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PREFACE TO THE SECOND EDITION

Since these lectures were given, supersymmetric particle phenomenology
has been the subject of extensive study. Many models have been proposed,
including some that make essential use of the supergravity multiplet. A
variety of experimental searches have been carried out, and more are
planned for the future.

Given this state of affairs, we felt that the second edition of this book
should go substantially beyond the first. The second edition contains a
total of six new chapters and five new appendixes. The new chapters are
primarily devoted to deriving the component form of the most general
supersymmetric gauge theory coupled to supergravity. The resulting
Lagrangian, presented in Chapter XXV and Appendix G, is the starting
point for all phenomenological studies of supergravity theories. Model-
builders can use the Lagrangian without having to read the rest of the
book.

The new appendixes contain introductions to Kéahler geometry, iso-
metries, and nonlinear realizations of symmetries. The material is essen-
tial for understanding the derivations in the book, but it is also of more
general interest. In Chapter XXVI the techniques of nonlinear realizations
are applied to supersymmetric gauge theories. The results pave the way
for a model-independent approach to supersymmetry phenomenology, in
the spirit of chiral dynamics.

The new additions have broadened the scope of the book so that it
should appeal to physicists of formal and phenomenological interests. In
its present form, the book provides a theoretical basis for further phe-
nomenological studies of supersymmetric theories.

We would like to thank the Gottfried Wilhelm Leibnitz Program of
the DFG and the Alfred P. Sloan Foundation for financial support during
the preparation of the second edition.

JuLius WEss JONATHAN BAGGER
UNIVERSITY OF MUNICH JouNs HoPKINS UNIVERSITY
February 1991
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PREFACE

The strong interest with which these lectures on supersymmetry and
supergravity were received at Princeton University encouraged me to
make their contents accessible to a larger audience. They are not a sys-
tematic review of the subject. Instead, they offer an introduction to the
approach followed by Bruno Zumino and myself in our attempt to
develop and understand the structure of supersymmetry and supergravity.

This book consists of two parts. The first develops a formalism which
allows us to construct supersymmetric gauge theories. The second part
extends this formalism to local supersymmetry transformations.

At the end of each chapter, two papers are cited which I recommend
to the reader. I am aware that this selection does not do justice to many
authors who have contributed to the subject. However, I would like to
draw attention to the more complete lists of references found in P. Fayet
and S. Ferrara, Supersymmetry, Physics Reports 32C, No. 5, 1977, and
P. Van Niecuwenhuizen, Supergravity, Physics Reports 68C, No. 4, 1981.

Throughout the text, important equations are numbered in boldface.
They are collected at the end of each chapter. Exercises are also included
along with each chapter; many of them contain information essential to
a deeper understanding of the subject.

This book was prepared in collaboration with Jonathan Bagger, without
whom it would never have been written. Both Jon and I would like to
thank Winnie Waring for her devoted assistance in the preparation of the
manuscript. As a tribute to her high standards, we have tried our best
to avoid errors in factors and signs. Many people have helped eliminate
these errors. In particular, we would like to thank Martin Miiller for
his assistance with the second half of the book.

I wish to express my gratitude to the Federal Republic of Germany
for the grant which made possible my stay at The Institute for Advanced
Study as an Albert Einstein Visiting Professor, and Jon would like to
express his appreciation to the U.S. National Science Foundation for
his Graduate Fellowship at Princeton University.

In conclusion, I would like to thank Stephen Adler and the Members
of the Institute for Advanced Study, as well as David Gross and the
Department of Physics at Princeton University, for their most encour-
aging and critical interest in these lectures.

JuLius WEss
UNIVERSITY OF KARLSRUHE
May, 1982
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I. WHY SUPERSYMMETRY?

Supersymmetry is a subject of considerable interest among physicists and
mathematicians. Not only is it fascinating in its own right, but there is
also a growing belief that it may play a fundamental role in particle
physics. This belief is based on an important result of Haag, Sohnius, and
Lopuszanski, who proved that the supersymmetry algebra is the only
graded Lie algebra of symmetries of the S-matrix consistent with relativis-
tic quantum field theory. In this chapter, we shall discuss their theorem
and its proof. (Readers specifically interested in supersymmetric theories
might prefer to start directly with Chapter II or III.)

Before we begin, however, we first present the supersymmetry algebra:

{QGA’QﬂB}+ = 2aaﬂum 6AB
{QaA’QﬂB}+ = {QdA’QBB}+ =0

_ ()
[Pm’QaA]- = [Pm’QdA]— = O
[PmPu]- = 0.
The Greek indices (. f,..., 4, B ...) run from one to two and

denote two-component Weyl spinors. The Latin indices (m, n, ...) run
from one to four and identify Lorentz four-vectors. The capital indices
(4, B, ...) refer to an internal space; they run from 1 to some number
N > 1.Thealgebra with N = 1is called the supersymmetry algebra, while
those with N > 1 are called extended supersymmetry algebras. All the
notation and conventions used throughout this book are summarized in
Appendix A.

We are now ready to consider the theorem. Of all the graded Lie
algebras, only the supersymmetry algebras (together with their extensions
to include central charges, which we shall discuss at the end of the chapter)
generate symmetries of the S-matrix consistent with relativistic quantum
field theory. The proof of this statement is based on the Coleman-Mandula
theorem, the most precise and powerful in a series of no-go theorems
about the possible symmetries of the S-matrix.
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4 I. WHY SUPERSYMMETRY?

The Coleman-Mandula theorem starts from the following assumptions:

(1) the S-matrix is based on a local, relativistic quantum field theory in
four-dimensional spacetime;

(2) there are only a finite number of different particles associated with
one-particle states of a given mass; and

(3) there is an energy gap between the vacuum and the one particle
states.

The theorem concludes that the most general Lie algebra of symmetries of
the S-matrix contains the energy-momentum operator P,,, the Lorentz
rotation generator M,,,, and a finite number of Lorentz scalar operators
B,. The theorem further asserts that the B, must belong to the Lie algebra
of a compact Lie group.

Supersymmetries avoid the restrictions of the Coleman-Mandula
theorem by relaxing one condition. They generalize the notion of a Lie
algebra to include algebraic systems whose defining relations involve
anticommutators as well as commutators. These new algebras are called
superalgebras or graded Lie algebras. Schematically, they take the
following form:

00}, =X [XX].=X" [@X]-=0Q'. (12

Here Q, @', and Q" represent the odd (anticommuting) part of the algebra,
and X, X', and X" the even (commuting) part.

The operators X are determined by the Coleman-Mandula theorem.
They are either elements of the Poincaré algebra 2 = {P,,M,,,} or
elements of a Lorentz-invariant compact Lie algebra <. The algebra &/
is a direct sum of a semisimple algebra ./, and an Abelian algebra .«/,,
A =, D A,.

The generators Q may be decomposed into a sum of representations
irreducible under the homogeneous Lorentz group £:

Q =ZQ1 R TRERY X (1.3)

The Q,,.. .44, - -4, are symmetric with respect to the underlined indices

a, - - a, and a, - - o, They belong to irreducible spin-i(a + b) repre-
sentations of .Z. Since the Q’s anticommute, the connection between spin
and statistics tells us that a + b must be odd.

We shall now invoke two additional assumptions to prove that
a + b = 1. These assumptions are:

(1) the operators Q act in a Hilbert space with positive definite metric;
and
(2) both Q and its hermitian conjugate Q belong to the algebra.
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I. WHY SUPERSYMMETRY? 5
We start by considering the anticommutator

{Qm"'da.étx“'db,Qlix"'ljn,ﬂl"'ﬂb}’ (14)

where all the indices are assigned the value 1. The product

Quovnioi Qirigeo (L5)

a b a b

belongs to a spin-(@ + b) representation of &£, so

{Ql;-1,i--~i’Qi~‘-‘-i,1-;1} (1.6)

b

must close into an even element of the algebra with spin (@ + b). From
the Coleman-Mandula theorem, we know that this element is either
zero or a component of P,,. For a + b > 1, it must be zero.

The anticommutator (1.6) is a positive definite operator in a Hilbert
space with a positive definite metric. This tells us that Q; ..., ;...; =0

a b
for a + b > 1. Since the Q,, ..., 4, -.4 are irreducible under &, they
all must vanish for a + b > 1. From this we conclude that the odd part
of the supersymmetry algebra is composed entirely of the spin-} operators
QaL and QdM‘

The anticommutator of Q," and Q,,, closes into P,

{QaL’QdM} = PadCLMs (17)

where P,, = 0,,"P,,. In Exercise 1 we show that the finite-dimensional
matrix CY, is hermitian. It may therefore be diagonalized by a unitary
transformation. Since {Q,%Q;,} is positive definite, the matrix C%,, has
positive definite eigenvalues. This lets us choose a basis in the odd part of
the algebra such that

{QaL’Qa'(M} = 2Paa'zf5LM~ (1.8)

We now turn our attention to the anticommutator of two odd elements,
both with undotted indices. The right-hand side of this expression may be
decomposed into symmetric and antisymmetric parts. The symmetric
part has spin 1. From the Coleman-Mandula theorem, the only possible
candidate is the Lorentz generator M,;:

{0105} = X + M, YEM. (1.9)
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6 1. WHY SUPERSYMMETRY?

From the fact that P, commutes with Q,* (see Exercise 2), we find that
the Y™ must vanish. This lets us write the commutator (1.9) as follows:

{0,50M} = e,4a" B,. (1.10)
Here B, is a hermitian element of .o/, @ ./, and a”%¥ is antisymmetric
in L and M. With this result, the supersymmetry algebra takes the fol-
lowing form:

{QaL’QBM} = 20,5"Py, 5LM
[(PmQ."] = [Pm:Qjn] = O
{Q,10M} = e,4a" B, = g, XY
{0ir:Qpu} = apa*r, uB’ = esiX " Ly (1.11)
[Q«L’Bt] = S/ uQ.M
[B(?Qa'zL] = S*(LMQdM
[B,,B,.] = iCsnBy.

We shall now use the Jacobi identities to further restrict the coefficients
a”t™ and S,k in (1.11). The ordinary Jacobi identity may be easily
extended to include anticommutators, as is done in Exercise 3:

{4, {B,CT] + {B,{C,A]] + {C, {4,B]] = 0. (112)

The bracket structure { , ] signifies either commutator or anticommutator,
according to the even or odd character of A4, B, and C. The signs are
determined by the odd elements. If the odd elements are in a cyclic
permutation of the first term, the sign is positive; if not, it is negative.
By exploring the Jacobi identities in a certain order, we shall arrive at
our results as quickly as possible.

We first consider the identity

[B:. {Q.5Qim}] + {05 [Qpm-Be]} — {Qpms [BQ,]} = 0. (1.13)

The first term vanishes because B, and P,, commute. The second and
third terms give

_{QaL’Qﬁ'K}S*(MK + {QBM’QaK}S(LK =0, (1.14)
or
2P [S*\F — S/M] = 0. (1.15)
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1. WHY SUPERSYMMETRY? 7

Equation (1.15) is true only if

S* b = St (1.16)

s0 S,y is hermitian.
Next we use the identity

[Bt, {QaL,QﬁM}] + {QaL: [QﬂA’Bl]} - {QBM[B(’ QaL]} =0 (117)

to prove that the generators X2 = g*%¥B, form an invariant subalgebra
of o/, @ «,. Evaluating (1.17) with the help of (1.11), we find

eup{[Bo XH] + SM XY — Sl X¥X} = 0. (1.18)
This shows that the commutator of B, with X closes into the set of
generators XXM, The XM are linear combinations of the B,, so we con-

clude that the XX¥ form an invariant subalgebra of &/ = o, @ ,.
We now use the identity

[QaL’ {QBM,Q'&K}] + [QBM’ {Q?K’QaL}] + [Q}"K’ {QaL’QﬂM}] =0 (119)

to show that the generators X“¥ commute with all the generators of /.
Combining (1.19) with (1.11), we find

el Qs XH] = 0, (1.20)

SO

(X=X = 6”°‘[{Qm Q") X2] = 0. (1.21)

This implies that the X~ form an Abelian (invariant) subalgebra of <.
Since ¢/, is semisimple, the X%¥ are elements of ./, and commute with
all the generators of &/:

[X*¥.B,] = 0. (1.22)
For this reason, they are called central charges. Inserting (1.22) into (1.18),
SMXEE — S XM = 0, (1.23)

and substituting X¥%X = o*¥XB, we find

SMea LK — Sk avME = 0. (1.24)
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8 I. WHY SUPERSYMMETRY?

From the fact that S,™ is hermitian and g, %X antisymmetric, we conclude
SMyadokL = — gkMKgxs L (1.25)

In Exercise 4 we show that the S, form a representation of 4; @ 4,.
Equation (1.25) tells us that the matrices g, intertwine the representation
S, with its complex conjugate —S,*. Central charges exist only if the
algebra A, @ A, permits such intertwiners. A trivial example is given by
SMX = 0. Another is provided by orthogonal groups, where S, = —S,*.
A third example is given in Exercise 5.

. No further restrictions follow from the other Jacobi identities, as may
be proven by checking them all. We have therefore found the most general
supersymmetry algebra:
[PmP.] =0
[Pm’QazL] = [Pm,deL] =0
[P.:B;] = [P, X¥] =0
{Qa ’QaM} = 204;"P, 0"y
{QaL’QﬂM} = gaﬂxg
{QdL’QﬁM} = g;pX +LM
[X@’QaK] = [X QaK]
[XM xX¥] = [X¥B,] =0
[B:.Bn] = icsmBy
[QaL’B(] = SILMQaM
[QaL’B[] = —S§¥ MQ&M

Ly _ griMp,

(1.26)

This is the most general graded Lie algebra of symmetries of the S-matrix
consistent with relativistic quantum field theory. If central charges exist,
they must be of the form Xi¥ = ¢“LMB, where o’ intertwines the rep-
resentations S, and — S*’.

REFERENCES

S. Coleman and J. Mandula, Phys. Rev. 159, 1251 (1967).
R. Haag, J. Lopuszanski, and M. Sohnius, Nucl. Phys. B88, 257 (1975).
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I. WHY SUPERSYMMETRY? 9

EQUATIONS
{Q1A5Qﬁ8}+ = zaaﬁum 6AB
{QaAaQﬂB}+ = {QdA’QBB}+ =0

_ 1))
[Pm’QaA]— = [Pm’QdA]— =0
[P..P,]- = 0.
{4,{B,C]] + {B,{C, 4]] £+ {C, {4,B]] = 0. (112)
S*, L = §,L,. (1.16)
SMya kL = — ghMEg*/ L (1.25)
[PmaPn] =0
[Pm’QaL] = [PmaQa'zL] =0
[P...B/] = [Pm,X@/’] =0
{QaL’QdI.W} = 2aade m 5LM
{QaL’QﬁM} = aaﬂX@
0uyurt = X" (126)

[X%.0u] = [X¥4.0,] =0

[XM xX¥] = [X¥,B,] = 0
[B;,B,,] = iCsm‘Bi
[QaL»B:] = SlLMQaM
[Qu.B’] = —S* MO

Xkb/l = a{'kh/lB{ .

