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PREFACE TO THE SECOND EDITION

Since these lectures were given, supersymmetric particle phenomenology
has been the subject of extensive study. Many models have been proposed,
including some that make essential use of the supergravity multiplet. A
variety of experimental searches have been carried out, and more are
planned for the future.

Given this state of affairs, we felt that the second edition of this book
should go substantially beyond the first. The second edition contains a
total of six new chapters and five new appendixes. The new chapters are
primarily devoted to deriving the component form of the most general
supersymmetric gauge theory coupled to supergravity. The resulting
Lagrangian, presented in Chapter XXV and Appendix G, is the starting
point for all phenomenological studies of supergravity theories. Model-
builders can use the Lagrangian without having to read the rest of the
book.

The new appendixes contain introductions to Kéahler geometry, iso-
metries, and nonlinear realizations of symmetries. The material is essen-
tial for understanding the derivations in the book, but it is also of more
general interest. In Chapter XXVI the techniques of nonlinear realizations
are applied to supersymmetric gauge theories. The results pave the way
for a model-independent approach to supersymmetry phenomenology, in
the spirit of chiral dynamics.

The new additions have broadened the scope of the book so that it
should appeal to physicists of formal and phenomenological interests. In
its present form, the book provides a theoretical basis for further phe-
nomenological studies of supersymmetric theories.

We would like to thank the Gottfried Wilhelm Leibnitz Program of
the DFG and the Alfred P. Sloan Foundation for financial support during
the preparation of the second edition.

JuLius WEss JONATHAN BAGGER
UNIVERSITY OF MUNICH JouNs HoPKINS UNIVERSITY
February 1991
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PREFACE

The strong interest with which these lectures on supersymmetry and
supergravity were received at Princeton University encouraged me to
make their contents accessible to a larger audience. They are not a sys-
tematic review of the subject. Instead, they offer an introduction to the
approach followed by Bruno Zumino and myself in our attempt to
develop and understand the structure of supersymmetry and supergravity.

This book consists of two parts. The first develops a formalism which
allows us to construct supersymmetric gauge theories. The second part
extends this formalism to local supersymmetry transformations.

At the end of each chapter, two papers are cited which I recommend
to the reader. I am aware that this selection does not do justice to many
authors who have contributed to the subject. However, I would like to
draw attention to the more complete lists of references found in P. Fayet
and S. Ferrara, Supersymmetry, Physics Reports 32C, No. 5, 1977, and
P. Van Niecuwenhuizen, Supergravity, Physics Reports 68C, No. 4, 1981.

Throughout the text, important equations are numbered in boldface.
They are collected at the end of each chapter. Exercises are also included
along with each chapter; many of them contain information essential to
a deeper understanding of the subject.

This book was prepared in collaboration with Jonathan Bagger, without
whom it would never have been written. Both Jon and I would like to
thank Winnie Waring for her devoted assistance in the preparation of the
manuscript. As a tribute to her high standards, we have tried our best
to avoid errors in factors and signs. Many people have helped eliminate
these errors. In particular, we would like to thank Martin Miiller for
his assistance with the second half of the book.

I wish to express my gratitude to the Federal Republic of Germany
for the grant which made possible my stay at The Institute for Advanced
Study as an Albert Einstein Visiting Professor, and Jon would like to
express his appreciation to the U.S. National Science Foundation for
his Graduate Fellowship at Princeton University.

In conclusion, I would like to thank Stephen Adler and the Members
of the Institute for Advanced Study, as well as David Gross and the
Department of Physics at Princeton University, for their most encour-
aging and critical interest in these lectures.

JuLius WEss
UNIVERSITY OF KARLSRUHE
May, 1982
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I. WHY SUPERSYMMETRY?

Supersymmetry is a subject of considerable interest among physicists and
mathematicians. Not only is it fascinating in its own right, but there is
also a growing belief that it may play a fundamental role in particle
physics. This belief is based on an important result of Haag, Sohnius, and
Lopuszanski, who proved that the supersymmetry algebra is the only
graded Lie algebra of symmetries of the S-matrix consistent with relativis-
tic quantum field theory. In this chapter, we shall discuss their theorem
and its proof. (Readers specifically interested in supersymmetric theories
might prefer to start directly with Chapter II or III.)

Before we begin, however, we first present the supersymmetry algebra:

{QGA’QﬂB}+ = 2aaﬂum 6AB
{QaA’QﬂB}+ = {QdA’QBB}+ =0

_ ()
[Pm’QaA]- = [Pm’QdA]— = O
[PmPu]- = 0.
The Greek indices (. f,..., 4, B ...) run from one to two and

denote two-component Weyl spinors. The Latin indices (m, n, ...) run
from one to four and identify Lorentz four-vectors. The capital indices
(4, B, ...) refer to an internal space; they run from 1 to some number
N > 1.Thealgebra with N = 1is called the supersymmetry algebra, while
those with N > 1 are called extended supersymmetry algebras. All the
notation and conventions used throughout this book are summarized in
Appendix A.

We are now ready to consider the theorem. Of all the graded Lie
algebras, only the supersymmetry algebras (together with their extensions
to include central charges, which we shall discuss at the end of the chapter)
generate symmetries of the S-matrix consistent with relativistic quantum
field theory. The proof of this statement is based on the Coleman-Mandula
theorem, the most precise and powerful in a series of no-go theorems
about the possible symmetries of the S-matrix.

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



EBSCChost -

4 I. WHY SUPERSYMMETRY?

The Coleman-Mandula theorem starts from the following assumptions:

(1) the S-matrix is based on a local, relativistic quantum field theory in
four-dimensional spacetime;

(2) there are only a finite number of different particles associated with
one-particle states of a given mass; and

(3) there is an energy gap between the vacuum and the one particle
states.

The theorem concludes that the most general Lie algebra of symmetries of
the S-matrix contains the energy-momentum operator P,,, the Lorentz
rotation generator M,,,, and a finite number of Lorentz scalar operators
B,. The theorem further asserts that the B, must belong to the Lie algebra
of a compact Lie group.

Supersymmetries avoid the restrictions of the Coleman-Mandula
theorem by relaxing one condition. They generalize the notion of a Lie
algebra to include algebraic systems whose defining relations involve
anticommutators as well as commutators. These new algebras are called
superalgebras or graded Lie algebras. Schematically, they take the
following form:

00}, =X [XX].=X" [@X]-=0Q'. (12

Here Q, @', and Q" represent the odd (anticommuting) part of the algebra,
and X, X', and X" the even (commuting) part.

The operators X are determined by the Coleman-Mandula theorem.
They are either elements of the Poincaré algebra 2 = {P,,M,,,} or
elements of a Lorentz-invariant compact Lie algebra <. The algebra &/
is a direct sum of a semisimple algebra ./, and an Abelian algebra .«/,,
A =, D A,.

The generators Q may be decomposed into a sum of representations
irreducible under the homogeneous Lorentz group £:

Q =ZQ1 R TRERY X (1.3)

The Q,,.. .44, - -4, are symmetric with respect to the underlined indices

a, - - a, and a, - - o, They belong to irreducible spin-i(a + b) repre-
sentations of .Z. Since the Q’s anticommute, the connection between spin
and statistics tells us that a + b must be odd.

We shall now invoke two additional assumptions to prove that
a + b = 1. These assumptions are:

(1) the operators Q act in a Hilbert space with positive definite metric;
and
(2) both Q and its hermitian conjugate Q belong to the algebra.
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I. WHY SUPERSYMMETRY? 5
We start by considering the anticommutator

{Qm"'da.étx“'db,Qlix"'ljn,ﬂl"'ﬂb}’ (14)

where all the indices are assigned the value 1. The product

Quovnioi Qirigeo (L5)

a b a b

belongs to a spin-(@ + b) representation of &£, so

{Ql;-1,i--~i’Qi~‘-‘-i,1-;1} (1.6)

b

must close into an even element of the algebra with spin (@ + b). From
the Coleman-Mandula theorem, we know that this element is either
zero or a component of P,,. For a + b > 1, it must be zero.

The anticommutator (1.6) is a positive definite operator in a Hilbert
space with a positive definite metric. This tells us that Q; ..., ;...; =0

a b
for a + b > 1. Since the Q,, ..., 4, -.4 are irreducible under &, they
all must vanish for a + b > 1. From this we conclude that the odd part
of the supersymmetry algebra is composed entirely of the spin-} operators
QaL and QdM‘

The anticommutator of Q," and Q,,, closes into P,

{QaL’QdM} = PadCLMs (17)

where P,, = 0,,"P,,. In Exercise 1 we show that the finite-dimensional
matrix CY, is hermitian. It may therefore be diagonalized by a unitary
transformation. Since {Q,%Q;,} is positive definite, the matrix C%,, has
positive definite eigenvalues. This lets us choose a basis in the odd part of
the algebra such that

{QaL’Qa'(M} = 2Paa'zf5LM~ (1.8)

We now turn our attention to the anticommutator of two odd elements,
both with undotted indices. The right-hand side of this expression may be
decomposed into symmetric and antisymmetric parts. The symmetric
part has spin 1. From the Coleman-Mandula theorem, the only possible
candidate is the Lorentz generator M,;:

{0105} = X + M, YEM. (1.9)
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6 1. WHY SUPERSYMMETRY?

From the fact that P, commutes with Q,* (see Exercise 2), we find that
the Y™ must vanish. This lets us write the commutator (1.9) as follows:

{0,50M} = e,4a" B,. (1.10)
Here B, is a hermitian element of .o/, @ ./, and a”%¥ is antisymmetric

in L and M. With this result, the supersymmetry algebra takes the fol-
lowing form:

{QaL’QBM} = 20,5"Py, 5LM
[(PmQ."] = [Pm:Qjn] = O
{0.1.05M} = g0 MB, = g, XM
{0ir:Qpu} = apa*r, uB’ = esiX " Ly (1.11)
[Q«L’Bt] = S/ uQ.M
[B(?Qa'zL] = S*(LMQdM
[B,,B,.] = iCsnBy.

We shall now use the Jacobi identities to further restrict the coefficients
a”t™ and S,k in (1.11). The ordinary Jacobi identity may be easily
extended to include anticommutators, as is done in Exercise 3:

{4, {B,CT] + {B,{C,A]] + {C, {4,B]] = 0. (112)

The bracket structure { , ] signifies either commutator or anticommutator,
according to the even or odd character of A4, B, and C. The signs are
determined by the odd elements. If the odd elements are in a cyclic
permutation of the first term, the sign is positive; if not, it is negative.
By exploring the Jacobi identities in a certain order, we shall arrive at
our results as quickly as possible.

We first consider the identity

[B:. {Q.5Qim}] + {05 [Qpm-Be]} — {Qpms [BQ,]} = 0. (1.13)

The first term vanishes because B, and P,, commute. The second and
third terms give

_{QaL’Qﬁ'K}S*(MK + {QBM’QaK}S(LK =0, (1.14)
or
2P [S*\F — S/M] = 0. (1.15)
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1. WHY SUPERSYMMETRY? 7

Equation (1.15) is true only if

S* b = St (1.16)

s0 S,y is hermitian.
Next we use the identity

[Bt, {QaL,QﬁM}] + {QaL: [QﬂA’Bl]} - {QBM[B(’ QaL]} =0 (117)

to prove that the generators X2 = g*%¥B, form an invariant subalgebra
of o/, @ «,. Evaluating (1.17) with the help of (1.11), we find

tug{ [Bo XXM] + SM XY — S,1 XME} = 0. (1.18)

This shows that the commutator of B, with X closes into the set of
generators XXM, The XM are linear combinations of the B,, so we con-
clude that the XX¥ form an invariant subalgebra of &/ = o, @ ,.

We now use the identity

[QaL’ {QBM,Q'&K}] + [QBM’ {Q?K’QaL}] + [Q}"K’ {QaL’QﬂM}] =0 (119)

to show that the generators X“¥ commute with all the generators of /.
Combining (1.19) with (1.11), we find

el Qs XH] = 0, (1.20)

SO

(X=X = 6”°‘[{Qm Q") X2] = 0. (1.21)

This implies that the X~ form an Abelian (invariant) subalgebra of <.
Since ¢/, is semisimple, the X%¥ are elements of ./, and commute with
all the generators of &/:

[X*¥.B,] = 0. (1.22)
For this reason, they are called central charges. Inserting (1.22) into (1.18),
SMXEE — S XM = 0, (1.23)

and substituting X¥%X = o*¥XB, we find

SMea LK — Sk avME = 0. (1.24)
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8 I. WHY SUPERSYMMETRY?

From the fact that S,™ is hermitian and g, %X antisymmetric, we conclude
SMyadokL = — gkMKgxs L (1.25)

In Exercise 4 we show that the S, form a representation of 4; @ 4,.
Equation (1.25) tells us that the matrices g, intertwine the representation
S, with its complex conjugate —S,*. Central charges exist only if the
algebra A, @ A, permits such intertwiners. A trivial example is given by
SMX = 0. Another is provided by orthogonal groups, where S, = —S,*.
A third example is given in Exercise 5.

. No further restrictions follow from the other Jacobi identities, as may
be proven by checking them all. We have therefore found the most general
supersymmetry algebra:
[PmP.] =0
[Pm’QazL] = [Pm,deL] =0
[P.:B;] = [P, X¥] =0
{Qa ’QaM} = 204;"P, 0"y
{QaL’QﬂM} = gaﬂxg
{QdL’QﬁM} = g;pX +LM
[X@’QaK] = [X QaK]
[XM xX¥] = [X¥B,] =0
[B:.Bn] = icsmBy
[QaL’B(] = SILMQaM
[QaL’B[] = —S§¥ MQ&M

Ly _ griMp,

(1.26)

This is the most general graded Lie algebra of symmetries of the S-matrix
consistent with relativistic quantum field theory. If central charges exist,
they must be of the form Xi¥ = ¢“LMB, where o’ intertwines the rep-
resentations S, and — S*’.

REFERENCES

S. Coleman and J. Mandula, Phys. Rev. 159, 1251 (1967).
R. Haag, J. Lopuszanski, and M. Sohnius, Nucl. Phys. B88, 257 (1975).
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I. WHY SUPERSYMMETRY? 9

EQUATIONS
{Q1A5Qﬁ8}+ = zaaﬁum 6AB
{QaAaQﬂB}+ = {QdA’QBB}+ =0

_ 1))
[Pm’QaA]— = [Pm’QdA]— =0
[P..P,]- = 0.
{4,{B,C]] + {B,{C, 4]] £+ {C, {4,B]] = 0. (112)
S*, L = §,L,. (1.16)
SMya kL = — ghMEg*/ L (1.25)
[PmaPn] =0
[Pm’QaL] = [PmaQa'zL] =0
[P...B/] = [Pm,X@/’] =0
{QaL’QdI.W} = 2aade m 5LM
{QaL’QﬁM} = aaﬂX@
0uyurt = X" (126)

[X%.0u] = [X¥4.0,] =0

[XM xX¥] = [X¥,B,] = 0
[B;,B,,] = iCsm‘Bi
[QaL»B:] = SlLMQaM
[Qu.B’] = —S* MO

Xkb/l = a{'kh/lB{ .

EXERCISES

(1) Prove that CL,, in (1.7) is hermitian by comparing the anticommutator
(1.7) with its hermitian conjugate.

(2) Show that [Q,,P,,] = 0. Start from the fact that there are no spin
-3 generators. Deduce that [P,;,0,"] = Z%,,0,™, where the Z%),
are some set of numbers. Use the Jacobi identity for [ Py, [P,:,0,5 1]
to prove that all the Z*, vanish. This shows that the Q," are transla-
tionally invariant.
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10 I. WHY SUPERSYMMETRY?

(3) Prove the Jacobi identity (1.12). In particular, verify

[By, [B2,B5]] + [B,, [Bs,B1]] + [Bs, [B1,B,]] = 0
[Q:, [B2.,B5]] + [B, [B3,2,1] + [Bs3,[Q1,B,]] = 0
[By, {Q2:25}] + {Q..[Q3.B,1} — {Q3,[B1,Q.]} = 0
(01, {02:03}] + [Q2. {Q3,0:3] + [Q3,{Q1,0,}] = 0.

(4) Use the identity

[Bb [Bm$QaL]] + [Bm’ [QaL9Bl]] + [QaL’ [Bme]] =0
to prove

[Sm’S(] = icm{ksk'

(The matrix S, has elements S,X,,.) Show that — S*, satisfies the
same commutation relations.

(5) The Pauli matrices o and their conjugates —6* both form representa-
tions of SU(2). Show that ¢ is an intertwiner between these rep-
resentations. Verify that the commutator

{QaLaQﬂM} = ﬁapELM(Clzx + ic,Z5)

is consistent with the Jacobi identities if Z, and Z, are central
charges.
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II. REPRESENTATIONS OF THE
SUPERSYMMETRY ALGEBRA

An exciting feature of the supersymmetry algebra is that there exist
quantum field theories in which the supersymmetry generators Q, may
be represented in terms of conserved currents J,™:

0, = [dxs,°

a m

2.1)

The currents J,™ are local expressions of the field operators. The algebra
(I) is satisfied because of the canonical equal-time commutation relations,
and the Hilbert space spans a representation of the supersymmetry al-
gebra. In this chapter we shall study the supersymmetry representations
of one-particle states.

The energy-momentum four-vector P, commutes with the super-
symmetry generators Q, and Q;. The mass operator P? is a Casimir
operator, so irreducible representations of the supersymmetry algebra
are of equal mass. We shall construct these irreducible representations
by the method of induced representations, considering fixed time-like
(P? < 0) and light-like (P? = 0) momenta.

Before we do this, however, we shall first prove that every representa-
tion of the supersymmetry algebra contains an equal number of bosonic
and fermionic states. We begin by introducing a fermion number operator
N, such that (—)VF has eigenvalue +1 on bosonic states that —1 on
fermionic states. It follows immediately that

(=) Q = —Qu (). (2.2)

For any finite-dimensional representation of the algebra (such that the
trace is well-defined), we find

Tr[(—)"{Q.% Qss}] = Tr[(=)"7(Q.*0ps + 0sQ.")]
= Tr[ - QA —)""Qjs + Q. (—)"" Q5]
= 0. (2.3)
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Here we have used (2.2) and the cyclic property of the trace. Substituting
{QaAQQﬁB} = 20,;"P, g (2.4)

from the supersymmetry algebra (I), we conclude

Tr[(—)"{Qu"Q;"}] = 204" 6% Tr[(—)¥"Py]
= 0. (2.5)

For fixed non-zero momentum P,,, this reduces to
Tr(—)"¥F = 0, (2.6)

proving that supersymmetry representations contain equal numbers of
bosonic and fermionic states.

We are now ready to construct the representations of the supersymmetry
algebra corresponding to massive, one-particle states, P> = —M?
We first boost to the rest frame, where P,, = (— M, 0, 0, 0). In this frame,
the algebra (I) takes the following form:

I

{QaAsQ[}B} M oa[! (SAB

(0.40,% = {0:4.04s} = 0. (2.7)

The indices 4 and B run from 1 to N. The generators Q may be rescaled
a A4 = __l_ Q A

J2M

to show that (2.7) is isomorphic to the algebra of 2N fermionic creation and
annihilation operators, (a,*)" and a,":

(2.9)

The representations of this algebra are well known. They are constructed
from a Clifford “vacuum” Q. The Clifford vacuum is defined through the
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condition
aQ =0, (2.10)

where, in contrast to the usual case, P2 Q = — M? Q. The states are built
by applying the creation operators (a,*)* to Q:

1
Q(u)auA1 el On (aa1A1)+ .. '(aa"A")+Q. (2‘11)

An \/m

Because the (a,")* anticommute, Q™ is antisymmetric under the exchange
of two pairs of indices a;4;, o;A;. Each pair of indices takes 2N different
values, so n must be less than or equal to 2N. For any given n, there are
(2M) different states. Summing over all n gives the dimension of the repre-

sentation (2.11):
2N
d=Y (2N> = 22N, (2.12)

n=0 n

If the vacuum Q is not degenerate, we call (2.11) the fundamental
irreducible massive multiplet. It has dimension 22", with 2?¥~! bosonic
and 22V ! fermionic states. The state with the highest spin is obtained by
symmetrizing in as many spinor indices as possible. Because we must
simultaneously antisymmetrize in the second index, we may only symme-
trize in N spinor indices. This leads to spin-1N. The highest spin in the
fundamental multiplet is $N; it occurs exactly once.

All other massive multiplets are based on vacuua Q which are not
invariant under the stability group. Their representations are found by
composing the representation of Q with that of the fundamental multiplet.

We now list a few examples. In the case N = 1, the fundamental
representation consists of the states

Q

(a)"Q
. . (2.13)
— (@) (@) *Q = ———&¥(a")*(a,)* Q.

NG 22

It has two states of spin 0 and one of spin 7. When the vacuum Q; has
spin j, with j > 0O, it belongs to a (2j + 1)-dimensional representation of
the stability group SU(2). This leads to a multiplet with spins (j,j + 3,
j — 3.Jj)- These results are summarized in the following tables for
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14 II. THE SUPERSYMMETRY ALGEBRA

N =1,2,3,and 4:

N=1
Spin | Q, Q, Q, Q
0 2 1
i 1 2 1
1 1 1
3 1 2
2 1
N=2
Spin | Q, Q Q
0 5 4 1
4 4 6 4
1 1 4 6
3 14
2 1
N=3
Spin Q, Q,
0 14 14
1 14 20
1 6 15
3 16
2 1
N=4
Spin Q,
0 42
1 48
1 27
3
2
2 1

The representation space (2.11) of the algebra (2.9) also spans a repre-
sentation space of the invariance group of the algebra. It is obvious from
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(2.9) that SU(2) ® U(N) is a possible invariance group. However, SO(4N)
is a larger invariance group of (2.9). It contains SU(2) ® U(N) and
SU(2) ® USp(2N) as subgroups. To make the SO(4N) symmetry manifest
it is convenient to write (2.9) as a Clifford algebra. To do this we define
the operators

I’ = 7 ‘4 (a,)"]
FN+K [a2 e’)+]
f
(2.14)
F2N+t (01 )+]
f

i
F3N+l-——~—[ a,’ — a2 )+]

NG

The indices 1 and 2 refer to the SU(2) spinor indices and the index ¢
runs from 1 to N. By definition, the 2N operators (2.14) are hermitian.
In addition, they obey the following anticommutation relations:

{Irr,re} = 6", (2.15)

where r,s = 1,...,4N. This is a Clifford algebra with an SO(4N) invari-
ance group. The 22" states of the fundamental representation span a spin-
orial representation of SO(4N). This spinorial representation contains two
irreducible representations, each of dimension 22¥~!, corresponding to
the bosonic and fermionic states.

The algebra (2.9) may also be cast in a form which exhibits the SU(2) ®
USp(2N) symmetry. This is done by defining a new set of operators

9, = af

2 (2.16)
qarN+/ = Z gzﬂ(aﬂ[)+s

p=1

where / = 1,..., N. These operators transform as follows under hermi-
tian conjugation:
(0.)" = (a)" = &g,V * (2.17)
(an-f[)ﬁ' = _Balia”[= _Saﬂqﬂ(" .
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Equation (2.17) may be written in a more compact form
(¢.)" = e?A"q'y, (2.18)

where r,t run from 1 to 2N and A is the following symplectic matrix:
L1
A= <——0—~,L——>. (2.19)
|

The anticommutation relations of the operators gq
{4.745'} = —eap\” (2.20)

exhibit the SU(2) ® USp(2N) invariance. This invariance group is useful
because states of a given spin transform irreducibly under USp(2N).

We shall now analyze the massless case, P> = 0. We begin by boosting
to a fixed light-like reference frame, where P,, = (—E,0,0,E). In this
frame, the algebra (I) becomes

_ 2E 0\ .
{QaAvQ[?B} = 2( 0 0) OAB

(2.21)

{QaA,QpB} = {QdA»QBB} =0.

Rescaling the Q’s
1
at = — QIA
2 JE

\1/> (2.22)

a+A = QIA = (aA)+3

2

we find that the algebra (2.21) consists of N creation and annihilation
operators, a* , and a*:

A+ _ sA
{a»aﬂ}—éa

(2.23)
{a*,a®} = {a* 4a" 5} = 0.
The operators Q,* and Q5 , are totally anticommuting and must therefore
be represented by zero.
The operators a* , and a* raise and lower the helicity of a state by 1.
Consequently, a? annihilates the state of lowest helicity, say, A:

a'Q, = 0. (2.24)
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The states

Q(")4+%n,A1~-~A,, = —4da An"'a+A‘Q4 (225)

are built by applying the creation operators a* 4 on the Clifford vacuum
Q,.Thestates QY 4, ... 4, havehelicity A + jn. They are antisymmetric
in A, - - A, and (V)-times degenerate. The state with highest helicity in
this representation has helicity 2 = A + 4N, so the representation (2.25)
has dimension 2". From this we see that one massive representation splits
into 2" massless representations.

We summarize these results in tables for N = 1, 2, 3, and 4:

N=1
A
i~ | 2 Tr Tbomr 0 b
2 1
3 11
1 11
1 11
0 T
~1 1 1
-1 1 1
-3 |11
-2 1
N=2
A
hel. SR St A A
2 1
3 )
1 12 1
3 1 1
0 1 2 1
—4 1 2 1
—1 1 2 1
-3 2 1
-2 1
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18 II. THE SUPERSYMMETRY ALGEBRA

N=3
hel.A -2 - -L =0
2 1
3 13
1 1 3003
1 1 3 301
0 1 3 3 1

-1 1 3 3 1

-1 3 3 1

-3 3 1

-2 1

N =4

1ne1.4 -2 -z -1 -3 0
2 1
3 1 4
1 1 4 6
i 1 4 6 4
0 1 4 6 4 1
4 4 6 4 1
—1 6 4 1

-3 4 1

-2 1

In CPT-invariant theories, the number of states must in general be
doubled, for CPT reverses the sign of the helicity. Note, however, that
the N=2, A=~ N=4 A= —1;and N = 8 A = —2 multiplets
are automatically CPT complete.

To conclude this chapter, we consider the supersymmetry algebra
(1.26) with central charges. We assume that P> = —M? and study the
algebra in the rest frame:

{QaL’(QﬂM)+} = 2M 5aﬂ 5LM
{0,504} = &2
{@H7 Q") = e¥Z* 1y

ZLM _ _ 7ML

(2.26)
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The central charges Z“¥ commute with all the generators, so we may
choose a basis in which the central charges are diagonal with eigenvalues
Z'™M These eigenvalues form an antisymmetric N x N matrix. Any such
matrix may be rotated into a standard form by a unitary transformation:

ZWM — yL UM, ZKN, (2.27)

The standard form is given by

Z=¢®D (N even)
~ e®D 0 (2.28)
Z = ( 0 0) (N odd)

where D is diagonal with positive real eigenvalues Z,, and ¢ is the 2 x 2
antisymmetric matrix with &' = 1.

We shall study the case with N even. (The case with N odd is analogous.)
We start by decomposing the indices L and M in accord with (2.28),

L = (am), M = (bn), (2.29)

where ab = 1,2 and mpn = 1,...,3N. We then perform a unitary
transformation on the Q,%,

0. = UQ.". (2.30)
This allows us to write the algebra (2.26) in the following form:
{0057} = 2M 5. 5,6,
{0.™Q5") = e,8™ ™2, (2.31)
(@44} = en bpZ,.

The operators Qa""‘ and (0,*™)* may all be expressed as linear combina-
tions of

1 - ~
aam = '_2 [Qalm + sap(Qﬂzm)+]

V2 (2.32)

1~ ~
bam = _2 [Qalm - eap(szm)+]

7

and their conjugates (a,”)* and (b,”)". The operators a and b satisfy the
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following algebra:

{aa"’aﬂm} = {ban’bﬂm} = {aan7bﬂm} =0
{a,",(ap'")+} = 0,30™Q2M + Z,) (2.33)
{b."(bg™ "} = 6,30™2M — Z,).

From these relations we see that Z, < 2M for all n. If a set of Z; = 2M,
withi = 1, ..., r, the corresponding operators b; must vanish. This leaves
us with a Clifford algebra of 2(N — r) creation and annihilation operators.
The representations of this algebra have been studied before.
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EXERCISES

(1) Show that there are equal numbers of bosonic and fermionic states
in the representation (2.11). Assign the number + 1 to each bosonic
state and the number —1 to each fermionic state. Then compute
the sum

2N
Y (=1 CY.
n=0

(2) Prove that the highest spin in the fundamental multiplet occurs exactly
once. Construct the state with the highest spin in the z-direction.
Verify that this state is unique.

(3) Show that &,4(xs)" transforms like x; under SU(2) transformations.
This shows that complex conjugation raises and lowers SU(2)
indices. (In particular, lower dotted indices of SL(2,C) transform as
upper indices under the SU(2) rotation subgroup.)
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To formulate a supersymmetric field theory we must first represent the
supersymmetry algebra (I) in terms of fields not restricted by any mass-
shell conditions. Anticommuting parameters &*¢, simplify the task:

(£ = (80 = -+ = [Pnd®] = 0. (3.1)

These parameters allow us to express the supersymmetry algebra entirely
in terms of commutators:

[¢0.20] = 2&0™E P,
[¢Q.¢e]=1[%0.20] =0 (3.2)
[Pm.¢Q]=[P.C0] =0

Here we use the summation convention outlined in Appendix A:

A component multiplet is a set of fields (4, ¥, . ..) on which we define
the infinitesimal transformation oJ,:

0:A = (EQ + £0) x A,

o (3.3
(5.:‘// = (EQ + &Q) x ¥
The transformation 9, satisfies
(0,0: — 0:0,)4 = 2(ne™E — Ea™7)P,A
= —2i(ye™& — &™) e,,A (3.4)

in accord with (3.2). This supersymmetry transformation maps tensor
fields into spinor fields and vice versa. From the algebra (I) we see that
Q has mass dimension 4. Therefore, fields of dimension ¢ transform into
fields of dimension / + 1 or into derivatives of fields of lower dimension.
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Starting with the scalar field 4, we define the spinor  as the field into
which A4 transforms:

0:A = 28y, (3.5)

The field ¥ transforms into a tensor field of higher dimension and into
the derivative of A itself:

Oy = i/20"E0,A + 2EF. (3.6)
The coefficient of ¢,,4 is chosen to guarantee that the commutator of

0:A = 2iLa"N A + 2XnF (3.7)

'l

closes in the sense of (3.4). The same commutator acting on the field
yields

(()n ()g I ()q)‘// = —Zi(’70'" - QO' ?] nl//
—ic"G" ¢ W[ no"s — Co'n] + \/f?_(é(‘i,,F —no:F). (3.8)

This closes if

0.F = i/2&%" o (3.9)

It follows from (3.6) that the commutator on F closes as well.
If we had been willing to use the field equations, —iz"C, = my.
Eq. (3.9) could have been satisfied by F = —mA*. In this case we would

have said that the transformations (3.5) and (3.6) close through the field
equations. In extended supersymmetry we are sometimes forced to close
the commutators through the field equations because we do not yet know
the full multiplet structure of the theory.

The component multiplet which we have constructed is called the
chiral or scalar multiplet:

d:A = 28y
o i\/ia'"z(ﬁ'm/l + J2¢F 3.10)
3.F = iJ28" 0

These fields form a linear representation of the supersymmetry algebra
(I). If A has dimension 1, then y has dimension 3, while F has dimension
2 and must assume the role of auxiliary field.

From Eq. (3.10) we see that F transforms into a space derivative under
d,. This will always be the case for the component of highest dimension
in any given multiplet.

Il
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To construct an invariant action it is sufficient to find combinations
of fields which transform into space derivatives. Such combinations are
given by

Ly = i0,05"W + A*(JA + F*F (3.11)

and

&, = AF + A*F* — %w - %W- (3.12)

From the complete Lagrangian
F =%y + m%, (3.13)

we determine the field equations:
id" oy + my =0
F 4+ mA* =0 (3.14)
OA + mF* = 0.

They describe a Weyl spinor y and a complex scalar A, both of mass m.
The Lagrangian (3.13) has the curious property

L =9, (3.15)

where : : denotes normal ordering. This simply reflects the fact that super-
symmetric theories must contain an equal number of bosonic and fer-
mionic degrees of freedom for a given mass. Equation (3.15) holds as long
as supersymmetry remains unbroken. We may also expect that the vacuum
expectation value of the energy-momentum tensor T™" vanishes in an
unbroken supersymmetric theory. This may be seen by considering J,",
the local current of the supersymmetry charge Q,,

0. = [dxs.°. (3.16)

The supersymmetry algebra (I) yields the energy-momentum tensor T™"
as an anticommutator

{0:J7} = 20,"T," + S.T. (3.17)

The additional Schwinger terms have zero vacuum expectation value.
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Therefore, <0|T,"|0> = 0 as long as 0;|/0> = 0. Bruno Zumino was the
first to realize that this might account for a vanishing cosmological con-
stant of the observable universe.

REFERENCES

J. Wess and B. Zumino, Nucl. Phys. B70, 39 (1974).
B. Zumino, Nucl. Phys. B89, 535 (1975).

EQuATIONS
(6,0, — 0:6,)4 = 2(no™& — &6™q)P,A
= —2i(no™¢ — &o™n) 0, A (34)
5gA = \/§§'ﬁ

S = i\/20"E0, A + \J2EF (3.10)

0:F = i\/2E6"0,y .
Zo = i0Yo"y + A*[]JA + F*F. 3.11)
&L, = AF + A*F* — %l//l// - %cW. (3.12)

EXERCISES
(1) Show Yy = xy, xo") = —ya"y, (xa™P)* = Yo™y, and (yo""Y)* =

Ya"a™y.
(2) Prove the Fierz rearrangement formula

Wl = —5 (B0 DW™;.

(3) Use (3.5) and (3.6) to calculate
8,00, = —2inc™E o, — i[0"5™ 0,0 ](na"E) + /2, 6,F.

(4) Eliminate the auxiliary field F from the Lagrangian (3.13) to obtain
F = 0"y — Im(Yy + YY) + A*[JA — m?*A*A.

(5) Show that S(AF — ) = i\/2E5"0,(Ay).
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Superfields provide an elegant and compact description of supersymmetry
representations. They simplify the addition and multiplication of rep-
resentations and are very useful in the construction of interacting
Lagrangians. We shall show that superfields may always be constructed
from component representations. Component fields may always be
recovered from superfields by power series expansion.

We begin with the observation that the supersymmetry algebra may be
viewed as a Lie algebra with anticommuting parameters [Eq. (3.2)]. This
motivates us to define a corresponding group element:

G(x,0,0) = eit ~x"Pm+0Q+00), 4.1

It is easy to multiply two group elements using Hausdorff’s formula
elef = A+ B*HABIT - pecause all higher commutators vanish. We find

G(0,£,5)G(x™0.0) = G(x™ + i06™E — ita™D, 0 + £,0 + &). (4.2)

As usual, multiplication of group elements induces a motion in the
parameter space,

g(&E): (x™,0,8) — (x™ + i06™E — ita™D, 0 + £,8 + §). 4.3)

This motion may be generated by the differential operators Q and Q:
i+ =¢ Ly + &, 9 _ o mebia, ). (4.4)
aoa aa m a ayd af m

Here we use the same letters Q,0 for the differential operators as for the
group generators because the differential operators do indeed represent
the infinitesimal group action on the parameter space:

{QG’Q&} = 2iazdm 6m

4.5
{000} = {005} = 0. @3)
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Note, however, the change in sign, P,, = —id,,. This stems from the fact
that the product of successive group elements corresponds to a motion
withthe order of multiplication reversed. For example, G(0,¢,,&,)G(0,¢,,E,)
induces the motion g(¢,,€,)g(&,,&,).

We could have studied right multiplication instead of left multiplication.
We would then have found the induced motion generated by the differ-
ential operators D and D,

0
Dd——a“e—a"‘f'lam' 5"6,,,

_ o .
Da'—- —W—loaaad am'

(4.6)

By their very definition, D and D satisfy the following anticommutation
relations

{DK’D&} = _2iaadmam

_ .7
{Ds,Dg} = {Ds,Dz} = 0,
while D and Q anticommute
{DmQﬂ} = {DvQ/}} = {Dd’Qﬂ} = {Dd’éﬁ} = 0. (4.8)

We are now ready to introduce superfields and superspace. Elements
of superspace are labeled by z = (x, 0, 6). Superfields are functions of
superspace which should be understood in terms of their power series
expansions in 6 and 6,

F(x,0,0) = f(x) + 0¢(x) + 07%(x)
+ 60m(x) + 00n(x) + 06™0v,(x)
+ 0067(x) + B80Y(x) + 0600d(x). 4.9)

All higher powers of 6,6 vanish. The transformation law for superfields
is defined as follows:

8 F(x08) = 3f(x) + 05(x) + D7)
+ 000,m(x) + 806,n(x) + 06™0 6:0,,(x)
+ 9965;(3:) + 600 og(x) + 00995¢d(x)
= (¢Q + EO)F, (4.10)

where Q and Q are the differential operators (4.4). The transformation
laws for the component fields (f, ¢, 7, . . .) may be found from (4.10) by
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matching appropriate powers of 6,0. The commutator of these trans-
formations satisfies (3.4) as a consequence of (4.5).

It is easy to verify that linear combinations of superfields are again
superfields. Similarly, products of superfields are again superfields because
Q and Q are linear differential operators.

Thus we see that superfields form linear representations of the super-
symmetry algebra. In general, however, the representations are highly
reducible. We may eliminate the extra component fields by imposing co-
variant constraints, such as DF = 0 or F = F*. Superfields shift the
problem of finding supersymmetry representations to that of finding
appropriate constraints. Note that we must reduce superfields without
restricting their x-dependence through differential equations in x-space.

Superfields satisfying the condition D® = 0 are called chiral or scalar
superfields. This constraint does not yield a differential equation in x-space.
Extra conditions, however, often give differential equations. For example,
DD® = D® = 0 yields massless field equations, while D® = D® = 0
implies ® = a = constant.

Vector superfields are defined to satisfy ¥V = V™. It is possible to
construct all supersymmetric renormalizable Lagrangians in terms of
vector and scalar superfields. We shall treat both vector and scalar
superfields in great detail in the coming chapters.

It is always possible to construct a superfield from a component
multiplet. We start with any component of the multiplet, say A, and
apply the operator exp(0Q + 0Q), whose action is defined through (3.3).
This yields a function of x,0,0 which transforms like a superfield

F(x,00) = e®2*%D x A = A + §pd + -~ (4.11)

We define the function §.F(x,0,0) to be the power series in 6,0 whose
coeflicients represent the transformed component fields,

8:F(x,0.0) = (€0 + EQ) x F. 4.12)

The multiplication x is defined in Eq. (3.3). It acts on the component
fields and commutes with the parameters 6 and 6. From Hausdorff’s
formula, we find

e i p02+80) o & _0_ 92600, 00m0P o

06* 00"
= (¢Q — ¢o™0P,) x 2*%0x

Zd%ew‘”é@x = (0 + 00™EP,) x £#2+00 (4.13)

This shows that the action of £Q x and £Q x on exp(6Q + 6Q) may be
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represented by the differential operators ¢Q and EQ:
0:F(x,0,0) = (£Q + EO)F. (4.14)

Comparing with (4.10), we see that F(x,0,0) = %299 x 4 does indeed
transform as a superfield under J,.

To obtain the superfield whose components correspond directly to a
given set of component fields, the superfield must be constructed from
the component field of lowest dimension. If there are several fields of
lowest dimension, each will give rise to its own superfield, but these
superfields will be related by constraint equations. We shall encounter
this problem when we discuss gauge fields.

REFERENCES

A. Salam and J. Strathdee, Nucl. Phys. B76, 477 (1974).
S. Ferrara, J. Wess, and B. Zumino, Phys. Lett. 51B, 239 (1974).

EQuATIONS
a . mp)a
Qa:%_laadyam
s 4.4)
0; = 3 + i6%a,;" Oy
{Qaséd} = 2i6adm am (4 5)
{Qlel} = {Qa‘aQﬁ} = 0.
0 . mp)x
Da=gé;+wud96m
) (4.6)
Dti = —'é—y; - 19 Uad am.
{Daaﬁd} = _2iaadm am (4 7)
{DmDﬂ} = {Di’Dﬁ} = 0. -
EXERCISES
(1) Show
e 0 _ —Q—
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(2) Verify
0 0
af _~ T =
06* 06° 66 = 4
and
0 0
Eip -aj; E; 00 = 4.

(3) Use Hausdorff’s formula to show

2iCQ+EQ) i~ x"Pm +0Q +00) _ il =~ Pm(x™ —i4a™8 +i00™3) +(0 + Q + (0 + 5O}

(4) Given G(x™0.,0) = G(0,£,,0G(0,0,,)G(x™6,0), use Hausdorff’s
formula and (4.1) to demonstrate
x™ = x" + i0g™E, — i&,0a™O + &,)
0=0+¢,
0 =0+ ¢E,.

Show that this corresponds to the induced motion
9(0,£1)9(¢2,0): (x™,0,0) — (x™,0',0)

where g is defined in (4.3).
(5) Evaluate {D,,D,} using the definitions of D,D as differential operators.

(6) Compute D,F(x,0,0) where D is given in (4.6) and F in (4.9). Note
that D,F = 0 yields a constraint rather than a field equation.

(7) Show that D,F = D,F = Oimplies F = a = constant. Demonstrate
that D,F = 0 and D*D,F = 4mF™* yield massive field equations
for the components of F.

(8) Construct the superfield whose lowest component is F, rather than
A. Compare this to the superfield DD®.
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V. CHIRAL SUPERFIELDS

Chiral superfields are characterized by the condition
D® = 0. 5.1)
They correspond to the chiral multiplets of Chapter III.

