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John Sheekey and David Thomson
A note on depth-b normal elements

Abstract: In this paper, we study elements € Fg: having normal a-depth b; that is,
elements for which 8,8 -a,..., - (b - 1)a are simultaneously normal elements of FFx
over IF,. In [1], the authors present the definition of normal 1-depth but mistakenly
present results for normal a-depth for some fixed normal element a € F . We explain
this discrepancy and generalize the given definition of normal (1-)depth from [1] as
well as answer some open questions presented in [1].

Keywords: Finite fields, normal bases, primary decomposition

MSC 2010: 11T30, 11T71, 12Y05

1 Introduction and notation

Throughout this document, we use the following standard notation. Let p be a prime
and let g be a power of p, the finite field of g elements is denoted IF;, and the fi-
nite degree n extension of F, is denoted Fgn. The (relative) trace function is denoted
Tr]Fqn:]Fq: Fgn — TF,. We remark that the trace function is onto, and for any k # 0
(mod p), the element ka is also normal. For any positive integer n, denote by e = v, (n),
the p-ary valuation of n; that is, the largest integer e such that p® divides n but p®*! does
not divide n. We also denote by 7 = p®; specifically, T = 1 (e = 0) if gcd(p, n) = 1.

In Section 2, we derive conditions for elements to be normal that we will use later
in the paper. In Section 3, we correct and generalize the notion of normal elements of
depth b from [1]. Also motivated by [1], in Section 4 we observe that depth is not nec-
essarily invariant under conjugation, and further analyze the depth of the conjugates
of normal elements.

2 Finite fields as Frobenius modules

In this section, we follow [2, 3] and introduce finite fields as Frobenius modules. Let
oq:IF_q - IF_q denote the Frobenius g-automorphism. Clearly, o, fixes IF, and for any
n>0anda e ]F_q, og(a) =aifandonlya € IF ;. Moreover, the Galois group of I over
IF, is cyclic of order n and generated by g;,.

John Sheekey, University College Dublin, Belfield, Dublin 4, Ireland, e-mail: john.sheeekey@ucd.ie
David Thomson, Tutte Institute for Mathematics and Carleton University, 1125 Colonel By Dr., Ottawa,
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2 =—— . Sheekeyand D. Thomson

Let a € F, and let BB consist of the Galois orbit of a; that is, B = {a, al, ..., aqH}.
If B is a linearly independent set, then a is a normal element of F: and B is a normal
basis of IF j» over IF,. We also call a a cyclic vector for T as a vector space over F,.
For f(x) = Yi" a;x', denote the action of f on F, by

m .
foa=flo)(@) =) aal.
i=0
Clearly, (f +g)ca =foa+geoaforanyf,g € Fylx], and (x" - 1) o a = 0 if and only if

a € Fyn. Moreover, (fg) ca = f o (g o a), so thatif f ca = O for any a € Ty, then f divides
X" -1

q»

Definition 1.

1. Forany a € Fy, define the annihilator of a as the polynomial ann, € F,[x] of
smallest degree such that ann, - a = 0.

2. Foranyf € F[x], define ker(f) = {a € Fy:ann, = f}, the set of elements of Fx
annihilated by f under o.

Observe that ann, annihilates any linear combination of Galois conjugates of a.
We have ker(x" - 1) = Fgn and ann,(x) divides x" — 1 for any a. Moreover, a is a normal
element of Fy» over I if and only if ann,(x) = X" — 1 by linear independence of the
conjugates of a. We summarize these observations in Proposition 1.

Proposition 1. For any prime power g, the number of normal elements of Fn over F is
given by @, (x" — 1), where @, is Euler’s totient function over F; that is, ®g(x" - 1) is
the number of polynomials in TF;[x] of degree less than n that are relatively prime with
Xt -1

Existence of normal elements can be gleaned directly from Proposition 1, since
®@,(x" - 1) is nonzero for all n > 1.

We now introduce a map central to the remainder of this work. Suppose a € F»
is normal and define the map ¢,: F;[x] — Fyn by ¢(f) = f o a. Then ker(¢p,) = (x"-1),

since a is normal; similarly ¢, is onto since the set B, = {a,a9,..., aqH} is a basis.
Hence Fjn = F[x]/ (x™ — 1) as Frobenius modules. We will abuse notation and refer to
this isomorphism also as ¢,.

Let g(x) = Y1y gx' € Fylx], and B = ¢, (g) = Y ga? . Then p? = Y1 g; 1.
Thus ¢,'(8%) = x¢,'(B) mod (x" - 1). Thus the Frobenius action on Fy[x]/(x" - 1) is
induced by 0,(g) = xg(x), with o, = ¢,x0q¢z;1.

We exploit the decomposition of Fylx]/ (x™ - 1) as a Frobenius module. We follow
the treatment in [4]. Let e = vp(n) be the valuation of n at p and let x" — 1 = fl e fre’
be the primary factorization of x" - 1; then e; = p® = T foralli = 1,...,r. In particular,
7 =1if ged(p, n) = 1. Denote by V; = F,[x]/(f]), then

~

F,[x]/(x" -1) = . V. 1)
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Explicitly, we write the image of g in P}_, V; as (g mod ff,...,g modf’). We abuse
notation slightly and write V; = ¢, (V;).

r

EBV F, = F [x]/(xX"-1) =PV, 2.2

i=1

Equation (2.2) is the primary decomposition of F,: as a Frobenius module. More-

over, we observe that each V; is stable under oy

Proposition 2 Let a be a normal element of Fyn, and suppose B = ¢,(g(x)). Then
anng = m, and B is normal if and only if gcd(x™ - 1,g(x)) = 1. Furthermore,
v; = ker(fy).

Proof. Letf(x) = Zl 0 4; x'. Then foB =0ifand onlyif f (x)g(x) e (x"—1). The smallest
degree polynomial satisfying f (x)g(x) € (x"-1) is clearly M’ as claimed. Since
Bis normalif and only if ann p(x) = x" -1, Bis normal if and only if gcd(x" -1, g(x)) = 1.

Now 8 € ¢,(V;) if and only if ij divides g(x) for all j # i, which occurs if and only
if ;(x)"g(x) € (x" - 1), ifand only if f7 - B = 0, if and only if B € ker(f;"). O

We summarize the characterizations of normal elements here.

Proposition 3. Let a be a normal element of I jn, and suppose B = ¢,(g(x)). Let xX"-1=
f{---f}, with the f; being distinct irreducible polynomials in F,[x]. Let g; = g mod f{,
and B =Y, B; for B; € V;. Then the following are equivalent:

1. Bisnormal;

ged(x" - 1,g(0) = 1;

gcd(f;, g;) = 1for each i;

anng = f for each i;

B; € ker(f")\ ker(f™ ) for each i.

oA W

Proof. (1. & 2.) This is Proposition 2.

(2. & 3)Letg; = gmod f], then g = hf] + g; for some h € F,[x]. Then (the
irreducible) f; divides g; for some 1 < i < r if and only if f; divides g, contradicting
ged(x" - 1,g(x)) = 1.

(3. & 4.) Letg; = g mod f{ with f; = ¢,(g;) € V;. Clearly, B; € V; if and only if
B; € ker(f7), so anng =fik for1 < k < 7. Now, fik o B; = 0 if and only iffikgi oca=0ifand
only iffl-kg,- € (x" - 1). Now gcd(f;, g;) = 1if and only if k = 7 for all i.

(4. & 5.) By the minimality of ann, , we have anng = f; if and only if 8; € ker(f;")
and B; ¢ ker(f™ ). O

If gcd(p, n) = 1, then 7 = 1, and thus we get the following.

Corollary 1. Letgcd(p,n) =1andletf = B+ B, +- -+, with 3; € V;; then 8 is a normal
element if and only if [[}_, B; # O.
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3 Depth-b normal elements

Definition 2. Let b € N with b < p. If B € Fpn is such that 8,8 - a,...,f - (b - Da
are normal elements of Fgn over I, for some a € Fgn; then we say that 8 has normal
a-depth b.

In [1], the authors introduced normal depth, where the definition was for 6 = 1.
However, the results in [1] are in fact referring to normal a-depth, for some fixed nor-
mal element a. We will explain the discrepancy below, and consider the more general
problem.

We remark that Definition 2 can be extended for b > p when g is a power of p by
imposing an ordering on the elements of F, (or even further still, on IFqn). Since [1] and
Section 4 are mostly concerned with depth 2, we will not treat these sorts of extensions
in this work.

We recap (and generalize) the main question from [1].

Question 1. To what extent do the conjugates of an element § having normal a-depth
b also have normal a-depth b?

In particular in [1], they focus on normal depth 2 and search for lonely elements:
that is, normal elements of depth 2 having a conjugate that fails to have normal
depth 2.

Lemma 1. Without loss of generality, fix anormal element a of I« satisfying Tr]Fqn:]Pq ()=
n/t, since if @ is any normal element with TrIFq":]Fq(a’) =k # 0, the element a = &' - is
normal (since T/n # 0 (mod p)). Then:

L ¢7a) = x and ¢} (1) = (t/m) %L

2. theimageof ain @}, V;is (1,1,...,1), and the image of 1is (x - 1)"%,0,...,0).

Proof. _ _
1. Forf(x) = Y ax', we have ¢ (f) = foa = Zlf’:’ofiqux. Hence, X' o a = a9 or

¢;'(a?) = x'. Similarly,

n

1
xl) ot = n/T,

i=0

Trlpqn:]Fq(a) = (

so by linearity, q,');l(l) =(1/n) Z?:_()l X = (T/n)’%.
2. Sincea = ¢ (1), we have g; = gmod f{ = 1foralll < i < r. Similarly, 1 =
(t/ n)d)a(’;—_‘ll), and with 7 = p"»™ and by linearity of Frobenius,

P = i s i T
1 Zx E(H/T)ZX mod (x" - 1)
i=0 i=0
_ X‘r -1 _ _ -1
=07 =0/Dx-1)". O
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Proposition 4. Leta € Fgn be normal. An element 8 = ¢,(g(x)) has normal a-depth b if
and only if ged(x" —1,g(x) —¢) = 1forallc € {0,...,b —1}.

Proof. The proof is immediate from the linearity of ¢ and from Proposition 3, Re-
mark 2. 0

In [1], the number #{g : gcd(x" - 1,g(x) —¢c) =1V c € {0,..., b — 1}} was defined as
(Db(Xn - l).

Theorem 1. Let a € F, be normal with Tf]Fqn:n:q (@) = 1/n, lete = v,(n), and let B =

¢q(8(x)) also be normal. Then:

1. ife > 0, then B has normal 1-depth p; moreover, B — ¢ is normal for all ¢ € F;

2. ife =0, then B has normal 1-depth b if and only ifg(1) > b (under a suitable implicit
ordering of the elements of F,). In particular, B - c is normal if and only ifg(1) # c.

Proof. Letg; = g mod f{. Then the image of f—cin @}, V;is (g, -c(x-1)", g5,...,8))-
Ife > 0 and B is normal, then gcd(g;, (x-1)") = 1. If 8- c is not normal, then (x - 1)
divides g, — c(x—1)"", implying (x 1) divides g,, a contradiction. Thus 8 — ¢ is normal
forall c € .
If e = 0, then g; = g(1), and the image of g is (g(1) — ¢, 8>, ..., 8,). By Corollary 1,
B is normal if and only if g; # O for each i. Hence, 8 — c is not normal if and only if
g =c. O

In [1], the authors mistakenly state that the number of elements having normal
1-depth b is equal to @, (x" - 1). This assumably arose by the erroneous assumption
that ¢, (1) = 1. Instead, since ¢,(1) = a, ®,(x" - 1) refers to the number of elements
having normal a-depth b, and so for the remainder of this paper we focus on this case
as well.

4 Conjugates: lonely and sociable elements

Throughout this section, we use the notation from Section 3; in particular, x" — 1 =
(fi-+-f,)" where n = Tm with gcd(m,7) = 1, and f; is irreducible for 1 < i < r. Suppose
B = ¢4(g(x)) has normal a-depth b. We consider the normal a-depth of its conjugates.
Recall that ﬁql = ¢a(xig(x)). Thus we need to consider the common divisors of xig(x)—c
with x" — 1, or equivalently g(x) — cx with x" — 1.

Definition 3. Anelement 8 € I is (a, b)-lonely if f has normal a-depth b, but ﬁqi does

not have normal a-depth b for some i. If ,B"i has normal a-depth b for all i, we say that
Bis (a, b)-sociable.

Similar to Proposition 3, we have a number of equivalent characterizations of so-
ciable elements.
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Theorem 2. Let x" -1 = f{f; ---f; with f; irreducible,1 < i < r. Let B € F with g(x) =
(],’);l(ﬁ) and let g; = g mod f{'. Then the following are equivalent:

1. Bis (a, b)-sociable;

2. ged(x" -1,g(x) —cxj) =1forallje{0,....,n-1},c€{0,...,b—-1};

3. gcd(f; g —cxX) =1foralli e {1,...,r},je{0,....,n-1},c € {0,...,b—-1};

4, g0) ¢ {cd :ce {0,....,b-1},j€{0,...,n—1}} and 8 a root of x* - 1.

Proof. The equivalence of items 1, 2, 3 come directly from applying Proposition 3 to
Definition 3. Here, we prove only 3 < 4.

Suppose gcd(f;, g; — cx)) # 1forsome 1 <i<r, 0 <j < n-1, which occurs if and
only if f;(6;) = g;(6;) — cef: = 0 for some 6; € Fassp; that is, g;(6;) = c9§ The fourth
equivalence follows, since g; = g mod f;', so g(6;) = g;(6;). O

The number of § that are (a, b)-sociable is the number of g satisfying the condi-
tions on their roots given in the fourth equivalence of Theorem 2.

Lemma2. Let x" -1 = f---ff and let 6; be a root of f;, 1 < i < r. Then there are
exactly qdeg(f*') possible values for g(6;) for g € F[x]. Furthermore, let 6;; = 9?] forj =
0,1,...,deg(f;) be the roots of f; in F(6;), and fix y; € F4(6;), 1 < i < r. Then there exist

n(t-
T

precisely q . polynomials g of degree at most n with g(6;) = y?j foralll <ic<r,
0<j<deg(f) -1

Proof. Clearly, g(6;) € IFq(Bi) = ]queg(f,.), and so there are at most qdeg(ff) possible values

for g(6;). As g has coefficients in IF;, we have that g(@fl) = g(Gi)q} for any j.

With n = n,7, two polynomials g and h in FF;[x] agree on all n,-th roots of unity if
and only if f,f, - - - f, divides g — h. As deg(fyf> - - -f,) = ny, there are g" ™ = g™ such
polynomials h of degree at most n. O

For B that are (a, b)-sociable, Theorem 2 provides a number of forbidden values
for g(6;). The precise number of forbidden values that ensure that f8 is (a, b)-sociable
is complicated in general, but we can solve it completely in some cases left open
in [1].

Proposition 5. The number of elements in F that are (a, b)-sociable is at most

n(r-1)

r
g [[(g*" -nb-1)-1)
=1

1

Proof. By Lemma 2, there are at most q%8%) choices for g(0;)foreachi=1,...,r.Bythe
final assertion of Theorem 2, an upper bound on the number of forbidden choices of
g(6;) occurs when all of COf are distinct forallc € {1,...,b-1}andj € {0,...,n-1}. This
gives n(b — 1) forbidden values for g(6;), and the further restriction g(6;) + O together
with Lemma 2 completes the proof. O
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Proposition 6. Suppose (n,q — 1) = 1. Then the number of elements that are (a, b)-so-
ciable is

a7 (g% - (b - Dord(8y - 1),
=1

1

where 0;is aroot of fi,1<i<r.

Proof. Since (n,q — 1) = 1, x" — 1 has only one root in F,, namely 1. Thus as each
9{: is an nth root of 1 (in some extension field), we have that 01 ¢ T, for all i and all
1 < j < ord(6;). Therefore, #{ch :cefl,....,b-1}j € {0,....,n-1}} = (b - Dord(6,).
As g(6;) + 0O, there are qdeg(ff) — (b - 1)ord(6;) — 1 choices for g(6;) for each i for which

n(r-1)

¢4(8) is (a, b)-sociable. The factor g = follows from Lemma 2. O

Corollary 2. Suppose n = g°. Then the number of elements that are (a, b)-sociable is

S_ 51
q’* (q-b).

For a specific example of Corollary 2, taking g = n, b = 2, we get that there are
qq’l(q - 2) elements which are (a, 2)-sociable in Fga.

Corollary 3. Suppose nis prime,n ¢ {p,q -1}, and let x" =1 = (x — 1)f5 - - - f,. Then the
number of elements that are (a, b)-sociable is

(@-b)[]@*" - b -1n-1).
i=2

In [1], focus is applied to the case b = 2, the case of (@, 2)-lonely/sociable elements.
We now apply Theorem 2 to this situation.

Proposition 7. Suppose n|(q — 1). Then the number of elements that are (a, 2)-sociable
is

n n
g- 1 - 1). 1)
E( (i,n)
Proof. Asn|(q — 1), x" — 1 factorizes in to a product of distinct linear factors over I,.
Let f; = x — 6;. Then f is (a, 2)-sociable if and only if g(6;) + 09: for any j. Thus the
number of forbidden choices for g(6;) is ord(6;) + 1. Letting 6 be a primitive nth root of

unity in F,, and letting 0; = o , then ord(6;) = ﬁ and the result follows. O

Remark 1. Note that Formula (4.1) is not true in general. Issues arise when there exist
€1,¢y € {0,...,b -1} such that ¢; = c29§, in which case #{C@; :c€{0,....,b—-1},j €
{0,...,n—1}} is more difficult to calculate. The conditions of the previous two theorems
were chosen to avoid this possibility.
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The following example of Proposition 7 provides an answer to the first open ques-
tion left in [1].

Example 1. Suppose n = 3, and suppose x> — 1 factors into distinct linear factors
over F, say X’ — 1 = (x — 1)(x - A)(x — p); equivalently, if g = 1 (mod 3). Then ¢,(g)
has normal a-depth 2 if and only if {0, 1} n {g(1),g(A),g(W)} = 0. Similarly, (;ba(g)ql has
normal a-depth 2 if and only if {0,1} N {g(l),/\ig(/\),yig(y)} = @. Since a polynomial of
degree at most three is uniquely determined by its evaluation at three different ele-
ments of F,, then there are (q — 2)? elements of a-depth 2, of which (g - 2)(q - 4)? are
not lonely. Thus there are 4(q — 2)(q — 3) lonely elements.

We can also apply Proposition 7 to provide a partial answer to the second open
question in [1].

Example 2. Supposen =4,q =5, thenx*—1 = (x=1)(x-2)(x—3)(x—4), with ord(1) = 1,

ord(4) = 2 and ord(2) = ord(3) = 4. A direct application of Proposition 7 shows that
there are no (a, 2)-sociable elements.

Example 2 generalizes in an obvious way.
Proposition 8. Let g = n + 1, then there are no (a, 2)-sociable elements of I .

Proof. Let 6 be a primitive element in F,. Then x" -1 = x97' -1 = [Ther; (x = A) =

H?:_(f(x - 6'). Hence for B = ¢,(g) to be (a, 2)-sociable it would require that g(8) # O
and g(0) # 6' forany 0 < i < g - 2, which is impossible as g() € E,. O

The following was proved in [1, Proposition 4.3]. We include an alternative proof
here.

Proposition 9. Suppose ’;—‘1 is irreducible over TF,. Then the number of elements that

=)
are (a, 2)-sociable is

@-2(¢"" -n-1),
and the number of elements that are (a, 2)-lonely is

(@-2)(n-1).

{Oqi:i =0,...,n-2} = {#:i = 1,...,n - 1} is the set of distinct roots of ’;T‘ll Thus, an
element ¢,(g) is (a, 2)-sociable ifand only ifg(1) # 0,1and g(0) + Oifori=1,2,...,n-1.
Hence, there are (g — 2)(¢"! — n + 1) elements that are (a, 2)-sociable and (g - 2)(n — 1)

lonely elements in Fyn. O

Proof. Recall that ’% isirreducible over IF; if and only if g is primitive modulo n. Then

The following example examines two cases of (&, 3)-sociable elements, giving the
first directions toward the third open problem in [1].
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Example 3.

1. Considerthecaseq=7,n=3,b=3.Thenx"-1= (x-1)(x - 2)(x - 4), and 2=1
Now the set {c# : ¢ € {0,1, 2},j € {0,1,2}} is equal to {0, 1,2} for 6 = 1 and {0, 1, 2, 4}
for 6 = 2, 4. Thus the number of (a, 3)-sociable elements is (7 - 3)(7 — 4)* = 36.

2. Inthecaseq=13,n=3,b=3,wehavex” — 1= (x - 1)(x — 3)(x — 9). Now the set
{cGi :c € {0,1,2},j € {0,1,2}} is equal to {0,1,2} for & = 1and {0,1,2,3,5,6,9} for
6 = 3,9. Thus the number of (a, 3)-sociable elements is (13 — 3)(13 - 7)? = 36.

These two examples illustrates how extra care must be taken when an element of
{0,...,b - 1} is a nontrivial nth root of unity.

5 Conclusions and future directions

In this paper, we study a generalization of normal elements of depth b, as presented
in [1]. Since depth is not invariant under conjugation, we further analyze the depth of
the conjugates of normal elements.

The notion of depth readily lends itself to further generalization. One such “nat-
ural” generalization is as follows. Given some total ordering O of the elements of I,
say O = {0¢, 0y, ...,041_1}, an element B € FF;» has normal (O, a)-depth b if B - 0pa, B -
014, ..., — 0,_;a are simultaneously normal. Here, 8 has a-depth b if o; = i fori =
0,...,b - 1. Some interesting questions here occur when a is a normal element of I
over F, and Oy = (0,{,{ e 7-2) for a primitive element { € F.. Determining
conditions for which 8 has (O, a)-depth 2, or statistics on the possible values of b for
which B has (O, a)-depth b is the subject of future work.