EXERCISES

(1) Prove that CL,, in (1.7) is hermitian by comparing the anticommutator
(1.7) with its hermitian conjugate.

(2) Show that [Q,,P,,] = 0. Start from the fact that there are no spin
-3 generators. Deduce that [P,;,0,"] = Z%,,0,™, where the Z%),
are some set of numbers. Use the Jacobi identity for [ Py, [P,:,0,5 1]
to prove that all the Z*, vanish. This shows that the Q," are transla-
tionally invariant.
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10 I. WHY SUPERSYMMETRY?

(3) Prove the Jacobi identity (1.12). In particular, verify

[By, [B2,B5]] + [B,, [Bs,B1]] + [Bs, [B1,B,]] = 0
[Q:, [B2.,B5]] + [B, [B3,2,1] + [Bs3,[Q1,B,]] = 0
[By, {Q2:25}] + {Q..[Q3.B,1} — {Q3,[B1,Q.]} = 0
(01, {02:03}] + [Q2. {Q3,0:3] + [Q3,{Q1,0,}] = 0.

(4) Use the identity

[Bb [Bm$QaL]] + [Bm’ [QaL9Bl]] + [QaL’ [Bme]] =0
to prove

[Sm’S(] = icm{ksk'

(The matrix S, has elements S,X,,.) Show that — S*, satisfies the
same commutation relations.

(5) The Pauli matrices o and their conjugates —6* both form representa-
tions of SU(2). Show that ¢ is an intertwiner between these rep-
resentations. Verify that the commutator

{QaLaQﬂM} = ﬁapELM(Clzx + ic,Z5)

is consistent with the Jacobi identities if Z, and Z, are central
charges.
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II. REPRESENTATIONS OF THE
SUPERSYMMETRY ALGEBRA

An exciting feature of the supersymmetry algebra is that there exist
quantum field theories in which the supersymmetry generators Q, may
be represented in terms of conserved currents J,™:

0, = [dxs,°

a m

2.1)

The currents J,™ are local expressions of the field operators. The algebra
(I) is satisfied because of the canonical equal-time commutation relations,
and the Hilbert space spans a representation of the supersymmetry al-
gebra. In this chapter we shall study the supersymmetry representations
of one-particle states.

The energy-momentum four-vector P, commutes with the super-
symmetry generators Q, and Q;. The mass operator P? is a Casimir
operator, so irreducible representations of the supersymmetry algebra
are of equal mass. We shall construct these irreducible representations
by the method of induced representations, considering fixed time-like
(P? < 0) and light-like (P? = 0) momenta.

Before we do this, however, we shall first prove that every representa-
tion of the supersymmetry algebra contains an equal number of bosonic
and fermionic states. We begin by introducing a fermion number operator
N, such that (—)VF has eigenvalue +1 on bosonic states that —1 on
fermionic states. It follows immediately that

(=) Q = —Qu (). (2.2)

For any finite-dimensional representation of the algebra (such that the
trace is well-defined), we find

Tr[(—)"{Q.% Qss}] = Tr[(=)"7(Q.*0ps + 0sQ.")]
= Tr[ - QA —)""Qjs + Q. (—)"" Q5]
= 0. (2.3)
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12 II. THE SUPERSYMMETRY ALGEBRA

Here we have used (2.2) and the cyclic property of the trace. Substituting
{QaAQQﬁB} = 20,;"P, g (2.4)

from the supersymmetry algebra (I), we conclude

Tr[(—)"{Qu"Q;"}] = 204" 6% Tr[(—)¥"Py]
= 0. (2.5)

For fixed non-zero momentum P,,, this reduces to
Tr(—)"¥F = 0, (2.6)

proving that supersymmetry representations contain equal numbers of
bosonic and fermionic states.

We are now ready to construct the representations of the supersymmetry
algebra corresponding to massive, one-particle states, P> = —M?
We first boost to the rest frame, where P,, = (— M, 0, 0, 0). In this frame,
the algebra (I) takes the following form:

I

{QaAsQ[}B} M oa[! (SAB

(0.40,% = {0:4.04s} = 0. (2.7)

The indices 4 and B run from 1 to N. The generators Q may be rescaled
A l A
a, = — Qz
J2M
to show that (2.7) is isomorphic to the algebra of 2N fermionic creation and
annihilation operators, (a,*)" and a,":

(2.9)

The representations of this algebra are well known. They are constructed
from a Clifford “vacuum” Q. The Clifford vacuum is defined through the
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II. THE SUPERSYMMETRY ALGEBRA 13

condition
aQ =0, (2.10)

where, in contrast to the usual case, P2 Q = — M? Q. The states are built
by applying the creation operators (a,*)* to Q:

1
Q(u)auA1 el On (aa1A1)+ .. '(aa"A")+Q. (2‘11)

An \/m

Because the (a,")* anticommute, Q™ is antisymmetric under the exchange
of two pairs of indices a;4;, o;A;. Each pair of indices takes 2N different
values, so n must be less than or equal to 2N. For any given n, there are
(2M) different states. Summing over all n gives the dimension of the repre-

sentation (2.11):
2N
d=Y (2N> = 22N, (2.12)

n=0 n

If the vacuum Q is not degenerate, we call (2.11) the fundamental
irreducible massive multiplet. It has dimension 22", with 2?¥~! bosonic
and 22V ! fermionic states. The state with the highest spin is obtained by
symmetrizing in as many spinor indices as possible. Because we must
simultaneously antisymmetrize in the second index, we may only symme-
trize in N spinor indices. This leads to spin-1N. The highest spin in the
fundamental multiplet is $N; it occurs exactly once.

All other massive multiplets are based on vacuua Q which are not
invariant under the stability group. Their representations are found by
composing the representation of Q with that of the fundamental multiplet.

We now list a few examples. In the case N = 1, the fundamental
representation consists of the states

Q

(a)"Q
. . (2.13)
— (@) (@) *Q = ———&¥(a")*(a,)* Q.

NG 22

It has two states of spin 0 and one of spin 7. When the vacuum Q; has
spin j, with j > 0O, it belongs to a (2j + 1)-dimensional representation of
the stability group SU(2). This leads to a multiplet with spins (j,j + 3,
j — 3.Jj)- These results are summarized in the following tables for
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14 II. THE SUPERSYMMETRY ALGEBRA

N =1,2,3,and 4:

N=1
Spin | Q, Q, Q, Q
0 2 1
i 1 2 1
1 1 1
3 1 2
2 1
N=2
Spin | Q, Q Q
0 5 4 1
4 4 6 4
1 1 4 6
3 14
2 1
N=3
Spin Q, Q,
0 14 14
1 14 20
1 6 15
3 16
2 1
N=4
Spin Q,
0 42
1 48
1 27
3
2
2 1

The representation space (2.11) of the algebra (2.9) also spans a repre-
sentation space of the invariance group of the algebra. It is obvious from
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15

(2.9) that SU(2) ® U(N) is a possible invariance group. However, SO(4N)

is a larger invariance group of
SU(2) ® USp(2N) as subgroups. T
it is convenient to write (2.9) as a
the operators

(2.9). It contains SU(2) ® U(N) and
o make the SO(4N) symmetry manifest
Clifford algebra. To do this we define

I’ = 7 ‘4 (a,)"]
FN+K [a2 e’)+]
f
(2.14)
F2N+t (01 )+]
f
F3N+l__f_[ a,l — a2 )+]

NG

The indices 1 and 2 refer to the
runs from 1 to N. By definition,

SU(2) spinor indices and the index ¢
the 2N operators (2.14) are hermitian.

In addition, they obey the following anticommutation relations:

{rr,l“*s} —_ 5rs ,

whererss = 1,...,

(2.15)

4N. This is a Clifford algebra with an SO(4N) invari-

ance group. The 22" states of the fundamental representation span a spin-
orial representation of SO(4N). This spinorial representation contains two

irreducible representations, each of dimension

the bosonic and fermionic states.

22N=1 corresponding to

The algebra (2.9) may also be cast in a form which exhibits the SU(2) ®
USp(2N) symmetry. This is done by defining a new set of operators

9.

N+¢

9a

where/ =1, ...
tian conjugation:

I

(4.)*

N-t-[)+ _

(9,
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at

2
4
Z 81B(aﬂ )+ 5
=1

(2.16)

, N. These operators transform as follows under hermi-

2% N+¢
) =5aﬂCIﬂ‘

bt (2.17)
s = 4p -



16 II. THE SUPERSYMMETRY ALGEBRA
Equation (2.17) may be written in a more compact form
(¢.)" = e?A"q'y, (2.18)

where r,t run from 1 to 2N and A is the following symplectic matrix:
L1
A= <——0—~,L——>. (2.19)
|

The anticommutation relations of the operators gq
{4.745'} = —eap\” (2.20)

exhibit the SU(2) ® USp(2N) invariance. This invariance group is useful
because states of a given spin transform irreducibly under USp(2N).

We shall now analyze the massless case, P> = 0. We begin by boosting
to a fixed light-like reference frame, where P,, = (—E,0,0,E). In this
frame, the algebra (I) becomes

_ 2E 0\ .
{QaAvQ[?B} = 2( 0 0) OAB

(2.21)

{QaA,QpB} = {QdA»QBB} =0.

Rescaling the Q’s
1
at = — QIA
2 JE

\1/> (2.22)

a+A = QIA = (aA)+3

2

we find that the algebra (2.21) consists of N creation and annihilation
operators, a* , and a*:

A+ _ sA
{a»aﬂ}—éa

(2.23)
{a*,a®} = {a* 4a" 5} = 0.
The operators Q,* and Q5 , are totally anticommuting and must therefore
be represented by zero.
The operators a* , and a* raise and lower the helicity of a state by 1.
Consequently, a? annihilates the state of lowest helicity, say, A:

a'Q, = 0. (2.24)
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II. THE SUPERSYMMETRY ALGEBRA 17
The states

Q(")4+%n,A1~-~A,, = —4da An"'a+A‘Q4 (225)

are built by applying the creation operators a* 4 on the Clifford vacuum
Q,.Thestates QY 4, ... 4, havehelicity A + jn. They are antisymmetric
in A, - - A, and (V)-times degenerate. The state with highest helicity in
this representation has helicity 2 = A + 4N, so the representation (2.25)
has dimension 2". From this we see that one massive representation splits
into 2" massless representations.

We summarize these results in tables for N = 1, 2, 3, and 4:

N=1
A
i~ | 2 Tr Tbomr 0 b
2 1
3 11
1 11
1 11
0 T
~1 1 1
-1 1 1
-3 |11
-2 1
N=2
A
hel. SR St A A
2 1
3 )
1 12 1
3 1 1
0 1 2 1
—4 1 2 1
—1 1 2 1
-3 2 1
-2 1
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18 II. THE SUPERSYMMETRY ALGEBRA

N=3
hel.A -2 - -L =0
2 1
3 13
1 1 3003
1 1 3 301
0 1 3 3 1

-1 1 3 3 1

-1 3 3 1

-3 3 1

-2 1

N =4

1ne1.4 -2 -z -1 -3 0
2 1
3 1 4
1 1 4 6
i 1 4 6 4
0 1 4 6 4 1
4 4 6 4 1
—1 6 4 1

-3 4 1

-2 1

In CPT-invariant theories, the number of states must in general be
doubled, for CPT reverses the sign of the helicity. Note, however, that
the N=2, A=~ N=4 A= —1;and N = 8 A = —2 multiplets
are automatically CPT complete.

To conclude this chapter, we consider the supersymmetry algebra
(1.26) with central charges. We assume that P> = —M? and study the
algebra in the rest frame:

{QaL’(QﬂM)+} = 2M 5aﬂ 5LM
{0,504} = &2
{@H7 Q") = e¥Z* 1y

ZLM _ _ 7ML

(2.26)
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II. THE SUPERSYMMETRY ALGEBRA 19

The central charges Z“¥ commute with all the generators, so we may
choose a basis in which the central charges are diagonal with eigenvalues
Z'™M These eigenvalues form an antisymmetric N x N matrix. Any such
matrix may be rotated into a standard form by a unitary transformation:

ZWM — yL UM, ZKN, (2.27)

The standard form is given by

Z=¢®D (N even)
~ e®D 0 (2.28)
Z = ( 0 0) (N odd)

where D is diagonal with positive real eigenvalues Z,, and ¢ is the 2 x 2
antisymmetric matrix with &' = 1.

We shall study the case with N even. (The case with N odd is analogous.)
We start by decomposing the indices L and M in accord with (2.28),

L = (am), M = (bn), (2.29)

where ab = 1,2 and mpn = 1,...,3N. We then perform a unitary
transformation on the Q,%,

0. = UQ.". (2.30)
This allows us to write the algebra (2.26) in the following form:
{0057} = 2M 5. 5,6,
{0.™Q5") = e,8™ ™2, (2.31)
(@44} = en bpZ,.

The operators Qa""‘ and (0,*™)* may all be expressed as linear combina-
tions of

1 - ~
aam = '_2 [Qalm + sap(Qﬂzm)+]

V2 (2.32)

1~ ~
bam = _2 [Qalm - eap(szm)+]

7

and their conjugates (a,”)* and (b,”)". The operators a and b satisfy the
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20 II. THE SUPERSYMMETRY ALGEBRA

following algebra:

{aa"’aﬂm} = {ban’bﬂm} = {aan7bﬂm} =0
{a,",(ap'")+} = 0,30™Q2M + Z,) (2.33)
{b."(bg™ "} = 6,30™2M — Z,).

From these relations we see that Z, < 2M for all n. If a set of Z; = 2M,
withi = 1, ..., r, the corresponding operators b; must vanish. This leaves
us with a Clifford algebra of 2(N — r) creation and annihilation operators.
The representations of this algebra have been studied before.
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EXERCISES

(1) Show that there are equal numbers of bosonic and fermionic states
in the representation (2.11). Assign the number + 1 to each bosonic
state and the number —1 to each fermionic state. Then compute
the sum

2N
Y (=1 CY.
n=0

(2) Prove that the highest spin in the fundamental multiplet occurs exactly
once. Construct the state with the highest spin in the z-direction.
Verify that this state is unique.

