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Preface

Convection (originating from the Latin word convectio, which means delivery) is un-
derstood as displacements of macroscopic volumes of the fluid (gas or liquid), result-
ing in transfer of mass, heat, and other physical quantities. Two types of convection
are distinguished: natural or free convection induced by medium inhomogeneity (gra-
dients of temperature, density, and concentration) and forced convection induced by
external mechanical actions on the medium (e. g., vibrations). Thus, owing to the pres-
ence of density gradients in the fluid, the potential gravitational energy transforms to
the energy of motion under the action of buoyancy forces. Changes in fluid density can
be caused by fluid heating or by the difference in concentration in mixtures, such as
salt solutions. The importance of such flows cannot be overestimated. We can recall
the circulation of air masses in the Earth atmosphere, which cannot be explained with-
out taking into account convective motion induced by air heating by the Sun. On the
Sun itself, free convection arises in the form of granulation, i. e., granular structures
(granules) of the photosphere, which can be seen through a telescope. The granules
have sizes from 500 to 1000 km and cover the entire solar disk; an individual granule
forms and decomposes during 5-10 minutes. The development of space technologies
gave rise to studies of thermocapillary convection or Marangoni convection. This con-
vection arises because surface tension depends on temperature, which changes along
the free boundary of the fluid or along the interface between two fluids. Under on-
ground conditions, the Marangoni effect is usually localized in the vicinity of the free
surface. In layers approximately 1 mm thick, however, thermocapillary convection be-
comes a dominating form of the convective fluid flow.

The range of problems dealing with flows that involve natural or free convection
has been extended recently. Natural convection is one of the forms of macroscopic mo-
tion, which is intensely studied in modern basic research. Though observations and
qualitative descriptions of natural convection date back to far—off times, the devel-
opment of quantitative models was started at the end of the 19th century. Based on
experimental and theoretical investigations of natural convection, it was identified as
a separate field of fluid mechanics.

Natural convection mechanisms determine various processes that have numer-
ous applications and a cognitive value. As high technologies were developed, the ap-
plied significance of results obtained increased. Achievements in studying natural
convection are applied in power engineering, metallurgy, environmental science, me-
teorology, geo- and astrophysics, aeronautics and space engineering, chemistry, crys-
tal physics, etc. Owing to the increased accuracy of measurements and detailed math-
ematical models, it is possible to pose and successfully solve new problems in this
field, e. g., obtaining superpure materials under microgravity conditions.

In studying the fluid properties (it can be water, solution of a chemical reagent, or
metal melt) it is necessary to examine its internal state. Thus, for a quiescent fluid, it

https://doi.org/10.1515/9783110655469-201
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is important to formulate the laws of interaction of external factors capable of making
the fluid lose its mechanical equilibrium stability under certain conditions. Problems
of convection in liquids are of considerable interest for applications. The dynamics
of flow structure development depends substantially on the boundary conditions or
internal sources. Moreover, internal interfaces, chemical reaction fronts, heat fluxes,
and admixtures can also exert significant effects.

The above-mentioned processes in the fluid are usually unsteady and nonlinear;
for this reason, studying these phenomena involves many problems. The difficulties in
experimental investigations of these problems are mainly caused by difficulties in re-
construction of conditions in which the phenomenon is observed, necessity of provid-
ing high-accuracy measurements in the entire examined region, and significant con-
sumption of energy and other resources. Therefore, methods of mathematical mod-
eling are now considered as an important alternative for studying an extremely wide
range of convective flow problems.

It is also important to choose a correct mathematical model for studying a particu-
lar phenomenon. In this way, it is possible to determine in advance those problem pa-
rameters where particular processes prevail. For instance, the Oberbeck-Boussinesq
model, which is often used to study natural convection problems, becomes inapplica-
ble under microgravity conditions or in microscopic-scale problems.

Another important aspect is the methodology of examining the mathematical
model proper. The development of numerical schemes and construction of optimal
computational algorithms, as well as performing calculations of flows with a compli-
cated internal structure should be directly related to analytical properties of model
equations determining asymptotic and limiting solutions of general equations.

Convective flow modeling comprises a set of problems arising in predicting nat-
ural phenomena and dynamics of various engineering processes. Studying velocity
fields near interfaces and in surface layers allows one to take into account temper-
ature and admixture transfer and to determine the forms of the affecting factors. To
describe such processes, one should use new mathematical models of thermal and
concentration convection, where the density depends not only on temperature, but
also on pressure and concentration. It was the main challenge of this book to perform a
comprehensive study of convection origination mechanisms, flow structure, and flow
stability to perturbations on the interface with due allowance for deformations of the
interface itself. Let us give a brief outline of the book.

Chapter 1. Equations of fluid motion. The goal of this chapter is to formulate equa-
tions of fluid motion under the action of mass and internal forces, as well as heat
sources. A number of formulas used in subsequent chapters are derived. As a whole,
this chapter dealing with the basic notions of hydrodynamics is written to make the
book consistent and logical.

Chapter 2. Conditions on the interface between fluids and on the solid walls. A prob-
lem of motion of two immiscible fluids with a common interface is formulated. Details
of derivation of dynamic and energetic conditions from integral conservation laws are
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given. An important notion of the free boundary and conditions on it are formulated.
Additional conditions associated with the presence of solid walls and moving contact
boundaries are discussed.

Chapter 3. Models of convection of an isothermally incompressible fluid. In this
chapter, we consider convection in a situation where the viscosity and thermal con-
ductivity coefficients are temperature-dependent, and the density is a function of tem-
perature only. Based on the general thermodynamic relations, it is demonstrated that
the specific volume is always a linear function of temperature if the specific heat is
constant. Various possible formulations of initial-boundary problems for the system
of equations obtained are discussed. It turns out that the velocity, pressure, and tem-
perature fields at the initial time can be arbitrarily specified in the general case (they
should only be consistent with the boundary conditions). If the small term with the
derivative of pressure with respect to time in the energy equation is neglected, the ini-
tial pressure distribution cannot be specified arbitrarily. Moreover, it turns out that
elastic properties of the container should be taken into account in the problem of con-
vection in a closed volume, which allows the influence of the wall on the convective
flows to be described correctly. Properties of some models that include deformations
of the flow domain boundary are also considered.

Chapter 4. Hierarchy of convection models in closed volumes. Models that describe
natural convection of the fluid in closed volumes with constant transfer coefficients
are studied. A theorem of existence and uniqueness is proved for the microconvection
model. Possible generalizations and corollaries of formulations of initial-boundary
problems are discussed. Based on a hyposonic flow approximation, a comprehensive
analysis of the influence of changes in thermophysical parameters as functions of tem-
perature and pressure and the work of pressure forces on the formation of natural con-
vection in a weakly nonisothermal medium under conditions of extremely small ex-
ternal forces is performed. The limits of applicability of the Oberbeck-Boussinesq ap-
proximation for the description of convection of this kind are determined. An asymp-
totically exact mathematical model for convection in weak force fields with allowance
for small changes in medium properties is constructed. Unique solvability of the basic
boundary-value problems is established, and the problem of local exact controllability
is studied. A model of convection in a thermally nonuniformly weakly compressible
fluid is presented, where all transfer coefficients are nonlinear functions. The local
theorem of existence of the smooth solutions of the initial-boundary problem for the
equations of convection of a weakly compressible fluid is proved. Exact solutions of
the equations of convection of a weakly compressible fluid in an infinite band are con-
structed. For comparison, the trajectories of fluid particles predicted by the classical
Oberbeck-Boussinesq model of convection and by the microconvection model are pre-
sented.

Chapter 5. Invariant submodels of microconvection equations. This chapter deals
with group properties of the microconvection model equations. Optimal systems of the
subalgebras ©, and ©, are constructed, and all factor-systems are given. For some of
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them, initial-boundary problems are formulated and solved. The issue of invariance
of conditions on the interface and on the free boundary is considered. Solvability of
the non-standard initial-boundary problems of the microconvection equations is stud-
ied in the classes of Holder functions. The unsteady solutions of the microconvection
equations in an infinite band are constructed.

Chapter 6. Group properties of equations of thermodiffusion motion. Group prop-
erties of equations of nonisothermal motion of binary mixtures are studied in this
chapter. The basic Lie algebras and equivalence transformations are found, and the
problem of group classification is solved. A classification of invariant solutions is per-
formed: optimal systems of subalgebras of the first and second orders are constructed
for an infinite-dimensional algebra of operators admitted by equations of plane mo-
tion. New classes of exact solutions and generalizations of the previously known so-
lutions of equations of thermal diffusion motion are constructed. Subgroups of con-
tinuous transformations are identified, for which the conditions on the interface or on
the free boundary remain invariant.

Chapter 7. Stability of equilibrium states in the Oberbeck—Boussinesq model. Con-
ditions of origination of convective flows in layers with a free boundary, interface,
and solid walls are considered in this chapter. A finite-thickness layer with a free up-
per boundary and a solid lower boundary is examined. The temperature of the lower
boundary is assumed to be constant, and the temperature of the upper boundary
varies periodically with time. As a result, an equilibrium temperature gradient, which
is nonuniform over the layer thickness and periodic in time, is formed; the influence
of this gradient is studied numerically. Convective stability of the equilibrium state
of a system of two immiscible fluids with similar densities is studied. A generalized
Boussinesq approximation is constructed, which allows interface deformations to be
correctly taken into account. Stability of the equilibrium state of a system of two fluids
in a horizontal layer with a vertical temperature gradient is investigated. The existence
of several instability mechanisms is found: long-wave and cellular monotonic pertur-
bations, and oscillatory perturbations. The influence of boundary deformability on
instability characteristics is examined. It is demonstrated that an increase in deforma-
bility leads to a change in instability mechanisms. A problem of destabilization of a
rotating fluid owing to a temperature gradient is considered.

Chapter 8. Small perturbations and stability of plane layers in the microconvection
model. Equations of small perturbations of arbitrary motions of the fluid in the mi-
croconvection model are derived. Stability of the equilibrium state of a plane layer
bounded by solid walls or by a solid wall and a free boundary is studied with the use
of these equations. The asymptotic behavior of the complex decrement in the cases of
long-wave and short-wave perturbations is found. Results obtained by solving the full
spectral problem for a silicon melt are presented. In contrast to the classical Oberbeck-
Boussinesq model, the perturbations in the problem considered here are nonmono-
tonic because the boundary-value problem is not self-adjoint. For small Boussinesq
numbers, the spectrum of this problem is demonstrated to approximate the spectra of
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the corresponding problems for a viscous heat-conducting fluid or for thermal gravi-
tational convection with a finite Rayleigh number. Stability of steady flows in a plane
layer with linear and exponential distributions of temperature across the layer is stud-
ied. The flows are found to be stable to long-wave perturbations. Neutral curves are
constructed numerically, and critical Grashof numbers for a silicon melt are obtained.
Instability in the microconvection model is shown to occur at lower values of the wave
number. This effect is caused by fluid compressibility.

Chapter 9. Numerical simulation of convective flows under microgravity conditions.
This chapter describes the basic numerical methods used to calculate convective
flows. In addition, adaptation of these methods to convection models is considered.
Based on the microconvection model, problems of the influence of unsteady and also
spatially nonuniform heating in canonical domains with solid and free boundaries
for a single-species fluid and for a binary fluid are considered. Typical flow structures,
trajectories of particle motion, and kinematic parameters of particles are determined
as functions of the fluid properties, boundary conditions, and computational domain
geometry. Quantitative and qualitative differences in flow characteristics calculated
within the framework of the classical model and the microconvection model of an
isothermally incompressible fluid are confirmed. For miscible fluids, a problem of
the influence of transitional zone thickness nonuniformity on convection formation
is studied. This problem is considered in the full formulation and also for a model
problem with a smaller spatial dimension. It is shown that initial perturbations of
the thickness propagate along the entire transitional zone, which affects the flow
structure and kinematic characteristics.

Chapter 10. Convective flows in tubes and layers. Solutions of equations of thermal
gravitational and thermocapillary convection, which describe three-dimensional non-
isothermal motions of the fluid, are constructed on the basis of the group-theoretical
approach. The Oberbeck-Boussinesq equations admit solutions where the tempera-
ture and pressure are linear functions of one Cartesian coordinate, while all three
components of velocity are independent of this coordinate. These solutions are inter-
preted as flows in infinitely long tubes with an arbitrary cross section. They generalize
the known Birikh’s solution of a plane problem of convection in a horizontal band. An-
other example of reduction of a three-dimensional problem to a two-dimensional one
is the problem of an axial convective flow in a circular rotating tube with a streamwise
temperature gradient and transverse gravity force. To use these solution for an ap-
proximate description of convection in finite-length tubes, with the tube length being
much greater than its diameter, it is necessary to specify the flow rate through the tube
cross section as a function of time. Thus, there arises an inverse problem, which is ef-
fectively solved in plane and axisymmetric cases. In the same cases, it is also possible
to construct exact solutions of problems of a convective flow of a two-layer system of
immiscible fluids. The thermocapillary effect on the interface is taken into account.
The problem of deformation of a plane layer of a viscous incompressible fluid by ther-
mocapillary forces is considered in the last section of this chapter. In this case, the
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buoyancy forces are ignored, and the source of motion is a nonuniform distribution
of temperature on the free boundaries of the layer. If the temperature is a quadratic
function of the streamwise coordinates, the initial-boundary problem for the Navier-
Stokes equations reduces to a one-dimensional problem with an unknown boundary
for a system of integrodifferential parabolic equations. The last problem can be effec-
tively studied by analytical and numerical methods.

By virtue of the facts discussed above, the book is appreciably different from pre-
vious books [10, 16, 42, 43, 45, 71, 140, 141, 149, 168] mainly dealing with only one
aspect of convection.

This book is an appreciably enlarged version of the book [20] published in Russian
in 2008. The English version has seven new sections and a considerably extended list
of references.

Chapters 1, 3, 4 (Sections 4.9 and 4.10), 5 (Sections 5.1-5.3 and 5.6), 6, 7 (Sections 7.1
and 7.2), and 8 were written by V.K. Andreev; Chapter 9 (Sections 9.1, 9.4, and 9.5)
were written by Yu. A. Gaponenko; Chapters 4 (Sections 4.11 and 4.12), 5 (Sections 5.4
and 5.5), and 9 (Sections 9.2 and 9.3) were written by O. N. Goncharova; Chapters 2, 4
(Sections 4.1-4.8), 7 (Section 7.3), and 10 were written by V. V. Pukhnachev.

The work on this book was supported by Grant No. 116 (2009-2011) of the Siberian
Branch of the Russian Academy of Sciences.

Russian Academy of Sciences

Siberian Branch

Institute of Computational Modelling
Lavrentyev Institute of Hydrodynamics
Altai State University
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The first edition of the book “Mathematical Models of Convection” was published in
2012 (see [21] in the list of references). In the second edition, Section 10.5 is added to
Chapter 10, the list of references is supplemented and noticed typos are corrected.

The recent experiments (Birikh et al. 2011, Mizev et al. 2011) showed that in nar-
row channels at a local surfactant egress onto the surface the Marangoni convection
occurs only at a fairly high surfactant concentration gradient. The delay of the onset
of the surface motion can also be observed, when thermocapillary convection is ex-
cited by a point heat source in a horizontal channel with a bounded free surface, if
only its surface has not been thoroughly cleaned. The threshold nature of the convec-
tion onset is attributed to the presence of an uncontrolled surfactant film kept by the
channel walls. In this connection, it seems helpful to develop the models of thermo-
capillary convection in the presence of a temperature gradient along the free surface
with the threshold excitation of the convection flow. One of possible models of this
phenomenon is presented in Section 10.5.

https://doi.org/10.1515/9783110655469-202
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1 Equations of fluid motion

Equations of fluid motion under the influence of external and internal forces as well
as of thermal sources are formulated. This area of continuum mechanics, which has
long been a classical science, has been described in various textbooks [208, 225, 154,
64, 128]. This chapter briefly gives the basic notions of hydrodynamics, with the aim
of makes the material presented in this book more concise.

1.1 Basic hypotheses of continuum

Continuum mechanics is actually based on three postulates:
1) the classical Newtonian mechanics is valid;

2) the classical thermodynamics is valid;

3) the continuity hypothesis is valid.

The first postulate implies that motion velocities are small compared to the light speed,
and that the study is focused on macroscopic objects, the sizes of which are substan-
tially greater than the microcosm size.

The second postulate implies that the medium in a certain vicinity of each point
is in the thermodynamically equilibrium state or close to it; for this reason, the laws
of classical thermodynamics can be applied.

The third postulate implies that the real medium with a discrete molecular struc-
ture is replaced by a model with a continuous distribution of matter over the volume
considered. The possibility of this replacement is called the continuity hypothesis.

Elementary particle

Let us identify a certain volume of the medium 6Q bounded by the surface 6%, and
assume that this volume has a mass ém. The average density of the medium is g,, =
6m/8Q. If the volume 6Q is sufficiently large, then the average density depends on
the volume value by virtue of medium inhomogeneity. As the volume §Q decreases,
the mass distribution becomes increasingly homogeneous, and g,, gradually reaches
a constant value. As soon as the linear size of this volume becomes commensurable
with the molecule size, the average density again experiences violent oscillations [29],
because it may contain different numbers of molecules. It is therefore necessary to de-
fine an elementary particle (or simply a particle). The size of such a particle should
be negligibly small relative to characteristic scales of the phenomenon being studied,
so that the volume-averaged characteristics of the medium could be considered to be
constant. On the other hand, the particle size should be large enough for the molecu-
lar structure of the fluid to be ignored. What is meant in this case is an infinitely small
volume of the medium which is effectively equal to zero. The particle definition formu-

https://doi.org/10.1515/9783110655469-001
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lated above allows the value to be assigned at a certain point to continuum character-
istics. A principal difference between an elementary particle shrunk to a point and a
point in space should be noted: a point is a place in space, while a particle is a small
portion of a material volume.

A set of the same particles remaining during their motion within one contour, sur-
face, or volume is called a moving contour, a moving surface, or a moving volume,
respectively.

Thus, using the continuity hypothesis as a basis for the mathematical descrip-
tion of material behavior (in a wide sense) means that the functions characterizing
the state of the material should be sufficiently smooth, i.e., continuous and differ-
entiable in space and time. Violations of continuity are admitted only at individual
points, lines, or surfaces.

Density
Let us proceed to the definition of some basic quantities of continuum mechanics. The
density of the medium at a given point is found as the limit (which exists in accordance
with the continuity hypothesis):
ém
= lim = lim —. 1.1

27 50m0% T 5050 50 (LD
Thus, density is a function of the variables (x;,x,,x3) = X € R? and time t. In the
international system of units (SI), the dimension of density is [p] = kg/ m’; engineering
applications often involve the specific weight y = gg, where g is the acceleration due
to gravity ([y] = N/m>).

Volume and surface forces
The forces acting on a continuous medium are classified into two types: volume and
surface forces.

Volume (or mass) forces include, for example, gravity forces and inertial forces, in
particular centrifugal forces. Mass forces of a different nature are not considered here.
Volume forces act at each point of the elementary volume of the continuum.

Let 6f be the principal vector of volume forces acting in the volume §Q. We then
introduce the concept of the distribution density of volume forces in the form of the
limit

. of

- 515210 06Q (12
and f = f(x,t). The dimension of f is the dimension of acceleration ([f] = m/s?); the
weight is described by the equality f = g, where g is the acceleration due to grav-

ity.
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Surface forces are forces acting on a surface element (part of the boundary sur-
face or any internal surface). Examples of surface forces are pressure forces, internal
friction (viscosity) forces, and forces of contact interaction between bodies.

Let 8p,, be the principal vector of forces applied from the medium to a certain
small area 6%, identified in the medium. The subscript n means that the force acts
on the area 6%, arbitrarily oriented in the medium rather than the force projection.
Similar to eq. (1.2), surface forces are defined in terms of stress:
_ pn

85,0 6%,

Pn (1.3)

A principal difference between the vectors f and p,, should be noted: the vector fis a
one-valued vector function of space points and time, i. e., it forms a vector field, while
the vector p,, takes an infinite number of values at each point in space, depending on
the orientation of the area 6%, to which this stress is applied; thus, no vector field is
formed.

In accordance with the third Newton law (see Postulate 1), eq. (1.3) yields
P, = -P_,. Following Cauchy, the dependence of the stress vector on the normal
can be substantially refined. For this purpose, we consider an elementary volume in
the form of a tetrahedron with three faces being parallel to the coordinate axes and the
fourth face being arbitrarily oriented (Figure 1.1). The face areas are indicated by 6%,
62,(2, 62)(3, and 6%,; the geometrical meaning is clear from the figure. The area orien-
tation is uniquely determined by the unit normal n = (cos(n, x;) cos(n, x;), cos(n, x3));
then, we have 6%, = cos(n, x;)6Z,, 6%,, = cos(n, x,)6Z,, and 6%, = cos(n,x3)6Z,. Let
the tetrahedron height from the point M onto §Z, be ¢&; then, the tetrahedron vol-
ume is 6Q = 6%, /3. Applying the second Newton law (Postulate 1) to the elementary
volume 6Q, we obtain the equation of motion

1 1
3 e6X,pa = 3 €6%,0f + PrOZ, — Py 6%, — Py, 0%, — Py, 0%,

where a is the acceleration of the center of mass of the tetrahedron.

X3

pX'_76ZX2

X2

Px,0Zy;
X1

Figure 1.1: Elementary areas for mass point M with elementary forces.
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Passing to the limit (as € — 0) in accordance with the continuity hypothesis, we obtain
the following relation at the point M:

Pn = Py, €0S(1,X7) + Py, COS(11, X,) + Py, COS(N, X3). (1.4)

This is the Cauchy formula (derived in 1822), which states that the stresses on the faces
form a system of mutually balancing stresses. Thus, eq. (1.4) yields

p,=P-n, (1.5)
where
Py P P
P=| Pun Pn Py |=Px Py Pyx) (1.6)
P P Ps

is the tensor of the second rank, which is called the stress tensor. Equations (1.4)—(1.6)
mean that the stress state at an arbitrary point of a continuous medium is character-
ized by nine components P;; (i,j = 1,2,3).

1.2 Two methods for the continuum description. Translation
formula

Let (x1, X, %3) € R® be arectangular coordinate system, which is assumed to be inertial.
An arbitrary triad of numbers (x;, x,, x3) is identified with a point in space and is de-
noted by x. Let us consider a particle moving together with the medium. Let this parti-
clebelocated at the point & = (£, &), &3) atthe time t = 0, and at the point X = (x, x5, x3)
at the time t. Therefore, the following mapping characterizing the medium motion is
defined:

X = x(, ). 1.7)

If & is fixed, then eq. (1.7) specifies the trajectory of the particle initially located at the
point &. On the other hand, for a fixed ¢, equality (1.7) determines the mapping of the
area occupied by the medium at the initial time ¢t = O to the area occupied by the
medium at the time ¢.

The inverse mapping is assumed to exist:

§=§x0). (1.8)

It is assumed everywhere that x(&, t) and &(x, t) are sufficiently smooth vector func-
tions of their arguments.
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1.2 Two methods for the continuum description. Translation formula =—— 5

Remark 1.1. Instead of the Cartesian coordinates of the initial location of the point,
it is possible to use any other curvilinear coordinates a = (ay,a,,as) related to
& = (&,&,&) by the expression & = &(a), with the transformation Jacobian being
A@)/o@) # 0.

The variables (£, t) (or (a, t)) are called the Lagrange variables, and (x, t) are called
the Euler variables. The motion descriptions in the Lagrange and Euler coordinates ba-
sically differ by the fact that x;, x,, and x; in the first case are the variable coordinates
of moving fluid particles; in the second case, they are the coordinates of fixed points
in space traversed by different fluid particles at a given time. In the Lagrangian de-
scription, the particle motion velocity v is expressed via the radius vector derivative
as

dx(§,0) _ X1

V({, t) = dt ot >

and the acceleration is expressed via the velocity derivative as

, dv(&, ’x(&,

During differentiation, the parameters ¢, ¢;, and ¢&; in these two formulas are fixed,
x and Vv are functions of time only, and the differentiation operations d/dt and 9/ot
are identical. If the vector function v(£, ) is known, then the particle trajectories are
found by using the quadrature

t

x=&+ Jfr({,r)dr.

0

If the mapping (1.7) (and the inverse mapping (1.8)) is known, all functions F(X, t)
of the Euler (Lagrange) variables can be expressed in the Lagrange (Euler) variables

F(x(&,0),0) =F& 0 (FEX),0) = Fx,1)).
Differentiating the first equality with respect to time, we obtain

oF OF
— = — +V-VF,
a otV

where v(x,t) = \°I(£ (x,1),t) is the velocity vector in the Euler variables and V =
(0/0x4,0/0x,,0/0x3) is the gradient operator. The differential operator over F is called
the operator of total differentiation with respect to time, and the expression

dF _oF

ity +V-VF (1.9)
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is called the total derivative (also called individual derivative, material derivative, sub-
stantial derivative, particle derivative, and derivative along the trajectory) of the func-
tion F(x, t). In particular, at F = x;, 1 = 1,2,3, eq. (1.9) yields

d

X
o = Vb, (1.10)

The total derivative of velocity with respect to time is acceleration. In the Euler vari-
ables, according to eq. (1.9), we have

dvi(x,t) ov;
w;i(x,t) = ldt =a—t’+v~Vvl-,
or, in the invariant form,
av(x,t) ov
)= ——— = — -Vv. 1.11
w(x,t) T o +Vv-Vv (1.11)

This means that the total acceleration dv/dt of the particle consists of two parts: local
acceleration ov/ot, caused by variations of velocity in time at this point, and convective
acceleration v - Vv, associated with inhomogeneity of the velocity field in the neigh-
borhood of this point.

Let the velocity vector in eq. (1.10) be known as a function of the Euler coordinates.
Then, eq. (1.10) transforms to a system of ordinary differential equations for x;, x,,
and x3. Supplementing the system with the initial dataatt = 0

x=4£, (1.12)

we obtain the Cauchy problem whose solution determines the mapping (1.7) and, cor-
respondingly, the particle trajectories.

Let us introduce the Jacobi matrix M = 0(x)/0(&) of the mapping (1.7) at a fixed
value of t. By virtue of egs. (1.10) and (1.12), it satisfies the linear Cauchy problem

dM _ 3()

E = EM’ Mlt:() = E; (1'13)

where 0(v)/d(x) is a matrix with the elements dv;/ ox;,1,j =1,2,3, and E is a unit matrix.
As the Jacobian of this matrix J = det M is the Vronsky determinant for system (1.13)
[165], there follows the Euler formulas

% =Jdivv, (1.14)

because Sp(d(v)/0(x)) = divv.

A moving or material volume is understood as a volume w; consisting of the same
particles for all ¢ > 0; the volume w, is the domain of variation of the Lagrange coor-
dinates . For an arbitrary smooth function F(x, t), the integral

JFdw

Wy

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



1.3 Integral conservation laws. Equations of continuous motion = 7

is a function of time. The translation formula yields an expression for the derivative of
this function, namely,

d dF .
aijdw _(J(E +Fd1vv> dw, (1.15)

where dF/dt is the total derivative of F from eq. (1.9).

The proof of eq. (1.15) is based on passing to the Lagrange coordinates in the inte-
gral in the left-hand side by eq. (1.7). As a result, the domain of integration w, trans-
forms to the domain w,), which is independent of time, and the integral takes the form

j B I ) dw,.

Wo

Here, ] (&,t) = J(x(,t),t) is the Jacobian of the mapping (1.7) expressed in the La-
grange variables. The derivative of the integrand with respect to t, by virtue of eq. (1.14)
and the definition of the total derivative (1.9) is

%(1‘3}) Z(F)) = ( F+Fd1vv>]

The reverse transition from the Lagrange to the Euler variables yields equation (1.15).

1.3 Integral conservation laws. Equations of continuous motion

The most important characteristics of a material volume are its mass, momentum, mo-
ment of momentum, and total energy. Being additive functions of sets, these quantities
in an arbitrary domain occupied by the medium Q ¢ R? have the form

M(Q) = J 0dQ, K(Q) = j ovdQ,

2
<ﬂ +U)dQ,
2

{O‘—,b

Q
H(Q) = Jg xxv)dQ, E(Q) =
Q

where p(x, t) is the medium density, v(x, t) is the velocity vector, and U(x,t) is the
specific internal energy.

Let w; c Q be an arbitrary moving volume. The values of K, H, and E during the
volume motion are changed under force and energy actions on the volume w; (the
mass M remains unchanged). These actions are performed through the principal vec-
tor of forces

Flw) = Jgfdw + J p, dz,

W 0w,
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the principal moment of forces

G(w;) = Jg(xxt)dau j X X p, dz,

Wy ow,

and the supplied power

N(w,) = jQV-fdaH Jv-pnd2+ J qnd2+Jghdw.

W ow, ow, W

Here, f(x, t) and p,,(x, t) are the densities of mass and surface forces; Z is the piecewise
smooth boundary of w, (£ = dw,), so that the normal vector n is determined almost at
all points of this boundary; g,,(x, t) is the surface density of the heat flux incoming into
the volume through ow,; and h(x, t) is the volume density of internal (e. g., radioactive
or chemical) heat sources.

The following equalities are valid in a moving continuous medium for an arbitrary
moving volume w;:

d d

a M(w,;) = T jgdw =0; (1.16)
W

iK(cu)—ij vda)—J fda)+J az; (1.17)

dt t/ — dt 0 - 0 pn > .
Wy Wy ow,

d d

EH(wt)=EJg(xxv)dwzjg(xxf)da}+jxxpndZ; (1.18)
Wy Wi ow;

d d 2
EE(“’f)za jg<%+U>dw= Jg(vxﬁd(u

w; w,
+ vapnd2+ and2+Jghdw. (1.19)
ow, ow, Wt

Each of these equalities is usually called the law of conservation of the corresponding
mechanical quantity.

Generally speaking, it is not obligatory for the functions p,, g,, f, and h in the
right-hand sides of egs. (1.17)—(1.19) to be continuous, because this is not required for
integral conservation laws to be valid. Nevertheless, the class of motions for which
the basic quantities are rather smooth functions is of considerable interest for appli-
cations and can be studied using mathematical analysis tools. The medium motion is
called continuous if the functions g, U, u, p,,, and g,, are continuous and continuously
differentiable and if the functions f and h are continuous within the domain of their
definition. For such motions, the system of conservation laws (1.16)—(1.19) turns out to
be equivalent to a system of differential equations. Indeed, under the assumption that
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1.3 Integral conservation laws. Equations of continuous motion =—— 9

F = p in the translation formula (1.15), eq. (1.16) yields

J(% +Qdivv>dw:0.

Wy

By virtue of arbitrariness of the volume w;, we obtain the equality

do .

— +pdivv =0, 1.20
e (1.20)
which is called the continuity equation. It is equivalent to the law of mass conserva-
tion on the class of continuous motions. In turn, using eq. (1.20) we can substantially
simplify eq. (1.15), and it takes the form (with the substitution F < gF)

dit J oF dw = J QC;—IZ dw, (1.21)
Wy Wy

which is convenient for transformations of the left-hand sides of egs. (1.17)-(1.19).
Let us now consider the momentum conservation law (1.17). To transform its left-

hand side, we consecutively use eq. (1.21), assuming that F = v;, i = 1,2,3 in this

formula. The surface integral in the right-hand side is transformed by the Gauss—

Ostrogradskii formula, based on equality (1.5) for the stress vector. As a result, we

obtain

Jg% dw = J(diVP +of) dw,

W W

where div P is the vector with the components

3
(divP); = ) oP;/9x;
j=1

(see eq. (1.6)). Taking into account the arbitrariness of w;, we obtain the equation
Q% =divP + of, (1.22)

which is called the momentum equation.
For the integral law of conservation of the moment of momentum (1.18), the left-
hand side by virtue of eq. (1.21), (1.10) is
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10 —— 1 Equations of fluid motion

To transform the surface integral in the right-hand side of eq. (1.18), we use the Cauchy
formula (1.4) and the equality div P = 0p,, /0x; + 0P,,/0x; + 0P, /0x5. We obtain

jx X P, dZ
ow;

= J [cos(n, x;)X x Py, +€OS(1, X)X X Py, + €OS(1, X3)X X px3] dz

owy

B ”i(Xxpxﬁ%(Xpr)*i(xxpxs)]dw
2

o 0x; o 0X3
. fo).¢ 16) 4 ox
= J(xxdlvP+a—X1 X Py, +a_x2 X Py, +a—)(3 xpx3>da).
ow;

Therefore, the conservation law (1.18) takes the following form (ox/ox; = ey,
0X/0x, = e,, 0X/0x3 = e3, where e,, e,, and e; are the unit orths along the x;, x,, and
X3 axes):

”xx(gi—‘{—divP—gf)—elxpxl—e2><px2—e3><px3]da1=0.

Wy
Taking into account eq. (1.22), we obtain the equality
€ X Py, + € X Py, t€3X Py, = 0, (1.23)

which is valid for all continuous media, independent of the character of application
of volume forces. Projecting (1.23) onto the coordinate axes e;, e,, and e;, we verify
the validity of the equalities

Pxx, =Pxxpp Pxox; =Pxsxy Pxgxg = Pxpxy> (1.24)

(Dx,x,> Pxyxp» Px,x, @re the components of the vector p, ; Dy x,» Px,x,» Px,x, @re the compo-
nents of the vector P, ; Px.x,» Px,x,» Px,x, @re the components of the vector p,.).

Thus, the stress tensor is symmetric: P = P*, P; = P;. Obviously, it is possible to
obtain the conservation law (1.18) by applying the inverse transformations to eq. (1.24).
In other words, in a continuous medium that has no other internal moments, the law of
conservation of the moment of momentum (1.18) is equivalent to stress tensor symmetry.

The quantities p, ,, = Py, Px,x, = Pa> and p, . = P33 are called normal stresses,
and pyx, = P12s Pxox, = Pa3s Pxgx, = P31 - - - are called shear stresses.

The essence of equalities (1.24) is the content of the so-called theorem on recipro-
cation of shear stresses. Now we have

3 3
(divP); = ) oPy/ox; = ) OP;/dx;,
j=1 j=1

i. e., the order of the subscripts in the coordinate form div P is irrelevant.
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1.3 Integral conservation laws. Equations of continuous motion =— 11

Let us consider the Cauchy equality (1.4) for the case with no shear stresses, i. e.,
Py =0, i # j. Then, we obtain Pny, = Py cos(n, x;); on the other hand, we have Pny, =
Pn - €; = P, cos(n, x;), where p, is the projection of the stress vector onto the normal to
the area considered. Comparing these formulas, we obtain P;; = Py, = P33 = p,. Let
us introduce the notion of pressure p(x, t) in accordance with the equalities

If there are no shear stress, the pressure at a point is a scalar quantity, i. e., it is in-
dependent of the orientation of the area passing through the point M(x;, x,,x3). The
minus sign means that the pressure considered here is the compressive pressure. The
dimension of pressure in the SI system is [p] = N/m?, 1N/m? = 1Pa (one pascal).
Other units of pressure are also used, for instance 1kg - s/m2 = 9.80665Pa =~ 10Pa,
latm = 101,325Pa = 0.1MPa, 1bar = 10° Pa, ImmHg = 133Pa, ImmH,0 =
10 Pa, as well as multiple and fractional units derived from the pascal: gigapascal
(1GPa = 10° Pa), megapascal (1MPa = 10° Pa), kilopascal (1kPa = 10> Pa), millipas-
cal (1mPa = 107> Pa), and picopascal (1 pPa = 107 Pa).

Remark 1.2. Continuous media with P = —pI (I is the unit tensor, I;; = §;) are called
the ideal media.
Using egs. (1.21), the property of symmetry of the tensor P, and the formulas

J v-p,dL= J Pv-ndx = J div(Pv) dw,
ow; ow; Wy

div(Pv)=v-divP + P : D,
we can write the energy conservation law (1.19) in the form

J(v-d—v+d—U>da)
e\vViar Tar

Wy

= j(v-divP+P:D)da)+J’gv~fda)+ j qndZ+Jthw.

Wy Wy 0w, Wy

Using the momentum equation (1.22), we can simplify the previous equality to

Jg%dwsz:de+ and2+jghda), (1.25)

Wy Wy ow; Wy

where D is the so-called strain rate tensor with the elements

_ 1 aVl' aV]> cs
Dl]_§<a_)(}+a_xl , l,]—1,2,3. (1.26)
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12 — 1 Equations of fluid motion

Researchers often write D(v) to emphasize its dependence on the velocity vector. The
expression P : D is called the convolution of the tensors P and D; it has the form

P:D=) PyD;. (1.27)

The conservation law (1.25) can be written as

J qndx = J Y dw, (1.28)

ow; Wt

where i = p dU/dt — P : D - ph. The density of the heat flux g, is a function of the
variables x, ¢, and the normal n; we assume that g,, = (X, t, n). Let us first demonstrate
that g(x, t,n) = —q(x, t, -n). As the domain w; has an arbitrary shape, we choose w; in
the form of a sphere with the center M(x;, x,, x3), having a small radius ¢. The plane
passing through the point M orthogonally to the vector n divides this sphere into two
hemispheres, w;; and w,;, with n being directed toward w;.

Let K, be a circle obtained in the section. We apply equality (1.28) to the volumes
Wyp, Wyt, and wy:

I q(x,t,n)dZ + I gx,t,-n)dZ = J Y dw,

aw” Ks @it
J q(x,t,n)dx + Jq(X, tn)dx = J Y dw,

awzl Ks Wt
J q(x,t,n)dx = J Ydw

Ow;,Udw,, Wy

(0w,; and dw,; are the hemisphere surfaces, and ow;; Uow,; = ow,). By adding the first
two equalities and subtracting the third one, we obtain

J[CI(X, t,n) +q(x,t,-n)| dZ = 0.
KS

Therefore, by virtue of the continuity of the scalar field g on K., it should be g(x,t,n)
= —q(Xx,t,—n) at point M.

Let us now assume that w;, is a tetrahedron (see Figure 1.1). With the same notation,
equality (1.28) yields the relation

j qx,t,n)dx + J q(x,t,—e;) dz
6%, 8%,

+ j q(x,t,-e,)dx + J qx,t,—e;)dx = jl/)dw.

0%, 6%, Wy
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By virtue of the continuity of the integrands, the integrals on the left have the order
of €2, and the integrals on the right have the order of & as e — 0. Therefore, the fol-
lowing equality is valid at point M (the formulas 62,(}_ = cos(n, x;)0Z,, are taken into
account): g(x,t,n) = (X, t,e;) cos(n, x;) + q(X, t, e,) cos(n, x,) + g(X, t, e3) cos(n, x3). In
other words, there exists a vector field q(x, t) such that

g, --q-n. (1.29)

The vector q is called the heat flux vector. The minus sign is used for the vector q to
show the real direction of thermal energy transfer, because n is the orth of the external
normal to the boundary ow; of the volume to which the heat flux with the surface den-
sity q is inserted. Assuming again in eq. (1.25) that w; is an arbitrary material volume,
and taking into account eq. (1.29), we obtain the heat inflow equation

QL;—[tJ =P :D-divq + gh. (1.30)
Remark 1.3. Thereasoning used above could have also been applied for the derivation
of the Cauchy formula (1.4) from the integral law of conservation of momentum (1.17)
[225, 154, 64].

The system of egs. (1.20), (1.22), (1.30) forms the mathematical model for contin-
uous motions of a continuous medium. This model is not closed, because it contains
five scalar equations and fourteen (with allowance for symmetry of the stress tensor P)
sought functions: g, vy, V5, V3, Pi15 P12y Pi3s Pas Pa3s Ps3s U, 44, 45, and g5. The mass
densities of the external forces f and the volume heat sources h are assumed to be spec-
ified functions; therefore, the problem of “closing” the model arises, which should be
solved by analyzing additional information.

1.4 Thermodynamics aspects

Taking into account the thermal energy in model (1.20), (1.22), (1.30) requires appli-
cation of thermodynamic laws (in the case considered, it would be more exact to say
“thermostatic laws”). Thermodynamics deals with relation between thermal energy
and other types of energy, firstly with mechanical energy, and establishes the laws of
mutual conversion of one type of energy into another.

The basic concept of thermodynamics is the notion of the state of the medium. The
phenomenological description of the state is given on the basis of the state parameters.
Such parameters are, for example, the specific internal energy U and the density p (or
specific volume V = 1/p). Apart from these, other frequently-used state parameters
are the absolute temperature 0, specific entropy s, and pressure p. In the SI system, the
temperature is expressed in kelvins, K, 6K = 273,15 + 6°C; the entropy dimension is
[s] =J/(kg - K). Sometimes, it is convenient to use the components of the stress tensor
‘P or some other quantities as the state parameters. If the set of the state parameters
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characterizing a certain medium is already established, the next task is to determine
all possible relations between these parameters. These relations should follow from
the general physical laws and empirical features which determine the behavior of the
examined medium.

Let Z = (z',7%,...) be a set of characteristic state parameters Z* for a certain
medium. The set of all admissible values of Z forms the state space. The dimension v
of this space equals the minimum number of parameters determining the state of the
medium. The medium is called a one-parameter medium if v = 1, a two-parameter
medium if v = 2, etc.

Two states Z; and Z, can be connected by directed curves (paths) I(Z;, Z,) pass-
ing from Z; to Z,. If the states on the curve are physically feasible in principle, then
these paths are called the processes. The process [(Z;, Z,) called reversible if the path
I(Z,,Z,) lying on the same curve is also a process. Otherwise, the process I(Z;, Z,) is
called irreversible.

The thermal energy Q (or the amount of heat), defined as the energy of random
motion of molecules, is, generally speaking, not a state parameter. It depends on the
process l(Z;, Z,) transforming the medium from Z; to Z,. If we consider differentiable
processes transforming the medium from the state Z to Z + dZ, then the amount of
heat in this elementary process is calculated

8Q =Y B (2)dZ".
k

Here, the process-dependence on the path is manifested in the fact that the right-hand
side is not the total differential of some function. It is proved in thermodynamics, how-
ever, that there exists a state parameter called the absolute temperature 8 with which
the relation 6Q/6 for an arbitrary reversible process is the total differential of a certain
function called the entropy s. Thus, for any reversible process I(Z;, Z,), we have

Sy—5; = j 67150 (ds = 676Q), (1.31)
1(Z,,2,)

where the curvilinear integral is independent of the path.

If the set of state parameters is formed for such a medium, the next important task
is to find all possible relations between the parameters. These relations should follow
from the general physical laws and empirical features determining the behavior of the
examined medium.

If a certain amount of heat §Q is imparted to the medium in a certain elementary
physical process, it performs a mechanical work 64, and the internal energy of the
medium is augmented by dU. The first law of thermodynamics states that the following
equality is always valid:

6Q =dU + 6A. (1.32)
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1.4 Thermodynamics aspects = 15

This physical law, which establishes the equivalence of thermal and mechanical en-
ergies, is a thermodynamic expression for the energy conservation law. The use of
different notations in eq. (1.32) means that dU is the differential of U, i. e., the linear
part of the increment of U, whereas 6Q and 6A are infinitesimal amounts of heat and
work.

The second law of thermodynamics states that the entropy of a thermally insulated
medium (without heat inflow or outflow) with an arbitrary process inside this medium
does not decrease, i. e.,

Ods > 6Q (1.33)

for elementary processes. Such a process is reversible if and only if the equality 0ds =
6Q is valid. For such processes, egs. (1.31) and (1.32) yield the basic thermodynamic
identity

0ds = dU + 6A. (1.34)

An important class of media includes the so-called ideal continuous media. For
these media, the stress tensor is proportional to the unit tensor: P = —pl, p(x, t) is the
pressure. The elementary work is determined by the formula 64 = pdV, and identity
(1.34) has the form

Ods = dU + pdV. (1.35)
The state of the “ideal” medium in the general case depends on five parameters:
0=1/V,U,6,s,p.

Let us assume that the “ideal” medium considered is a two-parameter medium.
Taking into account that there are total differentials in eq. (1.35), we can find two rela-
tions between these five state parameters. Therefore, to obtain a complete description
of the thermodynamic state of such a two-parameter medium, it is sufficient to specify
one more relation, which is called the state equation. State equations of the following
types are most frequently used in applications:

1) the internal energy is defined as a function of the parameters V and s:
U=U(,s);
2) the heat content (enthalpy) is defined as a function of p and s:
i=i(p,s)=U+pV;
3) the free energy F = U - 0s is defined as a function of V and 6:

F=F(V,0) = U-6s;
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4) the thermodynamic potential i) = U — 6s + pV is defined as a function of p and 6:

Y=9yp,0)=U-0s+pV.

As the main measure of the amount of heat is temperature, heat fluxes are initi-
ated by a difference in temperature. In thermodynamics, this fact is formulated as the
Fourier law

q = -kVé, (1.36)

where k is a new state parameter—thermal conductivity coefficient. Now the heat inflow
equation (1.30) is transformed to

du

QE =P : D +div(kV6) + ph. (1.37)

Complete closure of the system of differential equations of continuum mechanics
requires six more equations. These equations, which are also called the state equa-
tions, relate the stress tensor to motion (or displacement). These relations have differ-
ent forms for fluids and solids.

1.5 Classical models of liquids and gases

Stokes axioms

Fluids (liquids and gases) are easily moving continuous media that do not retain equi-
librium when affected by infinitesimal forces. Therefore, the internal stresses in fluids
do not depend on strain directly. As is known from the experience, however, these
stresses depend on how rapidly the strain occurs, i. e., on the strain rate. The phe-
nomenological theory offers the following definition: a liquid or a gas is such a con-
tinuous medium in which the stress tensor P is a function of the strain rate tensor D.
In addition, the stress tensor may depend on a certain set of thermodynamic state pa-
rameters and, generally speaking, on the point in space x and time t.

Thus, the following relation is valid for fluids:

P =F(D,ILx,t) (1.38)

(IT = (p, U, 6, s, p) is the set of the state parameters).

The Stokes axioms are assumed to be valid for fluids. These axioms specify depen-
dence (1.38):
a) the medium is homogeneous: F does not explicitly depend on x, t;
b) the mediumisisotropic: F is an isotropic tensor function of the strain rate tensor D;
c) the quiescent medium is ideal: F(0,II) = —plI, p is the pressure.
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The isotropic character of the tensor function F(D) means that the following equality
is valid for an arbitrary orthogonal transformation O:

OF(D)0* = F(ODO"),
whence the axiom b) yields the dependence [208, 225, 154, 64, 128, 29]
P =al +BD +yD. (1.39)
Here, a, B, and y are, generally speaking, functions of the invariants J;, J,, and J; of the
tensor D, and also functions of the thermodynamic state parameters II. The invariants

Ji» j =1,2,3, are defined as follows: if Dj; are the components of the tensor D, then

J1=SpD =Dy; + Dy + D3,

I, = Dy Dy | |Pn D3| | Pn Dy
Dy Dp| [Pz Ds3| | Py Dsy
]3 = dEt(Du)

The tensor D satisfies the Cayley—Hamilton identity
D’ -, D’ +),D-J;D = 0.

The thermodynamic state of fluids is fairly well described by eq. (1.35). Certainly,
the identity is valid for reversible processes only. The classical thermodynamics deals
with medium states close to equilibrium and with mutual conversions of one type of
energy to another in these states, which are expressed by identity (1.35). Liquids and
gases are usually assumed to be two-parameter media, which is valid for considering
single-phase one-component motions.

Independent parameters are often taken to be the density g and specific entropy
s; then, the specific internal energy U = U(p, s) is prescribed, and eq. (1.35) yields the
formulas

oU(o,s) 20U(,s)
0="—"" p=p —22. 1.40
3 P=0—, (1.40)
The thermal conductivity coefficient k involved into the heat inflow equation (1.37) is
also assumed to be a known function of the state parameters: k = k(g, s).
Sometimes it is convenient consider the absolute temperature and density as
independent parameters; in this case, U = U(p,0) is specified. Then, eq. (1.35)
yields

1

ds:e

1 p
U@de + §<UQ - E)dg,
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and the expression in the right-hand side of this identity is the total differential if and
only if there exists a function F(6, ) (free energy) such that

9

_ 2
U= 989

<5>, p =0"Fy; (1.41)
0
certainly, now we have k = k(g, 9).

Of certain practical interest is the specific heat of the fluid, i. e., the amount of heat
that has to be imparted to a unit mass of the fluid in order to increase its temperature
by one degree with a reversible change in its state. The specific heat is written as ¢ =
6Q/d6O. Two principal specific heats are identified: specific heats at constant pressure

¢p and at constant volume cy:

= (@ ),-one = (50), 7730
P 7\ 46 Jpeconst \00 ), T\ 36 ),

S )
v de V=const 06 V'

The conservation law (1.35) 6Q = dU + pdV is taken into account here. The use of
entropy allows obtaining some other expressions for specific heats. Indeed, as 6Q =

0ds, then we have
0s 0s
Cp = 6<%>p, Cy = 6<%>v (1.43)

To close the system of equations that describe fluid motion, we have to know the
dependences of the coefficients in eq. (1.39) on the invariants J = (J;, J,, J5) of the strain
rate tensor D and the state parameters g, s (or others):

(1.42)

a(,o,s), B=p80.0.9),

144
Y(]»Q,S), a(O,Q,S) = —p_ ( )

Y

In other aspects, dependences (1.44) should follow either from some general as-
sumptions or from experimental data. Thus, the model consists of egs. (1.20), (1.22),
(1.37), (1.39), and (1.44). It contains five equations (the tensor P is eliminated by using
eg. (1.39)) for five unknown functions: three components of the velocity vector v and
two independent state parameters. Nevertheless, this model is very rarely used in
applications, because it requires a very large amount of additional information (see
eq. (1.44)).

Newtonian fluids

The most widely used and rather general model is the so-called classical model of the
fluid. It is based on the fact that the stress tensor dependence (1.39) is linear: P =
al + BD. Such fluids are also called the Newtonian fluids. First of all, we have y = 0,
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a=-p+Adivvand divP = V(-p + Adivv) + div(2uD), P : D = —pdivv + @, where
the dissipative function is

D= (/t + % y)(divv)2 +2uD' D, (1.45)

and D' = D - 37 divVvlI is the deviator of the tensor D; here, the notation u=pB/2is
introduced. Taking into account that
au

ds .
QE = QGE —pdivyv,

we obtain the fluid motion model

0;+V-Vp+pdivv =0,
o(V; + V- VV) = V(-p + Adivv) + divQuD) + of, (1.46)
Bo(s; + v - Vs) = div(kVO) + D + gh,

in which A, y, and k are assumed to be known functions of two independent state
parameters, while p, g, s, and 6 are related by two expressions (1.40) or (1.41). Model
(1.45), (1.46) is closed, and the coefficients A and u are called the dynamic viscosity
coefficients and reflect the fluid property of resisting shear forces.

Particular models
Model (1.46) serves as the basis for obtaining the well-known Navier—Stokes equations
(A, u, k, o = const), equations of an ideal incompressible fluid (1 = 0, o = const), and
equations of gas dynamics (A = u = k = 0).

One of the simplest models proven in practice is the incompressible fluid model.
In this case, the moving volume w, remains unchanged at all time instants, i. e.,

|w| = j dw = const.

Wt
Using equality (1.14), we find
d (., (. B
a lw;| = J 3 dw, = Jdlvvdw =0,

Wo W

whence it follows that the condition of incompressibility is equivalent to solenoidity
of the velocity vector field:

divv = 0. (1.47)
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For such fluids, model (1.46) is now simplified to the following form (here D' = D):

0;+Vv-Vp=0, divv=0,
o(V; + V- VV) = —Vp + div(2uD) + of, (1.48)
Bo(s; + v - Vs) = div(kVO) + @ + gh.

From the basic thermodynamic identity (1.35) and (1.43), we obtain

6ds_dU  dv_dU_dUdo _ do
d dt “dt  at do dt Var

because the specific volume is retained in the particle (along the trajectory) by virtue

of the first equation of system (1.48). Specific heat should be considered as a known

function of the temperature 8, which is determined experimentally. The energy equa-

tion in system (1.48) can be written as

ocy (6, +v-V0) = div(kV6) + @ + gh. (1.49)

Model (1.48) is used to describe stratified flows and is called the model of inhomoge-
neous fluid flows.

The assumption about the constant fluid density (¢ = const, homogeneous fluids)
can be further simplified. Firstly, the medium becomes a one-parameter medium in the
thermodynamic aspect. The pressure p disappears from the thermodynamic relations
and can no longer be considered as a state parameter. The reason is that the work in
eq. (1.35) is pdV = 0; therefore, there remains one parameter: the temperature 6.

Let us introduce the kinematic viscosity v = u/p. In the general case, v = v(0),
but it can be assumed that v = const for the simple model. The term div(2uD) in the
momentum equation is transformed as

div(2uD) = 2udiv D = u[V(divv) + Av] = uAv,

whereA = Zle 0 /ax]? is the Laplace operator. Thus, the model of a viscous incompress-
ible fluid is obtained:

divv =0,

1 (1.50)
V,+V-VV= —L—)Vp+vAv+f.

System (1.50) is also called the Navier—Stokes system.

It is of interest to note that thermodynamics is altogether not involved in model
(1.50). The temperature 6 is determined from the heat inflow equation (1.49), which
can also be written in the form

0, +v-V0 = 1 div(kVv6) + @' + i (1.51)
ocy Cy
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where
@ =2wc, D:D.

Model (1.50) is fairly simple, because the fluid whose dynamics is studied by solv-
ing equations is described only by two quantities: density g and viscosity v. These
constants are determined from experiments. The Navier—Stokes model is widely used
for calculating particular motions of the fluid.

Sometimes effects caused by fluid viscosity are insignificant (tsunami, jet flows,
waves on water, etc.). In this case, the model of an ideal fluid is valid: v = 0. The system
of equations is

divv =0,

1 (1.52)
vt+v~Vv=—§Vp+f.

It is called the system of the Euler equations. Equation (1.51) for temperature is simpli-
fied. If we additionally assume that k and cy, are constants, then we obtain

do h

— =xA0+ —,

dt X Cy
where y = k/pcy is the thermal diffusivity coefficient.

In contrast to liquids, gases are strongly compressible media, whereas gas viscos-
ity is often insignificant. Moreover, thermal conductivity can also be ignored in consid-
ering many fast processes in gases. Assuming that A = u = k = 0 in egs. (1.45)—(1.46),
we obtain the system of gas-dynamic equations

0;+V-Vp+pdivv =0,
1
vt+von+5Vp:f,

(1.53)
S¢+Vv-s=0,

p =f(0,9).

The last relation is called the state equation of the gas and is determined experimen-
tally.

Energy dissipation

The properties of viscosity and thermal conductivity of liquids and gases are mani-
fested, in particular, as follows: mechanical energy imparted to the medium can be
irreversibly converted to thermal energy and scatter in random thermal motion of
molecules. This scattering of mechanical energy is called dissipation, and the pro-
cesses accompanied by energy dissipation are called dissipative processes.
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From the viewpoint of thermodynamics, a dissipative process is irreversible and
should be accompanied by an increase in entropy. Vice versa, an increase in entropy of
some part of a continuous medium without “pumping” thermal energy from outside
indicates that a dissipative process proceeds in this part of the medium.

Let us consider two examples to illustrate that the properties responsible for en-
ergy dissipation in liquids and gases are viscosity and thermal conductivity.

The first example is related to the entropy of the moving volume w;:

S(wy) = Jgs dw.

W

Let us calculate the derivative with respect to time, using the heat inflow equation
(1.46), equality (1.36), and the identity

1 .. . [k k 2
9 div(kv0) = le<5 VG) + 7 [vel .
We have

d _ 1 k 2
S = [ g 0dw+ [ o Iverd

Wt Wy

1 1

ow, W

Let the volume w, be thermally insulated so that g, = O and there are no internal heat
sources (h = 0). Then, the right-hand side of eq. (1.54) is the sum of two quantities gen-
erated owing to different factors. The first term is generated by motion, and the second
term is generated by a nonuniform distribution of temperature in the volume w;. The
second law of thermodynamics required the quantity (1.54) to be nonnegative. As the
terms in the right-hand side of eq. (1.54) are independent, we obtain the inequalities

®>0, klVO’=0, 6>0.

From these inequalities, we obtain the inequalities for the coefficients of viscosity and
thermal conductivity:

k>0, u=0, A+§y20. (1.55)

Certainly, inequalities may be satisfied with the equality sign if D = 0 and V6 = 0. In
this case, the medium moves as a solid: v = v, + w x X (v, and w are constant vectors);
the temperature is identical at all points. For motions of a general character, equalities
(1.55) can be valid only if k = A = u = 0. This actually means that the medium is either
an inviscid heat-conducting gas or an ideal incompressible fluid.
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Therefore, in the general case of motion of liquids and gases, the entropy of a ther-
mally insulated volume increases.

The second example is related to the change in kinetic energy of a moving volume
for the Navier—Stokes equations (1.52).

Model (1.51), (1.52) is usually called the model of motion of a viscous heat-con-
ducting fluid. Generally speaking, the temperature and other characteristics of motion
are related not only by eq. (1.52), but also by the boundary conditions (see Chapter 2).

The Kkinetic energy for model (1.52) is

1
E@) = ; ngvlz dw,

Wt
whence it follows that

dE

i Jv-dideaH ng~fdw.

Wy Wy

Asv-divP = div(Pv) + pdivv — @, then, using the equality divv = 0 and the Gauss—
Ostrogradskii theorem, we obtain

dE

E_—J(de+Jv-pndZ+ng~fdw. (1.56)

W Ow, W

Let us assume that the second and third integrals in eq. (1.56) are equal to zero, i. e.,
the surface stresses p,, and external mass forces f do not perform any work over the
volume w; as a whole. Then, eq. (1.56) yields the rate of change of kinetic energy

dE
- J D dw. (1.57)

Wy

Equality (1.57) shows that the kinetic energy of the volume w, does not always increase
despite the absence of work performed over it. Conservation of E(w;) is equivalent to
the equality @ = 0 in the volume w;, which is possible either if D = O or if u = 0.
In the first case, the volume w; moves as a solid; in the second case, we deal with
an ideal fluid. Therefore, except for these cases, the kinetic energy of a moving volume
decreases. This is manifestation of a dissipative process in a viscous incompressible
fluid; a responsible agent for that is the viscosity coefficient y. The value of the integral
in eq. (1.57) yields the kinetic energy dissipation rate. Therefore, we can say that the
dissipative function @ is equal to the kinetic energy dissipation rate density. This, in
particular, justifies the name “dissipative function” for the quantity ®.
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2 Conditions on the interface between fluids and
on solid walls

In this chapter, a problem of motion of two immiscible fluids with a common interface
is formulated. Derivation of dynamic and energy conditions from integral conserva-
tion laws is described in detail. An important notion of a free boundary and condi-
tions on this boundary are formulated. Additional conditions related to the presence
of solid walls and moving contact lines are discussed.

This chapter is based on previous publications [147, 171].

2.1 Notion of the interface

Equations of motion of a homogeneous fluid were formulated in Chapter 1. Applica-
tions, however, often involve situations with joint motion of two liquid media (or a
liquid and a gas) contacting along a certain surface. If the contacting fluids do not
dissolve in each other, they form a more or less clearly expressed interface. A typical
example is a water—oil system. The interface between these media is stable as long as
the system is in a state close to stable equilibrium (e. g., an oil spot on the water reser-
voir surface). Even as the interface becomes unstable (which may occur, in particular,
during oil displacement by water in capillaries), the description of such a medium as
a system of immiscible fluids is often a fairly adequate one, including the range of pa-
rameters characterized by changes in the interface topology. It should be noted that
this approach is hardly feasible with the development of secondary instability and a
further decrease in characteristic scales of the flow; a rational description of the mo-
tion of such a system is given in terms of mechanics of heterogeneous media. Such a
description is outside the scope of this book.

Problems of motion of viscous fluids with interfaces in the exact formulation have
been mathematically studied for about 35 years. A systematic derivation of conditions
on the interface of immiscible fluids during their unsteady nonisothermal motion was
first given in [171]. This section deals with this kind of derivation. The constructions
described here are modifications of considerations discussed in [147].

An important particular case of the interface is a free boundary, i. e., a surface sep-
arating a liquid and a gas. The influence of the dynamic characteristics of the gas on
liquid motion can be often neglected, and the problem of liquid motion description re-
duces to solving system (1.46) (for Newtonian fluids) under appropriate boundary and
initial conditions. In this case, in addition to the functions p, v, and 6, it is necessary
to find the domains of their definition, with the free surface being some part of the
boundary (or the entire boundary) of this domain. In the general case, it is necessary
to solve a “doubled” system (1.46) under additional conditions including conditions
on the interface. Let us now derive these conditions.

https://doi.org/10.1515/9783110655469-002
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2.2 Kinematic condition

We consider the motion of a viscous heat-conducting fluid in a material domain
Q, ¢ R’ divided by a smooth surface I, into two subdomains Q,, and Q,,. Let us as-
sume that sets of functions p;, v;, 6;, and p,, v,, 6, satisfying system (1.46) are defined
in each subdomain, respectively. The coefficients of viscosity A = A;, p = y; and ther-
mal conductivity k = k; involved into the system are defined as smooth functions of
0;, and the free energy F = F; is defined as a smooth function of g; and 6; (i = 1,2). The
acceleration of external forces f = f;(x, t) can take various values in the domains Q;;;
the function f; is assumed to be continuous in Q;;.

The motion examined can be treated as a flow of an inhomogeneous fluid the pa-
rameters of which change across I';. It seems preferable, however, to consider it as
the motion of two fluids with the interface I';. We assume that limiting values of the
functions p;, ;, and v; and their first derivatives with respect to all variables from the
subdomain Qy (i = 1,2) exist at each point of T; at each time instant. It turns out that
these sets of functions cannot be arbitrary: they should be coupled by some relations
following conservation laws and thermodynamic postulates.

The first relations have a purely kinematic character. They are based on the as-
sumption that I'; is a moving material surface (in the same sense as the material vol-
ume in Section 1.1). Using this assumption, we do not need to consider such processes
as evaporation of the fluid from the free boundary or condensation of saturated va-
por, dissolution of one contacting fluid in the other, etc.; in other words, mass transfer
across the surface I'; is not allowed.

Let us denote the unit vector normal to the surface I'; and directed into the domain
Q,; by n and the velocity of motion of the surface I’; in the direction of the normal n
by V,,.. The material character of this surface is expressed by the equalities

v;-n=v,-n=V,, xel,. (2.1)

Equality (2.1) and the natural assumption that the surface I'; has zero mass, together
with the continuity equation from system (1.46), ensure the validity of the integral
mass conservation law in an arbitrary material subdomain Qy; U Q,;.

Remark 2.1. If f(x,t) = 0 is an implicit equation of the surface I';, then V,, = —f;/|V,fl,
vxf = (fxlrfx2>fx3)-

2.3 Dynamic condition

Let us first introduce some notations. As previously, we assume that w; ¢ Q; is an
arbitrary liquid volume having a nonempty intersection y; with the surface I';, dw; is
itsboundary, and wy; and w,; are the parts of w, that belong to Q;; and Q,;, respectively
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(Figure 2.1). Let us denote Z; = ow;/y; (i = 1,2); v; is the unit vector of the external
(relative to w,;) normal to the surface Z;. The line dy; is the boundary of the domain
Y¢5 Vr, which is the unit vector determined at each point of dy;, lies in the tangential
plane to the surface y; at this point and, simultaneously, in the normal plane to the
curve dy; (the direction vy is external relative to the domain w;). The surface y; and the
curve dy; are assumed to have continuous curvature; dw, can be a piecewise-smooth
surface.

Let us postulate the integral law of conservation of momentum of the moving vol-
ume w; in the form

d d
T J oV, dw; + T J 0.V, dw, (2.2)
Wy Wy
= J Qlfl dwl + J szz da)z + J 7)1 . Vl dzl + J 7)2 . VZ dZZ + J UV]" dl
Wy W Iy Iy oy,

Here, P; is the stress tensor in the i-th fluid (i = 1,2), dlis a linear element of the curve
dy;, and o is a scalar function (generally speaking, temperature-dependent), which is
called the surface tension coefficient. The thermodynamic meaning of this function
will be clarified in the next section.

Let us emphasize that eq. (2.2) principally differs from the integral form of the
momentum conservation law (1.17) for a homogeneous fluid by the last term in the
right-hand side, which characterizes the total action of forces concentrated on the in-
terface dy; of the contact region of two fluids contained in the moving volume w;. The
origin of these forces is caused by “elastic properties” of the interface, i. e., properties
of resisting its deformations. These forces are called the capillary forces or the surface
tension forces. If the fluid is homogeneous, then we have ¢ = 0, and the notion of
the interface becomes fictitious. In this case, the surface integrals and the related vol-
ume integrals in (2.2) are united into integrals over the surface ow; and the volume w;,
respectively, while equality (2.2) transforms to eq. (1.17).

ot <

Figure 2.1: Flow domain.
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Let us now transform relation (2.2). The first step is based on the identities

% j 0;V; dw; — J o;f; dw; — J P;-v;ds; = (1) JP,- -ndy (2.3)
Wit Wit i Vi

(i = 1,2), which are valid owing to the momentum equations (1.17) satisfied indepen-
dently in each of the domains wj;, and to the assumption of continuous differentiabil-
ity of the functions p;, v;, and 8; up to the boundary of the domain w;; and continuity
of the functions f; in w;;. Together with the previously postulated smoothness of the
functions F;, A;, and y;, this assumption is sufficient to ensure continuity of the ele-
ments of the stress tensor P; = (-p; + A; divv;)I + 2u;D(v;) in the domain wy;. Using
eg. (2.3), we can simplify equality (2.2) to

- J[P -n]dy + J ovpdl=0. .4)
Ve oy,

Here [P - n] = Pt - n — P,|r - n. The symbol [f] is used hereinafter to indicate the
difference between the traces f;|r and f; | of the functions f; and f, determined in the
domains Q;; and Q,, respectively; the subscript ¢ in the surface notation is omitted
here.

Before moving further, we define the surface gradient V- as a vector operator of
the form

Vr=V-nn-V).

Asn - Vif = 0 for an arbitrary smooth scalar function determined in the domain TI',
then it is sufficient to know the values of the function f only at points of this surface to
calculate the vector-function Vf. The “surface divergence” operator divy acts on the
vector function b = (by, by, b3) specified on the surface I in accordance with the rule

3
dinb = Vr ‘b= Z[i —ni(n-V)]bi.
=L ox;

1
Finally, if T is a tensor of the second rank with the elements Ti]- (i,j =1,2,3), thendivp T

is understood to be a vector with the components

[ 0
(divy T); = Z[& -nj(n- V)]Tji.
j=1t %%

Using the equality

J ovpdl = - J on xdl,
oy, oy,
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where dl is the oriented element of the tangent line to the curve dy;, we transform
the curvilinear integral in eq. (2.4). Applying the Stokes formula to the calculation of
each component of the vector in the right-hand side of the last equality, we obtain the
relation

J ovpdl = J divp(oGr) dy, (2.5)
2 Vi
in which the symbol G means the tensor
Gr=1-n®n,

where ® means dyadic multiplication, (n ® n); = (nl-nj)?’jzl, n; are the components of

the normal n, and I is the unit tensor. By virtue of arbitrariness of the domain y; c T,
egs. (2.4) and (2.5) yield the equality

[P - n] = divp(0Gy), (2.6)

expressing the law of momentum conservation across the interface. Generally speak-
ing, in accordance with eq. (2.6), the stress vector P - n is not continuous on the sur-
face T'; at first glance, this contradicts the assumption of an “inertia-free” interface.
The seeming contradiction disappears if we take into account that the interface has a
nonzero surface density of internal energy (see Section 2.4).

The right-hand side of eq. (2.6) can be written in a more convenient form by using
an easily verified identity (analog to the vector analysis formula)

diVF(UGI‘) = Vro' . Gr + Gdin GI‘.

It follows from the definition of the tensor G and orthogonality of the vector Vo and n
that Vo - Gr = Vo. As is shown below, we have

din GI‘ = 2Hn, (2.7)

where H is the mean curvature of the surfaceI' (it is assumed that H > 0 if the surface’
is convex outward the domain Q,;). Based on these considerations, equality (2.6) is
transformed to

[P -n] = 20Hn + V0. (2.8)

Let us prove the validity of equality (2.7). We have a chain of almost obvious rela-
tions:

divy Gr = divp(l —-nen) = —divp(n ®n)

= —(divpn)n - % VrInf? = —(divy n)n.
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Equality (2.7) is valid if
divpn = -2H. 2.9)

To prove eq. (2.9), we need some notions from differential geometry of surfaces (see,
e.g., [49]).

Let the surface I' = T; be defined by the parametrization
x = x(n',11%,t),

where n! and 1? are curvilinear coordinates. The vectors

are covariant vectors of the tangential basis to this surface. The unit vector n of the
normal to I can be expressed via e; and e, by the formula

e xe
n=1--2
Vg

Here g is the determinant of the metric tensor of the surface I' with the elements g, =
e, e (a, B = 1,2). Formula (2.10) follows from the identity

(2.10)

2 2
8=818n—8n =leyxel".

Let us denote the Euclidean distance from the point lying outside the surfaceI to
this surface by n. As I has a continuous curvature, the triple of the numbers (n', 7%, n)
determines the coordinates of such points, at least, for sufficiently small values of n.
With these notations, the operator gradient Vr is written in the form V = V. + nd/on,
and the surface gradient Vy is written as

Vr=e'— .11)

(the sign of summation over repeated Greek superscripts and subscripts is omitted).
The symbol e* in eq. (2.11) means the vectors of the reciprocal (contravariant) basis
on I'. The relation between the both bases is given by the formulas e” - e; = 6;'3‘ (52‘ is
the Kronecker delta).
The vectors e%, like e,, are orthogonal to n. Differentiating the identity e* -n = 0
with respect to qﬁ , we obtain
oe” « On

— n+e - =0 (a,f=12).
o o (a, B )
The last equality together with eq. (2.11) shows that

a
divpn = —g—:a -n. (2.12)

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

2.3 Dynamic condition = 31

Let us note now that

oe* ‘n = by,

onP B

where bg are the mixed components of the tensor associated with the second quadratic
form of the surface I [49]. It is known that the trace of this tensor is equal to the
doubled mean surface curvature. From here and from eq. (2.12) we obtain the re-
quired relation (2.9) and, correspondingly, the dynamic condition on the interface
(2.8).

Equality (2.8) has an important corollary: if I'; is not a level surface of the function
0(6(x,t)), then the tangent line to I';, which is the component of the vector [P - n],
differs from zero. In turn, this means that a system of two fluids with the interface I'
cannot be in equilibrium if o|r + const. If 6; + const for x € Q; (i = 1,2), the equi-
librium state is possible only in exceptional cases. Leaving these cases aside, let us
consider the conditions of equilibrium for a system of immiscible isothermal fluids. To
obtain these conditions, we should substitute the equalities v; = O into the continuity
and momentum equations in system (1.46). Thus, we obtain

dp;/0t = 0; .13)
o;'Vp;=f (i=1,2). (2.14)

By virtue of the equation of state (1.41), equality (2.13), and assumption that §; = const,
the left-hand side of eq. (2.14) for each i = 1,2 is a gradient of a certain function inde-
pendent of t. Thus, the necessary condition of equilibrium is the potentiality of the
vectors f;,

fi = le (l = 1, 2), (2.15)

and their independence of time. The function II; involved in eq. (2.15) is called the po-
tential of acceleration of external forces (or, more often, simply the potential of external
forces).

The kinematic condition on the interface (2.1) requires the surface I to be steady.
The set of the equilibrium conditions becomes closed if egs. (2.13)-(2.15) are supple-
mented with eq. (2.8); at v; = 0 and o = const, the last equation becomes scalar. Let
us consider this relation for an important case of homogeneous incompressible fluids.
If o; = const (i = 1, 2), then equality (2.13) is satisfied automatically, and egs. (2.14) and
(2.15) yield p; = g;I1; + c;, where ¢; = const (the potential possibility of an arbitrary
dependence of ¢; on t turns out to be incompatible, by virtue of eq. (2.8), with the con-
dition of steadiness of the surface I'). Substituting the resultant expressions for p; and
the equalities v; = 0 and o = const into condition (2.8), we obtain

20H = —[oI]. (2.16)
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Equality (2.16) satisfied at the points of the surface I is actually a differential equation
for determining this surface. For instance, if the surface I' is uniquely projected onto
the plane x3, i. e., its equation has the form x; = f(x, x,), then the mean curvature of
I is calculated by the formula [49]

2H:V2-<—VJ )

V1+ Vof P

where V, is a gradient over the variables x; and x,. In this case, eq. (2.16), which de-
scribes the equilibrium shape of the interface in a potential field of external forces,
takes the form

ov, - <—V2f ) = 0,011,061, %5, f) = 04113 (X3, %, ) + €, (217)

V1+IVfP?

where ¢ = ¢, — ¢; is a constant. The shapes of equilibrium of the capillary fluid in
vessels, based on eq. (2.17), are determined in [140, 55].

2.4 Elements of thermodynamics of the interface

According to the notions introduced by Gibbs, the interface between two liquids (or
a liquid and a gas) is a special thermodynamic medium characterized by additive
functions of the sets of this surface: entropy, internal energy, free energy, and oth-
ers. In this chapter, we consider only “pure” interfaces (i. e., those interfaces that do
not contain surface-active agents). This kind of surface is a one-parameter thermody-
namic medium with the state parameter usually chosen to be the absolute tempera-
ture 6.

Let us denote the specific (per unit area of the interface) surface entropy and in-
ternal energy by s and u, respectively. The quantities 6, s, and u are related by the ther-
modynamic identity

0ds = du. (2.18)

Relation (2.18) is similar to the basic thermodynamic identity for another one-param-
eter medium: incompressible fluid (see Section 1.5) with dU = 6 ds. At the same time,
it should be noted that this equality can be obtained from the first law of thermody-
namics (1.35) under the formal assumption g = const. It is difficult to put the analog
of identity (1.35) into correspondence to relation (2.18), because the interface is as-
sumed to have no mass; therefore, the notion of density is meaningless for the inter-
face.

Following Gibbs, let us identify the specific free energy of the surface phase with
the surface tension coefficient o(8). For a two-parameter medium, as follows from
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eq. (1.41), the dependence between the free energy F, internal energy u, and entropy s
is described by the formula F = u — 6s, which does not contain the second state pa-
rameter, i. e., the density p (the first parameter is the temperature). Let us postulate a
similar dependence for the interface:

o=u-0s. (2.19)
Then, egs. (2.18) and (2.19) yield the relation
do +sdf =0, (2.20)

which is called the Gibbs—-Duhem equation. An equivalent recording of eq. (2.20) is
do/df = —s. This relation is similar to the second equality in (1.41), which is valid for
two-parameter media.

As it will be demonstrated at the end of this section, the thermodynamic condi-
tion of interface stability implies that o is positive. As the surface entropy is s > 0,
then the Gibbs—Duhem equation yields the inequality do/df < 0. For the majority
of pure interfaces, the relation o(8) is adequately approximated by the linear depen-
dence

0=0y—-2(0-0,). (2.21)

Here 0y, 0y, and @ are positive constants; the latter is called the temperature coeffi-
cient of surface tension. (The requirement that both ¢ and 2 should be simultaneously
positive restricts the range of temperatures where eq. (2.21) can be used.) For most
interfaces, however, the value of @ is rather small, and the considered interval of
0 variation is a priori bounded by the melting and boiling temperatures of the flu-
ids. Thus, for the water—air interface at 6, = 293K, we have 0 = 0, = 72.8dyn/cm,
whereas ¢ = 75.7dyn/cm at § = 273K and 0 = 58.8dyn/cm at 6 = 373K. If we as-
sume that & = 0.17dyn/cm - deg, then the error of determining the values of ¢ by
eg. (2.21) at the extreme points of the above-indicated interval is within 0.7 %. For
the linear dependence o(0), by virtue of egs. (2.19) and (2.20), we obtain s = & and
u = 0y + &0, = const. If we define the interface heat capacity cr as cr = du/df,
then we obtain ¢ = O for interfaces with the dependence of o on 6 of the form
(2.21).

Let us recall that the surface tension coefficient was initially introduced in formu-
lating the momentum conservation law for a moving volume containing an interface.
The last term in eq. (2.2) induced by the capillary effect characterized the action of lin-
ear forces from the side of the supplement of the selected part of the interface y; to the
entire surface I';. At the same time, the function o(6) was axiomatically determined as
the free energy of the interface. To check the equivalence of the two definitions of the
surface tension coefficient, let us consider a reversible isothermal change in the in-
terface area. Let us denote the element of the interface area increment in this process

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

34 =— 2 Conditions on the interface between fluids and on solid walls

by dX and the corresponding elementary change in the surface energy by dEr. Using
egs. (2.19) and (2.20) and the definition of the specific surface energy dE; = udz, we
obtain

do
dEr = <0 - 9E>d2'

The amount of heat 6Q absorbed during elementary deformation of the interface
is
do
6Q=0ds =-60— dx.
Q=0ds=-675
The difference in the values of dE- and 6Q is equal to the work dR performed by cap-
illary forces in the process considered; therefore, we obtain

dR =o0dzL. (2.22)

Relation (2.22) corresponds to the formula dR = —pd(1/p) for the elementary work in
the case of reversible deformation of a fluid volume with a pressure p, which is char-
acterized by a change in its density dp. Thus, there is an obvious analogy between the
quantities o for the interface and —p for the fluid volume. During volume compression
(do > 0), the mechanical work performed over this volume is known to be positive.
Concerning the work on changing the interface area, the experience shows that it is
positive if dZ > 0. By virtue of eq. (2.22), this means that o > 0.

Let us consider an element dl of the line dy;, which bounds the selected part of the
interface y;. Using dv to denote an elementary displacement of the point of the curve
9y, in the direction of the vector v (see Figure 2.1), we obtain dX = dvdl. It follows from
here and from eq. (2.22) that a force —gvrdl acts on the element d from the side of the
external (relative to dy,) part of the interface. This conclusion precisely corresponds to
eg. (2.2), thus, supporting the equivalence of the “thermodynamic” and “mechanical”
definitions of the quantity a(6).

If we assume that o < 0, then the forces acting on the curve dy; would tend to
increase the area of the surface y;, which would finally lead to an unlimited increase
in this area, i. e., to complete mixing of two fluids. This is the process observed for the
alcohol-water contact: these two fluids mix in arbitrary proportions. Only those fluids
for which ¢ > 0 do not mix with each other.

2.5 Conditions of continuity

Apart from the conditions following from the mass, momentum, and energy conserva-
tion laws, some additional conditions are satisfied on the interface. These conditions
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can be called the continuity conditions. One of them is the condition of continuity of
the total velocity vector:

V=V, Xxel,. (2.23)

Similar to the no-slip condition on the interface between a liquid and a solid (see Sec-
tion 2.8 below), condition (2.23) is simply postulated in most cases. The following con-
siderations support the natural character of condition (2.23). If a Newtonian fluid were
homogeneous, the presence of a velocity discontinuity on a certain surface inside the
flow domain would lead, in accordance with the equality P; = —p;I + 2p;D(v;), to infi-
nite values of the stress vector on this surface. The interface is a mathematical ideal-
ization of a rather thin layer of the mixture of two fluids. It can be reasonably assumed
that the velocity in such a layer changes smoothly; otherwise, the previous rheological
relation would give rise to singularities of the stress field as the mixing zone becomes
thinner.

Note that eq. (2.23) actually contains only two additional scalar conditions, be-
cause the continuity of the normal component of the velocity vector is already implied
by condition (2.1).

Another continuity condition follows from the requirement of local thermody-
namic equilibrium of contacting media: this is the temperature continuity condi-
tion

6,=0, xel, (2.24)

From the viewpoint of the Fourier law, equality (2.24) is as natural as equality (2.23)
from the viewpoint of the Stokes postulates. Using eqgs. (2.23) and (2.24), we can use
v and 6 to denote the coinciding limiting values of the functions v; and 6; (i = 1,2) as
the points x € Q;; tend to the point x; € I';.

A particular case of the interface is the boundary separating two phases of the
same substance, e. g., liquid and vapor formed from this liquid. In this case, there
arises an additional condition of thermodynamic equilibrium: continuity of the chem-
ical potential on the interface. By definition, the chemical potential is ¥ = F + p/p,
where F is the free energy. This continuity condition has the form

[F+p/o] =0. (2.25)

Nevertheless, the interface between two phases can be considered as a material
surface only in some particular situations eliminating the possibility of the phase
transition. (In this case, one more condition of phase equilibrium of the form (2.16)
is added to conditions (2.24) and (2.25).)

Finally, it should be noted that the limiting values of the fluid densities g, and g,
on the surface I'; are not mandatory coupled by some a priori relations.
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2.6 Energy transfer across the interface

The study of this issue is based on the integral law of conservation of the total energy
of a system of immiscible fluids enclosed in a moving volume w;:

d vl ) d <|v2|2 > dj
dtjgl< 5 +U dw1+dtjgz > + U, dw2+dt udy

Wy Wyt Vi

= ngvl-fldwl+ Jgzv2~fzda)2+Jv1-7?l-vle1

Wyt Wyt %

+Jv2-732~v2d22+ jv-(avr)dl—Jql-vleI
%, ay; Z

- qu v, dS, + J orhy dwy + J 0,1, dw,. (2.26)

%, Wy Wy

Here v is the common limiting value of the vectors v; and v, on the surface I'; and q;
(i = 1,2) is the heat-flux vector in the i-th fluid.

For a homogeneous medium obeying relations (1.5) and (1.29), equality (2.26)
turns to eq. (1.25), because the notion of the interface for such a medium becomes
fictitious, and we necessarily have u = 0 and ¢ = 0 in eq. (2.26). The additional (as
compared with eq. (1.25)) term in the left-hand side of eq. (2.26) expresses the rate
of energy of the selected part of the interface, whereas the curvilinear integral in the
right-hand side of this relation is the power of capillary forces spent on deformation
of the mentioned surface.

Equality (2.26) allows considerable simplifications. First of all, let us note that
the equations of continuity, momentum, and heat inflow (1.46) are satisfied in each
subdomain w;; where the functions p;, v;, and 6; are sufficiently smooth. Therefore,
the identities

d v; 2
at j Qi<Tl + Ui) dw; - j 0;V; - f; dw; - J o;h; dw;
Wi Wi Wi
- j(Vi PV - V) ds = (<) J(Vi P n; —g;-n)dy (2.27)
% Vi

are valid for i = 1,2 (cf. eq. (2.3)). In writing the right-hand side of eq. (2.27), we used
the notation v;| = v introduced in Section 2.5 based on equality (2.23). Taking into
account egs. (2.26) and (2.27), we obtain

%Judy:J([q~n]—v-[7>~n])dy+Jav~vrdl. (2.28)
Ve Ve oY

Further transformations are aimed at presenting the left-hand side of eq. (2.28)
and the last term in the right-hand side of this equality in the form of certain integrals
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over the domain y;. The transformation of the first expression is based on an analog
of the translation formula (see Section 1.2). Let y; be a smooth material surface, and
let f(x, t) be a smooth function determined in a certain neighborhood of this surface.
Then, we obtain

% dey = j(j—]: + f divp v> dy, (2.29)
Vi Vi

where df /dt is the total derivative of the function f, and divy is the surface divergence

of the vector v, which was determined in Section 2.3.

Similar to the classical translation formula (1.15), relation (2.29) is proved by
passing to the Lagrange coordinates. Let the surface y, at t = 0 be defined by the
parametrization X = X, (¢',&2), where ¢' and ¢? are curvilinear coordinates, and the
coordinate ¢ is counted along the normal to the surface y,. The triple of the numbers
&1,&2, &3 determines the Lagrange coordinates, at least in a certain neighborhood
of yo. As y; is a moving surface, its location at a current time instant ¢ is determined
as a constriction of the mapping § — x formed by solving the Cauchy problem (1.10),
(1.12) onto the domain y,,.

Let us pass to the Lagrange coordinates in the left-hand side of eq. (2.29). Then,
the integral whose derivative has to be calculated takes the form

jf‘(:, I, ) dyo,

Yo

where, as in Section 1.2, f &.t) = f(x(£,t),t), and ] r is the determinant of the metric
tensor of the surface y,. Let us note now that the parameters n' and ? introduced in
Section 2.3 to derive eq. (2.9) can be identified with the Lagrange coordinates ¢! and ¢2.
Therefore, the following equality is valid:

Je(& ) = [g(x(& ), )]

(g = |e; x e,] is the determinant of the metric tensor (gaﬁ)). For a fixed value of &, the
function satisfies the differential equation (see the Euler formula (1.14))
dir
% = ]r din V. (2.30)

Let us prove the validity of eq. (2.30). As ] r = (det gaﬁ)l/ 2 then

dt ~ 2yg0g, dt 5% Tar

where gﬂ“ are the elements of a matrix inverse to g,s. Further, as g, = (0x/0§ %) .
(0x/0&P), then

dgss  ov
. eﬂ
dt o0&

djr 1 og dgaﬁ _ 1 ﬁadgtxﬁ 2.31)

+e,- a_v = (e, - Vrv)- ep + (eﬁ -Vrv) - e, (2.32)

a a{ﬂ

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

38 =—— 2 Conditions on the interface between fluids and on solid walls

where e, are the covariant vectors of the tangential basis of the surface I, and Vy is
the surface gradient determined by eq. (2.11) in which n* = &% should be assumed.
The symbol Vv denotes a tensor of the form (summation is performed over the super-

script )

v

vw=efeo —.
T aé,p

Let D be the symmetric part of the tensor: 2Dy = Vv + (Vpv)*. Then equality (2.32) is
rewritten in the form

dgeg
dt

= 2eﬁ . Dr - €.
From the last relation and eq. (2.31), we obtain

djr PN
ZL - Je* Dp- e,
dt Jr T €a
To derive eq. (2.30) we have to prove that

e’ - Dp-e, =divpv. (2.33)

Let us denote the normal component of the vector v by v? (let us recall that the
directions of the & 3 axis and the normal n coincide); then we obtain v = vyey +v’n =
v +v°n. We determine the tensor D} through the relation 2D}, = V;.(v’n) + (Vp(v’n))*.

Thus, we have an obvious chain of equalities:

1 o’ on
e“-Df-e,Xz—e“-eﬂ®<—n+v3—>-ea

2 o0&k o&P
1 4 aV3 30
+§e <@n+v @)@Qﬁ e,
1 a 3 on 1 a 3an
—ie J@(V@>-eﬂgaﬁ+§e <V@>

=V divpn+n- vy’ = divp(v’n).

In a similar manner, we find that the following relation is valid for the tensor Df’ =
Dr - Dj:

a n :
e" - Dr -e, =divpvr.

This and previous equalities show that formula (2.33) and, correspondingly, eq. (2.30)
are valid. Based on eq. (2.30), we can obtain formula (2.29) by almost completely re-
peating the considerations of Section 1.2 (with natural replacement of a moving vol-
ume by a moving surface and of the operator div by the operator divy).
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To transform the curvilinear integral in the right-hand side of eq. (2.28), we use
the formula

j b-vpdl = j divp[b - (n-b)n] dy, (2.34)
Y, Ve

where b is an arbitrary smooth vector. To prove the validity of eq. (2.34), we note that
the following relation holds by virtue of the identity v dl = —-nxdl (which was already
used in Section 2.3):

jb-vrdzz J(nxb)~dl. (2.35)
o o

We transform the integral in the right-hand side of eq. (2.35) on the basis of the Stokes
theorem by taking into account the equality

n- [rot(n x b)] = div[b - (n- b)n]. (2.36)

In turn, equality (2.36) follows from the vector analysis formula rot(n xb) = b - Vn -
n-Vb+ndivb-bdivn and from the fact that V|n|*> = 0 and, therefore, n- (b-Vn) = 0.
Finally, we have div[b — (n - b)n] = divy[b - (n - b)n], because the vectorb — (n - b)n
has a zero normal component. The required equality (2.34) follows from here and from
egs. (2.35) and (2.36).

Let us now assume that f = u in eq. (2.29) and b = ov in eq. (2.34). Using these
formulas, we write both sides of equality (2.28) as integrals over the domain y,. We

obtain
du .
J( T divp v)dy

Vi

= j([q -n] - v-[P-n] +divp{o{v - (n-v)n}))dy. (2.37)
Ve

As the domain y, ¢ T, is arbitrary, it follows from egs. (2.37) that the integrands in both
sides of this equality coincide. In other words,
du . .
r +udivpv=[q-n]-v-[P-n]+divp(ovp), (2.38)
where the notation vp = v - (n - v)n is used.
To find the final form of condition (2.38), we use the following relations: equality

do

u(@) =0 — 9@,

which follows from egs. (2.19) and (2.20); Fourier law (1.29); dynamic condition on
the interface (2.8), which implies that v - [P - n] = 20H(n - v) + v - Vp0; formula
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divp(ovy) = odivp vr + vp - Vpo; equality divp{(n - v)n} = -20H(n - v), which follows
from eq. (2.9). Based on all considerations discussed above, we can conclude that

mopdl oy . [, 06
- 0o (G)E =00’ (0)divp v [k .

o } (2.39)
where the prime denote differentiation with respect to 6.

Condition (2.39) can be called the energy condition on the interface T, of two flu-
ids. It means that the jump of the heat flux into direction of the normal to I'; is com-
pensated by the change in the internal energy of this surface. In turn, this change is
related both to the change in temperature (and, correspondingly, in the specific inter-
nal energy) and to the change in the interface area: this circumstance is responsible
for the emergence of the first term in the right-hand side of eq. (2.39). In an important
particular case of a linear dependence of ¢ on 6 of the form (2.21), condition (2.39) is
simplified to

00
kZ
[ on

Finally, if 0 = const, then eq. (2.39) expresses the continuity of the surface density of
the heat flux g,, = kdf/on across the interface.

To conclude this section, we note that the coefficient -8¢" (8) used as a multiplier
ahead of the derivative df/dt in condition (2.39) coincides with the specific heat capac-
ity of the interface cp = du/df. Physically, the heat capacity is a nonnegative quantity;
this condition, together with the positiveness of the absolute temperature 0, yields the
inequality ¢’ (8) < 0. The following mathematical considerations support the fact that
the value of cr is nonnegative. If, for the sake of simplicity, we assume that the fluids
are incompressible and the surface I'; and the velocity fields v, and v, in the domains
Q; and Q,; are specified (these domains are assumed to be compact), then condition
(2.39) with ¢ > 0 has a dissipative character with respect to the heat conduction oper-
ator. Therefore, problem (1.49), (2.24), (2.39), under additional initial conditions and
standard (Dirichlet or Neumann) conditions on fixed external boundaries of the do-
mains Qy, can be considered to be well-posed. (If c; = 0, then we obtain a well-studied
problem of diffraction for parabolic equations.) In the case with ¢ < 0, however, the
problem discussed here is ill-posed in the sense of Hadamard.

+ee0divpv =0. (2.40)

2.7 Free surfaces

Applications often involve liquid—gas contact boundaries. It is known that the dy-
namic coefficients of viscosity for gases are smaller by one or two orders of magnitude
than the corresponding coefficients for liquids. Therefore, in the case of gas motion
with moderate velocities, we can assume that the shear stresses arising on the inter-
face from the side of the gas are negligibly small and the normal stresses coincide with
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the gas pressure with accuracy to their sign. In this paragraph, the fields of variables
that refer to the liquid are described by symbols without subscripts or superscripts,
and the gas pressure and temperature are denoted by p, and 6,, respectively.

The notion of the free boundary appears when the problem of joint motion of a
liquid and a gas is replaced by a simpler problem where the functions p, and 6, are
assumed to be specified, while the characteristics of the liquid and the interface lo-
cation have to be determined. It is important to emphasize that the issue of finding
the velocity field in the gas does not arise at all in this approach. Therefore, only one
condition from (2.1) is relevant here:

vn=V,, xel; (2.41)

(in this paragraph, n is used to denote the unit vector of the normal to the surface I,
which is external relative to the domain Q).

The dynamic condition on the free boundary is obtained from eq. (2.8), if we set
Pg = —pgl in accordance with the discussion above. This yields

P-n+p,n=20Hn+Vro, xel,. (2.42)

As the velocity field in the gas is not determined, condition (2.23) becomes meaning-
less. Formally, conditions (2.42) with a known surface I'; (which is material by virtue
of eq. (2.41)) and a known temperature field 6 in the domain Q; are sufficient for the
boundary-value problem for p(x, t), v(X, t), and p(x, t) from system (1.46), which is for-
mulated by adding initial conditions, to become well-posed. (In any case, this fol-
lows from considering a linearized version of this problem.) On the other hand, re-
lation (2.41) can be considered as an equation for determining the interface, based on
a known velocity field v: f; + v- Vf = 0, X € I';, where f(X, t) = 0 is the equation of I';.

Applying similar considerations to eq. (1.49), we conclude that only one boundary
condition for temperature should be imposed on the boundary of the domain Q; if the
surface I'; and the functions g and v in this domain are specified. In particular, we can
simply assume that

0=0

e, X el (2.43)

If Og = const, then eq. (2.43) means isothermality of the free surface. Another, less

popular option is to use eq. (2.39), with k,00,/0n = g, being assumed to be a specified
function, as the initial condition instead of eq. (2.24). This yields

do . 00
- 90"(9)5 - 60" (0) divy v + k= = dg (2.44)
Atg, = 0, eq. (2.44) transforms to the condition of a thermally insulated free boundary.

The approaches proposed above are vulnerable because the right-hand sides of
egs. (2.43) and (2.44) include the values of temperature or heat flux along the normal
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to I'; on the free boundary unknown in advance. Therefore, eq. (2.43) or (2.44) is often
replaced in practice by the condition

k@+b(9—9):0 xel (2.45)

on g ’ L ’

where 6, is a controlled value of temperature at a certain point of the gas phase (for
instance, the value of the gas temperature at infinity for an unbounded domain 6,
external to Q,) and b is an empirical function called the interphase heat-transfer coef-
ficient.

Determination of the function b(x, t) depending on the domain geometry, condi-
tions on the external boundaries, etc., is a problem difficult to formalize. An empirical
coefficient in condition (2.45) serves as a penalty for the lack of desire (or lack of skills)
to solve the problem with a free boundary as a problem of joint motion of a liquid and
a gas and heat transfer between them.

2.8 Additional conditions

The problem of motion of immiscible fluids consists of determining the domains Q;
(i = 1,2) and two sets of functions p;, v;, 6; satisfying system (1.46) in each domain Q;;.
Equations (2.1), (2.8), (2.23), (2.34), and (2.39) should be satisfied on the interface I}.
Obviously, these conditions are insufficient to solve the problem under discussion for
the mere reason that the union of the domains Q,, and Q,, does not necessarily co-
incide with the entire space R>. In a typical situation, each domain Q45 Qy has an
“external” boundary S; (i = 1,2) in addition to their common “internal” boundary T;.
The case where the boundaries S;; and S, are solid surfaces is particularly important.

We assume that the surfaces S;; and S,; are specified for all t € [0, T], where T > 0
is a certain number. In addition, we first assume that T, n S;; = o for0 < ¢t < T (i =
1,2); the bar means closure. As the location of the surface I'; is not known in advance,
it is difficult to verify the last condition. Nevertheless, if it is satisfied at t = 0 and
the velocity field is continuous in the domains Q,; and Q,, then the validity of this
condition is guaranteed for sufficiently small values of T. The condition for velocities
on the external boundaries of the domains Q; is usually imposed in the form

V; = a;(X,t), Xe€Sg (2.46)

where a; are known functions.

Now let S;; be the surface of a nondeformable solid. The velocity distribution in
such a solid is given by the formula u; = U;(¢) + Q;(¢) x X. Let us postulate that the fluid
velocity coincides with the boundary velocity on the solid part of the boundary of the
domain Q;. It follows from the last formula and eq. (2.46) that

V; = Ui + Qi XX, Xe¢€ Sit’ (2.47)
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where U;(t) is the translational velocity of the i-th solid and Q;(¢) is its instantaneous
angular velocity. If the solid boundaries are motionless, eq. (2.47) turns to

v;=0, Xe€S§, (2.48)

Condition (2.47) and its particular case (2.48) are called the no-slip conditions. If only
some part of the surface S;; is the fluid—solid boundary, the condition (2.47) is imposed
only on this part of the surface. On the remaining part of S;;, the function a; can be
rather arbitrary.

The no-slip condition reflects the fact that there are always molecular adhesion
forces between the solid surface and the fluid. These forces capture and arrest fluid
particles contacting the wall. In special situations (rarefied gas flow or motion near
the line of the liquid contact with a gas and a solid), these forces can be attenuated,
which results in modifications of the no-slip conditions. Rarefied gas dynamics issues
are not considered here; the flow near the three-phase contact line is considered in
[171, 50, 189, 28] (see also the end of this section).

As a condition for temperature on specified components of the interface between
the domains Qy; and Q,;, one of two equalities should be satisfied, either

61' = Hsi(X, t), X € Sit (2-49)
or

00;
kia_ni- =q5(X,t), XeS (2.50)

Here 65, and g, (i = 1,2) are known functions, which actually are the temperature of
the surface S;; and the heat flux normal to this surface. The unit vector of the external
normal to the surface S;; is denoted by n;, and the operation of differentiation in the
direction n; is denoted by d/0n;.

