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Preface

Quantum image processing is an interdisciplinary field combining quantum 
information, quantum computation and image processing. It devotes to 
the development of novel quantum algorithms for storing, processing, and 
retrieving visual information. The purpose of this book is to give a valuable 
resource and useful methods for graduate students and researchers interested 
in quantum computation, quantum image processing, quantum algorithm, 
and emerging interdisciplinary field. Especially, this book provides quantum 
Fourier transform, quantum wavelet transform, and quantum wavelet packet 
transform as tool algorithms in image processing and quantum computation.

This book is divided into seven chapters as follows. 

The introduction briefly describes the background of quantum image 
processing, which includes advantages of quantum image processing, the 
steps of quantum image processing, and topics related to quantum image 
processing.

Chapter 1 briefly describes the basic concepts and principles of quantum 
computation. These contents provide the necessary theoretical basis for 
subsequent chapters.

Chapter 2 describes some typical examples of quantum image representations 
of three categories, which solve how to store an image in a quantum system, 
and to retrieve the image from the quantum system. In addition, this chapter 
introduces the type conversions for quantum images, quantum real-valued 
images and complex-valued images. 

Chapter 3 provides quantum algorithms to realize geometric transformations 
(including two-point swapping, symmetric flip, local flip, orthogonal rotation, 
and translation). These transformations are implemented using quantum 
circuits based on basic quantum gates, which are constructed with polynomial 
numbers of single-qubit and double-qubit gates. 

vii

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



Preface

Chapter 4 designs four circuits of 1D quantum Fourier transform and its 
inverse by using perfect shuffle permutations and generalized tensor products. 
Meanwhile, 2D and 3D quantum Fourier transforms are proposed for images 
and videos, respectively.

Chapter 5 describes the iteration equations of quantum wavelet transforms, 
and designs the implementation circuits of Haar quantum wavelet transform, 
Daubechies D4 quantum wavelet transform and their inverses.

Chapter 6 describes multi-level and multi-dimensional quantum wavelet 
packet transforms, and introduces quantum image compression for 2D quantum 
wavelet packet transforms.

Chapter 7 introduces quantum edge detection algorithm and quantum image 
segmentation based on generalized Grover search algorithm, respectively.

The conclusion discusses open challenges and future research directions 
in the field of quantum image processing. 

In addition, the reader can experience algorithms proposed in this book 
using simulation codes in Appendix 2. The relationship between chapters is 
shown in Figure 1. 

The bibliography contains a listing of all reference materials cited in 
the text of the book. My apologies to any researcher whose work we have 
inadvertently omitted from citation.

Dr. Fan Ping (East China JiaoTong University, China), Prof. Zhou RiGui 
(Shanghai Maritime University), Dr. Xia Haiying (Guangxi Normal University, 
China), Prof. Song Shuxiang (Guangxi Normal University, China), Prof. Long 

Figure 1. The frame of chapters

viii
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Guilu (Tsinghua University, China), and Prof. He Xiangjian (University of 
Technology, Sydney, Australia) offered suggestions for the improvement 
of the manuscript. Graduate students Li Chunyu, Chen Xiao, Xue Fan, Xu 
Yusi, Quan Jinhui, Wu Rongyu, Lu Jianheng provided some materials and 
necessary works. This book also quoted works of some scholars. To all these 
people, I extend my sincere thanks.

This book is supported in part by the National Natural Science Foundation 
of China under Grant Nos. 61462026 and 61762012, in part by the Science 
and Technology Project of Guangxi under Grant No. 2018JJA170083. 

Quantum image processing is still in its infancy, and the author’s knowledge 
is limited, therefore, flaws and omissions are unavoidable. The author welcomes 
reader’s criticism and suggestions.

HaiSheng Li
Guangxi Normal University, China 
June 24, 2020
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Introduction

THE GENERATION OF QUANTUM IMAGE PROCESSING

Quantum principles enables fast quantum algorithms for factorization (Shor, 
1994), database search (Grover, 1996), quantum simulation (Feynman, 1982; 
Lloyd, 1996). There have been rapid progress in quantum computation 
hardware (Arute et al., 2019), and classical emulation of quantum computers 
as well (Xin, 2019). It is promising that quantum computation may be used 
in solving problems with practical significance.

One possible area of application of quantum computation is quantum 
image processing. The massive amount of data storage in classical image 
processing can be greatly reduced. Meanwhile, the number of gate operations 
is also drastically reduced. Quantum image processing is a discipline devoted 
to the development of novel quantum algorithms for storing, processing, and 
retrieving visual information (Venegas-Andraca, 2015). The field of quantum 
image processing was born with the publications (Vlasov, 1997; Venegas-
Andraca, & Bose, 2003; Beach, Lomont, & Cohen, 2003).

The Steps of Quantum Image Processing

The first step of quantum image processing is to store a classical image in 
quantum systems. In the second step, the quantum image is operated by 
quantum algorithms. In the third step, the classical image is retrieved from 
quantum systems using quantum measurement methods. These steps are 
given in Figure 1.

Quantum Image Storage and Retrieval

Quantum image representation is a stored pattern by which images are stored 
in a quantum system. Venegas-Andraca and Bose proposed the quantum 

x
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lattice representation to store a classical image in a quantum system, and gave 
a retrieval method (Venegas-Andraca & Bose, 2003). Some quantum image 
representations and the corresponding retrieval methods were proposed, for 
instance, a flexible representation of quantum images (FRQI) (Le, Dong, & 
Hirota, 2011), the model of a normal arbitrary superposition state (NASS) 
(Li, Zhu, Zhou, Li, Song, & Ian, 2014), and a novel enhanced quantum 
representation (NEQR) (Zhang, Lu, Gao, & Wang, 2013). Surveys of quantum 
image representations were given (Yan, Iliyasu, & Venegas-Andraca, 2016; 
Jiang, 2016; Ranjani, 2019; Yan, & Venegas-Andraca, 2020).

Quantum Image Operations

In the past decade, many quantum image operations (i.e., quantum image 
algorithms) have been proposed, such as quantum geometric transformation, 
quantum Fourier transform, quantum wavelet transform, quantum wavelet 
packet transform, quantum image compression, quantum image segmentation, 
quantum image feature extraction, quantum image scrambling, quantum image 
encryption and decryption, and quantum machine learning.

Quantum geometric transformations were implemented for different 
quantum image representations. Le et al. proposed two-point swapping, flip, 
orthogonal rotation, and restricted geometric transformation, are applied to 
images based on FRQI (Le, Iliyasu, Dong, & Hirota, 2010, 2011). Quantum 
geometric transformations based on NASS were proposed to implement two-
point swapping, symmetric flip, local flip, orthogonal rotation, and translations 
(Fan, Zhou, Jing, & Li, 2016). Using nearest neighbor interpolation, Jiang 
and Wang implemented quantum image scaling based on the improved novel 
enhanced quantum representation (Jiang, & Wang, 2015). Linear cyclic 

Figure 1. The steps of quantum image processing.

xi
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translation transformations were proposed using quantum modular adder 
(Wang, Jiang, & Wang, 2015; Zhou, Tan, & Ian, 2017; Li, Fan, Xia, Peng, 
& Long, 2020).

Quantum Fourier transform can exponentially speed up the computation 
of Fourier transforms than the Fourier transforms on a classical computer 
(Nielsen, & Chuang, 2000). One-dimensional quantum Fourier transform was 
implemented by using quantum basis gates (Karafyllidis, 2003; Wang, Zhu, 
Zhang, & Yeon, 2011). Multi-dimensional quantum Fourier transform was 
proposed for quantum image processing (Li, Fan, Xia, Song, & He, 2018).

Quantum wavelet transform is exponentially faster than their classical 
counterparts (Hoyer, 1997). Two different quantum wavelet transforms have 
been developed, which are Haar quantum wavelet transform and Daubechies 
D4 quantum wavelet transform, respectively (Fijany & Williams, 1998; Li, 
Fan, Xia, & Song, 2019).

Quantum wavelet packet transform can be classified with one-dimensional 
or multi-dimensional according to the types of data it acts on are one-dimension 
or multi-dimension. One-dimensional quantum wavelet packet transform has 
been proposed (Hoyer, 1997; Fijany & Williams, 1998; Klappenecker, 1999). 
Images are naturally represented in 2-dimensions. By now, 2-dimensional 
quantum wavelet packet transform was proposed for 2-dimensiona Data (Li, 
Fan, Xia, Song, & He, 2018).

Quantum image compression was proposed to reduce the number of quantum 
measurements to reconstruct images (Li, Zhu, Zhou, Li, Song, & Ian, 2014).

Quantum image segmentation is still in its infancy, and the relevant research 
results are rare. Venegas-Andraca and Ball used maximally entangled qubits 
to store binary geometrical shapes, and found out these maximally entangled 
qubits from quantum systems to realize image segmentation (Venegas-
Andraca & Ball, 2010). An edge detection algorithm was given to detect 
the edge information of an image, which completes the edge detection with 
only one single-qubit operation, independent of the size of the image (Yao et 
al., 2015). Using quantum search algorithm, Li et al. gave a quantum image 
segmentation algorithm (Li, Zhu, Zhou, Song, & Yang, 2014).

Quantum image feature extraction was proposed to extract local feature 
point from a quantum image (Zhang, Lu, Xu, Gao, & Wilson, 2015).

Quantum image scrambling is an important method of quantum encryption, 
which includes quantum Arnold image scrambling (Jiang, & Wang, 2014), 
quantum Hilbert image scrambling (Jiang, Wang, & Wu, 2014), quantum 
Fibonacci image scrambling (Jiang, Wu, & Wang, 2014), and a block-based 
quantum image scrambling (Li, Chen, Song, Liao, & Fang, 2019).

xii
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Quantum image encryption and decryption is a fruitful direction in quantum 
image processing (Jiang, 2016). Many scholars proposed different algorithms 
of quantum image encryption and decryption (Akhshani, Akhavan, Lim, & 
Hassan, 2012; Zhou, Wu, Zhang, & Shen, 2013; Song, Wang, El-Latif, & 
Niu, 2014; Zhou, Hua, Gong, Pei, & Liao, 2015; Li, Li, Chen, & Xia, 2018). 
Yan et al. described quantum image security technologies (Yan, Iliyasu, & 
Le, 2017; Yan, & Venegas-Andraca, 2020). Heidari et al. proposed quantum 
image histogram to quantum image security performance (Heidari, Abutalib, 
Alkhambashi, Farouk, & Naseri, 2019).

Quantum machine learning bridges the gap between abstract developments 
in quantum computation and the applied research on machine learning, and 
explores how to devise and implement quantum software that could enable 
machine learning that is faster than that of classical computers (Biamonte, 
et al., 2017).

CONCLUSION

This was an introduction to quantum image processing and discussed the 
main issues in previous and current up to date work. Compared with classical 
image processing, the research results of quantum image processing are still 
too few. The researchers still need to make continuous efforts to gradually 
enrich the quantum image processing.
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ABSTRACT

This chapter briefly describes the basic concepts and principles of quantum 
computing. Firstly, the concepts of qubit, quantum coherence, quantum 
decoherence, quantum entanglement, quantum density operators, linear 
operators, inner products, outer products, tensor products, Hermite operators, 
and unitary operators are described. Then, the four basic assumptions of 
quantum mechanics are introduced, focusing on the measurement assumptions 
of quantum mechanics. Finally, the definition of commonly used quantum 
logic gates is given including single qubit gates, double qubit gates, and 
multiple qubit gates. These contents provide the necessary theoretical basis 
for subsequent chapters.

INTRODUCTION

On December 14, 1900, Planck proposed the quantization hypothesis of 
energy at the annual meeting of the physical society, thus establishing the 
concept of quantum. After that, a group of outstanding physicists, such as 
Einstein, Heisenberg and Schrodinger, established the theory of quantum 
mechanics (Long, Pei, & Zeng, 2007; Cong, 2006). Quantum computation 
based on quantum mechanics has many new characteristics different from 
classical computation. This chapter briefly introduces the basic concepts 
and principles of quantum computation. Related mathematics backgrounds 

Fundamentals of 
Quantum Computation
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are shown in Appendix A. The implementation codes of controlled gates are 
seen in Appendix B.

BASIC CONCEPTS OF QUANTUM COMPUTATION

Basic concepts of quantum computation are described, such as qubit, tensor 
products, inner products, and outer products.

Qubit

A classical bit has a state: either 0 or 1. In quantum computation, information 
elements are represented by qubits (Schumacher, 1995), which have two 
possible states |0〉 and |1〉, which are called basis states. Any two-level quantum 
system can be used to implement qubits. For instance, the ground and excited 
states of electrons in a hydrogen atom, and the two different polarizations 
of a photon, can be called as |0〉 and |1〉, respectively. Dirac uses the symbol 
|∙〉 to represent a quantum state, also known as a ket, which is equivalent to 
a column vector. 〈∙| called a bra, is equivalent to a row vector and is a dual 
vector of |∙〉, which can be simply understood as a conjugate transpose vector 
of a vector (Dirac, 1947). A qubit can also be a linear combination of two 
basis states, often called superposition states:

ψ α β= +0 1 ,	 (2.1)

where the numbers α and β are complex numbers, satisfying α β
2 2

1+ = . 
Therefore, they are called the probability amplitude. When the quantum state 
ψ  is measured, it collapses to |0〉 with a probability of |α|2, and collapses 

to |1〉 with a probability of |β|2. Hence a qubit can contain both |0〉 and |1〉, 
which is quite different from classical bits.

The special basis states |0〉 and |1〉 are also called computation basis states. 
Their vector forms are

0
1

0
1

0

1
=
















=
















, ,	 (2.2)
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and their dual vectors are

0 1 0 1 0 1= =[ ], [ ]. 	 (2.3)

It is known from (2.2) that the states of a qubit are unit vectors in a two-
dimensional vector space (Rudin, 1999), which can also be in states 
1

2
0

1

2
1+  and 1

2
0

1

2
1− . The two states are also called basis 

states, denoted as |+〉 and |‑〉, respectively.
A qubit also has a useful geometric representation, i.e., Bloch sphere 

representation (Nielsen & Chuang, 2000)

ψ
θ θϕ= +cos sin
2

0
2

1ei ,	 (2.4)

where numbers θ and φ define a point on the unit three-dimensional sphere. 
It provides a useful means of visualizing the state of a single qubit, and 
often serves as an excellent testbed for ideas about quantum computation 
and quantum information.

Tensor Products and Multiple Qubits

The tensor product is a way of putting small vector spaces together to form 
larger vector spaces, represented by the symbol ⊗ . Suppose U and V are two 
complex matrices,

U
u u

u u
V

v v v

v v v
=















=
















00 01

10 11

00 01 02

10 11 12

, ,	 (2.5)

their tensor product is

U V
u V u V

u V u V

u v u v u v

u v u
⊗ =
















=00 01

10 11

00 00 00 01 00 02

00 10 00
vv u v

u v u v u v

u v u v u v

u v u v
11 00 12

01 00 01 01 01 02

01 10 01 11 01 12

10 00 10 01
uu v

u v u v u v

u v u v u v

u v u v u
10 02

10 10 10 11 10 12

11 00 11 01 11 02

11 10 11 11 11
vv

12

























.	

(2.6)
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The tensor product of two states u v⊗  is often abbreviated to uv  or 
u v, . For instance, for the basic states |0〉 and |1〉, their tensor product can 

be expressed as

0 1 0 1 01
1

0

0

1

0

1

0

0

⊗ = = =















⊗















=

























.	 (2.7)

For n times of the tensor product U U U⊗ ⊗�  of the matrix U, it can be 
abbreviated as U n⊗  and be realized by Code B.2 in Appendix B. Similarly, 
u

n⊗
 means the tensor product of |u〉 with itself k times.

Figure 1. Bloch spherical representation of quantum bits
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A double qubit can be synthesized by two single qubit tensor operations 
with four basis states |00〉, |01〉, |10〉, and |11〉. Therefore, a double qubit 
state can be described as

ψ = + + +a a a a
00 01 10 11

00 01 10 11 ,	 (2.8)

where results |00〉, |01〉, |10〉, and |11〉 occur with probabilities a
00

2
, a

0

2

1
, 

a
10

2
, and a

11

2
, respectively. The normalized condition

a a a a
00

2

01

2

10

2

11

2
1+ + + = 	

is satisfied.
If a quantum system consists of n qubits, which have 2n mutually orthogonal 

basis states i i i
n1 2

… , i i i
n1 2

0 1, , , { , }… ∈ , and the 2n basis states are used to 
construct a 2n dimensional Hilbert space. Therefore, a state in a quantum 
system can be expressed as

ψ = a i
i

i

n

=

−

∑
0

2 1

,	 (2.9)

where i i i i
n

=
1 2
…  is the binary expansion of an integer i, and a

ii

n 2

0

2 1
1=

=

−∑ .

Linear Operators, Eigenvectors and Eigenvalues

Let U and V be vector spaces, for the function A: U→V, if

A a u a A u
i

i
i i

i
i∑ ∑= ,	 (2.10)

then, A is a linear operator between vector spaces U and V.
If A|u〉=|u〉 is true for all vectors |u〉, then A is called the identity operator, 

usually denoted by the symbol I.
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An eigenvector of the linear operator A on the quantum state v  is non-
zero vector v  such that A v v= λ , where λ  is a complex number known 
as the eigenvalue of the operator A corresponding to the vector v .

Inner Products and Outdoor Products

An inner product is a binary complex function on a vector space, which takes 
as input two vectors |u〉 and v  from a vector space and produces a complex 
number as output. It shall be convenient to write the inner product as u v .

Suppose that u u u
n

T

= 

1

�  and v v v
n

T

= 

1

� , then, the matrix 
form of the inner product is

u v u u

v

v
n

n

= 























1

1
* *� � ,	 (2.11)

where the dual vector u u u
n

= 

1

* *�  is the conjugate transpose vector 
of the vector |u〉.

Vectors |u〉 and v  are orthogonal if their inner product is zero. The norm 

of a vector |u〉 is defined by u u u= .

A unit vector is a vector |u〉 such that u = 1 . If each vector is a unit 

vector, and distinct vectors in the set are orthogonal, that is, i j
ij

= δ , then 
the basis |i〉 (i= 0,1,…,n – 1) is a standard orthogonal basis in an n-dimensional 
vector space.

Suppose that w  and v  are vectors in inner product spaces W and V, 
respectively, we define the outer product w v  as a linear operator from V 
to W,

w v u w v u v u w( )( ) = ( ) = ,	 (2.12)

where |u〉 is a vector in the inner product space V.
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Hermite Operators

If the adjoint of a linear operator A is A A† = , where A A
T

† *= ( ) , the symbols 

* and ( ) T  indicate a complex conjugation operation and a transpose operation, 
respectively, then A is called as a Hermite operator.

An important class of Hermite operators is the projectors. Suppose that 
W is a k-dimensional vector subspace of the n-dimensional vector space V, 
and |0〉,…,|n – 1〉 is an orthogonal basis for V, hence the projector P onto 
the subspace W is defined as

P i i
i

k

=
=

−

∑
0

1

,	 (2.13)

where |0〉,…,|k – 1〉 is an orthogonal basis for W. The orthogonal complement 
of P is the operator i(i= 1,2,…,n) which is the vector space spanned by 
|k〉,…,|n – 1〉.

Hermite operators have the following properties:

•	 The eigenvalues of Hermite operator are real numbers;
•	 The eigenstates are orthogonal corresponding to different eigenvalues;
•	 The eigenstates of Hermite operators span into a complete vector space.

Unitary Operators

If AA A A I† †= = , then the operator A is said to be unitary. A unitary operator 
is usually called unitary transformation or unitary operation, which is a very 
significant transformation and has the following properties:

•	 Unitary transformations remain the norm of the quantum state 
unchanged, that is, the normalized property of the quantum state does 
not change;

•	 Unitary transformations ensure that the logical operations in quantum 
computation are reversible, so quantum systems can solve the energy 
consumption problems in classical computation (Landauer, 1961);

•	 Unitary transforms do not change the inner product of the two states;
•	 Unitary transformations do not change eigenvalues of an operator;
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•	 Unitary transformations do not change the algebraic relationship of 
operators.

Coherence and Decoherence

Coherence is closely related to the concept of superposition. A quantum 
system is said to be coherent if it is in a linear superposition of basis states. 
Coherence states in the quantum system are also called coherent superposition 
states. The realization of quantum parallelism essentially utilizes quantum 
coherence, then, the superiority of quantum computation disappears when it 
loses quantum coherence (Duan & Guo, 1998). When the quantum coherent 
system interacts with the environment in which it is located, causing quench 
energy dissipation or relative phase change, and finally degenerating from a 
coherent superposition state to a mixed state or a single state, this phenomenon 
is called decoherence or collapse.

Entanglement

Suppose that a quantum system is in one of a number of states ψ
i{ }  with 

respective probabilities p
i{ } , then, the density operator for the system is 

defined by

ρ ψ ψ=∑ pi
i

i i
.	 (2.14)

A quantum state in two subsystems cannot be written as a tensor product 
of quantum states in two subsystems, which is called a quantum entanglement 
state. It has important applications in quantum computation. For example, 
quantum entangled states can be used for quantum key distribution, quantum 
teleportation and quantum error correction codes (Yi & Han, 2013; Zhou 
& Guo, 2000).

In a two-particle quantum system, Bell states, also known as EPR states, 
refer to the following four entangled states,
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β

β

β

β

00

01

10

11

1

2
00 11

1

2
01 10

1

2
00 11

1

2
01 10

= +( )

= +( )

= −( )

= −( )





,

,

,

.







	 (2.15)

In the three-particle quantum system, the most important entanglement 
state is the GHZ state,

GHZ = +( )1

2
000 111 .	 (2.16)

Both Bell states and the GHZ state are the largest entangled states (Vedral, 
Plenio, Rippin, & Knight, 1997), and there are some partially entangled 
quantum states, such as the following state (Zhou, 2007),

ψ = + +( )1

3
00 01 11 .	 (2.17)

The corresponding density operator can be expressed as

ρ ψ ψ= =

























1
3

1 1 0 1

1 1 0 1

0 0 0 0

1 1 0 1

,	 (2.18)

which can be partially decomposed into

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



10

Fundamentals of Quantum Computation

ρ =















⊗















⊗












1

3

1 1

1 1

0 0

0 1

1 1 0 1

1 0 0 0

0 0 0 0

1 0 0 0

























.	 (2.19)

BASIC POSTULATES OF QUANTUM MECHANICS

Basic postulates of quantum mechanics are put forward after a lot of experiments 
and failures, which are also the cornerstone of constructing the mathematical 
framework of quantum theory.

State Space Postulate

The first postulate of quantum mechanics is the state space postulate, which 
is described as follows.

Postulate 2.1. For any independent physical system, there is a Hilbert 
space associated with it, and this Hilbert space is called the system state 
space. Also, the physical system can be described by the unit vector of the 
Hilbert space (Nielsen & Chuang, 2000).

The postulate implies that the linear combination of state vectors is also 
a state vector, which is known as the principle of quantum state superposition 
(Dirac, 1947). In particular, any state vector n=3 can be represented by a 
superposition state which consists of a set of basis states e

i{ } , i.e.,

ψ =∑ c e
ii i

.	 (2.20)

where |111〉 is a complex number.

Evolutionary Postulate of Closed Quantum Systems

The second postulate of quantum mechanics is the evolutionary postulate 
of closed quantum systems, describing how the state of the system changes 
over time (Nielsen & Chuang, 2000).

Postulate 2.2 (Unitary operator description). The evolution of a closed 
quantum system is described by a unitary transformation. The state of the 
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system at time t2 is related to the state of the system at time t1 by a unitary 
operator U, i.e.,

ψ ψ( ) ( )t U t
2 1
= .	 (2.21)

Quantum Measurement Postulate

The influence of a classical measurement on the measured object is negligible, 
but in quantum mechanics, quantum measurement is a counter-intuitive process. 
The influence on the measured object is generally not negligible because the 
measurement destroys the closure of the quantum system, that is, quantum 
systems no longer follow the evolutionary postulate. To describe the effects 
of measurements on quantum systems, quantum measurement postulate has 
been introduced (Nielsen & Chuang, 2000).

Postulate 2.3. A set of measurement operators {Mm} is used to describe 
quantum measurements. These are operators acting on the state space of 
the system being measured. The obtained index m corresponds to different 
measurement results. The observations corresponding to the measurement 
results may be physically measurable such as position, energy, and momentum. 
Suppose that |.〉 is the quantum state to be measured, then

p m M M
m m

( )= +ψ ψ ,	 (2.22)

which is the probability with the measurement result m. The state of the 
system after the measurement is

M

M M

m

m m

ψ

ψ ψ+
.	 (2.23)

The measurement operators satisfy the completeness condition, i.e., 
M M I
mm m
+∑ = , which ensures the probability sum is 1:

ψ ψM M p m
m m

m m

+∑ ∑= =( ) 1 .	 (2.24)
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The projective measurement is to measure the quantum state into an 
eigenvector space of the observable Hermite operator M (Deutsch, 1985). 
The observable has a spectral decomposition,

M m P
i i

i

=∑ ,	 (2.25)

where Pi=|i〉〈i| is the projector onto the eigenspace of M with the eigenvalue 
mi, |i〉 is the eigenvector corresponding to the eigenvalue mi.

Assuming that ψ  is the quantum state to be measured, the probability 
of the measurement mi is given by

p i P
i

( )= ψ ψ ,	 (2.26)

and the measured quantum state is

ψ
ψ

p

i

i

P

p i
=

( )
.	 (2.27)

P P P
i i i
+ =  and P I

ii∑ =  hold, so projective measurements are a special 
case of Postulate 2.3. The projective measurement is actually equivalent to 
the general quantum measurement postulate (Nielsen & Chuang, 2000).

Since the projector of the projective measurement satisfies PiPi=Pi, i.e., 
PP P
i i i
ψ ψ= . In other words, repeated measurements do not change the 

result of the measurement. This is the principle of consistency in measurement.
Let us consider an example of a single qubit projective measurement. 

Suppose that the observable measurement of the projective measurement is 
M= ‑P0+P1, where the two measurement operators are P0= |0〉〈0| and P1= 
|1〉〈1|, the eigenvalues of M are -1 and 1, and the corresponding eigenvectors 
are |0〉 and |1〉, respectively. Suppose that the quantum state to be measured 
is ψ α β= +0 1 , where |α|2+|β|2=1. Then, the probability with the 

measurement result -1 is p P( )0
0

2
= =ψ ψ α , the measured quantum state 

is |0〉, and the probability with the measurement result 1 is p P( )1
1

2
= =ψ ψ β , 

the measured quantum state is |1〉.
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The quantum measurement methods used in subsequent chapters of this 
book are mainly projective measurements.

Composite System Postulate

The fourth postulate of quantum mechanics is the composite system postulate, 
which describes how to construct a state space of a composite system from 
the state space of multiple systems (Nielsen & Chuang, 2000).

Postulate 2.4. The tensor product of the state space of multiple subsystems 
constitutes the state space of the composite system. If ψ ψ ψ

1 2
, , ,…

n
 are 

state vectors for n subsystems, then

ψ ψ ψ ψ
T n
= ⊗ ⊗ ⊗

1 2
� 	

is the state vector of the composite system.
The postulate helps us understand the concept of entangled states: an 

entangled state cannot be written as a tensor product of the quantum states 
of the subsystem.

QUANTUM CIRCUITS AND QUANTUM GATES

The evolutionary postulate of quantum mechanics ensures the evolution 
of quantum systems is a reversible process. Therefore, different models of 
reversible quantum systems have been proposed, such as quantum Turing 
machine model (Benioff, 1982; Peres, 1985; Feynman, 1986), quantum circuit 
model (Deutsch, 1989; Lloyd, 1993), Cellular automata model (Liu, 2008). 
Quantum circuit model is more understandable than the other models, but 
the function is equivalent (Yao, 1993; Fredkin & Toffoli, 1982), so this book 
mainly introduces and studies quantum circuit models.

Quantum Circuits

A quantum circuit consisting of a set of quantum gates, which can approximate 
any unitary operation with arbitrary precision, then the set of quantum gates 
is universal. For example, three-qubit Toffoli gates and Fredkin gates (Sleator 
& Weinfurter, 1995) are universal gates. Toffoli gates and Fredkin gates can 
be implemented with some double-qubit logic gates (Chau & Wilczek, 1995; 
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DiVincenzo, 1995), i.e., a finite number of double-qubit logic gate is universal 
(Barenco et al., 1995). A more important class of universal gates are single 
qubit gates and controlled NOT gates (CNOT gates) (Boykin, Mor, Pulver, 
Roychowdhury, & Vatan, 1999), i.e., quantum gates can be composed of 
single qubit gates and CNOT gates. A specific example is Hadamard gates, 
phase gates,

0 1 0 1 01
1

0

0

1

0

1

0

0

⊗ = = =















⊗















=

























	

gates, and CNOT gates are universal (Nielsen & Chuang, 2000). This section 
describes single qubit gates, double qubit gates, and multiple qubit gates.

Single Qubit Gates

Qubit gates can be conveniently represented in matrix form, then, single qubit 
gates can be represented by a unitary matrix U U U⊗ ⊗�

We refer to the U gate represented by the unitary matrix U. Its symbol is 
shown in Figure 2.

Apply the U gate to the quantum state ψ α β= +0 1  to get

U u u u uψ α β α β= +( ) + +( )00 01 10 11
0 1 .	 (2.28)

A symbolic representation of a specific single qubit gate can be obtained 
by replacing the matrix U in Figure 2.2 with a specific matrix. The names, 
symbols and corresponding matrix representations of some single qubit gates 

Figure 2. Symbolic representation of a single qubit U gate.
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are shown in Figure 2.3. The matrices corresponding to I, X, Y, Z and H gates 
in Figure 2.3 are both Hermite and unitary matrices, so their squares are 
equivalent to the unit matrix I, such as X2=I, H2=I. The quantum gates in 
Figure 2.3 satisfy the algebraic relationship: H X Z= +( ) 2 , and X V

x
= 2 . 

Substituting the gate X into (2.28), we get

X Xψ α β β α= +( ) = +0 1 0 1 .	

2-Qubit Gates

The most important gate of double qubits is the controlled-U gate, where U 
is an arbitrary unitary matrix of |11〉. It has two input qubits, known as the 
control qubit and the target qubit, respectively. When the control bit is 1 or 
0, we name the controlled-U gate as C U

1
1( )  or C U

1
0( )  shown in Figure 4.

Figure 3. Some single qubit gates.
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Applying C U
1
1( )  and C U

1
0( )  on the quantum states φ = +c d0 1 and 

ψ α β= +0 1 , respectively, the results are

C U c d U
1
1 0 1( ) φ ψ ψ ψ( ) = + ( ),	 (2.29)

and

C U c U d
1
0 0 1( ) φ ψ ψ ψ( ) = ( )+ ,	 (2.30)

where 2n is shown in (2.28).

Figure 4. Controlled U gates of double qubits.
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Let U=X, then the two gates C X
1
1( )  and C X

1
0( )  are called CNOT gates, 

which implement

C X c d X
1
1 0 1( ) φ ψ ψ ψ( ) = + ( ) 	

and

C X c X d
1
0 0 1( ) φ ψ ψ ψ( ) = ( )+ .	

Swap gate is also a double qubit gate, the symbol of which is represented 
as shown in Figure 5.

Applying Swap gate to the quantum state

φ ψ α β= +( ) +( )c d0 1 0 1 ,	

we obtain Swap φ ψ ψ φ( ) = .

Multiple Qubit Gates

The evolution of a closed quantum system is described by a unitary 
transformation, therefore quantum operations can be simulated using unitary 
matrices. We describe that how to calculate the matrices of controlled gates.

Suppose that |k〉 is a basis state in a 2n dimensional Hilbert space for k= 
0,1,…2n – 1, the state |k〉 and its dual state 〈k| are

Figure 5. Swap gate and its equivalent representation
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A A
k k k k

k k k k

T
n n

n n

† * ,

| | | |,
= ( ) ⋅ = ⊗ ⊗…⊗

〈 = 〈 ⊗〈 ⊗…⊗〈








− −

− −

1 2 0

1 2 0
	 (2.31)

where k k
j

j

j

n
= ×

=∑ 2
1

,  k k k
n1 2

0 1, , , { , }… ∈ , and ⊗  is the symbol of tensor 
product. We often use the abbreviated notations k k k

n n−1 1
�  or k k k

n n− …1 1
 

for the tensor product k k k
n n
⊗ ⊗…⊗−1 1

. The implementation code of 
|k〉 is seen in Code B.1.

Let U be a 2m×2m unitary matrix, two (n+m)-qubit controlled-U gates 
in Figure 2.6 (c) and (d) can be calculated by (see Code B.3 and Code B.4)

V U U i I j

C U i U j I

i j

i j

n
m

j j i

n

i

i

n

( ) ( ) ( ( )),

( ) ( ) (( )

,

= ⊗ + ⊗

= ⊗ + ⊗

⊗

= ≠

−

∑
0

2 1

⊗⊗

= ≠

−

∑











m

j j i

n

).
,0

2 1
	 (2.32)

For instance, we obtain the matrices of the gates in Figure 6 (a) and (b) 
as follows,

V X Swap
1
1

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

0 0 1 0

0 1 0
( ) ,=

























=
00

0 0 0 1

























.	 (2.33)

Figure 6. Notations of controlled-U gates. (a) V U
1
1( ) . (b) V U

1
0( ) . (c) V U

n
t( ) . (d) 

C U
n
t ( ) . In (a) and (b), the numbers 1 and 0 can be replaced by black and white 

points on control qubits. In (c) and (d), t t t
n
…

2 1
 is the binary expansion of integer 

t, i.e., t t
ii

n i= ×
=

−∑ 1

12 .
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When n=3, U=X and i1=i2=1, the three-qubit controlled gate is the famous 
Toffoli gate shown in Figure 7.

These n-qubit controlled-U gates with the target qubit in the k-th (k= 
1,1,…,n) qubit, abbreviated as S U

k
n( ) , are shown in Figure 8, where U is a 

single-qubit gate.

Applying the S U
k
n( )  gate to the quantum state j j j j j

n k k k
� �+ −1 1 1

, we 
have

S U j j j j j j j U j j j
k
n

n k k k n k
f

k k
( ) ( ) ,� � � �+ − + −=

1 1 1 1 1 1
	 (2.34)

where U0=I, U1=U. If

j j j j j i i i i i
n k k k n k k k
� � � �+ − + −1 1 1 1 1 1

= ,	

Figure 7. Toffoli gate.

Figure 8. n-qubit controlled-U gate
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then f=1, otherwise f=0. For instance, suppose n=3, i1=i3=1, and S X
2
3( )  are 

applied to the quantum state |111〉, then S X
2
3( ) 111 = 101 .

The Complexity of Quantum Gates

A basic operation is a single qubit gate or a CNOT gate. When a quantum gate 
is implemented by basic operations, the number of these basic operations is 
the complexity of the quantum gate. The complexities of some elementary 
gates have been given (Barenco, et al., 1995). We introduce some lemmas 
and corollaries as follows.

A special unitary group consists of 2×2 unitary matrices with unity 
determinant, which is denoted as SU(2).

We define the following matrices:

R R
e

er z

i

i( )
cos sin

sin cos
, ( )θ

θ θ
θ θ

α
α

α=
−

















=





−

2 2

2 2

0

0

2

2










=
















=
















, ( ) , ,Φ δ σ
δ

δ

e

e

i

i x

0

0

0 1

1 0
	

(2.35)

where α, θ, and δ are real valued, and i = −1 .
Lemma 2.5. Every 2×2 unitary matrix can be expressed as 

Φ( ) ( ) ( ) ( )δ α θ βR R R
z r z

, where δ, α, θ, and β are real valued. Moreover, any 
element in the group SU(2) can be expressed as R R R

z r z
( ) ( ) ( )α θ β .

Proof. Since a matrix is unitary if and only if its row vectors and column 
vectors are orthonormal, every 2×2 unitary matrix is of the form

e e

e e

i i i i

i i i

( ) ( )

( ) (

cos sin

sin

δ α β δ α β

δ α β δ α

θ θ

θ

+ + + −

− + −−

2 2 2 2

2 2

2 2

2
22 2

2
−















iβ θ)

cos
,	 (2.36)

where δ, α, θ, and β are real valued, and i = −1 . The first factorization 
above now follows immediately. Since any element in the group SU(2) is a 
2×2 unitary matrix with unity determinant, the determinant of the matrix 
Φ( )δ  must be 1, which implies eiδ = ±1 . Thus, Φ( )δ  in the product 
Φ( ) ( ) ( ) ( )δ α θ βR R R

z r z
 can be absorbed into the second one. Lemma 2.6. For 

any matrix W in SU(2), there exists matrices A, B, and C in SU(2) such as 
ABC=I, and W A B C

x x
= σ σ , where I is a 2×2 identity matrix.
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Proof. By Lemma 2.5, there exit α, θ, and β such that W R R R
z r z

= ( ) ( ) ( )α θ β . 
Set

A R R
z r

= ( ) ( )α θ 2 , B R R
r z

= − − +( ) [ ( ) ]θ α β2 2 , and C R
z

= −[( ) ]β α 2 .	

Then, we obtain ABC=I and W A B C
x x

= σ σ . Lemma 2.7. For any matrix 
W in SU(2), a 2-qubit controlled-U gate, such as C U

1
1( ) , can be simulated by 

a network in Figure 9.

Proof. Let A, B, C be as in Lemma 2.6. Since quantum circuit is executed 
from left to right, when the value of the first (top) qubit bit is |0〉, then ABC=I 
is applied to the second qubit. If the value of the first qubit is |1〉, then 
A B C W

x x
σ σ =  is applied to the second qubit.
Corollary 2.8. For any 2×2 unitary matrix U, a 2-qubit controlled-U gate, 

such as C W
1
1( ) , can be simulated by at most six basic gates: four single qubit 

gates and two CNOT gates.
Proof. Let

E
ei

=
















1 0

0 δ ,	 (2.37)

then, we have

Figure 9. The simulated network of the gate C W
1
1( ) .
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E I
e

e

Ci

i

⊗ =

























=

1 0 0 0

0 1 0 0

0 0 0

0 0 0

1
1

δ

δ

δ( ( ))Φ .	 (2.38)

By Lemma 2.5, any 2×2 unitary matrix U can be expressed as U W= Φ( )σ , 
where W∈SU(2). Therefore, the gate C U

1
1( )  can be implemented by

C U C W C C W E I C W
1
1

1
1

1
1

1
1

1
1( ) ( ( ) ) ( ( )) ( ) ( ) ( )= = = ⊗Φ Φσ σ .	 (2.39)

Using Lemma 2.7, we obtain the network of the gate C U
1
1( )  shown in 

Figure 10.

Clearly, the gate C U
1
1( )  can be simulated by at most six basic gates. Lemma 

2.9. For any 2×2 unitary matrix U, a 3-qubit controlled-U gate, such as C U
2
3( ) , 

can be simulated by a network in Figure 11.

Figure 10. The simulated network of the gate C U
1
1( ) .

Figure 11. The simulated network of the gate C U
2
3( ) . Here, V is unitary.
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Proof. Let V be such that V2=U. If the first qubit or the second qubit is 
|0〉, then the transformation applied to the third qubit is either I or V V I† =  
where V †  denotes the conjugate transpose of V. If the first two qubits are 
both |1〉, then the transformation applied to the third qubit is V2=U.

Corollary 2.10. For any 2×2 unitary matrix U, a 3-qubit controlled-U 
gate, such as C U

2
3( ) , can be simulated by at most fourteen basic gates: eight 

single qubit gates and six CNOT gates.
Proof. We combine Lemma 2.9 with Corollary 2.8 to obtain a network of 

C U
2
3( )  shown in Figure 12.

Since A A I† =  and CC I† = , the number of these gates in Figure 2.12 
can reduce to 16. The following equation

Figure 12. The simulated network of the gate C U
2
3( )  with basic gates.

Figure 13. The simplified network of the gate C U
2
3( ) .
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Φ Φ( ) ( )δ σ σ δ
δ

δx

i

i x

e

e
=















=

0

0
	 (2.40)

shows that the two gates C
1
1( ( ))Φ δ  and CNOT are commutative, i.e., the E I⊗  

gate and the CNOT gate are commutative. The three consecutive CNOT gates 
in Figure 2.12 can be replaced by just two CNOT gates. The network in Figure 
2.12 can be simplified to a new network shown in Figure 13.

Thus, the gate C U
2
3( )  can be simulated by at most fourteen basic gates. 

We adopt the notation Λ
m
U( )  to denote an n-qubit controlled-U gate with m 

control qubits, where U is a 2×2 unitary matrix. we give two examples shown 
in Figure 2.14 and Figure 2.15 to illustrate Lemma 2.11 and Lemma 2.12, 
respectively.

Lemma 2.11. If n≥5 and m n∈ 


{ }3 4 2, , ,… , where n 2


  rounds n/2 to 

the nearest integer more than or equal to itself, then a Λ
m x
( )σ  gate can be 

simulated by a network consisting of 4(m – 2) Toffoli gates.

Figure 14. The network of Λ
m x
( )σ  gate with n=9 and m=5.
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Lemma 2.12. For n≥5 and m∈{2,3,…,n – 3}, a Λ
n x−2

( )σ  can be simulated 
by two Λ

m x
( )σ  gates and two Λ

n m x− −1
( )σ  gates.

Corollary 2.13. When n≥7, a Λ
n x−2

( )σ  gate can be simulated by a network 
consisting of 8(n – 5) Toffoli gates.

Figure 15. The network of Λ
n x−2

( )σ  gate with n=9 and m=5.

Figure 16. The simulated network of a Λ
m
U( )  gate illustrated for n=9 and m=8.
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Proof. First apply Lemma 2.11 with m n
1

2= 

  and m2=n – m1 – 1 to 

simulate Λ
m x1

( )σ  and Λ
m x2

( )σ  gates. Then combine these by Lemma 2.12 to 

simulate the Λ
n x−2

( )σ  gate. Therefore, the Λ
n x−2

( )σ  gate can be simulated 
by 8(m1 – 2)+8(m2 – 2)=8(n – 5) Toffoli gates.

Corollary 2.14. For any 2×2 unitary matrix U, when m<n – 1, the 
complexity of a Λ

m
U( )  gate is O(n).

Proof. When m<n – 1, combining Lemma 2.11, Lemma 2.12 with Corollary 
2.13, we obtain that the complexity of a Λ

m x
( )σ  gate is O(n). Meanwhile, a 

Λ
m
U( )  gate can be simulated by an n-qubit network of the form in Figure 

16.
Therefore, a Λ

m
U( )  gate can be simulated by 2 Λ

m x
( )σ  gates and 2 

controlled-U gates with 2 qubits. We conclude that the complexity of a Λ
m
U( )  

gate is O(n).
Lemma 2.15. For any 2×2 unitary matrix U, a Λ

n x−1
( )σ  gate can be 

simulated by a network of the form in Figure 17.
Proof. The proof is very similar to that of Lemma 2.9, setting V so that 

V2=U.
Corollary 2.16. For any 2×2 unitary matrix U, the complexity of a Λ

n
U−1
( )  

gate is O(n2).

Figure 17. The simulated network of a Λ
n x−1

( )σ  gate illustrated for n=9. Here, V 
is unitary.
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Proof. This is a recursive application of Lemma 2.15. Let C
n−1  denote the 

complexity of simulating a Λ
n
U−1
( )  gate. Consider the simulation in Lemma 

2.15. The complexity of simulating the 2-quit controlled-V and controlled-V †  
gates is O(1) by Corollary 2.8. The complexity of simulating the two Λ

n x−2
( )σ  

gates is O(n) by Corollary 2.13. The complexity of simulating the Λ
n
U−2
( )  

gates is C
n−2  by a recursive application of Lemma 2.14. Therefore, C

n−1  
satisfies

C C O n
n n− −= +

1 2
( ) ,	 (2.41)

which implies that C O n
n− =1

2( ) .
Lemma 2.17. For any matrix W in SU(2), a Λ

n
W−1
( )  gate can be simulated 

by a network of the form in Figure 18.
Figure 18. The simulated network of a Λ

n
W−1
( )  gate illustrated for n=9. 

Here,A B C, , ∈ SU(2) .
Proof. The proof is very similar to that of Lemma 2.7, referring to Lemma 

2.6.
Corollary 2.18. For any matrix W in SU(2), the complexity of a Λ

n
W−1
( )  

gate is O(n).
Proof. Consider the simulation in Lemma 2.17. The complexity of 

simulating the three gates C A
1
1( ) , C B

1
1( )  and C C

1
1( )  is O(1) by Corollary 2.8. 

The complexity of simulating the two Λ
n x−2

( )σ  gates is O(n) by Corollary 
2.13. Therefore, the complexity of a Λ

n
W−1
( )  gate is O(n).

CONCLUSION

To make it easy for readers to understand the subsequent image processing 
algorithms in this book, this chapter described the basic concepts and 
principles of quantum computation, which include qubit, tensor products, 
linear operators, inner products, outer products, Hermite operators, unitary 
operators, coherence and decoherence, entanglement, four basic postulates 
of quantum mechanics, quantum circuits and quantum gates. In addition, the 
complexity of quantum gates has been introduced.
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ABSTRACT

Quantum image processing represents an emerging image processing 
technology by taking advantage of quantum computation. Quantum image 
processing faces the first question: How is an image stored in and retrieved 
from a quantum system? To solve the issue, the authors provide six quantum 
image representations, which can be divided into three categories. The first, 
second, and third categories store color information using amplitudes, phases, 
and basis states, respectively. Next, they design their circuits to implement 
the storage of quantum image. Then, retrieval methods are introduced. The 
storage and retrieval technologies of quantum image are the basis and premise 
condition to process quantum images.

INTRODUCTION

Quantum image representation (QIR) is a stored pattern by which images are 
stored in a quantum system. Compared with classical image representations 
(Cohen & Weiss, 2012), quantum image representation has displayed the 
enormous storage capacity (Le, Dong, & Hirota, 2011; Li, Zhu, Zhou, Li, 
Song, & Ian, 2014).

The Storage and 
Retrieval Technologies 

of Quantum Images
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The amplitudes or phases of a quantum state were used to store information 
(Long, & Sun, 2001). For the convenience to retrieve accurately images, 
basis states were used to store information (Zhang, Lu, Gao, & Wang, 
2013). Therefore, quantum image representations are classified into three 
categories. The first, second, and third categories store color information 
using amplitudes, phases, and basis states, respectively (Li, Song, Fan, Peng, 
Xia, & Liang, 2019).

The first category of QIRs includes: Qubit Lattice (Venegas-Andraca & 
Bose, 2003, 2010), flexible representation of quantum images (Le, Dong, & 
Hirota, 2011), quantum states for M colors and quantum states for N coordinates 
(Li, Zhu, Song, Shen, Zhou & Mo, 2013), multi-channel representation for 
quantum images (Sun, Iliyasu, Yan, Dong, & Hirota, 2013), the model of a 
normal arbitrary superposition state (Li, Zhu, Zhou, Li, Song, & Ian, 2014), 
a simple quantum representation of infrared images (Yuan, Mao, Xue, 
Chen, Xiong, & Compare, 2014), the model of a normal arbitrary quantum 
superposition state (Li, Zhu, Zhou, Song, & Yang, 2014), the model of a 
normal arbitrary superposition state with three components (Li, Zhu, Zhou, 
Li, Song, & Ian, 2014).

The second category of QIRs has a flexible quantum representation for 
gray-level images (Yang, Xia, Jia, & Zhang, 2013), and a normal arbitrary 
superposition state with relative phases (Li, Zhu, Zhou, Li, Song, & Ian, 2014).

The third category of QIRs includes: a novel enhanced quantum 
representation (NEQR) (Zhang, Lu, Gao, & Wang, 2013), quantum image 
representation for log-polar images (Zhang, Lu, Gao, & Xu, 2013), Improved 
NEQR (Sang, Wang, & Niu, 2016), a flexible representation of quantum 
audio (Yan, Iliyasu, & Guo, 2018), quantum image representation based on 
bitplanes (Li, Chen, Xia, Liang, & Zhou, 2018), generalized NEQR (GNEQR) 
(Li, Fan, Xia, Peng, & Song, 2019), quantum representation of real-valued 
digital signals and quantum representation of complex-valued digital signals 
(Li, Fan, Xia, Peng, & Song, 2019).

This chapter discusses the storage and retrieval technologies of quantum 
images by using some typical examples of QIRs of three categories.

QUBIT LATTICE

As the first of quantum image representation, Qubit Lattice stores a
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
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

. 	

qubits (Venegas-Andraca & Bose, 2003, 2010). Qubit Lattice uses frequency 
of the physical nature of color to represent a color instead of the RGB model 
other HIS model, so a color could be represented by only a 1-qubit quantum 
state, i.e.,

q ei= +cos( ) sin( )
θ θγ

2
0

2
1 ,	 (3.1)

where γ is a constant, and the real number θ∈[0,π] represents a color.
An n1×n2 image is stored in a qubit lattice Q,

Q q i n j n
i j

= ∈ … ∈{ }, { , , , }, { , ,..., }
,

1 2 1 2
1 2

.	 (3.2)

A set of qubit lattices Z is defined as

Z={Qk}, k∈{1,2,…,n3}.	 (3.3)

Each lattice Qk∈Z will be used to store a copy of the image so that, Z will 
be a set of n3 lattices all of which have been prepared identically.

Qubit Lattice uses the frequency of the wave’s physical properties to 
represent color, therefore, the method can store a color in a single qubit state 
without worrying about the color quality requirements, which are difficult 
to be achieved in classical computers. In a classic computer, the only way 
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to make an image’s color more realistic is to use more bits to store a color. 
However, this method is only suitable for the monochromatic wave, and 
cannot deal with many mixed colors in the nature.

THE MODEL OF QUANTUM STATES FOR M COLORS 
AND QUANTUM STATES FOR N COORDINATES

The image storage algorithm presented in (Venegas-Andraca & Bose, 2003) 
was extended into a set of quantum states for M colors (QSMC) and a set of 
quantum states for N coordinates (QSNC) (Li, Zhu, Song, Shen, Zhou & Mo, 
2013). In this section, the model of QSMC and QSNC is used to describe 
single qubit quantum state image representation, storage and retrieval.

The Representation of Colors and Coordinates

The procedure of creating QSMC is explained in Algorithm 3.1. A quantum 
rotation gate Ry(θ) is defined as

R
y
( )

cos sin

sin cos
θ

θ θ
θ θ

=
−














,	 (3.4)

where θ∈[0,π]. Applying the rotation gate on |0〉, we obtain

R
y
( ) cos sinθ θ θ0 0 1= + .	

Algorithm 3.1 A set of quantum states for M colors (QSMC)

Step 1. Sort M different colors to create a color set

Color = {color1, color2, ⋯, colorM}.	

Step 2. Define an ordered set of angles Aφ  as

A
i
MM iφ φ φ φ φ
π

= =
−
−

{ , , , },
( )

( )1 2

1
2 1

� ,	 (3.5)
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where i= 1,2,…,M.

Step 3. Define a bijective function F1 from a color set to an angle set,

F Color A
1
: ↔ φ ,	 (3.6)

where F color
i i1

( )= φ , and F color
i i1

1− =( )φ .

Step 4. Create M quantum states v v v
M1 2

, , ,� , where

v
i i i
= +cos sin ,α α0 1 α φi

A∈ , i=1,2,…,M.	

Specifically, the quantum state v
i

 is created by applying the rotation 
operator Ry(2αi) on |0〉.

Algorithm 3.1 (QSMC) is suitable for binary images, grayscale images 
and color images. For binary images, M=2, the color set is Color={color1,color2}, 
where color1 and color2 are white and black, respectively. Elements of the 
ordered set of angles Aφ φ φ= { , }

1 2
 are defined as φ φ π

1 2
=0, = 2 .

For grayscale images, M=256, colors are sorted in ascending order by 
the gray values, i.e.,

Color = {color1, color2, ⋯, color256},	

where colori(i=1,2,…,256) is a color with gray value i – 1. Elements of the 
ordered set  of  angles Aφ φ φ φ= { , , , }

1 2 256
�  are calculated by 

φ π
i

i= − ×( ) ( )1 2 255 .
For RGB color images, M=224, let x,y,z be the gray values of the three 

components of the color colori, respectively, we define

i = 256 × 256 × x + 256 × y + z + 1,	 (3.7)

and obtain the ordered color set

Color color color color= { , , , }
1 2 224� .	
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For instance color1 and color
224  are the RGB colors (0,0,0) and (255,255,255). 

Using (3.5), we obtain the angle φ
i
 for colori,

φ
π

i

i
=

−
× −

( )

( )

1

2 2 124
.	 (3.8)

Similarly with Algorithm 3.1, we design the algorithm QSNC to store N 
coordinates.

Algorithm 3.2 A set of quantum states for N coordinates (QSNC)

Step 1. Define an ordered coordinate set

Coordinate = {coo1, coo2, ⋯, cooN}	

for an n1×n2 image, where N=n1×n2, and cooi corresponds to the coordinate 
(x,y) with i= n2(x – 1)+y.

Step 2. Define a bijection function from a coordinate to an angle F2: 
Coordinate↔Aγ, where

A i N
N iγ γ γ γ γ π= = − −{ , , , }, ( ) ( )

1 2
1 2 1� , i∈{1,2,…,N}.	

