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John Sheekey and David Thomson
A note on depth-b normal elements
Abstract: In this paper, we study elements β ∈ 𝔽qn having normal α-depth b; that is,
elements for which β, β − α, . . . , β − (b− 1)α are simultaneously normal elements of 𝔽qn
over 𝔽q. In [1], the authors present the definition of normal 1-depth but mistakenly
present results for normal α-depth for some fixed normal element α ∈ 𝔽qn . We explain
this discrepancy and generalize the given definition of normal (1−)depth from [1] as
well as answer some open questions presented in [1].

Keywords: Finite fields, normal bases, primary decomposition

MSC 2010: 11T30, 11T71, 12Y05

1 Introduction and notation

Throughout this document, we use the following standard notation. Let p be a prime
and let q be a power of p, the finite field of q elements is denoted 𝔽q, and the fi-
nite degree n extension of 𝔽q is denoted 𝔽qn . The (relative) trace function is denoted
Tr𝔽qn :𝔽q : 𝔽qn → 𝔽q. We remark that the trace function is onto, and for any k ̸≡ 0
(mod p), the element kα is also normal. For any positive integer n, denote by e = vp(n),
the p-ary valuation of n; that is, the largest integer e such that pe divides n but pe+1 does
not divide n. We also denote by τ = pe; specifically, τ = 1 (e = 0) if gcd(p, n) = 1.

In Section 2, we derive conditions for elements to be normal that we will use later
in the paper. In Section 3, we correct and generalize the notion of normal elements of
depth b from [1]. Also motivated by [1], in Section 4 we observe that depth is not nec-
essarily invariant under conjugation, and further analyze the depth of the conjugates
of normal elements.

2 Finite fields as Frobenius modules

In this section, we follow [2, 3] and introduce finite fields as Frobenius modules. Let
σq: 𝔽q → 𝔽q denote the Frobenius q-automorphism. Clearly, σq fixes 𝔽q and for any
n > 0 and α ∈ 𝔽q, σnq(α) = α if and only α ∈ 𝔽qn . Moreover, the Galois group of 𝔽qn over
𝔽q is cyclic of order n and generated by σq.

John Sheekey, University College Dublin, Belfield, Dublin 4, Ireland, e-mail: john.sheeekey@ucd.ie
David Thomson, Tutte Institute for Mathematics and Carleton University, 1125 Colonel By Dr., Ottawa,
Ontario K1S 5B6, Canada, e-mail: dthomson@math.carleton.ca
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2 | J. Sheekey and D. Thomson

Let α ∈ 𝔽qn and let ℬ consist of the Galois orbit of α; that is, ℬ = {α, αq, . . . , αq
n−1
}.

If ℬ is a linearly independent set, then α is a normal element of 𝔽qn and ℬ is a normal
basis of 𝔽qn over 𝔽q. We also call α a cyclic vector for 𝔽qn as a vector space over 𝔽q.

For f (x) = ∑mi=0 aixi, denote the action of f on 𝔽q by
f ∘ α = f (σq)(α) =

m
∑
i=0 aiαqi .

Clearly, (f + g) ∘ α = f ∘ α + g ∘ α for any f , g ∈ 𝔽q[x], and (xn − 1) ∘ α = 0 if and only if
α ∈ 𝔽qn . Moreover, (fg) ∘ α = f ∘ (g ∘ α), so that if f ∘ α = 0 for any α ∈ 𝔽qn , then f divides
xn − 1.

Definition 1.
1. For any α ∈ 𝔽qn , define the annihilator of α as the polynomial annα ∈ 𝔽q[x] of

smallest degree such that annα ∘ α = 0.
2. For any f ∈ 𝔽q[x], define ker(f ) = {α ∈ 𝔽qn : annα = f }, the set of elements of 𝔽qn

annihilated by f under ∘.