Bibliography

[1] G. Effinger and G. L. Mullen, Two extended Euler functions with applications to latin squares and
bases of finite field extensions, Bull. Inst. Comb. Appl., 85 (2019), 92-111.

[2] H.W. Lenstra and R. Schoof, Primitive normal bases for finite fields, Math. Comput., 48 (1987),
217-231.

[3] L.Reisand D. Thomson, Existence of primitive 1-normal elements in finite fields, Finite Fields
Appl., 51(2018), 238-269.

[4] A.Steel, A new algorithm for the computation of canonical forms of matrices over fields, J. Symb.
Comput., 24 (1997), 409-432.

EBSCChost - printed on 2/10/2023 4:43 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost - printed on 2/10/2023 4:43 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

Yoshinori Hamahata
Values of Dirichlet—Goss series with periodic
coefficients

Abstract: Let IF,(T) be an algebraic closure of IF,(T). For a function f : T, [T] — F,(T),
the series L(s,f) = Zaemqm:momc f(a)a™® is called the Dirichlet-Goss series. We exam-
ine the values L(p",f) (n = 0) for a nonzero periodic function f with an irreducible
period and prove their transcendence results.
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1 Introduction

For a function f : N — C, the series L(s,f) = >, f(n)n™® is called the Dirichlet series.
In the early 1960s, Sarvadaman Chowla [6] made the following conjecture: Let f be a
nonzero rational-valued periodic function defined on the integers with prime period such
that f(p) = 0. Then L(1,f) # O if this converges.

Chowla [6] proved this in the case where f is an odd function. Subsequently, he [7]
asked if there exists a nonzero rational valued periodic function f : Z — Q with prime
period p such that L(1, f) converges and is zero without the condition f(p) = 0. In 1973,
Baker, Birch, and Wirsing [4] answered the above conjecture using Baker’s theory of
linear forms in logarithms. Their theorem is as follows.

Theorem 1.1 (Baker, Birch, and Wirsing [4]). Let m be a positive integer and f a nonzero
function defined on the integers with algebraic values and period m such that (i)
f(r) = 0if1 < gcd(r,m) < m; (ii) The mth cyclotomic polynomial ¥, is irreducible
over Q(f(1),...,f(m)). Then L(1,f) + O if this converges.

Under the same assumption of Theorem 1.1, Adhikari, Saradha, Shorey, and Tijde-
man [1] proved that L(1, f) is a transcendental number if this converges. Concerning the
values L(k,f) (k > 1), Okada [15] obtained the following theorem.

Theorem 1.2 (Okada [15]). Let k be a positive integer, and let f be a nonzero function
defined on the integers with algebraic values and period m > 2 such that (i) f is even or
odd according to k is even or odd; (ii) f(n) = 0 if gcd(n, m) > 1; (iii) The mth cyclotomic
polynomial ¥, is irreducible over Q(f(1), ...,f(m)). Then L(k,f) # O if this converges.

Yoshinori Hamahata, Department of Applied Mathematics, Okayama University of Science,
Ridai-cho 1-1, Okayama 700-0005, Japan, e-mail: hamahata@xmath.ous.ac.jp
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Let A = IF,[T] and let K be the quotient field of A. We write K for an algebraic clo-
sure of K. For a function f : A — K, the series L(s,f) = ¥ s a.monic f(@a* is called the

Dirichlet-Goss series. When f is the inclusion map  : A — K, the corresponding series

is the Carlitz zeta function {:(S) = ¥ sca.monic @ - It is well known that for any positive

integer n, {(n) is transcendental over K. For a monic irreducible polynomial P € A,
any character y : (A/P)* — K can be extended to a Dirichlet charactery : A — K by
x(a) = 0 whenever P|a. This is a periodic function with period P. The corresponding
series L(s, x) is called the Goss L-function. Lutes and Papanikolas [12] investigated tran-
scendence properties of this value L(1,x). In [11], we investigated L(s, f) for a nonzero
periodic function f and established an analog of Theorem 1.2. In this paper, using the
results from [2, 12], we examine the values L(p", f) (n > 0) for a nonzero periodic func-
tion f with an irreducible period and prove their transcendence results.

The remainder of the paper is organized as follows. In Section 2, we recall some
results needed for our study. In Section 3, we prove the results for periodic functions
on A. In Section 4, we state our results for the Dirichlet—Goss series. In Section 5, we
provide the proofs of our results stated in Section 4. In Section 6, we apply our results
to polygamma functions, the Hurwitz zeta function, and the Euler—Lehmer constants
in function fields.

2 Preliminaries

Let I, be the finite field with g elements, where q is a power of the prime number p.
Let A = Fy[T] and K = Fy(T). Let K, = F,((T™")) be the completion of K at co = (T™),
and let C, be the completion of an algebraic closure K, of K. Let P € A, be an
irreducible element of degree d > 0. For aring R, let R* be the unit group of R.

2.1 Carlitz exponential

We write A{r} for the twisted polynomial ring whose multiplication is defined by 7a =
a%t (a € A). The FF,-linear ring homomorphism p : A — A{t}, defined by 1 — 7° and
T - pr= Tt° + 7, is called the Carlitz A-module. Using each M € A \ {0}, p asso-
ciates an additive polynomial p,;(x) given by py;(x) := py(1)(x) € A[x]. This is called
the Carlitz M-polynomial. For M € A\ {0}, let p[M] = {a € C, | ppr(a) = O} be the set
of Carlitz M-torsion points. The set p[M] is a cyclic A-module and its generator (as a
Carlitz A-module) is called the primitive Carlitz M-torsion point. The minimal polyno-
mial @,;(x) of any primitive M-torsion point over K is called the Carlitz M-th cyclotomic
polynomial. The polynomials p;;(x) and ®,,(x) have degrees qdegM and @(M), respec-
tively, where @(M) := #(A/MA)*. For details on these polynomials, we refer the reader
to [3].
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There exists a unique entire function e(z) over C, such that for each a € A, we
have p,(e(z)) = e(az) (see [9, Chapter 3]). The function e(z) is called the Carlitz expo-
nential. Let L be the set of all zeros of e(z). Then L is a rank one free A-module (see
[9, Corollary 3.2.9]). It is well known that L = 77A is analogous to nZ.

2.2 Anderson’s log-algebraicity formulas

We recall log-algebraicity formulas from Anderson’s work [2].
We set e(z) = e(71z). According to Anderson [2], fora € AwithP { aand m > 1,
there exist unique e}, (a) € K such that for a, b € A relatively prime to P,

g1 P
. P ifa=b (modP),

e’ (a)e(b/P)"=P-§ b= { . 2.1

mZi m a 0 otherwise.
Furthermore, for m,n € {1,...,q% - 1}, it holds that
P ifm=n
e’ (a)e(a/P)"=P-6§, ., = { N (2.2
a§+ m mn 0 otherwise.
dega<d

Theorem 2.1 (Anderson [2]). Let m be a nonnegative integer. Then the power series

Sp(x,2) = e( Z f%zqdegv e K[x][[z]] (2.3)
acA,
belongs to A[x, z].
Form,n € IN, let
tanz) = Y & (2.4)
" acA, an - '

Then, using (2.3), we obtain
e(£,,(1,1/P)) = S,,(e(1/P),1) € A[e(1/P)] c K. (2.5)
Using (2.1), we obtain
1 197
Y 2=p 2 enDa(1/P) 2:6)

acA, m=1
a=b (mod P)

for any b € A relatively prime to P.

- printed on 2/10/2023 4:43 PMvia . Al use subject to https://ww.ebsco.conlterns-of-use



14 =— Y.Hamahata

2.3 Lutes and Papanikolas’ transcendence results

We recall the results of Lutes and Papanikolas [12, 16].

Theorem 2.2 (Papanikolas [16]). Let A;,...,A, € C, satisfy e(A;) € K for each i =
1,...,r. If Ay,..., A, are linearly independent over K, then they are algebraically inde-
pendent over K.

Let
N={l}u{me]N|1smsqd—1,m$1(modq—l)}.

Then ¢,,(1,1/P) (m € N) are linearly independent over K. Using (2.5) and Theorem 2.2,
¢,,(1,1/P) (m € N) are algebraically independent over K.

Theorem 2.3 (Lutes and Papanikolas [12]). Let ©p be the group of Dirichlet characters
modulo P on A. Then, for each y € Op, L(1,x) is transcendental over K. Furthermore, it
holds that

d
trdeg K(L(LY) |y € Op) = L D=2

q-1

3 Periodic functions

Let P € A, be an irreducible polynomial with degP = d > 0.

3.1 Parity conditions

The following theorem demonstrates that each function on A can be decomposed into
some functions satisfying parity conditions.

Lemma 3.1. For any functionf : A — C,,, there exist unique functions f; : A —» C, (i =
1,...,q — 1) such that:

M) filez)=€f(2) (e €F});

(i) f=fi+ -+

Proof. Let { be a generator of IF;. We first prove the existence of f;(2),...,f;_1(2). For
i=1...,q-1,1let

q-1
gi(2) ==Y {"f(("2).
n=1
It holds that

f2) =81(2) + - +84.4(2),
() =¢""gi(z) (i=1....q-1).
Hence, letting f;(z) = g,_1_i(2), we obtain fi(2), ..., f,_;(2) satisfying (i) and (ii).
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We next prove the uniqueness of f;(z),..., fq,l(z). To this end, it is sufficient to
demonstrate that f; = --- = f,_; = 0if f = 0. We substitute {'z (i = 1,...,q - 1) into
fi@@) + -+ + f4_4(2) = O, successively. Thus, we obtain

¢ ¢ fi(@) 0
S SN £ 0
(q.—l (2(21—1) .. ((Q—l.)(q—l) fq—;(z) 0
Because the matrix in the left-hand side is invertible, f; = --- = f,_; = 0. O

3.2 Fourier expansions

For a subfield E of C_,, we write F(P; E) for the set of E-valued periodic functions on
A with period P. We call f € F(P;E) of Dirichlet type if f(P) = 0. Set FD(P;E) = {f €
F(P;E) | f(P) = 0}. These sets F(P; E) and FD(P; E) become vector spaces over E. Let
vp : A — K be a periodic function with period P defined by vp(a) = 1if P|a, and 0
otherwise. Then it holds that

F(P;E) = FD(P;E)  E - vp.

When f € FD(P;C,,), fora e AwithP } aandm e {1,...,¢% -1},

Fa@ =~ Y fibel;(ab) G1)
p beA
deg b<d

is called the Fourier transform of f. The following theorem is the Fourier inversion for-
mula for periodic functions.

Proposition 3.2. For any f € FD(P;C,,), there exist unique c,, € C,, (m = 1,...,
qd —1) such that

41

a
fl@ =) cyela/P)". (3.2

1

Proof. We first prove the existence of c,,. Let ¢,,, = fm(l). Then, using (2.1) and (3.1), it
holds that fora € Awith P } a,

d_q 41

q q
Y cnela/P)" = }J Y fb) ) e (be(a/P)" =f(a).
m=1 debgelid m=1
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We next prove the uniqueness of c,,,. Assume that f (a) can be written as (3.2). Then,
using 2.2) forn e {1,...,q% - 1},

fa@) = % Y flae;(a) :113 Y cw Y en(@e@/P)" =cy O
acA m=1 acA
dega<d dega<d

For a subfield E of C, including g, set
FDy(P;E) = {f € FD(P,E) | f(e2) = €'(2) (€ € F; )}

fori=1,...,q - 1. These become vector spaces over E. Using Lemma 3.1, we obtain

gqg-1
FD(P;E) = @ FD;(P;E).
i=1

For a positive integer m, we define a periodic function h,,, : A — K by h,,(z) = e(z/P)™.

Proposition 3.3. Letie {l,...,q-1}.
(i) Theset{h,|l1<mc< qd —1,m =i (mod g — 1)} is a basis of FD;(P; C,) over C,.
Hence,
d

dime_ FDy(P; Cyp) = qq _11.

(ii) Theset{h,, |1<m < q?-1,m=i(mod q-1)}isa basis of FD;(P;K) over K. Hence,

d
. - q%-1
dimg FD;(P; K) = -1

Proof. (i) It is obvious that this set is contained in F;(P; C,). Using Proposition 3.2,
this set is a basis of F;(P; C,) over C,.

(ii) It is obvious that this set is contained in F;(P; K). If f € F;(P; K), by definition,
fm(l) ¢ K for any m. Hence, using Proposition 3.2, f can be written uniquely as a linear
combination of {h,, | 1<m < qd —-1,m=1i(mod q - 1)} over K. O

4 Dirichlet—Goss series

4.1 Results under parity conditions

Let P € A, be an irreducible polynomial of degP = d > 0. In [11], we proved the
following theorem, which is an analog of Theorem 1.2.
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Theorem 4.1 ([11]). Let n be a positive integer. We take a nonzero g € FD(P; K) such
that:

() glez) =€"g(z) (e € Fy);

(ii) The Carlitz Pth cyclotomic polynomial @y is irreducible over K(g(a) | a € A/PA).

Then L(n,g) + O.

Example 4.2. Let P =T.Wedefineg: A — I?byg(z) =e(z/T)4 . Clearly, g(a) = -T if
T } a,and 0if T|a. This implies that g € FDg4(T; K). Using Theorem 4.1, L(g-1,g) # 0.
This value can be written as L(g — 1,g) = (T*% - T)¢c(g - 1). Using BC,_;, which is the
Bernoulli-Carlitz number of order g — 1 (Goss [9]), we obtain {-(q — 1) = BCq_lﬁq_l,
which yields

1 —g-
L(q - 1,g) = (m - T)ch_lﬂq l.

For a positive integer n, let P,(2) = ¥, (z+1)™". According to Goss [8], there exists
a monic polynomial G, (X) € K[X] of degree n such that P,(z) = Gn(e(z)’l). This is
called the Goss polynomial. For example, G,(X) = X" if n < q. To prove Theorem 4.1,
we used the following lemma.

Lemma 4.3 ([11]). Ifg € FD(P;K) satisfies the condition (i) of Theorem 4.1, then

g -(5) T PP

beA,
deg b<d
Vs _
=\ = g n\€ .
b (b)G,(e(b/P)™" (4.1)
beA,
deg b<d

Here, the sum on the right-hand side of (4.1) belongs to K. Because 71" is transcen-
dental over K, we obtain the following theorem.

Theorem 4.4,

() Ifg € FD(P;K) satisfies g(ez) = €"g(z) (€ € IF;) and L(n,g) # O, then L(n,g) is
transcendental over K, and can be written as T a for a nonzero a € K.

(ii) Under the assumption of Theorem 4.1, L(n, g) is transcendental over K, and can be
written as " for a nonzero a € K.

Remark 4.5. If g ¢ FD(P;K) does not satisfy (ii) of Theorem 4.1, it is possible that
L(n,g) = 0. For example, let g = 3and P = T? + 1. Then P is irreducible in A. If

g(e) = e(e/P), g(eT)=-e(T/P) (ecF,),

then the nonzero periodic function g : A — K with period P can be obtained. Using
(4.1) and G;(X) = X, L(1,8) = 0.
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4.2 Main theorems

For a nonnegative integer n, there exists i € {1,...,q — 1} such that p" = i (mod ¢q - 1).
The following three theorems are our main results.

Theorem 4.6. Let f € FD(P;K) be a nonzero periodic function with the decomposition

f= Z}?z_ll f; as in Lemma 3.1.

(i) Ifthe cyclotomic polynomial @y is irreducible over K(f;(b) | b € A/PA), then L(p",f)
is transcendental over K.

(i) Iff # f, then L(p",f) is transcendental over K.

Theorem 4.7. We have

d_ _ P
tr.deggK(L(p".f) | f € FD,(P;K)) = { iq DU ig i i (4.2)
tr.deggK(L(p".f) | f € F(P;K))

= tr.degpK(L(p".f) | f € FD(P;K)) = tr.deggK (£ (p",1/P) | m € N')

_@'-4-2 4.3)

q-1
Theorem 2.3 can be generalized as follows.

Theorem 4.8. Let Op be the group of Dirichlet characters modulo P on A. Then, for each
X € ©p, L(p", ) is transcendental over K. Furthermore, it holds that

tr.degeK(L(p",x) | x € ©p) = % v

5 Proofs of Theorems 4.6, 4.7, and 4.8

5.1
Forje{l,...,q -1}, set

£i(p") = {L(p".f) | f € FD;(P;K)},
which becomes a vector space over K under the operations

L(p".f) +L(p".8) =L(p".f +8),
c-L"f)=L®".c-f) (f.g e FD;(P;K),c € K).

Using Proposition 3.3 and Lemma 4.3, we have

@ -1/g-1) ifj#i

dimg £;(p") S{ 1 ifj =i
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Because ¢,,(1,1/P) (m € N) are algebraically independent over K, Epn ", 1/P) =
£,(1,1 /PY" (m e N)arealso algebraically independent over K. Using p" = i (mod g-1),
we have £,:(p",1/P) € L;(p"), which yields that £,.(p",1/P) is a basis of £;(p") and
dimg £;(p") = 1. Observing £,,,»(p",1/P) € Vi Li(p") (m € N\ {1}), it follows that
dimg ¥4 Li(p") = (g% -1)(q - 2)/(q - 1), which yields (0", 1/P) (M € N\ {1}, mp™ =
j (mod g — 1)) form a basis of £;(p") and dimg £;(p") = @%-1)/(g-1).

5.2 Proof of Theorem 4.6

For f € FD(P;K), L(p",f) can be written uniquely as a linear combination of Eopr ",
1/P) (m € N) over K. Clearly, L(p",f) = L(p".f,) + L(p".f - f;) and that L(p".f;) = a -
(0", 1/P)and L(p", f-£)) = ¥ menr\iyy Bnbm @, 1/P) for some a, B, € K. Hence, it holds
that

Lp".f) =0 & L(p".f;) = L(p".f - fi) = 0. (XY

(i) When f = f;, the claim is obvious from Theorem 4.4.
When f # fi, f - f; # 0. If f(2) - fi(2) = Yneary Bme(z/P)™, then there exists
m € N\ {1} such that 3, # 0. Then we obtain

LE"f-f)= Y PBubw@1PF #0.
meN\{1}
Using (5.1), L(p",f) + 0, which yields (i).
(ii) This follows from the proof of (i). O

5.3 Proof of Theorem 4.7

The equality (4.2) follows from the discussion in 5.1. We prove (4.3). Let y =: {-(1) =
Yac, a ' be the Euler constant, which is known to be transcendental over K. If pp(z) =
¥4 piz?, then ¥4 pie(a/P)? = pp(e(a/P)) = O fora € A, with P } a. Observing
po=P,1=-pP"! Zil pl-e(a/P)ql‘1 is obtained. Hence, we obtain

D L 1ip€ (1,1/P)
- =—-= itgi—1(1L, .
a P&

acA,
Pta

Becausey = Yqea, @ ' +y/P,
Pta

yesos Y t= ipf (L.1/P)
= o £ ,(1,1/P),
P—laeA+a 1—Pi:1"1

Pta
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which implies

" 1 v
Pla

Therefore, we obtain {L(p".f) | f € F(P;K)} = {Lp".f) | f € FD(P;K)}, which yields
the ﬁrst equality. From the discussion in 5.1, {£,,, (p",1/P) | m € N} is a basis of
Z E (p™). This yields the second and third equahtles O

5.4 Proof of Theorem 4.8

Forany x € Op, there existsj € {1,...,q — 1} such that y € FD;(P; K). Whenj # i, using
Theorem 4.4(ii), L(p", x) is transcendental over K. When j = i, using L(p",x) # 0 and
Theorem 4.4(i), L(p", ) is transcendental over K.

We next prove the latter part. Raising both sides of (2.6) to the p"th power, we
obtain

» 11 e (o 1P).

== Y e bt 1/P (5.2)
acA, a’ PV '
a=b (mod P)

For y € ©p, multiplying (5.2) by y(b), and taking the sum over b, we obtain

q -1
1 .o

LX) = ) o 2. X(B)eyB) b (p",1/P). (5.3)

m=1 0+beA

deg b<d

Using (2.1), we obtain

Ly (D", 1/P) = Z( D X’l(b)e(b/P)mp">L(p",x). (5.4)

X€Op * 0#beA

deg b<d

Combining (5.3) with (5.4), we obtain

tr.deggK(L(p",x) | x € ©p)

d
— trdegeK (b (b, 1/P) | m e N) = L~ D=2 4

q-1 O
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6 Applications: polygamma values, Hurwitz zeta
values, and Euler-Lehmer constants

In this section, we apply the results in Section 4 to polygamma functions, the Hurwitz
zeta function, and the Euler-Lehmer constants in function fields. Set A, = A, U {O}.
Let P € A, be an irreducible polynomial with deg P = d > 0.

6.1 Polygamma values

For a nonnegative integer k, the function

1
(z + a)k+!

(@) = (DY

ach,

is called the kth polygamma function. In particular, when k = 0, (2) := P (z) is called
the digamma function, which is the logarithmic derivative of the geometric gamma
function T'(z) = z! [Tae A+(1 + z/a)"L. Note that Y (z) can be obtained from 1(z) by
Ui (2) = Di(z), where D, is the kth hyperdifferential operator in z, as discussed by
Bosser and Pellarin [5].

Theorem 6.1. Let n be a nonnegative integer. For any nonzero b € A withdeg b < degP,

Ypn_1(b/P) is transcendental over K. Furthermore, we obtain

d — —
tr.degfl_((lppn_l(b/P) |0+ beAdeghb<degP)= (qql# +1. (6.1)

Proof. First, we prove the case n = 0. We define f € FD(P;K) by

[ 1 ifa=b(modP),
fla) = { 0 otherwise.
Then it holds that
- 1 [ -P-LLf) ifbeA,,
WP =P 3 5| ipopian ibes. o

When g = 2, f = f,. Using Theorem 4.4(ii), L(1,f) is transcendental over K. When
q # 2,f # f;. Using Theorem 4.6(ii), L(1,f) is transcendental over K. Thus, {(b/P) is
transcendental over K.

