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FRONTISPIECE: The large-scale pattern of the galaxy distribution. Each white square 
represents a sky cell about one degree by one degree in the Lick sample. The size of the 
white square is proportional to the number of galaxies brighter than 19th magnitude 
in the cell. The cells are arranged along lines of fixed right ascension and declination. 
The north pole of the galaxy is at the center of the map and the equator along the edge. 
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PREFACE 

From the first developments of modern cosmology people have recognized 
that an important part of cosmology is the large-scale clustering of matter 
in galaxies and clusters of galaxies. The point was largely eclipsed by the 
debate over homogeneous world models, but in recent years there has been 
a considerable revival of interest in the large-scale mass distribution and 
what it might tell us about the nature and evolution of the universe. The 
purpose of this book is to review our present understanding of these 
subjects. 

Chapter I is a history of the development of ideas on the large-scale 
structure of the universe. As is usual in science the story 1s a mixture of 
inspired guesses and rational progress with excursions down paths that now 
seem uninteresting. What makes it somewhat unusual is the slow rate of 
development that has left ample time for the growth of traditions that are 
more than commonly misleading, and so it seems worthwhile to examine 
the evolution of the ideas in some detail. This is a history in the rather loose 
convention of scientists, that is, it is based on what I could glean from 
published books and journals. The few conversations I have had with 
participants have left me only too aware of how limited that is and how 
much more could be done. On the other hand, the published record is what 
was readily available to most people who might want to work on the 
subject and might want to learn what has already been done, though the 
actual use of the record was just as erratic in the 1930s as it is these days. I 
have tried to give a complete account of the important developments since 
about 1927 and have added enough more recent references to serve as a 
guide to the literature. 

Chapter II deals with the behavior of a given mass distribution in the 
Newtonian approximation. This is only a limiting case of the full 
relativistic theory, but it is discussed first and in detail because it is a good 
approximation for most practical applications and is much simpler than 
the full relativistic theory. There is a considerable variety of methods and 
results in the analysis of the Newtonian limit. I have collected all those 
that seem to be useful and interesting. 

The statistical pattern of the galaxy distribution is discussed in Chapter 
III. The descriptive statistics that have proved useful and are analyzed in 
this chapter are n-point correlation functions (analogs of the autocorre-
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lation function and higher moments for a continuous function). The 
general approach has a long history but it is only in the last several years 
with the application of fast computers to the large amount of available 
data that the technique has been extensively developed and applied. This 
chapter surveys the main theoretical results and observational methods. 

The n-point correlation functions have proved useful not only as 
descriptive statistics but also as dynamic variables in the Newtonian 
theory of the evolution of clustering. This is discussed in Chapter IV. The 
functions are generalized to mass correlation functions in position and 
momentum, and the BBGKY hierarchy of equations for their evolution is 
derived. This yields a new way to analyze the evolution of mass clustering 
in an expanding universe. Of course, the main interest in the approach 
comes from the thought that the observed galaxy correlation functions 
may yield useful approximations to the mass correlation functions, so the 
observations may provide boundary values for the dynamical theory of 
evolution of the mass correlation functions. The test will be whether we can 
find a consistent theory for the joint distributions in galaxy positions and 
velocities. The subject still is in a crude state because adequate redshift 
data do not yet exist. I present some preliminary considerations on how the 
analysis of the data might proceed. 

The full relativistic analysis of the evolution of mass clustering is 
presented in Chapter V. The important application is to the behavior of the 
early stages of expansion of the universe when the high mean density 
would have made even modest density fluctuations strongly relativistic. 

The last chapter describes some of the attempts to trace the links 
between theory and observation showing how the character of the matter 
distribution we observe developed out of reasonable conditions in the early 
universe. This is the main point of the subject, but it is not treated at length 
because I think there are too many options, all apparently viable but none 
particularly compelling. It seems likely that the game of inventing 
scenarios will go through several more generations before a secure picture 
emerges. Perhaps the best we can hope is that the final answer will draw on 
significant elements of the theory and observations as we now think we 
understand them. 

I have limited the range of the discussion to length scales no smaller 
than the nominal size of a galaxy or else redshifts no smaller than the 
epoch at which mass concentrations comparable to present day galaxies 
appeared, thus excluding the structure and evolution of galaxies. I have 
excluded a few topics relevant to other areas of cosmology, such as the 
effect of mass clustering on the standard cosmological tests, and some 
obviously important subjects where I could find nothing very useful to 
report, such as the question of intergalactic gas clouds. I have omitted all 
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discussion of the possibilities offered by nonstandard cosmologies not so 
much because I am sure the big bang picture is the most likely candidate 
as that I expect it is neither reasonable nor likely to expect that people will 
pay much attention to these alternatives until we have a much clearer 
picture of what the standard model has to offer and what it must deal 
with. 

The choice of emphasis on topics within the boundary conditions, of 
course, reflects a personal judgment of what is promising. Perhaps the 
largest omission is the primeval turbulence picture. I have described its 
origins and some general and well-established results but have not 
discussed any specific scenarios. That seems reasonable because I doubt 
the merits of this picture, and there are others who can serve as better and 
more enthusiastic advocates. 

I have provided a short guide to symbols and conventions in the 
appendix. It probably will prove best to look this over before reading much 
of the main text. I have given short summaries of concepts of cosmology as 
they appear in the text, but have left out details available in the standard 
books. References to my book, Physical Cosmology, are indicated by the 
letters PC. 
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I. HOMOGENEITY AND CLUSTERING 

1. HOMOGENEITY AND CLUSTERING 

Modern discussions of the nature of the large-scale matter distribution can 
be traced back to three central ideas. In 1917 Einstein argued that a closed 
homogeneous world model fits very well into general relativity theory and 
the requirements of Mach's principle. In 1926 Hubble showed that the 
large-scale distribution of galaxies is close to uniform with no indication of 
an edge or boundary. In 1927 Lemaitre showed that the uniform distribu­
tion of galaxies fits very well with the pattern of galaxy redshifts. The 
homogeneous model, when generalized to allow for evolution, yields a 
linear redshift-distance relation consistent with what Hubble was finding 
from his estimates of galaxy distances (as summarized by Hubble in 
1929). 

The evolving dynamic world model quickly won attention and in the 
following decades, before the idea became commonplace, it generated 
some lively discussions. The following sections trace the development of 
several questions. The first question is whether the universe really is 
homogeneous (after averaging over a suitable clustering length). Assum­
ing it is, must we be content to say only that this happens to be a reasonable 
approximation to our neighborhood at the present epoch? Could the 
homogeneity of the universe have been deduced ahead of time from 
general principles? Or might it be a useful guide to new principles? The 
matter distribution in any case is strongly clumped on scales of stars, 
galaxies, and clusters of galaxies. This clustering is a fossil of some sort, a 
remnant of processes in the distant past as well as an on-going phenome­
non. How does the clustering evolve in an expanding universe? What is its 
origin? What does it tell us about the nature of the universe? 

2. Is THE UNIVERSE HOMOGENEOUS? 

In 1917 the phrase "the large-scale distribution of matter" was gener­
ally taken to mean the distribution of stars in the Milky Way galaxy. For 
example, the title of Eddington's (1914) book on the latter subject is 
Stellar Movements and the Structure of the Universe. It was considered 
well-established from star counts that the stars are concentrated in a 
flattened roughly spheroidal distribution, the Kapteyn system (after the 
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4 I. HOMOGENEITY AND CLUSTERING 

astronomer mainly responsible for the laborious accumulation and analysis 
of the star count data). If the distribution had been homogeneous, the 
number of stars brighter than/ would have varied as 1 

(2.1) 

where m is the apparent magnitude. The star counts are different in 
different directions in the sky and increase with decreasing/ distinctly less 
rapidly than would be expected from equation (2.1 ). The implication is 
that we are seeing the edge of the system. 2 

It is not clear how much Einstein in 1917 knew or was influenced by 
these ideas. He wrote of the distribution of stars as possibly being uniform 
on the average over large enough distances. He did not mention the 
arguments (marshaled at the time by Sanford 1917) that the spiral 
nebulae may well be other "island universes," other galaxies of stars, 
though it seems likely Einstein knew the general idea because he had 
discussed with de Sitter how matter might be distributed in the universe 
( de Sitter 1916). Einstein rejected the idea that the universe of stars might 
be a limited island in asymptotically flat space because a star escaping 
from the system would move arbitrarily far from all other matter yet 
preserve its inertial properties, contrary to Mach's Principle. At first he 
proposed that the line element might become singular outside the realm of 
the matter, but then hit on a much more elegant solution, a homogeneous 
closed world. 

De Sitter was an astronomer (and a student of Kapteyn) and well aware 
that the stars are not uniformly distributed. He was willing to accept the 
island universe hypothesis and to speculate that these systems might be 
uniformly distributed through space (de Sitter 1917). However, he 
mentioned no tests of the uniformity idea. 

It was known at the time that there are many more faint spiral nebulae, 
that is, nebulae of small angular size, than bright ones, and that there are 
hundreds of thousands of very faint objects that might be just like the 
bright ones but so far away that it is not possible to make out the spiral 
structure (Fath 1914, Sanford 1917, Curtis 1918). Hubble (1926) was the 

'For stars of fixed intrinsic luminosity, those appearing brighter than/are at distances< r 
"'1- 11', according to the inverse square law. For a homogeneous distribution the number 
counted would vary as the volume "' r3 "'f- 312 • The sum over stars of different intrinsic 
luminosities affects the constant of proportionality but not the power law behavior. 

'It is now recognized that the counts in the direction of the Milky Way are strongly 
reduced by interstellar absorption, so the size of the star system was substantially underesti­
mated. The counts in directions well away from the Milky Way are little affected by 
absorption, so the estimates of the thickness of the disc were quite reasonable. 
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2. IS THE UNIVERSE HOMOGENEOUS? 5 

first to ask whether the counts of these nebulae are consistent with the 
assumption that they are uniformly distributed through space. He used 
Seares' (1925) estimate of the limiting magnitude, m ""' 16.7, for Fath's 
counts of faint nebulae. He found that the number of these faint nebulae 
agrees well with what would be expected from the counts at m < 12 
extrapolated according to equation (2.1 ). 

The success of Hubble's test is impressive, for there are 600 times as 
many galaxies in the deep survey as at m < 12. And this stood in sharp 
contrast to the familiar behavior of the star counts; the indication is that 
the observations of stars reach the edge of the local star system while the 
observations of galaxies give no evidence of an edge to Sanford's "realm of 
the nebulae." Hubble put it this way in a later paper: "There are as yet no 
indications of a super-system of nebulae analogous to the system of stars. 
Hence for the first time, the region now observable with existing telescopes 
may possibly be a fair sample of the universe as a whole" (1934, p.8). 

It is now known that the excellent numerical agreement Hubble found 
for these data is in part fortuitous because the galaxies at m < 12 are not a 
fair sample: there is a substantial excess of bright galaxies due to the local 
concentration in and around the Virgo cluster. Indeed Hubble clearly 
recognized that his result was only a preliminary indication, and over the 
next decade he undertook an extensive program of deep counts in selected 
areas (to be compared to the program of star counts except that far fewer 
astronomers were directly involved). A preliminary report was published in 
1931, and in 1934 Hubble discussed in some detail the counts at limiting 
magnitudes~ 19.1 and 19.6 The ratio of counts agrees well with the 10°·6 m 

law, as do the ratios of these counts to the number of Shapley-Ames (1932) 
galaxies at m :c; 13 (though again because of the local supercluster this 
latter result is in part fortuitous). In 1936 Hubble discussed counts to 5 
limiting magnitudes in the range m ~ 18.5 to 21. The counts increase with 
m less rapidly than the l0°·6m law, the discrepancy amounting to a factor 
1.8 out of an observed ratio of counts of 19 over this range of magnitudes. 
Hubble tentatively concluded that the discrepancy is larger than would be 
expected in any reasonable relativistic world model and that this might 
indicate the relativistic theory is incorrect. The present tendency is to 
suppose that systematic errors in magnitude estimates and K-corrections 
( correction for the shift of the galaxy spectrum toward the red and out of 
the range of sensitivity of the photographic plate) could account for this 
relatively small discrepancy. Of enduring interest is Hubble's first point: to 
the depth of his survey there is no pronounced evidence of an edge to the 
realm of the nebulae. 

It is surprising that the number-magnitude test (and the equivalent 
relation N(>O) rx 0- 3) was first applied to the counts of spiral nebulae and 
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6 I. HOMOGENEITY AND CLUSTERING 

faint nebulae as late as 1926. It seems reasonable to suppose that Hubble 
was emboldened to try the test because he had just recently shown, by the 
identification of Cepheid variable stars of known absolute magnitudes, 
that the brightest spiral nebulae are galaxies of stars comparable to the 
Milky Way. He might also have been influenced by Einstein's and de 
Sitter's discussions of homogeneous world models, for he was at least 
familiar with de Sitter's attempt to guess at the mean mass density (and 
since Hubble had a much better distance calibration he found a much 
better estimate of p). 

Hubble's results from 1926 to 1934 clearly were only preliminary 
though encouraging indications of homogeneity, but most theorists were 
quick to accept the evidence. Thus Einstein in 1933 wrote, "Hubble's 
research has, furthermore, shown that these objects [galaxies] are distrib­
uted in space in a statistically uniform fashion, by which the schematic 
assumption of the theory of a uniform mean density receives experimental 
confirmation" (1933, p. 107). Robertson, in his influential review of the 
Friedman-Lemaitre cosmological models, said "we accept the data, due 
primarily to Hubble and Shapley, on the uniform distribution of matter in 
the large within the visible universe, and we extrapolate them to the 
universe as a whole" (1933, p. 82). In 1931 Eddington made the caution­
ary remark, " 'Lemaitre's world' is also a model in that it represents the 
universe as a uniform spherical distribution of matter; there is no reason 
why the actual shape should not be highly irregular" (1931a, p. 415). But 
later in the same year he stated, "We no longer look for an end to the world 
in its space dimensions. We have reason to believe that so far as its space 
dimensions are concerned the world is of spherical type." (1931 b, p. 447). 
It is perhaps not surprising that de Sitter was more cautious. He wrote in 
1931, "It should not be forgotten that all this talk about the universe 
involves a tremendous extrapolation, which is a very dangerous operation" 
(1931, p. 708). And in 1932, he wrote "These wonderful observations [of 
galaxies from the Mount Wilson Observatory] have enabled us to make 
fairly reliable estimates of the distances of these objects and to say 
something about their distribution in space. It appears that they are 
distributed approximately evenly over 'our neighborhood' " ( 1932, p. 
114). 

In the 1930s there was a somewhat indirect running debate between 
Hubble and Shapley over the relative importance of departures from 
homogeneity. Both clearly emphasized that the galaxy distribution is 
strongly clumped on relatively small scales. For example, Hubble (1934) 
noted that the frequency distribution of nebular counts N found in 
different telescope fields is not Poisson, as would be expected if the 
galaxies were randomly distributed; the general clumping makes for a 
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2. IS THE UNIVERSE HOMOGENEOUS? 7 

considerably broader distribution of counts. (He also made the interesting 
observation that the distribution of log N is remarkably close to Gaussian.) 
However, to Hubble the main effect clearly was the uniform distribution 
on large scales as revealed by very deep counts averaged over many sample 
fields. Shapley emphasized the great irregularities in the galaxy distribu­
tion: "the irregularities are obviously too pronounced to be attributed to 
chance; they are rather a demonstration of evolutionary tendencies in the 
metagalactic system" (Shapley 1933, p. 3). Having smaller telescopes at 
his disposal, Shapley and his colleagues studied the galaxy distribution at 
lesser depth but in greater detail across the sky. He noted that there is a 
considerable difference in the numbers of Shapley-Ames galaxies, m ;S 13, 
in the northern and southern galactic hemispheres, and he suggested that 
this north-south asymmetry might still amount to as much as 50 percent at 
m = 17 (Shapley 1934). The data suggested also that at m "" 18 (in a 
magnitude system roughly consistent with that of Hubble) the galaxy 
density might vary across the sky by a factor ~ 2 on scales ~30° (though 
there were problems with this because there were practical difficulties in 
transferring magnitude standards across the southern sky; Shapley 
1938b ). This led Shapley ( 1938a) to question whether the galaxy distribu­
tion really is close to uniform even when averaged over large scales and to 
suggest that the deviation from the 10°·6m law in Hubble's data might be 
the result of large-scale density irregularities, not a failure 'of relativity 
theory. (Hubble in 1936 had mentioned but rejected the idea of large-scale 
irregularities.) 

Shapley's remarks did not attract much attention. McCrea (1939) did 
point out that large-scale irregularities would raise problems for observa­
tional programs to measure the parameters in the standard cosmological 
models, then a subject much discussed particularly in connection with the 
possible role of the 200 inch telescope. Eddington (1939) and Tolman 
(1949), apparently independently, suggested that large-scale inhomogene­
ity may account for Hubble's results, and Omer ( 1949), at Tolman's 
suggestion, devised an inhomogeneous relativistic model (spherically 
symmetric about our position; § 87 below) that he could adjust to fit the 
galaxy counts. However, by the 1950s the possibility of large-scale 
inhomogeneity was largely displaced in the minds of cosmologists by the 
debate over homogeneous world models-evolving versus steady state 
versus Milne's kinematic cosmology-and, in the relativistic models, the 
possible values of parameters such as the cosmological constant, Hubble's 
constant and the time scale, the acceleration parameter and the open 
versus closed models. An example is Bondi's (1952) book on cosmology 
where the suggestion of Eddington and Tolman is noted but rejected as 
unprofitable. A second example where one finds a more cautious view is 
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8 I. HOMOGENEITY AND CLUSTERING 

McVittie's (1961) Fact and Theory in Cosmology. All the cosmological 
models discussed are homogeneous, but McVittie does stress the observa­
tional problems in establishing homogeneity. 

Though the subject has not been very popular one can find occasional 
recent discussions of the question of large-scale inhomogeneity. De 
Vaucouleurs (1960, 1970, 1971) and van den Bergh (1961) have joined 
Shapley in observing that the traditional evidence from galaxy counts as 
functions of magnitude or position in the sky is at best slim. In 1965 Omer 
rediscussed his spherical model for large-scale inhomogeneity. Rees and 
Sciama (1968) used the spherical model in a discussion of the suggestion 
by Strittmatter, Faulkner, and Walmesley ( 1966) that clustering scales for 
quasi-stellar objects might be comparable to the distance to the horizon. 
Bonnor (1974) and Silk (1977a) also discussed this model, and Silk 
pointed to the indications of large-scale matter currents found by Rubin, 
Thonnard, Ford, and Roberts ( 1976) from a systematic survey of redshifts 
of galaxies. Kristian and Sachs ( 1966) explored another approach based on 
the assumption that all properties of the universe out to redshifts Z ~ 0.3, 
for example, can be usefully expanded in a power series about our position. 
Wertz (1971), Haggerty (1971), and Wesson (1976), stimulated by de 
Vaucouleurs, considered the possible dynamics of yet another picture, 
where the hierarchy of clustering continues to indefinitely large scales (§ 
62 below). 

De Vaucouleurs has made the interesting point that if the universe really 
is close to homogeneous on the scale of the horizon cH0 - 1, it is a 
remarkable break with the state of affairs on smaller scales: from 
subatomic particles on up we deal with objects-localized structures. De 
Vaucouleurs noted that this tendency to clump continues to scales at least 
as large as the local supercluster (the concentration of galaxies around the 
Virgo cluster, distance~ lOh -1 Mpc, of which we are an outlying part), 
and he could cite as indications of irregularities on still larger scales the 
angular gradients found in the Harvard survey (Shapley 1938a, b) and the 
large-scale correlation of rich clusters found by Kiang and Saslaw ( 1969), 
both effects pointing to strong clustering on scales ~ 100 h- 1 Mpc. The 
indication is that if the clustering does terminate it does so perhaps 
suspiciously close to the largest depth of reliable observations and close to 
the largest possible scale consistent with the assumption that the universe 
is accurately uniform on the horizon (cH0 -J = 3000 h- 1 Mpc). 

Direct observations of the large-scale galaxy distribution still are beset 
with the problem of controlling systematic errors when galaxy densities are 
compared over widely separated parts of the sky or at very different 
apparent magnitudes. Modern deep galaxy counts (Brown 1974, Kron 
1978, Tyson and Jarvis 1979, Ellis 1980) are found to vary with magnitude 
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2. IS THE UNIVERSE HOMOGENEOUS? 9 

roughly as l 0°45m to depths comparable to cH0 _,. The deviation from the 
1 o0·6m law is about what is expected from the K-correction. The best sample 
of the distribution across the sky is the Lick catalog (Shane and Wirtanen 
1950; 1967). This gives counts to limiting magnitude m - 19 in 10' by 10' 
cells across two-thirds of the sphere. The effective depth of the sample is ~ 
200 h-' Mpc. There· are large-scale density gradients, amounting to rms 
fluctuations o.N / .N "" 0.10 in the surface density smoothed over 10°. One 
cause is purely local, the variation of absorption across the sky. It is 
difficult to decide how much might be true large-scale fluctuations in the 
space density of galaxies. 

One convenient measure of the irregularities in the space distribution is 
the dimensionless autocorrelation function 

(2.2) 

where the angular brackets signify an average over the position r1 within 
the sample. An upper limit on large-scale clustering within the Lick 
sample is (Peebles and Hauser 197 4) 

(2.3) 

and H50) is significantly less than this if variable absorption is important. 
One measure of the scale on which clustering is strong is the value of the 
lag r0 at which the correlation function t is unity. In the Lick sample 
(Groth and Peebles 1977, § 57 below) 

(2.4) 

Since this is small compared to the depth of the survey,~ 200 h-' Mpc, the 
indication is that within the Lick sample the progression of clustering 
observed on small scales does blend into a nearly uniform background. 

Equation (2.4) describes a mean over the distribution, and one certainly 
can find spots in the Lick sample where the density stays higher than the 
mean over distances larger than r0 • Examples are provided by Abell's 
(l 958) catalog of rich compact clusters. Galaxies, of course, tend to 
concentrate around Abell's cluster positions. This can be measured by 
averaging the galaxy space density over all shells, radius r to r + or, 
centered on all Abell clusters. One finds that this mean density n(r) is 
twice the overall average density in the Lick sample at distance (Seidner 
and Peebles 1977a). 

(2.5) 
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10 I. HOMOGENEITY AND CLUSTERING 

For the correlation among positions of Abell cluster centers, Hauser and 
Peebles (1973) estimate the clustering length 

L(r,) = I, (2.6) 

Kiang and Saslaw (1969) suggested rs is closer to 100 h- 1 Mpc from a 
reconstruction of the three-dimensional distribution using Abell's esti­
mates of apparent magnitudes of brighter cluster members. This method 
has the advantage that it makes the apparent clustering larger (the 
angular correlation function, which must be unfolded to find Hr), is 
smaller than ~ because of the overlapping of objects at very different 
distances), and it has the disadvantage that if the errors in Abell's 
magnitude scale vary systematically with distance, as seems possible, it 
will introduce spurious radial clustering. 

The indication from equations (2.4) through (2.6) is that the clustering 
does blend into small fluctuations, op/ p < I, well within the sizes of 
available samples. Of course, the samples are limited and deeper surveys 
are needed. 

New methods of observation have provided some very deep glimpses into 
space and, indirectly, precise measures of homogeneity. Extragalactic 
radio sources, all or a fair fraction of which are galaxies, are distributed 
across the sky in a remarkably uniform way; the distribution of the 5000 
4C sources (flux levels S > 2 Jy) is almost indistinguishable from random 
(Webster 1976b, Seidner and Peebles 1978). Because the number of 4C 
objects is much less than the number of Lick galaxies, the radio source 
data do not improve our upper limits on fluctuations in the density of 
objects across the sky at 0 ;S 10°. For example, the mean number of 4C 
sources found in a 3° by 3° cell is (N) "" 2, and therms fluctuation in the 
number is close to Poisson, bN/N"" 0.7. Therms fluctuation in the number 
of Lick galaxies is a factor ~ 3 smaller, bN/N "" 0.25 (compared to the 
expected value bN/N = 0.045 if galaxies were randomly distributed). But 
since many of the sources are at distances~ cH0 -I = 3000 h- 1 Mpc, we do 
have a strong new test of isotropy on large scales. The contrast with the 
distribution of bright galaxies is worth emphasizing; if the northern 
hemisphere were divided into two equal parts, the number of 4C sources in 
each would agree to IN1 - N 2 l/(N1 + N 2) "'0.015 (rms), while the 
number of Shapley-Ames galaxies would scatter by a factor ~ 2. A second 
important measure is the diffuse X-ray background (Wolfe 1970, Wolfe 
and Burbidge 1970; Fabian I 972). Since a substantial part of the flux 
comes from objects at modest redshifts-active galaxies and clusters of 
galaxies-this measures how the projected density of matter, integrated to 
the horizon, varies across the sky. The present limit on fluctuations in the 
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3. PHYSICAL PRINCIPLES 11 

projected density is of/f :S 0.04 at fJ ~ 5° (Schwartz 1979, Schwartz, 
Murray, and Gursky 1976). Finally, the microwave background radiation 
is isotropic to b T / T :S 0.001 on angular scales from 1 O' to 180°. This does 
not measure the matter distribution directly because the radiation is 
thought to be very weakly coupled to matter in the present universe. But 
since the radiation temperature varies inversely as the expansion factor, or 
more generally as the redshift from source to observer, it does indicate the 
large-scale motion has been isotropic about us to an accuracy better than 1 
part in 103• 

These three sets of observations show that the matter distribution and 
motion are quite accurately isotropic on scales ~ cH0 -i. This is a strong 
test of the standard homogeneous and isotropic world picture, but of course 
it is not complete because it leaves open the possibility that the universe is 
inhomogeneous but isotropic about a point near us. However, the galaxies 
at high redshift look much like the ones nearby, and in such a model an 
observer on any one of the enormous number of distant galaxies would find 
the universe is much less isotropic than we do. The more reasonable 
presumption is that the universe would appear isotropic on a distant 
galaxy, so the visible universe is accurately homogeneous. 

We certainly do not have definitive evidence of homogeneity, and 
further developments in the tests will be followed with great interest. On 
the other hand, the observational situation has improved many times over 
since the 1920s, and the results must be counted as a spectacular success 
for the vision of Einstein and Hubble. 

3. PHYSICAL PRINCIPLES 

A. Prediction of homogeneity? 
Might the homogeneity of the universe have been expected from general 

arguments and physical principles? In a sense the answer is yes, for 
Einstein did hit on a homogeneous world model as a way to satisfy some 
general considerations. He rejected the idea of an infinite material 
Newtonian universe on the grounds that the potential and hence star 
kinetic energies would be arbitrarily large. In the 1917 paper he gave two 
arguments against the idea that matter is concentrated like an island in 
otherwise empty asymptotically flat space. The first argument was that, 
given sufficient time, the system would relax, part contracting to high 
density (we would now say, to a black hole), part escaping with positive 
energy. Since Einstein supposed the global properties of the universe must 
be unchanging, this was unacceptable. It is not clear how seriously Einstein 
weighed this, for the universe could not be eternal in any case; for example, 
the solar system, given sufficient time (and if the sun does not explode), 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



12 I. HOMOGENEITY AND CLUSTERING 

would relax in the way he envisioned for the island universe as a whole, and 
if energy is conserved, the stars must eventually stop shining. As 
mentioned in the last section, he did emphasize Mach's principle: a particle 
escaping this island universe would move into flat space, arbitrarily far 
from all other matter, but yet, according to relativity theory, its inertial 
properties would not change, contrary to the idea that inertia is generated 
by the matter in the universe. A discussion reported by de Sitter (I 916) 
gives an interesting view of at least some aspects of Einstein's thoughts. 
Since flat space at infinity conflicts with Mach's principle, he considered 
the idea that the components of g;j degenerate to singular values at the 
edge of the universe. Since observed objects give no evidence of strong 
space curvature, one would have to suppose, as de Sitter put it, that the g;j 

become singular outside "hypothetical" masses that surround the known 
and ordinary realm of matter. The next year Einstein found a more elegant 
solution: replace the singular behavior of the g;j at the boundary with the 
condition that the universe be closed~the three-dimensional analogy of 
the closed two-dimensional surface of a balloon. This universe is finite, 
with no flat exterior, no hypothetical masses, and indeed no edge. 
Einstein's brilliant argument from general principles thus led to a world 
picture that has stood the test of time and observation. 

It is worth bearing in mind, despite this success, that such arguments 
tend to be matters of opinion. Many people have been attracted to another 
picture, an unlimited clustering heirarchy (§ 62 below). A review of such 
models and of the history of development of the idea is given by Mandel­
brot ( 1977). In the scale-invariant clustering model that, according to 
Mandelbrot, can be mainly attributed to Fournier d' Albe (1907) the 
hierarchy scales so that the typical value of the mass within distance R of 
an observer varies as M ex R. The size and mass of the universe are 
arbitrarily large, but the mean density M/R3 converges to zero and the 
mean mass per unit area in the sky of an observer converges, so even if 
stars shine forever the surface brightness of the sky is not large and Olbers' 
paradox is avoided. The hierarchy is arranged so the virial velocity in 
clusters of size R is v2 cc M/R, independent of R. Thus although the mass is 
infinite, the peculiar velocities need not be high. This anticipated and 
countered one of Einstein's arguments against an infinite quasi-static 
universe. Also, it has been found that Fournier d'Albe's model gives a 
remarkably good approximation to the statistics of galaxy clustering on 
small scales. This is discussed in Chapter III below. Einstein (1922) felt 
that the hierarchical world picture (as rediscussed by Charlier 1908, 1922) 
was compatible with general relativity theory but not with his interpreta­
tion of Mach's principle. As discussed in the last section, the evidence from 
recent observations is that the hierarchical model in fact fails, and 
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Einstein's picture is a reasonable first approximation on scales larger than 
about 10 h- 1Mpc. 

B. The cosmological principle 
Milne ( 1933a) was the first to notice that although Hubble's law 

(recession velocity proportional to distance) was derived from the relativis­
tic world model, it cannot be considered a very specific test of the model 
because it is the only functional form allowed by homogeneity and 
isotropy. (A particularly clear explanation is given by Milne 1934.) He 
proposed that this result might be extended and that one might be able to 
derive cosmology more or less complete by following such arguments from 
powerful general principles. 

Milne referred to the homogeneity assumption by phrases such as "the 
extended principle of relativity" and "Einstein's cosmological principle," 
and soon fixed on the "Cosmological Principle." He clearly felt that this 
principle has a considerable a priori philosophical merit, perhaps even that 
it was logically necessary for what one means by the universe.3 His 
program did not meet with much approval, though it was an important 
forerunner of the steady state model. His term, "the Cosmological Princi­
ple," was quickly taken up as an easy way to state and justify a central 
assumption. For example, it appears in the introductory comments in 
papers by Robertson (1935), Walker (1936), and, in a less positive way, de 
Sitter (1934). The cosmological principle is now firmly lodged in the lore 
of the subject. 

The most interesting immediate reaction to Milne's ideas was that of 
Dingle (1933a,b). He and others objected to the idea that the cosmological 
principle is to be compared to a law of nature: "a principle coequal with the 
principle of relativity should be capable of universal application," at least, 
as he noted, within some substantial domain of phenomena (193 3a, 
p. 173). Homogeneity could only apply in the average over many galaxies. 
Dingle pointed out that Einstein's field equations do admit strongly 
inhomogeneous solutions, and he took it to be "perfectly conceivable that 
an increase of telescopic power may reveal a variation of material density 
with distance." Dingle noted that the evidence of isotropy of the galaxy 
redshifts is far from complete because of the absence of observations in the 
Southern Hemisphere. Curiously, he did not mention the galaxy counts, 
though, since he had been in Pasadena, he should have been in a position to 
learn the status of Hubble's program. 

'Milne 1933b, p. I 85. In his book (Milne 1935), at least partly in reaction to Dingle's 
comments, Milne was careful to state the cosmological principle as an assumption or axiom, 
though he did argue it is necessary for an intelligible universe. 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



14 I. HOMOGENEITY AND CLUSTERING 

C. The instability of the universe 

If the symmetry of the universe is not enforced by a principle then one 
might ask whether it always has been or will be as close to homogeneous as 
it is now. The history of ideas may be traced back to Einstein's 1917 
paper. 

Einstein had assumed as a matter of course that the universe is static. 
But the field equations of general relativity as originally formulated then 
indicate the pressure would have to be negative, p = -pc2 /3 (so the active 
gravitational mass density associated with pressure cancels that of p). To 
avoid this he modified the gravitational field equations, introducing a 
universal cosmic repulsion that varies in proportion to separation with 
strength determined by the cosmological constant A. With Ip I « pc2, the 
static model then requires(§ 97) 

41rGp = A. (3.1) 

Nearly twenty years passed before it was clearly stated by Tolman that 
there is a serious problem with this-the model is unstable. The general 
point was sensed earlier by Wey! (1922) and Eddington (1924), who 
observed that a physical variable the density p is set equal to a constant of 
nature A. What happens if the matter is rearranged or if some of it is 
annihilated in stars thus changing (p)? 

In 1930 Eddington learned of Lemaitre's ( 1927) work on evolving world 
models and recognized that it gives a partial answer. If an Einstein model 
were somehow perturbed so that the mean density is slightly less than 
A / 41rG, the universe would expand, the density drop, and the expansion 
steadily accelerate. If the Einstein universe were perturbed so that p is 
slightly higher than A / 41rG, the universe would collapse. 

Lemaitre and Eddington at first assumed the universe is expanding 
away from the Einstein model, and Eddington (1930) proposed that the 
balance of the initial Einstein world was broken, the expansion initiated, 
through the perturbation caused by the formation of galaxies "by ordinary 
gravitational instability." In the following several years there was rather 
extensive discussion of this, mainly by McCrea and McVittie (1931, and 
earlier references therein), who tried to decide whether this condensation 
into galaxies would inevitably produce general expansion rather than 
contraction. However, the topic soon went out of style as attention turned 
to models that do not trace back to the Einstein case. 

McCrea and McVittie approximated a condensation as a distribution 
spherically symmetric about one point. This is a very convenient model 
because it permits a description of at least the rough outlines of a mass 
concentration like a galaxy while keeping the mathematics simple. 
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Lemaitre ( 1931, l 933a,b) found the ultimate simplification: if the pressure 
can be neglected, the motion of each mass shell is the same as in some 
homogeneous world model. (Of course when mass shells cross, the motion 
of each follows an altered cosmological model.) Discussion of how a 
density irregularity might evolve thus is made simple: each mass shell goes 
its separate way.4 

Lemaitre pointed out that this result, which might at first sight seem 
remarkable, is in fact "obvious" at least for small-scale condensations 
because the general relativity description of a small region is equivalent to 
the weak-field limit, the Newtonian description. 5 The argument, in a fuller 
form than Lemaitre gave, develops as follows (Callan, Dicke, and Peebles 
1965). Suppose the mass M( < r) within the shell of physical radius r 
centered on the condensation satisfies GM(< r) / rc2 « 1, and suppose this 
mass inside the shell is temporarily removed. Then an earlier discussion by 
Lemaitre (1931) describes the space inside the hollow: according to 
Birkhoff's (1923, p. 253) theorem, which generalizes Newton's iron sphere 
theorem, space must be flat, unaffected by the matter outside. The mass 
M( <r) can be placed in this flat space and treated in the Newtonian 
approximation, so the iron sphere theorem applied once again indicates the 
acceleration of the surface of the sphere is the same as if M( <r) were 
uniformly distributed within r. Thus the motion of the shell must agree 
with that of some zero pressure homogeneous world model. (A more 
general discussion of Newtonian gravity physics in relativistic cosmology is 
given in Sections 6 and 84 below.) 

Tolman ( 1934a) discussed some interesting consequences of Lemaitre's 
solution.6 Einstein's static world model evidently suffers from an instability 
more general than that noted by Lemaitre and Eddington, for if in the 
originally static case some matter were carried from one spot to another, 
the more dense spot would collapse, the less dense spot expand, and the 
universe would grow strongly irregular. For a generally expanding uni­
verse, since different mass shells can evolve independently, Tolman 
observed that there clearly is no "general kind of gravitational action 
which would necessarily lead to the disappearance of inhomogeneities in 
cosmological models" (1934a, p. 175). As Dingle also remarked, there 

4Though the point is simple, it was by no means self-evident, as is illustrated by the lengthy 
computations by McVittie (1932), Dingle (1933b), and Sen (1934), all of whom assumed 
spherical symmetry but did not hit on Lemaitre's trick. 

5The agreement between Newtonian and relativistic descriptions of a spherically symmet­
ric condensation was independently noted by McCrea and Milne (1934), but they offered no 
explanation of why it should be. 

6Though Tolman may well have hit on Lemaitre's result independently, he refers to 
Lemaitre's prior discovery. Thus I find it curious that this often is called the Bondi 
( 1947)-Tolman solution. Another standard reference is Einstein and Straus ( 1945). 
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appears to be nothing in Einstein's gravitational field equations that would 
guarantee that different parts of the universe must expand at the same rate 
or even that all parts of the universe, as observed by us, must be expanding, 
not contracting. Tolman noted that this conclusion might be modified by 
the effects of "more drastic kinds of inhomogeneities" than those spheri­
cally symmetric about one point and that nongravitational forces might 
promote homogeneity. He concluded that, pending the possible discovery 
of such effects, we should be cautious about extrapolating the observed 
behavior of "our neighborhood" to great distances in space or to the remote 
past or the distant future. 7 Similar cautionary remarks are expressed in his 
book and are contrasted with the views of Milne, "who would regard the 
homogeneity of the universe as a fundamental principle" (Tolman 1934b, 
p. 364). 

The implications of Tolman's remark are worth emphasizing. For 
example, it appears to be conceivable that the part of the universe we see in 
the Northern Hemisphere could have been slightly too dense overall at the 
time of the big bang, so that it expands for 10 10 years and then collapses, 
while the part we see in the Southern Hemisphere had slightly low density 
overall and so expands indefinitely. According to our present understand­
ing of physical principles, this is a possible universe but one that would look 
markedly unlike what we observe. 

How would a strong initial irregularity behave? A model that is easy to 
understand goes as follows. Suppose that at some very early time t; the 
universe is everywhere homogeneous and isotropic, with uniform density 
and expansion rate, except within a spherical patch of radius r; > ct;. 
Toward the center of this patch the density is high and space is strongly 
curved, so unless conditions are specially adjusted space soon collapses to a 
singularity. How does space outside the patch behave? Birkhoff's theorem 
tells us there is no gravitational signal of what happens inside, and if r; > 
ct;, there is no pressure signal, so the exterior is unaffected, evolves as a 
homogeneous model (§ 87). If at the present epoch this patch came within 
the horizon, we would see a mass concentration, perhaps surrounded by an 
empty region (though the hole could be filled by interactions with 
neighboring irregularities). There is no observational problem with low 
mass black holes, but we can only account for the absence of black holes of 
extreme mass, like the absence of large density fluctuations on very large 
scales, by presuming that they were excluded by the initial conditions. 

An important aspect of the puzzle is that in the model a light cone 

7 A tendency now is to distinguish extrapolations backward and forward in time (Peebles 
1967a, 1972); in the spherical model it certainly can be arranged that the universe starts out 
highly irregular and grows homogeneous by adjusting the starting times for the expansion of 
each mass shell, but that requires very particular adjustment and so seems contrived. 
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traced back to the singularity encompasses only a limited part of the 
matter in the universe. The visible part increases with time, reaching zero 
as t - 0.8 A distant galaxy at high redshift is near our horizon and in the 
past would not have been "visible" from our position (unless there is some 
way to trace light rays back through the singularity). If causal connection 
is reckoned from the time of the big bang, galaxies at high redshift have 
not previously been in contact with us, and they have not been in contact 
with galaxies in other parts of the sky. How then do we account for the 
familiar appearance of the galaxies at high redshift? How do we account 
for the remarkable uniformity of the microwave radiation coming from 
parts of the universe that have not been in communication since the time of 
the big bang? 

De Sitter (1917) noted the horizon effect in his cosmological solution. 
Tolman (1934b) derived the effect for Friedmann-Lemaitre models but 
only briefly pointed to the conceptual problems it raises. Milne (1935, 
§§463-474) discussed it at length, mainly as an argument against relativ­
istic cosmology. There was a revival of interest in connection with steady 
state cosmology and a new analysis by Rindler (1956). Misner (1967, 
1968) and McCrea ( 1968) emphasized the importance of the causality 
puzzle, and Misner proposed an ingenious solution: the horizon would be 
broken if the early universe were not at all like the model, but chaotic. 
Perhaps, as Tolman had noted, "more drastic" irregularities could 
promote homogeneity. This idea, and the homogeneous anisotropic 
mixmaster model by which Misner illustrated it, has been an important 
stimulus, but one that must be applied with caution because the lesson of 
the spherical model certainly is that gravity promotes inhomogeneity, not 
homogeneity. If the early universe were chaotic how did it avoid becoming 
a tangle of black holes? 

Tolman's 1934 discussion now seems reasonable, and the reaction to 
Milne's ideas stimulated some questions that seem interesting. Must the 
universe be homogeneous? Is it always that way? As it happened these 
questions attracted little notice; attention concentrated on the homoge­
neous models, their relative merits, and possible tests. The cosmological 
principle (and perfect cosmological principle) served a useful function in 
keeping the discussion focused on some well-defined and useful research 
problems. On the other hand, in elevating homogeneity to a principle 

'The depth of the visible universe is ~ct~ cH-', and the number of baryons in the visible 
universe is N - n(t) (ct)'. Since n a. a(t)- 3 and a ex t'1' in an Einstein-de Sitter model, Na. t. 
The horizon, of course, also limits the propagation of a pressure wave. That is why in the 
preceeding discussion it was possible to ignore the radiation pressure gradient in the early 
universe. 
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people did tend to lose sight of the important observational and theoretical 
problems behind it. 

The present situation is curious. Einstein did predict the large-scale 
homogeneity of the universe, and the observational developments mainly 
have agreed with the prediction. Einstein's idea was codified in the 
cosmological principle and has played a central role in cosmology. But it 
seems that with present dynamic theory we cannot account for this 
homogeneity; we cannot say whether Einstein's argument was a lucky 
guess or a deep insight into the way the universe must be. For now, it 
appears, we must accept it as an initial condition or, with Milne, as 
something to be added to the principles of physics. 

4. How DID GALAXIES AND CLUSTERS OF GALAXIES FORM? 

A. The role of gravity 
Lemaitre (1933a,b, 1934) pointed out that if the evolving homogeneous 

and isotropic world model is a reasonable first approximation, then the 
next step is to account for the departures from homogeneity in structures 
like galaxies and clusters of galaxies. Like Jeans (1928) he supposed that 
in the remote past matter was uniformly spread through the universe and 
that gravitational instability caused the distribution to fragment into 
separate nebulae. Jeans had proposed that the size of each fragment would 
be comparable to the critical Jeans length (the minimum length at which 
the self gravitation of a developing irregularity exceeds the opposing 
pressure gradient). He had assumed as a matter of course that the density 
of the universe is independent of time, and he cited the opinion expressed 
by Newton on the point: 

It seems to me, that if the matter of our sun and planets, and all the 
matter of the universe, were evenly scattered throughout all the 
heavens, and every particle had an innate gravity towards all the rest, 
and the whole space throughout which this matter was scattered, was 
finite, the matter on the outside of this space would by its gravity tend 
towards all the matter on the inside, and by consequence fall down 
into the middle of the whole space, and there compose one great 
spherical mass. But if the matter were evenly disposed throughout an 
infinite space, it could never convene into one mass; but some of it 
would convene into one mass and some into another, so as to make an 
infinite number of great masses, scattered great distances from one to 
another throughout all that infinite space. And thus might the sun and 
fixed stars be formed, supposing the matter were of a lucid nature. 
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Einstein (1917) with many others felt that Jeans' static uniform 
Newtonian background model is not self-consistent. Lemaitre had a more 
definite theoretical basis in the relativistic world models. He originally 
supposed that the expansion of the universe can be traced back to the static 
Einstein model in the distant past but soon turned to the Lemaitre model 
( 1933a) where the universe is assumed to expand from a dense initial state, 
decelerate until gravity and cosmic repulsion nearly balance, remain in this 
quasi-static phase for some length of time, and then resume expansion with 
A dominating p. Apparently one reason he liked the model is that it gives a 
preferred epoch to the formation of structures.9 He supposed that in the 
dense early stage there were small irregularities in the matter distribution. 
In a patch where the density (evaluated when the local expansion rate has 
some chosen value) is slightly higher than average the matter may dwell in 
the quasi-static phase for a longer time and where the initial density is high 
enough the patch may collapse rather than resume the general expansion. 
Such a collapsing patch would end up as a galaxy. In larger volumes 
containing many protogalaxies, the initial density contrast must be small­
er, and there are spots where the contrast is just such that the patch stays 
in the quasi-equilibrium phase for a very long time. He identified these 
patches with clusters of galaxies. The equilibrium between gravitational 
attraction and cosmic repulsion gives p ~ ( 41rG)- 1 A in such patches ( eq. 
3.1). This is the predicted density within clusters, the minimum density in 
a stable system. Lemaitre (1934) argued that with current estimates of H 
and A the predicted density gave a reasonable fit to the typical density 
within a cluster. 

Lemaitre's approach was phenomenological; he asked whether small 
initial fluctuations could develop into irregularities that match in some 
detail what is observed, and he left for some deeper theory the origin of the 
initial fluctuations. The problem of accounting for the origins of galaxies 
and clusters of galaxies certainly is a worthy one, and the general approach 
Lemaitre formulated now seems fairly useful: it is the subject of this book. 
But it is curious to note how little his ideas were discussed during the 1930s 
and how little they influenced the developments in the next several 
decades. One reason was his tendency to stick with the Lemaitre universe 
while others were considering other models and many were arguing that A 
ought to be dropped. Another certainly was the excitement of the gather­
ing storm over homogeneous models. 

The next important development was Lifshitz's (1946) general analysis 

9 Another reason (Lemaitre I 933b) was that the time since zero radius could be made 
larger than H- 1, thus relieving the time-scale problem resulting, as we now know, from an 
overestimate of Hubble's constant. 
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of linear perturbations in a Friedmann-Lemaitre model. Unfortunately 
because he did not examine the details of joining the limiting behavior at 
high redshift where he assumed the relativistic equation of state p = pc2 /3 
to the solution for p « pc2 at low redshift, he decided that "we can 
apparently conclude that gravitational instability is not the source of 
condensation of matter into separate nebulae" (1946, p. 116). Novikov 
{I 964a) was the first to point out that this is not quite right. 

One can see the origin and resolution of the problem by the following 
heuristic argument. Consider an expanding model A = 0 cosmologically 
flat or close to it. The characteristic time for collapse or expansion is then 

t ~ (Gp) i12_ ( 4.1) 

If the velocity of sound in the matter (that we shall imagine behaves like a 
perfect fluid) is C5 , the critical Jeans length is(§ 16) 

>-.1 ~ c,t. (4.2) 

If the density fluctuation occupies a patch smaller than A;, the acoustic 
response time r / c., is shorter than the collapse time t, so the fluctuation 
oscillates like an acoustic wave. If r > A;, gravity dominates and the 
fluctuation can grow more prominent. Note in particular that if the 
universe is radiation dominated, p = pc2 /3, the velocity of sound is c /3 112, 

and the Jeans length is comparable to the horizon, 

\ 1 ~ ct, ( 4.3) 

Consider 'now a patch with contrast op/ p = o(t) and physical size r(t). If 
p = pc2 /3 and r » ct, then in linear perturbation theory one finds that the 
contrast grows as o ext(§ 86) and r closely follows the general expansion, 
r(t ex a(t) ex t 112 • If p = 0, o ex t 213 with r ex a(t) ex t 213 (§ 11 ). In either case the 
potential energy per unit mass associated with the fluctuation is 

(4.4) 

Using the results quoted above, one sees </> is independent of time. The 
perturbation to the geometry due to the density fluctuation is on the order 
of the dimensionless potential </> so, if linear perturbation theory is to be 
valid,¢ must be much less than unity. But then equation (4.4) indicates 
that, when r = ct, o ,< 1. That is, when the fluctuation appears on the 
horizon, the contrast o must be small. After this epoch, if p = pc2 /3, 
r < 11.1 ~ ct, and so o is forced to oscillate like an acoustic wave: it cannot 
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grow large. However, Novikov pointed out that if p--+ 0 while r still is 
larger than ct, then o can continue to grow after it appears on the horizon 
and can finally develop into a stable system (o ~ 1). When this happens, 
the object has energy E ~ - rj;c2• Since we require rj; « 1, the object is 
nonrelativistic, which, of course, is what is wanted. 

Lemaitre's spherical solution gives another useful way to think of the 
behavior of the perturbation. Suppose pressure gradients may be 
neglected. Then Lemaitre (I 933a,b) showed that the perturbed patch 
behaves like a section of a homogeneous world model. If A = 0, the 
cosmological equation is 

(4.5) 

where the curvature of space in proper units is 

RP= Ra(t), (4.6) 

with R a constant. Suppose R- 2 is positive, so the patch has negative 
energy. The expansion parameter can be chosen to agree with the proper 
radius of the perturbed patch, 

r(t) = a(t). (4.7) 

The ratio of the size of the patch to the space curvature in the patch is 
then 

(4.8) 

If this number is small, the curvature within the patch can be likened to a 
wrinkle in the background geometry; if R- 1 ~ 1, it can be likened to a knob 
(fig. 87 .1). One notices that R- 1 is independent of time so the perturbation 
to the geometry does not change: a wrinkle stays a wrinkle (as long as this 
simple spherical model applies). This corresponds to the result rj; = con­
stant (eq. 4.4) in linear perturbation theory. 

When the patch stops expanding, da/ dt = 0, equations ( 4.5) and ( 4. 7) 
indicate the radius is 

(4.9) 

This is a relation between the time tm when the protoobject breaks away 
from the general expansion (eq. 4.1), the radius rm of the object when this 
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happens, and the parameter R- 1 that measures the perturbation to the 
geometry. For galaxies and clusters of galaxies rm « ctm, so R-' « 1, and 
these objects would form out of wrinkles in the geometry (eq. 4.8). This 
corresponds to the condition </> « 1. 

The conclusion from this discussion is that, as Lemaitre showed, one can 
think of small density fluctuations in the early universe growing into 
prominent irregularities like galaxies. However, the consequence that was 
only fully recognized later, is that in this picture one must accept the idea 
that the universe had primeval wrinkles (Novikov 1964a, Peebles 1967a). 

Another aspect of the linear perturbation theory result was noted by 
Lifshitz (1946) and by Bonnor (1956, 1957, 1967). The density contrast 
op/ p in an Einstein-de Sitter model grows as 1213, much less strongly than 
the exponential growth one usually associates with an instability. Bonnor 
noted as an example that if one starts the calculation at t; = 1 sec, then one 
finds op/ p grows by the factor (t0 / t;)213 ~ 1012. If at t; the matter were 
hydrogen atoms distributed uniformly at random, the density fluctuations 
on the scale of a large galaxy (10 11 M0 ~ 1068 atoms) would be 
op/p; ~ N- 1!2 ~ 10-34 _ The growth factor thus is inadequate by many 
orders of magnitude. 

Though all the steps in Bonnor's calculation are valid, one can revise the 
conclusion. The choice l; = I sec is an impressively small value, but we 
must nevertheless suppose that the universe did not begin then, that it and 
the density irregularities had a still earlier history. If op/ p at the chosen 
hypersurface t; = 1 sec happened to agree with the thermal fluctuation 
value N- 112, then the fluctuations traced back tot;« I sec would have to 
have been much smaller or much larger than this, depending on the initial 
velocities. Either case would be puzzling. The other side of this is that, if 
(op/p); were given, one could always choose t; small enough to secure the 
wanted amplification to fit present fluctuations (Zel'dovich 1965a, Peebles 
1968, Nariai and Tomita 1971). But finally there is no known reason to 
assume (op/p); ~ N-' 12 at any chosen t;. Though the relaxation time may 
be very short, the maximum distance over which particles or energy can be 
shared is limited by the horizon, which at t; = I sec contains only about the 
number of baryons in the sun. In sum, because we do not know how initial 
conditions were set up across the horizon at the time of the big bang, we do 
not know the growth factor in the gravitational instability picture; we 
cannot say whether in this picture galaxies could have formed. 

In the 1950s and early 1960s cosmologists generally tended to accept the 
conclusions of Lifshitz and Bonnor. Perhaps most important was the effect 
on Gamow's thoughts. He had earlier adopted the instability picture and, 
with Teller ( 1939), had given a heuristic analysis of the effect. Gamow was 
very excited to learn of Lifshitz's work (according to the recollection of 
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J. A. Wheeler) and quickly accepted it. Apparently this was reenforced by 
the results of his own calculation with S. Ulam and N. Metropolis 
(reported by Gamow 1952 but not published). He then turned to primeval 
turbulence(§ 4D below). 

The instability picture certainly was not abandoned during the 1950s. 
For example, Hoyle ( 1949b) used it as an argument against the big bang 
model: one might have thought we ought to have seen dense patches left 
over from very early epochs because, as he argued, the expanding universe 
is unstable. Raychaudhuri (1952) used the spherical model to argue that 
one can find a middle ground between the conclusions of Hoyle and 
Lifshitz. 

A good illustration of the rather confused state of affairs is the 
discussion at the 1958 Solvay Conference on the Structure and Evolution 
of the Universe. In a report on the theoretical situation in cosmology, 
Adams, Mjolsness, and Wheeler (1958) accepted Lifshitz's conclusion and 
proposed that condensations like galaxies form "during the stage of 
contraction towards the end of the previous oscillation" of the universe. 
Lemaitre (1958) described his ideas on cluster formation (which now 
included the thought that there is an ongoing exchange of galaxies entering 
and leaving clusters, a concept that since has not seemed promising). He 
mentioned that Bonnor had worked on this subject, but made no comments 
on the objections he and Lifshitz had raised. Hoyle (1958, p. 61) suggested 
the instability picture is not very promising: 

The formation of galaxies presents a curious problem, for the universe 
combines both expansion and condensation. This apparent contradic­
tion is overcome in Lemaitre's cosmology by arranging for the 
formation of galaxies to have occurred at an epoch when the universe 
was quasi-stationary. No such provision is made in other forms of 
relativistic cosmology, the origin of the galaxies being by-passed with 
the rather vague hypothesis that islands of higher density were 
present within the expanding cosmological material. At a certain 
stage these islands are supposed to have resisted the general expansion 
and to have condensed into stars. How and why this condensation took 
place is left in an equally vague condition. 

He suggested that in the steady state model galaxies could form by 
thermal instability: where the density happens to be high the cooling time 
is low, so the pressure drops and the pressure gradient tends to push more 
material in to enhance the irregularity. Oort (1958) was largely unaware 
of all the debate on gravitational instability. In his report he considered 
reasonable processes for the formation of a system like a spiral or elliptical 
galaxy or a cluster of galaxies in an expanding universe. He did not use the 
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jargon but he arrived at the conclusion that systems like the Virgo cluster 
might form by the gravitational instability process, while spiral galaxies 
require in addition something like primeval turbulence to account for their 
angular momenta. 

Oort's remarks on cluster formation were taken up by van Albada 
(1960) who considered the evolution of the single-galaxy distribution 
function F(r, v, t) in the self-consistent spherically symmetric potential 
well <f>(r, t). He was able to find numerical solutions that commence as 
nearly uniform, expanding with the general expansion, and end up roughly 
reproducing the density run in a cluster as well as the observed tendency of 
the line of sight velocity dispersion to decrease with increasing projected 
radius. It is interesting to see, in the proceedings of the 1961 Conference on 
Problems of Extragalactic Research, the rather vigorous objections to van 
Albada's approach because of the slow rate of growth of irregularities in an 
expanding universe (van Albada 1962, p. 427). His response 10 was that in 
the solutions the galaxy distribution nevertheless does vary from nearly 
uniform at the initial time to strongly clustered at the final time and that 
the final state does bear some resemblance to a real cluster. This recalls 
Lemaitre's original project to discover whether there is a self-consistent 
scenario of evolution that matches what is observed. As has been described 
here, people have objected in effect that if the gravitational instability 
picture were valid, it ought to be capable of giving an ab initio theory of 
galaxies, and that is not so within present fundamental theory. But we are 
left with the phenomenological approach. 

B. Clustering without preferred quantities 
Gravity physics with A = 0 does not involve any fundamental quantities 

of length, time, or mass, and the coupling constant G affords only variants 
of the one dimensionless relation as GM/rc2 or Gpt2• The Einstein-de Sitter 
model (A = p = R- 2 = 0) does not offer any fixed quantities either. It is 
not suprising therefore that in this model the dimensionless density 
contrast op/ p varies as a power of time while preserving whatever initial 
spatial shape was given (in a pure mode: § 11 ), for this is the only possible 
functional form: the relation op/p ex exp t/r, which often has been cited as 
what is wanted, is not possible because it requires the quantity r that does 
not exist in the theory. It follows that in this model we cannot hope to 
predict the masses of systems that break away from the general expansion 
or when this happens. Though this point has not often been explicitly 

'°In his 1960 paper van Albada argued that the conclusion of Lifshitz and of Adams, 
Mjolsness, and Wheeler was mistaken. It is not clear, however, whether he considered the 
important role radiation pressure played in these earlier analyses. 
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discussed, it must have been apparent to many, to judge from the many 
schemes that have been proposed to introduce fixed characteristic quanti­
ties. And it must be counted as one of the reasons people have considered 
the instability picture unsatisfactory, as one sees, for example, in Hoyle's 
comments quoted above and in the detailed discussion by Harrison 
(1967a,b). 

There are two ways to proceed. First one can consider how gravitation 
might be augmented by other effects, like fluid pressure, that in combina­
tion with gravity yield characteristic quantities like the Jeans length. That 
is reviewed in part (C) below. Second one can argue, as a virtue out of 
necessity, that the search for characteristic quantities is only a part of the 
problem and perhaps not even central to it. If we had derived the length 
~ 10 kpc from the fundamental theory to account for the nominal sizes of 
large galaxies, we would still have to account for tight groups of galaxies at 
perhaps 100 h- 1 kpc diameter, for the dense parts of rich clusters at 
~ 1 h- 1 Mpc, and for the pattern of clustering that extends beyond that to 
at least 40 h- 1 Mpc. If the theory had predicted an exponential growth of 
op/ p with time, then we would have had one characteristic time, but again 
the problem seems richer than that. Large galaxies generally are old: 
though there may be some young galaxies, the era of galaxy formation 
seems pretty well over. On the other hand, the density contrast in a 
supercluster of Abell clusters is not very large; so if the universe really is 
expanding and evolving, these systems could only have broken away from 
the general expansion quite recently. 

Characteristic quantities certainly are important: galaxies appear as 
definite objects with definite properties to account for. However, it may be 
that continuity of phenomena is the more fundamental clue. Though a 
galaxy is very different from a supercluster of galaxies, the two can be 
considered extremes of a continuous range of objects. Just as one can trace 
a continuous progression from gas to liquid phase, one can find examples of 
galaxies with double or multiple nuclei, compact pairs of galaxies, compact 
groups, looser and richer galaxy associations, and so on through a more or 
less continuous spectrum. 

Carpenter (1938) noted that in the scatter plot of radii and mean 
densities within clusters of galaxies there is a rather well-defined upper 
envelope representing the densest clusters found for each size of the form 

( 4.10) 

This led Carpenter to speculate "that there is no basic and essential 
distinction between the large, rich clusters and the smali, loose groups. 
Rather, the objects commonly recognized as physical clusterings are 
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merely extremes of a nonuniform though not random distribution which is 
limited by density as well as by population. From this point of view, the 
term 'supergalaxy' is of questionable propriety, since it implies a distinc­
tive and coherent organic structure inherently of a higher order than 
individual galaxies themselves" (1938, p. 355). De Vaucouleurs (1960, 
1970, 1971) reexamined Carpenter's relation, adjusting the power law 
index to 

'Y = 1.7. ( 4.11) 

He remarked that the typical radii and densities of galaxies fit onto this 
relation, and he left as an open question whether there is a natural division 
or gap in the spectrum of clustering between a galaxy and a compact group 
or between a compact group and a rich cluster and so on. We are presented 
with a series of physically significant lengths if there is and with the 
continuity of the clustering phenomena if there is not. 

Kiang (1967) arrived at the concept of continuous clustering from the 
attempts to model the distributions of galaxies and of rich compact Abell 
clusters of galaxies. Kiang estimated the autocorrelation among counts of 
Abell clusters counted in a mesh of cells across the sky, and he compared 
the results to a model of Neyman and Scott in which the clusters are in 
Gaussian-shaped superclusters, the superclusters being distributed 
uniformly at random. Kiang found that the best value of the supercluster 
radius (width of the Gaussian) varies with the lag angle 0 of the correlation 
function at which the model is fitted to the data: the Gaussian supercluster 
model does not reproduce the shape of the cluster autocorrelation function. 
Earlier Neyman, Scott, and Shane (1956) had found the same problem in 
fitting this Gaussian model of galaxy clustering to the galaxy autocorrela­
tion function in the Lick sample. They suggested that one may have to 
account for the clustering of clusters of galaxies, and they noted also that if 
clusters in the model overlap appreciably, the concept of an individual 
cluster may be only a convenient but oversimplified construct. Kiang was 
more direct: if there is no best value for the standard deviation u in the 
Gaussian clustering model, then perhaps one should consider "the hypoth­
esis, that clustering of galaxies occurs on all scales," with "no preferred 
sizes" (1967, p. 17). 

The same point was made by Totsuji and Kihara ( 1969) who noted that 
the galaxy correlation function Hr) (eq. 2.2) found by Neyman, Scott, and 
Shane for the Lick data approximates a power law at 10' ;S 0 ;;;3°. They 
checked these results with their own estimates of the correlation function 
at 1 ° to 3.0 They remarked that if the angular correlation function is close 
to a power law, then it is not very convenient to use Gaussian or 
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exponential functions that have characteristic lengths to model the cluster 
shapes or to fit to the spatial autocorrelation function, as earlier workers 
had done (Neyman, Scott, and Shane 1956, Limber 1954, Rubin 1954). 
Totsuji and Kihara's fit to the power law model is 

'Y ""' 1.8. ( 4.12) 

This expression was independently discovered (Peebles 1974a,b) in the 
Zwicky catalog of galaxies (Zwicky et al., 1961-68). Like Carpenter's law 
( eq. 4. IO), it certainly agrees with the idea that there is no preferred scale 
over a substantial range in the clustering. 

The autocorrelation function is a useful measure of the nature of the 
galaxy distribution, but of course it contains only very limited information, 
so there is not a unique interpretation of a given Hr). One systematic way 
to add more detailed information is to examine progressively higher order 
correlation functions. As will be described in Chapters III and IV, this 
approach proves convenient both for the reduction of the data and the 
theoretical analysis of clustering dynamics. The galaxy three-point func­
tion is known in some detail, and we have schematic estimates of the 
four-point function. The results (§ 61) are in good agreement with 
Fournier d'Albe's (I 907) picture of a scale-invariant clustering hierarchy 
(§ 3a): when the distribution is viewed with resolution r, the mass appears 
in patches of size ~ r, typical density 

'Y = 1.8. ( 4.13) 

This applies on scales as large as~ 10 h- 1 Mpc and down to and perhaps 
including that of an individual galaxy. At r 2: 10 h- 1 Mpc the indication is 
that the clustering pattern is starting to wash out into a uniform 
background (§ 2). 

Carpenter's power law expression in equation (4.10) agrees with equa­
tion ( 4.13), but we must consider that this agreement is at least in part 
fortuitous because Carpenter had in mind separate and distinct clusters, 
not a clustering hierarchy. Carpenter's relation as adapted by de Vaucou­
leurs does describe a clustering hierarchy, and it is notable that the values 
of the index 'Y found by de Vaucouleurs (equation 4.11) and established 
from the correlation functions agree very well. 

If the continuous clustering hierarchy picture is a valid first approxima­
tion, attempts to find theories of origin of specific objects may have been 
addressing the wrong question. Partly because of the continuity of the 
galaxy clustering, more importantly because of the scale invariance of the 
theory, there have been a number of discussions of possible theoretical 
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aspects of continuous clustering hierarchies. Lemaitre clearly saw that the 
growth of irregularities in an expanding universe would produce clusters 
within clusters (more specifically, galaxies within clusters of galaxies), but 
he did not pursue the general point. Layzer ( 1954) seems to be the first to 
have argued that this process would produce a clustering hierarchy. The 
scaling argument relating the shape of the power spectrum of assumed 
initial fluctuations in the early universe to the index 'Y in the clustering 
hierarchy was derived by Peebles (I 965; § 26 below). Press and Schechter 
(1974) discussed how this scaling approach might be extended to estimate 
the frequency distribution of cluster density in clusters of fixed size ~ r. 
Saslaw (1968) observed that density fluctuations associated with gravity 
might be expected to vary as a power of r, and Kiang and Saslaw (1969) 
pointed out that this effect seems to be apparent in the distribution of 
Abell clusters. Totsuji and Kihara (1969) compared gravitational cluster­
ing in the expanding universe to fluctuations at the critical point of a fluid. 
In each case, since there are no fixed characteristic quantities, one looks 
for power law behavior, and that is what they found in the autocorrelation 
function estimates of Neyman, Scott, and Shane (1956). Peebles (1974a) 
arrived at the same conclusion from the autocorrelation function for the 
Zwicky galaxies. Chapter IV deals with some attempts to enlarge on these 
concepts. 

It is tempting to compare the continuity observed here to the idea of the 
great chain of being where it was observed that there is a more or less 
linear and continuous progression from inanimate objects through the most 
primitive forms of life to the higher animals and on to angels. This fell out 
of favor roughly in the time of Darwin when it became apparent that a tree 
would be a better analogy, but it did play a useful role in making concrete 
the underlying unity among apparently diverse phenomena and the need 
for a unified theory. Of course it remains to be seen how useful continuity 
will prove here, and meanwhile there is no shortage of ideas on how to 
introduce characteristic lengths to supplement or replace it. Some of these 
ideas are reviewed next. 

C. Cosmological parameters.fluid dynamics, and the primeval fireball 
Jeans ( 1902, 1928) showed that pressure introduces a critical minimum 

length for gravitational instability. Gamow and Teller (1939) argued that 
at least roughly the same criterion applies in a uniformly expanding world 
model. Lifshitz's ( 1946) general treatment of linear perturbations of a 
Friedman-Lemaitre model took account of matter pressure, and his results 
show that the Jeans criterion does apply though he did not explicitly state 
it. Bonnor ( 1957) showed how Lifshitz's results for the case p « pc2, r « ct 
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could be derived from the Newtonian approximation, and he showed that 
the classical critical Jeans length applies in an expanding universe. 

It is curious that in the 1930s Lemaitre did not discuss how Jeans' 
argument would be modified when it was applied to an expanding world 
picture. As noted above, he concentrated on a characteristic number 
provided by the Lemaitre model: clusters were supposed to form at the 
critical density A/ 41rG during the quasi-static phase. 

Gamow and Teller (I 939) pointed out the possible role of another 
cosmological parameter. If A = 0, the time variation of the expansion 
parameter a(t) is given by equation ( 4.5). If the universe is open, the 
constant R- 2 is negative and so da / dt cannot vanish: the universe cannot 
stop expanding. In the early universe at small enough a(t), the gravity 
term on the right hand side of equation ( 4.5) dominates (because the 
density varies as a- 3, faster than the curvature term ex a- 2), so the model 
behaves like the Einstein-de Sitter case R-2 = 0. In the late stages of 
expansion of an open model, the R- 2 term dominates and gravitational 
deceleration is unimportant so small density irregularities stop growing. 
Thus the redshift Zc at the epoch of the transition between the early 
behavior where gravity dominates and the later free expansion roughly 
marks the end of the epoch of formation of bound clusters (§ 11 ). 

Gamow and Teller also tried to find an argument to explain why objects 
should not form well before Zc so that the epoch of formation would be 
fixed, but nothing convincing emerged. In 1948 Gamow suggested that in a 
hot cosmology blackbody radiation could inhibit the formation of objects 
at high redshift. He and Alpher (Gamow l 948a,b, Alpher, Bethe, and 
Gamow 1948) had remarked that in an expanding mixture of matter and 
radiation at a temperature ~ l MeV, neutron capture could build up a 
reasonable distribution of elements (PC, § V a). The mass density due to 
the radiation varies with time as a-4, one power of a faster than the 
nonrelativistic matter density because the energy of each photon varies 
as v ex a- 1, so there is a critical epoch Z,q where the mass densities in 
radiation and nonrelativistic matter are equal. Gamow supposed that 
bound systems might not be able to form at Z » Z,q because the radiation 
would resist it and that the Jeans length for the matter at Z ~ Z,q fixed the 
size of galaxies. 

It is now recognized that the role of radiation is somewhat more 
complicated than this. There is a second important redshift. Zd,c ~ 1300 
where the radiation temperature is T ~ 4000 Kand the free electrons and 
protons combine to form atomic hydrogen. Prior to Zd,c the mean path for 
Thomson scattering of the radiation is short, so matter and radiation 
behave like a single fluid. By an interesting (and perhaps ultimately very 
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significant) coincidence the present measurements indicate Zdec is roughly 
the same as Zeq (eq. 92.42). If Zdec > Zeq, then in the interval between these 
two epochs the matter moves free of the radiation, but the gravitational 
instability is suppressed because the mass density in radiation speeds the 
expansion (§ 12 below). If Zeq > Zden then in the interval between the 
epochs matter cannot fragment into lumps because radiation drag prevents 
it (§ 92 below). Either way, as Gamow recognized, the primeval fireball 
radiation plays a very important role in fixing the maximum redshift at 
which nonrelativistic bound systems can form (Peebles 1965). 

How the process of decoupling of matter and radiation at Zdec affects the 
spectrum of irregularities can be seen by writing the assumed fluctuations 
in the matter and radiation distributions just prior to this epoch as a linear 
combination of two modes, 

isothermal: op, = 0, 

op, 4 opm 
adiabatic: 

( 4.14) 

Pr 3 Pm ' 

where the subscripts refer to radiation and (nonrelativistic) matter. These 
names were introduced by Zel'dovich (I 967). In an isothermal perturba­
tion the radiation distribution is uniform, the matter distribution more or 
less irregular. In the second case the entropy per baryon is uniform, as in a 
sound wave. If photon diffusion through the matter can be ignored and if 
the wavelength of the perturbation is ;\ « ct so gravity can be ignored, the 
two types of perturbation evolve independently. 

An adiabatic perturbation oscillates, like an acoustic wave, and the 
oscillations tend to be damped by photon diffusion. Thus there emerges a 
new characteristic mass fixed by the smallest adiabatic irregularities that 
can escape strong dissipation through the decoupling of matter and 
radiation. (This was independently discussed by Silk 1967, 1968a, Michie 
1967, and Peebles 1967b). Depending on the parameters in the cosmologi­
cal model, this characteristic dissipation mass can be anywhere from that 
of a giant galaxy to that of a small cluster of galaxies (§ 92 below), the 
latter applying in a universe with low matter density. In this latter case one 
might suppose that the first objects to form were protoclusters with mass 
comparable to the dissipation mass and that galaxies formed through 
fragmentation of the protoclusters. This scheme has been discussed in 
some detail by Zel'dovich and his colleagues (Zel'dovich 1978 and earlier 
references therein, §§95,96 below). 

An isothermal perturbation with ;\ « ct is locked to the radiation 
through Thomson scattering until Zdec when the matter becomes neutral 
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and can move through the radiation. The matter temperature at Zd,c is 
known because the matter and radiation are very close to thermal equilib­
rium, so the critical Jeans mass for the matter is known (Peebles 1965, 
1969b, § 94 below), 

( 4.15) 

Isothermal fluctuations on scales smaller than this are dissipated because 
they tend to oscillate, and photon diffusion during decoupling strongly 
damps the oscillation. Thus if the initial spectrum of isothermal irregulari­
ties were fairly flat down to scales < M✓, the damping would impose a 
strong shoulder at M, and the smallest early objects to fragment from the 
general expansion would have this mass. Peebles and Dicke (1968) 
suggested these objects might be primeval globular star clusters. Dorosh­
kevich, Zel'dovich, and Novikov (1967) suggested they might become 
supermassive stars, which could serve to raise the temperature of the 
remaining matter, perhaps thereby increasing the Jeans mass to something 
more reasonable for a galaxy. 

Hoyle and Gold (Hoyle 1958, Gold and Hoyle 1959), who were 
considering the steady state model, discussed the idea that galaxy forma­
tion might be promoted by thermal instability. One could imagine that the 
newly produced matter is hot. (For example, Hoyle and Gold noted that if 
neutrons were produced, the plasma temperature would be kT ~ decay 
energy ~ 1 MeV). Then two order-of-magnitude conditions are required. 
The cooling time must be comparable to the Hubble time H- 1, so that the 
denser spots can cool relative to the mean, creating pressure holes that tend 
to push matter toward the denser spots. The velocity of sound in the gas 
must be high enough to cross the pressure hole in a Hubble time, that is, 
the Jeans length must be larger than the hole. The process has been 
discussed in some detail by Field (1965). It was applied in the big bang 
model to the scenario of Doroshkevich, Zel'dovich, and Novikov as the 
method of producing protogalaxies out of the gas heated by the first 
generation of superstars. 

A somewhat related process is thermodynamic instability. If the 
matter-radiation mixture in the early universe passed through something 
like a critical point, the thermal fluctuations in the density might be 
appreciable and, augmented by gravity, might force the development of 
structures. In the hot big bang model the most promising phase for this 
would seem to be the epoch of the decoupling of matter and radiation. 
Where the matter density is higher than average, the plasma combines to 
hydrogen faster reducing the molecular weight and hence the matter 
pressure, which tends then to increase the density irregularity. However, 
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the effect is found to be negligible (Saslaw 1967, Peebles 1969b). One 
might imagine there were more violent thermodynamic instabilities at very 
high redshift, but here the horizon at high Z encompasses only a relatively 
small baryon number, so the instability would have a negligible effect on 
fluctuations on the scale of a galaxy. 

Magnetic fields of galaxies present an interesting problem. The first 
question is whether the field existed before the galaxy (Hoyle 1958) or was 
produced in a dynamo in the galaxy (Parker 1975). If the former occurred, 
the magnetic stress could have played an important role in the formation of 
galaxies. Some aspects of this are discussed in Sections 17 and 95. 

Sciama (1955, 1964) discussed a sort of regenerative process in the 
steady state model: a galaxy moving through the intergalactic medium 
would tend to leave a wake by gravitational perturbation that might then 
contract to new galaxies. The same process must play some role in an 
evolving universe, and indeed it has been speculated that small gravitation­
ally bound clumps of matter could trigger the formation of progressively 
larger ones all the way to clusters of galaxies (Press and Schechter 1974, 
Carlitz, Frautschi, and Nahm 1973). Such a bootstrap hypothesis is 
attractive because one could then start at the very early stages of expansion 
with a universe as smooth as is allowed by the discrete nature of matter, 
which perhaps is a natural initial condition, and then imagine that the 
particles trigger the formation of progressively larger clumps through 
nonlinear interactions. However, it proves difficult to see how this process 
could work in the conventional cosmology(§ 28 below). 

Among the processes mentioned here by far the greatest attention has 
been directed to those involving the primeval fireball radiation. Indeed, the 
discovery of this radiation has greatly stimulated interest in the gravita­
tional instability picture, for, as has been described, we are given the epoch 
Z "" I 000 at which nonrelativistic objects can commence forming, we are 
given two low mass cutoffs in the spectra of linear perturbations at 
decoupling, and we are given the properties of the matter at decoupling. Of 
course, a good deal will have to be added to this before we have a theory of 
galaxies, but the situation does seem interesting. 

D. Primeval turbulence 
The main argument for this picture has been the rotation of galaxies 

(and the fact that a spiral galaxy looks strikingly like a fossil turbulence 
eddy). A second argument has been that turbulence can promote forma­
tion of density fluctuations. The major problem is that this effect is too 
efficient: it tends to produce large density fluctuations and dissipate the 
turbulence too soon. 

The primeval turbulence picture was first discussed in modern cosmol-
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ogy by von Weizsacker (1949, 1951 ). (A review of earlier speculation is 
given by Jones and Peebles 1972). Von Weizsacker discussed the possible 
role of turbulence in a broad range of astronomical settings. He suggested 
the rotation of galaxies is a residuum of primeval turbulence and that 
"in an expanding universe gravitational instability would not be sufficient 
to form sub-systems, while turbulence could do it if its velocity v, were 
large enough compared with the velocity of expansion vex'' (1951, p. 176). 
It is not clear how familiar he was with the work and controversy on 
gravitational instability in expanding world models; in any case he gave 
only a schematic treatment of cosmology. 

As was described in Section 4A, by the late 1940s Gamow had become 
convinced that gravitational instability in fact is not sufficient to form 
galaxies, and so he turned to von Weizsacker's turbulence picture (Gamow 
1952). He noted that the highly irregular space distribution of galaxies as 
revealed in Shapley's surveys and in the preliminary results from the Lick 
survey(§ 2) seems evocative of irregular primeval motions as in turbulence 
(Gamow 1953, 1954), and this led him and Rubin to a discussion of the 
galaxy autocorrelation function as a measure of the density fluctuations 
(Rubin 1954). It is interesting to note Gamow's cautionary remark on the 
other side of the problem: "Although Reynold's number for the universe is 
always sufficiently large to expect the presence of turbulent motion, it is, 
however, difficult to see how such a motion could originate in a uniformly 
expanding homogeneous material. Thus it may be well to introduce the 
primordial turbulence on a postulatory basis along with the original 
density of matter and the rate of expansion" ( 1952, p. 251 ). 

The main problem with the primeval turbulence picture is that it is 
difficult to arrange things so the turbulence does not dissipate prematurely 
forming objects at Z ~ Zdec that would be denser than galaxies (Peebles 
1971a). To see why this is, let us suppose first that radiation pressure may 
be neglected. Interesting turbulence velocities are on the order of the 
rotation velocity in a large spiral, v, ~ 300 km s - 1• The flow is close to 
incompressible if the velocity of sound exceeds v,, which means the 
temperature exceeds 3 x 106 K for a plasma of electrons and protons. If 
the temperature is much less than this, there is nothing to deflect the 
eddies: they tend to pile up in shocks. That is wanted during the epoch of 
galaxy building but of course must be avoided at higher redshifts. How­
ever, at Z ::::; 10 the characteristic time for cooling by drag by the 
microwave background is shorter than the expansion time (PC fig. VII-1 ), 
so it is hard to see why the plasma should have stayed hot. What is more, in 
the absence of dissipation v, varies as a(t)- 1 ex (1 + Z) (§ 90): the higher 
the redshift the greater v, and the harder it is to see why matter did not pile 
up into lumps well before galaxies could have existed. Ozernoi and Chernin 
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(I 967, I 968) pointed out that the primeval fireball radiation offers a 
partial solution. At redshifts Z > Zdec matter and radiation act like a single 
fluid with velocity of sound comparable to the velocity of light, so 
nonrelativistic turbulence is subsonic and catastrophic shock formation is 
avoided. There is still the problem that in the conventional models matter 
and radiation decouple at a redshift ~ 1000, too early for galaxy 
formation. Thus a nice balance of parameters is needed if primeval 
turbulence is to assist but not overwhelm galaxy formation. 

Another less direct problem is that the incompressible turbulence 
assumed to exist at Z ~ 1000 can be traced back to diverging fluctuations 
in space curvature at high redshift, t-+ 0 (§ 90). This is an unsatisfactory 
situation: the assumed primeval currents cause chaotic fluctuations in the 
geometry at the time of the big bang, but yet it has been arranged for the 
mass density to be accurately homogeneous as it comes into view on the 
horizon. 

E. Alternative scenarios 
In all the above discussion it has been assumed that the general 

expansion of the universe plays a central role in setting the framework 
within which structure develops. There will have to be considerable 
progress in the theory and observations before it will be clear whether that 
is so, and meanwhile it will be well to bear in mind that very different 
approaches are conceivable. The most actively discussed of the alternatives 
might be labeled the white hole scenarios. As examples, McCrea (1964) 
and Hoyle (I 965) discussed the idea that old galaxies might produce new 
ones by ejecting "embryos," or by "calving," perhaps in the manner of an 
iceberg. Hoyle and Narlikar (1966) considered the idea that, in the steady 
state concept, matter is produced not at a steady rate but in cyclic bursts, 
which might be concentrated in spots where there already is matter, 
thereby producing giant elliptical galaxies. Novikov (1964b) and Ne'eman 
(I 965) have discussed the idea of time-reversed black holes, perhaps spots 
where the big bang was substantially delayed. 

On the observational side, Ambartsumian ( 1958, 1965) and Arp ( 1970) 
have discussed the evidence of ejection of objects from nuclei of galaxies. 
That ejection occurs is undoubted. Much more difficult to establish is 
whether this is new matter or debris that settled in the nucleus and then 
exploded. 

There has been relatively little detailed exploration of the possibilities 
offered by such alternative scenarios, and probably it is only realistic to 
expect there will not be until it becomes fairly clear to most people that the 
conventional lines of thought are not productive. 
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5. SUMMARY 

The inhomogeneity of the universe has played a curious role in the 
history of the modern cosmology. In the earliest discussions the clustering 
of matter attracted considerable attention, first as the possible cause of 
expansion of the universe away from the Einstein state, then in Lemaitre's 
study of the evolution of irregularities in an expanding universe. In the 
interval from approximately 1935 to 1965 a number of people more or less 
independently reinvented Jeans' and Lemaitre's concept that the universe 
tends to grow more irregular, but there was no thorough discussion: the 
homogeneous models held center stage. The present general revival of 
interest is due to the greatly improved observations in cosmology in general 
and in the measurement of the clustering of matter. The options for the 
theorist have been reduced somewhat and the problem made considerably 
more interesting. 