(3) Show that &,4(xs)" transforms like x; under SU(2) transformations.
This shows that complex conjugation raises and lowers SU(2)
indices. (In particular, lower dotted indices of SL(2,C) transform as
upper indices under the SU(2) rotation subgroup.)
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III. COMPONENT FIELDS

To formulate a supersymmetric field theory we must first represent the
supersymmetry algebra (I) in terms of fields not restricted by any mass-
shell conditions. Anticommuting parameters &*¢, simplify the task:

(£ = (80 = -+ = [Pnd®] = 0. (3.1)

These parameters allow us to express the supersymmetry algebra entirely
in terms of commutators:

[¢0.20] = 2&0™E P,
[¢Q.¢e]=1[%0.20] =0 (3.2)
[Pm.¢Q]=[P.C0] =0

Here we use the summation convention outlined in Appendix A:

A component multiplet is a set of fields (4, ¥, . ..) on which we define
the infinitesimal transformation oJ,:

0:A = (EQ + £0) x A,

o (3.3
(5.:‘// = (EQ + &Q) x ¥
The transformation 9, satisfies
(0,0: — 0:0,)4 = 2(ne™E — Ea™7)P,A
= —2i(ye™& — &™) e,,A (3.4)

in accord with (3.2). This supersymmetry transformation maps tensor
fields into spinor fields and vice versa. From the algebra (I) we see that
Q has mass dimension 4. Therefore, fields of dimension ¢ transform into
fields of dimension / + 1 or into derivatives of fields of lower dimension.
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22 111. COMPONENT FIELDS

Starting with the scalar field 4, we define the spinor  as the field into
which A4 transforms:

0:A = 28y, (3.5)

The field ¥ transforms into a tensor field of higher dimension and into
the derivative of A itself:

Oy = i/20"E0,A + 2EF. (3.6)
The coefficient of ¢,,4 is chosen to guarantee that the commutator of

0:A = 2iLa"N A + 2XnF (3.7)

'l

closes in the sense of (3.4). The same commutator acting on the field
yields

(()n ()g I ()q)‘// = —Zi(’70'" - QO' ?] nl//
—ic"G" ¢ W[ no"s — Co'n] + \/f?_(é(‘i,,F —no:F). (3.8)

This closes if

0.F = i/2&%" o (3.9)

It follows from (3.6) that the commutator on F closes as well.
If we had been willing to use the field equations, —iz"C, = my.
Eq. (3.9) could have been satisfied by F = —mA*. In this case we would

have said that the transformations (3.5) and (3.6) close through the field
equations. In extended supersymmetry we are sometimes forced to close
the commutators through the field equations because we do not yet know
the full multiplet structure of the theory.

The component multiplet which we have constructed is called the
chiral or scalar multiplet:

d:A = 28y
o i\/ia'"z(ﬁ'm/l + J2¢F 3.10)
3.F = iJ28" 0

These fields form a linear representation of the supersymmetry algebra
(I). If A has dimension 1, then y has dimension 3, while F has dimension
2 and must assume the role of auxiliary field.

From Eq. (3.10) we see that F transforms into a space derivative under
d,. This will always be the case for the component of highest dimension
in any given multiplet.

Il
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III. COMPONENT FIELDS 23

To construct an invariant action it is sufficient to find combinations
of fields which transform into space derivatives. Such combinations are
given by

Ly = i0,05"W + A*(JA + F*F (3.11)

and

&, = AF + A*F* — %w - %W- (3.12)

From the complete Lagrangian
F =%y + m%, (3.13)

we determine the field equations:
id" oy + my =0
F 4+ mA* =0 (3.14)
OA + mF* = 0.

They describe a Weyl spinor y and a complex scalar A, both of mass m.
The Lagrangian (3.13) has the curious property

L =9, (3.15)

where : : denotes normal ordering. This simply reflects the fact that super-
symmetric theories must contain an equal number of bosonic and fer-
mionic degrees of freedom for a given mass. Equation (3.15) holds as long
as supersymmetry remains unbroken. We may also expect that the vacuum
expectation value of the energy-momentum tensor T™" vanishes in an
unbroken supersymmetric theory. This may be seen by considering J,",
the local current of the supersymmetry charge Q,,

0. = [dxs.°. (3.16)

The supersymmetry algebra (I) yields the energy-momentum tensor T™"
as an anticommutator

{0:J7} = 20,"T," + S.T. (3.17)

The additional Schwinger terms have zero vacuum expectation value.
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24 III. COMPONENT FIELDS

Therefore, <0|T,"|0> = 0 as long as 0;|/0> = 0. Bruno Zumino was the
first to realize that this might account for a vanishing cosmological con-
stant of the observable universe.

REFERENCES

J. Wess and B. Zumino, Nucl. Phys. B70, 39 (1974).
B. Zumino, Nucl. Phys. B89, 535 (1975).

EQuATIONS
(6,0, — 0:6,)4 = 2(no™& — &6™q)P,A
= —2i(no™¢ — &o™n) 0, A (34)
5gA = \/§§'ﬁ

S = i\/20"E0, A + \J2EF (3.10)

0:F = i\/2E6"0,y .
Zo = i0Yo"y + A*[]JA + F*F. 3.11)
&L, = AF + A*F* — %l//l// - %cW. (3.12)

EXERCISES
(1) Show Yy = xy, xo") = —ya"y, (xa™P)* = Yo™y, and (yo""Y)* =

Ya"a™y.
(2) Prove the Fierz rearrangement formula

Wl = —5 (B0 DW™;.

(3) Use (3.5) and (3.6) to calculate
8,00, = —2inc™E o, — i[0"5™ 0,0 ](na"E) + /2, 6,F.

(4) Eliminate the auxiliary field F from the Lagrangian (3.13) to obtain
F = 0"y — Im(Yy + YY) + A*[JA — m?*A*A.

(5) Show that S(AF — ) = i\/2E5"0,(Ay).
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IV. SUPERFIELDS

Superfields provide an elegant and compact description of supersymmetry
representations. They simplify the addition and multiplication of rep-
resentations and are very useful in the construction of interacting
Lagrangians. We shall show that superfields may always be constructed
from component representations. Component fields may always be
recovered from superfields by power series expansion.

We begin with the observation that the supersymmetry algebra may be
viewed as a Lie algebra with anticommuting parameters [Eq. (3.2)]. This
motivates us to define a corresponding group element:

G(x,0,0) = eit ~x"Pm+0Q+00), 4.1

It is easy to multiply two group elements using Hausdorff’s formula
elef = A+ B*HABIT - pecause all higher commutators vanish. We find

G(0,£,5)G(x™0.0) = G(x™ + i06™E — ita™D, 0 + £,0 + &). (4.2)

As usual, multiplication of group elements induces a motion in the
parameter space,

g(&E): (x™,0,8) — (x™ + i06™E — ita™D, 0 + £,8 + §). 4.3)

This motion may be generated by the differential operators Q and Q:
i+ =¢ Ly + &, 9 _ o mebia, ). (4.4)
aoa aa m a ayd af m

Here we use the same letters Q,0 for the differential operators as for the
group generators because the differential operators do indeed represent
the infinitesimal group action on the parameter space:

{QG’Q&} = 2iazdm 6m

4.5
{000} = {005} = 0. @3)
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26 1V. SUPERFIELDS

Note, however, the change in sign, P,, = —id,,. This stems from the fact
that the product of successive group elements corresponds to a motion
withthe order of multiplication reversed. For example, G(0,¢,,&,)G(0,¢,,E,)
induces the motion g(¢,,€,)g(&,,&,).

We could have studied right multiplication instead of left multiplication.
We would then have found the induced motion generated by the differ-
ential operators D and D,

0
Dd——a“e—a"‘f'lam' 5"6,,,

_ o .
Da'—- —W—loaaad am'

(4.6)

By their very definition, D and D satisfy the following anticommutation

relations
{DK’D&} = _2iaadmam
_ 4.7
{D,,Dg} = {D;,D;} =0,
while D and Q anticommute
{DmQﬂ} = {DMQ/}} = {Dd’Qﬂ} = {Dd’éﬁ} =0. (4.8)

We are now ready to introduce superfields and superspace. Elements
of superspace are labeled by z = (x, 0, 6). Superfields are functions of
superspace which should be understood in terms of their power series
expansions in 6 and 6,

F(x,0,0) = f(x) + 0¢(x) + 07%(x)
+ 60m(x) + 00n(x) + 06™0v,(x)
+ 0067(x) + B80Y(x) + 0600d(x). 4.9)

All higher powers of 6,6 vanish. The transformation law for superfields
is defined as follows:

8 F(x08) = 3f(x) + 05(x) + D7)
+ 000,m(x) + 806,n(x) + 06™0 6:0,,(x)
+ 9965;(3:) + 600 og(x) + 00995¢d(x)
= (¢Q + EO)F, (4.10)

where Q and Q are the differential operators (4.4). The transformation
laws for the component fields (f, ¢, 7, . . .) may be found from (4.10) by
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IV. SUPERFIELDS 27

matching appropriate powers of 6,0. The commutator of these trans-
formations satisfies (3.4) as a consequence of (4.5).

It is easy to verify that linear combinations of superfields are again
superfields. Similarly, products of superfields are again superfields because
Q and Q are linear differential operators.

Thus we see that superfields form linear representations of the super-
symmetry algebra. In general, however, the representations are highly
reducible. We may eliminate the extra component fields by imposing co-
variant constraints, such as DF = 0 or F = F*. Superfields shift the
problem of finding supersymmetry representations to that of finding
appropriate constraints. Note that we must reduce superfields without
restricting their x-dependence through differential equations in x-space.

Superfields satisfying the condition D® = 0 are called chiral or scalar
superfields. This constraint does not yield a differential equation in x-space.
Extra conditions, however, often give differential equations. For example,
DD® = D® = 0 yields massless field equations, while D® = D® = 0
implies ® = a = constant.

Vector superfields are defined to satisfy ¥V = V™. It is possible to
construct all supersymmetric renormalizable Lagrangians in terms of
vector and scalar superfields. We shall treat both vector and scalar
superfields in great detail in the coming chapters.

It is always possible to construct a superfield from a component
multiplet. We start with any component of the multiplet, say A, and
apply the operator exp(0Q + 0Q), whose action is defined through (3.3).
This yields a function of x,0,0 which transforms like a superfield

F(x,00) = e®2*%D x A = A + §pd + -~ (4.11)

We define the function §.F(x,0,0) to be the power series in 6,0 whose
coeflicients represent the transformed component fields,

8:F(x,0.0) = (€0 + EQ) x F. 4.12)

The multiplication x is defined in Eq. (3.3). It acts on the component
fields and commutes with the parameters 6 and 6. From Hausdorff’s
formula, we find

e i p02+80) o & _0_ 92600, 00m0P o

06* 00"
= (¢Q — ¢o™0P,) x 2*%0x

Zd%ew‘”é@x = (0 + 00™EP,) x £#2+00 (4.13)

This shows that the action of £Q x and £Q x on exp(6Q + 6Q) may be
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28 1V. SUPERFIELDS

represented by the differential operators ¢Q and EQ:
0:F(x,0,0) = (£Q + EO)F. (4.14)

Comparing with (4.10), we see that F(x,0,0) = %299 x 4 does indeed
transform as a superfield under J,.

To obtain the superfield whose components correspond directly to a
given set of component fields, the superfield must be constructed from
the component field of lowest dimension. If there are several fields of
lowest dimension, each will give rise to its own superfield, but these
superfields will be related by constraint equations. We shall encounter
this problem when we discuss gauge fields.

REFERENCES

A. Salam and J. Strathdee, Nucl. Phys. B76, 477 (1974).
S. Ferrara, J. Wess, and B. Zumino, Phys. Lett. 51B, 239 (1974).

EQuATIONS
a . mp)a
Qa:%_laadyam
s 4.4)
0; = 3 + i6%a,;" Oy
{Qaséd} = 2i6adm am (4 5)
{Qlel} = {Qa‘aQﬁ} = 0.
0 . mp)x
Da=gé;+wud96m
) (4.6)
Dti = —'é—y; - 19 Uad am.
{Daaﬁd} = _2iaadm am (4 7)
{DmDﬂ} = {Di’Dﬁ} = 0. -
EXERCISES
(1) Show
e 0 _ —Q—
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(2) Verify
0 0
af _~ T =
06* 06° 66 = 4
and
0 0
Eip -aj; E; 00 = 4.

(3) Use Hausdorff’s formula to show

2iCQ+EQ) i~ x"Pm +0Q +00) _ il =~ Pm(x™ —i4a™8 +i00™3) +(0 + Q + (0 + 5O}

(4) Given G(x™0.,0) = G(0,£,,0G(0,0,,)G(x™6,0), use Hausdorff’s
formula and (4.1) to demonstrate
x™ = x" + i0g™E, — i&,0a™O + &,)
0=0+¢,
0 =0+ ¢E,.

Show that this corresponds to the induced motion
9(0,£1)9(¢2,0): (x™,0,0) — (x™,0',0)

where g is defined in (4.3).
(5) Evaluate {D,,D,} using the definitions of D,D as differential operators.

(6) Compute D,F(x,0,0) where D is given in (4.6) and F in (4.9). Note
that D,F = 0 yields a constraint rather than a field equation.

(7) Show that D,F = D,F = Oimplies F = a = constant. Demonstrate
that D,F = 0 and D*D,F = 4mF™* yield massive field equations
for the components of F.

(8) Construct the superfield whose lowest component is F, rather than
A. Compare this to the superfield DD®.
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V. CHIRAL SUPERFIELDS

Chiral superfields are characterized by the condition
D® = 0. 5.1)
They correspond to the chiral multiplets of Chapter III.

The above constraint is easy to solve in terms of y™ = x™ + i¢™0 and
0, for

Dyx™ + ifa™9) = 0, and D;f = 0. (5.2)
Any function of these variables satisfies (5.1):
@ = A(y) + 264(y) + 66F(y)

= A(x) + i60™0 d,,A(x) + %0099[}A(x)

+ J200(x) — —= 008, (x)a™0 + 0OF(x). 53)
NG

This is the most general solution to (5.1), as may be seen from the expres-

sions for D and D in terms of y, 0, and 0:

J P mpa
Da = ﬁ + 2101& 6 W
(5.4)

The superfield ®* satisfies the constraint D, ®* = 0. ®* is a natural
function of y*™ = x™ — ifs™@ and 0; its power series expansion is ob-
tained from (5.3) by conjugation:

AX(y*) + J200(y*) + BOF*(y*)

(D‘f'

A*(x) — i06™0 0,,A*(x) + %HOPEDA*(X)

+ V209(x) + j_i 0060™ 0,(x) + O0F*(x). (5.5)
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Writing D and D in terms of y*, 6, and 9,
0
D, = —

T

(5.6)

0 0
Da'l - aga 2it% aa a A tm
we see that (5.5) is the most general solution to D,®* = 0.

It is easy to verify that the transformation laws for 4, y, and F, derived
through (4.10), are exactly those for the component multiplet (3.10). The
computation is simplified when the differential operators Q,Q are ex-
pressed in terms of the variable y.

The highest components of ® and ®* are, respectively, F and F*. All
higher powers in 6,0 are spacetime derivatives. Thus the F or F* com-
ponent of a scalar superfield always transforms into a spacetime derivative.