The above constraint is easy to solve in terms of y™ = x™ + i¢™0 and
0, for

Dyx™ + ifa™9) = 0, and D;f = 0. (5.2)
Any function of these variables satisfies (5.1):
@ = A(y) + 264(y) + 66F(y)

= A(x) + i60™0 d,,A(x) + %0099[}A(x)

+ J200(x) — —= 008, (x)a™0 + 0OF(x). 53)
NG

This is the most general solution to (5.1), as may be seen from the expres-

sions for D and D in terms of y, 0, and 0:

J P mpa
Da = ﬁ + 2101& 6 W
(5.4)

The superfield ®* satisfies the constraint D, ®* = 0. ®* is a natural
function of y*™ = x™ — ifs™@ and 0; its power series expansion is ob-
tained from (5.3) by conjugation:

AX(y*) + J200(y*) + BOF*(y*)

(D‘f'

A*(x) — i06™0 0,,A*(x) + %HOPEDA*(X)

+ V209(x) + j_i 0060™ 0,(x) + O0F*(x). (5.5)
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Writing D and D in terms of y*, 6, and 9,
0
D, = —

T

(5.6)

0 0
Da'l - aga 2it% aa a A tm
we see that (5.5) is the most general solution to D,®* = 0.

It is easy to verify that the transformation laws for 4, y, and F, derived
through (4.10), are exactly those for the component multiplet (3.10). The
computation is simplified when the differential operators Q,Q are ex-
pressed in terms of the variable y.

The highest components of ® and ®* are, respectively, F and F*. All
higher powers in 6,0 are spacetime derivatives. Thus the F or F* com-
ponent of a scalar superfield always transforms into a spacetime derivative.

Products of chiral superfields ®,®, - - - ®, are again chiral superfields,
and likewise for their conjugates:

DD, = A(NALY) + V2[4 + AOW;(0)]
+ 00[A(VF,(») + AFy) — bW, (0] (B.T)
(Di(qu)k = Ai(.V)Aj(y)Ak(y)

+ V200 A4, + YA + B AA)]
+ 00[F,A;A, + FA A + F AA,
- ‘pi‘ijk - ‘l/jl//kAi - ‘/’k‘piAj]- (5-8)
The product ®*®, however, is not a chiral superfield:
DI D, = AF(x)A;(x) + 200 (x)AX(x)
+ ﬁ(?!//,-()()A %) + 00AX(X)F (x) + 00F¥x)A4;(x)
+ 0°0°[io, (A} OmAj — OnAFA)) — 2‘%&!/’;‘«]

+ 066* l:ﬁ O'qam(Af am‘/’? - amA:kl/’:) - \/EFJ'J/“’"]
+ 996’“[—% 0" (U 0,A; — 0, 0iA)) + \fZF.*l//ja]

1 1 1

+ ’;‘5m'/—/i<_7m'//j - %lpiam amd’j]- (5.9

In this product the 8686 component transforms into a spacetime derivative.
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We are now ready to write the most general supersymmetric renor-
malizable Lagrangian involving only chiral superfields:

1
& = (Di+ (DI',OB(;@ componem+ [(5 mijq)iq)j

1
+ gg!jkd)l(qu)k + )’i®i>

+ h.c.;l‘ (5.10)
66 component

The couplings m;; and g;; are symmetric in their indices. Note that
changing the basis from y to x does not change #.
In terms of component fields, . becomes

g = iaml/_/,ﬁ"'lﬂ,- + A:I:DA, + F:kF[

+ [mij(AiFj - %'/’z%)

+ gii(AiAF — Yy A) + AF; + h-C-], (5.11)

where we have dropped all total derivatives. The auxiliary fields F; may
be eliminated through their Euler equations:

0¥
3FF = F, + Af + miAF + ghA¥AT =0
s (5.12)
£
_—— = F:‘ + }"k + mikA(‘ + gljkAlAj = 0.
OF,
This gives & solely in terms of the dynamical fields A; and y;:
. _ 1 1
L =10, 07" + AFOA; — 3 may i, — Em?;tl//ilpk
- gijkllfil/’jAk - g?;‘k‘pi‘ijl’r - V(Ai,Af)- (5.13)
In (5.13), the potential ¥~ takes the form
¥ = F¥F,, (5.14)

where F,F* are solutions to (5.12). This potential is always greater than or
equal to zero, a consequence of supersymmetry. Points where F, = 0
are absolute minima of the potential.
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Note that constants are chiral superfields, for ® = a is the solution to
the equations D,® = D,® = 0. Thus from any supersymmetric Lagrang-
ian we may always obtain another by making the shift &, - ®; + a;.
The new Lagrangian has parameters:

}.Ii = /:.,- + mijaj + g,-jkaja,‘

m:l = m"j + 2g,~jkak (5'15)
Jije = Giju-
If the old potential had a minimum at ®; = —gq;, the new potential has a

minimum at the origin. The new potential belongs to a supersymmetric
Lagrangian with parameters given by (5.15).
The class of renormalizable Lagrangians may be restricted by R-
invariance. R acts on chiral multiplets as follows:
RO(0,x) = €™ D(e™0,x)

. . (5.16)
RO*(0,x) = e” 2™ d*(e'D,x).

Here n is called the R-character of the superfield. For the components,
(5.16) implies

R: A4 - e?"yg
Y — e*in iy, (5.17)
F N eZi(n—l)zzF‘
Mass terms or potentials are R-invariant only if the R-characters of
their respective superfields add up to one.
REFERENCES
J. Wess and B. Zumino, Phys. Lett. 49B, 52 (1974).
L. O’Raifeartaigh, Nucl. Phys. B96, 331 (1975).
EQuATIONS
D,® = 0. (5.1)

® = A(x) + i06™00,,A(x) + %GHUPDA(x)

+ /20y(x) — —12- 00 0,¥(x)s™0 + B0F(x). 5.3)

7
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O* = A*(x) — 060 0,,A*(x) + %GBUPE]A*(x)

+ 20000 + —= B000m 6, 0(x) + DOF*x).  (55)

Np
OD; = A(y)4; y) + 200y y)A,(y - A(y W, »]
+ 00[A(YF(y) + Aj(y)Fi(y W;»]. 6D

(Di(Dj(Dk = Ai(,V)Aj(Y)Ak(,V)
+ ﬁe[WiAjAk + YA A + YiAiA;]
+ 00[F,AjA, + F;AA; + FLAA;

— YA — YA — b4 (5.8)

OFD; = AXx)A;(x) + 200 (x)AX(x)
+ 200 (x)A,(x) + 00AXX)F(x) + BOF*(x)A,(x)
+ 000, "(AFOmA; — OnAFA) — 20ia¥jo]

+ 099“ [\/—2‘ O 4 (A*amwj - a A*l/jj \/EFjJid:l
+ m[—ﬁ W FE0at, = CuTHA) + VPP

1 1
+ GOEQ[F?‘F,- + 3 A¥OA; + 2 OAFA;
- %amA,* A, + %6,,,«/7,6% ;- %./7[5'" o ,.J. (59)
+ 1
Z =@ ‘Di|0066componem+ ‘z‘mijd)iq)j

1
+ 3 91 P:0,0, + )n'd’i)

+m} (5.10)
660 component
L = i0, 0™, + A¥JA; + F¥F,
1
" [m-'j (A‘F iTH '//iwj) + Gipl AAiFy — Y A,) + AF: + h.c.].

(5.11)
RD0,x) = e?™dD(e *0,x), ROP*(B,x) = e"2"™d*(e"f,x). (5.16)
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R: A — e 4
Y — e2in—day, (.17

F — eZi(n—l)aF.

EXERCISES

(1) Compute Q, and @, in terms of y™ 0,0:

= 0 0
@ = T + 2‘0“0’1‘;" -
¢ " oy
(2) Compute D,, D;, Q,, and Q, in terms of y*™,6,0.
(3) Derive the transformation laws (3.10) using Q,0 and (5.3) expressed
in terms of the variables y™, 6, and 8.

(4) Define the components of a chiral superfield (D,® = 0) as follows:

F = DD®|g_5_,.

Express these components in terms of the component fields A4,y,F
of (5.3). Compute the transformation laws for ./, ¥, and .# using
using Q and Q in the following form:

.0
Q,=D, — 2iaad"‘9"—m
0x

_ — 0
. = D, + 2i6*¢ " —.
Qa a W0, axm

(5) Show that ® = DDU is chiral for any superfield U. Relate the com-
ponents of U to those of ®.

(6) Show that the mass term $m®® for a single superfield ® is R-invariant
if and only if ® has R-character . Note this condition excludes
linear and trilinear terms from the Lagrangian.
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Vector superfields satisfy the condition
V=V". 6.1)

As usual, they should be understood in terms of their power series ex-
pansion in 6 and 0:

V(x,0,0) = C(x) + i0x(x) — i0%(x)

+ éBB[M(x) + iN(x)] — éyy[M(x) — iN(x)]
— 00™0v,(x) + i909[1(x) + %&"‘ 6mx(x:|

_ mae[ux) + % o 6,,,7(x)] + % 0080 [D(x) + % DC(x):l.
6.2)

The component fields C,D,M,N, and v,, must all be real for (6.2) to satisfy
(6.1). The vector field v, lends its name to the entire multiplet.

We have chosen very particular combinations of fields as coefficients
of the 08, 806, and 6008 components of V. Our choice was dictated by
the hermitian field ® + ®*, where ® and @™ are chiral fields:

O+ O = A+ A* + /200 + ) + 00F + OOF*

+ i06™00,(A — A*) + ﬁm)@a’" Ol
+ _li 006c™ 0,y + %OHPBD(A + A%*). (6.3)

7

This combination has the gradient id,(4 — A*) as coefficient of 8™,
motivating us to define the following supersymmetric generalization of a
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VI. VECTOR SUPERFIELDS 37

gauge transformation:
Vo>V + 0+ 0F. 64)
Under this transformation,

C>C+ A+ A*
X=X = iN20

M + iN - M + iN — 2iF
U = Uy — 10,(A — A%)
A=A
D - D.

(6.5)

The choice of components in (6.2) renders A and D gauge invariant.

From (6.5) we see that there is a special gauge* in which C, y, M, and
N are all zero. Fixing this gauge breaks supersymmetry but still allows
the usual gauge transformations v,, = v,, + 0,,a. Itis very easy to compute
powers of V in this gauge:

V = —06™Bv,(x) + i0007(x) — D0OA(x) + %BﬁgyD(x)

VZ

—% 0660v,,v™ (6.6)
V3 =0.

Thus we may view the vector field V as the supersymmetric generaliza-
tion of the Yang-Mills potential. To construct the corresponding super-
symmetric field strength, we observe that A, and 7, are the lowest-
dimensional gauge invariant component fields in V. They are also the
lowest-dimensional component fields in

1
W, = —;DDD,V

6.7)
_ 1
W; = —; DDD,V.

* In the literature this gauge is often called the Wess- Zumino or WZ gauge.
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These superfields are chiral and gauge invariant. Chirality follows
immediately from (6.7),

DjW, =0

D,W, =0 (6.8)
while DO = D®* = 0 must be used to prove gauge invariance:

!

_ 1
W, =2 DDDV + @ + ®*) = W, — - D(DD}® = W,. (69)

It is easy to compute the components of W, in the special gauge (6.6).

The computation is further simplified by use of the variables y = x + i0gf
ory* = x — ifo0:

V = —00"0u,(y) + i0007(y) — iBOOA(y)
+ 3 0000LD(y) — i0,07(y)]
= —00™Do,(y*) — BOOA(y*) + 060 y*)
+ % 0608[D(y*) + i0,0"(y*)]. (6.10)

The result is

v,

A0+ 82D0) = @A) = Bl |6

+ 000,50, ),

W, = ") + [sd,;my*) b3 @00 y) — By y+)):| o
— 440058, A(y"). (6.11)

The superfields W,,W, contain only the gauge invariant fields D, A,, and
Vpn = 0¥, — 0,0, Furthermore, they are chiral and satisfy the additional
constraint equation

D*W, = D, W, (6.12)

For 6 = 8 = 0, this relation simply expresses the fact that the component
field D is real. Equation (6.12) may be verified component-by-component
from (6.11) or directly from the definition (6.7). It may be shown that
(6.11) represents the most general solution to the chirality conditions (6.8)
and the constraint (6.12).
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The superfields W, and W, are examples of representations which have
the component fields 4, and %, as fields of lowest dimension. We could
have constructed W, and W, from A, and Z; by applying the operator
exp(0Q + 00) x, as described in Chapter IV. We would then have
found W, and W, to be related through Eq. (6.12).

Since W, is chiral, the 80 component of W*W,,

1
WWlog = —2iA6™0ph — —v’""vm,, + D? + 40'""0”‘3,,‘,,,,‘, (6.13)

transforms into a space derivative. Note that W*W, may also be written as

1
WeW, = ZDDW“DG,V. (6.14)
From (6.13) we see that
1
¥ = Z (W*Woo + W, W50 (6.15)

is the supersymmetric gauge invariant generalization of the Lagrangian
for a free vector field. After some partial integration, this reduces to

1 1
4 _ 4 D2 _ _ 4mn  iiam
fd XL = fd x{zD 7 V"0 = il amz}. (6.16)
This Lagrangian may also be obtained as a 6060 component:

1 _
f d*x & = f d*x 2 WD,V + WDV (6.17)

0600
Equation (6.17) is equivalent to (6.15) because of (6.14) and the fact that
D and 9/00 differ only by an x-space derivative.

We can always add the mass term m?V? to the Lagrangian (6.17).

This term is not gauge invariant and cannot be computed in the WZ
gauge. Starting from (6.2), we find

1
= (M?* + N?)

1 -
V2|9066 = 3 VU™ — XA = T4+ D)

- % Xam ami - % Zam amx

+ % COC + CD. (6.18)
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It is interesting to note that this term not only gives mass to the vector
field v, but also introduces the additional degrees of freedom C and x
required for a massive multiplet. The Lagrangian (6.17) together with
(6.18) describes one vector field, two spin-} fields, and one scalar field,
all of equal mass.

REFERENCES

A. Salam and B. Strathdee, Phys. Rev. D11, 1521 (1975).
J. Wess, Acta Physica Austriaca, Suppl. XV, 475 (1976).

EQUATIONS

V=t 6.1)
V(x,0,0) = C(x) + i0x(x) — i0%(x)
+ %OB[M(x) + iN(x)] - %EE[M(X) - iN(x)]

— 06™0v,(x) + i099|:1(x) + —%E’" 6mx(x)]

- i@yﬂ[l(x) + -;— o™ 5m7(x)] + % 0660 I:D(x) + —;— DC(x)].
6.2)

VoV 4+ 0+ 0. 6.4)

C->C+ A4+ 4*
1= x— iV

M + iN - M + iN — 2iF
v, = v, — i0,(4 — A*)
A— A
D - D.

6.5)

6.7)

&
I
|
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(6.8)

=
I

w = Ay + [(ZB D(y) - é(d'"ﬁ")f (OmUn( ¥) — Gl ,V))]Oa

+ 000’11"" (3,,,_/‘.—“( y)

_ - i + ;
W, = izy*) + [*1iﬂ'D(y+) + Efii-,‘.(ama")’jc(amvn(y+) — 0oy )):! 6*
— £;,006750,4,(y"). (6.11)
D*W, = D,W*. 6.12)
1 .
WoW, gy = —2ida™Cpt — »2~v""'v,,,,, + D? + év"‘"v”‘em,,,,‘. (6.13)
1 R
& = Z(WavVaIGO + %W“lgg}. (6.15)
fd“xf = fd“x 1D2 - 1v"‘"v — AG™ Cpt . (6.16)
2 4 mn m
EXERCISES
(1) Prove
[D.. {D;.D,}] = O,
[DG,D——I;EI}] = —4io,,-,'“6,,,5”,
and

1., - _
g [02.D?] = —iD%e,"D*0, — 200

I

iD%,,"D*d, + 207.

(2) Compute the 00 component of D,V in the general gauge (6.2) and
the special gauge (6.6).

(3) Compute €” in the WZ gauge.
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(4) Show that the constraints (6.8) and (6.12) yield the following equations
for the component fields:
D = D*,
vmn p— U*mn ,

Bm”m 6(1),‘" = 0.

(5) Compute

~ 0
—ife™0 Fm

DDOO = —4e

. ~ 0
0™ Ered

DDBf = —4e =",

(6) Use the definitions of W, and W, to verify (6.12).

(7) Derive the Euler-Lagrange equations for the Lagrangian (6.17) +
(6.18).

(8) Use (6.13) to show

1 o 1
fd‘*x Z(WaWaIea + Wa-,W"‘|55 =3 fd“xW“W,|99.

(9) Find the supersymmetry transformations for the gauge invariant
fields in the vector multiplet:

Oy = i[(£0" Opd + £6"0,A) — (n = m)]
0t = iD + d™¢v,,
85D = Tam 9,4 — Ea™ .
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VII. GAUGE INVARIANT INTERACTIONS

In this chapter we discuss the gauge invariant interactions of chiral and
vector multiplets. We start with the U(1) case and later generalize our
results to non-Abelian gauge groups.

Chiral superfields @, transform by a phase under global U(1) rotations,

D, = e~ MAD,. (1.1)

The t, are the U(1) charges appropriate to the ®,, and 4 is the rigid U(1)
rotation angle. The t, and A are real constants. Constants are chiral
superfields, satisfying the constraint equations D,A = D;A = 0. From
(7.1), we see immediately that the @, are chiral superfields as well.

It is easy to construct a Lagrangian invariant under (7.1) for constant
parameters A:

¥ =Lye + ZLrE

«fx.E. = d);®,|ooaa (12)
+ h.c

1 1
LpE = [5 m;®Q; + 3 gijk(l)iq)jq)k] )
o0

Note that U(1) invariance requires m;; or g;; = 0 whenever t; + t; or
t; +t; + t; # 0. In the literature, the term %, is often called the
superpotential.

Equation (7.1) takes one chiral superfield into another when 4 is a
constant chiral superfield. When A depends on x, the situation is slightly
more complicated. In this case, A must be promoted to a full chiral
multiplet:

O, = e A, D,A=0

d)/[+ = eif(/\*(b(+’ Da/\+ = 0. (7.3)

Only then do the @, remain chiral superfields.
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The Lagrangian (7.2) is not invariant under such local transformations.
In particular, & ;. remains invariant, but .y ; does not:

DV, = BF DyetthT A, (7.4)

It is easy to see that &, ; may be rendered invariant by introducing the
vector superfield V with its transformation law (6.4):

V=V +iA - A"). (7.5)

With this addition, the full Lagrangian

¥ = (WaWu|66 + VT{in'ﬁ@) + (D;e"yd)tbooé

B -

1 1
+ [(‘2‘ m,l(p,q)J + 3 gljkd)lq)jq)k) + h.C.:l (7.6)
00

becomes invariant under local U(1) gauge transformations.
At first, (7.6) looks non-renormalizable. It may, however, be evaluated
in the WZ gauge, where V? = 0:
O eV O|gggg = FF* + AQJA* + i0y5"y
1 i i
= g5y + - A*9,A — = 0,A*
+v<2d70d/+2 0,A 26,, A>
i 1 1,
— — AW — A*AY) + = tD — - Pv" |A*A. (1.7)
V2 2 2
In this gauge, the Lagrangian contains no terms of dimension higher
than four.
The supersymmetric extension of electrodynamics is constructed in
terms of two chiral superfields:

O, =e D, O =N, (7.8)

In components, the Lagrangian

1 1T —c
ZLoep = Z(leoo + WWlM) + d)IeeV(D+|ooay + ®le Vd)—looé@
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becomes

1 1
EDZ e Vpgl™ — 1AC" Ok

+ F,F* + F_F* + AX(OA, + A*JA_

gQED =

LG, + 0T + eu"[éuxa"m SRR

i i i i
F AL OAL — S04, — S AR oA + Ea"A":A_}

e ALBT = ANy — AT+ ARy

7
1
+ %D[A’:A+ — ATA] - 2 oA A, + A%AL)

+m[AF_ + A_F, =y y_ — ¥, f_ + A%F* + A*F%].
(7.10)

From (7.10) we see that the two Weyl spinors i,/ - combine to form
one massive Dirac spinor, the electron.

It is straightforward to generalize the transformation law (7.1) to
non-Abelian compact groups:

O = ¢ A, Ot = Ppreir”, (7.11)
In (7.11), A is a matrix:

Aij = THA,. (7.12)

J

The matrices T* are the hermitian generators of the gauge group in the
representation defined by the chiral field ®. In the adjoint representation,
we normalize our generators as follows:

Tr T°T® = ké*, k> 0. (7.13)
With this convention, the structure constants %

[T T*] = it®Te (7.14)

are completely antisymmetric.
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The Lagrangian (7.6) is invariant under non-Abelian gauge transfor-
mations, provided we extend the transformation law (7.5):

eV = e M eVeih, (7.15)

In (7.15), both A and V are matrices:
A = THA,, Vi = T4V, (7.16)
With Hausdorff’s formula, we encounter only commutators of group
generators in computing the product of exponentials in (7.15). Evaluating

the commutators by the group commutation relations (7.14) allows us
to express V' in the following form:

V' =T, . (7.17)
This shows that the transformation law (7.15) is independent of any

specific representation for the generators T“. Furthermore, the transfor-
mation law starts with a term independent of V,

V=V +iA—-A*) 4+, (7.18)

so non-Abelian theories also allow a WZ gauge where V3 = 0.
Equation (7.15) may be evaluated for infinitesimal gauge transforma-
tions with the following form of Hausdorff’s formula:

eAeB — pA+faj2  [B+coth(fa/2) B+ -+ (7.19)

This expression contains all terms linear in B. The Lie derivative £,,, - B
is given by [$4,B]. The hyperbolic cotangent in (7.19) must be understood
in terms of its power series expansion, where

AlA A
Cu£42)" B = c,,|:§, [5’ [ . |:§, B] e ]J], (7.20)

with n factors 1A4. Using (7.19) to evaluate (7.15) yields

SV =V — V=i, [(A+A")+ cothF, ;) - (A — A)]. (7.21)
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The supersymmetric field strength W* [Eq. (6.7)] may be readily
generalized to the non-Abelian case:

W, = —- DDe D" . (7.22)

Al

In (7.22), the vector superfields V are matrices, as in (7.16), with the gen-
erators in the adjoint representation of the gauge group. It is easy to
verify that

W, » W, = e "W (7.23)

under non-Abelian gauge transformations. The proof is left to the reader
as an exercise.

We are now ready to write down the most general Lagrangian for the
supersymmetric renormalizable interaction of scalar, spinor, and vector
fields:

1 - .
= 1_6@5 Tr(WaWano + %Waléé) + (I)*eV<I)|995§

1 1

+ h.c.J. (7.24)
06

Gauge invariance requires the mass matrix m;; and the coupling constants
gijx to be totally symmetric invariant tensors with respect to the internal
symmetry group. The normalization of the gauge-field kinetic term is
chosen to recover the canonical normalization for the component action
after scaling V — 2gV (see Exercise 7).

REFERENCES

J. Wess and B. Zumino, Nucl. Phys. B78, 1 (1974).
S. Ferrara and B. Zumino, Nucl. Phys. B79, 413 (1974).

EQUATIONS
b, = e AD,, D,A =0

+ it/ At gy + + (73)
@t = A D,t, DAY =0.

V' =V +i(A — AY). (1.5)
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1 .
& = Z(W"‘W,,[,,,, + WaW“Ioa) + (I);e“V(D,leogg

+ h.c.:!.
06

1 1

(I)+e"’d>|9955 = FF* + AQA* + ia,ﬁ&"n//
i

1 i
nl = T=n Sogx _ *
+tv<2n/7m//+2A 0,4 25,,A A>

- L tALY — A*AY) + %(tD - —;—tzv,,v")A*A.

V2

1 A A/ —-e
& oEp = Z(WWIoe + WW'&&) + O1eV D, |og55 + DLe V(D—leaéé
+ m((D+(I)_|99 + (DIQt‘éé)'

1

(1.6)

7.7

7.9

1
L oep =7 D*—= 0, V™ —iA6" 0, A+ F ,F% + F_F* + AX[0A, +A*JA_

2 4

+i(6,,$+6"|/1++6,¢_6"¢_)+ev"[%$+6"¢+—%%-6"1//_

+%Ai a,,A+—% 6,,A’$A+—%A’t 6,,A_+§6,,A’EA_]
ie
—ﬁ(A+';+I—A"ilPJ—A-l/_/-I'FA"iW—l)
+§D[A‘!;A+—A’tA_]—%ezv,,v"(A’f,A++AtA_)
+m[AF_+A_F,— Y~ +ALF* + A*F*].
Tr T°T* = ké®,  k > 0.
[T T%] = it™Te.
eV = e N eVelA,

Aij = T?jAa, Vij = T‘ilea‘
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= -vp LV

W, = ~2 DDe™"D,e" . (7.22)

W, > W, = e ""Wer. (7.23)

1
= Tokgz TFV Welao + W,W%(35) + @ " Dlogag

1 1
+[(2 m;;®.0; +3g,1,‘<1)<l>(bk>

+ h.c.]. (7.24)
00

EXERCISES

(1) Show that &, ¢ of Eqgs. (7.6) and (7.24) is also invariant under sym-
metry transformations (7.11) with complex parameters.

(2) Show that e"VD,e" = D,V — $[V,D,V] in the special gauge (6.6).

(3) Demonstrate that W, = e~ ‘*W,e'*. Use the fact that D,A* = 0 and
DA — 0:

VVa/ = EE[ —iA —VelA*D —iAt V xA]

&I'—‘

. . | .
= e—-u\u/aeu\ _ Ze—lAD{D,Da}ell\
= e-iAmeiA_
(4) Construct an SO(3) invariant interaction using three chiral vector
fields ©7.
(5) Use the multiplication properties of the Pauli 6-matrices (n * 6)(m - 6)=

n-m + i(ln x m) - ¢ to show that for infinitesimal values of b,

elan - 7eibm @ — (cos a + io - nsin a)(l + ibm - o)
= cos[a + (n-m)b] + ip-osin[a + (n-m)b],

where g =n + b[(m — (n-m)n)cota — n x m], and nym are
unit vectors.

(6) Use the result of Exercise (5) and [n e, m a] = 2i(n x m) o to
verify Eq. (7.19) for the special case e“" “¢"®™ °. Remember that
b is infinitesimal.
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(7) Expand

&£ Tr(WaVValeo + W W) + (D+9V(D10066

_ 1
" 16kg?

in the WZ gauge. Assume the gauge group is non-Abelian, and restore
the coupling g by rescaling V — 2gV,

Z = —%vﬁ,"’:uf"l")‘ —_ a(“)a'"@ml(a) + %D(a)D(a) _ @mA+@mA
— 5" Dy + F'F + i\/2g(A7 TOYa® — TOTAP)
+ .gD(a)A+ T(“)A,

where

DA = 0pA + ig@T@4
Dy = Oy + igod TY
D@ = 3,4@ — gy ®)©
Vi = Ot — 0,05 — gt vv.
(8) Compute the transformation laws for 4, y, F, v/, A¥ and D in

the WZ gauge. Use them to verify that the result of Exercise (7) is
supersymmetric:

oA = /28y

o = i/20"ED,,A + J2¢F

8F = iJ286"D, W + i2gT@AET@
O = —id“g"¢ + iZam A
0,4@ = ¢™&E) + iED@
0.0 = —¢£0"P, 19 — 2,A 0.
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If supersymmetric gauge theories are to find realistic application in high
energy physics, both supersymmetry and gauge symmetry must be broken
spontaneously. The spontaneous breaking of ordinary gauge symmetry is
well understood, but supersymmetry imposes additional conditions
which need further discussion. These restrictions rest on the property

1 - ~ — ~
= Z(QlQl + 0.0, + 0,0, + 2,0,), (8.1)

derived from the algebra (I). Equation (8.1) tells us that (¥|H|¥) = 0
for every state |¥). Furthermore, it tells us that states with vanishing
energy density are supersymmetric ground states of the theory. Such states
are ground states because the expectation value of H may never be
negative; they are supersymmetric because (0|H|0) = 0 implies Q|0> =
0]0> = 0. Ground states of zero energy preserve supersymmetry, while
those of positive energy break it spontaneously. This situation is sketched
in Figure 8.1.

In this chapter we shall discuss three models which exhibit the general
properties of spontaneous symmetry breaking in supersymmetric theories.
We first consider a supersymmetric model, constructed from chiral
superfields, in which the ground state breaks supersymmetry. We know
from Eq. (5.14) that the potential energy in such models takes the form
v = F}F,, where F, is given by

Fk* = _(}'k + mikAi + gljkAlA]) (8'2)

Vacuum expectation values a; of A; for which F, = 0 signal super-
symmetric minima of the potential. To break supersymmetry, we must
choose special values for the parameters A,, m;, and g,; such that the
equation

0= }‘k + m;a; + gijka,-aj (8.3)
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# 7
A A

>y
>y

(a) (b)

FIGURE 8.1. The ground state of (a) preserves supersymmetry, while the ground
state of (b) breaks it spontaneously.

has no solution in g;. Such models have been constructed by O’Rai-
feartaigh in the paper cited at the end of Chapter V. He found that three
chiral superfields are required to break supersymmetry, the simplest
model being given by

’gP.E. = {[i(po + m(I),(Dz + gd)Od)l(Dl] + h.C.}. (8.4)

Fayet and Iliopoulos have shown how to spontaneously break super-
symmetry in gauge theories with Abelian gauge groups. They observe
that the 6666 component of the vector superfield is both supersymmetric
and gauge invariant. They add this term to the Lagrangian (7.9) and find
that it spontaneously breaks supersymmetry:

1 I
& = Z(W“Wa + W, W) + ©f e’ ®, + ®fe "0,
+ m®,0, + OO + 2kV. (8.5)
In this model, the potential is given by

1

¥ =3D* + F\F} + F;F4, (8.6)
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where D, F,, and F, are solutions to the Euler equations:

D+x +§(A’{‘A1 — A%4,) =0

Fy, + mA% =0 &7

F2+mAT=O.

There is no solution to (8.7) which leaves ¥~ = 0, so supersymmetry is
broken spontaneously.

Let us examine the potential (8.6) in more detail. Substituting for the
auxiliary fields, the potential ¥~ becomes

1 1 1
v = EKZ + <m2 + Eerc)A’{‘Al + <m2 - 58K>A3‘A2

1
+ AT, — A4, (8.8)

We must distinguish between the two cases m? > ek and m? < iex.

When m? > }ex, both 4, and A, have real masses. The model describes
two complex scalar fields, one of mass m;?> = m* + ek, the other of
mass m,%> = m?> — ek, as well as three spinor fields ,,/,,4, and one
vector field v,,. The masses of the spinor and vector fields are unchanged
by the symmetry breaking. In particular, the field y; retains its mass m,
while 4 and v,, remain massless. Note that m;?> + m,? = 2m?.

The vector field v,, plays the role of gauge field for the unbroken U(1)
symmetry group, and 4 is the Goldstone fermion arising from spontane-
ously broken supersymmetry. From the transformation law for A (Exercise
6.9),

0h = iED + 0™ Cv,,, 8.9

we see that A transforms inhomogeneously as soon as D acquires a
vacuum expectation value:

S = —ikk + . (8.10)

This identifies 4 as the Goldstone fermion. Non-zero vacuum expectation
values of auxiliary fields induce the spontaneous breakdown of super-
symmetry.
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When m? < lex, A, = A, = 0no longer minimizes the potential (8.8).
To find the minimum, we must solve the equations

ov 1 ?
5;; = <m2 + 56K>A1 + %‘(ATAl - A;‘AZ)AI = 0
1
(8.11)

oy 1 e?
i (mz - 56K>A2 - Z(A’{‘A1 — A%A4,)A, = 0.
This givesaminimumat 4, = 0,4, = », where 1e?v? + (m? — 4ex) = 0.
By a gauge transformation, » may be chosen to be real. Expanding the

potential around its minimum spontaneously breaks the U(1) symmetry.
Intermsof A = A;, A = A, — v, the potential becomes:

2
v = m’ —- (ex — m?) + 2m*4*A

+1£22 i[21+71*]2+11“ " (8.12)
2261} ﬁ 2281} U,V .

The constant

2
2-’57 (ex — m?)

is positive; both supersymmetry and gauge symmetry are broken spon-
taneously. The vector field v,, acquires a mass by eating the Goldstone
boson field (4 — A* /f leaving the total number of degrees of freedom
unchanged. The symmetry breaking also modifies the spinor mass terms:

—m s + UiT) + f (@7 — o). (8.13)

With the following linear combinations,
v =1y,

T N

m? + lezuz 2
\ 2 (8.14)

1 ( iev
(et
2, 1o, V2

m +§ev

>
I
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the mass terms become diagonal:

- |m* + %ezvz(w? + ). (8.15)

The Goldstone spinor 4 remains massless. Note that 1 transforms in-
homogeneously,

5§I=—2i'£§ e —m? 4, (8.16)

as expected for a Goldstone field.

This model describes two spinor fields of mass /m? + Le?s?, one
vector field and one scalar field, each of mass \/3e?»?, one complex scalar
field of mass /2m?, and one massless Goldstone spinor. Note that the
sum of the masses squared weighted by the number of degrees of freedom
is identical for the bosonic and fermionic modes:

2-2m? + 4 ‘%627)2 = 4<m2 + %82112>. 8.17)

This is also true for the U(l) symmetric case described earlier. In fact,
such relationships between bosonic and fermionic masses are common in
supersymmetric theories.

The situation for the Fayet-Iliopoulos model is sketched in Figure 8.2.
Non-vanishing vacuum expectation values of auxiliary fields induce

#* 7

)\

Az A2

Y

{a) (b)

FIGURE 8.2. (a) When m? > 1 ex, supersymmetry alone is broken.
(b) When m? < ek, both gauge symmetry and supersymmetry are broken.
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supersymmetry breaking, while non-zero vacuum expectation values of
dynamical scalar fields lead to the breaking of gauge symmetry.

After having seen a model in which supersymmetry and gauge symmetry
are broken spontaneously, one might wish to construct a model in which
only the gauge symmetry is broken. We first discuss such models with
chiral superfields. In this case we must find a solution a; to (8.3) which is
not left invariant under the internal symmetry group. As a simple example,
we consider the group U(1) with three chiral superfields: one neutral,
one positive, and one negative. The Lagrangian

1
Lpp = 5mO? 4 u® O + 0 + g0O,O_ + he.  (8.18)

is U(1) invariant. The Egs. (8.3) become

A+ma+ga,a. =0
a(u+ga=0 (8.19)
a,(u + ga) = 0.

This set of equations has two solutions:

(8.20)
2 aja_ = —1< - rﬂl), a= —ﬁ.
g g

The first does not break the U(1) symmetry, but the second does. In the
second solution, only the product a,a_ is determined. This stems from
the fact that %, is invariant not only under the U(1) group, but also
under its complex extension. For any solution a,,a_ to (8.19), there
exists an entire class of solutions, e*a,,e”*a_, for arbitrary complex A.
The ground state has a larger degeneracy than required by the initial
symmetry group.

If we gauge the Lagrangian (8.18), we must introduce the vector super-
field V, coupling to @, and ®_ as in (8.5). This results in the following
trilinear coupling between the scalar fields A, and the vector multiplet
V:

eV(AXA, — A*A4_). (8.21)
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For the symmetry breaking solution, this contributes a piece to the D-
term:

eV[a";a+ —ata_ + 2'5] (8.22)

Such a term would ordinarily break supersymmetry. Because of the
degeneracy a, — e**a., however, it is possibie to transform away this
term for any choice of «. In this model, D-terms do not induce the spon-
taneous breakdown of supersymmetry.

The mass term associated with (8.20) is given by

1
Eez(a";aJr + a*a_)V2. (8.23)

It cannot be transformed away. It gives a mass to the vector field v,.
Comparing (8.23) with (6.18), we see that spontaneous gauge symmetry
breaking in supersymmetric theories gives rise to an entire massive vector
multiplet. This is the supersymmetric extension of the Higgs-Kibble
mechanism.

These models are easily extended to non-Abelian symmetry groups.
Supersymmetric solutions require

F;‘k = _A’k - mua; — gijkaiaj = 0. (8'24)

The parameters 4, m, and g are restricted by the internal symmetry group.
In gauge theories, supersymmetric minima must also satisfy

D( = ai+ Tfkak = 0. (8.25)

The Fayet-Iliopoulos D-term is not gauge invariant and cannot appear
in the non-Abelian sector of supersymmetric models.

In the remainder of this chapter we shall show that (8.24) determines
the supersymmetry breaking of non-Abelian theories. That is, if (8.24)
has a solution a;, then it is always possible to find a solution d; which
satisfies (8.25) as well. We shall demonstrate this for the case of a semi-
simple gauge group G.

To begin, let us suppose we have found a solution a; such that Fi¥(a;) = 0.
We may then compute

d’ = a} T',a,. (8.26)
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The vector d’ specifies a certain direction in the regular representation.
There is always a group element which transforms this vector into a
linear combination of vectors in the Cartan subalgebra. Because (8.24)
is invariant under G, this transformation rotates the g, into another solu-
tion @, The vector d’ transforms into a vector d° whose non-vanishing

components lie in the Cartan subalgebra. We may now perform a linear
transformation within the Cartan subalgebra such that the direction d*
defines a single generator with eigenvalues y;. In this basis, the only non-
vanishing component of d* is d:

d = & p,d;. (8.27)

The equations (8.24) are also invariant under gauge transformations

with complex group parameters. This is because the complex conjugate

representations of the scalar fields never enter F*. We are free to perform
such a transformation in the direction d:

a; = exp(un)a;. (8.28)

The parameters d; solve (8.24) for all values of n. Taking 5 real, we find
d = a; pe*ng,. (8.29)

We now distinguish two cases. In the first case, all the y; (for which
a; # 0) are of the same sign, say positive. We then let # - — oo to find
d = 0. In the second case, the y; take both signs. We shall show that there
is still a value of # where d=0.1In particular, we note that

+

a; ehng, . (8.30)

)
1l

N =
2l

Considering ;' e**"d, as a function of 5, we see that it tends to + oo as
# — =+ co. Therefore it has a minimum for some value of 5. At this point
the derivative vanishes and d = 0.

This completes the proof. We have shown that spontaneous supersym-
metry breaking in non-Abelian models is controlled by F-terms. Super-
symmetry is spontaneously broken if and only if the equations F¥ = 0
have no solution. This is the O’Raifeartaigh mechanism for supersymmetry
breaking.

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



VIII. SPONTANEOUS SYMMETRY BREAKING 59

REFERENCES

P. Fayet and J. Iliopoulos, Phys. Lett. 51B, 461 (1974).
E. Witten, Nucl. Phys. B188, 513 (1981).

EXERCISES

(1) Show that 4; = A, = 0 is a minimum of the O’Raifeartaigh model
(8.4) when m? > 2Jg. The value of the potential at the minimum is
4%, independent of 4,,.

(2) Compute the boson and fermion masses in the O’Raifeartaigh model:

Real scalar masses: 0, 0, m?, m?, m* + 2gA
Spinor masses: 0, 2m.

Massless scalars and spinors are general features of O’Raifeartaigh
models with spontaneous supersymmetry breaking. Also compute
0F¥/0A; in this model, and show that

ot _

This is another general feature of O’Raifeartaigh models.

(3) Consider three chiral superfields, ®,, ®,, ®,, with R-characters
ny = 1,n; = 0,n, = 1. Construct the most general renormalizable,
supersymmetric, R-invariant Lagrangian also invariant under the
following discrete transformation:

®, —» D,
D, - -0,
D, - —-0,.

Show that this determines the O’Raifeartaigh model.

(4) Show that ¥ of (8.14) does not shift under a supersymmetry
transformation.

(5) Add a D-term 2xV to the Lagrangian (8.18). Determine the values of
a, and a_ at the minimum of the potential.
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(6) Consider three triplets of chiral superfields: ®;, i = 1,2,3. Find the
minimum of the potential for the Lagrangian

1
Zpe. =m®; D, + ‘jgsijkd’i “(®; x D).

(7) Show that the minimum of the potential of Exercise 6 is invariant
under the rotation group with complex parameters.

(8) Gauge the model of Exercise 6 and show that an arbitrary D-term
may always be eliminated. Supersymmetry may never be broken
by the Fayet-Iliopoulos mechanism in this model.
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IX. SUPERFIELD PROPAGATORS

In previous chapters we have found superfields very useful for the con-
struction of supersymmetry representations and invariant Lagrangians.
In this chapter we shall see that they also simplify the calculation of
radiative corrections in quantized supersymmetric theories. The Feynman
rules for supersymmetric theories may be stated in terms of superfield
vertices and propagators. Many component-field Feynman diagrams are
contained in one superfield diagram, so many miraculous cancellations
between component diagrams are manifest in one superfield diagram.
For this reason alone one would like to find a superfield formulation of
supersymmetric theories.

To derive superfield propagators we must first introduce the concept
of integration in superspace. An indefinite integral over a Grassmann
variable # is defined as follows:

qu=o, fndn=1. 9.1)

Any function of 5 is polynomial, f(#) = ¢ + An, so definition (9.1) ex-
tends immediately to arbitrary functions of Grassmann variables:

fln) =c + Ay
f flnydn = A 9.2)
ff(n)n dn = c.

Since

0
[ 55 rman =o,

partial integration is always possible. Note that integration and differ-
entiation give the same result on functions of Grassmann variables.
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Delta functions are defined by the integral

[rmsman = 10). 9.3)
From (9.2), it follows that
é(m =n, 94
so consequently,
o(n)é(n) = 0. (9.5)

Defining volume elements in superspace,
d*0 = ! 46 de#
o= —Z 82 p

d¥ = —% do, df e (9.6)

d*0 = d4%04%0,
we find

f 00420 = 1, f 00420 = 1. 9.7)

This allows us to write the Lagrangian (5.10) as an integral over
superspace:

& = f {(D D, + - m,,d),d) 5(0)

1 _
+ 5 mi0; @] 6(6) + %Aij,@,.(b,.cpk 5()

+ = Aj‘,k@*d)TQ,:‘ 5(9)}429(123. 9.8)

Perturbation theory in superspace may be developed as a direct ex-
tension of ordinary perturbation theory. In particular, one would like to
calculate superfield Green’s functions,

<0IT{(D(X1 91 gl d)(x/ 9( yl)q)+(xt+l 0{+1 0(+ 1)
O (x"07,6")}(0> . 9.9)
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From these one recovers the component-field Green’s functions by power
series expansion in 01,6 - - - 6",0".

