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FOREWORD 
 
 
 
The term fracture and damage mechanics is somewhat unsettling to many 
people. This is because, until recently, the major emphasis in mechanics was 
on the strength and resistance of materials. To speak of fracture is as 
uncomfortable for some as it is to speak of a fatal illness. However, just as 
in preventing a fatal disease, one must know its nature, symptoms, and 
behavior; to ensure the strength of a structure, one must be aware of the 
causes and nature of its potential failure. 
 
The problem of fracture is vital in the science of strength of materials. 
However, not only has fracture mechanics, as an independent branch of the 
mechanics of deformable solids, originated quite recently, but its boundaries 
are not yet clearly defined. Therefore, it is of paramount interest to combine 
the efforts of representatives from many different branches of science and 
engineering for a complete study of the fracture concept. It is also important 
that differences in terminology (that are usual for different sciences), and 
the widespread conviction that the solution to everything lies in a particular 
portion of the general problem, do not lead to a situation in which disputes 
about the concepts are replaced by arguments about the words. 
 
At present, routine fracture mechanics is the study of conditions under 
which a crack or a system of cracks undergoes propagation. However, 
cracks are of different natures, and are considered on different scale levels. 
The case on one extreme is the fracture of a crystal grain, which initiates 
with a submicroscopic crack when two atomic layers move apart by such a 
distance that the forces of interaction between the atoms may be neglected. 
An example of the other extreme is a crack occurring in a welded turbine 
rotor in a nuclear reactor, when the crack's length and width may amount to 
centimeters; this is referred to as a macroscopic fracture. 
 
In the first case, the condition for crack propagation is defined by the 
configuration of atoms at the crack tip. Considered here is a discrete crystal 
lattice formed by atoms rather than a continuous medium; therefore, the 
very concept of the "crack tip" becomes uncertain. The study of this kind of 
submicroscopic crack and its behavior in interaction with other lattice 
defects is, essentially, in the province of solid-state physics rather than 
mechanics; however, the methods of classical theory of elasticity are fully 
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applicable to problems of this nature. The line between modern physics and 
mechanics is not well defined; nevertheless, it must be drawn to avoid 
possible terminological confusion. 
 
A macroscopic fracture has dimensions exceeding by several orders the size 
of the largest structural constituent of the material (the constituent must 
contain a sufficient number of crystal grains for its properties not to differ 
from those of any other element of similar size which may be isolated from 
the material). It is precisely this condition that makes it possible to solve 
such a crack problem within the framework of mechanics of a solid body. 
The formulated condition refers to an ideal situation in order to make the 
theory applicable; in real conditions one may depart from this stringent 
requirement, but this in no way makes the theory groundless. Assuming the 
material to be continuous, homogeneous, and elastic, and using the 
techniques of the classical theory of elasticity, we inevitably arrive at the 
paradoxical conclusion that the stresses grow infinitely near the crack tip. 
This paradox is a sort of penalty paid for the simplicity associated with using 
the linear theory of elasticity in a region where its application is knowing to 
be invalid. 
 
So-called linear fracture mechanics assume that a physically impossible 
singularity is a reality. Such an approach is not new and not so unusual for 
continuum mechanics; recall, for example, the vortex filaments with zero 
cross section and finite circulation. It appears that the work of crack 
propagation, which is done either as a result of increase of external forces 
or reduction of the elastic energy of the body with the crack size increase, 
is expressed directly through the coefficient of the singular term in the 
formula for stress. This coefficient is referred to as the stress intensity factor, 
and is of fundamental importance for the entire theory. The work of crack 
propagation may be associated with overcoming the forces of surface 
tension (Griffith's concept), or the plastic deformation in the small region of 
the immediate neighborhood of the crack tip, or other physical causes. The 
factor to be emphasized is that the size of the region, where the laws of the 
linear theory of elasticity are in some way violated, must be very small. The 
ability of the crack to further propagate is then determined by the sole 
characteristic: the work per unit length of the propagation path, or the 
critical stress intensity factor. If the size of the zone, where the relations of 
the linear theory of elasticity are violated, is large, one should consider the 
laws of nonlinear fracture mechanics. It appeared at the beginning that 
formal indifference of linear fracture mechanics to both the object and the 
scale, mathematical equivalence of problems associated with entirely 
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different physical phenomena, would make it possible to establish nonlinear 
mechanics in a similar uniform manner. It was later found to be quite 
different. 
 
The principal problem, on which the efforts of scientists have been focused 
in recent years, concerns the conditions of either equilibrium or the 
propagation of a large crack in a sufficiently plastic material. Scientists have 
been involved in the theory and practical applications of fracture mechanics 
for evaluating the strength of large-scale structural elements. They have 
shown that the plastic zone ahead of a crack is sufficiently extensive so that 
the macroscopic theory of plasticity, which assumes that the medium is 
continuous and homogeneous, holds good. For the plane state of stress, the 
Leonov-Panasyuk-Dugdale model, which substitutes the plastic zone by a 
no-thickness segment extending the crack, appears to be satisfactory. In 
particular, this book presents an analysis of the corresponding elastic-plastic 
problem that is solved numerically by using the finite element method 
(FEM). The presented FEM-solution confirms the validity of the model 
used. 
 
This book by S. Glodež and B. Aberšek is one of the first Slovenian 
monographs in international space on the above-discussed subject. It is 
based mainly on the results obtained by the authors during their original 
research and concerns the problems of fatigue and fracture mechanics. The 
greater part of the book is devoted to fatigue problems related to gears and 
other mechanical elements. 
 
In spite of certain limits imposed by linear fracture mechanics, a wide 
variety of problems may be reliably solved using its methods. Development 
of this theory is focused on accumulating data from already solved elasticity 
problems concerning cracks of various shape in various bodies. The amount 
of such information continually grows both abroad and in Slovenia. Many 
results obtained by foreign authors became available by means of numerous 
books and published articles.  
 
The present book may be considered as a significant contribution to the 
database of fracture mechanics, especially for gears. Some features of the 
book deserve special mention. First, it is the new variational principle that 
makes it possible to approximately solve numerous problems, in particular, 
to find the trajectory of crack propagation in a nonuniform stress field. 
Secondly, a straightforward approach for an approximate determination of 
the stress intensity factor is included; it enables one to obtain a reasonable 
evaluation for those cases where an exact solution of the elasticity problem 
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is impossible, and the numerical computation is extremely laborious. In 
addition, a series of newly solved dynamic problems for bodies subjected to 
cyclic (periodic) loading is provided. 
 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



CHAPTER 1 

INTRODUCTION 
 
 
 
Fatigue of engineering components and structures is a localised damage 
process produced by cyclic loading. In general, it has been observed that the 
fatigue process involves the following stages [1.1, 1.2]: (1) crack 
nucleation; (2) short crack growth; (3) long crack growth; and (4) final 
fracture. Fatigue cracks usually start on the localised shear plane or near 
high stress concentrations (persistent slip bands, inclusions, pores, etc.). 
Crack nucleation is the first phase in the complete fatigue process. Once the 
initial crack is nucleated and cyclic loading continues, the fatigue crack 
tends to grow along the plane of maximum shear stress. 
 
Figure 1.1 shows a schematic representation of the fatigue process under 
cyclic loading where the crack nucleation (stage I) starts along the persistent 
slip bands. The next stage in the fatigue process is crack growth, which can 
be divided into short (stage II) and long (stage III) crack growth. Crack 
nucleation and short crack growth (stages I and II) are generally considered 
as a crack propagation across a few crystal grains in the plane of maximum 
shear stress. Here, the crack tip plasticity is greatly affected by slip band 
characteristics, grain size and their orientation, because the crack length is 
comparable to the material microstructure. Stage III corresponds to the long 
crack growth in the direction normal to the principal tensile stress. The long 
crack growth is less affected by the material microstructure because the 
crack tip plastic zone is much larger if compared to the microstructural 
properties (size of crystal grains). The fatigue process is finished when the 
crack reaches a critical length and final fractures occur (stage IV in Figure 
1.1). 
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Figure 1.1: The fatigue process under cyclic loading [1.2, 1.3] 

In engineering applications, the first two stages (crack nucleation and short 
crack growth) are usually termed as “crack initiation period Ni”, while the 
last two stages (long crack growth and final fracture) are characterised as 
“crack propagation period Np”. The complete fatigue life of an analysed 
engineering component can then be determined from the number of stress 
cycles Ni required for fatigue crack initiation and the number of stress cycles 
Np required for a crack to propagate from the initial to the critical crack 
length, when the final failure can be expected to occur: 
 
 = +  (1.1) 
 
An exact definition of the transition period from the initiation of an 
“engineering” crack to its propagation is usually not possible. However, for 
engineering components made of steels the size of initial crack ai after 
stages I and II (see Figure 1.1) is of the order of a few crystal grains of the 
material. This crack size usually ranges from about 0.1 to 1.0 mm. 
According to Dowling [1.4], the crack initiation size can also be estimated 
by the following equations: 
 
          smooth specimen (1.2) 
 
 (0.1 … 0.2)     notched specimen (1.3) 
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where Se is the stress range at the fatigue limit, Kth is the range of the 
threshold intensity factor, and R is the notch-tip radius. 
 
Once a crack has formed and propagated until the final fracture, the fatigue 
fracture surface can be inspected. A bending fatigue failure, as presented in 
Figure 1.2, generally leaves behind clamshell or beach markings. It is 
evident that the crack is nucleated at one side of the shaft and then 
propagates away from the nucleation site, usually in a radial manner. A 
semi-elliptical pattern is left behind. When the crack reaches a critical 
length, the final fracture occurs. In some cases, inspection of the size and 
location of the beach marks left behind may indicate where a different 
period of crack growth began or ended. 
 

 

Figure 1.2: Fatigue fracture surface from a shaft in bending [1.5] 

Figure 1.3 schematically shows fatigue fracture surfaces of cylinder 
specimens subjected to the axial or bending loading as a function of load 
magnitude (nominal stress) and geometry (notch effect) of the specimen. 
The white coloured regions identify the crack nucleation and the subsequent 
crack propagation while the grey coloured region represents the surface of 
final fracture. The direction of crack growth is marked with arrows where 
the beginnings of the arrows show the location of the crack nucleation. In 
each case shown in Figure 1.3, the fatigue cracks nucleate at the surface and 
then propagate in the plane of maximum tensile stress. In the case of 
uniaxial tension, tension/compression and unidirectional bending initial 
cracks are nucleated only at one side of the specimen, which corresponds to 
the locations of tensile stress. For reversed bending, cracks usually nucleate 
at opposite sides, since both sides are subjected to repeated tensile stress. In 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Chapter 1 
 

4 

rotating bending, the crack may be initiated around the whole circumference 
of the specimen. The surface of the final fracture is significantly influenced 
by the magnitude of nominal stress and notch effect of the specimen. 
 
Similar presentations for fracture surfaces could also be drawn for round 
specimens subjected to torsional loading and also for flat specimens. 
Detailed information about these problems can be found in [1.2, 1.4]. 
 

 
 

Figure 1.3: Schematic fatigue fractures of round specimens [1.2, 1.6] 

1.1 Fatigue design approaches 

The available fatigue design approaches have many similarities but also 
differences: an engineering component may be safety critical or nonsafety 
critical, the structure may be very simple or very complex, and failures may 
be a nuisance or catastrophic. Choosing the appropriate fatigue design 
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approach is a crucial decision for engineers when dimensioning 
dynamically loaded structural components or machine parts. Three main 
approaches currently exist in fatigue design [1.2]: 
 

 Stress-life approach (S N), 
 Strain-life approach ( N), 
 Fatigue crack growth approach (da/d K). 

 
The stress-life approach has been in use for more than 150 years, while the 
other two approaches have been available only since the 1960s. Some 
authors [1.2, 1.4] have proposed a fourth model, the so-called "two-stage 
approach", which consists of combining the strain-life approach and the 
fatigue crack growth approach to incorporate both, macroscopic fatigue 
crack initiation and the subsequent fatigue crack growth.  

1.1.1 Stress-life approach 

The stress life approach is the oldest method for dimensioning dynamically 
loaded machine parts and structural components. This approach is based on 
the S N curves that are commonly plotted in terms of stress amplitude a 
versus number of loading cycles to failure N. The most basic S N curve is 
considered to be the one for zero mean stress m = 0, which corresponds to 
the stress ratio R = min/ max = 1. The relationship between the stress 
amplitude and the number of cycles to failure may be mathematically 
expressed as follows: 
 
 = (2 )  (1.4) 
 
where f’ is the fatigue strength coefficient and b is the fatigue strength 
exponent. Material parameters f’ and b can be determined experimentally, 
usually by means of the rotating bending test [1.7, 1.8]. 
 
S N curves vary with the material and its prior processing (thermal 
treatment). They are also affected by mean stress and geometry, especially 
the presence of notches, as well as by surface finish, residual stresses, 
loading frequency, environment conditions, etc. If an unnotched structural 
component is loaded with the mean stress m  0, the equivalent completely 
reversed stress amplitude ac should be obtained when determining the 
fatigue life using eq. (1.4): 
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 =           Morrow correction  (1.5) 
 

 =     SWT correction (1.6) 
 
The equivalent completely reversed stress amplitude ac actually represents 
the applied combination of stress amplitude a and mean stress m, which 
results in the same fatigue life as the stress amplitude ac applied at zero 
mean stress. Beside the equations (1.5) and (1.6), other criteria to determine 
the value of ac may be found in specialist literature [1.9, 1.10]. The choice 
of the appropriate criterion is mainly dependent on the material of the 
treated structural component. 
 
Equation (1.4) basically represents the relationship between the stress 
amplitude and the number of cycles when uniaxial fatigue loading is 
applied. However, this equation may also be generalized and used to 
determine fatigue life under multiaxial loading. In such cases, the values a 
and m in eq. (1.4) are replaced by equivalent stresses aE and mE. Here, 
the equivalent stress amplitude aE is proportional to the amplitude of the 
octahedral shear stress while the equivalent mean stress mE is proportional 
to the hydrostatic stress due to mean stresses in three directions. 
 
If more than one amplitude or mean stress level occurs (variable amplitude 
loading), the complete loading spectrum may be divided into the M-loading 
intervals inside which the values ai and mi are constant. The fatigue life of 
treated structural component can then be obtained using the Palmgren-
Miner rule: 
 

 1 (1.7) 

 
where ni is the real number of loading cycles inside the ith interval and Ni is 
the number of loading cycles to failure from the S N curve for ai and mi 
in this interval. 
 
Machine parts and structural components often comprise different 
geometric discontinuities (holes, fillets, grooves, keyways, etc.), which are 
unavoidable in their design. These stress raisers (notches) reduce fatigue 
strength and require careful attention in the design process. In the stress-life 
approach, the notch-effect is taken into account by modifying the unnotched 
S N curve considering the fatigue notch factor Kf: 
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 = 1 + ( 1) (1.8) 
 
where Kt is the stress concentration factor based on the linear elastic theory 
and q is the notch sensitivity factor dependent on the material and notch 
radius. A value q = 0 indicates that the notch effect can be neglected (Kf = 
1), whereas a value q = 1 indicates full notch sensitivity (Kf = Kt). Two 
approaches which are often used for determining the notch sensitivity factor 
q are Neuber’s method [1.11], and Peterson’s [1.12] method. 
 
In engineering design, the stress-life approach is usually applied by 
dimensioning machine parts and structures according to the Infinite-Life 
Design criterion, or the Safe-Life Design criterion (see section 1.2). Both 
criteria assume that the stresses in the critical cross-sections are in the linear 
elastic area. The calculation procedure is focused on the appearance of a 
final failure (fracture) of the treated component in the critical cross-section, 
and is not conditioned with crack nucleation and its growth. 

1.1.2 Strain-life approach 

The strain-life approach is based on the knowledge of stresses and strains 
that occur at locations where fatigue crack nucleation is likely to start, such 
as holes, fillets, grooves, etc. In this approach, the behavior of the material 
is characterized by the use of the stable cyclic stress-strain curve (eq. 1.9) 
and the strain-life curve (eq. 1.10) from uniaxial loading: 
 

 = +  (1.9) 

 

 = (2 ) + (2 )  (1.10) 

 
where a is the stress amplitude, E is Young’s modulus, K’ is the cyclic 
strength coefficient, n’ is the cyclic strain hardening exponent, f’ is the 
fatigue strength coefficient, b is the fatigue strength exponent, f’ is the 
fatigue ductility coefficient, c is the fatigue ductility exponent, and Ni is the 
number of loading cycles required for fatigue crack initiation (according to 
the eq. 1.1). Material parameters K’, n’, f’, b, f’ and c can be determined 
experimentally, usually by means of uniaxial fatigue tests according to the 
ASTM E606 standard [1.11]. These parameters vary over a range of 
different engineering materials and their processing histories (such as 
thermal treatment). 
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Equation (1.10) generally applies for zero mean stress m = 0, which 
corresponds to completely reversed straining, R = min/ max = 1. However, 
a mean strain or stress can be present in many engineering applications. In 
this case, the effect of mean stress m can be considered using the following 
equations [1.2, 1.4]: 
 

 = (2 ) + (2 )               Morr (1.11) 

 

 = (2 ) + (2 )     Manson (1.12) 

 
 = (2 ) + (2 )      SWT (1.13) 
 
If multiaxial loading occurs, then the stress-strain and the strain-life 
relations need to be used in a more general form. Analogous to the 
equivalent stress approach (see section 1.1.1), the equivalent strain 
amplitude aE can be used when determining fatigue life Ni. The most 
commonly used theories for determining the equivalent strain amplitude aE 
under proportional loading conditions are the maximum principal strain 
theory (appropriate for brittle materials), and the maximum shear strain 
theory (appropriate for ductile materials): 
 
 =           maximum principal strain theory (1.14) 
 
 =        maximum shear strain theory (1.15) 
 
In equations (1.14) and (1.15),  is Poisson’s ratio, and a1 and a3 are 
principal alternating strains, where a1 > a3. Once an equivalent strain 
amplitude, aE, has been calculated using the appropriate strain theory, the 
value a is replaced with the value aE to determine fatigue life using 
equations (1.10) to (1.13).  
 
In the case of variable amplitude loading, the strain-life approach accounts 
for load sequence effects and is generally advantageous for cumulative 
damage analyses of notch members where significant plasticity usually 
occurs due to notch effect. The strain-life approach for fatigue of notched 
members consists of two stages. First, the stress and strains around the notch 
are determined (usually numerically by FEM). Afterwards, a life prediction 
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is made using the appropriate strain-life equation with consideration of the 
notch root stresses and strains. 
 
The strain-life approach is a comprehensive approach, which can be applied 
for determining fatigue life of structural components in both, low-cycle 
fatigue (LCF) and high-cycle fatigue (HCF) regimes. In the low-cycle 
region, the component of plastic strain is dominant, while in the high-cycle 
region the elastic strain component is dominant. From that perspective, 
ductile materials have better fatigue resistance at large strain, whereas the 
material strength is the crucial parameter against fatigue failure at smaller 
strains. 
 
The strain-life approach can also be used in combination with the fatigue 
crack growth approach (see section 1.1.3) to obtain total fatigue lives for 
crack initiation and the subsequent crack growth. From this point of view, 
the Safe-Life Design criterion and the Fail-Safe Design criterion (see section 
1.2) are usually used when determining the fatigue life of cyclic loaded 
components.  

1.1.3 Fatigue crack growth approach 

The fatigue crack growth approach requires the use of fracture mechanics 
and its integration into the fatigue crack growth theory to obtain the number 
of loading cycles required for crack propagation form initial to the critical 
crack length, when final fracture of the treated component can be expected 
to occur. This approach can be applied to determine total fatigue life when 
it is used in conjunction with information on the existing initial crack, which 
has been, for example, detected by previous examination. The "two-stage 
approach" (see section 1.1) means that the fatigue crack growth approach is 
combined with the strain-life approach. In this case, total fatigue life can be 
determined from the number of stress cycles Ni required for fatigue crack 
initiation (previously determined using the strain-life approach) and the 
number of stress cycles Np required for a crack to propagate from the initial 
to the critical crack length (subsequently determined using the fatigue crack 
growth approach); see also equation (1.1). 
 
In engineering design, the fatigue crack growth approach is usually used by 
dimensioning the machine parts and structures considering the Fail-Safe 
Design criterion (see section 1.2). Moreover, this approach is the most often 
used approach in different case studies presented in this book. In that 
respect, the fatigue crack growth approach is described in more detail in 
section 2. 
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1.2 Fatigue design criteria 

As presented in the previous section, three basic approaches can be used for 
dimensioning structural elements subjected to cyclic loading. However, 
from a philosophical point of view, four fatigue design criteria can be 
combined with these three approaches [1.2]: 
 

 Infinite-Life Design, 
 Safe-Life Design, 
 Fail-Safe Design, 
 Damage-Tolerant Design. 

 
Infinite-Life Design 
 
Infinite-Life Design is the oldest fatigue design criterion. This criterion is 
based on the S N curve with the assumption that the engineering component 
is going to reach “infinite” life (usually several millions of cycles). 
According to this criterion, the stresses are in the elastic area and should not 
exceed the fatigue limit of the material. 
 
This criterion is suitable for dimensioning dynamically loaded machine 
parts or structures which are in the framework of their fatigue life actually 
exposed to millions of cycles (engine valve springs, axes and bearings of 
railway wagons, shafts and gears of high stages in change-speed gear drives, 
etc.). However, most engineering components undergo significant variable 
amplitude loading, and the pertinent fatigue limit is difficult to obtain. In 
addition, this criterion may not be economical in many design situations 
where the expected fatigue life is shorter (shafts and gears of low stages in 
change-speed gear drives, certain parts in the aircraft industry, etc.). 
 
The infinite-life design criterion is exclusively combined with the stress-life 
approach (see section 1.1.1). The main advantage of this method is the fact 
that fatigue time is known for most engineering materials, and that this 
information is available in specialist literature. Furthermore, certain design 
parameters (surface roughness, notch effect, residual stresses, temperature, 
corrosion, etc.), which may significantly influence the fatigue strength, are 
also well understood. 
 
Safe-Life Design 
 
Safe-Life is a fatigue design criterion where the engineering component is 
designed for a finite life, which is often known in advance. The safe-life 
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criterion should include a margin for the scatter of fatigue results and for 
other unknown factors. The dimensioning process may be based on the 
stress-life approach, if stresses are in the elastic area, or on the strain-life 
approach, if plastic deformation occurs in the critical cross section of the 
treated component. 
 
This criterion is suitable for dimensioning dynamically loaded machine 
parts or structures with an expected specific finite life (i.e., reverse gears in 
car drives, pressure vessels design, jet engine design, etc.). Similar to the 
infinite-life design criterion, some design parameters (such as surface 
roughness, notch effect, residual stresses, etc.) should also be considered 
when determining the finite fatigue life. 
 
Fail-Safe Design 
 
Fail-Safe Design is a fatigue design criterion, which assumes that some 
initial failures (cracks) may appear in individual parts of the engineering 
structure but these failures are not critical and do not lead to a catastrophic 
failure of the structure. This fatigue design criterion was developed in the 
aircraft industry. Namely, aircraft engineers could not tolerate the added 
weight required by large safety factors, or the danger to life created by small 
safety factors, or the high cost of the safe-life design. In that respect, the 
fail-safe design is based on the requirement that the system does not fail if 
one part fails. This principle recognizes that fatigue cracks may occur, and 
structures are arranged so that cracks will not lead to failure of the structure 
before they are detected and repaired. Following this idea, multiple load 
paths, load transfer between members, crack stoppers built at intervals into 
the structure, and inspection are some of the means used to achieve a fail-
safe design. Although this approach was originally applied mainly to 
aircraft structures (fuselages, wings), it is now used in many other 
applications. 
 
Damage-Tolerant Design 
 
The Damage-Tolerant Design criterion is actually a refinement of the Fail-
Safe Design criterion. It is based on the assumption that cracks or initial 
defects exist in engineering structures which were caused either by 
mechanical and thermal treatment of components during the manufacturing 
process, or by fatigue. A fracture mechanics analysis can then be performed, 
in order to determine whether such cracks will grow large enough to 
produce failures before they are detected by periodic inspection. When 
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dimensioning machine parts and structures using the damage-tolerant 
design criterion, at least three issues should be taken into account: 
 

  crack detection involving nondestructive inspection, 
  residual strength of treated component, and 
  fatigue crack growth behavior. 

 
In recent decades, several nondestructive inspection methods have been 
developed to detect possible defects (cracks) in a treated engineering 
component. If a crack is detected, the residual strength of the treated 
component should be obtained using fracture mechanics theory. As a crack 
propagates under cyclic loading, the residual strength decreases up to the 
critical crack length, when final failure (fracture) occurs. If there is no crack, 
the residual strength is equal to the ultimate tensile strength or yield stress 
of the material. Apart from those described above, some other influencing 
parameters, such as environmental conditions, load history, statistical 
evaluation, etc., should also be incorporated into this methodology. 
 