In the early 1930s the large-scale homogeneity of the visible universe 
was accepted by cosmologists with what now seems undue haste, despite 
the warnings of astronomers. As it has turned out, however, precise tests 
have emerged and the results do agree with the assumption: the indication 
is that the large-scale structure of the universe is very simple. Following 
Einstein's argument from Mach's principle and Milne, one can think of 
this remarkable concept as a physical principle, though it is a principle of 
an unusual sort since it applies only in the sense of a space average and it 
addresses just the one phenomenon. Milne's cosmological principle quickly 
became a standard catch phrase and it still is. When it was introduced, it 
served another function: in reaction people asked whether homogeneity 
really is enforced by general relativity theory. The tentative answer at the 
time was that it is not, and despite later independent approaches the 
present indication still is that the large-scale homogeneity of the universe 
could not have been predicted from established fundamental theory. This 
leaves us with the view that homogeneity must be accepted as a phenome­
non to be explained by some future deeper theory. 

It also means that we cannot hope to deduce the existence of galaxies 
from known physical principles because we do not know how to specify 
initial conditions. So we are left with Lemai'tre's program: try to find the 
character of density fluctuations in the early universe that would develop 
into the irregularities we observe. This is a rich problem and becoming 
richer as we learn more about the details of the phenomena to be 
reproduced. There has been some resistance to Lemaitre's program, partly 
due to misunderstandings, partly because the fundamental theory seemed 
not to be helping since it does not offer any characteristic quantities (if one 
takes R- 2 = A = 0). In recent years the situation has developed in two 
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rather different ways. The primeval fireball radiation does fix some 
characteristic quantities, and one approach has been to invent scenarios 
that make important use of them. The second development is based on the 
observation that, by some measures, galaxy clustering does not offer any 
characteristic quantities. Perhaps the scale independence of the theory 
should be exploited, with quantities like a galaxy radius added as a detail. 

One could imagine several possible results from Lemaitre's program. 
Perhaps our universe is as smooth as is consistent with the discrete nature 
of matter and the attendant minimum perturbations in the early universe. 
Perhaps the strongly nonlinear behavior of the present clustering has 
erased most details of initial conditions: the universe ends up looking much 
the same under a fairly broad range of initial values. A more traditional 
idea is that we shall be presented with fluctuations of rather definite 
character in the early universe and that this will be an important datum for 
some future fundamental theory of the big bang. Or the detailed analysis 
of theory and observation may reveal that the general concepts we have 
adopted cannot account for the phenomena, that the history of irregulari­
ties must be quite different from what has been assumed. This last result 
certainly would have to be counted as progress and possibly as a necessary 
prerequisite to forcing us onto other paths. 
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II. BEHAVIOR OF IRREGULARITIES 
IN THE DISTRIBUTION OF MATTER: 

NEWTONIAN APPROXIMATION 

6. NEWTONIAN APPROXIMATION 

Discussion of how irregularities in the matter distribution behave in an 
expanding universe is greatly simplified by the fact that a limiting 
approximation of general relativity, Newtonian mechanics, applies in a 
region small compared to the Hubble length cH- 1 (and large compared to 
the Schwarzschild radii of any collapsed objects). The rest of the universe 
can affect the region only through a tidal field. Though the point was 
clearly made by Lemaitre ( 1931 ), it has not always been recognized that 
the Newtonian approximation is not a model but a limiting case valid no 
matter what is happening in the distant parts of the universe. Because of 
the importance of this result, it is discussed here at some length. A 
different approach based on linear perturbations to the Robertson-Walker 
line element is described in Chapter V (§ 84). 

In general relativity events in space-time are labeled by the four 
coordinates x;. The numerical values of the coordinates have no meaning: 
the proper distance or proper time interval between events separated by 
coordinate interval dx; is determined by the ten elements of the metric 
tensor gij(x) through the line element 

(6.1) 

The change of coordinates / = / (x1 ) changes the components of the 
metric tensor and the coordinate interval dx; between two given events 
according to the transformation equations 

. a/ . dy' = - .dx1. ax1 
(6.2) 

One sees that ds is unchanged. This is the invariant interval measured by a 
physical rod or clock(§ 81). 

If space-time is flat, coordinates can be chosen so gij everywhere is the 
Minkowski form, 
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(6.3) 

along the diagonal, with zeros off the diagonal. In curved space this is not 
possible, but one can simplify the description of a small patch of space­
time by choosing coordinates so g;j and its first derivatives agree with the 
Minkowski form at one point, 

(6.4) 

for these are 10 + 4 x 10 = 50 equations to be satisfied by the choice of 
the transformation coefficients 

(6.5) 

4 x 4 + 4 x 10 = 56 in all, 6 more than needed. To make g;j,kl = 0, we 
would add IO x 10 equations for a total of 150 to be satisfied by the choice 
of 56 + 80 = 136 transformation coefficients plus first and second 
derivatives. Since there are fewer coefficients than equations to be satis­
fied, this is not generally possible. 

To make the components of g;j satisfy equations (6.4) along the path of 
some observer, we must satisfy the IO conditions gu = 7/;j along the path and 
the 10 x 3 conditions that the derivatives normal to the path vanish, 40 in 
all. We can choose the 16 coefficients ay;/axj and the 4 x 6 second 
derivatives of y normal to the path, just enough to let us expect we can 
satisfy the conditions. The path of the observer is given, say x; (,\), so the 
path in the new coordinates is now determined, 

di ay; dxj 
d,\ = axj d,\ . (6.6) 

If, as will be assumed, the observer is freely moving, the path follows the 
geodesic equations of motion, 

d dyj I dyj dyk 
ds g;j ds = 2 gjk,; ds ds · (6.7) 

The coordinates at the starting point can be oriented so the observer is at 
rest at ya = 0, 

di ; 
ds = Oo, (6.8) 
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and equations (6.4) and (6.7) give 

(6.9) 

so the observer stays at y"' - 0. 
In these locally Minkowski coordinates the line element in the neighbor­

hood of the path is 

(6.10) 

so the coordinates are locally orthogonal with coordinate space and time 
intervals agreeing with proper intervals, and of course the acceleration of a 
free particle at the origin vanishes so the gravitational acceleration has 
been transformed away. The measured acceleration of a particle a small 
distance r away from the world line is described by the field equations as 
follows. 

The metric tensor can be written as 

( 6.11) 

where hiJ is small, hiJ ~ r2, in some region around the path. In this region 
Einstein's field equations are simple because the standard weak field linear 
approximation applies. (This is so no matter how large the second 
derivatives of g because in the field equations second derivatives appear 
only to the first power, and nonlinear terms like g;g,j are negligible 
compared to g_;j at small enough x.) On using the fact that in the locally 
Minkowski coordinates all time derivatives of gij and giJ,a vanish along the 
path x"' == 0, one finds from the standard weak field approximation (e.g. 
Landau and Lifshitz 1979, eq. 105.9) 

I .. 2 
Roo - - -11'1 (hoo - ho ·o - ho•o + hoo··) - 'v <I> 2 I), I ,J J ,I ,I) r , 

( 6.12) 

Then the zero-zero component of the field equations for an ideal fluid with 
mass density p, pressure p, and velocity v « c becomes 

(6.13) 

For completeness the cosmological constant A has been added; apart from 
some special sections below, A will be set equal to zero. 
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The geodesic equations (6.7) in the limit v « c, h « 1 are 

(6.14) 

Equations (6.13) and (6.14) are the standard equations of Newtonian 
mechanics, except that if there is an appreciable radiation background, one 
must take account of the active gravitational mass associated with the 
pressure, and of course if A =I- 0, there is the cosmic force Ar /3 between 
particles at separation r. 

Equations ( 6.13) and ( 6.14) apply to any observer outside a singularity, 
though depending on the situation, the region within which these equations 
apply need not contain much matter. The region can be extended by giving 
the observer an acceleration g" to bring the observer to rest relative to 
distant matter, which adds the term gar" to <I>, and then by patching 
together the results from neighboring observers. This works (the accelera­
tion and potentials can be added) as long as relative velocities of observers 
and observed matter are« c and <I>« c2 (eq. 6.12). For a region of size R 
containing mass M - pR 3 with density p roughly uniform, this second 
condition is 

( 6.15) 

In the Friedman-Lemaitre models Hubble's constant is(§ 97) 

( 6.16) 

(if one assumes A is negligible and the density parameter Q - 1 ), so 
equation (6.15) indicates 

R « cH-' - 3000 Mpc - 1028 cm. ( 6.17) 

That is, the region must be small compared to the Hubble length. Since the 
expansion velocity is u = Hr, this condition also says u « c. 

The Newtonian approximation can fail at much smaller R if the region 
includes a compact object like a neutron star or black hole, but one can 
deal with this by noting that at distances large compared to the Schwarz­
schild radius the object acts like an ordinary Newtonian point mass. It is 
speculated that in nuclei of galaxies there might be black holes as massive 
as 109 M0 , Schwarzschild radius -1014 cm. If this is an upper limit, 
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Newtonian mechanics is a good approximation over a substantial range of 
scales, 

1014 cm« r « 1028 cm. ( 6.18) 

7. PARTICLE DYNAMICS IN EXPANDING COORDINATES 

It is often convenient to describe the matter distribution and motion in 
terms of the departure from the mean homogeneous and isotropic world 
model. In this background model the proper separation of two particles 
varies with time as 

r = a(t)x, (7. I) 

where x is constant for the pair and, because of the homogeneity and 
isotropy, the expansion parameter a(t) is a universal function of proper 
world time. To simplify the discussion it will be assumed for the moment 
that p « pc2, A= 0. Then equation (6.13) implies that an observer in the 
background model at r ,,, 0 measures potential 

where Pb(t) is the mean mass density. On using equation (7.1) with the 
equations of motion ( 6.14 ), one finds the cosmological equation 

(7.2) 

Equation (7 .1) is a change of variables from proper locally Minkowski 
coordinates r to expanding coordinates x comoving in the background 
model. In these latter coordinates the proper velocity of a particle, relative 
to the origin, is 

u =ax+ xa, (7.3) 

so the Lagrangian for the particle motion is 

.£, = 1/2 m (ax + ax) 2 - m<I>(x, t). (7.4) 

The canonical transformation 

L _, L - dy;/dt, (7.5) 
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reduces the Lagrangian to 

(7.6) 

with 

(7.7) 

The field equation ( 6.13) for the new potential¢ is 

(7.8) 

where the gradient is with respect to x (while in equation (6.14) the 
gradient is with respect tor= ax). With equation (7.2) this becomes 

(7.9) 

The equations of motion from (7.6) are 

dp 
dt = -mv¢. (7. 10) 

The proper peculiar velocity of the particle is 

v = ax. (7 .11) 

This is the velocity measured by an observer at the particle position and at 
fixed x: that is, v is the motion relative to the background model. 
According to equation (7.10), 

dv a v¢ 
~+v-=--. 
dt a a 

(7 .12) 

If¢ == 0, pis constant and v decays as a- 1• This should not be attributed to 
some cosmic force; it is simply a result of the coordinates change. The 
peculiar velocity v is measured relative to an observer comoving in the 
background model. A freely moving particle always is overtaking comov­
ing observers that are moving away from it due to the general expansion, so 
v decreases. 

The source of¢ is the contrast p - Pb (eq. 7.9). This is as it should be 
because if there are no irregularities, p - Pb vanishes and each particle 
remains undisturbed at fixed coordinate position x. 
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There may be, in addition to the irregular distribution of nonrelativistic 
matter, a smooth background sea of radiation or zero mass neutrinos. If 
<jJ « c2, the perturbation to this relativistic background by <jJ is negligible, so 
the density can be taken to be strictly uniform. Taking account also of A, 
one sees from equations ( 6.13) and ( 6.14) that equation (7 .2) becomes 

and equation (7 .8) is replaced with 

'7 2</J = 41rG(p + 3pb/c2 )a2 - Aa2 + 3a ii 

= 41rG[p - Pb(t)]a2• 

(7 .13) 

(7 .14) 

As before, the source for <jJ is the fluctuating part of the nonrelativistic 
matter density; the homogeneous relativistic part and A cancel out. 

8. THE PECULIAR ACCELERATION 

The solution to equation (7 .9) for the potential is 

A.()= -G 2Jd3 ,p(x') - Pb 
'+' x a x I , I . 

X - X 
(8. I) 

Since p(x) - Pb is supposed to fluctuate around zero in a statistically 
uniform way through space (a spatially homogeneous and isotropic 
random process) with correlation length« cH- 1, the integral converges to 
a definite value before Ix' - x I reaches the horizon. Of course, one can add 
to equation (8.1) a source-free part. The term <Pa(t)xa would represent a 
uniform acceleration, which is removed by choice of the velocity reference 
frame. The term <Pa13 (t)x"x 13 with <Paa = 0 could represent the tidal field in a 
homogeneous anisotropic cosmological model; however, the universe is 
observed to be isotropic to high precision, so this will not be discussed. It 
could also represent a gravitational wave with long wavelength (and by 
using a fuller relativistic approximation one can describe gravitational 
waves with shorter wavelength; § 83). 

If one assumes gravitational waves can be ignored, the peculiar acceler­
ation is (eq. 7.12) 
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If we specify that the integral is first over angles at fixed Ix' - x I, then over 
Ix' - x I, we can rewrite it as 

J 3 , , x' - X 

g ~ Ga d x p(x) Ix' - x 13 ' (8.3) 

and in the point particle picture, where 

(8.4) 

we have 

(8.5) 

The sum in general is not well-defined; the answer depends on how the 
terms are ordered. The prescription from equation (8.3) is that the sum is 
in order of increasing I xj - x I. Under the assumption that the particle 
distribution is a spatially homogeneous and isotropic random process with 
correlation length « cH- 1, this sum converges to a definite value well 
within the relativistic horizon. 

Because of the boundary condition on the sum the usual law of 
conservation of motion of the center of mass is modified (Clutton-Brock 
and Peebles 1980). Consider a model universe that is homogeneous 
everywhere except inside the surface ~- The acceleration of particle i in ~ 
is given by equations (7.12) and (8.5), and this equation summed over all 
particles in ~ is 

Because of the conditions on the sums, we cannot exchange the order and 
conclude that the expression vanishes. We can translate the sums to 
integrals with density p(x) ~ Pb + bp(x) to get 

The integrals are over the region of~- Here we can exchange the order of 
integration, and we see that the integral must vanish only in the limit 
~--+=. 
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Finally, let us generalize equation (7.6) to the Lagrangian for all 
particles in the universe. Equations (8. 1) and (8.4) give 

(8.8) 

where the integral excludes x 1 - x2 • The factor of 1/2 appears in U because 
each particle appears twice, from the integral over x 1 and the integral over 
X2. 

9. Two MODELS: THE VLASOV EQUATION AND THE IDEAL FLUID 

Two models for the matter are standard and convenient. One can 
imagine that the particle mean free path is short and matter can be 
described as an ideal fluid. In the other extreme one supposes that the 
particles interact only by gravity, so that the mean free path is very long; 
the particles might be stars or galaxies. This second case will be discussed 
under the further assumption that the particles can be considered moving 
in the potential <I> of a smoothly varying particle density function. The more 
general case considering the individual interaction of each particle with 
every other particle is discussed in Chapter IV. 

A. Vlasov equation 

One imagines a sea of identical particles, each moving without collisions 
in the potential <I> of the smooth space density function. The distribution of 
particles in position and momentum (eq. 7.10) is 

The proper mass density is 

p(x, t) - ma- 3 J d 3pf (x, p, t) 

== Pb(t)[I + o(x, t)], 

(9.1) 

(9.2) 

Herem is the particle mass, the factor a- 3 is the conversion to proper space 
density, p6 is the mean mass density, and o is the dimensionless density 
contrast. 
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By Liouville's theorem f is constant along a particle trajectory in phase 
space (eqs. 7.10): 

af p af 
- + - · Vf - m'vq; · - = 0. at ma2 ap 

(9.3) 

This with equations (9.2) and (7.9) completes the description. 
A standard way to deal with equation (9.3) is to take velocity moments. 

The result of integrating over p and using equation (9 .2) is 

3 ao 1 J 3 a Pb - + 2 'v · pfd p = 0. at a 
(9.4) 

The last term from equation (9.3) vanishes by integration by parts. The 
local mean or streaming velocity is 

J (p/ma)fd 3p 
V=------1 fd 3p 

(9.5) 

which in equation (9.4) gives 

ao 1 
Pb - + - 'v • pv = 0. at a 

(9.6) 

The first moment of equation (9.3) is the result of multiplying the equation 
by p and integrating over momentum, 

This expression in equation (9.4) yields 

The mean value of the product u"u~ for the particles found in a small patch 
around xis 

(9.9) 
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and this in equation (9.8) gives 

B. Ideal fluid 

The standard equations for an ideal fluid are 

(ap) + 'v · pu = 0 at r r ' 

(9.11) 

The subscript r indicates the spatial variable is the proper distance r from 
some chosen origin, while u is the proper velocity relative to the origin. This 
is related to the peculiar velocity v by ( eqs. 7 .3, 7 .11) 

u =ax+ v(x, t) = (a/a)r + v(r/a, t). (9.12) 

On changing variables from r to x = r / a, one sees that the first term in the 
mass conservation equation (9.11) becomes 

(a) ap a - p(r/a(t), t) = - - -x • 'vp, at r at a 
(9.13) 

while equation ( 9 .12) in the second term gives 

1 3a a 
'v, • pU = - 'v • pV + - p + - X • 'v p. (9.14) 

a a a 

The sum of equations (9.13) and (9.14) is 

ap 3a 1 
- + - p + - 'v • pv = 0. at a a 

(9.15) 

This is the mass conservation equation in the expanding coordinates. The 
result of applying the same change of variables to the second of equations 
(9.1 I) is 
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av 1 a I 1 ( 1 2 ) iix + - + - (v • 'v)v + -v = - - 'vp - - 'v </> - - aiix . at a a pa a 2 
(9.16) 

The potential has been replaced with </> (eq. 7.7), and one sees that this 
cancels the leading term on the left side. The results are the fluid equations 
in expanding coordinates, 

av 1 a 1 1 
- + - (v • 'v)v + -v = - - 'vp - - 'v</>, at a a pa a 

(9.17) 
ab 1 
- + - 'v · ( 1 + o)v = 0. at a 

The second equation follows from equation (9.15) with the definition of the 
dimensionless density contrast bin equation (9.2). 

Equations (9.17) can be compared to equations (9.6) and (9.7). As in 
equation (7.12), there is a term (a/a)v that comes from the expanding 
coordinates, and the source for the peculiar acceleration 'v </> is the density 
fluctuation pbb. As was remarked in Section 7, these equations apply when 
A -:/:- 0 and there is a uniform background of relativistic matter, where pb(t) 
is the mean density due to the nonrelativistic particles or fluid. 

Equations (9.17) can be combined into one expression that corresponds 
to equation (9.10). The result of multiplying the first equation by p and the 
second by v and adding is 

a 1 a 
-(pv") +--(pv"v/3) + 4pv"a/a = --'vp/a - p'v¢ja. (9.18) 
at a axfi 

The divergence of this equation is 

(9.19) 

To apply equations (9.10) or (9.19), one must find some way to deal 
with the last term in either expression. In the linear approximation 
discussed next the term is dropped. It can be approximated by using the 
assumption that the distribution in p has zero skewness about the mean 
(van Albada 1960, Davis and Peebles 1977). Other applications of these 
equations are discussed in Sections 18 and 27. 
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10. LINEAR PERTURBATION APPROXIMATION FOR o 

It is assumed here that the matter is only slightly perturbed from the 
background cosmological model. This may be true at some epoch in the 
early universe, and, as discussed in Section 28 below, the results may give a 
good description of the behavior of matter on large scales even when there 
is strongly nonlinear clustering on small scales. 

If 

o « 1, (vt/d) 2 « o, (10.1) 

where d is the coherence length for spatial variations of o, v is the 
characteristic fluid velocity and t is the expansion time ~( Gph )- 112 , 

equations (9.17) and (9.19) can be reduced to the linear perturbation 
equations 

ao 1 
- + - 'v • V = 0. at a 

(10.2) 

Equations (9.6) and (9.10) that describe particles with long mean free 
path become in this approximation. 

ao 1 
- + - 'v · V = 0. at a 

(10.3) 

Here there is, in addition to the streaming velocity v, the rms particle 
velocity v0 and from (9.10) the condition 

v0 t / d « 1. (10.4) 

In the ideal fluid case there is a microscopic rms particle velocity v0 , and 
when it exceeds this limit, o oscillates like an acoustic wave (§ 16). Of 
course, this is not possible if the particle mean free path is longer than d 
because the particles move directly across the irregularity and tend to 
erase o. 

A simple way to derive solutions to equations (10.3) when there is 
negligible relativistic background mass density is to use Lemaitre's obser­
vation that in a spherically symmetric perturbation with zero pressure, 
each mass shell moves like a separate homogeneous world model (§ 3C). 
Thus the fractional difference between the p(t) for homogeneous models 
with slightly different parameters is a valid o(t). Two solutions are 
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generated this way, which is a complete set (Zel'dovich I 965a, Guyot and 
Zel'dovich 1970). 

It is readily seen that this method reproduces equation (10.3). The 
neighboring world models are ab(t), Pb(t) and a(t), p(t) with 

(10.5) 

The cosmological equation for a(t) is ( eq. 7 .13) 

d 2a 4 A 
- = - -1rGpa + -a. 
dt 2 3 3 

(10.6) 

The result of substituting equations (10.5) in (10.6) and keeping only the 
terms linear in " is 

(10.7) 

as before. It follows that if a(t, a) represents a family of solutions to 
equation (10.6), labeled by the parameter a, then a solution to equation 
(10.3) is 

1 aa 
fj (X -- • 

aaa (10.8) 

Using Pb ex a- 3, one sees that the first integral of equation (10.6) is 

(10.9) 

where the constant of integration is the curvature term R- 2• This gives 

f a da 
t = x1i2 - c, 

where C is the second constant of integration. The results of differentiating 
this equation with respect to the constants of integration, at fixed time, 
are 

(10.11) 
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and so, according to equation ( I 0.8), the two solutions are (Heath 1977) 

(10.12) 

It is a straightforward though tedious calculation to verify by direct 
substitution that 02 is a solution to equation (10.3) (if a satisfies equation 
(10.9) and Ph ex a- 3 ). Then 01 is easily checked by writing 01 = f (a) o2 (a) 
and substituting in equation (10.3). 

It might be noted that the behavior of o in this linear approximation is 
local: the evolution at a given spot x depends only on the initial values of o 
and do/dt at x. That is so even though the gravitational field g depends on 
an integral over the mass distribution because what is relevant is the 
divergence of g, which of course depends on the local density. It is evident, 
therefore, that the same local behavior will be found in the full relativistic 
theory (Chapter V below). The evolution of o is nonlocal in second order 
(§ 18). 

11. SOLUTIONS FOR o(t): p = A = 0 

If the pressure is negligible, equation (10.2) agrees with (10.3) for the 
density contrast: 

a20 a ao 
- + 2 - - = 41rGp o. at2 a at b 

(11.1) 

The solutions discussed here are for models with A = p = 0 with no 
relativistic background. Then the cosmological equation (10.9) is 

(11.2) 

Here a0 is the present value of the expansion parameter, and the density 
parameter 00 , which is fixed by R-2, is the ratio of the present mean mass 
density to the mass density in an Einstein-de Sitter universe with the same 
Hubble constant H0 = a0/a0 (Appendix, eqs. 97.3, 97.12). 

A. Einstein-de Sitter model 
At small enough a, where 

(11.3) 
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equation ( 11.2) reduces to the Einstein-de Sitter case 

Since Pb ex a-3, the solution to this equation is 

a ex t2f3, 

and equation (I 1. 1) becomes 

a20 4 ao 2 
-+--=-() 
a12 3t at 31 2 • 

(I 1.4) 

(11.5) 

(11.6) 

This is homogeneous in t, so the solutions are powers of time. On trying 
o ex t" in equation ( 11.6), one finds 

o = A(x)t 213 + B(x)t- 1• (11.7) 

B. Open model 

If Q - 1 is not negligible, one way to proceed is to use equation (11.2) to 
change the independent variable in equation ( 11.1) from t to a (Meszaros 
1974, Groth and Peebles I 975). With the new variable (eqs. 11.2, 97.20) 

one finds 

d 2o (3 ± 4x) do 3o 
-+---------=0 
dx2 2x(l ± x) dx 2x 2(1 ± x) ' 

(11.8) 

(11.9) 

where the upper sign refers to an open model Q < 1, the lower to a closed 
model Q > 1. In the closed model x = 1 at maximum expansion, a= 0 (eq. 
11.2). In the open model x = I marks the transition from the early stage 
where the expansion is close to the Einstein-de Sitter model and the late 
stage of nearly free expansion. 

The solutions to equation ( 11.9) can be expressed as hypergeometric 
functions, but it is easier to use equation (I 0.8) and the parametric 
solution for a(t) to get the growing solution. 

For an open model the parametric solution is 
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a= A(cosh 71 - 1), t = B(sinh 71 - 71), 

53 

(11.10) 

where A and Bare constants. This expression in equation ( 11.2) gives 

(11.11) 

so equation (11.8) is (eq. 97.23) 

(11.12) 

where Q is the density parameter at epoch 71. With some manipulation one 
can express this equation in the forms 

cosh 71 = 2x + I , 

cosh (71/2) = (1 + x) 112 , sinh (71/2) = x' 12 , (11.13) 

71 = 2 ln [(I + x) 112 + x 112 ] = -2 ln [(1 + x)'/2 - x'l2 ]. 

The result of differentiating the second of equations ( 11.10) with respect to 
IR I at fixed t and using equation ( 11.11) is 

a11 3 sinh 11 - 11 

a I R I = - IRI cosh 11 - I ' 
(11.14) 

and so the first of equations (I 1.10) gives 

1 aa 3 sinh 71 (sinh 71 - 71) o rx - --- rx D, = -----~- - 2. 
a a I RI ( cosh 11 - I) 2 

(11.15) 

This is the growing solution in terms of the parameter 71 of equation 
(I 1.10). It was derived by Weinberg (1972) and Edwards and Heath 
(1976). With equations (11.13) the variable can be changed from 71 to x rx 
a(t) to obtain the form derived by Groth and Peebles (1975), 

3 3(1 +x) 112 

D,(t) = 1 + - + 312 In [(I+ x)'/2 - x 112 ]. (11.16) 
X X 

The decaying solution follows directly from equation (10.12). From 
equations (11.2) and (11.8), we have 
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X = a2 ex (I + x)/x, a <XX, 

so 

(11.17) 

This equation was derived by Guyot and Zel'dovich ( 1970). 
At x « I, where the expansion approximates the Einstein-de Sitter 

model, equations (11.16) and (11.17) are 

D = 2x = ~ (3r)2
/

3 

I 5 5 2 ' 
I 2 

D2 =~=-3 , 
X T 

x« I, (11.18) 

where r is the dimensionless time 

3t sinh 7/ - 7/ 
T = = 

81rGpa3 IR 1
3 2 

(11.19) 

Equations (11.18) agree with the Einstein-de Sitter case in equation 
(11.7), as expected. For x » l where the model is freely expanding, the 
solutions approach 

X » J. (11.20) 

In this limit the density perturbation has stopped growing. Thus starting in 
the very early universe, where the density parameter is fl; "" I and X; = 

n;- 1 - I (eq. I 1.8), one finds the total factor by which the growing mode 
increases is 

o(oo) 5 5 
--=-=----

2(Q;-I - I). 
(11.21) 

The universe expands by the factor ~(fl;- 1 - I )- 1 before Q appreciably 
differs from unity and o grows by a like factor. 

It is interesting to compare the solutions in equations ( I 1.16) and 
(11.17) to the power law solutions in equation ( 11.18) when x--+ I and the 
model starts to deviate from the Einstein-de Sitter model. At x = l, 
Q = 0.5 (eq. 11.12), half the Einstein-de Sitter density, 7/ = 1.763 (eq. 
11.12), r = 0.533 (eq. 11.19), and the small x approximations evaluated at 
this time give 
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(11.22) 

quite close to the exact solutions in equations (11.16) and (11.17) at the 
same r, 

D1 = 0.261, D2 = 1.41. (11.23) 

During the expansion from x = 1, n = 0.5 to x ___. oo, n ___. 0, the growing 
solution D1 increases by the additional factor (0.261)- 1 = 3.8. At x = 9, 
n = 0.1, the time is r = 7. 7, and D1 = 0.69, 30 percent of its final value. 
The growth of linear density fluctuation thus is quite strongly suppressed 
once n falls below 0.1. 

C. Closed model 
The equations describing a closed model are obtained by setting 

A= -A', B = iB', 

R = iR', X = -X'. 
(11.24) 

The first two lines of equation (11.13) give 

sin r, = ±2(x(l --- x)) 112; tan r,/2 = ±(x/(1 - x)) 112; 

r, = 2 tan- 1 [x/(1 - x)] 112 ; 211' - 2 tan- 1 [x/(1 - x)] 1/2. 
(11.25) 

1n each equation the first case applies in the expanding phase, 0 < r, < 11', 
the second in the contracting phase, 1l' < r, < 211'. On using equations 
(11.24) and (11.25) in equation (11.15) and reversing the sign to make the 
solution positive, one finds the growing solution (Groth and Peebles 1975) 

3 3(1 - X)l/2 ( X )1/2 
ocxDi=-1+-- 3/2 tan- 1 -- ' 

X X 1-X 
0<r,<1l', 

I 3(1 _ x) 1/2 [ _ 1 ( x )1;2 ] 
= - 1 + - 312 tan -- - 1l' , 

X X 1 - X 

(11.26) 

1l' <,,, < 211'. 

An initially decaying solution follows directly from equations ( 11.17) and 
(11.24), 

(11.27) 
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where again the upper sign applies in the expanding phase, the lower sign 
in the contracting phase. A solution that decays to zero at the moment of 
the final singular collapse is 

(11.28) 

This is the first solution D1 reversed in time. 
The limiting value of D1 at small x given in equation ( 11.18) applies 

here as well. At the epoch of maximum expansion, x = I, r = 1r /2. This 
approximate solution gives 

D ~ - - = 0.71 2 (37)2/3 

I 5 2 , (11.29) 

while the exact solution in equation (11.26) is 

(I 1.30) 

During the collapsing phase as x-. 0 and the universe approaches the 
singularity, D1 diverges as 

31r 21r 
D1 ""--rfi.~--. 

X 7r - T 

12. SOLUTIONS FOR o(t): EFFECT OF A UNIFORM 
RADIATION BACKGROUND 

(11.31) 

There is a very uniform microwave radiation background (presumably 
the primeval fireball radiation left over from the early universe, PC, 
Chapter V), and there could also be a uniform background of degenerate 
zero mass neutrinos or gravitational radiation. This background energy is 
very weakly coupled to matter, and the irregular matter distribution on 
scales « ct causes negligible gravitational perturbation in it because the 
potential is I</> I« c2. However, it does affect the development of irregulari­
ties in the matter distribution because it speeds the expansion of the 
universe. 

The effect is computed here under the simplifying assumption that the 
universe is cosmologically flat or close to it, R- 2 negligible in equation 
(11.2). It is assumed also that the scale of irregularities is A « ct, so the 
background energy can be taken to be accurately homogeneous. The case 
A;;:; ct is discussed in Chapter V (§ 86). 

The expansion rate is 
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ii2 8 
a2 = 3 1rG(µ + &'), 

(12.1) 

Here µ is the mean density of the zero pressure matter and &' .is the mass 
density in the relativistic background. Because of the dosmological 
redshift, the energy of each photon (or zero mass neutrino or graviton) 
varies as a(t)- 1 and the number of quanta per unit proper volume varies as 
a(t)-3, giving 8 oc a- 4 (eqs. 97.15, 97.16). 

If the matter pressure is negligible and there is no drag force between 
matter and radiation, the linear perturbation equation is the same as 
before, 

(12.2) 

where o = oµ/ µ is the fractional density contrast in the nonrelativistic 
matter. A convenient change of variables is 

y = µ/8 = a/a,q, (12.3) 

where a,q is the value of the expansion parameter at the epoch whenµ = &'. 
At y « 1, 8 fixes the expansion rate; at y » 1, µ dominates. On changing 
the independent variable in equation ( 12.2) from t to a to y, by using 
equations (12.1) and (12.3), one finds (Meszaros 1974, Groth and Peebles 
1975) 

d 2o 2 + 3y do 3o 
-+--------=0. 
dy 2 2y(l + y) dy 2y(l + y) (12.4) 

This equation cannot be solved by the trick used in Section 11 because 
the radiation does not follow the perturbation to the matter. (In the limit 
X » ct the trick does generate solutions; § 86). One can find a solution by 
trying d 2o/ dy 2 = 0. The result is Meszaros' solution 

oocD1 = 1 + 3y/2. ( 12.5) 

This is the growing perturbation. One can then find the second solution by 
writing 

(12.6) 
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This reduces equation (12.4) to 

or 

f" 
f' 

2 + 3y 
2(1 + y)' 

f = - J dy/[y(I + 3y/2)2(1 + y)l/2], 

which can be integrated, giving 

( 3y) [(I +y)I/2+ l] 
oa:D2= 1 +2 In (1 +y)l/2_ l -3(1 +y) 1l2. 

This is the decaying solution found by Groth and Peebles ( 1975). 
The limiting values of D2 are 

D2 =In(~) - 3 =~In(;) - 3, y « 1; 

4 8 D ----- y»l, 
2 - 15y312 - 457, 

r = (81rGµ 4/303 ) 112t. 

(12.7) 

(12.8) 

(12.9) 

(12.10) 

The limiting value of D2 for y » I is most simply derived from equation 
(12.8). 

The growing solution in equation ( 12.5) at large y is 

(12.1 I) 

which agrees with the Einstein-de Sitter model (eq. 11.7). At y < 1 the 
growing mode is nearly constant. This is because µ < 0 so the time-scale 
for expansion ~( G0)- 112 is less than the time-scale ~( Gµ)- 112 for growth 
of irregularities in the matter distribution. The uniform background 
radiation thus stabilizes the matter distribution at high redshift, 0 > µ, 

even though matter and radiation are not coupled (as long as the scale of 
the irregularities is,\ « ct; § 86). 

We can treat an open cosmological model that makes the transition 
from radiation to matter dominated well before n appreciably deviates 
from unity by joining this solution to the one in Section 11 B. In the interval 
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when both are valid, equations (12.3) and (12.5) give 

( 3y) 3 a o = 1 + - o :;;,:,--() 
2 I 2 Qeq 1' 

and equations ( 11.8) and ( 11.18) give 

The solution valid in the matter-dominated phase is therefore 

where (eq. 97.17) 

Go 4 2 
l + Z,q = - = 4.2 x 10 n0h . a,q 

59 

(12.12) 

(12.13) 

(12.14) 

(12.15) 

This is the redshift at equal densities of matter and radiation. The factor 
Di is given as a function of n0 by equations (11.8) and (11.16). A rough 
lower limit to the range of values of n0 now under discussion is n0 = 0.03, 
which gives Di = 0.86, and, with equations (12.14) and (12.15), 

(12.16) 

If h is at the lower end of the range of current discussions, h ~ 0.5, the 
growth factor is only o / b; ~ 30. If there is an appreciable contribution to 
the background density by diverse zero mass neutrinos left over from 
thermal equilibrium at high redshift, this number would be even smaller. 
Thus depending on cosmological parameters, the formation of galaxies and 
clusters of galaxies may have received only quite modest assistance from 
the linear growth of perturbations during the matter-dominated phase 
(Guyot and Zel'dovich 1970, Groth and Peebles 1975). 

13. SOLUTIONS FOR o(t): MODELS WITH A =I= 0 

Following the remark by Petrosian, Salpeter, and Szekeres (1967) and 
Shklovsky (1967) that the apparent peak in the distribution of quasar 
redshifts at Z ~ 2 might come from the quasi-static phase of a Lemaitre 
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model universe (§ 4C), there was a flurry of interest in the gravitational 
instability of this model (Byalko 1969, Brecher and Silk 1969, Nariai 
1969, Rawson-Harris 1969). Two other cases of historical interest are the 
static Einstein model and the expanding Eddington model that asymptoti­
cally approaches the Einstein model at t __. - cc. 

It will be assumed that matter pressure may be neglected and that any 
radiation background is negligible. In the Eddington and Lemaitre models 
the interesting question concerns the behavior of op/ p through the quasi­
static phase. Since it is thought that the redshift at this phase could not be 
much greater than unity, the energy density in the microwave-submilli­
meter background is negligible. 

The Einstein model is a special case because the background is not 
expanding. Equation (10.3) becomes 

a20 
- 2 = 41rGp60, ai 

o =exp± (41rGp6 ) 112 t =exp± t A1l 2• 

(13.1) 

As was pointed out by Tolman ( 1934a), this model is strongly unstable. 
The characteristic time for growth of fluctuations is the quantity 
( 41rGph)- 112 supplied by the cosmological model. 

For the Eddington and Lemaitre models it is convenient to introduce 
some notation. In the Lemaitre model there is an inflection point at 
expansion parameter a = a, where ii = 0, a > 0. Since 

ii 4 A 
-; = - 3 1rGp + 3 ' (13.2) 

the density at the inflection point is 

( 13.3) 

Convenient dimensionless quantities are 

x = a/a,, (13.4) 

If the model is always expanding, E 2. 0. With these definitions X (eq. 
I 0.10) becomes 

Aa/ [2 2 l X = -3- ~ + x - 3 (I - E) , (13.5) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



13. SOLUTIONS FOR li(t) 61 

so the solutions in equations ( 10.12) are 

o a. D2 = [x 3 - 3(1 - l)X + 2] 1/2 / x 312, 

o a. D1 = D2(x) Jx dxx 312 [x 3 - 3(1 - l)x + 2] - 3/ 2• 

(13.6) 

The Eddington model is the limiting case ( = 0. Here the growing 
solution is 

(13.7) 

with the limiting values 

a - a,« a,; 

= I, a» a,. 
(13.8) 

In the solution D1 the lower bound on the integral is x0 > I because the 
expression diverges at x = I. By admixing D1 and D2 , we can get the new 
decaying solution 

J~ dxx312 

D3(x) = D2(X) x (x _ l)3(x + 2)3/2 

I [4x2 - 3x + 2 
= - ----- - 4D2 

18 x(x-1) 
( 13.9) 

- .!!l:.. In (31/2 - I . 3112 + (I + 2/x)1;2 )] 
3 1;2 31;2 + 1 3 1;2 _ (1 + 2/x)1;2 · 

This has limiting values 

X ~ I; X » J. (13.10) 

Another form for these solutions is given by Edwards and Heath (I 976). 
In the Lemaitre model ( > 0. Here D1 is a growing solution, while D2 

decays at x « I (and reaches a minimum at x ""' I, grows to D2 = 1 at 
x » 1 ). On setting the lower bound in the integral to x = 0, one finds the 
limiting expressions: 
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D1 = x/5, D2 = 2112/x312, x « l; 

dxxJ/2 
D -1~------- D2 = 1, 

I - O [X3 - 3( 1 - t)X + 2] J/Z ' 
X » l; (13.11) 

X = 1. 

If f << 1, corresponding to a long dwell time in the quasi-static phase, the 
main contribution to the integral is at x "" 1. Then on writing x = 1 + y 
and expanding the expression in brackets to order y2, one finds 

X » 1, (13.12) 

If the density contrast in the growing mode is o; at some epoch X; « I 
well before the quasi-static phase, then the final contrast at x1 » 1, well 
after, is (Byalko 1969) 

(13.13) 

This equation says the initial perturbation grows up to the quasi-static 
phase by the factor -x;- 1 = a,/a;, about the same as in the Einstein-de 
Sitter model, gains the factor t- 1 during the quasi-static period, then stops 
growing when 41r Gpb falls substantially below A. 

One way to measure f is in terms of the dwell time t, in the quasi-static 
phase. The time elapsed from x = 0, at the time of the big bang, to 
x=x1» 1 is(eq. 13.5) 

(13.14) 

On differentiating this with respect to f and then evaluating the integral in 
the same way as for equation ( 13.12), one finds 

(13.15) 

Thus a measure of the dwell time is 

(13.16) 

By equation (13.13) the growth factor in the quasi-static phase is - f- 1, 

and equation ( 13.16) indicates 
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14. PECULIAR VELOCITY FIELD 63 

(13.17) 

which agrees with equation (13.1 ). This result was obtained by Brecher 
and Silk (1969). 

As Lemaitre pointed out, there can be substantial growth of irregulari­
ties during the quasi-static phase, and the growth is strongly suppressed 
once A» 41r Gpb. Opinions on whether the growth factor might reasonably 
be expected to be large may differ. If one supposes that the dwell time has 
been appreciably longer than A- 112 , one certainly does find a large growth 
factor E- 1 (eq. 13.17). On the other hand, if E- 1 is a very large number, the 
space curvature Ra, at the point of inflection of a(t) must be arranged to 
differ from A- 112 by the exceedingly small fractional amount E/2 (eq. 
13.4). 

In all three of these models thermal fluctuations can develop into 
galaxies. For example, one could imagine starting with an Einstein model 
with the density as uniform as possible consistent with the discrete nature 
of matter. Gravitationally bound clumps of a few particles each would 
form; these would tend to move and initiate formation of larger clumps and 
so on to objects of galaxy mass after a time period that is a modest multiple 
of A - 112• According to the linear perturbation analysis, there is no reason 
why this process should initiate a general uniform expansion of the 
universe: to explain that it appears one must imagine that at the start x 
(eq. 13.4) was very slightly greater than unity(§ 3C). 

An interesting problem with these models is that they present us with a 
characteristic density p, (eq. 13.3). An object that forms during the static 
or quasi-static phase would have density on the order of p, independent of 
size because only a modest collapse is needed to satisfy the virial theorem. 
Though the density in a bound system could increase through relaxation, it 
would seem to be difficult to account for the wide range of densities 
observed in the distribution of galaxies-from compact groups to clusters 
to superclusters-in a model where all the objects form at a particular 
density(§ 4B). 

14. THE PECULIAR VELOCITY FIELD 

The peculiar velocity field v(x, t) in the linear perturbation approxima­
tion with zero pressure satisfies the equations 

av a 
at+~ V = g, 

v. v ao 
--+-=0, 
a at 

(14.1) 

where g is the peculiar gravitational acceleration, 
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( 14.2) 

These are obtained from equations (8.2) and (9.2), with (9.5), (9.6), and 
(9.7), for the streaming velocity in the free particle case, and from 
equations (9.17) for the ideal fluid model. The solution is 

a ( g ) F(x) 
v = a at 4-rrGpba + a(t) ' 

v, F= 0, (14.3) 

where the second term is the homogeneous part. One sees by direct 
substitution that this satisfies the second of equations (14.1). The expres­
sion in the first of equations ( 14.1) gives 

a 2 a g 
-a --=4-rrGag. 
at at pba 

(14.4) 

The perturbation o is a sum of two terms, each of which vary as a solution 
D"(t) to equation (10.3), so equation (14.2) indicates g is a sum of two 
terms that vary as 

(14.5) 

and this in equation (14.4) reproduces equation (10.3). 
The velocity associated with each mode is, according to equations (14.3) 

and (14.5), 

g" I dD" 
V =----
a 4-rrGpb De, dt • 

(14.6) 

In the Einstein-de Sitter model the velocity fields m the growing and 
decaying modes are 

V=gtcxt 113 ; 

V = -3/2 gt ex t- 4 /3. 
(14. 7) 

In the growing mode the peculiar velocity grows as t 113 • In the decaying 
mode v is in the opposite direction to the peculiar acceleration, the matter 
moving so as to cancel the density irregularity. 

A convenient form of equation ( 14.6) is 

Hfg 2/g 
V=--=--

4-rrGpb 3 HQ' 
(14.8) 
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FIG. 14.1. Perturbation parameter fas a function of the density parameter fl (from 
Peebles 1976a; published by The University of Chicago Press; copyright 1976 by the 
American Astronomical Society). 

65 

where Hand n are the Hubble constant and density parameter (eqs. 97.3, 
97 .12). If the growing mode dominates and the rel a ti vis tic background 
may be ignored, then/is given as a function ofQ by equations (11.8, 11.16, 
11.26); the results are plotted in figure 14.1 (Peebles 1976a). A useful 
analytic approximation is f (n) = n° 6• Finally, we note that equations 
(14.2) and (14.8) give 

v" = Haf a" J d 3x'/J(x')/ Ix' - x 1-
41r 

(14.9) 

These equations show the relation between the large-scale irregularities 
in density and the large-scale peculiar velocity field v. With some improve­
ment in data it may prove possible to test the relation and find a useful 
estimate of n. Preliminary applications of this concept have been discussed 
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by van Albada (I 960), Kantowski (1969), Silk (1974a), Peebles (1976a), 
and in Sections 76 to 78 below. 

On squaring equation (14.9), averaging over position x, and integrating 
by parts, one finds 

(14.10) 

where the dimensionless autocorrelation function is 

Hy) - (o(x)o(x + y)). (14.11) 

The generalization of this to nonlinear fluctuations is discussed in Section 
24. 

The shear of the peculiar velocity field is 

Oa/3 'v • V 
----

3 a 

On squaring this, averaging over x, and integrating by parts, one finds 

(14.13) 

This was derived for an Einstein-de Sitter model by Silk (1974c). The 
general shear equation is discussed in Section 22 below. 

15. JOINING CONDITIONS FOR o AND V 

If the density contrast o; and peculiar velocity field V; are given at some 
epoch t;, perhaps the epoch of decoupling of matter and radiation, then in 
linear perturbation theory the density perturbation is carried forward in 
time by the equation 

o - A(x)D1(t) + B(x)Di(t), ( 15.1) 

and v is carried forward by equation (14.3). The functions A and Bare 
fixed by o; and V; by the equations 
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o; = AD1(i) + BDz(i), 

dD 1 (i) dD2 (i) 
-'v, v;/a;=A~+ B~-

(15.2) 

The argument i means that D and its derivative are evaluated at the 
starting time t;. Equations (15.1) and (15.2) give 

(15.3) 

This expression in (14.9) gives the velocity fields associated with the 
growing and decaying modes. In the result there is the factor 

J x'-x , , 
d 3 x' Ix' _ x l3 'v · v;(x ) = - 4n;(x), (15.4) 

where the equation follows if V; has zero circulation, 'v x V; = 0, because 
the curl of the left-hand side vanishes. It is convenient, therefore, to write 
the velocity as the sum of two parts that have zero curl and zero 
divergence, respectively 

V; = vf + v/. (15.5) 

Then equation (15.4) applies to the part vP, and the part v/ is the 
homogeneous term F / a; in equation (14.3). The result is 

v = a(t) J d 3 x' 0 (x') x' - x ..!._ [dD 1 (t) dDz(i) _ dD2(t) dD 1 (i)] 
41r ' I x' - x 13 E dt dt; dt dt; 

(15.6) 
a(t) 1 [dD2(t) dD 1 (t) ] + vf-- -d-D,(i) - -d-D2(i) + v/a;/a(t). 

a; E t t 

In the Einstein-de Sitter model these equations are 
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E = _ ~ _D_1 (_i)_D_2_( 1_·) 

3 l; ' 

o=- - o-t-- +- - o+-t--3 (t)2/ 3 ( V . V;) 2 (t;)( 3 V • V;) 
s t; ' ' a; 5 t ' 2 ' a; ' 

2(t)1
/

3
[ a- J x'-x l V=s l; vt+ 4;t; d3x'O;(x')lx'-xl3 

+ ~ (~)4/3 [vP - ~ ~ j d3 , o (x') x' - x l 
5 t ' 3 41rt; x ' Ix' - x 13 

(15.7) 

(~)2/3 r + V;. 
t 

If at t; the velocity is v; = 0, the first of these equations indicates that 3 / 5 
of o; is in the growing mode. It may be that prior to decoupling the 
matter-radiation fluid was turbulent. Then assuming the turbulence was 
subsonic, one might expect that o; ~ 0 and V • v; ~ 0 but that V; is large. 
The amplitude of the growing mode in this case is given by equations 
(21.30, 21.31) below. 

16. CRITICAL JEANS LENGTH 

It is assumed here that matter can be approximated as an ideal fluid 
with pressure a function of density alone. Then to first order 

c/ = dp/dp, (16.1) 

and equation (10.2) becomes 

(16.2) 

Since the coefficients in this equation are independent of x, the solution 
can be written as a sum of plane waves, 

;,\ = 21ra(t)/k, (16.3) 

where ;,\ is the proper wavelength. The differential equation for the 
amplitude o(t) is 
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(16.4) 

The right side of this equation shows the competing effects of gravity 
and the pressure gradient force. At very long wavelength, k - 0, the 
equation reduces to the zero pressure case discussed in Sections 11 to 15 
above. At very short wavelength, large k, the pressure term dominates and 
o tends to oscillate as a sound wave. The pressure and gravity terms 
balance when the wavelength is equal to the Jeans length 

( 16.5) 

Jeans' original 1902 discussion of gravitational instability included a 
general time-varying background, and equation (16.4) is a special case of 
this though not one he discussed. Jeans derived equation ( 16.5) under the 
assumption that the background is uniform and time independent. He 
recognized the problem with this: an unbounded uniform mass distribution 
has undefined Newtonian potential and a bounded distribution ought to 
collapse. The point that could be supplied only later is that the uniformly 
expanding case directly patches onto a Friedman-Lemaitre cosmological 
model and that the potential </> is this case can be defined in a consistent 
way(§ 8). 

Two special cases of equation (16.5) are of some interest. For an ideal 
monatomic gas with conserved entropy the velocity of sound is 

Cs= (5 kT/3m) 112, (16.6) 

so the Jeans length is 

(16.7) 

It can happen, as discussed in Chapter V, that the gas temperature is held 
very nearly uniform by the background radiation. Here c/ = kT/m, and 

(16.8) 

In the limit A « A1 the pressure term dominates gravity, and if in 
addition expansion can be neglected, equation (16.4) can be reduced to 

-+ _s_ o=O d 2b (c k)2 

dt 2 a ' 
(16.9) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



70 II. NEWTONIAN APPROXIMATION 

with the solution 

(16.10) 

The effect of expansion on the amplitude of oscillation can be estimated in 
the adiabatic approximation. The expression 

(16.11) 

in equation (16.4) gives 

(16.12) 

According to equation ( 16.10), one expects 

(16.13) 

where Tis the vibration period of the wave and t is the expansion time for 
the universe. When T « t, the two dominant terms in equation (16.12) are 
on the order of T- 2, and these can be eliminated by choosing 

d<!>/dt = csk/a. (16.14) 

The next largest terms in equation (16.12) are on the order of (t n- 1• If 
the terms ~t- 2 are dropped, it leaves 

d 2<f> dA d<f> d<f> a 
A - + 2 - - + 2A - - = 0 

dt 2 dt dt dt a ' 
d<f>/dt C( (Aa)- 2• (16.15) 

This fixes the time variation of the amplitude and equation ( 16.14) gives 
the phase, so the solution in the adiabatic approximation is 

be< [cs(t)a(t)]- 112 exp - i J 1 (csk/a)dt. (16.16) 

This shows how the expansion of the universe and the variation of the 
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velocity of sound affects the amplitude of acoustic fluctuations in the 
density when p « pc2• The case p ~ pc2 is discussed in Section 88 below. 

17. PRIMEVAL MAGNETIC FIELD AS A SOURCE FOR op/ p 
It has been suggested that the magnetic fields observed in the galaxy 

and in extragalactic objects may have existed before galaxies formed, 
perhaps originating in primeval turbulence at high redshift, perhaps 
present at the time of the big bang (§§ 4C, 95). (It has also been argued 
that the magnetic field of the Milky Way galaxy could not persist for 1010 

years because it is dynamically unstable against leaving the galaxy in a 
shorter time. If so, a dynamo is needed to maintain the field in the galaxy 
and may be able to generate the field in the first place from a very weak 
seed, Parker 1975.) An interesting consequence of a weak tangled prime­
val field is discussed by Wasserman (1978): the field acts as a source of 
density irregularities that grow through ordinary gravitational instability. 
Thus if a tangled primeval field is postulated, it implies a minimum value 
of bp/p. 

Very small residual ionization is needed to make Ohmic dissipation 
negligible, so it will be supposed that the field is tied to the matter. The 
magnetic force on the matter per unit volume is 

1 1 
F = - j X B = - (v' X B) X B 

C 41ra 

1 2 
= - [(B. 'v)B - VB /2]. 

41ra 

If pressure is negligible, the motion of the matter is 

av a F 
- +-v =- + g. at a Pb 

(17.1) 

(17.2) 

On taking the divergence of this equation and using ( 14.1) for o, one finds 

(17.3) 

The solution to equation (17 .3) will be written only for the Einstein-de 
Sitter model. This simplifies the equations and is a reasonable approxima­
tion at moderately high redshift (Z <'. 0 0 - 1). Since flux is conserved, Bo: 
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a- 2 and Pb ex a- 3, so the source term varies as a- 3 ex r 2 and equation (17.3) 
can be rewritten as 

(17.4) 

The source term has been referred to the starting time t;, perhaps the epoch 
of decoupling of matter and radiation. 

It will be assumed that at t;, O; = 0 and do;/ dt = 0. Since the two 
homogeneous solutions are known, one can write down the Green's 
function, 

t > t0 

(17 .5) 

= 0, t < t 0 , 

and the wanted solution is (Wasserman 1978) 

o(x, t) = f G(t, t0 )S;t/jt/ dt0 ,, 

= ~ s,2 r~ (!_)2/3 + !..! - ~1 
5 ' ' 2 t; t 2 (17.6) 

The last line assumes t; « t. It says the primeval field generates an effective 
initial density perturbation. 

9 2 B/t/ o-=-St ~--
' 10 ' ' P;A/ ' 

(17. 7) 

where A; is the proper coherence length of the field, and of course it is 
assumed that B is not stress-free. 

One can also compute the vorticity 

w = V xv/a. (17.8) 
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Taking the curl of equation (I 7 .2), one finds (Wasserman 1978) 

a 2 1 
-aw= --- \J x (B • 'v)B, 
at 411"pb(t) 

(17.9) 

The second equation assumes an Einstein-de Sitter model and t » t;, We 
see from equations (17. 7) and (17 .9) that 

tw(t) ~ O;, (17.10) 

The number tw is a measure of the perturbation associated with circulation 
as it is the characteristic rotation in an expansion time. In the absence of a 
driving term, w decays as a- 2 ( eq. 17 .9) or wt a: t- 1!3 in an Einstein-de 
Sitter model. The effect of the B term on the right side of equation ( 17 .9) is 
to hold wt constant at about the initial value of o while of course gravity is 
making o grow as t213 • Thus when t » t; the velocity associated with w is 
small compared to the curl-free velocity (14.9) associated with o(t). 

The Alfven speed is ~Bp- 112 , so there is a magnetic Jeans length (eq. 
16.5) 

An~ B/pG112 ex a(t), (17.11) 

and since Gp ~ r2, the effective initial perturbation given by equation 
(17.7)is 

(17.12) 

This says the perturbation caused by B is appreciable if the coherence 
length A is fairly close to the magnetic Jeans length. 

Since An ex a(t), we can find a useful measure of the size of B for an 
interesting perturbation in terms of present quantities assuming uniform 
expansion. If the universe is cosmologically flat or close to it, the growth 
factor since decoupling of matter and radiation in the linear approximation 
is ~ 103, so we would want o; ~ 10- 3 or 

(17.13) 

Taking Ao~ 1 Mpc, roughly the distance between small galaxies, one finds 
that the wanted present intergalactic magnetic field is ~ 10-9 Gauss. By 
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comparison the present interstellar magnetic field is ~ 1 o- 6 Gauss at 
~l proton cm- 3• If this were expanded isotropically to ~10- 6 cm-3, it 
would amount to ~ 10- 10 Gauss, comparable to what is wanted. Thus if the 
magnetic field of the Galaxy is primeval and has not been strongly 
amplified (perhaps by differential rotation), then it could have had an 
important effect in generating initial density fluctuations on the scale of 
galaxies. Angular momentum transfer through the magnetic field, as 
measured by vorticity production, may be somewhat less interesting 
because this effect is not boosted by gravity. Finally, it is well to bear in 
mind that the effective perturbation o; computed here is a minimum value 
established under the assumption of no perturbation to the matter distribu­
tion at decoupling. It may well be that whatever produced B also produced 
some residual irregularity in the distribution of matter (see § 95). 

18. SECOND ORDER PERTURBATION THEORY FOR op/p 
It is fairly easy to compute op/ p = o(x, t) in second order perturbation 

theory, and there is an interesting application in the growth of skewness in 
the distribution of values of o. The velocity field in second order is 
discussed in Section 89. For general treatments see Tomita (1967, 1972) 
and Hunter (1964 ), and for an application to the angular momentum of a 
protogalaxy see Peebles (1969c). 

It will be assumed that matter may be approximated as an ideal fluid 
with zero pressure. Equation (9.19) carried to second order in the pertur­
bations o and v is 

where the potential is (eq. 8.1) 

d 3x'o(x') 
Ll(x) = f Ix - x' I · 

(18.1) 

(18.2) 

To calculate o in second order, one can take the velocity in the last term in 
equation (18.1) from linear perturbation theory. If one assumes only the 
growing mode is present, this is (eq. 14.6) 

a dD 
Va= ----,:1 . 

47rD dt ,a 
(18.3) 
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In the linear approximation the density perturbation is 

b ""o0 = A(x)D(t), (18.4) 

where again D(t) is the growing mode. To estimate the deviation from this 
as b approaches unity, we shall write 

o = o0 (x, t)[l + t(X, t)], 

b0 «1, t«l, 
(18.5) 

in equation (18.1) and discard terms ~b/t or smaller. The part ~o0 cancels 
because b0 is a solution to the linear perturbation equation, leaving 

(18.6) 

In an Einstein-de Sitter model, 

(18.7) 

this can be integrated, giving 

b = <>o + too 

5 2 1 1 
= 0o + 7 °o - 41r 0o,aD-,a + 561r2 D.,af/D-,af/· 

(18.8) 

The two constants of integration have been dropped, leaving only the most 
rapidly growing part oft. 

Equations (18.4) and (18.8) are the solution op/pas a function of x and 
t in second order perturbation theory. One sees that in this order the 
behavior is no longer local: the density perturbation at one spot depends on 
the initial perturbation at other places through D. (eq. 18.2). 

An interesting application is to the growth of skewness in the distribu­
tion of values of b(x, t) at given t. It will be supposed that the initial 
perturbation b; « 1 is a random Gaussian process, so it is completely 
characterized by its autocorrelation function Hx). Then the first moments 
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(o(x))=O, 

(o(xi)o(x2)) = Hix, - X2I), 

(o(x,)o(x2)o(xJ) = 0, 

(o(x,)o(x2)o(X3)o(x4)) = Hix, - X2l)Hlx3 - X4I) 

(18.9) 

+ Hix, - X3l)Hlx2 - x4I) + Hix, - x4l)Hlx2 - x3I). 

The frequency distribution of O;(x) is Gaussian, with variance t(O), mean 
(o;) = 0. In linear perturbation theory ovaries as D(t), and the variance 
varies as HO, t) ex D(t) 2• 

The second and higher order corrections to o0 must preserve (o) = 0 
because mass is conserved. To check this for equation (18.8), we can use 

( <>o,aLl,a) = - ( <>oLl,aa) = 4-ir( <>o2 ) = 4-irHO), 

(Ll,a/lLl,a/J> = (Ll_aaLl,/l/l) = l61r2 HO), 
(18.IO) 

which gives ( to0 ) = 0, and so ( o) = 0 as expected. The interesting moment 
is the skewness 

(18.11) 

to lowest order, because the distribution of o0 has zero skewness. To 
evaluate this we need the following means. The last of equations (18.9) 
indicates 

(18.12) 

The next term from equation (18.8) is 

( <>o 2 <>o,aLl,a) = 1/3 ( 06_,,Ll,a) 

= - 1/3 ( <>o3 Ll,aa) = 4-irH0)2. 
(18.13) 

The last term is, from the last of equations (18.9), 

(18.14) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



19. SPHERICAL MODEL 77 

So one sees that 

(A,a/lA,a/l) = (A,aaA,/J/3) = 16?r2 HO), 

I 41r ( o0 Ll,afi) = 3 o"/3 ( o0 A,n) = - 3 o"li HO), (18.15) 

(o/A,a/JA,a/i> = 80/31r2H0)2. 

Collecting, one finds that the skewness of the density fluctuation is 

(18.16) 

where, to lowest order, the variance is 

(0 2 ) = HO). (18.17) 

The positive skewness develops because as the fluctuations become non­
linear o in the dense spots tends to grow large while o in the holes 
approaches the minimum value o = - 1. When therms fluctuation reaches 
50 percent, op/ p = 0.5 or HO) = (0.5)2, 

\(op)3)1;3 
- = 0.67, 
p 

(18.18) 

so the departure from a Gaussian distribution is considerable. 

19. SPHERICAL MODEL 

This is the simplest nontrivial model for the way an object like a galaxy 
or a cluster of galaxies breaks away from the general expansion. In the 
model the universe is spherically symmetric about one spot and the matter 
is an ideal fluid with zero pressure. This might give a realistic approxima­
tion to the early stages of fragmentation. However, except for very special 
cases (for example,§ 25), it is not to be trusted once the model has stopped 
expanding and commenced the collapse, for by then the distribution is 
strongly unstable against the development of nonradial motion (§§ 20 and 
21 below). 

A. Energy and maximum radius 
Suppose at some starting time t; the spherical irregularity is moving with 

the general expansion, no peculiar velocity, and consider the mass shell 
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initially at proper radius r;. The kinetic energy per unit mass at r; (relative 
to the center) is 

(19.1) 

In the homogeneous background model the potential energy per unit mass 
would be (Appendix, eq. 97.12) 

(19.2) 

where O; is the density parameter at t;. If the mass within r; is 

(19.3) 

then equation (19.2) says the potential energy per unit mass at r; is 

(19.4) 

and the total energy is 

E = K - I w I = -~ [o * - (n - 1 - 1 )J. , , 1 + 07 , , (19.5) 

In an open universe, where O; < 1, if o ;* is less than the critical value 
O; - 1 - 1, the energy is positive and the shell never stops expanding 
(assuming no other shell moves inside it). If o ;* > (n;- 1 - 1 ), the shell stops 
expanding at radius rm, at which time the potential energy per unit mass 
IS 

(19.6) 

because W a: r- 1 and Km = 0. Then with equation (19.5) one sees that the 
shell radius at maximum expansion is 

rm l+o;* 
r; o;* - (n;-I - o· (19.7) 

This is the relation between the initial perturbation and the factor by 
which the shell expands. 
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B. Motion of a mass shell 

To simplify the expressions in the general solution for r(t ), we will 
suppose that at l;, Q; "" 1, o ;* « 1 and only the growing density perturbation 
is present. Since o;* (eq. 19.3) was defined for v; = 0, equation (15.7) says 
the amplitude of the growing mode is 

(19.8) 

The decaying mode can be introduced in the equations below by adding a 
constant to the expression fort in equation (19.11). 

The proper radius of the shell that encloses mass M is r(t ), and the 
acceleration of the shell is 

(19.9) 

It will be assumed that no mass shells cross this one, so Mis constant. Then 
the first integral of equation (19.9), the energy equation, is 

(dr/dt) 2 = 2GM/r + C, (19.10) 

where the constant of integration is C > 0 for a shell with positive energy, 
C < 0 for negative energy. The solution to equations (19.9) and (19.10) is 
the parametric form, 

C>0:r=A(cosh0- 1), 

C < 0: r =, A (1 - cos 0), 

t = B(sinh 0 - 0); 

t = B(0 - sin 0); (19.11) 

The homogeneous background model is described by like equations. On 
choosing the expansion parameter a(t) == rb(t) so it contains the same 
mass Mas in equation (19.11), one has 

A/= GMB/, 
(19.12) 

for the open model and similarly for the closed case. 
The behavior of the systems of equations (19.11) and (19.12) in the 

early universe is found by expanding the solutions in r, and 0 « 1. The time 
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in the first of equations (I 9.1 I) is 

(19.13) 

so 

(I 9.14) 

The radius is 

(19.15) 

and with equations (19.1 I) and (19.14) this becomes 

r-;;;:. -GMt I + - - . ( 9 2) 1
/

3
[ 1(6t)2/3

] 

2 20 B 
(I 9.16) 

The mean density within the shell r is then 

(19.17) 

Equation ( 19.17) shows the density as a perturbation from a cosmologi­
cally flat model. The background density can be described the same way; 
at t; the density differs from a flat model with the same expansion rate by 
the fractional amount 

(19.18) 

The first equation defines the density parameter, the second assumes 
Q;"" I. The growing part is (eq. 19.8) 

(19.19) 

Then we see from equation ( 19.17) that the ratio of the mean density in the 
shell to the density in the background model at t; is 

- - 1 + o - - --'- aaa 1 + o'.. p' [ 3 (6t)2/3] 
~ C w B I 

(19.20) 
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This fixes Bin terms of o;, the fractional mass excess within r;: 

(19.21) 

This in the last of equations (19.11) with (19.17) gives 

(19.22) 

The values of A and B for the background model are found by setting 
o; = 0 in these two equations. One notes in particular that equations 
(19.12), (19.19), and (19.22) give (eq. 97.23) 

(19.23) 

These results fix the evolution of the mass shell relative to the 
background model. The epoch labeled by cosmological density parameter 
Q has parameter 17 fixed by 

cosh 11 = 2n- 1 - 1. (19.24) 

The parameter (J for the mass shell is fixed by the conditions that the time t 
agree with the background, 

B(sinh (J - 0) = Bb(sinh 11 - 17), 

or, by equation (19.21), 

Then the radius of the shell is (eq. 19.22) 

3 (cosh (J - 1) 
r=-r-----

10 ' Oc - o; 

the mean density within the shell is 

and the ratio of this to the density in the background model is 

(19.25) 

(I 9.26) 

(19.27) 

(19.28) 
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p' = [rb(t)] 3 = [(l _ ~) cosh 1J - 11 3
• 

Pb r(t) oc cosh 0 - I 

The velocity of the shell relative to the origin is 

dr r sinh 0 (sinh 0 - 0) 
v=dt=t (cosh0-1) 2 

(19.29) 

(19.30) 

These equations describe a pos1t1ve energy mass shell in an open 
universe. The equations for negative energy or a closed universe are 
obtained by the substitutions (see part E below). 

0--+ i0, A--+ -A, B--+ iB. (19.31) 

C. The density run 

In equation (19.29) p' is the mean density within the shell. To get the 
mass per unit volume at r, one has to differentiate p'. The initial amplitude 
of the growing mode is supposed to be some given function of the initial 
radius, o;(r;). According to equation (19.26), 

a0 3 do; sinh 0 - 0 
2(oc - o;) dr; cosh 0 - 1' 

(19.32) 

at fixed t, hence fixed 17. The derivative of r (equation 19.27) is then 

0_ ar = 1 + _r_; _ do; [l _ I sinh 0(sinh 0 - 0)] 
r ar; QC - o; dr; 2 (cosh 0 - 1)2 

r do'. [ 3 ut] =l+--1 ---1 1---
oc - a; dr; 2 r ' 

(19.33) 

where u is the expansion velocity of the shell ( eq. 19.30). Since the mass 
between shells r; and r; + dr; at t; is the same as the mass between r and 
r+ (ar/ar;) dr; at t, the mass density is 

(19.34) 

and the ratio of this to the background density is 

(19.35) 
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The first factor is given in equation (19.29), the second in equation 
(19.33). 

It will be recalled that o; is the initial fractional mass excess within r;; 

I 3 Jr, O; = 3 r2 drO;(r), r; o 

where o;(r;) is the initial density contrast at radius r; . Thus 

This in equation ( 19.33) gives the final expression for the density, 

p 

Pb 

( I _ ~) 3 (cosh r, - 1) 3 

oc cosh O - I 

1+3-- 1-------,--o; - o; [ 3 sinh O(sinh O - O)] 
()c - o; 2 (coshO - 1)2 

D. Behavior in the limit Q --- 0 

(19.36) 

(19.37) 

(19.38) 

In an open cosmological model at large t the density parameter Q 
approaches zero and gravitational deceleration is unimportant, so small 
density fluctuations stop growing. In linear perturbation theory the net 
growth factor is ( eqs. 11.18, 11.20) 

~ =, 5 3 
o; 2(n;- 1 - I) 20/ 

(19.39) 

The spherical model can be used to compute this growth factor for 
somewhat larger fluctuations. In the limit t --- co both O and r, are large, so 
equations (19.26) and (19.38) give 

(19.40) 

where it will be recalled that o; is the initial density contrast at radius r; and 
o; is the mean within r; (eq. 19.36). In the limit o;, o; « on equation (19.40) 
IS 

(19.41) 
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in agreement with equation (19.39). If the density gradient across the 
fluctuation is small, so o;"" o,, equation (19.40) can be simplified to 

1. (19.42) 

Equation (19.42) says the density reaches twice the background value, 
of= 1, if o; = 0.37 oc. If o; > on the shell has negative energy and o grows 
without limit. Thus there is rather a restricted range of initial density 
perturbations, 

(19.43) 

that can end up in the late stages of expansion, Qf « 1, as density 
fluctuations with appreciable contrast, of 2; 1, but yet freely expanding. It 
has been argued that some groups of galaxies are local density enhance­
ments that are expanding with the general expansion (for example, Gott, 
Wrixon, and Wannier 1973). This certainly is possible if !J0 ~ 0.03 perhaps 
and o « 30 in the group. However, equation (19 .43) indicates that it is not 
so easy to arrange because it requires a very special choice for o;. Therefore 
in the gravitational instability picture, freely expanding groups could be a 
common phenomenon only if o; showed a strong tendency to be just slightly 
less than on which seems artificial. It is not clear whether this is a problem 
for the theory or the observations. 

E. Closed and flat cosmological models 
The result of applying the substitutions listed in equations (19.31) to 

equations (19.24) through (19.29) is 

cos 11 = 2n- 1 - 1, 

0 - sin 0 = (1 + o;/oc)312 (71 - sin 71), 

3 1-cos0 
r=-r----

1O ' o; + Oc ' 

p' [( o') 1 - COS71] 3 
Pb = I +.c' I u - cos 0 ' 

where oc has been redefined to 

(19.44) 

(19.45) 
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The solution for a cosmologically flat model is found by taking the limit 
Q -- 1, T/ -- 0 in equations (19.44). Equation (19.45) with the first of 
equations (19.44) gives in this limit 

(I 9.46) 

and since the expansion parameter varies as 

(19.47) 

equations (19.44) can be reduced to 

fJ - sin fJ = ~(~ a(t) o'.)3;2 
3 3 a; l ' 

3 r 
r = - ~ (1 - cos fJ) 

10 o; • (I 9.48) 

p' [1Oa o; ]3 9(fJ-sinfJ)2 

Pb = 3 ~ 1 - cos {J = 2 (I - cos 0)3. 

When fJ « 1, these equations yield 

, a 
!!_ = 1 + - b'. 
Pb a; ,, 

(19.49) 

as expected from linear perturbation theory. 
The mass shell reaches maximum expansion at fJ = -ir, and equations 

(19.48) say that at maximum expansion the density relative to the 
background is 

p',,, 9-ir2 
-=-= 5.6. 
Pb 16 

(19.50) 

If all the matter were in such lumps, the filling factor would be Pb/ p',,, = 0.2; 
in rough order of magnitude the lumps fill space when they fragment from 
the general expansion. For another derivation of equation (19.50) see 
Kihara ( 1968). 

In the cosmologically flat model the time at maximum expansion is 

(19.51) 
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so according to equation (19.50) the mean density within the shell at 
maximum expansion is 

(19.52) 

If the mass shell is taken to represent the outer boundary of a 
protogalaxy and if one has some estimate of Pm from the present structure 
of the galaxy, then equation (19.52) gives an estimate of the epoch tm at 
which the object reaches maximum expansion (Partridge and Peebles 
1967). The first of equations (19.48) with 0 = 71" then gives (Peebles 
1969a) 

{j'. _ 3 (371") 2/
3 a; _ 3 (371" t;) 2/

3 

I 5 4 Qm 5 4 (m , 
(19.53) 

which fixes the wanted amplitude of the growing density perturbation at 
some starting time t;. These results have been used in attempts to find 
quantitative scenarios for the development of galaxies and clusters of 
galaxies (for example, Partridge and Peebles 1967, Gunn and Gott 1972, 
Gott and Rees 1975). 

Equations (19.50), (19.52), and (19.53) could have been obtained up to 
the numerical factors by dimensional analysis (with o ex t 213 ; see eqs. 
4.1-4.9). One might hope that numerical factors given by the model are in 
the appropriate direction, but it is doubtful that they should be trusted 
beyond factors of 2, for it is doubtful that there is a definite time of 
maximum expansion of a protogalaxy or protocluster, or even that the 
material originally at some chosen distance from an appropriate center 
comes to zero radial velocity at a roughly common time. The following 
sections deal with some aspects of the development of nonradial motions. 

20. HOMOGENEOUS ELLIPSOID MODEL 

The spherical model in the last section assumes purely radial motion 
within the developing protoobject, which certainly is not realistic once it 
has stopped expanding. The simplest way to treat nonradial motion is to 
approximate the protoobject as an isolated homogeneous spheroid of ideal 
fluid at zero pressure. Almost all discussions of this model have dealt with 
oblate spheroids where two axes are equal as this greatly simplifies the 
equations and is a good general approximation to the final collapse of an 
ellipsoid. (Collapse to a spindle is a special case.) The collapse of a 
spheroid from rest was discussed by Lynder:-Bell (1964) and Lin, Mestel, 
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and Shu (1965). Icke (1973) considered the evolution of an initially 
expanding spheroid, and Nariai and Fujimoto (1972) analyzed a triaxial 
rotating ellipsoid. Zel'dovich (1964) discussed the analogy between the 
evolution of a homogeneous spheroid and of a section of a homogeneous 
anisotropic cosmological model: the local equations of motion can be 
expressed in the same form with the tidal field determined by the shape of 
the surface of the ellipsoid in the first case and by the topology of the 
model in the second. 

The surface of the ellipsoid is given by the equations 

x2 y2 z2 
2 + b2 + 2 = 1, a C 

(20.1) 

where x, y, and z are proper Cartesian coordinates and a, b, c are the 
semiaxes. The gravitational potential inside the ellipsoid is (Kellogg 1953) 

<I>= 1rGp[Ax2 + By2 + Cz2 ], 

100 d>.. 
A= abc O (a2 + >..)/1;2, 100 d>.. 

B = abc O (b2 + >..)/ 112 , (20.2) 

100 d>.. 
C=abc O (c2+>..)/1;2, f = (a2 + >..)(bi + >..)(c2 + >..). 

The three coefficients satisfy A + B + C = 2 from which it is apparent 
that <I> satisfies Poisson's equation. If two of the axes are equal, the 
integrals can be reduced to elementary functions. The interesting case is an 
oblate spheroid, where a = b > c. Here 

where the eccentricity is defined as 

The gravitational potential energy of the spheroid is 

3 GM2 sin- 1 e 
W=------

5 a e ' 

(20.3) 

(20.4) 

(20.5) 
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where the mass is 

(20.6) 

It is convenient to assign to each mass element fixed comoving coordi­
nates x. If the motion is homogeneous, as is consistent with the potential, 
one can assign a linear relation between x" and the proper position r" of the 
mass element measured in an inertial Cartesian coordinate system: 

(20.7) 

where A"/J is a function of time alone. The potential in the ellipsoid can be 
written as 

(20.8) 

This is the result of rotating the form for <I> in equation (20.2) from 
coordinate axes along the axes of the ellipsoid. The acceleration of a fluid 
element is 

giving 

If the initial velocity field is homogeneous, it can be put in the form 

dAa13 
u" =--x13 

dt ' 

which defines the initial values of dA"fi / dt. 

(20.9) 

(20.10) 

(20.11) 

For the initial values of A"fi we might take the ellipsoid to be along the 
coordinate axes and then set 

A11 = a, A22 = b, A33 = c, (20.12) 

with the off-diagonal components equal to zero. Then the surface of the 
ellipsoid ( eq. 20.1) expressed in comoving coordinates is 
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(20.13) 

As the fluid moves, the equation for the surface, expressed in proper 
Cartesian coordinates, is 

(20.14) 

representing an ellipsoid rotated relative to the coordinate axes. This fixes 
the ~a/l through rotation of equation (20.2), and then equation (20.10) with 
the initial values for dAa/3 / dt gives the homogeneous motion of the fluid. 

The velocity field is 

a dra a/3 /3 
u =-·-=Hr 

dt ' 
(20.15) 

This is the generalization of u = (a/ a )r for homogeneous isotropic motion. 
The volume of the ellipsoid is 41r /3 in x-units, according to equation 
(20.13), so the proper volume is 

By using the matrix identity 

one finds 

dA dAa/3 
- = A--A-l/3a 
dt dt ' 

I dV 
--= Haa 
V dt ' 

(20.16) 

(20.17) 

(20.18) 

as expected because the trace of H is the divergence of u. The kinetic 
energy is 

I I dAa/3 dAa-y I dAa/3 dAa/3 
K = -pf u2d 3r = -pA----f xllx--,d3 x = -M----

2 2 dt dt IO dt dt. 

(20.19) 

The second step follows on changing variables from r to x, the third if the 
surface of the ellipsoid is given by equation (20.13). 
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The result of differentiating H"f! is 

dA-la/3 dA'/0 
--- = -A-la'( __ A-lo/3 
dt dt ' 

dH"fi 
- + H"'i H'/13 = -cl> dt ~-

(20.20) 

The first equation is the expression for the derivative of an inverse of a 
matrix, the second follows from equation (20.10). It is convenient to 
reduce H"fi to 

(20.21) 

The antisymmetric part is the vorticity wa13 ; the trace-free symmetric part 
is the shear <lafi, and the trace is the divergence or expansion 0 = v • u. 
The result of substituting equation (20.2 I) into equation (20.20) and 
separating symmetric and antisymmetric parts is 

d0 I 2 2 2 - + -0 + <1 - w = -<I> = -41rGp(t) dt 3 aa ' 

dp di= -p0, 

(20.22) 

The gravitational source of <lafi is the trace-free part of cl>afi, which is the 
homogeneous part of the solution to Poisson's equation. This is the tidal 
field determined by the shape of the surface of the ellipsoid. 

A spheroid has a fixed axis of symmetry, which can be taken to be the 
coordinate axis x 3• Then the rotational symmetry about x 3 implies that <la/3 

is diagonal with <1 11 = <122 , and the only nonzero components of w,,f! are 
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(20.23) 

the angular velocity of rotation. The radial component of the velocity 
evaluated at the surface of the ellipsoid at the pole and equator gives the 
rates of change of the semiaxes, 

-=Ha= -0+u a da 11 (1 ) 
dt 3 11 ' 

-=He= -0+u e de 33 ( 1 ) 
dt 3 33 ' 

(20.24) 

and on differentiating these expressions and using equation (20.22), one 
finds the equations of motion 

l d 2a 
--=Q2 - 21rGpA 
a dt 2 ' 

l d 2 e 
-- = -21rGpC. 
e dt 2 

The last of equations (20.22) with equation (20.23) gives 

dQ 2Q da 
--+--=0 
dt a dt ' 

(20.25) 

(20.26) 

As expected, the acceleration of the radius has the centrifugal term aQ2, 

and Q varies inversely as the square of the radius. 
The kinetic energy of the spheroid is, according to equation (20.19), 

K == - 2 - + - + 2a2Q2 M [ (da) 2 (de) 2 
] 

10 dt dt ' 
(20.27) 

and the potential energy is given by equation (20.5). 
Figures 20.1 and 20.2 show examples of the evolution of an oblate 

spheroid with no rotation. In both cases the initial expansion rate is 
isotropic, 

1 da I de 
a dt e dt' 

t = t;, (20.28) 

the initial axis ratio is e / a = 0.8, and the unit on the vertical axes is the 
initial value of a for the ellipsoid. In Figure 20.1 the spheroid has negative 
energy: the initial kinetic energy is 0.9 times the magnitude of the initial 
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FIG. 20.1. Evolution of an oblate spheroid. The initial axis ratio is c/a ~ 0.8 and the 
initial ratio of kinetic to potential energy is K/W ~ 0.9. The dotted line shows the 
radius of a sphere with the same initial volume, mass and K/W. 

potential energy. The dashed curve shows the radius of a homogeneous 
sphere with the same initial volume, mass, and ratio of kinetic to potential 
energy as for the spheroid. In Figure 20.2 the spheroid has positive energy: 
the initial kinetic energy is 1.01 times the magnitude of the initial potential 
energy. It is interesting that this system nevertheless collapses in the 
narrow direction. 

As the spheroids approach the pancake singularity c --- 0, equations 
(20.3) and (20.25) give 

(20.29) 
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time 
FIG. 20.2. Evolution of an oblate spheroid. The initial axis ratio is c/a ~ 0.8 and K/W ~ 
1.01. 

93 

The first equation says the gravitational acceleration of the radius of the 
pancake is close to that of a sphere with the same mass and radius. The 
second equation says the acceleration of c is comparable to that of a: the 
mass per unit area of the pancake is u = 3M /21ra 2 at the axis, and since it 
approximates a uniform sheet, the acceleration is nearly uniform at 

g = 21rGu = 3GM/a2 (20.30) 
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just above the slab. Thus one sees in the figures that the graphs of a(t) and 
c(t) have similar curvature. Since c-+ 0 at nearly constant speed, one can 
say the pancake singularity is kinematic. Rotation tends to slow the 
collapse by increasing a, but once de/ dt < 0 the approach to the singularity 
is little affected. 