Products of chiral superfields ®,®, - - - ®, are again chiral superfields,
and likewise for their conjugates:

DD, = A(NALY) + V2[4 + AOW;(0)]
+ 00[A(VF,(») + AFy) — bW, (0] (B.T)
(Di(qu)k = Ai(.V)Aj(y)Ak(y)

+ V200 A4, + YA + B AA)]
+ 00[F,A;A, + FA A + F AA,
- ‘pi‘ijk - ‘l/jl//kAi - ‘/’k‘piAj]- (5-8)
The product ®*®, however, is not a chiral superfield:
DI D, = AF(x)A;(x) + 200 (x)AX(x)
+ ﬁ(?!//,-()()A %) + 00AX(X)F (x) + 00F¥x)A4;(x)
+ 0°0°[io, (A} OmAj — OnAFA)) — 2‘%&!/’;‘«]

+ 066* l:ﬁ O'qam(Af am‘/’? - amA:kl/’:) - \/EFJ'J/“’"]
+ 996’“[—% 0" (U 0,A; — 0, 0iA)) + \fZF.*l//ja]

1 1 1

+ ’;‘5m'/—/i<_7m'//j - %lpiam amd’j]- (5.9

In this product the 8686 component transforms into a spacetime derivative.
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We are now ready to write the most general supersymmetric renor-
malizable Lagrangian involving only chiral superfields:

1
& = (Di+ (DI',OB(;@ componem+ [(5 mijq)iq)j

1
+ gg!jkd)l(qu)k + )’i®i>

+ h.c.;l‘ (5.10)
66 component

The couplings m;; and g;; are symmetric in their indices. Note that
changing the basis from y to x does not change #.
In terms of component fields, . becomes

g = iaml/_/,ﬁ"'lﬂ,- + A:I:DA, + F:kF[

+ [mij(AiFj - %'/’z%)

+ gii(AiAF — Yy A) + AF; + h-C-], (5.11)

where we have dropped all total derivatives. The auxiliary fields F; may
be eliminated through their Euler equations:

0¥
3FF = F, + Af + miAF + ghA¥AT =0
s (5.12)
£
_—— = F:‘ + }"k + mikA(‘ + gljkAlAj = 0.
OF,
This gives & solely in terms of the dynamical fields A; and y;:
. _ 1 1
L =10, 07" + AFOA; — 3 may i, — Em?;tl//ilpk
- gijkllfil/’jAk - g?;‘k‘pi‘ijl’r - V(Ai,Af)- (5.13)
In (5.13), the potential ¥~ takes the form
¥ = F¥F,, (5.14)

where F,F* are solutions to (5.12). This potential is always greater than or
equal to zero, a consequence of supersymmetry. Points where F, = 0
are absolute minima of the potential.
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33

Note that constants are chiral superfields, for ® = a is the solution to
the equations D,® = D,® = 0. Thus from any supersymmetric Lagrang-
ian we may always obtain another by making the shift &, - ®; + a;.

The new Lagrangian has parameters:

}.Ii = /:.,- + mijaj + g,-jkaja,‘

m:l = m"j + 2g,~jkak (5'15)
Jije = Giju-
If the old potential had a minimum at ®; = —gq;, the new potential has a

minimum at the origin. The new potential belongs to a supersymmetric

Lagrangian with parameters given by (5.15).

The class of renormalizable Lagrangians may be restricted by R-

invariance. R acts on chiral multiplets as follows:

RO(6,x) = €2 d(e™0,x)
RO*(0,x) = e” 2™ d*(e'D,x).

(5.16)

Here n is called the R-character of the superfield. For the components,

(5.16) implies
R: A - %y
W - eZi(n—g)al/I

F N eZi(n—l)zzF‘

(5.17)

Mass terms or potentials are R-invariant only if the R-characters of

their respective superfields add up to one.

REFERENCES

J. Wess and B. Zumino, Phys. Lett. 49B, 52 (1974).
L. O’Raifeartaigh, Nucl. Phys. B96, 331 (1975).

EQUATIONS
Da'® = 0.

® = A(x) + i06™00,,A(x) + %GHUPDA(x)

+ /20y(x) — —12- 00 0,¥(x)s™0 + B0F(x).

7
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34 V. CHIRAL SUPERFIELDS
O* = A*(x) — 060 0,,A*(x) + %GBUPE]A*(x)

+ 20000 + —= B000m 6, 0(x) + DOF*x).  (55)

Np
OD; = A(y)4; y) + 200y y)A,(y - A(y W, »]
+ 00[A(YF(y) + Aj(y)Fi(y W;»]. 6D

(Di(Dj(Dk = Ai(,V)Aj(Y)Ak(,V)
+ ﬁe[WiAjAk + YA A + YiAiA;]
+ 00[F,AjA, + F;AA; + FLAA;

— YA — YA — b4 (5.8)

OFD; = AXx)A;(x) + 200 (x)AX(x)
+ 200 (x)A,(x) + 00AXX)F(x) + BOF*(x)A,(x)
+ 000, "(AFOmA; — OnAFA) — 20ia¥jo]

+ 099“ [\/—2‘ O 4 (A*amwj - a A*l/jj \/EFjJid:l
+ m[—ﬁ W FE0at, = CuTHA) + VPP

1 1
+ GOEQ[F?‘F,- + 3 A¥OA; + 2 OAFA;
- %amA,* A, + %6,,,«/7,6% ;- %./7[5'" o ,.J. (59)
+ 1
Z =@ ‘Di|0066componem+ ‘z‘mijd)iq)j

1
+ 3 91 P:0,0, + )n'd’i)

+m} (5.10)
660 component
L = i0, 0™, + A¥JA; + F¥F,
1
" [m-'j (A‘F iTH '//iwj) + Gipl AAiFy — Y A,) + AF: + h.c.].

(5.11)
RD0,x) = e?™dD(e *0,x), ROP*(B,x) = e"2"™d*(e"f,x). (5.16)
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R: A — e 4
Y — e2in—day, (.17

F — eZi(n—l)aF.

EXERCISES

(1) Compute Q, and @, in terms of y™ 0,0:

~ 0 0
= = 4 2if,"

Qa aya + l O-aa aym

(2) Compute D,, D;, Q,, and Q, in terms of y*™,6,0.

(3) Derive the transformation laws (3.10) using Q,0 and (5.3) expressed
in terms of the variables y™, 6, and 8.

(4) Define the components of a chiral superfield (D,® = 0) as follows:

F = DD®|g_5_,.

Express these components in terms of the component fields A4,y,F
of (5.3). Compute the transformation laws for ./, ¥, and .# using
using Q and Q in the following form:

.0
Q,=D, — 2iaad"‘9"—m
0x

_ — 0
. = D, + 2i6*¢ " —.
Qa a W0, axm

(5) Show that ® = DDU is chiral for any superfield U. Relate the com-
ponents of U to those of ®.

(6) Show that the mass term $m®® for a single superfield ® is R-invariant
if and only if ® has R-character . Note this condition excludes
linear and trilinear terms from the Lagrangian.
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Vector superfields satisfy the condition
V=V". 6.1)

As usual, they should be understood in terms of their power series ex-
pansion in 6 and 0:

V(x,0,0) = C(x) + i0x(x) — i0%(x)

+ éBB[M(x) + iN(x)] — éyy[M(x) — iN(x)]
— 00™0v,(x) + i909[1(x) + %&"‘ 6mx(x:|

_ mae[ux) + % o 6,,,7(x)] + % 0080 [D(x) + % DC(x):l.
6.2)

The component fields C,D,M,N, and v,, must all be real for (6.2) to satisfy
(6.1). The vector field v, lends its name to the entire multiplet.

We have chosen very particular combinations of fields as coefficients
of the 08, 806, and 6008 components of V. Our choice was dictated by
the hermitian field ® + ®*, where ® and @™ are chiral fields:

O+ O = A+ A* + /200 + ) + 00F + OOF*

+ i06™00,(A — A*) + ﬁm)@a’" Ol
+ _li 006c™ 0,y + %OHPBD(A + A%*). (6.3)

7

This combination has the gradient id,(4 — A*) as coefficient of 8™,
motivating us to define the following supersymmetric generalization of a
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VI. VECTOR SUPERFIELDS 37

gauge transformation:
Vo>V + 0+ 0F. 64)
Under this transformation,

C>C+ A+ A*
X=X = iN20

M + iN - M + iN — 2iF
U = Uy — 10,(A — A%)
A=A
D - D.

(6.5)

The choice of components in (6.2) renders A and D gauge invariant.

From (6.5) we see that there is a special gauge* in which C, y, M, and
N are all zero. Fixing this gauge breaks supersymmetry but still allows
the usual gauge transformations v,, = v,, + 0,,a. Itis very easy to compute
powers of V in this gauge:

V = —06™Bv,(x) + i0007(x) — D0OA(x) + %BﬁgyD(x)

VZ

—% 0660v,,v™ (6.6)
V3 =0.

Thus we may view the vector field V as the supersymmetric generaliza-
tion of the Yang-Mills potential. To construct the corresponding super-
symmetric field strength, we observe that A, and 7, are the lowest-
dimensional gauge invariant component fields in V. They are also the
lowest-dimensional component fields in

1
W, = —;DDD,V

6.7)
_ 1
W; = —; DDD,V.

* In the literature this gauge is often called the Wess- Zumino or WZ gauge.
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38 VI. VECTOR SUPERFIELDS

These superfields are chiral and gauge invariant. Chirality follows
immediately from (6.7),

DjW, =0

D,W, =0 (6.8)
while DO = D®* = 0 must be used to prove gauge invariance:

!

_ 1
W, =2 DDDV + @ + ®*) = W, — - D(DD}® = W,. (69)

It is easy to compute the components of W, in the special gauge (6.6).

The computation is further simplified by use of the variables y = x + i0gf
ory* = x — ifo0:

V = —00"0u,(y) + i0007(y) — iBOOA(y)
+ 3 0000LD(y) — i0,07(y)]
= —00™Do,(y*) — BOOA(y*) + 060 y*)
+ % 0608[D(y*) + i0,0"(y*)]. (6.10)

The result is

v,

A0+ 82D0) = @A) = Bl |6

+ 000,50, ),

W, = ") + [sd,;my*) b3 @00 y) — By y+)):| o
— 440058, A(y"). (6.11)

The superfields W,,W, contain only the gauge invariant fields D, A,, and
Vpn = 0¥, — 0,0, Furthermore, they are chiral and satisfy the additional
constraint equation

D*W, = D, W, (6.12)

For 6 = 8 = 0, this relation simply expresses the fact that the component
field D is real. Equation (6.12) may be verified component-by-component
from (6.11) or directly from the definition (6.7). It may be shown that
(6.11) represents the most general solution to the chirality conditions (6.8)
and the constraint (6.12).
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The superfields W, and W, are examples of representations which have
the component fields 4, and %, as fields of lowest dimension. We could
have constructed W, and W, from A, and Z; by applying the operator
exp(0Q + 00) x, as described in Chapter IV. We would then have
found W, and W, to be related through Eq. (6.12).

Since W, is chiral, the 80 component of W*W,,

1
WWlog = —2iA6™0ph — —v’""vm,, + D? + 40'""0”‘3,,‘,,,,‘, (6.13)

transforms into a space derivative. Note that W*W, may also be written as

1
WeW, = ZDDW“DG,V. (6.14)
From (6.13) we see that
1
¥ = Z (W*Woo + W, W50 (6.15)

is the supersymmetric gauge invariant generalization of the Lagrangian
for a free vector field. After some partial integration, this reduces to

1 1
4 _ 4 D2 _ _ 4mn  iiam
fd XL = fd x{zD 7 V"0 = il amz}. (6.16)
This Lagrangian may also be obtained as a 6060 component:

1 _
f d*x & = f d*x 2 WD,V + WDV (6.17)

0600
Equation (6.17) is equivalent to (6.15) because of (6.14) and the fact that
D and 9/00 differ only by an x-space derivative.

We can always add the mass term m?V? to the Lagrangian (6.17).

This term is not gauge invariant and cannot be computed in the WZ
gauge. Starting from (6.2), we find

1
= (M?* + N?)

1 -
V2|9066 = 3 VU™ — XA = T4+ D)

- % Xam ami - % Zam amx

+ % COC + CD. (6.18)
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It is interesting to note that this term not only gives mass to the vector
field v, but also introduces the additional degrees of freedom C and x
required for a massive multiplet. The Lagrangian (6.17) together with
(6.18) describes one vector field, two spin-} fields, and one scalar field,
all of equal mass.

REFERENCES

A. Salam and B. Strathdee, Phys. Rev. D11, 1521 (1975).
J. Wess, Acta Physica Austriaca, Suppl. XV, 475 (1976).

EQUATIONS

V=t 6.1)
V(x,0,0) = C(x) + i0x(x) — i0%(x)
+ %OB[M(x) + iN(x)] - %EE[M(X) - iN(x)]

— 06™0v,(x) + i099|:1(x) + —%E’" 6mx(x)]

- i@yﬂ[l(x) + -;— o™ 5m7(x)] + % 0660 I:D(x) + —;— DC(x)].
6.2)

VoV 4+ 0+ 0. 6.4)

C->C+ A4+ 4*
1= x— iV

M + iN - M + iN — 2iF
v, = v, — i0,(4 — A*)
A— A
D - D.

6.5)

6.7)

&
I
|
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(6.8)

=
I

w = Ay + [(ZB D(y) - é(d'"ﬁ")f (OmUn( ¥) — Gl ,V))]Oa

+ 000’11"" (3,,,_/‘.—“( y)

_ - i + ;
W, = izy*) + [*1iﬂ'D(y+) + Efii-,‘.(ama")’jc(amvn(y+) — 0oy )):! 6*
— £;,006750,4,(y"). (6.11)
D*W, = D,W*. 6.12)
1 .
WoW, gy = —2ida™Cpt — »2~v""'v,,,,, + D? + év"‘"v”‘em,,,,‘. (6.13)
1 R
& = Z(WavVaIGO + %W“lgg}. (6.15)
fd“xf = fd“x 1D2 - 1v"‘"v — AG™ Cpt . (6.16)
2 4 mn m
EXERCISES
(1) Prove
[D.. {D;.D,}] = O,
[DG,D——I;EI}] = —4io,,-,'“6,,,5”,
and

1., - _
g [02.D?] = —iD%e,"D*0, — 200

I

iD%,,"D*d, + 207.

(2) Compute the 00 component of D,V in the general gauge (6.2) and
the special gauge (6.6).

(3) Compute €” in the WZ gauge.
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(4) Show that the constraints (6.8) and (6.12) yield the following equations
for the component fields:
D = D*,
vmn p— U*mn ,

Bm”m 6(1),‘" = 0.

(5) Compute

~ 0
—ife™0 Fm

DDOO = —4e

. ~ 0
0™ Ered

DDBf = —4e =",

(6) Use the definitions of W, and W, to verify (6.12).

(7) Derive the Euler-Lagrange equations for the Lagrangian (6.17) +
(6.18).

