (in endother-

mic reactions with a ΔRH >0).
For

ΔRG Tð Þ
T

= −ΔRiS Tð Þ,

a positive slope value does not mean that ΔRiS Tð Þ must be negative and therefore
the second law would be violated. A positive slope indicates that ΔRiS Tð Þ has less
positive values with increasing temperature. For example, ΔRiS 298.15ð Þ= 177.2 and
ΔRiS 310.15ð Þ= 172.61 J=ðmol KÞ. For negative slopes, the reverse applies; then
ΔRiS Tð Þ assumes even more positive values with increasing temperature.
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Figure 5.1: Temperature dependence of ΔRG-related parameters. (D) Red line shows the same
function ΔRG T Tð Þ= as in (C); green line shows ΔRG� T Tð Þ= ; cyan line shows ΔRG� T Tð Þ= at the same
ΔRG T Tð Þ= but with Γ = 10− 3 instead of 10−4.
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6 Thermodynamics of coupled reactions

6.1 Dissipation functions, fluxes and coupling

ΔRiS indicates the entropy production per mole of reaction in J/(mol K). The tempo-
ral change of entropy production is obtained by multiplying ΔRiS by the reaction
rate dξ dt= , that is

ΔRiS
dξ
dt

= diS
dξ

dξ
dt

= diS
dt

in J=ðK sÞ:

Due to ΔRiS= −ΔRG T= this yields

diS
dt

= −
ΔRG
T

dξ
dt

or

T
diS
dt

=A J in J=s. (6:1)

For this, the affinity A= −ΔRG= −dG dξ= (in J/mol) and the reaction flux J = dξ dt=

(in mol/s) have been introduced. For the product AJ, a new thermodynamic quan-
tity has been defined. This is the dissipation function

Φ=AJ ðin J=sÞ. (6:2)

It gives the Gibbs energy dissipated per unit time and thus has the dimension of a
power.

Formally, the following is obtained by expanding with A and J, respectively:
Φ= JA A A= Þ = LA2ð or Φ=A J J J= Þ=R J2,ð with J=A= L (in mol2=J s) and R= 1 L=
(J s=mol2).

Since ðΦ AÞ= J= , the following must apply for the flux:

J = LA ðinmol=sÞ. (6:3)

For a constant ratio J A= , it is obvious that formulations (eq. (6.3)) are very similar to
Ohm’s law I =GU or I = 1=Rð ÞU, known from electricity. Here I is the electric current
(in A = Ampere = C/s), R is the electrical resistance (in Ω = Ohm and G= 1 R= , respec-
tively, in 1/Ω = Siemens or C2=s J) and U is the voltage (in V = volts = J/C). In a chemi-
cal reaction, the (reaction) flux J = LA corresponds to the charge flux I =GU. The
affinity of the reaction A= −ΔRG corresponds to the voltage U. For example, at a volt-
age of U = 1.0 V and an electrical conductance of G= 1.0 A V ¼ 1:0C2=Js



, a current of

I = 1.0 A flows through U. This current corresponds to a flux of J = 1 96,485 ×mol=s=

through a chemical reaction with affinity A = 96,485 J/mol and conductance
L= 1 96,4852 ×mol2 sJ




(for the calculation the Faraday constant F = 96,485 C mol=

has been used).
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In principle, Φ= IU =GU2 = LA2 = JA applies (all expressions in J/s). As
A= z F U, this leads to GU2 = LU2 zFð Þ2; hence G = L zFð Þ2.

For a chemical or biochemical reaction as well as for an electric current, Ohm’s
law is always valid if J=A= const. or I=U = const. is fulfilled. This condition prevails
when the variables involved are in a steady state, which means that in the course of
a chemical reaction both J and A have assumed constant values.

Coupling between two chemical or biochemical reactions is always present if
an input reaction with positive input affinity A2 drives another reaction with nega-
tive output affinity A1, which – if uncoupled – would run spontaneously in the op-
posite direction of the input reaction, in the direction of the input reaction. This is
only possible if the resulting affinity

Ares =A1 +A2 >0. (6:4)

If A1 = −A2, the coupled reaction would not be able to proceed, because then
Ares = −ΔRGres =0.

6.2 Coupling in batteries

As an example of a coupled process, the reactions in a battery should be described.
The battery fluid contains the reactants and products of a redox reaction

Ared +Box Ð Aox +Bred, (R6:1)

with

ΔRGredox =ΔRG�redox +RT ln
Aox½ � Bred½ �
Ared½ � Box½ �

� �
.

The redox reaction is started by the introduction of a catalyst. The two electrodes
function as such. Through this, the affinity Aredox of the redox reaction ð= −ΔR

Gredox) is coupled to the formation of an electrical potential difference Δϕ at both
electrodes. With an open circuit (no electrical connection of the electrodes), the
reaction proceeds spontaneously and very quickly to equilibrium. Under these
conditions, Ares =A1 +A2 =Δϕeq +Aredox =0 applies.

Here Aredox represents the positive input affinity, and Δϕ (in V) the negative
output affinity. Aredox can also be expressed in electrical units as follows:
EMF=Aredox=z F = −Δϕeq (EMF = electromotive force in V, z = charge number).

If the two electrodes are connected via an external resistance, a constant cur-
rent I can flow, which is given as

I =Gc Δϕ+ EMFð Þ,
where Gc is the conductance of the coupled process (Gc = I= Δϕ+EMFð Þ). It is equal
to the reciprocal of the internal resistance Rc of the battery. As the same current
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flows through the battery and the outer branch at steady state, these currents can
be equated yielding Gc Δϕ+EMFð Þ=Gex U (Gex = external conductance).

For U, U = −Δϕmust hold, as I has to overcome the electric potential difference
once in the forward direction (Δϕ), quasi uphill, and then to flow downhill via the
same but oppositely directed potential jump (−Δϕ=U). Therefore, Δϕ leads to

Δϕ= −
Gc

Gc +Gex
EMF.

The conductance Gc of the entire coupled process is composed of the conductan-
ces of the affinities involved in the overall process (Δϕ and EMF). These partial
conductances are denoted by Gc1 and Gc2. They are associated with the output af-
finity A1 (=Δϕ) and with the input affinity A2 (EMF), respectively. These are ob-
tained by expanding the equation I =Gc Δϕ+EMFð Þ with Δϕ or EMF:

I =Gc
Δϕ+EMF

Δϕ

� �
Δϕ=Gc1 Δϕ

and

I =Gc
Δϕ+EMF

EMF

� �
EMF=Gc2 EMF,

with

Gc1 =Gc
Δϕ+EMF

Δϕ

� �
(6:5)

and

Gc2 =Gc
Δϕ+EMF

EMF

� �
. (6:6)

The following applies:

Gc =
1

1
Gc1

+ 1
Gc2

= 1
Δϕ

Gc Δϕ+ EMFð Þ +
EMF

Gc Δϕ+ EMFð Þ
≡Gc.

Also, it applies withRc1 = 1 Gc1= and Rc2 = 1 Gc2= :

Rc =Rc1 +Rc2.

Hence, the sum of the resistances in the circuit must be equal to zero.
For the dissipation functions Ψ1 and Ψ2, which are related to the current flow

through Δϕ and through EMF, respectively, one obtains

Ψ1 =Gc Δϕ+EMFð ÞΔϕ=Gc
Δϕ+EMF

Δϕ

� �
Δϕ2 =Gc1 Δϕ2
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and

Ψ2 =Gc Δϕ+EMFð ÞEMF=Gc
Δϕ+EMF

EMF

� �
EMF2 =Gc2 EMF2 .

The resulting dissipation function of the entire coupled process is then given by

Ψres =Ψ1 +Ψ2 =Gc Δϕ+EMFð Þ2.

The dissipation function of the external current branch with the conductance Gex is

Ψex =Gex Δϕ2 =Gc Δϕ+EMFð Þ −Δϕð Þ= −Gc1Δϕ2.

On comparison with Ψ1 =Gc1 Δϕ2 shows that Gex = −Gc1 must be true.
The dissipation function of the coupled process in the battery in addition to

that of the external power branch is then due to Ψ1 = −Ψex

Ψtot =Ψ1 +Ψ2 +Ψex =Ψ2.

This result can be explained by the fact that the portion Ψ1 of Ψres flows back again
irreversibly, but now with the opposite sign, so that the initially saved dissipation
is returned and the dissipation of the input (Ψ2) alone is the determining factor.

The above derivations are again to be explained by means of a calculated
example:

Consider a battery with the constant EMF of 12.0 V and the internal resistance
Rc =0.5 Ω (Gc = 2.0 1=Ω). The resistance of the outer branch is Rex = 2.5 Ω (Gex = 0.4
1/Ω). From these data, one obtains

Δϕ= −Gc Gc +Gexð ÞEMF= − 2.0=2.4× 12.0= − 10.0 V=

and

I =Gc Δϕ+EMFð Þ= 2.0 ð− 10.0+ 12.0Þ= 4.0 A.

Gc1 =Gc
Δϕ+EMF

Δϕ

� �
= 2.0 ð− 10.0+ 12.0Þ=ð− 10.0Þ= −0.4 1=Ω

and

Gc2 =Gc
Δϕ+ EMF

EMF

� �
= 2.0 ð− 10.0+ 12.0Þ=ð12.0Þ= 1=3 1=Ω.

Rc =Rc1 +Rc2 = 1=ð−0.4Þ+ 1=ð1=3Þ= − 2.5+ 3.0≡0.5Ω, as well as Rex = −Rc1 = − 1=
ð−0.4Þ≡ 2.5 Ω and Rc1 +Rex = − 1=ð−0.4Þ+ 2.5=0Ω.

Ψ1 =Gc1Δϕ2 = −0.4 ð− 10.0Þ2 = − 40.0 J=s,Ψ2 =Gc2 EMF2 = 1=3 12.02 = 48.0 J=s;
therefore,Ψres = 8.0 J=s.

U I =Ψex = −Ψ1 = 10.0× 4.0= 40.0 J=s as well as Ψ1 + Ψex =0 J=s.
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It follows that

Ψtot = Ψ2 = − 40.0+ 48.0+ 40.0≡ 48.0 J=s.

The above results show that in a closed circuit no electrical energy can be dissi-
pated, and that the total resistance of the circuit disappears. The internal resistance
of the battery is determined not only by its electrical partial resistance, but via cou-
pling also by the partial resistance of the redox reaction. Furthermore, the sum of
the energies dissipated by the coupled process and the outer branch must be equal
to the chemical energy dissipated by the extending reaction alone.

Figure 6.1A shows the partial resistances (Rc1 and Rc2) as a function of the external
resistance (Rex). Their sum results in the coupling resistance (=internal resistance)
Rc =Rc1 +Rc2, and due to Rex = −Rc1, Rc2 =Rc +Rex is obtained from it (A).

In Figure 6.1B, the partial conductivities (Gc1 and Gc2) are shown as a function of
the potential difference Δϕ prevailing at the electrodes. For Δϕ= − EMF (I = 0.0 A),
Gc1 and Gc2 are equal to zero. At this point, Lc is not defined, but it retains the value
2.0 1/Ω with any approximation to Δϕ = −12.0 V. For Δϕ = 0.0 V the partial conduc-
tance Gc1 goes against – ∞ 1/Ω, while Rc1 goes against zero Ω. Gc2 and Rc2 have the
values at this point 2.0 1/Ω and 0.5 Ω, respectively.

The electrical power that can be delivered to the outer branch is given by
P =Ψex = −Ψ1.

The following applies:

P =Gc Δϕ+EMFð Þ −Δϕð Þ=Gc −Δϕ2 −ΔϕEMF
� �

.
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Figure 6.1: Simple circuit with battery and external resistance. (A) Resistances. Red line indicates
partial resistance Rc1; blue line, partial resistance Rc2; gray points, inner resistance Rc =Rc1 + Rc2.
(B) Conductances. Red line indicates partial conductance Gc1; blue line, partial conductance Gc2;
gray points, coupling conductance Gc = 1= 1=Gc1 + 1=Gc2ð Þ.

6.2 Coupling in batteries 57

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



The function P Δϕð Þ has a maximum that is derived from

dP Δϕð Þ
d Δϕð Þ =Gc − 2Δϕ−EMFð Þ=0

and appears at

Δϕmax = −
EMF
2

.

The partial conductances for Δϕmax are

Gc1max =Gc
− 1

2 EMF+EMF
− 1

2 EMF

 !
= 1
2
Gc

and

Gc2max =Gc
− 1

2 EMF+EMF
EMF

� �
= 1
2
Gc.

Here the following also applies:

Gc =
1

1
Gc1max

+ 1
Gc2max

= 1
1

−Gc
+ 2
Gc

≡Gc.

Since Gex = −Gc1 is true, which means that a battery always gives the maximum
power when the conductance of the outer branch is equal to Gc, or when the exter-
nal resistance Rex is equal to the internal resistance Rc of the battery. The maximum
power is thus given by Pmax = ð1=RcÞðEMF=2Þ2.

So, for example, a 12.0 V battery with an internal resistance of 0.5 Ω should de-
liver a maximum power of Pmax = 1/0.5 (12.0/2)2 = 72.0 J/s (or watt = W).

With Δϕ= −Gc Gc +Gexð ÞEMF= , P can be described also as a function of Gex.
This leads to

P =Gc
2 Gex

Gc +Gexð Þ2
 !

EMF2.

With Λ=Gex= = 0.2 results in

P=Gc
Λ

1+Λð Þ2
 !

EMF2 = 2.0×0.2=ð1+0.2Þ2 × 12.02 = 40.0 J=s.
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The maximum power is reached at Λmax = 1.0, which confirms the above result
(Gexmax =Gc):

Pmax =Gc
Λmax

1+Λmaxð Þ2 EMF2 = 72.0 J=s.

The efficiency η of a coupled reaction is defined as follows:

η= −
Ψ1

Ψ2
= −

Gc1 Δϕ2

Gc2 EMF2
=0.8333.

Since

P = −Gc1Δϕ2 =Gc
Λ

1+Λð Þ2
� �

EMF2 and Λ=Gex Gc =0.2= .

The following is obtained:

Δϕ2

EMF2
= 1

1+Λð Þ2 ;

therefore,

η= 1
1+Λ

=0.8333.

If, instead of the resistance, a second battery is introduced into the outer current branch
such that the electric poles (electrodes) of both batteries are connected to one another
(plus to plus, and minus to minus), an electric current flows from the battery with the
larger EMF (EMFDel) to that with the lower EMF (EMFDem). In a sense, this leads to an
energy demand by EMFDem, which is followed by energy delivery of EMFDel.

Both EMFs are constant (e.g., EMFDel = 12.0 V with RDel
c =0.2 Ω, and

EMFDem = − 10.0 V with RDem
c =0.3 Ω). Then GDel

c ΔϕDel +EMFDel
� �

=GDem
c EMFDemð

+ΔϕDemÞ is applied, and due to ΔϕDel = −ΔϕDem:

ΔϕDem = GDelc EMFDel −GDemc EMFDem
GDelc +GDemc

= 11.2 V and ΔϕDel = − 11.2 V.

This results in a current of

1 0.2 − 11.2+ 12.0ð Þ= 1 0.3 − 10.0+ 11.2ð Þ= 4.0 A.==

The four partial conductances are

GDel
c1 =GDel

c
ΔϕDel +EMFDel

ΔϕDel
= −0.357143 1=Ω,
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GDel
c2 =GDel

c
ΔϕDel + EMFDel

EMFDel
= −0.333333 1=Ω,

GDem
c1 =GDem

c
EMFDem +ΔϕDem

EMFDem
= −0.4 1=Ω

and

GDem
c2 =GDem

c
EMFDem +ΔϕDem

ΔϕDem
=0.357143 1=Ω.

The conductances of the electrical circuit are determined by the partial conductan-
ces GDel

c1 and GDel
c2 . They are opposite equal also with the two batteries connected

against each other. Consequently, the partial resistances must also be opposite
equal (RDel

c1 = −RDem
c2 ), which means that the total resistance of the closed circuit

must vanish.
The total dissipation is given through

ΨDel
tot +ΨDelm

tot = I ΔϕDel + EMFDel +ΔϕDem + EMFDem
� �

= I EMFDel +EMFDemð Þ= 8.0 J=s.

When ΔϕDel = −ΔϕDem, the associated dissipation functions (I Δϕ) must also van-
ish, so that evidently no electrical energy is dissipated in this circuit either. This
result was to be expected, since at T = const. the line integral of electrical potential
differences must disappear over a closed path.

The above result can also be derived as follows:

ΨDel
1 =GDel

c ΔϕDel +EMFDel
� �

ΔϕDel

or

ΨDel
1 =GDel

c
GDem
c EMFDem −GDel

c EMFDel
GDel
c +GDem

c
+EMFDel

� �
GDem
c EMFDem −GDel

c EMFDel
GDel
c +GDem

c

� �

and

ΨDel
1 = GDel

c GDem
c

GDel
c +GDem

c
EMFDel +EMFDemð Þ GDem

c EMFDem −GDel
c EMFDel

GDel
c +GDem

c

� �

= 2.0× 2.0× ð− 11.2Þ= − 44.8 J=s.

For ΨDem
2 , ΨDem

2 =GDem
c EMFDem +ΔϕDem

� �
ΔϕDem is applied or

ΨDem
2 =GDem

c EMFDem −
GDem
c EMFDem −GDel

c EMFDel
GDel
c +GDem

c

� �
−
GDem
c EMFDem −GDel

c EMFDel
GDel
c +GDem

c

� �
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and

ΨDem
2 = GDel

c GDem
c

GDel
c +GDem

c
EMFDel +EMFDemð Þ −

GDem
c EMFDem −GDel

c EMFDel
GDel
c +GDem

c

� �

= 2.0× 2.0× 11.2= 44.8 J=s.

It follows that,

ΨDem
2 =GDem

c2 ΔϕDem

� �2 = −ΨDel
1 = −GDel

c1 ΔϕDel

� �2
from which GDem

2 = −GDel
1 is obtained.

The overall efficiency of both batteries results from the consideration that ini-
tially only the fraction ηDel of the chemical energy per unit time of the stronger bat-
tery is supplied as power to the weaker battery, and from this again only the fraction
ηDem can be converted into useful chemical energy per unit time, which is then avail-
able to the weaker battery to regenerate its EMF. The resulting efficiency is thus

ηtot =
−ΨDel

1

ΨDel
2

× −ΨDem
1

ΨDem
2

= − I ΔϕDel

I EMFDel
× − I EMFDem

I ΔϕDem
= ηDel × ηDem = −

EMFDel
EMFDem

. (6:7)

ηDel = − ð− 11.2Þ=12.0=0.9333, ηDem = − ð− 10.0Þ=11.2=0.89286 and

ηtot = ηDel × ηDem = −
EMFDel
EMFDem

= 10.0=12.0=0.8333ð=0.9333 0.89286Þ.

So far it has been assumed that the coupling mechanism of a coupled process, as it is
to be observed during the passage of current through a battery, always proceeds
completely without losses, that is, no leak currents occur by complete coupling. With
incomplete coupling, such currents and flows, respectively, cannot be avoided. In
this regard, there exist two possibilities for a coupled reaction: on the one hand, the
respective leak current can be caused by the uncoupled output affinity (A1 =Δϕ) and
on the other hand by the uncoupled input affinity (A2 =EMF). The flux going through
A1 is then given by

J1 = Lc A1 +A2ð Þ+ LL1 A1, (6:8)

and the flux through A2 by

J2 = Lc A1 +A2ð Þ+ LL2 A2. (6:9)

As A1 <0, J1 decreases by uncoupling, because the A1-driven leak flux JL1 = LL1 A1

runs in the opposite direction of the coupled flux (Lc A1 +A2ð Þ). J2, on the other
hand, increases due to A2 >0. Hence, the A2-driven leak flux JL2 = LL2 A2 flows in the
same direction as the coupled flux.

Lc is again the conductance of the coupled reaction, while LL denotes the con-
ductance of leak fluxes.
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With λ1 = LL1 Lc= and λ2 = LL2 Lc= , this leads to

J1 = Lc A1 +A2ð Þ+ λ1Lc A1 and J2 = Lc A1 +A2ð Þ+ λ2Lc A1

or

J1 = Lc 1+ λ1ð ÞA1 +A2ð Þ (6:10)

and

J2 = Lc A1 + 1+ λ2ð ÞA2ð Þ. (6:11)

The dissipation functions associated with these fluxes are

Ψ1 = J1A1 = Lc A1 +A2ð Þ+ λ1Lc A1
2 = Lc 1+ λ1ð ÞA1 +A2ð ÞA1 (6:12)

and

Ψ2 = J2A2 = Lc A1 +A2ð ÞA2 + λ2Lc A2
2 = Lc A1 + 1+ λ2ð ÞA2ð ÞA2, (6:13)

Ψtot =Ψ1 +Ψ2 = Lc A1 +A2ð Þ2 + λ1A1
2 + λ2A2

2
� �

. (6:14)

The efficiency results from this to

η= −
Ψ1

Ψ2
= −

1+ λ1ð Þa+ 1

1+ 1+ λ2ð Þ
a

. (6:15)

The above equation is obtained by substituting Ψ1 and Ψ2 by eqs. (6.12) and (6.13),
respectively. By excluding A2 in the numerator and A1 in the denominator and with
a=A1 A2= , eq. (6.15) is obtained.

The efficiency can also be expressed as a function of the degree of coupling q.
This is defined as

q= Lcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lc + LL1ð Þ Lc + LL2ð Þp = 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1+ λ1ð Þ 1+ λ2ð Þp . (6:16)

q represents the ratio of coupling conductance Lc to the geometric mean of the re-
spective sums of coupling conductance and leak conductance.

By factoring out 1+ λ1ð Þ in the numerator (eq. (6.15)), and 1+ λ2ð Þ in the denomi-
nator, first, one obtains for efficiency

η= −
a+ 1

1+ λ1
1

1+ λ2
+ 1
a

× 1+ λ1
1+ λ2

.

With Z =
ffiffiffiffiffiffiffiffi
1+ λ1
1+ λ2

q
, this leads to
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η=
a+ 1

1+ λ1
×

ffiffiffiffiffiffiffiffiffiffiffi
1+ λ2
pffiffiffiffiffiffiffiffiffiffiffi
1+ λ2
p

1
1+ λ2

×
ffiffiffiffiffiffiffiffiffiffiffi
1+ λ1
pffiffiffiffiffiffiffiffiffiffiffi
1+ λ1
p + 1

a

× Z2 = −
a+ 1

Z
q

Zq+ 1
a

× Z
1
Z

= −
Za+ q

q+ 1
Za

. (6:17)

With given λ1 and λ2 values, Z and q are given, and eqs. (6.15) and (6.17) are identi-
cal. Equation (6.17) can be maximized with respect to Za= x. It is

dη
dx

= −
q+ 1

x
− −

1
x2

� �
x+ qð Þ

q+ 1
x

� �2 ,

and for dη dx=0= the result is

q+ 1
x
+ 1
x
+ q
x2

=0

or

x2 + 2
q
x+ 1=0.

This quadratic equation has the solution

xmax =
1
q

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

� �
,

from which

amax =
xmax

Z
=

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

� �
Zq

can be obtained.
With amax results for the maximum efficiency

ηmax = −
1
q

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

� �
+ q

q+ 1ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

= −
q2 +

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

q2
ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1

� �
.

By expanding with
ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
+ 1

� �
,

ηmax =
ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
− 1− q2ð Þffiffiffiffiffiffiffiffiffiffiffi

1− q2
p

+ 1− q2ð Þ =
1−

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p
1+

ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p = q2

1+
ffiffiffiffiffiffiffiffiffiffiffi
1− q2

p� �2 (6:18)

is obtained.
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In nonequilibrium thermodynamics (NET), the fluxes J1 and J2 of a coupled re-
action are shown in somewhat modified form [5–7]. The conductance of the coupled
reaction (Lc) is denoted by L12 and the conductances (Lc + LL1 and Lc + LL2) contain-
ing both coupled plus leak conductances are denoted by L11 and L22, respectively.
Substituting in the flux equations (6.10) and (6.11), respectively, the result is
J1 = L11 A1 + L12 A2 and J2 = L12 A1 + L22 A2.

The degree of coupling q and the quantity Z have as a result q= L12=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
L11 L22
p

and Z =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L11 L22.=

p
The potentials A1 and A2 are usually referred to as thermodynamic forces in the

NET.
The above results for uncoupled processes are explained below using the example

of two batteries connected against each other, but this time uncoupled. Uncoupling is
caused by leak currents and leak fluxes (in electrical units), respectively. In both bat-
teries, these can occur both at the electrical potential differences (ΔϕDel = −ΔϕDem)
and at the chemical potential differences (EMFDel and EMFDem). ΔϕDel or ΔϕDem can
be decoupled by short-circuiting the electrical poles via suitable resistors, while it is
assumed for both redox reactions that they can proceed to a certain extent also un-
coupled. The λ values associated with the respective leak currents or fluxes are
λDel1 =0.04 (associated with ΔϕDel), λ

Del
2 =0.01 (associated with EMFDel), λDem1 =0.012

(associated with EMFDem) and λDem2 =0.09 (associated with ΔϕDem).
ΔϕDel (as a variable) is obtained from IDel1 = IDem2 , which is given by GDel

c ΔϕDel +
�

EMFDelÞ+ λDel1 GDel
c ΔϕDel =GDem

c EMFDem + −ΔϕDel

� �� �
+ λDem1 GDem

c EMFDem yielding

ΔϕDel =
GDem
c EMFDem − GDel

c EMFDel

GDel
c 1+ λDel1

� �
−GDem

c 1+ λDem2

� � = − 10.57 V.

The current going through ΔϕDel (A
Del
1 <0) is

IDel1 =GDel
c ΔϕDel +EMFDel
� �

+ λDel1 GDel
c ΔϕDel = 5.057 A,

and the one through EMFDel (ADel
2 >0) is

IDel2 =GDel
c ΔϕDel +EMFDel
� �

+ λDel2 GDel
c EMFDel = 7.77 A.

Through EMFDem (ADem
1 <0) go

IDem1 =GDem
c EMFDem + −ð ÞΔϕDel

� �
+ λDem1 GDem

c EMFDem = 1.4868 A,

and through ΔϕDem (ADem
2 >0)

IDem2 =GDem
c EMFDem + −ð ÞΔϕDel

� �
+ λDem2 GDem

c −ΔϕDel

� �
= 5.0566 A.
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The dissipation functions are ΨDel
1 = IDel1 ΔϕDel = − 53.4283 J=s,

ΨDel
2 = IDel2 EMFDel = 93.238 J=s and

ΨDel
tot =ΨDel

1 +ΨDel
2 = 39.81 J=s.

ΨDem
1 = IDem1 EMFDem = − 14.868 J=s,

ΨDem
2 = IDem2 −ΔϕDel

� �
= 53.4283 J=s and

ΨDem
tot =ΨDem

1 +ΨDem
2 = 38.56 J=s.

The total dissipation of both batteries is ΨDel
tot +ΨDem

tot = 78.37 J=s. It is considerably
larger than dissipation under fully coupled conditions (8.0 J/s). The dissipation
functions ΨDel

1 and ΨDem
2 are opposite equal also under uncoupled conditions.

The power delivery to the weaker battery is only slightly reduced by uncoupling
under these conditions. The power on uncoupling is given by

P = − IDel1 ΔϕDel − IDemL2 −ΔϕDel

� �
.

The leak flux going through −ΔϕDel of the weaker battery IDemL2 = λDem2 GDem
c

−ΔϕDel

� �
is taken into consideration.

The replacement of ΔϕDel through

GDel
c EMFDel

GDel
c 1+ λΣDelð Þ+GDem

c2
= − 10.566 V

leads to

P =GDel
c

Λ
1+ λΣDel +Λð Þ2 EMFDelð Þ2 = 19.936 J=s.

For this purpose, the conductivities of the two leak fluxes are combined:

λΣDel = GDel
L1 +GDem

L2

� �
GDel
c =0.1



Also under uncoupled conditions, the power output can be maximized. For this pur-
pose, the function P ΔϕDel

� �
= −GDel

c 1+ λΣDelð ÞΔϕDel
2 + EMFDel ΔϕDel

� �
is assumed.

The maximum is at

ΔϕDel
max = −

EMFDel
2 1+ λΣDelð Þ = − 5.4546 V.

With Λ=GDem
c2 GDel

c



and GDem

c2 = −GDel
c 1+ λΣDelð ÞΔϕDel

2 +EMFDel ΔϕDel

� �
ΔϕDel



leads

to
Λmax = 1+ λΣDel = 1.1 (1.0 without uncoupling) and
Pmax =GDel

c ðEMFDel 2= Þ2= (180.0 J/s without uncoupling).
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Figure 6.2A shows the corresponding power outputs for fully coupled and un-
coupled processes. The increase in ΔϕDel (from – 12.0 to −10.57 V, becomes less neg-
ative) and IDel1 (from 4.0 to 5.0665 A) due to uncoupling is associated with a
significant drop in performance from 44.8 to 19,936 J/s. The resulting reduction in
performance under these conditions is mainly due to a drastic reduction of Λ (from
0.0714 to 0.0357). This change of Λ is ultimately caused by the leakage fluxes at the
electrical potential difference, which means the appearance of the uncoupling pa-
rameter λΣDel.

The efficiency of the coupled response of a battery that is short-circuited via a resis-
tance in the outer branch must be zero because electrical power is supplied to Δϕ at
steady state at the same rate as it is dissipated. The insertion of a=Δϕ EMF==

−0.96154 into eq. (6.15) results with λ1 =0.04 and λ2 =0

η= −
1+ λ1ð Þa+ 1

1+ 1
a

=0.

When two batteries are connected against each other λDel1 =0.04, λDel2 =0.01,
λDem1 =0.012, λDel2 =0.09, as well as aDel =ΔϕDel=EMFDel = −0.88 and aDem =EMFDem=
−ΔϕDel

� �
−ΔϕDel

� �
= −0.946. The efficiency functions are shown in Figure 6.2B:
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Figure 6.2: Power and efficiency. (A) Output power. Red line: under coupled conditions; blue
points: partially uncoupled. (B) Efficiency. Red line: uncoupling at delivery sites; blue points:
uncoupling at demand sites.
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ηDel = −
1+ λDel1

� �
aDel + 1

1+
1+ λDel2

� �
aDel

=0.573

and

ηDem = −
1+ λDem1

� �
aDem + 1

1+
1+ λDem2

� �
aDem

=0.2783.

The result from this is ηDel × ηDem =0.1595.
The latter result is also possible from

ηΣDel = −
1+ λΣDelð ÞaDel + 1

1+
1+ λDel2

� �
aDel

=0.2138 and

ηΣDem = −
1+ λDem1

� �
aDem + 1

1+ 1
aDem

=0.7458.

Also this results in ηΣDel × ηΣDem =0.1595.
The respective degrees of coupling are qDel =0.9757, and qDem =0.952, the re-

spective Z-values are ZDel = 1.0147 and ZDem =0.9636.
This results in the maximum efficiencies

ηDelmax =
qDel2

1+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− qDel2

p� �2 =0.641

and

ηDemmax =
qDem2

1+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− qDem2

p� �2 =0.5318.

The corresponding a values are

aDelmax =
xDelmax

ZDel
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− qDel2

p
− 1

� �
Zdel qDel

= −0.7888

and

aDemmax = −0.7568.
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With the two maximum efficiencies the overall efficiency ηDelmax × ηDemmax =0.34 is
obtained.

However, the above formulas only apply as long as EMFDel and EMFDem do not
change. Under real conditions, however, EMFDel decreases continuously during
charging, while EMFDem increases. The reaction comes to a halt when EMFDel =
−EMFDem. Then both redox reactions are at equilibrium.
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7 Coupled transport processes at membranes

7.1 The Ca2+ ATPase of the sarco/endoplasmic reticulum

The Ca2+ concentration of the cytosol, Ca2+½ �c, or sarcosol (in muscle cells) is an im-
portant activation parameter that is able to initiate vital processes such as muscle
contraction or exocytosis. It is absolutely necessary for this Ca2+ that even very pre-
cise concentration values can be set. This is done in the cell mainly by the so-called
Ca2+ pumps. Those of the sarco/endoplasmic reticulum (SR) are referred to as
sarco/endoplasmic reticulum ATPase (SERCA). These are protein complexes that
are embedded in the membrane of the reticulum. Their task is to transport Ca2+ ions
of the cytosol into the lumen of the reticulum. This active transport reaction (reac-
tions coupled to ATP hydrolysis are referred to as active) can be described by the
following reaction equation:

MgATP2− +H2O+ 2Cac2+ ! MgADP− +H2PO4
− + 2Car2+ . (R7:1)

This is apparently a coupled reaction in which the hydrolysis of 1.0 mol ATP in the
cytosol is coupled to the transport of 2.0 mol Ca2+ from the cytosol into the reticulum
(index “r”). Analogous to the coupling between the chemical potential difference of a
redox reaction and the electrical potential difference in a battery, the chemical poten-
tial difference of the ATP hydrolysis here is coupled to the electrochemical potential
difference of Ca2+ ions in the two compartments cytosol and reticulum. Accordingly,
the following flux equation can be formulated:

The general formulation for the flux by a coupled reaction J = Lc A1 +A2ð Þ corre-
sponds to Jser = Lserc Aser

ca +Ac
ATP

� �
:

The affinity of the output reaction (Aser
ca = −ΔRGser

ca ) is

Aser
ca = 2 RT ln

Ca2+½ �c
Ca2+½ �r

� �
+ zca F −Δϕrð Þ

� �
ðAser

ca <0, zca = 2.0Þ in J=mol.

The first term of the right side of the above equation results from the chemical po-
tential difference of the Ca2+ ions of the lumen and sarcosol:

Δμserca = −RT ln
Ca2+½ �c
Ca2+½ �r

� �
ðin J=molÞ.

On comparison with a chemical reaction shows that the ΔRG� term is no longer
listed. This is omitted because the standard potentials (here of Ca2+ in the reticulum
lumen and in the sarcosol) can be considered as equal. In addition, the mass action
quotient Γ contains only the concentration ratio of the concentrations separated by
a membrane of the respective compartment.

https://doi.org/10.1515/9783110650501-007
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The second term must be added in principle. It refers to charged particles that
are transported by an electric potential difference. As a result, electrical work can
be performed on them which must be taken into account by the expression zcaFΔϕr.
Both terms can be summarized to the electrochemical potential difference of a
reaction

Δ~μ=Δμ+ zFΔϕ in J=mol. (7:1)

Thus, the following is applied:

Aser
ca = − 2Δ~μserca .

The potential of the input reaction (A2 =Ac
ATP = −ΔRGc

ATP) is

Ac
ATP =RT ln

ATP½ �
ADP½ � Pi½ � K

′ATP

� �
ðAc

ATP >0Þ J=mol.

K′ATP is the equilibrium constant of ATP hydrolysis:

ATP+H2O! ADP+Pi , (R7:2)

with

K′atp ¼
ADP½ �eq Pi½ �eq

ATP½ �eq

The square brackets indicate that it refers to the respective concentrations of all spe-
cies occurring under the given conditions (biochemical notation). These conditions
include a certain constant temperature, a predetermined range for pH and pMg and
a certain ionic strength. For example, for a cytosolic pH range of 6.0–8.0 and a sar-
cosolic magnesium ion concentration (½Mg2+ �c) of about 1.0 mM (pMg = 3.0), the fol-
lowing ATP species can be estimated:

½ATP�= ATP4− +HATP3− +H2ATP2− +MgATP2− +MgHATP− +Mg2ATP
� 	

.

The chemical notation is based on only very specific species involved in the reac-
tion, for example,

MgATP2− +H2O! MgADP− +H2PO4
− (R7:3)

with

KMgATP =
MgADP−½ �eq H2PO4

−½ �eq
MgATP2−½ �eq

.

The ΔRG values resulting from the different notations are identical, but the corre-
sponding ΔRG� values are different. A more detailed discussion of these relation-
ships is provided in Chapter 10.1.
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The H2O concentration does not appear in the equilibrium constant and Γ, as it
practically does not change during the course of the reaction and therefore can be
included in the constant. This also applies to all other reactions that contain H2O as
a reactant.

Therefore, for the coupled reaction

Aser =RT ln
MgATP2−½ �

MgADP−½ � H2PO4
−½ � KMgATP

� �
+ 2 RT ln

Ca2+½ �c
Ca2+½ �r

� �
+ zca F −Δϕrð Þ

� �

is applied.
The following values for the sarcosol of a skeletal muscle cell (SMF) under

resting conditions result: Ca2+½ �c = 0.29 µM and Ca2+½ �r = 0.317 mM, as well as
Δϕr = 0 mV. Therefore,

Aser
ca = 2RT ln

0.29× 10− 6

0.317× 10− 3

� �
= − 36.086 kJ=mol.

In the presence of a low membrane potential of Δϕr =ϕr −ϕc = 6.0 mV and the same
Ca2+ concentrations, an already significantly more negative value is obtained:

Aser
ca = 2 RT ln

0.29× 10− 6

0.317× 10− 3

� �
− 2F × 6.0× 10− 3

� �
= − 38.402 kJ=mol.

However, it can be assumed that in addition to Ca2+ ion channels, there are also K+,
H+ and Cl– channels of high conductance in the reticulum membrane, which always
impede the formation of an electrical potential difference by Ca2+ transport immedi-
ately by charge neutralization.

For Ac
ATP one obtains (with ATP½ �= 9.0 mM, ADP½ �=0.1 mM and Pi½ �= 4.0 mM as

well as K′ATP = 4.9687× 105)

Ac
ATP =RT ln

9× 10− 3

0.1× 10− 3 × 4.0× 10− 3 4.9687× 105
� �

= 59.665 kJ=mol.

This then results in the affinity of the coupled reaction under resting conditions

Ares =Aser =Aser
ca +Ac

ATP = 23.579 kJ=mol.

After a Ca2+ release, Ca2+½ �c = 20.0 μM and Ca2+½ �r = 30.0 μM. Under these conditions
at the beginning

Aser = 2RT ln
20.0× 10− 6

30.0× 10− 6

� �
+Ac

ATP = 57.574 kJ=mol,

but then decreases again in the course of the reaction to 23.579 kJ/mol.
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In addition to the Ca2+ pumps, Ca2+ channels also exist in the reticulum mem-
brane, through which the Ca2+ of the lumen can flow. This is triggered by an electrical
stimulus, which is conducted as a membrane depolarization of the sarcolemma via
transverse tubules up to the reticulum membranes. There the depolarization causes a
drastic conductance increase of these channels, so that Ca2+ can flow massively from
the reticulum into the sarcosol. The affinity of the Ca2+ efflux (CaR) is given by

Acach = −Δ~μcach =RT ln
Ca2+½ �r
Ca2+½ �c

� �
+ zcaFΔϕr.

It is essentially the interaction of these two structures of the reticulum membrane,
that is, Ca2+ pumps and Ca2+ channels, which control the setting of Ca2+½ �c in the
sarcosol. Figure 7.1 illustrates the time courses of CaR (A) and the back pumping
process (CaP, B). The calculation was performed by a simulation of these reac-
tions. The simulation is given in Appendix (A1).

From Figure 7.1A it can be seen that after increasing the conductance (Gcach) of Ca
2+

channels (CaCH) by a factor of 103.8, Ca2+ ions of the reticulum are released into the
sarcosol at high rate. Both there and in the reticulum, Ca2+½ �c and Ca2+½ �r, respec-
tively, are strongly buffered. In the reticular lumen, this is accomplished by calse-
questrin, which is present there in high concentration. In the sarcosol, Ca2+ is mainly
bound by troponin, a protein of the contractile filaments. Ca2+½ �c can increase in frac-
tions of a second in the sarcosol from 0.29 to about 20.0 μM, while Ca2+½ �r drops in
this period in the reticulum from 317.0 to about 30.0 μM (Figure 7.1A).
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Figure 7.1: Time courses of Ca2+ release and uptake at the SR membrane. (A) Ca2+ release after
increasing Gcach by a factor of 103.8. Red points: changes of Ca2+½ �c; blue points: changes of
Ca2+½ �r. B: Ca2+ uptake after decreasing Gcach by a factor of 10−3.8. Red points: changes of Ca2+½ �c;
blue points: changes of Ca2+½ �r.
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After decreasing Gcach by a factor of 10−3.8, the pumping action predominates,
so that Ca2+ ions are now pumped back into the reticulum. This action is shown in
Figure 7.1B. In approximately 30.0 s, the values of both initial concentrations are
reached again, which means Ca2+½ �c =0.29 μM and Ca2+½ �r = 317 μM.