If the three axes are different, for example, a > b > c, then A < B < C in 
equation (20.2), which tends to make c(t) reach zero first, producing an 
elliptical pancake. Of course, this is prevented if the expansion rate along 
the c axis is large, but then one of the other axes assumes the role of c. Only 
with very special initial conditions would two axes reach zero at the same 
time (hot dog singularity). 

The ellipsoidal model does not give a good approximation to the 
behavior of a small density fluctuation, op/ p « I because it assumes there 
is no matter outside the ellipsoid. Consider for example an ellipsoid with 
uniform mass density p surrounded by matter at uniform density Pb, with 
Ip/ Pb - I I « I. The gravitational field of the matter inside the ellipsoid 
tends to make it promptly collapse to a pancake. The tidal field of the 
matter outside almost exactly cancels this, with the result that op/ p grows 
slowly, as described by linear perturbation theory, the spheroid preserving 
its shape. Only when the density contrast has become appreciable, perhaps 
p/ Pb - I ~ 1, is it reasonable to ignore the matter outside and apply the 
spheroid model. Prior to that the spherical model is a better approximation 
because there is no tidal field due to the outside matter. 

Figures 20.1 and 20.2 show that once the contrast reaches p/ Pb - I ~ I 
the distribution tends to develop strongly nonradial motions, which of 
course would vitiate the spherical model. It is occasionally argued that 
once a protogalaxy or protocluster breaks away from the general expansion 
it has little kinetic energy, so it must collapse a factor of about 2 in radius 
to convert enough potential to kinetic energy to satisfy the virial theorem 
(for example, Gott and Rees 1975, Sargent and Turner 1977, Press and 
Lightman 1978). This could be an important effect for it would indicate 
that a stable virialized cluster must have a density well above the 
background. However, the spheroid model shows that the argument is 
doubtful. In the example shown in Figure 20.1, when the equivalent sphere 
has reached the point of maximum expansion, the spheroid has collapsed to 
a pancake and in the process developed strongly nonradial motion. At this 
time the ratio of kinetic to potential energy in the sphere is of course 
K/W = 0 while the shear of the spheroid makes K/W = 0.19. The model 
still is highly simplified, of course, and it seems reasonable to expect that 
adding to the complexity would tend to increase the kinetic energy at the 
nominal point of maximum expansion and perhaps even eliminate any 
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collapse phase. The relation to the shape of the galaxy two-point correla­
tion function is discussed in Section 71. 

21. CAUSTICS AND PANCAKES 

In some cases the development of the first generation of mass concentra­
tions in an expanding universe can be likened to the formation of caustic 
surfaces in ray optics-the matter piles up in sheets or pancakes. The 
central assumption is that the initial density and velocity fields are 
smoothly varying functions of position. A small patch of matter thus 
behaves like a homogeneous distribution in the tidal field of the matter 
nearby, and in the manner discussed in the last section an initially 
spherical section of the fluid evolves into an ellipsoid and may end up as a 
flat pancake. This concept has been used in discussions of the nature of the 
singularity at the moment of the big bang in inhomogeneous cosmological 
models (Lemaitre 1933b, § 12; Lifshitz and Khalatnikov 1963); its 
importance as a way to picture the nature of the first generation of mass 
concentrations in an expanding universe was pointed out by Zel'dovich 
( 1970). Reviews of the implications for scenarios of galaxy and cluster 
formation are given by Zel'dovich (1978) and Doroshkevich, Shandarin, 
and Saar (1978). 

The following is a formal treatment of the formation of pancakes or 
caustic surfaces. The assumptions are that matter can be approximated as 
an ideal fluid with initial values of p and v smoothly varying functions of 
position and that nongravitational forces are quite negligible and orbits 
can intersect. This last point, of course, is not realistic if the matter is a gas: 
the results would have to be modified once the first pancakes form. The 
pancake formation is discussed first in general terms, then in a convenient 
kinematic approximation. 

A. General treatment 
Consider an observer moving with one of the fluid elements. The 

position of a neighboring mass element measured in an inertial frame with 
origin at the observer is s(t ), where t is the observer's proper time. The 
local gravitational potential mapped by the observer is cl>(s, t). Since the 
mass distribution is supposed to be smooth, we can expand cl> in a series ins 
and keep the lowest nontrivial part. The first derivative of cl> vanishes 
because the fluid and observer are freely moving, so 

(21.1) 
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and Poisson's equation gives 

(21.2) 

where pis the mass density at the observer. The equations of motion of the 
neighboring mass element are then 

(21.3) 

Since this equation is linear in s and the first nontrivial term in the 
expansion of the velocity field is also linear, the motion of the matter in the 
neighborhood of the observer may be written as 

(21.4) 

where s/1 is the position of the mass element at the starting time t;. This 
expression in equation (21.3) gives 

(21.5) 

The local velocity field is 

(21.6) 

and the result of differentiating Haf! and using equation (21.5) is 

(21.7) 

Equations (21.3) to (21.7) can be compared to equations (20.7) to (20.20) 
for a homogeneous ellipsoid. There is the important difference that here 
the trace-free part of <l>a/J, which represents the tidal stress due to nearby 
matter, would be known only if the full three-dimensional mass distribu­
tion were computed. However, some useful results may be obtained even if 
the tidal force is not known. 

The variable s/' is fixed to a fluid element, so a volume element fixed to 
the fluid varies as 
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P = det I A"13 (t) I, (21.8) 

where Pis the Jacobian of the transformation from S; to s. Since the mass 
in the element is fixed, the density is 

p(t) = P;/P(t). (21.9) 

Using equation (20.17), one can verify that this is consistent with the usual 
equation of mass conservation, 

I dp 
--=-'v•U=-H"". 
p dt 

(21.10) 

One can see from equation (21.9) that where the Jacobian P vanishes 
the density is infinite because neighboring orbits are intersecting. The 
two-dimensional surface P = 0 at fixed t defines sheets p __.. oo analogous to 
caustic surfaces in ray optics (Landau and Lifshitz 1979, p. 142). 

If at t = t, the observer moving with the particle X; (I) is on one of these 
caustic surfaces, then 

(21.11) 

has a nontrivial solution d 13 because the determinant of A"13 , which is P, 
vanishes. According to equation (21.4), the particles with initial positions 
S; along the (infinitesimal) line segment S; <X dare at s = 0 at t 1 ; the orbits of 
these particles have intersected at the common point x, = x(x;(l), t, ). 

The density near x, at t, is estimated as follows. The family of particles 
initially along the line 

X; = x;(l) + sd, (21.12) 

where the parameters measures the position along d, is at time t = t, along 
the line 

I aA"13 
x" = x " + - -- d 13 d'Y s 2 + 

I 2 ax/ (21.13) 

the term linear ins vanishing, according to equation (21.11). The Jacobian 
P can be expanded along the line (21.12) by using equation (20.17): 

(21.14) 
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The first term vanishes because P ~ 0 at the caustic. In the second term 
PA- la/3 generally is finite because it is the matrix of the subdeterminants of 
Aa13• The density along the line (21.12) thus varies with distance Ix - x 1 I 
(eq. 21.13) from the caustic as 

I I-1/2 p ex X - X 1 . (21.15) 

The local gravitational field measured by the observer at x 1 varies with 
distance from the caustic as the mass per unit area, 

(21.16) 

Although the density diverges, the gravitational acceleration is finite 
varying smoothly across the caustic. 

Next let us consider the relative velocities of the particles along the 
intersecting orbits as t-- t 1 • For the observer x;(l), 

(21.17) 

and so for the family of particles along the line (21.12), the relative 
positions at t close to t 1 are 

(21.18) 

where qa gives the direction of the line of converging particles as t -- t 1 • 

The relative velocity along this line for particles separated by proper 
distance r is 

u ~ -r/(t 1 - t), r ex q. (21.19) 

Since the time derivative of Pat (x;(l ), ti) generally does not vanish, 
the density measured by the observer at x;( l) varies with time as t---+ t 1 as 

This agrees with equations (21.10) and (21.19). 
The particles initially on the small sphere 

L (s/ )2 ~ constant 
/3 

(21.20) 

(21.21) 
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centered on X; (]) later are on the surface of the ellipsoid ( eq. 21.4) 

(21.22) 

and at t -- t 1 have flattened to a pancake along the caustic. If S; is not 
parallel to d ( eq. 21.11 ), then A"13 s/' ends up in the plane of the pancake, so 
the normal n" to the caustic satisfies 

(21.23) 

Since this is true for any s/', the normal is fixed by 

(21.24) 

If H"13 (eq. 21.6) is symmetric, n is parallel to q (eq. 21.18). To see this, 
note that the symmetry of H"13 gives 

dA"., dA 130 
A"0 --A-l-y/3 = --. (21.25) 

dt dt 

When t -- t 1 , A- 1-r/3 diverges as p- 1, so generally (unless the determinant 
of PA-l-r/3 vanishes) 

dA"., 
A"0(1) dt (1) = 0, q" A"0 (1) = 0, (21.26) 

where the second equation follows from equation (21.18). Comparing this 
with equation (21.24 ), one sees that generally 

(21.27) 

that is, the relative velocities of the particles moving toward intersection 
at ! 1 are normal to the pancake. One can understand this by noting that 
if H"13 is symmetric, coordinates can be oriented so it is diagonal with 
H 11 = -(t 1 - t)- 1 (eq. 21.19) and H 22 and H 33 finite, representing motion 
along the (1) axis to a pancake in the (2, 3) plane. 

Equation (21.27) assumes H"13 is symmetric. This means the flow has no 
vorticity, 'V x u = 0 (eq. 21.6). One sees from equation (21.7) that if H"13 is 
symmetric to begin with, it remains symmetric because q,"/l is symmetric. 
Vorticity is discussed further in Section 22. 
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B. Kinematic approximation 

The discussion can be made more direct by noting that once the density 
fluctuations have grown large, the velocities are large and in the final 
stages of collapse gravitational acceleration can be ignored (Zel'dovich, 
1970). Accordingly let us start at epoch t;, when the density contrast is 
roughly ID; I~ 1, and let u" (r;) be the velocity of the mass element at r; at t;. 
Both rand u will be proper inertial coordinates relative to some convenient 
origin. 

The subsequent gravitational acceleration will be ignored so at time 
t; + T the particle originally at r; is at 

r" = r;" + u"(r/3)r. (21.28) 

For the neighboring mass elements originally at r; and r; + S;, the relative 
position as a function of time is formed by differentiating this, 

s"(r) = A"fl(r)s/3, A"fl(r) = b"13 + rb.."13 , 

b.."13 = au"/ar/_ 
(21.29) 

Equation (21.28) shows how r; maps to r, so the density at the element 
labeled r; is 

P = <let I A "13 I. (21.30) 

This is a special case of equations (21.4) and (21.8). 
On multiplying out the determinant and collecting powers of r, one finds 

(Peebles 1971a) 

P = <let I o"/3 + rau" ;ar/ I 

= 1 + r'-l . u" + ~ T 2 [cv . u) 2 + (V X u) 2 - L (b.."13 ) 2 ] 
2 ~ 

(21.31) 

+ T 3 <let I b.. "fl I. 

At small r this gives p ex 1 - r V • u, in agreement with linear perturbation 
theory. If the initial velocity field has zero divergence (as might be 
assumed if t; is the epoch of decoupling of matter and radiation and if prior 
to decoupling the matter-radiation fluid were in turbulent incompressible 
flow), the contrast starts to grow as r 2• In each of the three terms in powers 
of r the characteristic time for P to change by a factor of 2 is ~A/ v, where,\ 
is the coherence length for u; this is simply the characteristic crossing 
time. 
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As pointed out by Zel'dovich, equation (21.28) offers a way to extrapo­
late beyond perturbation theory to the development of the first strong mass 
concentrations. The discussion closely follows part (A) above. For fixed 
mass element r; the Jacobian Pis a cubic polynomial in r. Suppose it has a 
positive zero, and let r 1 be the smallest positive zero. Then the density at r; 
diverges at r _. r 1 • Since the determinant of A"13 vanishes, there is a 
nontrivial solution to 

(21.32) 

Then since A =I+ r~ (eq. 21.29), dis an eigenvector of~. 

(21.33) 

and so d also is an eigenvector of A " 13 ( r), 

(21.34) 

If the initial relative position vector S; for neighboring mass elements is 
chosen to be along d", then equations (21.29) and (21.34) indicate the 
separation varies with time as 

sex d, (21.35) 

so these particles are moving toward intersection at r = r 1 • 

The relative velocity field within a small patch of matter around r; is, 
according to equations (21.28) and (21.29), 

Ifs is parallel to d, then equation (21.34) gives 

and with equation (21.36) 

-s 
OU=--, 

T1 - T 
sex d. 

(21.36) 

(21.37) 

(21.38) 

This describes the motion toward intersection of orbits. If u(r;) is irrota­
tional, a reasonable assumption, then ~a/J is symmetric and so has three 
orthogonal eigenvectors d_", with eigenvalues -Tn- 1, r 1 being the smallest 
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positive time. With coordinates along the d;", the A"/! and H"/J tensors are 
diagonal, 

C. Remarks 

A"/! - o"/J(l - r/r,,), 

H"/! - -o"f! /(r,, - r). 
(21.39) 

This calculation rests on two assumptions, that p and v are smooth fields 
to begin with and that pressure may be neglected. It is doubtful that there 
is any scale in the present universe for which the first is a useful 
approximation, for the mass density has no coherence length: the density 
autocorrelation function rises fairly smoothly with decreasing r all the way 
down to atomic distances. It is a matter of speculation whether in the past 
p had a useful coherence length. As discussed in Chapter VI this does 
happen, and the Jeans length is much less than the coherence length, if 
prior to decoupling of matter and radiation, the entropy per baryon is 
constant and the density irregularities consist of adiabatic acoustic waves. 
The short wavelength part is strongly dissipated during decoupling by 
photon diffusion; the resulting coherence length contains a mass some­
where between that of a giant galaxy and that of a cluster of galaxies, 
depending on the assumed cosmological density parameter. The develop­
ment of mass concentrations in this picture has been discussed in detail by 
Zel'dovich and his colleagues (Zel'dovich 1978 and references therein). 
The first dense spots would be pancakes with matter entering the pancake 
normal to its surface (since V x v would be small), at first with low 
relative velocity. If orbits were allowed to cross, the caustic surfaces would 
move about as different orbits intersect. Since gas clouds cannot apprecia­
bly interpenetrate on the scale of a galaxy, once the first sheets form 
matter tends to pile up in them at steadily increasing velocity until a shock 
forms parallel to the pancake. In the later stages of accumulation of matter 
in the pancake the shock perhaps would tend to become oblique. The 
pancake once formed is unstable; it tends to fragment into lumps that 
might be protogalaxies. The pancake surface has a radius of curvature 
comparable to the original coherence length of u(r;), so the sheet-like 
distribution of objects would tend to be washed out in a crossing time 
~A/ u. It is not clear whether it could be arranged that this mixing time is 
comparable to the present age of the universe, so that some trace of the 
sheet-like distribution might remain. It is interesting that Einasto (1978) 
has found observational evidence of a sheet-like character in the large­
scale distribution of galaxies. 
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22. EXPANSION, VORTICITY, AND SHEAR 

The equations describing the behavior of a small patch of matter were 
obtained in the last section under the assumption that pressure may be 
neglected. If the matter is approximated as an ideal fluid with pressure p « 
pc2, one can take account of the pressure gradient force by noting that in a 
locally Minkowski coordinate frame the acceleration of the fluid element 
at ra is 

(22.1) 

so the relative acceleration of elements separated by the small distance sa 
lS 

(22.2) 

The calculation leading to equation (21.7) then gives the relative velocity 
of the two fluid elements as 

if>,aa = 41rGp, 

(22.3) 

If the flow conserves entropy (or more generally if p can be written as a 
function of p), this last equation may be rewritten as 

(22.4) 

where his the enthalpy per unit mass, dh = dp/ p. 

As in Section 20 it is convenient to break Ha/J into the parts 

(22.5) 
W = 'v XU, 

where fa/J-y is the completely antisymmetric tensor (€ 123 = 1), 0 is the 
expansion, the trace-free symmetric part ua/J is the shear, and the antisym­
metric part w is the vorticity. 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



104 II. NEWTONIAN APPROXIMATION 

Mass conservation (eq. 21.10) gives 

I dp 
-- =-Hae'= -0. 
p dt 

The trace of equation (22.4) with equation (22.5) yields 

d0 0 2 

- + - + u2 - w2 = -41rGp - v' 2h 
dt 3 ' 

where the square of the shear and vorticity are 

(22.6) 

(22. 7) 

(22.8) 

If h = 0, equation (22. 7) with equation (22.6) is the relation derived in 
general relativity theory by Raychaudhuri (1955). Though the calculation 
is framed here in Newtonian terms, the derivation is general because the 
Newtonian approximation accurately describes the internal motions v « c 

in a small enough patch of matter(§ 6). As in Section 10, equation (22.7) 
is local because the gravitational field of the matter outside the patch 
affects only the tidal field, which has zero divergence. 

The antisymmetric part of equation (22.4) with equation (22.5) is the 
vorticity equation (compare eq. 20.22) 

(22.9) 

If w = 0 to begin with, this equation says it remains zero: no vorticity is 
created. Of course vorticity is created if the matter stress represented by 
the last term in equation (22.3) is not symmetric, as in an oblique shock or 
a strongly viscous medium. For incompressible flow p °' a- 3 as the universe 
expands so 0 = 3a/a and equation (22.9) becomes 

(22.10) 

The trace-free symmetric part of equation (22.4) yields the shear 
equation (20.22). 
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These equations describe the behavior of a fixed patch of matter. It is 
also useful to write down the time derivatives at fixed coordinate positions: 
convenient variables are the expanding cosmological coordinates xa, 
cosmic time t, and proper peculiar velocity va. In these variables the 
equations describing an ideal nonrelativistic fluid are ( eqs. 9.15, 9.17) 

iip a I -- + 3 - p + - 'V • pv = 0, at a a 

av 1 a I 1 - + - (v • V)v + - V = - - v' p - - v'</> 
dt a a pa a 

The source for</> is the departure from homogeneity, p - Pb· 
The analog of equation (22.6) is 

1 
0 = - V · v. 

a 

(22.11) 

(22.12) 

The analog of equation (22.7) is found by taking the divergence of the 
second of equations (22.11) and using the definitions of shear and vorticity 
in terms of these variables, 

(22.13) 

The result is 

(i + 2 ~ + ! V • v) 0 + 82 + <I2 - ! W • W at a a 3 2 (22.14) 

= -41rG(p - Pb) - V 2h/a2. 

The vorticity equation is found by taking the curl of the second of 
equations (22.11 ). The only complicated term is the second, 

[V X (v • V)v]a = a(v · V)wa + A.,, 

Aa = EatJ-yV 6,fJv-r,a = 1/2tafJ-y(v 6,fJ + vfl,6)(v-r,a - v 6,-y)-
(22.15) 

Using the identities (for a= 1, 2, 3) 

(22.16) 
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with the definitions in equation (22.13), one finds 

(22.17) 

If p may be expressed as a function of p, the pressure term on the right 
hand side of equation (22.11) is a gradient, so the curl vanishes and the 
vorticity equation becomes 

aw" 1 ( a 2 ) - + - V • v' W + 2 - + - 0 W = c, 13W13 at a " a 3 " " ' 
(22.18) 

in agreement with equations (22.9) and (22.12). By using 

(22.19) 

we can rewrite this equation as 

aw 1 ( a ) 1 - + - (v • v')w + 2 - + 0 w = - (w • v)v. at a a a 
(22.20) 

The dot product of equation ( 22.18) with w gives the rate of change of the 
magnitude of the vorticity, 

(22.2 I) 

The result of averaging this over space and integrating the second term by 
parts is 

(22.22) 

The uniform expansion tends to reduce the vorticity as w ex a- 2 while the 
shear term can serve to amplify the vorticity. 

Equations (22.17) to (22.21) are the usual hydrodynamic vorticity 
equations (for example, Tennekes and Lumley 1972) modified by the 
expansion term a/a (Olson and Sachs 1973, Silk 1974c). 

Kelvin's circulation theorem says the integral 

r = a :f V. dx (22.23) 

around a closed path fixed to elements of the fluid is independent of time if 
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the fluid is ideal with pa single-valued function of p. Of course, the general 
expansion of the cosmological model does not alter this (for example, 
Ki hara and Saki 1970). 

23. ORIGIN OF THE ROTATION OF GALAXIES 

In the standard gravitational instability picture the angular momentum 
of a galaxy is not primeval but rather the result of exchange of angular 
momentum among protogalaxies. One imagines that a protogalaxy is 
highly asymmetric; the surface containing the material destined to end up 
in a single galaxy could have a very irregular shape. Therefore, the 
interaction among neighboring clumps would cause an appreciable torque. 
The final angular momentun of a galaxy thus would have come from the 
rotational and relative orbital angular momenta of its original neighbors. 
This process was first discussed by Hoyle ( 1949a), who considered a 
collapsing protogalaxy, and Peebles (1969c), who considered the process in 
the context of an expanding world model. 

It is not clear whether this effect can account for the rotation of 
galaxies. The wanted angular momentum transfer is uncertain because the 
typical mass distribution in a galaxy is uncertain and so is the amount of 
the spin-up due to the collapse after formation. Furthermore, a realistic 
theoretical treatment proves difficult, as is illustrated by the following 
perturbation theory approach. 

It will be assumed that the density and velocity fields are only slightly 
perturbed from the uniformly expanding background model and that p and 
v are smooth functions with coherence length A. We shall consider the 
angular momentum in a sphere of radius r about the center of the sphere, 
and to compute we will expand pv in a power series about the center, which 
is valid if the radius is small compared to the coherence length. Since the 
angular momentum of a protoobject is wanted, the sphere will be centered 
on a local maximum of p. 

The momentum density is 

(23.1) 

The first nontrivial term in this expression is the second, which gives 

La= ta/J-,(p1/''h J rflr0d 3r, 

41r 5 41r 5 
L = - r 'v x pv = - r p 'v x v. 

15 15 

(23.2) 
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The last step follows because the sphere is centered on a maximum of p. 

Since vorticity is conserved, if 'v x v was negligible to begin with, this 
contribution to L is negligible. The next nontrivial term in equation (1) is 
the fourth, which gives 

1 'Y J3{3uµv La = 6 Ea(J-y(pu ),uµv d rr r r r, 

and, with 'v x v = 0, 

21r 7 2 
L = -r Ph 'v (Vo Xv), 

105 

(23.3) 

(23.4) 

where o = op/ p. One can see the size of this by comparing it to the angular 
momentum of a sphere uniformly rotating at angular velocity n: 

The effective angular velocity of equation (23.4) is then 

where Xis the coherence length, and (14.9) says 

u ~ Xo/t, 

so 

(23.5) 

(23.6) 

(23. 7) 

(23.8) 

The protoobject breaks away from the general expansion when o ~ 1, 
and its collapse time is on the order of the expansion time t for the universe 
at that epoch. With r ~ X ~ the size of the object, equation (23.8) indicates 
that the rotation period is on the order of the co Ila pse time, which is what is 
wanted for an object supported by rotation. Of course, this result is not 
surprising because Qt ~ I is demanded by dimensional analysis. It is also 
apparent from equation (23.8) that the typical size of the number ru is 
difficult to estimate with any accuracy because it critically depends on the 
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contribution to L by the matter on the outer fringes of the protoobject, r ~ 
A, where the expansion of equation (23.1) is not reliable. 

A further apparent difficulty might be mentioned. In the instability 
picture the circulation (eq. 22.23) is conserved and small, while the gas in 
the disc of a spiral galaxy evidently moves in fairly smooth circular orbits 
with substantial circulation. However, it is doubtful that this is a serious 
problem because the collapse of a protogalaxy or protocluster would be 
expected to be violent, hence strongly dissipative, which would violate the 
conditions of the circulation theorem (Chernin, 1970). As one example, 
consider a fluid of stars where the cross sections are small, so the fluid can 
mix with negligible scattering. If this fluid has no vorticity to begin with 
and if one could isolate and follow those stars that originated in a small 
common patch, one would find that the vorticity remains zero even in a 
well-mixed object like a rotating elliptical galaxy. But, of course, that is 
not relevant: the stars one finds in a small patch in the galaxy are a mixture 
of components that arrive there by different paths, and the best one can do 
is measure the streaming velocity 

(23.9) 

where Pa and va are the density and velocity fields of the stars that 
originated in patch a, and 

(23.10) 

if there was no initial vorticity. If the denominator of equation (23.9) is 
independent of position, the vorticity of the streaming velocity is 

(23.11) 

As is to be expected, orbit mixing can produce a smooth galaxy with 
streaming velocity that has circulation. In a similar way formation of a 
uniformly rotating disc of gas in a spiral galaxy would require strong 
dissipation, not only to produce vorticity, but also to dissipate the original 
strongly noncircular motions of the gas. An example illustrating motion 
without vorticity of a gas in a protogalaxy is given by Peebles (1973a). The 
motion soon becomes quite complicated, giving one the impression that it 
would be difficult to see how such motions could persist for more than a 
crossing time without strong dissipation leading to circular motion with 
circulation. 

An interesting potential test of the angular momentum transfer picture 
was discussed by Jones (1976). In close pairs of galaxies one ought to be 
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able to devise a way to detect the residuum of the detailed balance of 
angular momentum exchange. Any such effect certainly is not very strong: 
in close pairs of galaxies the orientation of the long axes relative to the line 
joining the pair is quite close to isotropic (Hawley and Peebles 1975). 

The significance of the rotation of galaxies in the gravitational instabil­
ity picture is not at all well understood. It is obvious from dimensional 
analysis that the angular momentum tranfer in this picture is the right 
order of magnitude, but a check beyond the factors of ten proves difficult. 
Perhaps the most reliable estimates are from N-body experiments (Peebles 
1971b, Haggerty and Janin 1974, Efstathiou and Jones 1979). They 
suggest that the gas in spiral galaxies collapsed a factor ~ 10 in radius 
before it could be supported by rotation. One must bear in mind that the 
angular momentum transfer critically depends on the material in the outer 
fringes of the object, and it is not clear that even the N-body models 
correctly take this into account. In view of the uncertainty in the size of the 
theoretical effect and in what is needed to account for the observations, it is 
perhaps not surprising that quite variable opinions have been expressed on 
whether angular momentum is a serious problem for the instability 
picture. One can also find diverse arguments on whether the circulation 
theorem is a problem for any scenario where primeval vorticity is negligi­
ble. The spread of opinion on these points can be seen by comparing the 
discussions of Peebles (1969c, 1971 b, 1973a), Hunter (1970), Chemin 
(1970), Oort (1970), Harrison (1971 ), Doroshkevich (1973 ), Tomita 
(1973), Binney (1974), Field (1975), Doroshkevich, Sunyaev, and Zel'do­
vich (1974, § 5), and Thuan and Gott (1977). 

24. COSMIC ENERGY EQUATION 

The ordinary Newtonian energy conservation equation when expressed 
in expanding cosmological coordinates assumes an interesting and useful 
form. This was discovered by Irvine (1961, 1965) and Layzer (1963, 1964) 
and independently by Dmitriev and Zel'dovich (1963) and Haggerty 
(1970). Two forms of the equation are derived here: one applies to 
point-like particles that interact only through gravity, the other to an ideal 
fluid that conserves entropy. 

A. Free particle model 
The particles in a finite region of the universe will be considered, and it 

will be supposed that the region is large enough so that the perturbation 
due to matter outside it has a negligible effect on the behavior of a typical 
particle inside. The mass of the sample is 
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and a Lagrangian for the system is (eqs. 8.6) 

r /: 2·2 L = ~ 12m a x - MW 
J J ' 

111 

(24.1) 

(24.2) 

Here p is a sum over delta functions (in r) and the integral is supposed to 
exclude x 1 = x 2• The Hamiltonian is 

2 

= ' ---1!1_ + MW 
L- 2 m a2 ' 

J 

and the energy equation is 

dH aH 
dt at . 

The kinetic energy term in this equation is 

aK a 
-= - 2-K 
at a ' 

(24.3) 

(24.4) 

(24.5) 

since K varies as a- 2 at fixed p. The potential energy term varies as 
MW ex a- 1 at fixed X; (because p varies as o(r - r;) = a- 3o(x x;)), so 

aw a 
-= --W. 
at a 

(24.6) 

The energy equation (24.4) is then 

dK dW a 
- + - + - (2K + W) = 0. 
dt dt a 

(24.7) 

On using the density autocorrelation function 

(24.8) 
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we can rewrite the second of equations (24.2) as 

Gasp/ j 3 3 
W = - 2M d x 1d x2Hx12)/x12 

(24.9) 

= - ~ Ga2pb j d 3xi;(x)/x, 

since the region is supposed to be large compared to the maximum 
correlation length for f 

Equation (24.9) defines the cosmic potential energy W per unit mass; 
equation (24.5) defines the cosmic kinetic energy K per unit mass, and the 
energy equation (24.7) gives the relation between the two. If W"" 0, the 
equation indicates K ex a- 2, in agreement with the usual decay of peculiar 
motion of a freely moving particle, v ex a- 1• If there is no substantial time 
variation in the clustering so dK/ dt and dW / dt are negligibly small, the 
equation becomes 2K + W = 0, in agreement with the virial theorem. 

The energy equation can be rewritten as 

:i a(K + W) = - Ka< 0, (24.10) 

in an expanding universe, a> 0. This means a(K + W) is decreasing, and 
if K = 0, W :s; 0 to begin with (or more generally the initial values of Kand 
Ware negligibly small), a(K + W) is negative, so 

K< -W. (24.11) 

This inequality was deriyed by Zel'dovich (l 965a.) 
Unlike the standard Newtonian formalism the potential W need not be 

negative: if ~ < 0, representing anticorrelation of positions, it makes a 
positive contribution to W (eq. 24.9). Zel'dovich's inequality shows that if 
the galaxy distribution is the result of gravitational interactions alone, W 
must be negative, that is, the possible positive contribution to W by 
anticorrelation at fairly large scales must be overbalanced by the negative 
contribution due to clustering on smaller scales. 

A second inequality is obtained by writing equation (24.7) as 

(24.12) 

The function Pht is the number of neighbors in excess of random per unit 
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proper volume, and this number evaluated at fixed proper distance r is 
expected to increase with time as clusters develop. If so, -dW/dt > 0. 
Thus if K + W/2 is small to begin with, a2(K + W/2) > 0. With equation 
(24.11) we have then 

(24.13) 

The relation between Kand Win linear perturbation theory was derived 
in Section 14. Equation (14.10) is 

(24.14) 

It is left as an exercise to verify that this is consistent with equation (24.7). 
Another relation between K and Wis derived in Section 74 below (eq. 
74.6). 

B. Ideal fluid model 
In the early universe the matter might approximate an ideal fluid that 

conserves entropy. The equation for the internal energy of the fluid, 
expressed in expanding coordinates, is 

a 1 ( 1 a) - pu + - v • 'v pu = -(pu + p) - 'v • v + 3 - . at a a a 
(24.15) 

Here u is the internal energy per unit mass, pu the internal energy per unit 
proper volume. The right-hand side gives the rate of change of this 
quantity in a fixed fluid element due to expansion and pdV work. The 
usual fluid energy conservation equation is found by writing down the time 
derivative of pv2 /2, using the mass and momentum equations to evaluate 
the time derivatives of p and v, and adding the derivative of pu. The result 
of repeating this calculation in expanding coordinates ( eqs. 22.11) is the 
energy equation 

1 a sa 2 P 
=--'v-pv-3-(pu+p)---pv --v-'v¢,, (24.16) 

a a 2 a a 
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The cosmic energy relation is found by averaging this equation over 
position. This eliminates the terms that are total divergences, and the 
gravity term with equation (9.17) becomes 

= Gpba2 J d 3x' (il(x')a/l(x)/at)/ Ix' - xi 

1 af 
= 2 Gpba2 at d 3xHx)/x 

(24.17) 

= - (:t + ~) w, 

where Wis defined as in equation (24.9). The cosmic kinetic energy per 
unit mass and the mean internal energy per unit mass are 

Pb= (p). (24.18) 

Since Pb C( a-3, one finds from equations (24.16) to (24.18) 

- (K + U + W) + ~ 2K + - (p) + W = 0. d . ( 3 ) 
dt a Pb 

(24.19) 

Another form is obtained by using the space average of the internal energy 
equation (24.15), 

au 3 a 1 - + -- (p) + - (p'V • v) = 0. 
at Pb a Pba 

(24.20) 

The last term is 

(v · 'Vp) = (pv · Vh) = - (h'V · pv) = apb(ha/l/at), (24.21) 

where h = u + p / p is the enthalpy per unit mass. With these expressions 
we can rewrite equation (24.19) as 

d a 1 
-d (K + W) + - (2K + W) = - (p'V · v) = - (hail/at). (24.22) 

t a Pba 

If p = 0, the first of equations (24.22) reduces to the energy equation 
(24. 7). It is amusing to note that the free particle case described in 
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equation (24. 7) can be considered a statistically uniform ideal gas with 
K = 0 and p = 2pu/3, for which equation (24.19) with equation (24.18) 
can be reduced to 

d a 
-d ( U + W) + - (2U + W) = 0. 
t a 

(24.23) 

For incompressible flow, as in subsonic turbulence, o is nearly zero so W"" 
0 and equation (24.22) gives 

(24.24) 

This decay law is the same as for freely moving particles, u ex a- 1• The 
generalization of equation (24.24) when p ~ pc2 is discussed in Section 90 
below. 

25. SPHERICAL ACCRETION MODEL 

This is a special model for the development of clustering around a mass 
concentration. The key assumption is that at some starting epoch t; matter 
is fairly uniformly distributed overall while at some spot there happens to 
be an unusually strong mass excess around which more matter tends to 
collect. This process was first discussed by Hoyle and Narlikar (1966), 
who suggested that it might account for the star distribution around the 
nucleus in an elliptical galaxy. They worked through the calculation 
leading to equation (25.8) below, but because they used some unconven­
tional cosmological conditions they arrived at a different power law, 
p ex r- 813• Gunn and Gott ( 1972) discussed spherical accretion of extraclus­
ter gas by a cluster of galaxies. Ryan (1972) and Gribbin (1974) discussed 
accretion by primeval black holes as a way to make galaxies. The 9 / 4 
power law in equation (25.8) is derived by Gott (1975) and Gunn (1977). 

Matter is treated here as an ideal zero pressure fluid, which, depending 
on the circumstances, might be a gas of atoms, or stars, or galaxies. 

It is assumed that at some starting time t; there is a mass concentration 
m0 , with the matter evt:rywhere else uniformly distributed to high accura­
cy, all with zero peculiar velocity. Then the spherical model applies(§ 19). 
At the mass shell with initial radius r; the initial kinetic energy per unit 
mass is 

1 2 2 471' -I 2 K = - H r = - Gp.Q. r 
I 2 I I 3 I I I' 

(25.1) 
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where !.1; is the cosmological density parameter at t;. The potential energy 
per unit mass is 

(25.2) 

If no other mass shell crosses this one, its maximum radius rm is given by 
(eq. 19.6) 

IW;I- K; r; 
I W;I rm 

(25.3) 

After the shell collapses, its time average radius is 

(25.4) 

where f - 0.5, depending on how shells cross. This factor might depend 
somewhat on the value of Q, but the effect should be small and will be 
ignored. The relaxed density run around m0 is estimated by imagining that 
the material originally at r; ends up at radius r: 

(25.5) 

It will be assumed that Qi "" 1, so to begin with the expansion is close to 
Einstein-de Sitter, and that Pi r/ » m0 , so the mass concentration at first is 
a small perturbation. 

Equations (25.1) to (25.4) give 

3 m0 
(25.6) 

and this with equation (25.5) yields 

(25. 7) 

These equations describe the halo p(r) that develops around m0 • 

In an open model !.1; < 1, r0 > 0, the mass shell at initial radius r; = r0 has 
zero net energy; only the matter at ri < r 0 eventually falls toward m 0 • In the 
limit r; « r 0 equations (25.6) and (25.7) become 

(25.8) 
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This part forms while n(t) ~ 1. If r0 ~ r;, 

(25.9) 

This part forms when n « 1. The transition between these two limiting 
cases is at 

'"'n.- 1 -1' 
I 

(25.10) 

It will be noted that relaxation (through two-body interactions or the 
fluctuating potential) has been ignored; if important this could erase the 
steep ,- 4 part that develops when n drops well below unity. 

Equations (25.8) and (25.9) assume also that the material has been 
mixed through several crossing times. The initial rise in density as the 
material first falls toward m0 is given by equations (19.21) through 
(19.26), (19.29), and (19.38). The initial fractional mass excess within r; is 
(eq. 19.8) 

9 m0 b'=----
' 20 7r P;r/ ' 

(25.11) 

for the only perturbation is the mass m0 at r = 0. Figure 25.1 shows an 
example of the shape of the halo given by these equations. The density 
parameter is Q = 0.03. The coordinate axes both are linear. The lower 
curve is the mass density at radius r divided by the density in the 
background cosmological model, 

p(r)/Pb = 1 + b(r). (25.12) 

This curve has been plotted only too; = on at the shell that has zero energy. 
Somewhat below this radius the model is no longer to be trusted because 
the infalling mass shells would be crossed by rebounding ones. The upper 
curve shows the ratio of the mass within r to that expected for a 
homogeneous mass distribution (eq. 19.29), 

M(<r) p' 
-- = - = 1 + b'(r). 

Ph V Pb 
(25.13) 

In the part of the halo pictured here there has been appreciable accretion: 
the mass within r is well above the value for a uniform distribution. 
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FIG. 25.1. Density run around the outer parts of a mass concentration in the spherical 
accretion model. The density parameter is Q ~ 0.03 . The lower curve is the mass 
density in units of the background density. It is plotted for the shells that have positive 
energy. The upper curve is the total mass within r divided by the volume. 

However, the matter has moved so as to hold p very nearly constant. This 
happens also at smaller radius. For example, the shell that has just stopped 
expanding has a radius slightly more than half that of the zero energy 
shell. The mean density within this shell is 90 Pb while the density at the 
shell is 3.5 Pb· The spherical accretion process thus is efficient at pulling in 
mass but not so efficient at building a smooth mass distribution at densities 
a modest multiple of the mean. 

A similar but smaller imbalance is found in denser cosmological models. 
For example, equations (19.48) and (19.38) with equation (25.11) 
describe accretion in an Einstein-de Sitter model. On expanding this 
solution in a power series in the parameter 0 and keeping only the first 
nontrivial part, one finds 
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p(r) = 1 3 04 
Pb + 700 ' 

2 3 m0 a(t) 1 
0 =-----3· 

7r Pb(t) a; r 

119 

(25.14) 

The mass density thus falls very sharply, the perturbation varying as r- 6• 

The perturbation to the mean density within r varies as r- 3, that is as the 
volume, which just says that there is a mass concentration well inside r 
amounting to 

(25.15) 

At the mass shell that has just stopped expanding, the parameter is 0 = 1r, 

and the densities are (eq. 19.50) 

p' 91r2 
-=-= 5.6, 
Pb 16 

p 91r2 
-=-= 1.4. 
Pb 64 

(25.16) 

In an object formed by this spherical accretion process one would find 
that the density p(r) in the outskirts is substantially less than the mass 
within r divided by the volume within r. This is not observed in the run of 
galaxy number density around an Abell cluster (§ 77), but conceivably it 
has been washed out by the average over clusters. A test for the effect 
might be possible when we have detailed maps of galaxy positions around 
individual large clusters. 

One should bear in mind that all these results depend on the fundamen­
tal assumption that m0 is the dominant perturbation. The mass distribution 
around m0 presumably is somewhat irregular, so the model is unrealistic if 
r; is too large. For example, suppose the initial density p(x, t;) around m0 is 
a random Gaussian process, and let the rms fluctuation in density after 
smoothing through a window of radius r be 

(25.17) 

where a and (3 are positive constants. For white noise (3 = 3/2. Then if r; 
satisfies 

(25.18) 

the spherical accretion model is a reasonable approximation. If the limit is 
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violated the dominant perturbation is the fluctuating mass outside m0• A 
model for the development of clustering in this case is discussed next. 

26. HIERARCHICAL CLUSTERING MODEL 

The idea here is that at some epoch t; the fluctuation in the matter 
distribution approximated a random Gaussian process. This means the 
mass found within a randomly placed sphere of fixed radius has a roughly 
Gaussian frequency distribution with dispersion fixed by the assumed mass 
density power spectrum (or autocorrelation function). Where this mass 
happens to be high the matter tends eventually to stop expanding and form 
a stable system. Within such a patch there were at t; fluctuations on 
smaller scales that would have had larger initial amplitude and so would 
have stopped expanding sooner to form denser subsystems: thus a sort of 
continuous clustering hierarchy develops. 

The idea that a clustering hierarchy might develop was implicit in the 
early discussions of Lemaitre (1933b, 1934 ), at least to the extent of 
galaxies forming within clusters, but it seems to have been first clearly 
stated by Layzer (1954). The scaling argument below was given by Peebles 
(1965, 1974a). 

The assumed initial conditions can be stated in terms of the Fourier 
transform of the mass distribution. It seems to be simplest to take the 
universe to be periodic in some large rectangular volume Vu. (Of course 
this has no physical significance and no effect on the final results if Vu is 
large compared to the maximum correlation length for the distribution.) 
Then the mass density can be expanded as the sum 

(26.1) 

The assumption is that the ok have random phases and that the power 
spectrum has some prescribed shape, which will be supposed to be a power 
law, 

-3 < n < 4. (26.2) 

This assumption like that of Section 25 is only a guess, that will be justified 
if the results are found to approximate the present situation in some detail 
(and perhaps ultimately if it is found to be consistent with some deeper 
theory of the early universe and the big bang). The random phase 
condition rules out the dominant mass concentrations assumed in the last 
section or at least makes them rare exceptions. The power law form of 
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equation (26.2) is adopted because it is convenient and seems not 
contrived. If the index n were n s -3, then for convergence (eq. 26.4 
below) the spectrum would have to be cut off at some wavelength Ac and 
the dominant effect would be density fluctuations of size ~Ac on which are 
superposed relatively minor ripples A < Ac from the power spectrum at 
k > kc- This would vitiate the clustering hierarchy argument that assumes 
the density fluctuations on small scales are substantially larger than the 
fluctuations on large scales. The calculation given here fails if n > 1, but, 
as described in Section 28, can be adjusted to appiy torr s 4. 

The mass found within a sphere of radius x centered at x0 is 

(26.3) 

Averaging the fluctuation (M - pba3 V) 2 over position x0 eliminates the 
cross terms, leaving 

(oM)2 
~- I 12 Vu j 3 I l2 - = L.- ok W(kx) = -( )3 d k ok W(kx), 

M k,<, 0 21r 

W co= [J d3x'e-ik••/ J d3x'J2 (26.4) 

9 [ . ]2 == 6 SIIl y - y COS y , 
y 

y = kx. 

The window function is W ~ I, y :$ 1, and W ~ y-4, y »I. 
If the power spectrum is not growing as rapidly as k or decreasing as 

rapidly as k-3, then equation (26.4) yields 

(oM/M)2~ Vuk 3 lokl 2, k~x-1, 

(oM/ M) 2 ex x-<3+nl, 
(26.5) 

in the power law model. This result is independent of the phases of the ok. If 
the phases are random, the distribution of M(x0) - Pb Va3 is Gaussian, so 
we have the picture that the density measured on the scale x fluctuates up 
and down by the amount ex x-<3 +n)/2• 

Now consider the course of evolution of these fluctuations in a universe 
that is close to the Einstein-de Sitter model. Linear perturbation theory 
establishes that oM / M at fixed x grows at t213 until oM / M ~ I, at time 
t ~ tx- At this time the mass distribution has fragmented into more or less 
stable lumps of sizer,_ xa(tx), density ~( Gt})- 1 (§ l 9E). Of course, each 
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lump contains a hierarchy of sublumps that formed earlier. The time tx is 
fixed by 

(26.6) 

whence the radius and density are 

(26. 7) 

yielding the radius-density relation 

'Y = (9 + 3n)/(5 + n). (26.8) 

Equation (26.8) describes a clustering hierarchy that is continuous: 
there is no natural dividing line between levels of clustering on scales 
smaller than the sizes of the clusters just in the process of forming. The 
clusters forming at epoch twill have characteristic size r0(t) and character­
istic density n(r0) that is on the order of the mean background density 
nb(t). By equation (26.7), this transition radius scales with time as 

(26.9) 

One interpretation of this model is in terms of how the mass distribution 
would appear if viewed with linear resolution r. For r < r0 the matter would 
appear in patches of size ~r and typical density ~n cc ,---,_ Viewed on a 
smaller resolution r' < r these patches would tend to resolve into smaller 
patches, size ~r' and density ~n(r'). At resolution r > r0 the mass 
distribution would appear close to uniform, and one would see fluctuations 
of size ~rand amplitude op cc , - (3 +n)/2, representing some future generation 
of the clustering hierarchy. An example is shown in Figure 26.1. The 
brightness pattern is white noise, n = 0 in equation (26.2), viewed with 
resolution comparable to the size of the coherent patches. Though there is 
equal power at all wavelengths longer than the cutoff, the shortest 
wavelengths appear most prominent because of the k3 ex 'A. - 3 factor in 
equation (26.5). If the brightness pattern in this figure were viewed at 
lower resolution it would again appear mottled, but the amplitude oi/i of 
the fluctuations would diminish (as ,- 1 in two dimensions, ,- 3/ 2 in three 
dimensions). 

In this clustering hierarchy picture each particle is in a nested set of 
clusters, so another interpretation of equation (26.8) is that the mean 
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FIG. 26.1. Illustration of white noise. The spectrum is cut off at a wavelength - the 
coherence length in this mottled pattern. This is a pinhole photograph of a spot 
illuminated by a laser; the size of the pinhole determined the resolution (from Peebles 
and Dicke 1968; published by The University of Chicago Press; copyright 1968 by The 
University of Chicago). 

(ensemble average) density at distance r from randomly chosen particle 
varies as ,--r_ This appears similar to the result of the spherical accretion 
model discussed in Section 25, but the situation is quite different. Suppose, 
for example, that at t; the matter is in particles each of mass m0, randomly 
distributed, n - 0. Each particle represents a mass concentration: because 
the positions are uncorrelated, the mean mass found within distance r of a 
randomly chosen particle is larger than the mean mass found within a 
randomly placed sphere of the same size by the amount m0• One might 
then try to compute the development of the mean clustering of matter 
around randomly chosen particles by using the spherical accretion model. 
However, this is not valid when x is larger than the interparticle distance 
because under the initial conditions assumed here the dominant perturba­
tion on scale x comes not from the bias m0 but rather from the random 
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fluctuations in density on scale x. The chosen particle ends up in a cluster 
of size ~x, but the cluster forms not around the particle, but rather 
wherever the density averaged over scale x happens to reach a local 
maximum. 

Press and Schechter (1974) and Efstathiou, Fall, and Hogan (1979) 
have discussed an interesting extension of the model to an estimate of the 
frequency distribution of the masses of the objects that are fragmenting 
out of the general expansion at epoch t. They observe that if the initial 
density p(x) - Pb is a Gaussian process, then the mass M(x0) (in a sphere 
of radius x centered at x0; eq. 26.3) has a Gaussian frequency distribution, 
and they assume that the positive (overdense) half of this Gaussian 
distribution is the frequency distribution of initial density contrasts in 
protoclusters of size x. It is doubtful that this is a good approximation, 
however, for as noted above protoobjects of size ~x would tend to form not 
around randomly placed centers x0, but rather where the function M(x0) 

happens to reach a local maximum. Apparently one would prefer instead 
of the distribution of M(x0) for randomly placed x0, the distribution of 
M(x0) for x0 placed at local maxima of the function M(x0) (Jones 1976). 
Even this would be a crude approximation to a difficult problem, however, 
for the mass of a protoobject is a sensitive function of the radius; a region 
with unusually large mean density would tend to sweep in more of the 
surroundings. 

The evidence of a clustering hierarchy in the general galaxy distribution 
is discussed in Chapter III below; some formal developments in the theory 
of the formation of a clustering hierarchy are presented in Chapter IV, and 
some details of possible scenarios are reviewed in Chapter VI. 

27. FOURIER TRANSFORM OF THE EQUATIONS OF MOTION 

For some purposes it is useful to study how the Fourier transform of the 
mass density varies with time. Some relevant general relations are given 
here for two models; an ideal zero pressure fluid and a gas of particles that 
interact only by gravity. 

As in the last section a discrete rather than continuous transform seems 
somewhat more convenient. The universe is imagined to be periodic in Vu 
fixed in x coordinates, with Vu much larger than the (assumed) maximum 
correlation length. The periodic boundary conditions mean the potential cf> 
can be expanded as a sum over plane waves periodic in Vu, 

(27 .1) 

On substituting this in the field equation 
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27. FOURIER TRANSFORM OF EQUATIONS OF MOTION 125 

and using 

one finds 

The transform of the density contrast is defined as 

s J d3 ik•x; V uk = xpe Pb u, 

and this in equation (27.4) with equation (27 .1) gives 

¢(x) = -41rGa2pb L e-ik•Xok/k2. 
k*O 

(27.3) 

(27.4) 

(27 .5) 

(27 .6) 

Since (p(x)) = Pb, the term k = 0 vanishes on both sides of equation 
(27.4), and we can simply drop this term from equation (27.6). 

Let us suppose first that matter can be represented as a collection of 
point particles, the j'h particle at position xit) having mass mj. The 
particles interact only by gravity, and as usual the Newtonian approxima­
tion is used, but this will be described in full, not in the Vlasov model of 
Section 9. 

The density is a sum of delta functions 

(27.7) 

so the transform of equation (27 .5) is 

(27.8) 

where Mu is the total mass in Vu. The first two time derivatives of this are 

dok L . . ik, -- = (1k • x)e · ;m-/M dt 1 1 u, 

(27.9) 
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On using the equations of motion (7. 10) 

a x + 2-x = -v¢/a 2 

a 

in the second of these equations, one finds 

d 2ok Cl dok , mik ' V <P1 ik-x C -+2--=-L~-~-e '-
dt2 a dt Mua 2 ' 

C = ~(k. x.)2eik-x,mj/ Mu. 

(27.10) 

(27.11) 

The potential for the/h particle is given by equations (27.6) and (27.8): 

(27.12) 

On using this in the first term on the right side of equation (27.11) and 
adding the term I= j (which vanishes in the sum below), one finds 

The term k' = k is 

(27.14) 

because o0 = 1, and this should be written separately since it is larger than 
any of the others. The remainder of the sum is unchanged if the index is 
changed from k' to k" = k - k', so it can be rewritten as 

k'#O,k 

k · k' k · (k - k') 
D = ~ + I k - k' 12 

(27.15) 
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This form is convenient for the discussion in Section 28 because it shows an 
important cancellation of terms; when k « k', D ~ (k/k') 2• 

The final result is (Peebles 1974c) 

(27.16) 

This is the linear perturbation theory equation (10.3) with two nonlinear 
terms added on A (eq. 27.15) and C (eq. 27.11 ). 

An equation very similar to (27 .16) is found in the ideal fluid model 
(Wickes and Peebles 1976, Vishniac and Press 1978). When the pressure 
vanishes, equation (9.19) is 

On multiplying this equation by exp ik • x/Vu and integrating over x, and 
then using equation (27 .5) for ok and equation (27 .6) for¢, one finds 

where A is given by equation (27 .15) and the velocity term is 

which can be compared to equation (27.11). 
The Fourier transform of the velocity field is 

and this in (9.17) is 

dvk" G 2 
-d + - vk" = - 41riGapbokk" / k + Ea, 

t a 

Ea= (i/a) ~k~vk-kPvk,"· 

(27.18) 

(27.19) 

(27.20) 

(27.21) 

In the linear perturbation approximation the term E,, is dropped. It is left 
as an exercise to verify that if ok <X D(t) where D is a solution to equation 
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(10.3), then the inhomogeneous solution to equation (27.21) with E - 0 is 

(27.22) 

and that this agrees with equation (14.9) for ua(x). 
Equations (27.18) to (27.21) offer a possible way to compute the 

development of nonlinear density fluctuations in an expanding world 
model (Wickes and Peebles 1976): replace the functions of four variables 
p(x, t), v(x, t) with the infinite set of coupled functions of one variable, 
bk(t), uka(t), and then truncate the set at short wavelength. If, as is argued 
in the next section, the existence of strongly nonlinear clumps has little 
effect on the growth of new levels of the clustering hierarchy, the 
truncation of the spectrum might be a reasonable approximation, and 
numerical integration of the truncated set of equations might be feasible. 
So far, however, nothing much has come of this. 

28. COUPLING OF DENSITY FLUCTUATIONS 

The linear perturbation calculation in Section 10 assumes there are only 
slight departures from homogeneity, but nevertheless we can use it to 
describe the behavior of large-scale density irregularities in the present 
universe by treating each bound cluster of galaxies as a diffuse particle. 
This is because momentum conservation says the strongly nonlinear 
motions balance out within the cluster, the center of mass responding only 
to the gravitational attraction of neighboring clusters: there is no strong 
coupling of substantially different wavelengths even when the clustering is 
nonlinear. As is described here, this idea can be made more formal by 
using equation (27.16) for the Fourier transform of the mass distribution. 
The analysis follows Peebles ( 197 4c). 

It has been suggested that what mode coupling is present might play a 
significant dynamic role; the strongly nonlinear behavior on small scales 
might force the development of clustering on larger scales and that in turn 
force the growth of still larger clusters, and so on (Carlitz, Frautschi, and 
Nahm 1973, Press and Schechter 1974). Thus one might speculate that at 
the time of the Big Bang the universe was as close to homogeneous and 
isotropic as is allowed by the discrete nature of matter and radiation. The 
minimal perturbations forced by the fact that energy appears in quanta 
would grow under gravity and perhaps develop into galaxies and clusters of 
galaxies. The scheme seems attractive because it offers a particularly 
simple and natural prescription for initial conditions (if one accepts that 
the universe at the time of the Big Bang naturally attempts to be as 
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28. COUPLING OF DENSITY FLUCTUATIONS 129 

uniform as possible). However, it appears from the following analysis that 
the effect is too weak to be interesting. 

Let us consider first how to define the density fluctuations on a given 
length scale. Once this is done we can find the minimal density fluctuations 
forced by discrete clumping of matter. This is discussed in parts (A) and 
(B) below. The role of relaxed clusters of matter is analyzed in part (C), 
and a model for the effect of the process of formation of clusters is 
analyzed in part (D). 

A. Miminal fluctuations 
A measure of the typical density fluctuation on scale xis ( eq. 26.5) 

(28.1) 

As before the Fourier component belonging to wave number k is (eq. 
27.5) 

(28.2) 

where the distribution is periodic in Vu fixed in x coordinates. The variance 
of the density is ( eq. 26.4) 

(28.3) 

so one sees that equation (28.1) is the contribution to the variance of p by 
the Fourier components with wavelengths>,. ~ x in the range o>,. ~ x. 

It will be supposed that the matter is in point-like particles, mass ~m0• 

The goal is to discover the minimal fluctuations in density on large scale 
forced by the discreteness of the matter. If the particles were randomly 
distributed, equation (28.2) would be a random walk of Nu steps, Nu being 
the number of particles in Vu, and since the length of each step is 

(28.4) 

equation (28.1) gives 

(28.5) 

This is the usual result: the variance is the reciprocal of the mean number 
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of particles in x3• The density fluctuation is larger than is given by equation 
(28.5) if the particles are clustered, and it is smaller than equation (28.5) if 
the particles are anticorrela ted ( § 3 6 below). To see how small the 
fluctuations reasonably might be, let us start with the density precisely 
uniformly distributed, p(x) = Pb· Then ok = 0, k =I=- 0. To make the particles 
one must shift elements of mass, the minimum typical shift being on the 
order of the interparticle distance x0 (eq. 28.5). For kx0 «l this perturbs 
the exponential in equation (28.2) by the amount ~kx0, perturbing the 
spectrum from zero by the amount 

X » Xo, (28.6) 

if the contributions from forming each particle add like a random walk. 
We can reduce this by observing that the particle building ought to 
conserve momentum locally: for each mass element shift there should be 
an equal and opposite shift of an element a distance ~x0 away. This cancels 
the first derivative of the exponential in equation (28.2) leaving the second 
and 

X » Xo- (28.7) 

One could go further and arrange each pair of mass element shifts to 
cancel a nearby pair of opposite shifts (zero quadrupole moments). 
However, this is not something that would naturally follow in ordinary 
dynamics, and the arrangement would not be conserved if neighboring 
particles interact, for that conserves only the dipole moment through 
momentum conservation. Thus equation (28.7) represents the minimal 
fluctuations forced by the assumption of discrete particles. This k4 
minimal power spectrum was pointed out by Zel'dovich (1965a). 

Another treatment of the argument goes as follows. Suppose again mass 
is exactly uniformly distributed to begin with, space is divided up into cells 
of size ~Xo, and the mass found in each cell is gathered up into a point 
particle at the cell center of mass. Since it would seem artificial to place 
the cells in a regular lattice, we shall specify that there is no correlation 
among positions of cell centers at separations greater than a few times the 
cell size. The Fourier transform of the original distribution vanishes. This 
can be written as a sum over the cells C/ 

(28.8) 

where y is referred to the position xj where the particle will be placed in cj. 
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For ,\ » x0 this last integral can be expanded in a rapidly converging 
series: 

(28.9) 

The first term is the Fourier transform ok of the particle distribution ( eq. 
27.8). If the particles were placed at random in the cells the next term 
would indicate ok C( k, as in equation (28.6), but to conserve momentum 
locally we have placed xj at the cell center of mass so the integral vanishes. 
This leaves the third term. Since the cell positions are uncorrelated beyond 
near neighbors, this third sum approximates a random walk of ~Nu steps, 
step length ~(x0k) 2 / Nu, so 

(28.10) 

as before. 
There is another measure of density fluctuations that appears to give a 

different answer. A sphere of fixed radius x is placed at random and the 
mass within the sphere recorded. A measure of the density fluctuations on 
scale x is the variance of this mass, 

(28.1 I) 

In the above minimal construction of particles the surface of the sphere 
cuts ~(x/ x0) 2 cells. Since the particle in each cell independently ends up 
either inside or outside the sphere (apart from a minor correction for the 
anticorrelation among positions of neighboring cells), 

(28.12) 

or 

X » Xo. (28.13) 

This is only one power of x0 / x smaller than for a random distribution ( eq. 
28.5), so by this measure minimal fluctuations are not much less than for a 
random Poisson distribution of particles (Press and Schechter 1974, 
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Carlitz, Frautschi, and Nahm 1973). However, equation (28.13) is three 
powers of (x0/ x) larger than equation (28.10). 

The reason for the discrepancy between equations (28. l 0) and (28.13) is 
apparent from equations (26.4). If the power spectrum I c\ 12 does not vary 
with k too rapidly, then the two measures defined in equations (28. l) and 
(28.11) are equivalent (eq. 26.5). However, if the spectrum increases 
faster than k, as here, then the main contribution to (oM) 2 is at large k 
from the spectrum that enters the integral through the sidelobes of the 
window function because the window function at large k varies as 

(28.14) 

Indeed one finds that if I ok 12 is given by equation (28.10) at kx0 < 1 and is 
constant at kx0 > 1, then equation (26.4) yields equation (28.13). Clearly 
in this case (oM/M) 2 is not a useful measure of the fluctuations on scale x 
because it is responding to the high frequency (short wavelength) noise at 
the surface of the sphere, that is to the accidents of whether particles end 
up just inside or just outside the surface. Equation (28.10) is the preferred 
measure here. 

B. k4 Spectrum from gravity dynamics 
The shape k4 for the minimal spectrum can be derived also from the 

equation of motion (27. I 6) for the Fourier transform of the mass distribu­
tion. As discussed above one can arrange the initial conditions for the 
particle distribution so that I ok 12 is cut off more sharply than A - 4 at A > x 0, 

the mean interparticle distance. Then at long wavelength the dominant 
source terms on the right side of (27.16) are the two nonlinear ones A and 
C. The gravity term A is given by equation (27.15). If the spectrum cuts 
off at k < x0 - I ("J,.. > x0), then the shape of the gravity source at long 
wavelength is determined by the factor D: 

k · k' k · (k - k') k 2 
2 

D = J?2 + I k - k' 12 ~ k'2 ~ (kxo) ' (28.15) 

k « k' 2: x 0 - 1 

The gravity term thus acts as a source for a k4 ex "J,..·· 4 tail ofl ok 12. The second 
nonlinear term is (eq. 27.11) 

(28.16) 

If the particle velocities are uncorrelated, the sum is independent of k and 
C ex k2, as for A. 
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While this shows the spectrum grows a k4 tail, it does not give the 
amplitude. Some aspects of this problem are discussed next. 

C. Cancellation of nonlinear effects from stable clusters 
When the particles are in tight massive clusters, it makes the velocities 

large and so makes the source term C large. It might seem that this would 
tend to drive the growth of fluctuations at wavelengths much greater than 
the cluster size (with a k4 spectrum), and it might seem that the tighter the 
cluster the higher the velocities and the stronger the source of new 
fluctuations at long wavelength: an example of a mode-coupling effect of 
the sort discussed at the beginning of this section. However, we know this 
cannot be because the violent motions within a cluster cannot affect the 
motion of the cluster center of mass: the contributions to A and C by stable 
compact clusters of matter must cancel. We can see how this comes about 
by using the virial theorem. 

The quantity 

(28.17) 

for the particles in the v'h cluster has zero time average if the cluster is 
stable. The sum is over the particles in the cluster and the r/ are proper 
Cartesian coordinates relative to the center of mass. The result of differen­
tiating this expression and using 

(28.18) 

is the tensor virial theorem, 

(28.19) 

The A term as it appears in equation (27 .11) is 

(28.20) 

The contribution to A from the interactions within the v'h group is found by 
restricting both sums to j, I in v. On using 
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(28.21) 

where x, is the position of the center of mass of the group, 

(28.22) 

one finds that the contribution to A is, to lowest order, 

Gkak/3' m;•m, /3 /3 "k = --- L., -~-- (x/' - X a)(x, - X ) e' •X, 

2M a3 Ix- - x l3 1 1 
u J I 

(28.23) 

The first term in the expansion of equation (28.21) gives zero because for 
this term the summand is antisymmetric in} and l. The second term in the 
expansion gives the first line of equation (28.23) and with the virial 
theorem (28.19) this can be reduced to the third of equations (28.23 ), 
which is seen to be the same as the contribution to C (eq. 28.16) by the 
motions within the cluster. That is, the strong nonlinear motions within the 
cluster cancel out of A-C, as is to be expected. 

D. Model for newly forming clusters 

A rough model for the clusters just in the process of forming is obtained 
as follows. The newly forming generation is made up of clusters that can be 
treated as particles, each of mass m0 say. If these particles were randomly 
distributed the Fourier components bk would have random phases and 
power spectrum (eq. 28.5) 

(28.24) 

We are interested in a sub-random distribution, where the large-scale 
fluctuations are suppressed as much as possible, so the power spectrum will 
be taken to be 

!okl2 = mo/Mu, k > Xo-1, 

= (mo/ Mu)(kxoY, k s Xo 1, (28.25) 

n > 0, 
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The bk will be assumed to have random phases. The characteristic 
interparticle distance is x0• On scales x ;S x0 the spectrum is similar to 
random, and this is reasonable because the chance of finding more than 
one particle inside a volume x3 < x03 is small in any case. (Since the 
particles are distributed masses with size ~x0, the spectrum ought to 
decrease with increasing k at k > x0 -1, but this detail will be ignored.) The 
fall-off of the power spectrum at long wavelength corresponds to anticorre­
lation of particle positions at x ;:;; x0 • The density fluctuations ( eq. 28.1) on 
scale x are 

(28.26) 

The fluctuations thus are just becoming nonlinear at scale ~x0, signaling 
the incipient formation of a new generation of clusters on this scale. Since 
this generation has not yet formed, we shall suppose the velocity term C 
may be neglected, and we shall estimate the size of the gravity term A. 

By the random phase assumption we can write the mean of the square of 
A as (eq. 27.15) 

<IA 12 ) = (21rGpb)2 ~ D(k')D(k") (bk,bk-k'b_k"bk"-k) 
k' ,< O,k 

(28,27) 

because only the terms with k" = k' or k" = k - k' are not zero. The factor 
D2 is 

D2 "" (k/k')2, 

"" (k/ k')4, 

k' < k; 

k' > k. 
(28,28) 

For a random particle distribution where the spectrum is constant the 
factor D2 makes the integral in equation (28.27) converge at large and 
small k', and one sees from equation (28.24) that therms value of A in this 
case is 

The linear gravity term in equation (27 .16) is 

(28.30) 
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and this is larger than the nonlinear term if kx0 « 1: as expected, for a 
random particle distribution the linear approximation applies at wave­
lengths larger than the interparticle distance. 

If the spectrum is given by equation (28.25) then with kx0 « 1 and 
n > 1/2 the main contribution to the integral (28.27) is at k' - x 0 -i, where 
the spectrum levels off and the rms value of A is 

(28.31) 

This can be compared to the linear source term 

(28.32) 

If n < 4, the linear term is larger than A, and so the long wavelength part 
;\ » x 0 grows as expected under ordinary linear perturbation theory. If n > 
4, the nonlinear term dominates. The coherence time for A is on the order 
of the expansion time t because we have suppressed the contribution to A 
from subclustering on scales less than x0 • Thus in an expansion time the 
spectrum grows a tail 

(28.33) 

where x 0 and m0 - Pb(t)(a(t)x0 ) 3 are the characteristic size and mass of 
the clusters that are forming at epoch t. This agrees with equation 
(28.10). 

E. Summary 
The results of this section show the consistency of the idea that if the 

primeval matter distribution approximates a random Gaussian process 
with power spectrum o: k", -3 < n < 4, then the spectrum at fixed 
comoving wavelength k- 1 grows as in linear perturbation theory until the 
density fluctuations op/ p on this scale reach unity and fragment into bound 
clusters. This is the process discussed in Section 26. In an Einstein-de 
Sitter model the characteristic size of the clusters forming at epoch tis ( eq. 
26.9) 

(28.34) 

The corresponding coordinate size is 

(28.35) 
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and the mass is 

(28.36) 

This applies at n < 4; one might guess that if n were greater than 4 to begin 
with, the nonlinear motions on small scale would force the development of 
a k4 tail, and the linear gravity source term for /\(t) would then force 
m0 (t) to grow at the minimum rate m0 a: t417 (Zel'dovich 1974, Peebles 
1974c). 

The consistency of this picture rests on the result that the nonlinear term 
A in the equation for (\(t) is less than the linear term 41rGpbok ( eqs. 28.31, 
28.32) at x > x0 (t) and only becomes comparable to the linear term as 
(op/ p )k-' approaches unity. One might object that although the picture 
thus appears to be consistent, it has not been shown that it is necessary: one 
might imagine that the nonlinear process of clustering on the scale 
x ~ x0 (t) forces the clustering to develop faster than in equation (28.36) 
(eg. Press and Schechter 1974). No completely clean test of this has yet 
been devised; a reasonable argument goes as follows. Let x be a fixed 
comoving length, x ~ x0 (t) at some chosen epoch l. If a sphere of radius x 
is placed on a developing protoobject, the mass excess is oM / M ~ 1, and 
numerical experiments verify that in an Einstein-de Sitter model the 
excess grows as 1213 at fixed x even when oM /Mis close to unity (Peebles 
and Groth 1976; § 70 below). This shows I ok /2 a: t413 ( eq. 28.1 ), consistent 
with the picture. 

One can imagine that at very high redshift nongravitational processes 
forced the mass to pile up into nonlinear lumps, this in turn generating the 
k4 tail and the subsequent gravitational development of clustering, m0 a: 

1417 • However, one would expect from causality that the lump size is 
smaller than the horizon. (This is demanded also if the density fluctuations 
are not to generate strong curvature fluctuations; compare § 95.) The 
number r0 (t) / ct, representing the ratio of the largest scale of appreciable 
clustering to the distance to the horizon, decreases with increasing time if 
n = 4 and nongravitational forces may be neglected. Since this ratio now is 
not much less than 0.01, it seems difficult to see how causal quantum 
processes operating at very high redshift could have played any role. It is 
well to bear in mind, however, that the classical field theory aspects of this 
line of speculation have not yet been analyzed in full detail, and the 
quantum aspects are still only a subject of speculation. 
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III. n-POINT CORRELATION FUNCTIONS: 
DESCRIPTIVE STATISTICS 

29. STATISTICAL MEASURES OF THE GALAXY DISTRIBUTION 

Two general approaches to the empirical study of the large-scale matter 
distribution might be called the botanical and the statistical. Reduction of 
the phenomena to specific sorts of objects like galaxies and Abell clusters 
of galaxies is direct and certainly has proved profitable. On the other hand, 
one can see since the 1930s a tendency to think that the general distribu­
tion is so complicated, and the data we can hope to have so schematic that 
a full reduction to genera and species of clustering might not be profitable 
or even possible. The alternative is to resort to statistical measures. For 
example, Hubble (1934) studied the frequency distribution of the count N 
of galaxies found in a telescope field. The distribution of N is strongly 
skew, but he found that the distribution of log N is quite close to a 
Gaussian. He suggested that such a simple and curious property must be 
an important clue to the nature of the general irregular distribution of 
galaxies on small scales. Bok (1934) and Mowbray (1938) compared the 
variance of N with what would be expected for a statistically uniform 
random distribution taking account of reasonable estimates of the varia­
tion of limiting magnitude from plate to plate and the variations in 
obscuration in the galaxy (which one could estimate from fluctuations of 
star counts). They both found that the variance of N is considerably larger 
than expected for a random galaxy distribution, again showing that 
galaxies generally cluster. Shapley and his associates made maps of 
angular positions of galaxies ( detected at some limiting apparent magni­
tude) in sample areas of the sky. An example is reproduced in Figure 29.1 
(Shapley 1935). Part of the large-scale irregularity apparent in the map is 
due to the decrease of sensitivity toward the edges of the several plates that 
cover the sample area (and of course in the large blank areas in the four 
corners no galaxies are marked because these areas are outside the 
sample). The map gives a striking impression of the complexity of the 
distribution. If the true spatial distribution were known, it would certainly 
help clarify the picture; whether the distribution would resolve into distinct 
clusters of diverse sorts is not known. (There is a further practical 
complication: the spatial distribution could be estimated by using redshift 
as a measure of distance, but the peculiar motions within clusters are 
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FIG. 29.1. One of Shapley's maps of the angular positions of galaxies brighter than 
rn - 18 (Shapley 1935). 

expected to cause errors in distance comparable to the clustering length. 
This is discussed in Section 76.) 

For the choice of statistics to measure galaxy clustering the clear 
historical favorites have been variants of the autocorrelation function. 
Bok's statistic, the dispersion or variance of the counts N in cells, is an 
integral over the two-point correlation function (§ 36). Zwicky's (1953) 
index of dumpiness is the ratio of the variance of N to what would be 
expected for a uniform random distribution. Rubin (1954) used estimates 
of the variance of N based on the Harvard counts to measure the spatial 
galaxy autocorrelation function. Limber (1953, 1954) estimated the auto­
correlation function of galaxy counts in the preliminary results from the 
Lick survey then in progress. He showed that there is a linear integral 
equation relating this angular correlation function to the corresponding 
spatial correlation function Hr), and he used this to place some limits on 
Hr). 
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Limber followed Chandrasekhar and Munch (1952), who had discussed 
the relation between the angular fluctuations in the brightness of the 
Milky Way and the clumpy distribution of the absorbing interstellar dust. 
In the problem as originally formulated by Ambartsumian (1944) it is 
assumed that the stars are uniformly distributed through the Milky Way 
and the dust is in randomly placed clouds. After analyzing this problem in 
some detail, Chandrasekhar and Munch turned to another approach where 
the dust distribution is characterized by its spatial autocorrelation func­
tion. Their equation relating this function to the autocorrelation of the 
brightness of the Milky Way (Chandrasekhar and Munch 1952, eq. 77) 
was a fairly close progenitor of Limber's equation relating the angular and 
spatial correlation functions ( eq. 51.7 below). A special version of 
Limber's equation, relating the variance of counts of galaxies in cells in the 
sky to the spatial galaxy correlation function, was independently derived 
by Rubin (1954). 1 

During the 1950s the most extensive statistical program was that of 
Neyman and Scott (Neyman 1962, Scott 1962, and references therein). 
An important motivation for their work was the Lick survey: Shane 
emphasized that the large amount of data coming from this survey was a 
considerable challenge and opportunity for the statistical approach. 
Neyman and Scott devised a priori statistical models of clustering and 
then adjusted the parameters to fit model statistics to estimates from the 
data. Their mathematical methods were remarkable and perhaps have not 
yet been fully appreciated and exploited. The main empirical statistics 
they used were the angular autocorrelation function of the galaxy counts 
(for example, Neyman, Scott, and Shane 1956) and Zwicky's index of 
dumpiness (Neyman, Scott, and Shane 1954). 

The Fourier or spherical harmonic transform of the autocorrelation 
function is the power spectrum(§§ 41, 46). This statistic was used by Yu 
and Peebles (1969) to test for clustering among positions of Abell clusters, 
by Peebles and Hauser (1974) to measure galaxy clustering in the Lick 
sample, by Shectman (1974) to measure the angular fluctuations in the 
integrated background light from the galaxies (§ 58), and by Webster 
( 1976b) to test for clustering among 4C radio sources. 

'The Limber-Rubin approach was criticized by Neyman and Scott (1955) because the 
galaxy distribution was treated as a continuous density function p(r). As Neyman and Scott 
showed, the resulting expression for the variance of counts of galaxies in cells can contradict 
the condition that the N are nonnegative integers (because the term < N) is missing from the 
right side of eq. 36.7 below) when (N) is small. Layzer (I 956) and Limber (I 957) showed 
that this can be resolved by letting p(r) be a probability density: the chance of finding a 
galaxy in bV at r is p(r) bV (§§ 33, 38 below). Another approach is to replace the 
autocorrelation function of p(r) with the two-point correlation function for a distribution of 
point-like objects(§ 31 ). 
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One can make out several reasons for the popularity of the autocorrela­
tion function and its variants. Most directly, the approach has proved 
useful in many other applications, so it is natural that one should think of it 
here. Of considerable practical importance has been the fact that there is a 
simple linear equation relating the directly observable angular correlation 
function to the wanted spatial function. This means the translation from 
one to the other is fairly easy, and equally important it makes it easy to say 
how the statistical estimates ought to scale with the depth of the survey 
and hence to test for possible contamination of the estimates by systematic 
errors (Hauser and Peebles 1973, Peebles and Hauser 1974). A third 
useful result is that the dynamics of the galaxy distribution can be treated 
in terms of the mass correlation functions: the statistic that proves useful 
for the reduction of the data may also be useful for the analysis of the 
theory. This is the subject of Chapter IV. 

The autocorrelation function Hr) certainly is not the only useful 
statistic. It is not what one would use to characterize the abundance of rare 
extreme fluctuations like the Abell clusters because it is not very sensitive 
to them: one would invent a more powerful measure. Also, no matter how 
accurately~ is known it contains definitely limited and restricted informa­
tion. For example, to test for clustering among positions of rich clusters 
Abell (I 958) considered the frequency distribution of the counts N of 
clusters found in cells of fixed angular size. If the clusters were placed at 
random, N would have a Poisson distribution. Abell used the deviation of 
the observed distribution from Poisson as a measure of clustering of the 
objects. As mentioned above the two-point correlation function Hr) 
determines the second moment of this distribution of N. To predict the 
third moment, one would need the three-point correlation function, and to 
predict the full expected shape of the distribution in N, one would need to 
know all orders of the correlation functions(§ 39). Thus Abell's statistic in 
general can be sensitive to different aspects of the clustering than are 
revealed by Hr). 

Another popular statistic has been the nearest neighbor distance. This 
was used by Bogart and Wagoner (1973) to demonstrate the clustering of 
Abell clusters and by Turner and Gott (1975) in an attempt to isolate a 
uniformly distributed field population of galaxies. Gott and Turner ( 1977) 
introduced a multiplicity function as an analog of a luminosity function for 
the distribution of richnesses of groups and clusters of galaxies, and 
Bhavsar (1978) applied this approach in some detail. A problem with such 
statistics is that it is not easy to see how the angular data translates to the 
wanted statistics of the spatial distribution. Some aspects of this are 
discussed by White ( 1979) and in Sections 36 to 39 and 59 to 62 below. 

The response to the limited information in any statistic must be 
tempered by the observational situation. If the data are not very extensive, 
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~ might be as detailed a measure as it is reasonable to use. This was the 
situation in the discussions in the 1950s, and it certainly meant the 
statistical models of Neyman and Scott had a good deal more detail than 
what was available from the data. With the completion of the Zwicky and 
Lick catalogs and the development of high speed computers that made it 
easy to handle all the data, the situation changed. It became clear that ~ 
could be estimated with some precision and reproducibility and that a good 
deal more statistical information could be drawn from the data (Peebles 
1974a). One systematic way to do this is to use higher order correlation 
functions. The approach was introduced by Peebles and Groth (1975). The 
estimation proves to work very well in the third order and marginally in the 
fourth order (Fry and Peebles 1978). The result is a substantial increase in 
the information and constraints on clustering models, though there is by no 
means a full statistical characterization. 

The discussion in this chapter is completely devoted to n-point correla­
tion functions and related statistics; one should of course bear in mind that 
while these statistics have proved their worth there may well emerge other 
equally useful measures. 

30. FAIR SAMPLE HYPOTHESIS 

A central tenet of the standard cosmology is that, as Hubble put it, the 
part of the universe accessible to observation is a fair sample of the whole. 
Since people have considered cosmological models that are homogeneous 
but anisotropic, the fair sample hypothesis will be taken to mean that the 
universe is statistically homogeneous and isotropic. As has been discussed 
in Section 2 this hypothesis has successfully met the available tests, some 
quite precise, and it will be adopted in all the following discussion. 

Matter certainly is distributed in a strongly clumpy fashion, in stars, 
galaxies, and clusters of galaxies, so the homogeneity and isotropy assump­
tion must be supposed to apply in a statistical sense, in the average over 
large enough regions: the universe is assumed to be a homogeneous and 
isotropic random process (Neyman 1962). One imagines that the matter 
distribution has been determined by some physical process involving a 
lengthy and complex sequence of events, so that what is found at any 
particular place is the result of many slight variations of parameters within 
the sequence. Samples from well separated spots are uncorrelated, and the 
collection of such samples is a statistical ensemble generated by many 
independent applications of the process. Statistics such as the n-point 
correlation functions can be considered to be averages across the ensemble. 
The fair sample hypothesis states first that it makes sense to think of well 
separated parts of the universe as being independent realizations of the 
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same physical process, second that within the visible part of the universe 
there are many independent samples that can be lumped to approximate a 
statistical ensemble, and third that averages across the ensemble are 
unaffected by a rotation. 

Of particular importance in the data analysis is the test of reproducibil­
ity of the statistics derived from different parts of space: from different 
parts of the sky or from surveys at different depth. This is an essential test 
of whether the data are seriously affected by systematic errors, and of 
course it also is a positive test of the fair sample hypothesis. The results to 
date agree fairly well with the hypothesis (§§ 46, 57). 

In this chapter space curvature and expansion are ignored for the most 
part; usual Euclidian geometry is used, and the fact that galaxies are 
observed along the back light cone, not at a fixed instant of cosmic time, is 
ignored. This is .a good approximation because most of the available data 
samples only a small fraction of the Hubble distance cH- 1• For deeper 
surveys one must of course take account of the fact that the process is a 
function of time(§ 56). 

31. Two-POINT SPATIAL CORRELATION FUNCTION l;(r) 

Since many catalogs list positions of galaxies, or clusters of galaxies, or 
radio sources, it is often useful to think of the matter distribution as a 
distribution of point-like objects that could be nucleons, or galaxies, or 
clusters of galaxies. If differences among objects are ignored, it is only a 
question of the nature of the distribution of positions rj, and this can be 
described by the n-point correlation functions. These statistics as defined 
here and the following sections are almost identical to what is standard in 
the theory of nonideal gases, but, as described in Section 32, a slight 
formal difference has been introduced . 

The probability that an object is found in the infinitesimal volume oVis 

oP = noV, (31.1) 

where the mean number density n is independent of position. This can be 
understood as an average across the ensemble: if M realizations are 
examined, an object is found in o Vin 

N = MnoV (31.2) 

cases. The probability is proportional to the size of the volume element 
because doubling oV doubles the chance of finding an object, while the 
chance of finding more than one object is an infinitesimal of higher order 
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(if one assumes, as is the case of practical interest, the objects are not in 
arbitrarily tight groups). 

The mean number of objects found within the finite volume V is the 
integral of equation (31.1 ), 

(N) = nV. (31.3) 

One direct way to see this is to imagine adding the count in equation (31.2) 
over all volume elements o Vin V. 

The two-point correlation function~ is defined by the joint probability of 
finding an object in both of the volume elements oVi and oV2 at separation 

'12, 

(31.4) 

Consistent with homogeneity and isotropy ~ has been written as a function 
of the separation alone. The factor n2 makes the correlation function 
dimensionless. As in equation (31.1) the probability is proportional to 
oV1 oV2 because doubling either infinitesimal element doubles the chance 
of finding an object. In a uniform random Poisson point process the 
probabilities of finding objects in o V1 and o V2 are independent so the joint 
probability is the product of the single point probabilities in equation 
(31.1), 

(uniform Poisson). (31.5) 

In this case ~ = O; if the object positions are correlated, ~ > 0, if the 
positions are anticorrelated, - 1 :-s ~ < 0. 