Using (2.6) and (6.2),

~y?e* (bye (1,1/P ifheA. .
1/)(b/P)={ Y9 Ler (b)e,(1,1/P) ifbeA, 63

—P/b- YL L e! (), (1,1/P) ifb ¢ A,.
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On the other hand, using (2.2), for1<n<q? -1,

~P7'Y bea, €(b/P)"(b/P) ifbeA,,
Lyp =4 e 64)
~P7'Y pea, e(b/P)"(p(b/P)+P/b) ifb¢A,.
deg b<d

Using Theorem 4.7, (6.3), and (6.4), the left-hand side of (6.1) becomes

d
tr.deggK(6,(1,1/P) | m € N) = (‘J‘ql# ‘1

The general case n > O follows from the fact Y,._,(z) = l,b(z)p" and Theo-
rem4.7. O

6.2 Hurwitz zeta values

For —x € K, \ Ay, we define the Hurwitz zeta function {(s, x) by

(s =) 1 sen).

ach, (a + X)s
Whenx =b/P(0# b e A,degh < d),{(p",b/P) = (—1)pnl/1pn,1(b/P). Using Theorem 6.1,
the following theorem holds.

Theorem 6.2. Let n be a nonnegative integer. For any nonzero b € A withdegb < degP,
{(", b/P) is transcendental over K. Furthermore, we obtain

d _ _
tr.deg K(¢(p",b/P) | 0 # b € A, degh < degP) = (‘Iql# .

6.3 Euler—Lehmer constants

Lety = Ygea, a! be the Euler constant used in 5.3. This number can be generalized
as follows. We take M € A, with degM > 0, and b € A with degb < deg M. Then the
infinite sum

1
ybm= y -
acA, a

a=b (mod M)

is called a Euler—Lehmer constant. This number has the following properties:

Y v =y, (6.5)

beA
deg b<deg M
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y(0,M) = y/M, (6.6)
_ [ —W(b/myM ithed,
Y(b’M)_{ ~(b/M)/M-1/b ifb¢A,. ©.7)

Using Theorem 6.1, (6.5), (6.6), and (6.7), the following theorem holds.

Theorem 6.3. For any b € A with degb < degP, y(b, P) is transcendental over K. Fur-
thermore, we obtain

tr.degzK(y(b,P) | b € A,degb < degP)

(¢°-1@g-2)
qg-1

= tr.deggK(y(b,P) | 0 # b € A,degb < degP) = 1.
Remark 6.4. For the classical case, we state related results and conjectures.

Let K be an algebraic number field over which the mth cyclotomic polynomial
YV, is irreducible. The classical kth polygamma function i, (z) is defined by y,(z) =
(-1 k! Yooz + n)~1. Then Murty and Saradha [13] conjectured that the ¢(m) num-
bers, Y, (a/m) (1 < a < m,gcd(a, m) = 1) are linearly independent over K.

Letn > 1and m > 2. According to [10], Chowla—Milnor conjecture is that the
¢(m) classical Hurwitz zeta values {(n,a/m) (1 < a < m,gcd(a,m) = 1) are linearly
independent over Q. Gun, Murty, and Rath [10] provided a nontrivial lower bound of
the dimension of the Q-span of these numbers over Q.

The classical Euler constant y is defined by y = lim,_, (3, n! - logx). For a
positive integer m and a nonnegative integer a with O < a < m, the classical Euler—

Lehmer constant y(a, m) is defined by y(a,m) = lim,_, (3  n<x nt- (log x)/m).
n=a (mod m)
Murty and Saradha [14] proved that at most one number in the infinite list of numbers

y(a,m) (m > 2,1 < a < m) is an algebraic number. Therefore, it appears that these are
all transcendental numbers.
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Gove Effinger
On elements of normal depth-2 in quartic
extensions of F,

Abstract: Let p be a prime number and let 6 be a fixed normal element of the extension
field F,» of F,,. An element « € F,;: is said to have normal 6-depth-2 (or simply normal
depth-2) if a and a—0 are both normal. A central question is: To what extent are normal
bases preserved by this depth operation; that is, if a« has normal depth-2, do all of a’s
conjugates also have normal depth-2? The answer, in general, is that some bases are
preserved and some are not. In previous work, specific counts of preserved bases are
computed (as functions of p) for all quadratic and cubic extensions. In this paper, we
obtain analogous counts for all quartic extensions F,. of F,.

Keywords: Finite fields, normal bases, Euler ®-function
MSC 2010: 11T30, 11T55, 11A25

1 Introduction

We begin with a definition originally made in Section 4 of [1].

Definition 1.1. Let p be a prime number and let 8 be a fixed normal element of the
extension field F» of F,. An element « € F is said to have normal 6-depth-2 (or simply
normal depth-2 once 0 is fixed) if a and a — 6 are both normal. The set of elements of
normal depth-2 in F, is denoted N, throughout this paper.

We note at the outset that in [1] it is incorrectly stated that normal depth-2 involves
the normality of « and a - 1. The correct objects are @ and a — 6. See [4], which includes
a helpful characterization of normal elements.

The focus in [1] and in this paper is the question of to what extent normal bases of
F,. over F, are preserved by this “depth operation”; that is, if a has normal depth-2,
do all of a’s conjugates also have normal depth-2? The answer, in general, is that some
bases are preserved in N, and some are not. To study this question, we make the fol-
lowing definition.

Definition 1.2. The element a of normal depth-2 is called lonely if not all of its conju-
gates also have normal depth-2.

In [1] and here, we endeavor to count, for given p and n, the number of lonely ele-
ments in F», which will then yield the number of preserved bases in N, once we make
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use of the function defined below, which was first defined more generally in Section 3
of [1]. This is an extension of the polynomial Euler ®-function which counts polynomi-
als over a given finite field of degree less than the argument polynomial which are rel-
atively prime to that polynomial. The crucial connection to our work here is contained
in Theorem 2.39 of [3], namely that ®(¢" - 1) counts the number of normal elements
of Fpn.

Definition 1.3. Suppose the polynomial f of positive degree is in F,[t]. The extended
polynomial Euler function @,(f) is the number of polynomials A of degree less than the
degree of f such that gcd(4,f) = 1and gcd(4 - 1,f) = 1.

It is shown in Section 4 of [1] that the number of elements in N, is counted by
@,(t" - 1). This then tells us that the number of normal bases preserved in N, by the
depth operation will always be (®,(t" — 1) — number of lonely elements)/n. We remark
also that though the status of specific elements will depend upon our choice of the
fixed element 0, the counts of these elements will not be affected.

In [1] and [2], specific counts of preserved bases in N, are computed (as functions
of p) for all quadratic and cubic extensions. In this paper, we obtain analogous counts
for all quartic extensions F« of F,,. Some data for this n = 4 case is as follows. We saw
in previous work and will see here that the factorization of the polynomial ¢" — 1 plays
a crucial role.

n p Factorization of t" — 1 Order(N,) = ®,(t" — 1) Normal Lonely
bases in N, elements

4 30 -1+ D +1) 7 0 7
5 (t=1)(t+1)(t+2)(t+3) 81 0 81

7 t-DE+DE*+1) 1175 220 295

11 (t—1)(t+ 1)(1‘2 +1) 9639 2088 1287

13 (t=1)(t+1)(t+5)(t+8) 14,641 1760 7601

17 (t-1)(t+1)(t+4)(t+13) 50,625 7560 20,385

19 (t-1DE+1)(t2+1) 103,751 24,208 6909

In [1], there is no analysis of quartic extensions. The main analysis is of combina-
tions of n and p for which " — 1 factors into t — 1 and an irreducible factor of degree
n — 1, which clearly implies that n is prime. In particular, cubic extensions with p of
the form 3k + 2 are of this form, but the case of 3k + 1 is more complicated and is ana-
lyzed separately in [2] and [4]. Hence the situation is fully understood for all quadratic
and cubic extensions of F, for all primes p. Here, we fully analyze quartic extensions,
where the analyses are significantly different depending on whether p is of the form
4k + 1 or 4k + 3. The latter case is somewhat easier (since t> + 1 is then irreducible over
Fp), so we deal with that case first.

In all that follows, 0 is a fixed normal element of Fpn, and for all elements a ¢ Fpn,
we write a and a - 6 in terms of the normal basis generated by 0 (i. e.,

n-1

n-2
a=a, 6 +a,,0° +---+aq,0° +a,0
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and
a-0= a,,_149”’nf1 + an_zepnfz +or @B+ (ag - 1)6).

Then a and a - 6 are in one-to-one correspondence with the “conventional” polynomi-
als@ = a, " T+ a, "2+ +at+agand A-1 = a,_ t"  +a, ot P+ +ayt+(ay-1).
That is, a is an element of F»; @ is a polynomial of degree less than n in the variable ¢.
All of the following analyses involve both field elements such as a, f and conj1 and
the corresponding polynomials @, f, conj 1.

2 Thecasep = 4k + 3

Suppose p = 4k + 3 for some k. By quadratic residue theory, we know that t* + 1is
irreducible over F,, and so t* -1 has as its prime factorization (t —1)(t + D(E2+1). Using
long division, it is easy to observe that the following criteria hold for the polynomial
@ = at’ + bt* + ct + d over Fp:

ais divisibleby t —1ifand onlyifa+ b +c+d = 0.

ais divisible by t + 1ifand onlyifa- b +c-d = 0.

3. aisdivisible by t? + 1ifand onlyifa = cand b = d.

N

We start here with elements a of F+, represented as polynomials @ of degree less than
4 over F, which are normal, i. e., & are relatively prime to t* — 1. The set of all normal
elements in Fis denoted by N and has ®(t* - 1) elements. Among these, elements a
which have the property that both a and a1 are relatively prime to t* 1 form the set of
elements of normal depth-2, which set is denoted N, and has order ®,(t* —1). We know
that by definition if § is a p-conjugate of a € N, then /_3 is also relatively prime t* — 1,
but it may well be that  — 1 is not relatively prime to t* — 1, and hence a will be lonely.
Our strategy here (a sort of “backdoor” approach) for identifying lonely elements will
be to look at normal elements 8 which have the property that § — 11is divisible by ¢ +1,
or by 2 +1, or by both t + 1and 2 + 1. For each set and each such B, we will seek and
count p-conjugates of these elements whose corresponding polynomials are divisible
by none of the three factors of t* — 1, i. e., which are in the set N,. Such elements will
then be lonely. In order to implement the approach just described, we need to count
the various elements § which are in N but not in N, which could then possibly have
p-conjugates which lie in N,. For ease of notation, we shall denote 8 by (a, b, ¢, d).

We shall throughout make use of the key fact that the p-conjugates of a normal
element B are the first conjugate “conj1,” whose corresponding polynomial conj1 is
(b, c,d,a), second conjugate “conj2,” with conj2 = (c,d,a,b), and third conjugate
“conj3,” with conj3 = (d,a, b, c); that is, we obtain the p-conjugates of normal ele-
ments by simply rotating their coefficients. (Again, see [3], Chapter 2, Section 3.) We
start by observing that if 8 is in N but § — 1 is divisible by ¢ — 1, i. e., if the sum of s
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coefficients is 1, then this will automatically be true as well for all of its conjugates, so
no lonely elements can be generated from this set of elements. The point is that the
sum of coefficients is constant under rotation.

We shall now focus on three subsets of N — N, which are disjoint from the set just
mentioned (elements S for which f — 1is divisible by ¢ — 1) and are disjoint from each
other.

1. S, is the set of elements 8 € N which have the property that B - 1is divisible by

t+1butnotbyt-1and 2 + 1. The order of S; is @, ((t - D +1) = (p- 2)(p2 -2).
2. S, is the set of elements § € N which have the property that /_3 - 1is divisible by

t*> + 1but not by t — 1and ¢ + 1. The order of S, is @, ((t — 1)(t + 1)) = (p — 2)°.

3. S;is the set of elements 8 € N which have the property that B - 1is divisible by

t +1and t* + 1 but not by ¢ — 1. The order of S5 is @,(t —1) = p - 2.

Just double-checking these orders, on the one hand the order of N - N, is
Dt -1) - Dy(t" - 1) = - D’ (P* - 1) - -2’ (p° -2) =20’ - W’ —6p+7.
On the other hand, the set of 8 € N such that t—1divides B—l (with no other conditions)
has (p- 1)2(p2 -1)/(p-1) elements, and so counting that set and the sets S;, S,, and S3,
which are all pairwise disjoint, we get
@-DP*-1)+@-2@-2)+@-2’+(@-2)
=’ -p-p+ 1)+ (P -20" - w+4)+ (P - 4p+4)+(p-2 =20’ -’ —6p+7,

as desired.
Here then is a Venn diagram of the set N — Nj:

N - N, (Case p = 4k + 3)

B-1 B-1
divisible divisible
byt-1 byt+1
only
This set
closed under
p-conjugation
B-1
divisible by
t* + 1only
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We observe now that if § is in the set S;, then B —1lisdivisibleby t+1,i.e.,a-b+
¢ — d = 1.1t follows that conj2 (i. e., (¢, d, a, b)) will also have an alternating sum of 1,
but conj1 and conj3 will have an alternating sum of —1 and so their corresponding
elements could lie in N,.

A similar observation holds for the set S, of elements f for which f — 1is divisible
by 2 + 1, which means that B is of the form (a, b, a, b + 1). Here, we see that none of the
conjugate polynomials (b,a,b + 1,a),(a,b + 1,a,b), (b + 1, a, b, a) satisfy that the first
and third coefficients are equal and the fourth coefficient is 1 greater than the second
coefficient, and so all three conjugates are potential lonely elements.

Finally, in the set S;, we know that /_3 must be of the form (a, b,a,b + 1) and we
musthavea-b+a-b-1=1,i.e.,2b=2a-2,s0b = a—landsoﬁisoftheform
(a,a-1,a,a). None of the conjugate polynomials are divisible by t* + 1, and conj 1 and
conj 3 have an alternating sum of —1, and so could be lonely.

So now it is time to count our lonely elements. We must observe that even though
S1, S,, and S; are pairwise disjoint, any element in them could have as many as three
conjugates which are in N,, so we must be on the lookout for overlaps among these as
we move from set to set.

We start by counting the number of lonely elements which arise from the p-con-
jugates of elements of S;. Recall that S; has (p - 2)(p? - 2) elements B. It may be helpful
to look at the simplest case available to us, namely the case p = 3, for which S; has 7
elements. We shall hereafter refer to p-conjugates as simply conjugates.

B conj 1 conj2 conj3

0,0,0,2) 0,0,2,0) 0,2,0,0) (2,0,0,0)
(1,0,2,2) 0,2,2,1) 2,2,1,0) 2,1,0,2)
(1,1,2,1) (1,2,1,1) 2,1,1,1) 1,1,1,2)
(1,2,2,0) (2,2,0,1) (2,0,1,2) 0,1,2,2)
(2,0,1,2) 0,1,2,2) (1,2,2,0) (2,2,0,1)
2,1,1,1) (1,1,1,2) (1,1,2,1) (1,2,1,1)
(2,2,1,0) 2,1,0,2) (1,0,2,2) 0,2,2,1)

How many lonely elements are represented in this chart? As observed previously,
since B has an alternating sum of 1, both conj 1 and conj 3 will have alternating sums
of -1, and hence are potential lonely elements. Focusing on the set conj1, we note
that only one of them (namely (1, 1, 1, 2)) is not lonely since its element lies in S, (i. e.,
its first and third coefficients are equal and its fourth coefficient is 1 greater than its
second coefficient), and hence its element is not lonely (i. e., is not in N,). Hence the
set conj 1 represents 6 lonely elements. Focusing now on the set conj 3, we see that
all of them except (2, 0, 0, 0) have already appeared as first conjugates, and hence
should not be counted. However, we should count (2, 0, 0, 0). (The reason it does not
appear as a first conjugate is that it is itself the first conjugate of (0, 2, 0, 0), whose
element lies in S, and not in S;.) We highlight these two polynomials in our chart, one
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of which ((1, 1, 1, 2)) must be removed from our count and one ((2, 0, 0, 0)) which must
be added. Hence we arrive at exactly 7 lonely elements generated from S; in this case.
Note that with the addition and subtraction of one element each, we arrived at the
count of lonely elements from S; being exactly the order of S;.

Let us now generalize the above argument to the S; count of lonely elements for an
arbitrary prime p satisfying p = 4k+3 for some k. Again, we have (p—2)(p>-2) elements
Bin S;, and the alternating sum of each of their first and third conjugate polynomials
is -1, so these are potential lonely elements. However, we must first throw out any
first conjugates which lie in S,, i. e., for which in rn]'l d=bandc =a-1,soweare
looking for polynomials of the form (b, a — 1, b, a). But we know that the alternating
sum2b-2a+1is-1,s02b = 2a - 2,i.e., b = a — 1, so our elements are of the form
(a-1,a-1a-1,a) (justlike (1, 1, 1, 2) when p = 3). Finally, we know that the sum
of the coefficients cannot be 0 or 1 (since neither f nor § — 1 is divisible by ¢ — 1), so
4a -3 #{0,1}, soa # (4 1){4,3}, i.e., a cannot be 1 or (471)(3), and we see that we
have p - 2 choices for a. Hence we must remove p — 2 elements from the set of first
conjugates.

We now must ask how many third conjugates have the property that they are not
the same as some first conjugate. This will occur when conj2 lies in S,, and an argu-
ment exactly parallel to the one just given show that there are p — 2 such second con-
jugates. Hence the corresponding third conjugates do not appear as first conjugates,
and so they must be added to our count. We conclude then that the set S; generates

P-2°-2)-p-2+®-2) =@-2(p*-2)

lonely elements.

We now turn to the set S,, which has (p — 2)° elements 8 for which § is of the form
(a, b, a,b+1). We note that all three conjugate polynomials (b,a,b+1,a), (a,b +1,a, b)
and (b + 1,a, b, a) are not elements which lie in S,, and hence are potential lonely el-
ements. E’s alternating sum cannot be O or 1, but it can be -1, in which case its first
and third conjugate polynomials have an alternating sum of 1, and hence their ele-
ments cannot be lonely, but its second conjugate will be lonely since its in neither S,
nor S,. It is easy again to show that such a second conjugate polynomial is of the form
(a-1,a,a-1,a-1) for p — 2 choices of a. All other polynomials will have an alternat-
ing sum which is none of {0, 1, -1}, so all three of their conjugates are lonely. Now the
(p - 2)* elements of S, are evenly divided among the p — 2 possible alternating sum
values (not O or 1), and we divide the polynomials into those for which the alternating
sum is -1 (one lonely per each element) and those for which the alternating is none of
{0,1, -1} (3 lonely per element), giving us a count of lonely elements generated to be
P-2)+3p-3)p-2)=pP-2)Gp-9).

However, it may not be the case that all of these elements are new lonely elements,
i. e., they may have already been discovered as arising from S;. This is indeed the case.
The p — 2 polynomials (a - 1,a,a — 1, a — 1) with alternating sum -1, pointed out above,
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are the first conjugates of polynomials of the form (a-1, a-1, a, a—1) whose alternating
sumis 1, so the corresponding elements are in S; and the polynomials (a-1, a, a-1, a-1)
have already been counted. No other lonely elements arising from S, can have already
been counted since their alternating sums are none of 0, 1 or —1. Hence we must remove
this overlap of p—2 elements, and our final count for new lonely elements arising from
S, is

P-2)Bp-8)-P-2)=(P-2)Bp-9)=30P-2)(/p-3)

Finally, we need to seek lonely elements arising from S;. There are only p — 2 el-
ements in S;, all of whose polynomials are of the form (a,a - 1,a,a) (i.e., with an
alternating sum of 1). Note that rnjz is (a,a,a,a - 1), whose element lies in S;, so
conj3 (a,a,a — 1,a) represents a lonely element but has already been counted. Now
the first conjugate (a — 1, a, a, a) is also lonely, but it has also already been counted in
our analysis of S;, as these are precisely those elements there which occurred as third
conjugates for elements in S; whose second conjugate (with polynomial (a, a -1, a, a))
lies in S,. Hence there are no new lonely elements arising from S;.

We have arrived at the following.

Theorem 2.1. Suppose that p is of the form 4k + 3 for some k. Among the CDz(t4 -1 =
(p-2)*(p*-2) elements of F,« which are of normal depth-2, there are (p - 2)(p*+3p-11)
lonely elements and hence (p — 2)(p - 3)(p? - 5)/4 normal bases.

Proof. Adding up the lonely elements from S;, S,, and S, we get a total of
@-2(P*-2)+3(-2@-3)+0=(p-2)(p” +3p-11).
The number of normal bases then will be
((0-2'("~2) - - 2(p* +3p - 11))/4
= (p-2(p’ -3p" = 5p +15)/4 = (D - 2(p - 3)(p" - 5)/4
which completes the proof. O

These counts are confirmed by Mathematica® for the cases p =3,711,and 19, as
displayed at the opening of this paper.

3 Thecasep = 4k +1

Suppose now that p = 4k + 1 for some k. Again by quadratic reciprocity, we know that
t* —1 factors into the four linear polynomials t -1, t+1, t—t, and t +(, where t is a square
root of ~1in F,. In this case, the set N of normal elements of F has o(t*-1) = (p-1*
elements and the set N, of normal elements of depth-2 has @, (t*~1) = (p-2)* elements.
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Just as in the previous section, we shall denote by a the polynomial of degree
less than 4 which corresponds to the expression of the element a € F. in terms of
the normal basis generated by the fixed element 6. In the arguments below, if the
context is clear, we may abuse language a bit by saying, for example, “the polynomial
a = (a, b, c,d) is lonely,” meaning, more precisely, “the element « is lonely,” and so
on.