The damage-tolerant design criterion is often used when evaluating the 
residual strength of complex and expensive engineering components, which 
should be retired from service because they have reached their designed 
safe-life service life, based upon analytical and experimental results. 
However, it has often been established that such components could have 
significant additional service life. To allow for possible extended service 
life, damage tolerant methodology based upon both, analytical (or 
numerical) analyses and additional experimental testing, is required. 
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CHAPTER 2 

FATIGUE AND FRACTURE MECHANICS – 
THEORETICAL BACKGROUND 

 
 
 
The presence of a crack in an engineering component can significantly 
reduce its fatigue life, as already discussed in Chapter 1. This chapter 
introduces the concept and use of fracture mechanics in the fatigue crack 
growth approach (see section 1.1.3) when dimensioning machine parts and 
structural components according to the fail-safe design criterion or the 
damage-tolerant design criterion (see section 1.2). When a crack is detected 
in a treated engineering component, the following questions are usually 
topical for designers: 
 

 What is the residual strength of the treated engineering component? 
 What is the critical crack length that still assures the safety operation 

of the component? 
 What is the operation time (number of loading cycles) needed for 

crack extension from the initial to the critical length? 
 What is the fatigue life of a component with a detected micro-crack 

(i.e., as a consequence of mechanical or thermal treatment)? 
 How frequent are periodic inspections of components with detected 

cracks? 
 
As implied above, the effective use of fracture mechanics requires periodic 
inspections of cracked components in order to determine what sizes and 
geometries of cracks are present or might be present. Such periodic 
inspections are often performed on aircraft, bridges, nuclear constructions, 
pressure vessels and many other engineering applications. According to this 
philosophy, a crack cannot grow to a dangerous length and the critical part 
of the structure will be repaired before a critical situation could happen. 
Methods of inspection to detect the presence of possible cracks can be 
simple visual examinations, or more comprehensive examinations such as 
X-ray photography or ultrasonics. Repairs necessitated by cracks may 
consider replacing a part or repairing it, for example, by machining away a 
small crack to leave a smooth surface [2.1 2.3]. 
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This chapter provides the theoretical background for fracture mechanics and 
its use when solving engineering problems related to the fatigue of 
cyclically loaded machine parts and structural components. The topic is 
focused only on that part of the fracture mechanics theory, which is then 
actually used in the subsequent case studies presented in Chapters 3 to 6 of 
this book. In specialist literature, different concepts may be found that 
explane the evaluation of a component with a crack [2.4 2.6]: 
 

 K-concept (the stress intensity factor concept) 
 G-concept (the energy release rate concept) 
 COD-concept (the crack opening displacement concept) 
 J-concept (the J-integral concept) 

 
This chapter focuses predominantly on the K-concept and its application to 
fatigue problems. 

2.1 Linear elastic fracture mechanics 

Linear Elastic Fracture Mechanics (LEFM) is used to determine crack 
growth in components under the basic assumption that material conditions 
are predominantly linear elastic during the fatigue process. This is usually 
the case in the High Cycle Fatigue (HCF) regime, or when using hard and 
brittle materials (i.e., high strength steels), where the actual stresses are 
lower if compared to the yield stress of the material. 
 
Basic investigations related to LEFM have been made by Griffith [2.7], who 
defined the energy release rate, G, which represents the elastic energy per 
unit crack surface area required for crack extension. However, Griffith’s 
researches were limited on very brittle materials (glass). Irwin [2.8] and 
Orowan [2.9] made significant advances by applying Griffith’s theory to 
metals while taking into account small plastic deformations at the crack tip. 
The next stage was the energy approach to crack extension, which was 
developed by Irwin [2.10] and further improved through the implementation 
of the stress intensity factor K [2.11, 2.12.]. 

2.1.1 Loading modes 

The theoretical background of fracture mechanics is based on three loading 
modes of cracked components as shown in Figure 2.1: 
 

 Mode I  opening mode 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Chapter 2 
 

16 

 Mode II  shearing mode 
 Mode III  tearing mode 

 

 
 

Figure 2.1: The basic loading modes of cracked components 
 
Mode I (opening mode) is the most common when solving uniaxial fatigue 
problems and has received the greatest amount of investigation in the past. 
In this mode, tensile loading acts perpendicular to the crack front and causes 
a crack opening in the plane of the maximum tensile stress. In Mode II 
(shearing mode), shear loading acts on the plane x-y along the crack front 
and causes the sliding of crack faces relative to one another along the plane 
of the maximum shear stress. Mode III (tearing mode) also involves relative 
sliding of the crack faces, but now in plane y-z (perpendicular to the crack 
front). 
 
Machine parts and structural elements are often subjected to external 
loading where more than one mode is present. In such cases, the crack 
propagates according to the mixed-mode crack extension. An example of 
mixed-mode crack extension I and II is shown in Figure 2.2, where 
appropriate stress intensity factors KI and KII are also designated. This 
involves the axial loading of a crack inclined for an angle  in respect to the 
x-axis. When  = 0 , the pure mode I is present (KII =0), when  = 90 , the 
pure mode II is present (KI =0). For all other values of  a mixed-mode of 
crack extension appears. 
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Figure 2.2: Mixed-mode I and II 

2.1.2 Stress intensity factor 

In general, the stress intensity factor K characterizes the intensity of the 
stresses in the vicinity of an ideally sharp crack tip in a linear-elastic and 
isotropic material [2.1]. Figure 2.3 shows the elastic stress y near the crack 
tip (r/a << 1) in an elastic isotropic body subjected to the pure mode I 
loading. It is evident that the magnitude of this stress at a given point is 
dependent entirely on KI. 
 

 
 

Figure 2.3: Elastic stresses near the crack tip for pure mode I loading [2.5] 
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It can be seen from Figure 2.3, that the elastic stress distribution y 
approaches infinity ( y  ) as r approaches zero (r  0). Following this 
finding, the stress intensity factor for mode I loading can be defined 
mathematically as: 
 
 = lim 2  (2.1) 
 
Similar equations can also be expressed for mode II and mode III loading. 
Values of K are generally dependent on the external loading, crack length 
and geometry of the cracked member. Explicit equations for the 
determination of K can be found in specialist literature [2.13]. On the other 
hand, K can also be determined numerically using the available numerical 
approach (i.e., FEM). 
 
When the crack is small compared to other dimensions of the component, 
the crack is viewed as being contained within an infinite body (Figure 2.4). 
If nominal stress nom acts at a large distance from the crack, the stress 
intensity factor results in: 
 
 =  (2.2) 
 

 
Figure 2.4: Middle crack of length 2a in an infinity body 

 
For other crack configurations and external loadings, the stress intensity 
factor can be determined with the modification of Eq. (2.2) as follows:  
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 =  (2.3) 
 
where f(a/W) is the dimensionless function dependent on the crack length, 
geometry of the specimen and loading. For many standardized crack 
configurations and specimen geometries, the appropriate equations for the 
function f(a/W) may be found in different standard procedures [2.14, 2.15], 
or in specialist literature related to fracture mechanics [2.5, 2.13]. 

2.1.3 Critical stress intensity factor 

It can be seen from eqs. (2.2) and (2.3) that the stress intensity factor 
increases with the increase of crack length and loading. The critical stress 
intensity factor Kc refers to the condition when a crack propagates in an 
unstable manner. According to the eq. (2.3), Kc can be expressed 
mathematically as follows: 
 
 =  (2.4) 
 
where c is the applied nominal stress at crack instability and ac is the crack 
length at instability. The critical stress intensity factor Kc is the main 
designing parameter when dimensioning cyclically loaded components 
using the damage-tolerant design criterion. Namely, it represents the critical 
value of the stress intensity factor K for a given load, as well as the crack 
length and geometry required to cause the fracture. 
 
In general, Kc mainly depends on the material and geometry (thickness) of 
the cracked member (see Figure 2.5). It is evident that the highest Kc 
corresponds to the thinnest specimen where the plane stress appears in the 
critical cross section. As the thickness of the specimen increases the value 
of Kc, it decreases up to the thickness BI when plane strain conditions appear. 
The minimum value of Kc is called fracture toughness KIc and strictly refers 
to the plane strain conditions. The type of fracture (brittle or ductile) is also 
dependent on the loading conditions (plane stress or plane strain) as it can 
be seen in Figure 2.5.  
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Figure 2.5: Critical stress intensity factor Kc for given material [2.2] 
 
Fracture toughness KIc is a material parameter and is independent of the 
geometry of the cracked member. The values of KIc for different engineering 
materials can be found in specialist literature [2.16, 2.17]; the fields of KIc-
values for typical engineering materials are also shown in Figure 2.6. From 
this diagram, it can be seen that the values of KIc decrease with the increase 
of the yield stress of the material. Therefore, high strength materials (i.e., 
high strength steels) are more sensitive to the occurrence of cracks if 
compared to low strength materials. Furthermore, fracture toughness is also 
dependent on temperature (see Figure 2.7). As the temperature decreases, 
the value of KIc decreases. 
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Figure 2.6: The fields of KIc-values for typical engineering materials [2.2] 
 

 
 

Figure 2.7: Variation of KIc with temperature for low alloy steel A533B [2.2] 
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2.1.4 Plastic zone and its limitation on LEFM 

At the beginning of section 2.1 it is pointed out that the LEFM-theory is 
suitable when the material behavior is mainly elastic. However, this theory 
can also be used if the plastic zone size ahead of the crack is small in 
comparison to the other dimensions of the component. Figure 2.8 
schematically shows the plastic zone in a tensile loaded cracked plate, where 
Irwin’s formulation [2.18] is used to obtain the plastic zone size ahead of 
the crack. Assuming a circular shape of the plastic zone, the plastic zone 
size rd results in: 
 

 =
1

    plane stress (2.5) 

 

 =
1

   plane strain (2.6) 

 
where KI is the stress intensity factor for Mode-I loading and Re is the yield 
stress of the material. As might be expected, the plastic zone size increases 
with the increase of the stress intensity factor, and is smaller for the same 
KI in materials with a higher yield stress Re. It is also evident that the plastic 
zone size rd is three-times larger for plane stress conditions (thin plate in 
Figure 2.8a) in comparison to plane strain conditions (thick plate in Figure 
2.8b). 
 

 
 

Figure 2.8: Plastic zone and fracture mode in tensile loaded cracked plate [2.2] 
a) thin plate (plane stress), b) thick plate (plane strain) 
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Irwin’s plastic zone formulation as described above provides only a rough 
estimation of the plastic zone ahead of the crack and actually represents the 
plastic zone in the plane of the crack (  = 0; see Figure 2.9). For an arbitrary 
value of , according to von Mises’ plastification criterion, the plastic cone 
can be described as:  
 

 ( ) =
1

 1 + cos +
3
2

sin              plane stress (2.7) 

 

 
( ) =

1
 (1 2 ) (1 + cos )

+
3
2

sin   plane strain 
(2.8) 

 

 
 

Figure 2.9: Plastic zone ahead of the crack considering von Mises’ yield criterion 
 
Plastic zone configuration in real engineering components is usually a 
combination of plane stress and plane strain conditions. In the case of a 
through-thickness crack (see Figure 2.10), the plane stress condition is 
dominant at the surface, while in the middle of component the plane strain 
occurs. 
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Figure 2.10: Plastic zone size at the tip of a through-thickness crack 
 
Plasticity limitations on LEFM 
 
If the plastic zone is sufficiently small, there will be an elastic region outside 
it where an elastic stress field occurs. The existence of such a region is 
necessary for the application of the LEFM theory. In that respect, it is 
necessary that the plastic zone is smaller in comparison to the distance from 
the crack tip to any boundary of the cracked member, such as (see Figure 
2.11): 
 

 crack length a, 
 uncracked ligament (W  a), 
 height of cracked member H. 

 

 
 

Figure 2.11: Different configurations of plastic zone in cracked members [2.1] 
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a) small plastic zone (the use of LEFM is valid), b) crack length is too small, c) 
ligament is too small, d) height of member is too small 

 
Considering the explanation above, an overall limitation of LEFM may be 
expressed as follows: 
 

 , ( ),
4

 (2.9) 

 
where KI is the Mode-I stress intensity factor and Re is the yield stress of the 
material. 

2.2 Fatigue crack growth 

In section 2.1, the theoretical background of LEFM related to monotonic 
loading is presented. The following questions can be answered with the use 
of this knowledge: (i) What is the highest permissible loading of a cracked 
component and, (ii) What is the critical crack length that still assures the 
safety operation of the component? However, machine elements and 
structural components are often exposed to cyclic loading which varies 
between a maximum (Fmax) and a minimum (Fmin) value. In such cases, the 
designer should first provide the answer to the following question: What is 
the operation time (number of loading cycles) needed for crack extension 
from the initial to the critical length, when final fracture can be expected to 
occur? 
 
Figure 2.12 schematically shows the curve a N (fatigue crack length versus 
number of loading cycles) for three different nominal stress ranges nom

 

which are acting far away from the crack. All specimens have an equal 
initial crack length, a0, and in each test, the minimum stress is almost zero. 
In the case of the highest nominal stress range nom1, fatigue life until 
fracture is the shortest and the fracture appears at the shortest crack length. 
The opposite is valid for the lowest nominal stress range nom3. 
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Figure 2.12: Fatigue crack length a versus the number of loading cycles N 
 
From Figure 2.12, the fatigue crack growth rate, da/dN, can also be obtained 
for each nominal stress range nom. Namely, the fatigue crack growth rate, 
da/dN, is simply the slope of the a versus N curve at a given crack length or 
given number of cycles. Guidelines for the experimental determination of 
the crack growth rate, da/dN, based on the data pairs (a, N), are described 
in the standard procedure ASTM E647 [2.19]. 
 
When analyzing cracked components using the damage-tolerant design 
criterion (see Chapter 1) under LEFM conditions, it is reasonable to 
combine the crack growth rate, da/dN, with the stress intensity factor range 

K. For Mode-I loading, K can be obtained as: 
 
 = =  (2.10) 
 
where Kmax and Kmin are the maximum and minimum stress intensity factor, 
respectively. Considering eq. (2.3), Kmax and Kmin can be determined as: 
 

 =  (2.11) 
 
 =  (2.12) 
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where max and min are the maximum and minimum nominal stress (see 
Figure 2.12), respectively, and f(a/W) is the dimensionless function 
dependent on the crack length, geometry of the specimen and loading (see 
section 2.1.2). Based on Kmax and Kmin, the stress ratio R is defined as: 
 

 =  (2.13) 

2.2.1 Basic formulation of fatigue crack growth 

For a given material and set of test conditions, crack growth behavior can 
be described as the relationship between cyclic crack growth rate da/dN and 
the stress intensity factor range K. The needed material parameters are 
usually determined by pulsating loading (R = 0 or approximately zero) due 
to the fact that during compression loading the crack is closed, and hence 
no stress intensity factor, K, can exist. 
 
Figure 2.13 schematically shows the typical log(da/dN)  log( K) plot, 
which may be divided into three major regions: 
 

 region 1 (crack growth threshold), 
 region 2 (stable crack growth), 
 region 3 (instable crack growth). 
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Figure 2.13: Schematic presentation of diagram log (da/dN)  log ( K) 
 
Region 1 
 

Region 1 indicates a threshold value, Kth, below which there is no 
observable crack growth. This threshold occurs at crack growth rates on the 
order of 10 10 m/cycle or less, as defined in standard ASTM E647 [2.19]. 
Below Kth, fatigue cracks are characterized as non-propagating cracks. The 
main parameters influencing the value of Kth are the microstructure of the 
material, mean stress (or R-value), loading frequency, environment, etc. For 
many engineering materials, the appropriate values for Kth can be found in 
specialist literature [2.2, 2.17, 2.20]. For steels with an ultimate tensile 
strength Rm  1400 MPa and stress ratio R = 0, the Kth value can be 
approximately determined as [2.21]: 
 

 
3.48 10

 (2.14) 

 
where D is the fatigue limit of the material obtained by R = 0. 
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Region 2 
 

Region 2 shows a linear relationship between log (da/dN) and log ( K), 
which can be expressed mathematically with the Paris equation [2.22]: 
 

 d
d

= ( )  (2.15) 

 
where C and m are material parameters which can be determined 
experimentally. Graphically (see Figure 2.13), m is the slope of the line and 
C is the coefficient found by extending the straight line to the value K = 1 
MPa m. Microstructure and mean stress have less influence on fatigue 
crack growth behaviour in Region 2 in comparison to Region 1. 
 
Once C and m are known, and K is obtained using an appropriate analytical 
procedure or numerical approach (FEM), the number of loading cycles N 
required for a crack to propagate from initial (a0) to the critical (ac) length 
can be determined with the integration of eq. (2.15): 
 

 =
1 d

( )  (2.16) 

 
Region 3 
 

In Region 3, the fatigue crack growth rates are very high as they approach 
instability (final fracture of component). This region is controlled primarily 
by the critical stress intensity factor Kc or fracture toughness KIc, which in 
turns depends on the microstructure, mean stress, and environment. 
 
For a given material and environment, the fatigue crack growth behavior as 
presented in Figure 2.13 is essentially very similar for different engineering 
components because the stress intensity factor range K is the principal 
controlling factor in the fatigue crack growth process. This allows the 
fatigue crack growth rate da/dN versus K data, obtained under constant 
amplitude conditions with simple specimen configurations, to be used in 
real design problems. 

2.2.2 Effect of the stress ratio R on fatigue crack growth 

Material parameters to describe fatigue crack growth ( Kth, C, m) taken 
from specialist literature are generally related to the stress ratio R = 0. 
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However, if different values of R appear, this fact should be considered 
when dimensioning structural components using the damage-tolerant design 
criterion. The general influence of the stress ratio R on crack growth is 
shown in Figure 2.14 where the R-value is presented as the principal 
parameter. The presented curves indicate that increasing the R-ratio, which 
means increasing the mean stress, has a tendency to increase the crack 
growth rates. It is evident that this influence is more significant in Regions 
1 and 3, while in Region 2, the influence is smaller.  
 

 
 

Figure 2.14: Diagram log (da/dN)  log ( K) for different R-values [2.2] 
 
Region 1 
 

Figure 2.14 indicates that the threshold stress intensity ranges Kth decrease 
with the increase of the stress ratio R. The effect of the stress ratio R on in 
the threshold stress intensity ranges Kth for steels can be expressed 
empirically as [2.23]: 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Fatigue and Fracture Mechanics – Theoretical Background 31 

 ( ) ( )(1 )  (2.17) 
 
where  is the empirical constant (  = 0.7 ... 1.0 for steels). The relationship 
between Kth and R for other engineering materials is presented in Figure 
2.15. 
 

 
Figure 2.15: Dependence between Kth and R for different 

engineering materials [2.24] 
 
Regions 2 and 3 
 
A commonly used equation depicting the mean stress effect (or R-ratio) on 
fatigue crack growth in Regions 2 and 3 is the Forman equation [2.25]:  
 

 
d
d

=
( )

(1 )  (2.18) 

 
where C1 and m1 are empirical material fatigue crack growth rate constants 
and Kc is the applicable critical stress intensity factor for a given material 
and thickness of component. The Forman equation is actually a 
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modification of the Paris equation that incorporates mean stress and Region 
3 fatigue crack growth behavior.  

2.3 Fatigue crack growth by multiaxial fatigue 

The fatigue crack growth theory presented in the previous sections is related 
to uniaxial fatigue considering the Mode-I crack propagation. However, 
engineering components are often subjected to multiaxial fatigue, in which 
case combinations of loading modes I, II and III may appear at the same 
time. Such multiaxial loading results in mixed-mode crack extension where 
both, crack growth direction and crack growth rate are important. Many 
theories describing the mixed-mode crack growth exist in specialist 
literature. Some of them are discussed in the following sections. 

2.3.1 Maximum tangential stress criterion 

The maximum tangential stress (MTS) criterion was first proposed by 
Erdogan and Sih [2.26] and is generally suitable for mixed-mode I and II 
crack growth. This criterion is based on the elastic stress field around the 
crack tip as shown in Figure 2.16. Assuming that the material is isotropic 
and homogeneous, the elastic stress field in polar coordinates can be 
described as follows: 
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Figure 2.16: Elastic stress field around crack tip in polar coordinates for mixed-
mode I and II crack growth 

The MTS criterion considers the following assumptions: 
 

 The crack propagates under the angle  = 0 where the normal 
tangential stress is maximum (  = max); it means that the direction 
of the crack extension is perpendicular to the direction of max. 

 

 Instable crack growth (fracture) occurs at the moment when the 
maximum normal tangential stress max reaches its critical value c, 
or, when the equivalent stress intensity factor KE reaches its critical 
value KEc.  

 
The crack extension angle 0 can be determined from eq. (2.19b) with a 
consideration of the following conditions: 
 

 = 0   and   < 0 (2.20) 

 
which leads to the following value of crack extension angle 0: 
 

 = ±arccos
3 + + 8

+ 9
 (2.21) 
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It can be seen from eq. (2.21) that the angle 0 can be positive or negative 
which is dependent on the stress intensity factor KII. Here, the following rule 
can be applied: 0 < 0 if KII > 0 and 0 > 0 if KII < 0, respectively. It is also 
evident from eq. (2.21) that 0 = 0  for pure normal loading according to 
Mode I (KI  0, KII = 0) and 0  70.5  for pure shear loading according to 
Mode II (KI = 0, KII  0). 
 
Once the crack extension angle 0 is known, the combined (equivalent) 
stress intensity factor KE can be determined as a function of KI and KII: 
 

 = cos
2

3
2

sin cos
2

 (2.22) 

 
The above equations are actually related to the stress intensity factors KI and 
KII in monotonic loading. When studying multiaxial fatigue crack growth 
where cyclic loading is applied, the stress intensity factor ranges KI = KImax 

 KImin and  KII = KIImax  KIImin should be determined first. Based on their 
values, the equivalent stress intensity factor range KE can be obtained 
using eq. (2.22). 

2.3.2 Minimum strain energy density criterion 

The minimum strain energy density (SED) criterion was first proposed by 
Sih [2.27]. This criterion is often used for mixed-mode I and II crack 
growth, although it is also suitable if an additional Mode III appears [2.28]. 
Figure 2.17 shows the inclined crack inside the tensile loaded plate. The 
elastic stress field around the crack in Cartesian coordinates is: 
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Figure 2.17: Elastic stress field around crack tip in Cartesian coordinates  
for mixed-mode I and II crack growth 

 
Based on the stresses x, y nad xy, the strain energy density w is defined 
as follows:  
 

 =
1 +

2
+ 1
4

+ 2  (2.24) 

 
where  is Poisson’s ratio, E is the modulus of elasticity and  is the 
auxiliary parameter defined as: 
 

 =
3
1 +

     plane stress (2.25a) 

 = 3 4     plane strain (2.25a) 
 
With combining eqs. (2.23) and (2.24) it follows: 
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 =
1

+ 2 +  (2.26) 

 
where aij are the auxiliary coefficients: 
 

 =
1 +

8
[(1 + cos )( cos )] (2.27a) 

 

 =
1 +

8
sin [(2 cos + 1)] (2.27b) 

 

 =
1 +

8
[( + 1)(1 cos ) + (1 + cos )(3 cos 1)] (2.27c) 

 
The strain energy density w can also be written in the form: 
 

 =  (2.28) 

 
where S is the coefficient of strain energy density: 
 
 = + 2 +  (2.29) 
 
When analyzing fatigue crack growth, the SED criterion considers the 
following assumptions: 
 

 The crack propagates under the angle  = 0 which corresponds to 
the minimum strain energy density (w = wmin; S = Smin). 

 

 Instable crack growth (fracture) occurs at the moment when the 
minimum coefficient of strain energy density Smin reaches its critical 
value Sc, or, when the equivalent stress intensity factor KE reaches its 
critical value KEc. 

 
The crack extension angle 0 can be determined from eq. (2.29) with a 
consideration of the following conditions: 
 

 
d
d

= 0   and   
d
d

> 0 (2.30) 
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Once the crack extension angle 0 is obtained, the appropriate minimum 
coefficient of strain energy density Smin can be determined from eq. (2.29), 
considering that  = 0 when determining the coefficients a11, a12 and a22 
according to eq. (2.27). 
 
The combined (equivalent) stress intensity factor KE can be obtained on the 
assumption that an equivalent coefficient of strain energy density SEmin for 
Mode I loading has a similar effect on crack growth as Smin, which is 
generally valid for a combined Mode I and Mode II loading: 
 

 = = 0 = 1 1 +4  (2.31) 

 
and with consideration of eq. (2.29): 
 

 = 4 + 2 +1 1 +  (2.32) 

 
In the given form, the above equations are valid for monotonic loading. 
When fatigue loading appears, the stress intensity factors KI and KII should 
by replaced with their ranges KI = KImax  KImin and KII = KIImax  KIImin. 
Once KI and KII are known, there is no difficulty in obtaining the 
equivalent stress intensity factor range KE using eq. (2.32), which is then 
considered in the subsequent fatigue analysis. 