Step 3. Create N quantum states u u u
N1 2

, , ,� , where

u
i i i
= +cos sinθ θ0 1 ,	

and θ γi
A∈ , Specifically, the quantum state |ui〉 is created by applying the 

rotation operator R
y i
( )2θ  on |0〉.

We explain Algorithm 3.2 (QSNC) with a 3×3 image in Figure 2 as an 
example. Quantum state u

1 1 1
0 1= +cos sinθ θ  represents coo1 which is 

the coordinate of the first pixel in the image, namely, coo1=(,1,). Quantum 
state u

9 9 9
0 1= +cos sinθ θ  represents coo9 which is the coordinate of 

the ninth pixel in the image, namely, coo9(3,3).
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Storing an Image in a Quantum System

Using Algorithms 3.1 and 3.2, we store a pixel in the following state,

ψ
i i i

v u= ,	 (3.9)

where v
i

 and |ui〉 represent the color and coordinate of the i-th pixel.

Thus an image with N pixels can store in the set Q
N

= { }ψ ψ ψ
1 2

, , ,… . 
Compared with Qubit Lattice, this method requires the storage of coordinate 
information. However, it is convenient for only storing few pixels in an image. 
For instance, we can use Q = { }ψ ψ ψ

1 5 9
, ,  to store the first, fifth, and 

ninth pixel of the image in Figure 1.
Because measurement makes a superposition state collapse into a basis state, 

many identical states are necessary, which store copies of the same image. 
In order to reduce the number of the identical quantum states for retrieving 
an image, Algorithm 3.3 is designed to store an image in a quantum system 
by modifying the image storage algorithm in the reference (Li, Zhu, Song, 
Shen, Zhou & Mo, 2013).

A bijective function F3 is defined as

F Number A
3
:  ↔ η ,	 (3.10)

Figure 1. Representation of pixel coordinates in a 3×3 image
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where Number={1,2,…,λ} is an integer set, and Aη λη η η= { , , , }
1 2
�  is an 

angle set with η π λ
i

i= − −( ) ( )1 2 1 , i∈{1,2,…,λ}. if λ=1, let η1=0.
Algorithm 3.3 Storing a n1×n2 image in a quantum system

Step 1. Suppose that λ is the number of different colors of an image, we 
store the m different colors in a quantum queue Q1 using Algorithm 3.1.

Step 2. Apply the rotation R
y i
( )2β , (i=1,2,…,λ) on |0〉 to create successively 

λ quantum states w w w
1 2

, ,� λ , where w
i i i
= +cos sinβ β0 1  

stores an integer i, and β ηi
A∈  in (3.10).

Step 3. Assume that the color of the pixel in the coordinate (x,y) is stored in 
the jth position of Q1, we store ϕ

i j
w=  in another quantum queue 

Q2, where i= n2(x – 1)+y. Let N=n1×n2, thus Q
N2 1 2

= { }ϕ ϕ ϕ, , ,…  
and Q1 store the image of N pixels.

We explain Algorithm 3.3 by using a 3×3 image shown in Figure 2 as an 
example. There are only two colors (green and red), therefore, λ=2. Suppose 
v
j

 and v
k

 store the two color by using Algorithm 3.1, and the positions 
of which in Q1 are w

1
 and w

2
, respectively, we obtain that w

1
0=  and 

w
2

1= . Meanwhile, we obtain that ϕ
i

i= ∈0 1 5 7 8, { , , , } , and 

ϕ
j

j= ∈1 2 3 4 6 9, { , , , , } . Because the quantum states in Q2 are some basis 
states in this case, a quantum state in Q2 is retrieved by a single measurement.

Algorithm 3.3 shows that a 24-bit RGB color image with N pixels is stored 
in a quantum system with N+m qubits, and stores an image with 2n pixels 

Figure 2. The storage of a 3x3 image
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and λ different colors in a quantum system by using (2n+λ) 1-qubit gates. 
For an image of 2n pixels, λ≤2n, so the complexity of Algorithm 3.3 is O(2n).

Retrieving an Image from a Quantum System

The involved basic probability theory in this section is shown in Appendix 
A. We define an observable operator on projection measurement

P m P
i

i
i

=
=
∑

1

2

,	 (3.11)

where P1=|0〉〈0|, P2=|1〉〈1|, m1=+1, m2= ‑1. We retrieve the image in quantum 
queues Q1 and Q2 using the observable operator P. For example, we describe 
how to retrieve colors form cos sinφ φ

j j
0 1+  in quantum queue Q1 in 

Figure 2.
Result is +1 with probability

p
j

( ) cos+ =1 2 φ ,	 (3.12)

then, we calculate

φ
j

p= +arccos( ( ))1 .	 (3.13)

Result is -1 with probability

p
j

( ) sin− =1 2 φ ,	 (3.14)

thus, we obtain

φ
j

p= −arcsin( ( ))1 .	 (3.15)

The number of measurements is finite, so the statistical results for the 
probability of +1 or -1 are only estimates of the probability. Suppose that 
the numbers of +1 and -1 are n1 and n2 in n measurements, respectively, so 
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(̂ )p n n+ =1
1

 is the estimate of p(+1), and (̂ )p n n− =1
2

 is the estimate of 
p(‑1).

Substituting (̂ )p +1  for p(+1) in (3.13) to get

ˆ arccos( (̂ ))φ
j

p= +1 .	 (3.16)

Similarly, we obtain

ˆ arccos( (̂ ))φ
j

p= +1 .	 (3.17)

We calculate φ̂
j
 using (3.16) or (3.17). Assuming that a quantum state is 

measured successfully with the probability of 1–α with nmax measurements 
at most, now, we describe how to get the value of nmax.

Let us define

X =






0 result of measurment is+1,

1 result of measurment is -1.

,

,
	 (3.18)

Results of measurements are only divided into two categories (+1 and -1), 
so X is either 1 or 0. Thus X is a Bernoulli random variable. The probability 
mass function of the random variable X is given by

p P X p

p P X p

( ) { } ,

( ) { } ,

0 0 1

1 1

= = = −
= = =








	 (3.19)

where p p
j

= − =( ) sin1 2 φ . The expectation μ and variance σ of X are μ=p 
and σ2=p(1 – p), respectively.

Suppose that X1,X2,…,Xn are n samples of X and n is sufficiently large, then

X np

np p

nX np

np p

i
i

n

−

−
=

−

−
=
∑

1

1 1( ) ( )
	 (3.20)
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has approximately a standard normal distribution by the Central Limit 
Theorem. Thus, we have

P
nX np

np p
Z{

( )
}

−

−
< ≈ −

1
1

2
2
α α ,	 (3.21)

where 1 – α is a confidence level (the value of Zα 2  can be found in standard 

normal distribution look-up tables: e.g., when 1 – α =0.95, we can obtain 
Zα 2

1 96= . ).

Solving the inequality

nX np

np p
Z

−

−
<

( )1
2

2
α ,	 (3.22)

we obtain that the confidence interval of p is [pmin,pmax] with approximate 
confidence level 1 – α. pmin and pmax are expressed as follows,

p
nX m nX m n m nX

n mmin

( ) ( )
=

+ − + − +

+

2 2 4

2 2

2 2

,	 (3.23)

and

p
nX m nX m n m nX

n mmax

( ) ( )
=

+ + + − +

+

2 2 4

2 2

2 2

,	 (3.24)

wherem Z= α 2
2 .

Let

p p m p p n�
min min

( )= − −( )1 	

and
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p p m p p n�
max max

( )= + −( )1 ,	

we have

p p p p p∈ 

 ⊂




min max min max, ,� � .	 (3.25)

From (3.22), we obtain

X p p∈ 





� �
min max, .	 (3.26)

Set ∆p p p= −� �
max min , and calculate

∆p
nmX nmX m

n m

m p p

n
=

− +
+

+
−4 4 12 2 2 ( ) .	 (3.27)

We define

θ

θ

max max

min min

,

,

=arcsin

=arcsin

p

p

�

�









	 (3.28)

and obtain

sin( ) ( ) ( ) ( )max min min max max min min∆θ = − − − ≤ − −p p p p p p p� � � � � � �1 1 1 (( )max1− =p p� ∆ ,	
(3.29)

where ∆θ= θmax – θmin. Since p�( ) X− =1  and p(‑1)=p, i.e.,

ˆ arcsin ( ) arcsinφ
j

p X= − =� 1 	

and
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φ
j

p p= − =arcsin ( ) arcsin1 ,	

we conclude

φ θ θ

φ θ θ
j

j

∈ 



∈ 










min max

min max

, ,

, ,� 	 (3.30)

and

φ φ θ
j j− ≤� ∆ .	 (3.31)

According to Algorithm 2.1, we have

∆φ φ φ
π

= − =
−+i i M1 2 1( )

.	 (3.32)

where i∈{1,2,…(M – 1)} and M=224.
Suppose

∆ ∆p < sin( )φ ,	 (3.33)

from (3.22), we obtain

∆ ∆θ φ< .	 (3.34)

When φ θ φ
j j
≤ ≤ +max 1

 and ∆ ∆θ θ θ φ= − <
max min

, we conclude that

φ θ φ
j j− ≤ ≤

1 min
. Thus ∆θ, Δϕ, φ φ

j j,
�  θmin and θmax are shown in Figure 3. 

When measured result φ φ φ
j j j− +≤ ≤
1 1

� , the quantum state which is measured 
in this case is φ φ

j j
0 1+ sin .

Using (3.23), we infer

p X X
m
n

m

n
X X

m

n
( p)1

4 2

2 2 2

− ≤ − + + ≤ − + ,	 (3.35)
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i.e.,

2 1 2 2
2

2m p

n

m n X X m
n

( p)−
≤

− + .	 (3.36)

From (3.27), (3.33) and (3.36), we calculate

∆p
nmX nmX m

n m
m n X X m

n
nmX nmX m

n

m n X X m

≤
− +
+

+
− +

<
− +

+
− +

4 4 2 2 4 4

2 2

2 2
2

2 2 2

2
22

2
22 2

n
m m X X n m m

n
≤

+ − + +( )
,

	

(3.37)

therefore, when

2 2
2

2
2( )

sin ( )
m m X X n m m

n
+ − + +

≤ ∆φ ,	 (3.38)

the formula (3.33) holds. Solving (3.38), we conclude that the formula (3.33) 
holds, when

n

m m X X m m

≥

+ − + +










2 2
2

2

2

4

( ) sin( ) ( )

sin ( )

∆

∆

φ

φ
.	 (3.39)

Thus, we retrieve a color in the quantum queue Q1 after at most

Figure 3. The relation of ∆θ, Δϕ, φ φ
j j,
� , ϕmin and ϕmax
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n

m m X X m m

max

( ) sin( ) ( )

sin ( )
=

+ − + +










2 2
2

2

2

4

∆

∆

φ

φ
	 (3.40)

measurements with the approximate probability of 1 – α.
If the sample size n is large enough, X p

j
≈ = sin2 φ . Substituting 

2 2
2

X X
j

− ≈ sin( )φ  into (3.40) gives

n
m m m m

j

max

( )sin( ) sin( ) ( )

sin ( )
≈

+ + +( )2 2 2
2

4

φ φ

φ

∆

∆
.	 (3.41)

When the probability 1 – α >0.95, then m Z= >α 2
2 21 96( . ) , and

n
Z Z

j

max

sin( ) sin( )

sin ( ) sin ( )
<

+( )
<

4 2 16
2

4
2

4

2
4

4

α αφ φ

φ φ

∆

∆ ∆
.	 (3.42)

When M≫1, such as M=224 for a RGB color image,

sin( ) ( )∆ ∆φ φ π≈ = −2 1M .	

We have

n
Z M

max

( )
<

−256 1
2

4 4

4

α

π
.	 (3.43)

Through the above analysis, we conclude that a color in quantum queue 
Q1 can be retrieved by O(M4) measurements, where M is the size of the color 
set Color in (3.5).

Similarly, we retrieve information from cos ηi|0〉+sin ηi|1〉 in the quantum 
queue Q2 after at most
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n
Z Z Z Z

j

max

( )sin( ) sin( ) ( )

sin ( )2

2

4

2
2

2 2
4

2
22 2 16

=
+ + +( )

<
α α α αη η

η

∆

∆

ZZα

η

2
4

4sin ( )∆
	

(3.44)

measurements with the approximate probability of 1 – α. That is, a state in 
quantum queue Q1 can be retrieved by O(1/sin4(Δη)) measurements, where 
Δη= π/2(λ – 1), and λ is the number of different colors of an image.

Therefore, we retrieve an image from quantum queues Q1 and Q2 using O(2n/ 
sin4(Δη))+ O(λM4) measurements. Since Qubit Lattice stores 2n RGB colors 
in quantum systems, these colors can be retrieved by O(2nM4) measurements. 
For a RGB color image of 2n pixels, generally λ≪M, i.e., ∆η≫∆ϕ, therefore, 
O(2n/sin4(Δη)) ≪ O(2nM4), and O(λM4)≪O(2nM4). Thus, we retrieve an image 
from quantum queues Q1 and Q2 using fewer measurements than Qubit Lattice.

FLEXIBLE REPRESENTATION OF QUANTUM IMAGES

Flexible representation of quantum images (FRQI) was proposed to store a 
2n×2n image with 2n+1 qubits (Le, Dong, & Hirota, 2011). In this section, we 
introduce the representation, storage and retrieval of images based on FRQI.

Representation of an Image Based on FRQI

FRQI is defined as

I c i
n i
i

n

= ∑ ⊗
=

−1

2 0

2 12

,	 (3.45)

and

c
i i i= +cos sinθ θ0 1 ,	 (3.46)

where |i〉 (i=0,1,…,22n – 1) encodes a coordinate of an 2n×2n image, and |ci〉 
represents the color on the coordinate |i〉.
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Thus, |I〉 can represents a 2n×2n image. For instance, a 2×2 image is shown 
in Figure 4.

The Implementation Circuit of FRQI

Applying Hadamard transforms on the initial states 0
2 1⊗ +n

 products the 
state |H〉,

( )I H i Hn n

n
i

n

⊗ = ⊗ =⊗ ⊗ +

=

−

∑2 2 1

0

2 1

0
1

2
0

2

.	 (3.47)

The rotation matrixes Ry(θi) with i=0,1,…,22n – 1,

R
y i

i i

i i

( )
cos sin

sin cos
θ

θ θ
θ θ

=
−














,	 (3.48)

are substituted for U in (2.32) to get

V R R i I ji j
n y i y i

i j i

i

n

2
0

2 12

( ( )) ( ) ( |) ( ( |))
,

θ θ= ⊗ 〈 + ⊗ 〈
= ≠

−

∑ .	 (3.49)

Applying V R
n y i
i

2
( ( ))θ  on |H〉 gives

V R H j i
n y i n i i

j j i

i

n

2
0

2 11

2
0 0 1

2

( ( )) (cos sin )
,

θ θ θ= ⊗ + + ⊗










= ≠

−

∑ 


.	 (3.50)

Therefore, an image is stored in a quantum system by using

Figure 4. A simple image and its FRQI state
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V R H I
n y i

i

i

n

2
0

2 12

( ( ))θ
=

−

∏
















= ,	 (3.51)

its implementation circuit is as shown in Figure 5.

The complexity of the implementation circuit of FRQI for a 2n×2n image 
can be calculated as O(24n) (Le, Dong, & Hirota, 2011). However, it actually 
has less complexity than O(24n). Since the determinant of matrices Ry(θi) is 
one, i.e., Ry(θi)∈SU(2), then the complexity of V R

n y i
i

2
( ( ))θ  is O(n) by Corollary 

2.8. The implementation circuit of FRQI consists of 22n gates for a 2n×2n 
image, so its complexity is O(n22n).

Image Retrieval Based on FRQI

Define an observable operator M1

M m P
j

j
j

n

1
=

=

−

∑
0

2 12

,	 (3.52)

where P I j j
j
= ⊗ . Apply M1 to measure the FRQI state |I〉, and obtain 

the coordinate |j〉 with probability 1/22n. That is, the coordinate |j〉 can be 
retrieved by 22n measurements. The state after measurement is

Figure 5. An implementation circuit of FRQI
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P I
c jj

n j2
= .	 (3.53)

Next, using the method in the model of QSMC and QSNC, we can retrieve 
the color of the pixel on the coordinate |j〉 from the state |cj〉|j〉 after O(M4) 
measurements, where M is the size of the color set Color in (3.5).

A color and a coordinate of an image based on FRQI can be retrieved by 
O(22nM4) measurements.

THE MODEL OF A NORMAL ARBITRARY 
SUPERPOSITION STATE

The model of a normal arbitrary superposition state (NASS) was proposed to 
store a multi-dimensional image (Li, Zhu, Zhou, Li, Song, & Ian, 2014). In 
this section, we describe the representation, storage and retrieval of images 
and videos based on NASS, and provide simulated codes in Appendix B (see 
Code B.5-Code B.12).

Representation of Images and Videos Based on NASS

A quantum superposition state in 2n dimensional Hilbert space can be 
expressed as

ψ
a i

i

a i
n

=
=

−

∑
0

2 1

,	 (3.54)

where i i i i
n

= �
2 1

, i i
j

j

j

n
= ×

=∑ 2
1

,  i
n1 2

0 1, i , , i { , }… ∈ , and ai is an arbitrary 
real. Let ai be an element in the angle set φ  in (3.5), then a

i
∈ φ  represents 

the color. To represent colors and coordinates of 2n pixels, then state ψ
a

 

can be modified into ψφ  as follows,

ψφ = a i a i i i
i

i
i n

i

n n

=

−

=

−

∑ ∑=
0

2 1

2 1
0

2 1

� ,	 (3.55)
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where i i i i
n

= �
2 1

 are the coordinate of the i-th pixel, and a
i
∈ φ  represents 

the color of the pixel on the coordinate |i〉.
To normalize the state ψφ , we set

θ
i i yy
a a

n

= 2

0

2 1

=

−∑ ,	 (3.56)

thus, a normal state ψ  represents colors and coordinates of 2n pixels,

ψ θ θ=
i

i
i n

i

i i i i
n n

=

−

=

−

∑ ∑=
0

2 1

2 1
0

2 1

� .	 (3.57)

Substituting i x y
m k

=  into (3.52), we obtain a normal state ψ
2

 to 
represent an image,

ψ θ θ θ
2

0

2 1

0

2 1

1
0

2 1

1
= =

i
i

i m
i

k i n k
i

k
i x y i i i i

n n n

=

−

=

−

+
=

−

∑ ∑ ∑= … … , 	 (3.58)

where x i i
m n k
= … +1  and y i i

k k
= …

1
 are the X-axis and Y-axis of the 

image, and n=m+k. For instance, when n=5, k=2, and m=3, the following 
state

ψ θ θ θ θ θ
2
3 2

5 4
0

2 1

2 1 0 1 30 31

5

000 00 000 01 111 10 1, = =
3i

i

i i i i i
=

−

∑ + + + +� 111 11 	

(3.59)

can represent an 8×4 color image shown in Figure 6.
Substituting i x y t

m k h
=  into (3.57), we obtain a normal state ψ

3
 

to represent a video,

ψ θ θ θ
3

0

2 1

0

2 1

1
0

2 1

= =
i

i
i m

i
k h i n h k

i
h k h

i x y t i i i i
n n n

=

−

=

−

+ +
=

−

+∑ ∑ ∑= … … ++ …
1 1
i i
h

, 	

(3.60)

where |m〉, |yk〉 and |th〉 are the X-axis, Y-axis and time-axis of the video, and 
n=m+k+h. For instance, when n=5, h=2, k=1, and m=2, the following state
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ψ θ

θ θ θ

3
2 1 2

0

2 1

5 3 2 1

0 1

5

00 0 00 00 0 01

, , =

          =

4i
i

i i i i i
=

−

∑
+ + +�

331
11 1 11 ,

	 (3.61)

can represent a video with four frames shown in Figure 7, where each frame 
is a 4×4 image.

Figure 6. A 8x4 color image

Figure 7. A video with four frames
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The Implementation Circuit of NASS

A unitary matrices is defined as (Long, & Sun, 2001),

R
x
( )

cos sin

sin cos
θ

θ θ
θ θ

=
−
















,	 (3.62)

where θ∈[0,2π].
A sequence of angles is given as follows (Long, & Sun, 2001),

α
θ

θ
j

i ii i

i ii i

nn

nn

= ,            arctan
1

2

0

2

1 11 1

1 11 1

−−

−−

∑

∑
��

��

           

=
,

j

j i i

i i i ii

n n j

n n j n jn j

=

− +

− + −−

1

1

2 11

2

,

arctanα
θ

�

� ��ii

i i i ii i n n j n jn j

j n1

2 11
0

2
2

∑

∑
− + −−

≤ ≤










θ
� ��

, ,


	 (3.63)

here, suppose that 0
1 1

i i
n− � , 1

1 1
i i
n− � , i i i i

n n j n j
� �− + −2 1

0  and i i i i
n n j n j
� �− + −2 1

0  
are the binary expansions for integers g, h, x and y, respectively, then 
θ θ

0i i gn−
=

1 1�
, θ θ

1i i hn−
=

1 1�
, θ θ
i i i i xn n jn j� − + − …

=
2 10

 and θ θ
i i i i yn n j n j� �− + −

=
2 11

.
For instance, when j=2, the equation (3.63) is rewritten as

α
θ

θ

α

2,0

2,1

=

=

arctan ,

arc

01

2

00

2

2 12 1

2 12 1

i ii i

i ii i

nn

nn

−−

−−

∑

∑
��

��

ttan .
θ

θ

11

2

10

2

2 12 1

2 12 1

i ii i

i ii i

nn

nn

−−

−−

∑

∑










��

��



	 (3.64)

Set U R
x j i

= ( )
,
α  and n=j, the controlled-U gate C U

n
i ( )  in (2.32) is changed 

into
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C R i R j Ii j
j
i

x j i x j i
j j i

j

−
= ≠

−

= 〈 ⊗ + 〈 ⊗∑1
0

2 1

[ ( )] ( |) ( ) ( |)
, ,

,

α α ,	 (3.65)

where j≥2.
Unitary operations Rj with j=1,2,…,n are defined as

R R I j

R C R

j x
n

j j
i

x j

= ⊗ =

=

⊗ −

−

( ) ,

[{ (

( )

,

α

α

1
1

1

1,                    

ii
n j

i

I j n
j

)] }, .( )⊗ ≤ ≤










⊗ −

=

−−

∏
0

2 11

2 
	 (3.66)

By applying the unitary operations Rj successively on the initial state 0
⊗n

, 
we obtain

( =R i
j

j

n n

i
i

n

=

⊗

=

−

∏ ∑ =
1 0

2 1

0) ,θ ψ 	 (3.67)

that is, the initial state 0
⊗n

 is changed into the NASS state ψ  in (3.57). 
The implementation circuit is as shown in Figure 8, named as RNASS 
(Realization of NASS) shown on the right. 0 0 0 0

1 2 1n n−
�  is an input 

of n  qubits, which is also notated as 0
⊗n

in (3.67). Dashed boxes j(j=1,2,…
,n) correspond to the implementations of Rj. The output of the circuit is the 
state ψ .

Figure 8. The implementation circuit of NASS
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Substituting (π/2 – αj,i) for θ of Rr(θ) in (2.35), we give

R
r j i

j i j i

j i

( )
cos( ) sin( )

sin( ) cos(,
, ,

,

π α
π α π α
π α π

2
4 2 4 2

4 2 4
− =

− −
− − −−















α

j i,
)2

,	 (3.68)

and its transpose matrix is

R
r
T

j i
j i j i

j i

( )
cos( ) sin( )

sin( ) cos(,
, ,

,

π α
π α π α
π α π

2
4 2 4 2

4 2
− =

− − −
− 44 2−















α

j i,
)

,	 (3.69)

where αj,i is seen in (3.63).
Since

R XR R
x j i j i x j ir

T( ) ( ) ( )
, , ,

π α π α α2 2− − = 	

and

R R I
x j i j ir

T( ) ( )
, ,

π α π α2 2− − = 	

hold, where X is the matrix of a NOT gate, then, the controlled gate 
C R I
j
i

x j i
n j

−
⊗ −⊗

1
[ ( )]

,
( )α  can be implemented by two 1-qubit gates and a 

controlled-NOT gate with j qubits, which is shown in Figure 9.
When j<n, combining Figure 9 with Corollary 2.14, we obtain the 

complexity of the controlled gate C R I
j
i

x j i
n j

−
⊗ −⊗

1
[ ( )]

,
( )α  is O(n). For j=n, the 

complexity of the gate in Figure 9, i.e., C R
n
i

x n i−1
[ ( )]

,
α  can is O(n2) by Corollary 

2.16. For k<n, the k-th dashed box in Figure 9 includes 2k gates, and every 
gate’s complexity is O(n). The complexity of the circuit in the k-th dashed 
box is O(n2k). Therefore, the complexity of the circuit in the first n – 1 dashed 
boxes is O(n22n). The complexity of every gate in the last dashed box is O(n2), 
thus, the circuit complexity in the dashed box is O(n22n). Through the analysis 
above, we conclude that the complexity of the implementation circuit of 
NASS is O(n22n).
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Image and Video Retrieval Based on NASS

Using the observable operator M 

M m P P jj
j j j

j

n

= = 〈
=

−

∑
0

2 1

, | 	 (3.70)

on the state ψ
2

 in (3.58), we obtain the result mj with probability

p m P
j j j

( )= =ψ ψ θ
2 2

2 , i.e.,

θ
j j

p m= ( ). 	 (3.71)

Thus, we can retrieve an image stored in the state ψ
2

 by repeated 
measurements.

Similarly, applying the operator M on the state ψ
3

 in (3.60) retrieves a 
video by repeated measurements.

Suppose that θj can be retrieved with the probability of 1 – α with nmax, 
then, we describe how to get nmax, i.e., how many measurements are necessary 
to obtain the accurate value of θj.

Figure 9. The implementation of the controlled gate C R I
j
i

x j i
n j

−
⊗ −⊗

1
[ ( )]

,
( )α
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Let ns be measurement sample size, and the occurrence number of mj be 
nj, then (̂ )p m n n

j j s
= . Since ns is finite, (̂ )p m

j
 is the estimate value of p(mj). 

Substituting (̂ )p m
j

 for p(mj) in (3.71), we obtain the estimate value of θj,

θ� �
j j

p m= ( ) .	 (3.72)

Set

Z
m
j=

0 result of measurement isn't

1 result of measurement

the

the

,

,

,

iism
j
.








	 (3.73)

Since Z is either 1 or 0, Z is a Bernoulli random variable. The probability 
mass function of the random variable Z is given by

p m P Z p

p m P Z p

j

j

( ) { } ,

( ) { } ,

� = = = −
= = =








0 1

1
	 (3.74)

where mj�  indicates that the measurement result is not mj.
The expectation μ and variance σ of Z are μ=p and σ2=p(1 – p), respectively. 

Suppose that Z Z Z
ns1 2

, ,�  are ns samples of Z and that ns is sufficiently large, 

let Z  be the average of ns samples of Z, then

Z n p

n p p

n Z n p

n p p

i s
i

n

s

s s

s

s

−

−
=

−

−
=
∑

1

1 1( ) ( )
	 (3.75)

has an approximately standard normal distribution according to the Central 
Limit Theorem. Therefore, we have

P
n Z n p

n p p
Zs s

s

{
( )

}
−

−
< ≈ −

1
1

2
2
α α ,	 (3.76)
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where 1 ‑ α is the confidence level (the value of Zα/2
 can be found in standard 

normal distribution look-up tables, e.g., when α=0.05, Zα/
.

2
1 96= ).

Solving the inequality

( )

( )

n Z n p

n p p
Zs s

s

−

−
<

1
2

2
α ,	 (3.77)

obtains that the confidence interval of p is [pmin,pmax] with an approximate 
confidence level of 1 – α. pmin and pmax are expressed as follows,

p
n Z n Z n n Z

n
s s s s

s
min

( ) ( )
=

+ − + − +

+

2 2 4

2 2

2 2λ λ λ

λ
,	 (3.78)

and

p
n Z n Z n n Z

n
s s s s

s
max

( ) ( )
=

+ + + − +

+

2 2 4

2 2

2 2λ λ λ

λ
,	 (3.79)

whereλ α= Z
/2

2 .
From (3.77), we have

Z p
Z p p

n
s

− <
−α 2

2 1( )
. 	 (3.80)

Set

ˆ ( )
min min
p p Z p p n

s
= − −( )α 2

2 1 ,	

ˆ ( )
max max
p p Z p p n

s
= + −( )α 2

2 1 .	

From (3.80), we obtain
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Z p p∈ 

ˆ , ˆ ,

min max
p p p p p∈ 


 ⊂




min max min max

, ˆ , ˆ . 	 (3.81)

The size of the confidence interval [pmin,pmax] is

∆p p p
n Z n Z

n
s s

s

= − =
− +

+max min
.

4 4 2 2λ λ λ

λ
	 (3.82)

Define

θ

θ
max max

min min

ˆ ,

ˆ ,

=

=

p

p








	 (3.83)

then, we infer

∆ ∆θ θ θ= − = − ≤ − =
max min max min max min

ˆ ˆ ˆ ˆp p p p p .	 (3.84)

Since

θ

θ

� �
j j

j j

p m Z

p m p

= =

= =









( ) ,

( ) ,
	

then the formula

θ θ θ

θ θ θ

θ θ θ

j

j

j j

∈ 



∈ 



− ≤









min max

min max

, ,

, ,

,

�

� ∆


	 (3.85)

holds by (3.81), (3.83) and (3.84). Therefore, we give

a a G G

a a G
j j

j j

, ˆ , ,

ˆ ,
min max

∈ 



− ≤








φ φ

φ

θ θ

θ∆
	 (3.86)
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where G a
yy

n

φ=
2

0

2 1

=

−∑ , a G
j j
=θ φ  (see (3.56)), and ˆ ˆa G

j j
=θ φ .

According to (3.5), we calculate

∆φ φ φ
π

= − =
−+i i M1 2 1( )

,	 (3.87)

where i∈{1,2,…,(M – 1)} and M∈{2, 256, 224}.
Suppose that

∆
∆

p
G

<
φ

φ

,	 (3.88)

and define ∆ˆ ˆφ = −a a
j j

, from (3.84), (3.86) and (23.88), we can see that

∆ ∆ ∆ ∆φ̂ θ φφ φ≤ ≤ ≤G pG .	 (3.89)

Therefore, ∆φ̂ , Δϕ, aj, â j , Gφθmin
, Gφθmax

, and Gφ θ∆  are shown in Figure 

10. When θ θ
j

� ∈ ∆  (i.e., a G
j

� ∈ φ θ∆ ), we conclude aj=ϕj from the figure, that 
is, the color of the pixel on coordinate |j〉 is retrieved.

According to (3.80), we have

Figure 10. Relationships between ∆φ̂ , Δϕ, aj, â j , Gφθmin
, Gφθmax

, and Gφ θ∆
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2 1 2 2
2

2
2

2
4Z p

n

m n X X Z

n
s

s

s

α α( p)−
≤

− +
.	 (3.90)

Combining (3.82) with (3.90), we obtain

∆p
Z Z X X n Z Z

n

s

s

≤
+ − + +2 2

2
2

2

2

2
4

2
2( )α α α α .	 (3.91)

Therefore, the formula (3.88) will hold as long as the following inequation

2 2
2

2
2

2

2 2
2 2( Z )Z Z Z n Z Z

n G

s

s

α α α α

φ

φ+ − + +
≤












4

∆ 	 (3.92)

is satisfied.
Solving (3.86), we obtain a feasible solution

n
Z Z Z G Z Z Z G G Z

+ =
+ −

+
+ − +( Z )

( )

( Z ) ( ) ( ) (
α α φ α α φ φ

φ

φ
2

2
2

2

2

2
2

2

2
2 2 22 2 4

∆

∆ αα α

α α φ φ α α

φ

φ φ

2 2
2

2

2
2

2

2

2

2 2
22 2

4

2 4

+

≤
+ −

+
+

Z

Z Z Z G G Z Z

)

( )

( Z )

( )

( )
,

∆

∆ ∆

	

(3.93)

i.e.,

n
Z Z Z G G Z Z

max

( Z )

( )

( )
=

2 42 2
2

2
2

2

2

2 2
2

α α φ φ α α

φ φ

+ −
+

+









∆ ∆



2

.	 (3.94)

Thus, we can obtain the correct angle θj after at most θmax measurements 
with an approximate probability of 1 – α.
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Setting a a
ii

n
n

=
=

−∑ 2

0

2 1
2  gives G a a

yy

n
n

φ= = 22

0

2 1

=

−∑ . If the sample size 

ns is large enough, z p a G
j j

≈ = =θ φ
2 2 2 . Then, the formula (3.94) is changed 

into

n
Z a a a a a Z Z

n j j
n

max

( Z )

( )

( )
≈

+ −
+

+





2

42 1 2 2
2

2
2

2

2

2 2
2

α α α α

φ φ∆ ∆







2

.	 (3.95)

Since aj∈[0,π/2], a ∈ [ , ]0 π 2 , and Δϕ= π/2(M – 1), then nmax satisfies

n M
Z Z a a a a a Z Z

M
n j j

n

max
( )

( ) ( )

( )
≈ −

+ −
+

+

−
2 1

8 1 2 2 2

1
4 2

2
2

2

2

2
4

2
2

α α α α

π π













< − + +
+

2

4
2

2
2

2
4

2
2

2 1 2
2

n M Z Z
Z Z

M
( ) ( )

( )

(α α

α α

−−











1

2

)
.

	

(3.96)

Through the above analysis, we conclude that a color and coordinate of 
an image based on NASS can be retrieved by O(2nM4) measurements.

THE MODEL OF A NORMAL ARBITRARY 
SUPERPOSITION STATE WITH THREE COMPONENTS

A normal arbitrary superposition state with three components (NASSTC) 
was proposed to store color images (Li, Zhu, Zhou, Li, Song, & Ian, 2014). 
In this section, we describe the representation, storage and retrieval of color 
images based on NASSTC.

Representation of a Color Image Based on NASSTC

Supposing that y1, y2 and y3 are the grayscale values of three components of the 
color of the pixel at the coordinate |j〉, we calculate three angles ri, gi and bi,
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r
y

g
y

b
y

i i i
=

−
=

−
=

−
1 2 3

2 256 1 2 256 1 2 256 1

π π π
( )

,
( )

,
( )

.	 (3.97)

Set

G r g b

r

G

g

G

b

G

rgb i i i
i

ri
i

rgb
gi

i

rgb
bi

i

rg

n

= + +

= = =

=

−

∑ ( ),

, ,

2 2 2

0

2 1

θ θ θ
bb

,











	 (3.98)

then, substituting 3θ
ri

, 3θ
gi

, and 3θ
bi

 for θj in (3.58), respectively, we 
obtain three states

ψ θ θ

ψ θ θ

r ri
i

ri

g gi
i

gi

m
i

k

m
i

n

n

n

i

i

x y

x

= =

= =

=

−

=

−
=

−

∑

∑

∑3 3

3 3

0

2 1

0

2 1
0

2 1

,

==

−

=

−

=

−

∑

∑∑= =









 0

2 1

0

2 1

0

2 1

3 3

n

nn

y

x yi

k

m
i

kb bi
i

bi

,

.ψ θ θ



	 (3.99)

To represent quantum color images efficiently, we define

ψ ψ ψ ψ

θ θ θ

C r g b

ri
i

gi bi

n

i i i

=

      

1

3
01

1

3
10

1

3
11

01 10 1
0

2 1

+ +

= + +
=

−

∑ ( 11 ),

	 (3.100)

where ψ
r

, ψ
g

, and ψ
b

 represent three components of the RGB color 
image, respectively.

Since

ψ θ θ θ
C ri gi bi

i

n

= ( )2 2 2

0

2 1

1+ + =
=

−

∑ ,	 (3.101)
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ψ
C

 is a normal state.

The Implementation Circuit of NASSTC

ψ
C

in (3.100) is implemented by the quantum circuit shown in Figure 11. 

The dashed boxes i (i=2,3,4) are the implementation circuits of ψ
r

, ψ
g

 
and ψ

b
 in (3.99), respectively, and their detail circuits are shown in Figure 

12. For instance, the dashed box 2 is implemented in Figure 12 when i1=0 
and i2=1 .

Figure 11. The implementation circuit of NASSTC

Figure 12. Implementations of The dashed box i=i2i1 (i=2,3,4) in Figure 11.
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Since

[ (arctan ) ]( )R I
x

2 0 0

1

3

2

3
2

3

1

3

0 0
1

3
0

2

3
1⊗ ⊗ =

−























⊗ = +











⊗ 0 ,	

(3.102)

and

C H C x
1
1

1
1 1

3
0

2

3
1 0

1

3
0 0( ) ( ) +












⊗














= ++ +

1

3
1 0

1

3
1 1 ,	

(3.103)

applying the circuit in the dashed box 1 to the initial state, we obtain

ψ
C

n1 1

3
0 01 10 11= + +
⊗

( ) ,	 (3.104)

Next, applying the circuit in the dashed box 2 to ψ
C

1
, we have

ψ ψ
C r

n2 1

3
01

1

3
0 10 11= + +
⊗

( ) .	 (3.105)

Then, applying the circuit in the dashed box 3 to ψ
C

2
, we obtain

ψ ψ ψ
C r g

n3 1

3
01

1

3
01

1

3
0 11= + +
⊗

,	 (3.106)

Finally, after performing the circuit in the dashed box 3 to ψ
C

3
, we obtain 

the output ψ
C

 in (3.100).
The complexity of the circuit in the dashed box 1 is O(1). Compared 

the circuits in the dashed boxes i (i=2,3,4)in Figure 12 with the circuit in 
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Figure 8, their complexity is given as O(n22n). Therefore, the complexity of 
NASSTC is O(n22n).

Image Retrieval Based on NASSTC

We define the observable operator Mc,

M m P m P m P
c j

r

j
j
r

j
g
j
g

j
b
j
b

n

= + +
=

−

∑ ( )
0

2 1

,	 (3.107)

where P j j
j
r = 01 01 , P j j

j
g = 10 10  and P j j

j
b = 11 11 .

Applying the observable operator Mc on ψ
C

 obtainsm
j
r  with probability

p m P
j
r

C j
r

C rj
( )= =ψ ψ θ2 , i.e.,

θ
rj j

rp m= ( ) .	 (3.108)

Similarly, we have

θ
gj j

gp m= ( ) ,	 (3.109)

and

θ
rj j

rp m= ( ) .	 (3.110)

We can calculate n
rθ , n

gθ , and n
bθ  using (3.94) where n

rθ , n
gθ , and n

bθ  
are the numbers of identical quantum states required to obtain the accuracy 
angles θ

rj
, θ
gj

, and θ
bj

, respectively. Therefore, a color and coordinate of an 
image based on NASSTC can be retrieved by O(2nM4) measurements, where 
M=256.
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THE MODEL OF A NORMAL ARBITRARY 
QUANTUM SUPERPOSITION STATE

A normal arbitrary quantum superposition state (NAQSS) consists of (n+1) 
qubits, where n qubits represent colors and coordinates of 2n pixels, and 
the remaining one qubit represents an image segmentation information to 
improve the accuracy of image segmentation (Li, Zhu, Zhou, Song, & Yang, 
2014). In this section, we describe the representation, storage and retrieval 
of images based on NAQSS.

Representation of a Multidimensional 
Image Based on NAQSS

We define

χ γ γ
i i i
= +cos sin0 1 	 (3.111)

where the angle γ ηi
A∈  in (3.10) an integer.

A normal arbitrary quantum superposition state (NAQSS) is defined as

ψ θ χ χ χθ θχ = = = … …
=

−

=

−

+
=

−

∑ ∑ ∑i
i

i i ii m
i

k i n k
i

k
i x y i i i i

n n n

0

2 1

0

2 1

1
0

2 1

1
,, 	

(3.112)

where x i i
m n k
= … +1  and y i i

k k
= …

1
 are the X-axis and Y-axis of the 

image, and n=m+k. θi encodes the color on the on the coordinate |i〉. ψχ  
represents an image of 2n pixels and its additional information. For instance, 
suppose that an image is segmented into N sub-images according to the 
semantic content, and the N sub-images are labeled as 1,2,…,N, then, the 
state χ

i
 represents the label number of a sub-image which includes the 

pixel on the coordinate |i〉.

The Implementation Circuit of NAQSS

We apply the circuit RNASS in Figure 8 on the first n state of the initialized 
state 0

1⊗ +( )n
, and obtain ψ θ

t ii
i

n

= ⊗
=

−∑ 0

2 1
0 . C R

n
i

y i t
[ ( )]γ ψ  is equal to
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C R i
n
i

y i t ii i i

n

[ ( )] (cos sinγ ψ θ γ γ= ⊗ +
=

−∑ 0

2 1
0 1 ,	

where

R
y i

i i

i i

( )
cos sin

sin cos
γ

γ γ
γ γ

=
−














,	 (3.113)

So applying successively C R
n
i

y i
[ ( )]γ  on ψ

t
, we create a NAQSS state,

ψ γ ψ θ γχ = C R i
n
i

y i
i

t i
i

i

n n

[ ( )] (cos s
=

−

=

−

∏ ∑










= +

0

2 1

0

2 1

0 iin )γ
i

1 .	 (3.114)

ψχ  is realized by the circuit shown in Figure 13. The circuit in the red 

box corresponds to C R
n
i

y i
i

n

[ ( )]γ
=

−

∏
0

2 1

.

The determinant of matrices R
y i
( )γ  is one, i.e., R

y i
( ) SU( )γ ∈ 2 , so the 

complexity of C R
n y i
i ( ( ))γ  is O(n) by Corollary 2.8. The circuit in the red box 

in Figure 13 consists of 2n gates, so its complexity is O(n2n). Meanwhile, the 
complexity of the implementation circuit of NASS is O(n22n). Therefore, the 
complexity of the implementation circuit of NAQSS is also O(n22n).

Image Retrieval Based on NAQSS

Define an observable operator M1 as

M m P
j

j
j

n

1
=

=

−

∑
0

2 1

,	 (3.115)

where P j j I
j
= ⊗ . Apply M1 to measure the NAQSS state ψχ  in (3.112), 

and obtain the coordinate |j〉 with probability p m P
j j j

( )= =ψ ψ θχ χ
2 , i.e.,

θ
j j

p m= ( ) .	 (3.116)
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The state after measurement is

P r

p m
j

j

j

j

ψ
χχ( )

( )
= ,	 (3.117)

where j=0,1,…,2n – 1.
We can calculate nθ  using (3.94) where nθ  is the number of identical 

quantum states required to obtain the accuracy angles θj. Therefore, a color 
and coordinate of an image based on NAQSS can be retrieved by O(2nM4) 
measurements, where M is the size of the color set Color in (3.5).

Next, using the method in the model of QSMC and QSNC, we can retrieve 
the integer from the state j

j
χ  after O( )λ4  measurements, where λ  is the 

size of the integer set Aη  in (3.10).
A coordinate, a color, and an additional information of an image based 

on NAQSS can be retrieved by O Mn( )2 4 4λ  measurements.

FLEXIBLE QUANTUM REPRESENTATION 
FOR GRAY-LEVEL IMAGES

Flexible quantum representation for gray-level images (FQRGI) was proposed 
to store a 2n×2n image using phases (Yang, Xia, Jia, & Zhang, 2013). However, 

Figure 13. The realization circuit of NAQSS
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the implement circuit and the retrieval method of FQRGI were not given in 
the reference. In this section, we introduce the representation of image based 
on FQRGI, and supplement its circuit and retrieval method.

Representation of an Image Based on FQRGI

FQRGI is defined as

I c j
n j
j

n

( )θ = ∑ ⊗
=

−1

2 0

2 12

,	 (3.118)

c e
j

i j= +
2
2

0 1( )
θ ,	 (3.119)

where |j〉 (j=0,1,…,22n – 1) encodes a coordinate of an 2n×2n gray-level image, 
and |cj〉 represents the color on the coordinate |j〉.

The Implementation Circuit of FQRGI

The matrixes E(θj) with j=0,1,…,22n – 1,

E
ej i j

( )θ θ=
















1 0

0
,	 (3.120)

are substituted for U in (2.32) to get

V E E j I kj k
n j j

k k j

j

n

2
0

2 12

( ( )) ( ) ( |) ( ( |))
,

θ θ= ⊗ 〈 + ⊗ 〈
= ≠

−

∑ .	 (3.121)

Applying V E I H
n j
j n

2
2( ( ))( )θ ⊗ ⊗  on the initial states 0

2 1⊗ +n
 gives

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



70

The Storage and Retrieval Technologies of Quantum Images

V E V EH k
n j n j
j n n j

n
k

n

2 2
2 1 2 1

0

2 1

0
1

2

2
2

0 1
2

( ( )) ( ( )) ( )θ θ⊗ + ⊗ +

=

−

= + ⊗



∑












= + ⊗ + + ⊗














= ≠

−

∑1

2
0 1

2
2

0 1
0

2 12

n

i

k ij

k je j

n

( ) ( )
,k

θ
..

	 (3.122)

Therefore, an image is stored in a quantum system by using

V E IH
n j

j

j n n
n

2
0

2 1
2 1 2 1

2

0( ( )) ( )θ θ
=

−
⊗ + ⊗ +

∏
















= ,	 (3.123)

its implementation circuit is as shown in Figure 14. The complexity of 
V E
n j
j

2
( ( ))θ  is O n( )2  by Corollary 2.16, and the implementation circuit of 

FQRGI consists of 22n gates for a 2n×2n image, so its complexity is O(n222n).

Image Retrieval Based on FQRGI

Using the observable operator M1 in (3.52) to measure the FQRGI state |I(θ)〉, 
we obtain the coordinate |j〉 with probability 1/22n. That is, the coordinate |j〉 
can be retrieved by 22n measurements. The state after measurement is

Figure 14. An implementation circuit of FQRGI.
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P I
e j T jj

n

i

j
j

( )
( ) ( )

θ
θθ

2

2
2

0 1= + = ,	 (3.124)

where T e
j

i j( ) ( )θ θ= +0 1 2 .
Applying a Hadanard gate on |T(θj)〉 gives

H T e e
j

i ij j( ) [( ) ( ) ]θ θ θ= + + −
1
2

1 0 1 1 ,	 (3.125)

Suppose the result is |0〉 with probability p0. by applying the observable 
operator m0|0〉〈0| + m1|1〉〈1| in (3.11) to measure

[( ) ( ) ]1 0 1 1 2+ + −e e
i ij jθ θ ,	

we calculate

θ
j

p= arcsin ,	 (3.126)

where p p p= −4 4
0 0

2 . Thus, using the method in the model of QSMC and 
QSNC, we can retrieve the angle θj after O(M4) measurements, where M is 
the size of the color set Color in (3.5).

Through the above analysis, we conclude that a color and coordinate of 
an image based on FQRGI can be retrieved by O(22nM4) measurements.

THE MODE OF A NORMAL ARBITRARY 
SUPERPOSITION STATE WITH RELATIVE PHASES

A normal arbitrary superposition state with relative phases (NASSRP) was 
proposed to store an image and its additional information (Li, Zhu, Zhou, 
Li, Song, & Ian, 2014).

Representation of an Image Based on NASSRP

We define
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ϕ γ γλ

j j

i

j
j= +cos sin0 1e ,	 (3.127)

where γ πηj
A∈ −{ }2  and λ ηj

A∈  in (3.10) represent two integers, and the 
set { }Aη π− 2  excludes the element π/2. Then, a normal arbitrary superposition 
state with relative phases (NASSRP) for a 2 2n k k− ×  image is defined as

ψ θ ϕ ϕ ϕθ θ
RP j

j
j j j jm

j
k n k

j
k

j j jx y j j
n n n

= = = … …
=

−

=

−

+
=

−

∑ ∑ ∑
0

2 1

0

2 1

1
0

2 1

1 jj
,	

(3.128)

where x i i
m n k
= … +1  and y i i

k k
= …

1
 are the X-axis and Y-axis of the 

image, and n=m+k. θj encodes the color on the on the coordinate |j〉.

The Implementation Circuit of NASSRP

A unitary matrix is defined as

R i i( , )
cos sin

e sin e cos
θ α

θ θ

θ θα α=
−














.	 (3.129)

where θ,α∈[0,2π].
The following state is given by applying the circuit RNASS in Figure 8 

on the first n state of the initialized state 0
1⊗ +( )n

,

ψ θ
t j

j

j
n

= ⊗
=

−

∑
0

2 1

0 .	 (3.130)

Since the unitary matrix R
j j

( , )γ λ  has the following property

R e
j j j

i

j
j( , ) cos sinγ λ γ γλ

0 0 1= + ,	 (3.131)

applying successively C R
n
i

j j
[ ( , )]γ λ  on ψ

t
, we obtain a NASSRP state,
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ψ γ λ ψ θ γ
Ap n

j
j j

j
t j

j
j

C R j
n n

= [ ( , )] (cos
=

−

=

−

∏ ∑










=

0

2 1

0

2 1

00 1+ e
i

j
jλ γsin ) .	 (3.132)

Therefore, ψ
Ap

 can be realized by the circuit shown in Figure 15. The 

circuit in the red box corresponds to C R
n
j

j jj

n

[ ( , )]γ λ
=

−∏ 0

2 1 .

The complexity of the implementation circuit of NASS is O(n22n). The 
complexity of C R

n
i

j j
[ ( , )]γ λ  is O(n2) by Corollary 2.16, and the circuit in the 

red box consists of 2n gates, so its complexity is O(n22n). Therefore, the 
complexity of the implementation circuit of NASSRP for a 2 2n k k− ×  image 
is O(n22n).

Image Retrieval Based on NASSRP

First applying the observable operator M1 in (3.115) to measure the NASSRP 
state ψ

RP
, we obtain the θj by O(2nM4) measurements. The state after 

measurement is |j〉|φj〉 by the observable operator Mj. Next, we use the 
observable operator m0|0〉〈0| + m1|1〉〈1| in (3.11) to measure |φj〉, and retrieve 
γ
j
 byO( )λ4 measurements. Then, a Hadanard gate is applied on |φj〉 to give

H e e
j j j

i

j j

i

j
j jϕ γ γ γ γ ζλ λ= + + − =

2
2

0 1[(cos sin ) (cos sin ) ] .	 (3.133)

Suppose the result is |0〉 with probability p by applying the observable 
operator m0|0〉〈0| + m1|1〉〈1| to measure ζ

j
, we calculate

Figure 15. The realization of NASSRP
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λ
γ

γj

j

j

p p
=

− −
arcsin

cos ( )

sin( )

4 4 2

2

2 2

,	 (3.134)

here, sin( )2 0γ
j
≠  because γ πηj

A∈ −{ }2  (see (3.127)). Thus, using the 
method in the model of QSMC and QSNC, we can retrieve the angle λ

j
 after 

O( )λ4  measurements.
Through the above analysis, we conclude that a color, a coordinate, and 

two integers stored in a NASSRP state can be retrieved by O Mn( )2 4 8λ  
measurements, where M is the size of the color set Color in (3.5), and λ  is 
the size of the integer set Number in (3.10).

A NOVEL ENHANCED QUANTUM REPRESENTATION

A novel enhanced quantum representation (NEQR) was proposed to store a 
color in q-qubit basis states (Zhang, Lu, Gao, & Wang, 2013). In this section, 
we describe the representation, storage and retrieval of images based on NEQR.

Representation of an Image Based on NEQR

Suppose the gray range of an image is 2q, the grayscale value f(Y,X) of the 
corresponding pixel (Y, X) is

f Y X C C C C
YX YX YX

q
YX
q( , )= … − −0 1 2 1 ,	 (3.135)

where f(Y,X)∈{0,1,…,2q – 1}, C
YX
k ∈ { , }0 1 , and k=0,1,…,q – 1. The 

representation of a quantum image for a 2n×2n image can be written as

I f Y X YX
n

XY

nn

=
1

2 0

2 1

0

2 1

( , )
=

−

=

−

∑∑ ,	 (3.136)

where Y y yy
n

= …
2 1

 and X x x x
n

= …
2 1

 are the Y-axis and X-axis of 
the image. For instance, a 2×2 grayscale image is shown in Figure 16.
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The Implementation Circuit of NEQR

Hadamard gates are used to transform the initial state 0
2⊗ +n q

 to the 
intermediate state |T〉,

( )I H YX Tq n n q

n

q

XY

nn

⊗ ⊗ ⊗ + ⊗

=

−

=

−

⊗ = =∑∑2 2

0

2 1

0

2 1

0 0
1

2
.	 (3.137)

A quantum operation is defined as

Ω Ω
YX i

q

YX
i= ⊗

=

−

0

1

,	 (3.138)

where Ω
YX
i  is an identity gate or a NOT gate, i.e.,

Ω
YX
i

YX
iC: 0 → .	 (3.139)

Therefore, |f(Y,X)〉 is given by

Ω
YX

q
f0

⊗
= (Y,X) .	 (3.140)

Figure 16. A 2x2 image and its representation of NEQR
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Substituting ΩYX for U in (2.32), we have

V I jYX YX j
n YX YX

q

j j YX

YX

n

2
0

2 12

( ) ( |) ( ( |))
,

Ω Ω= ⊗ 〈 + ⊗ 〈⊗

= ≠

−

∑ ,	 (3.141)

which is applied on the intermediate state |T〉 to give

V T f Y X YX j
n YX n

j j YX

YX q
n

2
0

2 11

2
0

2

( ) ( , )
,

Ω = +
















⊗

= ≠

−

∑ .	 (3.142)

Therefore, an image is stored in a quantum system by using

V fI H
n YX

XY

n qYX q n

n

nn

2
0

2 1

0

2 1 22 0
1

2
( ) (( )Ω

=

−

=

− ⊗ +⊗ ⊗∏∏
















=⊗ YY X YX
XY

nn

, )
=

−

=

−

∑∑
0

2 1

0

2 1

.	 (3.143)

For instance, Figure 17 shows the detailed circuit for NEQR preparation 
for the image shown in Figure 16.