Observe that annα annihilates any linear combination of Galois conjugates of α.
We have ker(xn − 1) = 𝔽qn and annα(x) divides xn − 1 for any α. Moreover, α is a normal
element of 𝔽qn over 𝔽q if and only if annα(x) = xn − 1 by linear independence of the
conjugates of α. We summarize these observations in Proposition 1.

Proposition 1. For any prime power q, the number of normal elements of 𝔽qn over 𝔽q is
given by Φq(xn − 1), where Φq is Euler’s totient function over 𝔽q; that is, Φq(xn − 1) is
the number of polynomials in 𝔽q[x] of degree less than n that are relatively prime with
xn − 1.

Existence of normal elements can be gleaned directly from Proposition 1, since
Φq(xn − 1) is nonzero for all n ≥ 1.

We now introduce a map central to the remainder of this work. Suppose α ∈ 𝔽qn
is normal and define the map ϕα: 𝔽q[x] → 𝔽qn by ϕ(f ) = f ∘ α. Then ker(ϕα) = (xn − 1),
since α is normal; similarly ϕα is onto since the set ℬα = {α, αq, . . . , αq

n−1
} is a basis.

Hence 𝔽qn ≅ 𝔽q[x]/(xn − 1) as Frobenius modules. We will abuse notation and refer to
this isomorphism also as ϕα.

Let g(x) = ∑n−1i=0 gixi ∈ 𝔽q[x], and β = ϕα(g) = ∑
n−1
i=0 giαqi . Then βq = ∑n−1i=0 gi−1αqi .

Thus ϕ−1α (βq) = xϕ−1α (β) mod (xn − 1). Thus the Frobenius action on 𝔽q[x]/(xn − 1) is
induced by σq(g) := xg(x), with σq = ϕασqϕ−1α .

We exploit the decomposition of 𝔽q[x]/(xn − 1) as a Frobenius module. We follow
the treatment in [4]. Let e = νp(n) be the valuation of n at p and let xn − 1 = f e11 ⋅ ⋅ ⋅ f

er
r

be the primary factorization of xn − 1; then ei = pe = τ for all i = 1, . . . , r. In particular,
τ = 1 if gcd(p, n) = 1. Denote by Vi = 𝔽q[x]/(f τi ), then

𝔽q[x]/(x
n − 1) ≅

r
⨁
i=1 Vi. (2.1)
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A note on depth-b normal elements | 3

Explicitly, wewrite the image of g in⨁r
i=1 Vi as (gmod f τ1 , . . . , gmod f τr ). We abuse

notation slightly and write Vi = ϕα(Vi).

r
⨁
i=1 Vi ≅ 𝔽qn ≅ 𝔽q[x]/(xn − 1) ≅ r

⨁
i=1 Vi. (2.2)

Equation (2.2) is the primary decomposition of 𝔽qn as a Frobenius module. More-
over, we observe that each Vi is stable under σq.

Proposition 2. Let α be a normal element of 𝔽qn , and suppose β = ϕα(g(x)). Then
annβ =

xn−1
gcd(xn−1,g(x)) , and β is normal if and only if gcd(xn − 1, g(x)) = 1. Furthermore,

Vi = ker(f τi ).

Proof. Let f (x) = ∑mi=0 aixi. Then f ∘ β = 0 if and only if f (x)g(x) ∈ (xn − 1). The smallest
degree polynomial satisfying f (x)g(x) ∈ (xn−1) is clearly xn−1

gcd(xn−1,g(x)) , as claimed. Since
β is normal if and only if annβ(x) = xn−1, β is normal if and only if gcd(xn−1, g(x)) = 1.

Now β ∈ ϕα(Vi) if and only if f τj divides g(x) for all j ̸= i, which occurs if and only
if fi(x)τg(x) ∈ (xn − 1), if and only if f τi ∘ β = 0, if and only if β ∈ ker(f

τ
i ).

We summarize the characterizations of normal elements here.