As the values of the vector v; on the surface S; are assumed to be known, let us
determine the sets S;; = {X € vy, v;'n; < Uy, }, 1= 1,2, where U, is the velocity of motion
of the surface S;; in the direction n;. (Let us call them the sets or the inlet segments.) The
differential equation of continuity (the first equation of system (1.46)) can be formally
treated as a first-order equation with respect to density. The corresponding system
of equations of the characteristics coincides with eq. (1.10). Therefore, an additional
condition for the function g; appears:

0; = yi(x,t), XeS; (2.51)

(y; are known functions). Two cases where condition (2.51) is not imposed should be
mentioned. If a fluid contacts a solid, then there are no inlet segments owing to the
no-slip condition. The second case is the motion of a system of homogeneous incom-
pressible fluids. The continuity equation is replaced here by divv; = 0, and the quan-
tities p; become given constants instead of the sought functions; on the other hand,
the functions p; are added to the list of the sought functions.
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Finally, we need to formulate initial conditions for the solution of the evolution
problem described as definite. First, we have to impose the initial location of the in-
terface I'y. Definition of I'y determines the domains Q,, and Q,,. The initial conditions
for system (1.46) have the natural form

V; = Vip(x) at t=0; (2.52)
01' = eio(x) at t = 0; (2.53)
0; =0;,(x) att=0. (2.54)

The functions v;y, 0y, and g;, determined in the domain Q;, (i = 1,2) are assumed
to be known. If the fluid is incompressible and homogeneous, condition (2.54) is not
imposed.

An important class of problems of motion with interfaces also includes steady
problems. In such solutions, the surfaces I and the sought functions p;, v;, and 6; are
independent of time. For steady solutions to exist, it is obvious that the external sur-
faces S; should be motionless, and the known functionals f;, h;, a;, etc., which are in-
volved into the equations and boundary conditions, should be also independent of t.
The issue of the initial conditions for steady problems is immaterial, although such
problems involve additional conditions of another kind: the specified quantities in-
clude the values of one or several functionals fixing the flow rates of the fluids, the
volume of the domain Q; or Q,, etc.

We did not discuss here the issues of the smoothness and compatibility condi-
tions which the input data of the problem discussed for system (1.46) should obey.
They may be different in different problems. The example of a model problem of plane
isothermal motion of a homogeneous fluid with moving contact points between the
free boundary and the solid wall clearly shows that these issues are nontrivial. Gen-
erally speaking, it turns out that the condition of continuity of the velocity field at
the three-phase contact point is incompatible with the no-slip condition and with the
kinematic condition on the free boundary. This incompatibility was first noted by Dus-
san and Davis [51] (see also [50, 189]). A mathematically well-posed and physically
grounded method of closing the problem of motion of immiscible fluids (or the prob-
lem with a free boundary) is a disputable issue if the condition [T;] N [S;;] = @ is not
satisfied. Alternative approaches for solving this issue are discussed in [28] as well as
in the works cited above. An original method for closing the problem of motion of the
three-phase contact line, which requires only one empirical constant to be known, was
proposed by Voinov [231] (see also [47]). The current state of wetting hydrodynamics
was described in [232].
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3 Models of convection of an isothermally
incompressible fluid

In this chapter, the case of convection with temperature-dependent viscosity and ther-
mal conductivity and with density only as a function of temperature is considered.
With the use of the thermodynamic identity, the specific volume at a constant specific
heat is demonstrated to be a linear function of temperature. Possible formulations
of initial-boundary problems for the systems of equations obtained are discussed. It
is shown that elastic properties of the container should be taken into account in the
problem of convection in a closed volume, which allows the influence of the container
walls on convective fluxes to be described correctly.
The results of this chapter are based on publications [237, 177, 13].

3.1 Isothermally incompressible fluid

It is well known from thermodynamics [132] that a comprehensive description of a
certain medium is obtained by defining a state equation of the form H(V, p, 8) = 0; for
instance, for a perfect gas, Vp = R6 is the Clapeyron—-Mendeleev equation, where R is
the universal gas constant. The caloric equation, which expresses the specific heat at
constant pressure c, via the basic thermodynamic parameters (see eq. (1.43)) is also
assumed to be known.

Let the state equation be resolved with respect to the specific volume:
V =V(,p). (3.0)

It is certainly not always possible to present the state equation in the form (3.1). In fact,
the assumption above eliminates the possibility of phase transitions in the substance
considered. It is the nonuniqueness, i. e., different values of V at identical values of 8
and p, that indicates the existence of different phases, for example, ice—~water—steam.
Such a multiphase medium is described (though only approximately) by the van der
Waals equation [132]
an’
<p + W)W — bn) = nRé,

where n is the number of moles; a and b are constants.

Let F = U - 0s be the free Helmholtz energy, and let U = U(6,p) and s = s(6,p).
Then, the thermodynamic identity (1.35) yields the presentations (the expressions at
the differentials df and dp should be equated to each other)

S = —pVe - Fg —A; (3.2)
U=-pOVy+F -0Fy +B; (33)

https://doi.org/10.1515/9783110655469-003

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

46 —— 3 Models of convection of an isothermally incompressible fluid

p
F=-pV+ J V(0,p)dp + G(O) (34)
Po

with certain constants A, B, p,, and an arbitrary function G(0); in egs. (3.2)-(3.4),
V (0, p) is defined by equality (3.1). If, in addition to eq. (3.1), as mentioned above, the
dependence c, (6, p) on the temperature 6 is defined at least for one value of the pres-
sure p, then, using egs. (1.35) and (3.2) we can find the function G(6) in (3.4) from the
equality

p
N |
Gge = - j Veg(e;p) dp - é Cp(e)p)- (3'5)
Po

Let us again recall that p in eq. (3.5) is a certain fixed value of pressure.
A fluid is called isothermally incompressible if its density is independent of pres-
sure, but it may depend on temperature, i. e.,

V=V (o=V"@®)). (3.6)

In this case, egs. (3.2), (3.3), and (3.5) become the equalities

¢, = -poV"(0) - 6G" (6); (3.7)
s=-pV'(0) - G'(6); (3.8)
U = -poV' () + G(0) - 6G' (). (3.9)

Without loss of generality, the constants A, B, and p,, here are replaced by zeroes.

Expression (3.7) for c, yields a remarkable conclusion: the specific heat at con-
stant pressure for an isothermally incompressible fluid is independent of the pressure
p if and only if the specific volume V is a linear function of temperature,

V(6) = Vo(1 + pO), (3.10)

where 8 > 0 is the coefficient of thermal (volume) expansion. Choosing a certain value
of the temperature 6, we can write this volume as

V(6) = V(6p)[1+ (O - 6p)]- (3.11)

Formulas (3.7)-(3.9) are simplified to

¢, = —0G" (6); G12)
s=-BpV, -G (0); (3.13)
U = —BOpV, + G(O) - G (9). (3.14)
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3.2 Equations of thermal convection of an isothermally
incompressible fluid

We proceed from system (1.48), assuming that the coefficients A, u, and k depend on
the absolute temperature 6 and pressure p. In addition, we introduce the coefficient of
volume viscosity

{’ =A+ %y (3.15)

By virtue of the last inequality of system (1.55), we have { > 0. Another assumption
of principal importance is the dynamic validity of egs. (3.7)-(3.9), which express the
dependence of Cps S, and U on p and 6. In reality, however, not only the particular
expressions (3.7)-(3.9), but also the mere fact of the existence of such functional de-
pendences is doubtful. The conditions of applicability of the assumption made above
have been little studied. In any case, it is clear that this assumption is valid only in
situations where the process is not too far from thermodynamic equilibrium and can
be considered to be a quasi-static process.
Let us rewrite the left-hand side of the energy equation (1.48) as

ds ds\ dob os\ dp ]
0—=00|| =) —+|—) —
®ar ~° [(ae))p at " <ap>9 dt
de os\ dp dae 9<ag>dp
—pc,— +00| =) £ —pc, =2 + 2 £ )X
g T <Bp>9dt rar T o\o6)at
because ds/dp = p 20p/6.
Let us now insert egs. (3.6) and (3.8) into egs. (1.48) and obtain a model of convec-
tive motion of an isothermally incompressible fluid

V’(G)Z—f = V(@) divv; (3.16)
Ccli_‘t, =V(@O)V(-p + {divv) + V() div[Zy(D - %divv[)] +f; (3.17)
CP% - GV'(G)% = V(0D + V(0)div(kVe) + h, (3.18)

where [ is the unit tensor in eq. (3.17), ¢, is defined by eq. (3.7), and the dissipative
function @ (see eq. (1.47)) is

@ = {(divv)> + 2uD" : D' (3.19)

Equations (3.16)—(3.18) with known dependences (3.6) and (3.7) form a closed sys-
tem for determining v;, v,, v3, 6, and p. If the value of the derivative df/dt from eq. (3.16)
is substituted into eq. (3.18), then system (3.16)—(3.18) transforms to a system resolved
relative to derivatives with respect to time for the unknown velocity vector v, temper-
ature 6, and pressure p. Thus, the issue of initial conditions is clarified: it is necessary
to specify v, 8, and p at the initial time. The issue of boundary conditions is more com-
plicated; it is discussed later in Section 3.5.
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3.3 Model of linear thermal expansion

Let us consider the case where the state equation has the form (3.10). As it was demon-
strated above, this linear law corresponds exactly to the case where the specific heat
¢, is independent of the pressure p. In this case, egs. (3.12)-(3.14) are valid. We also
need to define the caloric equation or, in accordance with egs. (3.4) and (3.5), the free

energy F(6) = G(0). Let us define it in the simplest form as
¢, = const, (3.20)

i.e., ¢, isalso assumed to be temperature independent. This assumption is justified by
the fact that the dependence of specific heat on temperature, and on pressure as well,
is much weaker for the majority of real fluids than the corresponding dependences of
viscosity and thermal conductivity. For example, for water at atmospheric pressure
with 0 varying from 273K to 373K, the deviation of (o from its mean value does not
exceed 1%.

From egs. (3.20), (3.5), and (3.4), we find

F(0) = G(0) = —c,(0Iln6 - 6) + A6 + B, (3.21)

where A and B are constants. Substitution of eq. (3.21) into eqgs. (3.13) and (3.14) yields
the relations

s=-pVop+c,In6 - A4; (3.22)
U =-BV,6p +B. (3.23)
Obviously, the values of the constants A and B are unimportant: they only determine

the reference point for calculating the values of s and U.
Equations (3.16)-(3.18) now take the form

ﬁ% = (1+B6)divv; (3.24)
av . . 1 ..
i Vol + ﬁ@){V(—p + { divv) div 2y<D 3 d1va> } +f (3.25)
do_pvof dp _ Vo ey
I c, = :, 1+ BO)[D + div(kVO)] + 5 (3.26)

Let us bring system (3.24)—(3.26) to the dimensionless form. There is a certain ar-
bitrariness in choosing the characteristic scales that allow us to pass to dimensionless
equations, but common sense suggests which scales should be used in each particu-
lar problem. The choice of such scales eliminates insignificant variables, so that in the
end only the basic variables are left. It is particularly important to choose appropriate
basic dimensionless parameters in studying the model of convection in the “limiting”
cases where one or several parameters tend to zero (infinity).
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Let us introduce some characteristic quantities: [ is the length, e. g., the linear
size of the domain occupied by the fluid, 8, is the difference in temperatures, y, is
the dynamic viscosity, u = uop' (), k is the thermal conductivity, k = kok'(6), {, is
the volume viscosity, { = {,{'(6), and y, = k, /@oCp is the thermal diffusivity, where
0o = 1/V,. Following the discussion above and the reasoning of [13], we introduce
dimensionless (primed) variables by the formulas

x=Ix', t= Et’, v=Xoy, p= Mp', 0=0.0 <v0 = IQ). (3.27)

Xo ! r? Qo

Substituting egs. (3.27) into egs. (3.24)—(3.26) and omitting the primes, we obtain the

system
e% = (1+&0)divv, (3.28)
av . . 1 ..
i Pr(1 +&6){V(-p + & divv) + 2div| u| D - 3 div vl +f, (3.29)
a9 _ seled—p = (1+¢€0)[div(kVO) + £ + hy], (3.30)
dt dt
where
o Vo VoXo
e=p0,, =2, Pr=—, g-= , (3.31)
B { Ho Xo ! lche*
P I’h
fi==f h-= , (3.32)
2 cpko,

¢ is the Boussinesq parameter, and Pr is the Prandtl number. The dimensionless dissi-
pative function is described by the equality

® = &(divv)> +2D' : D

&, is called the dissipation parameter.
Let the field of mass forces depend on time only: f = f(¢). Then, the replacement
(where p is the modified pressure)

p=p+x-f()Pr" (3.33)
allows us to rewrite the equations of momentum (3.29) and energy (3.30) in the form

%’ =Pr(1+ £6){V(—ﬁ + & divv) (3.29)

+ 2div[y<D - % diva>H» —ePron(t);

% - 8819% = (1+€0)[div(kVO) + £ + hy] + €&, pr! 6% (x-f1(), (330"
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nie = Bf(t)/ (Voxo) being the vector parameter of microconvection. Note that
en(t) = Ra(t) is the vector of the Rayleigh numbers and the product Pren(t) = Gr
is the vector of the Grashof numbers.

Let us assume that f = (0, 0, —g), where g = const is the acceleration due to gravity.
In this case, convection is called the thermogravitational convection, the parameter
1 = Pg/(Voxo) is simply the microconvection parameter [177], while the Rayleigh and
Grashof numbers take the form

Ra = f0,Pg/(Voxo), Gr = B6,Pg/xs, (3.34)

they play an important role in studying free convection.

To gain a certain idea about possible values of the parameters ¢, €, €, Pr, and 1,
let us consider one particular example (more details on dimensionless parameters are
given in the Chapter 4). As g ~ 9.81m/s?, g, ~ 10> kg/m>, y, ~ 10-107kg/(s-m),
Yo ~ 14-107 m?/s, Cp ~ 10°J/(kg-deg), and B ~ 107%-10> deg™! for real fluids [234],
the dimensionless parameters can be estimated at 8, = 10°Case ~ 2.1- 1073, Pr~0.72,
n~7- 10°Pm™, & ~ 1, and & ~14- 107172 m?. As shown by [13] (see also Chapter 4),
this choice of parameters leads to “correct submodels” as € — 0, whereas another
transition to dimensionless variables should be used in particular calculations. In par-
ticular, the time scale is defined in [237] as (8g6,1"!) /2. It describes the typical upfloat-
ing of a hot fluid particle (or submersion of a cold fluid particle); at 8, = 10 °C, the char-
acteristic velocity for a water pool witha depthl = 10misv, = 1(8g0, I'HY2 ~ 30 cmy/s.
In this case, however, there arises a singularity in pressure determination when e — 0.
In other words, there are some difficulties in comparing the results with the “limiting”
models.

3.4 Some submodels

At moderate Prandtl numbers and £ — 0, system (3.28), (3.29'), (3.30") approximates
the system of equations

%’ = Pr[-Vp + 2div(uD)]; (3.35)
divv = 0; (3.36)
% = div(kV0) + h;. (3.37)

This system is called the model of convection of a viscous heat-conducting fluid. 1t is
often used with constant values of y and k (equal to unity); then, 2divD = Av and
div VO = Af in this model.

Remark 3.1. The velocity and pressure fields in model (3.35)-(3.37) form a closed sys-
tem. Nevertheless, they can be related to the temperature field by means of the bound-
ary conditions on the interface or free boundary (see Chapter 4, equality (4.147)).
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Let en(t) — Ra(t) # O; then, system (3.28), (3.29), (3.30) in the limitas € — 0
reduces to the system

dv

i Pr[-Vp + 2div(uD)] — PrRab; (3.38)
divv = 0; (3.39)

dae .
i div(kVO) + £,® + h;. (3.40)

At constant u, k, and &; = 0 (for many processes, &, is negligibly small), we have
Ra = Rae;, and, from egs. (3.38)-(3.40), we obtain the classical Oberbeck-Boussinesq
model

% = Pr(-Vp + Av) — Pr Rafes; (3.41)
divv = 0; (3.42)

do
2 =00+ hy. (G.43)

Let us assume that &; = 0 and h; = 0; then, system (3.28), (3.29"), (3.30') is called
the microconvection model (see Chapter 4 for more details).

If the Prandtl number is high (Pr > 1), and other parameters are fixed, then system
(3.28), (3.29"), (3.30’) in the limit as Pr — oo yields a system of equations that describe
“creeping” motions:

82—? = (1+0)divv; (3.44)
[V(-p + & divv)] +2 div[y(D - % diva)] = e(1+€0)'n(t); (3.45)
% - 681% = (1+£0)[div(kVO) + £ + hy]. (3.46)

3.5 On boundary conditions

It is well known in hydrodynamics (see Chapter 2) which conditions should be im-
posed on the solid walls, on the free boundaries, and on the interfaces. Every time,
however, that the object under study is a compressible (and capable of expansion)
fluid, the question arises whether or not it is feasible to formulate the problem for a
domain with an impermeable solid boundary in such a case.

In any case, this formulation implies that the fluid volume is constant, which fact
may turn out to be incompatible with the condition of compressibility. In the course
of fluid motion, its volume can decrease, and then voids (cavities) should appear in a
real fluid; the fluid volume can also increase, owing to thermal expansion. Indeed, let
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|w;| be a volume consisting of the same particles at all time instants. Then we have

dlw, d T
TR Jda) = Jdlvvda). (3.47)

Wy Wy

(Here, we use the Euler formula (1.14).) Let us assume that & = 0 and h; = 0 in the
energy equation (3.30'). If we also take eq. (3.28) into account, we obtain the equation
of the change in the fluid volume from eq. (3.47):

dlw| 00
e j kS, (3.48)

0w,

i. e., the rate of change of the volume of a given fluid mass is proportional to the heat
flux through its boundary. Obviously, the fluid volume can remain unchanged only in
some exclusive cases, e. g., when the boundary is thermally insulated (06/on = 0). If
the boundary ow is isothermal (6 = 6,(x, t)), the volume changes. We therefore con-
clude that the problem for an isothermally incompressible fluid cannot be formulated
in a domain with a time-independent impermeable boundary, not even in a domain
with a constant volume. Note that if an infinite domain (e. g., an infinite layer) is con-
sidered, it is possible to avoid the contradiction under the assumption that the wall is
solid and undeformable. It is also reasonable to solve problems of the fluid flow in a
domain with some part of its boundary being free.

Poor or incompatibility of compressibility with the assumption of a constant total
volume of the fluid forces us to take the property of deformability of the walls under
consideration. The condition that should be imposed on the solid impermeable wall
is the velocity (by egs. (2.46)), and this condition is independent of whether or not the
wall is fixed or deforms with time. The free boundary is subjected to the kinematic
(2.41) and dynamic (2.42) conditions, and also to one of the two conditions (2.43) or
(2.45). The latter conditions are also imposed on the solid walls. An essentially new
factor is the allowance for the properties of the deformable wall, and this offers many
possibilities. Now we need to consider a combined fluid—-solid system, write a sys-
tem of equations for an elastic (or perhaps viscoelastic or plastic) body, and write the
conditions on the external part of this body (container) as well as on the fluid—solid
interface.

Among these problems, two are worth mentioning:

1) convection of a fluid filling a cavity in an elastic array;
2) convection of a fluid in a container, which is an elastic shell.

We can use, for example, the Marger—Vlasov equation system, with the addition of
temperature stresses if necessary. In the case of small deformations, it is also possible
to use the linear theory of shells. Both models are rather complicated and have not
been thoroughly studied. Therefore, it seems reasonable to consider a simple model
for elucidating the role of container elasticity in the problem of convection.

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

3.6 Two problems of convection =— 53

In addition to the unknowns already introduced, we define a function {(x,t) on
the boundary S (solid wall or its part) of the domain Q. This function describes the
normal displacement of the boundary point. Let us assume as a hypothesis that the
normal displacement { is proportional to the normal stress

Pan = —¥E, (3.49)

where P, = —p + 2u(D - 37'divvI)n - n, n is the normal to S and y is the stiffness
coefficient characterizing the boundary and, generally speaking, dependingonx € S.
It is positive, and we have { = 0 aty = oo, i. e., the case with a nondeformable bound-
ary. Assuming the displacement { to be small, we obtain a problem for a fixed domain
Q by shifting all boundary conditions (for velocity, temperature, and eq. (3.49)) to the
boundary S. Moreover the boundary S should obey the kinematic boundary condition

% _

3 = -v-n (3.50)

and the no-slip condition for the tangential component of velocity
v-T=0, (3.51)

where 7 is the tangential vector to S. Certainly, the boundary deformations due to shear
stresses are actually neglected here: in the case of fast rotation of the fluid, equality
(3.51) can be violated.

In the formulation considered, the function { is involved only into the boundary
conditions (3.49) and (3.50). Differentiating eq. (3.49) with respect to time and taking
into account eq. (3.50), we obtain a boundary condition for velocity in the form

0Py

5= Yven (3.52)

3.6 Two problems of convection

Mechanical equilibrium

Let us find all possible mechanical equilibrium states for system (3.28), (3.29"), (3.30'),
assuming convection to be thermogravitational, i.e., f = (0,0,-g), g = const. The
condition v = 0 in the convection problem imposes severe constraints on possible
temperature and pressure profiles, independent of the boundary conditions. Thus, we
assume that v = 0in egs. (3.28), (3.29'), (3.30"). As d/dt = 9/dt + (v-V), it follows from
eq. (3.28) that 6 is independent of time. Equations (3.29") and (3.30’) take the form

enod
1+¢€0

VP = e;, e;=(0,0,1), (3.53)

—eelez—lz = div(kVO)(1 + £0). (3.54)
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In deriving the last equation, we take into account that dx/dt = v = 0 and, for the sake
of simplicity, assume that h; = 0, i. e., there are no internal sources of heat. It follows
from eq. (3.53) that p = p(z,t), 6 = 6(z,t) and

op _ enb
oz 1+é&6° (3.55)
Equation (3.54) reduces to
L tred d o)
ot e 0 dz kdz ' (3.56)

The right-hand side of eq. (3.56) is independent of time, p = A(z)t + B(z), and it follows
from eq. (3.55) that A(z) = A = const. Therefore, the modified pressure p in the case of
mechanical equilibrium is

p(z,t) = At + B(2), (3.57)

where the function B(z) is the solution of the equation

dB _ enb
dz 1+&0’

(3.58)

In accordance with egs. (3.57) and (3.56), the temperature satisfies the equation

(3.59)

i( @)__eslAG
dz\"dz) 1+€b

The pressure in the mechanical equilibrium state can increase linearly with time if
g > 0.If g = 0, then p is determined with accuracy to an arbitrary term—a function
of time. If &, = 0 (org; > 0, A = 0), eq. (3.59) is integrated. Introducing a function K(6)
such that K'(0) = k(6), we obtain from eq. (3.59) at ;A = 0

K@) =Cz+D (3.60)

with constants C and D. Note that the function K(0) increases strictly monotoni-
cally for k() > 0 everywhere. It follows from here that 6(z) is uniquely found from
eq. (3.60) with given C and D. Therefore, the solution of the boundary-value problem
for eq. (3.59) with specified values of 8(0) and 6(l) at the ends of the interval (0, 1),
1 > 0is unique.

The situation becomes more complicated in the case of the boundary conditions of
the second or third kind (6’ (0) = g;, 8'(h) = g, or 8'(0) +b,0(0) = q;, 6’ () +b,0(1) = q,):
the solution may even fail to exist. If the boundary is thermally insulated (6'(0) =
0'(l) = 0), then the solution is an arbitrary constant.

It is interesting to compare these results for mechanical equilibrium with the re-
sults obtained for the Oberbeck-Boussinesq model (3.38)—(3.40) under the same as-
sumptions: f = (0,0, -g), h; = 0. The previous conclusion that 6 is independent of time
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is based on the assumption that € # 0 in eq. (3.28). If £ = 0, however, then at v = 0 it
follows from egs. (3.38)—(3.40) that 6(z, t) is the solution of the one-dimensional heat-
conduction equation

00 0,00
2. g(kE) (3.61)
In this case, p is determined from eq. (3.55), where it should be assumed that en =
Ra (Rayleigh number) in the numerator and € = 0 in the denominator (the Rayleigh
number is assumed to be finite as € — 0).

Let us now draw some conclusions

At & > 0, in the mechanical equilibrium state (v = 0), the modified pressure p is
determined by equalities (3.57) and (3.58), while the temperature 6 is determined by
eq. (3.59). For the temperature, a pair of boundary conditions at the ends of the interval
(0, 1) should be imposed. Moreover, it is necessary to impose two more conditions to
fix the constant A and the additive constant, which is the initial condition of the value
of the function B(z).

If € = 0, then the temperature is found from eq. (3.61), and it is necessary to im-
pose two conditions determining the constants C and D. The pressure p is found from
eg. (3.57), and one more condition is needed to determine the constant of integration.

It was already mentioned that the temperature is uniquely determined at A = 0
if the domain boundaries are isothermal. In the general case, it may turn out that the
distributions of 6 and p are reconstructed nonuniquely.

In the case of a non-heat-conducting fluid (¢; = 0, k = 0), an arbitrary profile of
the temperature 6(z) is possible in mechanical equilibrium, and the pressure is found
from eq. (3.55).

Convection of the fluid in a finite cylinder
Let us consider one possible formulation of the problem of free convection in model
(3.28), (3.29'), (3.30") in the case where a fluid fills a cylinder Q = S x (0, I) with hori-
zontal end faces £, = S x {0} and X, = S x {I} (Figure 3.1). We assume that the end faces
are solid walls; the bottom X is absolutely solid, and the cover Z, is deformable. The
side surface S x (0, 1) is assumed to be an absolutely solid, thermally insulated wall.
Thus, after the transition to the dimensionless variables with the use of egs. (3.27),
the boundary conditions for temperature have the form

6(0)=6,, 6(1) =6, (3.62)
with specified constants 9}- = 6;/0,. On the side surface 9S x (0,1), we have

6

—=0, v=0. (3.63)
on
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Figure 3.1: Domain of convection.

On the deformable cover %, = S x {1}, the tangential components of velocity vanish:
Vi =V, =05 (3.64)

in addition, the kinematic and dynamic conditions (3.50) and (3.49) are satisfied (it is
taken into account that v,, = v,, = 0 atz = 1by virtue of eq. (3.64)):

d
a_f = V3; (3.65)
4 ovy
S e 66
P-gH4; 144 (3.66)

Here, { is the normal displacement (more exactly, the displacement in the z di-
rection) of the boundary point and y is a positive constant—the stiffness coefficient
of the boundary. Conditions (3.65) and (3.66) are written in the dimensionless form.
The relationship with dimensional variables is described by the equalities ¢’ = I{,
¥’ = povoxoy/P. According to eq. (3.33), the total pressure p is

p=p-nz (3.67)

where n = Pg/vyy, is the microconvection parameter. The no-slip condition is satis-
fied on the solid motionless bottom Z:

v=0. (3.68)

We should also specify the total mass M of the fluid. If O, is the domain occupied
by the fluid at a given normal displacement { = {(x,y,t) of the cover, we have the
equality

dxdydz
1+€0

J p(x,t) dxdydz = J (3.69)

Q Q

Here, we take into account equality (3.10), written in the form (in dimensionless vari-
ables) p = (1 + 6)7'; therefore, the dimensional mass is Mp, . As ¢ is assumed to be
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small, the temperature in a layer of thickness O({) near the cover can be assumed to
be constant and equal to 92, with an error of the order O(¢ 2). Then the condition of the
constant mass (3.69) is rewritten as

dxdydz 1 J
+ - x,y,t)dxdy = M. (3.70)
J 1+¢&0 1+3923(( y ) Y

i
)

The boundary conditions (3.62)—(3.66), (3.68), (3.70) together with the initial condi-
tions for v, p, 8, and {, and equations (3.28), (3.29'), (3.30') form the initial-boundary
problem which describes the time evolution of the thermohydrodynamic field.

It turns out that the imposed conditions uniquely determine the mechanical equi-
librium considered above. To find it, we substitute egs. (3.67) and (3.57) into eq. (3.66).
As eq. (3.65) predicts that ¢ is independent of time, then it follows from the resultant
equality At + B(1) - n = y{ that A = 0, while { = const and

B(1)-n =Y. (3.71)

To find the temperature, we use equality (3.60), which takes the following form after
the constants C and D are found from the boundary conditions (3.62):

K(8) = K(6,)z + K(6,)(1 - 2). (3.72)

As K'(8) = k(8) > 0, the implicit equation (3.72) uniquely determines the function
0y(2), z € [0,1]. In particular, for the case with a constant thermal conductivity we
have k = 1, and the temperature profile is linear: 6,(z) = 292 +(1- z)él (as in the
classical meaning).

From the condition of a constant mass (3.70), we find { = (y:

S| J T+e6,(2)

1
=0 +£92)[M J L]. (3.73)

In equilibrium, therefore, the cover is shifted over the vertical as a whole. Thus, the
question arises: What happens at the cover boundary? We can imagine that the side
surface is slightly stretched, as if the cover were attached by elastic springs. In fact,
the proposed model certainly does not describe phenomena that occur near the cover
boundary and can be used only in cases where this edge effect does not exert any
pronounced influence on the fluid flow inside the cylinder.

As the fluid cannot withstand negative pressures (at least, high negative pres-
sures) and p = y{; at z = 1in accordance with eq. (3.66), the mass M should be large.
Otherwise, we obtain {; in accordance with eq. (3.73), the pressure p is negative, the
fluid separates from the cover, and a free surface is formed. The function p,(z) = B(z)
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is found from eq. (3.58), with the initial condition B(1) = 1 + y{;, (see equality (3.71)); it
is equal to

0y (2)dz

1
Po(2) =n+yly —en I

z

For convenience, let us note two formulas for the integrals in egs. (3.73) and (3.74):

1 éz

J z 1 JK’(@)de

1+e0y(z) m) 1+€6”’

0 B,

1 éz

J )z 1 j K'(0)0
1+€6,(z) m 1+€0

z é0(2')

They are obtained with the use of the replacement

L _ K(8o) ~K(®)

5, m=K®)-K@).

Thus, we found that the unique solution corresponds to mechanical equilibrium
Vo = 0, Po(2), 0y(2), {, = const.

The cover is an elastic plate
Let us consider a physically more exact model, retaining all conditions of the previ-
ous problem, except for the rather rough condition (3.66). Instead of that, we assume
that the cover is an elastic plate. If it has a thickness h, and density p,, and is fabri-
cated from a material with known Young’s modulus E and Poisson’s ratio v, then its
dimensional stiffness is [118]

_ Eh3p
120 -v2)

The plate deflection {(x,y, t) is assumed to be so small that the linear theory can be
used; then, the equation of motion can be written as
o’

pphpa—tz + DAZ( =p

_ 4 0vs
Moz

3 (3.75)

where A? is a biharmonic operator over the variables x and y. The dimensional hydro-
dynamic pressure on the cover z = [ is indicated by p. This equation plays the role of
the boundary condition replacing eq. (3.66). We only need to pass to dimensionless
quantities and fix the boundary condition on the line of cover attachment oS x {I}. We
determine the dimensionless unknown ¢’ by assuming that ¢ = h,¢’, and we retain
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the previously used scales for the remaining variables (see eq. (3.27)). Then, eq. (3.75),
which is the boundary condition at z = 1, is rewritten in the dimensionless form (the
primes are omitted) as
_ 4 ov
d¢, + DN =p- - pu =2,
Gt ¢ 3 U oz (3.76)
plz:] = p(X’Y) 1: t) - rl'

Here we use equality (3.67). The parameters d and D have the meaning of the di-
mensionless density and stiffness of the plate, respectively, and are equal to

i fm(l_p)z 5o <h_p>“ _PE
povo \ 1 1] 12povoxo(1-V?)
Equation (3.76) should be satisfied in the domain S, and two boundary conditions
have to be imposed on the boundary 9S of this domain. If, for instance, the side bound-
ary is absolutely stiff and the cover is rigidly attached to it, these conditions are

_o ¥ _
(=0, =>=0. (3.77)

The initial conditions include specifying the functions ¢ and ¢; everywhere in S at
t=0.

Obviously, the boundary condition (3.76) can be further improved by taking into
account the geometrical and physical nonlinearity and thermal stresses, by consider-
ing a shell instead of a plate, or by introducing this or that property of material viscos-
ity and external friction.

In the case with d/D « 1, condition (3.76) can be simplified (physically, it means
that the period of inherent oscillations of the plate is much smaller than the convective
time scale). Equation (3.76) becomes

_ i 4 ov
DAY = p(x,y,1,t) -1 - SHS 0y L) (3.78)

and no initial conditions for { are needed.

Note that the use of the boundary condition (3.76) or (3.78) in mechanical equi-
librium should lead to {; = 0. Indeed, we have p = p(z) in the equilibrium state; if
p(1) # n, then the boundary condition (3.78) (for the equilibrium state, it coincides
with eq. (3.76)) cannot be satisfied. Thus, {; = 0 and p(1) = 1 in equilibrium. Accord-
ing to eq. (3.69), the equilibrium state is only possible if the fluid mass is determined
by the equality

1
M:ISIJ
0

dz
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Thus, the formulation of the problem of free convection, which is conventional for the
Oberbeck-Boussinesq model, is impossible here: with additional heating, the equi-
librium is instantly destroyed. It is possible, however, to consider a similar problem,
assuming that the extra fluid leaves the container through thin pores.

There are possible variations with regard to the deformable cover. A problem of
an absolutely solid cover on springs can be posed, assuming that conditions (3.65)
and (3.66) are satisfied, but the normal displacement ¢ is independent of x and y, i. e.,
¢ = {(t). Another interesting problem can be posed, in which a membrane is used as
the cover. In this case, the term ﬁAz( in eq. (3.76) should be replaced by —T,,A{, where
T,, is the tension force of the membrane. As a result, the boundary condition (3.76) is
replaced by

4 0vy

Ay — Ty =p—1 - 3H 5 (3.80)

where d,,, and T, are dimensionless constants:

_Pnko  p _ _Twl
" lpgvg " PovoXo

and p,, is the surface density of the membrane. Equation (3.80) should be supple-
mented with one more boundary condition on 9S (of the first, second, or third kind).
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4 Hierarchy of convection models in closed volumes

In this chapter, three models that describe natural convection of the fluid in closed vol-
umes with constant transfer coefficients (Sections 4.1-4.8) are considered. The theory
of existence and uniqueness is proved for the microconvection model. Possible gener-
alizations and corollaries of resultant initial-boundary problems are discussed [172].
A comprehensive analysis of the comparative influence of temperature- and pressure-
induced changes in thermophysical parameters and of the work of pressure forces on
formation of natural convection in a weakly nonisothermal medium with extremely
small mass forces is performed in Section 4.9 in the subsonic flow approximation.
The limits of applicability of the Oberbeck-Boussinesq approximation for the descrip-
tion of this type of convection are determined. An asymptotically exact mathemati-
cal model for convection in weak force fields, with allowance for small changes in
the medium properties, is developed. One-value solvability of the basic boundary-
value problems is formulated, and the problem of local exact controllability is stud-
ied [77, 240]. Section 4.10 describes the convection model for a thermally inhomoge-
neously weakly compressible fluid [139] where all transfer coefficients are nonlinear
functions.

4.1 Initial relations

A viscous heat-conducting fluid is assumed to fill a finite vessel Q whose boundary
is a solid nondeformable impermeable wall with a specified heat-flux or temperature
distribution. The fluid is subjected to the gravity force with the acceleration g. It is
known that the fluid can be in equilibrium under these conditions only if the thermal
regime on the boundary is chosen in a special manner. The “general location case”
corresponds to the emergence of convection.

In the following, the fluid is considered as a two-parameter thermodynamic
medium with the state parameters 6 (absolute temperature) and p (pressure). The
fluid density g is determined by the state equation (see eq. (3.1))

2 =R(0.p), (4.1)

where the function R is specified below. As the basic model, we use model (1.46), where
f = g, h = 0, while A, k, and y are positive constants. Then, the functions v, p, and 6
satisfy the system of equations

do

e divv = 0; (4.2)
dv .
0 = V(-p + Adivv) + pAv + pg; (4.3)
ds
0— = kAO + O,
e~

https://doi.org/10.1515/9783110655469-004
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and the dissipative function is determined by equality (1.45). The last equation of this
system can be rewritten in a more convenient form (see the beginning of Section 3.2) as

9 0(00)dn _
Qcpdt+g<60 dt_kA9+(D’ (4.4)

where ¢, = 60s/00 is the specific heat at constant pressure.

System (4.1)—(4.4) becomes closed if the dependence of the specific heat cp On 6
and p is known. The simplest form of this dependence, ¢, = const > 0 (see eq. (3.20)),
is considered below.

Let us now discuss the state equation. The writing of it in the form (4.1) is dictated
by the fact that significant variations of temperature (and even greater variations of
pressure) in true (“droplet”-type) liquids, in contrast to gases, lead to small variations
in density. We can naturally assume that R is a nondecreasing function of p. Elimi-
nating anomalous situations from our consideration (the classical example is water
close to the temperature of 273 K, see [144, 226]), we assume that the function R(0, p)
monotonically decreases with increasing 8. In considering flows initiated by buoyancy
forces (they constitute the essence of the theory of thermal gravitational convection),
the dependence of g on 6 is usually approximated by the linear function

0 =00[1-p1(0-6p) +B(p - po)),

where 8, and f3, are positive constants, while g, 8,, and p, are the characteristic val-
ues of density, temperature, and pressure, respectively. In our case, however, we use
another approximation of the state equation:

0 =0o[1+p1(0- 90)]_1[1 + B0 - po)]- (4.5)

From the viewpoint of applications, the fact that dependence (4.5) differs from a
linear function is insignificant. Indeed, the relative error here has the order (8,6, )?,
where 6, is the maximum difference in temperature in the motion considered. In par-
ticular, its value for water is within 10™.

System (4.2)—(4.5) is the starting point for further considerations (Sections 4.2-
4.8). It can be resolved with respect to the derivatives dv/dt, df/dt, and dp/dt; there-
fore, we need to specify the initial values of all sought functions:

Vv=vy(X), x€Q, t=0; (4.6)
0=0,(x), x€Q, t=0; (4.7)
pP=py(x), x€Q, t=0. (4.8)

The boundary X of the domain Q is subjected to the no-slip condition for velocity

v=0, Xxe% ¢t>0, (4.9)
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and one of two temperature conditions, either

k% =qx,t), X€Z% t>0 (4.10)
on
or
0=hxt), XecX t>0, (4.10")

where 0/0dn is the derivative along the external normal to X.

It is not our purpose here to review the results of how well problems (4.2)—(4.10)
and (4.2)-(4.10") are posed. Note that the theorem of uniqueness of the classical solu-
tion of each of these problems is actually contained in [209]. If the functions v, 6,
Do g, and h, and the surface X are rather smooth, the theorem of existence is also valid
for these problems, at least on a small interval of time [218].

4.2 Similarity criteria

Assuming the hypothesis on a constant specific heat c, and specifying the state equa-
tion (4.5), we eliminate functional arbitrariness in the system of hydrodynamic equa-
tions. The resultant system (4.2)—(4.5) includes nine dimensional parameters: g = |g|,
s A, k, €y 005 Bis Bas 09, and py. These parameters can be combined into six indepen-
dent dimensionless combinations, and each combination can be considered as a sim-
ilarity criterion for convective flows. The total set of the governing parameters (and,
consequently, similarity criteria) becomes greater if we consider the motion emerging
from a given initial state and supported by a specified heat-flux or temperature dis-
tribution on the boundary. In particular, setting the flow domain Q defines the char-
acteristic linear size | = diam Q. Other important dimensional characteristics are the
characteristic time 7 of changes in the functions f(x, t) or h(x, t) determining the ther-
mal regime on the boundary and also the characteristic difference in temperature 6,
in the considered flow. The latter quantity has the same order as (qax — Gmin)!/k OF
hinax — Nmins Where max and min are calculated over the domain X x [0, {] (£ is the time
interval in which problem (4.2)—(4.10) or (4.2)-(4.10") is considered).

Considering the quantity 8, as the characteristic temperature scale, we can form
one important similarity criterion (Boussinesq number)

e=40,, (4.11)

characterizing the response of density to a change in temperature. Another temper-
ature characteristic of the process 6,, which is involved into the state equation (4.5),
can be identified with the mean temperature of the fluid. Obviously, the parameters 6,
and 0, are independent. Another dimensional parameter p, in eq. (4.5) can be set to
zero without loss of generality, because eqs. (4.2)—-(4.4) admit the equivalence trans-
formation p = p - p,.
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Let us introduce the notations v = p/p, (kinematic viscosity coefficient) and y =
k/oqc, (thermal diffusivity coefficient). They are used to compose two more similarity
criteria:

Pr=v/fy, &=A/n (4.12)

We further assume that the parameters Pr (Prandtl number) and ¢ have the order of
unity. At the same time, the parameter ¢ is always small, which serves as a basis for
asymptotic expansions used to derive equations of thermal gravitational convection
from exact hydrodynamic equations. (The procedure of expansion with respect to the
parameter ¢ in the convection theory was performed for the first time in [133] for the
case where the function R in eq. (4.1) is linear with respect to 0 and is independent
of p.) Now we must determine the characteristic “internal” time scale (it does not nec-
essarily coincide with the previously introduced quantity 7). The so-called convective
scale t, = (I/ge)l/ 2 is usually used for this purpose. In order of magnitude, it coin-
cides with the time of up-floating of a hot fluid particle to a height l. As t. — co when
g — 0, while we want to construct a convection model uniformly suitable for arbitrary
infinitesimal values of g, we choose the characteristic time in the form tr = P /X, which
is the temperature relaxation time. As the Prandtl number is Pr ~ 1, then the time of
relaxation of viscous stresses t; = I*/v has the same order as tr.

Using the characteristic time, we can determine two characteristic velocities. One
of them, V, = gy/l, is introduced on the basis of the continuity equation (4.2) and
characterizes the velocity of uniform expansion of the fluid owing to the local heat
source placed into this fluid. The other velocity, V,, = gel?/v, is determined from the
momentum equation (4.3) with equated orders of the terms pAv and pyf3,(0 - 6,)g
(the latter term characterizes the contribution of buoyancy forces to the total force
balance). Owing to the condition Pr ~ 1, the left-hand side of eq. (4.3) has the same
order.

The steady component in the momentum equation (it is also present in the state
at rest) is compensated by the hydrostatic pressure p;.(x). Let us consider the func-
tion p = p — pps(x). We can naturally assume that the term Vp has the same order
as the remaining dynamic components of forces acting on the fluid particle. This fact
determines the characteristic scale of the quantity p: g,gel.

Let us denote the ratio of the characteristic velocities V; and V, by . The param-
eter

_&
4

n (4.13)

plays an important role in the microconvection theory [177, 176, 161]. It was shown
in these papers that the classical Oberbeck-Boussinesq model cannot be used to de-

scribe thermal gravitational convection if the parameter n has the order smaller than
or equal to unity. The quantity n has a simple physical meaning: it characterizes the
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relative contribution of the factors of buoyancy and volume expansion of the fluid to
velocity field formation. Our further considerations will involve an important dimen-
sionless quantity

5= ﬁzél)_;)VX’ (4.4)
which can be called the compressibility parameter.
Two more similarity criteria,
0
VX _ VXﬁl 0 ( 41 5)

& = —— &y =
YT P8, T Peb,’

characterize the relative contribution of the dissipative function ® and the term pro-
portional to dp/dt to the energy equation (4.4). Finally, the ratio of the previously in-
troduced characteristic times ¢, and 7 yields the similarity criterion { = ¢,/7. Note that
another possible similarity criterion, which includes p,), is irrelevant, because p, can
be eliminated from the state equation (4.5) with the use of the equivalence transfor-
mation.

Thus, we have eight similarity criteria: P, ¢, €, 1, 8, €, &,, and (. They are inde-
pendent and can be called the basic criteria. Certainly, the choice of the basic criteria
is not unique. For instance, instead of €, §, and &, it is possible to use the parameters
& = B16,, gé/ 3(ug)??B, (analog to the compressibility parameter), and CPGO(QO/pg)Z/ 3
(dimensionless heat capacity). Then, these three parameters, together with Pr and ¢,
form five (i. e., the greatest possible number) “internal” similarity criteria determined
only by the fluid properties and by the acceleration due to gravity g. The remaining
three parameters 1, €,, and ¢ can be naturally called the external parameters, be-
cause they involve the characteristics of the flow domain and the thermal regime on
the boundary. The initial choice of the basic similarity criteria, however, is more con-
venient, because it is these criteria that are formed during nondimensionalization of
eqs. (4.2)—-(4.5), which will be performed in the next section.

4.3 Transition to dimensional variables

Let us choose the quantities I, lz/)(, x/L QOV)(/IZ, and 6, as the characteristic scales of
length, time, velocity, pressure, and temperature, respectively, and again indicate the
differences 0 — 8, and p - p, by 0 and p. Note that the characteristic velocity V =
x/l differs from the previously introduced quantities V, and V,,. This is caused by our
desire, by analogy with [68], to make the characteristic velocity independent of the
temperature condition on the domain boundary and thus give “equal rights” to the
velocity scale and the length and time scales.
We introduce dimensionless (primed) variables by the formulas (see egs. (3.27))

' X

x=i, t=—t, v=Av, p-2Xy, 9-0.0. (4.16)
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We substitute egs. (4.16) into egs. (4.2)—(4.5) and omit the primes. The state equation
(4.5) in dimensionless variables takes the form

0=(1+e0)'(1+6p) (4.17)

(the density scale here is g,). Owing to egs. (4.16) and (4.17), the dimensionless form
of the continuity equation (4.2) is
[ dp £

do
— — - —— . — +divv =0, 18
1+6p dt 1+¢€0 dt+ v (418)

and the momentum equation (4.3) becomes

1+6p dv

1+€0 dt

, Nl
1+¢€60 (4.19)

= Pr[V(-p + £ divv) + Av] +

with the notation e = |g|/g. Finally, the energy equation (4.4) in dimensionless vari-
ables is written in the form

1+6p db £2+e£16.d_p

1160 dt 1+€b dt:A0+€1CD’ (4.20)

where the dimensionless dissipative function @ is determined by the equality
_ 2\, .2 -
D= $+§(dlvv)+2D : D

(here D' is the dimensionless deviator of the strain rate tensor). Equations (4.18)-
(4.20) contain seven parameters, which can be divided into four groups in order of
decreasing of their typical values. The first group consists of one element 5. Under the
terrestrial conditions and for usual fluids, the value of 7 is rather high. Thus, if the
vessel diameter is [ = 1072 m (this typical size will also be used in what follows), and
the fluid filling this vessel is water at a temperature of 293 K, then we haven = 6.9 - 107
for g = 9.81m/s’ in accordance with eq. (4.13). Under the microgravity conditions,
however, in the range of small sizes, and also for high-viscosity fluids, the values of n
can be of the order of unity, which gives us the grounds to call n the microconvection
parameter.

The second group is formed by the parameters Pr and ¢ determined by egs. (4.12).
As was noted above, both these quantities are assumed to be of the order of unity. We
are not aware of any liquids with high values of & (i. e., the ratio of the coefficients of
the second and first viscosities). Concerning the Prandtl number Pr, this parameter
varies within wide limits for real liquids (in contrast to gases). Nevertheless, the as-
sumption Pr ~ 1 unites a large group of fluid media, including water, ethyl alcohol,
carbon tetrachloride, and all gases.

The third group again consists of one parameter £ (Boussinesq number) deter-
mined by eq. (4.11). As the volume coefficient of thermal expansion g for usual liquids
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does not exceed 2-1073 1 /K, the value of € is small even for the characteristic tempera-
ture difference 8, = 50 K. For 8, = 10 K (this value of 6, will also be used for estimating
the values of ¢; and €,), however, we have e = 2.1- 1072 for water at room temperature.

Finally, the fourth group of parameters consists of 8, €;, and &, determined by
egs. (4.14) and (4.15). Let us first estimate the value of §. This parameter is proportional
to the isothermal compressibility coefficient 8, involved into the state equation (4.5).
For usual liquids, §, lies in the interval 10~°~107'° m?/N. Taking into account that 8, =
4.9-1071° m?/N for water, eq. (4.14) with [ = 10%m yields the value § = 6.9 - 107®. The
value of the parameter €, under the same conditions is slightly greater (but still small
as compared with €): £; = 3.4-107'%, and &, = 1.8 - 107 has the same order as 6.

Then, we use the fact that the parameters 6, €;, and &, are small for asymptotic
simplification of system (4.18)—(4.20). Taking into account that the quantities ¢; (i =
1,2) in typical situations have the same order as § and wanting to reduce the procedure
to expansion in one small parameter, we assume that €; = a;6, where a; = O(1) as
6 — 0. Then, eq. (4.20) can be presented as

1+06p .@_6a2+£a19.d_p

1+e0 dt 1+e0 dt
The boundary conditions for system (4.18)—(4.20") are conditions (4.9) and (4.10) or
(4.9) and (4.10") rewritten in dimensionless variables. Retaining the previous nota-
tions for the dimensionless heat flux or temperature specified on the domain bound-
ary, we rewrite the boundary conditions in the form

= AB + 6o, D. (4.20")

v=0, XeZX t>0; (4.21)

06
P fx, ), xe% t>0, or (4.22)
0=hx(), xe€Z, t>0. (4.22)

We introduce the parameter { into the right-hand sides of egs. (4.22) and (4.22')
because we want to consider situations with appreciably different values of ¢, (time
of temperature relaxation in the volume Q) and 7 (characteristic time of change in
the heat flux or temperature specified on the boundary ). For example, let the vessel
diameter be I = 1072 m, let the fluid be water at room temperature, and let the temper-
ature on the vessel surface be a periodic function of time with a period T = 14 s; then,
we have { = t,/7 = 50.

To close the formulation of the problem, we need to rewrite the initial conditions
(4.6)—(4.8) in dimensionless variables:

V=vy(X), X€Q, t=0; (4.23)
0=0,x), xe€Q, t=0; (4.24)
P=py(x), x€Q, t=0. (4.25)

As before, the dimensionless functions determining the initial distributions of veloc-
ity, temperature, and pressure again retain their previous notations.
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4.4 Expansion in the small parameter

Below, we construct an asymptotic expansion of the solution of system (4.18)-(4.20")
in the compressibility parameter § — 0 under the assumption that the remaining
parameters involved into this system (g, Pr, &, , a;, and a,) retain finite values.

System (4.18)—(4.20") is singularly perturbed, because the small parameter & in
the first and third equations of this system is a multiplier at the evolutionary derivative
dp/dt. 1t is clear a priori that the presentation of the solution of this system in the form
of series in powers of § cannot exactly satisfy all required conditions asymptotically.
Using this expansion, however, it is possible to satisfy the equations of the system, all
boundary conditions, and two first initial conditions (4.23) and (4.24) with an arbitrary
power accuracy in terms of the parameter §. Thus, we seek for the solution of system
(4.18)—(4.20') in the form of formal power series

v=Y SvP(x, 1), 0= z §0M (x, t),

k=0 (4.26)

_P@®-1 k
—5 + Z 5 (k)(x t).

In contrast to v and 6, the function p has a singular component when § — 0. Its origi-
nation has a clear physical meaning. The quantity 6 '[P(t) — 1] can be identified with
the fluid pressure averaged over the domain Q. If the total heat flux through the bound-
ary X of the domain Q differs from zero, the fluid temperature averaged over Q changes.
As the vessel walls are motionless and impermeable, the mass of the enclosed fluid
is retained. By virtue of the state equation (4.17) and the assumption concerning the
small value of §, finite changes in the mean temperature will lead to mean pressure
changes of the order of 6 ' as § — 0.

Substitution of series (4.26) into eqs. (4.18)—(4.20") yields a recurrent system for
the functions v(k), 9("), and p(k) (k = 0,1,...). The system satisfied by the functions
v©®, 99 and p(o) is nonlinear. All subsequent triples of the functions v, g0, p(j)
(G = 1,2,...) are determined from linear systems of equations with homogeneous
boundary and initial conditions. As our attention is mainly focused on the principal
terms of expansions (4.26), we consider the system satisfied by the functions v(o)
69, and p 0, Substituting eqs. (4.26) into egs. (4.18)—(4.20") and passing to the limit
at 8 — 0, we obtain

P €

P 11680 (BEO) +v?.ve?) 1 divv? = o; (4.27)
P (V' +v@ . vv ) = Pr[v(—p© + £ divv'?) + Av?] + 72 Prpe (4.28)
1+00 Mt 1+en®’ '
P 0) (0) (Xz + 8&19( (0)
—_— 9( +v?.ve —“——— = A0", 4.29
1+&0©@ ( )- 1+€0© (4.29)

where P means the derivative of the function P(t).
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Let us formulate the initial-boundary problem for system (4.27)—(4.29). In order
to be certain, we further assume that a condition of the second kind is imposed for
temperature on the surface Z. By virtue of eqs. (4.21), (4.22), and (4.26), we have

v@ - o, xey  t>0; (4.30)
©0)
—agn =q(x,{t), XeX,  t>0. (4.31)

Conditions (4.23) and (4.24) yield the initial conditions for the functions v\*’ and 8©:

(0)

v =vy(x), Xx€Q, t=0; (4.32)

09 = 0yx), xeQ, t=0. (4.33)

The initial condition for the pressure p© is not imposed, because system (4.27)—(4.29)
is not evolutionary with respect to p'®. Moreover, eqgs. (4.27)-(4.33) determine the
function p'© with accuracy to an arbitrary time-dependent summand. (The functions
p¥,j =1,2,... possess similar arbitrariness.) Using this arbitrariness, we can ensure
that the relations

Jp(k’(x,t)dho, k=0,1,...,
Q

are satisfied for all ¢ > 0. With such normalization of p(k), the value of 6 '[P(¢t) - 1]
exactly coincides with the mean pressure of the fluid in the domain Q for all ¢ > 0.

To close the formulation of the initial-boundary problem, we need to derive an
equation determining the function P(t). For this purpose, we multiply eq. (4.27) by P
and eq. (4.29) by € and sum up the resultant equalities. This yields

[ 1- e(a, + £a,0)

) ]P +div(Pv(? - v @) = 0.
+e

Integrating this relation over the domain Q and taking into account conditions (4.30)
and (4.31), we obtain the required equation:

, J [1 _Elap + £a,60%)

P ) ] dx=¢ i[ qdz. (4.34)

As the initial condition for eq. (4.34), we choose
P0) =1, (4.35)

which, by virtue of eq. (4.26), is consistent with the natural assumption that the values
of the function p,(x) are finite as § — 0.
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Problem (4.27)-(4.35) is a rather complicated object for studying. It suffices to tell
that egs. (4.27) and (4.28) in the limiting case with € = 0 (then, P = 0 by virtue of
eqs. (4.34) and (4.35)) transform to the Navier—Stokes equations for an incompressible
fluid. It is known that the issue of one-value solvability “as a whole” of the initial-
boundary problem for this system in the general three-dimensional case is still open.
Therefore, local theorems of existence are of interest for problem (4.27)-(4.35). Let us
formulate one of them.

Assuming the problem data (v, 8y, g) to be rather smooth, we make them comply
with the local matching conditions

Vo=0, XeX (4.36)
q:(x,0) = g—g, Xey; (4.37)
e(a, +ea,0,) ] - .
[1 - i-r—se(l)o]PO +div(vy —€V0,) =0, x€Q, (4.38)
where
-1
P, = s{j [1 - M] dx} Jq(x, 0)dz; (4.39)
] 1+ €6, J

G(X) = (1+€0,)A0, — Vo - VO, + Po(ay + £,8,) = 67 (x,0)

and a nonlocal condition formulated in terms of the function my(x) = p(o)(x, 0). This
function is the solution of the boundary-value problem

div[(1+&6,)Vm,] = divF-Pr ' PH, xe(;
on
1+€0,)=—2 =F-n, X €2,
( o) on
where the following notations are introduced:

F = (1+€6y)(éVdivvy + Avy) + nPe; - Pr'Pv, - Vv,

. £ (a; - ay) - &(a; +€a,6)) (0)
H=p,|cE21 "% _ g5 - By|1- =21 = di ,0);

ol ety diveo| - o[ 1- 5522 6 | awvio)

-1

. &(ay + €a;0,) S 9 Gdx
PO:{J[l—W dx Sth(X,O)dZ—Pog (al_aZ)Jm .

Q z 0

The required non-local condition has the form
(1+£60y)[Vry = (Vg -n)n] =F - (F-n)n, x¢cX. (4.40)

It is similar to Solonnikov’s condition [216] obtained in studying solvability of the
initial-boundary problem for the Stokes system in classes of smooth functions.
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Statement 4.1. Let the surface X belong to the Holder class C** 0 < a < 1, and let the
functions involved into conditions (4.31)—(4.33) satisfy the smoothness requirements
g € ¢G5« [00)), Vo € CQ), 6, € C**(Q) and the matching conditions
(4.36)—(4.40). Then, there exists N > 0 such that problem (4.27)—(4.35) has a solution
V(0) € C2+a,(1+a)/2(ON)’ 9(0) € C3+a,(3+a)/2(QN)’ Vp(O) € Ctx,a/Z(QN)’ P e C(2+a)/2[O,N],
where Qy = {X,t : X € Q,0 < t < N}. The functions v\?, 8¥, and P are uniquely deter-
mined, and the function p© is uniquely determined under the additional condition

j p@dx=0, 0<t<N. (4.41)
Q

In what follows, we refer to eqs. (4.27)-(4.29), (4.34) the equations of convection
of a weakly compressible fluid. These equations are naturally obtained by generalizing
the equations of convection of an isothermally incompressible fluid (see Chapter 3).

Similar to Statement 4.1, the local theorem of existence of a smooth solution of the
initial-boundary problem for the equations of convection of a weakly compressible
fluid with a general temperature condition of the third kind instead of eq. (4.10) or
eq. (4.10") was proved in [77].

Substitution of the expressions v = v\, p = 6 1(P - 1) + p'©, and 6 = 6 into
system (4.18)—(4.20) yields residues of the order of O(6) as § — 0. The boundary condi-
tions (4.21) and (4.22) and the initial conditions (4.23) and (4.24) are satisfied exactly
in this case. The constructed approximate solution can be expected to approximate
the solution of the initial-boundary problem (4.18)—(4.25) at large times with the same
order of approximation as § — 0.

As the function my(x) = p©(x,0) obtained by solving problem (4.27)—(4.35),
(4.40) does not necessarily coincide with the function p,(x) specifying the initial
pressure distribution in the initial problem, the formal asymptotics (4.26) does not
work at small times. It is extremely difficult to describe the transitional process ac-
companied by propagation of high-frequency, nonlinear acoustic waves in a viscous
heat-conducting fluid, and this has not yet been done. A certain idea about this pro-
cess can be obtained by studying its linear model.

4.5 Equations of microconvection of an isothermally
incompressible fluid

This is term for a fluid whose density depends on temperature only. We write the state
equation of an isothermally incompressible fluid in the form (see eq. (3.10))

=001+ L. (4.42)

Equality (4.42) is obtained from eq. (4.17) in the limit as § — 0. As was already noted
in Section 4.1, owing to the small value of the Boussinesq number € = 86, (here we
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assume that B; = B), the differences between approximations of the state equation
0(6) by a linear function or by a function of the form (4.42) are insignificant. At the
same time, among numerous possible approximations of the function p(0), the de-
pendence (4.42) has some wonderful properties, which were noted in [177, 237] (see
also Chapter 3). In particular, the specific heat at constant pressure ¢, of an isother-
mally incompressible fluid is independent of pressure if and only if the state equation
has the form (4.42). Another important property of the chosen state equation is the
possibility of drastic simplifications of the equations of convection of an isothermally
incompressible fluid. Before applying these simplifications, we obtain the condition
of solvability of the initial-boundary problem for such equations. Assuming that§ = 0
in egs. (4.18)—(4.20) (which corresponds to the case where density is independent of
pressure), we obtain

€ de .
—1+€6-E+dwv—0, (4.43)
1 av . nPr
Tred dt - Pr[V(-p + £ divv) + Av] + Tie0 e; (4.44)
1 de
-— =A0. X
1+€0 dt 0 (4.45)

System (4.43)—(4.45) is supplemented with the boundary conditions (4.21) and (4.22)
and with the initial conditions (4.23) and (4.24).
It follows from eqs. (4.43) and (4.45) that

div(v - ev6) = 0. (4.46)

Integrating the last equality over the domain Q and using conditions (4.21) and (4.22),
we find

J qds=0, t>0. (4.47)
z

This is the necessary condition for the solvability of problem (4.43)-(4.45), (4.21)—
(4.24). The physical treatment of condition (4.47) is rather obvious. For an isother-
mally incompressible fluid which completely fills a bounded domain, a nonzero total
heat flux through its boundary induces a mass flux, which is impossible if the domain
boundary is a nondeformable impermeable wall.

The same reasoning shows that the problem of convection of an isothermally in-
compressible fluid in a closed volume becomes only conditionally well-posed if con-
dition (4.22) for temperature is replaced by the condition of the first kind (4.22') or by
a condition of the third kind. The model of convection of a weakly compressible fluid
does not have this drawback. It should also be noted that the satisfaction of condi-
tion (4.47) leads to the exact coincidence of eqs. (4.43)—(4.45) with egs. (4.27)-(4.29),
which are satisfied by the principal terms of expansion (4.26). In this case, according
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to eqs. (4.34), (4.35), we have P = 1, and there is no singular component in expansion
(4.26) for pressure.

Let us return to system (4.43)—(4.45). Equality (4.46), which follows from this sys-
tem, means that the vector v — £V is a solenoidal vector. This fact suggests that we
can pass to new sought functions w and q in the system considered. These functions
are determined by the relations

w=v-¢Vl, g=p-¢e1+&- Prfl)AG. (4.48)
In the new variables, system (4.43) takes the form

W, + W- VW + €[V - VW + (W - V)VO — V(W - VO)]
+E2[(VO - V)VO + AGVO - V(IVO]?)]

= Pr(1 + &0)(-Vq + Aw) + nPre;; (4.49)
divw = 0; (4.50)
0, +wW-VO+ €|VOP® = (1 + eB)A6. (4.51)

Equations (4.49)—(4.51) were derived in [133] and were later called the microconvection
equations. Andreev et al. [17] demonstrated that the momentum equation (4.49) can
be transformed to a more compact form:

W; + W - VW + 10t W x VO + €2 div(V6 ® V6 — |VOI)
= Pr(1 + €0)(-Vg + Aw) + nPre;. (4.52)

If we replace 6 in eqs. (4.50)—(4.52) by ¢ (concentration of the passive admixture), we
obtain equations that describe the concentration convection under microgravity con-
ditions or at microscales. These equations were derived in [161].

The most natural problem for system (4.50)—(4.52) is the initial-boundary problem

w=-¢Vl, xe3 t>0 (4.53)
g =q(x,(t), xeX >0 (4.54)
W=wy(X), X€Q, t=0; (4.55)

0=0y,x), x€Q, t=0. (4.56)

The boundary condition (4.53) is the no-slip condition rewritten in terms of the mod-
ified velocity w. The function w,(x) involved into the initial condition (4.55) is equal
to vy (x) — £V6,(x) by virtue of egs. (4.23) and (4.48).

We further assume that w, = €u,, where the function u, is independent of €. In
this case, the initial velocity field v, = g(u, + V6,) as € — 0 has the same order as
the characteristic velocity of up-floating of a nonuniformly heated fluid in the gravity
field as well as the characteristic velocity of uniform expansion of the fluid induced by
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a local heat source (let us recall that the two last quantities have an identical order at
n ~ 1). The assumption made above allows us to seek the solution of problem (4.50)-
(4.56) in the form of series in powers of the small parameter € (Boussinesq number):

0= e0%x1, w=)ew'xu),
=0 = (4.57)

(&S] . -
q=ne;-x+y eq”x0).
i=1

The function 8'* (here, it has a different meaning from that in the previous paragraph)
is determined as the solution of the second initial-boundary problem for the linear ho-
mogeneous equation of heat conduction. The functions w'” and ¢ and the functions
6% (i = 1,2,...) are found from the consecutively solved first initial-boundary problem
for the Stokes system and second initial-boundary problem for the linear inhomoge-
neous heat-conduction equation.

The results of Solonnikov and his colleagues [216, 116] imply the solvability of
the problems arising in the Holder class if the natural conditions of smoothness and
matching imposed on the surface ¥ and the functions g, w,, and 6, are satisfied. These
conditions are similar to those indicated in the formulation of Statement 4.1. The func-
tionsw® and 8 are determined in a unique manner, and for one-value determination
of the functions it is sufficient to require that the mean value of these functions over the
domain Q is equal to zero for any t > 0. Convergence of expansions (4.57) in suitable
Holder norms at small values of the parameter € was established in [183]. A key role
in proving convergence belongs to the solenoidal nature of the modified velocity vec-
tor w. The same property allows us to use the “stream function—vorticity” variables
for constructing effective algorithms of the numerical solution of two-dimensional
problems of microconvection. Some problems of this kind were studied numerically
in [79, 80, 81]. The results of these works revealed not only quantitative, but also qual-
itative differences in the behavior of velocity fields calculated by the microconvection
model and by the conventional Oberbeck-Boussinesq model in the case where the
microconvection parameter 17 = gl> /vy is of the order of unity.

To conclude this section, we should note that egs. (4.50)—(4.52) admit a large
group of transformations [17]. On this basis, a number of exact solutions of microcon-
vection equations was constructed in [77, 176, 30, 197] (see Chapter 5).

4.6 Oberbeck-Boussinesq equations

In the previous sections, based on exact equations of motion of a viscous compressible
heat-conducting fluid (4.18)-(4.20") we formulated two approximate models of con-
vection. One of them (system (4.27)-(4.29), (4.34)) was derived under the assumption
of weak compressibility of the fluid. In this case, high-frequency acoustic oscillations
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were “filtered” in the resulting equations (they should be taken into account only at
the initial stage of motion), and the contribution of compressibility was of an integral
character. If we assume that P = 1 in system (4.27)—(4.29), which corresponds to an
isothermally incompressible fluid, and pass to the modified velocity and pressure in
accordance with egs. (4.48), we obtain the microconvection equations (4.50)—(4.52).
As aresult, there arises a certain hierarchy of models (under the assumptions made in
Section 4.1) in the convection theory. The third chain of this hierarchy is the classical
Oberbeck-Boussinesq model. The equations of this model can be readily derived from
eqs. (4.50)-(4.52) with the use of the limiting transition € — 0, 1 — oo.
The continuity equation (4.50) retains the previous form

divw = 0, (4.58)

and eq. (4.51) in the limit £ — 0 transforms to the heat-transfer equation for an incom-
pressible fluid

0, +wW- V0 = D, (4.59)

which contains no term with the dissipative function (the assumption of smallness of
this term is one of the basic assumptions in the classical convection theory). In the
momentum equation, we first use the substitution g = ne; - x + r (i. e., identify the
hydrostatic component of pressure) and then make ¢ tend to zero and the parameter
n tend to infinity, so that their product en = 6, gl /vy (Rayleigh number) retains a
constant positive value. As a result, we obtain

W; + W-VW = Pr(-Vr + AW — Ra0e). (4.60)

With accuracy to notations, system (4.58)—(4.60) coincides with the Oberbeck-Boussi-
nesq system of equations (3.41)—(3.43), where h; = 0. Let us also note that the modified
velocity w at € = 0 turns by virtue of eq. (4.48) to the usual variable v; the same refers
to the modified pressure.

4.7 Linear model of the transitional process

As was noted in Section 4.4, the approximate solution of system (4.18)—(4.20") con-
structed there does not satisfy the initial condition for pressure, because the function
DPo(x) involved into it does not generally coincide with the function 77y (x) = p(o)(x, 0)
(the latter is determined from the initial values of velocity v, (x) and temperature 6, (x)
as a solution of the elliptical boundary-value problem formulated in Section 4.4). If we
assume, however, that the function I (x) = p,(X)—m,(x) is small and take into account
that the initial conditions for velocity and temperature in the approximate solution are
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exactly satisfied, we can linearize egs. (4.18)—(4.20) in the vicinity of the isothermal
equilibrium state and consider the following linear initial-boundary problem:

OIl; — €2, +divU = 0, xeQ, t>0; (4.61)
U, = Pr[A(-TT+ £ divU) + AU, x€Q, t>0; (4.62)
g — 6a,I1; = AE, xeQ, t>0; (4.63)
U=0, XeX t>0; (4.64)
%E_,, Xe3, t>0; (4.65)
on
U=0, XxeQ, t=0; (4.66)
2=0, xeQ, t=0; (4.67)
II = [ (x), Xe, t=0 (4.68)

Here, the symbols U, E, and II indicate perturbations of velocity, temperature, and
pressure, respectively. In the following, we assume that IT;, € WZZ(Q).

Despite its linearity, problem (4.61)—(4.68) is still rather complicated because of
the presence of the small parameter § at the derivative I1;. Nevertheless, an idea about
its qualitative behavior as § — O can be obtained by using decomposition of the vector
U into the potential and solenoidal components:

U=Vp+V, divV=0.

Omitting simple calculations, we write relations satisfied by the function ¢:

o[ o 0
6&[& -+ 1)A] [(1-a8)p; — Ap] - <& —A)Aq) =0,
xXeQ, t>0; (4.69)
% =0, A =0, Xel, t>0; (4.70)
on on
=0, @;=-T(x), @;=-(&+1DAl, xe€Q, t=0. (4.71)

For a known value of ¢, the functions II and = are described by the explicit relations

t

O=¢E+DAp-¢;,, E= 8_1{6[(.{ + DA — ;] + JA(p d‘r}.
0

The solution of problem (4.69)—(4.71) is sought in the form of the Fourier series
9 =) At)pr(x),
k=1

where {¢,} is the system of eigenfunctions of the Laplace operator with the Neumann
condition, which is orthonormalized to L,(Q), i.e., A@; = —y,z(q)k, X € Q; 0p;/on =
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0,x € %, and —,ui are the corresponding eigenvalues, 0 < py; < u, < ---. Without
loss of generality, we can assume that the value of the function II, averaged over Q
is equal to zero. In this case, the expansion for ¢ has no term with the function ¢ =
const corresponding to the eigenvalue y, = 0. The functions A;(t) are found from
the solution of the Cauchy problem for the third-order linear ordinary equation with
constant coefficients whose solution is found in the form A4, = M. The characteristic
equation for A has the following form (it follows from eq. (4.69)):

SAA+ (& + D] [(1 - ae)d + i3] + (A + )i = O. (4.72)

Equation (4.72) contains two small parameters, § and ¢. If € = 0, it decomposes into a
linear and a quadratic equation. This permits us to obtain a presentation of the roots
of eq. (4.72) in the form

1/2

12 2 12 2

A5 = -1 [1+ 0()).

The root A; < 0 corresponds to the thermal mode, and the roots A; and A, correspond
to the acoustic modes. As 6 — 0, the calculations show that the contribution of the
thermal mode to the amplitude A;(t) of each harmonic over which the function ¢ is
expanded has the order of §, whereas the acoustic modes make the main contribution
0(51/ 2). The decrement of thermal mode decay is independent of § as § — 0. The
dependence of the characteristic numbers A; and A, on § is rather significant. If § <
6o = 4[(¢ + 1)}11]_2, where —yf is the Laplace operator eigenvalue with the smallest
absolute value, then there exists a natural n = n(6) such that the roots A;, atk < n
have a nonzero imaginary part, while ImA;, = 0(67?), and ReA;, < 0, and also
ReA;, = O(1) as 6 — 0.If k > n, then the roots A; and A, are real and negative, with
A = 0(671) as 86 — 0, whereas the estimate of the first root uniform with respect to
k = n, which cannot be improved, has the form A; = O(1), but the contribution of the
corresponding mode to the amplitude A4, (t) has the order of § as § — 0.

Thus, the solution to problem (4.69)—(4.71) admits the presentation

@ =Y B(O)gy(x) + w(x, 1),
k=1

where B, are rapidly oscillating functions of ¢, and the norm of the function w(x, -) in
the space WZZ(Q) (or its stronger norm if the function I, (x) possesses greater smooth-
ness) is estimated as C6 exp(aet) uniformly over t > 0, where the positive constants
@ and C are independent of § as § — 0. In this case, n(6) — oo as § — 0. Each of
the functions By (t) exponentially decreases as ¢ — oo, but these functions have no
pointwise limits as 6 tends to zero: in this sense, they are rather similar to the func-
tions exp(—ayt) x sin(b, 6 /*t), where a; and b, are independent of 8. Nevertheless, as
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6 — 0, there exists a weak limit of constriction of the functions B, (t) to an arbitrary
interval [0, N], and this limit is equal to zero.

Thus, we determined the potential component of the vector U and as well as the
functions IT and Z. To satisfy the no-slip condition (4.66), we introduce a solenoidal
component of V and a corresponding pressure Q. These functions form the solution
of the Stokes system

V,=Pr(-vQ+AV), divV=0, xeQ, t>0, (4.73)
for which the following initial-boundary problem is posed:

V,=ax,t), xeZ, t>0 (4.74)
V=0, xeQ, t=0. (4.75)

The function a is determined by the equality a = —-V¢|s and, by virtue of eq. (4.70),
has a zero normal component on the surface £. From here and from egs. (4.73) and
(4.75), it follows that the function Q(x, 0) as a solution of the homogeneous Neumann
problem for the Laplace equation is constant; without loss of generality, this constant
can be taken equal to zero. Therefore, the total pressure in the linearized problem IT+Q
satisfies the original initial condition (4.68).

The solution of problem (4.73)—(4.75) can be obtained in the form of an expansion
in eigenfunctions of the Stokes operator [114] after introduction of an auxiliary func-
tion b(x, t) that ensures a solenoidal continuation of the vector a to the domain Q.
Leaving out the details, we only mention that rapid oscillations of the function a in
time at small values of § give rise to oscillations of the functions V and Q. These os-
cillations, however, are dampened by viscosity. This is manifested not only in a com-
paratively slow decay of the solution of problem (4.73)—(4.75) with time, but also in
localization of high-frequency oscillations near the boundary of the domain Q (the
characteristic thickness of the unsteady boundary layer has the order of 6% as § — 0).

Remark 4.1. Thelast chain of this hierarchy is the model of a viscous heat-conducting
fluid (3.35)-(3.37). It is obtained from eqs. (4.50)—(4.52) as € — 0 and other parameters
being fixed.

4.8 Some conclusions

Let us now draw some conclusions from Sections 4.1-4.7.

1. As was noted above, the asymptotic solution of the linear problem (4.61)—(4.68) has
no pointwise limit as § — 0. Nevertheless, it can be considered to be the principal
term of the internal (i. e., describing the initial stage of convection) expansion of the
solution of linearized equations of motion (4.18)—(4.20"), if the traditional principle of
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matching of asymptotic expansions is extended to matching on functionals. Indeed,
as 6 — 0, the following relation is valid for an arbitrary test function o(t) € Cg°[0, c0):

J ot)W(x,t)dt = 0(5), x¢€Q.
0

In this relation, W can be taken to be the components U, (k = 1,2, 3) of the vector U,
II+Q,orkE.

2. The reason for the emergence of high-frequency acoustic oscillations considered in
Section 4.7 is the disagreement between the initial pressure distribution p,(x) and the
distribution that will be obtained in the course of solving problem (4.27)—(4.35), (4.40),
i.e., my(x) = p(o)(x, 0). To avoid these oscillations, it suffices to set py(X) = my(X).
This will lead to a differential relation between the functions v, 6,, and p, defining
the initial state of the fluid, which also involves the values of the functions g(x, 0)
and g;(x, 0) averaged over the surface . In the simplest case of homogeneous initial
conditions (4.23)-(4.25), this relation is satisfied if

th(x, 0)dx =0,
b

i. e., if the heating of the initially quiescent fluid with constant temperature and pres-
sure begins smoothly.

3. It should be noted that the procedure of “sound filtration” in the convection equa-
tions was also performed previously [159, 151, 44, 120]. In these works, however, con-
vection in gases was considered, where the assumption of weak compressibility of the
medium is not natural. It is therefore difficult to give an asymptotic meaning to the
operation of dividing the pressure into a component averaged over the flow domain
(which leads to the emergence of the “source” term in the continuity equation of the
type of the expression P'P in eq. (4.27)) and an inhomogeneous component (analog
to the function p(o) in the momentum equation (4.28)).

4, Relations (4.34) and (4.35) yield the presentation for the mean pressure P(t) involved
into the equations of convection of a weakly compressible fluid (4.27)-(4.29)

&

P=1+ qi J£<Jqd2)dt' +0(£?)

0

as € — 0 (here, |Q| indicates the volume of the domain Q). This permits the simplifi-
cation of the above-mentioned equations, if only terms of the zero-th and first orders
with respect to € are retained. Let us recall that the parameter ¢ in typical situations
(see Section 4.3) has the order of 107>; therefore, the neglect of the quantities O(¢?) is
more than justified from the viewpoint of applications.
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5. In Section 4.4, we considered the initial-boundary problem for system (4.27)-(4.29)
with the boundary condition of the second kind for temperature (4.31). The problem
with the condition of the first kind (eq. (4.22")) is more difficult to study. In this case,
the right-hand side of eq. (4.34) should be replaced by

06
z
where H is an operator that puts into correspondence the function P(t) and the mean
(with accuracy to a constant factor) value of the heat flux on the surface X calculated
at the time ¢, based on the solution of problem (4.27)-(4.30), (4.22), (4.32)-(4.35). The
operator H is continuous (and even compact) in the space C a+B)/ 2[0, N] if the value of
N is rather small. This allows us to prove local one-valued solvability of the problem

considered.

6. In contrast to that, the unsteady problem for equations of microconvection of an
isothermally incompressible fluid with the boundary condition of the first kind for
temperature (4.22') has no solution for an arbitrarily specified function h, because it
is impossible to ensure a priori the necessary condition of its solvability

00
—dX = =0, t>0, 76
!an i[q > (4.76)

following from eqs. (4.46) and (4.21). At the same time, the steady problem for micro-
convection equations is well posed with temperature conditions of both the second
and first kinds on the boundary of the domain Q.

Let us here give the basic results of [178] under this aspect. We consider a steady
analog of system (4.49)—(4.51): the functions w, g, and 6 are independent of time. For
this system, we pose the boundary-value problem (4.53), (4.54), which is called prob-
lem A, or (4.53), (4.22"), which is called problem B (the functions g and h are indepen-
dent of t).

Statement 4.2. Let the boundary X of the domain Q belong to the Holder class P s
0 < B < 1, the function g belong to c*h (Z), and eq. (4.76) be satisfied. There exists
g, > 0 such that problem A has a solution w € C***(Q), 6 € C***(Q0), g € C™**(Q) for
€ € (0,¢&p]. This solution is unique with accuracy to adding a constant to g in a certain
sphere with the center at the zero product of the spaces C**(Q) x C3**(Q) x C1**(Q). In
addition, the solution of problem A is an analytical vector-function of the parameter
€ at the point € = 0.

Statement 4.3. Let the conditions £ € C>** and h(x) € C***(Z) be satisfied. There
exists &, > 0 such that problem B has a solution w € C***(Q), 6 € C***(Q), g € C"**(Q)
fore € (0, &p]. This solution is isolated if the mean value of the function g in the domain
Q is fixed and is an analytical vector-function of the parameter ¢ at the point € = 0.
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These statements are proved by expanding the solution into series of the form (4.57)
and by estimating the series terms. Note that condition (4.76) should also be satisfied
for problem B, but no additional relations for the function h are required.

7. Well-posedness of the initial-boundary problem for equations of an isothermally
incompressible fluid can be provided by changing its formulation, as was mentioned
in Chapter 3.

4.9 Convection of nonisothermal liquids and gases under
microgravity conditions

Let us consider natural convective flows under conditions where external mass forces
are rather small and there are no large drops of temperature and pressure in the
medium. The characteristic size of the domain where convection occurs is assumed
not to be too large. The equations that describe the motion and heat transfer in the
Newtonian fluid have the form

Z—? +pdivv =0, g‘;—v = -Vp + div(uT) + pge;,
0¢ Zt - B@ dp = div(kV0) + ud, (4.77)

0= Q(e’p)’ H= H(G)p)» k= k(0>p)) ﬁ = ﬁ(e’p)> Cp = (e p)

For convenience, we indicate T = 2D(v) — 2divvI/3; then, ® = T : T/2; the volume
viscosity is assumed to be equal to zero, and there are no internal heat sources.

It is more convenient to write the continuity equation in the following form with
the use of the energy equation:

100 1 ( dp . ) 1 dp dp .
A @) += === =—divv. )
2 9 2, Bo T +div(kV6) + ud ) + o op dt divv (4.78)

Let us now simplify the initial full equations step by step. For a weakly noniso-
thermal medium with small variations of pressure far from the stagnation point and in
the absence of such phenomena as the thermal anomaly, it is possible to use linearized
equations determining the changes in the thermophysical parameters of the medium

V = Vo(1+ B (0 - 6p) —foo® -Po))
= po(1+ €,0(0 —0o) +f o - Do),

k =ky(1+ eyp(0-0q) + fro® - Po)), (4.79)
B = Bo(1+ego(6 - 6o) + fpo® — o)),
Cp = Cpo(1 + €co(8 = o) + feo( — Po))s
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where V = 1/p is the specific volume; the subscript O refers to quantities in the state
0y, Py (6, and p, are the characteristic (constant) values of temperature and pressure
in the system). For convenience, we introduce one more notation for isothermal com-
pressibility: a, = f,0, and we also indicate g, = 1/V,,.

The flows under considerations are characterized by extremely low velocities. To
describe convection for velocities much smaller than the velocity of sound, it is rea-
sonable to use the approximation of essentially subsonic flows [120]. Owing to this
approximation, the analysis of the comparative influence of physical effects and re-
sultant equations can be substantially simplified.

Let us consider the variables whose variations definitely occur in an interval of
the order of unity. The corresponding scales for velocity and time will be refined later;
for the moment, they are assumed to be equal to a certain characteristic value of the
flow velocity u, and characteristic time ¢, . Let the convection occur in a domain with a
characteristic size I, and let the characteristic difference of temperatures have a value
of the order of 0, . The scales for density, viscosity, thermal conductivity, volume ex-
pansion coefficient, and specific heats at constant pressure and constant volume are
chosen to be gg, Mo, ko, Bos Cpo» and ¢, respectively; the scale for the acceleration of
external mass forces is taken as a certain characteristic (constant) value of this quan-
tity equal to g,. We assume that

x=Ix, t=tt, v=uyv, T= uT*T',
2 (4.80)
0-6,=6,T, = I—Z*CD’.

The dimensionless pressure p/p, in subsonic flows changes only weakly. Following
[120], we introduce a dynamic pressure normalized to ugu, /I, which definitely changes
in an interval of the order of unity, independent of the flow Mach number. At the same
time, as is seen from eq. (4.78) integrated over the considered domain, the domain-
averaged pressure is proportional to the total heat flux through the domain boundary.

We assume that

2 2
0oCy ) YoM r) Bod i Mols
- Po = AP )= ——rP +——=1I, 81
P=Po=" < " "Re klag 1 (481

where cé =y5(0p/00)g = Yo/000, is the squared velocity of sound in the medium, y, =
Cpo/Cvo> M = U, /Cq is the Mach number, A = B,q/(kol) is a parameter characterizing
the rate of change of the mean pressure, g = Jz koV6-n dxis the total heat flux through
theboundary Z of the domain Q, and Re = pyu, I/}, is the Reynolds number. The factor
A is introduced for more exact normalization of the pressure P’ (see eq. (4.87)).

The changes in the parameters due to variations of hydrostatic pressure (in par-
ticular, hydrostatic compressibility) are ignored, because the acceleration of exter-
nal mass forces is assumed to be rather small, so that the condition fj,0080! « 1
(=0, 1.k, B, c) is satisfied.
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As a result, system (4.77)—(4.79) is written in the following form (the dimension
less quantities are primed):

oo’ T
Sh¥+v Vo' = —p' divv/,

ReA . Re
<Shgw+gv VV)- VIH,_WV +d1v(y’T’)+ﬁQ’g'e3,

!
_ _ T'
4 ReP ——div(k'V'T')
!
+£B'(1+€TT)[ ( hai“’ vp)
Er ot!
. , (4.82)
YoM ( o', o, ,>]
Sh—-+v -Vl
Re ot v
%M’ B '
Re ¢, ’
-1
, ' YoM”
Q=[1—%T 4”9( RAH>] ’
2
YoM
WKL ch =1+, +<Py,k,ﬁ,c<P "+ Red Hr)'
Here,
2 2
sh=—L, Re=Qotl g Mo Ko
u,t, Ho 0 8ol Golo
0
&=, AZBO—q, B= bo . & =¢job.
90 kol QApCpolo

fio Boa
P = — — ':)’]), .
1= & kol (=0mkpoc

In the case of a perfect gas, we have B = (y, - 1)/yo; B'(1+&7T') = 1; ¢, = —€7.
Passing to the limit as y,M 2/Re — 0 1in egs. (4.82) and returning to dimensional
quantities, we obtain

Bo(1+ec0(0 = 65) + feo(P - Po))i1

X { [1+eo(6 —0p) + fo(P ~ PO)]G—
€0Cpo

+ Xo[1+ €xo(0 = 6p) + fro(P — Py)]AB + xoero VO VG}

[1+Bo(6 - 8) —ao(P—P(,)]‘lao“;—P _ divv

(4.83)
?)_‘1.‘, +Vv-Vv

= [-Bo(6 - 6p) + ag(P — Py)]ge; + [1 + By (6 - 6y) — ag(P - Py)]
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X {—QL VIL, +V[1+€,0(0 = 0g) + fu0(P = Py)] div T +vge,,o V6 - } (4.84)
o

00 1+ B,(0-6y) —ag(P - Py)

— +Vv-VO=

ot 1+e.0(0—-0g) + foo(P - Pgy)

x{ ﬁ [1+eﬁ0(9 90)+f/30(P PO)] dp
Q0Cpo

+ Xo[1+ €00 — 6p) + fro(P — Py)]AB + xoero VO - VG}. (4.85)

Here, P = P(t), II" = I1 - goge5 - X; Vo = Ho/005 Xo = ko/(00Cpo)-

Thus, within the framework of the subsonic flow approximation, the total pressure
pis presented as the sum of a spatially homogeneous thermodynamic component P(t)
and a component that takes into account the dynamic and hydrostatic effects I1(x, t).
The influence of viscous dissipation of kinetic energy is ignored here.

System (4.83)—(4.85) is closed by the relation determining the evolution of P(t).
In the case of convection in a domain bounded by solid walls, integration over the
considered domain Q of the continuity equation (4.83) yields

I{ Boe[1+€p(9 6o) + fp(P = Py)] . A0 }
dt )1 cpoll +ec(0—00) + fuP—Po)] 1+ Bo(6— ) — ao(P — Po)

_ J Bo diviko[1 + ex(6 — o) + (P~ Po)IV6} , J oov-nds.  (486)
cp0[1+e,_.(9—60)+f,_,(P—PO)] J

For a domain opened into the atmosphere or into one rather large reservoir, it can
be assumed that P(t) = P,, where P, is the ambient pressure.

Note, if A < O(yoM 2/Re), then the dependence of the parameters on pressure and
the work of pressure forces are not reflected by the resultant system; this case will be
considered in detail below. The dependence of the parameter on pressure, however,
cannot be always neglected, e. g., if convection in a domain bounded by solid imper-
meable walls with a given power of external heat sources is considered. According to
eq. (4.82), the full system (4.77) should be used in such cases; this system involves, in
particular, viscous dissipation of kinetic energy.

Let the values of ejy, fio (i = 0, 4.k, B, ¢), 6 — 6y, P — Py, and g, as well as the ve-
locity on the boundaries of the domain occupied by the fluid be rather small at the
initial time, so that the characteristic values of flow velocities and acceleration are
also small. In the case where convection is a closed domain bounded by solid imper-
meable walls, the time evolution of the pressure P is determined by eq. (4.86), which
has the following form in the principal order: dP/dt = B|Q|/(1 - By6,B)q (1Q| = IQ dax
is the volume of the domain Q). The value of Bf,6, is usually smaller than unity; for
instance, 0.29 for air and 3.2 - 107> for water. We therefore choose Bg/I as a scale for
the rate of change of thermodynamic pressure (dP/dt),. For time, it seems natural to
choose a scale corresponding to molecular thermal conductivity, because convection
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is rather weak: t, = I /Xo- Then the scale for thermodynamic pressure variations is
determined as

dP A
P,=(% )¢, =2 .
* ( dt>,f* - (4.87)

in accordance with eq. (4.81). Using eqs. (4.83)—(4.85), we can estimate the contribu-
tions of the changes in density u,, viscosity u,,, thermal conductivity v, and specific
heat u, induced by small variations of temperature (indicated by the superscript (T))
and pressure (indicated by the superscript (P)) and the contribution of the work of
pressure forces up to formation of the velocity field. From the continuity equation
(4.83) (or from eq. (4.86)), we obtain the following estimates: ug) = Bo0.Xo/l, wyp =
ay(dP/dt) 1, up = ,BéHO(dP/dt)*l/(gocpo). From the momentum equation (4.84), we
have ”;(JT) = €,00.v0/1, u}(lp) = fuoPvoll, ug) = Bo0,vo/l, ug;) = agP,vy/l. From the
energy equation (4.85), we obtain up = B,6,(dP/dt),1/(09Cpo0.) u,((T) = eb.Xo/l,
u,(f) = froP.Xo/l, NET) = eq0b.X0/1, u(cP) = feoP.Xo/l, ug) = Bob.Xo/L, ug;) = aoP.Xo/l.
The contribution of the pressure forces to velocity field formation is estimated as up,
because u,p/up = fy0, < 1; u;p/up = er/B. The contribution of the buoyancy forces
u,, to the velocity field at low Rayleigh numbers is estimated in a standard manner:
uy = o0, golz/v0 (the scale (8,0, gol)l/ 2 is less appropriate at low velocities).
Obviously, if one of the conditions

“h<0M, <00 (=emko, 2 <0, (4.88)
u: u; up

j j
which have the following form in terms of the basic governing parameters (Rayleigh
number Ra = B,6,80F/(Voxo), €, and )):

Ra<g (j=0,kc), Ra<Prg (j=o,mn; (4.89)

Ra<g; (i=0kc), Ra<Pro; (j=o un; (4.90)

Ra < @, (4.91)
€r

is satisfied, then the Oberbeck-Boussinesq approximation is inapplicable for the de-
scription of thermal convection. The condition Ra < ¢, reflecting the influence of
changes in density was obtained in [177]. Note that other conditions (4.89), for exam-
ple, those reflecting the change in viscosity and thermal conductivity, Ra < Pre, and
Ra < g, can be much less rigorous than those in [177] (e. g., for water at a tempera-
ture 6, = 15°C and pressure P, = 1atm, we have &,/(Prg,) = 6.9 - 107 and & /e =
-8.8-1072). Under conditions (4.88), it is not only the Oberbeck-Boussinesq approxi-
mation proper that is invalid, but also its various generalizations with constant ther-
mophysical parameters, except for density.
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In some cases of practical importance, thermodynamic pressure is almost con-
stant. Let us consider the case with P = P, = const. We nondimensionalize the equa-
tions so that the values of all field variables change within intervals of the order of
unity. The scales for the spatial variables, temperature, and pressure were defined in
egs. (4.80) and (4.81). The scale for velocity should be related to the motion inten-
sity: the scales related to the molecular diffusion characteristics, v/l and x,/I, are not
suitable for this purpose [89]. In accordance with estimates (4.88)—(4.91), one of the
quantities Ugs Uy, Uje, OF U should be chosen as the scale of velocity of the microconvec-
tive flow. Let us assume that u, = gx,/l, where € = max;(|gj|) (j = 0, i, k, ¢). As the time
scale, it seems reasonable to take the characteristic time of heat diffusion ¢, = /Xo»
because it is smaller than the convective time scale I/u, . In this case, we have

Sh = 1 Re= £, Fre %) yoM? _ €00%oVoXo
€ Pr 8ol Re P
For microconvective flows, we have y,M?/Re « g. Thus, YoM?Re™ = £.73.
1071 cm?/ for water at a temperature §, = 15°C and pressure P, = latm and
YoM?Re™ = £-3.5.107" cm?/P for air. Let us assume that ¢ < 1and y,M?/Re < &.
Omitting terms of the order of smallness greater than O(gj) in egs. (4.82) (automatically

passing to the limit of the subsonic flow approximation y,M 2/Re — 0), we obtain

€
—f[(l +gT - TAT +V'T -V'T'] = divV/,
! TI _ TI
Prfl(al +ev - V'v') =z Gg'e; - (1-¢,T")V'I,
o 1-6,T; (4.92)
+(1+¢g,T -¢,T)divT +¢g,V'T"- T,

!
88—7; +ev VT =1+ T -, T -, T)AT + V'T -V'T',
where Ty = (05 — 0,)/0,; 11, =TI' - II§.

In many cases, specific heat changes with temperature to a smaller extent than vis-
cosity, thermal conductivity, or density. At €. = 0, instead of a nonsolenoidal velocity
field, we can determine a new solenoidal vector field w = V' + (g,/&)(V'T' + & T'V'T’),
which simplifies studying some aspects of the problem. In the case with e, = &, = ¢, =
0, system (4.92) coincides with egs. (4.49)—(4.51) in natural variables.

Based on the principle of compressive mappings, by analogy with [183], solvability
of the basic boundary-value problems for system (4.92) with rather small values of ¢ is
proved (it is assumed that gy, Ko, ko, and ¢, are positive, and f, > 0). Let us give here
the following results. We consider a boundary-value problem for the steady system of
equations (4.92) in the case with €. = 0, which is posed in a bounded domain Q of the
Euclidean space R? with a smooth boundary £ and with the following conditions on
this boundary:

vV =ax), (1+gT)VT' - n=T(x), xeI
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(a = (a;, a5, a3) and I are known functions of the variable x). This problem (let us call
it problem A) corresponds to the model of convection in a reservoir with solid imper-
meable walls with a specified heat-flux distribution on them. The following statement
is valid.

Statement 4.4. Let = ¢ C'*>, T e C2(2), a; € C**(2) (C'(2) and C!(Q) indicate the
corresponding Holder classes of functions); let [ > 0 be an integer number, and let
the condition Jz(n -a+ (SQ /e)I)d% = 0 be satisfied. Then, there exists &, > 0 such
that problem A at & € [0, &] has a unique solution with v/ € CH(Q), a1l, /ox; € CY(Q),
T' € c*3(Q). This solution is an analytical vector function of the parameter ¢ at the
point € = 0.

The proof of this statement involves the estimates of solutions of systems elliptical
in the Douglis—Nirenberg sense in the Holder classes. It can be easily demonstrated
that the Holder norms of the difference between the components of the solutions of
problem A and the corresponding problem for the Boussinesq equation tend to zero as
€ — 0. Convective effects at finite values of €, however, can exert a significant influence
on microconvection formation.

In the functional spaces L;l’)l( (D) and Lﬁ“z‘z/p (R%) (see the definitions in [215]),
we consider the Cauchy problem for system (4.92) in the case with &, = 0 in the domain
D,={(xt):x¢ R, t > 0} with the initial conditions (problem B)

vV =v(x), T'=Tyx) (f'=0); divv'y=0,

where T} and V', are specified functions.

Statement 4.5. Let T ¢ Lf,“z‘z/p (R%), vy € L§l+2—2/p (R%), g/ € Lf]”)’( (D,) (I >0isan
integer number). Then, there exists €, > 0 such that problem B at € € [0,¢,] has a
unique solution with v} € L;l;2;l+1(l)_4), oI, /ox; € lejl,)l( (Dy), T € L;l;2;l+l(ﬁ4). This
solution is an analytical vector-function of the parameter ¢ at the point € = 0.

The proof involves the estimates of the solutions of the Cauchy problem for the
heat-conduction equation and the linearized Navier—Stokes equations.

One-valued solvability of the boundary-value problems for the linearized system
(4.92) in various functional spaces is established with the use of well-known methods.

By analogy with [58], we can obtain results on local exact controllability by system
(4.92) for the control distributed over the boundary. In the case with €. = 0, we perform
the following replacement in egs. (4.92): W = V' +(g,/&) x (V'T' +&, T'V'T"); the system
of the transformed equations is denoted by (4.92').

Statement 4.6. Let a solution w, € H??(Q), T ¢ W**?(Q), Vg ¢ L,(0,7; W2(Q)) of
egs. (4.92), such that Iz n-wdZ = 0 be given, as well as the initial conditions for which
w, € H'(Q), Ty € W5(Q), [;n-wdE = 0and [[w, - Wllgq) + [IT. - Tollinq) < &
where € > 0is a rather small quantity (notations of the functional spaces can be found
in [58]). There then exists a boundary control (u,,, ur) € (L,())> x L,(Z) such that the
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solution of problem (4.92')

W=wWy(X), T=Tyx) (t=0)
w=u, (+gT)VT' -n=u; (xeI),

(where T} and V', are given functions) exists and satisfies the condition

w(T,X) =wW,(1,X), T(1,X)=T,(1,X).

4.10 Convection of a thermally inhomogeneous weakly
compressible fluid

Here we describe the convection model proposed and studied in [139]. The initial sys-
tem is the general system of hydrodynamic equations (1.46) in which f = g + F (the
acceleration of the gravity force g is singled out) and the left-hand side of the last
equation (energy equation) is replaced by oc,df/dt + 9@‘199dp/dt:

% +odivv =0; (4.93)
g% =V(-p +{divv) + 2div(uD') + g + F; (4.94)
oc, Zf 0 ng = div(kVv0) + ¢ (divv)? + uD' :D' +h (4.95)

(¢ = A+ 2pu/3 is the volume viscosity coefficient, eq. (3.15), and D' = D — divviI/3 is the
deviator of the strain rate tensor D).