Let Λ2n be a (2n+q)-qubit controlled-NOT gate with n control qubits. 
Since Ω

YX
i  is an identity gate or a NOT gate, V

n YX
YX
2

( )Ω  consists of q identity 
gates or Λ2n gates. The complexity of V

n YX
YX
2

( )Ω  is O(qn) by Corollary 2.14. 
The formula (3.143) shows that the complexity of constructing a 2n×2n image 
for NEQR is O(qn22n).

Figure 17. Quantum circuit of NEQR for the image in Figure 16

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



77

The Storage and Retrieval Technologies of Quantum Images

Image Retrieval Based on NEQR

Define an observable operator Γ

Γ =
=

−

∑ m Pj
j

j

n

0

2 12

,	 (3.144)

where P I j j
j

q= ⊗⊗ . Apply Γ to measure the NEQR state |I〉, and obtain 
the coordinate |j〉 by 22n measurements. The state after measurement is

P I
f Y Y jj

n2
= ( , ) ,	 (3.145)

where |j〉=|YX〉.
Since |f(Y,X)〉 is a basis state with q qubits, after one measurement, the 

grayscale value f(Y,X) can be retrieved by the following observable operator

m i i I
i

i

n

q

=

−
⊗∑











⊗

0

2 1
2 .	 (3.146)

Thus, a color and a coordinate of an image based on NEQR can be retrieved 
by O(22n) measurements.

THE MODEL OF A GENERALIZED NEQR

A generalized NEQR was proposed to store a 2 2n k k− ×  image (GNEQR) (Li, 
Fan, Xia, Peng, & Song, 2019). In this section, we describe the representation 
of grayscale and color images based on GNEQR, and introduce their 
implementation circuits and retrieval methods.

Representation and Storage of a 
Grayscale Image Based on GNEQR

A 2m-level grayscale set with is defined as
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
m

m= … −{ , , , }0 1 2 1 ,	 (3.147)

where m is an integer.
GNEQR for a 2 2n k k− ×  grayscale image is defined as

Ψ
G
m

n
yx

f x y x y
kn k

=
1

2 0

2 1

0

2 1

( , ) ,
=

−

=

−

∑∑
−

	 (3.148)

where x i i
n k

= … +1  and |y〉= |ik,…,i1〉 are the X-axis and Y-axis of the 
image, and i i i

k n1
0 1, , , { , }… … ∈ . Here, |f(x,y)〉 denotes the color of the pixel 

on the coordinate (x,y), f x y
m

( , ) ∈  . For instance, the GNEQR state

Ψ
1 3

3

2
99 0 0 100 0 1 97 1 0 101 1 1

98 2 0 2 1 101 3 0 100 3 1

2
1

100

= + + +

+ + + +

=

1

1

(

)

( 1100011 00 0 1100100 00 1 1100001 01 0 1100101 01 1

1100010 10 0 110

+ + +

+ + 00100 10 1 1100101 11 0 1100100 11 1+ + )

	

(3.149)

represents a 4×4 grayscale image shown in Figure 18.

Figure 18. A 4x2 image
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Suppose f(x,y) is expressed as

f x y c c c
x y
m

x y
m

x y
( , )

, , ,
= −1 1… ,	 (3.150)

where c
x y
i
,

{ , }∈ 0 1  and i=1,2,…,m. Let be

U c I c X
x y
i

x y
i

x y
i

, , ,
( )= ⊕ +1 ,	 (3.151)

where ⊕  is an exclusive-or operator, and X is a NOT gate.
Applying

V U I H
n k

m

x y
kj m n( )( )
,

⊗ ⊗
=

⊗ ⊗

1
	

on the initial state 0
⊗ +n m

 gives

V U f x y x yI H i
n k

m

x y
k

n
i i j

j m n m
n

( ) ( , )( )
,

,

⊗ +








⊗ =
= = ≠

−
⊗ ⊗ ⊗

∑
1 0

2 11

2
0








.	 (3.152)

where |j〉=|x〉|y〉. Applying the operations V U
n k

m

x y
kj ( )
,

⊗
=1

 with j=0,1,…,2n – 1 

successively on ( )I Hm n n m⊗ ⊗ ⊗ +
⊗ 0 , we obtain the circuit of GNEQR for a 

Figure 19. The implementation circuit of GNEQR for a 2 2n k k− ×  grayscale image.
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2 2n k k− ×  grayscale image shown in Figure 19. Its abbreviated notation is 
shown in Figure 20.

The example of the circuit in Figure 19 is shown in Figure 21. It implements 
the quantum storage of the 4×2 grayscale image in Figure 18.

With the analysis similar to the mode of NEQR, we obtain that the 
complexity of constructing a 2 2n k k− ×  grayscale image for GNEQR is O(mn2n).

Figure 20. The abbreviated notation of the realization circuits of GNEQR.

Figure 21. The implementation circuit of Ψ
1

 in (3.149).
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Representation and Storage of a RGB 
Color Image Based on GNEQR

Ψ
G
8  can represent the Red, Green, or Blue channel of a 2 2n k k− ×  RGB color 

image, and is renamed by Ψ
Gr
8 , Ψ

Gg
8 , or Ψ

Gb
8 ,

Ψ

Ψ

Gr n
yx

Gg n
y

r

g

f x y x y

f x y x y

kn k

8

0

2 1

0

2 1

8

0

2

1

2
1

2

=

=

( , ) ,

( , ) ,

=

−

=

−

=

∑∑
−

kkn k

kn k

x

Gg n
yx

b
f x y x y

−

=

−

=

−

=

−

∑∑

∑∑

−

−






1

0

2 1

8

0

2 1

0

2 11

2
Ψ = ( , ) ,







	 (3.153)

where |fr(x,y)〉, |fg(x,y)〉, and |fb(x,y)〉 denotes the Red, Green, and Blue 
components of the color of the pixel on the coordinate (x,y). Then, GNEQR 
for a 2 2n k k− ×  RGB color image is defined as

Ψ Ψ Ψ Ψ
GC Gr Gg Gb
= + +

1

3
01 10 118 8 8( ). 	 (3.154)

With the analysis similar to the implementation circuit of NASSTC, 
substituting the circuit RNEQR for the circuit RNASS in Figure 11, we obtain 
the implementation circuit of GNEQR for a 2 2n k k− ×  RGB color image shown 
in Figure 22.

Since the complexity of the circuit RNEQR is O(mn2n), the complexity 
of GNEQR for a 2 2n k k− ×  RGB color image is O(3mn2n), where m=8.

Figure 22. The implementation circuit of Ψ
GC

.
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Image Retrieval Based on GNEQR

Using the method of NEQR, we retrieve a color and a coordinate of a 2 2n k k− ×
grayscale image based on GNEQR after O(2n) measurements.

Define the observable operator Mc as

M m P
c j

j
j

=
=
∑

0

2

,	 (3.155)

where P I j j
j

n= ⊗⊗ +8 .

The state Ψ
GC

 for a color image collapses into Ψ
Gr
8 , Ψ

Gg
8 , or Ψ

Gb
8  

with probability 1/3 by the observable operator Mc. Then, we retrieve three 
grayscale images from Ψ

Gr
8 , Ψ

Gg
8 , and Ψ

Gb
8  using the method of NEQR. 

Therefore, a color and a coordinate of a 2 2n k k− × color image based on GNEQR 
are retrieved after O(2n) measurements.

Figure 23. Bitplanes of a grayscale image
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A BITPLANE REPRESENTATION OF QUANTUM IMAGES

A bitplane representation of quantum images (BRQI) was proposed to 
represent grayscale or RGB color images (Li, Chen, Xia, Liang, & Zhou, 
2018). In this section, we describe the representation, storage and retrieval 
of images based on BRQI.

Representation and Storage of a 
Grayscale Image Based on BRQI

A gray scale consists of 8 binary bits, so a grayscale image can be decomposed 
into eight binary images (i.e., 8 bitplanes) shown in Figure 23.

Each of bitplanes of a grayscale image can be represented as,

Ψ j
n

yx

g x y j x y
kn k

=
1

2 0

2 1

0

2 1

( , , ) ,
=

−

=

−

∑∑
−

	 (3.156)

where j denotes the j-th bitplane, j=0,1,…,7, and g(x,y,j)∈{0,1}. For instance, 
the least significant bit of the image in Figure 18 is represented as

Ψ0

32
1 00 0 0 00 1 1 01 0 1 01 1

0 10 0 0 10 1 1 11 0 0 11 1

= + + +

+ + + +

1
(

).
	 (3.157)

To represent the eight bitplanes using a state, we define BRQI for a 2 2n k k− ×
grayscale image as follows,

Ψ Ψ
B

l

l
n

yxl

l g x y l x y l
kn k

8

3
0

3
0

2 1

0

2 1

0

771

2

1

2
=

=
+

=

−

=

−

=
∑ ∑∑∑=

−

( , , ) .	 (3.158)

Applying Hadamard gates on the initial state 0
4⊗ +n
 gives

( )I H x y Tn n

n
yx

nn

⊗ = =⊗ + ⊗ +

+
=

−

=

−

∑∑3 4

3
0

2 1

0

2 1

0 0
1

2
.	 (3.159)
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An operator U
x y
l
,

 is defined as

U g x y l I g x y X
x y
l
,

( ( , , ) ) ( , )= ⊕ +1 ,	 (3.160)

where ⊕  is an exclusive-or operator. If g(x,y,l)=0, U I
x y
l
,
= , otherwise, 

U X
x y
l
,
= . Then, we obtain the BRQI state for a 2 2n k k− × grayscale image by 

applying the operations V U
n
j

x y
l

+3
( )

,
 with j n= −+0 1 2 13, , ,…  successively on 

|T〉,

V U T g x y l x y
n

j
n

yx

j
x y
l

n k

+
=

−

+
=

−+

∏ ∑
















=
3

0

2 1

3
0

2 13

1

2
( ) ( , , )

,
==

−

=

−

∑∑ =
0

2 1

0

7
8

n k

l
B

l Ψ .	 (3.161)

The implementation circuit of BRQI for a 2 2n k k− ×  grayscale image is 
shown in Figure 24. The circuit in the red box is symbolized as UG.

For instance, for a grayscale image shown in Figure 18, the implementation 
circuit of BRQI is designed in Figure 25.

The circuit in dashed box l is the implementation circuit of the following 
l-th bitplane Ψl  with l=0,1,…,7,

Figure 24. The implementation circuit of BRQI for grayscale images.
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

	 (3.162)

Since the pixel values of the 3rd, 4-th, and 7-th bitplanes are all zero, 
corresponding circuits do nothing. Values of the pixels in the 5-th and 6-th 
bitplanes are all one, then, their implementation circuits can be simplified, 
which are shown in the dashed boxes 5 and 6.

Since the complexity of V U
n
j

x y
l

+3
( )

,
 is O[(n+4)2] by Corollary 2.16, the 

complexity of the implementation circuit of BRQI for a 2 2n k k− ×  grayscale 
image is O n[(n ) ]+ +4 22 3 .

Figure 25. The implementation circuit of BRQI for the grayscale image in Figure 18
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Representation and Storage of a 
Color Image Based on BRQI

Three components of a RGB color image are written as

Ψ

Ψ

B
R

n R
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G
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=
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=
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=
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=
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=
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0

2 13 kn k

x y l
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,

	 (3.163)

where

g x y l g x y l g x y l
R G B
( , , ), ( , , ), ( , , ) { , }∈ 0 1 .	

BRQI for a RGB color image is defined as

Ψ Ψ Ψ Ψ
B B

R
B
G

B
B24 1

3
01 10 11= ( )+ + ,	 (3.164)

and is realized by the circuit shown in Figure 26. The circuit in the red dashed 
box implements

0
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3 2
0 01
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2 1
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⊗ +

+
=
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=
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=
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→
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∑∑∑ ∑∑∑
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2 1

0

2 1

0

2 1

0

2 1

0

2 13 3

10 0x y l x y l
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n k kn k

+ 111





.

	 (3.165)

Then, BRQI state Ψ
B
24  for a color image is created by applying successively 

three controlled-UG gates, where the detail circuit of UG is shown in the red 
box in Figure 24. The complexity of the implementation circuit of BRQI for 
a 2 2n k k− ×  color image is O n[(n ) ]+ +6 22 3 .
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Image Retrieval Based on BRQI

To retrieve a 2 2n k k− ×  grayscale image from BRQI Ψ
B
8 , we define an 

observable operator as

M m P
i i

i

n

=
=

−+

∑
0

2 13

	 (3.166)

where Pi=|i〉〈i|, |j〉= |x〉|y〉|l〉, and x n k= −−0 1 2 1, , ,… , y=0,1,…,2k – 1, and 
l=0,1,…,7.

Apply M to measure the BRQI state Ψ
B
8 , and obtain the coordinate |x〉|y〉 

in the l-th bitplane by 2 3n+  measurements. The state after measurement is 
|g(x,y,l)〉|x〉|y〉|l〉. Since |g(x,y,l)〉 is a basis state with one qubit, g(x,y,l) can 
be retrieved after one measurement. Therefore, a color and a coordinate of 
a 2 2n k k− × grayscale image based on BRQI are retrieved after O n( )2 3+  
measurements.

Define the observable operator Mc as

M m P
c j

j
j

=
=
∑

0

2

,	 (3.167)

Figure 26. The implementation circuit of BRQI for RGB color images
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whereP I j j
j

n= ⊗⊗ +4 . The state Ψ
B
24  for a color image collapses into 

Ψ
B
R , Ψ

B
G , or Ψ

B
B  with probability 1/3 by the observable operator Mc. 

Then, we retrieve three grayscale images from Ψ
B
R , Ψ

B
G , and Ψ

B
B  using 

the observable operator in (3.166). Therefore, a color and a coordinate of a 
2 2n k k− × color image based on BRQI are retrieved after O n( )2 3+  measurements.

THE MODEL OF QUANTUM REPRESENTATION 
OF REAL-VALUED DIGITAL SIGNALS

Transformed images may have real-valued elements by wavelet transform. 
Quantum representation of real-valued digital signals (QRDS) was proposed 
to represent real-valued images (i.e., real-valued digital signals) (Li, Fan, Xia, 
Peng, & Song, 2019). In this section, we describe the representation, storage 
and retrieval of real-valued signals based on QRDS.

Representation and Storage of 1D 
Signals Based on QRDS

For convenience of processing single float numbers, we introduce the model 
of single float numbers of IEEE754 (Kahan, 1996) as shown in Table 1. In 
the table, NaN means “Not a Number”.

Similarly with GNEQR, a basis state of 32 qubits can be used to store 
a single float number. Suppose that |St〉, |E(t)〉, and |M(t)〉 store sign bit, 
Exponent, and Mantissa of a float number (shown in Table 1), respectively. 

Table 1. A single float number of 32 bits of IEEE 754

Sign bit 8 Bits of Exponent 23 Bits of Mantissa Float Number

0 or 1 0 0 ±0

0 or 1 0 nonzero ±0.m×2‑126

0 or 1 k(1≤k≤254) m ±1.m×2k‑127

0 or 1 255 0 ±∞

0 or 1 255 nonzero NaN
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Then, |l(t)〉= |St〉 |E(t)〉 |M(t)〉 represents the float number in the position |t〉. 
Furthermore, an 1D signal representation QRDS can be defined as

Ψ
QR n n n t u t

u

v t
vl t t S t E t M t t S E M t1

1

8

1

231

2

1

2

1

2
= =( ) ( ) ( ) ( ) ( )( )= ⊗ ⊗

= =tttt

nnn

=

−

=

−

=

−

∑∑∑
0

2 1

0

2 1

0

2 1

, 	

(3.168)

where

E t E E E E
t t t u t

u( ) = … = ⊗
=

8 7 1

1

8

,	

M t M M E M
t t t v t

v( ) = … = ⊗
=

23 22 1

1

23

,	

and S E M
t t

u
t
v, , { , }∈ 0 1 . For instance, a QRDS state

S S E t M t t
t

t
1 3

0

7

3

1

2
1

2
0 1000110100000000000000

=

=

=
∑ ( ) ( )

( 10000110 00 000

1 10000000 01000000000000000100000 001

0 10000110 1000111

+

+ 11000000000000000 010

1 01111110 00000000000000000000000 011

0

+

+ 001111110 00000000000000000001001 100

0 01111111 1000000000000+ 00000001110 101

1 01111111 10000000000000000001101 110

1 011111

+

+ 111 10000000000000000001101 111 )

	 (3.169)

stores a 1D signal of single float numbers as shown below,
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.	 (3.170)

Figure 27. The realization circuit of QRDS for 1D signals
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To implement the storage of ORDS, we first define U
t
s , U

t
u , and V

t
v  as 

follows,

U S I S X

U E I E X

V S I M X

t
s

t t

t
u

t
u

t
u

t
v

t t
v

= ⊕ +

= ⊕ +

= ⊕ +






( ) ,

( ) ,

( ) ,

1

1

1


	 (3.171)

where ⊕  is an exclusive-or operator, and t=0,1,…,2n – 1, u=1,2,…,8, and 
v = 1 2 23, , ,…  are integers. Applying U

t
s , U

t
u , and V

t
v  on |0〉 gives

U S U E V M
t
s

t t
u

t
u

t
v

t
v0 0 0= = =, , . 	 (3.172)

Using controlled-U
t
s , controlled-U

t
u , and controlled-V

t
v  gates, we design 

the circuit of QRDS for 1D signals in Figure 27, the abbreviated notation of 
which is denoted as RQRDS.

The first dashed box implements

( )I H tn n

n
t

n

⊗ ⊗ ⊗ + ⊗

=

−

⊗ = =∑32 32 32

0

2 1

0
1

2
0 Ψ .	 (3.173)

The circuit in the second dashed box is applied on f(Y,X) gives

Ψ → ⊗ ⊗ + +










= =
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2
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0 0 01

8

1

23 32
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2 1

n u

u

v

v

t

S E M t t

n

.	 (3.174)

Therefore, we successively apply the 2n+1 dashed boxes in Figure 27 on 
the state 0

32⊗ +n
, and obtain the QRDS state 

m
m= … −{ , , , }0 1 2 1 ,

Ψ Ψ→ ⊗ ⊗ ⊗ =
= ==

−

∑1

2 1

8

1

23

0

2 1
1

n t u t
u

v t
v

t
QR

S E M t

n

.	 (3.175)

Since controlled-U
t
s , controlled-U

t
u , and controlled-V

t
v  are (n+1)-qubit 

controlled-NOT gates or (n+1)-qubit identity gates, their complexities are 
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O(n) by Corollary 2.14. The circuit of QRDS for an 1D signal with 2n elements 
has 32×2n controlled gates, so its complexity is O(n2n).

An example of the circuit of QRDS for the 1D signal in (3.170) is designed 
in Figure 28.

Representation and Storage of 2D 
Signals Based on QRDS

A basis state |l(x,y)〉 with 32 qubits can store a single float number, i.e.,

l x y S E x y M x y S E M
xy xy u xy

u

v xy
v( , ) ( , ) ( , ) ( )( )= = ⊗ ⊗

= =1

8

1

23

	 (3.176)

where |Sxy〉, |E(x,y)〉 and |M(x,y)〉 store sign bit, Exponent, and Mantissa of a 
float number, respectively, and S E M

xy xy
u

xy
v, , { , }∈ 0 1 .

QRDS for a ⊕  signal is defined as

Ψ
QR n

yx

l x y x y
kn k

2

0

2 1

0

2 11

2
=

=

−

=

−

∑∑
−

( , ) ,	 (3.177)

where |l(x,y)〉 denotes the value of the element on the coordinate (x,y). For 
instance, a QRDS state

Figure 28. The implementation circuit of the 1D QRDS |S1〉 or the 2D QRDS |S2〉
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S S E x y M x y x y
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0 10000110 10001101000
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	 (3.178)

can store a 2D signal of single float numbers as shown below,

198 5 2 50000762939453125

199 5 0 5
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.	 (3.179)

Substituting xy for t in (3.171), we obtain

U S I S X

U E I E X

V S I M

xy
s

xy
u u u

xy
v v

xy xy

xy xy

xy xy

= ⊕ +

= ⊕ +

= ⊕ +

( ) ,

( ) ,

( )

1

1

1 XX.










	 (3.180)

The realization circuit of QRDS for 2D signals is given by substituting 
U
xy
s , U

xy
u , and V

xy
v  for U

t
s , U

t
u , and V

t
v  in Figure 27. Therefore, the realization 

circuits of QRDS for 1D and 2D signals are the same. The same string can 
have different meanings for different data types in classical computers. For 
instance, a binary string 0100001 can express a char ‘A’ or a number 65. 
Similarly, using the circuit in Figure 28, we can store a 2D signal in (3.179) 
or a 1D signal in (3.170). Meanwhile, the prior knowledge Ψ

G
8 , 2 2n k k− ×  

or Ψ
Gr
8  implies a 2D signal or a 1D signal.

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



94

The Storage and Retrieval Technologies of Quantum Images

Representation and Storage of 2D Signals 
With Three Channels Based on QRDS

To represent transformed color images by wavelet transform, we define a 2D 
QRDS state with three channels as below,

Ψ Ψ Ψ Ψ
QC QR QR QR
2

1
2

2
2

3
21

3
01 10 11= + +( ) ,	 (3.181)

where Ψ
QR1
2 , Ψ

QR2
2  and Ψ

QR3
2  are as same as 2D QRDS in (3.177), i.e.,

Ψ
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−
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
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
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

	 (3.182)

Next. we design the implementation circuit of Ψ
QC
2  in Figure 29. The 

detail circuits of RQRDS shown in 3.27 realize Ψ
QR1
2 , Ψ

QR2
2  and Ψ

QR3
2 , 

respectively.
The complexity of a (n+34)-qubit controlled-NOT gates with (n+2) control 

qubits is O(n) by Corollary 2.14. The circuit in Figure 29 consists of 96×2n 
controlled-NOT gates of (n+34) qubits, so its complexity is O(n2n).

Figure 29. The implementation circuit of Ψ
QC
2 .
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Signal Retrieval Based on QRDS

Using a similar method of grayscale image retrieval based on GNEQR, we 
obtain the coordinate |x〉 |y〉 of a 2D signal based on QRDS by 2n measurements. 
The state after measurement is |l(x,y)〉 |x〉 |y〉. Then, the real value l(x,y) can be 
retrieved after one measurement. Therefore, a element value and a coordinate 
of a 2D signal based on QRDS after O(2n) measurements. Similarly, we 
retrieve a element value and a coordinate of a 2D signal with three channels 
based on QRDS after O(2n) measurements.

QUANTUM REPRESENTATION OF COMPLEX-
VALUED DIGITAL SIGNALS WITH ALGEBRA FORM

Transformed images may have complex-valued elements by Fourier transform. 
Quantum representation of complex-valued digital signals with algebra form 
(QCDSA) was proposed to represent complex-valued signals (Li, Fan, Xia, 
Peng, & Song, 2019). In this section, we describe the representation, storage 
and retrieval of complex-valued signals based on QCDSA.

Representation and Storage of 1D 
Signals Based on QCDSA

A complex number C(t) with algebra form can be expressed into

C(t) = iCI(t) + CR(t),	 (3.183)

where CI(t) and CR(t) are single float numbers of 32 bits.
Suppose that S

I
t , |EI(t)〉, |MI(t)〉, S

R
t , |ER(t)〉, and |MR(t)〉 store the sign 

bit, Exponent, and Mantissa of single float numbers CI(t) and CR(t), respectively, 
then, a basis state of 64 qubits

g t S E t M t S E t M t
I
t

I I R
t

R R
( ) ( ) ( ) ( ) ( )= 	 (3.184)

can be used to store the complex number C(t). Then, QCDSA for an 1D 
signal is defined as
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Ψ
QA n

t

g t t
n

1

0

2 11

2
= ( )

=

−

∑ .	 (3.185)

The realization circuit of Ψ
QA
1  is shown in Figure 30, which consists of 

two RQRDS circuits in Figure 27. The abbreviated notation is denoted as 
QCDSA.

Representation and Storage of 2D 
Signals Based on QCDSA

Substituting (x,y) for t in (3.184) obtains

g x y S E x y M x y S E x y M x y
I
xy

I I R
xy

R R
( , ) ( , ) ( , ) ( , ) ( , )= ,	 (3.186)

which represents the complex number of the element on the coordinate (x,y). 
Therefore, QCDSA for a 2 2n k k− ×  signal is defined as follows,

Ψ
QA n

yx

g x y x y
kn k

2

0

2 1

0

2 11

2
=

=

−

=

−

∑∑
−

( , ) .	 (3.187)

and its implementation circuit is shown in Figure 30.
For instance, a 2D signal of complex numbers

Figure 30. The realization circuit of QCDSA for an 1D signal or a 2D signal
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	 (3.188)

can be stored in the following state

Figure 31. The implementation circuit of the QCDSA state Ψ
QAC
2 .
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(3.189)

Representation and Storage of 2D Signals 
With Three Channels Based on QCDSA

We define a 2D QCDSA state with three channels as below,

Ψ Ψ Ψ Ψ
QAC QA QA QA
2

1
2

2
2

3
21

3
01 10 11= + +( ), 	 (3.190)

where Ψ
QA1
2 , Ψ

QA2
2  and Ψ

QA3
2  are
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	 (3.191)

The implementation circuit of Ψ
QAC
2  is shown in Figure 31. The circuits 

of QCDSA shown in 3.30 realize Ψ
QA1
2 , Ψ

QA2
2  and Ψ

QA3
2 , respectively. 

The complexity of a (n+66)-qubit controlled-NOT gates with (n+2) control 
qubits is O(n) by Corollary 2.14. The circuit in Figure 31 consists of 192×2n 
controlled-NOT gates of (n+66) qubits, so its complexity is O(n2n).

Signal Retrieval Based on QCDSA

The coordinate |x〉 |y〉 of a 2D signal based on QCDSA by 2n measurements. 
The state after measurement is |g(x,y〉 |x〉 |y〉. Then, the complex value g(x,y) 
can be retrieved after one measurement. Therefore, a element value and 
a coordinate of a 2D signal based on QCDSA after O(2n) measurements. 
Similarly, we retrieve the coordinate |x〉 |y〉 of a 2D signal with three channels 
based on QRDS after O(2n) measurements. The state after measurement is

1

3
01 10 11

1 2 3
( (x, y) (x, y) (x, y) )g x y g x y g x y+ + .	 (3.192)

Then, the three complex values g1(x,y), g2(x,y), and g3(x,y) are retrieved 
after O(1) measurements. Therefore, a element value and a coordinate of a 
2D signal with three channels based on QCDSA after O(2n) measurements.

QUANTUM REPRESENTATION OF COMPLEX-VALUED 
DIGITAL SIGNALS WITH EXPONENTIAL FORM

Quantum representation of complex-valued digital signals with exponential 
form (QCDSE) was proposed to represent complex-valued signals (Li, Fan, 
Xia, Peng, & Song, 2019). In this section, we describe the model of QCDSA.
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A complex number C(t) with exponential form can be expressed into

C t r t ei t( ) ( ) ,( )= θ 	 (3.193)

where the modulus r(t) and the argument θ(t) are single float numbers of 32 
bits, and θ(t)∈[0,2π). We can use a basis state of 64 qubits |h(t)〉 to store the 
complex number C(t), i.e.,

h t S t E t M t S t E t M t
r r r

( ) ( ) ( ) ( ) ( ) ( ) ( ) ,= θ θ θ 	 (3.194)

where S tθ( ) , E tθ( ) , M tθ( ) , |Sr(t)〉, |Er(t)〉, and |Mr(t)〉 store sign bit, 
Exponent, and Mantissa of the modulus r(t) and the argument θ(t), respectively.

QCDSE for an 1D signal is defined as

Ψ
QE n

t

h t t
n

1

0

2 11

2
= ( ) .

=

−

∑ 	 (3.195)

Substituting (x,y) for (t) in (3.194) gives

h x y S x y E x y M x y S x y E x y M x y
r r r

( , ) ( , ) ( , ) ( , ) ( , ) ( , ) ( , )= θ θ θ ,	(3.196)

where S x yθ( , ) , E x yθ( , ) , M x yθ( , ) , |Sr(x,y)〉, |Er(x,y)〉, and |Mr(x,y)〉 store 
sign bit, Exponent, and Mantissa of the modulus and argument of a complex 
number, respectively.

QCDSA for a 2 2n k k− ×  signal is defined as,

Ψ
QE n

yx

h x y x y
kn k

2

0

2 1

0

2 11

2
=

=

−

=

−

∑∑
−

( , ) . 	 (3.197)

For instance, a 2D signal
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, 	 (3.198)

can be stored in the 2D QCDSE state,

Table 2. Type conversion from grayscale to 32 bit single float

Grayscale
32 Bit Single Float

Sign Exponent Mantissa Float Number

1c7c6c5c4c3c2c1 0 134 c7…c10…0 +1.c7…c1×27

01c6c5c4c3c2c1 0 133 c6…c10…0 +1.c6…c1×26

001c5c4c3c2c1 0 132 c5…c10…0 +1.c5…c1×25

0001c4c3c2c1 0 131 c4…c10…0 +1.c4…c1×24

00001c3c2c1 0 130 c3c2c10…0 +1.c3c2c1×23

00000c2c1 0 129 c2c10…0 +1.c2c1×22

0000001c1 0 128 c10…0 +1.c1×21

00000001 0 127 0…0 +1.0×20

00000000 0 0 0…0 +0
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Figure 32. The circuits of perfect shuffle permutations P and Pi

Figure 33. The implementation circuit of type conversion from a grayscale image 
to a real-value image
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Figure 34. The implementation circuit of type conversion from a color image to a 
real-value image

Table 3. Type conversion from 32 bit single float to grayscale

32 Bit Single Float Grayscale 
(Rounding Down)Sign Exponent Mantissa Float Number

1 * * * 0

0 k(0≤k≤126) * * 0

0 127 m +1.m×20 00000001

0 128 m +1.m×21 0000001m23

0 129 m +1.m×22 000001m23m22

0 130 m +1.m×23 00001m23m22m21

0 131 m +1.m×24 0001m23…m20

0 132 m +1.m×25 001m23…m19

0 133 m +1.m×26 01m23…m18

0 134 m +1.m×27 1m23…m17

0 k(k≥135) * * 255
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Figure 35. The implementation circuit of type conversion from a real-value image 
to a grayscale image.

Figure 36. The implementation circuit of QG1.
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We define a 2D QCDSE state of three channels as below,

Ψ Ψ Ψ Ψ
QEC QE QE QE
2

1
2

2
2

3
21

3
01 10 11= + +( ), 	 (3.200)

where Ψ
QE1
2 , Ψ

QE2
2 and Ψ

QE 3
2 are as same as 2D QCDSE in (3.197), i.e.,
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	 (3.201)
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Compared QSDSE with QSDSA, the circuits of QSDSA are also the 
circuits of QSDSE. Therefore, a element value and a coordinate of a signal 
based on QCDSE can be retrieved after O(2n) measurements.

TYPE CONVERSION OF QUANTUM 
IMAGE REPRESENTATIONS

A classical image may be changed into a real-value image or a complex-
value image by wavelet transform or Fourier transform, so it’s necessary to 
perform type conversion of data for classical image processing. When we 
use GNEQR, QRDS, QCDSA (or QCDSE) to represent integer images, real-
value images and complex-value images, respectively, it’s still necessary to 
perform type conversion. In this section, we describe the implementation of 
type conversion of these quantum representations.

Type Conversion From GNEQR to QRDS

A grayscale c=c8c7c6c5c4c3c2c1 is an integer of 8 bits and can be converted 
into a single float number of 32 bits by the rules in Table 2, where cj∈{0,1}, 
j=8,…,1.

A perfect shuffle permutation P is defined as

P c c c c c c c c c c c c c c c c
8 7 6 5 4 3 2 1 7 6 5 4 3 2 1 8

= ,	 (3.202)

and its implementation circuit is shown in Figure 22 (a). Pi denotes I times 
of P, the implementation circuit of which is shown in Figure 22 (b).

By analyzing Table 2, we design the implementation circuit of type 
conversion from a grayscale image Ψ

G
8  in (3.148) to a real-value image 

Ψ
QR
2  in (3.177) as shown in Figure 33. The abbreviated notation of the 

combination circuit in dashed box 1 and box 2 is denoted as GQ.
The process of type conversion is described as follows. First, applying 8 

swap gates on the initial state 0
24 8⊗
⊗ Ψ

G
, we obtain a state ξ

1
 as follows,

ξ
1

9

0

2 1 15

0

2 11

2
0 0=
⊗

=

− ⊗

=

−

∑∑
−

n
yx

f x y x y
kn k

( , ) .	 (3.203)
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Next, applying the circuit in dashed box 1 on ξ
1

, we have

ξ
2

0

2 1
15

0

2 1
1

2
0 0=

=

−
⊗

=

−

∑∑
−

n
yx

E x y f x y x y

kn k

( , ) ( , ) ,	 (3.204)

where |E(x,y)〉 stores Exponent of a single float number.
Then, the circuit in dashed box 2 transforms ξ

2
 into Ψ

QR
2 .

We design the implementation circuit of type conversion from a grayscale 
image Ψ

G
8  in (3.148) to a real-value image Ψ

QR
2  in (3.177) as shown in 

Figure 33. The abbreviated notation of the combination circuit in dashed box 
1 and box 2 is denoted as GQ.

Using the circuit GQ and Swap gates, we design the circuit in Figure 34 
to realize type conversion from a color image Ψ

GC
 in (3.154) to a real-value 

image with three channels Ψ
QC
2  in (3.181). The abbreviated notation of the 

circuit is denoted as GC.
Figure 33 and Figure 34 show that the circuits of type conversion from 

GNEQR to QRDS can be implemented by constant basic operations, i.e., 
their complexities are O(1).

Type Conversion From QRDS to GNEQR

The maximum and minimum in the grayscale set are 0 and 255, therefore, a 
float number less than 1 or greater than 255 should be converted to grayscale 
0 or 255. The rule of type conversion from single float to grayscale is shown 
in Table 3. In the table, the symbol ‘*’ denotes any numbers, and m= m23m22…
m1, mj∈{0,1}, j=1,2,…,23.

We design the implementation circuit of type conversion from to a real-
value image Ψ

QR
2  in (3.177) to a grayscale image Ψ

G
8  in (3.148) as shown 

in Figure 35. The abbreviated notation of the circuit is denoted as QG. The 
detail circuit of QG1 is designed in Figure 36 by using Table 3.

The process of type conversion from a real-value image to a grayscale 
image is described as follows.

First, the circuit in the dashed box 1 in Figure 36 transforms the initial 
state 0

8 2⊗
⊗ Ψ

QR
 into
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where Sxy is a sign bit, and f x yξ( , )  is equal to

0 1

0 1 0 0 134
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E x y

	 (3.206)

Next, applying the circuit in the dashed box 2 on the state ξ  obtains

ς ς1
0

2 1

0

2 11

2
=

=

−

=

−

∑∑
−

n
yx

f x y l x y x y
kn k

( , ) ( , ) , 	 (3.207)

here, |l(x,y)〉 represents a real value of the element on the coordinate (x,y), 
and the grayscale f x yς ( , )  on the coordinate (x,y) is given by

f x y

l x y

l x y l x y

l x y
ς ( , )

, ( , ) ,

( , ) , ( , ) ,

, ( , )

=

<




 ≤ <
≥

0 1

1 255

255 2555,










	 (3.208)

where 

  denotes rounding down, such as 3 9 3.


 = .

Then, the dashed box 3 in Figure 15 transforms f x yς ( , )  in ς
1

 into

λ( , )

, ( , ) ,

( ( , )), ( , ) ,

( , ) ,
x y

l x y

round l x y l x y

l x y
=

<
≤ <





 ≤

0 0

0 2

2 ll x y

l x y

( , ) ,

, ( , ) ,

<
≥




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



255

255 255

	 (3.209)

where round() denotes the function of rounding off, such as round(3.4)=3 
and round(3.6)=4.

Finally, applying the dashed box 4 in Figure 15, we have
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kn k

( , ) ( , ) , 	 (3.210)

where f(x,y) satisfies

f x y

l x y

round l x y( , )

, ( , ) ,

( ( , )),=
<0 0                        

  00 255

255 255

≤ <
≥


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l x y

l x y

( , ) ,
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	 (3.211)

Furthermore, using the circuit QG, we design the circuit in Figure 37 to 
realize type conversion from a real-value image with three channels Ψ

QC
2  

in (3.181) to a color image Ψ
GC

 in (3.154). The abbreviated notation of the 
circuit is denoted as QC.

The circuit QC transforms the initial state 0
8 2⊗
⊗ Ψ

QC
 into

ς
3

0

2 1

0

2 1

1

31

3 2
=
× =

−

=

−

=
∑∑∑

−

n j j
yxj

f x y l x y x y

kn k

( , ) ( , ) , 	 (3.212)

where meanings of |lj(x,y)〉 for j=1,2,3 are seen in (3-182), and |fj(x,y)〉 can 
be given by

Figure 37. The implementation circuit of type conversion from a real-value image 
to a color image
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Since the circuits of type conversion from QRDS to GNEQR can be 
implemented by constant basic operations, their complexities are O(1).

Type Conversions Between GNEQR and QRDS

We discuss type conversions between integer images and real-value using 
Haar wavelet transform (HWT) and inverse Haar wavelet transform (IHWT). 
The matrix of HWT on 2n elements is

W n2

2
2

1 1 0 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1
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

. 	 (3.214)

Suppose the 128×128 grayscale image in Figure 38 (a) corresponds to 
I

2 27 7,
, then, the transformed image (i.e., real- value R

2 27 7,
) in Figure 38 (b) is 

given by 2D HWT,

R W I WT

2 2 2 2 2 27 7 7 7 7 7, ,
= ,	 (3.215)

where ()Tis the transpose of a matrix. The transformed image I
2 27 7,

 in Figure 
38 (c) is obtained by 2D IHWT,

I W R WT

2 2 2

1

2 2 2

1
7 7 7 7 77, ,

( ) ( )= − − ,	 (3.216)

where ()‑1 is the inverse operation of a matrix.
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Suppose that the black-box circuits UH1 and U
H 1
1−  implement 2D Haar 

quantum wavelet transform (HQWT) and its inverse for grayscale images, 
respectively. The type conversion circuit between gray images and real-value 
images for the example in Figure 38 is illustrated in Figure 39.

First, a grayscale image is stored in a GNEQR state Ψ
G2
8 . Next, successively 

performing type conversion GQ in Figure 33, HQWT and its inverse transform, 
and type conversion QG in Figure 35, we obtain ς

2
 in (3.210). Then, to 

retrieve images from quantum state ς
2

, we perform quantum measurement 
on the first 8 qubits and last n qubits of the state. The image retrieval process 
is divided into two steps as below.

Step 1. The observable operator

Figure 39. The type conversion circuit between quantum gray images and real-value 
images

Figure 38. The example of type conversions between classical gray images and real-
value images. (a) A grayscale image. (b) The transformed image using 2D HWT. 
(c) The transformed grayscale image using 2D IHWT.
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M m xy xy
x y

yx

kn k

1
0

2 1

0

2 1

= 〈
=

−

=

−

∑∑
−

,
|,	 (3.217)

is applied to the last n qubits of ς
2

. ς
2

collapses into a basis state |f(x,y)〉 
|l(x,y)〉 |x〉 |y〉 with probability of 1/2n.

Step 2. We use the observable operator

M m m m
m

2
0

255

= 〈
=
∑ | ,	 (3.218)

to measure the first 8 qubits of the basis state |f(x,y)〉 |l(x,y)〉 |x〉 |y〉, and 
obtain the grayscale f(x,y) on the coordinate (x,y) after one measurement.

For instance, for the grayscale image in Figure 18, the process of the type 
conversions between quantum grayscale images and quantum real-value 
images is shown in Figure 40.

The input is 0
24

1

⊗
ψ , where ψ

1
 in (3.149) stores the grayscale image 

as follows,

99 100

97 101

101 100

98 100

























.	 (3.219)

Figure 40. An example of the type conversions between GNEQR and QRDS for 
grayscale images
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Applying the circuit GQ on 0
24

1

⊗
ψ  gives

ψ
2 3

1

2
0 10001100000000000000000 00 0

0 10000101 100100

=

+

( 10000101

000000000000000000 00 1

0 10000101 10000100000000000000000 01 0+

+ 00 10000101 10010100000000000000000 01 1

0 10000101 100010000000+ 000000000000 10 0

0 10000101 10010000000000000000000 10 1

0 10000

+

+ 1101 10010100000000000000000 11 0

0 10000101 100100000000000000+ 000000 11 1 ).

	 (3.220)

The transformed state ψ
3

 is given by

ψ
3 3

1

2
0 10000110 10001101000000000000000 00 0

1 10000000 010000

=

+

(

000000000000100000 00 1

0 10000110 10001111000000000000000 01 0+

+ 11 01111110 00000000000000000000000 01 1

0 01111110 000000000000+ 000000001001 10 0

0 01111111 10000000000000000001110 10 1

1 01111

+

+ 1111 10000000000000000001101 11 0

1 01111111 100000000000000000+ 001101 11 1 ),

	 (3.221)

which stores a following real-value image,

198 5 2 50000762939453125

199 5 0 5

0 5000005364418029785156

. .

. .

.

−
−

225 1 5000016689300537109375

1 50000154972076416015625 1 50

.

. .− − 0000154972076416015625

























.	 (3.222)

Performing U
H 1
1− , we obtain
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ψ
4 3

1

2
0 10001100000000000000010 00 0

0 10000101 100100

=

+

( 10000101

000000000000000001 00 1

0 10000101 0110000011111111111111110 01+ 00

0 10000101 0110010011111111111111111 01 1

0 10000101 10001000

+

+ 0000000000000010 10 0

0 10000101 10010000000000000000001 10 1

0 1

+

+ 00000101 10010100000000000000000 11 0

0 10000101 10001111111111+ 1111111110 11 1 ),

.	 (3.223)

which stores a following real-value image,

99 0000152587890625 100 00000762939453125

96 999984741210937

. .

. 55 100 99999237060546875

98 0000152587890625 100 000007629394

.

. . 553125

101 0 99 9999847412109375. .

























.	 (3.224)

The type conversion QG transforms ψ
4

 into

Figure 41. A example of type conversions between classical color images and real-
value images. (a) A color image. (b) The red channel of the transformed image using 
2D HWT. (c) The green channel of the transformed image using 2D HWT. (d) The 
blue channel of the transformed image using 2D HQWT. (e) The transformed color 
image using IHWT.
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Figure 42. The type conversion circuit between quantum color images and quantum 
real-value images
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ψ
5 3

1

2
99 0 10001100000000000000010 00 0

100 0 10000101 1

=

+

( 10000101

00010000000000000000001 00 1

97 0 10000101 01100000111111111111+ 111110 01 0

101 0 10000101 0110010011111111111111111 01 1

98 0 1000

+

+ 00101 10001000000000000000010 10 0

100 0 10000101 10010000000000+ 0000000001 10 1

101 0 10000101 10010100000000000000000 11 0

100 0 1

+

+ 00000101 10001111111111111111110 11 1 ).

	 (3.225)

Figure 43. The circuit of type conversion from grayscale images to complex-value 
images.
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Finally, we retrieve the grayscale image in (3.129) by measuring on the 
first 8 qubits and last 3 qubits of the state ψ

5
.

The example of type conversions between classical color images and real-
value images is shown in Figure 41.

Suppose that the black-box circuits UH2 and U
H 2

1−  implement 2D HQWT 
and its inverse for color images, respectively. For the example in Figure 40, 
the type conversion circuit between color images and real-value images is 
illustrated in Figure 42.

A color image is stored in a GNEQR state Ψ
GC

 in (3.154). Type conversion 

GC in Figure 34 changes 0
24⊗
Ψ
GC

 into Ψ
QC
2  in (3.181). Successively 

performing HQWT and its inverse transform, and type conversion QC in 
Figure 37, we obtain ς

3
 in (3.212). Using a similar measurement method 

in Figure 39, we retrieve the color image by performing quantum measurement 
on the first 8 qubits and last n qubits of the state.

Figure 44. The circuit of type conversion from color images to complex-value images

Figure 45. The circuit of type conversion from complex-value images to grayscale 
images
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Type Conversion From GNEQR to QCDSA

Using the circuit GQ in Figure 33, we design the implementation circuit of 
type conversion from a grayscale image to a complex-value image shown in 
Figure 43. The abbreviated notation of the circuit is denoted as GA, which 
implements

GA : 0
56

2
8 2⊗

⊗ →Ψ Ψ
G QA

,	 (3.226)

where Ψ
G
8  in (3.148) and Ψ

QA
2  in (3.187) represent a grayscale image and 

a complex-value image, respectively.
The implementation circuit of type conversion from a color image to a 

complex-value image is shown in Figure 44. The abbreviated notation of the 
circuit is denoted as GAC, which implements

GAC : 0
56 2⊗
⊗ →Ψ Ψ

GC QAC
,	 (3.227)

where Ψ
GC

 in (3.154) and Ψ
QAC
2  in (3.190) represent a color image and 

a complex-value image with three channels, respectively.

Type Conversion From QCDSA to GNEQR

By using the circuit QG in Figure 35, type conversion from a complex-value 
image to a grayscale image is realized by the circuit shown in Figure 45. The 
abbreviated notation of the circuit denoted as AG, implements

AG : ( , ) ( , )0
1

2

8 2
4

0

2 1

0

2 1
⊗

=

−

=

−

⊗ → = ∑∑
−

Ψ
QA n

yx

f x y g x y x y

kn k

ς ,	 (3.228)

where Ψ
QA
2  in (3.187) represent a complex-value image, and |f(x,y)〉 denotes 

the grayscale of the pixel on the coordinate (x,y).
The implementation circuit of type conversion from a color image to 

a complex-value image is shown in Figure 46. Its abbreviated notation is 
denoted as ACG, which implements

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



119

The Storage and Retrieval Technologies of Quantum Images

ACG : ( , ) ( , )0
1

3 2

8 2
6

0

2 1

0

2 1
⊗

=

−

=

−

=

⊗ → =
×

∑∑
−

Ψ
QAC n j j

yxj

f x y g x y x y

kn k

ς
11

3

∑ ,	

(3.229)

where Ψ
QAC
2  in (3.190) a complex-value image with three channels, and 

the meanings of |fj(x,y)〉 with j=1,2,3 are seen in (3.154).

Type Conversions Between GNEQR and QCDSA

Suppose that the black-box circuits UF1 and U
F1
1−  implement 2D quantum 

Fourier transform (QFT) and its inverse for grayscale images, respectively. 
Using the circuits GA in Figure 43 and AG in Figure 45, we design type 
conversion circuit between grayscale images and complex-value images 
shown in Figure 47.

Figure 46. The circuit of type conversion from complex-value images to color images

Figure 47. Type conversion circuit between grayscale images and complex-value 
images.
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The circuits GA in Figure 43 transforms a grayscale image 0
56

2
8⊗

⊗ Ψ
G

 

into a complex-value image Ψ
QA
2  in (3.186). Successively performing 2D 

QFT UF1 and its inverse U
F1
1− , and the type conversion circuit AG in Figure 

45, we obtain ς
4

 in (3.228). The grayscale image is retrieved by measuring 
the first 8 qubits and last n qubits of the state ς

4
. An example of the type 

conversions between grayscale images and complex-value images is given 
in Figure 48.

The grayscale image in (3.219) is as the input, and is transformed into an 
QCDSA state |S3〉 by the circuit GA and 2D QFT UF1, where |S3〉 is seen in 
(3.189), and stores a complex-value image as follows,

281 428466796875 2 1213226318359375

0 353553384542465209960

. .

.

−
99375 0 3535533845424652099609375

0 70710676908493041992187

.

.− 55 0

0 3535533845424652099609375 0 3535533845424652099609375. .

























+
− −
i

0 0

1 0606601238250732421875 1 76776695. . 225146484375

0 0

1 0606601238250732421875 1 767766952514648437. . 55

























.

	 (3.230)

After performing U
F1
1− , ψ

6
 is given as

Figure 48. An example of the type conversions between GNEQR and QCDSA for 
grayscale images
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ψ
6 3

32

32

1

2
0 0 10000101 10001011111111111111111 00 0

0 0 1000

= ×

+

⊗

⊗

( 

00101 10001111111111111111110 00 1

0 0 10000101 1000001111111
32

+
⊗

11111111110 01 0

0 0 10000101 10010011111111111111101 01 1

0

32

3

+

+

⊗

⊗ 22

32

0 10000101 10001000000000000000001 10 0

0 0 10000101 1001000+
⊗

00000000000000000 10 1

0 0 10000101 10010100000000000000000 1
32

+
⊗

11 0

0 0 10000101 10001111111111111111110 11 1
32

+
⊗

),

	

(3.231)

which stores a complex-value image

98 99999237060546875 0 99 9999847412109375 0

96 9999847412

. .

.

+ +i i

1109375 0 100 99997711181640625 0

98 00000762939453125 0 1

+ +
+
i i

i

.

. 000 0 0

101 0 0 99 9999847412109375 0

.

. .

+
+ +

























i

i i

.	 (3.232)

ψ
7

 is given by type conversion AG,
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ψ
7 3

32

32

1

2
99 0 0 10000101 10001011111111111111111 00 0

100 0

= ×

+

⊗

⊗

( 

00 10000101 10001111111111111111110 00 1

97 0 0 10000101 100000
32

+
⊗

111111111111111110 01 0

101 0 0 10000101 10010011111111111111
32

+
⊗

1101 01 1

98 0 0 10000101 10001000000000000000001 10 0

100 0 0

32

32

+

+

⊗

⊗
110000101 10010000000000000000000 10 1

101 0 0 10000101 100101
32

+
⊗

000000000000000000 11 0

100 0 0 10000101 10001111111111111111
32

+
⊗

1110 11 1 ).

	

(3.233)

Finally, we retrieve the grayscale image in (3.129) by measuring on the 
first 8 qubits and last 3 qubits of the state ψ

7
.

Suppose that the black-box circuits UF2 and U
F 2

1−  implement 2D QFT and 
its inverse for color images, respectively. The type conversion circuit between 
color images and complex-value images is illustrated in Figure 49.

A color image is stored in a GNEQR state Ψ
GC

 in (3.154). Type conversion 

GAC in Figure 44 changes 0
24⊗
Ψ
GC

 into Ψ
QAC
2  in (3.190). Successively 

Figure 49. Type conversion circuit between color images and complex-value images
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performing 2D QWT UF2 and its inverse transform U
F 2

1− , and type conversion 
ACG, we obtain ς

6
 in (3.229). We retrieve the color image by performing 

quantum measurement on the first 8 qubits and last n qubits of the state ς
6

.

Type Conversions Between GNEQR and QCDSE

Since the implementation circuits of QSDSA and QSDSE are the same, the 
circuits GA in Figure 43 and GAC in Figure 44 also realize type conversions 
from GNEQR to QCDSE. Meanwhile, type conversions from QCDSE to 
GNEQR are implemented by the circuits the circuits AG in Figure 45 and 
GAC in Figure 46. Therefore, suppose that the black-box circuits UF3 and 
U
F 3

1−  implement 2D QFT and its inverse for grayscale images based on QCDSE, 
type conversion circuit between grayscale images and complex-value images 
based on QCDSE shown in Figure 50.

The circuits GA in Figure 43 transforms a grayscale image 0
56

2
8⊗

⊗ Ψ
G

 

into a complex-value image Ψ
QE
2  in (3.197). Successively performing 2D 

QFT UF3 and its inverse U
F 3

1− , and the type conversion circuit AG, we obtain 
ς
4

 as follows,

ς
5

0

2 1

0

2 1
1

2
=

=

−

=

−

∑∑
−

n
yx

f x y h x y x y

kn k

( , ) ( , ) ,	 (3.234)

where the meanings of |f(x,y)〉 and |h(x,y)〉 are seen in (3.148) and (3.197), 
respectively. An example of the type conversions between grayscale images 
and complex-value images based on QCDSE is given in Figure 51.