2.3.3 Energy release rate criterion 

This criterion is based on the energy release rate G during crack extension. 
For pure Mode I loading, the following relation between G and KI is known: 
 

 = 1          plane stress (2.33a) 
 

 = 1      plane strain (2.33b) 
 
where E is the modulus of elasticity and  is Poisson’ ratio. For mixed-mode 
I and II loading (see Figure 2.17), the relationship between the energy 
release rate G and the stress intensity factors KI and KII can be expressed 
with the following equations: 
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 =
1

 +          plane stress (2.34a) 
 

 =
1

 +     plane strain (2.34b) 
 
The equivalent stress intensity factor KE is obtained on the assumption that 
the energy release rate for Mode I loading, G=f(KE), has a similar effect on 
crack growth as the energy release rate G=f(KI, KII) for combined Mode I 
and Mode II loading. Thus, with combining eqs. (2.33) and (2.34), it 
follows: 

 =
1

 +               plane stress (2.35a) 
 

 =
1

 + (1 )     plane strain (2.35b) 
 
In this criterion, the crack extension direction is obtained according to the 
virtual crack extension (VCE) method, which was developed by Hellen 
[2.29]. As shown in Figure 2.18, different virtual crack extensions of length 

r are assumed around the crack tip. For each virtual crack extension with 
the belonging angle , the equivalent stress intensity factor KE = f(KI, KII) is 
calculated using eq. (2.35). In the next step, the crack is actually extended 
under the angle 0 which corresponds to the maximum value of KE. Similar 
to the MTS and SED criterions, the ranges KI, KII and KE should be 
considered when analysing fatigue crack growth. 
 

 
 

Figure 2.18: Virtual crack extensions in Polar coordinates  
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2.4 Short crack growth 

Fatigue crack growth, as considered thus far, is based on the stress analysis 
of an isotropic and homogenous material. In effect, the microstructural 
features of the materials (i.e., crystal grains and their orientations) are 
assumed to occur on such a small scale that only the average behavior needs 
to be considered. However, if a crack is sufficiently small, it can interact 
with the microstructural features in ways that cause crack growth behavior 
to differ from what would otherwise be expected. 
 
One of the most convenient presentations of short crack growth is the 
Kitagawa-Takahashi plot [2.30] as shown in Figure 2.19. In this diagram, 
the log-log relationship between the range of the cyclic stress  and crack 
length a is presented. The bolded curve represents the border between 
propagating and non-propagating cracks, while the dashed line represents 
the constant value of the threshold stress intensity factor range Kth as a 
boundary condition to use the LEFM approach (the condition K > Kth is 
needed for the subsequent crack growth). On the other hand, crack growth 
according to the LEFM can also be assumed when the crack length is large 
enough (a > a2), or, when the stress range is in the elastic area (  < 2). 
When higher stress range is applied, significant plastic deformation occurs 
around the crack tip and the crack growth behavior should be studied with 
a consideration of elastic-plastic fracture mechanics (EPFM). The second 
boundary condition in Figure 2.19 is the range of the fatigue limit D. A 
crack will be classified as a propagating crack, if  > D. According to 
the ESTM E 647 [2.19], fatigue cracks are generally classified into three 
categories: 
 

 microstructural short cracks (a < a1), 
 physical short cracks (a1 < a < a2), 
 long cracks (a > a2). 
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Figure 2.19: The Kitagawa-Takahashi plot of short crack growth [2.30] 
 
For most engineering materials it is known that short cracks tend to grow 
faster than long cracks (see Figure 2.20), according to the diagram log 
(da/dN)  log ( K). As regards microstructural short cracks, all of their 
dimensions are similar to or smaller than the dimensions of greatest 
microstructural significance, such as the average crystal grain size. 
However, a physical short crack has one dimension that is large in 
comparison to the microstructure. Several theoretical models to describe 
short fatigue crack growth can be found in specialist literature. Some of 
them are presented in the continuation of this section. 
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Figure 2.20: Diagram log (da/dN)  log ( K) for short and long cracks [2.1, 2.2] 
 
A modified Paris model 
 
The modified Paris model is based on the assumption that the linear part of 
Paris’ curve log (da/dN)  log ( K) is simply extrapolated into Region 1 (see 
Figure 2.21). However, one must be careful when performing this operation, 
as extrapolation could result in either conservative or non-conservative 
behavior, depending on the short fatigue crack behavior observed. 
 
Using this modification, the Paris equation with a consideration of material 
parameters C and b can also be used to describe fatigue crack growth in 
Region 1 [2.1]. In engineering applications, this approach is often used to 
describe physical short cracks and is not recommended for microstructural 
short cracks.  
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Figure 2.21: The principle of short crack growth using a modified Paris model 
 
The Sähn model 
 
The Sähn model [2.31] is suitable for describing fatigue behavior in physical 
short cracks without a consideration of the crack closure effect. The main 
influencing factor in this model is the coefficient of material microstructure 
d*, which is a basic magnitude when determining the threshold stress 
intensity factor range for short cracks Kth

* according the following 
equation: 
 

 =
1 +

      (2.36) 

 
where Kth is the threshold stress intensity factor range for long cracks and 
a is the crack length. If a >> d* (long cracks), the eq. (2.36) results in Kth

* 
= Kth. 
 
In this model, the crack growth rate, da/dN, is defined as: 
 

 
d
d

= 1 +      (2.37) 
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The coefficient of material microstructure d* is a material parameter and can 
be obtained experimentally. For steels with a yield stress Re = (300 … 700) 
MPa, the material parameter d* can be obtained empirically using the 
equation: 
 
 = 105 0.0424  [ m]   (2.38) 
 
Figure 2.22 shows the crack growth rate, da/dN, determined with eq. (2.37) 
and with a comparison of experimental results for non-alloyed steel C10.  
 

 
 

Figure 2.22: Diagram log (da/dN)  log ( K) for non-alloyed steel C10 [2.31] 
 
The Haddad-Smith-Topper model 
 
The Haddad-Smith-Topper model [2.32] is, similarly to the Sähn model, 
suitable for describing fatigue behavior in physical short cracks without a 
consideration of the crack closure effect. The model is based on the 
threshold crack length ath between short and long cracks (see Figure 2.19). 
For steels, the threshold crack length ath can be obtained using the following 
empirical equations: 
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13.6 

( 77.6)  [mm] ;   = 1  (2.39a) 
 

 
4.11 

( 72.6)  [mm] ;   = 0  (2.39b) 

 
where Re is the yield stress of the material and R is the loading ratio. Once the 
threshold crack length ath is known, the virtual crack length a* is defined as: 
 
 = +  (2.40) 
 
where a is the actual crack length. Furthermore, the virtual stress intensity 
factor range, Kth

*, is then: 
 

 =  (2.41) 

where f(a*/W) is the dimensionless function (see section 2.1.2). 
 
Once a* and K* are known, further short crack growth behavior can be 
analyzed using the same equations as for long cracks, where a is replaced 
with a* and K is replaced with K*. A practical example of short crack 
growth using the Haddad-Smith-Topper model is shown in Figure 2.23.  
 

 
Figure 2.23: Diagram log (da/dN)  log ( K) for Al-alloy AlCuMg2 [2.32] 

a) real stress intensity factor range K, b) virtual stress intensity factor range K*, 
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CHAPTER 3 

FRACTURE BEHAVIOUR OF COUNTERWEIGHT 
BARS IN MOBILE CRANES  

 
 
 

3.1 Introduction 
 
Concerning the design of cyclically loaded engineering structures and 
components, the prediction of their service life is of great importance. There 
is a growing interest in many structures (such as mobile cranes) to reduce 
the weight of the structure. One way to achieve this goal is to reduce 
required cross sections using high strength steel. In some cases, the fatigue 
strength of steel can be increased using appropriate heat treatment of the 
treated machine part or structure. In [3.1] it is shown that the fatigue strength 
of AISI 4340 steel can be increased by up to 91 % by the ion nitriding 
process. A similar effect can be reached with case carburizing and surface 
hardening of such elements [3.2, 3.3]. However, such heat treatment cannot 
be used for large elements because of the limit magnitude of heating 
devices. In such cases, the required properties of steel are achieved through 
metallurgical purification and cooling directly after rolling. During a 
controlled rolling process, high toughness due to fine-grained structure is 
also achieved [3.4]. 
 
However, the complete process of fatigue failure may be divided into the 
following stages: (1) microcrack nucleation; (2) short crack growth; (3) long 
crack growth; and (4) occurrence of final failure. In engineering 
applications, the first two stages are usually referred to as the “crack 
initiation period”, while long crack growth is referred to as the “crack 
propagation period” [3.5]. The complete service life can then be determined 
from the number of stress cycles Ni required for fatigue crack initiation, and 
the number of stress cycles Np required for a crack to propagate from the 
initial to the critical crack length, when the final failure can be expected to 
occur: 
 
 = +  (3.1) 
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The service life calculation of a cyclically loaded component such as the 
counterweight bar of a mobile crane is based on the knowledge of stresses 
or deformations in critical cross sections, which is usually calculated by 
means of the finite element analysis (FEA) or measured using appropriate 
measuring instruments. The main parameters influencing fatigue life are the 
external loads and the strength behaviour of the material. Therefore, in order 
to perform such an analysis, the appropriate fatigue properties of the 
material should be known. 
 
The strain-based approach to fatigue problems is widely used at present 
[3.6, 3.7]. The most common application of the strain-based approach is in 
fatigue of notched members. In a notched component subjected to cyclic 
external loads, the behaviour of material at the root of the notch is best 
considered in terms of strain. A reasonable expected fatigue life (number of 
stress cycles Ni), based on the nucleation or formation of small macrocracks, 
can then be determined iteratively using the Coffin-Manson equation: 
 

 =
2

+
2

= (2 ) + (2 )  (3.2) 

 
where a is the total strain amplitude, E is the modulus of elasticity, f’ is 
the fatigue strength coefficient, b is the fatigue strength exponent, f’ is the 
fatigue ductility coefficient and c is the fatigue ductility exponent. Strain-
life fatigue properties f’, b, f’ and c, which are often referred to as “low-
cycle fatigue properties”, are obtained experimentally according to the 
ASTM E 606 standard [3.8]. When the total strain amplitude a of a specific 
machine part or structure is known ( a can be measured experimentally or 
determined numerically), the number of stress cycles Ni can be calculated 
iteratively using eq. (3.2). 
 
The initiation phase of fatigue life in a virgin material is often assumed to 
constitute the growth of short cracks up to the size ath, which is the transition 
length of short cracks into long cracks and may be estimated as [3.9] 
 

 1
+  (3.3) 

 
where Kth is the threshold stress intensity range and FL is the fatigue 
limit of the material. However, a wider range of values has been selected 
for ath, usually between 0.1 and 1 mm for steels where the high strength 
steels take the smallest values [3.10]. 
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In the presented analysis, the simple LEFM theory [3.11] is used to describe 
fatigue crack growth from the initial (ath) to the critical (acr) crack length. 
The appropriate number of stress cycles Np with regard to eq. (3.1) is 
therefore: 
 

 d =
1
C

d
 (3.4) 

 
where K is the stress intensity range ( K = Kmax Kmin), which is usually 
determined numerically using appropriate numerical code. In eq. (3.4), C 
and m are the material parameters, which can be determined experimentally, 
usually by means of three-point bending specimens according to the ASTM 
E 647 standard [3.12]. 
 
To describe the fatigue and fracture behaviour of structural elements such 
as counterweight bars of mobile cranes, the low cycle fatigue parameters 

f’, f’, b and c (for fatigue crack initiation) and the material parameters C 
and m (for fatigue crack growth) of the treated material should be 
determined first. Furthermore, a fatigue assessment of the treated 
component can be made. 

3.2 Material properties of high strength steel S1100Q 

In the present study, it is assumed that the treated structural element 
(counterweight bar of a mobile crane) is made of high strength steel 
S1100Q. Table 1 shows the chemical composition of this material, which 
was supplied in the form of hot-rolled plates. The test specimens were cut 
out of the plate in the rolling direction and machined to the final shape, as 
described in sections 3.2.1 and 3.2.2. The microstructure of the material is 
lower needle bainite with extremely fine needles (see Figure 3.1). Because 
of the different orientations of crystal growth, it can be assumed that the 
average mechanical properties can be used in all loading directions. 
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Table 3.1: Chemical composition of high strength steel S1100Q 
 

C Si Mn P S Cr Ni 

0.18 % 0.20 % 0.83 % 0.007 
% 

0.003 
% 0.56 % 1.88 % 

Mo V  Cu  Al Nb N B 

0.56 % 0.057 
% 0.01 % 0.61 % 0.017 

% 
0.006 

% 
0.002 

% 
 

 
 

Figure 3.1: The microstructure of high strength steel S1100Q 

3.2.1 Low-cycle fatigue parameters of high strength steel S1100Q 

For determining low-cycle fatigue parameters, test specimens according to 
the ASTM E 606 standard have been used (see Figure 3.2). Before fatigue 
tests, monotonic tensile testing has been performed using the same 
specimen. Based on the monotonic test, the ultimate tensile strength Rm = 
1450 MPa, the yield stress Re = 1148 MPa, and the modulus of elasticity E 
= 194889 MPa, have been recorded. 
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Figure 3.2: Test specimen according to the ASTM E 606 standard 
 
The low-cycle fatigue tests were carried out in the strain-controlled regime 
on a servo-hydraulic fatigue machine, the Instron 1255. The loading 
waveform was triangular with loading ratio R = 1. The specimen 
temperature was 20 C and was manually checked during the test procedure. 
The loading frequency was higher for specimens with a lower deformation 
amplitude, as the energy generated in each cycle is lower. The low-cycle 
fatigue parameters have been determined using the results of 8 specimens, 
where specimen separation was chosen as the failure criterion. 
 
Figure 3.3 shows the cyclic stress-strain curve, which is constructed on the 
basis of 8 stable hysteresis loops describing the fatigue behaviour of 
specimens loaded on a different strain level. From Figure 3.3, the cyclic 
modulus of elasticity E’ = 183443 MPa and the cyclic yield stress Re’ = 875 
MPa, are recorded.  
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Figure 3.3: The cyclic stress-strain curve 

 
The plot of the true stress amplitude, a, versus the true plastic-strain 
amplitude, p/2, in log-log coordinates results in a linear curve (see Fig. 
3.4) represented by the power function 
 

 =
2

 (3.5) 

 
where K’ is the cyclic strength coefficient and n’ is the cyclic strain-
hardening exponent. It is evident from Figure 3.2 that K’ = 1280 MPa (stress 
intercept at p/2 = 1) and n’ = 0,0595 (slope of the line). 
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Figure 3.4: True stress amplitude versus true plastic-strain amplitude behaviour 
 
Figure 3.5 shows the strain-life fatigue curves plotted on log-log scales, 
where N is the number of cycles to failure for each tested specimen. If the 
magnitudes in Figure 3.5 are compared with the theoretical ones in the 
ASTM E 606 standard [3.8], the low-cycle fatigue parameters for the high 
strength steel S1100Q result in: 
 

- fatigue strength coefficient: f’ = 2076 MPa 
- fatigue strength exponent: b = 0.0997 
- fatigue ductility coefficient: f’ = 9.93 
- fatigue ductility exponent: c = 0.978 
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Figure 3.5: Strain-life curves of high strength steel S1100Q 

3.2.2 Fracture mechanics parameters of high strength steel 
S1100Q 

The fracture mechanics parameters C and m have been determined 
according to the standardised procedure ASTM E 647 [3.12] using a three-
point bending specimen shown in Figure 3.6. 
 

 
 

Figure 3.6: Three-point bending specimen 
 
For the three-point bending specimen, the stress intensity range can be 
expressed as a function of its geometry and crack length [3.13] 
 

 K = /  (3.6) 
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where Y=f(a/W) is a shape function as defined in [3.13]. Using the standard 
procedure ASTM E 647, the test specimens are subjected to cyclic loading 
and crack propagation is measured in relation to the number of loading 
cycles N. In this way, the experimental relationship between a and N is 
determined and approximated with the appropriate function a=f(N). The 
crack growth rate da/dN then follows from: 
 

 d
d

=
d

d
[ ( )] (3.7) 

 
Assuming that the relationship K=f(a) is known, the diagram log(da/dN)

log( K) can then be easily constructed. Taking into account the linear 
dependence between log(da/dN) and log( K), the crack growth rate can be 
defined in the following linearized form: 
 

 log
d
d

= + log ( ) (3.8) 

 
where C1 and C2 are the constants of the linear equation. Using substitution 
log(C3)=C1 it follows: 
 

 log
d
d

= log [ ( ) ] (3.9) 

 
which finally leads to: 
 

 d
d

= ( )  (3.10) 

 
Comparing equations (3.4) and (3.10), the fracture mechanics parameters C 
and m result in: 
 

C = C3  
m = C2 

 
The crack growth test was carried out on a servo-hydraulic fatigue machine, 
the Instron 1255, at a loading ratio R = 0.1. During the test, crack lengths 
have been recorded at certain load cycle intervals, which resulted in an 
appropriate relationship between the crack length a and the number of stress 
cycles N, and consequently between the stress intensity range K and crack 
growth rate da/dN (see the diagram log K–logda/dN in Figure 3.7). 
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Figure 3.7: The diagram log K – log(da/dN) 

 
Following the mathematical procedure as described above and the 
theoretical background as described in the ASTM E 647, the parameters C 
and m and the threshold stress intensity range Kth result in: 
 

C = 2.02 10 11 mm/(cycl MPa mm) 
m = 2,761 

Kth = 315 MPa mm 

3.3 Fatigue and fracture analysis of counterweight bars  
in mobile cranes made of high strength steel S1100Q 

Crawler cranes (Figure 3.8) are devices in which a counter weight is usually 
supported by a steel chain, which consists of a series of highly loaded bars 
(usually made of high-strength steels like S1100Q [3.14, 3.15]) with lug 
joints at their ends. Based on the material parameters determined in Chapter 
3.2, the fatigue assessment of such steel bars is analysed using experimental 
testing and computational analysis as described in the following sections. 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Fracture Behaviour of Counterweight Bars in Mobile Cranes 57 

 
 

Figure 3.8: Schematic presentation of a crawler crane 

3.3.1 Experimental testing 

The fatigue tests were carried out in a specially designed testing machine 
made of two basic rigid plates, which are connected with a central lattice 
(Figure 3.9a). The load is applied using the oil pressure pumped into 
hydraulic cylinders, which are mounted on the base plate. The oil pressure 
provides a simple means of measuring the force applied. Changing the 
direction of the load is done by reversing the oil flow by electrical 
command. The machine enables testing four bars simultaneously, with a 
1000 kN maximum tensile force in each bar. Actual stresses were controlled 
by means of the oil pressure and checked using strain gauges. The loading 
machine has certain disadvantages, like the need for large forces to achieve 
the necessary stresses and difficulty in providing high testing frequency. 
The testing bar (Figure 3.9b) has a rectangular cross-section (30 × 50 mm). 
Each side of the bar consists of a head with a hole for a pin. The pin/hole 
used in the experiments complied with a tolerance of H7/g6, with a 
measured fit clearance of approximately 25 m. The fabrication of 
approximately 6-meter long bars was carried out under normal production 
procedure (gas cutting). Grinding was done on gas-cut surfaces. The bars 
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were loaded in tension so that the nominal applied stress was controlled in 
the critical cross-section. 
 

 
 

Figure 3.9: Fatigue testing machine (a) and testing bar (b) 

3.3.2 Computational analysis 

The computational analysis was performed in three steps. First, a stress and 
deformation field in the critical cross-section of the bar was determined 
numerically using the FEM program code Abaqus [3.16]. The FE model 
shown in Figure 3.10a and the loading pattern shown in Figure 3.10b were 
used in the computational analysis. Here, the loading pattern in Figure 3.10b 
is the same as was used in experimental testing, described previously. 
However, a zero clearance fit was assumed in the numerical model, which 
means that no initial stress was induced because of the pin itself. The stress 
field in the lug joint was determined numerically, using contact boundary 
conditions between the pin and the hole surface. 
 
In the next step, fatigue analysis was performed using the FE-safe program 
code [3.17]. The fatigue analysis was based on the strain-life method ( -N), 
where the Coffin-Manson relationship with a Morrow mean stress 
correction was used to determine the number of stress cycles Ni required for 
fatigue crack initiation in a critical cross-section of the treated bar 
connection [3.18]: 
 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Fracture Behaviour of Counterweight Bars in Mobile Cranes 59 

 
2

=
( )

(2 ) + (2 )  (3.11) 

 
where  is the true strain range, m is the mean stress and E, f’, f’, b and 
c are material parameters described in sections 3.1 and 3.2. 
 

 
Figure 3.10: Numerical model (a) and loading pattern (b) 

 
The third step represents the numerical analysis of fatigue crack growth. 
The numerical model consists of the geometry with a modeled crack in the 
region where a crack was being observed in experimental test bars. The 
model includes symmetry about central longitudinal and traverse vertical 
planes, to lower the computation time and reduce the size of the model (see 
Figure 3.11). The initial crack is modeled as a quarter elliptical edge crack 
with main ellipse axis c along the hole surface and a along the face of the 
lug. The initial crack length a = c = 0.2 mm has been determined using eq. 
(3.3) with consideration of previously determined threshold stress intensity 
range Kth = 315 MPa mm (see section 3.2.2) and fatigue limit FL = 390 
MPa as presented in literature [3.19, 3.20]. The region around the crack uses 
a highly refined mesh in comparison to the rest of the model. This region 
consists of a special block, which is tied in the base model, making it 
possible to have a coarser mesh in the remaining part of the model. The 
mesh consists of hexahedral brick elements using a structured mesh 
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technique in the crack region block. The material is defined as isotropic 
linear elastic with elastic modulus of E = 183442 MPa and Poisson’s ratio 

 = 0.3. Load is applied by means of the applied pressure p at the bottom 
end surface according to Figure 11, to obtain a load of 880 kN at the lug 
with a load ratio R=0.1. The whole model is supported by the fixed rigid pin 
in the hole with defined contact between the main part and its outer surface. 

 
 

Figure 3.11: Numerical model for fatigue crack growth 
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In a numerical simulation of crack growth, stress intensity factors were 
determined for different sizes of the crack. The obtained results were then 
used for derivation of the correction function to be used with the standard 
model, which assumes the plate with quarter elliptical edge crack, loaded in 
tension and bending [3.21]. As the stress field in the main part of the lug 
end can be approximated with tension and bending stress, stress intensity 
factors have been estimated over the cracks front region using an analytical 
model given in [3.21]. For each numerical solution, the crack length was 
scaled to obtain a reasonable agreement of stress intensity factors over the 
crack front. Using obtained scale factors, the correction functions over the 
whole crack growth domain were obtained. The scale function fa is proposed 
for the main axis a: 
 

 = 1.458 10 2.050 10 1.428 10
+ 1.125 (3.12) 

and the scale function fc for the main axis c: 
 
 = 4.080 10 3.0350 10 + 9.732 10  (3.13) 
 
The scale functions fa in fc have then been used to determine the stress 
intensity range K using analytical procedure as described in [3.21]. The 
crack growth has then been analyzed with eq. (3.4) using material 
parameters C and m as described in section 3.2.2. 
 
On the basis of stress intensity factors for appropriate crack lengths along 
axis a and c, the crack extension in the next step is given for 5 load cycles. 
Numerical analysis has shown that for the initial crack length a = c = 0.2 
mm, the stress intensity factor exceeds its threshold value Kth = 315 
MPa mm. The numerical analysis was stopped when the stress intensity 
factor reached its critical value KIc = 2100 MPa mm. The numerical results 
are shown in Figure 3.12. It is evident that the critical crack lengths are: 
 

ac = 2.03 mm 
cc = 2.3 mm 
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Figure 3.12: Numerical analysis of fatigue crack growth 

3.3.3 Comparison between experimental and computational 
results 

Figure 3.13a shows the fatigue breakage of the tested bar. The fatigue crack 
was initiated at the edge of the hole, which can be seen from Fig. 3.13b. The 
initial crack then propagates until the final fracture in the critical cross-
section. Figure 14 shows the numerically determined crack path in the 
critical cross-section of the bar. 
 

 
 

Figure 3.13: Fatigue breakage of testing bar (a) and example  
of fracture surface (b) 
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Figure 3.14: Numerically determined crack path in the critical cross-section  
of the bar 

 
The number of stress cycles required for fatigue crack initiation Ni and 
fatigue crack propagation Np determined using the presented computational 
model is shown in Table 2. It is evident that the comparison of experimental 
and computational results shows a reasonable agreement. 
 

Table 3.2: The number of stress cycles N required for the final failure  
of the bar 

Experimental results Computational results 

Test 1 Test 2 Test 3 Test 4 
Crack 

initiation 
Ni 

Crack 
propagation 

Np 

Total 
N 

38029 26727 24795 29036 28705 845 29550 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Chapter 3 
 

64 

3.4 Concluding remarks 

The experimental determination of fatigue and fracture mechanics 
parameters of high strength steel S1100Q is presented in this study. The 
low-cycle fatigue parameters f’ = 2076 MPa, b= 0,0997, f’ = 9,93 and c 
= 0,978 are determined following the standard procedure ASTM E 606. 
On the basis of this parameter the fatigue initiation period (the number of 
stress cycles Ni required for fatigue crack initiation) can be determined using 
the Coffin-Manson relationship as described in section 3.1. Furthermore, 
the complete procedure for determining the Paris coefficients C = 2.02 10 11 
mm/(cycl MPa mm) and m = 2,761 of the treated material is presented in 
section 3.2. Based on these parameters, the crack propagation period (the 
number of stress cycles Np required for a crack to propagate from the initial 
to the critical crack length) can be determined using the Paris equation. 
 