As before, using long division, it is easy to observe that the following criteria hold
for the polynomial @ = at’ + bt* + ct + d over F,:

1. waisdivisiblebyt-1ifand onlyifa+b+c+d=0.

2. aisdivisible byt +1ifandonlyifa-b+c—-d=0.
3. waisdivisible by t - tif and only if (d — b) + (¢ — a)t = 0.

4, aisdivisible by t + tif and only if (d — b) - (c — a)t = 0.

In the latter two conditions, we use the fact that /> = —1. We now observe that either or
both of Conditions 3 and 4 are true if and only if

0=((d-b)+(c-a)n)((d-b) - (c—-a)) = (d-b)* + (c - a)* (mod p).

Hence we have a single criterion we can use to identify what polynomials are divis-
ible by t — t or t + t (or both), and so we can analyze this case (i.e., p = 4k + 1) in
a similar fashion as we did with the case p = 4k + 3, though the criterion is a bit
more complicated in this case (and, by the way, will lead to many more lonely ele-
ments).

We shall again throughout make use of the key fact that the polynomials of the
p-conjugates of a normal element 8 whose polynomial is 8 = (a, b, c,d) are conj1 =
(b,c,d,a), conj2 = (c,d,a,b), and conj3 = (d,a,b,c). We start by observing that if §
is in N but § - 1is divisible by  — 1, i. e., if the sum of §’s coefficients 1, then this will
automatically be true as well for all of its conjugates, so no lonely elements can be
generated from this set of elements. The point, as before, is that the sum of coefficients
is constant under rotation.

Continuing, we shall again focus on three subsets of N-N, which are disjoint from
the set just mentioned (elements f € N for which - 1is divisible by ¢ — 1 with no other
conditions) and are disjoint from each other.

1. T, is the set of elements 8 € N which have the property that  — 1 is divisible by
t+1butnotbyt-1,t-tandt + 1. The order of T; is

Oy((t-1)(t -0t +1)) = (p-2)°.

2. T,isthe set of elements  which have the property thatﬁ —1is divisible by t — t or
t + ¢ (or both) but not by ¢ — 1and ¢ + 1. The order of T, is

DO, ((t - D+ D(t+ 1) + Dy((t — Dt + D(t— 1) + Dy((t - 1)t + 1))
=20-2+(p-27=(p-2°Q2p-3).
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3. Tjis the set of elements f € N which have the property that E - 1is divisible by
t+1landt-tort+(or both), but not by t — 1. The order of S; is

O, ((t =Dt +0) + Dy((t = D)t = 1) + Dy(t - 1)
=2p-2’+(p-2)=(pP-22p-3).

Double-checking these orders, on the one hand the order of N — N, is
O(t* —1) - D,(t* -1) = (p-1)* - (p - 2)* = 4p> —18p® + 28p - 15.

On the other hand, the set of 8 € N such that t -1 divides -1 with no other conditions
has (p - 1)*/(p = 1) = (p - 1)° elements, and so counting that set and the sets T,, Ty,
and T3, which are all pairwise disjoint, we get

@P-1’+@-2>+@-2’2-3)+@-2@-3)
=(p*-3p*+3p-1)+ (P - 6p” +12p - 8) + (2p° - 11p? + 20p — 12) + (2p*> - 7Tp + 6)
=4p° —18p® + 28p — 15,

as desired.
The Venn diagram for this case is as follows:

N - N, (Casep = 4k +1)

B-1 -1
divisible divisible
byt-1 byt+1

only
This set
closed under
p-conjugation
-1
divisible by
t—tort+1
(or both) only

We now embark on counting the number of lonely elements which arise among
the conjugates of elements flying in our three sets T}, T,, and T5. We remark, as before,
that since any element 8 in any one of these sets can give rise to as many as three lonely
elements among its conjugates, we must be on the lookout for overlaps.
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Concerning “overlaps,” there are in fact three types of these in the analysis below:

a. Foragivenset T;, T,, or T5 and for a given conjugate type conj1, conj2, or conj3
associated with that set, there can be overlaps of elements satisfying the various
necessary conditions;

b. foragivensetT;, T, or T, there can be overlaps across the three conjugate types,
and

c. there can be overlaps of lonely conjugate elements across the three sets T;, T,
and T;.

As before, we shall denote by ( a fixed square root of -1 on F,,.

We shall employ the following notation throughout the analysis below: if ﬁ =
(a,b,c,d) is the polynomial corresponding to an element of one of the three sets T},
T, or T3, we set

X=c-a and Y=d-b.

Using this notation, we have

1. B -1isdivisible by t — t or t + ¢ (or both) if and only of X + (Y — 1)> = 0;
2 Forrnjl =(b,c,d,a), rnjl— 1is so if and only if V’+X+1%=0;

3. Forco—nj2 = (¢, d,a,b), co—n]'2 —1lis soif and only ifX>+ (Y +1)? =0, and
4. For conj3 = (d,a, b, c), conj 3 - 1is so if and only if Y + (X — 1) = 0.

Moreover, as polynomials 8 range over those with a fixed suma+b+c+d =vanda
fixed alternating sum a - b + ¢ — d = u (called the “alt sum” below), by adding we get
2a+2c=v+u,soc—-a-= 2*1(v + u) + 2a, and we see that as a ranges over Fp, we get
p possible values of X. By subtracting, we get the same conclusion for Y, so for these
fixed values v and u, we get p2 ordered pairs (X, Y).

3.1 Counting lonely elements among the conjugates of elements
BinT,

So we first turn to the set T, of elements 8 € N for which f—1is divisible by ¢+1 only. We
fix the sum to a value v # 0 or 1. Since /_5"5 alt sum is 1, all second conjugates must also
have an alt sum of 1, so no lonely elements can arise from this set. However, all first
and third conjugates have an alt sum of -1, so lonely elements can arise from these
two sets, and we need to count them and count overlaps. By definition of T}, we know
that for § € Ny, X?+Y2#0and X*+ (Y- 1)2 # 0. In order for conj 1 to be lonely, we must
also have Y2 + (X +1)% # 0, so we seek the intersection arising from three inequalities.
It will be easier then to compute the union of three equalities and subtract from the
total number p? of pairs (X, Y).

We first count the single sets. If X?+Y?2=0,thenY = +X, so we get two pairs for
each nonzero X and one more when X = O for a total of 2(p—1) +1 = 2p -1 pairs. Similar
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arguments obtain the same counts for the single sets satisfying X* + (Y — 1) = 0 and
Y2+ X +1)?=0.

Looking at double overlaps now, if X>+Y? = 0 and X*>+(Y-1)? = 0, then subtracting
we obtain 2Y -1 = 0, i.e., Y = 27}, and plugging this into the first condition gives
X% = —471,s0X = +1271. Hence we get two pairs in this overlap, and a similar argument
gives two pairs in the overlap of X*> + Y? = 0 and Y2 + (X + 1)? = 0. The final double
overlap is a bit different but with the same outcome. Combining X?+(Y-1)?%=0and
Y2+(X+1)2 =0,weget2X+1-(-2Y+1)=0,s0Y = —X,whichgives2X2+2X+1 =0,
and we arrive at X = 471(-2+ V4 — 8) = -2 + 21, and we see our two pairs. It is quick to
check that the 6 ordered pairs found are distinct, so the triple overlap is empty. Hence
we have that the complement of the set we seek has 3(2p —1) — 6 = 6p — 9 pairs, and so
the count of conj 1 lonely elements for the fixed sum of v is p> — 6p + 9 = (p — 3)%. Now
freeing up the p — 2 allowable sum values, the total count of conj1 lonely elements
arising from elements of T, is (p — 2)(p — 3)*.

A parallel argument will give the same count for conj 3 elements.

In order to finish our T; analysis, we need to count the overlap of lonely conj1
and conj 3 elements. This is accomplished by doing inclusion/exclusion counting the
complement, now including the fourth condition (X — 1) + Y2 = 0, which again alone
will yield 2p — 1 pairs. Now we have (g) = 6 double overlaps, 3 of which are computed
above and 3 more of which again yield two pairs each. Moreover, all 12 of those pairs
are distinct, so the 4 triple overlaps and single quadruple overlap are all empty. We
arrive then at a complement count of 4(2p — 1) — 12 = 8p — 16, so the lonely overlap
count for a fixed sum is p? — 8p + 16 = (p — 4)?, and freeing the sum we get a total
overlap count of (p — 2)(p — 4)*. We conclude then that the total number of lonely
elements arising from conjugates of element of T; is

P-22p-37-@-4°)=@p-2{@ -4p+2).

This count is confirmed by Mathematica® for p=>5,13,and 17.

3.2 Counting lonely elements among the conjugates of elements
BinT,

The analysis of the set T, is similar to that of T; but is more complicated, especially in
counting overlaps, because now lonely elements can occur among all three of conj 1,
conj 2, and conj 3. We again fix the coefficient sum of § for § € T, to be v # {0, 1}. Since
the alt sum of E also cannot be 0 or 1, conj 2 can as well have p — 2 alt sums (matching
B’s). However, if B’s alt sumis -1, then the corresponding conj 1and conj 3 polynomials
will have an alt sum of 1, and hence are not lonely. Thus we can only allow p - 3 alt
sums with those two sets.
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We do a careful analysis of the set conj 1. Here, we assume a fixed sum v # {0,1}
and a fixed alt sum w # {0, 1, —1}. The three conditions to be met in order for a polyno-
mial (b, ¢, d, a) to be lonely are X*> + Y2 # 0, X> + (Y - 1) = 0, and (X + 1)> + Y2 # 0.
We choose again to use inclusion-exclusion on the complement in the set of p? or-
dered pairs (X, Y). Hence our conditions now are X*> + Y? = 0, X2 + (Y - 1) # 0, or
X+12+Y’=0.

Counting the single sets, the first and third are just as in the T; case, so their counts
are each 2p — 1. The middle condition count is p? - 2p + 1 = (p — 1)°.

Looking at double overlaps, for X?+Y? = 0 and (X+1)%+Y? = 0, again just as above,
we get 2 pairs, which are in fact (-27,127!) and (=271, —=i27}). The other two double
overlaps are different since they involve an inequality. We first consider X + Y2 = 0
and X2 + (Y - 1) = u # 0. Combining and simplifying, we get Y = 271(1 — u), and
substituting back we get X = +271(1 - u). Hence if u # 1 we get 2(p — 2) pairs, and when
u = 1, we get just one, for a total of 2p — 3 pairs.

The final double overlap is for the conditions (X + 1)* + Y?> = 0 and X + (Y - 1)% =
u # 0. Combining, we get Y = -X — 27y, and substituting into the first and using the
quadratic formula, we get X = 4 (=2—u+((u—2)). Hence if u # 2, we again get 2(p - 2)
pairs, and if u = 2, we get one, for a total of 2p — 3 pairs.

Finally, for the triple overlap, we put the two pairs in the first double overlap above
into X?+(Y-1) to see if we get 0 or not. We do the first such pair here: (=2 Y2+ (271-1)? =
47— 47— +1=1-1(+ 0.Hence this element (and similarly the other) satisfies all
three conditions, so the triple overlap has a count of 2.

Our complement count in conj 1is then 2(2p—1)+(p—1)*-2-2(2p-3)+2 = p*~2p+5.
We conclude that the count of lonely elements in conj1 for fixed sum v and fixed alt
sum w is p* - (p? — 2p +5) = 2p — 5. Now freeing up the sum and alt sum, we get a final
count of

(p-2)(p-3)2p-5).

Parallel arguments, which we will not repeat here, give the same count for conj 3; but
for conj 2, as noted at the outset of this part, the total count will be

(p -2*Q2p - 5).

We must now identify any elements which are lonely but occur in two or all three
of the conjugate types, since such elements must be counted only once. We begin
with possible conj1 and conj3 overlaps. If conj1 = (b,c,d,a) appears as a conj3
as well, then it arises from E = (c,d,a,b), which is in N,, so both of the conditions
X?>+(Y-1%=0and X* + (Y + 1)> = 0 must hold, and combining we get that Y = 0
and X = +1. Hence we must haved = bandc=a + 1.

We continue to assume that we are working with T, elements with a fixed sum of
v and fixed alt sum of w. First, supposec = a + 1. Hencea+ b + (a+1) + b = vand
a-b+(a+1)-b = w,and adding and subtracting we get a = 47Yv +w -2 and
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b=4v-w). Similarly, if c = a -, we get a = 4 v+w+2)and b = 471 v - w).
Hence we get exactly two overlap elements, and we must finally confirm that they are
lonely. But (X + 1)2 + Y2 = (+1+ 1) = +21, and likewise (X — 1)? + Y? = (- 1)? = 21, so
neither expression equals 0, confirming that these two elements are indeed lonely.

We now move to possible overlaps among lonely conj 1 and conj 2 elements. This
case is trickier since such an element must arise from elements of T, whose alt sums
are negatives of each other. That is, if y, with alt sum —w, is both a lonely conj1 and
conj 2 for T,, then y arises from aﬁl whose alt sum is w and from aﬁz whose alt sum is
-w. So suppose /_31 = (ay, by, ¢1,d;) and /_32 = (ay, by, c3, dy), theny = (by,¢,dy, aq) =
(¢ dy, a3, b,), and so we have a, = d;, b, = aj, ¢; = byand d, = ¢y, i.e., B, =
(dy, ay, by, cp). Since we can now express everything in terms of ﬁl’s entries, we drop
the subscripts, i.e., 8; = (a,b,c,d) and 8, = (d, a, b, ¢). Since both §; and 8, are in N,,
we have X2+ (Y -1)? = 0and (X -1)>+Y? = 0, which gives us Y = X, and plugging back
in, using the quadratic formula, and simplifying we arrive at Y = X = 27'(1 + 1). This
then again will give us two overlap polynomials (which can be written down explic-
itly using ¢ = a + X, etc.). We must finally check that the corresponding elements are
indeed lonely, that is, y = (b, ¢, d, a) must satisfy (X +1)> + Y2 £ 0. If Y = X = 2711 +0),
we have

X+12+ 7= (2 A+0+1)° + @A +0)
24_1(21)+(1+l)+1+4_1(2l)=l+1+l+1=2(l+1)560,

as desired, and the other pair (X, Y) evaluates to 2(—t + 1), which is also not 0.

We dispense with the parallel conj 2 and conj 3 argument, which again arrives at
two elements in the overlap for each fixed allowable sum and alt sum.

Finally, we observe that if an element y among the lonely elements arising from T,
were in all three conjugate sets, then simultaneously Y = X, Y = 0, and X = +1, which
is impossible. Hence no such y exists.

We are now in a position to write down the count of lonely elements arising
from T,. That count is

2p-2(p-3)2-5+@-2’Rp-5-6p-2(p-3)
= (p—2)(4p2 —2p+30+2p°-9p+10-6p + 18) = (p—2)(6p2 - 37p + 58).

This count is confirmed by Mathematica® for p=>5,13,and 17.

3.3 Counting lonely elements among the conjugates of elements
BinT,;

This case is much simpler to work out than the two previous cases. Since Tj is the
intersection of T; and T,, we can count its lonely conjugate elements by using the
above T, analysis, but now the alt sum is fixed at 1, so
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a. no second conjugates are possible since their alt sum is also 1, and
b. there will be no factor of p — 3 in the counts.

Hence the total count is

2p-2)2p-5-2p-2)=2p-2)(2p-6) =4(p-2)(p-3).

This count is confirmed by Mathematica® for p = 5, 13, and 17.

3.4 Counting the overlaps of lonely elements across T;, T,, and T;

We again do the analyses assuming a fixed sum v # {0, 1}, and hence must multiply by
p — 2 to get total counts. We continue to use the notation X =c-aand Y =d - b.

We start with possible overlaps of lonely conjugate elements arising from T,
and T,. If y; is a conj1 or conj3 lonely element arising from T,, then its alt sum w
cannot be -1, but to be in T; its alt sum must be —1. Hence overlaps can only be lonely
conj2 elementsy, = (¢, d, a, b) from T, whose alt sum is -1, for then y, could occur as
aconj1of (b, c,d,a) orasaconj2of (d,a, b, c). Both of these elements have an alt sum
of 1 and so are candidates for being in T;. We claim that at least one of them is in T;.
Suppose that neither (b, ¢, d, a) nor (d, a, b, ) is in T;, then we have (X + 1)’ + Y2 = 0
and (X - 1)? + Y? = 0, and combining we get X = 0 and Y = +. Since y, = (¢, d,a,b)
is in T,, we know that X?+ (Y -1)? = 0, but plugging in X = O and Y = +1, we get
0 + (£t — 1) = +2( # 0. This contradiction shows that y, is in the overlap, and we es-
tablished above that elements of its type are the only possibilities. We conclude then
that the count of T; and T, overlaps is exactly the number of lonely conj2 elements
from T, whose alt sum is -1, and that count is

(p-2)(2p-5).

We move now to possible overlaps of lonely elements arising from T; and T5. We
note that since lonely elements arising either T; or T; must be of type conj1 or conj3
(since conj 2 element have an alt sum of 1), all overlap elements must have an alt sum
of —1. We know that there are 2p—5 such lonely conj 1 polynomialsy = (b, ¢, d, a) arising
from/_3 = (a, b, c,d) in T3, and we know also that X%+ (Y -1)? = 0. The question is: how
many of these elements arise as lonely conj 3 elements from a polynomial (c, a, b, d)
in T;. Suppose (c, d, a, b) is not in T;, then we must have X2+(Y+1)? = 0, and combining
with the other condition above gives Y = 0 and X = +i. Taking the case X = 1, we must
eliminate elements y of the form (b,a + t, b, a). But since y’s alt sum is -1, we have
2b-2a -1 = -1,i.e, b = a+ 2‘1(1 — 1). Moreover, for a fixed sum v, we have then
a+2‘1(1—1)+a+l+a+2_1(1—1)+a =v,i.e,4a+1-1+1=v,50a = 4_1(v—1).
We conclude that we must eliminate a single element for the case X = (, and the same
will hold for the case X = —i. We conclude that 2p — 7 lonely conj 1 elements arising
from T; are in the T, overlap. A parallel argument will give 2p — 7 conj 3 elements, and
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finally no y can be simultaneously a conj 1 and conj 3 for the same f§ in T; since then
we would haved = band ¢ = a,i.e., X = Y = 0. Thus X + Y? = 0, which cannot
be true for normal elements (i. e., of elements of N), and we conclude that the overlap
count in the T, and T; case is

2p-2)2p - 7).

For the third double overlap possibility, namely lonely conjugate elements arising
from T, and T3, suppose y = (b, c,d, a) is a lonely conj 1 polynomial arising from B =
(a,b,c,d)in T3, then again y’s alt sum is -1 and X?+(Y -1)? = 0. The element y cannot
be a conj 1 or a conj 3 arising from T, since elements of T, do not have an alt sum of 1,
buty could be a conj 2 element arising from (d, a, b, ¢), which will be in T, exactly when
(X -1)*+Y? = 0. Combining this with the condition above, we get —2X +1+2Y -1 = 0,
so Y = X and plugging in we get 2X*> - 2X +1 = 0, which will yield two distinct nonzero
values, u; = 27 (1+1)and u, = 27'(1-1). Hence (d, a, b, ¢) is in T, only if it’s of the form
(b+uy,a,b,a+uy)or (b+u,,a,b,a+u,),soyisof the form (b,a+u;, b+uy,a)or (b,a+
U,, b+u,, a). But now applying the conditions that the sum is fixed at v and the alt sum
at —1, we see that there are exactly two lonely elements y which are simultaneously
conj1 elements out of T; and conj2 elements out of T,. A parallel argument shows
the same result for elements y which are simultaneously conj 3 elements out of T5 and
conj 2 elements out of T,. The final count then is

4(p - 2).

Finally, we must count the triple overlap. Here, we claim that for the fixed sum v,
the two lonely conj1 (from T;) elements y we identified just above in the T, and T;
overlap are in fact conj 3 elements arising from T;. Let u; = 2711 + 1) be the first of two
values there and suppose Y is of the form (b, a + u;, b + uy, a), then y is a conj 3 for the
polynomial (a+uy, b+uy, a, b) which will be in T; provided that (a—a—u1)2+(b—b—u1—1)2
is nonzero. But that expression is

uf+(u1+1)2 =2uf+2u1+1=2(4_1(21))+2(2_1(1+l))+1
=1+1+1+1=20t+1)#0.

Similar calculations for the three other elements y identified above will also yield a
nonzero result, so all four of them are in the triple overlap, and there obviously can be
no others. Hence our total triple overlap count is

4(p-2).

3.5 Putting all the pieces together

We are now finally in a position to count the total number of lonely elements arising
in quartic extensions of F, for p of the form 4k + 1. Since p — 2 appears as a factor in
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every count, we factor it out from the start:
T1+T,+T;-TT, - 1T - T,T; + T) T, T;
=(p-2[(p*-4p+2)+(6p°—37p+58) + 4(p—3) - (2p - 5) - 2Qp — 7) — 4 + 4]
= (p-2)(7p* - 43p + 67).

This count is confirmed by Mathematica® for the cases p =5, 13, and 17, as displayed
at the opening of this paper. We have then the following theorem.

Theorem 3.1. Suppose that p is of the form 4k + 1 for some k. Among the (Dz(t4 -1 =
(p - 2)* elements of F . which are of normal depth-2, there are (p — 2)(7p* - 43p + 67)
lonely elements, and hence (p — 2)(p — 3)(p — 5)°/4 normal bases.