Since the chance of finding an object in o V1 is no Vi, the conditional 
probability of finding an object in o V2 given that there is an object in o Vi 
is 

(31.6) 

Another way to put this is that if an object is chosen at random from the 
ensemble, the probability of finding that it has a neighbor at distance r in 
o V ( and in the same realization) is 

oP = noV[l + Hr)]. ( 31. 7) 

The mean number of neighbors within distance r of a randomly chosen 
object is the integral of equation (31. 7), 
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(31.8) 

The subscript distinguishes this mean from equation (31.3) for randomly 
placed V. For a Poisson distribution ~ = 0, and the two means agree 
because the fact that V has been centered on an object does not affect the 
chance of finding objects anywhere else in V. If the positions are 
correlated, it does bias the mean: the integral of n~ is the mean number of 
neighbors in excess of what is expected for a uniform random distribution. 

The integral in equation (31.8) extended to all r gives the total number 
of neighbors in excess of random, 

(31.9) 

If the integral converges, nc is one measure of the mean number of objects 
per cluster. As an example of this suppose all objects are in clusters each 
with diameter D and each containing nc members, and suppose the cluster 
centers are distributed like a uniform random Poisson process. Having 
chosen an object at random, one has also chosen the cluster to which it 
belongs. Since the clusters are supposed to be randomly distributed, this 
does not bias the distribution of other clusters, so they contribute n V to 
(N)p, the same as for a randomly placed volume. There are in addition 
nc - I neighbors from the chosen cluster, so the integral of n~ is nc - 1. If 
the number of objects per cluster is a random variable, the probability of 
choosing an object from a cluster with n,, members is proportional ton,,, 
so 

(31.10) 

where the average is over the abundance of clusters in space. Some further 
aspects of such cluster models are discussed in Sections 40 and 61 below. 

32. TWO-POINT CORRELATION FUNCTION: ANOTHER DEFINITION 

There is a formally different way to define the n-point correlation 
functions (for example, Montgomery and Tidman 1964) that makes an 
interesting difference in equation (31.9). Suppose there are m objects 
confined to a fixed region R, volume Vu. Each object has a label, so x 1 

means the position of object (1) and so on. The probability that object (1) 
is found in the volume element b Vi, object (2) is in bVz, and so on, is 

(32. I) 
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where the normalizing condition is 

(32.2) 

It will be assumed that the objects are identical (aside from the labels), so 
f is symmetric in its arguments. Then the probability of finding any object 
in o Vi and any object in o V2 is 

oP = m(m - 1)/lVi oV21 f(r,, r2 , r3 .. . ) dV3 ••• dVm 

= n2[1 + ~(r12 )]0V10V2. 
(32.3) 

The integral gives the probability that object (1) is in o Vi and object (2) is 
in oV2 , and the factor m(m - 1) converts this to the probability that any of 
them objects is in oVi, any of them - 1 others is in oV2 • The second line 
defines the two-point correlation function, with 

n = m/Vu. (32.4) 

The normalization in equation (32.2) implies the constraint 

(32.5) 

or, since it will be assumed that the correlation length is much less than the 
size of R, 

(32.6) 

Here nc = 0 regardless of how the objects are clustered. This is so because 
each object has m - 1 neighbors in R, just one fewer than the number 
expected for a uniform random distribution. Equation (32.6) differs from 
equation (31.9) because there the number of objects in each realization is a 
random variable, and in choosing an object at random from the ensemble, 
one has biased the number of objects in the realization by the amount nc. If 
the objects are arranged in randomly placed clusters of size D with n, 
members each, then with the present definition the correlation function at 
large separation is 

r> D. (32. 7) 
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It is biased negative because the background outside a chosen cluster 
contains m - nc members, for a mean density 

(32.8) 

lower than the overall density by the fractional amount nc/m. 
The estimates of the correlation functions from catalogs of objects 

roughly agree with equations (32.6) and (32.7) (apart from boundary 
effects) because one must estimate the density n from the observed count 
(§ 47 below). In the discussion of the theory it will be more convenient to 
use the definitions given in equations (31.4) and (31. 7) where these 
constraints do not apply. Of course, the practical difference is negligible 
because one must assume any useful sample contains many more objects 
than does a single cluster, m » nc. 

33. TWO-POINT CORRELATION FUNCTION: POISSON MODEL 

The distribution of objects might be approximated by a continuous 
density function p(r). The mean is 

(p(r)} = n, (33.1) 

and the dimensionless autocorrelation function is 

Hr)= ([p(x + r) - (p}][p(x) - (p}]}/(p} 2, (33.2) 

which can be rewritten as 

(p(x + r)p(x)} = n2 [1 + Hr)]. (33.3) 

Equations (33.3) and (31.4) are very similar, and the correspondence 
can be made more formal (Layzer 1956, Limber 1957). To construct a 
distribution of objects first select p(r) from an ensemble, and then at each 
volume element iW in the sample region place an object with probability 

oP = p(r)oV. (33.4) 

This is a Poisson process in which the probability density is a function of 
position, p(r). For given p the joint probability that objects are assigned to 
the elements o Vi and o V2 is the product 

(33.5) 
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On averaging this over the ensemble of functions and using equation 
(33.3), one finds as before 

(33.6) 

where now~ is the autocorrelation function of p(r). 
One should bear in mind that ~ as defined here is a model: it is easy to 

think of point processes it cannot describe such as that of hard spheres 
where ~ = - l for O s r < sphere diameter. The definition in Section 31 
makes ~ a descriptive statistic, for the definition is at the same time a 
prescription for how to estimate it. The Poisson model does have some 
convenient properties (§ 38), and, so far as is known, it does not conflict 
with the empirical galaxy distribution. 

34. THREE-POINT CORRELATION FUNCTION 

Following equation (31.4), one can define the three-point function by 
the joint probability of finding objects in each of the three elements o Vi, 
oV2 , bVi, 

where r0 , rb, and re are the sides of the triangle defined by the three points. 
The assumption of homogeneity and isotropy means that !; is a symmetric 
function of these three lengths. The quantity in square brackets is the full 
three-point correlation function, and !; is the reduced part. 

There are several advantages to using the reduced function !;. If o Vi and 
o V2 are close together and o V3 is so far away that the chance of finding an 
object in it is unaffected by what happens in o Vi and o V2 , then equations 
(31.1) and (31.4) say 

(34.2) 

Comparing this with equation (34. l ), one sees that!; vanishes. In a dilute 
nonideal gas typically l » ~ » t, so one can conveniently treat the reduced 
function!; as a perturbation. For the galaxy distribution the dominant term 
at small r is !; » ~ » l, but here there is another important practical 
advantage of the reduced function. The most extensive data available on 
the galaxy distribution are catalogs of angular positions. The two- and 
reduced three-point angular correlation functions are defined by equations 
like (31.4) and (34. l ), and these two angular functions are integrals over~ 
and!; respectively (§ 54). In the analog of equation (34. l) for the angular 
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distribution the dominant term in the square brackets may be the first, 
which represents triplets of galaxies at three very different distances 
accidently seen close together in the sky. The next largest terms are the 
three two-point functions that represent a pair of galaxies close together in 
space with the triplet accidently completed by a third galaxy at a very 
different distance. The form of equation (34.1) thus makes convenient the 
separation of accidental and physical triplets in the angular data. 

The conditional probability of finding two objects to complete the 
triangle r0 , rb, re with a randomly chosen object is (compare eq. 31.6) 

(34.3) 

where ~a = ~(r0 ) and so on. The conditional probability of finding an object 
to complete the triangle having found a pair of objects at separation r0 is 
(by eq.31.4) 

(34.4) 

If the distribution of objects is approximated as a continuous function 
p(r) (§ 33), the third central moment for the distribution is 

r(r, s, Ir - s I) 
= ([p(x + r) - {p)][p(x + s) - (p)][p(x) - (p)])/(p) 3• 

(34.5) 

On multiplying out the right hand side and using equation (33.3), one 
finds 

(p(x + r)p(x + s)p(x)) 

= n3 [I +Hr)+ Hs) + Hlr - si) + n (34.6) 

with (p) = n, which agrees with equation (34.1). As before one can make 
the correspondence more formal by using the Poisson model. For given 
density function p(r) the chance that objects are placed at x, x + r and 
x + sis (eqs. 33.4 and 33.5) 

(34. 7) 

On averaging this and using equation (34.6), one arrives at equation 
(34. 1 ). In this sense the extra terms appear in the square brackets in 
equation (34.1) because r is the central moment. 

For some purposes it has proved convenient to use new independent 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



150 III. n-POINT CORRECTION FUNCTIONS 

variables. Since f is a symmetric function of the three sides of the triangle, 
we can set 

(34.8) 

and then let (Peebles and Groth 1975) 

(34.9) 

so r is a measure of the size of the triangle and the dimensionless 
parameters u, v measure the shape. If the points at either end of the side 
r. = r are held fixed, the range ou, ov in the shape parameters defines a 
single ring of volume 

(34.10) 

Thus if the vertex joining r. and re is held fixed, the six dimensional 
element defined by triangles with size and shaper, u, v in the range or, ou, 
ov is 

(34.11) 

35. FOUR-POINT CORRELATION FUNCTION 

This is defined through the joint probability of finding objects in each of 
the four volume elements o V1, o V2, o V3 and o V4 , 

oP = n40VioV20VioVi[l 

+ Hr12) + · · · 

+ Hr12)Hr34) + 
+ 17]. 

(6 terms) 

• ( 4 terms) 

(3 terms) 

(35.1) 

The reduced function 17 is a function of the six variables needed to fix the 
relative positions of the four points ( 4 x 3 coordinates minus 3 translations 
minus 3 rotations). 

As for the three-point function, there are several ways to see why all the 
extra terms are added to 17 in equation (35.1). In the corresponding 
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equation for the angular distribution of galaxies, the dominant term in the 
square brackets proves to be the first, which arises from four galaxies at 
four quite different distances that accidently appear close together in the 
sky. The second line represents two galaxies close together in space and the 
other two accidently close in projection, the third line close triplets plus a 
fourth accidently close in projection, the fourth line two close pairs 
accidently seen close together in projection. With these projection effects 
removed, the reduced angular correlation function u is an integral over r, 
(§ 55). 

If o Vi is close to o V2 and o Vi close to o Vi but well removed from the 
other pair, the probability of equation (35.1) reduces to the product of 
two-point probabilities (31.4) 

oP = n20VioV2 [l + ~12 ] • n2 oV3oV4[1 + b] 

= n4[l + ~12 + ~34 + ~12~34]0VioV20V30V4. 
(35.2) 

Comparing this with equation (35.1), one sees that r, _,. 0 when the pairs 
are well separated, as desired. When three points are close together and the 
fourth well removed, equation (35.1) reduces to the product of a three­
point distribution with a one-point distribution, and again r, - 0. 

For a continuous density function, the fourth central moment is defined 
by the equation 

(p) 4r, = ({pl - (p))(pz - (p))(p3 - (p)}(p4 - (p))) 

- ((pl - ( p) HP2 - ( p))) ( (p3 - ( p) )(p4 - ( p))) 

- ({pl - (p)}(p3 - (p)))((pz - (p))(p4 - (p))) 
(35.3) 

- ({pl - (p))(p4 - (p)))((pz - (p)}(p3 - (p))). 

The last three terms maker,_,. 0 when one pair of points is well away from 
the other pair. This moment is the analog of the excess kurtosis of a 
distribution/ (x), 

(35.4) 

The last term here makes u vanish if f is a Gaussian. 
In the Poisson model the chance of finding objects in the four volume 

elements is 

(35.5) 
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On multiplying out the top line of equation (35.3) and using the definitions 
of~ and sin equations (33.3) and (34.5), one finds that equations (35.3) 
and (35.5) can be reduced to equation (35.1). 

36. MOMENTS OF COUNTS OF OBJECTS 

A useful illustration of the meaning of the n-point correlation functions 
is their relation to the moments of counts of objects. There are two 
interesting cases: where the objects are counted in a randomly placed cell 
and where the cell is centered on a randomly chosen object. The general 
relations are derived here. Some numerical results for the observed galaxy 
distribution are given in Section 59. 

A. Randomly placed cells 
A convenient way to compute the moments of the count N of objects in a 

cell is to imagine the cell is divided into infinitesimal elements with n1 

objects in the element bV1• The probability that n, = 1 is nbVi (eq. 31.2), 
and the probability that n, > 1 is an infinitesimal of higher order. Thus 

(36.1) 

to order b V because n1 rn = n, if n, = 0, 1. The product n, n2 for the counts in 
the disjoint elements b V,, b V2 is equal to unity if there are objects in both 
elements, and the probability for this is given by equation (31.4), so 

(n1n2) = n2bVibV20 + ~,2), 

((n, - (n1 ))(n2 - (n2 ))) = n2bVibV2 ~ 12 • 

The count in the cell Vis 

By equation (36.1 ), the mean count is 

(N) =~(n 1 ) =1 ndV=nV, 
as before ( eq. 31. 3). The second moment is 

(36.2) 

(36.3) 

(36.4) 

(36.5) 
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The squared terms are given by equation (36. I), the cross terms by 
equation (36.2): 

(N2) = nV + (nV) 2 + 12, 11 = n2 J, dVidV1~12, 
(36.6) 

µ1 = ((N - nV) 2 ) = nV + 11 . 

If~ = 0, this reduces to µ 2 = n Vas for a Poisson distribution. If the objects 
are correlated, ~ > 0, the dispersion in N is increased. If V is large 
compared to the clustering length, equation (36.6) is 

(36.7) 

where nc is the number of objects per cluster ( eq. 31.9), or 

(36.8) 

In effect there are n/ nc clusters per unit volume randomly placed. 
The mean of N 3 depends on the three-point correlation function. As in 

equation (36.2), the probability that n1 n2n3 = 1 for disjoint cells is given by 
equation (34.1 ), and 

(n1n2nJ = n30VioV10Vi(1 + ~12 + ~23 + ~31 + s), 

((n1 - (n1 ))(n2 - (n2))(n3 - (n3))) = n30VioV10V3t. 
(36.9) 

The second line uses equations (36.1) and (36.2). It is convenient to 
evaluate the central moment, 

µ3 = ((N - nV)3) = ((~n; - (n;)) 3 ) 

= ~((n1 - (n1 ))(n2 - (n2))(n3 - (n3))) 

+ 3~((n1 - (n1 ))2(n2 - (n2))) 

+ ~((n1 - (n1 ))3). 

(36. l 0) 

The first term, where the three cells all are different, is given by equation 
(36.9). The second term is 
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and the third term is 

(36.12) 

so the third moment is (Peebles 197 5) 

µ3 = 3µ 2 -2 nV + 13 , 13 = n3 J dVidV2dV3t, 
(36.13) 

(N3 ) = nV + 3 (nV) 2 + (nV) 3 + 3 (nV + 1)/2 + /3 • 

If~ = t = 0, then µ3 = µ 2 = n V, the result for a Poisson distribution. 
The probability that n1 n2n3 n4 = 1 for four disjoint cells is given by 

equation (35.1). With equations (36.2) and (36.9) one finds 

((n1 - (n1 ))(n2 - (n2))(n3 - (n3))(n4 - (n4))) 

= n40V10VzoV30Vi(11 + ~12~34 + ~ub4 + ~14~23). 

The fourth central moment is 

µ4 = ((in; - ( n;) )4) 

= i((n1 - (n1))(n2 - (n2))(n3 - (n3})(n4 - (n4))) 

+ 6i((n1 - (n1))2(n2 - (n2))(n3 - (n3))) 

+ 3i((n1 - (n1)) 2(n2 - (n2))2) 

+ 4 i((n1 - (n1 ))3(n2 - (n2))) + i((n1 - (n1 ))4). 

By equation (36.1) the last term is nV. The second last term is 

the third term is 

the second term is 

and the first term is 

(36.14) 

(36.15) 

(36.16) 

(36.17) 

(36.18) 

(36.19) 
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The sum is (Fry and Peebles 1978) 

µ4 = /4 + 613 + 3 I/+ (7 + 6 nV)/2 + 3(nV)2 + nV 
(36.20) 

This is the fourth central moment in terms of integrals over the correlation 
functions. 

B. Moments of the counts of neighbors 
Here the cell is centered on an object and N is the count of objects in V 

excluding the one on which V was centered. The subscript p on the 
averages will distinguish them from the averages for randomly placed 
cells. 

The count of neighbors is written as before as 

(36.21) 

where the cell has been divided into infinitesimal elements and n1 = 0, I is 
the count in the element o Vi. The mean of n1 is the conditional probability 
(eq. 31.6), 

(36.22) 

where r1 is the distance from the chosen object to o V1 • The mean count is 
then 

(N)P = nV + n 1 ~ dV, (36.23) 

which agrees with equation (31.8). 
The mean of n1 n2 for disjoint elements o Vi o V2 1s the conditional 

probability given by equation (34.3): 

(n1n2) = n20V10Vi[l + ~(r1) + Hr2) 

+ HI r1 - r2 I) + t(r1, r2)J. 
(36.24) 

where the two elements are at positions r 1 , r2 relative to the chosen object. 
The second moment of N is then 

(N2 )P = ~(n/) + ~(n1nz) 

= (N)P(l + 2nV) - (nV) 2 + n2 f dV1dV2 [t + Hr12)J. 
(36.25) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



156 III. n-POINT CORRECTION FUNCTIONS 

and the central moment is 

(36.26) 

By a similar computation one finds that the third central moment of the 
count of neighbors is 

((N - (N)p) 3 )P = 3((N - (N)P)2)P - 2(N)P 

+ n3 f dV1dV2dVd11 - 3~1s(r2,r3,r23) 

+ sCr12,r23,r31) + 2~,b~J], 

and the mean of the cube of the number of neighbors is 

(N 3 )P = (nV) 3 - (N)µ(2 + 3nV + 3(nV)2 ) 

+ 3(N2)P(l + nV) + n3 f dV1dV2dV3( 123 

+ 3n3 f ~ dV f ~12 dVi dV2 + n3 f 11 dVi dV2dV3. 

37. CONSTRAINTS ON ~ AND 5 

(36.27) 

(36.28) 

Not all functions t s correspond to realizable distributions of objects. 
Two constraints on these functions follow from the condition that the 
second central moments cannot be negative. Equation (36.6) gives 

(37.1) 

If the objects are distributed like hard spheres, with no correlation at 
separations greater than the sphere diameter, 

(37 .2) 

equation (37 .1) with the size of the cell »r0 says 

3 -3 
n <-r0 • 

41r 
(37.3) 

If n were larger than this, the positions would have to be correlated at r ~ 
r0 • If the spheres were in a cubic close packed lattice, the density would be 
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(37.4) 

5.9 times the density allowed by equations (37.2) and (37.3). 
The second central moment of the count of neighbors ( eq. 36.26) is 

(37 .5) 

This simplifies if n is large, so the first term can be neglected, and if~ » I, 
to 

(37.6) 

The galaxy two- and three-point correlation functions are found to be given 
to good accuracy by the power law model 

'Y ;;a: 1.77, 

f<r1, r2) = Q[~(r1)~(r2) + Hr1)Hr12) + Hr2)Hr12)], (37.7) 

Q"" 1.3. 

This model in equation (37.6) gives 

If Vis a sphere of radius r centered on the chosen object, then 

f dV~ = 41rBr(3-·rlj(3 -· 'Y), 

f dVidV2Hri)~(r12) = 88B2 r 6- 2\ 'Y = 1.8, 

(37 .8) 

(37 .9) 

where the numerical coefficient in the second equation is obtained by the 
integrations summarized in Section 59. Equations (37.8) and (37.9) yield 
the inequality 

Q > 0.372. (37.10) 

This limit is about one third the observed value. Thus it is interesting that f 
for galaxies at large n is a fixed and modest multiple of the minimum 
allowed by the constraint. 
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38. PROBABILITY GENERATING FUNCTION 

The labor of finding the expressions for the moments of the counts of 
objects in terms of integrals over the n-point functions is reduced by using 
a generating function. The general case is considered by White (1979). 
The Poisson model from Section 33 is discussed here. 

The probability generating function for the cell Vis 

(38.1) 

where PN is the probability that V is found to contain N objects. A 
convenient property of if; is that if the counts in separate regions are 
statistically independent, the generating functions multiply: the probabil­
ity of finding the total count Nin regions Vi plus V2 is 

(38.2) 

so 

(38.3) 

where t/;1 belongs to Vi, t/;2 to V2 , and t/;12 to the combined region. 
In the Poisson model of Section 33 the probability of finding an object in 

the volume element b Vat r is 

P 1 = p(r)bV; (38.4) 

the chance of finding no object is 

P0 = I - pbV, (38.5) 

and the chance of finding more than one object is an infinitesimal of higher 
order than b V, so the if; belonging to b Vis 

if;= 1 - p(r)bV + p(r)bVe1 = exp [(e1 - l)pbV]. (38.6) 

The if; belonging to the finite cell Vis then (Layzer 1956) 

if;(t) = (exp (e 1 - 1) J p dV), (38.7) 

where the integral is over V and the brackets represent the average across 
the ensemble of density functions p. 
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The mth derivative of y; at t = 0 is the mth moment 

(38.8) 

The moments about the mean n V are obtained from the generating 
function 

x(t) = y;(f)e-nVt = (ef), 

f = (e' - t - l)nV + (e' - 1) J op dV, 
(38.9) 

where the density has been written as the sum of the mean and the 
fluctuating part 

p(r) = n + op(r). 

The m th derivative of x at t = 0 is the central moment 

The first four derivatives are 

where 

x'(0) = (f'(0)), 

x"(0) = (f" + (j') 2 ), 

x"'(0) = (f'" + 3f'f" + (!') 3 ), 

x""(0) = ( f"" + 4f'f'" + 3(!") 2 + 6(f') 2f" + (f')4), 

f'(0) = fop dV, 
J<ml(0) = nV +fop dV, m > I. 

(38.10) 

(38.11) 

(38.12) 

(38.13) 

By using the definitions of then-point correlation functions in terms of the 
op (eqs. 33.2, 34.5, 35.3), one can verify that equations (38.12) yield the 
central moments obtained in Section 36A. 

The moments of the number of neighbors in the cell V centered on a 
randomly chosen object are given by the generating function 

y;(t) = "LPNeN' = (p(O) exp (e' - 1) J p dV)/n, 

y;<m\t = 0) = (Nm)P' 
(38.14) 
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The factor p(O) in the expectation value takes account of the fact that the 
cell is centered on an object at r = 0, and N is the number of objects in V 
not counting this chosen one. By following the above calculation, one can 
verify that equations (38.14) reproduce the moments obtained in Section 
36B. 

39. ESTIMATES OF PN 

If all n-point correlation functions are known, then in principle one can 
compute such statistics as the distribution PN of counts in a cell and the 
distribution of nearest neighbor distances. There are two interesting 
limiting cases where PN can be estimated from the low order correlation 
functions. If V is larger than the maximum clustering length, PN 
approaches a Gaussian with variance fixed by the integral of f If V is 
small, PN rapidly decreases at large N, and we can use an approximation 
scheme as follows. 

The PN for randomly placed V will be considered first. Suppose Vis so 
small there is negligible chance it contains four or more objects. Then the 
integral over V of the joint probability in equation (34.1) of finding objects 
in o V1 , o V2 , o V3 is 6 P3 because P3 is the probability there is a triplet 
somewhere in V and the integral counts the triplet 6 times. Therefore 

(39.1) 

where the integrals / 2 and / 3 over ~ and fare defined in equations (36.6) 
and (36. I 3). The integral over V of the joint probability in equation (31.4) 
of finding objects in o Vi and o V2 is 

(39.2) 

because if there are two objects in V the integral counts the pair twice and 
if there are three objects the integral picks up a pair 6 times. With 
equation (39.1) this gives 

(39.3) 

The mean number in Vis 

(39.4) 

and this with equations (39.1) and (39.3) yields 

P1 = nV(l - nV + 1/2(nV) 2 ) + (3/inV - l)/2 + 1/i/3 • (39.5) 
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Finally, P0 follows from the condition that the PN add up to unity: 

(39.6) 

These are the wanted approximations to P0 through P3 in terms of integrals 
over~ and s. Of course, the accuracy would be improved if we started with 
a larger N and higher order correlation function. 

Under equations (37.7) the dominant term in P3 at small r is the last 
one, 

(39.7) 

for a cell of radius r. The dominant term in P2 is 

(39.8) 

while the dominant term in P1 in the limit of small r is n V. 
An approximation scheme nearly equivalent to the above is based on the 

probability generating function. It is convenient here to change the 
variable from e' tot in equation (38.1), which changes equation (38.7) to 

(39.9) 

With 

p = n + op(r), (39.10) 

this is 

¢(!) = e-nV (e-fopdV exp t(nV + J op dV)) 

= e nV (e-fopdV[l + t(nV + J op dV) + ... ] ). 
(39.11) 

By identifying powers oft in equations (39.9) and (39.11), one sees 

(39.12) 

By expanding the exponential as a series in op, one can now write each Pm 
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as a sum over integrals of all the n-point correlation functions. For 
example, 

(39.13) 

and so on. This agrees with equation (39.6) through terms of third order in 
V. The same applies to the expressions for P1 , P 2 and P3 • 

The distribution PN in the count of neighbors of an object may be 
computed using the iteration scheme or from the probability generating 
function (eq. 38.14). For example, the probability that there is no neighbor 
within distance r is 

Po= (p(O) exp -1' p dV)/ n = ge-"v, 

g = n- 1 ((n + op(O))e-f0rdv) 

= n- 1((n + op(0))[l - j op dV + 1/2(J op dV)2 + ... ]) (39.14) 

This result was obtained by Fall, Geller, Jones, and White (1976). 
Another interesting example is the distribution in distance to the nearest 

neighbor. The chosen object is at r = 0. If the density function p is given, 
the probability that there is no object within distance r =Ir I and there is an 
object in o Vat r is 

oP=p(r)oVexp-1' pdV. (39.15) 

Therefore the probability that the nearest neighbor is at distance r in the 
range or is 

(39.16) 

where the factor p(0) / n takes account of the fact that there is an object at 
r = 0. The result of expanding this in Op is 

f = ( (n + op(0))(n + op(r)) exp - J op dV) / n2• (39.17) 

= 1 + Hr) - nf d 3ri[((r1 ,r) + t(r1) + Hlr - r11)] + 
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to order n V. When~ and s are given by equations (37. 7), the distribution of 
nearest neighbor distances at small r is 

(39.18) 

and this power law variation is cut off when nV(l + Hr)) reaches unity. 
The mean distance to the nearest neighbor is found by multiplying 

equation (39.16) by rand integrating over r. The expression is simplified 
by integrating by parts: 

(39.19) 

which again can be expanded as a sum of integrals over the correlation 
functions. 

These results of course apply equally well to the two-dimensional 
distribution in a catalog of galaxy angular positions. Here there is the 
advantage that the reduced correlation functions are small because many 
of the close groupings are accidental projection effects so expansions like 
equation (39.14) may converge rapidly. This was used by Fall, Geller, 
Jones, and White ( 1976) in a discussion of the nearest neighbor distribu­
tion in the Zwicky catalog. For further discussion see White (1979). 

40. CLUSTER MODEL 

In the clustering model approach pioneered by Neyman and Scott 
( 1952) galaxies are placed in clumps-structures that might contain a 
single galaxy, or a cluster of galaxies, or a nested clustering hierarchy­
and the clumps are distributed like a uniform random Poisson point 
process. This could not be a literally true representation of the physical 
process by which the galaxies were placed because each clump must be 
perturbed by the neighboring clumps. It is a convenient computational 
device, and it has the great advantage that one can visualize the nature of 
the clustering that is being modeled. The general relations between the 
clump structure and the n-point correlation functions are derived here. A 
somewhat different and still more general treatment is given by McClel­
land and Silk ( 1977). The results are applied to specific clump models in 
Sections 61 and 62. 

The probability of finding an object at distance r to r + or from a 
randomly chosen object is ( eq. 31. 7) 

oP - n[l + Hr)]oV, ( 40.1) 
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The probability of finding a neighbor from another clump is 

bP = nbV, (40.2) 

the same as for a randomly placed b V because the presence of the clump to 
which the chosen object belongs does not affect the mean abundance of 
other clumps. The probability of finding a neighbor from the same clump 
is thus 

bP = nHr)bV. (40.3) 

Suppose that in some large region Vu there are Na clumps of type a, such 
a clump having na members and containing on the average bNp(a) pairs of 
objects at separation r tor+ br. Then equation (40.3) can be written as 

nHr)bV = L (Nana)(2bNp(a)/na) /L N/Jn/J. ( 40.4) 
a /J 

The first factor on the right side gives the probability that the randomly 
chosen object is in a clump of type a. The second factor is the probability 
that it is at one end or the other of one of the pairs at separation r tor + br. 
The correlation function is then 

nHr) = 2(bNp(a))/(bV(na)), ( 40.5) 

where the averages are weighted by the spatial abundances of the clump 
types. The right-hand side of this equation is determined by the clump 
structures and their relative abundances. When these are fixed, ~ varies 
inversely as n, the mean space density of objects. 

Since the total number of pairs in a clump containing na objects is 

(40.6) 

equation ( 40.5) says the integral of the two-point correlation function is 

(40.7) 

which agrees with equation (31.10). 
The probability of finding neighboring objects in b V2 and b V3 is 

(40.8) 
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For definiteness it will be supposed that r 12 is the short side of the triangle, 
r 13 the long side, the chosen object being at the vertex of these two sides. 
The probability of finding neighbors each of which belongs to a different 
clump is (eq. 40.2) 

(40.9) 

The probability of finding one neighbor from the clump to which the 
chosen object belongs and the other neighbor from another clump is (eq. 
40.3) 

( 40.10) 

and the probability of finding neighbors from a common different clump 
IS 

(40.11) 

The probability of finding all objects from a common clump is then 

(40.12) 

If oN,(a) is the mean number of triplets in a clump of type a that define 
triangles with sizes and shapes r, u, v in the ranges or, ou, ov, then this 
probability can be written as 

(40.13) 

so the three-point function is 

(40.14) 

where (oV) 2 is given by equation (34.11). As in equation (40.5), the right 
hand side is determined by the structures and relative abundances of the 
clumps, and when these are fixed, r is fixed up to the factor n2• Since the 
total number of triplets in each clump is known, equation ( 40.14) says 

(40.15) 

For the four-point function the probability of finding three neighbors is 
given by equation (35.1 ). As above one finds that all the terms added to the 
reduced function TJ in this expression describe all the different ways of 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



166 Ill. n-POINT CORRECTION FUNCTIONS 

making up a quadruplet of objects from two or more clumps, so the 
probability of finding a quadruplet all from the same clump is 

(40.16) 

Thus n3 11 is determined by the mean number of quadruplets oNq(cx) per 
clump_. 

41. POWER SPECTRUM 

For a continuous function the Fourier transform of the autocorrelation 
function is the power spectrum. The analog for a random point process is 
obtained as follows. As in Section 27 it will be supposed that the universe is 
periodic in some large rectangular volume Vu. The Fourier transform of 
the distribution of objects is ( eq. 27 .8) 

(41.1) 

where the } th object is at rj and exp ik • r is periodic in Vu. Following 
Section 36, one can divide Vu into infinitesimal cells with n1 = 0 or 1 
objects in the element o V1 , so equation ( 41.1) becomes 

Since ( n1 ) = no V1 ( eq. 36.1 ), the expectation value of this is 

(ok) = f dVeik-r /Vu= 0, 

( oo) = 1. 

The mean of the product of two components is 

k =I=- 0, 

(nVu)2(oko-k,) = };(n/)ei(k-k')•r, + };(n1n2)ei(k-r,-k'-r,) 

= n J dVei(k-k')•r 

+ n2J dVidV2[l + ~12lei(k•r12+(k-k')•r,)_ 

(41.2) 

(41.3) 

( 41.4) 

The last line uses equation (36.2). If k =I=- k' both integrals vanish: the 
Fourier components belonging to different k are statistically independent. 
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If k = k', equation ( 41.4) reduces to the power spectrum, 

( 41.5) 

The last line agrees with equation (36.6). 
By using 

L e-ik-r = V)l(r) ( 41.6) 
k 

with equation ( 41.5), one finds the reciprocal relation, 

L (( lokl 2 ) - I/nVu)e-ik-r = Hr) - vu-I J d 3rf ( 41. 7) 
ka"O 

In the limit of large Vu with the sum changed to an integral this becomes 

( 41.8) 

For another way to derive this equation see Peebles (1973b). 
The Fourier transform of a continuous function p(r), in the same 

normalization as equation ( 41.1 ), is 

(41.9) 

The result of squaring this, averaging, and using equation (33.3) for the 
autocorrelation function of p is the usual expression 

k =I= O; 

(41.10) 

The particle relations in equation (41.5) and (41.8) are obtained by adding 
the Dirac delta function n- 1o(r) to~ in equation (41.10). This reflects the 
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fact that there certainly is a mass concentration at the position of an 
object. 

With 

J d cos 0d<f>eik-r = 41r sin (kr)/kr, (41.11) 

equation (41.5) can be written as 

(41.12) 

The power spectrum thus measures the mean number of neighbors in 
excess of random within distance ~k - i of a randomly chosen object ( eq. 
31.8). If k- 1 is larger than the maximum correlation length, equation 
( 41.12) becomes 

(41.13) 

where nc is the mean number of objects per cluster as defined in equation 
(31.9). 

One can understand equations (41.12) and (41.13) as follows (Yu and 
Peebles 1973). If the objects were distributed like a uniform random 
Poisson process, the transform <\ ( eq. 41.1) would be a random walk of n Vu 
steps of length (n Vu )- 1, so the power spectrum would be 

(41.14) 

consistent with equation (41.13) with nc = 1 object per cluster. Suppose 
now the objects are in clusters of nc > 1 objects each. If the objects are 
placed more or less at random within the clusters and the wavelength 21r / k 
is much smaller than the cluster size, the phases k • xi still are in effect 
random (mod. 21r), so equation (41.14) applies, consistent with equation 
(41.12) when k - 1 is much less than the coherence length of Hr). In the 
other limit, where the wavelength is much greater than the maximum 
clustering length, each cluster acts like a single object of mass nc so ok is a 
random walk of n Vu/ n, steps each of length n, / n Vu, giving 

(41.15) 

as in equation (41.13). 
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42. POWER LAW MODEL FOR THE SPECTRUM 

The galaxy two-point correlation function is a close approximation to a 
power law, 

'Y "" 1.8, ( 42. l) 

over a substantial range in r. A fairly common speculation is that the 
power spectrum of density fluctuations at large redshift was a power law 
(§§ 72, 95). 

(42.2) 

In discussions of such models it is useful to have the relation between~ and 
the power spectrum. The relation is derived here for equation ( 41.10) for a 
continuous function p(r). 

The power spectrum will be taken to be 

n > -3, (42.3) 

where A, n and ;\0 are constants, the last a short wavelength cutoff needed 
if n ~ 0. The lower bound on n assures convergence of the integral over the 
spectrum at long wavelength, k-+ 0. The autocorrelation function is 

(42.4) 

where the second line is the result of integrating over angles ( eq. 41.11 ). It 
is convenient to integrate once by parts: 

(42.5) 

With the variable changed to z = k (X0 + ir) and the contour shifted back 
to the real axis this becomes 
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VuAf(3 + n) 
Hr)= 2 2(2 ) (A0 1m + rRe) (A . )J+n 1r + n r O + zr 

VuAf(3 + n) sin (2 + n)</> 
21r2(2 + n)r (A/+ r2)1+n/2' 

(42.6) 

The limiting values are 

r « Ao, 
V"Af(3 + n) 

~ = 21r2 Ao3+n ' 

r » Ao, 
V"Af(3 + n) sin (2 + n)1r/2 1 

~ = 21r2 (2 + n) r 3+n· 

(42.7) 

If n = 0, the second of equations ( 42.7) yields~= 0 at r » Ao as expected 
because the autocorrelation function vanishes for white noise. If 
- 3 < n < 0, ~ is positive and varies as r-<3+n) longward of the cutoff Ao. If 
0 < n < 2, ~ is negative at large rand approaches zero as r-<3+n>, and it is 
positive and nearly constant at r « A0 • One sees from equation ( 42.6) that 
the zero of~ is at 

r0 = Ao tan 1r/(2 + n). (42.8) 

It is apparent that Hr) must pass through zero because the Fourier 
transform of~ is the power spectrum, and the limit k-+ 0 gives 

n > 0, (42.9) 

because the spectrum given by equation ( 42.3) vanishes at k = 0. Since 
HO) must be positive (because ~ is the autocorrelation function of a 
continuous function), Hr) must pass through zero: the objects must be 
anticorrelated at some r. If 2 < n < 4, the second of equations ( 42. 7) says 
that at larger, Hr)> 0 and approaches zero as r-<3+n)_ Here one sees from 
equation ( 42.6) that as r increases from 0 tor » Ao and </> increases from 0 
to 1r /2, Hr) has two zeros both at r on the order of Ao. If 4 < n < 6, ~ has 
three zeros, and then approaches zero from negative values. 

The details of these oscillations of Hr) of course depend on the detailed 
shape of the adopted short wavelength cutoff of the spectrum. Another 
derivation of the way ~ approaches zero at large r is given by Peebles and 
Groth (1976). For another discussion see Bonometto and Lucchin (I 978). 
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43. 8ISPECTRUM 

Just as the Fourier transform of t is the power spectrum I bk 12, the 
Fourier transform of the three-point function tis the product of three bk, 
the bispectrum. 

The analysis is simplified by subtracting the mean from the distribution, 
so equation ( 41.2) for the Fourier transform is modified to 

( 43.1) 

This differs from the original bk only for o0 , which now has zero mean. The 
mean of the product of three components is 

(nVu)3<ok,Ok,()k,) 

= ~((n; - (n;))(n1 - (n))(nk - (nk))) 

• exp i(k 1 • r; + k2 • r1 + k3 • rd 

= n3 f dV1dV2dV3t(r 1 - r3, r2 - r3) 

• exp i(k 1 • r 1 + k2 • r 2 + k3 • rJ (43.2) 

+ n2 J dVidVzHlr1 - r 2 I) [expi(k1 · r1 + (k2 + k3) · r2 ) 

+ exp i((k 1 + k2 ) • r1 + k3 • r2) 

+ exp i((k 1 + k3 ) • r1 + k2 • r2)] 

+ nf dVexpi(k1 + k2 + k3 ) • r. 

As in equation (36.10), the first integral comes from those terms in the 
sum where all three cells are different, the second integral from those 
terms where two cells are the same, and the third integral from the terms 
where all three cells are the same. On changing the variables in the first 
integral to 

( 43.3) 

and in the second to 

( 43.4) 

one sees that all three integrals vanish unless 

( 43.5) 
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and that 

(ok,ok,o -k,-k,) = vu-- 2 J d 3 rd 3s!;(r, s)ei(k,•r+k,-s) 

+ (nVu)-'[( lok,12) + ( lok,12) + ( lok,+k,12)] - 2(nVu)- 2, 

(43.6) 

where the integrals over~ have been replaced using equation (41.5). 

44. CROSS CORRELA TJON FUNCTION 

The cross correlation function for the two continuous functions Pa(r) 
and Pb(r) is 

~ab(r) = ((p.(x + r) - (pa))(pb(x) - (pb)))/(pa)(pb), 

(p.(x + r)pb(x)) = (pa)(pb)[l + ~ab(r)]. 
(44.1) 

The analog for the correlation among positions of point-like objects of 
types a and bis defined by the joint probability of finding an object of type 
a in the element o Va and an object of type bin o Vi at distance r, 

(44.2) 

where na and nh are the mean number densities of the two types of objects. 
The probability of finding an object b in o Vat distance r from a randomly 
chosen object a is then 

(44.3) 

so in effect the mean density of b-type objects at distance r from an a-type 
IS 

( 44.4) 

The calculation in Section 41 leading to the relation between the 
autocorrelation function and the power spectrum can be repeated here. 
The Fourier transform of the distribution a is ( eq. 41.2) 

(44.5) 

where n, (a) = 0, 1 is the number of a-type objects found in the volume 
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element o Vi at r 1 • The mean of the product of this with the transform of 
the b-distribution is the cross spectrum 

(44.6) 

k =I- 0. 

This is the same as equation ( 41.5) except for the term (n V" )- 1• 

The cross correlation function has been used to study the mean distribu­
tion of galaxies around Abell cluster positions-as indicated in equation 
(44.4), the function ng(l + tg(r)) in effect is the mean density in the halo 
of galaxies around a cluster-and the distribution of galaxies around radio 
sources and quasars (Peebles 1974e, Seidner and Peebles 1977a, 1978, 
1979). 

The cross correlation function can be generalized to higher moments. 
For example, one would write the joint probability of finding galaxies in 
o Vi and o V2 and a cluster center in o V3 as 

oP - n/nc[I + tg(r13 ) + t/r23) + ~gg{r12) 

+ tcgg(r12' T23' r3i)] 0 Vi O V20 V3' 
(44.7) 

where cg means the galaxy-cluster cross correlation function and gg the 
galaxy two-point correlation function. The role of these added terms is to 
make r approach zero when any one of the points is well away from the 
other two. 

By following the methods of Section 36, one finds that the first two 
moments of the galaxy count in a region V around a cluster are (Fry and 
Peebles 1980a) 

(44.8) 

The integrals are over V. The second expression can be compared to 
equation (36.6); we see that the combination tgg - tgtg fixes the extra 
variance when Vis centered on a cluster rather than placed at a randomly 
chosen spot. 
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45. ANGULAR TWO-POINT CORRELATION FUNCTION 

Catalogs of angular positions of objects-galaxies, clusters of galaxies, 
radio sources, and so on-are the main sources of information on the 
nature of the large-scale clustering of matter. Since the measurement of 
distances of individual objects in such a survey usually is highly uncertain 
if not impractical, one can proceed in two steps: first obtain the correlation 
functions for the angular distribution, then analyze the relation between 
these statistics and the spatial correlation functions under the assump­
tion that we are ·observing a spatially homogeneous and isotropic random 
process. In this second step it is convenient to imagine a statistical 
ensemble of catalogs obtained from random positions in space. The fair 
sample hypothesis is that available catalogs are deep enough that statisti­
cal estimates from the catalogs are good approximations to averages across 
this ensemble. 

The probability of finding an object in the element of solid angle oQ is 
(eq. 31.1) 

( 45.1) 

where .N is the mean density of objects in the sky. The mean number of 
objects in the finite cell Q is 

(N) = .NQ. (45.2) 

The two-point correlation function is defined by the joint probability of 
finding objects in both of the elements of solid angle oQ 1 and oQ2 placed at 
separation 012 (eq. 31.4), 

(45.3) 

All the discussion of the spatial function ~ in Sections 31 to 33 applies 
here also. The conditional probability of finding an object in oQ at distance 
() from a randomly chosen object in the ensemble is 

oP = .NoQ[l + w(O)], ( 45.4) 

so the expected number of neighbors within distance() of an object is (eq. 
36.23) 

(N)P = .N 18 dQ[l + w(O)]. (45.5) 
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Following equation (36.6), one sees that the variance of the count of 
objects in a randomly placed cell n is 

(45.6) 

The cell can be the whole sky: in this case equation (45.6) is the expected 
variance in the number of objects found in a whole sky catalog. 

46. ANGULAR POWER SPECTRUM 

Corresponding to the relation between Hr) and the power spectrum 
( § 41) is the relation between w( 0) and the square of the spherical 
harmonic transform for the angular distribution, 

at= L Yt(J), ( 46. 1) 
j 

where the sum is over the spherical harmonic Yt evaluated at the angular 
positions of the objects in the sample. 

The following properties of the Yt will be used. With the polar angles 0, 
</>, 

(46.2) 

where P}m 1(x) is the associated Legendre function of degree/ and order m, 
I m I s /, and ct normalizes the spherical harmonics to 

( 46.3) 

Form =I= 0, Pr 1 is close to zero near the polar caps, 

p}m1"" 0, 0 ;S 00 or 0 :2'; 7r - Bo, 

00 = sin·- 1m//, 
(46.4) 

and at 00 < 0 < 1r - 00 , Pt oscillates roughly like a sine wave with zeros 
spaced at t::..0 = 1r //. The zeros of the real and imaginary parts of exp im </> 
are at angular separation 

llx = (1r/m) sin 0, ( 46.5) 

at polar angle 0. At 0 = 00 this separation amounts to 
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(46.6) 

The zeros of the real and the imaginary parts of Yt divide the sky into 
roughly rectangular cells. At low latitudes, 00 ;S 0 ;S 1r - 00 , the minimum 
dimension of each cell is close to 1r //. Near the polar caps the zeros of 
sin m<jJ and cos m<jJ crowd together, but here Pt is close to zero. Thus each 
spherical harmonic has a rather well-defined resolution 1r / /. 

The addition theorem for spherical harmonics is (for example, Edmonds 
1957) 

(46.7) 

where the sum is -/ s m s I and 0jk is the angular separation of the 
directions j and k. The Legendre polynomial P1 has the conventional 
normalization, 

(46.8) 

A function like w(0) can be expanded in the P1, 

f +I 

c1 = (I+ 1/2) d cos 0w(0)P1(cos 0), 
-1 

(46.9) 

the second equation following from equation (46.8). This can be expressed 
as the completeness relation 

L (I + ½)Pi(µI )Pi(µ2) = 0(µ1 - µ2)- (46.10) 
1 

The completeness relation for the Yt is (eq. 46.3) 

L Yt(l)Y1-m(2) = o(I, 2), (46.11) 
l,m 

where here o is the two-dimensional Dirac delta function in angular 
position. 

The relation between the correlation function w(0) and the power 
spectrum can be computed following the method used in Section 41. It will 
be supposed for the moment that the catalog covers the full sphere. With 
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the sphere divided into small cells and n1 = 0 or I objects in the element 
/W1, the transform of the distribution ( eq. 46.1) is 

(46.12) 

The ensemble average value of this is 

(at) = .N f dCTYt = 0, !=I= 0 

(aoo) = {41r)1;2 .N. 
(46.13) 

The mean square value for I =I= 0 is 

=.NJ dfil Ytl2 + .N2 J dCT1dfi2(1 + W12)Yt(J)Y,-"'(2) (46 ·14) 

= .N + .N 2 f drl1dn2 w(0 12 )Yt{l)Y,- "'(2). 

The last line can be simplified by writing w as a sum over the P,. The 
addition theorem ( 46.7) gives 

J drl1dfi2Pr(cos 012 ) Yt{l) v,- "'{2) 

= 41r /(2/' + 1) "l;.f drl 1dfi2Yr_,,,. (1) Yr"'' (2)Yt{l) y,-"'(2) 
m 

(46,15) 

= 41rb11-I (21 + I), 
so with equation ( 46.9) equation ( 46.14) becomes 

J+ l 
== .N + 21r.N 2 d cos 0P1(cos 0)w(0), 

- I 

(46,16) 

for I =I= 0, independent of m. This relation between the angular correlation 
function and power spectrum can be compared to equation ( 4 I, 12). 

By the same calculation, one finds 

I =I= I' or m =I= m'. (46.17) 

The a,m thus are statistically independent. 
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The component a0° was written down in equation (45.6); because Y0° = 

(47r)-lf2, 

(46.18) 

This agrees with equations (46.16) and (46.13). 
The result of multiplying equations ( 46.16) and ( 46.18) by Pi( cos 0), 

summing over all /, m, and using equation ( 46.10) is the reciprocal 
equation, 

1 + w(0) = L (( latl2 ) - .N)P1(cos0)/(47r.N 2 ). (46.19) 
l,m 

Another way to arrive at this relation is based on the expression (Peebles 
1973b) 

(46.20) 

The sums are over all/, except I= 0, all m from -/ to I, and all N objects 
}, kin the whole sky in some realization. The integral is over a thin ring, 0b 
slightly larger than 0a. By using the addition theorem (46.7), we can write 
equation ( 46.20) as 

onp = -21 L L (I + '/2) 1°' Pi ( cos 0jk) Pi ( cos 0) d cos 0, ( 46.21) 
l>O jk o. 

and the completeness relation in equation ( 46.10) for the P1 gives 

1,10, 
onp = 2 L [o(cos 0jk - cos 0) - '/2] d cos 0 

Jk o. (46.22) 

The first term nP is the number of distinct pairs at separation 0a to Ob in the 
realization and the second term is the expected number for a random 
distribution at density N / 411", so onP is the number of pairs in excess of 
random. The estimate of w at 0 ~ 0a is then 

4onp 
W=----~--

e N 2(cos 0b - cos 0a) 

41r' 10, 
= N2 LI at 12 d cos 0 P1 (cos 0)/(cos 0b - cos 0a). 

1>0 o. 

(46.23) 
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With a0° = N/(41r) 112 and (eq. 46.10) 

~ (21 + l)Pi(cos 0) = 0, 0 =I- 0, (46.24) 

this can be rewritten as 

(46.25) 

which can be compared to equation (46.19). 
As for equation ( 41.12), equation ( 46.16) says that I at 12 is a measure of 

the mean number of neighbors in excess of random. The Legendre 
polynomial starts at P1(1) = 1, reaches its first zero at (eq. 46.39 below) 

01 ""'2.4/(l + 1/2) radians, (46.26) 

and then oscillates with amplitude ~l- 112 (eq. 46.8) and distance between 
zeros t:i,,0 "" 1r / !. Thus at large/, equation ( 46.16) may be approximated as 

(46.27) 

The right-hand side is the mean number of neighbors in excess of random 
around a randomly chosen object. One can understand this by the same 
argument that was used to arrive at equation (41.15). 

In a fair sample at would be a sum over the positions of many 
independent clumps of objects, so for m =I- 0 the probability distributions 
of the real and imaginary parts would be close to Gaussian and the 
distribution of I at 12 close to exponential with mean given by the integral 
over w(0). 

In the case of practical interest where the catalog covers only part of the 
sky, a convenient way to proceed is to introduce the window function 
W(Q), with W = 1 in the region covered by the catalog, W = 0 elsewhere. 
The function W(Q) Yt(Q) can be expanded as a sum over the spherical 
harmonics, 

W(Q) Yt(Q} = L Wu,mm'y/'m'(Q), (46.28) 
l',m' 

where 

(46.29) 
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an integral over the survey region. Thus if equation ( 46.28) is summed over 
the angular positions of all objects in the whole sky, the sum on the right 
hand side is the transform at for the whole sky, the left hand side is the 
sum over the objects in the survey region Q, 

bt = L Yt(J), 
JEQ 

and the result is the convolution, 

b m 'i;""' W mm' m' 
I = L 11' Gr· 

I'm' 

(46.30) 

(46.31) 

This means the observed transform bt is a running average of the whole 
sky transform at. 

The term /' = 0 in equation ( 46.31) should be treated separately because 
a0° typically is much larger than any other component. Thus the ensemble 
average of equation ( 46.3 I) is, by equation ( 46.13), 

(bt) = (ao0 ) W,omo = .NOit, 

It= f dQW(Q) Yt(0)/0. 

The mean is eliminated by writing the transform as 

ct= L (Yt(J) - It)= bt - Nit 
[! 

= L W,rmm'arm' - It(N - a0°0/(47r) 112 ), 

/'7'0 

( 46.32) 

(46.33) 

where N is the number of objects found in Q. The second term generally is 
negligible. Dropping it and using equation ( 46.17), one finds 

(lctl 2 ) = LI W11,mm'l 2 (larm'l 2 ). (46.34) 
I'm' 

The w11 .mm' peak up at/=/', m = m', and, according to equation (46.11), 
they satisfy 

LI Wu,mm' 12 = f dQ W(Q) I Yt(Q) 12 == Jt. (46.35) 
I'm' 
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If the true power spectrum does not vary too rapidly with/', it can be taken 
out of the sum in equation ( 46.34) to get 

(46.36) 

That is, 

IL (Yt(i) - It)\ 2/lt = (ui(e) + I)N/Q (46.37) 
ll 

is an estimate of the true spectrum. 
Finally, of particular interest is the small-angle limit O « 1 radian, where 

the clustering length covers a small part of the sky. An integral expression 
for the Legendre polynomial is (Jahnke and Emde 1945) 

0) 21 o dx cos (/ + '/2)x 
Pi( cos = - ---------,-= . 

1r o (2(cosx-cos0))'12 (46.38) 

When O « 1 radian, the denominator is (02 - x2) 112, so the integral can be 
rewritten as 

21"/2 P, ~ - d-,/; cos[(/ + '/2) 0 cos 1/-] 
7r 0 (46.39) 

= lo((/ + V2)0), 

where 10 is the Bessel function of order 0. Thus if most of the contribution 
to the integral over w(O) in equation (46.16) is at O « 1, the relation to the 
power spectrum becomes 

u, = ( I at \2 ) / .N - 1 

= .N f 21rO dOw(O)lo((l + 1/2)0). 
(46.40) 

This same result is obtained by approximating a small section of the sky as 
a flat two-dimensional square area Q and representing the distribution of 
objects in Q by the two-dimensional Fourier transform, 

bk= L eik-9;/fJ.'12, 
j 

(46.41) 

where Oj is the position of the /h object. Following the standard calculation, 
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one sees that if the clustering length is much less than the size of Q the 
power spectrum is 

( 46.42) 

for k =I= 0. The angle integral brings in the Bessel function (eq. 46.39) 
leaving 

(46.43) 

which can be compared to equation (46.40). 
The major virtue of the power spectrum over its transform w(B) is that 

the spectrum separates density fluctuations on different angular scales. 
This is illustrated in Figure 46.1, which shows estimates of 

+I 

u, ~ ~ I at 12;c21 + 1) ( 46.44) 
m- -1 

for three latitude zones in the Lick catalog, 

A: b > 55°, 

B: 40 < b < 55°, ( 46.45) 

C: b < -40°, 0 > -23°. 

Because of the window function effect, the statistical fluctuations of the u1 

at neighboring l are correlated. Taking this into account, one would 
conclude that there is good reproducibility of the clustering seen in 
different parts of the sky at/~ 40 (0 :S 4°), moderate scatter at 10 :S l ;S 40 
(15° ~ 0 ~ 4°), and considerable difference among zones at l ;S 10. The 
standard presumption is that this scatter at large angular scale is due to 
variable absorption in the galaxy, though an unknown part could be true 
large-scale clustering. The scatter in w(B) at small 0 is appreciably more 
than the scatter in u1 at the same angular resolution because w at small 0 is 
affected by density fluctuations on small and large scales. 

For further discussions of the power spectrum see Yu and Peebles 
(1969), Peebles (1973b), and Webster (1976a). Examples of the window 
function W11,mm· are given by Hauser and Peebles (1973). Examples of the 
exponential distribution of the u1 are given there and in Peebles and 
Hauser (1974). This latter paper also gives further details on the small/ 
part of u1 for the Lick sample. 
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FIG. 46.1. Angular power spectra for three zones in the Lick catalog (from Peebles and 
Hauser 1974; published by The University of Chicago Press; copyright I 974 by the 
American Astronomical Society). 

47. ESTIMATING w(O) 

The angular correlation function w(O) is estimated from the list of 
angular positions of the objects found in some section of the sky. If N 
objects are found in a survey region that subtends solid angle n, an 
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estimate of the density is 

.N = N/Q. (47.1) 

One sees from equation ( 45.4) that the expected count of pairs at 
separation () to() + o0 is 

(47.2) 

where 01 is between() and() + o0, depending on the shape of w(O), and (oQ) 
is the mean value of the solid angle subtended by the ring () to () + o0 and 
within Q for ring centers randomly placed in Q. The factor of two takes 
account of the fact that each pair represents two neighbors. An estimate of 
the correlation function is then 

(47.3) 

where N and nP are the counts of objects and pairs at separation () in the 
sample. (One might prefer N(N - l) to N 2 here and in the following 
equations; however, N usually is large so the difference is negligible and 
can be ignored.) 

Another way to arrive at equation (47.3) is to start from the number n of 
neighbors at distance() to() + o0 from a particular one of the objects in the 
sample. Since the expected value is 

(47.4) 

where oQ is the solid angle of the ring within Q, an estimate of the 
correlation function is 

1 + w(Oi)= nQ/(NoQ). (47.5) 

If oQ is small, so typically n = 0 and rarely is n greater than one, the 
variance of n is proportional to oQ and the variance of n / oQ is proportional 
to (oQ)- 1• The average of equation (47.5), weighted by oQ, for all the 
objects in the sample is 

(47.6) 

where now (oQ) is the solid angle of the ring within Q, averaged over the 
positions of all the objects in the sample. 

If the objects are assigned labels such as morphological types (Davis and 
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Geller 1976), or apparent magnitudes (Soneira 1978b ), or if the objects 
come from different catalogs (Seidner and Peebles 1977a), then an 
estimate of the two-point cross correlation function for objects with 
different labels(§ 44) is 

( 4 7. 7) 

Here nP is the count of pairs ab, and N 0 , Nb are the counts of objects. There 
is no factor of 2 here because an a in /l!:2 1 and a bin /l!:22 is different from a b 
in /lQ 1 and an a in /l!:22 • 

For like objects the total number of pairs in a sample of N is 
N(N - 1) /2, so one sees from equation ( 4 7 .6) that 

(47.8) 

The situation is like that discussed in Section 32: since the estimate of .N is 
based on the number of objects in the sample, there is an integral 
constraint on the estimate of w. Of course, the constraint does not apply to 
the ensemble w discussed in Section 45. If the latter is positive at small 0 
and very close to zero at large 0, equation (47.6) may yield accurate 
estimates of w at small 0, but then the estimates at large 8 will be biased 
low. This only reflects the point that one cannot hope to estimate true w at 
8 from a survey area with size comparable to 8. 

Several methods of computing (on) have been used. Hauser and Peebles 
(1973) selected the N 1 interior objects at distances >8 from the boundary 
and for each of them counted the number of neighbors from the full sample 
at distance 8 to 8 + 08. The count n~ is twice the number of distinct pairs 
among interior objects plus the number of pairs one of which is an interior 
object, the other near the boundary. Equation ( 4 7 .6) is modified to 

/lQ = 21r/l(cos 8). (47.9) 

This simplifies the computation, but it does eliminate some information. 
A second method is to compute directly the solid angle subtended by 
8, 8 + 08, around each object and within the survey region. If 8 « 1, /l8 « 8, 
and the boundary close to straight on the scale of 8, the solid angle 
subtended by an object at distance I/; from the boundary is (Seidner 1977) 

(47.10) 
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In the approximation of this equation, the expected fraction of objects at 
distances 1/; to 1/; + di/; from the boundary is 

(47.1 I) 

where 0 is the length of the boundary, and so the mean of equation ( 47 .10) 
JS 

<om "" [l - 00/(7rQ)J27r000. (47.12) 

If the boundaries of the catalog are two parallel small circles of fixed 
declination 01 and o2 , as in the 4C catalog, then (Seidner 1977) 

(47.13) 

Finally, it is easy to derive (oQ) by Monte Carlo integration: place N, 
points at random in the survey area; let nP ( t) be the number of pairs among 
these trial points at separation 8 to 8 + 08, and let nP be the corresponding 
number of pairs in the real catalog of N objects. Since w = 0 for the trial 
points, the estimate ofw for the data is (eq. 47.3) 

nP N/ 
1 + w(O) =--. 

1 np(t) N 2 
(47.14) 

This was used in the analysis of the Zwicky catalog (Peebles and Hauser 
1974). 

In some cases such as the Lick sample, one has counts of objects for an 
array of cells rather than individual object positions. The variance of the 
cell counts is an integral over w (eq. 45.6); this was used by Rubin (1954). 
If the variance is known for counts in cells of various sizes, one can 
deconvolve the integral to get w(O). Another approach is to use the 
correlation of counts in disjoint cells. If all cells have the same size Qn 

then 

(47.15) 
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The mean count per cell is ( n). In the second equation one wants the 
average over all pairs of cells with chosen and fixed relative position; n1 and 
n2 are the counts in the two (disjoint) cells, and the integral is over dfJ 1 in 
cell 1, dfJ2 in cell 2. As indicated the integral can be written as w(0;z), 
wher.e the argum.ent is very nearly equal to the distance between cell 
centers. Equation (47.15) was first applied by Limber (1954) and 
Neyman, Scott, and Shane ( 1956) to the analysis of the Lick sample. The 
effects of counting errors in the statistics (n 1 ) and (n 1n2 ) and the 
correction for variable depth of the telescope field are discussed by Groth 
and Peebles (I 977). 

48. STATISTICAL UNCERTAINTY IN THE ESTIMATE OF w(0) 

The statistical uncertainty in the estimate of w generally proves to be 
unimportant compared to the systematic errors; the main problem in 
galaxy catalogs is that the effective depth of the surv.ey may vary across 
the sky because of variable obscuration in the galaxy. Such systematic 
errors might be negligible in a few cases, as the 4C radio source catalog. If, 
as in the 4C catalog, the distribution of objects also is close to random, the 
standard deviation of w may be computed as follows. 

The estimate of w from the count nP of pairs at separation 0 to 0 + i50 
satisfies the equation (eq. 47.3) 

(48.I) 

There are N objects in the survey region of solid angle fJ. The solid angle of 
the ring 0 to 0 + o0 is bfJ, and the boundary correction will be ignored. The 
dominant statistical uncertainty in w arises from the difference of the two 
large and nearly equal terms on the right hand side of this equation. The 
density .N on the left side can be replaced with the ensemble average 
value. 

As in Section 36 a convenient way to proceed is to divide fJ into 
infinitesimal cells with n1 = 0 or 1 objects in the element ofJ 1 , so 

N = ~ n;, 

where the window function is 

0(0') = 1, 0 < 0' < 0 + 00, 

0 = 0 otherwise. Equation ( 48 .1) is then 

(48.2) 

(48.3) 

(48.4) 
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Since the correlations among object positions are assumed to be negligi­
ble, we have 

and so on. Thus the expectation value of equation ( 48.4) is 

(.N 2QbQ)(w} = ~ (n,n2 }(0 12 - oQ/Q) - ~ (n/}oQ/Q 

= .N 2 J dQ,dr.!2(812 - oQ/Q) - .NJ dQoQ/Q 

= -.Non. 

( 48.5) 

(48.6) 

In the first equation the terms i -=t- j and i = j are written separately: the 
window function vanishes at i = j to exclude pairs at zero separation. The 
sum i -=t- j vanishes leaving the bias in w that agrees with equations (47.8) 
and (32.7). The variance of w is given by the mean of the square of 
equation (48.4), 

As in equation ( 48.6) one must treat separately all the various cases where 
two or more of the indices are equal. Most such sums vanish. For example, 
the terms where three indices are different with i = j give 

(48.8) 

The largest contribution is from the terms with i = k, j = l and i = /, j = 

k: 

since bQ/Q « 1. Thus equation (48.7) becomes 

(48.10) 

Since ( w > 2 ( eq. 48.6) is smaller than this by the factor bQ/Q, it can be 
ignored, so equation ( 48.10) is the expected mean square uncertainty in w. 
Since the mean number of pairs is ( eq. 48.1) 

(48.11) 
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the standard deviation of thew estimate is just (Peebles 1973b) 

(48.12) 

where nP is the count of ( distinct) pairs used in the estimate of w. 
This result assumes correlations among the objects can be ignored. One 

sees from equation (48.7) that in general ow depends on the four-point 
correlation function. Some estimates and models for this are available, but 
the effect on ow will not be written down because it seems doubtful it would 
be of any use. Of greater interest is the problem of testing for the possible 
reality of clustering on small angular scales when the density varies on 
large angular scales due to variable obscuration in the galaxy. Here one 
would have more confidence in estimates of the expected variance of the 
power spectrum because the spectrum decouples density variations on 
large and small angular scales. 

49. RELATION BETWEEN ANGULAR AND SPATIAL TWO-POINT 
CORRELATION FUNCTIONS 

A general model for the relation between the angular and spatial 
correlation functions describing the galaxy distribution is set up as follows. 
The probability that a galaxy with absolute magnitude Min the range oM 
is found in the randomly placed volume element o Vis ( compare eq. 3 1.1) 

oP = <I>(M)oMov. ( 49 .1) 

This defines the luminosity function <I>. The probability that a galaxy with 
magnitude M 1 in the range oM1 is found in the element oV1 and a second 
galaxy with magnitude M 2 in the range oM2 is found in o V2 at distance r 12 

from the first is (eq. 31.4) 

If the galaxies were uncorrelated in position and magnitude, r would 
vanish. The functions </> and r integrated over magnitude are the number 
density and two-point spatial correlation function defined in equations 
(31.1) and (31.4), 

n = f <I> dM, (49.3) 

The functions corresponding to <I> and r for correlations among angular 
position and apparent magnitude are found by integrating equations ( 49.1) 
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and (49.2) along lines of sight. It will be assumed here that the effects of 
redshift, space curvature, and absorption may be neglected (the former 
two are discussed in § 56), so the apparent magnitude of a galaxy at 
distance r (Mpc) with absolute magnitude Mis 

m = M + 5 log r + 25 . (49.4) 

Then the probability that a galaxy appears in the sky in the element of 
solid angle oQ at apparent magnitude m to m + om and at distance r to 
r + or from the observer is 

oP = r2oroQom <I>(m - 5 log r - 25). (49.5) 

The result of integrating this over distance is the probability of finding a 
galaxy of apparent magnitude m in on, 

oP = oQom .[ 00 r2dr <I>(m - 5 log r - 25). (49.6) 

With the change of variables 

(49.7) 

this becomes 

oP = (d.N /dm)omoQ, 

d.N/dm = 10° 6m 100 s2ds<I>(-5 logs - 25), 
(49.8) 

which is the usual number-magnitude relation. 
The probability of finding a galaxy with apparent magnitude 

m 1 to m 1 + om 1 in oQ 1 and a second galaxy with apparent magnitude m2 to 
m2 + om2 in oQ2 at distance 812 from the first is found by integrating the 
probability in equation ( 49.2) along the two lines of sight: 

[d.N d.N l oP = oQ 1 oQ2om 1 om2 dmi dm2 + g(m 1, m2, 812) , 

g(m 1 , m2, 8) = 100 r/ dr 1r/dr2r(M1 , M 2, r 12 ), 

r1/ = r/ + r/ - 2r1r2 cos 8, 

(49.9) 
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The first equation defines the two-point correlation function in apparent 
magnitude and angular separation. One sees in the second equation that g 
is a linear integral over the corresponding spatial function r. It is the 
simplicity of this relation between the angular and spatial statistics that 
makes the correlation functions particularly convenient for practical 
application. 

50. SMALL SEPARATION APPROXIMATION AND THE SCALING RELATION 

In the case of greatest interest one assumes the maximum scale of 
appreciable galaxy clustering is small compared to the typical distances of 
the galaxies in the sample, so it is indeed a fair sample of the universe. 
Here the contribution to the integral g (eq. 49.9) is appreciable only when 
the objects are nearly at the same distance, I r 1 - r 2 I « r1 , and the angular 
separation is much less than one radian. 

When 012 « 1, the spatial separation of the two galaxies is 

r1/ = r/ + r/ - 2r1r2 (1 - 02/2) 

= (r 1 - r2 ) 2 + r1r202, 
(50.1) 

and with 

(50.2) 

the separation is 

(50.3) 

In this approximation the angular two-point function is 

g(m 1 , m2 , 0) = 100 r4dr J00 dur(M1 , M 2 , r 12 ), 
0 -oo (50.4) 

Ma= ma - 5 log r - 25. 

This expression is simplified by introducing some more notation. The 
mean magnitude and magnitude difference for the pair are 

(50.5) 

Galaxies selected by apparent magnitude are found to have fairly definite 
absolute magnitudes, a typical value being M*, say, with a standard 
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deviation about this of perhaps one magnitude. M* and m define a 
characteristic distance ( eq. 49 .4) 

D = 1002(m-M*)-5 Mpc. 

With 

r = Dy, 

equation (50.4) becomes the scaling relation 

where 

g(t:.m, x) = 1~ y4dy J: duI'(M1, M2 , r1J, 

(50.6) 

(50. 7) 

(50.8) 

M 1 = M* - t:.m/2 - 5 logy, M 2 = M* + t:.m/2 - 5 logy, (5o.9) 

r12 = (u2 + (xy)2)1;2_ 

The single galaxy distribution of equation ( 49.6) with r replaced with yD 
IS 

(50.10) 

Equations (50.8) and (50. l 0) show how the one- and two-point functions 
scale with the effective depth D (or m). These scaling relations reflect the 
assumed geometry and the assumed statistical homogeneity of the distri­
bution. The variation of g with t:.m depends on the shape of the galaxy 
luminosity function through equation (50.9). 

Some catalogs list angular positions of the galaxies brighter than a 
limiting magnitude m0 rather than individual apparent magnitudes. 
Following Neyman, Scott, and Shane, one can model the random errors in 
the selection of galaxies by assuming the catalog includes a galaxy of 
apparent magnitude m with probability f (m -- m0 ). Then the two-point 
correlation function for the catalog is the result of multiplying g (eq. 50.4) 
by f for each galaxy and integrating over the magnitudes, 

la =f(Ma - M* + 5 logy), 
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Here the characteristic survey depth is 

(50.12) 

Since .N rx D3 (eq. 49.8), w varies with the depth of the survey according to 
the relation 

w(O) = D- 1 W(OD). (50.13) 

One can understand the scaling relation (50.13) as follows. The correla­
tion function w measures the ratio of the number of neighbors in excess of 
random to the number expected for a uniform distribution. If one counts 
neighbors in solid angle bQ rx D- 2 at angular distance OD from a galaxy at 
distance D from the observer, one is looking at a fixed projected area at the 
galaxy and a fixed projected distance from the galaxy, so the number of 
correlated neighbors seen is independent of D while the number of 
accidental neighbors from the foreground and background is proportional 
to D. Thus w rx D- I at fixed OD. 

The function W does depend on the shape of the observer function f, 
which will be different for different catalogs. However, it is found that if f 
has a reasonably small spread, W is not sensitive to its shape because f 
effectively broadens the luminosity function, which is broad already; for 
examples see Peebles and Hauser (1974). Thus it appears to be reasonable 
to ignore the difference inf in different catalogs. 

The scaling relation for the angular power spectrum follows from 
equation (46.40), which with equation (50.13) is 

u1 = (.N / D3 ) J 2·n dxW(x)J0 (xl/ D) (50.14) 

for O « l radian, I » 1. Since .N rx D 3, the relation is 

u1 = U(l/D). (50.15) 

This is as expected because u1 measures the number of neighbors in excess 
of random within distance O °' 1- 1 (§ 46), and if this angle scales as O rx n- 1, 

the number in excess of random should be independent of D. 
The scaling relations (50.13) and (50.15) have played an important role 

in testing that the angular correlations of galaxies in the catalogs do reflect 
the clustering in space rather than systematic errors like the effect of 
patchy obscuration in the galaxy. The scaling relation was first applied to 
the study of clustering among positions of Abell clusters (Hauser and 
Peebles 1973). Recent results are summarized in Section 57. 
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51. DECOUPLING OF MAGNITUDE AND POSITION 

Equation (50.11) for w still is quite complicated for practical application 
since it involves a function of three variables. Fortunately it can be 
considerably simplified in an approximation that seems to be reasonably 
good. The assumption is that the absolute magnitude of a galaxy is 
statistically independent of its position relative to other galaxies, so the 
joint distribution r in M,, M2 and r 12 (eq. 49.2) can be written as a product 
of distributions in magnitude and separation, 

(51.1) 

where <I> is the galaxy luminosity function of equation (49.1) and~ is the 
two-point correlation function (eq. 31.4). In this approximation equation 
(50.ll)is 

(51.2) 
r 2 = u 2 + ( yD0)2, 

where 

n = j dM<l>(M) (51.3) 

is the mean space number density of galaxies and 

</>(y) = 1: dM(<I>(M)/n)f(M - M* + 5 logy) (51.4) 

is the probability that a galaxy at distance yD will be in the catalog. The 
selection function </> thus measures the combined effects of the luminosity 
function and the observer function f ( m - m0 ). In terms of the selection 
function the mean number density in the catalog is (eq. 49.6) 

.N = nED3, (51.5) 

By equations (51.2) and (51.5), 

w(O) = D-' W(OD), (51.6) 

where the characteristic depth is given by equation (50.12) and 
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(51.7) 

This is the integral equation that has been used in most estimates of the 
spatial galaxy correlation function starting with Rubin ( 1954) and Limber 
(1954). 

Equation (51.1) for r in equation (50.9) gives the two-point distribution 
in apparent magnitudes and angular separation, 

g(O, m, Am)= D 5g(Am, OD), 

g(Am, x) = 1= y 4dy<l> 1<1>2 J: duH(u 2 + (xy)2) 112 ), 

<1> 1•2 = <l>(M* ± Am/2 - 5 logy). 

(51.8) 

We know that equation (51.1) is only a convenient but crude approxi­
mation because galaxy morphological type is correlated with position 
(early type galaxies tend to appear in dense concentrations) but it is 
consistent with the available statistical tests. In an unpublished study 
Soneira ( 1978b) found that equation (51.8) with conventional models for 
<l>(M) and Hr) gives a reasonable fit to the joint distribution in 0 and in 
Am in the Zwicky catalog. Lake and Tremaine (1980) found that equation 
(51.1) agrees with Holm berg's (1969) counts of faint companions of spiral 
galaxies. 

52. RELATION BETWEEN t AND w: SOME EXAMPLES 

The relation between spatial and angular correlation functions t and w is 
illustrated by two convenient analytic models: t equal to a Gaussian or a 
power law. In the first case, 

(52.1) 

the integral over u in equation (51. 7) can be evaluated leaving 

(52.2) 

The part y 4 ¢ 2 is fairly sharply peaked at y ~ I, small at small y because of 
the geometrical factor y4, and small at large y because the integral galaxy 
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luminosity function sharply cuts off at the bright end. This allows us to 
separate the behavior of w(O) into two limiting cases. If 0 :S r0 / D, the 
exponential varies with y less rapidly than does y 4 <J/, so equation (52.2) is 

(52.3) 

The angular function looks like a Gaussian near the peak: a flat top of 
width r0 / D. If 0 » r0 / D, the exponential is the more rapidly varying term, 
and it cuts off the integral aty- r0 /(0D) leaving 

y = r0 /(0D). (52.4) 

The correlation function has a tail at 0 » r0 / D that varies about as 0- 5 
(because the integral luminosity function </> varies only slowly with y at the 
faint end). The 0- 5 tail comes from clusters with sizes -r0 but much closer 
to the observer than typical galaxies in the sample. The observed w(O) for 
galaxies does approximate a power law, but the slope is a good deal 
shallower, w ex o-0·8 , so there is no danger that the present observations 
have been confused by this effect. 

The second convenient model is a power law, 

(52.5) 

This form in equation (51.7) gives 

B 100 Joc w(O) = -2 Y4</>2dy du [u2 + (ODy)2]--yf2 
DE o -oo 

(52.6) 

With 

u = ODyx, (52.7) 

one finds 

(52.8) 

where the number H-Y from the integral over u can be reduced to a product 
of Gamma functions, 
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Equation (52.8) says that the angular function is a power law with index 
reduced by one unit from the power law index 'Y off This was derived by 
Totsuji and Kihara {1969). If 'Y :,s 1 the integral H diverges. Here the small 
angle assumption of Section 50 fails because most of the correlated pairs of 
galaxies seen at small angular separation are at very different distances 
from the observer. If 'Y 2: 6, the integral in equation (52.8) diverges at y _,, 
0. Here the correlation function t is decreasing so rapidly with increasing 
separation that the dominant contribution to w(0) is from the cluster 
nearest the observer. The observed galaxy correlation function approxi­
mates a power law with 'Y""' 1.8, well removed from either of these cases. 

The angular power spectrum for either of these models may be 
computed using equation ( 46.40). In the power law model 

w = A0 1-"( (52.10) 

the result is (Peebles and Hauser 197 4) 

(52.11) 

If 'Y > 3, the integral diverges at small separation. This is because the 
spectrum measures the number of neighbors within separation ~l-1, and if 
'Y > 3, almost all the neighbors are closer than some small-scale cut-off of 
the r--y power law. Thus u1 remains almost constant if 'Y > 3 and 1- 1 

exceeds the cut-off of the power law model. If 'Y < 3, u1 varies as a power of 
/. The dimensionless integral in equation (52.11) is evaluated by Fall 
(1979). 

In the Gaussian model the angular correlation function can be approxi­
mated as 

w(0) = ce-(OD/ru)'. (52.12) 

The 'Y = 5 tail of w can be ignored because, as has just been remarked, it 
has little effect on the shape of the spectrum. The simplest way to evaluate 
u1 here is to use equation ( 46.39) to write equation ( 46.40) as 

u, = .NC J dBi d02e-(O,'+O,')D'/ro'+ilO, 
= 1r.NC(ro/ D)2e-<lro/2D)'. 

(52.13) 

Since the observed t for galaxies is close to a power law, it is interesting 
to see how accurate the small angle approximation is for this case at 
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reasonable values of the angle 0. In Figure 52. l the upper dashed straight 
line is given by equations (52.8) and (52.9) with 

(52.14) 

close to the observed shape for galaxies and with the selection function 
(Abell 1962) 

-Sa =y ' 

f3 = 0.25, 

a= 0.75, 

= 0, Y > Yo, 

Yo -Sa = 0.01' 

y < 1, 

l<Y<Yo, 
(52.15) 

which is thought to be fairly realistic. The upper solid curve is the result of 
numerically integrating the equation 

w(0) = E-21= (Y1Y2)2dy1dY2</>(Y1)1>(y2)Hr), 
r = D( y/ + y} - 2y1y2 cos 0) 112, 

(52.16) 

with~ given by equation (52.14) and 1> by equation (52.15). This is the 
exact equation ( 49.9) in the case that magnitudes and positions decouple 
(eq. 51.1). One sees that the power law approximation tow is quite good 
even at 0 = 30°. 

The bottom two curves in the figure show how w(0) responds to a 
feature in Hr). The spatial correlation function is a broken power law, 

r < rb = 0.0052D; 
(52.17) 

The lower solid curve in the figure is the result of integrating equation 
(52.16) with the selection function of equation (52.15) and~ given by 
equation (52.17). The lower dashed line is computed from equations (52.8) 
and (52.9), that is, it assumes~ = rb(D/r) 3 for all rand it uses the small 
angle approximation. The sharp break in the slope of~ has been placed at 
the effective angle 

(52.18) 

This is indicated by the arrow in the figure. 
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F1G. 52.1. Relation between angular and spatial correlation functions. The upper two 
curves both correspond to a power law f (eq. 52.14). The straight dashed line is the 
small separation approximation, the solid line the result of numerical integration of 
Limber's equation. The bottom two curves correspond to a two-power-law f (eq. 
52.17). The solid curve is the result of numerical integration, and the dashed curve is 
computed from the small separation approximation with f taken to be a pure power 
law. 
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The feature certainly is less pronounced in w(O) than in Hr). It is 
smoothed mainly by the projection effect: galaxies at projected separation 
r are at true separations >r with the distribution in true separation 
determined by~ (the integral over u in eq. 51.7). It is smoothed also 
because the distances from the observer for the galaxies in the sample have 
an appreciable dispersion around D. Nevertheless, w(O) does show a fairly 
prominent change of slope at about the angle expected from the naive 
application of equation (52.8). This is so because with the assumed 
selection function <jJ the distribution of distances from us of galaxies 
brighter than m0 , ccy2 rp( y), is fairly tight, and the distribution of distances 
of correlated pairs, a:y 4 rp( y)2, is tighter still. Of course, if~ had a narrow 
feature, perhaps an abrupt decrease in value going from r to r + IJ.r with 
!::,.r < r, the projection effect (integral over u) would smooth this step to the 
width !::,.r' comparable tor. Because of this projection effect, one should not 
find that w(O) varies appreciably on angular scales smaller than !::,.O ~ 0 
(Fall and Tremaine 1977). 

Finally it might be noted that if the selection function were such that 
y 4 <jJ( y) 2 is appreciable over a range of y much bigger than a factor of two 
or so, the major smoothing of the correlation function would be caused by 
the spread of distances of the galaxies, and this would substantially limit 
the amount of information one could hope to derive from w(O). 

53. INVERSION OF THE EQUATION 

The result of changing the variable of integration in equation (51.7) 
from u to rand then exchanging the order of integration is 

(53.1) 

The relation thus is of the form 

W(x) = E- 2 1= drHr)F(x/r), (53.2) 

where the window function is 

I z-' y4dy¢( y)2 
F(z) = 2 0 (1 _ (yz)2)1;2· (53.3) 

Equation (53.2) shows that W simply is a convolution (in logarithmic 
variables) off Fall and Tremaine (1977) and Parry (1977) have shown 
that this form can be inverted in a remarkably simple and elegant way. 
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Since the window function depends on the ratio rather than difference of 
arguments, one uses the Mellin rather than Fourier transform. The 
following properties of the transform are used. The definition is 

(53.4) 

Second is the inversion formula: if the integral J is absolutely convergent 
for CY < s < (3, then 

(53.5) 

where CY< (J < (3 (Courant and Hilbert 1953, p. 103). Third is the analog of 
the convolution theorem: for the function 

the Mellin transform is 

G(s) = f oc dydxxp+s-lyqf (xy)g( y) J.1 
=f(p+s)g(q-p-s+ 1), 

(53.6) 

(53. 7) 

where the second line follows from the change of variables xy = z. In a 
similar way one finds that for the function 

(53.8) 

the Mellin transform is 

K(s) =f(p + s)g(q + p + s + I). (53.9) 

Finally, appearing in the window function of equation (53.3) is the 
function 

b(x) = 2/(1 - x 2 ) 112 , 0 s x < 1, 

b(x)=O, x~I. 
(53.10) 

The Mellin transform of this is 
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b(s) = 21 i xs-1 dx/(1 - x2)1;2 

= 2 im dy(l + y2)(s+1)/2, 
(53.11) 

where the second line follows from x = (1 + y 2 )- 112 • This function 
appeared in equation (52.9): 

b(s) = r(1/2)r(s/2)/r((s + 1)/2). (53.12) 

Now the solution proceeds as follows. One notes that equation (53.2) is 
the same form as equation (53.8), so the convolution is 

(53.13) 

Second, equations (53.3) and (53.10) are 

(53.14) 

which is the same form as equation (53.6), so 

F(s) = b(s)¢}(5 - s). (53.15) 

The transform of ~ is then 

(53.16) 

Using 

r(n + 1) = nr(n), (53.17) 

one can write b as 

1 -~ 71'112r(s/2) = s - 1 b(s), (53.18) 
b(s - 1) 271' r((s - 1)/2)(s - 1)/2 271' 

and on setting 

(53.19) 

we have 

k(s) = (s - l)b(s) W(s - l)P(s). (53.20) 
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On setting 

W(s - l)b(s) == H(s), 

we get from equations (53.8) and (53.9) 

and with 

l(s - 1) == H(s)P(s), 

equations (53.8) and (53.9) give 

100 1' W(r/xy) 
J(r) = 2 0 dxP(x) 0 dy (I _ y2)1;2• 

where equation (53.20) is now 

f(s) = (s - I)f(s - 1). 