Figure 50. Type conversion circuit between GNEQR and QCDSE for grayscale images

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



124

The Storage and Retrieval Technologies of Quantum Images

Table 4. The general features concerning the aforementioned QIRs

QIR Category of QIR Category of Image Size of Image Color Retrieval

Qubit Lattice First Grayscale & color 2 21 2n n× Probabilistic

QSMC & QSNC First Grayscale & color 2 21 2n n× Probabilistic

FRQI First Grayscale & color 2 21 2n n× Probabilistic

NASS First Grayscale & color 2 21 2n n× Probabilistic

NASSTC First Color 2 21 2n n× Probabilistic

NAQSS First Grayscale & color 2 21 2n n× Probabilistic

FQRGI Second Grayscale & color 2 2n n× Probabilistic

NASSRP First & Second Grayscale & color 2 21 2n n× Probabilistic

NEQR Third Grayscale & color 2 2n n× Deterministic

GNEQR Third Grayscale & color 2 21 2n n× Deterministic

BRQI Third Grayscale & color 2 21 2n n× Deterministic

QRDS Third Real-value 2 21 2n n× Deterministic

QCDSA Third Complex-value 2 21 2n n× Deterministic

QCDSE Third Complex-value 2 21 2n n× Deterministic

Figure 51. An example of the type conversions between GNEQR and QCDSE for 
grayscale images
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The grayscale image in (3.219) is transformed into an QCDSE state |S4〉 
by the circuit GA and 2D QFT UF3, where |S4〉 is seen in (3.199), and stores 

Table 5. The complexity comparison of the aforementioned QIRs

QIR Category of Image Circuit Complexity Required Qubits Measurement Number

Qubit Lattice

Grayscale O(22n) 22n O M
g

( )4

Color O(22n) 22n O M
c

( )4

QSMC & QSNC

Grayscale O(22n) 22n+m <O M
g

( )4

Color O(22n) 22n+m <O M
c

( )4

FRQI

Grayscale O(n22n) 2n+1 O Mn
g

( )22 4

Color O(n22n) 2n+1 O Mn
c

( )22 4

NASS

Grayscale O(n222n) 2n O Mn
g

( )22 4

Color O(n222n) 2n O Mn
c

( )22 4

NASSTC Color O(n222n) 2n+2 O Mn
g

( )22 4

NAQSS

Grayscale O(n222n) 2n+1 O Mn
g

( )22 4 4λ

Color O(n222n) 2n+1 O Mn
c

( )22 4 4λ

FQRGI

Grayscale O(n222n) 2n+1 O Mn
g

( )22 4

Color O(n222n) 2n+1 O Mn
c

( )22 4

NASSRP

Grayscale O(n222n) 2n+1 O Mn
g

( )22 4 8λ

Color O(n222n) 2n+1 O Mn
c

( )22 4 8λ

NEQR
Grayscale O(n22n) 2n+8 O(22n)
Color O(n22n) 2n+24 O(22n)

GNEQR
Grayscale O(n22n) 2n+8 O(22n)
Color O(n22n) 2n+10 O(22n)

BRQI
Grayscale O(n22n) 2n+4 O(22n)
Color O(n22n) 2n+6 O(22n)

QRDS
Real-value O(n22n) 2n+32 O(22n)
Real-value with three channels O(n22n) 2n+34 O(22n)

QCDSA
Complex-value O(n22n) 2n+64 O(22n)
Complex-value with three channels O(n22n) 2n+66 O(22n)

QCDSE
Complex-value O(n22n) 2n+64 O(22n)
Complex-value with three channels O(n22n) 2n+66 O(22n)
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a complex-value image as follows,

281 428466796875
2 1213226318359375

0
3 1415927410125732.

.
.e

e
i

i× 4421875

1 2490457296371459960937

1 118033885955810546875.
.× −e i 55 1 37340080738067626953125

1 8027756214141845703125

0 7

.

.

.× −e i

007106769084930419921875
0

1 1

3 1415927410125732421875
0

×e
ei
i

.

. 118033885955810546875 1 8027756
1 24904572963714599609375×ei .

. 2214141845703125
1 37340080738067626953125×


















ei .



























.	 (3.235)

Performing U
F 3

1−  and type conversion AG obtains ψ
8

,

ψ
8 3

32

32

1

2
99 0 0 10000101 10001011111111111111111 00 0

100 0

= ×

+

⊗

⊗

( 

00 10000101 10001111111111111111110 00 1

97 0 0 10000101 100000
32

+
⊗

111111111111111110 01 0

101 0 0 10000101 10010011111111111111
32

+
⊗

1101 01 1

98 0 0 10000101 10001000000000000000001 10 0

100 0 0

32

32

+

+

⊗

⊗
110000101 10010000000000000000000 10 1

101 0 0 10000101 100101
32

+
⊗

000000000000000000 11 0

100 0 0 10000101 10001111111111111111
32

+
⊗

1110 11 1 ),

	

(3.236)

that is, type conversion AG transforms the following complex-value image

98 99999237060546875 99 9999847412109375

96 9999847412

0 0. .

.

e ei i

1109375 100 99997711181640625

98 00000762939453125 1

0 0

0

e e

e

i i

i

.

. 000 0

101 0 99 9999847412109375

0

0 0

.

. .

e

e e

i

i i

























	 (3.237)

into the grayscale image in (3.129)
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Suppose that the black-box circuits UF4 and U
F 4

1−  implement 2D QFT and 
its inverse for color images based on QCDSE, respectively. The type conversion 
circuit between color images and complex-value images is illustrated in 
Figure 52.

Figure 52. Type conversion circuit between GNEQR and QCDSE for 
color images

Table 6. The storage performance comparison of QIRs

QIR Category of Image The Amount of Data

FRQI
Grayscale 22 23n+

Color 22 23n+

NASS
Grayscale 22 24n+

Color 22 24n+

NASSTC Color 22 22n+

NAQSS
Grayscale 22 24n+

Color 22 24n+

FQRGI
Grayscale 22 23n+

Color 22 23n+

NASSRP
Grayscale 3 22 23× +n

Color 3 22 23× +n

NEQR
Grayscale 22 16n+

Color 22n

GNEQR
Grayscale 22 16n+

Color 22 14n+

BRQI
Grayscale 22 20n+

Color 22 18n+
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Type conversion GAC in Figure 44 changes 0
24⊗
Ψ
GC

 into Ψ
QAC
2  in 

(3.190). Successively performing 2D QWT UF4 and its inverse transform 
U
F 4

1− , and type conversion ACG, we obtain ς
7

 as follows,

ς
7

0

2 1

0

2 1

1

31

3 2
=
× =

−

=

−

=
∑∑∑

−

n j j
yxj

f x y h x y x y

kn k

( , ) ( , ) ,	 (3.238)

where the meanings of |fj(x,y)〉 and |hj(x,y)〉 with j=1,2,3 are seen in (3.154) 
and (3.201), respectively. The color image is retrieved by measuring the first 
8 qubits and last n qubits of the state ς

7
.

COMPARISONS OF QUANTUM 
IMAGE REPRESENTATIONS

Comparisons of parts of quantum image representations in this chapter were 
discussed (Yan, Iliyasu, & Venegas-Andraca, 2016; Li, Song, Fan, Peng, 
Xia, & Liang 2019). In this section, we discuss circuit complexities, retrieval 
technologies, and storage performances of the aforementioned QIRs in this 
chapter.

The general features concerning the aforementioned QIRs are shown in 
Table 4. Compared the third category of QIR with other two categories, the 
most noticeable difference is color retrieval. The third category of QIR has 
an advantage, that is, its color retrieval is deterministic.

For a 2n×2n image, complexity of the implementation circuits, required 
qubits, and measurement number for retrieving the color and the coordinate 
of a pixel are shown in Table 5. Here, Mc=224 and Mg=28 are the sizes of a 
grayscale set and a RGB color set, respectively. m is the number of deferent 
colors in an image. λ is the sizes of a integer set.

Table 5 shows that required qubits of Qubit Lattice and QSMC & QSNC 
are maximum, and their Measurement numbers are minimum. Except for 
Qubit Lattice and QSMC & QSNC, the third category of QIRs needs more 
qubits and less measurement number than other two categories.

For a more detailed comparison of storage performances of QIRs except 
for Qubit Lattice, QSMC & QSNC, QRDS, QCDSA and QCDSE, Table 6 
lists the amount of data for 2n+24 qubits.
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Table 6 shows that the storage performance of NASSRP is best than other 
QIRs in the table. A NASSRP state with 2n+24 qubits can store 3 22 23× +n  
Data for color images, which is 3×223 times of the amount of data stored in 
NEQR using the same qubits.

CONCLUSION

This chapter described some typical examples of quantum image representations 
of three categories, which solve how to store an image in a quantum system, 
and to retrieve the image from the quantum system. The chapter provides the 
necessary foundation for quantum image processing in the following chapters.
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Chapter  3
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ABSTRACT

Geometric transformations are basic operations in image processing. This 
chapter describes geometric transformations of images and videos. These 
geometric transformations include two-point swapping, symmetric flip, local 
flip, orthogonal rotation, and translation.

INTRODUCTION

Many applications in both 2D and 3D biomedical imaging require efficient 
techniques for geometric transformations of images (Arce-Santana & Alba, 
2009; Dooley, Stewart, Durrani, Setarehdan, & Soraghan, 2004). Quantum 
geometric transformations provides a feasible method to implement efficient 
geometric transformation. Geometric transformations, such as two-point 
swapping, flip, orthogonal rotation, and restricted geometric transformation, 
are applied to images based on FRQI (Iliyasu, Le, Dong, & Hirota, 2012; Le, 
Iliyasu, Dong, & Hirota, 2010, 2011). Next, quantum geometric transformations 
of images and videos based on NASS were proposed (Fan, Zhou, Jing, & Li, 
2016). This chapter introduces quantum geometric transformations of images 
and videos based on NASS, which include two-point swapping, symmetric 
flip, local flip, orthogonal rotation, and translation.

Quantum Geometric 
Transformations
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TWO-POINT SWAPPING

Definition 4.1. A two-point swapping operator G
s
t  for images and videos is 

defined as

G s t t s i i
s
t

i i s t

n

= 〈 + 〈 + 〈
= ≠

−

∑| | |,
, ,0

2 1

	 (4.1)

where |s〉 and |t〉 encode the coordinates of the two swapped pixels. The 
binary expansions of the integers s, t, and i are s=s1,…,sn, t=t1,…,tn, and 
i=i1,…,in, respectively.

The NASS state ψ  represents a multi-dimensional image (i.e., a 2D 
image or a 3D video) with 2n pixels,

ψ θ=
j

j

j
n

=

−

∑
0

2 1

.	 (4.2)

Applying G
s
t  on the NASS state ψ  implements the two-point swapping 

of a multi-dimensional image,

G G i t s i
s
t

i s
t

i
s t i

i i s t

n n

ψ θ θ θ θ= = + +
=

−

= ≠

−

∑ ∑
0

2 1

0

2 1

, ,

. 	 (4.3)

To design the quantum circuit of the two-point swapping operator G
s
t , we 

first introduce Gray code (Nielsen & Chuang, 2000). Suppose that s and t 
are two distinct binary numbers, then a Gray code that connects s and t is a 
sequence of binary numbers, which starts with s and ends with t, where 
adjacent members in the list differ by exactly one bit. For example, when n 
bit binary numbers s=0…0…0 and t=1…1…1 are the binary expansions of 
the integers 0 and 2n – 1, respectively, the Gray code is as follows,
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0 0 0

0 0 1

0 1 1

1 1 1

� �

� �

� � �

� �

� � �

� �

. 	 (4.4)

Let g1,g2,…,gm be the elements of a Gray code that connects s and t, where 
g1=s and gm=t. s and t differ in at most n locations, thus we can find a Gray 
code such that m≤n+1. Since the elements gi and g

i+1  (1≤i≤m – 1) differ at 
only one location, we can implement the transformation g g

i i
→ +1  by 

using the Cn(Xk) gate shown in Figure 8. For example, when |g2〉=|0…01〉 
and |g3〉=|0…11〉, where |g2〉 and |g3〉 are two elements of the Gray codes in 
(4.4), the C Xn

n
( )−1

 gate can achieve the transformation |g2〉→|g3〉.
Let the matrix W and its conjugate transpose W † , two sets   and   be

W W

S W S W k
k
n

k
n

=
−

















=
−















= =

0 1

1 0

0 1

1 0

1

, ,

{ ( ), ( ) ,

†

†W 22

1 2

, },

{ ( ) , , },

…

= = …











n

S X k n
k
nX

.	 (4.5)

where these gatesS U
k
n( )  with U=W, U W= † , or U=X are shown in Figure 

8.
Theorem 4.1. Let g1,g2,…,gm be the elements of a Gray code that connects 

s and t, where |g1〉=|s〉 and |gm〉=|t〉 encode the coordinates of the two swapped 
pixels in G

s
t . The operator G

s
t  can be implemented by 2m – 4 gates in the 

set   and one gate in the set  , whose complexity is O(n2).
Proof. Suppose that a quantum circuit Ci implements

C g g
i i i

= +1 ,	 (4.6)
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where 1≤i≤m – 1. Since gi and g
i+1  in a Gay code differ by exactly one bit, 

Ci is an element of the set  . For instance, when gi and g
i+1

 differ by the 
j-th bit, i.e.,

g i i i

g i i i
i j n

i j n

=
=






 +

1

1 1

� �

� �

,

,
	 (4.7)

then C S X
i j

n= ( )  realizes

C g S X g g

C g S X g g
i i j

n
i i

i i j
n

i i

= =

= =








+

+ +

( ) ,

( ) .
1

1 1

	 (4.8)

When |x〉≠|gi〉 and x g
i

≠ +1 ,

C x S X x x
i j

n= =( ) . 	 (4.9)

Therefore,

C C C C C C C
T m m m
= − − −1 2 2 1 2 1

� � 	

implement the transformations |g1〉→|g2〉→…|gm〉 and g g g
m m− −→ →

1 2 1
� . 

From equations (4.8) and (4.9), we obtain

C s C g g t

C t C g g s

C x x

T T m

T T m

T

= = =

= = =

=










1

1

,

,

,

	 (4.10)

where |x〉≠|s〉 and |x〉≠|t〉. Thus, applying CT on the NASS state ψ  gives

C C i t s i
T i T s t i

i i s ti

nn

ψ θ θ θ θ= = + +
= ≠

−

=

−

∑∑
0

2 1

0

2 1

, ,

. 	 (4.11)
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Comparing (4.11) with (4.3), we conclude that C G
T s

t= . Substituting W 
and W †  for X in Ci gives Vi and V

i
† . For instance, if C S X

i j
n= ( ) , the V S W

i j
n= ( )  

and V S W
i j

n† †( )= . Since W|0〉= ‑|1〉, W|1〉=|0〉, and WW I† = ,

V V V C VV V V
T m m m
= − − −1 2 1 2 2 12

† ††� � 	

is equal to CT, i.e., V G
T s

t= . We conclude that G
s
t  can be implemented by 

2m – 4 gates in the set   and one gate in the set  .
Since W W, † ∈ ( )SU 2 , the complexity of any gate in the set   is O(n) 

by Corollary 2.18. Meanwhile, the complexity of any gate in the set   is 
O(n2) by Corollary 2.16. Since s and t can differ in at most n locations, we 
obtain m≤n+1. Therefore, the complexity of G

s
t  is O(n2).

To understand the quantum circuit implementation of two-point swapping 
more clearly, let us consider the 2D image in Figure 6 and the video in Figure 
7 as examples. When n=5, the Gray code in (44) is changed into

0 0 0 0 0

0 0 0 0 1

0 0 0 1 1

0 0 1 1 1

0 1 1 1 1

1 1 1 1 1

,	 (4.12)

and its elements are successively denoted as g1,g2,…,g6, such as |g1〉= |s〉= 
|00000〉 and |g6〉= |t〉= |11111〉. According to Theorem 4.1, the two-point 
swapping is realized by 8 gates in the set   and one gate in the set  , the 
quantum circuit of which is shown in Figure 1.

For clarity, the state ψ
2
3 2,  in (3.59) is rewritten as

ψ θ θ θ θ θ
2
3 2

5 4
0

2 1

2 1 0 1 30 31

5

000 00 000 01 111 10 1, = =
3i

i

i i i i i
=

−

∑ + + + +� 111 11 ,	

(4.13)

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



137

Quantum Geometric Transformations

which represents the image in Figure 2 (a). Applying the circuit on ψ
2
3 2, , 

we implement the two-point swapping between the first coordinate and the 
last coordinate. The result is shown in Figure 2 (b).

More than one Gray code often connects s and t, so we can implement 
the two-point swapping of s and t using more than one quantum circuit. For 
example, when s=00000 and t=11111, another Gray code is as follows,

Figure 1. The implementation of the two-point swapping for the Gray code in (4.12).

Figure 2. The example of a two-point swapping for a 8x4 image.
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0 0 0 0 0

1 0 0 0 0

1 1 0 0 0

1 1 1 0 0

1 1 1 1 0

1 1 1 1 1

,	 (4.14)

and the two-point swapping is realized by the circuit in Figure 3.

The state ψ
3
2 1 2, ,  in (3.61) is rewritten as

ψ θ θ θ θ
3
2 1 2

0

2 1

5 3 2 1 0 1 31

5

00 0 00 00 0 01 11 1 11, , ,= =
4i

i

i i i i i
=

−

∑ + + +� 	

(4.15)

which represents the video in Figure 4 (a). The two-point swapping between 
the first coordinate |s〉= |00〉 |0〉 |00〉 and the last coordinate |t〉= |11〉 |1〉 |11〉 
is realized by performing the circuit on the state ψ

3
2 1 2, , , and the result is 

shown in Figure 4.

Figure 3. The implementation of the two-point swapping for the Gray code in (4.14).
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SYMMETRIC FLIP TRANSFORMATION

Definition 4.2. Two symmetric flip operators G
F
x
2
 and G

F
y
2
 for 2 2n k k− ×  

images are defined as

G I X

G X I
F
x n k

y n k

k

F
k

2

2

= ⊗

= ⊗








⊗ ⊗

⊗ ⊗

−

−

,

,
	 (4.16)

where I and X are identity gate and NOT gate, respectively.
The symmetric flip transformations of the image ψ

2
 in (3.58) are realized 

by

Figure 4. The example of a two-point swapping for a 4x2x4 video

Figure 5. The example of the symmetric flip transformation G
F
x
2
.
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G i i i i

G i i i i

F
x

y

i
i

n k k

F i
i

n k k

n

n

2 2
0

2 1

1 1

2 2
0

2 1

1

ψ θ

ψ θ

= … …

= … …

=

−

+

=

−

+

∑

∑

,

11
,











	 (4.17)

where j j
h h
= −1 , and h=1,2,…,n. For instance, applying G

F
x
2
 on ψ

2
3 2,  in 

(4.13), we implement the symmetric flip transformation of the image in 
Figure 2 (a), the result of which is shown in Figure 5.

Another symmetric flip transformation of the image in Figure 2 (a) is 
realized by applying G

F
y
2
 on ψ

2
3 2, , and its result is shown in Figure 6.

Definition 4.3. Three symmetric flip operators G
F
x
3
, G

F
y
3
 and G

F
t
3
 for 

2 2 2n k h k h− − × ×  videos are defined as

G I X X

G X I X

G X X

F
x n k h

y n k h

t n k h

k h

F
k h

F
k

3

3

3

= ⊗ ⊗

= ⊗ ⊗

= ⊗

⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗ ⊗

− −

− −

− −

,

,

⊗⊗










⊗I h .

	 (4.18)

The symmetric flip transformations of the video ψ
3

 in (3.60) are realized 
by

Figure 6. The example of the symmetric flip transformation G
F
y
2
.
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G i i i i i i
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ψ θ ++ …










1 1
i i
h

,

	 (4.19)

where j j
m m
= −1 , and m=1,2,…,n. For instance, applying G

F
x
3
, G

F
y
3
 and 

G
F
t
3
 on ψ

3
2 1 2, ,  in (4.15), we implement the symmetric flip transformations 

of the video in Figure 4 (a), the results of which are shown in Figure 7, Figure 
8, and Figure 9, respectively.

From Definition 4.2 and Definition 4.3, every symmetric flip operator 
consists of n NOT gates at most, so its complexity is O(n).

Figure 7. The example of the symmetric flip transformation G
F
x
3

.

Figure 8. The example of the symmetric flip transformation G
F
y
3

.
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LOCAL FLIP TRANSFORMATION

Definition 4.4. A local flip operator G
LF
x j m

2
, ,  along the x axis for 2 2n k k− ×  

images is defined as

G i i i i i
LF
x j m

i
i i m

n k k i
i i m

n

j j

n n

2 2
0

2 1

1
0

2 1

1
, ,

, ,

ψ θ θ= … … + …
= ≠

−

+
= =

−

∑ ∑ ii i i i i i
k k j j j+ + −… …

1 1 1 1
 ,	

(4.20)

where 1≤j≤k, and m∈{0,1}.
The local flip operator G

LF
x j m

2
, ,  is realized by the circuit shown in Figure 10 

(a), and its complexity is O(n). For example, when j=2 and m=1, the circuit 
of G

LF
x

2
2 1, ,  for a 8x4 image is shown in Figure 10 (b).

Applying G
F
x
2
2 1, ,  on ψ

2
3 2,  in (4.13), we implement the local flip transformation 

of the image shown in Figure 11. The result shows that pixels in the dashed 
are transformed by the local flip transformationG

F
x
2
2 1, , .

Definition 4.5. A local flip operator G
LF
t y j m

3
, , ,  along the t axis for 2 2 2n k h k h− − × ×  

videos is defined as

G i i ii
LF
t y j m

i
i i m

i
i i m

n h k h

j j

n n

3 3
0

2 1

0

2 1

1
, , ,

, ,

ψ θ θ= + …
= ≠

−

= =

−

+ + +∑ ∑ kk j j j hh
i i i i i i… ……+ − +1 1 11

 ,	

(4.21)

where h+1≤j≤h+k, and m∈{0,1}.
The circuit of the local flip operator G

LF
t y j m

3
, , ,  is designed in Figure 12 (a), 

and its complexity is O(n). For instance, when j=3 and m=1, the circuit of 
G
LF
t y

3
3 1, , ,  for a 4×2×4 video is designed in Figure 12 (b), and the result in Figure 

Figure 9. The example of the symmetric flip transformation G
F
t
3

.

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



143

Quantum Geometric Transformations

13 shows that G
LF
t y

3
3 1, , ,  keeps these pixels in the right part in the image frames 

unchanged.

ORTHOGONAL ROTATION

Definition 4.6. The orthogonal rotation operators R x y
m k2

α( )⊗  and 
R x y

m k3
α( )⊗  for images and videos along the plane spanned by x y

m k
⊗  

are defined as

Figure 10. The Implementation circuits of local flip operators for images

Figure 11. The example of the local flip transformation G
LF
x

2
2 1, , .
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R x y x

R x y x

y

y t

m k

m k h

i
i

i
i

n

n

2 2
0

2 1

3
0

2 1

3

α

α

ψ θ

ψ θ

( )

( )

,

,

⊗ =

⊗ =

′ ′

=

−

′ ′

=

−

∑

∑











	 (4.22)

here, α∈ {π/2, π, 3π/2}, m=k (i.e. the sizes of |xm〉 and |yk〉 are the same), and

Figure 12. The implementation circuits of local flip operators for videos.

Figure 13. The example of the local flip transformation G
LF
t y

3
3 1, , , .
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x y y

x y y

x y y

x

x

x

k m

m k

k m

'

'

'

,

,

.

′

′

′

= =

= =

= =





 for 

for 

for 

α
π

α π

α
π

2

3
2







	 (4.23)

where x
m

 and y
k

 implement the NOT operation for every qubit in |xm〉 
and |yk〉, respectively.

The implementation circuits of R x y
m k2

α( )⊗  and R x y
m k3

α( )⊗  are 
shown in Figure 14, and Figure 15, respectively. Since R x y

m k2
α( )⊗  and 

R x y
m k3

α( )⊗  can be realized by n NOT gates and n Swap gates at most, 
their complexities are both O(n).

Applying R x y
m k2

α( )⊗  on ψ
2
3 2,  in (4.13), we implement the orthogonal 

rotations of the image in Figure 16 (a), results of which are shown in Figure 
16 (b), (c) and (d).

Suppose the state ψ
3
1 1 2, , ,

ψ θ
3
1 1 2

0

2 1

3 2 1

4

, , =
4i

i

i i i i
=

−

∑ 	 (4.24)

Figure 14. The circuits of the orthogonal rotation operators R x y
m k2

α( )⊗  for 
images.
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represents the video in Figure 17 (a), applying R x y
m k3

α( )⊗  on ψ
3
1 1 2, , , 

we implement the orthogonal rotations of the video, results of which are 
shown in Figure 17 (b), (c) and (d).

TRANSLATION TRANSFORMATIONS

An operator Tk is

T i i
k

i

k

k

= + 〈










+ 〈 −

=

−

∑ 1 0 2 1
0

2 2

| | ,	 (4.25)

then Tk|j〉 is equal to

T j
j j

jk

k

k=
+ ≤ ≤ −

= −








1 0 2 2

0 2 1

, ,

, .     
	 (4.26)

The circuit of the operator Tk is designed in Figure 18 (a), and its example 
for k=7 is shown in Figure 18 (b). From Corollary 2.14 and Corollary 2.16, 
we conclude that the complexity of the operator Tk is O(k2).

Definition 4.7. Two translation transformation operators T
xm

2  and T
yk

2  

for 2 2n k k− ×  images are defined as

Figure 15. The circuits of the orthogonal rotation operators R x y
m k3

α( )⊗  for 
videos.
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T T I

T I T
x n k

k

y k
n k

m

k

2

2

= ⊗

= ⊗








−
⊗

⊗ −

,

.
	 (4.27)

Applying T
xm

2  and T
yk

2  on ψ
2
3 2,  in (4.13), we implement the translations 

of the image in Figure 19 (a), results of which are shown in Figure 16 (b) 
and (c).

Figure 16. The examples of the orthogonal rotation transformation R x y
m k2

α( )⊗ .
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Figure 17. The examples of the orthogonal rotation transformation R x y
m k3

α( )⊗ .

Figure 18. The circuits of the operator Tk.

Figure 19. The examples of the translation transforms for 8x4 images.
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Definition 4.8. The translation transformation operator T
th

3  for 

2 2 2n k h k h− − × ×  videos is defined as

T I I T
t

k
h

n k h

h

3 = ⊗ ⊗⊗ ⊗− − .	 (4.28)

Applying T
th

3  on ψ
3
2 1 2, ,  in (4.15), we implement the translation of the 

video in Figure 20 (a), results of which is shown in Figure 20 (b).

The complexity of the operator Tk is O(k2), then complexities of translation 
transformation operators T

xm

2 , T
yk

2  and T
th

3  are O(k2), O((n – k)2) and O(h2), 

respectively. Meanwhile, n – k <n, k<n, and h<n, so the complexities of the 
above translation transformations are all O(n2).

SIMULATIONS OF GEOMETRIC TRANSFORMATIONS

Now, we describe the experiments of two-point swapping, symmetric flip, local 
flip, orthogonal rotation, and translation, their codes are seen in Appendix B.

The Simulation of Two-Point Swapping

Let us consider the following image as an example for two-point swapping,

Figure 20. The example of the translation transform
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
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












.	 (4.29)

the Gray code of which is shown in (4.14). Therefore, we calculate the matrix 
of the circuit in Figure 1 using Code B.13, and the result of the two-point 
swapping is in the right of (4.29).

We use Code B.14 to calculate the matrix of the circuit in Figure 1. The 
result of the two-point swapping for the video on the left of Figure 21 is 
shown on the right.

Figure 21. The experiment of a two-point swapping for a 4x2x4 video

Figure 22. Experiments of symmetric flip transformations for a 128x128 image.
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The Simulation of Symmetric Flip Transformations

The 128×128 color image is regarded as the input image shown in Figure 22 
(a). Results of symmetric flip experiments are shown in Figure 22 (b) and 
(c) using Code B.15. The flip operators are G I X

F
x
2

7 7= ⊗⊗ ⊗  and 
G X I
F
y

2
77= ⊗⊗ ⊗  for Figure 22 (b) and (c), respectively.

Code B.16 realizes symmetric flip transformations for the video in Figure 
23 (a). The results of G

F
x
3
, G

F
y
3
 and G

F
t
3
 are shown in Figure 23 (b), (c) and 

(d), respectively. These results show that all image frames in the video are 
transformed by G

F
x
3
, G

F
y
3
 and G

F
t
3
.

Figure 23. Experiments of symmetric flip transformations for a 128x128x2 video

Figure 24. Experiments of local flip transformations for an image
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The Simulation of Local Flip Transformations

From the circuit in Figure 10 (a) for n=14 and j=7, we obtain that the local 
flip operator G

LF
x m

2
7, ,  is as follows,

G I C X
LF
x m m

2
7 7

1
6, , ( )= ⊗⊗ ⊗ ,	 (4.30)

where m=0,1. That is, G
LF
x

2
7 0, ,  and G

LF
x

2
7 1, ,  realize local flip transformations for 

the left part and the right part of the image in Figure 24 (a), and results are 
shown in Figure 24 by Code B.17.

Similarly, the circuit in Figure 12 (a) for a 27×27×2 video gives the local 
flip operator G

LF
t y m

3
9, , ,  as follows,

G I C X I V X I
LF

m mt y m
3

7
1

6
1

7 79, , , [ ( ) ][ ( ) ]= ⊗ ⊗ ⊗⊗ ⊗ ⊗ ⊗ ,	 (4.31)

where m=0,1.

Figure 25. Experiments of local flip transformations for a video

Figure 26. An with n-qubit Swap gate

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



153

Quantum Geometric Transformations

G
LF
t y

3
9 0, , ,  and G

LF
t y

3
9 1, , ,  realize local flip transformations for the left part and 

the right part of image frames in the video in Figure 25 (a), and results are 
shown in Figure 25 (b) and (c) by Code B.18.

The Simulation of Orthogonal Rotation Transformations

The matrix of an n-qubit Swap gate shown in Figure 26, denoted as Swa(n), 
is calculated by Code B.19.

For a 27×27 image, R x y
m k2

2π
( )⊗ , R x y

m k2
π( )⊗  and R x y

m k2

3 2π
( )⊗  

in Figure 14 are

R x y I Swa I Swa I
m k

i i

i
2

6 6

1

5
2

8 8
π

( ) ( ( )) ( ) (⊗ = ⊗ ⊗ ⊗










⊗ ⊗ − ⊗

=
∏ SSwa I X I

y X

y I Sw

R x

R x

m

m

k

k

( ) )( ),

( ) ,

( ) (

8 6 7 7

2
14

2
63 2

⊗ ⊗

=

= ⊗

⊗

⊗

⊗ ⊗ ⊗

⊗

⊗

π

π
aa I Swa I Swa I I Xi i

i

( )) ( ) ( ( ) )(8 8 86

1

5
6 7⊗ − ⊗

=

⊗ ⊗ ⊗⊗ ⊗










⊗ ⊗∏ 77 ),











	

(4.32)

which is realized by Code B.20, and results are shown in Figure 27.

For a 27×27×2 video, the circuits in Figure 15 correspond to the operators 
as follows,

Figure 27. Experiments of orthogonal rotation transformations for an image
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6 1
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
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(4.33)

which is realized by Code B.21, and results are shown in Figure 28.

Figure 28. Experiments of orthogonal rotation transformations for a video

Figure 29. Experiments of translation transformations for an image
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The Simulation of Translation Transformations

We first calculate the matrix of the circuit of the operator Tk in Figure 18 (a) 
using Code B.22. Then, for a 27×27 image, two translation transformation 
operators T T I

xm

2
7

7= ⊗ ⊗  and T I T
yk

2 7
7

= ⊗⊗  are applied repeatedly 10 times 

on the original image in Figure 29 (a), and results are given in Figure 29 (b) 
and (c) by Code B.23.

Code B.24 realizes the translation transformation T
th

3  in (4.28) for the 

video in Figure 30 (a). The result in Figure 30 (b) shows that T
th

3  implements 

the translation of two image frames of the video.

CONCLUSION

This chapter described quantum geometric transformations of images and 
videos. Complexities of the global operators (symmetric flips, local flips, 
orthogonal rotations and translations) are O(n2) at most. Since complexities of 
classical global operators are O(n2), quantum global geometric transformations 
offer exponential speedup over their classical counterparts. The disadvantage 
of quantum geometric transformations is that two-point swapping requires 
O(n2) basis operations, and its classical counterpart only requires O(1) basis 
operations.

Figure 30. The experiment of a translation transformation for a video.

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



156

Quantum Geometric Transformations

REFERENCES

Arce-Santana, E. R., & Alba, A. (2009). Image registration using Markov 
random coefficient and geometric transformation fields. Pattern Recognition, 
42(8), 1660–1671. doi:10.1016/j.patcog.2008.11.033

Fan, P., Zhou, R. G., Jing, N., & Li, H. S. (2016). Geometric transformations 
of multidimensional color images based on NASS. Information Sciences, 
340, 191–208. doi:10.1016/j.ins.2015.12.024

Iliyasu, A. M., Le, P. Q., Dong, F., & Hirota, K. (2012). Watermarking 
and authentication of quantum images based on restricted geometric 
transformations. Information Sciences, 186(1), 126–149. doi:10.1016/j.
ins.2011.09.028

Le, P. Q., Iliyasu, A. M., Dong, F., & Hirota, K. (2010). Fast Geometric 
Transformations on Quantum Images. International Journal of Applied 
Mathematics, 40(3), 113–123.

Le, P. Q., Iliyasu, A. M., Dong, F., & Hirota, K. (2011). Strategies for designing 
geometric transformations on quantum images. Theoretical Computer Science, 
412(15), 1406–1418. doi:10.1016/j.tcs.2010.11.029

Nielsen, M. A., & Chuang, I. L. (2000). Quantum Computation and Quantum 
Information. Cambridge University Press.

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



Copyright © 2021, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

Chapter  4

157

DOI: 10.4018/978-1-7998-3799-2.ch004

ABSTRACT

Quantum Fourier transform (QFT) plays a key role in many quantum 
algorithms, but the existing circuits of QFT are incomplete and lacking the 
proof of correctness. Furthermore, it is difficult to apply QFT to the concrete 
field of information processing. Thus, this chapter firstly investigates quantum 
vision representation (QVR) and develops a model of QVR (MQVR). Then, four 
complete circuits of QFT and inverse QFT (IQFT) are designed. Meanwhile, 
this chapter proves the correctness of the four complete circuits using 
formula derivation. Next, 2D QFT and 3D QFT based on QVR are proposed. 
Experimental results with simulation show the proposed QFTs are valid and 
useful in processing quantum images and videos. In conclusion, this chapter 
develops a complete framework of QFT based on QVR and provides a feasible 
scheme for QFT to be applied in quantum vision information processing.

INTRODUCTION

Quantum Fourier transform (QFT) plays the key role in Shor’s prime 
factorization and discrete logarithms (Shor, 1994). In the aspect of information 
processing, quantum image algorithms based on QFT are research hotspots, 
and their examples include the watermarking algorithms of quantum images 
(Zhang, Gao, Liu, Wen, & Chen, 2013; Zhang, Gao, Liu, Wen, & Chen, 2013), 
and the encryption and decryption algorithm (Yang, Xia, Jia, & Zhang, 2013; 
Li, Li, Chen, & Xia, 2018).

Quantum Fourier Transforms

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



158

Quantum Fourier Transforms

QFT can be classified with 1-dimensional or multi-dimensional according to 
the types of data it acts on are 1-dimension or multi-dimension. Some quantum 
circuits of 1D QFT have been designed (Nielsen, & Chuang, 2000; Barenco, 
Ekert, Suominen, & Törmä, 1996; Karafyllidis, 2003; Wang, Zhu, Zhang, & 
Yeon, 2011; Heo, Kang, Hong, Yang, & Choi, 2016). In addition, the semi-
classical Fourier transform (Coppersmith, 2002) and the approximate Fourier 
transform (Griffiths, & Niu, 1996) have been proposed. The complexity of 1D 
QFT implementation on elements is (Nielsen, & Chuang, 2000). In contrast, 
fast Fourier Transform (Cooley, & Tukey, 1965), one of the best classical 
algorithms, computes the discrete Fourier transform with the complexity. 
Thus, QFT achieves exponentially speed up in comparison with its classical 
counterpart. The classical 2D and 3D discrete Fourier transforms were applied 
directly to image processing (Park, 2015; He, Zhou, & Cui, 2012), and their 
quantum counterparts were proposed for quantum image processing (Li, Fan, 
Xia, Song, & He, 2018).

This chapter describes perfect shuffle permutations, generalized tensor 
products and their implementation circuits (Li, Fan, Xia, Song, & He, 2018). 
Next, the implementation circuits of 1D, 2D and 3D QFTs by using perfect 
shuffle permutations and generalized tensor products (Li, Fan, Xia, Song, 
& He, 2018).

PERFECT SHUFFLE PERMUTATIONS

The perfect shuffle permutation Pn,m is an mn×mn matrix, which shuffles n 
packs of m cards into m packs of n cards, and satisfies

( )
, , , ,
P
n m k l v z z v

= ′ ′δ δ ,	 (5.1)

where

k vn z l v m z= + = ′ + ′, ,	

0 0≤ ′ < ≤ ′ <v z m v z n, , , .	

δx,y is the Kronecker delta function, i.e., δx,y=0 if x≠y, otherwise δx,y=1 
(Fino & Algazi, 1977).
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Two perfect shuffle permutations P n2 21− ,
 and P n2 2 1, −  are defined as (Hoyer, 

1997),

P P I I P

P I P P
n n n

n n

2 2 2 2 2 2 2 2

2 2 2 2 2 2 2

1 2 2

1 2

− − −

− −

= ⊗ ⊗

= ⊗
, , ,

, , ,

( )( ),

( )( ⊗⊗






 −I n2 2 ),

	 (5.2)

where P2,2 is a Swap gate, i.e.,

P
2 2

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

,
=

























.	 (5.3)

Since

P P P P In n n n n2 2 2 2 2 2 2 2 21 1 1 1− − − −= =
, , , ,

,	

P n2 21− ,
 is the inverse of P n2 2 1, − , where I n2 is a 2n×2n identity matrix.P n2 21− ,

 

and P n2 2 1, −  are applied on the quantum state |jn,…,j2,j1〉 to give

P j j j j j j

P j j j j j j
n

n

n n

n n n n

2 2 2 1 1 2

2 2 1 1 1 1

1

1

−

−

… = …

… = …






 − −

,

,

,

,


	 (5.4)

and their implementation circuits are shown in Figure 1.
The operator Γ

2n
 is defined as

Γ
2 2 2 2 2 2 2 2 2 2 2 21 2 2 3 2n n n n nP P I P I P I= ⊗ … ⊗ ⊗− − − −, , , ,

( ) ( )( ) ,	 (5.5)

and its inverse is

Γ
2

1
2 2 2 2 2 2 2 2 2 2 22 2 3 2 1n n n n nP I P I P I P− = ⊗ ⊗ … ⊗− − − −( )( ) ( )
, , , ,

.	 (5.6)

Since
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Γ Γ
2 1 2 2 1 1 2 2 1 2

1
1 2 2 1n nj j j j j j j j j j j j j j j

n n n n n n n n n− − − −
−

− −= =� � � ,	

we conclude Γ Γ
2 2

1
n n= −  and design quantum circuits shown in Figure 2. The 

circuit of Γ
2n

 consists of n/2 Swap gates at most, so its complexity is O(n). 
Its implementation code is seen in Code B.25.

The iterations of Γ
2n

and Γ
2

1
n

−  are given by

Γ Γ

Γ Γ
2 2 2 2 2

2

1

2

1
2 2 2

1 1

1 1

n n n

n n n

P I

I P

= ⊗

= ⊗








− −

− −

− −
,

,

( ),

( ) ,
	 (5.7)

Figure 1. The implementation circuits of P n2 21− ,
 and P n2 2 1, −

Figure 2. The quantum circuits of Γ
2n

 and Γ
2

1
n

− .
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then, we obtain

P I

P I
n n n

n n n

2 2 2 2 2

2 2 2 2 2

1 1

1 1

− −

− −

= ⊗

= ⊗








,

,

( ),

( ) .

Γ Γ

Γ Γ
	 (5.8)

Therefore, we design the simplified circuits of P n2 21− ,
 and P n2 2 1, −  as shown 

in Figure 3. Their implementation codes are seen in Code B.26 and Code 
B.27.

Quantum gates are the same in Figure 3 (a) and (b), but these quantum 
gates are in reverse order. Therefore, the results are the same by running 
circuits in the direction of the black box. We also adopt similar abbreviated 
notations to denote the circuits which consist of the same quantum gates with 
reverse order in the following sections.

Compared the circuits in Figure 3 with ones in Figure 1, the circuits of 
P n2 21− ,

 and P n2 2 1, − both consists of (n – 1) Swap gates, so their complexities are 
O(n). But, the circuits in Figure 3 have less time delay than ones in Figure 
1, because these Swap gates of Γ

2n
 can run in parallel (see Figure 4).

In addition, the iterations of P n m2 2 1, −  and P m n2 21− ,
 are given by

P P I I P

P I P

n m m n n m

m n m

2 2 2 2 2 2 2 2

2 2 2 2

1 1 1 1 1

1 1

, , ,

, ,

( ) ,− − − − −

− −

= ⊗ ⊗( )
= ⊗

22 2 2 2
1 1 1n m nP I− − −( ) ⊗










( ),
,

	 (5.9)

Figure 3. The simplified circuits of P n2 21− ,
 and P n2 2 1, − .
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and their implementation circuits are shown in Figure 5. The dotted boxes 
in (a) and (b) are the circuits of P m n2 21− ,

 and P n m2 2 1, − , respectively. From Figure 

5, we conclude that the complexities of P n m2 2 1, −  and P m n2 21− ,
 are both O(nm).

GENERALIZED TENSOR PRODUCTS 
AND THEIR QUANTUM CIRCUITS

In this section, we describe generalized tensor product (GTP) (Fino & Algazi, 
1977; Hoyer, 1997), and design quantum circuits of some special generalized 
tensor products (Li, Fan, Xia, Song, & He, 2018); Li, Fan, Xia, & Song, 2019).

Figure 4. The parallel circuits of Γ
2n

Figure 5. The circuits of P m n2 21− ,
 and P n m2 2 1, − .
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Generalized Tensor Product

In quantum computing, the tensor product, denoted by ⊗ , is a way of putting 
vector spaces together to form larger vector spaces. The tensor product is 
defined as follows.

Let A be an n×n matrix and B be an m×m matrix, then the tensor product

A B

A B A B

A B A B

n

n n n

⊗ =





















−

− − −

0 0 0 1

1 0 1 1

, ,

, ,

�

� � �

�

	 (5.10)

is an mn×mn block matrix.
Suppose that  = …{ }−A A Am0 1 1, , ,  and  = …{ }−B B Bn0 1 1, , ,  are two sets 

of matrices, where Ai is an n×n matrix, 0≤i<m, and Bj is an m×m matrix, 
0≤j<n. Then, the generalized tensor productC = ⊗A B  is an mn×mn matrix 
and can be calculated by

C a b
um w vm z w u v v w z+ + =, , ,

( ) ( ) 	 (5.11)

with

0 0≤ < ≤ <u v n w z m, , , ,	

whereC
um w vm z+ +,

,( )
,

a
w u v

 and ( )
,

b
v w z

 are the elements of matrices C , A
w

 and 
B
v
, respectively.
If Ai and Bj are unitary matrices, then the generalized tensor product A B⊗  

is a unitary matrix and is factorized into

A B A B⊗ = P Diag P Diag
m n n m, ,

( ) ( ) ,	 (5.12)

where

Diag Diag A A A
m

( ) ( , , , ) = … −0 1 1
	

and
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Diag Diag B B Bn( ) ( , , , ) = … −0 1 1 	

are block diagonal matrices, i.e.,

Diag

A

A

A

Diag

B

m

( ) , ( )A B=

























=

−

0

1

1

0
0 0

0 0

0 0

�

�

� � � �

�

00 0

0 0

0 0

1

1

�

�

� � � �

�

B

B
n−

























.	 (5.13)

When

A A A Am0 1 1= = = =−… ,	

the generalized tensor product A B⊗  is denoted as A⊗  . If

B B BB n0 1 1= = = =−… 	

also holds, the generalized tensor product A B⊗  degenerates into the tensor 
product A B⊗ .

To build the relatively complete system of a generalized tensor product, 
we define some new concepts of generalized tensor product as follows.

Definition 5.1 Let  = …{ }−A A Am0 1 1, , ,  and  = …{ }−D D Dm0 1 1, , ,  be two 
sets of matrices where Ai and Di are n×n matrices. Then, the generalized 
product of two sets is defined as

A D AD× = = …{ }− −AD AD A Dm m0 0 1 1 1 1, , , .	 (5.14)

Definition 5.2 The transpose, conjugate transpose and inverse of the 
matrix set   are defined as follows,





T T T
m
T

m

A A A

A A A

A A

= …{ }
= …{ }
= …

−

−

− − −

0 1

0 1 1

1
0

1
1

1

1
, , , ,

, , , ,

, , ,

† † † †

AA
m−
−{ }









 1
1 ,

	 (5.15)
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whereA
i
T ,  A

i
† and A

i
−1  denote the transpose, conjugate transpose and inverse 

of the matrix Ai, respectively.
Let   and   be two sets of matrices containing mmatrices with size n×n, 

  and   be two sets of matrices containing n matrices with size m×m, Im 
and In be m×m and n×n identity matrices, respectively. Then, we give the 
following equations by

( ) ( ) ,

( ) ( ) ,

( )

, ,
†

, ,

,

† †

A B B A
A B B A
A B

⊗ = ⊗

⊗ = ⊗

⊗ =−

T
m n

T T
n m

m n n m

m n

P P

P P

P1 (( ) ,
,

B A− −⊗










1 1 P
n m

	 (5.16)

and

( ) ( ) ( ) ( ) ( )A C B D A C B D× ⊗ × = ⊗ × ⊗ × ⊗I I
m n

.	 (5.17)

Quantum Circuits of Some Special 
Generalized Tensor Products

Let U n2
be a 2n×2n unitary matrix, and I n2  be 2n×2n identity matrices. These 

special generalized tensor products I I Un n⊗{ }2 2
, , I U In n⊗{ }2 2

, , I U In n2 2
,{ }⊗ , 

and U I In n2 2
,{ }⊗  are calculated by (5.12), and are equal to

I I U I U C U

I U I
n n n n n

n n

⊗{ } = 〈 ⊗ + 〈 ⊗

⊗ { } = 〈

=
2 2 2 2 1

1

2

2 2

0 0 1 1

0

, ( |) ( |) ( ),

, ( 00 1 1

0 0 1
2 2 1

0

2

2 2 2 2

|) ( |) ( ),

, ( |) (

⊗ + 〈 ⊗ =

{ }⊗ = ⊗ 〈 + ⊗

U I C U

I U I I U
n n n

n n n n 〈〈 =

{ }⊗ = ⊗ 〈 + ⊗ 〈 =

1

0 0 1 1
1
1

2

2 2 2 2 1
0

2

|) ( ),

, ( |) ( |) ( ),

V U

U I I U I V U
n

n n n n n











	 (5.18)

where I is an 2×2 identity matrix. Therefore, the above GTPs can be 
implemented by the circuits in Figure 6.

Suppose that  = …{ }−A A An0 1 2 1
, , , , andA I

i m=
2

 for i≠j, i.e.,

 = … …{ }I I A I Im m m mj2 2 2 2
, , , , , , ,	
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then we have

I I I A I I j j A i in m m m m

n

j j
i i j

2 2 2 2 2
0

2 1

⊗ … …{ } = 〈 ⊗ + 〈 ⊗
= ≠

−

∑, , , , , , ( |) ( |)
,

II C A

I I A I I I A j j I i

m

m m m m n m

n
j

j

j j

2

2 2 2 2 2 2

=

… …{ }⊗ = ⊗ 〈 + ⊗

( ),

, , , , , , ( |) ( 〈〈 =









 = ≠

−

∑ i V A
n
j

j
i i j

n

|) ( ).
,0

2 1
	

(5.19)

The two GTPs above can be implemented by the circuits in Figure 7.
Lemma 5.1 Suppose that  = …{ }− −

A A An0 1 2 1 1
, , , , andA I

i m2 2
=  and 

A Ui m2 1 2+ =  for i n= −−0 1 2 12, , ,… , i.e.,

 = …{ }I U I U I Um m m m m m2 2 2 2 2 2
, , , , , , ,	

then

Figure 6. The implementation circuits of four GTPs in (5.18)
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 ⊗ = ⊗− −I V U In m n2 1
1

2 21 2( ) 	

and

I I C Un n m2 2 1
1

21 2− −⊗ = ⊗ ( ) 	

hold.
Proof. From (5.14), we have

 = …{ } = …{ }− −
I A I A I A I A I I I Im m m n m m m m m2 1 2 3 2 2 1 2 2 2 22 1 1

, , , , , , , , , ,, ,

×× …{ } = … …{ }− −
I I I A I A I I A I Im m m m n m m m mj2 2 2 3 2 2 2 2 22 1 1

, , , , , , , , , , , .,
jj is odd
∏

	 (5.20)

We infer the following equation using (5.17),

A C A C×( )⊗ ⊗ ⊗I I I
m m m
=( )( ) .	 (5.21)

Combining (5.19) with (5.21), we obtain

Figure 7. The implementation circuits of two GTPs in (5.19)
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 ⊗ = … …{ }










 ⊗

=

− −∏I I I A I I I

I

n m m m m nj
j

2 2 2 2 2 2

2

1 1, , , , , ,
 is odd

mm m m m nI A I I I

V A

j
j

n
j

j
j

, , , , , ,

( )

… …{ }⊗





=

−∏
−

2 2 2 2

1

1

 is odd

 is  odd  is odd
∏ ∏= −V U

n
j

j
m1 2

( ),

	 (5.22)

Since the integer j is odd for j i i
n

= −1 2
1� , the circuit of  ⊗ −I n2 1  is shown 

in Figure 8.

Simplifying the circuit in Figure 8, we obtain  ⊗ = ⊗− −I V U In n2 1
1

2 21 2( ) .
From (5.17), we infer

I I I
m m m
⊗ ×( ) = ⊗ ⊗A C A C( )( ) .	 (5.23)

Then, I n2 1− ⊗   is given by

I I I I A I I

I

n n m m m mj
j

2 2 2 2 2 2

2

1 1− −⊗ = ⊗ … …{ }












=

∏ , , , , , ,
 is odd

nn m m m mI I A I I

C A

j
j

n
j

j
j

− ⊗ … …{ }





=

∏
−

1 2 2 2 2

1

, , , , , ,

( )
 is odd

 is  odd  is odd

=∏ ∏ − = ⊗−C U I C U
n
j

j
m n m1 2 2 1

1

22( ) ( )

	 (5.24)

In conclusion,

Figure 8. The circuit of  ⊗ −I n2 1
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 ⊗ = ⊗− −I V U In m n2 1
1

2 21 2( ) 	

and

I I C Un n m2 2 1
1

21 2− −⊗ = ⊗ ( ) 	

hold.
Lemma 5.2 Suppose  = …{ }− −

A A An0 1 2 1 1
, , ,  and  = …{ }− −

B B B n0 1 2 2 1
, , ,  

where these 2n×2n matrices in   and   satisfy that A A B
i i i2 2 1
= =+  with 

i n= −−0 1 2 12, , ,… , then

A B⊗ = ⊗ ⊗− −I I In n2 21 2( ) 	

holds.
Proof. The set  is changed into

 = … …{ }+
=

−−

∏ I I A A I Im m m m

n

i i
i

2 2 2 2 1 2 2
0

2 12

, , , , , , , .	 (5.25)

Using (5.19) and (5.21), we have

 ⊗ = … …{ }













−

−

+
=

−

∏I I I A A I In m m m m

n

i i
i

2 2 2 2 2 1 2 2
0

2 1

1

2

, , , , , , ,

⊗

= … …{ }⊗





−

−+
=

I

I I A A I I I

n

m m m m n

n

i i
i

2

2 2 2 2 1 2 2 2
0

2

1

1, , , , , , , ,
−−

−

−

+

∏

= … …{ }⊗( ) …

2

1

1

2 2 2 1 2 2 2 2 2 2 2
I I A I I I I I A Im m m m n m mi i

, , , , , , , , , , mm m n

n

I I

V A V A

i

n
i

i n
i

, ,

( ) (

…{ }⊗( )





=

−

−

=

−

−
+

+ −

∏ 2 2
0

2 1

1
2 1

2 1 1
2

1

2

22
0

2 12

i
i

n

) .





=

−−

∏        

	

(5.26)

Suppose that the binary expansion of integer i is i i i i
n

= …−2 2 1
, then 

2 0
2 2 1

i i i i
n

= …−  and 2 1 1
2 2 1

i i i i
n

+ = …−  hold. Since A A B
i i i2 2 1
= =+ , the left 

circuit in Figure 9 can be simplified into the right circuit, i.e.,
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V A V A V B I
n
i

i n
i

i n
i

i−
+

+ − −= ⊗
1

2 1
2 1 1

2
2 2

( ) ( ) ( ) .	 (5.27)

Therefore, the equation

A ⊗ = ⊗









−

− −

−
=

−

−
=

−

∏ ∏I V B I V Bn

n n

n
i

i
i

n
i

i
i

2 2
0

2 1

2
0

2 1

1

2 2

( ) ( )= 









⊗

= … …{ }⊗( )








−

−

=

−

∏

I

I I B I I Im m m m n

n

i
i

2 2 2 2 2
0

2 1

2

2

, , , , , ,







⊗ = ⊗


 ⊗−I I InB

2 2

	 (5.28)

holds.
Lemma 5.3 Suppose  = …{ }− −

A A An0 1 2 1 1
, , ,  and

 = ⊗ ⊗ … ⊗{ }− −
I B I B I B n0 1 2 2 1

, , , 	

where these 2n×2n matrices in   and   satisfy that A A B
i i i2 2 1
= =+  with 

i n= −−0 1 2 12, , ,… , then I In n2 21 2− −⊗ = ⊗A B  holds.
Proof. From (5.19) and (5.23), I n2 1− ⊗   is given by

Figure 9. The circuit of V A V A
n
i

i n
i

i−
+

+ −1
2 1

2 1 1
2

2
( ) ( ) .
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I I I I A A I In n m m m m

n

i i
i

2 2 2 2 2 2 1 2 2
0

2 1

1 1

2

− −

−

⊗ = ⊗ … …{ }





+

=

−

∏ , , , , , , ,










= ⊗ … …{ }



− +

=

I I I A A I In m m m m

n

i i
i

2 2 2 2 2 1 2 2
0

2

1 , , , , , , , ,
−−

− −

−

+

∏

= ⊗ … …{ }( ) ⊗ …

2

1 1

1

2 2 2 2 1 2 2 2 2 2
I I I A I I I I In m m m m n m mi

, , , , , , , , ,AA I I

C A C A

i
i

n
i

i n
i

m m

n

2 2 2
0

2 1

1
2 1

2 1 1
2

2

, , ,

( ) (

…{ }( )





=

=

−

−
+

+ −

−

∏

22
0

2 12

i
i

n

) .