As with any field theory, we begin our analysis by evaluating the free-
field two-point functions, the propagators. For chiral fields, these are
derived from the free-field part of Lagrangian (9.8):

.%:f {d>+q>+%mq>cb6(9)+%m*d>+®+ 5(9)}6129!123

=A*C1A+i0,p5™y +F*F+m(AF+A*F* —% w—% W). (9.10)

In components, we find:

O[T{A(x)A*(x)}[0> = iAp(x — x)
OIT{A(X)F(x)}|0> = <O|T{A*(x)F*(x")}|0>

= —imAp(x — x')
(O[T{F(x)F*(x)}|0> = i0 Ap(x — x') 9.11)
OT{Y.LWAN0) = 8./ mAp(x — )
T T N}0) = i8%m Apx — )
OTYLITHNO) = 04" 0 Aplx — X),

I

where

1

AF(X) = 0 - m2

All other two-point functions vanish. We may use these component
propagators to construct the superfield propagators. For example,

OT{®(y,0)®(',8)}|0> = CO|T{[A(y) +~/26%(y)+ 6F(y)]
x [A(Y)+/26'¥(y) + 06 F(y)]}|0)
=00/ CO[T{A(y)F(y)}/0)
+60<0|T{F(»)A(y)}|0>
+20°6°CO T{W(YW,(»)}|0>
=—im(0 — 0)? Ap(y — y). 9.12)
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From the definitions y = x + 068, y* = x — s, we see that this
propagator and the ®*®* propagator have the following x,x’ dependence:

CO|T{®(x,0,8)®(x,0,7)}[0>

= —imd(0 — ') exp[i(06™0 — 0'6™0') 8, ] Ap(x — X),
(O|T{®* (x,0,0)0" (x,0,0)}|0)

= +imd(0—0')exp[ — (060 —0'6™0') 0,,] Ap(x — x').

9.13)

Following exactly the same procedure we can construct the @@~
propagator:

O|T{®(x,6,)0* (x,0.5)}|0>
= i exp[i(0™F + 0'c™F — 2000)8,*] As(x — x'). (9.14)

With these propagators we may evaluate the superfield Green’s func-
tions (9.9) to any order in perturbation theory. We start by writing the
n-th order contribution in terms of free superfields:

<O‘T{(D(x1,0‘,51) e (D+(xl+ 1’9(+ 1’y{+ 1)

)

[ utratss [ Lutsyats |

=<o|r{¢...q,+_..

1
[ 3 [60%1,0,8,)5@) + g*0*3(x,.0,8,)5(61)]
d*x, d*0,d*d, - - '}lo>. (9.15)

Using Wick’s theorem, we then reduce these expressions to the usual
Feynman diagrams.

As a sample calculation, let us consider the one-loop corrections to
the superfield two-point functions. These are illustrated in Figure 9.1.
Diagram 9.1(a) is proportional to 6% — 6') = 6(0) = 0, while 9.1(b)
goes as 6%(@ — 0) = 6(0) = 0. This shows that all contributions to mass
renormalization, both finite and infinite, cancel between the various com-
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dP
,/’__“\\
/ N /
6 s A
@ g A
e5) \\\NCIDCD ///
+ = +
d P
- //‘--55\\ -
/ \ g’
(b) _-F___Q_'\ l'*————(—b_.,
+ =+
@ \\\¢ @ ’//
+
P
A7TTTSS
// \\ =7
(c) 81 \8 \
& R Y, &
\\s _-
+
dP
FIGURE 9.1. One-loop corrections to the (a) ®®, (b) ®*®*, and (c) PO* superfield

propagators.
ponent fields. The final diagram, Figure 9.1(c), is proportional to
[a*xa*x a0 a0 4470 58)6(0)
x O(x,0,0) exp[i(6™0 + 0'0™F — 206™0')0,*]
x Ap(x — x') exp[i(0™0 + 0'c™0 — 200™0) 0, Ap(x — x')
x ®*(x,0'9)
= f d*xd*x'd20d*0AH(x — x)(x,0,0) exp[ — 2i00™0 3, 10* (x',0,9).
(9.16)

To obtain this result we have integrated over the d-functions, replaced
@ by 0, and integrated by parts. The Az? in the expression above leads
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66 IX. SUPERFIELD PROPAGATORS

FiGURE 9.2. All tadpole graphs vanish identically.

to a logarithmic divergence which may be absorbed into a logarithmically

divergent wave function renormalization.

It is easy to see that all closed-loop diagrams vanish when they contain
only ®® or ®*®* propagators. This follows immediately from the fact
that they are proportional to 6(0) in 6,6 space. In particular, there are
no non-vanishing tadpole graphs in this theory (Figure 9.2). Similarly,
there are no finite nor infinite contributions to the coupling constant

renormalization (Figure 9.3).

The superfield propagators (9.13) and (9.14) may be obtained directly
as superspace Green’s functions for the free-field equations. To see this,

we write the free-field Lagrangian (9.10) in the following form:

1 DD DD

&L = f{dmp - §m<<1>—<1> + o Em*)}d“xdzed’?i

O

—_ 1 + (D 4 2 2
= fz(d),d) ).,I{(q)+>d xd*0d?9,

where
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A

d

PR ~q 9”
/ \
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@@ ‘\ / @@
\ 7/

\\ ’/

FIGURE 9.3. There are no non-vanishing corrections to the ®3 and ®*3 couplings.

67

This expression is valid because d*8 is equivalent to —4DD under an
x-integration, and because t5(DDDD/[]) is a projection operator on

chiral fields:
1 DDDD o
‘l'g—l]——d) = (I) lf DO = 0
) L DDDD ~o.

16 O
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If we wish to derive field equations from (9.17) by a variational principle,
we must take into account the fact that the chiral fields ® and ®* are
subject to constraints. We do this by varying ® and ®* in the y and y*
bases:

o

55055 20 = 3 — )30 ~ ). ©.19)

In these bases the field variations automatically remain chiral. We may
use this result to find the variations of ® and ®* under full superspace
integrations:

5 Lyl QN 4. 120 12T
5®(x,0,0) f O(x,0,0)F(x',0',0")d*x' d*0' d*0

5<I)( 0)f (y,0)F(y — i0'60,0,0)d*y d*0 d*0'

= [6(y — y)6(6:— O)F(y — i8/D, 0, B)d*y 46" 4°0
= f F(y — i858, 6,0)d%0

~ L 5bFx0). 9.20)

N

Here ®(x,0,0) = ®(y,0), where y = x + i0s0. Equation (9.20) may be
summarized by a formal rule:

) R g / s .
500, 6,9) 200-0) = =3 DD6(6 — 0)6( — B)6(x — x).  O21)

H

This rule reproduces (9.20):

oD(x 05) I‘D(" 0.0)F(x,0,0)d*x d*0' d*0'

= f—% DD5(6 — 6)6( — 8)5(x — x)F(x,0.8)d*x d*¢' d*¥

L 5bFx09). 9.22)

H

Here we have integrated by parts to obtain the final result.
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The free-field Euler-Lagrange equations are found by varying (9.17)

according to (9.21):
1/D?* 0 (0]
_4_1<0 D2>'//{<(I)*> = 0. (9.23)

These equations may be simplified with the help of (9.18):

m® — - DDO* =0

BN

(9.24)

1
md* — ZDD(D = 0.

Here we recognize the field equations for a massive chiral multiplet, first
encountered in Chapter IV, Exercise 7.

We may always couple chiral superfields to classical external sources.
For chiral sources,

D,J =DJ* =0, (9.25)

a

we find the following Lagrangian

_1pr
1 ) 40 J _
P=|J_ + + 4, 120 12
| S (@0 )//I(¢+>+(®,® ) O 5 <J+> d*xd*0d%0
Tag

(9.26)

1/D* 0 0] J
D) e

The superfield Green’s function is defined in analogy to (9.27):

and field equations:

1(D* 0 4
Z( 0 D2>J/IA = - |90 = 080 = 9)8(x - x).

(9.28)
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The é-functions are multiplied by the operators —D? and —1D? because
(9.27) has a solution only for chiral sources. The superfield Green’s
function A gives ® and ®* in the presence of J and J*:

_Lp?
q) ' o B 4 D J ' 320 127
<q>+> - _fA(x,e,y;x 0.9) . | p? (J+>d"'x d26'd*9.

“ag
(9.29)

In order to solve for the Green’s functions, we exploit the algebraic
properties of the chiral projection operators

1 D*D? 1 D*D?
Py =—— =—— .
T T & (9.30)
by introducing three additional operators:
D? D? |
P+ = 4_[__.]—‘% P_ = @ PT = —’EDD D. (9.31)
After a short calculation, one may quickly confirm
Py + P, + Py =1, 9.32)
as well as the following multiplication table:
P, P, P, P_ P
P, P, 0 P, 0 0
P, 0 P, 0 P_ 0 (9.33)
P, 0 P, 0 P, 0
P_ P_ 0 P, 0 0
Py 0 0 0 0 P

With this multiplication table, we may readily express the differential
operator of Eq. (9.28) in the following form:

1/D* 0 1/D* 0 P, O

t = _ . 9.34

4(0 DZ)“” 4(0 DZ)"”(O P1> 034
Using (9.34), it is easy to show that

A= (P 2 0 )Jl“&(() - 0760 — 0)6(x — x) 9.35)
0 P,
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IX. SUPERFIELD PROPAGATORS 71

is the Green’s function for (9.28). The additional projection operators
insure that A is the propagator for chiral superfields.

To find A, we must first invert .#. This is easiest if we expand it in
terms of the P-operators:

m
T 0 0 0
M= P, + P_
0 0 0o -
Dé
0 1
+ (1 0) {P, + P, + Pg}. (9.36)

The inverse of any operator of the type

X = AP, + DP, + BP, + CP_ + EP;

9.37)
is given by
X—l = [A - BD—IC]*IPI + [D - CA_lB]_IPZ
— A7'B[D — CA™'B]"'P,
— D7'C[A4 — BD-!C]™*P_ + E™'Py, (9.38)

provided 4,D,E are all invertible. This may be shown by direct multiplica-

tion or by use of the P-operator representation given in Exercise 7. With
this result, we find

0 1 0 O
%—1“— D P1+ D—'mz P2
a-m 1 0
0 0 m O
I 0 01
4 _ 2
tHy moo |ees[TT Oei (] )
00 - m? 0 0
m O O
Dﬂ:]-—mzp— P1+D_m2P2+PT
= (9.39)
O m 0O
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72 IX. SUPERFIELD PROPAGATORS

According to (9.35) and the multiplication table (9.33), the propagator A

becomes
m O O
Fo-m - g-mb _
A= . O d(x — x)3(0 — 050 — 0)
m
20 g 2P
O —m 00 -m
mo, 1
1 4 b 16D D )
:.,Dﬂ: | dx — x)o(0 — 0)6(0 — 0)
2 n2p2 2
16D b 4 b

(9.40)

To compare this result with the previous propagators (9.13) and (9.14),
we must compute the spinor derivatives of the d-functions:
D0, — 0,)* = —4exp[ —i(0, — 0,)6"0, 0,"]
D,*®,-8,)* = —4 exp[i0,0"(0, - 0,)0,']
D,?D,*6, — 6,)*(0, — 0,)* = 16 exp[i(0,6"0, + 6,0"0, — 20,6"0,)3,"]
D,2D,%(6, — 0,)*®@, — 0,)* = 16 exp[ — i(0,0"0, + 6,08, — 20,5"0,)4,'].
(9.41)

The proofs of these relations are left to the reader as exercises in straight
differentiation. Substituting (9.41) into (9.40), we find

sowlan i
where

Ay, = —mé(0 — 0)exp[i(6c"0 — 0'6"0)0,]

Ay, = exp[i(0c"@ + 0'¢"0 — 205"0')0,]

Ay, = exp[—i(6"0 + 0'6"0 — 20'6"6)0,]

Ayy = —md(0 — 0') exp[ —i(06"0 — 0'6"0')(,]. (9.43)

This result is identical to (9.13) and (9.14). In (9.42) we replaced 6 [ 8] by
0’ [0'] whenever it was multiplied by 6(6 — 6') [6(8 — )].
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Having gained some experience with superfield methods, we shall now
compute the propagator for vector superfields. We start with the usual
Lagrangian,

1 1
L = F WWoloo + 2 WalV¥(ag + m?V|oggs, (9.44)

as outlined in Chapter VI. To this we add the gauge fixing term
—3&D?V)(D?V). This term yields a piece proportional to (9,,b™)? in the
component Lagrangian.

To find the propagator, we write the action as an integral over
superspace:

¢

2= {“—1 W*W, 5(9) +-} W 6(0) +m*V? —2 (DZV)(DZV)}d“xd’Bd’U

¢

1 I
= f {g VDD2DV +m*VV — = V(D*D? +D2D2)V} d*xd*6d*0

16
= f (V[=OPy+m*P, + P, + Py)— &P, + P)1]V}d*x d20 %0
= [vavaixar9a®d.
9.45)
The Euler-Lagrange equations are found from a variational principle,
NV =0, (9.46)
and the superfield Green’s function is defined in the usual way:
HNA = 8(x — x)5(0 — 6)560 — 0). 9.47)

Note that we choose to invert A" and not 24" as might be expected from
the Lagrangian (9.45). This normalization of the superfield propagator
leads to the usual normalizations for the Green’s functions of the com-
ponent fields. Solving for A,

A=N¥"15x — x)6(6 — 6)6(0 — 9), 9.48)

inverting A,

1 1
P
T+m2—§

0 (Py + Py), 9.49)
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74 IX. SUPERFIELD PROPAGATORS
and using (9.41),
(Py + P,)6(x — x) 6(6, —6,) 6(8, —8,)

1 a2y -—
=Eﬁ (D12D12 + D12D12)6(x - x’)é(gl - 92)5(91 — 92)

= flj exp[i(0,6"0, — 0,6"9,)3,][4 + (6, — 0,)%(@, — 8,)*] 6(x — X)),

Pro(x—x')0(6,—0,)6(0,—8,)
=(1-P,~P,;)d(x—x)8(0,—0,)6(0,—8,)

1
= _’Z_D" exp[i(6,0"0, — 0,6"0,),]
x [4— 00, — 0,)*(@, —8,)*] 6(x — x), (9.50)

we find the propagator for the vector superfield:

1
A = ——2—[7:1— exp[i(ozo'"yl - 010"62) an]

1
9 {‘—E‘ﬁ? [4 — 050, — 6,)5@, — 0]

1
~ g oz 4+ 0906~ 0,)80, — 92)]}5(x1 — x2). (9.51)

REFERENCES

K. Fujikawa and W. Lang, Nucl. Phys. B88, 61 (1975).
S. Ferrara and P. Piguet, Nucl. Phys. B93, 261 (1975).

EQUuUATIONS
%y = f{d)*d) + %m(D(D(S(U) + %m*(b*d)* 6(0)}d26d29
= A*[JA + i0,yo™y + F*F

+ m<AF + A*F* — %w - %./7&). (9.10)
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{O|T{A(x)A*(x)}|0)> = iAp(x — X')
COT{A)F(x)}[0> = <O[T{A*(x)F*(x')}[0)

= —imAp(x — X')
COIT{F(x)F*(x)}|0> = i Ag(x — X))
COT{YLe WP (x)}0) = 8.’ mAp(x — X)) 0.11)
COIT{FA W 4(x)}0) = i0%sm Ap(x — x')
COIT{YalW ()} 0D = 0up™ O Aplx — X))

Ap(x) =

0O - m*
{O|T{D(x,0,8)®(x",6',8)}|0>
= —imé(0 — 0) exp[i(06™8 — 6'6™F)d,*] Ap(x — x')

O[T{®™* (x,0,5)®" (x,0,8)}0) ©13)
= +imdé@ — ) exp[—i(66™0 — 6'0™0)0d,*] Aplx — x).
O[T{@(x,0.0)D* (x,68)}|0>
= iexp[i(0™D + 0'6"0 — 206™9)0,*] Ap(x — X). 9.14)
_ + __1 bD + éé + 4,920 42
.sfo_f{w ® Sm((DD(D+CD =0 )}dxdedii
_ 1 + D\ 4 202
= fz(‘p’d’ )./t((p+>d xd*04%g,
Imoop 1
M =| 40 |
1 —-2bb
40 9.17)
E) R
m)w(x,e,y) = —3 DD - 6)8@ — #)3(x — x). (921)
1 D2
1(D* o© 2 0
ilo p2)#A=- |50 = 8160 = )i — x).
0 -ZD?

(9.28)
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76 IX. SUPERFIELD PROPAGATORS

1 D*D? 1 DD?
Pl - E D ’ 2 = R 0 . (9.30)
D? D? -

Ao <P2 0 ),/,-la(e — 0)6@ - T)o(x — x).  (9.35)
0 Pl

m _ 1 _
DZ 2n2
2 — DD

A 1 16
= T 8(x — x)8(8 — 060 — 7).
TR
(9.40)
£ =f {% W“Wa,6(9)+% VKWia(e)+m2V2—§ (BZV)(DZV)}d“deBdZH

= [{(V[~OPr+mX(P, + P, + Py)— (P, + P)TI]V} d*x d?0.d°9

= [vrvatxaroas. (9.45)
N = 5(x — x)8(0 — 0)6@ — T). 9.47)

1
A= 20 exp[i(6,0"0, —60,6"0,)0,]

1

1
~ sy [4+000:-6,)50, —Gz)l}aocl xy). ©51)

EXERCISES

(1) Use definition (9.1) to show that ' = an implies dy’ = a™'dn.
(2) Check that [f()d(n ~ p)dn = f(p).
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(3) The bosonic part of Lagrangian (9.10) may be written as

(A*,F)Jt({), whereJﬂ:(D m)‘
F m 1

Show that the AA*, AF, A*F* and FF* propagators are given by
the inverse of this operator.

(4) Compute the ®*®* and PP ™ propagators.

(5) Verify that the kinetic part of the chiral Lagrangian may be written
as follows:

f O(x,0.0)D" (x,0,0)d*x d*0d*0

- f B(x,0,0)e ~ 2900m@ * (x,0,0) d*x d260 d>8.
(6) Show
fF(x,B,g) d*xd?*0d?*6 = f < - %) DDF(x,0,0)d*x d*0
1 _ _
- f <_3> DDF(x,0,8)d*x d*@.

(7) Confirm the multiplication table (9.33) and show that these operators
have the following matrix representation:

o - O O O O

P, = P,

S o O
S O o O - O
O OO O O O

PT=

~
+
I
S OO OO O ©O o~
-0 O O O o O oo
~v
|
I

O O O OO -

(8) Prove (9.38) by direct multiplication, using (9.32) and (9.33), or by
using the P-operator representation given in Exercise 7.
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A B
x= (e o)

show that the inverse matrix X ~! is given by
Z'Y
X 1=
(v v)

Z=(A-BD'C)™!

(9) For any matrix X,

where

U= -D"'Cz
V=(D-CA'B)!
Y= —-A"'BV,

provided A~ ! and D! exist. Compute the inverse if only B~! and
C~ ! exist.
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X. FEYNMAN RULES FOR SUPERGRAPHS

In this lecture we shall derive the Feynman rules for the supersymmetric
@3 model,

1 1
_ 20 42 + 29| = 2 il 3
& = fd 0400 D + {fd e[zmcb +399 ] + h.c.}. (10.1)
These rules may be applied to all chiral models and extended to super-
symmetric gauge theories as well. We shall find that the effective action
may be expressed in terms of one d*0 = d260 d*0 integration of the follow-
ing form:

f %9 f d*x, - d*%,Fy(x.00) - - Fo(x, 00)G(xy, - - ., %), (10.2)

The function G(x,, ..., x,) is translationally invariant and the F’s are
products of superfields and their derivatives. No factors of []~! appear
in the Fs, so for chiral operators the d*f integration cannot be converted
into a d*0 integration without introducing spacetime derivatives (see
Exercise 2). This leads to the surprising result that mass and coupling
terms of the d26 form are not renormalized in supersymmetric theories.
Furthermore, no higher-dimensional momentum-independent chiral
operators are induced in the effective superpotential to any order in
perturbation theory. Equation (10.2) also implies that all vacuum-to-
vacuum diagrams vanish. This is because expressions of the type (10.2)
without any superfields are immediately annihilated by the d*f integration.

Before deriving the Feynman rules we will give a short derivation of
the generating functional

<o Texpi f d*0d*x [J(z) <—1 22-) O(z)

40
+ J*(z)(—% g)fb‘”(z)] 0>

i |d*xLim i,‘o_;
A esalar s )ZO[J,J*f] (10.3)

Z[JJ*]
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for superfield Green’s functions

GM(ZY, ..., M MHL 2N
o o 0 o
— (N ... . +
(=9 8J(zY) 8J(zM) 6JF(zM 1) 8J*(zN) 27 ]J=J+=O.

(10.4)

Here Z,[J,J*] is the generating functional for free superfield Green’s
functions and z' = (x',0',0') is an element of superspace. Equation (10.3)
may be verified explicitly in terms of component fields. We shall take
another tack and derive it directly with superfields and superspace
techniques.
In the previous lecture we calculated the free-field two-point functions:
OTOD()0) = =z As(2:2)3(x — X)

OTO(AIOF()0) = F—pmz Aralz2)3lx — x)
D——lnF Ay(z,2)8(x — x)

(10.5)
(OTO,(2)®3 ()]0 =
(OT®; (2)0o(2)]0y = D——iW Ayy(z2)d(x — ).

The right-hand side of the equation includes the matrix elements A;; of
Eq. (9.43). These two-point functions may all be obtained from the free
generating functional

<0T exp i fd“f)d“x[J(z (—%%)d)o(z) +J (z)<—1%2>d>0 (z):l

= — 2 g%0 44+ 340" 44 i
— exp zfdod a0 a5

ZoJJ*]

0)

_ipE
40 A, A
x J ,J+ : 11 12>5 !
LU(2),J*(2)) . 1B <A21 A, (x — x)
4O
_ip?
9 400 ) J(z)
0 lD_
ag (10.6)
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This functional generates all free-field Green’s functions as sums of
products of two-point functions A. With the help of (9.40), (9.18), and a
few integrations by parts, we find

Zo[JJ*] = exp — % f d*xd*0d*x' d*0' (J(2),J *(2)) Agrs(2,2) ( JJ“L(fz,')’)>’

(10.7)

where Aggg is the propagator introduced by Grisaru, Rocek, and Siegel:

mD?
Agrs(z,2) = _L (40 5z — 7). (10.8)
©oO-ml ) mD
40

We may differentiate Z,, with respect to J and J* using the rule (9.21):

o
1 5‘](2) 4.1 340 1 All A12 ’
i s ZO—--fclxd@—-—':]_n’ﬂ(A21 A22>5(x—x)
8J*(2)
1 \/ D*J(2)
x <_&E)<DZJ+(Z)>Z°’ (10.9)

From this we find a functional equation for Z,

o
1/D> 0\ 1| 6J@) @)
6J*(2)

Here we have used (9.28) and (9.18).
We may generalize this equation to the case of interacting fields. For
the @3 model, the field equations

1/D* 0 () ®? J
(5 2)el2) () () o
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lead to the following equation for Z:

o (ris)
1(D* 0\ 1| 8@ | |(J@) 2 i 6J(z)
Z(o DZ>“”? 5 |27 <J+(z)>+g o 15
8J*(2) < ‘?5J+(z))
(10.12)

Note that we have introduced projection operators in (10.12). We could
have done this in (10.11), but there it is obvious that ® is chiral

P,0 =0, P,0*=0". (10.13)

The chirality of the functional derivative is less explicit, so we choose to
keep P, and P, in (10.12).
To solve for Z, we first compute the commutator

AN 1 N,
= 3(—1>52 {(P L>2 o(z — z')} (10.14)
4 25J(z) S

The last step is possible because DP, = 0. Integrating over d*6d*x,

[fdzod‘* J( ) —3fd40d4x5( _»(p, 2 i
51() z 251(2)

=3(P o Y 1
- (2%)) (10. 5)

and using

T e G AN
:sfdxde(}’zié—l(:,)>

_:9 4.0 2 1. 6§
. xIdxd&(Pz“”( )>

J(2)e

1 5 \?
= J(2) + g(Pz =3 J(z)> , (10.16)
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we cast Eq. (10.12) in the following form:

5
152 0 ‘///l 8J(2) Z=e.-fdax'szu,(%.5}’%)< J(z)>
4\ 0 D? il s J*(2)
8J*(2)
—i ﬁ%mjnig
X e Js (“’)z. (10.17)
This shows that
—id%ﬂmﬁq;;
ZfJJt]=e et iy >Z[J,J+], (10.18)

since the right-hand side satisfies the free equation (10.10). No normaliza-
tion factor is needed because of the fact that all vacuum-to-vacuum
diagrams vanish. With (10.18) we have proven (10.3) and solved for the
generating functional of an interacting chiral supersymmetric theory.

Having found the generating functional, we shall now derive the
Feynman rules. We begin by recalling the relation between the Green’s
functions and the generating functional:

GM(Z, ..., M M 2N
P AU N PPN < )
B 0J, 0o ey 0Tt N 2o K!
x fd“x".%,,,(é 0 )zO[J,ﬁ]

Ji' Ik

(10.19)

J=J*=0

The factors of
6 O
4 K:Z
J‘d X in!(JK’ JK+>

generate vertices at zX. The derivatives in .Z,, act on previous derivatives
and on Z, itself. Each derivative acting on Z, creates a new propagator
at zX. Each derivative acting on a previous derivative connects an existing
propagator to zX. In this way every new vertex is completely saturated
with propagators.
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As an explicit example, we consider a term in ®3 theory in which two
new propagators are created at the point z:

, a1 s )3
lfd“'Xd 0{71"2 W} ZO
=ifd4xd20 Tp, 0 U(-L1p fd“x’d"@’ =
i 26J(z) 4 O - m?
'"D25 - 2)J(EZ) + 6 VJ*(z
“\2g (z = 2)J() + é(z — 2)*(2)

1_2 4 1 3401 —l
x[(—ZD)fdde 0=

x <TDE2 0z — 2)J(2") + 6(z — z')J +(Z")>:|ZO

4
1.6
_ 1 4 4 - o
= zfd xd a{ip2 M(z)}
—' 2
x [ f a4 = _'m2 (%’-%5& — 2)()

+ 8z - z')J*@)][("% 52> [eae 570

X (’-}% 8z — 2)J(") + 8z — z“)J*(z"))] Zo.  (1020)

Here we have used (10.7) and (10.8) for Z,,. The last step (changing the
d?6 to a d*0) was possible because of the chirality property of each factor.
Note that we also used the fact that

1) 4 an 1 mD?D?
6J(z)ded9 O-m16 0O

o(z — z)J(z)=0. (10.21)

Such a piece corresponds to a closed @ tadpole in a Feynman diagram.
The proof that (10.21) indeed vanishes is left to the reader as Exercise 7.

The effective action is computed from the one particle irreducible (1PI)
Green’s functions. In general, 1PI diagrams have at least two internal
lines leaving every vertex. The external legs of the 1PI diagrams are
amputated with inverse propagators. They are then multiplied by the
superfield amplitudes ®(z) or ®*(z). This leads to the following Feynman
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rules:

(1) For each external line, write a chiral superfield @(z), @ (2).

(2) At each @ vertex with two [three] internal lines, include factors
of —1D? acting on one [two] internal propagators. At each ®*2 vertex,
include similar factors of —4D2.

(3) Write a factor of 4g for each vertex, and integrate |[d*xd*6 over
each vertex.

(4) Use Grisaru-Rocek-Siegel propagators for ®®, ®*®*, and ®*®
internal lines. These are given in (10.8).

(5) Compute the usual combinatoric factors for an 4> theory. This is
most easily done directly from (10.3) and (10.4).

Let us now use these rules to follow the 6-integrations around an
arbitrary closed loop. The Feynman rules and the GRS propagators
combine to give an expression of the following form:

(D 2YH(D 2 6(12)(D,2Y*(D,2)2 8(23) - - - (D,*)™(D,*)" 6(n1).  (10.22)

The exponents 7,,k; are either zero or one, and §(12) = §(9, — 0,) (8, — 8,).
For a general loop, the D and D factors might appear in the opposite
order. However, any higher powers of D? and D? may be reduced to the
above form, up to powers of [(J:

D*D*D* = 16[1D*?

D*D*D?* = 16[1D>.
Of course, for the effective action, the above expression is multiplied by
superfields for external legs and GRS propagators for adjoining closed
loops. It is also integrated over d*x, d*0, - - - d*x,d*6,. The final expres-
sion is evaluated by removing the D and D derivatives from one J-
function after another by partial integration. This introduces new
derivatives on the lines that leave the loop. It also introduces a certain
number of derivatives on the last é-function, say é(nl1). All but one of the

0-integrations may be performed with the aid of the é-functions 6(12), . . .,
d([n — 1]n). This leaves a factor of

(10.23)

Ja46.021 (D156, - 0,60, - B, _, (1024)
61=0n
or
f d*0,(D*D? 86, — 6,)6®, — By, _, - (10.25)

61 =9.,.
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These expressions vanish unless k = ¢ = 1. In this case, we find

fd“(),.Dzﬁz 80, — 6,)6(0, — 91)|01=9
,=9,

= fd‘B"EZDZ (6, — 6,)0(0, — 91)‘91_0
o

16 f d*e,, (10.26)

as follows from (9.41). The whole loop in #-space has shrunk to one d*6
integration. This process can now be carried over to the next loop and
we finally arrive at the result (10.2). Note that (10.2) is true for each
diagram, and as a consequence, for any particular sum of diagrams as
well.

REFERENCES
M. T. Grisaru, M. Rocek, and W. Siegel, Nucl. Phys. B159, 429 (1979).
B. A. Ovrut and J. Wess, Phys. Rev. D25, 409 (1982).
EQUATIONS
L = fdzf)dzad)*(b + fdze 1—m(I>2 + 1g<1)3 + hcp. (10.1)
2 3

2
Texpi [d*0d*x |:J(z) <—1 —D—> @(z)

40
0)

Z[JJ*] = <o

+ J*(z)(-% %)Q*(z)]

K]
i fd‘xﬂ’i,, (5. H;)

= Zo[JJ*]. (10.3)
GM(Z, ..., M, M+ 2N
0 o 0 o
— NN e e +
= ( l) 6.](21) 5J(ZM) 6J+(ZM+1) 5J+(ZN) Z[J,J ]J=J+=0
(10.4)

J*(Z)
(10.7)

Zo[J,J*] = exp — % f d*x d*0d*x d*0'(J(2),J* () As(z,? (J(:’) >
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m D?
1 40
Agrs(2,2) = ——— oz — ). 10.8
GRS( s ) D _ mz 1 mDZ ( ) ( )
4 O
EXERCISES

(1) Show that (10.2) is supersymmetric.
(2) Use (9.18) to show that

1
fd“xd“@d)(—z D2> J = fd‘*deeq)DJ

for ® and J chiral.

(3) Demonstrate that the generating functional (10.6) gives the two-point
functions (10.5).

6 n .
(4) Compute [(Pl 5F> ,J ]

(5) Verify (10.16).

(6) Compute Fé(,; Z,. Use this to check (10.20).

(7) Prove that (10.21) does indeed vanish.

(8) Use the Feynman rules to calculate the diagrams of Figure 9.1. Show
that (a) and (b) vanish and that (c) leads to a wave function
renormalization.
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In this chapter we shall study a nonlinear realization of the supersym-
metry algebra. This will introduce us to superspace differentials and
provide a natural transition to differential forms. It will also demonstrate
that supersymmetry may be realized entirely in terms of fermion fields.
In fact, we shall construct a local supersymmetric Lagrangian from a
single fermion field. We shall see that this nonlinear Lagrangian is highly
non-renormalizable. It does not, therefore, change the pattern of Bose-
Fermi symmetry in renormalizable supersymmetric field theories.

Nonlinear transformations for fermion fields are reminiscent of the
nonlinear transformations for the Goldstone spinors in Chapter VIII.
We shall see that the nonlinear Lagrangian gives rise to spontaneous
supersymmetry breaking and that the fermion field is indeed a Goldstone
spinor. The nonlinear Lagrangian is quite useful for studying the super-
symmetric Higgs effect in supergravity theory. The supersymmetric Higgs
effect occurs when the spin-} Goldstone fermion combines with the
spin-3 partner of the gravitational field to form one massive spin-3 field.

To derive the nonlinear transformation law, we first consider the
supersymmetry transformation (4.3):

x' = x + i(0a& — o)
0 =0+ ¢& (11.1)
0 =0+ ¢

This transformation induces a nonlinear realization on the spinors 6
and 0. We shall generalize this transformation to arbitrary spinor fields
A(x) by drawing an analogy between § and 4, 6 = xi:

(11.2)
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From (11.2) we may compute the changes of the fields at the same space-
time point:
0% = A%(x) — 2%(x) = — & — k(A" — £a™) Ot
(11.3)

Rl R

8cds = Xalx) — Tx) = =&, — ik(Ao™E — £0™7) 0, 2;-

After some algebra, which we leave to the reader as Exercise 1, we find
(6,0, — 8:0,)2* = —2i(na™¢ — £a™7) 00" (11.4)

This verifies that (11.3) does indeed realize the supersymmetry algebra (I).

Before constructing an invariant Lagrangian, we first examine the
differentials dx, d0, and d0. These transform as follows under general
coordinate transformations in superspace:

x™ = x"(x, 6, )

g+ = 0'(x, 0, 9)

0, =10,x20,0)
dx™ = dx" 6);:’ + do’ % + do, %’—?
do* = dx" ‘Zi“ + do’ g‘;” + d&% (11.5)
o, = dx" aaZf + do® %Z—“ + do, ‘;g"

Here one should note the summation convention for the spinor indices
and the placement of the differentials to the left of their coefficients.

For (11.1), this becomes

dx™ = dx™ + idOc™E — iéo™dl
do* = 46+ (11.6)
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It is easy to find a combination of differentials
e* = dx® — id0c"0 + i05°d0
e = dob* (11.7)
€y = dgd

which is invariant under (11.1) and (11.6):

€% =dx°® — id0c'0 + i0c*dl
= dx® + id0c°E — it6°d0 — id0c°0 — idOc°E + i00°d0 + iéo°dO
= é°. (11.8)

Substituting 6 = k4 and df = x(04/éx™)dx™ into (11.7), we find
e* — dx"[5," — ix?0,A0°% + ik?A0°0,A4] = dx"A,". (11.9)
A short calculation shows
0:A," = iK(E0" Ol — 0, A0"E)A," — iK(A6"E — £0"R)0,4,,". (11.10)
With this transformation, the Lagrangian

1

Q:

yields an invariant action

I

d:det A = det A Trd,AA™"

— ik 0,,[(A6™E — E0™A) det A]. (11.12)

From (11.9), we see that £ describes one massless spinor A:

! .
&L = —53 " %(lo"‘ Ot — 0,,A0™7) + [interaction terms]. (11.13)

The constant x spontaneously breaks the supersymmetry. It also leads
to a non-vanishing vacuum expectation value for the Lagrangian. This
gives rise to a cosmological constant when (11.11) interacts with a gravi-
tational field.
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REFERENCES

D. V. Volkov and V. P. Akulov, JETP Lett. 16, 438 (1972).
S. Deser and B. Zumino, Phys. Rev. Lett. 38, 1433 (1977).

EXERCISES
(1) Use (11.3) to compute
0,0:4 = —i(ne™E — E6™7) O
— k*{(Ao™E — Ea"2)(AG" — N6"7) Ol it
+ (A6™E — E0™E)(A0™ — O™ Cpt) Ot
+ (Ad" — no"7)(0,40"E — E6™ O,h) O}
Note that the terms in (11.3) quadratic in 4 come from a shift in
the argument x. Verify the closure relation (11.4).

(2) General transformations in superspace

X" = x"(x, 0,0)
" = 04(x',6,0)
yﬂ = y“‘(xl, 0/, g/)
induce the following transformations on the partial derivatives:
o _ o o a0
ox™  ox'™ox"  ox'™o0” | ox™ a0,
8_6x"6+69“6 a9, o
36" ~ 30" ox" 0™ a0 | a6 a0,

0 _ox 4 o5 b 8
00, 0x" ' 80, 00° 00, 00,

Show that this, together with (11.5), gives

d o 0 G o @
m__~ w L — m m L
A" g+ 40 g+ B g = X7 A0
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(3) Write e%¢%e, of Eq. (11.7) in the following form:

€ = dx"e," + df’e," + db,e™
e* = dx™e,* + df%e,* + df,e™

e; = dx™e,,; + db%e,, + dbe";.
Show that
e =0,", e = —io, 0", &= —ig*f,
e’ =0, e’ =207, e =0
€y = 0, €us = 0, e“d = 6ud.

(4) Compute

6§Aba = iK(éO'a abz - 0,,/10‘"2)
+ K3(AG"E — Ea™7) 0,(Ac® O] — B,A0%7)

+ K3(OpA0™E — E0™ BpA)(A0® Oph — OpAGA).

Use this to prove (11.10).
(5) Use 9/0x™ det A = det A Tr 9,,AA~" to verify (11.12).
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Supergravity theories have been successfully formulated in terms of dif-

ferential forms in superspace. This is not surprising, for supersymmetry

transformations are among the general coordinate transformations of

superspace. It is natural, therefore, to introduce supergravity in a way

which is manifestly covariant under such coordinate transformations.

This leads us to extend the concept of differential forms to superspace.
The elements of superspace are denoted by

M~ (x"048,). (12.1)

The capital letter M represents the four-vector index m as well as the
spinor indices u and g M, m, and u are all upper indices, while /i is a
lower index. Elements of superspace obey the following multiplication
law:

M = (=)mNM, (12.2)

Here n is a function of N and m is a function of M. These functions take
the values zero or one, depending on whether N and M are vector or
spinor indices.

Exterior products in superspace are defined in complete analogy to
ordinary space:

dM A dZN = —(=)y™dzN A dzM

dzMzN = (=ymNdzM.

(12.3)

With this definition, differential forms have an obvious extension to
superspace:

Q=dzM A AdM Wy, (2). (12.4)
The differentials are written to the left of the coefficient function and the

indices are labeled in such a way that there is always an even number of
indices between those being summed. From now on we shall drop the
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symbol A for exterior multiplication. This is not ambiguous because we
know no other way to multiply forms.
Functions of the superspace variable z are called zero-forms:

F(z). (12.5)

One-forms are written as
A = dMWy(z) = dx"W,(z) + d0*W,(z) + dO,WH(z),  (12.6)

while Q in Eq. (12.4) is a p-form. Note that the definition (12.3) leads to
coefficient functions of mixed symmetry. Thus, in contrast to the usual
case, there is no value of p above which all forms vanish.

We shall always assume that coefficient functions with an odd number
of spinorial indices are fermionic in character, and that those with an
even number of spinorial indices are bosonic. These assignments repro-
duce the familiar rules for the multiplication of forms:

(c1Ay + coA)Q = ¢, A Q + c,A,Q
AQ = (—)PQA 12.7)
AQE) = (AQ)E.
Here we have assumed that A is a p-form and Q a g-form.
Having defined superspace forms, we must also introduce exterior
derivatives. Exterior derivatives map zero-forms into one-forms,
0

dF = dzM 5

F = dzd,,F, (12.8)

and p-forms into (p + 1)-forms,

Q= dM - dzM"WMp‘..Ml(Z)

, v O (12.9)
dQ = dz" - - - dzMr dz 3 W, - m,(2).

In general, exterior derivatives have the following properties:
dQ + Z) =dQ + dX

d(QX) = QdX + (—)1dQX (12.10)
dd = 0,
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where X is a g-form. Equations (12.8) and (12.10) follow immediately
from (12.3), (12.4), and (12.9). Alternatively, it is possible to define exterior
derivatives through (12.8) and (12.10). This is done in Exercise S.

Equations written in terms of differential forms and exterior derivatives
are covariant under coordinate changes. To see this, let us assume that
y and z represent two sets of superspace coordinates:

WM o= yM(z). (12.11)
Functions of y have a natural mapping into functions of z:
F(y) = F(y(z)) = ¢*F(2). (12.12)

If we maintain that y and z label the same point in superspace, the defini-
tion of ¢*F in (12.12) guarantees that a certain quantity takes the same
value at the same point, independent of labeling scheme. In a similar
fashion, ¢* induces a natural mapping between p-forms in the two
coordinate systems

Qy) = dyM - dyM Wy, ()

oyM: oyMe
=<dZN, P >WMP,,,Ml(y(z))

oz ozN»
= dZN1 tt dZNp¢*WNp Lo Nl(:)
= $*Q(2). (12.13)

The map ¢* enjoys the following properties:

(1) ¢*Q + ) = ¢*Q + ¢*T
(2) ¢¥(Q2) = ($*Q)(¢*Z)
(3) d(¢*Q) = ¢p*(dD). (12.14)

The proofs of (1) and (2) are straightforward. The proof of (3) is left as
Exercise 10. These properties make a formalism based on differential
forms and exterior derivatives automatically covariant under coordinate
changes.

The mappings (12.12) and (12.13) simplify for infinitesimal coordinate
transformations:

M= M 4 M (12.15)
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In particular, we find

0F(z) = ¢*F(2) — F(2)

— _ELO,F() (12.16)
for zero-forms and
OWy(z) = ¢*Wy(z) — Wy(2)
. 22
= =& UW(e) = 5 Wile) (12.17)

for one-forms. These expressions may be easily generalized for arbitrary
p-forms Q.