(53.21) 

(53.22) 

(53.23) 

(53.24) 

(53.25) 

From the definition of the transform one finds finally that this states 

Hr)= -dJ/dr. (53.26) 

This with equation (53.24) is the inversion: the spatial correlation function 
~ is given as a double integral of a derivative of the observed angular 
correlation function. Fall and Tremaine have used this solution to compute 
~ from the w estimate for the Lick sample: the results agree well with the 
trial and error method of Section 52. 

54. ANGULAR THREE-POINT CORRELATION FUNCTION 

The treatment of the three-point correlation function parallels that of 
the two-point function in Sections 49 to 51. 

A. General relation of the reduced spatial and angular functions 
The probability of finding three galaxies with magnitudes M 1 , M2 and 

M3 in the volume elements o Vi, o V2 and o V3 respectively is written as 

oP = [<I>(Mi)<l>(M2)<I>(M3) + <l>(M1)r(M2, M3, r23 ) 

+ <l>(M2)r(M1, M 3 , r 13 ) + <l>(M3)r(M1, M2, r 12 ) (54.1) 

+ r 3(M1, M2., M3 , r 12 , r 23 , r 3i)]oVioV2oV3oM1oM2oM3 , 
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where rand <I> are defined in equation (49.2). The form of this equation 
follows equation (34.1 ), and as in equation ( 49 .3) one sees that the integral 
of r 3 over magnitudes is 

(54.2) 

The probability of finding galaxies with apparent magnitudes m 1 , m2 , m3 

in the elements of solid angle oQ 1, oQ2 , oQ3 respectively is found by 
integrating (54.1) along the three lines of sight. This gives 

(54.3) 

+ g3 (m 1, m 2 , m3 , 012 , 023 , 031 ) ]• 

where d.N / dm is the result of integrating the single point distribution <I> 

along the line of sight (eq. 49.8), and g is the result of integrating the 
reduced two-point function r (eq. 49.9). If the maximum scale of apprecia­
ble clustering is small compared to the depth of the catalog, the terms 
involving d.N / dm and g describe triplets seen close together in the sky but 
generally at quite different distances from us, and in the integral over r 3 all 
three galaxies are at very nearly the same distance. As in Section 50 we 
can use this to simplify the integral g3 • 

B. Small separation approximation 
The effects of space curvature and expansion will be neglected here. 

With 

the reduced three-point function is 

g3 (m 1 ••• 031 ) - im (r 1r2r3 )2 dr 1dr2dr3r3 (M1 ••• r3 i), 

rcxr/ - r/ + r/ - 2rcxr/3 cos 00,/3• 

In the small separation approximation discussed in Section 50 with 

(54.4) 

(54.5) 

(54.6) 
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and the dimensionless distance variable ( eqs. 50.6, 50. 7) 

y = r/D, D = 1002(m - M*)-5 Mpc, 

equation (54.5) becomes 

g3(m1 ... 031) = D7g3(!:i.ma, t:i.mb, D012, D023, D031), 

where 

g3 (Ama' Amb, X12, Xz3' X31) = 100 y 6 dy 1: dudvr3 (M1 ... r3i), 

M1 = M* - 5 logy, M2 = M1 + Arna, M3 = M1 + !:i.mb, 

(54.7) 

(54.8) 

(54.9) 

Equation (54.8) shows how g3 scales with m or the effective distance D. 
The variation with magnitude difference Arna, !:i.mb, of course, is more 
complicated, depending on the luminosity function. 

In a catalog that lists angular positions of galaxies brighter than some 
fixed nominal limiting magnitude m0 , the three-point angular correlation 
function z is defined by the expression 

(54.10) 

which can be compared to equation (34.1 ). One sees from equation (54.1) 
that the reduced part is 

(54.11) 

where 

(54.12) 

is the observer function, as in equation (50.11). In the small separation 
approximation this becomes 

D2(nE) 3z = 100 y 6 dy 1: dudv 1: dM1dM2dMdJJ3r3, 

la= f(Ma - M* + 5 logy), D = 10° 2<m,-M*)- 5 Mpc, (54-13) 

r1/ = u2 + ( yD0 12 )2, etc., 

where the constant Eis defined in equation (51.5). 
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Equation (54.13) yields the scaling relation 

(54.14) 

One can interpret this in the same way as for equation (50.13). The 
function .N 2 z a D6 z measures the probability in excess of random of 
finding neighbors in /lQ2 and /l!"23 at distances 012 and 013 from a randomly 
chosen object in the catalog. When the angles scale with the depth of the 
sample as Oa/3 a D-' and the solid angles /l!"22 and /l!"23 vary as D-2, this 
probability is constant because the projected area and separation at the 
object are constant. Therefore z a D- 2 at fixed DOa/3· 

Under the assumption that galaxy positions and magnitudes are uncor­
related(§ 51), r 3 can be written as the product 

(54.15) 

where sis defined in equation (54.2). Then the integral over each M in 
equation ( 54.13) yields n<t> ( y), where <t> is the selection function ( eq. 51 .4), 
and equation (54.13) becomes (Peebles and Groth 1975) 

1 1= y 6dy¢(y)31: dudvs 
z(012, 023, 831) = 2 ----------, 

D (1=y2dy¢(y)r 

r,} = u2 + ( yD012 )2, r 1/ = v2 + ( yD013 )2, 

r2/ = (u - v ) 2 + ( yD023 )2. 

(54.16) 

This equation has been used in all estimates of the spatial three-point 
correlation function. 

C. Model/ors 
As it happens a model for sthat considerably simplifies equation (54.16) 

matches the data remarkably well. The assumption is that S, which is a 
function of three variables, can be written in terms of a function of one 
variable, 

(54.17) 

where Q is a constant. The new function has been written as Hr), the 
two-point correlation function, because that agrees with what is observed, 
but that is not required. It will be noted that equation (54.17) satisfies two 
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necessary conditions: that r is symmetric in its three arguments and that 
r --+ 0 when one point is well away from the other two. The form of 
equation (54.17) appears in theories of liquid physics and turbulence 
where the full three--point correlation function (34.1) occasionally is 
written as the Kirkwood superposition approximation (for example, Ichi­
maru 1973) 

(54.18) 

with ( the reduced two-point function. This generates equation (54.17) 
with Q = 1, quite close to the observed value, but it adds to f the term 

(54.19) 

In the conventional applications one often assumes ( « 1, so this term can 
be neglected. However, the opposite limit applies here: in the range of 
separations in most of the empirical studies of the galaxy distribution 
( » 1, so if the term (54.19) were present, it would have dominated (54.17) 
and would have made the variation of the angular function z with 0 
distinctly different from what is observed. Thus the Kirkwood superposi­
tion approximation is not relevant here. 

The model for r(eq. 54.17) in equation (54.16) yields 

z = E~ [1~y6dy<t>(y) 3T(yD0a)T(yD0b) + eye!.], 

t( yDO) = 1: duH(u 2 + ( yD0)2)'l 2 )/ D. 

(54.20) 

The sum is over the three terms with arguments Oa0b, oboe, and 0c0a. As in 
Section 52 there are two convenient models for f a power law, which 
agrees with the observations, and a Gaussian, which gives at least some 
impression of how sensitive z might be to the shape of r 

In the Gaussian model, 

(54.21) 

As discussed in Section 52 the function y 6 </>( y) 3 is sharply peaked near 
y = 1, so if OD/ r0 is not much greater than unity y 6 </> 3 acts like a delta 
function, reducing equation (54.20) to 

z ex e -(O/+O,')(D/ro)' + cycl, (54.22) 
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When (JD/ r0 » 1, the integral over y is cut off at y « I by the r factors, and 
equation (54.20) says z varies with the size (J of the triangle as 

(54.23) 

Thus as in Section 52 the angular function reflects the Gaussian shape of s 
near the peak but has a power law tail that comes from the clusters of size 
~r0 at distances from the observer much less than the typical distance D. 
The observed correlation function varies as a power of the triangle size, 
z cc 0- 16; since this is considerably shallower than the 0-7 tail, there is no 
danger the observations have been confused by this near cluster effect. 

In the power law model, 

')' > 1, (54.24) 

The dimensionless integral H-r is given in equation (52.9). Thus equation 
(54.20) becomes 

where (Peebles and Groth 1975) 

p 

Q 

( 1= ys-2-r dy¢( y)3) ( 100 yzdycp( y)) 
( 100 ys--ydy¢( y)2 r 

(54.25) 

(54.26) 

and w(0) is the angular correlation function belonging to Hr) (eq. 52.8). 
That is, we have the convenient result in the model that if ~ varies as a 
power of r, the same model applies to z in terms of w(0). The value of P / Q 
is determined by integrals over¢: it is independent of Din the Newtonian 
approximation and not very sensitive to the shape of¢ or the details of the 
relativistic corrections (fig. 56.1 below). What is more, this model for z 
agrees with the observations in considerable detail. 

D. Methods of estimating z 
Two approaches have been used. In the Monte Carlo method one 

observes that the expected count of triplets defining triangles with some 
chosen range of sizes and shapes is 

(54.27) 
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There are N » l objects in the survey region of size Q, and Q2 is the product 
of two solid angles fixed by the range of sizes and shapes of the triangles 
and by the shape of the boundary of Q. If N, points are placed at random in 
the survey region, the expected count of triplets among them is 

(54.28) 

and the expected count of triplets in which real objects define two sides of 
the triangle and the triangle is completed by one of the random objects is 

(54.29) 

Thus an estimate of z is 

DDD - DDR N/N, 
z = RRR(N/ N,) 3 + 2· 

(54.30) 

Examples of the numerical values of the quantities in this expression are 
given by Peebles and Groth (197 5). 

The second method uses the counts N; of objects in cells: one sees from 
equations (54.10) and ( 47 .15) that estimates of z are (Peebles 1975) 

z = (N;NjNk) _ (N;Nj) _ (NjNk) _ (NkN;) + 2 
(N;)(N)(Nk) (N;)(N) (N)(Nk) (Nk)(N;) 

((N; - (N;))(Nj --- (N))(Nk - (Nk))) 
(54.31) 

(N;)(N)(Nk) 

The averages are over the set of disjoint cells ijk whose centers define 
triangles in some chosen range of size and shape. As discussed in Section 
4 7 the arguments of z usually can be taken to be the distances between the 
cell centers. 

Estimation of the joint three-point distribution in angular separation 
and apparent magnitude in principle is a straightforward extension of 
these methods and would be interesting as a test of the assumed decoupling 
of magnitude and position. 

55. ANGULAR FOUR-POINT CORRELATION FUNCTION 

This closely parallels the discussion in the last section. Following 
equations (35.1) and (54.1 ), we write the probability of finding galaxies of 
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magnitudes M1 , M2 , M3 , and M4 in the volume elements oVi, oV2 , oV3 , 

and oV4 as 

oP = [<I>(M1 )<I>(M2)<I>(M3)<I>(M4) 

+ <I>(M1)<I>(M2)r(M3, M4, r34) + • • • (6 terms) 

+ r(M1, M2, Y12)r(M3, M4, Y34) + ... (3 terms) 

+ cfi(M1)r3 (M2 ,M3 ,M4 ,r23 ,r34 ,r4i} + •·· (4terms) 

+ r4 (M1 ••• r4i)]oM1 ••• oV4 • 

(55.1) 

The probability of finding four galaxies of apparent magnitudes m 1 to m4 

in the elements of solid angle on1 to on4 is found by integrating this along 
the four lines of sight. As discussed in Section 54A the result is the same 
form with <I> replaced by d.N / dm and r" replaced by g", and g4 is an 
integral over r4 • Therefore, if the maximum scale of appreciable clustering 
is small compared to the depth of the survey, we can assume that the four 
distances from the observer in the integral over r4 all are nearly equal. In 
this approximation the reduced four-point correlation function in apparent 
magnitude and angular separation is 

(55.2) 

where 

g4(t.ma, t.mb, t.mc, X12, •. • ) = 100 y 8dy 1: dtdudvr4, 
M 1 = M* - 5 logy, M2 = M 1 + t.ma, etc.; (55.3) 

Equation (55.2) shows how g4 scales with effective depth (eq. 54.7). 
If the catalog lists angular positions of all objects brighter than apparent 

magnitude m0 , the angular correlation function u is defined in analogy 
with equation (35.1) by the equation 

(55.4) 

The reduced part u is found by multiplying equation (55.2) by the observer 
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function for each galaxy, as in equation (54.13), and integrating over 
magnitudes: 

D3(nE)4u = 1= y 8dy 1: dtdudv 1: dM1dM2dM3dM4fififd4r4, 

J,, =f(M,, - M* + 5 logy), D = 1002(m,-M*H, 

(55.5) 

This yields the scaling relation 

(55.6) 

Under the assumption that magnitudes and positions decouple, r 4 is a 
product of <l>(M,,)'s and the four-point function r, defined in equation 
(35.1). As in equation (54.16) equation (55.5) can be reduced to 

1 ] 00 y 8 dy¢(y)4 J00 dtdudvr, 
0 -oo 

( 100 y2 dy<J>(y) r 
A convenient model for r, is (Fry and Peebles 1978) 

1/1234 = Ra[~12~23~34 + sym. (12 terms)] 

+ Rb[~12~ 13 ~14 + sym. (4terms)], 

(55.7) 

(55.8) 

where R0 and Rh are constants. In the first line there are 12 terms 
corresponding to all different ways of joining the four points by an 
unbroken line, and in the second there are 4 terms for the four ways of 
joining three points to a common fourth. This expression is symmetric in 
all its arguments, and it approaches zero if one or two points are well 
removed from the others. This model is a natural guess given the observa­
tional success of the analogous model for s, and a further theoretical 
justification of sorts is given in Sections 61 and 62; however, its main 
importance is that the model greatly simplifies discussion of the relation 
between angular and spatial functions and does not disagree with the crude 
data available on the four-point function. 

As in equation (54.20) one sees that with equation (55.8) the integrals 
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overt, u, and v in equation (55.7) all are of the form of T( yD0a13 ) so (55.7) 
becomes a sum of terms like 

(55.9) 

If~ ex r ·r, then Tex 0'--Y (eq. 54.24), and u has the same form as 17, 

(55.10) 

where wand~ are related by equations (52.5, 52.8) and 

(55.11) 

All estimates of u so far have used the products of counts in cells: if N,, 
N 2 , N 3 , and N4 are the counts of galaxies in four disjoint cells, then the 
expected value of the product of the four counts is 

(55.12) 

where dP is given by equation (55.4) and the integral is over dn, in cell 1, 
dfJ2 in cell 2, and so on. On using (55.4) to evaluate this integral, one finds 

((N, - (N,))(N2 - (N2))(N3 - (N3))(N4 - (N4))) 

- ((N, - (N,))(N2 - (N2)))((N3 - (N3))(N4 - (N4))) 

- ((N, - (N, ))(N3 - (N3)))((N2 - (N2))(N4 - (N4))) 
(55.13) 

- ((N, - (N,))(N4 - (N4)))((N2 - (N2))(N3 - (N3))) 

~ .N 4 f dfJ, dfJ2 dfJ3 dfJ4 u 

::a (N, )(N2)(N3)(N4)U,234, 

As indicated the integral can be approximated as the product of the mean 
counts in each cell with u evaluated at the separations of the cell centers. 
The left-hand side of equation (55.13) can be estimated by averaging the 
products of counts over the configurations of four cells identical up to a 
translation, rotation, or inversion (Fry and Peebles 1978). 
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56. CORRECTION FOR CURVATURE AND EXPANSION 

The galaxy surveys reach fairly high redshifts- a typical value for 
galaxies in the Lick catalog is Z ~ 0.08 and the deep surveys go well 
beyond that-so it is useful to see how the relations between angµlar and 
spatial correlation functions are affected by the cosmological model (Fall 
1976a, Groth and Peebles 1977, Dautcourt 1977, Phillipps et al. 1978). 

The standard Friedman-Lemaitre model will be used and it will be 
supposed that A = p = 0; a generalization to nonzero pressure or 
cosmological constant is straightforward but uninteresting because at 
practical survey depths the results are much more sensitive to the uncer­
tainties in luminosity function and K-correction than to the acceleration 
parameter. The line element will be taken to be the Robertson-Walker 
form 

(56.1) 

This neglects local fluctuations in space curvature, that is, deflection of the 
line of sight by individual mass concentrations. The expansion rate is 

(56.2) 

and the density parameter is 

(56.3) 

so we can write 

(56.4) 

The cosmological redshift of an object whose light is received now, at 
epoch t0 , and was emitted from the object at epoch tis 

1 + Z = a0/a(t). (56.5) 

In the coordinates of equation (56.1) the coordinate distance of an object 
at redshift Z(t) is fixed by the equation 

(56.6) 

which with equation (56.2) can be reduced to (Mattig 1958) 
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Hoaox/c = 2[(Q0 - 2)(1 + f20Z) 112 

+ 2 - f20 + f20Z]/[Q/(1 + Z)]. (56.7) 

Another convenient form is the reciprocal of this relation, the redshift as a 
function of coordinate distance: 

1 + Z = 2[2y(l - f20 ) + f20 

+ (2 - f20 )(1 + y 2(1 - flo)) 112 ]/(2 - yflo)2, (56.8) 

y = H0a0x/c. 

The flux of energy received from an object with luminosity .L at redshift Z 
IS 

.L - 2 f = 2 2 (l + Z) · 41ra0 x 
(56.9) 

The denominator of the first factor is the area over which the radiation 
now has spread, and the redshift factor takes account of the loss of energy 
of each photon and the diminuition of the rate of reception of photons. This 
equation translates to the distance modulus 

m - M = 5 log [a0x(l + Z)] + 25 + KZ, (56.10) 

where a0x is measured in megaparsecs. The K-correction is (Oke and 
Sandage 1968, Pence 1976) 

(56.11) 

This takes account of the fact that the magnitude m measured in a fixed 
wavelength band measures a wavelength and bandwidth at the object that 
are functions of redshift. As indicated the K-correction will be approxi­
mated as KZ; for Z ::S 0.5 the best value of the constant of proportionality is 
thought to be between 3 and 5. 

Now we can write down expressions for the correlation functions. The 
element of solid angle ofl subtends proper area 

(56.12) 

at coordinate distance x, and the increment ox in distance corresponds to 
proper radial interval ( eqs. 56.1 and 56.4) 
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or= a(t)ox/ F(x), 

F = [l - (H0a0x/c)2(Q0 - l)] 112• 

(56.13) 

The probability of finding a galaxy of apparent magnitude m in oQ is then 

oP = oQomd.N I dm, 

d.N /dm = 100 x 2 dxF(x)-'a3if>(M, t). 
(56.14) 

Here if> is the luminosity function, the mean number of galaxies per unit 
proper volume and magnitude interval at epoch t. The absolute magnitude 
Mis given in terms of m and x by equations (56.8) and (56.10). The joint 
probability of finding galaxies with apparent magnitudes m, and m2 in on, 
and ofJ.2 is (eq. 49.9) 

(56.15) 

Following Section 51 it has been assumed that the two-point correlation 
function can be written as a product of the distributions in separation and 
magnitude (eq. 51.1). The luminosity functions if> 1 and if>2 are functions of 
x,, m, and x2 , m2 as in equation (56.14). In general~ is a function of the 
spatial coordinate separation and the cosmic times at the two points; 
however, it appears that in any realistic situation the integral is dominated 
by points whose cosmic times are very nearly the same so that ~ can be 
taken to be a function of one epoch and of the proper separation of the 
points at that epoch. In this small separation approximation we can rewrite 
equation (56.15) as 

(56.16) 

g>a = if>(t, M = ma - 5 log [aox(l + Z)] - 25 - KZ). 

The proper separation r has been computed as in equations (56.12) and 
(56.13). 

In a catalog of angular positions of galaxies brighter than limiting 
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magnitude m0 , the probability that a galaxy at distance xis brighter than 
the cutoff is the selection function 

<J>(x) = n-1 J=M <l>dM = \Jt(M(x), t)/n, 

M(x) = m0 - 5 log [a0x(l + Z)] - 25 - KZ. 

(56.17) 

The observer function has been ignored (eq. 51.4). The function \JI is the 
mean number of galaxies per unit proper volume more luminous than Mat 
epoch t. The proper number density of galaxies will be taken to vary as 

(56.18) 

which means galaxies are not being created or destroyed. The density and 
two-point angular correlation function are then 

.N = n0a03 1= x 2 dx<J>(x)/F(x), 

.N2w(8) = n/a06 l 00 x 4 dx<1>2F- 2 J
00
= duHr, t). 

(56.19) 

A convenient model for ~ that fits the observations quite well is the 
power law (eq. 52.5) 

(56.20) 

where B is constant. The last factor models possible evolution of the 
clustering: if f = 0, n(t) Hr, t) at fixed proper separation r is constant, so 
the clustering measured in proper coordinates is not changing (eq. 31.7 
with ~ » 1 ). The u integral can be evaluated for this form for Hr), as in 
equations (52.6) to (52.9), giving 

1= x5 _..,, dx<J>(x) 2(a/a0 ) 3+'--Y/ F(x) 
A= BH a0_..,,_o ___________ _ 

..,, ( 1= x 2dx<J>(x)/ F(x) r (56.21) 

When the redshift is small this reduces to equation (52.8). The cosmologi­
cal model enters through the volume factor F (eq. 56.13), the redshift 
factor a0 / a, and the variation of the selection function </> with distance x 
(eq. 56.17). 
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The relation between angular and spatial three-point functions is 
written down in the same way. In the small separation approximation the 
reduced three-point function (eq. 54.3) is 

The <I>" and r"13 are defined as in equation (56.16). For a catalog of angular 
positions of objects brighter than limiting magnitude m0 this becomes 

As in Section 54 this is considerably simplified if 

(56.24) 

When the~ are given by equation (56.20) and Q is a constant, the result is 
(Groth and Peebles 1977) 

(56.25) 

where w(O) is given by equation (56.21) and 

!_ = (.[~ x 8- 2'Y dx<f>(x) 3a6+ 2•- 2'Y/F(x) )(.[oc x 2 dx<J>/F) 

Q 
(56.26) 

The treatment of the four-point function is just the same although the 
equations are still longer. For a catalog of objects brighter than m0 the 
reduced four-point angular function in the small separation approximation 
IS 

(56.27) 

where the arguments of T/ are computed as in equation (56.16). Of 
particular interest because it is simple is the model discussed in Section 
55: 

(56.28) 
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with ~ given by equation (56.20) and Ra and Rb constants. This form in 
equation (56.27) yields 

where w is given by equation (56.21) and (Fry and Peebles 1978) 

!!_ = .!!..... = ( 100 xll-3-y dxcp 4a9+3,-3-y IF)( 100 x2 dxcp/ Fr 
Ra Rb 

(56.29) 

(56.30) 

Some examples of the results of numerical integration of these equations 
are shown in Figure 56.1. The model for the luminosity function agrees 
with equation (52.15): 

w(M) = C dex [(3(M - M*)], 

= C dex [a(M - M*)], 

= 0, M < M0 ; 

M>M*; 

M0 <M<M*; 

<Po= dex [a(M0 - M*)]. 

(56.31) 

It has been assumed that w ex a- 3 at fixed M, that is, galaxy evolution has 
been ignored. Conventional values for the parameters are 

a= 0.75, (3 = 0.25, <Po= 0.01, 

M;g = - 18.6 + 5 log h. 
(56.32) 

In the curves labeled 1 in the figure these parameters are used together 
with density parameter Q0 = 1, K = 3 in the model for the K-correction ( eq. 
56.11), and E = 0 in the model~ (eq. 56.20). In each of the other sets of 
curves just one parameter has been changed from these standard values. In 
model 2 (3 = 0, so there are no galaxies fainter than M*. In model 3 <Po = 

0.0001, so the luminosity function extends to brighter ( and very rare) 
galaxies. In model 4, the K-correction has been changed to 5Z. Only the 
two-point function for this model is shown; the other quantities all are very 
close to the results for model 1. The results change by $5 percent if the 
density parameter is reduced to Q0 = 0.1. Changing E to -1.25, which 
makes ~ constant at fixed comoving separation x, makes the two-point 
function at the right side of the graph larger by 20 percent, with like 
changes in P/Q and a/ Ra. In all the models 'Y = 1.75, close to the observed 
value. 
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FIG. 56.1. Examples of the effects of expansion and curvature. The top graph is the 
ratio of two effective depths, D,ffand D, (eqs. 56.33). Wmeasures the deviation from 
the Euclidean scaling law for w(/1) (eq. 56.38). P/Q and a/R0 are the conversion factors 
for the models for the three- and four-point correlation functions. The independent 
variable is the effective catalog depth (eqs. 56.33 and 56.34). The labels on the curves 
correspond to different parameter choices: model I uses the parameters in equation 
(56.32) with f!0 - I, K - 3, E - 0, and -y - 1.75. One parameter is changed from this 
standard set in each of the other curves: in (2), {3 - 0, in (3), <1>0 - 0.0001, in (4), K -

5. 
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The independent variable in the graph is the effective depth D,ff defined 
by the equations 

(1:)' _ a/ 1~ x'dxF '~(M - m0 - 5 log [a,x(I + Z)] - 25 - ,Z) 

s J r 2dr<f>(M = m0 - 5 log r) 
0 

Ds = dex [0.2(m0 - M*) - 5] Mpc, (56.33) 

where m0 is the catalog limiting magnitude. Thus 

(56.34) 

where .N (m0 ) is the expected density in the catalog ( eq. 56.19) and n0D/ E 
( eqs. 50.12 and 51.5) is the density that would have been expected at 
limiting magnitude m0 in the absence of expansion and curvature correc­
tions. The parameter D,ff has proved to be a useful measure of survey 
depth. The limiting magnitude is the more fundamental quantity but in 
some cases it is not well known so it is more convenient to normalize to the 
density. Thus with the standard parameters listed above an estimate of the 
effective depth for the Zwicky catalog (Zwicky et al. 1961-1968) is 
(Groth and Peebles 1977) 

m0 = 14.9, D,ff = 47.2h- 1 Mpc, (56.35) 

so for the sample in the Jagellonian field (Rudnicki et al. 1973), where the 
density is 

(56.36) 

the effective depth would be 

(56.37) 

One reads from the top graph D,ff/ Ds = 0.62, which with equation (56.33) 
would say the limiting magnitude is m0(pg) ~ 20.3. 

The second graph in the figure shows how the two-point correlation 
function varies with depth in the power law model for f Equation (56.21) 
for w(O) has been written as 

(56.38) 
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so Wmeasures the deviation from the Euclidean scaling law w a: o--, (eq. 
52.8). The third and fourth graphs show the factors P/Q (eq. 56.26) and 
a/ Ra ( eq. 56.30) for the conversion from spatial to angular models for the 
three- and four-point functions. 

One sees from the figure that the main problems at the moment are the 
luminosity function and K-correction. For a deep survey, D,ff;;: 500 h- 1 

Mpc, the expected value of w(O) scaled from shallower catalogs can change 
a factor ~2 under moderate variations of the luminosity function and 
K-correction. Until these are better understood the parameters in the 
cosmology, as rl0 and f, probably will not much matter. Evolution of galaxy 
luminosities has not been discussed separately because that just changes 
the best effective K-correction, which is so uncertain anyway. 

As has been discussed by Phillipps et al. ( 1978) a full treatment of the 
effect of redshift must take account of the fact that different morphologi­
cal types of galaxies have different K-corrections. Also, one must expect 
that the detection efficiency (fin eq. 50.11) is a function of angular size as 
well as apparent magnitude, and that this function may be substantially 
different for different ways of detecting the galaxies. Of course, these 
points raise the further problem that morphology is known to be systemati­
cally different in compact clusters and the field. This effect is described in 
terms of correlation functions by Davis and Geller (1976). It means that 
the appearance of clustering at high redshift may be affected by the fact 
that galaxies in compact clusters tend to have larger K-corrections than do 
average galaxies (which would tend to make the apparent distribution too 
smooth by suppressing the numbers of galaxies visible in the tighter 
concentrations). It will likely be some time before we have a reliable 
treatment of all these: effects. Meanwhile, in a very deep survey, D,ff ~ 
500 - 1000 h- 1 M pc, the expected value of w scaled from shallower 
surveys is uncertain by a factor perhaps as large as 2. The numbers P / Q 
and a/ Ra seem to be much less affected by these uncertainties. 

57. SUMMARY OF NUMERICAL RESULTS 

The galaxy two-point angular correlation function at small separations 
is well approximated by the power law model 

(57.1) 

The best estimates of the index o come from the Zwicky and Lick galaxy 
catalogs. The Zwicky catalog (Zwicky et al. 1961) lists angular positions 
and magnitudes of galaxies brighter than m ~ 15.5 at declination o > 0. 
For this sample at m ~· 15 the effective depth defined in equation (56.34) is 
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~50 h-' Mpc. Peebles and Hauser (1974) found w(8) in this catalog, and 
Soneira (1978b) examined the joint distribution in angular position and 
apparent magnitude. The Lick catalog (Shane and Wirtanen 1967) lists 
counts of galaxies brighter than m ~ 18.9 in 1 O' by 10' cells · at 
o > -23°. The effective depth is ~220 h-' Mpc. Limber (1954) and 
Neyman, Scott, and Shane (1956) first estimated the galaxy autocorrela­
tion function here. Groth and Peebles (1977) found w(8) for the new 
reduction of the data by Seidner et al. ( 1977). From the two samples Groth 
and Peebles found the power law index to be 

o = 0.77 ± 0.04. (57.2) 

The scaling of w(8) with the depth of the sample is important as a test for 
possible systematic errors in the data due to variable local obscuration and 
the limited sample sizes. Groth and Peebles ( 1977) discussed the scaling 
relation for the Zwicky, Lick, and Jagellonian catalogs. The catalog of 
galaxies in the Jagellonian field (Rudnicki et al. 1973) goes to an effective 
depth ~400 h- 1 Mpc in a 6° by 6° field. The salllple subtends 40 by 40 h-' 
Mpc, comparable to the Zwicky catalog but at a depth 8 times greater. 
The Durham group (Ellis 1980, Shanks et al. 1980) have extended the 
scaling test to Deff ~ 600 h-' Mpc. In the Zwicky and Lick samples 
relativistic effects are small, and so the expected variation of w(8) with DeJJ 
is insensitive to the luminosity function and K-correction. At fixed 8 the 
values of win the two samples differ by a factor of about IO and this agrees 
with the computed ratio based on the ratio of number densities to 10 
percent accuracy. The amplitude of w in the Jagellonian sample is 20 
percent below the number computed from the shallower catalogs, and the 
amplitude of win the deepest Durham samples is ~50 percent high. Both 
are within the uncertainties due to the luminosity function and sampling 
fluctuations. This success of the scaling relation shows that we have a 
reliable measure of the clustering of galaxies not seriously affected by 
variable obscuration in our galaxy or by the limited sizes of the samples. 

The power law shape of w(8) is reproduced by a power law model for the 
spatial two-point correlation function, 

'Y = o + I = I. 77 ± 0.04. (57.3) 

One can estimate the characteristic length r0 from the amplitude of w(8) 
and a model for the selection function <f>(r). Where ~ is a power law, the 
relation is given by equations (52.8) and (52.9). The method was first used 
by Rubin (1954) and Limber (1954) and was applied in the power law 
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model by Totsuji and Kihara (1969). Most recently Groth and Peebles 
(1977) found r0 = 4.7 h- 1 Mpc. The main uncertainty in this number 
comes from the selection function <f>(r). That problem is avoided if 
redshifts are known for a fair sample of galaxies so the actual distribution 
in distances is known. Davis, Geller, and Huchra (1978) found the 
selection function for the bright galaxies at m :$ 13 where an almost 
complete set of redshifts is available; they obtained r0 = 2.4 h- 1 Mpc for 
the bright galaxies in the northern galactic hemisphere and r0 = 3.6 for the 
bright galaxies in the southern hemisphere. However, the sample is shallow 
and it is doubtful that it is representative. The best present estimate of r0 

comes from the sample of Kirshner, Oemler, and Schechter (1979), who 
measured redshifts of the 166 galaxies brighter than apparent magnitude 
J = 15 in eight well--separated fields each about 4° by 4° square. The 
number of galaxies is small but fortunately the eight fields are well spread 
across the sky and so the clustering is fairly well sampled. The methods 
described in section 76 below yield (Peebles 1979b) 

r0 = 4.23 ± 0.26 h- 1 Mpc. (57.4) 

The standard deviation is based on the scatter of results among the eight 
fields. The sample is biased against rich clusters so we might suspect that 
r0 is low. There is in addition a highly uncertain sampling error from the 
limited depth of the survey. Since we do yet have a firmly established value 
for r0 , a round number will be adopted in the following calculations, 

(57.5) 

The power law form r-'Y for Hr) might be expected to fail at small r 
because dynamic drag causes tight pairs of galaxies to move together. 
Ostriker and Turner (1979) found some evidence that the number of 
galaxy pairs at separations r :$ 40 h- 1 kpc is less than would be expected 
from the power law model for Hr). However, Gott and Turner (1979) 
showed that in the Zwicky catalog w(O) is a good approximation to a power 
law at 10" :$ fJ :$ 3° with o = 0.79 (eq. 57.2). The lower limit corresponds to 
projected separation 

(57.6) 

Lake and Tremaine ( 1980) used the counts of dwarf companions of spiral 
galaxies to test the size of Hr) at small r and again concluded that the 
power law model is a good approximation tor~ rmn· 
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In the Lick sample there is a feature in w(B) at projected separation 

(57.7) 

It appears that Hr) is slightly larger than the power law at r ~ r rnx and that 
the logarithmic derivative of ~ at r > r rnx is greater than 'Y ~ 1.8 (Davis, 
Groth, and Peebles 1977, Fall and Tremaine 1978). A similar effect is 
found in the deep Durham samples (Ellis 1980, Shanks et al. 1980) but at 
the smaller projected separation ~3 h- 1 Mpc. Further evidence of a break 
in ~ at about r rnx comes from attempts to make computer model distribu­
tions of galaxies that reproduce the visual texture of the galaxy distribu­
tion in the Lick sample (Soneira and Peebles 1978). If the power law 
variation of~ extends much beyond r rnn it puts too many galaxies in each 
clump, and so makes the model galaxy map look too patchy. In all three 
cases the effect is close to the noise and should be taken with caution. It 
may be an interesting coincidence that r mx is comparable to r0 , which 
means the change of slope of ~ is at ~ ~ 1. The possible theoretical 
significance of the feature is discussed in Chapter IV. 

The two-point correlation function is fairly reliably known to be greater 
than zero at r :S 15 h- 1 Mpc in the Lick sample and is lost in the noise at 
larger separations. Though structures do extend to larger scales, as in the 
enhanced density of galaxies around rich clusters that is detected tor ~ 40 
h- 1 Mpc, we have no believable evidence on whether the galaxy two-point 
correlation function Hr) is positive or negative at r <: 15 h- 1 Mpc. 

The three-point correlation functions in the Zwicky, Lick, and Jagellon­
ian samples have been discussed by Peebles and Groth (197 5), Groth and 
Peebles (1977), and Peebles (1975). In each sample the power law model 
in equation (56.25) gives a good fit to the variation of z with the triangle 
size and shape. The model is tested from r 1 ~ 50 h- 1 kpc on the short side 
to r3 ~ 5 h- 1 M pc on the long side. The parameter P in the model for z 
should be very nearly independent of catalog depth (fig. 56.1). The values 
of P derived from different parts of the Lick catalog are consistent to ~25 
percent, and the values from the Zwicky, Lick, and Jagellonian samples 
agree to ~50 percent. Groth and Peebles (1977) concluded that the 
parameter Qin the model for the spatial functions ( eq. 54.17) is 

Q = 1.29 ± 0.21. (57.8) 

In the complete redshift sample of bright galaxies at galactic latitude b > 
+30°, apparent magnitude B < 13.2 and redshift >1500 km s- 1 (Huchra, 
Davis, and Geller 1979) the parameter is (Peebles 1980a) 
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Q = 0.80 ± 0.07. (57.9) 

The error here is internal and Q probably is low because the sample is 
chosen to contain no prominent clusters. 

The four-point function u has been estimated for the Lick and Zwicky 
samples (Fry and Peebles 1978). The estimates for the Lick sample are not 
very accurate because u is small and quite close to the systematic errors; 
the estimates for the Zwicky sample are even cruder because although u is 
much larger, the noise is larger still. The power law model in equation 
(56.29) gives an adequate description of the estimates for both catalogs, 
but that is not a very serious test of the model. The best fit parameters in 
the model are 

a + b/3 = 6.4 ± 0.6, 

a= 4.1 ± 0.7, 

a - b/3 = 1.8 ± 1.1, 

b = 6.8 ± 1.7. 
(57.10) 

The combination a + b/3 measures the overall size of u when the 
separations of the four points all are about comparable (because there are 
12 a-terms, 4 b-terms) and so is better determined than the combination 
a - b/3. It appears that the assumptions a= 0 orb= 0 are ruled out. Two 
other interesting cases a = band a = b/3 both seem to be allowed. The 
conversion to the model for the spatial function 1/ gives 

Ra+ Rb/3 ,= 4.0 ± 0.6, 

Ra = 2.5 ± 0.6, 

Ra - Rb/3 = 1.1 ± 0.7, 

Rb= 4.3 ± 1.2 

58. POWER SPECTRUM OF THE EXTRAGALACTIC LIGHT 

(57.11) 

If the galaxy correlation functions measure the distribution of all 
luminous matter they can be used to predict the fluctuations in the 
extragalactic contribution to the brightness of the sky, in much the same 
way Ambartsumian (1944) and Chandrasekhar and Miinch (1952) 
discussed the fluctuations in the brightness of the Milky Way. Of consider­
able interest is the point made by Gunn (1965) and Shectman (1973): if 
the dimensionless spatial autocorrelation function ~ of the luminosity 
density is known from galaxy clustering, then from the autocorrelation 
function of the extragalactic light one can derive the mean space luminos­
ity density. This number is important in discussions of the mean mass 
density, and it is not very well known (PC, Chapter IVb; Dube, Wickes, 
and Wilkinson 1977). Shectman (1974) has measured the power spectrum 
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of the extragalactic light. The relation to the spatial correlation function 
was discussed by Geller (I 975). 

As in Section 56 the line element will be taken to be the Robertson­
Walker form (eq. 56.1). The flux of energy from a source at redshift Z is 
given by equation (56.9). The flux per unit frequency interval is 

f( ) = L(v) !!_ 
Vo 4 2 3, 

1rx a0 

ao 
v = v0 - = v0 (1 + Z). 

a 
(58.1) 

The observed frequency is v0 , corresponding to frequency vat the source; 
the factor a0 /a in the conversion from equation (56.9) to equation (58.1) 
comes from the redshift of the bandwidth. 

A convenient way to proceed is to write the flux received from the 
direction Q in the element of solid angle on as 

(58.2) 

where n, = 1 if there is a galaxy in on at coordinate distance x, in the range 
of proper distance cot, the galaxy luminosity being L (v) 1 in the range o L; 
and n1 = 0 otherwise (§ 36). The factor f, is the flux received if there is a 
galaxy. The ensemble average value of n, is 

(n,) = oVoDl>(t, v, L), (58.3) 

where <I> is the luminosity function at epoch t and frequency v, as in 
equations (49.1) and (56.14), with the variable changed from magnitude 
M to L. The mean value of equation (58.2) is then 

(i(vo)) = 4c7r 1'0 dt n( L(v, t)) (a/ a0 )3, 

n(L) = f L dL <I>. 

The second equation defines the mean luminosity per object where n is the 
mean proper number density of objects at epoch t. The first equation is the 
usual expression for the brightness of the sky as an integral over the 
luminosity density},= n( L) (for example, PC, chapter IVb). 

The mean of the product of two different n's in equation (58.2) is 

It is assumed that the distribution in L is statistically independent of 
position (§ 51) and that the difference of cosmic times at the two points in 
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~ can be ignored (§ 56). Then in the small separation approximation 
(§ 50), the autocorrelation function of the brightness of the extragalactic 
light is, for 0 * 0, 

C(O) = (oi(Qa, Vo)oi(Qb, Vo)> 

= l;1r2 l'0 dt J: du Hr, t) (.L(v, t) )2n2(a/a0 )6, (58.6) 

r 2 = u 2 + (ax0) 2• 

Here oi(Q0 , v0 ) is the difference of the brightness in the direction Q0 from 
the mean (eq. 58.4). In the power law model, 

(58.7) 

the u integral can be evaluated, giving 

C(O) = K0 1--r, 
(58.8) 

The dimensionless integral Hr is evaluated in equation (52.9) and the 
mean luminosity density at epoch tis 

J(t, v) = n(.L). (58.9) 

A useful approximation to equation (58.8) is obtained if the observed 
frequency v0 is in the visible part of the spectrum. Then the integrand 
sharply decreases with increasing t0 - t, which is increasing distance from 
us because the spectrum}. for a galaxy rapidly decreases toward the blue. 
This means that, to a good approximation, we can ignore the time variation 
of a(t) and Band write the distance from us in terms of the redshift, 

(58.10) 

where H 0 is the present value of Hubble's constant. In this approximation 
equation (58.8) becomes 

C(O) = K0 1-'Y, 

K .. " BH'Y (-c )2- 'Y 1 
= l61r2 Ho o 00 dZ z1--y[J(to, vo(I + Z))]2. 

(58.11) 
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The power spectrum, in the normalization used by Shectman (197 4 ), is 

s(11) = (21r)- 2 f C(O)ei~-9 d 20 

= (21r)·· 1 J 0 dO C(O)J0 (178), 
(58.12) 

where 10 is the Bessel function of zero order (eq. 46.39). For the power law 
of equation (58.11) the spectrum is 

(58.13) 

This is the wanted expression for the power spectrum of the extragalactic 
light in the power law model for f 

It might be noted that equation (58.6) for C(O) does not apply at 0 = 0 
because as in Section 36 there is an extra contribution from then/ terms. 
This adds a delta function to C(O) (or more accurately a spike with 
angular size typical of the galaxies contributing to the light) and so adds a 
constant term to s(17). Following the above method and using (n/) = (n 1 ), 

one finds that this constant is 

C loo a4 2 
So= 26 4 di-6-2n(.L ). 

1r o a0 x 
(58.14) 

The last factor is the mean square luminosity of a galaxy. The integral 
diverges as x- 1: the main effect is from the nearest galaxies in the sample. 
This contribution to the power spectrum would seem to be uninteresting 
because of the problem of separating it from the white noise from stars. 

To evaluate Kin equation (58.11), we need the dimensionless integral 

(58.15) 

The lower limit is greater than zero if the nearby bright galaxies are 
removed from the sample: in Shectman's measurements galaxies brighter 
than mR ~ 18 were removed, corresponding roughly to a cutoff at Zc ~ 
0.15. The spectrumj(v)/J(v0 ) might be expected to have the same shape 
as for a giant galaxy. The measurements of Oke and Sandage (1968) with 
;\0 = 6500 A give 

I= 0.73. (58.16) 

Half of this integral comes from 0. I 5 ~ Z :S 0.25, and there is negligible 
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contribution beyond Z ~ 0.6. The approximation Z « 1 leading from 
equation (58.8) to equation (58.11) thus is somewhat crude but the results 
should be good to better than a factor of 2. 

Equations (58.11), (58.13), and (58.16) with equation (57.5) for B(t0 ) 

give 

s(77) = 1.5 x 1048 h 2 77- 123 [J(v0 , 10 )] 2 
(58.17) 

erg2cm- 4s- 2 Hz- 2 ster- 2 (rad)2, 

where the units of the wave number 77 are radians of phase per radian of 
angle. Shectman found 

11 = 1000, 

in the units of equation (58.17). This yields 

j(v0) = 4 x 10-47 hergscm- 3s- 1Hz- 1 

= 2 x l08 h.L 0 Mpc- 3 

(58.18) 

(58.19) 

at 6500 A. Standard estimates based on galaxy counts are in the range 
(PC. chapter IV) 

(58.20) 

The agreement of equations (58.19) and (58.20) is remarkable, certainly 
as good as one could have hoped for. 

At the characteristic depth Z ~ 0.25 the angular wavelength 21r /11 for 
11 = 1000 (eq. 58.18) subtends wavelength 

(58.21) 

If~ falls below the power law r-'Y at r ~ lOh- 1 Mpc as it appears to do in 
the Lick sample, one would look for a break in the spectrum at 77 ~ 500. No 
such effect is seen in Shectman's results, but it could be lost in the large 
noise at small 77. At 11 ~ 1000 the spectrum should vary as 77- 123 • 

Shectman's estimate decreases with increasing 77 appreciably more rapidly 
than that. It is not clear whether this is a problem: at 77 ~ 1000 the 
correction for the white noise background from stars is large and could 
have been overestimated. 

The agreement of j from Shectman's measurement and from the 
conventional galaxy counts is an important check of consistency of three 
points: the assumption that the covariance function for the luminosity 
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density j is the same as the galaxy correlation function l;; the normalization 
of l; at r ~ 4h- 1 Mpc; and the conventional estimate of the mean space 
luminosity density. If appreciable amounts of luminous matter have been 
missed, this missed part has to be distributed a good deal more uniformly 
than are the galaxies. An improved measurement capable of testing the 
variation of s with 1J would be of considerable interest and would appear to 
be difficult. 

59. MOMENTS OF THE NUMBER OF NEIGHBORS 

An immediate and interesting application of the numerical results in 
Section 57 is to the calculation of the number of neighbors of a galaxy. The 
mean number of galaxies within distance r of a randomly chosen one is 
given by equation (36.23), 

4 3 
V = - 1rr 3 , (59.1) 

where n is the mean number density. In the power law model the integral 
is 

Hr)= (r0 /r)'I. (59.2) 

The mean square number of neighbors within distance r of a galaxy is 
given by equation (36.25). Two more integrals are needed. The first is 

}/ dV1 dV2 HI r1 - r2 I) = V 2(r0 /r)'I 12, 

12 = (:1rr 11 d 3x,d3xifx1/ 
(59.3) 

= 72/[(3 - ,')(4 - ,')(6 - ,')2'1]. 

The dimensionless integral is given by Peebles and Groth (1976). The 
integral over the model (54.17) for the three-point function is 

1' dVi dVz f(x,, X2, I X1 - X2 I) = Q(K/ + 2K2)(ro/r)2'Y v2, 

K2 = (:7fr 11 d 3x1d3x2(X1X12)-'Y. 
(59.4) 
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Groth ( 1977) has reduced K2 to the form ( 'Y < 2) 

[2(2 - 'Y) 2(3 - --y)/9]K2 = 

F('Y - 3, 2 - --y; 3 - 'Y; - 1) - F(--y - 3, 2 - 'Y; 3 - --y; I) 

I 
- --F(-v - 4 2 - -v· 3 - -v· -1) (59.5) ( 4 _ ,') I , I' I' 

I 
+ (4 _ --y) F(--y - 4, 2 - --y; 3 - 'Y; I), 

where Fis the hypergeometric function. Some of his numerical results are 
listed in Table 59.1. For the observed power law index, 

K2 = 5.02, 'Y = 1.77. 

The second moment is then 

(N2 )p = (N)p + (nV)2[1 + (12 + 2K1 )(ro/r)'"' 

+ Q(2K2 + K/)(r0/r)2"r] 

= (N)P + (nV) 2 [1 + 6.70(r0/r)1-77 + 20.6(r0/r) 354 ], 

for 'Y = 1.77. 

(59.6) 

(59.7) 

The mean of the cube of the number of neighbors is given by equation 
(36.28). In the power law models forts, and 17 the result is 

(N3)P = (nV)3(r0/r) 3-Y[6R0 (K30 + K1K2) + Rb(K/ + 3K3b)] 

+ (nV)3(r0/r) 2-Y[3QJ3 + 3K1l2] + C, 

TABLE 59.l 
EVALUATION OF K 2* 

'Y K2 

0.0 1.0 
0.5 1.28 
1.0 1.88 
1.5 3.31 
2.0 7.82 
2.5 34.0 

*Eq. 59.4. 

(59.8) 
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where C is a sum over the lower moments, 

and the dimensionless integrals are 

K3a = (:7rr.£ 1 d 3x1d3x2d3x3(X1X12X23)-Y = 9.5, 

K3b = (:7rr.£ 1 d 3x1d3x2d3x3(X1X12X13)-y = 10.3, 

J3 = (:7rr.£ 1 d 3X1d3x2d3x3(X12X23)-Y = 3.38. 

(59.9) 

(59.10) 

The values are the results of numerical integration for 'Y = 1. 77. With 
these numbers equation (59.8) is 

(N3)P = (nV)3 [520(r0/r)5·31 + 26(r0/r) 3·54 + 1] + C. (59.11) 

Some results are listed in Table 59.2. The calculation assumes magni­
tude and position are uncorrelated. If this is so, we can choose a magnitude 
limit M 0 , estimate the mean density of galaxies brighter than M 0 , and with 
this n compute from the equations the moments of the numbers of 
neighbors brighter than M 0 around a galaxy. The numbers are most 
reliable if we concentrate on galaxies at M - M* because they are most 

TABLE 59.2 
MOMENTS OF THE NUMBER OF NEIGHBORS 

h- 3n hr 
(Mpc- 3) (Mpc) nV (N) (Nl)l/2 (NJ)l/3 Mi* M3t 

0.Q3 5.0 16 42 61 94 1990 
0.Q3 1.0 0.13 3.7 7.0 12 35 1300 
0.Q3 0.1 1.3 X 10-4 0.21 0.60 1.0 0.32 0.79 
0.Ql 5.0 5.2 14 20 32 230 
0.01 1.0 0.04 1.2 2.5 4.3 4.8 58 
0.Ql 0.1 4 X 10-s 0.07 0.30 0.51 0.082 0.12 
0.10 0.1 4 X 10-4 0.70 1.6 2.6 1.91 14 

*M2 = ((N - (N)) 2 ). 

tM3 = ((N - (N)) 3). 
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common in a catalog selected by apparent magnitude (and they are 
thought to be the galaxies that contain most of the mass). The first three 
entries in the table haven= 0.03 h3 Mpc- 3, corresponding roughly to M ;S 

M*. Also listed are some numbers for brighter and fainter magnitude 
limits. 

For n = 0.03 h3 Mpc-3, a galaxy generally has more than one bright 
neighbor at r ~ 1 h- 1 Mpc, while a randomly placed sphere of this radius 
contains such a galaxy with 13 percent probability. The scatter in the 
number of neighbors is considerably larger than Poisson: given (N) = 3.7 
the expected second and third central moments of N both are 3.7 for a 
Poisson distribution, and the last two columns of the table indicate the 
moments are considerably larger than this. If r is reduced to 100 h- 1 kpc, 
the mean number of bright neighbors, M ;S M*, is about 0.2, compared to 
1.3 x 10-4 for a randomly placed sphere. The rms number of neighbors is 
0.6 and the mean from the third moment, (N3 ) 113 , is about unity. A 
reasonable fit to these numbers is given by the following distribution in the 
number of neighbors at r < 100 h- 1 kpc: 

P0 = 0.86, 

P2 = 0.03, 

P1 = 0.09, 

P3 = 0.02, 

N> 3; r < 100 h- 1 kpc, 

60. MODEL FOR PN 

(59.12) 

M :SM*. 

Suppose a sphere of radius r is placed at random. What is the 
probability that it contains some chosen number of galaxies or some chosen 
amount of mass? One way to compute this was described in Section 39 but 
it is not useful here because for interesting values of n and r the series 
strongly oscillates. Another approach is a conjecture based on the moments 
of counts in a randomly placed sphere. 

The sphere will have radius 

r < r0 , ( 60.1) 

so Hr) > 1, and it will be supposed that the correlation functions apply to 
faint enough galaxies (or even nucleons; §63) so that the mean number 
density satisfies 

nV(r0/r)'Y> 1, (60.2) 
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for some appreciable range of r < r0 • This eliminates the shot noise from 
the moments. 

The second moment of the count of objects within the randomly placed 
sphere is (eq. 36.6) 

(N2 ) = nV + (nV) 2 + n2 }/ dV,dV2~, 2 

= nV + (nV) 2 + (nV) 2(r0/rfYJ2, 

(60.3) 

where the second line follows from the power law model for ~ and the 
number J2 is evaluated in equation (59.3). Under the conditions of 
equations ( 60.1) and ( 60.2) the dominant term is the last one: 

In the same way one finds from equations (36.13) and (36.20) 

(N3 ) = 3J3Q(nV)3(r0 /r) 2", 

(N4 ) = 12(J40 R 0 + 1/J J4bRb)(nV) 4(ro/r) 3", 

where the dimensionless integrals are 

( 60.4) 

(60.5) 

(60.6) 

The integrals are evaluated by numerical integration for 'Y = 1.77. With 
the parameters listed in equations (57.5), (57.8) and (57.11) the moments 
are 

(N) = nV, 

(N2 ) = 1.82 (nV) 2(r0/r)'Y, 

(N3 ) = 13.1 (nV) 3 (r0 /r) 2", 

(N4 ) = (300 ± 45) (nV)4(r0/r) 3". 

(60.7) 
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These expressions show an interesting regularity: apart from the numer­
ical factor each moment is a fixed multiple of the next lower one. It is easy 
to find a model for the distribution of N that reproduces this. Suppose the 
sphere is empty with probability 1 - E and contains the fixed number N 0 

with probability E. Then the n1h moment is 

(60.8) 

this approximates equations ( 60. 7) with 

(60.9) 

though it misses the rapid increase of the numerical factors. We can 
remedy this and make the model more realistic by introducing some 
dispersion around N 0 . Since N 0 is supposed to be large (eq. 60.2), we can 
take PN to be a function of the continuous variable N. The model 

gives the moments 

and if 

we find 

N, = nV(~)'Y 
0 10 r ' 

(N2 ) = 2(nV) 2(r0/r)'Y, 

(N3 ) = 8.4(nV) 3 (r0/r) 2\ 

(N4 ) = 60(nV) 4 (r0 /r) 3-Y. 

(60.10) 

(60.11) 

(60.12) 

(60.13) 

The numerical coefficient for the fourth moment is still too small and could 
be improved by making the dispersion around N 0 broader but the refine­
ment does not seem interesting. 

The correlation functions thus suggest that if a sphere of radius r :S 4 
h- 1 Mpc is placed at random, the probability that it contains little or no 
mass is high: 
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5 ( f )-y I 77 P=l-~,aal-- - ,aal-0.14(hr)·. 
3 r0 

(60.14) 

That is, it usually does not fall on a group or cluster. If it does happen to 
fall on a lump of matter, it contains mass typically on the order of N 0(r) 
though with considerable dispersion around this characteristic value. With 
the mean mass density 

(60.15) 

where n is the density parameter belonging to the galaxies, the characteris­
tic mass (eq. 60.12) is 

(60.16) 

with r in megaparsecs. For r = 100 h- 1 kpc the mass is 

(60.17) 

At r = 1 Oh 1 kpc, the conventional size of a galaxy, we find 

(60.18) 

The correlation functions thus suggest the following picture (Peebles 
1973d). The matter distribution in effect is viewed with resolution r fixed 
by the size of the randomly placed sphere. The matter is found in lumps of 
typical size and mass rand M0(r). When the resolution is changed tor'< r, 
these lumps must tend to break up into sublumps, for the distribution again 
appears in lumps of typical sizer' and mass M 0(r') < M 0 (r). An interesting 
coincidence is that if the resolution is adjusted all the way to the nominal 
size of a galaxy, r ~ l0h- 1 kpc, the lump mass comes to roughly that of a 
galaxy. The tempting speculation is that this is telling us galaxies are only 
part of a fairly continuous clustering phenomenon (§ 4B). Some other 
aspects of this speculation are mentioned in the following sections. 

61. CLUSTERING MODELS 

Following the program of Neyman and Scott (I 952) described in 
Section 40, we can seek a prescription for placing galaxies in clumps that 
reproduces the observed statistics of the galaxy distribution. Two patterns 
are discussed here. One, which serves mainly as a foil, can reproduce~ but 
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61. CLUSTERING MODELS 237 

then predicts three- and four-point functions sand ri that conflict with the 
observations. The second, a clustering hierarchy, reproduces~. s, and 7/ and 
so must be closer to reality. This is particularly interesting because, as 
discussed in Section 26, under fairly natural initial conditions in an 
expanding world model the mass distribution would be laid down in a 
clustering hierarchy. 

A. Power law cluster model 
The clumps are assumed to be spherically symmetric, the galaxy 

number density varying as a power of distance from the clump center, 

n(r) ,- nAr-', rs R, 

= 0, r > R, 1.5 < t < 3, 
(61.1) 

where n is the large-scale mean density and the constants t, A, and R are 
the same for all clumps. The limits on the power law index t assure 
convergence of the integrals at large and small r. The clumps are placed 
uniformly at random, so Hr) is determined by the mean number of pairs of 
galaxies at separations r tor + or in a clump: 

(61.2) 
r/ = r/ + r2 - 2rr1 cos 8. 

If 3/z < t < 3 the main contribution to the integral is at r1 ~ r2 ~ r. When 
r « R, the boundary can be ignored and the integral becomes 

1~ J+I I= x 2-, dx dµ(x2 + 1 - 2xµ)-'12, 
0 -1 

(61.3) 

where x = r1/r. The correlation function is given by equation (40.5) 
(Peebles 197 4b, McClelland and Silk 1977): 

r « R. ( 61.4) 

This matches the observed power law (eq. 57.3) if 

2t -- 3 = 'Y = 1. 77, t = 2.38. (61.5) 

If the clump mass cc A is different in each clump, then equation ( 40.5) says 
A in equation ( 61.4) should be replaced with ( A2 ) / (A). 
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The three-point correlation function is determined by the mean count of 
triplets in a clump. We can see how this scales with the size of the triangle 
without bothering to write down the integral by noting that if the integral 
converges (here we need 1 < f < 3), the main contribution is at distances 
from the clump center on the order of the triangle,size r. The count of 
triplets whose range of sizes and shapes define the six-dimensional element 
(oV) 2 is then 

( 61.6) 

The first factor is the number of galaxies within distance ~r of the center. 
The second factor is the probability for each such galaxy that the triangle 
is completed by two other galaxies each at distance ~r from the center. 
With equation (40.14) this gives (Peebles and Groth 1975) 

r « R. ( 61. 7) 

The ratio of this to the square of the two-point function at r ~ triangle size 
IS 

In the same way one finds for the four-point function 

r « R. 

Since in the small separation approximation 

w(0) ~ 0H0D), 

The above results say 

05--3, z ex: ' z/w2 ex: 0'-3, 

u/w3 ex: 02,-6_ 

( 61.8) 

(61.9) 

(61.10) 

(61.11) 

These relations apply when the ratios of relative positions in the configura­
tion of three or four points are held fixed. 

These relations are not consistent with the observations. In the Lick 
sample z/w2 is constant to ~25 percent accuracy when 0 is in the range of 
0.15° to 2°, while the model predicts that z/w2 should vary by a factor of 5 
(Groth and Peebles 1977). In the Zwicky sample the variation of z with 
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triangle size is found to be well approximated by the power law model 
(Peebles 1979a) 

V - 2o = -0.028 ± 0.079, 

where o = 'Y - 1. The model predicts 

V - 2o = 3 - f = 0.6, 

(61.12) 

(61.13) 

some eight standard deviations high. For the four-point function for the 
Lick sample the fit to a power law model yields 

u C( o-µ., µ = 2.40 ± 0.18, o = 0.741 ± 0.035, (61.14) 

so 

µ - 3o = 0.18 ± 0.21. (61.15) 

The model predicts 

µ - 3o = 6 - 2f = 1.2, (61.16) 

well above what is observed. 

B. Continuous clustering hierarchy 
In a clustering hierarchy matter is concentrated in lumps; the lumps are 

collected into groups; the groups are in supergroups, and so on through 
some range of cluster masses. The clusters on each level of the hierarchy 
could have very different sizes so a group is clearly distinguished from a 
supergroup and so on, or it could be arranged as in the following examples 
that the spectrum of clustering is continuous. The galaxy distribution 
shares features with both cases: Abell clusters are rare extreme concentra­
tions that are clearly distinct objects, but the galaxy correlation functions 
that measure the general clustering pattern are well approximated by a 
continuous scale-invariant clustering hierarchy. 

One way to construct the hierarchy goes as follows (Soneira and Peebles 
1977). The centers of 7/ spheres, each of radius R/X, are placed at random 
within a sphere of radius R. Within each of these spheres there are placed 
at random the centers of 7/ spheres each of radius R/X2• This repeats 
through L levels to 7/L-i spheres, each of radius R/XL-1, that might be 
called galaxies. If 
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(61.17) 

the mean density within a sphere in the sequence varies with the sphere 
radius r as 

R > > -· R/'L-1 .-...., r ......, r min - /\ . (61.18) 

This model agrees with the behavior of PN discussed in section 60. When 
a sphere of radius r < R is placed at random, the chances are it will fall in 
the interstices of the spheres of radii -::;r in the clustering hierarchy 
(assuming the clumps do not strongly overlap), so it contains little matter. 
If it does happen to overlap a sphere of radius ~r, the mass contained is 
~n(r)r3 cc r3 --r, which agrees with equation (60.12). 

The correlation functions in this construction can be understood as 
follows. Suppose an object is chosen at random. The object is in one of the 
nested sequences of spheres, so if oV is placed at distance r away, it is 
outside all the small spheres in the sequence but still inside one of radius ~r 
with density ~n(r). The chance of finding a neighbor in o Vis then 

oP ~ n(r) oV cc r--YoV, rmin -:5 r -:5 R, (61.19) 

so (eq. 40.5) 

(61.20) 

as wanted. In the same way one sees that the chance of finding neighbors 
in oVi and oV2 at distances r 1 and r2 , with r 1 « r2 , is 

(61.21) 

so the three-point function is 

{61.22) 

This fairly closely approximates the behavior of the power law model for s 
( eqs. 40.12 and 54.17) and the observations. Numerical trials confirm that 
the three-point function in this construction gives a good aproximation to 
the observed variation of (with triangle shape as well as size. However, if 
the parameters R, 7/, and L are the same for each clump, the parameter Q 
(eq. 54.17) is found to be (compare§ 62 below) 
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Q~ 0.5, 

significantly less than what is observed (eq. 57.8). 

241 

(61.23) 

One can think of two easy ways to raise Q. The first makes 17, the 
number of subclusters per cluster, a random variable with considerable 
skewness. This can increase the number of triplets defining roughly 
equilateral triangles ( rx ( 173 )) compared to the number of pairs ( rx ( 172 )) at 
that separation so that t/e increases. (For a detailed treatment see 
Soneira and Peebles 1978, Appendix A.) However, it does not increase 
rf Hr1 )Hr2 ) when the triangle is elongated with r1 « r2 because then each 
of the neighbors comes from a different level of the hierarchy with an 
independent 17. On this plan the function 

(61.24) 

decreases with increasing triangle elongation, contrary to what is observed. 
A second approach that avoids this problem is to make the number of levels 
L different in each clump (with the quantities R and 17 fixed constants). 
Then the mean numbers of objects and pairs per clump vary as 

(61.25) 

so (eq. 40.5) 

(61.26) 

The mean number of triplets varies as (n,/), so the three-point functions 
lS 

(61.27) 

The wanted shape of s thus is preserved, and the amplitude relative to ~ is 
proportional to 

(61.28) 

independent of the mean space density n. In the same way one finds that 
the amplitude of the four-point function varies as 

(61.29) 
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For more discussion and examples of distributions in n'" that match the 
observed Q and R see Soneira and Peebles (1978). This paper also 
describes the application of this prescription to the construction of 
computer model galaxy distributions that can be compared to the real 
world. Such models can reproduce fairly well the texture of the map of the 
Lick data, though one has the impression that the model is a somewhat 
fuzzy copy of the real thing. 

C. Lack of uniqueness 

Even if the correlation functions n, t !;, and Y/ were known to all 
accuracy, they would not point to a unique prescription for making clumps. 
Equations ( 61.28) and ( 61.29) illustrate this: within the general prescrip­
tion the moments of the distribution F(na) of the number of galaxies per 
clump must be adjusted to fit the observed Q and R and, of course, that 
constrains F(na) but does not fix it. For that we would need to know all 
orders of the correlation functions. Another example is given by McClel­
land and Silk ( 1977) who discuss as one possibility the assumption that 
each clump is a spherically symmetric cluster, as in Part A above, perhaps 
with a Gaussian shape, with some joint frequency distribution F(na, Ra) in 
clump mass and radius. One can imagine all clumps have similar shapes 
na/R}N(r/Ra), scaled by na and Ra. Then the two- and three-point 
correlation functions ( eq. 40.5 and 40.14) are given by integrals over F of 
the forms 

nHr) = f dnadR,,F(n,,, Ra)n/Ra- 3fz(r/Ra)/(na), 
n2(= J dnadRJ(n,,, Ra)n}R,,- 6/ha!Ra,rb/Ra,rc/Ra)!<n,,), 

(61.30) 

where f 2 and f 3 are integrals over the shape N(r), as in equation (61.2). 
Given the free function F(na, Ra) one has considerable freedom to adjust~ 
and f more or less separately. 

Only two clump prescriptions have been discussed in detail here. The 
first certainly has some reality because rich clusters of galaxies do 
resemble such monolithic clumps with power law index t not dissimilar to 
the value needed to produce the observed index 'Y of~ (eq. 61.5). However, 
it conflicts with the observed r and YJ. The hierarchical clustering model 
reproduces ~, !;, and Y/, and, what is more, it matches in outline the 
description astronomers have given of the general galaxy distribution ( de 
Vaucouleurs 1970). One would presume therefore that it is closer to the 
truth. It certainly is not the whole truth because it misses regular 
relaxed-looking concentrations like the central parts of the Coma cluster, 
and it does not quite reproduce the impression of large-scale filaments one 
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sees in the Lick sample. Despite these problems, however, it is remarkable 
that this simple pattern gives such a good approximation to the galaxy 
distribution. 

62. CONTINUOUS CLUSTERING HIERARCHY: 
MANDELBROT'S PRESCRIPTION 

Mandelbrot (1975, 1977) has proposed a particularly elegant prescrip­
tion for a continuous clustering hierarchy. Galaxies are placed at each step 
of a Rayleigh-Levy random walk: starting from any one of the galaxies, 
one places the next in the sequence in a randomly chosen direction at 
distance I drawn from the distribution 

P(>/) = Uo/W, 
= I, I< /0 , a> 0. 

( 62. I) 

This repeats with l and the direction independently chosen each time 
through a large (perhaps unlimited) number of steps. 

A. Distribution of displacements in the random walk 
To compute correlation functions we need the probability that the 

random walk yields a net displacement r tor + or from a galaxy, after any 
number of steps, to produce a neighbor at that distance. The result is a 
power law, as must be expected because there is no characteristic length 
(at r » 10 ). If a> 2, the power law index agrees with the usual result for a 
random walk with fixed step length; if a< 2, the index is larger (eq. 62.15 
below) and can be adjusted to the observations. 

The probability for net displacement r in the range d3r after n steps is 

and the generating function belonging to this is 

For one step, the distribution defined by equation ( 62.1) is 

a 10" 

f1 (r) = -4 a+3 , 
7r r 

= 0, r < 10 , 

(62.2) 

( 62.3) 

( 62.4) 
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and the generating function for this is 

cxl0" Joo sin kr 
\£,(1,k) =-k ~dr. 

10 f 
( 62.5) 

It will be assumed that many steps are needed for interesting net displace­
ments r, so equation ( 62.5) will be needed for kl0 « 1. On integrating twice 
by parts, we find 

_ (kl0 ) 2 (~ + !) _ 10ak Joo sin kr dr f(l, k)"" 1 , 
<X + 1 6 2 (X + 1 10 fa 

(62.6) 

for kl0 « 1. If ex > 2, the integral in this last equation is dominated by the 
part near 10 , so we can set sin kr = kr and get 

a (kl0) 2 
\t'=l----­

cx-2 6 ' 
(X > 2. (62.7) 

If O < ex < 2, the integral converges at 10 -+ 0 and with x = kr gives 

(62.8) 
0 <a< 2, 

to the lowest nontrivial order. 
Since each step is statistically independent, the generating functions 

multiply (eq. 38.3), 

f(n, k) = [\£,(I, k)]". 

For ex> 2 we have 

[ a (kl0) 2 ] f(n, k) "" exp -n---- . ex - 2 6 

The Fourier transform of this is a Gaussian in r, 

3 (X - 2 r2 
fn(r) C( exp - -2 -- -1 2 ' a n o 

(X > 2. 

( 62.9) 

(62.10) 

(62.11) 
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This is the same for an ordinary random walk with fixed step length 

(62.12) 

We are interested in the other case a < 2. With 

(62.13) 

the probability density for displacement rafter any number of steps is 

f(r) = l..=f,, = (21r)- 3 J d 3ke-ik-,[1 - it,(l, k)J- 1 

n (62.14) 

With k = y /r this gives the wanted result (Mandelbrot 1975), 

'Y = 3 - a, C\' < 2, 
(62.15) 

This last integral is evaluated in Section 42. 

B. An unbounded continuous clustering hierarchy 

Mandelbrot points out that the simplest of all prescriptions, and so the 
one to try first, would put all galaxies in the universe on a single unlimited 
Rayleigh-Levy random walk. The following discussion of this case ignores 
space curvature and the general expansion of the universe, and it assumes 
the luminosity of each galaxy is randomly drawn from the distribution cf>. 

An observer is in a galaxy. The expected observed number of galaxies 
per steradian brighter than limiting magnitude m0 averaged over observers 
on randomly chosen galaxies is 

.N = 2 [ 00 r2 dr f(r)</J(r/D) = 2CD3-"Y [
00 x 2 -"Y dx(j>(x). (62.16) 

In the first equation q> is the selection function belonging to cJ> (eq. 51.4): it 
is the probability that a galaxy at distance r is bright enough to be in the 
catalog. The characteristic depth is 

D = 100.2(m,-M*)-5 Mpc. ( 62.17) 
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The factor /is given by equation (62.15) and the factor of 2 takes account 
of the fact that the observer's galaxy could have been placed before or after 
one seen at distance r. 

Equation (62.16) says the galaxy count increases with apparent magni­
tude less rapidly than the usual 10° 6m relation (eq. 49.8): as the depth of 
observation D is increased, the observer discovers he ( or she) is in clusters 
of ever higher order of size ~D with density n ex n-'Y. Two advantages of 
this plan were discussed by Fournier d' Albe (1907) and Charlier (1922) 
(§ 3A above). The mean surface brightness of the sky is 

(62.18) 

where .£, is the mean luminosity of a galaxy. The intergral converges at 
large r if 'Y > 1. This is a resolution of Olbers' paradox that if the space 
distribution of matter were homogeneous and if stars had always been 
shining (which is now thought to be a questionable idea since stars 
presumably have a limited energy supply; Harrison 1974), the integral 
would not converge. Second, the total Newtonian gravitational accelera­
tion of one galaxy due to all the other matter in the universe seems better 
defined here than in a homogeneous universe. For example, if the clusters 
on each level are in a gravitational equilibrium, the typical speed of the 
subclusters within a cluster of size D is 

U ~ [GM(D)/ D] 112 ex n1-'Y12• (62.19) 

As noted by Mandelbrot, Fournier d'Albe made the interesting point that 
if 'Y = 2, then u is independent of D, which avoids a divergence of u at large 
or small D, as one would want for a scale-independent world. This value of 
'Y is remarkably close to the observed index 'Y ~ 1.8. More recently de 
Vaucouleurs (1970) has discussed the evidence that the apparent mean 
density of the universe may decrease with increasing depth, and he 
suggested that a reasonable value of the power law index in the clustering 
hierarchy is 'Y ~ 1. 7, which is in good agreement with the results from the 
correlation functions. 

There are some observational problems with a simple unlimited scaling 
plan (for example, Sandage, Tammann, and Hardy 1972); of present 
interest is the angular correlation function. The probability of finding 
galaxies in oV1 and oV2 at positions r1 and r2 relative to a randomly chosen 
galaxy is, from equation ( 62.15), 

oP = 2[f(ri)f(r12) + f(r2)f(r12) + f(r1)f(r2)]0VibV2, 

'12 = lr1 - r2I-
(62.20) 
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The first term in the parentheses is the probability that the observer's 
galaxy came first in the walk; then the galaxy in oVi came some steps later; 
then the galaxy in oV2 some steps later still. The factor of 2 takes account 
of this same sequence in the reversed order. The two other cyclic permuta­
tions take account of the other possible sequences. The probability that an 
observer finds galaxies brighter than m0 in the two elements of solid angle 
00 1 and 002 is found by multiplying equation (62.20) by the selection 
functions ¢(r1/ D)<J>(rif D) and integrating along the lines of sight as in 
equation (62.16): 

oP = o01o02[.N 2/2 + 4C2 f r/r/ dr1dr2¢(r1/D)<J>(rif D)/(r1r 12 )"Y]. 
(62.21) 

If the angle 012 between the two elements is much less than one radian and 
if 'Y > 1, the main contribution is in the integral at r 1 ~ r2 • Following 
equation (52.8), we can write this in the small separation approximation as 
(Mandelbrot 1975) 

loo x5-2-y¢(x)2 dx 
A = H-y -------, 

( loo x2--y¢(x) dx r 
where H-Y is given by equation (52.9). 

(62.22) 

The amplitude A is independent of the depth of the survey, as expected; 
this dimensionless number could not very well be a function of D since 
there is no relevant characteristic length in the model. It means that as the 
observations go deeper, they always uncover new levels of clustering, so the 
fractional fluctuations in numbers of galaxies at fixed angular scale do not 
change. 

The two observational problems with equation (62.22) are that A is 
large and it is independent of D. In the Lick sample the two-point 
correlation function at small 0 gives A = 0.07 for 0 in degrees, or A = 3 x 
10- 3 for 0 in radians, some two and a half orders of magnitude below the 
prediction. In testing the variation of A with D, we need some caution, for 
in a deep survey in a patch of size 00 by 00 the estimate of A cannot exceed 
~00-y-l if w(O) is normalized by the observed count of galaxies in the patch. 
The model would predict that in well-separated patches the counts of faint 
galaxies fluctuate as much as the counts of bright galaxies, which seems 
not to be observed (though the observational limits are not yet nearly as 
good as they could be). The Zwicky and Lick samples cover about the 
same amounts of solid angle and so the empirical A for them can be 
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compared. The amplitudes are in the ratio 10: 1, in excellent agreement 
with what is expected under spatial homogeneity and conflicting with 
equation (62.22) by a factor of 10. 

C. Truncated clustering hierarchy 
To remedy the problems with equation (62.22), we must lessen the 

spatial gradients on scales 30 h- 1 Mpc to at least 300 h- 1 Mpc. A simple 
way to do this is to suppose that there are many different Rayleigh-Levy 
random walks distributed uniformly at random through space as in the 
Neyman-Scott program. Individual chains cannot be infinitely long 
because that would make the mean space density n diverge; let us suppose 
then that each one has a finite number of steps, n(J , that might be a random 
variable and that each has the same fixed parameters 10 and a. Now the 
distribution is a spatially homogeneous random process, and we can 
compute the correlation functions by the method of Section 40. The mean 
number of pairs of galaxies in a clump at separation r is, according to 
equation ( 62.15), 

(62.23) 

so the two-point function is (eq. 40.5) 

(62.24) 

This power law applies for r » 10 and r much less than the typical clump 
size. The mean number of triplets per clump that define triangles with 
sides ra, rh, and re in the range i>2 Vis, according to equation ( 62.20), 

( 62.25) 

so the three-point function is (eq. 40.14) 

(62.26) 

This agrees with the empirical model (54.17) for r with 

(62.27) 

In the same way one finds that the reduced four-point function is 

( 62.28) 
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which agrees with the model (55.8) for T/ with 

Ra= 0.25, (62.29) 

One sees that the model requires further adjustment. The parameter Q 
is too small by the factor ~2.6 (eq. 57.8). There is nob-type term in T/, 

though this term does improve the fit to the data; more serious, R. + Rb/3, 
which is a useful measure of the size of the four-point function, is 4.0 ± 0.6 
in the fit to the data (eq. 57.11), some 16 times larger than in the model. 
Both Q and R. can be fixed by letting 10 , the step length, be a different 
constant in each clump. This gives (eqs. 40.5 and 40.14) 

from which 

1 (nllC2 ) (nil) 1 (nll10 - 2") (nil) 
Q=2 (nfJC) 2 =2 (n1310-") 2 

(62.31) 

The parameter in the four-point function similarly is seen to be 

(62.32) 

Thus by making the distribution in 10 broad and skew enough, one can 
bring Q and R. up to the wanted values. 

It is remarkable that this model, which Mandelbrot proposed indepen­
dent of the empirical work on the galaxy correlation functions, predicts the 
form for ( that fits the data so well and predicts a form for T/ that at least is 
a good first approximation. However, some of the simplicity of Mandel­
brot's original construction is lost: special adjustment is needed to fix Q 
and R and to truncate Hr). It is possible that another of his fractals 
(Mandelbrot 1977) would give a more elegant prescription. 

63. THE MASS CORRELATION FUNCTIONS 

All the above discussion has dealt with the way galaxies are distributed 
because that is what is observed. To treat dynamics we need the mass 
correlation functions, ~P' (p, and so on. The assumption in the following 
equations for these functions is that the mass of a galaxy is statistically 
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independent of its position relative to other galaxies. If so, then at 
separations large compared to a galaxy, ~ is a fair estimate of ~P' fa fair 
estimate of fp, and so on. The assumption seems reasonable at r 2: I Mpc 
but may be questionable on small scales, for at the least morphological 
type is correlated with the presence of close neighbors (Davis and Geller 
1976). There is the added interesting problem and complication that the 
mass autocorrelation functions at IO h- 1 kpc depend on how mass is 
distributed within galaxies. Finally, one must bear in mind that the 
universe may well contain appreciable mass in forms like an intergalactic 
plasma that are not distributed like the galaxies. In that case of course ~P 

and fp refer only to the part contributed by the galaxies. 
The autocorrelation function for the mass density p(r) is 

Pb= (p(x)). (63.1) 

The mass density is 

(63.2) 

where n1 = 0 or 1 is the number of galaxies in the volume element d3r1 and 
Pa is the mass distribution within the galaxy. In this notation the mean 
density is 

(63.3) 

If the galaxy structure as measured by Pa(r) is uncorrelated with its 
position relative to neighboring galaxies, then 

(p(x + r)p(x)) = ~(n/)(pa(x + r - ri)pa(x - r1)) 

+ ~(n1n2 )(pa(x + r - ri))(p"(x - r2 )), (63.4) 

where n is the mean number density of galaxies and ~ is the galaxy 
two-point correlation function (§ 31). If~ varies slowly on the scale of a 
galaxy, Hr1z) can be replaced with Hr) and equation (63.4) can be reduced 
to 

(p(x + r)p(x)) ;;a, n J d 3y(pa(r + y)pa(y)) + n2 [1 + Hr)](ma) 2• (63.5) 

The mass autocorrelation function is then 
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~P(r) ""Hr) + f (r), 

/(r) = J d3y(p,,(r + y)p,,(y))/(ph(m,,)), 
(63.6) 

where 

(63.7) 

An interesting application is to the second moment of the mass found 
within a randomly placed cell V. The cell will be supposed to be much 
larger than a galaxy, so that, following Section 36, we can write the mass 
within Vas 

(63.8) 

where n1 = 0 or 1 is the number of galaxies with mass m 1 to m 1 + om 1 in 
the volume element oVi and 

(n1) = (n/) = <I>(m1 )om10V1, 

(n1n2) = 0Vi0Viom1om2<I>(m1 )<I>(m2Hl + ~(r12)J. 
(63.9) 

where if> is the differential galaxy mass function. The mean mass in Vis 

(M) = 1 dVdm m<I>(m) = (m)nV = PbV, 

n(m) = J dm m<I>. 

The second central moment is 

which with equation (63.9) becomes 

(63.10) 

Of course, this expression makes sense only if Vis appreciably larger than 
the size of a galaxy, so we can take it that each galaxy either is fully inside 
or fully outside V. Under this assumption equations (63.6) and (63.7) give 
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(63.13) 

so equation ( 63.12) becomes 

(63.14) 

which is the usual expression for the variance in terms of the mass 
autocorrelation function. 

Equations (63.12) and (63.14) can be compared to the expression for the 
second moment of the number of galaxies in V (eq. 36.6), 

(63.15) 

If the galaxy number density n is large, µ2 is determined by~, but for small 
n, µ 2 ~ n V independent of f µ 2 is dominated by the shot noise or 
discreteness noise (Fall 1978). If n were increased by adding the abundant 
dwarf galaxies that have negligible mass, it could change the character of 
µ2 , but of course it would not affect the quantities n(m) and n(m2 ) that 
fix the mass moment. Here the galaxy shot noise is replaced with the 
structure function! As discussed in Section 64 it is a matter of conjecture 
whether this serves to make the mass moment vary as a simple power of the 
sizer of V, 

(63.16) 

all the way down tor equal to the nominal size of a galaxy. 
The three-point autocorrelation function for the mass density is 

t/r, s, Ir - s I) 
= ({p(x + r) - Pb)(p(x + s) - Pb)(p(x) - Pb))/p/ (63.17) 

The approximate relation to the galaxy three-point function is written as 
for equations (63.4) and (63.5): 

Sp(ra, rb, re) "" nra, rb, re) + i/2 [Hra) f (rb) + Hrb) j (ra)] + eye!. 