Let us write system (4.93)-(4.95) in an arbitrary curvilinear coordinate system
0q,9,4; fitted to the Cartesian coordinate system through one-to-one dependences
X = X(q1,95 q3). Let e}, e,, and e; be the unit vectors of the system 0q,q,q5, V =
Vi€, +V,€, +v3e;. We introduce the Lamé parameters H; = [x, |,i=1,2,3, H = H;H,Hj.
Then, we have [110]

i=1 i q; i=1 aql i
1¢ 0 H
divp=—=Y — <7>.‘— e~>, A = divV; (4.96)
H ; og; \ "H; ’
oej e OH; i e, OH, _{ L i=j
og; H; ogg V& Heogq® o 0, i#j;
H 0 (v H; o v
! i i ] k i
ik G LB P 497
i Hjaqj<H,~>+Hiaql< > ”ZHHkax (“97)
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In new variables, the form of the scalar equations (4.93) and (4.95) is not changed
(certainly V and div have to be written in accordance with egs. (4.96)). Concerning the
momentum equation (4.94), it becomes

av _

i 2udivD' + 2D'Vu + uS + V(-p + { divv) + o(g + F), (4.98)

0

where the elements D' are determined by eq. (4.97), and the projections of the vector
S onto the axes e; (i = 1,2,3) are

!
Szli[p’<la£_lzﬁ+l%>_ﬂ%] (4.99)
' H;51"'\Hogq; H;dq; H;oq;) H; g

To close this system, as was already noted in Chapter 1, it is necessary to set p = g(8, p)
(state equation), u = u(8,p), ¢ = {(6,p), ¢, = ¢,(6,p), and k = k(0, p). Following [139],
the fluid is called weakly compressible if the following conditions are satisfied:

1) the functions

0=0(&0,6p), u=pu(Ebep), (=6 ep),

(4.100)
Cp = Cp(e16,6,p),  k = k(g;0,€,|V0], &;,p)

are positive and continuously differentiable; €, and &, are small nonnegative parame-
ters;

2)
(&, mn) & n
“or <0 T >0 (4.101)
3)
ou&,m) ueEn) _ ..
o <0, T > 0; (4.102)
4)
ac,(§,m) 9c,(§,1)
T 0, s 0 (4.103)

for all admissible ¢ and p.

If all of these functions are independent of p (¢, = 0), then the fluid is called
thermally inhomogeneous and weakly compressible.

In the linear approximation, we have g = gy(1 - €0 + &,p), and the parameters
&, and &, are actually the coefficients of thermal expansion (f;) and isothermal com-
pressibility (8,) (see Section 4.1).
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To identify the characteristic quantities providing unified information about
the convection process, we introduce the following dimensionless quantities in
egs. (4.93), (4.95), and (4.98):

! 2 3 2
P X 1 _ Mo oo 1 0ol ,_ Ulglogg
B
r_ 0 P S ' k 1M ' 8
Q = > C, = ) k = > H ) g = >
0 T oy, Cp,Ho Ko gl
2 2
£ ligle
e = Ho SI:M_” |£/£, glz_l’
' Pigley’ T Poo BT g,

213 2 2 2
F = %F<1X’,M tI)) W = |g|9315£1h<lX’,M ¢, - VOZ 9/>.
Mo Plgloge

In these equations, g, = 0(0,0), uy = u(0,0)
introduce the notation & = &,/u,.

» €, = €p(0,0), § = ¢(0,0). We also

Remark 4.2. For real fluids [234], |g| ~ 10m-s, g, ~ 10° kg/m’, cp ~ 10°J/(kg-deg),
Uy ~ 1074-10kg/(m:s), &, ~ 1074-102deg™}, &, ~ 1079108 m> N7 (¢, < g)),
and the dimensionless parameter €], &}, and &} are estimated as €] ~ 10"°-10757,
) ~102-107712, &} ~ 1076-107L

Omitting the primes, we can write egs. (4.93), (4.95), and (4.98) in the dimension-
less form as the system

% +odivv =0; (4.104)
dv . 2 1 g 1 ¢ .
— =wdivD' +ZD'Vu- “vg+2 (1— —) +2V({divy) +vS+F;,  (4.105)
e o Mo € e/ o ¢
Qcpi—f = div(kV0) + &, [2yD' D'+ & (divv)? - g g—g ‘cii_lt)] +h, (4.106)

where g, v = u/p, i, {, and cp are known functions of two variables &0 and &,p,
which are equal to unity at the point (0, 0) and satisfy conditions (4.101)—(4.103); k =
k(&,0,£,|V0], &;p), k(0,0,0) = K = const > 0, g = p — py, Dy is the dimensionless
hydrostatic pressure: Vp, = el‘lg.

From eqs. (4.104)-(4.106), neglecting terms of the order of ge¢; (i,j = 1,2,3), we
obtain a system that describes convection of a viscous weakly compressible fluid

divv = 31“1% - ezaz% - z—j av-g; (4.107)

% =2vdivD' + 2<—sla3V9 +6a,Vq + z—j a4g>D'

do d
+ 5V<€1ala - szazd—ct] - &a,V - g>
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+§<1—1>—1Vq+vS+F; (4.108)
& e 0

d6 div(kvo "D +h
QCpE = div(kV0) + 2e;D' : D' +h, (4.109)

where aq; = —95(0,0), a, = Q,I(O, 0), a3 = —yg(O, 0), and a, = ;4,1(0, 0) are known
positive constants.

For a thermally inhomogeneous (¢, = 0) weakly compressible fluid, system
(4.107)-(4.109) is simplified:

. de
—ea 2. 110
leV €1a1 dt (4 )
av . de
E =2v le D, — 281(13'D’V9 + Elalfva
+vS— 8P - Lvg+F, (4111)
& ]
de . 1
QCPE =div(kVO) + 25D : D +h, (4.112)

here ¢ = p(g,0), v = v(,0), ¢, = p(&,0), k = k(£,0,&1V0]), 0(0) = v(0) = ¢,(0) =1,
k(0,0)=K,P=p' - 1.

Remark 4.3. If ¢, is a quantity of the order of £, then terms with the coefficient ¢, =
&,¢; " have to be retained in this system.

Remark 4.4. According to egs. (4.101) and (4.103), we have
0(§) <0, ¢,>0. (4.113)
Inequalities (4.113) together with g(0) = ¢,(0) = 1allow us to assume that
o(&10)c,(g,0) =1+ O(sf), (4.114)

and we can set oc, = 1in eq. (4.112) (note that eq. (4.114) is valid for —9(0) = ¢,(0)).

If eq. (4.114) is not satisfied, i. e.,
0(&,0)cy(g,0) = 1+ £1a6 + O(ef), 1+&ab >0, a=const, (4.115)
then, introducing a new variable T = 6 + slae2 /2, we obtain

0= aisl (\ll +2ae,T - 1), 1+ 2ag;T > 0,

de dr
1+ slaB)E =i

P(g0) = P(é (\ll +2ag,T — 1)) = P(g1),

, £a3V0 = £,a3VT + 0(g2),
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div(kve) = div(kvT),
1 k( V1i+2a51 -1  g|Vr| )
I+ 2agT a "1+ 2agT)

Therefore, we again obtain system (4.110)—(4.112) with the coefficient at dr/dt in
eg. (4.112) being equal to unity.

k(g,6,&|V0)) =

Remark 4.5. System (4.110)—(4.112) refines and generalizes the Oberbeck-Boussinesq
equations (4.58)—(4.60); it is more rigorous and physical, because the change in den-
sity is taken into account in all equations of this system. On the other hand, the
Oberbeck-Boussinesq model is obtained from this system by the limiting transition
as & — 0 and &5 — 0 under the condition that

. P&
lim 22 = 1.
fll% 3

The global theorems of existence and uniqueness of weak solutions for various
initial-boundary problems of convection with axial symmetry (Oberbeck-Boussinesq
problem, problem for a viscous incompressible fluid with energy dissipation, and
problem (4.110)—(4.112)) were proved in [139]. In the general three-dimensional case,
theorems such as these were established for the modified Oberbeck-Boussinesq
model and for the problem of convection of a weakly compressible fluid under the
condition of small initial data. For all of these problems, the theorems of a continuous
dependence of the generalized solutions on the problem data and on their asymptotic
stability were proved, and a priori estimates characterizing the decay of the solutions
with time were obtained.

4.11 Exact solutions in an infinite band

A mathematical model of fluid convection under microgravity conditions is consid-
ered. The equation of state is used in a form that allows the fluid to be considered as a
weakly compressible medium. Based on the previously proposed mathematical model
of convection of a weakly compressible fluid, unsteady convective motion in a vertical
band, with a heat flux periodic in time set on the solid boundaries of this band, is con-
sidered. This model of convection allows the study of the problem with the boundary
thermal regime oscillating in an antiphase rather than in-phase mode, while the lat-
ter was required for the model of microconvection of an isothermally incompressible
fluid (see Section 5.5).

Exact solutions for velocity components and temperature are derived, and the tra-
jectories of fluid particles are constructed. For comparison, the trajectories predicted
by the classical Oberbeck-Boussinesq model of convection and by the microconvec-
tion model are presented.
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Let us consider the system of equations for a weakly compressible fluid (4.27)-
(4.29) rewritten as follows:

p 1 nPrP
V,+V.-VV) =P - V)+AV|+ ——g,, A1
1+sT( ¢ +V-VV)=Pr[V(-p+&divV) + ]+1+£Tg0 (4.116)
E—L(T +V.-VT)+divV =0 (4.117)
P 1+eT ! o )
p oy + e T
T,+V-VT)-P—=———— =AT. 118
1+£T(t+ ) 1+€T (4.118)
Here P = dP(t)/dt, the function P(t) satisfies the equation
. &y + salT)] B J
p j [1 BRrED lax—e | faz (4.119)
Q s
and the initial condition
P(O)=1. (4.120)

The initial-boundary problem for system (4.116)—(4.118) is formulated as follows.
We consider the no-slip conditions for the velocity vector

V=0, xeX t>0,

and the conditions of the second kind for temperature, which define the heat flux at
the boundary of the domain X:

T
a— =f(x,t), xe€Z t>0. (4.121)
on
At the initial time, we set the velocity vector and the temperature:
V=Vyx), T=Tyx), xeQ, t=0.

It was noted that the equations of convection of a weakly compressible fluid
(4.116)-(4.118) admit a group with addition of an arbitrary function of time to pres-
sure. Let us construct the solutions of these equations, which are invariant with
respect to the operator % + go(t)%, where ¢(t) is an arbitrary function of time. The
construction is performed in a manner similar to that in [17, 18].

We denote the Cartesian coordinates in space by x, y, z. Let the coordinate system
be chosen so that g, = (0, -1,0), and the fluid fill the layer |x| < 1 with the heat flux
according to eq. (4.121) being set at the solid boundaries of this layer. Let the heat-flux
value be independent of z. The invariant solutions should have the form

V=Wwv), u=ukxt), v=vxt),
T=Txt), p=e@ly+rxt).
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Then, system (4.116)—(4.118) transforms to

p €
}—3 - m(Tt + uTX) + U = 0, (4122)
P -
m(ut +uuy) = Pr(-r, + &u,y), (4.123)
p n
=Pr( - -, 12
1+gT(vt+qu) r< O+ Vyy 1+eT> (4.124)
S0y + e T
T, T,)-P—=———— =T,,. 4.125
1+€T( t+u x) 1+eT XX ( )

Here 5 = .;_’ +1. We assume that the functions u, v, and P are functions of the order of the
Boussinesq number &, and the temperature T is a function of the order of unity, i. e.,
u=elxt),v=eV(xt), and P = ef(t). In other words, the expansions of the func-
tions u and v into series in powers of the small parameter € begin from the first-order
terms U and V, and the expansions of the functions T and P begin from the zeroth-
order terms T° and 1, respectively. Then, the corollary of eq. (4.122) is the relation

ft)y-T) + U, =0,
and the corollary of the heat transfer equation (4.125) is the relation

T = T

xx>

(4.126)
hence
Uy = T ~f(®),
or
U =T - xf(t)+b(t).

According to the no-slip conditions, we have U(1,t) = U(-1,t) = 0, so we first consider
the case where

To(-1,6) =a_(t), To(Lt)=a,(t), a_(t)=a.(t)=a(t).

In this case, f = 0, which corresponds to the condition of the zero total heat flux (see
the situation described in [17, 18, 81]).
Let now a_(t) = —a,(t) = a(t). Then, we have b = 0 and

U=T - xf(t), (4.127)
To(-1,t) = a(t), T2(1,t) = —a(t), (4.128)

with, e. g., a(t) = Asin wt.
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Thus, T° is the solution of eq. (4.126) in the domain |x| < 1, t € [0, tonal, with
condition (4.128) fulfilled at the boundary, and the following initial condition can be
set at the initial time:

T°(x,0) = Ty(x), |x| <1. (4.129)

The function U is found from eq. (4.127). Note that because of condition (4.128) we
have f(t) = —a(t). Equation (4.123) now determines the function r(x, t) with accuracy
to an arbitrary function of time:

1 =
Tx ::"i§;l]t'+ §Ux-

Equation (4.124) for the function V(x, t) involves the function ¢(t), which is found
from the condition of the zero flow rate of the fluid through an arbitrary cross section
of the band y = const (see [176]).

For this purpose, we differentiate the condition Lll pvdx = 0 with respect to t and
use eqgs. (4.122), (4.124), and the equation of state p = £, in the situation considered.

1+eT
Then we obtain

pv = S—Txuv - ——u,,
1+ €T)? 1+eT

P
1+eT

Pri-p+v,, -

pv: Uvy,

= Vt: _—
1+¢€T 1+¢eT

and, as a consequence, we determine the function

1
n
[vi(1,t) v (-1, )] - > J

-1

dx
1+eT0

(4.130)

NI =

p(t) =

Now eq. (4.124), with allowance for eq. (4.130), enables us to determine V(x, t) as
V,=-Pr+PrV, +PrnT°,
where

1
.1 n 0
§= VL + 1 j Tdx,
i}

and hence

1
V,=Pr —%[Vx(l, £) = Vo(=1,6)] + Vi + qT° - g j Todx]. (4.131)

-1
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For this equation, we consider the following initial and boundary conditions:

V(x,0) = Vo(x), x| <1, (4.132)
V(-L,t)=0, V(1,t)=0, te€]l0,tyql (4.133)

Each of the problems (4.126), (4.128), (4.129), and (4.131)—(4.133) is solved using the
Fourier method. Let us consider periodic solutions of these problem, where the initial
conditions are not set, the boundary conditions are described by the function a(t) =
Asin wt, and the functions T° and V have the form

T° = T,(x) sin wt + T,(x) cos wt, (4.134)
V = Vy(x) sinwt + V,.(x) cos wt. (4.135)

Then, from the functions U and V we determine the components of dimension-
less velocity u = eU(x,t) and v = €V (x, t). In further comparisons with the results of
the classical Oberbeck-Boussinesq model, we should bear in mind that the velocity
component u in the invariant solution is constant at each time instant (and can be
set equal to zero with allowance for satisfaction of the initial condition). The second
velocity component v is determined by the relations written above.

Solution of problem for temperature
Let us consider the equation

0 0
Tt = Txx

in an infinite band -1 < x < 1 and consider the boundary conditions that determine
the heat flux in antiphase at the band boundaries:

T2(-1,t) = a(t), T2(1,t) = -a(t).

Here a(t) = Asin wt. The search for a solution in the form (4.134) yields the following
problem for T:

T + ’T, = 0, (4.136)
T/(-1)=0, T/(1)=0, T(-1)=wA T"(1)=-wA, (4.137)

whereas T is determined in terms of T, as
T,=T/w
and the following boundary conditions are satisfied for T:

TI(-1)= A, T.(1)=-A
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We introduce the notation § = Vw/2, x = YVw/(2Pr), where Pr # 1. The solution of
problem (4.136), (4.137) yields a linear system of algebraic equations of the form

-DC, + CC, - BC; + AC, = Aw/(29%),
DC; + CC, - BC; — AC, = —Aw/(29°),
AC, +BC, +CC3+DC, =0,

~AC, +BC, + CC; - DC, = 0.

The coefficients of the system are determined as

A =-sinh9cos9 +coshIsin9, B =sinh9sin9+ coshJcosd,

. . . . (4.138)
C =cosh9cos9 -sinh9sin9, D =—(coshIsin9 +sinh9cos9),
and the solution of problem (4.136), (4.137) is the function
T, = C; cosh 9x cos 9x + C, sinh 9x sin 9x,
where
_Aw cosh9sind + sinh 9cos 9
"7 49 sinh29cos? 9 + cosh?Isin® 9’ (4.139)

Aw -sinh9cos9 + cosh9sinJ

ATl sinh® 9 cos? 9 + cosh? 9sin? 9

The function T has the form

T, = [-C, sinh 9x sin 9x + C, cosh 9x cos 9x].

Solution of problem for velocity
We consider the problem of finding a periodic solution of the form (4.135) for system
(4.131)-(4.133), which can be rewritten in the following form for convenience:

1
V,=Prv, - %[Vx(l, t) - Vy(-1,8)] - ? J T° + PryT®,
-1
V(-1,6)=0, V(1) =0, tel[0 byl

The function V. is found by solving the inhomogeneous ordinary differential equation

2
v w 1 hw hw
v 4 o~ vV, = E[VC’”(1) V()] -n T + B I+ 5p I (4.140)
The function V; is determined from the relation
Pr Pr Prn Prn
Vs = EVCH - i[Vé(l) A ACHIE S 2t g T
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Here

1 1
I = J T, dx, IL,= J T.(x)dx.
) )

The solution of eq. (4.140) is constructed as the sum of the general solution of

the homogeneous equation and the partial solution determined by the right side of
eq. (4.140):

V.. = C, cosh kx cos kx + C, cosh kx sin kx + C5 sinh kx cos kx + C,, sinh kx sinxx + V/,
V = G, + G, sinh 9x sin 9x + G, cosh 9x cos Ix.

With allowance for the boundary conditions

V.(-1)=0, V,1)=0, Vi(-1)=0, Vy1)=0

the coefficients C,, C,, C5, and C, are found as the solutions of the linear algebraic
system

AC, +BC,+CC;3+DC, =E, AC,-BC,-CC;+DC, =E, (4.141)
KC, +LC, +MC3+NC, =F, KC,-LC,-MC;+NC, =F. .

The coefficients of this system are determined as follows:

A =coshkcosx, D=D+®,, D

A=A+, D = sinhksink,

B=B=coshksink, C=C =sinhkcosk,
E = —(®, + G, sinh 9sinJ + G, cosh I cos 9),
K= -22DYr x(C - B)E, L= w2e,

w w w
M= —ZKZBB, N = 2K2121E -x(C +B)E,
w w w
_Prpy

F=—1-
2w 2

P _ - _ _
%(clcpc +C,d,) - %B(GlD + G,A) - Pr(G,d, - G, ;).

The coefficients A and D are calculated by formulas (4.138), and the coefficients C; and
C, are calculated by formulas (4.139). Here we calculate

I = %(Q ~C;)cosh9sin 9 + %(Cl, +C;)sinhJcos 9,
L= é(C1 +C,)coshIsind + %(Cl - C,)sinh Jcos 9,
and introduce the following notation for convenience:

_ v A N )
07 8Prit’® V7 e 4T gt
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@, =coshdcos9, @, =sinhIsing,
@, = (-2i°)(cosh k sin k + sinh k cos k),

@, = (-2i)(sinh k cos k — cosh k sin k),

S TR VR
404 - 9% Tt 4h - 94
Fy = —n(-26%6) + 2 e,

1 =-n(-29°Cy) + pr CCV

GO = q)o + (i)lcl + q_)4C4, Gl =

w
F, = n(29°C,) + ”P—(c[,).
T
The solution of system (4.141) has the form
Clzﬁl/ﬁ, C4:A4/A, Cz=C3=O,

where the denominator is determined as

. _ _ P _ . . _ P _ .

A=(A+d) Zr (24 - (C + B)) - (D + ®,) Zr (-2’D - x(C - B)),
and the numerators are written as

Ay = —(®, + Gy sinh 9sin 9 + G, cosh J cos 9) % (2°A - x(C + B))

B %( 1L, - (e, @, + C,®y) - 9(G1D + G4A) - 29%(Gy D, - G4®S)>(D +d,),

2

+ % (-2k°D - k(C - B))(®, + G, sinh 9sin 9 + G, cosh I cos 9),
and hence, we have

V.(x) = C, cosh kx cos kx + C, sinh kx sin kx + V(x),

V(x) = Gy + G, sinh 9x sin 9x + G, cosh I9x cos Ix.
The following relation is valid for the function V:
Vy(x) = % [-2C,x? sinh xx sin kx + 2C,k* cosh kx cos kx
+29%(G, cosh 9x cos 9x — G, sinh 9x sin 9x)]
- %[KQ(C ~ B)+ KCy(C + B) — 9(GyD + G,A)] PZLG;TIZ

+ P;_n [C, cosh 9x cos 9x + C, sinh Ix sin Ix].

99

Thus, we determine the functions V.. and V,, and simultaneously, V(x, t) of the

form (4.135).
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Note, in real situations, the Boussinesq numbers € are small. The present analysis
of the linearized problem is fairly justified because its solution is given by the main
term of the asymptotic solution as € — O (see a similar justification for the microcon-
vection model in [17, 18]).

Trajectory calculations

The components of the physical (dimensional) velocity are determined as v; = v, u
andv, =v,v,whereu = U, v = €V, v, = x/l, and formulas (4.135) and (4.127) are used
for U and V. Knowing the functions v, and v,, we can calculate the trajectories of fluid
particles. For this purpose, we have to solve the Cauchy problem

% =v(x,t), % =v,(x,t), t>0; x(0)=x, y(0)=0. (4.142)

Note that in constructing trajectories of fluid particles by the Oberbeck-Boussinesq
model we must use v; = 0, whereas the expression for v, remains unchanged.

The objective of the present work was to determine the trajectories of fluid parti-
cles from the calculation results based on the model of convection of a weakly com-
pressible fluid. The differences from the results predicted by the classical convection
model allow us to conclude that there are non-Boussinesq effects and allow us jus-
tify the use of new mathematical models of convection. In addition, the problem of
comparing the results with the data obtained by the model of microconvection of an
isothermally incompressible fluid is posed. Formulation of the initial-boundary prob-
lem for microconvection equations implies setting the boundary heat flux under the
condition that the integral heat flux equals zero. In the problem of convection of a
heat-conducting fluid in an infinite band, this is manifested in the phase changes in
the boundary thermal mode, i. e., one lateral boundary is heated and the other lateral
boundary is simultaneously cooled. It became possible to consider the boundary heat
flux periodic in time and to change in antiphase in simulating convection under mi-
crogravity conditions, owing to the new mathematical model of convection of a weakly
compressible fluid.

Projections of the integral curves of system (4.142) onto the plane (x,y), which
were calculated by the microconvection model with the parameters € = 0.01 and 0.02,
w = 0.5and 2sec”}, are given in [17, 18] and demonstrate the helical (the main coil is
an ellipse) periodic motion of the fluid particle. As was noted in [17], it is rather diffi-
cult to analyze the behavior of the trajectories because of the variety of dimensionless
parameters that affect the solution of the Cauchy problem (4.142). Nevertheless, we
can assume that, under conditions of applicability of the microconvection model and
with the use of the model of convection of a weakly compressible fluid under the same
conditions, the intensity of periodic motion and the particle drift are primarily deter-
mined by the values of the angular frequency w, the Boussinesq parameter ¢, and,
naturally, by the position of the point (x,,y,) relative to the lateral boundaries of the
domain. These assumptions were validated in [81].
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Table 4.1: Basic parameters of the problem (4.142).

Calculation variant Pr n £ v X g B 7]
cmz/sec cmz/sec cm/sec2 deg_1 sec!

1 0.75 1.0 0.01;0.5 0.150 0.2 0.030 0.0003 0.5;2.5;5

2 0.01 0.4 0.01;0.5 0.015 1.5 0.009 0.0006 0.5;2.5;5

3 0.10 0.4 0.02;0.5 0.150 1.5 0.090 0.0006 0.5; 5

The main parameters of the problem are listed in Table 4.1 and are conventionally
presented by three models of fluid media and physical situations with different val-
ues of Pr, n, and g, similarly to that considered in [81]. The characteristic velocities,
Reynolds numbers, and times of the process are also different. To demonstrate the be-
havior of the trajectories, whose time evolution is rather complicated, we choose the
values € = 0.5 and 0.02, w = 0.5 and 5sec”’. The value £ = 0.5 is chosen in order to
demonstrate the dependence on the Boussinesq number, which is most important for
trajectory development, and to obtain illustrative results.

The calculations were performed for A = -1 (see the boundary condition (4.138)),
which implies heating of the right boundary x = 1 both in the microconvection model
and in the model of a weakly compressible fluid. This allows simple comparisons with
the results described in [17, 18, 81].

Figures 4.1-4.3 for variants 1-3, respectively, show the trajectories of fluid parti-
cles calculated by three convection models. The trajectories calculated by the classical
Oberbeck-Boussinesq model are shown as vertical segments of straight lines, and the
trajectories calculated by the microconvection model display helical motion. They are
marked by the dashed curves. The trajectories calculated by the model of convection
of a weakly compressible fluid are also of the helical type and are marked by the solid
curves. Figures 4.1 and 4.2 for € = 0.5 and w = 5sec”! show the trajectories in the time
interval from O to 24 sec, for the fluid particle located at the initial time ¢ = O at the

—0.0004 —

—0.0008 —

~0.0012 +————7——7——7>
094 0944 0948 0952  0.956

Figure 4.1: Trajectory of the fluid particle for variant 1with t = 0-24 sec, x, = 0.95,y, = 0, € = 0.5,
w=5sec’’,and A = -1.
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—0.0002

—0.0004

~0.0006 4————————————7>
0.91 0.93 0.95 0.97

Figure 4.2: Trajectory of the fluid particle for variant 2 with t = 0-24 sec, x, = 0.95,y, = 0, & = 0.5,
w=5sec’!,and A =-1.

A
0.3 4

0.2 4

-0+
0.65 0.7 0.75 0.8 0.85 0.9

Figure 4.3: Trajectory of the fluid particle for variant 3 with t = 0-240sec,xy, = 0.8, 5 = 0, & = 0.5,
w=05sec},and A =-1.

point x, = 0.95, y, = 0. For e = 0.5and w = 0.5sec™', Figure 4.3 shows the trajectories
of the fluid particle in the time interval from 0 to 240 sec (at the initial time t = 0,
the particle is located at the point x, = 0.8, y, = 0). The Oberbeck-Boussinesq model
describes the motion over the vertical segment of the straight line x = 0.95 (Figures 4.1
and 4.2) or x = 0.8 (Figure 4.3).

Figure 4.4 shows the calculation results for variant 2 for € = 0.5 and w = 2.5sec™!
the fluid particle at the initial time is located at the point (0.95,0). The particle drift
is tracked in the time interval from O to 600 sec. This figure shows the complicated
helical motion in accordance with the model of convection of a weakly compressible
fluid. Figure 4.5 shows the particle trajectory for A = 1 (see condition (4.138)), which
corresponds to cooling of the right boundary x = 1. For comparison with the micro-
convection model, we should say that the particle-drift direction changes in the model
of a weakly compressible fluid and remains unchanged in the microconvection model
(see Figure 4.4: the downward motion is replaced by the upward motion).
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-

T T T ™
0.88 0.9 0.92 0.94 0.96

Figure 4.4: Trajectory of the fluid particle for variant 2 with t = 0-600 sec, x, = 0.95, y, = 0, € = 0.5,
w=25sec’,and A = -1.

A
0.0006—

—0.0002

-

1
0.88 0.9

T~ 1 - 1 - 1
092 094 09 0.98

Figure 4.5: Trajectory of the fluid particle for variant 2 with t = 0-600 sec, xo = 0.95, y, = 0, € = 0.5,
w=25sec’?,and A =1.

3
0.000124

8e-005-

4e-005

0

—4e-005

-

—T —
0.9488 0.9492 0.9496 0.95 0.9504

Figure 4.6: Trajectory of the fluid particle for variant 3 with t = 0-24 sec, x, = 0.95, ¥, = 0, € = 0.02,

w=5sec’},and A =

-1
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Figure 4.6 shows the trajectories calculated for variant 3 in the time interval from 0 to
24 sec for € = 0.02 and w = 5sec”". At the initial time, the fluid particle is located at
the point (0.95,0). By comparing the trajectories, we note that the microconvection
model predicts a helical trajectory with a larger diameter than that in calculations by
the model of a weakly compressible fluid.

All calculations were performed until the final time t,,4 = 2400 sec. The Cauchy
problem for the system of ordinary differential equations (4.142) was numerically ex-
amined using the Runge—Kutta method [103].

4.12 Analysis of well-posedness of the initial-boundary problem
for equations of convection of a weakly compressible fluid

The theorem of existence of a smooth solution proved in this section refers to the so-
called local theorems and is satisfied for small values of the Boussinesq number. The
proof is based on constructing the problem solution in the form of series in the small
parameter £ (Boussinesq number) and proving the solvability of the resultant recur-
rent problems. The third initial-boundary problem for a linear inhomogeneous heat
conduction equation, the Cauchy problem for an ordinary differential equation, and
the first initial-boundary problem for an unsteady Stokes system are all solved con-
secutively. The known Solonnikov’s results on solvability of the problems mentioned
above in classes of the Holder functions are used. A principal issue is using the veloc-
ity representation (for each approximation) in the form of the sum of the solenoidal
and gradient parts and finding the potential (for each approximation) as a solution of
the Neumann problem for the Poisson equation. The convergence of the chosen ex-
pansions in the powers of the parameter ¢ is established in suitable Holder norms at
small values of €.

Let us rewrite the system of equations for a weakly compressible fluid (4.27)—(4.29)
with the zero subscript being omitted:

P(V,+V-VV)=Pr(1+&T) [V(-p + £ divv) + Av] + nPrP g, (4.143)
(1+eTP-eP(T,+v-VT)+P(1+eT)divv =0, (4.144)
P(T,+Vv-VT)-P(ay +&a,T) = (1 +&T) AT. (4.145)

We consider the following initial-boundary problem for system (4.143)—(4.145). The no-
slip condition for velocity is imposed on the boundary X of the domain Q at all time
instants:

v(x,t)=0, xeZ t>0. (4.146)
For the temperature on the boundary %, we consider the boundary condition of the

third kind

?Ti +kT =f(x,t), xe% t>0, (4.147)
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where the dimensionless coefficient k is expressed via the coefficients of heat transfer
of the fluid and heat exchange with the ambient medium.
At the initial time ¢ = 0, the velocity vector and temperature are prescribed as

v(x,0) =Vy(x), T(x,0)=Ty(x), xe€Q. (4.148)

The function P(t) satisfies the equation

P”l &y +eayT)
1+¢T

dx =¢ J(f - xT)dz. (4.149)
z

The initial condition for eq. (4.149) has the form
P(0) = 1. (4.150)

We seek for the solution of system (4.143)—(4.145) in the form of formal power series in
the small parameter ¢:

(e8] (e8]
v=y evPo, p=Y "0 P00 =ng %)

" "o (4.151)
T=Y'T"x0, P=Y Pt (PO0)=1).
n=0 n=0

Substituting expansions (4.151) into eqs. (4.143), (4.144), (4.145), we obtain a recurrent
system for the functions v, p™, T™, and P™. The principal terms of the expansions
v, p® T and PY are solutions of the linear initial-boundary problems given be-
low.

The function T is a solution of the initial-boundary problem for the homoge-
neous heat-conduction equation

T, = AT, (4.152)

where the initial and boundary conditions are imposed on the basis of egs. (4.147),
(4.148):

TO(x,0) = Tyx), x€Q, (4.153)

oT®

p +xT© = fix,t), xeZ% t>0. (4.154)

The function PV is found as a solution of the Cauchy problem for the first-order
ordinary differential equation
pv - L J(f -xkTdz, PY(0)=o. (4.155)

12
P
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The pair of the functions (v\¥, p) satisfies the unsteady inhomogeneous system
of equations
v = —Prvp® + Prav? + F,'(p°, T, PV),

(4.156)
divv? = F,/(1©, pD),

with the notation
Fdl(T<0),P(l>) _ Tt(O) _ P(l))

_ _ (4.157)
F'(p©, 7?9 PY) = ~Pr TOvp@ + PrEv[T,¥ - PV] + Pryg,PY.

The function v\ satisfies the initial and boundary conditions of the form (see egs.
(4.146) and (4.148))

vP(x,0) =vy(x), x€Q,

M (4.158)
v/(xt)=0, xeX t>0.

Note that the necessary condition of solvability of problem (4.156)—(4.158) is satisfied
by virtue of eq. (4.155).
To make further considerations more convenient, we introduce the notations

Fpt(v®, v 7@ D p ] pln)y

n . X n-1
- _ zv(])vT(n*}) _ |:Z PO)Cn—j + P(n) Tt(O):|
=1

n-2 ) X
j=0

J=1

n-1 i
+ Y TOAT" ) (n > 2); (4.159)
j=0
F/ WY, v, 1@, p) ) py

n-2 n-2 X
— _P(n) _ z T(])P(n—l—}) + [Z CjP(n—l—J) + P(n—l) Tt(O)

j=0 j=1
n-1 .
- A;divv™? (n22) (4.160)
j=1
Fvn(p(o), ce. ,p("fl);v(l), . ,V(nil); T(O), N T(nil);P(n))

n-1 . on-1 n-1 . .

- _ Z V(I)Vv(n*]) _ z P(])Bn—j —Pr Z Vp(l) T(n—l—])
j=1 j=1 j=0

n-2 .
+Pr&| vdivv®™ + D 79V div v
j=0
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n-2 .
+Pry TOAV 4 ProgoP™  (n>2), (4.161)
j=0

where
n

Co=T "+ YVOVT"D (n>2), ¢ =10 +vvr
j=1

n-1
Ay =PW 4TV L N pOTOD (n>2), 4 =PV + T, (4.162)
j=1

n-1
B, =v," + Y vVOW"? (n>2), B =v,"
j=1

The recurrent system of equations determining the functions v\, p™, T™, and P™
looks as follows. Let us start from the Cauchy problem of finding the function P™,
namely

n-1
PWEy + Y PYE, ;= —x J T Vgs, PW0O)y=0 (n>2), (4.163)
Jj=1 >

where

W

.
E, = (- a) j T2 g 4 g j Y 1Tk (n>3),
) Q=

-

(4.164)
Eo=10l B =-aF Ey=(a-a) [T
Q

Then, we consider the initial-boundary problem for finding the n-th term of the tem-
perature expansion

Tt(n) _ AT(n) + FTn(V(l); L ,V(n); T(O), s T(n—l);P(l)) L ,P(n)) n>1),
(n) -
TV (x,0)=0, x€Q, (4.165)

(n)
aaT—n+KT(")=0, xe t>0.

Finally, the unsteady inhomogeneous system of equations for determining the func-
tions ¥™ and p™ has the form
v, = —Prvp™ + prav®
+F,(p @, pt Wy @) py, (4.166)
divv™ = Fd"(v(l), L @ e p@ ,P(")) n=2).
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108 —— 4 Hierarchy of convection models in closed volumes

The following initial and boundary conditions are imposed for system (4.166):

vP(x,0)=0, xeQ,

(4.167)
W, t)=0, xeX ¢>0.

It should be noted that the necessary condition of solvability of problem (4.166), (4.167)
is satisfied, at which jQ F;"dx = 0. This condition is valid by virtue of egs. (4.163) and
(4.165).

Let us now consider solvability of problems (4.152)—(4.154); (4.155); (4.156)-
(4.158); (4.163); (4.165); (4.166), (4.167) in the spaces of the functions C***™¥/2 whose
elements have continuous derivatives in accordance to Holder. The notations for
continuous functions in accordance to Hélder, the norms in these spaces, and the
properties of the functions can be found, for instance, in [25, 116, 216].

As in [172], we assume that the initial data for problem (4.143)—(4.150) are suffi-
ciently smooth and obey the local compatibility conditions

Vo(x) =0, x€l, (4.168)

f(x,0)= =2+ kTy, fi(x,0) = — + kF, xe€Z, (4.169)
where
F(x) = (1+€Ty)ATy — Vg - VTo + Py(a, + £a; Ty).
Moreover, we have

&g(ay + ea;Ty)

di - VT, 1-
iv(vg — € 0)+[ 1% eT,

]PO =0, xeQ (4.170)

where

fz(f(x 0) - kT,) dX

0=  elay+em Tp)
.[Q 1+£T ] dX

We also make the initial data obey the nonlocal compatibility condition in terms of
the function 71, (x) = p(x, 0) [172]

. 1 1 ..
div[(1+eTy)Vmy] = H - ED B div(vy - Vvy), x€Q,
o, S
1+eT))— =G-n, %,
(1+eTy) In n xe

where the following notations are used:

= (1 + ETo)(éV diVVO + AVO) + rlgo - %VO . VVO,
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2
R — . T
szO[FM_diVVO]_po[l_w]_,_gAp)
(1+ €Ty)? 1+¢€T,
—. 0y + &y T
H =¢eVT, - V| Epy2——10 AT>
&Vl <§01+€T0 +Aly
_ .y + ey T,
+(1+&)e( + €T, )A<P 210 AT )
0 0 1+ €T, 0

£ [(i06.0) ~ KF) dZ + Pog(@; - @) [, it

0~ e(ay+eay To)
IQ[l - i+£T:, “ldx

Then, the required nonlocal condition has the form
(1+€Ty)[Viy - (Viy-n)n] =G - (G-n)n, xe€X. (4a71)

Let the following assumptions be satisfied:
(i) the surface = belongs to the Holder class C**%, 0 < a < 1,
(ii) the functions involved into conditions (4.146)—(4.148) satisfy the smoothness con-
ditions
f(X, t) e C3+a,1+(l+a)/2(z x [0, t*]),
Vo(x) € CP*%(Q), To(x) € C**(Q)

and the compatibility conditions (4.168)—(4.171).

Then, based on the results of [116, 216], we can demonstrate that there exists a value
of ty, 0 < t; < t, such that problems (4.152)—(4.154), (4.155), (4.156)—(4.158) have the
following solution:

V(1) c C2+a,1+a/2(Ot0)) Vp(l) € Ca,a/Z(QtO)’
T(O) c C4+zx,2+a/2(Ot0), P(l) € C2+(1+a)/2([0’ tOD'

Unique solvability of problem (4.152)—(4.154) follows from [116], and the following es-
timate of the norm of the solution T'? is valid:

4+a,2+a )2
|T(O)| +a.2+af < C1[|T0|4+a . [f|3+tx,1+(1+a)/2] Cr.

Here, c; depends on the domain Q, ¢, and the coefficient k.

We note that the right-hand side of the ordinary differential equation (4.155) be-
longs to the class C'**¥/2([0,t,]) and conclude that the Cauchy problem (4.155) is
uniquely solvable in the class C2*1*%/2([0, t,1), in accordance, for instance, with [105,
222], and

|P(1)|2+(1+tx)/2 < Cz[|f|3+a,1+(l+a)/2+ lT(0)|4+a]
< Cz[lf|3+a,1+(l+a)/2 + CT] — CPs

where ¢, depends on Q, t,, and k.
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110 —— 4 Hierarchy of convection models in closed volumes

Belonging of the functions T® and P? to the classes C**2+%/ 2(Qto) and
¢+ 107210, ¢,1), respectively, guarantees belonging of the right-hand side F,' in
the second equation of system (3.17) to the class C2*%1*%/ ?(Q,,)- Then, VF," in the right-
hand-side of the first equation of system (4.156) is a function of the class
Cl+a,(1+a)/2(Q )

to)+

Let us represent the vector v' as the sum v! = u+w, where divu = 0, and w = Vg;

for finding ¢, we have the following Neumann problem for the Poisson equation:

Ap =Fl(x,1), xeQ, tel[0t), (4.172)
9 =0, xeX tel0ty], (4.173)
on

J(p(x, t)dx =0, t €[0,t,]. (4.174)

Q

Note that the condition of solvability of this problem is satisfied; therefore, in accor-
dance with [115, 237], problem (4.172)—(4.174) has a unique solution. This solution is
characterized by the same properties of smoothness in terms of the variable t as the
right-hand side F, dl and belongs at least to the class chrelval 2(Ot0)- Therefore, the func-
tionw = V¢ belongs to the class €31/ Z(Qt0 ); hence, w, and Aw are functions at least
of the class C**2(Qy, ).

To determine the functions u and Vp'?, we have an initial-boundary problem
for the system of the Stokes equations, which looks as follows with allowance for
egs. (4.156)—(4.158):

u; =-Pr Vp(l) +PrAu+F, (p(o), 7@, pO, w),

divu = 0, (4.175)
ux,0) =uy(x), xe€Q,
u(x,t)=0, xeX t>0, (4.176)

where

F,(p?, 79, PV w) = —w, + Praw - Pr T®vp® + Pr&vFr,' + Prng, PY,
u,(X) = Vo(x) = Wo(x), Wo(x) = Vo(x,0).
Solvability of problem (4.175), (4.176) for the pair of the functions (u, Vp?) (and, there-

fore, also for (v¥, vp™)) in the classes of functions C?*®'+%/ 2(Qto) and C*% Z(Oto)’ re-
spectively, follows from the results of [216], and the following estimates are valid:

lv(l)l2+tx,l+a/2 < CB[IT(O)llHa,Za/Z + lP(1)|2+(1+tx)/2 + |v0|2+a]
< c3[Cr + Cp + Vo] = C,,
IVp(l)lava/z < CV;

where c; depends on the domain Q, ¢,, and the parameters Pr, E’ , 1, and g.
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Note that the function v\ is determined uniquely, and the function p'? is deter-
mined uniquely under the additional condition jQ pWdx =o0.

Solvability of the initial-boundary problems (4.163), (4.165), (4.166)—(4.167) for an
arbitrary value of n can be demonstrated by induction, based on the results of [116,
216], with allowance for satisfaction of egs. (4.168)—(4.171) for obtaining appropriate
compatibility conditions. In this case, we have

T(n) € C4+a,2+a/2(Qto), P(n) € C2+(1+a)/2([0) tOD'

The initial-boundary problem for (v, Vp™) reduces to the first initial-boundary
problem for the system of the Stokes equations, similar to that described for the prin-
cipal term of the expansion (v, Vp). In this case, we have v € ¢2®1+%/ Z(Oto) and
vp™ e c*% 2(Ot0)' The functions p™ are uniquely determined under the additional
condition |, pWdx = 0.

To verify the convergence of series (4.151) at sufficiently small values of € > 0, we
consider simultaneously, as was done in [183], the power series with constant coeffi-
cients

9=09y+e9 +£9+Y &9,
j=3

(o) o0
U:£U1+32U2+Z'91Uj> q:f10+£‘11+52‘12+zslq]'> (4.177)
j=3 j=3

Q= QO+£Ql+82Q2+ZsiQI-.

Jj=3

Note that the series with constant coefficients (4.177) are majorant for series obtained
from the corresponding series (4.151) with the functions v, vp™, T™, and P™ being
replaced by their norms in the Holder spaces C2t®1*%/2 c®&/2 | c4+42+a/2 qpq c2+(1+0/2,
respectively.

It is shown further that there exists g, > 0 such that, for an arbitrary value of
€ € [0, &), series (4.177) converge to a positive solution (9, U, g, Q) of the system

9-9, - €9, - £°9,

={99-9-€9)+UI+(Q-Qy) (9-9y+UI)
+(Q-Qo - £Q; - 52@2)90 +a)(Q - Qo — €Q; - 3202)
+0y(9-9y) (Q-Qp)} (4.178)

U -eU, - €U,

=6{U% +(Q- Q) (U + U?)
+Prq9+Pré[9(Q- Qo) +(Q-Qo)I -9 +2U9)
+(Q-Qp-€Q)) 9, +U(Q-Qp+29+2(Q-Qy) 9)]
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112 —— 4 Hierarchy of convection models in closed volumes

+Pr(& + 1)U + Prng, (Q - Q - £Q; - £2Q,)
+1+P)[Q- Q- £Q; - £°Q, +9(Q - Qp)
+9-9,+U9) (Q-Qyp)
+95(Q - Qy - £Q)) +(Q—-Qy + 9+ (Q - Q) 9) U} (4.179)
q—do—&q1 — 52‘12
= 2c3{U% +(Q- Qo) (U+U*) +Prqd
+Pré[9(Q- Q) +(Q- Q) -9 +2U9)
+(Q-Qy-€Q) 9 +U(Q-Qy+29+2Q-Qy)9)]
+Pr(& + 1)U + Prng, (Q - Q - £Q; - £°Q,)
+(1+Pr)[Q-Q, -£Q, - £2Q,
+9(Q-Qp)+ (-9 +UI)(Q-Qp)
+90(Q-Qp - £Q))
+(Q-Q +9+(Q-Qy)9) Uk (4.180)
Q-Qy-£€Q - £°Q,
= £6,{(Q- Qu)[lay — ] 129 + a; |Q] 9]
+K|Z[(9 -9y — I} (4.181)

Here, we have
30 — |T(O)|4+a,2+a/2) 91 — IT(1)|4+a,2+a/2) 092 _ |T(2)|4+a,2+a/2)

U1 _ |v(1)|2+a,1+a/2) U2 _ |V(2)|2+a,1+a/2’

g = IVp @42 a = [vp 1> g, = [VpP>?
QO _ |P(0)|2+(1+tx)/2 Q = |P(1)|2+(1+a)/2 Q,= |P(2)|2+(1+tx)/2.
In accordance with the theorem of the implicit function [54], system (4.178)—(4.181)
has a unique solution at € € [0, &,] in the neighborhood (9, O, g4, Qp)- This solution
is analytical in terms of £ and can be represented as series (4.177). Therefore, series
(4.151) converge to the solution of problem (4.143)-(4.150) if € € [0, &y].

Thus, we obtain the following theorem.

Theorem 4.1. Let the surface X belong to the Holder class C* (0 < a < 1), and let
the functions involved into conditions (4.147)—(4.149) satisfy requirements (i), (ii) and
compatibility conditions (4.168)—(4.171). Let also O < € < &, where g, is determined
by the solution of eqs. (4.178)—(4.181). Then, problem (4.143)—(4.150) has a solution v €
CHe2(Q, ), Vp € C¥A(Q,), T € CH**2(Q, ), P e C***/2([0, ;). This solution
is an analytical function of the parameter € at the point € = 0.

The issue of uniqueness of the solution of problem (4.143)—(4.150) can be studied
separately with the use of the proof by contradiction.
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5 Invariant submodels of microconvection equations

This chapter describes group properties of equations of a new micrconvection model
proposed by Pukhnachov [177]. Optimal systems of subalgebras 6, and 6, are con-
structed; all factor-systems are written. For some of them, initial-boundary problems
are posed and solved. The issue of invariance of conditions on the interface and free
boundary is considered.

5.1 Basic model and its group properties

The overall system of differential equations of motion consists of the following equa-
tions:
— mass conservation equation

% +pdivu = 0; (5.1)
— momentum conservation equation
du . .
pE = V(-p + Adivu) + div(2uD) + pg; (5.2)

— energy conservation equation

i o)

dp .
P * o\ 36 ) ar - div(kV) + @. (5.3)

dt

Here u = (uy,u,,u3) is the velocity vector, p is the pressure, 8 is the absolute temper-
ature, p is the fluid density, d/dt = d/dt + u - V is the total derivative with respect to
time, A and y are the dynamic coefficients of the first and second viscosities, D is the
strain rate tensor with the elements

1(/0ou; Ou; ..
i = 5(8_)(; + a—)(:), ,j=123,
g is the density of external mass forces, ¢, is the specific heat at constant pressure,
@ = A(divu)? + 2uD : D is the dissipative function, and k is the thermal conductivity
coefficient.

Let us take the pressure p and the absolute temperature 6 as the basic thermody-
namic variables. Then, the dependence

p=pp.6) (5.4)

determines the equations of state of the fluid, while Cp and the transfer coefficients A, y,
and k are given functions of p and 6. We assume that ¢, > 0 and p > 0, the functions

https://doi.org/10.1515/9783110655469-005
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p and k are nonnegative, and A + 2u/3 > 0. The function g is a known function of the
variables x;, X,, x3, and ¢.

Let g = g(t) and (a) the fluid is isothermally incompressible, and the dependence
of density on temperature has the form

p=po(1+BT)7", (5.5)

where T = 0-0,, 0, is the characteristic temperature, and § is the coefficient of volume
expansion, (b) the contribution of the dissipative function and the pressure forces to
the heat inflow equation (5.3) is negligibly small, and (c) y, k, and ¢, have constant
values.

Under these assumptions, the following system of equations was obtained in [177]
from the exact equations of motion (5.1)—(5.3):

W, + WYW + By (VT - W — VW - VT) + B *(ATVT - V|VT|*/2)

=1+ BT)(-Vq +vAw) + g; (5.6)
divw = 0; (5.7)
T, +W- VT + By|VT|* = (1 + BT)XAT. (5.8)

The new functions w and q are related to the true velocity and pressure as

w=u-fyVT,
q= pgl(p - Adivu) - (v — Y)xA = Tpglp - ﬁx(pal/\ +V = ))AT (5.9)

(x = k/(cppy) is the thermal diffusivity).

If we use the dependence p = p,(1 + BT) instead of eq. (5.5) and assume that the
velocity field is solenoidal and the change in density is taken into account only in the
buoyancy force, we obtain the classical Oberbeck-Boussinesq model [101, 133]. As was
shown in [177], however, the Oberbeck-Boussinesq approximation is inapplicable to
describing convection if n = max Ig(t)ll3 /(vx) < 1, where [ is the characteristic scale.
The parameter 17 is smaller than unity in weak force fields, at microscales, and in fluids
with a large product of the viscosity coefficient and thermal diffusivity.

Note that system (5.6)—(5.8) can be written in a more compact form as [9]

W, + WYW + By rot w x V6 + ﬁzxz(ve ® Vo - IVHIZI) = (1+B6)(-Vq +vAw) + g; (5.10)
divw = 0; (5.11)
6, +wW-VO+ ,8)(|V0|2 = (1+ BO))AO (5.12)

(we returned to the previous notation T < 6).
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The main group of the system was calculated in [196] for g = (0,0, —g), g = const.
If we apply the substitution y(1 + B6) — 6, ¢ — xq, v — xv in egs. (5.10)-(5.12), then
the thermal diffusivity y is eliminated from the equations. Therefore, we can sety =1
in system (5.10)—(5.12).

At the first stage of the group analysis of system (5.10)-(5.12), we study the prop-
erties of its invariance with respect to transformations of the space of all independent
and dependent variables R°(t,x,y,z,u,v,w, g, 6). The greatest Lie group of transfor-
mations of the space R’ admitted by this system is infinite-dimensional, because the
transformation g — g + ¢(t) with an arbitrary function ¢ conserves the system. The
corresponding Lie algebra of the operators is calculated by a standard method [158],
and its basis is formed by the following operators:

X, =0,

X, =0,

X;5=0,

X, =10, + 0,

X5 =td, +9,,

Xg = t0, + 0y,

X, =3, (5.13)

Xg = X0, +y0, + (z + gt*/2)d, + ud, + vd, + (W + gt)d,, + 200y,
Xo = X0, + Y0, + (z - 8t°/2)3, + t0; - gtd,, + 69y - q0,,
Xpp=(z+ gt2/2)ay - y0, + (w + gt)d, — vo,,

Xy, = x0, — (z + gt*/2)d, + ud,, — (W + gt)d,,,

X =Y0, — xay +Vvo, —uo,, Xi(p) = (p(t)aq

(04 is the operator of differentiation of the space R® with respect to the coordinate s).
Let us indicate the Lie algebra of the operators (5.13) by L.

To describe unsteady motion of the fluid in a constant gravity field, we can use
the equivalence transformation

z—>z-gt% 2, wow-gt, (5.14)

which simplifies system (5.10)-(5.12) by eliminating the acceleration due to gravity
in the first equation. The structure of the equations is not distorted by this replace-
ment. Any exact solution of egs. (5.10)-(5.13) with g = 0 is transformed by the reverse
replacement (5.14) to the exact solution of egs. (5.10)—(5.12) with g # 0. In what fol-
lows, we consider system (5.10)—(5.12) with g = 0. The corresponding Lie algebra of
the admissible operators (5.13) is simplified: in the basis operators Xg, Xq, X1, X5, it is
necessary to set g = 0.
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116 —— 5 Invariant submodels of microconvection equations

5.2 Optimal subsystems of the subalgebras ©, and ©,,
factor-systems, and some solutions

An optimal system of the subalgebras 0, for egs. (5.10)-(5.12) has the form [197]

Xy + Xg + Xi3(), X3 + 6Xp + Xi3(),

vXq + Xpp + Xi3(9), Xg + X13(9),

Xy + Xg + cXpp + Xi3(9), vX, + Xg + cXp + Xi3(9),

&Xg + X7 + 5X, Xy +vX; + Xg + cXpp, (5.15)
ViX, + VX7 + Xg + cXy, vX; + Xg,eXg + Xo,

&X) +&Xg + Xg + cXpp, vX3 + Xg — X,

Xg + bXo, VX3 + Xg — X9 + cXpp,

8X3 + VX4 + Xg - X9 + CX12, €1X1 + 82X4 + Xg + bX9 + CXIZ’

where § = {0;1}; €,&1,6, = {-1;0;1}; v, vy, v, = {-1;1}; b,c € R, b # 0, ¢ # 0, and () is
an arbitrary smooth function.

Note that egs. (5.10)—(5.12) with g # 0 admit the following discrete transformations
of their variables:

E;: (tu,v,w,0,q) - (-t,-u,-v,-w,-0,—q),
E,: (x,u) = (—x,-u),

Es: (y,v) = (-y,-v),

E,: (t,z,w) — (t,—z — gt,—w — 2gt),

though the first transformation has no physical meaning. For system (5.10)—(5.12) with
g = 0, the transformations E;, E, E; are admitted in the same form, while the transfor-
mation E, is simplified: (z,w) — (-z,-w).
The optimal system of the second-order subalgebras 0, is given in Table 5.1.
Using the operators of the optimal systems of the subalgebras 0, and ©,, we con-
struct several examples of factor-systems in invariant variables [197].

Example 5.1. Let us consider the operators
(Xg, Xg +Xp3(cot™)) = (£, +x3, + Y0y, + 20, + 00y — q0;, t0, +0,, + cot_laq),
where ¢, = const. Invariants of these operators are the variables xt Lyt u,v,w -

zt™,0t™, qt — cyzt™'}. The solution of system (5.10)-(5.12) is sought in the form
w,v,w,q,0) = (U, V,W + zt 1, t7'Q + cozt % tT), where U,V,W,Q, and T depend
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5.2 Optimal subsystems of the subalgebras 6, and 6,

(@)X exq + 8 + XA+ XA ST
(jer2°m)ETx + £ exq + 8 + XA+ XA yT
q+1 « (z29+D «29t1 c2(za+1)
M:T = A .:m%% = At NQ: =4 .Nc,m‘\_ﬁ =4 (OCm)Ehx + Chy+ + Sx A+ "X A+ O A+ Ty A Chyxg + 8 + XA+ XA €T
+1 ¢ Z9+1
2= A %m: = SxC3 + I+ O A+ T A (OB)Erx + Cxq + 8 + '3 Tz
q+1 9T ¢ z9+1 ¢ z4+T
G =AMt = A = A= A CIX3 + I+ XA+ TX A+ A+ XA (OD)ETx + Clxq + 8y + XA 1g
Uz + & (Cd)€x + 8 oz
o=0y‘r="m (;_#%m) e + 20 Cx+8 -t 61
0# ,0+ 3 (13) & + %x0 + "ol bx+8 -t 81
0# M+ ) (1 13) 0 + S + oy x+8 -t /1
(;_30m)ETx + £ + xA Sx+8 91
(;1°m)ETx + 2x0 Sx+ 80 g1
(qaa) DX + %% X+ 41
(i) EX + & ex+80 €1
(;-10m)Ehx + CTx bx+8p 1
G = A = A (0m)EI + 2+ I A+ T A Tixq+ S+ 8- Txta+ Tz 11
Om)ely+9%  xq+Sx+ 8- "3+ o1
(pPDEX T+ o+ -"x3+ '3 6
ATNvamﬁx+ 13% Uyg+6x+8—"x'3 g
mﬁﬁ = At NMNM = A ?Loavmﬁx+ [V mxm\: db\: 3%) Ty + by + 8 — 'x%3 + €13 4
g+t (Z9+1
i = A = (3% + X +9Xq + X A+ WA Tq+ O+ 3+ X3+ Tz 9
D
NMNN = A wﬁ% =4 (%) + 2+ I A+ W A Txq+ O+ 8D+ X3+ XT3 g
(anyd0MEX + 9% Clxq+Sx+ 80+ "3+ xlz g
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120 — 5 Invariant submodels of microconvection equations

on¢ =xt™!, n = yt\. The factor-system is written as

(U = &g + (V= mUy + (Uy = V)T, + Te Ty = Ty Ty = T(=Qg +V(Uge + Upy)),s
(U - EVg + (V =)V + (Ve = U T + Ty Tge — T Ty = T(=Qy +V(Vie + V),
W+ (U =W +(V-mW, + WeT + W, T, = T(—co + V(W + Wrm))’
T+(U-Tg+(V-mTy+ T + T, = T(Tge + Tp), Ug +Vy +1=0.

(5.16)

Let us assume that the functions U, V, W, Q, and T are independent of 5. Then, the
last equation of system (5.16) yields U = C; - &, C; = const. Let us indicate 2§ — C; = h.
The remaining equations are rewritten as

ZTQh = —h, —Zth + 4VhTh = 4VTth,
W — 2hW,, + 4W,, Ty = T(=co + 4yWpy), (5.17)
T — 2hT), + 4(Ty)* = 4TTyy,.

Seeking for the solution of the third equation of system (5.17) in the form T = ah’ +
bh + d, we obtain

T- % W, Q=C- glnlhl, V=P g,
The function W satisfies the Euler equation
% vh2Whh - hWh -W= %Cohz

and has the following presentation:

W:(c5+32%1n|h|>hz+c6}f”3 at v=1,
A A C
W=c5h1+c6h2+8(v(il)h2 at v#1,
Bv+2)+ V3V +2)?2+24v
/\1)22 6V .

Here, C;, i =1,...,6 are arbitrary constants.

Example 5.2. Let us consider the following combination of the operators:

(aX; + Xg, X5 + X13(Ce_at)>

= (@0, + X0y + Y0, + 20, + ud, + vo, + wd,, + 200,,0, + Ce_“taq)

(a # 0 and ¢ = const). Invariants of these operators are the variables {(x,y,u,v,w)
x e % 0e~ g — cze™®}. The solution of system (5.10)—(5.12) is sought in the form

W, v,w,q,0) = (Ue™, Ve™, We™, Q + cze™™, Te*™),
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where U, V, W, Q, and T depend on ¢ = xe™™ and 1 = ye ™. The factor-system is

aU + (U - a&)Us + (V - an)Uy + (U, = V)T, + T Ty = Ty Ty = T(=Qg + v(Uge + Uyp)),
aV + (U - a.{)Vf +(V - ar[)Vn + (Vf - U,I)T{ + TnT&v - T{T‘m = T(—Q,l + v(V&v + Vnn))’
aW + (U - a§)W + (V —am)W,, + W Ty + W, T, = T(—c+v(Wg + W,m)),
al + (U - a&)T; + (V —amT, + T + T,> = T(Tge + Ty,
Ug+Vy,=0.
(518)

As in Example 5.1, we assume that the functions U, V, W, Q, and T are independent
of n. Then, the last equation of system (5.18) yields U = U, = const. Using the replace-
ment of variables a¢ — U, = h, we rewrite the remaining equations as

TQh = _UO’ V- th + thTh = VaTth,
W — hW,, + aW, T, = T<—§ + vaWhh), (5.19)
T — hT, + aT,” = aTTy,

The solution of the last equation of system (5.19) is sought in the form T = ah?® +
bh +d (a, b, and d are arbitrary constants). Three types of solutions are obtained:

T-0, T-bh-ab’y T--K+c
2a
The first case yields a simple solution of system (5.10)—(5.12)
u=0, v=Vex, w=Wyx, q=Qxe™)+cze™™, 6=0,

where V,, and W, are arbitrary constants, and Q(¢) is an arbitrary function.
In the second case (b # 0), we have

Q= —% In |bh - ab?| + Q,,

_ _ —/I/vab_LJ’l —A/vab ]
V=CA Co[e vab Ae dA|.

In the third case, we obtain

1 h
Q(h) = —— arct , if 2a > O,
") V2ca 8 V2ca
Qh) = —— ln‘ 2=k on <o,
2V-2ca |V-2ca-h
am = 2%, ifc=o0.

The functions V(h) and W (h) satisfy second-order ordinary differential equations.
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Example 5.3. Let us consider a subalgebra of the operators (aX; + X7, X;, X,) = (a0, +
0y, 0y ), a = const. Invariants of these operators are the variables {z - at,u,v,w, g, 6}.
We assume that the functions u, v, w, g, and 6 depend on one variable { = z — at. After
the substitution, system (5.10)—(5.12) transforms to the factor-system

(~a+w+ 0 =vou", (~a+w+0' )W =vo',
(~a+ww' =0(-q¢' +w'"), w' =0, (5.20)
(~a+w+6)9" =60",

where the prime denotes differentiation with respect to the variable ¢.
System (5.20) is integrated and has two variants of solutions:

u=Uy+ U, v=Vy+Vi(, w=W,,

q=Qp 0=-(Wy-a){+Ty; (5.21)
u=Uy+ U, v=v,+ Vel w=w,,
W, —
q=0Qp 0=-2"% "¢ (5.22)
0

Uy, Uy, Vo, V1, Wy, Qq, Ty, and T are arbitrary constants; T, # 0).

Returning to natural, physical, functions v, p, and T (velocity, pressure, and tem-
perature) by means of the reverse replacement in egs. (5.2) and (5.3), we obtain solu-
tions for egs. (5.21):

vi=Up+Ul, v,=Vo+Vi{, vs=a-gt, p=pxQo
:—(Wo—a)(+T1—X

T bl
XB

and solutions for egs. (5.22):

vi=Uy+ UlexTo(/v’ Vv, = Vo + VlexTo(/v’ vy=Wy—gt+ TlTOeTO(,
P =poXQo + (Po(v —x) + )T, Ty,

T= (—XTo + Wy — a + T, Toe™).

1
XBT,
Here, T, #+ Oand { = z — at + (gt?)/2. Similar solutions can be constructed on the
subalgebras (BX; + X7, X5, X5) and (yX, + X7, X;, X3).

Example 5.4. We construct the solution on the operators (X; Xs; X7; X3+ X13(40)), Yo =
const. Invariants of these operators are the variables {x,u,v,w, 8, g — yz}; therefore,
the partially invariant solution of rank 1 and defect 1 is sought in the form u = U(x),
v=v(t,x,y,z),w = W(x), 0 = 0(x), g = Pyz + Q(x). System (5.10)-(5.12) transforms to
the system
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UU, = 06(-Q, +vU,,) =0,

Ve + Uvy + vy + Wy, + xv, 0, = VO(Vy + V), + V), (5.23)

uw, +Xerx = 6(_1100 + VWxx) -8 Uex +X9)2( =X99xx’ Uy =0,

which yields U = U, = const and Q = Q, = const.

System (5.23) is split with respect to the functions 6, W, and v and has two solu-

tions
0,(x) = Cll +G exp(%), 0,(x) = 6y - %,
where C;, C,, 0, = const, and C; # 0.

The function v = const = O (plane motion) is a solution of system (5.23). This
case was considered in detail in [12] (see the next section). The fluid flow in a band
—a < x < a with a given heat flux on the boundary 06/0n = 8(0 — 6uy) = d (O is
the external temperature of the fluid, i. e., the temperature of the fluid boundary) was
studied.

Let us consider the function 60,(x); then, the third equation in system (5.23) is in-
tegrated:

1 x? 2 Uyx Uyx
W(x) = ;{lp()? +c1x+c2+gUl§<90—XL>[1n|eo—XL —1”.

Note that the solution obtained differs substantially from the known solution of
the steady problem in the Oberbeck-Boussinesq approximation

U
Wop(x) = _g6_vX0 x(a® - x%).

Example 5.5. On the operators (aX; + X;; X,; X3), a = const, the invariant solution is
sought in the form

u=u(@), v=v@), w=w@l), g=qg¢), 0=0¢), &=x-at
System (5.10)—(5.12) is rewritten as the factor-system

u =0, (uU-au; = 9(—q§ +VUg),  (U— v +xve = vev&,, (5.24)
(U—a)wg +xwgb; =vOwg -8,  (u-a)b; +X9§ = X600

Therefore, we have u = u, = const and q = g, = const. Let us assume that u, — a = a,.
Then, we obtain

AgVe + XVely = VOV,  agWg +xwgb; = vOwy - g,

(5.25)
aoBy +Xx6; = X600
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124 — 5 Invariant submodels of microconvection equations

The structure of egs. (5.25) is similar to that of egs. (5.23), the equation for the function
0(¢) is “split off,” and, therefore, we have

Ciaé

91<5>=C11+Czexr>( ) 62<5>=00—“Xﬁ,

where C;, C,, 6, = const, and C; # 0. For the solution 68,(¢), we easily obtain

Vz(g) = B1§ + Bz, Bl,Bz = COIlSt,
2
w,y(§) = %{515‘*52 + %(90 - a;_é’)(lnwo - a;_f| - 1>}

0

5.3 On one steady solution of microconvection equations in a
vertical layer

1. Solution of the steady problem in the case with a special temperature distribution.
Let us choose the coordinate system so that g = (0,-g,0). Let the fluid fill a layer
[x|] < a; the boundaries of this layer are solid surfaces with a specified heat flux. If the
heat flux value is independent of z, then plane flows in the vertical layer are possible.
They occur in the case where the initial velocity and temperature distributions are
independent of z, and the velocity component is v; = 0 at t = 0. In what follows, only
steady flows in the layer are considered [12].

System (5.10)-(5.12) in the plane case for a steady flow (w, = 0, ©;, = 0) admits
the operators 0/dy and 1d/dq, which reflects the system invariance to transformations
of shifting along the y axis and addition of an arbitrary constant i to the analog of
pressure q. The invariant solutions of system (5.10)—(5.12) with respect to the operator
0/0y +1Pd/0q can be presented as

W= (W, w,,0), wix)=u, w,(x)=v,

(5.26)
0=0x), g=(p-8)y+rkx),

where ¢ = 1 + g. The term -gy in the expression for g corresponds to the hydrostatic
component in the presentation of the true pressure p. If eq. (5.26) is substituted into
system (5.10)—(5.12), the system decomposes into consecutively solved equations of
the functions u, v, ©, and r of the variable x, ¢ = const, g = const is the acceleration
due to gravity, and w; (x), w,(x), B(x), r(x), and ¢ are unknown functions.

It follows from the continuity equation (5.11) that w; = const, and w,(x) is an ar-
bitrary function. Let us assume that u = w; = u, = const and v = w;, is an arbitrary
function.

The energy equation (5.12) with allowance for eq. (5.26) becomes

(uo +ﬁX®x)®x =(1 +ﬂ®)X®XX' (5-27)
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The last equation of the second order has a two-parameter family of steady solu-
tions

0(x) = % cl -1+ cyexplciugx/x)|, ¢ #0, (5.28)
1
and a singular solution
0y(x) = O —uyx/By, © = const. (5.29)

The boundary condition on the walls x = +a, d6/on = d for solution (5.26) takes
the form

0, = -uy/Bx = d. (5.30)

Obviously, this condition is satisfied only by the temperature field (5.29) with an arbi-
trary constant 0.

Projecting eq. (5.10) onto the x axis, we obtain (1 + f0,)(-r,) = 0,i.e.,r =1y =
const. The function q(x, y) is determined with accuracy to a constant, and we can as-
sume that r, = 0. Projecting eq. (5.10) onto the y yields the equation

(Ug + BxOox)Vy = 1+ BOg) (Vi — @) + (1+ fBg)g — &
= (1+860¢) W,y — @) + BO,8. (5.31)

According to eq. (5.29), we have u, + fx0,, = 0, and eq. (5.31) is simplified to

<1+ﬁ@)—@>(vvxx—<p)+ﬁ(:)g— oS 0. (5.32)
X X

Equation (5.32) is a second-order ordinary differential equation, where ¢ is an un-
known constant; therefore, three conditions are needed. As VO = (0,, 0), we obtain

v(x) =0, x=za. (5.33)

To determine v(x) unambiguously, we have to know the constant ¢. Using the in-
terpretation of solution (5.26) as a solution that approximately describes convection in
the central part of a finite, but rather long closed cavity (as compared with the cavity
width 2a), we impose the condition of a zero mass flow rate of the fluid through any
cross section of the layer y = const onto this solution. In other words, we have

J PV, (x)dx =0, (5.34)

where v,(x) is the true velocity and p(x) is the fluid density. In solution (5.26), v,(x) =
v(x); therefore, taking into account the state equation (5.5) accepted in this model, we
obtain

a

v(x) 3
J T@)O(X) dx = 0. (5.35)

-a
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The general solution of eq. (5.32) is

2 2
= %[(q}—g)x? + C1X+ C2 + %(1 +ﬁc:)_ u;_x><ln<1 +BC:)_ u;_x> - 1):| (5.36)

0

with arbitrary constants ¢; and c,. They are found from eq. (5.33):

2
8X 5  Uod 5 _ Uod
=—2A (1486 - =" )In(1+p6 - 2=
“a 2aug[< +h X >n< A X >

a Upa
1+ ®+—>ln<1+ 0+ 2= Yo >+2L],
< & X p X X

P (120

2
2u0

(5.37)

<1+ﬁ®+ 7>ln<1+ﬁ®+ 7) 2(1+ﬁ®)>

Substituting eq. (5.36) into equality (5.35) and taking into account eq. (5.37), we
can determine the constant ¢ as ¢ = g + @, where

2 -
uya uya - 1+80 - Uo“/)()
= — 26— (1+80)In| ————=
[4g< X ) T8 X A+h )n<l+B®+u0a/)(

+g<u0a> 1n2<1+/3(:) —uoa/x>
X 1+ B0 +uga/x

1+86 - an/)(>]
1+ B0 +uga/x

y [@_a)in(%ﬂi (u;a) (1+59)

ey +ﬂ@)2 1n<1+,8(?;uoa/x>.
1+ B0 +uga/y

- g1+ po)’ 1n2<

Let us compare the resultant solution with the solution of the steady problem in
the Oberbeck-Boussinesq approximation. It turns out that the temperature fields in
both solutions coincide. Similarly, the horizontal component of velocity is equal to
zero in both the classical and new formulations. The difference between these models
lies in the vertical component: in the Oberbeck-Boussinesq model, it has the form

_8Up 2
V= x(a” —x 5.38
o (@ ). 5:39)
To compare egs. (5.36) and (5.38), we write them in the dimensionless form. For
this purpose, we choose the unit for distance measurements (the characteristic linear
scale x = na) and introduce the dimensionless parameters y = uga/y and € = 0.

Passing to the dimensionless variable, we obtain
8Up

V= © an(1-n’).
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Here, the coefficient —gu0a3/6vx has the dimension [cm/s]. Dividing the expression
given above by this coefficient (and denoting the resultant expression by v, ), we obtain
6vy 3
vy =— v=n-n. 5.39
s R e (5.39)
Using eq. (5.36), we write the expression for velocity in the new model (denoting
it by v,,) in the form

v 1
v, = —‘@ V= A(e,y)n2 +B(e,yn-A-C+ )7(1 +e-yp)[In(l+e-yn) -1], (5.40)
where

l+e-y
A= 2 4 2gy(1 In[ —
{4gy +2gy(1+¢€) n<1+£+y>

+[gy2—g(l+£)2][ln<l+£_y>

l+e+y

! _1

3 2 I+e-y\ , 2
x{[Zy 2y(1+£)]ln<1+g+y> 4y(1+€)} ,

— 1_ H—y — + 2_ v -

B = > > (1+€)ln<1 c > y[ln((l 8) Y) 2]:|:
_ 1 22y _ 1+€—y

C= —2 > [1n((1+£) V4 ) 2] yln(l e y>

A comparison of egs. (5.39) and (5.40) shows that the function v,, loses the prop-
erty of oddness, which is inherent in the distribution of vertical velocity of a steady
stratified convective flow in a vertical layer in accordance with the classical convec-
tion model. The velocity profiles are shown in Figure 5.1. It is seen that the value of
v,(0) decreases with increasing difference in temperature, and the velocity profile be-
comes almost parabolic, as in the Poiseuille flow.

ViU 4

Figure 5.1: Velocity profiles in vertically layer.
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Remark 5.1. The motion in a vertical slot with the temperature having the form (5.29)
(and also its unsteady variant) was studied in [176], and the boundary conditions were
taken in the form (5.30). There are some inaccuracies in the formulas for temperature
and, hence, for velocity, and there are no explicit formulas for velocity.

2. Analysis of the steady solution for a specified temperature on the walls

Let us consider the case with the boundary conditions taken in the form 0 = 6,,(x, t),
w + fxVO = 0, i.e., the temperatures 6, and 6, are specified on the walls x = *a.
Therefore, we have

G')lx:—a = 01> E')lx:a = 92'

From eq. (5.29), we obtain §; = O+uga/By &6, = O-uya/By. Thus, the singular solution
(5.29) satisfies these conditions if the constants u, and © depend on the values of 6,
and 92:

0; + 6, _ (6, - 6,)Bx
=, Uy= ——=2
2 2a

0=

It is easily seen that the density is positive (80 > —1) and © > 0 in the layer |x| < a.
The following conditions should be satisfied on the walls for steady solutions of

the form (5.28):
é[cl -1+¢ exp(—w)] =0,
o X (5.41)
cupa
—-|=-1 =0,.
ﬁ[cl +c2exp< X )] )
Subtracting the first equation of system (5.41) from the second equation, we obtain
Q.66 (5.42)

B~ exp(u) - exp(-p)’
where u = cyugpaly.
Let us consider possible variants.

A) If6, = 6,, thenc, = 0and ¢; = 1/(1 + 86,), i. e., the temperature in the layer is
constant.

B) Let 6, # 6,. We substitute eq. (5.42) into the first equation of system (5.41), perform
the replacements
Bx(6, - 6,)

X
A2 =1 A
w 4ot o=(01+p6,) 4ot

and obtain the equation

1 w

P 5.43
u o oexp(2u) -1 G43)
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o\

S~

U1

S

Figure 5.2: Function f vs p for w > 0.

Note that ¢ > O (we assume that u;, > 0). Are there any solutions for eq. (5.43)? Let

w

1
T =0 eo@n -1

The derivative of the function f(u) is

i_ 2w exp(2u)

. 5.44
W (exp(2u) - 1) 644

') =-

B1) Atw > 0 (6, > 6,), the function f(u) monotonically decreases (f'(u) < 0) in the
domain of its definition. Therefore, there exists a unique solution f(y;) = cand y; > 0,
i. e., the only possible constants (Figure 5.2) are

C1:Lp1>0, szm.

A4
Uga shpy (5.45)

Let w < 0. As u — 0, we have

f(y)zl%[H%—%y],

therefore, we have to consider the cases with1+ w/2=0,-2<w < 0,and w < -2.

C) Let1+w/2 = 0,i.e., w = -2. Then, we have f(+00) = 0, f(-00) = 2, and f — 1as
u — +0. According to eq. (5.44), the derivative f'(u) at w = -2 has the form

140 = 1/ + 4 exp(2u)/ (exp(2u) - 1)°

Does the function f(u) have local extreme points? We can calculate that f'(u,) = 0
if and only if [shu,| = |u,|. The latter equality is satisfied only at u, = 0, but in our
case we have f(0) = 1 at the point u = 0. The derivative is f'(u) < 0 (it is equal to
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\_

Figure 5.3: Function f vs p for w = -2.

=Y

zero only at u = 0); therefore, the function f(u) decreases over the entire axis, i. e., the
unique solution of eq. (543) at w = -2is y;, and it exists only at O < ¢ < 2. This means
that there exist uniquely determined constants c¢; and c, for the indicated values of o
(Figure 5.3).

D) Let1+w/2 > 0,1i.e., w > —2. Then, we have f(u) ~ (1+w/2)/u. The function f (u) has
a discontinuity at the point u = 0, and f(+0) = +co. If f'(u,) = 0, then we consider the
following cases: D1) -2 < w < 0 and D2) w > 0. The latter case reduces to the case B1).
In the case D1) we have —w = |w|. Let us consider the equation f'(u) = 0:
1 |w|

! =—-— =0. 5.46
e v (5.46)

The derivative is equal to zero only at sh® u, = |w|u?/2 (u, # 0). Note that if yis a
solution of eq. (5.46), then —y is also a solution for eq. (5.46). We assume that u, > O.
Then, we have shyu, = /|w|/2u,. We can easily show that the solution for eq. (5.46)
exists only at |w| > 2; as -2 < w < 0, the latter equation has no solutions. Thus, f'(u)
does not change its sign in the domain of its definition, f'(u) < 0, and f () decreases. If
0 < 0 < -w, then eq. (5.43) has two solutions: y; > 0 and p, < 0. Therefore, there exist
two pairs of constants (ci, c%) and (cf, cg). If 0 > —-w, then eq. (5.43) has one solution
(Figure 5.4).

E) Now let1+ w/2 < 0,1i.e., w < -2 and —~w = |w|. The function is f(u) ~ (1 + w/2)/
U; as 4 — 0, in accordance with the definition, the functions are f(+0) — —co and

f \
PN
N I~

M2 Hi u

Figure 5.4: Function f vs p for -2 < w < 0.
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5.3 On one steady solution of microconvection equations in a vertical layer = 131

f(-0) — +00. We can easily show that the solutions of the equation

1 [Myz—sh2y] =0

= >

p2sh’p
are u, > 0,—pu,, if the inequality |w| > 2 is satisfied.

Thus, we have f(-p,) = -1/u, - |wl(exp(-2u,) - 1) and f(u,) = w(exp(u,) -
1) + 1/u,. Generally speaking, eq. (5.43) at f(-u,) < f(u,) may have four solutions if
f(-u,) < o < f(u,). Let us demonstrate that f(u,) < f(-u,). In other words, we have
to verify that 2/u, < |w|cthu,. The latter inequality is equivalent to thyu, < |w|u, /2
(u, > 0). To verify this inequality, we consider the function h(u) = thu — |w|u/2. We
have h(0) = 0, k' (u) = 1/ ch? U — |w|/2. Let us check the sign of the derivative at the
point u = 0: obviously, h'(0) = 1 - |w|/2 < 0. Moreover, as chu > 1, we have h'(u) < 0,
i.e., the function h(u) decreases. Therefore, we obtain h(u) < O for all values y > 0,
i.e., thu, < |wlu, /2 or, which is the same, f(u,) < f(-u,). Thus, if f(u,) < 0 < f(-,,),
then eq. (5.43) has no solutions. If f(-u,) < 0 < —wor 0 < ¢ < f(u,), then eq. (5.43)
has two solutions. At o = f(u, ), 0 = f(-u,.), or 0 > —w, this equation has one solution
(Figure 5.5).

Let us check whether conditions responsible for nonuniqueness of solutions of
eq. (5.43) are satisfied. The inequality ¢ < —w should be valid for all cases considered:
_ﬁX (6,-6)

Upa

1+ ﬁel)lj;—a < (5.47)
whence we obtain 6, < 0. Thus, none of the conditions at which eq. (5.43) can have
two solutions is satisfied. Therefore, eq. (5.43) has only one solution for all possible
values of 6, and 0,. The unique values of ¢; and ¢, are determined from eq. (5.45).

Taking O(x) in the form (5.28) with the indicated values of ¢; and c,, we project
eg. (5.10) onto the y axis. As a result, we obtain the equation for determining the ver-
tical velocity component v:

(cl +6 exp(kx))vvxx — ¢1CUg exp(kx)v, = f(x), (5.48)
1
7
-
M~
“HUx M

Figure 5.5: Function f vs p for w < -2.
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132 — 5 Invariant submodels of microconvection equations

k=, o0 - (i+czexp<kx>) g2 -1+ crexpiho ).
1

After the replacement z = 1 + ¢;¢, exp(kx), the general solution of eq. (5.48) has the
form

a [
V:JZZ [(P gJ dz +&1L+Dl dz +D,, (5.49)

vi2 ) z%(z-1)  vk? ) z¢t1(z-1)

1

where D, and D, are constants, h; = 1+ ¢;¢, exp(-ak), a = x/v =1/ Pr.
The unknown constant ¢ is determined from eq. (5.34):

p=g- chl) - Dlvkze, (5.50)
h, 1 0
F. = .[ h1 o1 h1 T"‘“(T 1) dodz
1~

hzlzga o
h z I o1 hlr“(r 1)

j:f L[y Z; dodz

hzl Z g%
.[hl hy o-1 h1 T“(T 1) deZ

dodz

2=

The integration constants D; and D, are found from the no-slip condition on the mo-
tionless solid wall: D, = 0 and

oF; h, z* [z dz — 84 h # J'
D. = Vi Jny z-1 I 0"‘ (0- 1) vi2 Jn, z-1 Jn, o“*l(o 1)
1= h h z ’
b Z% ) 2%
.[ d FZJ’ z-1 Jn, 0”‘(0 1) dz

where h, = 1 + ¢;c, exp(ak).

To compare the solution obtained for the vertical component with a similar solu-
tion of the steady problem in the classical formulation, we write eq. (5.49) in the dimen-
sionless form. For this purpose, we introduce the dimensionless parameter y; = ak
and, performing the replacement z = 1 + ¢; ¢, exp(y;17), obtain

2

V, = % v(n), -1<n<1, (5.51)
where
! do
v(n) = j(l +¢16) exp(akn))a[ (pvkzg J 1+ c.0, explako))® +H(n) + D(n) |dn, (5.52)
-1
84 do
H(n) =21 ,
() vk? J (1+ ¢;¢, exp(akn))*+!
1
D(n) =

f (1 + ¢;c, exp(akn))®dn

- printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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1 n
-5
1 k d
% [ vk? [( + c1czexp(akn) ,[ (1+¢cy exp(ako))"‘ 1
1 n p
g dn|.

8¢, a
=— | (1
* vk? Jl( + 16, explaka) [ (1 + ¢;¢; exp(aka))*+l

The velocity profiles are illustrated in Figure 5.6. The solid curves show the ve-
locities for a = 4. It is seen that the maximum value v,,,, increases with increasing
temperature difference. A typical feature of eq. (5.51) is the shift of the value v, to-
ward the heated wall. The calculations were performed for silicon melts with u, = 1.

The following values were obtained:

1) a =4 and A® = 10:

¢, = 9.8741051593 .10}, ¢, = 9.4731241528 - 10”5,
@ =12338930230-10"", D, =7.4033132577 -10>;

2)a =4 and A® = 50:

= 9.8741051596 - 107}, ¢, = 4.7365620753-107",
@ =1.2343666848 107", D, = 41672399233 -107%

3)a =4 and A® = 80:

= 9.8741051598 - 10!, ¢, = 7.5784993191-107,
@ = 12347011449 - 107!, D, = 7.2380171987 - 10>

4)a =2and A® = 10:

¢; = 9.8741053902 - 107, ¢, = 5.3326654478 - 10°°

Up, Uy &

Figure 5.6: Velocity profiles given by (5.40) and (5.32).
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134 — 5 Invariant submodels of microconvection equations

@ =12343236676 10"}, D, = 1.2276678568 - 10°%;

5)a =2and A® = 50:

¢, = 9.8741063141-107", ¢, = 26663317178 -10°,
@ = 1.2364533464 - 10", D, = 6.7828046692 - 10%

6) a =2and A® = 80:

¢, = 9.8741070070 - 107", ¢, = 4.2661295412-10™,
@ = 12379651505 - 107", D, = 1.1615778966 - 10"

5.4 Solvability of a nonstandard boundary-value problem

1. Formulation of the problem

Finding the invariant solution of the microconvection problem (5.6)—(5.8) in a verti-

cal band reduces to solving nonstandard initial-boundary problems. The methods de-

veloped in [17, 116, 174] allow us to prove unique solvability of each problem under

appropriate conditions of smoothness and compatibility of initial and boundary data.
The initial-boundary problems for the nonlinear heat-conduction equation and

the y component of velocity have the form

PrT; +e(U + T)T, = (1+€T)T,,, (5.53)

T(x,0) = To(x), IxI<1; Ty(-1,8)=T,2t)=-U(t), t>0, (5.54)
v+ %(U + T v, = 1+ eT)(vy, — ) + £Tg, (5.55)
v(x,0)=vo(x), IxI<1l v(-1,6)=v(1,t)=0, t=0. (5.56)

As the quantity T,(+1,t) is proportional to the heat flux on the boundary, which is
assumed to be given, then, based on problem (5.53), the function U(t) can also be
assumed to be given. The function ¢ satisfies the relation

1
TO

o(t) = %(vx(l, £) = v (-1,8)) + g j Tepdx (5.57)
0
-1
Let the conditions
U(t) € C*%([0,t]),  To(x) € CH([-1,11),  vo(0) € C**([-1,11), (5.58)
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be satisfied for an arbitrary finite value of ¢;. We use the compatibility conditions in
the form

—U(0) = Ty, (£1),
%[1 + €T (1) Toy (1) + U'(0) = 0,

Vo(#1) =0,  (1+&Ty(£1))[Vo (21) — 0(0)] + €Ty (x1)g = 0, (5.59)

1
= L v 1) + £ [ o
(P(O) = O(Vox(l) VOX( 1)) + 2.[ 1 +€T0 X

2. Solvability of initial-boundary problems for the heat-conduction equation and
loaded equation

If we seek the functions T and v in the form of expansions into series in powers of the
small parameter &, then the expansion of the function T in powers of € begins from
the zero-th-order term, and the expansion of the function v begins from the first-order
term:

(o) o0
T=YeTh, v=3. (5.60)
k=1 k=1

The principal terms of the expansions are solutions of the problem

Pr7® =79, T9K,0) = T,x),
101, = TO0,0) = -U (@), (5.61)
1
1
vgl) =y > v, 6) - vV (-1,6) + J Todx] +gT9, (5.62)

-1
v (x,0) = vo(x), v(-1,6) =vP(,t) =0 (5.63)

with compatibility conditions that follow from conditions (5.59) as a result of their
splitting in terms of €.

The function T is a solution of the standard problem for the heat-conduction
equation (5.61); the issue of its solvability can be studied with the known approach
[116].

For the function vV, the issue of solvability of problem (5.62), (5.63) in the general
case is rather difficult. Similar equations (5.62) have been called in [145] the loaded
ones. This problem is nonstandard because of the presence of the derivative of the
sought function at the boundary points; it will be studied with an additional repre-
sentation of v¥ in the form of an expansion into even and odd components.
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136 —— 5 Invariant submodels of microconvection equations

Note that all remaining functions T® and v(® can be determined in a recurrent
manner as solutions of the following boundary-value problems:

pr7® = 1O —y ¢ Z[T(’)Tk 1) _ g0kt (5.64)
j=0
T™x0=0 TV,tH=TPAH=0 k=1,
1

v = vl - 4[V,ﬁ")(l,t) V(1,8 - J( DT dx

3
k-2
1 o, (k-1 1 M. (k-1-j),1
_ ﬁ(U + T)E ))V)(( ) _ E Z T(I)V)(( 1)|_1
j=0
1

18 1) 1 1[50, (-1
EZT IJ( V7T dx - o Y TV
j=1

-1

k=2
+ Y TP | gD, (5.65)
j=0

VO =0, vPL=vP1=0 kx2

The necessary compatibility conditions are satisfied thereby as a consequence of con-
ditions (5.59).

Solvability of initial-boundary problems for the principal terms of the expansion
Let us introduce brief notations for some spaces extensively used below:

M- Cm+a,(m+a)/2([_1, 1] x [0, tf]), m=2,3.

If conditions (5.58) and compatibility conditions (5.59) are satisfied, the boundary-
value problem (5.53) for temperature is solvable, and T® ¢ C3 [116].

Further, let vV = v, +v,, where v, and v, are the even and odd components of the
velocity v in terms of the variable x. For v,, we have the classical first boundary-value
problem

Vo = Vorr +Fo(60),  t€[0,4], x€[-1,1];

V5(x,0) = vyo(x), V(21,t)=0

Here, 1?2 (x,t) and v,o(x) are the odd components of the functions El To(x)dx +
gT(x,t) and Vo(x), respectively.

Solvability of the problem for v, can be proved by using the known procedure [116].
In this case, the function v, (x, t) belongs at least to the class C?, as Vyo(X) € C*%([-1,1)),
and F,(x,t) € C°.
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Let us consider the problem for the even component of velocity, where the equa-
tion has the nonlocal derivative:

Vi = Vi — Vie(L ) + F1(6,8),  t€[0,t], x € [-1,1], (5.66)
vi(6,0) = vipx), x| <1, (5.67)
vi(-L,t)=v;(1,t)=0, t=0. (5.68)

Here F, = F,(x,t) is the even component of the function f_ll To(x)dx + gTO(x, t) of
the class C* in eq. (5.62). The initial function v,y (x) (even components of the initial
velocity) is a function of the class C**([-1,1]). In this case, in particular, the equality
vio(£1) = O is satisfied, owing to the conditions v, (+1) = O (see the corresponding
condition (5.59)).

We expand the function v, into a generalized Fourier series with due allowance
for its evenness, so that the boundary conditions (5.68) are automatically satisfied,
namely,

vi= Y w6 cosAp), A, = n<n ; %)
n=0

Taking into account orthonormality of the functions cos A,,x on the segment [-1,1], we
write eq. (5.66) in the form

i [u;(t) + /lflun(t) +e,f(t) = Fy(t)] cosA,x =0 (5.69)
n=0

where f(t) is an unknown function of the derivative of the sought function on the
boundary f(t) = vy, (1, t). It follows from eq. (5.69) that the following representation
is valid for all values of n:

t
Uy (t) = Cpexp(-A2t) + J(—e,f(r) + Fo(1)) exp(-A3(t - 7)) dr. (5.70)
0

The following notations are introduced for the generalized coefficients of the Fourier
expansions of the unity, the right-hand side of eq. (5.66), and the initial function (5.67)
into a series in cos A, x:

1

e, = (-1)"%, F,(t)=2 j Fy(x, t) cos A, x dx,

" 0

1
C,=2 J Vio(X) cos A,x dx.
0
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The properties of the Fourier coefficients are determined by the properties of the corre-
sponding functions for which expansions are obtained; they will be taken into account
below. We should also note that

& = Y D™ Aua(6), £(0) = Y (-D™A,C,.
n=0 n=0

We multiply each equation of system (5.70) by (—1)”+1An and sum up in terms of n
from O to co. Then, for finding the function f(t), we have the integral equation

t

o0
flH) =2 J @Y exp(-2(t - 1)dr + QD) 5.71)
0 n=0
where
. t
Q=Y [(-1)"*5\,,(@, exp(-A%t) + an(r) exp(-A%(t - 7)) dT) ] (5.72)
n=0 0
In this case, we have Q(0) = f(0), and the kernel of the integral equation is a function
of the form
K(z) = Z exp(—/\i z); z=t-1, T€[0t], te[0t] (5.73)
n=0

It should be noted that kernel convergence is equivalent to convergence of the im-
proper integral

_ia 2
O(a) = \/ﬁjexp( y*)dy.

Here, ®(a) is the Laplace function [53]. The second term is a smooth function at z > 0.
Representing series (5.73) as an integral of the stepwise function

2
2n+1
c(z,x)=¢,, n<x<n+1,n=0,1,...; cnzexp<—n2< 2+ )z)

we can obtain the estimate

() ()

T 1
0< ,X) dx —
6[ ¢(z, x) dx 2+\/nz * 2vnz
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which allows us to identify a weak singularity of the form 1/+/z from kernel (5.73) and
rewrite eq. (5.71) in the form

t t

f(t) = /\J j%dr +Q), Q) = J L(t - D)f (1)dt + Q(t). (5.74)

Here, A = 1/(2+/m), and L(t — 7) is the smooth component of the polar kernel. Equa-
tion (5.74) refers to the Volterra integral equations of the second kind of the Abel type
[169, 224]. Iteration of the kernel component K(t, T) = 1/t — T of the integral equation

(5.74) yields the expression K,(t, T) = frt \/gi@ = 1. Using the composition of both

sides of eq. (5.74) and the function AK(t, T), we obtain the Volterra equation
t
f6)=An jf (T)dr + Qy(t) (5.75)
0

with a bounded kernel consisting of 1, (¢, ) and the result of the composition of fé L(t-

T)f (1)dr and AK(t, ), where Q,(t) = Q(t) + A% fé S%ds. Solving eq. (5.75), we obtain
a solution of the initial equation (5.74). Note that the Fourier coefficients C, and F,,(t)
of the functions v;4(x) € C*([-1,1)) (vio(£1) = 0) and l?l(x, t)eC? possess properties
that ensure convergence of the integrals in relation (5.72) owing to validity of the in-
equalities |C,| < Mc/n3 s [Fa(t)] < Mg/n [213]. Based on these estimates, we conclude
that the series in relation (5.72) converge, because there are converging majorant series
of the form Yo, M/n” and Y%, M /n’, respectively, at t > 0 and x € [-1,1], whence it
follows that Q(t) € C2*1+®72[q, t¢] (this is ensured by the properties of the function F)).

Thus, the integral equation (5.75) is solvable [224]. The function f(t) belongs at
least to the class C"*2([0, t1), which allows us to argue that problem (5.66)-(5.68) is
solvable in the class of functions C?, in accordance with the known results [116].

The solution of problem (5.53), (5.55), which can be represented by the power
series (5.60), is consecutively determined by the solutions of problems (5.61), (5.62)
and (5.64), (5.65). A principally important issue of the proof of solvability of problem
(5.66)—(5.68) for the higher approximation in terms of vV is the search for the solution
in the form of the sum of the odd and even components and the subsequent method of
determining the function f(t). The kernel of the integral equation for finding f(t) is de-
termined by the structure of the preceding differential equation, and the properties of
smoothness of the sought function mainly depend on smoothness of the correspond-
ing approximation for temperature. By means of induction, solvability of the recur-
rent boundary-value problems (5.64), (5.65) in the Holder classes C™ can be proved by
the method demonstrated above. We require that the initial temperature T, = T (x)
should satisfy the inequality

Co =Ty < 1. (5.76)
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For series (5.60), we can construct majorant power series, which are obtained by
replacing T% and v¥) by their norms in the spaces C®*® and C**®, respectively. The
series converge if the condition € € [0, ] is satisfied. Thus, series (5.60) converges
to the solution of problems (5.53), (5.55) only if € € [0, £] (€ is determined during the
proof).

Thus, we obtain the following theorem.

Theorem 5.1. Let conditions (5.58), (5.59), and (5.76) be satisfied. There then exists & > 0
such that problems (5.53) and (5.55) at O < € < & have a solution of the form

v e (L1 % [0,4]), T e B 2([-1,1] x [0, 8])

This solution is an analytical function of the parameter € at the point € = 0.

Uniqueness of the solution can be found by the proof by contradiction.

5.5 Unsteady solution of microconvection equations in an infinite
band

Let us consider system (5.6)—(5.8) for the microconvection model. We denote the Carte-
sian coordinates in space by x, y, z, so that g = (0, -g, 0), and the fluid is located in the
layer |x| < a with a specified heat flux on the solid boundaries of this layer. If the heat
flux value is independent of z, then plane flows can exist in the vertical layer. These
flows occur if the initial velocity and temperature distributions are independent of z,
and the third velocity component is equal to zero. We consider a special class of solu-
tions of the system of microconvection equations that are invariant with respect to the
operator d/dy + @(t) 9/dq, where @(t) is an arbitrary function of time (see Section 5.3,
where a steady case was studied). Solutions such as these have the form

W=v), u=Ul), v=vxt),

(5.77)
0=0(x,t), q=(p(t)-g)y+hxt).

Let us write the problem formulation for the sought functions of velocity v and
temperature 0 in the dimensionless form, using the characteristic length | = a, char-
acteristic time t, = I?/v, characteristic velocity U, = &x/a, and characteristic temper-
ature T,, introducing the dimensionless parameters Pr = v/y (Prandtl number) and
€ = BT, (Boussinesq number), and indicating the dimensionless temperature by T:

vy + %(U + T vy, = (L+eT)(vy — (1)) + £Tg, (5.78)
1

1 &
WO:ﬂW@O_WPLm+§l

To

d:
1+eT, X

v=vy(x), t=0, |[x|<1,
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v(-1,t)=v(1,t)=0, t=0.

PrT;+e(U+T)T, = (1+eT)T,,, (5.79)
T=Tyx), t=0, [x|<1,

T,(-1,t) =T, (1,t) =-U(t), t=0.

The initial velocity v, (x) and initial temperature T;,(x) are known functions. The
value of T,, proportional to the heat flux on the interface between the fluid and the
solid, is also assumed to be specified. Then, the function U(t) can also be considered
as being specified. Independence of the heat flux on the layer boundaries x = +a of the
coordinate y is conditioned by the structure of the invariant solution. If the problem
for temperature is solved, then the coefficients of the linear equation with respect to
v are known, and the free term also becomes known if ¢(¢) is specified. The natural
problem for this equation is the first initial-boundary problem with conditions that are
no-slip conditions for the original physical velocity.