Figure 7.2 shows the time courses of ion currents and the membrane potential
(Δϕr) at the reticulum membrane. Because Ca2+ ions are pumped across the mem-
brane by CaP, this process has an electrogenic effect, that is, through it an electrical
potential difference (Δϕr, lumen positive) can be built up at the reticulum mem-
brane. An electrical potential difference with opposite sign (–Δϕr) is induced by
CaR via CaCHs, which counteracts the electrogenic pumping reaction. In addition,
the generation of a membrane potential is always immediately prevented by a
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Figure 7.2: Currents and MPr at the SR membrane. (A) During Ca2+ release, red points: Iser; blue
points: Icach: brown points: IK . B: during Ca2+ uptake, red points: Iser; blue points: Icach; brown
points: IK . C: during Ca2+ release, black points: MPr.
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compensating K+ current via K+ channels of high conductance. This is necessary
because an electrical potential difference would inhibit the respective Ca2+ flux and
thus slow down the process.

Figure 7.2C shows that during a massive Ca2+ efflux, a transient membrane po-
tential of a few mV is generated. The induction of a far more negative membrane
potential is evidently prevented by a strong K+ influx. During increased backpump-
ing after a drastic reduction of Gcach (B), this time a K+ efflux prevents the sustained
polarization of the reticulum membrane.

To calculate the currents, the respective driving force (−Δ~μ in J=mol) must be
converted into V. It is absolutely necessary that both terms of Δ~μ have the same
denominator, as only then can they be added or subtracted. For the representation
as current in the form I =G −ΔR~μel

� �
, this can be achieved, for example, with

Aser
ca = 2 RT ln

Ca2+½ �c
Ca2+½ �r

� �
+ zca F −Δϕrð Þ

� �

by factoring out the term zcaF.
This leads to

Aser
ca = zca F × 2

RT
zca F

ln
Ca2+½ �c
Ca2+½ �r

� �
+ −Δϕrð Þ

� �
.

The term

RT
zca F

ln
Ca2+½ �c
Ca2+½ �r

� �

is shown in J/C (=V). This becomes clear when the expression resulting from the
chemical potential differences

ðhere RT ln
Ca2+½ �c
Ca2+½ �r

� �
in J=molÞ

is to be expressed as the electric potential difference. For this purpose, for example,

RT ln
Ca2+½ �c
Ca2+½ �r

� �
= zca FΔϕ

must be set (also in J/mol), resulting in the corresponding electrical potential
difference

Δϕ= RT
zca F

ln
Ca2+½ �c
Ca2+½ �r

� �
in J=C or V.
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In a similar way, the term

RT ln
MgATP2−½ �

MgADP−½ � H2PO4
−½ � KMgATP

� �

can be treated, so that for the affinity of the coupled reaction in electrical units, the
expression

Ael
ser =

Aser

zca F
= RT
zca F

ln
MgATP2−½ �

MgADP−½ � H2PO4
−½ � KMgATP

� �
+ 2

RT
zca F

ln
Ca2+½ �c
Ca2+½ �r

� �
+ −Δϕrð Þ

� �

(in V) results.
A similar result can be achieved if instead of zca F only F is excluded. This re-

sults in

Aser

F
= zcaAel

ser =
RT
F

ln
MgATP2−½ �

MgADP−½ � H2PO4
−½ �KMgATP

� �
+ 2

RT
F

ln
Ca2+½ �c
Ca2+½ �r

� �
+ zca −Δϕrð Þ

� �
.

Both results fulfil the identity IserAel
ser = Iser zca= Þ× zcaAel

ser

� �
≡ JserAser

�
From Ael

ser =Aser zca F= and with α= 1 zca Fð Þ= , the flux can be determined from the
membrane current as Jser = αIser. For this purpose, IserAel

ser = JserAser has been used.
On the other hand, αIser = αGser Ael

ser = Lser zcaF Ael
ser must apply, from which Lser =

1= zcaFð Þ2 Gser follows.
Since cells often differ greatly in shape and size, a normalized quantity is often

referred to such as to 1 L of sarcosol, which can be included in α. The membrane
current is given in simulations in fA (=10−18 C/ms) and the flux should be in mM/s.
With Vc = 1.615 × 10− 9 L, this yields

α= 1
zcaF Vc

= 3.209 × 103 mol=ðLCÞ.

For the flux Jser = αI × 10− 18 mol=ðL msÞ is obtained (I is the dimensionless amount
of the current Iser). In order to achieve the result µM/ms = mM/s, the factor 10−12

must be used instead of 10−18 for multiplication.
For Vc = 1.615 × 10− 9 and Vr =0.19 × 10− 9 L, the result is αc = 10− 12 zcaF Vc =



3.209 × 10− 9 and αr = 10− 12 zcaF Vr =0.273 × 10− 9 ðμM=CÞ.


A Ca2+ current via Ca2+ channels of Icach =0.24758 × 109 fA (=0.24758 µA, see
Figure 7.2B) corresponds to a Ca2+ flux from the reticulum into the sarcosol of
Jcach = αcIcach =0.7945 mM=s

The condition

Ψcach = JcachAcach ≡
Icach
Vc

Ael
cach =Ψel

cach

is fulfilled at all times of CaR.
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With the values resulting from the simulation the following one obtains
0.7945 mM=sð Þ× 796.26 J=molð Þ≡ 1.533× 102 C= Lsð Þð Þ× 4.1263 mJ=Cð Þ= 632.6mJ= Lsð Þ.

Figure 7.3 shows the ΔRG (A) and ΔG values (B) of the SERCA pump (ATP split-
ting plus Ca2+ transport) and of CaR as functions of ξ (extent of reaction). The corre-
sponding affinity values have opposite signs. With increasing ξ the ΔRG values of
the pumping reaction become increasingly more positive. The reason for this is the
continuous increase of the positive Δ~μserca (A, blue curve) with almost constant and
negative ΔRGc

ATP (A, red curve). This means that ΔGser in the course of the pumping
process becomes more and more positive (B, green curve), while ΔGc

ATP almost line-
arly becomes more negative (B, red curve).

The curves shown in Figures 7.3A and B only approximate the results of the simula-
tion, because for the calculations a constant Ca2+ buffering was assumed, whereas
in the simulation these are considered as a function of Ca2+½ �c or Ca2+½ �r. This influ-
ences Jser and Aser of the pumping reaction through the coupled portion Aser

ca , which
depends on both concentrations.

Figure 7.4 shows that a steady state is achieved as well under conditions of a
massive CaR as under high Ca2+ conditions. This situation is characterized by the
fact that both Ca2+ fluxes Jserca and Jcach assume equal magnitudes. However, the flux
through the SERCA ATPase, that is, the rate of ATP splitting of the Ca2+ pump (Jser),
is always only half as large, that is, Jser = 1 2 Jserca



.

For a simple circuit consisting of a battery with external branch, it has been
shown that the partial conductance of the coupled redox reaction of the battery is
opposite equal to the conductance of the external branch, meaning Gex = −Gc1.

The interaction of CaP and CaR at the reticulum membrane occurs in an analo-
gous manner. The charge transport coupled to the redox reaction of the battery
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Figure 7.3: ΔRG and ΔG values of Ca2+ pumping. (A) ΔRGs as a function of ξ, red points: ΔRGc
ATP;

blue points: ΔRGca
ser; green points: ΔRGser. (B) Respective ΔGs as a function of ξ.
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corresponds to the Ca2+ transport from the sarcosol into the lumen of the reticulum
coupled to ATP hydrolysis. The outer branch of the current corresponds to the Ca2+

efflux through Ca2+ channels.
Here, with Ψser = Jser Aser, Lserc can always be obtained from

Lserc = Ψser

Aser
ca +Ac

ATP

� �2 ðhere Lserc is however givenÞ.

For the partial conductance one obtains

Lserc1 = 4Lserc

Aser
ca +Ac

ATP

� �
Aser
ca

.
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The following relation is fulfilled:

Lex = Lcach = − Lserc1 .

Lserc1 (<0) is opposite equal to the conductance Lcach (>0). 4Lserc must be taken, because
it results from the twofold flux (Jcach instead of Jser) and the half affinity (−Acach

instead of Aser
ca ), that is

2Jser 1 2Aser
ca


 �
= 4Jser Aser

ca = 4Lserc .

�


As the results of simulations show, these conditions are fulfilled for the Ca2+ cycle
at the reticulum membrane. As a result, the total resistance of the cycle must disap-
pear at steady state.

Figure 7.4 shows how and after which time period a steady state for CaR
(Lcach = 9.98 × 10− 4 mM=s×mol=J, under the conditions shown in A) or CaP
(Lcach = 1.582× 10− 7 mM=s×mol=J, under the conditions shown in B) is reached.
Under the conditions of a massive Ca2+ efflux, Jserca (red) and Jcach (blue) take on the
same values after approximately 0.5 s, which do not change any more. As Ca2+ is
transported out of the sarcosol by Jserca and flows back by Jcach, these two fluxes de-
scribe a cycle, which, when equal in magnitude, cause steady-state cycling (SSC) of
Ca2+. As a result of this equality, the cycle must be electroneutral, so that also JK
(brown) must disappear (Figure 7.4A). Figure 7.4B shows the same operations
under CaP conditions. As shown in Figure 7.4B, this time, the flux magnitudes are
reduced by a factor of 0.003, and the time to reach SSC is approximately 50 s. Also
JK must vanish; however, under these conditions arising from a K+ influx into the
sarcosol, whereas during CaR an opposite K+ flux approaches zero.

In Figure 7.4C, the time courses of the conductances Lserc1 and Lcach during CaR
are shown (the same applies to CaP, not shown). The comparison with the corre-
sponding flux (Figure 7.4A) shows that the relationship Lserc1 = − Lcach is valid only
after reaching a steady state. For the total resistance of the SSC, this means that it
only disappears at steady state. This behavior is also shown by the dissipation func-
tions, as shown in Figure 7.5A and B. This is remarkable in that, in such a cycle,
chemical reactions occur at finite reaction rates and affinities without producing en-
tropy ΔRiS.

The dissipation functions of the cycle are also opposite at SSC (Figure 7.5A–C).
The outcome of this determines the behavior of the functionally related parameters
such as fluxes, affinities and conductances or resistances.

Figure 7.5C shows that

Ψtot =Ψser +Ψcach = Jser Aser
ca +Ac

ATP

� �
+ Jcach Acach,

when a steady state is reached it coincides with ΨATP = JserAc
ATP.
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This demonstrates very impressively that at SSC the total dissipation disappears
because it is composed of JserAser

ca (<0) plus JcachAcach (>0), which must vanish when
both dissipation functions become opposite equal.

As will be discussed further in Chapter 9, cellular ATP consumption and ATP
resynthesis through metabolism also demonstrate this behavior. As will be shown,
on reaching an SSC of the ATP cycle, this one and all the cycles coupled to it – as
here the Ca2+ cycle at the reticulum membrane – proceed without any dissipation.
This finding is particularly important with regard to the entire energy metabolism
and associated heat production.
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7.2 Na/K ATPase and membrane potential

Like the SERCA pump, the Na/K ATPase or Na/K pump of cell membranes is driven
by ATP hydrolysis and a high affinity (Ac

ATP = 59.665 kJ/mol). The reaction equation is

3Nac+ + 2Ke
+ +MgATP2− +H2O! 3Nae+ + 2Kc

+ +MgADP− +H2PO4
− . (R7:4)

In this active transport reaction, the ATP splitting is coupled to the outward trans-
port of three Na+ and the inward transport of two K+ ions. The Na/K pump is there-
fore also electrogenic and as a result can charge the cell membrane electrically. In
Figure 7.6A, such a charging process is shown at the sarcolemma of an SMF in the
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absence of any ionic conductance. After 30 s −217.44 mV is reached, which almost
corresponds to the ANaK value (217.44 mV =̂ 20.98 kJ/mol, see below) and arises
from conditions at t = 0 (½Na+ �e = 143.0mM, ½Na+ �c = 10.0 mM, ½K+ �e = 4.5 mM and
½K+ �c = 150.0 mM). The required amount of charge is 1.064 nC (time integral of cur-
rent). This corresponds to a concentration of 1.064= F Vcð Þ= 8.185 μM in the sarcosol
(Vcell = 2.72 nL for 1.0 mm fiber length, Vc = 1.35 nL sarcosol), that is, 3× 8.158=
24.56 μM of ½Na+ �c is consumed. The pumping reaction is at equilibrium when the
membrane potential generated in this way has reached –217.44 mV.

If the charging process would be done at the same respective concentrations,
that is, if ½Na+ �e = ½Na+ �c and ½K+ �e = ½K+ �c, then a membrane potential of

MP= −Ael
ATP = − 618.4mVð =̂ 59:665kJ=molbyATPsplittingÞ

would result.
For the above calculations, the electrical capacitance of the sarcolemma must

be known. It can be estimated from the surface to volume ratio, which has been
found with stereological methods [8, 9] for Ssm Vcell =0.116 μ− 1= (smooth sarco-
lemma) and Stt Vcell =0.064 μ− 1= (transverse tubuli), together 0.18 µ−1. From this
value a membrane capacitance of CM = 4.891 × 106 fF has been obtained by using
1.0 µF/cm2 for the specific capacitance of cellular membranes.

In addition to this polarization by an active pumping reaction, the generation
of an MP can occur also passively via ion channels. Therefore, the concentration
distribution of the involved ions over the membrane is of great importance. The cal-
culation is based on Δ~μ of the considered ion. For example, for the reaction via K+

channels

Kc
+ ! Ke

+

and for the affinity ð= −Δ~μK) one obtains

−Δ~μK =RT ln
K+½ �c
K+½ �e

� �
+ zKFΔϕ ðinJ=molÞ:

The reaction can reach equilibrium if Δ~μ=0, which leads to

ΔϕK = −
RT
zKF

ln
K+½ �c
K+½ �e

� �
= RT
zKF

ln
K+½ �e
K+½ �c

� �
ðin VÞ (7:2)

This is the Nernst equation, ΔϕK is also called the equilibrium potential Ek. In phys-
iology, this is often given in mV, so eq. (7.2) reads

EK =
RT
zKF

103 ln
K+½ �e
K+½ �c

� �
ðin mVÞ (7:3)
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Since Δϕ according to agreement is always given as a difference of electrical poten-
tials ϕc −ϕe, the chemical potential difference

Δμ=μc − μe =RT ln
ion½ �c
ion½ �e

� �

must also be formulated accordingly.
For the K+ distribution given above, zK = + 1.0 yields a K+ equilibrium potential of

ΔϕK = −
RT
zKF

ln
150
4.5

� �
= −0.093719V or − 9.043kJ=mol.

This result means that the reaction is at equilibrium when an MP of −93.719 mV has
resulted from a K+ efflux. Then no net efflux does occur. This also means that at a
negative MP due to the agreed counting direction (“c”–“e”), the membrane outside
is positively charged, while the inside carries negative charge.

For the Na+ distribution the result is

ΔϕNa =
RT
F

ln
143
10

� �
=0.0711V,

and for the Cl– distribution

ΔϕCl =
RT
F

ln
6
126

� �
= −0.08137V.

The MP of an SMF at rest is around −90.0 mV. The respective Δ~μs are given through

Δ~μelK = 93.719 + ð− 90.0Þ= 3.719mV,

Δ~μelNa = 71.1 − ð− 90.0Þ= 161.1mVand

Δ~μelCl = − 81.37− ð− 90.0Þ= 8.63mV.

From this it can be seen that at an MP of −90.0 mV, K+ ions flow out, Na+ ions flow
in and Cl ions have to flow out. Obviously, especially the Na+ distribution is far
from equilibrium, while those for K+ and Cl– are close to equilibrium. However, the
strength of the ion currents is determined not only by the respective affinities, but
also quite substantially by the associated conductance.

So far, only one type of ion and ion channel has ever been considered. However,
cell membranes always have a whole range of different ion channels, all of which
together influence the setting of a common MP. At equilibrium, the so-called Donnan
equilibrium, every ion distribution is in equilibrium with that MP. This leads to

RT
F

ln
K+½ �e
K+½ �c

� �
= RT

F
ln

Cl+½ �c
Cl+½ �e

� �
= RT

F
ln

Na+½ �e
Na+½ �c

� �
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and to

K+½ �c × Cl−½ �c = K+½ �e × Cl−½ �e

as well as

Na+½ �c × Cl−½ �c = Na+½ �e × Cl−½ �e.

Figure 7.6B and C shows the time courses of MP and of three intracellular ion con-
centrations. At equilibrium, which is reached very slowly via the concentration
changes in the sarcosol, the above conditions are fulfilled for all types of ions. K+½ �c
decreases from 150.0 to 7.13 mM, Na+½ �c increases from 10.0 to 226.44 mM and
Cl−½ �c from 6.0 to 79.57 mM. The MP depolarizes from −90.0 to −12.29 mV. The val-
ues of the constantly held extracellular products K+½ �e × Cl−½ �e and Na+½ �e × Cl−½ �e
are 0.567 × 103 and 18.018 × 103 (in (mM)2), respectively.

It is noticeable that at equilibrium, the total concentration of the osmotically
active particles (in this case K+, Na+ and Cl-) has increased significantly under these
conditions. As cell membranes have a high permeability to H2O, it must be assumed
that to maintain a constant osmolarity, additional inflow of water occurs, which is
accompanied by an increase in volume. This considerably slows down the concen-
tration increases of Na+ und Cl– and results in a more depolarized MP of only
−1.54 mV at equilibrium. Figure 7.6D shows the volume increase (V V0= ) as a func-
tion of time. The osmolarity of the SMF is assumed as 310.0 mosM. Also with swell-
ing (V V0 = 4.134= ), the equilibrium results in the same concentrations as in the
absence of a volume increase.

The sarcolemma cannot endure such an increase in volume undamaged, de-
spite a certain membrane reserve. However, even with considerably less swelling,
damage occurs, because Ca2+ ions also flow into the sarcosol, which leads to lysis
and cell death in many cell types.

Swelling could be prevented if the external concentrations were changed so
that the respective products are equal to the corresponding products of the sarcosol.
A possible outcome would be, for example, 30.0× 30.0= 150.0× 6.0 (for KCl) and
2.0× 30.0= 10.0× 6.0 (for NaCl). Such an external solution with 30.0 mM K+, 2.0 mM
Na+ and 30.0 mM Cl– is in electrochemical equilibrium with the internal concentra-
tions. Under these conditions, no ion flows occur and swelling cannot occur as a
result. Only MP is depolarized from −90.0 to −41.5 mV.

Donnan distribution and cell swelling must always occur when the Donnan
products in the cyto/sarcosol are smaller than in the adjacent medium. In cells, this
is mainly due to the relatively large amount of negative charges for which the cell
membrane is impermeable. These are free moving and fixed proteins carrying nega-
tive net charge, membrane phospholipids and larger anions such as ATP (most ATP
ion species), phosphocreatine (PCr) and nonpermeable metabolite anions. This, to
a certain extent, fixed charge is not involved in the setting of a Donnan equilibrium,
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but is responsible for the asymmetric distribution of the permeating ions and, con-
sequently, for a low Donnan product of the cyto/sarcosol.

With the SERCA pump, the polarization of the membrane is prevented by the
high conductance of K+ channels. However, this was only possible because the K+

concentrations in the sarcosol and in the reticulum lumen are approximately the
same. This is not possible at the sarcolemma due to the different concentrations of
the permeating cations and anions, as shown; nevertheless, a drastic depolarization
also sets in here, but only after a longer reaction time.

Though the maintenance of a negative MP is imperative to trigger a contraction
in an SMF, for example, as already mentioned, this occurs via a depolarization of
the sarcolemma, which leads to the release of Ca2+ from the reticulum and finally
to contraction. To maintain this ability of the membrane to be stimulated by depo-
larization, it must be charged to an appropriate MP of approximately −90 mV
(SMF). Such a situation can persist only if Donnan effects are prevented or at least
largely prevented. This occurs, on the one hand, by a reduction of all relevant con-
ductances, so that the setting of a Donnan equilibrium with depolarization and
swelling is strongly delayed. To a far greater extent, however, the Na/K pump can
counteract these inevitable Donnan effects. Thus, by such a pumping activity, a
loss of K+, an accumulation of Na+ and a depolarization can be compensated.

Figure 7.7 shows the time course of the MP (A) and ½Na+ �c, ½K+ �c and ½Cl− �c (B)
after continued depolarizations and corresponding mechanical power output of an
SMF. The action potentials producing a tetanus are triggered by depolarizations that
have to overcome a threshold of approximately −50 mV. This is followed by an abrupt
and short-lived increase of the conductance of Na + channels (here by a factor of 45.7),
while that for K+ temporarily decreases (by a factor of 0.158). This initiates a strong
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Figure 7.7: Recovery of MP and intracellular ion concentrations after sustained depolarizations. (A)
MP; (B) yellow points, Na+½ �c; blue points, K+½ �c; green points, Cl−½ �c.
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depolarization (action potential) up to +30 mV. The increased Na+ conductance then
drops back to normal according to MP, while that for K+ does not immediately return
completely to resting values. Due to the many successive action potentials, it can be
expected that the ion concentrations in the sarcosol also change. It is assumed that
½Na+ �c increases from 7.0 to 27.0 mM, ½K+ �c drops from 150.0 to 132.7 mM and ½Cl− �c
increases from 6.0 to 8.7 mM. When stimulation is terminated, MP is repolarized within
fractions of a second to almost the resting value (Figure 7.7A). This happens practically
without involvement of the Na/K pump, so it is almost completely due to the rein-
creased K+ conductance. However, the conductance must have reached its low resting
value again. The following extending over a longer time period (here up to 30.0 min)
process is due solely to the activity of the Na/K pump. During that activity, ½Na+ �c and
K+½ �c are pumped back to their original values.

The Cl− conductance remains unchanged. An increased Cl− influx during the
action potentials is mainly due to the disappearance of the negative MP. After repo-
larization, this excess Cl− leaves again passively the cell.

In the course of recovery (restoration of resting conditions), a steady state is
reached after approximately 30.0 min (Figure 7.8). Then an SSC is reached, which
is generated by the pumping reaction, on the one hand, and by the fluxes JNa and JK
via Na+ and K+ channels, on the other hand.

The affinity of the pump reaction is

ANaK = 3 RT ln
Na+½ �c
Na+½ �e

� �
+ FΔϕ

� �
+ 2 RT ln

K+½ �e
K+½ �c

� �
− FΔϕ

� �
+Ac

ATP = 9.8 kJ=mol,
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Figure 7.8: Matching of dissipation functions and conductances. (A) Dissipation functions. (red
points, −Ψnk

ion; blue points, ΨNa +ΨK); (B) conductances (red points, − Lnkc1 ; blue points, Lchex).
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A1 =Ank
ion = 3 RT ln

Na+½ �c
Na+½ �e

� �
+ FΔϕ

� �
+ 2 RT ln

K+½ �e
K+½ �c

� �
− FΔϕ

� �
= − 49.86 kJ=mol.

A2 is given through Ac
ATP .

The efficiency under resting conditions at steady state is ηNaK = −Ank
ion Ac

ATP =



0.836. Under the conditions of a tetanus, it decreases to about 0.65, mainly due to
the strong depolarization (MP= 30 mV) and in the presence of an additional increase
in ½Na+ �c and decrease of ½K+ �c up to 0.4 down. The pumping speed increases be-
cause, on the one hand, Ank

ion becomes less negative (2.3 times at 30 mV), and on the
other hand because of an increase of the ½Na+ �c (4.46-fold at 27.0 mM, the change of
a flux through activation factors is discussed in Section 15). When the resting state is
reached again, the pump flux falls back to the resting value of 0.003 mM/s.

The flux through the pumping reaction is

JNaK = Lnkc Ank
ion +Ac

ATP

� �
.

The dissipation functions are

Ψ1 =Ψnk
ion = JNaKAnk

ion and Ψ2 =Ψnk
ATP = JNaKAc

ATP.

The partial conductances are then

Lnkc1 = Lnkc
Ank
ion +Ac

ATP

Ank
ion

and

Lnkc2 = Lnkc
Ank
ion +Ac

ATP

Ac
ATP

.

The requirement

Lnkc = 1
1

Lnkc1
+ 1
Lnkc2

is fulfilled also for this coupled reaction.
The conductance Lnkex associated with the Na/K cycle is obtained from the dissi-

pation function for Na+ and K+ transport via both ion channels

ΨNa +ΨK = JNaANa + JKAK = JNa
ANa

−Ank
ion

+ JK
AK

−Ank
ion

 !
−Ank

ion

� �

(ΨNa +ΨK >0Þ.
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The expression in the first bracket is the flux that would result if JNa plus JK were
caused together by the potential difference −Ank

ion. The conductance for this flux is
given by

Lchex =
ΨNa +ΨK

−Ank
ion

� �2 .
At steady state, both dissipation functions Ψnk

ion (red) and ΨNa +ΨK (blue) are oppo-
site equal (Figure 7.8A), and accordingly also the conductances Lnkc1 (<0) and Lchex
(>0) (Figure 7.8B). However, this means that when an SSC is reached, this cycle
must also proceed virtually free of resistance and without dissipation.

An SSC can also be shown for other ion transport systems of the cell membrane
such as the Ca2+ ATPase of the sarcolemma in conjunction with a Ca2+ leak flux or
in myocardial cells in conjunction with Na/Ca exchange. It is therefore reasonable
to suppose that in the presence of a steady state, that is, a constant MP over a lon-
ger period of time, an SSC is established for all ion transport systems at the mem-
brane. Therefore, the entropy production of all involved ion transport processes at
the membrane would go to zero. At constant MP, always the sum of all membrane
currents must vanish, which is confirmed by the simulation. This does not mean,
however, that this always has to be connected to one or more SSCs. On the other
hand, SSCs include a state of zero current and therefore do not contradict the possi-
bility that a constant MP has been brought about through the formation of one or
more SSCs.
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8 Oxidative phosphorylation

The oxidation of metabolic substrates such as glucose (Glu) and fatty acids such as
palmitic acid (Palm) occurs in the mitochondria. In skeletal muscle, branched chain
amino acids such as leucine, isoleucine and valine as α-keto acids can also be in-
cluded in the oxidation to a small extent. A large part of the reaction steps in the
metabolism of these different compounds is identical and ultimately leads to the re-
action with O2. As with all reactions of carbon containing compounds with oxygen,
CO2 and H2O are produced, albeit with different stoichiometries. All common reaction
steps are located in the CAC of the mitochondrial matrix. By decarboxylation, the
product CO2 is produced there and by dehydrogenation the hydrogen of the metabo-
lites involved in the cycle is transferred to the oxidized redox compounds nicotin-
amide adenine dinucleotide (NADox) and flavin adenine dinucleotide (FADox), which
are converted by H2 uptake into the reduced forms NADred and FADred, respectively.
In the glucose oxidation (4/12) as well as in the fatty acid oxidation (Palm, 7/23)
NADred and FADred are produced also outside of CAC. All reduced redox compounds
in the matrix reach the inside of the inner mitochondrial membrane, where the oxida-
tion of these compounds takes place. This is where the process of oxidative phos-
phorylation (OP) begins. The reaction with oxygen for both NADred and FADred is
coupled to the transport of protons from the matrix into the intermembrane space
(IMS) of the mitochondria. For the NADred oxidation, the reaction equation is

NADred +
1
2
O2 + 10Hm

+ ! NADox +H2O+ 10Hc
+ (R8:1)

and for the FADred oxidation

FADred +
1
2
O2 + 6Hm

+ ! FADox +H2O+ 6Hc
+ (R8:2)

These are the overall reactions of a system consisting of several serial redox steps. All
of the associated protein complexes are embedded in the bilayer structure of the inner
mitochondrial membrane. The respiratory chain is the cooperation of four complexes,
which accomplishes the gradual oxidation of the NADred. These are the NADred dehy-
drogenase (complex I), the succinate dehydrogenase (complex II), the cytochrome-bc1
complex (complex III) and the cytochrome-c-oxidase (complex IV). FADred can react
with the respiratory chain via complex II, ETF-ubiquinone-oxidoreductase or glycerol-
3-phosphate dehydrogenase. In this process, the two electrons of the hydrogen bound
to NADred or FADred are delivered to the respiratory chain, while the two associated
protons are available for the reaction with oxygen. Both electrons remain in the mem-
brane and pass through several increasingly positive redox potentials in series, and
are transferred finally to oxygen in the last step. Without coupling to proton transport
such a reaction system would correspond to a battery whose electrodes – for example

https://doi.org/10.1515/9783110650501-008
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Complex I and IV for NADred oxidation – are short-circuited through the respiratory
chain, so that the Gibbs energy of this redox reaction (ΔRGNA) would be dissipated
unused. By coupling to proton transport, part of this energy is transformed into the
electrochemical potential difference of protons, which extends over the inner mem-
brane. This coupled proton transfer from the matrix side to the outside of the inner
mitochondrial membrane occurs at three sites in the respiratory chain. Complex I
transports 4.0, complex III also transports 4.0 and complex IV 2.0 protons. In total,
10.0 H+ are pumped over the inner membrane. Since FADred only feeds its electrons
after complex I, this redox reaction is only coupled to the transport of 6.0 protons.
The electrochemical potential difference across the membrane is given by

Δ~μH =RT ln
H+½ �m
H+½ �c

� �
+ FΔϕm ðin J=molÞ. (8:1)

With Δϕm =ϕm −ϕc, both Δϕm <0 and ΔμH =RT lnð½H+ �m=½H+ �cÞ<0.
The membrane potential of the inner membrane, MPm =Δϕm, arises on the one

hand by the H+ withdrawal from the matrix, whereby anions attach on the matrix side
of the membrane. These are predominantly HCO3

− and HPO4
2− , since these ion spe-

cies have the highest concentration in the matrix. On the other hand, the membrane
outside is positively charged by the transported protons. However, the H+ ions do not
remain in the phase boundary, but are replaced by K+ ions, so that a large part of the
protons appear as freely moving ions in the aqueous solution of the IMS. The exchange
reaction is so much faster in comparison to proton pumping that it can be assumed
that it is always at equilibrium and, consequently, does not need to be considered
energetically.

In addition to the inner membrane, mitochondria also have an outer membrane
which, together with the latter, encloses the IMS. This, in turn, contacts the sarcosol
via a porin (voltage-dependent anion channel (VDAC)) in the outer membrane, which
is permeable to ions and most metabolites (up to a molar mass of 104 g/mol). It can
therefore be assumed that the H+ ion concentrations in the IMS and sarcosol are vir-
tually identical. That is the reason why, in Δ~μH the H+ concentration of the sarcosol,
H+½ �c, may appear.

Δ~μH is in electrical units

Δ~μelH = RT
F

ln
H+½ �m
H+½ �c

� �
+Δϕm ðVÞ

or

Δp= ln 10ð Þ RT
F

lg
H+½ �m
H+½ �c

� �
+Δϕm = ln 10ð Þ RT

F
pHc −pHmð Þ+ΔϕmðVÞ. (8:2)

This last term (often in mV) is the designation chosen by Peter Mitchell [8–10] for
Δ~μH, where “Δp” stands for proton motive force.
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For the flux through the coupled NADred oxidation applies

JNA = Lnac νNA Δ~μH +RT ln
NADred½ �
NADox½ � O2½ �0.5 K′NA

� �� �
(8:3)

and for the coupled FADred oxidation

JFA = Lfac νFA Δ~μH +RT ln
FADred½ �
FADox½ � O2½ �0.5 K′FA

� �� �
ðin mM=sÞ. (8:4)

If only these two reactions of the respiratory chain were present in the inner mem-
brane, without the possibility for a proton reflux, as was shown in the case of the
Na/K ATPase, the membrane would be charged until equilibrium is reached be-
tween A1 =Ah

NA = νNA Δ~μH and

A2 =Aox
NA =RT ln

NADred½ �
NADox½ � O2½ �0.5 K′NA

� �

as well as A1 =Ah
FA = νFA Δ~μH and

A2 =Aox
FA =RT ln

FADred½ �
FADox½ � O2½ �0.5 K′FA

� �
.

The respective equilibrium values are Δ~μH = − 211.8mV (MPM = − 192.1mV, for
NADred), and Δ~μH = − 226.5mV (MPM = − 206.8mV, for FADred). For calculation, con-
stant pH values of pHc = 7.08 and pHm = 7.4 have been assumed. A capacitance of
CMm = 71.434 × 106 fF for the inner membrane has been derived from the fact that
0.75 nmol of H+ can charge the membranes corresponding to 1.0 mg mitochondrial
dry mass up to 0.2 V. The content of mitochondria is given by 1.9743 × 10–4 mg dry
mass per SMF (Vcell = 2.717nL).

The values of FADred are more negative than those of NADred because the stoi-
chiometric coefficient of coupled proton transport for FADred (νFA = 6.0) is consider-
ably smaller than that for NADred (νNA = 10.0).

There exist several possibilities for a proton reflux at the inner mitochondrial
membrane. In fact, most of the H+ ions pumped in the IMS can be returned to the
mitochondrial matrix via ATP synthase. In contrast to the reflux of Na+ and K+

ions, which have been pumped outward by the Na/K ATPase and have returned to
the sarcosol through Na+ and K+ channels of the sarcolemma, the proton reflux
via synthase, however, is coupled. In fact, the reflux is coupled with a specific pro-
ton stoichiometry to the synthesis of ATP from ADP and Pi. Due to the reversed flux
direction opposite to the pump direction, Δ~μH must be used for this reaction with
opposite sign. The coupled ATP synthase reaction is then

νSYH+
c +MgADP−

m +H2PO4
−
mÐMgATP2−

m +H2O+ νSYH+
m . (R8:3)
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For the flux through this reaction, the following is applied

JSY = Lsyc Am
ATP + νSY −Δ~μHð Þ� �

(8:5)

with

A1 =Ap
SY =Am

ATP =RT ln
MgADP−½ �m H2PO4½ �m

MgATP2−½ �m
1

KMgATP

� �
ðin J=molÞ

and
A2 =Ah

SY = νSY −Δ~μHð Þ (in J/mol).

To produce ATP continuously in the matrix, reactions (R8.1), (R8.2) and (R8.3) must
be followed continuously. For the two redox reactions, the consistent outcoming of
NADox and FADox must also be continuously reduced again. This is done through
the metabolism and as already mentioned mainly by CAC in the mitochondrial
matrix. For ATP synthesis, ATP synthase requires MgADP− and H2PO4

− from the sar-
cosol, where ATP is continuously consumed through splitting and this ATP require-
ment must be constantly covered. Phosphate transport from the sarcosol to the
matrix is electrically neutral by symport of H2PO−

4 and a H+ ion. This is done by the
H/P symporter of the inner membrane. ADP3−

c from the sarcosol is exchanged
against ATP4−

m of the matrix electrogenically via adenine nucleotide antiport (ATP/
ADP-Ex) of the inner membrane. For the H/P symport

JHP = LPiRT ln
H2PO4

−½ �c
H2PO4

−½ �m
H+½ �c
H+½ �m

� �
(8:6)

is applied for the ATP/ADP antiport:

JAE = LAE RT ln
ATP4−½ �m
ATP4−½ �c

ADP3−½ �c
ADP3−½ �m

� �
+ F −Δϕmð Þ

� �
ðin mM=sÞ. (8:7)

In the presence of a steady state, therefore, ATP could be continuously consumed in
the sarcosol in order to access the mitochondrial matrix in split form. Here it is resyn-
thesized via ATP synthase, but this can only occur with the contribution of a proton
potential difference Δ~μH over the inner membrane. This in turn is generated by the
coupled redox reactions with consumption of NADred and FADred. The resulting
NADox and FADox must finally be reduced again by the metabolism. The reaction se-
quence from the O2 consuming redox reactions to the ATP synthesis and subsequent
replacement of ATP4−

m for ADP3−
c and H2PO4

−
c from the sarcosol is referred to as OP.

If AHP and AAE become contracted to a common affinity, one obtains

AHPAE =AHP +AAE =RT ln
H2PO4

−½ �c
H2PO4

−½ �m
H+� 	

c

H+� 	
m

ATP4−� 	
m

½ATP4− 	
c

ADP3−� 	
c

ADP3−� 	
m

 !
+ F −Δϕmð Þ

=RT ln
H2PO4

−½ �c
H2PO4

−½ �m
ATP4−� 	

m

ATP4−� 	
c

ADP3−� 	
c

½ADP3− 	
m

 !
−Δ~μH.
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The sum of Am
ATP and the first term (Ap

HPAE) from the above equation results in

Am
ATP +Ap

HPAE =RT ln
ADP3−½ �m H2PO4

−½ �m
ATP4−½ �m

1
KATP

� �
H2PO4

−½ �c
H2PO4

−½ �m
ATP4−½ �m
ATP4−½ �c

ADP3−½ �c
ADP3−½ �m

� �� �

= −Ac
ATP. ð8:8Þ

In the above derivation, the formula for Am
ATP without Mg2+ containing species has

been used; however, Am
ATP is not changed. A more detailed discussion of these rela-

tionships is provided in Chapter 9.
For the resynthesis of the ATP from its splitting products via ATP synthase plus

transport into the sarcosol, a total of vSY + 1 protons are needed, which transfer
their electrochemical energy when passing through the potential difference Δ~μH
through coupling as well into ATP synthesis as into transport reactions (ATP/ADP-
Ex plus H/P). While the stoichiometric factor is considered with respect to AHPAE

(1.0), there is less certainty regarding νSY of the ATP synthase reaction. Recently,
2.67 [11, 12] seems to be favored over the older value of 3.0. The following results
have been calculated for a νSY = 3.0.

The most noticeable change due to a reduction of νSY from the value 3.0 is a
significant decrease of MPM from −144 .0 to −58.0 mV. Thus Δ~μH also assumes a
more negative value. The result of this is, as shown by simulations, ATP can be pro-
duced more efficiently with complete coupling, but when the respiratory chain is
uncoupled, due to the more negative Δ~μH a larger proton leak flux occurs, so that
less power can be produced under these conditions.

Figure 8.1 shows the most important affinities (A) and potential differences
(B) of the inner membrane. In Figure 8.1C, the fluxes of H/P symport (JHP − JCAC,
gray), ATP/ADP exchange (JAE − JCAC, dark red) and the ATP synthase (JSY, red) are
shown. The citric acid cycle derived ATP production must be removed, in order to
account for only the associated fluxes belonging to OP. Figure 8.1A shows that at
complete coupling (NADred oxidation) the efficiency ηNA is about 74.0%. Input af-
finity and output affinity thus differ significantly in this redox reaction. The same
applies to the FADred oxidation (ηFA = 69.0%). In the ATP synthase reaction, how-
ever, input and output affinities are close together. Hence, the efficiency ηSY of
this reaction is 98.5%. These conditions change only insignificantly when switch-
ing from rest to almost maximum power output. The fluxes through these almost
constant affinities of OP, however, change considerably with increasing power
output. However, this also depends strongly on the mitochondrial content of an
SMF. For both fatty acid oxidation and Glu plus glycogen (Glgen) oxidation re-
quire mitochondria with the appropriate enzyme endowment for oxidative metab-
olism. It is primarily the reactions of β oxidation and of CAC that provide NADred

and FADred for OP.
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The oxidative degradation of some amino acids is also possible, but under nor-
mal conditions (no increased protein degradation) it is relatively low, so it has not
been included in simulations here.

The simulation (SIMGLY=PAL, A3) chosen here for viewing the OP of an SMF as-
sumes a moderate power output at ½Ca2+ �c = 1.134 μM, as metabolism substrates Glu
( Glu½ �c = 4.0 mM), Glgen and Palm (½Palm�e = 0.1 µM) are present. Under these con-
ditions, ATP (consumption = 4.103 mM/s) is derived to 22.58% from Palm and to
77.42% from Glu/Glgen degradation.

Figure 8.1C shows that for example the fluxes associated with ATP production
increase significantly when switching from near resting conditions (at 0.3 µM
½Ca2+ �c) to a moderate power output at 1.134 μM Ca2+½ �c (2.24-fold). All three fluxes
are identical at steady state after about 5.0 s.
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Figure 8.1: Affinities, potentials and fluxes at the inner mitochondrial membrane. (A) Red points,
Aox
NA and −Ah

NA; blue points, Aox
FA and −Ah

FA. (B) Gray points, MPM; red points, Am
ATP F



and −Ac
ATP F



(dark); blue points, νSYΔ~μH. (C) Gray points, JHP − JCAC; dark red points, JAE − JCAC; red points, JSY.
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In the following on the basis of the above simulation it should be demonstrated
that the proton energy cycle already promoted by P. Mitchell [10] across the inner
mitochondrial membrane is in fact achieved on reaching an SSC. In contrast to the
previously introduced Ca2+ cycle at the reticulum membrane and the Na+ =K+ cycle
at the sarcolemma, the OP proton cycle proceeds through two coupled in series re-
actions. It therefore represents the analogue of the electrical circuit with two batter-
ies connected against each other. To demonstrate this, the two proton fluxes
resulting from the redox reactions must first be combined. This can be accom-
plished by the corresponding dissipation functions. It is

Ψ1 =Ψh
NA = Lnac 1+ λhNA

� �
Ah
NA +Aox

NA

� �
Ah
NA,

Ψ2 =Ψox
NA = Lnac Ah

NA + 1+ λoxNA
� �

Aox
NA

� �
Aox
NA,

Ψ1 =Ψh
FA = Lfac 1+ λhFA

� �
Ah
FA +Aox

FA

� �
Ah
FA,

Ψ2 =Ψox
FA = Lfac Aox

FA + 1+ λoxFA
� �

Aox
FA

� �
Aox
FA.