The proposed computational model is used to determine the service life of 
a counterweight bar with a lug joint at its end, and has been experimentally 
tested. Both procedures have shown that the connection hole in the bar end 
is the most critical location for crack initiation and final failure. The results 
presented in Table 2 represent useful information for the designer about the 
fatigue assessment of a counterweight bar as an important supporting part 
for cranes. 
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CHAPTER 4 

FATIGUE CRACK INITIATION AND GROWTH  
IN MARTENSITIC STEELS  

 
 
 

4.1 Introduction 

Current industrial design is heavily concerned with the high-cycle fatigue 
resistance of mechanical components and structures which are often 
manufactured by the thermal cutting process [4.1]. This process may cause 
a significant roughness on the cut edge and also changes the microstructural 
properties of the material in the heat affected zone (HAZ). Surface 
topography, which is usually represented by roughness parameters, such as 
average roughness height Ra, decreases fatigue life as it causes more stress 
concentrations on the surface of the structural element. Heat input of the 
cutting process causes hardening and softening in HAZ and creation of 
internal residual stresses. This also has an effect on fatigue life, which may 
be detrimental or beneficial. On the other hand, surface roughness 
represents a very small notch in the surface, from which microcracks may 
be initiated. 
 
In general, the complete process of fatigue failure in structural elements may 
be divided into the following stages [4.2, 4.3]: (1) microcrack nucleation; 
(2) short crack growth; (3) long crack growth; and (4) occurrence of final 
failure. In engineering applications, the first two stages are usually referred 
to as the “crack initiation period”, while long crack growth is referred to as 
the “crack propagation period”. An exact definition of the transition from 
the initiation to the propagation period is usually not possible. However, the 
crack initiation period generally accounts for most of the service life, 
especially in high-cycle fatigue (see Figure 4.1). The total number of stress 
cycles N can then be determined from the number of stress cycles Ni 
required for fatigue crack initiation and the number of stress cycles Np 
required for a crack to propagate from the initial to the critical crack length, 
when the final failure can be expected to occur (N = Ni + Np). 
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Figure 4.1: Schematic representation of the service life of structural elements 

4.2 Fatigue crack initiation 

Fatigue crack initiation, as presented in this section, is mainly restricted to 
microcrack nucleation and short crack growth. As presented in [4.4, 4.5], 
the behaviour of short cracks under fatigue loading differs substantially 
from the behaviour of long cracks. Existing research on microcrack 
nucleation has shown that with many materials microcracks are initiated on 
slip bands of grains and stretch across the whole grain. One of the frequently 
proposed methods for solving this problem is using the Tanaka-Mura model 
for microcrack initiation [4.6]. Using this model, the number of stress cycles 
Nc required for microcrack nucleation along the slip band of crystal grains 
can be determined as follows 
 

 =
8

(1 ) ( 2 )
 (4.1) 

 
where d is the slip band length, is the average shear stress range on the 
slip band, G is the shear modulus of the material, Ws is the specific fracture 
energy per unit area,  is Poisson's ratio, and k is the frictional stress of 
dislocation on the slip plane. For martensitic steels, the material parameters 
in eq. (4.1) may be obtained from specialist literature [4.7]. 
 
However, the Tanaka-Mura model has two main deficiencies that limit its 
use. The model deals only with microcrack nucleation in separate grains and 
does not deal with macrocrack coalescence from existing microcracks. 
Another problem is that this model uses average shear stress to determinate 
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microcrack nucleation [4.8]. For that reason, it often happens that an 
existing microcrack significantly raises stresses of neighbouring grain, yet 
the average shear stress in this grain is still below the threshold needed for 
microcrack nucleation, therefore no nucleation occurred. This problem 
becomes increasingly pronounced when using lower loads, that is in high-
cycle fatigue regime. Therefore, the basic Tanaka-Mura model needs to be 
significantly improved to describe the crack nucleation process more 
exactly. In that respect and through a consideration of the research work of 
other researchers (especially in Ref. [4.7]), some improvements have been 
suggested, and are presented in this study. Multiple slip bands in each 
crystal grain are used, as opposed to one slip band going through the centre 
of the crystal grain. The Tanaka-Mura model is also modified so that 
microcracks are nucleated in multiple steps (microcrack segmentation). 
Therefore, the deformation energy is accumulated during algorithm 
iterations. This modification substantially increases the usability and 
accuracy of the model in high-cycle fatigue regime. Finally, a special plug-
in in the framework of the program package ABAQUS has been written in 
the Python programming language, for handling microcrack nucleation and 
coalescence. 

4.1.1 Physical model 

The problem of microcrack nucleation and short crack growth can be 
studied on a multi-scale model as shown in Fig. 2. The global model 
represents a full-scale specimen subjected to a chosen load level. The 
proposed microcrack nucleation model simulates fatigue crack initiation in 
particular grains, therefore a complete microstructure needs to be modelled. 
Since it would be impossible to model a detailed microstructure on a global 
model (due to memory and computational constraints), a sub-model was 
used in the place where the highest stresses are present (at the inner hole) 
and formation of cracks is expected [4.8, 4.9, 4.10]. The size of the sub-
model was chosen to be 0.5 0.5 mm, as this would be enough to asses the 
crack initiation period. The loading of the sub-model was implemented by 
applying stress distribution of the global model to the boundary edges of the 
sub-model (top, right, and bottom edge on the right-hand side of the image 
in Figure 4.2). 
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Figure 4.2: Global model and sub-model of the specimen 

A numerical simulation of crack initiation was performed with the 
ABAQUS [4.11], using a plug-in that was written specially for handling 
microcrack nucleation and coalescence. Individual grains are simulated 
with a randomly generated Voronoi tessellation and were given randomly 
oriented [4.12, 4.13] orthotropic material properties of martensite: C11 = 
C22 = C33 = 233 GPa, C12 = C13 = C23 = 135 GPa, C44 = C55 = C66 = 
118 GPa. Considering the average grain size of 20 , the whole model 
consists of approximately 400 individual grains. The right-hand side image 
in Figure 2 shows such a model, with slip bands drawn through centres of 
crystal grains. The surrounding grains (with no slip bands indicated), serve 
as a buffer zone to minimize the numerical mismatch at boundaries (top, 
right and bottom edge on the right-hand side of the image in Figure 2) and 
do not partake in microcrack evaluation. 
 
Multiple slip bands 
 

When simulating crack nucleation in a particular grain, multiple slip bands 
were evaluated. For each grain there was one slip band created through the 
centre of the grain and additional slip bands were created with a 2  offset 
from the first (see Figure 4.3). Figure 4.4 shows an example where the first 
microcrack was nucleated in the left grain and influenced its neighbouring 
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grain on the right, so that a microcrack in it nucleated far from the centre 
(black dot), close to the first microcrack. The proximity of nucleated 
microcracks also enables easier microcrack coalescence than in a model 
where microcracks are allowed to go through grain centres only. 
 

 
 

Figure 4.3: A crystal grain with multiple slip bands 
 

 
 

Figure 4.4: Example of nucleated cracks along slip lines 
 
Crack coalescence 
 

In the presented study, a conservative approach was taken to enable crack 
coalescence. Whenever a new microcrack occurred in the model, every 
possible combination of microcracks was analysed to see if the average 
stress on a straight line between two microcracks surpasses the yield stress 
of the material. If this was the case, a crack was extended through that line, 
effectively transforming two microcracks into a single larger crack (Figure 
4.5). Note the significant stress relaxation in the area between the cracks 
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with respect to Figure 4.4. When calculating cycles required for fatigue 
crack initiation, no cycles were attributed to crack coalescences (it is 
simulated as being instantaneous), so the total cycles of crack initiation 
equal the sum of cycles needed for each microcrack to nucleate. 
 

 
 

Figure 4.5: Example of two microcracks coalescing 
 
Segmented microcracks 
 

Figure 4.6a shows the shear stress range  (black solid line) along a slip 
band of a grain, whose neighbouring grain already has a microcrack. This 
causes a significant stress concentration on the side of the slip band that is 
adjacent to the existing microcrack. Using the Tanaka-Mura model would 
not cause a microcrack to nucleate in this case, as average shear stress range 

 (dotted grey line) is lower than the required threshold 2k (solid grey 
line). This problem was solved using segmented microcracks. Figures 4.6 
b, c, and d show the evolution of microcrack nucleation using four segments 
along the slip band. Figure 4.6a shows that the stress level on the leftmost 
segment s  (dotted black line) surpasses the threshold stress range and a 
microcrack can occur there. Figure 4.6b shows the next iteration where a 
microcrack was created on the first segment, causing stress relaxation there 
and a stress increase on the second segment, so that the stress range 
surpasses the threshold. Figures 4.6c and 4.6d show the next two iterations 
where a microcrack progresses through the third and fourth segment and 
finally forms along the whole slip band. 
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Since the proposed algorithm for crack nucleation goes through multiple 
iterations, it is necessary to account for dislocation pile-up by keeping track 
of the damage that was accumulated over previous stages. In the beginning, 
the total deformation energy needed for microcrack nucleation is calculated 
for all segments of slip bands of every grain, using the following equation: 
 

 =
8

 (4.2) 

 
where Us

th represents a threshold amount of total deformation energy that is 
required for microcrack nucleation on a particular segment (index s), ds is 
the length of that segment and Ws is the specific fracture energy per unit 
area. Next, in each stage the amount of deformation energy acquired per 
cycle for each segment is calculated: 
 

 =
(1 )( 2 )

 (4.3) 

 
where  and Us represent average shear stress range and the amount of 
deformation energy that is accumulated in one loading cycle on a segment 
s. The number of cycles Ns

i, required for microcrack nucleation on each 
segment, is calculated with the following equation: 
 

 =  (4.4) 

 
where Us

i represents the already accumulated damage in each segment of 
stage i. 
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Figure 4.6: Shear stress distribution along the slip band 
 
Considering the procedure as described above, a microcrack will be 
nucleated on the segment with the smallest Ns

i. For other segments, the 
accumulated damage in the next stage Us

i+1 is increased as expressed in eq. 
(4.5). The model with the new microcrack is then recalculated and used for 
the next iteration where the whole process is repeated. 
 
 = +   (4.5) 
 
In the beginning, microcracks tend to occur scattered around the model and 
form preferably in larger grains that are favourably oriented and have higher 
shear stresses. But after a while existing microcracks start coalescing, 
causing local stress concentrations and amplifying the likelihood of new 
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microcracks forming near the already coalesced crack. When this crack 
grows to sufficient length, crack initiation is considered to be finished. The 
resulting macrocrack is then used as an initial crack for crack propagation. 
The sum of Nsmin

i for all stages represents the total crack initiation life Ni: 
 

 =  (4.6) 

4.3 Fatigue crack growth 

In order to determine the total lifetime, the crack propagation period should 
also be calculated. The length and direction of the initial crack were selected 
so as to resemble the coalesced microcracks obtained in the crack initiation 
stage. This crack was then propagated through the macro-model according 
to linear-elastic fracture mechanics. Crack propagation cycles were 
calculated using Paris’ law: 
 

 = [ ( )]  (4.7) 

 
with crack growth parameters C = 9 (units, MPa, m) and m = 3, taken 
from [4.14] for the treated material. The stress intensity factor range K and 
the angle of crack propagation were both calculated using the ABAQUS 
Software [4.11]. As a measure of crack propagation direction, the maximum 
tangential stress criterion was used. 

4.4 Numerical modelling 

The commercially available software ABAQUS [4.11] was used, as it 
enabled an easy enough extension in order to meet the specific demands: 
additional routines were written, which are needed for the generation, 
adaptation and evaluation of the model. The developed code that can be 
invoked through GUI was written in the Python programming language, 
using the ABAQUS Scripting Interface (ASI) [4.15]. ASI is an object-
oriented extension library based on Python, for advanced pre- and post-
processing tasks in ABAQUS. 
 
Since in terms of fatigue only a small portion of a structural element needs 
to be analysed at the place where crack initiation is expected, the decision 
was made to use a process of sub-modelling in order to transfer the load of 
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the global-model to the boundaries of the sub-model. Creating a sub-model 
is a two-step process and is often used for a detailed study of an area of 
interest, usually a region of high stress. First, a global model needs to be 
created and analysed. Next, a sub-model is created in the place of interest. 
The boundary nodes of the sub-model are driven by the macro-model 
solution. The benefits of sub-modelling are twofold. Firstly, it allows for 
shorter calculation times, as only a part of whole model needs to be 
analysed. Secondly, a sub-model can be structured in a different way from 
a global model. In the presented example, the sub-model is modelled with a 
disordered microstructure of randomly oriented orthotropic crystal grains, 
where the global model is continuous and isotropic. Due to the disparity of 
model properties at the boundary between the global model and the sub-
model, a sufficient buffer zone is needed, and many numerical errors of 
FEM analysis are present close to the boundaries. 
 
In order to assess the microcrack nucleation within and microcrack 
coalescence between grains, an alternative model description compared to 
what is usually used in the ABAQUS, was used. This approach utilises a 
concept of two-dimensional multi-material systems [4.16] with two sets of 
components: a set of continua and a set of continuum interfaces (Figure 4.7). 
 

 
 

Figure 4.7: Sub-model description by continuum decomposition 
 
In our example, a continuum represents a 2D sub-domain of the sub-model, 
which has its own material orientation. A continuum interface defines the 
interaction between two continua and can exist between two grains of within 
one grain, if it has a nucleated microcrack. In order to enable segmented 
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microcrack nucleation, the continuum interface within a grain consists of 
multiple interface segments with different interaction properties. There are 
two kinds of interaction properties of continuum interfaces. Initially, the 
nodes of two continua are aligned at the interface (similar to TIE command 
in ABAQUS) and have identical deformation and stress values. Upon crack 
nucleation within a grain or crack coalescence between grains the 
appropriate continuum interfaces are considered to fail, causing no 
interaction between continua through that interface. In the example 
presented in this study, where the micro-model is loaded with tension only 
in the stress field, this is sufficient. However, if compression stresses 
occurred in the sub-model, failed interfaces would require some form of 
contact interaction that would prevent protrusion of one continua into 
another. 
 
The whole process of crack initiation was developed in Python using the 
ABAQUS Scripting Language. In this respect, the implementation has two 
sides. A Python side that controls the entire process and implements 
novelties described in chapter 4.2, and an ABAQUS side that is used for 
pre-processing, post-processing and as a solver (see Figure 4.8).  
 
At the beginning, a sub-model is generated according to input parameters 
(grain size, perturbation). In this sense, a multitude of crystal grains is 
created using a Voronoi tessellation. Each grain represents one continuum 
with a unique material orientation, while the properties of the boundary 
interface are drawn from the macro-model displacement field. In addition, 
a separate file with properties of all potential slip bands and slip segments 
for all grains is created, which holds the information about the existing 
microcrack geometry and the accumulated deformation energy for a 
particular slip band segment. This model serves as an initial state for the 
following crack initiation procedure. 
 
Using the ABAQUS/CAE side, the model is first automatically meshed and 
then calculated using ABAQUS Solver, which produces an output database 
of stress and displacement field. Shear stress field is used by a custom 
developed routine (Python side) to determinate where in the sub-model the 
next microcrack will occur and how many loading cycles it takes. If a 
microcrack occurs on an already existing slip band segment, the appropriate 
continuum interface is marked as failed. Otherwise, in case a microcrack 
occurs in a grain that has no slip bands yet, that grain is split in two parts 
that have identical material orientation. The interface between these two 
parts represents a newly created slip band, with a predetermined number of 
segments where the appropriate segment is marked as failed. In addition, all 
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adjacent grains with existing microcracks are inspected to determinate if 
microcrack coalescence can occur. If it does, the appropriate interface 
between those grains is also marked as failed. All relevant data regarding 
the new model geometry and deformation energy accumulation for all slip 
band segments is recorded. In this manner, the created model is then used 
as an input for the next iteration. The iteration loop is exited when one of 
two conditions is met. Either a predetermined number of loading cycles has 
passed or a crack of sufficient size has formed so that the crack initiation 
process can be considered as finished. Steels are believed to have a fatigue 
limit at 2×106 cycles. To be on the safe side, 5×106 was chosen as the 
maximum amount of cycles that a simulation can run through. In cases 
where simulation exited after 5×106 cycles and no significant crack 
formation occurred, it was considered that the load was below the fatigue 
limit. 
 

 
 

Figure 4.8: Flow diagram of the modelling of crack initiation 
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4.5 Practical example 

4.5.1 Test specimen 

The presented model has been used for determining crack initiation and 
growth in the specimen made of high strength steel S960QL (commercial 
WELDOX 960E). Components made of this material are often used in heavy-
lifting industries where they are subjected to dynamically loaded environments 
with a high number of required loading cycles [4.14]. Since components used 
in these cases are usually thermally cut (with laser for thinner and plasma for 
thicker components) and built-in without any additional treatment, 
microstructural properties [4.17, 4.18] and surface roughness [4.19, 4.20] have 
to be considered when determining their fatigue strength. 
 
Fatigue testing was performed on nine laser cut specimens. Specimen 
dimensions were 200 mm × 110 mm × 5 mm (Figure 4.9), with a circular 
hole of 40 mm, which creates a stress concentration with a factor Kt = 2.28. 
According to the static tensile test, the yield stress of the material is Rp0,2 = 
1026 MPa and the ultimate tensile stress is Rm = 1064 MPa, with a 15% 
elongation at the break. The material can also be used at low temperatures. 
The standard Charpy-V test (D 10) performed at 40 °C, shows that the 
material has an impact toughness of 40 J. Table 4.1 shows the chemical 
composition of the investigated material. Material parameters of the 
martensitic layer, required for the Tanaka-Mura model, were taken from 
literature [4.7]: shear modulus G = 118 GPa, specific fracture energy per 
unit area Ws = 2.0 kJ/m2, Poisson's ratio  = 0.3, and frictional stress of 
dislocations on the slip plane k = 108 MPa. 
 

 
Figure 4.9: Test specimen 
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Table 4.1: Chemical composition of steel S960QL 
 

C Si Mn P Cr Ni Mo V Cu Al Nb N 
0.17 0.21 1.24 0.01 0.19 0.05 0.57 0.04 0.01 0.06 0.01 0.01 

 
Cut edge properties 
 
Since the numerical model is directed at simulating fatigue properties of 
thermally cut steel, edge properties of the test specimen are additionally 
inspected in terms of surface roughness and residual stresses. Surface 
roughness of the cut edge was determined using a perthometer. Since the 
expected roughness is in the range 5 < Ra

 < 10  the reference 
measurement length was chosen to be 12.5 mm. The average arithmetic 
roughness height was found to be Ra = 5.0  and the maximum roughness 
height was Rz = 37.6  In simulation, the maximum roughness was 
modelled, as it can be expected that microcracks will likely form where the 
highest stress concentration exists. 
 
A microstructural analysis was performed to determine the type of material 
in the heat-affected zone (HAZ) and its thickness. With electron microscope 
imaging it was determined that the average grain size in HAZ is 20  and 
the typical distance between martensitic laths is 2  Figure 4.10 shows an 
electron microscope image of the investigated material, with some distinct 
grains shaded for better visualization. These properties were then 
incorporated in the numerical simulation. 
 
No actual measurements of residual stresses have been performed, so the 
required data was obtained from other works [4.21]. By way of analogy, it 
was assumed that the maximum compressive stress amounts to 300 MPa at 
the cut edge, and almost linearly drops to zero at 0.3 mm from the edge. It 
achieves maximum tensile value at 0.6 mm from the cut edge and fades out 
asymptotically so it can no longer be detected at 2 mm from the cut edge. 
Residual stresses have been applied to the appropriate region in the global 
model. 
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Figure 4.10: Electron microscope image of investigated material 

4.5.2 Experimental testing 

Experimental fatigue tests were carried out on a pulsating testing machine 
with uni-axial loading and load control. The stress ratio was R = 0.1 with a 
constant stress amplitude. The used frequency of loading was approximately 
150 Hz. Specimens were tested in the same state as they were produced and 
no additional treatment was performed. Nine specimens were loaded at 
different stress levels with the maximum stress ranging from 460 to 590 
MPa. Stress loads were chosen so as to evaluate high-cycle fatigue range 
from 5 to 6 loading cycles. 

4.5.3 Numerical modelling 

Fatigue crack initiation 
 

A numerical simulation of fatigue crack initiation was performed using a 
computational model described in Section 4.2. Four stress levels have been 
considered for the subsequent numerical analysis: 600, 550, 500, and 485 
MPa. Figure 4.11 shows stages of microcrack evolution for a load level of 
600 MPa. It is evident that in the beginning microcracks form near the stress 
concentration due to surface roughness, and where the grain orientation is 
45° with respect to the load direction, so that maximum shear stresses occur. 
After a while, new microcracks nucleate near the existing microcracks, and 
start coalescing into a larger macrocrack. When the macrocrack reaches 
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sufficient length (0.3 mm), the simulation stops. If no significant crack 
coalescence occurs, crack initiation cannot be completed (the load level is 
below the fatigue limit). 
 

 
 

Figure 4.11: Microcrack evaluation for the load level of 600 MPa 
 
Figure 4.12 shows the shear stress distribution and nucleated microcracks 
for a load level of 485 MPa after 6 cycles. Since no significant crack 
coalescence occurred, it was concluded that crack initiation cannot be 
completed and that the load level is below the fatigue limit. 
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Figure 4.12: Microcrack evaluation for the load level of 485 MPa 
 
Fatigue crack growth 

A numerical simulation of fatigue crack growth was performed using the 
commercial program package ABAQUS. The length and direction of the 
initial crack were selected in order to make them resemble those of the 
coalesced microcracks obtained in the crack initiation stage. The crack then 
propagated through the macro-model according to the simple Paris law, as 
described in section 4.3. Figure 4.13 shows the relationship between crack 
length and the stress intensity factor range. 
 

 
Figure 4.13: The relationship between crack length and the stress intensity factor 

range 
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The ABAQUS software package offers basic support in calculating the 
stress intensity factor K and in assessing the crack propagation direction 
according to the selected criteria (e.g. maximum tangential stress), but it 
does not offer support for actual crack propagation. In this respect, an add-
on package was developed for the ABAQUS, which automates the whole 
crack propagation procedure. Figure 4.15 shows how this add-on works. It 
requires two data input elements: propagation speed (in mm per iteration), 
and the maximum number of iterations allowed. The output of the add-on is 
the value of the stress intensity factor K with respect to crack length. The 
number of cycles required for crack propagation can then be evaluated using 
the Paris law and appropriate material parameters. Crack propagation after 
a few calculations is shown in Figure 4.14. 
 

 
Figure 4.14: Crack path of an initial crack (a) and a long crack (b) 
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Figure 4.15: Algorithm for calculating crack growth 
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4.5.4 Comparison between numerical and experimental results 

Figure 4.16 shows a comparison between numerical and experimental 
results. The best fit of the S N curve is also included in the diagram. Since 
only one test was carried out at each load level, a statistical evaluation of 
the data or an assessment of its probability were not possible. Nevertheless, 
the exponent of fatigue strength is equal to b , assuming that the 
coefficient of fatigue strength equals f´= 1167 MPa. 
 

 
 

Figure 4.16: Comparison between numerical and experimental results 
 
The computational results presented in Figure 4.16 consist of combined 
crack initiation and crack propagation. It is important to point out that no 
fine-tuning of parameters has taken place. All required material parameters 
have been taken from specialist literature [4.7, 4.14], whereas geometrical 
properties (roughness and grain size) have been measured. Thought has 
been given to the fact that two inspected features have an opposite trend. 
Note that compressive residual stresses retard crack initiation, while edge 
roughness accelerates it (see Table 4.2). 
 
Table 4.2: Comparing the effects of roughness and residual stresses on a 

number of initiation cycles for 600 MPa load 
 

 smooth rough 

no residual stresses 238 000 194 000 

with residual stresses 296 000 216 000 
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4.6 Conclusions 

The fatigue strength of martensitic steel after thermal cutting is determined 
using both, a numerical and an experimental approach. Crack initiation 
becomes increasingly important in high-cycle fatigue (HCF), as it can 
amount to more than 90% of component life cycles. Crack initiation 
assessment is also very problematic as it is highly dependent on minute 
features, such as microstructure and surface roughness. Using the Tanaka-
Mura approach for solving crack initiation still leaves open the problem of 
microcrack coalescence. Furthermore, it does not handle the problem of 
significant stress gradients caused by existing microcracks as it uses average 
stress along the slip band. The presented study presents a possible solution 
to this problem, by introducing segmented slip bands where microcracks 
nucleate in multiple stages. Crack coalescence is solved by connecting two 
microcracks, if stresses between them reach the yield stress of material. A 
plug-in for the ABAQUS package has been created to handle these features. 
 