Finding an invariant solution of the problem of convection in a vertical band re-
duces to solving the second boundary-value problem for the nonlinear heat-conduc-
tion equation (5.79) and the subsequent solving of the first boundary-value problem
for the linear equation (5.78). Note that eq. (5.78) is not differential in the usual mean-
ing. Solvability of problems (5.78) and (5.79) in classes of the Holder functions was
proved in [77].

To construct the asymptotic solution, we choose the Boussinesq number as a
small parameter € (T, = maX,¢(_q4) To)- Then, the principal terms of the expansions
T=%2 T, v = 22, kv are solutions of the following problems:

Pr7® =19, (5.80)
TOx,0) = To(x), TO-1,6)=TO0,t) = -U(®).
1
vgl) = v,(;() - % vf(l)(l, t) - v,((l)(—l, t)+ J Todx] + gT(O), (5.81)

-1
vi(x,0) =vo(x), vP(=1,8) =vV(-1,) = 0.

Calculation of trajectories
Following [176, 17], let us consider periodic solutions of problems (5.80) and (5.81). Let
U(t) = sinyt. Then, the functions T”’, v'¥) have the form

@

TO = Ts(x)sinyt + T.(x)cosyt, Vv ) = Vs(x) sinyt + v.(x) cosyt,

and the components of physical velocity (which is now a dimensional quantity for
convenience of further discussions) are determined as

vy = €vy = €(vys Sinyt + vy cos yt),
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Vv, = €V, = £(Vys SIN YL + vV, COS ),

Vis = )(a_lA_1 (cosh Aa cos Aa cosh Ax cos Ax
+ sinh Aa sin Aa sinh Ax sin Ax — A),

Vie = xa ‘A~ (sinh A a sin Aa cosh Ax cos Ax
— cosh Aa cos Aa sinh Ax sin Ax),

Vys = xa (A sinh Ax cos Ax + B cosh Ax sin Ax
+ Csinh px cos ux + D cosh px sin px),

Vye = xa ‘(A sinh Ax cos Ax — B cosh Ax sin Ax

+ C cosh px sin px — D sinh px cos px).

Here, A = \y/2x, 1 = \Jy/2v, and the coefficients §, A, A, B, C, and D are expressed in
a rather complicated manner via A, y, x, v, and a; these coefficients were obtained in
[17].

Knowing the functions v; and v,, we can calculate the trajectories of fluid parti-
cles. For this, we need to solve the Cauchy problem

dx d
b, Z=vkb; (5.82)
X=Xy y=0 at t=0. (5.83)

Note that we should use v; = 0 in constructing the trajectories of the fluid parti-
cles by the Oberbeck-Boussinesq model, whereas the expression for v, = 0 remains
unchanged. In addition, the dependence of v, on x, t is now exact rather than approx-
imate.

The projections of the integral curves of system (5.82) onto the plane x, y ate = 0.01
and 0.02, and y = 0.5 and 257! [176] demonstrate helical periodic motion (with the
main coil being an ellipse) of the fluid particle. As was noted in [176], the analysis of
the trajectory behavior is a rather complicated task because of the variety of dimen-
sionless parameters that affect the solution of the Cauchy problem (5.82), (5.83). We
can assume, however, that the intensity of periodic motion and particle drift under the
conditions of applicability of the microconvection model are primarily determined by
the angular frequency y, Boussinesq parameter €, and, certainly, location of the point
(X0, Yo) With respect to the lateral boundaries of the domain [81]. If the values of ¢ are
extremely small and the values of y are commensurable with unity, we can conclude
that a typical flow regime is microconvection with a slow drift of fluid particles in the
vertical direction. This fact is also confirmed by the analysis of the nontrivial compo-
nent of motion, which was performed in [77] on the basis of the Krylov—Bogolyubov
averaging technique [39]. Let us indicate the mean value of the function f averaged
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over the time t by

T

MIf0e 0] = Jim % j FOx ) dt.
0

Then, the system of equations in the first approximation (or the averaged system cor-
responding to system (5.82)) has the form
dx _ dy _

— =eM[v,], — =&eM][v,].

(V4] at [V,]
This system, however, yields a trivial result because of the zero mean for cos yt and
sin yt. To obtain a nontrivial result, we can write a system of equations in the second
approximation [39] corresponding to system (5.82). Thus, for the first equation of sys-
tem (5.82), the equation in the second approximation is obtained as

% eZMKX%)X(t:f)]»

with the conventional notations of the averaging theory:

iyt —iyt

_ iyt —iyt *_ey e
X=Xe" " +X e, X=—X +—1X_
y y iy v Syt

X =<b+h> X =<—V—1.s+v—1?>.
4 2 2 4 2 2
The system of equations in the second approximation, which is sometimes called
the improvement of the first approximation, finally takes the form

ac &

a & £
= = [Vlcvis - Vlsvic]’ E = Z[VZCvés - VZSvéc]- (5.84)

dt 2y

Here, the prime indicates the derivative with respect to £. As the second approximation
[39], we finally use

x=&x s% V(&) sin yt - v15(€) cos yt];
y=¢+ 8%[@(5) sinyt - v,5(§) cosyt],

where ¢ and ( satisfy the system of equations in the second approximation. These re-
lations allow us to speak about an elliptical trajectory and its transformation both in
time and in space. It should be noted that the issue of proximity of the solutions of the
averaged and initial systems is rather delicate, because (X, y) here depends on ¢ via et
(slow time). According to [134], the proximity of the solution under the minimum as-
sumptions about the right-hand side smoothness that ensures solvability of problem
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Figure 5.7: Coincidence of the particle trajectories in the time interval [0, 24] s. The particle is ini-
tially located at the point (0.8, 0). Model medium N1; € = 0.01and y = 0.5.

(5.82) can be guaranteed within a certain interval of variation of ¢ of the form [0, ¢t,],
where t, = r/Le+/n, r is the distance between the initial point and the domain bound-
ary, L is the estimate of the maximum absolute value of the right-hand side, and n is
the space dimension.

Figure 5.7 illustrates the coincidence of the trajectory of the particle initially lo-
cated at the point (0.8, 0), with the trajectory obtained by solving the initial system
(5.82) and the system of its second approximation for the model N1 (see Table 5.2), but
with € = 0.01and y = 0.5 at the time of 24 s. No coincidence is observed at later times.

The trajectories of motion of fluid particles calculated by the full system (5.82) are
presented in what follows. The main parameters of the problem are listed in Table 5.2.
They are conventionally classified as three models with different values of Pr, 7, and g.
The characteristic velocities, Reynolds numbers, and durations of the process are also
different (see Table 5.3). For the model N1, the characteristic quantities of the process
are determined for € = 0.5 and 0.1. To demonstrate trajectories that differ from those

in [176], we choose the values € = 0.5and 0.1, y = € or .

Table 5.2: Basic parameters (in the centimeter-gram-second unit system).

Pr n £ v X g B Y
N1 0.75 1 0.5;0.1 0.15 0.2 0.03 0.0003 2;0.5;0.25;0.1
N2 0.01 0.4 0.5 0.015 1.5 0.009 0.0006 0.5;0.25
N3 0.1 0.4 0.5 0.15 1.5 0.09 0.0006 0.5;0.25
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Table 5.3: Characteristic values.

Re U* t*
N1 0.67/0.13 0.1/0.02 6.67/6.67
N3 5 0.75 6.67

—0.02

~0.04 , — ,
0.7 0.8 0.9 1.0

\

Figure 5.8: Particle trajectory in the time interval [0, 240] s. Model medium N1; € = 0.5 and y = 2. The
particle is initially located at the pointx, = 0.8; y, = 0.

Figures 5.8 (fore = 0.5and y = 2) and 5.9 (for € = y = 0.5 and for € = 0.5 and y = 0.25)
show the trajectories of motion of the fluid particles initially located at the points with
the coordinates x, = 0.3, y, = 0 or Xy, = 0.8, y, = O up to the time ¢ = 240s.

It is of particular interest to trace the particle drift in a rather extended time in-
terval. To demonstrate trajectories that differ from those described in [176], we choose
the valuese = 0.5and 0.1; y = € or .

Let the fluid medium parameters be determined by the model N1. Figure 5.10a
(e = y = 0.5) shows the fluid particle trajectory up to the time t = 2400 s. The particle
is initially located at the point with the coordinates x, = 0.8;y, = 0 and demonstrates
a vertical drift toward the boundary. For smaller values of € and y, the particle drift is
less interesting from the viewpoint of differences from the trajectories studied in [176].

Figure 5.10b shows the fluid particle trajectory at the time ¢ = 2400s fore =y = 0.5
(xg = 0.8; y5 = 0), for the fluid medium parameters being determined by the model
N2. Firstly, it should be noted that the vertical drift changes its direction (the upward
vertical motion changes to the downward motion). The motion toward the boundary
is continued. Secondly, the downward motion can start earlier in time (at y = 0.25).
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A A
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Figure 5.9: Particle trajectory in the time interval [0, 240] s. The particle is initially located at the
pointxy = 0.3; yo = 0. Model medium (a) N1; € = 0.5; y = 0.5 and (b) y = 0.25.

20 0.24
1.5 0.15- 0.2-
1.04 0.14 04
0.5 0.05-
0.0 0.0- =021
-0.5 ——1—= —0.05 —— —04 —
0.6 07 0.8 09 1.0 06 07 08 09 1.0 06 07 08 09
(a) (b) (©)

Figure 5.10: Particle trajectories in the time interval [0, 2400] s. (The trajectory calculated by the
Oberbeck-Boussinesq model is a segment of the straight line x = x;). The particle is initially located
at the pointx, = 0.8; ¥, = 0; € = y = 0.5; (@) model medium N1, (b) model medium N2, and (c) model
medium N3.

If the fluid medium parameters are determined by the model N3, then the pattern at
€ =y = 0.5is again interesting, and the upward vertical motion again changes to the
downward vertical motion; this change, however, occurs much earlier than in the case
illustrated in Figure 5.10b. The trajectory is plotted in Figure 5.10c. The downward drift
begins immediately at y = 0.25.

Note that the trajectories calculated by the Oberbeck-Boussinesq model and
shown in Figures 5.10a and b are segments of the straight line x = x,. The trajectories
calculated for the linear approximation of the microconvection model demonstrate a
much more complicated and versatile drift of the fluid particle.

The Cauchy problem for the systems of ordinary differential equations (5.82), (5.83)
were studied numerically by the Runge—Kutta method in [103].
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5.6 Invariant solutions of microconvection equations that
describe the motion with an interface

1. Governing equations
Let us consider the system of microconvection equations (5.10)—(5.12). We study the
motion of two immiscible incompressible fluids that obey the equations of this model
and have a common interface I'. The domains occupied by the fluids are indicated by
Q; (j = 1,2); in what follows, the indices “1” and “2” refer to the values of the quantities
W, ¢, 0, and the constants in these domains.

Let the surface tension coefficient o on the surface I' be temperature-dependent:
0 = g(0). For the true velocities and pressures on I', we have [19]

u; = Uy; (5.85)
91 = 92; (5.86)
u-n="V; (5.87)
(T, - T;)n = 20Kn + Vy;0; (5.88)
00 00
kza—nz - kla—nl = EEQVH U+ w(@t +u- VHG)' (5.89)

In egs. (5.87)—(5.89), n is the unit vector of the external normal to I', which is directed
from Q; to Q,, V,, is the velocity of motion of I' in the direction of n,

are the stress tensors in the fluids, K is the mean curvature of the surface ' (K > 0 if
T is convex outward the domain Q,), V;; = V — (n - V)n is the surface gradient, and
k; are the constant thermal conductivity coefficients. The velocity vector and temper-
atures of both fluids on I are indicated by u and 8; these values coincide in pairs by
virtue of egs. (5.85) and (5.86), so that V;; - u is the surface divergence of the vector
u. The functions &(0) and w(6) inserted into eq. (5.89) are determined by the equali-
ties

do d de
= -, = — = 9—. B 1
S 10 w d6(0+aee) 10 (5.91)
For many real fluids (e. g., metal melts), the dependence o(8) in a wide range is
adequately approximated by the linear function o(8) = 0y — o7(8 - 6,), where o7 =
const > 01is the temperature coefficient of surface tension. In this case, we have e = o

and, according to eq. (5.91), w = 0.

Remark 5.2. Instead of eq. (5.89), many researchers use the condition of identical heat
fluxes

06, _, 20,

kl % =Ky E 5 (5-92)
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because the contributions of the terms in the right-hand side of eq. (5.89) are usually
small [184].

Remark 5.3. IfT is implicitly defined by the equation f(x, t) = 0, then we have

_vr __fe
= T

and the kinematic condition (5.87) takes the following form on I':
fi+u-Vf=0. (5.93)

Let the fluid indicated by “1” be a gas with the pressure p, and temperature 6,,.
Neglecting the transport processes in the gas (passive gas), we assume that T; = —p,[
in eq. (5.88) and replace eq. (5.89) by the thermal contact condition

6
kza—n2 +6(0, - 0,) = 0. (5.94)

Here, § > 0 is the interphase heat-transfer coefficient, which is assumed to be con-
stant. In this case, the surface I' is called the free boundary.

We now need to perform the replacement in relations (5.85)-(5.90), (5.93) in ac-
cordance with eq. (5.9). As divw; = 0, we obtain

Dpj = pojgj + A div; + Bipo;(v; — X;)x;A6;
= pjodg; + AiBx;A0; + Bipoj(v; — X;X;A0; = pojg; + ¥;A6;,

where y; = Bix;lA; + poj(v; - x;)]. From eq. (5.90) we find the relations for the stress
tensors

T; = ~[pojg; + (Bix;A; + v)AG I + 2u;[D(W)) + Bjx; D(V6)].
Thus, the conditions on the interface I' in the new variables take the form

Wy + B VO; = Wy + Box,VOy; (5.95)
0, = 0,; (5.96)
{[Po1d1 = P02z + (BuxaAry + ¥1)A0; = (BoxaAs + y2) A0, )T
+ 205 [D(W3) + Box2D(V6,)] - 231 [D(wy) + Bix1 D(VO,)|}n
=20(0)Kn + Vj;0(0); (5.97)
fr + (Wy + B1x,V6,) - Vf = 0. (5.98)

By virtue of the equalities

% _BZXZH' 3 V@Z

Vy-u=Vy-u, = AG, —n -
11 1 Uy = BxoA6, on an
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the energy condition (5.89) transforms to

e 0ol m (2 )
k, an Ky on &0|Bx,A6, - n an + B> on
+ w[6; + (W5 + Box,V6,) - Vy;60]. (5.99)

If the energy condition on T is taken in the form (5.92), it remains unchanged.
For problems with the free boundary, the dynamic condition transforms to

[Po — P20q2 — (BoxaAy + ¥2)A6 |0 + 21,[D(W5) + Byx,D(V6,)|n = 20(8)Kn + Vy;0(6).
(5.100)

In further considerations of problems with the free boundary, the index “2” is omitted.

Remark 5.4. If there is a solid wall %, then the conditions on it are

Wj + BiX; V) = Viems (5101)
20,
9]. — Qjcm or % = Q]., (5102)

where Viem is the wall velocity and Qj is the heat flux.

2. Basic Lie algebra
Here, we assume that the vector of external mass forces in eq. (5.10) depends only on
time:

g = —(g1(8), & (1), g3(1)), (5.103)

with known functions g;(¢), g,(¢), and g3(t). Then, the transformation

~I
1]
P

X=X+ ”gl(t) dtdr, u=u+ ng(t) dt,
y=y+ ” gdtdr, v=v+ ng(t) dt, (5.104)

zZ=2z+ ” g dtdt, w=w+ Jg3(t) dt

is an equivalence transformation, and we can assume that g = 0 in system (5.10)—
(5.12).

Remark 5.5. In many situations, g = (0,0,-g); then,f = t,x =x,y =y, u =u, v = v,
Z =z +gt?/2, W = w + gt is an equivalence transformation.
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System (5.10)—(5.12) with g = 0 admits the following basic Lie algebra of operators
(W = (u, v, w); see eq. (5.13) with g = 0):

Xi=0, X,=0,, X3=0, X,=1t0,+0,
Xs = tay +0,, Xg=td,+9,, X;=0;

2
B

Xy =x6x+y6y+zaz+tat+é(1+B6)69—q6 ,

Xg = X0y + Y0, + 20, + U0, + v, + wo,, + — (1+ p6)0p,

(5.105)

X0 =20, —y0, + WO, —V0,,, Xy = X0, — 20y +Ud,, — WO,

X1y = Y0, — X0, + v, —ud,, Xp3(p) = @(t)d,.

The Lie algebra (5.105) is infinite-dimensional by virtue of the presence of the op-
erator X;5(¢) with an arbitrary function ¢(t) € C®. Let us explicitly write groups of
transformations in the space R’ of the variables (¢, x,y,z; u, v, w; g; 6) (only the trans-
formed variables are indicated):

X0 X=x+ay

X0 Yy=y+ay

X3Z Z:Z+a3;

X,: X=x+a,t, U=u+a,

Xs: y=y+ast, V=v+adas

Xe: Z=z+agt, W=W+dg;

X7: t:t+a7;

Xg: x=e%x, y=e"y, z=e%z, u=e%u, v=e%y,
— a n 1 1 2a,
w = e“8w, 6=—E+ B+9 e, (5.106)

Xo: x=€%x, y=e%y, z=e%z, t=e%t g=e%q,

Xio: Y=cosay+sinagz, Zz=cosa;pz-—sina,y,
V =C0sagV +sina;gw, W =cosa;gw —sina,gv;

Xy1: X=cosapx-sinayz, Z=zcosayz+sinapx,
i =cosayu—sinayw, W =cosapw +sina;u;

X X =cosapx+sinapy, ¥ =cosapy - sinapx,

il = cosapu +sinav, V=cosapVv-sinapu;
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(ay,...,a;; are group constants). In what follows, this group is indicated by G’ (the
index j refers to the flow domain).

3. Invariance of conditions on the interface
The action of the external forces (5.103) is assumed to be identical in the domains Q.
In this case, the boundary conditions (5.95)-(5.100), (5.94) are invariant with respect
to the equivalence transformation (5.104). Let us demonstrate this with an example of
the boundary condition (5.98).

Let

fx,t) = f<x - ﬂ g(t) dtdr, t) =fxH=0

be the interface equation, then we obtain

ft+u-VXf:fZ+V,—(f~%+<ﬁ—Jg(t)dt>~V,—f
=f;+0-Vif =0.

Therefore, the usual notations of the dependent and independent variables x, f, w, g,
and 6 can be used in the boundary conditions on the interface.

Remark 5.6. Condition (5.101) on the solid wall is not invariant with respect to trans-
formations (5.98):

Let us choose the following set of operators:

I Y X X XX X% %
(X, x),x), %) X)X XX} X

10° 11’X{2>'

This forms the basis for the Lie algebra generating a ten-parameter group G’lo,
which is the Galileo group (j = 1, 2).

Statement 5.1. Let H be an intransitive subgroup of the Galileo group G]io’ and let the
interface I be a nonsingular invariant manifold of the group H in the space {t, x,y, z}.
Then, conditions (5.95)-(5.99), which are satisfied on this surface, are also invariant

with respect to H.

The proof is performed directly by formulas (5.106) corresponding to the group
G, [173].

Note that the group G]io acts identically in the spaces R? and Rg; therefore, the
index j for the subgroup H can be omitted.

In the general case, in formulating Statement 5.1, the group G]io cannot be replaced
by a wider subgroup of the group G of transformations (5.106). There are, however,
some particular cases where such an extension is possible.
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The first case corresponds to identical densities py; = py,. Statement 5.1 remains
validifH ¢ G]io ® G](;a, where G{p is an infinite group generated by the operators X’ﬁ((p) =
P(t)0y,.

The boundary conditions (5.95) and (5.98) are obviously invariant with respect
to transformations generated by the operators Xz and Xq. Concerning the equality of
temperatures (5.96) on I, we should have 8; = §3,. In this case, the dynamic condition
(5.97) is invariant with respect to Xg, if the dependence g(0) has the form

12

g(0) = <Bl1 +6> (o

(c; > 0is a constant). Invariance of eq. (5.97) with respect to X, is possible only if
0(0) = 0, = const; here, the right-hand side of the energy condition (5.99) is equal to
zero (condition (5.92) is satisfied), and this permits a transformation related to X,. If
the condition of identical heat fluxes (5.92) is satisfied, then it is invariant with respect
to the operator Xg. For other dependences a(6), invariance of eq. (5.99) is violated for
the group related to the operator Xj.

Thus, extension to the group G’%g occurs if §; = B,, 0(0) = 1/B; + 9)1/ 2(,‘1, and the
energy condition (5.92) is satisfied. For the group (?).(9, the boundary conditions are
invariant only at 8, = §, and 0(6) = g, = const.

In considering the problem with the free boundary, it is necessary to know the
properties of invariance of conditions (5.98), (5.94), and (5.100), where the indices “1”
and “2” should be omitted. Let us assume that 8, = const and p, = p,(t); then, apply-
ing the replacement

Pod — Pogd +Po(t), 60— 0+8,,

we can assume that p, = 0 and 6, = 0.
Thus, we can formulate the following statement.

Statement 5.2. If the free boundary T is invariant with respect to the subgroup H of
the Galileo group G, then conditions (5.94), (5.98), and (5.100) withp, = 0Oand 8, = 0
are also invariant with respect to H.

In formulating this statement, the Galileo group can be replaced by a wider group
if two conditions are satisfied simultaneously:

0=0, 00 =c,(1/B,+6)"

or

0=0, 0a(0) =0, =const.

The resultant group is Gy ® Gy, in the first case and G, ® Gy, in the second case.

The above-formulated statements allow finding invariant and partially invariant
solutions, which are correlated in advance with conditions on the interface and on the
free boundary. Certainly, if the problem includes solid walls and external mass forces,
it is necessary to take into account Remark 5.6 in analyzing the exact solution.
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6 Group properties of equations of thermodiffusion
motion

In this chapter, group properties of equations of nonisothermal motion of binary mix-
tures are studied. The basic Lie algebras and equivalence transformations are found;
the problem of the group classification is solved. The classification of invariant solu-
tions is performed; optimal systems of first- and second-order subalgebras are con-
structed for an infinite-dimensional algebra of operators admitted by the equations
of plane motions. New classes of exact solutions and generalizations of previously
known solutions of equations of thermodiffusion motion are constructed. Subgroups
of continuous transformations to which the conditions on the interface or free bound-
ary remain invariant are identified. This chapter is based on previous publications
[6, 22, 200, 201, 202, 203, 204].

6.1 Lie group of thermodiffusion equations

Equations of convection of a binary mixture

Thermodiffusion is understood to be the molecular transport of matter induced by a
temperature gradient in the medium (liquid solution or gas mixture). In the case of
thermodiffusion, the species have different concentrations in areas with elevated and
reduced temperatures. The presence of a concentration gradient leads to the emer-
gence of conventional diffusion. The steady state is established when the balance of
diffusion and thermodiffusion processes is reached, i. e., the process of mixing of the
species in the mixture is compensated by the process of their separation. Normal ther-
modiffusion, where the heavy species tend to pass to colder areas and the light species
tend to pass to more heated areas, is often observed in practice. In some cases, abnor-
mal thermodiffusion with the opposite directions of motion of the species is observed.
Thermodiffusion in solutions is also called the Soret effect.

Thermodiffusion is often encountered in nature; there are also numerous appli-
cations in engineering. Combined with thermal convection, this effect is used to sep-
arate isotopes in liquid and gaseous mixtures [190, 191]. Separation is performed in
a thermodiffusion column, which consists of two coaxial tubes heated to different
temperatures. Thermodiffusion is used to determine the o0il composition and separate
its components [233], to deposit various coatings onto metallic articles, and to grow
crystals. Another example of the application of the effect considered here is a heat
pump [40]. Thermodiffusion also affects currents in seas and oceans, where salt water
masses experience various heating regimes [97, 223].

The model of thermodiffusion of a binary mixture is based on the Navier—Stokes
equations, supplemented with equations of heat and mass transfer. The Oberbeck-
Boussinesq approximation derived to describe convective flows under natural Earth’s

https://doi.org/10.1515/9783110655469-006
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conditions is used. The mixture density is assumed to be a linear function of temper-
ature and concentration of the light species:

p=po(1-BiT - B,0).

Here, p, is the density of the mixture at mean values of temperature and concentra-
tion, T and C are small deviations from the mean values, f3; is the coefficient of thermal
expansion of the mixture, and f3, is the concentration coefficient of density (8, > O,
because C is the concentration of the light species). The motion of the mixture is de-
scribed by the system of equations [68, 210]

u; +(u-Vu= _pi Vp +vAu - g5, T + 3,0), (6.1)
0

T;+u- VT = AT, (6.2)

Ci+u-VC =dAC + adAT, (6.3)

divu = 0, (6.4)

where u is the velocity vector, p is the deviation of the pressure from the hydrostatic
pressure, v is the coefficient of kinematic viscosity, y is the coefficient of thermal diffu-
sivity, d is the diffusion coefficient, a is the thermodiffusion parameter, and g = const
is the vector of acceleration due to gravity. All characteristics of the medium are as-
sumed to be constant and correspond to the mean values of temperature and concen-
tration. The thermodiffusion parameter has the form a« = —dy/d T,,, where dy is the
thermodiffusion coefficient and T is the mean temperature. The values @ < 0 and
a > 0 refer to normal and abnormal thermodiffusion, respectively.

In a particular case (C = 0 and a = 0), system (6.1)—(6.4) transforms into a sys-
tem of equations of free convection of a homogeneous fluid (Oberbeck-Boussinesq
model). A fairly large number of exact solutions are known for this model; many of
them can be found in [68, 71]. These works contain studies of the stability of various
types of convective flows as well as mechanical equilibrium. Group properties of free
convection equations were examined in [76] for the plane case and in an earlier pub-
lication [106] for steady plane flows (see also [18]). A number of exact solutions were
constructed in those publications; some of these solutions had been previously found
by other methods.

Exact solutions of equations of convection in a binary mixture were considered
in [72, 235], which mainly deal with investigations of the stability of the correspond-
ing motions. Results of studying the stability of mechanical equilibrium of a binary
mixture, with due allowance for thermodiffusion, can be found in [68]. Stability of
thermodiffusion motion in a vertical layer with a transverse difference in temperature
was considered in [73]; the same problem, complicated by the presence of a stream-
wise gradient of concentration, was examined in [150]. Instability of a plane horizontal
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layer of an incompressible binary gas mixture under the action of a transverse temper-
ature gradient modulated in time was studied in [214]. We should also note the publi-
cation [65], in which the stability of a horizontal layer under the action of vibrations
and with allowance for thermodiffusion was considered.

The authors of the these works found exact solutions of egs. (6.1)-(6.4), which
describe the main flow. Methods of group analysis of differential equations were not
used. As it will be demonstrated in this chapter, however, all of these solutions have
group nature.

Group properties of model equations
In system (6.1)-(6.4), let us assume that x = (x,x,x°) is the coordinate vector, u =
!, u?, 1) is the velocity vector, g = (0,0,-g), and g is the acceleration due to grav-
ity (the x> axis is directed vertically upward). Let us pose the problem of finding an
admissible Lie algebra of operators for system (6.1)—(6.4). In our calculations, we as-
sume that the parameters a, f;, and 3, can vanish, which means the absence of the
corresponding terms in the equations. This approach allows us to study the problem,
taking into account or ignoring the dependence of the group properties of the model
on various effects in constructing the model (thermodiffusion, dependence of density
on temperature and concentration). Note that, from the viewpoint of the group anal-
ysis, the case with g = 0 is equivalent to the case with ; = S, = 0. Therefore, the
vector of acceleration due to gravity and the constants y and d are further assumed
to differ from zero. The formulated problem is a problem of the group classification of
system (6.1)—(6.4) with respect to the parameters involved.

Let f(t,x) be a certain function; its derivatives are then indicated in accordance
with the equalities

If

oxiox)

If
ot ox!

of of
g—ft,

= fui> =fj bLi=123, i<]j.

Using these equalities, we write system (6.1)—(6.4) in the coordinate form:

3,1

ut+uu1+uu2+uu3+pip1 v(uy, + Uy, + Uz;) = O; (6.5)
o
up + ' + Ut G + p—pz v(uf, + U5, + u3;) = 0; (6.6)
o
1
W+l +utn + P + p—p3 v, + 1, +13;) - g(B T +B,C) = (6.7)
o
Ty +u'Ty + Ty + Ty — x(Tyy + Ty + Ts3) = 0 (6.8)
Co+u'Cy+u?Cy +13C5 —d(Cyy + Cyp + C33) —d(Tyy + Ty + T33) = 05 (6.9)
ui + ug + ug =0. (6.10)
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We seek the infinitesimal operator admitted by the system in the form

o
oxt

r o

c 0
3T +1 3 (6.11)

5] i i 0 0

X = t Y i 12 v
Sttt ot gyt
assuming that its components depend upon all dependent and independent variables
(summation over the repeated index i = 1, 2,3 is implied). To form the governing equa-

tions, we need to apply the extended operator )2( to egs. (6.5)—(6.10) and pass to the
manifold defined by the system. The equations considered here, however, are not in
involution, which complicates identification of external and internal variables. Let us
supplement the system with its differential corollary [212]

(u})2 + (ug)2 + (ug)2 + 28 + uju; + usw)
1
N (P11 + P +P33) — 8B T3 + B2G3) = 0, (6.12)
0

obtained by differentiating egs. (6.5), (6.6), and (6.7) with respect to x%, x%, and X3, re-
spectively, and by using eq. (6.10). In passing to the manifold, we also take into ac-
count the differential corollaries of eq. (6.10):

1 2 3 1 2 3 .
Uy +Up+U;s =0, Uy+Uuy+uy;=0, i=123. (6.13)

System (6.5)—(6.10), (6.12), (6.13) is in involution. Now we can easily identify the exter-
nal variables: uh, ufl, ufl, P11> T115 Cigs u?3, u%, u%, u;, and u}. Applying the operator
)2( to the system and substituting the expressions for the external variables into the re-
sultant equations, we obtain the system of the governing equations. After rather long
transformations, the solution of this system is presented as

' =oc,t+cy, &=t v o+ o +FA(1),
E =t v )P+ + AL, E =X — X + e, )P+ (1),
n = —c4u1 + clu2 + c2u3 +ft1(t), rlz = —cu' - c4u2 + c3u3 +ft2(t),

N’ = —cu' - i’ - il + (),

P = polcsgBix’ + ce8Box’ — (X' — fi(t)x* - fA(OX°] = 2¢,p + fO(8),

nT =¢;T +¢cgC + Cs, nc =cgC+cypT + cq.

(6.14)

Here, cy,...,cyo are the group constants and fi(t) e T®,i = 0,1,2,3, are arbitrary
smooth functions. The group constants are related to the parameters a, f;, S,, x, and
d by the system of the classifying equations

Bi(cs +3c4) + P10 =0, Pi(cg +3cy) + 1o = 0,
ad(cg—c;)+(x-d)c1o=0, (x-d)cg=0, (6.15)

acg =0, PBic;=0, Pic3=0, Prc;=0, Prc3=0.
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Using egs. (6.14) and system (6.15), we find the algebras of operators admitted by the
system, depending on the values of the parameters involved. The results of the group
classification are summarized in Table 6.1.

The first three columns show the values of the constants a, f3;, and f3,; the fourth
column contains the basis operators, and the fifth column shows additional operators
admitted by the system in the case with d = y. If all constants differ from zero (last
row of the table), then the system admits the operator R; at the indicated value of the
parameter a.

The operators have the form

0 i 0 0 i 0 i 0

Xo=—, Xj=x—-xX— +u— ",
0 at y ax1 oxt aul oul

Hi(f'(t)) = f(t—+ﬂ() Poxftt(t) ij=123, i<j,

0 0 0
Ho(f°®) =f°(t)—, Z-= <—— .)—2—,
o O) =07 +ZXaxl i) Pop
Uepaldd L0 a 10
1= Po8X o BlaT’ Pog ﬁzaC
(6.16)
T! _Ti (;i T3:i,
oT’ or’ oT
0 @ g0 @_20
¢ =Ce ST e
R=T'+C', R =T'- b2, R,=C'- Brp
B ﬁ1
Z,=7Z-3T", Z,=7Z-3C', Z;=Z-3R
0

L=[aT +(1-x/d)C] — 5

Note that the transformations of equivalence of the parameters are ignored in this
problem of the group classification. The reason is the necessity of knowing the group

Table 6.1: Results of the group classification of the three-dimensional model.

B1 B, Operators d=yx

74

0 0 0 XoXpHnHoZTLT3,chC0 12,0

0 0 #0 XpXi2,HpHy 2y Uy, THLT? T2

0 #0 0 XoXi2.HinHo 21U, C 2 2

0 #0 #0 XpX12,Hj,Hp,23,U1,Up R1:Ry

#0 0 0 Xo.XjHinHo.ZR.LT?,C

#£0 0 #0 XoXipHiHo Z3, U, T

0 #0 0 XpXip,Hj,HonZ5,Up, CL

#0 #0 #0  Xo,X13,Hj, HosZ3,Us, Uy
a=p(d-x)/Bd,d+x:R,
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properties of the model, including all necessary physical parameters for construction
of exact solutions and their physical interpretation. The solution of the problem of the
group classification with allowance for equivalence transformations will be described
in the next section.

Let us describe transformations of one-parameter subgroups generated by the op-
erators from Table 6.1. The shift in time ¢ corresponds to the operator X, and rotation
by an identical angle in the planes x', ¥ and u', v corresponds to the operators Xjj-
The operators H; express the property of invariance of the equations with respect to
the transition to a coordinate system moving along the x' axis with acceleration that
is an arbitrary function of time. Addition of an arbitrary function of time to pressure
corresponds to the operator H,. The final formulas of these transformations are well
known [18] and are not shown here. The transformations generated by the remaining
operators have the form

Z:T=¢4 xi=e%, u=e% p=e¥p;
U: p=p+apyg®, T=T+2,
B
— 3 ~ a
Uy: p=p+apygx, C:C+ﬁ—;
2
T'. T=eT; T?: T=T+aC; T°: T=T+a
C': C=€¢C; C*: C=C+al; C: C=C+a
(6.17)
R, : T=¢€T, C=C+&(1—ea)T,
B>
R,: C=€°C, T=T+%(1—e“)C,
1

The variables whose transformation principle is not indicated are transformed iden-
tically (this is also implied in what follows). In egs. (6.17), a is a real parameter of the
one-parameter subgroup, which is specific for each operator. Transformations gener-
ated by the operators Z;, Z,, and Z; are obtained by extension of the one-parameter
subgroup corresponding to the operator Z with the use of the following transforma-
tions:

Z;: T= e_3aT; Zy: C= e_3aC; Zs: T= e_3“T, C=e24c.
Note that the operators U;, U,, Ti, C i, R, Ry, Ry, L, and Z; are specific for the equations

of convection of a binary mixture with allowance for thermodiffusion, in contrast to
the operators X, Xj;, H;, and H, admitted by many models of hydrodynamics.
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Equivalence transformations

Before finding the equivalence transformations for thermodiffusion equations, we
should establish one other useful fact. We consider a system of differential equations
defined by the equality

E(x,u, Lll, ... ,}1, c)=0. (6.18)
K

Here, x is the vector of independent variables, u is the vector of dependent variables,
u is the set of derivatives of u with respect to x of the order s = 1,...,k, and c is the
vector of parameters (constants). In the following, the vector s is assumed to take the
values indicated above.

Let X be an infinitesimal operator of the form

0 0 0
X=¢ —+n —+7- —.
St g
If system (6.18) admits the operator X, then this operator generates a one-parameter
group of equivalence transformations for this system. Since constants should trans-
form to constants in equivalence transformations, the components of the operator X

have the form & = &(x,u,c), n = n(x,u,c), T = 7(c). We can easily prove the following
statement.

Statement 6.1. If system (6.18) admits the operator X, then this system also admits
the operator FX with an arbitrary function F = F(c).

It follows from Statement 6.1 that the operator of the group of equivalence trans-
formations of constants is determined with accuracy to a factor arbitrarily depending
on these constants. For particular equations, this fact was established in [98, 113]. The
group of equivalence transformations was found for Navier—Stokes equations in [98]
and for a modified Burgers equation depending on two parameters in [113]. We should
also note [157], where the equivalence transformations for constants were found for a
system of equations equivalent to gas dynamics equations with barochronous motion
of the gas. In the case considered there, the solution of the governing equations did
not include arbitrary functions of constants involved into the system. This happened
because the conditions of zero derivatives of the constants with respect to indepen-
dent variables were not added to the system during the calculations. The infinitesi-
mal operator components corresponding to constants were assumed to be functions
of those constants, as well as of dependent and independent variables. The condition
that these components depend only on constants was imposed only after the solution
of the governing equations was found.

Let us now calculate the equivalence transformations for the thermodiffusion
equations (6.1)—(6.4). We seek for the infinitesimal operator of the group in the
form

0
ox

0

Y — «0 g0 g 0 a0  py 0 . vO g0
R R L R i i R Pt I i
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assuming that its components depend on all dependent and independent variables,
and also on the parameters involved into the system (here, X is an operator of the
form (6.11)). Note that egs. (6.1)—(6.4) should be supplemented with the conditions of
zero derivatives of a, B, B,, X, d, py, v, and g with respect to the variables ¢, Xl p.T

and C, i = 1,2,3. The components of the extended operator)z are calculated by the

formulas derived in [129, 130]. Applying the extended operator to the system and
passing to the corresponding manifold, we obtain the governing equations. It follows
from these equations that the components of the operator X corresponding to the
parameters are independent of the variables ¢, x',u’, p, T, and C. The solution of the
governing equations is given by the formulas

L= (2c, + v )t + ¢y,

AN

§
=y + v X+ o + e + £L(0),

E = —cxt + (cy + v + e + FA(D),

E = —oxt — e + (c, + v + (1),

n' = —cu' + e + i’ + £ (1), 1P =—cuu' — i’ + el + fA(E),

0= = —cu' —c3u —c4u +ft @),

1P = po(cs8Bix’ + c8Bx° — fu(OX' = fE(X° — fR () + (Mpy" — 2¢4)p + FO(8),

rzT =¢;T +¢9C + Cs, nc =cgC+cipT + g,

n% = (cg - c)a+ cio(yd ™ - 1),

B _

1" = ~(Bc, +¢; + v + %8By - cioBa

By _

n (3¢, +cg + ’TVV_I + Ugg_l)ﬁz - CoPy>

Y[X :Xrlvvfl’ rld _ drlvv—l’

and the following conditions should be satisfied:

(X —d)cg =acg =0, ¢, = Pic5 = Byc; = Boc3 = 0. (6.19)

In these formulas, the quantities ¢;, i = 1,...,10, and also the components ", r°°,
and 1® are arbitrary functions of the parameters a, By, B, X> d, pg» v, and g. More-
over, the functions fi(¢), i = 0,1,2, 3, also depend on these parameters in an arbitrary
manner. According to Statement 6.1, the quantities ¢; can be considered as constants
without loss of generality, and the undetermined components of the infinitesimal op-
erator can be chosen as 1" = ¢cjv, B7° = cppg, N° = €138, where ¢, ¢p5, and ¢;5 are
arbitrary constants. Further, the constant ¢, can be eliminated from the expressions
for ' and > by introducing new constants ¢7 =3¢, + ¢; and Cg = 3¢, + cg. Then, the
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operators generating one-parameter groups of equivalence transformations are writ-
ten as

o 2
E -T2 a9 59
1= 157 % Pigg;

a0 2
E-cZial g9
2= 050 + 95 ~Pogg,

3 3
E-c2 _p 9

0 1 0 0
E,=T— —1)— - B—,
4 aC+(Xd )aa ﬂzaﬁl

0o ;0 0 0 0 0 0
E;=t— — P P tX=— +d— +Vv—,
5 tat”axz ﬁlaﬁl B28B2+Xa)(+dad+vav
0
Ec=p— +po=—>s
s =Pg, Poapo
0 0 0
E=B—F+B—F -8—.
! Blaﬁ1 Bzaﬁz og

The equivalence transformations defined by these operators are

E: a=ea E = eB;

Ey: d=e'a, B,=eps

E;3: ﬁ; =B, - e3Py

E,: a=a+e,(yd"'-1), B =P -es (6.20)
Es: Pi=esp, Br=eshy X=esx, d=e'd T=¢'v;

Eg: po = €sPos

E;: E = ezB, B; =efy §= e;lg-

Here,e; > 0,1 =1,2,5,6,7, e3,e, € R are the group parameters of equivalence trans-
formations. According to conditions (6.19), the operator E; (and the corresponding
transformation) is admitted only if « = 0 and d = y.

Let us now move on to the problem of the group classification of thermodiffusion
equations. Firstly, it should be noted that the use of the transformations E;, E¢, and
E, allows us to assume that v = 1, py = 1, and g = 1. Let us consider the classifying
equations (6.15). As it follows from these equations, independent of the values of the
parameters, system (6.1)—(6.4) admits the operators (see eq. (6.16))

Xo» Xy Hy, Hy, Hs, Hy. (6.21)

We can demonstrate that operators (6.21) form the Lie algebra. Let find possible exten-
sions of this algebra.
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A. Let us assume that d # x. In this case, using the transformation E, with the param-

eter e, = ad/(d - x), we can obtain « = 0. Then, egs. (6.15) yield ¢y = ¢;y = 0. After

that, we consider possible values of the constants f3; and f3,. If any of these constants

is not equal to zero, then the use of the transformations E; or E, allows us to take its

value to be equal to unity. In this case, from the classifying equations it follows that

¢ =¢c3=0.

1. Letf; # 0and B, # O; then, we can assume that 8, = 8, = 1. Equations (6.15) yield
cg = ¢; = =3¢, The list (6.21) is supplemented with the operators Z3, U, and Us,.
In the last two operators, we should assume that 8; = 8, = 1and p, = g = 1 (this
is also implied in what follows).

2. Ifp; # 0andf, = 0, we assume that ; = 1; then, we have ¢; = -3c,, and alge-
bra (6.21) is extended by the operators Z;, U, C', and C>.

3. IfB; = 0and B, # O, then, assuming that 8, = 1, we obtain ¢g = —3c,. Here, the
additional operators are Z,, U,, T, and T3.

4. LetB; = B, = 0. Then, algebra (6.21) is extended by the operators X;3, Xy, Z,
T, 73,C', and C3.

B. Now let d = xy and a # 0. The classifying equations yield cg = ¢; and ¢g = 0.

1. If B, # O, then, by applying the transformations E,, E,, and E;, we can obtain
B1 =0, B, =1, and a = +1, respectively. Then, we have cg = ¢; = -3¢, and ¢} = 0;
the list (6.21) is supplemented with the operators Z3, U, and T>.

2. Letf, = 0andp; # 0.The use of the transformations E; and E, allows us to assume
that 8; = 1and a = 1, respectively. As a result, we obtain cg = ¢; = —3c,. Here,
the additional operators are Z3, U;, C?, and C°.

3. IfB, = B, = 0, by applying the transformation E,, we can obtain a = +1, and
algebra (6.21) is extended by the operators X;3, X553, Z, R, T3, C%, and C3.

C. Let us consider the case with d = y and a = 0.

1. Let, # 0. Using the transformations E, and E,, we can obtain §; = O and 3, =
1. Then, egs. (6.15) yield cg = -3¢, and ¢y = O; the list of additional operators
consists of Z,, U,, T', T2, and T>.

2. IfB, = 0and f; # 0, then, assuming that f; = 1, we obtain ¢; = -3¢, and ¢g = 0.
As a result, algebra (6.21) is extended by the operators Z;, Uj, C', 2, and C3.

3. IfB, = B, = O, the following additional operators are obtained: X3, X3, Z, T*, T?,
7%, C', C% and C2.

The results of the group classification are summarized in Tables 6.2 and 6.3. The first
two columns show the values of the constants ; and §,, the third column contains
the admitted operators, and the fourth column shows additional operators admitted
in the case with d = y (Table 6.2). The operators listed in the tables have the form (6.16),
where f; = 8, = po = g = 1should be assumed. Let us consider the following case in
more detail: the parameters a, f;, and §, in system (6.1)—-(6.4) are not equal to zero, and

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



6.1 Lie group of thermodiffusion equations —— 163

Table 6.2: Results of the classification in the case with a = 0.

B1 B, Operators d=yx
0 0  XoXj HiHo, Z, T, T2, T2,
0 1 XgXipHinHg»Z5, Uy, TL, T3 72
10 XgXipHjyHo 21, Uy, €L, C3 c?
11 XoXigsHjyHos 25, Uq, Uy

Table 6.3: Results of the classification in the case witha = +1and d = x.

B1 B, Operators

0 0 Xo.XjHinHoZ,RT?,C%CP
0 1 XgXi2,HiHg»Z3,U,p, T2

1 0 XoXip HiHor 23, Uy, C2, C3

d + x (thus, the thermodiffusion effect and the dependence of density on temperature
and concentration are taken into account).

It follows from the results of the group classification that the system in the case
considered can be brought to the form

u+W-Viu=-Vp+Au+(T+0Q)y,
T; +u-VT = AT,
Ci+u-VC =dAC,

divu =0,

(6.22)

where y = (0,0, 1). The transformation of dependent variables, which allows the term
adAT in eq. (6.3) to be eliminated, is generated by the operator E, and is described by
the formula

ad

c=C
+X—d

T.

This transformation reduces the diffusion equation to a homogeneous equation with
respect to the function C (the bar in egs. (6.22) is omitted).
System (6.22) admits the Lie algebra of operators with the basis

) 19 5,0 4,0 50
0 &/ i0 ;0 ) 9 )
Zy =22 i9 l—.>-2—- 72 _3¢2,
3 at+;<xax’ Wai) o 3Tar 3Ca¢
o 0 o 0
Uy=X"+=—, Up=X 4=,
=Xt 2T T ac
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i i 0 i, 0 iion O
Hl-(f (t)) =f (t)ﬁ +ft(t)ﬁ _Xftt(t)$’ =123,
0
Hy(f°) = o) —.
of () =f(t) o
Let u(t,x,x,d), p(t,x,x.d), T(t,x,x,d), C(t,x,x,d) be a solution of system (6.22).
The corresponding solution of system (6.1)-(6.4) is obtained by replacing the depen-

dent and independent variables, and also the parameters y and d by the following
formulas:

t—>£, x—>)—(, X_’)é’ d—>£—1, u—u, p-— peb,

v v v
x-d
T g T,
vg(B;(x — d) + B,ad) (6.23)
1 ad

©7Veh B D+ )

These formulas mean that ¢ should be replaced by t/v in the solution; instead of the
function p, it is necessary to take the function pyp, etc. Note that the equivalence trans-
formations allow the initial system of equations to be substantially simplified.

Let B; = B, = 0 (or g = 0) in system (6.1)—(6.4). Then, egs. (6.1), (6.4) form a sys-
tem of Navier—Stokes equations whose solution is described by the functions u(t, x) =
Wl (t,x), u*(t,x), u>(t, x)), p (t,x). Substituting this solution into egs. (6.2), (6.3), we ob-
tain the system

T, + u(t,x) - VT = YAT; (6.24)
C; +u(t,x) - VC = dAC + adAT. (6.25)

It is of interest to consider the following issue: Which transformations are admitted by
this system, depending on the form of the function u(¢t, x)? Thus, there arises the prob-
lem of the group classification of the diffusion and heat conduction equations with re-
spect to comparatively arbitrary elements: velocity vector components u!, u?, u°. This
problem in the full formulation is not considered here. We only study the group prop-
erties of eqgs. (6.24), (6.25) in the case where u(t, x) is an arbitrary solution of Navier—
Stokes equations.

The results of the group classification are summarized in Table 6.4. The opera-
tors T° and C° have the form T° = T°(t,x)(9/0T) and C° = C°(t,x)(9/0C), where the
functions T° and C° are arbitrary solutions of egs. (6.24) and (6.25).

Table 6.4: Group properties of the diffusion and heat conduction equations.

a Operators d=yx

o TL,cL,1%¢c® 12,
+£0 RLTOC
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Let us now consider the case with where a = 0, and the constants §8; and 3, can differ
from zero. In particular, if §; = O and 8, # 0 (8; # 0 and 3, = 0), egs. (6.1), (6.3), (6.4)
[(6.1), (6.2), (6.4)] form a closed system whose solution is given by the functions u(t, x),
p(t,x), C(t,x) [T(t,x)] and can be found independent of eq. (6.2) [(6.3)]. Let us study
the group properties of the latter equations. It follows from Table 6.4 (case with a = 0)
that eq. (6.24) admits the operators T' and T°, while eq. (6.25) admits the operators C'
and C° under similar assumptions about the function u(t, x).

Optimal systems of the subalgebras ©L* and 6L°

As is seen from Table 6.1, system (6.1)—(6.4) in the case considered admits an infinite-
dimensional Lie algebra of operators L. This algebra corresponds to an infinite-
dimensional group of transformations that leave the system unchanged. For the
convenience of further calculations, we introduce new notations for the operators.
The algebra L can be presented in the form of a subdirect sum L = L° ® L®, where the
finite-dimensional subalgebra L’ is formed by the operators

3 ) 3 a 10
X = =, X, =g + —
1= 5 2 = Po8X ap +ﬂ Pog ﬁ1 3T
i 0 0 0 o]
X, =2 - - )| -2p— -3T— -3C— 6.26
N t Z( oxt ul> Pop ~3lar e (6.26)
0 5 0 10 5 0
Xs=x' = - Xl
57X ox? X ox! T ou? U ou!

and the infinite-dimensional ideal L* has the basis
Hy(f'() = f(t)— +ft(t) poxﬁ,m S =123
0 _ 0,0
Ho(f"(t) =f (”ap' (6.27)

If the constants included into the system are related as a = 3;(d — x)/B,d, d #+ x, then
the system is also invariant with respect to the operator

oT ﬁz

In what follows, this particular case is not considered (it is assumed that the above-
indicated relation is not satisfied, and the operator R, is not admitted). Note that the
algebra of operators admitted by the initial system witha = 0, 5, # 0,8, # 0,and d + x
(the thermodiffusion effect is ignored) coincides with the algebra L (see Table 6.1).
Thus, all the results obtained below are also valid for this case.

Let us start constructing an optimal system for the Lie algebra L = L’®L* admitted
by the thermodiffusion equations. Note that finding optimal systems requires large
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Table 6.5: Optimal system of the subalgebras ©L%.

p.q Basis RP9 NorRP? p.q BasisRP? NorR"?
4.1 1,2,3,4 =41 26 1,4 =2.6
3.1 1,2,3 4.1 2.7 2,4 =27
3.2 1,2,4 =32 2.8 A2+3,4 =28
33 2,3,4 =33 11 1 4.1
3.4 1,A2+3,4 =34 12 2 4.1
21 1,2 41 1.3 A2+3 4.1
22 2,3 41 1.4 1+2 3.1
23 1,A2+3 41 1.5 1+A2+3 3.1
2.4 1+2,A1+3 3.1 1.6 4 =1.6
25 1+3,2 31 01 O 4.1

amounts of analytical calculations, and a detailed description of the work performed
would take a large number of pages. The optimal system ©L* is given in Table 6.5.

The first column shows the subalgebra number, which has the form p. g, where
pis the subalgebra dimension and q is the ordinal number of the subalgebra of dimen-
sion p. Subalgebra bases written symbolically with the numbers of the corresponding
operators are listed in the second column. The symbol A2 + 3 means AX, + Xj, etc. The
constant A can take any real value. The third column shows the number of the sub-
algebra normalizer in L*; the sign of equality indicates self-normalized subalgebras.
The optimal system OL° is given in Table 6.6. Here, the constant A also takes any real
values, and the constant y is equal to or greater than zero (u > 0).

Optimal system of the first-order subalgebras
In this section, we construct an optimal system ©,L for the algebra L. Finding this
system reduces to the classification of subalgebras of two classes:

) {HE) +Hy(FO), 2 (K +H(E) +Ho(f%)}, (6.28)

where {K;} € ®1L5, i=1,...,10. The first class lies in the ideal L*°, and the second class
has a zero intersection with the ideal L*. The following notation is used here:

H(f) = Hi(f') + Hy(f?) + H3(F),  f = (FL.F5F).

In what follows, we assume that f°, f!, f2, f> € C"(to,t,), where —co < t, < t; < oo,
n € N U {oco}. The following lemmas are used in the classification of subalgebras [59].

Lemma 6.1. Let f € C"'(ty, t,). Then, there exists a solution h € C"(t,, t,) of the equation
thy+h+f=0.

Lemma 6.2. Letf € C'(ty,t,). Then, there exists a solution h € C"(t,, t;) of the equation
2thy —h+f =0.
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Table 6.6: Optimal system of the subalgebras 6L°.

p.q Basis KP7 NorkP? p.q Basis KP9 Nor KP4
51 1,2,3,4,5 =51 27 1+2,5 4.1
41 1,2,3,5 5.1 28 1+A2+3,5 4.1
4.2 1,2,3,4+u5 p=0 5.1 29 1+5,2 4.1
43 1,2,4,5 =43 210 1,2+5 4.1
4.4 1,A2+3,4,5 =44 211 1+5A2+3 4.1
4.5 2,3,4,5 =45 212 1,A2+3+5 4.1
3.1 1,2,3 51 213 2+5,3 4.1
3.2 1,2,5 51 214 2,3+5 4.1
3.3 1,A2+3,5 5.1 215 1+2+p5A1+3,u>0 4.1
3.4 2,3,5 51 216 1+2,A1+3+u5u>0 4.1
3.5 1+5,2,3 4.1 217 1+3+p52,u=0 4.1
36 1,2+5,3 4.1 218 1+3,2+u5 pu>0 4.1
3.7 1,2,3+5 41 219 1,4+p5, u=0 3.13
3.8 1+2,A1+3,5 4.1 220 2,4+u5 pu>0 3.14
3.9 1+3,2,5 4.1 221 A2+3,4+p5 pu=0 3.15
310 1,2, 4+u5 p4=>0 4.3 222 4,5 =222
3.11 1,A2+3,4+u5p=0 4.4 11 1 5.1
312 2,3,4+u5 p4>0 4.5 1.2 2 5.1
3.13 1,4,5 =3.13 13 A2+3 5.1
3.14 2,4,5 =3.14 1.4 5 5.1
3.15 A2+3,4,5 =3.15 1.5 1+5 4.1
21 1,2 5.1 1.6 1+2+u5 pu=0 4.1
22 1,A2+3 5.1 1.7 1+A2+3+p5 pu=0 4.1
23 1,5 5.1 1.8 2+5 4.1
24 2,3 5.1 1.9 A2+3+5 4.1
25 2,5 51 1.10 4+u5 p=>0 2.22
2.6 A2+3,5 5.1 0.1 O 5.1

Lemma 6.3. Let f',f> € C"(ty,t;) and u € R. Then, there exists a solution h',h* ¢
C"(ty, t,) of the system of equations

2th —h' + ph® + f1 =0, 2th} —1’—ph' +f> = 0. (6.29)

Note that subalgebras obtained as a result of the classification, whose basis de-
pends on nondetermined functions, may include similar subalgebras. For instance,
by consecutive actions of the automorphisms 4;(a;), 4,(a,), and Af(&l) and a linear
transformation of the basis, the subalgebra {X; + Hy(f 9)} can be brought to the form
{Xs + HO(]?(’)}, where

FOt) = (<1)%1e 720 (e 2% (t — ay)), (6.30)

the resultant subalgebra is similar to the initial one. Here, A;(a;) are the automor-
phisms corresponding to the basis operators X;, and Af(&i) correspond to the discrete
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Table 6.7: Optimal system of the subalgebras 6,L.

i Basis Comment Similarity transformation

1 X

2 X+ Xs

3 Xy + pXs u=0

4 X+ Xy + pXs pu=0

5 Xy +AX + X3+ pXs u=0

6 Ho(f°) fO(t) = cf°(at + b)

7 Xs+Ho(f%) P20 fOt) = (-1)°afat + b)

8 Xy —X; +Ho(f%) P20 1Ot = (-1)°a (Ot + b)

9 Xy-Xsg+Xs+Ho(f®) P20 FOt) = (-1)°f°(t +b)
10 Xs+H;(F) (1) = (-1)°a 2 (at + b)
11 X+ X5+ Hs(f) 1) =t +b)
12 AX, + X3 +Xs + H3(F3) 3t) =t +b)
13 H(f) F(t) = D(81, 05, 63)R(y) cf (at + b)
14 X, +H(f) f(t) = D(6,,8,,0)R(y) a *f(at + b)
15 A, + X5 + H(f) ft) = D(8,,8,,0)R(y) a %f(at + b)

symmetries d;:

d: X1=—x', w=-u dy: ¥?=-x% =-u}
I

dy: ®=-x°, w=-u, T=-T, C=-C

Thus, the action of internal automorphisms and linear transformations of the ba-
sis divides each subalgebra in the optimal system ©,L into classes of similar subalge-
bras. Note that only those transformations that do not change the finite-dimensional
component of the basis operators should be considered here. Each class is uniquely
determined by a particular form of functions on which these basis operators depend
and includes subalgebras in which these functions are related by a certain expres-
sion, for instance, eq. (6.30). This expression, which is independent of the form of
the functions, is called the similarity transformation. The optimal system ©,L is given
in Table 6.7. For convenience of presentation of results, some changes were made
in the classification. In particular, the pair of the subalgebras {H(f)}, f # 0, and
{Ho(fo)} was replaced by an equivalent pair {H(f)} and {Ho(fo)}, f0 # 0. A similar
replacement was performed in the pair of the subalgebras with the numbers 7 and
10. In the subalgebra No. 8, we can assume that f© # 0, referring the case with f° =
0 to the subalgebra No.15, where A = -1 and f = 0 should be assumed. Similar
considerations are also applicable to the pair of the subalgebras with the numbers 9
and 12.

The similarity transformations found in this work are shown in the fourth column
of the table. The following notations are used: a > 0, b € R, ¢ # 0O are arbitrary
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constants,

0
% o
D(6,6,,85) = 0 (1>
0 0 (-5

cosy -—siny 0
R(y) = siny cosy
0
0

and the parameter 6 takes the values {0, 1}.

6.2 Group properties of two-dimensional equations

Group classification
In this paragraph, we consider the group analysis of equations of two-dimensional
(plane) thermodiffusion motion

u +u-Vyu= —inp +vAu - g, T + B,0),
0

T, +u-VT = yAT, (6.31)
Ci+u-VC =dAC + adAT,
divu =0.

The necessity of a separate study of the two-dimensional case is conditioned by the
following considerations. As the system dimension decreases, the number of the basis
operators of the admitted Lie algebra, which is infinite-dimensional, also decreases.
Construction of optimal systems for such subalgebras is a rather complicated and la-
borious task which often cannot be fully solved. As demonstrated below, the smaller
number of the basis operators (seven against nine for three-dimensional equations
in the case with the constants a, 8;, and 8, simultaneously being other than zero) al-
lows construction of an optimal system of subalgebras not only of the first, but also
of the second order. Subalgebras of dimension 2 yield invariant submodels of rank 1
of the initial system (6.1)—(6.4). These submodels are systems of ordinary differential
equations and serve as a source of numerous physically meaningful exact solutions.
In addition, using a comparatively simple example of two-dimensional equations, we
need to clarify which types of solutions can be constructed by using the model sym-
metry properties. In the following, the possibility of generalizing these solutions to
the three-dimensional case will be considered.

Calculations show that the results of the group analysis of three-dimensional
equations can be transferred to the two-dimensional case by restricting the action
of the admitted group on the corresponding space of dependent and independent
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variables. Under this aspect, it is convenient to use the following notations: coordi-
nate vector x = (x!,x°), velocity vector u = (u!, ), and acceleration due to gravity
g = (0,-g). In this section we describe the results of the group classification of the
two-dimensional equations (6.31) with respect to the parameters included into the
system (it is assumed that the constants a, f8;, and 8, can vanish).

In the coordinate form, system (6.31) is written as

up + u'uy + 0Pl + p—p1 v(u}, +us;) = 0; (6.32)
0
W+ ulld s + p—p3 v(u3, + ;) - 8By T + Bo0) = (6.33)
0
Ty +u' Ty + Ty — x(Ty + T33) = O; (6.34)
Ct + ulcl + u3C3 - d(Cll + C33) - ad(Tll + T33) = O; (6.35)
u} + ug =0. (6.36)

These equations are supplemented with their differential corollaries

2
()" + (u3) + 2y + — (pu +P33) — 8B T3 + BoC3) = (6.37)
uj +us =0, u%l +U5 =0, up+up=0. (6.38)

The infinitesimal operator admitted by the system is sought in the form

10
ox1

+§3%+nlil+n — AN —+N =+ —.
ox ou ou’ op oT oC

The governing equations are obtained by applying the extended operator )2( to sys-

0
X=$E+§

tem (6.32)-(6.38) and passing to the corresponding manifold. The quantities ul,, u3,,
DP11s T11s Cips u?3, uf3, u§3, and u% are used as the external variables. The solution of the
governing equations is given by the formulas
=2 t+cy &=t + X + L),
&= —cle + c4x3 +£2(t),
n' = —cul + o +f1(t), N =—cu' -l + (), (6.39)
P = po(csgBix’ + ce8BC — fir(OX' = fA(00X°) = 2¢,p +fO(0),
nT =¢;T +¢cgC + Cs, nc =cgC+cyoT + cq,

where ¢, 5, ¢4, C5 — €1 are group constants and fi(t) € C®,i = 0,1,3 are arbitrary

smooth functions. The system of the classifying equations relating the group con-
stants to the parameters a, f;, B,, X, and d has the form

Bi(c; +3c4) + P10 =0, Pi(cg +3cy) + iy = 0,
ad(cg—c;)+(x-d)c1p=0, (x-d)cg=0, (6.40)
IXC9 = O, BICZ = 0, B2C2 = 0
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Table 6.8: Results of the group classification of the two-dimensional model.

a By B, Operators d=yx
0 0 0 XoHpHeXis,2ZTHLT3 L T12,¢?
0 0 #0 XoHpHgZy Uy, T8 T T’
0 #0 0 XoHiHon 2y, Uy, CLC3 c?
0 #0 #0 XoHjHo Z5, Uy, Uy Ri,R,

0 0 0 XoHjHyXi3,Z,R LT3, C

0 0 #0 XoHi,HyZs5, Uy, T?

#0 #0 0 Xo,HjHyZs5,Up,CooL

0 #0 #0 Xo,HjHyZs5 Uy, Uy
a=p(d-x)/Bd,d#x:R,

The algebras of operators admitted by system (6.31), depending on the values of the
parameters, are obtained by analyzing egs. (6.40) and using formulas (6.39). The re-
sults of the group classification are summarized in Table 6.8. The first three columns
show the values of the constants a, f3;, and f,, the fourth column contains the basis
operators, and the fifth column shows additional operators admitted by the system in
the case with d = y. If all constants differ from zero (last row of the table), then the op-
erator R, is admitted for the indicated value of the parameter a. Note that only one ro-
tation operator X;; admitted in the case with 8; = 8, = 0 is left in the two-dimensional
case.

) 19 390 10 30

iy _pin O gin O g0 L
Hi(f'®) =) P +ft(t)aui poxfn(t)ap, i=13,

Xo

Hy(FO(0) =f°(t)%,

10 30 410 50 3
Z=2o xS L P _op S
tat X ox1 X ox3 oul U ou3 op

>

o 1 0 o 10
U, = P Uy= 3T 6.41
1= Po8X ap +ﬁl 3T 2 = Po8X D +l32 3C (6.41)
0 , .0 ;5 0 . .9
Tl = T—, T = -, T = —, = —,
oT 51 ar ¢ ¢
) )
C’=T—, C==, R=T'+C,
aC ac "
Rlle—licz, R2=cl—l§T2, Z,=Z7Z-3T,
B> By

Z,=7-3C', Z3=Z-3R, L= [aT+(1—X/d)C]%.

It should be noted that the results obtained at @ = 0, 3; # 0, and 3, = 0 agree with
the results of the group analysis of the Oberbeck-Boussinesq equations in the two-
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Table 6.9: Results of the classification in the case with a = 0.

By B, Operators d=y
0 0 XoHjHeXi3,Z,THLT?,CL 3 T3¢
0 1 Xo,HjHyZy Uy, THT? T?

1 0 XoHiHgn 2y, U, CLC3 c?
1 1 XoHiHo»Z5,Us, U,

Table 6.10: Results of the classification in the case with o = +1, d = x.

B1 B, Operators
0 0 XoHjHoX3,Z,RT>,C%C3

0 1 XoHjHo, 25Uy, T3
10 XgHiHo Zs Uy, C2C3

dimensional case [76, 106]. These equations admit the Lie algebra of operators with
the basis X, H;, H3, Hy, Z;, U;.

The group of equivalence transformations of parameters for the two-dimensional
equations (6.31) coincides with the corresponding group for the three-dimensional
case (see egs. (6.20)). Repeating the reasoning described in Section 6.1 (with the sys-
tem of the classifying equations being considered), we obtain a solution of the group
classification problem with allowance for equivalence transformations. The corre-
sponding results are listed in Tables 6.9 and 6.10. The first two columns show the
values of the constants §; and f3,, the third column contains the admitted opera-
tors, and the fourth column shows additional operators admitted in the case with
d = x (Table 6.9). The operators listed in the tables have the form (6.40), (6.41), where
B1 =B, = po = g = 1should be assumed.

Remark 6.1. In describing the results of the group analysis of the two-dimensional
equations (6.31), we retained the notations used in the three-dimensional case (e. g.,
for the extension operator Z). To emphasize the analogy between the plane and spa-
tial cases, this principle is also used in the following. The discussion is nonetheless
unambiguous, because it is clear from the context of the section which case is consid-
ered.

Optimal system of the first-order subalgebras

Here we consider the two-dimensional system (6.31), which takes into account the
thermodiffusion effect and the linear dependence of density on temperature and con-
centration perturbations (thus, the parameters a, f;, and j3, differ from zero). Accord-
ing to the results of the group classification, system (6.31) in this case admits the
infinite-dimensional Lie algebras of operators L. The expansion L = L* & I% into a
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subdirect sum of the finite-dimensional subalgebra L* with the basis

0 d 2
Xi=—, X,=po8C—+5 —, X3=pPo8C—+— —,
1T o TP ST a0 B TP G, T B oT
d 0 0 0 0 0 d 0 (642)
X,=2—+x'—+xX-—=-u'=—= -’ -2p— -3T— -3C—
TS TN od T o Yo Yad P ot e
and an infinite-dimensional ideal L™ formed by the operators
1 1,0 1, 0 1,4, 0
H(f' () =f (t)ﬁ +f; (t)ﬁ = PoX ftt(t)$>
3 3,0 3.0 3,3, 0
Hy(f°(t) =f (t)ﬁ +f; (t)ﬁ — PoX ftt(t)$, (6.43)

Ho(F(6) :fo(t)%

is valid for this algebra. For convenience of further calculations, we introduce new
notations for the operators here. If the constants involved into the system are related
asa = Bi(d — x)/B,d, d # X, then the basis (6.42), (6.43) is supplemented with the
operator
o pBi..o0
R=T—-=>=T—.
=791 B, acC
In the following, this particular case is not considered, and the above-given relation
is assumed to be not satisfied.
Equations (6.31) also possess discrete symmetry:

-, = —
di:xt=—x', W= dy:3=-x,

_ _ (6.44)
w=-w, T=-T, C=-C.

Let us now pass to constructing the optimal system of subalgebras for the Lie alge-
bra L. Firstly, we construct the optimal system OL* for the algebra L*. This system was
found in Section 6.1 (see Table 6.5). The optimal system ©, L is given in Table 6.11. The
subalgebra number has the form r.i, where r is the subalgebra dimension and i is its or-
dinal number. For convenience sake in the presentation of the results, some changes
were made in the classification described here. In particular, the pair of the subal-
gebras {H(f)}, f # 0, and {Hy(f %)} was replaced by an equivalent pair {H(f)} and
{Ho(fO)}, f° # 0. Further, we can assume that f° # 0 in the subalgebra 1.6, referring
the case f° = 0 to the subalgebra 1.9, where A = —~1and f* = f> = 0 should be assumed.
The similarity transformations of the subalgebras are listed in the fourth column. The
following notations are used: a > 0, b € R, ¢ # 0 are arbitrary constants, and the
parameter 6 takes the values {0, 1}.

To construct the second-order optimal system ©,L, we have to classify subalgebras
from three classes:
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Table 6.11: Optimal system of the subalgebras 6L.

r.i Basis Comment Similarity transformation

1.1 X

1.2 X+ X

1.3 X +A% + X3

1.4 X,

1.5 Ho(f% fz0 FO(t) = ¢f°(at + b)

1.6 X, —X; +Hy(f%) 0 o) = (-1)°a V2 at + b)

1.7 Hi(fY) + Hs(F?) FL(t) = (=1)°cfY(at + b)
() = cf*(at + b)

1.8 X, +Hi(f) +Hz () f1(t) = (-1)°a f!(at + b)
£(t)=af(at + b)

1.9 M +X3+Hi(fY) + Hs(F) i) = (-1)°a 2f*(at + b)
) = a?f(at + b)

1) {H{)+Hy(f°), H(g) + Hy(8")},
2) Ry +H(f) + Hy(f°), H(g) + Hy(g")},
3) {P;+H(f)+Hy(f%), Q +H(g) + Hy(g")}

where {R;} € ®1L4, {P}-, Q]-} € ®2L4, i=1,...,6,j=1,...,8. Here, the first class belongs
to the ideal foo, while the second and third classes have one-dimensional and zero
intersections with the ideal ZOO, respectively.

The optimal system ©,L is given in Table 6.12. Here, we use the same principle
of subalgebra numeration as that in Table 6.11. The constants A, i, y, and o take any
real values if not stated otherwise. The arbitrary functions in the subalgebras with
the numbers 2.42-2.58 satisfy the conditions indicated in the third column. Some of
these conditions are ordinary differential equations whose solution is written explic-
itly. These equations, however, can be resolved with respect to various functions,
which involves rather cumbersome transformations. Therefore, the presentation of
the results used in this table is preferable.

6.3 Invariant submodels and exact solutions of thermodiffusion
equations

Standard notations of the coordinate vector x = (x, y) and velocity vector u = (u,v) are
used in constructing invariant submodels of two-dimensional equations. Correspond-
ingly, system (6.31) takes the form

1
Up + Ul + VU, = R Dy + V(U + Uy )3 (6.45)
0
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Table 6.12: Optimal system of the subalgebras ©,L.

6.3 Invariant submodels and exact solutions of thermodiffusion equations =— 175

r.i Basis Comment
2.1 Xy, Ho(1)
2.2 Xy, H3(1)
2.3 Xy, Hi(1) + Ho(1)
2.4 Xy, Hi(1) + H3(Q) 120
2.5 Xy, Ho(e®?)
2.6 X, Hs(e*h)
2.7 Xy, Hy(e*h) + Hy(Ae*!) A=0
2.8 X1, X,
2.9 Xy, X, + Hs(1)
2.10 X1, Xo + Hi(1) + H3 ()
2.11 Xy, Ay + X5
2.12 Xp, AXy + X5+ Hy(1)
2.13 X1, AXy + X3 + Hy (1) + H3(p)
2.14 Xp, Xy — X3 + Ho(1)
2.15 Xy, Xy = X3 + Hy (1) + HoA) A>0
2.16 X1> Xy
2.17 X4» Ho(t")
2.18 Xy H3(t)
2.19 Xy Hy (87) + Hy(ut") u=0
2.20 Xy, H3(VE) + Hy(A/t) A>0
2.21 X Hi (V) + H3 (V) + Ho(A/1) A>0,u20
2.22 Xy X
2.23 Xy AX + X3 + Ho(uvi) p=0
2.24 Xy AXy + 0X3 + H3(t2) AP+a2#0
2.25 Xy AXy + 0X3 + Hy (£2) + Hy (ut?) AP +0’+0,u=0
2.26 Xy AXy + (% — )X + H3(t%) + Ho(u Vi) >0
2.27 Xy + Xy, Ho(1)
2.28 Xy + Xy, Hi(1) + Ho(A) A>0
2.29 Xy + X5, Hi(A) + H3(1) + Hy(pogt) A=0
2.30 Xq +AXy, Ho(e™) A>0
2.31 Xy +AXy, Hy(e*™) A>0
2.32 Xy + AXy, Hy(uett) + Hy(e*') + Hy(Apogte™) A>0,u>0
2.33 Xy +AXy + X5, Ho(1)
2.34 Xy +AX; + X3, Hi (1) + Ho(p) u=0
2.35 Xy +AXy + X3, Hi(p) + H3(1) + Ho(pog(A + 1)t) u=0
2.36 Xy + AXy + pXs, Ho(e*h) g>0
2.37 Xy + AXy + pXs, Hq(e*h) y>0
2.38 Xy +AXy + pXs, Hy(oe™) + H;(e*') + Hy(pog(A + pyte™") §>0,0>0
2.39 Xy + Xy, Xy + X3 + Hy () + Ho (1) A>0,p+0
2.40 Xy + X5, AXy + X3 + Hy(p) + H3(0) + Hy(opogt) u=0
2.41 Xy + X3, X3 + H{(A) + H3(p) + Ho(upogt) A=0
2.42 Ho(f), Ho(g%)
2.43 Hi(FY) + H3(F), Ho(g%)
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Table 6.12: (continued)

r.i Basis Comment

2.44  Hs(f?), H3(g%) + Ho(g°) fig® -FPai =0,
@z, g’%0
2.45  Hi(f)) + H3(AfY), Hy(g") + H3(Ag") + Ho(¢®)  fag* —f'gk =0,
gt #cf,
g°£0,A20
2,46 Hy(f") + H5(f), Hy(g") + Hs(g%) fag' ~f'ou +fig’ - gz =0
2.47 Xy + Hi(fY), Hy(g®)
2.48 X+ Hi(fY) + H3(F?), Hi(g") + H3(g%) + Ho(g®)  fig' —f'ah =0,
(fi 99> -Fgy=0,

flg®> - f3g' = o,
f3) go 20
249 X+ Hy(F") + H3(F), Hi(g") + H3(0) fag' ~flgn+ (i -9’ ~fgi =0
2.50 X, — X3 + Ho(f%), Ho(g®)
2.51 X, — X3 + Ho(f%), Hi(g") + H3(g>) fo%0
2.52 X, — X3 +Hy(f1), H1(g") + Ho(g®) 19" —flgh =0,
fl, gO % 0
2.53 Xy + X3 + Hy(f1), Ho(g®) A#-1
2,54  AXy + X3 +H1(f1)+H3(f3), ft}g1 —flg}, =0,
Hy(g") + H3(g%) + Ho(g®) (fi -8+ 1)g> - fg; = 0,
fla®-g*=0,f,¢°%0
2.55  AXy + X3 + Hi(fY) + H3(F3), Hi(gh) + H3(g>) fig' —flgh+(f2 —gsA+1)g* -Fgi=0
2.56 Xy +Hi(f1), X3 + Hi(FY) + Ho(g®) g°#0
2.57 Xy +Hi(FY) + H5(F?), fig' -flgh =0,
X; + H1(g") + H3(g%) + Ho(g°) (fi-99°-Flan-9 =0,
f1g3_f3 1 :0’f3’g0$0
258 X+ Hy(fY) + H3(F), X5 + Hi(g") + H3(g) 29" ~f'au+ (g -9)g° - (g3 -8) =0
Vet Uy + vy, = —I%py +V(Vyy +Vyy) + 8B T + B,0); (6.46)
Ty +uTy + VT, = x(Ty + Tpy)s (6.47)
Ci +uC, +vC, = d(Cy + Cyy) + ad(Tyy + T); (6.48)
U +v, =0. (6.49)

The operators (6.42) and (6.43) admitted by the system are written as

X, = i+__

o 9 0 o 0 0 ) )
X, =2 4 X 4y — —U— —Vv— _p— 3T _3C—,
4= A Gy ' P a7 3Cac
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o) 0 0
H;(f) :fa_x +ft$ _pOXftt%’
o] 0 o]
H;(g) = g@ +8t5, —Po)’gtt@’ (6.50)
0
Hy(h) = h—,
o(h) o

where f = f(t), g = g(t), and h = h(t) are arbitrary smooth functions. These operators
form the Lie algebra L.

Submodels of ranks 2 and 1 are constructed on the basis of subalgebras from the
optimal systems ©,L and ©,L, respectively (see Tables 6.11 and 6.12). The numeration
of these submodels coincides with the numeration of the corresponding subalgebras
in the tables. Note that some subalgebras do not satisfy the necessary condition of ex-
istence of invariant solutions [157], but the number of the remaining subalgebras (34)
is still rather large. Therefore it seems reasonable to start the analysis from consid-
ering submodels corresponding to steady and self-similar solutions. Steady solutions
are invariant with respect to the shift in time (operator X;), and self-similar solutions
are invariant with respect to extension of dependent and independent variables (op-
erator X,,). These classes of solutions are of undoubted physical interest owing to nu-
merous applications [68, 71].

We should note another class of invariant solutions generated by subalgebras
from the optimal systems. This class is formed by solutions where the temperature
or concentration is a linear function of time. As an example, let us consider the sub-
model 1.3 generated by the subalgebra with the operator

9. 19 A2

+ — — —_—

0
X+ A%, + X3 = §+pog(/1+l)yap B, oT +ﬁz 3C

Invariants of the corresponding subgroup are

XY UV, p—pogA+1yt, T- L C- E
By B>

The invariant solution has the following presentation:

u=u@y), v=vixy), p=Pky)+pegl+1yt,

' t f At

T=Txy)+ B C=Cxy)+ B

Obviously, such solutions can describe a certain physical process only on a finite time

interval (as the functions T and C are small deviations from the mean values of tem-

perature and concentration and should be bounded). Examples of such solutions are

provided by the submodel 1.2 and also by those submodels from the list 2.27-2.41 for

which the condition of existence of invariant solutions is satisfied. These submodels
are not considered in the present study.
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Table 6.13: Subalgebras from the optimal system 8,L.

r.i Basis Comment
2.2 Xy, H3(1)

2.3 Xy, Hi(1) + Ho(1)

2.4 Xy, Hy(1) + H3(A) A>0
2.6 X;, Hy(e*™)

2.7 Xy, Hi(e*h) + Hy(Ae™) A=0

2.9 Xq, X, £ H3(1)

210 Xy, X + Hy(1) + H3 ()
212 Xy, AXp + X3 + H(1)

2,13 Xy, AXy + X3 + Hy(1) + Ha ()

2.15 Xy, X, — X3 + Hy (1) + Hy(A) A>0

2,16 X, X,

2.18 X, Hs(t")

2.19 X, Hi(t") + H;(ut") p=0

2.20 Xy, H3(VE) + Ho(A/t) A>0

2.21 X, Hy (VD) + H3(uVE) + Ho(A/t) A>0,u20

224 X, AXy +0X3 + Hs(t2) AP+a2#0

2.25 X, AXp +0X3 + Hy (%) + H3 (ut?) A+o’#0,u20

2.26 X, AXy + [(9/48) — A1Xg + Hy(t2) + Ho(uv) >0

Another class of invariant solutions is provided by the submodels 2.42-2.58 generated
by subalgebras whose basis operators depend on arbitrary (nonfixed) functions. Here,
we have only one variable: time t. Such submodels are also not considered here.

Thus, in the following we study submodels of rank 2 with the numbers 1.1, 1.4,
1.5-1.9 and submodels of rank 1 from the list 2.1-2.26. It should be noted here that the
subalgebras 1.5 and 1.6 do not satisfy the necessary condition of existence of invari-
ant solutions. Two-dimensional subalgebras that satisfy this condition are listed in
Table 6.13. We should also note one important circumstance. It was demonstrated in
Section 6.1 that the transformation C = C + adT/(y — d) allows the term ad(T,, + T,,) to
be eliminated from eq. (6.48); as a result, this equation becomes homogeneous with
respect to C. It follows from here that the function

c-c-2 1 (6.51)
x-d

is a particular solution of eq. (6.48) under the condition that T satisfies eq. (6.47). This
fact is widely used in constructing invariant solutions.

Thermodiffusion in plane layers
Let us give a physical interpretation of two solutions obtained by integrating invariant
submodels of rank 1.

1. Thermodiffusion in a vertical layer. Let us consider the submodel 2.12.
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The basis operators of the subalgebra are

0

X, =2,

' ot
0 10 Ao
/1X2+X3iH3(1)=i@+pog(/1+1)ya YT "B oc

The invariants of the subgroup are

X, U, V:Pipog A+, T3L cs A
B 2
The solution is presented as
u=u), v=v), p=PX)+=—= pog A+ 1)y
T=T'()tL, C= C(X)i
B’ ﬂz

The factor-system is

Uu=uy P=pg Wy —ugvy + 8B T +BzC’) =

| - ! ] (6.52)
XTo —uoTy ¥ — =0, dCy, —uyC, +adT,, =0.
/31 ﬁz
If uy = 0, then system (6.52) takes the form

o+ g(ﬁlT' +Bz ") =05 (6.53)

xTy =05 (6.54)

ﬁl
dac,, + adT,, F 2—‘/ =0. (6.55)
2

We express the function v from eq. (6.54) and substitute it into eq. (6.55). Then, the last
equation is integrated:

M
B.d

Substituting the resultant expressions for v and C’ into eq. (6.53), we obtain

T 4 g(d(B, - B,a) + AB]X) .Bzg
e Bivxd * Bvx

v=+pxT,, C = ( a)T' +CX + Gy (6.56)

(Cx+0y) = (6.57)

Let us introduce a formula for the coefficient at T':

_ 8B~ B + ABO).
- Bivxd
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Equation (6.57) has three different solutions for the cases witha < 0,a > 0,anda = 0
[239]. The functions v and C’ are determined by egs. (6.56). Let us write the solutions
of the initial system for all three cases.

Da<0,y=++v-a:

u=0, p= p0+lﬁ(/t+1)y,

V= iﬁ])(yz(c3 coshyx + ¢, sinhyx — ¢; cos yx — ¢ sinyx),

T = c3coshyx + ¢, sinhyx + ¢; cOs yx + cg sinyx + Br(c1x + ¢;) =
m (6.58)

C= (ﬂ - a)(c3 coshyx + ¢, sinh yx + ¢; cos yx + g sinyx)

B.d

—Bilcix +¢y) = y

B
2)a>0,y=x+val4:

u=0, p=pyx2Ea+1y’

v =28y’ (¢4 sinhyx cosyx — c3 sinhyx sinyx
+ ¢4 cosh yx cos yx — ¢ cosh yx sin yx),
T = c3coshyx cosyx + ¢, coshyx sinyx + ¢; sinh yx cos yx

6.59
+ cg sinhyxsinyx + B,(cix + ¢;) £ L, (6.59)

1
A
C= (ﬁ - a>(c3 coshyx cosyx + ¢, coshyx sinyx

B,d

+ ¢5 sinh yx cos yx + ¢cg sinh yx sinyx) - B(c;x + ¢;) + Z—y

2
Solutions (6.58), (6.59) involve new constants ¢; and ¢, introduced by the formula
4 G
d(B; - Bra) + ABix "

3)a=0,A=dBa—B)By)"

¢ =— =1,2.

u=0, v= /31)(< x+%“x +c3x+c2>
dBra =B +Bix |

P =Do*pPo8 2B.x >
C=—&<i&xsic—4x 18842 x2+c1x+co> (6.60)
B\U120" 24" T 6 2
ﬁ1VX dBa - By)
(Csx +¢p) + ——y,
28 > “ BiBx

c c c c
T=22 0+ 54188342 Lexicyt L.
20 TuX Te X T B,
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2h

—h h

g=0.g |

Figure 6.1: Definition sketch for vertically layer flow.

These equations involve new constants c; and ¢, in accordance with the formulas

B B.g

C5 = - 1> C4 = —_— Cz.
Bivx

Bivx
For interpretation of the model 2.12, we pose the following steady problem. We
consider an infinite vertical fluid layer of thickness 2h between two solid walls with a
unit normal vector n (Figure 6.1). A linear distribution of temperature in the y direction
is imposed on the walls. In addition, there is a constant difference in temperatures
of the boundaries 20 in all cross sections of the layer. The no-slip condition and the
absence of the matter flux through the boundary should be satisfied on the walls.
Thus, the boundary conditions at x = +h have the form

oc oT
u=v=0, T=Ay+0, —d<£+(x%>-0. (6.61)

Let us assume that there is also an asymptotically constant vertical gradient of the
light species concentration in the layer:

1 [ oC
— | —dy=B. 6.62
llglo 21 ,[ ay 4 (662
We assume that the flow rate of the fluid through an arbitrary cross section of the
layer is equal to zero. In the Oberbeck-Boussinesq approximation, this condition is
written as
h
J vdx =0. (6.63)
-h
Condition (6.63) is satisfied in a closed finite-length layer. Instead of this layer, we con-
sider here an infinite layer in the vertical direction. This approximation is allowed if
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the length of the layer is much greater than its thickness. The solution of the posed
problem provides an approximate description of fluid motion in the central part of
the closed finite layer.

Note that the choice of one of the three solutions (6.58)-(6.60) depends on the
values of parameters involved into the equations and boundary conditions. The dis-
cussion below refers to solution (6.58) (the remaining cases are considered in a similar
manner). This solution includes an arbitrary parameter A, which determines the coef-
ficient at y in the expression for the concentration. A similar coefficient in the expres-
sion for temperature is fixed. Setting the expressions for the temperature gradient A
and concentration gradient B, however, requires two arbitrary parameters determin-
ing the coefficients at y in formulas for T and C. The necessary parameter can be in-
troduced into the solution by applying a transformation determined by the extension
operator X,,. This transformation is described by the formula

x=€e%% y=€%, ti=eu v=e,
= -2a 7 —-3a = -3a (6.64)
p=e"p, T=e"T, C=e"C
and transforms any solution of the system again into a solution. Let a = -1/41npu and
u > 0; then, transformations (6.64) can be presented in the form

xou % y sy, u— "t vy, 6.6
1/2 3/4 3/4 65)
p - ]"l p) T - I’l T) C g H C.

These formulas mean that x in the solution should be replaced by y‘l/ “x; the func-
tion yl/ “u should be considered instead of u, etc. In the solution thus obtained, the
replacement +Au — A, +tu — p is performed, and formulas (6.58) take the form

2
V= B]XTY (c3 coshyx + ¢, sinhyx — ¢5 cos yx — ¢¢ sinyx),
T = ¢ coshyx + ¢, sinhyx + ¢5 cos yx + cg sinyx + B,(c1x + ¢) + ﬁy,
1
C= < B a)(c3 coshyx + ¢, sinhyx + ¢5 cos yx + ¢ sinyx) — Bi(c;x + ¢3) + A )2
up,d B>
g(ud(By - Bra) + ABx)
y==%1- , ud(By - Ba) + AByx < O.
\j Buvyd 1~ P2 X
(6.66)

Here, the coefficients at y in the expressions for T and C are determined by two in-
dependent parameters u and A, respectively, and pu # 0. Note that the replacement of
the constants py and ¢;, i = 1,..., 6 is also performed during this transformation.
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For determining the unknown constants, the initial system of equations, bound-
ary conditions, and solution (6.66) are rewritten in the dimensionless form. We in-
troduce the characteristic scales of distance h, velocity g/ilG)h2 /v, pressure p,ghp;0,
temperature O, and concentration f3;0/f,. In the dimensionless variables, the steady
equations (6.31) take the form

Gr(u-Viu=-Vp+Au+(T+Q)y,

Gr(u-VT) = % AT,

1 (6.67)
Gr(u-VC) = Sc (AC - eAT),

divu =0,

wherex = (x,y), u = (u,v),and y = (0, 1) should be assumed. The system contains four
dimensionless parameters: Grashof number Gr, Prandtl number Pr, Schmidt number
Sc, and parameter € responsible for the thermodiffusion effect:

_ gp,oK’ v v _ap,
Gr = V2 5 Pr= )?, Sc = a, E= —B—l. (6.68)
The boundary conditions (6.61) at x = +1 are written as
u=v=0; (6.69)
a
T=c oVl (6.70)
oC oT
a - 8& =0. (671)
Equalities (6.62) and (6.63) take the form
I 1
1(aC Ra,
— | =dy= , dx =0. 6.72
l_lgloﬂjayy GrSc .[VX (6.72)

-1 -1
Here, we have two new dimensionless parameters: Rayleigh number Ra and concen-
tration Rayleigh number Ra,;, which are determined from the vertical gradients of tem-
perature and concentration, respectively:

AR* Bh*
Ra = gh , Ray= 8B, _
vy vd
Solution (6.66) in the dimensionless variables is described by the formulas
A'+B
2

(6.73)

u=0, p=po+ v

v= v
A’ GrPr
T = c5 coshyx + ¢, sinhyx + c5 cos yx + cg sinyx + c;x + ¢, + A'y, (6.74)

!
C= <]H + e)(03 cosh yx + ¢, sinh yx + ¢5 cos yx + ¢cg sinyx) — ¢;x — ¢, + B'y,

(c3 coshyx + ¢, sinh yx — ¢5 cos yx — cg sinyx),

A’ Pr

y= i(‘/—Gr(A’ Pr(e + 1) + B’ Sc),
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where A’ Pr(e +1)+ B' Sc < 0, A’ = uh (8,0)", B' = Ah (8,0)". The constants c;—c, are
determined from conditions (6.69)—(6.71), after which the last condition in egs. (6.72)
is satisfied identically. Further, egs. (6.70), (6.72), and (6.74) yield

o Ra 1 Rad .
"~ GrPr’ "~ GrSc’

(6.75)

then, we have y = +{/~Ra(e + 1) — Ra,, and the condition Ra(e + 1) + Ra; < 0 should
be satisfied. Applying similar considerations to solutions (6.59) and (6.60) of the sub-
model 2.12, we find that these solutions correspond to the values Ra(e + 1) + Ra; > 0
and Ra(e + 1) + Ra, = 0, respectively. Let us write the solutions of the posed problem
for all three cases (the velocity component u = 0 is omitted).

1) Let Ra(e +1) + Ray < O.

2 . .
_y(£+l)[smhyx_smyx] 3 1[ Ra Ra, ] 5
=7 sinhy siny |’ “Pot 5| Grer T Grse )
T Ra(e +1) [51‘nhyx . 31'1'1yx] N YRa, (coty + coth y)x + a v,
D sinhy  siny D GrPr (6.76)

C

_ (Rae +Ray)(e +1) [ sinhyx L sin yx] _YRay (coty + coth y)x + Ra, v,

D sinhy  siny D GrSc
y=1-Ra(e+1)-Ra;, D=2Ra(e+1)+yRay(coty+cothy).

2) LetRa(e +1) + Ray > 0.

2
1
V= Aye+1) (siny coshy cos yx sinh yx — cos y sinh y sin yx cosh yx),

_ +1[ Ra+Rad]2
P=Po* 51 Grpr " Grsc )

_2Ra(e+1)
B D

R R
+ nyd(sin 2y +sinh 2y)x + Gr?’r

_ 2(Rae+Ray)e+1)
B D

- yl;%(sin 2y +sinh 2y)x +

T (cosy sinhy cos yx sinh yx + siny cosh y sin yx cosh yx)

Y,

C (cosy sinhy cos yx sinh yx + siny cosh y sin yx cosh yx)

Rad
Grsc”’

JRale+1) +Ray
V= -4

D = Ra(e + 1)(cosh 2y — cos 2y) + y Ra,(sin 2y + sinh 2y).

(6.77)
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3) Let Ra(e + 1) + Ray = 0.

B 15( +1) 3 3 Ra ( Pr ) 5
= Raern 90" ¥ PPotogp\lmg €D
Ra(e +1) 5 3 45 Ra
=— -10 1 — 8 6.78
8Ra(£+1)—360(3x X +15x) Ra(s+1)—45x+ GrPry ( )
Ra(e +1) 5 3 45¢ Ra(e +1)
=———— " (3x’-10x° +15x) - -
SRate + 1360 0F 10 1) - g Tas X Grse

In cases 1 and 2, the form of the solution is independent of the sign of the pa-
rameter y (therefore, we chose the plus sign for certainty). Note that the assumption
u # 0 in solution (6.66) leads to Ra # O (see egs. (6.74) and (6.75)). If we assume that
Ra = 0in the solutions (absence of the temperature gradient), we obtain the following
formulas:

1) LetRa, < 0, y = {/—Ray.

_ y(e+1)(sinysinhyx - sinhy sin yx)
~ Ray(sinycoshy + cosysinhy)

Ra
P=po+e Vs T=x (6.79)
C- (e +1) (sinysinhyx +sinhysinyx) ‘i Ra,
"~ y(sinycoshy + cosysinhy) GrSc Y-
2)LetRay; > 0,y = v/Ra, /4.
1
= Rad(silr‘lyz(j : s;nh ) (siny coshy cos yx sinh yx — cos y sinh y sin yx cosh yx),
Ra
P=Po+ 2GrdSc v T=x
= Ae+1) (cosysinhy cos yx sinh yx + siny cosh y sin yx cosh yx)
~ y(sin2y + sinh2y) ySihy cosy 4 Y ysimy 4
x4+ Rad
Grse”’
(6.80)
3) LetRa, = 0.
V= —é(s+1)(x3—x), p=py T=x, C=ex (6.81)

Solution (6.80) was considered in [72, 150], where its stability to small perturba-
tions was studied. In [72], the thermodiffusion effect was ignored (¢ = 0). Stability
of solution (6.81) was studied in [73]. Moreover, if we assume that Ra; = € = 0 in
egs. (6.76)-(6.77), the resultant solution describes the motion of a homogeneous fluid
in a vertical channel with a streamwise gradient of temperature [71]. We should also
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0.8 —0.6

Figure 6.2: Velocity profiles given by (6.74) for Ra = 300, Ray = 0.

note the publication [235], which deals with the stability of solutions (6.76)—(6.78) in
the cases with € = 0, Ra > 0, and Ra; > 0. Thus, these solutions generalize some
previously known solutions to the case of thermodiffusion motion of a binary mixture
in a vertical layer under various boundary conditions.

Itis seen from the derived formulas that the velocity vanishesin all cases ate = -1,
while the temperature and concentration distributions become linear along the x co-
ordinate. Thus, mechanical equilibrium in the system is possible. Moreover, the tem-
perature and concentration gradients (or appropriate numbers Ra and Ray) in solu-
tions (6.76) and (6.77) can be chosen in such a manner that the pressure in the layer is
constant with accuracy to the hydrostatic pressure. Note that these solutions are not
determined for all values of parameters. For example, the velocity v in solution (6.78)
at Ra(e + 1) = 45 turns to infinity. As demonstrated in [71, 235], however, the steady
flow at such values of parameters is unstable and does not occur in practice.

Let us now give an example of velocity, temperature, and concentration profiles
in the cross section y = 0 for different values of the thermodiffusion parameter (Fig-
ure 6.2). These profiles correspond to the Rayleigh numbers Ra = 300 and Ra,; = O.
The functions v, T, and C at y = O are uniquely determined by setting the parameters
mentioned above.

In the absence of thermodiffusion (curve € = 0), the fluid moves upward near the
heated boundary and moves downward near the cold boundary. In this case, there
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are no concentration inhomogeneities (C = 0). If the parameter ¢ is positive, then nor-
mal thermodiffusion occurs, and the light species diffuses toward the heated bound-
ary. This leads to an increase in velocity (curve € = 1.5). At negative values of the
thermodiffusion parameter, abnormal thermodiffusion takes place. The light species
moves toward the cold boundary; as a result, the motion velocity decreases. At € = -1,
mechanical equilibrium occurs. A further decrease in the thermodiffusion parameter
leads to inversion of the velocity profile (curve € = —1.1). The concentration of the light
species near the cold boundary becomes high enough for the fluid to begin moving
upward near this boundary and to move downward near the heated boundary. With a
further decrease in the thermodiffusion parameter, velocity profile inversion is again
observed (curve £ = -2). The fluid moves upward and downward near the cold and
heated boundaries, respectively, and the motion direction in the remaining part of the
layer changes to the opposite. Significant inhomogeneities of temperature and con-
centration in the layer are observed.

2. Thermodiffusion in an inclined layer with a free boundary. Let us now consider the
submodel 2.4. The basis operators of the subalgebra are

0 0 0
a, Hl(l) +H3(A) - +/l—y, A=0.

X, =
The invariants of the subgroup are
y-A& u, v, p, T, C.
The solution is presented as
§=y-M u=u@), v=v(§), p=pE), T=T¢), C=CQ).
The factor-system is
v=Au+v, v(A2+ Dug - voug e (ﬁlT +B,0) =
(A% + DT —voTy = 0, d(A* + 1)(C€5 + aT&v) - voCr =
P = pog (ﬁ1T+ﬁ2C)

The solution in the case with vy = 0 is

Ag
u= _m((ﬁlcl +ﬁ2C3)5 +3(Bicy + Bch)f ) +Cs€ + g,
b= 2(/\2 ((ﬁlcl +ﬁ2C3)£ +2(Bicy +B2C4)£) + Po» (6.82)
v =Au, T:c1§+c2, C=c¢+c,, &=y-Ax

In this solution, all sought functions retain constant values on the straight lines ¢ =
y — Ax = const, which suggests a possible physical interpretation.
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2h
g=(0,-g) 1

Figure 6.3: Inclined layer of the fluid.