Proof. The lonely element count is given above. The number of normal bases of
depth-2 is then

((p-2"~(p-2)(7p> - 43p + 67))/4 = (- 2)(p° — 13p” + 55p —~ 75) /4
=(-2(@-3)p-5'/4

which completes the proof. O

4 Conclusion

We observe that there seems to be little similarity in the formulas for the counts of
the lonely elements for the two cases p = 4k + 3 and p = 4k + 1 (except of course
for the ever-present factor of p — 2), but the two resulting formulas for the counts of
normal bases of depth-2 are intriguingly similar, the only difference being the factor
of p? - 5 in the former and (p - 5)? in the latter. This would seem to point to a structure
which is certainly not apparent from our somewhat complicated analysis, but may re-
veal itself by a some wholly different approach to the problem. As an example, in [4]
the authors, using more advanced tools, produce a relatively short argument predict-
ing the counts of depth-2 normal bases in Fs for p of the form 3k + 1, which count
matches exactly the count predicted by this author in [2] for that same case using a
much more lengthy counting argument. For another example, in [4] the authors prove
quickly that if p = n + 1 then there are no depth-2 normal bases. In this paper, we
observe (with considerable effort) this fact for the case p = 5 since for all p of the
form 4k + 1, the number of depth-2 normal bases has a factor of p — 5 in it. It is of
course reassuring that two very different approaches seem to be yielding identical re-
sults.
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Abstract: In this paper, we consider the problem of linking systems of difference sets as
well as variations. We review recent results on the subject, give new constructions of
linked relative difference sets and relative linking systems of nonreversible difference
sets, and conclude with several open questions.
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1 Introduction

Difference sets and their variations have been studied extensively due to their many
combinatorial connections and applications, for example, with designs, graphs, error-
correcting codes, and cryptographic schemes to name a few [1], [5]. We begin with the
basic definitions before proceeding to the notion of linking.

Definition 1. Let G be a finite group of order v and let D be a subset of order k. Sup-
pose further that the differences d,d, ! for d;,d, € D,d, # d, represent each of the
nonidentity elements in G exactly A times. Then we call D a (v, k, A)-difference set (DS)
inG.

Definition 2. Let G be a finite group of order v and let D be a subset of order k. Suppose
further that the differences d,d, " for d,, d, € D, d, # d, represent each of the noniden-
tity elements in D exactly A times and each nonidentity element in G\D exactly u times.
Then we call D a (v, k, A, u)-partial difference set (PDS) in G.

Note that if we require that the identity element e ¢ D and that for all d € D,
d™! ¢ D, then D is a regular partial difference set. All of the PDSs in this paper are
regular. A partial difference set having parameters mrm-D,n+r*-3r,r-r)is
called a Latin square type PDS. Similarly, a partial difference set having parameters
(n?,r(n+1),—-n + 1> + 3r,r* + r) is called a negative Latin square type PDS.

Definition 3. Let G be a finite group of order v with a normal subgroup N of order n,
and assume that v = mn. A subset R of cardinality k is called an (m, n, k, A)-relative
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difference set (RDS) in G relative to N if the differences d,d, ™ for d,,d, € R, d, # d,
represent each nonidentity element of G \ N exactly A times and each element of N
zero times.

N is called the forbidden subgroup. If G = H x N, where H is a subgroup of G, then
Ris called a splitting RDS. RDSs are said to be semiregular when k — An = 0. The RDSs
constructed in this paper will be semiregular (p% p?, p%, p'®?)-RDSs, which have been
studied extensively, for example, [8], [12], and [14].

For further study, the text of Beth, Jungnickel, and Lenz provides an excellent
overview of difference sets [1]. Similarly, Ma’s survey of partial difference sets [9] and
Pott’s text on relative difference sets [14] provide a thorough background on PDSs and
RDSs, respectively.

Often difference sets and their variations are studied within the context of the
group ring Z[G]. For a subset D in G, we can abuse notation and write D = Y ;.5 d
and D™V = ¥, d"". Contextual clues tell us whether D will represent the difference
set D or the element ) ;. d in the group ring Z[G]. The following equations are the
group ring equivalents for the various types of difference sets (for the RDS equation,
the forbidden subgroup is N):

— ((v,k,A)-DS): DDV = AG + (k - A)1g.
— ((,k,A,u)-PDS): DDV = D? = u(G - D) + AD + (k — )1;.
— ((m,n,k,1)-RDS): RR"Y = A(G - N) + k1;.

The remainder of the paper is organized as follows. Section 2 discusses variations
of linked systems of difference sets. Section 3 gives a construction of linked systems
where the linked objects are relative difference sets. The fourth and final section gives
a general construction of a relative linking system of nonreversible difference sets and
also suggests some possible directions for further research.

2 Linking difference sets

Until recently, the only infinite family of linking systems of symmetric designs was
constructed by Cameron and Seidel in 1973 using bent functions arising from Kerdock
codes [2]. The more recent work of Martin, Van Dam, and Muzychuk [10] showed that
a system of linked symmetric designs is exactly equivalent to a 3-class Q-antipodal
cometric association scheme and can be used to construct a 4-class Q-antipodal
Q-bipartite cometric association scheme and real mutually unbiased bases. This gen-
erated renewed interest in discovering examples of linked systems of symmetric
designs, and the notion of linked difference sets was introduced [3]. Indeed linking
systems of difference sets will provide examples of linking systems of designs. The
original definition of linking system of difference sets has now been simplified in [6]
and is given below.
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Definition 4. Let G be a finite group of order v and let ¢ > 2. Suppose £ = {D;;|1 < i,j <
¢,i + j}is a set of (v, k,A) difference sets in G. Then L is a (v, k, A; £)-linking system of
difference sets in G of size ¢ if there are integers y, v € Z such that for all distinct i,j, k
we have
Dy;Df” = (4= v)Dyy +VG.

Variations on this idea have been explored in [4]. For example, if Di,jDﬁl) = uDy +
V(G - D) + cH for some subgroup H, then we will call this a relative linking system. In
the next section, we will construct yet another variation where the sets D are relative
difference sets. We will call this a linking system of relative difference sets.

Definition 5. Let G be a finite group of order v and let £ > 2. A collection {R;; | 0 < i,
j < &,i+# j}of (mn, k,A) relative difference sets in G all relative to the same subgroup
N with v = mnis an (m, n, k, A; €)-linking system of relative difference sets for u,v € Z if
R,-,]-R}fj(l) = (U - V)R;y + VG, for some relative difference set R; relative to N.

3 Construction of linked systems of relative
difference sets

In this section, we will make use of partial difference set partitions of abelian groups
to form relative difference sets that form a linking system. What we require is the fol-
lowing.

Definition 6. Let G be an Abelian p-group of order ¢”,q = p’,p prime, whose non-
identity elements can be partitioned into g partial difference sets of the Latin square
type, Co, Cy, ..., C4_q such that |Cy| = (M + 1)(¢" -1 and |C;| = M(q" - 1) fori + O where
M = ¢! (for convenience in later computations). We call this partition a g-quasi-
hyperplane partition.

One such g-quasi-hyperplane partition can be constructed as follows. Let ;- be
the finite field with ¢" = (p‘)" elements for p prime, t € M. The 2-dimensional vector
space V = ]Ff]y has ¢" + 1 hyperplanes (1-dimensional subspaces), H;,0 < i < ¢'. Then
Co = ?:’01 (H;\{0}) and C; = Ug;gf’lr:l(Hi\{O}),l <j < (g -1),is a g-quasi-hyperplane
partition of V.

There are other Abelian groups which are not elementary Abelian that achieve this
same partition. For example, [13] gives the following result (simplification of Corollary
6.1in that paper).

Theorem 1. Let G = (Z,)* x(Z,2)* -+ x (szk)zsk where the s; are nonnegative integers,
and let |G| = n’. Then G has a partition into partial difference sets which is a g-quasi-
hyperplane partition.
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Due to a result of Van Dam [15], we also have that the union of any of the PDSs in
the partition is a PDS. We encapsulate the PDS information in the following group ring
equations. The first two are immediate, while the latter pair require some calculation
and using this fact that C; U C; will be a partial difference set as well:

- C2=M(q -1)+(q" +M*-3M)C; + (M?> - M)(G* - C;) fori + 0

- ClA=M+1)(Gq -1)+(q +M+1)>=3(M +1)Cy + (M +1)* = (M +1))(G" - Cp)
- GG =M +M)(C; +C) + M*(G* - C; - C)

— (1+Cy)Ci = M*(Cy + C;) + (M? + M)(G* - Cy - C))

Now we are ready to define the relative difference sets in the group F, x G, where G
is a group with a g-quasi-hyperplane partition. Let IF; = {04, X;, X5, ..., Xg_1}. Then for
each x € Fg,x # 0, define R, as follows:

Ry = (04, 1+ Co) U (xx1, C1) U (X2, C3) U -+~ U (x4, Cy).

For proof that R, is a (¢¥,¢,q”,¢” ) RDS in FF, x G relative to F, x {0}, see [8] and
[12]. The following theorem shows that these RDSs form a linking system of RDSs.
Theorem 2. The relative difference sets R, = (0,1 + Cy) U (xxq,C;) U (xx5,C5) U --- U
(0xg-1, C4-y) forx € Fy forma (@”, 49,9, ¢” % g —1)-linking system of relative difference
sets in Fy x G.

Proof. We will show that for x,y € ]F; and x # y, that the following is true:

RR, ™V = (¢ - ")y x G) + 'Ry

In group ring notation, we have

RR,V = ((0,(1+Cy)) + 00y, Cy) + (063, C) + -+ + (%1, Cyp))

y
X ((0,(1+Co)) = (yx1, Cy) = (122, ) = -+ = (¥Xg-1, Cgo1))-

We begin computing the coefficient of (0,05;): we only need consider the term
(1+ Co)?, which gives 1+ (M + 1)(¢" - 1) = ¢” ' = ¢" ! + ¢ Group elements in (0, C,)
have2+q" + (M + 1)? - 3(M + 1) from the (1 + CO)2 term and g - 1 terms with M?. This
gives2+q +(M+1)>-3(M+1)+ (- 1)M? = ¢" ' — ¢ + ¢'. Coefficients for the terms
(0, C;) are calculated from (M + 1)* + (M + 1) from the (1 + C,)? term, M* — M from the
two terms involving C; and g — 3 remaining terms with M 2, Putting this together yields
qu—l _ qr—l.

Now we consider terms (z, g), z € IF;, g € G. Notice that xa — ya = z has the unique
solution a = z(x — y)*. So in our expansion, when we collect terms with z we get

<z,cxflz(1+c0)+(1+c0)c,yflz+ D cic].>.

LjXx;—yx;=z
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The coefficient of (z, C,) will be derived from the first two terms yielding M?+ M,
the one term giving ¢" + gM? — 3M and the remaining q — 3 terms with M. Putting it
togetheryields: > '-g" '+¢". The (z, 0;) term comes solely from C,2, and is g '-¢" .
There are several other cases to consider, but essentially each gets M? + M - M6 from
the (1 + Cy) terms, M? — M from the C, term, and M? — M6 from the other terms. The
key is that § = 1 exactly twice in every case, and O otherwise. So we get

AM* + M)+ M? ~M+(q-3)M* - 2M =gM* ~-M = ¢* ' - ¢ ",
Putting all the pieces together, we have

RR, TV =(g"" g )y x G) +q'Rpy_ . -

4 Relative linking systems with McFarland difference
sets and questions to ponder

The paper by Martin, Van Dam, and Muzychuk investigates the relationship of linked
systems of designs with other association schemes [10]. Kodalen has now constructed
linked systems of designs with Hadamard parameters that are not a power of two [7].
In the case of linked systems of difference sets, however, all known examples have
Hadamard parameters and are in 2-groups. There are the original constructions of
Cameron and Seidel [2], those given in the paper by Davis, Martin, and Polhill [3], and
additional examples in the work of Jedwab, Li, and Simon [6]. In the latter article, the
authors also show that neither the McFarland nor Spence families of difference sets
can form a linking system.

Research problem 1. Find linked systems of difference sets with parameters that are not
Hadamard.

Research problem 2. Find linked systems of difference sets with parameters that are
Hadamard but not in 2-groups.

Research problem 3. Rule out various difference set families as candidates for forming
a linking system.

In this paper and [4], examples of linked systems of relative and almost difference
sets are given. Are there more constructions of these or other difference set variations
or perhaps additional examples of relative linking systems other than the one given
in [4]?

Research problem 4. Find new examples of linked systems of relative difference sets,
almost difference sets, etc.
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We can construct a family of relative linking systems generalizing the one on 4000
points from [4]. That example came from the remarkable reversible McFarland differ-
ence sets in FF5, x IFjy;. The new examples are not reversible, and hence are the first
family of nonreversible examples for any type of linking system other than those con-
structed in the Hadamard family by Jedwab, Li, and Simon [6].

Theorem 3. Forp prime and q = p’, suppose that q +2 is also a prime power. Then there
is a (¢%(q + 2),q(q + 1), q;q + 1)-relative linking system of difference sets in the group
G = Fy,, x Fy x Fg relative to {0} x Fy x Fg.

Proof. Let Fy,, = {0,x3,%5,X3,...,X4,1}. We construct McFarland difference sets us-
ing the hyperplane decomposition of {0} x IF, x FF,, denoting the g + 1 hyperplanes
(0,Hy), (0,Hy), ..., (0, Hyyq)- Then for each nonzero element x,, € Fyyo the associated
McFarland difference set is

Dy, = (Xgx, Hy) + (XgXo, Hy) + -+ + (XX, Hyq) 1<a<g+1

Note that (0,H;)(0,H;) = {0} x Fy x if i # j while ((0, Hi))2 = ¢(0, H;). McFarland
proved in [11] that Dx,, is a difference set, so we need only show that we have a closed
relative linking system and specifically we show for x, # x;, that DXan(;D =(g@-1)G+
2({0} x F, x ]Fq) + qD(Xa,Xb).

D, DSV = ((xgxy, Hy) + (XX Hy) + 4 (aXg1 Hy 1)) (=00, Hy) = (X, Hp) = -+

Xa " Xp
- (XquH’ Hq+1))~
Since for alli, x,X; # xpx;, then all nonidentity elements of the form (0, z;, 2,), 23, 2, € Ty
have coefficients determined as follows:
<o, > HiHj> = (g + ({0} x E, x ).
(

L X X =XpX;)

On the other hand, for the terms (y, zy, 2,),y € Fy,,,2;,2, € Fy, we see that x,x;—xpx; =y
has the solution ¢ = y(x, - x,)"". Thus,

U )
(1 XaX;=XpX;=Y)

“(n ¥ HHE) - @ D0 E X B+ a0uH),
(

)X X~ XpX=Y
Putting this all together, we obtain

D, ptb — (@ -1)G +2({0} x F, x ]Fq) + qD(Xa

a Xp _Xb) :
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This shows that some of the McFarland difference set family fits into a relative
linking system, though they cannot form a linking system as proved in [6].

We conclude with one last problem. While [10] gives clear evidence of the impor-
tance of linking systems of difference sets, the variations have not been explored out
of the context of difference sets.

Research problem 5. Explore the variations of linked systems of difference sets in other
contexts. In particular, what interesting properties have the generalized bent functions
derived from the linking systems of relative difference sets given in this paper?
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2-(v, k, k — 1) designs from disjoint difference families in finite fields and Galois rings.
Our results are obtained by carefully calculating and bounding some block intersec-
tion numbers, and we give insight on the limitations of this technique. Moreover, we
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bers of certain designs and on the structure of Galois rings of characteristic p®.
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1 Introduction

In their previous work [15], the present authors studied two constructions of differ-
ence families in Galois rings by Davis, Huczynska, and Mullen [9] and by Momihara
[17]. Both constructions were inspired by a classical construction of difference families
in finite fields which was introduced by Wilson [21] in 1972. Various types of difference
families have long been studied in combinatorial literature [1, 3, 5, 6, 7, 12, 14, 21].
They have applications in coding theory and communications and information secu-
rity [18], and they are related to many other combinatorial objects. In particular, every
difference family gives rise to a combinatorial design. Combinatorial designs them-
selves have been extensively studied since the first half of the nineteenth century, they
have many applications in group theory, finite geometry and cryptography [3, 8].
Whenever a new construction of difference families is given, the natural question
arises whether the associated designs are also new or whether they are isomorphic to
known designs. By calculating and bounding some block intersection numbers, the
present authors [15] solved this isomorphism problem for the difference families from
Momihara [17] and Wilson [21] and for those from Davis, Huczynska, and Mullen [9]
and Wilson [21]. In this paper, we obtain new difference families from the ones con-
structed by Davis, Huczynska, and Mullen [9]. These new difference families also have
an analogue in finite fields from Wilson’s [21] construction. Motivated by the present
authors’ previous results, we will use the same technique as in their paper [15] to study
whether the associated designs are isomorphic or not. It will become clear that the ap-
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proach to use block intersection numbers as a tool to solve isomorphism problems is
promising for certain types of designs but has its limitations in general.

We start by defining the objects we study in this paper. First, we need the following
notation: Let G be an additively written Abelian group, A,B € G and g € G. We define
multisets

M={a-d :ad cAaz+d}
A-B={a-b:acAbeB,a+b}
A+g={a+g:acAl

We will sometimes use these notation to denote sets, not multisets. It will be clear from
the context whether we mean the multiset or the respective set.

Definition 1. Let G be an Abelian group of order v, and let D, D,, ..., D, be k-subsets
of G. The collection D = {D;,D,, ..., D,} is called a (v, k, A) difference family in G if each
nonzero element of G occurs exactly A times in the multiset union

b
|JaD,.
i=1

If the subsets D;, D,, ..., D, are mutually disjoint, they form a disjoint difference fam-
ily. If b = 1, one speaks of a (v, k, A) difference set. We call D near-complete if the sub-
sets Dy, D,, ..., D) partition G \ {0}.

In this paper, we focus on near-complete (v, k, k — 1) disjoint difference families.
For more background on this type of difference families, the reader is referred to the
survey by Buratti [5] who summarizes many results and introduces a powerful new
construction. His construction includes many known constructions, including the one
by Davis, Huczynska, and Mullen [9]. However, it seems to be too general to use it
for studying isomorphism problems, at least when using block intersection numbers.
Eventually, we remark that every near-complete disjoint difference family is also an
external difference family [7, 9, 15].

As mentioned above, every difference family gives rise to a combinatorial design.

Definition 2. Let P be a set with v elements that are called points. A t-(v, k,A) design,
or t-design, in brief, is a collection of k-subsets, called blocks, of P such that every
t-subset of P is contained in exactly A blocks.

The associated designs of difference families are 2-designs which are often re-
ferred to as balanced incomplete block designs (BIBD). They are constructed as the
development of a difference family.

Definition 3. Let G be an Abelian group, and let D = {D;,D,, ..., D)} be a collection of
subsets of G. The development of D is the collection

dev(D) ={D;+g:D; € D,g € G}
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of all the translates of the sets D;, D,, ..., Dy. The sets D;, D, ..., D, are called the base
blocks of dev(D).

In other words, the development of D is the union of the orbits of the sets con-
tained in D under the action of G. If all orbits have full length, dev(D) contains vb
blocks. The following well-known proposition relates difference families to 2-designs.

Proposition 1.1. Let D be a (v, k,A) difference family in an Abelian group G. The devel-
opment dev(D) of D forms a 2-(v, k,A) design with point set G.

2 Galoisrings

In this section, we give a short introduction to Galois rings and present some of their
well-known properties needed in this paper. We refer to the work by McDonald [16]
and Wan [20] for extended general background on this topic. Let p be a prime, and let
f(x) € Z,n[x] be a monic basic irreducible polynomial of degree r > 1, which means
that the image of f modulo p in T, [x] is irreducible. The factor ring

Zyn[X]/{f (X))

is called a Galois ring of characteristic p™ and extension degree r. It is denoted by
GR(p™,r), and its order is p™. Since any two Galois rings of the same characteristic
and order are isomorphic, we will speak of the Galois ring GR(p™, r).

Galois rings are local commutative rings. The unique maximal ideal of the ring
R=GR(p",r)is

Z=pR={pa:acR}

The factor ring R/Z is isomorphic to the finite field IF,r with p" elements. As a system
of representatives of R/Z, we take the Teichmiiller set

T={0,1,&,...,& 2},

where £ denotes a root of order p” — 1 of f(x). It is convenient to choose the generalized
Conway polynomial, that is the Hensel lift from IF,[x] to Z, [x] of the Conway poly-
nomial, as our polynomial f(x). Then x + (f) is a generator of the Teichmiiller group,
and we set & = x + (f). Zwanzger [22, Section 1.3] provides more information on the
generalized Conway polynomial and its construction. Every a € R has a unique p-adic
representation a = ay + pa; + - - + p"™ a,,_;, where ag, ay, ..., 0y, ; € T.

The elements of R \ Z are all the units of R. We denote this unit group by R*. It has
order p™ — p"V" and is the direct product of the cyclic Teichmiiller group

T =T\{0}
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of order p” — 1 and the group of principal units P = 1 + T of order p™ V", If p is odd or
if p = 2and m < 2, then P is a direct product of r cyclic groups of order p™ . If p = 2
and m > 3, then P is a direct product of a cyclic group of order 2, a cyclic group of
order 2™, and r — 1 cyclic groups of order 2™, In this paper, we will only consider
Galois rings of characteristic p2. In this case, (1 + pa)(1 + pB) = 1 + p(a + B) for any
a,B € T, and every unit u € GR(p% r)* has a unique representation

u=ag(l+pa),

where ay € 7" and a; € 7. Moreover, the group of principal units P is a direct product
of r cyclic groups of order p and thus has the structure of an elementary Abelian group
of orderp’.

3 Construction of disjoint difference families

In this section, we describe three constructions of disjoint difference families. The con-
structions from Theorem 3.2 and Theorem 3.3 are well known. The third construction,
in Theorem 3.4, follows from results by Furino [12]. As the first two constructions also
fall into Furino’s very general framework, we will present his result first. We only re-
state a special case of his construction.

Theorem 3.1 ([12, Theorem 3.3 and Corollary 3.5]). LetR be a commutative ring with an
identity. Denote the cardinality of R by v and the unit group of R by R*. Let B be a sub-
group of R* of order k such that AB is a subset of R*. Denote by S a system of represen-
tatives of the cosets of B in R \ {0}. The collection {sB : s € S} is a (v,k,k — 1) disjoint
difference family in the additive group of R.