Gauge theories are not only covariant under general coordinate trans-
formations. They are also covariant under a local structure group. This
is a compact Lie group for Yang-Mills theories and the Lorentz group
for gravity theories. In general, differential forms span a representation
of this group:

Q° = QPX,%(2)
Q = 0x.

(12.18)

The index a runs from 1 to L, where L is the dimension of the representa-
tion X of the group.

Objects which transform linearly under a representation of the struc-
ture group are called tensors. Note that exterior derivatives do not map
tensors into tensors:

dQ = QdX + dQX. (12.19)

A connection must be introduced to compensate for the inhomogeneous
term QdX. Connections are Lie algebra valued one-forms

¢ = dzMp N 2)iT" (12.20)
with the following transformation law:
¢ =X"1¢X — X 'dX. (12.21)

In (12.20), the matrices T are the hermitian generators of the structure
group, and r runs over the dimension of the algebra.
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Connections allow us to define covariant derivatives,
2Q = dQ + Q¢, (12.22)
or, more explicitly,
2Q = dz2N9 Q0

d
= dzM1 - - dzMe 2N P Wi, - m,(2)

+ dle e dZMP dsz)NrWMp C. Ml(Z)iTr (12.23)

for Q a p-form. Covariant derivatives map p-forms into (p + 1)-forms
and tensors into tensors:

2Q = dQ + Q¢
= QdX + dQX + QX(X " '¢X — X~ 'dX)
= (dQ + Q)X
= (20)X. (12.24)

There is one tensor which can be constructed from the connection and
its derivatives. It is called the curvature tensor:

F=dé + ¢6. (12.25)

The curvature tensor is a Lie algebra valued two-form:

1
F = 5 dZM dZNFNM(Z)

(12.26)
Fyu(2) = Fyy'(2)iT".
Its transformation law is computed in Exercise 8:
F = X 'FX. (12.27)

The curvature form and the covariant derivative of a tensor are, in
general, the only tensorial quantities which may be constructed by taking
derivatives. Higher derivatives lead to identities (and not to new tensors)
because of the fact that dd = 0. These identities are called Bianchi
identities.
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Bianchi identities of the first type are found from the covariant
derivative:

d2Q = Qd¢ — dQ

= Q(F — ¢¢) — (2Q — Q)P
= QF — 9Q¢. (12.28)

These may be written as follows:
292Q = QF

{
d2M A2 Dy Dy = 5 dzM A2y QT (12.29)

Bianchi identities of the second type are found from the curvature
form (12.25):

dF = ¢d¢ — dd¢
= ¢(F — ¢¢) — (F — ¢¢)p
= ¢F — F¢. (12.30)
These tell us
9F =0, (12.31)

or, in terms of the coefficient functions,
dzMdzNdz" D Fyy = 0. (12.32)

Summing over all permutations of the indices, and using the fact that
Fyy = —(=)"Fyn, we find

D Fyy + (=) ™D Fyy + (=) 99 F y = 0. (12.33)

This is the superspace generalization of the usual cyclic identity on the
curvature.

REFERENCES

H. Flanders, Differential Forms, New York, Academic Press (1963).
F. A. Berezin, Sov. J. Nucl. Phys. 30, 605 (1979).
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EQUATIONS

M~ (x"043,).

ZMZN — (_)anNZM.

dzM A dz¥ = —(=)y™dzN A dM

dZMZN = (—)"mZNdZM.
Q=dM A A dzM"WMp...Ml(Z)-

(clAl + C2A2)Q = cll\lﬂ —+ CZAZQ
AQ = (=)"QA
AQE) = (AQ)E.

dQ = dzM - -+ dzM"dzNgf—N Wi, - - m,(2)-

dQ + ) = dQ + d=
dQI) = QdZ + (- ) dOT
dd = 0.

Q = 0x.
¢ = X" 1¢X — X~ 1dX.
2Q = dQ + Q¢.
29 = (PQ)X.
F=d¢ + ¢o.
F = X"'FX.
P29Q = OF

1
dMd2¥D D\ Q = 3 AzM dzNFyp QiT".
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(12.1)

(12.2)

(12.3)

(12.4)

12.7)

(129)

(12.10)

(12.18)
(12.21)
(12.22)
(12.24)
(12.25)

(1227)

(12.29)
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9F =0, (12.31)
dzMdzN dz2D Fyy = 0. (12.32)
EXERCISES

(1) Show that the p-forms on an ordinary n dimensional manifold
span an (;) dimensional linear space.

(2) In three dimensions, show that dd = 0 implies V x V- = 0 and

V:-¥x =0.
(3) Verify
0 0
azM ZN —_ (__)nmzNW + 5MN
00w 0
oM ozN ozN oM

(4) Use Exercise 3 to show that dd = 0 holds for forms (12.9) in super-
space.

(5) Demonstrate that (12.8) and (12.10) define dQ® as in (12.9).

(6) Check that the connection ¢ remains Lie algebra valued under the
transformation (12.21).

(7) Show that if ¢ is Lie algebra valued, (12.25) implies that F is Lie
algebra valued as well.

(8) Prove that the curvature F transforms like a tensor (12.27) under
the structure group.

(9) Show that 292Q = QF gives
(PnDy — ()" D2V (z) = WFyy

for W a zero-form.

(10) Compute ¢*Q, d(¢*Q), dQ, and ¢*(dQ) for an arbitrary p-form Q.
Verify that d(¢p*Q) = ¢*(dQ).
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Before beginning our study of supergravity, we shall examine supersym-
metric gauge theories in the language of differential forms. We will repro-
duce our previous results and gain confidence in geometrical methods.
Whenever possible, we will follow the steps we later take in formulating
supergravity theories. In this way we will treat supersymmetric gauge
theories as a model for supergravity.

In the previous chapter we introduced differential forms and exterior
derivatives in superspace. We used the superspace differentials dz as a
natural basis. We could, however, have chosen any other basis,

dzME\A(2). (13.1)
Here E,*(z) is an arbitrary invertible function of superspace,

EMA(Z)EAN(Z) = (SMN

(13.2)
EM2EN (2) = 6,5,
where
0, 0 O
Sy¥ =10 6, 0. (13.3)
0 0 o

In (13.3) it is important to note the position of the dotted indices.
The dz basis is not particularly useful for supersymmetry because the
exterior derivative

d-M

(13.4)

oM

does not map superfields into superfields. This is because the differential
operator 0/0z does not commute with the supersymmetry generators (4.4).
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A more natural basis is defined by the supersymmetry covariant derivatives

Da = —\aa
ox
P, . 0
Da = 67 + lO'(m 0 5""— (135)
Pa 6 o m 'a‘( 5
D ﬁ + 0% axm.

These differential operators commute with the supersymmetry generators
{D,.,0;) = {D,,0%} = {D*Q,} = {D:0%} =0 (13.6)
and map superfields into superfields.

The exterior derivative may be written in terms of the differential
operators (13.6) if we introduce a new basis

et(z) = dzMey (2) (13.7)
such that
=M ¢ _ e‘D, = dzMe, e v O (13.8)
z M= 4 = az M €4 N> .
0z 0z
where
D, =e, ;N. (139)

The matrix e ™ follows directly from (13.5):

m __ m uo_ —
et =90, e =0 ¢,=0
eM = e = io,"0° et =20l e; =0 | (13.10)
e = if0,"" e =0 &y = 0%

e, = 0,° e, =0 ¢,;=0
A __ a _ __ . apju o« __ a =
ey’ = |e = —io; 0 et = d, €ui = 0. . (13.1)1)
e’ = —ifPg e e =0 e, = 5
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These matrices define supersymmetric flat space. Note, however, that
the exterior derivatives of the basis forms do not vanish:

det = dzM dzN P ep(2)

de® = —2ie*g,;"e" (13.12)
de* =0

ded = 0.

This is the price that must be paid in the flat space basis.
To discuss gauge theories, we must introduce a connection ¢. As usual,
the connection is a Lie algebra valued one-form:

¢ = dZMd’M = elp,

b — T (13.13)
A T A .

We shall make contact with ordinary gauge theories by demanding

Gu'lo=g=0 = Um- (13.14)

The field v,, is the familiar Yang-Mills vector potential.
The curvature two-form is defined as in (12.25):

F=d¢ + ¢¢
1

= EdszzNFNM
L
:ie e’ Fg,. (13.15)

In the flat space basis, this becomes:

F = e'eBDgp, + de?p, + e Py

1
detd, + EeAeB[DBd)A — (=)D — Pppa + (=)D 4d5].

(13.16)
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The coefficient function Fz, may bé decomposed into its Lorentz-
covariant components:

Fba = ab¢u - aad)b - [¢b’¢u]
Fba = 0b¢1 - D1¢b - [¢b’¢1]
Fpy = 0pps — Da’zd)b - [d’be)i]

(13.17)
Fpo = Dy, + Dby — 104
Fj; = Dyd; + Didj — {4.0s)
Fy = Dy + Dy — (@p.ps) + 2i04°0,.
Note that
Fyilo=s=0 = 05iT". (13.18)

The Bianchi identities may also be decomposed into their Lorentz-
covariant components. In particular,

9F =0
) : : (13.19)
9F = EeAeBeC@CFBA + 58'4 dePFgp, — EdeAeBFBA
gives
(1) @cha+9bFac+°@aFcb=0
(2) “@anc+9cha+@cFab=0
(3) ’JZ&Fbc + ng‘.& + ,@(.de = 0
(4) "@L‘Fﬁa + @ﬂch - a@aFcﬂ = O
(5 ch'd‘{"g—Z'ch"'ngc':O
) Dl 2y ! (13.20)

(6) DFj + DiF,. — DFep + 2io,;'F,c =0

(1) DFps + DyFsy + DF,p = 0

(8) DyFpa + DyFy + DuFyp + 200, F oy + 2i0,Fop = 0

() D,Fjs + B3Fy, + TiFj + 2i0,°F oy + 2i0,5°Foj =
(10) G.Fj; + G;Fs; + BiF5 = 0.

In (13.20), the derivatives 2 are the full gauge-covariant derivatives.
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Each tensor component of F represents a full superfield multiplet. These
multiplets contain a large number of component fields. Most of the
component fields are superfluous and must be eliminated through con-
straint equations. The constraint equations must be gauge covariant,
Lorentz covariant, and supersymmetric. In addition, they should not
restrict the x-dependence of the component fields.

Finding the proper set of constraints is not easy. It turns out that

Faﬂ = Fa'ﬂ = Faﬁf =0 (13.21)

gives the right results. We shall solve the Bianchi identities subject to
these constraints. Without them, we would have found (13.17) as the
most general solution.

Identitites (7) and (10) in (13.20) are automatically satisfied because of
the constraints. Identity (8), however, yields a further restriction on F:

S SR (13.22)

The vector-spinor F,, has spin-3 and spin-} components. Equation (13.22)
tells us that the spin-3 component vanishes:

Faa = —'io'aa[iWB
- i (13.23)
W = —_ goaf
4 aa
Identity (9) gives a similar resuit,
Fo = _iWﬂanﬂd
i , (13.24)
Wt = _Zan'z&a“’
while identity (6) allows us to express F,, in terms of W and W':
Fab = —';_ b—-aﬁa('@ﬁFab + @azFBb)
(13.25)

Exploiting the antisymmetry of F,,, we find

IW — I9W =0, (13.26)
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SO

Fop = 5(DG,W — Doy, W). (13.27)

N —

Identity (5) leads to another restriction on W:
(055D + 055D )W* = 0. (13.28)
Contracting with °°° and using (A.12), we have
(0:°Dy + 6°D)W° = 0. (13.29)
Summing over a and ¢ yields
D W, = 0. (13.30)
An analogous result follows from (4):
2,W, = 0. (13.31)

Identities (1), (2), and (3) do not lead to any new results.

Identities (1), (2), and (3) are consequences of the other identities even
without the constraints (13.21). To show this would require some tedious
work which we shall omit here. Features like this are quite common in
supersymmetric geometries. In general, part of the covariant curvature
tensor may be expressed in terms of the other parts, and not all the Bianchi
identities are independent. The technical reason for this stems from the
fact that the derivatives of the basis forms E# always contain a piece
proportional to o,;. We shall encounter this again (albeit in a much more
complex form) in supergravity theories.

To conclude this chapter, we shall summarize our solution to the
Bianchi identities, subject to the constraints (13.21). We discovered that
the Bianchi identities are satisfied by two superfields, W, and W< These
superfields obey the following constraint equations:

W, =0
DW, =0 (13.32)
@{IVVG - gde = 0

In the Abelian case, we recognize the conditions (6.8) and (6.12). These
equations have (6.11) as their most general solution. In the non-Abelian
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case, it may be shown that Egs. (13.32) have (7.22) as their most general
solution.

REFERENCES

J. Wess, in Topics in Quantum Field Theory, J. A. de Azcarraga, ed.,
Salamanca (1977); Lecture Notes in Physics 77, New Y ork, Springer-

Verlag (1978).
R. Grimm, M. Sohnius, and J. Wess, Nucl. Phys. B133, 275 (1978).

EXERCISES
(1) Show that (13.11) is the inverse of (13.10).
(2) Compute €% €% and e, explicitly. Compare the result to (11.7).
(3) Decompose F,, into its spin-3 and spin-3 parts:
Faa - Gﬂﬂ.aFaa = Fﬂaﬂ

1 1
Fpop = 5 Fipp + 3 F gy

1 1 ’
5 Fuwi = 5 [Fpaj + Fops]  (spin-3)
1 1 »
5 Fuomi = 5 [Fuwi — Fap]  (spin-3).
Show that
.
Fau = T4 Ta “IFp

if the spin-3 part of F,, vanishes.
(4) Verify that (13.23) satisfies (13.22).
(5) Derive the explicit form for 2 F,; and 2,F .

(6) Extract the Yang-Mills field v,, from the superfield W, in (6.11).
Compare the result to (13.25).

(7) Show that DW — DW = 0 implies
aavbc + 8bvca + acvab = O

in the Abelian case.
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(8) Demonstrate, again in the Abelian case, that identity (1) is a con-
sequence of the other identities and the constraints (13.21). Use

Fo = —3 5 HDyF.c + DoFjo)
and
0pF o = —é 354D 0yF ,c + D, 0yF i)
= ‘i;aa‘}’[ﬁ,;(D,F,,t + 0.F ) + DADjFy, + 0.Fp)].
(9) Verify that ¢, = —e"Dge™" is a solution to F,; = 0.

(10) Compute the coefficient functions of the identity (12.29), 29Q = QF,
in the e# basis.
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In previous lectures we considered theories invariant under rigid super-
symmetry transformations. We now wish to gauge these transformations.
In particular, we would like to construct theories invariant under x-
dependent supersymmetry transformations. As in Chapter IV, such
transformations induce motions in superspace:

X™ = x™ — i(06™E(x) — E(x)o™0)
0 - 0" ~ E4(x) (14.1)
0, -8, - Zix).

These motions generate certain coordinate transformations:

M 'M

M M = M M), (14.2)

Thus it is natural to express our theories in the language of differential
forms. This formalism is automatically covariant under coordinate
transformations, as was shown in Chapter XII.

Our basic dynamic variables shall be the vielbein and the connection.
These superfields contain a large number of component fields. Some
will be eliminated through covariant constraint conditions. Others will
be gauged away with (14.2). In this way we shall arrive at a theory with
the minimum number of component fields.

The vielbein forms E#(z) define a local reference frame:

E* = dzME,A(2). (14.3)

They are manifestly coordinate independent. The vielbein fields E,* are
the coefficient functions of the vielbein forms. The vielbein fields change
with the coordinates:

N
P*EpH(Z) = En(Z) = —r Ex*(2). (14.4)

= ale
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In the infinitesimal case, this becomes

M =M — EM(z)
SEu* = E ), 2) — Ex(2) (14.5)
= —ﬁLaLEMA - (aMfL)ELA

in accord with (12.17). Note that only the lower index M enters the above
transformation. It is an Einstein index. Einstein indices take part in
coordinate transformations. They will be denoted by letters from the
middle of the alphabet.

The upper index A is reserved for the structure group. We shall take
the Lorentz group as our structure group. This is because we would like
to recover supersymmetric flat space (13.11) as a solution to our dynamical
theory. With this choice, the reference frame defined by the vielbein is

locally Lorentz covariant:
SE* = EBLA(2)
? (14.6)
5EMA = EMBLBA(Z).

In general, indices transforming under the structure group will be taken
from the beginning of the alphabet. They will be called Lorentz indices.
Note that the Lorentz generators Lg* have three irreducible components:

L* Lp LA (14.7)
These components are related through the g-matrices,
0ai0p" Loy = —2e,5L55 + 26351, (14.8)
as may be seen from (A.13).
The vielbein and its inverse
E AE N — o‘ N
oA M (14.9)
EAMEMB — 6AB
connect the two types of indices:
Vi = Ey*V,
MM (14.10)

VA = EAMVM.
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Wherever possible, we shall write physical quantities in terms of Lorentz
indices. They then have simple transformation properties. In addition,
they may be fully decomposed into components irreducible under the
Lorentz group. As an example, the vielbein forms E* = dzME,“, E* =
d-ME,?, and E, = dzME,,, are coordinate-independent irreducible

Lorentz tensors.
To formulate covariant derivatives we must introduce a connection

form
¢ =dzMpy, by = dua (14.11)

transforming as follows under the structure group:
0¢ = ¢L — Lp — dL. (14.12)

The connection is the second dynamical variable in our theory. Note that
¢u 48 is Lie algebra valued in its two Lorentz indices:

(/’MAB = —(“)ah(f)MBA- (14.13)

Its third index M is an Einstein index.
The covariant derivative of the vielbein is called torsion:

T* = dE* + EPgy*
1
=3 d=M d=NT "

1
= 5 EE"Tc". (14.14)

Explicitly, this becomes

A ] A )} A
Tyu” = ONEy™ — (=)™ OyEN

+ (=)mE\Bhyg® — (= )™ENPdms”. (14.15)

The Lorentz tensor Tye* is obtained from Ty,* with the help of the
inverse vielbein:

Tac" = (= )" OEMES Ty (14.16)
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The sign factor may be derived from (14.14) and the definition of E“4.
It simply expresses the fact that the summation over M is carried through
the index B.

In flat space it is possible to transform the vielbein into the global
reference frame (13.11):

EA = oA, (14.17)

It is defined up to rigid Lorentz transformations. In this frame the
connection vanishes:

¢ =0. (14.18)
The torsion, however, is non-zero:
T = Ty = 2io,s . (14.19)

All other torsion components vanish.
The curvature tensor is defined in terms of the connection:

R =d¢ + ¢¢. (14.20)
As usual, it is a Lie algebra valued two-form:
B 1 M N B
RS = Edz dz"Rypa
1 CD B
= EE E°Rpc4
= dzMdzN Oy B + dzM ey L dZNPNE. (14.21)
From (14.21) we may read off the coefficient function Ry, %:
RNMAB = aNd)MAB = (=) aM¢NAB
+ (__)n(m+a+c)¢MAC¢NCB

— (=)™ 0P, Prc” (14.22)

Since R is a two-form, we have

RNMAB = —(=)™ RMNAB’ (14-23)
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and since it is Lie algebra valued, we find

RNMab = _RNMba
RNMap = RNM/im
W o (14.24)
Ryu™ = Ryy
UadnaﬂﬁbRNMab = —26,4Rymsp + 2655Rnmap-

The last relation follows from (14.8). All other components of R vanish.

The torsion and the curvature are the only covariant tensors which
may be constructed from the vielbein and the connection. We must now
find constraints in terms of these covariant quantities which reduce the
number of component fields as much as possible. There are, unfortunately,
no general recipes to indicate the proper constraints. Instead, one must
examine the consequences of various choices. For example, it is impossible
to set all torsion components to zero, for that would exclude super-
symmetric flat space as a solution to our theory. Similarly, Eq. (14.19)
allows only supersymmetric flat space as its solution. It turns out that

Tﬂ,z =0 Tan =Ty = 0

T = Tyl = 2io,f
S g (14.25)

7"Z < p— Tagf =

T, =0

are the proper constraints. Here a denotes either « or a.

In the next chapter we shall solve the Bianchi identities subject to
these constraints. As with gauge theories, we will find that they con-
siderably restrict the number of independent superfields. In fact, we will
find that (14.25) yields the minimum number of independent component
fields. These are the graviton, e,%(x), the gravitino, ,.*(x), ¥m(x), and
the auxiliary fields, M(x) and b,(x) = b,*(x). These fields are not re-
stricted by any differential equations in x-space. The spin-2 graviton
couples to the energy-momentum tensor, while the spin-3 gravitino
couples to the spin-3 supercurrent. The auxiliary fields are just enough
to equalize the number of bosonic and fermionic degrees of freedom off
mass shell.

REFERENCES

V. P. Akulov, D. V. Volkov,and V. A. Soroka, JETP Lett. 22, 187 (1975).
J. Wess and B. Zumino, Phys. Lett. 66B, 361 (1977).
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EQUATIONS
OEy* = E'v*(2) — Ep™(2)
= —fLaLEMA - (aMfL)ELA-

SEy* = E\PLp(2).
0ai’0p" Loy = —26,5L45 + 2645Lp.
0¢ = ¢L — L¢p — dL.

T4 = dE* + EB¢py?

= %dz“ aAz¥ T

TNMA = aNEMA - (“)"m aMENA

+ (=) ™E\Bhng® — (—)"ExPors”.

R=d¢ + ¢¢.
1
RAB = EdZM dZNRNMAB
= dzMdzN Ondrr B + dzMPrrCdNPucE.

RNMAB = aN(pMAB - (“)"m aMd’NAB
+ (_)n(m+a+c)¢MAC¢NCB

- ( - )M(a+t)¢NAC¢)MCB'

T_ér = 0 Taﬁc = Ta'ﬁc =

T, = Ty = 2ioy
Ty = Ty =0
T, = 0.

EXERCISES

(14.5)

(14.6)

(14.8)

(14.12)

(14.14)

(14.15)

(14.20)

(14.21)

(14.22)

(14.25)

(1) Compute dx'™ and d/0x'™ under the transformation (14.2). Show

0 0
™M — M
dx M dx M
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(2) Compute 0Quny = Q' pn(2) — Qualz) for Q a two-form.
(3) Show that ¢, transforms as a four-vector under (14.8).

(4) Explicitly evaluate the covariant derivatives of the covariant and
contravariant Lorentz vectors X , and X“:

DuX* = 0 X + (=) XPdprs"
DuX4 = 5MXA - ¢MABXB
@BXA = EBM@MXA

‘@BXA = EBM@MXA.

(5) Use the covariant derivative of a Lorentz vector to define the co-
variant derivative of an Einstein vector:

VnXy = (—)n(a+m)EMAENB=@BXA
= (7NXM + FNMRXR
Cyu® = (*)MHM)EMA(@NEAR)-

(6) Show that V in Exercise 5 reduces to the usual symmetric connection
in torsion-free ordinary space.

(7) Decompose Tg* into its Lorentz-irreducible tensors.

(8) Linearize Tyc* about supersymmetric flat space:

ENA = eNA + KeNBHBA.

(9) Assume that E,* = §,° + - -+ has mass dimension zero. Give the
dimensions of E,*, E,* and E % as well as T,,°, T, T,,’, and R4
R,

1

[x] = -1 [0] = —=
2

a a 1
[Em]z() [E“]=—§

EA=5  [EA=0
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[Tabc] =1 [Tapc] = %
(Ta] =3
[Rabcd] - 2 [Rab}'o] 2
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We are now ready to solve the supergravity Bianchi identities subject
to the constraints (14.25). We will proceed in analogy to Chapter XIII,
where we solved the Bianchi identities for supersymmetric gauge theories.
We will find that the Bianchi identities reduce the number of independent
superfields contained in E,*(z) and ¢,,,%z) to one complex chiral super-
field R, one hermitian vector superfield G,;, and one chiral superfield
W,g,, totally symmetric in its indices. The torsion and the curvature may
both be expressed in terms of these three superfields.

We shall summarize our results at the end of this lecture. These formulae
will be used frequently in the coming chapters. It is not necessary, however,
to work through the details presented here to understand the rest of the
book.

We begin by stating the Bianchi identities for the torsion and curvature.

These follow directly from (12.29) and (14.14):
DDE* = EBR*
DT = EBR,A. (15.1)

Here Rg* denotes the superspace curvature and T the torsion. We wish
to break this equation into its Lorentz-irreducible components, so we
compute 2T in the basis defined by the vielbein forms:

DT = 3 DEPE Ty
| { | (15.2)
=3 EBECDTg* + 3 EBTCTg* — 3 TBECT g%
Substituting this in (15.1), we find
EPECEP(2D,Tcg* — Rpcy™ + Tpc Trg?) = 0. (15.3)

This identity contains thirty Lorentz-covariant components. Some of
them, however, are related by complex conjugation, and others are
automatically satisfied because of the constraints (14.25). In all, there
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are thirteen independent components:

(1) Rpsye + Rsppy + Rygse = 0
(2) Rsjpa + Rypsu = —2i055" Tpsy — 2iop Tssy
(3) Ryssa = —2i05 Ty — 2i05 Ty
(4) Ropyy + Rypsu = =D, Tspy — DTy,
(5) Rossa = PsTips + D3Tspa + 2i05 Ty
(6) D;Tsp0 + DTy, = 0
(7) Rpsea = —2i0,p5Tj> — 2i0,45Ts"
(8) Ryjeq = —2i00pi Tpe? + 2i0455Ts?
9) Roaii = PuTuza + DaTips + D3Toai + TaTopa + Tin? Tpaa
(10) D, Tuse + DaTipw + D5Tota + Tas?Topa + Tip2Tpsa = 0
(11) Rpaea + Repsa + 2i045Ta? = 0
(12) DyTsex + PaTarw + DTt + ToalTpca + TalTgpa + Tev?Tgas = 0
(13) Ryseq + Rucba + Repaa = 0. (15.4)
The underlined index ¢ is summed over both ¢ and é.
We shall first solve the identities which are linear and without deriva-

tives. These are Egs. (1), (2), (3), (7), (8), (11), and (13). We start by con-
verting (7)

Rjsea = ——Ziaaq,éTﬂ'cd’ - 2iaa¢BT&¢ (15.5)

to spinor notation:

. _ . ap..
Rﬂa}’)"ﬂd = 0y Ona Rﬁém

. (15.6)
Ts156 = 045 Tice-
Since R is Lie algebra valued, we have
leé.ﬂ‘,ad = —ZSWR/;‘;,M + 28}-,de;57&, (15.7)

where Rg;,, and Ry, are symmetric in yo and Yo respectively. Since R
is a two-form, R;;,, and Rj;;; are also symmetric in B6. With these ex-
pressions for R and T, Eq. (15.5) becomes

aidRﬁéya - syaRﬁS)?a'z = 2i(8dﬁT5yia + 8&5Tﬁy$’a)' (158)
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The tensor Tj,;, may be decomposed into components with definite
symmetry properties:

Tivia = 5i€aT + €55Ty0 + €,0T55 + Tyasy- (15.9)
In (15.9) and in what follows, tensors are symmetric with respect to
underlined indices. Equation (15.8) now splits into several symmetry
classes. We first consider the part which is antisymmetric in both ya
and y«. This may be projected out with ¢*” and &*':

T5%4, + Ti%, = 0. (15.10)

Note that the curvature R drops out of this expression. Substituting
(15.9) into (15.10), we discover

T4 = 0. (15.11)
We next consider the part of (15.8) which is symmetric in ya:
&5Rpsre = 2i(esjsy + €:3€43) Tya
+ 2i(eapTyasy + €a5Tyasy)- (15.12)
If we multiply this by ¢, we obtain
Ryj, = 6iegiT,y — 6iT 45 (15.13)
However, R;,, is symmetric in 99, 50

T, =0 (15.14)

and
Ris0 = ~6iTE§.. (15.15)

If we multiply (15.12) by &, we find
Rjsye = = 20T s (15.16)

Equations (15.15) and (15.16) are consistent if and only if

(15.17)

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



120 XV. BIANCHI IDENTITIES

Only one term remains in the decomposition (15.9); we call it R, where
T= —2iR:

T30 = —2ies58,,R. (15.18)

From (15.8), we see immediately that
Rﬁé;z = 4(8/}&85,;, + 85&£‘§§,)R. (15.19)

With these results, we have found the most general solution to identity
(7). We have also learned that R;;., and T, may be expressed in terms
of a single superfield R. Similarly, we may write Ry, and T, in terms
of R*. The above expressions satisfy identities (1) and (3) as well.

We now consider identities (2) and (8). The computation is quite
similar to what we have done, so we merely list the results:

Rpsin = €,5Ga5 + €45Gos

i
Tﬂ'}')"d’ = Z(ET¢GI,7-' - 38p),G¢7 - 38ﬁ¢G ) (15.20)

79
+ =
G ae Gza'z'

We leave the details of this calculation to the reader as Exercise 1.
Identity (11) gives Ry, in terms of the torsion. Since Ry, is anti-
symmetric with respect to ¢ and a, we find

Rpsea = 104piTes® = OupiTa® = 0cTad®)- (15.21)

We have now solved all the derivative-free linear identities except (13).
Identity (13), however, is just the usual cyclic identity on the curvature
in four-dimensional space. It is familiar from ordinary gravity theory
and its consequences are well known. In spinor notation, the symmetry
properties of

L d_ b
Rioippax = 0,5°055°0pj 023" Reapa (15.22)

lead to the following decomposition:

R)'i'ézilitjad = 48;~68ﬁax_}'15ﬁ_1‘
— 4e,583:V i5p0 — 45565, Y 15 s
+ 463583 X 5pa - (15.23)
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Identity (13) is satisfied if and only if

L g7
X

i = Wiy

= g, A,

=

(15.24)

« |

apy

where A is real.

We shall now proceed to solve the identities which contain derivatives
but remain linear. These are identities (4), (5), and (6). We begin by insert-
ing (15.18) into identity (6). This yields

€35€paD R + €358, D3R = 0. (15.25)
Contracting with &%, we find
R =0, (15.26)
so the superfields R and R*

2,R*" =0 (15.27)

are chiral.
Evaluating identity (4) is tedious. We must make use of the fact that
R;..p is Lie algebra valued:

o b
Rsyiaipp = 01i°0a"0pp Ricap
—26,5R50555 + 2€35R 55505 (15.28)

The component R, is related to the torsion through (15.21), where
T .4 has the following decomposition:

Ts5056 = —285),("75_'9_4', + 84‘,.;."75 + 8¢3W.;,) + 283.;14/@,,;. (15.29)
Combining (15.21), (15.28), (15.29), and identity (4), we find

Tssy56 = —265,Wisa

1
T2 esless 2’ Gps + €:59"Gy;)

+ %85'}(@667& + “OZ;'G&&) (1530)
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and
Rysiya = %i(gﬁ&@y + €5,25)Gos
+ %i(sw@a + £5,25)G
+ i(exptsy + €,5€5)D G s
Ryss = 4is,,,,VT/)~._,-z§ + %i(e,;y-@,,Gad + £5:25G;). (15.31)

The symmetric tensor W,,, drops out of the identity, so it remains un-
determined. The tensors W; and W;,; are related to G.
Identity (5) gives another relation between the same curvature and

torsion components. It yields
DGy, = D;R* (15.32)

as a consequence of (15.30) and (15.31).

We have now solved all the linear identities. The nonlinear identities
either define components of the curvature and torsion as nonlinear ex-
pressions in G and R or they may be reduced to linear equations through
the commutation relations of the covariant derivatives. For example,
identity (9) expresses R4, and therefore X,;,; and ¥ 5, in terms of
torsion components. These, in turn, may be expressed in terms of W, G,
and R:

[ — DT 5= Do Tl it Dy Ty 5~ T 2 Typju+ Ty‘ﬂB?Tféd:I :
(15.33)

Because of the symmetry properties of X;; and because of the relation

DiD°Gj, + 9;9°Gs, = (D595 + D;D;)R*
=0, (15.34)

we find

. 1

D Wgs + 524G + 255G5) = 0 (15.35)
from (15.33).

Finally, we examine identity (10). The torsion terms may be expressed
in terms of W, G, and R. All but one contain an e-tensor, so symmetrization
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in all indices yields
@aWﬁé = 0. (15.36)
The symmetric tensor Wj;; is a chiral superfield.
We have now solved the Bianchi identities (15.4), subject to the con-
straints (14.25). We have learned that all the components of the torsion

and the curvature may be expressed in terms of the superfields R, G,
and W,,,. These superfields are subject to the following conditions:

(1) 9,R =0
(2) 2°G, = iR*  D*G,; = D,R
(3) gd%yé =0 @«x%% =0

1

4) D*Wy5 + 5

(PGP + 245G%5) = 0

DW, 55 + 1i(@,,ﬁcj + 92,46 =0

2
(5) (Gau:'z)+ = Gaa'l
(6) (Wep,)t = Wipy. (15.37)

The superfield W,,, is completely symmetric in its indices.
For future reference, we collect our results below.

Torsion:
1) T, = T, = 2o,

1 .
(2) T&ea = - Teéa = —5 EeuTéséa
T = '—21'8,5,585,R
@ a 1 = ¢ a
(3) T&e = T les = ——2_o'e T&eé
Tyuss = —2igs€R™
1 .
@ Ts' = =T = ) 0o Toei™

(seaGbé - 386«:62& - 3865Gaé)

l
Tsein = Z
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= e, @
(P széa

ST

(5) Téed = _Teéd = -
Tius = 7 6uGi — 3isGu — 30:Gd)
a a 1 = §6= v [
6) T, = -T, = Zo'a G T sy
T&éyy'a = —286.)"”/6ya
1 _ . .
-3 €552 4G,® + £,94G5)
1 _
+ '2"85),(@5G¢); + @};Gd)

@ __ & __ - o= 80=1yyp . &
(7) T, = —T4 =45, Tssy5

N

Tssy5a = —2€6yW5y‘a
1
- 5 Soy(ﬁ&i@'ﬁGd,)‘, + 8)',&@4,64’3)
1
+52(PsGhi + 2,Gs). (15.38)
Curvature:
(1) R&yea = 4(8698ya + Eycaéa)R+
Rjje0 = Mesiese + €5:85)R
(2) Rbyéa' = RS}}ea =0

(3) R&)"t:a = R}'réza = _(868615’ + séaGs}?)
Rjsiei = Ry = —(65:Gs: + €55G5)

1 .
(4) Rscéa = _Rceéa = _5 acszyi’éa
, i
Ray)"ém = l(saésya + 85¢8Y6)@¢G¢); + 5 (ssy96 + szégy)Ga)'»

n %(snga + £,9,)Gs;
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1.
(5) Recéa‘ = —Rcaéa' = ——acszy)"«fd

[\

R i
Reyisa = 4iee,Wisi + 5(85'5@ Gy + Sid@aGyé)
1 12
(6) Réc&a = _Rcééa = —'?: (P Réy«}éa
. i _ —
Riyisa = 4eiWoye + 5 (659:Guy + €,22:Gsy)
1 Y
(7) Récéd = —Rcé&iz = —Eac Ré??&i
Riyiss = (65855 + seasy‘é)gj,ﬁGyé

i _ i ~ _
+ 5(%@5 + €49;)G,4 + 3 (859: + €.9;)G,;

1 .
— = f&= 00 .
(8) Redya - Z G, 04 Rséé{)ya
R — 1 = e &SR .
edjé = g Oc 04 Reissia
Riissie = —26:5Xi555 + 2655 s9a

Rséééya = zaééxséya - 2856‘{‘&5}!:1

Xy&sa = _%(@yn/&m + gévVeay + @ew/avé + "@au/y&)
+ 1 pp
+ (Swssa + 86183},) —'2RR + g GPPG

|
+ 3 GTR + @"@,,R)}
lPsa)"é = l?w)éea
1
= Z (GséGai’ + GaéGa}")

+ é(ga?Geé + gev'Gaé + @aéGay' + ‘@eéGa?)

1 _ _
+ 332,65 + 5,26 + F52,6,; + F59,G.;). (1539)

All other components vanish.
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It is quite remarkable that these relations also solve the Bianchi iden-
tities arising from the curvature (12.31):

PR =0

C D RE B F B (15.40)
E°E°E*[DgRpcs” + Tgp"Reca”] = 0.

REFERENCES

R. Grimm, J. Wess, and B. Zumino, Nucl. Phys. B152, 255 (1979).
N. Dragon, Z. Phys. C2, 29 (1979).

EXERCISES
(1) Show that (15.20) is the solution to identities (2) and (8).
(2) Derive the conditions (15.24) from identity (13).
(3) Show that identity (5) implies (15.32).
(4) Verify that (15.38) and (15.39) satisfy (15.40).
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In the past few chapters we have considered the general coordinate
transformations of superspace

oM = M M), (16.1)

We have also introduced a structure group and explored its transforma-
tion laws (12.18). In this chapter we shall define supergauge transforma-
tions. Supergauge transformations are constructed from the general
coordinate and structure group transformations of superspace. They
amount to a convenient reparametrization of these transformations.
Supergauge transformations map Lorentz tensors into Lorentz tensors
and reduce to supersymmetry transformations in the limit of flat space.

The parameter ¢ characterizes infinitesimal changes in coordinates.
It may be written with either an Einstein or a Lorentz index:

gA = EME, 4. (16.2)

Note that either &* or ¢ may be chosen as the field-independent trans-
formation parameter. Its companion then depends on the fields through
the vielbein. Since we would like Lorentz tensors to transform into
Lorentz tensors, we shall choose ¢4 to be field-independent.

We must now write the transformation properties of tensor superfields

VA = —EMa VA + VBLA (16.3)
in terms of the parameter ¢4, In (16.3), V* represents a general tensor
field, and the representation L of the Lorentz group corresponds to the
tensor structure of V. For scalar fields, we have

OV = —EMayV = —EAEMIY = —E42,V,  (164)

while for tensor fields, we find

6VA = "'éBEBM 0MVA + VBLBA. (16-5)
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As it stands, Eq. (16.5) is not covariant under Lorentz transformations.
The derivative in (16.5) must be replaced by a covariant derivative:

DV = 0V + (=)"VEpp*

(16.6)
DpVA = EgM9D, VA,
Substituting (16.6) into (16.5), we obtain
VA = —EBGVA + VBEChot + VBLA. (16.7)

The connection ¢ is Lie algebra valued, so Eqp* acts like a field-
dependent Lorentz transformation on V2 If we set

LBA = “fc(,bcsAa (16-8)
we find
6§V" = —ECQCV" (16.9)

for any tensor superfield V4. Equation (16.9) is manifestly covariant
under Lorentz transformations.

The condition (16.8) defines supergauge transformations. Supergauge
transformations consist of a general coordinate transformation with
field-independent parameter ¢4 followed by a structure group Lorentz
transformation with field-dependent parameter Lg* = — &4, 1t is
among this restricted class of transformations that we shall find the
gauged supersymmetry transformations.

Let us now compute the commutator of two supergauge transforma-
tions. Since ¢4 is field-independent, we have

3,04 = —E8,D VA = EPDDVA, (16.10)
SO
(5,’ 5‘: - 5§5n)VA = éCVIB(QB@C - (—)bcgch)VA. (16.11)

This expression is easily evaluated with the help of the Bianchi identities
(12.29):

DIVA = VERA. (16.12)

Here Rz* is the Lie algebra valued curvature two-form and V4 is a tensor
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zero-form. As in (15.2), we write

DDVA = DEED V)
= EB9Q(D,V*) + (DEP)D VA
= EPECD . DVA + TPD, VA, (16.13)

Substituting (16.12), we find
EBECD DgVA = VPR,A — TP, V4, (16.14)
or, for the coefficient functions,
(DD — (=Y DDV = (=Y PVPRepp* — Tcs"DpV . (16.15)

This tells us that the commutator (16.11) closes into a field-dependent
Lorentz transformation and a field-dependent transformation of the

type (16.9):

(6,0 — 858, VA = VPEBRycp? — EPTycPD,VA.  (16.16)

In flat superspace, where the curvature vanishes and the torsion is pro-
portional to the o-matrices, Eq. (16.16) reduces to a familiar form:

(6,8 — 8:8)VA = —2i(na"E — Ea™)d,VA. (16.17)

The § = @ = 0 components of ¢ and n give the commutator of two
supersymmetry transformations (3.4), so (16.9) indeed includes gauged
supersymmetry transformations.

We conclude this chapter by computing the changes in the vielbein and
the connection under supergauge transformations. In general, the trans-
formation properties of the vielbein are given by (14.5) and (14.6):

SEp? = — 0, Ep* — OyEVE* + EpPLy?

~EHOLEM" — (=)™ OuMEL") — 0mé* + Ep®Ly*

—0ul? = EMTa® — ™ + (=)“dur®) + EpLp*.
(16.18)

Here we have used the definition of the torsion (14.15). The connection
dpr* combines with 8,&4 to make a covariant derivative. Substituting
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the special Lorentz transformation (16.8), we find the following super-
gauge transformation law:

5‘:EMA = —@MéA - éBTBMA. (16.19)
We proceed similarly for the connection:

5¢MAB = —fl' 6L¢MAB - (5M5L)¢LAB
+ &ML — (=)™ OL Sy c®
— OpL " (16.20)

For a supergauge transformation, this becomes
Ocbua” = —E Remd® (16.21)

The proof of this relation is left to the reader as Exercise 3.

The transformation laws (16.9), (16.19), and (16.21) allow us to compute
the transformation properties of all the independent supergravity com-
ponent fields. This we shall do in the following lectures.

REFERENCES

J. Wess and B. Zumino, Phys. Lett. 79B, 394 (1978).

J. Wess, in Quantum Flavordynamics, Quantum Chromodynamics, and
Unified Theories, K. T. Mahanthappa and J. Randa, eds., New
York, Plenum (1980).