The proposed method shows a reasonably good correlation with 
experimental testing, but it still has some deficiencies. Crack coalescence is 
solved very conservatively and some method should be applied to evaluate 
the number of loading cycles needed for a crack to extend along the grain 
boundary. Some preliminary tests have shown that the number of segments 
on a slip band influences the rate at which microcracks nucleate. Perhaps, 
not all segments should be treated as equally susceptible to microcrack 
nucleation, as the proximity of grain boundaries may inhibit the rate at 
which the microcrack occurs. 
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CHAPTER 5 

BENDING FATIGUE OF GEARS  
 
 
 

5.1 Introduction 
 
Two kinds of teeth damage can occur on gears under repeated loading due 
to fatigue; namely the pitting of gear teeth flanks and tooth breakage in the 
tooth root [5.1]. In this study, only tooth breakage is addressed and the 
developed computational model is used for calculation of tooth bending 
strength, i.e. the service life of gear tooth root. 
 
The standardized procedures (DIN, AGMA, ISO, etc.) for the approximate 
determination of load capacity of gear tooth root are commonly based on 
the comparison of the maximum tooth-root stress with the permissible 
bending stress [5.2, 5.3]. Their determination depends on a number of 
different coefficients that allow for proper consideration of real working 
conditions (additional internal and external dynamic forces, contact area of 
engaging gears, gear’s material, surface roughness, etc.). The traditional 
procedures are exclusively based on the experimental testing of reference 
gears, and they consider only the final stage of the fatigue process in the 
gear tooth root, i.e. the occurrence of final failure. 
 
However, the complete process of fatigue failure in mechanical elements 
such as gears may be divided into the following stages [5.4, 5.5]: (1) 
microcrack nucleation; (2) short crack growth; (3) long crack growth; and 
(4) occurrence of final failure. In engineering applications, the first two 
stages are usually referred to as the “crack initiation period”, while long 
crack growth is referred to as the “crack propagation period”. An exact 
definition of the transition from initiation to propagation period is usually 
not possible. However, the crack initiation period generally accounts for 
most of the service life, especially in high-cycle fatigue. The complete 
service life of mechanical elements can then be determined from the number 
of stress cycles Ni required for fatigue crack initiation, and the number of 
stress cycles Np required for a crack to propagate from the initial to the 
critical crack length when the final failure can be expected to occur. 
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One of the most convenient representations of fatigue crack growth is the 
Kitagawa-Takahashi plot of applied stress range required for crack growth, 

, against crack length, a, using logarithmic scales, as shown in Figure 5.1 
[5. 6]. In the area of a constant value of the threshold stress intensity range 

Kth, linear elastic fracture mechanics (LEFM) can be used to analyse 
fatigue crack growth. The threshold crack length ath, below which LEFM is 
not valid, may be estimated approximately as [5.7]: 
 

 1
 (5.1) 

 
where FL is the fatigue limit, see Figure 5.1.  
 

 
Figure 5.1. The Kitagawa-Takahashi diagram 

 
The threshold crack length ath thus defines the transition point between short 
and long cracks, i.e., the transition point between the initiation and 
propagation period in engineering applications. However, a wider range of 
values has been selected for ath, usually between 0.05 and 1 mm for steels, 
where high strength steels take the smallest values [5.8]. 
 
Fracture mechanics has developed into a useful discipline for predicting the 
strength and life span of cracked gear tooth, and many authors have used 
this theory for calculating the tooth bending strength. A short review of 
earlier studies in this field is given in [5.9] and [5.10]. The authors have 
performed a comprehensive study to describe fatigue crack growth using 
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the fracture mechanics theory, where numerical procedures such as the 
Finite Element Method (FEM) and the Boundary Element Method (BEM) 
are normally used for that purpose. In some subsequent studies, authors tried 
to observe the specific effects on fatigue crack growth. Kato et al. [5.9] 
developed a method to simulate fatigue crack growth in a carburized gear 
tooth, where the effect of residual stresses is taken into account. In their 
model, the crack initiation period was neglected and the entire service life 
of the gear tooth was assumed to be the process of crack propagation. 
Blarasin et al. [5.10] studied the problem of fatigue crack propagation in 
specimens similar to gear teeth, considering the influence of different 
surface treatments on the service life. Lewicki and Ballarini [5.11] 
investigated the effect of gear rim thickness on crack propagation in a gear 
tooth root. In their study, the crack initiation period was determined 
experimentally. The effect of crack closure on crack propagation in a gear 
tooth root was studied by Guagliano and Vergani [5.12]. The results of their 
investigations show that the crack closure effect may be significant when 
the load applied is lower. 
 
Recently, some authors focused on the appropriate analytical approach for 
the determination of low and high cycle bending fatigue in carburized gears 
[5.13, 5.14]. In their models, the strain-life approach was proposed for low 
and high cycle fatigue regimes. The hardness method and the multilayer 
method were used to acquire strain-life fatigue properties of material layers. 
Through the rule of mixture, average cyclic stress-strain curves for 
carburized specimens were obtained. In addition, an approach was 
suggested for translating axial to bending fatigue data through Neuber’s rule 
and modifying factors. The authors concluded that 93% of the predicted 
bending fatigue lives fall within the scatter factor of three when compared 
to the experimental results, while overall good correlation is observed 
between predicted and experimental data. For future work, the authors 
suggested additional analytical bending fatigue life investigations of 
carburized specimens considering various carburizing depths. 
 
As mentioned in [5.15, 5.16], Powder Metallurgy (P/M) can be a useful tool 
in manufacturing parts such as gears. Namely, the P/M technology is 
suitable for high volume production with very little wastage of material. 
Powder metal gears were initially used only for light-duty applications such 
as toys and power tools. Today, powder metal gears are a cost-efficient 
alternative for machined gears in larger series in the automotive industry 
(synchronizer gears, oil pump gears, engine gears, etc.). The next step 
should be power transmission gears [5.17]. A critical review regarding the 
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application of P/M-sintered gears for transmissions and machinery was 
presented by Dizdar [5.18]. In his work, he pointed out that P/M-sintered 
gears can reach a relatively high level of dynamic strength in comparison to 
wrought steel gears. However, they also offer highly sustainable production, 
low cost and full recycling for a range of applications in the automotive, 
power tools and home appliances industry. In the last few years, high-
performance sintered steel gears have been extensively investigated by 
researchers, who focused on new technologies (surface densification, gear 
rolling, burnishing, shot peening, high-density pressing, warm compaction, 
warm die pressing techniques, etc.) and their influence on gear 
characteristics [5.19 5.21]. 
 
The main purpose of this study is to present a complete computational 
model for the determination of the service life of a gear tooth root, where 
both, crack initiation and crack propagation period are analysed using 
appropriate numerical models. The proposed model is used on a real spur 
gear pair made from high strength alloy steel (through-hardened) without 
additional surface treatment (case-hardening or shot-peening). In fact, 
residual stresses on the surface layer are smaller in comparison with case-
hardened gears and are not considered in this study. Furthermore, the 
material parameters used in the computational analysis have been 
determined previously by means of appropriate test specimens, whereby the 
material and thermal treatment (through-hardening) were the same as with 
the treated gears. 

5.2 Fatigue crack initiation 

The initiation of fatigue cracks represents one of the most important stages 
in the fatigue process. The position and mode of fatigue crack initiation 
depend on the microstructure of a material, the type of applied stress, and 
the micro- and macro-geometry of the specimen. The initiation phase of 
fatigue life in a virgin material is often assumed to constitute the growth of 
short cracks up to the size ath (see Figure 5.1), which is the transition length 
of short cracks into long cracks. 
 
Fatigue crack initiation includes the early development of fatigue damage 
and is strongly dependent on the size scale of observation. For example, 
scientists are likely to consider the nucleation of flaws along with persistent 
slip bands (PSB) as the initiation stage of fatigue damage, whilst mechanical 
engineers may associate the resolution of crack detection with the threshold 
for crack nucleation. Between this wide range of view-points lies a variety 
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of failure mechanisms that are affiliated with the inception of microscopic 
flaws at grain boundaries, twin boundaries, inclusions, as well as 
microscopic and macroscopic stress concentrations [5.8]. It is quite difficult 
to find full agreement on what is meant by the term short crack, but for 
steels, this might be all cracks less than 1 mm [5.22]. 
 
The model for fatigue crack initiation presented here is based on the 
continuum mechanics approach, where it is assumed that the material is 
homogeneous and isotropic, i.e., without imperfections or damages. 
Methods for fatigue analyses are usually based on the Coffin-Manson 
relation between deformations ( ), stresses ( ) and the number of loading 
cycles (Ni). However, the strain-life method ( -Ni) is usually applied in order 
to determine the number of stress cycles Ni required for fatigue crack 
initiation, where it is assumed that a crack is initiated at the point of the 
largest stresses in the material. The total cyclic strain range  comprises 
two components (elastic and plastic cyclic strain range e and p) and can 
be described as [5.23]: 

 
2

=
2

+
2

=
2

+ `
2 `

`

=
`

(2 ) + ` (2 )  (5.2) 

 
where  is the applied stress range, E is Young’s modulus, n’ is the cyclic 
strain hardening exponent, f’ is the fatigue strength coefficient, f’ is the 
fatigue ductility coefficient, b is the exponent of strength, and c is the fatigue 
ductility exponent, see Figure 5.2. The number of stress cycles Ni required 
for fatigue crack initiation can then be solved iteratively from equation (5.2) 
for the applied stress range  and the appropriate material parameters E, 
n’, f’, f’, b and c. 
 
It is known from practical applications that fatigue failures on gears are 
usually nucleated at the surface and so surface conditions become an 
extremely important factor influencing fatigue strength. Normally, 
scratches, pits, machining marks, etc. influence fatigue strength by 
providing additional stress raisers that aid the process of crack nucleation. 
Broadly speaking, high strength steels are more adversely affected by a 
rough surface finish than softer steels. Therefore, the influence of the 
surface finish on fatigue strength is strongly related to the tensile strength 
of the material. The surface finish correction factor Csur is presented in 
Figure 5.3 in dependence on the surface roughness Ra and tensile strength 
of the material Rm [5.5]. Based on this assumption, the actual service life of 
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gears may be reduced with regard to the appropriate value of Csur, which is 
calculated with the following equation: 
 
 =  (5.3) 
 
where FLr is the real fatigue limit and FL is the fatigue limit of polished 
laboratory specimen. 
 

 
 

Figure 5.2. Strain-life ( -Ni) method for the fatigue crack initiation 

 
Figure 5.3. Surface finish correction factor Csur 
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5.3 Fatigue crack propagation 

The application of LEFM to fatigue is based upon the assumption that the 
fatigue crack growth rate, da/dN, is a function of the stress intensity factor 
range K=Kmax Kmin, where a is the crack length and N is the number of 
loading cycles. In this study, the simple Paris equation is used to describe 
the crack growth rate [5.24]: 
 

 = [ ( )]  (5.4) 

 
where C and m are the material parameters. With the integration of eq. (5.4) 
one can obtain the number of loading cycles to the crack propagation Np: 
 

 =
1

[ ( )]  (5.5) 

 
Equation (5.5) indicates that the required number of loading cycles Np for a 
crack to propagate from the initial length ath to the critical crack length ac 
can be explicitly determined, if C, m and K(a) are known. C and m are 
material parameters and can be obtained experimentally, usually by means 
of a three-point bending test according to the standard procedure ASTM E 
399 [5.25]. For simple cases, the dependence between the stress intensity 
factor and the crack length K=f(a) can be determined using the methodology 
given in [5.24]. For geometry and loading cases that are more complicated, 
it is necessary to use alternative methods. In this work, the Finite Element 
Method in the framework of the program package FRANC2D [5.26] was 
used for the simulation of fatigue crack growth. In this approach, the 
determination of the stress intensity factor is based on the displacement 
correlation method using singular quarter-point, six node triangular 
elements around the crack tip, Figure 5.4.  
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Figure 5.4. Triangular quarter-point elements around crack tip 
 
The stress intensity factor in mixed mode plane strain condition can then be 
determined from the nodal displacements as: 
 

 =
2

(3 4 ) + 1 2
[4 4 + ] 

(5.6)   
 

=
2

(3 4 ) + 1 2
[4 4 + ] 

 
where G is the shear modulus of the material,  is the Poisson ratio, L is the 
finite element length on crack face, u and v are displacements of the finite 
element nodes b, c, d and e, see Figure 5.4. The combined stress intensity 
factor is then: 
 

 = ( + ) (1 ) (5.7) 

 
The computational procedure is based on incremental crack extensions, 
where the size of the crack increment is prescribed in advance. In order to 
predict the crack extension angle, the maximum tangential stress criterion 
(MTS) is used. This criterion proposes that the crack propagates from the 
crack tip in a radial direction in the plane perpendicular to the direction of 
greatest tension (maximum tangential tensile stress). The predicted crack 
propagation angle (see Figure 5.4) can be calculated by: 
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 = 2 tan
1
4

± + 8  (5.8) 

 
A new local remeshing around the new crack tip is then required. The 
procedure is repeated until the stress intensity factor reaches the critical 
value Kc, when the complete tooth fracture is expected. Following the above 
procedure, one can numerically determine the functional relationship 
K=f(a). 

5.4 Practical example 

The presented model has been used for the computational determination of 
the service life of a real spur gear, with the complete data set given in Table 
5.1. The gear is made of high strength alloy steel 42CrMo4 (0.43 %C, 0.22 
%Si, 0.59 %Mn, 1.04 %Cr, 0.17 %Mo) with Young’s modulus E=2.1 105 
MPa and Poison’s ratio =0.3. The gear material is thermally treated 
(through-hardening) as follows: 
 

 flame heated at 810 C; 2 min, 
 hardened in oil; 3 min 

 tempered at 180 C; 2 h. 
 

Table 5.1: Basic data of a treated spur gear 
 

Profile Involute 
Normal module mn = 4.5 mm 
Number of teeth z = 39 
Pressure angle on pitch circle n = 24o 
Coefficient of profile displacement x = 0.06 
Tooth width B = 28 mm 
Gear material 42CrMo4 

5.4.1 Fatigue crack initiation 

The strain-life method ( -Ni) in the framework of the FEM program package 
MSC/FATIGUE [5.27] has been used to determine the number of stress 
cycles Ni required for fatigue crack initiation. The material parameters 
n’=0.14, ’

f =1820 MPa, ’
f = 0.65, b =  0.08 and c =  0.76 according to 
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eq. (5.2) have been taken from the material database available in [5.27]. 
Based on the gear data set given in Table 1, the finite element model shown 
in Figure 5.5 has been constructed for the further numerical calculation of 
the stress-strain field in a gear tooth root for the plane strain conditions. The 
gear tooth was loaded with normal pulsating force F (different values of F 
have been considered in the numerical computations, see Table 5.2), which 
acts at the outer point of single tooth contact. Computational analyses have 
been performed at the point where maximum principal stresses occur in a 
gear tooth root, see Figure 5.5. The influence of the surface finish on fatigue 
strength has been considered with the surface finish factor Csur as described 
in section 5.2 for different surface roughness (Ra= 0.8, 3.2 and 6.4 m). The 
results of these numerical computations are presented in Table 5.2. 
 

Table 5.2: Computational results for the fatigue crack initiation period 
depending on the surface finish of gear teeth flanks  

 

Loading 
F N/mm  

Maximum principal 
stress in a gear tooth 

root  MPa  

Number of stress cycles for the fatigue 
crack initiation Ni 

Ra = 6.4 m Ra = 3.2 m Ra = 0.8 m 

800 527 1.368 107 5.270 107 2.327 108 

1000 659 2.327 106 6.732 106 2.049 107 

1200 790 4.370 105 1.144 106 3.141 106 

1400 922 9.811 104 2.292 105 5.677 105 

1600 1050 3.151 104 6.504 104 1.446 105 

 

 
Figure 5.5. Finite element model with the pattern of loading cycle 

for the subsequent fatigue analysis 
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5.4.2 Fatigue crack propagation 

The FEM-programme package FRANC2D, described in section 5.3, was 
used for the numerical simulation of fatigue crack growth. The initial crack 
was placed perpendicularly to the surface at the point where crack initiation 
had been determined previously, see Figure 5.6. In numerical computations, 
it was assumed that the initial crack corresponds to the threshold crack 
length ath, see Section 5.1. Considering the material parameters FL  550 
MPa and Kth 269 MPa mm [5.28], the threshold crack length is equal to 
ath 0.1 mm. The fracture toughness KIc 2620 MPa mm, and the material 
parameters C=3.31 10-17 mm/cycl/(MPa mm)m and m=4.16 were determined 
previously by means of three-point bending samples according to the ASTM 
E 399-80 standard and for the same material as used in this study [5.29]. 
 

 
 

Figure 5.6. Finite element mesh around an initial crack in a gear tooth root 
 
The tooth loading was set in the same way as in the numerical analysis of 
fatigue crack initiation, see Section 5.4.1. During numerical simulations, the 
crack increment size a was 0.2 mm up to the crack length a = 4 mm, and 
after this 0.4 mm up to the critical crack length ac, see Figure 5.4. To be able 
to determine the number of loading cycles Np required for the crack to 
propagate from the initial crack length ath to the critical crack length ac 
according to equation (5.5), it is necessary to determine the function 

K=f(a) first. Figure 5.7 shows the functional relationship between the 
combined stress intensity factor K and crack length a, where K is obtained 
with equation (5.7) using numerically determined values of KI and KII. 
Numerical analyses have shown that the KI stress intensity factor is much 
higher if compared with KII (KII was less than 5 % of KI for all load cases 
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and crack lengths). Therefore, fracture toughness KIc can be considered as 
the critical value of K and the appropriate crack length can be taken as the 
critical crack length ac. The loading cycles Np for crack propagation to the 
critical crack length can be estimated using equation (5.5), see Table 5.3. 
Figure 5.8 shows the numerically determined crack propagation path in a 
gear tooth root. 
 

 
 

Figure 5.7. Functional relationship between the stress intensity factor K and crack 
length a 

 
Table 5.3: Gear tooth crack propagation life of the cracked tooth 

 
Loading 

F N/mm] 
Critical crack length 

ac mm  
Number of cycles 

Np 
800 8.6 1.160 106 

1000 8.2 4.372 105 

1200 7.7 2.005 105 

1400 7.3 1.047 105 

1600 6.9 7.206 104 
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Figure 5.8. Predicted crack propagation path in a gear tooth root 
 
On the basis of the computational results for crack initiation (Ni) and crack 
propagation (Np) period in Table 5.2 and Table 5.3, the complete service life 
of gear tooth root can be obtained as a sum N = Ni + Np, see Figure 5.9. It is 
evident from Figure 5.9, that the ratio between periods of initiation and the 
end of propagation (i.e., final breakage) depends on the stress level. At a 
low stress level, almost all service life is spent in crack initiation, but at high 
stress levels the significant part of the life is spent in crack propagation (note 
that the abscissa of the diagram has a logarithmic scale). The computational 
results were compared with the available experimental results [5.28], which 
were obtained using the FZG-test machine, for the same material and 
thermal treatments as used in this study. The comparison of computational 
and experimental results shows a reasonable agreement. 
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Figure 5.9. Comparison between computational and experimental results 

5.5 Conclusions 

The study presents a computational model for determining the service life 
of gears with regard to bending fatigue in a gear tooth root. The fatigue 
process leading to tooth breakage in a tooth root is divided into the crack 
initiation (Ni) and the crack propagation (Np) period, which enables the 
determination of the total service life as a sum N = Ni+Np. The crack 
initiation period is based on stress-strain analysis in the framework of the 
Finite Element Method, where it is assumed that the crack is initiated at the 
point of maximum principal stress in a gear tooth root. The displacement 
correlation method is then used for numerical determination of the 
functional relationship between the stress intensity factor and crack length 
K=f(a), which is necessary for a consequent analysis of fatigue crack 
growth. 
 
The proposed model is used to determine the complete service life of spur 
gear made from high strength alloy steel 42CrMo4 (through-hardened). The 
computational analysis is performed for variable loading and different 
surface finishes of gear teeth flanks, which is characterized by the surface 
finish correction factor Csur as a function of surface roughness and tensile 
strength of the material. The results of the computational analysis are shown 
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in Figure 5.9, where two curves are presented for each surface finish of gear 
teeth flanks: the crack initiation curve and the curve of the end of crack 
propagation, which at the same time represents the total service life. The 
results show that at low stress levels near the fatigue limit, almost all service 
life is spent in crack initiation. It is very important to determine the service 
life of real gear drives in engineering applications, because the majority of 
them actually operate with loading conditions close to the fatigue limit. The 
computational results correspond well with the available experimental data 
[5.28]. 
 
The estimated bending fatigue life of the gear may deviate from real service 
life, because certain effects, such as non-homogenous materials and 
possible causes of retardation of the crack propagation (crack closure), were 
not taken into account in the numerical analysis. Therefore, the model can 
be further improved by means of additional theoretical and numerical 
research, although additional experimental results will be needed in order to 
provide the required material parameters. 
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CHAPTER 6 

PITTING PHENOMENON ON GEAR FLANKS  
 
 
 

6.1 Introduction 

As already mentioned in Chapter 5, two kinds of teeth damage can occur on 
gears under repeated loading due to fatigue; namely the pitting of gear teeth 
flanks and tooth breakage in the tooth root [6.1, 6.2]. In this Chapter, only 
the pitting phenomenon is addressed. The process of surface pitting can be 
visualised as the formation of small surface-breakings or subsurface initial 
cracks, which grow under repeated contact loading. Eventually, the crack 
becomes large enough for unstable growth to occur, which causes the 
material surface layer to break away. The resulting void is a pit [6.3 6.5]. 
 
Although surface pitting is a well-known problem in engineering and many 
hypotheses have been proposed to-date, a general theory, which would 
describe the complicated mechanism realistically and completely, has yet to 
be established. Some of the early attempts to apply fracture mechanics to 
the study of pit formation mechanism [6.6 6.8], led to some very 
comprehensive computational models presented in [6.9 6.16]. These 
models assume that gear tooth pitting may be surface or sub-surface 
initiated. The former is observed in gears with rough surfaces and poor 
lubrication, since it is strongly influenced by surface roughness and damage, 
like machining marks, large notches, etc. The sub-surface pitting initiation 
is common in gears with smooth contact surfaces and good lubrication, 
where sub-surface stress during contact initiates a sub-surface crack. 
 
The presented model for the simulation of surface pitting is based on the 
theory of short fatigue crack growth, where the crack growth rate da/dN is 
proportional to the crack tip plastic displacement pl [6.17]: 
 

 d
d

=   (6.1) 
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where Co and mo are material constants, which can be determined 
experimentally. It is known that short cracks do not behave in accordance 
with LEFM. However, in view of the numerical simulation, it is beneficial 
to express the plastic displacement pl in terms of the stress intensity factor 
K. This relationship is expressed in the following form [6.18]: 
 

 =
2(1 ) 1

( )  (6.2) 

 
where G is the shear modulus and  is Poisson’s ratio. The parameter n=a/c 
describes the relative position of the crack tip to the grain boundary (see 
Figure 6.1), where a is the crack length and c is the crack length together 
with the length of the plastic zone extension ahead of the crack, which 
always extends to the grain boundary. 
 

 
 

Figure 6.1. Short crack inside a crystal grain 
 
The used computational model attempts to account for different parameters 
influencing the pitting process: Hertzian contact pressure, friction between 
contacting surfaces, EHD-lubrication, moving contact of gear flanks, fluid 
trapped in the crack, and, residual stresses due to heat treatment of the 
material. Computational simulation of the crack growth leading to pitting 
starts from the initial surface-breaking fatigue crack, which is a 
consequence of mechanical or heat treatment of the material as well as a 
consequence of the running in process. 
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6.2 Parameters influencing fatigue crack growth 

6.2.1 Normal and tangential contact loading 

The normal contact pressure between meshing gear flanks has been 
determined using the Hertzian theory [6.19], where the distribution of 
normal contact pressure p(x) can be determined analytically by (see Figure 
6.2): 
 

 ( ) =
2

 (6.3) 

 
where FN is the normal force per unit gear width and b is the half-length of 
the contact area, which can be determined from 
 

 =
8

 (6.4) 

 
where R* and E* are the equivalent radius and the equivalent Young’s 
modulus, respectively, defined as 
 

 =
+

 (6.5) 

 

 =
2

(1 ) + (1 )
 (6.6) 

 
Here, R1, E1, 1 and R2, E2, 2 are the curvature radii, Young’s modulus and 
Poisons ratio of the contacting cylinders, see Figure 6.2. 
 
The maximum contact pressure p0=p(x=0) can then easily be determined as 
 

 =
2

 (6.7) 

 
The distribution of tangential contact loading q(x) due to the relative sliding 
of the gear flanks is determined here by utilising Coulomb’s law of friction: 
 
 ( ) = ( ) (6.8) 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Pitting Phenomenon on Gear Flanks 109 

where  is the coefficient of friction between the meshing gear flanks. 
 