+f2(ra,rb,re), (63.18) 

/ 2 (r,s,lr - si) = <f Pa(x)p,,(x + r)p"(x + s)d 3x)/((m")p/). 

The first term is the contribution from the clustering of galaxies. There are 
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three terms of the second sort for the cyclic permutations of the sides. If 
r0 ~ the size of a galaxy and rb » r0 , these three terms reduce tof(r0 )Hrb), 
which is the contribution from both points on the short side in the same 
galaxy, the third point in a neighbor. The last term is the contribution from 
all three points in the same galaxy. One sees from equation (63.3) that 

(63.19) 

As before an interesting check is the third moment of the mass in a 
randomly placed cell V. Following the derivation of equation ( 6 3 .12) one 
finds 

((M - (M))3 ) = (m 3 )nV + 3(m2 )(m)n2 J d 2Vt 

+ (m) 3 n3 J d 3 q·, (63.20) 

where again V must be large compared to the size of a galaxy. When this is 
so, equations (63.18) and (63.19) yield 

1 (pd3V=]td 3V+ 3]td2V(m2)j((m)pb) 

+ (m3 ) V/( (m) p/), 

which brings equation (63.20) to 

which is the usual expression from equation (63.17). 

(63.21) 

(63.22) 

Equations (63.6) and (63.18) show how one could in principle compare 
the mass autocorrelation functions estimated on scales<: 10 h- 1 kpc from 
the galaxy distribution with the mass autocorrelation functions at r ;S 10 
h- 1 kpc derived from the structures of galaxies. The speculation that tp and 
(p might approximate power laws all the way down to the size of a galaxy is 
discussed next. 

64. CLUSTERING HIERARCHY: CONTINUITY SPECULATION 

It was shown in Section 61 that the low order galaxy correlation 
functions agree with a clustering hierarchy of the sort that, it was argued 
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in Section 26, might be laid down in an expanding world model under not 
unreasonable initial conditions. There does seem to be a break in the 
scaling at~ IO h- 1 Mpc, and since~ is on the order of unity at this break, it 
could simply mark the transition from linear fluctuations on large scales to 
nonlinear fluctuations on small. There must also be a feature in the mass 
correlation functions on the scale of a galaxy because galaxies certainly 
appear as discrete objects. One line of speculation discussed in Section 4B 
is that the mass was laid down in a clustering hierarchy extending to scales 
well below that of a galaxy and that relaxation processes (like dissipation 
in fluid dynamics) rearranged the pattern at r < rg to make galaxies. If so, 
and if there has not been much rearrangement on larger scales, then tp, Sp, 
T/p should vary as the primeval power laws down to r ~ rg and there join 
smoothly onto the galaxy structure functions (eqs. 63.6 and 63.18). On the 
other hand if galaxies were formed by one process and then placed in a 
clustering pattern by another, one might look for rather abrupt changes in 
the mass correlation functions at r ~ rg. 

An indication of continuity appeared in the discussion of PN in Section 
60. A more direct approach would be to use the method of Section 63 to 
estimate tp(rg), Sp(rg) and so on. Here again the test is schematic at best 
because the mass distribution in and around galaxies is not understood, but 
we can at least write down what the continuity hypothesis would require. 

The mass autocorrelation function is given by equation (63.6). At 

and equation (63.7) says 

4 3 
V = - 1rrg. 

3 

( 64.1) 

(64.2) 

The continuity hypothesis is that this agrees with the extrapolation of the 
galaxy two-point correlation function, 

(64.3) 

With the parameters for Hr) listed in Section 57 and in equation (97.13) 
for Pb, equations (64.2) and (64.3) give 

(64.4) 

Most of the light comes from large galaxies. In a typical large spiral the 
mass within IO h- 1 kpc of the center is (Faber and Gallagher 1979, Rubin 
1979) 
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( 64.5) 

There is a like mass in the inner 10 h- 1 kpc of a large elliptical. If the 
density parameter is n ~ 1, then equations (64.4) and (64.5) are remark­
ably similar, consistent with the continuity hypothesis. There is the 
problem that if the mass in equation ( 64.5) is the major contribution to the 
mass of the universe, as the light within rg is the major contribution to the 
total luminosity, then from the abundance of large galaxies, n ~ 0.02 h3 

Mpc- 3, we get n ~ 0.01, and we find a considerable discrepancy between 
equations (64.4) and (64.5). However, we know that in some groups and 
clusters the mass per galaxy is considerably larger than in equation ( 64.5) 
(Sections 76 and 77 below), and we know from rotation curves for spiral 
galaxies that M( <r) varies about as rat r ~ rg, so that there is considerable 
mass in the dark outer part of some spirals (Rubin 1979). Thus it is 
possible that n ~ 1, the major portion of the mass being outside the bright 
central parts of galaxies. If that is so, however, it is reasonable to ask 
whether the galaxy clustering is a good measure of the mass autocorrela­
tion function at r > rg, as has been assumed here. The point can be tested 
by using the pattern of motions of galaxies as tracers of the gravitational 
field. That is discussed in Chapter IV below. 

In taking account of the mass distribution within galaxies, we are in 
effect adding a level to the clustering hierarchy. If the mass distribution 
within each galaxy is taken to be the same, we get Q ~ 0.5 at r ~ rg (eq. 
61.23); the dispersion in galaxy masses increases this number. The galaxy 
three-point correlation function at r ;:: 50 h- 1 Mpc yields Q ~ 1.2 (eq. 
57.8). An improved test for continuity of!:" depends on improved under­
standing of the mass distribution within galaxies and the correlation 
among masses of close pairs of galaxies. 

65 . REMARKS ON THE OBSERVATIONS 

The characteristic length r0 (eq. 57.3) marks a division in the nature of 
the clustering of galaxies. The rms fluctuation in the number density 
averaged over a sphere of radius r is large compared to the mean if r :S r0 

while if r » r0 therms fluctuation represents a small perturbation from the 
mean. Thus it is natural to look for possible differences in the correlation 
functions at r :S r0 and r » r0 • The two-point correlation function is thought 
to depart from the power law form at r ~ 10 h- 1 Mpc, interestingly close to 
r0 , and~ is known to be positive tor~ 15 h- 1 Mpc. Structures in the galaxy 
distribution certainly extend well beyond that limit, as in superclusters 
(§§ 77 and 78- below), but one could imagine that galaxy positions outside 
superclusters are mildly anticorrelated on scales of 20 to 40 h- 1 Mpc 
making~ small or negative. Improved measures or bounds on t !:, and 7/ on 
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scales of 10 to 40 h- 1 Mpc are within reach and will be of considerable 
interest. 

In the statistical analysis of clustering on scales ;Sr0 an important 
uncertainty is the nature of the joint distribution in absolute magnitude 
and position. The assumption that magnitude and position are independent 
(eq. 51.1) proves to be a good approximation but it is known that position 
and morphological type are correlated. That effect with the possible 
correlation of position and absolute magnitude on small scales is important 
as a hint to the form of the mass three-point function 5p on small scales 
(§ 64) and to the role of relaxation processes in tight groups. 

The next big step in the statistical analysis of clustering will be the study 
of the joint distribution in position and redshift. Even crude redshift 
measurements provide useful distance measures that reduce the noise in 
the correlation function estimates caused by the overlap of clusters seen 
close together in projection. Crude redshift samples to adequate depth will 
greatly improve the measures of the correlation functions at r ;::; 10 h- 1 

Mpc. For the clustering on scales :S r0 the main point of interest is the 
measurement of the statistical pattern of peculiar velocities and the 
interpretation in terms of the mass distribution. The next chapter deals 
with the analysis of these problems in terms of n-point correlation 
functions in position and velocity. 
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66. GOALS 

This chapter deals with attempts to understand how the clustering pattern 
is behaving now and how it got that way. Just as studies of the nature of the 
distribution of matter can deal with individual objects or the statistics of a 
sample, analysis of dynamics can treat objects or the behavior of statistical 
measures. One certainly can analyze the stability of a galaxy or the central 
parts of a rich compact cluster, and results such as the mass needed to hold 
the cluster together generally are accepted with little controversy. The 
situation is different for groups of galaxies where one must isolate the 
physical system by removing the background and foreground and the 
galaxies accidently passing through without removing the high velocity 
members. One approach that will be discussed here is the resort to 
statistics. 

The second goal is to understand how the present galaxy clustering got 
that way-to find a scenario that leads from reasonable initial conditions 
through well-stated and reasonable dynamics to a final state that matches 
significant features of what is observed. Of course, different people can 
decide very different features are the significant ones. A considerable 
stimulus to the thought that the galaxy correlation functions might be 
important quantities for the theory to reproduce has been the discovery 
that they can be estimated with good reproducibility and that the cluster­
ing pattern as measured by them is remarkably simple; we are well 
conditioned to believe that where a phenomenon is simple there is a much 
better chance of accounting for it. 

The dynamics used in this section is the BBGKY hierarchy adapted 
from plasma physics. It deals with the generalization of the n-point 
correlation functions used in the last chapter to the joint distributions in 
position and peculiar velocity. The first equation in the hierarchy describes 
how the probability distribution in the peculiar velocity of a randomly 
chosen particle is affected by the perturbations of neighbors; this is a 
relation between the one- and two-point correlation functions. The second 
equation describes how the abundance and motions of pairs of particles are 
affected by the perturbations of neighbors; this is a relation between the 
two- and three-point correlation functions. The sequence continues 
through an infinite set of equations in all the n-point correlation functions. 
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As will be described, these equations yield some useful constraints on the 
behavior of mass clustering in an expanding universe. 

The correlation functions used in this section describe the clustering of 
mass, not galaxies, so here one should think of the particles as mass 
elements such as nucleons. Some results, the particle conservation equa­
tions, apply directly to the galaxy distribution, but the dynamics apply only 
if the galaxy distribution is a fair measure of the pattern of the mass 
clustering. As discussed in Sections 63 and 64, it is not clear whether this is 
so. If it is, it will be an important advantage because it will yield boundary 
values for the BBGKY theory. Tests of the assumption are discussed in 
Sections 76 to 78. 

67. DEFINITIONS OF VARIABLES AND DISTRIBUTION FUNCTIONS 

In all this chapter dynamics is treated in the Newtonian limit(§§ 7, 8). 
Matter is approximated as a collection of identical particles, mass m, that 
interact only by gravity. Depending on the situation the particles might be 
atoms, or stars, or galaxies. 

As in Section 7 convenient independent variables are the comoving 
(uniformly expanding) coordinates xa and the canonical momentum 

p = ma(t)v, ( 67. I) 

where vis the proper peculiar velocity. The correlation functions in x and p 
are defined like the correlation functions in position and magnitude. The 
probability of finding a particle in the volume element d 3 x moving with 
momentum pin the range d 3 pis 

(67.2) 

It is assumed that the galaxy distribution is a spatially homogeneous and 
isotropic random process so b is independent of x and of the direction of p. 
The normalization is 

f bd3 p = na3 = constant, (67.3) 

where n is the proper mean number density, na3 the constant mean density 
in x coordinates. 

The two-point correlation function is defined by the joint probability of 
finding a particle in d 3 x, moving with momentum p, in the range d 3 p, and 
a second particle in d 3 x 2 moving with momentum p2 in the range d 3 p 2 : 
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dP= p2 (1,2)d 3x 1d 3x 2d 3p 1d 3p2 

= [b(l)b(2) + c(l, 2)]d 6xd 6p. 

259 

( 67.4) 

The argument 1 means x 1 , p 1 • The second equation defines the reduced 
two-point function c. Its integral over momenta is the spatial correlation 
function (eq. 31.4), 

(67.5) 

The three-point function is defined by the joint probability of finding 
particles in d 3 x 1 d 3 p 1 , d 3 x 2d 3 p 2 , and d 3 x 3d 3 p 3 , 

dP = p3 (1, 2, 3) d 9 xd 9 p 

= [b(l)b(2)b(3) + b(l)c(2, 3) + b(2)c(3, 1) 

+ b(3)c(l, 2) + d(l, 2, 3)]d9xd 9p. 

The integral over momenta of the reduced part dis ( eq. 34.1) 

(67.6) 

(67.7) 

where!; is the three-point spatial correlation function for the particles. 
The four-point function is defined by the equation 

(67.8) 

The reduced part e is written as in equation (35.1) and the integral of e 
over momenta is 

(67.9) 

As was noted in Section 56 each point in the correlation function in 
general has a different cosmic time, but in the Newtonian approximation 
we only need them for points at common time t. Thus c(l, 2) is a function 
of t and of the six variables needed to define the separation of the points 
and the momenta relative to the line joining the points. 

68. BBGKY HIERARCHY EQUATIONS 

Consider a small patch r around x, p in the six dimensional single 
particle phase space. If r is small enough, there is negligible chance that it 
contains more than one particle from the same realization in the ensemble, 
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so we can describe the matter in r by a single particle distribution function, 
fa(x, p, t) for the a th realization, with 

la~ o(x - Xa(t))o(p - Pa(t)) ( 68.1) 

if r contains a particleJa ~ 0 otherwise. Thus Liouville's equation is 

( 68.2) 

The time derivatives are given by equations (7 .10) and (8.5), 

The result of averaging equation ( 68.1) across the ensemble is the 
one-point function in equation (67.2), 

<Ja(x, p, t)) ~ b(p, t). (68.4) 

The average of the second term in equation (68.2) is 

( 68.5) 

For the third term we have 

<Ja{X1, P1, t)dp1/dt) 

~ Gm 2/a<Ja(x 1 , p1 , t)~(x; - X1 )/IX; - X113) 

~ Gm2/af d3x2d3P2P2(X1,P1,X2,PJ(x2 - X1)/lx2 - x1l3 
(68.6) 

~ Gm2/a J d 3x 2d 3p2c(l, 2)(x2 - x 1)/ lx2 - X11 3-

In the last equation p2 is replaced with the reduced part (eq. 67.4) and the 
integral over b(2) is dropped (by the prescription in § 8 that the x 2 integral 
is first over angles at fixed I x 2 - x 1 I). The ensemble average of equation 
(68.2) is then 

(68.7) 

This is the first BBGKY equation. 
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For the next equation consider two small separate patches in the six 
dimensional phase space. If the patches are small enough, we can describe 
the matter distribution in them by the two particle distribution function, 
fa(l, 2) in the a th realization, with x 1 , p 1 in one patch, x 2 , p2 in the other. 
Liouville's equation is extended from equation (68.2) to 

(68.8) 

The last term indicates that the results of exchanging coordinates I and 2 
in the second and third terms should be added. The averages across the 
ensemble for the first two terms are 

In the third term, we have 

(fa(l, 2)dp 1/dt) = (Gm 2/a)<J0 (1, 2))x21 /x2/ 

+ Gm 2/a<Ja(l, 2) ~ X; 1 /x;/) 

= (Gm 2/a)p2(1, 2)x21/x2/ 

+ Gm2/a J d 3 x3d 3 p3p3(1, 2, 3)x31 /x3/, 

( 68.9) 

(68.10) 

The gravitational acceleration caused by the particle at x 2 ,p2 has been 
written separately. The ensemble average of equation (68.8) becomes then 

a pi" a Gm2 x 2i" a -a P20, 2) + - 2 ·a---;; P2(l, 2) + - - 3 -a a P2(1, 2) 
t ma x 1 a X21 P1 

Gm2 a J 3 3 a 3 + -a-apt d X3d p3p3(1, 2, 3)X31 /X31 
(68.11) 

+ (1 +--->- 2) = 0. 

This is the second BBGKY equation. It can be written in terms of the 
reduced functions c and d (eqs. 67.4 and 67.6): on using equation (68.7) to 
eliminate the time derivatives of b and the prescription in Section 8 to 
eliminate the spatial integrals over b, one finds 
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(68.12) 

Again the equation must be symmetrized by adding the result of 
interchanging 1 and 2 in all terms save the first. 

The third and fourth equations in the hierarchy are obtained in the same 
way. All that will be needed for the following discussion is to note that the 
ensemble averages of the Liouville equations are of the forms 

(68.13) 

where F" and G" are the sums of the contributions to the rates of change of 
the momenta. 

The Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy equations have 
been discussed at length in the theory of plasmas and nonideal gases (for 
example, Montgomery and Tidman 1964, lchimaru 1973). The only 
difference here is that the potential has been adjusted and the coordinates 
have been changed to the cosmological variables x,p. Application of the 
BBGKY method to the behavior of the galaxy distribution was first 
discussed by van Albada (1960), Gilbert (1965, 1966), Bisnovatyi-Kogan 
and Zel'dovich (1970) and Saslaw (1972). The BBGKY hierarchy equa­
tions in the forms given here were derived by Fall and Severne (1976) and 
Davis and Peebles (I 977). 

69. FLUID LIMIT 

The fluid limit assumes the gravitational acceleration of a particle 
typically has substantial contributions from many neighbors. When this is 
so the first term on the right hand side of equation ( 68.1 0) representing the 
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direct gravitational interaction between the particles can be neglected 
compared to the second, which represents the effect of all the neighbors of 
the pair. This reduces equation ( 68.12) to 

a pa a 
- c(l, 2) + - 1 -c(l, 2) at ma2 axt ( 69.1) 

+ (1 - 2) = 0. 

Inagaki (1976) has pointed out that the BBGKY hierarchy in the fluid 
limit can be derived in a simple way from the Vlasov equation. The matter 
is described by the continuous single particle distribution function 
f(x, p, t), and the gravitational acceleration is computed from 

(69.2) 

The particle distribution is random on scales small compared to the 
coherence length off: the correlations appear through the fluctuations of 
f The correlation functions defined in Section 67 are 

b(p, t) = (f(x, p, t)), p2 (1, 2) = (f(l)/(2)), 

p3(1, 2, 3) = (f(l)/(2)/(3)), (69.3) 

p4(1, 2, 3, 4) = (f(l)/(2)/(3)/(4)), 

and so on. The Vlasov equation is 

(69.4) 

The average of the last term is 

(69.5) 
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Thus the average of equation (69.4) is 

(69.6) 

which agrees with equation (68.7). The result of differentiating the second 
of equations (69.3) with respect to time and using equation (69.4) is 

apzfar = <J(2)af (I)/ar> + <J(I)af (2)/ar> 

= - Pi"2 <J(2)af(l)/axt) ma 

+ (1 - 2) 

Pi" ap2(1, 2) 

ma 2 axt 

Gm 2 a f 3 3 " 3 - ---- d x 3d p3p3 (1, 2, 3)x31 /x31 
a apt 

+ (1 - 2). 

(69.7) 

This agrees with equation ( 68.11) in the fluid limit. In the same way by 
writing out the time derivatives of the third and fourth of equations (69.3) 
with the help of equation (69.4), one arrives at equations (68.13) for the 
third and fourth members of the BBGKY hierarchy. 

70. EVOLUTION OF THE INTEGRAL OF ~ 

When the correlations and the discrete particle interactions both are 
weak the BBGKY equations can be solved for Hx, t) in the approximation 
of linear perturbation theory. A convenient approach was pointed out by 
Inagaki ( 1976): in the fluid limit the problem is to solve the Vlasov 
equation (69.4) for f, and we know that in the linear perturbation 
approximation (§ I 0) the density varies as 

where D1 and D2 are linearly independent solutions to equation (10.3). 
Thus we have from equations (67.5) and (69.3) with (A) = (B) = 0 
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Inagaki's solution 

Hr, t) ,= D 1 (t)2 (A(x + r)A(x)) 

+ 2D, (t)D2 (t)(A(x + r)B(x)) 

+ D2 (t )2(B(x + r)B(x)). 

If the growing mode dominates, 
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(70.2) 

(70.3) 

Another way to arrive at this solution is to use the relation in equation 
(41.8) between~ and the power spectrum (Peebles and Groth I 976). If 

(70.4) 

the discrete particle noise can be neglected and 

(70.5) 

In the linear perturbation approximation ok (t) varies with time as a linear 
combination of D, (t) and D2 (t ), so equation (70.5) reduces to equation 
(70.2). 

A very useful property of the power spectrum is that the long 
wavelength part varies according to linear perturbation theory even when 
the mass distribution on small scales is strongly nonlinear(§ 28). We have 
from equation (41.8) the relation 

(70.6) 

If x0 is larger than the interparticle distance and the clustering length, then 
the part of the spectrum that appears in this integral, k :s x0 - 1, is in the 
linear regime, and we have 

(70.7) 

for the mode D(t ). This integral constraint is valid even though the 
clustering may be strongly nonlinear on scales less than x0 • 

One interesting special case might be mentioned. Suppose at time t; the 
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particles are distributed uniformly at random with zero peculiar velocities. 
Then the long wavelength part of the spectrum is 

(70.8) 

where D is the solution to equation (10.3) with initial values D = 1, 
dD/dt = 0. This in equation (70.6) gives 

na3 J d 3 xHx, t) = D(t )2 - 1. (70.9) 

The integral is independent of x0 , when x0 is large compared to the 
interparticle distance, consistent with the fact that the power spectrum is 
flat at long wavelength with ~ negligibly small. This equation shows how 
the number of neighbors in excess of random grows from the initial value 
zero in an initially uniform random Poisson process. 

Equation (70.7) provides a useful constraint on speculations on the 
possible rate of growth of clustering. For another derivation of the equation 
and tests in the spherical model and N-body simulations, see Peebles and 
Groth (1976). 

71. PARTICLE CONSERVATION EQUATIONS 

A. Conservation of pairs 
When equation ( 68.12) is integrated over Pi and p2 , it eliminates all the 

derivatives with respect to the momenta leaving 

+ _a_J d 6pc(l, 2)p//ma2 = 0. axt 

The correlation function c has several symmetry properties: 

homogeneity: c(l, 2) = c(x2 - X1, P1, P2); 

exchange: c(l, 2) = c(2, 1 ); 

c(x, P1, P2) = c(-x, P2, P1 ); 

parity: c(x, p1, p2) = c(-x, -Pi, -pi)= c(x, -P2, -Pi)-

(71.1) 

(71.2) 
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With these properties, equation (71.1) can be reduced to 

(71.3) 

The mean (ensemble average) value of the peculiar velocity difference of a 
particle pair at separation xis ( eqs. 67 .1 and 67.4) 

Since 

(71.4) 
= (J d 6pc(l, 2)(p2 - pi)/ma)/[n2a 6 (1 + i;(x, t))]. 

(71.5) 

equations (71.3) and (71.4) yield (Peebles 1976b, Davis and Peebles 
1977) 

(71.6) 

This equation just expresses conservation of particle pairs, as can be seen 
by writing it as 

The first term is the rate of change of the mean number of neighbors 
within distance x of a particle and the second is the mean flux of neighbors 
out of the surface x = constant. 

At small x where~» 1 the clustering is presumed to be fairly well mixed 
and so not relaxing very fast. This would say the average relative velocity 
of particle pairs is close to zero, and since v = v2 - v1 is computed relative 
to the uniformly expanding coordinates, 

v = -ax, (71.8) 
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so equation (71.6) in this limit is 

(71.9) 

The solution is 

1 + ~ = a3g(a(t)x). (71.10) 

This means n~ at fixed proper separation a(t)x is independent of time, as 
required if the average clustering is not changing. 

At large x where~« 1 the weak correlation approximation (70.7) is 

i x 2 2 

0 
X dxHx, t) ex D1 (t), 

if the growing mode D1 (t) dominates. Then equation (71.7) is 

If, for example,~= (xo/x)\ x < Xmx; ~ = 0, x > Xmx, 

(71.11) 

(71.12) 

(71.13) 

at x > x0 • It is left as an exercise to check that equation (71.12) agrees 
with equation (14.9). The possibility of observing this mean tendency of 
well-separated galaxies to approach each other is discussed in Section 76. 

The pairs conservation equation is a guide to speculation on the behavior 
of the correlation function: an assumed Hx, t) implies through equation 
(71.7) a function v(x, t) that should agree with equations (71.8) and 
(71.12) in the limits of small and large x and interpolate between these 
limits in a not unreasonable way. A useful approximation to ~ is found by 
setting v(x, t) equal to the limiting values with a discontinuous jump at 
some x0 (t). Given v, equation (71.6) can be integrated to get f If the 
universe is close to cosmologically flat so a ex D1 ex t 213 and if~ = 0 at large 
separation, this approximation to the relative velocity is 

-v/a = 2x/3t, x < x0 ex t 419; 

= Ct 113 /x2, x > x 0 • 
(71.14) 
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The solution to equation (71.6) is 

1 +~=(I + ~1 )(x0 (t)/x) 915, X < Xo(t), 

= 1, X > Xo(t), 

where the constant~, is 
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(71.15) 

(71.16) 

This is the shoulder in Hx) at the break in the value of v. A convenient 
number in the model is the ratio of values of vat either side of x 0 , 

K = v /v = 3Ct 413 /2x 3 
+ - 0 ' (76.17) 

in terms of which the shoulder in ~ is 

(71.18) 

If K = 1, v and~ are continuous. It is sometimes argued that newly formed 
clusters must collapse to relax to virial equilibrium (Gott and Rees 1975). 
If this were so, Iv I would have to be larger than ax to make v + ax 
negative. In the model this means K > 1, but that causes a shoulder in ~ at 
~ ~ 1, contrary to what is observed for the galaxy correlation function. 
Thus it is difficult to see how there could be a well-defined collapse effect, 
though, of course, some clusters could be collapsing while others of the 
same size are expanding so that the mean streaming velocity v yields an 
acceptable form for Hx). 

Another application of equation (71.9) is to the growth of~ in a very low 
density cosmological model. For a simple model, suppose that at r < rs the 
clustering is statistically stable and that at r > rs there develops a power 
law tail: 

~ = a3g(ax), 

~ = a 3g(r,)(r,/ax)m, 

ax< r,, 

(71.19) 

X > Xmx, 

where g is a function of the one variable r, and rs is a constant. The last two 
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equations express the assumption that the correlation function is cut off at 
~ = 1. Now equation (71.11) says that when Q « 1 and D1 (t) stops 
growing, the integral of~ stops growing. In the model that means m > 3, 
for otherwise there is a growing contribution to the integral from the tail of 
~ at ax> rs. An argument form = 3 was given by Gott and Rees (I 975). 
Figure 52.1 shows that a sharp break, ~ ex r- 2 to ~ ex r-3, would be quite 
prominent in the angular function w(O), but none is observed. This is the 
origin of the problem of accounting for the observed w(O) in a low density 
model (Davis, Groth, and Peebles 1977). 

B. Conservation of triplets and quadruplets 
The result of integrating the first of equations (68.13) over momenta is 

the triplets conservation equation, 

h3(1, 2, 3) = 1 + HI, 2) + H2, 3) + H3, I)+ ((I, 2, 3) 

= J d 9pp3 (1, 2, 3)/n3a9, 

(71.20) 

where h3 is the full spatial correlation function and v; is the ensemble 
average value of the peculiar velocity of the particle at the vertex i of the 
triplet of particles at separations x2 - x 1 , x3 - x 1 : 

(71.21) 

In terms of the reduced correlation functions of equation ( 67 .6), equations 
(71.20) and (71.21) are (Davis and Peebles I 977) 

(71.22) 

where equation (71. l) has been used to eliminate the time derivatives off 
Equation (71.20) is simplified by writing h3 and the V; as functions of 

relative position and mean velocity, 

(71.23) 
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which gives 

(71.24) 

At small separations the mean relative velocities of the particles are close 
to zero, so, as in equation (71.8), 

(71.25) 

which makes equation (71.24) 

(71.26) 

The solution is 

(71.27) 

As in equation (71.10) this just means the chance of finding neighbors at 
fixed proper distances ax21 and ax31 is independent of time. 

The equation of conservation of quadruplets is found by integrating the 
second of equations (68.13) over momenta: 

ah4 1 a - + - ' - (h V·a) = 0 a Laa 4, , t a i-l,4 X; (71.28) 

Here vt is the ensemble average peculiar velocity of the i th particle in the 
configuration. With the relative coordinates defined as in equation 
(71.23), the equation becomes 

As before, one sees that at small separations, where v21 = -ax21 and so on, 
the equation is 
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with the solution 

(71.31) 

which can be compared to equations (71.10) and (71.27). 

72. RELATIVE PECULIAR VELOCITY DISPERSION 

Consider a random sample of particle pairs each at separation x = x2 -

x 1 with x large enough that the correlation functions are small. The mean 
peculiar velocity of a particle in this sample was discussed in Section 71. 
The anisotropy of the relative peculiar velocity dispersion is derived here. 

The velocity dispersion appears in the first momentum moment of the 
second BBGKY equation (68.12). The result of multiplying this equation 
by p/ - pi"', integrating over momenta, and simplifying the expression by 
the methods in section 71 is 

a a 
- (1 + Hx))v" + - (1 + Hx))v" at a 

1 a a 13 +--a {J(l + O(v21 V21) a X (72.1) 

Here v" = ( v2i") is the mean value of the relative peculiar velocity ( eq. 
71.4). Since v" fixes the rate of growth of the two-point function t this 
equation shows how the evolution of~ is determined by velocity dispersion 
and gravity. The first of the gravity terms describes the mutual attraction 
of the particle pair. For strong clustering this is small compared to the next 
two that describe the gravitational attraction of all the neighboring 
particles. When x is large, the dominant gravitational term is the integral 
over~ and if Hx) is negligibly small, equation (72.1) may be approximated 
as 

av" a a 1 a a f! x" ix -a+ -v + --a fJ (v21 V21) + 2Gpba3 d3x~ = 0. 
t a a x x o 

(72.2) 
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We can write the relative velocity dispersion as 

(72.3) 

where ( v2 ) is the mean square peculiar velocity of randomly chosen 
particles and II and L represent the effects of correlated motions on the 
components of the dispersion parallel and perpendicular to the separation 
xa. This in equation (72.2) yields 

(72.4) 

We can estimate II and L by noticing that when x is large the most 
important contributions to these terms come from the correlation of the 
peculiar motions of the two particles. For the peculiar accelerations of the 
particles we have 

(72.5) 

where Pd3 x 3d 3 x4 gives the probability of finding particles at x3 and x4 

given that there are particles at x 1 and x2 • This is the four-point distribu­
tion in equation (35.1 ). When x is large, the largest part of Pis the term 
n2 (1 + Hx34 )), which represents the clustering among the particles in the 
neighborhood of particles 1 and 2. To simplify evaluation of the integral in 
equation (72.5), let us suppose that 

(72.6) 

converges to a fixed value at x0 « x. Then x3 ::a x4 in the integral and 

(72.7) 

Now since the correlation between g1 and g2 is weak at large x, we can 
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compute the resulting correlation of the peculiar velocities m linear 
perturbation theory ( eq. 14.6), 

(v21"v2/') ""1/3(v2)o"f! - 2(vi"v/), 

(vi"v/) :a: (gi"g/)D 2/(41rGpbD) 2, 

from which we obtain 

II= 0. 

(72.8) 

(72.9) 

It is an interesting exercise to see how this result follows from equations 
(27.20) and (27.22). We have from equations (72.4) and (72.9) 

(72.10) 

It is left as an exercise to check that this agrees with equation (71.12) for 
v(x, t) with equation (I 1.1) for D and/ ex D 2 (eq. 70.3). 

The anisotropy of the relative velocity dispersion in this approximation 
IS 

(72. 1 1) 

In the power law model for~(§ 57), 

= 0, (72.12) 

r0 = 4h- 1 Mpc, 'Y = 1.77, 

we have 

(72.13) 

where r is measured in megaparsecs andf(Q) is shown in figure 14.1. The 
component }; is negative because the peculiar velocities v1 and v2 are 
correlated, making the relative velocity dispersion less than the limiting 
value 2( v2) /3 at x ---+ co. The expected anisotropy (II - };) 112 is large, 
amounting to ~400/km s- 1 at hr= 10 Mpc, which is comparable to the 
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expected value of 2{ v2 ) /3 (eq. 74.9 below). We see from equation (72.10) 
that the velocity dispersion plays an important role in fixing the rate of 
growth of clustering. More careful estimates of 2: and II may prove useful 
in estimating the shape of v(x, t) and hence through equation (71.6) the 
expected shape of Hx, t) near~ ~ 1. 

73. SIMILARITY SOLUTION 

A. Scale-invariant solution 
The BBGKY hierarchy admits solutions invariant under a similarity 

transformation if the expansion of the universe approximates the 
Einstein-de Sitter model and the matter can be described in the fluid limit. 
Under these assumptions neither the cosmology nor the matter presents 
characteristic lengths or times. 

A convenient approach to the similarity solution is from Inagaki's 
(1976) fluid limit equations(§ 69), 

a p°' af a<1> aJ 
-/(x,p,t) +-- - m--=0, at ma2 axa ax°' ap°' (73.1) 

These equations admit solutions of the form 

(73.2) 

where the two constants satisfy 

(73.3) 

as may be verified by substituting equation (73.2) into equations (73.1 ). 
This works only if a ex t 213 • The results of averaging equation (73.2) are the 
similarity forms for the correlation functions (eqs. 69.3), 

b = t- 313h(p/t 13 ), 

C = t- 613 c(x/ta, P1/t 13, pz/t 13 ), (73.4) 

d = t~ 9f!d(x12/ta, X13/t", P1/t 13, pz/tf!, p3/tf!), 

and so on. The integrals over momenta are 

(73.5) 
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and so on. These equations describe a situation in which the matter 
distributions at different times are similar with characteristic lengths 
scaled as t" and characteristic momenta scaled as t 13 • For another deriva­
tion that does not use equations (73.1 ), see Davis and Peebles ( 1977). 

The similarity solution demands of course that the initial values of the 
correlation functions traced back to small fluctuations in the early universe 
are power laws in separation because there can be no fixed characteristic 
separation. The power spectrum of the density fluctuations is (§ 41) 

(73.6) 

in the similarity solution. At long wavelength the linear approximation 
applies(§ 70); we have in this limit ok ex t 213 or 

(73. 7) 

The solution to this functional equation can be seen by replacing the 
variable t with t = tk 11" and bringing all the powers oft to the left side of 
the equation, all the powers of k to the right-hand side (Davis and Peebles 
1977): 

a= 4/(9 + 3n). (73.8) 

A popular speculation is that the matter distribution at high redshift 
approximated a random Gaussian process where the Fourier components 
ok have random phases so the statistical properties of the distribution are 
fully described by the power spectrum I ok 12. The natural initial value of the 
power spectrum might be a power law, 

t = t;. (73.9) 

If so, if the expansion of the universe adequately approximates the 
Einstein-de Sitter model, and if nongravitational forces can be neglected, 
then the similarity solution applies with the index n fixing a through 
equation (73.8) and (3 through equation (73.3). 

B. Nonlinear limit 
At small x where the correlation functions are large, the clustering is in 

statistical equilibrium or close to it, so the relative velocities of neighboring 
particles have zero mean. This with the similarity solution fixes the 
variation of the correlation functions with separation. For the two-point 
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function, equations (71.10) and (73.5) give 

(73.10) 

As in equation (73.7) the solution to this functional equation must be a 
power law, 

(73 .11) 

and the result of matching powers of x and oft in equation (73.10) is 

6 9 + 3n 
y=--=--

2 + 3a 5 + n' 
(73.12) 

where n is the index for the initial power spectrum (eqs. 73.8 and 73.9). 
This derivation is from Davis and Peebles (1977). Equation (71.15) is a 
special case of equation (73.12) with n = 0. It will be noted also that 
equation (73.12) agrees with equation (26.8). 

For the three-point function the stability assumption with the similarity 
solution gives (eqs. 71.27 and 73.5) 

a 6 g3(ax21 , ax31 ) = h3 (x21 / t", x31 / t"), 

h3 = 1 + ~12 + b + ~31 + !;. 
(73.13) 

Convenient variables are x, u, v where x measures the size of the triangle 
and u, v, the shape (eqs. 34.9). Here one sees that the solution must be a 
power law in the variable x, 

<Y = 12/(2 + 3a) = 2y. (73.14) 

Since ~ a. x-", at small enough x the reduced part of the three-point 
function scales with the size of the triangle as 

(j = 2y. (73.15) 

It was shown in Section 37 that s/e cannot be much less than unity, so 
equation (73.15) must apply down to s - I. 

For the four-point function, equation (71.31) gives 

(73.16) 
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from which one finds as above 

(73.17) 

when the ratios of separations of points in the quadruplet are fixed. 
The results ( cc e and T/ cc e agree with the scale-invariant clustering 

hierarchy picture discussed in Sections 26, 61, and 62, and it is remarkable 
that they are closely reproduced by the observed behavior of the galaxy 
correlation functions (eqs. 61.12 and 61.15). The main problem with the 
application of the theory is that the universe may not be a close enough 
approximation to the Einstein-de Sitter model to have established the 
similarity solution. This is discussed in Section 79. 

Equations (57.3) and (73.12) give 

n ~ -0.12 ± 0.16. (73.18) 

The wanted initial power spectrum thus is quite close to white noise. 
Whether this is a reasonable result must be a matter for conjecture until 
we have a theory for the origin of the big bang. Some aspects of this 
question are discussed in Section 96. 

The stability condition in equations (73.10) and (73.13) neglects relaxa­
tion of the clustering on small scales. Numerical N-body model simula­
tions provide examples where relaxation is important, the collapse of a 
protocluster smoothing out subcondensations (Peebles 1970b, Aarseth and 
Hills 1972, White 1976). However, it has also been found that if the N 
particles are placed in a clustering hierarchy by the prescription in Section 
61 B and the motions of the subclusters on each level adjusted to produce 
dynamic stability, then the n-point correlation functions are quite stable 
(Peebles 1978). This shows that the stability assumption is self-consistent. 
It remains to be seen whether the stability condition is a good approxima­
tion for the galaxy distribution produced by the gravitational instability 
process. 

74. COSMIC ENERGY EQUATION 

The energy equation (24.7) can be derived from the BBGKY hierarchy. 
Equation (68.7) multiplied by p/ and integrated over momentum is 

(7 4.1) 
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where the mean square peculiar particle velocity is 

(74.2) 

The integral in equation (74.1) can be simplified by integration by parts: 

d 2 2 2c J d 3x 2 a J -a (v1) = - -- d 6pc(l 2)p ". dt na4 X21 axt ' I 
(74.3) 

This with the first of equations (71.3) becomes 

(74.4) 

which is the energy equation (24.7) with K = (v/) /2. This derivation from 
the BBGKY hierarchy was independently discovered by Gilbert (1965), 
Fall and Severne (1976), and Davis and Peebles (1977). 

Bounds on (v/) for given Hx) were obtained in Section 24. In the 
similarity solution (eqs. 73.4 and 73.5) we have 

a 2(v/) = J d 3p(p/m)2r 3f3b(p/tfi)/na 3 ex t 1fi, 

J d 3xk(x/t")/x ex t 2", 

and this in equation (74.4) with equations (73.3) and (73.8) gives 

(v/) = (a/{1)Gpb J d 3rHr)/r, 

a/{3 = a/(a + 1/i) = 4/(7 + n). 

(74.5) 

(74.6) 

If n 2: 1, -y 2: 2 (eq. 73.12), and the integral over~ ex r-"( diverges at r-+ O; 
if n s - I, the integral diverges at larger where~ C( r-<3+n) (§ 42). Between 
these two cases we have 

-1 <n< 1, (74.7) 

which is within the limits of equation (24.13). 
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With the model for~ in equation (72.12) equation (74.6) is 

6<:loH/ro7r mx 2-7 

(7 + n)(2 - -y) · 
(74.8) 

With n = 0 this is 

(74.9) 

This is the three-dimensional rms peculiar velocity. 
Equation (74.9) (or more generally eqs. 24.9 and 24.13) can be used to 

estimate the density parameter fl (Fall 197 5). There are two practical 
problems. Even a small positive correlation on scales »r mx could considera­
bly increase the integral over ~ and hence the predicted ( v/ >; for that 
matter there could be some anticorrelation, ~ < 0 at r > r mx, which would 
decrease the predicted (v/). Coupled with this is the second problem: 
estimating the contribution to ( v / > from large-scale currents like the 
motions of groups of galaxies around clusters and the motions of clusters as 
superclusters form. Such currents are not well explored; some speculations 
are described in Sections 77 and 78. An estimate of fl based on the relative 
peculiar motions of galaxies is given in Section 76. 

75. COSMIC VIRIAL THEOREM 

Knowing the two- and three-point correlation functions, we can write 
down the probability of finding a particle in dV at fixed position z relative 
to a pair of particles at separation r ( eq. 34.4). If the separations are small, 
so f » ~ » 1, it is 

oP = noVr(r, Z, Ir - z I )/Hr). 

A particle in oVaccelerates the particle at z = 0 by the amount 

g = Gmz/z3, 

(7 5.1) 

(7 5.2) 

so the mean gravitational acceleration of one particle in the pair as 
measured by an observer sitting on the other is 

(75.3) 

This is the average over a random sample of pairs at separation r. The 
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factor of 2 appears because the mean accelerations of the two particles 
relative to the background are equal and opposite. If clustering on the scale 
r is in statistical equilibrium, the typical relative velocity of the particle 
pair must be large enough to balance g. This equilibrium condition is 
obtained from equation (72. I). At small r the dominant gravitational 
terms are the first and last ones, and they must be balanced by the third 
term which is effectively a pressure gradient force. This gives 

a 
-" [~(v 2i"v 2/l)] + 2Gm~r"/r 3 arµ 

+ 2Gpb J d 3zt(r, z, Ir - z l)z" / z 3 = 0, 

(75.4) 

where r = ax, z = a(x3 - x 1 ). The second term is the relative gravitational 
acceleration of the pair due to their direct gravitational interaction and the 
third term is the mean effect of all the neighbors. 

The particles described by equation (75.4) could be galaxies or the stars 
in galaxies. In these two descriptions the velocity terms differ because of 
the motions of the stars within the galaxies and the gravity terms differ 
because of the different roles of m and t, but we know that when the 
separation r is much larger than the size rg of a galaxy the two descriptions 
must be equivalent. We can see how this comes about by using the model in 
Section 63 for the relation between the galaxy and mass correlation 
functions rand rp. 

When the particles are mass elements within galaxies, the direct 
interaction term in equation (75.4) is negligible and the relation is 

(7 5.5) 

If r is greater than the size rg of a galaxy, we can set ~p equal to the galaxy 
two-point function ~. and we can use equation ( 63.18) to replace rp with the 
galaxy three-point function r. This introduces two terms in equation 
(75.5). The integral at I z - r I< rg with equation (63.7) yields the second 
term in equation (75.4), 

The factor (m2 )/(m) 2 appears because the velocity is weighted by the 
galaxy mass. The part of the integral at I z I < rg is 
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J Gpb dHr) r" J 3 
Gpb d 3zf(z)Hlr - zl)z"/z 3 = - }dr-; d zf(z)/z 

G dHr) r" j 3 3 
= - 3(m) Tr-; d zd y (p,,(y + z)p,,(y))/z (75.7) 

2 d~ r" (mv/) 
= -3dr-;~-

The third expression comes from equation (63.7), the fourth from the virial 
theorem for the motion within a galaxy. This term thus subtracts from the 
first term in equation (75.5) the internal motions of particles within 
galaxies. What is left is the mean dispersion of the galaxy systemic 
velocities weighted by particle number, that is, by the product of the 
galaxy masses. 

Equation (75.5) is simplified by assuming the distribution of v21 is close 
to isotropic, 

(75.8) 

as seems reasonable, so 

(75.9) 

The integral of this is 

. 2 6Gpbfoodrf 3 r. z 
(v21(r))=-;--() - dz-3 fp(r,z,lr-zl). 

~pr r r z 
(75.10) 

A convenient model for the density autocorrelation function is 

fp = Q[~p(a)~p(b) + eye!.], (75.11) 

where the cut-off re makes the density flat within patches of size ~re that 
might approximate galaxies. In this model equation (75.10) is 

(75.12) 

J d 3t Joo ds s . t [ 1 1 ] 
I(y) = (1 + y)" t3 1 --:;:- (Is - t I + y)" (s + y)" + (t + y)" · 
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When r » re, the dimensionless integral simplifies to 

{'y - 1)(2 - ')'){4 - -y)/(0) = 1rJ, J = Ix dyy- 2(1 + y-'l)N, 

N = (1 + y) 4-'I -11 -- yj 4-'I - (4 - -y)y[(l + y) 2 -'1 + 11 - Yl2-'I]. 

This brings equation (75.12) to 

283 

(75.13) 

J(y = 1.8) = 3.70. (75.14) 

Equation (75.14) can be interpreted as the usual virial theorem in the 
clustering hierarchy picture(§ 61 ). On the scaler matter appears in lumps 
of typical size r and mass 

(75.15) 

The currents on the scale rare therefore 

2 GM/ G 'I 2-'1 v - r - pbro r . (75.16) 

The statistic ( v2/(r)) is the sum of contributions from motions within 
subclusters on all levels "';Sr. Since 'Y < 2, the main contribution to this sum 
is from the currents on the scale r, so equation (7 5.16) agrees with 
equation (75.14). 

Figure 75.1 shows the relative velocity dispersion given by equations 
(75.12) with 'Y = 1.8, Q = 1.29, r0 = 4h- 1 kpc (§ 57), and cut-off radius 

(75.17) 

The dispersion scales with the parameters re and rl0 (eq. 97.12) as 

(75.18) 

and so is quite insensitive to the choice of re. The limiting value of the 
dispersion at r « re is 

(75.19) 

Since this is mainly the relative velocity of particles both in the same 
patch, therms particle velocity within a patch is 

(75.20 
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FIG. 75.1. Therms difference of velocities of randomly selected pairs of galaxies as a 
function of separation. This is computed from equation (75.12) under the assumption 
of statistical equilibrium (after Peebles I 976c). 

interestingly close to the typical velocities in a large galaxy. Of course, this 
just reflects the apparent continuity of clustering discussed in Section 64. 

Equation (75.12) offers a way to estimate the mean mass density. There 
is the practical advantage over the energy equation (eq. 74.8) that 
equation (75.12) requires the relative velocity of neighboring galaxies. As 
is discussed in Section 76, that is much easier to find than the absolute 
peculiar velocity. Related to this is the fact that the integral over ?; is not 
sensitive to the poorly known behavior of ?; on large scales because the 
motion within a cluster of size r is little affected by matter at distance »r. 
The relation between ( v2/) and the mean mass density is sensitive to the 
form of tp on small scales. The model for this function in equation (75.11) 
is discussed in Section 64. 

The statistic (u 2/) was introduced by Geller and Peebles (1973), who 
compared it to an estimate of the total potential energy of the groups. 
Equation (75.4) relating (11 2) to the three-point correlation function was 
derived by Peebles (1976b, c) and Davis and Peebles (1977). 

76. JOINT DISTRIBUTION IN REDSHIFT AND POSITION 

The precise measures we can hope to have for a fair sample of galaxies 
are the angular positions and redshifts. These data are conveniently 
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represented in a three-dimensional map with redshift proportional to 
distance. If peculiar velocities and redshift measuring errors are negligible, 
this truly represents the galaxy positions, and such maps have proved 
useful in the study of the large-scale galaxy distribution (Chincarini and 
Rood 1975, Tifft and Gregory 1976). The pattern of galaxy motions 
should be revealed in two effects. Compact groups of galaxies should tend 
to appear elongated along the line of sight because the random motions 
within the groups add to the apparent spread of distances (Jackson 1972). 
If well separated galaxies tend to be moving together because new levels of 
clustering are forming, their apparent separation is reduced, tending to 
make the large-scale galaxy clustering appear flattened along the line of 
sight (Sargent and Turner 1977). Some statistical measures of the two 
effects are discussed in this section. The statistical methods were intro­
duced by Geller and Peebles (1973), Peebles (1976b, c, 1979b) and Davis, 
Geller, and Huchra ( 1978). In a related approach Soneira (I 978a) 
examined the joint distribution in redshift and apparent magnitude in 
model galaxy distributions designed to match the known statistics of 
galaxy positions and the condition that the clustering be statistically 
stable. 

A. Two-point correlation function in redshift space 
We can measure the apparent distortion of the clustering pattern due to 

peculiar motions by finding the mean distribution of neighbors around a 
fair sample of galaxies. One way to display the distribution is shown in 
Figure 76.1. A Cartesian coordinate system with z axis along the line of 
sight has been centered on each galaxy in the sample and the coordinates 
!xi, lzl of all neighbors with IYI < 0.5 h- 1 Mpc recorded. This last 
restriction is introduced to reduce the distortion in the map due to 
projection along they axes. Figure 76.1 is a scatter plot of the positions Ix I, 
I z I of the neighbors of all galaxies in the sample. Not all close neighbors 
are included because of the cutoff on I y I, but a fair sample is assured by 
assigning a different randomly chosen orientation of the x axis for the 
coordinate system centered on each galaxy. If galaxy peculiar motions and 
redshift measuring errors were negligibly small, the density of points in 
this scatter plot would be circularly symmetric and proportional to 
I + Hr) at r < 0.5 h- 1 Mpc. Random galaxy motions and redshift 
measuring errors make the distribution elongated along the z axis. The 
mean tendency of well-separated galaxies to approach each other would 
appear as a flattening of the distribution on large scales. 

Redshift samples large and accurate enough for statistical analyses are 
only now becoming available. The data shown in Figures 76.1 and 76.2 are 
meant only as illustrations of how the statistical analyses might go because 
the measuring errors in these data are not reliably known. Figure 76. I is 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



286 IV. DYNAMICS AND STATISTICS 

8 ...---:------:----r-----"T"---..-----

u 
Cl. 

6 

~4 
N 

.s::. 

2 

. · : . 

::·· :. : 

: •··· . . .. •, . 

· .. '.:···' · ... . 
--: .. ,.,. . -. 

·.:··· ... . 

0 2 4 
hx Mpc 

FIG. 76.1. Example of the joint distribution in relative position and velocity. The x axis 
is normal to the line of sight and the z axis is along the line of sight. Plotted are the 
positions lxl, lzl of all neighbors at lyl < 0.5 h- ' Mpc for all galaxies in the sample. 
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based on the sample of galaxies brighter than apparent nagnitude B = 13.2 
at galactic latitude b > 30° and with redshifts in the range 1500 < cz < 
4000 km s- 1• The redshifts for these galaxies are summarized by Huchra, 
Davis, and Geller (1979). The lower bound on v eliminates the major 
effect of the galaxy concentration around the Virgo cluster. The elongation 
of the distribution along the line of sight is prominent. What is not yet 
clear is the contribution to this effect by redshift measuring errors. 

The shape of the distribution is measured by the two-point correlation 
function~,, defined like Hr)(§ 31) except that since the clustering in the 
redshift space is anisotropic, t is a function of two variables, the compo­
nents 1r and u of the separation parallel and perpendicular to the line of 
sight. The probability that a galaxy is found in the volume element 01r oA 
at distance (1r, u) from a randomly chosen galaxy is (Peebles 1979b) 

(76.1) 

It will be assumed that 1r and u are small compared to the distance of the 
sample from us. That makes t independent of distance, which corresponds 
to the scaling relation for the angular correlation function w(O) (§ 50). It 
will be assumed that the probability </J that a galaxy is included in the 
catalog is a function only of the galaxy distance r (§ 5 I). Then the 
expected number of neighbors at distance 1r, u in the range 01r, ou from 
galaxy i in the sample is 

(76.2) 

where oA; is the area subtended by the ring ou around galaxy i and within 
the catalog survey area. The expected number of pairs at separation 1r, u in 
the sample is then 

(76.3) 

A convenient way to estimate the second factor on the right-hand side is to 
replace each galaxy j save the /h with m points all at the same redshift v1 
and randomly placed in the survey area, and then count pairs formed 
between galaxy i and the random points. The expected value of the sum of 
the pairs over all galaxies i is 

(76.4) 
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The estimate of the correlation function is then (Peebles 1979b) 

1 + t(<T, 1r) ~ mDD/ DR. (76.5) 

Figure 76.2 shows estimates of ~v based on two samples, the one used in 
Figure 76.1 and the sample of Kirshner, Oemler, and Schechter (1979) 
mentioned in Section 57. In the two graphs on the left-hand side of the 
figure the component 1r is fixed; in the right-hand graphs, O" is fixed. 
The asymmetry oft is evident here as the elongation in the 1r direction. 
The consistency of the results from the two samples is encouraging, but 
still the t should only be taken as illustrations of the method until we have 
larger samples with well controlled redshift errors. 
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and Schechter, the solid lines from the bright northern galaxies at B < 13.2, u > 1500 
km s~'. 
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B. Models fort 
Let w = v2 - v1 be the relative peculiar velocity of a galaxy pair at 

separation r and let g(r, w) be the distribution of w. Then the relation 
between the true spatial correlation function Hr) and the correlation 
function in the redshift space is 

+ t(u, 1r) = J d 3wg(r, w)[l + Hr)], 
(76.6) 

Two limiting cases of this equation will be discussed. 
When Hr is larger than the dispersion of wand Hr) « 1, we can write 

the equation as 

(76.7) 

The first term on the right-hand side differs from unity because of the 
mean streaming motion discussed in Section 71. To model this, let us take 
the distribution of w to be 

g = g(w - rv(r)/r), (76.8) 

where v(r) is the mean relative peculiar velocity of galaxy pairs at 
separation r. The result of changing the variable of integration to 
y = w - rv(r) / r and expanding the integral to the lowest nontrivial order 
in v/Hr is 

v(r) [ + 1r
2 _d In _Iv I], t,(u, 1r) "" Hr) - Hr 1 r dr r 

With equation (71.12) for v(r) this becomes 

so t < ~ at 1r 2 > u2 /2, t > ~ at 1r 2 < u2 /2. This is the flattening effect 
mentioned above. 

At small r therms dispersion of w is expected to vary as ~r 1·-.,/2 ~ r0·1 (eq. 
75.14), which is nearly independent of r. A reasonable approximation here 
is to write 

(76.11) 
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where f is a function only of the component w along the line of sight. In this 
approximation equation (76.6) is 

(76.12) 

The relative velocity dispersion in equation (7 5.10) is 

(76.13) 

Three methods for estimating ( w 2 ) from ~" might be noted. First, one can 
guess at a reasonable functional form for f and then adjust the parameters 
to make the integral in equation (76.12) agree with ~v- In the available 
data the exponential model (Peebles 1976b, 1979b) 

(76.14) 

yields an adequate approximation to~" with (Peebles 1980a) 

a :S l h- 1 Mpc. (76.15) 

The correction for measuring error is highly uncertain. The second method 
of estimating ( w 2 ) uses the equations 

(w2 ) = H 2 J d7r7r2 [~u(a, 7r) - Hr)]/ J d7rt,(a, 11"), 

J t,(a, 7r)d7r = J Hr)d7r, r2 = a2 + 11"2, 
(76.16) 

which follow from equation (76.12). Here one can adopt a model for Hr), 
adjust the parameters to fit the second of these equations, and then use the 
results in the first equation. An example of this method given in Peebles 
(1979b) yielded the value of r0 in equation (57.4). Another relation from 
equation (76.12) is 

2 H 2 J d7rda(7r 2 - a 2)t,(a, 7r) 
< w > = ---------. 

J d7rda~v ( (J, 11") 
(76.17) 

This requires only the estimates oft but it averages over the expected slow 
variation of the dispersion with a. With the integrals cut off at 71", 

a= 10 h- 1 Mpc the sample used for Figure 76.l gives (w2 ) 112 ~ 400 km s- 1 

(Peebles 1980). 
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C. Peculiar velocities and the mean mass density 
If the galaxy correlation functions are good approximations to the mass 

functions, then the mean square relative peculiar velocity of galaxies varies 
with separation on small scales as ( eq. 7 5. 14) 

r ::S 4 h- 1 Mpc. (76.18) 

This means the projected dispersion derived from equation (76.16) should 
vary with projected separation as (w2 ) rx u0·2• An adequate test awaits 
larger redshift samples. 

At very large separations the peculiar velocities are statistically inde­
pendent and (u 2/) is twice the galaxy mean square peculiar velocity. The 
first order correction for the correlation of the velocities was derived in 
Section 72. Withf(n) ~ n° 6 (§ 14) we have from equations (72.3), (72.9), 
and (74.9) 

(76.19) 

with r measured in megaparsecs. If for the purposes of a crude estimate, 
we extrapolate the two limiting cases in equations (76.18) and (76.19) and 
join them at hr - IO Mpc, we find 

(76.20) 

This with equations (74.9) and (76.15) yields n0 ~ 0.8. Equation (75.12) 
with (76.15) yields a similar result for n 0 ; here there is no correction for 
correlated motions on large scales. It should be emphasized that these 
numerical results are not very interesting except as illustrations of the 
analysis because they are based on sets of data that are too small now but 
should become adequate in the next several years. 

77. 8EHA VIOR OF THE HALO AROUND A CLUSTER OF GALAXIES 

Measurements of galaxy redshifts in the fields of nearby rich clusters of 
galaxies show that the general enhancement of density extends for some 
tens of megaparsecs around the cluster (Chincarini and Rood 1975, Tifft 
and Gregory 1977, Gregory and Thomson 1978). The galaxy distributions 
in these outer cluster halos are far from spherically symmetric, as might be 
expected since the crossing time is larger than the Hubble time, so the 
prospects for analyzing dynamics in any individual halo are doubtful. 
However, it may be easy to deal with the distribution and motions 
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averaged over a fair sample of clusters. As was discussed in the last section, 
there are two interesting things to consider. At small enough distances 
from the cluster center the halos should have reached statistical equilibri­
um, so we can write down a relation between the galaxy velocity dispersion 
and the mass in the halo. At large r one would look for a mean streaming 
toward the cluster, like the relative motion of well-separated galaxies but 
perhaps more prominent because a cluster is a good deal more prominent. 

A. The mean halo of an Abell cluster 
The mean density of galaxies around the rich compact clusters picked 

out by Abell (1958) has been found from the cross correlation of the 
angular positions of the cluster centers with the Lick galaxy counts: the 
counts around all clusters in a distance class are stacked to get the mean 
surface density as a function of angular distance from the cluster center 
(Peebles 1974e, Seidner and Peebles 1977a). Of course, this average could 
obscure features peculiar to an individual cluster that might be revealed by 
the more detailed study of counts around the object, but it is capable of 
tracing the density enhancement to much greater distances from the 
cluster center because the background correction is under much better 
statistical control. 

Translation from the stacked counts to the mean space density run n1(r) 
around a cluster depends on the galaxy luminosity function, but there is 
not much freedom of adjustment because it must match the observed 
variation of the cross correlation function with cluster distance class, that 
is, with the limiting absolute magnitude down to which the galaxies were 
counted in the Lick sample. A reasonable fit to the data is obtained with 
the expression 

f = 2.5, µ = 1.7, 
(77. 1) 

Here tg is the cluster-galaxy cross correlation function ( eq. 44.4 ); n is the 
overall mean space density and r is measured in megaparsecs. At 
r :S 0.5h- 1 Mpc the best power law index seems to be closer to 
f ~ 2 than t = 2.5. This model works fairly well tor~ 40h- 1 Mpc, where 
the cross correlation is lost in the noise. The coefficients B and C are 
evaluated for clusters in Abell's richness class R = I, but the observed 
cross correlation does not change very much with R at R :2: 1, so the 
coefficients are not much different in the richer clusters. 

It should be noted that equation (77 .1) takes account of all the galaxies 
around a cluster including those in other Abell clusters clustered around it. 
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A model separately treating the halo around each cluster and the correla­
tion among positions of halos is discussed by Seidner and Peebles (1977a) 

Fluctuations in the distributions of galaxies around the clusters are 
measured by the cluster-galaxy-galaxy correlation function defined in 
equation (44.7). For the cross correlation of the Lick sample with Abell 
richness class R = I clusters, Fry and Peebles ( 1980a) find that the data 
are well approximated by the model 

(77.2) 

The first term in this model is obtained under the assumption that the 
galaxy number density run around a cluster is nf (r)M where f is the same 
for all clusters and Mis the cluster mass. This gives 

tg = f (M), (77.3) 

The second term in equation (77.2) represents subclustering around the 
cluster. For the Lick and Abell samples Fry and Peebles (1980a) find Q2 ~ 
0.7. 

B. Statistical dynamics 
The dynamic behavior of the halo is conveniently analyzed by using the 

first equation of the BBGKY hierarchy. As in Section 68 the matter in the 
small patch r of six-dimensional phase space is described by the single 
particle distribution function/a(x, p, t) (eq. 68.l). The average value ofla 
is (eq. 68.4) 

(la) = b(x, p, t). (77.4) 

r is placed not at random but at position x relative to a cluster center, sob 
is a function of position and of the direction of p relative to x. The integral 
of equation (77.4) over momentum is 

(77.5) 

The Liouville equation for la is equation (68.2), and the average of this 
equation across the ensemble is 

(77.6) 
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This differs from equation (68.7) only in the derivative with respect to x. 
The two-point distribution p 2(1, 2) is defined as in equation (67.4). The 
integral of p2 over momenta is 

(77.7) 

where n2 is given by equation (44.7). 
Equation (77.6) is simplified by taking momentum moments. The 

integral over momentum is 

a 3 2 - a n, (x, t) + a 'v • n, v = 0, 
at 

(77.8) 

which is the usual particle conservation law with v the peculiar streaming 
velocity, 

(77.9) 

The result of multiplying equation (77.6) by p" and integrating over 
momentum is 

a 4 " 3 a " {J atn,av + a axf!n1 (v V) 
(77.10) 

= Gma5 J d 3x,ni(x, x 1 )(xi" - x")/ I x1 - x l3• 

This is the momentum equation with the pressure term fixed by the 
velocity moment 

(77.1 I) 

The model in equation (77 .2) with equation ( 44.7) for n2 gives 

a 4 " 3 a < " {J > atn,a v +a axl'n' vv 

= - GM(<x)na2(x"/x3 )[1 + Q,tg(x)] (77.12) 

+ Q2Gmn2a5 J d 3x,tg(x, )Hix - x, l)(xi" - x")/1 x, - x l3, 
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where M( <X) is the mean mass in excess of a uniform distribution within 
distance x of a cluster, 

3 lx 3 M( <X) = mna O d X~cg(x). (77.13) 

Since Q2 ~ Q, ~ 1 and~« tg, the last term in equation (77.12) is small 
and will be dropped. The two limiting cases of equation (77 .12) are 
discussed next. 

C. Stability condition 

At small x the clusters are in statistical equilibrium and tg » 1, so we 
can approximate equation (77 .12) as 

(77.14) 

This is the usual equation of hydrostatic equilibrium with (in general 
anisotropic) pressure mn1 ( v"vfl). The mean mass density at distance r 
from a cluster is mn,(r), and the mass excess M(<r) is the integral of 
mn1 - Pb to r. The mean (v"vfl) is weighted by particles, that is by the 
cluster mass M. Since v 2 is proportional to M, ( v"v 13 ) varies as ( M 2 ) ex Q1 

(eq. 77.3). In the following each cluster is given equal weight in the 
average over the velocity dispersions, so Q, is set equal to unity. 

If the velocity distribution is isotropic, 

(77.15) 

the equilibrium equation becomes 

(77.16) 

where u2 = (v2 ) /3 is the line of sight velocity dispersion. In the power law 
model tg = Br-• the solution to this equation is 

4(3 - t){t - 1) ' 
(77.17) 
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where Q is the density parameter (eq. 97.12). In this single power law 
model Seidner and Peebles (1977b) found f = 2.4, B = 165 h-'. These 
numbers yield 

(77.18) 

with r in megaparsecs. Equation (77.1) for tg(r) in equation (77 .16) yields 
the numbers 

<I= 1390 0 112 km s-1, 

= 1300Q112 kms- 1, 

= 1260Q112 kms- 1, 

hr= 1 Mpc; 

hr= 2 Mpc; 

hr= 4 Mpc. 

(77.19) 

The difference between equations (77.18) and (77.19) at r ~ 1 h- 1 Mpc is 
a reasonable indication of the uncertainty in rr due to ~cc· 

Table 77 .1 lists measurements of the line of sight velocity dispersion in 
rich clusters. The numbers are collected from discussions by Faber and 
Dressler (1977), Dressler (1978), Havlen and Quintana (1978), Stauffer, 
Spinrad, and Sargent (1979), and Hintzen and Scott (1979). Where there 
is an uncertain correction to rr for neighboring clusters, the lower estimate 

TABLE 77.1 
VELOCITY DISPERSIONS IN RICH CLUSTERS 

Cluster 

A262 
Al314 
A2589 
A2666 
Virgo E + SO 
Al54 
A576 
Al060 
A2147 
A2319 
A168 
A401 
A426 
A754 
Al367 

Richness 

0 
0 

0 

0 

2 
2 

2 
2 

2 

(J' 

404 
678 
568 
261 
550 
829 

1081 
771 

1079 
873 
576 

1294 
1396 
915 
847 

Cluster Richness 

Al656 2 
Al795 2 
A2029 2 
A2065 2 
A2142 2 
A2151 2 
A2199 2 
A2255 2 
A2256 2 
A98 3 
Al940 3 
A2670 3 
Centaurus 
0340-538 

(J' 

888 
783 
778 

1070 
1241 
628 
843 

1222 
1274 
786 
715 
890 
860 

101 I 
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of a has been listed. These data show no appreciable correlation with the 
cluster richness class, consistent with the lack of correlation of tg with 
richness. The mean of <72 for richness R ?c 1 is 

(77.20) 

This in the first of equations (77. I 9) yields n0 ~ 0.5. 
The main uncertainty in this number for n occurs in the translation from 

the distribution of large galaxies around clusters to the distribution of 
mass. The calculation assumes the mean value of the mass in and around a 
bright galaxy is the same whether the galaxy is I to 2 h- 1 Mpc from a rich 
cluster or well away from any cluster. If, as is sometimes assumed, mass is 
much more strongly concentrated toward cluster centers than are galaxies, 
then equations (77.19) greatly overestimate n and the velocity dispersion 
around the cluster ought to vary as a2 ex I/ r, rather than the slow variation 
predicted in equations (77.18) and (77.19). An observational test is 
possible but would require a considerable program of redshift sampling 
around a fair sample of clusters. Equations (77 .18) and (77 .19) also 
assume stability, but it will be noted that that need apply only in the sense 
of an average across a fair sample of clusters, not to individual ones. With 
velocity dispersion <7 ~ lO00 km s- 1 the crossing time is 20 percent of the 
Hubble time at r = 2 h- 1 Mpc, so if tg were not nearly independent of time 
at r ;S 2 h- 1 Mpc, we would be seeing the clusters at a very special epoch, 
which seems unreasonable. 

D. Streaming motion at large r 

The mean density around an Abell cluster (eq. 77.l) rs twice the 
background, n1 = 2n, at distance 

(77.21) 

from the cluster center. This marks the transition between the inner 
nonlinear region where a statistically steady state might apply and the 
outer parts where the interesting effect is the perturbation of the mean 
galaxy flow. The flow is measurable in principle in the way discussed for 
the relative motions of galaxies(§ 76). 

At r » r1 where tog« 1, we have from equations (77.8) and (77.12) 

a GM -av+ -- = 0. at ax2 
(77.22) 
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As before Mis the mass excess (eq. 77.13). The result of eliminating the 
velocity is 

(77.23) 

which is the linear perturbation equation (10.3). The growing solution is 
D, (t), and if this is much greater than the decaying solution, the first of 
equations (77 .22) gives 

M D 2GMf(fJ) 
V=- -=-----

41rpb(ax)2 D 3 r 2 DH ' 

which agrees with equation (14.8). 
In the model (77 .1) for n1 (r) the mean mass excess is 

( B 3-, C 3-µ) 
M( <r) = 41rpb _r_ + _r_ ' 

3-E 3-µ 

so the mean peculiar streaming velocity is 

( B 1-, CI-µ) 
v = -Hf(Q) _r - + _r_ 

3-E 3-µ 

( 2.6 X 104 5.6 X 103 ) _ 1 
= - f (Q) (hr)u + (hr)o1 km s . 

(77.24) 

(77.25) 

(77.26) 

At r = 20 h- 1 Mpc from the cluster center, this amounts to 980/kms s- 1 

peculiar velocity: the motion relative to the cluster is 2000-980 /km s- 1• 

This current reduces the apparent mean density of galaxies in the 
background and foreground as measured by the distribution of galaxy 
redshifts. Consider, for example, the frequency distribution of the redshifts 
of galaxies seen in projection close to the center of a cluster. The 
interesting quantity is the velocity difference 

(77.27) 

where Z is the galaxy redshift and Zc1 the mean for the cluster (with 
Zc1 « I). The number of galaxies as a function of distance u from the 
cluster along the line of sight is ( eq. 77. 1) 

d.N 
- a: 1 + B/u2·5 + C/u 17 . 
du 

(77.28) 
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The mean velocity difference for a galaxy at u is 

6 =Hu+ v, (77.29) 

where vis given by equation (77.26), so the distribution in 6 is 

d.N /d6 = (d.N /du)/(d6/du), (77.30) 

which gives 

a.N (H)'( t - 1) - "" l + B - l - f (Q) --
a6 6 3 - t 

(H)µ( µ - l) + C 6 l - f (Q) 3 _ µ . 

(77.31) 

For example, at 6 = 2000 km s- 1 one finds 

a.N /a6"" 1 + o.s20 - o.88/ (fl)). (77.32) 

As for equation (76. l 0), one could think of an observational program 
that ought to reveal this effect if f is close to unity, though again the 
program would be heroic. 

78. SUPERCLUSTERS 

Table 78. l lists estimates (Hauser and Peebles 1973) of the mean 
number of Abell cluster centers in excess of random within distance r of a 

TABLE 78.1 
SUPER CLUSTERS 

Clusters in Clusters in Cluster Galaxy 
excess of a random density density 

hr random sphere contrast contrast 
(Mpc) Nn N, Nn/N, N.(g)/N,(g) 

10 0.18 ± 0.02 0.02 9 ± 1 6 ± I 
20 0.85 ± 0.07 0.16 5.3 ± 0.4 1.5 ± 0.3 
30 1.7 ± 0.3 0.54 3.2 ± 0.6 0.7 ± 0.2 
40 2.4 ± 0.5 1.3 1.9 ± 0.4 0.4 ± 0.2 
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randomly chosen cluster, 

(78.1) 

All clusters with richness R 2-= 1 are counted. The correlation is fairly 
clearly detected and positive to r - 40 h- 1 Mpc; the errors listed in the 
table are rough estimates of one standard deviation based on the scatter in 
the estimates and the scatter of results from different model fits to the 
data. 

The third column in the table is the mean number of clusters in a 
randomly placed sphere, 

(78.2) 

where the mean space density of Abell clusters is 

(78.3) 

Another interesting statistic is the mean number of galaxies in excess of 
random around a cluster (eq. 77.1), 

(78.4) 

This number includes the galaxies in the chosen cluster, galaxies in 
neighboring correlated clusters, and any general excess density in the 
intercluster field. The ratio of N11 (g) to N,(g) ~ nV, the mean number of 
galaxies found in a randomly placed sphere of the same radius, is listed in 
the last column of the table. 

One might imagine that in the distant past protoclusters were distrib­
uted uniformly at random through space and that their positions are 
correlated now because gravity pulled these massive objects toward each 
other. However, it cannot be that simple because gravity would pull in 
galaxies as well as clusters (unless field galaxies had very high random 
velocities making the Jeans length large). Thus the contrast in the density 
of galaxies ought to agree with the contrast in the density of clusters 
(including the chosen one), 

(78.5) 

This is not observed. For example, by the count of galaxies the mass within 
40 h- 1 Mpc of a cluster is 40 percent higher than expected for a uniform 
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distribution, but by the count of clusters it is larger by the factor 
(1 + N.)/ N, ~ 2.6. Thus galaxies and clusters cannot both be good tracers 
of the large-scale mass distribution. The direction of the discrepancy 
agrees with the idea that the chance that a protocluster evolves into a rich 
compact cluster is enhanced if it finds itself in a region of generally high 
density (nurture as well as nature). 

To analyze the dynamics of superclustering, we need to know the degree 
of mass concentration, and as we have just noticed, galaxies and clusters 
are not equivalent tracers. The galaxies would seem to be the more 
reliable. If so, the expected perturbation to the mean galaxy flow due to the 
mean mass concentration around a cluster is (eq. 77.24) 

v = -1/3 Hrf(fJ)N.(g)/N,(g). (78.6) 

This says observers centered on randomly chosen Abell clusters would see 
that the recession speed of clusters at distance 40 h- 1 Mpc averages 

cZ"" [4000 - 500/(fJ)] km s-1, r = 40 h- 1 Mpc. (78. 7) 

As was discussed in Sections 76 and 77, it is possible to test for this effect 
by sampling redshift differences of pairs of clusters close together in the 
sky. Equally important as a diagnostic of the mass distribution is the test 
for random relative motions of clusters at smaller space separations 
(Noonan 1977). 

79. PROBLEMS AND PROSPECTS 

Much of the discussion in this chapter assumes galaxies are useful 
tracers of mass. This is by no means obvious: at r :S 1 h- 1 Mpc there is the 
contrary indication from the correlation of galaxy type with the abundance 
of neighbors, and on this and larger scales there is ample room for mass in 
other forms, like hot gas, that might be expected to be distributed in a very 
different way from the galaxies. There is some evidence for the assump­
tion. In the similarity solution discussed in Section 73 the predicted 
relations between the mass autocorrelation functions ~P' Sp, and 1Jp are quite 
accurately satisfied by the galaxy correlation functions t t, and 77, a 
coincidence that would seem surprising if the two were not related. Under 
the assumption ~e = ~ and so on, the relative velocity dispersion ( v2/(r)) at 
small r should vary as r 02 (eq. 75.14; Fig. 75.1). The present crude 
observations are at least not inconsistent with this: the observed dispersion 
does seem to change quite slowly with r. If one assumed galaxies and 
clusters of galaxies formed by the same physical process, one might expect 
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that tµ(r) derived from the clustering of galaxies joins smoothly to tP 
derived from the mass distribution within galaxies. It was seen in Section 
64 that this is so if Q ~ 1. 

The first point, the relations among t !;, and T/, depends on two more 
assumptions. The initial mass distribution is taken to approximate a 
random Gaussian process with power spectrum (X k", nan index adjusted to 
fit t at small r. As discussed in the next chapter, it may be that the 
spectrum was truncated at short wavelength during decoupling of matter 
and radiation at redshift Z ~ 1000. There are initial conditions that avoid 
this (chapter VI), but if it is present, one must look for some other way to 
account for the power law shape of Hr), as relaxation processes of some 
sort (Rees 1977, Press and Lightman 1978). Of course, such alternative 
processes may or may not require tp = t and so on. 

The similarity solution also assumes the density parameter Q is close to 
unity and the cosmological constant A is negligibly small. When Q « 1, 
small density fluctuations do not grow (§§ 11 and 13), and so the largest 
bound clusters in the hierarchy are much more dense than the mean for the 
background. The expected result is that Hr) develops a shoulder where it 
varies more rapidly than r- 3 (§ 71 ), much steeper than is observed. More 
detailed estimates of the shape oft in a low density cosmological model are 
given by Davis, Groth, and Peebles ( 1977); it appears from the argument 
given there that the shoulder in t disagrees with the observed shape of the 
galaxy correlation function unless Q0 ;:;: 0.3. If the density parameter were 
much less than that, it is doubtful that the universe would have approxi­
mated the Einstein-de Sitter model for a large enough span of redshift to 
have established the power law form of tP(r) by the scaling argument of 
Section 7 3 for any range of r. For example, if Q0 = 0.03 and H = 50 km s- 1 

Mpc- 1, the Einstein-de Sitter model is a useful approximation only in the 
range of redshifts 

flo - I - 1 ~ 30 ;S Z ;S 300, (79.1) 

the upper limit being set by the radiation mass density(§ 12). In this case 
it is doubtful that the derivation in Section 73 is relevant despite the good 
fit to the data. 

The typical mass within the bright easily seen parts of a large galaxy is 
given in equation ( 64.5); this multiplied by the abundance of large galaxies 
yields Q0 ~ 0.01. The discrepancy between this number and what is 
suggested by the above arguments is stimulating but hardly perplexing. 
The flat rotation curves of large galaxies show that the mass density varies 
as r- 2, so the standard mass estimate misses an unknown fraction in the 
faint halo (Rubin 1979). In the great clusters the mass per galaxy greatly 
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exceeds equation ( 64.5), and if this were applied to all galaxies, it would 
make Q0 ~ 0.5 (§ 77). Thus there is some indication of and considerable 
room for mass outside the bright parts of galaxies. However, if that is 
where most of the mass is, it is fair to ask whether the distribution of 
galaxies is a fair measure of the large-scale distribution of mass. That is 
the first point mentioned above. 

Another way the mass problem could be resolved is by an improvement 
in the theory of the evolution of Hr) to allow for the development of a 
power law form in a low density cosmological model. An interesting 
challenge to the present theory has come from the results of numerical 
N-body model simulations of the motions of matter in an expanding world 
model. The attractive thing about the N-body model approach is that it 
should automatically deal with subtle effects like the destruction of the 
clustering hierarchy by relaxation processes and the collapse of newly 
forming clusters(§ 71). The N-body models certainly can produce particle 
distributions that are good visual approximations to maps of galaxy 
positions (for examples see Peebles 1973d, Groth, Peebles, Seidner, and 
Soneira 1977). Numerical results from the models agree with equation 
(70.3) (Peebles and Groth 1976, Efstathiou 1979) and match the power 
law shapes of the galaxy correlation functions (Miyoshi and Kihara 1975, 
Gott, Turner, and Aarseth 1979), even when n0 ~ 0.1, though the success 
of the fit to the data in the case n0 ~ 0.1 has been questioned (Fall 1978, 
1979; Efstathiou 1979, Fry and Peebles 1980b ). The main problem with 
N-body models is the limited dynamic range. There an: two characteristic 
lengths, the initial size R of the distribution of N particles and the initial 
interparticle separation R; = R/ N 113 • The initial density fluctuations on 
scales r ;S R; are large, and we do not know how to arrange these 
fluctuations to simulate the nonlinear mass clustering and motions that 
would have developed when a real universe evolved to the starting epoch 
for the model. We only know how to do that on scales r » R; where the 
linear perturbation approximation applies. The problem is that it is 
difficult to integrate the motions of more than N ~ 1000 particles, where 
R; ~ 0. I R. Thus the condition r » R; violates the condition that r must be 
much less than the size R of the system. This means that it is doubtful that 
conventional N-body models will be capable of providing convincing 
results on the expected shape of ~.(r). 

The main theme of this chapter has been that the n-point correlation 
functions that have proved useful as descriptive statistics for galaxy 
clustering are useful also in the theory of the dynamics of the clustering. 
As has been summarized here, it is not clear whether the approaches can 
be married by setting ~p = ~ and so on, but there is considerable room for 
observational and theoretical exploration. 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



V. RELATIVISTIC THEORY OF 
THE BEHAVIOR OF IRREGULARITIES IN 

AN EXPANDING WORLD MODEL 

80. ROLE OF THE RELATIVISTIC THEORY 

The full relativistic theory rather than the Newtonian approximation of 
Chapter II is needed to deal with three important aspects of density 
irregularities in the early universe. First, when the pressure is high the 
relativistic active gravitational mass and inertial mass associated with 
pressure affect the dynamics. Second, when the mean density is high, a 
fluctuation of even modest fractional amount bp / p containing a modest 
mass can have a large effect on the space curvature. We are thus led to 
deal with the interaction of speculations on the nature of the mass 
distribution and of the geometry in the early universe. Third, the horizon ct 
shrinks to zero at the time of the big bang, t--+ 0: the seed fluctuations out 
of which galaxies might form were larger than the horizon and so were not 
in causal connection reckoned from the time of the big bang. Of course, 
this curious point applies as well to the homogeneous background: it was 
somehow contrived that all parts of the universe now visible were set 
expanding with quite precise uniformity even though an observer could not 
have discovered this much before the present epoch. 

The situation is further beclouded by the expectation that at redshifts 
Z > 1000 matter was thermally ionized, the free electrons making the 
mean free path for scattering electromagnetic radiation very short and the 
thermal relaxation time short for important parts of the spectrum. The 
opportunities for observational input thus are strongly limited. Because of 
this practical problem added to the very deep theoretical ones, we must 
expect that debate on the proper outlines of the picture of the early 
universe will not soon be resolved. Thus I have not attempted to review all 
the topics now under discussion but rather have selected those results that 
seem to me simple and clear enough to be likely to continue to figure in the 
debate. 

It is useful to begin with a review of some main features of the problem. 
The cosmological equations for the background homogeneous world model 
are (§ 97) 
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dp a 2 
- = - 3 - (p + p / c ) , 
dt a 

(80.1) 

where the constant R 2 (which can be negative) is related to the density 
parameter !J(t) by 

8 a2 
31rGp(t) eee !J(t) a2' a!RI = 1/(HI 1 - 01 112 ), H(t) = a/a. (80.2) 

The second of equations (80.1) indicates that if the pressure p is positive, 
which seems reasonable, the mass density p varies more rapidly than a-3. 
Thus at small enough a the first of equations (80.1) is well approximated 
by 

a2 8 
- = -1rGp. 
a2 3 

(80.3) 

The present value of the density parameter is thought to be in the range 

(80.4) 

which means equation (80.3) is a good approximation at redshift 

1 +Z=ao/a(t)»ll -no- 1 1;::;30. (80.5) 

A density irregularity of small amplitude follows the general expansion 
of the universe so its proper size A varies as the expansion parameter a(t). 
The ratio of its size to the distance to the horizon is then 

A a(t) d(X-,-. (80.6) 

If pa: a- 3, equation (80.3) yields a a: 1213, so this ratio diverges as r 113 at 
t - 0. If p > 0, the divergence with t - 0 is more rapid. It is apparent then 
that at small enough t the pressure gradient cannot prevent the growth of 
irregularities because there cannot be appreciable response to the pressure 
gradient in an expansion time. 