EQuUATIONS
VA = —EBEM O, VA + VBLgA. (16.5)
VA = —E8g VA + VBECH !t + VELA. (16.7)
O VA = =9 VA, 16.9)

(DcDp - (")bc@ngc)VA = (")‘“Hb)VDRcBDA - TCBDQDVA' (16.15)
(8,0 — 8:8,)V4 = VPEHBRycp* — EnPTpcPDpV 4. (16.16)
0:En" = —Dul* — PTan". (16.19)

Sebma® = —ERep . (16.21)
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EXERCISES

(1) Show that (16.15) may be written
(DD — (“)bcgsf@c)VA = ”‘(—)dRCBADVD - TCBDQDVA

for contravariant vectors V4.

(2) Use the definition of the covariant derivative of a covariant vector
DyuVay = 0V, — ¢MABVB

to derive the analog of Exercise 1 for covariant vectors Vj.

(3) Prove (16.21) using (14.22).
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XVII. THE 6 = § = 0 COMPONENTS OF THE
VIELBEIN, CONNECTION, TORSION,
AND CURVATURE

In Chapter XIV we defined the torsion and the curvature in terms of the
vielbein and the connection, the dynamical variables of supergravity. By
construction, all are superfields, whose expansion coefficients are x-
dependent component fields. In this chapter we will see that the compo-
nents of the torsion and the curvature can be expressed in terms of the
lowest components of R, G, and the vielbein. The same holds true for the
vielbein and the connection. This implies that the lowest components of
R, G, and E are the physical supergravity degrees of freedom. The re-
maining degrees of freedom are pure gauge, and can be transformed away.

The transformation parameters ¢4 and L,, are functions of superspace.
Their lowest components characterize general coordinate transformations
in four-dimensional x-space [¢%(x)], gauged supersymmetry transforma-
tions [£%(x),€;(x)], and local Lorentz transformations [L,,(x)]. We will
use their higher components to transform away certain § = § = 0 com-
ponents of the vielbein and the connection.

We first consider the vielbein. Its transformation law (16.18) may be
written as a supergauge transformation (16.19) together with an addi-
tional Lorentz transformation Lg*:

O‘Eh"‘1 = _gMéA - CBTBMA + EMBLBA. (l7.l)

The lowest component of this equation gives the transformation property
of Ey?|p=9=o. Higher components of &* enter E,"| through the co-
variant derivatives 2,¢* and 2%£4. We may use these higher components
to transform E,*| to the following form (see Exercise 1):

1 1
ema(x) 5 lpma(x) '2' Wmd(x)
Ey*(2)|o=-0 = 0 5 o | (17.2)
0 0 o,

The fields e,°, ¥, and ¥,,; cannot be gauged away. They describe the
spin-2 graviton and the spin-3 gravitino. The inverse vielbein E,™| has a
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similar structure,

133

ef0) ~3 A~ P
EM@2)o=g-0 = : 5 0 , (17.3)
0 0 5,
with
eSme,’ = 8,
Y= e 0 (17.4)
Vi = eamwmdddﬂ'

We now consider the connection. Its transformation law (16.20) may
also be written as a combined supergauge and Lorentz transformation:

5¢MAB = ”éCRC.MAB + ¢MACL(

175
(=)L P — L. (17.5)

We may use the higher components of L ,® to transform away ¢,,°| and
¢* ,8|. This is possible because ¢,,,* is Lie algebra valued:

¢mAB(3)|0=6=0 = wmAB(x)
uAB(Z)la=(7=0 ”AB(3)|0=(7=0 = 0.

No further components of E| and ¢| may be gauged away.

In ordinary relativity it is possible to express the connection in terms
of the vierbein. This follows from the fact that the torsion is constrained
to vanish (see Exercise 2). In supergravity we also have constraints on
the torsion (14.25). These constraints allow us to express the connection
in terms of e and .

To proceed systematically, we start from Eq. (14.15). The T,,,* com-
ponents of this equation contain no 6 or 0 derivatives. They relate T
to the lowest components of E and ¢:

(17.6)

I

Tnma, = ane ) e"a + U)nmu - wmna
1
nm , (a Wm - amwna) + 5 (lpmﬁwnﬂa - ‘pnﬁwmlia)
Gt = Tl = 5 V()
2 n¥’m m n) - 2 nm (x
1
Tomg| = 5 Vomal). (17.7)
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Here we have used the following definitions:

a __ b a
= €y Wyp

wnm
9?"[//'"“ = anl//ma + lpmﬂa)nﬁa (17'8)
l/’nma = gznl//mz - gzmwna'
To apply the constraints, we must relate Tyy,* to Tcg* through the
vielbein
TNMA = EMBENCTCBA(_)"(m+b)' (179)

Taking the § = 6 = 0 component of (17.9) and applying the constraints,
we find

Ton'| = EWPE T + EniEJ T

i

'—2'1_ (!//mo-aJn - l//nO-alZm) (17~10)

and
Tnmal

Il

EmbEnc cbal + EmbEan)vbal
+ E,,,"E,,‘TC,,“I + Em”E,,,;,Tj'b“|
+ E,4E T (17.11)

Combining (17.10) and (17.7) gives the connection in terms of e, Y, and

VE

1 i - i
Wpme = E {_—5 e{a(l//moawn - l//no-alpm) - Eema(wnaalpt - wt’aalpn)
i
+ E ena(l//{aawm - l//mo-a‘pt’) - et’a(anema - amena)
- ema(alena - ane(a) + ena(ame(a - 0{ema)}' (17'12)

We must now evaluate Eq. (17.11). The torsion components in this
equation were computed in Chapter XV. Equation (15.38.6) relates T,,*
to W,;, and Z,G,;. Equations (15.38.2) and (15.38.4) relate T;,* and T,,*
toRand G,;. We may use these expressions, along with (17.7)and (17.11), to
compute W,,,| and 2,G,;| in terms of e,’, ¥,,*, Y,n;, and the lowest com-
ponents of R and G,;. This is done in Exercises 5 and 7.
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The lowest components of R and G,; cannot be expressed in terms of
en, U, and ¥,,,. Nor may they be gauged away:

OR = —E°9.R
(17.13)
3G, = —E9.G, + G,L,.
This forces us to introduce two new component fields:
, 1
R(’é’)‘@:ézo = “g M(x)
(17.14)

1
G2p=s=0 = ~3 ba).

These fields equalize the number of bosonic and fermionic degrees of
freedom within the supergravity multiplet M, b, ¥, and e. We shall see
that the supergravity multiplet forms a complete set of dynamical fields.

To conclude this chapter, we follow the same procedure with R, 5,
the only tensor we have not yet discussed. Taking the § = 8 = 0 com-
ponent of (14.22), we find

bl __ b b c b c b
ana l = au(’oma - amwna T Wpg Ope — Dy Wiy

= Roma - (17.15)
This equation defines the Riemann curvature #,,,” in terms of the
connection w,,,’. In analogy with (17.11), we relate R,,,” to the Lorentz-
covariant tensor Rep,’:

anab = EnCEmDRCDab( - )Cd
= EntEdecdab + EnIEdezdab
+ ESE, iRy’ — EE, R, (17.16)

The underlined spinor indices are summed over dotted and undotted
indices. Comparing with the solutions to the Bianchi identities (15.39.8),
we see that R’ is related to the second derivatives of R and G and the
first derivative of W. Similarly, R,,,” and R.,’ are related to R, G, W,
and the first derivative of G. Combining (17.15) and (17.16) allows us to
solve for the second derivatives of R and G and the first derivative of
W in terms of the supergravity multiplet M, b, ¢, and e.
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All we have left to compute are the first derivative of R and the second
derivative of W. The first derivative of R is related to the first derivative
of G through the Bianchi identities. It is computed in Exercise 8. The
second derivative of W is outlined in Exercise 10.

With the results of this chapter, we have what we need to compute the
torsion and the curvature. The first step is to find the components of R,
G, and W in terms of the supergravity multiplet. From this, we can then
derive the torsion and curvature through the solutions to the Bianchi
identities. Those components of R, G, and W that we will need are col-
lected below.
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EQUATIONS
OEy* = —DpE4 — EBTy + EpBLpA. (17.1)

1 1
ema(x) 5 !/Jml(x) 5 ‘pmd(x)
EMA(Z)|0=5=0 = 0 . (17.2)

1 |-
eam(x) - 5 lpa“(-‘() _i‘ Wau(x)

EM(3)g=5-0 = 0 i 0 : (17.3)
0 0 o,

"

O0ma® = —ERema® + dmaLE

— (=)L, hc” = CuLa” (17.5)
Pma’(D)o=5-0 = Wna®(x)
AB |9 0=0 ;AB (17.6)
Bua (5)[0=6=0 = ¢", (:)|o=(7=0 =0.
'gzn ma = (’n ma + m”wn *
v bu & V' ug (17.8)

wnmz = ~@n‘//m1 - gmwnz'
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Dpme =

{—’; ela('l’maa'pn - l/’rlo'awm) - %ema(wnaaipl - 'ﬁzf’ a‘pn)

N -

+ 5 el = Va0 — ealOen’ — Ones)
~ enldres" = 3,8) + elOnes” — a,em}. a712)

R = —(°9.R

17.13
6Ga = "ﬁccha + GbLba. ( )

RE)pse0 = — M)

1 (17.14)
Ga(2)|e=6=o = "‘3‘ b,(x).
anabl = anwmab - amwnab + (”matwncb - wnacwmcb
=R,0 (17.15)
1 o
vaya‘ = a. A1 Z (d’&éyaz + "llay'ybay)' (5)
2- 4! by
9 = 1 ? 1 127 i *
éGadl =3 v, s T D) €5 Wi T g VaisM
i . . )
+ '1—2"('/71,;”1’,)& + wdﬂpbad - ‘T’apdba,s)
_ U N
DGl = 2 ¥ syia + ﬁ%‘lla wte VaisM
i
- E('ﬁpa’pbaé + \[’pdlpbadz - 'I/péabpa')' (7)
1 i i
7 aRI = —'§ (aab)ap'//abﬁ + g(oa'pa)aM - '6 waaba
®

J 1 . ; i . A
PR| = —3@Vla’ + ZEUFM* + Db
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EXERCISES

(1) Show that E,* may be gauged into the form (17.2). Use the freedom
available in the higher components of &:

EA = EOOA(x) 4 grE (1LO4(x) | y‘_‘zﬁ(o.mt(x) + e
0

@uéA___W{A+...

. 0
gu A _~ f4A e
A A
(2) In ordinary four-dimensional relativity, the torsion takes the form
Tnma = anema - amena + wnma - wmna'

Impose the constraint T,,,” = 0 and solve for @ in terms of e.

(3) Solve (17.7) and (17.10) for w,,,,. Use the fact that
Wppe = elaenbwmba = Wy
(4) Use the definitions

tllé}?y = a&i'aeaml//my

. — d c,n,m
wééy?a = 03 07)" €4 €. l//nma(

along with (17.7) and (17.11) to verify
1 1 , ,
T&«s)v)‘a' = 5 ‘I/éév)"az - E(IIIM Tpv}"al - l//y)'l Tpééal)
1 P p
+ 5('7’&6 T;i)')"al - Jy;" Tpa.ial)-

(5) Show that Exercise 4 and the solutions to the Bianchi identities give

1 : .
VVJya’ = WPZ (ll’ééyaa + iw&&ybuy)'

(Gya)
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(6) Use the solutions to the Bianchi identities to show that

S 1
2 6G¢a' = 8Y6Ta56y'& + '6‘ eéaaw's TMyai

—_ N -

1 s
g. —_ 7‘," . . pAVa0Y R
i0aa = 5 €71 ghyaq — I3 €5 T€ T jazs-

(7) Compute 2,G,,| and @5Gu-| in terms of the supergravity multiplet:

1 1 . i
@5 MI =7 m 6ya 1_2" edawwyd)" - '6 '//adéM*

i . ) .
+ I Was’bss+ Wss’baz — Ws'sbap)
1 v 1 - i
géGm’zl = Z 'IJ Syaa + _1—2° 85&‘/’1 »y + 8 WaaéM
—z(tllpdpbaﬁ + lppépbad - lppéabpa')‘

(8) Use (15.37.2) and the results of Exercise 7 to compute 9 R| and
Z°R*| in terms of the supergravity multiplet:

1, i i
"@aR’ = _§ (G b)apl/’abﬂ + g (J l/’a)azj\/l - 8 waab
FR| = =3 @bl + ¢ CUFM + LT

(9) Denote F by R and write the Bianchi identities (12.31) in the following
form:

E°EPE*{DgRpcs® + Tep Recs®} = 0.
Show that this implies

géRdcaﬂ + ‘@dRcéaﬂ + @cRédaﬂ
+ TédFRFcaﬂ + TchRFéap + Tci:FRFdaﬂ = 0.
(10) Use the solutions of the Bianchi identities and the result of the

previous exercise to show that 22 W may be computed. Warning:
the actual calculation is tedious!
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We are now ready to derive the transformation law of the supergravity
multiplet e,.®, ¥,.%, ¥ s> b,, and M. We start with the general transforma-
tion law of the vielbein

SEA = —DpEA — EBTpp* + E\PLy" (18.1)

and evaluate its lowest component. The § = § = 0 components of &*
and £, parametrize gauged supersymmetry transformations. We shall
focus on these by setting

f“(z)|a=5=o =0

&2)o=5=0 = {*(x)

E&(Z)|o=6=o = Za(x)
LAB(Z)|9=6=0 =0.

(18.2)

Higher components of ¢4 and L, will be chosen to preserve the gauge
(17.2) and (17.6).
To preserve (17.2) we must require

SE,A| = 6EM| = 0. (18.3)

From (18.1) and the constraints (14.25), we find

d .
R
=_W¢ + 2i0,;,T* =0
. 0 _ g
OEM| = —= &% + 2oy = 0. (18.4)
"
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Equations (18.4) are satisfied if
& = 2i(06°T — (a°D). (18.5)

No further conditions follow from (18.3).
To preserve (17.6) we must demand

5¢M"j =d¢" P = 0. (18.6)
From (16.20), we have
8,7 = —&ReP| — e,L". (18.7)

The curvature term does not vanish. From the solutions (15.39) of the
Bianchi identities, we know that it contains M and b:

R, upl = Hestup + £,8,5)RY|.
= —-:2§ (&)uup + Euabyp)M™
Rigl = —(€.uGpy + £,4Go)|
= 5 Gucbyy + Fyab). (18.8)

Substituting (18.8) into (18.7), and imposing (18.6), we find
2 *
aﬂLaB = *g(Caeuﬂ + CﬂBMG)M

1 T
+ '3_(8‘“17”.;, + 8uﬁba‘))€’ . (18.9)

This tells us that a gauged supersymmetry transformation {, must be
accompanied by a field-dependent Lorentz transformation

1 - -
Laﬁ = g[oa(ZCﬁM* - bﬂycy) + eﬂ(ZCaM* - b:x‘/c/)]

| (18.10)
Ly = 3 [0.05M = Ubyy) + B0LM — Ub,y)]

to preserve the gauge (17.6). Equations (18.5) and (18.10) are the only
conditions that follow from the gauge fixing.
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To summarize, we have found a set of transformations, parametrized
by {, which include gauged supersymmetry transformations and pre-

serve the gauge (17.2), (17.6). We shall call these the supergravity
transformations:

E2) = {*(x)  Cul2) = Lulx)
&%(2) = 2i[60°T(x) — {(x)o%0]

Lug®) = 5 (L20,00M*00) — by, (0]
+ Q,RLLOM) — bTi00)])
1
Li(®) = 3 BL2THM() — 00 00)]
+ BLLOIME) — U0, 00)])
1 iy
L, = 3 (3,0,6)*Ly; — %(eaac?b)“”Lw. (18.11)

We are now ready to compute the transformation laws of the compo-
nent fields. We start with the vierbein. From (18.1) and (18.11), we find

5ema = 5Ema| = '—@méal h 6BTBrr{a|
= — 8T, - E;TH 1. (18.12)

The terms proportional to ¢ do not contribute for § = § = 0. The
torsion terms may be evaluated with the help of the constraints:

Tﬂma — EmC TﬂCa( _ )b(m +¢)

= 2iEm1,0'ﬂ.;,a
(18.13)
TBma — EmCTBCa(_)b(m +c)
= —2iE,a,".
Their 6 = 6 = 0 components are specified through (17.2):
T, ma =io 'anﬂ
o'l = 194y (18.14)

Tim'| = — il oy
Inserting (18.14) into (18.12) gives the transformation law of the vierbein:

den’(x) = i(Yno T — [o%,,). (18.15)
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We now turn to the gravitino:
1
300" = OB, | = =2, — {Tpn’. (18.16)

As before, we write

Tﬂma — EmCTﬂCa( _ )b(m +¢)

Tﬂma — EmC Tﬂca( — )b(m +¢) ) (18 1 7)

The solutions (15.38.2) and (15.38.4) of the Bianchi identities give T;*
and T;” in terms of R and G,:

T’* = —ig’ R
o (18.18)
Tﬂca = g azﬁc{ésaGpé - 3617“686 + 3SﬂEGaé}.
Restricting to § = 8 = 0, we find
i
Tp'c"! =5 (e6.)"M
(18.19)

i1 . .
Ty?| = -3 {3 (045.)5" + 0 r/m}b”.

Substituting (18.19) in (18.16) gives the transformation law for the
gravitino:

Ut = —29,0° + %em"(saaf)“M

{ (18.20)
+ iembcp (5panbc + —3‘ (acab)ﬂa> bc‘
A similar calculation holds for :
N = =2Dls — %emacﬂoaﬁaM*
(18.21)

— . 1 )
- iembcﬂ <5ﬂdr’bc + § (o—-cob)ﬂd> b
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The transformation laws for M and b, follow from (16.9):

—é SM = 6R| = —&*D,R|

X (1822)
—géba = 5Ga§ = _(éa@a - zd@d)Ga"

The term proportional to &, in M drops out because R is chiral. The
Lorentz transformation (18.10) does not contribute to 6G, for § = 8 = 0.
In Chapter XVII, Exercises 7 and 8, we computed Z,R| and 2,G| in
terms of the supergravity multiplet. From here it is only a short calculation
to find 6M and 6b,.

In conclusion, we collect our results for future reference:

de,’ = i(Y,,0°C — {oY,,)

Wt = =29,0* + ie,* {% M(eos D) + bl* + %b"(Caﬁc)“}

s = =20~ e MY, + BT, = § 0.0}

oM = —C(aaab'//ab + iba‘l’a - ia“‘IaM)

0 bad

3_. 1 . i i )
¢ {Z Vo' + 2 sl iy — ) M*Y 5 + Z(‘paﬁpbéd

. — 13 1 .
+ ‘bepbad - w&pdbaﬁ)} - Zb {Z lllyéydaz + Z séa'd/awi'y

i i
5 Miuss = 7 Wpbas + Vs — !//".sab,,a)}- (1823)
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EQUATIONS
&) ={x) &2 = L)
&(z) = 2i[06°T(x) — {(x)a0]
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Loy(2) = %{Ba[ZCp(X)M*(x) — by (x)T'(x)]
+ 0520 (x)IM*(x) — by (x)T'(x)]}

Lij(z) = é{ya{Zfa(x)M(x) = {x)b,4(x)]
+ G[2L(0M(x) — {(x)bya(x)]}

1 I 1
Lﬂb = E (Eaabs)aBLdﬂ' - E (eda(—fb)“ﬂL,p. (18.1 l)

den’ = i(YnoT — {0°Y,)

Wt = =29, + iey {% M(ea 01 + bL* + %b“(iaﬁc)“}

5'7’».& = —29..@ — ey {';' M*({o.); + thd - %b‘(ﬁcadf)a}
oM = — (G, + b, — ic™Y,M)

3. 1 .. i i )
by, = {° {2 l/7a769& + 2 &5l iy — 3 M*Y 5 + Z(‘Zaﬁpb&i

+ 'pa,;pbaa - l;apaba,s)} -0 {Z Vs + 1 &sWa’"sy

i i
+ E M';aa'é - Z ('I/pdpbaé + wpépbad - 'I/péabpa‘)}' (18°23)

EXERCISES

(1) Compute Je,* for &* = &, = L, = 0, £%z) = £%x). Compare this
with a general coordinate transformation and a local Lorentz rota-
tion in ordinary relativity.

(2) Compute 6y, by conjugating 6y, in (18.20).

(3) Show that the supergravity transformations (18.11) can be augmented
by terms higher-order in (6,0) and still preserve the transformations
(18.23) of the component fields.
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XIX. CHIRAL AND VECTOR SUPERFIELDS
IN CURVED SPACE

In Chapter XXI we shall construct a Lagrangian, invariant under super-
gravity transformations, which reduces to (7.24) in the limit of flat space.
Before we do this, however, we must define chiral and vector superfields
in curved space.

We start with chiral superfields, which satisfy the covariant constraint
condition

2.0 = 0. (19.1)

This reduces to D, ® = 0 in flat space.

Chiral superfields contain three component fields. We could define
them as the coefficient functions of a power series expansion in 6 and 8.
This decomposition, however, is coordinate-dependent, for 6 and 0 carry
Einstein indices. It is much more convenient to define them in analogy to
Exercise 4 of Chapter V:

A= q’la:é:o
a \/—2' ar|6=0=0 (19.2)
1

F =2 99,0)5-.

These components carry Lorentz indices. They are related to the 6,0
expansion coefficients through a transformation which depends on the
supergravity multiplet.

The transformation laws of the component fields are found from the
transformation law of the superfield ®:

0D = —¢49 ,0. 19.3)
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The parameters ¢4 are specified in (18.11). Since @ is chiral, we have:
00 = 89,0 - £92,0. (194)
The change in A follows immediately:
84 = 60| = —£9,0| = —/2(*,. (19.5)
The change in y requires a little more work:

Ox, = L E82,2,0|

Np

—— (€9, - ¥5)9,0). (19.6)

Np

To proceed, we must evaluate 9,2,0| and 2;2,®|. This may be done
with (16.14):

i

(@C@B - (_)bch@C)VA = —TCBD@'DVA + (—)d(b+c)VDRCBDA. (197)

For 2,2,9|, Eq. (19.7) and the constraints (14.25) imply

(9,920 =0, (19.8)

SO

1
2,90 = - £,9'D D
’ 27T (19.9)

9,9,0| = —2¢,,F.

For 9;2,|, we use (19.1), (19.7), and the constraints (14.25). These give

2;2,0 = {9;2,}0
= —2i0,,°2,0. (19.10)

The derivative 2,0 is related to the components (19.2) through the
definition (16.6) of the covariant derivative:
2,0 = E"92,® + E!2,® + E,ﬂf«p
2,0 = E"2,® + E/2,® + Eaﬂ@"‘d) (19.11)
2°® = E*"9,® + E""‘@,}D + E",,@"‘d).
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Restricting to 6 = § = 0, we find
m 1 u
2,9 = (9,0 — 5 ¥,'9,0
e "'(5 A — 1 /2 )
a m \/i m Xu

2,0| = 6,)9,0| = /21,
F'0| = 6+, 9'd| = 0.

]

(19.12)

From (19.11) we see that spacetime derivatives e;'%,, of the component
fields are always accompanied by extra terms proportional to the gravi-
tino field and higher components of the matter multiplet. We shall
combine these terms into supercovariant derivatives D,. Equation (19.12)

prOVidCS our ﬁrst example
ﬁaA = e "'(amA - —“—‘1 l// “X )
¢ \/i m ok

Combining the above results, we find the change in x:

0 = =20 F — i20,4TD,A.

All we have left is the change in F. We start from (16.9):

1 )
OF = 3 (59, - 19)9°9,9|.
In Exercise 2 we show that

2
2.9°9,9 = 5{2.912,9

2
= — 5 Ra’YJy@b(D .

(19.13)

(19.14)

(19.15)

(19.16)

Inserting (15.39.1) for R,4,s, we discover the very important result,

22’9, — 8R*)® = 0
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This tells us that (2'9, — 8R*) and (2,2’ — 8R) are the covariant
generalizations of the chiral projection operators D'D, and D,D’, pro-
vided the superfields on which they act carry no Lorentz indices. [If the
superfields carry Lorentz indices, (19.17) changes because of the curvature
term in (19.7).] The 6 = & = 0 component of (19.17) gives the first term
of (19.15):

4
2,9°9,0| = —gﬁX,M*. (19.18)

The second term is computed in Exercise 3. Combining the two results,
we have

OF = =S, + T Vbt = i), 19:19

The supercovariant derivative Dy, is defined as follows:

DaXa = ea"'(‘@mXa - %V/maF - jz—

where Doy = Omda — Oma’ Xp-
Equations (19.5), (19.14), and (19.19) give the transformation law of the
chiral multiplet:

~

.z;,,,/’Da,,A>, (19.20)

04 = =20
0ta = —\J20F — iy/20,;T°D,A
OF = ‘% S2M*(y, (19.21)

+ Tt (é V2bax® — iJ2D " )

Vector superfields in curved space obey the usual constraint,
V=V (19.22)

As with chiral superfields, their components may be defined through
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covariant derivatives:

¢a = ——l‘-@ayl d_)a'r = lng’
N =

_ 1 .
—(2°D, — 9, 2%V | Z(@“@ + Z:2°)V|
1 ~
Vg = _5 ["'@w@d]Vl (19.23)
}a = lml Ifz = —1 "'{ll
1 T
D=3 —3 .

Here we have used the superfields W, and W,, where

W, = —(9,2° — 8R2,V
(19.24)

1 —

These superfields are chiral and gauge invariant. Chirality is proven in
Exercise 4:

W, = 0, DWW, = 0. (19.25)
Gauge invariance follows from (19.7) and (15.38.2):
dV = A + AY, N =2,A" =0
SW, = —%(9‘,,9?‘? — 8R)Z,A

= ~197,;{971’,91}A + 2RZ,A = 0. (19.26)

»

Since W, is gauge invariant, we may compute its components in the WZ
gauge:

V=9, =3V| = 2,2,V| = Z,9,V| =0.  (19.27)

Higher derivatives of V are computed in Exercise 7. These lead to the

EBSCChost - printed on 2/13/2023 9:01 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



XIX. SUPERFIELDS IN CURVED SPACE 151

following results:

W = —ik,
D*W,| = =2D
(DWW + DW,)| = —4i(0"e)ysDpv, (19.28)

1 S ;
1 PDW] = o DI + %(MM* + b7y,

where

>
EY
<
R
R

i

D X ebm {gmvzd + i“//mazd + ‘Im&)'a) + %l//mvlpao.aiza}
(19.29)

D = e {@J‘" + 50D - (a‘“’)ﬂ;wm*bdvb}
Equation (19.28) gives all the components of 7.

REFERENCES

S. Ferrara and P. van Nieuwenhuizen, Phys. Lett. 76 B, 404 (1978).
S. Ferrara, D. Z. Freedman, P. van Nieuwenhuizen, P. Breitenlohner,
F. Gliozzi, and J. Scherk, Phys. Rev. D15, 1013 (1977).

EQUATIONS
2,0 = 0. (19.1)
A= (D{e—t‘):o
- L g
X1 \/i a*x10=06=0 (19.2)
1
F=—229,05-0
00 = — 19 ,0. (19.3)
~ 1
D,A=e" (8,,,A - ﬁ l/lm”)(#>. (19.13)

uﬁm’}ﬁa[,A) (19.20)
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34 = =20,
5X1 = _\/ECaF - i\/iaapﬂzﬂﬁaA
. [1 .
OF = —% \/EM*CaXa + (g \/ibaa-.x“ - i\/iDaaXa)
V=Vv".
C=V|
¢a = —‘l@aVl $& = l@aV!
M = i(@“,@ -9,99v| N= 3(9“@‘, + 2:92%V|
1
v = =5 [Z0ZalV|
b =iW] T = —iW)
1 _. 1
D = —E.@ m' = —EgdW l
W, = —%(92,-,97’? — 8R)D, V.,
u/al = _M'a
PD*W,| = —2D
(DWW + DW,)| = —4i(6™€),5Dp0,

1 T .
2 PDW) = —o DI + %(AaM* + b7y),

-~

vaan'z = ebm{@mvad + i(!//maza'z + 'pma'zla) + %‘/’mmpaaada}
DJP = em {9,,,73 + %!}MI}D - (adb)ﬁk$mkﬁdvb}'

EXERCISES

(1) Verify
> (-Y2,2,2,® = 0.

P(aBy)

Use (19.8) to write this in the following form:
(2252, + 92,2, + 2,2,25)® = 0.
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Show

1
2,2:2,0 = 5({@,,@,}@, - {2,9,}2,).

(2) Use (19.7) and Exercise 1 to prove (19.16).
(3) Show
22,29 = {9,,.2,}2,9 — 9,{9,,2,}®

when ® is chiral. Use (19.7), the constraints(14.25) , and the solutions
of the Bianchi identities to confirm

@y{gd’@a} Q = - 2i0ada9y@a¢
= —2i0,°9,9,9 — 2i0,[9,,9,]0
= —2i0,,99,9,0

+ %[aaaGyd - 38),661& - 36yaGa&]@6(D
{2::2,}2,0 = —2i0,°D, D, P — [£,,Gss + €,5G0:]D°®.

Take the 8 = 8 = 0 components of these expressions using (19.11)
and (19.12). Combine these results with (19.18) to prove (19.19).

(4) Use (19.7) to check that W, is chiral.

(5) Show that the transformation law for a chiral multiplet reduces to
(3.10) in flat space.

(6) Use (17.12) to show that (2,W; + 2,W,)| in Eq. (19.28) is invariant
under ordinary gauge transformations v, - v, + e,” J,,f(x).

(7) Prove as many of the following relations as you wish. (Be sure to
work in the WZ gauge.)

@) D;2,V| = —D,D;V| = vy

(b) @a@bVl = @bgaVl = %vak'/—/bk

@agbVl = gbngl = %'l’b"vxa
(C) @a@bVl = @b@aV|

1 . .
! VWU + W Y.5)
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(d)

(e)

(f)

(h)

(1)

(m)

XIX. SUPERFIELDS IN CURVED SPACE

'@dgﬁ@al/l = '—21.8&‘;2.“
gagagﬂVI = 21‘8#}/‘1 - ia,,}"lllcavéd
ga@d@ﬂ VI = 21'5&’32& - iO‘B(‘:Umjlpté

~ 1 '
gagd@ll V| = - 2i6&ﬂ (A'a - '2‘ Ua.)cwcxv,(y>

1 .
gaga@BVl = —Zisaﬁ <z¢ - E O'ydcvy,-clpcx>

2,2,9,V| = 0
3,9,9,V| =

o

) 1 )
‘@a@a@BVI = _isaﬂlpaa <I& - E Uydcvykw:>
& &) . a 1 cf, K,y ¥
2.9,9;V| = iei¥, | Ay — 3 O W v,

@agagﬂVl = - iaaB‘paa (Idx - E O.chvvk‘pcx>

i .
7 %
— = Ogalp’ M

6

ga‘o’A — 1o a2l 2 1 Cf, Kyy 7 i v M

dJaJﬂVI - lsa'zﬂu/a Ao — E O-azy l/jc Uy - 6 Gydav B

A o

@u‘@ﬂ‘@ayi = e lpam’{oi - E l//aao.ya'zcvykl//cx + § vaM*
= -4 - . - 1 . . < 1
‘@d"@ﬁgavi = ladﬁ( azl‘a - -j wazazz‘;'LWCkUKi - §UQM>
2,9,2,V| = Dyvyg
ga@agﬁVl _Davazaz+
Z, ‘a‘@aV| = ﬁa”aa’z - :212 T 0, (Esibys — 3esiby — 3e4ebex)

2 9aga'zVI = "'Davaza't+ - i &aécv,‘d(sskbaé -

g&gagavi = ﬁavad + éa-aés(uedbaé - vaébed)
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XX. NEW © VARIABLES
AND THE CHIRAL DENSITY

In the previous chapter we defined the covariant components (19.2) of
chiral superfields. In this chapter we introduce new ® variables. These
new variables are defined such that the expansion coefficients of chiral
superfields are precisely the covariant components (19.2):

O = A(x) + /20%,(x) + ©°O,F(x). (20.1)

In this expression, the ® variables carry local Lorentz indices rather than
Einstein indices.

The transformation law for a chiral multiplet is given in (19.21). Our
goal is to reproduce this law in the following form:

0D = —nM(x,0)5,D. (20.2)

The differential operator ¢, acts on the spacetime coordinates x™ and
the new variables ®*. The new transformation parameters

nM(x,0) = n™o)(x) + ONM 1 )(x) + OO M, (x) (20.3)

must be found in terms of the old parameters {(x) and {(x). The ansatz
(20.2) will be justified by the fact that (19.21) may indeed be written in
the form (20.2), Because (20.2) involves a linear differential operator, a
product of chiral superfields still transforms as a chiral superfield.

We shall now compute the parameters #. From (20.1) and (20.2), we see

0A = —n")0nA — ﬁn“(o,xa. (20.4)
Comparing with (19.21),

A = —\20%,. (20.5)
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we find
mo— (0
T (20.6)
10 = %
Next we consider dy. From (20.1) and (20.2), we have
\/féxz = —N"1)aOmA — \/—Z'lﬁu)zlp
~ 21" 0) Ot ~ 2McorF- (20.7)
Comparing with (19.21),
; 1
6Xa = _\/’QCaF - iﬁaaﬂuzﬂea"'(amA - T = 'l’mﬂXﬂ>, (20‘8)
V2
and using 7™, and 1%, from (20.6), we conclude:
m e = 2i0,;°Cle,m
Tw # (20.9)

r,p(l)a = _iaaﬂazpeam'/’mﬁ'

The computation of JF is left as an exercise. All told, we find that (19.21)
may be written in the form (20.2) with the following parameters 7:

n" = 20" + OOy, 5""T
n* = {* — i@y,

1 .
+ @O {é M*C + & balea™l)* — i (™)

1 a =n_m
- —2— '//n (Jmo g Z)}

(20.10)

The variables ® may be used to construct invariant actions. Before
we do this, however, we must introduce the concept of a chiral density.
Chiral densities are functions of superspace with the following trans-

formation law:

0A = —dp[n™ A(-)"]
= —nMopA — (=) (@mn™A.
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This law is chosen so that the product of a chiral density and a chiral
superfield is again a chiral density:

SA® = —d,[n" A(=)Y"]® — An™ 3, ®

20.12
— o[ AD(— "], (2012)

This fact allows us to construct invariant actions from chiral superfields:

0L

Il

s f d*x d*@ Ag(®)

- f d*x d?© dy[n Ag(®)(—)"] = 0. (20.13)

Here g is a chiral function of ®.
Chiral densities may be decomposed in terms of component fields:

A =a+ .20p + OOf. (20.14)

The transformation laws of the component fields follow from (20.10) and
(20.11):

ba = —/2p + iapoT
5pa = _\/icmf - i\/igm(o-mza)a + "ﬁazp“

s _my 1 14
+ l(O' C)anp - gﬁSaM*a

-~ 1 ~ .
— e N2a0Tb, + 5 BT Ta
Of = Ol —a,8"6"C + i\/2pa™T]. (20.15)
The expression for df shows again that | d*x f is invariant.

There is a special chiral density & connected to the vielbein. We shall
construct this density from its lowest component:

a=—-e= %det e, (20.16)

N =

The transformation law of e,* was given in (18.23). From this it follows
that

de = ee," de,”
iee,"(,,0°C — L6Y,,). (20.17)
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Comparing (20.17) with (20.15) gives the middle component:

p = iﬁea"@m. (20.18)

To find the remaining component, we need only compute the terms in
dp proportional to (:

8, = 7 20u"0(ee,T )

= —J2lf - %ﬁeM*Ca + [T terms]. (20.19)

From (18.23) we have:
0p, = Zi V20,5t { —i((a*,)(ep"e,"
— e e, W, + %M *(Coae)""} + [Cterms].  (20.20)
Comparing the two results gives:

f= —-% eM* — éet/—/m(ﬁ"‘a" — &"a™W,. (20.21)
It requires a lengthy calculation to show that (20.16), (20.18), and (20.21)
transform as a chiral density under the full transformation law (18.23) of
the supergravity multiplet.

In the next chapter we shall couple supersymmetric models to super-
gravity. We shall find that the chiral superfield R is the Lagrangian of
the supergravity multiplet. In Chapter XVII we discovered how to com-
pute the components of R. Here we shall use the transformation laws of
the chiral and gravity multiplets to derive the same results. We start from
the lowest component,

1
Rl =~z M, (20.22)

and build the full superfield in analogy with (4.11). From (18.23) we know
that

OR| = éc(a"abwa,, + b, — icY,M). (20.23)
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From (19.5) it follows that
OR| = —(*Z,R|, (20.24)

SO

1 -
DR| = — (T, + ibY, — i0T,M), (2025)
This agrees with Chapter XVII, Exercise 8. In a similar way, we find:
1 s 2 Tme
‘@‘QRl = ——5 eamebn’%mna + 3 "—pman‘//mn
+ ‘1—2 8”'""[';;‘5:!#,"" + lpko'l'.];mn:l
) 4
= ie,"9,,b" + 9MM* + = b“b

GIM — =y, 0™ b". (20.26)

REFERENCES

V. Ogievetsky and E. Sokatchev, Phys. Lett. 79B, 222 (1978).
J. Wess and B. Zumino, Phys. Lett. 74B, 51 (1978).

EQUATIONS
O = A(x) + /20%,(x) + OO, F(x). (20.1)
00 = —nM(x,0)8,®. (20.2)

i

N = 2i06"7 + OO,5"a"T
’11 Ca - i@szl//ma

il

+ @@{ M*{* + — b Wea’C) — 1w, (e™),

5 t//..“(a//mr?"a ¢ } (20.10)
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oA = _5M[’1MA(‘")"']
= —nMopA — (=)"(@un™A.

A =a+ /20p + OOf.

It

a = —/2p + iapal
—J2of — iN29,(0"Ca), + iWalp,

- 1
+ 0" D) Ymp — 3/ 2UM*a

1 _
— E\Bale Db, + 5 BbaT0"Ta

O = 0,[—ap,a"a"T + i\/2p6™].

1
e=3 det e’

N =

/Eea 7

1 1
f = -5 eM* — geg/—Jm(E"'a" - &"™W,.

1
Rl=->M.
' 6
1 a=b : :
‘@uRI = _g (0' 4 ‘/’ab + lba!/’a - la“%aM)a‘
1 o2
DIR| = -3 e,"e)" R ™ + 3 V"

+ 19 aktmn[lpka/'/lmn + l//kallpmn]

2 4 2
s m a _ * “ ha
3 1" Db + 5 MM* + 5 b%b,

+3TIM — ST
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EXERCISES
(1) Compute JF using (20.2) and (20.10). Compare the result with (19.20).

(2) Derive (20.21) from (20.19) and (20.20). [ You may wish to use (A.17)
to simplify the Jy terms.]

(3) Show
2°9,R — §,9°R* = {9°9%)G,;
= 4i9,G°.
(4) Use the Bianchi identities to verify
3 .
e,"e,"R,."| = —E(Q“Q,R + 9,2°R*)| + 48 RR*|

+ {8 DR + (o™ PR ]
- Z[Jmo’_mnlan + wmo.mn‘/l"R"‘:”
+ 6G,G% + 2i(y,*D, — V.26

+ 3 [FaTPEWY ~ G016

(5) Use the results of Exercises 3 and 4 to reproduce (20.26). Beware: The
calculation is tedious!
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XXI. THE MINIMAL
CHIRAL SUPERGRAVITY MODEL

We now have what we need to construct the supergravity matter cou-
plings. The general case is rather involved, so we shall start here with a
simpler example. We take the Lagrangian to be given by

# = [a9a%00, "0,

1 1
+ [ f 420 (a,-d),- + 5 m®®; + §g,.,.,‘<1>,.<1>,<1>,‘) + h.c.:l. @L.1)

This Lagrangian was first introduced in Chapter V; it is the most general
renormalizable supersymmetric Lagrangian involving only chiral super-
fields. In what follows, we will extend (21.1) to curved space. The tech-
niques we introduce in analyzing this model will prove useful in discussing
the general case in later chapters. Since the result we derive reduces to
(21.1) in the limit of flat space, we call it the minimal chiral supergravity
model.

We start our construction by writing down an invariant action for the
supergravity multiplet,

6
Fso = = f d’© €R + hec. 212)

Here k* = 8nGy is the gravitational coupling, which we set equal to one.
The chiral density & and superspace curvature R were computed in Chap-
ter XX. Their © expansions are listed later in this chapter. Inserting these
expressions into (21.2) gives Fs . in terms of the supergravity multiplet:

1

1 1
— —eM* —eb’b
zeg? 3eMM+3e 3

gs.c. =

1 -~ ~ -
+ 5 e (G, DV — WO D) (21.3)
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The curvature £ was introduced in (17.15),
R = e,"e,"™(0,0n" — 00, + 0, W," — 0, % W), (21.4)

while the covariant derivative 9, was defined in (17.8). From (21.3) we
see that ¥ ; contains the Einstein action for the gravitational field. It
also contains the Rarita-Schwinger action for the spin-3 gravitino. The
fields M and b, do not propagate; they are the auxiliary fields of the super-
gravity multiplet. Note that they enter (21.3) with opposite signs.

The Lagrangian (21.1) is easily extended to curved superspace. We first
write it in chiral form,

¥ = fdlﬂl:—éﬁﬁmi*@i + a0,

1 1
+ Emuq),d)j '+‘ ggljkq)t(b](bk] + h.C., (21.5)

as outlined in Exercise 6 of Chapter IX. We then add the supergravity
action (21.2), and replace 6 —» ©, d?0 - d’©2&, and —iDD —
— 492 — 8R). This gives the action (21.1) in curved superspace:

v
¢ = fd2®2é"[~3R - 599 — 38R0, 0,

1 - =
— (92 - 8R)[c®; + ¢ @7 ] + d + a®,

8
1 1
+ ‘Z‘qu)‘q)J + ggllkq)‘q>]¢k + h.C. (21.6)

This Lagrangian describes the minimal chiral model. It reduces to (21.1)
in flat space. The ¢ and d terms are included because they arise from shifts
in the superfields ®@,. They vanish in flat space. Note that gauge invariance
restricts ¢; = 0 unless @, is neutral.