Proposition 3. Let α be a normal element of 𝔽qn , and suppose β = ϕα(g(x)). Let xn − 1 =
f τ1 ⋅ ⋅ ⋅ f

τ
r , with the fi being distinct irreducible polynomials in 𝔽q[x]. Let gi = g mod f τi ,

and β = ∑ri=1 βi for βi ∈ Vi. Then the following are equivalent:
1. β is normal;
2. gcd(xn − 1, g(x)) = 1;
3. gcd(fi, gi) = 1 for each i;
4. annβi = f

τ
i for each i;

5. βi ∈ ker(f τi )\ ker(f
τ−1
i ) for each i.

Proof. (1. ⇐⇒ 2.) This is Proposition 2.
(2. ⇐⇒ 3.) Let gi = g mod f τi , then g = hf τi + gi for some h ∈ 𝔽q[x]. Then (the

irreducible) fi divides gi for some 1 ≤ i ≤ r if and only if fi divides g, contradicting
gcd(xn − 1, g(x)) = 1.

(3. ⇐⇒ 4.) Let gi = g mod f τi with βi = ϕα(gi) ∈ Vi. Clearly, βi ∈ Vi if and only if
βi ∈ ker(f τi ), so annβi = f

k
i for 1 ≤ k ≤ τ. Now, f ki ∘ βi = 0 if and only if f

k
i gi ∘ α = 0 if and

only if f ki gi ∈ (x
n − 1). Now gcd(fi, gi) = 1 if and only if k = τ for all i.

(4. ⇐⇒ 5.) By theminimality of annβi , we have annβi = f
τ
i if and only if βi ∈ ker(f

τ
i )

and βi ∉ ker(f τ−1i ).

If gcd(p, n) = 1, then τ = 1, and thus we get the following.

Corollary 1. Let gcd(p, n) = 1 and let β = β1 +β2 + ⋅ ⋅ ⋅ +βr with βi ∈ Vi; then β is a normal
element if and only if∏ri=1 βi ̸= 0.
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4 | J. Sheekey and D. Thomson

3 Depth-b normal elements
Definition 2. Let b ∈ ℕ with b ≤ p. If β ∈ 𝔽qn is such that β, β − α, . . . , β − (b − 1)α
are normal elements of 𝔽qn over 𝔽q for some α ∈ 𝔽qn ; then we say that β has normal
α-depth b.

In [1], the authors introduced normal depth, where the definition was for θ = 1.
However, the results in [1] are in fact referring to normal α-depth, for some fixed nor-
mal element α. We will explain the discrepancy below, and consider the more general
problem.

We remark that Definition 2 can be extended for b ≥ p when q is a power of p by
imposing an ordering on the elements of𝔽q (or even further still, on𝔽qn ). Since [1] and
Section 4 aremostly concernedwith depth 2, wewill not treat these sorts of extensions
in this work.

We recap (and generalize) the main question from [1].

Question 1. To what extent do the conjugates of an element β having normal α-depth
b also have normal α-depth b?

In particular in [1], they focus on normal depth 2 and search for lonely elements:
that is, normal elements of depth 2 having a conjugate that fails to have normal
depth 2.

Lemma 1. Without loss of generality, fixanormal element α of𝔽qn satisfyingTr𝔽qn :𝔽q (α) =
n/τ, since if α󸀠 is any normal element with Tr𝔽qn :𝔽q (α󸀠) = k ̸= 0, the element α = α󸀠 τnk is
normal (since τ/n ̸≡ 0 (mod p)). Then:
1. ϕ−1α (αqi ) = xi and ϕ−1α (1) = (τ/n) xn−1x−1 ;
2. the image of α in⨁r

i=1 Vi is (1, 1, . . . , 1), and the image of 1 is ((x − 1)τ−1,0, . . . ,0).
Proof.
1. For f (x) = ∑mi=0 aixi, we have ϕα(f ) = f ∘ α = ∑mi=0 fiαqi . Hence, xi ∘ α = αq