The equations include all possibilities of uncoupling, that is, all corresponding λs,
so that any decoupling caused by this is also included, resulting in

Ψh
R = Ψh

NA + Ψh
FA and Ψox

R = Ψox
NA + Ψox

FA.

However, only the proportion Qop
H of all pumped protons flows into the OP. This is

given by

Qop
H = νNA JNA + νFA JFA − JNAsh + JPL + 2JCaH + JCACð Þ

νNA JhNA + νFA JhFA
= νSYJhSY + JpSY
νNA JhNA + νFA JhFA

(8:9)

where JNASH describes the flux, which transports NADred via malate-aspartate-
shuttle from the sarcosol into the matrix, JPL the proton leak flux, JCaH the Ca/H ex-
change at the inner membrane and JCAC the flux through CAC. The sum of these
fluxes (ΣrestH = JNAsh + JPL + 2JCaH + JCAC) also flows back into the matrix, but on other
reaction paths that are not directly related to the OP.

For the dissipation functions, one obtains

Ψh
Rop =Qop

H Ψh
NA +Ψh

FA

� �
and Ψox

Rop =Qop
H Ψox

NA +Ψox
FA

� �
.

For the associated affinities and conductances the result is

ARop =
Ψh

Rop +Ψox
Rop

JpSY
and Lropc =

Ψh
Rop +Ψox

Rop

ARop
� �2
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with

Ah
Rop =

Ψh
Rop

JpSY
and Aox

Rop =
Ψox

Rop

JpSY

The respective flux is given by

JRop = Lropc Ah
Rop +Aox

Rop

� �
.

This is the flux through both redox reactions. The partial conductances can be de-
termined from it. These are

Lropc1 = Lropc

Ah
Rop +Aox

Rop

Ah
Rop

ð<0Þ (8:10)

and

Lropc2 = Lropc

Ah
Rop +Aox

Rop

Aox
Rop

ð>0Þ. (8:11)

Also,

Lropc = 1
1

Lropc1

+ 1

Lropc2

is fulfilled.
Next, the common conductance of series reactions of ATP synthase and ATP

transport must be found. The dissipation function is given by

ΨSYTr = JpSYA
m
ATP + JhSYA

h
SY + JpSYAHPAE + JpSY −Δ~μHð Þ

= JpSY −Ac
ATP +

JhSY
JpSy

Ah
SY −Δ~μH

 !

with

ASYTr = −Ac
ATP +

JhSY
JpSy

Ah
SY −Δ~μH.

From this one obtains
Lsytrc =ΨSYTr ASYTr

2

and finally

JSYTr = Lsytrc −Ac
ATP +

JhSY
JpSy

Ah
SY −Δ~μH

 !
. (8:12)
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The partial conductances are given by

Lsytrc1 = Lsytrc

−Ac
ATP +

JhSY

JpSy

Ah
SY −Δ~μH

−Ac
ATP

ð<0Þ (8:13)

and

Lsytrc2 = Lsytrc

−Ac
ATP +

JhSY

JpSy

Ah
SY −Δ~μH

JhSY

JpSy

Ah
SY −Δ~μH

ð>0Þ. (8:14)

With complete coupling JhSY = JpSY. When Ah
SY = − νSY Δ~μH, this leads to

Lsytrc2 ¼ Lsytrc
�Ac

ATP þ νSY þ 1ð Þ �Δ~μHð Þ
νSY þ 1ð Þ �Δ~μHð Þ

and

Lsytrc2 = Lsytrc
−Ac

ATP + νSY + 1ð Þ −Δ~μHð Þ
νSY + 1ð Þ −Δ~μHð Þ .

The results of the simulation show that under fully coupled as well as under un-
coupled conditions, Lropc1 = − Lsytrc2 is always fulfilled for the proton cycle of the OP.

For the determination of changes caused by uncoupling, the respective fluxes
used in the simulations must also contain the corresponding λ values. These appear
in the flux equations as factors (λ1 + 1) of the corresponding affinity A1 or (λ2 + 1) for
A2, as already shown in eqs. (6.10) and (6.11). For example, these are the two flux
equations for the NADred oxidation with uncoupling

JhNA = Lnac νNA λhNA + 1
� �

Δ~μH +RT ln
NADred½ �
NADox½ � O2½ �0.5 K′NA

� �� �

and

JoxNA = Lnac νNAΔ~μH + λoxNA + 1
� �

RT ln
NADred½ �
NADox½ � O2½ �0.5 K′NA

� �� �
.

The same applies to the fluxes involved in the OP JhFA and JoxFA, as well as J
p
SY and JhSY.

Figure 8.2 shows that the dissipation functions of proton transport (A), the proton
fluxes themselves (B) and their conductances (C) have identical time courses, but
this time from the beginning onwards. Figure 8.2D shows the corresponding non-
transformed fluxes of OP. These are the proton flux coupled to redox reactions
(from the matrix into the IMS) and the proton reflux through the ATP synthase, in-
cluding the H+ reflux required for ATP exchange. With this presentation, it becomes
clear that a certain amount of time is required even to reach an SSC for protons.
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Apparently, however, an SSC is reached already before the setting of constant val-
ues for the fluxes involved. This behavior could be explained by the fact that the
redox reactions at the inner membrane are supplied with NADred or FADred from a
relatively slowly increasing metabolism and, as a result, can likewise only increase
slowly. The proton fluxes at the membrane, however, can proceed considerably
faster, so that they can reach SSC in a much shorter time.

The data needed for the OP are supplied by a simulation that calculates the
total energy metabolism of an SMF. This includes all ATP-producing and ATP-
consuming reactions of the metabolism. However, for the OP only the reactions in-
volved in the Palm oxidation and Glu/Glgen oxidation are considered.
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Figure 8.2: Matching of dissipation functions, fluxes and conductances. (A) Dissipation functions
(cyan points, Ψh

Pop; red points, ΨSYTr; for comparison, brown points, Qop
H Ψh

NA; yellow points,
Qop
H Ψh

FA). (B) Fluxes (cyan points, JRop; red points, JpSY; brown points, JhNA; yellow points, JhFA.
(C) conductances (cyan points, Lropc1 ; red points, − Lsytrc2 ). (D) Nontransformed proton fluxes of OP
(black line, νNAJhNA + νFAJhFA − JNAsh + JPL + 2JCaH + JCACð Þ; red points, νSYJhSY + JpSY.).
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Their respective proportions can be determined by the following formulas:

Qpalm
H =

7 Jβ νNA + 8 Jβ 3 νNA
� � JcpNA

JoxNA
+ 7 Jβ νFA + 8 Jβ νFA
� � JcpFA

JoxFA

JoxNA νNA
JcpNA
JoxNA

+ JoxFA νFA
JcpFA
JoxFA

− JNAsh
= 52.82%

and

Qgl
H =

4 JPDH νNA + JNAsh νNAð Þ J
cp
NA
JoxNA

+ JPDH νFA + JFAsh νFAð Þ J
cp
FA
JoxFA

− JNAsh

JoxNA νNA
JcpNA
JoxNA

+ JoxFA νFA
JcpFA
JoxFA

− JNAsh
= 47.18%.

where Jβ describes the flux through the β-oxidation, and JPDH the flux through the
pyruvate dehydrogenase. JcpNA JoxNA



describes the coupled share of JoxNA.

The above quotients indicate the respective mitochondrial fraction of the meta-
bolic pathway considered. So, the proton transport coupled to Palm oxidation, for ex-
ample, is related to the total, that is, from Palm plus Glu/Glgen produced H+ flux.
The associated ATP production is given then by JpalmATP =Qpalm

H JpSY and JglATP =Qgl
H J

p
SY.

It is

JpalmATP

JpalmATP + JglATP
= JpalmATP

JtotATP
= 21.26%

and

JglATP
JtotATP

= 18.99 %,

and thus 40.25% oxidative. 8Jβ and 1JPDH (1.76 or 1.43%) are each additionally pro-
duced in the CAC of the matrix but not added to OP.

The total O2 consumption is JO = JNA + JFA = 3.66 mM=s (related to 1.0 L matrix
volume), resulting in JcO2 =0.5JO QV =0.383 mM=s= (related to 1.0 L of sarcosol,
QV =Vc Vm = 4.77869= ).
The respective relative oxygen consumption is

Qpalm
O = 2× 7Jβ + 8× 4Jβ

JO
= 46Jβ

JO
= 54.08%

and

Qgl
O = JNAsh + JFYsh + 5JPDH

JO
= 6JPDH

JO
= 45.92%.

The total CO2 consumption is given by
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JCO2 = JPDH + 2JCAC = 1.5288 mM=s (matrix), or JcCO2 = JCO2 QV =0.3199 mM=s



(sarcosol).
This results in a respiratory quotient of

RQ= JcCO2 JcO2 =0.8354.
.

The respective relative CO2 consumption is given by

JpalmATP ¼ Qpalm
H JpSY and JglATP ¼ Qgl

H J
p
SY: and Qgl

CO2
= 3JPDH JPDH + 2JCACð Þ= 54.97%.=

The respiratory quotient for the Palm oxidation is given by RQpalm =
8× 2Jβ=0.5 2× 7Jβ + 8× 4Jβ

� �
=0.695652. This value must be identical to the result

from the reaction equation (R8.3) (16/23 = 0.695652):

Palm+ 23O2 ! 16 CO2 + 16H2O (R8:4)

For Glu/Glgen oxidation, the following is applied:

RQgl = 3JPDH 0.5 JNAsh + JFAsh + 5JPDHð Þ= 1.0:=

From (R4.1) the result is 6/6 = 1.0. The last two results are particularly well suited
as controls for such simulations, which include mitochondrial reactions.

For the P/O quotients of the OP one obtains with

Qop
H = νNAJhNA + νFAJhFA − JNAsh + JPL + 2JCaH + JCACð Þ

νNAJhNA + νFAJhFA − JNAsh
(8:15)

QPO =
JpSY

Qop
H JO

= 2.2258.

The P/O quotient for palm oxidation is

Qpalm
PO = Qpalm

H JpSY
Qop
H 2× 7Jβ + 8× 4Jβ
� � = 2.1739 (8:16)

or

Qpalm
PO = 7Jβ + 8× 3Jβ

� �
νNA + 7Jβ + 8Jβ

� �
νFA

νSY + 1ð Þ 2× 7Jβ + 8× 3Jβ
� � = 2.1739, (8:16a)

and that for Glu/Glgen oxidation

Qgl
PO =

Qgl
H J

p
SY

Qop
H JNAsh + JFAsh + 5× JPDHð Þ = 2.2868 (8:17)
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or

Qgl
PO =

JNAsh νNA − JNAsh + JFAsh νFA + 4JPDHνNA + JPDHνFA
νSY + 1ð Þ JNAsh + JFAsh + 5× JPDHð Þ = 2.2868. (8:17a)

Formulas (8.16a)–(8.17a) are independent of coupling, while (8.16) and (8.17) in un-
coupling are always accompanied by a reduction of the results given here for com-
plete coupling. An external uncoupling by activation of the proton leak flux via
UCP3 (uncoupling protein 3) of the inner membrane is also not indicated as uncou-
pling, so there is no reduction of the QPO, because JPL in eq. (8.15) is also subtracted
from the total flux of all pumped protons. Consequently, only the leak fluxes that
flow through the coupled reaction itself are taken into account, which hence cause
an inner uncoupling. For example, when changing JPL from 0 to 5.532 mM/s
(20.43% of the OP flux), ATP production remains nearly unchanged at 4.09 mM/s
(vs. 4.103 mM/s). The O2 consumption increases by 3.19%. However, the production
of ATP solely by the OP drops significantly from 40.24 to 34.63%. Qpalm

PO , Qgl
PO and

QPO remain unchanged.
With uncoupling of the respiratory chain (λNA =0.15, λFA =0.3, JPL =0 mM=s),

ATP production remains virtually unchanged, O2 consumption increases by 8.67%
and ATP production by OP decreases to 24.85%. POpalmdrops to 1.25, POgl to 1.32 and
PO to 1.283. A reduction of νSY from 3.0 to 2.67 (νSYH+ ATP= ) increases the respective
QPO s to 2.426, 2.369 and 2.493, respectively.

These results show that, above all, through inner uncoupling such as the respi-
ratory chain always ATP production by OP becomes reduced, whereas O2 consump-
tion is increased, which must lead to a decrease in the respective QPO s.

However, the total ATP production is only marginally reduced, from which it
can be concluded that the anoxic Glu/Glgen metabolism is able to compensate al-
most completely for the loss caused by uncoupling. Under these conditions, anoxic
ATP production (Glu/Glgen) increases from 55.14% to 69.88%.

Like the P/O quotient, the efficiency also provides information regarding the
extent to which the power of the redox reactions is utilized by OP for ATP produc-
tion. The efficiency is obtained with

Qop
′

H = νNAJhNA + νFAJhFA − JNAsh + JPL + 2JCaH + JCACð Þ
νNAJhNA + νFAJhFA

as

ηOP = −
JpSY −Ac

atp

� �
Qop
H

′
JoxNAA

ox
NA + JoxFAA

ox
FA

� � = 69.32%. (8:18)
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The value associated with Palm oxidation is

ηpalmOP = −
Qpalm
H JpSY −Ac

atp

� �
Qop
H

′
31JβAS+ 15JβAox

FA

� � = 69.63%, (8:19)

and that for Glu/Glgen

ηglOP =
Qgl
H JpSY −Ac

atp

� �
Qop
H

′
4JPDH + JNAshð ÞAox

NA + JPDH + JFAshð ÞAox
FA

� � = 68.97%. (8:20)

When the respiratory chain becomes uncoupled (see above), the above values are
reduced to 40.0%, 39.62% and 39.8%, respectively.

The behavior of the respective uncoupled redox reactions of the respiratory chain
is shown in Figure 8.3. The curve is determined by the corresponding λ values. For
NADred oxidation (red; λhNA =0.15, λoxNA =0), the efficiency ηNA = 0.4435 of this reaction
at an abscissa value of a=Ah

NA Aox
NA = −0.737



obtained from simulation gives the point

on the curve. For the FADred oxidation (blue), ηFA =0.2593 with a=Ah
FA Aox

FA =



− 0.689. When completely coupled, the points lie on the line η= − a. Then the result
is, as already mentioned, ηNA = 0.737 and ηFA = 0.689.

A reduction of the efficiencies with complete coupling can also be observed by in-
creasing the power output (associated with about 11.0 mM/s ATP production, for
instance). With ½Ca2+ �c = 6.0μM, the above considered efficiencies of OP decrease
to 65.49%, 65.08% and 65.19%.

With vSY = 2.67, efficiencies are higher (75.86%, 75.14% and 75.54%), however.
The ATP production by OP is also increased (by 7.24%), but with uncoupling a sig-
nificant reduction of efficiency is produced by a lower vSY value (50.99 instead of
61.74% at vSY = 3.0).

–1 –0.5 0
0

0.5

1

a

η
Figure 8.3: Uncoupling of the respiratory chain. Red
line: efficiency of uncoupled NADred-linked proton
transport, λNA =0.15; red square: efficiency at
a= −ηcp = −0.737 under totally coupled conditions.
Blue line: efficiency of uncoupled FADred-linked proton
transport, λNA =0.3; blue square: efficiency at
a= −ηcp = −0.689 under totally coupled conditions.
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The values of the partial conductances are

Lropc1 = −1.3047× 10− 4 and Lsytrc2 = 1.3049× 10− 4ðmM=s×mol=JÞ at Ca2+
� 	

c = 1.136 μM,

Lropc1 = −2.535× 10− 4 and Lsytrc2 = 2.535× 10− 4 ðmM=s×mol=JÞ, at Ca2+
� 	

c = 6.0 μM and

Lropc1 = −0.821× 10− 4 and Lsytrc2 =0.8211× 10− 4 ðmM=s×mol=JÞ, at Ca2+½ �c = 1.136 μM

in addition to uncoupling.
In analogy to the two batteries connected against each other, it is also possible

with respect to the proton cycle of the OP at the inner mitochondrial membrane to
differentiate between energy-delivering (redox reactions) and energy-consuming
(ATP synthase and ATP transport) reactions. So Ψh

Rop is compared with the dissipa-
tion function ΨDel

1 , and Ψh
SYTr to the dissipation function ΨDem

2 . Similarly Lropc1 and
LDelc1 as well as Lsytrc2 and LDemc2 .

For the efficiencies the result is therefore

ηOP =
−Ψh

Rop

� �
Ψh

Rop

× −Ψp
SYTr

� �
Ψh

SYTr

= −ΨDel
1

� �
ΨDel

2

× −ΨDem
1

� �
ΨDem

2

= ηDel × ηDem. (8:21)

Since ΨDem
2 = − ΨDel

1 , the following is obtained:

ηOP =
−ΨDem

1

� �
ΨDel

2

= 69.32%:

The dissipation functions are given by

ΨDem
1 = JpSY −Ac

ATP

� �
(8:22)

and
ΨDel

2 =Qop
H JopNAA

ox
NA + JoxFAA

ox
FA

� �
. (8:23)

For the total dissipation of OP one obtains

Ψtot
OP = ΨDel

1 +ΨDel
2 +ΨDem

1 +ΨDem
2

= JpSY −Ac
ATP

� �
+Qop

H JoxNAA
ox
FA

� �
.

(8:24)

Mitochondria can produce ATP also without the consumption of O2 This comes
about via CAC in the mitochondrial matrix through substrate-level phosphorylation
in a similar way as glycolytic ATP formation in the sarcosol. At a mitochondrial ATP
delivery rate of JpSY + JCAC = 1.636+0.129= 1.7651 mM=s about 92.7% is delivered by
OP and 7.3% via CAC.
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9 The ATP cycle of energy metabolism

So far, it has been shown that coupled reactions are of significant importance in cel-
lular membrane transport processes. Upon reaching an SSC, there is a reaction cycle,
which is characterized mainly by its dissipation-free progression. Characteristic of
such a cycle gone through at a constant flux is always that ΨDel

1 and ΨDem
2 , ADel

1 and
ADem
2 as well as LDel1 and LDem2 are oppositely equal. This applies to cycles with only

one coupled reaction and to those with two coupled reactions, whereby the second –
as in the example of two batteries connected against each other – uses the output
power of the first as input power.

In the following, it should be deduced that this principle can also be applied to
the reactions of ATP delivery (production) and ATP demand (consumption) in en-
ergy metabolism.

As already mentioned, the mathematical simulation (SIMGLY=PAL) used here simu-
lates the degradation of Palm, Glu and Glgen of an SMF. This results in several ways
in which ATP can be produced. These are Palm oxidation and Glu/Glgen metabolism.
The latter can be split into several different degradation pathways. Glucose and
glucose-1-phosphate (G1P) from glycogen phosphorolysis can, on the one hand,
pass through the OP in the mitochondria; on the other hand, these substances
have the possibility of passing through glycolysis to pyruvate, to react under
NADred consumption to lactate (Lac), which is released from the sarcosol into the
interstitial space together with H+ via Lac/H cotransport. The simulation provides
the metabolite concentrations by means of which the fluxes involved in the respec-
tive ATP production can be determined. In addition to OP, these are the fluxes
through CAC and the ATP supplying part of glycolysis (JGAP, from glyceraldehyde-3-
phosphate to pyruvate), which has been contracted here to a single reaction step.

The ATP production rate via the metabolic pathway of Palm (PAL) is given by

JpalmATP =Qpalm
H

JpSY
QV

+ 8Jβ
QV

− 2JPact ðmM=s, 22.58%Þ, (9:1)

and that via oxidative metabolism of Glu/Glgen by

JgloxATP =Qgl
H
JpSY
QV

+ JPDH
QV

+ JPDH
QV JGAP

2JGAP − JPFK − JHKð Þ ðmM=s, 77.42%Þ (9:2)

where GAP represents glyceraldehyde-3-phosphate dehydrogenase, PFK phospho-
fructokinase and HK hexokinase).

The metabolic pathway of Glu/Glgen is made up of the paths Gluox and Glgenox.
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The ATP production rate via Gluox is given by

JgluoxATP = JHK
JPGI

Qgl
H
JpSY
QV

+ JPDH
QV

+ JPDH
QV JGAP

2JGAP − JPFKð Þ
� �

−
JPDH

QV JGAP
JHK ðmM=s, 8.06%Þ,

(9:3)

and that via Glgenox by

JglgoxATP = JPGM
JPGI

Qgl
H
JpSY
QV

+ JPDH
QV

+ JPDH
QV JGAP

2JGAP − JPFKð Þ
� �

ðmM=s, 14.24%Þ. (9:4)

In JgloxATP , J
gluox
ATP and JglgoxATP , the ATP production via CAC is included.

The respective anoxic ATP production rates are

JgluanoxATP = JHK
JPGI

JLDH
JGAP

2JGAP − JPFKð Þ
� �

−
JLDH
JGAP

JHK ðmM=s, 15.46%Þ (9:5)

and

JglganoxATP = JLDH
JGAP

JPGM
JPGI

2JGAP − JPFKð Þ ðmM=s, 39.66%Þ, (9:6)

where LDH represents lactate dehydrogenase, PGI phosphoglucose isomerase and
PGM phosphoglucomutase. The fluxes JgloxATP and JgluanoxATP + JglganoxATP belong to the path-
way denoted here with GLY.

The total ATP production rate then results as the sum of all these parallel
fluxes:

JATP =
JAE
QV

+ 2JGAP − JPFK − JHK = 4.103 ðmM=sÞ. (9:7)

Compared to the ATP production of OP, which is solely fed by oxidative input reac-
tions, the reactions of Palm oxidation as well as of oxidative and anoxic Glu/Glgen
metabolism contain the possibility to generate ATP without the direct participation
of O2. This occurs both in the CAC (JCAC) of the mitochondrial matrix and in the sec-
ond part of glycolysis (JGAP) and is referred to as substrate-level phosphorylation.

The ATP production rate per substrate flux results in the ATP yield of a given
metabolic pathway as follows:

JpalmATP

Jβ
= 102.89, JgluoxATP

JPDH
QV JGAP

JHK
= 30.588, JglgoxATP

JPDH
QV JGAP

JPGM
= 31.588, JgluanoxATP

JLDH
JGAP

JHK
= 2.0

and
JglganoxATP

JLDH
JGAP

JPGM
= 3.0.
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In SMFs exist a number of ATP-consuming reactions that need the ATP delivered
from the degradation of substrates to perform mechanical, chemical or electrochem-
ical work. In all these coupled reactions, the affinity of ATP hydrolysis (Ac

ATP >0) is
used as an input potential. For muscle contraction, for example, this is coupled to a
mechanical output potential. In addition to contraction, ATP splitting is required for
chemical syntheses (e.g., protein biosynthesis and glycogen synthesis) as well as for
ion transport (e.g., Na+ and K+ transport by Na/K ATPase or Ca2+ transport by
SERCA). ATP hydrolysis always occurs in sarcosol. Its affinity is oppositely equal to
the affinity of ATP synthesis of the ATP-producing reactions. Although the mitochon-
drial ATP production is determined by the reactants and products of the matrix, it is
also given by the ATP potential of the sarcosol, as has already been shown (eq. (8.8)),
by taking into account the associated transport affinities.

All ATP-splitting reactions proceeding in parallel in the sarcosol and being cou-
pled to work are given by the flux

JW = JWb + Jser + JStr + JGlgsy + JAcc.

where JWb denotes the sum of the fluxes by the Na/K ATPase and protein biosynthe-
sis, Jser the flux through SERCA, JStr the flux through myosin ATPase of cross-
bridges involved with stroking, JGlgsy the flux through glycogen synthase and JAcc
the flux through acetyl coenzyme A (CoA) carboxylase.

The dissipation function ΨW is composed of

ΨW =Ψld
W +Ψp

W, with Ψld
W = JWb Ald

Wb + JserAser
ca + JStrAld

Str + JAccAld
Acc and Ψp

W = JWAc
ATP.

From these equations the dissipation functions ΨDel and ΨDem of the total ATP
production rate or the total consumption rate can be determined, from which the
desired conductances LDelc1 and LDemc2 can be obtained.

ΨDel equals the sum of dissipation functions, which are composed of all in-
volved reactions of Palm oxidation and Glu/Glgen degradation:

ΨDel
2 =Ψovt describes the dissipation function without coupling to Ac

ATP; hence,
ΨDel

1 is given by ΨDel
1 = JATP −Ac

ATP

� �
.

The transformed affinity related to JATP is given by �Aovt =Ψovt JATP= , and the cor-
responding transformed conductance is

�LDelc = Jovt −Ac
ATP

� �
+Ψovt

−Ac
ATP

� �
+ �Aovt

� �2 . (9:8)

The corresponding flux is then

Jovt = JATP = �LDelc −Ac
ATP

� �
+ �Aovt

� �
(9:9)
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from which the partial conductances are

�LDelc1 = �LDelc
−Ac

ATP

� �
+ �Aovt

−Ac
ATP

� � ð<0Þ (9:10)

and

�LDelc2 = �LDelc
−Ac

ATP

� �
+ �Aovt

�Aovt
ð>0Þ. (9:11)

From ΨDem =ΨW =Ψld
W + JWAc

ATP, one obtains

�Ald
W = Ψld

W

JW

and

�LDemc = Ψld
W + JW Ac

ATP

�Ald
W +Ac

ATP

� �2 . (9:12)

The corresponding flux is

JW = JATP = �LDemc
�Ald
W +Ac

ATP

� �
, (9:13)

from which

�LDemc1 = �LDemc

�Ald
W +Ac

ATP
�Ald
W

ð< 0Þ (9:14)

and

�LDemc2 = �LDemc

�Ald
W +Ac

ATP

Ac
atp

ð> 0Þ (9:15)

are obtained.
Both partial conductances are at SSC (only after about 6.0 s, Figure 9.1C) with

�LDelc1 = − 7.1334 × 10− 5 and �LDemc2 = 7.1334 × 10− 5 mM s×mol J== again oppositely
equal. For this situation, it becomes particularly apparent that the potentials of the
cycle (−Ac

ATP and Ac
ATP) must be oppositely equal at each point in time, since cy-

cling is always connected with a change of sign of these potentials.
Figure 9.1 shows that the entire ATP production via PAL and GLY reaches an SSC

(B). From this time on, ATP production and ATP consumption proceed at the same
rates (JW = JATP). Since the affinities of this ATP cycle are oppositely equal (−AATP and
AATP), the dissipation functions of the cycle must vanish (JWAATP + JATP −AATPð Þ=0).
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Since the resistances also disappear, ATP synthesis coupled to metabolism as well as
ATP splitting coupled to work taken as a whole occur without dissipation (ΣΔRiS=0).
This cycle is driven by the sum of the input potential (�Aovt >0) and the output poten-
tial (�Ald

W <0), which are both related to the ATP turnover rate.
The respective efficiencies of ATP production are

ηDelATPc = −
Jpalmatpc + Jglatpc
� �

−Ac
ATP

� �
Ψpalm

ov +Ψgl
ov

=0.6146,
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Figure 9.1: Dissipation functions, fluxes and conductances of PAL plus GLY. (A) Dissipation
functions (gray points, Ψp

W; green points, −ΨDel
1 ; red line, ATP production by the PCr reaction is

included). (B) Fluxes (gray points, JW; green points, Jovt = JATP; red line, JATP + JPCr). (C) Conductances
(gray points, LDemc2 ; green points, − LDelc1 ).
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ηpalmATPc = −
Jpalmatpc

� �
−Ac

ATP

� �
Ψpalm

ov

=0.5954,

ηgloxATPc = −
Jgluoxatpc + Jglgoxatpc

� �
−Ac

ATP

� �
Ψgluox

ov +Ψglgox
ov

=0.5942,

ηgluoxATPc = −
Jgluoxatpc

� �
−Ac

ATP

� �
Ψgluox

ov

=0.5846,

ηglgoxATPc = −
Jglgoxatpc

� �
−Ac

ATP

� �
Ψglgox

ov

=0.5998,

ηglanoxATPc = −
Jgluanoxatpc + Jglganoxatpc

� �
−Ac

ATP

� �
Ψgluanox

ov +Ψglganox
ov

=0.6317,

ηgluanoxATPc = −
Jgluanoxatpc

� �
−Ac

ATP

� �
Ψgluanox

ov

=0.5064 and

ηglganoxATPc = −
Jglganoxatpc

� �
−Ac

ATP

� �
Ψglganox

ov

=0.6991.

The activation of energy metabolism occurs in the SMF by an increase in the
Ca2+ concentration of sarcosol. As described in Chapter 7, this occurs via depolari-
zations of the sarcolemma, which are triggered and controlled by nerve impulses.
Most of the work reactions (JW) and the muscular contraction are activated by
Ca2+
� 	

c, so that with this activation also an increased ATP consumption begins,
which is accompanied by an increase of ADP½ �c and Pi½ �. The former is connected
via the near-equilibrium reaction of adenylate kinase

2 ADP3− Ð ATP4− + AMP2− (R9:1)

with ATP½ �c and AMP½ �c. The subsequent increase in AMP½ �c now activates the PFK
of glycolysis, which in turn leads to activation of both anoxic and oxidative Glu/
Glgen degradation. The fatty acid metabolism (here Palm) is known to be not signif-
icantly affected by this activation through AMP½ �c. The ATP demand under these
conditions must thus be covered mainly by ATP delivery via GLY.

At moderate power output ( Ca2+
� 	

c = 1.136 μM), the ATP production and con-
sumption rate, as already mentioned, is 4.103 mM/s. This would mean that even at
this submaximal consumption rate, most of the ATP ( ATP½ �c = 9.0mM) would be
consumed within 2.0 s if this could not be resynthesized fast enough from splitting
products. However, especially under conditions of high power output, ATP
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production via GLY and PAL degradation pathways is no longer capable of doing
this because the activation of all these reaction steps, which must occur, takes too
much time to increase the ATP delivery rate (JATP) sufficiently to cover the ATP de-
mand rate (JW). In this short period of time between increased ATP demand and in-
sufficient ATP delivery by the metabolism after a sudden switch from low power to
high power output, ATP is supplied by the creatine kinase (CK) catalyzed reaction

PCr2− +MgADP− +H+ Ð Cr+MgATP2− (R9:2)

(chemical notation, see Chapter 10). This buffers a significant decrease in ATP½ �c
and is shown in Figure 9.1. The solid line in red coincides practically from the be-
ginning with the ATP demand rate, if the additional (parallel) ATP production via
the PCr reaction has been taken into account. Apparently, this reaction ensures that
ATP½ �c does not drop significantly. This is achieved, on the one hand, by a high
PCr½ � ( MgPCr½ �+ PCr2−

� 	
+ Cr½ �= 40.0mM) and on the other by a high Lpcrc .

However, this buffering of ATP½ �c is not the only task of the PCr system. This
latter system can also significantly increase the availability of ATP at locations of
its consumption. Since ATP is not synthesized exactly where it is needed, in order
to drive muscle contraction or Ca2+ transport, for example. There is a spatial dis-
tance between locations of production and consumption, which the ATP molecule
has to overcome by diffusion. In the intracellular space, however, this diffusion pro-
cess is apparently hindered by structural proteins of the cytoskeleton even for mole-
cules of the size of the ATP, so that the diffusion path can become the limiting
factor. The sarcosol itself, that is, the aqueous protein solution that surrounds these
structures is not critical to this impediment of diffusion.

This particularly concerns cells with very high power output, such as fast skele-
tal muscle fibers, which have a very high turnover of ATP. But the too slow diffu-
sion rate of ATP can be counterbalanced by a reaction cycle. It is the PCr shuttle,
which does fulfil this task. This shuttle can be described as follows:

At sites of ATP production, PCr2− is formed from Cr and MgATP2− according to

MgATP2− +Crp Ð PCrp2− + MgADP− + H+ (R9:3)

(index “p” indicates sites of ATP production).
The product MgADP− can be incorporated directly into the ATP synthesis cou-

pled to metabolism according to MgADP− +H2PO4
− ! MgATP2− +H2O.

In this way, MgATP2− and MgADP− are recycled by both reactions, while PCr2− ,
Cr and H2PO4

− form chemical potential differences between the sites of ATP produc-
tion and ATP consumption. These respective potential differences are associated with
corresponding concentration gradients that drive the diffusion of these substances.

PCr2− can thus reach a site of ATP consumption via diffusion, where it reacts
with MgADP− to MgATP2− and Cr. Reaction (R9.3) proceeds at this location in the
opposite direction, according to
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PCru2− +MgADP− +H+ Ð MgATP2− +Cru

(index “u” indicates sites of ATP utilization).
This is possible because, on the one hand, the value of the equilibrium constant

of this reaction is relatively low (K′PCr = 177), and, in addition, the concentrations of
the reactants are close to their equilibrium concentrations.

The MgATP2− formed here can now be split again by the respective ATP cou-
pled work reaction, thereby MgADP− and H2PO4

− are produced according to
MgATP2− +H2O! MgADP− +H2PO4

− .
Also at sites of ATP utilization, MgATP2− and MgADP− are recycled just as at

sites of ATP production, while PCr2− , Cr and H2PO4
− take part in gradient forma-

tion. Diffusion proceeds in the direction of the negative gradient, which means
PCr2− diffuses from sites of ATP production to sites of ATP utilization, while Cr and
HPO4

2− diffuse from here into the opposite direction to sites of ATP production. At
sites of ATP utilization, HPO4u

2− is formed from H2PO4
− of the ATP splitting reac-

tion by release of a proton, which is taken up by the PCr reaction. At sites of ATP
production, however, H2PO4

− is required for ATP synthesis. It arises from the in-
coming HPO4p

2− and the proton released at this site by the reverse PCr reaction.
PCr2− and Cr thereby go through a cycle, the PCr shuttle. At SSC, also this reac-

tion cycle must proceed without dissipation as follows:

Φcyc= J ×RT

ln
MgADP−½ �p HPO4

2−½ �p H+½ �p
MgATP2−½ �p

1
KMgATP1

� �
+ln

Cr½ �p MgATP2−½ �p
PCr2−½ �p MgADP−½ �p H+½ �p

1
KPCr

� �

+ ln
PCr2−½ �p
PCr2−½ �u

� �

+ ln
PCr2−½ �u MgADP−½ �u H+½ �u

Cr½ �u MgATP2−½ �u KPCr

� �
+ln MgATP2−½ �u

MgADP−½ �u HPO4
2−½ �u H+½ �u

KMgATP1

� �

+ ln
HPO4

2−½ �u
HPO4

2−½ �p

� �
+ ln Cr½ �u

Cr½ �p

� �

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

≡0

(9:16)

All affinities of the above formulation are given in chemical notation. The ATP split-
ting and synthesis reactions have been modified; instead of H2PO4

− , HPO4
2− and

H+ are introduced. The interrelation is given by

H2PO4
−½ �= HPO4

2−� 	
H+½ � Kp1H.



The resulting new equilibrium constant is KMgATP1. AATP does not change as a re-
sult of this action (see Chapter 10). However, the equation can be simplified
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because the potential difference for proton diffusion, RT ln H+½ �u H+½ �p
 ��
and

RT lnð½H2PO4
− �u= H2PO4

−½ �pÞ, can be replaced by RT lnð½HPO4
2− �u



HPO4

2−� 	
pÞ.

For the diffusion processes, the chemical potential difference of the respective
substance was used, for example

Δμ= −Adif
PCr =RT ln

PCr2−½ �p
PCr2−½ �u

 !
.

From this the potential gradient needed for the diffusional flux is obtained for the
case of only one dimension by

− gradðμ cð ÞÞ= −
d μ cð Þð Þ

dx
~i= −

d μ cð Þð Þ
dc

dc
dx
~i= −

1
c
dc
dx
~i≈ −

1
�c
Δc
Δx

where Δx represents magnitude of the path coordinate toward~i of the diffusion
path, and �c the mean concentration in the range Δx.

From this formula, it can be seen that as Δx decreases, the driving force for dif-
fusion Δc Δx= , increases. This also seems to be essential for muscle cells. As can be
seen on electron micrographs, locations of high ATP production such as mitochon-
dria are frequent in the immediate vicinity of sites of high ATP demand such as my-
ofibrils. Such a spatial arrangement ensures that diffusion paths are as short as
possible, so that also as high as possible diffusional fluxes can be generated.

For further explanation, the PCr shuttle is described for the situation of increased
ATP demand at the location of contracting myofibrils, and ATP delivery via mito-
chondrial metabolism (GLY plus PAL). The increased ATP demand is triggered by the
Ca2+-activated ATP splitting (contraction mechanism, see Chapter 11) in myofibrils.
When MgADP− is combined with HPO4

2− and H+ , MgATP2− is obtained. Since
MgATP2− itself cannot diffuse fast enough from mitochondria into the myofibril, this
is provided by the PCr reaction in myofibrils. One proton from ATP splitting is con-
sumed by this reaction. Besides MgATP2− from PCr2− and MgADP− derived from
ATP splitting, Cr is obtained. By this initial ATP buffering, in the myofibrils PCr2−

� 	
becomes decreased, while Cr½ � and HPO4

2−� 	
increase. By this way, the gradients for

these substances increase so that PCr2− can now increasingly diffuse from the mito-
chondrion into the fibril, whereas Cr and HPO4

2− diffuse in the opposite direction. In
order for PCr2− to be not used up as an ATP supplier in the fibrils, it has to be con-
stantly replenished. This is accomplished by PCr2− synthesis from MgATP2− and Cr
in the intermembrane space (IMS) of the mitochondrion. This compartment commu-
nicates with the sarcosol via VDAC pores that are well permeable to Cr and HPO4

2− .
The resulting MgADP− is exchanged between ADP3− and ATP4− from the matrix via
ATP/ADP-Ex of the inner membrane. Mg2+ becomes merely exchanged between
ADP3− and ATP4− . The released proton can be taken up by the diffusion delivered
HPO4

2− and then be transported as H2PO4
− together with an additional proton from

the IMS by H/P symport into the matrix. There, the proton taken up from the IMS is
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released into the matrix. MgADP− (after taking up a Mg2+ ion from MgATP2− of the
matrix), HPO4

2− and a proton from H2PO4
− enter into ATP formation via ATP syn-

thase and CaC. As already explained, mitochondrial ATP synthesis and transport en-
ergetically correspond to the ATP synthesis outside the inner membrane and can
thus be treated as if this reaction were to take place in the IMS or the sarcosol.
Therefore, the cycle is closed and can be treated based on eq. (9.16).

One of the tasks of the PCr shuttle is to replace the poorer diffusion properties
of MgATP2− and MgADP− with the better properties in this effect of PCr2− and Cr.
These two substances in the shuttle take over the exchange via diffusion of cleaved
ATP against resynthesized ATP. An additional and very important task of the PCr
system is that with PCr2− and Cr significantly higher gradients can be generated
than with ATP and ADP species. It can be assumed that MgATP2− is present as well
in fibrils, in the sarcosol and in the IMS under resting conditions in a concentration
of 7.2 mM ( ATP½ � = 9.0 mM, pH = 7.0, pMg = 3.1). The concentrations of PCr2− and
Cr under these conditions are 17.3 and 22.3 mM, respectively. When switching to
high power output, however, these resting concentrations in the fibrils can change
significantly in contrast to the ATP concentration. For example, PCr2−

� 	
can de-

crease to 7.3 mM here, while Cr½ �must increase at that location by the same amount.
Such a strong reduction of MgATP2−� 	

is not possible, however. But even a moder-
ate drop of only a few millimolar is not tolerated by the SMF (see Chapter 11). The
generation of a sufficiently high MgATP2− gradient would thus be impossible,
which makes the existence of the PCr shuttle absolutely necessary, even if the diffu-
sional properties of ATP would be sufficient to allow a direct supply.