 
Figure 6.2. Schematic presentation of contact of two bodies 

(a) actual contact of gear flanks, (b) substitute model of two cylinders,  
(c) equivalent Hertzian contact model 

6.2.2 Influence of the EHD-lubrication 

In the proposed computational model, the normal contact loading 
distribution p(x) also considers the influence of the Elasto-Hydro-Dynamic 
(EHD) lubrication conditions, which appear in the contact of lubricated gear 
flanks. Under such conditions, the contacting surfaces are separated with a 
thin lubricant film. However, the presence of the viscous lubricant in the 
contact area of the sliding surfaces affects the contact pressure distribution 
in a way that is illustrated in Figure 3. This pressure distribution can be 
determined experimentally or with the use of appropriate computational 
models [6.20, 6.21]. A significant pressure spike develops in the outlet 
contact region and strongly depends on the lubricant’s pressure-viscosity 
characteristic. In computations reported herein the dimensionless pressure 
spike amplitude Y and dimensionless pressure spike location X (see Figure 
6.3) have been determined using the following empirical equations [6.22]: 
 
 = 0.267 . . .  (6.9) 
 
 = 1 2.469 . . .  (6.10) 
 
Here, W, U and G are dimensionless parameters that are determined as 
follows:  
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 =  (6.11) 

 
 = ;  =  (6.12) 
 
 =  (6.13) 
 
where FN is the normal force per unit gear width, R* is the equivalent radius, 
E* is the equivalent Young’s modulus, o is the dynamic viscosity at the 
atmospheric pressure, u=(u1+u2)/2 is the mean surface velocity and u1 and 
u2 are respective surface velocities,  is the lubricant density,  is the 
kinematic viscosity and  is the pressure-viscosity coefficient. 
 

 
 

Figure 6.3. EHD contact pressure distribution 

6.2.3 Influence of moving contact and lubricant trapped  
in the crack 

For a more realistic simulation of fatigue crack growth, it is necessary to 
consider the moving contact of gear flanks. The moving contact can be 
simulated with different loading configurations (load cases), as shown in 
Figure 6.4. In all configurations, the normal p(x) and tangential q(x) contact 
loading distributions are of the same magnitude; however, they are acting at 
different positions with respect to the crack. 
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Figure 6.4. Moving contact simulated with different load cases 
 
The simulation of surface initiated fatigue crack propagation should also 
consider the influence of lubricant pressure acting on the crack faces. The 
lubricant pressure is not constant but depends on the contact loading 
position, i.e., the contact pressure distribution position with respect to the 
crack, see Figure 6.5. For example, if the contact pressure p2 is acting at the 
position of an existing surface crack, then the crack faces are also loaded 
with the same lubricant pressure; the same is valid for contact pressures p3 
and p4. It should be pointed out that this effect does not appear in the case 
of subsurface initiated cracks. 
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Figure 6.5. Lubricant pressure acting on the crack faces 

6.2.4 Influence of residual stresses 

To determine the residual stresses due to heat treatment of the gear teeth 
flanks, the analytical model described in [6.23] has been used. The model is 
based on the hardness distribution H along the depth D under the gear flank 
(see Figure 6.6): 
 

 
 

Figure 6.6. Hardness distribution H along depth D 
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 = ( ) exp[ ( ) ] +  (6.14) 
 

 =
1

              (6.15a) 

 

 =
1 550

  >  (6.15b) 

 
where H1, H2 and H3 are surface hardness, maximum hardness and core 
hardness, Deff is the effective case depth with a hardness of 550 HV and D2 
is the depth of the maximum hardness. Based on the hardness distribution, 
the carbon content C (%) in the surface layer of the gear teeth flanks can be 
estimated as:  
 
 = 0.103 exp(3.5 10 )       700  (6.16a) 
 
 = 0.131 exp(3.0 10 )       < 700  (6.16b) 
 
The specific volumes of martensite, austenite and gear material before heat 
treatment are then a function of the carbon content. The residual stresses are 
assumed to be caused only by the difference in the volume expansion of the 
material in the case and in the core, and can easily be estimated using the 
procedure described in [6.23]. 

6.3 Numerical simulation of fatigue crack growth 

For the purpose of fatigue crack growth simulation, the virtual crack 
extension (VCE) method in the framework of the finite element method 
(FEM), has been applied. The VCE-method, as proposed by Hellen [6.24], 
is based on the criterion of released strain energy dV per crack extension da 
(G =dV/da), which serves as a basis for determining the combined stress 
intensity factor K around the crack tip for the plane strain conditions. The 
complete procedure for determining the stress intensity factor K using the 
VCE-Method is fully described in [6.5]. 
 
Assuming the validity of the maximum energy release criterion, the crack 
will propagate in the direction corresponding to the maximum value of G, 
i.e., in the direction of the maximum stress intensity factor K. The 
computational procedure is based on incremental crack extensions, where 
the size of the crack increment is prescribed in advance. For each crack 
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extension increment, the stress intensity factor is determined in several 
different possible crack propagation directions (see Figure 6.7) and the 
crack is actually extended in the direction of the maximum stress intensity 
factor, which requires local remeshing around the new crack tip. The 
incremental procedure is repeated until the crack reaches a critical length. 
Following the above procedure, one can numerically determine the 
functional relationship K=f(a). 
 

 
 

Figure 6.7. Virtual crack extensions of the crack tip 

6.4 Practical application 

The proposed model has been used for the simulation of surface fatigue 
crack growth on a spur gear pair, which has also been experimentally tested. 
The gear pair is made of carburized steel 16MnCr5 (according to the ISO 
standard) with Young’s modulus E=2.06 105 N/mm2 and Poisson’s ratio 

=0.3. The maximum contact pressure p0=1550 N/mm2 acts at the inner 
point of single teeth pair engagement (point B), with the equivalent radius 
of gear teeth flanks R*=10 mm. 

6.4.1 Parameters influencing fatigue crack growth 

Using eqs. (6.3) to (6.7), the half-length of the contact area of meshing gear 
flanks is equal to b=0.274 mm. The Hertzian normal loading distribution 
p(x) along the entire contact width of the gear flanks has then been 
determined using eq. (6.3). For all computations, the coefficient of friction 

=0.04 has been used, which is the average value for well-lubricated gears 
[6.25]. Therefore, the tangential loading q(x) has been determined using eq. 
(6.8). 
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The influence of EHD-lubrication on the normal loading distribution p(x) 
has been estimated using eqs. (6.9) to (6.13) for the lubricant oil ISO-VG-
220, with the kinematic viscosity 40 = 220 mm2/s, density 15 = 0.9 kg/dm3 
and pressure-viscosity coefficient =0.18 10 7 m2/N. The mean surface 
velocity of the contacting surfaces has been taken as a constant value u=5 
m/s, which is a common value for gears [6.26]. Using these parameters, the 
dimensionless pressure spike amplitude Y and the dimensionless pressure 
spike location X (see Figure 6.3) are equal to X= 0.9462 and Y= 0.8146, 
respectively. 
 
The hardness distribution H and the carbon content C (%) in the surface 
layer of the gear teeth flanks have been determined using eq. (6.14) to 
(6.16), where the following values have been measured previously: H1=765 
HV, H2=770 HV, H3=450 HV, Deff =1.25 mm, D2 =0.1 mm. The distribution 
of residual stresses in the surface layer has then been estimated using the 
analytical model described in [6.23], and is shown in Figure 6.8 for 10 % 
retained austenite on the surface. In the numerical model, the calculated 
residual stresses are approximated by appropriate thermal loading. 
 

 
Figure 6.8. Distribution of residual stresses 

6.4.2 Numerical simulations 

The finite element mesh shown in Figure 6.9, and the boundary conditions 
as described above, have been used in the subsequent numerical analyses. 
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The simulation of the pitting phenomenon has been studied for surface and 
subsurface initiated fatigue crack growth. 
 

 
 

Figure 6.9. FE discretisation and configuration of the initial crack 
 
Numerical simulation of surface initiated fatigue crack growth. 
 
For the configuration of the initial crack on the surface it was assumed that 
the initial length of the crack is equal to ao=15 m, with the initial 
inclination angle towards the contact surface equal to o = 22  [6.27]. In 
numerical computations, the crack increment was of size a = 1.5 m. The 
stress intensity factor K was estimated in each crack increment for 30 
different virtual crack tip extensions. Five different loading configurations 
have been considered in each computation for the purpose of simulating the 
effect of the moving contact of contacting surfaces (see Figure 6.4). For 
each crack increment, the crack was actually extended in the direction of 
the recorded Kmax from all calculated load cases. Numerical simulations 
have shown that at the moment when the crack reaches the vicinity of the 
contact surface, the stress intensity factor is extremely high. At that moment 
it can be expected that the material surface layer breaks away and the pit 
occurs on the surface. Because of the very small dimensions of surface pits, 
they can be termed as micro pitting. But it is not the final and most critical 
surface failure. Further operation of the mechanical components results in 
the formation of larger pits, and consequently progressive pitting. In this 
respect, similar numerical simulations as described above have been 
continued for two more steps, as shown in Fig. 6.10. In these calculations, 
it was assumed that the initial crack of length ao=7.5 m started from the 
bottom of the existing surface pit. For all computations, the crack increment 
was a=2 m. 
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Figure 6.10. Stress intensity factor for crack propagation from an existing micro 
pit 

 
Numerical simulation of subsurface initiated fatigue crack growth. 
 
An initial crack length of ao=D= 0.05 mm has been positioned at the point 
of maximum equivalent stress, i.e., at the depth of H=0.192 mm under the 
contact surface, see Figure 6.9. This follows the assumption that in 
mechanical components with smooth surfaces and good lubrication, the 
largest contact stresses appear at a certain depth below the surface. 
Therefore, fatigue cracks here are usually initiated under the surface along 
a persistent slip band inside a crystal grain. In this case, the average length 
of the initial crack is equal to the grain size D, i.e., a0=D.  
 
Numerical analyses have shown that upon initial crack appearance, the 
stress intensity factor is much higher in the crack tip, which coincides with 
the direction of applied friction force, which is the right crack tip for the 
treated case, see Figure 6.11. Therefore, it is assumed that the crack will 
start to propagate in this direction. At the present, the computational model 
can follow only the growth of a single crack tip and it was necessary to 
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assume that the crack will grow only in one direction until it reaches the 
surface.  
 
Figure 6.11 illustrates the simulation of fatigue crack growth for the data set 
po=1550 MPa and R*=10 mm. The local FE discretization around the crack 
is shown for some typical crack extensions. Step 1 shows the initial crack, 
while steps 4-11 illustrate the right crack tip propagation towards the 
surface. During the FE analysis, the computed SIF is very small at the 
beginning but later increases as the crack propagates towards the contact 
surface. At the moment when the crack breaks through to the contact 
surface, the SIF in the other crack tip exceeds the critical SIF for high quality 
steels. This implies that when the subsurface crack first reaches the contact 
surface, the corresponding crack length can be taken as the critical crack 
length ac. The functional relationship between the SIF and crack length is 
shown in Figure 6.12. 
 

 
Figure 6.11. Numerical simulation of subsurface initiated fatigue crack growth 
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Figure 6.12. Stress intensity factor for subsurface initiated crack growth 

6.4.3 Comparison between numerical and experimental results 

Experimental testing of the spur gear pair has been performed on a FZG-
pitting test machine according to the DIN 51354 standard. The tested gears 
have been subjected to the same operating conditions and loading 
parameters as used in the numerical computations. Figure 6.13 shows that 
the shape and magnitude of numerically determined pits correspond well 
with available experimental data [6.26, 6.28]. 
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Figure 6.13. Comparison between numerically and experimentally obtained  
pit shapes 

6.5 Conclusions 

Rolling contact fatigue cracks are one of the most common forms of failure 
in gears, railway tracks and bearings. There are two different types of 
contact fatigue crack: the crack may either be initiated at the contacting 
surfaces, and thereafter propagate at a shallow angle to the surface; 
alternatively, the cracks may be initiated at large non-metallic inclusions 
below the surface, in the region of the maximum cyclic shear stress. In both 
cases, the cracks continue to propagate in this region before either detaching 
lumps of surface material, or changing direction to cause the final failure. 
 
A computational model based on fracture mechanics has been developed to 
demonstrate the concept of predictive damage modelling for contacting 
mechanical components like gears, bearings, wheels, etc. A simple 
equivalent model with applied Hertzian boundary conditions has been used 
for simulation of surface and subsurface initiated fatigue crack growth under 
rolling–sliding contact conditions. The model also considers EHD-
lubrication conditions, the moving contact of mechanical elements, residual 
stresses due to heat treatment of contacting mechanical elements, and for 
surface initiated cracks, the fluid trapped in the crack. 
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Simulation of surface and subsurface fatigue crack propagation from the 
initial crack up to the formation of the surface pit, and the dependence of 
the stress intensity factor on crack length, are determined by the finite 
element method, where the required functional relationship between the 
stress intensity factor at the crack tip and the crack length is determined 
using the virtual crack extension method. Based on the computed 
relationships between the stress intensity factor and crack length, and 
through a consideration of some particular material parameters, the service 
life of a mechanical component can then be determined using the theory of 
short fatigue crack growth as described in Section 6.1. 
 
The treated gear pair has also been experimentally tested according to the 
appropriate standardized procedure. Comparison of numerically predicted 
and experimentally recorded pit shapes shows that they are in very good 
agreement. However, the model could be further improved by means of 
additional theoretical, numerical and especially experimental research, 
since it relies mostly on experimentally determined material parameters. 
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CHAPTER 7 

FUTURE CONSIDERATIONS OF FRACTURE  
AND DAMAGE MECHANICS 

 
 
 

7.1 Introduction 

In all mechanical systems, mechanical failure may occur for many different 
reasons. Environment, loading and stress, defects in materials and poor-
quality design are counted as causes of mechanical failure. Thus, study, 
research and investigation on mechanical failures of parts and structures 
seem necessary to avoid extra cost and downtime. Successful early 
applications of fracture mechanics [7.1] [7.2] [7.3] supported this new field 
in the engineering community. During the last three decades, demands on 
reliability and safety of technical systems are significantly growing. This 
led to many types of research in the area of fault detection, failure analysis, 
and prediction of remaining service life. Although fatigue crack propagation 
and fracture cause a large part of failure events in industrial practice, 
fracture mechanics in failure analysis seems to be still a side issue. Much 
more pronounced than in the design stage, the benefit of fracture mechanics 
in failure analysis depends on its accuracy. This is limited by both, intrinsic 
factors of the method and the availability and quality of the input 
information.  
 
The loss of integrity and adverse effect on mechanical properties can be 
concluded as attributing micro/macro-mechanics damage in structures, 
especially in composite structures or porous materials. Damage as a 
progressive degradation of material continuity in engineering predictions 
for any aspects of initiation and propagation, requires to be identified by a 
trustworthy mechanism to guarantee the safety of structures. Beside the 
materials design, structural integrity and health are usually prone to be 
monitored clearly. One of the most powerful methods for the detection of 
damage and the prediction of service life is artificial intelligence (AI) [7.4] 
[7.5] [7.6]. This chapter presents state-of-the-art AI methods and their 

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Future Considerations of Fracture and Damage Mechanics 125 

applications in structural damage and prediction. Popular AI methods are 
identified, and the performance and future trends are discussed.  

7.2 The history of AI in fracture and damage mechanics 

Artificial intelligence has been studied for decades and is still one of the 
most elusive subjects in computer science. This is partly due to how large 
and nebulous the subject is. AI ranges from machines truly capable of 
thinking to search algorithms used to manage our lives. It has applications 
in nearly every way in which we use computers in the society.  
 
A Greek myth speaks of Prometheus who earned the wrath of Gods of 
Olympus when he sought to steal for the benefit of the human race, not only 
fire, but also the gift of intelligence or nous (the rational mind). A human 
effort to gain knowledge constitutes a transgression against Gods and is 
deeply ingrained in the Western civilization thought; see, for example, 
works of Dante, Milton, and Shakespeare. The belief that the desire for 
knowledge must ultimately leads to a disaster has survived the Renaissance, 
the Age of Enlightenment, and even the scientific and technological 
advances of the 19th and 20th centuries. Instead of dispelling the ancient fear 
of intelligence and knowledge, a modern technology has only made these 
consequences appear more imminent. The legend of Prometheus has been 
retold many times in the language of a technological society. Thus, it is not 
surprising that artificial intelligence is the subject of controversy in 
academic, intellectual, and popular circles. 
 
Although potentially extremely interesting and rewarding, a detailed study 
of the history of scientific and philosophical thought leading up to a current 
research in artificial intelligence is beyond the scope of this book. However, 
it is essential to have at least a glimpse of the history because it is impossible 
to appreciate where we are without some knowledge of how we got there.  

7.2.1 Philosophical landmarks of AI 

 Aristotle (384–322 B.C.) distinguishes matter from form (e.g., a 
sculpture of Aristotle is made from the material bronze and has the form 
of a human), thereby laying the seeds of abstracting the medium from 
its representation which is at the heart of modern computer science.  

 350 B.C. – Panini develops a formal grammar for Sanskrit laying the 
foundations of syntactic models that led to Chomsky's theory of 
syntactic structures in 1956. 
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 825 – Al Khowarizmi introduces to the west the eastern mathematical 
tradition which largely consists of mathematical recipes, i.e., algorithms 
in his text explaining the Indian system of numeration, which was 
translated into Latin under the title Algorithmi de numero Indorum, as 
well as the Arabic algebra. 

 Hobbes (1588–1679) proposes that thinking is a rule-based 
computational process analogous to arithmetic. 

 Descartes (1596–1650) discounts sensory experience as untrustworthy 
and justifies his own existence in terms of thought: Cogito ergo sum (I 
think, therefore I am). He establishes the notion that the structure of 
ideas about the world is not necessarily the same as the structure of their 
subject (matter); an idea which underlies much of the methodology of 
AI, epistemology, psychology, mathematics, and modern literature. 

 Leibniz (1646–1716) seeks a general method by which all truths will be 
reduced to a kind of calculation. 

 Boole (1815–1864) puts forth his study of logic and probability as an 
investigation into the laws of thought; as the inventor of what is now 
called the Boolean logic, which became the basis of the modern digital 
computer, he is regarded as the founder of a field called computer 
science [7.7]. 

7.2.2 AI is industry (1980–present) 

 Mid 1980s – Some of the failures of rationalist/logical approaches to AI 
lead to a renewed interest in biologically inspired neural networks and 
evolutionary models, which, in turn, lead to modest successes at solving 
some old problems (e.g., pattern recognition). 

 Mid-1990s – A progress in algorithmic models of learning begins to 
offer promising and practical alternatives to the knowledge engineering, 
and AI technologies begin to be used in critical components of large 
software systems. The most successful approaches incorporate elements 
of both, the rationalist/logical/symbolic tradition and the 
existential/phenomenological/non-symbolic tradition. Proposals for 
reconciling the two approaches begin to appear; the maturity of several 
subfields of AI, such as vision, language processing, knowledge 
representation, planning, etc., leads to insights on the capabilities as well 
as limitations of the techniques that were developed, and redirects the 
attention to the problem of building intelligent agents as opposed to 
subsystems.  

 1982 – McDermott develops the DEC R1 expert system.  

 EBSCOhost - printed on 2/14/2023 12:01 PM via . All use subject to https://www.ebsco.com/terms-of-use



Future Considerations of Fracture and Damage Mechanics 127 

 1980 – Neural networks are back: Werbos introduces the backpropagation 
algorithm, an abbreviation for "backward propagation of errors", which 
is a common method of training artificial neural networks – a network 
learns to identify a desired output from exemplary inputs, similar to the 
way a child learns to identify a dog from examples of dogs. 

 1984 – The Internet is rolled out. 
 1989–1991 Berners-Lee invents the world wide web (www). 
 Mid 1990s–present – AI technologies continue to find applications in 

adaptive information retrieval, data mining and knowledge discovery 
from databases, customizable software systems, smart devices (e.g., 
home appliances), agile manufacturing systems, autonomous vehicles, 
healthcare systems, medical informatics, etc. A slow but steady progress 
in fundamental AI research problems continues as part of the fourth 
industrial revolution (Industry 4.0) and the super-smart society (Society, 
5.0) [7.7]. 

7.2.3 AI as science today 

A synthesis of traditional logic-based systems, soft and adaptive computing 
technologies (e.g., neural networks, probabilistic models, fuzzy logics, etc.), 
and a synthesis of software agents and multi-agent systems leads to the 
emergence of nouvelle AI which views the intelligence as an emergent 
behaviour resulting from interactions (e.g. a communication, coordination 
and competition) among large numbers of autonomous or semi-autonomous 
entities (neurons, computer programs, or individuals) that are situated in the 
world. Topics of its active research are displaying a structure and 
organization at multiple spatial and temporal scales, interacting with the 
world through sensors and effectors, and hosting fundamental computer 
programming problems, such as designing individual agents in terms of 
their communication, coordination, and organizations [7.8]. 
 
The long-term goal of research in the field of AI, which still today seems 
unattainable, is to create an artificial system that will reach or even exceed 
human intelligence through independent learning. Here is Minsky’s 
definition of AI: “Artificial intelligence is the science of making machines 
do things that would require intelligence if done by men.” [7.9] AI expects 
an intelligent system (e.g., a computer, machine, robot) to be extremely 
intelligent (or capable) not only in one aspect of the intelligence. It is 
expected to be complex and intelligent in all fields of intelligence needed 
by human when solving problems: perception, reasoning, inference, 
decision-making, learning, judging, evaluating, etc. Research in the field of 
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AI involves developing a system that operates more or less intelligently and 
is capable of indenpendently solving relatively demanding problems. These 
methods are often based on imitating human problem solving. AI areas, 
except for machine learning and deep learning, are related to knowledge 
presentation, speech recognition, automated deduction and theorem 
proving, logic programming, qualitative and cognitive modelling, game 
playing, expert systems, heuristic problem solving, artificial perception and 
robots [7.10].  
 
Machine learning algorithms play an important role in all AI areas. By using 
learning techniques, the system is able to learn and improve its perception 
(it becomes adaptive), speech recognition, deduction etc. [7.11]. The field 
of logic programming is also closely related to inductive logic programming 
used in the development of logic programmes, e.g. for destination settings 
(such as GPS devices). Machine learning can be used for developing expert 
systems to create databases from examples of problem solving. Intelligent 
robots or cybernetic physical systems have to improve their procedure for 
problem solving with the help of learning. Finally, cognitive modelling 
cannot take place without using learning algorithms.  
 
Ever since the invention of electronic computers, no significant progress has 
been noted in pursuing the ultimate goal – to create an intelligent machine 
on the basis of machine learning algorithms. Nowadays, the following are 
important steps (among others) toward this goal: 
 

 Lenat’s Automated Mathematician – an interesting system for 
discovering new concepts in mathematics. 

 A great success of computers in the field of complex games, such as 
checkers, chess, or backgammon.  

 Artificial neuron networks for modelling cognitive processes in the 
brain. 

 Anderson’s ACT-R modular cognitive model of human brain 
processes. 

 
Therefore, the question is, have machines already crossed boundaries drawn 
between them and humans? According to the results of current research, 
machine intelligence falls within the domain of systems, which were 
designed by developers for end users. However, this is, for the most part, a 
poorly researched area, and what has been investigated (results included) is 
usually regarded as a highly protected secret and not readily available [7.12] 
[7.13]. 
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Intelligent approaches and systems have been applied in a wide range of 
industries and commercial fields. Expert systems performed in certain 
limited domains such as failure analysis and mechanical fault diagnosis. 
Three decades ago, the proficiency of the AI approach and particularly the 
expert system for solving problems in the area of fracture mechanics, has 
been discussed [7.4]. Researchers described an idea of creating an expert 
system in the domain of linear elastic fracture mechanics and exhibited the 
validity of the technique. 

7.2.4 Components of artificial intelligent systems 

Any computer-assisted tool, especially an artificial intelligent system (AIS), 
must consist, in general, of two parts: 
 

1. Heuristics. The term generally refers to experience-based techniques 
for problem solving, learning, and discovery. Heuristic methods are 
used to speed up the process of finding a satisfactory solution, where 
an exhaustive search is impractical. Examples of this method include 
using a “rule of thumb”, an educated guess, an intuitive judgment, or 
common sense. More precisely, heuristics are strategies using 
readily accessible, though loosely applicable, information to control 
problem solving in human beings and machines [7.14].  

2. Epistemology. The term refers to the branch of philosophy concerned 
with the nature and scope (limitations) of knowledge. It addresses 
the following questions: What is knowledge? How do we know what 
we know? How is knowledge acquired? The kind of knowledge 
usually discussed is propositional knowledge, also known as 
"knowledge that" which differs from "knowledge how". For 
example, I know that 2 + 2 = 4, but I also know how to add 2 and 2. 
Some philosophers think there is an important distinction between 
"knowing that" and "knowing how", with epistemology primarily 
interested in the first [7.9] [7.5]. 
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Figure 7.1: Configuration of an expert system [7.4]. 
 