=

−−

∏

	

(5.29)

Since A A B
i i i2 2 1
= =+ , C A C A

n
i

i n
i

i−
+

+ −1
2 1

2 1 1
2

2
( ) ( )  shown in Figure 10 can be 

simplified into C I B
n
i

i− ⊗
2
( ) .

Next, we give I n2 2− ⊗   as follows,

I I I I I I I B I I I In n m m m m

n

i
i

2 2 2 2 2 2
0

2 1

2 2

2

− −

−

⊗ = ⊗ ⊗ … ⊗ ⊗ ⊗ … ⊗{ }
=

−

∏ , , , , , ,
















= ⊗ ⊗ … ⊗ ⊗ ⊗ … ⊗{ }



−I I I I I I B I I I In m m m mi2 2 2 2 22 , , , , , ,

ii

n
i

i
i

n

n

C I B

=

−

−
=

−

−

−

∏

∏= ⊗

0

2 1

2
0

2 1

2

2

( ). 

	

(5.30)

Therefore, we conclude I In n2 21 2− −⊗ = ⊗A B .
Set

Figure 10. The circuit of C A C A
n
i

i n
i

i−
+

+ −1
2 1

2 1 1
2

2
( ) ( )
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S U I U U U I

T U I I

n m m m m m

n

n

n m n

2 2 2 2 2

2

2

2 1

2

2 2 2

1

1

1

( ) , , , ,

( )

,= …{ }⊗
= ⊗

−

−

−

−

22 2 2

2

2

2 11

m m m m

n

U U U, , , , ,…{ }








− −
	 (5.31)

where U m

i

2
 is the i-th power of the 2m×2m matrix U m2

.
A 2×2 matrix Rn is defined as

R
en i n=

















1 0

0 2 2π /
. 	 (5.32)

Corollary 5.4 The iteration formula of S Rn n2
( )  is

S R S R I V R In n nn n n2 2 1 1
1

21 2( ) ( ) ( )= ⊗



 ⊗− −− ,	 (5.33)

and its circuit is as shown in Figure 11.

Proof. From (5.14), S Rn n2
( )  is equal to

S R I I R R R R I I R In

n n

nn n n n n n2

2 2

2

2 1 2 2 1 2

1( ) [{ , , , , , } ][{ , , ,,= … ⊗
− − − −

− RR I R I
n n n, , , } ]… ⊗ −2 1 .	

(5.34)

Lemma 5.1 gives

{ , , , , , , } ( )I R I R I R I V R I
n n n nn n… ⊗ ⊗=− −2 1

1

21 2 .	 (5.35)

Figure 11. The circuit of S Rn n2
( )
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Since R R
n n
2

1
= − , by Lemma 5.2, we have

{ , , , , , } { , , , , ,,I I R R R R I I I R R R
n n n n n n

n n

n

2 2

2 1 1

2 1 2 2 1 2

1… ⊗ …=
− − − −

− − − nn n

n n

n n

n

n

n

R I

I R R I

− −

− −

− − − −

−

− −

−

⊗

… ⊗=

1 1 2

1 1 2

2 2 1 2 2 1

1

2 2 1

2

,

[ , ]

}

{ , , } ⊗⊗ = ⊗− −I S R In n2 11 ( ) .
	

(5.36)

From (5.35) and (5.36),

S R S R I V R In n nn n n2 2 1 1
1

21 2( ) ( ) ( )= ⊗



 ⊗− −− 	

holds. From (5.31), we obtain

S R I R I V R
n2 1

1
222 ( ) , ( )= { }⊗ = .	

Therefore, the circuit of S Rn n2
( )  is as shown in Figure 11.

Corollary 5.5 T Un m2 2
( )  is equal to

T U I C U T I Un m n m n m2 2 2 1
1

2 2 2

2
2 1( ) ( ( ))= 


 ⊗⊗− − .	 (5.37)

When U Rm n2
= , the circuit of T Rn n2

( )  is as shown in Figure 12.
Proof. T Un m2 2

( )  is rewritten as

Figure 12. The circuit of T Rn n2
( )
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T U I I U I U I U I I In m n m m m m m m n m2 2 2 2 2 2 2 2 2 2 2 21 1( ) [ { , , , , , , } [ { ,]= ⊗ … ⊗− − mm m m m

n

m

n

U U U U, , , , }],
2

2

2

2

2

2 2

2

2 21 1

…
− −− − .	

(5.38)

Lemma 5.1 gives

I I U I U I U I C Un m m m m m m n m2 2 2 2 2 2 2 2 1
1

21 2− −⊗ … ⊗={ , , , , , , } ( ) .	 (5.39)

By Lemma 5.3, we have

I I I U U U U

I I I

n m m m m m

n

m

n

n

2 2 2 2

2

2

2

2

2 2

2

2 2

2

1

1 1

2

−

− −

−

⊗ …

⊗ ⊗

− −{ , , , , , }

{

,

=
22 2

2

2

2 2

2 2

21

1m m m

n

n mI U I U T I U, , } ( ).,⊗ ⊗… = ⊗
−

−

−
	 (5.40)

Combining (5.39) with (5.40) gives

T U I C U T I Un m n m n m2 2 2 1
1

2 2 2

2
2 1( ) ( ( ))= 


 ⊗⊗− − .	 (5.41)

For U Rm n2
= , repeatedly using (5.41), we obtain

T R I C R T I R

I C R

n n n

n

n n n

n

2 2 1
1

2 1

2 1
1

2 1

2

( ) ( ( )

(

)

)

= 

 ⊗

= 

⊗

⊗
− −

−

−

 ⊗



 ⊗

=

= 

⊗

⊗

− −

−

− −I C I R T I R

I C R

n n

n

n n

n

2 1
1

1 2 2 2

2 1
1

3 2 2

2

( ( )

(

)

)

…



 ⊗( )










 ⊗⊗− − −− +

=

−

∏ I C I R T I Rn i i nn i
i

n

2 1
1

2
3

1

2 2 222 2 2( () ))

( () )= 

 ⊗( )




⊗ ⊗− − − − +
=

−

∏I C R I C I Rn n i in
i

n

n i2 1
1

2 1
1

2
3

1

22 2





 ⊗−C I Rn1

1

2 22( ).

	 (5.42)

and its circuit shown in Figure 12.
From Corollary 5.4 and Corollary 5.45, we design the implementation 

codes of S Rn n2
( )  and T Rn n2

( )  shown in Code B.28 and Code B.29.
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1D QUANTUM FOURIER TRANSFORM

In this section, we firstly give the iteration formulas of 1D quantum Fourier 
transform (1D-QFT). Next, we design the four implementation circuits of 
1D-QFT, the implementation codes of which are seen in Code B.30 - Code 
B.33.

The Iteration Formulas of 1D-QFT

Quantum Fourier transform F n2
 on 2n elements is defined by (Nielsen, & 

Chuang, 2000)

F k e jn

n
n

n

ijk

j
2

2 2

0

2 11

2
: ,/→

=

−

∑ π 	 (5.43)

where i is the imaginary unit, and k,j∈[0,2n – 1].
Applying F n2

 on the quantum state ψ θ=
=

−∑ ii
i

n

0

2 1  gives

F kn

n

k
k

2
0

2 1

ψ α=
=

−

∑ ,	 (5.44)

where

α θ π
k n

ijk

j
j
e

n
n

=
=

−

∑1

2

2 2

0

2 1
/ .	

Its corresponding matrix form is

F n n n

T T

2 0 2 1 0 2 1
θ θ α α� �

− −




 =





 .	 (5.45)

Using Fourier transform based on generalized tensor product (Fino & 
Algazi,1977) and (5.31), we give the iteration formulas of 1D-QFT and its 
inverse,
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F H I S R I F P

F H I S R

n n n n n

n n n

n2 2 2 2 2 2 2

2

1

2 2

1 1 1

1

= ⊗ ⊗

= ⊗
− − −

−

−

( ) ( )( )

( )

,

(
,

nn
I F Pn n

− −× ⊗( )





 − −

1
2 2

1

2 21 1) ,
,

	 (5.46)

with initial values of the iteration P2,2=Swap, F2=H and S R I R I
4 2 2 2 2
( ) ,= { }⊗ .

Next, we describe the four circuits of 1D-QFT in detail.

The First Circuit of 1D-QFT

The quantum circuit of 1D-QFT is given in Figure 13 by using the iteration 
formula (5.46) and Corollary 5.4. The circuits in the dashed box 1 and box 
2 implement the 1D-QFT F n2 1−  and S Rn n2

( ) , respectively. Since S Rn n2
( )  

consists of n controlled-Rn, its complexity is O(n). Meanwhile, the complexity 
of P n2 21− ,

 is also O(n), so the complexity of the circuit in Figure 13 is O(n2).

Substitute R
n
−1  for Rn in (5.33), we obtain

S R S R I V R In n nn n n2

1

2

1
1
1 1

21 2( ) ( ) ( )− − −= ⊗



 ⊗− − .	 (5.47)

Therefore, the quantum circuit of the inverse of 1D-QFT F n2

1−  can be 
designed in Figure 14 with complexity O(n2). The circuits in the dashed box 
1 and box 2 implement F n2

1
1−

−  and S Rn n2

1( )− , respectively.

The Second Circuit of 1D-QFT

For convenience of designs of other circuits of 1D-QFT, we define

Figure 13. The first circuit of 1D-QFT
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F F F Fm m m m2

2

2

3

2

4

2
= = = ,	 (5.48)

where F m

i

2
 corresponds to the i-th circuit of 1D-QFT, i∈{2,3,4} and 

m∈{2,3,..,n}.
F n2

2  is given by

F F F H I S R I F Pn n n n n n nn2

2

2 2

1 1

2 2

1
2 2

1

2 21 1 1= = = ⊗ × ⊗( )− − − −
− − −( ) {( ) ( )

,
}}

( ) ( )( ) ( )
, ,

−

= ⊗ ⊗ = ⊗− − − − −

1

2 2 2 2 2 2 2 2 2 2

2
1 1 1 1 1P I F S R H I P I F Sn n n n n nn 22 2 1n nR H I

n
( )( ),⊗ −

	

(5.49)

and its implementation circuit is shown in Figure 15. The circuits in the 
dashed box implements the 1D-QFT F n2

2
1− . Compared with circuit of F n2

, the 
circuit of F n2

2  consists of the same gates with reverse order, so its complexity 
is also O(n2).

Substituting R
n
−1  for Rn in Figure 15, we obtain the circuit of ( )F n2

2 1−  shown 
in Figure 16.

Figure 14. The first circuit of the inverse of 1D-QFT

Figure 15. The second circuit of 1D-QFT.
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The Third Circuit of 1D-QFT

Since 1D-QFT is symmetric, we have

F F F F I T R I H P

F
n n n n n n n

n

T
n2

3

2 2 2 2 2 2 2 2

2

1 1 1

1

= = ⊗( ) ⊗

=
− − −

−

( ) ( ) ( )( )

(
,

=
33

2 2 2 2 21 1⊗ ⊗− −I T R I H Pn n nn
) ( )( ) ,

,

	 (5.50)

where T Rn n2
( )  is seen in (5.31).

Figure 17. The third circuit of 1D-QFT

Figure 18. The third circuit of the inverse of 1D-QFT

Figure 16. The second circuit of the inverse of 1D-QFT
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According to Corollary 5.5, the third circuit of 1D-QFT with the complexity 
of O(n2) is shown in Figure 17. The circuits in the dashed box 2 and box 1 
implement the 1D-QFT F n2

3
1− and T Rn n2

( ) , respectively.
The circuit of ( )F n2

3 1−  is given in Figure 18 by substituting R
n
−1  for Rn in 

Figure 17.

The Fourth Circuit of 1D-QFT

F n2

4  is given by

F F F

P I H T R F I P
n n n

n n n n n

T

n

2

4

2

2

2

2

2 2 2 2 2

2
2 21 1 1 1

= =

= ⊗ ⊗ =− − − −

( )

( ) ( )( )
, ,,

( ) ( )( ).
2 2 2 2

4
21 1I H T R F In n nn− −⊗ ⊗

	

(5.51)

By using Corollary 5.5, the fourth circuit of 1D-QFT with the complexity 
of O(n2) is shown in Figure 19.

Figure 19. The fourth circuit of 1D-QFT

Figure 20. The fourth circuit of the inverse of 1D-QFT
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The circuit of ( )F n2

4 1−  is given in Figure 20 by substituting R
n
−1  for Rn in 

Figure 19.

The Comparison of Circuits of 1D-QFT

In this section, we analyze and compare the circuits in references (Nielsen, 
& Chuang, 2000; Barenco, Ekert, Suominen, & Törmä, 1996; Karafyllidis, 
2003) with our proposed ones.

Firstly, the circuit of 1D-QFT in references (Nielsen, & Chuang, 2000) 
is shown in Figure 21. We find that it is the second circuit of QFT without 
perfect shuffle permutations, which implement the bit reversal.

Next, the circuit in the reference (Barenco, Ekert, Suominen, & Törmä, 
1996) is shown in Figure 22 and Figure 23, respectively, where A=H and 

θ
π

jk j k
=

−2
.

The gate Figure 22 (b) is

Figure 22. The circuit of 1D- QFT
(Barenco, Ekert, Suominen, & Törmä, 1996).

Figure 21. The circuit of 1D-QFT in the reference
(Nielsen, & Chuang, 2000).
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1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 e
i jkθ

























, 	 (5.52)

and is equal to C R
j k1

1
1

( )− + .

Figure 23. The first circuit of 1D-QFT for n = 4

Figure 24. The circuit of 1D-QFT
(Karafyllidis, 2003).
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Since C R V R
j k j k1

1
1 1

1
1

( ) ( )− + − += , thus, the first circuit of the QFT for n=4 is 
redesigned and shown in Figure 13, and the circuit of the dashed box is exactly 
same with one in Figure 22.

The circuit in the reference (Karafyllidis, 2003) is shown in Figure 24. 
The matrix of the gate is also equal to C R

j k1
1

1
( )− + . Compared the circuit in 

Figure 19 with one in Figure 24, we find they are the same except for perfect 
shuffle permutations.

As mentioned above, we have designed four complete circuits of 1D-QFT 
and its inverse.

2D AND 3D QUANTUM FOURIER TRANSFORMS

In this section. we describe 2D quantum Fourier transform (2D-QFT) and 
3D quantum Fourier transform (3D-QFT) for images and videos.

2D-QFT for Images

A 2m×2k image can be expressed as a matrix,

Λ
2 2

0 0 0 1 0 2 1

1 0 1 1 1 2 1

2 1 0 2 1 1

m k

k

k

m m

,

, , ,

, , ,

, ,

=

−

−

− −

θ θ θ

θ θ θ

θ θ

�

�

� � � �

� θθ
2 1 2 1m k− −

























,

, 	 (5.53)

where θx,y is the color information of the pixel on the coordinate (x,y).
The 2D discrete Fourier transform for Λ

2 2m k,
 is defined as

ft F F F Fm k m m k k m m k k

T2
2 2 2 2 2 2 2 2 2 2

( ) ( ) .
, , ,

Λ Λ Λ= = 	 (5.54)

An image can be stored in the state NASS ψ
2

 in (3.58). Suppose that 
the function f(∙) is equivalent to the quantum circuit in Figure 3.8, i.e., the 
function f(∙) implements
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f

B

B
m k

m

T

T

( ) ,
,

Λ
2 2 2

1

2

= =





















ψ � 	 (5.55)

where B
j j j j k
= 



−

θ θ θ
, , ,0 1 2 1

�  is the row vector of Λ
2 2n m,

.

Applying the function f(∙) on Λ
2 2 2m k kF,
× , the result is

f F

F B

F B

I F fm k k

k

k

m k m

n

T

T

( ) (
, ,

Λ Λ
2 2 2

2 1

2 2

2 2 2 2
=





















= ⊗( )� kk ) .	 (5.56)

Since

f P fm k k m m k

T( ) ( )
, , ,

Λ Λ
2 2 2 2 2 2

= ( ) ,	 (5.57)

we have

f F P f F

P I F P f

m m k k m m k m

k m k m m k

T( ) ( )

(
, , ,

, ,

2 2 2 2 2 2 2 2

2 2 2 2 2 2

Λ Λ= ( )
= ⊗( ) ΛΛ Λ

2 2 2 2 2 2m k m k m kF I f
, ,

) ( ).= ⊗( )
	 (5.58)

From (5.54), (5.56) and (5.58), 2D-QFT is given by

ft f F F F Fm k m m k k m k2
2 2 2 2 2 2 2 2 2

( ) ( )
, ,

Λ Λ= = ⊗( ) ψ 	 (5.59)

Figure 25. The circuits of 2D-QFT and its inverse.
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and its circuit is designed in Figure 25 (a) with the complexity O(m2+k2) for 
a 2m×2k image. F F F F Im k m k k m2 2 2

1

2

1

2
⊗( ) ⊗( ) =− −

+ , so the circuit of the inverse 
of 2D-QFT is designed in Figure 25 (b). The implementation code of 2D-QFT 
and its inverse is seen in Code B.35.

3D-QFT for Videos

A 2m×2k×2hvideo corresponds to the following matrix,

Am k h m k m k m k

h

2 2 2 2 2

1

2 2 2 2

2 2

, , , , ,
, , , ,= ( )Λ Λ Λ� 	 (5.60)

where the matrix Λ
2 2m k

j

,
 is the j-th image frame.

We firstly define the following discrete Fourier transforms: Fx(∙), Fy(∙) 
and Ft(∙) as below.

F A F F

F A

x

y

m k h m m k m m k

h

m k h m

( ) , , ,

( )

, , , ,

, ,

2 2 2 2 2 2

1

2 2 2

2 2 2 2

2= ( )
=

Λ Λ

Λ

�

,, ,

, , , ,

, , ,

( ) , ,

2

1

2 2 2 2

2 2 2 2 2

1

2 2

2

2

k k m k

h

k

m k h m k m k

h

F F

F A C Ct

�

�

Λ( )
= ( ))










.

	 (5.61)

Let a column vector ux,y be

u
x y x y x y x y

Th

, , , ,
,= 





θ θ θ1 2 2� 	 (5.62)

where θ
x y
j
,

 is the element of the matrix Λ
2 2m k

j

,
 on the position (x,y). Then 

elements of F At m k h( )
, ,2 2 2

 can be calculated by

C C C u F
x y x y x y x y

Th

h, , , ,
1 2 2

2
�




= 	 (5.63)

where C
x y
j
,

 is the elements of the matrix C n m

j

2 2,
 on the position (x,y).

The 3D discrete Fourier transform for the video Am k h2 2 2, ,
 is defined as
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ft A F F F Am k h m k h

t y x3
2 2 2 2 2 2

( ) ( ( ( ))).
, , , ,

= 	 (5.64)

Similarly, suppose that the video Am k h2 2 2, ,
 is stored in the state NASS ψ

3
 

in (3.60), and the function f(∙) implements
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












,	 (5.65)

where the column vector ux,y is shown in (5.62).
Applying the function f(∙) on F At n m p( )

, ,2 2 2
,F Ay n m p( )

, ,2 2 2
 and F Ax n m p( )

, ,2 2 2
, 

we obtain

Figure 26. The circuits of 3D-QFT and its inverse
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f F A F I I

f F A I F

x

y

m k h m k

m k h m k

h( ( )) ,

( ( ))
, ,

, ,

2 2 2 2 2 2 3

2 2 2 2 2

= ⊗ ⊗( )
= ⊗ ⊗

ψ

II

f F A I I F

h

m k h m k h

t
2 3

2 2 2 2 2 2 3

( )
= ⊗ ⊗( )











ψ

ψ

,

( ( )) .
, ,

	 (5.66)

From (5.64) and (5.66), 3D-QFT is given by

f ft A F F Fm k h m k h( ( )) ( )
, ,

3
2 2 2 2 2 2 3

= ⊗ ⊗ ψ ,	 (5.67)

and its implementation circuit is as shown in Figure 26 (a). Meanwhile, 
the circuit of the inverse of 3D-QFT is designed in Figure 26 (b). Their 
complexities are both O(m2+k2+h2). The implementation code of 3D-QFT 
and its inverse is seen in Code B.37.

SIMULATION S

In this section, we describe the simulation experiments of 1D-QFT, 2D-QFT 
and 3D-QFT. Their codes are seen in Appendix B.

The Simulation of 1D-QFT

Applying classical inverse Fourier transform ifft() in Matlab on a column 

vector X n

T

= 

−θ θ

0 2 1
� , we obtain

ifft y y n

T

(X)= 

−0 2 1

� ,	 (5.68)

where y e
k n

ijk

j
j

n
n

=
=

−

∑1

2
2 2

0

2 1

θ π / . Compared ifft(X) with F Xn2  in (5.45), we have

2
2

n ifft X F Xn× =( ) .	 (5.69)

We consider the column vector

X = [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]T	
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as an example. The results are (see Code B.34)
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   .	 (5.70)

where only four decimal places are displayed. To compare the above data 
precisely, we define the function norm(abs(X)) as

norm X abs
j

j

n

(abs( )) ( )=
=

−

∑ θ 2

0

2 1

,	 (5.71)

where abs(θj) returns the magnitude of the complex θj. Since

norm abs ifft X F Xn( ( ( ) ))8
2

× − 	

Table 1. Comparisons between classical inverse Fourier transform and 1D-QFTs

First Circuit Second Circuit Third Circuit Fourth Circuit

norm abs ifft X F Xn( ( ( ) ))4
2

× − 9.3549×10‑15 9.7270×10‑15 9.7270×10‑15 9.3549×10‑15

norm abs F F X Xn n( ( ))
2

1

2

− − 1.8359×10‑14 1.9193×10‑14 1.9193×10‑14 1.8359×10‑14
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is equal to 9.3549×10‑15, we conclude that the results of 4×ifft(X) and F Xn2  
are the same without consideration of truncation error on machine computing. 
Comparisons between classical inverse Fourier transform and 1D-QFTs are 
shown in Table 1, and illustrate the four circuits of 1D-QFT are correct for 
the column vector X.

The Simulation of 2D-QFT

Let Ag be the matrix of the 128×128 image in Figure 27 (a), and be stored in 
the NASS state ψ

2
, i.e.,

ψ
2
= f A

g
( ) ,	 (5.72)

where the function f(∙) is equivalent to the quantum circuit in Figure 3.9.
Applying 2D-QFT F F

2 27 7⊗  on ψ
2

, we use the inverse of the function 
f(∙) to retrieve the transformed image, i.e., the transformed image is 
f F F− ⊗





1

2 2 27 7( ) ψ . Its amplitude spectrum is shown in Figure 27 (b).
The classical 2D inverse Fourier transform ifft2() in Matlab consists of 

two 1D inverse Fourier transform ifft(), from (5.69) and (5.72), so we obtain

2 27 1

2 2 27 7× = ⊗





−ifft A f F F
g

( ) ( ) ψ .	 (5.73)

Let the two differences r1 and r2 be

Figure 27. An example of 2D-QFT for a 128×128 image
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r ifft A f F F

r A f F F
g

g

1
7 1

2 2 2

2
1

2

1

2

1

2 2 7 7

7 7

= × − ⊗





= − ⊗

−

− − −

( ) ( ) ,

(

ψ

))( ) .F F
2 2 27 7⊗












ψ
.	 (5.74)

Code B.36 shows that norm(abs(r1)) and norm(abs(r2)) are 8.5991×10‑11 
and 1.7937×10‑10, respectively. It illustrates the circuits of 2D-QFT and its 
inverse are correct for the image in Figure 27 (a).

The Simulation of 3D-QFT

Let Vg be the matrix of the 128×128×2 video in Figure 28 (a), and be stored 
in the NASS state ψ

3
, i.e.,

ψ
3
= f V

g
( ) .	 (5.75)

Figure 28. An example of 3D-QFT for a 128 128 2× ×  video
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Applying 3D-QFT F F F
2 2 27 7⊗ ⊗  on ψ

3
, we obtain the transformed 

video f F F F− ⊗ ⊗





1

2 2 2 37 7( ) ψ . the amplitude spectrums of which are shown 
in Figure 28 (b) .

The classical 3D inverse Fourier transform ifftn() in Matlab consists of 
three 1D inverse Fourier transform ifft(), so we obtain

215 1

2 2 2 37 7× = ⊗ ⊗





−ifftn V f F F F
g

( ) ( ) ψ .	 (5.76)

We define

FT ifftn V

QFT f F F F

IQFT f F

g
3 2

3

3

15

1

2 2 2 3

1

7 7

= ×

= ⊗ ⊗





=

−

−

( ),

( ) ,

(

ψ

22

1

2

1
2

1

2 2 2 37 7 7 7

− − −⊗ ⊗ ⊗ ⊗














F F F F F)( ) ,ψ

.	 (5.77)

and

v FT QFT

v FT QFT

v V
g

1

2

3

3 1 3 1

3 2 3 2

= −
= −
=

(:,:, ) (:,:, ),

(:,:, ) (:,:, ),

(::, :, ) (:,:, ),

(:,:, ) (:,:, ),

1 3 1

2 3 2
4

−
= −









 IQFT

v V IQFT
g



.	 (5.78)

where (:,:, )j  denotes the j-th image frame of a video. Comparisons between 
classical 3D inverse Fourier transform and 3D-QFT are shown in Table 2, 
and illustrate the circuits of 3D-QFT and its inverse are correct for the video 
in Figure 28 (a) (see Code B.38).

Table 2. Comparisons between classical inverse 3D Fourier transform and 3D-QFT

norm(abs(v1)) norm(abs(v2)) norm(abs(v3)) norm(abs(v4))

1.1679×10‑9 2.9563×10‑9 1.1296×10‑9 1.1310×10‑9
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CONCLUSION

This chapter described perfect shuffle permutations and generalized tensor 
products, quantum circuits of which are designed. The complete circuits of 
1D-QFT, 2D-QFT, 3D-QFT and their inverses are realized. Since complexities 
of these quantum Fourier transforms are all O(n2) for 2n data, quantum Fourier 
transforms offer exponential speedup over their classical counterparts.
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ABSTRACT

The classical wavelet transform has been widely applied in the information 
processing field. It implies that quantum wavelet transform (QWT) may play 
an important role in quantum information processing. This chapter firstly 
describes the iteration equations of the general QWT using generalized tensor 
product. Then, Haar QWT (HQWT), Daubechies D4 QWT (DQWT), and their 
inverse transforms are proposed respectively. Meanwhile, the circuits of the 
two kinds of multi-level HQWT are designed. What’s more, the multi-level 
DQWT based on the periodization extension is implemented. The complexity 
analysis shows that the proposed multi-level QWTs on 2n elements can be 
implemented by O(n3) basic operations. Simulation experiments demonstrate 
that the proposed QWTs are correct and effective.

INTRODUCTION

The classical wavelet transform has been widely spread to the information 
processing field (Mallat, 1989), such as image encryption (Belazi, El-Latif, 
Diaconu, Rhouma, & Belghith, 2017), image watermarking (Makbol, Khoo, 
Rassem, & Loukhaoukha, 2017). Its quantum versions, such as Haar quantum 
wavelet transform (HQWT) and Daubechies D4 quantum wavelet transform 
(D4QWT), have been proposed (Hoyer, 1997; Fijan & Williams, 1998; 
Terraneo & Shepelyansky, 2003; Li, Fan, Xia, & Song, 2019). Complexities 
of HQWT and D4QWT on 2n elements are O(n2) and O(n3), respectively. In 
contrast, the classical fast wavelet transform needs O(2n) basic operations 

Quantum Wavelet Transforms
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to implement the discrete wavelet transform (Beylkin, Coifman, & Rokhlin, 
1991). Therefore, quantum wavelet transform achieves exponentially speed 
up in comparison with its classical counterpart.

This chapter introduces the general quantum wavelet transform, multi-level 
HQWT and multi-level D4QWT (Li, Fan, Xia, Song, & He, 2018).

GENERAL QUANTUM WAVELET TRANSFORM

Suppose that W Wn n2

0

2
=  is a kernel matrix of the general wavelet, then, the 

(k+1)-level iteration of discrete wavelet transform is defined by (Ruch & 
Van Fleet, 2011),

Y W W W Wn n n n n

k k k

2 2 2

1

2

1

2

0= …− , 	 (6.1)

where the iteration matrix W n

j

2
 is

W DiagW I I In n j n j n j n

j

2 2 2 2 21 1= …− − − + −( , , , , ), 	 (6.2)

and

DiagW I I In j n j n j n( , , , , )
2 2 2 21 1− − − + −… 	

is a matrix with blocks W I I In j n j n j n2 2 2 21 1− − − + −…, , , ,  on the main diagonal and 
zeros elsewhere. I m2  is a 2m×2m identity matrix

The iteration equations of W n

j

2
 and Y n

k

2
 can be written as

W DiagW In n n

j j

2 2

1

21 1= − −

−( , ) ,	 (6.3)

and

Y Diag Y I Wn n n n

k k

2 2

1

2 21 1= − −

−( , ) .	 (6.4)

From (5.12), we have
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I Y I P I P Diag Y I Dn n n n n n n

k k⊗{ } = =− − − − − −

− −

2

1

2 2 2 2 2 2 2

1

21 1 1 1 1 1, ( , )
, ,

iiag Y I

Y I I P Diag Y

n n

n n n n

k

k k

( , ),

, (
,

2

1

2

2

1

2 2 2 2

1 1

1 1 1 1

− −

− − − −

−

−{ }⊗ = −− −
− − − − − −=


 1

2 2 2 2 2 2 2

1

2 2 21 1 1 1 1 1, ) ( , ) .
, , ,

I P I P Diag Y I Pn n n n n n n

k






	

(6.5)

Combining (6.4) with (6.5), we give the (k+1)-level iteration of general 
quantum wavelet transform

Y I Y I Wn n n n

k k

2 2

1

2 21 1= ⊗{ }( )− −

− , , 	 (6.6)

or

Y P Y I I P Wn n n n n n

k k

2 2 2 2

1

2 2 2 21 1 1 1= { }⊗( )− − − −

−

, ,
, , 	 (6.7)

where the initial value is Y Wn k n k2

0

2− −= .
Since

I Y I C Yn n n

k
n

k⊗{ } =− − −

−
−

−

2

1

2 1
0

2

1
1 1 1, ( ) 	

and

Y I I V Yn n n

k
n

k

2

1

2 1
0

2

1
1 1 1− − −

−
−

−{ }⊗ =, ( ) 	

(see (5.18)), we design the quantum circuits of Y n

k

2
 shown in Figure 1. The 

detail circuits of perfect shuffle permutations P n2 21− ,
 and P n2 2 1, −  are seen in 

Figure 3.
The inverse of Y n

k

2
 is

Y W I Y In n n n

k k

2

1

2

1

2 2

1
1

21 1( ) = ( ) ⊗ ( ){ }









− − −
−

− −, , 	 (6.8)

or
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Y W P Y I I Pn n n n n

k k

2

1

2

1

2 2 2

1
1

2 21 1 1( ) = ( ) ( ){ }⊗









− − −
−

− − −,
,

22 2 1,
,n− 	 (6.9)

where the initial value is Y Wn k n k2

0
1

2

1

− −( ) = ( )
− −

. The quantum circuits of Y n

k

2

1( )−

are shown in Figure 2.

HAAR QUANTUM WAVELET TRANSFORM

The kernel matrix of Haar quantum wavelet transform (HQWT) can be 
rewritten as

W P I H n

W H
n n n2 2 2 2

2

1 1 1= ⊗( ) >

=








− −,
, ,

,
	 (6.10)

where H is a Hadamard matrix.
Substituting the kernel matrix W P I Hn n n2 2 2 21 1= ⊗( )− −,

 into (6.6) or (6.7), 
we obtain that the k-level iteration of HQWT is

Figure 1. The implement circuits of Y n

k

2
.

Figure 2. The implement circuits of Y n

k

2

1( )− .
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H I H I P I Hn n n n n

k k

2 2 2

1

2 2 2 21 1 1 1= ⊗{ }( ) ⊗( )− − − −

− , ,
,

	 (6.11)

or

H P H I I I Hn n n n n

k k

2 2 2 2

1

2 2 21 1 1 1= { }⊗( ) ⊗( )− − − −

−

,
, , 	 (6.12)

where the initial value is

H P I H k n

H H
n k n k n k2

0

2 2 2

2
0

1 1 1 1− − − − −= ⊗( ) ≤ < −

=
,

, ,

,

  

                                k n= −






 1.

	 (6.13)

When 1≤k<n – 1, the implementation circuits of H n

k

2
 in (6.11) and (6.12) 

are shown in Figure 3 and Figure 4, marked by FH n

k

2
andSH n

k

2
, respectively. 

Similarly, k=n – 1, the circuits for H n

n

2

1− , denoted asFH n

n

2

1−  and SH n

n

2

1− , are 
shown in Figure 5 and Figure 6, respectively.

Another n-level Haar wavelet transform is defined by (Fino & Algazi, 1977)

H Zb Nn n n

n

2

1

2 2

− = × ,	 (6.14)

where N n2
 is Haar wavelet transform in “natural” order, and the permutation 

Zb n2  performs a “zonal bit reversal” ordering.

Figure 3. The quantum circuit of H n

k

2
 in (6.11). The circuit in the dashed box 

implements H n

k

2

1
1−

− .
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Figure 4. The quantum circuit of H n

k

2
 in (6.12). The circuit in the dashed box 

implements H n

k

2

1
1−

− .

Figure 5. The quantum circuit of H n

n

2

1−  in (6.11). The circuit in the dashed box 
implements H n

n

2

2
1−

− .

Figure 6. The quantum circuit of H n

n

2

1−  in (6.12). The circuit in the dashed box 1 
implements H n

n

2

2
1−

− .

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



199

Quantum Wavelet Transforms

N n2
 is given by

N H I I N H I I I I Nn n n n2 2 2 2 2 2 2 2 21 1 1= …{ }⊗ = …{ }⊗( ) ⊗( )− − −, , , , , , ,	 (6.15)

where the initial value is N2=H. Since

H I I I V Hn n
, , , ( )

2 2 2 1
0

1
…{ }⊗ =

− − 	

(see (5.18)), whose implementation circuit is shown in Figure 6, we obtain 
that the circuit in the dashed box 2 in Figure 6 implements N n2

.
The permutation Zb n2  plays an important role in wavelet transforms (Fino 

& Algazi, 1977). A zone is a set of indexes between two successive powers 
of 2, that is, the zone 0 is the set {0}, and the zone (i+1) is the set [ , )2 2 1i i+  
where i≥0. The “zonal bit reversal” ordering is a bit reversal followed by a 
reordering in the original order inside each zone. For instance, when n=3, 
the permutation Zb

23  performs the “zonal bit reversal” ordering in Table 1. 
It implements the following permutation: |i〉→|j〉 where i∈FinalOrder and 
j∈Index. “Final order” is the decimal form of “Reordering inside zones”.

The circuit of the permutation Zb
23  shown in Figure 8 is the same as the 

one in the box 3 in Figure 6 for n=3. Since the circuit of H n

n

2

1−  consists of 

Table 1. Zonal bit reversal.

Index Zone Binary Form of 
Index Bit Reversal Reordering Inside 

Zones Final Order

0 0 000 000 000 0

1 1 001 100 100 4

2 2 010 010 010 2

3 3 011 110 110 6

4 4 100 001 001 1

5 5 101 101 011 3

6 6 110 011 101 5

7 7 111 111 111 7
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the dashed box 2 and the dashed box 3, combining (6.14) and Figure 6, we 
conclude that the circuit in the dashed box 3 implement the permutation Zb n2 .

The inverse transform of H n

k

2
 is

H I H P I H In n n n n

k k

2

1

2 2 2 2 2

1
1

21 1 1 1( ) = ⊗( ) ⊗ ( ){ }









−
−

−

− − − −,
, , 	 (6.16)

or

H I H H I I Pn n n n n

k k

2

1

2 2

1
1

2 2 2 21 1 1( ) = ⊗( ) ( ){ }⊗









−
−

−

− − − −,
, 11 , 	 (6.17)

where the initial value is

H I H P k n

H H

n k n k n k2

0
1

2 2 2

2
0

1

1 1 1 1− − − − −( ) = ⊗( ) ≤ < −

( ) =

−

−
,

, ,

,

 

                               k n= −









1.
	 (6.18)

From (6.11), (6.12), (6.16) and (6.17), we conclude that the quantum 
circuits of H n

k

2

1( )− and H n

k

2
 consist of the same quantum gates with the reverse 

order, and the implementation circuits of H n

k

2

1( )− are shown in Figure 8. The 
integer k in Figure 8 (a) and (b) is the element in the set {1,2,…,n – 2}.

The implementation codes of HQWTs and their inverse are designed in 
Code B.40 - Code B.43.

Figure 7. The quantum circuit of the permutation Zb
23
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DAUBECHIES D4 QUANTUM WAVELET TRANSFORM

Let h0, h1, h2, and h3 be equal to 

h h h h
0 1 2 3

1 3

4 2

3 3

4 2

3 3

4 2

1 3

4 2
=
+

=
+

=
−

=
−

, ,   and , 	

respectively, then, the kernel matrix of the D4 wavelet transform is defined 
by (Ruch & Van Fleet, 2011)

T

h h h h

h h h h

h h h

n2

0 1 2 3

0 1 2 3

0 1 2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

=

�

�

� � � � � � � � � � �

� hh

h h h h

h h h h

h h h h

3

2 3 0 1

3 2 1 0

3 2 1 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

�

�

�

� � � � � �

− −
− −

�� � � �

�

�

0

0 0 0 0 0 0

0 0 0 0 0 0
3 2 1 0

1 0 3 2

h h h h

h h h h

− −
− −



















































. 	 (6.19)

Next, we introduce Daubechies D4 quantum wavelet transform (D4QWT).

The Implementation of the Single-Level D4QWT

D P Tn n n2 2 2 21= −,
 is rewritten as (Fijany & Williams, 1998)

Figure 8. The quantum circuits of the inverse of HQWT
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D I C Q I X I Cn n n n n2 2 1 2 2 2 01 1 1= ⊗( ) ⊗ ⊗( )− − −( ) , 	 (6.20)

where two matrices C0 and C1 are

C
h h

h h
C

h

h
h

h

0
3 2

2 3
1

0

3

1

2

2
1
2

1

1
=

−















=

























, ,	 (6.21)

and the downshift matrix Q n2
 is given by

Q n2

0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0 0

=

…



























�

� � � � �

�
. 	 (6.22)

The iteration of the downshift matrix Q n2
 can be expressed as

Q I X Q I I I X V Qn n n n n n2 2 2 2 2 2 1
0

21 1 1 1 1= ⊗( ) { }⊗( ) = ⊗( )− − − − −, ( ), 	 (6.23)

where the initial value is Q2=X, and the implementation circuit is shown in 
Figure 9 (a).

Figure 9. The quantum circuits of Q n2
,D n2

and T n2
 with n≥2
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Two rotation matrices are defined by

S S
0 1

2
3

2
3

2
3

2
3

5
12

5

=
−





















=
−sin cos

cos sin
,

sin cos
π π

π π

π ππ

π π
12

5
12

5
12

cos sin





















.	 (6.24)

Since C X S
0 0

2 3= − × ×  and C S
1 1

2 3= + × , D n2
 and T n2

are 
rewritten by

D I S Q I Sn n n n2 2 1 2 2 01 1= ⊗( ) ⊗( )− − , 	 (6.25)

and

T P Dn n n2 2 2 21= − ,
, 	 (6.26)

where n≥2. Their implementation circuits are shown in Figure 9 (b) and (c).
The inverse of Q n2

 is calculated by

Q Q I I I X Qn n n n n2

1

2

1

2 2 2 1
0

21 1 1 1( ) = ( ){ }⊗





 ⊗( ) =− −

− − − −, V ( )−−( ) ⊗( )−

1

2 1I Xn , 	

(6.27)

where the initial value is (Q2)
‑1=X, and its implementation circuit is shown 

in Figure 10 (a).
Since (S1)

‑1=S1 and (S0)
‑1=S0, we get

Figure 10. The quantum circuits of Q n2

1( )- , D n2

1( )-  and T n2

1( )-  with n≥2
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D I S Q I Sn n n n2

1

2 0 2

1

2 11 1( ) = ⊗( )( ) ⊗( )− −

− − , 	 (6.28)

T D Pn n n2

1

2

1

2 2 1( ) = ( )− −

−,
, 	 (6.29)

where n≥2. Their implementation circuits are designed in Figure 10 (b) and 
(c). The implementation codes of Q n2

, D n2
, and their inverses are seen in 

Code B.47 - Code B.50.

The Circuit of the Single-Level D4QWT 
Based on Periodization Extension

Since the size of the single-level D4QWT defined in (6.19) is finite, its input 
should be extended by extension methods, such as zero-padding extension 
and circular extension (Karlsson & Vetterli, 1989).

Suppose that the input is a column vector V v v v n
T

= …



1 2 2

, then the 
extended vectors are

V
v v v

v v v v v
e

T

n

n n

=









0 0
1 2 2

2 1 2 2 1

�

�

, ,Zero-padding extension














T

, ,Circular extension
	 (6.30)

where the extension length is 2 for the D4 wavelet scaling filter (Ruch & 
Van Fleet, 2011).

Quantum circuits require that the lengths of the input and the output are 
equal, so the two extension methods in (6.30) are not suitable for D4QWT.

By the periodization extension method, the vector V v v v n
T

= …



1 2 2

 
is changed into

V v v v v
p

T

n n= …



−2 1 2 2 1

.	 (6.31)

Suppose
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T v
A

Bn p2
=















, 	 (6.32)

where A and B are two 2n‑1×1 vectors, then, applying T n2 2+
 on the vector Ve 

with circular extension gives

T V

A

h v h v h v h v

B

h v h v h v h v

n

n n

n n

e2 2

2 2 3 1 0 2 1 1

1 2 0 1 3 2 2 1

+
=

+ + +

− + −

























. 	 (6.33)

Comparing (6.32) with (6.33), the elements in T Vn e2 2+
 are equal to the 

ones in T Vn p2
 except for the (2n‑1+1)-th and (2n+2)-the elements. Furthermore, 

the (2n‑1+1)-th and (2n+2)-th rows of T Vn e2 2+
 are just the wrapping rows of 

D4 wavelet transform when the input vector isn’t infinite (Ruch & Van Fleet, 
2011). Hence, the circular extension can be changed to periodization extension 
by transforming the input vector V into Vp.

Since ( )Q
2n
V V

p
− =1 , the single-level D4QWT based on periodization 

extension can be defined as

F P D QTn n n nn n2 2 2 2 2

1

2 2

1
1= ( )=− −

−(Q )
,

,	 (6.34)

and its inverse is

F Q T Q D Pn n n n n n2

1

2 2

1

2 2

1

2 2 1( ) = ( ) ( )=
− − −

−,
.	 (6.35)

Let D D Qn n n

p

2 2 2

1
= ( )− and D Q Dn n n

p

2

1

2 2

1( ) = ( )
− −

, then, we have

F P D

F D P

n n n

n n n

p

p

2 2 2 2

2

1

2

1

2 2

1

1

=

( ) = ( )








−

−

− −
,

,

,

.
	 (6.36)

The circuits of F n2
, D n

p

2
 and their inverses are designed in Figure 11.
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The Multi-Level D4QWT Based on Periodization Extension

Substituting the kernel matrix W n2
 with F P Dn n n

p

2 2 2 21= − ,
 in (6.7), the (k+1)-

level D4QWT based on periodization extension is given by

F P F I I Dn n n n n

k k p

2 2 2 2

1

2 2 21 1 1= { }⊗( )− − −

−

,
, , 	 (6.37)

where the initial value is

F F P Dn k n k n k n k

p

2

0

2 2 2 21− − − − −= =
,

	

with 1≤k≤n – 2, and its implementation circuit is shown in Figure 12. The 
circuit in the dashed box implements F n

k

2

1
1-

- .

Substituting W n2

1( )− with F n2

1( )− in (6.9), The inverse of the (k+1)-level 
D4QWT is

Figure 11. The circuits of F n2
, D n

p

2
 and their inverses

Figure 12. The circuit of F n

k

2
.
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F D F I I Pn n n n n

k p k

2

1

2

1

2

1
1

2 2 2 21 1 1( ) = ( ) ( ){ }⊗









− −
−
−

− − −,
,

,, 	 (6.38)

where the initial value is

F D Pn k n k n k

p

2

0
1

2

1

2 2 1− − − −( ) = ( )− −

,
	

with 1≤k≤n – 2, and its implementation circuit is shown in Figure 13. The 
circuit in the dashed box implements F n

k

2

1
1

1-

-
-( ) .

The implementation codes of D n

p

2
, F n

k

2
, and their inverses are seen in Code 

B.51 - Code B.54.

THE COMPLEXITY ANALYSIS

In this section, we use lemmas and corollaries in Chapter 2 to analyze 
complexities of quantum wavelet transforms.

The Complexity of HQWT

Single-level HQWT H n2

0 consists of P n2 21− ,
 and I Hn2 1− ⊗ , so the complexity 

of H n2

0  is O(n). For multi-level HQWT, we firstly analyze the complexity of 
SH n

n

2

1−  in Figure 6. We adopt the notation Λm(Swap) to denote an n-qubit 

Figure 13. The quantum circuits of F n2

1( )− .
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controlled-Swap gate with m control qubits. Λm(Swap) can be simulated by 
one Λ

m x+1
( )σ  gate and two 1-quit controlled-NOT gates. For instance, 

V Swap I
m n m

0

2 2( )⊗ − −  and C I Swap
m n m

0

2
( )− ⊗  can be simulated by the circuits in 

Figure 14. By Corollary 2.14 and Corollary 2.16, we give the following two 
corollaries.

Corollary 6.1. When m<n – 2, the complexity of a Λm(Swap) gate is O(n).
Corollary 6.2. The complexity of a Λ

n
Swap−2
( )  gate is O(n2).

Corollary 6.3. When 1≤m<n – 2, complexities of V P
m n m

0

2 21( )
,− −  and C P

m n m

0

2 21( )
,− −  

are both O(n2).

Proof. Since P j j j j j jn n n2 2 2 1 1 21− … = …
,

 (see (5.4)), and

Swa n P j j j j Swa n j j j j j j j jIn n n n
( )( ( ))

,2 2 2 13 2 3 1 1 3 22− ⊗




… = … = … ,	

(6.39)

Since

P PSwa n In n2 2 2 21 2− −= ⊗
, ,

( )( ) ,	

Figure 14. Simulated networks of V Swap I
m n m

0

2 2( )⊗ − −  and C I Swap
m n m

0

2
( )− ⊗  gates.
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where Swa(n) is an n-qubit Swap gate, we have

V P V P VSwa n m I Swa n m
m m mn m n m

0

2 2

0

2 2

0
1 2( ) ( )( ) ( )
, ,− − − −= − ⊗




= −



 ⊗



− −V P I

m n m

0

2 22( )
,

.	

(6.40)

V P I
m n m

0

2 22( )
,− − ⊗




 can be simulated by the circuit in the dashed box in 

Figure 15 (a), so the simulated network of V P
m n m

0

2 21( )
,− −  is shown in Figure 15 

(a). Similarly, the simulated network of C P
m n m

0

2 21( )
,− −  is designed in Figure 15 

(b). From Figure 2 and Figure 3, we obtain that the P n m2 21− − ,
 gate consists of 

(n – m – 1) Swa(n-m) gates, so V P n m1
0

2 21( )
,− −  and C P n m1

0

2 21( )
,− −  consist of (n – m 

– 1) controlled Swa(n-m) gates, and their complexities are both O(n). By 
Corollary 2.14 and Corollary 6.1, complexities of V P

m n m

0

2 21( )
,− −  and C P

m n m

0

2 21( )
,− −  

are both O(n2).

The circuit in the dashed box 2 in Figure 6 consists of one H gate, (n-2) 
Λm(H) gates with m<n – 1, and one Λ

n
H−1

( )  gate, so its complexity is O(n2) 
by Corollary 2.14 and Corollary 2.16. The circuit in the dashed box 3 in 
Figure 6 consists of one Λ

n
Swap−2
( )  gate, (n-3) V P

m n m

0

2 21( )
,− −  gates with 1≤m<n 

– 1, and one P n2 21− ,
 gate, thus, its complexity is O(n2) by Corollary 6.2 and 

Corollary 6.3. In conclusion, the complexity of H n

n

2

1−  in Figure 6 is O(n2). 
Similarly, the complexity of H n

n

2

1−  in Figure 5 is also O(n2).

Figure 15. Simulated networks of V P
m n m

0

2 21( )
,− −  and C P

m n m

0

2 21( )
,− −  with 1≤m<n – 2.
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Comparing between the circuit in Figure 4 and the one in Figure 6, SH n

k

2
 

has only a V H
n−1
0 ( )  gate less than SH n

n

2

1−  when k=n – 2, so the complexity of 
SH n

k

2
 is O(n2). Similarly, the complexity of FH n

k

2
 in Figure 3 is also O(n2).

Since The inverse of HQWT consists of the same gates with HQWT, 
H n

k

2

1( )−  and H n

n

2

1
1

−
−( )  can be both simulated by O(n2) basic operations, 

respectively.

The Complexity of D4QWT

By Corollary 2.14 and Corollary 2.16, complexities of Q n2
 and Q n2

1( )−  are 
both v. In addition, complexities of D n2

, T n2
, D n

p

2
, F n2

 and their inverse 
transforms are all O(n2), i.e., the complexity of single-level D4QWT is O(n2).

The detail circuit of V D
m

p
n m

0

2
( )−  is shown in Figure 16, and the quantum 

circuit in the dashed box implements D n m

p

2 −
.

By Corollary 2.14 and Corollary 2.16, the gate V D
m

p
n m

0

2
( )−  can be simulated 

by O(n2) basic operations where 1≤m≤n – 2. Observing the circuits in Figure 
12 and Figure 13, we conclude that complexities of F n

k

2
 and F n

k

2

1( )−  are O(n3).

Figure 16. The quantum circuit of V D
m

p
n m

0

2
( )−  with 1 2≤ ≤ −m n .
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THE COMPARISON OF CIRCUITS OF HQWT AND D4QWT

In this section, we analyze and compare the circuits of HQWT and D4QWT 
in (Hoyer, 1997; Fijany & Williams, 1998; Terraneo & Shepelyansky, 2003) 
with the proposed ones (Li, Fan, Xia, Song, & He, 2018).

The Comparison of Circuits of HQWT

The circuit of HQWT (Hoyer, 1997) is designed with 3 qubits as an example, 
and is not implemented with n qubits, therefore we only introduce the circuit 
of HQWT with n qubits (Fijany & Williams, 1998) as follows.

A factorization of HQWT is defined as

H I W I W I W I

I
n n n n n i n

n

2 2 2 2 2 2 2

4 2 4

1 1 1= ⊗ ⊗ ⊕ ⊕
× ⊕

− − − +− −

−

( ) ( ) ( )

( ) (

� �

�Π Π
22 2 2 2 2 21 1i n i n n nI I⊕ ⊕

− − −) ( ) ,� Π Π
	 (6.41)

where W=H, Π
2 2 21i iP= − ,

, and the symbol ⊕  is a conditional operator. Its 
circuit is shown in Figure 17. The gate in the dashed box is lacking in (Fijany 
& Williams, 1998).

We find that the circuit without the gate in the dashed box in Figure 17 
can’t implement (6.41). Furthermore, the circuit in Figure 17 is the same with 
the one in Figure 6. I.e., it is the implementation circuit of the n-level HQWT.

Figure 17. A circuit for multi-level HQWT
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The Comparison of Circuits of D4QWT

The circuit of D4QWT (Terraneo & Shepelyansky, 2003) is designed 
by optimizing ones of D4QWT in (Hoyer, 1997; Fijany & Williams, 
1998), therefore, we only introduce the circuit of D4QWT in (Terraneo & 
Shepelyansky, 2003) as follows.

The kernel matrix of the D4 wavelet transform is defined by

D

c c c c

c c c c

c c c c

c c

n2

0 1 2 3

3 2 1 0

0 1 2 3

3 2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0

=

− −

−

�

�

�

cc c

c c c c

c c c c

c c

1 0

0 1 2 3

3 2 1 0

2 3

0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

−

− −

�

� � � � � � � � � � �

�

�

00 0 0 0 0 0

0 0 0 0 0 0
0 1

1 0 3 2

�

�

c c

c c c c− −















































, 	 (6.42)

where c c c c
0 1 2 3

1 3

4 2

3 3

4 2

3 3

4 2

1 3

4 2
=
+

=
+

=
−

=
−

, ,   and .