This assessment is supported by the fact that cell types with far less power out-
put like liver cells possess neither a PCr shuttle nor the required enzyme (CK).
Obviously, in these cells the supply of ATP can occur directly via ATP/ADP diffu-
sion. Although liver cells have no fibrils whose structural peculiarities are responsi-
ble for the hindered diffusion, they have, like SMFs, a cell membrane that is
stabilized at its inner aspect by a cytoskeleton. This network of protein filaments
certainly also restricts the diffusibility of ATP-sized molecules, so that undersupply
could easily occur if the ATP-coupled ion pumps located in the cell membrane (e.g.,
the Na/K ATPase) would have a too large ATP consumption. Obviously, this is not
the case. It can be concluded that although structures of this type represent a diffu-
sion hindrance for ATP, they are not completely inaccessible for these and similar
compounds. The ATP consumption rate may not exceed a certain threshold to allow
delivery. In this respect, it should also be considered that such cells may tolerate a
much greater reduction of their ATP½ �c. Thus, such cells would be able to create
high gradients for this compound with the result that also in this way a sufficiently
high diffusion flux may be generated.
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10 ATP species, pH and pMg

10.1 Biochemical versus chemical notation

Weak acids such as lactic acid may occur in different forms, both as undissociated
acid LacH and as lactate anion Lac− . The relationship between both molecular spe-
cies is described by the law of mass action. This dissociation reaction is described by

LacH+H2OÐ Lac− +H3O+

or displayed simplified as

LacHÐ Lac− +H+ .

At equilibrium

Lac−½ �eq H+½ �eq
LacH½ �eq

=KDissð¼ dissociation constant in mol=LÞ:

Given the total concentration Lac½ �= Lac−½ �+ LacH½ � and known KDiss, Lac−½ � and
LacH½ � can be calculated (the index “eq” has been omitted for simplicity). For example,

Lac½ �= Lac−½ � 1+ LacH½ �
Lac−½ �

� �
= Lac−½ � 1+ H+½ �

KDiss

� �

and

Lac½ �= LacH½ � Lac−½ �
LacH½ � + 1

� �
= LacH½ � KDiss

H+½ � + 1
� �

.

The result from this is

Lac−½ �= Lac½ �
1+ H+½ �

KDiss

� �
and

LacH½ �= Lac½ �
KDiss

H+½ � + 1
� � ðboth concentrations in mol=LÞ:

With KDiss = 1.38 × 10− 4, Lac½ �= 5× 10− 3 and H+½ �= 10− 7mol=L pH= 7.0ð Þ the result
is Lac−½ �= 4.996379× 10− 3 and LacH½ �= 3.62 × 10− 6mol=L.

At a weighed total concentration of, for example, 5.0 mM lactic acid and a
pH = 7.0, lactic acid is almost completely dissociated. If H+½ �=KDiss, Lac½ � is present
at 50.0% as Lac−½ �= 2.5mM.
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Species formation of phosphoric acid offers more possibilities. The total con-
centration is given as follows:

Pi½ �=H3PO4 +H2PO4
− +HPO4

2− +PO4
3− +MgHPO4 +MgPO4

− .

For further simplification, the concentration brackets of the various species have
been omitted. Only the total concentration is indicated by this. In sarcosol, the con-
centrations of H+ and Mg2+ are present in certain concentration ranges. For H+

this lies between pH = 6.0 and pH = 8.0. For this pH range, three Pi species can be
neglected, which leads to

Pi½ �=H2PO4
− +HPO4

2− +MgHPO4 mol=L.

The corresponding constants are

Kp1H =
HPO4

2− H+

H2PO4
− and Kp2Mg =

HPO4
2− Mg2+

MgHPO4
.

Thus, the following three conditional equations can be established:

Pi½ �=H2PO4
− 1+ HPO4

2−

H2PO4
− + 1+ MgHPO4

H2PO4
−

� �
=H2PO4

− 1+ Kp1H
H+ + Mg2+

Kp2Mg

Kp1H
H+

� �
,

Pi½ �=HPO4
2− H2PO4

−

HPO4
2− + 1+ MgHPO4

HPO4
2−

� �
=HPO4

2− H+

Kp1H
+ 1+ Mg2+

Kp2Mg

� �
and

Pi½ �=MgHPO4
H2PO4

−

MgHPO4
+ HPO4

2−

MgHPO4
+ 1

� �
=MgHPO4

Kp2Mg

Mg2+
H+

Kp1H
+ Kp2Mg

Mg2+
+ 1

� �
.

The terms in parentheses are somewhat similar to polynomials. Hence, the descrip-
tion PH2PO4 for the polynomial has arisen by excluding H2PO4

− . The species of
phosphoric acid can thus be determined as follows:

H2PO4
−½ �= Pi½ �

PH2PO4

HPO4
2−� 	

= Pi½ �
PHPO4

and ½MgHPO4�=
Pi½ �

PMgHPO4

ðmol=LÞ.

They are functions of the respective polynomials with the variables H+½ � and
Mg2+
� 	

. For pH = 7.0, Mg2+½ �=0.8 × 10− 3 and Pi½ �= 4 × 10− 3mol=L, the result is
H2PO4

−½ �= 1.4314 35.79%ð Þ, HPO4
2−� 	

= 2.4937 62.34%ð Þ and MgHPO4½ �= 75 10^− 3

ð1.88%ÞmM.
You can also obtain the respective species by exclusion. For example, you obtain

116 10 ATP species, pH and pMg

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



Pi½ �=H2PO4
− 1+ Kp1H

H+ + Mg2+

Kp2Mg

Kp1H
H+

� �

from exclusion of Kp1H
H+

Pi½ �=H2PO4
− Kp1H

H+

� �
H+

Kp1H
+ 1+ Mg2+

Kp2Mg

� �
=HPO4

2− H+

Kp1H
+ 1+ Mg2+

Kp2Mg

� �

of from
Mg2+

Kp2Mg

Kp1H
H+

Pi½ �=H2PO4
− Mg2+

Kp2Mg

Kp1H
H+

� �
Kp2Mg

Mg2+
H+

Kp1H
+ Kp2Mg

Mg2+
+ 1

� �

=MgHPO4
Kp2Mg

Mg2+
H+

Kp1H
+ Kp2Mg

Mg2+
+ 1

� �

ATP species in the pH range 6.0–8.0 and pMg range 4–3.5 are

ATP½ �=ATP4− +HATP3− +H2ATP2− +MgATP2− +MgHATP− +Mg2ATP.

The result is

ATP½ �=ATP4− 1+ H+

Kat1H
+ H+ð Þ2
Kat1H Kat2H

+ Mg2+

Kat3Mg
+ Mg2+ H+

Kat4Mg Kat1H
+ Mg2+

� �2
Kat3Mg Kat5Mg

 !

= ATP4−� 	
PATP

.

Excluding Mg2+ Kat3Mg



the following is obtained:

ATP½ �=ATP4− Mg2+

K3Mg

� �

Kat3Mg

Mg2+
+ H+

Kat1H

Kat3Mg

Mg2+
+ H+ð Þ2
Kat1H Kat2H

Kat3Mg

Mg2+
+ 1+ H+

Kat1H

Kat3Mg

Kat4Mg
+ Mg2+

Kat5Mg

 !

= MgATP2−� 	
PMgATP

For the ADP species, the result is

ADP½ �=ADP3− +HADP2− +H2ADP− +MgADP− +MgHADP, and from there

ADP½ �=ADP3− 1+ H+

Kad1H
+ H+ð Þ2
Kad1H Kad2H

+ Mg2+

Kad3Mg
+ H+

Kad1H

Mg2+

Kad4Mg

 !

= ADP3−� 	
PMgADP
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or

ADP½ �=ADP3− Mg2+

Kad3Mg

� �

Kad3Mg

Mg2+
+ H+

Kad1H

Kad3Mg

Mg2+
+ H+ð Þ2
Kad1H Kad2H

Kad3Mg

Mg2+
+ 1+ H+

Kad1H

Kad3Mg

Kad4Mg

 !

= MgADP−½ �PMgADP

According to this pattern, all other species can be determined.
In biochemistry, the equilibrium constant of a reaction is defined as follows:
For the ATP cleavage

ATP+H2O! ADP+Pi,

K′ATP =
ADP½ �eq Pi½ �eq

ATP½ �eq is valid (the above index on K indicates the biochemical
notation).

The concentration brackets thus contain the sum of all species concentrations
that come into question for this substance. On the other hand, only specific species
involved in the reaction appear in the chemical notation, for example,

ATP4− +H2O! ADP3− +HPO4
2− +H+

results in

KATP1 =
ADP3−� 	

eq HPO4
2−� 	

eq H
+½ �eq

ATP4−� 	
eq

.

Care must be taken with this formulation because in addition to the conservation of
mass, the electrical charge is also maintained.

Both constants are related to each other. This can be recognized if, for example,
for ADP½ � the corresponding expression ADP½ �=ADP3− PADP is used. This leads to

K′ATP =
ADP3−� 	

eq HPO4
2−� 	

eq

ATP4−� 	
eq

PADP PHPO4

PATP
= KATP1

H+½ �
PADP PHPO4

PATP
.

For ATP4− +H2O! ADP3− +H2PO4
− ,

KATP =
ADP3−� 	

eq H2PO4
2−� 	

eq

ATP4−� 	
eq

is valid, and

K′ATP =
ADP3−� 	

eq H2PO4
−½ �eq

ATP4−� 	
eq

PADP PH2PO4

PATP
=KATP

PADP PH2PO4

PATP
.

118 10 ATP species, pH and pMg

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



Another possibility is given through
MgATP2− +H2O! MgADP− +H2PO4

− with

KMgATP =
MgADP−½ �eq H2PO4

−½ �eq
MgATP2−� 	

eq

.

The relationship with K′ATP at this time is

K′ATP =
MgADP−½ �eq H2PO4

−½ �eq
MgATP2−� 	

eq

PMgADP PH2PO4

PMgATP
=KMgATP

PMgADP PH2PO4

PMgATP
.

Furthermore, with KATP =KRef as the reference constant the result is

KMgATP
PMgADP PH2PO4

PMgATP
= KATP

H+½ �
PADP PHPO4

PATP
,

from which

KMgATP =KATP
PADP PHPO4

H+½ �PATP

PMgATP

PMgADP PH2PO4

=KRef
Kat3Mg

Kad3Mg Kp1H

is obtained.
For the reaction, MgATP2− +H2O! MgADP− +HPO4

2− +H+ the result is

KMgATP1 =
MgADP−½ �eq HPO4

2−� 	
eq H+½ �

MgATP2−� 	
eq

and

K′ATP =
MgADP−½ �eq HPO4

2−� 	
eq

MgATP2−� 	
eq

PMgADP PHPO4

PMgATP
= KMgATP1

H+½ �
PMgADP PHPO4

PMgATP
.

KMgATP1 =KATP
PADP

PMgADP

PMgATP

PATP
=KRef

Kat3Mg

Kad3Mg
.

The ΔRG values of the different ATP splitting reactions must be identical. This is
demonstrated by the following example:

AATP = −ΔRG=RT ln
ATP½ �

ADP½ � Pi½ � K
′ATP

� �
=RT ln

ATP½ �
ADP½ � Pi½ �

ADP½ �eq Pi½ �eq
ATP½ �eq

 !
. (10:1)

If the total concentrations are replaced by the corresponding polynomial expres-
sions such as ATP½ � PMgATP = MgATP2−� 	


the result is obtained for example for the
MgATP2− reaction
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AMgATP =RT ln
ATP½ �

ADP½ � Pi½ �
PMgADP PH2PO4

PMgATP

ADP½ �eq Pi½ �eq
ATP½ �eq

PMgATP

PMgADP PH2PO4

 !

=RT ln
MgATP2−� 	

MgADP−½ � H2PO4
−½ � KMgATP

 ! (10:2)

Since the two polynomial terms stand out, AATP must be equal to ASPEC (as, e.g.,
ASPEC =AMgATP). All the possible affinities in chemical notation must always be iden-
tical to the affinity in biochemical notation, which contains the total concentrations
and K′.

In Chapter 8 it has been shown that

Am
ATP +Ap

HPAE = −Ac
ATP.

The derivation contains Am
ATP and Ac

ATP regarding KATP, without the participation of
Mg2+ ions. The PCr shuttle, on the other hand, has been formulated for affinities re-
garding KMgATP1 . Therefore, the exchange reactions between MgATP2− and ADP3− in
the matrix and MgADP− and ATP4− in the IMS must be taken into account. The fol-
lowing is valid for the matrix

MgATP2− +ADP3− Ð ATP4− +MgADP−

The result from this is

Km
Mgex =

ATP4−� 	
eqm MgADP−½ �eqm

MgATP2−� 	
eqm ADP3−� 	

eqm

=
ATP½ �eqm
PATPm

ADP½ �eqm
PMgADPm

PMgATPm

ATP½ �eqm
PADPm

ADP½ �eqm
.

= PMgATPm

PATPm

PADPm

PMgADPm
= Kat3
Kad3

As

Γ=
MgATP2−� 	

m ADP3−� 	
m

ATP4−� 	
m MgADP−½ �m

= PATPm

PMgATPm

PMgADPm

PADPm
= Kad3

Kat3
,

this leads to

Am
Mgex =RT ln Γm Km

Mgex

� �
=0.

The same applies to the reaction occurring in the reverse direction in the IMS

ATP4− +MgADP− Ð MgATP2− +ADP3− .

Their affinity must also be zero. This is the reason why in the derivation of the rela-
tion Am

ATP +Ap
HPAE = −Ac

ATP (Chapter 8) of the Mg2+ exchange need not be considered.
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To support the above derivations, numerical values are given for the differently
formulated but identical ATP affinities. At moderate power output ( Ca2+½ �c =
1.136μM), the simulation results (SIMGLY=PAL, [13–15]) for H+½ �c =0.079258 10− 6

pH= 7.101ð Þ and Mg2+½ �c =0.8172 10− 3mol=L. The calculation from there is K′ATP
ð0.0793× 10− 6,0.8172 × 10− 3Þ= 4.92569 × 105. The total concentrations are
therefore ATP½ �= 8.8845, ADP½ �=0.1147 and Pi�= 7.8426mM½ . This leads to

AATP =RT ln
8.8845× 10− 3

0.1147 × 10− 3 × 7.8426× 10− 3 × 4.92569× 105
� �

= 57.519 kJ=mol

(biochemical notation).

For chemical notation with KATP =Kref =0.109174, ½ATP4− �= 1.082831 × 10− 3,
½ADP3− �=0.058094× 10− 3 and ½HPO4

2− �= 5.2789× 10− 3mol=L, the result is

AATP =RT ln
1.082831× 10− 3

0.058094× 10− 3 × 5.2789× 10− 3 ×0.079258× 10− 6 ×0.109174
� �

= 57.519kJ=mol.

For KATP1 = 6.266559 × 105, ½ATP4− �= 1.082831 × 10− 3, ½ADP3− �=0.058094 × 10− 3

and H2PO4
−½ �= 2.401562 × 10− 3mol=L, the result is

AATP =RT ln
1.082831× 10− 3

0.058094× 10− 3 × 2.401562× 10− 3 × 6.266559× 105
� �

= 57.519 kJ=mol.

For KMgATP = 6.827661 × 104 as well as ½MgATP2− �= 7.200128× 10− 3,
MgADP−½ �= 0.0421 and H2PO4

−½ �= 2.401562mol=L, the result is

AATP =RT ln
7.200128× 10− 3

0.0421× 10− 3 × 2.401562× 10− 3 × 6.827661× 104
� �

= 57.519kJ=mol.

For KMgATP1 =0.011895 as well as MgATP2−� 	
= 7.200128 × 10− 3, MgADP−½ �=0.0421

and HPO4
2−� 	

= 5.2789 × 10− 3mol=L the following is obtained:

AATP =RT ln
7.200128× 10− 3

0.0421× 10− 3 × 5.2789× 10− 3 ×0.079258× 10− 6 ×0.011895
� �

= 57.519kJ=mol

The calculations demonstrate that both notations lead to the same results. For sim-
ulations, especially the following formulation is advantageous because, on the one
hand, easily manageable total concentrations can be used, and on the other hand
the functional dependence of H+½ � and Mg2+ �½ is ensured:
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AMgATP =RT ln
ATP½ �

ADP½ � Pi½ �
PMgADP PH2PO4

PMgATP
KMgATP

� �

with

K′ATP H+ ,Mg2+
� �

=KMgATP
PMgADP PH2PO4

PMgATP
.

AATP =RT ln
8.8845× 10− 3

0.1147 10− 3 × 7.8426 10− 3 × 2.725972× 3.26563
1.23394 × 6.827661× 104

� �

= 57.519 kJ=mol,

and

K′ATP 0.079258× 10− 6, 0.8172× 10− 3� �
= 2.725972× 3.26563

1.23394 × 6.827661× 104

= 4.925681× 105

(for comparison, K′ATP 10− 7.0,0.8× 10− 3
� �

= 4.351127 × 105).
If changes in these variables occur as a result of changing metabolism, these

changes are automatically taken into account in AATP.

10.2 Ion activities

Up to now, concentrations have always been used as the starting point for the cal-
culation of ΔRG or affinities and the associated Keq. Strictly speaking, however, this
is only acceptable when the other parameters besides the temperature are also
given. Therefore, in aqueous electrolyte solutions, the ionic strength IIon is exceed-
ingly important. It is defined as

IIon =
1
2

X
zi2ci ðc= ion concentration in mol=L, z = charge numberÞ. (10:3)

A physiological NaCl solution (150.0 mM) has, for example, an ionic strength of
IIon = 1

2 1.0×0.15+ 1.0×0.15ð Þ=0.15mol=L.
A Krebs–Ringer bicarbonate (KRB) solution has the following composition

(in mM, pH = 7.4 at 310.15 K): 143.0 Na+, 5.0 K+, 1.2 Mg2+, 1.2 Ca2+, 124.65 Cl–, 24.0
HCO3

–, 0.1794 H2PO4
–, 0.7852 HPO4

2– (0.0354 MgPO4), 1.2 SO4
2–.

Its ionic strength is

IIon =
1
2

1.0× 143.0+ 1.0× 5.0+ 4.0× 1.2+ 4.0× 1.2+ 1.0× 124.65+ 1.0× 24.0

+ 1.0×0.18+ 4.0×0.785+ 4.0× 1.2

 !

=0.1572mol=L.
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The influence of IIon on the concentration is described according to Debye and
Hückel [4, 16] using the following approximation formula: a= γ c, whereby γ is
linked via

lnðγÞ= −Az2 Iionð Þ12 (10:4)

to the ionic strength. At the same time, a is the activity of the relevant ion (in mol/L), γ
the dimensionless activity coefficient and A is a temperature-dependent constant in
ðmol L= Þ− 1

2 [16]. But this approximation only applies to very dilute electrolyte solutions.
For ionic strengths such as those calculated for cells (0.2–0.25 mol/L), eq. (10.4) must
be expanded. An expanded form is (Alberty, Goldberg and Tewari, 1991)

lnðγÞ= −Az2 Iionð Þ12 1

1+B Iionð Þ12
(10:5)

with B= 1.6 mol=Lð Þ− 1
2.

The activity of a monovalent ion in KRB is calculated using the above formula
with

ln γð Þ= −
1.2× 1.02 × 0.157.2ð Þ12
1+ 1.6× 0.157.2ð Þ12

= − 0.2913 and γ= e−0.2913 =0.7473

to

aK = γ K+½ �e =0.7473×0.005 = 0.00374mol=L at 310.15Kð Þ.

The formula does not differentiate between cations and anions. The type of ion is
also not taken into consideration. Likewise, γ can thus be applied to, for example
½H+ �, ½K+ � or ½Cl− � to obtain the corresponding ionic activity. The charge number,
however, considerably influences γ and therefore, the ionic activity.

In the sarcosol, IIon =0.25mol=L. Under these conditions, the results are

ln γð Þ= −
1.2× 1.02 × 0.25ð Þ12
1+ 1.6× 0.25ð Þ12

= − 0.3336 and γ= e−0.3336 =0.7164

as well as

aK = γ K+½ �c =0.7164×0.15 = 0.1075mol=L.

For Ca2+½ �= 3.0 μM with

ln γð Þ= −
1.2× 2.02 × 0.25ð Þ12
1+ 1.6× 0.25ð Þ12

= − 1.3342 ðIIon =0.25mol=LÞ and γ= e− 1.3342 =0.2634,

one obtains

aCa = γ Ca2+
� 	

c =0.2634×0.3 × 10− 6 =0.079× 10− 6mol=L.
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Differences between activity and concentration are also noticeable when determin-
ing the equilibrium constants. When calculating ΔRGs or affinities for chemical and
biochemical reactions, this is, however, superfluous, because respective γs are fac-
tored out again. However, often when determining ΔRG, a tabulated Keq value is
taken. When doing this, care must be taken that the ionic strengths match. If this is
not the case, the tabulated value must be recalculated for the desired ionic strength
with the aid of the activity coefficients.

The activity of H+ in this context, however, possesses a special position, be-
cause the proton concentration of an electrolyte solution is determined generally
using a pH electrode. During such an electrochemical measurement, it must be as-
sumed that the result of the measurement, the pH value, results from the H+ activ-
ity, because the pH value is defined as

pH= log
1
aH

� �
.

Therefore, it has become accepted, especially in biochemistry, that the equilibrium
constants of reactions involving protons can be defined by proton activity. This re-
sults in so-called mixed constants. They include all the reactants except protons in
concentration units; however, the latter, as activity.

Such mixed constants are also used here in all the simulations, so that the pro-
ton concentration of the sarcosol or the mitochondrial matrix generated by a simu-
lation is also obtained as H+ activity or as pH. To convert the proton concentration
into activity

aH = γH H+½ � can be used.
For IIon =0.25mol=L and T = 310.15K, γH =0.7164.
For the pH value, the following relation with the p H½ � value gives
pH= p H½ �− log γH

� �
= p H½ �+0.14486 with log γH

� �
= − 0.14486.

For the determination of ΔμCa at the sarcolemma, for example, different γCas
emerge because the corresponding ionic strengths in the sarcosol and interstitial
space have different values. One assumes that in the sarcosol Ic =0.25 and in the
interstitium Ie =0.163mol=L, thus giving a concentration of

ΔμCa =RT ln
Ca½ �c
Ca½ �e

� �
=RT ln

0.3× 10− 6

1.2 × 10− 3

� �
= − 2.1388 × 104

and for ionic activities

ΔμaCa =RT ln
γcCa Ca½ �c
γE Ca½ �e

� �
=ΔμCa +RT ln

0.2634
0.308

� �
= − 21.388−0.4034ð Þ 104

= − 20.985 kJ=mol.

The relative error is approximately −2.0%.
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Finally, the following can be determined about the effect of the ionic strength
on the ionic concentration: In an electrolyte solution, the ionic concentrations of all
the present and freely moving ions have an effect on the concentration of one spe-
cific ion in such a way that the “effective” concentration of this ion is reduced by a
specific factor, the activity coefficient (γIon < 1.0). This effective concentration is the
ionic activity.

10.3 H+ and Mg2+ binding

The reaction equation commonly used in biochemistry for ATP hydrolysis
(ATP4− +H2O! ADP3− +HPO4

2− +H+ ) has a proton as product. This must not be
interpreted, however, to the effect that H+ is also created as a product during every
reaction run. ATP cleavage itself does not create protons, as it emerged from the
biochemical notation. The chemical formulation using protons presents only one of
several equivalent formulation possibilities, as has already been shown. These re-
late primarily to the energetic consideration of the reaction.

To record a possible proton, change through the products created and the reac-
tants depleted during ATP cleavage, the proton binding on products and reactants
must be determined before and after a reaction run. This is possible via the calcula-
tion of the individual species. For example

HATP3−� 	
ATP½ � = 1

PHATP
= 1
Kat1H
H+½ � PATP

=

H+½ �
Kat1H
PATP

=0.04191,

or

MgATP2−� 	
ATP½ � =

Mg2+½ �
K3atMg

PATP
=0.808 ðpH= 7.1, Mg2+

� 	
=0.8 10− 3 =̂ pMg= 3.0969Þ

The expressions give the proportion of respective ATP species in the sum of all the
relevant species in the given pH and Mg range. This leads to

P
ATP speciesð Þ

ATP½ � = 1=

H+½ �
K1atH

+ H+½ �2
Kat1HKat2H

+ Mg2+½ �
K3atMg

+ H+½ � Mg2+½ �
K1atH K4atMg

+ Mg2+½ �2
K3atMg K5atMg

PATP
.
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By counting the hydrogen atoms bound to the respective species, one obtains

NATP
H =

1× H+½ �
K1atH

+ 2× H+½ �2
Kat1HKat2H

+0× Mg2+½ �
K3atMg

+ 1× H+½ � Mg2+½ �
K1atH K4atMg

+0× Mg2+½ �2
K3atMg K5atMg

PATP

=
1× H+½ �

K1atH
+ 2× H+½ �2

Kat1HKat2H
+ 1× H+½ � Mg2+½ �

K1atH K4atMg
PATP

.

Only the dissociable H atoms of the phosphate residues were counted.
One can see that the result of the numerator can be obtained also through dif-

ferentiation of PATP with respect to H+½ � and subsequent multiplication with H+½ �. It
is in fact

∂ PATPð Þ
∂ H+½ � H+½ �= H+½ �

K1atH
+ 2 H+½ �2
Kat1HKat2H

+ H+½ � Mg2+½ �
K1atH K4atMg

.

Thus, for NH there is

NATP
H = ∂ PATPð Þ

PATP

H+½ �
∂ H+½ � =

d ln PATPð Þ
d ln H+½ �ð Þ . (10:6)

NH is a function of H+½ � and Mg2+½ �. For pH = 7.1 and Mg2+½ �=0.8× 10− 3, one ob-
tains, for example,

NATP
H 10− 7.1,0.8× 10− 3� �

=0.0448.

This result shows that for the given values, the proportion of hydrogen
bound to ATP is 0.0448. This number changes at different pH and Mg2+ val-
ues. For example, NATP

H ð10− 7.4,0.8× 10− 3Þ=0.023, NATP
H ð10− 6.8,0.8× 10− 3Þ=

0.0857 and NATP
H ð10− 6.8, 1.5× 10− 3Þ=0.052.

In the same way, the binding proportion of NADP
H and NPi

H can be determined.
One then obtains from the difference between products and reactants, the changes
caused by the reaction to bound hydrogen ΔRNATP

H =NADP
H +NPi

H −NATP
H − 1.

The two hydrogen atoms of the reactant H2O are also included in the count. But
as one hydrogen atom is bound during hydrolysis by the resulting phosphate and is
no longer involved in consecutive reactions (in the considered pH range), only one
hydrogen atom of H2O has to be counted. This fact is taken into consideration
through the occurrence of “−1” (instead of “−2”) in the above formula.

The different NHs can be expressed through their differential quotients. This
leads to

ΔRNATP
H = H+½ �

∂ ln
PADP PHPO4

PATP

� �� �
∂ H+½ �ð Þ − 1. (10:7)
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The logarithmic argument can be expressed through

PADP PHPO4

PATP
=K′ATP

H+½ �
Kref
ATP

.

Taking the logarithm leads to

ln
PADP PHPO4

PATP

� �
= ln K′ATP

� �
+ ln H+½ �ð Þ− ln Kref

ATP

� �
and

H+½ �
∂ ln

PADP PHPO4
PATP

� �� �
∂ H+½ �ð Þ = ∂ ln K′ATP

� �� �
∂ ln H+½ �ð Þð Þ + 1,

where KRef is independent of H+½ � and Mg2+½ �.
This consequently gives

ΔRNATP
H = ∂ ln K′ATP

� �� �
∂ ln H+½ �ð Þð Þ . (10:8)

For example, one finds for

ΔRNATP
H 10− 7.1,0.8× 10− 3� �

=0.128055+0.306821− 1.0−0.044797 = − 0.61.

∂ ln K′ATP 10− 7.1 ,0.8× 10− 3ð Þð Þð Þ
∂ ln H+½ �ð Þð Þ is also equal to −0.61.

The negative result means that at pH = 7.1 and Mg2+½ �=0.8mM, 0.61 mol H+

per ξ = 1.0mol of reaction extension (ATP cleavage) is released from the reaction.
The minus also shows, therefore, a reduction in bound hydrogen atoms. These no
longer bound atoms appear as protons in the surrounding media and there reduce
its pH. A positive ΔRNH would result in an increase in pH.

In a similar manner, one can find the Mg2+ binding for ATP

NATP
Mg = ∂ PATPð Þ

PATP

Mg2+½ �
∂ Mg2+½ �ð Þ =

d ln PATPð Þ
d ln Mg2+½ �ð Þ . (10:9)

For ΔRNATP
Mg , one sees

ΔRNATP
Mg =NADP

Mg +NPi
Mg −NATP

Mg = Mg2+
� 	 ∂ ln

PADP PHPO4
PATP

� �� �
∂ Mg2+½ �ð Þ . (10:10)

With

ln
PADP PHPO4

PATP

� �
= ln K′ATP

� �
+ ln H+½ �ð Þ− ln KRefð Þ
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it results in

∂ ln
PADP PHPO4

PATP

� �� �
∂ Mg2+½ �ð Þ = ∂ ln K′ATP

� �� �
∂ Mg2+½ �ð Þ

and for ΔRNATP
Mg

ΔRNATP
Mg = ∂ ln K′ATP

� �� �
∂ ln Mg2+½ �ð Þð Þ . (10:11)

For example

ΔRNATP
Mg 10− 7.1,0.8× 10− 3� �

= −0.47276.

This means that Mg2+½ � must also increase during ATP cleavage. The pH can also be
influenced by the PCr reaction. For PCr+ADPÐ ATP+Cr applies that

ΔRNPCr
H =NATP

H −NADP
H − NPCr

H − 1
� �

=0.0448−0.12806− 2.2127× 10− 3 − 1.0
� �

= 0.9145.

One can achieve the same result with

K′PCr =Kref
PCr H+½ � PATP

PADP PPCr
ðKref

PCr = 3.77 108Þ

to obtain

ΔRNPCr
H = ∂ ln K′PCr

� �� �
∂ ln H+½ �ð Þð Þ ðK

′PCr 10− 7.1,0.8× 10− 3� �
= 121.04Þ

and

ΔRNPCr
H 10− 7.1,0.8× 10− 3
� �

=0.9145.

Here, the result is positive so that protons from the environment are taken up if this
reaction runs in the given direction. It runs in the SMF – as already discussed – in
that direction at sites of ATP consumption. Thus, the protons are used there. At
sites of PCr2− production, such as in the IMS, the direction is reversed, that is pro-
tons are produced under these conditions. That can also be taken directly from
ΔRNH. Then, for the PCr reaction in the opposite direction, it must hold

ΔRNrCP
H =NADP

H + NPCr
H − 1

� �
−NATP

H =0.12806+ 2.2127× 10− 3 − 1.0
� �

−0.0448 = −0.9145.

This naturally also comes from

∂ ln K′PCr
− 1

� �� �
∂ ln H+½ �ð Þð Þ = −

∂ ln K′PCr
� �� �

∂ ln H+½ �ð Þð Þ .
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Here, use is made of the fact that by reversing the direction of the reaction, the
reciprocal value of K′ comes into operation. This must be valid for every reaction,
and therefore also to ATP cleavage and synthesis.

For the SSC of ATP, this means that due to the sign reversal, proton production
must always be compensated through proton consumption, so that the pH at SSC
remains constant.

If mitochondria are involved in ATP production, the approach becomes more
complicated. The transport of H2PO4

− via H/P symport from the sarcosol into the ma-
trix corresponds to proton binding, as H+ ions disappear from the sarcosol. Only
H2PO4

− ions are transported. The proportion NPi
H is already present as H2PO4

− in the
sarcosol. Therefore, only the proportion 1−NPi

H for the transport must be removed.
During ATP/ADP-Ex, only “naked” species of ATP and ADP are transported. In

doing so, the ATP4− ion binds the proportion NATP
H (when arriving in the IMS),

while ADP (when starting from the IMS) must dissociate its bound H atoms in order
to be able to be transported as ADP3− ions. At the same time, the NADP

H proportion
of protons remains in the sarcosol. The binding related to the sarcosol through both
transport processes is then

ΔRNATPrev
H 10− 7.1,0.8 × 10− 3� �

=NATP
H −NADP

H + 1−NPi
H = −ΔRNATP

H 10− 7.1, 800
� �

=0.0448−0.12806+ 1.0−0.3068=0.61.

So at SSC, the protons produced though ATP cleavage are completely consumed
again by the transport processes ATP/ADP-Ex and H/P at the inner membrane, so
that this path also keeps the pH constant.

The cleavage and transport processes in the matrix run both in the reverse di-
rection. Consequently, only the signs must be changed, which also leads to com-
plete compensation. This includes, in addition to the ATP synthesis reaction, the
ATP formation through CAC. However, these reactions run in the matrix at a higher
pH. This is −ΔRNATP

H 10− 7.3,0.8× 10− 3
� �

=0.72565, and at this pH − NATP
H −NADP

H +
�

1−NPi
H Þ= − 0.02873−0.08477+ 1.0−0.2183ð Þ=0.72565.
At this point, it must be mentioned that the proton needed for the H/P symport

is not included in the binding calculation. Together with the positive electrical
charge, which runs through the inner membrane with ATP/ADP-Ex, this belongs to
the pumped, electrochemical protons, some of which also pass back into the matrix
in this way (see Chapter 8).

For the Mg2+ binding through mitochondrial transport processes

ΔRNATPrev
Mg 10− 7.1,0.8× 10− 3� �

=NATP
Mg −NADP

Mg −NPi
Mg = −ΔRNATP

Mg 10− 7.1,0.8× 10− 3� �
= − ð0.36416 + 0.02024−0.85716Þ=0.47276.
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To the PCr2− shuttle this applies in the same way as to ATP cleavage and formation
in the sarcosol because

∂ ln K′PCr
− 1

� �� �
∂ ln Mg+½ �ð Þð Þ = −

∂ ln K′PCr
� �� �

∂ ln Mg+½ �ð Þð Þ , ΔRNPCrrev
Mg = −ΔRNPCr

Mg .

Therefore, it was demonstrated that all the reactions involved in the ATP cycle, in-
cluding those of the PCr shuttle at SSC, are not capable of inducing a change in pH or
the Mg2+ concentration, either in the sarcosol or in the mitochondrial matrix. This
does not apply, however, when no SSC is present. It can be expected, particularly
after a change from low to high power output, that a short-term situation may arise
during which ion binding may not be compensated, when the ATP supply via the me-
tabolism, therefore, is not sufficient to cover the ATP demand at high power output.
This situation is discussed in the scope of muscle contraction (see Chapter 8).

10.4 Buffering

If a specific amount of protons is added or taken from an aqueous solution, then its
pH changes. However, often this does not correspond to the change in concentra-
tion, which would be caused solely through the addition or extraction of the proton
amount. The resulting change in proton activity is generally considerably lower.
This effect is known as buffering. In the cyto/sarcosol, in addition to H+ , also Mg2+

and Ca2+ are buffered to a greater or lesser extent.
In physical chemistry, H+ buffering β is described as follows:

β= d H+½ �tot
� �
−d pHð Þ = ln 10ð Þ d H+f g+ H½ �b

� �
d ln H+f gð Þð Þ = ln 10ð Þ H+f g d H+f g+ H½ �b

� �
d H+f g

= ln 10ð Þ H+f g 1+ d H½ �b
� �
d H+f g

� � . (10:12)

The curly brackets indicate proton activity, H½ �b is the concentration of hydrogen
bound to H+ binding molecules or molecular groups. Furthermore,

H½ �b =NH BUh� 	
,

and

d H½ �b
d H+f g =

d NHð Þ
d H+f g BUh� 	

.

BUh� 	
is the total concentration of H+ binding molecules or molecular groups.
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The time rate of change of proton concentration in a cell is important. This can
be determined with the aid of the fluxes Jh, which produce or consume one or more
protons. This is

d H½ �tot
dt

=
X

νiJhi =
d H½ �b
dt

+ d H+f g
dt

and due to

d H½ �b
dt

= d H½ �b
d H+f g

d H+f g
dt

X
νiJhi =

d H½ �b
d H+f g

d H+f g
dt

+ d H+f g
dt

= d H+f g
dt

dNH

d H+f g BUh� 	
+ 1

� �
.

Thus, for d H+f g dt= , one obtains

d H+f g
dt

=
P

νiJhi
dNH

d H+f g BUh� 	
+ 1

� � .

To demonstrate the buffering effect of the denominator in the above equation, the
carbonic anhydrase reaction is considered as follows:

CO2 +H2OÐ HCO−
3 +H+ . (R10:1)

For this reaction d H½ �b d H+f g

is given by

d H½ �b
d H+f g =

d NHð Þ
d H+f g BUh� 	

= KD

KD + H+f gð Þ2 BUh� 	
.

With KD = 10− 6.17, ½BUh�= ½HCO−
3 �+ ½CO2�=0.011916+ 1.4× 10− 3 =0.013316M ðat pH

= 7.1Þ and d H+f gtot dt = 10− 3mM=s



, one obtains dfH+ g dt = 6.339981× 10− 8mM=s



at fH+ g⁓10− 7.1. At the same time, the pH would drop slightly from 7.1 to 7.0997 in
1 s. With a KD of 10−4.0, this would yield a pH drop to 7.061.

Two intrinsic buffers with the dissociation constants Kbu1
D = 10− 6.03 and Kbu2

D =
10− 7.57 M have been found for cardiac cells [17]. Both constants are also used here
in simulations. The concentrations of these buffers are estimated as BUh

1

� 	
=

84.22 × 10− 3 and BUh
2

� 	
= 29.38× 10− 3 M, respectively. The result from this is

d H+f g
dt

=
P

νiJi
dNH1

d H+f g BUh
1

� 	
+ dNH2

d H+f g BUh
2

� 	
+ 1

� � .

However, the above equation is still not complete because the changes on proton
binding caused by reactions are still not included. These are added to

P
νiJhi so that

for the rate of fH+ g changes ultimately
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d H+f g
dt

= d H+f g
dt

+ dR H+f g
dt

= 1
dNH1

d H+f g BUh
1

� 	
+ dNH2

d H+f g BUh
2

� 	
+ 1

� � X
νiJhi +

X
−ΔRNHð Þk Jrhk

� �

(10:13)

is obtained, where index “R” represents the change caused by a reaction.
The time rate change of Mg2+ binding can also be treated in exactly the same

way. This is

Mg½ �b =NMg BUmg½ � and d Mg½ �b
d Mg2+½ � =

d NMg
� �

d Mg2+½ � BUmg½ �

and

d Mg½ �tot
dt

=
X

−ΔRNMg
� �

iJ
rmg
i = d Mg½ �b

dt
+ d Mg2+
� 	
dt

which leads to

dR Mg2+
� 	
dt

=
P

−ΔRNMg
� �

kJ
rmg
k

dNMg
d Mg2+½ � BUmg½ �+ 1
� � .

Furthermore, Mg2+ binding is influenced by the change in pH, which gives

d Mg2+½ �
dt

= d Mg½ �b
d H+f g

d H+f g
dt

= − ∂ NMg
� �

∂ H+f g BUmg½ � d H+f g
dt

.

This Mg2+ release corresponds to a H+ binding of at least one proton at the Mg2+

binding site. The resulting negative H+ flux must be taken into consideration inP
νiJhi .
For the total Mg2+

� 	
change/unit time one then obtains

d Mg2+
� 	
dt

= 1
dNMg

d Mg2+½ � BUmg½ �+ 1
� �

×

− ∂NMg

∂ H+f g BUmg½ �
dNH1

d H+f g BUh
1

� 	
+ dNH2

d H+f g BUh
2

� 	
+ 1

� � P
νiJhi +

P
−ΔRNMg
� �

kJ
rmg
k

0
BB@

1
CCA.

(10:14)
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Figure 10.1 shows to what extent the respective H+ and Mg2+ fluxes can cause changes
in pH and pMg. The red line shows the total proton production (Figure 10.1A), which
contains the H+ ions produced though the metabolism via CO2 and Lac production.
The flux (blue) produced by the ATP cleavage reaction remains constant. This corre-
sponds to an SSC of ATP. The sinking curve (gray) comprises all the ATP resynthesis
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Figure 10.1: Time courses of proton and magnesium ion fluxes generated by reactions. (A) Rate of
H+½ �c changes in the sarcosol (blue points, ATP splitting; yellow points, ATP/ADP-Ex plus H/P
symport; green points, ATP splitting plus ATP/ADP-Ex plus H/P symport; cyan points, rate of H+f gc
changes during the PCr reaction; red line, total rate of all). (B) Rate of H+f gm changes in the matrix
(blue points, ATPm formation; yellow points, ATP/ADP-Ex plus H/P symport; green points, ATPm
formation plus ATP/ADP-Ex plus H/P symport; red line, total rate of all). (C) Rate of Mg2+½ �c changes
in the sarcosol (blue points, ATP splitting; yellow points, ATP/ADP-Ex plus H/P symport; cyan
points, the PCr reaction; red points, total rate of all). (D) Rate of Mg2+½ �m changes in the matrix
(blue points, ATPm formation; yellow points, ATP/ADP-Ex plus H/P symport; red points, ATPm
formation plus ATP/ADP-Ex plus H/P symport).
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reactions including those running via the mitochondrial synthesis pathway. The curve
moving from positive to zero (red) is the sum of these two processes. The PCr reaction
(in the direction of ATP formation, cyan) is part of the curve rising from the negative to
zero. At the same time, PCr½ � decreases from 20.0 to 15.529 × 10−3 mol/L under these
conditions. This process (ATP buffering) lasts around 6.0 s. Afterward, the ATP delivery
via the metabolism (PAL and GLU) is sufficiently fast so that the ATP production by
JPCr can be reduced. Proton consumption by JPCr is taken into consideration in the
black curve. This curve also includes proton production and proton consumption by
the LDH reaction or Lac transport, as well as H+½ �c reduction through the Na/H ex-
changer. The main cause of acidification of the sarcosol through ATP cleavage is abol-
ished particularly clearly by the PCr reaction.