We consider a fluid layer of thickness 2h, which is aligned at an angle 0 < ¢ < 90°
to the horizon. The fluid is bounded from the bottom and from the top by a heated
solid wall and a free boundary, respectively. These boundaries are straight lines with
a unit normal vector n (Figure 6.3). It is assumed that there is a constant temperature
difference 20 between the solid wall and the free boundary in all cross sections; the
solid wall and the free boundary also retain a constant temperature. If we assume
that A = tan ¢ in solution (6.82), then the functions sought are constant on straight
lines parallel to the layer boundaries, and the problem conditions can be satisfied.
For the convenience of further calculations, we introduce a new coordinate system,
where one axis is directed along the layer, and another axis (z) is perpendicular to
the layer. Taking into account that { = y — xtan¢ and v = utan ¢, we replace the
variables as z = —xsin¢@ + ycos@ = £cos¢p, u — ucos@ +vsing = u/cosp,v —
—usin g + vcos @ = 0; as a result, the solution considered takes the form
gsing

u=-—o ((Bicy + Byc3)2” + 3(Bicy + ByCs)z”) + €5z + Co

= ZOS (e Bac3)2” +2(Bic; + Bycy)Z) + Po, (6.83)

v=0, T=cz+c, C=c3z+c,

To avoid using new notations, we retained those of the velocity components and the
constants ¢;, i = 1,..., 6 in the solution. In egs. (6.83), the function u is the velocity in
the direction parallel to the layer axis (there is no motion in the perpendicular direc-
tion).

Let us formulate the boundary conditions of the problem considered. On the wall
and free boundary, we impose the temperature distribution and the absence of the
matter flux:

z=xh: T=7%0, —d<ac aT)zo.

on " %on
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In addition, the no-slip condition (i.e., u = 0 at z = —h) should be satisfied on the
wall. On the free boundary, we impose the kinematic condition (which is satisfied
identically in the case considered) and the dynamic condition

z=h: ((p-Dpg)E -2vp,D(u))n = 20Hn + Vro.

Here De is the pressure on the free boundary, E is the unit matrix, D(u) is the strain
rate tensor, n = (0,1) is the external normal vector, ¢ = (T, C) is the surface ten-
sion coefficient, H is the mean curvature of the free surface, and Vp = V-n(n- V) is
the surface gradient. As the temperature and concentration on the free boundary in
solution (6.83) are constant, the surface gradient is equal to zero. The free surface is
a straight line; therefore, H = 0. Thus, the dynamic condition does not impose con-
straints on the dependence ¢ = ¢(T, C). The strain rate tensor for solution (6.83) takes
the form

D) :< 0 ”Z/2>,

u,/2 0
and the dynamic condition reduces to satisfying the relations

ou _

=h: —=0,
z 0z

p:pg~

Let us specify the mean concentration in the cross section and assume that it remains
constant along the layer:

h
J(CO + C) dZ = Co.
“h

1
2h
From here, we can easily obtain the condition on the function C, which determines the
deviations from the mean value (see below). The transition to the dimensionless vari-

ables is performed in the same manner as previously (see eq. (6.67)). Solution (6.83)
takes the form

sing

Uu=-— g [(c; + c3)z3 +3(c, + c4)zz] +CZ + Cg, (6.84)
p= g [(c,+ )22 +2cy +¢)z] +pgy T=cCiz+¢y C=032+¢,

and the problem condition are written as

oC oT
=+1: T=%1, —-e— =0
z i 0z Saz
a 1
u '
=-1: =0 =1: — =0, =p.; Cdz=0.
z u z 0z P =Py J
|
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-0.3

Figure 6.4: Velocity profiles given by (6.84) for ¢ = 30°.

Here, ¢ is the dimensionless parameter determining the thermodiffusion effect and
pé, = Pg(Po ghp;0)7". Determining the unknown constants from the boundary condi-
tions, we obtain

¥ (e+1)(z2° -32-2),

cos
p= T¢(8+1)(—zz+1)+pé, T=-z, C=-ez.

As is seen from these formulas, the flow intensity increases with increasing angle of
inclination.

Figure 6.4 shows the velocity profiles for different values of the thermodiffusion
parameter for the angle of inclination ¢ = 30° (see also Figure 6.3). If there is no ther-
modiffusion (curve € = 0), the flow moves downward along the layer under the action
of the gravity force. In the case of normal thermodiffusion (¢ > 0), the concentration
of the light species near the heated boundary increases, while the heavy and cold fluid
stays on the top. As a result, the motion velocity increases, but its profile is similar to
the velocity profile for € = 0. At negative values of €, abnormal thermodiffusion occurs.
The light species moves toward the cold free boundary, which leads to a decrease in
velocity. The value € = -1 corresponds to mechanical equilibrium.

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



6.3 Invariant submodels and exact solutions of thermodiffusion equations = 191

With a further decrease in the thermodiffusion parameter, the concentration of the
light species near the free boundary reaches significant values. As a result, the velocity
changes its sign, and the fluid starts moving upward along the layer (curve € = -2).
To conclude, we should note that the problem solution has the following form in the
case of heating from above (T = +1atz = +1):

sin
u=- 6(p (e+1)(z°-32-2),
cos @

b= (€+1)(22—1)+pé, T=2z C=egz

and the motion direction changes to the opposite one.
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7 Stability of equilibrium states in the
Oberbeck-Boussinesq model

Stability of both equilibrium states and steady flows in the Oberbeck-Boussinesq
model has been considered in a large number of works. As an illustration, we cite
only three of them [143, 125, 179], in which the conditions of the emergence of convec-
tive flows in layers with a free boundary, an interface, and solid walls are examined.
A review and analysis of earlier publications can be found in [68]. A finite-depth layer
with a free upper boundary and a solid lower boundary is considered in Section 7.1.
The temperature of the lower surface is assumed to be constant, and the temperature
of the upper surface changes periodically in time. As a result, the equilibrium temper-
ature gradient is nonuniform in terms of depth and periodic in time. The influence of
this temperature gradient is studied numerically.

Convective stability of the equilibrium state of a system of two immiscible fluids
with close values of density is considered in Section 7.2. A generalized Boussinesq ap-
proximation is constructed, which allows interface deformation to be correctly taken
into account. Stability of the equilibrium state of a system of two fluids in a horizontal
layer with a vertical temperature gradient is studied. Several instability mechanisms
are found to exist: long-wave and cellular monotonic perturbations, as well as vibra-
tional perturbations. The influence of interface deformability on instability character-
istics is considered. Enhancement of deformability is demonstrated to change insta-
bility mechanisms.

The problem of destabilization of a rotating fluid owing to the temperature gradi-
ent is considered in Section 7.3.

7.1 Convective instability of a horizontal layer with oscillations of
temperature on the free boundary

The problem of the emergence of convection in an infinite horizontal layer of a vis-
cous fluid under the condition of periodic variations of temperature on the free upper
boundary is of interest for studying mechanisms which affect the thermal situation in
stagnant natural reservoirs. The temperature distribution over the reservoir depth in
the absence of forced circulation induced, for example, by the action of wind is de-
termined by free convective motions arising because of nonuniform heating of water
masses due to daily and seasonal oscillations of temperature on the surface.

The study of parametric excitation of convective instability in a fluid layer due
to periodic changes in the temperature regime was inspired by the publication of
Gershuni and Zhukhovitskii [66], who posed and studied the problem of stability of
a finite-depth layer with a periodically changing equilibrium temperature gradient.
Boundary conditions corresponding to plane free boundaries were considered, which

https://doi.org/10.1515/9783110655469-007
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made it possible to perform an analytical study. The case of a layer with solid bound-
aries was considered in [74], and stability of an infinite-depth layer with periodically
changing temperature on the boundary was studied in [67].

The influence of modulation of the boundary temperature on convective stability
of a horizontal layer was investigated in [227, 198, 236]. Venezian [227] considered a
layer with free boundaries, the temperatures of which oscillate simultaneously with
an infinitesimal amplitude. Rosenblat and Herbert [198] studied low-amplitude oscil-
lations of temperature on the lower boundary with finite amplitudes of modulation.
Yin and Li [236] considered a layer with solid boundaries with simultaneously oscil-
lating temperatures.

Note that the problem of stability of a fluid layer under the condition of a period-
ically varying equilibrium temperature gradient is similar to the problem of stability
of the layer in a field of external volume forces periodic in time [68, 127].

1. Formulation of the problem
Let a viscous incompressible fluid fill an infinite horizontal layer of thickness I. The
bottom temperature is constant and equal to 6;, and the upper surface temperature
varies in accordance with the law 8, + A sin Qt. The free surface and the bottom are
assumed to be nondeformable and solid, respectively. Let us introduce a coordinate
system x, y, z, such that the z axis is directed vertically upward, while the x and y axes
are in the plane of the lower boundary of the layer. Let us count temperature from 6,
and use [, lel, 12)(*1, |6; - 0,], and QV)(I*2 as scales of length, velocity, time, temper-
ature, and pressure, respectively. Here, p, y, and v are the constant density, thermal
diffusivity, and kinematic viscosity of the fluid, respectively.

The free convection equations in the Oberbeck-Boussinesq approximation have
the following form in the dimensionless variables:

1 (ov
ﬁ<§ +V'VV> = —Vp+AV+Raee3,

(71)

divv =0, @+V~V9=A9.
ot

Here, v = (u,v,w) is the velocity vector, 6 is the temperature, p is the deviation of
pressure from the hydrostatic value, e; stand for the z axes, Pr and Ra are the Prandtl
and Reynolds numbers, respectively,

o3
Pr=~, Ra= 85161~ Ool” ,
X VX
where g is the acceleration due to gravity and S is the coefficient of thermal expansion

of the fluid.
The boundary conditions for temperature and velocity on the lower solid bound-
ary and on the upper free boundary have the respective forms

O=c, v=0; (7.2)
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ou _ov 3 A _Q_l2

0 = asin wt,

5. — S~ _O) > = > 7.
oz oz " e YT 3)

where ¢ = +1 is the dimensionless temperature of the lower boundary, and a and w
are the dimensionless amplitude and frequency of temperature oscillations on the free
boundary, respectively.

2. Equations for perturbations
The boundary-value problem (7.1)-(7.3) has a solution corresponding to conductive
heat transfer, i. e., to the quiescent state of the fluid (v, = 0). The periodically varying
temperature distribution can be found from a boundary-value problem of the form
20, 0%, )
T Ool,0 = ¢ 6pl,-1 = asinwt, (74)
whose solution is well known [112].
After determining 6, (z, t), we find the function of pressure p,(z, t) by integrating
the equation

%o

az = Ra 00.

The final solution of problem (7.1)-(7.3), which corresponds to the conductive heat-
transfer mode, has the form

VO = 0,
1 a , . L, . 2aw
=Ra|cz[1-=z |+ =z sinwt - -1) —
Po [ < 2 ) 2 n;( ) (m)* + w?
o (75)
X <cos wt + sin wt) cosmnz | + C(t),
(nm)?
. S 2 . .
0y = c(1-2)+azsinwt + Z(—l)”% <nn cos wt + @ sin a)t) sinnz.
= (mn)* + w mn

The excess pressure distribution p,(z,t) is determined with accuracy to an arbitrary
function of time C(t), which can be assumed to have a zero value.

Substituting v, + V, py + P, and 8, + T into the system (7.1)-(7.3), we obtain equa-
tions for perturbations of V, P, and T in the conductive mode (7.5):

1(/0V
ﬁ(? +V-VV> =-VP+AV +RaTe;,
. oT '
divV =0, > +V-VT = AT - 6,(z, )V - es, (7.6)

0 (z,t) = —c + a[1+ 2w, (2)] sin wt - 2awp”’ (z) cos wt,
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00

P2 =) (-D)"

n=1

———— cos7mnz.
(m)* + w?
In the following, the prime denotes differentiation with respect to the z coordinate.

The boundary conditions for perturbations are imposed on the solid bottom and
free surface:

T=0 V=0 (77)
-0, W_V_y_o (78)
0z oz

3. Linearization

To answer the question on stability of the w-periodic solution (7.5) of problem (7.1)—
(7.3), we use the method of linearization [238]. The linearized problem for small per-
turbations of the conductive mode (7.5) has the form

ia—V:—VP+AV+RaTe3, divV =0,
T .
?)_t = AT - 9(’)(2, t)V . e3.

Note that, in contrast to [66, 74], the equilibrium temperature gradient in system
(7.6) depends not only on time, but also on the spatial coordinate z. For convenience
when analyzing the results, we write 6;(z, t) in the form

0 (z,t) = —c + a[1 + 2w*p,,(2)] sin wt — 2aéwip”’ (z) cos wt. (710)

Presentation (7.10) contains a formal parameter . At £ = 0, we have a problem
with modulation of the gradient of equilibrium temperature or gravity force field [74,
127]; at & = 1, we obtain problem (7.7)-(7.9) of interest.

For the linear system with periodic coefficients (7.7)-(7.9), we find the Floquet so-
lution with the increment A under the usual assumptions on the spatial periodicity of
perturbations along the layer with the absolute value of the wave vector k = (a3, a,).
Presenting the unknown functions in system (7.7)—(7.9) in the form

|4 174 .
T | xyzt)=| T | (zt) tHi@xray)
p P

where the amplitudes (V, T, P)(z, t) are functions periodic in time, we obtain a spectral
problem with respect to the parameter A

% W=-P +W'-(k*+\)W+RaT,
% F=IPP+F' - (kK +A)F, W'=-F, (7.11)
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T=T"-(+A)T - W) (z,t).

Here, the dot signifies differentiation with respect to time. The boundary conditions
(7.7) and (7.8) take the form

T=W=F=0; (712)
T=W=F=o0. (713)

Eliminating the pressure, we can present system (7.11)—(7.8) in the form

QLW = (L-NLW -K°RaT, T=(L-NT-6yztW; (7.14)
W=DW=T=0; (715)
W=DW=T=0, (716)

where g = Pr'l; £ = D? - k%, D = d/dz is the operator of differentiation. System (7.14)
can be reduced to one equation

qLW = (1+ g)(L -~ VDLW + (£ - )*LW - K> Ra b)) (z, )W = 0. (7.17)
From the boundary conditions (7.15) and (7.16), we obtain, respectively,

W = DW = (D - 2k* - A)D*W — gD’ W = 0; (718)
W =D*W =D*W =0. (7.19)

The critical regime of heat transfer is determined by the condition Re(A) = O or, in
the case of monotonic instability of solution (7.5), by the condition A = 0.
4. Galerkin method and Fourier method

Let us present the spectral problem (7.14)-(7.16) in the operator-matrix form as

Bi=e“Au+Aju+e A, (7.20)

(a1 2).

(0 0 _( (£L-NDL -K’Ra
m-(aw o) 2=(“7 25 )

which involves the presentation of the conductive temperature gradient (7.10) as an
w-periodic function of time:

6))(z,t) = —c - D(z) &' — D(z) e ™",

7.21
D(z2) = adw!!(z) + ig 1+ 280, (2)]. 20
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We look for the solution of eq. (7.20) in the form

M
Uzt = ) Un(OPy(2), (722)
m=1
where the basis vector functions ¢,,(z) : R — R? satisfy the boundary conditions
¢, (0) =, (1)=0, D¢, ,0)=D¢, (1) =0. (7.23)
To determine a nontrivial set of the functions u,,(t), we have the Galerkin system
of equations
M M
Y B P)itn(t) = Y (Ao P)ttn(0)
m=1 m=1 (7.24)
. M . M _
+€ YN (A1 Py (1) + €7D Ay, Uy (1),
m=1 m=1
j=1,...,M. Here, we use a scalar product in L,:
1
(f.8) = J[fl(z)q1(z) +f,(2)4,(2)] dz.
0
Seeking the w-periodic (in time) solution of system (7.24) in the form
Uy, (t) = Z Uy, €1 (7.25)
n=—co
we obtain a homogeneous infinite system of linear algebraic equations
M
Z amnjum,n—l + bmnjumn + amnjum,nﬂ =0,
m=1
(7.26)

bmnj = (A0¢m’ ¢]) + iwn(B(pm’ ¢j)’
j=1L2,....M, n=14+1,+2,....

Below, we consider the simplest case where the basis functions have the form

2-("0 ). e 0 )

We write system (7.26) as

byt + botly = 0,
AUyt + Diggliyn + QiU i + Doty = O,

n=0,%£1,%2,....

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

7.1 Convective instability of a horizontal layer =— 199

Eliminating u, , from the first equation, we obtain a homogeneous infinite system
of linear algebraic equations with a three-diagonal matrix
Ay + Byt + Aty g = 0, Ay = K°Ra(f,8)(fD, 2),
B, = ck’Ra(f.8)’ - q(wn)*(Lf.f)(g.8)
+((L=NLf.f)((L-Ng. g)
~iwn[((£ - NLf,f)(g.8) +a((£ - Vg, g)(Lf. )],

(7.27)

1
where (f,g) = |, f(2)g(2) dz.
In the case of monotonic instability (A = 0), we obtain the following expressions
for the coefficients B,,:

B, = ck’Ra(f,g)* + q(wn)*(IIDfII* + K2IIFI) gl
~LAIP(IDgll” + KAlIgli®) - iwn[lILFIP gl
+q(IIDgl” + KClIgIP) IDFII” + KCIIFII)].

The coefficients of system (7.27) depend on the parameters of problem (7.10)-(7.13)
A,Ra, Pr, k%, a, and w. To determine their critical values providing the existence of a
nontrivial solution of system (7.27), we use the reduction method [104] based on trun-
cated systems.

Another approach to studying the linearized problem (7.11)—(7.13) can also be used.
As the solution for problem (7.11)-(7.13) is w-periodic in time, we can expand the un-
known functions into the Fourier series of the form

w W,

F © [ F ot
(z,t) = o (z) e,

T Yl:ZOO Tn

P P,

As a result, we obtain a spectral boundary value problem for an infinite system of
ordinary differential equations

W,’I’—<k2+A+i%>Wn—P;l+RaTn =0, n=0,41+l,...

Fl - <k2 +A+ i%)Fn +K’P, =0, W, =-F, (7.28)
T — (k% + A + inw) T, + W, + D2)W,,_; + D(2) Wy, = O,
with the boundary conditions

W,=F,=T,=0; (7.29)
W,=F,=T,=0. (7.30)

For a fixed value of n, the spectral problem (7.28)—(7.30) can be studied numeri-
cally.
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Figure 7.1: Neutral curves for monotone disturbances for Pr = 7 and w = 10, a = 0.1.

5. Numerical results

The neutral curves Ra(k) of monotonic instability were calculated on the basis of the
truncated systems (7.27) and (7.28)—(7.30). The values Pr = 7 and w = 10 were used in
all cases.

The results obtained for a = 0.1 are shown in Table 7.1 and Figure 7.1. For equa-
tions (7.27), we considered truncated systems up to the 11th order, which were stud-
ied with the Maple package for analytical computations. The coordinate functions
flz) = Z2(z-1)(2z - 3) and g(2) = z(1 - z) were used. The computed results are shown
in column I of Table 7.1 and by curve 1in Figure 7.1. For equations (7.28), we considered
truncated spectral problems up to the 30th order, which were studied by the shooting
method. The computed results are shown in column II of Table 7.1 and by curve 2 in
Figure 7.1.

Column III of Table 7.1 shows the critical values obtained at £ = 0 in equation
(710), which corresponds to the case of modulation of the equilibrium tempera-
ture gradient. The last column (column IV) shows, for comparison, the data of the
Rayleigh—Benard problem for the solid lower surface and the free upper surface of
the layer [142]. It is seen that the numerical values from columns II-IV of Table 7.1 on
curve 2 in Figure 7.1 cannot be distinguished.

Obviously, the calculation of the neutral curve on the basis of the truncated sys-
tems (7.27) with the basis functions (7.30) yields overpredicted results, although the
character of the curve remains the same. Columns I-III of Table 7.2 and curves 1-3 in
Figure 7.2 show the results calculated for the amplitude modulation values a = 0.1,
a = 0.5, and a = 0.9, respectively. An increase in the amplitude of temperature mod-
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Table 7.1: Rayleigh number Ra vs wave number k for different shortened equations (7.28).

Ra(k)
k 1 Il 1 v

2 1269.5 1230.6 1230.7 1230.3
2.2 1197.5 1160.1 1160.2 1159.8
2.4 1156.7 1119.6 1119.8 1119.4
2.6 1139.8 1102.3 1102.6 1102.1
2.8 1142.4 1103.8 1104 1103.6

3 1161.6 1121.1 1121.3 1120.8
3.2 1195.5 1152.5 1152.7 1152.2
3.4 1243.1 1197.1 1197.1 1196.6
3.6 1303.8 1253.5 1254 1253.5
3.8 1377.4 1323.2 1323.1 1322.5

4 1463.9 1403.9 1404.5 1403.8

Table 7.2: Rayleigh number Ra vs wave number k for & = 0.1, a = 0.5, a = 0.9 respectively.

Ra(k)
k 1 Il 1

2 1230.6 1237.3 1247.7
2.2 1160.1 1166.5 1175.2
2.4 1119.6 1126 1132.7
2.6 1102.3 1108.6 1113.5
2.8 1103.8 1109.9 1112.1

3 1121.1 1127.2 1125.8
3.2 1152.5 1158.6 1152.7
3.4 1197.1 12029 1192.1
3.6 1253.5 1259.6 1242.7
3.8 1323.2 1328.5 1304.5

4 1403.9 1409.4 1377.9

ulation on the free boundary leads to insignificant stabilization of conductive heat
transfer with respect to perturbations with wave numbers smaller than, at least, the
minimum critical wave number. For a = 0.9, the neutral curve is less steep; at wave
numbers greater than a certain value, it lies lower than the neutral curves correspond-
ingtoa=0.1and a = 0.5.

7.2 Instability of a liquid layers with an interface

An important class of problems of the convective stability theory includes problems
arising in studying two-layer systems. The majority of these studies are performed un-
der the assumption that the interface is nondeformable (see, e. g., [33, 69, 70]). In many

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



202 —— 7 Stability of equilibrium states in the Oberbeck-Boussinesq model

1500

Ra

1400
I, 2
aw. \
1300 /
1200 - X
3

1100
1000 k

2 25 3 35 4

Figure 7.2: Neutral curves for monotone disturbances for Pr = 7, w = 10,a = 0.1(curve 1),a = 0.5
(curve 2), a = 0.9 (curve 3).

situations this assumption is well justified, because the influence of interface deforma-
bility on convective stability is rather small for accelerations, due to gravity typical
for Earth conditions and for sufficiently different fluid densities. At the same time,
the assumption on interface nondeformability appreciably simplifies the procedure
of finding the problem solution, taking into account that interface deformability is of
principal importance from the viewpoint of studying new mechanisms of instability.
Convective stability with allowance for interface deformability within the Boussinesq
approximation has been studied by various authors (see, e. g., [46, 99, 192, 193]). Nev-
ertheless, the assumption of interface deformability contradicts the standard Boussi-
nesq approximation (see the analysis in [148]) and can lead to physically invalid re-
sults. The objective of this section is to construct a more correct approximation.

1. Generalized Boussinesq approximation

Let us consider the gravitational thermal convection in a system of two immiscible
fluids with a deformable interface. We write the equations of fluid motion and heat
conduction, assuming that the density is a function of temperature only (“Boussinesq
fluid”) and that the coefficients of dynamic viscosity and thermal conductivity are con-
stant:

\
Q]a—t] + Q](V}V)V} = —Vp} + }IIAV] - Q]'ge3; (7.31)

26,
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an .
=+ div(g;v;) = 0. (7.33)

Here we use the standard notations; e; is the unit vector directed vertically upward.
The fluids are marked by the subscript j; the fluid with j = 1is located at the bottom. On
the interface z = {(x,y, t) (z is the vertical Cartesian coordinate), we impose the usual
conditions of continuity of velocity, normal and tangential stresses, temperature, and
heat flux, as well as the kinematic condition

[v]=0, -[pln+ [D]n=20Hn,
¢ (7.34)
(6] =0, [xkVO]n=0, 3 +v-V{=vV-e;.
Here [f] is the jump of the value of f on the interface, i. e., [f] = f; - f,, D is the viscous
stress tensor, n is the normal vector to the interface between the fluids, o is the surface
tension coefficient, and H is the mean curvature of the surface.

Problem (7.31)-(7.34), supplemented with appropriate conditions on external
boundaries, is characterized by a number of dimensionless parameters. Among these
parameters, we now consider the parameter of density inhomogeneity 8,6 and the
parameter characterizing the gravity force Ga = gli /vi. Here, B, is the characteristic
value of the coefficient of volume expansion § = —(1/p) dp/dt, 0, is the characteristic
temperature difference, v, is the characteristic coefficient of kinematic viscosity, and
1, is the characteristic size.

Investigations of convection problems are usually based on the Boussinesq ap-
proximation [68], where the dependence of density on temperature is neglected ev-
erywhere except for the term with the gravity force in the equation of motion (7.31).
Formally, this means performing the limiting transition 8,6, — 0 and Ga — oo;
the product §,60, whereby Ga remains finite. Generally speaking, this kind of limit-
ing transition leads to the requirement of interface nondeformability. Indeed, in this
transition, the main terms in the equation of motion (7.31) determine the hydrostatic
pressure p; = —p; gz + const. Then, the main terms in the balance condition for normal
stresses yield [p]g{ = const. This means that the interface remains flat and horizon-
tal. It follows from the kinematic condition that v - e; = 0 on the interface, i. e., the
condition of impermeability is satisfied.

In the next order in terms of 1/ Ga and 8,.0,., the equations of motion and heat con-
duction transform to the conventional equations of thermal convection in the Boussi-
nesq approximation:

ov; 1

a_[’) + (V]V)V] = —Q—Oj Vp] + VjAVj + gﬁ]9]e3, (7.35)
20, ,

E + (V}V)QJ :X}AGJ, leVj =0. (7.36)

Here, p; is the additive to the hydrostatic pressure; the point from which the tempera-
ture is counted is chosen so that g; is the density of the j-th fluid at 6 = 0.
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In the next order in terms of 1/ Ga, the shape of interface perturbations can be
found from the stress balance condition, but this does not affect the solution of the
convective problem (7.35)-(7.36). Thus, in the conventional Boussinesq approxima-
tion, convective motion is not affected by interface deformation.

The physical meaning of this result is extremely simple: in the case of a large grav-
ity force and a finite difference in densities, the gravity forces suppress perturbations
of the horizontal interface. This conclusion is invalid if the difference in the fluid den-
sities is small. If the difference in the fluid densities is comparable to the difference
in the densities due to nonisothermality, the interface can be expected to deform sig-
nificantly, and these deformations have a significant effect on convective phenomena.
Thus, it becomes clear which method should be used to generalize the Boussinesq
approximation to the case of a deformable interface. Simultaneously with the limit-
ing transition Ga — oo, it is necessary to direct to zero not only 3,6, i. e., the relative
temperature inhomogeneity of density, but also the relative difference in the fluid den-
sities

€= (001 — 002)/ (001 + 002)- (7.37)

At such a limiting transition, the products Ga j, 6, and Ga ¢ should remain finite. The
use of equations of free convection of a compressible fluid does not seem reasonable
because they are too cumbersome. Moreover, they contain certain phenomena that are
not relevant for our analysis and do not permit the effective study of many problems
of practical importance.

The procedure described above for limiting transition yields thermal convection
equations that coincide with equations (7.35)—(7.36); however, now we have py; = 0, =
0o in equation (7.35).

The boundary conditions (7.34) remain unchanged, except for the balance condi-
tion of stresses on the interface, which acquires the following form:

- [pln + [D]ln + [p]g{n = 20Hn. (7.38)

Thus, the difference in the fluid densities po; — 00, is taken into account only in
one place: in the term containing the gravity force in condition (7.38).

2. Stability of convective equilibrium of a two-layer system

Let us consider a system of two immiscible fluids bounded by two horizontal solid sur-
faces z = +h. The boundaries have different constant temperatures 6;, and 0,,. The
convection equations and boundary conditions on the interface formulated above ad-
mit a steady solution corresponding to the mechanical equilibrium of the fluids with
a flat horizontal interface. Let the fluids occupy identical fractions of the system vol-
ume, so that { = 0 in equilibrium. The temperature distributions in the layers are
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determined by thermal conduction:
91 = 910 + (h +Z)A1,
92 = 920 + (h - Z)Az,
Ay = 15(050 — 610)/[h(; + 7))
A; = x1(050 — 61p)/[h(x; + 1)),

(7.39)

whereby the velocity is v; = 0.

Let us formulate the problem of stability of mechanical equilibrium to small per-
turbations. Linearizing the full problem, we obtain the following boundary-value
problem for perturbations of velocity, temperature, and pressure in each fluid:

1 av,.
ﬁ y = —VP] + V]AV] + RaﬁjTje3,
T, (740)
] .
? ZX]AT] +A]V] . e3, div V] = O;

z=41: V=0, T=0,
z=0: V=V, -AN+T, =-AN+T,,

oT, 3T, oV,  aVy

1§=Kz§> 21 5% =V Py (7.41)
oV, ov.
-(01-p2) - GaN+2<vla—ZlZ —vza—zzz) = WeA,N,
oN
— =V-e,
ot €

Here, A, is the Laplace operator in the variables x, y. Equations (7.40)—(7.41) are writ-
ten in the dimensionless form. The following scales are used: h for distance, K /x. for
time, , /h for velocity, x,v,0,/h* for pressure, and 0 = (6, — 6,)/2 for temperature.
The scales for the coefficients of kinematic viscosity v, , thermal diffusivity y, , thermal
conductivity k, , thermal expansion f,, and equilibrium temperature gradients A, are
their mean arithmetic values.

The boundary-value problem (7.40)—(7.41) also involves the following dimension-
less parameters: Prandtl number Pr, Rayleigh number Ra, Weber number We, and
Galileo number Ga:

Y« Ca= gﬁ_@hB We = oh Ga (0, - Ql)ghB.

Pr=—, , )
X« ViX s« ViX+00 M X«

The Galileo number Ga is defined so that the positive value refers to the case where
the heavier fluid is located above the less heavy fluid, i. e., stratification is potentially
unstable. With this choice of the scales, the following relations are satisfied:

VitV =2, Bi+B=2 X1+X2=2 K +Ky=2,
Al + Az = 2, A1K1 = Asz.
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Thus, the problem is characterized by seven independent dimensionless parame-
ters; if the fluid parameters are fixed, the following three independent parameters are
left: Ra, Ga, and We.

Let us consider normal perturbations proportional to exp(At + ik - x), where A is
the increment and k is the wave vector. For the amplitudes of normal perturbations,
we obtain the spectral boundary-value problem

% l]] = —le] + V]'LU',
% W; = -Q;j + ;LW + Ra;T;, (742)

AT = LT, + A;W;, W +ikU; = 0;
z==1: Uj:szO, Tj=0,
z=0:U =U, W, =W,=AN,
T,-AN=T,-A,N, xT,=xT, wU =vU,
—(Q, - Q) - GaN +2(v;W] —v,W;) = - We k’N.

(7.43)

Here, we use the following notations for the amplitudes of normal perturbations:
U, W, T, and Q are the projections of velocity, vertical components of velocity, tem-
peratures, and pressures onto the wave vector direction. The prime denotes differ-
entiation with respect to the z coordinate, and L = dz/dz2 - k%. The eigenvalues of
the spectral problem (7.42)—(7.43) are the increments A as functions of the problem
parameters and the wave number k.

3. Long-wave instability of equilibrium
Problem (7.42)-(7.43) does not permit an analytical solution for arbitrary values of the
parameters. Nevertheless, there is an important particular case which does permit a
fairly deep analytical analysis: long-wave perturbations.

At k = 0, the problem has a solution which describes neutral monotonic pertur-
bations corresponding to the shifting of the horizontal interface as a whole along the
vertical coordinate:

Ui=0, W;=0, T;=(k-k)AN(z-(-1))/2. (744)

We can see that all remaining perturbations at k = 0 are decaying. In passing to
small non-zero wave numbers, the perturbations, generally speaking, are no longer
neutral. Let us present the solution of the spectral problem (7.42)—(7.43) in the form of
series in the small parameter k:

A=A + KA, + -+, Uy = KkUyj+ KUy + -+,
Vl/j:kW1j+l<2W2]-+---, TJ.:TOj+kT1]‘+...,
N=Ny+kN;+---.
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The calculations show that A; = 0; for A,, we have the expression

_ 12[v] + 56[x] -56[B] - 3[x][Bl[v] ] Ra + 2Ga _
480(16 - 3[v]?) 3(16 - 3[v]?)

A (7.45)
The correction to the increment A, depends linearly on the Rayleigh number Ra and
Galileo number Ga; it also depends in a more complicated manner on the ratios of vis-
cosities v, /v,, thermal conductivities k; /x,, and volume expansion coefficients f3;/8,.
The Prandtl number Pr, the Weber number We, and the thermal diffusivities of the flu-
ids x; and y, do not affect the stability of the system under long-wave perturbations.
The coefficient at Ga is positive, i. e., as could be expected, the excess of the density
of the lower fluid over the density of the upper fluid is a stabilizing factor. At identical
thermal conductivities, long-wave instability is absent (at Ga < 0); the mechanism of
instability is possibly related to the difference in the temperature gradients in different
fluids. In the particular case of identical viscosities, we have

A, = 7Ra[x]([x] - [B1)/960 + Ga /24. (7.46)

Long-wave instability can occur under heating both from below and from above,
depending on the ratios of the coefficients of thermal conductivity and volume expan-
sion. The expression for the increment (7.45) determines the boundary of long-wave
instability on the plane determined by the Galileo number Ga and the Rayleigh num-
ber Ra. This boundary is a straight line passing through the origin; the domain of in-
stability is located to the right of the boundary (at large values of Ga). To the left of this
boundary the long-wave perturbations decay, but cellular perturbations with a finite
wavelength can increase.

4. Instability of cellular perturbations
The analysis of instability at finite wave numbers requires numerical calculations.
To analyze the boundary-value problem (7.42)-(7.43), we constructed a system of
independent partial solutions satisfying the conditions on the solid boundaries
z = #1. Requiring the boundary conditions on the interface to be satisfied, we ob-
tain a characteristic equation which allows us to determine the boundaries of sys-
tem stability. Detailed calculations in the full statement were performed for a sys-
tem consisting of formic acid and transformer oil. Stability of this two-layer system
was previously studied in [69] under the assumption that the interface is nonde-
formable. The system has the following parameters: [x] = —0.838, [y] = —0.334,
[v] = 1.756, and [B] = —0.393. The Prandtl number for this pair of fluids is 176. The
boundary-value problem (7.42)-(7.43) was solved numerically by the differential sweep
method.

Figures 7.3-7.5 show the neutral curves Ga(k) for the Weber number We = 0 and
different values of the Rayleigh number. It follows from the structure of the general
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Figure 7.3: Neutral curves Ga vs wave number k for Weber number We = 0 and different values of
Rayleigh number Ra.
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Figure 7.4: Neutral curves Ga vs wave number k for We = 0, Ra = 300.

dispersion relation that the neutral curves of monotonic instability Ga(k) are single-
valued. Figure 7.3 shows the neutral curves Ga(k) for Ra = 50 (curve 1), 100 (2 and 3),
and 200 (4 and 5) with Ca = 0. Curve 1is the boundary of stability to monotonic cellular
perturbations. The domain of instability is located above the neutral curve. As the
Rayleigh number increases, the local maximum on the curve Ga(k) at k = O turns
to a minimum, but long-wave perturbations still remain less dangerous than cellular
perturbations (solid curves 2 and 4). A domain of vibrational instability appears in

EBSCChost - printed on 2/13/2023 8:45 PMvia .

Al use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

7.2 Instability of a liquid layers with an interface = 209

500
Ga

1 2
0

5

4 3
—500
0 5 k10

Figure 7.5: Neutral curves Ga(k) for Ca = 0 and Ra = 350; curves 1-3 refer to monotonic perturba-
tions; curves 4 and 5 refer to vibrational perturbations.

the vicinity of the local maximum of the curve Ga(k) (dashed curves 3 and 5). With
increasing Ra, the minimums of these curves rapidly decrease in the plane Ga —k, and
vibrational perturbations become more dangerous than monotonic perturbations. At
high values of Ra, the neutral curve has two discontinuities.

Figure 74 shows the neutral curves Ga(k) for Ra = 300 and Ca = 0. Curves 1-3
mark the boundaries of stability to monotonic perturbations. The domains of instabil-
ity are located above curves 1 and 2 and below curve 3. The neutral curve of vibrational
perturbations (curve 4) connects the neutral curves of monotonic perturbations. For
this value of Ra, the interval of the values of Ga at which all perturbations decay is
bounded both from above and from below. With a further increase in Ra, (Figure 7.5),
the interval of stability vanishes, and the equilibrium state is unstable for all values
of Ga. The connection of the neutral curves changes: the neutral curve of vibrational
perturbations (curves 4 and 5) consists of two components connecting curves 1, 3 and
2, 3. The neutral curves shown here correspond to Ra = 350.

Figure 7.6 shows the pattern of stability in the plane Ga—-Ra for We = 0. The
boundaries of stability to the most dangerous monotonic (solid curves) and vibra-
tional (dashed curve) perturbations are marked. Curve 1is the boundary of stability to
cellular monotonic perturbations with finite values of k. With increasing |Ga|, curve 1
transforms to a horizontal asymptotic curve Ra =~ 282 (dot-and-dashed curve in Fig-
ure 7.6). The wave number of the most dangerous perturbations tends to k = 2.7. Let us
recall that the case with large values of |Ga| corresponds to a nondeformable interface.
The asymptotic value of Ra indicated above generally agrees with the results of [69].
The instability mechanism over the entire curve 1 seems to be the same as in the case
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Figure 7.6: General forms of stability for equilibrium state (7.39).

of a nondeformable interface [69]. It is of interest to increase the critical value of Ra
with decreasing |Ga| (with increasing interface deformability).

In the range of small values of |Gal, the most dangerous perturbations are of a
different nature: they are traveling waves. The critical values of Ra decrease with de-
creasing |Ga| (curve 2 bounds the domain of instability from above). The phase velocity
of the traveling perturbations is smaller than the phase velocity of gravitational waves
on the interface by several orders of magnitude.

In the interval |Ga| < 2, the most dangerous perturbations are again monotonic
perturbations. The corresponding boundary of stability in the plane Ga — Ra is almost
a straight line (curve 3), which passes through the origin and merges with the axis Ra
in the scale used in Figure 7.6. Its angular coefficient is approximately 38.8.

In the case of heating from above (Ra < 0), the domain of instability is bounded
on the right by the axis Ra. This result is trivial: if the upper fluid is less heavy (Ga < 0),
then stratification is potentially stable in the entire volume. At Ga > 0, the usual
Rayleigh-Taylor instability occurs, and the wavelength of the most dangerous pertur-
bations is extremely small. The reason is obvious: at small values of Ga and heating
from above, unstable stratification is possible in a small area near the interface, which
imposes the spatial scale of the growing perturbations. As Ga — 0, the wavelength of
the most dangerous perturbations tends to zero.

Let us now discuss the effect of capillarity on equilibrium stability. The structure
of the boundary-value problem on equilibrium stability is such that the parameter We
is involved only within the boundary conditions in the combination Ga —k? We. It is
clear from this how the neutral curves Ga(k) behave as the Weber number increases:
the critical Galileo number also increases; the greater the wave number, the more in-
tense the increase in the Galileo number.
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For all values of Ra and rather large values of We, the most dangerous perturba-
tions are the long-wave perturbations for which the minimum critical Rayleigh number
is determined by the simple expression Ra =~ —68.15 Ga.

At intermediate values of We, the order of the changing of the most dangerous
perturbations is determined by the Rayleigh number. At Ra < 80, there is no vibra-
tional instability, and instability to cellular perturbations changes at a certain critical
value of We to long-wave instability. As is seen from Figure 7.3, at Ra = 50 this change
occurs at We = 9. At high values of Ra, when vibrational instability occurs it is also
replaced by long-wave monotonic instability.

At Ra > 282, when a discontinuity of the neutral curve appears at We = 0 (see
Figure 7.4), the domain of stability vanishes with enhancement of capillarity, i. e., in-
stability is observed for all values of Ga.

For real media and real laboratory conditions, the parameter We is usually rather
large; therefore, the domain of stability in the Ga — Ra diagram can be expected to be
bounded by two straight lines: Ra = 282 and Ra = —-68.15 Ga. The numerical calcula-
tions performed at We = 10° support this conclusion.

7.3 Convection in a rotating fluid layer under microgravity
conditions

1. Formulation of the problem

It is known that the state of solid rotation of a viscous incompressible homogeneous
fluid possesses a large stability margin. A natural question arises: Is it possible to
destabilize this state by cooling the fluid near the axis of revolution and heating the
fluid at the periphery? This issue is discussed in this section. It is especially important
in studying thermal convection under microgravity conditions.

To simplify the problem formulation, we assume that the field of velocities, pres-
sure, and temperature possesses rotational symmetry. In addition, we assume that the
only external mass force acting on the fluid is the centrifugal force. Applying usual as-
sumptions used in deriving the Oberbeck-Boussinesq equations from the full Navier—
Stokes equations [68], we can write the equations of momentum, continuity, and en-
ergy in the form

2

v u
U + U, + WU, — 20V — — = ——Dp, + v(Au - —2> - W’prb,
r 0o r

uv v
Ve + UV, + WY, + 200U + - :V<Av— ﬁ)
1 (7.47)
Wi + UW, + ww,, = Q—pz + vAw,
0

u
u +—+w,=0,
r

0; +ub, + wh, = yAG,
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where
”? 10 &
o ror oz
means the axisymmetric part of the Laplace operator.

Equations (7.47) are written in a coordinate system rotating with a constant an-
gular velocity w relative to the initial inertial system. The axis of revolution coincides
with the z axis of the cylindrical coordinate system r, 6, z. The radial and axial com-
ponents of velocity and the deviation of the angular component of the velocity vector
from the solid rotation velocity wr are indicated by u, w, and v, respectively. The quan-
tity p characterizes the deviation of pressure from the equilibrium value, g, w’r?)2,
and @ is the deviation of temperature from a certain mean value.

The next simplification of the problem is related to choosing the geometry of the
flow domain Q. Let Q be a cylindrical layer b; < r < by, |z| < a. The following condi-
tions have to be satisfied: the no-slip condition for velocity on the boundary o0 Q,

u=v=w=0, (r,z)eoQ, t=0, (7.48)
the condition for temperature on the cylindrical boundaries of the layer
0=6,, r=b, |zl<a 0=0, r=b, |zl<a t=0 (7.49)

(6, and 6, are specified constants), and one of the conditions on the flat boundaries:
1
0=y@r)= ——— [(6, - 0) In(r/a) + 6, In(b,/a) - 6, In(b,/a)],
y(r) In(b,/by) [(6, - 6)) In(r/a) + 6; In(b,/a) - 6, In(b, /a)] (750)

by<r<b,, z=ta, t>0
(ideally conducting boundaries) or
0,=0, by<r<b,, z=za, t>0 (7.51)

(thermally insulated boundaries). The problem formulation is closed by the initial
conditions
u=uy(r,z), v=vyrz), w=wyrz),

(7.52)
0=0y(rz2), (rz)eQ, t=0.

Here, we do not discuss the issues of solvability and the qualitative properties of
the solution of the initial-boundary problem (7.47)—(7.52) (or (7.47)-(7.49), (7.51), (7.52));

we consider rather its limiting variant with b; — 0, b, — oo below. Here, we only note
that system (7.47) for all values of the parameters admits the exact solution

r
Uu=v=w=0, p= —gowzﬁ J sy(s)ds, 0 =y(r); (7.53)
0

here the function y(r) is determined by equality (7.50). This solution satisfies both the
boundary conditions (7.48)—(7.50) and (7.48), (7.50), (7.51).
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2. Linear model
Denoting

F=0-yr), q=p+oow’B j sy(s) ds (754)
0

and linearizing system (7.47) on its solution (7.53), we obtain

1
U — 2wy = o q, + v<Au - %) - w’pré,

Ve + 2wu = v(Av - %) w; = —Qi q, + VAw, (7.55)
r 0

u,+$+wz=0, Ft+]%=)(AF,

where B = (6, - 61)[1n(b2/b1)]‘1. In what follows, we assume that the planes z = +a
have an infinite thermal conductivity (this assumption allows further simplifications).
Then, it follows from egs. (7.49), (7.50), and (7.54) that

F=0, (rz) eoQ. (7.56)

Seeking for the solution of system (7.55) in the form of normal oscillations, we ob-
tain (by virtue of egs. (748) and (7.56)) a spectral problem for determining the complex
(generally speaking) frequency A and the amplitudes of normal oscillations. We do not
write this problem here, but we assume that it satisfies the “principle of monotonicity
of perturbations” [68]: A = 0. Thus, a complicated spectral problem is replaced by a
simpler problem: we need to find the values of the parameter B at which the system

1 u 5 v
2wv=-—q,+Vv|Au- = |-wPrF, 2wu=v|Av-— |,
00T < r2> B ( r2>

1
0=-—gq, +VvAw, (7.57)
Qo

B
u,+$+wz=0, 7“:)(AF

has a nontrivial solution satisfying the homogeneous conditions (748) and (7.56).

Let us demonstrate that there is a linear dependence between the functions F and
I' = rvin the solution of the posed problem. Indeed, by virtue of the second equation
in (7.57), we have

wu _ar
r

and, moreover, I' = O for (r,z) € 0Q, as it follows from eq. (7.48). It follows from this
and from the last equation of system (7.57) that the function G = BvI' — 2wyF is an
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axisymmetric harmonic function in the domain Q. As we have G = 0 on the boundary
of this domain, then G = 0 everywhere in Q; therefore, we obtain

_ BPIT
T 2w

F , (rz)eQ, (7.58)

where Pr = v/y is the Prandtl number.

Let us introduce dimensionless variables, using a, aw, g, aw?, and B as scales of
length, velocity, pressure, and temperature, respectively. Then we substitute the ex-
pressionsr = ar, z = az, u = awi, v = awv, w = aww, q = Qoa2w2q, and F = BF into
egs. (757) and take into account equality (7.58). Omitting the bar over the dimension-
less independent variables and the sought functions, we obtain the system of equa-
tions

15 (ePr-4)yv=-q, +Au- %, 2Ru = Av — 12,
2 r r (7.59)

u
0=-g, +Aw, u,+7+WZ=0,

where R = a’w/v is the Reynolds number and € = B is the Boussinesq number. The
system should be solved in the domain I = {r,z : a; < r < a,,|z| < 1} under the
conditions

u=v=w=0, (r,z)eoll (7.60)

(&, = by/aand a, = by/a).

Let us demonstrate that the boundary-value problem (7.59), (7.60) has no nontriv-
ial solutions if € Pr < 4. We multiply the first equation in (7.60) by u, the second equa-
tion by (1 - € Pr /4)v, and the third equation by w; then, we sum up the results and
integrate the resultant equality over the domain IT with the weight r. After that, we
perform integration by parts with the use of the continuity equation (7.59) and the
boundary conditions (7.60). Finally, we obtain the relation

G

]

1

1 2, W 1 2 V) 2 2
J[ur+r—2+uz+<1—ZsPr><vr+ﬁ+vz>+wr+wz]rdrdz:0,
-1

which yields the needed statement. Thus, under the assumption that perturbations
are monotonic, we obtain the necessary condition of instability of quasi-solid rotation
of the fluid under the action of the radial heat flux along ideally conducting bound-
aries to axisymmetric perturbations:

ePr> 4. (7.61)
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3. Infinite layer

The last simplification implies that a; tends to zero and a, tends to infinity. In this
case, the domain II transforms to an infinite layer £ = {r,z : r > 0,|z] < 1}, and the
only possible equilibrium distribution of temperature has the form

6=Alnr+C,

where A and C are constants. The equations of the spectral problem retain the form
(7.59), but they should be solved in the domain Z; in addition, the definition of the
Boussinesq number becomes different: £ = BA. System (7.59) is supplemented with
the boundary conditions

u=v=w=0, r>0, z==I1 (7.62)
It turns out that problem (7.59), (7.62) has a simple exact solution
u=réz), v=m@), w={@), q=0@) -k’ (7.63)

where k = const. Substituting egs. (7.63) into egs. (7.59), we obtain

R
—(ePr-4)n=-k+¢&", 2RE=7n",
5 ( n 4 §=n (764)

2+ =0, {"-0"=0, |z|<1,

where the prime means differentiation with respect to z. Conditions (7.62) lead to the
following boundary conditions for the functions ¢,1n, and ¢:

E=n=(=0, r>0, z=+1L (7.65)

Thus, after numerous simplifications of the initial formulation of the problem, we ob-
tain a very simple, but still meaningful spectral problem (7.64), (7.65).

Eliminating the function n and the constant k from the first two equations of sys-
tem (7.64), we obtain the equation

&V -pie=o, (7.66)

where y‘* =R (e Pr—4). For this equation, however, it is impossible to formulate a
self-adjoint eigenvalue problem. Therefore, we pass from eq. (7.66) to its corollary

é«(VI) _ }145” = 0. (7.67)
The boundary conditions for eq. (7.67) have the form

.{ _ €IV =0, z=+1, .{H(_l) _ f"(l), 5”’(_1) _ f’”(l). (7.68)
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The second condition in system (7.68) is a corollary of eq. (7.66). The condition relating
the values of ¢ at the end points of the segment [-1, 1] follows from the first equation
of system (7.64) and from the equalities n(-1) = n(1) = 0. Finally, one more nonlocal
condition (the last equality of system (7.68)) is obtained from eq. (7.66) and from the
relation

1

J{&:Q

-1

which follows from the third equation of system (7.64) and from the conditions {(-1) =
¢() =o.

It is convenient to divide the eigenfunctions of problem (7.67), (7.68) into two
groups: even and odd eigenfunctions. For even values of £, we have & = Cy+ C; chuz +
C, cos pz, and the corresponding characteristic equation is

thyu =tgu. (7.69)

The smallest positive root of eq. (7.69) is y; , ~ 3.927. The presentation of the odd eigen-
functions of problem (7.67), (7.68) has the form ¢ = C; sh uz+C, sin piz. They correspond
to eigenvalues that are the roots of the equation

sinpy = 0. (7.70)

The smallest positive root of eq. (7.70) is p; o = 7 < py .. Thus, odd perturbations are
the most dangerous perturbations in the problem considered.

It is of interest that the spectrum of problem (7.67), (7.68), which is determined by
egs. (7.69), (7.70), exactly coincides with the spectrum of the problem of plane pertur-
bations of the equilibrium state of the fluid between ideally heat-conducting vertical
parallel infinite planes [68, 153]. The conditions of stability of the equilibrium state of
anonisothermal rotating layer and a plane vertical layer of a heavy fluid, however, are
essentially different.

Recalling the definition of the parameter u and using the Rayleigh number Ra =
€R? Pr in our considerations, we can write the expression for the critical Rayleigh num-
ber Ra, in the form

Ra, = 71" + 4R%. (7.71)

In the case of a plane layer, the Rayleigh number is defined as Ra = ga’BA/vy,
where g is the acceleration due to gravity, a is the half-width of the layer, and A is the
coefficient in the linear dependence of the temperature of the layer boundaries on the
vertical coordinate. In this case, the critical Rayleigh number for plane perturbations
is m*, and it is always possible to surpass this value with a fixed Boussinesq parameter
€ = BA by increasing the width of the layer.

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

7.3 Convection in a rotating fluid layer under microgravity conditions =— 217

Concerning the rotating fluid layer, we can see that it can be destabilized by in-
ducing a radial heat flux from the periphery toward the axis of revolution only if in-
equality (7.61) is satisfied. A corollary of this inequality is the presence of the term 4R?
in eq. (7.71), which characterizes the “stability margin” of solid rotation of the fluid.
Inequality (7.61) imposes extremely severe requirements to the fluid nature. It is obvi-
ously invalid for media such as air and water. Taking into account that the value of €
usually does not exceed 107>, we can expect that the condition Ra > Ra, is satisfied
only for fluids with extremely high Prandtl numbers.

4. Effectively one-dimensional motions
In this section, we discuss the exact solutions of system (7.47), in which the depen-
dence of the sought function on r has a special form

u=rf(z,t), v=rgzt), w=wzt),

2

Lk ea ﬁw2<iln£—r—>+h(z t) (7.72)
P=3 Qo 2 a 4 7 ’

0=A1n£ +S(z, 1),

where A and a are the constant dimensions of temperature and length, respectively.
Solution (7.72) was obtained in [180] by using the approach proposed there, which
allows obtaining new solutions of hydrodynamic equations on the basis of partially
invariant solutions.

The system for determining the functions f, g, w, K, h, and S is

fi + wf, - 2wg +f2 - g2 = —961]( +Vfy, — wZBS,
8t W8, +20f +2fg =vg,,, 2f+w,=0, (7.73)

S +wS, + Af =xS,,, Wi +ww, = —951 h, +vw,,.

The form of solution (7.72) suggests its possible physical interpretation. The fluid fills
the layer between the solid planes z = +a rotating with the angular velocity w around
the z axis. The no-slip condition is satisfied on these planes. A velocity distribution
correlated with egs. (7.72) is prescribed in the layer at the initial time. Heat sinks or
sources with a constant linear density -2 Ak (k is the thermal conductivity coefficient
of the fluid) are distributed over the axis of revolution. The planes bounding the fluid
ensure ideal heat conduction. These conditions induce the following formulation of
the initial-boundary problem for system (7.73):

f= 1 wo(z), g=80(2), w=wy(2),

2 (7.74)
S=S,(2), lzl<a t=0;
f=g=0, w=0, S=0, z=z%a, t>0 (7.75)
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(Wo, 89, and S, are given functions of z). Instead of the last condition of system (7.75),
it is possible to use the condition S, = O at z = +a, t > 0, which means that the planes
z = +a are thermally insulated.

Let us now transform the equations of system (7.73). Firstly, we have to note that
the function h is involved only into the last equation of this system. If w is known,
this function is reconstructed by the quadrature and is determined with accuracy to
an arbitrary term depending on t only. The function K(t) involved into the first equa-
tion of system (7.73) can be also eliminated from considerations. For this purpose, we
integrate the equation containing K from —a to a with respect to z and use the equality

a
J flz,t)dz=0, t=0,
-a

which follows from the third equation of the system and from conditions (7.75) for w.
The resultant relation can be written in the form

2wz +3f°-g° = -0y K+ % [f.(at) - f,(-a,t)] - w* BS = 0.

The bar over the function means its mean value over z in the interval [-a, a]. It follows
from here and from the first equation of system (7.73) that

fi-2, Jf(x,odx—zw(g—g)+f2—3f2—g2+g2

-a

= Ve - - @) - £(-a,0)] - " BS - 5). (776)

In deriving eq. (7.76), we used the equality
z
w(z, t) = -2 J fot)ydx, t=0,
-a

which follows from the third equation of system (7.73) and from the condition
w(-a,t) = 0.

Substituting the expression for w into the second and fourth equations of system
(7.73), we obtain the relations

z
8 - 28 | FOn.0)dx + 26f +2fg = vg..i (777)
—-a

S, - 25, j £ t)dx + Af = xS,,. (778)
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Equations (7.76)—(7.78) form a closed system, which should be supplemented with ini-
tial and boundary conditions. These conditions are actually contained in system (7.74),
(7.75); for continuity of presentation, however, we write them again:

f=fo@), g=802), S=Sy2), lzl<a, t=0; (7.79)
f=g=0, §=0, z=za, t>0 (7.80)

(here, we have f, = -w;/2).

System (7.76), (7.77) is not standard because of the presence of the expression
f,(a,t) - f,(-a,t) in eq. (7.76) rather than because of the presence of integral terms.
Nevertheless, the estimates of solutions in the Holder classes similar to those obtained
in [116] are valid for its linearized version. This fact allows us to prove a local theorem
of existence of the solution of problem (7.76)-(7.80).

Statement 7.1. Let us assume that the functions f;, gy, and S, belong to the Holder
class C***[-a,a], 0 < a < 1, and the matching conditions f, = g, = 0, Sy = 0, g4 = 0,
and S{ = 0 are satisfied at z = +a,

208, - 3f2 + 85 = vfy (xa) - v[f'(a) - f'(-a)] + w® BS,.

Then, there exists a value of T > 0 such that problem (7.76)—(7.80) has a solution and
this solution is unique: (f,g,S) € C****%2([—a,a] x [0, T]).

The proof of this statement has a routine character and is not presented here.

5. Concluding remarks

The main conclusion is that thermal convection in a rotating cylindrical layer of an
imponderous fluid under axisymmetric heating can be excited by perturbations of
the same symmetry only if the fluid has a large Prandtl number. In Section 7.2, this
statement is proved under the assumption that the flat boundaries of the layer ensure
ideal heat conduction. If these boundaries are thermally insulated, then the statement
is still valid, but the necessary condition of instability has a more complicated form
than eq. (7.61) and is not given here.

It is theoretically possible that nonaxisymmetric perturbations can turn out to be
more dangerous than axisymmetric perturbations. By intuition, we can tell that this
may happen if the gap between the cylinders is small (b, — b; < a) if it is possible
at all. It would be interesting to prove this hypothesis or to confirm its validity by nu-
merical experiments. The principle of monotonicity of perturbations also has to be
proved, though there are no grounds to doubt its validity for the problem considered
here.

The existence of real eigenvalues of problem (7.59), (7.60) deserves special consid-
eration. Here, it may be useful to re-formulate the problem considered in terms of the
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stream function i as

By =y"y,, (rz) ell (7.81)

Y=0, (rz) edll (7.82)

Y, =0, Ep=0, r=a, r=a, Jz|<L; (7.83)
Y,=0, ay<r<a, z==l (7.84)
EY(-1,r) =EP(Lr), a<r<ay (7.85)
EY,(-1,r)=-EP,(L,r), a;<r<a, (7.86)

if i is an even function of z or

EP(-1,1) = -EP(Lr), a4 <1<y (7.85)
EY,(-1,r) = Ep,(L,r), a;<r<a, (7.86")

if i is an odd function of z. As previously, we have u* = R?(e Pr—4), and E is the Stokes

operator:
(10 o
E=r>(-2)+ 2.
rar<r ar>+ 0z2

If the solution of problem (7.81)—(7.86) or (7.81)-(7.84), (7.85'), (7.86') is known, then
the velocity field is determined by the formulas

u= r’llpz, w= —r’ll,[),, V= ZR;[4 E21/).

The latter comment refers to the nonlinear one-dimensional model of convective
flows in an infinite rotating layer (7.76)—(7.80). In addition to obtaining the conditions
of solvability of this problem as a whole with respect to time, it is also of interest to
perform numerical experiments to trace the evolution of nonlinear perturbations of
the trivial solution of the problem in a situation where it is unstable (i. e., at Ra > Ra,,
where the critical Rayleigh number is determined by eq. (7.71)).
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8 Small perturbations and stability of plane layers in
the microconvection model

In this chapter, equations of small perturbations of arbitrary motions of the fluid in
the microconvection model are derived. Stability of the equilibrium state of a plane
layer bounded by solid walls or by a solid wall and a free boundary is studied with
the use of these equations. The asymptotic behavior of the complex decrement in the
cases of long-wave and short-wave perturbations is found. Results obtained by solv-
ing the full spectral problem for a silicon melt are presented. In contrast to the clas-
sical Oberbeck-Boussinesq model, the perturbations in the problem considered here
are nonmonotonic, because the boundary-value problem is not self-adjoint. For small
Boussinesq numbers, the spectrum of this problem is demonstrated in order to ap-
proximate the spectra of the corresponding problems for a viscous heat-conducting
fluid or for thermal gravitational convection with a finite Rayleigh number.

Stability of steady flows in a plane layer with linear and exponential distributions
of temperature across the layer is studied. The flows are found to be stable to long-
wave perturbations. Neutral curves are constructed numerically, and critical Grashof
numbers for a silicon melt are obtained. Instability in the microconvection model is
shown to occur at lower values of the wave number. This effect is caused by fluid com-
pressibility. The results described in this chapter are based on previous publications
[9, 11, 13, 31, 14, 23, 15].

8.1 Equations of small perturbations

Let us assume that w(x, t) = w(x, t) + W(x, 1), (X, t) = q(x,t) + Q(X, t), 0 =0x1t)+
T(x,t), where W, Q, and T are the perturbations and w(x, t), g(x, t), and O(x, t) form the
main solution of the microconvection system (4.49)—(4.51) written in the dimensional
form; the functions w, g, and © are the solutions of the same equations. It obvious
that

divW = 0. (8.1)
In the linear approximation, we have

0-VW-V-VO = (VO + VT) - (VW + VW) — (VW + VW) x (VO + VT)
=VO- -Vw+ VO -VW
+VT-VW-VW VO - Vw-VT - VW -VO
=(VO - -Vw - Vw-VO)
+(VO-VW - VW .V0) + (VT - VW — Vw - VT). (8.2)

https://doi.org/10.1515/9783110655469-008
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Therefore (® means tensor multiplication), we obtain

VO o VO - V|VO[*/2 = (VO + VT)(VO + VT) - V|VO + VT|*/2
~ VO & VO + VOVT
+VTVO - V(VO - VT) - V|VO|*/2
= (VOVe - V|0]%/2)
+VOVT + VTVO - V(VO - VT).

The vector analysis formula predicts that
V@a-b)=a-Vb+b-Va+axrotb+bxrota.
Ifa=VO, b = VT, then rot a = rot b = 0; therefore, we obtain

VO ® VO - V|VO*/2 ~ (VO & VO - V|O|*/2) + VOVT
+VTVO - VO - V(VT) - VT - V(VO) (8.3)

in the same approximation. For the right-hand side of eq. (4.49), we have

1+ BO)(-Vg +vVw) = (1 + B0 + BT)(-Vq - VQ
+VvVw + vYWW)
= (1+f0)(-Vgqg +vVw)
+ (1+BO)(-VQ + vWW) + BT(-Vq + vVW). (8.4)

For the energy equation (4.51), we obtain

VO] = VO + VT|? = VO[> + 2VO - VT; (8.5)
(1+ B0 + BT)(VO + VT) =~ (1+ fO)VO + (1 + BO)VT + BTVO. (8.6)

Now, the equation of momentum in the linear approximation becomes

W;+w-VW+W.-Vw + y(VO - VW - VW - VO + VT - Vw — Vw - VT)
+B*X*(VOVT + VIVO - VO - V(VT) - VT - V(VO))
=(1+B0)(-VQ +vVW) + BT(-Vq + vWw). (8.7)
Here, we take into account that w, g, and © form the solution of eq. (4.49) and the
“equalities” (8.2)-(8.4).

The energy equation (4.51) in the same approximation, with allowance for egs.
(8.5) and (8.6), takes the form

T,+w-VT+W-VO +28yVO - VT = (1+ BO)VT + BYTVO. (8.8)

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



8.1 Equations of small perturbations =—— 223

The boundary condition (4.53) and § = 6|y (the first boundary condition for tem-
perature) are

W+pVI =0, T=0. (8.9)
We have to add the initial conditions
W=Wyx), divWy=0, T=Tyx) at T=0. (8.10)
It should be noted that

VO-VW-VW.VO =VO -VW -VO . (VW)*
=VO-VW-VO-W-V0O xrot W
=rot W x V0.

Similarly, we have
VT -VW-VW-VT =rotwx VT

(in eq. (4.49), we have VO - VW — Vw - © = rot w x VO).
The identity a - (Vb)* = a- Vb + a x rot b is used here.
Taking into account the last equalities, we write the full problem as
divW = 0; (8.11)
W; +w-VW + W - VW + fy(rot W x VO + rotw x VT)
+BY*[VOVT + VTVO - VO - V(VT) - VT - V(VO)]

= (1+B0)(-VQ + +vWW) + BT(-Vq + vVW); (8.12)
T;+wW-VT +W-VO +28yVO - VT = (1 + BO)VT + fxTVO (8.13)
in the domain Q;
W+pVI =0, T=0, (8.14)
or
oT
W + ByVT =0, o +bT =0 (8.15)

on the solid surface I
In eq. (8.12), we can assume that VO - (VT) — VT - V(VO) = V(VO - VT), and the
expression at 8%y is (see (4.52))

div[VO® VT + VT ® VO - 2]VO - VT].
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224 — 8 Small perturbations and stability of plane layers in the microconvection model

For convenience, we write here the linearized system (8.11)—(8.14) in the coordi-
nates. For this purpose, we use the equalities
rot W = (W5, — W, Wy, — W5, W, — W) = (Qy, Qy, Q3),
TOtW = (W3, — Wy, Wiy — W3y, Wy — Wyy) = (W, W), W3),
rotWx ve = (0,0, - 0;0,,0;0, - 0,6,,0,0, - Q,0,)
and a similar equality for rot w x VT (in the latter equality, we have to use the replace-
ments W < wand © < T).
The system takes the following form:
Wi + wy Woy + wo Wiy, + w3 Wy, + Wiwy + Wowyy, + Wiwy,
+ B [(Wy, = W3,)0, — (Wy, — W3Oy + (Wi, — w3 )T,
— (W —Wy)T, ] + BX°[VOT, + VTO, - (VO - VT),]
= (1+BO)(~Qy +VVW)) + BT(~q, +VVWy),
Wt + Wi Wy + Wo Wy, + WsWo, + Wiw,, + Wowsy, + Waw,,
+ BUWae = Wiy)0, = (W, = Wy)O, + (W~ wy))T,
— (W3, - wy,)T,] + BX°[VOT, + VTO, - (VO - VT),]
= (1+BO)(-Qy +vVVW;) + BT(-q, +VVW,),
W3 + wy W3, + w2W3y + w3 W3, + Wyws, + W2w3y + Wiws,
+ BY[(W3, = W,)0, — (W, — W3,)0, + (W3, —wy,)T,
— Wy, — w3 )T, ] + BAP[VOT, + VTO, - (VO - VT),]
= (1+80)(-Q, + vVWWW3) + BT (-q, + vVwjs),
Ti + wiT + o T, + wiT, + W10, + W,0, + W50, +2B(VO - VT
= (1+BOXVT + BYTVO, W, + Wy, + W3, = 0.

(8.16)

For two-dimensional flows, the equations of small perturbations in system (8.16)
take the form

Wi + wi Wy, + W2W1y + Wiwy, + W2W1y
+ B[~ (Wyy — W)y — Wy - le)Ty]
+B**[VOT, + VTO, — (VO - VT),]
=1+ B0)(-Q, + vVWW)) + BT(-q, +vVwy),
Wt + Wi Wy + W, Wy, + Wiwsy, + Wowy,
+ BY[(Woy — Wiy) + (Wy, - le)Tx]
+BX*[VOT, + VIO, - (VO - VT) ]
=1+ ﬁ@)(—Qy +VWW,) + ﬁT(—qy +VvVw,),
Tp + Wi Ty + Wy T, + W0, + W,0, +2B8yVO - VT
=(1+pOXVT + pxTVO, W, + W,, =0.

(8.17)
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8.2 Stability of the equilibrium state of a plane layer with solid walls =—— 225

These systems are used below to analyze stability of the equilibrium states or mo-
tion.

8.2 Stability of the equilibrium state of a plane layer with solid
walls

1. Equilibrium state
In the equilibrium state, we have u = 0 and 6; = p; = 0. Therefore, it follows from eq.
(4.48) that

w, = Vb,

(the zero subscript refers to the equilibrium state); according to eq. (4.50), the temper-
ature is a harmonic function:

Af, = 0. (8.18)
Equation (4.51) is satisfied identically, and eq. (4.49) is equivalent to
Vqo = g/(1+ B0). (8.19)

Note that by virtue of egs. (4.48) and (8.18) we have g, = p,/0;. Therefore, the neces-
sary condition of equilibrium has the form g - rot g = 0. This condition is satisfied for
a constant vector of external forces, and it follows from eq. (8.19) that

VO, xg = 0. (8.20)

Ifg = (0,0,-g) (g = const > 0), then eq. (8.20) is valid only for 6, = 6,(z). In this
case, we obtain 8,(z) = ¢,z + ¢, (¢}, ¢, = const) from eq. (8.18). In particular, the equi-
librium state of the layer with the solid walls (|z| = 1) having constant temperatures 6,
and 6, is described by the formulas

W, = <O, 0, BX(HZ B 01) >’ 60 _ (91 - 02)2 + 61 + 92,

21 2l 2
2g < 0,+6, 6,-6, > (8.21)
=-———"—1In(1 —_— ,
do @, -6y nl1+p 3 +p o7 26
c3 = const.

In contrast to the classical case, the function g, (z), which is an analog of pressure, is
distributed here in accordance with a logarithmic rather than linear law.

Remark 8.1. Equations (8.21) with 8 — 0 yield

(6, - 6,)z 4 (6, +6,)
21 2 (8.22)
qo = C4 —gZ, C4 = Const.

W0:u0:0, 002
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As the pressure is py = go0;, system (8.22) corresponds to the equilibrium state of a
layer of a viscous heat-conducting fluid. It follows from the fact that, in accordance
with replacement (4.48), system (4.49)—(4.51) with 8 — 0 approximates the Navier—
Stokes equations for a viscous heat-conducting fluid (see Chapter 3, Section 3.4).

Remark 8.2. Retaining terms of the second order of smallness with respect to § in
the expression for g,(z) in system (8.21) and denoting the deviation of pressure from
the hydrostatic value by p,(z), we obtain the equilibrium state in the Oberbeck-
Boussinesq model (see [68, 119]):

91—922+91+92 dp,

Wy=uy=0, 6= 3 > @ 0180, (2). (8.23)

2. Linearized problem of small perturbations for a layer

Let us consider problem (8.16) in the equilibrium case for a layer with solid walls,
which is described by egs. (8.21). Let us introduce the dimensionless variables (W =
(U, V,W) = (W;, W,, W3))

X y z X
==, = ==, =2t
3 n ¢ L

2 r 2
20U 2V 2w 4P
Uy=— Vi=—, W=——: le_Q)
X X X vX
T
T)=——— (l,=2, 0,=u6,-6y),
1T 26,-6,) ( u(6; - 6,))

(u=1if 6, > 6, and u = -1if 6, < 0,). After substitution into egs. (8.16), we obtain the
system (the subscript “1” is omitted)

U, - euWy — ue’ Ty = (1+ POo)(—Q; + AU) Pr,

V, - euW, — ue’ Ty = (1+ By)(-Q, + AV) Pr,

G
' 7 (8.24)

2
We = epWy + pe (T + Toy) = (1+ BO0)(=Qp + AW) Pr+ =50 T,

U{ + Vrl + W( = O,
T; +euTy + uW = (1 + B6y)AT,
where 6,({) = (6; — 6,){ + (6; + 8,)/2, € = B|6; — 0,] is the Boussinesq parameter;
Gr = pf(6, - 92)(21)3g/)(2 is the Grashof number.

The boundary conditions (8.14) on the solid walls { = —1/2 and { = 1/2 take the
form

U+eT; =0, V+el,;=0, W+el, =0, T=0. (8.25)

We seek for the solution of the boundary-value problem (8.24), (8.25) in the form
of normal waves as
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(U,V,W,Q.T)
= (U0, V(). W(), Q0 T()) - expli(a;§ + an - C1)]. (8.26)

Here, a; and a, are the dimensionless wave numbers in the x and y directions, respec-
tively, and C is the complex decrement determining the time evolution of the pertur-
bation.

Substituting eq. (8.26) into egs. (8.24), we obtain a spectral problem with respect
to the parameter C for the system of ordinary differential equations

—iCU — ioyueW — ioyue®T' = (1+ B6,)[U" - (€ + a5)U - ia; Q] Pr; (8.27)
—iCV — ioueW — iaoue®T' = (1+ 6,)[V" - (e + a5)V - ia,Q] Pr; (8.28)
—iCW — peW' — | ue®(a@ + a3) + % T = (1+B)[W" - (af + )W - Q'] Pr;
0
(8.29)
iU + i,V + W' = 0; (8.30)
—iCT + peT' + uW = (1+ B6)[T" - (aF + a2)T] (8.31)
at |¢| < 1/2 (the prime means differentiation with respect to ¢).
The boundary conditions (8.25) at |{| = 1/2 are
U=0, V=0, W+eT'=0, T=0. (8.32)

Problem (8.27)—(8.32) can be subjected to the Squire transform [138]. Multiplying
eq. (8.27) by ia; and eq. (8.28) by ia, and denoting Z = ia;U + ia,V, we obtain the

problem
—iCZ + pel®W + ue’l’T' = (1+ p6,)[2" - K°Z + I°Q] Pr; (8.33)
—iCW — ueW' — (yszkz P >T = (1+BO)(W" - I°W - Q') Pr; (8.34)
1+ 86,
Z+W =0; (8.35)
—iCT + ueT’ + uW = (1 + 6,)(T" - K°T), (8.36)

where k = \/aZ + a3 is the modified wave number.
At |¢] = 1/2, we have

Z=0, W+eT'=0, T=0. (8.37)
For “rough” instability of the equilibrium state (8.21) (i. e., instability in the first

approximation), a necessary and sufficient condition is satisfaction of the inequality
Im C > 0 at least for one eigenvalue.
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Remark 8.3. System (8.33)-(8.36) at C = O can be reduced to one sixth-order equation
for the temperature perturbation

k’Ra
L*(XLT - £*T") + —~

T:O, T:T’:T”:O, X:1+ﬁ91’2,
where x = 1+ f6,({) and L = £°d*/dx* - k. Even in this case, however, the latter

equation cannot be explicitly integrated and the critical Rayleigh number Ra in the
explicit form cannot be found.

Remark 8.4. As Gr = enPr (n = (21)3g/vx is the microconvection parameter), the
boundary-value problem (8.33)-(8.37) with € — 0 at moderate Prandtl numbers ap-
proximates the problem of stability of the equilibrium state (8.22) (see Remark 8.1). If
Gr — Gry > 0 as € — 0, then we obtain the problem of stability of the equilibrium
state (8.23) in the Oberbeck-Boussinesq model.

3. Asymptotic behavior of long waves
Let us consider the asymptotic behavior of the amplitude equations for k — 0.
As the system involves k? everywhere, we assume that

ZZZO+kzzl+"', W=W0+k2W1+"', Q=00+k201+"',
T=Ty+KkTy+-, C=Co+kCi+---.

Substitution of these expressions into egs. (8.33)—(8.36) in the zeroth approximation
yields the system

_iCOZO = (1 + ,890)26, Pr,

. Gr
~iCo Wy — peW}, - T3 p0, Ty = (1+ BOy)(Wy - Qp) Pr, (8.38)
Zy+ W) =0,

~iCo Ty + MeTy + uWy = (1 + BO,) T, -

The boundary conditions for Z;, W;, Q;, and T; (i = 0, 1) coincide with egs. (8.37).

Let us write the equation for Z, in the form Z.' = —iC,Z,/[(1+ 6,) Pr]. Multiplying
it by the complex-conjugate value Z; and integrating over the segment [-1/2;1/2], we
obtain

T, 12
Pr 1+p6, or
-ip2 BBo -i2

It follows from here that the quantity C, is imaginary (C, = iC,;, and C,; < 0). There-
fore, long-wave perturbations decay monotonically, independent of the sign of the dif-
ference 6; — 6,. The form of C,; can be easily refined. Indeed, the replacement x =
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1+ B6p({) = 1+ (O, — 6,)¢ + B(6; + 6,)/2 yields the equation xZ}j + poZ, = 0, where
Mo =1Cy/Pr &% as was proved above, y, > 0. In turn, the last equation has the general
solution

Zy = Vx [hJ12Hox) + hy Y1 (24/iox)]  (hy, hy = const),

where J; and Y; are the Bessel functions of the first and second kind. As Z,(x;,) = 0
(x;5 =1+ B6;, > 0), then 7 = 24/Ji5X; is the root of the transcendental equation

The latter equation has a countable number of roots 7, [100]. Therefore, we obtain

Pr&’r2
C,=- ni=iC,. (8.39)
on 4X1 o1

Let us consider the system of the first approximation in terms of k*. Instead of
egs. (8.38), we obtain the system

—i(CoZy + C1Zy) + euWy + e’ Tl = (1+ BO)(Z) - Zo + Q) Pr,

Gr 2 " ’
T, —ue"T, = (1+B6,)(W,” — W, - Q,) Pr,
1+ 80, 1~ HE Lp BOo)(W; 0= Q) (8.40)

Zy+ W =0,

—i(CoW, + C,W,) — peWy —

Using egs. (8.40), we obtain the following boundary-value problem for Z;:
" + lCO _ 1

U7 Pr(1+6,) "' Pr(1+ Bh,)

Z1(+1/2) = 0.

(—iC,Zo + HeW,y + PE*TY) + Zo — Qos

For this problem to be solved uniquely, a necessary and sufficient condition is orthog-
onality of the right-hand side of the last equation and the solution of the homogeneous
adjoint equation, i. e., Z(’)". Thus, we obtain

12 ueWy+ue T, *
.[—1/2( (1+([)390)Pr0 - Qo +Zy)Zy d§

12 |z, ¢
~1/2 146,

ic, = (8.41)

It is possible to demonstrate that iC, is a real number.

4. Numerical solution of the eigenvalue problem
To find the numerical solution by the method of orthogonalization [75, 1], we convert
system (8.33)—(8.36) to the form y’ = Ay, where y(¢) is the vector of unknowns, A(¢)
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is the matrix of coefficients, and O < ¢ < 1. The following replacement is applied:

§=C+1/2, =2, y,=Z', y3=2",

(8.42)
V=W, ys=T, ys=T.

Eliminating Q from egs. (8.33)—(8.34), we obtain the following system of equations:
! ! ! !
Yi=Ye Y2=Y3 Yo=YV Y5=VYe

' eCi 2 Ci
V3= Wi poree <2k B (1+ﬁHO)Pr>y2
4 K’Ci ek’(e -1
i (k "L+ pOy) Pr  Pr(l+ B6,)? >y 4 (843)
uek*Ci + kK*Gr K1 - )
T 1By Pr 5 Pr(1+ po)2 T

r_ M » G u
Yo = 1+ﬁeoy4+<k 1+ﬁ@0>"5+ (1+B6y)

Here, we have 6, = 0, + (6, — 6,)¢. By virtue of replacement (8.42), the boundary con-
ditions (8.37) take the formy; = 0,y, +&yg = 0,andy; =0até =0and & = 1.

Thus, a system of the form y' = A(¢)y with the boundary conditions is solved at
¢ =0and ¢ =1, By(0) = 0and Dy(1) = 0, respectively. The matrix A of dimension 6 x 6
has the following elements:

ap=ap=a,=a;5=a;=0, ap=1,

Ay =0y =0y =0y =0y =0, ay=1,

i e G
17 (1+86,)2Pr’ 32 (1+ B6,) Pr’
K2Ci ek’ (e — p)
=0, =K - ,
%3 %4 (1+ B0o)Pr ' Pr(1+ B6,)?
e = _yszszi + K*Gr o = K1 -p)
B (14 BOy)?Pr 37 Pr(1 + B,)?’
a; =-1, Ay = Ay3 = Ay = Ays = Ay = 0,
As; = 05y = As3 = A5y, = As5 = 0, As6 =1,
u
ag = Agy = Ag3 = 0, agy = 1+ 0y’
Ci U
=k’ - ) ="
o =8 T 0, 6 = W+ Boy)

The matrices B and D of dimension 3 x 6 coincide, and their elements have the values
byy=dyy =by, =dy, =b3s=d35=1, by =dy=¢

The remaining elements of both matrices are equal to zero.
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The solution is sought in the form

3 .
y =) py, (8.44)
=

where the coefficients p; are found from the system Dy(1) = 0, and v}, v%, and y° are
linearly independent vectors such that yl(O) =(0,0,0,-¢,0,1), yz(O) =(0,1,0,0,0,0),
v>(0) = (0,0,1,0,0,0).

To determine the eigenvalue C, we need two initial approximations, C, and C;,
which are chosen from conditions (8.39) and (8.41). We integrate the equations for
v, y?, and y° with a given step in terms of ¢ over the extreme left segment. The vectors
obtained on the right end of the segment are orthogonalized. The solutions for which
the initial data are the vectors obtained by means of orthogonalization are integrated
over the next segment. The solutions on the right end of the second segment are again
orthogonalized. We repeat this procedure until we reach the point & = 1.

For integration, we use the fourth-order Runge-Kutta—Merson method with auto-
matic selection of the integration step. As the integration step can be specific for each
of the vectors yj , we choose the least integration step among the three values obtained
by automatic selection. When we reach the right end of the integration segment, i. e.,
the point ¢ = 1, we obtain a system of three equations Dy(1) = O for finding three un-
knowns p;, whereyy is taken in the form (8.44). The determinant of the system, which is
composed from the coefficients y{ (j=123,i=1,...,6), is taken as the characteristic
polynomial F(C). For the system Dy(1) = 0 to have a nontrivial solution, a necessary
and sufficient condition is the equality of the determinant of the system (in the case
considered, F(C)) to zero.

Thus, the problem is reduced to solving the nonlinear equation F(C) = 0. We solve
this equation by the method of secants, using the chosen values of C, and C; as the
initial approximations. The root of the equation F(C) = 0 is the sought eigenvalue for
a specified wave number k.

We consider long-wave perturbations, i. e., a situation with k — 0. Moving in
terms of k from k = 10, we find the dependence C(k). Based on the sign of the imag-
inary parts of C, obtained at each step in terms of k, we determine the intervals of
stability.

We study stability of a layer with solid walls for a silicon melt with the follow-
ing parameter values: v = 2.65 - 107 cm?/s, y = 0.49cm?/s, B = 0.75-107°°C7},
Pr = 5.41-107>. The calculations are performed for the absolute difference of the wall
temperatures |6; — 8,| = 10, 100, and 1000 °C. This actually means a change in the di-
mensionless parameter € = 8|6, — 0,|. The linear size of the layer was chosen to satisfy
the inequality (21)°g/vy < 1, which is the criterion of applicability of the microconvec-
tion model considered (see [176]). The smallness of the parameter = (21)3g/vX can
be reached both by decreasing the length scale and by decreasing the acceleration
due to gravity g (e. g., under microgravity conditions with g ~ (1072-107>)g,, where
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Figure 8.1: Imaginary part of complex decrement vs. wave number k ate = 7.5-107>, Ra = 4.21- 107,

C,- 1024
0.5+
0 1 2 3 4 5 &

Figure 8.2: Real part of complex decrement vs. wave number k.

8o = 981cm/ s is the acceleration due to gravity near the Earth’s surface). In these
calculations, we consider g ~ 10‘3g0, i.e., 2l < 0.11cm. For the values of [, 8, x, and v
given above, we find the dependence of the parameters C; = Im C and C, = Re C on the
wave number k.

Figure 8.1 shows the dependence C;(k) at € = 7.5 - 10~ (which corresponds to
|6; - 6,] =10°C) and Ra = 4.21 - 107*. The dashed and solid curves refer to situations
with heating from above (6, > 6,) and from below (6; < 6,), respectively. In the fol-
lowing, the curves that describe the results in situations with heating from above and
from below are indicated by C; and C;’, respectively.

Figure 8.2 shows the dependence C,(k) for the same values of the parameters &
and Ra as those used in Figure 8.1. As the values of C,+ (k) and C; (k) differ by no more
than 107°, the corresponding curves in Figure 8.2 coincide.

Figure 8.3 shows the dependences C;” and C; (solid and dashed curves, respec-
tively) ate = 7.5- 107 (16; - 6,] = 1000°C) and Ra = 4.21 - 1072. Figure 8.4 shows
the dependence C, (k) for the same values of the parameters € and Ra as those used in
Figure 8.3.

Note that the curves C;(k) change with a greater amplitude and faster increase
from the value C,; with increasing ¢ (i. e., the difference in the wall temperatures).

A typical feature of all curves C; is their slower increase, as compared with the
corresponding curves C;. With increasing ¢, the absolute value of the difference |C;" -
C; | increases. We obtain C; < O for all values of k, i. e., the equilibrium state is stable.

A typical feature of all curves C, is their minor increase with increasing k (10~ <
k < 1). The following conditions are satisfied for all values of € considered: 1) C, > O for
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Figure 8.3: Imaginary part of complex decrement vs. wave number k at £ = 7.5-10>, Ra = 4.21-1072.

c, |
03T

02T

0.1 +

0 1 2 3 4 5 k

Figure 8.4: Real part of complex decrement vs. wave number k.

all values of k; moreover, the values of C, are close to zero (C, ~ 10‘12) up to k = 0.05;
2) the values of C, are almost unchanged at k > 5, |C,(5) - C,(20)| < 107%2; 3) all values
of C; lie lower than the corresponding values of C;, |C; (k) — C, (k)| < 107°.

Stability of the equilibrium state (8.21) for the silicon melt is not unexpected, be-
cause Pr = 5.41-10 (see Remark 8.4). Assuming that € = 0in egs. (8.33)-(8.37), we ob-
tain a problem of stability of the equilibrium state (8.22) of a viscous heat-conducting
fluid

-iCZ = (2" - K*Z +K*°Q)Pr, —iCW = (W" - I*W - Q') Pr,
—iCT +uW = (T" = I°T), Z+W' =0 (-1/2<¢&<1/2),
Z=W=T=0 (¢=x1/2).
This spectral problem is easily solved: first, we find Z and W, and then we deter-

mine the temperature perturbation. We do not give the explicit expressions here, but
we should note that the following integral identity is valid:

1/2 1/2
(% —iCPr) J (RIWP + |ZP) dE + J (W' + 12 d€ = 0.
-2 -2
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Figure 8.5: Dependence of C;(k) for microconvection model (solid line) and for Oberbeck-
Boussinesq model (dashed line).

It follows from here that —iC < 0 is a real number. In other words, the limiting equilib-
rium state (8.22) as 8 — O for eq. (8.21) is always stable. We can demonstrate that the
complex decrement is a solution of one of the following equations:

xtgx = —kth(k/2), (@1/x)tgx = (1/k)th(k/2)

(x = (iC/Pr - kz)l/ 2/2). The last equations have a countable number of real solutions.

It is known that the linearized problem of convective instability of a quiescent fluid
in the Oberbeck-Boussinesq model is self-adjoint (in the case of heating from below)
[68]; therefore, the real part of the eigenvalue C, is equal to zero. The perturbations
decay or enhance monotonically, and the resultant motion is steady. The equilibrium
state (8.23) of a horizontal fluid layer of thickness 21 with a downward directed tem-
perature gradient ((6, — 6;)/2l > 0) becomes unstable if Ra = gB(6, - 01)(21)3 [(vx) >
Ra, = 1708, and the corresponding dimensionless wave number is k, = 3.12.

It is of interest (see Remarks 8.2 and 8.4) to compare this classical result with
the result of the numerical solution of the spectral problem (8.33)-(8.37), with the
Rayleigh number Ra = e being finite at ¢ « 1. The calculations are performed for
the silicon melt with the same values of the physical parameters and 8, - 8; = 1000 °C.
As n increases, the curve C;(k) approaches the axis C; = 0 and crosses this axis for the
first time at k = k; = 2.84 < k,, at p; = 225193.33. In this case, the Rayleigh number is
Ra, = &n, = 1688.95 < Ra,, and the layer thickness is 2, = 6.68 cm at g = 10g,,.

The solid and dashed curves in Figure 8.5 show the dependence C;(k) for the
microconvection model and for the Oberbeck-Boussinesq model, respectively. Thus,
in the microconvection model the equilibrium state becomes unstable at smaller wave
numbers. Apparently this is caused by the greater mobility (compressibility) of the
fluid in the case considered. The values of C,(k) at Ra > 10? for all values of k are
close to 1072, and the spectral problem (8.33)-(8.37) becomes “more self-adjoint.” As
the Boussinesq parameter € decreases, the critical values of the Rayleigh number and
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wave number increase. Thus, at € = 0.75 - 10~ and 0, — 6, = 10°C, we have k; = 2.99,
Ra; = 1694.54, which agrees with Remark 8.4.

8.3 Emergence of microconvection in a plane layer with a free
boundary

1. Equilibrium state

Let us assume that f(x,t) = 0 is an implicit equation of the free boundary I'. Then,
the following relations are satisfied on this boundary with allowance for replacement
(4.48) [11]:

fe + (W +BxVO) - Vf = 0; (8.45)

[Dgas — @0q — BX0o (v — X)AB]n + 20,v[D(W) + BYD(VO)]n = 20(6)Hn + Vy,05  (8.46)
00

KS> +b(0 - O5) = Q. (8.47)

Equation (8.45) is the kinematic condition, eq. (8.46) is the dynamic condition,
and eq. (8.47) defines the heat transfer between the fluid and the gas medium, which is
here assumed to be passive (k is the thermal conductivity coefficient of the fluid, b > 0
is the heat-transfer coefficient, and Q s the heat flux). In egs. (8.46) and (8.47), Pgas and
Bg,s are the specified pressure and temperature in the gas (in what follows, p,,s and
Bgas are constants), n = Vf/|Vf| is the external normal to T, and o(6) is approximated
by the linear dependence

o(0) = g, — (6 - 6,), (8.48)

where 0, and 6; are the values of surface tension and temperature at a certain point
of T, H is the mean curvature, and V;; = V - n(n - V) is the surface gradient. In what
follows, the free boundary has no common points with the solid wall; therefore, the
conditions on the contact line are not considered (see [189, 171]).

In all equations below, we have g = (0,0,-g) and g = const > 0. We can easily
verify that the fluid can be in the equilibrium state [11] in the layer O < z < I, |x|,|y| <
00; the upper boundary of the layer is the free boundary, and the lower boundary of
the layer z = 0 is the solid wall. The equilibrium state is described by the equations

Wy =(0,0,-Bx001), 6p(2) = Ogg + On2,

do = - In[1+ B6,(2)] + ¢35 (8.49)
Bbo:
Q+ b(egas - 900) Dgas g
601 = By R 2 + %ln[l + B0 (D],

where 8, = const is the temperature of the solid wall; without loss of generality, we
assume that 8, = 0. Thus, egs. (8.49) yield the exact solution of problem (4.49)-(4.51),
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(8.45)—(8.48) with a plane free boundary z = I. In contrast to the classical case, the
function g, (z) (analog of pressure) is distributed here in accordance with a logarithmic
rather than linear law.

From egs. (8.49) with 8 — 0 and other parameters being fixed, we obtain

Wy =0, 0y=0yz, qo= I% +gl-gz. (8.50)
0

As the pressure is py = 0yq,, then egs. (8.50) describe the equilibrium state of
a layer of a viscous heat-conducting fluid. This is not surprising, because, in accor-
dance with replacement (4.48), system (4.49)—(4.51) approximates the Navier—Stokes
equations for such a fluid in the case considered.

If now we retain terms of the second order of smallness with respect to f in
eq. (8.49) for g,(z) and denote the deviation of pressure from the hydrostatic value
by Do(2) = 00G0(2) (@o(2) = qo(2) + gz by virtue of replacement (4.48)), we obtain the
equilibrium state of the plane layer in the Oberbeck-Boussinesq model [119]:

Wo=0, 6,() =007 o =P+ 2L [63) - G30L (8.51)
01

The equality for p,(z) is usually written as

dpo/dz = o8B0y (2).

Stability of the equilibrium state (8.49) is studied below in the linear approxima-
tion.

2. Small perturbations

Equations of small perturbations for arbitrary solutions of the problem with the free
boundary for the microconvection model were obtained in [11]. Here we apply these
equations to the equilibrium state (8.49). Let U(x,t) = (U,V,W), T(x,t), Q(x,t) be
perturbations of the basic equilibrium state w, 8, g, (8.49). We introduce the dimen-
sionless variables

X =x/l, t =wt/P, U =IU),

, o (8.52)
T =T/(u6ylPr), Q =1Q/,

where yu =1for 6y, > 0and y = —-1for 6y; < O.

Substituting egs. (8.52) into egs. (8.16), (8.45)—(8.47), we obtain a problem of small
perturbations in the dimensionless variables (the primes are omitted):
- at-00<X<00,-00<y<00,0<z<1,

HE y  HE

U_
£ pr X pr

Ty, = (1 + pez)(-Q, + AU); (8.53)
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2
ue HE )
V- Pr w, - r T,, = (1 + uez)(-Q, + AV); (8.54)
2
Ue UE Ra
w, - Pr W, + r (T + Tyy) = (1 + pez)(-Q, + AW) + " yez; (8.55)
T+ Y o MW e LT, (8.56)
" pr 2 pr Hez) pp A% )
U+ V, + W, =0; (8.57)
— on the free boundary z = 1,
y 1
T R-Q+ e< —_ 1>AT +2W, +2¢T,, = We(Ry, +R); (8.58)
U, + 2T, + W, = —M(T + ﬁR) ; (8.59)
Pr /,
u
V, + 2T, + W, = —M(T t o R)y; (8.60)
T +B<T+ ﬂR) - 0; (8.61)
Z Pr
R, = W +£T,; (8.62)
— onthesolidwallz =0,
U+eT, =0, V+el,=0, W+el,=0, T=0; (8.63)

- att=0,

U=UMxyz), V=Vyz), W=Wxy,z);
T=T,(x,y,z), R=Ro(xy), Uy+Vy+W,=0.

(8.64)

The following notations are introduced in problem (8.53)—(8.64): Boussinesq para-
meter £ = ufy; I8 > 0, Prandtl number Pr = v/x, Rayleigh number Ra = uf,,I*Bg/vy =
en(n = gl3 /vy is the microconvection parameter), Galileo number y = gl3/v2 =n/Pr,
modified Weber number We = 0(90(1))l/gov2, Marangoni number M = }13390112/901/)(,
and Biot number B = bl/k.

The function R(x, y, t) describes the perturbation of the free boundary z = 1, i. e.,
deviation from this plane along the normal at each point of the plane.

We seek the solution of problem (8.53)—(8.63) in the form of the normal waves

(U,Q,T,R) = (U(2),Q(2), T(2), R) exp[i(a;x + ay — C1)], (8.65)

where a; and a, are the dimensionless wave numbers along the x and y axes, respec-
tively; C is the complex decrement determining the time evolution of the perturba-
tion. It is possible to not consider the initial data (8.64). Substituting eq. (8.65) into
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egs. (8.53)-(8.63), we obtain a homogeneous problem with respect to U, V,W,Q, T,
and R. It turns out that the Squire transform is applicable to this problem [138]. Name-

ly, if we assume that

2_ 2. 2
Z=aU+a,V, k'=aj+a5,

then we obtain the following boundary-value problem for Z, W, Q, T, R, and the pa-

rameter C:
- at0<z«<1,
2. 272
_icz - By KERT 1y )2 - 122 - Q)
Pr Pr
272
. He _ }18’( " 2 ! Ra
—iICW-—=W -"——T=(1 W' -kW - e
: Pr Pr (L+ epz)( Q)+l+eyz
—iCT+]1i—fT’+%W=(1+eyz)%(T"—k2T);
iZ+W =0
- atz=1,

-Q+ Y _Riow’ +£<1 + l)T" +£k2<1— i)T = ~We k’R;
1+ pue Pr Pr

7'+ 26l3T + KW = —Mkzi(% R+ T);
T/ +B<T+ ﬁR) -0
Pr
—iCR=W +¢T';
- atz=0

Z=T=0, W+eT' =0.
The prime here means differentiation with respect to z.
3. Long waves

We find the asymptotic behavior of the spectral problem (8.66)—(8.74) as k — 0.
assume that

Z=ZO+k221+-~~, W=W0+k2W1+~--, Q=QO+k2Q1+--~,
T=Ty+KTy+, C=Co+k’Ci+---, R=Ry+KR +---.

In the zeroth approximation, we obtain the problem

-iCyZy = (1 + euz)zy),
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Ra

. ue
—iCoWo - 3, Wi=QQ+euz)(W) -Q') + Tr o Ty, (8.75)
. HE - M 1
—iCoTo+=—Ty+—Wy,=(1 —T,,
iCo Ty + Pr ot pr Vo ( +e;uz)Pr

iZy+Wy=0 (0<z<1);

_QO +

)4 1 "
Ry+e{1+ = )T, =0,
1+ ue o < +P1r> 0
Zy =0, uPrT, + BuPrTy +Ry) = 0, (8.76)
~iCoRy = Wy + €T} (z =1);

Zo=Wy=Ty=0, Wy+eT{=0 (z=0). (8.77)

Clearly, the spectral parameter C, is determined from the boundary-value problem
for Z,. As we have

1 7 5 1
icojidn JlZélzdz,
1+¢euz ]

then C, is a purely imaginary number and iC, > 0. We can easily refine the value
of C,. For this purpose, we introduce a new variable s = 1 + guz; then, we obtain
§Z05s + d*Zo = 0, Zo(1) = Z(s1) = 0,8, =1+¢eu, d? = iC/e* > 0. The equation for Z(s)
has the general solution

ZO = \/g [hlfl(Zd\/g) + h2Yl(2d\/§)] (hl’ h2 = COl’lSt),

where J; and Y; are the Bessel functions of the first and second kind. The boundary
conditions for Z, show that 7 = 2d is the root of the transcendental equation

J1(D)Yo(T+/51) = Y1(D)]o(TV/51) = 0, (8.78)
which has a countable number of real roots 7, [100]. Therefore, we have
iCon = €214, N=1,2,.... (8.79)
Thus, long-wave perturbations decay monotonically, independent of the sign
of 6.
4. Layer of a viscous heat-conducting fluid

In this case we have € = 0 (8 = 0), and problem (8.66)—(8.74) is simplified to

—icz=7" -K*Z-ik*Q, -icw=w"-K*w-q’,

(8.80)
—iCPrT+uW =T" -I*T, iZ+W' =0 (0<z<1)
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—Q+yR+2W' = -Wek’R, Z' +ik’W = —ik2M<% R+ T>,

(8.81)
T/ +B<%R+ T) -0, —iCR=W (z=1)
Z=W=T=0 (z=0). (8.82)
System (8.80) has the general solution
Z =id(b, cosdz — b,sindz) + i (a; shkz + a,chkz)
- 1 2 12+ d? 1 2 >
W = b, sindz + b, cos dz + ﬁ (a; chkz + a; shkz),

Q=a;shkz + a,chkz, (8.83)

ub;sindz  ub,cosdz

T = h;singz + h,cos gz + 7-& + Py

ku
_— h h kz),
+(k2+d2)(k2+q2) (a;chkz + a;shkz)

where a,, a,, b, by, hy, and h, are constants; g* = iC Pr—k?, d* = iC — k? (Pr # 1).