Note that, by abuse of denotation, we also call sets sB where s is not a unit a coset
of B. Because of the condition AB ¢ R*, these cosets also have cardinality k, and all
the cosets partition R \ {0}.

Next, we present the construction of disjoint difference families in finite fields by
Wilson [21]. It makes use of the cyclotomy of the e-th powers in a finite field.

Theorem 3.2. Let IF, be the finite field with q elements, and let a be a generator of the
multiplicative group IFZ of ;. Moreover, let e, f be integers satisfying ef = q — 1, where
e.f =2, and let

C;={a': t =i(mode)},
wherei = 0,1,...,e — 1, be the cosets of the unique subgroup C, of index e and order f

that is formed by the e-th powers of a in ;. Then the collection C = {Cy,Cy,...,Coq} IS
a near-complete (q.f,f — 1) disjoint difference family in the additive group of T,.
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We now present the construction of disjoint difference families by Davis, Huczyn-
ska, and Mullen [9]. We use the same notation as in section 2, and we remark that this
theorem also follows from Theorem 3.1 and from a result by Buratti [5].

Theorem 3.3 ([9, Theorem 4.1]). Let p be a prime, and let r be a positive integer such
that p” > 3. Denote by T the Teichmiiller set of the Galois ring GR(p*,r) and by T* the
Teichmiiller group T* = T \ {0}. The collection

E={1+pa)T" :aeTtupT"

forms a near-complete (p”,p" —1,p" - 2) disjoint difference family in the additive group
of GR(p*, ).

Since p” — 1 divides p% - 1, there exists a disjoint difference family in the additive
group of I that has the exact same parameters as the difference family from Theo-
rem 3.3. It can be constructed using Theorem 3.2 by taking the (p" +1)-th powers in Fpar.
Inspired by Theorem 3.3 and the work by Furino [12], we noticed that if p is odd, we
obtain a new disjoint difference family by taking the cosets of the group of Teichmiiller
squares.

Theorem 3.4. Let p be an odd prime and let r be a positive integer such that p” > 5.
Moreover, let

T = {1688
be the Teichmiiller group of the Galois ring GR(p?,r), and let T = T* U {O}. By
5= L8877
we denote the set of squares and by
Ty =688
we denote the set of nonsquares in T*. The collection

EH:{(1+pa)775* cae THU{pTs tu{l+pa)Ty € THU {pTy'}

r

forms a near complete (p*', £ > 12 2’ 3) disjoint difference family in the additive group of

GR(p? 7).

Proof. Denote by Z = pGR(p?, r) the maximal ideal of GR(p?, r). The Teichmiiller set 7
is a system of representatives of GR(p? r)/Z. This factor ring is isomorphic to the fi-
nite field IF,;. Consequently, the difference of two distinct elements of the Teichmiiller
group 7* is a unit, hence AT* € GR(p%,r)*. As 75" is a subgroup of T*, it follows that
ATS is a subset of the unit group GR(p% r)*. In this case, according to Theorem 3.1, the
collection of the cosets of 75" in GR(p% 1)\ {0} forms a disjoint difference family in the
additive group of GR(p?, r). O

printed on 2/10/2023 4:43 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

56 —— C.KaspersandA. Pott

Note that the difference family E* from Theorem 3.4 can be obtained from the dif-
ference family E presented in Theorem 3.3 by cutting the base blocks of E into halves,
hence the name E¥. Furthermore, note that there exists a difference family cH in the
finite field IF» which has the same parameters as Ef. According to Theorem 3.2, the
cosets of the subgroup COH of the 2(p” +1)-th powers in ]P;Z, forma (p”, g > r-1 p 3) disjoint
difference family in the additive group of IF,». In the following section, we will study
the isomorphism problem for the difference families C¥ and E¥ from finite fields and
Galois rings. Moreover, we present additional isomorphism invariants of the designs
in finite fields coming from Theorem 3.2.

4 A partial solution to the isomorphism problem

Denote by C the (p”,p" - 1,p" - 2) difference family and by C? the (p%, p = p =3y dif-
ference family in the additive group of IF,» which are constructed using Theorem 3.2.

Denote by E the (p¥,p" - 1,p" —2) difference family and by E¥ the (p?’, £ 5 Py 3) differ-
ence family in the additive group of GR(p?, r) which are constructed using Theorem 33
and Theorem 3.4, respectively.

In their previous work, the present authors [15] solved the isomorphism problem
for the 2-(p”, p’ —1, p" —2) designs dev(C) and dev(E). They showed that the designs are
nonisomorphic for all combinations of p and r except p = 3 and r = 1. In this section,
we will give a partial solution to the isomorphism problem for the 2-(p*, p -1 p 5 L3
designs dev(C") and dev(E™). Note that these designs can be obtained from dev(C)

and dev(E), respectively, by cutting every block into two halves.

Remark 1. The fact that two designs D;, D, are nonisomorphic does not imply that
two designs DI, Df that are obtained by cutting the blocks of D; and D, into smaller
blocks are nonisomorphic. This is shown in the following example which was given
in the context of skew Hadamard difference sets by Feng and Xiang [11, Example 3.3].
Denote by C, the subgroup of the 14-th powers of the multiplicative group of the finite
field F;;3 and by Cy, C;, ..., Ci3 the cosets of C. It follows from Theorem 3.2 that the
collection C = {C,,(;,...,Cy3} is a disjoint difference family in the additive group of
IF,;3. The collections

D, ={{CouCuC,UC4UCguCigUCpaks
{C,UC3UCsUC,UCyU CyyUCisl),

D, ={{CouCuCuC3uUC,UC5UCgl,
{C;UCgUCyU CypUCyyUCUCsl},

Dy ={{CouCiuC3UC,UCsUCqUCol,
{C,UC;UCgUCypU CyyUCp Uyl
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are also disjoint difference families in the additive group of IF;;;. Consider their asso-
ciated designs dev(D;), dev(D,), dev(D3). Their full automorphism groups A;, 4,, A3
have orders |A;| = 5310690, |A,| = 252890 and |A;| = 758670. Thus, the designs
are pairwise nonisomorphic. However, it is clear that from all three difference fami-
lies, we can obtain the difference family C by cutting their base blocks into the cyclo-
tomic cosets Cy, Cy, ..., Ci3. Hence, from the nonisomorphic designs dev(D,), dev(D,),
dev(D;), we can obtain the exact same design dev(C).

The present authors [15] solved the isomorphism problem for dev(C) and dev(E)
by comparing the block intersection numbers of these designs.

Definition 4. We call an integer N a block intersection number of a t-design D, if D
contains two distinct blocks B and B’ that intersect in N elements.

Block intersection numbers are invariant under isomorphism. For a given de-
sign D, they can be easily computed as the entries of the matrix M M, where M is the
incidence matrix of D with the rows corresponding to the points and the columns cor-
responding to the blocks of D. Note, however, that there also exist designs that have
the exact same block intersection numbers but are nonisomorphic. One example are
the designs given in Remark 1. These designs are pairwise nonisomorphic, but they
all share the intersection numbers 0, 332, 333. For the designs dev(C) and dev(E™),
however, block intersection numbers seem to distinguish the designs as the following
example shows.

Example 1. The constructions from Theorem 3.2 and Theorem 3.4 yield (625, 12, 11) dis-
joint difference families C* and E in the additive groups of Fs« and GR(25, 2), respec-
tively. The associated 2-(625, 12, 11) designs have the following block intersection num-
bers: for deV(CH), theyare 0, 1, 5, 6, and for dEV(EH), theyare 0,1, 2,5, 6. Hence, the two
designs are nonisomorphic.

Before we start with the actual calculation of our block intersection numbers, we
focus on their multiplicities.

Remark 2. Not only the block intersection numbers themselves but also their mul-
tiplicities are isomorphism invariants of a combinatorial design. Hence, in the fol-
lowing, we will not only state the intersection numbers but also their multiplicities
whenever it is possible. Although we will not use the multiplicities to solve an isomor-
phism problem in this paper, they might be useful for further research. To determine
the multiplicity of an intersection number N, we will first count the number of pairs
(i,j) such that two blocks B; and B; intersect in N elements without considering that
B;n B]- = Bi N B;. In the end, we divide this number by 2.

Example 2. The multiplicities of the block intersection numbers of the designs from
Example 1 are as follows: In deV(CH ), the intersection numbers 0, 1,5, 6 occur with
multiplicities 410 328 750, 117 000 000, 195 000, and 585 000, respectively. In dev(DH ),
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the intersection numbers 0,1,2,5,6 have multiplicities 417078 750, 100 687 500,
10312500, 7500 and 22500, respectively. Hence, the multiplicities distinguish the
designs.

For all three designs given in Remark 1, the multiplicities of the block intersection
numbers 0,332,333 are 1331, 2655 345, and 885 115, respectively. Hence, in this case,
neither the intersection numbers nor their multiplicities distinguish the designs.

In the remainder of this section, we will first generally describe the block inter-
section numbers and their multiplicities of the designs coming from the disjoint dif-
ference families in F, that we presented in Theorem 3.2. From this result, we will
derive the block intersection numbers and their multiplicities of the designs dev(C)
and dev(CH). Note that the present authors, in their previous paper [15], already gave
the intersection numbers of dev(C). We will now contribute the associated multiplic-
ities. Finally, we will establish bounds on the intersection numbers of dev(E™) which
will lead to a partial solution of the isomorphism problem of the designs dev(C?) and
dev(E™).

The block intersection numbers of the design from Theorem 3.2 are strongly re-
lated to the so-called cyclotomic numbers: As in Theorem 3.2, let Cy, C;, ..., C,_; be
the cosets of the subgroup C, of the e-th powers in IF;. For fixed nonnegative integers
i,j < e —1, the cyclotomic number (i,j), of order e is defined as

(i) = |(C;+ 1) N Cj.

Denote by n,(N) the number of pairs (i,j), where i,j < e — 1, such that the cyclotomic
number (i,j), = N.

Proposition 4.1. Lete,f > 2 be integers such thatef = q—1, and let C be a (q.f.f — 1)
disjoint difference family in the additive group of I, constructed with Theorem 3.2. The
block intersection numbers of the 2-(q,f,f — 1) design dev(C) are 0 and the values of the
cyclotomic numbers (i, j), of order e. The intersection number O has multiplicity %q(q -
1)n,(0)+ %qe(e— 1), each nonzero intersection number N has multiplicity %q(q -1)n,(N).

Proof. Denote by a a primitive element of the finite field IF,. Let C = {Cy, C;, ..., Coq}
be a disjoint difference family from Theorem 3.2 in the additive group of FF,. Take two
arbitrary distinct blocks C; + a and C; + b of dev(C). If we want to calculate the cardi-
nality,

|(C; + @) n (C; + b))

of their intersection, we need to determine the number of solutions (s, t) of the equa-
tion

oy a=a® + b (4.0

printed on 2/10/2023 4:43 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

Isomorphism problems about 2-designs =——— 59

If a = b, then obviously only the case i # j is relevant. As C; and C; are disjoint, there
are no solutions in this case and

|(C;+a)n (C;+a)| = 0.

Since there are g choices for a and e(e — 1) choices for (i,j) such that i # j, the block
intersection number O occurs ge(e — 1) times in this context. Removing repeated inter-
sections, this multiplicity reduces to @.

Ifa + b,thena-b = « for somer € {0,...,q — 1}. Write r = me + ' such that
0 < r' < e—1. Now, we can rewrite (4.1) as

a(s—m)e+(i—r’) +1= a(t—m)e+(j—r’).

Consequently,
|(Ci+a)n (G +b)| =[(Cip + D N Cip,

where the subscripts are calculated modulo e. The right-hand side of the above equa-
tion is exactly the cyclotomic number (i —r',j - r’)e. We have g(gq — 1) choices for (a, b)
such that a # b, and the difference a — b covers all the elements of IFZ the same num-
ber of times. Consequently, each cyclotomic number (i, j), that equals N contributes
with g(g-1) to the multiplicity of the block intersection number N. Removing repeated
intersections, this contribution reduces to @. O

Using a result by Baumert, Mills, and Ward [2, Theorems 2 and 4], the present
authors [15] showed that the cyclotomic numbers of order p” + 1in IF are given as

(0> O)pr+1 = pr - 2)
(0,D)pr41 = (1,0)py 11 = (L) =0 fori+0, (4.2)
Gy =1 fori #jandi,j # 0.

With the help of Theorem 4.1, we can now determine the block intersection numbers
of the 2-(p¥,p" — 1,p" - 2) design dev(C) and their multiplicities. While the present
authors [15] presented these block intersection numbers before, the results about their
multiplicities are new.

Corollary 4.2. The 2-(p”,p" - 1,p" — 2) design dev(C) has exactly the following block
intersection numbers:

block intersection number multiplicity

0 %(3p5r +p4r _ 2p3r)
1 %(p& _pSr _p4r +p3r)
pr ) %(plw _er)
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Proof. Let e = p" + 1. Denote by n,(N) the number of cyclotomic numbers of order e
that equal N. In Fpr, according to (4.2), we have

n,(0)=3p’, n)=p'(p'-1) and n,(p'-2)=1 (4.3)

We multiply these numbers with the factor % p” (p” —1) from Theorem 4.1. This gives us
the multiplicities of the block intersection numbers 1 and p” - 2. To obtain the multi-
plicity for 0, according to Theorem 4.1, we additionally need to add % P +1p. O

Next, we determine the cyclotomic numbers of order 2(p” +1) in IF» which are the
intersection numbers of dev(C). Unfortunately, these parameters no longer match
the conditions of the theorems by Baumert, Mills, and Ward [2] that were used to obtain
the cyclotomic numbers of order p” + 1. Nevertheless, we can deduce these cyclotomic
numbers from (4.2) with the help of the following well-known lemma.

Lemma 4.3 ([10, §67], [19, Theorem 2]). Let p be an odd prime. Let S be the set of
nonzero squares and N be the set of nonsquares in the finite field IF,r. Denote by QQ the
number of squares s € S for which s+1is a nonzero square and by QN the number of s € S
for which s + 11is not a square. Moreover, let NN denote the number of nonsquaresn € N
for which n + 11is not a square and NQ the number of n € N for which n + 1is a nonzero
square.

- Ifp" —1=0 (mod 4), then

p -5 p -1 p -1 p -1
= 5 N— N NN: > N =
Q== Q 4 4 Q==
Ifp" —1=2(mod 4), then
p -3 p+1 p -3 p -3
= N N: 5 NN= 5 N =
Q== Q 4 4 Q="

Combining Theorem 4.3 with (4.2), we obtain the following result.

Proposition 4.4. Let p be an odd prime, and let e = p” + 1 for some positive integer r. In
IF,r, the cyclotomic numbers of order 2e are as follows:
Ifp" —1=0 (mod 4), then

p'-5
0,0),, = ,
( )Ze 4
r
-1
(0,)0 = (€00 = (e,)0 = 2.
- Ifp" —1=2(mod 4), then
p+1
O, = >
(0, )5 4
-3

(0,0)56 = (€,0); = (€,€)56 = 2
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In both of the above cases,

(0’ i)Ze = (i>0)2€ = (1) i)2e = (l> e)Ze
= (e i)y =(,e+i)y =(e+1i,0) =0 fori¢{0,e}.

Out of the remaining cyclotomic numbers,

(1,))2e> (1] + €)2e, (I + €,7)20, (I + €, + €)5, Wherei,j+0andi #j,
for each choice of i and j, exactly one cyclotomic number is 1 and the other three cyclo-
tomic numbers are 0, but it is not known which one is 1.

Proof. Let a be a generator of IF;Z,, let C, be the unique subgroup of order p” — 1 of ]F;z,
formed by the (p” + 1)-th powers, and let Cy, Cy,..., C,y be the cosets of Cy. The finite
field F» contains a unique subfield F,r with p’ elements. Hence, the group C,, is the
multiplicative group lF;r of the subfield ;. As p’is odd, C, consists of %(pr -1) squares
and nonsquares in IF,; each. Consequently,

Co=ClucH,
where
c = {a' | t=0(mod2(p" +1))}
is the set of squares and

Cil ={a" | t=e(mod2(p +1))}

e

is the set of nonsquares in IF;;. The values of the cyclotomic numbers (i, j),,, where
i,j € {0, e}, now follow from Theorem 4.3. In the same way as before, we can divide

each of the cosets Cy, G, .. ., Cyr, of C; into two cosets CiH and CE, of c{;’ . Since

e+i

c=cluct

e+i

foralli=0,1,...,p", we obtain

C+ng=J (C+1)ncf
keli,e+i}
Cefj.e+j}

for 0 <i,j < p’. In terms of cyclotomic numbers, this means

Gpe= Y (KO (4.4)
kelie+i}
Cefje+j}

for 0 < i,j < p'. The values of the cyclotomic numbers (i, j),,, Where i,j ¢ {0, e}, now
follow from combining (4.4) with (4.2). O
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Unfortunately, the exact values of the cyclotomic numbers (i, )5, (i,j + €)2e, (i +
)z (i + €] + €)y, where i,j # O and i # j, in [ are not known in general. It is
an open problem to determine those. However, Theorem 4.4 immediately gives us the
block intersection numbers of the 2-design dev(CH ) as well as their multiplicities.

Theorem 4.5. Let C? be a (p?, p = p 3) difference family in the additive group of I

constructed using Theorem 3.2. The assoczated 2-(p”, p = p 3) design dev(C?) has ex-
actly the following block intersection numbers.
Ifp" —1=0 (mod 4), then

block intersection number multiplicity

0 16p% + 9™ +p* - 3p” + 2p™)
1 107 -p -p" +p)

) ;@Y -p™)

0 -1 36" - 3p™).

Ifp" —1=2(mod 4), then

block intersection number multiplicity

0 %(3p6r + 9p5r +p4r _ 3p3r + 2p2r)
1 %(pGr _pSr _p4r +p37)

;@ -3) 36" -3p™)

Y 30" -p™).

Proof. Lete = p"+1.It follows from Theorem 4.1 that the block intersection numbers of
dev(CH ) are exactly O and the cyclotomic numbers from Theorem 4.4. We obtain their
multiplicities using (4.4): Every cyclotomic number of order e that equals O splits into
four cyclotomic numbers of order 2e that equal 0. Every cyclotomic number of order
e that takes the value 1 splits into three cyclotomic numbers of order 2e that equal 0
and one cyclotomic number of order 2e that equals 1. If p” — 1 = 0 (mod 4), the unique
cyclotomic number of order e that equals p” - 2 splits into one cyclotomic number of
order 2e that equals %(p’ — 5) and three cyclotomic numbers of order 2e that equal
%(p’ —-1).If p” -1 =2 (mod 4), then we obtain %(pr - 3) three times and %(p’ +1) once.

Denote by n,(N) the number of cyclotomic numbers of order e that equal N. These
numbers were given in (4.3). By the above argumentation, we obtain the following
values for n,,(N). If p’ — 1 = 0 (mod 4), then

n2e(0) = 4ne(o) + 3ne(1)» n2e(l) = ne(l)
Noe((p" = 5)/4) = n(p" - 2), noe((p' —1)/4) = 3n,(p" - 2). (4.5)
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If p" =1 =2 (mod 4), then

Nye(0) = 4n,(0) + 3n,(1), Mpe(1) = n(1)
ne((p" - 3)/4) = 3n,(p" - 2), (P +1)/4) = n (P -2).  (46)

From Theorem 4.1, it follows that we need to multiply these numbers with % 7 (¥ -1)
to obtain the multiplicities of the respective block intersection numbers. For the block
intersection number 0, we additionally need to add % P (2p” +2)2p*¥ +1). O

Next, we examine the intersection numbers of dev(E"), the design associated to
the disjoint difference family E? in the Galois ring GR(p% r) from Theorem 3.4. Since
the design dev(E™) is constructed by letting the additive group of GR(p% r) act on the
difference family Ef , there is a strong connection between differences and block inter-
section numbers: Let EIH , E]-H ¢ Ef be two distinct base blocks of dev(EH ), and let d be
a difference occurring N, times in the multiset EI-H - E]H . Then N is the block intersec-
tion number |E1H n (E]H +d)| of the blocks ElH and EIH +d of dev(E™). Hence, to calculate
the block intersection number |E,H n (EjH + d)| we need to calculate the multiplicity Ny
ofdin EF - E]H . We will do exactly this for certain base blocks of dev(E?).

Let £ be a generator of the Teichmiiller group 7 and let 7 = 7™ n {0}. As in The-
orem 3.4, we denote by 7" the subgroup of Teichmiiller squares and by 7y the set of
Teichmiiller nonsquares. Furthermore, we call a coset of type

A +pa)Ts,
where a € T, a square coset of 75", and a coset of type
1+ pa)Ty = 1+ pa)éTy,

where a € T, a nonsquare coset of 75" . In the remaining part of this section, we will es-
tablish bounds on block intersection numbers of dev(E™) that come from the multisets
ATS and 7§ - Ty . We begin by analyzing the structure of these multisets.

Lemma 4.6. Let p be an odd prime. Using the same notation as above, consider the

multisets AT and Tg* — Ty in the Galois ring GR(p%, r).

- Ifp" -1 = 0 (mod 4), then AT contains ’% square cosets and ’% nonsquare
cosets of T, and Tg' — Ty contains 1% square and nonsquare cosets of 7" each.

- Ifp" -1 = 2(mod 4), then AT{" contains ’% square and nonsquare cosets of Tg'

T T
each, and Tg - Ty contains "73 square cosets and I’T“ nonsquare cosets of Tg'.