The geometry in the homogeneous background model is described by the 
line element (97 .11). The present value of the radius of curvature of space 
at fixed world time is (eqs. 80.2 and 80.4) 
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(80.7) 

That is, the radius ca0 IR I now is not much smaller than the horizon ct0 , 
and, as in equation (80.6), in the early universe it would have been much 
larger than the horizon. 

The clustering of matter is reliably detected to scales A as large as 
perhaps 40 h- 1 Mpc (compare table 78.1), not more than one percent of 
the radius of curvature ca0 IR I. Since the sizes of these large-scale 
fluctuations would trace back as a(t), the same ratio would apply in the 
early universe. Thus in cases of practical interest we can suppose x « c I RI, 
so the line element (97 .1 I) is well approximated as 

ds2 = c2dt2 - a2(dx2 + x2d02 + x2 sin2 0 dq}) 

= c2dt2 - a2oa13dxadxr,. 
(80.8) 

This fortunate circumstance greatly simplifies the problem: we must deal 
with perturbations to a geometry that is in effect cosmologically flat. 

The theoretical expressions in the following sections have been simpli­
fied by choosing units so the velocity of light is equal to unity. 

81. TIME-ORTHOGONAL COORDINATES 

To simplify the analysis I adopt a specific and particularly convenient 
prescription for the assignment of coordinates. The construction 
commences with a spacelike hypersurface that is assigned time coordinate 
t;. Fundamental observers are placed in the hypersurface: each is provided 
with a physical clock set to read t;, and each is assigned a set of spatial 
coordinates, (x\ x 2, x 3 ) = x". The observers move freely, under no force 
save gravity. Their initial velocities are normal to the hypersurface, 

(81.1) 

where u; is the observer's four-velocity and dx; is in the hypersurface at the 
observer. Now the four coordinates assigned to an event in space-time are 
the three x" belonging to the fundamental observer whose world line passes 
through the event and the observer's clock reading t at the event. 

To see how this construction affects the components of the metric tensor 
recall first the interpretation of the line element 

(81.2) 
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If the two points xi and xi + dxi are separated by a timelike interval, ds is 
the proper time interval recorded by a clock moving from one point to the 
other. If the separation is spacelike, Ids I is the proper distance between the 
points measured on a rod that touches the two points simultaneously as 
judged by an observer sitting on the rod. In the above coordinate construc­
tion, if dx,, = 0, then ds = dt, for the coordinate interval dt was marked out 
by a physical clock. Thus 

(81.3) 

The four-velocity ui of each of the observers in the construction satisfies 

ua = dx,,/ds = 0, (81.4) 

because each observer is assigned fixed xa. In equation (81.1) the interval 
dxi has dx0 = 0 because it is in the hypersurface x 0 = t;, so equation (81.1) 
yields 

(81.5) 

The components g0,, off the hypersurface follow from the condition that 
each observer is moving along a geodesic described by the equation 

(81.6) 

With i = a, ua = 0, and g00 = 1, this equation becomes 

dg0a/ds = 0, (81. 7) 

so g0a = 0 everywhere. 
Time-orthogonal coordinates defined by the equations g00 = 1 and 

g0., = 0 always exist (for reasonable giJ) by the above construction, but in 
general one coordinate system cannot cover all space-time because orbits 
of the observers tend to intersect in the manner discussed in Section 21. 
When this happens, one must repeat the construction using a new hyper­
surface t' = constant. 

These coordinates offer a useful way to define a density fluctuation in 
the early universe. Milne (1935) emphasized the curious point that the 
hypersurface t; can be chosen to run through the spots where the mass 
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density is some chosen value (if the mass distribution is smooth enough) 
thereby defining away the irregularity. This is sometimes taken to say that 
it is meaningless to think of density irregularities on scales larger than the 
horizon. However, we can imagine that observers spread through the 
universe and moving with the matter keep a record of the local density as a 
function of proper time, p(x", t). As the observers come within the horizon, 
their records can be acquired and compared. If they cannot be made to 
agree by adjusting the starting times, it means the universe has been 
irregular on scales larger than the horizon. This is the definition that is 
used in all the following discussion. 

One should bear in mind that if the time t is allowed to be a general 
coordinate, the record p(x", t) is meaningless because it can be adjusted by 
a coordinate transformation. This has led to some of the curious results to 
be found in the literature. For some examples of how the coordinate choice 
affects op/ p, see Sakai (1969). The meaning of irregularities with scales 
larger than the horizon is further discussed by Press and Vishniac (1980a) 
and Bardeen (1980). 

The large-scale structure of the universe appears to be well approxi­
mated by a homogeneous cosmologically flat world model (eq. 80.8). It is 
supposed for the most part that the irregularities in the mass distribution 
cause irregularities in the geometry that can be treated in linear perturba­
tion theory. Then in the time-orthogonal coordinates the elements of the 
perturbed metric tensor can, as we will now see, be taken to have the form 

(81.8) 

where the six fields ha/1 that describe the perturbation all are small, 
I ha/1 I « 1, so terms ~h2 can be dropped. In this approximation the 
reciprocal tensor is 

(81.9) 

It satisfies the usual equation 

(81.10) 

to order h. 
The fields ha/3 can be changed without altering the physical situation by 

changing the coordinate labels. A general coordinate transformation is 

(81.11) 
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An infinitesimal transformation between time-orthogonal coordinates, 

gives 

i = t + 1/1, 

goo = I + 2y; = I, 

gOa = 1/1,a - a2da = 0, 

g"13 = -a2(o"13 - h"13 ) 

x" = x" + d", 

= -a2 (0"13 - h"13 + d". 13 + d 13," + 2if;o"pi1/a), 

(81.12) 

(81.13) 

where only terms linear in h, y; and d" have been kept . The first two of 
these equations maintain the metric in the form of equation (81.8). The 
first equation says that if; is independent oft, the second, that d" is of the 
form 

d" = if;(x)," f' dt/a2 + x"(x). (81.14) 

Then the last equation gives the general infinitesimal transformation 
relation, 

The function if;(x) describes an infinitesimal shift in the shape of the 
starting hypersurface, and the first term on the right-hand side of equation 
(81.14) shows how this shift affects the coordinates x" off the hypersur­
face. The term x"(x 13 ) describes a shift of coordinate assignments within 
the starting hypersurface. 

A convenient form in what follows is 

(-g) 112 = a3(1 - h/2), (81.16) 

where g is the determinant of g;j and his the trace of ha/3· The transforma­
tion equation (81.15) for h is 

(81.17) 
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82. THE FIELD EQUATIONS FOR ha/3 

The convenient form for Einstein's gravitational field equations is 

(82.1) 

where the stress-energy tensor for an ideal fluid with proper mass density p 

and pressure p is 

(82.2) 

the Ricci tensor is 

(82.3) 

and r is given in terms of the metric tensor by the equation 

rk. = l/2,..kl(g-, + g.,. - g--,). 
lj /; ~ I ,) J ,l lj, (82.4) 

On using equation (81.8) for gij in this last expression and keeping only the 
terms of first order in hafJ, one finds 

r"oo = 0, 

r0af1 = aa(oa/l - hafJ) - '/2a2hafJ, 

f<Y.013 = o«/l a/a - '/2h,,f1, 

r\13 = '/z(ha-y,13 + hfl-y,a - ha13,-y), 

These equations in (82.3) yield the Ricci tensor to first order in ha13 : 

ii 1 .. a · 
R =-3-+-h+-h 

00 a 2 a ' 
. . 

Raa = - '/2hafJ,fJ + 1/zh,a, 

Ra/3 = a2[(~ + 2 !:) (oa/3 - ha13 ) 

3 a . 1 a . 1 .. ] (}) 
- 2-;/afJ - 2,~ hoa/3 - 2, ha/3 + Raf) , 

(82.5) 

(82.6) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



82. FIELD EQUATIONS FOR h.p 311 

In the unperturbed background cosmological model the fluid is at rest in 
the coordinates of (80.8), so u; = o0; and the stress-energy tensor (82.2) is 
diagonal, 

(82.7) 

This with the unperturbed part of Rij from equations (82.6) in the field 
equations (82. 1) gives 

(82.8) 

These are equivalent to equations (80.1) with R- 2 = 0. 
When equations (82.8) are substituted for the zeroth order parts in 

equations (82.6) and these parts are moved over to the source side in the 
field equations (82.1 ), one finds 

I .. a · 2 h + ~ h = 411"G(2T 00 - T - Pb - 3pb), 
(82.9) 

1 · I · 2. h,a - 2. ha(J,(J = 87rGToa, 

(3) 2 [3 a - 1 a • 1 .. ] 
Ra(! - a 2. ~ ha/J + 2. ~ hoa/l + 2. hail 

= 47rG[2Ta(J + a2oa(J(T - Pb+ Pb)]. 

These are the general linear perturbation equations for the fields hafi. If the 
matter is approximated by the ideal fluid model (82.2) the field equations 
become 

1 .. a · o 2 -h +-h = 47rG[2(p + p)((u) - 1) + p - Pb+ 3(p - Pb)], 
2 a 

(3) 2 [3 a • 1 a . 1 .. ] 
Rafi - a 2. ~ ha(! + 2, ~ hoa/J + 2. ha(J 

(82.10) 

= 47rG[2(p + p)a4u"u(J + a20,,/J(p - Pb - p + Pb)]. 
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Various solutions and limiting cases are discussed m the following 
sections. 

83. GRAVITATIONAL WAVES 

We can add to any particular solution of equations (82.9) a homoge­
neous part ha/3 with no source terms on the right-hand sides, representing a 
free gravitational wave. The first of the equations is 

with the solution 

1 .. a . 
-h+-h=0 
2 a ' 

ii = f (x«);a2. 

(83.1) 

(83.2) 

This can be eliminated by a coordinate transformation: equation (81.17) 
gives 

oh/ot =oh/at+ 2V 2y;(x")/a2, (83.3) 

so we can choose y; to make 

(83.4) 

Since the proper spatial volume measured by an observer at fixed x" is 
related to the coordinate volume element by 

(83.5) 

where g is the determinant of ga/3• equation (83.4) means the wave does not 
affect the volume occupied by a cloud of freely moving particles. This is to 
be expected since the wave is a tidal field. The second of equations (82.9) 
gives 

h«13,13 = o, (83.6) 

for we can choose x" ( eq. 81.15) to make ha/3,/3 vanish in the starting 
hypersurface. This means the wave is transverse. In the last equation we 
are left with V 2h(x«) = 0, with h = constant the only allowed solution, 
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and 

(83.7) 

This is the gravitational wave equation. 
For the Fourier component with spatial wave number k, proper wave­

length 

,\ = 2?ra(t) / k, (83.8) 

the equation for the amplitude of h,,fi is 

d 2A a dA k 2 
- + 3 - - + - A = 0. 
dt 2 a dt a2 

(83.9) 

If the wavelength is small compared to the expansion time t ~ a/ a, we can 
write down the solution in the adiabatic approximation used in Section 16: 
set 

A = B(t)e·ik J' dt/a, (83.10) 

and drop the terms of order t- 2• The result is (Hawking 1966) 

(83.11) 

The fractional perturbation to the proper distance between neighboring 
freely moving particles varies as h,,fi, and this perturbation decreases with 
the expansion as a( t) ··· 1. 

84. NEWTONIAN APPROXIMATION 

The Newtonian approximation used in Chapter II follows from the 
relativistic equations in the limit that all peculiar velocities are small. To 
select the dominant terms from the linear perturbation equations (82.9) in 
this limit, suppose the size of structures to be treated is on the order of,\, 
the typical timer for structures to change is less than or comparable to the 
expansion time t, and the characteristic velocity is v ~ ,\/r « 1. Then one 
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sees from the first of equations (82.9) that orders of magnitudes for the hap 
are 

" • 2 2 
Gp~ h ~uh.a/a~ u h,ap/a. 

The sources in equations (82.9) are of the following order: 

Too~ P, Toa~ pua, 

In the limit u « I the dominant parts of the equations are then 

.. a. 
h + 2- h = 81rG(p - Pb), 

a 

The solution to the second of these equations is 

Thus ha/J is of the form 

This agrees with the time derivative of the last of equations (84.3). 

(84.1) 

(84.2) 

(84.3) 

(84.4) 

(84.5) 

The us11;al Newtonian equations are found by changing coordinates to 
eliminate hap (to first order). The coordinate transformation 

l = t - VI, (84.6) 

gives, to the first order in VI, da and hap ( compare eqs. 81.13), 

koo = 1 + 2V1, 
(84.7) 

To eliminate koa, we take 

(84.8) 

Then the time derivative of the last of equations (84. 7) is 
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which vanishes if 

(84.9) 

For the Newtonian limit to apply, the spatial scale of the perturbations 
that appears in the first term on the right-hand side must be much smaller 
than the expansion time T that appears in the second term. In this case, the 
second term on the right-hand side is negligibly small and we find 

if;= '1Fa2/2. (84.10) 

This fixes the time transformation if; in terms of'¥ (eq. 84.5). The first of 
equations (84.3) is 

1 a 2 ah 2 
- - a - = 41rGa (p - p ), 
2 at at b 

and since 

this is 

where the Newtonian potential is 

The time part of the metric tensor (eq. 84.7) is now 

koo = 1 + 2¢. 

(84.11) 

(84.12) 

(84.13) 

(84.14) 

(84.15) 

This is the standard form in the Newtonian approximation (eq. 6.12). 
In the new coordinates the geodesic equations of motion in (81.6) for a 

slowly moving particle are 
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d 2 dx"' a¢ -a-=--
dt dt ax"' 

(84.16) 

Since the proper velocity in the Newtonian coordinates is, to lowest order, 

v" = a dx"'/dt, (84.17) 

the equations of motion are 

dv°' a " l a¢ -+-u =---. 
dt a a ax"' 

(84.18) 

Another way to arrive at this is to note that in the new coordinates in 
equations (84.6), the proper velocity of a particle at fixed x" is 

(84.19) 

to first order. With equation (84.14) the acceleration can be reduced to 
equation (84.18). 

Equation (84.18) agrees with equation (7.12), and the field equation 
(84.13) agrees with equation (7.9). It might be noted also that equations 
(84.4) and (84.5) indicate 

l J . 'V = - 41r d 3 x' h / I x - x' I , (84.20) 

and this with equation (84.14) and the first of equations (84.3) can be 
reduced to the Green's function solution to Poisson's equation (eq. 8.1). 

It was noted in Section 81 that the time-orthogonal coordinates typically 
can be applied only for a limited time interval before ha/3 diverges because 
orbits intersect. The derivation given here assumes I ha/3 I « 1, which can be 
arranged by using a sequence of time-orthogonal coordinate systems in 
each of which I h,,13 I« 1 for some span of time. 

In Section 12 models were discussed where there is in addition to the 
nonrelativistic matter a homogeneous high pressure component. As long as 
this background is homogeneous, it cancels out of the source term for h 
( eqs. 82.9), so the results, equations (84.13) and (84.18), still apply ( of 
course with the time variation of a(t) altered by the background density 
and pressure). 
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85. LINEAR PERTURBATION EQUATIONS FOR THE MATTER 

A standard assumption is that the matter distribution in the early 
universe was nearly uniform-well approximated by an ideal fluid with 
pressure and density only slightly perturbed from the mean. It is conve­
nient to set 

p '= PbO + o), p = Pb + c/p/·), 

c/ = dp/dp, p/p = v. 
(85.1) 

Here Pb(t) and Pb (t) are the mean density and pressure; o « 1 is the 
fractional density perturbation, and Cs is the velocity of sound. If the ratio v 

is constant, then v = c.,2. The equations of motion are most simply derived 
from the conservation equation 

T(. = 0 = ((-g) 1/2Ti) . - l/2(-g) I/lg . . yJk 
l ,J l ,j I· Jk,1 ' (85.2) 

where, in the time-orthogonal coordinates(§ 81 ), 

(85.3) 

and, in the ideal fluid model, 

T = p - 3p. (85.4) 

The result of substituting equations (85.3) and (85.4) in equation (85.2) 
and keeping only terms of first order in hall• o, and ua is, for the component 
i = a, 

(85.5) 

where va is the proper velocity in the time-orthogonal coordinates, and, for 
the component i = 0, 

(85.6) 
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The unperturbed part of this last equation is 

a 3 2. 
- a Pb + 3a apb = 0, at (85.7) 

which agrees with the second of equations (80.1 ). The first order part of 
equation (85.6) with equation (85.7) becomes 

. . a 
o + (I + v)(0 - h/2) = 3 - (v - c/)o, 

a 

where 0 is the expansion. The divergence of equation (85.5) with equation 
(85. 7) gives 

(85.9) 

Equations (85.5), (85.8), and (85.9) are the wanted linear perturbation 
equations. It will be noted that in this ideal fluid approximation the 
gravitational field enters only as h in equations (85.8). Gravity does not 
appear in the velocity equation (85.5) because the velocity is measured 
relative to freely moving observers. In equation (85.8) the term h/2 is 
subtracted from the expansion because the proper volume of the fixed 
coordinate volume d 3x varies as (I - h/2) (eq. 85.3). 

The linear perturbation equations for the matter are completed by the 
first of equations (82.10), 

(85.10) 

The other two of the field equations are 

(85.11) 

It might be noted that since equations (85.10) and (85.11) agree with the 
equation T\j = 0 from which equations (85.5) and (85.8) were derived, 
these latter results can equally well be derived by manipulating equations 
(85.10) and (85.11): for this approach see Weinberg (1972). 
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86. BEHAVIOR OF DENSITY PERTURBATIONS AT WAVELENGTH » ct 

At small enough t, near enough· to the time of the big bang, an 
irregularity with fixed comoving size x has proper size A = a(t)x much 
greater than the horizon ct. In this limit the pressure gradient term in 
equation (85.9) can be dropped and the solutions o(x, t) become free 
functions of xa multiplied by solutions Dn(t) of the perturbation equations 
in the one variable t. The solutions are most simply found if, as will be 
assumed here, the ratio v = p / p is constant: the interesting cases are v = 0 
for nonrelativistic matter with A much larger than the Jeans length, v = 
l /3 for a model dominated by electromagnetic radiation or free relativistic 
particles, and v = I for the possible behavior at extremely high redshifts 
( Zel' dovich 1961). 

When A » cst and v = constant, the perturbation equations from the last 
section become 

. . 
b + (I + v)(0 - h/2) = 0, 

0 + (2 - 3v)0a/a = 0, 

(86. l) 
. . 
h,a - ha{J.{3 = -16-irGpb(l + v)ava, 

The mean density varies as (eq. 80.1) 

a-3(1 +v) 
Pb (X ' 

(86.2) 

and the expansion rate (eq. 80.3) is 

(86.3) 

which gives 

a ex t2/(3 + 3v). (86.4) 
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Suppose first that 0 = 'v . v / a is not zero. Then the second of equations 
(86. I) indicates 

0 3v --2 
cx a ' m = (6v - 4)/(3 + 3v), (86.5) 

where Tis a function of xa. This form in the first and third of equations 
(86.1) yields the particular solution 

h = (m + l)Htm, 

D v(9v-l) D 3v(I + v)2 (86.6) 

H 2(1 + 3v)' T (6v + 1)(1 - v) · 

The fourth of equations (86. I) fixes the sizes of the components of h,.,13 • 
Suppose the perturbation has been broken up into plane waves. For a wave 
with propagation vector along the x 3 axis we have 

. . 
h - h33 = l61rGpb(I + v)0a2 / k 2 cx a- 3, (86.7) 

with the particular solution 

One sees from equations (86.5) and (86.6) that this is on the order of 

A= 21ra/k. (86.9) 

. . 
Since A» ct, h 11 is much larger than h ~ o/t (eqs. 86.6), and therefore 

(86.10) 

If v = 0, equations (86.6) yield D = 0: there is no density perturbation in 
the mode and of course it did not appear in Chapter II. In a radiation­
dominated universe, v = 1/3, m = - 1/2, and o cx c1l 2• 

If 0 = 0, equations (86.1) give 

.. 4 o 2(1 + 3v) o 
o+--- =----. 

3 + 3v t 3(1 + v) t 2 
(86.11) 

The two solutions are powers of time: 

o ex D 1 = t", n = (2 + 6v)/(3 + 3v), 
o a: D2 = i-1_ 

(86.12) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



86. DENSITY PERTURBATIONS AT WAVELENGTH »ct 321 

The first of equations (86.1) gives 

. . 
h = 20/(1 + v). (86.13) 

The sizes of the components h,,fi are fixed by the last of equations (86.1 ). 
Taking again a plane wave with propagation vector along the x 3 axis, we 
have from the components of this equation 

(86.14) 

With the third of equations (86.1) these can be combined to 

(86.15) 

The first equation gives, for the growing solution in equations (86.12), 

· 411 o h ·-------
11 ·- (311 + 5)(v + 1) t' 

and, for the decaying solution, 

. 2 /j 
h - - ---

11 - 3+311t' 

The second of equations (86.15) with equation (86.13) is 

(86.16) 

(86.17) 

(86.18) 

This means that, for the decaying solution, h 11 is bounded as the wave­
length A = 211" a/ k --- w. For the growing solution we have 

h __ 4(5 + 911) (!!._)2 

11 - 9(1 + 11) 3 kt 0' 
(86.19) 

One sees from equations (86.4) and (86.12) that this number for h11 is 
independent,of time. There is no conflict with equations (86.16) because 
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that indicates th 11 - b, down from equations (86.19) by the factor 
(X/t) 2 » 1. 

The index n for the growing solution D 1 C( t" (eq. 12) is n = 2/3 if v = 0, 
which agrees with equation (11.7). In a radiation-dominated universe 
where v = 1/3, the three modes in equations (86.5), (86.6), and (86.12) 
are 

(86.20) 

These solutions were derived by Lifshitz ( 1946), Hawking ( 1966), Yu 
(1968), Adams and Canuto (1975), and Olson (1976). 

For the two growing solutions, 1h 11 I - iol (X/t)2 (eqs. 86.9 and 86.19). 
This is simply interpreted: the size of the perturbation is A - a/ k, the 
density excess is pbo, so the mass excess is 

(86.21) 

Since Gpb - 1- 2, equation (86.19) is 

(86.22) 

the ordinary Newtonian potential. If we imagine that the epoch t and the 
amplitude o of the perturbation both are fixed, then we see that the size of 
the perturbation to g;1 varies with the assumed extent of the perturbed 
patch as X 2• If X is so large as to make GoM /X - 1, space in the 
perturbation is forced to curve into a knob that is in danger of pinching off 
into a relativistic singularity. 

It was noted that h 11 for the most rapidly growing mode D1 is nearly 
constant when A» ct. Thus if I h 11 I« 1 at very high redshift, equations 
(86.19) say that when the horizon becomes comparable to the extent of the 
perturbation, that is, A - ct, the amplitude of the density perturbation is 
o « 1: the fluctuations appearing on the horizon are small. This certainly 
agrees with what is seen now, and it means that when a density fluctuation 
reaches o - 1 and stops expanding, it is within the horizon and so 
nonrelativistic, which also agrees with what is observed. This restriction on 
o was first pointed out by Novikov (1964a). 

The time derivative of h33 is determined ( eqs. 86.10, 86.13, 86.16, and 
86.17) but not the value of h33 • That is because we are always free to adjust 
h33 by adjusting the way the coordinate x 3 is assigned along the plane wave 
in the initial hypersurface. 

The decaying mode D2 in equation (86.12) can be removed by adjusting 
the initial hypersurface of fixed cosmic time. The coordinate transforma­
tion in equations (81.12) and (81.15) with equations (86.4) yields 
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b = o + 2-./;(x)/t, 

where ii is the density perturbation in the new time-orthogonal coordinates. 
We see from the first equation that we can eliminate the part o2 of o that 
varies as t- 1 by setting y; = - tad 2. The second term in the right-hand side 
of the second equation is negligible compared to the last term because we 
are assuming that the spatial scale of the perturbation is much greater 
than t. Withy;= -tod2 we see from equations (86.13) and (86.17) that 
the last term in equation (86.23) cancels the part of h,,r, associated with D2 • 

Since the decaying mode thus can be eliminated, it has no physical 
significance: it is simply the result of the freedom of choice of how the 
initial hypersurface of fixed cosmic time is assigned. For detailed discus­
sion of this point see Press and Vishniac ( 1980a). 

The solutions D 1 and D2 in equations (86.12) are obtained from 
equations (10.12) by setting A = 0 = R-2 in equation (10.10) and using 
equations (86.2) and (86.4). In these solutions different parts of the 
universe evolve like Friedman-Lemaitre models with different values of the 
starting time and curvature constant R- 2• This means that irregularities as 
measured by R- 2 or by h11 (eq. 86.19) are built into the cosmological 
model. Since Einstein's field equations say the curvature fluctuations are 
fixed, we cannot ascribe the origin of the irregularities described by this 
solution to any process operating at epochs when general relativity theory 
is an adequate approximation. 

A way to avoid this conclusion by broadening the class of solutions was 
pointed out by Press and Vishniac (1980a) and Bardeen (1980). We start 
with the assumption that in the limit t--+ 0, at the moment of the big bang, 
the universe was exactly homogeneous and isotropic and that at some 
epoch t; there were spontaneous fluctuations in the pressure. It will be 
supposed that in the background model the ratio Pb/ Pb= vis constant. The 
fluctuating part of the pressure is 

(86.24) 

where Pb is the mean value and f « 1, the fractional perturbation to the 
pressure. With this change of variable equation (85.9) is changed to 

(86.25) 

In the solutions obtained above the last term is negligibly small because 
f ;S o and the scale a"'A over which f varies is much larger than t. Within the 
framework of Einstein's gravitational field equations we are allowed to 
speculate that at some epoch t; there were spontaneous pressure fluctua-
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tions coherent over scales a(t;)A » t;. (By ascribing the fluctuations to 
some quantum process, we avoid having to explain how the coherence 
length could be much larger than the horizon.) If we suppose the 
fluctuation lasted for about an expansion time t;, then with 'v 2f - f/A2 we 
see from equations (85.8), (85.10), and (86.25) that the pressure fluctua­
tions generate the perturbations in the growing mode 

(86.26) 

If at t > t; the spontaneous pressure fluctuations vanish and v = l /3 so 
equations (86.20) apply, then at the epoch when the mass densities of 
matter and radiation are equal (eq. 92.42), we have 

(86.27) 

Since the observed galaxy clustering has scales smaller than t,q (eq. 92.47), 
we see that pressure fluctuations in the early universe with t ::S 1 in 
principle can produce density irregularities of the observed size. 

87. SPHERICAL MODEL 

A particularly simple and useful model assumes that a density fluctua­
tion can be approximated as spherically symmetric about one point, so that 
all quantities can be written as functions of just two independent variables 
x and t, and also that the pressure is negligible, p « pc2• Under these 
conditions it is easy to see how the assumed density irregularity behaves, 
and it is easy to understand some of the results from the last section. 

The spherical symmetry allows us to write the line element as 

(87.1) 

where a and (3 are functions of x and t. The gravitational field equations 
for a diagonal gu were writen out by Dingle (1933c). For the present line 
element Dingle's equations become 

81rGT0° = h2 + 2ah + e- 2/3 - e- 2"(2(3" + 3(3' 2 - 2a'(3'), 

81rGTi' = 2~ + 3(3 2 + e- 2/3 - (3' 2 e- 2", 

81rGT/ = & + a. 2 + ~ + h2 + ah - e- 2"((3" + (3' 2 - a'(3'), 

81rG e2" To' = 2h' + 2h(3' - 2a(3'. 

(87 .2) 
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The prime means a partial derivative with respect to the radial coordinate 
x and the dot, a partial derivative with respect to time. 

The assumption that pressure is negligible means the matter orbits 
approximate geodesics. Thus given the spherical symmetry, we can always 
choose the coordinates to begin with so that u" = 0. Then the only nonzero 
source term in equation (87.2) is 

T0° = p(x, t). (87.3) 

The last of equations (87.2) with T01 = 0 is 

. a . 
fJ'/(:J' = at log (:J' = a - f], 

(87.4) 
a 

e13 (:J' = ax e13 = g(x)e", 

where g is some function of x alone. Now it is convenient to introduce the 
expansion parameter a(x, t) by the equation 

e13 = xa(x, t), (87.5) 

and then rewrite the free function gin equations (87.4) in terms of a new 
function R(x), 

(87 .6) 

The results of substituting equations (87 .5) and (87 .6) into the first and 
second of equations (87.2) are 

8 a 3 a . 2 3 3/ 2 - 1rGp-·- (ax) = - (a ax + ax R ), 
3 ax ax 

a a2 1 
0 = 2- +- +--. 

a a2 a2R 2 

(87.7) 

These equations describe the evolution of the model. 
The second of equations (87.7) multiplied by a2a is 

(87 .8) 
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The function F can be adjusted by adjusting the coordinate assignments x 
on the initial hypersurface. In particular if space is not too strongly 
perturbed, we can make F independent of x, so equations (87. 7) and (87 .8) 
become 

i/a + a/ R(x)2 = A = constant, (87 .9) 

Lemaitre (1933a, b) was the first ( of many) to notice that the spherical 
model is a pleasantly simple generalization of the usual homogeneous 
world model. The first of equations (80.1) with p ex a- 3 agrees with 
equations (87.9), where now R is a function of x. The line element is a 
generalization of the Robertson-Walker form ( eq. 97 .11): 

(87.10) 

Figure 87.1 shows a geometrical interpretation in the case R- 2 2:. 0. The 
hypersurface t = constant is represented by the surface of the two­
dimensional axially symmetric curved sheet: proper lengths measured at 
fixed t are supposed to be measured on the sheet. The two open circles on 
the sheet represent points at the same t and polar angles and at radial 

FIG. 87. I. The geometry around a growing mass concentration. 
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coordinate positions x and x + ox. The perpendicular distance from the 
axis is xa(x, t ), so the circumference of the circle x = constant is 21rax, as 
in equation (87.10). The radial distance between the two points, measured 
on the surface, is 

(87.11) 

again in agreement with the proper distance given by equation (87 .10). 
The slope of the surface in the radial direction is then 

(87.12) 

and so the normal to the surface intersects the axis at distance aR from the 
axis. If the curvature of the sheet is constant, aR is the curvature. Where 
x = R(x), the surface is vertical so there is a knob; if x « R everywhere, 
space is only slightly wrinkled. 

A useful measure of the effective distance r, of the mass shell x from the 
center is the quantity 

re= ax. (87.13) 

The proper length of a great circle at xis 21rr,, so if R(x) » x, this agrees 
with what we would normally call the proper distance even if the matter 
well within x suffers a relativistic collapse. The gravitational acceleration 
at r,, for a freely moving observer at x = constant, is (eqs. 87.7 and 87.9) 

.. .. A 3/2 2 re = Xa = - X r, . (87.14) 

A measure of the effective gravitational mass within re is then 

(87.15) 

The rate of change of this effective mass with re at fixed tis ( eq. 87 .9) 

3Ax2 
2G(ax)' = 41rpr/, (87.16) 

which agrees with the usual Newtonian expression. Another interesting 
quantity is the number of particles within r,: if the mass per particle is m, 
the proper number density is p/m and we have from equations (87.9) and 
(87.10) 
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(87.17) 

so 

(87.18) 

If x « R, the geometry is only slightly wrinkled, and this ratio is close to 
unity; where R - 2 > 0 and space is strongly curved, M, may be substan­
tially reduced by the negative gravitational binding energy. 

Consider now the evolution of a positive density fluctuation that is 
strong enough to make R- 2 > 0. The coordinate size of the patch is x - /. 
The time variation of the proper radius re = la(/, t) is the same as for a 
homogeneous cosmological model: the parametric solution to the first of 
equations (87.9) is, for R- 2 > 0, 

t = 1/2 R 3 A (11 - sin 17), (87.19) 

so the maximum size of the patch is 

(87.20) 

and this is reached at epoch 

(87.21) 

The ratio is 

(87.22) 

As we noticed in the last section, if / « R so the density fluctuation only 
wrinkles the geometry, the patch does not stop expanding until it is well 
within the horizon, r rnx « ctmx- Consistent with this,equation (87 .15) says 

GMe(l) _ (l_)2, 

rmx R 
(87.23) 

which is small if the geometry is only wrinkled. 
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We saw also that the condition / « R(/) places a limit on the amplitude 
of the growing mode (eq. 86.22) . To find this limit in the spherical model, 
write 

where equations (87 .9) for ab are 

If terms -€ 2 are discarded, equations (87 .9) for a(x, t) are 

with the solution 

!!.... = 1 + 3€ + xl, 
Pb 

(87.24) 

(87 .25) 

(87.26) 

(87.27) 

Since ab ex t213, the decaying solution varies as r 1 and the growing solution 
as t213, as usual. The size of the growing density perturbation is 

(87.28) 

so if the perturbed patch has size x - I, we see from equation (87.25) that 

(87.29) 

if space is to be only wrinkled. This is equivalent to equation (86.22) . 
If this limit is violated and there is a shell where x - R(x), then the 

perturbation is relativistic and in danger of collapsing to a black hole. This 
would happen at t - rmx -- AR(x) 3 (eqs. 87.21 and 87.22), so the residual 
mass of the object is, from equation (87 .15), 

M, - t/G, (87 .30) 

comparable to the mass within the horizon t in the unperturbed model. Of 
course, the net mass of the baryons in the black hole could be much larger 
than M, (eq. 87.18). It will be noted that there is no known way to heal 
over a massive black hole once it has formed: M , can only grow through 
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accretion (as in eq. 87.16). Such primeval black holes resulting from overly 
strong density fluctuations in the early universe may exist (as is discussed 
by Hawking 1971, Carr 1978, and others) but there must not be too many 
with masses larger than that of a galaxy, for otherwise they should have 
been noticed through the disruption of galaxies. The absence of extremely 
massive black holes is one basis for the argument that the large-scale 
structure of'the universe must have been very accurately regulated at the 
time of the big bang: otherwise it would be difficult to understand how the 
universe avoided producing them (Peebles 1972). 

88. EVOLUTION OF ACOUSTIC WAVES 

The solutions in Section 86 assume A » est so pressure gradients can be 
ignored. At later epochs, when the scale A becomes less than est, the 
irregularity oscillates like an acoustic wave. The first thing to consider is 
the effect of the general expansion on the amplitude of the wave. Later 
sections deal with dissipation due to nonlinearities (§ 89) and photon 
diffusion(§ 92). 

When the wavelength A is much less than est, the perturbation o 
oscillates with period T ~ Aje., so we have from equation (85.10) (with 
Gp~ t- 2 ) 

(88.1) 

Thus h can be dropped from equation (85.8) in this limit. If the perturba­
tion is broken up into plane waves, equations (85.8) and (85.9) for the 
component with propagation vector k are 

B + (1 + v)O = 3(v - e/)(a/a)o, 

!__ [(l + v)O] + (2 - 3v)(l + v)O(a/a) = (e/k2/a2)o. ar 
(88.2) 

On differentiating the first equation with respect to time and using the 
second to eliminate a,(l + v)O, we arrive at a wave equation for o. The 
dominant terms are on the order of o/T2, others are of order o/Tt and o/t2, 
where tis the expansion time. Dropping the smallest terms ~o/t2, we have 

(88.3) 

The solution in the adiabatic approximation is found as in Section 16: 
write 
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and set 

</) = J' (kc5 /a)dt. 

331 

(88.4) 

(88.5) 

This eliminates the parts of equation (88.3) of order r-2, and the parts of 
order (tr) - t can be rearranged to 

From 

we have 

and from 

we arrive at 

.. . 
<P A a 
--:- + 2 - + - (2 - 6v + 3c/) = 0. 
¢ A a 

. a 
p= -3-p(I +v), 

a 

a a ii 3-v = -3- - -, 
a a p 

2 . I. 
Cs = p p, 

a 2 a d 
3 - cs = -3 - - - In (p + p). 
a a dt 

(88.6) 

(88. 7) 

(88.8) 

(88.9) 

(88.10) 

These expressions bring the last term of equation (88.6) to a total time 
derivative, so the equation can be integrated with the result 

( p + p)l/2 J' o (X - 24 exp - i (kcs/a)dt. 
CsP a 

(88.11) 

This is the adiabatic solution. It agrees with equations (16.16) 
if p « p ex a- 3• If v =constant= c/, the amplitude varies as (eqs. 86.2 and 
86.4) 

A (X a<J,-1)/2 (X to,-tJ/(3v+3l_ (88.12) 
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In a radiation-dominated universe, v = 1 /3, the amplitude is not affected 
by the expansion. If v were greater than 1 /3, as it is speculated might be so 
in the very early universe, the amplitudes at the very short wavelengths 
then within the horizon would grow. At redshift Z ~ 104 the mass density 
is well approximated as a roughtly equal mixture of radiation and zero 
pressure matter. The mass densities in matter and radiation areµ, and 0, 
and the total density and pressure are 

p=µ,+tl, p = t; /3. (88.13) 

Assuming matter and radiation are tightly coupled so t; ex µ,413 , we can 
relate the fractional perturbations to the densities of each by 

(88.14) 

With equations (88.13) and (88.14), equation (88.11) can be reduced to 
(Peebles and Yu 1970) 

Omcx(I + R)- 114 exp- i¢, 

R = 3µ,/40 = 3.2 x 104 rlh2/(1 + Z). 
(88.15) 

The number R(t) is evaluated assuming the present radiation temperature 
is 2.7 K. We see that at decoupling of matter and radiation (redshift Z ~ 
1000), the amplitude is only slightly depressed from its maximum value. 

89. NONLINEAR ACOUSTIC WAVES 

In some scenarios the pressure waves discussed in the last section can 
reach amplitudes close to unity. If so, nonlinear hydrodynamics tend to 
shift the energy to short wavelengths where it is dissipated by shocks or 
viscosity. This can have two interesting consequences: it limits the ampli­
tude of the residual pressure waves and it converts part of the irregular 
distribution of the original matter-radiation fluid into an irregular distri­
bution of the matter alone. Two models for this nonlinear dissipation of 
pressure waves are discussed here. 

A. Relativistic simple waves 
Liang (1977a, b) has pointed out that Taub's (1948) relativistic simple 

wave solution provides a very convenient way to understand the nonlinear 
development of acoustic waves in the early universe. The solution applies to 
the ideal fluid model. It describes a running plane wave, with fluid velocity 
in the x direction, all fields single-valued functions of the density p, and p a 
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function of the two variables x and t. It assumes also that the wavelength is 
much shorter than the Jeans length so gravity and the general expansion 
can be ignored. Then the equations of fluid dynamics in this one­
dimensional problem are found from the two components of T/.i = 0: 

0 = To0 ,o + T/o, 
T/ = (p + p)U;Uj - b/p, 

u1 = v/(1 - u2)112, 

0 = Ti°,o + T/,1, 

g;i = 1, - 1, - 1, - I , 

uo = l/(1 _ 02)1/2_ 

(89.1) 

Here v = dr / dt is the ordinary fluid speed in proper Cartesian coordinates. 
The results are 

a p + pv2 a (p + p)v -----~ + ---~= 0 
ot 1 - v2 ar 1 - v2 ' 

0 (p + p)v 8 pv2 + p 
------+----=0 
at 1 - v2 ar I - v2 • 

(89.2) 

Taub's running wave solution to equations (89.2) commences with the 
function 

</>(p) = JP csdp/(p + p). 

The partial derivative of this with respect to time at fixed r gives 

Since 

we have also 

ap 
at 

(p + p) 8</> 

Cs 8t 

c/ = dp/dp, 

ap a<1> 
- = C (p + p)-. at s at 

In the same way, 

ap (p + p) a<1> 
8r Cs 8r' 

ap a<1> 
- = Cs(P + p) - . 
ar ar 

(89.3) 

(89.4) 

(89.5) 

(89.6) 

(89.7) 
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On using equations (89.4) , (89.6), and (89.7) to eliminate the derivatives 
of p and pin equations (89.2) we find 

a<j) au 
+ (1 - u2)(1i c .. + 1/cs) at + 2u at= 0, 

(89.8) 
a<j) au 

(1 - u2 )(u2/cs + c,) ar + 2u ar 

These equations are simplified by taking linear combinations: multiply the 
first by cs - u and the second by (1 - csu) and add, or multiply the first by 
(cs + u) and the second by (1 + c .. u) and subtract. The results are 

(1 - u2)D+</> + D+u = 0, 

(1 - u2)D_<J> - D_ u = 0, 

where D± are the differential operators 

a a 
D± = (1 ± Cs u) at± (cs ± u) ar. 

Finally, Taub notes that 

( l+ u)' /2 1( 1 I) D +u D+ log -- = - -- + -- D + u = - -- 2 , 
- 1 - u 2 l + u 1 -u - 1 -u 

so equations (9) are 

[ ( 1 + u)' /2] D+ </> + log T--=--; = 0, 

[ ( I + u)I/2] 
D_ </> - log l _ u = 0, 

(89.9) 

(89.10) 

(89.11) 

(89.12) 
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or 

D_s = 0, 

( 1 + v)l/2 
q = <P + log 1 - v ' ( 1 + v)l/2 

s = ¢ - log -- . 
1 - V 

(89.13) 

A plane wave travelling in the direction of increasing r is represented by 
s =constant.This satisfies the second of equations (89.12) and from the 
first we have, since q is supposed to be a single-valued function of p alone, 

op op 
D p ,= ( 1 + c v) - + (c + v) - = 0 

+ s at s or . (89.14) 

The solution is 

p = f (r - ut), u = (c, + v)/(l + c,v). (89.15) 

The fluid speed vis fixed by the conditions = <Po = constant, 

( 1 + V)l /2 JP 
<jJ =<Po + log 1 _ v = c,dp/(p + p) . (89.16) 

This miraculously simple result generalizes the nonrelativistic simple wave 
solution (Landau and Lifshitz 1959). We see from Equation (89.15) that 
the position rat which the density has some chosen value p moves toward 
increasing rat speed u. This speed is the relativistic sum of the velocity of 
sound in the rest frame of the fluid and the fluid speed v. Equation (89.16) 
gives the fluid speed as a function of p. Since v increases with increasing p, 

peaks tend to overtake troughs in the wave. Where this happens, the 
gradient sharpens to a shock and the wave energy dissipates. The rate of 
damping of the wave once the shock forms is computed by Liang and 
Baker (l 977). 

If pressure is directly proportional to density so that v = c/ = constant, 
equation (89.16) gives 

a= 2c,/(l + c,2 ), (89.17) 

where the constant ¢ 0 has been chosen so that where pis equal to the mean 
Pb the fluid speed vanishes. For a peak or trough of amplitude op/ p = ±o, 
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with o « 1, this can be reduced to 

V = ±cxo/2, 

and the propagation speed (eq. 15) is 

u =Cs± ocs(l - c/)/(1 + c/). 

For a radiation-dominated model, c/ = 1 / 3, 

u = 0.58 ± 0.29o. 

(89.18) 

(89.19) 

(89.20) 

If there is a trough initially at distance>,. ahead of a peak with densities at 
peak and trough Pb (1 ± o), then the peak is overtaken in time 

(89.21) 

and the wave starts to dissipate in a shock. 
The simple wave solution is not a realistic explicit model: the pressure 

distribution is thought to be more like that of the water level in a choppy 
pond. Thus if the coherence length, a typical distance from peak to nearest 
trough, is A, the running wave solution is a reasonable approximation for a 
coherence time ~A/cs after which the wave runs off in another direction. In 
a coherence time the distance between peak and trough changes by the 
typical amount 

(89.22) 

if cs « 1. This grows in successive coherence times as a random walk, so the 
coherence length has appreciably shortened in time t* such that 

I ~A I (t*cs/A) 112 ~ A, (89.23) 

or 

(89.24) 

With t* equal to the expansion time t, this sets the limit on the amplitude 
of the fluctuations o that can exist without substantial nonlinear dissipa­
tion. 
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B. Second order perturbation theory 
A more direct though tedious approach to the choppy water picture 

starts with the density perturbation approximated as a random Gaussian 
process with power spectrum cut off at some minimum wavelength 
21r / kmx, so the coherence length is ~kmx ~,. Then in second-order perturba­
tion theory we can compute the rate of growth of the short wavelength tail 
of the power spectrum k > kmx (Peebles 1970a, Tomita 1971 ). 

The following calculation treats the case of special interest, a fluid of 
zero pressure matter tightly coupled to radiation. The mass densities in 
matter and radiation areµ and 8, and the total density and pressure are 

p = µ + 8, p = 8/3. (89.25) 

If the matter and radiation are tightly coupled, the entropy per baryon is 
fixed, so 

8(r, t) ex µ(r, t) 413 • 

The perturbed total density field is 

(89.26) 

(89.27) 

On differentiating out equation (89.26), one finds that to second order 
the perturbed pressure is 

p =Pb+ Pb(c/o + Bo2), 

c/ = 1/(3 + 3R), B = R(l + 4R/3) 
24(1 + R) 3 ' 

(89.28) 

where Pb is the mean pressure and 

(89.29) 

Another useful expression is the relation between o and the fractional 
perturbation to the matter density: 

µ = µb(l + Om), Om = So, 

S=R+ 3/4 =_P_b __ 
R + I Pb+ Pb 

(89.30) 
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Next, let us write down expressions for the fluid density and velocity in 
linear perturbation theory. The perturbation o (eq. 89.27) will be written 
as a Fourier series (representing a distribution periodic in some large 
volume Vu), 

O = I: fk(Tk + + Tk-)/k•r, 
k (89.31) 

The phases </>k are random, which makes o a random Gaussian process,fk is 
real withf_k = fk, and 2fk2 is the power spectrum of o. This expression for o 
is a sum of running waves like cos (k • r - kcst + </>k), with randomly 
assigned phases. For the velocity field we can observe that the matter 
density satisfies 

(89.32) 

The wanted solution for va is (compare eq. 27.22) 

(89.33) 

Now let us find the perturbation equation for the evolution of the power 
spectrum. As before the general expansion and gravity are ignored and the 
fluid is taken to be ideal, but the motion now is in three dimensions so 
equation (89.1) is replaced with 

T/j = 0, 

and the i = 0 and i = a parts are 

a p + pv2 a (p + p) Va ---~+---~-o 
at 1 - v2 ara 1 - v 2 - ' 

a (p + p)va a (p + p)vavfJ ap 
----=-- + ----- + - = 0 
at 1 - v 2 arfi 1 - v 2 ara . 

These can be combined to 

a2 p + pv2 2 a2 (p + p)vav/3 

at2 1 - v2 = 'v p + a,aarf! 1 - v2 

(89.34) 

(89.35) 

(89.36) 
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This is the full nonlinear equation (neglecting gravity). If all terms smaller 
than ~o2 are dropped, it can be reduced to 

(89.37) 

The pressure is given by equation (89.28) and S is defined in equation 
(89.30). 

The right-hand side of this equation, with o and va given by equations 
(89.31) and (89.33), acts as a source for the growth of the short 
wavelength part of the spectrum. A convenient way to proceed is to write o 
on the left-hand side in the form of equation (89.31) with /k a slowly 
varying function of time. Then on picking out the Fourier component k 
from both sides of the equation, we have 

where 

2ikcJd- exp i</>k + exp i(2kcst - <j>_k)] 

= - eikc,r L [k2Bok,()k" + s- 1 (kak/3 + Oa13a/)vk,ak,,f3 
k' 

k" =• k - k', 

(89.38) 

(89.39) 

We can drop the term on the left side with frequency 2kc, because if 
k > kmx, it cannot resonate with the source terms (where the maximum 
frequency is 2 kmxc,). Then the time integral of equation (89.38) gives 
fk(t), the short wavelength part that deyelops through the nonlinear 
interaction. The second time derivative on the right-hand side can be 
eliminated by integrating by parts and dropping the oscillating part, 
leaving us with the expression 

where 

. ei(k-k'-k")c,t _ 1 
2ikcJk(t)e'"" = L F '(k k' k") , 

k' l - - Cs 

F = Gfk,Jk"e;"":+""·, 

G=k2B+Sc 2(k k -k2c 2o )k'ak"13/(k'k") s a f3 -s a!3 , 

k" = I k - k' J < kmx-

(89.40) 

(89.41) 
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The power spectrum is found by squaring the first of equations (89.40) and 
averaging the random phases. This reduces the sum to the squared terms 
because the phases must cancel in pairs ( ¢k, = </Jq• and ¢k" = </Jq" or <Pk' = <Pq" 
and ¢k" = </Jq•), and the sum can be changed to an integral: 

(89.42) 

The main contribution to the integral is where the denominator vanishes, 

k" = I k - k' I = k - k'. (89.43) 

This resonance condition indicates k' and k" are parallel to k so G (eq. 
89.40) is 

H = B + Sc/(1 - c/), 

and the first of equations (89.40) becomes 

-J d sin2 (k - k' - k")cst/2 
I - µ (k - k' - k")2c/ . 

(89.44) 

(89.45) 

Finally, we can evaluate the integral over µ = cos 8 when kc5 t » 1 by 
writing 

from which 

k" = (k2 + k" - 2kk'µ) 1!2 

:a: k - k' + (1 - µ)kk'/(k - k'), 

1rk-k't 
l=----

4 kk' Cs' 

so the power spectrum is 

V kH2tJ k 2J/ = -4 -3- ma k'(k - k')dk' J/ Jk,,2_ 
7r Cs k---k,,,x 

(89.46) 

(89.47) 

(89.48) 
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This is the general expression for the growth of the short wavelength tail 
of the power spectrum. To evaluate it, let us suppose that the initial power 
spectrum is flat at k less than the cutoff kmx· Then the initial variance of 
the density is 

(89.49) 

The contribution to the variance by the short wavelength part is the 
integral of equation (89.48), 

(89.50) 

which gives 

(89.51) 

With equations (89.28) and (89.30) we have finally (Peebles 1970a). 

OU -~13-ir(l + 4R/3) 2(1 + 7R/4)2 k 
v2 - 1120 (1 + R)4 mxc,t. (89.52) 

This lengthy calculation yields a simple condition: if the variance of the 
density in the acoustic perturbation exceeds about X/ (c8 t), where X - kmx - I 

is the coherence length, then in an expansion time t a substantial part of 
the energy shifts to shorter wavelength. The noise thus is dissipated until 
the variance on the scale X - k- 1 satisfies 

(89.53) 

This limit, which agrees with equation (89.24), is not very sensitive to the 
parameter R = 3µ/48. The application of course depends on how irregular 
the universe is assumed to be at high redshift where matter and radiation 
behaved like a single fluid. Some scenarios are summarized in Chapter 
VI. 

90. INCOMPRESSIBLE FLOW 

As was noted in Section 4D, primeval turbulence scenarios have had a 
large part in discussions of the origin of galaxies. There are two points to 
consider here: the effect of the general expansion on the rms turbulence 
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velocity and the manner in which this assumed turbulent flow might trace 
back to very early times where the eddy size is much larger than the 
horizon. 

For the first problem, the evolution of eddies well within the horizon, the 
ideal fluid model will be applied and it will be supposed that the flow is 
subsonic, u « c,, so p is nearly constant and gravity can be ignored. The 
equations of motion are derived from T/j = 0 (eq. 85.2) with ha/3 = 0 and 
T/ given by equation (85.4). The component i = 0 with u « c is the usual 
energy conservation equation 

ap a I a 
- + 3 - (p + p) + - - [ (p + p) u"] = 0. 
at a a ax" 

(90.1) 

The component i = a is 

(90.2) 

if u « c. On differentiating this out and using equation (90. l) we find 

( au"' u/3 au") a 1 ap ap 
(p + p) - + - - + - (p + p )u" + - - + u"' - = 0. at a ax/] a a ax" at (90.3) 

This can be compared to the usual Euler-Lagrange equations of motion. 
The inertial mass density is (p + p). The second term says u" tends to 
decrease as a~ 1• As discussed in Section 7, this is a purely kinematic effect. 
The last term corrects the pressure gradient to the rest frame of the fluid. 

A kinetic energy equation is found by multiplying equation (90.3) by 

( a u/3 a ) u2 . 
(p + p) at+~ ax/3 2 + (p + p)ul a/a 

+ V • y' p/a + u2apjat = 0. (90.4) 

This equation averaged over x" gives the time variation of the mean square 
peculiar velocity. We can use the assumption of subsonic flow to reduce the 
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pressure gradient term: the mean pressure is Pb and the deviation from the 
mean satisfies 

(90.5) 

Since ( p - Pb) and 'v • v / a both are of order v2, the last term can be 
dropped leaving a total divergence that vanishes when the equation is 
averaged over position. Using equation (90.1) we can write the second 
term in equation (90.4) as 

~ [(p + p)v1V/ 2a] + (v2/2)(ii + 3(p + p) a/a), ax (90.6) 

and again the first part vanishes in the average over the x". These 
equations bring the space average of equation (90.4) to 

With the energy conservation equation (80.1) this yields the final result 
(PC, chapter Vllb). 

(90.8) 

If p « p, then p C( a- 3 and (v2 ) decays as a-2; if p = p/3, then p C( a- 4 and 
(v2 ) is constant. 

A standard heuristic argument for equation (90.8) uses angular momen­
tum conservation (for example, Ozernoy and Chernin I 968) . An eddy of 
coordinate size x has inertial mass M ~ (p + p)(ax)3 (eq. 90.3), hence 
angular momentum ~M(ax)v. Conservation of this angular momentum at 
fixed x reproduces equation (90.8). 

This result is based on an ideal fluid and so of course does not describe 
the viscous dissipation when the kinetic energy cascades down to small 
enough scales. At epoch t this energy cascade dissipates eddies of size x if 
the turnover time is less than the expansion time, 

t,0 ~ ax/v(x, t) ;S t. (90.9) 

When p = p/3, the eddy turnover time varies as t,0 C( t 112 and so would have 
exceeded tat high enough redshift. Thus one might imagine that primeval 
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currents on scale x become fully turbulent when t10 (x)/t approaches unity 
and that these nascent eddies serve to drive the turbulence on smaller 
scales ( Ozernoy 197 4 and references therein). As noted by Barrow (1977), 
one can even imagine that at extreme redshifts the ratio p / p exceeds 1/3, so 
p varies faster than a-4, and (v2 ) in equation (90.8) approaches zero as 
Z ---- oo (eq. 86.2). 

There is, however, a problem with space curvature in the scenario (as 
has been noted by Lifshiftz 1946, Ozernoy and Chemin 1968, and 
Zel'dovich and Novikov 1970). It will be supposed that the primeval mass 
currents at very high redshift can be described in linear perturbation 
theory (§ 85). Solutions with b =I= 0 were discussed in Section 86; we will 
consider here the case where the peculiar velocity field v°' is not zero but is 
so arranged that b and the expansion() vanish to first order. 

With A » ct the pressure gradient term in equation (85.5) is negligible 
and the equation becomes 

a4(p + p)v" = F"(x). (90.10) 

This gives the same time variation as equation (90.8). The first of 
equations (85.11) is 

a2 
--13 (hba13 - h"13) = - 16-rrGF"(x)/a3. atax 

(90.11) 

In general F" can have a part with zero vorticity and a part with zero 
divergence. The former leads to equations (86.5) to (86.8). We are 
interested here in the case 

aF°'/ax°' = 0, (90.12) 

where the solution to equation (90.11) is 

h = 0. (90.13) 

Since 1/'.a = 0 and h = 0, the density perturbation b vanishes so the 
dominant part of the second of equations (85.11) is 

(90.14) 

which agrees with the time variation of ha/3 in equation (90.13). 
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The problem with this solution is that h,,/J diverges at t ~ 0, as r 112 if 
p = p/3, more generally as (eq. 86.4) 

(90.15) 

if p / p = P is constant. A fairly common assumption is that at Z ~ I 04 there 
were random currents on scales comparable to the horizon ct and with 
velocities within an order of magnitude or so of c, which makes ha/J 
comparable to unity. At Z = 106 these currents would be larger than the 
horizon and ha/J ~ I 00 times larger. Thus we are forced to a situation that 
seems contrived: space at high redshift is strongly and irregularly buckled 
by the random primeval currents, but the mass distribution has been 
arranged so it always is homogeneous as it appears on the horizon. 

91. BEHAVIOR OF COLLISIONLESS PARTICLES 

Particles with long mean free path, like neutrinos or photons at Z ;S 

1000, are described by a single-particle distribution function rather than a 
fluid model. It will be supposed here that scattering can be neglected; 
electromagnetic radiation scattered by free electrons is discussed in the 
next section. All particles have the same mass m. The results are valid for 
m = 0, but it will be convenient to suppose at first that the mass is greater 
than zero. 

If m > 0, the motion satisfies the action principle 

(91. I) 

where the particle is moving along the path x"(t) and 

x; = (I, dx"/dt), (91.2) 

is the coordinate velocity. The Lagrangian is then 

(91.3) 

so the canonical momenta are 

(91.4) 
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The denominator is ds / dt so 

(91.5) 

where d is the particle four-velocity. If ha/! = 0 and ds / dt "' 1, this is 

Pa= - ma2dxa/dt, (91.6) 

which agrees with equation (7.10) apart from the sign. 
The Hamiltonian is 

H = '1:,p..,x" - .L = mu..,dx"/dt - mds/dt = -mu0 = -p0 • (91.7) 

This is the fourth component of the four-vector p;. 
The Euler-Lagrange equations of motion are (eq. 81.6) 

(91.8) 

where the coordinate velocity in equation (91.2) is 

(91.9) 

The energy equation is 

dH aH 
dt at . (91.10) 

The partial derivative with respect to time of the expression 

(91.11) 

with equations (91. 7) and (91.10) yields the fourth geodesic equation, 

dpo 1 j•k dt = 2 gik,oP x , (91.12) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



91. COLLISIONLESS PARTICLES 347 

Equations (91.8) to (91.12) describe the motions of free particles. These 
equations remain valid in the limit m = 0, and so we can use them to 
describe a gas of neutrinos, or electromagnetic radiation approximated as a 
gas of photons. 

The single particle distribution function/ (xa, Pa, t) gives the number of 
particles per unit volume in the x, p space, 

oN = f (x, p, t) ox1ox2ox3opl OP20P3, 

f'(x', p',t') = f (x, p, t). 
(91.13) 

Liouville's theorem says f is constant along the path of a particle (in the 
absence of the collisions not described by£). Since this is true however the 
coordinates were assigned, f must be a scalar unchanged by coordinate 
transformations, as indicated in the second equation. 

The stress-energy tensor for the gas of particles is 

(91.14) 

This is a tensor because the distribution function/ and the argument of the 
delta function are scalars, and ( - g) ' 12 makes d 4p / ( - g) 112 a scalar. In 
locally Minkowski coordinates the argument of the delta function is 
p/ - p2 - m 2, so the integral can be reduced to 

(91.15) 

which is the usual expression for the densities of energy and momentum. In 
time-orthogonal coordinates it is convenient to use as independent vari­
ables the particle energy p0 , the polar angles 0, </> of the Pa, and the 
auxilliary variable e, 

(91.16) 

where the 'Ya are the direction cosines. The argument of the delta function 
becomes 

(91.17) 
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so the integral over e reduces equation (91.14) to 

in the weak field approximation, I h"6 I« I . 
The mass density measured by an observer at fixed x " is 

(91.19) 

In a linear perturbation calculation it is assumed that the distribution 
function/ is only slightly perturbed from the background function/b(P, t). 
To first order in the perturbations h"13 and/ - fb, equation (91.19) is 

(91.20) 

and with 

(91.21) 

we have 

(91.22) 

In the same way, using equation (91.21) and 

(91.23) 

one arrives at the components 

41r 2 J 4 Ta/!= 3 a (<>a/! - ha13 ) (p /Po) dpfb (91.24) 

+ a 2 j dfl'Ya.r'f! f (p 4/ p 0 ) dp(f - Ii,) . 

If the particle rest mass m is zero or negligibly small, the expressions for 
the T 1 simplify because p0 = p (eq. 91.16). A convenient variable in this 
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case is the fractional perturbation to the brightness integrated over particle 
energy, defined by the equation 

This integral appears in each of the expressions for the T;/ 

Too = Pb (1 + b), b = J id<J/ 41r, 
T0a = --apbfa, la= f 'Yc,td<J/41r, (91.26) 

Liouville's equation expressed in the variables xa, p0 , 'YtJ is 

(91.27) 

Both factors in the last term are of first order in the perturbation, so in a 
linear calculation it can be dropped. In the second term dxa / dt can be 
replaced with the zeroth order expression P'Ya/ (p0a) ( eqs. 91.9 and 91.18) 
because aJ/axa is first order in the perturbation. This brings the equation 
to 

aJ + P'Ya aJ + aJ dp0 = O 
at PoG axa apo dt , 

(91.28) 

where the energy equation (91.12) in the new variables is 

dpo = -(~ - ! "' "' h ) p2 dt a 2 /al{! a{J Po· (91.29) 

These two equations describe the behavior of the gas of collisionless 
particles in linear perturbation theory. 

If m « Po sop= p0 , equations (91.28) and (91.29) are homogeneous in 
the particle energy p. The evolution of the integrated brightness (eq. 
91.25) is found by multiplying equation (91.28) by p3 and integrating over 
p: 

(91.30) 
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The unperturbed part is 

(91.31) 

This is the usual expression for radiation or free relativistic particles ( eq. 
80.1 with p = p/3). The first order part is 

(91.32) 

This is the brightness equation in the linear perturbation approximation. 
The result of integrating equation (91.32) over direction is 

ao 1 afa 2 ah 
-+--=--at a axa 3 at ' 

(91.33) 

where o is the fractional perturbation to the mass density and la is 
proportional to the net energy flux measured by an observer at fixed xa 
(eqs. 91.26). With 

the equation becomes 

4 1 afa -8 == --
3 a ax"' 

(91.34) 

(91.35) 

which agrees with equation (85.8) with 11 = c/ = 1/3. The result of 
multiplying equation (91.32) by 'Ya and integrating over angles is (eq. 
91.26) 

(91.36) 

and the divergence of this with equation (91.34) is 

(91.37) 

which can be compared to equation (85.9) with 11 = 1/J. 
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Let us suppose next that these particles with m = 0 are the main 
contributors to the total stress-energy tensor. Then T/ = 0 (eq. 91.14), and 
equations (91.26) and (82.9) give 

(91.38) 

in agreement with equation (85.10). If in addition the characteristic scale 
of the density fluctuation is A» ct, the last term in equation (91.37) can be 
dropped, and we come to the first three of equations (86.1) with v = 1/3 and, 
as was derived in Section 86, the solutions o ext", n = 1, 1/ 2, and -1. Here 
the gas of collisionless particles behaves like an ideal fluid because the 
distance a particle moves is much less than a wavelength. 

Another simple and interesting limiting case is A « ct. Here haf! is 
negligible if m = 0 and the brightness equation (91.32) becomes 

(91.39) 

with the solution 

t(t, 'Y, x) = t(t;, -y, x - 'Y J' dtja). ,, (91.40) 

When the time integral in the last argument is large, it makes t a rapidly 
fluctuating function of direction and so washes out the fluctuations in the 
net density o. As an example of how this goes, suppose that at the starting 
time t; the brightness t is independent of direction but a fluctuating 
function of position. Then we can write the initial value as 

(91.41) 

At time t the density perturbation is 

,- "k J dµ J' o = L tke' •x - exp - ikµ dtja, 
2 ,, 

(91.42) 
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where k • 'Y = kµ. The mean square fluctuation is then (Stewart 1972) 

K = k J' dt/a. ,, (91.43) 

In this limit therms fluctuation in the density decays as a(t)/t. 
For examples of numerical integration of equations (91.32) and (91.38) 

see Peebles (1973c). 
These results assume the particles are relativistic. It is left as an exercise 

to verify that in the nonrelativistic limit p « m the distribution behaves in 
the way discussed in Chapter II. 

92. LINEAR DISSIPATION OF ADIABATIC PERTURBATIONS 

At high redshift matter and radiation are strongly coupled and so 
behave like a single ideal fluid. Any irregularities present in the mass 
distribution grow until the wavelength is comparable to the horizon and 
then oscillate like pressure waves (§§ 86, 88) developing a spectrum of 
acoustic noise. The short wavelength end is damped by photon diffusion 
leaving residual fluctuations in the matter distribution. The interesting 
result is that, as will be described, the process yields three characteristic 
lengths. 

A. Description of the matter and radiation 
The important variables are the mass density of the matter, 

(92.1) 

the matter velocity v" relative to the time-orthogonal coordinates, the 
radiation brightness ex L (eq. 91.25), the mass density of the radiation (eq. 
91.26), 

(92.2) 

and the gravitational fields h,,13 • Matter pressure can be neglected. 
The brightness equation (91.32) must be adjusted to take account of 

scattering by the matter. The dominant effect is ordinary nonrelativistic 
Thomson scattering by the free electrons, and it is a reasonable approxima­
tion to simplify things by taking the differential scattering cross section to 
be isotropic in the matter rest frame. 

In this frame the scattering changes the photon distribution functionf at 
neighboring points I and 2 along a path by the amount 
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/(2)' - f(I)' = un,ot'(f'+(P~) - f'). 

353 

(92.3) 

The primes refer to the matter rest frame. In the approximation that the 
scattering is isotropic, the distribution scattered into the beam is just 

(92.4) 

The Thomson scattering cross section is u, n, is the free electron density in 
this frame, and ot' is the time interval between points (1) and (2). The time 
measured in the time-orthogonal coordinates is ot: 

at' dx; at' / p' 
ot' = -.-01 = --ot = -.!!.01. 

ax' dt ax' Po Po 
(92.5) 

From the invariance of p;u\ with u; the matter four-velocity, and equation 
(91.18), we have 

p~ = u0 (Po + Padx" / dt) = p(I - 'Yc,v"), (92.6) 

to first order. 
Since/ is a scalar, we can directly write down the collision equation in 

the time-orthogonal coordinates: 

aJ aJ dx" af dp af d'Ya , 
at + ax" dt + ap dt + a'Y" dt = un,(po/Po)(f+ - f). (92.7) 

In the linear perturbation approximation the equation is ( eqs. 91.28 and 
91.29) 

af 'Ya af af (a 1 ah"13 ) - + - - - p - - - - 'Ya 'Y - = un,U+ - f). 
at a ax" ap a 2 13 at 

(92.8) 

On multiplying this by p3 and integrating over p, we find (eq. 91.32) 

(92.9) 

where l is defined in equation (91.25). Finally, the radiation scattered into 
the beam is computed by noting that (eq. 92.4) 

f+ (p, -y) = f f'(p', 'Y 1 ) dQ'/41r, (92.10) 
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where p' is given in terms of p and 'Ya by equation (92.6), so 

where 

(92.12) 

to first order (eq. 91.26). Thus the collision equation can be reduced to 

ai 'Ya ai ah"13 - + - - - 2-y 'Y13 - = un (o + 4-y v" - t). at a ax" a at e r a 
(92.13) 

This is the differential equation for the radiation brightness in the linear 
perturbation approximation. It was derived by Peebles and Yu (1970). 
Related cases of the equation were derived by Dautcourt ( 1969, 1970). 

The time variation of the perturbation to the matter mass density is 
given by equation (85.8) with p = 0 = v, 

aom 1 ah 1 av" 
at = 2 at a ax" (92.14) 

The brightness seen by an observer at fixed x" is 

(92.15) 

to first order, and the corresponding brightness of the radiation scattered 
by the matter is ( eqs. 92.11 and 92.12) 

so the net volume force on the matter is 

Fa= f dfi(0b/41r)(i - 4-yav/j - orhaune 

= unecS'b(fa - 4/J va), 

fa= J L'Ya dfi41r. 

Thus the equations of motion of the matter are ( eq. 7 .12) 

(92.16) 

(92.17) 

(92.18) 
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The equations are completed by the gravitational field equations (82.9) 
with T/ given by equations (91.26). Some properties of the solutions are 
discussed next. 

B. Limit tc-.. 0 

The mean free time is 

(92.19) 

When the mean free path is much less than the size of the fluctuations, 
matter and radiation act like a viscous fluid. In this limit it is convenient to 
rewrite the collision equation (92.13) as 

(92.20) 

and then write down the solution by iteration: 

(92.21) 

to lowest order, 

(92.22) 

to order t0 and so on. With the definition of o, this last equation yields 

(92.23) 

so, to zeroth order in tc, 

ao, 4 (1 ah 1 av") 4 aom 
at - 3 2 at - a ax" - 3 at . (92.24) 

The first equation agrees with equation (85.8) with v = 1/3, the second with 
equation (92.14) agrees with the conservation of entropy per baryon, 
6 a. µ413 • The flux defined in equation (92.17) with equation (92.22) is 
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(92.25) 

to first order in tn and this in equation (92.18) gives 

(92.26) 

to zeroth order. This agrees with equation (90.3): as expected, in the limit 
tc -- 0 the matter and radiation behave like an ideal fluid with p = µ, + 0, 
p=0/3. 

The evolution of a pressure wave in an ideal fluid was discussed in 
Section 88. For a mixture of matter and radiation the time variation is (eq. 
88.15) 

</> = J' dtkcs/ a, (92.27) 

Photon diffusion adds an exponential damping term, which is discussed 
next. 

C. Damping by photon dif.f usion 

The simplest way was shown by Field ( 1971) and Chibisov ( 1972): since 
we are interested in the limit A« est ;S ct, we can ignore gravity, and let us 
ignore also the time variation of the coefficients a and tc. This brings 
equations (92.13) and (92.18) to 

(92.28) 

With the coefficients independent of position and time we can look for 
solutions of the form 

a ik-x-wt 
V cxicxe , (92.29) 

for which the equations become 
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with 

o, + 4µu (3//4) 
l=-------

\ - itc(w - kµ/a)' 
U= 

I - iwRtc' 

f = f iµdµ/2, 
µ = cos O = 'Y • k/ k. 

(92.30) 

(92.31) 

The vectors k, v, and fall are parallel, and O is the angle between the wave 
vector k and the direction -y. The convenient symbolµ = cos O should not be 
confused with the mass density. 

The result of integrating the first of equations (92.28) over direction 'Y 
is 

wo, =fk/a. (92.32) 

With this we can combine equations (92.30) to get 

1 + (3aµw/ k)(l - iwtcR)- 1 

i=o-----------
, 1 - itc(w - kµ/a) 

(92.33) 

This is valid to all orders in tc (but of course it assumes the characteristic 
times for changes in tc and R are much longer than the times from the real 
and imaginary parts of w). The dispersion relation w(k) is found by 
substituting equation (92.33) in the first of equations of (92.31) and 
eliminating o,, but the general result is lengthy and not very illuminating, 
so it is better to expand equation (92.33) in a series in tc and then integrate 
over directionsµ. The result to first order in ( is 

w = wo -- i-y, w0 = kc/ a[3(1 + R)] 112, 

k 2c2t, (R2 + 4(R + 1)/5) (92.34) 

'Y a= 6a2 (R + 1 )2 

The real part agrees with the ideal fluid limit in equation (92.27). The 
imaginary part 'Y is the exponential damping rate. Finally, we can take 
account of a relatively slow time variation of 'Y by modifying equation 
(92.27) to 

(92.35) 
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Another way to arrive at this result is to continue the expansion in 
equation (92.22) to order t/, derive the equations of motion in equations 
(92.24) and (92.26) to first order in tn and then solve these equations in 
the adiabatic approximation. This derivation of equations (92.34) and 
(92.35) is worked out by Peebles and Yu (1970). Field (1971) and 
Chibisov ( 1972) derived 'Y by the method presented here. One can also find 
'Y from the transport coefficients for the matter and radiation described as 
a fluid with viscosity and conductivity. This was pioneered by Silk (1968a) 
and worked out in detail by Weinberg (1971). 

D. Linear transfer function for adiabatic perturbations: 
characteristic masses 

Suppose the most rapidly growing mode of the density irregularity at 
some very high redshift Z; is broken up into plane waves like in equation 
(92.29). The amplitude belonging to the propagation vector k is bk (i) at 
this starting time, and the amplitude at this same comoving k has grown to 
ok(f) at epoch Z 1 = Zdec ~ 1300, just after matter and radiation have 
decoupled. In linear perturbation theory we can write 

(92.36) 

where T(k) is the linear transfer function for the cosmological model. As 
will be discussed here, there are three interesting and possibly important 
characteristic quantities in the function T(k): a short wavelength cutoff 
Ms that may set the scale of the first generation of bound systems, more or 
less regularly spaced zeros of T(k), and the Jeans mass Mx longward of 
which Tis independent of k. 

The proper wavelength belonging to wave number k is 

A= 21ra(t)/ k. (92.37) 

It is convenient and standard to express A in terms of the mass in baryons 
within a sphere with diameter equal to the wavelength: 

(92.38) 

This gives 

5.87 x I 020 (M /M0 ) 1/ 3 

A = (1 + Z)(Qoh2) 1/3 cm, (92.39) 
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at redshift Z. To set the scale we might note that the correlation functions 
tg(r) and ~gg(r) are positive to rat least as large as 40 h- 1 Mpc (table 
78.1). At X = 40 h- 1 Mpc the characteristic mass is 

(92.40) 

The ratio of the mean mass densities in matter and radiation is 

(92.41) 

where the present radiation temperature is taken to be T0 = 2.7 K. The 
densities of matter and radiation are equal at redshift 

(92.42) 

The cosmic time t at epoch Z is found by integrating the cosmological 
equations (80. l ). Two convenient limiting cases will be used here. At Z ~ 
Z,q radiation energy dominates and the R- 2 term in equation (80. l) is 
negligible. This leaves 

Z > Z,q· (92.43) 

At redshifts less than Z,q but still high enough that the R- 2 term may be 
neglected, we have 

Now we can write down the phase integral in equations (92.27) and 
(92.35). At Z > Z,q, where a ex 1112, it is 

<P = J' dtkc,/a(t) ""(kc/3 112 ) f dt/a 
(92.45) 

~ 1.18 x 1010 (Q0 h2 ) 113 (M/M0 )- 113 (1 + z)- 1 radians. 

This is a reasonable approximation down to redshift Z,q, where it amounts 
to 

(92.46) 
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The phase is <Peq = 1 radian at 

This marks the scale of irregularities that are just starting to oscillate at 
Z = Zeq. At Z < Zeq the phase integral is 

<P"" <Peq + 3.2 x 105 (M/M0 )-
113 (f2oh2)- 213 ln [(l + Zeq)/(1 + Z)]. 

(92.48) 

Since the logarithm factor cannot grow very much greater than unity, 
we see that at M > Mx, where <Peq < 1, the phase never does get very large: 
pressure is unimportant and the transfer function Tis nearly independent 
of wavelength. At M = Mx the acoustic time ~A/ cs agrees with the 
expansion time: Mx is the Jeans mass for the matter-radiation fluid. 
Because p C( (1 + Z)4 and p C( (1 + Z) 3 at Z < Zeq, the Jeans mass is 
independent of redshift (§ 16). At M « Mx the phase advances by many 
radians each time the radius of the universe doubles, so we have acoustic 
fluctuations. 

Photon diffusion tends to dissipate the acoustic part. At M close to Mx, 
"fl (eq. 34) is fairly small until Zdec ~ 1300, where the temperature falls to 
~4000 K, the plasma combines to neutral atomic hydrogen, and matter 
and radiation decouple. During the decoupling process the photon mean 
free path increases from a small fraction of a wavelength to one 
wavelength in a time span b..t that is shorter than the expansion time t but 
of comparable order of magnitude. If the wave makes many oscillations 
during this interval b..t, it is smoothly damped and the residual irregularity 
in the matter is quite small. If there is less than one oscillation during b..t, 
the decoupling is abrupt and the matter is deposited with irregularity close 
to what it was before decoupling. One finds from numerical integrations 
that the division between these cases is about where the wave is making 
five oscillations while 1 + Z changes by the factor e or (Peebles and Yu 
1970) 

[ d<fJ] . k,c dt 
(I + Z) -d- ~ 30 radians ~ [ ( . ) ] 112 -d. 

Z z," 3 1 + R a 
(92.49) 

This gives the characteristic Silk mass at the short wavelength cutoff of the 
transfer function: 

(92.50) 
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Another way to estimate Ms is to integrate the exponential dissipation 
factor -y (eq. 94.34) up to the epoch that matter and radiation stop acting 
like a single fluid (for example, Chibisov 1972, Silk 1974b). Bonometto 
and Lucchin (1976) and Press and Vishniac (1980b) treated matter and 
radiation as coupled fluids, each with dissipation. As it happens, direct 
numerical integration of the transfer equation is fairly easy because in a 
plane wave perturbation there are only two independent variables to deal 
with, t and 8: the parameter in equation (92.49) was adjusted to make 
equation (92.50) about agree with the numerical integrations (Peebles and 
Yu 1970). It might be noted that for a plane wave with characteristic mass 
equal to Ms the damping rate at Z = 1300 is -yt = 2.3/x,, where Xe is the 
fractional ionization of the hydrogen, if fl.0 h2 = 1; and -yt = 1.1/xe if 
fl 0 h2 = 0.03. Damping at Ms prior to recombination thus is appreciable. 
However, it is partly compensated by the residual matter velocity that 
tends to enhance the final amplitude. The result is that the transfer 
function through decoupling is fairly close to flat at Ms;$ M ;$ Mx. 

Depending on the spectrum of the primeval irregularities, the cutoff in 
the linear transfer function at Ms may fix the size of the first generation of 
objects to form after decoupling. If fl. 0 h2 = 1, Ms amOUJ?ts to about 
10 12 M 0 ; ifQ0 h2 = 0.03, Ms~ 10 14 M 0 . It is interesting that one can find a 
reasonable interpretation for either of these numbers: the mass in the 
visible parts of the largest galaxies is ~ 1012 M 0 and the nominal mass in a 
moderately rich cluster is~ 10 14 M0 

The boundary condition o -- 0 at t -- 0 forces o (x, t) to be a sum of 
standing waves, and it fixes the phase for the time variation of each Fourier 
component. This means ok (f) is forced to vanish at discrete values of k 
where the phase of the standing wave at decoupling is such that the 
residual effects of the displacement and velocity just cancel each other. If 
the residual velocity is negligible, the zeros are where the phase at 
decoupling is an integral multiple of 1r (Sunyaev and Zel'dovich 1970): 

1 dee dt k,cs I a ~ n1r. 
t - 0 

(92.51) 

This with equation (92.48) for cf> indicates the zeros are at wavelengths 

20 Mpc 2 
Ao = h2 In (80 Q0 h ). 

flo 
(92.52) 

The zeros are somewhat perturbed from this by the effects of gravity and 
the residual velocity. This is seen in the numerical examples of Michie 
( 1967) and Peebles and Yu ( 1970). Since galaxy clustering on the scale of 
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Ao is weak, in the sense that the two-point correlation function HAo) is 
much less than unity, the linear approximation should still be valid and the 
zeros of the power spectrum should still be present if they were at 
decoupling. When extensive redshift samples are available, it may be 
possible to test for this: a detection and measurement of the length Ao 
certainly would afford a valuable probe of the model. 

Finally, let us consider the shape of the envelope of T(k) longward of 
M,. At M < Mx the amplitude ok (t) grows as (1 + z)- 2 (if we assume Z <: 
Z,q) until the wavelength appears within the horizon, and then it oscillates 
as an acoustic wave, with nearly constant amplitude (eq. 92.27), until "fl 
becomes appreciable. At the first oscillation the proper wavelength is 

A= 21ra(t)/k ~ ct ex a2, 

so this happens at redshift 

The growth factor is therefore 

Thus if the power spectrum of the primeval density irregularities is 

the part that has come within the horizon is tilted to 

ha/k:St. 

(92.53) 

(92.54) 

(92.55) 

(92.56) 

(92.57) 

Since the Fourier component with characteristic baryon mass M has wave 
number k a: M- 1!3 (eq. 92.39), equation (92.54) says this wave starts to 
oscillate at epoch 

(92.58) 

The normalization is fixed by the condition that Mx is just on the edge of 
oscillation at redshift Z,q• The envelope of the transfer function at M < 
Mx is then 

M :S Mx- (92.59) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



93. RESIDUAL FLUCTUATIONS IN MICROWAVE BACKGROUND 363 

The last factor, which applies if Zeq > Zden is the adiabatic variation of the 
wave amplitude (eq. 92.27). Longward of the Jeans length the pressure is 
unimportant so the growth factor to Zdec is 

01~ o ( I + Z; )2 ( I + Z,q) 
1 1 + Z,q 1 + Zdec ' 

(92.60) 

if zd,c ::S Z,q· IfDoh2 ~ 0.03, so Z,q ~ Zdec, these two expressions for of agree 
at M ~ Mx. If Z,q is much larger than Zd,n then the envelope of the short 
wavelength part is down from the long wavelength part at M ~ Mx by the 
factor 

(92.61) 

The power spectrum thus may have a spike at M ~ Mx. This effect was 
pointed out by Field and Shepley (1968). The spike would add to the 
Fourier transform Hr) a term that is roughtly constant at r < "-x and 
approaches zero at r > Ax, where "-x is given by equation (92.47). This 
length is somewhat outside the range that can be tested with present data, 
but again it will be something interesting to look for in better samples. 

93. RESIDUAL FLUCTUATIONS IN THE MICROWAVE BACKGROUND 

This is important as a possible probe of conditions now and at 
decoupling. One must bear in mind, however, that the irregularity in the 
radiation distribution left over from the early universe could be diminished 
or augmented by scattering and emission along the line of sight: a full 
application thus awaits a fuller understanding of the galaxy building 
process. 