A factorization of D4QWT is defined as

D I S X I X I I X I I Xn n n n n n n2 2 4 2 2 2 2 2 21 1 2 2 4= ⊗ ⊗ ⊗ ⊕ ⊗ ⊕ × ⊕− − − − −( ) ( )( ) ( ) (Γ � II I Sn n n2 2 2 2 31− − ⊗) ( ),Γ 	
(6.43)

where the symbol ⊕  is a conditional operator, and

S S
3 4

3 3

3 3

5
12

5
12=

−





















=
sin cos

cos sin
,

sin cos

co

π π

π π

π π

ss sin
,

( ) (
, , ,

5
12

5
12

2 2 2 2 2 2 21 2 2

π π
−





















= ⊗− −Γ n n nP P I P�
22 2 2 2 23 2⊗ ⊗









 − −I P In n)( ).
,

	 (6.44)

The implementation circuit of (6.43) is shown in Figure 18.
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Comparing between two circuits in Figure 9 (b) and Figure 18, we use 
less gates to implement D n2

. That is, we do not need to use the two circuits 
of Γ

2n
 for the implementation of D n2

.

SIMULATIONS OF QUANTUM WAVELET TRANSFORMS

Consider a quantum state

v

v

v v v

i
i

T

= 





=
∑

1

2

0

2047 204

( )
0 1 7

� 	 (6.45)

as an input of quantum wavelet transforms where vk=d(k/2048), k=0,…,2047, 
and

d t t t
t

( ) ( ) sin(
* .

.
)= −

+
1

2 1 05
0 05

π 	

is Doppler function (Ruch & Van Fleet, 2011).
For simplicity, we can take a vector

V v v v
T

= 

0 1 7

�
204

	 (6.46)

Figure 18. Quantum circuit for the wavelet kernel
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as the input of simulation programs, which is in accord with the state |v〉 
without the normalized item.

Simulations of HQWT

Applying FH k
211  with k=0,1,…,10 in Figure 3 and Figure 5 on the input V in 

(6.46) gives the simulation results of the first 3 levels of HQWT with multi-
windows in Figure 19 (see Code B.44), and the results of all levels in Figure 
20 (see Code B.45).

Table 2 shows the comparisons of simulation results of HQWTs, their 
inverses, and classical Haar wavelet transform using the 2-norm function 
norm() (see Code B.46). The symbols in this table are listed as follows,

F FH V

F FH F

S SH V

S SH S

j

j

j

j

1 2

2 2

1
1

1 2

2 2

1

1

11

11

11

11

= ×

= ×

= ×

= ( ) ×

−

−

,

( )

,

,

,

MM wavedec V j haar= + ′ ′









 ( , , ),1

	 (6.47)

Figure 19. The simulation results of the first 3 levels of HQWT.
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Figure 20. Simulation results of HQWT. The left number i refers to i -level QWT 
with 1≤i≤11, and i = 0 refers to the input signal.
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where the function wavedecV j haar( , , )+ ′ ′1 in Matlab performs a (j+1)-level 
one-dimensional wavelet analysis using the Haar wavelet.

Table 2 illustrates that HQWTs and their inverse are correct for the column 
vector V in (6.46).

Simulations of D4QWT

Applying F n

j

2
 to the input V in (6.46), the simulation results of the first 3 

levels of D4QWT are shown in Figure 21 with multi-windows (see Code 
B.55), and the results of all levels are shown in Figure 22 (see Code B.56).

Table 3 shows the comparisons of simulation results of D4QWT, its inverse, 
and classical D4 wavelet transform using the 2-norm function norm() (see 
Code B.57). The symbols in this table are listed as follows,

D F V

R F D

M wavedec V j db

per
j

per
j

per

per

= ×

= ×
= + ′ ′

−
2

2

1

11

11

1 2

,

( ) ,

( , , ),,










	 (6.48)

where the function wavedecV j db( , , )+ ′ ′1 2  in Matlab performs a (j+1)-level 
D4 wavelet analysis using periodization extension.

Table 2. The comparisons of HQWTs, their inverse and classical Haar wavelet 
transform

Level norm(F1 – M) norm(S1 – M) norm(V – F2) norm(V – S2)

1 0.0123×10‑13 0.0123×10‑13 0.0218×10‑13 0.0218×10‑13

2 0.0189×10‑13 0.0189×10‑13 0.0608×10‑13 0.0608×10‑13

3 0.0217×10‑13 0.0217×10‑13 0.0617×10‑13 0.0617×10‑13

4 0.0297×10‑13 0.0297×10‑13 0.0607×10‑13 0.0601×10‑13

5 0.0344×10‑13 0.0344×10‑13 0.0642×10‑13 0.0642×10‑13

6 0.0460×10‑13 0.0460×10‑13 0.0683×10‑13 0.0683×10‑13

7 0.0743×10‑13 0.0743×10‑13 0.0820×10‑13 0.0820×10‑13

8 0.1021×10‑13 0.1021×10‑13 0.0875×10‑13 0.0875×10‑13

9 0.1420×10‑13 0.1420×10‑13 0.1335×10‑13 0.1335×10‑13

10 0.1619×10‑13 0.1619×10‑13 0.1399×10‑13 0.1399×10‑13

11 0.1697×10‑13 0.1697×10‑13 0.1413×10‑13 0.1413×10‑13
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Figure 21, Figure 22, and Table 3 illustrate that D4QWT and its inverse 
are correct, and can perform the decomposition and reconstruction of D4 
wavelet transform for the column vector V in (6.46).

CONCLUSION

In this chapter, multi-level Haar quantum wavelet transforms, multi-level 
Daubechies D4 quantum wavelet transform and their inverse are described. 
The implementation circuits of these quantum wavelet transforms are designed. 
For 2n data, complexities of Haar quantum wavelet transforms and Daubechies 
D4 quantum wavelet transform are O(n2) and O(n3), so quantum wavelet 
transforms offer exponential speedup over their classical counterparts.

Figure 21. The simulation results of the first 3 levels of D4QWT
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Figure 22. The simulation results of D4QWT. The left number i refers to i-level QWT 
with 1≤i≤10, and i=0 refers to the input.
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ABSTRACT

Quantum wavelet packet transform (QWPT) may play an important role 
in quantum information processing. In this chapter, the authors design 
quantum circuits of a generalized tensor product (GTP) and a perfect shuffle 
permutation (PSP). Next, they propose multi-level and multi-dimensional (1D, 
2D and 3D) QWPTs, including Haar QWPT (HQWPT), D4 QWPT (DQWPT) 
based on the periodization extension and their inverse transforms for the first 
time, and prove the correctness based on the GTP and PSP. Furthermore, 
they analyze the quantum costs and the time complexities of the proposed 
QWPTs and obtain precise results. The time complexities of HQWPTs is at 
most six basic operations on 2n elements, which illustrates high efficiency 
of the proposed QWPTs.

INTRODUCTION

Quantum wavelet packet transform (QWPT) can be classified with one-
dimensional or multi-dimensional according to the types of data it acts on 
are 1-dimension or multi-dimension. The QWPT can be used repeatedly. 
The level of QWPT describes the number of times QWPT acts on data. Two 
1-dimensional QWPTs have been developed, which are the single-level 
1-dimensional Haar QWPT, and the single-level 1-dimensional Daubechies 
D4 QWPT, respectively (Hoyer, 1997; Fijany & Williams, 1998; Terraneo 

Quantum Wavelet 
Packet Transforms
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& Shepelyansky, 2003; Klappenecker, 1999). In addition, multi-level and 
multi-dimensional QWPTs were proposed (Li, Fan, Xia, Song, & He, 2018).

This chapter introduces multi-level and multi-dimensional QWPTs (Li, 
Fan, Xia, Song, & He, 2018), and uses 2-dimensional quantum wavelet 
packet transforms to implement quantum image compression (Li, Zhu, Zhou, 
Li, Song, & Ian, 2014). Meanwhile, simulations of multi-level and multi-
dimensional QWPTs are given.

1-DIMENSIONAL QUANTUM WAVELET 
PACKET TRANSFORMS

In this section, multi-level 1-dimensional quantum wavelet packet transforms 
(1D-QWPTs) are introduced. These 1D-QWPTs include 1-dimensional 
general quantum wavelet packet transform, 1-dimensional Haar quantum 
wavelet packet transform (1D-HQWPT), and 1-dimensional Daubechies D4 
quantum wavelet packet transform (1D-D4QWPT).

1-Dimensional General Quantum 
Wavelet Packet Transform

Let W Wn n2

0

2
=  be a wavelet kernel matrix. Then, the (k+1)-level iteration of 

a discrete wavelet packet transform is defined by (Ruch, & Van Fleet, 2011)

Z W W W W

W DiagW W W
n n n n n

n n j n j n j

k k k

j
2 2 2

1

2

1

2

0

2 2 2 2

= …

= …




−

− − −

,

( , , , ),






	 (7.1)

where DiagW W Wn j n j n j( , , , )
2 2 2− − −…  with j=1,…,k is a matrix with 2j blocks of 

W n j2 −
on the main diagonal and zeros elsewhere. We infer the following 

equations,

W DiagW W

Z Diag Z Z W
n n n

n n n

j j j

k k k
2 2

1

2

1

2 2

1

2

1

1 1

1 1

=

=
− −

− −

− −

− −

( , ),

( , )
22n

.








	 (7.2)

According to the generalized tensor product in (5.12), we have
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Z I P Diag Z Z Pn n n n n

k k k

2

1
2 2 2 2

1

2

1

2 21 1 1 1 1− − − − −

− − −⊗ =
, ,

( , ) .	 (7.3)

The iteration of QWPT is given by

Z P Z I P Wn n n n n

k k

2 2 2 2

1
2 2 2 21 1= ⊗( )− −

−

, ,
	 (7.4)

with the initial value Z Wn k n k2

0

2− −= . Its implemented circuit is shown in Figure 
1 (a). The inverse of Z n

k

2
is calculated by

( ) ( ) (( ) )
, ,

Z W P Z I Pn n n n n

k k

2

1

2

1

2 2 2

1 1
2 2 21 1 1

− − − −= ⊗− − − 	 (7.5)

with the initial value Z Wn k n k2

0
1

2

1

− −( ) = ( )
− −

. The implemented circuit of Z n

k

2

1( )−  
is shown in Figure 1 (b).

1D-HQWPT and Its Inverse

Substituting the kernel matrix W P I Hn n n2 2 2 21 1= ⊗( )− −,
 into (7.4) and (7.5), 

the (k+1)-level iteration of Haar quantum wavelet packet transform (HQWPT) 
and its inverse are

R P R I I H

R I H R

n n n n

n n n

k k

k

2 2 2 2

1
2 2

2

1

2 2

1 1 1

1 1
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− −

−

−

,
,

kk
I P n

−
−

( ) ⊗


















−

1
1

2 2 2
1

,

	 (7.6)

Figure 1. The implemented circuits of Z n

k

2
 and Z n

k

2

1( )− .
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with the initial values

R P I H k n

R H I
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n k
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	 (7.7)

The circuits of R n

n

2

1− and R n

k

2
( )1 1≤ < −k n  are designed in Figure 2. The 

dashed boxes 1 and boxes 2 are the circuits of R n

n

2

2
1-

−  and R n

k

2

1
1-

- , respectively.

From (5.5) and (5.6), we obtain
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−

,
) ( ),Γ Γ

	 (7.8)

therefore, quantum circuits of R n

k

2
with 0≤k<n – 2, R n

n

2

2− and R n

n

2

1−  can be 
simplified into the ones in Figure 3. Their implementation codes are seen in 
Code B.58 and Code B.59.

Similarly, the circuits of the inverses of R n

k

2
, R n

n

2

2− and R n

n

2

1− can be designed 
as shown in Figure 4.

Figure 3 and Figure 4 show that complexities of multi-level HQWPT and 
its inverse are O(n).

Figure 2. The circuits of R n

n

2

1−  and R n

k

2
.
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1D-D4QWPT and Its Inverse

Since a single-level quantum wavelet packet transform is also a single-level 
quantum wavelet transform, the single-level Daubechies D4 quantum wavelet 
packet transform (D4QWPT) based on periodization extension and its inverse 
can be defined as F n2

 and ( )F n2

1−  in (6.36), i.e.,

F P D

F D P

n n n

n n n

p

p

2 2 2 2

2

1

2

1

2 2

1

1

=

( ) = ( )








−

−

− −
,

,

,

,
	 (7.9)

Figure 3. The simplified circuits of R n

k

2
 with 0≤k<n – 2, R n

n

2

2−  and R n

n

2

1−

Figure 4. The circuits of R n

k

2

1( )-  with 0≤k<n – 2, R n

n

2

2
1

−( )-  and R n

n

2

1
1

−( )- .
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where the circuits of F n2
, D n

p

2
, and their inverse are shown in Figure 6.11.

Substituting the kernel matrix W Fn n2 2
=  into (7.4) and (7.5), we obtain 

the (k+1)-level iterations of D4QWPT based on periodization extension and 
its inverse as follows,

A P A I D

A D A

n n n n

n n n

k k p

k p k
2 2 2 2

1
2 2

2

1

2

1

2

1

1 1

1

= ⊗( )
=
− −

−

−

− − − −
,

,

( ) ( ) ( ) 11
2 2 2 1⊗












 −I P n,

,
	 (7.10)

with the initial valuesA Fn k n k2

0

2− −= , and ( ) ( )A Fn k n k2

0 1

2

1
− −

− −= . When 1≤k<n – 1, 
the circuits of A n

k

2
 and ( )A n

k

2

1−  are designed in Figure 5. The dotted boxes in 

(a) and (b) are the circuits of A n

k

2

1
1-

-  and A n

k

2

1
1

1-

-
-( ) , respectively.

By (7.8), the circuits of A n

k

2
and ( )A n

k

2

1− can be simplified into the ones in 
Figure 6. Their implementation codes are seen in Code B.60 band Code B.61.

Since complexities of D n

p

2
and Γ

2n
 are respectively O(n2) and O(n), Figure 

6 shows that complexities of A n

k

2
 and ( )A n

k

2

1−  are both O(n3).

2-DIMENSIONAL QUANTUM WAVELET 
PACKET TRANSFORMS

The 2-dimensional wavelet packet transform on Λ
2 2m k,

 is defined as (Ruch, 
& Van Fleet, 2011)

Figure 5. The circuits of A n

k

2
 and ( )A n

k

2

1−  with 1≤k<n – 1.
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wt W Wm k m m k k

T2
2 2 2 2 2 2

( ) ( ) ,
, ,

Λ Λ= × × 	 (7.11)

where Λ
2 2n m,

 is a 2m×2k image in (5.53), and W m2
and W k2

 are 2m×2m and 2k×2k 
wavelet packet transforms, respectively

An image can be stored in the state NASS ψ
2

 in (3.58) by using the 
function f(∙), which is equivalent to the quantum circuit in Figure 3.9, i.e.,

f

B

B
m k

m

T

T

( ) ,
,

Λ
2 2 2

1

2

= =





















ψ � 	 (7.12)

where Bj with j=1,…,2m are the row vectors of Λ
2 2n m,

.

Applying the function f(∙) on Λ
2 2 2m k kW

T

,
( )×  and ( ) ( )

,
Λ

2 2 2m k m

T TW× , we 
have

Figure 6. The simplified circuits of A n

k

2
and ( )A n

k

2

1−  with 0≤k<n – 1
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f W I W f

W I

m k k m k m k

m k m

T

T T

( ( ) ) ( ),

f ( ) ( )
, ,

,

Λ Λ

Λ
2 2 2 2 2 2 2

2 2 2 2

× = ⊗( )
×( ) = kk m m kW f T⊗( )






 2 2 2

(( ) ).
,

Λ
	 (7.13)

Using the perfect shuffle permutationP k m2 2,
 in (5.9), we obtain

f P fm k m k m k

T( ) ( )
, , ,

Λ Λ
2 2 2 2 2 2( ) = .	 (7.14)

Then, we calculate

f W f W

P f

m m k m k m

k m

T T
T

( ) ( ) ( )

(

, ,

,

2 2 2 2 2 2

2 2

Λ Λ

Λ

= ×















=
22 2 2 2 2 2 2 2 2

2 2 2 2

m k m k m k m m k

k m k

T T TW P I W f

P I W
, , ,

,

) ( ) (( ) )×( ) = ⊗( )
= ⊗

Λ

mm m k m k m k m kP f W I f( ) = ⊗( )2 2 2 2 2 2 2 2, , ,
( ) ( ).Λ Λ

	 (7.15)

Combining (7.13) and (7.15), we infer

f W W W W fm m k m m k m k

T( ) ( )( )
, ,2 2 2 2 2 2 2 2

Λ Λ= ⊗( ) .	 (7.16)

Therefore, the 2-dimensional quantum wavelet packet transform 
(2D-QWPT) of Λ

2 2m k,
 is given by

f wt W Wm k m k2
2 2 2 2 2

( ) .
,

Λ( ) = ⊗( ) ψ 	 (7.17)

Since the equation

( ( () ) )W W W W I I Im k m k m k m k2 2 2 2 2 2

1 1

2
⊗ ⊗ ⊗



 = =− −

+ 	

holds, the inverse of 2D-QWPT of Λ
2 2m k,

 is

( () )W Wm k2 2 2
1 1− −⊗



 ψ .	 (7.18)

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



229

Quantum Wavelet Packet Transforms

Substituting 1D-HQWPT and 1D-D4QWPT into (7.17), we obtain (h+1)-
level 2D-HQWPT and (l+1)-level 2D-D4QWPT of Λ

2 2m k,
 as follows,

R R

A A

m k

m k

h h

l l
2 2 2

2 2 2

⊗( )
⊗( )








ψ

ψ

,

,
	 (7.19)

where 0≤h≤min(m,k) – 1 and 0≤l≤min(m,k) – 2. Similarly, the inverses of 
(h+1)-level 2D-HQWPT and (l+1)-level 2D-D4QWPT of Λ

2 2m k,
 are given 

by

( ) )

( ) )

( ,

( .

R R

A A

m k

m k

h h

l l
2 2 2

2 2 2

1 1

1 1

− −

− −

⊗





⊗











ψ

ψ
	 (7.20)

When h=0 and l=0, by (7.19) and (7.20), we design the circuits of single-
level 2D-HQWPT, single-level 2D-D4QWPT and their inverses in Figure 7.

When h>0 and l>0, the circuits of multi-level 2D-HQWPT, multi-level 
2D-D4QWPT and their inverses are given in Figure 8. The implementation 
codes of 1D-HQWPT, 2D-D4QWPT and their inverse are designed in Code 
B.66 - Code B.69.

Since the complexity of 1D-HQWPT is O(n), from Figure 7 and Figure 
8, we obtain the complexity of 2D-HQWPT is also O(n).

Figure 7 shows that the complexity of single-level 2D-D4QWPT is O(n2). 
Since the complexity of 1D-D4QWPT is O(n3), from Figure 8, we conclude 
that the complexity of multi-level 2D-D4QWPT is also O(n3).

Figure 7. The circuits of single-level 2D-HQWPT, single-level 2D-D4QWPT and 
their inverses
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3-DIMENSIONAL QUANTUM WAVELET 
PACKET TRANSFORMS

We firstly define the following discrete wavelet packet transforms: Wx(∙), 
Wy(∙) and Wt(∙) as below.

W A W W

W A

x

y

m k h m m k m m k

h

m k h m

( ) , , ,

( )

, , , ,

, ,

2 2 2 2 2 2

1

2 2 2

2 2 2 2

2= ( )
=

Λ Λ

Λ

�

,, ,

, , ,

( ) ( ), , ,

( ) , ,

2

1

2 2 2 2

2 2 2 2 2

1

2

2
k k m k

h

k

m k h m k m

W W

W A C C

T T

t

�

�

Λ( )
=

,,
.

2

2
k

h( )











	 (7.21)

where the matrix Λ
2 2m k

j

,
 is the j-th image frame of the 2m×2k×2hvideo Am k h2 2 2, ,

 
in (5.60).

Let a column vector ux,y be

u
x y x y x y x y

Th

, , , ,
,= 





θ θ θ1 2 2� 	 (7.22)

where θ
x y
j
,

 is the element of the matrix Λ
2 2m k

j

,
 on the position (x,y). Then 

elements of W At m k h( )
, ,2 2 2

 can be calculated by

C C C u W
x y x y x y x y

T Th

h, , , ,
( )1 2 2

2
�




= 	 (7.23)

where C
x y
j
,

 is the elements of the matrix C n m

j

2 2,
 on the position (x,y).

The 3D discrete wavelet packet transform of the video Am k h2 2 2, ,
 is defined 

as

Figure 8. The circuits of multi-level 2D-HQWPT, multi-level 2D-D4QWPT and 
their inverses
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WPT A W W W Am k h m k h

t y x3
2 2 2 2 2 2

( ) ( ( ( )))
, , , ,

= .	 (7.24)

Suppose the function f(∙) implements the quantum storage of the video 
Am k h2 2 2, ,

, i.e., ψ
3 2 2 2
= f A m k h( )

, ,
 shown in (5.65). Applying the function f(∙) on 

W At m k h( )
, ,2 2 2

,W Ay m k h( )
, ,2 2 2

 and W Ax m k h( )
, ,2 2 2

 respectively, we have the following 
three equations,

f W A I W

f W A I W I

t

y

m k h h

m k h m k

m k( ( )) ,

( ( ))
, ,

, ,

2 2 2 2 2 3

2 2 2 2 2 2

= ⊗( )
= ⊗ ⊗

+ ψ

hh

m k h m k hf W A W I Ix

( )
= ⊗ ⊗( )











ψ

ψ
3

2 2 2 2 2 2 3

,

( ( )) .
, ,

	 (7.25)

Therefore, we infer the 3D QWPT of Am k h2 2 2, ,

f WPT A W W Wm k h m k h3
2 2 2 2 2 2 3

( )
, ,( ) = ⊗ ⊗( ) ψ .	 (7.26)

Substituting 1D-HQWPT and 1D-D4QWPT into (7.26), we obtain (i+1)-
level 3D-HQWPT and (j+1)-level 3D-D4QWPT of Λ

2 2m k,
 as follows,

R R R

A A A

m k h

m k h

i i i

j j j
2 2 2

2 2 2

3

3

⊗ ⊗( )
⊗ ⊗( )








ψ

ψ

,

,
	 (7.27)

where 0≤i≤min(m,k,h) –1 and 0≤j≤min(m,k,h) –2. Their inverses are given by

( ( ) ( ) ,

( ( ) (

)

)

R R R

A A A

m k h

m k h

i i i

j j j
2 2

1

2

1

2 2

1

2

1
3

1

−

−

− −

−

⊗ ⊗





⊗ ⊗

ψ

)) ,−












1
3
ψ

	 (7.28)

Using (7.27) and (7.28), we design the circuits of single-level 3D-HQWPT, 
single-level 3D-D4QWPT and their inverses in Figure 9, and the circuits 
of multi-level 3D-HQWPT, multi-level 3D-D4QWPT and their inverses in 
Figure 10, respectively. Their implementation codes are designed in Code 
B.75 and Code B.76.

Figure 9 shows the complexities of single-level 3D-HQWPT and single-
level 3D-D4QWPT are O(n) and O(n2), respectively. From Figure 10, we 
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obtain that the complexities of multi-level 3D-HQWPT and multi-level 
3D-D4QWPT are O(n) and O(n3).

QUANTUM IMAGE COMPRESSION FOR 2D-QWPT

Image compression solves the problem of reducing the amount of computational 
resources required to store or reconstruct digital images. The classical wavelet 
packet transform compression can be used to realize image compression 
(Marpe, Blattermann, & Ricke, 2000). Chapter 3 shows that a lot of quantum 
measurements are needed to read out an image in quantum systems. Quantum 
image compression is used to reduce the number of quantum measurements 
(Li, Zhu, Zhou, Li, Song, & Ian, 2014). Suppose that m1 amplitudes of the 
original state and m2 amplitudes of the compressed state are needed to be 
retrieved from quantum systems, then, quantum compression ratio (QCR) 
is defined as

Figure 9. The circuits of single-level 3D-HQWPT, single-level 3D-D4QWPT and 
their inverses.

Figure 10. The circuits of multi-level 3D-HQWPT, multi-level 3D-D4QWPT and 
their inverses.
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Q
m

mr
= 1

2

.	 (7.29)

Applying multi-level 2D-HQWPT R Rm k

h h

2 2
⊗  on the NASS state ψ

2
 gives 

the transformed state as follows,

R R R R x y

x y

m k m k

n

n

h h h h
i m

i
k

i
c

m
i

k

2 2 2 2 2
0

2 1

0

2 1

2

⊗( ) = ⊗( )

= =

=

−

=

−

∑

∑

ψ θ

θ ψcc ,

	 (7.30)

where ψ
2

 encodes a 2m×2k gray scale image Λ
2 2m k,

 with n=m+k.
The image is retrieved by using quantum measurement method in Chapter 

3. From (3.96), when M=256, the amplitude θi on the position |xm〉 |yk〉 can 
be retrieved with O(2n) measurements. Therefore, the image Λ

2 2m k,
 is retrieved 

from ψ
2

 with O(22n) measurements. Suppose that the results of ξ  
measurements are ξ

i
 times of |i〉=|xm〉 |yk〉, we make ξ

i
= 0  if ξ ξ ζ

i
/ <  where 

ζ  is a threshold. Therefore, we don’t need to acquire the accurate value of 
θ
i
c  for θ ζ

i
c < . If there are m1 amplitudes greater than the threshold, we only 

obtain accurate values of the m2 amplitudes to retrieve the compressed image. 
Therefore, the compressed image is retrieved from ψ

2
c  with O(m12

n) 
measurements. Quantum compression ratio is given by Qr=2n/m2.

The process of quantum image compression for multi-level 2D-HQWPT 
is shown in Figure 11 (a). Similarly, its process for multi-level 2D-D4QWPT 
is shown in Figure 11 (b).

SIMULATIONS OF QUANTUM WAVELET 
PACKET TRANSFORMS

In this section, we describe simulations of 1D, 2D and 3D quantum wavelet 
packet transforms, and introduce simulations of quantum image compression 
for 2D quantum wavelet packet transforms.
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Simulations of 1D-QWPTs

Applying 1D-HQWPT R kk

211 0 1 10, , ,= …  on the input vector V in (6.46), we 
obtain the simulation results of the first 3 levels shown in Figure 12 with 
multi-windows (see Code B.62). The left number i  refers to QWT with i-level 
QWT with 1≤i≤10, and i=0 refers to the input vector V.

Table 1 shows the comparisons of simulations of 1D-HQWPT, its inverse, 
and classical Haar wavelet packet transform using the 2-norm function norm() 
(see Code B.63). The symbols in this table are listed as follows,

M R V k

M R M k

M

k k

k k k
1 2

2 2

1
1

11

11

0 10

0 10

= × ≤ ≤

= × ≤ ≤−

, ,

( ) , ,

           

  

33
0 10k k,                            ≤ ≤










	 (7.31)

Figure 11. The process of quantum image compression.

Figure 12. The simulation results of the first 3 levels of 1D-HQWPT.
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where the vector Mk
3
 is given by classical Haar wavelet packet functions 

wpdecV k db( , , )+ ′ ′1 1  and wpcoef().
Figure 11 and Table 1 illustrate that 1D-HQWPT and its inverse are correct, 

and can perform the decomposition and reconstruction of Haar wavelet packet 
transform for the column vector V in (6.46).

Similarly, applying 1D-D4QWPT A kk

211 0 1 9, , ,= …  on the input vector V 
in (6.46) gives the simulation results of the first 3 levels in Figure 13 with 
multi-windows (see Code B.64).

Table 2 shows the comparison of simulations of 1D-D4QWPT, its inverse, 
and classical D4 wavelet packet transform (see Code B.65). The symbols in 
this table are listed as follows,

M A V k

M A M k

M

k k

k k k

k

4

5 4

6

2

2

1

11

11

0 9

0 9

= × ≤ ≤

= × ≤ ≤−

, ,

( ) , ,

           

  

,,                            0 9≤ ≤








 k

	 (7.32)

Table 1. The comparisons of 1D-HQWPT, its inverse and classical Haar wavelet 
packet transform

Level norm M Mk k
1 3−( ) norm V Mk−( )2

1 0.0123×10‑13 0.0218×10‑13

2 0.0193×10‑13 0.0610×10‑13

3 0.0223×10‑13 0.0627×10‑13

4 0.0298×10‑13 0.0630×10‑13

5 0.0351×10‑13 0.0704×10‑13

6 0.0478×10‑13 0.0809×10‑13

7 0.0757×10‑13 0.1021×10‑13

8 0.1020×10‑13 0.1212×10‑13

9 0.1387×10‑13 0.1914×10‑13

10 0.1712×10‑13 0.2262×10‑13

11 0.1825×10‑13 0.3149×10‑13
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where the vector Mk
6

 is given by classical D4 wavelet packet functions 
wpdecV k db( , , ')+ ′1 2  and wpcoef().

Figure 13 illustrates that 1D-D4QWPT can perform the decomposition 
and reconstruction of D4 wavelet packet transform for the column vector V 
in (6.46). Table 2 shows that 1D-D4QWPT and its inverse are correct for 
the column vector V.

Figure 13. The simulation results of the first 3 levels of 1D-D4QWPT.

Table 2. The comparisons of 1D-D4QWPT, its inverse and classical D4 wavelet 
packet transform

Level norm M Mk k
4 6−( ) norm V Mk−( )5

1 0.0057×10‑10 0.0246×10‑13

2 0.0128×10‑10 0.0482×10‑13

3 0.0230×10‑10 0.0768×10‑13

4 0.0374×10‑10 0.1017×10‑13

5 0.0574×10‑10 0.1347×10‑13

6 0.0842×10‑10 0.1658×10‑13

7 0.1168×10‑10 0.2390×10‑13

8 0.1564×10‑10 0.2565×10‑13

9 0.1963×10‑10 0.30401×10‑13

10 0.2369×10‑10 0.3590×10‑13
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Simulations of 2D-QWPTs

Let Ag be the matrix of the 256×256 image in Figure 14 (a), and be stored in 
the NASS state ψ

2
, i.e., ψ

2
= f A

g
( ) , where the function f(∙) is equivalent 

to the quantum circuit in Figure 9.
Applying 2D-HQWPT R Rh h

2 28 8⊗  on ψ
2

, we obtain the transformed 

image f R Rh h− ⊗





1

2 2 28 8( ) ψ . The simulation results of the first 2 levels of 
2D-HQWPT are shown in Figure 14 (b) and (c) (see Code B.70). The 
comparisons of simulations of 2D-HQWPT, its inverse, and classical 2D 
Haar wavelet packet transform are shown in Table 3 (see Code B.72). The 
symbols in Table 3 are listed as follows,

M f R R hh h h
21

1

2 2 28 8 0 7= ≤ ≤⊗





− ( ) , ,ψ                         

MM h

M

f R R R Rh h h h h
22

1

2

1

2

1

2 2 2

23

8 8 8 8 0 7= ≤ ≤⊗( ) ⊗





− − −( ) ( ) ( ) , ,ψ  
hh ,                                                       0 ≤≤ ≤










h 7,

	 (7.33)

where the matrix Mh
23

 is given by classical 2D Haar wavelet packet functions 
wpdec Ag j db2 1( , , ' ')  and wpcoef(). The code of Mh

23
 is designed in Code B.71.

Applying 2D-D4QWPT A Ah h

2 28 8⊗  on ψ
2

 gives the transformed image 

f A Ah h− ⊗





1
22 28 8( ) ψ . Figure 15 shows the simulation results of the first 2 

levels of 2D-D4QWPT (see Code B.73). The comparisons of simulations of 
2D-D4QWPT, its inverse, and classical 2D D4 wavelet packet transform are 
shown in Table 4 (see Code B.74). The symbols in Table 4 are listed as 
follows,

Figure 14. The simulation results of the first 2 levels of 2D-HQWPT for a 256x256 
image
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M f A Ah h h
24

1
22 28 8= ⊗





− ( ) ,ψ                                  

  

0 6

25
1 1 1

22 2 2 28 8 8 8

≤ ≤

= ⊗⊗( )





− − −

h

M A A A Afh h h h h

,

,( ) ( ) ( ) ψ 00 6

26

≤ ≤h

Mh

,

,                                                                          0 6≤ ≤










h ,

	

(7.34)

where the matrix Mh
26

 is given by classical 2D Haar wavelet packet functions 
wpdec Ag j db2 2( , , ' ')  and wpcoef().

Figure 14 and Figure 15 illustrate that 2D-HQWPT and 2D-D4QWPT 
can perform the decomposition and reconstruction of images.

Table 3. The comparisons of 2D-HQWPT, its inverse and classical 2D Haar wavelet 
packet transform

Level norm M Mh h
21 23−( ) norm Ag Mh−( )22

1 0.0022×10‑9 0.0142×10‑9

2 0.0045×10‑9 0.0285×10‑9

3 0.0046×10‑9 0.0280×10‑9

4 0.0141×10‑9 0.0350×10‑9

5 0.0419×10‑9 0.0388×10‑9

6 0.1639×10‑9 0.1715×10‑9

7 0.2786×10‑9 0.2577×10‑9

8 0.5888×10‑9 0.6085×10‑9

Figure 15. The simulation results of the first 2 levels of 2D-D4QWPT for a 256x256 
image.
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Simulations of 3D-QWPTs

Let Vg be the matrix of the 64×32×8 video in Figure 16 (a), and be stored in 
the NASS state ψ

3
, i.e., ψ

3
= f V

g
( ) . We apply 3D-HQWPT R R Rm k h

i i i

2 2 2
⊗ ⊗  

on ψ
3

 and obtain the transformed image f R R Rm k h

i i i− ⊗ ⊗





1
32 2 2

( ) ψ . We 
give the simulation results of the first 2 levels of 3D-HQWPT in Figure 16 
(b) and (c) (see Code B.77). The comparisons of simulations of 3D-HQWPT, 
its inverse, and classical 3D Haar wavelet packet transform are shown in 
Table 5 (see Code B.79).

The function norm3(Vg) is defined as

norm Vg i j k
kji

3 2(Vg) ( , , )= ∑∑∑ .	 (7.35)

The other symbols in Table 5 are listed as follows,

M f R R Rj j j j
31

1
22 2 26 5 3= ⊗ ⊗





− ( ) ,ψ                                                  0 2

32
1 1 1

2 26 5

≤ ≤

= ⊗ ⊗− − −

j

M R R Rfj j j

,

( ) ( ) (
22 2 2 2

1
2

33

3 6 5 3 0 2j j j j

j

R R R j

M

) ( )

,

, ,−( )





⊗ ⊗ ≤ ≤ψ   

                                                                                                   0 2≤ ≤










j ,

	

(7.36)

where the matrix M j
33

 is given by classical 3D Haar wavelet packet function 
WPT Ag j db3 1( , , ' ') . The classical 3D Haar wavelet packet functions WPT3() 

Table 4. The comparisons of 2D-D4QWPT, its inverse and classical 2D D4 wavelet 
packet transform

Level norm M Mh h
24 26−( ) norm Ag Mh−( )25

1 0.0102×10‑7 0.0113×10‑9

2 0.0211×10‑7 0.0228×10‑9

3 0.0342×10‑7 0.0353×10‑9

4 0.0562×10‑7 0.0540×10‑9

5 0.0818×10‑7 0.0884×10‑9

6 0.1199×10‑7 0.2078×10‑9

7 0.1832×10‑7 0.3943×10‑9
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in (7-24) are implemented by using the functions wpdec2() and wpdec() (see 
Code B.78).

The 3D-D4QWPT A A Aj j j

2 2 26 5 3⊗ ⊗  is applied on ψ
3

, and the transformed 

image is given by f A Ah h− ⊗





1
22 28 8( ) ψ . Figure 17 shows the simulation results 

of the first 2 levels of 3D-D4QWPT (see Code B.80).
The comparisons of simulations of 3D-D4QWPT, its inverse, and classical 

3D D4 wavelet packet transform are shown in Table 6 (see Code B.81). The 
symbols in Table 5 are listed as follows,

Figure 16. The simulation results of the first 2 levels of 3D-HQWPT for a 64x32x8 
video.

Table 5. The comparisons of 3D-HQWPT, its inverse and classical 3D Haar wavelet 
packet transform

Level norm M Mj j3 31 33−( ) norm Vg M j3 33−( )
1 0.0162×10‑10 0.0908×10‑10

2 0.0592×10‑10 0.2706×10‑10

3 0.2058×10‑10 0.4199×10‑10
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M f A A Aj j j j
34

1
22 2 26 5 3= ⊗ ⊗





− ( ) ,ψ                                      0 ≤ ≤

= ⊗ ⊗( )− − − −

j

M Af A A Aj j j j

1

35
1 1 1 1

2 2 2 26 5 3 6

,

( ) ( ) ( ) ( jj j j

j

A A j

M

⊗ ⊗ ≤ ≤



2 2 2

36

5 3 0 1)

,

, ,ψ  

                                                                          0 1≤ ≤





j ,







	

(7.37)

where the matrix M j
33

 is given by classical 3D Haar wavelet packet function 
WPT Ag j db3 2( , , ' ') .

Figure 16 and Figure 17 illustrate that 3D-HQWPT and 3D-D4QWPT 
can perform the decomposition and reconstruction of videos.

Simulations of Quantum Image 
Compression for 2D-QWPTs

The vector form of the NASS state ψ
2

 is

Figure 17. The simulation results of the first 2 levels of 3D-D4QWPT for a 64x32x8 
video
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ψ θ θ θ
2 0 1 2 1
= 


−… n

T

,	 (7.38)

and the vector form of the transformed state ψ
2
c  is

ψ θ θ θ
2 0 1 2 1

c c c c
T

n= 

−… .	 (7.39)

Using the measurement method of quantum image compression, we obtain 
the compressed vector

ζ θ θ θζ ζ ζ
�

…= 

−0 1 2 1n

T

,	 (7.40)

where ζ  is a threshold, and θ θζ
i i

c=  for θ ζ
i
c ≥ , and θζ

i
= 0  for θ ζ

i
c < . The 

compressed image is required by applying the inverse of 2D-QWPT on the 
vector ζ

�
.

To evaluate the performance of quantum image compression, we define 
the mean squared error (MSE) and the peak signal-to-noise ratio (PSNR) as 
follows (Ruch, & Van Fleet, 2011),

MSE i j i jm k m k m k m k

c c

m k
j

( , ) ( , ) ,( , )
, , , ,

Λ Λ Λ Λ
2 2 2 2 2 2 2 2

21

2
= −



+

==

−

=

−

∑∑

=

1

2 1

0

2 1

10

2

2 2 2 2

2 210

km

m k m k

m k

i

cPSNR
MS

( , ) log
max( )

, ,

,Λ Λ
Λ

EE m k m k

c( , )
,

, ,
Λ Λ
2 2 2 2











	 (7.41)

where Λ
2 2m k,

 and Λ
2 2m k

c

,
 are the original image and the compressed image, 

respectively. The maximum value of the image Λ
2 2m k,

 is given by max( )
,

Λ
2 2m k .

Table 6. The comparisons of 3D-D4QWPT, its inverse and classical 3D D4 wavelet 
packet transform

Level norm M Mj j3 34 36−( ) norm Vg M j3 35−( )
1 0.1787×10‑8 0.1046×10‑10

2 0.3328×10‑8 0.2196×10‑10
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Through the above analysis, we design the implementation code of quantum 
image compression in Code B.82.

let us consider the 256x256 image shown in Figure 18 (a) as examples of 
quantum image compression for 3-level 2D-HQWPT and 3-level 2D-D4QWPT. 
The simulation results are summarized in Table 7, and the compressed images 
are shown in Figure 18 (b) and 18 (c) (see Code B.83).

CONCLUSION

In this chapter, multi-dimensional Haar quantum wavelet packet transforms, 
multi-dimensional Daubechies D4 quantum wavelet packet transform and 
their inverse are described. For 2n data, the complexities of multi-dimensional 
Haar quantum wavelet packet transforms are all O(n). The complexities of 
multi-dimensional Daubechies D4 quantum wavelet packet transforms are 
all O(n3). Therefore, quantum wavelet packet transforms are efficient. 2D 
quantum wavelet packet transforms have been used to realize quantum image 
compression. The simulation results show that quantum image compression 
can reduce the number of quantum measurements by about 90 percent.

Table 7. The performances of quantum image compression for 3-level 2D-QWPTs

3-Level 2D-HQWPT 3-Level 2D-D4QWPT

QCR PSNR QCR PSNR

The first image 10.57 30.26 11.07 30.46

The second image 11.71 30.42 13.39 31.42

The third image 10.94 24.97 11.25 25.52

The fourth image 12.15 27.04 13.42 27.48

Mean value 11.34 28.17 12.28 28.72
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Chapter  7

DOI: 10.4018/978-1-7998-3799-2.ch007

ABSTRACT

Quantum image segmentation has always been one of the difficult tasks 
in quantum image processing. This chapter introduce two quantum image 
segmentation algorithms. One is quantum edge detection algorithm; the 
other one is quantum image segmentation based on generalized Grover 
search algorithm.

INTRODUCTION

A typical image processing task is the recognition of boundaries (intensity 
changes) between two adjacent regions. Classically, edge detection methods 
rely on the computation of image gradients by different types of filtering masks. 
Therefore, all classical algorithms require a computational complexity of at 
least O(2n) because each pixel needs to be processed (Yao, Wang, Liao, Chen, 
& Suter, 2017). A quantum algorithm has been proposed that is supposed 
to provide an exponential speedup compared with existing edge extraction 
algorithms (Zhang, Lu, & Gao. 2015). However, this algorithm includes a 
COPY operation and a quantum black box for calculating the gradients of all 
the pixels simultaneously. For both steps, no efficient implementations are 
currently available. A highly efficient quantum algorithm, named as quantum 
Hadamard edge detection, was proposed to find the boundaries (Yao, Wang, 

Quantum Image 
Segmentation Algorithms
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Liao, Chen, & Suter, 2017), which is the first algorithm of quantum image 
segmentation in this chapter.

The accuracy or efficiency of image segmentation isn’t high enough for 
some special images by employing classical segmentation algorithms. The 
special images, such as overlapping target objects (Venegas-Andraca & Ball, 
2010), and the target object and the background with similar colors (Zhang, 
Fritts, & Goldman, 2008) are difficult to be segmented by classical algorithms.

For the above special image, segmentation information of target objects 
from the image is given by human-computer interaction. For instance, for 
the image in Figure 1 (a), its edge information is shown in Figure 1 (b) by 
using Photoshop software.

The colors, coordinates and segmentation information of an image can be 
stored in a quantum system by using NAQSS (see Chapter 3). A generalized 
Grover search algorithm with arbitrary rotation phases was used to efficiently 
retrieve a target for the special images (Li, Zhu, Zhou, Song, & Yang, 2014). 
It is the second algorithm of quantum image segmentation in this chapter.

Figure 1. The target object and the background with similar colors.
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QUANTUM HADAMARD EDGE DETECTION

Given a 2D image F F
i j M L

= ×( )
,

, where Fi,j represents the pixel value at 

position (i,j) with i=1,2,…,M and j=1,2,…,L, a vector f
�

 with ML elements 
can be formed by

f F F F F F F
M M L

T
�
= … …( , , , , , , , )

, , , , , ,1 1 2 1 1 1 2 2 2
.	 (8.1)

Suppose 2n=ML, then, the image f
�

 can be mapped onto a pure quantum 
state ψ

f
 as follows,

ψ
f k

k

c k
n

=
=

−

∑
0

2 1

,	 (8.2)

where the computational basis |k〉 encodes the position (i,j) of each pixel, 
and the coefficient ck encodes the pixel value at the position (i,j), i.e., 
c F F
k i j i j
= ∑, ,

2 .
The 2D image F F

i j M L
= ×( )

,
 can be stored in a quantum system using the 

initialization method (Long, & Sun, 2001) or the quantum random access 
memory (Giovannetti, Lloyd, & Maccone, 2008).

Applying the operator I Hn2
⊗  on the state ψ

f
⊗ 0  gives

( )( ) , , , , , , , , , ,I H c c c c c c c c c cn n n n nf2 0 0 1 1 2 2 2 2 2 2 2 1 2
0

1

2
⊗ ⊗ =

− − − −
ψ …

11 0




 =
T

f
ψ .	

(8.3)

The downshift matrix Q n2 1+  in (6.22) is preformed to yield

Q I H c c c c c c c c cn n n n nf2 2 0 1 1 2 2 2 2 2 2 2 1 21 0
1

2
+ ⊗ ⊗ = …

− − −
( )( ) , , , , , , , , ,ψ nn c

T

f−




 =1 0 1

, ψ ,	

(8.4)

After applying I Hn2
⊗ on the state ψ

f 1
, the result is
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( )

, , , , , ,

I H

c c c c c c c c c c c c

n

n n n

f2 1

0 1 0 1 1 2 1 2 2 2 2 1 2 2

1
2

⊗

= + − + − … + −
− − −

ψ

22 1 2 1 0 2 1 0

2

n n nc c c c
T

f

− − −
+ −





=

, ,

.ψ

	

(8.5)

By measuring the last qubit, conditioned on obtaining |1〉, the output state 
|g〉 is given by

g c c c c c c c c c cn n n

T
= − − − … − −



− − −

1
2 0 1 1 2 2 3 2 2 2 1 2 1 0

, , , , , ,	 (8.6)

which contains the full boundary information of the image F.
Through the above analysis, the quantum Hadamard edge detection (QHED) 

algorithm is described as follows.

Step1. Encode a 2 2m l⊗  input image into a quantum state ψ
f

 with n=m+l 
qubits.

Step2. Create the input state ψ
f
⊗ 0 , which consists of ψ

f
 and the 

1-qubit auxiliary state |0〉.
Step3. Obtain the state ψ

f 0
 in (8.3) by applying a Hadamard gate on the 

auxiliary state |0〉.
Step4. Perform the operator Q n2 1+  on the state ψ

f 0
, and give a transformed 

state ψ
f 1

 in (8.4).

Figure 2. The implemented circuit of the QHED algorithm.
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Step5. Yield a new state ψ
f 2

 in (8.5) by applying the operator I Hn2
⊗  on 

the state ψ
f 1

.
Step6. Give the output state |g〉 in (8.6) by measuring the last qubit with the 

result |1〉.

The implemented circuit of the QHED algorithm is shown in Figure 2, 
and its implementation code is seen in Code B.84.

The detail circuit of Q n2 1+  is shown in Figure 10 (a), and its complexity is 
O(n2). Therefore, the complexity of the circuit of the QHED algorithm in 
Figure 2 is also O(n2).

As an example, Figure 3 (b) shows the result of the QHED algorithm 
simulated on a classical computer for a 128×128 binary image in Figure 3 (a) 
(see Code B.85). It demonstrates that the QHED algorithm can successfully 
detect the boundaries in the image.

QUANTUM IMAGE SEGMENTATION BASED ON 
GENERALIZED GROVER SEARCH ALGORITHM

Suppose that an image is only divided into two sub-images (i.e., target and 
background), in the case, we define

χ
γ γ γ

γ γ γ
πi

i i i

i i i

=
+ = =

+ = =









cos sin , ,

cos sin , ,

0 1 0 0

0 1 1
2

,	 (8.7)

where γi=0 for i∈B, and γi=π/2 for i∈B.

Figure 3. The simulation result of the QHED algorithm.
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Then, to store the image, the NAQSS state ψχ  in (3.112) in Chapter 3 
is rewritten

ψ θ χ θ θχ( )r i i i
i

i i
i B

i
i A

n

= = +
=

−

∈ ∈
∑ ∑ ∑i

0

2 1

0 1 ,	 (8.8)

where A and B are defined as sets contain coordinates of the target and 
background in an image, respectively.

By measuring the last qubit of ψχ( )r  with the result |1〉, the output state 

ψ
g

 is given by

ψ θ θ
g i

i A
i

i A

i=










∈ ∈
∑ ∑1 2( ) .	 (8.9)

The retrieval of the target sub-image is shown in Figure 4. Form (8.8), the 
state ψ

g
 is obtained with probability

Pr( ) ( )ψ θ
g i

i A

=
∈
∑ 2 .	 (8.10)

To increase the probability of obtaining the state ψ
g

, we consider Grover 
search algorithm. Grover search algorithm (Grover, 1996) is one of the most 
important quantum algorithms. Grover algorithm is generalized to deal with 
an arbitrary initial amplitude distribution, and a bound of the success probability 
of searching a marked state was derived (Biron, Biham, Biham, Grassl, & 
Lidar, 1998). In this section, we first introduce Grover search algorithm. 
Next, we describe a generalized Grover search algorithm with arbitrary 
rotation phases and an arbitrary initial state, which is used to efficiently 
retrieve a target sub-image of an image (Li, Zhu, Zhou, Song, & Yang, 2014).

Figure 4. The retrieval of the target sub-image
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Grover Search Algorithm

Let us begin by setting the definition: A quantum oracle, i.e., a black box, 
is a unitary operator O, defined by its action on the computational basis 
(Berthiaume & Brassard, 1994; Nielsen, & Chuang, 2000),

x q x q f xO → ⊕ ( ) ,	 (8.11)

where |x〉 is the index register, ⊕  denotes addition modulo 2, and the oracle 
qubit |q〉 is a single qubit which is flipped if f(x)=1, and is unchanged otherwise.

The circuit of Grover search algorithm is illustrated in Figure 5.
The goal of the algorithm is to find a solution to the search problem, using 

the smallest possible number of applications of the oracle.

Figure 5. The schematic circuit of Grover search algorithm

Figure 6. The circuit of the Grover iteration G
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The algorithm begins with the state 0
⊗n

. The Hadamard transform is 

applied on the state 0
⊗n

, i.e.,

ψ = =⊗ ⊗

=

−

∑H
N

xn n

x

N

0
1

0

1

. 	 (8.12)

Then, the quantum search algorithm consists of O N( )  Grover iterations. 
The Grover iteration is denoted as G, the circuit of which is shown in Figure 
6. It may be broken up into four steps: 

Step1. Apply the oracle to obtain

x xO f x → −( ) ( )1 ,	 (8.13)

where f(x)=1 if x is a solution to the search problem, and f(x)=0 if x is not 
a solution to the search problem.

Step2. Apply Hadamard transform.
Step 3. Perform a conditional phase shift to obtain

x xx→−−( ) ,1 0δ ,	 (8.14)

where δx,0=0 for x≠0, and δx,0=1 for x=0.

Step4. Apply Hadamard transform.

It is useful to note that the combined effect of steps 2, 3, and 4 is

H I H H I Hn n n n
n

⊗ ⊗ ⊗ ⊗= −
0 2

2 0 0( ) ,	 (8.15)

where I I n0 2
2 0 0= − . Therefore, the Grover iteration G can be written 

as
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G H I H On n= ⊗ ⊗
0

.	 (8.16)

Define normalized states

α

β

=
−

=











∑

∑

1

1

2

1

N M
x

M
x

x

x

,

,
	 (8.17)

where 1

x
∑ indicates a sum over all x which are solutions to the search problem, 

and indicates a sum over all x which are not solutions to the search problem. 
Thus, the initial state ψ  may be rewritten as

ψ α β
θ
α

θ
β=

−
+ = +

N M
N

M
N

cos sin .
2 2

	 (8.18)

So ψ  is in the space spanned by |α〉 and |β〉, and cos ( )θ 2 = −N M N , 

sin θ 2 = M N . Furthermore, the Grover iteration in the |α〉 and |β〉 basis 
may be rewritten as

G =
−















cos sin

sin cos

θ θ
θ θ

,	 (8.19)

where θ is a real number in the range 0 to 2π, and

sin
( )

θ =
−2 M N M

N
.	 (8.20)

Applying G to ψ , we obtain

G ψ
θ
α

θ
β= +cos sin

3
2

3
2

,	 (8.21)

which is illustrated in Figure 7.
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In this figure, an oracle operation O reflects the state about the state |α〉, 
then the operation 2 ψ ψ − I  reflects it about ψ . Therefore, continued 
application of G takes the state to

G
k kk ψ θ α θ β=
+

+
+

cos( ) sin( )
2 1

2
2 1

2
.	 (8.22)

How many times must the Grover iteration be repeated in order to obtain 
a solution to the search problem with high probability? Figure 7 shows that 
rotating through arccos M N  radians takes the initial state of the system 

ψ  to |β〉. Let fix(x) round the elements of x to the nearest integers towards 
zero.

Therefore, repeating G

R fix
M N

= (
arccos

)
θ

	 (8.23)

Figure 7. The action of a single Grover iteration
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times rotates ψ  to within an angle θ/2≤π/4 of |β〉 . Observation of the state 
in the computational basis then yields a solution to the search problem with 
probability at least one-half.

Indeed, when M≪N, we have θ θ≈ ≈sin 2 M N , and thus the angular 

error in the final state is at most θ 2 ≈ M N , giving a probability of error 
of at most M/N.

Suppose that M≤N/2, we have

θ θ
2 2
≤ =sin

M
N

,	 (8.24)

and obtain

R
N
M

≤
















π
4

,	 (8.25)

i.e., R O N M= ( ) . Grover iterations must be performed in order to obtain 
a solution to the search problem with high probability, a quadratic improvement 
over the O(N/M) oracle calls required classically.

For the case M=1, Grover search algorithm is summarized below.