i
or

ϕ−1α (αqi ) = xi. Similarly,

Tr𝔽qn :𝔽q (α) = (n−1∑
i=0 xi) ∘ α = n/τ,

so by linearity, ϕ−1α (1) = (τ/n) ∑n−1i=0 xi = (τ/n) xn−1x−1 .
2. Since α = ϕα(1), we have gi = g mod f τi = 1 for all 1 ≤ i ≤ r. Similarly, 1 =
(τ/n)ϕα(

xn−1
x−1 ), and with τ = pνp(n) and by linearity of Frobenius,

xn − 1
x − 1
=

n−1
∑
i=0 xi ≡ (n/τ) τ−1∑i=0 xi mod (xτ − 1)

= (n/τ)x
τ − 1
x − 1
= (n/τ)(x − 1)τ−1.
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A note on depth-b normal elements | 5

Proposition 4. Let α ∈ 𝔽qn be normal. An element β = ϕα(g(x)) has normal α-depth b if
and only if gcd(xn − 1, g(x) − c) = 1 for all c ∈ {0, . . . , b − 1}.

Proof. The proof is immediate from the linearity of ϕ and from Proposition 3, Re-
mark 2.

In [1], the number #{g : gcd(xn − 1, g(x) − c) = 1 ∀ c ∈ {0, . . . , b − 1}}was defined as
Φb(xn − 1).

Theorem 1. Let α ∈ 𝔽qn be normal with Tr𝔽qn :𝔽q (α) = τ/n, let e = νp(n), and let β =
ϕα(g(x)) also be normal. Then:
1. if e > 0, then β has normal 1-depth p; moreover, β − c is normal for all c ∈ 𝔽q;
2. if e = 0, then β has normal 1-depth b if and only if g(1) ≥ b (under a suitable implicit

ordering of the elements of 𝔽q). In particular, β − c is normal if and only if g(1) ̸= c.

Proof. Let gi = gmod f τi . Then the image of β−c in⨁r
i=1 Vi is (g1−c(x−1)τ−1, g2, . . . , gr).

If e > 0 and β is normal, then gcd(g1, (x− 1)τ) = 1. If β− c is not normal, then (x− 1)
divides g1 − c(x− 1)τ−1, implying (x− 1) divides g1, a contradiction. Thus β− c is normal
for all c ∈ 𝔽q.

If e = 0, then g1 = g(1), and the image of g is (g(1) − c, g2, . . . , gr). By Corollary 1,
β is normal if and only if gi ̸= 0 for each i. Hence, β − c is not normal if and only if
g(1) = c.

In [1], the authors mistakenly state that the number of elements having normal
1-depth b is equal to Φb(xn − 1). This assumably arose by the erroneous assumption
that ϕα(1) = 1. Instead, since ϕα(1) = α, Φb(xn − 1) refers to the number of elements
having normal α-depth b, and so for the remainder of this paper we focus on this case
as well.

4 Conjugates: lonely and sociable elements

Throughout this section, we use the notation from Section 3; in particular, xn − 1 =
(f1 ⋅ ⋅ ⋅ fr)τ where n = τm with gcd(m, τ) = 1, and fi is irreducible for 1 ≤ i ≤ r. Suppose
β = ϕα(g(x)) has normal α-depth b. We consider the normal α-depth of its conjugates.
Recall that βq

i
= ϕα(xig(x)). Thusweneed to consider the commondivisors of xig(x)−c

with xn − 1, or equivalently g(x) − cxi with xn − 1.

Definition 3. An element β ∈ 𝔽qn is (α, b)-lonely if β has normal α-depth b, but βq
i
does

not have normal α-depth b for some i. If βq
i
has normal α-depth b for all i, we say that

β is (α, b)-sociable.