Figure 10.1B shows the proton fluxes linked with ATP formation and its trans-
port from the matrix into the sarcosol. These run, as expected, in the reverse direc-
tion. The proton consumption through ATP synthesis is compensated here alone
through ATP/ADP exchange and H/P symport.

The Mg2+½ �c fluxes in the sarcosol are presented in Figure 10.1C. Here the PCr
reaction is also significantly involved, although the Mg2+ binding of PCr2− is low
(NMgð10− 7.1,0.8× 10− 3Þ=0.0145 compared with 0.8572 for ATP). In the matrix
(Figure 10.1D), the signs are opposite again, though the PCr reaction is not present
there.

The acidification of the sarcosol and alkalization of the mitochondrial matrix
linked mainly to ATP cycling (other reactions such as JAK can be ignored) can
clearly always be compensated through the respective opposing reactions, so that
the resulting pH changes are not significant. The same applies to the Mg2+ concen-
tration. Only when ATP demand exceeds ATP supply by the metabolism does this
compensation break down (see Chapter 11).
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11 Contraction

11.1 Fibril architecture

One of the most important prerequisites for muscle mechanics is the structural com-
position of protein filaments responsible for contraction and their organization in
the SMF. Muscle fibers vary greatly in their length and radius. These are primarily
dependent not only on the muscle being considered (e.g., biceps or ocular muscle),
but also on the animal species to which the muscle belongs. The diameter of a typi-
cal muscle fiber is usually between 20.0 and 40.0 µm, with the length ranging from
a few millimeters to several decimeters.

The contractile protein filaments are organized into fibrils, which run the entire
length of the fiber, from the end of one tendon to the end of the opposite tendon.
There they are anchored in such a way that contraction exerts a tensile force on
both tendon ends. A single fibril has a diameter of approximately 1.0 µm. Each fibril
is made up of a multitude of identical units, each with the same diameter but con-
siderably shorter length of approximately 1.0 µm. These sarcomeres are separated
longitudinally by Z-disks. Actin filaments (thin filaments) extend from these in both
directions, reaching almost to the center of each sarcomere. The contractile force
acts on these actin filaments as a tensile force pulling toward the center of the sar-
comere. As the actin filaments are anchored in Z-disks, each of these structures
stretching across the entire cross section of the fibril can accept tensile force from
both sides. The tensile force itself is generated by myosin heads, which are orga-
nized at regular distances along the myosin filaments (thick filaments). The myosin
filaments run, in contrast to the actin filaments, through the center of every sarco-
mere, but do not reach up to the Z-disks. Actin filaments extend from opposite Z-
disks, and in doing so partly overlap the myosin filaments in the respective half.
Characteristic transverse striation can be recognized in longitudinal sections of fi-
brils, which can in part be traced back to this overlapping. A visually darker aniso-
tropic band (A-band) is created, where the actin and myosin filaments overlap;
while on either side of the Z-disk lighter isotropic zones (I-bands) can be seen. This
appearance in cardiac and skeletal muscles has led to muscles being known as
“striated muscles.” The H-band situated in the center of the sarcomere contains pre-
dominantly myosin filaments and not actin filaments. Also present in the center is
the M-line, with its protein structure which contributes to mechanical stabilization
of the whole actomyosin system. Furthermore, each sarcomere contains other pro-
tein filaments, such as titin and nebulin, which are responsible for the stabilization
and positioning of the myosin and actin filaments.

The length of the thick filaments is 1.6 µm, and a half sarcomere (HS) is approxi-
mately 1.1 µm. Therefore, the distance available for shortening is approximately
0.5 µm or 25.0%. A sarcomere can therefore contract by around 50.0%, while at the
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same time its volume remains almost constant. This is achieved by the thin filaments
sliding over the anchored thick filaments (sliding filament theory according to
Huxley [18–21]). This interlocking sliding is accomplished through the interaction of
the myosin filaments with the actin filaments, aided by energized myosin heads.
These become temporarily linked to the actin filaments, resulting in a short-term me-
chanical unit made up of actin and myosin filaments. These cross-bridges (CBs) bend
toward the center of the sarcomere while releasing energy, thereby a tensile force is
applied to the actin filaments, which transmit this to the Z-disks. As this bending of
the CBs takes place in both halves of the sarcomere in opposing directions, therefore
always toward the center of the sarcomere, the opposite Z-disks are pulled toward
each other, so that the sarcomere is shortened. As the sarcomeres are arranged in se-
ries within the fibril, this results in shortening of the fibril. The simultaneous shorten-
ing of all parallel-arranged fibrils leads to contraction of the whole fiber.

The energy required for contracting against a force is supplied by ATP cleavage.
The basic reaction for this process, during which the chemical energy of ATP hydro-
lysis is partly converted into mechanical work, can be treated as a coupled reaction.
The mechanical output potential required for this can be calculated from the num-
ber of CBs involved in the contraction processes as follows:

The number of myosin heads of the respective half of a myosin filament within an
HS is 294. This number can be taken from cross-sectional images of the A-band.
Myosin filaments are organized into regular hexagons, which are composed of six
equilateral triangles with side lengths of lTri = 41.0nm. The radius of a typical fibril is
RFibr = 18.0× lTri = 738.0nm. Due to the regular hexagonal geometry of the fibril, this is
also the value of their side length. The smallest hexagon is made up of six triangles,
and therefore, six corners. The next size up appears at a distance of lTri sin 60�ð Þ.
Thus, RFibr = 18.0× lTri is created from 18 enlarging hexagons, with their additional
corners on their hexagon sides. The number of points increases with the hexagons.
This is because each subsequently larger hexagon has one point per side more than
the previous one, and the growth is therefore six points per hexagon. This gives

6 1+ 2+ 3+ � � � + nð Þ=
X18
1

ni = 6
n n+ 1ð Þ

2
= 1,026.

As the point in the center must also be counted, the result for the number of myofi-
laments per fibril equals

MFFibr = 3n n+ 1ð Þ+ 1= 1,027.

The volume of a 1.0 mm long fibril is calculated as

VFibr =AFibr × 103 = 6
18× lTrið Þ2

2
sin 60�ð Þ× 103 = 1.415027× 103 μm3

with the cross-sectional area
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AFibr = 6
18× lTrið Þ2

2
sin 60�ð Þ= 1.415027μm2.

An HS of length lHS = 1.1 μm has a volume of

VHS =AFibr lHS = 1.55653 μm3.

If one takes the total fibril volume of an SMF as V tot
Fibr =0.866 × VCell, then the num-

ber of fibrils/SMF is NFibr =0.866 VCell
VFibr

.
To determine the volume of a 1.0 mm long muscle fiber, cylindrical geometry is

assumed. A fiber radius of RCell = 25.76 μm results in a reference volume of Vref
Cell =

2.0847× 106 μm3. From this, one can calculate the fibril number

NFibr = 1.275842× 103.

An HS therefore contains
Nhs
MH = 294.0 ×MFFibr = 3.01938× 105 myosin heads.

In order to find the concentration of MHs in mol/L, first, Nhs
MH must be di-

vided by NA = 6.022142 × 1023 particles/mol. Nhs
MH

� 	
is obtained then by dividing

the volume of water diffusible space (WDS) containing all MHs of an HS. About
77.0 nm of every myosin filament demonstrates no MHs in the H-band region.
The resulting volume for the MH concentration thereby becomes reduced. The
half-length of a myosin filament is 763.0 nm, of which 686.0 nm is occupied
by MHs [22, 23]. This gives a volume fraction related to the HS length of
fMH =0.686=1.1=0.62364. Therefore, only approximately 62.0% of the HS volume
must be considered and, in turn, from that only the fraction of that can be attrib-
uted to WDS. This fraction is determined using the factor fWDS =0.7852 24½ �. Thus,
the specified volume to determine the MH concentration is given by Vmh

HS =
fWDS AFibr × fMH lHSð Þ=0.7622048 μm3 or 0.7622048× 10− 15L.

The MH concentration then is

MH½ �= Nhs
MH

NA Vmh
HS

= 6.578× 10− 4mol=L or 657.8μM.

11.2 The cross-bridge cycle

During both isotonic and isometric contractions, the MHs run through a reaction
cycle with presumably several configurations, each of which differs from the other
not only energetically but also in the macromolecular conformation. Only two dif-
ferent MH conformations are considered here.

The cycle begins with the detachment of deenergized CBs from actin by MgATP2− ,
and subsequent splitting of that compound bound to MH. The energy released by
these reactions is coupled to energize MHs, which is accompanied by a change in
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conformation. This energized state is described here as MHEn. MHEn contains the prod-
ucts of ATP splitting, MgADP− and H2PO4

− , in the bound form. Through the dissocia-
tion of MgADP− and subsequently H2PO4

− , MHEns can bind again to actin and form
energized CBs (CBEn). These once again become deenergized CBs through a recurrent
change in conformation. In the process, the energy from the energy-rich conformation
is either converted to mechanical work and heat energy (isotonic contraction with
shortening), or is completely dissipated as heat (isometric contraction with constant
fiber length). In the first case, the process corresponds to a coupled reaction, while in
the latter case it relates to uncoupling. Therefore, during isotonic contraction, the
chemical energy is transferred to MHs through coupling, in order to transfer this en-
ergy in a second coupled reaction in part as mechanical energy to the actin filaments,
from where it can be transmitted into the environment.

The reaction steps of one cycle can be concentrated to four reactions:

A−M+MgATP2− ! A2− +M2+ �MgATP2− . (R11:1)

This first reaction of the cycle describes the splitting of the deenergized actomyosin
complex by MgATP2− . This creates two negative charges on actin (A2− , binding site),
and MHs with bound MgATP2− . Both negative charges of the MgATP2− molecule
were neutralized prior to ATP binding through two positive ions (e.g., K+ ). These cat-
ions now neutralize the newly created binding site on actin (A2− ). Through the split-
ting reaction, myosin with two positive charges (M2+ ) is created, which is neutralized
by MgATP2− . In this way it is ensured that the reaction can take place without charge
separation. In the next reaction step, the bound MgATP2− becomes hydrolyzed:

M2+ �MgATP2− +H2O! ~M
2+ �MgADP− �H2PO4

− . (R11:2)

In the process, energized MHEns are created through coupling. The energization is
expressed as ~M

2+
compared to M2+ .

The subsequent reaction describes the association of MHEn with a new binding
site on the actin filament to form a temporary instable actomyosin complex (CBEn):

~M
2+ �MgADP− � H2PO−

4 +A2 − ! fA− ~M
2+ �MgADP− � H2PO4

− g2− . (R11:3)

This instability is caused by the resulting double-negative charge. This is indicated
by the curly brackets.

In the last step, the created energized CBs are stabilized by releasing the bound
ATP cleavage products, MgADP− and H2PO4

− . In the process, on the one hand, the
actomyosin complex becomes neutralized again; moreover, the two K+ ions from
A2− are available to neutralize ATP cleavage products:

fA− ~M
2+ �MgADP− � H2PO4

− g2− ! A−M+MgADP− +H2PO4
− . (R11:4)
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This final reaction step is coupled to the release of mechanical energy. This is
accomplished through the recurrent change in conformation of the energized CBs
(A− ~M

2+
) to deenergized CBs (A−M). This then closes the cycle.

The following affinities emerge:

AR1 =RT ln
A−M½ � MgATP2−� 	

A2−� 	
M2+ �MgATP2−� 	 KR1

 !
=RT ln

MgATP2−� 	
M2+ �MgATP2−� 	 KR1

 !
,

AR2 =RT ln
M2+ �MgATP2−� 	

~M
2+ �MgADP− � H2PO4

− �KR2

h �
,

0
@

AR3 =RT ln

~M
2+ �MgADP− � H2PO4

−
h i

A2−� 	
fA− ~M

2+ �MgADP− � H2PO4
− g

2−
� � KR3

0
BB@

1
CCA

=RT ln ~M
2+ �MgADP − � H2PO4

−
h i

KR3

� �

and

AR4 =RT ln
fA− ~M

2+ �MgADP− � H2PO4
− g2−

� �
A−M½ � MgADP−½ � H2PO4

−½ � KR4

0
BB@

1
CCA

=RT ln
1

MgADP−½ � H2PO4
−½ � KR4

� �
.

Adding AR1 and AR2 yields

AR12 =RT ln
MgATP2−� 	

M2+ �MgATP2−� 	 KR1

 !
+RT ln

M2+ �MgATP2−� 	
~M
2+ �MgADP−H2PO4

−
h i KR2

0
@

1
A,

=RT ln
MgATP2−� 	

~M
2+ �MgADP− � H2PO4

−
h i KR1KR2

0
@

1
A

and adding AR3 and AR4 gives

AR34 = RT ln ~M
2+ �MgADP− � H2PO4

−
h i

KR3

� �
+RT ln

1
MgADP−½ � H2PO4

−½ � KR4

� �

=RT ln

~M
2+ �MgADP− � H2PO4

−
h i

MgADP−½ � H2PO4
−½ � KR3KR4

0
@

1
A.
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Then, the result of AR12 plus AR34 is

A1234 =RT ln
MgATP2−� 	

~M
2+ �MgADP− � H2PO4

−
h i KR1KR2

0
@

1
A

+RT ln

~M
2+ �MgADP− � H2PO4

−
h i

MgADP−½ � H2PO4
−½ � KR3KR4

0
@

1
A

=RT ln
MgATP2−� 	

MgADP−½ � H2PO4
−½ � KR1KR2KR3KR4

 !

=Ac
ATP.

The concentration of the MHs involved in the cycle always remains the same, irrespec-
tive of their conformation. Furthermore, obviously KR1 ×KR2 ×KR3 ×KR4 =Kref

ATP is valid.
Therefore, the constraint that the sum of all the affinities (–ΔRGs) of a reaction cycle
must vanish is fulfilled. The input affinity AATPc is not involved in the CB cycle itself, in
the same way, for example, as in the case of the Ca2+ cycle at the reticulum membrane.

The four reactions of the cycle are coupled at two points, that is, at these cou-
pling points the energy from ATP cleavage is transferred to the MHs, so that these
become energized (MHEN). In the first coupling step, 3.2 ×104 J/mol is transferred,
and the corresponding affinity is set to

Ald I
En =RT ln KTrð Þ= − 3.2 × 104 J=mol.

This represents the output affinity of the first coupled reaction. It is coupled to the
input affinity

AR12 =Ap I
En =RT ln

MgATP2−� 	
~M
2+ �MgADP− � H2PO4

−
h i KR1KR2

0
@

1
A

(AR1 plus AR2).
A second time energy from the affinities AR3 plus AR4 is transferred to the CBs,

which have formed through the binding of the MHENs with actin. Thus,

Ald II
En = −’AR34 = −’RT ln

~M
2+ �MgADP− � H2PO4

−
h i

MgADP−½ � H2PO4
−½ � KR3KR4

0
@

1
A

Here, the factor ’< 1.0 is set to 0.9, so that only 90.0% of the A34 can be transferred
to the CBs. The remaining 10.0% is dissipated and released as heat energy. The
total CB energization is therefore,

Ald I
En +Ald II

En ð≤0Þ.
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This affinity with inverted sign (Ap
Str = − Ald I

En +Ald II
En

� �
>0) is available then for the

power stroke of the CBs.
The flux for the energization can be summarized as

JEn = LEn AldI
En +Ald II

En +AR12 +AR34
� �

= LEn −Ap
Str +Ac

ATP

� �
The flux through the power stroke is

JStr = LStr Ald
Str +Ap

Str

� �
.

Ald
Str ð≤0Þ is the affinity related to the (variable) force exerted on the SMF. This is

coupled as the output affinity to the input affinity Ap
Str ð>0Þ.

At steady state, both these fluxes are equal, so that the cycle can be expressed
through only one flux:

Jcyc = Lcyc −Ap
Str +Ac

ATP +Ald
Str +Ap

Str

� �
= Lcyc Ald

Str +Ac
ATP

� �
.

Ald
Str, in the same way as Ac

ATP, is not involved with the cycle itself. As with all the
considered cycles, this cycle also runs in complete analogy to the cycle of electrical
charges between two oppositely connected batteries. Here, EMFDel ( =̂ Ac

ATP) and
EMFDem ( =̂ Ald

Str) are also not directly involved in the cycling of electrical charge.
The cyclical behavior of the CB cycle is given in that the deenergized CBs are ener-
gized via MHs to MHEns, which subsequently deenergizes through energy release as
energized CBEns during the power stroke.

To be able to calculate the force development of an SMF, the concentration of CBs
taking part in the power stroke CB½ � must be known. It results from two fluxes of the
cycle, which differ in their functional attribution in the sequence while containing all
the reactions and affinities of the process described earlier. The energizing flux is given
through reactions R1 and R2; it increases MHEn½ � and reduces CB½ �. This flux is given by

JCM = LCM Ald I
En +AR12

� �
(Index “CM” indicates CB! MH).

The opposing flux reduces MHEn½ � and increases CB½ �. It contains the reaction
for bond formation with actin (R3) and those of the power stroke (R4). The cycle is
completed With this final reaction the cycle is closed. This flux is given by

JMC = LMC Ald
Str +Ap

Str

� �
(Index “MC” indicates MH! CB).

These last two fluxes are included in simulations. At steady state, MHEn½ � and CB½ �
are constant. CB½ � is obtained then from the relationship

CB½ �= MHtot½ �− MHEn½ �with MHtot½ �= 657.8 μM

11.3 The Ca2+ dependence of CB formation

The muscle contraction is essentially activated by Ca2+½ �c. In the process, Ca2+ ions
are bound by troponin C on the actin filament, where the inhibition of bond
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formation between MHEns and the binding sites on the actin filament is abolished.
This forces CB formation so that CBEn½ � increases; furthermore, the frequency of the
cycle becomes increased by an increase in contraction velocity.

First, Ca2+-dependent adjustment of CBEn½ � occurs. The contraction force is deter-
mined by the number of CBs working in an HS, and thus, by their concentration. This
in turn is influenced primarily by the constants KR1 and KR3 (see R1 and R3).
Therefore, a relationship must be found, which creates different CBEn½ �s through a
Ca2+-dependent variation of the constants and namely in such a form that from it the
known (from measurements) Ca2+ dependence of contractile force can be obtained.

The dependency of the contractile force on pCa measured under isometric con-
ditions can be described by the following equation:

F
Fmax

= 1

1+ 10
pCa−pCa05

S

� � = 1

1+ 10
log

Ca05½ �
Ca½ �

� �1
S

� �� � = Ca½ �h
Ca05½ �h + Ca½ �h

(“2+ ” for calcium ions is not included for the sake of clarity). Ca05½ � (pCa05 = 5.82) is
Ca2+½ �c, where F Fmax= is equal to 0.5; the constant 1 S=h= 3.65= determines the
slope of this sigmoidal curve.

The fluxes JCM and JMC include in the respective affinities AR12 and Ap
Str the prod-

ucts of the constants KR1 ×KR2 and KR3 ×KR4, which are interrelated through

KR1 KR2 =
Kref
ATP

KR3 KR4
.

Therefore, if KR3 ×KR4 increases by a Ca2+-dependent factor, then KR1 ×KR2 must be
reduced through the reciprocal value of the same factor in order to leave Kref

ATP unal-
tered. Ca2 dependency on KR3 ×KR4 is given here by

fK3K4 Cað Þ= Cah

Cah
05 +Cah

+ 3.0,

with Ca2+05
� 	

= 1.5438 μM and h= 3.285.
Each individual constant must be known to obtain the corresponding affinities.

However, this is only possible through specification of a specific value. If it is assumed
that both the affinities of the association reaction to actomyosin and its dissociation
through ATP proceed near equilibrium, then the corresponding affinities AR1 and AR3

must approach zero. This means that under these conditions, the dissociation of acto-
myosin and the subsequent energization are practically reversible in the first coupling
step. By varying KR1, this situation can only be changed marginally, as several condi-
tions must be fulfilled at the same time. All the affinities involved in the cycle must be
positive, AR2 > −Ald I

En and AR4 > −Ald II
En must hold and certainly AR1 +AR2 +AR3 +

AR4 =Ac
ATP must be fulfilled. For the association of actomyosin, much larger variations
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in all the involved constants and affinities (AR3 plus AR4) are possible. In the process,
energy from both affinities is transferred into further energization of the CBs in the
second coupling step. Up to that point, only around 5% (Ap

Str Ac
ATP =0.955



) of the en-

ergy from ATP cleavage is dissipated. This only occurs in appreciable amounts during
the power stroke in that only a percentage of Ap

Str is used in order to work against the
mechanical load potential (Ald

Str <0). The unused residue (Ap
Str +Ald

Str) is released as
heat energy.

The Ca2+ activation through the constants is, however, not sufficient to bring
CBEn½ � to the desired maximum value for Ca2+ saturation ( CBEn½ �= 170.7 μM at
Ca2+½ �c = 6.0 μM). For this, the activation factor Cah=ðCah05 +CahÞ must also be in-
cluded in the conductance LStr of flux JStr. Only then will the maximum CBEn½ � of
170.7 µM (approx. 26.0% of MHtot½ �) be achieved.

11.4 The load dependence of contraction

Besides the Ca2+-dependent adjustment of CBEn½ � and the related force develop-
ment, the contraction velocity is also very important for performance of an SMF.
This is given by the cycling frequency of the synchronously working CBs. The rela-
tionship between force and velocity during isotonic contraction was recognized
by Hill [25, 26]. The following equation is named after him:

v FLdð Þ= b
Fmax − FLd
a+ FLd

. (11:1)

It represents the shortening velocity (in m/s) as a function of the force FLd (or load
in Newton (N)), which has to be overcome during shortening. a is given in N so that
the fraction is dimensionless. Then, b must have the dimension of a velocity in m/s.
As can be seen from the equation, its function follows a hyperbolic course. The
above equation should now be brought into relationship with the flux equation in
mM/s

J Ald
Str

� �
= LStr Ald

Str +Ap
Str

� �
(11:2)

is used here. As a function of Ald
Str, the latter represents a straight line, the ordi-

nates (JStr Ald
Str

� �
) of which approach zero with Ald

Str becoming more negative. At
Ald
Str = −Ap

Str, J −Ap
Str

� �
=0 (Figure 11.1A). In order to achieve a hyperbolic depen-

dency, a factor is introduced that has the mathematical structure of a Michaelis–
Menten inhibitor. This leads to

J Ald
Str

� �
= LStr

Kld
MI

Kld
MI +Ald

Str

Ald
Str +Ap

Str

� �
.

J Ald
Str

� �
also shows a hyperbolic dependency (Figure 11.1A).
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The inhibitor constant (Kld
MI) according to Michaelis–Menten is set to

Kld
MI = − 1.6 104J=mol. An increase in its value strengthens the curve curvature,

which in turn would strengthen the inhibitory effect on the reaction velocity.
In order to transform it into the shortening velocity v Ald

Str

� �
(or contraction ve-

locity in m/s), J Ald
Str

� �
in mM/s must first be divided by CBEn½ � (in mM). As a result,

the frequency v Ald
Str

� �
in 1/s is obtained. By multiplying with the stroke length

lStr = 12.0× 10− 9m, this gives
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Figure 11.1: Performance of SMF. (A) The effect of the hyperbolic inhibition factor on JStr Ald

Str

� �
(gray

points, without inhibition; red line, inhibition through a Michaelis–Menten-like dimensionless
factor). (B) The effect of Ca2+½ �c (red line, Ca2+½ �c =6.0μM; blue line, Ca2+½ �c = 1.514μM; green line,
Ca2+½ �c = 1.134 μMÞ.ðCÞ Shortening velocity (red points, Ca2+½ �c =6.0μM; blue points,
Ca2+½ �c = 1.514μM; green points, Ca2+½ �c = 1.134μMÞ.ðDÞ Force of contraction and CB½ � as functions
of Ca2+½ �c (red points, the approximating function F Cað Þ; red squares results from SIMGLY=PAL; filled
circles in cyan: Ca2+½ �c-dependent CB½ �, and the CB½ � axis has been adjusted to match F Cað ÞÞ.
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v Ald
Str

� �
= LStr

lStr
CBEn½ �

Kld
MI

Kld
MI +Ald

Str

Ald
Str +Ap

Str

� �
in m=sð Þ.

To check this, a dimensional check is started from

v Ald
Str

� �
= LStr

lStr Kld
MI

CBEn½ �
Ald
Str +Ap

Str

Kld
MI +Ald

Str

.

The dimensional check gives

LStr ×
KmiLd
CBEn½ � × lStr ¼̂ mM

s
mol
J

× J=mol
mM

×m ¼ m
s
;

as

Ald
Str +Ap

Str

Kld
MI +Ald

Str

is dimensionless:

v Ald
Str

� �
of an SMF is created through the active CBs in one HS (approx. 26% at Ca2+

saturation). Hence, v Ald
Str

� �
is related to the length of only one HS. In order to

achieve the shortening velocity in relation to the total SMF length (here 1.0 mm),
the velocity must still be multiplied by the number NHS = 1,000=1.1 = 909.09. Thus,
the shortening velocity of a 1.0 mm long SMF is given by

v Ald
Str

� �
= LStr

lStr
CBEn½ � K

ld
MI NHS

Ald
Str +Ap

Str

Kld
MI +Ald

Str

. (11:3)

For Ald
Str = − 1.68× 104, v − 1.68× 104ð Þ=0.8053mm=s. The maximum speed is reached

when Ald
Str approaches zero. Then vmax = 2.43mm=s (Figure 11.1C). A 10.0 cm long fiber

would have a vmax of 24.3 cm/s.
Figure 11.1B demonstrates that the flux through the coupled affinities

Ald
Str +Ap

Str

� �
depends on Ca2+½ �c. With increasing Ca2+½ �c, JldStr Ald

Str

� �
also increases. At

the same time, the functional dependency from Ald
Str is maintained. In contrast to

JldStr Ald
Str

� �
, the shortening velocity is, however, not dependent on Ca2+½ �c. Under the

same conditions, this time all the v Ald
Str

� �
s at different Ca2+½ �cs are represented by

practically one and the same curve (Figure 11.1C). This different behavior is to be
expected because for v Ald

Str

� �
, only the load-dependent cycle frequency can really be

effective, while for JldStr Ald
Str

� �
, the proportion of involved CBs working with this fre-

quency is also crucial. Thus, ATP consumption of contraction is given by JpStr (= JldStr
for complete coupling). In order to yield v Ald

Str

� �
, it must be divided by CB½ � (see eq.

(11.2)), giving the term

LStr
CBEn½ � .
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But as LStr and CB½ � possess the same Ca2+½ �c dependency, these must cancel so
that in contrast to JldStr Ald

Str

� �
, v Ald

Str

� �
is influenced only by Ald

Str alone.
To finally achieve v as a function of force,
AldStr +ApStr
KldMI +AldStr

must be expanded with 1=lStr. This gives

�FldStr +
�FpStr

KldfMI +
�FldStr

and with �Fld
Str = − �Fld

Str
′, this leads to

− �FldStr
′+ �FpStr

KldfMI −
�FldStr

′ = − 1ð Þ
�FpStr −

�FldStr
′

−KldfMI

� �
+ �FldStr

′
, and therefore to

v �Fld
Str
′� �
= LStr

lStr
CBEn½ � −Kld

MI

� �
NHS ×

�Fp
Str − �Fld

Str
′

−Kldf
MI

� �
+ �Fld

Str
′ .

One realizes that

LStr
lStr
CBEn½ � −Kldf

MI

� �
NHS =b; and−Kldf

MI = a.

Both a and b are positive. Furthermore, b varies with CB½ � (= CBEn½ �) and is therefore
dependent on Ca2+½ �c.

Thus, the equation is

v �Fld
Str
′� �
= b×

�Fp
Str − �Fld

Str
′

a+ �Fld
Str
′ . (11:4)

In this way, a direct relationship has been established between Hill’s equation
and the thermodynamic flux equation developed here. The conformity of both der-
ivations can primarily be attributed to the fact that a dimensionless factor has
been incorporated into the conductance of the flux equation, which induces the
hyperbolic progression of that function. For this reason, the conductance is not
only a constant, which functionally combines the flux J with the affinity A, but
also becomes a variable through the additional inclusion of a variable quantity.
LStr therefore possesses two variable factors: one for Ca2+ activation and one for
the load-induced inhibition of JStr (see Chapter 16, in conjunction with enzyme-
catalyzed reactions).

The molar force of the input affinity is given by

�F = Ap
Str

lStr
in

J
mol×m

= N
mol

.
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The force of an individual CB is obtained by inserting Avogadro’s constant NA

(= 6.022142 particle/mol). This gives

FCB =
Ap
Str

lStr NA
= 5.24× 104

1.1× 10− 9 ×NA

Nm

mol×m× Particle
mol

2
64

3
75= 7.251× 10− 12N.

The force of an SMF can then be calculated as

FCell = CB½ � ×Vmh
HS ×NFibr ×NA

� �
FCB = 585.6265 × 109 × FCB × CB½ �=0.7251mN.

This result refers to an Ap
Str = 52.4023kJ=mol, which was found for Ca2+½ �c = 6.0 μM

and a corresponding CB½ � of 170.74 µM. At a considerably lower power output, for
example at Ca2+½ �c = 1.134 μM, Ap

Str is larger due to Ac
ATP also being higher under

such moderate conditions. Under these latter conditions, with CB½ �= 44.47μM and
FCB = 7.595pN, FCell =0.1987mN.

The force of the individual CBs may be somewhat raised under these conditions;
however, the force development of the SMF is considerably reduced because CB½ � is
substantially lower than Ca2+ saturation. Figure 11.1D presents this relationship be-
tween the force CB½ � and Ca2+½ �c. The points corresponding to force and CB½ �, respec-
tively, fulfil with sufficient precision the function (red points in Figure 11.1D)

F Cað Þ= Fmax
Ca½ �h

Ca05½ �h + Ca½ �h
.

It is known from many experimental results that the efficiency of muscle contraction
as a function of relative affinities (A1 A2= ) does not demonstrate linear behavior. The
corresponding curve shows a maximum typical for uncoupled processes [5]. This
means, however, that eq. (11.2) is not complete, as the determined efficiency as a
function of Ald

Str shows no maximum. To achieve such a dependency, uncoupling pa-
rameters must be introduced. This means that the affinity term Ald

Str +Ap
Str

� �
(without

uncoupling)
must be converted into expressions with uncoupling

λldStr + 1
� �

Ald
Str +Ap

Str

� �
and Ald

Str + λpStr + 1
� �

Ap
Str

� �
,

for only from such terms the efficiency function

ηStr að Þ=
λldStr + 1
� �

a+ 1

1+
λpStr + 1

� �
a

ðsee Chapter 6Þ;

can be obtained, which possesses a maximum.
For the uncoupling mechanism it is assumed that it is based on a shortening of

the stroke length lStr. The change of the corresponding dissipation functions
through shortening of lStr (ΔlStr lStr <0= ) is given by
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ΔΨld
Str = LStr Ald

Str +Ap
Str

� �
Ald
Str

ΔlStr
lStr
ð>0Þ

and

ΔΨp
Str = LStr Ald

Str +Ap
Str

� �
Ap
Str

ΔlStr
lStr

+ LStrLA
p
Str −

ΔlStr
lStr

� �
ð<0Þ.

The additional term in the second equation arises from the fact that the CB dissoci-
ated by MgATP2− from actin works without load. In the process, the energy origi-
nating from the input potential becomes dissipated as a function of relative
shortening (first term < 0, second term > 0). If the leak conductance LStrL is set to
equal a × LStr, this leads to

ΔΨp
Str = LStr

ΔlStr
lStr

AldStr
ApStr

+ 1− a
� �

Ap
Str

� �2 and with a≈ 1 to

ΔΨp
Str ≈ LStr

ΔlStr
lStr

Ald
Str

Ap
Str

� �
Ap
Str

� �2.
With ΔΨ=Ψ−Ψcp (Ψcp refers to the fully coupled proportion of Ψ), then one
achieves

Ψld
Str = LStr Ald

Str +Ap
Str

� �
Ald
Str + LStr

ΔlStr
lStr

ApStr
AldStr

+ 1
� �

Ald
Str

� �2
and

Ψp
Str = LStr Ald

Str +Ap
Str

� �
Ap
Str + LStr

ΔlStr
lStr

Ald
Str

Ap
Str

� �
Ap
Str

� �2.
By comparison one finds

Ψld
Str = LStr λldStr + 1

� �
Ald
Str +Ap

Str

� �
Ald
Str = LStr Ald

Str +Ap
Str

� �
Ald
Str + LStr λldStr Ald

Str

� �2
and

Ψp
Str = LStr Ald

Str + λpStr + 1
� �

Ap
Str

� �
Ap
Str = LStr Ald

Str +Ap
Str

� �
Ap
Str + LStr λpStr Ap

Str

� �2;
finally

λldStr =
ΔlStr
lStr

Ap
Str

Ald
Str

+ 1

 !

and

λpStr =
ΔlStr
lStr

Ald
Str

Ap
Str

� �
.
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Already from the last two equations, it can be seen that both λ values are func-
tions of the variable load potential Ald

Str, as well as the relative stroke shortening. It
is, therefore, obvious that ΔlStr lStr= can also be expressed as a function of Ald

Str. For
this, the probability factors

PI
Str Ald

Str

� �
= 1

1+ exp
AldStr −AI05

SλI

� �

and

PII
Str Ald

Str

� �
= 1

1+ exp
AldStr −AII05

SλII

� �

are introduced.
It is assumed that the shortening can take place in several successively occur-

ring steps. Here, however, only two identical step lengths of ΔIlStr lStr ==

ΔIIlStr lStr = −0.5= are assumed.
Thus, one ultimately obtains for the Ald

Str-dependent λ values

λldStr Ald
Str

� �
= ΔIlStr

lStr
PI
Str Ald

Str

� �
+ ΔIIlStr

lStr
PII
Str Ald

Str

� �� �
Ap
Str

Ald
Str

+ 1

 !

and

λpStr Ald
Str

� �
= ΔIlStr

lStr
PI
Str Ald

Str

� �
+ ΔIIlStr

lStr
PII
Str Ald

Str

� �� �
Ald
Str

Ap
Str

� �
.

In simulations, the fluxes JldStr and JpStr containing these λ Ald
Str

� �
s determine the be-

havior of an SMF during contraction.
Figure 11.2A and B shows the differences arising from this compared with fully

coupled SMFs (A). From both figures, it can be seen that efficiency (ηStr að Þ and
ηStr jð Þ, with j= JldStr Jmax



actually deviates from linearity by uncoupling and a maxi-

mum is developed. At Ald
Str Ap

Str > − 0.5



, the uncoupled efficiency curve (squares in A)
only deviates marginally from the coupled curve (blue points in A), which has also
been found experimentally.

But only the curve progression of the efficiency function clearly shows that un-
coupling must be present. The power curve, in contrast, must always show a maxi-
mum, which is independent of whether coupled or uncoupled conditions are
present (Figure 11.3C and D). As expected, the maximum power lies in the coupled
range of the respective function. It can be determined through setting the derivative
equal to zero:

Ψld
Str Ald

Str

� �
= LStr Ald

Str +Ap
Str

� �
Ald
Str
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However, this time LStr is not constant, but contains the factor Kld
MI Kld

MI +Ald
Str

� �

with

the variable Ald
Str. This leads to

Ald
Str

� �2 + 2Kld
MI A

ld
Str +Ap

Str K
ld
MI =0

and

Ald
max = − 1.7082× 104J=mol ð =̂ 32.6%of the maximal valueÞ:

The same applies to the mechanical power output as a function of the load
force (Figure 11.3D). Also here, the maximum occurs at 32.6% of the maximal force.

Uncoupling begins at a load potential of about −3.0 × 104 J/mol ( =̂ − 4.151 ×
10− 4N). A continuous increase in uncoupling is achieved through the probability
factors PI

Str Ald
Str

� �
and PII

Str Ald
Str

� �
. This can be interpreted in such a way that, from this

load potential onward, already a few of the total number of CBs involved in the
cycle work with a shortened stroke length (initially to −50.0%). With increasingly
negative Ald

Str, all CBs become affected. Afterward, the second step of uncoupling be-
gins, which is added to the first so that stroke shortening now can approach
100.0%. With a ΔlStr lStr = − 1.0= , the contraction is no longer accompanied by a
change in length of the sarcomeres. The power output, therefore, approaches zero.
The probability factors are adjusted in such a way that this is achieved when reach-
ing the input potential Ap

Str. Therefore, if

Ald
Str = −Ap

Str, then λldStr −Ap
Str

� �
=0, and λpStr −Ap

Str

� �
= 1.0.

Then, also Ψld
Str −Ap

Str

� �
=0.
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Figure 11.2: Efficiency as functions of Ald

Str Ap
Str



and JldStr Jmax



. (A) Red squares: results from

SIMGLY=PAL in dependence of Ald
Str Ap

Str



, and a maximal efficiency is obtained by uncoupling

contraction; blue points: efficiency that could be reached with a totally coupled SMF. (B) Efficiency
in dependence of JldStr Jmax



.
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Ψp
Str is, however, not zero, but is given by

Ψp
Str −Ap

Str

� �
= LStr Ald

Str +Ap
Str

� �
Ap
Str + LStr

ΔlStr
lStr

Ald
Str

Ap
Str

� �
Ap
Str

� �2 = LStr Ap
Str

� �2ð>0Þ.

The corresponding fluxes under these conditions are then

JldStr −Ap
Str

� �
= LStr Ald

Str +Ap
Str

� �
+ LStr λldStr −Ap

Str

� �
Ald
Str =0 and

JpStr −Ap
Str

� �
= LStr Ald

Str +Ap
Str

� �
+ LStr λpStr −Ap

Str

� �
Ap
Str = LStrA

p
Str ð>0Þ.
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Figure 11.3: Effects of uncoupling on flux, velocity of shortening and power output at
Ca2+½ �c =6.0 μM. ðAÞ Generation of three different fluxes (red line: uncoupled flux JldStr; blue points:
JldStr under totally coupled conditions; green points: uncoupled input flux JpStr. (B) Uncoupling effects
on shortening velocity as a function of load force (red line: uncoupled v �F ldStr′

� �
; blue points: under

totally coupled conditions). (C) Metabolic power output (red line: uncoupled conditions; blue
points: totally coupled conditions). (D) Mechanical power output (red line: uncoupled conditions;
blue points: totally coupled conditions).
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Figure 11.3A and B shows this relationship. Up to Ald
Str ≈ − 3.0 × 104, JldStr and JpStr

are practically identical because there is complete coupling of the load potential. With
increasingly negative Ald

Str, JldStr approaches zero, while JpStr reaches the value
JpStr −Ap

Str

� �
= 4.868mM=s in two steps. This is approx. 23% of the maximum flux at

Ald
Str =0.

Molecularly, the coupling mechanism can be interpreted as follows:
Under fully coupled conditions, the actomyosin bond is always split by

MgATP2− only after first achieving the maximal stroke length (here lStr = 12.0nm). If
a specific negative Ald

Str value is exceeded, however, the bond cleavage already takes
place at a lower stroke length, so that the shortening velocity must decrease. The
now no longer coupled MHEns ; however, still possess the fraction 1−ΔlStr lStr= of
their original potential Ap

Str, which now becomes dissipated. The cleaved MHEns are
moving along the rest of their stroke length without load. Then the cycle continues
as under coupled conditions.