A. Small angular scales 
The radiation detected now along two lines of sight intersecting at angle 

(J was at epoch tat proper separation (eq. 97.11) 

d = a(t)xfJ. (93.1) 

This is the proper length at epoch t subtended by the angle of observation 
0. The coordinate distance x is given by equation (56.7). In an open 
universe Q0 < I, the density parameter was Qz = 0.5 at redshift ( eq. 97 .20) 

(93.2) 
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and at this redshift x amounts to 

(93.3) 

for Q0 « 1. In the limit Z » Zn x approaches 

(93.4) 

Present attempts to find small-scale irregularities in the microwave 
background reach upper limits bT/T ;S 10- 3 on angular scales 3 to 10 
minutes of arc (Boynton 1978, Parijski 1978). The angle 0 = 3' subtends at 
redshift Z » Zc the proper length 

d = 5.2 [hQ0 (1 + Z)]- 1 Mpc, M = 2 x 10 13 (Q/h)- 1 M0 • (93.5) 

The second quantity is the mean mass in baryons in a sphere of diameter d 
(eq. 92.39). The measurements thus are probing the structure on scales 
larger than that of a galaxy and, for Q0 = 0.1, comparable to the largest 
well-observed scale clustering of galaxies, d0 - 40 h- 1 Mpc. 

A Jeans wavelength for the matter-radiation mixture is defined in 
equation (92.47). It subtends the angle 

(93.6) 

independent of flo and z at Zc ;S z ;S Zeq· If Zeq <'.: zdec, this angle marks 
the division between irregularities on large scale that grow unimpeded by 
the pressure and those on smaller scales that, in the linear theory, have 
been oscillating as acoustic waves prior to decoupling. This latter oscilla­
tion is damped out when the photon mean free path becomes comparable 
to the wavelength for the matter distribution. The matter is then deposited 
in a more or less irregular fashion, but since the radiation mean free path is 
less than the horizon for some time after this the radiation is smoothed out. 
The strongest residual irregularities in the radiation come from the first 
one or two (longest wavelength) peaks of the transfer function and from 
the primeval shape of the fluctuations longward of that. Thus one would 
look for a cutoff in the spectrum of the angular fluctuations at 0 somewhat 
smaller than 0 x, and, if the plasma recombines on schedule, one expects the 
amplitude bT/T at this shoulder is comparable to op/pat the first peak at 
the epoch of decoupling. For Zeq :c; Zd,c the growing mode of a linear 
perturbation grows by the total factor (eq. 11.21) 
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(93.7) 

so if the first peak is to develop into nonlinear clumps, we need 

(93.8) 

close to the observational limits. More detailed estimates require numeri­
cal integration of the brightness equation through decoupling (Peebles and 
Yu 1970, Silk and Wilson 1980). Discussions of the orders of magnitudes 
of this and competing effects are given by Longair and Sunyaev ( 1969), 
Chibisov and Ozernoy (I 969), Sunyaev and Zel'dovich (1970), Silk 
(1974c), Partridge (1980), and Boynton (1980). 

B. Large angular scales 
Sachs and Wolfe (1967) showed how the residual fluctuations in the 

background at()» ()x can be computed in a useful approximation based on 
the following consideration. The proper length d(Z) subtended by angle() 
( eq. 93. I) is equal to the horizon ct at epoch Z if 

{) :a, ! (~)1/2 
3 1 + Z ' 

(93.9) 

This fixes the epoch Z at which fluctuations observed now at angular scale 
() appeared on the horizon. The angle amounts to 

(Idec~ 30' QOl/2, Z = Zdec; 

8,q ~ 6' h- 1, Z = Z,q· 
(93.10) 

For irregularities on scales () » ()d,c scattering never had much effect 
(provided the plasma recombines on schedule) because by the time the 
photons could have responded to an irregularity the mean free path was 
longer than ct. Thus we can greatly simplify the computation by dropping 
the scattering term in the brightness equation. 

Neglecting scattering, we find the brightness equation in the linear 
perturbation approximation is (eq. 92.8) 

(93.11) 
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The unperturbed part is 

(93.12) 

The solution is a function of ap alone, and, if the spectrum is blackbody, 
the temperature varies as Tex a- 1, as usual. For the perturbation we can 
write 

E = E(ap, )',,, X, t), 

aE 'Ya aE 1 p afb ahafi 
at+ a ax" - 2fb ap at 'Ya'Y13 · 

(93.13) 

The time derivative is at fixed ap. To simplify the following expressions, it 
will be supposed that the photon energy p is in the long wavelength 
Rayleigh-Jeans part of the spectrum, so fb ex p- 1 (as is the case of practical 
interest). Here the last of equations (93.13) becomes 

(93.14) 

To simplify things some more, let us reverse the sign of 'Ya so it points 
back, along the direction of observation. The observer can be placed at 
x" = 0. The radiation received now, at epoch t 0 , was at epoch t at 
coordinate position 

x(t) = J'0 dt' / a(t'). 
t 

(93.15) 

With these variables we can write the integral of equation (93.14) as 

l 1'' a E = - 'Ye, 'YfJ dt - ha/J (t, 'Yc,X(t) ). 
2 o at 

(93.16) 

This shows how the radiation brightness is perturbed by the gravitational 
fields along the line of sight. The result is simply interpreted by consider­
ing the observers, each at fixed x", that define the time-orthogonal 
coordinates. A packet of radiation passes an observer at epoch t, and it 
passes a second at t + ot. The coordinate separation of the observers is 
(eqs. 91.9 and 91.18) 

(93.17) 
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The proper separation is r = ot, and this is increasing due to the general 
expansion plus the perturbation h,,/3· To compute the rate of increase of the 
separation of the two observers, let us use equation (93.17) with equations 
(81.8) to write 

(93.18) 

which gives 

(93.19) 

Therefore, the first-order Doppler effect makes the frequency of the 
radiation in the packet as measured by the two observers differ by the 
fractional amount 

(93.20) 

This is an ordinary Lorentz transformation, valid because the two observ­
ers are close to each other. As indicated, the Doppler shift ov/v causes a 
like perturbation o T / T to the measured brightness temperature (for 
example, Peebles and Wilkinson I 968). Equation (93. I 6) is the integral of 
equations (93.20) over a sequence of observers along the path of the 
radiation. 

It might be noted that if t = o T / T with T the equivalent blackbody 
brightness temperature, then equation (93.20) and hence equation (93.16) 
are valid at any photon energy p, not just in the Rayleigh-Jeans limit. It is 
left as an exercise to see how this comes about in the first derivation. 

For the final simplification we note that if 0 » Od,n then 0 » 0,q (eq. 
93. 10), so pressure gradient forces are negligible: we can choose coordi­
nates so T0" = 0 and hence, as discussed in Section 84, the field h,,f! can be 
derived from the potential '¥ (eqs. 84.5 and 84.20). Assuming the most 
rapidly growing mode ex: D1 (t) dominates, we can write h,,/3 as 

ah,,/3 _ dD 1(t) a2k(x) 
at - dt ax,,ax13 ' 

(93.21) 

where, since the matter velocity in the time-orthogonal coordinates 1s 
negligible (eq. 92.14), 

2 aom = ah = dD, 'v 2k. 
at at dt 

(93.22) 
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With D1 ex t 213, equation (84.20) gives 

Di(t) k(xa) = <f>/(21rGpba2 ), 

<f> = - Gpba2 J d 3 x'o(x', t)/ Ix - x' I, 
(93.23) 

where ¢(x) is the Newtonian potential (computed on the hypersurface of 
fixed time t in the time-orthogonal coordinates). The function k evaluated 
along the path of the radiation is k(x(tha), so 

d 2k a2k 
dx2 = axaax13 'Y"'Yfl, (93.24) 

and equation (93.16) is therefore 

t = ! 1'0 dt dD, d 2 k 
2 o dt dx2 ' 

dt = - adx. (93.25) 

When this is integrated by parts twice, it becomes 

t __ a0 dD,!!!!:__ -['!_!!_(adD,)k]'' 
- 2 dt0 ax" 'Ya 2 dt dt o 

+ ! 1'0 dt k !!_ a !!_ a dD, . 
2 o dt dt dt 

(93.26) 

This equation was derived by Sachs and Wolfe (1967). They computed 
from the redshift of the wave packet rather than the brightness equation. 

The first term in equation (93.26) with equations (93.23) is 

(93.27) 

The peculiar gravitational acceleration is g,,, and, in the Einstein-de Sitter 
model, the peculiar velocity in the growing mode is v" = g"t (eq. 14.7). This 
term thus is just the 24-hour anisotropy due the peculiar motion of the 
freely moving observer at x" = 0 (in the time-orthogonal coordinates). 
Since D, ex t 213 in this model, the third term in equation (93.26) vanishes 
and the second can be reduced to 

(93.28) 

the final Sachs-Wolfe result. The local gravitational redshift at the 
observer is -¢(0). One third of the effect appears in this term. The rest 
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comes from the fact that E is defined as the perturbation from the mean of 
the brightness along a hypersurface of fixed time t kept by the observers at 
fixed x". The correction to Newtonian time is t = t(I - cp) (eq. 84.15 with 
¢ independent oft), which brings the perturbation at fixed t to 

(93.29) 

the full effect. 1 

Equation (93.28) says E is unaffected by what lies along the path from 
the position at high redshift, x" = X'Ya, to the observer at x" = 0. To see 
how this comes about, let us write down, in the uniformly expanding 
Newtonian coordinates used in Chapter II, the integral expressing the 
effect of the peculiar gravitational acceleration along the path on the 
photon energy (and brightness temperature): 

o(av) = _ j acp(x, t) dx". 
av ax" 

(93 .30) 

In the Einstein-de Sitter model cp for a linear, growing perturbation is a 
function of x" alone (because o a a in eq. 93.23), so the integral depends 
only on the end points as in equation (93.28). Rees and Sciama (1968) 
have noted that in other cosmological models, or in nonlinear mass 
concentrations, cp at fixed x may vary with t, so the integral may depend on 
what lies along the path: it can happen that in a growing potential well the 
photons lose more energy moving out of the well than they gain while 
moving in. However, if the clustering length «cH- 1, the change in ¢ 
during the time taken for the radiation to cross the irregularity generally is 
a small fraction of cp so this is a small correction to equation (93.28) 

Equation (93.28) has been derived in an Einstein-de Sitter model but it 
applies equally well in the open or closed case at small enough angular 
scales where the length subtended by O at high redshift is a small fraction 
ofl RI a(t). In an open model this condition is (eq. 80.8) 

(93.31) 

0 « Q0 radians. 

'The renormalization of the time from I to t is not applied at the other end of the 
integration: under the assumed boundary conditions,, - 0 at I - 0, equations (93.16) and 
(93.28) give the full difference in brightness measured in different directions. 
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Generalization of the analysis to an open or closed model is discussed by 
Anile and Motta (1976). 

We can write the fluctuating part of equation (93.28) as 

oT/T = E = ¢(x")/3 = - 1/3 Gpba2 J d 3x'om(x', t)/ Ix' - XI, 

x" = 'Y« 1'0 dt'/a(t'). 
(93.32) 

It will be noted that since ¢ is independent of t in the Einstein-de Sitter 
model, this can be evaluated at any convenient t. To see the order of 
magnitude, consider a patch with proper size I and density contrast o at 
epoch t. Here equation (93.32) amounts to 

(93.33) 

If the epoch is chosen so / = t, then Io T /TI~ Io I: the residual perturbation 
to the radiation is about equal to the density contrast in the matter when it 
appears on the horizon, as seems reasonable. It is interesting, however, that 
the signs of o and E are opposite. An account of this is at best only heuristic 
because it involves / ~ ct, but we can note that there are two effects to 
consider. At high redshift where /(t) » ct the matter and radiation at each 
spot behave as if they were in a homogeneous world model: where the 
matter density is high so is the radiation density e = o/3. When t 
approaches /(t), the excess radiation within a dense patch leaves moving 
out of a potential well ¢ ~ o (eq. 93.33) and suffering a like decrease in 
brightness temperature. The two effects are of the same order but opposite 
sign, and, as it appears, the latter fixes the sign of the residual e. 

To make the relation between e and om more precise, consider the power 
spectrum of e. With 

(93.34) 

equation (93.32) is (compare eq. 27.6) 

(93.35) 

Suppose Eis measured in a square patch of the sky, size 0 by 0 with 0 « I 
radian. Then we can write in equation (93.35) 

(93.36) 
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where x is given by equation (93.32) and 81, 82 are Cartesian coordinates 
for the angular position in the small patch in the sky. The Fourier 
transform oft in the patch is 

2 ( a )l 2 ik x 
= - 9 0t J,ok/k [F(xk1 - q,)F(xk2 - qz)]e 3 ' 

(93.37) 

F(x) = (e;xe - 1)/ix. 

The power spectrum oft is the mean of the square of this. The means of the 
cross terms vanish (because the relative phase of ok and ok, varies with the 
position x0 of the observer as exp i (k - k') . x0), and the I Fl 2 factors 
approximate delta functions when q0 » I. This leaves 

(93 .38) 

This is the general relation between the power spectra of the space density 
fluctuations and of the angular fluctuations in the background tempera­
ture. If I ok 12 does not vary more rapidly than k3, the main contribution to 
the integral is at k ~ q / x. If I ok 12 is modeled as a power law, the integral 
can be simplified: 

I ok 12 = A k", n < 3; 

f dk3 l(\1 2/k4 = A(x/q) 3-"H(4 - n), 
(93.39) 

where H('Y) is given by equation (52.9). 
The mean square value oft is 

(93.40) 

The part of the integral from O to q0 roughly agrees with what would be 
detected using an antenna with angular resolution q0 - i, so a convenient 
measure of the background temperature fluctuations on the scale q- 1 is the 
contribution to the integral per logarithmic interval of q: 

(93.41) 
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which is a variant of equation (28. l ). The corresponding measure of the 
space density fluctuations on the scale k- 1 is 

(93.42) 

Since I Eq 12 comes mainly from I ok 12 at k = q / x, we can rewrite equations 
(93.38) and (93.39) with equations (93.41) and (93.42) as 

( (oT/T) 2 > q = 2. (xa(t))4 H(4 - n) < (oM I M)2 > q/x • (93.43) 
81 qct 

This the relation between the growing mass density fluctuations and the 
angular fluctuations in the radiation temperature. We see again that if the 
epoch at which the right hand side is evaluated is chosen so the angle -q- 1 

subtends ct, then oT/T - oM / M. 
A fairly standard assumption is that n = I in equation (93.39) (§ 95 

below). This gives (oM/ M) 2 ex. k4, so it makes oT/T independent of q: the 
background temperature fluctuations are about independent of the angu­
lar resolution of the antenna. If 

(93.44) 

where >-xis the Jeans length for the matter and radiation (eq. 92.47) and 
Z = Zd,c = 1300, equation (93.43) with n = 1 indicates 

(93.45) 

The last factor is about equal to the net rms fluctuation in density 
integrated over the entire spectrum because the shorter wavelength part 
has been stored as acoustic waves (eqs. 92.58 and 92.59). Fluctuations in 
the background temperature oT/T?, 10- 3 on angular scales greater than a 
few degrees probably would have been detected, so we conclude that 

(93.46) 

As for equations (93. 7) and (93.8), this is close to a useful constraint on the 
possible amplitude of large-scale primeval irregularities. There have not 
yet been experiments specifically designed to measure oT/T on these 
intermediate angular scales; an interesting improvement in this limit may 
be possible. 
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94. ISOTHERMAL PERTURBATIONS 

A. Origin 

As was described in Section 4C, the irregularity in the mass distribution 
before decoupling can be written as a linear combination of adiabatic and 
isothermal fluctuations, the former having fixed entropy per baryon and 
the latter, a homogeneous distribution of radiation. If the scale of the 
fluctuations is 'A« ct, the perturbation to the radiation caused by clumps of 
matter is down by --('A/ct) 2 and so can be neglected, so isothermal 
perturbations remain isothermal. If radiation diffusion can be ignored, 
entropy is conserved and adiabatic perturbations remain adiabatic. Thus in 
these approximations one can think of these as linearly independent modes 
of perturbation. 

Analysis of the behavior of isothermal perturbations at 'A » ct requires 
some change from the calculation in Section 86, for now the perturbation is 
in part in the pressure. To simplify the equations, let us suppose that 
va = 0 = () and that Z » Z,q, so the expansion of the universe is dominated 
by the radiation. With() = 0 the first of equations (86.1) says the fractional 
perturbations to the densities of matter and radiation are 

bm(t) = bm(i) + ½ (h(t) - h(i)), 

b,(t) = b,(i) + 2/3 (h(t) - h(i)). 
(94.1) 

The evolution of h is given by the first of equations (82.9). On using a 
radiation-dominated model to approximate the coefficients, we have 

where the ratio of mean densities of matter and radiation is 

The solution at t « t,q is 

Om:;,; 1/2 (At+ B/t) + bm(i)(I - (t/t,q)' 12/2) - 3/4 b,(i), 

o,""' 2/3 (At + B/t) - 2/3 bm(i)(t/t,q)' 12, 

At;+ B/t; = 3/2 b,(i) + bm(i)(t,/t,q)' 12 . 

(94.2) 

(94.3) 

(94.4) 

The most rapidly growing part of the solution, b oc t, gives b, = 4bm/3. In 
general, therefore, any small initial fluctuation develops into an adiabatic 
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perturbation. However, this is avoided if some constraint forces A 0. 
Then equations (94.4) become 

[ 1 ( t )1/2 1 (.3/2 l 3 (t ) o = o (i) 1 - - - + - -' - + - o (i) -'- - 1 
m m 2 { 2 f 112{ 4 r f ' 

eq eq 

2 [ ( .3/ 2 ( t )1 /2] o, = - om(i) Ti - - + o,(i)t;/t. 
3 t,q t t,q 

(94.5) 

We can isolate from this the part 

2 ( t )1 /2 o ::aa - - - o (i) 
r 3 l,q m ' 

op l ( t ) 112 
-::aa- - om(i). 
p 3 t,q 

(94.6) 

The last expression is the fractional perturbation to the total mass density. 
In this solution the pertubation to the matter is more or less fixed prior to 
Z,q while the radiation density is smoother, o, « om at Z » Z,q· Thus what 
appears on the horizon is nearly pure isothermal at high redshift and a 
comparable mixture of isothermal and adiabatic at Z = Z,q· This effect 
was pointed out by Meszaros (1975). 

One can understand the result by following the method of Section l 0: 
compare the evolution of two homogeneous cosmological models, one to 
describe the behavior of the background, one to describe the situation in a 
perturbed patch. The part of the solution hex t corresponds to a perturba­
tion in the space curvature R - 2, the part h ex t - 1 to a perturbation in 
starting time, and the part h ex 1112 to a perturbation in the entropy per 
particle. 

It might be noted that an isothermal component also could be produced 
by nonlinear dissipation. Prior to decoupling, the amplitude of the short 
wavelength acoustic noise grows as new fluctuations appear on the horizon. 
In spots where the density fluctuates up to o ~ 1, there is rapid nonlinear 
transfer of energy to short wavelengths where it is dumped as entropy 
(§ 89). The resulting hot spots are an admixture of isothermal and 
adiabatic fluctuations. 

B. Behavior 

Let us suppose that at Z ~ 104 an isothermal component has developed 
one way or another, with scale A « ct. If A is greater than the Jeans length 
for matter, gravity in this component is balanced by the radiation pressure, 
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which means there is a slight radiation density excess wherever the matter 
density is high. The radiation tends to diffuse outward, and as it does the 
isothermal perturbation grows. 

We can compute the diffusion rate by using the expansion of the 
brightness l in powers of the mean free time tc (eqs. 92.20 to 92.22). The 
time derivative ai/at can be dropped because the distribution is quasi­
static. On carrying the expansion to second order in tc and then integrating 
i over angles, one finds the diffusion equation 

(94.7) 

As usual, the space derivatives of o, are taken at fixed time t in the 
time-orthogonal coordinates. The right-hand side of this equation is fixed 
by the condition that the radiation pressure gradient balance the peculiar 
gravitational field due to om. To simplify the equations, we will suppose 
here that µb ~ r;b· Then we have from the ideal fluid equations (92.24) and 
(92.26) with ao,/ at :;:; 0 and the gravitational field equation (85.10) the 
balance condition 

(94.8) 

This gives the growth rate 

(94.9) 

where the dynamic damping time is 

(94. 10) 

Since Gµb ~ r2, this diffusion effect is important only when td ~ the 
expansion time t. 

The ratio of dynamic to expansion times is 

(94.11) 

where x, is the fractional ionization. At Zd,c = 1300 this amounts to 

(94.12) 
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In the conventional cosmology the fractional ionization rather quickly 
drops from Xe - 1 to Xe - 10 5 at zdec, so there is an abrupt switch from 
td « t, where om is effectively frozen in, to td » t, where radiation drag is 
negligible and om grows according to the usual zero pressure solution 
(§ 11 ). One might imagine that some process keeps the matter ionized past 
Zdec- With x, = 1, td/ t reaches unity at redshift 

(94.13) 

This is the latest epoch at which the background radiation drag can have 
had an appreciable effect on the dynamics. 

There is some reason to speculate that the matter density fluctuations 
may be strongly nonlinear on small scales(§ 96). We can arrive at a rough 
approximation to how such fluctuations would behave as follows. In the 
rest frame of an electron moving at speed va through the radiation the 
radiation brightness is anisotropic (eq. 92.11): 

(94.14) 

Thus the electron suffers a drag force 

(94.15) 

Let us approximate a concentration of matter as a distribution spherically 
symmetric about one point, the mass within the shell of radius r being 

GM/r « I. (94.16) 

Since the radiation pressure keeps its distribution quite· smooth, the 
radiation brightness at r appears isotropic to an observer moving away 
from the origin at speed H(t )r. Gravity is just able to hold the radius of the 
matter shell fixed if the gravitational force per proton agrees with the 
radiation drag force per electron with v = Hr in equation (94.15). This 
gives the critical density contrast (for Z < Zeq) (Peebles 1965) 

which can be compared to equation (94.11 ). This result assumes the 
matter is fully ionized, as at Z > Zden and that the lump does not have 
subcondensations that would allow the radiation to stream out more 
readily. 
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Another contribution to the growth of om might be mentioned. As the 
universe expands, entropy goes from radiation to matter because the 
radiation tends to cool as a(t)- 1 and the plasma as a- 2• Where om > 0 the 
transfer is larger than average, reducing 0. Matter and radiation move to 
even the pressure, increasing om. This is the mock gravity effect Gamow 
(1949) discussed. We can analyze it in terms of the entropy per particle, 

4a T 3 s = _s_ + k In T 312 /n 
3n ' 

(94.18) 

where as is Stefan's constant. If diffusion may be neglected, sis conserved 
so 

T 3 T/ [ 3n;k ( T;)3!2 n] - = - 1 + --3 In - - . 
n n; 4as T; T n; 

(94.19) 

The second term in the parentheses is small so to a good approximation this 
can be reduced to the usual expression 

(94.20) 

Since the radiation distribution must be close to uniform to preserve 
pressure balance, we have then the time variation of the perturbation to the 
matter density, 

o = o (i) 1 + - - In -- . [ 9 nk ( 1 + Z;)] 
m m 8 as T 3 1 + Z (94.21) 

This result was found by Field (1971 ). It is quite small in the standard 
cosmology, for the coefficient is 

(94.22) 

very nearly independent of redshift. 
The diffusion equation (94.9) assumes the matter pressure may be 

neglected. When the size of the perturbed patch is smaller than the matter 
Jeans length, the spots where the matter density is high tend to expand, 
creating a slight depression in the radiation density. As the radiation 
diffuses into the spot, the perturbation decays. If "'A is not much smaller 
than "'t-.1 , the diffusion is quite slow until Zden when the part "'A ::S "'/..1 is 
strongly dissipated as it starts to slip through the radiation. Since the 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



378 V. RELATIVISTIC THEORY 

matter temperature is very nearly uniform at the temperature T of the 
radiation, the isothermal Jeans length (16.8) applies: 

(94.23) 

The mass within a sphere of radius '/-..1 is 

(94.24) 

independent of redshift (Gamow 1948b). This cutoff in the isothermal 
perturbations after decoupling is much less than a galaxy mass, but seems 
interestingly close to the mass of a globular star cluster (Peebles and Dicke 
1968). 
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95. NATURE OF THE UNIVERSE AT HIGH REDSHIFT 

Opinions on what the universe might have been like at high redshift span 
the range from primeval chaos (for example, Misner 1968) to a distribu­
tion well ordered in the large but more or less chaotic or turbulent on small 
scales (for example, Gamow 1952, Ozernoy and Chernin 1968, Rees 
1972), to a universe quite precisely homogeneous and isotropic (for 
example, Lemaitre 1933b, Peebles 1967a, 1972, Clutton-Brock 1974). It is 
not surprising that the arguments that have been advanced in favor of each 
scenario all make good points that to some seem compelling. The principle 
that has been adopted in this book and that argues against all variants of 
the primeval chaos scenario is that gravity tries to enhance density 
irregularities, not disperse them: as long as gravity is the dominant force it 
is hard to see how the universe could do other than grow more irregular. It 
might be noted that this has been a point of lively debate. For example, 
Layzer (1954) showed that tides could inhibit the growth of irregularities, 
at least in a collapsing gas cloud. However, as Hunter ( 1962) pointed out, 
that does not happen in linear perturbation theory or in a universe 
spherically symmetric about one point. These models also show that the 
higher the redshift and the mean density, the smaller the fractional 
perturbation on the scale of a fixed number of baryons needed to give 
gravity ultimate control in a relativistic collapse (§ 87). These points 
suggest that the universe must be growing more clumpy: the higher the 
redshift the closer to homogeneous it must have been. 

This view has been codified in Chapter V in a particular choice of 
coordinates by the boundary condition that all perturbations from a 
Friedman-Lemaitre model remain finite as t -- 0. This prescription has 
the virtue that the boundary conditions are simple and definite, so all can 
agree at least on the implications of the theory. It determines the expected 
large-scale pattern of motions of galaxies associated with clustering(§§ 76 
to 78), the zeros of the power spectrum in linear perturbation theory 
(§ 92d), and the large-scale fluctuations in the microwave background 
(§ 93). One can change all these answers without changing the laws of 
physics as we now understand them, but at the price of introducing a 
scenario whose prior history seems contrived in the above view. 

With the adopted boundary conditions there is an upper limit on 
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fluctuations of the density averaged over the scale A(§§ 86, 87): 

A< ct, (95.1) 

at epoch t. For comoving A ex a(t) this limit approaches zero at t ----- 0. A 
common speculation is that the primeval density fluctuations are a fixed 
fraction of this limit (Harrison 1970, Peebles and Yu I 970, Zel'dovich 
1972), 

(95.2) 

with f < 1 independent oft and A. The power spectrum would then vary as 
(eqs. 70.8, 93.42) 

ct ;Sa/ k, (95.3) 

where D1 is most rapidly growing solution to the perturbation equations at 
A» ct(§ 86). The virtue of this assumption is that no characteristic lengths 
are built in: for any other power law kn the perturbation to the geometry 
diverges at large or small wavelength, while here the divergence is only 
logarithmic at both ends. 1 However, it is shown in Section 96 that equation 
(95.3) could not be valid at large scales because it yields the wrong 
spectrum of galaxy clustering. 

Equation (95.1) is a very stringent limit if applied at high redshift, and 
it is not surprising that people should have invented more lively scenarios. 
Homogeneous but anisotropic cosmological models have been widely 
discussed (Godel 1949, Heckman and Schticking 1962, Misner 1968, 
Ryan and Shepley 1975 and references therein). The introduction of 
anisotropy considerably enlarges the range of behavior while keeping the 
computation fairly simple, which is a great advantage, and has therefore 
played an important role in teaching us the options available for scenarios. 
However, the natural tendency once a mathematical solution is found is to 
try it as an approximation to the real world. Thus Godel in his pioneering 
work derived a model that is homogeneous but rotating relative to local 
inertial frames. This led him to speculate that the rotation of galaxies 
might come from the global rotation, so that the spin axes of the galaxies 
would tend to line up. This is a doubtful approach. It is true that the 
Friedman-Lemaitre models require an uncomfortably precise adjustment 

1 It might be noted that if the universe is open, there is a characteristic length in the 
background cosmological model cH0 - 1(1 + z)- 1 iffl0 « 1 (eq. 80.2). Longward of this, space 
curvature on the hypersurfaces of fixed time cannot be neglected, and, of course, this would 
seem to be a natural place for a break in the power spectrum. 
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of initial conditions, but the anisotropic models cause even more discom­
fort because they require in addition that the initial shear and rotation at 
each spot be aligned to agree with the underlying global fabric. They also 
are questionable as models for primeval chaos because they drop only one 
shoe: the great problem is what happens when density fluctuations are 
allowed. 

One can make a good case for the thought that since the universe earlier 
than Z ~ 1000 is well beyond our ken, perhaps we should not be too 
optimistic about attempts to divine its nature. The precise isotropy of the 
radiation background gives strong empirical evidence of the present 
large-scale homogeneity and isotropy of the universe, and this implies also 
rather strong limits on fluctuations at decoupling (depending on how much 
scattering has smoothed out the radiation). One might argue that it is 
reasonable to consider any scenario that fits these constraints no matter 
how it looks at much higher redshift. That is the course Ozernoy and 
Chernin (1967, 1968) adopted. In their scenario matter and radiation at 
Z ~ 10000 are in turbulent motion with eddy sizes < ct and turbulent 
velocities less than but comparable to the velocity of light. They noted that, 
according to Lifshitz's ( 1946) analysis, this situation traces back to 
diverging fluctuations in the geometry at Z - oo (§ 90), but they 
considered that to be a remote problem outweighed by the advantages 
turbulence might offer in building structures like galaxies and clusters of 
galaxies. If future work does show that this scenario can proceed in a 
self-consistent way from the assumed state at Z ~ 10000 to something that 
matches in detail the clustering that is observed now, it will of course 
justify the approach. 

Another aspect of the philosophy behind the equation (95.1) must be 
considered. Although op/ p - 0 in the limit t - 0, at the time of the big 
bang, the perturbations to the geometry remain as permanent wrinkles 
(§§ 86, 87). These are seeds invoked ad hoc in hope of finding a phenome­
nological account of what we see (Peebles 1967a, Harrison 1968). Of 
course, the seeds could assume other forms. For example, Harrison 
( 196 7 c) remarked that at high redshift the mass density in baryons pl us 
antibaryons B + B might be quite accurately uniform while the baryon 
number B - B might vary from place to place. After annihilation the local 
residuum of matter or antimatter could develop under gravity into galaxies 
and clusters of galaxies. This neatly eliminates the primeval wrinkles in the 
geometry but that is replaced with another seed, the fluctuations in B - B 
that must be larger than B112 and must be present at the time of the big 
bang. 

In a similar scheme proposed by Meszaros (1975) some process in the 
early universe caused the formation of fairly small black holes. This 
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converted some of the mass density originally in radiation into a "zero 
pressure gas" of black holes. Since energy is conserved, the mass density is 
not affected but the pressure is reduced so the subsequent evolution is 
perturbed. The relativistic treatment of this is described in Section 94. The 
initial values satisfy 

µ(i)o,n(i) + 0(i)o,(i) = o, (95.4) 

because mass is conserved. With this plus the conditions h = 0 = ah/ at at 
conversion, one finds A = 0 = B in equation (94.4). The solutions in 
equations (94.6) thus apply, so the irregularities in the distribution of 
black holes as measured by om stay about constant to Z,q• Meszaros points 
out that if the conversion happens at high redshift where 0 » µ, only a very 
small fractional amount of energy from the radiation is needed to make a 
substantial om. On the other hand, the wanted om is large, perhaps 0.01 on a 
scale of - 10 10 M0 which is much more than the shot noise from black holes 
of one solar mass. We must assume either that protogalaxies nucleate 
around black holes of substantial mass (a process considered by Ryan 1972 
and Gribbin 1974) or that om results from nonrandom clumping of the 
black holes on scales larger than the horizon when they formed. In either 
case, of course, we need seeds to form the black holes. 

Many authors have considered the idea that galaxy formation was 
triggered by a primeval magnetic field (Hoyle 1958, Zel'dovich 1965b, 
1969, Rees and Reinhardt 1972, Wasserman 1978, § 17 above). Here the 
primeval seed is the field that had to have existed at the time of the big 
bang. There are some further complications in this scenario. As noted by 
Thorne (1967), in the limit t - 0 even a tangled magnetic field would 
appear homogeneous to every observer because the horizon shrinks to zero. 
Thus it is reasonable to describe each small patch as a homogeneous 
anisotropic model. The magnetic field energy makes a fixed fractional 
perturbation to T/, and this causes a diverging perturbation to the 
geometry at t - 0: each patch becomes strongly anisotropic in a different 
orientation (Zel'dovich 1965b, Thorne 1967). As in the case of the 
primeval turbulence scenarios, a universe with a tangled magnetic field 
traces back to chaotic space structure at the time of the big bang. 

To find an ab initio theory of the origin of galaxies, we would have to 
establish that the universe is no more or less irregular than is demanded by 
some new physical principle. As we have seen, there is no limit in general 
relativity theory to how chaotic the universe might be. A common 
assumption is that the mass distribution is as close to homogeneous as is 
allowed by quantum mechanics and the discrete nature of matter and 
radiation. This is a simple and natural idea, though it does leave us with 
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the puzzle of why the universe is no more chaotic than that. In early 
discussions it was assumed that departures from homogeneity are forced 
by thermal or N- 112 fluctuations (Lifshitz 1946, Bonnor 1957). One can 
imagine that at some epoch t; each bit of the universe was allowed to come 
to thermal equilibrium with a separate particle and heat reservoir, each 
reservoir having the same thermodynamic parameters. That would gener­
ate thermal fluctuations op/ p ~ N-y - 112 in regions where N'Y is the expected 
number of photons. As was discussed in Section 4A, if t; were small 
enough, op/ p would have grown to an interesting value now. However, it is 
important to note that in known laws of physics there is no reason why the 
universe should have been constructed on this plan. The universe is allowed 
to be much smoother than this at epochs when ordinary statistical 
mechanics is a good approximation because mass and energy can be 
exchanged only over distances comparable to the horizon no matter how 
rapid the thermal relaxation. Of course, it may happen that the density 
fluctuations issuing from the moment of the big bang are comparable to 
the naive estimates from statistical mechanics. 

Usually it is easy to deal with the effect of the Hubble expansion in 
quantum mechanics by the adiabatic approximation because interesting de 
Broglie oscillation times are much less than the expansion time. The 
adiabatic approximation must fail when a typical de Broglie wavelength A 
is comparable to the horizon ct (Harrison 1967d, Peebles 1968). If at these 
early times there is a limited number of particle species, then the particle 
number density is n -· ;\-3, the typical particle energy is ~ he/A, so the 
mass density is 

(95.5) 

where tis the expansion time (eq. 11.5). When A~ ct, the expansion time is 
on the order of the Planck time, 

(95.6) 

At this Planck epoch the usual separation of quantum mechanics and 
general relativity theory must fail, and we have no firm theoretical guide 
as to what the universe was like. We are allowed to speculate that the 
universe that issues from this quantum state was exactly homogeneous (an 
eigenstate of the translation operators). In this case galaxy formation must 
have been caused by spontaneous fluctuations in the matter and radiation 
fields, and, if the divergence of TI vanishes ( consistent with general 
relativity theory), the spontaneous fluctuations must be in the stress part of 
T/. We saw in Section 86 that pressure fluctuations in the early universe 
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can produce space curvature fluctuations of the wanted amplitude, though 
it must somehow be contrived that the fluctuations are coherent over scales 
very much larger than the horizon (Press and Vishniac 1980a, Bardeen 
1980). Another possibility is that local interactions cause particles to 
cluster and that the clustering grows as the universe expands, so as to keep 
the clustering length a fixed fraction of the distance to the horizon (Press 
and Schechter 1974). It is unlikely that gravity could do this (§ 27). In a 
scenario devised by Omnes (1969) and elaborated by Stecker and Puget 
( 1972) irregularities develop through the coalescence and annihilation of 
pools of matter and antimatter. The idea has considerable appeal because 
it commences from a simple state-a homogeneous universe with local 
balance of matter and antimatter-but it proves difficult to see how the 
coalescence of matter pools and antimatter pools could proceed fast 
enough to make the growth of the scale of clustering keep pace with the 
growth of the horizon so as to produce an interesting degree of inhomo­
geneity now. 

The lesson from this review of scenarios is that we are not likely to have 
a derivation of the existence of galaxies from first principles until we have 
a much better understanding of physics at the time of the big bang. 
Meanwhile, the more fruitful approach likely will proceed from an 
assessment of what the universe is like now and at modest redshift to a 
deduction of what it must have been like at high redshift. That should be 
an important datum for the search for the physics of the big bang. Work in 
this direction is summarized in the next section. 

96. NATURE OF PROTOGALAXIES AND PROTOCLUSTERS 

A. The Situation near decoupling 
Speculations on how the large-scale structures we see-galaxies and 

clusters of galaxies--came into being can be characterized in large part by 
what the universe is supposed to have been like at the epoch of decoupling 
of matter and radiation, redshift Zctec ~ 1300. 

Prior to decoupling the departures from homogeneity may have been 
well described by linear perturbation theory. If no special constraint 
prevents it, the density fluctuations are adiabatic (§ 86) and so the 
spectrum of fluctuations after decoupli-ng is truncated at the Silk mass M, 
(eq. 92.50). Since M, is much greater than the Jeans mass for the matter 
(eq. 94.24), the initial nonlinear evolution after decoupling is well 
described by the caustic theory(§ 21, Zel'dovich 1970, 1978). 

There are some problems with this picture. The linearity assumption 
implies the limit in equation (95.1) on the size of primeval inhomogene-
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1t1es. The power law spectrum in equations (95.2) and (95.3) is a 
reasonable way to fit the density fluctuations to this condition. The part of 
the spectrum shorter than the Jeans length Ax (eq. 92.47) for matter plus 
radiation tilts to the power law form 

(96.1) 

as it comes within the horizon (eq. 92.57). The resulting spectrum of mass 
density fluctuations after decoupling is (eq. 93.42) 

(96.2) 

This means there is about equal variance per octave of r on all scales from 
the Silk mass to the matter-radiation Jeans mass. The analog for a 
function of one variable is I ok 12 oc k - 1• Figure 96.1 shows an example of a 
random Gaussian process with this spectrum longward of a sharp cutoff. 
The function is periodic with period equal to the length plotted. The effect 
of the short wavelength cutoff is very apparent here as it is for white noise 
(fig. 26.1 ): in both cases the cutoff fixes the width of the narrowest spikes. 
However, there is a considerable difference in the character of the 

8 
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FIG. 96.1. Example of a random Gaussian process with power spectrum o: k - 1• 
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functions. Here an appreciable upward density fluctuation can appear in a 
single spike with mass comparable to the cutoff (M..), or in a train of 
spikes, or in a large clump with size comparable to the long wavelength 
cutoff of the spectrum. The present value of the long wavelength cutoff is 
(eq. 92.47) 

(96.3) 

and, if the parameter Q0h2 is greater than about 0.1, there is in addition a 
spike at Ax (eq. 92.61). With or without the spike the situation is 
unreasonable, for if the amplitude at decoupling is large enough to make 
bound systems of size M, form, then we should also see density fluctuations 
of large amplitude on the scale Ax. This strongly contradicts the observa­
tion that the galaxy two-point correlation function is less than unity at 
r;;: r0 ~ 4h- 1 Mpc (§ 57). Thus it appears that although the primeval 
spectrum I ok 12 ex k has some attractive theoretical features (§ 95), it could 
not be right. 

If the primeval spectrum increases with the wave number k considerably 
more rapidly than the first power, then the unwanted fluctuations on scales 
~ Ax at decoupling are eliminated and the first generation of mass clouds 
forms at the Silk mass M,. However, M., also is uncomfortably large. We 
find from equation (92.50) that the value of the cutoff r, extrapolated to 
the present epoch is 

r, ~ 2/(0.036 + Q0 h2) Mpc. (96.4) 

In a low density universe, fJ.0 ;S 0.1, r, is considerably larger than the 
characteristic clustering length r0 • Second generation mass concentrations 
much smaller than r, can form by the development of caustic surfaces, but 
it is difficult to see how the formation of the first generation of clouds at 
M, could avoid violating the limit on the galaxy two-point correlation 
function Hr). In a dense universe r, is somewhat less than r0 • However, we 
want the first generation of clouds to form at redshifts greater than about 
3, because quasars are observed at that redshift. Since clustering on larger 
scales would continue to grow after that epoch because the density 
parameter is close to unity, it would require careful arrangement of initial 
conditions to avoid violating the limit on Hr) at r;;: r 0 • 

One way out of the problem with the cutoff r, is to use the hypothesis 
that much of the mass of the universe is in the form of low pressure 
material we might call massonium that only weakly interacts with 
ordinary matter and radiation. One possibility is a gas of neutrinos with 
nonzero mass (Cowsik and McClelland 1973, Lee and Weinberg 1977, 
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Steigman et al. 1978, Gunn et al. 1978, Tremaine and Gunn 1979, Peebles 
1980b ). Massoni um would follow the growth of fluctuations in the distri­
bution of radiation on scales greater than ct (§ 86) but not the oscillation 
and dissipation of small-scale irregularities (§ 92). The massonium thus 
could be deposited in a clumpy fashion, gravity would cause the clustering 
to grow once the mean density exceeds that of the radiation (§ 12), and the 
hydrogen would fall into the dense spots after the plasma combines and 
decouples from the radiation. Since the distribution of massonium at 
decoupling need not have a coherence length, the caustic theory of Section 
21 need not give a useful description of how the first clumps of hydrogen 
form. 

Another way out of the above problem is to adopt the hypothesis that the 
radiation distribution at the epoch of decoupling is smooth while the 
matter distribution is clumpy (§ 94). This could be the result of the 
nonlinear dissipation of primeval adiabatic density perturbations discussed 
in Section 89. The dissipation of the acoustic energy would create entropy 
in localized spots. The variant of this idea discussed by Eichler (1977) is 
that the radiation in the early universe was turbulent on small scales and 
that this turbulence dissipated before decoupling, again creating entropy in 
patches and so producing isothermal perturbations. As was discussed in 
Section 94, one can equally well assume that the isothermal perturbations 
are primeval, imposed by the physics of the big bang. 

The constraint in equation (95.1) does not apply to the amplitude of 
primeval isothermal perturbations because the geometry of the early 
universe is not perturbed. It was shown in Section 73 that if the matter 
distribution at decoupling approximates a random Gaussian process with 
nearly flat power spectrum, then the similarity solution to the BBGKY 
hierarchy yields correlation functions that are in excellent agreement with 
the observed galaxy correlation functions. As discussed in Section 73, the 
main question here is whether the density parameter is large enough that 
the similarity solution can be a valid approximation. 

We can compute the wanted amplitude of mass density fluctuations at 
decoupling from the observed large-scale clustering of galaxies (Peebles 
I 969a, 1970a, Press and Schechter 1974, Peebles and Groth 1976). The 
mean square fluctuation in the mass found within a sphere of radius R, 
volume V, 2 is 

2If the power spectrum were increasing with k faster than the first power of k, the value of 
A' would be dominated by the spectrum at short wavelengths that enters through the 
sidelobes of the square window in the integral (§ 28). To prevent this, we could multiply the 
integrand by a Gaussian window function. That is not needed in the present application 
because, as it appears,~ ,. 0. 
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(96.5) 

The integral is over V, and the equation assumes the mass autocorrelation 
function is usefully approximated by the galaxy two-point correlation 
function(§§ 36, 63). We shall suppose the sphere expands with the general 
expansion so Rex a(t) and (M) is constant. Then it was shown in Section 
70 that if Li ;S 1, Li(t) is a solution to equation (10.3). We have from 
equations (57.3), (57.5) and (60.3) the present value 

(96.6) 

The extrapolation back to decoupling using equations (10.3) and (70.7) 
gives (Peebles and Groth 1976) 

Li2 (dec) ~ 1 x 10-6, 

~ 6 X 10-5, 

h = 0.5; 

h = 0.5. 
(96.7) 

These numbers apply to a comoving sphere with present radius 10 h- 1 Mpc 
that contains mean mass 

(96.8) 

In the similarity solution the power spectrum of the mass distribution is 
supposed to be flat. If so, Li2 ex (M)- 1, and we find from equations (96.7) 
and (96.8) that Li2 = 1 at decoupling when the radius of the sphere is 
chosen so the mean value of the mass contained is 

Mn~ 2 X 109 M0 , 

Mn~lxl0 10 M0, 
(96.9) 

Equations (96. 7) assume that the galaxy distribution is a fair measure of 
the fluctuations in mass on the present scale of 10 h- 1 Mpc and that these 
mass fluctuations have grown since decoupling under gravity alone. The 
boundary condition at decoupling is dLi/ dt = 0. Equations (96.9) depend 
on the additional assumption that at decoupling the spectrum of the matter 
density fluctuations is nearly flat. The consequence is that at Z ~ 1000 the 
universe already was strongly inhomogeneous on the mass scale of a dwarf 
galaxy. If the spectrum is flat well into the nonlinear regime, then at 
( M) ~ 3 x 105 M 0 the rms fluctuation is Li ~ 100, large enough that the 
dense spots can resist the radiation drag and stop expanding before 
decoupling ( eq. 94.17). Matter pressure tends to smooth out fluctuations 
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on scales smaller than this. (The Jeans length in equation (94.23) scales as 
(1 + Ll)- 1/ 2.) A lump that stops expanding before decoupling would do so 
in a smooth way as the critical density in equation (94.17) falls below the 
density of the lump and the radiation slowly relaxes its grip. The lump thus 
might be expected to collapse smoothly and by a large factor before 
fragmenting so that it might end up as a very dense star cluster or even a 
coherent superstar of the sort introduced by Hoyle and Fowler (1963). 
These might be the objects (little bangs) considered by Wagoner, Fowler, 
and Hoyle ( 1967) as a way to produce the heavy elements and perhaps also 
the helium seen in the oldest halo population II stars. As discussed by 
Doroshkevich, Zel'dovich, and Novikov ( 1967), they might serve to reheat 
the matter after decoupling. And, of course, their remnants could contain 
considerable mass in a form otherwise not easy to detect. 

One can argue that it is reasonable to expect that the universe at high 
redshift should be similar to the universe now, smooth on large scales and 
clumpy on small scales. The consequence is that star clusters, or objects we 
might call pregalaxies, existed before there were galaxies. Speculations 
along this line are discussed by Peebles and Dicke (1968), Hogan (1978, 
1979), and White and Rees ( 1978). 

Another line of thought is that galaxies and clusters of galaxies are the 
remnants of primeval turbulence. In Eichler's ( 1977) scenario turbulence 
has decayed prior to decoupling, leaving isothermal density perturbations. 
In Ozernoy's ( 1978) scenario some residuum of the turbulence motion 
survives decoupling but it is weak, ut « I for motions u on the scale /, so the 
motion adds to the growing mode of the linear density perturbation(§ 15). 
Either scheme may be capable of producing a definite spectrum of residual 
matter density fluctuations from the physics of the fully developed turbu­
lence at high redshift, which would be a great advantage, though it has not 
yet been shown in detail how this can be done (Jones 1976, 1977). In 
earlier versions of the primeval turbulence scenario it was assumed, 
following the pioneering work of von Weizsiicker ( 1951 ), that the matter in 
a galaxy was driven together by the turbulent motion. However, that would 
make galaxies form too soon, at the epoch of decoupling of matter and 
radiation (Peebles 1971a). Limits on the epoch of galaxy formation are 
discussed next. 

B. Protogalaxies and protoclusters 
A galaxy might develop out of a coherent and isolated gas cloud 

collapsing under its own weight (Lemaitre 1933b, Gamow and Teller 
1939, Hoyle 1953, Arp 1961, Eggen, Lynden-Bell, and Sandage 1962) or 
driven together by matter currents (Gamow 1952, Oort 1958, I 970, 
Zel'dovich 1970). The same process could operate on a larger scale, the 
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first generation of gas clouds being protoclusters that fragmented to form 
galaxies, some clusters dissolving to produce field galaxies. A sequence of 
this general sort has appealed to many authors (Hubble 1936, Silk 1968b, 
Zel'dovich 1970, 1978, lcke 1973). In another variant structure develops 
as a clustering hierarchy, so that before there were galaxies there were 
pregalaxies of gas and stars and dust (Layzer 1954, Peebles 1965). This 
gravitational clustering hierarchy scenario is suggested by the galaxy 
correlation functions (§ 73) and by the continuity between galaxies and 
clusters of galaxies(§§ 4B, 64). 

The epoch at which galaxies might have formed is limited by the fact 
that at high redshifts galaxies would overlap. We might take the nominal 
size of a large galaxy to be the Holmberg radius (where the surface 
brightness is about 3 percent of the night sky), 

RH - 10 h ' kpc. (96.10) 

There are n - 0.03 h2 large galaxies per cubic megaparsec, so the fraction 
of space within one Holmberg radius of a galaxy is - 10-7_ The fraction 
would have been unity at redshift 

(96.11) 

Prior to this epoch the bright central parts of galaxies would have 
overlapped. 

In large spiral galaxies the rotation velocity at r - RH is very nearly 
constant at 

(96.12) 

This is the average over the velocities listed by Faber and Gallagher 
(I 979). Therms deviation of v2 among the galaxies in this sample is about 
50 percent. The fact that the rotation velocity in the outer part of a spiral 
galaxy is nearly constant implies that the mean mass density varies with 
distance from the galaxy center as ,- 2, and we find from equation (96.12) 

(96.13) 

This density evaluated at r = RH is equal to the mean mass density of the 
universe (eq. 97.13) at redshift 

{96.14) 

 EBSCOhost - printed on 2/13/2023 7:36 PM via . All use subject to https://www.ebsco.com/terms-of-use



96. PROTOGALAXIES AND PROTOCLUSTERS 391 

If galaxies form by gravitational attraction, then the part of a spiral 
outside the Holmberg radius could not have been attached to the galaxy at 
redshifts greater than Z 2 • The limit Z 2 for elliptical galaxies is thought to 
be comparable to the number for spirals because the velocity dispersion in 
the central part of a large elliptical is similar to equation (96.12); however, 
the density run in the outer part of an elliptical galaxy is not known. 

If a protogalaxy forms and collapses by gravity, then we can reckon 
when this happened from the minimum density of the cloud and that with 
a cosmological model to fix redshift as a function of time yields the redshift 
at maximum expansion of the cloud (Partridge and Peebles 1967, Silk 
1968b, Peebles 1968). The relation between minimum density and the time 
of maximum expansion in the spherical model is given by equation ( 19.52). 
It is doubtful that the numerical factor in this relation is significant 
because it is doubtful that a protogalaxy would be even close to spherically 
symmetric at the nominal epoch of maximum expansion (§§ 20, 21). We 
can arrive at a rough estimate by observing that equations (96.10) and 
(96.12) yield a rotation time of 3 x l 08 h- 1 years. In the gravitational 
instability picture the discs would have formed when the universe was that 
old, or older if the material collapsed by an appreciable factor. Setting the 
rotation time equal to the cosmic time in the Einstein-de Sitter model (eq. 
11.5), we find 

(96.15) 

In a very low density cosmological model where t <X (l + z)- 1 we find 

l + Z 3 ~ 30, no~ 0. (96.16) 

This refers to the formation of the disc of a large spiral. In the gravitational 
hierarchical clustering scenario there may have been star clusters at higher 
redshifts. If galaxies formed out of coherent gas clouds, star formation 
may have commenced much later than Z 3, depending how far the cloud 
collapsed before stars formed. The flat rotation curves of large spirals 
suggest these galaxies have extended halos, the mass within radius r 
varying roughly as r to r ~ 50 h- 1 kpc ( Ostriker, Peebles, and Y ahil 197 4, 
Einasto, Kaasik, and Saar I 974, Rubin, Ford, and Thonnard 1980). 
Increasing the radius from RH to 50 h- 1 Mpc would increase the dynamic 
time by a factor of 5, reducing the redshift to Z 3 ~ 3 to 6, which is 
interestingly close to the epoch of maximum abundance of quasars. It is 
worth noting also that we can reduce Z 3 still more by further increasing the 
scale. The Local Group of galaxies is thought to have just passed the epoch 
of maximum expansion because the Andromeda nebula is moving toward 
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us at a speed of 100 km s -1, making the crossing time m the group 
comparable to the Hubble time. Here, of course, we have the sure 
knowledge that strong subcondensations formed well before the collapse of 
the protogroup. One can imagine that the central parts of the Milky Way 
galaxy formed as a coherent collapsing gas cloud while the halo and 
companions in the group were added later by accretion. Models for 
spherical accretion were discussed in Section 25. This produces a halo of 
reasonable shape but does require very special initial conditions if the 
model is to be realistic. In another rnodel the accretion is part of the 
process of development of the clustering hierarchy (§ 26). Here the mean 
density is high in the neighborhood of a galaxy but there is a considerable 
fluctuation from galaxy to galaxy. That fits with the fluctuating abun­
dances of neighbors of galaxies; it is not clear whether a fluctuating halo 
mass can be reconciled with the observed small scatter among rotation 
velocities of large spirals ( eq. 96.12) and the similarly small scatter among 
velocity dispersions in large ellipticals. 

Hoyle (1953) was the first to consider in detail the temperature of a 
collapsing gas cloud the size and mass of a galaxy. He showed that the gas 
could not be hot enough to support the cloud so there would be almost free 
collapse interrupted by episodes of shock formation and strong compaction 
as different parts of the (nonspherical) cloud ran into each other. The 
orders of magnitude go as follows. At temperatures T < 104 K the main 
radiative energy loss in a gas of hydrogen and helium is the bremsstrah­
lung emission by the electrons accelerated in the fields of the ions with a 
substantial contribution by radiative recombination at T ~ 104• A reason­
able approximation to the cooling time at temperature T (degrees K) and 
density n (protons cm- 3 ) is 

(96.17) 

Let us consider as an example 1011 solar masses of gas, the nominal mass of 
the Milky Way galaxy, uniformly distributed in a sphere of radius 10 kpc. 
The density is n ~ 1 proton cm- 3, the free gravitational collapse time is t1 ~ 
108 y, and the plasma temperature needed to prevent collapse and support 
the cloud is T ~ 106 K. If the cloud is this hot, the cooling time is tc ~ 107 

years, appreciably shorter than the collapse time. Hoyle concluded there­
fore that the cloud could not stay hot: it must cool to T ~ 104 K, the 
threshold for collisional ionization of atomic hydrogen by free electrons, 
and the residual ionization must adjust itself to make the energy loss rate 
balance the rate at which energy is being supplied by compression. This 
means the conversion from gas to stars must be rapid: within a few collapse 
times the gas either must be converted to stars or else dumped into the disc, 
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and since there are no known disc stars with low heavy element abundance, 
nucleosynthesis of the elements must have been essentially completed 
during the collapse. 

A new element was introduced by Ostriker (I 974), who pointed out that 
if the gas cloud started out from a radius only moderately larger than was 
assumed above, the cooling time would be much longer. If in the above 
example the radius is increased to 100 kpc, the cooling time of a cloud hot 
enough to support itself increases to ~3 x 109 y, somewhat longer than the 
collapse time and almost as long as the age of the universe. Thus Ostriker 
points out that a cloud somewhat more dilute than this would be "hung 
up," unable to form a galaxy. If the cloud can contract, it does so at first 
slower than free fall, so it is nearly in pressure equilibrium and subconden­
sations cannot form. When the density reaches the point that the cooling 
time falls below the free collapse time, the nature of the contraction 
changes: the pressure drops and nonspherical fluctuations grow, develop 
into shocks, and produce the first generations of stars. Since the star orbits 
suffer negligible drag, these first generations would mark the radius at 
which the cooling time fell below the collapse time. 

Ostriker's scheme has been elaborated by Gott and Thuan (1976), Silk 
(1977b), and Rees and Ostriker (1977). It yields some contraints on 
scenarios that are interesting and may prove important. However, it starts 
from the assumption that there are coherent gas clouds in the wanted 
range of mass and radius. Substructure in these primeval clouds is not 
allowed because that would increase the mean square density and hence 
decrease the cooling time. A considerable elaboration of the scenario 
would be needed to explain why any appreciable fraction of the mass of the 
universe should have been in that particular form. 

Our understanding of the nature of a protogalaxy eventually must be 
strongly affected by two lines of research that have not been analyzed here. 
First is the attempt to discover galaxies in the process of forming either at 
the present epoch (Burbidge, Burbidge, and Hoyle 1963, Sargent and 
Searle 197 I) or at high redshift (Davis and Wilkinson 1974, Partridge 
1974, Davis 1980). The search depends on an opinion of what to look for, 
and there is a considerable range of ideas. Thus Burbidge, Burbidge, and 
Hoyle ( 1963) considered the features that might distinguish galaxies 
forming now. Meier (I 976) argued from the results of the spherical 
collapse models of Larson (1974) that a young galaxy might look like a 
quasar. Earlier Field (1964) and Weyman (1966) had discussed models 
for compact young galaxies. If the protogalaxy is not spherical, one might 
instead look for a highly irregular object bright in patches where the 
matter happens to be piling up at the time (Partridge and Peebles 1967). If 
the object is highly irregular, it could be difficult to draw the line between 
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one protogalaxy and its neighbors: that might be so in particular if stars 
formed before galaxies. Here the sky at Z ~ 10 could simply appear 
mottled. 

The second important subject is the attempt to deduce the origin of 
galaxies from the details of their present structures. Because the phenom­
ena one can bring to bear are so much more numerous, this is a much 
richer problem than the approach from cosmology that has been the 
subject of this book, but of course the richness considerably muddies the 
waters. 

There is a broad range of ideas on the origins of galaxies and clusters of 
galaxies because it proves so easy to invent detailed scenarios and so 
difficult to put them to the test. This book lists a number of elements of the 
theory and observations that do seem to be on firm ground. We may hope 
that the list will continue to grow so that we will see a progressive 
narrowing of the range of scenarios. On the other hand, we must still bear 
in mind Bondi's caution that "there are probably few features of theoreti­
cal cosmology that could not be completely upset and rendered useless by 
new observational discoveries," (Bondi, p. 169). For the present subject we 
might add, "or by a good new idea." 
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APPENDIX 

97. MODELS AND NOTATION 

This book deals with departures from an ideal homogeneous and isotropic 
Friedmann-Lemaitre cosmological model. The homogeneity and isotropy 
of the background model imply that all physical variables can be expressed 
as functions of the proper cosmic time t kept by an observer at rest in a 
patch of fluid, the standard convention being that t = 0 at the singular 
epoch of the big bang. The proper distance between two chosen particles in 
the model, reckoned along a hypersurface of fixed t, must scale with time 
as 

r(t) = a(t)x, (97. l) 

where x is a constant for the pair and a(t) is the universal expansion 
parameter. The wavelength of a free photon stretches with other lengths as 
a(t), so the wavelength A0 observed now, epoch !0, of radiation emitted at 
epoch tat wavelength A by an object comoving with the fluid is 

A0 = Aa(t0) / a(t) = A(l + Z), (97.2) 

where Z is the cosmological redshift. The redshift often is used as a label of 
an epoch. 

The rate of increase of proper separation of a pair of particles in the 
model is 

dr a 
- = -r = H(t)r. 
dt a 

(97.3) 

The dot means the derivative of a with respect to cosmic time. H(t) 1s 
Hubble's constant at epoch t: the present value is written as 

H0 = 100 h km s- 1 Mpc-', 

H0 - 1 ~ 3 x 10 17 h- 1s ~ l x 1010 h- 1 y. (97.4) 
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The dimensionless parameter h reflects the uncertainty in this important 
quantity. It is generally thought to be in the range 

(97 .5) 

Equation (97 .3) gives the redshift of an object at proper distance r « 
cHo-1: 

(97 .6) 

This is a good approximation at Z « 1. A convenient measure of the 
distance to the horizon is the Hubble length 

(97.7) 

This is about the distance free radiation has travelled since the big bang. 
The evolution of the model is determined by the dynamic equation (eq. 

7.13) 

a 4 2 
- = - -1rG(pb + 3Pb/C) + A/3, 
a 3 

(97 .8) 

with the energy equation 

(97 .9) 

The mass density is p, the pressure is p, and the subscripts refer to the 
background model. 

Equations (97.8) and (97.9) can be integrated once: 

(97.10) 

The constant of integration R- 2 appears in the expression for the line 
element, 

a2dx2 2 2 2 • 2 2 
2/ 2 2 - a x ( d8 + sm 8 d<t> ) . ( 97 .1 I) 

- X RC 

The coordinates x, 8, <I> are comoving, fixed to fluid elements. To simplify 
equations, I have given R units of time rather than length. The proper 
radius of curvature of the hypersurface t = constant is a IR I c. In a closed 
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model R- 2 > 0, in an open model, R- 2 < 0. The Einstein-de Sitter model 
has R- 2 = A = 0 with p = 0. 

The density parameter is the ratio of the mean mass density Pb(t) to the 
density in an Einstein-de Sitter model with the same Hubble constant, 

(97.12) 

The present mean density can then be written as 

(97.13) 

where the present value of the density parameter is thought to be in the 
range 

0.03 :S no :S 1. (97.14) 

There is fairly strong evidence that the universe contains a homogeneous 
sea of blackbody radiation, temperature 

T(t) = T0(1 + Z), T0 a,,,2.7K. (97.15) 

The indicated variation with redshift assumes negligible change in the 
entropy of the radiation, a good approximation at Z ;S 109 ( eqs. 94.19 and 
94.22). (At Z ~ 3 x 109 roughly half the entropy is. taken up in 
electron-positron pairs.) The mean mass density in the radiation is 

Since this is well below the density from galaxies ( eqs. 97 .13 and 97 .14 ), 
we can write the ratio of mass densities in nonrelativistic matter and 
radiation as 

µ 4.21 x 104 Q0h2 

0 1 + Z 
(97.17) 

It is thought that there is in addition to this electromagnetic radiation a 
uniform background of neutrinos, mass density comparable to 0 ( or higher 
if the lepton number exceeds the baryon number of the universe by some 
eight orders of magnitude; PC, chapter VIII). Since the net density of such 
a relativistic mass of neutrinos and perhaps also gravitational radiation is 
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so very indirectly reckoned, the numerical estimates in Sections 92-96 take 
the net density to be the electromagnetic part only: this simple convention 
likely is about right or else much too small. Following the same principle, I 
have taken the primeval matter to be pure hydrogen. If helium is present, it 
slightly reduces the mean number of electrons per baryon, but the effect is 
negligible compared to the main uncertainties. The net mass density and 
pressure are written as 

P =µ+a, (97.18) 

withµ given by equation (97.13). 
The peculiar velocity v discussed in Chapter II is the proper velocity, km 

s - ', relative to an observer to whom the redshifts near the horizon appear 
isotropic. Of course, this is not meaningful for irregularities on scales 
larger than the horizon: in Chapter V, v is the proper velocity relative to a 
time-orthogonal coordinate system. The dimensionless density contrast is 

(97.19) 

The value of o depends on how the hypersurfaces of fixed t are assigned. In 
Chapter II, where regions of size r « cH- 1 are considered, the standard 
Newtonian synchronization of time can be used. The relativistic treatment 
in Chapter V is based on the prescription that x, t are time-orthogonal 
coordinates(§ 81). 

Some aspects of the evolution of the models might be noted. The 
simplest case assumes the pressure and cosmological constant both are 
negligibly small. Then equation (97.9) says Pb ex a- 3, and we have from 
equation (97 .10) the convenient relations 

Q(t)- 1 - 1 = (no-I - 1)/(1 + Z), 

H 2(t) = H/ (1 + Z)2(1 + 00 Z), 

a(t)IRl=H- 1 11-0(t)l-112• 

(97.20) 

This last equation indicates that in a low density cosmological model, 
Q « 1, the radius of curvature is comparable to the Hubble length (eq. 
97. 7). The parametric solution to equation (97 .10) is 

a = A(l - cos 11), 

a= A(cosh 11 - l), 

t = B(11 - sin 11); Q > 1 

t = B(sinh 11 - 11); Q < 1. 

The constants A and B satisfy the relation 

(97.21) 
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B=AIRI. 

One finds from equation (97 .10) the relations 

1 + cos 11 = 2rr 1, 

cosh11 + 1 = 2n-1, 

and 

Q < I, 

The limiting case Q =• I is the Einstein-de Sitter model, where 

399 

(97.22) 

(97.23) 

(97.24) 

(97.25) 

Analytic expressions for coordinate distance in the models as a function of 
redshift are given in equations (56.7) and (56.8). 

If A = 0 but the pressure is not negligible, the general character of the 
evolution is the same. Whatever the equation of state, if R- 2 < 0 so the 
geometry is open, then O < Q(t) < 1 (eqs. 97.10 and 97.12), and i:i2 > 0: an 
expanding model starts at a = 0 and never stops expanding. If R-2 > 0, the 
geometry is closed, Q(t) > I, and there is a maximum value of a(t) at 
which a = 0. The model expands from a = 0, reaches a point of maximum 
expansion, and then collapses back to a singularity at a = 0. 

There are several historically interesting models with A cf= 0. In the 
Lemaitre model, A> 0, R-2 > 0, and a(t) has an inflection point at a = a,, 
say. By equation (97 .8) the density and pressure at the inflection point 
satisfy the relation 

(97 .26) 

The expansion rate at the inflection point is ( eq. 97 .10) 

In the Lemaitre model R > R,, so a,1 > 0: the model expands from a = 0 
and never stops expanding. The dwell time at a ~ ae is increased by making 
R very close to R,. If R = R,, we have the unstable solution a = ae, which is 
the original static Einstein model. The Eddington model assumes R = R,, 
so a(t) approaches ae in the distant past. 
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Steady-state models 

cosmological principle, 13, 35 
count-magnitude relation, 4-6, 190; cluster­

ing hierarchy, 245-46; relativistic correc­
tion, 8-9, 2 I 5, 2 I 9-20; stars, 3-4 

counts of galaxies: frequency distribution, 
6-7, 233-36; index of dumpiness, 139; 
moments, 138, 175, 230-36. See also 
neighbors 

counts of objects: correlation, 140, 186, 209, 
212; frequency distribution, 160-63; mo­
ments, 145, 152-60, 173-75 

critical density contrast: open model, 83-84; 
star formation prior to decoupling, 376, 
388 

cross correlation function, 172-73, 185; clus­
ter-galaxy, 292; cluster-galaxy-galaxy, 
293; three-point, 173 

cross spectrum, 173 
crossing time: clusters, 297; groups, 84 
curvature fluctuations; density contrast, 21, 

322, 329; initial conditions, 323, 329-30; 
knobs, 21, 327; magnetic fields, 382; pres­
sure fluctuations, 323-24; scale invariant, 
380, 384-86; turbulence, 34, 344-45; 
wrinkles, 21-22, 327-29, 381 

decoupling of matter and radiation, 29-31, 
356-65, 374-78, 384-89; primeval turbu­
lence, 34. See also pancake model 

density contrast, 45, 317, 398; at decoupling, 
387-88; critical, 83-84, 376, 388; curva­
ture fluctuations, 21, 322-29; Fourier 
transform, 125, 129; horizon, 20-22, 322, 
328, 370; skewness, 77 

net growth factor: Eddington model, 
61; Lemaitre model, 62; open model, 54, 
59,83-84 
See also perturbation theory 

density parameter, 236, 397; accretion 
model, 115-17; energy equation, 113, 280; 

evolution of adiabatic perturbations, 358-
63; evolution of correlation function, 268-
70, 302; evolution of density contrast, 29, 
52-56, 59, 83-84; expansion rate, 51; 
numerical results, 291, 296-97, 302; para­
metric solution, 53, 55, 399; peculiar 
velocity, 64-65, 268, 274; R(Q), 213; rela­
tion of spatial and angular correlation 
functions, 218-21; spherical model, 78-
83; virial theorem, 283; Z(Q), 305, 398 

dissipation: nonlinear, 330-41, 374; radia­
tion diffusion, 30, 356-61, 375; radiation 
drag, 375-76 

distance modulus, 190, 214 

Eddington model, 14,399; instability, 61 
effective depth, 192-93; relativistic, 220 
Einstein model, 12,399; instability, 14, 60 
Einstein-de Sitter model, 397; accretion, 

118-19; clustering hierarchy, 121-24; 
instability, 51-52; 64, 75-77; limiting 
case, 5 I, 305-306, 369; scale invariance, 
24, 275-78; time, 52, 85 

ellipsoid model, 86-95 
energy equations: background model, 396; 

cosmic, 66, 110-15, 278-80; incompressi­
ble flow, 115, 342-43; particles, 111,346 

equations of motion; fluid, 48, 342; particles, 
42,346,354 

evolution of galaxies, 221, 393-94 
evolution of the two-point correlation func­

tion, 216; role of the density parameter, 
268-70, 302; similarity solution, 276-77 

expanding coordinates, 41,258 
expansion, 90, 103-107, 318-20, 350 
expansion parameter, 41, 395; caustic mod-

el, 96; ellipsoid model, 88; spherical 
model, 325 

extragalactic light, 225-30; in clustering 
hierarchy model, 246; Olbers' paradox, 
12, 246, power spectrum 229 

fair sample hypothesis, 5, 142-43, 258, 306 
fluid dynamics, 47-48; energy equation, 

113-15; Fourier transform, 127; relativis­
tic, 342, 356 

Fourier transform: equation of motion, 124-
28; fluid dynamics, 127; gravitational 
potential, 125; graviatitional waves, 3 I 3; 
mass distribution, 120, 125, 338; micro-
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wave background radiation, 370-72; per­
turbation theory, 128-37; velocity, I 27-
28, 338. See also power spectrum 

four-point correlation function, 150-52, 259; 
angular, 209-12; model, 211-12, 218, 
239; R, 225, 241, 249, relativistic correc­
tion, 217-18; similary solution, 277-78 

fractal, 249 

galaxy formation, see protogalaxies 
galaxy two point correlation function, 9, 26, 

33, 139--41; extragalactic light, 225-30; 
position and magnitude, 189-91, 194-95; 
redshift space, 284--91 
power law model, 221-23; clustering 

length, 223; deviation, 198-200, 223-24, 
229,254, 269-70; indices, 222, 239, 277 

See also tw(}-point correlation function 
Gaussian process, 75-76; initial conditions, 

75-76, 120-24, 276, 278, 302, 337; white 
noise, I 22-23, 278;J·' noise, 385 

geodesic equations, 307, 346 
globular star clusters 3 I, 378 
gravitational field equations; Newtonian, 42, 

44, 315; relativisitic, 3 I 0-12 
gravitational instability picture, 14--25, 84, 

329-30,379 
gravitational radiation, 312··· I 3; mass den­

sity, 56, 397; tides, 43 
great chain of being, 28 
Green's function, 43--44, 72 

halo: cluster, 119, 291-301; galaxy, 255, 
302, 390-91; origin, I 16, 120-24 

hard spheres, 148, 156 
hierarchical clustering, see clustering hierar-

chy 
holes, 235-36 
Hornberg radius, 390 
horizon, 17, 304--305; growth of clustering, 

22, 32, 137, 383; mass, 22 
fluctuations, 8, 305; angular scales, 

365; bounds on op/ p, 20-22, 322, 328, 
370; currents, 345 definition, 308; isother­
mal perturbations, 374; observations, I 0-
11,365,370,372 

Hubble length, 8, 37, 143,396 
Hubble's constant, 395-96; variation with 

redshift, 398 
Hubble's law, 3, 13,395 

incompressible flow, 68, 100, 115, 341-45 
index of clumpiness, 139--40 
inertial mass, 342, 356 
initial conditions, I 9, 22, 276, 304, 379-84; 

black holes, 329-30; curvature fluctua­
tions, 323, 329-30; N-body models, 303; 
perturbation theory, 66; quantum fluctua­
tions, 128, 323-24, 382; scale-invariant, 
380, 384-86. See also chaos, Gaussian 
process, horizon, primeval turbulence 

integral of Hr); bias, 146, 185, 188; 
constraint, 156; evolution, 264-66; inter­
pretation, 145, 153, 164 

intergalactic matter, 250, 301-302 
island universe, 4, 11 
isothermal density perturbation, 30-3 I, 

373-78,387-89 

Jagellonian field, 222; correlation functions, 
222-24; effective depth, 220 

Jeans length, 18, 29, 68-71; at decoupling, 
3 I, 378; magnetic, 73; mass, 3 I, 360; 
matter-radiation, 360, 386 

K-correction, 5,214,218 
Kapteyn system, 3--4 
Kirkwood approximation, 207 
kurtosis, 15 I 

Lagrangian, 41--42, 45,345 
Lemaitre model, 19, 59--60, 399; galaxy 

formation, 19, 23, 29; instability, 61-63 
Legendre polynomials, 176-79, 181 
Lick catalog, ii, 9, 222; correlation functions, 

33, 139--40, 222-25, 238-39, 247; cross 
correlation with Abell clusters, 9, 292-93; 
filaments, 242, large-scale irregularities, 
9; power spectrum, 182-83; simulation, 
26,224,242 

Limber's equation, 140, 195; relativistic, 
213-21 

line element; meaning, 37, 306-307; New­
tonian limit, 315; perturbed form, 308; 
Robertson-Walker, 396; spherical, 326; 
time-orthogonal, 306-309 

Liouville's theorem, 46, 260, 347. See also 
Vlasov equation 

local behavior of op/ p, 51, 75, 104, I I 8 
Localgroup,391-92 
Local supercluster, 5, 8, 287 
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luminosity density, 225, 229 
luminosity function, 189; Abell model, 218; 

and morphology, 195,221,250; universal, 
194-95,206,209,211,215,226,245,256 

Mach's principle, 4, 12, 35 
magnetic field, 32, 71-74, 382 
Mandelbrot's prescription, 243--49 
mass: conservation, 46-48, 354; function, 

251; galaxy, 255; tracer, 300--303 
mass correlation functions, 249-56, 258- 59, 

297; energy equation, 66, 110-15, 278- 80 
mass moments: skewness, 76-77, 253; vari­

ance, 77, 129, 252, 254-55, 388. See also 
continuity of clustering 

microwave-submillimeter background 29, 
56, fluctuations, 11, 363-72; mass density, 
397 

evolution of matter irregularities, 29-
31, 43, 56- 59, 330--41, 352- 63; diffusion, 
375, 377- 78; drag, 375-76; Jeans length, 
360,378;turbulence,33-34,341--45 

mixmaster cosmology, 17 
mock gravity, 377 
mode coupling, 128-37. See also bootstrap 

hypothesis 
multiplicity function, 124, 141 

N-body models, 110,137,266,278,303 
neighbors: counts, 144- 45, 155- 56, 168, 

179; nearest, 141, 162, numerical results, 
230--33; rate of growth, 266; redshift 

space,285-91 
neutrinos, 56, 345- 52, 397; massive, 386-87 
Newtonian approximation, I 5, 28- 29, 37-

41, 258, 313-16 
Newtonian perturbation theory, 49, 51; 

density contrast, 49--63, 66- 74; integral of 
Hr), 264--66; mass excess, 298; mode 

coupling, 136-37. See also peculiar veloc­
ity 

Neyman-Scott program, 26, 140, 142, 163-
66, 236--43, 248 

nucleosynthesis, 393-94 

obscuration in the galaxy, 9, 138, 140, 182, 
187, 193, 222 

observer function, 192, 194, 205 

Olbers' paradox, 12, 246 
orientations of galaxies, I 09-10 
oscillating world model, 23 

pancake model, 92, 95-102, 384-86 
peculiar acceleration, 43--44, 48, 280 
peculiar gravitational potential, 20, 42, 368-

69 
peculiar velocity, 42, 258, 398; correlation 

functions in position and velocity, 258-59, 
284-91; correlation of velocities, 274-75, 
280, 283-84, 291; decay due to the 
general expansion, 42, 112, 342; density 
contrast, 48; equations of motion, 42, 48, 
316; Fourier transform, 127-28; incom­
pressible flow, 115, 343; linear perturba­
tion, 63- 66; mean, 46, 297-99; mean 
square, 110--15, 278-80, 291; redshift 
maps, 138-39, 284-87; Rubin-Ford ef­
fect, 8 
relative peculiar velocity: anisotropy, 

274- 75; distribution, 285, 289-90; mean, 
267--68; mean square, 272- 75, 280--84, 
289- 9 I; superclusters, 301 

periodic boundary conditions, 120 
perturbation theory, see Newtonian pertur­

bation theory, relativisitic perturbation 
theory, second order perturbation theory 

Planck time, 383 
Poisson process, 144, 147, 149, 158, 163 
power law model, see correlation functions 
power spectrum 140, 166--68; angular, I 75-

83, 197; clustering measure, 168, 179; 
cross spectrum, 173; evolution, 128-37, 
265, 362; extragalactic light, 229; fea­
tures, 198-200; initial conditions, 276, 
380; Lick catalog, 182-83; mass density, 
120, 125; microwave backgound, 371-72; 
minimal, 130, 137; particle distribution, 
125; power law model, 169-70, 196-200; 
relation to w(O), 177-79, 181- 82; relation 
to Hr), 167--68; second order perturbation 
theory, 340; spike, 363, zeros, 361-62 

pregalaxies, 389-90 
primeval chaos, 16, 17,329, 379-82 
Primeval Fireball, see microwave-submilli-

meter backgound 
primeval magnetic field, 32, 71-74, 382 
primeval turbulance, 32- 34, 71, 100, 379, 
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381, 389; curvature fluctuations, 34, 344-
45; general expansion, 341-45; rotation of 
galaxies, 23-24, 32 

primeval wrinkles, see curvature fluctua­
tions 

probability generating function, I 58-59, 
161-63,243-44 

protoclusters, 30, 102, 120--24, 301, 389-90 
protogalaxies, 389-94; appearance, 393-94; 

epoch,25,86, 390--92 
protosuperclusters, 301 

quantum mechanics: fluctuations, 128, 323-
24, 382; general expansion, 383 

quasars, 59,386,391; young galaxies, 393 

radio source distribution, I 0 
radius of curvature, 396; R(Q), 213,398 
random process, 142, 258. See also fair 

sample hypothesis, Gaussian process, 
Poisson process 

redshift, 51, 395; corrdinate distance, 213-
14; density parameter, 51, 398; gravita­
tional, 368-69; Hubble's constant, 398; 
joint correlation in redshift and position, 
284-91; redshift maps, 138-39, 284-87; 
Z,. 29, 51-52, 363-64; Zdoc, 29-31, 360--
61, 375-76, 378; Z~, 29-30,57, 59, 359-
60,362 

relativisitic pertubation theory, 19-20, 39, 
308-12; brightness, 348-72; density con­
trast, 317-24, 329-32, 398; gravitational 
radiation, 312-13. See also adiabatic and 
isothermal density pertubations 

relaxation of clustering, 117, 223, 254, 256, 
302; N-body models, 278, 303 

Robertson-Walker line element, 396 
rotation of galaxies, 72-74, 107-10, 380; 

primeval turbulence, 23-24; 32 

scaling relation, 141; four-point function, 
210--1 I; power spectrum, 193; three-point 
function, 205-206, 224, two-point func­
tion, I 91-93, 221-22; velocity correlation 
function, 287 

second order pertubation theory, 74-77, 
337-41 

seeds, 115, 381-83 

selection function, I 94-95, I 98, 206, 223, 
245; relativistic, 2 I 6 

Shapley-Ames catalog, 5, 7, IO 
shear,66,90, 103-107 
shock waves, 335-36 
shot noise, 234, 252 
Silk mass, 30, 360, 386 
similarity solution, 24, 275-79, 301-302, 

387 
simple waves, 332-36 
spatial two-point correlation function, 9, 

I 43-48; constraint, I 56; position and 
velocity, 258-59, 284-91; power law 
model, I 96,216; power spectrum, 167-70; 
similarity solution, 277 

spherical harmonics, 175-76; transform, 
175-83, 197 

spherical model, 7, 14-15, 77-86; accretion, 
I 15-20; collapse 85-86, 391; parametric 
solution, 53-55, 79-85, I 19; relativistic, 
324-330 

spheriod model, 90--94 
Steady-state model, 7, 13, 23, 31-32, 34 
stress-energy tensor: ideal fluid, 3 I 0, 317; 

particles, 34 7-48 
structure functions of galaxies, 251-55 
superclusters, 8, I 0, 26, I 4 I, 299-30 I; proto-

superclusters, 301. See also Abell clusters 
superstars, 3 I, 389 

thermal instability, 23, 31 
thermodynamic fluctuations, 22, 31-32, 383 
three-point correlation function, 141-42, 

148-50, 259; bispectrum, 171-72; cluster­
ing hierarchy, 240-41; constraint, 157; 
cross, I 73, 293; mass, 252-53; monolithic 
clustering model, 238-39; similarity solu­
tion, 277; velocity, 259, 270--71; volume 
element, 150 
angular function, 203-209, apparent 

magnitude, 209; relation to spatial func­
tion, 204, 206-208; relativistic correction, 
2 I 7, scaling relation, 205-206, 224 

model, 206-208, 217, 224-25, 238-39; 
index, 239, 277; Q, 157, 224-25, 241, 
248-49,255 

tides, 94, 96, l04, I 18-19, 312,379 
time-orthogonal coordinates, 306-309, 398 
two-point correlation functions, see angular 

two-point correlation function, anticorre-
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two-point correlation functions (continued) 
lations of matter, autocorrelation func­
tion, BBGKY hierarchy, cross correlation 
function, galaxy two-point correlation 
function, mass correlation functions, spa­
tial two-point correlation function 

velocity, see peculiar velocity 
velocity of sound, 20, 68, 317, 330, 337 
virial theorem 112, 282; cosmic, 280----84; 

tensor, 133 
virialization, see collapse 
Vlasov equation, 24, 45-47, 263, 345-52. 
See also Liouville's theorem 

vorticity, 67, 72-73, 90, 99, 103- 10; origin, 
102, 104, 109 

white hole scenarios, 34 
window function, 121, 131- 32, 179, 182, 

187 

X-ray backgound, 10 

young galaxies, see protogalaxies 

Zwicky catalog galaxies, 142, 221; correla­
tion functions, 195, 221 - 25, 238-39, 247; 
effective depth, 220 
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