(8) Use (6.13) to show

1 o 1
fd‘*x Z(WaWaIea + Wa-,W"‘|55 =3 fd“xW“W,|99.

(9) Find the supersymmetry transformations for the gauge invariant
fields in the vector multiplet:

Oy = i[(£0" Opd + £6"0,A) — (n = m)]
0t = iD + d™¢v,,
85D = Tam 9,4 — Ea™ .
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VII. GAUGE INVARIANT INTERACTIONS

In this chapter we discuss the gauge invariant interactions of chiral and
vector multiplets. We start with the U(1) case and later generalize our
results to non-Abelian gauge groups.

Chiral superfields @, transform by a phase under global U(1) rotations,

D, = e~ MAD,. (1.1)

The t, are the U(1) charges appropriate to the ®,, and 4 is the rigid U(1)
rotation angle. The t, and A are real constants. Constants are chiral
superfields, satisfying the constraint equations D,A = D;A = 0. From
(7.1), we see immediately that the @, are chiral superfields as well.

It is easy to construct a Lagrangian invariant under (7.1) for constant
parameters A:

¥ =Lye + ZLrE

«fx.E. = d);®,|ooaa (12)
+ h.c

1 1
LpE = [5 m;®Q; + 3 gijk(l)iq)jq)k] )
o0

Note that U(1) invariance requires m;; or g;; = 0 whenever t; + t; or
t; +t; + t; # 0. In the literature, the term %, is often called the
superpotential.

Equation (7.1) takes one chiral superfield into another when 4 is a
constant chiral superfield. When A depends on x, the situation is slightly
more complicated. In this case, A must be promoted to a full chiral
multiplet:

O, = e A, D,A=0

d)/[+ = eif(/\*(b(+’ Da/\+ = 0. (7.3)

Only then do the @, remain chiral superfields.
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The Lagrangian (7.2) is not invariant under such local transformations.
In particular, & ;. remains invariant, but .y ; does not:

DV, = BF DyetthT A, (7.4)

It is easy to see that &, ; may be rendered invariant by introducing the
vector superfield V with its transformation law (6.4):

V=V +iA - A"). (7.5)

With this addition, the full Lagrangian

¥ = (WaWu|66 + VT{in'ﬁ@) + (D;e"yd)tbooé

B -

1 1
+ [(‘2‘ m,l(p,q)J + 3 gljkd)lq)jq)k) + h.C.:l (7.6)
00

becomes invariant under local U(1) gauge transformations.

At first, (7.6) looks non-renormalizable. It may, however, be evaluated
in the WZ gauge, where V? = 0:

O eV O|gggg = FF* + AQJA* + i0y5"y

1 i i
nf — J=n ML _ = *
+tv<2¢a¢+2A 0,A 26,,AA>

— L AT — A*A) + %(m - %t%,,v")A*A. 1.7

V2
In this gauge, the Lagrangian contains no terms of dimension higher
than four.
The supersymmetric extension of electrodynamics is constructed in
terms of two chiral superfields:

O, =e D, O =N, (7.8)

In components, the Lagrangian

1 1T —c
ZLoep = Z(leoo + WWlM) + d)IeeV(D+|ooay + ®le Vd)—looé@
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VII. GAUGE INVARIANT INTERACTIONS 45
becomes

1 1
EDZ e Vpgl™ — 1AC" Ok

+ F,F* + F_F* + AX(OA, + A*JA_

gQED =

LG, + 0T + eu"[éuxa"m SRR

i i i i
F AL OAL — S04, — S AR oA + Ea"A":A_}

e ALBT = ANy — AT+ ARy

7
1
+ %D[A’:A+ — ATA] - 2 oA A, + A%AL)

+m[AF_ + A_F, =y y_ — ¥, f_ + A%F* + A*F%].
(7.10)

From (7.10) we see that the two Weyl spinors i,/ - combine to form
one massive Dirac spinor, the electron.

It is straightforward to generalize the transformation law (7.1) to
non-Abelian compact groups:

O = ¢ A, Ot = Ppreir”, (7.11)
In (7.11), A is a matrix:

Aij = THA,. (7.12)

J

The matrices T* are the hermitian generators of the gauge group in the
representation defined by the chiral field ®. In the adjoint representation,
we normalize our generators as follows:

Tr T°T® = ké*, k> 0. (7.13)
With this convention, the structure constants %

[T T*] = it®Te (7.14)

are completely antisymmetric.
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The Lagrangian (7.6) is invariant under non-Abelian gauge transfor-
mations, provided we extend the transformation law (7.5):

eV = e M eVeih, (7.15)

In (7.15), both A and V are matrices:
A = THA,, Vi = T4V, (7.16)
With Hausdorff’s formula, we encounter only commutators of group
generators in computing the product of exponentials in (7.15). Evaluating

the commutators by the group commutation relations (7.14) allows us
to express V' in the following form:

V' =T, . (7.17)
This shows that the transformation law (7.15) is independent of any

specific representation for the generators T“. Furthermore, the transfor-
mation law starts with a term independent of V,

V=V +iA—-A*) 4+, (7.18)

so non-Abelian theories also allow a WZ gauge where V3 = 0.
Equation (7.15) may be evaluated for infinitesimal gauge transforma-
tions with the following form of Hausdorff’s formula:

eAeB — pA+faj2  [B+coth(fa/2) B+ -+ (7.19)

This expression contains all terms linear in B. The Lie derivative £,,, - B
is given by [$4,B]. The hyperbolic cotangent in (7.19) must be understood
in terms of its power series expansion, where

AlA A
Cu£42)" B = c,,|:§, [5’ [ . |:§, B] e ]J], (7.20)

with n factors 1A4. Using (7.19) to evaluate (7.15) yields

SV =V — V=i, [(A+A")+ cothF, ;) - (A — A)]. (7.21)
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The supersymmetric field strength W* [Eq. (6.7)] may be readily
generalized to the non-Abelian case:

W, = —- DDe D" . (7.22)

Al

In (7.22), the vector superfields V are matrices, as in (7.16), with the gen-
erators in the adjoint representation of the gauge group. It is easy to
verify that

W, » W, = e "W (7.23)

under non-Abelian gauge transformations. The proof is left to the reader
as an exercise.

We are now ready to write down the most general Lagrangian for the
supersymmetric renormalizable interaction of scalar, spinor, and vector
fields:

1 - .
= 1_6@5 Tr(WaWano + %Waléé) + (I)*eV<I)|995§

1 1

+ h.c.J. (7.24)
06

Gauge invariance requires the mass matrix m;; and the coupling constants
gijx to be totally symmetric invariant tensors with respect to the internal
symmetry group. The normalization of the gauge-field kinetic term is
chosen to recover the canonical normalization for the component action
after scaling V — 2gV (see Exercise 7).

REFERENCES

J. Wess and B. Zumino, Nucl. Phys. B78, 1 (1974).
S. Ferrara and B. Zumino, Nucl. Phys. B79, 413 (1974).

EQUATIONS
b, = e AD,, D,A =0

+ it/ At gy + + (73)
@t = A D,t, DAY =0.

V' =V +i(A — AY). (1.5)
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| P T (i + v
& = Z(W Wa|ao + W;W |96) + @/ ¢ (D/looéa

+ h.c.:!. (1.6)
00

1 1

(I)+e"’d>|9955 = FF* + AQA* + ia,ﬁ&"n//
i

1 i
nl = T=n Sogx _ *
+tv<2n/7m//+2A 0,4 25,,A A>

_ L tALY — A*AY) + %(tD - —;—tzv,,v")A*A. (7.7

V2

1 - -
& oEp = Z(WWIoe + WW'&&) + O1eV D, |og55 + DLe V(D—leaéé

+ m((D+(D_|99 + QIq)tlao_). (7-9)
1 1
£ oep =3 DZ--Z Vppu0™ —iAG" 0, A +F F* + F_F* + AX[JA, +A*[0A_

+i(6,,$+6"|/1++6,¢_6"¢_)+ev"[%$+6"¢+—%%-6"1//_

i i i i
+5 A% 0, A, —5 0, A% A, —5 AX O, A_+5 6,,A’£A_]
-‘Tez(AJJ—Aw+A—A-v7-I+Atw-x)

1
+§D[A‘!;A+ —A%A_]-7 o ATA, +A%A)

+m[AF_+A_F,—Y,y_—W,_+ALF* +A*F%]. (7.10)

Tr T°T® = k&,  k > 0. (1.13)
[T%T*] = it®Te. (1.14)

e = e N eVeiA, (7.15)
Ayj=T4A,, V=TV, (7.16)
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= -vp LV

W, = ~2 DDe™"D,e" . (7.22)

W, > W, = e ""Wer. (7.23)

1
= Tokgz TFV Welao + W,W%(35) + @ " Dlogag

1 1
+[(2 m;;®.0; +3g,1,‘<1)<l>(bk>

+ h.c.]. (7.24)
00

EXERCISES

(1) Show that &, ¢ of Eqgs. (7.6) and (7.24) is also invariant under sym-
metry transformations (7.11) with complex parameters.

(2) Show that e"VD,e" = D,V — $[V,D,V] in the special gauge (6.6).

(3) Demonstrate that W, = e~ ‘*W,e'*. Use the fact that D,A* = 0 and
DA — 0:

VVa/ = EE[ —iA —VelA*D —iAt V xA]

&I'—‘

. . | .
= e—-u\u/aeu\ _ Ze—lAD{D,Da}ell\
= e-iAmeiA_
(4) Construct an SO(3) invariant interaction using three chiral vector
fields ©7.
(5) Use the multiplication properties of the Pauli 6-matrices (n * 6)(m - 6)=

n-m + i(ln x m) - ¢ to show that for infinitesimal values of b,

elan - 7eibm @ — (cos a + io - nsin a)(l + ibm - o)
= cos[a + (n-m)b] + ip-osin[a + (n-m)b],

where g =n + b[(m — (n-m)n)cota — n x m], and nym are
unit vectors.

(6) Use the result of Exercise (5) and [n e, m a] = 2i(n x m) o to
verify Eq. (7.19) for the special case e“" “¢"®™ °. Remember that
b is infinitesimal.
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(7) Expand

&£ Tr(WaVValeo + W W) + (D+9V(D10066

_ 1
" 16kg?

in the WZ gauge. Assume the gauge group is non-Abelian, and restore
the coupling g by rescaling V — 2gV,

Z = —%vﬁ,"’:uf"l")‘ —_ a(“)a'"@ml(a) + %D(a)D(a) _ @mA+@mA
— 5" Dy + F'F + i\/2g(A7 TOYa® — TOTAP)
+ .gD(a)A+ T(“)A,

where

DA = 0pA + ig@T@4
Dy = Oy + igod TY
D@ = 3,4@ — gy ®)©
Vi = Ot — 0,05 — gt vv.
(8) Compute the transformation laws for 4, y, F, v/, A¥ and D in

the WZ gauge. Use them to verify that the result of Exercise (7) is
supersymmetric:

oA = /28y

o = i/20"ED,,A + J2¢F

8F = iJ286"D, W + i2gT@AET@
O = —id“g"¢ + iZam A
0,4@ = ¢™&E) + iED@
0.0 = —¢£0"P, 19 — 2,A 0.
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VIII. SPONTANEOUS SYMMETRY BREAKING

If supersymmetric gauge theories are to find realistic application in high
energy physics, both supersymmetry and gauge symmetry must be broken
spontaneously. The spontaneous breaking of ordinary gauge symmetry is
well understood, but supersymmetry imposes additional conditions
which need further discussion. These restrictions rest on the property

1 - ~ — ~
= Z(QlQl + 0.0, + 0,0, + 2,0,), (8.1)

derived from the algebra (I). Equation (8.1) tells us that (¥|H|¥) = 0
for every state |¥). Furthermore, it tells us that states with vanishing
energy density are supersymmetric ground states of the theory. Such states
are ground states because the expectation value of H may never be
negative; they are supersymmetric because (0|H|0) = 0 implies Q|0> =
0]0> = 0. Ground states of zero energy preserve supersymmetry, while
those of positive energy break it spontaneously. This situation is sketched
in Figure 8.1.

In this chapter we shall discuss three models which exhibit the general
properties of spontaneous symmetry breaking in supersymmetric theories.
We first consider a supersymmetric model, constructed from chiral
superfields, in which the ground state breaks supersymmetry. We know
from Eq. (5.14) that the potential energy in such models takes the form
v = F}F,, where F, is given by

Fk* = _(}'k + mikAi + gljkAlA]) (8'2)

Vacuum expectation values a; of A; for which F, = 0 signal super-
symmetric minima of the potential. To break supersymmetry, we must
choose special values for the parameters A,, m;, and g,; such that the
equation

0= }‘k + m;a; + gijka,-aj (8.3)
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# 7
A A

>y
>y

(a) (b)

FIGURE 8.1. The ground state of (a) preserves supersymmetry, while the ground
state of (b) breaks it spontaneously.

has no solution in g;. Such models have been constructed by O’Rai-
feartaigh in the paper cited at the end of Chapter V. He found that three
chiral superfields are required to break supersymmetry, the simplest
model being given by

’gP.E. = {[i(po + m(I),(Dz + gd)Od)l(Dl] + h.C.}. (8.4)

Fayet and Iliopoulos have shown how to spontaneously break super-
symmetry in gauge theories with Abelian gauge groups. They observe
that the 6666 component of the vector superfield is both supersymmetric
and gauge invariant. They add this term to the Lagrangian (7.9) and find
that it spontaneously breaks supersymmetry:

1 I
& = Z(W“Wa + W, W) + ©f e’ ®, + ®fe "0,
+ m®,0, + OO + 2kV. (8.5)
In this model, the potential is given by

1

¥ =3D* + F\F} + F;F4, (8.6)
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where D, F,, and F, are solutions to the Euler equations:

D+x +§(A’{‘A1 — A%4,) =0

Fy, + mA% =0 &7

F2+mAT=O.

There is no solution to (8.7) which leaves ¥~ = 0, so supersymmetry is
broken spontaneously.

Let us examine the potential (8.6) in more detail. Substituting for the
auxiliary fields, the potential ¥~ becomes

1 1 1
v = EKZ + <m2 + Eerc)A’{‘Al + <m2 - 58K>A3‘A2

1
+ AT, — A4, (8.8)

We must distinguish between the two cases m? > ek and m? < iex.

When m? > }ex, both 4, and A, have real masses. The model describes
two complex scalar fields, one of mass m;?> = m* + ek, the other of
mass m,%> = m?> — ek, as well as three spinor fields ,,/,,4, and one
vector field v,,. The masses of the spinor and vector fields are unchanged
by the symmetry breaking. In particular, the field y; retains its mass m,
while 4 and v,, remain massless. Note that m;?> + m,? = 2m?.