LetiC = 1, then we have q2 +I2 = TP, kK +d? =1, q2 -d? = (Pr-1)1, and we obtain
the following equations from the boundary conditions (8.82):

Ka, ka, kua,
1= » o by=——, hy= 5———.
dr T 2 Pr(Pr-1)

(8.84)

As R = -W/t, conditions (8.81) on the free boundary z = 1 reduce to the following
conditions (y2 =1):

2W’—Q—(y+k2We)¥:O,
7'+ ilew + M T - ) =0
U - 1=0 (8.85)

yPrT'+B<yPrT—¥> =0.

System (8.85), together with egs. (8.84), allows us to determine the complex decre-
ment C at Pr # 1. The corresponding characteristic determinant, however, is rather
complicated, and problem (8.80)—(8.82) at y = 0 was solved numerically in [199] by
using the method of orthogonalization. Here we give the dependence of the Marangoni
number as y # 0 for monotonic perturbations with C = 0. The calculations show that

8uk(k —shkchk)(kchk+Bshk)

- . (8.86)
I3 ch k — sh® k — 8k5 ch k[Pr(y + k2We)] !
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Aty = 0, this equation coincides with the expression derived in [199]. At small values
of k, eq. (8.86) yields

M ~ —2uy Pr(B + 1)/3. (8.87)

Performing similar transformations for the Oberbeck-Boussinesq model, we ob-
tain, instead of eq. (8.87),

2 11
M~ -ZuyPr(B+1) - — BRa, .
s MY Pr(B+1) - oo BRa (8.88)

where Ra is the Rayleigh number. Note that Ra < 40y(B + 1)/11B = Ra, in the case of
heating from below (u = —1), and there is no neutral curve for Ra > Ra,. As B — oo,
the limiting value of Ra, coincides with that calculated in [99] for M = 0. The case with
B = oo means that the temperature rather than the heat exchange with the ambient
medium is specified on the free surface.

5. Analysis of numerical results
Firstly, we should note that the Boussinesq parameter, the Rayleigh number, and the
Marangoni number are proportional to each other, because they depend on a con-
trolled parameter, which is the temperature gradient 6. Therefore, it is convenient to
use new parameters & = p,VBy/l, T = p,Bgl*/x, then € = aM, Ra = I'M = PrayM, and
to calculate the Marangoni number. For the Oberbeck-Boussinesq model, stability of
the layer with a linear dependence of Ra and M was studied in [32, 95, 99, 162].

Problem (8.66)—(8.74) with arbitrary perturbations was numerically solved by the
method of orthogonalization. Expression (8.86) was used as a test in numerically con-
structing neutral curves. The results calculated for @ = 0 and I" # O coincide with the
numerical data obtained within the framework of the Oberbeck-Boussinesq model in
[199].

Figure 8.6 shows the neutral curves constructed at y = 103, We = 10%, Pr =
5.41-1073, and a = 107, Curves 1 and 2 refer to monotonic and oscillatory perturba-
tions, respectively. The asymptotic expressions (8.79) and (8.88) are used to construct

0 2 4 6 8 10 12 14 &k

Figure 8.6: Neutral curves vs. wave number k at y = 10, We = 10%, Pr =5.41-107, a = 1074,
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Table 8.1: Minimal values of Marangoni and wave numbers vs. a and y.

14 M* k*

a

0 0 224.93 5.35

0 10° 226.51 5.35
107 0 230.88 5.50
107 10 232.47 5.50

the neutral curve 2. The domain of stability to monotonic perturbations lies above
curve 1, and the domain of stability to oscillatory perturbations lies inside curve 2. The
calculations show that the qualitative behavior of the neutral curves at small values
of the parameters a and I' coincides with the behavior of the corresponding curves for
a viscous heat-conducting fluid (« = 0 and y = 0) [199]. As was found in [199], curve 1
corresponds to thermocapillary perturbations associated with nonuniformity of fluid
heating and curve 2 is the boundary of stability to capillary perturbations induced by
deformations of the free boundary.

For several values of a and y, Table 8.1 shows the minimum values of M, of the
capillary neutral curve (curve 2) and the value of the wave number k, at which this
minimum is reached. Thus, taking into account fluid compressibility (a # 0), we ob-
tain stabilization of capillary perturbations; even for small values of the parameter a,
the values of the critical Marangoni numbers can be noticeably different.

Another specific feature of the model considered is the emergence of new neutral
curves with enhancement of gravity forces, which is caused by taking fluid compress-
ibility into account. Perturbations corresponding to the new mechanism of instability
grow monotonically, and the domain of instability is located above the corresponding
neutral curve.

These new curves are indicated by the numbers 3 to 5 in Figure 8.7, where y = 10°,
Pr = 541-1073, We = 10*, and a = 10‘4; curves 1 and 2 are the same as those in
Figure 8.6.

As is seen from Figure 8.8, where y = 107, capillary perturbations become fur-
ther stabilized as the gravity force increases, and the threshold of stability for thermo-

1lgM

INE=—=—
34 I 2

W
2--

1+

0 4 8 12 16 20 24 k

Figure 8.7: New neutral curves 3-5 for y = 10°.
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IgM
4 — bl I 2
}V—
1
2.
1..
0 s 10 15 20 25 30 k

Figure 8.8: New neutral curves 3-5 for y = 10”.

Table 8.2: Minimal values of Marangoni numbers related with neutral curves of Figures 8.1and 8.2.

14 M*l M*Z Mx3 M*A M*S

10 743 739.3 362.7 8032 9825.6
107 49.1 2357 767.3 32145 6122

capillary perturbations and new perturbations caused by fluid compressibility de-
creases. The minimum values of M,; corresponding to j neutral curves in Figures 8.7
and 8.8 are listed in Table 8.2.

Figure 8.9, where y = 107, We = 10%, M = 3400, « = 107, and Pr = 5.41-107,
shows the behavior of the complex decrement of the problem as a function of the wave
number. Here, curves 1 and 2 refer to the thermocapillary monotonic and capillary
oscillatory modes, respectively. Curves 3 and 4 refer to the new perturbations caused
by fluid compressibility. The problem eigenvalues corresponding to the neutral curve 5
(in Figures 8.7 and 8.8) lie in the negative half-plane and are not shown in Figure 8.9.

The influence of the Prandtl number on stability of the equilibrium state is illus-
trated in Figure 8.10 constructed for y = 106, Pr = 1, We = 10, and a = 107%; the neu-
tral curves are enumerated in the same manner as in the previous figures. Figure 8.10
does not show the neutral curve for capillary perturbations.

(C_)|/3
154

Figure 8.9: Dependence of C; vs. wave number k for different modes.
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M
4--
J
] \két/
2.
14 1

Figure 8.10: Neutral curves vs. wave number k aty = 106, We = 10", Pr=1,a= 1074,

Here, the domain of instability is shifted toward extremely short waves with increas-
ing Prandtl number, and the minimum value of the Marangoni number drastically
increases. As is seen from the figure, an increase in Pr leads to intense destabilization
of monotonic perturbations. The threshold of stability for all perturbations decreases.
Thus, the loss of stability with respect to thermocapillary perturbations occurs already
atM =6.2.

The influence of deformability of the free boundary on stability of the equilibrium
state is illustrated in Table 8.3, composed for y = 106, Pr=541-10", and a = 107%.
As the Weber number decreases, the threshold of stability to capillary perturbations
appreciably decreases; correspondingly, the equilibrium state with respect to these
perturbations becomes stabilized with increasing We. Capillary instability is absent
altogether for We = 10°. For monotonic perturbations, the change in the Weber num-
ber has practically no effect on the stability threshold.

Based on the results presented above, we can conclude that the most dangerous
perturbations in wide ranges of problem parameters are thermocapillary ones. In the
domain of extremely short waves with small values of Pr and We, however, oscillatory
capillary perturbations dominate.

Let us estimate the areas of applicability of different models (microconvection,
Oberbeck-Boussinesq, and viscous heat-conducting fluid models) in the problem un-
der consideration of stability of the equilibrium state (8.49). The influence of the buoy-
ancy forces is studied with fixed values: a = 107, Pr = 5.41- 102, and We = 10*. The
criterion is the relation min; [M(k) — M;(k)|/M(k) < 0.05, where M, (k) is the neutral
curve constructed within the framework of the viscous heat-conducting fluid model
(a = 0). The calculations show that allowance for buoyancy forces leads to noticeable

Table 8.3: Minimal values of Marangoni numbers vs. Weber number.

We M*l M*Z M*3 M*ll M*5

10> 743 209.8 361.3 8032 9825.6
10%  74.6 - 373.4 8165.6 9831.7
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differences in the Marangoni numbers (more than 5%) aty = 8- 10°. The relative error
of finding the critical Marangoni number decreases with decreasing y.

In studying fluid compressibility, the criterion is the relation min; [M(k) — M, (k)|/
M(k) < 0.05, where M, (k) is the neutral curve constructed within the framework of
the Oberbeck-Boussinesq model (@ = 0 and I' # 0). The calculations are performed
fory = 10*, Pr = 5.41-107, and We = 10" It is demonstrated that allowance for
compressibility begins playing a noticeable role at & > 2-10™*. Here, the relative error
again decreases with decreasing a.

8.4 Stability of a steady flow in a vertical layer

1. Main steady motion
We consider the solution of system (4.49)—(4.51) in a vertical layer —a < x < a, —oo <
y < 00, —00 < z < oo with solid walls x = +a. The boundary conditions are written as

w+Byve=0, 0=0,(x1). (8.89)

The first condition is the no-slip condition u = 0 on the motionless solid wall. The
second condition defines the temperatures on the walls. We assume that the walls
x = —a and x = a are heated to the temperatures 0, and 6,, respectively. Without loss
of generality, we assume that 6; > 6,.

The steady solution of the posed problem is sought in the form

W = (Up, V(x),0), 0=0p-upx/Bx, q=(p-8)y,

(8.90)
ug = Bx(6; - 0,)/2a, 6 = (6, +6,)/2,

where uy, 6, and ¢ are constants (I, = a). Interpreting solution (8.90) as a solution
that approximately describes convection in the central region of a finite closed cavity,
which is still rather long as compared with its width 2a, we impose the condition of a
zero mass flow rate of the fluid through all cross sections of the cavity y = const onto
this solution. As g = g,(1 + 6) !, we obtain

a
j % dx =0, (891)
—-a

For egs. (8.90), the true velocity vector isu = w + ByV8 = (0,v(x),0), i.e., the
motion occurs along the y axis. Solution (8.90) can also be interpreted as a steady
flow in a vertical slot with given identical heat fluxes on the solid walls: 8, = —uy/Bx =
—d/k, where k is the thermal conductivity coefficient and d is the heat flux; therefore,
we have u, = fxd/k.

Thus, convective circulation occurs: the fluid moves upward near the heated wall
x = —a and downward near the cold wall x = a. The flow consists of two opposing
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convective fluxes; the temperature varies in accordance with the formula
0=0,-0.,x/a, 0,=(6,-6,)/2 (8.92)

Substituting egs. (8.90) into eqgs. (4.49)—(4.51), we can present the function v(x) as

2 2
V= l{((p—g)x— +CX+Cy+ glz 1+ BO)[In(1 + B6) —1]},
1% 2 ug

where the constants ¢y, ¢,, and ¢ are determined from the no-slip conditions (8.89)
and conditions of a closed flow (8.91)

In what follows, we perform comparisons with the results obtained for the Ober-
beck-Boussinesq model in the same situation [8, pp. 301, 302]. It was assumed there
that 6, = —6,; therefore, 8, = 0, and 0, = ;. Thus, below we have § = -0.x/a =
—-0,x/a.

We use x/a as the dimensionless velocity and denote the Boussinesq parameter
by € = B0, = B6,. After certain calculations, we obtain (x & x/a is the dimensionless
variable)

v= )é v(x) = ZX_a Ra{éﬁ(e)(l -x%)+ é[fl(s)x - f5(&) +2(1 — ex)(In(1 - ex) - 1)]};
(8.93)
Ra = g,801a3/vx =&n;
fie)=A+e)In(l+e)-1-¢)In(1-¢) - 2¢,
HE) =A+e)ln(l+e)+(1-¢)In(1-¢) -2, (8.94)

462 — (1-&)[In(1 - €) - In(1 + £))?

f5(€) = 2+ (1-)[In(1-¢)-1ln(l+¢)]

Here, Ra is the Rayleigh number.
Using egs. (8.94) for f;(€), f>(€), and f;(g), we can show that

R R
v(x) = % (- x+0(e)) = vp(x) + % O(e), (8.95)

if the Rayleigh number remains finite as € — 0. In eq. (8.95), v}, (x) is the velocity along
the layer in the Oberbeck-Boussinesq model, i. e., solution (8.90) with € — 0 approx-
imates the known solution ([68], p. 302)

? _X)> p :ﬁ _plgay’ y Ad %; 9 = _QIX, (8.96)

where p = const is the excess of pressure above the hydrostatic value. The velocity pro-
file v(x) (8.93) is not an odd function in terms of x, in contrast to the classical velocity
vy, (x) from egs. (8.96) (see Figure 8.11).
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v(x) 3

z 2a

Figure 8.11: Flow pattern: 6, and 6, are the temperatures on the walls x = —a and x = a, respectively;
v(x) is the vertical velocity profile. The vector g has the coordinates (0, -g, 0).

If the parameter 1 is not too large, then both the velocity profile (8.93) and v, (x) tend
to zero as € — 0, i.e., to the equilibrium state in the viscous heat-conducting fluid

model:
u=w=0,
p =D -pi8ay; (8.97)
0 =-0,x.

The flow described by eq. (8.90) is accompanied by convective heat transfer along the
layer, and the flux of this heat per unit length along the y axis is

a 1
Q=pic, J v(x)(x') dx' = —%plcpelx Ra j V(xX)x dx = %plcpel)( RaF(e),
a 4

1 1 1-¢ 2 2
Fo =55 (13 w7 ) 5 -2

where ¥(x) is determined by eq. (8.93), and ¢, is the specific heat at constant pressure.
We can verify that F(e) — 4/45 as € — 0; therefore, we have Q — Qj, = 2p,¢,0,xR/45
[68].

2. Equations of small perturbations
LetW = (U, V), T, and Q be perturbations of the main motion (8.90), (8.92). We use the
equations of small perturbations (8.17), bearing in mind that u = u, = const, v = v(x),
w =0, and g, = ¢ — g. We obtain the system of equations

Ui +uoUy +vU, — Bxv, T, + BZXZGXTW = (1+p0)(-Q, +vAU),

Vi +ugVy + vV, + v, U + B [0, (Vy = U) + v, T ] - BZXZGXTXY (8.98)

=1+ ﬁe)(—Qy +VAV) +BT(g - + Win)s
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U+V, =0,
T; +uo T, +vT, + 6, U +2Bx0, T, = (1 + BOKAT, (8.99)
—-a<x<a, -00<Yy< oo, '
W+pyVI=0, T=0, |x|=a.
We introduce the dimensionless variables
t’:% X’zf W’:M T’zl
az) a> X > 9*
o2 . 6 v (8.100)
Q=— 0=— v=—.
24 6. X
Substituting egs. (8.100) into egs. (8.98), (8.99) and omitting the primes, we obtain
the problem
U, + €U, + VU, - €V, T, +€°0,T,, = (1 + €0)(-Q, + AU) Pr,
Vi + eV +VV, + 7 U + [0, (V, - U)) + ¥, T,] - €°8, T, (1 + £0)(-Q, + AV) Pr + 1GrTé;
+&
U +V, =0, (8.101)
Ty + €T, + VT, + 6,U + 26, T, = (1+€6)AT,
-1<x<1, -co<y<o0o, -00<2zZ<O00, (8.102)

W+evVl=0, T=0, [x|=1,
e=p6., Pr=vfy, Gr=po.ga’/x’=enPr, n=dag/y,

where ¢ is the Boussinesq parameter, Pr is the Prandtl number, Gr is the Grashof num-
ber, and 7 is the microconvection parameter. In transforming system (8.98), we take
into account formula (8.90) for u, and the relation vv,, — @ +g = g/(1+0). As it follows
from eq. (8.92) that 8 = 6,/6, — x in the dimensionless variables, we obtain 8, = —1.

We seek the solution of the boundary-value problem (8.101)—(8.102) in the form of
normal waves

(W,Q,T) = (W(x),Q(x), T(x)) expli(ay — Ct)], (8.103)

where a is the wave number along the y axis and C is the complex decrement. Substi-
tution of eq. (8.103) into egs. (8.101)—(8.102) yields the spectral problem

[i(av - C) + (1 + £B)a® Pr]U + €U’ + (%’ — eaiv, )T = (1+ £8) Pr(—-Q' + U"),

[i(av - C) + (1 + £0)a” Pr]V + (v, + €ia)U + (e, + £%ia) T’ (8.104)
— (1+B)(V" - iaQ) Pr+—SL
1+¢e60
U' +iaV =0,
[i(av - C) + ®(1+ €B)|T —eT' - U = 1 +€B)T", -1<x<1, (8.105)

U+eT'=0, V=0, T=0, |x|=1
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3. Long-wave perturbations
Taking into account the mass conservation law, we assume that

U = aU, + °U. +ooey, V=Vo+alVi+---, Q=Qy+aQ; +---,
R ] orTa (8.106)
T=aTp+a’Ti+--, C=Cy+aC;+--.

Substitution into the first equation of system (8.104) yields Q, = const. Without
loss of generality, we can assume that Q, = 0. The remaining functions of the zeroth
approximation satisfy the boundary-value problem

Uy +iVy =0, -iCyVy=(1+€0)Prvy; (8.107)
~iCoTo - €Ty - Uy = (1+€OT), -1<x<1;
To=Vy=0, Uy+eTy=0, [|x|=1 (8.108)

It is seen from egs. (8.107) that C, is found by solving the problem

" iCy

Vo + ——— V=0, V4(x1)=0. (8.109)
0 Pr(1 + €6) 0 0

Obviously, C, is purely imaginary, C, = iCy;:

Pre’r?
Coi = — <0, N, 8.110
T 41 +e) < e ( )
where 7, is the root of the equation
/1 -
]1(T)Y1(AOT) —]1(AOT)Y1(T) = 0, AO = m. (8.111)

Equation (8.111) has a countable number of real roots. As Cy; < 0, long-wave perturba-
tions decay monotonically.
The equations of the first approximation are

~CoU, + €Uy = Pr(1 + €6)(Uy - Qy),
1" + ICO — Vl = —
Pr(1 + O¢) Pr(1 + £0)
(1+e0)T] +iCyT, + €T, = i(v - C)To - U;, -1<x<1,
V,=T, =0, U +el,=0, x=2l (8.113)

GrT,
i@ - C)Vo + 7 (Up +€Th) - -0 | (8.112)
1+¢6

Therefore, the first correction to the complex decrement is determined from the
condition of solvability of the boundary-value problem for the function V;:

1 1 1 5
ic, = ij VVol dx+J L _[V’(UO+ST(’))— GrTO_]V;; dx JLO'_dx
_11+89 1+¢€60 1+¢€60 1+¢€60

-1 -1
(8.114)

-1
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(V§ is the complex-conjugate solution of the homogeneous problem (8.109)).
In particular, for the Oberbeck-Boussinesq model (e = 0, Gr > 0), with allowance
for the boundary conditions (8.108), we obtain

U = % [cospu(x +1)-1], Vy=asinpux+1), Qy=0; (8.115)
a=const, p=nm iCy="Pr n’m’, neN; (8.116)
Prel: T.- ia [ 1 . cosp(x+1)  2tg(u\Pr)sin(x+1) 2cos(uVP)(x +1) ]
C0T B [ Pr 1-Pr Pr(1- Pr) Pr(1 - Pr) ’
(8.117)
Pr=1: T —i—a[g—(x+l)sin (x+1)—%cos (x+1) (8.118)
- 0~ 2]12 u H U U . .

Substitution of egs. (8.115)—(8.118) into eq. (8.114) yields the following presenta-
tion for iC, (let us recall that 7, = R(x> - x)/6):

2uvVP 2 P
Pret: G- 2Gr 2 cos(2uVPr) cos u(2 + VPr) (8.119)
M Pr(1-Pr) cos(uVPr)
+ ZVﬁSin(y\/ﬁ) cosu(2 + VPr) -1/, u=nm, nehN;

Pr=1: C = G—rz (8.120)
2u
Thus, as « — 0, we have

C = -iPrp’ +aC,, (8.121)

where C, is determined by egs. (8.119) and (8.120), respectively.

4. Numerical solution of the eigenvalue problem

To find the numerical solution by the method of orthogonalization [75], we convert
system (8.104) to the form y' = Ay, where y(¢) is the vector of unknowns and A(¢) is
the matrix of coefficients, 0 < ¢ < 1. For this purpose, we make the replacement

§
Vs = U, Vs

V, vy, =V, y=V",
T, y,=T.

x/2+1/2, y;

(8.122)

Eliminating Q from egs. (8.104), we obtain the following system of equations:

y{ = Y2) yé = y3, yz = —2i0(y1, y; = y6’

v = (8iah, + 8a’h,)y; + (4iah, + 4a’)y, + <8iah3 - flahg >Y4
+€
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+{8iah6[w +a
1+¢€0

- 8iah7}y5 + <4iah5 - 4mh6_8 ) 65
1+€0

[0 ],
1+¢€60 1+¢€60 1+¢€0
" avg(1+€8) + (av - C)eby N (av - C)

b Pra(l + €0)? > Pra(1+¢d)
gL+ €b) - iv;£0; B %0 i@-0)

)’é == Ve

Pra(l + £0)2 Pr(1 + £0)? - Pr(1 + €0)
iV
hy=-——t (8.123)
Pra(1 + £6)
_Sll_/f{(l + 89) - 3211_/{9{ _ 8395 N iR
Pra(l + £0)2 Pr(1+€0)? a(l + £6)?
€ivg £ e’ —eaiv;  2iReby

3=

5 =

- — + —, hy — + -,
Pra(1+€6) Pr(1+&6) Pr(1 + £0) a(l + €6)3

6-05)- L -@5-1, B -1,

V=) = 5 | SHEAE +40) + S [ -1 - fo
+2(1-€2¢€ - 1)(In(1 - &e2¢ - 1)) - 1)] }
Ve = R{—ég(e)(zf -1+ 8—13[f1(£) -2eIn(1-€(2¢ - 1))] },
_ 4 4
V&v = R‘{—;fé(g) + m} (8.124)
(fi(e), f>(€), and f5() are determined from eqs. (8.94)). By virtue of replacement (8.122),
the boundary conditions (8.105) take the form

Y1=0, y,+&/6=0, y5=0 (§=0,&=1). (8.125)

Thus, we solve a system of the form y' = A(£)y with the boundary conditions
specified at ¢ = 0 and ¢ = 1, By(0) = 0 and Dy(1) = O, respectively. The matrices
B and D of dimension 3 x 6 coincide, and their elements have the following values:
by = dyy = by = dy, = b3s = ds5 = 1, by = dyg = €, while the remaining elements of
both matrices are equal to zero.

The solution is sought in the form

3 .
vy=)pvy, (8.126)
j=1

where the coefficients p; are found from the system Dy(1) = 0, and y', y2, and y are lin-
early independent vectors, such that y(0) = (0,0,0,-¢,0,1), v2(0) = (0,1,0,0,0,0),
and y°(0) = (0,0,1,0,0,0).
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Figure 8.12: Imaginary part of the complex decrement Im C versus the wave number a: a) A8 = 10 °C;
b) A6 = 100 °C.

To find the eigenvalue C, we have to use two initial approximations C, and C;, which
are chosen from conditions (8.110) and (8.119).

We study stability of the layer with the solid walls for the silicon melt SiO5. The
following parameters values are used: v = 2.65-107, y = 0.49, B = 0.75- 107, and
Pr = 5.41-107>. The calculations are performed for the absolute value of the difference
in the wall temperatures |6; — 6,| equal to 10 and 100 degrees. This means that vari-
ation of the dimensionless parameter € = |6, — 0,|/2. The linear size of the layer is
chosen to satisfy the inequality n = (2a)? g/vx < 1, which is the criterion of applicabil-
ity of the microconvection model considered [176]. The smallness of the parameter 1
can be ensured by decreasing both the length scale and the acceleration due to grav-
ity g (e. g., under microgravity conditions, with g of the order of 10*2—10’3g0, where
8o = 981lcm/ s is the acceleration due to gravity near the Earth’s surface). In these
calculations, we consider g ~ 10‘3g0, i.e., 2l < 0.11cm. For the values of a, 8, x, and v
given above, we find the dependence of the imaginary (Im C) and real (Re C) parts on
the wave number a.

Figure 8.12 shows the curves Im C(a) for different values of € and a. The results are
presented for a = 0.025 cm (dashed curve) and a = 0.05cm (solid curve) for the wall
temperature differences A = 10°C (¢ = 3.75-107°) and A@ = 100°C (¢ = 3.75-107%)
(Figures 8.12a and b, respectively). The slower variation of the curves Im C(a) corre-
sponding to smaller values of the characteristic size a allows us to speak of a stabi-
lizing effect of viscosity. The values of Re C for the indicated values of the parameters
do not exceed 102, Thus, for all values of a, we have Im C < 0, i.e., the motion is
stable. We compared the results of solving the Oberbeck-Boussinesq problem with
the numerical solution of the spectral problem (8.104) for the case where the Grashof
number Gr = &nPr is finite at ¢ « 1. The calculations are performed for the silicon
melt with the same physical parameters and 6, — 6; = 100 °C (see Figure 8.13).
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Figure 8.13: Complex decrement Im C vs. the wave number a: curves 1 and 2 refer to the microcon-
vection model (o; = 1.14) and the Oberbeck-Boussinesq model (@, = 1.34), respectively.
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Figure 8.14: Neutral curves for the Oberbeck-Boussinesq model (1) and for the microconvection
model (2).

As 7 increases, the curve Im C approaches the axis Im C = 0 and crosses this axis for
the first time at a = &, = 1.14, and ; = 2.32409 - 10%. At &, < a < 1.80 = a,, the curve
Im C takes positive values, then vanishes again at the point a,, and decreases with
increasing a. In this case, the Grashof number is Gr; = en; Pr = 471.34 < Gr,, where
Gr, = 495.6 (ata, = 1.34)is the critical Grashof number for the classical problem ([68],
p. 321). The layer thickness in this case is 2a = 33.7cm forg = 10‘3g0. Thus, the motion
becomes unstable in the microconvection model at smaller wave numbers, which is
apparently attributed to nonsolenoidity of the velocity field.

We also compare the neutral curves (Figure 8.14). Note that the minimum of
curve 2 (let us denote it by Gr,,) is shifted to the left along the a axis, i.e., instabil-
ity occurs at smaller wave numbers, which is also related to nonsolenoidity of the
velocity field.
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Figure 8.15: Dependences of Im C vs. wave number a at € = 0 (curve 1) and € = 10~ (curve 2).

It was shown in Section 8.1 that solutions (8.93) and (8.96) at € — 0 both approximate
the equilibrium state of the layer (8.97) of a viscous heat-conducting fluid. Therefore,
it seems of interest to study stability of the quiescent state (8.97). For this purpose, it
is sufficient to set € = 0 and Gr = 0 in problem (8.104), (8.105). We obtain the problem

(-iC+a®Pr)U =Pr(U" - Q'), U’ +iaV =0,

(-iC + @® Pr)V = Pr(V" - iaQ); (8.127)
(-iC+a)T-U=T", -1<x<1,
U=V=T=0, |x=1 (8.128)

This spectral problem can be solved in the explicit form. The conclusion about
stability of the equilibrium state (8.97) can be easily made on the basis of the integral
identity valid for problem (8.127), (8.128):

1 1
< o - g) j(alelz + V%) dx + J(ale'l2 +|V'[))dx =0,
o} )
whence it follows that —iC is real and —iC < 0, which means stability.

Figure 8.15 shows the complex decrement Im C as a function of the wave num-
ber a. Thus, the spectrum of the problem of stability in the microconvection model ap-
proximates the corresponding spectrum for the viscous heat-conducting fluid model.
Curve 1is obtained analytically for a viscous heat-conducting fluid (¢ = 0), and curve 2
is obtained by means of numerical integration for the microconvection model (¢ =
107).

The results of studying stability of the flow in the vertical layer in the microconvec-
tion model differ from the results for a similar flow in the classical Oberbeck-Bous-
sinesq model. Here we always have oscillatory perturbations. If the Boussinesq pa-
rameter tends to zero (¢ — 0) and the microconvection parameter 7 is of the order of
unity, the flow is always stable. In this case, it is similar to the equilibrium state in the
viscous heat-conducting fluid model, which is always stable, as demonstrated above.
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At large values of n and R = en — Ry < 00, as € — 0, the values of the decay decre-
ments (or growth increments) of perturbations are close to the corresponding values
of Im C calculated for the Oberbeck-Boussinesq model.

The neutral curves are constructed, and the critical Grashof number Gr;, is found;
itturns out that Gr,, < Gr,, where Gr, is the critical Grashof number for the Oberbeck-
Boussinesq model.
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9 Numerical simulation of convective flows under
microgravity conditions

Heat and mass transfer phenomena in engineering and processing refer to the most
important forms of affecting the process medium in those applications where con-
vection should be taken into account. By studying velocity fields arising in various
devices, one can effectively take into account the temperature and species transport
phenomena and determine the necessary actions on the medium. One direction where
convection is studied in order to minimize its action on the production cycle is space
material science.

Note that the processes considered in this case occur under specific conditions
characterized by weak fields of mass forces and extremely low velocities of the flow
(about 1um/s). In such situations, the influence of buoyancy forces becomes com-
mensurable with or much smaller than those forces that are usually neglected under
standard on-ground conditions. The range of problems to be studied is fairly wide,
owing to the existence of alternative fluid models that adequately describe the fluid
state under microgravity conditions and mechanisms of convective flow formation
that differ from buoyancy forces. The role of numerical simulations of these processes
is particularly important, because they allow the most complete modeling of physi-
cal experiments, which cannot be performed under on-ground conditions, while real
experiments in space laboratories are extremely expensive.

In this chapter, we consider some problems, numerical methods used to solve
them, and basic results.

9.1 Numerical methods used for calculations

The numerical methods of fluid flow calculations described in this chapter refer pri-
marily to the microconvection model.

Governing equations
Let the physical system to be considered be an isotropic Newtonian fluid consisting of
two nonreacting species located in an external force field.

Let X = (x1,X,X3) € R3 be the Cartesian coordinates, 0x(X, t) be the mass density
(i. e., the mass of a unit volume) of the species k (k = 1,2) at a point x at a time ¢,
and v (X, t) be the velocity of the species k. The state of the system is describes by the
field of total density o(x, t), velocity of the center of mass of the fluid element v(x, t) =
(vy, V5, v3), pressure p* = p*(x,t), absolute temperature 6(x, t), and concentration of
mass of one species c(x, t):

etV &
- , c=

0=011+0» V 0 o

https://doi.org/10.1515/9783110655469-009
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The species concentrations and temperature of the mixture are assumed to change
weakly, and all physical properties of the mixture except for density are assumed to
be constant. The heat flux and the diffusion flux of the substance are linear functions
of Vc and V6, and the coefficients in these expressions are constant. In particular, the
density of the diffusion flux of the substance J. is J, = —k.(Vc — aV@), where the con-
stant coefficients k. and a characterize the diffusion and thermodiffusion (thus, k./g
is the coefficient of molecular diffusion). These assumptions allow us to consider the
basic properties and mechanisms of the influence of volume expansion of the medium
on formation of extremely weak convection in a simple and clear formulation.

Microconvective flows characterized by velocities of the order of 10 um/s and
smaller can be described by the model of essentially subsonic flows with arbitrary
variations of density. This model is the limiting case of the full system of Navier—Stokes
and heat-transfer equations with the Mach number and the parameter characterizing
hydrostatic compressibility tending to zero [120, 44].

In the subsonic flow approximation, the total pressure is presented as a sum of
the spatially uniform thermodynamic component P(t) and a component that takes
into account the dynamic and hydrostatic effects p(x, t); the latter is eliminated from
the state equation, thus ensuring “filtration” of acoustics. Our analysis is restricted to
situations in which the thermodynamic pressure P is constant, which corresponds to
an isothermally incompressible fluid. This situation is observed in some typical cases:
if the domain occupied by the fluid is open to the atmosphere, or if the total normal
heat flux through impermeable solid walls of a closed reservoir is equal to zero (in
particular, if the system is insulated). Under the assumptions made above, the system
of equations has the form [120]

% +odivv =0, QZ_‘; = -Vp'+pdivD + (2 - go)ges,

dc do

I k.(Ac +ahd), o = k(A8 + a'Ac),

, v ©.1)
0=0(0,c), p =p-p008€;-X,

a; ov; 2 .
Dij = <a—X; + a—Xl — §5U leV).

e

Here, the coefficient k. characterizes molecular diffusion, « and a' characterize
thermodiffusion and the Dufour effect, respectively, e; is the unit vector co-directed
with the vector of acceleration due to external mass forces, D is the Cartesian tensor
with the components Dj;, and §j; is the unit tensor. The volume viscosity is assumed
to be equal to zero.

The state equation is chosen in the form of a linear dependence of the specific
volume of the fluid on variations of temperatures and concentrations of the chemical
species

ij>

0=001+BT+yC)"', T=6-6, C=c—-co (9.2)
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where 6, and c, are certain mean values of the temperature and concentration, g,
is the mean density of the mixture, and  and y are the constant temperature and
concentration coefficients of density.

As a result, the equations of convection of a nonisothermal binary mixture take
the form

divv = (By + y8a)AT + (yb + Bya’)AC,

d n
d_‘t, = (1+ BT +yC){-Vp" Jgo + vAV} — (BT + yC),

dcC 9.3)
T 6(1+ BT + yC)(AC + aAT),

dar '

I =x(1+ BT + yCO)(AT + a'AC),

where p" = p - gl - x — (u/3)divv, x = k/(goc,) is the thermal diffusivity, § = k./g,
is the diffusion coefficient, and v = u/p,, is the kinematic coefficient of viscosity.

System (9.2), (9.3) corresponds to the microconvection model (MM) for a single-
species fluid [177, 176] (see also [161]) derived from the axioms of mechanics of contin-
uous media by means of a priori assumptions. The MM extends the classical Boussi-
nesq model, which is usually used to describe natural convection.

Numerical methods

In plane cases, the methods of the numerical solution of system (9.2), (9.3) can be con-
ventionally divided into two main groups. The first group involves the stream function
Y and vorticity w, and the original system of equations is transformed to a system in
the variables (), w). The second group includes methods based on using numerical
procedures of calculations in natural variables: velocity and pressure. The basic infor-
mation on numerical methods can be found in [120, 160, 219, 195, 56, 5, 206, 79, 80, 82,
83, 78, 90, 220]. Numerical methods applicable to flows with the fluid considered in
the Oberbeck-Boussinesq model were described in detail in [160, 219, 195, 56, 5, 206].

Let us consider the use of these numerical methods by an example of studying
convection in a rectangular domain O < x < I, 0 < y < h bounded by solid walls
impermeable for the substance, with no-slip conditions for velocity.

It should be noted that the use of the MM requires the integral heat flux normal to
the domain boundary to be equal to zero [177]. Therefore, the heat fluxes on the domain
boundaries have to be known in problems considered in the MM approximation. In the
general case, the heat flux functions can depend on spatial coordinates and also on
time. For certainty, we assume that the vertical boundaries are thermally insulated,
and a periodic heat flux is prescribed on the horizontal boundaries.

The boundary conditions for species concentrations are determined by using the
expression for the diffusion flux of the substance J. We also assume that a' = 0 (the
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Dufour effect is ignored). In this case, the boundary conditions can be presented as

y=01: v=0, T,=0, C,=0;s

y=0,h: v=0, T,=0cos(Q't), C,=-abcos(Q't).

(94)

For numerical simulations in the variables (i, w), we introduce a solenoidal vector
field (modified velocity) w and modified pressure g:

W = (W, w,) =V — (By + y6a)VT — y6VC; (9.5)
"
q= Ig)_ — By +yba)(v — Y)AT - y6(v — 8)AC. (9.6)
0
Equations (9.2), (9.3) are written in the variables T (temperature), C (concentra-
tion), w (vorticity), and i (stream function) for the field w as

% W _

W=Wy — Wy, — =W, -W,.
2" Wy 3 1 2

The scale factor for temperature is assumed to be T, = ©h. The scale factors for length,
velocity, time, modified pressure, and concentration are

X K w B
h =, —, < IT,. .
As a result, system (9.2), (9.3) in the dimensionless variables takes the form (0 <

x<A,0<y<1)

AY = -w; (9.8)

W + W0y + W), = K,Aw + F; (9.9)

Ci +w;Cy +w,C, = Ko (AC ~ SAT) + Fs (9.10)
T, + w; Ty + W,T, = K7AT + Frs (9.11)

K,=Pr(1+eT +eC), K.=Le(1+eT +¢eC), Ky=(QQ+¢€T+¢eC);
F,=-e(1-sLe){wAT + Vw - VT} — e Le{wAC + Vw - VC}
~ (e - esLe)*{T,AT, - T, AT,} - (e Le)*{C,AC, - C,AC,}
— &(e - esLe){(C,AT, - C,AT,) + Le*(T,AC, - T,AC,)}
+enPr{lT, - LT} + enPr{l;C, - L,C,} + e Pr{q (T, + C))
= q,(T + C) + Awy (T, + C,) — Awy(T), + Cy)};

Fc = —eLe|VC]* - e(1-sLe)(VC - VT),
Fr = —(1 - sLe)|VT|* —eLe(VC - VT),
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where A = l/h is the aspect ratio, the components of the normalized vector of accel-
eration due to external forces e; are denoted by e; and e,, € = T, is the Boussinesq
parameter, n = gh3 /(vx) is the microconvection parameter, Pr = v/y is the Prandtl
number, Le = §/x is the Lewis number, and s = —ay/f is the separation ratio.

The approach that involves the vorticity w and the stream function i has the ad-
vantage that there is no need to ensure solenoidity of the modified velocity vector,
because this condition is satisfied automatically. There are some difficulties, however,
in imposing the boundary condition for vorticity on the boundary subjected to no-slip
conditions, which is absent in the physical formulation of the problem.

There are many numerical methods for solving system (9.8)—(9.11). These meth-
ods differ in the choice of the difference scheme, type of the boundary conditions, and
method used to solve Poisson’s equation. Specific features of the numerical solution
of convective flow problems as applied to the microconvection model that involves the
stream function and vorticity variables were considered in [79, 78] for both rectangu-
lar geometry and for problems in annular domains with the use of cylindrical coordi-
nates. The majority of algorithms have separate procedures for solving egs. (9.8)—(9.9)
and (9.10)-(9.11). This way of arrangement of calculations is also called the two-field
method ([220]).

When the modified velocity w, its stream function ), and vorticity w are used, it
is necessary to impose new boundary conditions absent in the physical formulation
of the problem. Equation (9.5) defines the components of the modified velocity on the
boundary:

w; = —€(1-sLe)T, —eLleC,, w,=e(1-sLe)T, +eLeC,. (9.12)

Then the stream function is found by integrating the function (9.12) along the cor-
responding boundary. Thus, for the domain boundary y = const, the stream function
is determined by the equation

x=l

W= J W, dx.

x=0

Taking into account the boundary conditions (9.4), we obtain
P = xe cos(Qt), (9.13)

where Q is the dimensionless frequency of heat flux oscillations.

The vorticity on the domain boundary is determined by using the boundary con-
ditions for the tangential component of velocity. Note that this condition is actually an
approximate equivalent of the usual no-slip condition. A conventional approach to de-
riving the boundary condition for vorticity is expanding into a Taylor series along the
normal to the boundary. As an example, let us consider the condition for vorticity on
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the boundary y = 0. Assuming that Ay is small and that all necessary derivatives exist,
we expand the stream function at point 1 (point 1 is located at a distance Ay along the
y axis from point O located on the domain boundary) into the Taylor series:

Y Ay? ( Y )
=~ Ay| — —_— — ] . .1
n=vorty(3) +(55), ©o14)
The first derivative of the stream function in eq. (9.14) is determined from eq. (9.12):
<%) =-g(1-sLe)T, —eLeC,. (9.15)
9y /o

Writing Poisson’s equation for the stream function, we find (taking into account
eq. (9.13) for calculating ¥,,)

0 0 0
(B0 E, e
oax? /o y? /o 2 /o
Substituting egs. (9.15) and (9.16) into eq. (9.14), we obtain the Thom formula for
calculating the vorticity on the domain boundary:

2
wo=—53 ¥ =0 + by(e(1=sLe)T, + eLe ).

The Tom formula has the first order of accuracy. Considering the next terms of the
series in the Taylor expansion (9.14), we find the expressions for the second order of
accuracy (e. g., the Woods formulas [80]). The properties of these and other boundary
conditions were studied in [90, 220] for the fluid model in the Boussinesq approxima-
tion. Particular attention should be paid to calculating the vorticity on the boundary,
because this procedure exerts a considerable effect on computational process stabil-
ity.

Performing generalization for the problem considered, we can write the boundary
conditions in the form

x=0: ¥=0, P, =¢e(l-sle)T,+eleC,, T,=0, C,=0;
x=A: YP=Aecos(Qt), Y, =¢e(l-sle)T, +eleC, T,=0, C,=0;
y=0,1: =xecos(Qt), P, =-e1-sLe)T,-eleC,, (9.17)
T, = cos(Qt), C, =scos(Q).

Let us perform a numerical study of problem (9.8)-(9.11), (9.17), using the ap-
proach developed in [80]. Integration is performed by using a class of two-layer
implicit difference schemes of the method of alternating directions, which formally
has the second order of approximation.

Performing discretization in time with a constant time step 7, we seek for the so-
lution of the system of equations at each time step " = nt, where n = 1,2,... is the
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ordinal number of the time layer. For egs. (9.9)-(9.11), the calculation scheme is writ-
ten in the general form as

n+1/2 P i ) _
% = [K®, - w, D]} + (KD, - W2(D])'/”1/2 B
q)n+1 _ cDn+1/2 3 ) _ (9.18)
T—/Z = [KD, - WI(D];H + [K(Dy _ qu)])r/Hl/z -0

if ® = w, thenF =F, - ePr(VT-Vw + VC - Vw), K = K!';
if® = C, then F = F; - eLe(VT - VC + |VC[?) - KcsAT, K = K
finally,if ® = T, then F = Fy - &(VT - VC + IVT]?), K = K?.
To solve eq. (9.8), we use the following iterative scheme at each time step t":

m+1/2 _ . pm
l/) T/z l/) =A[ )r(r)l(+l/2+¢}r,ny +w"+1],
(9.19)
l/)m+1 - ¢m+1/2 _ /“1[ m+1/2 + m+1 + wn+1]
- XX Yy

T/2

(Ais the iteration parameter, the choice of which affects the rate of convergence of the
iterative process).

For approximating the spatial variables involved into the system of equations, we
introduce a grid with the coordinates

x;=({-DAx, i=12,....I; Ax=
. . 1
yi=0-DAy, j=12,....]; Ay=—.
J-1
The values of the variables at the point with the coordinates (x;,y;) at the time t" are
denoted by @(t", x;, yp) = <D”l-)1-. The spatial derivatives inside the computational do-
main are approximated during the expansion into the Taylor series by central finite-
difference analogs with the second order of accuracy. For example, we have

00 Py~ Piy, @ Dy =20 + Dyy
ox 2Ax T ox? Ax? '

Nevertheless, the method of approximation is determined to a large extent by spe-
cific features of calculations as well as by the properties of solutions.

Particular attention should be paid to the use of methods of approximations on
the computational domain boundary and on their implementation in the computa-
tional algorithm. Asymmetric second-order approximations are usually used for this
purpose. By calculating the derivatives at the computational domain boundary y = 0,
we obtain the expressions

A0 3Dy + 4Dy - D)
ox |y—o 2Ax ’
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ox2 [0 2Ax2 Ax o

The use of three-point finite-difference approximation of spatial variables leads to
a system of linear algebraic equations obtained from egs. (9.18)—(9.19), which can be
presented in the form
Y gqnt+1/2 Y g n+1/2 Y 1 n+1/2 . .
~ALO T B - GO =D, i=2 -
1 1 1 .
AL Bgfjcp;j; SCNOIL =D, =2 ) -1,
and are solved by the method of consecutive elimination of unknowns with the use of
sweeping procedures [205].
The full computational procedure of the transition to the new time layer
arranged as follows.

tn+1 is

1. The transition to the new time layer ¢"*! begins from calculating the temperature
T™! and concentration C"**! from egs. (9.10)-(9.11) and the difference scheme (9.18).
The values of the modified velocity w corresponding to the time layer ¢" are used in
convective terms.

2. Based on the resultant values of T"*! and C"*!, F,, is calculated. In order to deter-

mine the values of g, and g, involved into F,,, we use the momentum conservation
equation for the modified velocity, where all values are taken from the time layer ¢"
(for the sake of simplicity, the superscript n is omitted):

W;+W-VW +¢&(1-sLe){VT - Vw - Vw - VT} + eLe{VC - Vw - VW - V(}
+(e—e€s Le)z{ATVT - %vwnz} + (e Le)z{ACVC - %vwcﬁ}

+&(e - esLe){ATVC + Le’AVT - Le V(VT - Vo)l
=enPr(T + C) + (1 + €T + eC) Pr(-Vq + Aw).

3. Based on the solution of eq. (9.9) and the difference scheme (9.18), the vorticity w™*!
is found. The values of 1" are used in the boundary conditions for w"*'.

4, To solve eq. (9.8), an internal iterative process of calculating w’"“ using the dif-

ference scheme (9.19) is used. After the iterations are finalized at m = M, the values
of i on the time layer n + 1 are assumed to be determined with prescribed accuracy
& dyt = 1,DM The iterative process is assumed to converge if the convergence crite-
rion

max]t/)m“ l,bl]|<£re1maX|7,bm+1|

or
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mf]lxil/)zn}ﬂ _ l/’m < E;bs

(or some other criteria [219, 195, 56, 5, 206]) is satisfied. Here, mis the iteration number;

sf’})bs and ef/fl are the prescribed absolute and relative errors of calculating ™.

5. The accuracy of satisfying the boundary conditions for the vorticity ¢, is deter-
mined. For instance, for the horizontal boundary of the computational domain, we
obtain

€, = mlax|wl~)1(lp$1) - w1 (Pi5)].

If the prescribed accuracy of calculating ¢, is not reached, the procedure returns to
step 3. Otherwise, satisfaction of the prescribed condition means the end of calculat-
ing the parameters on the time layer ¢"*'.

Let us now consider the main procedures of calculating convective flows of a
weakly compressible fluid with the use of the “natural” variables of velocity and
pressure. System (9.1), with allowance for egs. (9.7), can be presented as

divv = £(1 - sLe)AT + eLeAC,
Vi +V-Vv=_1+¢T +C)Pr{-Vp +divD} + en Pr1(T + C),
Ci+V-VC = (1+¢€T +€C)Le(AC - sAT),
T; +v-VT = (1+&eT +eC)AT.

(9.20)

The main difficulty in numerical simulations with the use of the “natural” vari-
ablesis to develop a method of determining the pressure that would ensure sufficiently
effective satisfaction of the continuity equation. One possible approach for pressure
calculations is the procedure that involves solving Poisson’s equation. This method
is most frequently used in studying incompressible fluid flows. For this class of prob-
lems, the method of markers and cells (MAC method) [94], which was further devel-
oped as the SMAC method [3], and their modification [96] were developed and are
successfully used. In particular, instead of solving Poisson’s equation, it was proposed
[96] to use an iterative procedure for determining pressure, which is equivalent to solv-
ing Poisson’s equation for pressure by the over-relaxation method. In [120], the use of
the SMAC method was considered for essentially subsonic flows. As applied to con-
vective flows within the framework of the microconvection model, this method was
used in [63].

It should be noted that numerical methods with the use of (p, v) offer appreciable
advantages over computational procedures based on the variables (i, w): the major
advantages are the simplicity of imposing the boundary conditions and the possibility
of calculating three-dimensional flows.

The calculation of the parameters on the time layer
stages.

"1 consists of the following
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1. The initial velocity v{”l is calculated, which is further used in the iterative procedure

as the initial value:

Vi =" 4 [V v - (14 eT" + eC™) Prvp”

+(1+eT" +eC")divD*! + enPr1(T" + C")).

2. The pressure p and refined velocity v are calculated by the following iterative pro-
cedure (m is the iteration number):

pit = p (VI —g(1 - sLe)AT" — e Le AC™),

v,”nfl = v,”,:rl —1(1+eT" +eC") Pr(Vp"m+1 - Vp”m*_ll).

The iterations are repeated until the inequality [p"' - p| < g, is satisfied (g, is

the prescribed calculation accuracy). The initial value of pressure for the iterations is
p;'“ = p". The parameter y responsible for the rate of process convergence is

" ! (2 L>_1
4 TPr(1+eT" +eC")\ Ax2 ~ Ay?

When the iterative procedure is finished, the velocity v and pressure p on the time layer
t"*! are assumed to be finally determined.

3. The temperature and concentration on the new time layer are found from the equa-
tions

T = T - o™ VT 4 (14 €T" + eT")AT™,
C™ = "= V™ VC 4 (1 + eT" + £C") Le(AC™ — sAT*™).

The computational procedure for calculating the initial velocity v;'” as well as
the temperature T™*' and concentration C"*! involve the class of two-layer implicit
difference schemes of the method of alternating directions; as a whole, they are similar
to those used for calculating equations in the variables (i, w). A specific feature of
the method considered here, however, is the use of the MAC grid [94], which leads
to some specific features of the spatial approximation of the equations. A fragment
of the MAC grid is shown in Figure 9.1. The MAC grid consists of a system including
the basic nodes with the coordinates x;,y; and two types of auxiliary nodes: x;,;,,y;
and x;, Yj,1/2, which are shifted with respect to the system of the basic nodes by one
half of the grid step in the x and y directions, respectively. The functions of pressure,
temperature, and concentration are determined in the nodes of the basic grid.

The auxiliary grids are introduced for the corresponding projections of the velocity
vector on the coordinate axes: shifted along the x axis for the horizontal component
v; and shifted along the y axis for the component v, (see Figure 9.1, where the velocity
vector components are indicated by v(x,t) = (u,v); the same notation is used below
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Vij+12

0]

Ui-12,j @ (@) DUt

(O}

Vi,j-12

Figure 9.1: Fragment of the MAC grid.

when analyzing the realization of the spatial derivatives and boundary conditions for
velocity).
The coordinates of the basic grid are determined by the equations

xi=0-12)Ax, i=12,....I; Ax=

>

\Ib—\~|h>

yi=0-12hy, j=12....]; Ay=

The grid is arranged so that the auxiliary nodes of the first and last lines coincide with
the corresponding boundaries of the computational domain.

If the MAC grid is used inside the computational domain, the spatial derivatives
are approximated in a standard manner by central differences with the second order
of accuracy. The major advantage of using the MAC grid is the use of a smaller grid
space in calculating the first derivatives of velocity:

ou _ Uiy1ppj — Uinqpaj ov _Vijr12 = Vijp

ox Ax © oy Ay
The velocity components at the cell center are approximated as
Uij = 0.5 1705 + Ui1y2j)s  Vij = 0.5(Vij2 + Vijo1p2)-

A specific feature of using the MAC grid is also observed in approximating the deriva-
tives at the domain boundary, where “dummy” cells outside the computational grid
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are used. The heat flux on the domain boundary is specified for the temperature ap-
proximation in the considered problems. Therefore, the temperature in the “dummy”
cells is determined by the relation T; = T;; - fAx, where f is the heat flux specified
on the boundary.

In calculating the values in the “dummy” cells, we use the known values of the
velocity components on the domain boundaries. For instance, let us determine the
values of u;,/, o along the horizontal boundaries by using the no-slip condition:

Uir1/21/2 = 0 = (Upya1 + Uir1/20)/2 OF Uiyno = ~Uisi/a1-

These methods and procedures of studying problems of fluid motion in the ap-
proximation of the microconvection model as well as their details and specific features
are not the only possible and exhaustive ones. For example, such problems can also
be solved by using a numerical method with the variables (w, g), based on the SMAC
method [3] for an incompressible fluid.

9.2 Numerical study of unsteady microconvection in canonical
domains with solid boundaries

Unsteady regimes of convection under microgravity conditions are studied in domains
shaped as a ring and as a rectangle extended in the gravity force direction.

The domain boundary is solid and impermeable, so that the no-slip condition is
satisfied for physical velocity. In the case of annular domains, the acceleration in-
duced by the gravity force produces time-periodic oscillations. Convection in an ex-
tended rectangle is studied for the case of thermally insulated short sides of the rect-
angle and a periodic heat flux through the long sides. The condition of the zero total
(integral) heat flux through the domain boundary is satisfied in this case.

Mathematical models of convective flows are based on initial-boundary problems
for the classical Oberbeck-Boussinesq equations (3.41)—(3.43) and equations of micro-
convection of an isothermally incompressible fluid (5.6)—(5.8). The solenoidity of the
modified velocity w in the microconvection model permits an analog of the stream
function for plane and axisymmetric problems to be introduced, as in the classical
equations. The method of alternating directions is used for the numerical solution of
equations written for the stream function and vorticity sought. The calculations are
performed for model fluids, such as glycerin, silicon, and glass melts, thus, for differ-
ent values of the Prandtl, Rayleigh, and Boussinesq numbers, and, simultaneously, in
the case where the microconvection parameter is rather small. The temperature fields,
calculated by different mathematical models and used as one of the most important
characteristics of the convective process, do not exhibit significant differences. At the
same time, the influence of the nonsolenoidity of the velocity field in the microcon-
vection model could not fail to manifest itself. The calculations confirm the qualita-
tive and quantitative differences in flow characteristics calculated by the two models
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mentioned above. In particular, the values of velocity calculated by the new model
can exceed those predicted by the conventional model by three orders of magnitude.
Moreover, the flow structure, its topology, time evolution, and trajectories of motion
of fluid particles are also different.

To illustrate this, we present figures that show the flow topology: fields of veloci-
ties, streamlines, and isotherms. The trajectories of fluid particles are also shown.

1. Unsteady microconvection in an extended rectangle

Unsteady microconvection is studied in a domain O < x < xy, 0 <y < y, with solid
impermeable boundaries. Two boundaries (x = 0 and x = x,) are thermally insulated,
and the two remaining boundaries are subjected to the condition of a periodic heat
flux. The gravity force is directed along the Ox axis. The classical convection and mi-
croconvection equations are considered in the variables w—- (w is the vorticity and
1 is the stream function or modified stream function). The components of the physi-
cal or modified velocity are v; and v,. The system of equations in the variables -w is
written as

vi=ty, Vy=-1y,
W¢ + V1Wy + Vo0, = VAw + 8T, + F,, (9.21)
AY = —w, (9.22)
Ty + 1Ty + v, T, = YAT + Fr. (9.23)

The following relations are valid for the microconvection model:
v=>1+BTy, ¥=@Q0Q+BT)y,
F,= ﬂ(—quy +T,q,) + vB(Av,T, — Av,T))
+(=x)(w AT + VT - Vo) + (-B°x*)(AT, T, - AT, T,),
Fr = —ByIVTP.

For the Oberbeck-Boussinesq model, we have, respectively,

The boundary conditions for the microconvection model are formulated in terms of
the stream function and have the form

x=0: Y=0, Y, =pT,, T,=0; (9.24)
X=Xg: Y=PBxxoAsinyt, Y, =pT,, T,=0; (9.25)
y=0: 1 =_LByxxAsinyt, Y, = -PxT,, T,=Asinyt; (9.26)

y=1: =pxxAsinyt, i, =-pxT,, T,=Asinyt. (9.27)
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The boundary conditions for the Oberbeck-Boussinesq model are

X=0: =0, . =0, T, =0; (9.28)
X=Xo: =0, P,=0, T, =0; (9.29)
y=0: ¥=0, ,=0, T, =Asinyt; (9.30)
y=1: $=0, ¢,=0, T, =Asinyt. (9.31)

The initial conditions for both models are

t=0: w=0, Pp=0, T=T, (9.32)

Numerical implementation. Calculation scheme
Problems (9.21)-(9.27), (9.32) and (9.21)-(9.23), (9.28)—(9.32) are numerically stud-
ied with the use of a longitudinal-transverse finite-difference scheme, which is also
known as the method of alternating directions formally having the second order of
approximation [126, 207].

The calculation scheme for egs. (9.21), (9.23) is written in the general form as

k+1/2 _ gk _
% = [V, - v, @]} + [V, - vZCID]’y<+1/2 + FK
= (9.33)
0] +1 ch+1/2 ) o ) o
T osr = VR n@L 4 [y v, @] 4 F

For the microconvection model, we have the following variants: if ® = w, then
F=pgT, +F, - PwT -Vw;if ® =T, then F = Fr - By|VT|.

For the Oberbeck-Boussinesq model, we assume the following options: if ® = w,
then F = BgT, + F,; if ® = T, then F = Fr.

To solve Poisson’s equation (9.22), we use the following iterative scheme at each
timestept, =kt (k=1,2,...):

s+1/2 _ s -
l/) l/J =/1[ s+1/2 + l,bs +wk+1])
XX yy
0.57
s+1 s+1/2 (934)
'I) - lP _ /1[ S+1/2 + s+1 + wk+l]
0.57 - x (4

(A is the iteration parameter).
To implement the above-described calculation scheme in a standard manner, we
introduce the difference grid

X,=(Mm-Dh, n=12...,N; h, =xo/N, Ny=N+1
Ym=(m-Dh, m=12....M; h, =yo/M, M;=M+1.

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



9.2 Numerical study of unsteady microconvection in canonical domains = 271

We use the notation (D’,;,m = D(ty, X,,¥m)- Then, the systems of linear algebraic equa-
tions (9.33), (9.34) are presented as

k+1/2 k+1/2 k+1/2 3 .
ch m-1 bn,mq)n,m ch i1 =dums N=2,...,N;

k+1 k+1 k+1  _ _
_an,mq)n—l,m + bn,mch,m - Cn,mq)ml,m = dn,m: m=2,...,M,

and are solved by the sweeping method [205]. The following difference approximation
for terms of egs. (9.33) is used:

() -0 -0, -0,
ch le n+l n+l,rr;l2 n,m _‘7n n,m h2 n-1,m
X X
_ (l/)y)ml,mq)nﬂ,m - (l/)y)n—l,mq)n—l,m

>

2h,
(‘:/)n+l,m = 0.5Vn41m + Vnym)-

The convective terms on the actual layer are approximated by central differences. The
first derivatives involved into F¥ inside the computational domain are approximated
in a standard manner by symmetric finite-difference analogs with the second order
of accuracy. The first derivatives on the computational domain boundary are also ap-
proximated by asymmetric finite-difference analogs of the second order [205, 207]. For
example, we have

1
TX = %(47‘2,"1 - T3’m - 3T1’m).
For approximation of the boundary conditions for temperature, which define the
heat flux (see egs. (9.28)—(9.31)), it is possible to use additionally the heat-transfer
equations (9.23). For instance, the following relation is valid for approximation of the
boundary condition for temperature at y = 0:

2

h; h
14+ Tk+1/2 Tk+1/2 h A tk+1/2 _y Tk )
< ZXT/Z > n1 n,2 sin )4 ZXT/Z n,1

To impose the boundary conditions for vorticity, we derive conditions of the Thom or
Woods type [195]. For the microconvection model, these conditions at y = 0 have the
form

) 2 k k
" = o (Wny ~ s + By (BXT),
y
3

) 1 . (9.35)
1/2 1/2 1
wn,Jrl/ +2 n+2/ (lnbnz lpnl+h (ﬁXT+))
for the Oberbeck-Boussinesq model, respectively, we have
k+1/2 2k k+1/2 . 1 k12 3k
Wi = 32 ¥n2 and Wi+ Ew"’;/ = -pl/’n,z- (9.36)
y y

EBSCChost - printed on 2/13/2023 8:45 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

272 —— 9 Numerical simulation of convective flows under microgravity conditions

The general scheme of solving the problem consists of the following stages:

1. The transition to the new time layer ¢kt begins with the calculation of the tem-
perature T¥*!, and only after that is the vorticity w**! found from system (9.33).
Sweeping in the y direction is performed on the intermediate layer (k + 1/2), and
sweeping in the x direction is performed on the basic layer (k + 1). (The starting
values are determined by the initial data T := T, = const, w := 0, i := 0.)

2. Oneachtime layer k, an internal iterative process of calculating 1**! by the system
(9.34) with an alternated sequence of sweeping is introduced. After the iterations
are finalized at s = S, the values of i on the time layer (k + 1) (1,1;’“rl = y°) are
assumed to be determined with prescribed accuracy &.

The iterative process is assumed to converge if the convergence criterion of the form
(195, 219]

max| . ~ Yl < &y maxiyy, (9.37)
is satisfied (s is the iteration number and ¢, is the prescribed accuracy of calculat-
ing ':DSH)'

The accuracy of satisfaction of the boundary conditions for vorticity is deter-
mined, for example, for conditions (9.35), (9.36) on the basis of the value of £ [195, 219]:

€= mr?xlwn,l(')blr(&l) - wn,l(lplr;,z)l' (9.38)

Results of the numerical study of microconvection in an extended rectangle
The calculations are performed on a 200 x 20 grid foradomain 0 < x < x5;0 <y <y,
atxy =10cmandy, = 1cm.

The stability of the algorithm and the order of convergence are checked in a
numerical experiment on a sequence of grids (i = 1: 200 x 20, i = 2: 400 x 40,
i = 3: 800 x 80; gy = 10™%); the behavior of the quantity r; is noted, which charac-
terizes the motion intensity max, ,, [, | for each grid with the number i or which
is the integral norm ||l = 2,2 hch,. The experimentally determined order of
convergence r and the approximately determined relative error € are calculated in the
following manner, in accordance with the Runge rule (see, e. g., [48, 103, 152]):

e In(jr, — r1l/Ir5 = 15l) _ 1 )
In2 ’ 1-(1/2)7

n-n
5}

(9.39)

If the main quantity being observed is the motion intensity, we obtain r =~ 1.8 and
€ =~ 3% (relative error in percent). If the main quantity being observed is the integral
L,-norm of the stream function, then we haver ~ 2and € = 3 %.

The basic values of parameters in the boundary conditions for temperature are
assumed to be identical: T, = 35, A =70, y = 2 or y = 0.5. The basic parameters of the
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Table 9.1: Basic parameters.

Pr Re n £ v X g B
N1 0.75 0.014 1 0.01 015 02 0.03 0.0003
N2 0.01 21 0.4 0.02 0.015 1.5 0.009 0.0006
N3 01 021 04 0.02 0.15 15 0.09 0.0006

N4 (sil)  0.0054 0.049 077 2.6-10 0.00265 0.49 0.001 7.5-107°

problem are listed in Table 9.1 (the dimensional quantities are given in the centimeter—
gram-second system [226]).

Thus, the calculations are performed for several model fluids (N1, N2, N3, and
N4) under the action of microaccelerations reachable on an orbital station, i. e., under
the condition of a small value of the parameter n, and for different values of g. The
models differ in terms of the Prandtl number Pr and Reynolds number Re = v, I/v.
The characteristic velocity is taken to be the characteristic rate of volume expansion
v, = gy/l(e = BT, is the Boussinesq number), and ! = y, = 1. Thevaluet, = I/v, canbe
naturally chosen as the characteristic time of the process. It should be noted that the
name “model fluid” is rather conventional. Model N4 is the silicon melt, while model
N1 is air (in accordance with the values of the basic parameters) frequently used for
real experiments on convection (see [27]).

The calculations performed using the two alternative models demonstrate con-
vincing differences in the behavior of the trajectories of microconvective motion in an
extended rectangle. The trajectories of motion of fluid particles are reconstructed as
solutions of the Cauchy problem for the system of ordinary differential equations

Z—); =, % =v,; x(0)=% y(0)=7j. (9.40)
The calculations are performed by an improved Euler method with the second order
of accuracy [103]. Here, v; and v, are the components of physical velocity.

Figures 9.2-9.7 show the fluid particle trajectories up to the time instant ¢t = 240s.
Figure 9.3 shows the particle trajectories at the time ¢t = 60 s. The axes give the x and y
values multiplied by 10*.

Figure 9.2 (model N3; initial coordinates (5; 0.1); calculation parameters Pr = 0.1,
€ =0.02,n = 04,and y = 2), Figure 9.4 (model N1; initial coordinates (5;0.6); cal-
culation parameters Pr = 0.75, € = 0.01, 7 = 1, and y = 2), and Figure 9.5 (model
N4 (sil); initial coordinates (5; 0.6); calculation parameters Pr = 0.0054, € = 0.000026,
n = 0.77, and y = 2) illustrate the qualitative differences in the particle trajectories for
models N1, N2, N3, and N4; the particles in these calculations were located at the
same point at the initial time.

Figure 9.3 (model N3; initial coordinates (5;0.1); calculation parameters Pr = 0.1,
€=0.02, 1 = 0.4, and y = 2) shows the trajectories of a particle initially located at the
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20 A

\

_20 T T T
-4.0 0 4.0 8.0

©

Figure 9.2: Model N3; calculation parameters Pr = 0.1, € = 0.02, and p = 0.4. Trajectories: y = 2;
initial coordinates (5;0.1) (Oberbeck-Boussinesq model: segments of straight lines parallel to Ox).

point (5;0.1) to illustrate the influence of the amplitude coefficient A in the thermal
mode on the boundary: the greater the coefficient A, the more intense the motion.

The trajectories calculated by the Oberbeck-Boussinesq model fill segments of
straight lines parallel to Ox; they are shown as bold curves. The trajectories calculated
by the microconvection model obviously have a more complicated structure.

Thus, in addition to the differences caused by the use of different mathematical
models and to the differences in the behavior of the trajectories as functions of the an-
gular frequency y and amplitude coefficient A, there are also differences in trajectories
of particles initially located at different points: see Figure 9.2 (model N3; initial coordi-
nates (5; 0.1); calculation parameters Pr = 0.1, € = 0.02, = 0.4, and y = 2), Figure 9.6
(model N3; initial coordinates (9.75; 0.5); calculation parameters Pr = 0.1, € = 0.02,
n = 0.4, and y = 2), and Figure 9.7 (model N3; initial coordinates (0.25;0.1); calcula-
tion parameters Pr = 0.1, € = 0.02, = 0.4, y = 2). For a point located in the vicinity
of the thermally insulated short side, Figures 9.6 and 9.7 display qualitatively similar
trajectories, but there are significant differences in the amplitudes, which are caused
by the difference in the order of velocities, in the direction of motion (see Figure 9.7a)
and in the angle of inclination of the curves (see Figure 9.7b).

In addition to the qualitative difference in trajectories predicted by different math-
ematical models, there are also quantitative differences in velocities. These results are
summarized in Table 9.2, together with the characteristic velocities and the time of mo-
tion for different models. The velocities calculated by the microconvection model (MM)
are greater by one or two orders of magnitude than those predicted by the Oberbeck-
Boussinesq model (OBM). The values of the characteristic velocities are consistent
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A A
0.4 1 10.0 A
0 0 -
0.4 T — -10.0 T T >
-0.1 0 0.1 4.0 0 4.0
(a) (b)
A
20.0 A1
0 -
—20.0 T T -
-5.0 0 5.0

(©)

Figure 9.3: () Model N3; calculation parameters Pr = 0.1, € = 0.02, p = 0.4, and y = 2; initial coordi-
nates (5;0.1). Trajectories at A = 1(a), 35 (b), and 70 (c) (Oberbeck-Boussinesq model: segments of
straight lines parallel to Ox).

Table 9.2: Absolute velocities (maximum orders): (MM/OBM).

t, A [vil v,
N1 476 0.0021 107%/10™* 1073/107°
N2 31 0.0315 1073/10™* 1072/107*
N3 31 0.0315 1072/10% 1072/107*
N3 (y = 0.5) 31 0.0315 107°/107* 107%/107%
N4 (sil) 7774 0.000129 107°/1077 107%/1077

with the calculated values. Note that the characteristic times of the process require
the calculations to be continued (at least, for models N1 and N4) for obtaining the
real flow pattern and further observations of the trajectories.
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A
20.0
0 -
—-20.0 T T >
-0.8 -0.4 0 -0.4

Figure 9.4: Model N1; calculation parameters Pr = 0.75, € = 0.01, n = 1, and y = 2; initial coordinates
(5;0.6). Particle trajectories (Oberbeck-Boussinesq model: segment of a straight line parallel to

Ox).

1.0 1

-1.0 T T
—-0.02 0 0.02

Figure 9.5: Model N4 (sil); calculation parameters Pr = 0.0054, € = 0.000026,n = 0.77,and y = 2;
initial coordinates (5;0.6). Particle trajectories (Oberbeck-Boussinesq model: segment of a straight

line parallel to Ox).

The temperature fields calculated by both models have almost identical qualitative
and quantitative characteristics (Table 9.3). The isotherms have the form typical for
convection and are almost parallel to the long sides of the rectangle, which confirms
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A A

100 4 0.12 4

0.8 1

0 -

0.4 4
—100 T r —» (0.0 r —
-4 -2 0 -2 0.0000 0.0001 0.0001

(@) (b)

Figure 9.6: Model N3; calculation parameters Pr = 0.1, € = 0.02,7 = 0.4,andy = 2;initial co-
ordinates (9.75; 0.5). Particle trajectories calculated by the microconvection model (a) and by the
Oberbeck-Boussinesq model (b).

Table 9.3: Change in temperature.

T (MM) T (OBM)
N1 11.02-59.83  10.65-59.30
N2 11.27-60.69  10.24-59.76
N3 11.27-60.70  10.24-59.76
N3 (y=0.5) 1575-54.52 15.63-54.37
N4 (sil) 7.62-62.41  7.61-62.39

the assumption about the dominating change in temperature in the Oy direction and
a minor change in the Ox direction.

2. Unsteady microconvection in an annular domain

Let us consider unsteady microconvection in an annular domain R; < r < R, 0 <
0 < 2m under the conditions of a variable gravity field and time-dependent thermal
mode on the boundary. The gravity force is directed along the Oy axis. Let us write
the Oberbeck-Boussinesq equations (3.41)—(3.43) and the microconvection equations
(5.6)—(5.8) in polar coordinates for the new sought functions (stream function and vor-
ticity). These equations have the general form

w; = VAw +f,, (9.41)
AY = —w, (9.42)
T, = AT + f, (9.43)

where the functions f,, and fr, the coefficients ¥ and j, and the initial and boundary
conditions are specified for both models as follows.
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A A
20.0 - 0.0 -
0 - —0.10 1
-20.0 r —» —0.20 r r -
-10 0 10 0.0 0.20 040 0.20
(@) (b)

Figure 9.7: Model N3; calculation parameters Pr = 0.1, € = 0.02,7 = 0.4, andy = 2; initial coor-
dinates (0.25;0.1). Particle trajectories calculated by (a) the microconvection model and (b) by the

Oberbeck-Boussinesq model.

For the microconvection model, we have
o (s22 12)
@ or r o6
10Toq 10T oq <8T< u) 18T( v))]
A=A “Au-Z )= (Av-=
+ﬂ[ra9ar rar69+v or U r2 r 00 v r2

+B<Eﬁ—§5i>—&QMT+M?w 1ava

$%r 7 20 aror " 7o600
[ (T oTaary)
r\ or 08 090 or )/
oT uoT
fT:_<V§+7%>_BX|VT|2-

Here, g, = g, cos(yt)sinb, gg = g, cos(yt)cos6, v = (1+ BT)v, ¥ = (1 + BT)x. The
components of the modified velocity W = (v,u) are related to the modified stream

function ¢ as
10y oY
V=-—, U=-—.
r 06 or
The initial conditions at ¢ = O are determined by the state at rest:

w=0, Y=0, T=T,

Let us consider two types of the boundary conditions corresponding to two types
of the temperature regime:

(@) Casel = 0: heat flux through the external boundary of the domain and thermal
insulation of the internal boundary;
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(b) Case I = 1: vice versa — heat flux through the internal boundary of the domain
and thermal insulation of the external boundary.

Thus, the boundary conditions for the microconvection model are imposed in the fol-
lowing manner.
— Forcasel = 0, we have

_ op . 10T oT _ B
¥=0 or PR 5 =0 =R
. oY 40T oT
= —BxR,H ., — =PR, =5, —=H , =Ry
Y = —BxR,H(t)sinb 3 BXR; % o (t)cosh, r=R,
— Forcasel =1, we have
_ o, 9T T _ ~
Y = —ByRyH(t) sin 6, 3 - BXR; 0 o - H(t)cosB, r=Ry,
B op , 10T 0OT B
=0 or “PR 50 50 =0 r=R
For the Oberbeck-Boussinesq model, the right-hand sides of egs. (9.41) and (9.43) have
the form
(212 gl 82T
fo = <V&'+ra9>+ﬁ<&ﬁw r o0 )
fo-(2L +420)
r= or rob)

As previously, we have g, = g, cos(yt) sin 8 and gy = g, cos(yt) cos 8. In addition, we
also have 7 = v and y = y. The components of the physical velocity V = (v,u) are
related to the stream function i as
Loty
r oo’ or’
The initial conditions at t = O are also determined by the state at rest:

w=0, P=0, T=T,

The boundary conditions in these two cases are imposed as follows.
— Forcasel = 0, we have

oy oT

Y=0, E—O, 5—0, r=Ry,
o oT

= , — =0, —_— = H , = R .

YP=0 3 0 g (t)cosO, r=R,

— Forcasel =1, we have

oy oT

l/J—O, 5—0, a—H(t)COSG, r—Rl,
oy oT

=0, —=0, — =0, =R,.

4 or or r=5
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In egs. (9.41)-(9.43), we use the conventional notations for the differential operators
in polar coordinates, namely,

10,0 10 _<2 13)
T ror or r2oe?’ “\or’ roe

(see the remark at the end of this section on imposing the boundary conditions for
doubly connected domains).

Numerical implementation. Calculation scheme

The problem is solved numerically by the method of calculating convective flows in
doubly connected domains, which was tested in [229]. The longitudinal-transverse dif-
ference scheme for eqs. (9.41)-(9.43) is written in the form

k+1/2 _ r1k
% = AN UR + MUY 4 F
Uk+1 _ Uk+1/2
e - AN U 4+ A UR2) 4 FR

Here, UX = U@, U = (‘;); A, and A, are the difference operators approximating,
respectively, the differential operators

Here, A is determined for vorticity and temperature calculations by ¥ and y, respec-
tively. The convective terms are calculated on the lower time layer and are included
into F.

To solve Poisson’s equation (9.42), we use an iterative scheme with an alternated
sequence of sweeping at each time step:

s+1/2 1k
¥ 0.57 ’ = As(All/)SH/z + AY° + wkﬂ),

lps+1 - l/)s+1/2 =2 (A l/)s+1/2 + A l/)s+1 i wk+1)
0.57 T sV 2

(A is the iteration parameter). At the end of the iteration cycle, we assume that
P! = 1. The Tom difference boundary conditions relate the functions w and
Y on the boundaries r = R; and r = R,. The iterative process is terminated when
condition (9.37) is satisfied.

To find T2, w**'/2, and y**', we use cyclic sweeping. The difference equations
for w**! and y**1/2 are solved with the use of the so-called sweeping with parameters
[229, 230], which implies that the following presentations are valid:
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Wym = Pn,mwN+1,m + Qn,mwl,m + Rn,m>
¢n,m = lpn,ma)NH,m + lpn,mwl,m + lzbn,m

(the parameters here are the unknown values of vorticity on the domain boundaries).
Details of implementation of this method of sweeping with parameters can be found
in [229].

To implement the numerical algorithm in the computational domain, we intro-
duce the difference grid

r,=Ri+(n-1h, n=1,...,.N+1, h=(R,-R))/N;
O0p=m-Na, m=1,....M+1, a=2n/M;
K=k, k=12...

Results of the numerical study of microconvection in annular domains

Convective flows in a variable field of microaccelerations g = gycos(yt), g =
107 cm/s?, y = 10711/s are calculated on 21 x 21, 41 x 41, and 81 x 81 grids in the
annular domainR; <r < R,,0 < 0 < 2matR; = 0.1cm and R, = 1.1cm for silicon,
glycerin, and glass. The values of the Prandtl number Pr, Rayleigh number Ra, and
microconvection parameter 1 are listed in Table 9.4. The heat flux through the external
or internal boundary of the domain is

oT

E = H(t) COSG, H(t) = (Tl - To)ti + To, t < tl; H(t) = Tl’ t> tl’
1

where
tl = 60 C, TO = 35 OC, Tl = 70 OC.

The calculations reveal qualitative differences in the flow patterns calculated by
two different models. First of all, these differences are manifested in the flow structure,
its topology, and time evolution.

Figures 9.8 and 9.10 show the velocity fields and isotherms for silicon at the instant
of time t = 120 s. The flow topology is also typical for glycerin and glass. Figures 9.8
and 9.9 demonstrate the field of velocities in the silicon melt at the time t = 120s

Table 9.4: Basic parameters of the problem.

Substance Pr Ra n

Silicon 107! 107 1
Glycerin 104 103 107!
Glass 104 10™® 1072
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OO

(a) (®)

Figure 9.8: Case / = 0 (heat flux through the external boundary of the domain and thermal insulation
of the internal boundary); velocity field: (a) Oberbeck-Boussinesq model and (b) microconvection
model.

010

(@) (b)

Figure 9.9: Case / = 1 (heat flux through the internal boundary of the domain and thermal insulation
of the external boundary); velocity field: (a) Oberbeck-Boussinesq model and (b) microconvection
model.

for n = 1, and Figure 9.10 shows the behavior of isotherms for these conditions. Fig-
ure 9.8a (Oberbeck—Boussinesq model, I = 0) shows the field of velocities, which has
the structure of rotational motion with axial symmetry; it should be noted that the
external and internal fluid layers rotate in different directions. There are two small
symmetric vortices between these layers: in the upper and lower half-circles for sili-
con and in the right and left half-circles for glycerin and glass. The flow structure in
Figure 9.9a (Oberbeck-Boussinesq model, I = 1) has four vortices. The domains oc-
cupied by the upper and lower vortices are more extended for the case with silicon.
For glycerin, the domains occupied by the right and left vortices are more extended.
Figure 9.8b (microconvection model, I = 0) clearly shows the flow structure with two
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@ (b)

Figure 9.10: Families of isotherms. Oberbeck-Boussinesq model and microconvection model;
(a) case/ = 0and (b) case/=1.

vortices. The vortices located in the upper and lower half-planes rotate in the clock-
wise and counterclockwise directions, respectively.

The field of velocities in Figure 9.9b (microconvection model, I = 1) has two vor-
tices, as in the case with I = 0, but with the opposite direction. The calculations re-
vealed only some quantitative differences in the temperature fields obtained by two
different models.

Qualitatively, there are two types of families of isotherms corresponding to two
different types of the boundary conditions (Figure 9.10a: I = 0 and Figure 9.10b: I = 1).
The qualitative characteristics, namely, the orders of velocities, are listed for all fluids
and two models in Table 9.5 (t = 120s). Here, the Oberbeck-Boussinesq and micro-
convection models are denoted by OBM and MM, respectively.

Remark 9.1. In the case of a doubly connected domain, the condition ¢ = c(t) is im-
posed on one of the boundary components, for example r = R;. Here, c(t) is an un-
known function of time which is determined from a nonlocal condition, as a conse-
quence of the unique value of pressure. This condition has the form

a—wdl =0

on
r=R,

Table 9.5: Absolute values of velocities (cm/s).

Substance OBM MM
Silicon 1078-10"® 107°-107*
Glycerin 10°-10® 107%-10"°
Glass 1073-1071° 107-107¢

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

284 —— 9 Numerical simulation of convective flows under microgravity conditions

(see, e. g., [217, 221, 228]). In the case of axisymmetric ring considered here, VY is as-
sumed to be equal to zero on both boundaries, which is possible by virtue of flow
symmetry. When the algorithm was tested in [229], it was verified by calculation that
c(t) =0.

9.3 Numerical study of steady microconvection in domains with
free boundaries

Steady two-dimensional gravitational-thermal convection in a semicircle and in an
annular domain with a free boundary is numerically studied with the use of two math-
ematical models. One boundary is assumed to be solid and impermeable. In the half-
circle, the solid (fixed) boundary is the half-circumference. In the annular domain,
the solid boundary is one of the circumferences. The other boundary is assumed to
be free and subject to a thermocapillary effect. Under microgravity conditions, and
in the case where the parameter responsible for free surface deformation by thermo-
capillary forces (capillary number) is rather small, we consider nondeformable free
boundaries, which are approximately determined as capillary equilibrium surfaces.
Following [140, 241], we determine the correction to the free boundary from the dy-
namic condition on it. Both problems with free boundaries are model problems; in
physical experiments, thermocapillary convection in a half-circle can be more proba-
bly obtained. Numerical experiments are performed for different values of the Prandtl
number Pr, Marangoni number M, Rayleigh number Ra, and with due allowance for
the drastically changing temperature regime on the boundary in the case of the half-
circle. It is known from theoretical investigations that allowance for nonsolenoidity in
modeling steady convection yields corrections of the order of the Boussinesq number
[178].

In this section we perform a numerical study of the structure of convective flows
and analyze situations in which the flow topology can be substantially different. These
situations involve additional modeling of large gradients in the thermal regime on the
boundary. Quantitative differences in the values of velocities here are less pronounced
than in the unsteady case. The calculations are performed by the method approved
in studying free convection and microconvection of the fluid in domains with fixed
boundaries. The property of velocity vector solenoidity allows us to introduce a stream
function for the Oberbeck-Boussinesq equations and an analog of the stream func-
tion for the microconvection equations. The second sought function or vorticity is the
physical rather than modified vorticity for the microconvection model as well.

1. Microconvection in a semicircle with a free boundary
We write the classical Oberbeck-Boussinesq equations in the dimensionless form, us-
ing the characteristic size I, characteristic time of the process t,, characteristic veloc-
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ity v, (so thatl = v,t,), and characteristic pressure p, (p, = g,v2) for normalization.
Then, system (3.41)—(3.43) in the dimensionless form becomes

divV =0, (9.44)
1 Ra
V,+V-VW=-Vp'+ —AV- — g T, (9.45)
t b Re Re? Pr 8o
1
T, +V-VT = AT. 46
et Re Pr (9.46)

Here, p’ is used to denote the modified pressure

!

p =p 8o " X

 Re?Pr
Re is the Reynolds number, and g, = g/g (the gravity force is directed opposite to the
Oy axis). The characteristic quantities for the thermocapillary convection model can
be chosen ([241]) as

[=R, v, :OTT*/F) D. =0TT*/R~

Here we assume that the dimensional coefficient of surface tension depends on tem-
peratureas o = 0y — o7p(T — Ty).

The system of microconvection equations (5.6)—(5.8) converted to the dimension-
less form is rewritten as

divW =0, (9.47)
€ & )
W+ W YW+ g 0 (VT VW = VW V) + =2 (AT - VT - VIV TT)
-1+ eT)<—Vq + iAW) R e (9.48)
Re Re? Pr
T, +W-VT + R:Pr VTP = (1+ eT)ﬁAT. (9.49)

Here, q is the modified pressure

| €
-p - 1—v———>—AT,
a=p ( v Pr/Re’Pr

&

RePIVT is the dimensionless modified

V' is the second viscosity, and W = V -
solenoidal velocity.

To formulate the problem, we use the conventional notations for polar coordi-
nates: radial coordinate r and angular coordinate ¢. If w is the vorticity and i is the
stream function or modified stream function, then v = 1/r 0y/d¢ is the radial compo-
nent of velocity and u = -0y /or is the tangential component of velocity.
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Steady gravitational-thermocapillary convection is studied in the semicircle
O0<r<R<+00, m<@<2n
with the free boundary, which is the diameter of the semicircle
¢o=m, @=2m, O0<r<R

The semicircumference r = R, m < ¢ < 2m is a solid impermeable boundary with a
heat flux through it.

The equations of convection for both models (9.44)—(9.46) and (9.47)—-(9.49) can
be rewritten in terms of i and w.

Formulation of the problem. Classical Oberbeck-Boussinesq model in terms of ¢
and w (dimensionless form, polar coordinates)

Equations (9.44)—(9.46) considered in the steady case are written in the polar coordi-
nates in the form

Aw—Re(vaa—‘:+gg—z>+%<g—zcos¢—%g—;sin<p):0, (9.50)
AY +w =0, (9.51)
AT - M(vg + 5£> =0, 9.52)

or rop

where M = Re Pr is the Marangoni number.

To realize rapidly changing temperature fields, we model a local singularity of the
heat flux both through the free boundary and through the solid boundary. Thus, we
consider three types of the boundary conditions for both models. We conventionally
denote them as case II (singularity of the Gaussian type in the thermal regime on the
free boundary), case III (local singularity in the thermal regime on the solid bound-
ary), and basic case I with no singularities.

In addition, we can also consider different variations of the temperature regime
on the solid boundary, which is reflected in the boundary condition for temperature,
namely,

oT
5 Tgcosyp, y=A{1, 2, 4}. (9.53)
— Case I (basic case without singularities in the temperature regime on the bound-
ary): The basic case of the boundary conditions is characterized by the absence
of “spikes” on the solid and free boundaries. Then, the boundary conditions at
0 <r <R, ¢ =m, ¢ =2 for the stream function and vorticity are presented as

P=0, w= (9.54)
_oT o=
or’ -
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The boundary condition for temperature characterizes the state of thermal insu-
lation of the free boundary:

T

T _y (9.55)

op
The boundary conditions for the stream function and vorticity on the solid bound-
ary r = R are natural consequences of the no-slip condition,

oY
=0, — =0, 9.56
=0 (956)

and the boundary conditions for temperature are considered in the form of
egs. (9.53).

—  CaselI (singularity in the temperature regime on the free boundary): The bound-
ary conditions for the Oberbeck-Boussinesq equations on the free boundary 0 <
r <R, ¢ = 11, ¢ = 27 can be presented in the form of egs. (9.54), and the boundary
conditions for temperature are modeled as

aT_{O, o=m, @=2m1 (r+R,), (9.57)

99 |R. Tz ¢@=21 (r=R,).

The boundary conditions for the stream function and vorticity on the solid bound-
ary r = R are natural consequences of the no-slip condition and have the form of
egs. (9.56). The boundary conditions for temperature are imposed in accordance
with egs. (9.53).

—  Caselll (singularity in the temperature regime on the solid boundary): In the case
of a local singularity (“spike”) on the solid boundary and under the assumption
of a thermally insulated free boundary, the boundary conditions at 0 < r < R,
@ = m, ¢ = 2m for the stream function and vorticity can be presented in the form
of egs. (9.54). Equation (9.55) is valid for temperature.
The boundary conditions for the stream function and vorticity on the solid
boundary r = R are consequences of the no-slip condition and have the form
of egs. (9.56); for temperature, we impose the conditions

oT :{ Tgcosp, ¢ #¢., (9.58)

or Tgcosp, @=¢,.

The boundary conditions on the free boundary are the kinematic and dynamic condi-
tions on the free boundaries written in terms of i) and w (see, e. g., [180, 171]).

Thus, for egs. (9.50)—(9.52), we can consider the boundary-value problems (9.53)-
(9.56) (for CaseI), (9.53), (9.54), (9.56), (9.57) (for Case II), and (9.54), (9.55), (9.56), (9.58)
(for Case III).
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Formulation of the problem. Microconvection model in terms of ¢ and w
(dimensionless form, polar coordinates)

The dimensionless form of the microconvection equations (9.47)-(9.49) in terms of ¢

and w in the polar coordinates is

[1+eT)Aw - Re<va—w + Ea—w>
oar rop

10T og 10T 0g [8T( u) 18T< v)”
b G ais: N [l [ VYR il VYRR
+€{r op or ror o e\t )Ty op TR
+E<6—Tcos —la—Tsin >—£<wAT+a—Ta—w+la—Ta—w>
M\ or ¢ r o ®)” pr or or  r2op op

2
& [ 10TAAT 10T AT
‘—Mpr<‘;aw+;@7>—°’ (.59)
AY +w =0, (9.60)
[1+eT]AT - M(va—T + EB—T) — VTP = 0. (9.61)
o rop

Here, g = Regq.

To impose the boundary conditions, we again classify the possible cases of spec-

ifying singularities for heat fluxes on the boundaries.

Case I (basic case without singularities in the temperature regime): In the basic
case, the boundary conditions on the free boundary O < r < R, ¢ = m, ¢ = 2m
have the forms of eqs. (9.54), (9.55) for the stream function and vorticity. The con-
dition on the solid boundary r = R follows from the no-slip condition for physical
velocity, so that

l,b:—R;—/ITG%siny(p, %:%%g—;. (9.62)
For the temperature on the solid boundary, we consider the condition for the heat
flux (9.53).
Case II (singularity in the temperature regime on the free boundary): The bound-
ary conditionsat0 < r < R, ¢ = m, ¢ = 2 have the form of egs. (9.54) for the stream
function and vorticity; condition (9.57) is valid for temperature. Conditions (9.62)
on the solid boundary r = R are a consequence of the no-slip condition. The heat
flux (9.53) is set as the condition for temperature.
Case III (singularity in the temperature regime on the solid boundary): The
boundary conditions on the free boundary 0 < r < R, ¢ = 7, ¢ = 2m have the
form of eqs. (9.54) and (9.55). The conditions on the solid boundary r = R are a
consequence of the no-slip condition, i. e.,

—le—/l Tgsing, ¢ +@,,
Y= (9.63)

£ -
-R— T, sin @, =0,,
MG o, ¢=9

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



9.3 Numerical study of steady microconvection in domains with free boundaries =— 289

o 1 ¢ oT
5 = E M %, (964)

and a “spike” on the solid boundary is modeled by imposing the condition

a_T _ {TG cosp, @ + (/P (9.65)

or Tscosp, @=¢,.

For egs. (9.59)-(9.61), we can consider the boundary-value problems (9.53)-(9.55),
(9.62) (for Case I), (9.53), (9.54), (9.57), (9.62) (for Case II), and (9.54), (9.55), (9.63),
(9.64), (9.65) (for Case III).

Numerical study. Calculation scheme
The posed problems for systems (9.50)—(9.52) and (9.59)—(9.61) are numerically stud-
ied by a time-dependent method, using the longitudinal-transverse finite-difference
scheme [207] with the second order of approximation. The convective terms are taken
from the previous iteration layer and are approximated upwind. Thus, the first-order
scheme is actually used. The method proposed for this study was previously approved
on the basis of test problems [229] and calculations of unsteady convection (see, e. g.,
[79, 80]).

For egs. (9.50), (9.52) or (9.59), (9.61), the calculation scheme is written in the gen-
eral form as

k+1/2 _ gk
vr-uv . Ay [\ U + MUK 4 A FK,
0.57

' (9.66)

k+1 _ rrk+1/2 .
’ 0 sg — = Ay [ U+ AU Ay FE,
where U = (%), Uk = U(th; A; and A, are the difference operators approximating the
differential operators

10,0 10
ror or’  r2ogp?

respectively. In addition, we have A;; = Ay for the Oberbeck-Boussinesq model and
Ay = Ag(1+ £T*) for the microconvection model. Here, Ay is the iteration parameter,
and F¥ includes all terms in the left-hand sides of egs. (9.50), (9.52), (9.59), (9.61), be-
ginning from the second one, which were calculated on the previous layer.

To solve Poisson’s equations (9.51) or (9.60), we use the following iterative scheme
at each iteration step t; = kt (k=1,2,...):

¢s+1/2 _ 1,[)5 X
Y /\lp(All/JSH/z + AP0 + W),

¢s+1 _ l/)s+1/2 12 . Kl
S+ S+ +
T = /\l/}(All/J + Azl/) + W )

(9.67)

(}ll/, is the iteration parameter).
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To implement the above-described scheme, we introduce the difference grid
r,=(m-1h, (n=1,...,N+1), h=R/N;
Pp=m-Na, m=m,...,.M+1), a=2n/M, (ma=m).

We use the notations f,, ,, = f(r, and ¢,,). In this case, we use the conventional pre-
sentations for the difference analog of differential operations:

A f _ 1 fn+1,m _fn,m fn,m _fn—l,m
i = a rn+1/2T - rn71/2—h2 >
Azf _ fn,m+1 - 2fn,m +fn,m—l
r2a? '

Approximation of the convective terms is based on the idea of upwind approximation

. [val N EE] - —[vn,mM . “H_MM]

or rog 2h 'n 2a
fn+1,m B 2fn,m +fn—1,m u fn,m+1 B 2fn,m +fn,m—1
+ Vlm +|= .
’ 2h T lnm 2a

The first derivatives on the computational domain boundary are approximated by
asymmetric finite-difference analogs.

To impose the boundary condition for vorticity on the solid boundary, we derive
conditions of the Tom type [195, 219] with the use of the Taylor expansion and Poisson’s
equation considered on the boundary, for instance,

2
WNm = _ﬁle,m’

2 edT(1 2\ e. . 1 2R
N+Lm = "3 0¥Nm ~ 3y -\ o2 " 72pn ) miG m\ ¥ T 257 |
v v~ Mo\ R T hR) T MI6SIYPm| RV Y

These conditions are written for the classical model and microconvection model, re-
spectively. For Case 111, we must replace T; by T; for o = ¢, .
The general scheme of solving the problem consists of the following stages:

1. theexternal iterative process consists of parallel calculations of the functions Tk
and w**! by egs. (9.66). The sweeping is performed in the direction ¢ on the inter-
mediate layer (k +1/2) and in the direction r on the basic layer (k + 1). The starting
values are determined by the state at rest T := T = const, w := 0, Y := 0;

2. on each iteration layer (k + 1), we introduce an internal iterative process of cal-
culating )°*! from systems (9.67) with an alternated sequence of sweeping. When
the iterations are finalized at s = S, the values of 1 on the layer (k + 1) (1,[)’“rl =y5)
are assumed to be determined with specified accuracy &,

The iterative processes are assumed to converge if the convergence criterion of the
form (9.37) is satisfied:

i+1 i i+1
max — < & max
nm ¥ nm n,ml f nm Ifn,m
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(iis the iteration number and & is the prescribed accuracy of calculating the grid func-
tion fi*! ([195, 219])).

It should be noted that the external iterative process can also be organized so that
an iterative process for w is introduced on each iteration layer in calculating the tem-
perature T'*!, The steady regimes calculated by the two methods were found to coin-
cide, and the first method was chosen as the basic technique.

In addition to verifying satisfaction of the convergence criterion for the iterative
processes, the steady flow is considered to be established if at least K external itera-
tions are performed and

K+k _ K
IEI?"X nm n,ml < &.

We use an additional check of satisfaction of the boundary conditions in terms of
the value of & (9.38):

- k k
E= mn§x|a)N+1,m( Nfrln) - (UN+1,m(l/)N,m)|'

Because obtaining a steady solution is a rather delicate issue, we also checked
reaching the steady regime by the method of perturbing the solution. A return to the
initial state was observed. Stability of the algorithm was also checked in a computa-
tional experiment on a sequence of grids %’ X %V, N x N, 2N x 2N), and the behavior of
the quantity characterizing the motion intensity max,, ,,, ,’l‘;rnll was observed.

We should note that, if necessary, the issues associated with the correction of the
free boundary and flow stability can be solved, in accordance with [140, 241]. If H(x) is
the deviation of the free boundary from the position y = 0, -R < x < R, then the

equation for this correction can be written in the form

sp_ 22 __ O
Re oy CaRe

R
H', H(+R) =0, J Hdx = 0.
“R

Here the prime means the derivative with respect to x, v, is expressed via the radial and
tangential velocity components v and u, 8P is the deviation of pressure from the equi-
librium level, o is the surface tension, and Ca is the capillary number (Ca = g,v,Vv/0,,
which is equal to 07T, /0y if the characteristic quantities are chosen in accordance
with [241]).

Results of the numerical study of microconvection in a semicircle with a free
boundary

We solved the posed problems for model fluids, such as glycerin and glass and silicon
melts, which were conventionally called Glycl, Glyc3, and Sil, under the action of mi-
croaccelerations reached on the orbital station, by using both the conventional model
and the microconvection model. The basic parameters of the problem can be found in
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Table 9.6: Parameters of free boundary problem.

Pr M Re Ra n £
Glyc1 104 3.10° 3-102 15.10% 107! 1.2.1072
Glyc3 104 1 10* 15.102 10! 1.5.1072
Sil 4.1073 1 25.10° 2.107% 1 2.107%
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Figure 9.11: Case |; y = 4; Oberbeck-Boussinesq model and microconvection model, (a) flow struc-
ture for Glycl; (b) family of isotherms for Glyc1; (c) flow structure for Sil.

Table 9.6. The calculations were performed on the following grids: (i = 1) : 41 x 41,
(i=2):81x81,and (i = 3) : 161 x 161. The initial data were determined by the semi-
circle radius R = 1cm. The parameters in the boundary conditions had the following
values: Ty = 70, Ty = 150, Ty = 35, T = 35, T = AT, A = 10, R, = 0.45cm, and
¢, = 1.771. The necessary dimensionless parameters of the problem are summarized
in Table 9.6.