Equation (21.6) contains two types of terms: those with the chiral
projector (2% — 8R), and those without. The terms with projector are
curved-space generalizations of the chiral kinetic energy. Those without
are curved-space extensions of the usual superspace potential. We will

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



164 XXI. MINIMAL SUPERGRAVITY MODEL

emphasize this distinction by writing (21.6) in the following form,
1 - -
& = f 4’0 w[—g(@@ — SRIQ(®,0) + P((b)] + he, (L7

where Q(@,0%) = ®,*®; + ¢, + ¢;®;* — 3 is the superspace kinetic
energy, and P(®) = d + a,®; + im;®D; + 39, P, is the super-
space potential. In Chapter XXIII we shall see that this distinction is pre-
served in the general case, where Q and P are arbitrary functions of their
respective superfields.

The Lagrangian (21.7) has a long expansion in terms of component
fields. To find it, we need the ® expansions of ®;, &, R:

@, = A; + 20y + OOF,
26 = e{l + i@, — OO[M* + ¥,5V,]}

R=— {M + O[Ty — io"FuM + ith,b]

1 - 2
+ @@[—59? + WY, + §MM*

1 | 1 _
— a — 1 m a —- —_— a bt
+ 3 b°b, — ie,"9,,b° + 3 yyM 3 V0%,
1 - _ _
+ gsam['/’a"b'l’cd + waabwcd]]}' (21.8)
The components of E; = (2% — 8R)®;* can be computed with the help
of (19.7):
E‘i = (‘@d@& - 8R)®,+
= (2.9 — 8RYD,*| + ©°D(D,F* — SR)D,"|

- %@@@@,@d@* — 8R)D,*|. (21.9)

The necessary ingredients are given in Exercise 1. We find:
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(4]
I

4 .
= —4Ff + 3 MAY + © {—41’@:%@- - %ﬁa"bﬂz

4 —
+ 3 A¥Q2a™,, — oYM + iwab“)}
. 8 .
+ ®®{—4ea"‘9mD"A?‘ -3 ib,DA¥
2 o s 8
= 3VWuTT + 220D, — 3 MAFY
2. - |
= 3V + IV Tbe

4 1 _
+ EA:in—‘E(@ + iY°cty,, — ie,"D,.b°

2 1 1 —
* _ a _ . a, b¢
+3MM+3b,,b +2l//t//M le/,,alpc

e (P d/ao,,nh)]}. (21.10)

OO0 | =

Here we have used the following supercovariant derivatives:

D, A}

1 -
eam 0mA:k - 5 \/Ewakx—?

A~

. o
Dofiu = "D + 5 2Lou Dyt — 5 \2HuFE,  @L1D)

where 2,,%:: = OmXia + Z,-,;w,,,”d. The superfields &, R, ®,, and E; allow
us to compute any supergravity Lagrangian involving only chiral fields.

The expansion of the Lagrangian (21.7) contains kinetic terms for the
physical fields A;, x;, e,,°, and ¥,,%, as well as terms involving the auxiliary
fields M, b,, and F;. The Lagrangian also has higher-order interaction
terms, such as nonrenormalizable four-fermion couplings, which are sup-
pressed by powers of Newton’s constant. For ease of exposition, we will
write the full Lagrangian as follows,

L = gkin + °gaux + gquanic’ (2112)
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where
1

3 eQR — e0,A; 0" A¥

gk:’n =
i
—3 e[(i0" D uil; + 10" D mii]

1 — —
- E ngklmn[wkall//mn - lpko-t’lpmn]

1 —
+ Z ESkt,m"(Qi akAi - Qi“ akA;k)wt’Umlpn

1

2 26[(/7,,0'—"'0'"}?,' amAi + l//no.mo'—nXi amA:k]

1 —
+ § \/je[QiXia-mnwmn + Qi‘x—ia_mnwm"]

— 5N2ePaa, — 1 2P,

1 1 _
) ePyixix; — 2 ePLuiiX;

- ePlpaaab‘[b - eP*'//aoabwb

is the kinetic part of the Lagrangian,

1
Lrux = 5 eQM — 3(log Q).F¥|* + eQ(log Q) F.F¥

_ %egbaba _ ée(Q,- 0. A, — Q.0 A¥)b™

1 i —
— £ et Tiby + ¢ N2t — QTnb”

— ePM* — eP*M + eP,F; + ePLiF¥

(21.13)

(21.14)

is the auxiliary field contribution, and %,,,,,;. contains four-fermi terms
that we ignore for the moment. In (21.13) and (21.14), Q and P are the
same as before, except that the superfields ®; and ®;" are replaced by
their lowest components A; and A¥. The subscripts on Q and P denote
derivatives with respect to the scalar fields. For example, P; = (0/0A;)P

and Q. = (0/04})Q.
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To proceed further, we must eliminate the auxiliary fields from %,,..
This is most readily done by shifting, N = M — 3(log Q),.F¥. The shift
decouples N and F;, and allows the equations of motion to be easily
solved:

N =9PQ™!
Q(log Q);uF; = —P% + 3P*(log Q)

3
by = =5 Q0,4 = Qo AR — gxiaafiﬂ_l

3 _
+ Zﬁi(ﬂix,-w,, ~ QUi )L (21.15)

Substituting (21.15) into (21.14), we find

Loe = —9ePP*Q" !
— e(log Q);'[P; — 3P(log Q)][P} — 3P*(log Q),]Q !

1
- "4' e[QiaaAi - Ql*aaA;k][(QjaaAJ - Qj*aaA}")

— i — N2Qu — QTR + (21.16)

The dots denote additional four-fermi terms that we absorb in &, ...
Equation (21.16) contains derivative terms, fermion masses, Yukawa cou-
plings, and the scalar potential, which we shall call ¥(4,4%).

The above expressions are not quite ready for model building. We must
still check the normalizations of the physical fields. From (21.13), we see
that the gravitational action has an unconventional Brans-Dicke form.
This normalization can be fixed by performing a field-dependent Weyl
rescaling of the gravitational field:

e,” = e,” exp(4), (21.17)
where
exp(24) = _3 (21.18)
P2 = -5 )

This transformation restores the canonical normalization (21.3) for the
Einstein action. The matter-field normalizations can be restored through
a field-dependent redefinition of the spinors,

Xi = exp(—4/2) x;

Ym = exp(/2) Y, (21.19)
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followed by an additional shift of the gravitino,
m - wm l\/—o-mX¢ 1" (2120)

Adding the four-fermi terms from %,,,,.;., and performing the transforma-
tions (21.17)—(21.20), we find our final result for the supergravity matter
coupling:

ij*

%= _%eg eK o O O™ A

- %eKij*[xiG”@mij + 10" Dmii]

+ %eg"‘"‘"[tpk(f{@ml[/" — V6D miln)
+ %es""""‘(Ki OA; — Kuu AW 10,

e[K (Kk OmAy — Kix 0,AF)

ij*

- 2(Kij'k OmAy — Kij‘k‘ amAZ‘)]XiUij

— %ﬁeKU. CrAT YT Y Yy — %\/EeK,.j.é A,Z}E"‘a”\pm
+ ;ljr‘eKij‘[igk!mnl//kaz'pm + 'Z/man‘/;m]lianij
+ Ilge[K,.j.Kk,. — 2K e + 2K KoK oo 11O mT 160 ™ e
+e CXP(K/2){—P*%6“"% — Py,
2D,Pyc™y, — —\/_D,,P*Xo v,
- % [P; + KyP + K.D;P + KD;P — K.K;P
— KK Dy Pl — %[P;tj. + KupP* + KD uP*

+ Kj*Di*P* - Kl‘tKjtP* - Kk*lKixj*[DkxP*]iiX_j}

— e exp(K)[KU(D,P)(D,P)* — 3P*P], (21.21)
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where D,P = P; + K,P, K(A,A*) = —3log(—Q/3), and K7 = K;'. In
this expression, Q(A4,4*) = A¥A; + c(A¥ + A) — 3 and P(4) =d +
aA; + 3m;A,A; + 9,3 AiA4;A,. In Chapter XXIII we will derive a similar
result for the general chiral coupling.

Equation (21.21) gives the full supergravity coupling of the minimal
chiral model. It has properly normalized kinetic energies for all physical
fields, and the full set of four-fermi terms is included. Equation (21.21) is
automatically invariant under supergravity transformations (up to total
derivatives) because it was derived from a superspace formalism. It also
has the correct flat-space limit.

From (21.21) we see that the supergravity scalar potential emerges in a
form that will turn out to be quite general:

¥ (A,A¥) = exp(K)[K(D,P\D;P)* — 3P*P]. (21.22)

Note that this expression is not positive definite, so the connection between
the potential and supersymmetry breaking is more subtle than before. In
Chapter XXIII we shall see that the signal for spontaneous supersymmetry
breaking is <D;P) # 0. Equation (21.22) shows that supersymmetry can
be spontaneously broken with zero vacuum energy.

The preceding expressions are all written in terms of the real function
K(A,A*). In the coming chapters, we shall see that this function is called
a Kahler potential, and that (21.21) and (21.22) have a natural interpreta-
tion in the language of complex geometry.

REFERENCES

S. Deser and B. Zumino, Phys. Lett. 62B, 335 (1976).
D. Z. Freedman, S. Ferrara, and P. van Nieuwenhuizen, Phys. Rev. D13,
3214 (1976).

EQUATIONS

6
Lso. = =3 f 4’0 €R + hec. 21.2)

1 1 1
gS.G. = *5 e@ - §eM*M + Sebaba

1 -~ ~ -
+ 5 eaumn(‘/]kalgm.//n - !//ka(@m‘/jn)' (21‘3)
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¢ = f42®2g[—31z - %@@ — 8R)O,*®,

|

1 1
+ —mijq)id)j + §

3 9k @ jd),‘] + h.c.

¢i = Ai + \/EG)X‘ + ®®Fi
26 = e{l + i@c%, — OO[M* + Y, 5V,]}

R = —% {M + O[0°G" Yy — i M + if,b°]
1 . 2
+ OO —3 R + Ty + 3 MM*

+ = b%, — ie,"D,b" +

m|>—m Q| =
N -

ey + l//aab‘//cd]:l}

{1}
|

3

b5 Ao — T + i%bﬂ)}

+ @@{—4%'"@,,,13“/1;* - gib,ﬁ“A ¥
2 = — a8
-3 V200 + 2/29,0°%; — 3 M*F}
- % i\/ilpax_iba Py l\/>llla0' o X:
4 1 »Ta=b s m a
_A?‘ 5%+ npao. ‘/’ab — e, @mb
3 2
2M*M lbb“+1(/7$M—1¢a“lpb‘
+ § + 3 Va 2 2 Va0 Ve

+ %Sabm('/;aa—bl//cd + l/jaabﬁcd)]}‘
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eamamA?‘ - %\/EJ/.BKX—:‘

™

2

E S

%
it

=
8
x|
)

|

. o,
= e"Dpls + 5 WSO DAY — 5 2uFE. (2111)

1
= “E e-@ - eKija amA,-amAf

i = | —=m
- EeKij‘[Xio-m@ij + 10" D mii]

1 . ~
+ = ee“’""[‘/’k“_{@m'f’n - |ﬁk°'z@m¢u]

[\

1 _
+ 2 ee"’™ (K 0,A; — Ku O AW 0,0,

— 5 e[K Ky Oy = Kio 0pAD)
— 2K OmAx — Kjoier amAlt)]Xiamij

- %\/EeKij‘ Op AT A0 Y — % V26K 1 0, AZ,6"0" D

+ %eKif‘[iﬁkm"'I/kazl/;m + xpma'ﬁ/;’"]x,-o,,fj

+ —l%e[KU.Kk,. — 2K juer + 2K Ko K jopm JX:O md k0™ X
+ eCXP(K/Z){—P*WaUabl//b — Py, 5",

- %\/iDiPXiaal/;n - %\/iDi*P*fia_a'/’a

_ %[p,.j + K,P + KD;P + KD,P — K,K;P

— K" KD PIpi; — %[P Ap + KppP* + KiDpP*

+ KthitP* - K,':anP* - Kk‘(Ki‘f‘[Dk‘P*]Zix—j}

— e exp(K)[K¥'(D;P)(D;P)* — 3P*P]. (21.21)
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¥(A,,A¥) = exp(K)[K"(DP)(D;P)* — 3P*P]. (21.22)

EXERCISES

(1) Verify as many of the following relations as you wish:

(a) ®*| = A4*

(b) 2,0%|=0

© 2% =2z

d) 2,9,0%| =0

€ 2,2,0%| = 2¢,;F*

O 2,2,0% =0

@ 2,9.0%| = —2is,, D, A*
(h) 2,2,2,0%| =0

i) 92:9,2,0%| =0

() 2.2.2,0*| =0

©) 9.9,90"| = —2 JIe,TM*

0 2.9;2,0%| =0
(m) 9,2,9;0%| = —i2+/20,4D. 7

1 ~_ _ .
+ ¢ V2Tgbus — 3ibap — 3eaghe; T)
_ - ~ . 1 )
M) 2,9, 9;0%| = 226450, D7 + gﬁs&ﬁbﬂp
~ 1 - _
(0) 2,0%| = D A* = ¢,"9,A* — 75\//.,;,7(“
) 2,2,0*| =0

@ 2.99°| = 2o M*
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© 2.2:2%| = J2D.%
i ~ 1 -
=42 ecm‘@m—d + —= cﬁa a'zaDaA* - = cézF*)
V2 ( AL 7’
~ ~ i _an _ i
(s) 9&@c®+| = \/E{Dch - ﬁ”cﬂﬂ()(ﬁbﬁa - 3Xabﬂ[; - 33&,3%»&)(“)}

O 2.2,0%| = &"DuD,4* + 55 V207 M*
| P (U S
ts3 V20, {DbXd ~ % &"P(Upbpa
- 33?&”;33 - 38&/}%;&7&)}
W 2.2,9,0%| =0
V) 2,92.2,0%| =0

) 1 ~
(W) 2,2;9.9"| = iJ20,5i7*DR*| — 3 (0°5e)yM*D, A*
R ~ 32 4
) 2°9,9,7°0"| = 16,"D,D,A* + 7 ib*D A*

-~ 2 8 -
- 8\/§¢aDai + %M*F* + 5\/§¢m5mnf

+ %i\/ilpaiba - g’i\/i‘/;aaaacx—bc'

(2) Use the above relations to derive (21.10).
(3) Verify that %,;, and .%,,, are given by (21.13) and (21.14), respectively.
(4) Show that the Weyl rescaling (21.17) takes

1 3

1 5 3 _
Z — —ZeQ m - m0-15,Q].
6e(29? - 2e?/Z 4eQ 0,20™Q + 26,,,[eg 2]

(5) Use the result of Exercise 4 to show that (21.17)—(21.20) restore the
proper kinetic energies in (21.21).

(6) Use (21.14) and (21.17)—(21.20) to check that the potential (21.22) is
indeed correct.
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(7) Show that for Q(A,4*) = A;*A; — 3, the field redefinition,

ST 1P
A +a A = A; Y| (% 1),

Ay = ;
'+ dar4, 1 + {a*4,

induces the Kdhler transformation,

KA A™) = K(AA*) — 3log 319
’ ’ |1 + Ja*4,*

As discussed in Appendix C, this is an isometry transformation—

it leaves the Kdhler geometry invariant. Note that after such a trans-

formation, the supergravity potential ¥~ can again be related to a

superpotential P of third order. This feature characterizes the mini-

mal chiral supergravity model.

(8) LetQ = A*A — 3and P = u(1 + 4./34)3. Show that the potential ¥~
vanishes. Since the potential does not determine the expectation
value {A), the field A is known as a “sliding singlet.” Show that
the gravitino mass slides as well:

_ 1+a
my, = U 1—_’01]? )
where <A>‘= \/Ea.
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XXII. CHIRAL MODELS
AND KAHLER GEOMETRY

In the previous chapter, we constructed the minimal coupling of chiral
superfields to supergravity. We found that the resulting Lagrangian could
be written in terms of a Kahler potential and its derivatives. In what follows,
we will begin to explore the relation between matter couplings and Kéhler
geometry. We will work in flat space, where the connection first appears,
leaving the curved-space generalization until Chapter XXIII. A brief in-
troduction to Kahler geometry is given in Appendix C.

We start by studying the most general Lagrangian that can be built
from chiral superfields @', for i = 1,..., n. This Lagrangian takes a very
simple form,

¥ = f 420 420 K(®,0+)) + [ [a% p@) + h.c.]. (2.1)

Here K and P are superfields, with power series expansions in terms of
the chiral superfields @,

K@0Y) = Y Ciooing oo jug @ e @NDFI - @Hine

INJL UM

P@) = Y g, 0" O, (22.2)

Y

To find the component Lagrangian, we must expand K and P in terms
of the 6 variables. The expansions of the individual fields were given in
Egs. (5.3) and (5.5). For the superpotential P, Egs. (5.7) and (5.8) im-
mediately extend to

. 0P(4)
P(®) = + 20y i

(OP(4) 1, 9*P(A)
+90{F aar 2 X aigai(

(22.3)
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176 XXII. CHIRAL MODELS
Here all component fields are functions of y™ = x™ + ifa™d. The conju-
gate superpotential P* has an analogous expansion,
OP*(A*)

0A*
_{F*i OP*(A*) 1 02P*(A*)

P*(®*) = P*A*) + \/_9-—1

+ 60 =i

oax 2t 6A*'0A*1}’ (224

where the fields now depend on y*.
The 6 expansion of K(®,d*) can be computed starting from the

monomial
Ky = @it - Ping i i (22.5)

Its 6000-component may be found with the help of (5.9) and an appro-
priate interpretation of (22.3) and (22.4),

—— a . . 1 az(Ail tt AiN)
K _ e k i1 ... AiN k. ¢
NM = +6096{|F 3 k(A A ) ZXX ————76 ka 7 |

20 A%kjt ... gXxiMm

24 0A** 0A*
—_ a,,,(A"* R A“")(?"'(A*j‘ e A*jM)
. o a(Ain...AiN)
AXI . gRkIM kma .
( )X ( EYG )} (22.6)
where we have used partial integration. This result can be rewritten more

elegantly in terms of derivatives of Ky,,|, the lowest component of the
superfield (22.5),

Ry

Kyy = + 0000 {aa;{;%‘lf Fips
+ zllaA' j;?jfulm*, T
- St g piaman 1 TR g
%%%ﬁ X"y OpA! } 22.7)
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Equation (22.7) is also true for the full polynomial K. The expression
simplifies in the notation of a Kihler manifold, where

0 0
Gir = G4 GA

Gijrx = 2A* Gij = Gmpl ik

Gijpir = A Gip = Gims] oge- (22.8)
One finds
K =+ 6006 {gij.F"F*f - % T o
1 o1 Cemic
= 5 ImeDRE* 0L + 2 Gpse X XX
— Gijp OpA 0" AY — g, 2 7G™ 0,y
(22.9)

- igmksr;njik(—imxi amA"} .

We now have all we need to write the full Lagrangian in terms of com-
ponent fields. Substituting (22.3) and (22.9) into (22.1), we find

o N
L = gipF'F¥ + Zgi,-».mx‘x"x’x’

(1 . oP
- ‘4= g; * "’:‘aujk_" - i
F{zg.ml",ku —aA'}

M i JoP*
— F* {— gm.wrij’Xk - 5A*i}

2
- giia 5,,,Aia'”A*j - igijmijmDmxi
p .. 1 0%*P* L
L 0 ingd 7 (22.10)

T 2041041 X T 2 5a% % X
Here D,x' = 0,x' + ', 0,A’¢* is a covariant spacetime derivative, as-
suming ' transforms like a contravariant vector under the transforma-
tions (C.1) on a Kdhler manifold.
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The auxiliary fields in this expression may be eliminated by their Euler

equations,

%*

w1 = 0- (22.11)

) 1
gipF' — 'igkj'rfnlxmxl +

Substituting into (22.10), we obtain the final form of the component
Lagrangian,

g = "'gijnamAiamA*j - igijufj&mDmxi

1 S
+ - Rij*u'X'XleZt

4
]DDP“" 1DD P*qi
3 in/(_E D p 70K
- gij‘DiPDjaP*, (22-12)
where
0
! 6A'P
DDP—LPwl—" 0 P (22.13)
T T oA 0AT YoAkT” '

Equation (22.12) describes the most general supersymmetric coupling of
chiral multiplets. We have used Kdhler notation to illustrate the geo-
metrical nature of the result. Invariance under Kahler transformations is
manifest.

Each term in the Lagrangian (22.12) has a natural interpretation in the
language of Kéhler geometry. The scalar fields should be thought of as
the coordinates of a Kéhler manifold, and the fermions as tensors in the
tangent space. The Lagrangian (22.12) is a supersymmetric version of the
sigma model, expressed in geometrical form.

In superspace notation, the appearance of the Kédhler geometry can be
traced to the invariance of the Lagrangian (22.1) under the superfield
Kahler transformation:

K(®@,0%) - K(@,0%) + F(®) + F*(@7). (22.14)

This invariance will play an important role in what follows.
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EQUATIONS
# = [a0d0K@0*) + [ f %0 P(®') + h.c.]. @2.1)
L = —gip0nA' 0"AY — ig,m 75D,y
+ % Rijuet 175

1 1 -
~ 5 DDPLY — 5 DuDpPTE

2
— ¢"D,PD.P*. (22.12)
3
Db =55
DDP—LP—FkiP (22.13)
T 0404 UoAk T ’
EXERCISES

(1) Check that the Lagrangian (22.12) is invariant (up to a total derivative)
under the following supersymmetry transformations:

5§Ai = ﬁéx

. o )
def' = iyJ20"E 0, A" — ;kagAka—ﬁg*J‘a ¢

A 7

(2) Let K = A*A4" and P = L,A' + m;A'A) + }g,,A'A/A*. Show that
(22.12) reduces to the renormalizable Lagrangian given in (5.13).
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SUPERGRAVITY MODELS

Having discussed the role of Kahler geometry in flat space, we will now
compute the most general coupling of chiral superfields to supergravity.
As in flat space, we will find that the component Lagrangian has a natural
interpretation in the language of Kdhler geometry.

Motivated by our discussion in Chapter XXI, we take our superspace
Lagrangian to be

-2

L = Lz deG) 2«‘}’[E (22 — 8R) exp{~§~ K(dD,CI)*)} + xZP((I)):, + hec.,
K 8 3
(23.1)

where K(®,®*) is a hermitian function of the superfields ® and ®*/, and
P(®) is the superpotential. The exponential form is suggested by the rela-
tion between K and Q below (21.21). Expanding in k2%, we see that K is
the flat-space Kéahler potential,

PR (a0 6r + fdzezg[——é(@@ — 8R)K(®,07) + P(‘D)}

K2

+ -+ hc (23.2)

In this chapter, we will find that K is a K&dhler potential in curved space
as well.

The Lagrangian (23.1) is manifestly invariant under supergravity trans-
formations. Its component form can be found using the techniques in-
troduced for the minimal case in Chapter XXI. The steps are virtually
identical; there are just a few extra terms that follow from the general
nature of K. At the end of the computation, one finds precisely Eq. (21.21),
where K is now an arbitrary real function of the scalar fields A’, the lowest
component of the superfield K(®,0*).

Equation (21.21) gives the component Lagrangian in terms of K and its
derivatives. It can be written more compactly if we use g, and R;jus,
the metric and curvature of a Kdhler manifold. In this form the geometric
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invariance of the Lagrangian is manifest. Comparing (C.10), (C.18), and
(21.21), we find

1 ) .
¥ = ) eR — eg;s 0, A' O™ A
- iegf,wijf'" Dt + egk{m"lpko_-!g;’,ml//n

B % J2eg, 0, A% ia "G, — % V2eg,;: 0,A'F5"5"],,
* :llegij*[is""""‘hf’:l/;m + Yo" 107

_ ée[gij.gk,. = 2R, I AT

— eexp(K/2) {P*!//aa“bllf,, + Py, 6,

+ 5 VDL, + 5 2DPTFY,

1 P | -
+ E .@lD}PXlXJ + E @i*Dj‘P*Z‘Zl}
— eexp(K)[¢g”"(D;P)(D;P)* — 3P*P]. (23.3)

The covariant derivatives are defined as follows:
Dt = Oyt + X0, + F}kémA’;{" — Z(K,@,,,A’ — Kj0,A%)y

~ 1 . .
@m!//n = am‘l/n + ‘l/nwm + Z(KJ amAJ - Kj* amA’“)l/"n

D1P=P,+K1P

(23.4)

The covariant derivatives contain the Christoffel symbols for the Kahler
geometry, and the spin connection (17.12) for spacetime. Note that they
also contain a U(1) connection proportional to Im(K ; 9,,A’). The meaning
of the U(1) connection will become clear as we proceed.
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The Lagrangian (23.3) is invariant under supergravity transformations
because it was derived from a superspace formalism. It is useful, how-
ever, to verify the invariance directly, using the following supergravity
transformations:

8 = i({o™ W + (Y,
54" = gy
81 = iz20"{D, A" — T, 5,474

1 . o -
+ 5 (K;6Al — K 5:A%)y — 2eK2g7D X

1

Oym = 29,{ — 2K 54! — Kp O A,
i S _
= 5 Omb 9ijex'0"7 + ie"?Pa, [, (23.5)

where 2,,¢ includes the U(1) connection,

1 . .
Dol = Ol + L0 + 7 (K;0pA = K 0pA¥). (23.6)

Note that the transformation for the field ' indicates that supersymmetry
is spontaneously broken whenever {D,P) # 0. In this case, ' shifts by a
constant and plays the rol¢ of the Goldstone fermion.

To check the Kahler invariance, let us first examine the component
Lagrangian (23.3). Under a Kahler transformation,

K(A,A*) - K(A,A*) + F(A) + F*(A*), (23.7)

the metric, Christoffel symbols and curvature terms are all invariant. The
U(1) connection is not:

Dot > Do’ = 5 0pfIm Yt

Gy~ Gy + 5 001 FY,. 239
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The Kihler invariance is restored if Kdhler transformations are accom-
panied by Weyl rotations of the spinor fields,

1 - exp +% (Im F) ¥’
¥, - exp —% (Im F) ¢, (239)

With this rule, the kinetic terms in (23.3) are invariant under the combined
Kihler-Weyl transformations. The Kéhler-Weyl invariance insures that
the kinetic terms are invariant under field redefinitions (such as isometries)
that induce Kihler transformations of the Kihler potential K.

The superpotential contributions to the component Lagrangian con-
tain explicit factors of K, so their invariance is not automatic under the
Kéhler-Weyl transformations. For example, the scalar potential

¥ = eX[¢”(D,P)(D;P)* — 3P*P] (23.10)
is not invariant unless
P e EpP (23.11)
as well. With this choice, the D;P transform covariantly,
D,P —» e FD,P, (23.12)

and the full Lagrangian is invariant. Note that (23.11) does not in general
preserve a polynomial structure in the superpotential (see Exercise 21.7).
In mathematical language, the transformations (23.9) and (23.11) imply
that the spinors and the superpotential are not ordinary functions, but
rather sections of appropriate line bundles over the Kihler manifold. If
the manifold is nontrivial, the combined Kéhler-Weyl invariance is neces-
sary for the Lagrangian to be globally well defined. Locally, however, we
can simply think of the geometrical notation as giving a convenient short-
hand that is useful for describing the full set of supergravity couplings.
The Kédhler-Weyl invariance of the matter couplings can also be seen
from the superspace Lagrangian (23.1). Now, however, the superfield
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Kaihler transformation
K(®,®*) - K(®,0*) + F(®) + F*(@") (23.13)

must be accompanied by a super-Weyl transformation of the vielbein.

A super-Weyl transformation is defined to be a superfield rescaling of
the vielbein, consistent with the torsion constraints (14.25). In the exer-
cises, it is shown that the most general such transformation is of the form

SE\* = (T + DE,*

SE,* = (25 — DE,* + éEM"(sa,,)“d.@*i, (23.14)

where T and £ are chiral superfields,
2,5 =93 = 0. (23.15)

This implies

6R

_20% — DR — %@ﬁ?“"}‘:

0Gy = —(Z + )Gy + i94(Z — X). (23.16)

The transformations (23.14) and (23.16) determine the super-Weyl trans-
formations of the supergravity multiplet.

The super-Weyl transformations of the matter fields are also paramet-
rized by £ and Z. They are defined in such a way as to preserve the
appropriate constraints. For example, a super-Weyl transformation of a
chiral superfield is given by

0D = wXo, (23.17)
while that of a hermitian vector superfield is just
SV =wE + L)V. (23.18)

In these expressions, w and w' are called the Weyl weights of the respective
superfields.
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Equations (23.14)—(23.18) allow one to find the super-Weyl scalings of
the various component fields. These, in turn, can be written as variations
of superfields in the new © variables. After a small computation, one finds

a a
08 = 6X6 + 767 (8%6)
oD = wid — §* 9 (¢}
- 00°
29D — 8R)U = (29 — 8R)[(W — 4T + (W + 2ZJU
a a PO
-8 760° (99 — 8R)U, (23.19)
where
5§ = @%2% — Z)I + @@9“2[, (23.20)

and U is an arbitrary hermitian superfield of weight w'.
The transformations (23.19) induce a variation of the superspace
Lagrangian. For w = 0, we find

0F = f d*@ 26 [g (GF — 8R)(E + S)e K 4 62P:| + he.
(23.21)

This is precisely a Kahler transformation,

8F = f 4?0 2«5’[—%@9’2 — 8R)(F + F*)e K3 — FP:| + he,
(23.22)

where P is scaled to e FP in accord with (23.11). Comparing the two
transformations, we see that (23.21) cancels (23.22) if F = 6XZ. With this
choice, the superspace Lagrangian is invariant under combined Kahler-
Weyl transformations. It is a useful exercise to show that superspace
Kiahler-Weyl transformations induce local Weyl rotations (23.9) of the
component fields.

An arbitrary super-Weyl transformation can be used to change the form
of the Lagrangian (23.1). In particular, a super-Weyl transformation with
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a finite parameter —6X = log P simplifies that component expression by
rescaling the superpotential to one. Of course, this is an allowed trans-
formation only if the expectation value (P) is nonzero. This is not an
innocent assumption: it gives a nonvanishing contribution to the cos-
mological constant. This contribution can be canceled only if supersym-
metry is spontaneously broken.

The transformation with —6Z = log P changes the Kéhler potential
K to a new potential G = K + log P + log P*. Since this is a Kéihler
transformation, the geometry is left invariant. Therefore, to find the new
Lagrangian, we simply replace P by 1, K by G, D;P by G;, and 2,D;P by
G + G,G; — T'G,. This gives

1 ) ,
L = ) eR — eg;js0,A' 0"AY
— iegip "D’ + &\ Dl
1 . 1 . -
- E \/Eegij‘ anA*lxlamanl//m Y ﬁegij‘ a"A'ZjO'—mO'"l/Im

2

+ %egi,«[is""""l//mlfm + Ym0 )00
~ s elgti — R WL T

— eef/? {ll/,,d"bl//b + U, 5,

+ %\/EG,-x‘aal/;, + %ﬁGi‘fiE“*//a

+ 26y + GG, ~ THGILY

1 . i
+ E[Gi‘jt + Gi‘Gj‘ - r:"lthk‘]x x}}
— ee®[g¥' GGy — 3]. (23.23)
Let us now examine the physical content of (23.23). We first note that

the kinetic terms are properly normalized if g;; = 6;5 + ---. We shall
always assume this to be true. We then remark that the potential

¥ = ¢[g"GGp — 3] (23.24)
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is extremized if (8¥"/0A'> = 0, and that the resulting cosmological con-
stant is zero if (#”> = 0. Taken together, these conditions are satisfied if
(G'G)) =3
(GV,G; + G,y =0, (23.25)
where G' = "G, and V,G; = 9,G;, — TG,

The scalar mass matrix is found from the second variation of ¥". It is
of the form

M3, M.z,.>
, R (23.26)
(ot vrt

with

Mizja = <[VinVjqu - Rij»kl:GkGI. + gijt]e6>
M = <[ViG; + V,G]e), (23.27)

where we have repeatedly used (23.25).

The spinor mass matrix can be found from (23.23) as well. Focusing
on the quadratic terms, we find

- <eG/2> {%Uﬂb‘/’b + J,—a&'ahpb
+ 3VKGIL0T, + 5 HGHTT Y,

1 .

1 -
+ 5 (VG + G,-.Gj.>i‘i'}. (23.28)

The mass of the gravitino is easily seen to be {(e%/2).

The masses of the spinors y' are a little more subtle because of the
mixing between the gravitino a,¥, and the spinor G;y’. When (G;> # 0,
this mixing must be removed to find the physical mass matrix. Of course,
it is always possible to diagonalize the coupling by redefining the fields. It
is more instructive, however, to recognize that the mixing has an important
physical origin.
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To see this, let us consider the supergravity transformation of the field
n = G;x', given by (23.5) with the appropriate substitutions,

6,1 ___\/z—eG/ZGiGiC NI
= —=32m¢ + -, (23.29)

where we have used the fact that the cosmological constant is zero,
{G'G;) = 3. We see that n transforms by a shift. This indicates that 1 is a
Goldstone fermion, and supersymmetry is spontaneously broken.

Exactly as in ordinary gauge theory, the Goldstone fermion can be
gauged away through a supersymmetric analog of the Higgs effect. In this
“unitary gauge,” all terms proportional to G;y’ vanish identically. This
removes the gravitino-Goldstino mixing, and allows one to read off the
mass matrix for the spinors ', subject to the constraint G;x' = 0.

Of course, it is also possible to find the spinor mass matrix in a gauge-
independent manner, by diagonalizing the terms quadratic in the fermion
fields. The necessary field redefinition is suggested by the above arguments.
We find

]

-~ 1 1 )
Fo = Vo + 33/2m; 0 + éx/—%,,ﬁ. (23.30)

With this choice, the mixings are eliminated and the mass terms are
diagonal:

- my {'paaab';b + 'Za&ab'ﬁb
1 1 i
1 1 i
+ _2—<Vi‘Gj‘ + ‘3‘ GpGja)X X" . (2331)
The spinor mass matrix is just
1
Squaring, we have

. 1 1
mi“"f‘ = gk( <V,’Gk + SG‘Gk> <VjuGln + §Gth[c> m.lz,

1
= <vinv,,G* -3 G,.G,,> m2. (23.33)

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



EBSCChost -

XXIII. CHIRAL SUPERGRAVITY MODELS 189

We are now in a position to derive a mass sum rule for the physical
fields. Combining (23.26), (23.27), and (23.33), we find

StrM2= Y (=1)¥Q2J + 1)Tr M?

spins J
= Q2¢"M3. — 2¢"m}. — 4€%)
= 2(n — Dm} — 2R HG'G"ym2, (23.34)

for n scalar fields A'. From the mass sum rule, we see that the boson-
fermion mass splittings are proportional to m,. When the cosmological
constant is zero, the gravitino mass serves as the order parameter for the
spontaneous breaking of supergravity.

REFERENCES
E. Cremmer, B. Julia, J. Scherk, S. Ferrara, L. Girardello, and P. van
Nieuwenhuizen, Nucl. Phys. B147, 105 (1979).
E. Witten and J. Bagger, Phys. Lett. 115B, 202 (1982).
EQUATIONS
1 2 ) 3 =, KZ + 2
¢ = Ffd ©26| (29 — 8R)exp{ —5- K@)} + K*P(®) | + he
(23.1)
P = —-—; eR — eg;p OpA 0" AY

— ieg FT" Dt + €Y Dl
1

. 1 ~ . —
5 2eg;js 0,A*y'a™G", — 3 \/_Zeg,-j. oA "™y,

1 : 7 nimiy.i_ =j
+ Zegij“[wk[m"lpka{l//m + l//ma' ‘/l ]Z UnXJ
1 i k=j=t
~3 e[gij*gk{‘ - ZRiﬁkl‘]x XX
— e exp(K/2) {P*!//aﬁ"b!//b + PYay,
+ 52DPLT, + 5 IDPTTY,

1 o1 .
+ 5 @lDJPZRZJ + §@i‘DjtP*XIXJ}

— e exp(K)[¢7(D,P)(D;P)* — 3P*P]. (23.3)
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DX’ = Ol + YWy + Ti0pAly* — Z(K jO0mA’ — K 0,A¥)y

~ 1 ; .
"@mwn = 6mwn + l//na)m + Z(KJ amAJ - K.i" amA*l)l/In

DP = P, + K,P

Scen” = i(0" Y + (GYn)
5cAi = \/E‘:Xi
S = iN26"LD, A" — T, 5,47
1 . o - .
+ 5 (Kol = Ko A%)y! J2eK12gir D pX;

1 ‘ .
Sohm = 22, — 3 (K; 6,47 = K 5,4%),

-~ %amc gipx'c"y + iek?Po, (. (23.5)

X' — exp +%(Im F)y

Uu = exp = (Im F) . 23.9)
YV = e"[g"f”'(D‘-P)(DjP)* — 3P*P]. (23.10)
Str M2 = ) (=1DYQJ + )TrM?
spins J
=2n — l)m,f, - 2<Rij.G‘Gf‘>m,§. (23.34)
EXERCISES

(1) Given variations 0E,* and d¢,.5”* of the vielbein and the connection,
show that the most general variation of the torsion Tz is given
by
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5TCBA = "@CHBA - (“)bCQBHCA
+ QCBA - (_)chBCA
+ TCBDHDA - HCDTDBA + ("‘)bcHBDTDCA,
where H,®2 = E M SE,® and Qcz* = E-Mddpp”.

(2) Use the results of Exercise 1 to show that the most general Weyl re-
scaling of the vielbein, consistent with the torsion constraints, is of
the form (23.14).

(3) Find the Weyl rescalings of R and G,,. Check your results against
(23.16).

(4) Show that the conditions (23.25) imply that the scalar potential (23.24)
is extremized with vanishing cosmological constant.

(5) Compute the scalar mass matrix (23.27).
(6) For infinitesimal », show that { = n\/§/6m¢, transforms # to zero.

(7) Show that the matrix (23.32) has a zero eigenvalue, with eigenvector
proportional to G'.

(8) Verify the mass sum rule (23.34).

(9) Show that Str M? = 0 for the minimal chiral model, where G =
—3log(l — 44,*A4,). This is an important property of the model
because most radiative corrections are proportional to Str M2,
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In Chapter XXII we studied the most general coupling of chiral super-
fields in flat space,

£ = f 20 POK(@ O + [ f 420 P(@') + h.c.]. (24.1)

We found that K has a natural interpretation as the Kahler potential for
a Kdhler manifold .#. We also noted that the action (24.1) is invariant
under the Kahler transformations,

K@ ®*) - K(®.®*) + F@) + F*(®*), (24.2)

where F is an analytic function of the superfields @' In this chapter we
will gauge the analytic isometries of the Kéhler geometry, and in this way
generalize (24.1) to include vector fields. We will take advantage of the
fact that K transforms by a Kéhler transformation under each of the
analytic isometries of .#.

The analytic isometries of a Kahler manifold are generated by holo-
morphic Killing vectors,

X0 = Xi(b’(aj)-a—.
aa'

X*0) — X*i‘b’(a*j)

55 (24.3)

where the index (b) runs over the dimension d of the isometry group G.
As shown in Appendix D, this implies that Killing’s equation reduces to
the statement that there exist d real scalar functions D(a,a*), such that

0

_ D@
odat

gij.x*J(a) =i

. o,
g,-,wX""’ = —1 3™ D@, (24.4)
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The D are known as Killing potentials. They are defined up to constants
@ D@ - D@ 4 ¢@ [n what follows, we shall see that the freedom to
redefine the potentials is related to the Fayet-Iliopoulos D term intro-
duced in Chapter VIIL

The Killing vectors X® and X*@ generate independent representations
of the isometry group G. They obey the Lie bracket relations

[X(a),X(b)] = _fabcx(c)
[X*("),X*(b)] — _fach*(c)
[X@.x*®] = 0, (24.5)

where the f* are the structure constants of G. In Appendix D it is shown
that the Killing potentials D' can be chosen to transform in the adjoint
representation,

[x"m aia + Xxri@ 52*—] D® = —f<p©, (24.6)

This fixes the constants ¢ for non-Abelian groups. For each U(1) factor,
however, there is an undetermined constant c.

Under an isometry in G, the variations of K and P are determined by
the Killing vectors X,

oK = [8(“)X(") + 8*(“)X*‘")]K
OP = ¢9X@Pp, (24.7)

The variation of the superpotential must vanish for the action to be in-
variant. The variation of the Kéhler potential, however, does not need to
vanish. As shown in Appendix D, it can be cast in the following form:

0K = g@F@ | gx@p*@ _ i(a‘“) — 8*(“)) D(a), (248)

where F@ = X@K + iD“ is an analytic function of the coordinates. For
real parameters £, (24.8) is just a Kéhler transformation. For complex
¢, it is not of Kdhler form; there is a change in K proportional to
the Killing potential D,

The fact that (24.8) reduces to a Kihler transformation for real ¢ im-
plies that the action (24.1) is invariant under the rigid isometries of the
manifold .#. For local motions, however, the story is more complicated.
This is because the parameter ¢ must be promoted to a chiral superfield
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in superspace. In this case, the variation of the action (24.1) is

5P = f 420 420 6K

]

deOdzg[A‘"’F“" + AT@FT@ _ (AW _ A*@) p@]

—i f 0 2F(AN@ — A+ @) D@, (24.9)

where A® is a chiral superfield with lowest component £“, and the D@
are hermitian functions of the chiral superfields ®' and ®*/,

In the rest of this chapter, we will see how to construct a supersym-
metric gauge theory, invariant under the isometries parametrized by A,
We will add a term to the action whose variation exactly cancels (24.9),
using the formalism developed in Appendixes E and F. We will find that
the counterterm involves the vector superfield V = V“T®, where the
T are the hermitian generators of the isometry group G.