At the concrete level, AIS are interactive computer programs, which 
incorporate expertise and provide advice on a wide range of tasks, typically 
consisting of the following three basic components [7.4] [7.5]: 
 

 behaviour of the problem domain; 
 context as a workspace for the problem (constructed by the inference 

mechanism from the information provided by the user and the 
knowledge base); 

 inference mechanism (monitoring the execution of a program by 
using the knowledge base to modify the context). 

 
In addition, AIS should also be provided with a user-friendly 
communication interface, as shown in Figure 7.1: 
 

 user interface; 
 explanation facility; 
 knowledge acquisition module. 

 
Although AI has a long history, it is constantly used and actively grown. 
Over the years, AI applications indicated not only that AI can contribute 
major aspects to mechanical engineering, but also that investigation of AI 
on various domains can develop and improve in fracture mechanics. AI 
methods are applied in this field to reduce the failures and solve the 
problems. However, there are still unsolved problems and improvement 
opportunities. 
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Investigations on fracture mechanics, including performing experimental 
tests and computational methods are not always an easy task and are quite 
time consuming, but also a high level of technical expertise is required. 
Indeed, fracture mechanics and failure analysis are one of the extreme 
complex engineering fields. There are many challenges for detecting 
failures and faults of mechanical machinery, parts and systems. The main 
issues based on the existing works in fracture mechanics domain is as 
follows:  
 

 identifying failure mode, 
 identifying failure mechanism, 
 monitoring of fault diagnosis process, 
 monitoring of damage and failure diagnosis process,  
 early detection of faults, 
 early detection of damages and failures, 
 predicting of fracture parameters and service life. 

 
Therefore, in order to achieve the goals and objectives set out in this book, 
keywords have been searched for in scientific databases, based on these 
challenges in fracture mechanics. According to these challenges, different 
AI methods are able to support solving the complex mechanical fracture 
problems. Material toughness characterisation, damage detection, fault 
diagnosis, failure mode identification and crack detection are various 
aspects of fracture mechanics, which are surveyed by different approaches 
of AI. To address these issues, an analysis of literature was performed, 
based on a classification of only three earlier methods and techniques of AI, 
which have also been used in this research:  
 

 artificial neural networks (ANN),  
 genetic algorithms (GA), and  
 fuzzy logic (FL).  

 
In this chapter, the main concepts and mechanisms of these methods are 
briefly highlighted. Moreover, it is explained how they are applied in sub-
domains of fracture mechanics: failure mode and failure mechanism 
identification, fault and error detection and diagnosis, damage and failure 
detection and diagnosis, mechanical fracture and fracture parameters, and 
calculation of service life or remaining service life. This contribution could 
provide some ideas on future perspectives of research in this field. 
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7.3 Artificial intelligence approaches in fracture 
mechanics 

During the past decades, many structural failures have been predicted by the 
fracture mechanic approach. Research on fracture and failure showed that 
saving time and money is possible by focusing on two major areas, which 
are materials and structures. In fact, predicting and preventing failure load 
have been interesting topics of research in the past years [7.4] [7.15]. There 
are different AI methods applied in mechanical engineering, while methods 
presented here are implemented in the domain of fracture mechanics.  
 
For technology in mechanical engineering, not only the supervision of 
processes, but also the study, investigation and analysis of different sub-
domains of engineering fracture mechanics of the systems, are important. 
These parameters are able to improve process and system performance. As 
it can be seen in Figure 7.2, the three mentioned AI methods are reviewed 
which are applied in sub-domains of fracture mechanics.  
 

 
 

Figure 7.2: AI applications in fracture mechanics. 
 
The four sub-domains of fracture mechanics according to Figure 7.2 have 
been actively researched over the past years, and they are also the research 
domain of AI applications. The definitions of these sub-domains are as 
follows:  
 

 Failure mode and failure mechanism: a mechanical failure mode is 
defined as a physical process or processes that take place or combine 
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their effects to produce a failure [7.17] In this regard, failure 
mechanism is defined as a detailed description of a failure mode.  

 Damage and failure: mechanical damage is a physical 
characterization that presents an existing defect on the object. 
Damage can occur on a micro-, meso- or macro-scale and can lead 
to a mechanical failure.  

 Fault and error: in mechanical components or systems, fault and 
error are defined as the loss of ability to perform the required 
mechanical action. In other words, they are a deviation from the 
normal (expected) value and an occurred condition.  

 Mechanical fracture and fracture parameters: fracture mechanics 
deal with solid containing planes of displacement discontinuities 
(cracks) [7.18]. Fracture is the separation or fragmentation of a solid 
body into two or more parts [7.19]. Several parameters such as crack 
propagation, fracture energy, fractography and fracture toughness 
are explored as part of mechanical fracture.  

 
In this chapter, three most promising AI methods are reviewed which are used 
in the above mentioned sub-domains of engineering fracture mechanics. 

7.3.1 Artificial neural network 

ANN is a computational model. Marvin Minsky defined AI as follows: 
“Artificial intelligence is the science of making machines do things that 
would require intelligence if done by men.” [7.9]. Over the past few 
decades, various types of ANNs have been applied in different areas of 
science and numerous other systems, including fault detection and failure 
analysis. An ANN contains three main sections, an input layer, a hidden 
layer and an output layer, which represent input parameters, the learning 
process and a solution of the problem, respectively.  
 
The ability of ANNs to learn directly from examples is one of their most 
important properties. On the other hand, ANNs are able to regain and extract 
information from noisy, incomplete or poor data. All these properties make 
ANNs a powerful method for solving problems in the area of fracture 
mechanics. Nowadays, ANNs can be considered as a mature branch in 
computational science and engineering with lots of publications and 
commercial software.  
 
As a branch of AI, ANNs are introduced and applied in various mechanical 
engineering problems, including in fracture mechanics. ANNs deal with 
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problems, which are difficult to analyse with the help of other methods. 
Applications of ANNs in fracture mechanics include optimization, 
identification and damage detection.  
 
7.3.1.1 Artificial neural networks in failure mode and mechanism 
identification 
 
ANNs can be used in the prognosis of fracture in steel cold forming 
operations. They receive input data on stress and strain histories and predict 
fractures for a wide range of bulk forming operations. The systems are 
trained by stress and strain data, and the prediction of fracture occurrence is 
defined as an output of the system. With the aim of best performing 
architecture, an ANN can be carried out in a MATLAB environment. 
Different configurations can be tested for the network to obtain a 
satisfactory result, consisting of different hidden layers. Such architecture 
is characterised by a successful training performance, which means square 
error is very little. The MATLAB ANN toolbox produces results with low 
values of mean error, which proves that the ANN method is effective in 
predicting failure load [7.10]. 
 
7.3.1.2 Artificial neural networks in fault and error detection and 
diagnosis 
 
ANNs have been met with acceptance in many fields for modelling 
complicated real-world problems; an example is a neural network for fault 
detection. Numerous mechanical failures on machinery parts often show 
warnings in advance. These warnings are usually physical conditions that 
specify that a failure is near to occur. Examples of such warnings in ANN-
based system for fault and damage detection include changes in natural 
frequencies and mode shapes. Based on the conducted research, it can be 
concluded that the most significant advantage of ANNs in comparison to 
other methods is their capability to predict crack growth direction in the 
construction under the influence of two or more cracks. Another advantage 
is that with the use of an ANN, it is not necessary to make prior assumptions 
about the behaviour of the concerned material. In addition, in structural 
damage identification, the use of ANN has shown that local damage is better 
identified when a structure is divided into sub-structures and each sub-
structure analysed separately. 
 
Many types of machinery use rotary parts such as different types of 
bearings, gears, motors and shafts. Over the past few decades, ANNs have 
been extensively adapted for use in fault diagnosis of rotating parts and 
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machinery. Numerous applications of ANNs include Back Propagation 
Feed Forward (BPFF), Feed Forward Neural Network (FFNN), Back 
Propagation Neural Network (BPNN), Multi-Layer Perceptron (MLP), 
Radial Basis Function Networks (RBF), Recurrent Neural Network (RNN) 
and Learning Vector Quantization (LVQ). All of these neural network 
methods are applied for fault detection of rotating parts and machinery.  
 
7.3.1.3 Artificial neural network in damage and failure detection and 
diagnosis 
 
ANNs are often used for damage detection in different structures. In [7.20], 
vibration data is analysed by an ANN in order to detect the location and 
severity of damages in beam-like structures. In fact, natural frequencies and 
mode shapes are used as the input data for the ANN to predict damage. 
Modelling and simulation is performed and vibration data is analysed, and 
these are first three natural modes for damaged and undamaged beams. To 
find the most effective ANN, different neural networks can be designed 
using, for example, the MATLAB toolbox. To check the robustness, 
artificial random noise is generated numerically and added to the noise-free 
data during the training of the ANNs. In the experiments, modal parameters 
are obtained by surface-bonded strain gauges, which are connected at the 
tip of the steel beam. An increase in the noise level leads to more accurate 
results in the prediction of damage location in comparison to prediction on 
the severity of damage. Moreover, experimental procedures and measuring 
devices play an important role in the prediction of the location and severity 
of the damage. The application of ANN for damage detection in beam like 
structures has been developed by Li, He, Ji, Wang & Hao [7.21]. The 
proposed system predicts the location and severity of the crack damage.  
 
In a multiple crack analysis performed by an ANN, not only material 
properties (for instance, the modulus of elasticity or yield strength), but also 
a wide range of crack position parameters (such as crack size and crack 
offset distance), can be used as input data. The network structure and its 
operational parameters are selected mostly by using the trial and error 
method. It has been demonstrated that best predictions made by ANNs occur 
when a sigmoid activation function with two hidden layers is used. 
Although different fracture criteria for determining the direction of crack 
initiation exist, results obtained from experiments with ANNs show good 
agreement with experimental results. ANNs also employ the finite element 
model (FEM), and a combination of natural frequencies and mode shapes 
as a dataset for training and as an input parameter. Modal testing and 
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experimental modal analyses can be performed on both, undamaged and 
damaged structures. For example, the ratio of damage depth to the height of 
the beam, and the ratio of damage location to the length of the beam, are 
defined as damage severity and damage location indices, respectively. Both, 
mean square error and absolute error, are considered as an evaluation of the 
designed ANN.  
 
In general, ANNs are a feasible and efficient technique for damage 
identification on different structures.  
 
7.3.1.4 Artificial neural network in mechanical facture and fracture 
parameters 
 
Due to catastrophic failures, mechanical engineering design criteria are 
developed based on fracture toughness. Advances aim to increase safety in 
the design of structures by predicting fracture toughness in specific working 
conditions. Fracture toughness is a fundamental material property, which is 
influenced by the microstructure of the material. The study, investigation 
and prediction of fracture toughness in different materials have been the 
subject of considerable research interest for many years. Theocaris and 
Panagiotopoulos [7.22] demonstrated the prospect of neural networks 
applications for fracture mechanics by adapting computational fracture 
analysis methods to the neural network computing environment. The 
following three problems were considered in more detail: 
 

 a crack with classical interface condition,  
 cracks with detachment and  
 parameter identification problem for a cracked body.  

 
To take into account these problems, the neural network approach and the 
4th-order Runge-Kutta method are applied, in order to obtain a numerical 
solution of the system. Due to the appearance of inequality subsidiary 
conditions, problems are at different levels of difficulty, and the applied 
neural network shows good convergence. The obtained results and 
numerical experiments have led researchers to conclude that with respect to 
inequality problems, the ANN method is superior in comparison to the trial 
and error approach and traditional optimization. In addition, a relationship 
is developed between fracture toughness and crack geometry, specimen 
dimensions and operating temperature. An important property of ANNs is 
their ability to determine the contribution of parameters which impact the 
average fracture toughness.  
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Another way of using ANNs is to predict fracture parameters of certain 
heterogeneous materials such as concrete, composites or porous materials. 
Such parameters may include the critical stress intensity factor, and the 
critical crack tip opening displacement. The required data is available from 
specialist literature, i.e., from different test methods that had been 
performed in various laboratories. This data is then presented to the ANN, 
after which the trained system (ANN) shows results, which are very close 
to experimental results. The obtained results have an accuracy that is 
acceptable for most design applications. A study on the effects of 
compressive strength and maximum aggregate size on fracture parameters 
proved that ANNs can be used to perform parametric studies in the area of 
fracture mechanics.  
 
In comparison to other methods, an ANN can be built directly from 
experimental data without simplifying assumptions or using self-organizing 
capabilities. Another advantage of such a system is that the results of ANNs 
can be easily adapted to other fracture models which also propose two 
parameters for fracture modelling. 

7.4 Genetic algorithms  

Evolutionary computing is a research branch of artificial intelligence that 
mimics models of nature, whereby through mutation, crossing and selection, 
only the fittest survive. Basic evolutionary-based techniques include:  
 

 genetic algorithms (optimization methods), 
 genetic programming (for program development), and 
 evolution strategies. 

 
The basic element (object) of genetic algorithms is the gene, which offers a 
possible solution of the problem for a single parameter. Genes are joined 
into a string to form a chromosome, corresponding to one solution of the 
problem. Genes can be: 
 

 binary vectors, 
 whole numbers, or 
 real numbers. 

 
Each new repetition of the evolutionary cycle produces a better solution of 
the problem. In genetic programming, an entire population of computer 
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programs is subjected to evolution. The goal is to choose the program that 
best solves the given problem. The evolutionary cycle consists of the 
following steps: 
 

 generation of initial population; 
 assessment of the last population (selection); 
 the formation of a new generation based on genetic operations 

(crossing, mutation). 
 
It is expected that each new repetition of the last two steps in the 
evolutionary cycle will provide a better solution to the problem. The 
problem that is being solved by genetic algorithms determines the form of 
the population and the assessment function that selects the best specimen. 
This method is used to solve optimization problems. 
Studies of evolution simulation are related to a version of genetic algorithms 
as developed by John Holland [7.23] in his research on the nature of 
adaptive systems.1 Holland simulated three processes critical to biological 
development: 
 

 the inheritance mechanism, which can produce offspring similar to 
the parents; 

 a procedure introducing diversity to the process of reproduction; 
 the process of differentiation. 

 
In the standard image of biological evolution, the inheritance mechanism is 
related to chromosomes (located in the genes). Diversity is obtained through 
gene splicing or mutation and differentiation reproduction through natural 
selection. In genetic algorithms, strings of symbols act as chromosomes, 
operations (as the recombination and mutation of these symbols) represent 
diversity (variation), while strings are reproduced and the readiness function 
performs selective reproduction. In this way, genetic algorithms produce 
new generations over and over again. In every successive (new) generation, 
the most successful string is selected to become the parent of the next 
generation. Once the "health" of the offspring of this generation has been 
checked, the best (most successful) strings become the parents of the 
following generation. Over the recent years, advanced research has focused 
mainly on the understanding of biological systems and processes [7.4] [7.5].  
Different measured responses could be used to determine structural 
damages. For instance, strain mode shapes, natural frequencies and mode 

 
1 See also Grossdberg [7.24]. 
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shapes are measured and used in the detection and identification of different 
types of structural damages. Like other AI methods, genetic algorithms are 
also applied in the area of fracture mechanics. In this chapter, engineering 
applications of GA in damage and failure detection, which is a sub-domain 
of fracture mechanics, are reviewed. 

7.4.1 Genetic algorithms in damage and failure detection  
and diagnosis 

Much like the ANN approach, genetic algorithms, too, are used for 
mechanical damage identification. Damage detection, and particularly the 
determination of the location and intensity of damage in mechanical systems 
or structures, is performed by utilizing the measured vibrational data on GA. 
Identification and location of damage in linear elastic structures can be 
determined from measured natural frequencies and mode shapes data based 
on GA. Applications of GA in damage detection include the implementation 
of a method with a GA-based residual force vector which is tested on a truss-
type structure of gear and gearing to detect microscopic structural damage. 
Such structures are simulated with the finite element model, and GA-
operated with exact mode shapes and natural frequencies. In order to 
simulate an experimental analysis, three different problems are assumed, 
and random noise is added to the value of natural frequencies and mode 
shapes. The gears transmition is also simulated numerically by FEM. The 
damage evaluation problem can be formulated as an optimization problem, 
or as an objective function. Different numbers of modes are used to compute 
the value of the objective function. Results show that the proposed 
technique is more suitable in comparison to conventional methods that use 
residual force vector for damage identification. Furthermore, accurate 
identification is recorded when multiple damages are present in the 
structural model. Since the modal parameters of the structures are functions 
of the physical parameters, the presence of any type of damages could be 
proved by changes in the modal properties of the engineering structures. 
Different simulated damage scenarios are defined by means of different 
locations and different degrees of damage. The FEM shows a decrease in 
stiffness of each finite element presented in the structure. For the validation 
of the proposed technique, experimental data is used. 
 
Taking into consideration the various applications of GA in damage 
detection of engineering structures, it can be concluded that this method is 
an effective, easy-to-implement method. Due to its formulation, this 
technique can be used in different engineering structures. Moreover, 
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experience shows that no special requirement regarding the initial values of 
unknown parameters is needed. It should also be noted that the quality of 
measurement plays an important role in the success of this method.  
 
Over the past years, researchers have suggested a combination of a GA with 
a compatible method to produce a hybrid computational method in order to 
accelerate convergence and obtain more accurate results. The application of 
GA in hybrid intelligent techniques for fracture mechanics and fault and 
failure analysis is discussed later on. 

7.4.2 EXAMPLE: Optimization gears assemblies with GA 

The primary goal when designing gear assemblies is to ensure their 
functionality for a certain service-life. To reduce the production cost with a 
rational use of the material, it is often required that the overall dimensions 
of the assembly as well as the dimensions of its parts are optimised with 
respect to the minimum weight. One needs to take into account the 
geometric, kinematic, mechanical, tribological, technological and economic 
constraints. A generalised optimisation procedure consists of: 

 the definition of functionality, constraints and selection of the 
optimisation criteria, 

 the identification of independent variables and definition of the gear 
assembly model, 

 an iterative search process to provide a theoretically ideal gear 
assembly design based on a comprehensive model analysis. 
 

Assembly configuration, operating modes, transmitted powers, prescribed 
angular velocities, speed ratios, centre distances and other prescribed 
features of the gear assembly have to be specified in the first step. The 
purpose of optimisation is to find a proper combination of gear modules, 
number of teeth, teeth widths and tooth helix angles, where the objective 
function reaches the minimum value. 

7.4.3 Genetic optimization algorithms 

Several gear pair optimization procedures, as well as optimization 
procedures for selected types of multi-stage gear assemblies have been 
proposed in the past [7.4] [7.7]. They are based on deterministic (usually 
gradient) optimization methods. Several optimization criteria can be used, 
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most commonly the criterion of minimum sums of volumes of pitch 
cylinders of gears: 
 

 = ( cos( )) +  (7.1) 

 
Equation 7.1 is aimed at finding such a combination of parameters (module 
mn, number of teeth z, tooth width b, angle of helical tooth o, materials and 
heat treatments), which decreases the value of the selected function F as 
much as possible. Symbol Pi, represents the constraint functions, which take 
into account a number of additional parameters (profile adjustment 
coefficients, material properties, etc.) Many parameters, which considerably 
affect the design of the gear assembly (the number of teeth, modules, centre 
distances), are only allowed to take the integer values, standardized or some 
explicitly prescribed values. In this way, the objective function becomes 
non-uniform and has a typical staircase shape. 
 
However, gradient methods are not best suited for solving such problems 
because the derivatives of the objective function cannot always be 
determined analytically. Therefore, the optimization procedure needs to be 
carried out in several stages that always include random search patterns. In 
any case, it is necessary to evaluate the objective function in a significant 
number of parameter points. This shows that the classical methods of 
optimization cannot be implemented in this specific field using their full 
ability. This implies that the use of some alternative method is necessary. 
 
Conventional calculations are limited only to one pair of gears in 
engagement and are not possible to take into account the side effects, such 
as the service life of bearings, shafts, and other parts of gear assemblies. 
Therefore, the presented optimization model  includes an optimizer based 
on a genetic algorithm. A genetic optimization algorithm is an optimization 
procedure, which is based on the imitation of the principles of natural 
evolution. Important characteristics of the genetic algorithms are: 
 

 the procedure is governed by the probabilistic transition rules and 
not the deterministic principles; 

 characteristic binary coding of the parameter set is used, and 
parameters are not directly involved in computations; 

 the search process does not begin from a single point (preliminary 
design), but from a population of points; 
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 in every point only the value of the objective function is required, 
without the need to determine gradients or any other information’s. 

 
In principle, genetic optimization algorithms require many objective function 
evaluations. Therefore, their efficiency cannot be directly compared with 
deterministic methods, where the objective functions are smooth, unimodal 
and well defined. The main advantage of genetic optimization algorithms is 
their robustness. This means, that non-uniform and multi-modal objective 
functions affect the ability of finding the global extreme on a much smaller 
scale, if compared to the gradient methods. A genetic algorithm’s 
characteristic feature is parameter coding. The simplest and most 
commonly used is binary coding. A set of independent parameters of the 
objective function is coded in a form of binary strings which are recorded 
sequentially one after the other. The resulting binary strings are called the 
chromosome, which fully describes the related design. In this way, the 
discrete nature of variable description becomes very convenient for the 
optimization of gear assemblies. 
 
Genetic optimization algorithms simulate the population development of 
living organisms. At the start, a group of points-members (the primary 
population) is randomly selected, which is analogous to biological systems. 
Individual members are represented with a single point. The fitness value is 
then assigned to every member, which determines the ability of the member 
to survive. In optimization terminology, it can be said that every point is 
being assigned an objective function value. The population size is usually 
prescribed at the beginning and does not change during the optimization 
process. The genetic algorithm tends to improve the current population. The 
criteria of improvement is usually the average of member fitness values, 
while the standard statistical deviation from the average value is also 
considered as important information. During optimization, the average 
population fitness should improve and at the same time, sufficient deviation 
needs to be maintained. The evolution process comprises of the members’ 
selection according to some selection mechanism and then their 
transformation with the genetic operators into the next population generation. 
 
The selection of mechanism is very important for the proper functioning of 
genetic optimization algorithms. Their fundamental theorem implies that 
the probability of a member selection is larger, if its fitness value is also 
large. The most popular and well performing is the method of stochastic 
remainder sampling without replacement. It has been shown that the 
probability of a member selection should not be directly proportional to its 
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fitness. That would allow for an exaggerated influence of just a few fittest 
members and would result in a premature convergence to local peaks. Such 
domination may be prevented by using the fitness scaling function to 
artificially reduce the fitness differences between members. Several scaling 
procedures may be used; however, practical experience shows that the 
ranking method is the best [7.4]. 
 

P1  1 0 1 0 1 1 1 0 1 0 0 1 
              

P2  0 1 1 0 1 1 0 0 1 1 1 0 
              

M  1 0 0 1 0 1 0 1 1 0 1 0 
              

C1  0 0 1 0 1 1 1 0 1 0 1 1 
              

C2  1 1 1 0 1 1 0 0 1 1 0 0 
 

Figure 7.3: Example of uniform crossover. 
 
Using this method, the members are sorted according to their fitness. 
Corrected member fitness is now represented with its rank. The 
convergence speed may also be controlled by using the additional linear 
rank correction function with variable gradient. The fundamental genetic 
operators are the reproduction, crossover and mutation. Reproduction is 
essentially the implementation of Darwin’s well-known principle of natural 
selection, which predicts survival of only the fittest members. It is easily 
implemented by copying the selected members to the next generation 
without any modifications. This ensures continuous growth of the 
population average fitness; however, no improvements are made to the 
fittest individuals. If only this operator is used, it results after a few 
generations in an unbalanced population consisting only of the copies of the 
best-fitted individual from the primary population. The crossover operator 
produces new members by mating two selected individuals. Every newly 
born member inherits some properties from both parents. This is the motive 
process of the genetic algorithm because it generates new, better solutions 
that are based on best existing solutions. 

7.4.4 The optimization {XE “optimization”} procedure 

The uniform crossover [7.4] operator provides the best practical results. 
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Using this technique, two parents P1 and P2 are selected from the current 
population. Then the crossover bit mask M is randomly generated in a way, 
where the probability of each bit being set to I is equal to 50%. The 
crossover operator may be generally written in the following form: 
 
 = 1 1 2  

(7.2)   
 2 = 1 1 2  

 
The crossover operator preserves the features (bits) that are common to both 
parents, while the remaining features are mixed randomly. Figure 7.4 
illustrates the best optimization algorithm, which has been determined 
through numerical experimentation with various algorithms. 
 

 
 

Figure 7.4: Flowchart of the optimization procedure 
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In the first step, all parameters are considered to be real numbers. This 
means that each parameter is coded with 32 bits. The algorithm of geometric 
dimension minimization tends to the use of the best quality materials, 
thermal treatments and manufacturing procedures. Therefore, in the first 
phase the best materials and procedures are prescribed, whereby a list of 
allowable values is taken into account. 
 