The results for Case I (basic case) with y = 1 calculated by two alternative models
demonstrate only minor quantitative differences and an almost identical qualitative
structure of the flow. The steady solution is the structure with one vortex for the fluids
Glyc3 and Sil and the structure with “two small vortices in one” for the fluid Glyc1.

During the analysis of Case I, stability of the algorithm and the experimental order
of convergence r were checked in a computational experiment by the Runge rule (see
[103, 152, 48]) on a sequence of grids. The quantity r; characterizing the motion inten-
sity for each grid with the number i, or max,, ,, [, |, Was calculated. The calculations
were performed for the model fluid Glycl: r; = 0.0345, r, = 0.0303, and r; = 0.0291.
The experimental order of convergence r and the relative error calculated by egs. (9.39)
were found to be r =~ 1.8 and € = 5% (relative error in percent).

In the case with y = 2, the calculations were performed for Glycl, Glyc3, and Sil;
the flow structure includes two vortices, and the field of isotherms is identical for both
mathematical models.

For the case with y = 4, Figure 9.11 shows the flow topology and the temperature
field. The calculations performed for Glyc1 reveal the flow structure with four vortices
(Figure 9.11a). Figure 9.11c shows the flow structure with two vortices for the fluid Sil.
A typical pattern of isotherms is shown in Figure 9.11b. The orders of the dimensionless
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(b)

Figure 9.12: Case Il; y = 1; Oberbeck-Boussinesq model and microconvection model; (a) flow struc-
ture for Sil; (b) flow structure for Glyc3; (c) family of isotherms for Glyc3.

Figure 9.13: Case Il; Sil; y = 4; (a) flow structure; (b) microconvection model and (c) Oberbeck-
Boussinesq model; family of isotherms: Oberbeck-Boussinesq model and microconvection
model (b).

velocities are ~ 1072 to 10° inside the domain and ~ 107! on the free surface for Glycl;
~ 107! to 10° inside the domain and ~ 10° on the free boundary for Sil.

Thus, for the basic Case I, there are no qualitative differences in the flow topology
predicted by two alternative mathematical models.

Case II includes additional modeling of a rapidly changing temperature field by
generating a local singularity of the heat flux on the free boundary.

In the case with y = 1, a rather weak singularity of the Gaussian type at T = 70
is modeled. The differences in results are observed for different fluids. Thus, for Sil,
we obtained the flow structure with two vortices of the type “two vortices in one,”
where the small internal vortex is located near the singular point (see Figure 9.12a). For
Glyc3, both mathematical models demonstrate the flow structure with one vortex (Fig-
ure 9.12b). The temperature field calculated for Glyc3 is shown in Figure 9.12c. The tem-
perature for Glyc3 changes in the interval from 21 to 50 in the Oberbeck-Boussinesq
model and from 18.5 to 55 in the microconvection model. The change in temperature
for Sil occurs in the interval [25, 45] in the Oberbeck-Boussinesq model and in the in-
terval [21, 50] in the microconvection model. The orders of the dimensionless velocities
are ~ 107! to 10! inside the domain and ~ 10! on the free boundary for Glyc3; ~ 107! to
10° inside the domain and ~ 10° on the free boundary for Sil.

In the case with y = 4, the most pronounced differences in the results predicted by
different mathematical models are observed for the fluid Sil with the singularity Tp =
150. Figure 9.13a shows the flow pattern calculated by the microconvection model.
A rather complicated flow structure with two vortices is observed. The large vortex on
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the right is the vortex of the “two-vortices-in-one” type. Figure 9.13c shows the flow
topology predicted by the Oberbeck-Boussinesq model. In this case, the flow con-
tains two vortices of different sizes, which have approximately identical intensity. The
isotherms are plotted in Figure 9.13b. The temperature fields are almost identical. The
change in temperature occurs in the interval from 26 to 45 in the Oberbeck-Boussinesq
model and from 26 to 49 in the microconvection model. The orders of the dimension-
less velocities are ~ 102 to 10° inside the domain and ~ 10° on the free boundary. The
quantitative characteristics obtained by two mathematical models are almost identi-
cal. The values of the velocities differ approximately by 15 %.

In considering this Case II, we can conclude that there are certain differences in
the results for steady problems predicted by two mathematical models of convection.
Modeling of the local singularity of the Gaussian type should be accompanied by a
variable temperature regime on the solid boundary (at y > 1). The quantitative dif-
ferences in the flow characteristics calculated by two alternative models are not so
significant as in unsteady problems.

The calculations for Case III with a singularity of the heat flux on the solid bound-
ary were performed only for y = 1 and ¢ = 1.77. There are practically no qualitative
differences in the flow structures calculated by two mathematical models. It should be
noted that the microconvection model predicts a more intense character of the flow
structure with two vortices (“two vortices in one”) for the fluid Glycl. For the fluid
Glyc3, the flow structure with one vortex is obtained in both models, but the vortex
center is shifted to the right, toward the “spike” point.

2. Microconvection in an annular domain with a free boundary

Steady gravitational-thermocapillary convection is studied in an annular domain 0 <

Ry <1 <R, < +00, 0 < ¢ < 27 for two cases:

— case I = 0O: the internal circumference r = R; is the solid boundary with the heat
flux through it; the external circumference r = R, is the free boundary, which is
assumed to be thermally insulated;

— case ] = 1: the external circumference r = R, is the solid surface with the heat
flux through it; the internal circumference r = R, is the free boundary, which is
assumed to be thermally insulated.

The classical Oberbeck-Boussinesq equations of convection and the equations of
microconvection of an isothermally incompressible fluid (see eqs. (9.44)-(9.46) and
(9.47)-(9.49)) are considered in the dimensionless form in polar coordinates. The
characteristic size, velocity, temperature, and pressure are chosen in the form R, - R;,
orT,./u, T,, and 07T, /l, respectively, where oy is the temperature coefficient of sur-
face tension and T, is the characteristic difference in temperatures (the choice of these
characteristic quantities is explained, e. g., in [241]).
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Formulation of the problem
For the classical Oberbeck-Boussinesq model, the stream function i, vorticity w, and
temperature T in the polar coordinates (r, @) satisfy system (9.50)—(9.52).

The boundary conditions are formulated in accordance with the cases of consid-
ering the domain boundaries.

The boundary conditions in case I = 0 have the following form:
1) on the internal boundary of the ring, which is the solid boundary,

op oT

r=R,: Y=0, > o, 5 Hcos¢, (H = const), (9.68)

2) on the external boundary of the ring, which is the free boundary,

r=R,: yY=0, R2w+2%=—aT o _

o %, Fol 0. (9.69)

The boundary conditions in case I = 1 have the following form:
1) on the internal boundary of the ring (free boundary),

op _oT T _

=R, : =0, R 2—=—, — =0 A
r=R;: ¥=0, Rw+ or ~ 39" or (9.70)
2) on the external boundary of the ring (solid boundary),
oY oT
r=Ry,: P=0, 3 =0, o = H cos ¢. (9.71)

Thus, for system (9.50)—(9.52), we consider the boundary-value problems (9.68), (9.69)
or (9.70), (9.71) in cases I = O or I = 1, respectively.

For the microconvection model, the dimensionless equations for the functions
Y, w, and T in the polar coordinates are written in the form of egs. (9.59)-(9.61).

The boundary conditions in the microconvection model in case I = O have the
following form:
1) on the internal boundary of the ring, which is the solid boundary,

r=R;: Y= —RI%Hsingo,

W e 19T T
L -_—___- —=H R H = ; .72
or MR op or cos, ( const) (9.72)

2) on the external boundary of the ring, which is the free boundary,

I’=R2: !p:O,

209 BT<2£ 1 1 )) oT -0 (9.73)

"R p\'MR R/ o

The boundary conditions in case I = 1 have the following form:
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1) on the internal boundary of the ring (free boundary),

200 9T(.e1 1\ aT
= R : =y, —_— = 2—— -— | — = U A
TR =0 wrpg a<p< MR Rl) ar 0 (0.74)
2) on the external boundary of the ring (solid boundary),
£ . o) e 10T OoT
=R,: =-R,—H , —=——-—"—, ——=H ) .
r=Ry: ¢ afsine. o=y R,0p" or cos @ (9.75)

For system (9.59)-(9.61), we consider the boundary-value problems (9.72), (9.73) or
(9.74), (9.75) for cases I = 0 or I = 1, respectively.
Corrections to the free boundary can be calculated in the following manner.
Let h(¢p) be the deviation of the free surface from r = R; (or r = R,); then, at
Ca =o07T,/0y — 0 and Ra/(Me) — 0, the condition of the balance of normal stresses
on the internal (or external) boundary yields
ov 1 1 (h+h”)} Ra _ .
OP-2— =+{(T-Ty)=- ———t-—R , R=R{[R,),
or +{ T-Tr-G r Me e 1(Ry)
where the prime means differentiation with respect to the variable ¢, and the quan-
tity 6P is the deviation of pressure from the equilibrium level 6P, = 1/(CaR) ato; = 0
and g = 0.

Scheme of the numerical study
For implementation of the numerical algorithm, we introduce a difference grid of the
form

r,=Ry+(n-1h, n=1,...,.N+1, h=(R,-R)/N,
Py = (M-, m=1,....M+1, a=21/M.

The boundary-value problems (9.68), (9.69) and (9.70), (9.71) for systems (9.50)—
(9.52) and problems (9.72), (9.73) and (9.74), (9.75) for systems (9.59)—(9.61) are numer-
ically studied by a time-dependent method with the use of a longitudinal-transverse
finite-difference scheme similar to (9.66), (9.67). For calculating the temperature
(egs. (9.52) and (9.61)) or vorticity (egs. (9.50) and (9.59)), the calculation scheme
is written in the general form as

k+1/2 _ 7k
T = AU+ AU A,
k+1 _ prk+1/2 -
e = Ay U AU A

where the coefficient A; is equal to the iteration parameter A; in the Oberbeck-
Boussinesq model and to the iteration parameter multiplied by (1 + €T") in the micro-
convection model.
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Figure 9.14: Case / = 0 (the internal circumference is the solid boundary, and the external circumfer-
ence is the free boundary).

To solve Poisson’s equations (9.51) or (9.60), we use an iterative scheme similar to that
described above at each iteration step t;, = kt (k =1,2,...):

Py 12 kil
“omr - Ay (B + AY® + ),

¢s+l - ¢S+1/2 s+1/2 s+1 k+1
ok - Ay(A +MPT w0,
This scheme has the iteration parameter A, and the alternated sequence of sweeping.

We use cyclic sweeping to find T¥*V2, w**1/2 and 1**!, and sweeping with param-
eters [230, 229] to find w**! and y**1/2,

Results of the numerical study of microconvection in a ring with a free boundary

The calculations are performed for silicon, glycerin, and glass on 21 x 21, 41 x 41, and
81 x 81 grids. The internal radius is assumed to be R; = 0.1cm (in some cases, we used
R; = 0.5cm), and the external radius is assumed to be R, = 1.1cm.

Figures 9.14 and 9.15 show the velocity fields (a) and the families of isotherms (b)
for a glycerin-type fluid at Pr = 10* and M = 3.10° (Re = 3-10"2). The flow structures and
temperature fields presented in these figures are typical for both the microconvection
model and for the Oberbeck-Boussinesq model. The calculations show that the ve-
locities predicted by the microconvection model are approximately 20 % higher than
the velocities calculated by the Oberbeck-Boussinesq model (the absolute values are
compared). For glass-type fluids, and especially for silicon, however, the contours
of the isotherms are less deformed and resemble isotherms obtained in calculations
of convective flows in domains with fixed boundaries. Figures 9.16 and 9.17 demon-
strate the velocity fields (a) and isotherms (b) for silicon, which are typical for both
models with the values of the parameters Pr = 4 -10> and M = 1 (Re = 2.5 - 10%).
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Figure 9.15: Case / = 1(the external circumference is the solid boundary, and the internal circumfer-
ence is the free boundary).
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Figure 9.16: Case / = 0 (the internal circumference is the solid boundary, and the external circumfer-
ence is the free boundary).

It is seen from these figures that the vortex centers are shifted to the right in this
case.

The dimensionless parameters of the problem are listed in Table 9.7. If the cap-
illary number Ca changes in the interval 100 < Ca < 1072 and or ~ 1071 g/(s*K)
(see, e.g., [180]), there are only some quantitative differences in flow characteristics
calculated by two models.

In all cases, the calculations predict the velocity field structure with two vortices,
with a certain displacement of the vortex centers to the left in the cases with glycerin.

Some qualitative and quantitative differences between the calculations performed
by two alternative models of convection are manifested at 10™° < Ca < 10™* and o7 ~
107> and 10 g/(s*K). The parameters used in the numerical simulations are listed in
Table 9.8.
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Figure 9.17: Case | = 1 (the external circumference is the solid boundary, and the internal circumfer-
ence is the free boundary).

Figures 9.18 and 9.19 show the velocity fields for Pr = 10* and M = 1 (Re = 10~%), which
were calculated by two models. For glycerin with the boundary conditions at I = O (if
the external circumference is the free boundary), the microconvection model predicts
the structure with two vortices in each semi-circular domain; in contrast to the results
predicted by the Oberbeck-Boussinesq model, the vortex centers are shifted toward
the internal boundary. At I = 1 (Figure 9.19) (if the external circumference is the solid
boundary), both models predict a qualitatively identical flow pattern, and there are
some quantitative differences, regardless of the internal radius of the computational
domain.

It should be noted that the problem of convection stability in domains with free
boundaries is a rather interesting one (see, e. g., [140]). The results calculated in [140]

Table 9.7: Basic parameters.

Substance Pr ] Re Ra n £
Glycerin 104 3.10° 3-10% 15.102% 107! 1.5.1072
Glycerin 104 1 10* o05-10° 10! o0.5.107
Glass 10* 10 103 05-10°% 102 45.107°
Silicon 4.1073 1 25.10° 03-1077 1 03-107

Table 9.8: Basic parameters.

Substance Pr M Re Ra n £
Glycerin 104 1 107* 1.5.107 107! 1.5.1072
Silicon 4-107% 1 2.5.102 2-107* 1 2-107*
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Figure 9.18: Case / = 0 (the internal circumference is the solid boundary, and the external circumfer-
ence is the free boundary). Velocity fields: (a) Oberbeck-Boussinesq model and (b) microconvection
model.
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Figure 9.19: Case | = 1 (the external circumference is the solid boundary, and the internal circumfer-
ence is the free boundary); (a) R; = 0.1cm, and (b) 0.5 cm.

show that instability can be manifested at greater values of Re and M than those dis-
cussed in this section.

9.4 Study of convection induced by volume expansion

Under conditions of weak force fields, the fluid flow structure can form under the ac-
tion of factors that are insignificant compared to the buoyancy forces under on-ground
conditions. In this case, the nature of the forces acting on the fluid can be related to
small changes in thermophysical properties of the medium: for example, volume ex-
pansion can exert an appreciable effect on fluid convection under certain conditions.
A nonuniform distribution of temperature or admixture species in the fluid can induce
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actions of this kind and, theoretically, can be the reason for some convective phenom-
ena observed in experiments on board space vehicles [91, 92, 121]. In this section, we
consider the results of the numerical study of convection induced by forces of volume
expansion of the fluid.

In studying convection under microgravity conditions, research interest in the last
decade was aroused by an isothermally incompressible fluid in the case where the
dependence of the medium properties on pressure can be neglected. For this case,
Pukhnachov [177, 176] determined the limits of applicability of the Oberbeck-Bous-
sinesq approximation at a reduced gravity force with respect to the effect of volume
expansion and, using a priori assumptions, constructed a thermal convection model
generalizing the Oberbeck-Boussinesq model based on the general principles of me-
chanics of continuous media (see also [161]). This model became known as the micro-
convection model (MM).

The estimates of the orders of the quantities in the full Navier—Stokes equations
and heat transfer equations, as well as the numerical study, show that the contribution
of changes in density caused by thermal expansion of the medium to the formation of
the velocity field is commensurable with or greater than the contribution of buoyancy
forces if the parameter 1 is rather small, namely [177, 176]

n = gh’/(vy) < 0(), (9.76)

where h is the characteristic linear size, g is the acceleration induced by the external
force field, v is the kinematic viscosity, and y is the thermal diffusivity of the medium
at a certain characteristic temperature. In this case, the Oberbeck-Boussinesq model
(OBM) is inapplicable to describe thermal convection. Conditions (9.76) are realistic at
a level of microaccelerations reachable on board modern space vehicles. Convective
flows formed under conditions (9.76) and usually characterized by velocities of the or-
der of 10 um/s and smaller are united under the term “microconvection” [176]. More-
over, microconvection can be described by the model of essentially subsonic flows
with arbitrary changes in density, which is obtained as the limiting form of the full
Navier—Stokes equations and heat transfer equations as the Mach number and the
parameter characterizing hydrostatic compressibility tend to zero [120, 44].

In studying microconvection by numerical modeling methods, Goncharova [79,
80] focused her attention on studying the influence of external actions rapidly chang-
ing in time, because such actions can induce appreciable changes in the medium den-
sity. She considered the flow structure formed in annular [79] and rectangular [80] do-
mains. The results obtained showed that there are significant differences in the predic-
tions of the classical OBM and MM for unsteady regimes. The influence of local spatial
singularities of the heat flux through the domain boundary, which model the rapidly
changing temperature fields, on gravitational-thermocapillary convection was stud-
ied in [82, 78]. Generation of rapidly changing heating conditions was used as a basis
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in some experimental investigations on finding and studying the effects of microcon-
vection. Nevertheless, the corresponding methods turned out to be rather complicated
and did not allow unique identification of the effect under discussion.

Gaponenko and Zakhvataev [63] proposed the use of spatially nonuniform heating
in experiments on microconvection, which allowed them to control the structure and
characteristics of convective flows owing to thermal expansion of the medium. Here
we consider the influence of spatially periodic heating on formation of microconvec-
tion in a rectangular domain and numerically study the dependence of the structure
and properties of microconvective flows of this type on physical and geometrical gov-
erning parameters.

Microconvection in a single-species fluid with nonuniform heating
We consider two-dimensional microconvective flows of a fluid with an isobaric coeffi-
cient of volume expansion f3, viscosity u, thermal conductivity k, and specific heat at
constant pressure c, (the volume viscosity is assumed to be equal to zero); the ther-
mophysical properties mentioned above are assumed to be constant. The fluid fills a
rectangular domain O < x < L, 0 <y < H (x, y are the Cartesian coordinates) bounded
by impermeable solid walls. The system is located in a constant uniform external force
field; the direction of the vector g of acceleration due to external mass forces coincides
with the x axis. The state of the system is described by the density field p(x, t) at the
time t at the point X = (x,y), velocity field v(x, t) = (v;,Vv,), pressure p(x, t), and devia-
tion of the temperature 0 from its characteristic value 6, T(x,t) = 0 — 6,.

Initially, all walls, except for y = 0, are thermally insulated. Beginning from a
certain time, a heat flux periodic in space and time

T, = © cos(Qt) cos(nxmt/L) (9.77)

is instantaneously applied on the domain boundary y = 0. Here, Q is the frequency
of variations of the heat flux and n is the number of half-periods of heat flux oscilla-
tions. A condition of thermal insulation or condition (9.77) is imposed on the boundary
y = H. The walls x = 0, L remain thermally insulated.

The state equation is chosen in the form of a linear dependence of specific volume
on temperature [177, 176] o = g, (1+BT)"*, where g, > 0 is the characteristic (constant)
density and f is the volumetric coefficient of thermal expansion.

The scales of length, velocity, time, and modified pressure and temperature are
taken to be h, x/h, h*/x, oovx/h?, and ©H(= AT), respectively. As a result, the system
of equations in the dimensionless variables takes the form (0 < x <A4,0<y < 1):

divv = AT, ﬂ = (1+€T)AT,
dt (9.78)
dav :
It (1+eT)Pr{-Vp +divD} +enPre; T,
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where Pr = v/y, A = L/H is the aspect ratio, and D is the Cartesian tensor with the
components Dy = 0v;/0xy + 0vy/ox; — 2/3 63V - v; e5 = g/|gl.

Two variants of the boundary conditions for temperature are used. The boundary
conditions for one-sided heating have the form

x=0,x=A: T,=0; (9.79)
y=1: qT,=0; y=0: T, =cos(Qt)cos(nnx/A); (9.80)

for two-sided heating, the boundary conditions have the form of egs. (9.79) and
y=0,1: T, = cos(Qt) cos(mnx/A). (9.81)

The velocity on the computational domain boundary is subjected to the no-slip con-
dition

v=0. (9.82)
The initial conditions correspond to the equilibrium state
t=0: v=0, T=T, (9.83)

The temperature field is determined by solving the heat-conduction equation
Tyt = AT, under the boundary conditions corresponding to the problem considered
(9.79)-(9.81).

The results of the numerical study of problem (9.78)—(9.83) are compared with the
results for a similar problem in the OBM approximation. The corresponding equations
and boundary conditions for the OBM problem can be obtained under the formal as-
sumption € = 0 in system (9.78), continuity equation, and term (1 + £T), in addition to
the buoyancy force term.

Equations (9.78) are solved by the finite-difference method, which is described in
Section 9.1 and also in [63].

Results of numerical modeling and discussion

The calculations of convective flows are performed for fluids whose parameters are
listed in Table 9.9. Model media, such as water H,0 (N..1), silicon oils PMS-100 (N.2) and
PMS-200 (N.3) [52] at a temperature of 300 K, and also media with a low Prandtl num-
ber, such as melted metal or semiconductor (N.4), are considered. The spatial scale H
is assumed to be equal to 1 cm. The dimensionless angular frequency w’ of oscillations
of the heat flux through the boundary is taken to be equal to unity. The mechanisms of
formation of microconvective flows and the dependence of their structure and prop-
erties on the governing parameters in the presence of an unsteady spatially periodic
distribution of heat fluxes on the boundary of the closed domain occupied by the fluid
were studied.
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Table 9.9: Physical parameters of model media.

X»cm?/s B.K1! Pr
N.1 0.001518 0.0002 5.4
N.2 0.001098 0.001 838
N.3 0.001120 0.001 1625
N.4 0.49 7.5-107% 0.0054

The basic parameter of the problem, which reflects the comparative influence of
the buoyancy forces and volume expansion, is the Galileo number (microconvection
parameter [177, 176]), n = R/e.

Absence of external forces. Basic mechanism

The effect of thermal expansion of the fluid is most pronounced in the absence of exter-
nal force fields. In this case, the only external factor capable of inducing macroscopic
motion is the unsteady nonuniform thermal action on the cavity walls, and the emer-
gence of convection is related only to thermal expansion of the fluid. The mechanism
of development of the microconvective flow operates as follows. The effect of thermal
expansion reflected by the right-hand side of eq. (9.5), BYAT, induces the emergence
of the flow as a necessary condition of mass conservation. In turn, the fact that AT dif-
fers from zero is caused both by unsteady changes in temperature with time and by the
configuration of the temperature and velocity fields such that v- VT differs appreciably
from zero in some parts of the domain occupied by the fluid.

Effect of the microconvection parameter n

In experiments performed on board modern space vehicles, the parameter n can differ
from zero. Numerical calculations confirm that the effect of thermal expansion dom-
inates if n is sufficiently small, in accordance with eq. (9.1). Typical flow structures
calculated by the MM and OBM are shown in Figure 9.20 for the parameters = 0.01,
€ =75-10"%, and Pr = 0.0054. The figures show the isolines of the temperature field
at the initial time (Figure 9.20a), the symmetric velocity field with two vortices, which
is typical for the OBM (Figure 9.20b), and the velocity fields predicted the MM at the
times ¢, (Figure 9.20c), t, (d), and ¢; (Figure 9.20e). The vector of acceleration due to
the external force field is directed along the x axis. Figure 9.21 shows the time evo-
lution of the quantity T, (x = 0) (Figure 9.21a) and of the maximum velocity for the
microconvection model (Figure 9.21b).

Figure 9.21 also shows the time instants ¢;, t,, and t; corresponding to the flow
structures illustrated in Figure 9.20 for the MM. The results show that the MM predicts
regimes of a unidirectional flow from the heated to the cooled regions, which are in-
duced by volume expansion (Figure 9.20c, e). Such flows are formed at time instants
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Figure 9.20: Isolines of temperature (a) and velocity fields for the Oberbeck-Boussinesq model (b)
and microconvection model (c, d, e) at different time instants.

when the temperature field exhibits the most pronounced dynamic changes and the
flow has the maximum velocity (see Figure 9.21). It is only when the time-dependent
heat flux through the boundary is close to its extreme value that the flow structure with
two vortices is formed (Figure 9.20d), where the compressed fluid leaves the region
with a greater density, by virtue of the continuity equation (Figure 9.20c-e). Qualita-
tive differences in the flow structures calculated by the MM and OBM are obvious; in
the OBM, a symmetric structure with two vortices (Figure 9.20b) is formed only under
the action of buoyancy forces; the vortex centers stay almost at the same place as the
temperature field changes with time, but the direction of vortex rotation changes.

In addition, the maximum velocities calculated by these models are appreciably
different, especially at low values of 1. The maximum velocities for fluid N.4 at A = 2,
n =1, and ©® = 100 K/cm are given in Table 9.10.
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Figure 9.21: Time evolution of the heat flux T, atx = 0 (@) and maximum velocity Vi,ax (b).

Table 9.10: Maximum velocity Vipay, cm/s.

Model n=0.01 n=1

MM 1.09-10™* 1.10-107*
OBM  3.55.107° 3.57-107

Influence of the spatial structure of the external heat flux on the microconvective
flow

The dominating effect on the microconvective flow structure is exerted by the char-
acter of spatial nonuniformity of the external temperature field. Let us consider the
influence of the number n of half-periods of oscillations of the temperature gradi-
ent on the wall on the qualitative and quantitative characteristics of microconvec-
tion.

Figure 9.22 shows the results of the calculation of the flow of fluid N.4 with the
number of half-periods of oscillations of T, on the wall equal ton = 5atn = 0.01,
A=5ande=75-10""

Figure 9.22 shows the isolines of temperature (a) and the velocity field (b). If the
aspect ratio A is sufficiently large, then one half-period of oscillations of T, usually
generates one cell with two vortices in the fluid. Therefore, there are five structures
with two vortices in Figure 9.22, each induced by one half-period of oscillations of the
heat flux on the boundary. The calculations show that the flow velocity decreases with
increasing n. For instance, for fluid N.4, we have V,, = 6.05- 10%*mn=1,18-10"*
(n=2),and 1.9-10° (n = 5) cm/s (note that the maximum difference in temperature
over the domain decreases with increasing n).
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Figure 9.22: Isolines of (a) temperature and (b) velocity field. The vector of acceleration due to the
external force field is directed along the x axis.
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Figure 9.23: Temperature isolines (a) and velocity field (b). The vector of acceleration due to the
external force field is directed along the x axis.

Two-sided heating

The influence of two-sided heating on the flow structure is illustrated in Figure 9.23,
which shows the results calculated for fluid N.4 (with the boundary conditions (9.79),
(9.81)) during one half-period of heat flux oscillations n = 1atn = 0.01, A = 2, and
€ = 7.5-107%. The figure shows the temperature isolines (a) and velocity field (b).
A change in the temperature field alters the flow structure in the microconvection
model. As shown in Figure 9.23, a structure with four vortices is formed in the cavity,
and the most intense vortices are observed near the thermally insulated walls, i. e., in
those places where the temperature field has a large gradient (which is seen from con-
densation of the temperature isolines). The maximum velocity, however, decreases:
Viax = 3.02-107° cm/s, whereas V,,,, = 1.09 - 10~* cm/s for the structure with one
vortex. The reason is a smaller difference in temperature, as compared with one-sided
heating.
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Effect of the aspect ratio A on the microconvective flow

Numerical calculations show that an increase in the aspect ratio leads to an increase in
the maximum velocity. Thus, for fluid N.4, this increase is V,,, = 1.89-107,1.09-107%,
and 6.04 - 10 cm/s for A = 1,2,and 5, respectively. This effect is related to the in-
crease in specific power of heating and difference in temperature over the domain,
which also increases with increasing A. Moreover, for different values of A, the for-
mation of the flow structure with two vortices in the microconvection model occurs
at different times: the greater the value of A, the later the instant of formation of this
structure, compared to the instant when the heat flux reaches the extreme value on
the boundary. This can be related to flow inertia, which prevents instantaneous ther-
mal expansion as the heat flux on the boundary changes its direction to the opposite
one.

The results calculated for fluids N.1, N.2, and N.3 differ only quantitatively. The
maximum physical velocities V., for these fluids at = 0.01, n = 1, and © = 50 K/cm
are given in Table 9.11.

Thus, for typical substances and geometric configurations of physical systems
used in experiments on convection under microgravity conditions and space mate-
rial science, we considered the effect of thermal expansion of the fluid on convection
at extremely low Rayleigh numbers, which is related to spatial nonuniformity of the
thermal field on the reservoir boundary. Based on numerical results obtained in [63],
we can conclude that the spatial nonuniformity of the external thermal field can con-
tribute to convection in experiments with accelerations reachable on modern space
vehicles, which are lower than the on-ground acceleration by a factor of 10° to 106,
and this contribution is appreciably different from that predicted by the Oberbeck-
Boussinesq model.

At the same time, microconvection phenomena can be effectively studied in
experiments under conditions of spatial nonuniformity of heating. This approach
supplements the approach based on using external actions rapidly changing in
time [80]. The approach proposed in [63] has the advantage of forming configura-
tions of physical systems which facilitate the emergence of stable, easily predictable
qualitative changes in convection modes generated by thermal expansion of the
fluid.

Table 9.11: Maximum velocity V., cm/s.

Fluid A=1 A=2

N1  7.82-107 5.23-107°
N2 231-10% 1.65-107°
N3  253-10° 1.83-107°
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Microconvection of a binary mixture

Gaponenko and Zakhvataev [62] studied microconvective flows of a nonisothermal bi-
nary fluid mixture subjected to the Soret effect. The study of natural convection in
media with gradients of two and more characteristics with different coefficients of
molecular diffusion (temperature, concentrations of chemical species) is interesting
for many laboratory and engineering processes. On the other hand, interaction of the
gradients of these characteristics forming the distribution of mass density in the grav-
ity field generates convection modes that are much more versatile in terms of their spa-
tial structure, dynamics, and conditions and mechanisms of evolution in time than in
the single-species case.

Let us now assume that the physical system is a Newtonian isotropic fluid con-
sisting of two nonreacting species located in an external force field. Let x = (x;, x,) be
the Cartesian coordinates, g; (X, t) be the mass density of the species k (k = 1,2) at the
point X at the time ¢, and v (X, t) be the velocity of the species k. The state of the system
is described by the total density field p(x, t), field of velocity of the center of mass of
the fluid element v(x, t) = (v;,v,), pressure p* = p*(X, t), absolute temperature 6(x, t),
and mass concentration of one of the species c(x, t),

_avitov, o

0=011t0y3 V 0 0

The density of the diffusion flux of the substanceJ,. is determined as J. = —k.(Vc-aVv#),
where the constant coefficients k. and a characterize diffusion and thermal diffusion
(thus, k./p is the coefficient of molecular diffusion).

The state equation is taken in the form of a linear dependence of the specific vol-
ume of the fluid not only on changes in temperature, but also on changes in chemical
species concentrations:

0=0,1+BT+yC)', T=6-6, C=c-co. (9.84)

After normalization, the equations of convection of a nonisothermal binary mix-
ture can be presented in the form (details of system derivation are described in [62],
and also in Section 9.1)

divv = (1 - sLe)AT + eLeAC,

(cji_‘t, =(1+¢€T +&C)Pr{-Vp + divD} + enPre;(T + C),
dc (9.85)
a =(1+&€T +&C)Le(AC - sAT),
C;—f =1 +&T + eC)AT,

where Le = §/x is the Lewis number, § = k./p, is the diffusion coefficient, and s =
—ay/f is the separation ratio.
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Based on the estimates obtained in [62], we can conclude that the Oberbeck-
Boussinesq approximation is inapplicable to describe natural convection under the
condition

1+¢&
1 rie < OV (9.:86)

where ¢ = yC, (BT,) ! is the ratio of the characteristic accelerations due to buoyancy
forces, which are induced by nonuniformity of the concentration and temperature
fields, and C, is the characteristic difference in concentrations. Under the condition
Le « 1, which is typical for water solutions and many other liquid solutions, we have
n(1+¢&) < 0Q1) instead of eq. (9.86). If, in addition, & = O(1), which is typical for many
liquid solutions with changes in concentrations induced by the Soret effect, then the
Boussinesq approximation becomes physically invalid under the condition n < 0(1).
The last condition of applicability of the Boussinesq approximation is similar to the
case of a single-species fluid [177].

Results of numerical modeling and discussion

Let us consider two basic problems of microconvection in a rectangular domain 0 <
x <1,0 <y < hbounded by impermeable solid walls. In the first problem, the domain
is insulated: Ty =0aty =0,h, T, = 0atx = 0,1, and the initial data correspond to a
contact of two media with different constant values of temperature and concentration:

T=T, C=C, (O<x<l2; T=T,, C=C, (2<x<l);
v=0 (0<x<lLO<y<h).

(A similar problem for an isothermal binary mixture was considered in [161].) In the
second problem, a heat flux periodic in time is imposed on the upper and lower bound-
aries of the domain: T, = ©cos(Qt) aty = 0,h, T, = 0 atx = 0,1, and the initial
conditions correspond to the equilibrium state.

After normalization, the boundary conditions take the form

x=0: v=0, T,=0, C,=0;s
x=A: v=0, T,=0, C,=0;s
y=01: v=0, T,=f(), C,=sf(.

We have f(t) = O for the first problem and f(t) = cos(Qt) for the second problem (Q is
the dimensionless frequency).

In problem 1, the initial values of temperature and concentration responsible for
the discontinuity of these quantities at ¢t = 0 in the middle of the domain x = A/2
are defined as 0.5 and —0.5. The vector of external forces is directed along the x axis,
1= (1,0). The linear size I along the x axis is 1cm.
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In problem 2, the following distributions of the temperature and concentration
fields are specified at the time ¢t = 0: T = y — 0.5 and C = s(y — 0.5). The vector is
1=(0,1).

For integrating the system of equations, we use a numerical method of calculating
microconvective flows in the variables w -1, which was proposed in [80] and was gen-
eralized to the case of a binary nonisothermal system. A description of this numerical
method can be found in Section 9.1.

Below we present the results obtained in [62] by studying the influence of the
governing parameters Q, €, Le, and s on the microconvection characteristics at n = 1,
Pr=13.48,and A = 2.

Results of the numerical study of problem 1

The flow structure in problem 1is determined by volume expansion of the fluid related
to the temperature and concentration distributions in the computational domain and
has a unidirectional character until thermodynamic equilibrium is established. The
process of flow formation ate = 7.5 - 1073, s = 0.38, and Le = 0.01 is illustrated in
Figure 9.24, which shows the velocity field and the distributions of temperature and
concentration at the time instants t = 10% (a), 2 - 10° (b), and 14 - 10> (c).

At small values Le ~ 0.01, the concentration field changes much more slowly than
the temperature field; therefore, the flow is formed at the initial time mainly owing to
changes in the temperature field (Figure 9.24a). When the temperature equilibrium
is established in the domain (as seen in Figure 9.24b, c) that the temperature is close
to zero in the entire domain, the main factor affecting the microconvective flow is the
change in the concentration field. For this reason, more intense convection is observed
in regions of more pronounced changes in concentration. In Figure 9.24b we see that
the flow structure formation in the middle part of the domain is consistent with the
concentration distribution at the time instant considered. Thus, the presence of two
characteristics with different coefficients of molecular diffusion in the system leads to
the emergence of new qualitative and quantitative effects, as compared with micro-
convection in a single-species medium.

Figure 9.25 shows the influence of Le on the time evolution of the maximum ve-
locity of the microconvective flow in the computational domain at € = 7.5 - 10 and
s = 0.38. It is seen that the microconvective flow exists for a longer time than in a pure
fluid with decreasing Le. This result completely agrees with the analysis of the exact
solution [62].

Figure 9.26 shows the time evolution of the convective flux of the substance F for
different values of Le in the cross section x = 1.8, where F is determined as

H
F= J(QVC) dy.
0
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Figure 9.24: Field of velocities and distributions of temperature and concentration along the x axis
for different time instants.

For Le < 0.01, it is possible to identify a short-time initial peak of the convective flux of
the substance due to thermal expansion and a second peak of F, which is less intense,
but more extended, due to changes in the concentration field. A change in Le leads to
achange in the intensity and duration of each of these segments. At small values of Le,
the concentration field changes in time too slowly, which results in separation of the
temperature and concentration effects on the velocity field and, as a consequence, in
a second peak of the convective flux. For values of Le close to unity, the second peak of
F is absent because the equilibrium states of the concentration and temperature fields
are established more or less simultaneously.

The calculated results also show that an increase in the Boussinesq number &
within the framework of problem 1 leads to a proportional increase in the characteris-
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Figure 9.25: Time evolution of the maximum velocity V,,,, for different values of Le.
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Figure 9.26: Dependence of F [g/(cm s)] on time.

tic velocity in the domain, and an increase in the thermodiffusion parameter s leads to
aminor increase in flow intensity (less than 5 % for s = 1.9 as compared with s = 0.38).

Results of the numerical study of problem 2

The second problem considered in this chapter deals with the influence of unsteady
heat fluxes on the flow characteristics in binary nonisothermal systems. As in prob-
lem 1, the flow structure is formed here mainly under the action of volume expansion
forces.
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Figure 9.27: Maximum velocity V. Vs. the dimensionless frequency Q.

Figure 9.27 shows the maximum flow velocity as a function of the dimensionless fre-
quency Qate =7.5- 1073, s = 0.38, and different values of Le. The microconvection
intensity increases with increasing frequency of variations of the external heat flux,
and this dependence is close to linear. Similar results are obtained under a pulsed (in
time) action of the external heat flux. Thus, if the pulse amplitude is inversely pro-
portional to its duration, then the maximum velocity of microconvection increases in
proportion to the pulse amplitude.

The results presented in Figure 9.27 also show that the characteristic velocity of
microconvection in unsteady temperature fields increases with increasing Lewis num-
ber Le.

In addition to the parameter determining the rate of variations of the external tem-
perature actions, the Boussinesq parameter € has a significant effect on the microcon-
vective flow. If the external action frequency is sufficiently large, the calculations pre-
dict that an increase in € leads to an approximately linear increase in the maximum
velocity of convection.

The influence of the parameters s and Le on microconvection is illustrated in Fig-
ure 9.28, which shows a typical dependence of the maximum flow velocity on the
separation ratio s for different values of Le at € = 7.5- 1072, and Q = 1. The results
demonstrate that the characteristic velocity of the microconvective flow increases in
proportion to s. Moreover, it also increases with increasing Le.

In addition to the basic problems described above, we also studied microcon-
vective effects for other system configurations. Significant qualitative and quantita-
tive differences in the transitional and limiting convection modes calculated by the
Oberbeck-Boussinesq and microconvection models were found at low values of 7 <
10-100 in wide ranges of the orders of the governing parameters: ¢ = 107°-1071,
Pr = 10‘3—104, Le = 107%-1, s = —3-3. At sufficiently small values of 1, the mech-
anism based on volume expansion dominates, and buoyancy forces do not exert any
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Figure 9.28: Maximum velocity V., versus the separation ratio s for different values of Le.

appreciable influence on convection evolution. For such values of , the flow structure
calculated by the microconvection model is qualitatively different from the Boussinesq
convection, and the characteristic velocities of microconvection for the parameter val-
ues corresponding to those reached in space experiments can exceed the values pre-
dicted by the Oberbeck-Boussinesq model by two orders of magnitude. At the same
time, the temperature and concentration fields do not exhibit essential differences
from the classical case. These results are similar to conclusions obtained for micro-
convection in a single-species fluid [79, 80].

Microconvection in thin layers of a binary fluid with a free boundary

The microconvection model constructed in [177] is used to describe convective flows
with low values of the microconvection parameter 5. In previous sections we consid-
ered convective flows where the MM applicability condition (n < 1) was satisfied, ow-
ing to the small gravity force. Another possible example of using this model is the
flow in fluid layers with microscopic values of the characteristic linear size I (which is
involved into the parameter 1 as a multiplier to the third power). In this case, the con-
dition n < 11is satisfied even at g = g, where g, is the acceleration due to the gravity
force on the Earth surface.

An important application of such flows is the case of thin layers of the fluid with a
free boundary. Because of the small value of  (and, as a consequence, n < 1), it is pos-
sible to neglect the effect of the gravity force and to consider interaction of two basic
factors in the fluid: volume expansion and surface tension (Marangoni convection).

The study of convective flows in a fluid with a free boundary with the use of the mi-
croconvection model was performed previously in [82, 83, 78]. Problems in cylindrical
domains for a single-species fluid with different temperature regimes on the boundary
were considered. Qualitative and quantitative differences in results predicted by the
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MM and OBM were found already at characteristic sizes of the domain of the order of
1cm, and the Marangoni numbers were sufficiently high.

Gaponenko [61] considered a convective flow in a rectangular domain with a free
boundary in a binary fluid mixture with allowance for the Soret effect. In this case, the
nonuniformity of the temperature distribution gives rise to flows induced by volume
expansion and gradients of surface tension forces. The free boundary was assumed
to be flat and nondeformable. The study of convective flows was performed for micro-
systems with the characteristic linear size of the order of several micrometers with the
use of two models of the fluid: classical OBM and MM. Let us consider some results.

Formulation of the problem and governing equations
The convective flows are studied in a rectangular domain 0 < x < 1,0 < y < h. The
following boundary conditions for temperature are considered:

B1: spatially nonuniform heat flux T, = © cos(yr/h) on the boundaries x = const. The
domain boundaries y = const are assumed to be thermally insulated;

B2: spatially nonuniform heat flux T, = © cos(x7nt/l) on the boundary y = 0. In this
case, the conditions of thermal insulation are imposed on all other boundaries of
the domain.

The boundary conditions for concentrations are determined from the condition of a
zero diffusion flux of the substance on the boundary. The conditions for velocity on
the boundary y = h are the conditions of a free nondeformable surface:

}1%=0‘T8—T+0’% v, =0.
dy ox  Cox’ ?
Here, o7(0,) is the temperature (concentration) coefficient of surface tension and p
is the dynamic viscosity coefficient. All other boundaries are subjected to the no-slip
condition: v = 0.
After normalization, the boundary conditions take the form

Bl: x=0,x=A: v=0,T,=cos(yn),C, =sT,.
y=0: v=0,T,=0,C, =0;
y=1: %_‘;:MT?)_i+MCgTi’

B2: x=0,x=A: v=0,T,=0,C,=0.
y=0: v=0, Ty:cos(xn/A), Cy:sTy;

oV, oT oc

=1: — =Mry—+M.—, =0, T,=0, C,=0.
y oy Tox Tleoe V2

v,=0, T,=0, C,=0;
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Figure 9.29: Temperature isolines (a) and stream functions (b) for the Oberbeck-Boussinesq micro-
convection model (condition B1).

In these equations, My and M, are the temperature and concentration Marangoni num-
bers: My = o7 T*l/(ux) and M, = 0.C*1/(ux), and A = I/h is the aspect ratio of the
computational domain sides.

The system of MM equations for a binary mixture has the form of egs. (9.85). It is
solved by using the variables w— (vorticity—stream function) for the modified veloc-
ity. The main computational procedures are described in Section 9.1.

Results of numerical modeling and discussion

The results presented here were calculated for a model fluid with the parameters taken
at a temperature of 300K: y = 0.00112 cmz/s, U = 1758 g/(cm-s), p = 0.996 g/cm3,
B = 0.005 K1, or = —-0.08dyn/(cm-K), Pr = 1625, and Le = 0.01. The gradient of the
temperature O, the parameter €, and the Marangoni numbers M and M, were deter-
mined on the basis of the characteristic linear size of the domain and the value of T*.
The condition M. = 0.5M; was conventionally chosen. The values of the separation
ratio were taken in the interval s = 0—1.5.

Figures 9.29, 9.30, and 9.31 show the results of flow calculations for the boundary
conditions B1 and parameters € = 0.005 and T* = 1K. The characteristic linear size
was 10, 1, and 0.1 um (My = —4.063-107%,1073, and 1074, respectively). The aspect ratio
was A = 5. The influence of thermodiffusion was ignored (s = 0).

The figures show the temperature fields (Figure 9.29a, step between the isolines
0.1), isolines of the stream function of the physical velocity for the OBM (Figure 9.29b),
and also the flow structures predicted by the MM (Figure 9.30). Note that the temper-
ature and concentration fields for two models are practically identical, in contrast to
the velocities and flow structures. In the OBM, the flow structure and the maximum
velocity (V = 1.26 - 10>) remained unchanged as | was varied. Vice versa, the results
predicted by the MM show that both the flow structure and the maximum velocity sub-
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Figure 9.30: Isolines of the stream function for the Oberbeck-Boussinesq microconvection model
(condition B1).

stantially depend on I: 1.32- 107 (L = 10 pm), 2.86 - 10> (1 um), and 29.97 - 107> cm/s
(0.1 um).

It is seen that the dominating factor at low values of [ is the volume expansion of
the fluid caused by changes in the temperature and concentration fields; the influence
of this factor is attenuated with increasing I. Therefore, the flow structures and the
maximum velocities in the MM and OBM become close to each other.

Figure 9.31 shows the time evolution of the maximum velocity in the computa-
tional domain for different models. It is seen that the maximum velocity in the MM is
appreciably higher than that in the OBM. This effect, however, lasts for a short time,
and its duration is determined by the value of €. The maximum velocity in the MM
approaches the value predicted by the OBM with time.

Figure 9.32 demonstrates the estimated influence of thermodiffusion on the maxi-
mum velocity for My = —4.063-1072 (a) and My = —4.063-10"* (b) under the boundary
conditions B1. As is seen from the figure, the effect of the separation ratio substantially
depends on the Marangoni number My. At large values of My (i. e., those at which the
influence of volume expansion is insignificant), the thermodiffusion effect is more pro-
nounced (see Figure 9.32a), because the concentration gradient along the free bound-
ary increases with increasing s; therefore, the action of surface tension leads to more
intense convection. At small values of My (Figure 9.32b), there is only a short-time ef-
fect of thermodiffusion, which is mainly related to the changes in the concentration
field at the initial time, leading to enhancement of the influence of volume expansion
owing to the concentration component.
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Figure 9.31: Time evolution of the maximum velocity predicted by the OBM and MM (condition B1).
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Figure 9.32: Effect of the separation ratio s on the maximum velocity.

Figure 9.33 shows the results of flow calculations under the boundary conditions B2
and parameters € = 0.005 and T* = 1K. The characteristic linear size h was 0.1 um
(M = -4.063-10~%). The figure shows the isolines of the temperature field (a) (the step
between the isolines is 0.4), and the isolines of the stream function of the physical
velocity predicted by the OBM (b) and MM (c). Under the boundary conditions B2, the
value h = 0.1 um is the greatest value at which the differences between the OBM and
MM results are still observed. In this case, the maximum velocity is 1.29 - 102 (OBM)
and 1.33-107% (MM).

Thus, based on the results presented in this section we can conclude that convec-
tive flows can form in thin layers of the fluid with a free boundary under the action
of volume expansion, which is taken into account in the microconvection model. In
fluids with inhomogeneous compositions, the thermodiffusion effect should be addi-

tionally taken into account.
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Figure 9.33: Temperature isolines (a) and stream functions (b and c) under the condition of nonuni-
form heating from above (condition B2).
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9.5 Convection in miscible fluids

It is well known that the emergence of fluid flows can depend on processes that occur
in domains close to the interface between the fluids. For instance, capillary forces aris-
ing on the interface in immiscible fluids can lead to convection. Beginning in the 19th
century, such processes for immiscible fluids have been intensity studied because of
numerous applications.

Capillary phenomena are much less adequately investigated in miscible fluids,
where the thermodynamically stable interface between the phases does not exist and
the system tends to a homogeneous equilibrium state by means of diffusion. In 1901,
Korteweg assumed that such effects could also be observed for miscible fluids with a
nonuniform distribution of density (concentration or temperature). The interface of
miscible fluids is characterized by the presence of regions with high concentration
gradients, which can exist for long times at low diffusion coefficients (in this case, it
would be more correct to say the “transitional zone” instead of the “interface”). As
was demonstrated in [111], stresses oy can arise in such zones; the action of these
stresses is similar to the action of surface tension. Such stresses were estimated in
[242] as

2
UK = I( (Ag) > (9.87)

where K is a parameter characterizing the intensity of the arising stress, C is the con-
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centration of mass of one species, AC is a typical change in concentration inside the
transitional zone, and 6 is the transitional zone thickness.

Convection induced by such stresses in binary systems was studied both experi-
mentally and theoretically [24, 4, 163, 164, 102]. Numerical simulations of convective
flows in binary systems were considered in [167, 34], where the main task was to define
the initial concentration distribution in a manner such that the resultant flow struc-
ture would be most convenient for conducting a full-scale experiment.

It should be noted that the volume forces arising in the transitional zone of mis-
cible fluids are very small; therefore, the convective flow induced by such forces is
suppressed by natural convection under standard conditions. Thus, it is obvious that
this phenomenon should be studied under microgravity conditions on board space
laboratories. Optimal configurations for physical experiments on studying convection
in miscible fluids were considered in [34].

This model describes various capillary phenomena, in particular, capillary waves,
which are formed when the curvature of the interface between two fluids changes in
space, thus, generating a difference in pressure. Below we study waves called in-
terphase waves to distinguish them from capillary waves. These waves also refer to
capillary phenomena, but have different manifestations and propagation mecha-
nisms.

Let us consider a flat interphase surface between two fluids and assume that the
thickness of this surface changes in space. Then, the effective interphase stress (9.87),
which is inversely proportional to the interface thickness and therefore also changes
in space, generates forces directed along the interface. These forces can change the
interface shape and initiate convection in the neighboring fluid. This effect is experi-
mentally observed if the effective stress (9.87) is locally changed by adding a chemical
substance or heating the interface, which alters the interface thickness or the amount
of the admixture inside the transitional zone.

In this section we describe the results [26], which show that interphase waves
can be described by the Navier—Stokes equations with additional terms of Korteweg’s
stress. To study such a problem, we seek a numerical solution of a simplified model
problem and also of a problem posed in a plane geometrical formulation. The model
problem is obtained by using the thickness of the transitional zone of the interface as a
small parameter. As a result, we can reduce the initial plane problem dimension, study
its properties and its solutions in detail, for example, for analyzing the fluid behavior
on the interface. A numerical study of the model problem reveals the existence of in-
terphase waves. They propagate with a velocity proportional to the interface stress and
can reflect from the walls, thus, changing their direction, penetrate into each other, or
intersect each other.

Qualitatively identical results were obtained for the problem in the plane geomet-
rical formulation, but in this case the waves decay faster due to the influence of the
interface boundaries.
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Formulation of the problem and governing equations
In the problems considered below, the physical system is under isothermal condi-
tions. The system is a viscous weakly compressible fluid consisting of two nonreacting
species. The fluid fills a rectangular domain 0 < x < L,, 0 <y < L, whose boundary T
consists of solid impermeable walls (x and y are the Cartesian coordinates). The influ-
ence of buoyancy forces is ignored.

Assuming the viscosity and diffusion coefficients to be constant, we write the ex-
pression for the components of the Korteweg’s stress tensor S arising in the transi-
tional zone between the two fluid species [24]:

2 2
oC aoC oC oC
Si = <5> s Sp=S5y= —aay Sp= <a> :
Taking into account the above-described factors acting on the system, we can pre-
sent the convection equations in the form
dc
e
gi—‘; =-Vp+ %1 V(divv) + pAv + K div S, (9.88)

= k. V°C,

% +pdivv=0.

The state equation is taken as a dependence of the fluid density g on concentration
0 = 0o(1 - y(C - Cy)), where g, > 0 is the characteristic value of density, y is the con-
centration coefficient of density, and C, is the constant mean value of concentration.

Using the Boussinesq approximation, passing to dimensionless variables, and
choosing h, h>/v, v/h, g,v*/h, and C, as the scales of length, time, velocity, pressure,
and characteristic change in concentration, we obtain the following system of equa-
tions from egs. (9.88):

dc 1
— =Sc AC,
a ¢
% = -Vp +Av + K. divS, (9.89)
divv =0.

Here, the dimensionless variables are denoted in the same manner as the dimensional
ones. The dimensionless parameters are defined as Sc = v/d, K, = K(C,)*/(oov?),
where v = /g, is the kinematic viscosity and d = k_/p, is the diffusion coefficient.

The boundary conditions are the no-slip condition for the fluid on the solid bound-
aries and the absence of the substance flux through the boundary:

v=0, VC,l=0. (9.90)
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Model problem

Let us consider a simplified problem where the fluid motion is studied only inside the
transitional zone. In this case, as was shown in [26], it is possible to formulate the
problem and study the properties of its solution with a smaller number of variables
than in the initial full system of equations. For this purpose, we write egs. (9.89) in the
form

%_‘t: ruy g}f ‘i gc _dAC, (991)

% iy 6au1 + Zaauyl - gg—i + VAU - K % AC, 992)
aau; +ulaalj(2 +u2%';2 = ég—i +VvAu, -K EE))_)C/' AC, 9.93)
%‘il %’;2 -0 (9.94)

We align the orthogonal coordinate axes x and y so that the x axis is directed along
the transitional zone separating the miscible fluids, and the y axis is perpendicular to
it. In order to study the solution behavior inside the transitional zone, we extend the
domain along the y axis by introducing an internal variable n = y/e. Equating terms
of the order of €, we find from eq. (9.91) that C is a linear function of n; we assume that
C = nz(x, t). Equation (9.91) is presented in the form

az+u az+u21 _ o’z
1aX 2 -

P i el (9.95)

As follows from eq. (9.93), u, is also a linear function of 7. In addition, we assume
that the last term in the left-hand side of eq. (9.95) is also a quantity of the order of €.
Otherwise the concentration does not satisfy the equation of motion. We thus have
u, = enw(x, t), and eq. (9.95) takes the form

0z 0z o’z
> +ula— +wz = da 5 (9.96)

Substituting the expression for u, into eq. (9.93), we obtain

ow ow 1 op ow K _ 0z

LA , 97
o oax T T Theoon Va2 ae (57)

We transform the resultant equation. An analysis of the last term in the right-hand
side of this equation allows us to conclude that the value of K is proportional to £2. We
assume that K = £°. The pressure p is presented as a sum of two terms, one of which is
independent of : p = p(p;(x, y, t) + (x, t)). Taking into account eq. (9.94), we find that
du, /ox is also independent of 1. Let us assume that u; = u(x, t) + ¢(n). In this case, we
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obtain ¢ = 0 from eq. (9.96) under the condition that 9z/0x # 0. Then, from eq. (9.92)
we find the equation for the function u (see eq. (9.99) below) and also the equation

Wy 220292
ox oxox?
As z is independent of , we can conclude that p; has the second order with respect

to . Let us assume that p, = e27>G(x, t)/2.
We obtain the following system of equations:

0z 0z o’z
S tUS WIS d P (9.98)
ou ou om  du
T Tw e (59)
oG 0z oz
ox 2 aan O 100
ow ow 2 ’*w 3z
E+U§+W =—G+Vw—2@; (9.101)
M woo. (9.102)
ox

The same system can be derived if we seek for the solution of egs. (9.91)-(9.94) in the
form

y
u; = ulxt), u,= xt), C=—xzt),
1=uGt), Uy =ywxt) Nre (x, 1)
p-o3y60u0 +ntx0)
and equate terms with identical powers of y.
Integrating eq. (9.100), we obtain
0z\
G(x,t) = Gy(t) - (—) . (9.103)
ox
Assuming that
__om_ oz
- oox ox
we present system (9.98)—(9.102) in the form
0z 0z ou 3’z
L L 1
at TYax T ax ox? (5.104)
ou ou 0z o’u
M ouM_ L% 2l 10
o Yox Fax TN o (5:105)

ra(2)-(2))
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Thus, the model problem is problem (9.91)-(9.94) in the band 0 < x < 1, —c0 <
y < oo with the boundary conditions x = 0,1 : u; = u, = 0, dc/0ox = 0. The boundary
conditions for the new variables are

ou _

0z
— = =0
ox

x=0,1: u=0, 0, — =
ox

(9.107)

System (9.104)—(9.107) contains unknown functions z, u, and F. It includes two second-
order equations, one first-order equation, and six boundary conditions. The function
Gy (t) is defined in a manner that the boundary conditions are satisfied.

Numerical method of solving the model problem
To obtain a numerical solution, we write system (9.103)—(9.106) in the form

0z 0z B ou _ o’z

9z Ly oM 49z 1

ot "Yox Fox "% (9.108)
ou ou 0z du
% +ua—x —Za—x = Fy +xG, +M+v§; (9.109)

[ - ()] o o110

Let us consider numerical discretization of system (9.108)-(9.110). For this pur-
pose, we introduce a uniform grid x; (i = 1,..., N) with a step Ax = 1/(N —1). In solving
the system of equations, we use the finite-difference scheme

n+1 n n n n n
i TE U + ;| (21— M) u — (21— )
T IV i1 PIV
n+1 n+1 n+1 n+1 n+1
_ i TUi _ GZi -2tz (9.111)
i 20x - Ax? ’ :
n+1 n n n n n
U~y U + |ui | (u).’l+1 _ {1+1) Ui - |ui | (u(1+1 _ u(1+1)
T 20x o 2ax M
n+1 n+1 n+1 n+1 n+l
Zi =2z w, s = 2u 0+ U
B A e L 4+ Fy +x,Go + M} (9.112)
2Ax Ax

Here, the subscript i refers to discretization in space, and the superscript n refers to
discretization in time.

To solve system (9.111)—(9.112), we use the method of vector sweeping [205]. We
give the general scheme of implementation of this method, which was proposed in
[26]. Let

X; = Cll) (9.113)
y= <gz> . (9.114)
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We present system (9.111)—(9.112) in the form

u1:0, uNZO;
Ai‘xifl_ci'Xi+Bi'Xi+1+Di'V:‘ei> i=2,...,N-1;

AN.XN—I_CN.XN-}_DN.YZ —eN.
In the case considered, we have

B1:C1:AN:CN:I, DIZDN:O, elzeN=0,

v uf+ul| z]
_2 + —_——
Ax 2Ax 2Ax
Al = n n n >
oz d " u +Hug |

2Ax A 20Ax
v uf—uf| z!
B - Ax? 20x 20x
l kil a__ bl J°
2Ax g 2Ax
v |
c- a* m * A o
i a1 W)
A2 T At T Ax
n n
D - < (1—1)Ax> X <Mi>
; , €= —+ .
At 0

(9.115)
(9.116)
(9.117)
(9.118)

System (9.116)—(9.118) consists of N equations and N + 1 variables. It is solved in

three stages.

First stage: transformation of system (9.116)—(9.118) from the tetradiagonal to the tridi-

agonal form. Let
X, 1=F-x;+H;-y+8;, i=2...,N.
It follows from eqs. (9.116) and (9.119) that
F,-C'-B, g-=C'e, H,=C-D,.
Further, using egs. (9.117) and (9.119), we obtain

Fi = (Ci- A F) By
g =(Ci-A -F)" - (A-g+e)
H;;=(C-A;-F)' (A H;+Dy), i=1.. ,N-1

Using egs. (9.118) and (9.119), we find

=(Cy-Ay-Fy) - (Ay-Hy +Dy) -y +(Cy —Ay-Fy) ' - (Ay - gy +ey).
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Thus, the transformation of the system from the tetradiagonal form (9.116)-(9.118) to
the tridiagonal form (9.119), (9.124) is finalized.

Second stage: transformation of system (9.119), (9.124) from the tridiagonal to the bidi-
agonal form. Let

Xi:Qi'y+pi, i:N,...,l. (9125)
It follows from eq. (9.124) that

Qy = (Cy—Ay-Fy) - (Ay -Hy + Dy); (9.126)
py = (Cy—Ay-Fy) ™ - (Ay - 8y + €y). (9.127)

From egs. (9.119) and (9.125), we obtain
Q,=F-Q+H;, p,=F-p+g, i=N,...,2 (9128)

Third stage. Using egs. (9.115) and (9.125), we find y on the computational domain
boundariesi =1,N:

1
y= <Q(“’1 Qoo ) : <_p m ) : (9.129)
Quyny  Quan —PaN

After that, using egs. (9.125) and (9.129), we determine x; fori =1,...,N.

Numerical results of the model problem
Here we describe the results of numerical modeling of problem (9.104)-(9.107). The
initial conditions for the functions u and z have the formu = 0,z = f +exp(—k(x—0.5)2),
which corresponds to the case with a local change in the concentration gradient in the
transitional layer of a quiescent miscible fluid.

Figure 9.34a—-c shows the time evolution of the z-component of the solution for
f = 0 and k = 100. If the values of d and v are sufficiently large, the perturbations
rapidly decay, and the solution takes the form of a spatially homogeneous distribution
(Figure 9.34a). If d remains unchanged and v is sufficiently small, the solution consists
of two waves which propagate in the opposite directions, reflect from the walls, move
toward each other, and then repeat this process periodically with a gradual decrease in
their amplitudes (Figure 9.34c). If d is much smaller than v, the wave structure differs
from the previous case. The solution evolves in the same manner at the beginning,
but the sign of the transported perturbations becomes different after wave reflections
from the walls: the minimum of the quantity z is observed rather than its maximum
(Figure 9.34b).

Figures 9.35 and 9.36 show the concentration isolines C = yz and the stream
functions 1 = yu in the time interval where the solution interacts with the domain
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Figure 9.34: Evolution of the solution: (@) d = 1072, v = 1072;(b)d = 107>, v = 10>;(c) d = 1072,
v=1073,

boundaries for the first time. The isolines of the functions show the instants before
(Figure 9.35) and after (Figure 9.36) wave reflections from the walls for different values
of d. Note that the linear dependence on y, chosen as the form in which the solution
is sought, implies that the stream function isolines are not closed. For the case with
v < d, (Figure 9.35a) displays two vortices propagating to the opposite sides from the
domain center. When they reach the computational domain boundary, they are re-
flected from the boundary and simultaneously change the directions of their rotation
(Figure 9.36a). Then, returning to the domain center, the vortices interact with each
other, thereby vanishing; after that, the vortices are formed again and propagate to
the opposite sides. This process is periodically repeated with a gradual decrease in
amplitude.

Atv > d (Figures 9.35b and 9.36b), the vortices propagate in the same manner, but
there are four vortices in the vicinity of the domain boundary, two vortices on each
side (Figure 9.35b).

The values of the parameters f and k used in the initial conditions for the function
z can also affect the solution behavior. Figure 9.37 shows z(x, t) as a function of f: f =
1(a) and f = 2 (b) (the remaining calculation parameters have the values k = 500, d =
107, and v = 1072). It is seen from the figure that the initial perturbations propagate
faster at f = 2 than at f = 1. As applied to the initial problem (9.91)—(9.94), the results
obtained show that an increase in f corresponds to a decrease in the transitional zone
thickness. On the other hand, the effective stress (9.87) is inversely proportional to the
transitional zone thickness. Therefore, the wave propagation velocity is proportional
to the effective stress (9.87) in the interphase transitional zone.
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Figure 9.35: Isolines of concentration and stream function after 0.4s: (@) d = 1072, v = 107>; (b) d =
107°, v =1072.
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Figure 9.36: Isolines of concentration and stream function after 0.8s: (@) d = 1072, v = 10 >; (b) d =
107°,v =1072,

Figure 9.38 illustrates the effect of the quantity k on the solution. Two cases are cal-
culated: (a) k = 500 and (b) k = 50 (f = 2, d = 1072, and v = 1072). It is seen that the
initial perturbations propagate faster at k = 50 than at k = 500; moreover, the solution
decays more slowly.

Numerical study of the plane problem in the full formulation
Problem (9.89), (9.90) was solved with the use of the stream function and vorticity
variables, as applied to the governing equations

dc 1
— =Sc 'AC,
ar >

dw

i Aw + K {C,AC}, (9.130)
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)

(a)

Figure 9.37: Isolines of the function z(x, t) for different values of f: (@) f = 1; (b) f = 2.

time £2_13

(@) (b)

Figure 9.38: Isolines of the function z(x, t) for different values of k: (a) k = 500; (b) k = 50.

AY = -w,

where {g, h} = dg/0x oh/dy — 0g/dy oh/ox. This system was numerically solved by the
method of alternating directions.

The problem was considered in a rectangular domain O < x < 1.5; 0 < y < 3 with
the boundary conditions (9.90). The initial conditions correspond to a contact of two
quiescent species separated by a transitional zone that has a prescribed shape:

u1=u2=0,
0 at 0<y<y,
cxy) = {m* —4m’ -m*) aty, <y<y,
1 at y, <y <6,
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Figure 9.39: Isolines of concentration and stream function at different time instants: (@) t = 0.05;
(b)t=0.95;(c)t =1.45;(d) t =2.0; (e) t = 2.95; (f) t = 3.6.

where the function m(y) determines the vertical profile of concentration in the tran-
sitional zone m(y) = (y — y;)/(¥> — 1), ¥1 is the function of the lower boundary of the
transitional zone, which depends on the x coordinate, and y, = 1.75 is the coordinate
of the upper boundary of the transitional zone. The results presented below demon-
strate the influence of the perturbation of the lower boundary of the transitional zone,
which is defined by changing the function y;, on the structure and properties of the
arising flow. The parameters were taken to be K. = 1and Sc = 10°.

Figure 9.39 shows the results calculated in the case where the function y, has the
form y,(x) = f + gexp[-k(x — 1.5)2],f =1, g = 0.3, k = 50. Such initial conditions for
concentration model a perturbation of the thickness of the transitional zone between
two species. The perturbation shape is seen in Figure 9.39a: the thickness of the tran-
sitional zone at the center is smaller than in the remaining parts of this zone. Note that
the value of z is greater at the transitional zone center and smaller at the periphery if
the initial conditions for concentration are presented in the form ¢ = yz. Therefore, the
choice of the initial conditions corresponds to the model problem considered above.

Changes in the transitional zone thickness defined by the initial conditions gen-
erate volume forces acting along the interface of the miscible species in the fluid. As
a result, two symmetric vortices are formed near the perturbed region (Figure 9.39a).
They begin to move from the domain center to its boundaries (Figure 9.39b). Concen-
tration perturbations propagate together with the vortices. The velocity of their prop-
agation is nonuniform over the transitional zone thickness: the greatest velocity is
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Figure 9.40: Time evolution of the maximum stream function for different parameters of the transi-
tional zone thickness perturbation function: (@) k = 5; (b) k = 50 (g = 0.3 (dotted line), g = 0.4
(dashed line), and g = 0.5 (solid line)).

observed inside the transitional zone, and the smallest velocity is observed near the
upper and lower boundaries. This phenomenon is explained by the results obtained
for the model problem, which showed that the propagation velocity increases with
increasing f. In the full problem, the quantity f corresponds to the concentration gra-
dient in the vertical direction inside the transitional zone, where its greatest value is
determined by the initial conditions. It is seen in Figure 9.39b that the maximum veloc-
ity of perturbations is observed in the middle part of the transitional zone (aty = 1.3).
The nonuniformity of propagation of perturbations over the transitional zone cross
section also explains the fact that the shape of the propagating vortices resembles a
lens.

Further dynamics of flow evolution are similar to those obtained in the model
problem. After the impact on the domain boundary, the vortices change their struc-
tures and the directions of their rotation (Figure 9.39¢). Then, the vortices move toward
the domain center (Figure 9.39d), meet there, intersect each other, and again begin to
move toward the domain boundary (Figure 9.39¢, f).

Figure 9.40 shows the dependence of the maximum stream function on time
for different values of k and g, which characterize the magnitude of the imposed
perturbation of the transitional zone thickness. It is seen that the stream function
increases with increasing g, i. e., the flow intensity depends on the degree of the local
change in the transitional zone thickness. In addition, the figure shows a sequence
of decaying oscillations, where the minimum values correspond to time instants
when the propagating vortices are reflected from the computational domain bound-
aries.

The next version of the initial conditions is similar to the previous one. The dif-
ference is the fact that the transitional zone at the center has a greater thickness than
in the remaining parts (Figure 9.41a), rather than a smaller thickness as previously
(Figure 9.39a). The formation and propagation of vortices shown in Figure 9.41 differs
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Figure 9.41: Isolines of concentration and stream function (f = 1, g = 0.3, k = 50). The time instants
are the same as those in Figure 9.39.

little from the pattern in Figure 9.39. This similarity, however, is not obvious; here it is
even unexpected, because these two cases are the opposite ones in the initial analy-
sis.

It is known that interphase surface tension is inversely proportional to the tran-
sitional zone thickness (9.87). Therefore, in the case with the initial conditions cor-
responding to the results in Figure 9.41, surface tension is smaller at the center of
the transitional zone than in the remaining parts. It can be expected that the fluid
motion is directed from the center to the periphery. In the case with the initial con-
ditions shown in Figure 9.39, interphase surface tension has the greatest value at
the center. Therefore, the fluid is expected to move from the boundaries toward the
center. The results of numerical simulations, however, predict the opposite situation:
the concentration perturbation and the vortices move from the center to the domain
boundaries. An explanation for this behavior can be found from Figure 9.39a, b.
Two intense localized vortices are formed at the initial stage of flow evolution; these
vortices change the transitional zone thickness, so that this contradiction is elimi-
nated. Therefore, the vortices in Figures 9.39 and 9.41 rotate in the opposite direc-
tions.

Figure 9.42 shows the results for the initial conditions with two perturbations
of the transitional zone thickness imposed simultaneously. The initial perturba-
tions have different magnitudes; therefore, the intensity of the pair of vortices in
the left part of the domain is smaller than that of the right-hand pair of vortices.
This choice of the initial conditions allows us to observe intersection of two vor-
tices. This intersection is most clearly seen in Figure 9.42c, where the small vortex,
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Figure 9.42: Isolines of concentration and stream function (f = 1, g; = 0.3, g, = 0.5, k = 50). Two
local perturbations of the transitional zone thickness are imposed at the initial time.

which was on the left at the beginning, passes through the more intense vortex on the
right.
The next version of the initial conditions for the function y,(x) has the form

1, 0<x<03,12<x<15
| L 0.3)%(0.5-x)’1/0.055, 03 <x<0.5,
M= s, 05<x<1,

1+ (x-1>%12-%x?%/0.055 1<x<12.

In this case, the solution behavior differs from the previously considered regimes.
Two large vortices are formed at the initial time and fill the entire width of the com-
putational domain (Figure 9.43a, b). Then they begin to change their structure. Firstly,
each of these vortices decomposes into three vortices (Figure 9.43d); the largest vortex
is located in the lower part of the transitional zone. After that, the intensity of the cen-
tral vortex starts to grow (Figure 9.43e), and then the largest vortex is again observed
in the lower part of the transitional zone (Figure 9.43g).

Thus, another type of the solution behavior is observed which differs from those
considered previously. The perturbations also propagate here in the transitional zone,
but in the direction perpendicular to it. This motion is repeated periodically with a
decaying amplitude (Figure 9.44).

Another type of the initial conditions was considered for the problem where the
transitional zone has a rounded rather than flat shape. Such a configuration is typical
for the case where a drop of one species of the miscible fluid is surrounded by the other
species.
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Figure 9.43: Isolines of concentration and stream function at different time instants: () t = 0.05;
(b)t=0.65;(c)t=15;(d)t=17;(e)t =2.05 ()t =3.0;(g) t =3.25; (h) t = 3.8; (i) t = 4.55.

Figure 9.45 shows that a pair of vortices is formed in the case of a local perturbation
of the transitional zone; this pair of vortices moves along the drop surface with time.
In this case, the convective flow intensity depends on the curvature of the transitional
zone.

Figures 9.46 and 9.47 show the results for three different values of the curvature
radius. The smaller the curvature, the greater the stream function (see Figure 9.47 up
to the time t = 0.27).

Note that the curvature of the transitional zone near the boundaries begins to
change in view of the boundary conditions of the absence of concentration fluxes. This
is the reason for the formation of additional vortices in this part of the computational
domain, which become more intense than those formed due to the initial perturba-
tion of the transitional zone thickness, especially if the curvature is large (Figure 9.46:
t = 0.6; Figure 9.47: t > 0.3).
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Figure 9.44: Time evolution of the maximum stream function.
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Figure 9.45: Isolines of concentration and stream function, R = 0.3 (R is the radius of curvature).

All problems considered above as well as the results of solving them were obtained
for parameters where the nature of the examined phenomenon is manifested most
clearly.
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Figure 9.46: Isolines of concentration and stream function for different values of R.

Let us now give an example of solving problem [167], where the following physical
parameters of the fluid are used: K = 107°N, 0o = 103 kg/m3, d =101 mz/s, vV =
10~ mz/s, y=02C,=1andh = 102 m, which corresponds to the dimensionless
parameters Sc = 10° and K, = 1072,

The computational problem is related to studying convective flows in the case
where the transitional zone has the thickness § = §(x), which increases linearly from
0.5 to 4.5mm along the x axis. The problem is considered in a rectangular domain
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Figure 9.47: Time evolution of the maximum stream function for different values of R.

L, =3cm, Ly = 6 cm. The initial conditions for the concentration C have the form

0, 0<y<3-3,
Couy) =4 05-155) +232), 3-8 <y<3+8,
1, 3+g<ys

The distribution of the concentration C at the initial time is shown in Figure 9.48a.
Two symmetric vortices are formed in the computational domain with time; the cen-
ters of these vortices are located in the vicinity of the narrow part of the transitional
zone (Figure 9.48b). At the initial time these vortices have the greatest intensity, which
decreases because of the increase in the transitional zone thickness under the action
of convective transfer and diffusion of the admixture. At the same time, it is seen that
the positions of the vortex centers change with time: they move along the transitional
zone, similar to the situation considered above for the model regimes (Figures 9.39
and 9.41).

Thus, in this problem, which is most suitable for conducting a physical experi-
ment, manifestation of the action of Korteweg’s stresses can be detected not only as
the formation of vortices of a given configuration, but also as their motion along the
transitional zone, which is the manifestation of the wave nature of propagation of per-
turbations.

Let us also note that the considered initial conditions for concentration can be
used to study convective flows formed owing to volume expansion of the fluid with
the use of the microconvection model. Studying the joint action of volume expansion
of the fluid and forces generated by Korteweg’s stresses, however, requires a prelimi-
nary analysis of the physical properties of the fluid. Thus, for example, for water and
water-based solutions the maximum velocities predicted by the MM have the order of
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Figure 9.48: Isolines of concentration and stream function at different time instants (in seconds):
(@ t=0;(b)t=10;(c)t=100; (d) t = 250; (e) t = 1000.

107 cm/s [63], whereas flows with the maximum velocities of 3-10™ cm/s can be ob-
tained in such systems if only Korteweg’s stresses are taken into account. It is for this
reason that we used here the Boussinesq model for studying convective flows, because
this model ensures simpler numerical investigations. The action of volume forces of
fluid expansion was ignored.
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10 Convective flows in tubes and layers

Convective flows in tubes and layers are studied in this Chapter with the use of the
group-theoretical approach [181, 186, 187]. This approach allows three-dimensional
motions of a nonuniformly heated fluid to be studied in terms of solutions of two-
dimensional (or, sometimes, one-dimensional) problems. The flow domain is un-
bounded along one or two coordinates. Typical examples are the classical solutions
obtained by Ostroumov [153] and Birikh [35]. They describe steady flows in an infinite
vertical tube and an infinite horizontal band, respectively. If the tube or band length
is much greater than its cross-sectional size, however, these solutions ensure good
approximations of the main part of the flows, which is confirmed by experimental
data and results of numerical modeling. In this Chapter, we construct analogs of the
Birikh solution in a tube with an arbitrary cross section and in a rotating circular
tube. In the second case, the fluid experiences the action of both the centripetal force
and the transverse gravity force. The above-mentioned solutions are invariant solu-
tions of the Oberbeck-Boussinesq equations. The set of exact solutions is extended
in plane or axisymmetric problems, where the streamwise temperature gradient is an
arbitrary function of time (in contrast to Ostroumov’s and Birikh’s solutions where
this gradient is constant). The problem of deformation of a viscous layer by thermo-
capillary forces is considered in the last Section of Chapter 10. The solution of this
problem is described by a partially invariant solution of the Navier—Stokes equations.
Thermal convection in a horizontal channel in the presence of a longitudinal temper-
ature gradient varying with time in accordance with the exponential law is studied.
An attempt is made to describe the delay of thermocapillary convection onset owing
to the existence of a film on the fluid surface. The difference in the convection flow
structures in the cases of fixed and destroyed films is shown. An exact solution for
the plane-parallel flow under a surface with the friction proportional to the velocity
at a constant longitudinal temperature gradient is derived. The solution of the time-
dependent problem for the model with the Bingham properties of the fluid surface is
obtained using a difference method.

10.1 Group-theoretical nature of the Birikh solution and its
generalizations

Birikh [35] constructed exact solutions to the system of the Oberbeck-Boussinesq
equations, which has the following form in generally accepted notations:

V,+V-VV=—p'Vp+VAV-BOg, V-v=0, 6,+V-V0=yAb. (10.1)

In what follows, we use individual notations for the x, y, and z coordinates and for
the corresponding velocity components u, v, and w and assume that g = (-g,0,0).

https://doi.org/10.1515/9783110655469-010
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The class of the Birikh solutions of system (10.1) describes plane steady flows with
u=v=0,p=-ApgBxz +q,0 = -Az + T, A = const (in what follows, this constant
is assumed to be positive), and the functions w, T, and g depend only on x, being
polynomials of the third, fifth, and sixth powers, respectively. The solutions found
in [35] are remarkable not only because of their simplicity, but also owing to clear
physical interpretation. One of them describes the flow in a band —h < x < h where
both boundaries are solid walls; in the second case, the upper boundary of the band is
a free rigid surface subjected to the action of thermocapillary forces. The streamwise
velocity component w in the first Birikh solution has the form

w =

N D

(s- s ), (10.2)

<

4
where G = Agvlih is the Grashof number and s = % The same component in the second

Birikh solution is given by the formula

w [G(~45> +35% + 65 — 1) + G, (3s* + 25 - 1)], (10.3)

v
" 24h
where G, = 3’2}?;}'2
cient of surface tension (2.21). Note that the flow rate through the band cross section
in solutions defined by Egs. (10.2) and (10.3) is equal to zero. This allows us to use the
Birikh solutions to describe convection in horizontal channels whose length is much
greater than their width, with the vertical boundaries being solid walls. The asymp-
totic character of the second solution was confirmed by experiments aimed at study-
ing capillary-gravitational convection in a long horizontal cavity and by the numerical
solution of a two-dimensional steady problem for system (10.1) with boundary condi-
tions modeling the conditions of the above-mentioned experiments [109].
Group-theoretical nature of the Birikh solutions was revealed in paper [106].
A generalization of the Birikh solutions to a three-dimensional unsteady case was
given in [182]. Our considerations are based on the following observations: the so-
lutions obtained in [35] are invariant solutions of system (10.1) with respect to a
three-parameter Lie group generated by the infinitesimal operators o;, 9, and

is the Marangoni number and & > O is the temperature coeffi-

Z=-A"9,+ pPgxa, + 0. (10.4)

(The fact that the operator Z is admitted by system (10.1) follows from the results ob-
tained in [76].) If we now take a one-parameter group with operator (10.4), we obtain
a class of invariant solutions of system (10.1) of rank 3, whereas the Birikh solutions
have rank 1. All invariant Z-solutions of system (10.1) have the representation

u=u@yt), v=vxyt), w=wkxyt), (105)
p=-Apfgxz + q(x,y,t), 0=-Az+T(x,y,t), '
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where the functions u, v, w, q, and T satisfy a system of differential equations with
three independent variables x, y, and t.

Before writing this system, we pass to dimensionless variables in system (10.1).
The most natural interpretation of solutions (10.5) is the flow of a viscous heat-
conducting fluid in a horizontal cylindrical tube, which is induced by nonuniform
heating of the tube surface. Let us denote the tube cross section by Q and choose
the width h of the domain Q in the x direction as the characteristic linear scale. The
basic similarity criteria in the problem considered are the Grashof number Gr and the
Prandtl number Pr defined by the formulas
_ Apgh” v

, Pr=-—. (10.6)

G
T ) X

We choose T = h?/v as the characteristic time scale and pass to new sought functions
u', v, w', q" and T, defining them as
v 2. v 2.1 v '
u=-PrGriu, v=-PrGrv, w=-Grw,
h h h (10.7)
q =pPgAn’PrGrq’, T =AhPrGrT'.

The new sought functions depend on the dimensionless variables x' = x/h, y' =
y/h,and t’ = t/t.

By virtue of Egs. (10.1), (10.5), and (10.7), the new sought functions satisfy the
equations

Up + AUy +viy) = =g + 0u+ T, v+ Auvy +vvy) = —q, + Ay,
Wi + Auw, + VW) = =X+ Mw, U, +v, =0, (10.8)
PrT; + APr(uT, +vT,) - w = AT,

where the primes are omitted and the notations A = Pr Gr? and A, = d%/ox? + &% oy?
are used. By virtue of Egs. (10.5) and (10.7), any solution of system (10.8) generates a
solution of the original equations (10.1). In particular, the Birikh solution is obtained
if we assume that u = v = 0 in Egs. (10.8) and that the functions w, ¢, and 0 are in-
dependent of y and t. A systematic search for exact solutions of system (10.8) is based
on its group properties. This system admits the operators

~1dy o dy
XO = at, Xy = yay +A Eav -A yﬁaq, X5 = 58q,
d’a 4. da da _
I yTel 0 —A lpr el o, +Pr an +X<A lpr

d*a
dt*

4
X -

x=-P +a>aq+aaT,
where a,y, and § are arbitrary functions of t of the class C*°. Note that the operators
Xo,X,, and X5 are “inherited” by system (10.8) from the original system (10.1), whereas

X, is a “redundant” operator.
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In its structure, system (10.8) resembles the system of the Navier—Stokes equa-
tions in a plane case, supplemented with two parabolic equations. Thus, we can nat-
urally pose the following initial-boundary problem: find a solution u,v,w, g, T of sys-
tem (10.8) in a cylinder Qy = {x,y,t : (x,y) € Q, 0 < t < N}, which satisfies the initial
conditions

u=uy(xy), v=vy(xy), w=wyxy), T=Tyxy), at(xy €Q, t=0, (109)
the no-slip conditions for velocities
u=v=w=0 at(x,y)eZ=0Q,te(0,N) (10.10)

and one of the following conditions for temperature:

?)_Z =alxy,t), (xy)eZ te(O,N) (10.11)
or
T = b(x,y,t), (x,y)€Z te(O,N) (10.12)

Here, ugy, vy, wy, Ty, a, and b are given functions of their arguments, and d/on is the
derivative along the external normal to the curve X. We do not discuss here whether
problems (10.8)—(10.11) or (10.8)—(10.10), (10.12) are well-posed or not. We only note
that they satisfy theorems of unique global solvability in classes of functions that are
natural extensions of the classes of well-posedness of a two-dimensional unsteady
problem for the Navier-Stokes equations [114].

Along with problems (10.8)—(10.11) and (10.8)—(10.10), (10.12), it is of interest to
consider steady problems for system (10.8) under the assumption that u; = v, = w; =
T; = 0. In this case, conditions (10.9) are not imposed, and the functions a and b
in conditions (10.11) and (10.12) are independent of t. The theorems of existence of
generalized solutions without constraints on the value of the corresponding norms
of the functions a and b are valid for both steady problems; for small values of the
parameter A, the theorems of uniqueness are also valid. Moreover, the components
u,v,w,q, and T of the steady solution are analytical functions of the parameter A at
the point A = 0. Below we calculate the principal terms of the corresponding series in
the case where the domain Q is a circle of a unit radius with the circle center at the
origin, and condition (10.11) is homogeneous. The following boundary-value problem
is posed:

Azu_qX+T:0, sz—qyzo, uX+Vy:O’

Aw-x=0, AT+w=0 at x2+y2 <1, (10.13)
T
u=v=w=0, g—n:o atx*+y* =1 (10.14)
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Figure 10.1: Level lines of stream function ¢.

The solution of problem (10.13), (10.14) is given by the explicit formulas

2 .
resin2e ¢ rcos @
Y= m(zr — 157 42477 —11), w=—F(r" - 1),
T-_rC08¢ ‘:1‘;52 a4 32 v ), (10.15)
2
q r [10(2r* — 9% + 24) + 3(5r* - 2077 + 9) cos 2¢].

T20.32.5

Here, 1 is the stream function related tou and vasu = i, and v = —ip,;r = (x* +y?)
and ¢ = arctan(y/x) are the polar coordinates. The functions i and g are normalized
sothat ) = g = 0 at x = y = 0. In this case, the function u is odd with respect to x and
even with respect to y, the function v is even with respect to x and odd with respect to
y, the functions w and T are odd with respect to x and even with respect to y, and the
function g is even with respect to x and y. The flow domain x> +y? < 1, z € R is divided
into four subdomains by the planes x = 0, y = 0; each subdomain is filled by nested
cylindrical stream surfaces (x,y) = const, z € 2R (Figure 10.1).

The trajectories of the fluid particles have a helical character. The fluid in the up-
per and lower halves of the tube moves in the negative and positive directions of the
z axis, respectively (let us recall that the temperature is a linear decreasing function
of z by virtue of Eq. (10.5)). Note that the component w of solution (10.15) satisfies the
equality

1/2

J wdxdy =0 (10.16)
Q

(here, Q is a circle x> + y2 < 1). This equality, which is similar to the “condition of
flow closedness” in [35], gives us hope that a three-dimensional analog of the Birikh
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Figure 10.2: (a) Level lines for w. Parameters: Pr = 7, Gr = 1, moment of time t = 3; (b) Level lines for
vortex w. Parameters: Pr = 7, Gr = 1, moment of time t = 3.

solution ensures an adequate approximation of the steady flow far from the end faces
of along horizontal cylinder, which is induced by a linear distribution of temperature
along the side surface. Obviously, condition (10.16) is also satisfied for steady flows if
the domain Q is symmetric about the y axis. In the general case, this condition can
be satisfied by slightly changing the structure of the invariant solution by adding the
term Cd, with an appropriate constant C to operator (10.4).

For a square domain Q, the initial-boundary problems (10.8)—(10.12) were solved
numerically in [2]. The calculations were performed for the Prandtl number equal to
7 and different values of the Grashof number. The motion started from the quiescent
state. The functions T, and b involved into conditions (10.9) and (10.12) for tempera-
ture were chosen to be equal to zero.

If the Grashof number is small, then the solution of the initial-boundary problem
reaches a steady state retaining a typical four-vortex structure of the level lines of the
stream function . Figure 10.2(a) shows the isolines of the velocity component w of
this steady regime. The isolines of the projection w = — A, 1 of the velocity rotor onto
the z axis for Gr = 1 are plotted in Figure 10.2(b).

As the Grashof number increases, the steady regime loses its stability. The aris-
ing unsteady motion is accompanied by changes in the topology of the level lines of
the stream function 1) with time. This fact is illustrated in Figures 10.3(a)-(d), which
show the level lines for the Grashof number Gr = 59 and dimensionless times t =
0.7,1.7,2.3,and 3.0.

A steady problem for system (10.8) was also studied in [122]. There, the domain
was taken to be a square or a rectangle with the width-to-height ratio equal to 4. Lyu-
bimova et al. [123] constructed an asymptotic of the steady solution at low Prandtl
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Figure 10.3: (@) Pr = 7, Gr = 59,t = 0.7;(b) Pr = 7,Gr = 59,t = 1.7; () Pr = 7, Gr = 59, t = 2.3;
(d)Pr=7,Gr=59,t=3.0.

numbers and studied its stability within the framework of the linear approximation.
The following modes were found in the problem spectrum: stationary hydrodynamic,
sidewall stationary hydrodynamic, oscillating spiral, and stationary spiral modes. De-
pending on the problem parameters, this or that mode becomes particularly danger-
ous. It was demonstrated [122] that a vertical magnetic field is a factor stabilizing the
steady flow of the mentioned type.

Exact numerical solutions of type (10.5) of system (10.1), which describe flows with
an interface of two fluids in an infinite channel with a rectangular cross section, were
studied in [87, 88]. The a priori unknown cylindrical interface is sought as an equilib-
rium capillary surface with a given contact wetting angle. If this is a right angle, then
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this surface is planar. Results calculated for a two-layer fluid with a flat interface in a
channel with a rectangular cross section were reported in [87, 88]. In such situations,
the parameters of the contacting fluids can be appreciably different: e. g., one of them
can be a gas. The channel walls are thermally insulated. The source of motion is the
thermocapillary effect on the interface. The calculations reveal a large variety of vortex
structures formed in the channel cross section.

It should be noted that the condition for normal stresses on the interface is sat-
isfied approximately in the solution constructed in the above-cited papers, whereas
all the remaining boundary conditions are satisfied exactly. The smaller the capillary
number Ca = pvu, /0, (where u, is the characteristic velocity of the flow in the chan-
nel cross section and g, is the characteristic value of the surface tension coefficient),
secures the smaller the induced error. A similar situation is observed for the second
Birikh solution, where the condition for the normal stress on the free boundary is also
satisfied approximately. In contrast, this and other boundary conditions on the inter-
face in the solution of the problem of a two-layer fluid flow in an inclined channel with
a streamwise temperature gradient are satisfied exactly [146]. The reason is the fact
that the conditions on the interface follow from conservation laws. At the same time,
in recording the conditions on the free boundary, the response of the gas medium to
the liquid is expressed by prescribing the pressure and temperature of the fluid on the
free surface (instead of the latter, a condition of the third kind for the liquid tempera-
ture with a specified gas temperature is often formulated).

To conclude, we should note that the steady solution of system (10.8) under con-
ditions (10.10) and one of the homogeneous conditions (10.11) or (10.12) can be called
a three-dimensional analog of the first Birikh solution. Unfortunately, it does not pos-
sess simplicity inherent in its prototype. The problem is not only the nonlinearity of
system (10.8), but also the fact that addition of the variable y gives rise to two nonzero
velocity components u and v (let us recall that we have u = 0 in the Birikh solution
independent of y). On the other hand, rich group properties of system (10.8) allow us
to construct its invariant and partly invariant solutions of lower dimensions, which
are related to the first Birikh solution in a certain sense.

Generalization of the second Birikh solution with the free boundary to a three-
dimensional case is more complicated. The nature of the invariant solution (10.5) is
such that the natural conditions on the free surface can be satisfied only if this surface
is the plane x = 0. In this case, however, the corresponding problem for system (10.8)
becomes overdetermined. The following question is interesting, though difficult: Is it
possible to satisfy the “redundant” boundary condition on the free boundary x = 0
by choosing an appropriate right-hand side of condition (10.11) or (10.12)? Experimen-
tal implementation of the three-dimensional analog of the Birikh solution is also of
great interest, including its implementation under microgravity conditions. A typical
feature of the class of flows discussed here is the possibility of transporting passive
admixtures to large distances along the tube under the combined action of the stream-
wise temperature gradient and the transverse force of gravity (the value of the gravity
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force can be very small). We can estimate the streamwise velocity w from Egs. (10.6)
and (10.7), assuming that w' is of the order of unity; then, we obtain w ~ Aﬁgh3 /v. As-
suming thath = 5cm, v = 1072 cmz/s,ﬁ =04-102K A= 1K/cm,and g = 0.2 cm/sz,
we obtain the estimate w ~ 1cm/s.

10.2 An axial convective flow in a rotating tube
with a longitudinal temperature gradient

The solution describing the established planar motion of a liquid in a horizontal band
under the effect of a longitudinal temperature gradient and transverse gravity force is
well known [35]. The asymptotic character of this exact solution is confirmed by the
results of [109], where the problem of convection in a long horizontal cuvette with a
constant temperature gradient being held on its side boundaries was investigated by
experimental and numerical methods. The generalization of a plane flow to the case of
motion in a cylindrical channel of an arbitrary cross section is given in [182]. Other gen-
eralizations of this solution and a detailed bibliography are contained in review [7].
We consider below the convection in a rotating round tube excited by the interaction of
the centripetal force and thermal flow along the tube axis. In the simplest case, when
the transverse gravity force is absent and the motion is steady-state, the solution is
expressed in elementary functions. There are two generalizations of this solution. In
the first of them, the motion retains the axial symmetry but is time-dependent be-
cause the rotation rate of the tube is variable. The second generalization describes the
established motion with a cylindrical interface. Both these problems are linear and
effectively one-dimensional. One more generalization corresponds to the joint effect
of the centripetal force and the transverse force of gravity. The appearing problem be-
comes nonlinear, but it is reduced to the solution of a set with two spatial variables.
In this case, the velocity field has three nonzero components. This paragraph is based
on the results of paper [37].

Equations of motion

The problem of thermal gravitational convection of a liquid in a round rotating tube is
considered in the Oberbeck-Boussinesq approximation. Let r, ¢, z be the cylindrical
coordinates, a be the tube radius and w(t) be the angular velocity of its rotation around
the z axis. In addition to the centripetal force, the liquid is affected by the weight force
with the acceleration (-g(t) sin ¢, —g(t) cos @, 0). If g = const, this force can be identi-
fied with the gravity force. Further, u and w denote the radial and axial components
of the velocity vector, v is the difference between the circular velocity and the velocity
of rotation of the liquid as the solid wr, p is the deviation of the pressure from its equi-
librium value p(-gr sin ¢ + w?r?/2), and 6 is the deviation of the temperature from the
average value 6. The liquid is characterized by the following parameters: density p at
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temperature 6, kinematic coefficient of viscosity v, thermal diffusivity y, and thermal
expansion coefficient 8. These parameters are considered below as constants.
In the accepted notation, the equations of motion are written in the form [68]

2
v v
ut+uu,—;u¢+wu¢+wuz—2wv—7=

1 11 2 u . 220
__Epr+v U+~ Uy 5 Uy + Uz — 5V~ 5 +(gsing — wr)pBo,

+ WV,

¢

uv
o TWV +20u+ — =
r

d)r+vt+uvr+¥v
1 1 1 2 v 0
_—p—rpq,+v Vit TVt S Vpp Ve b5l — + g cos pfo, (10.17)

v 1 1 1
wt+uw,+;w¢+ww,p+wwz=—l—)pz+v<wrr+;wr+r—zww+wzz ,

u 1 _0
ur+?+;V¢+WZ— ,
v 1 1
9t+u9,+;9¢,+w9q)+w92=x 9rr+;9r+r_29¢up+9zz

(the dot denotes differentiation with respect to t). Equations (10.17) are derived under
the assumption that the centripetal force has the same order as the gravity force. In
some technical equipment the rotation velocity is so high that this force significantly
exceeds the gravity force. Moreover, the Oberbeck-Boussinesq model fails to describe
convection if the centripetal acceleration is very large. Asymptotic approach for anal-
ysis of convective flows in a circular fast-rotating tube of finite length was realized in
paper [211].

Group property of equations (10.17)

Immediate verification shows that the transformation at which all independent vari-
ables and velocity components remain invariable, while the pressure and temperature
are transformed by formulas

w’r’
p=p+ cpﬁ(gr sing — T) 0'=0+c, (10.18)

where c is the constant, does not vary system (10.17). The transformation of one-
parameter group (10.18) corresponds to the infinitesimal operator

2.2
. wrc\ o 5]
X, = pﬁ(grsm(p - T)@ + 30"
In addition, system (10.17) admits operators

d o2

X2: g, X3 = ap
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where G is an arbitrary smooth function of ¢; and, consequently, their linear combi-
nation X = X, + X5 — AX; where A is the constant. The general view of the invariant
solution of system (10.17) with respect to operator X is as follows:

u=u(r,e,t), v=v(ret), w=wroet),
W*r
p= [—Apﬂ(gr sing — T) + pG]z +4(r,@,t), (10.19)

0=-Az+T(r o,t).

Functions u, v, w, q, and T satisfy the following system of equations:

2

1% 1%
Up + Ul + — Uy + WUy — 20V - — =
r r

1 1 1 2 u . 2
:_l_)q,+v<u,,+;u,+ r—zuw—ﬁvq,—ﬁ>+(gsm(p—w BT,

. 1%
a)r+vt+uv,+;v(p

uv
+wv(p+2wu+—:
r

1 101 2 v .
__p—rq(p+v v,,+;v,+r—2v(p(p+r—zu(p—r—2 + g cos pfT,

v (10.20)
Wi+ UW, + W

p T WW, =
. 1 1 1
= Aﬁ<grsm<p -5 w2r2> - G+v<w,r + ;wr + ) WW),
u 1

u,=7+;v¢,=0,

v 1 1
T; +uT, + ;Tq,+a)T(p—Aw=)(<Tr,+;T,+r—2TW>.

Formulation of the initial boundary problems for system (10.20)

The following interpretation of solution (10.19) is most natural. The liquid fills the
round rotating tube with a constant axial temperature gradient being held on its sur-
face. The velocity vector satisfies the no-slip condition on the boundary of the flow
region. The initial velocity and temperature distribution should be specified in the
time-dependent problem. In addition, the axial pressure gradient and transverse grav-
ity force may be specified.