Proof. Denote by 7 the maximal ideal of GR(p?, r). The Teichmiiller set 7 is a system
of representatives of GR(p?, r)/Z which is isomorphic to the finite field IF,y. Hence, the
sets of Teichmiiller squares 75" and Teichmiiller nonsquares 7, act in the same way as
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the respective sets of squares and nonsquares in IF,;. The result now follows from The-
orem 4.3: Let d = s — s’ be the difference of two distinct nonzero squares s,s’ in Fpr.
Equivalently,

sdl-sdt=1

Note that d™! is a square if and only if d is a square. Using the notation from Theo-
rem 4.3, the equation s — s' = d has QQ solutions for s,s’ if d is a square, and NN
solutions if d is a nonsquare. Analogously, we obtain the number of solutions for s, n
of s —n = d, where s is a nonzero square and n is a nonsquare in ;. O

Furthermore, we need the following properties of squares and nonsquares in the
Galois ring GR(p?, ).

Proposition 4.7. Consider the Galois ring GR(p% 1), where p is odd. Denote by TS the

set of Teichmiiller squares and by T the set of Teichmiiller nonsquares.

1. Ifp’-1=0(mod 4), then-1is a Teichmiiller square, and T5" = -T5" and 275" < ATg.
Ifp" =1 = 2 (mod 4), then -1 is a Teichmiiller nonsquare, and T = -7y and
275 € T5 - Ty

2. Ifp"-1=0(mod 12), then1 € AT, and T € ATg'.

Ifp" -1=6(mod12), thenle Ty - T, and Tg € Ty — Ts -

3. Ifp" -1=0o0r6 (mod 8), then 2 is a square, and 275" is a square coset of Tg'.

Ifp" —1=2or 4 (mod 8), then 2 is a nonsquare, and 27" is a nonsquare coset of Tg".

Proof. Let & be a generator of the Teichmiiller group 7* in the Galois ring GR(p%, 7).

1. The present authors [15] proved that if p is odd, —1is contained in 7, in particular
~1=¢:%"D_The exponent 1@’ -1 isevenifp’—1= 0 (mod 4), then -1is a square
in7*.1fp" —1= 2 (mod 4), the exponent %(p’ - 1) is odd, hence -1 is a nonsquare
inT".

2. Ifp" —1= 0 (mod 6), the equation x° = 1 has exactly six solutions in the Teich-
miiller group 7, namely fk(”r‘l)“, where k € {0,1,...,5}. We show that the sum
of these elements is 0. It is easy to see that

5 5
- k@' -1)/6 _ k(' -1)/6
f(P /6 z & — Z I3 )
k=0 k=0
Hence,

5
(V6 _q) Yy W06 g
k=0

As we have shown in the proof of Theorem 3.4, the element & ®"-D/6 _ 1 is a unit. It
follows that

5
Y ko6 _ g, (4.7)
k=0
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k(p'-1)/3

By the same reasoning, ZLO '3 = 0. Consequently, we can rewrite (4.7) as

5(p"-1)/6 2(p"-1)/3
PP DI6 _ 207005 _ g

If p’ — 1 =0 (mod 12), the elements & 50°-1/6 and '3 20113 gre squares and, conse-
quently, 1 € A7 If p’ —1 = 6 (mod 12), then &> ~V/6 is a nonsquare and £2¢"~V/3
is a square, hencel e 7y - 75"

We first consider r = 1. Note that GR(p?, 1) = Z,.. The following classical re-
sults about quadratic residues were first systematically given by Gauss [13]. An
element a relatively prime to an odd prime p is a square in Z,» ifand only ifa is a
square in Z,,. In Z,,, the element 2 is a square if p — 1 = 0 or 6 (mod 8), and 2is a
nonsquare if p — 1 = 2 or 4 (mod 8). This solves the problem for r = 1.

Now, letr > 2. Let

T ={160 L

denote the Teichmiiller group of GR(p?, 1), and let 71 = 7;"u{0}. For a fixed prime p,
the Galois ring GR(p?, 1) is a subring of GR(p?, 1) forall r > 1. If T* = (¢) denotes
the Teichmiiller group of GR(p?,r), then 7;" is a subgroup of 7" and we write

* "-1)/(p-1) L2(00"-1)/(p-1 -2)(p"-1)/(p-1
T = (1,80 D00 20-D/0-D -2 -D/p-D)

where ( k= & Ke'™-D/®-D_gince 2is a unit in GR(p% 1), we can write 2 = (1+ pag)a,
for unique ay, a;, where a; € 7; and a; € 7;". It follows that a; = ¢ ¢ for some
2€{0,1,...,p-2}. In GR(p%, 1), we consequently obtain

2=(1 +pa0)£€(p “V/e-D,

Hence, 2is a square, and thereby 27" is a square coset of 75", if at least one of the
two numbers ¢ and (p" —1)/(p-1) is even. The second number is even if and only if
r is even. In this case, p" — 1 = 0 (mod 8). Hence, if r is odd, the number ¢ needs to
be even. This is the case if and only if 2 is a square in GR(p?, 1), which, according
to the case r = 1, holds whenever p—1 = 0 or 6 (mod 8). If r is odd, p” = p (mod 8).
The result follows. O

By combining all three results from Theorem 4.7, we obtain the following corol-

lary.

Corollary 4.8. Consider the Galois ring GR(p%,r), where p is odd. Denote by Ts the set
of Teichmiiller squares and by Ty the set of Teichmiiller nonsquares.

Ifp" —1= 0 (mod 12), then the multiset ATg" contains both Tg and 27", and the set
27" is a square coset of T¢" if and only if p" — 1 = 0 (mod 24).

Ifp" -1 = 6 (mod 12), then the multiset T5" — Ty contains both Ty and 275", and the
set 275" is a nonsquare coset of 75" if and only if p" — 1 = 18 (mod 24).

printed on 2/10/2023 4:43 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

66 —— C.KaspersandA. Pott

Note that p” — 1 = 0 (mod 24) holds whenever the prime p > 5 and r is even. To
continue, we need the following result about when 2 is a Teichmiiller square.

Lemma 4.9. Consider the Galois ring GR(p?,r), where p is odd. Denote by Ts' the set of
Teichmiiller squares and by Ty the set of Teichmiiller nonsquares.

— Ifbothp” —1=0or6 (mod 8) and 2! = 1 (mod p?), then Ts =275

— Ifbothp’ —1=2or4 (mod 8) and 2! = 1 (mod p?), then Ty =275 .

Proof. The equation 7" = 275" holds if and only if 2 is a square in the Teichmiiller
group 7*. According to Theorem 4.7, the element 2 is a square in GR(p?, r) if and only
ifp" —1=0o0r6 (mod 8). Since 7* has order p” - 1, the element 2 is contained in 7 if
and only if ¥z (mod p?). Since 2 is also an element of Zy = GR(p?,1) whichis a
subring of GR(p?, r), this condition can be reduced to 2’~! = 1 (mod p?).

On the other hand, the equation 7y = 275" holds if and only if 2is a nonsquare and
2 € 7. The second statement now follows by analogous reasoning as above from The-
orem4.7. O

Primes that solve 2*~! = 1 (mod p?) are called Wieferich primes. So far, the only
known Wieferich primes are 1093 and 3511. Thus, the only known Galois rings of char-
acteristic p? satisfying 75" = 275" are GR(1093% r), where r is even, and GR(3511%,r)
for arbitrary r. The only known Galois ring of characteristic p? satisfying Ty =274 is
GR(1093%,r), where r is odd.

With the help of the first result given in Theorem 4.7, we now establish a lower
bound on the multiplicities of certain differences of Teichmiiller elements. This is an
analogue of the present authors’ previous result [15, Lemma 5.9] for the design dev(E)
from Theorem 3.3:

Lemma 4.10. Consider the Galois ring GR(p?, r), where p is odd. Denote by TS the set of

Teichmiiller squares and by Ty the set of Teichmiiller nonsquares.

- Ifp"—1=0(mod 4), then all differences d € AT where d ¢ 275" have multiplicity
Ny > 1inATS.

- Ifp"-1=2(mod 4), then all differences d € TS —Ty whered ¢ 27" have mulitplicity
Ny >1inTg - Ty.

Proof. We prove the first result. The proof of the second statement is analogous. Let p
be a prime and r be a positive integer such that p" — 1 = 0 (mod 4). Moreover, let
d € ATS, which means that d = s - s’ is the difference of two distinct Teichmiiller
squares s,s’ € 75". According to Theorem 4.7, 7¢' = —75". Hence, if s’ # s, then (-s') -
(-s) = d is a second representation of d in A7S". Note that all these differences occur
in pairs. If s’ = —s, however, the two representations are the same, and d = 2s, thus
d € 27 . The statement follows. O

In the following lemma, we will establish an upper bound on the multiplicity of
certain differences in A7 and 75" — 7. For our main theorem, only the first part of
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the lemma is relevant. However, we also state the second part as it is easily obtained
from the previous results.

Lemma 4.11. Let p be an odd prime such that 2*~! # 1 (mod p?). Consider the Galois
ring GR(p% 1), and denote by Ts" the set of Teichmilller squares and by Ty the set of
Teichmiiller nonsquares.
Ifp" — 1= 0 (mod 24), then all differences d € ATg" where d is a square have multi-
plicity Ny < 22 in ATy
- Ifp’ —1=18 (mod 24), then all differences d € T5" — Ty have multiplicity N; < ’%
in7g -Ty-

Proof. The condition 2! # 1 (mod p?) ensures that 2 ¢ 7, and consequently s+
27§ # Ty as we showed in Theorem 4.9. Assume p’ -1 = 0 (mod 24), and let d be
the difference of two Teichmiiller squares, d ¢ A7§*, such that d is a square. Denote
by N, the multiplicity of d in A7g". From Theorem 4.6, we know that A7" contains
%(p’ - 5) not necessarily distinct square cosets of 7". It follows that N; < %(pr -5),
and N, = %(pr -5)if and only if A7{" contains only exactly one square coset of 75" with
multiplicity %(p' - 5). Assume N, = %(pr -5).If p" =1 = 0 (mod 24), then according
to Theorem 4.8, both 75" and 27" are subsets of A7", and 275" is a square coset of 7g".
This is a contradiction.

Now, assume p’ — 1 = 18 (mod 24), and let d be the difference of a Teichmiiller
square and a Teichmiiller nonsquare, d € 75* — 7y, such that d is a nonsquare. Denote
by N, the multiplicity of d in 75" — 7,/ . Analogously to above, we conclude from The-
orem 4.6 that Ny < +(p" +1), and Ny = +(p" + 1) if and only if 7{" - 7 contains only
exactly one nonsquare coset of 75". Assume N; = %@’ +1).Ifp" —1 = 18 (mod 24),
then both 7y and 275" are contained in 75" — 7y, and 275" is a nonsquare coset of 7g".
Again, we obtain a contradiction. O

As we have mentioned above, the multiplicity of a difference d in A7S" corresponds
directly to the block intersection number | 75" n (75" N d)|. Hence, we obtain from the
previous lemmas the following theorem which is our main theorem.

Theorem 4.12. Let p be an odd prime such that 2*' # 1 (mod p?). Let C" be a
»”, 1%, 1%) disjoint difference family in the additive group of the finite field T
constructed with Theorem 3.2, and let E be a disjoint difference family with the same
parameters in the additive group of the Galois ring GR(p?,r) constructed with Theo-
rem3.4.If p" —1 = 0 (mod 24), the 2-(p”, ’%, ‘%) designs dev(E?) and dev(C™) are

nonisomorphic.

Proof. Let p be an odd prime and r be an integer such that p” — 1 = 0 (mod 24). Re-
call from Theorem 4.5 that in this case the block intersection numbers of our design
dev(CH) are given as 0,1, %(p’ - 5), }'(p’ - 1). Now, consider the Galois ring GR(p?, 1),
and denote by 75" the set of Teichmiiller squares and by 7 the set of Teichmiiller
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nonsquares. By combining Theorem 4.10 and Theorem 4.11, we obtain

p -5

1<[Ts n(Ts +d)| <

for all squares d € ATS" \ 27" . Consequently, the design dev(E™) has an intersection
number different from the ones of dev(C?), and the designs are nonisomorphic. [

We remark that p” — 1 = 0 (mod 24) holds for all p and r where p > 5and r is
even. Furthermore, we remark that for the Wieferich primes 1093 and 3511, that satisfy
2¥71 = 1 (mod pz), the designs deV(CH ) and dev(EH ) are nonisomorphic for all r > 1.
With the help of Magma [4], we computed the multisets A7g" and 75" — Ty forr = 1and
checked that these multisets contain more than one square coset and more than two
nonsquare coset of 75" each. Consequently, there will be at least as many square and
nonsquare cosets of 7¢" in A7S" and 75" — 7y , respectively, for r > 1. So, the bounds on
the respective block intersection numbers established in the previous proof hold.

To conclude this section, we give an example that demonstrates why our block
intersection number approach fails if p” — 1 £ 0 (mod 24). We choose as an example
the case p” — 1 = 18 (mod 24) since, in the previous lemmas, we have already obtained
several results about this case that followed immediately from the results for p" — 1 #
0 (mod 24).

Example 3. Let p and r such that p” - 1 = 18 (mod 24). In this case, according to Theo-
rem 4.5, the design deV(CH ), has block intersection numbers 0, 1, %(p' -3), %(p’ +1).
For the design dev(EH ), using Theorem 4.10 and Theorem 4.11, we obtain

p+1

4

1< |75 0 (T +d) <

foralld e (75" — Ty) \ 275 . However, this result is of little use as it is still possible
that there exists d € (75" — Ty ) \ 275" such that |75 n (Ty + d)| = %(pr - 3) or that
two completely different blocks intersect in %(p’ + 1) elements. In fact, the multiset
pTs —pTy contains %(p’ +1) times the set p7y and %(p’ -3) times the set p7*. Hence,
these two numbers actually occur as the block intersection numbers

lp7s N (pTy +4d)|,

where d € T \ {0}. Hence, we cannot show the existence of an intersection number N
suchthat1 <N < 1(p" - 3).

5 Conclusion and open questions

Motivated by the present authors’ [15] recent results, we tried to use the same tech-
nique to solve another isomorphism problem about 2-(v, k, k — 1) designs. Thanks to
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the algebraic structure of our designs, we were able to solve the problem for many
cases, and, in doing so, obtained some interesting results about cyclotomic numbers
and the structure of Galois rings of characteristic p2. But the isomorphism problem is
still not solved for all cases.

Our results demonstrate that using block intersection numbers as a method to

tackle isomorphism problems about combinatorial designs has its limitations. One
needs designs that have a sufficiently strong algebraic structure to calculate or even
bound these numbers. We still consider this approach promising, especially if the de-
signs are constructed as the developments of some difference structures. During our
studies, we discovered the following interesting open problems:

Our computations hint that Theorem 4.12 holds for all p and r, where p is odd.
However, our examination of intersection numbers did not lead to the results nec-
essary to prove this conjecture. We leave this task to future work.

The construction of a disjoint difference family in GR(p? r) presented in Theo-
rem 3.4 does not only work for the subgroup of squares in the Teichmiiller group
but for all its subgroups. Moreover, there will always be an analogue in Fp. It
would be interesting to study the isomorphism problem for the associated designs
in all these cases. It might be possible to deduce more block intersection numbers
from the ones given in this paper and in [15].

As mentioned before, nonisomorphic designs can have the same block intersec-
tion numbers. It would be interesting to find more difference families as in Re-
mark 1 for which their associated designs have the same intersection numbers
but are still nonisomorphic.
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Abstract: This paper proposes multiplication and squaring algorithms over cubic
and quartic extensions for implementing pairing-friendly fields as the tower of fields
efficiently. The algorithms are designed by introducing the Gauss periods of type
(h,m) for constructing the normal basis. The costs are compared with several well-
known methods such as the Karatsuba method, and as a result, it is found that the
proposed methods work with smaller or almost equal costs than the conventional
methods.

Keywords: Gauss periods, normal bases, vector arithmetic, pairing-friendly fields, cu-
bic and quartic extensions
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1 Introduction

Many protocol researchers have begun to employ pairing based cryptography [20] for
the constructions of functional cryptographic applications such as homomorphic en-
cryption [22], identity based cryptography [4], broadcast encryption [6], and short sig-
nature schemes [5], for example. On the other hand, since the fundamental arithmetic
of pairing based cryptography is handled in extension fields such as ., Fyu, or Fps
for example, the performance of the pairing-based cryptography depends on the ef-
ficiency of arithmetic in such extension fields. Typically, these extension fields can
be constructed as towers of fields, and Koblitz et al. [18] defined a field Fp. as being
pairing-friendly if conditions p = 1 (mod 12) and k = 2'3/(i,j > 0) are satisfied. It is
known that the pairing-friendly fields are suitable for implementing cryptographic bi-
linear pairings.

Among the researches surrounding the pairing, reduction of the costs for the base
field arithmetic is one of the nonnegligible factors of efficient implementations. For ex-
ample, the Karatsuba method [15, 17] is the first multiplication algorithm which works
with smaller costs than the schoolbook method (distributive law) by reusing the com-
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mon term of the equation. As the natural generalization of the Karatsuba method, the

Toom-Cook method [25, 7, 17] is the well-known algorithm for large integer arithmetic.

However, since these algorithms are mainly designed for polynomial bases, a modu-

lar polynomial for defining the extension field should be carefully chosen so that the

algorithm can perform adequately and efficiently. Such parameter selection is one of
the attractive topics for implementing the pairing-based cryptography, and the readers

can obtain further knowledge in [9].

As well as the algorithms for polynomial bases, there are several types of research
and algorithms for efficient field arithmetic based on normal bases. For example,
Mullin et al. have proposed type I and IT optimal normal bases in [21], and the concept
has been extended by Kato etal. in [16]. Furthermore, Nekado has generalized the
concept of the algorithms in his Ph. D. thesis [23] by focusing on the so-called Gauss
periods of type (h, m) [10, 12].

In this paper, the authors focus on so-called cyclic vector multiplication algorithm
(CVMA), which was originally proposed by Nogami et al. in [24] for efficient vector
arithmetic, and generalized by Nekado in [23]. Since this paper aims to improve the
algorithms for the pairing-based cryptography, multiplication, and squaring over cu-
bic extension and quartic extensions are focused on, in particular. More precisely, the
authors review the structure of the CVMA with the Gauss periods of type (h, m), and
the vector arithmetic over cubic and quartic extensions are optimized by fixing the
parameters h and m.

The proposed methods are compared with several well-known methods. As a con-
sequence, it is found that the costs of the proposed method are slightly lower than that
of the conventional methods. Though these methods are assumed to be used as the
base of the tower field, nontrivial chances will arise for selecting a suitable basis for
implementation from the following reasons:

1. Inpractice, pairings of higher security level use relatively higher degree extension
fields suchas Fys [14] and F [2], for example. In that case, these extension fields
are constructed as a tower of fields so that rational points defined over the fields
can be considered as points over IF,;; and IF« via sextic twist,! respectively. In other
words, the base field arithmetic has a great influence on the performance of an
implementation.

2. In addition, though the operations over the defining field such as Fs and Fp
are heavy, the improvements of their base field arithmetics bring opportunities to
be used as a new basis representation for these fields which can provide faster
arithmetic than the classical methods. In fact, the cost of multiplication in Fps
based on the CVMA is smaller than the Karatsuba method (see Section 5).

1 Let E and E’ be elliptic curves over Fp,. E " is called a twist of degree d of E if there exists an isomor-
phismy, : E' = E defined over F i and d is minimal. The possible degree of twistisd = 1,2,3,4, or 6,
and sextic twist is the twist of degree d = 6. The readers can refer to [3, 13, 20] for the detail.
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3. Since the condition required for both conventional and proposed methods do
not overlap completely, the proposed methods provide novel prime numbers for
curves.

Considering further applicability of the proposed methods, the authors would like to
expand the algorithms for general prime powers, and advanced applications includ-
ing such expansion are future works.

2 Preliminaries

This section briefly introduces the notation and reviews the fundamentals of finite
fields [19].

2.1 Notation

For a prime number p and a positive integer m, let I, and [, be a prime field and
its extension field, respectively. An element a = (ag,...,dy_1) € F,n with a basis
{Bo>- - ->PBm_1} is represented by the polynomial form as follows:

m-1
a= z a;f;.

i=0
For simplicity of comparisons, the authors evaluate the costs of operations by fo-
cusing on addition (A), multiplication (M), squaring (S), multiplication with a constant
integer (c), and division by 2 (D,) in what follows. For examples, the costs of (xy+2x+y2)
and x> + xy? + oy are given by M + S + 3A and 2M + 2S + ¢ + 2A, respectively, where
0 is a constant in FF,. Another example is a"zb?’ + a;(a; - by)a + 20a;0® with the basis
{1, @, a’}. The readers need to remember that an equation over Fpm > T, is evaluated

2
by the number of required operations in FF,. Therefore, aozb" +a;(a, - b)a + 20a;0° is

,a,(a; — by),20a3) and is evaluated as 2M + S + 2A + ¢ + D,.

bZ
granted as a vector (a"T"

2.2 Gauss periods and cyclotomic polynomial

The Gauss periods are often used to construct normal bases in finite fields. The math-
ematical structure and a systematic construction have been studied by Feisel etal.
and Gao in their works [10, 12]. In this paper, since the authors concentrate to im-
prove arithmetic over IF; and IF,« for prime integers p, pairing-friendly fields I are
assumed to be constructed as the extension of FF,» with classical polynomial bases.
The Gauss periods of type (h, m) are obtained in the following way. For a prime
number p, choose positive integers h, m satisfying the conditions [1, 11] below:
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Condition 1.
1. r=hm+ 1is a prime number not equal to p;
2. gcd(hm/e,m) = 1, where e is the multiplicative order of p in F,.

According to the Fermat’s little theorem, we have r | (p" ! — 1). In addition, since
F; forms a multiplicative group consisting of hm elements, there exists a primitive rth
root of unity in Ithm, which is denoted by 8 € Ithm. In other words, S is a zero of the
cyclotomic polynomial @, (x). Recall that since r is a prime and we have 8" = 1, the
following equation holds:

r-1
p-1=B-1)p =0
j=0

Therefore, we have Z}Z(l) B =0(:B+1).
Let K be the unique subgroup of F; with #X = h. Then define a € F, with a coset
p'K as follows:

o = . .1)
jek
This o is called a prime Gauss period, which becomes a normal element in Fpn under

the condition (Condition 1), and the set of conjugates {a, o, ..., apm_l} forms a normal
basis of Fyn.