If Ald
Str = −Ap

Str, the actomyosin splitting already occurs immediately after bond
formation, so that the whole input potential Ap

Str gained during coupling becomes
dissipated. The MHEns perform their conformational change now throughout the
whole stroke length at zero load, so that in this situation the entire input potential
must be released as heat energy. As vldStr has vanished, then accordingly the me-
chanical power Fld

Str × vldStr must also be zero in the process. But this does not mean
that the force Fld

Str must also vanish. When actomyosin bonds are formed, it is pos-
sible that the force Fld

Str is transferred via the action of a torque onto actin
filaments, without mechanical work being performed. The result of such a mecha-
nism would be a force development without shortening, that is, an isometric con-
traction. Experimentally, such a force can be determined if a muscle or an SMF is
fixed at constant length in two supports, and the tensile strength is measured in
one of them. Then, with a given Ca2+½ �c, isometric contraction is activated when
the CBs try to transfer their Ap

Str to actin filaments. This, however, can only by ac-
complished as torque because the length fixation does not allow sarcomere short-
ening and with it isotonic contraction. In the process, however, exactly that load
is generated that allows MgATP2− to cleave actomyosin bonds already at lStr =0 or
ΔlStr lStr = − 1.0= .

The Ca2+½ �c dependency under these isometric conditions results from the fact
that, at a given Ca2+½ �c, always a specific number of CBs works, which is related to
the concentration of CB. At a low number, only these generate the maximum force
per CB under isometric conditions, which results in splitting of actomyosin bonds
at lStr =0. The resulting SMF total force must then be correspondingly low. At a high
number and high Ca2+½ �c, the bond cleavage at lStr =0 is triggered in the same way,
only in this case that the total number is considerably higher, and hence, also a
higher power development can be recorded.
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As a special feature of the isometric contraction it can be realized though the
mechanical power with

Pmech
Str = vldStr ×Kld

Str =0

is zero, the metabolic power with

Pmet
Str = JpStr ×Ac

ATP

however, has a positive value because the CB cycle also under isometric conditions is
gone through with ATP consumption. For a Ca2+½ �c of 6.0 µM, for example, the con-
sumption of JpStr = 4.9 mM=s. This value appears low when considering the fact that
the uncoupled flux is driven by Ap

Str alone. The corresponding flux for an Ald
Str ! 0

would be considerably higher. However, LStr must also be taken into consideration.
Through the incorporated factor Kld

MI= Kld
MI +Ald

Str

� �
, the flux drops hyperbolically with

an increasingly negative Ald
Str. Also during uncoupling, the actomyosin bond is ini-

tially formed. But this reaction is inhibited through a strong negative load potential
(= −Ap

Str), so that the flux resulting from a high affinity and a low conductance must
assume a value between the maximal and very low flux. In comparison, the whole
ATP consumption of an SMF under isometric conditions (at Ca2+½ �c = 6.0 μM) is JtotATP =
8.9 mM=s.

Regarding the uncoupling mechanism described here, it can be summarized
such that while this may appear complicated in the derivation, the required efficiency
maximum is obtained in this model without additional postulates. Furthermore, the
deviation from the fully coupled flux produced in the uncoupled range is low and
thus conforms to experimental results. Moreover, with the aid of this mechanism, iso-
metric contraction and its associated ATP consumption can be explained.

The CB cycle also possesses opposite and equal partial conduction at SSC: The
affinities are

Adel
1 =Ald

En + −Ap
Str

� �
and Adem

2 =Ap
Str + −Ald

En

� �
,

from which

Ldelc1 = 1.317 × 10− 4 and Ldemc2 = 1.317× 10− 4 mM s×mol J==

can be obtained. However, this only applies under coupled conditions.

11.5 Limitation of contractile performance

The best known limitation in the performance of a muscle is its fatigue during endur-
ing demands. This phenomenon is extremely interesting for physiology and sport med-
icine. Numerous differing elicitors have been related to fatigue [21, 22], however, to
date, there is no unequivocal evidence regarding whether there is one single
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mechanism and which one this could be. This is certainly also due to the parameters,
which come into question, for example, the sarcosolic concentration of MgATP2− ,
which is being very difficult to determine experimentally, if at all. However, such a
problem can be solved through the use of mathematical simulations, as nearly all the
important metabolites of energy metabolism, including MgATP2−� 	

c, can be gathered.
In the present model of the CB cycle, MgATP2−� 	

c is the substrate of myosin
ATPase. It occurs in R1 as a reactant, and therefore is contained in AR12. Therefore,
there is a possibility that JEn can be influenced by a change in MgATP2−� 	

c. To
change a flux by an alteration of its affinity is primarily possible if the respective
reaction proceeds near equilibrium, which applies to JEn. But this can mean that a
minor reduction in MgATP2−� 	

c could make JEn smaller than JStr, so that during the
cycle fewer MHEns are separated from actin than CBs are formed. Subsequently,
CB½ � must increase. This in turn leads to an even more pronounced ATP consump-
tion, and hence to a further reduction of MgATP2−� 	

c. Through the increase in CB½ �,
however, Ald

Str becomes less negative (because of load reduction) so that as a result,
the cycle frequency must also rise. This vicious circle only ends when all the MHEns
are present as CBs ( CB½ �= 657.8μM).

One such situation is presented in Figure 11.4. MgATP2−� 	
c constantly de-

creases from the start (Figure 11.4A), while CB½ � increases. At the beginning, JEn is
only very slightly lower than JStr (Figure 11.4B). What happens in detail can be seen
from the course of the affinities involved (Figure 11.4C). The sudden collapse of Ald

Str

(blue points) is caused by the equally sudden increase in the CB concentration. The
reduction in Ap

Str (red points) is caused by the reduction in MHEn½ � and the drastic
increase in ADP½ �c and Pi½ �c (Figure 11.4D). The falling Ap

Str and rising Ald
Str achieve

opposite equal values, that is, their sum vanishes so that JStr is also now zero.
Thus, the cycle comes to a standstill and from this point on, ATP consumption

by these reactions vanishes. Now enough ATP can be resynthesized to reach the ini-
tial value of MgATP2−� 	

c again (Figure 11.4A). Also PCr, which is consumed down
to approx. 0.1 mM, can now be regenerated.

At Ca2+½ �c = 1.136 μM and a given load potential of – 16.8 kJ/mol, the temporary
collapse of MgATP2−� 	

c and CB cycle still stand is triggered through lowering of the
sarcosolic Mg2+ concentration from 0.8 (simulation starting value) to 0.55 mM.
After around 15.0 ms, CB½ � rises to 93.0 µM (instead of 44.6 µM). This results in Ald

Str

rising to approximately −8.05 kJ (instead of – 16.8 kJ/mol). After approximately
14.0 s, CB½ � runs ! 557.8 µM, MgATP2−� 	

c ! 2.315mM and JStr ! 0, because
Ap
Str = −Ald

Str = 11.4kJ=mol has been reached. Due to the fact that the CB cycle is
switched off, and no ATP is consumed by those reactions, ATP can be rapidly resup-
plied by the metabolism so that primarily PCr and MgATP2− are available again in
sufficient quantities.

It is in fact only the reduction in MgATP2−� 	
c triggers this process. However,

both Ca2+½ �c and the height of the load potential play a role in this process. Due to a
high Ca2+½ �c, CB½ � is also high, which at the given load potential leads to an
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increased ATP consumption rate and as a result favors the reduction of MgATP2− .
Thus, for Ca2+½ �c = 6.0 μM and the same load potential (−16.8 kJ/mol), the process
can already be triggered through a reduction of Mg2+½ �c to 0.65 mM. A lowering of
the load potential at a given Ca2+½ �c aggravates the situation, because now the fre-
quency becomes elevated, so that the ATP consumption rate is increased this time
over this parameter. At Ca2+½ �c = 1.136 μM and a load potential of only –3.0 kJ/mol,
the process is already triggered at 0.76 mM. On the other hand, triggering can be
prevented or at least delayed by raising MgATP2−� 	

c through an elevation of the
total ATP concentration and/or Mg2+½ �c (starting value).

A reduction in MgATP2−� 	
c can be brought about by a whole series of mecha-

nisms, which all have an indirect effect. It is in this context that the acidification of
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Figure 11.4: Collapse of muscular performance through a reduction of MgATP2−
� 	

c. (A) Time
courses of MgATP2−

� 	
c (red points) and CB½ � (cyan points) after Mg2+½ �c has been reduced from 0.8

to 0.55 mM. (B) Time-dependent decrease of JEn JStr= . (C) Changes of respective affinities with time,
red points: Ap

Str; yellow points: AEn; blue points: Ald
Str . (D) Changes of metabolites, red points: PCr½ �;

green points: ADP½ �c; dark green points: Pi½ �c.
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the sarcosol is of particular importance insofar as this mechanism can be observed at
an increased power – output. First of all, the fast SMFs are affected by this, whose
ATP is primarily produced by GLY. The Lac plus proton created in the process is
transported from the sarcosol into the interstitial space via the Lac/H symport, but
not completely so that at steady state both ½Lac− �c and ½H+ �c are elevated. Figure 11.5
shows the functional relationship between ½MgATP2− �c, ½H+ �c and ½Mg2+ �c.

From the figure it can be seen that Mg2+½ �c has a particular influence on the level of
MgATP2− �c
�

. An increase in H+½ �c is capable of reducing ½MgATP2− �c, which may
explain the metabolically caused reduction. However, this can be attributed in part
back to a reduction of total ATP. All the reactions taking part with pH regulation,
such as Na/H exchange (#, downward pointing arrow indicates reduction), high
buffering (#), low Lac/H symport ("), and proton production through ATP splitting
itself (") are involved. The PCr reaction must also be mentioned in this context, be-
cause it promotes the formation of MgATP2− by raising pH. Lac accumulation in the
interstitium and a resulting backpressure on glycolysis with a reduction in pH can
also lead to lowering of ½MgATP2− �c.

The in silico results obtained here suggest that this limitation of SMF function is
the trigger for cramp, which is not restricted to a single muscle fibre, but extends in
vivo across the whole muscle as a rule. The medical aid, for example, for cramp in
the calf, is to apply an antagonistic force from the ankle to work against the contrac-
tion. This not only reduces the pain, but also helps to release the cramp. The CB cycle
also normalizes correspondingly in the model. To set normal cycling into motion
again, it is not sufficient that above all ½MgATP2− �c, ADP½ �c and Pi½ �c reach their initial
values again. This would produce the same simulation result with unchanged low
½Mg2+ �c and/or ATP½ �c. Cycling must be started at a more negative load potential in

1,200
800

400
0.4

0.2

0.0 Figure 11.5: Three-dimensional representation of
the function MgATP2− H+ ,Mg2+ð Þ. Z-axis =̂
MgATP2−
� 	

c from 4,500 to 7,500 µM; X-axis =̂
H+½ �c from 0 to 0.4 µM; Y-axis =̂ Mg2+½ �c from 400
to 1,200 µM.
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order to allow the CB cycle to run without contracture despite the still too low
Mg2+½ �c. Because at a more negative Ald

Str, both JStrand the ATP consumption rate are
lowered so that under these conditions the ATP production rate (JATP) is sufficient to
keep ½MgATP2− �c from decreasing. But a complete recovery can be expected only
then if Mg2+½ �c again reaches its normal value (here approx. 0.8 mM).

A much more harmless and painless result of muscle fatigue in which training
athletes ought to be particularly aware of is the gradual failure of the muscle or mus-
cle group during exercises with repeated muscular activity, for example, pull-ups or
squats. In doing so, a limit is always reached after which a continuation of the re-
spective exercise is no longer possible. Painful cramp formation is however not trig-
gered in such a situation. Therefore, it appears reasonable to suggest that a different
mechanism may be involved, but one which likewise limits muscular performance.

An increase of JStr is also always linked to a rise in ADP½ �c (or MgADP−½ �c) and
Pi½ �c. Particularly, an increased ADP½ �c, as a reaction product, has an inhibitory ef-
fect on JStr. At Ca2+½ �c = 6.0 μM and a load – potential of −31.471 kJ/mol, ADP½ �c in-
creases from 72.0 to 130.26 µM. However, this is not sufficient to make JStr slower
than JEn. If this were the case, CB½ � would reduce and at the same time Ald

Str would
become more negative, because the load would be distributed over fewer CBs. In
the extreme case, the initial isotonic contraction would become isometric without
power output.

At Ca2+½ �c =0.3μM is (SIMGLY=PAL)

MgATP2−� 	
c =

ATP½ �c
P H+ ,Mg2+ð Þ =

8928.79
P 10− 1.0762, 802.2
� � = 7.198mM,

and at 6.0 µM

MgATP2−� 	
c =

ATP½ �c
P H+ ,Mg2+ð Þ =

8868
P 10− 1.1097, 827
� � = 7.204.8mM.

Therefore, both values remain practically the same at a strong negative load poten-
tial (Ald

Str = − 31.471kJ=mol). The decisive reason for this is that, despite the high Ca2+

concentration and high force development, JStr and therefore, also JATP are relatively
low.

With repeatedly high muscular demands, however, ATP supply via the PCr
shuttle may be delayed through an acidification at the sites of ATP and PCr2− pro-
duction, because at these locations of the sarcosol, the affinity of PCr formation
(reverse reaction) may become reduced by a rise in H+½ �. The opposite is the case
at the sites of ATP and PCr consumption (forward reaction), for example, in the
fibrils. In this case, a reduction in H+½ � has an inhibitory effect. As already men-
tioned, the functional differentiation between the sites of ATP consumption and
those of ATP production were not included in the simulations. The following
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example can help to estimate the possible consequences: At sites of PCr and ATP
consumption (fibrils)

ACK = RT ln
PCr2−½ � MgADP−½ � H+½ �

Cr½ � MgATP2−� 	 Kref
PCr

 !

=RT ln
11.7998½ � 0.077959½ � 10− 7.15996� 	

28.0½ � 7.06917½ � Kref
PCr

 !

=0.26102 kJ=mol, and JCK = 7.048mM=s.

At sites of PCr production

ACK = RT ln
Cr½ � MgATP2−� 	

PCr2−½ � MgADP−½ � H+½ �
1

Kref
PCr

 !

=RT ln
25.0½ � 7.1516½ �

14.748½ � 0.02879½ � 10− 6.9449� 	 1

Kref
PCr

 !

=0.261025kJ=mol, and J
 
CK = 7.048mM=s.

If the pHc would drop from 6.9449 to 6.93 (sites of production), this would lead to
ACK =0.1828 kJ=mol and J

 
CK = 4.935mM=s. Obviously, already a small drop in the

pHc value is sufficient to create a flux difference of about 30%. Even if this could be
in part compensated in living muscle cells, so that the reduction would be less dra-
matic, a pH-related delay in ATP transport via the PCr shuttle must still be ex-
pected. The pHc reduction under nonsteady-state conditions is caused by different
proton binding of the two reactions ATP and PCr splitting and ATP and PCr forma-
tion. The result for cleavage (forward reaction) is

ΔRNATP +ΔRNPCr = −0.648 + 0.924 = 0.276,

and for formation (reverse reaction) is

ΔRNATP +ΔRNPCr =0.502+ −0.886ð Þ= −0.384.

The negative value for the reverse reaction shows that protons are lost (pHc #) as
both reactions progress. Furthermore, it must be assumed that an additional acidifi-
cation, especially of the sarcosol due to the increased formation of Lac, could occur
under these conditions. In the fibrillary space, a higher pH value is obtained and
also shifts that occur in Mg2+ can be ignored.

It should be noted in connection with this that the above-mentioned processes
are not dependent on the formulation of the reactions concerned, which means the
PCr reaction could, for example, be equally well formulated without Mg2+ , the cor-
responding ΔR

�NPCr would thereby remain unaffected, because it depends on the re-
spective K′ H+ ,Mg2+ð Þ, which is always related to all species.
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On the basis of the CB model presented here, two different fatigue phenomena
can be explained, which are associated with the fact that an SSC of the CB cycle
occurring with constant CB½ � is brought about by two opposing reactions. On the
one hand, CB½ � is decreased by actomyosin cleavage (JEn), on the other hand, CB½ � is
increased by actomyosin formation (JStr). At SSC, both fluxes are equal. Already
small deviations from this steady state can induce perturbation. Acidification at a
sufficiently high ½MgATP2− �c is the less severe interference. However, it can be en-
visaged that after several episodes of fatigue and recovery, a lowered ATP½ �c (ATP
loss via AK and AMP deaminase) and a too low ½MgATP2− �c may be the result fol-
lowed by cramp formation, as is seen in competitive sports. Severe damage with
cell death is, however, not connected with this. Such a refusal of the muscles to
work could also be seen as a protective mechanism, which prevents muscle cells
from suffering irreversible damage through an overly high demand for contraction
power.

The fact that muscle cells can maintain their ATP½ �c almost constantly even at
increased power output or more precisely at high JStr is determined by the cycle be-
havior as this cycle does function only at a high ½MgATP2− �c (approx. 7.0 mM). As
long as the muscle works with normal performance, no clear reduction of ATP½ �c
can be observed, even at high power. The development of a sufficiently high ATP
gradient between the sites of consumption and production is therefore not possible.
The task of energy transport via diffusion must be taken over, therefore, by the PCr
shuttle, and the reactants of which can generate high gradients. Also for this rea-
son, the PCr shuttle is indispensable for the SMF, as only in this way can the ATP
cleavage energy diffuse to sites of consumption, without ATP and ADP themselves
needing to form gradients for diffusion.
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12 Recovery

By recovery, one means all those reactions that must occur within a particular time-
frame to again reproduce the resting state with its characteristic values for predomi-
nantly Ca2+½ �c, ATP½ �c, and PCr½ �, after a previous phase of high workload at elevated
Ca2+½ �c and a high rate of ATP consumption. Coupled reactions are also of primary
importance in this case. In simulations, a high-power output is induced by increasing
Ca2+½ �c from near resting state conditions ( Ca2+½ �c =0.3 μM, JATP = 1.0 μM=s) to
6.0 µM. In the process, the load potential is Ald

Str = − 1.68 104J=mol. Figure 12.1A
shows the effect such an abrupt change from rest to high power has on the glycolytic
fluxes. Under these conditions, JATP consists of 8.5% JpalmATP and 91.5% JglATP, whereby
the latter runs oxidative (JgloxATP) to 30.0% and anoxic to 70.0% (JglanoxATP ). This in turn is
made up almost completely from anoxic Glgen degradation. As long as Glgen is pres-
ent, Glu is not used as a substrate under these conditions. This saving of Glu is en-
abled by increasing G – 6 – P from 483.0 to 582.0 µM and the associated inhibition of
HK (Figure 12.1A black). Such a mechanism is essential to prevent the blood glucose
concentration from falling below the critical value; otherwise, impairment of the
brain as a result of such hypoglycemia cannot be ruled \out.

As can be seen in Figure 12.1A, all the glycolytic fl uxes (except JHK) drastically
increase by a factor of 10.53 for JATP and 20.33 for the glycolysis fluxes (JGLY) after
switching to high-power output. In the process, JGAP (blue) is always twice as high
as JGLY . This high activation of GLY occurs nearly twice as fast as the production of
ATP, and is associated with a different allocation of ATP between the PAL and GLY
degradation pathways at a high ATP demand to that occurring under resting condi-
tions. This switching process is depicted in Figure 12.1. Due to an increase in ATP
consumption rate, ADP½ �c increases so that AMP½ � also considerably increases via
the AK reaction (12.1B). This, in turn, activates the PFK reaction, which results in
the activation of both Jglox and Jglanox, that is, of the entire metabolism proceeding
via glycolysis.

The rate of PAL, on the other hand, only increases marginally.
PCr½ � significantly decreases due to the high ATP demand (from approx. 20.0 to

10.28 mM), while MgATP2−� 	
c only drops by 0.035 mM (from 7.198 to 7.163 mM). Pi½ �c

rises from approx. 4.0 to 12.3 mM (12.1 C). This value results predominantly (to
99.2%) from the initial ATP cleavage and the ATP buffering through the PCr reaction.

The pH values of the sarcosol and the mitochondrial matrix change in opposite
directions (12.2A). pHc increases marginally, while pHm decreases.

In Figure 12.2B and C, the respective proton fluxes are shown. From these it can
be seen that initially protons of the sarcosol disappear (B, red line) and are pro-
duced in the matrix (C, red line). The proton production rate through ATP cleavage
in the sarcosol (blue) is compensated after approx. 5.0 s by the proton consumption
rate via ATP/ADP – Ex plus H/Pi (yellow), so that a transient proton production rate
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would be created (green) if in addition sarcosolic protons were not consumed by
the PCr reaction (cyan). In addition to this are those metabolic reactions that gener-
ate protons, for example, the LDH reaction. However, this is clearly not sufficient to
compensate for full alkalization, and so finally under these conditions, pHc must
initially increase slightly.

The opposite takes place in the mitochondrial matrix. In this case, the ATP syn-
thesis taking place consumes protons (C, blue), which in turn is compensated through
the transport reactions ATP/ADP – Ex plus H/Pi (yellow). While the carbonic anhy-
drase (CA) reaction may still reduce (C, red line) the remaining proton production rate
(green) slightly, acidification of the matrix primarily remains because the PCr reaction
does not take place.
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Figure 12.1: Effects of switching from low- to high-power output at Ca2+½ �c = 6.0 µM on glycolytic
fluxes and metabolites. A: fluxes, JGAP (blue); JHK (black); JGlgen (red); JPGI (yellow); JPFK (brown); JAld
(cyan); JTIM (gray). B: ADP½ �c (green); AMP½ � (light green). C: ½PCr� (green); ½Pi�c (gray); ½MgATP2− �c (red).
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Figure 12.3 shows the time courses of ATP production rates from PAL plus GLY
(= JATP = JDelATP, blue), from JPCr (cyan), and the ATP consumption rate (JW = JDemATP , gray).
In addition, JDelATP plus JPCr (red line) is also depicted.

One sees that during the first 6.0 s, the metabolism is not able to cover the ATP
demand (blue and gray). This is only guaranteed when there is also ATP production
via the PCr reaction (red line). Only then is JDelATP = JDemATP fulfilled after about 0.2 s, and
so a dangerous drop in ½MgATP2− �c can be prevented.

It seems likely from the early consistency of the fluxes that similar dissipation
functions can also be suggested if these also contain the PCr reaction. Instead of
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Figure 12.2: Effects of switching from low- to high-power output at Ca2+½ �c =6.0 μM on pHc and pHm,
and rates of sarcosolic and mitochondrial proton generation and compensation reactions.
(A) pHc (green); pHm (yellow). (B) Sarcosolic proton fluxes, blue points: JcATP; yellow points: JAE plus
JHP; green points: JcATP, JAE and JHP; cyan points: JPcr; red line: JtotHc . (C) Mitochondrial proton fluxes,
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relating solely to JATP (see Chapter 9), JpcrDelATP = JATP + JPcr has to be taken. From this,
one obtains the dissipation function

ΨpcrDel
ATP = JpcrDelATP −Ac

ATP

� �
+Ψovt (12:1)

with respect to JpcrDelATP -transformed parameters

�Apcr
ovt =

Ψovt

JpcrDelATPand

�LpcrDelc = Ψovt

−Ac
ATP

� �
+ �Apcr

ovt

� �2 . (12:2)

This results in

JpcrDelATP = �LpcrDelc −Ac
ATP

� �
+ �Apcr

ovt

� �
(12:3)

with the partial conductances

�LpcrDelc1 = �LpcrDelc
−Ac

ATP

� �
+ �Apcr

ovt

−Ac
ATP

(12:4)

and
�LpcrDelc2 = �LpcrDelc

−Ac
ATP

� �
+ �Apcr

ovt
�Apcr
ovt

. (12:5)

The respective parameters for

ΨDem =ΨW =Ψld
W + JWAc

ATP (12:6)
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Figure 12.3: ATP-producing fluxes after switching from
low- to high-power output at Ca2+½ �c =6.0 μM. Gray
points: JW (all ATP demanding reactions); blue points:
ATP delivery rate by PAL plus GLY (mainly via JGlgen);
cyan points: ATP production rate by JPcr; red line: ATP
delivery rate by PAL plus GLY plus JPcr .
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are the same as those in Chapter 9. These are

�Ald
W = Ψld

W

JW
and

�LDemc = Ψld
W + JW Ac

ATP

Ald
W +Ac

ATP

� �2 . (12:7)

The corresponding flux is

JW = JATP = �LDemc
�Ald
W +Ac

ATP

� �
, (12:8)

from which

�LDemc1 = �LDemc

�Ald
W +Ac

ATP
�Ald
W

ð< 0Þ (12:9)

and

�LDemc2 = �LDemc

�Ald
W +Ac

ATP

Ac
atp

ð> 0Þ (12:10)

are obtained.
As already demonstrated for moderate power output, under the conditions of

considerably higher power output at Ca2+½ �c = 6.0 μM, �LpcrDelc1 is also oppositely equal
to �LDemc2 (−1.95473 × 104 and 1.95473 × 104). However, this time the PCr reaction is
taken into consideration during the calculation of partial conductances. This leads to
the result that not only the dissipation functions and fluxes, but also these quantities
are oppositely equal practically from the start (Figures 12.3 and 12.4A–C). This result
is solely due to the very high rate of the PCr reaction. As can also be seen in
Figure 12.4, to achieve an SSC, it is clearly not essential that the involved reactions
are at steady state. A very similar situation has already been observed while dealing
with OP, where an SSC of protons can be develop early on, even if the involved redox
reactions are not yet at steady state. It seems reasonable to assign responsibility for
this to the effect of the intermediary Δ~μH and the PCr reaction, respectively, as both
Δ~μH and the PCr potential μPCr appear as coupled energy carriers. Both quantities are
involved in reactions with high conductances, which obviously enable the cycle to
achieve an SSC already after a very short delay. This result is fundamentally impor-
tant as it demonstrates that the ATP cycle linked to energy metabolism may proceed
to be dissipation free under all possible conditions. The permanently progressing
ATP splitting and formation reactions are energetically of no significance, as all the
affinities or ΔRGs are fully compensated in the closed cycle. Neither entropy nor heat
can be produced by such a cycle. Also ΔReSmust disappear, as it is a circular process.
The fact that ΔRiS also disappears may be surprising at first, for progressing chemical
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reactions are involved, each of which when considered separately must be linked to
entropy production (positive). However, it should be remembered that such cycles
are made up of two coupled reactions; of which, the input reaction is coupled to a
negative potential (here −Ac

ATP), which now with opposite direction (Ac
ATP) can drive

a second reaction due to coupling, so that ATP formation and cleavage results in a
reaction cycle. The second reaction is usually composed of several parallel, ATP-
coupled individual reactions.

The entropy production of ATP formation is negative and would be considered
not compatible with the second law of thermodynamics, when assessed without
coupling. As this reaction is, however, coupled to metabolism, for example Glu oxi-
dation, with a considerably more positive ΔRiS, the result for the total reaction is
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also a ΔRiS > 0, so that the second law is not violated. In the cyclical process, al-
ways only the opposing potentials, such as −Ac

ATP and Ac
ATP are considered so that

with identical fluxes, the respective dissipation functions must also compensate
and, as a result, any entropy production in the cycle cannot occur. It follows that
the resistance of the cycle must vanish and that the associated partial conductances
of respective affinities (here −Ac

ATP and Ac
ATP) are oppositely equal.

The inclusion of the PCr reaction in the calculation of partial conductances
takes place only in connection with a high ½Ca2+ �c = 6.0 µM, to demonstrate that an
early conductance matching is operative even under conditions of an abrupt
change from rest to very high power output. Under moderate conditions, as prevail
when Ca2+½ �c = 1.136 µM, this mechanism naturally also comes into effect (see
Figure 9.1).

Following the above-described relationships, the restoration of the conditions as
seen at rest after a previous power output must apply mainly to the ATP cycle and
the associated PCr shuttle. Hence, the next, fast delivery of contractile energy is often
essential for the life of an individual. For this, ATP½ �c and particularly PCr½ � must be
present in sufficiently high concentrations. From Figure 12.1C it can be seen that PCr½ �
drops down from approx. 20.0 to 10.28 mM during high power output. At the same
time, ADP½ �c increases to 308.0 µM. When a simulation (SIMGLY=PAL, A3) is started
from these initial values, then it can be seen that ½MgATP2− �c immediately decreases
drastically, and the system switches to protection mode; in the same way as when
triggered by too low Mg2+½ �c (see Figure 11.4). From this it follows that at least after a
high power output, the resting condition must first be present again with high PCr½ �
and low ADP½ �c before the SMF is able to give off high power once again.

Figure 12.5 shows the time courses of respective parameters approaching their
resting values. A precondition for this is that the high contraction power becomes
reduced again by a decrease of Ca2+½ �c from 6.0 to 3.0 µM. In a real SMF, this re-
quires a certain length of time because initially MP must be repolarized and Ca2+ is
pumped back into the SR. These processes are not included in the simulation. The
curves relate purely to an abrupt reduction in the Ca2+ concentration.

From Figure 12.5A it can be seen that all the glycolytic fluxes reduce from origi-
nally high starting values to their resting values. At the same time, the Glgen con-
sumption (red) decreases and is replaced again by Glu degradation (black). Also
under these conditions, JGAP is always twice as large as all the other fluxes of GLY.

From Figure 12.5B it can be seen that both ADP½ �c and AMP½ � return to their rest-
ing values within 30.0 s. Correspondingly, ½MgATP2− �c (C, red) rises.

Furthermore, Figure 12.5C demonstrates that PCr½ � also achieves its starting
value again. The affinity APCr of this reaction is always very low in the steady state;
in other words, the PCr reaction is practically in equilibrium both under resting con-
ditions (APCr = 1.18 10− 3 J=molÞ) and at high power output (APCr =0.013J=mol). When
switching to high power, JPCrincreases primarily through the increase of ADP½ �c at
sites of ATP consumption. This is reflected in the simulation, although as has
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already been mentioned, it cannot differentiate between the sites of ATP production
and the sites of consumption.

Conversely, that is after switching off contraction power, the reaction is driven
in the opposite direction through reduction of ADP½ �c at a initially still high Cr½ �, so
that PCr can be formed. That is the result of the simulation. However, this would
lead to a contradiction in so far as PCr can only be resynthesized until this back
reaction also approaches equilibrium. Then, JPCr would be slightly negative instead
of being positive as under resting conditions (APCr is then marginally greater than
zero). Therefore, as a solution to this contradiction, it must be assumed that JpPCr
(<0, “p” representing production site) and JuPCr (>0, “u” representing consumption
site) retain their opposite directions at these sites. As the high ATP½ �c and PCr2−½ �
consumption declines, PCr2−½ � is replenished at sites of ATP consumption by
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Figure 12.5: Recovery from high power output after switching from Ca2+½ �c =6.0 to 0.3 μM. Fluxes
and metabolite concentrations reach their near resting values after about 30 s (see Figure 12.1 for
designations).
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postdiffusion from sites of production until the starting conditions are reinstated,
that is, until the forward and back reactions are again at near equilibrium. Then,
Au
PCr is slightly greater than zero and Ap

PCr is slightly less than zero.
Figure 12.6A shows that pHc and pHm have nearly reached their resting values

after about 30.0 s. The shifting of pHc to low values is primarily caused by the re-
ceding PCr reaction (B). Proton production and compensation remain principally
the same; the corresponding fluxes and conductances, however, are displaced to
considerably lower values (B, C).
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When the power output abruptly increases, the PCr reaction can also consider-
ably shorten the adjustment time for achieving an SSC during reestablishment of
resting conditions (Figure 12.7A–C). With regard to this situation, it can also be as-
sumed that the ATP demand rate and ATP production rate already correspond early
on, so that the ATP cycle can also run dissipation free under these conditions.
However, recovery probably runs considerably slower than is expected from these
simulation results because, as already mentioned, the membrane transport reac-
tions for repolarization and the transport of Ca2+ through SERCA pumps are not
taken into consideration in the simulation. A slower adjustment to a new steady
state will certainly not obstruct conductance matching of partial conductances in-
volved, but instead will facilitate it.
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Figure 12.7: Matching of dissipation functions, fluxes and conductances during recovery at
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Even if less reliable statements can be made on the basis of these simulation
results, it does demonstrate, however, that the involvement of the PCr reaction dur-
ing recovery guarantees an early SSC in a similar manner as under high power out-
put conditions (Figure 12.7). It can be stated, therefore, that the PCr shuttle, which
always includes both reaction directions, represents a necessary precondition for a
rapid and possible restoration of the resting state, under the conditions of recovery.
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13 The interaction between GLY and PAL

The preferred substrates of SMFs and VMs are fatty acids (FA) and Glu or (during
Glgen breakdown) G–1–P, respectively. However, major differences arise during the
metabolic utilization of these substances for ATP production, namely, FAs (here
Palm) are metabolized primarily only under low-to-moderate power output condi-
tions, while during high power output, the fuel is predominantly Glgen (via G–1–P).
In the following, it will be shown with the aid of thermodynamic parameters, how
such a switch from PAL to GLY pathway is accomplished in the process of a mas-
sively increased ATP demand.

With regard to this, an involvement of carnitine palmitoyltransferase I (CPT I)
on the outer aspect of the inner mitochondrial membrane has already been dis-
cussed for some time [27, 28]. The transesterification of Palm–CoA to palm carnitine
(Palm–Carn) takes place via this enzyme. This reaction is inhibited by malonyl-CoA
(Mal–CoA). Only Palm–Carn can be transported via the inner membrane into the
matrix in exchange for mitochondrial carnitine (Carn). Like Carn, this ester is elec-
trically neutral, while Palm–CoA possesses several negative charges. The exchange
reaction can, therefore, take place neutrally. As no additional proton is involved in
the exchange, this process is only influenced by the concentration distribution of
its reaction partners Palm−Carn½ �c, Palm−Carn½ �m, Carn½ �c and Carn½ �m over the
inner membrane. The Palm−Carn½ �m transported into the matrix in this way can be
converted again into Palm–CoA by the isoenzyme CPT II through backreaction on
the inner aspect of the inner membrane, which then can enter β oxidation of the
matrix and further degradation to CO2 and H2O. Merging the two transesterification
events and the transport reaction, one sees that Carn transport occurs cyclically
over the membrane; hence, it is not energetically relevant for Palm – CoA transport
from the sarcosol into the matrix. The affinity of the overall reaction is given by

Aov
CPT =RT ln

Palm−CoA½ �c
Palm−CoA½ �m

CoA½ �m
CoA½ �c

� �
. (13:1)

The CoA originating from the matrix is again used in the Palm–CoA synthetase reac-
tion in the sarcosol, while the CoAm transported out of the matrix is released from
Palm–CoA again via CAC.

Switching would now be possible by inhibition of the CPT I reaction through an
increase in Mal−CoA½ � in the sarcosol. In this way, Palm degradation would be inhib-
ited. A rise in Mal−CoA½ � may be accomplished through an increase in this metabo-
lite via acetyl–CoA carboxylase (ACC). However, the deactivating phosphorylation by
cAMP-activated protein kinase (cAMPK) has to be overcome. This principally takes
place, however, under resting conditions at a high carbohydrate supply and low
cAMP½ �. A high power output, on the other hand, is generally accompanied with a
rise in cAMP½ � so that the ACC would be inactivated through the activated AMPK. As
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a result, Mal−CoA½ � should decrease, so that CTPT-I would be deinhibited and Palm
degradation enhanced.

Such a deinhibition with the result of a strongly increasing β oxidation was,
however, not observed. This can be explained in the following manner:

If one considers Aov
CPT, then it is apparent that this affinity does not contain an

equilibrium constant in contrast to, for example, the affinity of the PFK reaction.
The affinity of this reaction, in simulations presented here, is

APFK = −ΔRGPFK = 57.283 kJ=mol ð Ca2+� 	
c =0.3 μMÞ.

With K′PFK = 1.16888 104, the following is obtained: −ΔRG� = 23.219 kJ=mol.
This high proportion of APFK (=negative standard potential) is constant and

can be changed only by an alteration of temperature. By increasing Ca2+½ �c from
0.3 to 6.0 µM, the power output is also increased. The conductance of the reaction
is primarily raised due to AMP½ � being greatly increased from 2.063 × 10−6 to
47.237 × 10−6 mM/s × mol/J under these conditions (ΔLPFK LPFK0 = 21.89724= ). At the
same time, JPFK increases from 0.1182 to 2.441 mM/s (ΔJPFK JPFK0 = 19.6548= ) and
APFK drops from 57.283 to 51.673 kJ/mol (ΔAPFK APFK0 = −0.097935= ). Due to the fall
in APFK, the rise in conduction cannot be fully transformed into a flux increase. In
accordance with the general formulation of a flux, J = LA is applied for the PFK
reaction:

ΔJPFK
JPFK0

= ΔAPFK

APFK0
+ ΔLPFK
LPFK0

1+ ΔAPFK

APFK0

� �
. (13:2)

This formula is obtained from
ΔJPFK = JPFK − JPFK0, ΔLPFK = LPFK − LPFK0, and ΔAPFK =APFK −APFK0,

which leads to

ΔJPFK = LPFK0 +ΔLPFKð Þ APFK0 +ΔAPFKð Þ= LPFK0ΔAPFK +ΔLPFK APFK0 +ΔAPFKð Þ. (13:3)

This equation is achieved by dividing with JPFK0. After applying the results from the
simulation, one obtains

ΔJPFK
JPFK0

= 19.6548≡ −0.097935+ 21.89724×0.902065.

The relative flux change achieved through the drastic increased conductance is ob-
viously produced essentially by a conductance change. The affinity reduction is
clearly caused by the increased flux going through the reaction, whereby the con-
centration ratio of products and reactants, that is ΓPFK, becomes reduced. The lower
this effect is, the more of the conductance increase has been transformed into a flux
increase.

If the conductance of the Palm-CoA overall transport reaction is increased by a
similar factor (20.63), then the following is obtained:
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LovCPT rises only from

7:452 10�6 to 13:949 10�6 mM=s×mol=j ΔLovCPT


LovCPT0 ¼ 0:87185

� �
(Aov

CPT) drops from,

4:7123 to 2:6766 Kj=mol ΔAov
CPT



Aov
CPT0 ¼ �0:432

� �
and JovCPT is only raised from 0.0351 to 0.03734 mM/s (ΔJovCPT JovCPT0 =0.0633



). Again it

holds that

ΔJovCPT
JovCPT0

=0.06321≡ −0.432+0.87185×0.568.

For this reaction, obviously a flux increase by a factor of 1.063 is sufficient to con-
siderably reduce the affinity. This is because the affinity of this reaction has a ΔRG�

value of zero. Each change in Γ is directly apparent as a change in Aov
CPT . In addition,

Palm−CoA½ �c (substrate) decreases, which also reduces the conductance of this re-
action (see Chapter 15).

From the behavior of the two very different reactions, it can be seen that an ad-
equate flux increase is only possible if the affected reactions have a high affinity,
which has a high proportion of constant −ΔRG�. Probably only this reaction step of
the CPT I reaction, inhibitable by Mal−CoA½ �, is considered as a switching reaction
for the pathway of whole Palm (and other FAs) metabolism, but as shown does not
possess switching characteristics. It must be assumed that ATP production via PAL
cannot be sufficiently activated to cover the ATP demand at high power output.
This can only take place via GLY, as this metabolic pathway includes the PFK reac-
tion, which, as has been demonstrated, can be switched from a very low to a high
reaction rate by deinhibition.

The activability of a flux can be taken directly from eq. (13.1). If ΔA A0= ap-
proaches 1.0, then the activation is primarily brought about by a conductance
change, as is the case in the PFK reaction. On the contrary, if ΔA A0= is markedly
smaller than 1.0, then a drastic change in this parameter has practically no influ-
ence on the flux. Consequently, such a reaction is in principle unsuitable for regula-
tory interventions in metabolism.

If, however, the switching mechanism can be generated only via the GLY path-
way, then the observed phenomena of ATP supply via PAL at low power output and
via GLY at high power output can be explained without constraint. Palm degrada-
tion, and the thus achieved ATP production, is preset by the relative constant over-
all conductance of PAL. It is primarily determined by the mitochondrial content of
an SMF. Under resting conditions, JpalATP is sufficiently high to almost completely
cover the ATP demand. After changing to high power output by raising Ca2+½ �c, JpalATP

only changes marginally and is therefore not capable to deliver sufficient ATP. This
task must be performed by GLY; in other words, JglATP must increase sufficiently to

13 The interaction between GLY and PAL 175

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



cover the high ATP demand. This means that when the change of JpalATP is negligible,
the relative proportion of JglATP in the whole ATP production (JATP) must rise with in-
creasing power output. Therefore, it is completely sufficient that the activation
solely takes place via GLY, with JpalATP remaining practically unchanged.

The simulation (SIMGLY=PAL, A3) shows that for activation of total GLY, including
both the oxidative and anoxic pathways, it obviously suffices to increase only one reac-
tion step of glycolysis, namely that of the PFK reaction. With a Ca2+ increase of the sar-
cosol, however, Ca2+½ �m also rises (via Ca2+ uniporter of the inner membrane), which is
accompanied by an activation of some mitochondrial dehydrogenases and ATP syn-
thase. In this way, the activation of GLYox of mitochondria receives additional support.