Algorithm: Grover search
Inputs: (1) a black box oracle O which performs the transformation 

O x q x q f x= ⊕ ( ) , where f(x)=0 for all 0≤x<2n except x0, and 

f(x0)=1; (2) the initial state 0
1⊗ +n
 with (n+1) qubits.

Output: x0.
Runtime: O n( )2  operations. Succeeds with probability O(1).
Procedure:

(1) 	 The initial state 0
1⊗ +n
;

(2) 	 Apply H n⊗  to the first n qubits, and HX to the last qubit,
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0
1

2

0 1

2

1

0

2 1⊗ +

=

−

→
−










∑

n

n
x

x
n

;	 (8.26)

(3) 	 Apply the Grover iteration R n≈ 





π 2 4  times, and obtain

( )2
1

2

0 1

2

0 1

22
0

2 1

0
ψ ψ −





−










≈

−





=

−

∑I O x xn

n
R

n
x








;	 (8.27)

(4) 	 Measure the first n qubits to obtain x0.

Generalized Grover Search Algorithm

For ψχ( )r  in (8.8), A is a set of marked states and B is a set of unmarked 
states. Then, a quantum oracle R1 and a rotation operator of the initial state 
R0 are defined as

R I

R I

n

A
n

1
1

0

2

2 0 0

= −

= −








⊗ +

∈
⊗

∑ τ τ
τ

,

,
,	 (8.28)

where α is the rotation angle of marked states and initial states.
Let a unitary operator U satisfy

U
N

i
N

i
n

i B i A

0
1

0
1

1
1

1

⊗ +

∈ ∈

= + =∑ ∑ ψ ,	 (8.29)

where N n= 2  is a total of states.
Substituting U, R I

0
⊗  and R1 for H n⊗ , I0, and O in (8.16), we obtain the 

generalized Grover search operator as follows,

G U R I U Rψ = ⊗ −( )
0

1
1
,	 (8.30)

where U‑1 is the inverse of the operator U.
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Now, we analyze the performance of the generalized Grover search 
algorithm.

Applying Grover search operator Gψ  to ψχ( )r , we have

G G i G ir
i

i i B

N

i
i i A

N

ψ ψ ψχψ θ θ( ) ( ) ( )
, ,

= +
= ∈ = ∈
∑ ∑0 1
0 0

.	 (8.31)

After t iterations of Gψ , the initial state is changed into

ψχ( ) ( ) ( )t l t i k t i
i

i B
i

i A

= +
∈ ∈
∑ ∑0 1 	 (8.32)

The averages of the amplitudes as follows are denoted as

l t
N r

l t

k t
r

k t

i
i B

i
i A

( ) ( ),

( ) ( ),

=
−

=











∈

∈

∑

∑

1

1
	 (8.33)

where r is a number of marked states.
The recursion equations of the amplitudes take

k t C t k t

l t C t l t
i i

i i

( ) ( ) ( ),

( ) ( ) ( ),

+ =
+ = −

+






1

1
	 (8.34)

where

C t
N r
N

l t
r
N
k t( )

( )
( ) ( )=

−
−

2 2 .	 (8.35)

Accumulating respectively (8.34) from i=0 to i=N – 1, we gain another 
recursion equations

k t C t k t

l t C t l t

( ) ( ) ( ),

( ) ( ) ( ).

+ =
+ = −

+






1

1
	 (8.36)
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From (8.34) and (8.36), we find

k t k t k t k t k k

l t l t l t
i i i

i i

( ) ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( )

− = − − − = = −

− = − −

1 1 0 0

1

�

−− −



 = = − −










 l t l lt

i
( ) ( ) ( ) ( ) ,1 1 0 0�

	 (8.37)

and obtain

k t k t k k

l t l t l l
i i

i
t
i

( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ) ( ) .

= −

= − −







 +

+

0 0

1 0 0





	 (8.38)

Let

σ

σ

k i
i A

l i
i B

t
r

k t k t

t
N r

l t l t

2
2

2
2

1

1

( ) ( ) ( )

( ) ( ) ( )

= −

=
−

−









∈

∈

∑

∑

	 (8.39)

be the variances of the amplitudes of ψχ( )t  in (8.32), then, we obtain

σ σ

σ σ
k k

l l

t

t

2 2

2 2

0

0

( ) ( ),

( ) ( ).

=

=








	 (8.40)

Solving (8.36) gives

k t

l t

t

t

( ) ,

( ) ,

sin( )

cos( )

=
=

+
+








α ω φ
β ω φ

	 (8.41)

where
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φ

α

ω

β

=
−

=
−

=

= −

+

arctan
( )
( )

,

arccos( )

( ) ( ) ,

k
l

r
N

k l

r
N r

N r
r

0
0

1
2

0 02 2 2

2 ll k
r
N r

( ) ( ) .0 02 2+
−











	 (8.42)

Suppose that Pt is the probability of success after t iterations to search 
out marked states, then

P k t

l t

N r t N r l t

t i
i A

i
i B

l

=

= −

= − − − −

∈

∈

∑

∑

( )

( )

( ) ( ) ( ) ( )

2

2

2 2

1

1

   

   

 

σ

   = − − − −1 02 2
( ) ( ) ( ) ( ) .N r N r l t

l
σ

	 (8.43)

When l t( )= 0 , i.e.,

ω φ
π

t + =
2

,	 (8.44)

we obtain the maximal probability of success Pmax as follows,

P N r
lmax

( ) ( )= − −1 02σ .	 (8.45)

Form (8.44), the optimal iterations of Grover is

t

arctan
( )

( )

arccos( )
=

−
−























−
round

k

l

r
N r

r
N

π
2

0

0

1
2









, 	 (8.46)
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where the function round() rounds a number to the nearest integer.
When r≪N, we infer

t
r
N

N r

r
N

N r<
−

<

−

≈
π

π
π

2
1

1 2

4

1
4

arccos( )

/
/ .	 (8.47)

Therefore, the minimum number of iterations t is O N r( / ) .

The Implementation of Quantum Image Segmentation

Let U be

Figure 8. The circuits of U and its inverse

Figure 9. The circuits of R0 and R0.

Figure 10. The circuit of Gψ .
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U C X C X C X H I
n

i

n

i

n

i nr= ⊗⊗1 2( ) ( ) ( )( )… ,	 (8.48)

where i1,i2,…,ir∈A, then the operator U satisfy (8.29). Its inverse is

U H I C X C X C Xn
n

i

n

i

n

ir− ⊗= ⊗1 2 1( ) ( ) ( ) ( )… .	 (8.49)

The circuits of U and its inverse are designed in Figure 8.
Let the operator X1 be equal to ‑X, then the operators HXH and X1HXHX 

have the following properties

HXH

HXH

X HXHX

X HXHX

HHX I

0 0

1 1

0 0

1 1
1

1

1

=

= −

=

= −
= −











,

,

,

,

X ,



	 (8.50)

where X and H are NOT gate and Hadamard gate, respectively. Therefore, 
we design the circuits of R0 and R1 in Figure 9.

Figure 11. The t iterations of the operator Gψ

Table 1. Some priori data of the first example

N R k( )0 l( )0 σ
l
2 0( )

4096 135 0.0156 0.0152 2.0064×10‑5
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From (8.30), we design the implemented circuit of the generalized Grover 
search operator Gψ  in Figure 10.

Applying the t iterations of the operator Gψ  on the state ψχ( )r , and 
measuring the last qubit, we obtain

ψχ
' ( ) ( ) ( )t k t i k t

i
i A

i
i A

=












∈ ∈
∑ ∑ 2 	 (8.51)

with the probability P N r
t l
≈ − −1 02( ) ( )σ  and the circuit shown in Figure 

11
Using k t( ) , k ( )0  and k t

i
( ) , we calculate

k k t k t k
i i
( ) ( ) ( ) ( )0 0= − + ,	 (8.52)

i.e., we retrieve the target sub-image.
In order to make the above description explicit, let us consider a 64×64 

grayscale image shown in Figure 12 (a) as the first example. The original 
image is segmented into two sub-images, one of which is marked ‘0’ as a 
background sub-image and the other one is marked ‘1’ as a target sub-image.

Some priori data are shown in Table 1. N and r are number of pixels of 
the original image and the target sub-image, respectively.

The set A of marked states of the first example is

Figure 12. The first example of quantum image segmentation
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A = [ 964,965,966,967,968,1028,1033,1034,1092,1099,1156,1164,,1221,1229,1286,

        1294,1350,1359,1414,1424,1478,14899,1543,1554,1607,1619,1620,1640,1641,

        1642,1643,16444,1645,1646,1647,1648,1649,1671,1685,1686,1687,1688,1691,,

        1692,1693,1695,1696,1697,1698,1699,1700,1701,17022,1703,1714,1715,1735,

        1753,1754,1758,1780,1781,17998,1846,1847,1848,1849,1860,1861,1914,1915,

        1916,19924,1981,1982,1983,1984,1988,2031,2032,2033,2034,2035,20366,2037,

        2038,2039,2040,2041,2042,2043,2044,2053,20554,2055,2094,2120,2158,2185,

        2186,2187,2188,2189,21190,2191,2199,2215,2216,2217,2218,2219,2220,2221,

        22256,2257,2262,2264,2265,2267,2268,2269,2270,2271,2272,22773,2274,2275,

        2276,2277,2278,2322,2323,2324,2325,23330]T .

	

(8.53)

Using the set A and the circuit in Figure 10, we design the simulated 
program of the generalized Grover search operator Gψ  (see Code B. 86).

Table 2. Other priori data of the second example

N r k( )0 l( )0 σ
l
2 0( )

16384 2058 0.0065 0.0077 1.1466×10‑5

Figure 13. The second example of quantum image segmentation.
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From (8.46) and Table 1, we calculate t=4. Applying 4 iterations of the 
operator Gψ  on the state ψχ( )r , we obtain the target sub-image with the 
probability Pt=0.9462 (see Code B. 87). The retrieved target sub-image is 
shown in Figure 12 (b).

Applying the operator U in (8.48) on the state 0 1
⊗n

, we have

U
N

i
N

i
n

i A i B

0 1
1

0
1

1
2

⊗

∈ ∈

= + =∑ ∑ ψ .	 (8.54)

We calculate U R I U( )
0

1⊗ −  by

U R I U U I I U

U I

n

n n n n n

( ) [( ) ]

(

0
1 1

1 1 1

2 0 0

2 0 0 2 0 1 0 1

⊗ = − ⊗

= + −

− ⊗ −

⊗ + ⊗ + ⊗ ⊗ ⊗ + ))

,

U

I n

−

⊗ += + −

1

1 1 2 2
12 2ψ ψ ψ ψ

	 (8.55)

where ψ
1

 and ψ
2

 are seen (8.29) and (8.54), respectively. Therefore, the 
generalized Grover search operator Gψ  is rewritten as

G I Rn
ψ ψ ψ ψ ψ= + − ⊗ +( )2 2

1 1 2 2
1

1
,	 (8.56)

which is calculated by the simulated program Code B. 88.
We consider a 128×128 color image shown in Figure 13 (a) as the second 

example. The set A of marked states of the second example is given by the 
binary image in Figure 13 (b). Other priori data are shown in Table 2.

We calculate t=2 using (8.46) and Table 2. Applying 2 iterations of the 
operator Gψ  on the state ψχ( )r , we obtain the target sub-image with the 
probability Pt=0.9261 (see Code B. 89). The retrieved target sub-image is 
shown in Figure 13 (c).

CONCLUSION

In this chapter, two quantum image segmentation algorithms are described. 
The complexity of the first algorithm is O(n2), which shows the algorithm 
is an efficient edge detection method. The second algorithm has used the 

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



266

Quantum Image Segmentation Algorithms

generalized Grover search algorithm to efficiently retrieve a target sub-image 
of an image. The simulated results demonstrate that the two algorithm can 
be used to segment the target sub-image.
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Conclusion

This book has described quantum image representations, quantum geometric 
transformations, quantum tool algorithms, quantum image compression and 
quantum image segmentation algorithms, which are outlined as follows:

1. 	 Quantum image representations solve how to store an image in a quantum 
system, and to retrieve the image from the quantum system, which are 
the necessary foundation for quantum image processing.

2. 	 Quantum geometric transformations include the global operators 
and two-point swapping. These global operators in n-qubit quantum 
systems, such as symmetric flips, local flips, orthogonal rotations and 
translations, can be realized with the complexity O(n2) at most, which 
offer exponential speedup over their classical counterparts.
3.Quantum tool algorithms in the book include quantum Fourier 

transforms, quantum wavelet transforms and quantum wavelet packet 
transforms. These quantum tool algorithms all offer exponential 
speedup over their classical counterparts. Quantum wavelet packet 
transforms have been used to realize quantum image compression.

4.The efficient edge detection algorithm with the complexity O(n2) and 
quantum image segmentation based on generalized Grover search 
algorithm were provided. The latter algorithm can efficiently retrieve 
a target sub-image of an image.

The simulation codes of the above algorithms were provided in Appendix 
B. It is a notable feature of the book.
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OPEN CHALLENGES AND FUTURE 
RESEARCH DIRECTIONS

Some open challenges and future directions in quantum image processing 
have been discussed (Ranjani, 2019; Yan, Iliyasu, & Le, 2017; Yan, Iliyasu, 
& Venegas-Andraca, 2016; Yan, & Venegas-Andraca, 2020). Combined 
them and works in this book, open challenges and future research directions 
are proposed as follows.

1. 	 Quantum state estimation (QSE) is an important technique for quantum 
information processing (Zhang, Cong, Ling, & Li, 2018). The task of 
QSE is to retrieve the information of a quantum state by a series of 
measurements. Obtaining a quantum measurement is costly, because 
it has to prepare large number of identical copies of the quantum state 
(Zhang, Cong, Ling, & Li, 2018). There exist a number of QSE methods, 
such as the maximum-likelihood estimation (Hradil, 1997), self-learning 
algorithms (Fischer, Kienle, & Freyberger, 2000), and fast quantum 
state estimator with sparse disturbance (Zhang, Cong, Ling, & Li, 
2018). However, these algorithms are used to retrieve the information 
of a quantum state with large number of measurements. For instance, 
recovering a low-rank density matrix of an n-qubit state needs O(n22n) 
measurements. Chapter 3 has described the O(22n) measurements are 
needed at least to retrieve a image from quantum systems. Therefore, 
one open question is how to design efficient QSE algorithms.

2. 	 Chapter 3 shows that the circuits of quantum image representations can 
be designed with the complexity O(2n) at least. Therefore, the efficient 
implementation circuits or optimized circuit algorithms will be a research 
direction for quantum image representations.

3. 	 So far, all of the so-called experimental implementation of quantum 
image algorithms has been restricted to classical computing resources 
and Matlab simulations. These offer a rather restrictive implementation of 
the expected power of quantum computation (Yan, & Venegas-Andraca, 
2020). Practical quantum computing hardware is developing very fast in 
recent years. There are quantum devices available for users through the 
cloud (Google; Ibm; Microsoft). For instance, 5-qubit quantum device 
is provided by IBM Q Experience platform. It is likely some quantum 
algorithms may be implemented in these noisy intermediate-scale 
quantum (NISO) devices, such as, quantum chemistry (Yung, Casanova, 
Mezzacapo, Mcclean, Lamata, Aspuru-Guzik, & Solano, 2014; Wei, Li, 
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& Long, 2019), quantum machine learning (Wittek, & Gogolin, 2017; 
Hu, Wang, Wang, & Wang, 2019). Quantum image processing is also 
a promising area of these NISQ devices. In order to be implemented in 
NISQ devices, the influence of noises and gate errors must be studied 
in details. these topics will be important future research directions.

4. 	 On digital computers, images and image processing underpinned 
advanced applications in videos and movies. The quantum movie 
framework provides a platform to ponder quantum movie representation 
and production, and it still requires refinement and expansion (Yan, & 
Venegas-Andraca, 2020).

CONCLUSION

It is hoped that the detail simulation codes have contributed to experience 
provided algorithms in this book for readers. Meanwhile, it is also hoped that 
open challenges and future directions proposed in the book can accelerate 
the development of quantum image processing.
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MATHEMATIC GROUNDS

This appendix is devoted to providing succinct mathematical grounds required 
in quantum image processing. For details on most of the ideas touched on 
here, you can consult basic probability theory (Ross, 2008), linear algebra 
(Friedberg, Insel, & Lawrence, 2003; Nielsen & Chuang, 2000), and wavelet 
theory (Ruch & Van Fleet, 2009).

Basic Probability Theory

Sample space is the set of all possible outcomes of an experiment, and is 
denoted by S. For instance, If the outcome of an experiment consists in the 
determination of the sex of a newborn child, then S={g,b}, where the outcome 
g means that the child is a girl and b that it is a boy.

An event is any subset E of the sample space. If the outcome of the 
experiment is contained in E, then we say that E has occurred. For instance, 
if E={g}, then E is the event that the child is a girl. For each event E of the 
sample space S, n(E) is the number of times in the first n repetitions of the 
experiment that the event E occurs. Then the probability of the event E, P(E) 
is defined as

P E
n E
nn

( ) lim
( )

=
→∞

.	 (1)

The basic notion of probability theory is that of a random variable. A 
random variable is a real-valued function defined on the sample space, 
which is determined by the outcome of the experiment. A random variable 
that can take on at most a countable number of possible values is said to be 
discrete. For a discrete random variable X, we define the probability mass 
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function p(a) of X by p(a)=p(X=a). In this book we shall only be concerned 
with random variables which take their value from a finite set of values, and 
we always assume that this is the case. That is, if X must assume one of the 
values x1, x2, …, xn, then

p x
i

i

n

( )=
=
∑ 1

1

,	 (2)

where p(x1)≥0.
The expression of a random variable X, denoted by E[X], is defined by

E xp x
i

(X) ( )=∑ .	 (3)

Therefore, the expected value of X is a weighted average of the possible 
values that X can take on, each value being weighted by the probability that 
X assumes it.

The variance of a random variable X is defined by

Var X E X E X E X E X( ) [( ( )) ] ( ) ( )= − = −2 2 2 .	 (4)

The square root of the Var(X) is called the standard deviation of X, and 
we denote it by SD(X). That is,

SD X Var X( ) ( )= .	 (5)

Suppose that an experiment, whose outcome can be classified as either a 
success or a failure is performed, a random variable X is said to be a Bernoulli 
random variable, if its probability mass function is given by

p p X p

p p X p

( ) ( ) ,

( ) ( ) ,

0 0

1 1 1

= = =
= = = −








	 (6)

where X=1 when the outcome is a success and X=0 when it is a failure.
The random variables X and Y are said to be independent if, for any two 

sets of real numbers A and B,

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



274

Appendix 1

P x A y B P x A P y B( , ) ( ) ( )∈ ∈ = ∈ ∈ .	 (7)

Theorem A.1 (The strong law of large numbers) Let X1, X2,… be a 
sequence of independent and identically distributed random variables, each 
having a finite mean μ=E(Xi). Then, with probability 1,

lim
n

n
X X X

n→+∞

+ +
=1 2

…
µ .	 (8)

Linear Algebra

Linear algebra is the study of vector spaces and of linear operations on 
those vector spaces. A good understanding of quantum mechanics is based 
upon a solid grasp of elementary linear algebra. Some definitions and basic 
operations in linear algebra are defined as follows.

Definition A.2 (Group) A group is a set G, together with a map of G×G 
into G, denoted as g*h, with the following properties:

1. 	 Associativity: For all g,h,k∈G, g*(h*k) = (g*h)*k.
2. 	 There exists an identity element e in G such that for all g∈G, g*e = e*g 

= g.
3. 	 For all g∈G, there exists h∈G, g*h = h*g = e. That is, h is the inverse 

of g, denoted as g‑1.

If g*h = h*g for all g,h∈G, then the group is said to be commutative.
Definition A.3 (Field) A field < + ⋅> , ,  is a set □ with two operations, 

addition and multiplication, such that

1. 	 < +> ,  is a commutative group under addition, and its identity element 
is denoted as 0.

2. 	 Let  *  be a set □ without the element 0, then < ⋅> *,  is a commutative 
group under multiplication, and its identity element is denoted as 1.

3. 	 Distributivity: For all a b c, , ∈  , a(b+c) = ab+ac.

Definition A.4 (Vector Space) A vector space over □ is a set V endowed 
with two operations: vector addition V×V→V, denoted by (v,w)→v+w, and 
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scalar multiplication  × →V V , denoted by (a,v)→av, satisfying the 
following properties:

1. 	 V is a commutative group under vector addition.
2. 	 2. 	Scalar multiplication satisfies the following identities:

a bv ab v v V a b

v v v V

( ) ( ) , , ,

, .

= ∈ ∈
= ∈








for all and

for all

F  
1

.	 (9)

3. 	 3. 	Scalar multiplication and vector addition are related by the following 
distributive laws:

( ) , , ,

( ) , ,

a b v av bv v V a b

a v w av aw v w V

+ = + ∈ ∈
+ = + ∈

for all and

for all an

F  
dda ∈






 F .

	 (10)

A subset S V⊆  is said to be linearly dependent if there exists a linear 
relation of the form a v

i ii

k

=∑ =
1

0 , where v1,v2,…,vk are distinct elements of 
S and at least one of the coefficients ai is nonzero; S is said to be linearly 
independent otherwise. A basis for V is a subset S V⊆ that is linearly 
independent and spans V. If V has a finite basis, then V is said to be finite-
dimensional, and otherwise it is infinite-dimensional.

The vector space of most interest to us is  n , the space of all n-tuples of 
complex numbers, (c1,c2,…,cn). The elements of a vector space are called 
vectors, and we will sometimes use the column matrix notation

c

c
n

1

�





















	 (11)

to indicate a vector. There is an addition operation in  n  defined which takes 
pairs of vectors to other vectors, i.e.,
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c

c

z

z

c z

c z
n n n

1 1 1 1

1

� � �





















+





















=
+

+





















.	 (12)

where the addition operations on the right are just ordinary additions of 
complex numbers. The scalar multiplication in is  n  defined by

a

c

c

ac

ac
n

1 1

1

� �





















=





















,	 (13)

where a is a complex number, that is, a ∈ , and the multiplications on the 
right are ordinary multiplication of complex numbers.

In this book, we will use the standard notation of quantum mechanics for 
linear algebraic concepts. The standard quantum mechanical notation for a 
vector in a vector space is the symbol ψ , where ψ  is a label for the vector. 
The |.〉 notation is used to indicate that the object is a vector.

Suppose |v1〉, |v2〉, …, |vn〉 is a basis in  n , then any vector |v〉 in the vector 
space  n  can be written as a linear combination v a v

i ii

n
=

=∑ 1
 of vectors. 

For instance, a basis |v1〉, |v2〉 is a subset in  2  such that

v v
1 2

1

0

0

1
=
















=
















, .	 (14)

Since any vector

v
a

a
=
















1

2

	 (15)

in  2  can be written as a linear combination v a v a v= +
1 1 2 2

of the 
vectors |v1〉 and |v2〉, we say that the vectors|v1〉 and |v2〉span the vector space 
 2 .

Definition A.5 (Inner Product) Let V be a vector space, then a function 
(∙,∙) from V×V to   is an inner product if it satisfies the requirements that:
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1. 	 1. 	(∙,∙) is linear in the second argument,

( , ) ( , )v w v w
i i

i
i i

i

λ λ∑ ∑= ;	 (16)

2. 	 (|v〉, |w〉) = (|w〉, |v〉)*, where (∙)* denotes complex conjugate of a complex 
number;

3. 	 (|v〉, |v〉)≥0 with equality if and only if |v〉=0.

For instance, an inner product in  n  is defined by

(( , , ),( , , ))v v w w v v

w

w
n n n

n

1 1 1

1

… … = 























∗ ∗� � .	 (17)

Definition A.6 (Inner Product Space) An inner product space is a vector 
space equipped with an inner product.

Definition A.7 (Hilbert Space) In the finite-dimensional complex vector 
spaces that come up in quantum computation and quantum information, a 
Hilbert space is exactly the same thing as an inner product space.

Wavelet Theory

Here we introduce the discrete Haar wavelet transform, the discrete Daubechies 
D4 wavelet transform, and the discrete wavelet packet transform.

The Discrete Haar Wavelet Transform

Definition A.8 (The discrete Haar wavelet transform) Suppose that N is 
an even positive integer. We define the discrete Haar wavelet transform as
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













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
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,	 (18)

where the block FN/2 is called the average block, and the block GN/2 is called 
the detail block.

Suppose V is a vector in the N-dimensional vector space  N  of real 
numbers, where N is a positive integer divisible by 2n. We compute the discrete 
Haar wavelet transform of V,

y H V
y

yN

a

d
1

1

1= =
















,

, ,	 (19)

where the vector y a1,  represents the N/2-length average portion of the transform, 
and y1,d  denotes the N/ 2 -length detail portion of the transform. The second 
iteration of the discrete Haar wavelet transform is

y
H y

y

y

y

y

N
a

d

a

d

d

2 2
1

1

2

2

1

=















=





















,

,

,

,

,

,	 (20)

where the vectors y a2,  and y2,d  are the N/4-length vectors that represent the 
average and detail portions, respectively, of the discrete Haar wavelet 
transformation applied to the vector y a1, .
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Since N is divisible by 2n, we can iterate a total of n times, and the jth 
iteration of the discrete Haar wavelet transform, where j=1,2,…,n, is

y

y

y

y

y

y

y

j

j a

j d

j d

j d

d

j d

=

































−

−

,

,

,

,

,

1

2

2

1

� 





,	 (21)

where y j a N j
, ∈  2 , and yk d N k

, ∈  2 , and k=1,2,…,j.
We can also write the iterated discrete Haar wavelet transform in terms 

of products of block matrices. Let In and On denote the n×n identity and zero 
matrices, respectively. We denote HN,0=HN and

H H I I I I
N j N N N N Nj j j,

[ , , , , , ]= …−diag
2 2 2 4 21 	 (22)

for j=1,2,…,n, where diag[C1,C2,…,Cn] is a matrix with blocks C1,C2,…,Cn on 
the main diagonal and zeros elsewhere. Then, we give the following definition:

Definition A.9 (The jth iteration of the discrete Haar wavelet transform) 
The jth iteration of the discrete Haar wavelet transform is expressed as 
H H H
N j N N, , ,−1 1 0
… , that is,

y H H H Vj
N j N N

= −, , ,1 1 0
… .	 (23)

Definition A.10 (The inverse of the jth iteration of the discrete Haar 
wavelet transform) Since H H

N j N j
T

, ,
− =1 , where (∙)‑1 and (∙)T are the inverse 

and transpose of matrix, we obtain the inverse of the iterated discrete Haar 
wavelet transform as H H H

N
T

N
T

N j
T

, , ,0 1 1
… − , i.e.,

H H H y V
N
T

N
T

N j
T j

, , ,0 1 1
… =− .	 (24)
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The Discrete Daubechies D4 Wavelet Transform

Definition A.11 (The discrete Daubechies D4 wavelet transform) Suppose 
that N is an even positive integer. The discrete Daubechies D4 wavelet 
transform is defined as

D
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=
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where h h h h
0 1 2 3

1 3
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3 3
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3 3
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−

=
−

, ,   and .

Proposition A.12 (The Matrix TN is Orthogonal) The matrix DN given 
in Definition A.11 is orthogonal, that is, D D I

N N
T

N
= .

Definition A.13 (The jth iteration of the discrete Daubechies D4 
wavelet transform) The jth iteration of the discrete Daubechies D4 wavelet 
transform is expressed as,

D D D
N j N N, , ,−1 1 0
… ,	 (26)

where DN,0=DN, and

D D I I I I
N j N N N N Nj j j,

[ , , , , , ]= …−diag
2 2 2 4 21 .	

Definition A.14 (The inverse of the jth iteration of the discrete 
Daubechies D4 wavelet transform) Since the matrix DN,j is orthogonal, we 
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have D D
N j N j

T
, ,
− =1 . The inverse of the iterated discrete Daubechies D4 wavelet 

transform is D D D
N
T

N
T

N j
T

, , ,0 1 1
… − .

The Discrete Wavelet Packet Transform

The only difference in performing i iterations of the discrete wavelet packet 
transform and i iterations of the discrete wavelet transform is that we apply 
a wavelet transformation matrix to both the averages and details portion at 
each packet iteration step.

Let WN be a discrete wavelet transform, for instance, WN=HN and WN=DN 
are the discrete Haar wavelet transform and the discrete Daubechies D4 
wavelet transform, respectively. We have the following definition.

Definition A.15 (The jth iteration of the one-dimensional discrete 
wavelet packet transform) The jth iteration of the one-dimensional discrete 
wavelet packet transform is defined as

W W W W W
N
j

N j N j N N
= …− −, , , ,1 2 1 0

,	 (27)

where WN,0=WN and

W DiagW W W
N j N N Nj j j,

( , , , )= …
2 2 2

	

is a matrix with 2j blocks of W
N j2

on the main diagonal and zeros elsewhere.

Definition A.16 (The inverse of the jth iteration of the one-dimensional 
discrete wavelet packet transform) The inverse of the jth iteration of the 
one-dimensional discrete wavelet packet transform is defined as

( )
, , ,

W W W W
N
j

N
T

N
T

N j
T−
−= …1

0 1 1
.	 (28)

Suppose that A is an M×N matrix where M, N are even positive integers. 
If we denote the columns of A by a1,a2,…,aN, then the matrix product WMA 
can be written

W A W a a a W a W a W a
M M

N
M M M

N= … = …[ , , , ] [ , , , ]1 2 1 2 ,	 (29)
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and the product WMA simply applies the discrete wavelet packet transform to 
each column of A. In practice, both columns and rows of a digital grayscale 
image are processed. That is, the two-dimensional discrete wavelet packet 
transform of M×N matrix A where both M, N are even positive integers is 
defined as W AW

M N
T . Therefore, we give the following definition.

Definition A.17 (The jth iteration of the two-dimensional discrete 
wavelet packet transform) The jth iteration of the two-dimensional discrete 
wavelet packet transform is defined as

W AW
M
j

N
j T( ) ,	 (30)

where W
M
j  and ( )W

N
j T  are the jth iteration of the one-dimensional discrete 

wavelet packet transform and its inverse.
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THE SIMULATION CODES

This appendix provides the simulation codes for the proposed algorithms, 
which are performed MATLAB R2017a, windows 7, and 64GB RAM with 
a classical computer.

The Codes for Qubit Gates in Chapter 2

Code B.1 Calculate n-qubit basis state j  in (2.31)

function st = state(j,n)
f=dec2bin(j); % Convert from decimal to binary
[m1,m2]=size(f);
s=strcat(repmat(‘0’,1,n-m2), f);
[m3,m4]=size(s);
a0=[1;0];
a1=[0;1];
for k=1:m3
    kj=1; 
    for i=1:m4
        if s(k,i)==’0’
            t=a0;
        else 
            t=a1; 
        end 
        kj=kron(kj,t);  
    end 
    st(:,k)=kj; 
end 
end
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Code B.2 The implementation of multiple tensor product U n⊗

function Y=tenProduct(U,n)
  Y=0; 
  if n>0
    Y=U; 
    for i=1:n-1
      Y=kron(Y,u); 
    end 
  end 
end

Code B.3 The implementation of the gate V Un
i( )  in (2.32)

function P=Cun(n,i,U)
[m1,m2]=size(U); 
k=log2(m1); 
I=[1 0;0 1]; 
tj=state(i,n); % Calculate |i> 
P=kron(U-tenProduct(I,k), tj*tj’)+tenProduct(I, n+k); 
end

Code B.4 The implementation of the gate C Un
i ( )  in (2.32)

function P=Cup(n,i,U)
[m1,m2]=size(U); 
k=log2(m1); 
I=[1 0;0 1]; 
tj=state(i,n); % Calculate |i> 
P=kron(tj*tj’,U-tenProduct(I,k))+tenProduct(I,n+k); 
end

The Codes for NASS States in Chapter 3

Code B.5 Converting a 2D image A2 to a column vector A1

function A1=d2tod1(A2)
[d1,d2]=size(A2); 
A1=zeros(d1*d2,1); 
m=0; 
for i=1:d1
    for j=1:d2  
            m=(i-1)*d2+j; 
            A1(m)=A2(i,j); 
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      end 
end 
end

Code B.6 Converting a column vector A1 to a 2D image A2

function A2=d1tod2(A1,d1,d2)
A2=zeros(d1,d2); 
for i=1:d1
    A2(i,1:d2)=A1(1+(i-1)*d2:i*d2,1).’;     
end 
end

Code B.7 The implementation of a NASS state for 2D grayscale images in 
(3.58)

% f is a grayscale image.  
% The function GQ2 transforms the grayscale image f into a NASS 
state, i.e., a vector Q.  
function [G,Q]=GQ2(f)
[row,col]=size(f); 
M=256; 
fg=pi()*f/(2*M-2);% Convert colors to angles
dg=abs(fg).*abs(fg); 
G=sqrt(sum(dg(:)));        
%Normalize the image 
g = fg/G; 
%Convert a 2D image to a column vector 
Q=d2tod1(g); 
end

Code B.8 Retrieving a 2D grayscale image from a NASS sate

% Q is a vector for a NASS state.
% G is a normalization factor. 
% The function QG2 converts a vector Q to a row*col grayscale 
image f.
function f=QG2(Q, G, row, col)
g = Q*G; 
f1=d1tod2(g, row, col); 
% Convert angles to colors 
f=f1*(2*256-2)/pi(); 
end
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Code B.9 The implementation of a NASS state for 2D color images in (3.58)

% f is a color image.  
% The function CQ2 transforms the color image f into a NASS 
state, i.e., a vector Q. 
function [G,Q]=CQ2(f)
[row,col,tem]=size(f); 
%Convert colors to angles 
M=2^24; 
fg=pi()*(f(:,:,1)*256*256 + f(:,:,2)*256 + f(:,:,3))/(2*M-2); 
dg=abs(fg).*abs(fg); 
G=sqrt(sum(dg(:)));        
%Normalize the image 
g = fg/G; 
%Convert a 2D image to a column vector 
Q=d2tod1(g); 
end

Code B.10 Retrieving a 2D color image from a NASS sate

% Q is a vector for a NASS state. 
% G is a normalization factor. 
% The function QC2 converts a vector Q to a row*col color image 
f.
function gf =QC2(Q, G, row, col)
g = Q*G; 
f=d1tod2(g, row, col); 
% Convert angles to colors 
M=2^24; 
wginvac=f*(2*M-2)/pi();  
gf(:,:,1)=fix(wginvac/(256*256)); 
gf(:,:,2)=rem(fix(wginvac/256),256); 
gf(:,:,3)=rem(wginvac,256); 
end

Code B.11 The implementation of a NASS state for a video in (3.60)

% f is a vedio.  
% The function GQ3 transforms the video f into a NASS state, 
i.e., a vector Q. 
function [G,Q]=GQ3(f)
[row,col,st]=size(f); 
% Convert colors to angles 
M=2^8; 
fg= pi()*f/(2*M-2); 
dg=abs(fg).*abs(fg); 
G=sqrt(sum(dg(:)));        
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% Normalize the image 
g = fg/G; 
% Convert a 3D image to a column vector 
Q=[]; 
for i=1:row
    A=zeros(col,st); 
    for j=1:col
        for k=1:st 
             A(j,k)=g(i,j,k);  
        end 
    end 
      Q=[Q;d2tod1(A)]; 
end 
end

Code B.12 Retrieving a video from a NASS sate

% Q is a vector for a NASS state. 
 % G is a normalization factor.  
% The function QG3 converts a vector Q to a row*col*st vedio f. 
function f =QG3(Q, G, row, col, st)
ghx=zeros(row,col,st); 
for i=1:row
    i1=(i-1)*col*st+1; 
    i2=i*col*st; 
    A1=Q(i1:i2,1); 
    A=d1tod2(A1, col, st); 
    for j=1:col
        for k=1:st 
            ghx(i,j,k)=A(j,k);  
        end 
    end     
end 
wginva=ghx*G; 
% Convert angles to colors 
  M=2^8; 
  f=wginva*(2*M-2)/pi(); 
end
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The Codes for Geometric Transformations in Chapter 4

Code B.13 The code of the two-point swapping for the grayscale image in 
(4.29)

% Two-point swapping for the grayscale image in (4.29)  
function []=Two-pointSwapImage()
clear all 
clc 
% f is a 8*4 grayscale image 
f=[1 2 3 4]; 
for i=1:7
    f=[f;i*4+1 i*4+2 i*4+3 i*4+4;]; 
end 
[row, col]=size(f); 
% Call the function GQ2 to create a NASS state 
 [G,Q]=GQ2(f); 
% Calculate the matrix TP of the circuit in Figure 4.1 
W=[0 1; -1 0]; 
W1=[0 -1; 1 0]; 
X=[0 1; 1 0]; 
TP=Cun(4,15,X)*Cup(1,0,Cun(3,7,W))*Cup(2,0,Cun(2,3,W))*Cup(3,0,
Cun(1,1,W))*Cup(4,0,W); 
TP=Cup(4,0,W1)*Cup(3,0,Cun(1,1,W1))*Cup(2,0,Cun(2,3,W1))*Cup(1,
0,Cun(3,7,W1))*TP; 
%Implement the two-point swapping 
TPQ=TP*Q; 
% Retrieve the transformed image 
Tf=uint8(QG2(TPQ, G, row, col)); 
end

Code B.14 The code of the two-point swapping for the video in Figure 4.21

% Two-point swapping for the video in Figure 4.21  
function []=Two-pointSwapVideo()
clear all 
clc 
% f is a 4*2*4 video 
f1=[1 5; 9 13; 17 21; 25 29]; 
f(:,:,1)=f1; 
f(:,:,2)=f1+1; 
f(:,:,3)=f1+2; 
f(:,:,4)=f1+3; 
[row,col,st]=size(f); 
% Call the function GQ3 to create a NASS state 
 [G,Q]=GQ3(f); 
% Calculate the matrix TP of the circuit in Figure 4.1 
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W=[0 1; -1 0]; 
W1=[0 -1; 1 0]; 
X=[0 1; 1 0]; 
TP=Cun(4,15,X)*Cup(1,0,Cun(3,7,W))*Cup(2,0,Cun(2,3,W))*Cup(3,0,
Cun(1,1,W))*Cup(4,0,W); 
TP=Cup(4,0,W1)*Cup(3,0,Cun(1,1,W1))*Cup(2,0,Cun(2,3,W1))*Cup(1,
0,Cun(3,7,W1))*TP; 
TPQ=TP*Q; % Implement the two-point swapping
Tf=uint8(QG3(TPQ, G, row, col, st)); % Retrieve the transformed 
image 
end

Code B.15 The code of symmetric flip transformations for the image in 
Figure 4.22

% Symmetric flip transformations for the 128*128 color image  
function []=FlipImage()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128 color image 
f = double(imread(‘airplane.bmp’)); 
subplot(1,3,1),imshow(uint8(f)); 
[row, col,tem]=size(f); 
r=log2(row); 
c=log2(col); 
% Call the function CQ2 to create a NASS state 
 [G,Q]=CQ2(f); 
% Flip along x axis 
GFX=kron(tenProduct(I,r),tenProduct(X,c)); 
GFXQ=GFX*Q; 
% Flip along y axis 
GFY=kron(tenProduct(X,r),tenProduct(I,c)); 
GFYQ=GFY*Q; 
% Retrieve  the transformed image 
fx=QC2(GFXQ, G, row, col); 
fy=QC2(GFYQ, G, row, col); 
subplot(1,3,2),imshow(uint8(fx)); 
subplot(1,3,3),imshow(uint8(fy)); 
end

Code B.16 The code of symmetric flip transformations for the video in 
Figure 4.23

% Symmetric flip for the 128*128*2 video 
function []=FlipVideo()
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clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128*2 video 
for i=1:2
   A=imread([num2str(i),’.bmp’]);  
   f(:,:,i)=double(A); 
   subplot(2,4,i); 
   imshow(A,[]);  
end 
[row, col,st]=size(f); 
r=log2(row); 
c=log2(col); 
t=log2(st); 
% Call the function GQ3 to create a NASS state 
[G,Q]=GQ3(f); 
% Flip along x axis 
GFX=kron(tenProduct(I,r),tenProduct(X,c+t)); 
GFXQ=GFX*Q; 
% Flip along y axis 
GFY=kron(kron(tenProduct(X,r),tenProduct(I,c)),tenProduct(X
,t)); 
GFYQ=GFY*Q; 
% Flip along t axis 
GFT=kron(tenProduct(X,r+c),tenProduct(I,t)); 
GFTQ=GFT*Q; 
% Retrieve  the transformed video 
fx=QG3(GFXQ, G, row, col, st); 
for i=1:2
    subplot(2,4,2+i); 
    A=fx(:,:,i); 
    imshow(uint8(A),[]);  
end 
fy=QG3(GFYQ, G, row, col, st); 
for i=1:2
    subplot(2,4,4+i); 
    A=fy(:,:,i); 
    imshow(uint8(A),[]);  
end 
ft=QG3(GFTQ, G, row, col, st); 
for i=1:2
    subplot(2,4,6+i); 
    A=ft(:,:,i); 
    imshow(uint8(A),[]);  
end 
 end
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Code B.17 The code of local flip transformations for the image in Figure 4.24

% Local flip for the 128*128 color image  
function []=LocalFlipImage()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128 color image 
f = double(imread(‘airplane.bmp’)); 
subplot(1,3,1),imshow(uint8(f)); 
[row, col,tem]=size(f); 
r=log2(row); 
c=log2(col); 
% Call the function CQ2 to create a NASS state 
 [G,Q]=CQ2(f); 
% Local flip along x axis for the left part of the image 
m=0; 
GFXL=kron(tenProduct(I,r),Cup(1,m,tenProduct(X,c-1))); 
GFXLQ=GFXL*Q; 
% Local flip along x axis for the right part of the image 
m=1; 
GFXR=kron(tenProduct(I,r),Cup(1,m,tenProduct(X,c-1))); 
GFXRQ=GFXR*Q; 
% Retrieve the transformed image 
fl=QC2(GFXLQ, G, row, col); 
fr=QC2(GFXRQ, G, row, col); 
subplot(1,3,2),imshow(uint8(fl)); 
subplot(1,3,3),imshow(uint8(fr)); 
end

Code B.18 The code of local flip transformations for the video in Figure 4.25

% Local flip for the 128*128*2 video 
function []=LocalFlipVideo() 
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128*2 video 
for i=1:2 
   A=imread([num2str(i),’.bmp’]);  
   f(:,:,i)=double(A); 
   subplot(1,6,i); 
   imshow(A,[]);  
end 
[row, col,st]=size(f); 
% Call the function GQ3 to create a NASS state 
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[G,Q]=GQ3(f); 
% Local flip along t axis for the left part of the image frames 
temp=kron(Cun(1,0,tenProduct(X,7)),tenProduct(I,7))*Q; 
GFTLQ=kron(tenProduct(I,7),kron(Cup(1,0,tenProduct(X,6)),I))*t
emp; 
% Local flip along t axis for the right part of the image 
frames 
temp=kron(Cun(1,1,tenProduct(X,7)),tenProduct(I,7))*Q; 
GFTUQ=kron(tenProduct(I,7),kron(Cup(1,1,tenProduct(X,6)),I))*t
emp; 
% Retrieve the transformed video 
fl=QG3(GFTLQ, G, row, col, st); 
for i=1:2
    subplot(1,6,2+i); 
    A=fl(:,:,i); 
    imshow(uint8(A),[]);  
end 
fu=QG3(GFTUQ, G, row, col, st); 
for i=1:2
    subplot(1,6,4+i); 
    A=fu(:,:,i); 
    imshow(uint8(A),[]);  
end 
end

Code B.19 The implementation of an n-qubit Swap gate in Figure 4.26.

% Swap gate with n qubits (n>=2)
function P=Swa(n)
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
if n<2
    P=0; 
else 
    Im=1; 
    if n>2
    Im=tenProduct(I,n-2); 
    end 
    P=Cun(1,1,kron(X,Im))*Cup(1,1,kron(Im,X))*Cun(1,1,kron(X,
Im)); 
end 
end
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Code B.20 The code of orthogonal rotation transformations for the image 
in Figure 4.27

% Orthogonal rotation for the 128*128 color image  
function []=OrthogRotationImage()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128 color image 
f = double(imread(‘airplane.bmp’)); 
subplot(1,4,1),imshow(uint8(f)); 
[row, col,tem]=size(f); 
r=log2(row); 
c=log2(col); 
% Call the function CQ2 to create a NASS state 
 [G,Q]=CQ2(f); 
% Orthogonal rotation with pi/2 
temp=kron(tenProduct(X,r),tenProduct(I,c))*Q; 
temp=kron(Swa(r+1),tenProduct(I,c-1))*temp; 
for i=r-2:-1:1
   temp=kron(tenProduct(I,r-i-1),kron(Swa(r+1),tenProduct(I,i)
))*temp; 
end 
GO1=kron(tenProduct(I,r-1),Swa(r+1))*temp; 
% Orthogonal rotation with pi 
GO2=tenProduct(X,r+c)*Q; 
% Orthogonal rotation with 3*pi/2 
temp=kron(tenProduct(I,c),tenProduct(X,r))*Q; 
temp=kron(Swa(r+1),tenProduct(I,c-1))*temp; 
for i=r-2:-1:1
   temp=kron(tenProduct(I,r-i-1),kron(Swa(r+1),tenProduct(I,i)
))*temp; 
end 
GO3=kron(tenProduct(I,r-1),Swa(r+1))*temp; 
% Retrieve the transformed image 
f1=QC2(GO1, G, row, col); 
f2=QC2(GO2, G, row, col); 
f3=QC2(GO3, G, row, col); 
subplot(1,4,2),imshow(uint8(f1)); 
subplot(1,4,3),imshow(uint8(f2)); 
subplot(1,4,4),imshow(uint8(f3)); 
end
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Code B.21 The code of orthogonal rotation transformations for the video 
in Figure 4.28

% Orthogonal rotation for the 128*128*2 video  
function []=OrthogRotationVideo()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128*2 video 
for i=1:2
   A=imread([num2str(i),’.bmp’]);  
   f(:,:,i)=double(A); 
   subplot(2,4,i); 
   imshow(A,[]);  
end 
[row, col,st]=size(f); 
r=log2(row); 
c=log2(col); 
t=log2(st); 
% Call the function GQ3 to create a NASS state 
[G,Q]=GQ3(f); 
% Orthogonal rotation with pi/2 
GO1=kron(tenProduct(X,r),tenProduct(I,c+1))*Q; 
GO1=kron(Swa(r+1),tenProduct(I,c))*GO1; 
for i=r-2:-1:0
   GO1=kron(tenProduct(I,r-i-1),kron(Swa(r+1),tenProduct(I,i+1
)))*GO1; 
end 
% Orthogonal rotation with pi 
GO2=kron(tenProduct(X,r+c),I)*Q; 
% Orthogonal rotation with 3*pi/2 
GO3=kron(kron(tenProduct(I,r),tenProduct(X,c)),I)*Q; 
GO3=kron(Swa(r+1),tenProduct(I,c))*GO3; 
for i=r-2:-1:0
   GO3=kron(tenProduct(I,r-i-1),kron(Swa(r+1),tenProduct(I,i+1
)))*GO3; 
end 
% Retrieve the transformed image 
f1=QG3(GO1, G, row, col, st); 
for i=1:2
    subplot(2,4,2+i); 
    A=f1(:,:,i); 
    imshow(uint8(A),[]);  
end 
f2=QG3(GO2, G, row, col, st); 
for i=1:2
    subplot(2,4,4+i); 
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    A=f2(:,:,i); 
    imshow(uint8(A),[]);  
end 
f3=QG3(GO3, G, row, col, st); 
for i=1:2
    subplot(2,4,6+i); 
    A=f3(:,:,i); 
    imshow(uint8(A),[]);  
end 
end

Code B.22 The code for the circuit of Tk  in Figure 4.18 (a)

function P=Tk(k) % k>1
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
if k==1
    P=X; 
else 
   P=Cun(k-1,2^(k-1)-1,X); 
   for i=1:k-2
       P=kron(tenProduct(I,i),Cun(k-1-i,2^(k-1-i)-1,X))*P; 
   end 
   P=kron(tenProduct(I,k-1),X)*P; 
end 
end

Code B.23 The code of translation transformations for the image in Figure 4.29

% Translation for the 128*128 color image  
function []=TranslationImage()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128 color image 
f = double(imread(‘airplane.bmp’)); 
subplot(1,3,1),imshow(uint8(f)); 
[row, col,tem]=size(f); 
r=log2(row); 
c=log2(col); 
% Call the fuction CQ2 to create a NASS state 
 [G,Q]=CQ2(f); 
% Call the function Tk to realize translation along x axis 
TX=kron(Tk(r),tenProduct(I,c)); 
% TX is applied repeatedly 10 times to translate 10 pixels 
along x axis 
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TXQ=TX*Q; 
for i=1:9 
    TXQ=TX*TXQ; 
end 
% Call the function Tk to realize translation along y axis 
TY=kron(tenProduct(I,r),Tk(c)); 
% TY is applied repeatedly 10 times to translate 10 pixels 
along y axis 
TYQ=TY*Q; 
for i=1:9 
    TYQ=TY*TYQ; 
end 
% Retrieve the transformed image 
fx=QC2(TXQ, G, row, col); 
fy=QC2(TYQ, G, row, col); 
subplot(1,3,2),imshow(uint8(fx)); 
subplot(1,3,3),imshow(uint8(fy)); 
end

Code B.24 The code of the translation transformation for the video in Figure 
4.30

% Translation for the 128*128*2 video 
function []=TranslationVideo()
clear all 
clc 
X=[0 1; 1 0]; 
I=[1 0; 0 1]; 
% f is a 128*128*2 video 
for i=1:2
   A=imread([num2str(i),’.bmp’]);  
   f(:,:,i)=double(A); 
   subplot(1,4,i); 
   imshow(A,[]);  
end 
[row, col,st]=size(f); 
r=log2(row); 
c=log2(col); 
t=log2(st); 
% Call the function GQ3 to create a NASS state 
[G,Q]=GQ3(f); 
% Call the function Tk to realize translation 
THQ=kron(tenProduct(I,r+c),Tk(t))*Q; 
% Retrieve the transformed video 
fq=QG3(THQ, G, row, col, st); 
for i=1:2
    subplot(2,4,2+i); 
    A=fx(:,:,i); 
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    imshow(uint8(A),[]);  
end 
end

The Codes for Quantum Fourier Transforms in Chapter 5

Code B.25 The code for the circuit of 
Γ
2n

 in Figure 5.2 for n > 1

function SP=allpermutation(n) 
 r=fix(n/2); 
 I=[1 0;0 1]; 
 SP=Swa(n);  
 if n>3
    for i=2:r
        In=tenProduct(I,i-1); 
        SP=SP*kron(kron(In,Swa(n-(i-1)*2)),In);     
    end 
 end 
end

Code B.26 The code for the circuit of 
Pn2 21− ,

 in Figure 5.3 for n > 1

function SP=Permutationn2(n) 
I=[1 0;0 1]; 
if n==2
    SP=Swa(2); 
else 
  SP=allpermutation(n)*kron(allpermutation(n-1),I); 
end 
end

Code B.27 The code for the circuit of P n2 2 1, −  in Figure 5.3 for n > 1

function SP=Permutation2n(n)
I=[1 0;0 1]; 
if n==2
    SP=Swa(2); 
else 
    SP=kron(allpermutation(n-1),I)*allpermutation(n); 
end 
end
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Code B.28 The code for the circuit of S Rn n2
( )  in Figure 5.11 for n > 1

function P=S2N(n,Rn)
I=[1 0;0 1]; 
P=Cun(1,1,kron(Rn,tenProduct(I,n-2))); 
for j=1:n-2
    Rn=Rn*Rn; 
    P=kron(Cun(1,1,kron(Rn,tenProduct(I,n-2-
j))),tenProduct(I,j))*P; 
end 
end

Code B.29 The code for the circuit of T Rn n2
( )  in Figure 5.12 for n > 1

function P=T2N(n,Rn)
I=[1 0;0 1]; 
P=kron(tenProduct(I,n-2),Cup(1,1,Rn)); 
for j=1:n-2
    Rn=Rn*Rn; 
    P=P*kron(tenProduct(I,n-2-j),Cup(1,1,kron(tenProduct(I,j),
Rn)));     
end 
end

Code B.30 The code for the first circuit of 1D-QFT and its inverse in Figure 
5.13 and Figure 5.14

% Rn=[1 0; 0 exp(2*pi()*i/2^n)] and Rn=[1 0; 0 exp(-
2*pi()*i/2^n)] correspond to 1D-QFT and its inverse, 
respectively. 
function F=ODQFT1(n,Rn)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if n==1
    F=H; 
else 
    F=kron(H,tenProduct(I,n-1))*S2N(n,Rn)*kron(I,ODQFT1(n-
1,Rn*Rn))*Permutationn2(n); 
end 
end
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Code B.31 The code for the second circuit of 1D-QFT and its inverse in 
Figure 5.15 and Figure 5.16

% Rn=[1 0; 0 exp(2*pi()*i/2^n)] and Rn=[1 0; 0 exp(-
2*pi()*i/2^n)] correspond to 1D-QFT and its inverse, 
respectively. 
function F=ODQFT2(n,Rn)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if n==1
    F=H; 
else 
    F=Permutation2n(n)*kron(I,ODQFT2(n-1,Rn*Rn))*S2N(n,Rn)* 
kron(H,tenProduct(I,n-1)); 
end 
end