The vector field v,, plays the role of gauge field for the unbroken U(1)
symmetry group, and 4 is the Goldstone fermion arising from spontane-
ously broken supersymmetry. From the transformation law for A (Exercise
6.9),

0h = iED + 0™ Cv,,, 8.9

we see that A transforms inhomogeneously as soon as D acquires a
vacuum expectation value:

S = —ikk + . (8.10)

This identifies 4 as the Goldstone fermion. Non-zero vacuum expectation
values of auxiliary fields induce the spontaneous breakdown of super-
symmetry.

EBSCOhost - printed on 2/13/2023 9:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



54 VIII. SPONTANEOUS SYMMETRY BREAKING

When m? < lex, A, = A, = 0no longer minimizes the potential (8.8).
To find the minimum, we must solve the equations

ov 1 ?
5;; = <m2 + 56K>A1 + %‘(ATAl - A;‘AZ)AI = 0
1
(8.11)

oy 1 e?
i (mz - 56K>A2 - Z(A’{‘A1 — A%A4,)A, = 0.
This givesaminimumat 4, = 0,4, = », where 1e?v? + (m? — 4ex) = 0.
By a gauge transformation, » may be chosen to be real. Expanding the

potential around its minimum spontaneously breaks the U(1) symmetry.
Intermsof A = A;, A = A, — v, the potential becomes:

2
v = m’ —- (ex — m?) + 2m*4*A

+1£22 i[21+71*]2+11“ " (8.12)
2261} ﬁ 2281} U,V .

The constant

2
2-’57 (ex — m?)

is positive; both supersymmetry and gauge symmetry are broken spon-
taneously. The vector field v,, acquires a mass by eating the Goldstone
boson field (4 — A* /f leaving the total number of degrees of freedom
unchanged. The symmetry breaking also modifies the spinor mass terms:

—m s + UiT) + f (@7 — o). (8.13)

With the following linear combinations,
v =1y,

T N

m? + lezuz 2
\ 2 (8.14)

1 ( iev
(et
2, 1o, V2

m +§ev

>
I
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the mass terms become diagonal:

- |m* + %ezvz(w? + ). (8.15)

The Goldstone spinor 4 remains massless. Note that 1 transforms in-
homogeneously,

5§I=—2i'£§ e —m? 4, (8.16)

as expected for a Goldstone field.

This model describes two spinor fields of mass /m? + Le?s?, one
vector field and one scalar field, each of mass \/3e?»?, one complex scalar
field of mass /2m?, and one massless Goldstone spinor. Note that the
sum of the masses squared weighted by the number of degrees of freedom
is identical for the bosonic and fermionic modes:

2-2m? + 4 ‘%627)2 = 4<m2 + %82112>. 8.17)

This is also true for the U(l) symmetric case described earlier. In fact,
such relationships between bosonic and fermionic masses are common in
supersymmetric theories.

The situation for the Fayet-Iliopoulos model is sketched in Figure 8.2.
Non-vanishing vacuum expectation values of auxiliary fields induce

#* 7

)\

Az A2

Y

{a) (b)

FIGURE 8.2. (a) When m? > 1 ex, supersymmetry alone is broken.
(b) When m? < ek, both gauge symmetry and supersymmetry are broken.
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56 VIII. SPONTANEOUS SYMMETRY BREAKING

supersymmetry breaking, while non-zero vacuum expectation values of
dynamical scalar fields lead to the breaking of gauge symmetry.

After having seen a model in which supersymmetry and gauge symmetry
are broken spontaneously, one might wish to construct a model in which
only the gauge symmetry is broken. We first discuss such models with
chiral superfields. In this case we must find a solution a; to (8.3) which is
not left invariant under the internal symmetry group. As a simple example,
we consider the group U(1) with three chiral superfields: one neutral,
one positive, and one negative. The Lagrangian

1
Lpp = 5mO? 4 u® O + 0 + g0O,O_ + he.  (8.18)

is U(1) invariant. The Egs. (8.3) become

A+ma+ga,a. =0
a(u+ga=0 (8.19)
a,(u + ga) = 0.

This set of equations has two solutions:

(8.20)
2 aja_ = —1< - rﬂl), a= —ﬁ.
g g

The first does not break the U(1) symmetry, but the second does. In the
second solution, only the product a,a_ is determined. This stems from
the fact that %, is invariant not only under the U(1) group, but also
under its complex extension. For any solution a,,a_ to (8.19), there
exists an entire class of solutions, e*a,,e”*a_, for arbitrary complex A.
The ground state has a larger degeneracy than required by the initial
symmetry group.

If we gauge the Lagrangian (8.18), we must introduce the vector super-
field V, coupling to @, and ®_ as in (8.5). This results in the following
trilinear coupling between the scalar fields A, and the vector multiplet
V:

eV(AXA, — A*A4_). (8.21)
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For the symmetry breaking solution, this contributes a piece to the D-
term:

eV[a";a+ —ata_ + 2'5] (8.22)

Such a term would ordinarily break supersymmetry. Because of the
degeneracy a, — e**a., however, it is possibie to transform away this
term for any choice of «. In this model, D-terms do not induce the spon-
taneous breakdown of supersymmetry.

The mass term associated with (8.20) is given by

1
Eez(a";aJr + a*a_)V2. (8.23)

It cannot be transformed away. It gives a mass to the vector field v,.
Comparing (8.23) with (6.18), we see that spontaneous gauge symmetry
breaking in supersymmetric theories gives rise to an entire massive vector
multiplet. This is the supersymmetric extension of the Higgs-Kibble
mechanism.

These models are easily extended to non-Abelian symmetry groups.
Supersymmetric solutions require

F;‘k = _A’k - mua; — gijkaiaj = 0. (8'24)

The parameters 4, m, and g are restricted by the internal symmetry group.
In gauge theories, supersymmetric minima must also satisfy

D( = ai+ Tfkak = 0. (8.25)

The Fayet-Iliopoulos D-term is not gauge invariant and cannot appear
in the non-Abelian sector of supersymmetric models.

In the remainder of this chapter we shall show that (8.24) determines
the supersymmetry breaking of non-Abelian theories. That is, if (8.24)
has a solution a;, then it is always possible to find a solution d; which
satisfies (8.25) as well. We shall demonstrate this for the case of a semi-
simple gauge group G.

To begin, let us suppose we have found a solution a; such that Fi¥(a;) = 0.
We may then compute

d’ = a} T',a,. (8.26)
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The vector d’ specifies a certain direction in the regular representation.
There is always a group element which transforms this vector into a
linear combination of vectors in the Cartan subalgebra. Because (8.24)
is invariant under G, this transformation rotates the g, into another solu-
tion @, The vector d’ transforms into a vector d° whose non-vanishing

components lie in the Cartan subalgebra. We may now perform a linear
transformation within the Cartan subalgebra such that the direction d*
defines a single generator with eigenvalues y;. In this basis, the only non-
vanishing component of d* is d:

d = & p,d;. (8.27)

The equations (8.24) are also invariant under gauge transformations

with complex group parameters. This is because the complex conjugate

representations of the scalar fields never enter F*. We are free to perform
such a transformation in the direction d:

a; = exp(un)a;. (8.28)

The parameters d; solve (8.24) for all values of n. Taking 5 real, we find
d = a; pe*ng,. (8.29)

We now distinguish two cases. In the first case, all the y; (for which
a; # 0) are of the same sign, say positive. We then let # - — oo to find
d = 0. In the second case, the y; take both signs. We shall show that there
is still a value of # where d=0.1In particular, we note that

+

a; ehng, . (8.30)

)
1l

N =
2l

Considering ;' e**"d, as a function of 5, we see that it tends to + oo as
# — =+ co. Therefore it has a minimum for some value of 5. At this point
the derivative vanishes and d = 0.

This completes the proof. We have shown that spontaneous supersym-
metry breaking in non-Abelian models is controlled by F-terms. Super-
symmetry is spontaneously broken if and only if the equations F¥ = 0
have no solution. This is the O’Raifeartaigh mechanism for supersymmetry
breaking.
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EXERCISES

(1) Show that 4; = A, = 0 is a minimum of the O’Raifeartaigh model
(8.4) when m? > 2Jg. The value of the potential at the minimum is
4%, independent of 4,,.

(2) Compute the boson and fermion masses in the O’Raifeartaigh model:

Real scalar masses: 0, 0, m?, m?, m* + 2gA
Spinor masses: 0, 2m.

Massless scalars and spinors are general features of O’Raifeartaigh
models with spontaneous supersymmetry breaking. Also compute
0F¥/0A; in this model, and show that

ot _

This is another general feature of O’Raifeartaigh models.

(3) Consider three chiral superfields, ®,, ®,, ®,, with R-characters
ny = 1,n; = 0,n, = 1. Construct the most general renormalizable,
supersymmetric, R-invariant Lagrangian also invariant under the
following discrete transformation:

®, —» D,
D, - -0,
D, - —-0,.

Show that this determines the O’Raifeartaigh model.

(4) Show that ¥ of (8.14) does not shift under a supersymmetry
transformation.

(5) Add a D-term 2xV to the Lagrangian (8.18). Determine the values of
a, and a_ at the minimum of the potential.
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(6) Consider three triplets of chiral superfields: ®;, i = 1,2,3. Find the
minimum of the potential for the Lagrangian

1
Zpe. =m®; D, + ‘jgsijkd’i “(®; x D).

(7) Show that the minimum of the potential of Exercise 6 is invariant
under the rotation group with complex parameters.

(8) Gauge the model of Exercise 6 and show that an arbitrary D-term
may always be eliminated. Supersymmetry may never be broken
by the Fayet-Iliopoulos mechanism in this model.
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IX. SUPERFIELD PROPAGATORS

In previous chapters we have found superfields very useful for the con-
struction of supersymmetry representations and invariant Lagrangians.
In this chapter we shall see that they also simplify the calculation of
radiative corrections in quantized supersymmetric theories. The Feynman
rules for supersymmetric theories may be stated in terms of superfield
vertices and propagators. Many component-field Feynman diagrams are
contained in one superfield diagram, so many miraculous cancellations
between component diagrams are manifest in one superfield diagram.
For this reason alone one would like to find a superfield formulation of
supersymmetric theories.

To derive superfield propagators we must first introduce the concept
of integration in superspace. An indefinite integral over a Grassmann
variable # is defined as follows:

qu=o, fndn=1. 9.1)

Any function of 5 is polynomial, f(#) = ¢ + An, so definition (9.1) ex-
tends immediately to arbitrary functions of Grassmann variables:

fln) =c + Ay
f flnydn = A 9.2)
ff(n)n dn = c.

Since

0
[ 55 rman =o,

partial integration is always possible. Note that integration and differ-
entiation give the same result on functions of Grassmann variables.
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Delta functions are defined by the integral

[rmsman = 10). 9.3)
From (9.2), it follows that
é(m =n, 94
so consequently,
o(n)é(n) = 0. (9.5)

Defining volume elements in superspace,
d*0 = ! 46 de#
o= —Z 82 p

d¥ = —% do, df e (9.6)

d*0 = d4%04%0,
we find

f 00420 = 1, f 00420 = 1. 9.7)

This allows us to write the Lagrangian (5.10) as an integral over
superspace:

& = f {(D D, + - m,,d),d) 5(0)

1 _
+ 5 mi0; @] 6(6) + %Aij,@,.(b,.cpk 5()

+ = Aj‘,k@*d)TQ,:‘ 5(9)}429(123. 9.8)

Perturbation theory in superspace may be developed as a direct ex-
tension of ordinary perturbation theory. In particular, one would like to
calculate superfield Green’s functions,

<0IT{(D(X1 91 gl d)(x/ 9( yl)q)+(xt+l 0{+1 0(+ 1)
O (x"07,6")}(0> . 9.9)
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IX. SUPERFIELD PROPAGATORS

From these one recovers the component-field Green’s functions by power
series expansion in 01,6 - - - 6",0".

As with any field theory, we begin our analysis by evaluating the free-
field two-point functions, the propagators. For chiral fields, these are
derived from the free-field part of Lagrangian (9.8):

.%:f {d>+q>+%mq>cb6(9)+%m*d>+®+ 5(9)}6129!123

=A*C1A+i0,p5™y +F*F+m(AF+A*F* —% w—% W). (9.10)

In components, we find:

O[T{A(x)A*(x)}[0> = iAp(x — x)
OIT{A(X)F(x)}|0> = <O|T{A*(x)F*(x")}|0>

= —imAp(x — x')
(O[T{F(x)F*(x)}|0> = i0 Ap(x — x') 9.11)
OT{Y.LWAN0) = 8./ mAp(x — )
T T N}0) = i8%m Apx — )
OTYLITHNO) = 04" 0 Aplx — X),

I

where

1

AF(X) = 0 - m2

All other two-point functions vanish. We may use these component
propagators to construct the superfield propagators. For example,

OT{®(y,0)®(',8)}|0> = CO|T{[A(y) +~/26%(y)+ 6F(y)]
x [A(Y)+/26'¥(y) + 06 F(y)]}|0)
=00/ CO[T{A(y)F(y)}/0)
+60<0|T{F(»)A(y)}|0>
+20°6°CO T{W(YW,(»)}|0>
=—im(0 — 0)? Ap(y — y). 9.12)
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64 IX. SUPERFIELD PROPAGATORS

From the definitions y = x + 068, y* = x — s, we see that this
propagator and the ®*®* propagator have the following x,x’ dependence:

CO|T{®(x,0,8)®(x,0,7)}[0>

= —imd(0 — ') exp[i(06™0 — 0'6™0') 8, ] Ap(x — X),
(O|T{®* (x,0,0)0" (x,0,0)}|0)

= +imd(0—0')exp[ — (060 —0'6™0') 0,,] Ap(x — x').

9.13)

Following exactly the same procedure we can construct the @@~
propagator:

O|T{®(x,6,)0* (x,0.5)}|0>
= i exp[i(0™F + 0'c™F — 2000)8,*] As(x — x'). (9.14)

With these propagators we may evaluate the superfield Green’s func-
tions (9.9) to any order in perturbation theory. We start by writing the
n-th order contribution in terms of free superfields:

<O‘T{(D(x1,0‘,51) e (D+(xl+ 1’9(+ 1’y{+ 1)

)

[ utratss [ Lutsyats |

=<o|r{¢...q,+_..

1
[ 3 [60%1,0,8,)5@) + g*0*3(x,.0,8,)5(61)]
d*x, d*0,d*d, - - '}lo>. (9.15)

Using Wick’s theorem, we then reduce these expressions to the usual
Feynman diagrams.