Since £ is complex, we must study the complexification of G, which
we call 4. An arbitrary element of ¢4 can be written in the form

g = eiu(u)rm)e—-z-u(a)r(n), (2410)

where u® and v'® are real, and as above, the T are the hermitian gen-
erators of G. Equation (24.10) splits ¢ into the product of a hermitian and
a unitary matrix, which can always be done.

Given the complexification ¥ of G, the space 4/G is constructed by
identifying elements g and ¢’ € ¥ if g = ¢'u’, for some u’' € G. Thus a point
of the coset can be represented by

v = et T, (24.11)

The matrix v is an element of 4, and the v are coordinates of 4/G.

The group ¥ acts naturally on the cosets 4/G by left multiplication on
v: v = gov. To find the transformation of v, it is useful to examine two
cases, the first with go = ug € G, and the second with g, = v, € % (but
not in G). For a transformation parametrized by u,, we have

V= UG = uUgbug lug = V', (24.12)

where v = ugvug ! and ¥ = u,. In terms of the coordinates v'®, this
implies

e*u'(u)’r(a) - uoe-}v(“’T(“’uo‘ 1 R (24.13)
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and we see that the v transform linearly under elements u, € G. In con-
trast, for a transformation v,, we have

v vy = VU (24.14)
Taking the hermitian conjugate, we find
v vy = u'ty. (24.15)
Combining the two expressions, we see that
v'? = vov?u,. (24.16)
In terms of the coordinates v, this implies

’ (. ) )
e” T = 1,e” T ,, (24.17)

a manifestly nonlinear transformation law. Note that the v'* can be trans-
formed to zero if we take v, = e~ T,

For infinitesimal variations, the transformations (24.13) and (24.17) can
be combined to give

5 exp(@T@) = -—% [u® + i ]T® exp(@@T®)

i )
+ 3 exp(T“)[u®) — w®]T®
= —ig*e" T 4 T, (24.18)

where we have set ¢ = ¢®T®, with ¢® = L(u® — ). If we identify &
with the lowest component of a chiral superfield A®, and v'“ with the
lowest component of vector superfield V“, we see that the transforma-
tion (24.18) is precisely the lowest component of the gauge transforma-
tion (7.15):

de¥ = —iA*eY + ie"A. (24.19)

Comparing (24.13) and (24.17) with (E.17) and (E.23), we see that the
transformation law of a vector superfield is just a nonlinear realization,
corresponding to the coset 4/G. As in Appendix F, we can exploit this
fact to construct a fully gauge invariant theory. Recall that previously
we found

0L = —i f d20d*G(A@ — A+@)D@ (24.20)
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To cancel this variation, we need to find a function I'(®,® */, V@) such that
T = i[A® — A*@]p@, (24.21)
Then
2 = [204°0[K(@'.0*)) + T(@.0*, V)]

+ { f d*0 P(®Y) + h.c.] : (24.22)

will be a fully gauge invariant action.

To find the counterterm I', we first restrict to its lowest component
I'(@',a*,v'”). We then write the variation 6I" in terms of differential
operators,

O = @ XOT 4 gx@x*@T L §5p@ or
5@
1
= %(s(a) + 8*(")),@(“)1" + 5(s(a) — 8*(«))(9(::)1"’ (24.23)

where 2@ and 0@ include the variations of the coordinates a’ and a*/, as
well as the appropriate variations of the v®. For (24.23) to agree with
(24.21), we must demand

POT =0
0T = 2iD®. (24.24)

Furthermore, we also require that I' satisfy the boundary condition
[(a',a*,0) = 0. (24.25)

With these ingredients, it is not hard to integrate (24.24). Following the
steps of Appendix F, we find

e.‘{.,(n)o(n) -1

r=5_ — 4po
_% v(b)o(b)

fol do e2% 0O D), (24.26)
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In this expression, the operator 0 is the same as ¢'® but without the
variations of the v@:

0@ = X@ _ x*@ (24.27)

It is a useful exercise to check that I' indeed obeys (24.24).

Having found the counterterm I', we are now ready to write the gauge
invariant action in superspace. We first promote I" to a superfield, re-
placing a‘, a*/ and v by superfields @', ®*/ and V. In a symbolic nota-
tion, we have

F@.0* V@) = [ daet=0yop®, (24.28)

where the differentiations O are performed before the fields are replaced
by superfields. Substituting this expression into (24.22), we obtain the com-
plete gauge invariant action in superspace:

Z = [047FK@.0") + [ da [a20a7g ez =0y opw

+ [ a0 P@) + h.c.]. (24.29)

The action (24.29) is manifestly supersymmetric because it is written in
superspace form. By construction, it is also invariant under the local
isometries in G:

5O = A@X (D)
de" = —iA*OT@eY 4 i NOT®, (24.30)

Note that the explicit appearance of the Killing potentials in (24.29) implies
that their global existence is necessary for gauging of the isometry group

G.
To write this action in components, we add the kinetic term for the

vector multiplet,

1 2
i, 6 Tr WW + hec., 24.31
£ T6ka? fd T C ( )
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and then pass to the WZ gauge. It is a straightforward exercise to eliminate
the auxiliary fields and cast the remaining terms into geometrical form.

We find
£ = —gip-@,,,Ai@'nA*i — ijagmg T@ _ -;-gzD“"z

— igipA'a" Dl — % F,,@Fm@

+ g2 XIOFT@ + X*iayiz@]

- %DiDijin - %Di,DrP*f"Zf

— ¢'D,PD,P*

+ 411 Ripet 07’ s (24.32)
where

DAt = 0,A" — gv, P X'@

o ) ) . oxi@
@mxl = amxl + r;’kgmijk - gvm(a) A

oA

Q@ @ = g @ _ gf”bcv (b) 7(c)
m’ m- m v

DP = cP
T
2P, oP
pp=_F _ 2433
b:b;p 0A' 0A’ Y o4k ( )

and we have rescaled V' — 2gV. The action (24.32) is invariant under the
following gauge transformations:

5Ai = C(a)xi(a)

. oxe
oyt = @ EYY ¥
5/{(::) = f"bcs(b)/:(c)
00, = g~10,e® + fobeglly, ©, (24.34)
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The covariant derivatives (24.33) are fully gauge covariant, as is evident
from the transformations (24.34).
The Lagrangian (24.32) includes the following scalar potential:

1

¥ = = g?D@? 4 gD PD.P*. (24.35)

N

The first term is the sigma-model generalization of the “D-term” introduced
in Chapter VII. Equation (24.35) implies that supersymmetry is sponta-
neously broken if either (D> % 0 or (D;,P> # 0, for some value of a or
i

For U(1) factors in the gauge group G, the relations (24.4) and (24.6)
do not completely determine the Killing potentials. They leave the D’s
undetermined up to additive constants c,

D—-D+c. (24.36)

Therefore, by choosing the constants appropriately, it is always possible
to arrange for supersymmetry to be spontaneously broken. This is the
sigma-model version of the Fayet-Iliopoulos mechanism for supersym-
metry breaking.

To illustrate the generality of the formalism developed above, we con-
clude this chapter with two examples. We first consider C", and gauge the
U(n) rotations about the origin. We take K = a*'a’ + d, s0 g, =
and R;ju,» = 0. The Killing vectors X*® are simply —iT® a’; the Killing
potentials are D = a* T 4/, Promoting a’ and a*/ to superfields ®*
and ®*J, we find

(@, @, V@) = [@0d*00*[¢" — 1]0. (24.37)

Using this result, it is obvious that (24.29) reduces to the usual superspace
Lagrangian for a U(n) gauge theory.

For our second example, we consider CP! = §2 = SU(2)/U(1). This is
a Kaihler manifold as well as a homogeneous space. For simplicity, we
use projective coordinates a and a*. In these coordinates, we take K =
log(1 + aa*) and P = 0 (see Exercise 6 of Appendix D). We choose to
gauge the entire isometry group G = SU(2), so the functions D are as
follows:

1 a+ a* i a-— a* 1/1 — a*a
ny . - 77 D¥ = "~ T D® = | — " ")
b 2(1 + a*a)’ 2(1 + a*a)’ 2 (1 + a*a)
(24.38)
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From here one can work out the Lagrangian, in superspace and in com-
ponents. We shall work in components, starting with the Lagrangian
(24.32). Because we have gauged the full SU(2), we can go to the “unitary
gauge” where a = a* = 0. This gauge exhibits the particle content of the
theory:

1 _
= 3 Fud®F™® — i196"3,]® — iyo" 2,7

1 1 N T
- §g’v;§v - ggz —igleh- — ¥2-) — 5 Xk, (24.39)

where

1
0 = 2\ £ i0,)

1
Ay = 53200 + i?)
Dot = Oy — g0,y (24.40)

The SU(2) symmetry implies that D? is a constant. The constant is
positive, so supersymmetry is spontaneously broken. The mass spectrum
is as follows. The charged vector mesons v are massive; they have eaten
the scalars a and a*. The massless vector meson v, is the gauge field
corresponding to the unbroken U(1) symmetry. Its supersymmetry partner
is the massless Goldstone spinor A®). The Majorana spinors x and A_ are
massive; they have combined to form one massive Dirac spinor. Finally,
A, is both massless and charged. The CP! model has spontaneously
broken supersymmetry, no leftover Higgs, and a massless Weyl spinor in
a complex representation of the unbroken gauge group. This model is
remarkable because the particle spins (as well as their masses) violate
supersymmetry. No model with unbroken supersymmetry has the same
spin spectrum. Nevertheless, the numbers of bosonic and fermionic
degrees of freedom balance on mass shell.

REFERENCES

J. Bagger and E. Witten, Phys. Lett. 118B, 103 (1982).
C. M. Hull, A. Karlhede, U. Lindstrom, and M. Rocek, Nucl. Phys. B266,
1 (1986).

printed on 2/13/2023 9:01 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



XXIV. GAUGE INVARIANT MODELS 201

EQUATIONS
j(a : a a
gif'X*’( ) — ,a_a_; D@
i(a) . a (a)
gipX'@ = —laa*j D, (24.9)

[ X‘“), X(b)] = — fabc X(c)
[X*("’,X-*(b)] = fabCX*(c)

[X@ X*®] = 0. (24.5)
Xl'(a) _é_ + X*i(a) ._a_ D(b) = __fabcD(C)‘ (24'6)
oa’ da*
0K = gWF@ 4 g*@F%@ _ j(g@ _ gh@\p@ (24.8)
e*v'(a)T(a) - uoefv(a)T(")ua 1 (24.13)
oV OT® erva(“’vo. (24.17)
e;;u(a)om ~1 e
I = _i'_v(b)o(b) v 9D
_ J‘ol da 6,.;_a,,,(a)()(a)v(c)D(c)' (24'26)
0@ = X@ _ x*@ (24.27)

@ = f 420 *G K(@' D) + fo‘ d J' 420 d2g &5V 0 y o p®)

N [ [aop@) + h.c.}. (24.29)

5®i = A(a)Xi(a)(q)i)
de¥ = —iATOT@eY 4 " NOT@, (24.30)
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: o1
£ = ~gyp D ADAY — 196", 1 — 5 ?D*

~ igipx'e" Dl — %F,,,,,‘“’F""““’
+g \/5%_[ Xi@pig@ 4 xxi@yijar]
- % D.D,Pyy — % D.D.P*i'y
— ¢'"D,PD.P*
+ 3 Rl 0T (24.32)
DAl = 0,4 — gv,@X@

X1
oA

Dk’ = O’ + Ty DA’y — gv, '

@ @ __ abc,, (b)4(c)
Dh® = 0, 4@ — gf v, ®

oP
DiP =%

12
opp - P , OP

iVj = m - ,-j-a“;{,?. (24.33)

(5Ai — s(a)Xi(a)

oxi@
AT
SA@ — fabcg(b) 1)

00, @ = g~10,e@ + fe®yp,©, (24.34)

Syt = @

Xj

1
vV = 3 g*D®@? + ¢'*D.,PD,.P*. (24.35)

EXERCISES

(1) Prove that the Killing potentials can always be chosen to satisfy (24.6).
This can be done by first differentiating the left-hand side with re-
spect to @, and then using the relations introduced above to obtain
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the a' derivative of the right-hand side of (24.6). The proof can be
completed by repeating the procedure, this time differentiating with
respect to a*’.

(2) Show that

Xi@ 5637 D) 4 x*i) P_a*‘ D = 0.
a ra

(3) Verify that the differential operators,

X@ = _jgiT@k 4
I oak
a
PN 7/
X*a@ — ia*JT(ﬂ)Jk
da**’

are indeed Killing vectors, where the commutation relations of the
T“"j" are given in (7.14). Show that their Lie brackets close into
(24.5).

(4) Let .# be the complex plane. In this exercise we will gauge translations
in the y-direction on .#. (Note that one could have chosen to gauge
translations in the x-direction, but because of (24.6), one cannot
gauge both simultaneously.) As above, take K = a*a + d,s0 g, =
1 and R,,.,.» = 0. For D take the Killing potential D = m(a + a*).
Find the Lagrangian and the mass spectrum in unitary gauge.

(5) Show that (24.29) reduces to (24.32) in the WZ gauge.
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Having discussed the geometrical interpretation of supersymmetric theo-
ries, we are now ready to write down the general coupling of matter
fields to supergravity. The Lagrangian we derive is the starting point
for the phenomenological study of supergravity theories. We present
the Lagrangian in superspace (25.1), in two-component spinor notation
(25.12), and as a service to the reader, in a more conventional form with
four-component spinors (25.24). Readers interested only in the results
should feel free to skip to the relevant part of the chapter.

The supergravity extension of the gauge invariant superspace La-
grangian is easy to find using the material from the previous chapters.
As in (24.17), one first adds the counterterm I' to the Kéhler potential K.
Then, as in (23.1), one exponentiates the result to find

& = f d?0 26 B— (29 — 8R) exp{—% [K(cb,cb*) + r@,@*,n]}

1
* Tog? Han@WEOW® + P(cb)] +he, @25.1)

where k% = 1, and

1 -
W, = WOT® = — (57 — 8Rje ™" 2¢" (25.2)

is the curved-space generalization of the supersymmetric Yang-Mills field
strength. In this expression, K is an arbitrary hermitian function of the
superfields ® and ®*/, P is the superpotential, and I is the counterterm
(24.22), which is necessary for gauge invariance, as we will see below. The
analytic function H g, is included for generality. Under a gauge transfor-
mation, it must transform as required to render (25.1) invariant. In what
follows, we shall take H,, = 0,,; the Lagrangian with nontrivial H ,, is
presented in Appendix G.

The supergravity invariance of (25.1) is manifest because of the super-
space formalism. The gauge invariance, however, is a little more subtle.
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To check it, let us recall the gauge transformations for K, I', and P,
0K = AWF@ 4 AT@pt@ _ i[/\(“) — A““)]D("’

or i[A(a) — AH“)}D("’
oP = AWX@p, (25.3)

I

as given in Chapter XXIV. Here
F@ = X@K + D@ (25.4)
is an analytic function of the ®, and A is the superfield gauge param-

eter. When applied to the Lagrangian (25.1), the transformations (25.3)
induce a variation of the following form:

1o Cry
0% = [a*0 2¢s”[—§(5z,@ — BR)[AWF@ 4 A*@F @]~ K+Di3
+ wapr + he. (25.5)

In Chapter XXIII, such a variation is canceled by a super-Weyl
transformation, where the Weyl weight of @ is taken to be zero. Setting
the weight of V@ to be zero as well, we find

0¥ = f d*e 2¢ B (22 — 8R)[L + L]e *K+Dr3

+ 62P] + hec. (25.6)

under a super-Weyl transformation with superfield parameter £. Com-
paring (25.5) to (25.6), we see that the variation is canceled if

1
T = - AWF@

6
6P = AWX@WP = —A@WF@Pp, (25.7)

The condition on dP is a nontrivial condition on the superpotential that
is necessary for the gauge invariance of the theory.

The superspace Lagrangian presented above can be expressed in com-
ponents using the techniques developed in the previous chapters. One first
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passes to the WZ gauge, where
. 1 . .
I = y@p@ § Gije X i@y *j®) /(@) (k) (25.8)
and
| 1
W, = —Z(@@ — 8R)<9,V — 3 [(V.2,V];. (25.9)
One then works out the ® expansions for

(22 — 8R) exp{—% [K + F]} (25.10)
and
wew@ . (25.11)

After eliminating the auxiliary fields, and rescaling and redefining the
other fields as in Chapters XXI and XXIII, one finds the component
Lagrangian in terms of the physical fields. This Lagrangian is the starting
point for phenomenological studies of supergravity theories:

1 ~ .~ |
¥ = ) eR — egipDnA' DA — EegzD“”2

1 = ~
(a) pmn(a) i (@)= 1(a)
~ 2 eF,,*F — e D, A

- ieg‘.f.ffﬁ"'g? il + €™ 6,9,
+ /2eggip X XY@ + 2egg, X @I

1 = 1 —
-3 egD®y 0™ i@ + 3 egDWy, ™A@

1 55 ANagim=n 1 5y Aigi=m.nT,
- E\/Eegif‘@nA 00 l/jm - Eﬁegij'gnAxd a l[’m
+ %e[tpma“”o"‘)—.“" + PGP [F '@ + F ']

U v 7 o
+ Z egij‘[wk[ '/’katwm + ‘I’ma W"']X‘anl
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1 i kit

-3 e[gipges — 2Rijmp I 7T

+ leg~~,,;7"<?"')/"Z(“’6" A — i e/ gm0 51b)
8 ij*/L S m 16 m

— eexp(K/2) {P*l//aa"”l//b + Py 6,
i o .

+ 5 V2DiPY oY, + 5 2DRP* TG,

1 A | i
+ 3 9D:D;Py'y’ + 3 ZuDpP¥y X’}

— e exp(K)[¢"(D;P)(D;P)* — 3P*P]. (25.12)

In this expression, the scalars 4 and the spinors ' and A are matter
fields, while the vectors v, are the gauge fields for the gauge group G.
The field ¢, is the gravitino, and e,* is the graviton. In (25.12), K, P, and
D are functions of the scalar fields. As before, the metric g, is Kihler.

The Lagrangian (25.12) contains derivatives covariant with respect to
gauge transformations, as well as spacetime and Kaihler coordinate
transformations:

DAl = 8,A" — gv, X
ox'

Gt = Onl + 1O + TpGnAlrt = gon® =5

— Z(Kj.@'mAj - Kj.,@mA*j)x" — égvm"” Im F@y

D09 = 0,9 + J9g, — gf ", @i
+ ‘—lt(K G A’ — K G A + %gvm“” Im F® ;@
b = Omib + ¥nOm
+7(K DA’ — KpDuA* N, + %gvm‘“’ Im F@y,
D,P = P, + K,P
9.D;P = P; + K;P + KD,P + K,D,;P — K,K,P — T¥D,P. (25.13)
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The covariant derivatives contain the Christoffel symbols for the Kéhler
geometry and the spin connection (17.12) for spacetime. They also contain
the vector potential v,®. Note that the covariant derivatives contain a
coupling between Im F® and the vector potential. This is a reflection of
the fact that gauge transformations are accompanied by super-Weyl rota-
tions of the component fields.

The above Lagrangian is invariant under the gauge group G. The gauge
transformations of the component fields are given by

0A} = g@xi@
i(a) ;

: 1 .
X+ ¢@ Im F@y!

Syt = @

A

53@ = faveg®z@ _ L oo) m )@
2

50, @ = g1 0, 6@ 4 fabegbly ©

= _..i_ (a) (a)
= —3 &7 Im FOY,. (25.14)

It is automatically invariant under supergravity transformations because
it was derived from a superspace formalism. It is instructive, however, to
verify the invariance directly, using the following transformations laws,

5Cema = i(‘:aalf’m + E&-a‘//m)
A" = 2ty
o' = ixJ20"{D, A" — T, 6, A'¢*

]

+ % (Kj 6414" - KJ* 6;A *j)xi - \/ieK/zgij'Dj‘P*C
Sn® = ({0pd® + {5,

8,4@ = F,, @0 — %(K 10,47 — K8 A¥)A®@ — igD@(
6{‘l’m = ZQMC - %amnc girXio'"fj + %(gmn + amn)c A(a)o.nj'_(a)

Yk 5,40 - K.5,4%W, + ieX2Pg,T. (25.15)
4y 4 Y
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Here 2, is defined to be

~ 1 ~ . ~ .
Dol = Ol + Loy + (K G = KpGpd ¥, (2516)

while the supercovariant expressions BMA‘ and F,, are given by
DA = D, A" — gu,@Xi®
= GnA' — %\/5 Yt
Fo@ = D,v,@ — D, @
= Fo® = 5 D007 + 0,0
= Y0, A — §,6,4]. (25.17)
The action (25.12) differs from that of Chapter XXIII by the addition

of the gauge supermultiplets. The additional fields change the form of the
scalar potential from (23.10) to

1

Vv =
2

g*D? + eK[gi(D,P)(D;P)* — 3P*P]. (25.18)

They also change the trace formula from (23.34) to

Str M?

Y (—1)¥QJ + 1) Tr M?

spins J

(n — D[2m — g*><D?)]
+ 2927 D@Dy — 2(R,,G'G"ym]. (25.19)

From the form of the transformation laws, we see the condition for
spontaneous supersymmetry breaking is either

(D;Py # 0 (25.20)

or

DYy # 0, (25.21)
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for some value of i or (a). Depending on the relative magnitudes of (25.20)
and (25.21), an appropriate linear combination of ¥ and A plays the role
of the Goldstone fermion.

Note that the Lagrangian (25.12) explicitly contains the Killing poten-
tials D). Their existence is both necessary and sufficient to gauge the
group G. If the group G contains a U(1) factor, we know from previous
arguments that the D are not uniquely defined. There is an arbitrary
integration constant associated with each U(1) factor,

D-D+¢. (25.22)

In the globally supersymmetric case, shifts of these constants give rise to
the Fayet-Iliopoulos D-term %. The same is true in supergravity. By
shifting the functions D, we find the gauge invariant supergravity version
of Ly

1 1 - -
Lp = ) eg*l? — eg*D — 3 egl(Ymo™i — Yno"A).  (2523)

Note that the shift (25.22) changes the spinor covariant derivatives as well
as the transformation laws (25.15). New terms proportional to ¢ are in-
duced in all expressions involving the Killing potentials D.

In the rest of this chapter, we will present the Lagrangian (25.12) in
four-component notation, following the conventions described in Appen-
dix A. Care should be exercised in comparing this formula to those in the
references; conventions vary throughout the literature. With this said, we
write the Lagrangian as follows:

~

1 ~ o1
L = ) eR — egi DA’ T" AN — EegzD“”2

1 o
-3 eF, OF™@ — jei\Mymg 1D

- iegij*ﬂ.?m@mli + e 19D L
+ eg \/igij‘x HOTRAD + eg \/Egij‘x @R

1 o] —
+ 5 gD WLny"AL — 5 egD N gy AR

I 7 ji yyman 1 7 Aiziam
- 5 299.’,*@../4*12(&7 7 lme - 5 \/iegij‘gﬁnA Xi'y y"'//Rm
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i T . T ) a ol
+ Z e[‘/’LmaabymA‘(l‘:‘) + l//Rmalab'ym/"(k)][Fab( ) + Fab(a)]
1 - k¢mn. T T =i j
+ 2 egij‘[wM ViYW im — YimY VT RYaXR
1 =i k=)
-3 e[gipgur — 2Rij‘kl']XRXLXLX§Q
! i ymyi T(a) (a) 3 T(a)y,m 7 (a) T(b) (b)
- gengL)’ XLAR YmAR + 16 eAY " AL AR Y mAR

— eexp(K/2) {P*%aa""%b + Py 0%,

i Fi aa i 7iaa
+ 5 V2DPTRPUra + 5 2DeP* TV Y e

1
2
— eexp(K)[¢""(D:P)(D;P)* — 3P*P],

o1 -
+5 DD PTwL, + 3 gi.D,uP*mﬁ}

211

(25.24)

where yi = 3(1 £ y5)x’, and similarly for A and ¢, The covariant

derivatives are defined as follows:

]

ZnAt = 0,A" — gv, X
i(a)

T

@mZ;‘ = am%i — me;, + r;kémAJZ,;, - gvm(a)

- %(K,Q?m Al — Ki‘@m A”)Xi — % gv,@ Im F(a)xi
Gl = 0,0 — 0, 4P — gf v, DI

+ %(K DA’ — KuD,A*)O + % g0, Im F® @
Golin = Onin — Onin

+ %(K DA — KpD Ay, + %gvm(" Im F@y,,

D,P = P, + K;P
9D;P = P + KyP + KD;P + KD;P — KK;P — T%D,P.
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The Lagrangian (25.24) is invariant under the supergravity transforma-
tions,

5;emu = i(ZLyal//Lm + C_Ryawkm)

54Ai = \/EC_RXi

5;%5_ = i\/i"/mCREmAi - j‘k 5;AjX'i

I

1 . o -
+ 5 (K;0c4) — K™Y} — J2eK12gi"D L PX(,

5{vm(a) i(C—L'ym;'(l?) + C_R'ym;'(lg,)
~ 1 ; c axire
0 = Fop o™, — 7 (K; 647 — K5 A™)i — igD,

Sim = 2D iy — %%CL 9ip TRV AR + %(gmn + )L ARVAR
- %(K 10:AT — KpS A* W, + ieX/2Py,Lr, (25.26)
where .@mc L is given by
Guly = Only — OulL + %(KJ@,,,Aj — K;pZ,A¥),.  (2527)

REFERENCES
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EQUATIONS

& = de@zg[-;- (@2 — 8R) exp{—% (K@) + F((D,d>+,V)]}

1
+ WH(M)((D)W(")W(“ + P(Q)] + hec (25.1)
|
W, = WoOT@ = —2(99 — 8R)e™"9,¢". (25.2)
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1 7 ALGym g %J 1 2 (a2
y = '—5 e.@ - egijm@mA 9 A - *2'eg D

- %eF,,,,,‘“’F"‘"‘“’ — eI @G"G, )@
- iegij*x—j&mg?mxi + eskz"mv—;k&-l@mlpn
+ V2eqgip XHOLIO 4 2egg, i T

1 = 1 -
~3 egDy a™mi + 3 egDy, ™A@

1 o L 1 ~ _
- Eﬁegij‘-@nA*lxlamanl/Im - Eﬁegij‘gnAlila_monwm

i - _— ~
+ Ze[‘pma.abo.m/{(n) + l//mo.aba,m,t(a)][Fab(a) + Fab(a)]

—

+ - egij‘[isklm"l//koﬂ];m + lf/manlpm]li”nfj

N

1 —
= g L9 — 2Ripr 1A 7T

1 3 - -
+3 egipi oy A G, AW — e eA@gmj@ g 710
— e exp(K/2) {P*w.,a""«/f,, + Py 5,
+ ; 2D,Pyicy, + %\/iD,-.P*fiE“z//,,
1

2
— e exp(K)[¢"(D;P)(D;P)* — 3P*P].

P | -
+ n@iD!PXli + igi‘Dj‘P*Zlij}

~

D,A" = 0,A" — gv,PX@
. o . oxi@
D' = O’ + A'Om + DDAy — gon® —7= 1’

1 7 i ~ s i X
- Z (Kl@mAl - Kj‘@mA*J)X‘ —_ %gvm(a) Im F(a)xl
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D A= 0,0@ 4+ 1O, — gfep ®16
+ %(K DmA’ ~ KD, A¥)AD + égvm(”’ Im F® )@
Dulin = Onlln + YuOp
+ %(K DnA’ — KpDA*N, + %gum“" Im F9,
DP =P, + K,P

2D,P = P; + K;P + KD,P + K,DP — KK;P — T“D,P.  (25.13)

d4i= goxi@
Xi(a)
Al

. | .
oyi= @ X+ ie‘”’ Im F@y

\ i
SA@ — fabcgw) A f e® Im F®j @
5vm(a) = g~1 ame(a) + fabce(b)vm(c)

oy,

—% €9 Im F@y,. (25.14)

5;ema = i(caad;m + C-U—awm)
5;Ai = \/ECXE
oy =i 20"{D, A" — T, 6, Alx*

I

50m® = i((0,2@ + [5,A@)

. to i@
5,49 = Fa®a™( ~ 7 (K;0c4" — K S;A*)A — igD"

~ 1 o =
S = 290l = 5 Oml G 'S + 5 G + Ol K0T

~ %(K,. 5,40 — K5, A%, + ieX*Pa,[. (25.15)
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1 -
vV = 3 g*D@? + eX[g¥ (D;P)(D;P)* — 3P*P]. (25.18)
Str M? = Z (—D¥QJ + HTr M?
spins J
= (n — D[2m — g*(D2)]
+ 292" D@Dy — 2{RpG'G"ym;.  (25.19)

EXERCISES
(1) Show that

(9,9 — 8R)(e"D,e")

-

W, = —

is gauge covariant under the following non-Abelian gauge transfor-

mation:
| = e—iA*eVeiA

where
DA = DA =0.
(2) Verify that

1
e VP =9,V — 3 v, 2.v]

in the WZ gauge.
(3) For an Abelian group, the components of W were given in (19.28)
Use the results of Exercise 7 in Chapter XIX to show

(2.9 — 8R[V,2,V]| = 0
@ﬂ(gd‘@& - 8R)[V,@aV:” = S(Gabs)ﬂavavb
DD YD, 2* — 8R)[V,2,V]| = —16i[v,4,4*] — 8i[v",0,4¥.%].

Then find all the components of W for a non-Abelian group G.
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(4) Compute

(D.9% — 8RYD*V = 20{iA*24 + 0°F%Y.v,) — /20°%v,}
+ OO {2274 + 4iD A*vf

+ A*[—-2D + 2ie"D v — gvab"
+ Y64 — A5y, — Yo}
and
(9:2* — 8RYDP*V? = 200 A*v 1.
(5) Check that
(2,9% — 8R)®P*V? =0

in the WZ gauge.
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XXVI. LOW-ENERGY THEOREMS

In the study of chiral dynamics, nonlinear realizations of chiral sym-
metries have proven to be useful tools for constructing low-energy effec-
tive Lagrangians. In this chapter we shall see that similar techniques
can be used to describe the low-energy effects of spontaneously broken
supersymmetry. The resulting low-energy theorems describe the effective
couplings of Goldstone and matter fields at energies far below the scale
of the symmetry breaking.

The fact that the low-energy theorems hold for supersymmetry might
seem surprising, for the usual proofs in chiral dynamics rely on the finite
volume of a compact group. For the case of supersymmetry, the anti-
commuting nature of the group parameters makes such volumes vanish.
Nevertheless, we shall see that alternative proofs can be supplied which
validate the supersymmetric versions of the low-energy theorems.

In chiral dynamics, the low-energy theorems apply when a group G
is spontaneously broken to a subgroup H. The subgroup H is linearly
represented on the physical fields, while the remaining generators of G
are realized nonlinearly in terms of the coset parameters for G/H. The
coset parameters can be interpreted as Goldstone bosons associated with
the spontaneous breaking of G down to H.

The nonlinear realizations of G are determined up to field redefinitions.
They are often parametrized in certain canonical forms known as stan-
dard realizations. These realizations linearize on the subgroup H. Any
linear representation of H can be promoted to a standard realization of
G. Conversely, any realization of G that linearizes on H can be decom-
posed into a set standard realizations and Goldstone fields.

For the case of supersymmetry, the Lorentz group plays the role of
the subgroup H. The remaining generators generate pure supersymmetry
transformations. In Chapter XI we used this construction to find a non-
linear realization for the Goldstone fermion 4,

1
6§}'a(x) = ; éa - w’é"(x) am'la(x)

- 1. =
Oedlx) = — Ca — WF(x) OpAalx)

vF(x) = k[A(x)o™E — Ea™A(x)], (26.1)
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where k is a constant that parametrizes the supersymmetry breaking
scale, analogous to f, in chiral dynamics. These transformations can be
lifted to superfield form using the techniques introduced in Chapter IV.
The relevant construction is given in (4.11); for the case at hand, it gives
a superfield A whose lowest component is the Goldstino A:

A(x,0,0) = exp(6Q + 00) x A (x)

Ay(x,0,0) = exp(6Q + 0Q) x Lyx). (26.2)

The superfield A is built out of 4, its derivatives, and the constant «:
~ 1
A (x,0,0) = A (x) + - 0, + -
- _ _ 1 _
Ayx,0,0) = A(x) + " 0; + . (26.3)

It is a short exercise to show that the transformations (4.10) reduce to
(26.1) when applied to the lowest component of A.

The Goldstone superfield A can also be defined as the solution to a
certain set of constraints. These conditions can be found with the help of
the identity,

D, exp(6Q + 00) x = exp(6Q + 60)Q, x
D, exp(6Q + 00) x = exp(6Q + 80) @, x . (26.4)

Applying (26.4) to (26.2), and using (26.1), we find

1 _.
DﬂAa = E Eap + iKO'ﬂﬂ?mAﬁ 5,,,1\“
DjA, = —ikAPo ™ B, (26.5)

These constraints are consistent with the D algebra (4.7). Their solution
is the superfield A as defined in (26.2).

To derive the low-energy theorems, we need the supersymmetric ana-
logs of standard realizations. We shall define a standard realization of
supersymmetry to have the following transformation law:

0
0:f(x) = —iv'g(x)ﬁ f(x), (26.6)
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where v is given in (26.1). In the exercises, you will show that (26.6) closes
into the supersymmetry algebra. The field f is free to carry an arbitrary
set of Lorentz or internal symmetry indices.

As with the Goldstone fermion A, we would like to promote f to a
superfield F whose variation reduces to (26.6) when restricted to its lowest
component. Using the construction of Chapter IV, we find

F(x,0,0) = exp(0Q + 0Q) x f(x)

ai" fx) + . (26.7)

= fx) — ivg(x)
In (26.7), the superfield F carries the same indices as f. Its component
fields are built out of 4, f, and their derivatives. It is also possible to derive
(26.7) from the constraint equations,

D,F = ix(6"A), ,,F
D,F = —ik(Ac™),0,,F. (26.8)

In the case of chiral dynamics, it is well known how to convert any non-
linear realization into a standard realization. As shown in Appendix E,
one simply applies a finite group transformation with the field-dependent
parameter that would transform the Goldstone fields to zero. This pro-
cedure also works for supersymmetry. To see this, let f be an arbitrary
nonlinear realization of supersymmetry, and let F be its superfield exten-
sion. A standard realization F’ is obtained by taking

F(x,0,0,0) = ¢¥2*QF(x,0,0)|;= 5 (26.9)

where the Q’s are the differential operators (4.4), and the substitution
¢ = —kA is made after all the differentiations are performed. We can also
write (26.9) in a more explicit form, avoiding derivatives on 4, by changing
arguments as follows:

- 0 I
F'(x,0,0,4) = exp [iv{,"( y) (?x—’":l exp [ —K (A( y) %0 + A(y) %):I
x F(x,0,0)|c=,- (26.10)

In this expression, we are able to separate the exponents because of the
fact that

o - .0
[(A(y)@ + 20) 5§>, va"(y)] =o. 26.11)
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To:-show that f” is a standard realization, we must compute the change

in F’ from a supersymmetry transformation. This is most easily done
using (26.10). The variation of vj follows from (26.1):

Sp(y) = Ea™ — O™ — v}

p va(y). (26.12)
Using (26.1), (26.12), and (4.4), we can then compute the change in F',
) ~ . ~ = 0 0 G,
0.F'(x,0,0,4) = {[1(50"‘0 — Bo™&) T vé(y) ]exp I:w;,"( ) W]}
i 0 0
X exp —x<i(y)5é + A( )a())]F(xBO)
0 -0 ey O
+ exp we()’) :H[“é 6 5(—35 — iv(y) 5};]
B _ a - _
X exp I —K (}.(y) %0 + Ay) £>:|} F(x,0,0)
0 d - .0
+ exp Tiva"(y) W] exp l: —K (l(y) s T ﬁ)]

X {é%+50 (éa"‘()—()a’“é 0 }F(x()@)

X=y

(26.13)

Taking the lowest component, we see that f’ indeed transform as a stan-
dard realization,

0 F(x.4). (26.14)

0cf'(x,A) = —ivi(x) pae

As above, the fields /' and F’ can carry any Lorentz or internal sym-
metry indices.

With these results, we are now in a position to supersymmetrize any
Lorentz invariant Lagrangian. The first step is to find a Lagrangian for
the Goldstone spinor A. Two obvious choices are

K? 20 125 A2K2
Ly = —7fd 049 A2A (26.15)
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and
1 2 20 2 A2
L, = —Efd 0d20(A* + A?). (26.16)

It is not hard to show that the highest component of A% + A? is a total
spacetime derivative, so (26.16) is unsuitable for a supersymmetric action.
In contrast, (26.15) is perfectly fine, and coincides with (11.11) when ex-
panded in terms of component fields. We shall take it to be the Lagrangian
for the Goldstone fermion.

The next step is to construct the matter superfields. We start with the
original matter fields, which have well-defined transformations with re-
spect to the Lorentz and internal symmetry groups. We assign the fields
supersymmetry transformations via (26.6), and promote them to superfields
via (26.7). In this way we build a superfield out of each matter field in the
original theory.

The final step is to construct the supersymmetric matter coupling. We
start with the original Lagrangian Z, and replace all the matter fields by
their corresponding superfields. This gives a superfield Lagrangian whose
lowest component is the original Lagrangian. We then turn this lowest
component into a highest component by multiplying the superfield ex-
pression by A2A?,

- 1 .
S Li A (26.17)
This gives a fully supersymmetric Lagrangian,
P =Kt f d*0d*9N2A22, (26.18)

whose A-independent part is just the original Lagrangian 2.

As usual in the theory of nonlinear realizations, it is always possible to
include higher-derivative terms in the effective action. For example, a con-
tribution of the form

&, = f 420 d*8(D2A?)(D*A?) ~ (8,,A0™ 3,A)(0,6% 8,7) + -+ (26.19)

adds a higher-derivative interaction to %. The coefficients of such terms
are not determined by symmetry, and must be regarded as parameters of
the theory. The leading term in the derivative expansion is the only term
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that is unique. At high energies, where the higher-order terms become
important, the predictive power breaks down.

The Lagrangian (26.18) describes the low-energy interactions in a theory
where supersymmetry is spontaneously broken at some scale much greater
than the energies involved in the low-energy effective theory. For example,
the formalism would apply to the situation where all the supersymmetric
partners of the physical fields are very heavy (except for the Goldstino).
In this case, the low-energy scattering amplitudes are determined by the
effective theory. The only signals of supersymmetry are the nonlinear cou-
plings of the Goldstino to the physical fields.

To illustrate this construction, let us consider the case of a free scalar
field a(x) and a free spinor field y(x),

P = —-% 0,a0™a — %mza2 — iyo™ o,y — %u(tﬁz + ¥3). (26.20)

We supersymmetrize the Lagrangian by assigning transformations to a
and y via (26.6), and lifting them to superfields 4 and W that satisfy the
constraints (26.8). We then replace the fields in (26.20) by 4 and P, to
find the superfield Lagrangian %,

R 1
L =%, + deGdZOAZAZ[——EamAa'”A — s mA®

—i¥o™d, ¥ — % u(¥? + \PZ)]. (26.21)

The Lagrangian (26.21) should be expanded in terms of the Goldstone
spinor 4. A helpful trick is to replace d26 428 by D>D?/16 and use the con-
straints (26.5) and (26.8) to compute the D and D derivatives. To second
order in A, the resulting Lagrangian is of the form,

1 R
& = —55— kom0, + é io"50,. 2
+ ;C% (4™ 0T — AT,y + . (26.22)

At low energies, the Goldstino couples to the energy-momentum tensor
T .., independent of the details of the symmetry breaking. This is the low-
energy theorem for supersymmetry.
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EQUATIONS
1
Opho(x) = - o — WF(X) OAy(X)

S = & ~ W09 8,)

vP(x) = k[A(x)o™E — Ea™A(x)]. (26.1)

1 .
DA, = — ey + ik, "R D,

EBA,, = —ixA? G’ﬁﬁm 6,,,Aa. (26.5)
0
0. f(x) = —ivg(x)é? f). (26.6)

D,F = ix(¢™A), 0, F

D,F = —ix(Ao™),0,F. (26.8)
2
Py = —"7 [a20425A752. (26.15)
L =x* f d*0 20 A2AR22. (26.18)
- L o™ o,T + - aom10, P
T 2x? " Om 2 04 Om
+ ;‘5(/16'" T — A )Ty + . (26.22)
EXERCISES

(1) Show that (26.2) satisfies the constraints (26.5).

(2) Check that the transformation law (26.6) for a standard realization
closes into the supersymmetry algebra.
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(3) Verify that (26.7) is a solution to the constraints (26.8).

(4) Show that (26.15) coincides with (11.11) when expanded in terms of
component fields.

(5) The Lagrangian (26.21) is supersymmetric because the derivative of a
superfield is still a superfield. However, the derivative of a standard
realization is not a standard realization. Use the techniques intro-
duced here and in Appendix E to find a “covariant derivative” A
that preserves the transformation properties of a standard realiza-
tion. The Lagrangian

o 1 1
— 20929 A2R2| = mg 1242
,Sf_fdedeAA[zA,,,AAA SmA
—i%o" A, ¥ —%y(\PZ + ‘P'Z)]

is another possible extension of (26.20). It differs from (26.21) by
higher-order terms in A. The derivative A is natural to use when
gauging an internal symmetry if the vector superfields belong to a
standard realization.

(6) Show that (26.21) reduces to (26.22) in terms of component fields.
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APPENDIX A
NOTATION AND SPINOR ALGEBRA

We use the metric 7,,, ~ (— 1,1,1,1) throughout these lectures. Further-
more, we work with Weyl spinors in the Van der Waerden notation.

To begin, we define M to be a two-by-two matrix of determinant one:
M e SL(2,C). The matrix M, its complex conjugate M*, its transpose
inverse (MT)™!, and its hermitian conjugate inverse (M *)~! all represent
SL(2,C). They represent the action of the Lorentz group on two-com-
ponent Weyl spinors.