Code B.32 The code for the test of 1D-QFT with n=4

% Rn=[1 0; 0 exp(2*pi()*i/2^n)] and Rn=[1 0; 0 exp(-
2*pi()*i/2^n)] correspond to 1D-QFT and its inverse, 
respectively. 
function F=ODQFT3(n,Rn)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if n==1
    F=H; 
else 
    F=kron(ODQFT3(n-1,Rn*Rn),I)*T2N(n,Rn)*kron(tenProduct(I,n-
1),H)*Permutation2n(n); 
end 
end

Code B.33 The code for the fourth circuit of the inverse of 1D-QFT in Figure 
5.19 and Figure 5.20

% Rn=[1 0; 0 exp(2*pi()*i/2^n)] and Rn=[1 0; 0 exp(-
2*pi()*i/2^n)] correspond to 1D-QFT and its inverse, 
respectively. 
function F=ODQFT4(n,Rn)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if n==1
    F=H; 
else 
    F=Permutationn2(n)*kron(tenProduct(I,n-1),H)*T2N(n,Rn)* 
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kron(ODQFT4(n-1,Rn*Rn),I); 
end 
end

Code B.34 The code for the test of 1D-QFTs with n=4

function []=testODFT()
clear all 
clc 
% f is a 16*1 column vector 
f=[1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16]’; 
n=4; 
Rn=[1 0; 0 exp(2*pi()*i/2^n)]; 
IRn=[1 0; 0 exp(-2*pi()*i/2^n)]; 
% Apply inverse classcial Fourier transform on the column 
vector 
FT=sqrt(2^n)*ifft(f); 
% Apply 1D-QFT for the first circuit in Figure 5.13 on the 
column vector 
QFT1=ODQFT1(n,Rn)*f; 
disp(‘The first circuit’); 
norm(abs(FT-QFT1)) 
% Apply the inverse of 1D-QFT for the first circuit in Figure 
5.14 on QFT1 
IQFT1=ODQFT1(n,IRn)*QFT1; 
% Compare IQFT1 with f 
norm(abs(IQFT1-f)) 
% Apply 1D-QFT for the second circuit in Figure 5.15 on the 
column vector 
QFT2=ODQFT2(n,Rn)*f; 
disp(‘The second circuit’); 
norm(abs(FT-QFT2)) 
% Apply the inverse of 1D-QFT for the sencond circuit in Figure 
5.16 on QFT2 
IQFT2=ODQFT2(n,IRn)*QFT2; 
% Compare IQFT2 with f 
norm(abs(IQFT2-f)) 
% Apply 1D-QFT for the third circuit in Figure 5.17 on the 
column vector 
QFT3=ODQFT3(n,Rn)*f; 
disp(‘The third circuit’); 
norm(abs(FT-QFT3)) 
% Apply the inverse of 1D-QFT for the third circuit in Figure 
5.18 on QFT3 
IQFT3=ODQFT3(n,IRn)*QFT3; 
% Compare IQFT3 with f 
norm(abs(IQFT3-f)) 
% Apply 1D-QFT for the fourth circuit in Figure 5.19 on the 
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column vector 
QFT4=ODQFT4(n,Rn)*f; 
disp(‘The third circuit’); 
norm(abs(FT-QFT4)) 
% Apply the inverse of 1D-QFT for the fourth circuit in Figure 
5.20 on QFT4 
IQFT4=ODQFT4(n,IRn)*QFT4; 
% Compare IQFT4 with f 
norm(abs(IQFT4-f)) 
end

Code B.35 The code for the circuits of 2D-QFT and its inverse in Figure 5.25

function F=TDQFT(m,Rm,k,Rk)
F=kron(ODQFT1(m,Rm),ODQFT1(k,Rk)); 
end

Code B.36 The code for the test of 2D-QFT with a 128 × 128 image

function []=testTODFT() 
clear all 
clc 
% f is a 128*128 image 
f = double(imread(‘gclena128.bmp’)); 
subplot(1,2,1); 
imshow(uint8(f),[]); %The original image 
% Apply classical 2D inverse Fourier transform on the image 
[row,col]=size(f); 
m=log2(row); 
k=log2(col); 
FT=sqrt(2^m)*sqrt(2^k)*ifft2(f); 
% Call the function GQ2 to create a NASS state 
[G,Q]=GQ2(f); 
% Apply 2D-QFT in Figure 5.25 on the image 
Rm=[1 0; 0 exp(2*pi()*i/2^m)]; 
Rk=[1 0; 0 exp(2*pi()*i/2^k)]; 
QF=TDQFT(m,Rm,k,Rk)*Q; 
% Retrieve the transformed image 
QFI=QG2(QF, G, row, col); 
% Display the amplitude spectrum of the transformed image 
subplot(1,2,2); 
mesh(abs(QFI)) 
% Compare classcial 2D inverse Fourier transform with 2D-QFT 
norm(abs(FT-QFI)) 
% Apply the inverse of 2D-QFT on the transformed image QF 
IRm=[1 0; 0 exp(-2*pi()*i/2^m)]; 
IRk=[1 0; 0 exp(-2*pi()*i/2^k)]; 
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IQFI=TDQFT(m,IRm,k,IRk)*QF; 
% Retrieve the image 
IQFTI=QG2(IQFI, G, row, col); 
% Compare IQFTI with f 
norm(abs(IQFTI-f)) 
end

Code B.37 The code for the circuits of 3D-QFT and its inverse in Figure 5.26

function F=ThDQFT(m,Rm,k,Rk,h,Rh)
F=kron(kron(ODQFT1(m,Rm),ODQFT1(k,Rk)),ODQFT1(h,Rh)); 
end

Code B.38 The code for the test of 3D-QFT with a 64*32*8 video

function []=testThDQFT()
clear all 
clc 
% f is a 128*128*2 video 
for j=1:2
    A=imread([num2str(j),’.bmp’]); 
    f(:,:,j)=double(A); 
    subplot(1,4,j); 
    imshow(A,[]); 
end 
% Apply classical 3D inverse Fourier transform on the video 
[row, col,st]=size(f); 
FT=sqrt(row)*sqrt(col)*sqrt(st)*ifftn(f); 
% Call the function GQ3 to create a NASS state 
m=log2(row); 
k=log2(col); 
h=log2(st); 
[G,Q]=GQ3(f); 
% Apply 3D-QFT in Figure 5.26 on the image 
Rm=[1 0; 0 exp(2*pi()*i/2^m)]; 
Rk=[1 0; 0 exp(2*pi()*i/2^k)]; 
Rh=[1 0; 0 exp(2*pi()*i/2^h)]; 
QF=ThDQFT(m,Rm,k,Rk,h,Rh)*Q; 
% Retrieve the transformed video 
QFV=QG3(QF, G, row, col, st); 
% Display the amplitude spectrum of the image frames of the 
transformed video 
for j=1:2
    subplot(1,4,2+j); 
    A=QFV(:,:,j); 
    mesh(abs(A)) 
end 
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% Compare classcial 3D inverse Fourier transform with 3D-QFT 
for j=1:st
    norm(abs(FT(:,:,j)-QFV(:,:,j))) 
end 
% Apply the inverse of 3D-QFT on the transformed video QF 
IRm=[1 0; 0 exp(-2*pi()*i/2^m)]; 
IRk=[1 0; 0 exp(-2*pi()*i/2^k)]; 
IRh=[1 0; 0 exp(-2*pi()*i/2^h)]; 
IQF=ThDQFT(m,IRm,k,IRk,h,IRh)*QF; 
% Retrieve the video 
IQFV=QG3(IQF, G, row, col, st); 
% Compare IQFTI with f 
for j=1:st
    norm(abs(f(:,:,j)-IQFV(:,:,j))) 
end 
end

The Codes for Quantum Wavelet Transforms in Chapter 6

Code B.39 The code for the Doppler function

function s=d(t)
   s=sqrt(t*(1-t))*sin(2*pi()*1.05/(t+0.05)); 
end

Code B.40 The code for the implementation of HQWT in Figure 6.3 and 
Figure 6.5

% k>=0 and n>k 
function F=FHNK(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if k==0
    if n==1
        F=H;% The initial value in Figure 6.5 
    else 
        F=Permutationn2(n)*kron(tenProduct(I,n-1),H); % The 
initial value in Figure 6.3 
    end 
else 
    % The (k+1)-level HQWT 
    F=Cup(1,0,FHNK(n-1,k-1))*Permutationn2(n)*kron(tenProduct(I
,n-1),H); 
end 
end
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Code B.41 The code for the implementation of HQWT in Figure 6.4 and 
Figure 6.6

% k>=0 and n>k 
function F=SHNK(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if k==0
    if n==1
        F=H;% The initial value in Figure 6.6 
    else 
        F=Permutationn2(n)*kron(tenProduct(I,n-1),H); % The 
initial value in Figure 6.4 
    end 
else 
    % The (k+1)-level HQWT 
    F=Permutationn2(n)*Cun(1,0,SHNK(n-1,k-
1))*kron(tenProduct(I,n-1),H); 
end 
end

Code B.42 The code for the implementation of the inverse of HQWT in (6.16)

% k>=0 and n>k 
function F=IFHNK(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if k==0
    if n==1
        F=H;% The initial value of  IFHNK(n,n-1) 
    else 
     F=kron(tenProduct(I,n-1),H)*Permutation2n(n); % The 
initial value of IFHNK(n,k) with k<n-1 
    end 
else 
    % The inverse of the (k+1)-level HQWT 
    F=kron(tenProduct(I,n-1),H)*Permutation2n(n)*Cup(1,0,IFHNK
(n-1,k-1)); 
end 
end

Code B.43 The code for the implementation of the inverse of HQWT in (6.17)

% k>=0 and n>k 
function F=ISHNK(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
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if k==0
    if n==1
        F=H;% The initial value of  ISHNK(n,n-1) 
    else 
     F=kron(tenProduct(I,n-1),H)*Permutation2n(n); % The 
initial value of ISHNK(n,k) with k<n-1 
    end 
else 
    % The inverse of the (k+1)-level HQWT 
    F=kron(tenProduct(I,n-1),H)*Cun(1,0,ISHNK(n-1,k-
1))*Permutation2n(n); 
end 
end

Code B.44 The code for the first 3 levels of HQWT with the input V in (6.46)

function []=testFirst3LevelHaar()
clc 
clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
V1=V’; 
 % 0 level 
subplot(4,8,1:8); 
plot(x,V1’,’.’); 
% 1 level 
subplot(4,8,9:12); 
V1=FHNK(m,0)*V’; 
x=1:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,13:16) 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
 % 2 levels 
V1=FHNK(m,1)*V’; 
subplot(4,8,17:18); 
x=1:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,19:20); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,21:24); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 3 levels 
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V1=FHNK(m,2)*V’; 
subplot(4,8,25); 
x=1:256; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,26); 
x=257:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,27:28); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,29:32); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
end

Code B.45 The code for all levels of HQWT with the input V in (6.46)

function []=testAllLevelHaar()
clc 
clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
V1=V’; 
% 0-11 levels 
subplot(12,1,1) 
plot(x,V1’,’.’); 
for j=1:m
    V1=FHNK(m,j-1)*V’; % Apply HQWT in Figure 6.3 and Figure 
6.5 on the vector V 
    subplot(12,1,j+1) 
    plot(x,V1’,’.’); 
end 
end

Code B.46 The code for the comparisons of HQWTs, their inverses, and 
classical Haar wavelet transform

function []=testComparisonHaar()
clc 
clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
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m=11; 
% 0-11 levels 
for j=1:m
    % Apply HQWT in Figure 6.3 and Figure 6.5 on the vector V’ 
    V1=FHNK(m,j-1)*V’; 
    % Apply HQWT in Figure 6.4 and Figure 6.6 on the vector V’ 
    V2=SHNK(m,j-1)*V’; 
    % Apply classical Haar wavelet transform on the vector V’ 
    [C2,L2] = wavedec(V’,j,’haar’); 
    %The comparisons of HQWTs and classical Haar wavelet 
transform 
    err1(j,1) = norm(V1-C2); 
    err2(j,1) = norm(V2-C2); 
    % Apply the inverse of HQWT in (6.16) on the vector V1 
    V3=IFHNK(m,j-1)*V1; 
    %The comparisons of V3 and V’ 
    err3(j,1) = norm(V3-V’); 
    % Apply the inverse of HQWT in (6.17) on the vector V2 
    V4=ISHNK(m,j-1)*V2; 
    %The comparisons of V4 and V’ 
    err4(j,1) = norm(V4-V’); 
end 
end

Code B.47 The code for the circuit of the downshift matrix Q n2
 in Figure 6.9 

(a)

function P=Q2N(n)
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
if n==1
    P=X; 
else 
    P=kron(tenProduct(I,n-1),X)*Cun(1,0,Q2N(n-1)); 
end

Code B.48 The code for the circuit of ( )Q n2

1−  in Figure 6.10 (a)

function P=IQ2N(n)
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
if n==1
    P=X; 
else    
    P=Cun(1,0,IQ2N(n-1))*kron(tenProduct(I,n-1),X); 
end
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Code B.49 The code for the circuit of the matrix D n2
 in Figure 6.9 (b)

% n>1 
function P=D2N(n)
I=[1 0;0 1]; 
a1=5*pi()/12; 
a0=2*pi()/3; 
S0=[sin(a0) cos(a0);cos(a0)  -1*sin(a0)]; 
S1=[-sin(a1) cos(a1);cos(a1) sin(a1)]; 
P=kron(tenProduct(I,n-1),S1)*Q2N(n)*kron(tenProduct(I,n-1),S0); 
end

Code B.50 The code for the circuit of the matrix( )D n2

1−  in Figure 6.10 (b)

% n>1 
function P=ID2N(n)
I=[1 0;0 1]; 
a1=5*pi()/12; 
a0=2*pi()/3; 
S0=[sin(a0) cos(a0);cos(a0)  -1*sin(a0)]; 
S1=[-sin(a1) cos(a1);cos(a1) sin(a1)]; 
P=kron(tenProduct(I,n-1),S0)*IQ2N(n)*kron(tenProduct(I,n-
1),S1); 
end

Code B.51 The code for the circuit of D n
P
2

 in Figure 6.11 (a)

% n>1 
function P=D2NP(n)
P=D2N(n)*IQ2N(n); 
end

Code B.52 The code for the circuit of ( )D n
P
2

1−  in Figure 6.11 (b)

% n>1 
function P=ID2NP(n)
P=Q2N(n)*ID2N(n); 
end

Code B.53 The code for the circuit of D4QWT F n
k
2

 in Figure 6.12

% k>=0 and k<=n-2 
function F=F2NK(n,k)
if k==0 
     F=Permutationn2(n)*D2NP(n); % The initial value 
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else 
    % The (k+1)-level D4QWT 
    F=Permutationn2(n)*Cun(1,0,F2NK(n-1,k-1))*D2NP(n); 
end 
end

Code B.54 The code for the circuit of the inverse of D4QWT ( )F n
k
2

1−  in Figure 
6.13

% k>=0 and k<=n-2 
function F=IF2NK(n,k)
if k==0
     F=ID2NP(n)*Permutation2n(n); % The initial value 
else 
    % The invese of the (k+1)-level D4QWT 
    F=ID2NP(n)*Cun(1,0,IF2NK(n-1,k-1))*Permutation2n(n); 
end 
end

Code B.55 The code for the first 3 levels of D4QWT with the input V in (6.46)

function []=testFirst3LevelD4() 
clc 
clear all 
% Call Doppler function d() 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
V1=V’; 
set(gcf,’color’,’white’); 
% 0 level 
subplot(4,8,1:8); 
x=1:2048; 
plot(x,V,’.’);  
% 1 level 
subplot(4,8,9:12); 
V1=F2NK(m,0)*V’; 
x=1:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,13:16) 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 2 levels 
V1=F2NK(m,1)*V’; 
subplot(4,8,17:18); 
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x=1:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,19:20); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,21:24); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 3 levels 
V1=F2NK(m,2)*V’; 
subplot(4,8,25); 
x=1:256; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,26); 
x=257:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,27:28); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,29:32); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
end

Code B.56 The code for all levels of D4QWT with the input V in (6.46)

function []=testAllLevelD4() 
clc 
clear all 
% Call Doppler function d() 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
V1=V’; 
 % 0-10 levels 
subplot(11,1,1) 
plot(x,V1’,’.’); 
for j=1:m-1
    % Apply D4QWT in Figure 6.12 on the vector V 
    V1=F2NK(m,j-1)*V’; 
    subplot(11,1,j+1) 
    plot(x,V1’,’.’); 
end 
end
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Code B.57 The code for the comparisons of D4QWT, its inverse, and classical 
D4 wavelet transform

function []=testComparisonD4() 
clc 
clear all 
% Call Doppler function d() 
for k=1:2048
    V(k,1)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
% Set periodization extension mode 
dwtmode(‘per’); 
% 0-10 levels 
for j=1:m-1
    % Apply D4QWT in Figure 6.12 on the vector V 
    V1=F2NK(m,j-1)*V; 
    % Apply classical D4 wavelet transform on the vector V 
    [C2,L2] = wavedec(V,j,’db2’); 
    %The comparisons of D4QWT and classical D4 wavelet 
transform 
    err1(j,1) = norm(V1-C2); 
    % Apply the inverse of D4QWT in Figure 6.13  on the vector 
V1 
    V2=IF2NK(m,j-1)*V1; 
    %The comparisons of V2 and V 
    err2(j,1) = norm(V2-V); 
end 
end

The Codes for Quantum Wavelet Packet 
Transforms in Chapter 7

Code B.58 The code for 1D-HQWPT in Figure 7.3

% k>=0 and k<n 
function R=ODHQWPT(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if k==n-1
    % 1-dimensional Haar quantum wavelet packet transform in 
Figure 7.3 (c) 
    R=allpermutation(n)*tenProduct(H,n); 
elseif k==n-2
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    % 1-dimensional Haar quantum wavelet packet transform in 
Figure 7.3 (b) 
    R=allpermutation(n)*kron(I,tenProduct(H,n-1)); 
else 
    % 1-dimensional Haar quantum wavelet packet transform in 
Figure 7.3 (a) 
    R=allpermutation(n)*kron(allpermutation(n-k-
1),tenProduct(H,k+1)); 
end 
end

Code B.59 The code for the inverse of 1D-HQWPT in Figure 7.4

% k>=0 and k<n 
function R=IODHQWPT(n,k)
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
if k==n-1
    % The inverse of 1-dimensional Haar quantum wavelet packet 
transform in Figure 7.4 (c) 
    R=tenProduct(H,n)*allpermutation(n); 
elseif k==n-2
    % The inverse of 1-dimensional Haar quantum wavelet packet 
transform in Figure 7.4 (b) 
    R=kron(I,tenProduct(H,n-1))*allpermutation(n); 
else 
    % The inverse of 1-dimensional Haar quantum wavelet packet 
transform in Figure 7.4 (a) 
    R=kron(allpermutation(n-k-1),tenProduct(H,k+1))*allpermuta
tion(n); 
end 
end

Code B.60 The code for 1D-D4QWPT in Figure 7.6

% k>=0 and k<n-1 
function R=OD4QWPT(n,k)
I=[1 0;0 1]; 
if k==n-2
    % 1-dimensional D4 quantum wavelet packet transform in 
Figure 7.6 (b) 
    R=allpermutation(n); 
    for j=2:n-1
        % Call the function D2NP(), which implements the 
circuit in Figure 6.11 (a) 
        R=R*kron(D2NP(j),tenProduct(I,n-j)); 
    end 
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    R=R*D2NP(n); 
else 
    % 1-dimensional Haar quantum wavelet packet transform in 
Figure 7.6 (a) 
    R=D2NP(n); 
    for j=1:k
        R=kron(D2NP(n-j),tenProduct(I,j))*R; 
    end 
    R=allpermutation(n)*kron(allpermutation(n-k-
1),tenProduct(I,k+1))*R; 
end 
end

Code B.61 The code for the inverse of 1D-D4QWPT in Figure 7.6

% k>=0 and k<n-1 
function R=IOD4QWPT(n,k)
I=[1 0;0 1]; 
if k==n-2
    % The inverte of 1-dimensional D4 quantum wavelet packet 
transform in Figure 7.6 (d) 
    R=allpermutation(n); 
    for j=2:n-1
        % Call the function ID2NP(), which implements the 
circuit in Figure 6.11 (b) 
        R=kron(ID2NP(j),tenProduct(I,n-j))*R; 
    end 
    R=ID2NP(n)*R; 
else 
    % The inverte of 1-dimensional Haar quantum wavelet packet 
transform in Figure 7.6 (c) 
    R=ID2NP(n); 
    for j=1:k
        R=R*kron(ID2NP(n-j),tenProduct(I,j)); 
    end 
    R=R*kron(allpermutation(n-k-1),tenProduct(I,k+1))*allpermut
ation(n); 
end 
end

Code B.62 The code for the first 3 levels of 1D-HQWPT with the input V 
in (6.46)

function []=testFirst3LevelHaarPacket()
clc; clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
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end 
x=1:2048; 
m=11; 
V1=V’; 
 % 0 level 
subplot(4,8,1:8); 
plot(x,V1’,’.’); 
% 1 level 
subplot(4,8,9:12); 
V1=ODHQWPT(m,0)*V’; 
x=1:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,13:16) 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 2 levels 
V1=ODHQWPT(m,1)*V’; 
subplot(4,8,17:18); 
x=1:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,19:20); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,21:24); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 3 levels 
V1=ODHQWPT(m,2)*V’; 
subplot(4,8,25); 
x=1:256; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,26); 
x=257:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,27:28); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,29:32); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
end

Code B.63 The code for the comparisons of 1D-HQWPT, its inverse, and 
classical Haar wavelet packet transform

function []=testComparisonHaarPacket()
clc 
clear all 
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for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
% 0-11 levels 
for j=1:m
    % Apply 1D-HQWPT in Figure 7.3 on the vector V’ 
    V1=ODHQWPT(m,j-1)*V’; 
    % Apply classical 1D Haar wavelet packet transform on the 
vector V’ 
    wt = wpdec(V’,j,’db1’); 
    C2=[]; 
    for i=0: 2^j-1
        cfs=wpcoef(wt,[j,i]); 
        C2=[C2; cfs]; 
    end 
    %The comparison of 1D-HQWPT and classical Haar wavelet 
packet transform 
    err1(j,1) = norm(V1-C2); 
    % Apply the inverse of 1D-HQWPT in Figure 7.4 on the vector 
V1 
    V2=IODHQWPT(m,j-1)*V1; 
    %The comparisons of V2 and V’ 
    err2(j,1) = norm(V2-V’); 
end 
end

Code B.64 The code for the first 3 levels of 1D-D4QWPT with the input V 
in (6.46)

function []=testFirst3LevelD4Packet()
clc 
clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
V1=V’; 
% 0 level 
subplot(4,8,1:8); 
plot(x,V1’,’.’); 
% 1 level 
subplot(4,8,9:12); 
V1=OD4QWPT(m,0)*V’; 
x=1:1024; 
plot(x,V1(x,1)’,’.’); 
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subplot(4,8,13:16) 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 2 levels 
V1=OD4QWPT(m,1)*V’; 
subplot(4,8,17:18); 
x=1:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,19:20); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,21:24); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
% 3 levels 
V1=OD4QWPT(m,2)*V’; 
subplot(4,8,25); 
x=1:256; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,26); 
x=257:512; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,27:28); 
x=513:1024; 
plot(x,V1(x,1)’,’.’); 
subplot(4,8,29:32); 
x=1025:2048; 
plot(x,V1(x,1)’,’.’); 
end

Code B.65 The code for the comparisons of 1D-D4QWPT, its inverse, and 
classical D4 wavelet packet transform

function []=testComparisonHaarPacket()
clc 
clear all 
for k=1:2048
    V(1,k)=d((k-1)/2048); 
end 
x=1:2048; 
m=11; 
% Set periodization extension mode 
dwtmode(‘per’); 
% 0-10 levels 
for j=1:m-1
    % Apply 1D-D4QWPT in Figure 7.5 on the vector V’ 
    V1=OD4QWPT(m,j-1)*V’; 
    % Apply classical D4 wavelet packet transform  on the 
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vector V’ 
    wt = wpdec(V’,j,’db2’); 
    C2=[]; 
    for i=0: 2^j-1
        cfs=wpcoef(wt,[j,i]); 
        C2=[C2; cfs]; 
    end  
    % The comparison of 1D-D4QWPT and classical D4 wavelet 
transform 
    err1(j,1) = norm(V1-C2); 
    % Apply the inverse of 1D-D4QWPT in Figure 7.5 on the 
vector V1 
    V2=IOD4QWPT(m,j-1)*V1; 
    % The comparison of V2 and V’ 
    err2(j,1) = norm(V2-V’); 
end 
end

Code B.66 The code for 2D-HQWPT in Figure 7.7 and Figure 7.78

% h>=0 and h<min(m,k) 
function R=TDHQWPT(m,k,h)
R=kron(ODHQWPT(m,h),ODHQWPT(k,h)); 
end

Code B.67 The code for the inverse of 2D-HQWPT in Figure 7.7 and Figure 7.8

% h>=0 and h<min(m,k) 
function R=ITDHQWPT(m,k,h)
R=kron(IODHQWPT(m,h),IODHQWPT(k,h)); 
end

Code B.68 The code for 2D-D4QWPT in Figure 7.7 and Figure 7.78

% l>=0 and l<min(m,k)-1 
function R=TD4QWPT(m,k,l)
R=kron(OD4QWPT(m,l),OD4QWPT(k,l)); 
end

Code B.69 The code for the inverse of 2D-D4QWPsT in Figure 7.7 and 
Figure 7.8

% l>=0 and l<min(m,k)-1 
function R=ITD4QWPT(m,k,l)
R=kron(IOD4QWPT(m,l),IOD4QWPT(k,l)); 
end
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Code B.70 The code for the first 2 levels of 2D-HQWPT with a 256*256 image

function []=testFirst2Level2DHaarPacket()
clear all 
clc 
% f is a 256*256 image 
f = double(imread(‘Cameraman.bmp’)); 
subplot(1,3,1); 
imshow(uint8(f),[]); %The original image 
[row,col]=size(f); 
m=log2(row); 
k=log2(col); 
% Call the fuction GQ2 to create a NASS state 
[G,Q]=GQ2(f); 
% Apply 1-level 2D-HQWPT on the image 
QH1=TDHQWPT(m,k,0)*Q; 
% Retrieve the transformed image by 1-level 2D-HQWPT 
QH1I=QG2(QH1, G, row, col); 
subplot(1,3,2),imshow(uint8(QH1I)); 
% Apply 2-level 2D-HQWPT on the image 
QH2=TDHQWPT(m,k,1)*Q; 
% Retrieve the transformed image by 2-level 2D-HQWPT 
QH2I=QG2(QH2, G, row, col); 
subplot(1,3,3),imshow(uint8(QH2I));  
end

Code B.71 The code for the synthesized matrix by wavelet packet coefficients

% A consists of wavelet packet coefficients of the j-level 
wavelet packet transform 
function B=Com(A,j)
if j > 0
   % The multi-level wavelet packet transform 
    [x,y]=size(A); 
    z=y/4; 
    A1=A(:,1:z); 
    A2=A(:,z+1:2*z); 
    A3=A(:,2*z+1:3*z); 
    A4=A(:,3*z+1:4*z); 
    u1=Com(A1,j-1); 
    u2=Com(A2,j-1); 
    u3=Com(A3,j-1); 
    u4=Com(A4,j-1); 
    B=[u1 u3; u2 u4]; 
else 
 % The single-level wavelet packet transform 
    B=A; 
    return; 
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end 
end

Code B.72 The code for the comparisons of 2D-HQWPT, its inverse, and 
classical 2D Haar wavelet packet transform

function []=testComparison2DHaarPacket()
clear all 
clc 
% Ag is a 256*256 image 
Ag = double(imread(‘Cameraman.bmp’)); 
[row,col]=size(Ag); 
m=log2(row); 
k=log2(col); 
% Call the function GQ2 to create a NASS state 
[G,Q]=GQ2(Ag); 
h=min(m,k); 
% 0-7 levels 
for j=1:h
    % Apply 2D-HQWPT on the quantum image Q 
    QH=TDHQWPT(m,k,j-1)*Q; 
    % Retrieve the transformed image  
    QHI=QG2(QH, G, row, col); 
    % Apply classical 2D Haar wavelet packet transform on the 
classical image Ag 
    wpt = wpdec2(Ag,j,’db1’); 
    C2=[]; 
    for i=0: 4^j-1
        cfs=wpcoef(wpt,[j,i]); 
        C2=[C2 cfs]; 
    end 
    % Call the function Com() to create a matrix by using 
coefficients of 
    % (j+1)-level wavelet packet transform 
    mdwt2=Com(C2,j);        
    %The comparison of 2D-HQWPT and classical 2D Haar wavelet 
packet transform 
    err1(j,1) = norm(QHI-mdwt2); 
    % Apply the inverse of 2D-HQWPT on the quantum image QH 
    QH2=ITDHQWPT(m,k,j-1)*QH; 
    % Retrieve the transformed image by the inverse of 2D-HQWPT 
    QH2I=QG2(QH2, G, row, col);  
    %The comparisons of QH2I and Ag 
    err2(j,1) = norm(QH2I-Ag); 
end 
end
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Code B.73 The code for the first 2 levels of 2D-D4QWPT with a 256*256 
image

function []=testFirst2Level2DD4Packet()
clear all 
clc 
% f is a 256*256 image 
f = double(imread(‘Cameraman.bmp’)); 
subplot(1,3,1); 
imshow(uint8(f),[]); %The original image 
[row,col]=size(f); 
m=log2(row); 
k=log2(col); 
% Call the fuction GQ2 to create a NASS state 
[G,Q]=GQ2(f); 
% Apply 1-level 2D-D4QWPT on the image 
QD1=TD4QWPT(m,k,0)*Q; 
% Retrieve the transformed image by 1-level 2D-D4QWPT 
QD1I=QG2(QD1, G, row, col); 
subplot(1,3,2),imshow(uint8(QD1I)); 
% Apply 2-level 2D-D4QWPT on the image 
QD2=TD4QWPT(m,k,1)*Q; 
% Retrieve the transformed image by 2-level 2D-D4QWPT 
QD2I=QG2(QD2, G, row, col); 
subplot(1,3,3),imshow(uint8(QD2I)); 
end

Code B.74 The code for the comparisons of 2D-D4QWPT, its inverse, and 
classical 2D D4 wavelet packet transform

function []=testComparison2DD4Packet()
clear all 
clc 
% Ag is a 256*256 image 
Ag = double(imread(‘Cameraman.bmp’)); 
[row,col]=size(Ag); 
m=log2(row); 
k=log2(col); 
% Call the function GQ2 to create a NASS state 
[G,Q]=GQ2(Ag); 
h=min(m,k)-1; 
% Set periodization extension mode 
dwtmode(‘per’); 
% 0-6 levels 
for j=1:h
    % Apply 2D-D4QWPT on the quantum image Q 
    QD=TD4QWPT(m,k,j-1)*Q; 
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    % Retrieve the transformed image 
    QDI=QG2(QD, G, row, col); 
    % Apply classical 2D D4 wavelet packet transform on the 
classical image Ag 
    wpt = wpdec2(Ag,j,’db2’); 
    C2=[]; 
    for i=0: 4^j-1
        cfs=wpcoef(wpt,[j,i]); 
        C2=[C2 cfs]; 
    end 
    % Call the function Com() to create a matrix by using 
coefficients of 
    % j-level wavelet packet transform 
    mdwt2=Com(C2,j); 
    %The comparison of 2D-D4QWPT and classical 2D Haar wavelet 
packet transform 
    err1(j,1) = norm(QDI-mdwt2); 
    % Apply the inverse of 2D-D4QWPT on the quantum image QD 
    QD2=ITD4QWPT(m,k,j-1)*QD; 
    % Retrieve the transformed image by the inverse of 
2D-D4QWPT 
    QD2I=QG2(QD2, G, row, col); 
    %The comparisons of QD2I and Ag 
    err2(j,1) = norm(QD2I-Ag); 
end 
end

Code B.75 The code for 3D-HQWPT in Figure 7.9 and Figure 7.10

% i>=0 and i<min(m,k,h) 
function R=ThDHQWPT(m,k,h,i)
R=kron(kron(ODHQWPT(m,i),ODHQWPT(k,i)),ODHQWPT(h,i)); 
end

Code B.76 The code for the inverse of 3D-HQWPT in Figure 7.9 and Figure 
7.10

% i>=0 and i<min(m,k,h) 
function R=IThDHQWPT(m,k,h,i)
R=kron(kron(IODHQWPT(m,i),IODHQWPT(k,i)),IODHQWPT(h,i)); 
end

Code B.77 The code for the first 2 levels of 3D-HQWPT for a 64*32*8 video

function []=testFirst2Level3DHaarPacket()
clear all 
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clc 
% Vg is a 64*32*8 video 
for j=1:8
    A=imread([strcat(‘v’,num2str(j)),’.BMP’]); 
    Vg(:,:,j)=double(A); 
    subplot(3,8,j); 
    imshow(A,[]); 
end 
[row, col,st]=size(Vg); 
m=log2(row); 
k=log2(col); 
h=log2(st); 
% Call the fuction GQ3 to create a NASS state 
[G,Q]=GQ3(Vg); 
% Apply 1-level 3D-HQWPT on the video 
QH1=ThDHQWPT(m,k,h,0)*Q; 
% Retrieve the transformed image by 1-level 3D-HQWPT 
QH1I=QG3(QH1, G, row, col, st); 
for j=1:8
    A=QH1I(:,:,j); 
    subplot(3,8,8+j); 
    imshow(A,[]); 
end 
% Apply 2-level 3D-HQWPT on the video 
QH2=ThDHQWPT(m,k,h,1)*Q; 
% Retrieve the transformed image by 2-level 3D-HQWPT 
QH2I=QG3(QH2, G, row, col, st); 
for j=1:8
    A=QH2I(:,:,j); 
    subplot(3,8,16+j); 
    imshow(A,[]); 
end 
end

Code B.78 The code for classical 3D j-level wavelet packet transform in (7.24)

% X is a video; 
% wname is a wavelet name; 
function B=WPT3(X,j,wname)
[row, col,st]=size(X); 
% Applying 2D j-level wavelet packet transform on image frames 
of the video X 
for k=1:st
    wpt =  wpdec2(X(:,:,k),j,wname); 
    C2=[]; 
    for i=0: 4^j-1
        cfs=wpcoef(wpt,[j,i]); 
        C2=[C2 cfs]; 
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    end 
    % Call the function Com() to create a matrix by using 
coefficients of 
    % j-level wavelet packet transform 
    mwpt2(:,:,k)=Com(C2,j); 
end 
% Applying the third dimensional wavelet packet transform on 
the video mwpt2 
for i1=1:row
    for i2=1:col
        V1=[]; 
        for i3=1:st
            tt=mwpt2(:,:,i3); 
            V1=[V1;tt(i1,i2)]; 
        end 
        wt = wpdec(V1,j,wname); 
        C2=[]; 
        for i=0: 2^j-1
            cfs=wpcoef(wt,[j,i]); 
            C2=[C2; cfs]; 
        end 
        B(i1,i2,:)=C2; 
    end 
end 
end

Code B.79 The code for the comparisons of 3D-HQWPT, its inverse, and 
classical 3D Haar wavelet packet transform

function []=testComparison3DHaarPacket()
clear all 
clc 
% Vg is a 64*32*8  video 
for j=1:8
    A=imread([strcat(‘v’,num2str(j)),’.BMP’]); 
    Vg(:,:,j)=double(A); 
end 
[row, col,st]=size(Vg); 
m=log2(row); 
k=log2(col); 
h=log2(st); 
% Call the function GQ3 to create a NASS state 
[G,Q]=GQ3(Vg); 
x=min(min(m,k),h); 
% 0-2 levels 
for j=1:x
    % Apply 3D-HQWPT on the quantum image Q 
    QH=ThDHQWPT(m,k,h,j-1)*Q; 
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    % Retrieve the transformed image 
    QHI=QG3(QH, G, row, col,st); 
    % Apply classical 3D Haar wavelet packet transform on the 
video Vg 
    B= WPT3(Vg,j,’db1’); 
    %The comparison of 3D-HQWPT and classical 3D Haar wavelet 
packet transform 
    sum=0; 
    for i3=1:st
        sum=sum+(norm(QHI(:,:,i3)-B(:,:,i3)))^2; 
    end 
    err1(j,1)=sqrt(sum); 
    % Apply the inverse of 3D-HQWPT on the quantum image QH 
    QH2=IThDHQWPT(m,k,h,j-1)*QH; 
    % Retrieve the transformed image by the inverse of 3D-HQWPT 
    QH2I=QG3(QH2, G, row, col, st); 
    %The comparisons of QH2I and Vg 
    sum=0; 
    for i3=1:st
        sum=sum+(norm(QH2I(:,:,i3)-Vg(:,:,i3)))^2; 
    end 
    err2(j,1)=sqrt(sum); 
end 
end

Code B.80 The code for the first 2 levels of 3D-D4QWPT with a 64*32*8 
video

function []=testFirst2Level3DD4Packet()
clear all 
clc 
% Vg is a 64*32*8 video 
for j=1:8
    A=imread([strcat(‘v’,num2str(j)),’.BMP’]); 
    Vg(:,:,j)=double(A); 
    subplot(3,8,j); 
    imshow(A,[]); 
end 
[row, col,st]=size(Vg); 
m=log2(row); 
k=log2(col); 
h=log2(st); 
% Call the fuction GQ3 to create a NASS state 
[G,Q]=GQ3(Vg); 
% Apply 1-level 3D-D4QWPT on the video 
QD1=ThD4QWPT(m,k,h,0)*Q; 
% Retrieve the transformed image by 1-level 3D-D4QWPT 
QD1I=QG3(QD1, G, row, col,st); 
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for j=1:8
    A=QD1I(:,:,j); 
    subplot(3,8,8+j); 
    imshow(A,[]); 
end 
% Apply 2-level 3D-D4QWPT on the video 
QD2=ThD4QWPT(m,k,h,1)*Q; 
% Retrieve the transformed image by 2-level 3D-D4QWPT 
QD2I=QG3(QD2, G, row, col,st); 
for j=1:8
    A=QD2I(:,:,j); 
    subplot(3,8,16+j); 
    imshow(A,[]); 
end 
end

Code B.81 The code for the comparisons of 3D-D4QWPT, its inverse, and 
classical 3D D4 wavelet packet transform

function []=testComparison3DD4Packet()
clear all 
clc 
% Vg is a 64*32*8 video 
for j=1:8
    A=imread([strcat(‘v’,num2str(j)),’.BMP’]); 
    Vg(:,:,j)=double(A); 
end 
[row, col,st]=size(Vg); 
m=log2(row); 
k=log2(col); 
h=log2(st); 
% Set periodization extension mode 
dwtmode(‘per’); 
% Call the function GQ3 to create a NASS state 
[G,Q]=GQ3(Vg); 
x=min(min(m,k),h)-1; 
% 0-1 levels 
for j=1:x
    % Apply 3D-D4QWPT on the quantum image Q 
    QD=ThD4QWPT(m,k,h,j-1)*Q; 
    % Retrieve the transformed image 
    QDI=QG3(QD, G, row, col,st); 
    % Apply classical 3D D4 wavelet packet transform on the 
video Vg 
    B= WPT3(Vg,j,’db2’); 
    %The comparison of 3D-D4QWPT and classical 3D D4 wavelet 
packet transform 
    sum=0; 
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    for i3=1:st
        sum=sum+(norm(QDI(:,:,i3)-B(:,:,i3)))^2; 
    end 
    err1(j,1)=sqrt(sum); 
    % Apply the inverse of 3D-D4QWPT on the quantum image QD 
    QD2=IThD4QWPT(m,k,h,j-1)*QD; 
    % Retrieve the transformed image by the inverse of 
3D-D4QWPT 
    QD2I=QG3(QD2, G, row, col, st); 
    %The comparisons of QD2I and Vg 
    sum=0; 
    for i3=1:st
        sum=sum+(norm(QD2I(:,:,i3)-Vg(:,:,i3)))^2; 
    end 
    err2(j,1)=sqrt(sum); 
end 
end

Code B.82 The code for quantum image compression based on h-level 
2D-QWPTs

% A is a row*col grayscale images; 
% Type is equal to 0  or 1, which denotes Haar wavelet or D4 
wavelet 
function [QHCI,Qr,psnr1]=QICQWPT(A,h,Type)
[row,col]=size(A); 
m=log2(row); 
k=log2(col); 
% Call the function GQ2 to create four NASS states 
[G,Q]=GQ2(A); 
if Type==0
    % Apply h-level 2D-HQWPT on the image 
    QH=TDHQWPT(m,k,h-1)*Q; 
else 
    % Apply h-level 2D-D4QWPT on the image 
    QH=TD4QWPT(m,k,h-1)*Q; 
end 
% Get the threshold value 
a=1.2*mean(abs(QH(:))); 
% Retrieve the compressed vectors from QH 
QH(abs(QH)<a)=0; 
% Calculate quantum compression ratio 
N=row*col; 
B=(QH~=0); 
Qr=N/sum(B); 
% Retrieve the compressed images 
if Type==0
    QHC=ITDHQWPT(m,k,h-1)*QH; % Apply the inverse of h-level 
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2D_HQWPT on QH 
else 
    QHC=ITD4QWPT(m,k,h-1)*QH; % Apply the inverse of h-level 
2D_HQWPT on QH 
end 
QHCI=QG2(QHC, G, row, col); 
% Call the function psnr() to calculate PSNR 
psnr1=psnr(A,QHCI,max(max(A))); 
end

Code B.83 The code for the examples of quantum image compression based 
on 3-level 2D-QWPTs

function []=testQICQWPT()
clear all; clc 
% A stores four 256*256 grayscale images 
A(:,:,1)= double(imread(‘Cameraman.bmp’)); 
A(:,:,2)= double(imread(‘glena.bmp’)); 
A(:,:,3)= double(imread(‘gbaboon.bmp’)); 
A(:,:,4)= double(imread(‘gairplane.bmp’)); 
for j=1:4
    subplot(3,4,j); 
    imshow(uint8(A(:,:,j)),[]); 
end 
% Call the function QICQWPT to realize quantum image 
compression  for 3-level 2D-HQWPT 
Qrh=zeros(4,1); 
Psnrh=zeros(4,1); 
for j=1:4
    [QHCI,Qr,psnr1]=QICQWPT(A(:,:,j),3,0); 
    Qrh(j,1)=Qr; % Get quantum compression ratio 
    Psnrh(j,1)=psnr1; % Get peak signal-to-noise ratio 
    subplot(3,4,4+j); 
    imshow(uint8(QHCI),[]); 
end 
Qrhm=mean(Qrh); % Get the mean value of QRCs for 3-level 
2D-HQWPT 
Psnrhm=mean(Psnrh); % Get the mean value of PNSRs for 3-level 
2D-HQWPT 
% Call the function QICQWPT to realize quantum image 
compression  for 2D-D4QWPT 
dwtmode(‘per’); % Set periodization extension mode
Qrd=zeros(4,1); 
Psnrd=zeros(4,1); 
for j=1:4
    [QHCI,Qr,psnr1]=QICQWPT(A(:,:,j),3,1); 
    Qrd(j,1)=Qr; 
    Psnrd(j,1)=psnr1; 
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    subplot(3,4,8+j); 
    imshow(uint8(QHCI),[]); 
end 
Qrdm=mean(Qrd); % Get the mean value of QRCs for 3-level 
2D-D4QWPT 
Psnrdm=mean(Psnrd); % Get the mean value of PNSRs for 3-level 
2D-D4QWPT 
end

The Codes for Quantum Image Segmentation in Chapter 8

Code B.84 The code for quantum Hadamard edge detection algorithm

% Ag is a 2^n*2^n binary image 
function OutputI=QHED(Ag)
[row,col]=size(Ag); 
 n=log2(row)+log2(col); 
H=sqrt(2)*0.5*[1 1; 1 -1]; 
I=[1 0;0 1]; 
% Encode the image Ag into a quantum state Q; 
fg=double(Ag); 
dg=abs(fg).*abs(fg); 
G=sqrt(sum(dg(:))); 
g = fg/G; % Normalize the image
Q=d2tod1(g); %Convert the image to a column vector
% Create the input of the algorithm QHED 
Qin=kron(Q,[1;0]); 
% Apply the circuit in Figure 8.3 on the input Qin 
R=kron(tenProduct(I,n),H)*Qin; 
R=Q2N(n+1)*R; 
R=kron(tenProduct(I,n),H)*R; 
% Denormalize the vector R 
DR=R*G; 
% Read the values of the even positions of the vector DR 
Qout=DR(2:2:end); 
% Obtain the output image  
OutputI=d1tod2(2*Qout, row, col); 
end

Code B.85 The code for the example of quantum Hadamard edge detection 
algorithm

function []=testQHED()
clear all 
clc 
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% Ag is a 128*128 binary image  
Ag = imread(‘Cat.bmp’); 
subplot(1,2,1); 
imshow(Ag); %The original image
% Call QHED function to perform quantum Hadamard edge detection 
algorithm  
OutputI=QHED(Ag); 
% Display the edge of the image Ag 
OutputI2=abs(OutputI); 
OutputB=im2bw(OutputI2); % Converts the image OutputI2 to a 
binary image 
subplot(1,2,2); 
imshow(OutputB);  
end

Code B.86 The implementation of generalized Grover search algorithm in 
Figure 8.10

% A is the set of marked states
function Gph=GGrover(n,A)
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
X1=-X; 
H=sqrt(2)*0.5*[1 1; 1 -1]; 
[m1,m2]=size(A); 
% The implementation of the operator U in Figure 8.8 (a) 
U=kron(tenProduct(H,n),I); 
for j=m1:-1:1
    U=Cup(n,A(j),X)*U; 
end 
% The implementation of the inverse of the operator U  
IU=U’; 
% The implementation of R0 in Figure 8.9 (a)  
R0=kron(tenProduct(I,n-1),X1*H)*Cup(n-
1,0,X)*kron(tenProduct(I,n-1),H*X); 
% The implementation of R1 in Figure 8.9 (b)  
R1=kron(tenProduct(I,n),H*X*H); 
% The implementation of generalized Grover search algorithm in 
Figure 8.10 
Gph=U*kron(R0,I)*IU*R1; 
end

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



330

Appendix 2

Code B.87 The code for the first example of quantum image segmentation 
based on generalized Grover search algorithm

function []=testQISGGSA1()
clear all 
clc 
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
State0=[1;0]; 
% S is a 135*1 vector which stores the positions of the image 
edge 
S= [964;965;966;967;968;1028;1033;1034;1092;1099;1156;1164;1221
;1229;1286; 
    1294;1350;1359;1414;1424;1478;1489;1543;1554;1607;1619;1620
;1640;1641; 
    1642;1643;1644;1645;1646;1647;1648;1649;1671;1685;1686;1687
;1688;1691; 
    1692;1693;1695;1696;1697;1698;1699;1700;1701;1702;1703;1714
;1715;1735; 
    1753;1754;1758;1780;1781;1798;1846;1847;1848;1849;1860;1861
;1914;1915; 
    1916;1924;1981;1982;1983;1984;1988;2031;2032;2033;2034;2035
;2036;2037; 
    2038;2039;2040;2041;2042;2043;2044;2053;2054;2055;2094;2120
;2158;2185; 
    2186;2187;2188;2189;2190;2191;2199;2215;2216;2217;2218;2219
;2220;2221; 
    2256;2257;2262;2264;2265;2267;2268;2269;2270;2271;2272;2273
;2274;2275; 
    2276;2277;2278;2322;2323;2324;2325;2330]; 
[m1,m2]=size(S); 
% Ag is a 64*64 grayscale  image 
Ag = double(imread(‘airplane64.bmp’)); 
subplot(1,2,1); 
imshow(uint8(Ag)); 
[row, col]=size(Ag); 
m=log2(row); 
k=log2(col); 
n=m+k; 
% Call the function GQ2 to create a NASS state 
[G,Q]=GQ2(Ag); 
% Create a NAQSS state 
Q1=kron(Q,State0); 
for j=1:m1
    Q1=Cup(n,S(j),X)*Q1; 
end 
% Calculate N, r, the averages of the amplitudes, and the 
variances of the amplitudes 

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



331

Appendix 2

N=row*col; 
r=m1; 
A1=Q1(1:2:end); 
A2=Q1(2:2:end); 
La0=sum(A1)/(N-r);% The average of the amplitudes of unmarked 
states 
Ka0=sum(A2)/r;% The average of the amplitudes of marked states
% The variance of the amplitudes of unmarked states 
Dtal0=sum(abs(A1-La0).*abs(A1-La0))/(N-r);  
% Calculate the optimal iterations of Grover in (8.46) 
ph=atan(Ka0*sqrt(r/(N-r))/La0); 
w=acos(1-2*r/N); 
t=round((pi()/2-ph)/w); 
% Apply the t iterations of generalized Grover search algorithm 
on  the NAQSS state Q1 
Gr=GGrover(n,S); 
for j=1:t
    Q1=Gr*Q1; 
end 
% Calculate the average of the amplitudes of marked states of 
Q1 
A3=Q1(2:2:end); 
Kat=sum(A3)/r; 
% Calculate the probability of success 
Pt= sum(abs(A3).*abs(A3)); 
% Retrieve the target sub-image 
A3(A3~=0) = A3(A3~=0)-Kat+Ka0; 
QI=QG2(A3, G, row, col); 
subplot(1,2,2); 
imshow(uint8(QI)); 
end

Code B.88 The implementation of the generalized Grover search algorithm 
in (8.56)

function Gph=GGrover2(n,A) % A is the binary image of a target 
sub-image 
I=[1 0;0 1]; 
X=[0 1; 1 0]; 
t0=[1;0]; % The state |0> 
t1=[0;1]; % The state |1> 
H=sqrt(2)*0.5*[1 1; 1 -1]; 
[m1,m2]=size(A); 
N=2^n; 
B1=double(A); 
B2=double(~A); 
V1=d2tod1(B1); % Convert the image B1 to a column vector
V2=d2tod1(B2); % Convert the image B2 to a column vector
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Ph1=(kron(V2,t0)+kron(V1,t1))/sqrt(N); % Calculate the state in 
(8.29) 
Ph2=(kron(V2,t1)+kron(V1,t0))/sqrt(N); % Calculate the state in 
(8.54) 
R1=kron(tenProduct(I,n),H*X*H); % Calculate R1 in Figure 8.9 
(b) 
% The implementation of generalized Grover search algorithm in 
(8.56) 
Gph=(2*Ph1*Ph1’+2*Ph2*Ph2’-tenProduct(I,n+1))*R1; 
end

Code B.89 The code for the second example of quantum image segmentation 
based on the generalized Grover search algorithm

function []=testQISGGSA2()
clear all 
clc 
% Ag is a 128*128 color image 
Ag = imread(‘airplane128.bmp’); 
subplot(1,3,1); 
imshow(Ag); 
Ag=double(Ag); 
[row,col,tem]=size(Ag); 
m=log2(row); 
k=log2(col); 
n=m+k; 
% Tar is the 128*128 binary image of a target sub-image 
Tar=imread(‘airplaneBin.bmp’); 
subplot(1,3,2); 
imshow(Tar); 
% Call the function CQ2 to create a NASS state Q 
[G,Q]=CQ2(Ag); 
% Create a NAQSS state Phx 
t0=[1;0]; % The state |0> 
t1=[0;1]; % The state |1> 
B1=double(Tar); 
B2=double(~Tar); 
V1=d2tod1(B1); % Convert the image B1 to a column vector 
V2=d2tod1(B2); % Convert the image B2 to a column vector 
Q1=Q.*V1; 
Q2=Q.*V2; 
Phx=kron(Q2,t0)+kron(Q1,t1); 
% Calculate N, r, the averages of the amplitudes, and the 
variances of the amplitudes 
N=row*col; 
r=nnz(Tar); % Number of nonzero elements 
A1=Phx(1:2:end); 
A2=Phx(2:2:end); 

 EBSCOhost - printed on 2/9/2023 11:25 AM via . All use subject to https://www.ebsco.com/terms-of-use



333

Appendix 2

La0=sum(A1)/(N-r);% The average of the amplitudes of unmarked 
states 
Ka0=sum(A2)/r;% The average of the amplitudes of marked states 
 % The variance of the amplitudes of unmarked states 
Dtal0=sum(abs(A1-La0).*abs(A1-La0))/(N-r); 
% Calculate the optimal iterations of Grover in (8.46) 
ph=atan(Ka0*sqrt(r/(N-r))/La0); 
w=acos(1-2*r/N); 
t=round((pi()/2-ph)/w); 
% Apply the t iterations of generalized Grover search algorithm 
on the NAQSS state Phx 
Gr=GGrover2(n,Tar); 
for j=1:t
    Phx=Gr*Phx; 
end 
% Calculate the average of the amplitudes of marked states of 
Phx 
A3=Phx(2:2:end); 
Kat=sum(A3)/r; 
% Calculate the probability of success 
Pt= sum(abs(A3).*abs(A3)); 
% Retrieve the target sub-image 
A3(A3~=0) = A3(A3~=0)-Kat+Ka0; 
QI=QC2(A3, G, row, col); 
subplot(1,3,3); 
imshow(uint8(QI),[]); 
end
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