As a sample calculation, let us consider the one-loop corrections to
the superfield two-point functions. These are illustrated in Figure 9.1.
Diagram 9.1(a) is proportional to 6% — 6') = 6(0) = 0, while 9.1(b)
goes as 6%(@ — 0) = 6(0) = 0. This shows that all contributions to mass
renormalization, both finite and infinite, cancel between the various com-
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FIGURE 9.1. One-loop corrections to the (a) ®®, (b) ®*®*, and (c) PO* superfield

propagators.
ponent fields. The final diagram, Figure 9.1(c), is proportional to
[a*xa*x a0 a0 4470 58)6(0)
x O(x,0,0) exp[i(6™0 + 0'0™F — 206™0')0,*]
x Ap(x — x') exp[i(0™0 + 0'c™0 — 200™0) 0, Ap(x — x')
x ®*(x,0'9)
= f d*xd*x'd20d*0AH(x — x)(x,0,0) exp[ — 2i00™0 3, 10* (x',0,9).
(9.16)

To obtain this result we have integrated over the d-functions, replaced
0’ by 0, and integrated by parts. The A2 in the expression above leads
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66 IX. SUPERFIELD PROPAGATORS

FiGURE 9.2. All tadpole graphs vanish identically.

to a logarithmic divergence which may be absorbed into a logarithmically
divergent wave function renormalization.

It is easy to see that all closed-loop diagrams vanish when they contain
only ®® or ®*®* propagators. This follows immediately from the fact
that they are proportional to 6(0) in 6,6 space. In particular, there are
no non-vanishing tadpole graphs in this theory (Figure 9.2). Similarly,
there are no finite nor infinite contributions to the coupling constant
renormalization (Figure 9.3).

The superfield propagators (9.13) and (9.14) may be obtained directly
as superspace Green’s functions for the free-field equations. To see this,
we write the free-field Lagrangian (9.10) in the following form:

1 DD pD

— + - = - = + + 4 2 2

go_f{d> @ 8m<<qu>+<1> =L )}dxdeda
1 + (I) 4 2 2
= f§(¢,d> M s |d*xd?0473, 9.17)
where
1
—3= DD 1
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FIGURE 9.3. There are no non-vanishing corrections to the ®3 and ®*3 couplings.

67

This expression is valid because d*8 is equivalent to —4DD under an
x-integration, and because t5(DDDD/[]) is a projection operator on

chiral fields:
1 DDDD o
‘l'g—l]——d) = (I) lf DO = 0
) L DDDD ~o.

16 O
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68 IX. SUPERFIELD PROPAGATORS

If we wish to derive field equations from (9.17) by a variational principle,
we must take into account the fact that the chiral fields ® and ®* are
subject to constraints. We do this by varying ® and ®* in the y and y*
bases:

o

55055 20 = 3 — )30 ~ ). ©.19)

In these bases the field variations automatically remain chiral. We may
use this result to find the variations of ® and ®* under full superspace
integrations:

5 Lyl QN 4. 120 12T
5®(x,0,0) f O(x,0,0)F(x',0',0")d*x' d*0' d*0

5<I)( 0)f (y,0)F(y — i0'60,0,0)d*y d*0 d*0'

= [6(y — y)6(6:— O)F(y — i8/D, 0, B)d*y 46" 4°0
= f F(y — i858, 6,0)d%0

~ L 5bFx0). 9.20)

N

Here ®(x,0,0) = ®(y,0), where y = x + i0s0. Equation (9.20) may be
summarized by a formal rule:

) R g / s .
500, 6,9) 200-0) = =3 DD6(6 — 0)6( — B)6(x — x).  O21)

H

This rule reproduces (9.20):

oD(x 05) I‘D(" 0.0)F(x,0,0)d*x d*0' d*0'

= f—% DD5(6 — 6)6( — 8)5(x — x)F(x,0.8)d*x d*¢' d*¥

L 5bFx09). 9.22)

H

Here we have integrated by parts to obtain the final result.
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IX. SUPERFIELD PROPAGATORS 69

The free-field Euler-Lagrange equations are found by varying (9.17)

according to (9.21):
1/D?* 0 (0]
_4_1<0 D2>'//{<(I)*> = 0. (9.23)

These equations may be simplified with the help of (9.18):

m® — - DDO* =0

BN

(9.24)

1
md* — ZDD(D = 0.

Here we recognize the field equations for a massive chiral multiplet, first
encountered in Chapter IV, Exercise 7.

We may always couple chiral superfields to classical external sources.
For chiral sources,

D,J =DJ* =0, (9.25)

a

we find the following Lagrangian

_1pr
1 ) 40 J _
P=|J_ + + 4, 120 12
| S (@0 )//I(¢+>+(®,® ) O 5 <J+> d*xd*0d%0
Tag

(9.26)

1/D* 0 0] J
D) e

The superfield Green’s function is defined in analogy to (9.27):

and field equations:

1(D* 0 4
Z( 0 D2>J/IA = - |90 = 080 = 9)8(x - x).

(9.28)
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70 IX. SUPERFIELD PROPAGATORS

The é-functions are multiplied by the operators —D? and —1D? because
(9.27) has a solution only for chiral sources. The superfield Green’s
function A gives ® and ®* in the presence of J and J*:

_Lp?
q) ' o B 4 D J ' 320 127
<q>+> - _fA(x,e,y;x 0.9) . | p? (J+>d"'x d26'd*9.

“ag
(9.29)

In order to solve for the Green’s functions, we exploit the algebraic
properties of the chiral projection operators

1 D*D? 1 D*D?
Py =—— =—— .
T T & (9.30)
by introducing three additional operators:
D? D? |
P+ = 4_[__.]—‘% P_ = @ PT = —’EDD D. (9.31)
After a short calculation, one may quickly confirm
Py + P, + Py =1, 9.32)
as well as the following multiplication table:
P, P, P, P_ P
P, P, 0 P, 0 0
P, 0 P, 0 P_ 0 (9.33)
P, 0 P, 0 P, 0
P_ P_ 0 P, 0 0
Py 0 0 0 0 P

With this multiplication table, we may readily express the differential
operator of Eq. (9.28) in the following form:

1/D* 0 1/D* 0 P, O

t = _ . 9.34

4(0 DZ)“” 4(0 DZ)"”(O P1> 034
Using (9.34), it is easy to show that

A= (P 2 0 )Jl“&(() - 0760 — 0)6(x — x) 9.35)
0 P,
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IX. SUPERFIELD PROPAGATORS 71

is the Green’s function for (9.28). The additional projection operators
insure that A is the propagator for chiral superfields.

To find A, we must first invert .#. This is easiest if we expand it in
terms of the P-operators:

m
T 0 0 0
M= P, + P_
0 0 0o -
Dé
0 1
+ (1 0) {P, + P, + Pg}. (9.36)

The inverse of any operator of the type

X = AP, + DP, + BP, + CP_ + EP;

9.37)
is given by
X—l = [A - BD—IC]*IPI + [D - CA_lB]_IPZ
— A7'B[D — CA™'B]"'P,
— D7'C[A4 — BD-!C]™*P_ + E™'Py, (9.38)

provided 4,D,E are all invertible. This may be shown by direct multiplica-

tion or by use of the P-operator representation given in Exercise 7. With
this result, we find

0 1 0 O
%—1“— D P1+ D—'mz P2
a-m 1 0
0 0 m O
I 0 01
4 _ 2
tHy moo |ees[TT Oei (] )
00 - m? 0 0
m O O
Dﬂ:]-—mzp— P1+D_m2P2+PT
= (9.39)
O m 0O
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72 IX. SUPERFIELD PROPAGATORS

According to (9.35) and the multiplication table (9.33), the propagator A

becomes
m O O
Fo-m - g-mb _
A= . O d(x — x)3(0 — 050 — 0)
m
20 g 2P
O —m 00 -m
mo, 1
1 4 b 16D D )
:.,Dﬂ: | dx — x)o(0 — 0)6(0 — 0)
2 n2p2 2
16D b 4 b

(9.40)

To compare this result with the previous propagators (9.13) and (9.14),
we must compute the spinor derivatives of the d-functions:
D0, — 0,)* = —4exp[ —i(0, — 0,)6"0, 0,"]
D,*®,-8,)* = —4 exp[i0,0"(0, - 0,)0,']
D,?D,*6, — 6,)*(0, — 0,)* = 16 exp[i(0,6"0, + 6,0"0, — 20,6"0,)3,"]
D,2D,%(6, — 0,)*®@, — 0,)* = 16 exp[ — i(0,0"0, + 6,08, — 20,5"0,)4,'].
(9.41)

The proofs of these relations are left to the reader as exercises in straight
differentiation. Substituting (9.41) into (9.40), we find

sowlan i
where

Ay, = —mé(0 — 0)exp[i(6c"0 — 0'6"0)0,]

Ay, = exp[i(0c"@ + 0'¢"0 — 205"0')0,]

Ay, = exp[—i(6"0 + 0'6"0 — 20'6"6)0,]

Ayy = —md(0 — 0') exp[ —i(06"0 — 0'6"0')(,]. (9.43)

This result is identical to (9.13) and (9.14). In (9.42) we replaced 6 [ 8] by
0’ [0'] whenever it was multiplied by 6(6 — 6') [6(8 — )].
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IX. SUPERFIELD PROPAGATORS 73

Having gained some experience with superfield methods, we shall now
compute the propagator for vector superfields. We start with the usual
Lagrangian,

1 1
L = F WWoloo + 2 WalV¥(ag + m?V|oggs, (9.44)

as outlined in Chapter VI. To this we add the gauge fixing term
—3&D?V)(D?V). This term yields a piece proportional to (9,,b™)? in the
component Lagrangian.

To find the propagator, we write the action as an integral over
superspace:

¢

2= {“—1 W*W, 5(9) +-} W 6(0) +m*V? —2 (DZV)(DZV)}d“xd’Bd’U

¢

1 I
= f {g VDD2DV +m*VV — = V(D*D? +D2D2)V} d*xd*6d*0

16
= f (V[=OPy+m*P, + P, + Py)— &P, + P)1]V}d*x d20 %0
= [vavaixar9a®d.
9.45)
The Euler-Lagrange equations are found from a variational principle,
NV =0, (9.46)
and the superfield Green’s function is defined in the usual way:
HNA = 8(x — x)5(0 — 6)560 — 0). 9.47)

Note that we choose to invert A" and not 24" as might be expected from
the Lagrangian (9.45). This normalization of the superfield propagator
leads to the usual normalizations for the Green’s functions of the com-
ponent fields. Solving for A,

A=N¥"15x — x)6(6 — 6)6(0 — 9), 9.48)

inverting A,

1 1
P
T+m2—§

0 (Py + Py), 9.49)
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74 IX. SUPERFIELD PROPAGATORS
and using (9.41),
(Py + P,)6(x — x) 6(6, —6,) 6(8, —8,)

1 a2y -—
=Eﬁ (D12D12 + D12D12)6(x - x’)é(gl - 92)5(91 — 92)

= flj exp[i(0,6"0, — 0,6"9,)3,][4 + (6, — 0,)%(@, — 8,)*] 6(x — X)),

Pro(x—x')0(6,—0,)6(0,—8,)
=(1-P,~P,;)d(x—x)8(0,—0,)6(0,—8,)

1
= _’Z_D" exp[i(6,0"0, — 0,6"0,),]
x [4— 00, — 0,)*(@, —8,)*] 6(x — x), (9.50)

we find the propagator for the vector superfield:

1
A = ——2—[7:1— exp[i(ozo'"yl - 010"62) an]

1
9 {‘—E‘ﬁ? [4 — 050, — 6,)5@, — 0]

1
~ g oz 4+ 0906~ 0,)80, — 92)]}5(x1 — x2). (9.51)

REFERENCES

K. Fujikawa and W. Lang, Nucl. Phys. B88, 61 (1975).
S. Ferrara and P. Piguet, Nucl. Phys. B93, 261 (1975).

EQUuUATIONS
%y = f{d)*d) + %m(D(D(S(U) + %m*(b*d)* 6(0)}d26d29
= A*[JA + i0,yo™y + F*F

+ m<AF + A*F* — %w - %./7&). (9.10)
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{O|T{A(x)A*(x)}|0)> = iAp(x — X')
COT{A)F(x)}[0> = <O[T{A*(x)F*(x')}[0)

= —imAp(x — X')
COIT{F(x)F*(x)}|0> = i Ag(x — X))
COT{YLe WP (x)}0) = 8.’ mAp(x — X)) 0.11)
COIT{FA W 4(x)}0) = i0%sm Ap(x — x')
COIT{YalW ()} 0D = 0up™ O Aplx — X))

Ap(x) =

0O - m*
{O|T{D(x,0,8)®(x",6',8)}|0>
= —imé(0 — 0) exp[i(06™8 — 6'6™F)d,*] Ap(x — x')

O[T{®™* (x,0,5)®" (x,0,8)}0) ©-13)
= +imdé@ — ) exp[—i(66™0 — 6'0™0)0d,*] Aplx — x).
O|T{®(x,0,0)®* (x,0',0)}0>
= iexp[i(0™D + 0'6"0 — 206™9)0,*] Ap(x — X). (9.14)
_ + __1 bD + éé + 4,920 42
.sfo_f{w ® Sm((DD(D+CD =0 )}dxdedii
- 1 + s 4. 120 42
= fz(‘p’d’ )./t((p+>d xd*04%g,
Imoop 1
M =| 40
LY,
40 ©.17)
E) R L Y
m)d)(x,@,y) = —3 DD - 6)8@ — #)3(x — x). (921)
1 D2
1<E2 0)«/0&— 0 56 — 0)60@ — )5 '
a\ 0 p2 = ! 6 —6)0 - 0)d(x — x).
0 -ZD?

(9.28)
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1 D*D? 1 DD?
Pl - E D ’ 2 = R 0 . (9.30)
D? D? -

Ao <P2 0 ),/,-la(e — 0)6@ - T)o(x — x).  (9.35)
0 Pl

m _ 1 _
DZ 2n2
2 — DD

A 1 16
= T 8(x — x)8(8 — 060 — 7).
TR
(9.40)
£ =f {% W“Wa,6(9)+% VKWia(e)+m2V2—§ (BZV)(DZV)}d“deBdZH

= [{(V[~OPr+mX(P, + P, + Py)— (P, + P)TI]V} d*x d?0.d°9

= [vrvatxaroas. (9.45)
N = 5(x — x)8(0 — 0)6@ — T). 9.47)

1
A= 20 exp[i(6,0"0, —60,6"0,)0,]

1

1
~ sy [4+000:-6,)50, —Gz)l}aocl xy). ©51)

EXERCISES

(1) Use definition (9.1) to show that ' = an implies dy’ = a™'dn.
(2) Check that [f()d(n ~ p)dn = f(p).
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(3) The bosonic part of Lagrangian (9.10) may be written as

(A*,F)Jt({), whereJﬂ:(D m)‘
F m 1

Show that the AA*, AF, A*F* and FF* propagators are given by
the inverse of this operator.

(4) Compute the ®*®* and PP ™ propagators.

(5) Verify that the kinetic part of the chiral Lagrangian may be written
as follows:

f O(x,0.0)D" (x,0,0)d*x d*0d*0

- f B(x,0,0)e ~ 2900m@ * (x,0,0) d*x d260 d>8.
(6) Show
fF(x,B,g) d*xd?*0d?*6 = f < - %) DDF(x,0,0)d*x d*0
1 _ _
- f <_3> DDF(x,0,8)d*x d*@.