Constraints are considered with limiting functions, which need to be 
carefully chosen. If the rate of the limiting function is too high, the fitness 
value of any member inhabiting the forbidden design area is too low to make 
its survival possible. The next generation therefore possesses no information 
about the forbidden area and the evolution is dependent only on the slope in 
the allowed design area. When the objective function is monotonous 
enough, the best results are obtained when the objective function is mirrored 
over the limiting point, which, in the case of limiting the lower value of the 
centre distance, is expressed as follows: 
 
 ( ) = ( ) ( ) = (2 ) ( ) (7.3) 
 
A relatively small population (20 to 50 members) is used when applying the 
genetic algorithm, and the procedure is repeated many times (3 to 10 times). 
The best solutions of individual iterations are stored in the database. The 
primary population is generated randomly before the first iteration. In the 
following iterations, the starting population is generated from the database 
and the rest are generated randomly. After each iteration, a convergence 
analysis is performed and the control parameters are adjusted, if necessary. 
If a too large diversity of population is observed in the last stage, the 
probability of mutation and crossover is lowered. With that, the direct 
reproduction rate is increased. Premature convergence and stagnation of the 
procedure in the last generations is prevented with a change of the scaling 
function slope.  
 
The effectiveness of a genetic algorithm applied to typical gear assemblies 
is, at this stage, worse in comparison to traditional methods of optimization. 
However, a genetic algorithm performs much better in the case of a larger 
number of independent parameters and unusual design configurations. 
Further improvements can be achieved through the use of hybrid genetic 
operators, which need to be properly investigated. In the next phase, discrete 
parameter values are used. It is not necessary to narrow the optimization 
domain, since the genetic algorithm obtains information about the global 
extreme positions from the primary population members. The primary 
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population consists of the best members from the first phase of the process. 
Due to a change in the coding, it is necessary to convert the database 
accordingly. This phase of the process fully demonstrates all the advantages 
of genetic algorithms. The solution domain around the global extreme is 
quite wide, which necessitates the use of different optimization criteria in 
the second phase. In the first phase, it is advisable to use the criterion of the 
minimum sum of pitch cylinder volumes, which results in optimal assembly 
mass. In the second phase, criteria such as the rational use of material and 
manufacturing cost consideration are more appropriate. Genetic algorithms 
also allow for a multi-criteria optimization. 
 
For solving equation 7.1, however, the mentioned genetic algorithm is 
suitable primarily because it does not need any other information about a 
selected function, except its value in selected points. Genetic algorithms 
take into account the total effect of reproduction, crossbreeding and 
mutation. By combining the three influencing variables, the basic theorem 
of genetic algorithm is obtained: 
 

 ( , + 1) ( , )
( )

1
( )

1
( )  (7.4) 

 
At this point, the optimization process can be summed up as follows: 

1. a small initial population is selected at random; 
2. by using the genetic algorithm the convergence of the population 

with respect to a selected local criterion is affected; 
3. a new population is selected including the most successful 

members of the old population as well as new members selected at 
random; 

4. the procedure is stopped if the convergence criterion2 is won, or 
we return to point 2. 

7.5 Fuzzy logic 

The fuzzy set theory (FST) was developed and applied by Lotfi Zadeh 
[7.25] for making better decisions when dealing with the uncertainty of 
daily life. The FST is more general than traditional logical systems. A fuzzy 

 
2 Criterion of convergence: the convergence of particular solutions to the true 
solution is based on the behavior of errors which measure how close the iterations 
are to the true solution. The difference between two consecutive results is calculated, 
and when this difference is close to 0, the convergence criterion is reached. 
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logic system (FLS) provides a valuable flexibility for reasoning by setting 
its rules in natural language. Over the past few decades, it has found many 
engineering and scientific applications and its achieved results have 
increased the amount of interest of this AI method. The FST is often used 
in different areas of mechanical engineering such as design, modelling and 
optimization, as well as in different fields of fracture mechanics. The FLS 
process has three main phases, fuzzification, inference and defuzzification. 
In fuzzy systems, the human knowledge is represented in terms of simple 
if then rules with a condition and a conclusion [7.26] [7.27].  
 
A FL algorithm is initialized qualitatively by defining the linguistic 
variables and terms, and quantitatively by contrasting the membership 
functions  Therefore, by utilizing these membership functions, the 
input data is converted to fuzzy values. Afterwards, in the inference phase, 
all the rules are evaluated, and the results of each rule are combined. Finally, 
the output data is converted to non-fuzzy values by utilizing the membership 
functions.  

7.5.1 Fuzzy logic in failure mode and mechanism identification 

In recent years, different kinds of knowledge and experience have been 
utilized and applied in order to characterise and predict mechanical failure. 
Historical data has been used to develop a FL-based model that is able to 
predict mechanical and operational failures. More specifically, the 
researchers using the MATLAB fuzzy logic tool box considered not only 
different parameters, but also critical factors affecting failure. The 
prediction effectiveness of the model is validated mathematically. 
Moreover, the obtained results were compared to models which were 
developed in previous studies through different methods. The FL approach 
has predicted failure equally correctly as other techniques.  
 
In the implementation of FL systems, the generated fuzzy rules are based 
on engineering knowledge and use logic rules, provided by experts or by 
standard specifications. This method can be used also very effectively in the 
maintenance of various engineering structures. 

7.5.2 Fuzzy logic in fault and error detection and diagnosis 

The fuzzy set approach is applied successfully in mechanical fault 
classification [7.28] and Mechefske experimentally studied the feasibility 
of FST in integrated machine fault diagnosis. In order to provide 
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information related to the dynamic behaviour of the machine, vibration 
sensors are installed on the housing of the gearbox and bearings support. 
The rotating parts produce a unique frequency and a change of this 
frequency is defined as a fault. Complete information about the dynamic 
condition of the machine is defined, after which the Fast Fourier Transform 
Spectrum (FFTS) is utilized to extract useful information from sample data 
and convert it into the frequency domain. Fault clustering and fault 
assignment as two stages for fault diagnosis are considered. The output of 
fault clustering is set, and the fault assignment appoints input data to an 
existing pattern cluster. Fuzzy relations are defined with respect to the FST, 
equivalence class under a certain threshold is founded. The algorithm can 
be implemented in different symbol programming languages. Mechanical 
vibration signals are used extensively for fault diagnosis by means of 
different methods.  

7.5.3 Fuzzy logic in damage and failure detection and diagnosis 

Since the failure of engineering structures can lead to irreversible damage 
and fatality, structural damage detection by AI methods is a critical issue 
for researchers. Through their research work, Chandrashekhar and Ganguli 
[7.29] demonstrated the ability and accuracy of FL in mechanical damage 
detection. They modelled a Euler-Bernoulli beam, whereby natural 
frequencies were determined by FEM. The reduction on the element 
stiffness represents the damage on the structure. The measurement 
displacements are the input of the FL system, and location and size of the 
damage are the outputs. In this way, fuzzy sets with Gaussian membership 
functions are used for input variables. In addition, fuzzification of the 
numerical values, which are achieved through the finite element analysis, is 
used to obtain rules for the fuzzy system. The FL system could be tested by 
measured data and high percentage of success is achieved. Sometimes in 
real-life situations, parts of measurements are missing or faulty. The 
researchers considered this issue and tested the implemented FL system 
with a modal vector missing. The proposed damage detection algorithm was 
found to be quite accurate in damage classification with missing 
measurements as well. 
 
Damage in engineering structures is an important theme, a topic of interest 
in research. As part of fuzzy mechanics in crack detection [7.16], a FL 
control method could be applied. More specifically, a fuzzy controller with 
a hybrid membership function could be formulated. As the existence of 
cracks is able to change the modal data, this data can be used to determine 
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crack parameters. Therefore, the first three natural frequencies and the first 
three mode shapes are employed and defined as input parameters of the 
system. Then, the desired parameters of the crack are defined as an output 
of the system. On the other hand, the MATLAB toolbox could be used, and 
several fuzzy rules are learned in order to achieve the results. A comparison 
between the obtained results from the MATLAB and the FEM proved that 
the implemented fuzzy system is able to estimate the location and depth of 
the crack accurately. 
 
The review of the published papers indicated that in the researches which 
are used FL approach for damage diagnosis based on experimental data, 
achieving higher precision is possible by more measurement tests and 
results. It should be noted that, environmental noise or incorrect locations 
of the sensors have high impact on modal parameters like mode shapes and 
accuracy of the results. Furthermore, it is concluded that the FL is beneficial 
in the decision safety systems while response time is important. 

7.5.4 Evolutionary optimization of service life 

Performing an optimiziation process refers to the sequence of targeted 
actions based on a study of the elements of the optimization process in a 
particular order. This sequence is a string of optimization elements that 
make up units. Thus, a series of fuzzy oriented graphs is created. 
 
A variety of options are available: interconnecting different elements, 
combining related structure, applying different time optimization methods, 
or using different resources that are required in order to perform the 
optimization process. The formation of the optimization process, therefore, 
can be seen as a search for the most optimal implementation of this process. 
Here is a demonstration of the basic principles through the example of time 
optimization for a specific mechanical part. In order to do this, the matrix 
of the relation must be taken into account:  
 
 = ( , ) (7.5) 
 
where  

=  ( , , , ) is the vector of the input variable, marking the 
external environment characteristics that affect the functioning of 
the model; 

=  ( , , , ) is the vector of the internal variable, marking 
the condition of the individual elements of the model;  
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=  ( , , , ) is the vector of output variables, which marks 
the characteristics of the model in general, and determines the stage 
at which the intended purpose is achieved.  

 
One of the most critical elements in the sequence of optimization is 
definitely service life. To determine the time, internal variables and their 
connections have to be taken into account and be logically evaluated. To 
simplify the above formulation, let us consider the optimization element as 
a constant. Therefore, for the calculation of time, the elements of the model 
according to Equation 7.5 are as follows: 
 

Y  is the time needed to study a single element;  
X  is the vector determining the structure of the element;  
Z is the vector determining the relations between the internal variables 
of the individual element of a structure and the structure as a whole (i.e., 
it describes the appropriate matrices). 

 
In this case, the dependency relation is determined according to the 
following equation: 
 

 =   (7.6) 

 
where m is the number of elements, and mi is the number of elements for 
calculating in the j-th optimization. 
 
However, the above expression fails to consider the conditions that affect 
the calculation of the time required, i.e., whether the two related elements 
occur simultaneously, consecutively, or parallel. Thus, Equation 7.6 is 
reformulated as: 
 
 =  +   (7.7) 
 
where  is the connection between the optimization elements.  
 
During the study of content-related element E1 and E2, however, several 
other, e.g. p optimization units can also be performed. A generalized 
equation can be derived for determining the study of two optimization 
elements, which are related in terms of their form:  
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 =  +   (7.8) 
 

where =  
0,  { }  { } = 0

,    { }  { }  0
  ,  |  ( )   ( )|  > 0

  

and l1, l2 is the number of elements for optimization in the calculating 
element E1– m1, or E2 – m2.  

Therefore, the full vector is = { , } where Z1 is the vector determining 
the possible sequences of the optimization elements during calculation, and 
Z2 defines the matrix of content relations. It needs to be taken into account 
that the vector is  
 
 =  {  ( + 1)  >   ( )}   (7.9) 
 
where  ( ) is the local level I. 
 
In order to use the matrix further according to Equation 7.5, the following 
changes need to be made:  
 

1. On the basis of the matrix for content-related connections = 
  we move to the binary matrix =  according to 
the conversion formula: 

 

 =  
1   > 0,

0   (7.10) 

 
2.  M* is converted into matrix =   that represents the 

mutual temporal relations between the learning units NB: 
 
  =   (7.11) 
 
where  is determined according to equation 7.8. 
 
According to Equations 7.8 and 7.11, the time can be calculated according 
to the following expression:  
 
 , =  +   ,  (7.12) 
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To study the connections between the optimizing element E, the following 
function is derived: 
 

 =  ,   (7.13) 

 
The problem regarding the optimization of time needs to be approached in 
accordance with the limits defined by the sequence vectors of the 
optimization elements, with different E’s - ( 1), ( 2) and with the 
matrix for content-related connections M.  
Such a fitness function3 (survival function), which is the result of these 
relationships, is described as follows: 
 
 =  ( 1, 2, , ( 1), ( 2), ) (7.14) 
 
The optimal solution to the problem of time calculation according to 
Equation 7.13, coupled with the fitness function according to Equation 7.11, 
generates a set of tailored solutions, which consists of the vectors 

, , , , where p is the number of elements with a non-zero value in 
the matrix, which constitute integration vectors. A genetic algorithm is 
applied to solve this problem. The sought values are defined according to 
the theory of genetic algorithms4. A chromosome is a vector in the causal 
sequence. Each chromosome has a conditional binary structure, which is 
schematically shown in Figure 7.5.  
 

 
3 The fitness function is a function which takes a candidate solution to the problem 
as input and produces as output how “fit” our how “good” the solution is with respect 
to the problem in consideration. 
4 A genetic algorithm (GA) is a metaheuristic inspired by the process of natural 
selection that belongs to the larger class of evolutionary algorithms (EA). Genetic 
algorithms are commonly used to generate high-quality solutions to optimization 
and search problems by relying on bio-inspired operators such as mutation, 
crossover and selection. 
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Figure 7.5: The structure of a string of chromosomes 

Each chromosome | =  1,  consists of n genes (bits), and, in addition, 
it is valid that + = . Each gene is either present (1) or absent (0) in a 
certain learning situation. Moreover, the position (locus) ( )| =  1,  
determines the number of optimization units in the course of the 
optimization task. It can be concluded that a genetic algorithm (GA) is the 
most appropriate way to optimize the formalization of the problem in 
question [7.27].  
 
The goal of time optimization is to find the next sequence of chromosomes, 
which ensure minimal training times during the entire execution of the 
optimization process, taking into account the constraints arising from the 
internal subject structure of the individual subject.  
 
A block diagram of changes occurring in a GA is a result of modifying the 
parameters is shown in Figure 7.6. 
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Figure 7.6: Block diagram of GA 
 
For an overall analysis of the effectiveness of the optimization process, it is 
also important to define the degree of distance from the set optimization 
goals. The problem is considered in more detail in the following section. 

7.5.5 Hierarchic fuzzy reasoning for effective optimization 

It is a fact that in order to achieve a high level of optimization effectiveness 
in the process of calculation, it is also extremely important to provide the 
designer with feedback information regarding their achievements. Below, a 
short example is used to demonstrate how such a requirement can be met. 
Since there are no reliable experimental data available for this process of 
determining the effectiveness of optimization, the model will employ a 
system of fuzzy reasoning. Considering the main elements to define a model 
for evaluating the effectiveness of optimization, and taking into account the 
"input-output" principle, this model can be expressed as follows: 
 
 = ( , , , , ) (7.15) 
 
where 

Y = C – is the indicator of the degree of distance from goals; 
x1 = U – is the level of absorption of the optimizing unit NE; 
x2 = A – is the indicator of the level of abstraction of the NE; 
x3 = y – is the indicator of the level of awareness about the 
assimilation of NE; 
x4 = K3 – is the coefficient of NE absorption; and 
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x5 = KH – is the coefficient of knowledge absorption for the 
individual optimizing unit NE. 

 
If a variable is defined to evaluate the application of four conditions, then 
the maximum number of rules for creating relations according to Equation 
7.15, in a single subject, will be 45 = 1024. For a comprehensive acquisition 
of knowledge, it is recommended that a concept of hierarchical knowledge 
be applied. Moreover, using a model of hierarchical fuzzy knowledge, the 
problem of high-dimensional matrices can be avoided [7.27] [7.10]. 

7.6 Hybrid intelligent techniques 

Hybrid intelligent systems are used in a wide variety of applications [7.4]. 
In an intelligent hybrid system, two or more AI methods are combined to 
overcome the limitations of an individual method. In other words, hybrid 
intelligent systems are computational systems with integrated different 
intelligent approaches. The benefits of hybrid intelligent systems for 
different applications are increased. For example, rule-based reasoning does 
not perform very good in optimizing and in working with poor or noisy data, 
but it is very good for explanations of the reasoning process. On the other 
hand, artificial neural networks are not very good for explanations of the 
reasoning process, but they act very well in learning and in working with 
noisy and poor data. Therefore, a hybrid intelligent system combining rule-
based reasoning and ANNs has advantages in comparison to the individual 
approaches. However, many attempts are performed in order to predict and 
consider all the possibilities at the design stage. This section provides a 
review of hybrid intelligent systems employed for mechanical fault 
detection and diagnosis. 
 
In the early current century, the application of neuro-fuzzy networks in 
vibration monitoring was proposed by Meesad and Yen (2000). The system 
consists of an input layer, a hidden layer and an output layer based on a 
standard FL system. If-then rules are reduced by using a neural network. 
For the evaluation and illustration of the performance of the proposed 
hybrid system, Fisher's Iris data set and the Westland vibration data set are 
used. For the Westland vibration data set, several accelerometers are 
mounted on different locations of the power transmission of the helicopter. 
The data is recorded for different types of fault conditions and one correct 
(no fault) condition. On the Westland vibration data set, two classifiers are 
used and compared with the implemented neuro-fuzzy classifier. The 
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obtained data showed that the proposed neuro-fuzzy network has a higher 
accuracy and performance in comparison to other classifiers. 
 
The neuro-fuzzy technique is also used for crack identification in 
engineering structures. In the early current century, the neuro-fuzzy 
technique began to be employed for crack identification by Shim and Suh 
(2002). Since crack properties such as location and depth of the crack have 
a significant influence on the dynamic behaviour of structures, identification 
of these parameters has been widely investigated. In order to predict the size 
and location of cracks in structures, a Continuous Evolutionary Algorithm 
(CAE) can be employed based on the Adaptive-Network-Based Fuzzy 
Inference System (ANFIS) architecture. ANFIS uses the depth and location 
of the crack as an input, and structural eigenfrequencies as an output. Crack 
parameters can be determined from measured eigenfrequencies of the 
structure. The neuro-fuzzy-evolutionary technique estimates the size and 
location of cracks with high accuracy. The method could be generalized for 
general boundary conditions and structures.  

7.6.1 Example: A neuro-fuzzy model for cracks 

Technological development requires a change of the working methods, 
means and forms in order to meet the demands of tomorrow’s society. Just 
as it is no longer possible to imagine modern-day production without the 
use of flexible manufacturing systems and robots, perhaps tomorrow it will 
be impossible to envisage production that would not employ some other, 
new artificial intelligent technological tool or method of work. The 
foundation of such an innovative approach to society includes a variety of 
adaptive (intelligent) programs, which manage society and direct it to 
increase productivity, something enabled especially by contemporary 
computer and information systems [7.30]. Such an intelligent system should 
be able to, among other, perform the processes of information channelling, 
problem solving, and adapting basic parameters such as the depth and 
location of cracks [7.31]. The focus should not be limited only to the pace 
at which this process unfolds, but also to the content and the methods used 
to deliver this content.  
 
Based on these considerations, the possibilities of using intelligent 
technologies in the automation of the optimizing process (OP) Sp, will be 
explored, and their application demonstrated on simple, yet still informative 
enough examples. As a theoretical starting point Industry 4.0 will be used, 
introducing structural and factor analysis to the system. The structural 
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elements of the optimization model must define the objectives of the 
functioning of the OP, as well as a series of influence factors that comprise 
such an OP and, above all, the mutual interactions between these factors. 
An OP consists of techniques, forms, and learning tools. A formalized 
description of the process of functionalizing an OP, together with a macro-
model of the optimizing process, is shown in Figure 7.7 [7.27].  
 

 
 

Figure 7.7: A macro-model of the optimization process 
 
The optimization system OP (Sp) is a converter of state X to state Y, whereby 
X is the data input and Y is the result characterizing the achieved level of 
optimization. By the term optimization environment, the object of 
management can be labelled, which is the source for the target object. In the 
widest sense of the word, this "object" can stand for the entire structure, 
which is placed on a particular structural part, and thereby setting 
appropriate standards and requirements. Here is an example in which the 
object of investigation is the society, or the economy, for example, Industry 
4.0, which defines its target requirements Z, and thereby defines the 
necessary output parameters of the OP.  
 
   (7.16) 
 
The optimization system in this case is an environment, in which the 
elements in manage and perform the optimization process with the use of 
technology. In order to achieve this, the elements within the structure, 
consisting of two interwoven groups, need to be defined: 
 

 a group of structural elements, and  
 a group of elements representing the optimization technology that 

ensures the resolving of a structural problem.  
 
The structure of the optimization system in relation to OP is shown in Figure 
7.7.  
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Below is a simple example, a single-element OP. On the basis of a suitable 
structural and functional analysis, objectives for this case must be set, and 
the basic elements comprising this OP must be defined. The latter can 
include a series of mechanical , , ,   structural , , ,   
functional methods , , , , for system configurations  1, 2, ,  , and elements of structure , , ,  . Such 
is the preliminary study for the current structural element  , as 
anticipated by an OP designed in this way. The connections between the 
elements comprise a set of coefficients, which generate the appropriate 
choice of the intermediate layer of neuron network (NN), and the choice of 
a string of binary values to define the single-element OP: 
 
A formal sample of the OP is obtained in this way, based on the description 
of these structural parameters, which are founded on the knowledge of 
experts and on relevant research. This OP model can now be formalized and 
presented in the form of a multi-layered NN. The input layer thus consists 
of groups of optimization system features: 
 

 = + + + ,  (7.17) 

 
where 

n is the number of elements anticipated by the OP;  
a is the level of abstraction of the elements (a  {1, 2, … 4}); 
b is the level of assimilation of the elements (b  {1, 2, … 4});  
c is the level of attention absorption and  
KH is the coefficient of automation, i.e. the acquired competences (0   1). 

 
where OP is the name of the variable for adding one of the values, 
corresponding to a subject-based system. However, since the results of 
research serving as a basis for a certain OP cannot be defined uniquely (i.e., 
they cannot be formalized), this model proposes a system of fuzzy rules in 
order to present these results. For the presented example from the 
perspective of defining the goals in the OP and formalizing the optimization 
situation, a neuro-fuzzy model NN is chosen. The main advantage of this 
model in comparison to similar ones is that it combines the benefits of the 
NN and at the same time allows for the replacement of deterministic rules 
by applying fuzzy rules. Apart from this, a synthesis of these models enables 
the initial NN model to be performed on the basis of expert evaluations and 
assessments of the proper functioning of such a system. 
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The following criteria should be considered in order to illustrate this; level 
of assimilation, speed of operation, complexity, costs, system stability 
(result dispersion), and time of learning. In the case of unsatisfactory values 
of these performance indicators, the rules can be defined by the system 
itself. The neuro-fuzzy model of building an OP for concrete training is the 
basis for creating a single element system. Through a sequence of 
combinations, however, a multiple-element OP can also be created, while 
the rules for meeting specific structural and functional conditions can be 
generated as fuzzy knowledge. A model developed in this way, combined 
with performing neuro-fuzzy activities, enables a comprehensive 
automation even of the rather complex and lengthy procedure of selecting 
the most suitable OP. 
 
In the building of information sub-systems that make up a single element 
system, various professional and semi-professional tools can be used. With 
a view to demonstrating the possibilities of such an approach in modelling 
an OP, but also on the account of accessibility and relative simplicity of use, 
the MATLAB software package is used. By using the ANFIS fuzzy NN5, 
Figure 7.8 shows both the structure and the values of the input variables a, 
b, c, KH, on the basis of which the OP was built. As part of a logical 
implementation, the method of minimal values is used in combination with 
the method of maximum value. As a method of reasoning (i.e., of activating 
reasoning for each fuzzy rule), the method of minimum value was selected. 
The function point method was used as a principle for selecting the 
appropriate optimization method.   
 

 
 

Figure 7.8: Structure of a neuro-fuzzy NM for an OP [7.27] 
 

 
5 ANFIS is an adaptive neuro-fuzzy inference system or adaptive network-based 
fuzzy inference system, a kind of artificial neural network that is based on the 
Takagi–Sugeno fuzzy inference system.  
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The obtained fuzzy rules are based on data acquired through preliminary 
structural research performed by experts (knowledge base). Figure 7.9 thus 
shows one of the possible results obtained by means of the presented model. 
The results are based on a general analysis, an estimate of the impact of 
changing the input values of fuzzy (soft) variables. 
 
A model designed in this way, i.e., based on fuzzy logic, enables the 
automation of one of the most demanding stages of creating an optimization 
system. The evaluation of its effectiveness is based predominantly on fuzzy 
rules, by means of which the missing information between the input and the 
output data is provided. 
 

 
 

Figure 7.9: Fuzzy model surface at the end of model development [7.27]. 

7.7 Conclusion 

In this chapter, the main concepts and mechanisms of AI approaches in 
fracture mechanics are briefly highlighted. Moreover, it is explained how 
they are applied on sub-domains of fracture mechanics: failure mode and 
failure mechanism identification, fault and error detection and diagnosis, 
damage and failure detection and diagnosis, mechanical fracture and 
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fracture parameters, and calculation of service life or remaining service life. 
The contribution could provide some ideas for future perspectives of 
research in this field.  
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