Thus, the switching mechanism can be represented with only a few reaction steps:
Initially, ATP½ �c falls marginally due to the Ca2+-activated ATPases in the sarcosol

(predominantly myosin ATPase), which is, however, associated with a strong increase
in ADP½ �c. This, in turn, is transferred by the AK reaction due to the very low AMP con-
centration into an even greater relative increase of AMP½ �. As the PFK reaction is very
effectively deinhibited by AMP½ �, this results in an activation of the whole GLY pathway
and thus to a sufficient ATP delivery primarily via this pathway. The important fact in
conjunction with this is that the switching mechanism can also run in the opposite di-
rection. Under the conditions of an abrupt reduction in ATP consumption after high
power output, the recovery phase begins with the regeneration of PCr and a reduction
of ADP½ �c. Thus, AMP½ � also returns to its low resting value, so that PFK becomes in-
creasingly inhibited. The result is an equally inactivated GLY. Also these reactions are
aligned precisely by AMP½ � to the declining ATP demand. When resting conditions are
approached, the relative contribution via PAL increases again, although JpalATP has
hardly changed throughout the entire process of recovery.

The reason why activation of high power output, which is primarily concerned
with the load reactions coupled to ATP, is brought about by an increase of Ca2+½ �c
and does not involve AMP½ � as a metabolism-dependent parameter is that ATP pro-
duction is also required during recovery. Under such conditions, ATP delivery must
be sufficient to meet the ATP demands also when Ca2+½ �c is already very low.
Therefore, demand and delivery reactions must be activated by different messen-
gers, namely the former by Ca2+½ �c, and the latter by AMP½ �.

Figure 13.1A shows the ATP production rates of PAL (brown) and GLY (light
blue). The percentage production rate via GLY (dark blue) is also shown. Figure
13.1B shows the time courses of RQ values (light blue), the fluxes JCO2 (gray) and JO2
(dark blue). In the processes, RQ changes from 0.7 to 0.915.

Figure 13.2 shows the same parameters under recovery conditions. In Figure 13.2A,
the percentage progress of JpalATP (brown) is shown rather than JglATP as in Figure 13.1A.
Although JpalATP barely changes, J

pal
ATP=JATP must increase because JATP decreases strongly.

The switching from Glu to Glgen consumption during the change to high power
output has already been discussed. The metabolism of Glgen splits under these con-
ditions into JglgenoxATP (28.0%) and JglgenanoxATP (72.0%). This fractionation is mainly
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determined by the mitochondrial content set for the simulation (here 20.0%
(Vm VCell= )). It is assumed that at a very high content of about 33.0%, practically the
entire metabolism proceeds via mitochondria and that the anoxic pathway via
GLYanox and LDH is practically not possible. To achieve the same ATP production
rate at only 20.0% mitochondria, ATP must also be produced in an appropriate
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Figure 13.1: ATP production rates by PAL and GLY and respective rates of oxygen consumption
during high power output at Ca2+½ �c = 6.0 µM. (A) Blue points: JglATP (Glu and Glgen); brown points:
JpalmATP ; dark blue points: fractional ATP production by GLY. (B) Blue points: RQ; dark blue points: JO2;
gray points: JCO2.

0 15 30
0

1.5

3

0

50

100
(A)

Time [s]

AT
P 

pr
od

uc
tio

n 
ra

te
s [

m
M

/s
]

Pe
rc

en
t P

AL
 (%

)

0 7.5 15
0.6

0.8

1

0

0.2

1.4
(B)

Time [s]

RQ

J O
2,

 J C
O2

 [m
M

/s
]

Figure 13.2: ATP production rates by PAL and GLY and respective rates of oxygen consumption
during recovery at Ca2+½ �c = 0.3 µM. (A) Blue points: JglATP (Glu and Glgen); brown points: JpalmATP ; dark
brown points: fractional ATP production by PAL. (B) Blue points: RQ; dark blue points: JO2; gray
points: JCO2.
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amount via GLYanox. This situation is described in Figure 13.3. While Glu consump-
tion already comes to a halt after only 1.0 s (A), Glgen consumption increases very
quickly. At 20.0% of mitochondria, the predominant fraction of ATP production is
supplied by the anoxic part via Lac production (B, green). In Figure 13.3B, JpalATP

(brown) is plotted once again for comparison.

During recovery, JglATP falls to low values again. As a consequence of this, both JgluoxATP

and JgluanoxATP as well as JglgenoxATP and JglgenanoxATP are affected (Figure 13.4). The relations
ox/(ox + anox) for Glu and Glgen, respectively, however, change considerably dur-
ing switching. At high power output, the relation for Glu is insignificantly low
(0.06%) and 28.0% for Glgen; during recovery about 9.0% for Glu and approx.
6.0% for Glgen. The corresponding resting values for the above relations are 8.0%
and 5.2%. It can, therefore, be assumed that in the course of recovery, the different
metabolic pathways of GLY once again approach the resting values, even after dras-
tic changes were brought about by Ca2+ activation. As, at least in the simulation
(SIMGLY=PAL), no additional regulatory mechanism other than the AMP½ � deinhibition
of PFK has been addressed, the more complex metabolic branching of GLY must
occur through this switching mechanism alone.

The clear difference in the oxidative GLY fraction between high and low power
output primarily comes about through the very low overall conductance of Glu degra-
dation under resting conditions and a Ca2+½ �m of approx. 0.2 µM. The Ca2+-dependent
conductance of CAC is equally low under these conditions, so that this metabolic
pathway is supplied mainly via the acetyl-CoA concentration ( Ac−CoA½ �m) produced
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Figure 13.3: Glu and Glgen utilization during high power output at Ca2+½ �c = 6.0 µM. (A) Oxidative
(blue, JgluoxATP ) and anoxic (green, JgluanoxATP ) Glu utilization. (B) Oxidative (blue, JglgenoxATP ) and anoxic
(green, JglgenanoxATP ) Glgen utilization; yellow points: JpalATP.
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by PAL. The Ac−CoA½ �m arising from Glu degradation is therefore relatively low, be-
cause the pathway via anoxic degradation is also available for Glu. By increasing the
conductance of CAC by raising Ca2+½ �m (to about 6.8 µM) under high power output
conditions, the pathway via glycolysis and CAC receives a higher conductance so
that comparatively more Glgen can be oxidized, even if the anoxic degradation of
Glgen still delivers the greatest proportion of ATP production.

A significant increase in PAL is possible if the conductance of the first reaction
step is increased. This is the Palm transport reaction from the interstitium into the
sarcosol via the FA translocase of the sarcolemma (JFAT). The flux equation includes
constant conductance because the extracellular Palm concentration ( Palm½ �e) is
taken to be constant in the simulation. This reduces, however, the reduction of both
AFAT and LFAT so that an activation via conductance can proceed in a less damped
manner. Under real conditions, it must be assumed that Palm½ �e decreases through
activation, whereas the relative flux change must be lower according to eq (13.1).

With Ca2+½ �c = 1.136 μM, JFAT increases by doubling the conduction (ΔLFAT=
LFAT0 = 1.0) from 8.997 × 10−3 to 15.614 × 10−3 mM/s (ΔJFAT JFAT0 =0.7355= ), while AFAT

decreases from 8.7811 × 103 to 7.62 × 103 (ΔAFAT AFAT0 = −0.1323= ).
It has been demonstrated experimentally that during a power output of moder-

ate but longer duration, the sarcolemma takes up a greater amount of transport pro-
teins such as FAT/CD36 [29, 30]. This is accompanied by a higher FA flux into the
sarcosol, which can be reduced again through retranslocation of the transport pro-
teins into sarcosolic depots. Such an activation and deactivation cycle takes place
over a longer time period and, therefore, does not play an important role during
rapid switching to high power output.
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Figure 13.4: Glu and Glgen utilization during recovery at Ca2+½ �c = 0.3 µM. (A) Oxidative
(blue, JgluoxATP ) and anoxic (green, JgluanoxATP ) Glu utilization; yellow points: JpalATP. (B) Oxidative
(blue, JglgenoxATP ) and anoxic (green, JglgenanoxATP ) Glgen utilization.
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14 Heat production

14.1 Heat production during high power output

The measurement of the heat output from an isolated SMF is comparable to the ca-
lorimetric determination of the ΔH value of a chemical or biochemical reaction.
This takes place under the conditions of a closed system, that is, only thermal en-
ergy can pass the system boundaries. However, this does not apply to living cells.
If one considers the isolated SMF as a system, then the incubation medium repre-
sents the surroundings. Substrates such as Glu permeate the cell membrane and
enter the metabolism as reactants, while products such as CO2 and H2O are released
by the cell into the surroundings through the cell membrane. Therefore, the isolated
SMF system cannot be considered to be closed with respect to these substances, but
rather must be viewed as an open system. Although this does not apply to the ma-
jority of the metabolites, it does appear necessary to analyze the possible resulting
changes more closely. A muscle fiber bundle made up of several SMFs is fixed in a
physiological medium (Krebs–Ringer bicarbonate buffer) in such a way that the
contractile performance can be measured. The isotonic medium contained Glu
(4.0 mM), O2 (35 µM) and CO2 (1.4 mM) in those concentrations, which are predomi-
nant in the sarcosol. Therefore, this should guarantee reversible transfer through
the sarcolemma. Thus, no entropy can be produced through the associated trans-
port reactions. At steady state, Glu and O2 are taken up from the medium at con-
stant rates in accordance with (R4.1), while CO2 and H2O are released into it from
SMFs. The stoichiometric realization is given by the metabolism of Glu oxidation in
the cell and by the corresponding transport reactions in the medium. At steady
state, both are equal, that is, Glu plus 6.0 O2 is continuously replaced by 6.0 CO2

plus 6.0 H2O in both compartments. However, the reactants are released and the
products are continuously taken up by the medium, the corresponding concentra-
tions in the sarcosol remain constant. As the volume of the medium is considerably
larger than Vc and the experiment should only run for a short period, these concen-
trations in the medium remain practically unchanged. The temperature of the me-
dium is controlled extremely sensitively.

The ΔRG value of the Glu oxidation remains constant as the concentrations of
reactants and products involved in this reaction do not change at steady state. The
associated constant entropy ΔRiS is released as irreversible heat (TΔRiS) into sur-
roundings. As ΔReS is positive for this reaction, heat must be released continuously
from the medium into the system in order to balance the difference in the thermal
energy content between products and reactants. In this case, the products require
additional thermal energy because the thermal energy from the reactants is not suf-
ficient to bring the products to the specified temperature. This heat originating
from the medium is, however, returned to it quantitatively, in that precisely this
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energy difference reappears in the medium through the exchange of reactants and
products between surroundings and the system. In this case, the reactants are
replaced by products, just as in the course of the reaction in the system. This ex-
change occurs only through transport in the medium. In contrast, the reaction-
dependent exchange of reactants and products in the system is compensated
through exchange by transport. The temperature changes occurring in the medium
can be compensated to serve as a measurement signal.

Hence, for the open system

ΔReS
o =ΔReSh +ΔReSm.

Here, the total exchange of entropy between the system and the environment can
be divided into two fractions. ΔReSh represents the fraction that occurs via reversible
heat exchange (= ΔReS for closed systems), and ΔReSm is the fraction associated with
the transport of matter. At steady state, both fractions must be oppositely equal.
This leads to

ΔRG=ΔRH = −ΔRiS ðopen system at steady stateÞ. (14:1)

As the reactants and products exchanged by transport between the system and sur-
roundings are in thermal equilibrium with the medium, this process can influence
neither the temperature of the system nor the temperature of the medium; however,
thermal energy is associated with the transported matter. The result is that ΔReSo

must vanish for both the system and the surroundings. Therefore, only the irrevers-
ible heat TΔRiS is produced by the system, which is reversibly released into sur-
roundings. As a result, a change in temperature of the medium is registered, as
would be expected for a closed system, because TΔReSm cannot cause a change in
temperature. The change in enthalpy of the open system determined from the
change in temperature ΔRHo =ΔRG= −TΔRiS differs, therefore, by the term

TΔReSm =ΔRHo −ΔRHo = −TΔReS

from the change in enthalpy,

ΔRHc = − TΔRiS+TΔReS,

of the closed system.
The measured heat production of the open system, on the other hand, is identi-

cal to that of a closed system QR =ΔRH under these conditions (T and P const.).
The heat production for a coupled reaction can be calculated using the follow-

ing: From

Ares =A1 +A2 = − ΔRG1 +ΔRG2ð Þ= − ΔRH1 −TΔReS1ð Þ− ΔRH2 −TΔReS2ð Þ
= − ΔRH1 +ΔRH2ð Þ+T ΔReS1 +ΔReS2ð Þ
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one obtains

QR =ΔRH1 +ΔRH2 = − A1 +A2ð Þ+ T ΔReS1 +ΔReS2ð Þ
= − T ΔRiS1 +ΔRiS2ð Þ+T ΔReS1 +ΔReS2ð Þ.

(14:2)

The released heat is made up of the negative coupled affinities and the sum of the
two reversible heats from corresponding reactions. For the Glu oxidation coupled to
ATP production, one obtains the following:

Glu+ 6O2 +ngluoxADP+ngluoxPi ! 6CO2 + 6H2O+ngluoxATP,

with Ca2+½ �c = 1.136μM, Glu½ �= 4.0 mM, O2½ �= 35.0 μM, and

A1 = −Ac
ATP = − 60.42 kJ=mol,

A2 =Agluox
ov = 3009.59 kJ=mol,

ngluox = 30.62,

ΔReS1 =ΔReSATP = 7.7 J=ðmolKÞ,
and

ΔReS2 =ΔReSgluox = 259.1 J=ðmol KÞ
QR = − A1 +A2ð Þ+T ΔReS1 +ΔReS2ð Þ

= − ð− ngluox 60.42+ 3009.59Þ+ 310.15 ð− ngluox7.7+ 259.1Þ 10− 3

QR = − 1159.53+ 7.235 = − 1152.3 kJ=mol.

Under these conditions,

ΔRG=ΔRH = − A1 +A2ð Þ= − ð− ngluox60.42+ 3009.59Þ = − 1159.53 kJ=mol.

The difference between the released heat QR and actual change in enthalpy
ΔRG=ΔRH is not essential for the above reaction. The drop in entropy production
through coupling, however, is appreciable. Without coupling,

ΔRiS= −
ΔRG
T

= Agluox
ov

T
= 9.704 103 J=ðmolKÞ

would be created, while in the presence of coupling, only

ΔRiS= −
ΔRG
T

= 1
T

− nAc
ATP +Agluox

ov

� �
= 3.739 103 J=ðmol KÞ

are produced.
Only the ΔReS values of ATP splitting are involved in ion transport reactions, for

example, SERCA ATPase at the reticulum membrane, because ion transport takes
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place in the system and, consequently, no entropy is exchanged with surroundings.
The reduction of ΔRG and ΔRiS through coupling to ion transport is, however, can-
celled out by the Ca2+ release process so that the ΔRiS of the Ca2+ cycle disappears at
SSC. As an isolated process, the ATP splitting alone would determine QR and all
thermodynamic potentials, as well as ΔRiS of this reaction.

However, as already demonstrated, in the energy metabolism of an SMF, at SSC
all ATP-consuming and ATP-producing reactions are oppositely equal. Thus, the
ATP cycle undergoes without dissipation and also plays no part in the production
of heat. The latter emerges from the following: the ATP production and ATP con-
sumption reactions are

QR = − − nAc
ATP +Agluox

ov

� �
+ T − nΔReSATP +ΔReSgluox
� �

+

−ð Þ
Xn
1

An +Ac
ATP

� �
+T

Xn
1

ΔReSn + nΔReSATP

� �

= −
Xn
1

An +Agluox
ov

� �
+T

Xn
1

ΔReSn +ΔReSgluox
� �

.

(14:3)

Pn
1
An (with An < 0) representing all the load affinities of the sarcosol that are cou-

pled to ATP splitting. If all the ATP originating from Glu oxidation were to flow into
muscular contraction, then ΔReSn would not apply, and the heat production would
be given by

Qstr
R = − nAld

Str +Agluox
ov

� �
+TΔReSgluox

= − − 569.53+ 3009.59ð Þ+ 310.15 295.1× 10− 3� �
= − 2348.54 kJ=mol

(with Ald
Str = − 1.86 104J=mol, n= 30.62). In this case the molar mechanical work

(Ald
Str) coupled to ATP splitting is released to the environment (surroundings), and

thus does not remain in the system. Also under these conditions no appreciable dif-
ference arises between ΔRG (=ΔRH) and QR. Thus,

ΔRGgluoxstr =ΔRHgluoxstr = − nAld
Str +Agluox

ov

� �
= − 569.53+ 3009.59ð Þ= − 2440.06 kJ=mol.

This special situation can be explained as follows: At steady state, converted Glu is
continuously substituted from the environment. Thus, there is a continuous conver-
sion of chemical energy by the reaction that occurs at a constant potential differ-
ence (ΔRGgluoxstr = − nAld

Str +Agluox
ov

� �
). This is associated with a continuous entropy

production as well. However, in contrast to a closed system, the converted energy is
replaced, and the change in entropy resulting from heat exchange is compensated to
zero by the entropy change occurring through exchange of matter. Therefore, a change
of respective parameters under such conditions can only be observed in surroundings,
while those of the system remains unchanged. The converted energy appears as per-
formed work (nAld

Str) and irreversible heat (TΔRiS=ΔRGgluoxstr = nAld
Str +Agluox

ov , counted
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as positive) in surroundings. As already mentioned, the total entropy change cannot be
fully determined from a change in temperature.

The integral quantities of the system, such as ΔGgluox, ΔHgluox and ΔSgluox must
also disappear under these conditions.

The quantity QR describes the amount of heat released per reaction extent
ξ = 1.0 mol. To retain the accumulated heat over a specified time period, its time
integral must be determined. To do this, QR must be expressed as a function of time
t. One such function is obtained by multiplying QR with the corresponding flux,
yielding

JΔRH = dξ
Vcdt

dH
dξ

� �
= dH
Vcdt

(14:4)

(mJ/(L s), because J is given in mM/s).
The following equation

_Q= JΔRH = J −A+ΔReSð Þ (14:5)

is used for calculation.
The rate of heat production calculated from this is represented here by _Q, with

ΔRH related to a closed system.
For Glu oxidation this gives

_Qgluoxstr = Jgluox − nAld
Str +Agluox

ov

� �
+TΔReSgluox

� 	 ðinmJ=ðL sÞ,

whereas JgluoxðnAld
Str +Agluox

ov Þ represents the dissipation function Ψgluoxstr =
JgluoxðnAld

Str +Agluox
ov Þ for this reaction.

With Jgluox =0.01236mM=s (for Ca2+½ �c = 1.136 μM) there is

_Qgluoxstr =0.01236 − 2348.54103� �
= − 29028.0mmol L sð Þ× J=mol= − 29.028 J= L sð Þ.

JgluoxΔRGgluoxstr = JgluoxΔRHgluoxstr = − Jgluox nAld
Str +Agluox

ov

� �
= −Ψgluoxstr = − 30.159 J=ðL sÞ.

In eq. (14.3),
Pn
1
An +T

Pn
1
ΔReSn represents all the parallel reactions of the sarcosol

coupled to ATP splitting, including muscular contraction. The fluxes through synthe-
sis reactions, like glycogen synthesis, are, however, very low and can be neglected.
The active ion transport reactions remain, primarily Ca2+ transport through SERCA
pumps in the reticulum membrane and Na/K transport through Na/K pumps in the
sarcolemma. At SSC, however, only their ATPase reaction has to be addressed,
because the uncoupling fluxes via Ca2+ release and via Na+ and K+ channels of
the sarcolemma, respectively, energetically compensate the work of ion transport.
However, some of those potentials disappear, which could have decreased ΔRiS
and heat production. Under these conditions, the contraction work released into
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surroundings can alone reduce the entropy and heat production, respectively. But
this simplifies the calculation considerably. Consequently, for the different meta-
bolic pathways one obtains

_Qpal = Jpal −Apal
ov +TΔReSpal

� 	
−

JpalATP

JATP + JATPCK
JldStrA

ld
Str.

The quotient

JpalATP

JATP + JATPcK
= JpalATP

JtotATP
with

JtotATP = JATP + JATPCK

determines that fraction of the ATP production rate, which is delivered by PAL. Then,

JpalATP

JtotATP
JldStrA

ld
Str

represents the proportion of released contraction power delivered by PAL.
With Jpal = 9.0972 10− 3 mM=s (at Ca2+½ �c = 6.0 μM), Apal

ov = 9930.72 103 J=mol,
JldStrA

ld
Str = − 1.159436 105mJ=ðL sÞ and ΔReSpal = − 7444.0 J=ðmol KÞ the following is

obtained:

_Q
pal = 9.0972 10− 3 − 9930.72 103 + 310.15× − 7444.0ð Þ� �

−0.08523× − 1.159436 105� �
= − 1.014631 105mJ=ðL sÞ= −0.1015 kJ=ðL sÞ.

Correspondingly

_Qglgenox = Jglgenox −Aglgenox
ov + TΔReSglgenox

� 	
−
JglgenoxATP

JtotATP
JldStrA

ld
Str.

With Jglgenox =0.090234mM=s, Aglgenox
ov = 3026.078 103J=mol and ΔReSglgenox = 323.0 we

get

_Qglgenox = − 2.344 105 mJ=ðL sÞ= −0.2344 kJ=ðL sÞ,

_Qglgenanox = Jglgenanox −Aglgenanox
ov + TΔReSglgenanox

� 	
−
JglgenanoxATP

JtotATP
JldStrA

ld
Str.

With Jglgenanox = 2.3491mM=s, Aglgenanox
ov = 246.676 103 and ΔReSglgenanox = 323.0 the fol-

lowing are obtained:

_Qglgenanox = − 2.7935 105mJ=ðL sÞ= −0.27935 kJ=ðL sÞ.
_Qgluox = − 151.45mJ=ðL sÞ= −0.1515 10− 3 kJ=ðL sÞ
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and

_Qgluanox = − 166.35mJ=ðL sÞ= −0.16635 10− 3kJ=ðL sÞ.

The sum of the resulting heat release via the different metabolic pathways (PAL
plus GLY) at high power output is

_QDel = _Qpal + _Qglgenox + _Qglgenanox + _Qgluox + _Qgluanox = −0.61556 kJ=ðL sÞ.

To be able to compare the heat production rates of different metabolic pathways,
all respective _Qs have to be related to a given ATP production rate (here 1.0 mM/s).
This is achieved by multiplying _Q with 1.0 Jpathway



(dimensionless). By dividing

through JpathwayATP Jpathway
.

, the result is related to the yield of ATP by that pathway.
For oxidative Glu degradation

_Qgluox
1.0 = 1.0

JgluoxATP
Jgluox

−Agluox
ov + TΔReSgluox

� 	
− 1.0 JldStr

JtotATP
Ald
Str,

for oxidative Glgen degradation

_Qglgenox
1.0 = 1.0

JglgenoxATP
Jglgenox

−Aglgenox
ov +TΔReSglgenox

� 	
− 1.0 JldStr

JtotATP
Ald
Str,

for anoxic Glu degradation

_Qgluanox
1.0 = 1.0

JgluanoxATP
Jgluanox

−Agluanox
ov +TΔReSgluanox

� 	
− 1.0 JldStr

JtotATP
Ald
Str,

for anoxic Glgen degradation

_Qglgenanox
1.0 = 1.0

JglgenanoxATP
Jglgenanox

−Aglgenanox
ov +TΔReSglgenanox

� 	
− 1.0 JldStr

JtotATP
Ald
Str

and for Palm degradation

_Qpalm
1.0 = 1.0

JpalmATP
Jpalm

−Apalm
ov +TΔReSpalm

� 	
− 1.0 JldStr

JtotATP
Ald
Str.

In relation to _Qgluox
1.0 , one obtains the following quotients:

_Qpalm
1.0

_Qgluox
1.0

= 1.251,
_Qglgenox
1.0
_Qgluox
1.0

=0.963,
_Qgluanox
1.0
_Qgluox
1.0

=0.619 and
_Qglgenanox
1.0
_Qgluox
1.0

=0.446.
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The factor
1.0

JgluanoxATP
Jgluanox

=0.5mM=s

gives, for example, the value of the flux through glycolytic Glu degradation, which
is required to produce 1.0 mM ATP/s.

JgluanoxATP

Jgluanox
= 2.0

is therefore the ATP yield of this degradation pathway.
For Palm oxidation,

1.0
JpalmATP
Jpalm

= 9.976 10− 3mM=s with
JpalmATP
Jpalm

= 100.24.

The corresponding values for Glgen oxidation are

1.0
Jglgenox
ATP
Jglgenox

=0.033mM=s with
JglgenoxATP
Jglgenox

= 30.316,

for Glu oxidation

1.0
Jgluox
ATP
Jgluox

=0.0341mM=s with
JgluoxATP
Jgluox

= 29.316,

and for anoxic Glgen degradation

1.0
JglgenanoxATP
Jglgenanox

=0.3333mM=s with
JglgenanoxATP
Jglgenanox

= 3.0,

The above results show that anoxic Glgen and Glu degradation produce considerably
less heat than the oxidative pathways at the same ATP production rate. The greatest
heat production takes place via the β-oxidative pathway. Therefore, it makes consid-
erable sense that the power output from glycolysis of fast muscle fibers produces rel-
atively little heat, whereas brown adipose tissue with the more heat yielding fatty
acid degradation is used to provide the body with heat. With the latter, a particularly
large amount of heat is also produced because there is no coupling to mechanical
work in this process. The trigger for this type of heat production is the fatty acid-
induced uncoupling of the respiratory chain. In this way, the proton cycle at the
inner membrane is increased. However, that alone cannot lead to more heat produc-
tion because, as has been shown (see Chapter 8), this cycle proceeds at SSC and con-
sequently is dissipation free, that is, no release of heat takes place. The increased
heat output is, therefore, caused primarily by the increased flux through β-oxidation
and CAC with subsequent oxidation of NADred and FADred.
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Heat production is also determined through the mechanical load potential. All
the results given up to this point refer to an Ald

Str of −1.68 104 J/mol. At even greater
negative load potentials, the heat production rate drops (becomes less negative)
(at the same ATP production rates of 1.0 mM/s), for example, at Ald

Str = − 3.0 104

and −1.728 104 J/mol to −84.39 and −85.55 J/(L s) compared with that at
Ald
Str = − 1.68 104 J=mol − 85.68ð Þ. For more positive load potentials, heat production

increases, for example, Ald
Str = − 1.56 104 increases to – 85.68 J/(L s). In contrast to

mechanical power, it does not, however, go through a maximum. Under isometric
conditions, the total ATP available for contraction is split without coupling. The
heat production rate resulting from this is −97.0 J/(L s).

When measuring heat production, it is not the processes after reaching a steady
state that are especially interesting, but rather primarily those that occur immedi-
ately after switching from low to high power, before a new steady state can be
achieved. One such situation has already been discussed in connection with con-
ductance matching and the PCr reaction (see Section 9). Figure 14.1 shows that the
rate of heat production ( Ca2+½ �c = 6.0 μM) in the first seconds is also strongly influ-
enced by the ATP supplied by the PCr reaction and its cleavage (A). The correspond-
ing fluxes are also included again for comparison (B).

The heat production rates clearly show that these processes, as with those in ATP
production, are also strongly influenced by the CK reaction in the first few seconds.
Heat production _Qtot includes the heat produced via the metabolic pathways GLY
and PAL, and also that from ATP splitting running downstream of the CK reaction,
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Figure 14.1: Rates of heat production and ATP delivery and demand during high power output at
Ca2+½ �c =6.0 μM. (A) Blue points: rate of heat production by metabolic ATP delivering reactions (GLY
plus PAL, _QDel); brown points: by PAL ( _Qpal); cyan points: by the PCr reaction ( _Qpcr); red points: by
GLY plus PAL plus PCr reaction ( _Qtot ). (B) Corresponding ATP delivery and demand rates as shown
in Figure 12.4C; cyan points: in addition, JpcrATP is shown.
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that is, the PCr hydrolysis reaction (Figure 14.1A, red). However, the latter is only
temporarily involved, namely only as long as the ATP consumption requires buffer-
ing (Figure 14.1A, cyan, _Qpcr). Afterwards, heat is only produced from GLY and PAL
(blue and brown) because ATP is only produced via these pathways.

Figure 14.2 shows the integrated heat output in kJ/L over time. The processes
are almost linear (Figure 14.2A). From Figure 14.2B it can be seen that PCr hydroly-
sis is only involved in the first few seconds. The largest proportion is, however, dur-
ing the first few fractions of a second (Figure 14.2A and B).

In Figure 14.2A, the heat output is shown from an SMF with a very high mitochon-
drial content (approx. 33%), which shows practically no anoxic ATP production.
The entire ATP is delivered by JglgenoxATP and JpalATP. At the same ATP production rate, the
heat output of this cell is, however, considerably higher than that of the cell with
only approx. 20% mitochondrial content because metabolism under purely oxida-
tive conditions produces more heat, as has already been shown.

14.2 Heat production during recovery

When switching to a very low power output by reducing Ca2+½ �c from 6.0 to 0.3 µM,
all the fluxes involved in GLY reactions quickly drop to their resting values. Only PAL
is barely affected. Under these conditions, the CK reaction runs in the opposite
direction (Figure 14.3B, cyan). Now, PCr is formed. Therefore, ATP splitting must
take place, that is, PCr hydrolysis must temporarily precede in the opposite direction.
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Figure 14.2: Time courses of heat release during high power output at 6.0 µM Ca2+½ �c. (A) From
SMFs containing 33.0% (black) and 20.0% (gray) mitochondria. (B) Composition of heat release
during the first seconds from SMFs containing 20.0% mitochondria, gray points: by GLY plus PAL
plus PCr reaction; cyan points: by the PCr reaction alone.
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At steady state, ATP is supplied almost completely by PAL. Correspondingly, this
also applies to the heat production under these conditions (Figure 14.3A). However, it
should be noted that the negative JCK is assumed as a positive value in the calculation
of _Qtot. Figure 14.3C shows the corresponding time integrals as heat output. In this
case, linear progression of the curve is only observed after a steeper beginning
(Figure 14.3C, red). This is due to the initial relatively high PCr formation rate.
Therefore, PCr½ � becomes elevated from initially about 9.0 mM after a high power out-
put to its resting value of approx. 20 mM. The ATP required for this must be supplied
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Figure 14.3: Rates of heat production, ATP delivery and demand, and heat release during recovery
at Ca2+½ �c =0.3 μM. (A) Blue points: rate of heat production by metabolic, ATP delivering reactions
(GLY and PAL, _QDel); brown points: by PAL ( _Qpal); cyan points: by the PCr reaction ( _Qpcr); red points:
by GLY plus PAL plus PCr reaction ( _Qtot ). (B) Corresponding ATP delivery and demand rates as
shown in Figure 14.2B. (C) Time courses of heat release during recovery at 0.3 µM Ca2+½ �c,
red points: by GLY plus PAL plus PCr reaction; cyan points: by the PCr reaction alone.
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by GLY and PAL. That these reactions proceed relatively slowly compared to ATP de-
livery at sudden high power output, is due to the fact, that ATP formation initially
proceeds via a high JPCr (positive direction). During the first 6.0 ms, PCr and ATP are
still formed via the CK reaction because ADP½ �c is high (307.7 mM). However, after
this, the direction of this reaction changes, and PCr is formed with ATP consumption.
The PCr formation rate is initially high, but then slowly approaches zero, so that the
time integral becomes a parallel to the time axis. During the first second, PCr forma-
tion contributes about 37% to the total heat released (C).
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15 Fluxes and variable conductances

The simulations used here demonstrate a particular structure, which is determined
fundamentally through the mathematical formulations of fluxes occurring within
them. Each of these fluxes is principally given by

J = d½S�
dt

= LA ðinmM=sÞ, (15:1)

that is, by the product of the conduction and the affinity of the reaction concerned.
½S� designates the concentration of a metabolite, which is converted by the appro-
priate enzyme-catalyzed reaction.

To exemplify this, the glycolytic degradation of Glu to Lac is considered, and
the concentrations of which are set to be constant at 4.0 and 1.2 mM. The first reac-
tion is the conversion of Glu to G6P, catalyzed by HK. This is given by

JHK = LHKAHK.

The temporal change from G6P½ � is, however, determined through the ensuing con-
version of G6P to F6P via PGI. This leads to

d G6P½ �
dt

= JHK − JPGI = LHKAHK − LPGIAPGI.

Following this principle, one obtains the following for all the other metabolites in-
volved in this reaction sequence:

d F6P½ �
dt

= JPGI − JPFK,

d FBP½ �
dt

= JPFK − JAld,

d DHAP½ �
dt

= JAld − JTIM,

d GAP½ �
dt

= JAld + JTIM − JGAP,

d Pyr½ �
dt

= JGAP − JLDH,

d ADP½ �
dt

= JWb + JHK + JPFK − 2JGAP − 2JAK,

d Pi½ �
dt

= JWb − JGAP

https://doi.org/10.1515/9783110650501-015
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and

d AMP½ �
dt

= JAK.

Such a set of differential equations can no longer be analytically solved. The solu-
tion must be found numerically with the aid of a solver. For this, the mathematical
program Mathcad 15.0 with the solver AdamsBDF was used. As a result, one obtains
all the metabolite concentrations (e.g., G6P½ � to Pyr½ � and ADP½ �c to AMP½ �) as func-
tions of time, where the desired parameters, such as fluxes, affinities or dissipation
functions, can be presented as time-dependent quantities.

The velocity of an enzyme-catalyzed reaction is generally presented according
to Michaelis and Menten in the form [31, 32]

v= c
KM + c

Vmax. (15:2)

The cs denote the substrate concentration and KM is the Michaelis–Menten constant
of the catalyzing enzyme with the unit of substrate concentration. Vmax designates
the maximum or limiting velocity to be measured under given conditions (e.g., in
mM/s). It depends on the used or present concentration of the respective enzyme.
The function v cð Þ represents a hyperbola with the asymptote v c∞ð Þ=Vmax.

To be able to also present the flux J = LA in a similar manner as a function of
the substrate concentration, Vmax is expressed as a product of a maximum conduc-
tance and the given affinity of the respective reaction, yielding Vmax = LmaxA.

The dimensionless Michaelis–Menten factor c KM + cð Þ= , therefore, maintains its
effect on the reaction velocity in the same way as on the flux J when multiplied by
Vmax. At constant affinity at steady state, both formulations should deliver the same
numerical result. If, for example, Vmax = 3.0mM=s, and the affinity starts at
A= 20.0 × 103J=mol, then Lmax must be set as equal to Vmax=A= 3.0= 20.0 103

� �
=

1.5 10− 4mM=s×mol=J in order to obtain the same result. This gives

v cð Þ= c
KM + c

Vmax =
c

KM + c
× 3.0 mM=s

and for the flux

J cð Þ= c
KM + c

LmaxA= c
KM + c

× 1.5× 10− 4 × 2.0× 104 = c
KM + c

× 3.0mM=s. (15:3)

But this only applies as long as A does not change. With an ongoing reaction, how-
ever, A decreases so that under such conditions, the Michaelis–Menten equation
and the flux equation used here must deviate from each other. The dependency of
the flux caused by the Michaelis–Menten factor is, however, retained in the process.
Furthermore, this also offers the possibility of generating sigmoidal concentration
dependencies, as are seen primarily by enzymes such as PFK. For this, the cs and
KM must be given the same exponents (>1.0), such as
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c3

KM
3 + c3

.

However, besides this substrate activation, the by far more important possibility is
the introduction of an additional Michaelis–Menten factor, which assumes a chang-
ing concentration of a metabolite not taking part in the enzyme reaction concerned,
for instance, the activation of PFK through an increasing ½AMP�. JPFK can therefore
be represented as follows:

JPFK = LPFKAPFK =
AMP½ �2

Kamp
M

� �2 + AMP½ �2
F6P½ �

Kf6p
M + F6P½ �

Lmax
PFK APFK

with

LPFK =
AMP½ �2

Kamp
M

� �2 + AMP½ �2
F6P½ �

Kf6p
M + F6P½ �

Lmax
PFK .

Figure 15.1A and B shows the two Michaelis–Menten factors as functions f1ð½F6P�Þ
and f2ð½AMP�Þ, respectively, which, from their course, can also be seen as probabili-
ties. Thus, for a ½AMP�=Kadp

M = 2.0 μM, the value of the probability to achieve

F6P½ �
Kf6p
M + F6P½ �

Lmax
PFK

is equal to 0.5. For this ½AMP�, an F6P½ �= 96.36μM, a Kf6p
M = 90.0 μM and an Lmax

PFK =
5.2 × 10− 4mM=s×mol=J are conductances of the PFK reaction

L=0.5×0.445× 5.2× 10− 4 = 1.159× 10− 4mM=s×mol=J.

In Figure 15.1C, the inhibition of HK by G6P is shown. The probability factor must run
in the opposite direction during inhibition, that is, from 1.0 to zero. The conductance
for this flux is

LHK =
1

1+ exp
G6P½ �−G6P05

SG6P

� � Lmax
HK

with G6P05 = 450 μM and SG6P = 20.0 μM. At ½G6P�= 450.0 μM, LHK is 50.0% of Lmax
HK .

With increasing substrate concentration, the conductances increase during activa-
tion (Figure 15.1A and B), whereas they decrease during inhibition (Figure 15.1C).

To better understand the mode of action of the above reaction sequence, this
series of glycolytic reactions are at first examined for constant conductances. The
total affinity Aov (including ATP production) is constant. The change in flux at con-
stant conductances is then
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ΔJ = Lov0 +ΔLovð ÞAov − Lov0Aov =ΔLovAov.

If, for example, solely LPFK changes by a factor of 2.0, then this adjusts to an ele-
vated steady-state flux even at constant conductances. This is brought about solely
through changes of the affinities involved, whereby their total value Aov must, how-
ever, remain unchanged. The change in flux can also be expressed (with L= 1 R= ) as

ΔJ = 1
Rov

−
1

Rov0

� �
Aov = −

ΔR
Rov0 Rov0 +ΔRð ÞAov =ΔLovAov.
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Figure 15.1: The introduction of Michaelis–Menten-like factors, which make conductances variable.
(A) Hyperbolic activation through variable ½F6P�. (B) Sigmoid activation through variable ½AMP�. (C)
Sigmoid inhibition through variable ½G6P�.
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Since Rov =R1 +R2 +R3 + � � � +Rn and

ΔR=R10 +R20 + R30 +ΔRð Þ+ � � � +Rn

−R10 +R20 +R30 + � � � +Rn.
This means that from the conduction change of each individual enzyme reaction,
the corresponding change in resistance develops, which, in contrast to the first, is
identical to the change in resistance of the entire reaction sequence. Thus, one can
calculate the change in flux from the change in conductance. The overall conduc-
tance is given by

Lov =
1

1
LHK

+ 1
LPGI

+ 1
LPFK

+ 1
LAld

+ 1
LTIM

+ 1
�LGAP

+ 1
�LLDH

= 1
Rov

. (15:4)

One obtains the overall affinity from

Aov =AHK +APGI +APFK +AAld +ATIM + �AGAP + �ALDH. (15:5)

The affinities and conductances with the bar represent transformed quantities. The re-
actions from GAPDH up to pyruvate kinase are contracted to one single reaction step.
These and the LDH reaction go through the double reaction velocity compared with
the flux through the reactions HK to TIM, so that one can no longer obtain Aov simply
as the sum of all affinities. For this, it would be necessary that every affinity goes
through the same flux. To achieve this, one assumes the total dissipation function

Ψov = JHKAHK + JPGIAPGI + JPFKAPFK + JAldAAld + JTIMATIM + JGAPAGAP + JLDHALDH

= 2.2 × 102kJ=ðLsÞ.
(15:6)

From this, one obtains Aov by expressing Ψov as the product from a given flux, for
example JHK and the total affinity. The overall affinity is then given by

Aov =
Ψov

JHK
= 1.0274× 102 kJ=mol.

As JGAP and JLDH are not identical to JHK, their transformed affinities and conductan-
ces related to the selected flux (here JHK) can be obtained from their respective dissi-
pation function. For affinities, this gives

�AGAP =
JGAP AGAP

JHK
= ΨGAP

JHK
= 0.3595

and

�ALDH = ΨLDH

JHK
= 17.467 kJ=mol.
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For conductances, one obtains

�LGAP =
ΨGAP

�AGAP
� �2 = 5.7071 × 10− 3

and

�LLDH = ΨLDH

�ALDH
� �2 = 1.1745 × 10− 4mM=s×mol=J.