(7) Confirm the multiplication table (9.33) and show that these operators
have the following matrix representation:

o - O O O O

P, = P,

S o O
S O o O - O
O OO O O O

PT=

~
+
I
S OO OO O ©O o~
-0 O O O o O oo
~v
|
I

O O O OO -

(8) Prove (9.38) by direct multiplication, using (9.32) and (9.33), or by
using the P-operator representation given in Exercise 7.
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78 IX. SUPERFIELD PROPAGATORS

A B
x= (e o)

show that the inverse matrix X ~! is given by
Z'Y
X 1=
(v v)

Z=(A-BD'C)™!

(9) For any matrix X,

where

U= -D"'Cz
V=(D-CA'B)!
Y= —-A"'BV,

provided A~ ! and D! exist. Compute the inverse if only B~! and
C~ ! exist.
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X. FEYNMAN RULES FOR SUPERGRAPHS

In this lecture we shall derive the Feynman rules for the supersymmetric
@3 model,

1 1
_ 20 42 + 29| = 2 il 3
& = fd 0400 D + {fd e[zmcb +399 ] + h.c.}. (10.1)
These rules may be applied to all chiral models and extended to super-
symmetric gauge theories as well. We shall find that the effective action
may be expressed in terms of one d*0 = d260 d*0 integration of the follow-
ing form:

f %9 f d*x, - d*%,Fy(x.00) - - Fo(x, 00)G(xy, - - ., %), (10.2)

The function G(x,, ..., x,) is translationally invariant and the F’s are
products of superfields and their derivatives. No factors of []~! appear
in the Fs, so for chiral operators the d*f integration cannot be converted
into a d*0 integration without introducing spacetime derivatives (see
Exercise 2). This leads to the surprising result that mass and coupling
terms of the d26 form are not renormalized in supersymmetric theories.
Furthermore, no higher-dimensional momentum-independent chiral
operators are induced in the effective superpotential to any order in
perturbation theory. Equation (10.2) also implies that all vacuum-to-
vacuum diagrams vanish. This is because expressions of the type (10.2)
without any superfields are immediately annihilated by the d*f integration.

Before deriving the Feynman rules we will give a short derivation of
the generating functional

<o Texpi f d*0d*x [J(z) <—1 22-) O(z)

40
+ J*(z)(—% g)fb‘”(z)] 0>

i |d*xLim i,‘o_;
A esalar s )ZO[J,J*f] (10.3)

Z[JJ*]
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80 X. FEYNMAN RULES FOR SUPERGRAPHS

for superfield Green’s functions

GM(ZY, ..., M MHL 2N
o o 0 o
— (N ... . +
(=9 8J(zY) 8J(zM) 6JF(zM 1) 8J*(zN) 27 ]J=J+=O.

(10.4)

Here Z,[J,J*] is the generating functional for free superfield Green’s
functions and z' = (x',0',0') is an element of superspace. Equation (10.3)
may be verified explicitly in terms of component fields. We shall take
another tack and derive it directly with superfields and superspace
techniques.
In the previous lecture we calculated the free-field two-point functions:
OTOD()0) = =z As(2:2)3(x — X)

OTO(AIOF()0) = F—pmz Aralz2)3lx — x)
D——lnF Ay(z,2)8(x — x)

(10.5)
(OTO,(2)®3 ()]0 =
(OT®; (2)0o(2)]0y = D——iW Ayy(z2)d(x — ).

The right-hand side of the equation includes the matrix elements A;; of
Eq. (9.43). These two-point functions may all be obtained from the free
generating functional

<0T exp i fd“f)d“x[J(z (—%%)d)o(z) +J (z)<—1%2>d>0 (z):l

= — 2 g%0 44+ 340" 44 i
= exp zfdod a0 a5

ZoJJ*]

0)

D?
— 0
O

X ﬁ(J(Z),J+(Z)) (2“ 212>5(x - X
0 _ 21 22

Alv—

1
4

D
[n]

1D?
4 J(z) ]

D*?
0 Z_
a’

-hlv--

(10.6)

EBSCOhost - printed on 2/13/2023 9:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



X. FEYNMAN RULES FOR SUPERGRAPHS 81

This functional generates all free-field Green’s functions as sums of
products of two-point functions A. With the help of (9.40), (9.18), and a
few integrations by parts, we find

Zo[JJ*] = exp — % f d*xd*0d*x' d*0' (J(2),J *(2)) Agrs(2,2) ( JJ“L(fz,')’)>’

(10.7)

where Aggg is the propagator introduced by Grisaru, Rocek, and Siegel:

mD?
Agrs(z,2) = _L (40 5z — 7). (10.8)
©oO-ml ) mD
40

We may differentiate Z,, with respect to J and J* using the rule (9.21):

o
1 5‘](2) 4.1 340 1 All A12 ’
i s ZO—--fclxd@—-—':]_n’ﬂ(A21 A22>5(x—x)
8J*(2)
1 \/ D*J(2)
x <_&E)<DZJ+(Z)>Z°’ (10.9)

From this we find a functional equation for Z,

o
1/D> 0\ 1| 6J@) @)
6J*(2)

Here we have used (9.28) and (9.18).
We may generalize this equation to the case of interacting fields. For
the @3 model, the field equations

1/D* 0 () ®? J
(5 2)el2) () () o
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lead to the following equation for Z:

o (ris)
1(D* 0\ 1| 8@ | |(J@) 2 i 6J(z)
Z(o DZ>“”? 5 |27 <J+(z)>+g o 15
8J*(2) < ‘?5J+(z))
(10.12)

Note that we have introduced projection operators in (10.12). We could
have done this in (10.11), but there it is obvious that ® is chiral

P,0 =0, P,0*=0". (10.13)

The chirality of the functional derivative is less explicit, so we choose to
keep P, and P, in (10.12).
To solve for Z, we first compute the commutator

AN 1 N,
= 3(—1>52 {(P L>2 o(z — z')} (10.14)
4 25J(z) S

The last step is possible because DP, = 0. Integrating over d*6d*x,

[fdzod‘* J( ) —3fd40d4x5( _»(p, 2 i
51() z 251(2)

=3(P o Y 1
- (2%)) (10. 5)

and using

T e G AN
:sfdxde(}’zié—l(:,)>

_:9 4.0 2 1. 6§
. xIdxd&(Pz“”( )>

J(2)e

1 5 \?
= J(2) + g(Pz =3 J(z)> , (10.16)
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we cast Eq. (10.12) in the following form:

5
152 0 ‘///l 8J(2) Z=e.-fdax'szu,(%.5}’%)< J(z)>
4\ 0 D? il s J*(2)
8J*(2)
—i ﬁ%mjnig
X e Js (“’)z. (10.17)
This shows that
—id%ﬂmﬁq;;
ZfJJt]=e et iy >Z[J,J+], (10.18)

since the right-hand side satisfies the free equation (10.10). No normaliza-
tion factor is needed because of the fact that all vacuum-to-vacuum
diagrams vanish. With (10.18) we have proven (10.3) and solved for the
generating functional of an interacting chiral supersymmetric theory.

Having found the generating functional, we shall now derive the
Feynman rules. We begin by recalling the relation between the Green’s
functions and the generating functional:

GM(Z, ..., M M 2N
P AU N PPN < )
B 0J, 0o ey 0Tt N 2o K!
x fd“x".%,,,(é 0 )zO[J,ﬁ]

Ji' Ik

(10.19)

J=J*=0

The factors of
6 O
4 K:Z
J‘d X in!(JK’ JK+>

generate vertices at zX. The derivatives in .Z,, act on previous derivatives
and on Z, itself. Each derivative acting on Z, creates a new propagator
at zX. Each derivative acting on a previous derivative connects an existing
propagator to zX. In this way every new vertex is completely saturated
with propagators.
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As an explicit example, we consider a term in ®3 theory in which two
new propagators are created at the point z:

1 6 13
(g4, 7292
lfd xd e{l_ P, 6J(z)} Z,
1 o 1 —i
- i 4 2 - . ) Y 4.1 J40
zfd xd o{iPzﬁ__&J(z)}[( 4D>fdxd0 2

2
x (%%5(2 - 2)J(Z) + 8(z — z’)J*(z’)>:|

1_2 4 1 3401 —l

x <TDE2 0z — 2)J(2") + 6(z — z')J +(Z")>:|ZO

4
1.6
_ 1 4 4 - o
= zfd xd a{ip2 M(z)}
—' 2
x [ f d*x d*0 D—_—'n? (%’-%5& — 2)()

+ 8z - z')J*(z')ﬂ [("% 52> [exae 570

X (’-}% 8z — 2)J(") + 8z — z“)J*(z"))] Zo.  (1020)

Here we have used (10.7) and (10.8) for Z,,. The last step (changing the
d?6 to a d*0) was possible because of the chirality property of each factor.
Note that we also used the fact that

1) 4 an 1 mD?D?
6J(z)ded9 O-m16 0O

o(z — z)J(z)=0. (10.21)

Such a piece corresponds to a closed @ tadpole in a Feynman diagram.
The proof that (10.21) indeed vanishes is left to the reader as Exercise 7.

The effective action is computed from the one particle irreducible (1PI)
Green’s functions. In general, 1PI diagrams have at least two internal
lines leaving every vertex. The external legs of the 1PI diagrams are
amputated with inverse propagators. They are then multiplied by the
superfield amplitudes ®(z) or ®*(z). This leads to the following Feynman
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rules:

(1) For each external line, write a chiral superfield @(z), @ (2).

(2) At each @ vertex with two [three] internal lines, include factors
of —1D? acting on one [two] internal propagators. At each ®*2 vertex,
include similar factors of —4D2.

(3) Write a factor of 4g for each vertex, and integrate |[d*xd*6 over
each vertex.

(4) Use Grisaru-Rocek-Siegel propagators for ®®, ®*®*, and ®*®
internal lines. These are given in (10.8).

(5) Compute the usual combinatoric factors for an 4> theory. This is
most easily done directly from (10.3) and (10.4).

Let us now use these rules to follow the 6-integrations around an
arbitrary closed loop. The Feynman rules and the GRS propagators
combine to give an expression of the following form:

(D 2YH(D 2 6(12)(D,2Y*(D,2)2 8(23) - - - (D,*)™(D,*)" 6(n1).  (10.22)

The exponents 7,,k; are either zero or one, and §(12) = §(9, — 0,) (8, — 8,).
For a general loop, the D and D factors might appear in the opposite
order. However, any higher powers of D? and D? may be reduced to the
above form, up to powers of [(J:

D*D*D* = 16[1D*?

D*D*D?* = 16[1D>.
Of course, for the effective action, the above expression is multiplied by
superfields for external legs and GRS propagators for adjoining closed
loops. It is also integrated over d*x, d*0, - - - d*x,d*6,. The final expres-
sion is evaluated by removing the D and D derivatives from one J-
function after another by partial integration. This introduces new
derivatives on the lines that leave the loop. It also introduces a certain
number of derivatives on the last é-function, say é(nl1). All but one of the

0-integrations may be performed with the aid of the é-functions 6(12), . . .,
d([n — 1]n). This leaves a factor of

(10.23)

Ja46.021 (D156, - 0,60, - B, _, (1024)
61=0n
or
f d*0,(D*D? 86, — 6,)6®, — By, _, - (10.25)

61 =9.,.
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These expressions vanish unless k = ¢ = 1. In this case, we find

fd“(),.Dzﬁz 80, — 6,)6(0, — 91)|01=9
,=9,

= fd‘B"EZDZ (6, — 6,)0(0, — 91)‘91_0
o

16 f d*e,, (10.26)

as follows from (9.41). The whole loop in #-space has shrunk to one d*6
integration. This process can now be carried over to the next loop and
we finally arrive at the result (10.2). Note that (10.2) is true for each
diagram, and as a consequence, for any particular sum of diagrams as

well.
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EQUATIONS
L = fdzf)dzad)*(b + fdze 1—m(I>2 + 1g<1)3 + hcp. (10.1)
2 3

2
Texpi [d*0d*x |:J(z) <—1 —D—> @(z)

40
0)

Z[JJ*] = <o

+ J*(z)(-% %)Q*(z)]

K]
i fd‘xﬂ’i,, (5. H;)

= Zo[JJ*]. (10.3)
GM(Z, ..., M, M+ 2N
0 o 0 o
— NN e e +
= ( l) 6.](21) 5J(ZM) 6J+(ZM+1) 5J+(ZN) Z[J,J ]J=J+=0
(10.4)

J*(Z)
(10.7)

Zo[J,J*] = exp — % f d*x d*0d*x d*0'(J(2),J* () As(z,? (J(:’) >
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m D?
1 40
Agrs(2,2) = ——— oz — ). 10.8
GRS( s ) D _ mz 1 mDZ ( ) ( )
4 O
EXERCISES

(1) Show that (10.2) is supersymmetric.
(2) Use (9.18) to show that

1
fd“xd“@d)(—z D2> J = fd‘*deeq)DJ

for ® and J chiral.

(3) Demonstrate that the generating functional (10.6) gives the two-point
functions (10.5).

6 n .
(4) Compute [(Pl 5F> ,J ]

(5) Verify (10.16).

0
(6) Compute 370 Z,. Use this to check (10.20).
(7) Prove that (10.21) does indeed vanish.
(8) Use the Feynman rules to calculate the diagrams of Figure 9.1. Show
that (a) and (b) vanish and that (c) leads to a wave function
renormalization.
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XI. NONLINEAR REALIZATIONS

In this chapter we shall study a nonlinear realization of the supersym-
metry algebra. This will introduce us to superspace differentials and
provide a natural transition to differential forms. It will also demonstrate
that supersymmetry may be realized entirely in terms of fermion fields.
In fact, we shall construct a local supersymmetric Lagrangian from a
single fermion field. We shall see that this nonlinear Lagrangian is highly
non-renormalizable. It does not, therefore, change the pattern of Bose-
Fermi symmetry in renormalizable supersymmetric field theories.

Nonlinear transformations for fermion fields are reminiscent of the
nonlinear transformations for the Goldstone spinors in Chapter VIII.
We shall see that the nonlinear Lagrangian gives rise to spontaneous
supersymmetry breaking and that the fermion field is indeed a Goldstone
spinor. The nonlinear Lagrangian is quite useful for studying the super-
symmetric Higgs effect in supergravity theory. The supersymmetric Higgs
effect occurs when the spin-} Goldstone fermion combines with the
spin-3 partner of the gravitational field to form one massive spin-3 field.

To derive the nonlinear transformation law, we first consider the
supersymmetry transformation (4.3):

x' = x + i(0a& — o)
0 =0+ ¢& (11.1)
0 =0+ ¢

This transformation induces a nonlinear realization on the spinors 6
and 0. We shall generalize this transformation to arbitrary spinor fields
A(x) by drawing an analogy between § and 4, 6 = xi:

(11.2)
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