The form of solution (10.19) limits the selection of the initial data. In particular, all
three components of the initial velocity field should be the functions of two variables
r and ¢ alone. Let Q be a circle r < a, I be its boundary, Q; be a cylinder, (r, ) € Q,
0 < t < 1, and B, be the lateral surface of the cylinder. Let us state problem (A): find a
solution of system (10.20) in the domain Q; satisfying the boundary conditions

u=v=w=0, T=0, (r,pt)€B, (10.21)
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and initial conditions
U=uy Vv=vy, w=w, T=T, FreeQ t=0, (10.22)

where u, vo, Wy, and T, are the specified functions of r and ¢ satisfying the fitting
condition with the continuity equation,

u, 1
u0,+—0+—v0,=0
T,

The following problem (B) is the steady-state analog of problem (A):
2

1% 1%
uu, + — U, + WU, — 2wV — — =
r 4 r

(4

1 1 1 2 u . 2
=—Eqr+v<u,,+;u,+ r—zu(p(p—ﬁv¢—ﬁ>+(gsm<p—w BT,

1% uv
UV, + =V + WV, + 20U+ — =
r r

1 1 1 2 v
:_Eq(p+v Vit Vit Vgt Sl - +gcos@fT,

v
uw,+;w<p+a)w(p:

= Aﬁ(grsin(p - %w2r2> - G+v<w,, + %wr + lzww,),
r

0,

u + 2 1v
+—+-v, =
Ty or?

v 1 !
uT, + ;T(p+(uT(p—AW=X<Trr+ r T+ 72 TW)’
(r,p) € Q,

u=v=w=0, T=0, (r,p) el

Here, the quantities w, g, and G are constants.

Problem (10.20)—(10.22) is the analog of the well-studied two-dimensional prob-
lem for the Navier-Stokes equations (see, for example, [114]). Let us assume that the
following conditions are fulfilled:

we C*210,1, GeC¥0,], O<a<l

In this case, for each | > 0, problem (A) has, besides the unique solution, in which
functions u, v, w, T, and T belong to the Holder class C****¥/2[q,], vp € C**2[Q,].
The validation of this statement follows the known procedure [114] and is not given
here. Its key element is the presence of the energy identity, which allows one to obtain
the a priori evaluation of the solution. As for problem (B), it is only possible to prove
the local solvability of the problem. Let quantities |g|, |w|, and |G| be sufficiently small.
Then problem (B) has at least one isolated solution, and its norm in the corresponding
Holder class is also small. Such a situation is typical of standard boundary problems
of the dynamics of a viscous liquid.

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

10.2 An axial convective flow in a rotating tube with a longitudinal temperature gradient = 353

Motions with rotational symmetry

Let us assume that g = 0 and the functions u,, vy, w,, and T involved into condi-
tions (10.22) are independent of the polar angle ¢. Then problem (A) admits a rota-
tionally symmetric solution, in which all desired functions are also independent of ¢,
and it has no other solutions (not possessing symmetry; see the end of the previous
section).

By virtue of the continuity equation (fourth equation of system (10.20)) and the
symmetry condition, we have u = kr!, where k = k(t). If we exclude the presence
of sources and sinks on the tube axis, then k = 0. Equations of problem (A) be-
come linear in this case. We will present them in a sequence convenient for their
solution:

W, = —% APw*r’ -G + v<w,, + %W,), (10.23)
T, - Aw =)(<T,, + % T,), (10.24)
. 1 v
wr + v = v(vrr Ve r—2>, (10.25)
pv’
g, =", (10.26)

r

We can see that the circular and axial velocity components can be determined in-
dependently, while the temperature distribution is determined only by component w.
Each of the initial boundary problems for Egs. (10.23)-(10.25) can be solved by the
Fourier method. The procedure of their solution has a routine character, and we do
not discuss it.

Let us attach the initial and boundary conditions to Eq. (10.23)

w(r,0) =wy(r), 0<r<a, (10.27)
w(a,t)=0, 0<t<l, |w/<oo, r—0, (10.28)

as well as the additional condition of the nonzero flow rate through the tube cross
section

a
Jw(r, rdr=0, 0<t<l (10.29)
0

At specified functions w and G, problem (10.23), (10.27)-(10.29) is overdetermined.
However, we can formulate an inverse problem, i. e., find the function G and the so-
lution of Eq. (10.23) at a specified function w so that conditions (10.27)—(10.29) are
fulfilled. There are the reasons to assume that the solution of such a problem will ap-
proximate well the solution of the convection problem in the main part of a long closed
rotating cylinder at a linear temperature distribution of its boundary along the axial
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coordinate. The results [114], where the convection problem in a long horizontal cu-
vette with a constant temperature drop being held at its lateral boundaries, support
this assumption. They confirm the asymptotic character of the exact solution found in
[35].

An inverse problem close to the formulated one was considered in article [166]. It
was devoted to the time-dependent Poiseuille flow in a cylindrical tube with an arbi-
trary cross section with a specified flow rate depending on time, while the temperature
gradient (the analog of function G) was subjected to determination.

To solve the inverse problem to (10.23), (10.27)-(10.29), let us multiply both parts
of Eq. (10.23) by r and integrate the obtained equality by r in the interval (0, a). Taking
into account conditions (10.28) and (10.29), we obtain

G(t) = -% ABw?(t) + %V w,(a,t). (10.30)
Relation (10.30) can be interpreted as a linear operator equation for the function G.
Indeed, let us assume that the function G € C*? [0,1] is specified, 0 < a < 1. Let
the conditions of fitting be fulfilled for the input data of problem (10.23), (10.27),
(10.28):

w e C*[0,1); w, € C**[0,al;

dWO
v =0, r=0;
d*wy 1 dw, 1 200 2
V( ar +;7)‘§A’3“’ O+ 6O, r=a

It follows from the general results of the theory of parabolic equations [116] that
problem (10.23), (10.27), (10.28) has the unique solution w € C***%/2([0,a] x [0, 1]). At
specified w and wy, let us determine the linear operator assigning the value of w,(a, t)
to function G(t). This operator acts from space C%?[0, 1] into space C"*®/2[0,1]; it is
the continuous Volterra-type operator. From here, an unambiguous dependence of
Eq. (10.30) in space C%/?[0, I] follows. Note that inverse problem (10.23), (10.27), (10.28)
is reduced to finite dimensional if w(t) is a trigonometric polynomial or finite sum of
exponents exp(Ant), where A = const and n is the integer.

Steady-state rotationally symmetrical flows

Let us consider the steady-state solutions of system (10.23), (10.24). It is convenient
to pass to dimensionless variables to analyze them. The following scales are used:
the tube radius a as the length scale, y/a for velocity, rv)(/a2 for pressure, and Aa for
temperature. Let us retain the previous notation of dimensionless quantities. In the
above-mentioned scales, the general steady-state solution of system (10.23), (10.24)
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can be presented in the form

4 2

r r

w= Ra(— +¢ — +Glnr+ C3>,
32 4

ré r r(nr-1) r

T:—Ra[ﬂ+cla+C2T+C3Z

+cuInr+c5 |,
where Ra = BAw’a’ /vy is the Rayleigh number, while the dimensional constant G =
BAw*ac.

If the tube is completely filled with liquid, it is natural to lay the conditions of
finiteness of velocity and temperature. This gives ¢, = 0 and ¢, = 0. Two boundary
conditions on the tube wallr = a : w = 0 and T = 0 along with the condition for full
rate Q of the liquid through the tube section

determine the three remaining constants in the general solution. After simple calcu-
lations, we obtain

_Ra 5 L4, Q.
w—%(l 4y +3r)+2n(1 ),
__Ra o o3 Qo 2 4
_9-128(1 rY) +8n(3 4r° + 1),
op Ra 2 8Q

o 21-3)-=.

0z 6( 3r) b4

The case when the tube with a longitudinal temperature gradient is filled with two
different liquids is of special interest. The presence of the interface between the liq-
uids leads to the appearance of the surface thermocapillary force that forces the liquid
to move along the tube. A rather complex convective flow with several controlling pa-
rameters, which is described by elementary functions, is formed in the rotating tube
under the effect of the centripetal force (Figure 10.4).

Let the denser liquid occupy theregion r, < r < 1, while the lighter liquid occupies
the region O < r < r,.. Marking the solution of Egs. (10.23) and (10.24) for the external
liquid by index 1 and for the internal liquid by index 2, we write the general solution
in the form

r r
r*<r<1:wlzRa<i+clz+czlnr+c3>,
32
6 4 2 2
r r r(lnr-1) r ]
T,=-Ra| ——+c,—+Cc;,———= +Ccg— +Colnr+cy |,
2 [3236 be4 T 4 847 10

T——a[i+cﬁ+cm+cr—z+clnr+c]
= 32.36 ‘e4 2 4 3y |

4 2
O<r<r,:w,=Ra —+C6Z+c7lnr+c8 ,
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-1

Figure 10.4: Velocity profile of the convective flow for different values of flow rate Q and Ra = 100.

To determine the constants, five continuity conditions at the interface between liquids
should be added in this solution to the two conditions formulated above on the tube
axis and the two conditions on the wall:

d d
r=r,: W =wy, %—n%:Ma,
op; _ 0p; 1
=22 Ma—,
0z oz a r,
2
T,=T, @:ae&, whereMazd—OAi.
dr dr daT nyxq

Here, Ma is the Marangoni number determined by the characteristics of the external
liquid and o(T) is the surface tension coefficient on the interface, and the relative dy-
namic viscosity n = n,/n; and thermal conductivity & = a,/e,; of the liquids are
introduced.

Let us formulate the condition for the pressure specifying the overall flow rate:

Ty 1

erzdr + J rwydr = %

r*

Ten mentioned conditions form the linear set of equations for the determination
of coefficients of the general solution. The velocity profiles of the convective flow cal-
culated for r, = 0.5 and different values of the Marangoni number and flow rate are
presented in Figure 10.5. As follows from the form of the solution, the Rayleigh number
is the scale factor; when constructing the plots, it equals 1.
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-0.2 -

Figure 10.5: Velocity profiles of the convective flow in the two- liquid system withr, = 0.5:
(HMa=0,0=0;(2JMa=0,0=1;,(3Ma=1Q=0;and (4)Ma=1,Q=1.

10.3 Unsteady analogs of the Birikh solutions

New exact solutions of the Oberbeck-Boussinesq equations are constructed, which
describe the motions in a horizontal band and in a rotating circular tube. These solu-
tions generalize solutions constructed in [35, 37]. It is important that the streamwise
temperature gradient depends on time. Results of this paragraph are based on the re-
sults of paper [185].

10.3.1 Introduction

The object of our study is the Oberbeck-Boussinesq equations
V,+V-VV=—p 'Vp+VAV-BAg, V-v=0, 6,+V-V0=yAb, (10.31)

which describe convective motions of a viscous incompressible heat-conducting fluid
in the gravity field with the acceleration g = (-g, 0, 0). Unlike (4.60), equations (10.31)
are given in dimensional variables. Now we assume that g = const, but this constraint
will be further eliminated. In system (10.31), v is the velocity vector, p is the deviation
of pressure from the hydrostatic value, 8 is the deviation of temperature from its mean
value, p is the mean density of the fluid, v is the kinematic viscosity coefficient, f is
the volumetric coefficient of thermal expansion, and y is the thermal diffusivity. In
that follows, the quantities p, v, 8, and y are assumed to be constant.

System (10.31) is nonlinear, it has a high order and does not refer to any classi-
cal type. For this reason, exact solutions of this system are extremely important for
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decreasing the dimension and the order of the reduced equations; sometimes, the
equations may become linearized. An example of such a solution is the solution ob-
tained by Birikh [35], which describes a steady convective flow in a horizontal band.
The solution constructed in this paper extends the Birikh solution to the case where
the streamwise temperature gradient depends on time. A similar generalization can
be obtained for the solution of the problem of axial convective motion in a rotating
tube [37] and also of the problem of motion of two immiscible fluids with a plane or
cylindrical interface [7, 85, 86, 194].

A systematic analysis of exact solutions is based on the use of methods of the
group analysis of differential equations [155]. As applied to system (10.31), the group
analysis was performed by Katkov [106] who considered a plane steady case and by
Goncharova [76] who studied the general case and, moreover, examined the problem
of the group classification of convection equations with temperature-dependent trans-
fer coefficients. The group nature of the Birikh solution was discovered in [106, 182].
Pukhnachev [182] generalized the Birikh solution to a three-dimensional case. Other
applications of theoretical-group methods in convection problems were described in
[10, 18, 20].

Solutions of system (10.31) found in [35, 7, 86, 194] admit an interpretation in the
form of flows in a plane horizontal or inclined channel. Pukhnachev [182] considered
unsteady motion of the fluid in a horizontal cylindrical tube. All these solutions are
united by the following circumstance: the temperature field can be represented in the
form 6 = —-Az + T, where A = const, and the function T is independent of the stream-
wise coordinate z. For the first time, solutions of the Oberbeck-Boussinesq equations
possessing this property were found by Ostroumov [153] in studying the problem of
stability of the equilibrium state of the fluid in a vertical tube with a streamwise tem-
perature gradient. In this problem, the arising secondary flows have a simple nature:
the horizontal components of velocity in these flows are equal to zero, and the verti-
cal component of velocity and temperature are found from a linear system of equa-
tions. A natural question arises: Is it possible to cancel the assumption A = const,
but still retain a comparatively simple flow structure? An affirmative answer is given
to this question below for the case of a plane flow in a horizontal band. This gener-
alization admits a solution with rotational symmetry, which was constructed in [37].
An analog of the Ostroumov solution for the case with 8, # const, however, cannot be
constructed.

10.3.2 Plane motion in a horizontal band

We consider a plane layered motion in a horizontal band of width h. In what follows,
the horizontal and vertical coordinates are denoted by z and x; the projections of the
vector v onto the z and x axes are denoted by w and u, respectively. The third compo-
nent of the velocity v is equal to zero, and the remaining sought functions u, w, p, and
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0 are independent of the variable y. The gravity force with the acceleration g acts in
the negative direction of the x axis. The layered character of motion is ensured by the
equality u = 0. Then, it follows from the second equation of system (10.31) that the
function w is independent of the variable z.

Under the assumptions made above, the Oberbeck-Boussinesq equations are
substantially simplified and transform to

W, =0, W, =W, —p D, Dy=pgho, 6, +wh, =x(Oy +6,). (10.32)

System (10.32) is overdetermined. Its steady version was studied by Birikh [35].
He demonstrated that the function w in the steady case is a cubic polynomial and
the remaining sought functions can be represented in the form 6 = -Az + T(x), p =
—ApgPxz + q(x), where T and g are polynomials of the fifth and sixth powers, respec-
tively. It was found later [106] that the Birikh solution has a theoretical-group nature;
it is an invariant solution of system (10.31) with respect to the group with the basis
operators 0, — A(dy + pgﬁxap), O ay (A = const) admitted by this system. The issue of
compatibility of system (10.32) is resolved in the general form below. It turns out that
the set of solutions of this system, supplemented with the equalities u = v = 0, is not
confined to the invariant solutions of the original Oberbeck-Boussinesq equations.

It follows from the first two equations of system (10.32) that p depends linearly on
the variable z; from the third equation of this system, it also follows that the function
0 possesses the same property. Let us assume that

w=w(xt), 0=-A0xt)z+Tkxt), p=-BXxt)z+qxt). (10.33)
Substituting Egs. (10.33) into system (10.32), we obtain
A =XAyo B=pgBA, wy =Wy +p 'B, T =xTy+Aw, q,=pgBT. (10.34)

In contrast to system (10.32), the number of equations in system (10.34) coincides
with the number of the sought functions. This system is recurrent, and its consecu-
tively solved equations are linear with respect to the new sought functions. The term
Aw in the fourth equation of the system, however, induces an element of nonlinear
interaction of the temperature and velocity fields.

System (10.34) is considered in the domain D = {x,t : -h < x < 0,t > 0}. The
solution of the first equation of system (10.34) is uniquely determined by imposing the
initial and boundary conditions. Knowing the function A, we take a quadrature and
find the function B from the second equation of this system. After that, the system for
determining the functions w, T, and q becomes closed. In particular, for the function
w, we have

W, — VW, = gB J A(s,t)ds —p 'C(t), (x,t) € D. (10.35)
-h
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Here, C is a given function of ¢, which defines the additional term in the linear depen-
dence of pressure on the variable z, which is not related to the convection process.
Equation (10.35) requires the initial condition

w=wy(x), -h<x<0, t=0, (10.36)
and the boundary conditions, which can be naturally taken as the no-slip conditions
w=0, x=-h and x=0, t>0. (10.37)

The solution of problem (10.35)—(10.37) is determined uniquely. We do not discuss
here the properties of smoothness of this solution: they can be obtained on the basis of
the well-known results of the theory of linear parabolic equations [116] with ensuring
the necessary smoothness of the functions A, wy, and Q. Now we can find the function
T from the solution of the initial-boundary problem for the fourth equation of system
(10.34) and, after that, the function g from the last equation by taking a quadrature.

Note that the first equation of system (10.34) always has the solution A = const. If,
in addition, the function w is independent of ¢, we obtain the classical Birikh solution
[35]. If A(x, t) is an arbitrary solution of the heat conduction equation, we obtain a new
class of solutions of the Oberbeck-Boussinesq equations that describe unsteady con-
vective motions in a band, which possesses broad functional arbitrariness. It should
also be noted that the assumption about a constant value of g was not used in deriv-
ing Eq. (10.35). Assuming that g = g(t), we obtain the next generalization of the Birikh
solution.

In addition to problem (10.35)-(10.37), it is of interest to consider a problem where
the flow rate of the fluid through the band cross section is specified instead of the
function C(¢):

0
J w(x, Odx = Q(t). (10.38)
-h

The function C in problem (10.35)-(10.38) is also a sought function, in addition
to the function w. Therefore, this problem refers to the class of inverse problems. It is
a one-dimensional analog of the problem considered in [166]. Using the methods of
this work, we can prove the unique solvability of problem (10.35)-(10.38) in appropri-
ate Holder classes. As this problem is one-dimensional, however, another approach is
more convenient here, which is based on reducing this problem to the Volterra opera-
tor equation.

To solve the inverse problem, we integrate Eq. (10.35) with respect to x on the in-
terval (—h, 0). Using equality (10.38) and introducing the notation

OpF x
pgph”! { j [ j A(s, t)ds] dx} ~ph'Q' () = f(b),
~h “-h
C(t) = f(t) + pvh " [w, (0, t) — wy (-h, 1)],

(10.39)
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we obtain the relation (10.39) which can be treated as a linear operator equation with
respect to the function C. Let the specified functions A(x, t) and Q(t) belong to the fol-
lowing Holder classes: A € C>***%2([~h,0] x [0,1]) and Q € C***/?[0,1], 0 < a < 1. Let
the conditions of smoothness and compatibility for the input data of problem (10.35)—
(10.37) be satisfied:

Wo € C**%[=h,0], wo(~h) = wy(0) =0, vwj(0) = C(0),

0
w!!(-h) = C(0) - gB J A(x, 0)dx = 0.
-h

It follows from the general results of the theory of parabolic equations [116] that
problem (10.35)—(10.37) has a unique solution w € C>**'*%/2([—h, 0], [0,1]). Let us deter-
mine a linear operator that puts the function w, (0, t)-w, (=h, t) into correspondence to
the function C(¢). This operator acts from the space C*2[0, 1] to the space C*®/2[0, ]
and is a continuous Volterra-type operator. From here, there follows unique solvability
of Eq. (10.39) in the space C“/z[O, [l forany!l > 0.

10.3.3 Layered motion of immiscible fluids

Let us consider a system of two immiscible fluids separated by the interface x = 0.
The parameters of the fluid moving in the band 0 < x < h;, z € R are indicated by
the subscript “1,” and the parameters of the fluid moving in the band -h, < x < 0
are indicated by the subscript “2.” In the plane motion considered here, the velocity
components u; and u, are equal to zero, and the velocity components w; and w, are
independent of z. Following the construction performed in Section 10.3.2, we seek for
solutions of the Oberbeck-Boussinesq equations in the form

w; =wi(x, t), 6;=-A;(x,t)z+ Ti(x,t), p;=-Bi(x,t)z+q;(x,t), i=12 (10.40)
Here, A; and T; can be arbitrary solutions of the heat conduction equations
Air = XiAixwo  Tit =XiTio =12 (10.41)
related by the conditions of the thermal contact on the interface
A =4, KkA,=kAy,, x=0, t>O0. (10.42)

The functions A; and B;, T; and g; (i = 1,2) are related by

X X
B;(x,t) = p;gB; JAi(s, tds - Ci(t), gq; = p;8h; I T(s, t)ds, (10.43)
0 0
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where C; are still arbitrary functions of ¢. Hereinafter, the density, viscosity, thermal
expansion coefficient, thermal diffusivity, and thermal conductivity of the ith fluid
are denoted by p;,v;, B, X;» and k;, respectively. As previously, these parameters are
assumed to be positive constants. No other constraints are imposed on these param-
eters a priori. If we want to ensure stability of stratification, however, we should take
P1 < P2

Let us introduce the notations D; = {x,t : 0 < x < h;,t > 0}and D, = {x,t : -h, <
x < 0,t > 0}. The functions w; and w, satisfy the equations

X
Wi¢ = ViW; o = 8B; JA,-(S, t)ds —p;'Ci(t), (x.t) €Dy i=1,2. (10.44)
0

For system (10.44), we impose the initial conditions
Wy =Wo(x), O0<x<h, t=0; wy=wg(X), -h,<x<0, t=0, (1045)
the no-slip conditions on the solid boundaries of the flow domain
w;=0, x=h, t=0; w,=0, x=-h,, t=0, (10.46)

and the conditions on the interface, which were formulated in the general form in
[10, 18, 20]. One of them is the condition of velocity continuity

wi=w, x=0, t>0. (10.47)

Another condition requires the jump of the normal stress on the interface to be
equal to capillary pressure proportional to the mean curvature of the interface. In the
case of a flat interface examined here, the normal stress is continuous. Moreover, by
virtue of the equalities u; = u, = 0, we obtain p; = p, at x = 0. The last condition
combined with Egs. (10.40)-(10.43) yields the equality C; = C, = C. One more dynamic
condition has the form

PIViW1y — PaVoW,, =84, x=0, t20, (10.48)

where A(t) is the common value of the functions A, and A, on the line x = 0, and
@ = const > 0 is the coefficient in the equality

0 =0,-(0-0), (10.49)

which expresses the dependence of the surface tension coefficient on temperature
(here, g, and 0 are positive constants). By virtue of Egs. (10.40) and (10.49), condition
(10.48) means that the difference in the shear stresses on the interface is equal to the
tangent of the derivative of the surface tension coefficient. Finally, the kinematic con-
dition on the interface is satisfied identically, which is a common property of layered
motions.
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Let the functions A;, A,, and C be known. Then, Egs. (10.45)-(10.48) define a well-
posed problem for system (10.44). If this problem is solved, we can find the functions
T; from the equations

T = XiTipx + AWy, 1=1,2

under the corresponding initial and boundary conditions. After that, taking quadra-
tures, we reconstruct the functions g, and g, from Egs. (10.43).

10.3.4 Unsteady axial convection in a rotating tube

Let the fluid fill a circular tube of radius a rotating around its axis with an angular
velocity w(t). Let us denote the cylindrical coordinates by r, ¢, z, and let the tube axis
coincide with the z axis. In what follows, u and w are the radial and axial components
of the velocity vector, v is the difference between the angular velocity and the velocity
of fluid rotation as a solid wr, p is the deviation of pressure from its equilibrium value
pw?r?/2, and O is the deviation of temperature from its mean value 8. We consider only
the case of rotationally symmetric motions. This means that all sought functions are
independent of the angle ¢. In the above-accepted notations, the equations of rota-
tionally symmetric motion in the field of centripetal forces are written in the following
form [37]:

V2 1 u 2
ut+uu,+wuz—2wv—7=—ﬁp,+v u,,+;u,—r—2+uzz - wpro,

. uv 1 %
vt+uv,+wvz+2wu+wr+7:v Vrr+;Vr—r—2+sz ,
1 1 10.50
wt+uw,+wwz=—[—)pz+v w,,+;wr+wzz, (10.50)

u
u +—+w,=0,
r

0; +ub, + wo, =)(<9,r + %9, + 92z>-
Birikh and Pukhnachev [37] considered the solutions of system (10.50) where the
function w is independent of the variable z, and the function 0 has the form 8 = -Az +
T(r,t), where A = const. Below, we study solutions of a more general form where

w=w(rt), v=v(t), 0=-Artz+T(rt), p=-Bt)z+q(,t). (10.51)

Then, it follows from the penultimate equation of system (10.50) and from the
assumption of the absence of sinks and sources on the tube axis that u = 0. The study
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of compatibility of the remaining equations of system (10.50) with Egs. (10.51) yields
the following results. The function A satisfies the radial heat conduction equation

&=x@m+%&) (10.52)

The function v satisfies the equation

. 1 %
Ve +@r = v<vr, V- r_2> (10.53)
For the function w, we obtain the equation
1 r 1
we — v(w,, + ;w,) =gB J SA(s, t)ds — I—JC(t), (10.54)

0

where C is an arbitrary function of ¢. For the function T, we have the equation
1
Ti=x| T, + ;Tr +Aw. (10.55)

It should be noted that Eqgs. (10.52)—(10.54) are linear; therefore, problems simi-
lar to that considered in Section 10.3.1 can be studied for these equations. Equations
(10.52) and (10.53) are not related to each other. If the function A is found, then the
functions w and T are obtained from the consecutively solved Egs. (10.54), (10.55). For
known A, T, and v, the functions B and q are determined by the equalities

! 2
ve(s, t)
SA(s, t)ds — C(t),q(r,t) =p 2w(t)v(s, t) + — +8PsT(s,t) |dst.

0

B(r,t) = pgp

Ot— =~

(10.56)

Thus, we obtained an essentially unsteady analog of the solution studied in [37].

It should also be noted that an inverse problem similar to that formulated in Sec-
tion 10.3.1 can be considered for Eq. (10.54) in addition to the direct problem.

10.3.5 Motion of immiscible fluids in a rotating tube

The problem considered in Section 10.3.4 admits extension to the case of motion of two
immiscible fluids with a cylindrical interface. The solution of the convection equations
in this case is sought in the form similar to Eq. (10.51):

w; = w(r,t), v;=v(r,t), 6;=-A;r,t)z+T;rt), p;=-B;i(r,t)z+gqrt), i=12
(10.57)
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Here, A; (i = 1,2) are the solutions of the radial heat conduction equations with the
coefficients y; related by the heat balance conditions

Al = Az, klAl,r = szz)r, r= b, t 2 O.

We denote the coinciding values of the functions A; and A, on the interface by A.
Without writing all equations of our problem, we formulate the relations that deter-
mine the velocities of axial motion of the contacting fluids.

Let the interface equation have the form r = b = const < a, where a is the tube
radius. The characteristics of the fluid located in the cylinder r < b are indicated by the
subscript “1,” and the characteristics of the fluid filling the cylindrical layer b < r < a
are indicated by the subscript “2.” Let us assume that p; < p, to avoid the Rayleigh—
Taylor instability. Let us denote D; = {r,t : 0 < x < b,t > 0}and D, = {r,t : b<r<
a,t > 0}. The functions w; and w, satisfy the equations

r
1 1
Wi — vl-<wi,,, + ;wi,,> = gB; JsAl-(s, t)ds - ;Cl-(t), (r,t)eD;, i=1,2, (10.58)
i
b

the initial conditions
wy =Wy, (r), O0<r<b, t=0; wy=wy,(r), b<r<a, t=0, (10.59)
the no-slip condition on the tube surface
w, =0, r=a, t=0, (10.60)

the condition of boundedness of w; as r — 0, the condition of velocity continuity on
the interface

Wi=w, r=b, t=0, (10.61)

and the condition of the balance of shear stresses with allowance for the thermocap-
illary effect on the interface

PVIW, —PVoW,, = @A, r=Db, t2=0. (10.62)

Here, & is the coefficient in dependence (10.49) of surface tension on temperature.
The functions C; involved into the right-hand sides of Eq. (10.57) arise in the course
of obtaining a solution of system (10.50) in the form (10.57). They are related to the
functions A; and B, by the equalities

r
B;(r,t) = p;gP; JsAi(s, tds-Ci(t), i=1,2 (10.63)
0
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These functions specify additional terms in the linear dependence of pressure on
the axial coordinate, which do not have a convective nature. In contrast to the plane
problem considered in Section 10.3.2, the functions C; and C, do not coincide here. The
reason is the presence of an additional term (capillary pressure) in the condition of
equality of the normal stresses on the interface. By virtue of the equalities u; = u, = 0,
this condition is written in the form

pi=p,+blo, r=b, t>0.

Let us substitute Egs. (10.57) for the functions p; and p, and Eq. (10.49) for the
function o into the last equality, use equalities (10.63), and then find linear terms with
respect to z in the resultant equality. Thus, we obtain

C,=C+ab A, t>0.

One of the functions (C; or C,) can be prescribed arbitrarily.

Thus, we obtained a closed formulation (10.58)—(10.62) of the problem of deter-
mining the axial velocities in a rotating two-layer system under the combined action of
the centripetal force and axial gradients of temperature and pressure. As in the prob-
lem considered in [37], the temperature in each layer is a linear function of the axial
coordinate z. In contrast to [37], however, the coefficient in this dependence is not con-
stant: it is a linear function of the variable z and arbitrary function of the variable ¢.
This dependence possesses functional arbitrariness. In particular, we can specify the
temperature on the tube surface in the form

0, =-y)z+6(t), r=b, t=0,

where y and § are arbitrary functions of time.

10.3.6 Three-dimensional analogs of the Birikh solution

In our further considerations, S is a bounded domain on the plane x,y, and Q is a
cylinder: Q = {x,y,z : (x,y) € S, z € R}. Pukhnachev [182] found a class of solutions of
the system of the Oberbeck-Boussinesq equations (10.31), which describes unsteady
motions in a cylinder. These solutions are a three-dimensional analog of the Birikh
solution and have the form (10.5), where A = const. Solutions (10.5) of system (10.31)
are invariant solutions of rank 3 with respect to the operator 0,~A(dy+pgBx0,) admitted
by this system.

A natural question arises: Is it possible to obtain generalizations of solutions (10.5)
to the case where the coefficient A is not a constant? It turns out that this can be
achieved only with appreciable simplification of the kinematic system of the flow.
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We seek for the solutions of system (10.31) supplemented with the relations
v, =0, 0=-Ax y,)z+T(x,y,t), p=-Bkxytz+qxy,t). (10.64)

These solutions include solutions of the form of Egs. (10.5), but not only these
solutions. Substituting Eqgs. (10.64) into system (10.31), we obtain the relations

Up + Uty + VU, = —p"qu + V(U + Uyy) + BT + z(p"lBX - gBA),
Vet Uy + vy, = —p_lqy FV(Vye +Vyy) - zp_lBy,

W+ UW, + VW, = —p B+ V(W + W), (10.65)

U, +v, =0,

Ti +uTy + v, — WA - z(A; + uAy, +VA)) = (T + T)y) —2¢(A\x + 4)).

Equating the coefficients at the first and zeroth powers of z in Egs. (10.65) to zero,
we obtain

B, =pgfA, B, =0, A +ul,+VvA, =x(Ay +4), (10.66)

-1

U + Ul + VU, = —p  q, + V(U + Uy,) + 8BT,
‘ ¥ Y fl e (10.67)

Vet Uy VY, = —p g, + V(Viy V),

-1
Wi+ UW, + VW), = =0 B+ V(W +W),),

T; +uT, +vT, —wA = X(Ty + T)).

U, +v, =0,

It follows from the first two equations of system (10.66) that the function A is in-
dependent of y. This fact allows us to rewrite the third equation of system (10.66) in
the form

A+ UA, = XAy, (10.68)

There are two options. Either we have u, # 0, and then A = const, which yields
solutions (10.5). If u, = 0, then the function v depends linearly on y by virtue of the
penultimate equation of system (10.67). In what follows, we consider the case where
this dependence is homogeneous; therefore, we have

u=u(xt), v=-yu,. (10.69)
Substituting Egs. (10.69) into Egs. (10.67), we obtain

-1 2 -1
Up + UL = =P Gy + VU, +g.BT) ,V(uxt T Ulyy — ux) =p CIy T VYUyxr

Wi + UWy = YUW,, = -0 B+ v(w,, + W), (10.70)

T + uly, —yu, T, - wA = X(T)y + T))).

It follows from the second equation of system (10.70) that the function q is a
squared function of the variable y; moreover, it follows from the first equation of this
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system that the function T possesses the same property. Considering the last equa-
tion of system (10.70), we see that the function w is also a squared function of y. For
simplicity, we further assume that the dependences of the functions g, T, and w on
the variable y are even:

q=8+¢, T=ny’+9, w=¢/ +. (10.71)

Here, &, ¢, 1,9, ¢, and y are the sought functions of the variables x and ¢. The equations
for determining these functions are obtained by substituting Egs. (10.71) into system
(10.70). After simple transformations, we obtain the following system of equations;

Uyt + Ulkyexy = Uy = Vi + 28B15 M + Ully = 2Uy] = GA = XM (10.72)
Gt + UGy — 2UyG = XG>

9 +ud, — YA =x(Oy +20), P, +uh, = —p B+ V(i + 26), (10.73)

S =pgBn. Py = p(8BI — up — uwy). (10.74)

Relations (10.68), (10.72) form a closed system of quasi-linear equations for de-
termining the functions A,u,n, and ¢ of the variables x and ¢. Three equations are
parabolic, and the remaining equation (the first equation of system (10.72)) is of a
composite type. If the functions A, u,n, and ¢ are found, then the functions 9 and ¢
are determined from the system of linear parabolic equations (10.73). After that, the re-
maining functions &, ¢, and B are reconstructed by using quadratures from Egs. (10.74)
and the first equation of system (10.66) with accuracy to arbitrary additive functions
of time. Two of them do not affect the velocity field, while the third one (involved into
the definition of B) participates in generating the axial velocity w.

We further assume that the tube cross section S is a rectangle: S = {x,y : |x| <
h, ly| < d}. Let us formulate the initial-boundary problem for system (10.68), (10.72).

On the upper and lower sides of the rectangle S, i. e., at x = +h, we can naturally
impose the no-slip conditions, which are written in the following form by virtue of
Egs. (10.69), (10.71):

u=0, u =0, ¢=0, x=1h|, t=0. (10.75)

As the temperature conditions, we specify the values of the functions A and n on
the horizontal sides of S, assuming for simplicity that these values coincide on both
sides:

A=yt), n=6@1t), Ix|=h t>0. (10.76)
The problem formulation is closed by setting the initial conditions

A= AO(X): u= uO(X)> n= rIO(X)’ ¢= CO(X)) |X| < h) t=0. (10'77)

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



10.3 Unsteady analogs of the Birikh solutions —— 369

Problem (10.68), (10.72), (10.75)-(10.77) is rather complicated. The theorem of
uniqueness of the classical solution is established for it comparatively simply. The
lack of a priori estimates prevents obtaining the theorem of existence of the solution
“as a whole.” The existence of the solution of this problem on a small time interval
can be proved by the methods developed in [116].

An advantage of the solution obtained is the possibility of specifying a streamwise
temperature gradient on the horizontal boundaries of the channel as an arbitrary func-
tion of time. An unavoidable defect is the failure to satisfy the natural no-slip bound-
ary conditions on the vertical boundaries of the channel. Physical realization of this
solution requires special distributions of velocity and temperature on the linesy = +d,
which should be correlated with Egs. (10.69), (10.71).

10.3.7 On the Ostroumov solutions

Ostroumov [153] found a class of solutions of convection equations, which describe
flows in cylindrical tubes induced by a streamwise temperature gradient. Let S be a
bounded domain of the plane x,y, and let Q be a cylinder with a cross section S and
generatrices parallel to the z axis. In this Section, it is convenient to assume that the
gravity force with the acceleration g acts in the negative direction of the z axis.

Under the assumptions made above, Egs. (10.31) are written in the coordinate form
as

-1
Up + Ul + VU, + WU, = =07 Py + V(U + Uy, + Uyy),

y

-1
Vet Uy + VY, + WY, = —p Py + V(Viy + V) + V),

Up + Ully + VUL, + WUy = —p Py + V(U + Uy, +Uy,) +pgo, (10.78)

y
Uy +v, +w, =0,

¢ +uby +v0, + W, = x (O + 6y, +0,,).

Equations (10.78) admit the operator 0, — A(dg + pgfzd,), where A = const. This
allows us to construct the invariant solutions of this system in the form

v = (U6, O, v0y, 0, wx, v, 1)), p=-pgBAZ°/2+q(xy, t),

(10.79)
0=-Az+T(xy,t).
Substituting Egs. (10.79) into Egs. (10.78), we obtain the system
Up + Ul + VU, = —p Y+ V(g + Uy), (10.80)
Vet UV vy, = —p- qy +V(Vi + V),
Uy +v, =0,
Wy + UWy + VW), = V(Wy + Wy, ) +pgT, (10.81)

Ti +uT +vT, — Aw = Y(Ty + T)y).
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We see that the functions u, v, and q satisfy the equations of plane motion of a
viscous incompressible fluid whose theory is well developed. If the functions u and
v are known, then the remaining sought functions w and T are determined from the
system of linear equations (10.81).

System (10.80) has a trivial solutionu = v = 0, g = q(t). In this case, Egs. (10.81) are
simplified; in the steady case, they lead to spectral problems where the temperature
gradient A plays the role of the spectral parameter. The simplest problem corresponds
to the boundary conditions of the first kind:

w=0, T=0, (x,y)e€aS.

Other problems correspond to the condition of the second kind for the function T
and to the conditions of the thermal contact of the convective fluid with the ambient
solid medium. These problems were studied in [153, 68]. Stability of the Ostroumov
steady solutions was examined in [68].

If we take any time-dependent solution of system (10.80) as the coefficients u and
v of the linear system (10.81), we obtain a family of solutions of Egs. (10.31), which can
be called unsteady analogs of the Ostroumov solution. Such generalization of these
solutions, however, is based on the assumption that the quantity 8, = A is constant.
An attempt to replace this quantity by a function of the variables x,y, and t is not
successful. We propose the reader to prove this statement.

10.3.8 Concluding remarks

a). The solutions of plane and axisymmetric problems of convection, which are given
in Sections 10.3.2-10.3.4, are essential generalizations of the known solutions [35, 37]
to the case where the axial temperature gradient is an arbitrary function of time. In
contrast to the Birikh solution, the theoretical-group nature of these solutions has not
been clarified yet, which should not be considered as a drawback of these solutions.

b). The inverse problem similar to that examined in Section 10.3.2 can be consid-
ered for a two-layer flow described in Section 10.3.3. In this case, it is possible to specify
the flow rate of only one fluid as a function of time, because the streamwise pressure
gradients are identical in both layers.

c). Thermogravitational and thermocapillary convective flows in horizontal lay-
ers under the action of a streamwise temperature gradient (including unsteady flows)
were realized in experiments [107, 108].

d). Problem (10.68), (10.72), (10.75)—(10.77) admits appreciable simplification if
6o = 01in Egs. (10.77). In this case, the function ¢ is identically equal to zero. A sys-
tem of two equations (10.72) is obtained for the functions u and 7. If the solution of
this system is known, then the function A is found from the linear equation (10.68).
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e). The problem of convection in a gap between two non-coaxial cylinders is an
example of an unsteady analog of the Ostroumov solution. The inner cylinder rotates
around its axis with a given angular velocity, which may be time-dependent.

10.4 Model of viscous layer deformation by thermocapillary forces

A three-dimensional non-stationary flow of a viscous incompressible liquid is investi-
gated in a layer driven by a nonuniform distribution of temperature on its free bound-
aries. If the temperature given on the layer boundaries is quadratically dependent on
horizontal coordinates, external mass forces are absent, and the motion starts from
rest, then the free boundary problem for the Navier-Stokes equations has an “exact”
solution in terms of two independent variables. Here the free boundaries of the layer
remain parallel planes and the distance between them must be also determined. In
present paper, we formulate conditions for both the unique solvability of the reduced
problem globally in time and the collapse of the solution in finite time. We further
study qualitative properties of the solution such as its behavior for large time (in the
case of global solvability of the problem), and the asymptotics of the solution near the
collapse moment in the opposite case. This paragraph is based on the results of paper
[175].

Formulation of the problem

We consider thermocapillary motion of a viscous incompressible liquid bounded en-
tirely by free surfaces. The domain occupied by liquid is denoted by Q; and its bound-
ary is denoted by I';. The liquid density p and kinematic viscosity v are taken to be
constant, and the surface tension o is taken to be a linear function of temperature 6:

0=0y—2a(0-0,), (10.82)

where g, & and 0, are positive constants. We suppose further that the motion starts
from rest and that external mass forces do not act on the liquid. Moreover, we assume
that the temperature at the free surface 6p(x, t) is a known function of the coordinates
X = (X,Y,z) and time t. Hence, the mathematical formulation of the problem is reduced
to determination of the domain Q;, 0 < t < T and the solution v(x, t) = (u,v,w), p(x, t)
of the Navier-Stokes equations

V,+V-VV=—p 'Vp+VvAv, V-v=0 (10.83)
in this domain, satisfying the initial conditions

Q, isgiven, v(x,0)=0, xe€Q, (10.84)
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and the conditions on the free surfaces

—-pn +2pvD - n = -2Kon + V.0, (10.85)
v-n=V,, xel;, O0<t<T. (10.86)

The following notation is used in Egs. (10.85), (10.86): n is the unit external normal
to the surface I';, D = [VV + (VVv)*]/2 is the strain rate tensor, K is the mean curvature
of the surface I';, Vr = V —n(n - V) is the surface gradient, and V,, is the velocity of
displacement of the surface I'; in the direction of n. Substituting the expression for g in
the form of Eq. (10.82) with 6 = 6(x, t) into Eq. (10.85), we obtain a closed formulation
of the free boundary problem for the Navier—Stokes equations.

The solvability conditions for the initial boundary-value problem (10.83)-(10.86)
are derived in Mogilevskii & Solonnikov [137]. Investigated in Andreev & Pukhnachov
[19] are the invariance properties of this problem; the group classification of this prob-
lem relative to an “arbitrary element” Or(x, t) is satisfied there too. Examples of ex-
act solutions of the equations of thermocapillary motion are presented in Birikh [35],
Napolitano [146], Gupalo & Ryazantsev [93], Andreev & Adamev [8] and Andreev et al.
[18] (Ch. 7, see also the references therein). It should be noted that the majority of these
exact solutions describe stationary flows determined by a system of ordinary differen-
tial equations. A solution of plane nonstationary flow for system (10.83) describing
thermocapillary flow in a strip is given in Andreev & Pukhnachov [19]. It assumes the
dependence 6 = 6* + I(t)x%, where 6 = const and [ is an arbitrary function of t. This
solution is derived via a system of equations with two independent variables. The pos-
sibility of the decrease of order of the problem considered in Andreev & Pukhnachov
[19] results from the fact that its solution is a partially invariant solution [156] of the
plane analogue of (10.83). The solution studied in the present paper is a natural gen-
eralization of the previous solution for the case of thermocapillary motion in a layer.
It corresponds to the temperature distribution on the boundaries of the layer

O = 0% + 1(t)x*/2 + m(t)y*/2, (10.87)
where l and m are arbitrary functions of t. The further considerations are based on the

following statement, which can be checked directly. If

u=¢rex v=C-gy. w=-2[f¢.0d,

. 0 (10.88)
pIp =vw,(z,t) - j we(, )d( - % wz(z, t) +x(0),

0
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where f(z,t), g(z, t) are the solutions of the system of equations

f+f+g -2, jf«: DA = v,
° (10.89)
g +2g-2 Jf((, Hd( = vg,,
0

andy is an arbitrary function of ¢, then the functions v = (u, v, w), p satisfy the Navier—
Stokes equations (10.83). (Note that the solution (10.88) of the system (10.83) can be
determined as usual as a partially invariant solution with rank two and defect two
relative to the four-parameter Lie group generated by translations and Galilean trans-
lations along the x- and y-axes [131].)

Let us show that the solution (10.88) can be interpreted as a solution describ-
ing thermocapillary motion in the layer |z|] < s(t) where the temperature distri-
bution is prescribed on its boundaries (10.87). In fact, in this case K = 0, Vg =
(—aexlI(t), —aeym(t)), and the condition (10.85) will be satisfied at z = s(t) if the func-
tions f and g satisfy

f(s(t),t) = —k[l(t) + m(t)], O<t<T,

(10.90)
g.(s(),t) = —k[l(t)-m()], O0<t<T,
where k = &/(pv) = const > 0 and the function y(¢) is chosen in the form
s(t) 1
X =vw,(s(t),t) + j we({, t)d{ + > wz(s(t),t).
0
Further, we assume that
£,(0,t)=g,(0,6)=0, 0<t<T (10.91)

and continue the functions f, g (determined initially for 0 < z < s(t), 0 < t < T) to the
domain -s(t) < z < 0 in an even way. Then condition (10.85) will be satisfied at the
lower boundary of the layer z = —s(t) too. If we demand the condition

s(t)
-2 J flz,t)dz, O0<t<T (10.92)
0

ds _
dt
then we can satisfy the condition (10.86) on both boundaries of the layer. Finally, we
assume that
s0)=a>0 (10.93)
(which corresponds to the definition of the initial position of the layer) and
f(z,0)=g(z,0)=0, 0<z<a. (10.94)

Then the initial conditions (10.84) will be satisfied.
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Conditions for existence and non-existence of solution

Here the solvability conditions for the problem (10.89)—(10.94) are formulated and the
qualitative properties of its solution are determined. Note that we are interested only
in classical solutions of the above-mentioned problem. The input data of the problem
(i. e. the functions I(t) and m(t)) must be subjected to some conditions of smoothness
and compatibility to ensure the existence of such solutions. Further, we assume that
these functions are defined for all t > 0, moreover

1), m(t) € C*2[0,00), O<a<1, (10.95)
1(0) = m(0) = 0, (10.96)

where C*9/2[0, 00) denotes the space of functions continuous on the semiaxis ¢ > 0
and satisfying the Holder conditions with exponent (1 + a)/2 on any compact set. The
following notation is used below: St is the domain {z,¢t : 0 < z < s(t),0 < t < T},
C2el+/2(g. ) is the Holder class used in the theory of parabolic equations (its defini-
tion can be found in [137]).

Proposition 10.1. Let the conditions (10.95), (10.96) be satisfied. Then one can find
T > 0 such that the problem (10.89)—(10.94) has the unique solution f(z,t), g(z, t), s(t);
moreover f,g € C*®1%/2(5) s € C*/2[0, T).

The proof of this proposition has a purely technical character. It is based on
the transition from the Eulerian coordinate z to the Lagrangian coordinate { in the
problem (10.89)—(10.94). The connection between the Lagrangian and Eulerian coor-
dinates is determined in terms of the solution of the Cauchy problem

2= =2 j f(&,t)dE whent >0,
0

z=(¢ whent=0.

Here the domain Sy maps into the rectangleII = {{,t: 0 < { < a, 0 < t < T} and equa-
tions (10.89) turn into the following equations for the functions F({,t) = f[z({,t),t],
G(¢,t) = glz(¢, 0), t]:

t t
Ft+F2+G2 :vexp[2jF((,T)dT]{exp[ZjF((,T)dT]F(} ,
0

¢ (10.97)

0
t t

G; +2FG = vexp[ZJF((,r)dT] {exp[ZjF(C,T)dT]G(} .
0 0 ¢

The equality

t
zp = exp[—ZJF((,T)dT]
0
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was used in the derivation of (10.97). The above-mentioned solution of the Cauchy
problem satisfies this equality. Then the boundary conditions (10.90) are rewritten in
the form

Fe(at) = —k[I(t) + m(t)] exp[z F(a,‘r)dr], 0<t<T,

J
) (1098)
J

Ge(a,t) = —k[I(t) - m(t)] exp[ F(a, ‘r)dr], 0<t<T.

The conditions (10.91), (10.94) give the following conditions for the functions F and G:

F(0,6)=G,(0,t)=0, 0<t<T, (10.99)
F({,0)=G({,0)=0, 0<{<a (10.100)

As aresult we obtain the initial boundary value problem (10.98)—(10.100) in a fixed
domain for the system of quasilinear integro-differential parabolic equations of the
second order (10.97). Its local unique solvability in Hélder classes follows from general
results of the theory of parabolic equations [117] and can be determined, for example,
by the method of successive approximations; the convergence of this method is guar-
anteed for sufficiently small T. If the function F({, t) is known then the function s(t)
determining the position of the free boundary in the plane z, t is given by the formula

a

t
s(t) = Jexp[—ZJF((,r)d‘r]d(.
0

0

Hence the kinematic condition on the free boundary (10.92) is satisfied automatically.

So solvability of problem (10.89)-(10.94) on a small time interval demands that the
functions I(t), m(t) only satisfy the smoothness condition (10.95) and compatibility
condition (10.96). As will be shown below, these conditions are insufficient for the
solvability of the global problem.

Proposition 10.2. Assume that
(t)+m(t) >0 fort=0. (10.101)

Moreover the inequality (10.101) is strict on some interval (0, T). Then the “life span” t,
of solution of the problem (10.89)-(10.94) is finite.

Proof. Let us consider the functions

s(t)
Fie) = j fbtdz, h=f-F
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so that quantity f is the mean value of the function f(z, t) for any fixed t in the interval
[0,s(t)] and the mean value of the function h(z, t) is equal to zero on this interval for
any t > 0. The relation (10.92) will take the form

ds

= = _)fs, 10.102
T f's ( )

so that knowledge of the function ¢ determines completely the evolution of the free
boundary in the problem (10.89)-(10.94).
We obtain the identity

S
—f* - % j(gz +3h%)dz
0

daf _
dt

_ v+ m) (10.103)

after integration of the first equation (10.89) with respect to z over the interval [0, s(t)]
and taking into account the conditions (10.90)-(10.92). Further we may suppose with-
out loss of generality that the number 1 used in the formulation of Proposition 10.2
is less than the life span ¢, of the solution of the studied problem. As follows from
(10.103) and the conditions of Proposition 10.2, the function f decreases monotonically
on the interval [0, ¢t,) and (10.94) gives f(0) = 0. So using (10.102) one can conclude
that s(t) >awhen O <t <t,.

Integration of the identity (10.103) over the interval (0, 7) and elimination of nec-
essarily nonpositive terms from the right-hand part of the resulting equality lead to
the chain of inequalities

T

O>f(T)>—vkjl(t)+—m(t)
0

T
ot —% J[l(t) +m()]dt =y,
0
where y = const > 0, in accordance with the condition of Proposition 10.2. (The
sharpness of the left inequality is guaranteed by this condition too.) The estimate
f(t) < 1+yr-yt)"'f (1) follows from this fact and inequality df /dt < —f which follows
from (10.103). So far as f(1) < 0, this estimate means that the solution of the problem
(10.89)-(10.94) is destroyed at finite period of time ¢, <y +T. O

Actually, Proposition 10.2 contains the necessary condition for global solvability
of the problem (10.89)—(10.94). The determination of sufficient conditions for the exis-
tence of its solution for all ¢ > 0 demands more effort. The main point here is obtaining
the estimate for the maximum modulus of the functions f and g in the domain Sy for
all T > 0. In the case when such an estimate is obtained, the proof of solvability of
the problem (10.89)-(10.94) can be achieved globally by the proof scheme in Andreev
etal. [18] (Ch. 7, Theorem 1), using the method developed by Ladyzhenskaya et al. [117].

The specific character of our free boundary problem lies in the fact that its solution
can cease to exist as t grows for two reasons. The first reason is demonstrated in Propo-
sition 10.2. The existence of the function f(t) obtained in the process of its proof and
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equations (10.102) imply that s — cowhen t  t,. The vanishing of the function s(t) at
finite time t* is the other reason. This possibility explains the conditional character of
Proposition 10.3 formulated below. Henceforth, generic positive quantities (generally
speaking, depending on T) are denoted by C; (k = 1,2,...).

Proposition 10.3. Let the following inequalities be satisfied:
[(t)<m(t)<O0 fort=O0. (10.104)

Then either
(a) One can find t* < oo such that s(t) >0 forO<t < t*ands — Owhent /t*.In
this case, the estimates

[fz.t)| < Cy, |g(z.t)| <C, when(z,t) €Sy (10.105)

arevalid (T > 0 is an arbitrary number smaller than t*);
(b) The inequality s(t) > O is satisfied for any finitet > 0. Then the estimates (10.105)
are valid in the domain Sy forany T > 0.

Proof. Let us introduce the functions A = f + g, u = f — g. It follows from (10.89) that
these functions satisfy the equations

A+ =20, | (G, 0dS = VA,,,

(10.106)

e+ 12 =20, | FG S = vy,

Ot O ——n

in the domain S;. Initial and boundary conditions for the system (10.106) are obtained
from (10.90), (10.91), (10.94), and have the form

A (s(t), t) = =2kl(t), p,(s(t),t) = —2km(t), (10.107)
A,(0,t) =, (0,6) =0, O<t<T, (10.108)
A(z,0) = u(z,0) = 0. (10.109)

If we note that the first and the second equations in (10.106) can be considered as lin-
ear in the functions A and y, we may apply the maximum principle [57] to the solution
of the initial-boundary value problems (10.107)—(10.109) for these equations. In accor-
dance with this principle, the non-negativity of the right-hand sides of the conditions
(10.107) provided by the inequalities (10.104) and the homogeneity of the conditions
(10.108), (10.109) imply the non-negativity of the functions A and y in the domain Sy,
where T < t* in case (a) and T is an arbitrary positive number in case (b). This means
that

f=0 and |g|<f for(zt)e€Sy. (10.110)

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



378 —— 10 Convective flows in tubes and layers

Hence, the proof of the first inequality (10.105) will imply the proof of the second. More-
over, the function s(t) decreases monotonically for ¢ > 0 by virtue of (10.102), (10.110),
so that this fact, together with (10.106), implies the estimate

s(t)y<a ifte[0,T]. (10.111)

Finding uniform pointwise estimates of functions f,, g, in the domain Sy is the next
step of the proof. It is evident that it is sufficient for this purpose to obtain similar
estimates for the functions & = A, n = p,. As follows from (10.106)—(10.109), these
functions are the solutions of the first initial-boundary value problems for the linear
parabolic equations

§-2¢ [ £@.0d¢ + 288 = v,
°Z (10.112)
Ne =21, jf(( ,0)d¢ + 281 = v,
0
E(s(t), t) = =2kl(t), n(s(t),t) = -2km(t), (10.113)
£(0,6)=n(0,t)=0, O0<t<T, (10.114)
&(z,0)=n(z,00=0, 0<z<a (10.115)

Now we note that the function g is non-negative in the domain S;. Indeed, this
function satisfies a linear uniform parabolic equation (the second equation (10.89))
and conditions (10.90), (10.91), (10.94). Due to the condition (10.104), the right-hand
side of the second equality (10.90) is non-negative for O < ¢ < T that involves the non-
negativeness of g on the base of the maximum principle. The estimates below are also
valid by applying the maximum principle to the solutions of the problems (10.112)—
(10.115) and inequalities (10.104) and g > 0 in Sy:

0<&=A<C= 3227;[—%1(0],
0 < n =M, < C, = max[-2km(t)].

ost<T

So we conclude from these estimates and the definition of A and y that
0<f,<C; and |g,|<f, for(zt)e Sy (10.116)
Wlth CS = C3 + C4.
From the inequalities (10.116), the maximal value of the function f(z, t) at some

fixed t is achieved at the point z = s(t) belonging to the free boundary of the do-
main Sy. Hence, one must obtain an estimate from above of the function f(s(t), t) for
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the completion of the proof of Proposition 10.3. With this aim, let us consider the ob-
vious representation

s(t)

_ 1
f(st),t) =f(t) + SO 6[ zf,(z, t)dz. (10.117)

The second term of the right-hand side is estimated from the inequalities (10.111),
(10.116):

s(t)
1 aCs
SO 6[ zf,(z,t)dz < ER (10.118)

An upper estimate of f(¢) is based on the inequality

d_f - vk(l + m)
dt = s

following from (10.103). Integration of this inequality from zero to t < T with f(0) =
0, and replacing the functions —I(t), -m(t) with their maximal values on the interval
[0, T], implies

t
ft) < %65 J % for t € [0, T). (10.119)
0

Using estimates (10.118), (10.119) and representations (10.117), we conclude that

t
f(s(®),t) < %[J—T+a] ifo<t<T.

0
Here, (@) T < t*, and (b) T > O is arbitrary. O

Remark. Proposition 10.3 holds if condition (10.104) is replaced by
m(t) <lt)<0 fort=0. (10.120)

This follows from the invariance of the Navier-Stokes equations with respect to the
transformx’' = -y, y' = x,u’' = —v,v=u.

Qualitative properties of solutions

It will be shown below that all the hypothetical possibilities considered in Proposi-
tion 10.3 can be realized. So as not to overload the paper, we consider two simple cases
of the behavior of the functions I(t) and m(t) defining the “destiny” of the solution of
our problem.
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Proposition 10.4. Let the solution of the problem (10.89)-(10.94) be determined in
some domain St. Suppose that the conditions (10.104) are satisfied, and moreover,

[(t)y=m(t)=0 whent>T (10.121)

andl+m#0whenO < t < 1. Then the problem (10.89)-(10.94) is solvable in the domain
St forany T > 0, and the following estimates are valid: either

s=Cet > +0(t>) whent — oo, (10.122)
f=t1+0(t?), g=0(t?) when0<z<s(t), (10.123)

or

s=Ct ' +0(t?) whent — oo,

-1 o) (10.124)
f=g=t"/2+0(t") when0<z<s(t).

The last situation is possible only in the casel = 0 orm = O for all t > 0.

Proof. First, note that Proposition 10.1 implies that in any case, one can find the ex-
istence time 7 of the solution of problems (10.89)—(10.94). So far as the conditions of
Proposition 10.3 are satisfied, the inequalities

A=f+g>0, u=f-g=0 (10.125)

are valid in the domain S;. Moreover, at least one of the functions A, u is not identi-
cally equal to zero on the upper boundary of this domain, i.e. att = 17, 0 < z < s(1);
otherwise, we arrive at a contradiction with the condition l+m # 0, 0 < t < 7 (the func-
tions A and y satisfy this condition as the solutions of the problem (10.106)—(10.109) by
virtue of the strict maximum principle [57]). So we can conclude from this and (10.125)
that f(1) > 0.

Now we can use the identity (10.103), where the last right-hand term is absent for
t > 7, as follows from (10.121). The inequality df /dt < —f? follows from this identity
and integration of this inequality from t = 7, taking account of the positiveness of f (),
implies the estimate

< @

< ———— whent>r. (10.126)
1+ (t-1)f(1)

In accordance with (10.102), the upper estimate of f(¢t) implies a lower estimate of the
function s(t). Thus, (10.102), (10.126) give

s(T)

s(t) > ———
1+ (t-Df(D)]?

whent > 1. (10.127)

The global existence theorem is valid for the problem (10.89)—(10.94) on the ground of
Proposition 10.3 and inequality (10.127).
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Now let us obtain the asymptotic representations (10.122)—(10.124). With this aim,
we use the formulation of the problem (10.89)-(10.94) in Lagrangian coordinates
(10.97)-(10.100), where the boundary condition (10.98) is homogeneous for t > T
by virtue of the assumption (10.121). We introduce the functions A({,t) = A(z,t),
M({, t) = p(z, t) and obtain the initial-boundary value problem

——
—

At+A2:veXp[ (A+M)dt]<[exp[ (A+M)dt]A(]>,

0 0 ¢
. . (10.128)
M, +M? = vexp“(/\ +M)dt] {exp[J(A +M)dt]M(} :
0 0 ¢
in the semistrip 2, = {{,t: 0 < { < a,t > 1},
Ai(a,t) =Mi(a,t) =0, t>r1, (10.129)
AL(0,t) = My(0,t) =0, t>T, (10.130)
A1) = Ao, M, T) =Mp({), O0<{<a (10.131)
Here the functions Ay, M, are defined by the equalities
Ao(§) = A[z(¢, 1) 7], Mp(§) = p[z({, 1), 7], (10.132)

where 7 is a parameter, and the connection between the Lagrangian coordinate { and
the Eulerian coordinate z is given by the formula

¢

t
z((,r):Jexp[—ZjF(p,o)do]dp, 0<{<a t=0.
0 0

The boundedness of F({,t) = f(z,t) for { € [0,a] and any finite ¢ > 0 is guaranteed
by the solvability of the problem (10.89)-(10.94) globally. This provides the mutual
uniqueness of correspondence between the variables { and z.

The existence of solutions of system (10.128) not depending on { is the remarkable
peculiarity of this system. Such solutions are compatible with the boundary condi-
tions (10.129), (10.130). This circumstance permits us to use them as barrier functions
for the solution of the problem (10.128)-(10.130). We choose these functions in the fol-
lowing form:

- _ /lmin +_ Amax

1+ At - T7)° 1+ Ayt —T)°
- _ Hmin + _ Hmax

1+ ppin(t - T)° 1+ Uy (E = T)

where A, (Apax) @nd pmin (Mmax) are the minimal (maximal) values of functions A(z, 7)
and u(z, 7) in the interval 0 < z < s(7).
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Here we use the condition of Proposition 10.4, I(t) + m(t) # O for 0 < t < 7. We may
assume without loss of generality that one can find an interval (¢;,¢,),0 < ¢; << t, < T
such that the strict inequality

I(t) <0 whent;<t<t (10.133)

is satisfied. At the same time, the function m(t) can vanish identically (note that both
functions ! and m are nonpositive for ¢ > 0 in accordance with condition (10.104)). The
case when [ = O for all t > 0 and the inequality analogous to (10.133) is satisfied for
the function m(t) is considered in a similar way.

First, let us consider the special casem = O forall ¢ > 0. Then the second condition
(10.107) is homogeneous and implies the equality 4 = 0 in the domain S forany T > 0
from the uniqueness theorem for the solution of the initial boundary value problem
(10.106)-(10.109) for the function u. This means that the functions f and g coincide for
allz € [0,s(t)], t = O.

On the other hand, the values of the function A are strictly positive on the upper
boundary t = 7, 0 < z < s(7) of the domain Sy in consequence of inequality (10.133)
and the strict maximum principle applied to the solution of the problem (10.106)—
(10.109) for the function A. So Ay, = minA(z, ) > 0. Now let us consider the function
P~ = A - A". By virtue of (10.128)-(10.130), it is the solution of the following problem:

t t
P, +(A+AN )P = vexp([ Adt') [exp(J Adt’)P(] , (D) eZy,
0 0 ¢

PE(O, t) = Pg(a, t)=0, t>rT,
Pi((’t) :AO(()_Amim OQ(SG
(here we take into account that A[z({,T),T] = Ay({) in accordance with (10.132)). It

follows from the maximum principle that P7({,7) > O in the semistrip Z;; this fact
implies the estimate

Amin S
AN T) 2 A (=D for ({,t) € &7

by virtue of definition of this function.

The inequality

Amax <«
A t) < T A (= T) for (,t) € 2

is obtained in a similar way. Then we rewrite this inequality in terms of A(z, t), and
take into account that A = 2f, f = g by virtue of u = 0, so that

/lmin Amax
—— < 2f(zt) s ————2—— whenO<z<s(t), t=1.
1+ Agin(t—=17) f (20 1+ Apax(t—17) ®
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The correctness of asymptotics (10.124) for the functions f and g is obtained; conse-
quently the asymptotics for the function s follows immediately from (10.102).

Let us pass to the analysis of general case where the inequality (10.133) is satisfied
in parallel with

m(t) <0 whent;<t<t, (10.134)

where t; and t, are some numbers from the interval [0, ]. First of all we see that the
inequality (10.134) implies p;, = minu(z,7) > 0. This fact permits us to prove the
non-negativity of the functions Q" = M - M-, Q* = M* — M in the domain £, and to
obtain the estimates
— Hmin o< —Fmax pe ) for( ) €S
1+ Ui (E — T) & 1+ Ypax(E = T) ¢ ¢ T
The last inequalities take the following form in terms of the functions f and g (u =
f-8:
i M0 < flzt) - glat) < TR
1+ Yin (t - T) 1+ Py (t = T)
when0 <z <s(t), t>T.

These upper and lower estimates A({, t) imply the following inequalities for the func-
tionA=f+g:

A A
—mn_ <M, < flz g fmax
1"'Amin(t—‘r) s (( 2 <f(Z gzt < 1+Amax(t—T)

whenO0 <z <s(t), t >1.

As aresult, we come to the relations f +g = ¢! +O(t‘2),f—g = t1+0(t?) when t — oo,
0 < z < s(t). This fact proves the correctness of the asymptotic representations (10.123)
for the general case, when the both functions I(t) and m(t) take negative values even
at some part over the interval (0, 7). The use of (10.102) and (10.123) gives the required
asymptotics (10.122) of function s(t). O

Proposition 10.5. Let us suppose that solution of problems (10.89)—(10.94) is defined in
the domain Sy. If the inequality (10.104) and the condition

l+m=-A/vk=const<0 whent>T (10.135)

are satisfied then one can find such finite t* > O that s(t) > 0 forO <t < t* ands — 0
whent / t*.

Proof. Let us use the identity (10.103), and rewrite it in terms of the functions f and g:

&=

dez + J(sz + gz)dz = —vk(l + m). (10.136)
0 0
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We introduce the functions
s(t) s(t)
U(t) = j flz,t)dz, V(t)= J g(z,t)dz. (10.137)
0 0

Using the Cauchy-Bunyakovsky inequality and condition (10.135), we obtain from
(10.136) a differential inequality for the function U:
v _ 3U?

ZZ<-2Z +A whent>T. (10.138)
dt S

Note that the inequality U(t) = U, > 0 is valid by virtue of the conditions of Proposi-
tion 10.5. Moreover, the function U(t) is non-negative for ¢t > T and cannot vanish as
long as s(t) > 0. These statements follow from the strict maximum principle applied
to the functions f + g, f — g (see the beginning of the Proof of Proposition 10.4). Then it
follows from (10.102), (10.137) that ds/dt < O for these values of t. This fact permits us
to rewrite the inequality (10.138) in more convenient form by introducing the function
U? = W(s):
aw 3w

— - —>-As ifs>s(1) =s,.
T . (1) =50

Integration of the last inequality leads to the result

WE)z —1- = :—st,
©=>5 (1 g )72 RO

sA< s 2U§s3>_sA

and, moreover, R(s) > Cg > 0 for s € [0,s;]. The estimate below is obtained from
this fact and the relation ds/dt = —2W'?(s) following from (10.102), (10.137) and the
definition of function W:

So

dr
——2t-T.
5 R(r)V2Ar

The integral entering this estimate converges when s — 0. This fact guarantees finite-
ness of the value of t* corresponding to the vanishing-time of the function s, and we
obtain the following estimate of ¢*:

So

. 1 J ds

"< — +T. O
V24 ) R(s)Vs

0

The interest in investigating the behavior of solution of the problem (10.89)-
(10.94) near the moment t* follows from this proposition. The simplest solution of
this question can be found in the case when both functions I(t) and m(t) take constant
values beginning with some t.
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Proposition 10.6. Let the conditions of Proposition 10.5 be satisfied. Moreover, assume
that

l-m=-B/vk =const whent>T (10.139)

with |B| < A. Then the following relations arevalidast / t*:

@ f 5o 4A(1+ 1 - 8B2/9), (10.140)
o = AL+ 1 889), (10.141)

V. _ 4 (10.142)
t* -t 3
where 8 = B/A (|B] < 1) and the functions U(t), V(t) are defined by (10.137).
Proof. The identity (10.135) and the analogous identity
S S
% Jgdz 4 J fedz = —vk(l - m), (10.143)
0 0

obtained by integration of the second equation (10.89) by z over the interval [0, s(t)]
with the use of relations (10.90)-(10.92) are the basis of the proof. Both identities are
considered for the values t > 1, when their right-hand sides are constant by virtue of
conditions (10.135), (10.139).
Let us denote the mean value of function g(z, t) on the interval 0 < z < s(t) as g(t)
and put j(z,t) = g — g. The identities (10.136), (10.143) can be rewritten in the form
aU 3U2+V: [,
E+—s +J(3h +j7)dz = A,

0 (10.144)

S
d_V+ﬂ+jhjdz:B when t € [1,")
dt S 5

with the help of these functions and the functions f(t), h(z,t) = f - f introduced be-
fore. (Here we use the evident equalities U = sf, V = sg following from (10.137) and
definition of functions f and g.)

The system (10.144) is not closed for the functions U and V; however, this fact does
not prevent us from finding the asymptotics of its solution near the moment t* when
s(t™) = 0. The point is that the integral terms of (10.144) tend to zero quickly when
t / t*. The proof depends upon the representations

z

fen =70+ [ £6.0d,
b(t)
V4

g0 =20+ | &¢.0d,
c(t)

(10.145)
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where b(t) and c(t) are points from the interval [0,s(t)] where the function f(z,t)
(g(z, 1)) takes its mean value as a function of z. Using the uniform estimates (10.116)
of the functions |f,|, |g,| which are valid by virtue of (10.104), and remembering the
definitions of the functions h, j, we arrive at the inequalities

|[h| < Css, ljil<Css whenO<z<s(f), T7<t<t.

Now if the system (10.144) is rewritten in the form

2 2
d_U + M + q)(t) — A)
dt w 54UV (10.146)
—+ —+¥() =B,
dt S

where

s(t) s(t)
= J [3R(z,t) +j°(z, t)]dz, ¥ = j h(z, t)j(z, t)dz
0 0

then the estimates
|D| < C933, P| < C'9s3 whent <t <t" (10.147)

with Cy = 4C§ /3 = const will be valid for the functions ®(t), W¥(t).

It follows from the strict monotonicity of function s on the interval [¢, t*) obtained
in Proposition 10.5 that we may convert the dependence on s to t, and consider @ and
¥ as functions of the variable s; @[t(s)] = @(s), Y[t(s)] = P(s)(s), where 0 < s < 5 =
s(7). The further reasoning is based on the transformation of (10.146) into a third-order
system with the help of the change of variables

U =As)"q(p), V=49)"*(), p-=Ind/s). (10.148)
Substitution of (10.148) into (10.146) and recalling that ds/dt = —2U leads to the system
of equations
2qg—g+2q2+r2=1—¥,
dr Y(s)
2 -_— = — T .
q b +3qr 1 (10.149)
E = -S >
dp - > p /pO’

where p, = In(l/sy), p = B/A = const, |B| < 1 by virtue of the conditions of Proposi-
tion 10.6. Our aim is to investigate the behavior of the solution of the Cauchy problem

q(po) =4qo, 1(Po) =Ty, S =exp(—p,) =5 (10.150)
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for the system (10.149) when p — oo, where

So So
qo = (Aso)_l/2 jf(z, tdz, ry= (Aso)_l/2 Jg(z, T)dz.
0 0

Moreover, it is assumed that the functions f and g are already determined in the do-
main S; so that |ry| < g, go > 0 on the basis of (10.110), (10.137) and (10.148) (note that
conditions of Proposition 10.6 guarantee the satisfaction of the inequalities (10.104),
providing estimates (10.110)). The inequalities

qa(p) >0, |r(p)| <qlp) (10.151)

for any finite p > p, also follow from these relations, but here they play the role of a
priori estimates for solution of the Cauchy problem (10.149), (10.150).

First, note that the trajectory of the dynamical system (10.149) emerging from the
point (qy, 7y, Sg) cannot leave the limits of the cylindrical sector Ky = {g,1,s : 0 <
@ +rP <N4|rl<q0<s< So} of phase space R> (where N is sufficiently large)
when p > p,. It is sufficient for the proof of this statement to check that no outgoing
points of the system (10.149) are situated on the boundary of the domain Ky. In fact,
the rectangles g = 1,0 < s < spand g = -1, 0 < s < sy cannot contain outgoing
points in view of inequalities (10.151). The upper segment of Ky, i. e. the circular sector
0 < g < N,|rl €g,s = sy, consists of ingoing points in accordance with the third
equation of system (10.149). The lower segment of Ky cannot contain outgoing points,
since it corresponds to the value p = co.

Now one must check the absence of exit points on the cylindrical part of the
boundary Ky, i. e. on the set Hy = {q,7,5 : q> + 1> = N, |r| < q, 0 < s < Sy} The field
of directions of the dynamical system (10.149) is characterized by the vector 1 with
components (2q)"![1 - 2¢> — r* — A p(s)], (29) (B - 3qr — A"'(s)], —s. The scalar
product 1- n of 1 and the unit external normal n = (cos w, sin w, 0) to the surface Hy,
where w = arctg(r/q), gives

[A7p(s) — 1] cosw + [A(s) — B] sinw

1-n=-N(1+sin’w) -
n (1+ sin” w) (2N cos )

Since |w| < /4 on the surface Hy, ¢ < Cgsg Y] < C9sg by virtue of (10.147), and || < 1,
one can obtain the inequality 1 - n < 0 on the surface Hy by choosing N larger than
max[(1+ Aingsg)l/z, (q(z) + ré)l/z], and that the point (o, 1, So) belongs to the set K.
Then both inequalities (10.151) and the a priori estimate

g<N whenp zp, (10.152)

are valid for the solution of the Cauchy problem (10.149), (10.150).
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Let us return to the system (10.149). It has the unique equilibrium point

q=q" =05(1+ \1-86%/9)",
r=r"=2"2Sgnp(1+1- 8/32/9)1/2, s=0

in the domain Kj. Linearization of (10.149) near the equilibrium point leads to the

(10.153)

system
40 _ yq-Lg
dp q
dR 3r* 3 ds
T -2 Q-2R ==-s
dp 2g* q 2 dp

The eigenvalues of the matrix of this system are

—7q" £(q*)? + 24(r*)?
2q*

12 = > 3 =-1L

Since ¢* > O and |r*| < g%, and |B| < 1 all eigenvalues A; (i = 1,2,3) are negative.
The equilibrium point (g*,r*,0) of system (10.149) is stable in accordance with the
Lyapunov theorem.

The proof of the fact that trajectory of the dynamic system (10.149) starting from
the point (g, ry,Sg) at the “moment” p = p, finishes at p — oo at the equilibrium
point (g*,r*, 0) will complete the proof of Proposition 10.6. From this fact, (10.140)-
(10.142) are derived without any problems. By virtue of the third equation (10.149),
the projection of the desired trajectory on the plane s = 0 approaches asymptotically
(by virtue of the third equation (10.149)) as p — oo the trajectory of two-dimensional
dynamical system

d .

T eoa-2-1),
P (10.154)

dr

29— = (29) (B - 3qr
T (29) " (B—34qr)
emerging from the point (q,,7,) at p = py; denote this trajectory by L. As was proved
before, the curve L is contained in a circular sector Dy = {g,7 : @ +r* <N |r|<qb.
Now let us suppose that || < 1. Then vector

m(q,7) = (29) ' (1-2¢* - ), 2q) " (B - 3qr))

does not vanish on the boundary of the domain Dy, = {g,7 : < +r <Nl <
q}, where the number € > 0 is chosen less than g, > 0. (Note that for |8| < 1 and
sufficiently small € all points of the “arch” g* + r* = €, |r| < q are ingoing points for
system (10.154), so that the trajectory L does not fall outside the limits of not only the
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sector Dy but also the domain Dy for p > p,.) Since m # 0 on the boundary of the
domain Dy . we may calculate the rotation of the vector field m(qg, r) on this boundary.
Simple calculations show that this rotation is equal to unity. Since g = ¢*, r = r* is the
unique singular point of the field m in the domain DN)E and the index of this point is
equal to unity, then system (10.154) has no limit cycles in the domain DN,E. So it follows
that point (g*,r") is the limit point of curve L when p — oo.

Now let B = 1 (case B = —1is considered in a similar way). Here the vector m
vanishes on the boundary of the domain DN’E : m(1/v3, 1/v/3) = 0. If at the same
time g, = r, = 1/V3, then the trajectory L consists of one point. If g, = r, # 1/3,
€ < gg < N then the line L is a part of a segment of the straight line g = r. In this case,
the dependence g(p) is defined from solution of the Cauchy problem

9 _ ()1 (1-3¢") wh -

d q q°) whenp >p,, q(po) = qo.
It is evident that ¢ — ¢* = 1/v/3 when p — co. If the point (g, r,) lies strictly inside
the domain DN,S then we can narrow down a little the opening angle of this domain
and achieve the situation when vector field m has no zeros on the boundary of the
domain €2 < ¢* +r* < N2, |r| < (1-6)q containing the point (¢, 7o) (the last fact can be
ascertained for small enough § > 0). Now the above reasoning about the rotation of
the field in can be repeated almost literally. So now we have shown that the relations

q—q°, r—r" whenp — oo, (10.155)

hold under the conditions of Proposition 10.6. Concerning p = In(l/s), this follows
from (10.155) and definition of g* and r* (10.153), with account of equations (10.148),

that
ﬁ —05(1+1- 8[32/9)1/2,
ﬁ - [0.5 (1 -y1-8B%/9 )]1/2 when s — co.
The first of this relations means that ds/dt — —[As(1 + m )]V when t ~ t* by

virtue of the equation ds/dt = -2U. The limit equality (10.140) follows from this fact
and then the relations (10.141), (10.142) can be obtained from (10.156). O

(10.156)

This proposition deserves some comment. The reason for introducing the func-
tions U(t), V(t) is the following: these functions remain bounded in the limitt .~ ¢t* in
contrast to the functions f(t), g(t); moreover, U = O(t* —t), V = O(t* —t) when t / t*.
On the other hand, the equalities below follow from the formulae U = fs, V = gs,
relations (10.140)—(10.142) and representations (10.145) by virtue of equations (10.116):

+O(t* - 1),

1
f(Z>t) = 4t — 0

(10.157)
3 " 2 "
gz, t) = m (1— \/1—8/5'2/9) +0(t" -t)” whent /~t*,0<z<s(t).
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Thus, formulae (10.140), (10.157) imply that smooth joining of free boundaries of the
layer takes place in the moment t*, although the longitudinal components of the liquid
velocity grow infinitely when t ~ t*.

Discussion and conclusion

(a) The system (10.89) admits solutions with f = g, f = —g and g = 0. In accordance
with (10.88), the first two cases describe plane flows. These cases can be realized if one
putsm = 0and [ = 0in (10.87). The case g = O corresponds to the equality I = m for all
t > 0. In this case, the solution of the problem (10.89)-(10.94) describes axisymmetric
motion.

(b) Proposition 10.2 gives sufficient conditions for blow-up of the solution of prob-
lems (10.89)—(10.94) in finite time t, . Note that this phenomenon has a purely inertial
character; viscous forces cannot prevent it, although these forces guarantee the space
regularity of the solution.

The question about the structure of the solution singularity near the moment t, is
still open. This question is studied in detail in Galaktionov & Vazquez [60] for the plane
analogue of the discussed problem. More precisely, (10.89) with g = f is considered in
Galaktionov & Vazquez [60]; there the modified problem with free boundary (10.90)—
(10.94) is investigated — one puts I = m = 0 in the condition (10.90) and substitutes
condition (10.94) for f by the following:

f(z,0)=fy(z), O0<z<a

(We shall call this problem P.)

Let the function f,, satisfy the natural smoothness and compatibility conditions
and also the inequality f; < 0 for z € [0, a] and some “steepness condition” [60]. Then
the solution f, s of problem P has the asymptotics

m cosz(z\/a(t* -t)
S(t)"‘z f—a(t*—t)) f(Zrt)~_ t*—t

whent 7 t,, 0 <z < s(t), where a = const > 0.

(c) Sufficient conditions for solvability of problem P for all ¢t > O are determined
in Pukhnachov [170]. Also constructed in this paper is a class of its exact solutions of
the form

f = a(t) + b(t) cos[mnz/s(t)], (10.158)

where n is a natural number and functions a, b, s form the solution of a dynamical
system. The significance of the solutions (10.158) consists of the fact that these solu-
tions represent the leading terms of both the blow-up of solutions of problem P when
t » T, and its regular solutions when t — co.
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(d) Let us consider the problem (10.89)-(10.94) for the case  + m = 0 where the
function I(t) is non-negative and | > O at some interval 0 < t; < t < t, < 0o. Then
the statement of Proposition 10.2 is valid, although its proof requires some small mod-
ification. The case I = —m is interesting from the physical point of view in so far as
tangential stress applied to the free boundary in the x-direction has the same magni-
tude but opposite sign to that applied in the y-direction. In this case, the analysis of
problems (10.89)—(10.94) shows that the layer thickness 2s(t) is a monotonically in-
creasing function of time, and there exist some ¢, < co such thats — cowhent ~t,.

Indeed, now the boundary condition (10.90) for the function f is uniform, while
the right side of the same condition for the function g is strictly negative within the in-
terval (t;, t,). On the basis of the maximum principle, we have g> > O when t; < t < t,,
0 < z < s(t). At once, we consider the first equation (10.89) as a linear parabolic
equation with coefficients f and -2 jg fd¢ before f and f,, respectively, and with a
source —g°. Remembering that the function f(z, t) satisfies the uniform boundary and
initial conditions (10.90), (10.94), we conclude that f < O when t € (t;,t,), z € [0, s(t)]
in view of the maximum principle. It means that the mean value f(t) of the function f
in the interval [0, s(t)] is negative if ¢ € (t;,t,). As was shown in the proof of Proposi-
tion 10.2, the inequality f(7) < 0 implies the estimate f(t) < (1 + yt — yt)"'f (1) where
t > 1 € (t,t;), y = const > 0. On account of (10.102), this estimate guarantees the
required property s — co whent / t, < T+ y . We emphasize that this effect has a
purely nonlinear character.

(e) Here we suggest some comments on Proposition 10.4. The exceptional case
described by formulae (10.125) corresponds to plane motion. If the equality I = O or
m = 0 is broken at some arbitrarily small interval of time then the solution of the
problem (10.89)—(10.94) is symmetrized with growth of ¢, as follows from relations
(10.124) (note that g = 0 for axisymmetric motion). The essential distinction between
plane and three-dimensional regimes of thinning of the layer is demonstrated by the
asymptotics of function s: in the first case s ~ ¢! and in the second case s ~ t 2 when

t — oo.

(f) Let us consider the problem of thermocapillary motion of viscous liquid in a
layer with linear dependence of the free boundary temperature on the space coordi-
nates,

Or = A(t)x + B(t)y.
It is not difficult to see that its solution can be obtained in the form
u=u(zt), v=v(zt), w=0, p=0, s=a-=const

The functions u, v are determined as solutions of the second initial boundary value
problem for the linear equation of heat conduction (the details are omitted).
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Thus, a linear distribution of temperature on the plane free boundary of a viscous
layer does not lead to a thickness change. It is natural to suppose on the basis of this
observation that the main change of the layer thickness under the action of thermo-
capillary forces takes place near the critical points of the temperature field on free sur-
face. This concept can be considered as an additional motivation for the investigation
of solutions of the Navier—Stokes equations of the form (10.88). The unboundedness
of functions u and v when x,y — oo is the evident defect of this solution. However,
we can consider it as a solution describing the local behavior of liquid in vicinity of
critical points of the temperature field on the free boundary.

(g) The problem (10.82)—(10.87) can be referred to as a “non-coupled” problem of
thermocapillary convection. It originates from the assumption that the temperature is
a given function at the free boundary. A more complicated “coupled” problem deals
with the boundary condition of second or third kind for the temperature. Let us sup-
pose that the free boundary is thermo-insulated. Then the condition (10.87) should be
replaced by

0,(s(t),t)=0, O0<t<T. (10.159)
In this case, we have the temperature representation
0= +yy’ +w

where @(z,t), P(z,t), w(z,t) are determined from the parabolic system coupled with
the equations (10.89) via boundary conditions including (10.159). The plane analogue
of this problem was studied numerically in Andreev & Pukhnachov [19].

(h) To identify a physical system that might correspond to the solution of the prob-
lem (10.82)—(10.87), let us consider a liquid film of mean initial thickness a and the
diameter d suspended in a solid frame at the presence of gravity with the acceleration
g. It is clear that following relations should be satisfied: a « d, d ~ (20,/ (pg))l/ 2oL
where L is the capillary constant and o, is a characteristic value of the surface ten-
sion coefficient. This gives an upper estimate for a. The lower estimate limiting the
applicability of our approach is a > A, where A is the thickness of the double dif-
fusional electric layer. In this case, we can neglect the disjoining pressure in the
film.

Now let us introduce the dimensionless parameter g = pgﬁa2 /@ where f is the
volumetric coefficient of thermal expansion and & is the parameter in relation (10.82).
If g <« 1, we can ignore the contribution of the buoyancy in a formation of the velocity
field and, therefore, eliminate from consideration the heat equation in the context of
our problem.

As an example, we consider a pure water film at low gravity (g = 1cm/s?) near
the temperature 298 K; in this case, L = 12cm. If we choose @ = 0.1cm, d = 5cm,
A = 107° cm then inequalities A < a < d will be true as well as ¢ < 1 (in fact, here
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Figure 10.6: Behavior of dimensionless layer thickness with time. (@) = m = 5te 3t (b) [ =

. . . a1 52
0.55sin(12.52t), m = sin(12.52t); () [ =1 Tz M= 2 T

g = 1.6-107°). In addition, we note that the characteristic time of the problem is of order
lap/(l, +m,)]"? = T, where I, and m, are the maximum values of the functions l and
m, respectively. Putting [, = m, = 1072 K/cm?, we obtain 7 = 5.6 5.

(i) Problem (10.89)—(10.94) was solved numerically in papers [188, 84]. Below
there are given the results of numerical simulation [188]. The figures show the ratio
of the layer thickness to its initial value as a function of dimensionless time. The time
scale is chosen as a’v™". Figures 10.6(a) and (b) correspond to the case where the prob-
lem solution is regular, although the functions ! and m do not satisfy the conditions
of Propositions 10.3-10.6. Figure 10.6(c) demonstrates the solution blow-up within a
finite time, in accordance with Proposition 10.2. The main term of the asymptotic of
the function s at t — ¢, is Cyo(t, — £) ™2,
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10.5 Convective flow in a horizontal channel with non-Newtonian
surface rheology under time-dependent longitudinal
temperature gradient

The experiments of K. G. Kostarev and his co-authors [36, 135] showed that in narrow
channels at a local surfactant egress onto the surface the Marangoni convection oc-
curs only at a fairly high surfactant concentration gradient. The delay of the onset of
the surface motion can also be observed, when thermocapillary convection is excited
by a point heat source in a horizontal channel with a bounded free surface, if only
its surface has not been thoroughly cleaned [136]. The threshold nature of the convec-
tion onset is attributed to the presence of an uncontrolled surfactant film kept by the
channel walls. In this connection, it seems helpful to develop the models of thermo-
capillary convection in the presence of a temperature gradient along the free surface
with the threshold excitation of the convection flow.

In this study, thermal convection is considered in a horizontal channel with a lon-
gitudinal temperature gradient. For an infinitely wide channel with a stationary tem-
perature gradient the problem in the conventional formulation has a simple exact so-
lution with threshold-free convection onset [35, 10]. The actuality of this asymptotic
solution was demonstrated in the experiments [109, 107]. In [185, 21] this solution was
generalized to include the case of a time-dependent longitudinal temperature gradi-
ent. The flow in a channel of finite width and its stability at low Prandtl numbers was
considered in [123]. An advection flow in a square channel of finite length was stud-
ied in [124], again at low Prandtl numbers. In those studies, the fluid surface was free
from a surfactant film and thermocapillary flow was attained immediately after the
generation of tangential stresses along the surface.

Under actual conditions the threshold nature of the onset of the Marangoni con-
vection is governed by the rheological properties of the surface: its motion begins,
when the tangential stresses become greater than a certain threshold value deter-
mined by the surfactant film durability. This property of the surface can be described
introducing the tangential resistance to the fluid flow with a stepwise stress depen-
dence of the resistance. For a wide layer in the case of a stationary gradient this prob-
lem has a simple exact solution with a single velocity component along the tempera-
ture gradient. In the unsteady case the solution can be particularly simply constructed
using the finite difference method.

10.5.1 Formulation of the problem
The materials in this paragraph are based on the results of article [38]. We will con-

sider a convective viscous flow in a wide horizontal channel (band) with a tempera-
ture gradient along its horizontal z axis. The origin of the upward directed x axis is
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on the lower plane. In the Oberbeck-Boussinesq approximation the convection equa-
tions admit the solution of the form [10]:

v=kw(x,t), T=-A(xt)-z+0(x,t), p=-Bxt) -z+qxt). (10.160)

Here, w is the fluid flow velocity which has only one direction, T is the temper-
ature deviation from a certain mean value, and p is the pressure deviation from the
hydrostatic pressure in an isothermal fluid.

We will formulate the problem in the dimensionless form. We will scale the dis-
tances on the layer width h, time on h?/v, the velocity component w on v/h, the pres-
sure on v’p/h, and the temperature on A,h, where v and p are the kinematic viscosity
and the density of the fluid and A is a maximum value of the longitudinal temperature
gradient. In these variables the functions introduced in (10.160) satisfy the following
equations

oA_ 194
ot~ Prox?
OB
— =Gr-A
ox !
2
aal: - %‘%B (10.161)
00 10°0

ot Prox?

oq
2 _Gr-0
ox f

Agh*
:gﬁ—o’ Pr:z

G
r 2 X

A solution of the form (10.160) has already been considered in subsection 10.3.2.
Below, the equations that describe this solution are rewritten in dimensionless vari-
ables. The dimensionless parameters of the problem Gr and Pr contain the thermal
expansion coefficient f and the fluid temperature conductivity y, as well as the grav-
ity acceleration g.

Equations (10.161) are linear with respect to the unknown functions and can be
successively solved. However, the presence of the term A - w in the fourth equation
introduces an element of the nonlinear interaction between the velocity and temper-
ature fields into the problem.

We will now dwell on the boundary conditions for system (10.161). We assume that
the lower boundary of the layer is solid, so that the velocity on it vanishes

x=0: w=0. (10.162)

On the upper surface the mechanical properties of a surfactant film should be
taken into account. The experiment has shown that at low tangential stresses on the
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boundary the film remains almost immobile but it breaks down, as a certain limiting
value is reached by the tangential stresses, whereupon it behaves as a free surface and
the Marangoni convection starts in the threshold way. To describe such film properties
it is convenient to introduce on the upper boundary a surface resistance a; with a
thresholdwise dependence of the resistance on the tangential stress. We can write the
condition for the tangential stress in the following dimensional form:

x=h: aw=- a_\)/(v + a_o. (10.163)

Here, 1 is the dynamic viscosity of the fluid and o is the surface tension coeffi-
cient. It is assumed that the surface velocity is proportional to the tangential stress
value. The resistance coefficient itself depends on this. It is large, when the tangential
stresses have not reached a certain limiting value P, and it becomes small (vanishes)
after the moment when the film has broken up and the surface has become free. With
account of the temperature dependence of the surface tension, condition (10.163) takes
the following dimensionless form:

x=1: aw-= —(—;l; +MaPr ! AL 0), (10.164)
Ma:—a—OAth, L
oT ny n

We will write the conditions for the temperature in the form:

x=0: A=1-¢", ©=0, (10.165)
% _,

x=1: A=1-¢"
ox

(10.166)
The first condition means that on the layer boundaries the longitudinal tempera-
ture gradient increases with time from zero to a limiting value, the same for the entire
boundary and included in the time unit as the characteristic time 1/y.
The function B(x, t) in Eq. (10.161) contains the parameter C(t) determining the
fluid flow rate through the channel cross-section, which can be obtained, for example,
from the flow closeness condition

1

J w(x, t) dx = 0. (10.167)
0

To completely formulate the initial and boundary value problem (10.161), (10.162),
and (10.164)—(10.167) we must specify the initial state of the system. We will consider
the case in which at the initial moment of time the fluid is at rest and has everywhere
the same temperature

t=0: w=0, A=0, ©6=0. (10.168)

printed on 2/13/2023 8:45 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



10.5 Convective flow in a horizontal channel with non-Newtonian surface rheology =— 397

10.5.2 Limiting steady flow

We will consider the limiting steady flow attained after a lapse of a large time interval.
In the steady case Egs. (10.161) are reduced to the system

2
Z—‘Q/:—Gr~x+c,
X
2
fiT?z—Pr-w

with the boundary conditions

x=0: w=0, 0=0,

dw

x=1: aw=-— +MaPr?, d_@ =
dx

dx

The solution of this problem satisfying the flow closeness condition is as follows:

0.

-1
WO:_E<2X3_3(0(+5)X2+(a+6)X>+Ma Pr (3x2—2x),
12 a+4 a+4 +4
GrPr<a+6 X oa+5 x* x5> Ma (x3 x“)
Q= —— = - )+ — (-
24 \a+4 3 a+4 2 5 a+4\ 3 4

The surface x = 1 moves at the velocity

e = Gr +Ma~Pr’1
O (a+4) a+4

On the surface there arise the tangential stresses P proportional to the longitudi-
nal temperature gradient
p-_2 <E . Ma )
a+4\12 Pr

As this gradient increases, the surface stress reaches a critical value P, at which
the surfactant film breaks down, the surface friction coefficient sharply diminishes,
and the fluid surface is set into motion at a velocity similar in value with

Wy = Gr /48 + 0.25MaPr ",

The convective addition to the surface temperature is as follows:

GrPr Ma
0 = — + —.
320 48
The quantities w, and © are proportional to the temperature gradient applied.
We note that at the Prandtl number of the order of 10 the contribution of the grav-
itational convection to the motion is almost the same as that of the Marangoni convec-
tion. In the experiment the critical temperature gradient at which the surfactant film
breaks down can be determined from a sharp variation in the surface behavior.
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Figure 10.7: Distribution of the longitudinal temperature gradient A along the layer depth at the
moments of timet =0, 1, 2, 3, 4,and 10 (I-6) forPr=7andy = 1.

10.5.3 Unsteady convection

We will consider the time variation in the convection flow structure at a variable tem-
perature gradient. We will use the problem formulation described in Section 10.1 in
which the temperature gradient increases from zero and reaches a limiting value for
a time 1/y (we recall that it is the viscous time that is taken as the time unit). In the
calculations the condition (10.163) on the free surface was replaced by the condition

2w, W 0|, w00
Tox " oz Tox "7 Tox "o

This approximation is capable to describe the delay of the onset of thermocapil-
lary convection observed in the experiment [136].

The initial and boundary value problem (10.161), (10.162), (10.164)—(10.168) was
solved using a difference method based on an implicit scheme. The solution of the first
equation (10.161) is uniquely determined by preassigning the initial condition (10.168)
and the boundary conditions (10.165) and (10.166). Knowing the function A we deter-
mine by quadratures the function B from the second equation of system (10.161)

<Py: w=0;

1
B(x,t) = Gr j A(s, t)ds - C(t),
0

where C(t) is an arbitrary function of time determined by Eq. (10.167). Thereupon the
system for determining the functions w, 0, and g becomes closed.

In the problem under consideration the function C is unknown, together with w.
Because of this, this problem pertains to the class of inverse problems. Its numerical
solution was obtained using the parameter sweeping method for loaded differential
equations [41].

In Figure 10.7 the distribution of the longitudinal temperature gradient along the
layer depth is presented for different moments of time. As might be expected, at Pr = 7
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Figure 10.8: Distributions of the velocity w and the convective addition to the temperature 6 along
the layer depth; t = 0, 2, 4 and 10 (1-4) for Py = 500.
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Figure 10.9: Same as in Figure 10.8 for P, = 200.

a homogeneous-in-depth temperature gradient is attained for the time ¢ ~ 7, that is
the unit time based on the temperature conductivity coefficient.

In Figure 10.8 we have plotted the distributions of the velocity and the convec-
tive addition to the temperature along the layer depth for the case in which the max-
imum tangential stress attained, as the convection flow develops, is not greater than
the threshold value (P, = 500). Here and in what follows, the problem parameter val-
ues were taken as follows: Pr = 7, Ma = 10°, Gr = 10°, and y=1

As in the case of a solid boundary, the convection flow develops approaching the
limiting thermogravitational flow with a cubic velocity profile. In the limiting case the
convective addition to the longitudinal temperature gradient is asymmetric about the
channel mid-section, owing to the temperature origin adopted.

In the case of a less durable surfactant film (P, = 200) the observable convection
flow evolution is different. It is presented in Figure 10.9.

At t = 2.7 the surface film breaks down under the action of the tangential stresses
and the fluid surface is set into motion. The variations of the velocity of the fluid sur-
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Figure 10.10: Variation in the fluid surface motion velocity w and the convective addition to the tem-
perature © for Py, = 200, 100, and 10 (1-3).

face motion and the convective addition to the free surface temperature are presented
in Figure 10.10 for various values of the threshold stress P,,.

For films with a small limiting stress the change in the convection flow regime
takes place at smaller times, when a sufficient temperature gradient is attained. With
time the surface velocity and the convective addition to the surface temperature, lim-
iting for the given Grashof and Marangoni numbers, are gradually attained; for the
calculated case they are 56.5 and 42.7, respectively.

Summary

A mathematical model describing the development of thermal convection in a hori-
zontal layer, in which a longitudinal temperature gradient gradually increases with
time, is developed. It is assumed that on the fluid surface there is a film which breaks
down at a certain value of the tangential stress —ow/ox + Ma Prl. ALt = Py, so that
the gravitational convection is supplemented with the Marangoni convection. The lim-
iting steady convection regimes are considered. It is shown that with increase in the
temperature gradient the regime changeover must happen. The numerical experiment
shows how this changeover proceeds. The limiting regime of thermocapillary convec-
tion obtained in the numerical model well agrees with the analytical stationary solu-
tion.
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