Two-component spinors with upper or lower dotted or undotted
indices transform as follows under M:

Vo= MMy, U= MY Al
w:a — M—lﬂa‘//l} lp/d — (M*)—lﬁdl-/;ﬁ-
Spinors are denoted by Greek indices. Those with dotted indices trans-
form under the (0,%) representation of the Lorentz group, while those
with undotted indices transform under the (3,0) conjugate representation.
The connection between SL(2,C) and the Lorentz group is established
through the g-matrices

-1 0 0 1
=(To 1) =0 o)
. (0 —i (1 0
"‘<i 0) "3’<o -1)’

in complete analogy to the relation between SU(2) and the rotation group.
These matrices form a basis for two-by-two complex matrices:

Q
1

(A2)

(A.3)

P, +iP, —Py,— P,

P:Pmo'm=<—PO+P3 Pl_lP2>

Any hermitian matrix may be expanded with the P, real.
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From any hermitian matrix P, we may always obtain another by the
following transformation:
P'= MPM™*. (A4)
Both P and P’ have expansions in o,

¢"P,, = Mc"P,M" . (A.5)

Since M is unimodular (det M = 1), the coefficients P,, and P,, are
connected by a Lorentz transformation:

det[s"P,,] = det[c"P,] = P2 — P> = P} — P2, (A.6)

Vectors and tensors are distinguished from spinors by their Latin indices.
From (A.1) and (A.S), we see that ¢™ has the following index structure:
O™ (A7)
With these conventions, ¥*J,, V0% and y*c,"¢,¥* are all Lorentz
scalars.
Since M is unimodular, the antisymmetric tensors ¢ and ¢, (6, =
e'2 =1,¢, = e*' = —1,&,, = ¢,, = 0) are invariant under Lorentz
transformations:

b 1
811, = M:x Mﬂ 8}'6

e = M M. (A9

Spinors with upper and lower indices are related through the e-tensor:

Illa = Eal"pﬂﬂ l//az = gaﬂl//ﬁ' (A9)

Note that we have defined ¢,; and € such that ¢,,¢"” = 6,7. An analogous
treatment holds for the e-tensor with dotted indices.
The e-tensor may also be used to raise the indices of the g-matrices:

gmia = g™ ;. (A.10)
From the definition of the o-matrices, we find
(06™8" + 0"™)f = — 2™ 3 F

A , (A.11)
(b.‘mo.’l + anarn)aﬂ p— __2’7"1" (51B,
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as well as the following completeness relations:

Tro"s" = —2n™

oi"Gl? = —20,P5,. (A12)

These relations may be used to convert a vector to a bispinor and vice
versa:

—

Vgg = O Ups = -3 ™% D, (A.13)

The generators of the Lorentz group in the spinor representation are
given by

o1 ‘ .
O.nmdﬂ - Z(a“namaﬂ _ o.“mamzﬂ)

(A.14)
. 1 . .
anmaé — Z(Emaoaﬁm _ Emaao.a/}n).
Other useful relations involving the o-matrices are
0% — 7°c%" = —2ie"g,
a=b b bed (AIS)
p— (— a 5 Al
0°6°0° — 06 0" = 2ie“0y,,
where ¢4,,3 = —1, as well as
0"6”0“ + o.cabo_a — 2(}’,“0"’ _ Y]bcﬂ'a - rlabac) (A 16)
aao_bac + (—;(‘O,ha,ﬂ — z(na(‘a.—b _ nbca.-a _ r,aba.-C)’ :
and
0o 0p" — i 04" = 2[(0™€)up8s5 + (65™™)zj645) (A.17)

0’11'"0"3’}"' + szmo'ﬂl}" = “’,nmsapgdp' + 4(0/'!8)“"(86:("!)&&.

The equations (A.11) make it easy to relate two-component to four-
component spinors. This is done through the following realization of the

Dirac y-matrices:
0 o™
y* = ((7"‘ 0 > (A.18)
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We shall call this the Weyl basis. In this basis, Dirac spinors contain two
Weyl spinors,

Aa
Y, = (;/7“‘)’ (A.19)
while Majorana spinors contain only one:
v, = ({) (A.20)
X

Throughout these lectures we shall use the following spinor summation
convention:

U = V% = =V = 1V, = ¥

_ o . . (A.21)
'/’7 = '/’Ja = —WZ, = 7&‘/’1 = 7‘;

Here we have assumed, as always, that spinors anticommute. The defini-
tion of ¥ is chosen in such a way that

)" = (V) =0 =97 =Y. (A22)

Note that conjugation reverses the order of the spinors.

REFERENCES

E. M. Corson, Introduction to Tensors, Spinors and Relativistic Wave
Equations, London, Blackie and Son (1953).
W. Thirring, Supplemento del Nuovo Cimento 14, no. 2, 415 (1959).

EXERCISES
(1) Compute P,, in Eq. (A.5) for M = exp(3ipo;) and M = exp(3yo;).
(2) Show that M, (MT)~! form equivalent representations of SL(2,C).
(3) Demonstrate:

50 = ¢°

Gl23 = 123

(4) Verify Egs. (A.11) and (A.12).
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(5) Show:
o_mn x — O
o™ Pep, = 6™ Py,
(6) Verify:
aabcdo.m — __2i0.ab
eedF = 2ig*.

(7) Demonstrate:

in the Weyl basis.

(8) Show that the canonical basis for the Dirac y-matrices,

.0 -1 0 o 0 o
c 0 1 ’ ic —(Tk 0 5

is related to the Weyl basis (A.18) by the following similarity
transformation:

1 <l - l>

g2\ 1)

Also show that the Majorana basis, in which y}jf = —3%,

0 _ 0 —g? AL io?
™M —g? 0 M= \ig® 0

0 —ig!
—io! 0o /)

is related to the Weyl basis by a further similarity transformation:

1 /1 ]
rw= YrMY_l Y="‘,: l, .
J2\e —ie

rur':Xr(*X7], X:

e
Il
N
O o~
|
- <
SN————
To
Il
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(9) Let W¥,, denote a Majorana spinor in the Weyl basis,

La
v, =(%).
e (7)

Convert this to the Majorana basis of Exercise 8:

¥, - /2 <Re X“).

Im yx,
(10) Prove the following relations:
0°0f = —ls"”()e
2
1
0.0 = 3 £,p00
1
0°0F = — 00
2
1
0"000"0 = -% 0005n™ .
(11) Use Exercise 10 to show
(B9)(OY) = —

(6¥)(09),

(@¥)(89).

N = N =

00)OY) = —

(12) Verify:
mn l__}_ mk,nl __ m(nk__l;mnkl
Tro™a" = —5 (™n™ — n™n™) — 5e™,

Where 80123 = — 1.
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(13) Rewrite the supersymmetry algebra (I) in terms of four-component
Majorana spinors:

{005} = 2y7P,,
[Qa,Pm] = [Qa,Pm] = 0
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RESULTS IN SPINOR ALGEBRA

Conventions:
Hmn ~ (_l’lalsl)

12 _ — o221 _ = -
gy = €% =1, g1, =¢" = —1, €1y =83, =0

€0123 = —1
U=y Y, = et
Y =% = —VuX" = Ve = 1Y
VI = V0" = —¥%: =TV =T
W) = ) =3 = Y7 =9

[ Xa
v = ()
m_(0 "

—i 0
35 = w0ply2y3 = ( 0 i>' (B.1)
Sigma Matrices:

1 0 0 1
0 _ | S
(% ) =)

0 10 (B2
2 _ -1 3 _
Sl R B
amda — gailisa/}o.mjm
g% = ¢° (B.3)
G123 — _g1.2.3
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Tr a"5" = — 2™

. . (B.4)
65,8 = —2825,0
(0" + o"F"),f = — 2™ 5 p
_ , (B.5)
(@"0" + T"0"F; = —2n™ &,
1 . .
a.nmalf — Z(a“namap _ o.adma.-naﬂ)
| (B.6)
anma’ﬂ_ — Z(a—.mzao.aﬂ,m — gMieg n)
o.mnaa = 0
mn B mn f (B7)
07y €y = 0, Egq
gadeacd — _2io.ab
(B.8)
£, = 2ig®.
0ui"0ps™ — Ogi"0ps" = 2[(0"€)uptss + (T™)iEup) B9)
0ai'Opp" + 0pq"0ps" = —N"egplsp + 4(6’"8){,‘5(86"")&,;. '
1 .
Tr o,mna.k( = _i (r’mkrln( - r,m(nnk) — %ynnkl' (BIO)
o.aaba.c + a‘&"a" =2 aco.b _ bco.a _ abo.t)
(n n n (B.11)
an.bac + aca.baa — 2(nac6b _ r’bca,-a — r’aba.-c)‘
0°5%° — 0G%° = 2ie™s,.
(B.12)
0% — 7°0%5° = —2ie™%G,
Spinor Algebra:
60" = —% e*#00
1
9(,9,3 = 5 Saﬂoa
1 (B.13)
o0 = 3 £/09

a

005 = —3 o:g00.
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0c™000"0 = —% 0660n™. (B.14)

1
O8)6) = —3 ($¥)(60)

1 (B.15)
0)(6Y) = —5(&/7)(99)-
) P
af _~ T
e o 5 (B.16)
a 9
af —
Caar =1
. (B.17)
Edﬁ %; a—yﬂ 66 = 4.
xo" = —ya"y, (xo™)* = Yo"y (B.18)

X" = Ya's"y,  (xa"TY)* = Yo"

1
Wty = —5 (™ DWa);. (B.19)
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APPENDIX C
KAHLER GEOMETRY

The matter couplings of chiral multiplets are conveniently described in
the language of Kdhler geometry. It is useful, therefore, to introduce the
notion of a Kdhler manifold. A Kéhler manifold is a special type of an-
alytic Riemann manifold, subject to certain conditions that we will discuss
below. Since the manifold is analytic, it can be parametrized in terms of

complex coordinates a' and a*', where i = 1,...,n Under an analytic
coordinate transformation,
a =d@) a*=a*av), (C.1)

the differentials and derivatives transform as follows:

a_0at i _ 0a*" j
da"’ = b—a_] da’ da*" = W da*!
0 oa’ 0 0 da* 0

(C2)

7 WD Ga T a da
These transformations preserve the analytic nature of the coordinates.

They also define the transformations of covariant and contravariant
vector fields,

o’
Viid.a*) = - Via.a®)

Oa
Vu(a/,a*/) — aaj VJ(a’a*)
da*’
V;'s(al,a*') = -(3—‘1? I/jt(a,a*)
. i ]
1% kT j* *
V'¥(ad',a*) = 3% V¥(a,a*). (C3)

The first condition on a Kdhler manifold is that it be endowed with a
hermitian metric g;. The metric must be positive definite and invertible,

EBSCChost - printed on 2/13/2023 9:01 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

236 APPENDIX C

which allows us to raise and lower the indices i and j*:
V= Gij* v Vj‘ = Gij Vi
Vi= g7V, Vit =g V. (C4)

The second requirement is that the covariant derivative must respect the

analytic structure. This implies that I'Y; = I'tt; = 0, so the covariant

derivative is of the following form:

J

VY =V, - TV,

V.V,

0
oa’
d k
= o V= Ty Ve (C.5)

The third condition is that the connection be compatible with the
hermitian metric. This imposes the additional restriction,

ngij‘ = O thg,'ig = 0 (C.6)

The transformation law for the connection is chosen to assure that
covariant derivatives of tensors transform as tensors. This implies

« _ 0a’ da™ da* + d*a" da*
Y 0a*oa’ oa" " " od'0d’ Oa”

- da*‘ 9a™ da™ _,
M 0a* daT da" "™

(C.7)

The first of the equations (C.7) tells us that it is consistent to set the torsion
to zero, leaving only the symmetric part of the connection.

Iy =Tk (C.8)
The second equation implies that it is also permissible to demand

Ik, =0. (C9)
Equations (C.8) and (C.9) are the two remaining postulates that define a
Kéhler manifold.

On a Kihler manifold, the conditions discussed above imply that the
only nonvanishing components of the connection are I'%;, and its complex
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conjugate I'l,.. Equation (C.6) can be solved to give

. 0
rf‘, = gk( ngtw. (C.IO)
Since
Iy =TI}, (C.11)

the metric must obey the following integrability condition:

0 0
A similar relation holds for the conjugate derivatives,
0 0
2a** Gipp = a7 Girx- (C.13)

Equations (C.12) and (C.13) imply that the metric is the derivative of a
scalar function K,

0
9 = 3 5a®

K(a,a*). (C14)

The function K is called the Kéhler potential; its derivatives determine
the metric and the connection. Kadhler manifolds are often defined through
(C.14), in which case the conditions on the connection are then deduced.

The Kihler potential completely specifies the Kahler geometry. Note
that the metric g, is invariant under analytic shifts of K,

K(a,a*) —» K(a,a*) + F(a) + F*(a*). (C.15)

Such a shift is called a Kdhler transformation of the Kahler potential.
The curvature of a Kahler manifold can be defined as the commutator
of two covariant derivatives:

[ViV]Ve = RV,
[ViVi]V. = Rl V,. (C.16)
The upper index on R can be lowered with the help of the metric, giving
Rijex = Gmer R

Rijtk[t = Gmer Rz;"k . (C 1 7)
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In Exercise 3 we will see that only R, and its complex conjugate are
nonvanishing. From the definition of the covariant derivative, we find

— 'm
Rijwker = Gmes datl i

0 0 | 0 0
= 5; a_a‘;f Gker — 9 '(%;7 Gmer 52; Yin+ |- (Clg)

Using (C.16), (C.17), and (C.18), it is not hard to show that the curvature
obeys the following symmetries:

Rl'j‘kl‘ = —Rij"("k = —Rja,'k(-a = Rj‘i{'k' (Clg)
This is all the Kadhler geometry we need to discuss the general couplings
of chiral fields.

REFERENCES

M. Bordemann, M. Forger, and H. Rémer, Commun. Math. Phys. 102,

605 (1986).
K. Itoh, T. Kugo, and H. Kunitomo, Nucl. Phys. B263, 295 (1986).

EXERCISES
(1) Verify the transformation law (C.7) for the connection I.

(2) Impose the Kéhler conditions (C.8) and (C.9), and solve for the con-
nection in terms of the metric.

(3) Show that R;j. is the only nonvanishing component of the curva-
ture on a Kahler manifold, and solve for the curvature in terms of
the metric.

(4) Compute the curvature, Ricci tensor, and curvature scalar for the
manifold with Kéahler potential K = —3 log(l1 — ia*'a)).

(5) Show that in the language of differential forms, the Kahler condition
(C.14) is equivalent to the statement that the fundamental form

i o
Q = 39 da da®

is closed,

dQ = 0.
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ISOMETRIES AND KAHLER GEOMETRY

In this appendix we will discuss the isometries of Kédhler manifolds. The
techniques we introduce will prove useful in constructing gauge invariant
matter couplings in flat and curved space. Before specializing to Kédhler
manifolds, however, we first define the general notion of an isometry
group. Consider, therefore, an arbitrary differentiable manifold .#, and a
set of parametrized curves that fill the manifold without intersecting. Then
construct the map ¢,: # — # which takes each point p € # a parameter
distance t along the unique curve that passes through p. This map also
induces a map on the tangent space. If the induced map leaves the metric
invariant, ¢, is said to be an isometry of the manifold .#. The set of
isometries forms a group, called the isometry group of 4.

Curves and vectors are closely related geometrical objects. Consider a
curve 4, described by real coordinates x' = x{(t), and a differentiable
function f:.# — R. Then the directional derivative of f along the curve A
is given by

df dxof

and the operator
T odt ox' (D2)

maps any function f to its directional derivative along A. In mathematical
language, X is called a vector, and the dx'/dt are its components. The
operator X is the natural generalization of a tangent vector to curved
space.

This definition of a vector can be applied to a space-filling set of curves
as well. The components dx’/dt become functions on .#, and X = (dx'/dt)
0/0x" is known as a vector field.

Alternatively, given a set of continuous functions X* on .#, it is always
possible to define an associated set of integral curves x'(t) as solutions to
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the differential equations,
= X' (D.3)

The corresponding vector field is just X = X'9/0x’. Locally, such curves
can never cross because the solutions to (D.3) are unique. They are also
globally well defined because (D.3) holds at each point of the manifold
M.

Thus we have seen that sets of space-filling curves are in one-one cor-
respondence with vector fields X. The map ¢, defines a motion along the
integral curve defined by X.

As with any map of a manifold onto itself, ¢, induces a map between
vectors in the tangent space. The induced map allows us to compare
vectors at different points along integral curves. To construct it explicitly,
let x' denote the coordinates at p, and x’* the coordinates at p’. Then let
Y be a vector field, with components Y(x) at p. The components Y¥(x) at
p can be mapped to components Yi(x') at p’ as follows,

1i

_ oxt
Filx) = % Yix(x). (D.4)

Equation (D.4) defines a map of vectors at p onto vectors at p'. It is
sometimes called Lie transport. The Lie-transported vector field,

0

Yi(x/) W9

Y (D.5)

i

is defined for all points p’ along the integral curve. Infinitesimally, if
x' = x' + X'6t, (D.4) reduces to

) < P
Yot — QZ X7 6t, (D.6)
ox’

~. ) 0
Yi(x') = Y{(x' .

() = YiEx) + 5
and the new ﬁelg Y is infinitesimally close to Y.

Since Y and Y are both defined at the same points, it makes sense to
take their difference and construct the Lie derivative of Y with respect to
X:

. Yix) - Vi)
lim ——«——~
50 ot

0 . .0 .
=Xi Y -y =X
ox’ Y ox’

= [X,Y]. (D.7)

(ExYY

1]
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The Lie derivative of two vector fields gives a third vector field on the
manifold #.

Using similar logic, the definition of the Lie derivative can be gen-
eralized to any other tensor field. For example, an expression analogous
to (D.4) implies that the Lie derivative of a covariant vector field is as
follows:

.0 J

In a similar fashion, the Lie derivative of the metric is given by

0 5, d
(Exg); = Xk'a-;fgij + gik'a_;Xk + iz X*

= V.X; + VX, (D.9)

where X; = g,—,-Xj and V.X; = 0,X; — I'};X, contains the torsion-free con-
nection compatible with the metric g;;.

A field is invariant under Lie transport if it has a vanishing Lie deriv-
ative. If the metric is invariant, then

for some vector field X. In this case, X generates an isometry of the
manifold . It is called a Killing vector field, and (D.10) is known as
Killing’s equation.

The Killing vectors generate the continuous symmetries of a manifold.
These symmetries close into the isometry group. Indeed, it is not hard to
show that the Lie bracket of two Killing vectors gives another,

[X@X®] = — fobexie (D.11)

where the % are the structure constants of the isometry group G.

Let us now assume that our manifold is Kéhler, with metric g, and
complex coordinates a' and a*'. We shall focus our attention on the ana-
lytic isometries, those that preserve the analytic structure of the manifold.
This requires that the associated Killing vectors be holomorphic vector
fields,

X® — Xi(b)(a) %

. 0
X*0 — X*l(b)(a*)a_a’ﬁ' (D.12)
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The index (b) labels the Killing vectors and runs over the dimension d of
the isometry group G.

Because the X are holomorphic, Killing’s equation (D.10) reduces to
the following form:

VX® + VX® =0
VinXS'a) + VjX;k(ll) = 0 (D13)

On a Kihler manifold, the first equation is automatically satisfied because
of the definition of the covariant derivative. The second is an integrability
condition; it is locally equivalent to the statement that there exist d real
scalar functions D(a,a*), such that

. ¢
X *@ = p@
glj aal

. o,
gip X' = —i o5 D, (D.14)

The D" are known as Killing potentials and defined up to constants ¢,
DY — D@ + @ In Chapter XXIV we show that the freedom to redefine
the potentials is related to the Fayet-Iliopoulos D term for Abelian groups.

The relations (D.14) can be inverted to give the Killing vectors in terms
of the Killing potentials,

. P
Xi@ — —tg” b;*_jD()
xwia _ jgir 9 pa (D.15)
g aai ‘ ’

The requirement that the fields X“® be holomorphic places a constraint
on the D“. Solving this constraint is equivalent to solving (D.13). In
general, it may be difficult to find the Killing potentials on a given Kéhler
manifold.

Because of the holomorphic structure, the Killing vectors X® and X*@
generate independent representations of the isometry group G. They obey
the Lie bracket relations,

[X(n)’X(b)] —_ _fabcx(c)
[X*(a),X*(b)] - fabcx*(c)
[X@ X*®] =0, (D.16)
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where the [ are the structure constants of G. The Killing potentials D
also transform under the isometry group. As shown in Exercise 3, they
can be chosen to transform in the adjoint representation,

I:X"‘“’ % + X*@ 5{%—] D® = — fabpl), (D.17)

This fixes the constants ¢® for non-Abelian groups. For each U(1) factor,
however, there is an undetermined constant c.

Let us now turn our attention to the variation of the Kéhler potential
under an isometry in G. Such an isometry is generated by the Killing
vectors X and X*@:

5K = (€9X©@ 4 grax*@)K. (D.18)

Note that we have used a complex parameter ¢, and that the hermitian
nature of the Kéhler potential is preserved. It is straightforward to show
that (D.18) can be rewritten as follows:

0K = @F@ L exa)px(a) _ i(a“" —_ 8*("))D('”, (D.19)
where the F@ = X@K + iD® are analytic functions of the coordinates,

e = gip X 4 i =0, (D.20)

and we have used (D.14). For real parameters ¢@, (D.19) reduces to a
Kéhler transformation. For complex parameters, however, it is not of
Kihler form; there is a change in K proportional to the Killing potential
D®. In Chapter XXIV this plays an important role in the construction
of gauge-invariant actions.

REFERENCES

N. Dragon, M. G. Schmidt, and U. Ellwanger, Nucl. Phys. B255, 549
(1985).
W. Buchmiiller and W. Lerche, Annals of Phys. 175, 159 (1987).

EXERCISES

(1) Show that the Lie bracket of two Killing vectors gives another.
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(2) Demonstrate that the first equation in (D.13) is automatically satisfied
on a Kihler manifold, and that the second is locally equivalent to
(D.14).

(3) Prove that the Killing potentials can always be chosen to satisfy (D.17).
This can be done by first differentiating the left-hand side with
respect to a’, and then using the relations introduced above to obtain
the @' derivative of the right-hand side of (D.17). The proof can be
completed by repeating the procedure, this time differentiating with
respect to a*..

(4) Show that

i(a)_a__ (b) *i(h) 4 (@ _
X o5 DO 4 XHO = D = 0,

(5) Consider the manifold with Kéhler potential K = a*'a’. Verify that
the differential operators

X@ — _jgiT@k, ak
10
a
X*@ — ia*jT(“)jk 0
Oa**

are indeed Killing vectors, where the T*; are given in (7.14). Show
that their Lie brackets close into (D.16).

(6) Given the Kaihler potential K = log(l + aa*), and the Killing

potentials
po-bata o Pa-a o, 1(1-a%
2(1 + a*a)’ 2(1 + a*a)’ 2\ T3 a%)

find the Killing vectors X® using (D.15). Compute their commuta-
tors and identify the isometry group G.
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NONLINEAR REALIZATIONS

Nonlinear realizations play an important role in theories with sponta-
neously broken symmetries. They were first studied in the context of chiral
dynamics, where they were used to describe the pion and its interactions.
They can also be applied to theories with spontaneously broken super-
symmetry, where they are used to derive low-energy theorems for the
Goldstone fermion. In this appendix we will develop the necessary for-
malism for the case of compact, connected, semisimple Lie groups. This
will serve as a guide for our study of spontaneously broken supersym-
metry, where similar results can be proved using different techniques.

We start by assuming that we have a manifold .# and a group G of
transformations that act on ./,

X' =g-x, (E.1)

where g € G, and x, x’ are points of .#. These transformations induce a
realization of G on the coordinates in each neighborhood of .. Such
realizations clearly include the case of linear representations, but they also
include more general realizations that cannot be reduced to linear trans-
formations by appropriate coordinates on /.

Given a particular realization, one would like to know whether or not
it can be reduced to a linear transformation. For the case of compact,
connected, semisimple Lie groups, there is a simple answer: a realization
can be linearized (in a given coordinate patch) if and only if it leaves a
point in the patch invariant.

Now, a linear transformation always leaves the origin invariant, so the
first direction is trivial. The other direction, however, is a little less ob-
vious. Therefore, let us assume that we have a point x, € ./ that is
invariant under all the transformations in G,

g Xo = Xg. (E.2)

We will explicitly construct a set of coordinates that linearize the trans-
formation (E.1) in the neighborhood of x,. Since x, is invariant, we assign
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it the coordinate O. Away from x, we choose an arbitrary set of co-
ordinates, denoting the coordinates of x by X. In terms of these para-
meters, the transformation (E.1) has a power series expansion,

¥ =g %= D)X + 0%, (E.3)

where D(g) is a matrix expression. [In Exercise 1 you will show that D(g)
is a matrix representation of G.] The constant term is absent because the
origin is invariant. We now introduce new coordinates y at the point x
as follows:

7 = [du@)p"(0)g - %. (E4)

The integration is over the group G, and is well defined for compact
groups. The measure du(g) can be chosen to be left- and right-invariant,

du(gog) = du(ggo) = du(g), (E.5)
and normalized so that
Jdutg) = 1. (E6)
With these conventions, it is easy to see that
J=3%+ 03, (E.7)

so (E.4) is an allowed change of coordinates.
Let us now study the action of G on the coordinates y. We find

907 = [dug)d™' @) 9o %
= [dulggo)Dig D~ (90D~ @) - o - ¥
= D(go) [dug)D~'(g)g - %
= D(go)7, (ES)

which demonstrates that the coordinates y do indeed linearize the trans-
formation (E.1).

This construction relies heavily on the properties of group integration.
Curiously enough, similar results hold even when group integration can-
not be properly defined. For example, in Chapter XXVI we study the
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case of supersymmetry, in which a supergroup of transformations acts on
superspace. The linearization condition still holds, even though the group
volume is formally zero.

Given an arbitrary point x, € .#, the transformations that leave the
point invariant close into a group H, called the stability group of x,. In
general, H is a proper subgroup of G. We have just seen that the trans-
formations in the stability group are precisely those that can be realized
linearly in the neighborhood of the point x,.

In preparation for what follows, let us now shift our attention to the
submanifold A" of .# that can be reached by group transformations act-
ing on the point x,,

X =g X, (E.9)

Clearly, the points in 4" are in one-one correspondence with the coset
space G/H. This space has a natural parametrization in terms of the
group parameters. An arbitrary element of G can be written in the form,

g =e T X T (E.10)
where the parameters i and & are real. In this expression, the T are the
(hermitian) generators of H, while the X are the generators of G in the or-
thogonal complement of H. Two elements g and ¢’ € G correspond to the
same point of G/H if they are related by a right H transformation: g ~ ¢’
if g = g'v, for some u’' of the form

W= e @-T (E.11)
This implies that the cosets can be parametrized by the group elements,

v=e &% (E.12)

and that the & are coordinates of the space G/H.
With these conventions, an element gy, € G acts on the cosets by left
multiplication,
goe X = @i Ko T, (E.13)

The coordinates & are completely determined in terms of ¢ and 9do»

Jdo: g - El(g,go)- (E.14)
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The parameters #' can be computed as well; they too depend on g, and
the coset parameters ¢&:

go: it — #(.go). (E.15)

For elements g, = u, € H, the transformations (E.14) and (E.15) can
always be written in closed form. Then

V= Ul =Ugvlgy ug = VU, (E.16)
where v = ugvug ! and ¥’ = u,. In terms of the coordinates &, this implies

e i X = uoe_"g”?uo_1 (E.17)

’

where v' = ugvuy ! and ' = u,. In terms of the coordinates ¢, this implies

—

ug: € » & = D(uo)¢. (E.18)

For transformations g, € G that are not in H, however, Eqgs. (E.14) and
(E.15) cannot generally be written in closed form.

There is a special case, however, where these transformations can be
made more explicit. This is when the structure relations of G admit the
automorphism,

T-T
X - —X, (E.19)

in which case G/H is called a symmetric space. To see how this works,
consider a transformation v,,

v Vv = VY. (E.20)

This can be rewritten by first taking the inverse and then applying the
automorphism (E.19),

v vy = u W (E.21)

Combining the two expressions, we find

2

u = v " oy, (E.22)
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In terms of the coordinates E, this implies

e B X = poe 2 Xy, (E.23)

This is a manifestly nonlinear transformation law. Note that & can be
transformed to zero if we take v, = €' ¥

We will now show that we can use these results to promote any rep-
resentation of H to a realization of G, with the help of the coset param-
eters £. We start with a representation D, which acts linearly on a vector
space spanned by i,

ug: Y — Do)y, (E.24)

for uy € H. Then, using (E.15), this transformation can immediately be
extended to a realization of G:

go: ¥ = D(e™™ Ty (E.25)

Ihe variables #i' parametrize an element of H, but they are functions of
¢ and g,. To show that (E.25) is indeed a realization of G, we compute

gre ¥ X = gmi¥ Xgmiw T
P S
gagre” % X = 7 Kpmi@ T
= @R Tpmiw T, (E.26)

From this we see that
e—ii”'~’1‘ = e—iii”-'l'e—iﬁ“T, (E27)
which implies

D ®" Ty = De~® T)P(e~# " T), (E.28)

since D is a representation of H. In this way we can realize the group G
on the space spanned by the vectors 1.

The transformation (E.25) plays a special role in the study of nonlinear
realizations. It defines what is known as a standard realization of the group
G. The realization is standard because any realization of G that linearizes
on H can be reduced to this form with the help of the coset parameters &.
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To see this, we assume as before that we have a manifold .# and a
group G that acts on ./ as a group of transformations. We also assume
that we can choose coordinates (f,jf) in some neighborhood # of .#,
where the coordinates & parametrize the points in % that can be reached
from (0,7) by the action of G. Because of the construction (E.8), the
parameters ¥ can be chosen to transform linearly under H. The transfor-
mations of the & are completely determined by (E.14). Therefore, under an
H-transformation, we have

Uo * (E7) = (D(uo)&,D(uo)7), (E.29)

where & and 7 transform in the representations D and D, respectively.
Now, among the full set of G transformations, there is one that trans-
forms & to zero,

et X (E7) = (0.4). (E.30)

This transformation also takes ¥ to ¥, which can be computed because
we know the action of G on the manifold .#. The parameters ¢/7 transform
in the representation D under H, as follows from (E.29).

We shall now construct a new coordinate system on .# as follows. Start
at a point x, parametrized by the coordinates (£,7), and map it to the
point (6,(/7) as in (E.30):

X (&) = (04). (E.31)

Then take the new coordinates at the original point x to be given by (f,(/?).
This defines an acceptable coordinate transformation on the manifold .#
because the Jacobian of the transformation (£,7) — (E,t/;) is nonvanishing
near the origin. In terms of the new coordinates, the transformation (E.31)
can be written as ¢ X - (£) = (O,). This allows us to show that the
new coordinates y transform as a standard realization:

g-CE) =ge X0

= e
= e ¥ X ©,D(e”™ )
= (&.D(e™™ Tyj). (E.32)

Together with g, they are the natural coordinates on .# adapted to the
action of G. .

In physical applications, the coordinates ¢ and y are x™-dependent
fields. The coset coordinates & play the role of the Goldstone bosons that
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arise from spontaneously breaking G to H. The standard realizations
describe the other fields that transform in representations of the unbroken
group H. In this appendix, we have seen that any representation of H can
be extended to a realization of G with the help of the Goldstone bosons
&

To write down invariant Lagrangians we would like to have covariant
derivatives that transform as standard realizations. Our general argu-
ments tell us that such derivatives must exist. Constructing them provides
a straightforward application of what we have just learned, as well as a
nice illustration.

To find the covariant derivatives, we start from the manifold parame-
trized by (,0,,&,0.0). As above, we apply a group transformation with

go = e % This gives
&5 X C0,0n80n0) = O9.8,E0.0), (E.33)

and from our general prescription we know that A,,€ and A, are covariant
derivatives that transform as standard realizations.
To compute A,,¢, we start from the formula (E.13),

goe &KX = gmi¥ Ko T (E.34)

and differentiate with respect to x™,

GoOme X = (9,07 Fpem T 4 =i X o~ T (E35)

As before, the parametersé and i depend onx™ throughf We now choose
go = el X, which transforms é and #' to zero at the point x™ This
gives
e"‘f'ié’me“z' =
=i0,& X — i, Tlg-w-o
= —iAS X - iV, T. (E.36)

£
D
3
[
I
e
>,
+
D
3
[N
|
g
~
=
]
[
I
(=]

Equation (E.36) allows us to compute A £ as a function of the parameters
& In Exercise 3 we will see that A,,,C indeed transforms as a standard
realization. .

Similar techniques can be used to find A,i. One starts by differentiating
(E.25),

0 = 0,De” ™ TW + De™™ 5oy (E.37)
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As above, one then takes g, = ¢ % to find
e X 00 = i@ - TW + 0,0z u=o- (E.38)
Comparing (E.38) with (E.36), we find
AW =00 — i(V,,- T (E.39)

In Exercise 4 one is asked to show that A,,,IZ transforms as a standard
realization.

REFERENCES

S. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239 (1969).

J. Wess in Current Algebra and Phenomenological Lagrange Functions,
Springer Tracts in Modern Physics 50, G. Hohler, ed., New York,
Springer (1969).

EXERCISES

(1) Show that the matrices D, defined in (E.3), form a representation of
the group G.

(2) Demonstrate that A,y transforms as a standard realization. Start by
eliminating g, between (E.34) and (E.35).

e i Xp-ii i‘eic-}?(ame—if' )?) - (ame—iff' . }?)e—ii' -T

+e % XQ,em ),

>

Then multiply on the left by €% ¥ and €% ', to find

eiE~Xame—i¢-J? = em’~f(eiE'~)?ame—i§'-X)e~ii'-T + em'-fame—m'm’
This shows that
(AnE - XY = e T8, K)e™ T,
and
WV, Ty = e Ny Tt T 4 gmid Ty oii T

(4) Use the transformation law for ¥V, to show that A, transforms as a
standard realization.
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APPENDIX F
NONLINEAR REALIZATIONS AND
INVARIANT ACTIONS

In this appendix we will continue our study of nonlinear realizations. We
will use the methods introduced in Appendix E to show that an action
invariant under a group H can be promoted to a new action invariant
under a larger group G > H. The results derived here are used in Chapter
XXIV to construct the gauge invariant matter couplings in superspace.

We start by assuming we have a Lagrangian %, which is a function
of certain fields A'. The Lagrangian is invariant under a symmetry group
H. The fields A' are arbitrary, except that they have well-defined trans-
formations under a group G o H. The Lagrangian %y, however, is not
invariant under the full group G. Instead, it has a variation 6.7y # 0.

In this appendix we will construct a counterterm %, whose variation
precisely cancels that of ;. We will build the counterterm out of the
fields A, together with fields ¢@ that parametrize the coset G/H. We
impose the condition that £, must vanish when ¢® = 0. In this way
the Lagrangian

$G=$H+$CT (F.l)

is invariant under the full group G, and reduces to &y for ¢ = 0.

As in Appendix E, let us split the transformations in G into two classes,
those in H and those not. Under a transformation u, € H, the Lagrangian
Py is assumed to be invariant:

0uly = —@TOL, =0, (F.2)
where the T@ are differential operators that act on the fields A° and gen-
erate the transformations in H. Under a transformation v, € G, ¥y has
an infinitesimal variation of the form

SopLy = —WPXDLy = —vPD@, (F.3)

where the operators X® generate the transformations in G that are in
the orthogonal complement of H. We see that we need to find a function
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Ler(ALE), such that

u((f)T(a’QCT = 0
WX Ler = WD, (F.4)

subject to the boundary condition
Per(AL0) = 0. (F.5)

In these expressions, the operators 7 and X act on the fields 4' and
on the parameters ¢ in the counterterm Lagrangian.
We shall now find %, as follows. We first compute

(—it@ XY Ly = (=@ XO) (0§D, (F.6)
This can be exponentiated to give

—ind X
~ic? -
(4

X Loy = Loy + WD), (F.7)

T x®
where, on the right-hand side, the differential operators X@ reduce to
operators 8 A4,(6/0A4;) because the D do not contain the fields £, We
. %) P . .
can now solve for £, by noting that e "¢ X transforms %, with
parameter v{. In Appendix E we showed that such a transformation with

parameter vl = —&® maps ™ to zero. Therefore, in conjunction with
the boundary condition (F.5), this implies

(’i':(a))z(“) .
= ()
Ler = iZox®m © b
1 () S £(5) (s
= fo da exp(inc® X @)ENDW (F.8)

where the derivatives in X® do not act on the fields ¢, It is a useful
exercise to check that (F.8) satisfies (F.4), following the steps outlined in
Exercises 2 and 3.

REFERENCES
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EXERCISES
(1) Exponentiate (F.6) to find (F.7).

(2) Derive the conditions on D® that follow from applying the group
commutators on Zcr,

X@p® _ XBp@ = jfebypm
T@pB) — if"”"’D“”.

(3) Use the relations of Exercise 2 to show that (F.8) obeys (F.4).
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APPENDIX G
GAUGE INVARIANT SUPERGRAVITY MODELS

In this Appendix, we will write the most general gauge invariant super-
gravity model in terms of component fields. We start with the superspace
Lagrangian, as given in Chapter XXV:

2 = deG) 25’[—2 (9% — 8R) exp{—% [K@0*) + F((D,(I)*,V)]}

1

+ 1647 H ) (@)WOW® + P((D):I + h.c. (G.1)

Then, using the techniques developed in Chapters XXI through XXV,
we expand this Lagrangian in terms of component fields. This gives

1 ~ o~ o1
& = 3R — egu I AT AY — 3 eg"DyD
- iegij’;zjamgmxi + egklmn‘/;ka—(‘@mwn
1 1
— Z ehR(ab)an(a)an(b) + g ehl(ab)gmnktFm"(a)FM(b)
. L B _ i . _
-~ ée[/‘.(a)o”‘gmi.‘“) + T Do) + 5 b ayFu[eh 0™
+ \/iegg,.j.X MYA@ + ﬁegg,-f.X A
i i -
~ 3 2eg 0;hapy DOy AP + v} 2eg 0 hik, D@7 A®
1 i 2 1 Zi=mn7(a
-3 V2e b xia™AOF,,» — 7} 2e 0y, i'a™AOF ,,®

1 - 1 = s
-3 egD W, 0" AP + 3 egD oA

1 - 1 -
-3 29,9, A 5 a" G\ — 3 269,22, APE" ),
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+ %e[n//,,,a"”a"‘z(,,) + UGG A [Fun'® + Fa'
+ %eg;r[ie"‘""'z//,,a,a;m + Y a0,
- ée[gij*gkt‘ - 2Rij‘k{"]xixkiji{
+ zlg L2 h %y + BED™ 10 by O it T TG, A
+ %eV,» B AN 4 %ev,.. 8, oht 7T TOTO
+ % ehRCD™ 19RO ihpay ) A9y 2@
4 1 BRI, 0ty 7 TP
- Tlé 0g Oy O phE AOLDTOTO

- 1—36—62(‘,,0'”1(")),(,,)0‘,"1“’)

+ iﬁe dihian) [xiom"mpmanﬂb) + %xpma'mx"wxw)]
+ 41'\/§e ity [zf&m"zwn/?m&,,w + % cﬁ,,,a"'i‘I‘“’I"”]
— eexp(K/2) {P*waa“"z//b + Py, G,
+ %\/fDiPx‘a“Ja + %ﬁDi.P*f‘(i“z//,,

1 co 1 -
+ '2" ngjPXlx‘, + 5 @i.Dj‘P*X_IZJ

- 1. o
- Z g”*DjaP* a‘h(ab)l(n)l(b) - Z g"’ D"P ajth(tb)l(a)l(b)}

— e exp(K)[¢”"(D;P)(D;P)* — 3P*P], (G.2)
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where h®,, = Re H,| and h',,, = Im H,,|. The covariant derivatives
are given by

G A = 0,4 — gu,@XE,
oX|

Gt = O + K0 + DBt — gun® =2

1 ~ ~ o .
- Z(K,-.@,,,AJ — Kp D A¥)y' — igvm‘“’ Im F,x
Duh @ = 0,2 + 19w, — gf *v,, P
1~ = i i .
+ 5 (KGnAl — K 12D AR)AD 4 5 gu,® Im F i@

ém‘#n = amwn + lp'l(l)”l

1 ~ ~ . i
+ 7 (KiDwA’ — KL nA¥' W, + 3 gv, Im F ¥,

DiP = P,' + K,P
9.D,P = P; + K;P + KD;P + K,D;P — KK;P — T5D,P. (G.3)

In these expressions, the fields in the vector multiplet are defined to have
upper gauge indices, such as v, and A, The Killing vectors and Killing
potentials have lower gauge indices, X{, and D,,. These indices can be
raised and lowered with AR, and its inverse. Using these conventions,
one can check that the Lagrangian (G.2) is invariant under the following
set of supergravity transformations:

Ocln” i(Ca"y,, + ey,
ded’ = 2y
St = ix20"(D A} — T, &, 42"

1 . y
+ 7 (K; 04! — Ko A%yt — \2e52g"D P3¢

1 ir* Y kY
+3 V2Lg7" 0 uhy 20T

S0m® = i(on T + {5,
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. 1 . .
B M = Fy 0 — 2 (K;5c4) = K6, AM)A — igD

1 . 1 .
+ 1 \/EChR(ab)—l 5ih(bc>:<'/1“) -3 \/EChR(ab)~1ai‘h3,C)fli(c)

i

2 (gmn + amn)c )*(a)on}:(a)

~ i . .
55‘I’m = 29»:( - E amncgij‘xlgnij +
1 . . _
— 3 (K;8eA) = K;uS,A*)y, + ie"2Po, L. (G.4)

The Lagrangian (G.2) is the starting point for phenomenological studies
of supergravity theories.
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