A perturbation of LPFK by

ΔLPFK = 2LPFK0 − LPFK0 = LPFK0 = 4.5657 × 10− 5mM=s×mol=J

gives a ΔRov of

ΔRPFK =ΔRov =
1

2LPFK0
−

1
LPFK0

= − 1.095 × 104 1= mM=s×mol=Jð Þ,

from which results

ΔJ = −
ΔR

Rov0 Rov0 +ΔRð ÞAov = −
ΔR
Rov1

Jov0 =
ΔLov
Lov0

Jov0 =0.5437mM=s

and

J1 = J0 +ΔJ = 2.0515+0.5437= 2.9592mM=s.

From this, all the changed affinities can be derived from AX = J1 LX= , as all the con-
ductance values remain unchanged. For example,

APFK1 = 28.421 kJ=mol ðAPFK0 = 44.933 kJ=mol, factor : 0:6325Þ
and

AHK1 = 54.0 kJ=mol ðAHK0 = 42.687, factor : 1:265Þ:
The conductance elevated by a factor of 2.0 (here LPFK) also does not change. The
relative flux change obtained in this way for the whole pathway is

ΔJ
J0

= 26.5%.

With the aid of the equations given above, all the ΔAs can be calculated. Their sum
must be zero:

Xn
i= 1

ΔAi =0.

198 15 Fluxes and variable conductances

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



This condition is fulfilled with sufficient accuracy by the simulation (SIMGLY, see
above) with a relative error ofPn

i= 1 ΔAi −0
Aov

= 6.4 × 10− 8.

Figure 15.2 shows the time courses of the fluxes after a change of LPFK by a factor of
2.0. The glycolytic ATP production rate is set at 4.103 mM/s. It is equal to JGAP (blue
line, Figure 15.2A). In Figure 15.2B, the time courses of the affinities AHK (black) and
APFK (red) are presented. This latter affinity becomes appreciably decreased by the
increased flux going through it under these conditions. All the other affinities must
increase because any increase in the respective fluxes to a new steady-state value
can only be brought about with unchanged conductance values through an in-
crease in their affinities. The lapse of time required for this processes is approxi-
mately 1.5 s, which is quite large. Although the relative change obtained for all the
fluxes is substantial at 26.5%, it is considerably less pronounced than that, which
can be obtained with variable conductances.

The determination of the variable substance concentrations is only possible with
the aid of the simulation. Their total concentration is 634.53 µM, and decreases con-
siderably to 379.74 µM after activation of PFK. This is primarily due to the strong
decrease in G6P½ � and F6P½ � (Figure 15.3, yellow and red).
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Figure 15.2: Metabolic activation by a conductance perturbance at constant conductances and
provoked changes of affinities. (A) Effect of increasing Lmax

PFK by a factor of 2.0 on fluxes, (blue line,
JGAP; black points, JHK; yellow points, JPGI; red points, JPFK; brown points, JAld; green points, JTIM; blue
points, JLDH). (B) Effect on affinities (black points, AHK; red points, APFK); the other glycolytic
affinities are much less affected.
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When HK is activated rather than PFK, these concentrations must increase to
very high values in order to achieve an increase in all the fluxes. Furthermore, a
steady state would only be achieved after approximately 15.0 min. On the other
hand, a reduction in these concentrations can be ruled out because JHK must rise
simply through the higher set conductance values. Additionally, a drop in G6P½ �
would lead to a reduction in F6P½ � (APGI low) so that it would be impossible for
JPFK to increase by an increase in its affinity. This does not apply, however, for
variable conductances because the HK reaction is inhibited by G6P so that its
conductance must decrease with an increase of G6P½ �. Activation of the metabolism
via this first reaction step would consequently have little effect under these
conditions.

At constant conductances, the greatest increase in the pathway flux is achieved
by a higher set conductance of the PFK reaction. If all the enzymatic reactions of
the pathway would be changed by the same factor at the same time, then the path-
way flux would change exactly by this factor without time-consuming changes of
concentrations as follows:

1
1

aL1
+ 1
aL2

+ 1
aL3

+ � � � + 1
aLn

= a
1

1
L1

+ 1
L2

+ 1
L3

+ � � � + 1
Ln

= aLov. (15:7)

This possibility can, however, be excluded for fast activation because all concen-
trations of involved enzymes have to be increased through new syntheses, which
would be extremely energy intensive and, furthermore, would require a lot of
time.

For fast activation, as is necessary above all for the sudden increase in ATP de-
mand during contraction, nature has found a much more effective possibility. This
comes about due to the way enzymes operate. They catalyze not only the reaction
concerned in that they offer a faster reaction pathway for, but also through their
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Figure 15.3: Concentration changes of metabolites
by a conductance perturbance at constant
conductances. Effect of increasing Lmax

PFK by a factor
of 2.0 on concentrations of glycolytic intermediates
(yellow points, G6P½ �; red points, F6P½ �; brown
points, FBP½ �; green points, DHAP½ �; blue line: GAP½ �;
blue points: Pyr½ �c).
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substrate dependency they enable the conductance associated with them to be vari-
able. In this way, the change in a single reaction, for example PFK, can propagate
to all the other reaction steps involved in a reaction sequence. The transfer of the
activation begins with an increase in the product concentration of the initially acti-
vated enzyme reaction, which then comes into effect for the following reaction step
as an increase in the substrate. The result is that this also sees an increase in its
reaction rate through substrate dependency in accordance with Michaelis–Menten
or a similar enzyme kinetic. This process can continue through the last reaction in a
sequence so that after achieving a new steady state, the pathway flux has an in-
creased value, which does not fully equal the set change but is generally below it,
so as if the original perturbation had been damped.

Unlike with constant conductances, the adjustment to a new steady state with
variable conductances is achieved considerably faster (after approximately 0.06 s,
Figure 15.4A). Furthermore, ΔJ J0 =0.7473= and is therefore considerably higher
than at constant conductances (Figure 15.4A). A marked reduction of affinity is only
observed for APFK. AHK hardly needs to change at all this time (compare Figures
15.3B and 15.4B). Under both conditions, the adjustment to a new steady state is
dominated by the HK reaction (black).

As has been already mentioned, the greatest advantage that the achievement of var-
iable conductance brings with it is given by the fact that not only the respective
substrate concentrations can have additional influence on the reaction velocity, but
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Figure 15.4: Metabolic activation by Ca2+½ �c = 1.134μM via AMP½ � at variable conductances and
provoked changes of affinities. (A) Effect on fluxes (blue line, JGAP; black points, JHK; yellow points,
JPGI; red points, JPFK; brown points: JAld; green points, JTIM; blue points, JLDH. (B) Effect on affinities
(black points, AHK; red points, APFK); the other glycolytic affinities are much less affected, and only
AGAP does significantly increase.
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that the pathway flux can also be activated through the product of a reaction not
involved in the pathway, like AMP from the AK reaction. It is known that the glycol-
ysis enzyme PFK reacts to this product. Only another factor, which includes the ac-
tivation function, must be added to the flux equation for the PFK reaction to
establish this additional activation possibility. This is the dimensionless factor

AMP½ �2
Kamp
M

� �2 + AMP½ �2
,

represented in Figure 15.1B as a function of AMP½ �. Furthermore, the constant set con-
centrations of ADP½ �c, Pi½ �c and AMP½ � appear as variables in simulation this time, so
that Ac

ATP is also a variable. Instead of direct activation of the PFK reaction with the
factor 2.0, an increase in the pathway flux is induced by doubling power output. This
causes ATP½ �c to drop initially from 8.9 to 8.746 mM (Δ ATP½ �= 25.11μM), while ADP½ �c
increases from 100.0 to 124.52 µM (Figure 15.5B), This increase in ADP½ �c is transferred
via the AK reaction into an increase in AMP½ � from 1.0 to 1.594 (Figure 15.5B). This
increase in AMP½ � is sufficient to almost double the pathway flux (ΔJ J0 =0.964= ). In
contrast to the changes found for constant conductances, all the other concentrations
change only marginally (Figure 15.5A).

From Figure 15.5 it is seen that while somewhat more time is needed to achieve a
new steady state with AMP activation (approx. 0.4 s, A), this indirect mechanism
may more effectively raise the pathway flux than through direct perturbation of the
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Figure 15.5: Concentration changes of metabolites by Ca2+½ �c = 1.134mM at variable conductances.
(A) Effect of AMP½ � on concentrations of glycolytic intermediates (yellow points, G6P½ �; red points,
F6P½ �; brown points, FBP½ �; green points, DHAP½ �; blue line, GAP½ �; blue points, Pyr½ �c). (B) Effect on
ADP½ �c (red points) and AMP½ � (blue points).
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PFK conductance. The increase of AMP½ � triggered by the increased power output
corresponds to a factor of approximately 1.9 for the change in LPFK.

Also under these conditions, the time required to reach the steady state is cru-
cially determined by the HK reaction (Figure 15.4A), although AHK is not markedly
changed (Figure 15.4B).

The relative change of conductances shows particularly clearly which reaction
steps of the sequence are specifically affected (Figure 15.6). These are the HK and
PFK reactions, and the GAP and LDH reactions (Figure 15.6B).
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Figure 15.6: Effects of AMP activation. (A) and (B) as in Figure 15.4. (C) Effects on respective
conductances (ΔL=L ¼ Δ rL) (red points,Δ rLPFK ; black points:Δ rLHK ; blue points:Δ rLLDH; blue
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Notable in connection with this is that LPGI must decrease slightly. It emerges
from the changes in the dissipation functions that the entropy production rates are
essentially generated from the HK and PFK reactions (Figure 15.6D). These reactions
are, therefore, also significantly involved in the heat production of this glycolytic
reaction sequence.

To be able to achieve a highest possible pathway flux from a low flux under
resting conditions, the conductance of the PFK reaction must allow a broad range
of conductance values. This is guaranteed by a high Lmax

PFK . Through a low AMP½ � at
low power output, the high conductance is, however, reduced, which can be taken
as inhibition of PFK under these conditions. This inhibition becomes increasingly
lower with increasing AMP½ �. Therefore, it seems more appropriate to denote the ac-
tivation of the PFK reaction as deinhibition.

Every individual reaction in the sequence must – as well as any chemical reac-
tion – have a positive affinity or possess a positive ΔRiS, respectively, so that at
steady state the result is a flux, which does not differ from all the other fluxes and
hence must be equal to the pathway flux. For every enzyme-catalyzed reaction in
the sequence, the following equation must be fulfilled at steady state:

ΔJ
J0

= ΔA
A0

+ ΔL
L0

1+ ΔA
A0

� �
. (15:8)

At constant conductance values, the second term on the right-hand side is vanish-
ing. The result complies with Ohm’s law. For variable conductances this law has to
be merely expanded by the second term. The resulting effect of the pathway flux is,
however, substantial. Without this additional specification, a rapid switch from low
to high power output would hardly be possible.

In the phenomenological approach presented here, the flux is given as a combi-
nation of the classical flux equation from NET [5] and enzyme kinetics. Obviously,
the obtained formulas with variable conductances are able to describe metabolic re-
actions in simulations including those, which are far from equilibrium.

The question regarding at which point in the sequence to place this switch in
order to influence all the reactions the most cannot be answered clearly. This prob-
lem must not be solved by the solver, but instead is entered into the formulation of
the PFK reaction as part of the differential equation block. As already discussed, this
should be a reaction with a resting conductance that is as low as possible so that the
associated affinity must be correspondingly high (to reach a given flux magnitude),
as is the case with the PFK reaction. According to the above equation, a maximum
ΔJ=J0 should be reached in the extreme case if and only if ΔA changes from a nega-
tive value toward zero at an as much as possible high positive ΔL, so that

ΔJmax

J0
= lim

ΔA!0

ΔA
A0

� �
+ ΔL

L0
1+ lim

ΔA!0

ΔA
A0

� �� �
= ΔL

L0
(15:9)

is applied.
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Such activation, however, cannot be achieved under real conditions (APFK =
48.64 kJ=mol). To be able to guarantee a high power output despite this, the deinhi-
bition of PFK must occur through a metabolite, which like AMP is present in a
preferably low concentration so that changes in energy metabolism can be sensi-
tively recorded. Only in this way it is possible to achieve a sufficiently high power
output.

There are a number of procedures for presenting a branch of metabolism using
differential equations and to solve them with the aid of an appropriate solver. The
advantage of the flux equations used here is that this is based on the relationships
of the thermodynamics of irreversible processes and consequently includes all the
thermodynamic parameters, which are necessary for the evaluation and analysis of
a pathway flux. A description based solely on kinetic equations would probably not
be capable of permitting statements concerning such important quantities as en-
tropy production, heat output and efficiency. Furthermore, it would be impossible
to realize one of the fundamental and most prominent characteristics of living cells,
the ability for reaction coupling. This achievement should be expected to the re-
quirements for the generation and development of living systems.
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16 Reaction coupling and the second law

Often, to supposedly facilitate understanding of the concept of entropy production
in chemical and biochemical reactions, a comparison is made with the order of a
system and its environment. An increase in entropy (ΔRiS > 0) is put on a level
with a decrease in order in the system and/or environment. This view has led to the
following consideration: living systems are characterized particularly by the fact
that, as for instance during growth, order is generated within them, as, in the pro-
cess, large molecules and supramolecular structures are created from a huge num-
ber of small molecules, which is associated with an increase in order. This would
mean, however, that the entropy of the system must be decreased. The production
of such negentropy (=negative entropy) would, however, be inconsistent with the
second law. The conclusion from this is that this thermodynamic law is not valid in
living nature.

Such a situation is, however, unacceptable to many people. Hence, it has been
looked for arguments that would support the validity of the second law also for liv-
ing systems. To do this, one simply postulated that it is sufficient that only the en-
tropy balance is positive. Consequently, the second law would not be violated, if a
negentropic process could be balanced by an additional process associated with a
more positive entropy production at another place, for example by solar irradiation.
In this way, the requirements for the second law remained unviolated.

The scientific debate arising from it is, however, long settled. Not, however, be-
cause one opinion had prevailed. Both the recognition of the problem and its at-
tempted solution show that the existence of coupled reactions and that these are
found in particular in living systems have been completely ignored. The character-
istic behavior of such reactions has been discussed in depth and explained on the
basis of multiple calculated examples.

Regarding the term negentropy, it remains to be said that it refers to that en-
tropy part, which due to coupling cannot appear separately. Ares =A1 +A2 < A2 > 0
is the affinity, which is associated with entropy production. This entropy change is
always positive so that the second law remains always fulfilled. The part of entropy
production associated with A1 ð< 0Þ is referred to as negentropy.

The generation of complex structures also proceeds according to this principle.
To synthesize a protein, for example, every chemical bond between the amino acids
must be formed by reaction coupling. The input reaction available for this is given
by the ATP splitting reaction so that every formed bond of the thus created macro-
molecule is associated with a positive change entropy.

A negative change in entropy cannot only become positive in the balance be-
cause a sufficient positive entropy change is occurring in the environment. This
possibility only exists if both processes can be connected on a molecular level, that
is, linked with each other by chemical bonds. For this, it is often necessary that an

https://doi.org/10.1515/9783110650501-016

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use

https://doi.org/10.1515/9783110650501-016


enzyme-like protein complex consisting of several proteins is present, which brings
about the quasicoupling as a molecular machine.

Well-known technological macroscopic machines, such as the combustion en-
gine, also function according to the principle of reaction coupling. In the petrol
engine, for example, fuel is burnt to generate a high temperature. Due to the tem-
perature difference between the combustion chamber and the environment created
in this way, heat is released into the environment via a Carnot cycle, which couples
the heat transport to the generation of mechanical energy.

In the macroscopic as in the molecular process, the production of useful work
via a coupled process can only work if energy uptake and release, entropy uptake
and release and entropy production proceed all via the same machinery. In techni-
cal and many living systems, in the first instance it is not about gaining the maxi-
mal work as in the course of a reversible process, but rather about the power
output. But an increase of power is always inevitably associated with an increase of
irreversibility, and thus, also with an increased rate of entropy production. This sit-
uation is quantitatively realized by the dissipation function. In this relationship,
the concept of order seems superfluous. It should be remembered that Boltzmann’s
derivation is related to the probability of systems, which provided the basis for a
quantitative definition of entropy.
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Appendix

Simulation of Ca2+ transport reactions at the SR membrane:

SIMCaTr, (A1)

dMPr

dt
= 1
CMr

Jser − Jcach − JKð Þ,

d Ca2+½ �c
dt

= 1

1+ BUtot½ �c KBuc

KBuc + Ca2+½ �c
� �2 Jcach − Jserð Þ,

d Ca2+½ �r
dt

= 1

1+ BUtot½ �r KBur
KBur + Ca2+½ �rð Þ2

Jser − Jcachð Þ,

d ATP½ �c
dt

= 1
2
Jser.

where membrane capacity of the SR membrane CMr =0.2636nF, total buffer
concentration of the sarcosol BUtot½ �c = 1.0mM, KBuc = 5.0 μM, BUtot½ �r = 15.0mM,
KBur = 30.0μM.

Simulation of Na/K ATPase and of Na+ and K+ transport at the sarcolemma:

SIMNa=K: (A2)

dMP
dt

= JNa + JK − JCl − JNa=K,

d Na+½ �c
dt

= JNa − 3JNa=K,

d K+½ �c
dt

= 2JNa=K − JK.

Simulating metabolism of GLY plus PAL (SIMGLY=PAL) including ion concentrations of
H+ and Mg2+ of the sarcosol and the mitochondrial matrix, reactions of ATP formation
and splitting, PCr formation and break down, and AK are formulated by using respec-
tive species:
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SIMGLY=PAL: (A3)

dMPm

dt
= 1
CMm · αm

νSYJSY + JAE + 2JCU + JNAsh + JPL − νNAJNA − νFAJFAð Þ.

d H+½ �m
dt

= 1
1+ κBUH1 + κBUH2

νSYJSY + JPi + JPL + JNAsh + 2JHC + JCAm − νNAJNA − νFAJFAð Þ

+ 1
1+ κBUH1 + κBUH2

H+ fluxes of themitochondrial matrixð Þ,

d Ca2+½ �m
dt

= 1
1+ κCam

× JCU − JHCð Þ,

d NADred½ �m
dt

= JPDH + 7Jβ + 3JCAC + JNAsh − JNA,

d FADred½ �m
dt

= 7Jβ + JCAC + JFAsh − JFA,

d ADP½ �m
dt

= JAE − JCAC − JSY,

d Pi½ �m
dt

= JHP − JSY − JCAC,

d ADP½ �c
dt

= JpStr + Jser + JWb + JGK + JPFK + JGlgsy + JAcc − JAE − 2JGAP − 2JAK − JCK,

d Pi½ �c
dt

= JpStr + Jser + JWb + 2JPPi + JAcc − JHP − JGAP − JGlgenph,

d Pyr½ �m
dt

= JPym − JPDH,

d AcCoA½ �m
dt

= 8Jβ + JPDH − JCAC − JAcco,

d AcCoA½ �c
dt

= JAcco + JMcd − JAcc,

d Palm½ �c
dt

= JPalm − JThk,

d PalmCoA½ �c
dt

= JThk − JCpt,

d PalmCoA½ �m
dt

= JCpt − Jβ,

d MalCoA½ �
dt

= JAcc − JMcd,

210 Appendix

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



d PPi½ �
dt

= JThk + JGglsy − JPPi,

d Pyr½ �c
dt

= JGAP − JLDH − JPym,

d Lac½ �
dt

= JLDH − JLac,

d NADred½ �c
dt

= JGAP − JNAsh − JFAsh,

d G6P½ �
dt

= JHK + JPGM − JPGI,

d G1P½ �
dt

= JGlgenph − JPGM,

d F6P½ �
dt

= JPGI − JPFK,

d FBP½ �
dt

= JPFK − JAld,

d GAP½ �
dt

= JAld + JTIM − JGAP,

d DHAP½ �
dt

= JAld − JTIM,

d CO2½ �m
dt

= JPDH + 2JCAC − JCO2m − JCAm,

d CO2½ �c
dt

= JCO2m − JCAc − JCO2c,

d HCO−
3

� 	
m

dt
= JCAm,

d HCO−
3

� 	
c

dt
= JCAc + JAcc − JMcd − JAnex,

d H+½ �c
dt

= 1
1+ κBUH1 + κBUH2

JCAc + JGlgsy + JLDH − JCPK − JLac − JNaH
� �

+ 1
1+ κBUH1 + κBUH2

H+ fluxes of the sarcosolð Þ,

d PCr½ �
dt

= − JCK,
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d AMP½ �
dt

= JThk − JAK ,

d Mg2+½ �c
dt

= 1
1+ κBUMg

Mg2+ fluxes of the sarcosol
� �

,

d Mg2+½ �m
dt

= 1
1+ κBUMg

Mg2+ fluxes of the mitochondrial matrix
� �

.
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Index

α-keto acids 89
β-oxidation 93, 99
γ 123
Γ 42
Γeq 41
ΔeS 21
ΔeSsur 21
ΔiS 21, 23
Λ 59
λs 95
λ values 97, 102, 149
Φ 53

A-band 135
Acetyl-CoA 178
Acetyl–CoA carboxylase (ACC) 173
Acetyl coenzyme A (CoA) carboxylase 107
Acidification 155, 157, 158, 159, 162
Actin filaments 135
Action potential(s) 84, 85
Activation 110, 202
Activation factor 143
Active transport reaction 80
Activity 123
Activity coefficient 123, 125
Actomyosin 152
Actomyosin bond 152
Actomyosin cleavage 159
Actomyosin complex 138
Actomyosin formation 159
Adenine nucleotide antiport 92
Adiabatically 19
Adiabatic compression 19
Adiabatic expansion 19
Adiabatic work 26
ADP species 117
Affinity 53, 71, 112
AK 176
AK reaction 202
Alkalization 162
Amino acids 89, 94
Analogy 103
Anisotropic band 135
Anoxic 101, 110
Anoxic ATP production rates 106
Anoxic Glgen degradation 187

Anoxic Glu degradation 187
Antagonistic force 156
Aqueous electrolyte solutions 122
Aqueous protein solution 111
Atmospheric pressure 15
ATP 69, 93, 94, 111, 113
ATP/ADP antiport 92
ATP/ADP diffusion 114
ATP/ADP-Ex 92, 113, 129
ATP/ADP exchange 93, 134
ATPase 154
ATP buffering 113, 134, 161
ATP cleavage 130, 134
ATP-consuming reactions 98
ATP consumption 110, 161
ATP cycle 79, 134
ATP delivery 105, 110
ATP demand 105, 110, 113, 163
ATP demand rate 111
ATP exchange 97
ATP formation 134
ATP production 93, 98, 99, 101, 110, 111, 113
ATP production by OP 101
ATP production rate 106
ATP splitting 76, 80, 156, 207
ATP splitting and formation 165
ATP splitting reactions 119
ATP synthase 91, 93, 97, 113
ATP synthase reaction 91
ATP synthesis 114
ATP transport 158
ATP turnover rate 109
ATP utilization 112
ATP yield 106, 188
Availability 111
Avogadro’s number 24

Backpressure 156
Backpumping 74
Batteries 54, 95, 141
Binding proportion 126
Biochemical notation 70, 118, 120, 121
Boltzmann, Ludwig 23, 24, 208
Bond formation 142
Buffering 130
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CA 162
Ca2+ activation 146
Ca2+ ATPase 87
CAC 89, 93, 95, 114
Ca2+ channels (CaCH) 72
Ca2+ concentration 69
Ca2+ cycle 95
Ca2+ efflux (CaR) 72, 75, 76
Ca/H exchange 95
Ca2+ leak flux 87
Calsequestrin 72
cAMP-activated protein kinase (cAMPK) 173
CaP 76
Capacitance 91
Ca2+ pumps 69, 72
CaR 75, 76
Carbonic anhydrase 131
Ca2+ release 71
Carnitine (Carn) 173
Carnitine palmitoyltransferase I (CPT I) 173
Carnot cycle 18, 208
Catalyst 54
Ca2+ uniporter 176
CB cycle 153
CB cycle still stand 154
C1− conductance 85
Cell death 83, 159
Cell membranes 80
Cell swelling 83
Change in flux 196
Change in internal energy 16
Change of enthalpy 16
Charge neutralization 71
Charge number 54
Charging process 80
Chemical notation 111, 112, 118, 120, 121
Chemical potential 31
Chemical potential difference(s) 37, 113
Chemical potential µ 2
Chemical syntheses 107
C1− influx 85
Citric acid cycle 93
CK 114
CK reaction 190
Cl− 82
Clausius, R. 20
Cl− distribution 82
Closed circuit 57
Closed systems 1

CO2 38, 89
CO2 consumption 99
Cold reservoir 22
Combinatorics 24
Combustion engine 208
Common conductance 96
Compartments 34
Complete coupling 61, 102
Completely coupled 102
Compression 18
Concentration gradients 111
Conduct 107
Conductance 72, 143, 146
Conductance increase 72
Conductance L 53
Conductance matching 167, 189
Conduction change 197
Conjugated variables 2
Conservation of mass 118
Constant conductance(s) 195, 202, 204
Consumption 94, 105
Consumption rate 110
Contractile filaments 72
Contractile force 142
Contraction 69
Contraction velocity 143
Counting 126
Coupled process 208
Coupled proton transfer 90
Coupled reaction 136, 138
Coupling 97
Coupling conductance Lc 62
Coupling resistance 57
CP 15
Cramp 156
Cramp formation 159
Creatine kinase (CK) 111
Cross-bridges (CBs) 136
Cross-sectional area 136
Current branch 56
CV 15
Cycle 138
Cycle frequency 154
Cylinder 10
Cytochrome-bc1 complex (complex III) 89
Cytochrome-c-oxidase (complex IV) 89
Cyto/sarcosol 83
Cytoskeleton 111, 114
Cytosol 69
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Debye and Hückel 123
Decarboxylation 89
Decoupling 95
Deenergized CBs 137, 139
Degree of coupling q 62
Dehydrogenation 89
Deinhibition 175
Density 13
Depolarization(s) 72, 110
Diameter 135
Difference 69
Differential equations 194
Differential quotients 40
Differential work 2
Diffusibility 114
Diffusion 111–113
Diffusional flux 113, 114
Diffusion path 111, 113
Diffusion processes 113
Dissipated reaction work 37
Dissipation 22, 112
Dissipation-free 105
Dissipation function(s) 53, 56, 95, 103, 107,

147, 164, 208
Distributions 23
Donnan distribution 83
Donnan effects 84
Donnan equilibrium 82
Donnan product(s) 83, 84
Driving force 74, 113
Driving force DF 40

Efficiencies of OP 102
Efficiency 20, 59, 86, 93, 101, 103,

109, 147, 205
Electrical capacitance 81
Electrical charge 118
Electrical energy 57
Electrical potential difference 54
Electrical potential ϕ 2
Electrical power 57
Electrical resistance 53
Electrical stimulus 72
Electrical units 75
Electrical work 70
Electric current 53
Electrochemical equilibrium 83
Electrochemical potential difference 69, 90

Electrochemical potential difference of
protons 90

Electrodes 54
Electrogenic 80
Electromotive force 54
Electrons 89
EMF 54, 56
Endothermic 46
Energization 138
Energized CBs (CBEn) 138
Energized state 138
Energy-consuming 103
Energy-delivering 59, 103
Energy demand 59
Energy metabolism 79, 105, 110
Enthalpy H 13
Entropy 20
Entropy balance 207
Entropy change 21
Entropy change of the environment 21
Entropy production 21, 205, 207
Environment 207
Enzyme-catalyzed reaction 193, 194, 204
Enzyme kinetics 204
Equilibrium 32, 38
Equilibrium concentrations 112
Equilibrium constant 41, 70
Equilibrium potential Ek 81
ETF-ubiquinone-oxidoreductase 89
Exact differential 1
Exchanged entropy 21
Exchange of matter 184
Exchange reaction 90
Exocytosis 69
Expansion process 17
Expansion steps 16
Expansion work 15
Extensive variable 2
Extent of reaction ξ 40, 42
External conductance 55
External resistance 57
External uncoupling 101

FA 179
FADred 89
Faraday constant F 53
FAT/CD36 179
Fatigue 153
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Fatigue phenomena 159
FA translocase 179
Fatty acid 188
Fatty acid metabolism 110
Fatty acid oxidation 89
Fatty acids 89, 173
Fibril 113
Fibril number 137
Fibrils 135
Fibril volume 137
Finite reaction rates 78
First law 38
Fixed charge 83
Flavin adenine dinucleotide (FADox) 89
Flux equation 204
Flux(es) 53, 97
Force 143
Force development 143
Formation 130
Formula 24
Free enthalpy ΔRG 45
Frequency 142, 144
Fully coupled 97
Function of path 2

GAP 105
GAPDH 197
Geometric mean 62
Gibbs, Josiah W. 46
Gibbs–Duhem relationship 31
Gibbs energy 24, 39, 42
Gibbs–Helmholtz equation 47
Glgen 93, 94
Glgen consumption 178
Glgenox 105, 106
Glu 38, 94, 105
Glucose 38
Glucose (Glu) 89
Glucose-1-phosphate 105
Glucose oxidation 89
Glu/Glgen 101, 102, 105
Glu/Glgen degradation 94, 107
Glu/Glgen oxidation 98, 100
Gluox 105, 106
GLY 106, 108, 110, 111, 161, 175
GLY and PAL 113
Glyceraldehyde-3-phosphate 105
Glyceraldehyde-3-phosphate

dehydrogenase 105

Glycerol-3-phosphate dehydrogenase 89
Glycogen 93, 105
Glycogen phosphorolysis 105
Glycogen synthase 107
Glycogen synthesis 107, 185
Glycolysis 105, 106, 110, 156
G–1–P 173
Gradient formation 112
Gradient(s) 1, 113, 114
Gradients for diffusion 159

H2 89
Half sarcomere (HS) 135
H-band 135
Heat 13
Heat capacity 15
Heat energy 15, 143
Heat of fusion 14
Heat output 190, 205
Heat production 79, 204
Helmholtz energy 24
Hexagonal geometry 136
Hexagons 136
Hexokinase (HK) 161
High gradients 159
High power output 173
Hill, AV. 143
Hill’s equation 146
HK 197, 200
HK hexokinase 105
H2O 38, 83, 89
Hot reservoir 22
H+ reflux 97
H/P symport 92, 93, 113, 129, 134
Huxley 136
Hydrogen 89
Hydrogen atoms 126
Hydrolysis 69
Hyperbolic 143
Hypoglycemia 161

IMS 91
Incomplete coupling 61
Increase in order 207
Incubation medium 181
Indefinite integration 5
Infinitesimal 2, 17
Inhibition 195
Inhibitor constant 144

218 Index

 EBSCOhost - printed on 2/13/2023 8:11 AM via . All use subject to https://www.ebsco.com/terms-of-use



Inner membrane 95
Inner mitochondrial membrane 89, 91
Input affinity 54, 93
Input reaction 54
Integrands 3
Integrating factor 20
Integration paths 4
Intensive variable 2
Intermembrane space (IMS) 89, 113
Internal energy U 13
Internal resistance 54, 56
Interstitial space 105
Interstitium 179
Ion channels 81
Ionic activity 125
Ionic strength 70, 122
Ionic strength IIon 122
Ion pumps 114
Ion transport 107
Irreversibility 18, 208
Irreversible damage 159
Irreversible heat 45, 181, 184
Irreversible path 18
Irreversibly produced entropy change 21
Isolated systems 1
Isoleucine 89
Isometric 142, 152, 157
Isometric contraction(s) 137, 153
Isothermal works 19
Isotonic 137
Isotonic contraction 138, 143, 157

K+ 80
KCl 83
K+ distribution 82
Kelvin 13
Keq 41
K+ equilibrium potential 82
Kinetic energy 17
K+ influx 74
KRB 122
Krebs–Ringer bicarbonate 122

Lac 134
Lac accumulation 156
Lac/H cotransport 105
Lac/H symport 156
Lac production 178
Lactate dehydrogenase 106

Lactate (Lac) 105
Lactic acid 115
LDH 106, 134, 162, 197
Leak conductance 62, 148
Leak currents 61
Legendre transformation 14, 39
Length 135
Leucine 89
Limiting factor 111
Line integral 1, 3
Line or path integral 1
Liquid water 14
Liver cells 114
Load-induced inhibition 146
Load potential 143, 149, 150, 161, 189
Load reduction 154
Low-to-moderate power output 173
Lumen 69, 72
Lysis 83

Macroscopic machines 208
Mal–CoA 173
Malonyl-CoA 173
Mass action law 41
Mathcad 15.0 194
Matrix 89
Matter 182
Maximum expansion work 19
Maximum power 58, 149
Maximum work 16
Mechanical output potential 107
Mechanical power 153
Mechanical work 15
Melting of ice 46
Membrane capacitance 81
Membrane current(s) 75, 87
Membrane depolarization 72
Membrane phospholipids 83
Membrane potential 71, 73
Metabolic pathway 105
Metabolic power 153
Metabolic substrates 89
Metabolite concentrations 105
Metabolites 89
MgATP2− gradient 114
Mg2+ binding 127, 132, 134
Michaelis–Menten 143, 144, 194
Minimum compression work 19
Mitchell, Peter 95, 90
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Mitochondria 89
Mitochondrial ATP synthesis 114
Mitochondrial content 93, 177, 190
Mitochondrial matrix 89
Mitochondrial metabolism 113
Mitochondrion 113
Mixed constants 124
Moderate power output 94, 110
Molar reaction enthalpies 42
Molar volume VM 15
Molecular machine 208
MP 81
MPM 93
Multiplicity Ω 23
Muscle contraction 69, 107
Muscle fibers 135
Muscular performance 157
Myocardial cells 87
Myofibrils 113
Myosin 154
Myosin ATPase 107
Myosin filaments 135
Myosin heads 135, 137

NA 24
Na+ 80
Na/Ca exchange 87
Na+ channels 84
NaCl 83
Na+ conductance 85
Na+ distribution 82
NADred 89
NADred consumption 105
NADred dehydrogenase(complex I) 89
NADred oxidation 89
Na/H exchanger 134, 156
Na+/K+ cycle 95
Na/K ATPase 80, 91, 107, 114
“Naked” species 129
Na/K pump 80, 84
Natural logarithm 24
Near-equilibrium 45
Nebulin 135
Negative gradient 112
Nernst equation 81
Nerve impulses 110
NET 204
Net work 22

Nicotinamide adenine dinucleotide (NADox) 89
Nonequilibrium thermodynamics (NET) 64
Nonexact differentials 18
Non-infinitesimal step 22
Nonpermeable metabolite anions 83
Nontransformed 97
Nonvectorial work 2

O2 38, 89
O2 consumption 99, 101
Ohm’s law 53, 54
OP 92, 97, 100, 101
Open system(s) 1, 181
Oppositely equal 165
OP proton cycle 95
Order 207
Ordinary definite integral 3
Osmolarity 83
Outer membrane 90
Output affinity 54, 93
Outward transport 80
Overall affinity 197
Overall conductance 197
Overall efficiency 61
Oxidation 89
Oxidative Glgen degradation 187
Oxidative Glu degradation 187
Oxidative Glu/Glgen 110
Oxidative metabolism 105
Oxidative phosphorylation (OP) 89

PAL 105, 108, 111, 161, 179
PAL and GLU 134
PAL and GLY 161
Palm 89, 94, 105
Palm–Carn 173
Palm carnitine 173
Palm–CoA 173
Palm degradation 187
Palmitic acid (Palm) 89
Palm oxidation 98, 100, 102, 105, 107
Palm transport 179
Partial 86
Partial conductances 55, 59, 96, 97, 103, 108,

164, 167
Partial derivatives 4
Partially irreversible 20
Partial resistance 57
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Path-independent 4
Pathway flux 202
PCr 176
PCr consumption 157
PCr formation 157, 192
PCr hydrolysis 190
PCr reaction 113, 128, 134, 156, 163
PCr shuttle 111, 112, 113, 114, 158, 159, 171
PCr2− shuttle 130
Performance 143, 153
Permeability 83
Permeating ions 84
Perturbation 198
PFK 105, 110, 161, 200
PFK reaction 175
PGI 106
PGM 106
pH 70
pHc 161
pH electrode 124
Phenomenological approach 46
pHm 161
Phosphocreatine 83
Phosphofructokinase 105
Phosphoglucomutase 106
Phosphoglucose isomerase 106
Phosphoric acid 116
pH value 124
Pi species 116
pMg 70
Polarization 74, 81
Polynomials 116
P/O quotient 100
Porin 90
Potential difference 112
Potential energy 2, 37
Potential gradient 113
Power 53
Power output 23, 208
Power stroke 141, 143
Primitive 4
Probabilities 195
Probability factors 149, 150
Production 105
Products 40
Protection mode 167
Protective mechanism 159

Protein biosynthesis 107
Proton activity 124
Proton binding 125, 131
Proton consumption 134
Proton cycle 97, 188
Proton diffusion 112
Proton energy cycle 95
Proton leak flux 93
Proton production 134
Proton reflux 91, 97
Protons 89
Pyruvate 105
Pyruvate dehydrogenase 99
Pyruvate kinase 197

QPO 101
Quantity Z 64

Reactants 40
Reaction cycle 166
Reaction rate 53
Reactions 37, 98
Reaction steps 203
Recovery 161, 171, 176
Redox compounds 89
Redox potentials 89
Redox reaction 54, 57
Reduction of efficiency 102
Reduction of MgATP2− 155
Reference volume 137
Relative affinities 147
Relative CO2 consumption 100
Relative error 124, 199
Relative flux change 198
Relative oxygen consumption 99
Resistance 167
Respiratory chain 89, 101, 102, 188
Respiratory quotient 100
Resting condition(s) 71, 86, 167
Resting values 178
Resulting affinity 54
Resynthesis 93
Reticulum 69
Reticulum membrane(s) 71–73
Reversible 16
Reversible and irreversible works 21
Reversible processing 18
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Reversible work 19
RQ 176

Sadi Carnot 18
Sarco/endoplasmic reticulum ATPase

(SERCA) 69, 107
Sarco/endoplasmic reticulum (SR) 69
Sarcolemma 72, 87, 95, 110
Sarcomeres 135
Sarcosol 69, 107, 123, 156
Schwartz’s theorem 6
Second law 45, 167, 207
SERCA ATPase 76
SERCA pump 76, 80, 84
Short-circuited 66, 90
Shortening velocity 143, 145
Siemens 53
SIMGLY 176
SIMGLY/PAL 105
Simulation 94
Size 111
Skeletal muscle 89
Skeletal muscle cell (SMF) 71
Sliding filament theory 136
SMF 80, 105
Smooth sarcolemma 81
Solver AdamsBDF 194
Species 116, 125
Specific capacitance 81
Speed 23
Spontaneous chemical 37
SSC 87, 97, 98, 108, 112, 130, 153, 165, 171,

184, 185, 188
Standard chemical potential 31
Standard pressure 31
Standard temperature 31
Standard values 42
State function 1
State variables 7
Steady state 54, 86, 141, 182, 201
Steady-state cycling (SSC) 78
Stereological methods 81
Stoichiometric coefficient 91
Stoichiometric factor 93
Stoichiometric sum 38, 39, 40
Stoichiometries 89
Striated muscles 135
Stroke length 144, 147

Structural proteins 111
Structures 111
Substrate-level phosphorylation 106
Succinate dehydrogenase (complex II) 89
Surface to volume ratio 81
Surroundings 181, 184
Swelling 83
Switch 173
Symport 92
System 207

Tasks 114
Tensile force 136
Tetanus 84, 86
Thermal engines 18
Thermal equilibrium 39, 182
Thermodynamic probability 23
Thick/Thin filaments 136
Threshold 84
TIM 197
Time integrals 191
TΔiS 23
Titin 135
Total ATP production 101
Total dissipation 79
Total dissipation of OP 103
Total resistance 78
Transesterification 173
Transformed conductance 107
Transverse striation 135
Transverse tubuli 81, 72
Triangles 136
Troponin 72
Turnover 111
Two batteries 103

UCP3 101
Uncoupled 102
Uncoupled conditions 97
Uncoupling 61, 97, 101, 138, 147
Uncoupling protein 3 101
Useful work 45, 208
Utilization 173

V 53
Vacuum 33
Valine 89
van’t Hoff equation 48, 49
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Variable conductances 201
VDAC 113
Velocity 143
Voltage 53
Voltage-dependent anion channel 90
Volume change 10
Volume work 39

Water diffusible space (WDS) 137
Work 13, 184

Work balance 19
Work dissipated 21
Workload 161

z 54
Z-disks 135

Index 223
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