2.3 Cyclic vector multiplication algorithm

The cyclic vector multiplication algorithm (CVMA) was proposed by Nogami et al. in
[24] for efficient arithmetic over extension fields. Since the CVMA is designed to work
with the normal basis constructed by the Gauss periods of type (h, m), the basis of IF,n

is given by {a, o?, .. ., " }, where o® is a normal element as defined in equation (2.1).
For a primitive hth root d € F,, let e(-) and n(-) be functions defined as follows:

if p°d’ (modr) = 0,
e(p°d’ (mod 1)) = {m if p°d" (modr) 2.2)
s otherwise,
n(s, t,u) = e(psldt,(: p° +p'd" (modr))). (2.3)

It is noted that a basis element api (0 <i < m)isrepresented by  such that ®,(8) = Oas
equation (2.4), and multiplication x x y, where x,y € F,n, is derived by equation (2.5)
as follows:

i h-1 k pi
ol = (Z Bd > € Fyn, 2.4)

k=0
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j=

m-1 . m-1 ) m-1m-1 A
i ( ) Xiapl)( ) Yiapl> =) Xi)’i“plw}’ 2.5)
=0

i=0 i=0 i

where x;,y; € F,. The functions €(-) and n(-) are used for determining the exponent
part of the basis element truncated by ®,(8) from a”*? . The readers can know the
derivation of the equation (2.6) and equation (2.7) by referring to [23].
Leta = (ag,ay,...,ap_1) and b = (by, b;, ..., by,_;) be vectors in Fn respectively.
Let v; be a variable defined in equation (2.6) by using equations (2.2), (2.3).
h-1

Vi = Z z (aS - at)(bs - bt) Z‘E)&l(rl(s) t, u))) (26)

0<s<t<m
where §;(j) is the Kronecker delta, which is defined as follows:

. 0 ifi+j,
51'(]):{ J

1 otherwise.

Then the Ith coefficient of the vector ¢ = a x b is derived by equation (2.7), where
C= (Co, C]’ e ’Cm—l) € ]F;m.

G- { hv,, -v;—ab; ifhisodd, 27)

-V, — a;b, otherwise.

Based on equation (2.7), the CVMA for the Gauss periods of type (h, m) is obtained as
shown in Algorithms 1, 2.

Algorithm 1 Precomputation steps for the CVMA.

Require: A prime number p and an extension degree m.

Ensure: (s, t,u].
Find h, and prepare a primitive hth root d of unity in F;".
€[0] « m.
fors=0tom-1do
fort=0toh-1do
e[p’d (modr)] < s.
end for
end for
fors=0tom-2do
fort=s+1tom-1do
foru=0toh-1do
nls, t,u] — e[p® + p'd* (mod r)].
end for
end for
end for
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Algorithm 2 The CVMA for the Gauss periods of type (h, m).

Require: a = Y™ ' a,a” ,b = Y} ba? ¢ F,» and the precomputed values n[s, ¢, u]

forO<s<t<mandO<u<h.
Ensure: c=axb=Y"ca” .
forl=0tom-2do
V) & a,bl.
end for
Vi < O.
fors=0tom-2do
fort=s+1tom-1do
w « (a5 — a;)(bg — by).
foru=0toh-1do
Vnes.tw) < Viis,tu) T W
end for
end for
end for
if his an odd then
w — hv,.
fori=0tom-1do
CL—=WwW-=YV.
end for
else
fori=0tom-1do
= -V
end for
end if

Recall that r = hm + 1 must be a prime according to the condition (Condition 1), and
note that h decides the number of elements of I, which is the unique subgroup for
defining a normal element. Thus, this paper targets cubic and quartic extensions with
the Gauss period of type (2,3) and (1, 4) cases, in particular, so as to simplify the cal-
culation and to minimize the additional costs. It is noted that though there are other
choices of h and m for establishing the Gauss periods, larger h and m would cause the
increase of the number of components of a basis element and as the result, the multi-
plication with such basis becomes more complex. For example, consider constructing
a cubic extension with (h,m) = (4,3) (. r = hm + 1 has to be a prime). In that case, the
cyclotomic polynomial ®@;5(x) is used and a normal basis {7;, 7,, 73} is given by

T 1013 = B+ B+ B2+ B2 B+ B2+ B0+ BB + B+ B+ B,

where @3(f) = 0. Comparing to the case for using (h, m) = (2, 3), whose a normal basis
is given by {1, 7,, 75} = {8+ %, B> + B°, B> + B*} for @, (B) = 0, one can confirm that the
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basis becomes complex and as the result, it increases the cost of additions over Fp.
Therefore, h and m should be chosen smaller as possible, and the cyclotomic polyno-
mials @,(x) and ®;(x) are used for constructing the cubic extension and the quartic
extension, respectively. The goal of this paper is to reduce the costs of Algorithm 2 in
the particular case of degree 3 and 4.

3 Arithmetic over a cubic extension with the Gauss
periods

This section reviews the algorithms and the costs of each operation over the cubic
extension.

3.1 The normal basis of the cubic extension

Let r = 7 and 8 be such that @, (f) = l% = Z?:o B = 0. The condition on a prime p for
constructing the Gauss periods of type (2, 3) is given by:

Condition 2. The Gauss periods of type (2, 3) form a normal basis of I, if p # 7 and
p #1,6 (mod?7).

Since the unique subgroup of order 2in I, is {1, -1}, a normal element can be given
by B + B and the normal basis used for IFs in what follows is of the form

T, 1150 = {B+ B_lsﬁz +:3_2».33 +:3_3}

be a basis. In addition, we have -1 = 7; + T, + 75 since @,(f8) = 0.

3.2 Multiplication

Let a = (ag,ay,ay),b = (bg, by, b,) be vectors in F3, and {1y, 75, 75} the basis of F;.
Since the basis is given by {t;,7,, 75} = {8 + 87", B>+ BB + 7}, 1,15, and 73 hold
the following relation:

Tf=(ﬁ+ﬁ_1)2=ﬁ2+ﬁ_2+2=rz+2,
T§=(ﬁ2+ﬁ_2)2=ﬁ4+ﬁ_4+2=‘r3+2,
T§=(ﬁ3+ﬁ_3) =ﬁ+ﬁ_l+2=‘r1+2,

T =(B+B B +B ) =B+ P B =+,
T3 = (B + BB +B) =B+ + P B =1+ 1,
T3T; = (ﬁg +ﬂ_3)(ﬁ +ﬁ_1) = ﬁz +ﬁ_2 +ﬁ4 ‘*.B_4 =Ty +T3.
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It is noted that B satisfies 87 = 1 here. By using the above relationships, a x b can be
expanded as follows:

axb = (ayt; + i1, + a,73)(by Ty + b1, + byT3)
= (aghoTs + aph 71T, + agh,T,73) + (a1bo T, + @by 15 + a;b,T,T5)
+ (ayby 13Ty + Ayb 3T, + azbz‘rg)
= {agb; + a1by + a;b, + ayby + ayb, — 2(aghy + a1b; + ayb,)}Ty
+{agh, + ayby + a;b, + ayby + aghgy — 2(aghy + a;by + ayhy)1,
+ {agh; + a1bg + agh, + ayby + a;by — 2(aghy + arb, + ayb,)};
By focusing on the symmetricity of coefficients and using Karatsuba-like trick,? we
have the below equivalent representation with respect for each coefficient of a x b. As
the result, additions decrease and the cost required for calculating all coefficients of
a x b is then 6M + 12A in total.
Coefficientof 7, :  agh; + a;bgy + a1b, + ayby + ayb, — 2(agh, + a;by + ayby)
= (ap - a1)(by — by) + (ay — ay)(b, — by) — agby, 3.y
Coefficient of 7, :  agh, + aybg + ayb, + ayby + aghg — 2(aghg + a1b; + ayb,)
= (a, - ay)(b; - by) + (ag — ay)(b, — by) — a; by, (B.2)
Coefficientof 73 :  agb; + a;bg + agh, + aybg + a;b; — 2(aghy + a1by + ayb,)
= (ap — ay)(b; — by) + (ay — ay)(by — by) — ayb,. (33

3.3 Squaring

According to equations (3.1), (3.2), (3.3), each coefficient of @* = a x a is calculated by

Coefficient of T, :  —(ap — a;)* - (a, — a,)* - aé,
Coefficient of 7, :  —(ag — a,)* — (a; — a,)* - af,
Coefficientof r3:  —(ag - @)’ - (ag - a;)* - aﬁ.

Since 1, + 1, +73 = —1, the bases {1, 7, 75} and {1, 1;, 7,} are flexibly convertible. There-
fore, the authors consider the further transformations of each coefficient by intention-
ally applying the basis conversion for the sake of breaking the symmetrical form.

Let (ty,t;,t,) be the coefficient of the vector which is represented by the basis
{1,7,,7,}. Then, the coefficients of a’ are derived as follows:

th = 2aé + af + 2a§ —-2apa, - 2aya,,

2 It means that we attempt to reuse values as many as possible for computing the desired terms in the
same manner as the Karatsuba method.
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t = ag - af +2a;a, - 2aqa,,

b= aé - af +2a,a, - 2aya;.
By focusing on the form of ¢, it is found that ¢, can be represented as the sum of three
different squares, that is,

2 2. 2
to = (ag — a)” + (ag — ay)” + a;.

In addition, we can rewrite the formulas giving 7, and 7, so that (a,—a;)* and (a, - a,)*
are also used for their computation so that their costs is lower. We get

tl = (ao - a2)2 - (ao - al)z - 201(00 - az),

tz = (ao - al)z - Zal(al - az).

Considering the fact that (¢, ¢;, t,) is a coefficient vector of the basis {1, 7;, 7}, the
coefficient of a® with the basis {r;, 75, 73} can be derived by (t,~to, t,~t,, —t,). Therefore,
each coefficient of @’ is calculated with pre-computed temporary values T, to Ty as
follows:

Tl = az - ao, T2 = alTl, T3 = a;
T4 = (ao — al)z, TS = al(az — al), T6 = le + T3

Coefficientof 7, : ¢, —t, = 2a,(a, — ag) — 2(ag — al)2 - ag

=2AL-T) - T
Coefficient of T, :  t, -ty = 2a,(a, — a;) — (a, — ay)* - a%
=2T; - Ty,
Coefficientof r3: -ty = —(ag - a)’ - (ay - ao)2 - ag =-T, - T,

Thus, required for calculating all coefficients of a’is2M + 3S + 11A.

4 Arithmetic over a quartic extension with the Gauss
periods

This section discusses the algorithms and the costs of each operation over a quartic
extension.

4.1 The normal basis of the direct quartic extension

The normal basis of a quartic extension used in this section is a type-I optimal normal
5 .

basis. For simplicity, let r = 5 and 8 be such that ®;(f) = % = Z?:o B' = 0. Then the

condition on p is given by Condition 3 and the normal basis used in what follows is

given by {8, 82 B>, B*}.
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Condition 3. The Gauss periods of type (1,4) form a normal basis of F,. if p # r and
p = 2,3 (mod5).

4.2 Multiplication

Let a = (ay, a;, ay, az),b = (by, by, by, b3) be vectors in IF;4, which are represented by
the basis {8, 8%, 8>, 8"} as linear combinations. According to the conventional CVMA
algorithm, a x b is expanded as follows:
axb={T, - (a; — a3)(b; — b3) — ayby}B

+{T1 - (a; - as)(b, - b3) - albl}ﬁz

+{T; - (ag - a))(by - by) — a,b,}p’

+1{T, - (ag - a))(by - b,) — ash3}B", (4.1
where T; = (ag — a3)(bg — b3) + (a; — a,)(b; — by).

A multiplicative operation over IF,, can be saved using again Karatsuba-like trick.
T, can indeed be computed as
Tl = (aO + al - az - a3)(b0 + bl - b2 - b3) + (ao - al)(bo - bl)
—(ag — ay)(by — by) — (a; — a3)(b; — b3) + (a, — a3)(b, — b3).

In addition, let T, ..., Tq be temporary values which are defined as follows:

T2 = ao - (12, T3 = al - a3, T4 = bO - bz, T5 = bl - ba, T6 = T2T4,
T7 = T3T5, T8 = (ao - al)(bo - bl)’ T9 = (a2 - a3)(b2 - b3)

Then it is found that T; and the coefficients cy,. .., c; of ¢ = a x b can be represented
by combinations of the temporary values as follows:

Tl = (Tz + T3)(T4 + TS) - T6 - T7 + Ts + T9,
CO = Tl - T7 - aobo, Cl = Tl - T9 - albl,

C2 = Tl - T8 - azbz, C3 = Tl - T6 - a3b3.

Therefore, the cost required for calculating all coefficients of a x b in ]F;,, is OM + 22A.

4.3 Squaring

In equation (4.1), let a be equal to b. Then, the square of a is obtained as follows:

@ = (2a,a5 - 2aya5 - 2a,a, + @B + (2a,a5 - 2a,a; - 2a,a, + ag )

+ (2apa; - 2a9a; - 2a;a, + @3)B + (2a0a, - 2a9a; - 2a1a, + a})Bt.  (4.2)
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Since the coefficients in equation (4.2) are symmetrical form, they have common fac-
tors such as (ay —a;)(a, —as) and (ay—a,)(a; —as). Therefore, it is possible to transform
equation (4.2) as follows:

a’ = (2ay - a;)(a, - a3) - a,(2a, - a,))B
+(2(ay - ay)(a; - a3) - ag(2a; - a,))B’
+(2ay - ay)(a; - a3) - a;(2a, - a3))B’
+(2(ag - a))(a, — a3) - a;(2a; — a;))B*.

Consequently, the coefficient vector (cq, ¢;, 5, ¢3) of ¢ = @ is calculated as follows:
T'=a9g-a,, T,=a9-a;, Tz3=a,-as
T,=a,-a5, Ts5=2T,T;, Ts=2T,T,
co =Ts—ayap +Ty),
¢ =Tg—ap(a; - Ty),
¢, =Ty —as(a, + T3),
c3=Ts—ay(az —T,).

Thus, the cost required for calculating all coefficients of a? is 6M + 14A.

5 Comparisons and considerations

5.1 Comparisons

In this section, we compare the costs of multiplication and squaring over cubic and
quartic extensions. Since the type-I, Il optimal normal bases are involved in the CVMA
based on the Gauss periods of type (h, m), we select algorithms for polynomial bases
as the competitors by referring [8]. The comparisons are shown in Tables 1, 2, 3, and 4.
It is noted that the costs of the Toom—Cook series have the lowest cost in terms of F,,
multiplications in both multiplication and squaring in the cubic field but it is usually
not used in practice because it involves much additions.

Table 1: Multiplication costs for cubic extensions.

Algorithm Costs
Schoolbook 9M + 6A + 2¢
Karatsuba 6M + 13A + 2¢
Toom-Cook-3x 5M + 35A
CVMA 6M + 12A
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Table 2: Squaring costs for cubic extensions.

Algorithm Costs

Schoolbook 3M +3S + 6A+ 2c
Karatsuba 6S + 13A + 2c
Toom-Cook-3x 5S + 35A
Chung-Hasan-SQR2 2M +3S + 10A + 2c
Chung-Hasan-SQR3 IM+4S+11A+2c+D,
CVMA 2M +3S + 11A

Table 3: Multiplication costs for quartic extensions.

Algorithm Costs
Schoolbook(]sz.)/Schoolbook(]sz) 16M + 12A + 5¢
Schoolbook(]Fpa)/Karatsuba(]sz) 12M + 16A + 4¢
Karatsuba(]FPa)/Schoolbook(]sz) 12M + 24A + 5¢
Karatsuba(]Fp4)/Karatsuba(]sz) 9M + 25A + 4c¢
CVMA(]sz.) 9M + 22A

Table 4: Squaring costs for quartic extensions.

Algorithm Costs
Schoolbook(IFpa)/Schoolbook(Isz) 6M + 4S + 10A + 4c¢
Schoolbook(]sz.)/Karatsuba(]sz) 3M +6S + 17A + 4c
Schoolbook(]sz.)/Complex & Karatsuba(lez) 7M + 19A + 6¢C
Karatsuba(]Fp4)/Schoolbook(]sz) 3M+6S + 14A + 4¢
Karatsuba(]Fp4)/Karatsuba(]sz) 9S + 20A + 4¢C
Karatsuba(]Fp4)/Complex & Karatsuba(]sz) 6M + 23A +7¢
Complex(]Fp4)/Schoolbook(]sz) 8M + 14A + 4c¢
Complex(]Fpa)/Karatsuba(]sz) 6M + 20A + 4¢
CVMA(F 4) 6M + 14A

5.2 Considerations

According to the Tables 1, 2, 3, and 4, it is found that the proposed methods require
less additions. It is noted that the costs of the conventional methods would increase
depending on the choice of their modular polynomial. Since the conditions of primes
for constructing a base extension field are different on the classical polynomial basis
and the normal basis for the CVMA, the proposed method allows one for having more
candidates for suitable representations of extension fields. For example, according to
[9], conditions u # 7,11 (mod 12) for a BN prime p = 36u” + 361> + 24u* + 6u + 1 [3] are
a nice choice for reducing the cost of constant multiplications to implement a pairing
on BN curves using the classical methods. In that case, p has to be represented by
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p = 12n + 7 at least for a positive integer n. However, the CVMA gives an opportunity
for having an efficient implementation with other primes such that p = 3 (mod 5),
which is the case for using the quartic extension as a base field.

Moreover, the improvements of each proposed method are only in terms of addi-
tions in IF,. However, it contributes to reducing the additions in higher degree exten-
sion fields as well as the classical methods. The cost of an operation would be the same
level as the classical methods even if we treat a constant multiplication c as an addi-
tion A in the Karatsuba method. For example, consider constructing s as the tower
of fields of the form F,); using the Karatsuba method and the proposed method.
In the case of conventional Karatsuba-based construction, the tower of fields is often
built in the following strategy for minimizing the cost of calculation over F s

Fy a]/( -2),
Fys = Ty [/ (1 - @),
Fpis = v]/(v3 -,

where z satisfies szil # land z%l #1in E,. On the other hand, consider replacing the
first cubic extension field for applying the CVMA as follows:

Epys = T, [B1/(®;(B) = 0),
Fye = Fps(pl /(4 - 2),
]Fpm = pe [V]/(V3 - }1),

where z is the same as the above.

To clarify the corresponding field for operations, let M;, 4;, and c; denote the mul-
tiplication, addition, and constant multiplication in F; for i > 1, respectively. It is
noted that M, A, and c are also used to describe as the general case. Then, the first one
can have the cost for a single multiplication in FF,is as 6Mg + 13A¢ + 2¢4 = 6Mg + 15A4
by using Table 1. That is because an element in IF;s is represented as a 3-dimensional
vector of IF¢-elements. Second, remind that the cost of multiplication in a quadratic
field with the Karatsuba method requires 3M + 5A + ¢ = 3M + 6A in general [8] and
I is constructed as the 2-dimensional vector space whose coefficients are elements
in IF,». Thus, we can estimate My and Ag by Mg = 3M; +6A; and Ag = 2A;, respectively.
In the same manner, M; and A; are estimated by using Table 1 as follows:

Mo = {6M1 +124, if the CVMA is used,
s =

6M; + 154, if the Karatsuba method is used,
A3 = 3A1,

respectively Therefore, the cost of multiplication in IF,;s using the CVMA is derived by

6Mg + 15A4 = 6(3M; + 6A;) + 15(2A;) = 18(6M, + 12A,) + 66(3A,)
= 108M, + 414A,.
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On the other hand, the cost of multiplication in Fps using the Karatsuba method is
derived by

6Mg + 15A4 = 6(3M; + 6A3) + 15(2A3) = 18(6M, + 15A,) + 66(3A,)

The condition for constructing cubic fields as the base field and the required cost of
multiplication with the CVMA or the Karatsuba method in IF s are summarized in Ta-
ble 5. Moreover, considering the fact that the sextic twist can be applied for ()23, it
is possible to handle rational points on () as points on F,;. In this sense, the im-
provement of base field arithmetic in this paper contributes to implementing pairing
based cryptography efficiently as an alternative or a new class to classical methods.

Table 5: The summary of the conditions for constructing cubic fields as the base field and the com-
parison of the required cost for multiplication in Fps.

Condition for Fjs Modular polynomial The cost of
for Fps multiplication in Fpis
CVMA p+#7andp #1,6(mod?7) X+ xt e x+1 108M; + 414A,
-1
Karatsuba 3|(p—-1)and sz # 1 (mod p) x2-z 108M; + 468A;

6 Conclusion

This paper proposed algorithms which are designed based on the Gauss periods of
type (h,m). The algorithms provide fundamental arithmetic over the cubic and the
quartic extensions, which are useful for constructing pairing-friendly fields as tow-
ers of fields. To evaluate the efficiency, the costs were compared with the well-known
algorithms for efficient extension fields arithmetic such as Karatsuba method.

As a consequence, it was found that the proposed methods require less additions.
As shown in Tables 1, 2, 3, 4, and 5, the proposed methods contribute to construct the
defining field for handling efficient arithmetic. It increases the options for selecting
the suitable structure (basis representation) of the defining field for efficient imple-
mentations. Then, since the conditions for applicable primes are different, one can
use both the proposed method and the classical methods depending on the features
of the base field and that of target devices flexibly. Further improvement and practi-
cal results ought to be discussed for much more efficient and useful algorithms. For
example, it should be theoretically possible to get an equivalent of the Toom-Cook or
the Chung-Hasan-SQR3 method that maybe involves less additions and make it prac-
tically competitive. Such advanced researches are future works.
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