Similar to Proposition 3, we have a number of equivalent characterizations of so-
ciable elements.
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6 | J. Sheekey and D. Thomson

Theorem 2. Let xn − 1 = f τ1 f
τ
2 ⋅ ⋅ ⋅ f

τ
r with fi irreducible, 1 ≤ i ≤ r. Let β ∈ 𝔽qn with g(x) =

ϕ−1α (β) and let gi = g mod f τi . Then the following are equivalent:
1. β is (α, b)-sociable;
2. gcd(xn − 1, g(x) − cxj) = 1 for all j ∈ {0, . . . , n − 1}, c ∈ {0, . . . , b − 1};
3. gcd(fi, gi − cxj) = 1 for all i ∈ {1, . . . , r}, j ∈ {0, . . . , n − 1}, c ∈ {0, . . . , b − 1};
4. g(θ) ∉ {cθj : c ∈ {0, . . . , b − 1}, j ∈ {0, . . . , n − 1}} and θ a root of xn − 1.

Proof. The equivalence of items 1, 2, 3 come directly from applying Proposition 3 to
Definition 3. Here, we prove only 3⇐⇒ 4.

Suppose gcd(fi, gi − cxj) ̸= 1 for some 1 ≤ i ≤ r, 0 ≤ j ≤ n − 1, which occurs if and
only if fi(θi) = gi(θi) − cθ

j
i = 0 for some θi ∈ 𝔽qdeg(fi) ; that is, gi(θi) = cθ

j
i . The fourth

equivalence follows, since gi = g mod f τi , so g(θi) = gi(θi).

The number of β that are (α, b)-sociable is the number of g satisfying the condi-
tions on their roots given in the fourth equivalence of Theorem 2.

Lemma 2. Let xn − 1 = f τ1 ⋅ ⋅ ⋅ f
τ
r and let θi be a root of fi, 1 ≤ i ≤ r. Then there are

exactly qdeg(fi) possible values for g(θi) for g ∈ 𝔽q[x]. Furthermore, let θij = θqji for j =
0, 1, . . . ,deg(fi) be the roots of fi in 𝔽q(θi), and fix γi ∈ 𝔽q(θi), 1 ≤ i ≤ r. Then there exist
precisely q

n(τ−1)
τ polynomials g of degree at most n with g(θij) = γ

qj
i for all 1 ≤ i ≤ r,

0 ≤ j ≤ deg(fi) − 1.

Proof. Clearly, g(θi) ∈ 𝔽q(θi) = 𝔽qdeg(fi) , and so there are at most qdeg(fi) possible values
for g(θi). As g has coefficients in 𝔽q, we have that g(θ

qj
i ) = g(θi)

qj for any j.
With n = n0τ, two polynomials g and h in 𝔽q[x] agree on all n0-th roots of unity if

and only if f1f2 ⋅ ⋅ ⋅ fr divides g − h. As deg(f1f2 ⋅ ⋅ ⋅ fr) = n0, there are qn−n0 = qn0(τ−1) such
polynomials h of degree at most n.

For β that are (α, b)-sociable, Theorem 2 provides a number of forbidden values
for g(θi). The precise number of forbidden values that ensure that β is (α, b)-sociable
is complicated in general, but we can solve it completely in some cases left open
in [1].

Proposition 5. The number of elements in 𝔽qn that are (α, b)-sociable is at most

q
n(τ−1)

τ

r
∏
i=1 (qdeg(fi) − n(b − 1) − 1)

Proof. By Lemma 2, there are atmost qdeg(fi) choices for g(θi) for each i = 1, . . . , r. By the
final assertion of Theorem 2, an upper bound on the number of forbidden choices of
g(θi) occurs when all of cθ

j
i are distinct for all c ∈ {1, . . . , b− 1} and j ∈ {0, . . . , n− 1}. This

gives n(b − 1) forbidden values for g(θi), and the further restriction g(θi) ̸= 0 together
with Lemma 2 completes the proof.
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Proposition 6. Suppose (n, q − 1) = 1. Then the number of elements that are (α, b)-so-
ciable is

q
n(τ−1)

τ

r
∏
i=1 (qdeg(fi) − (b − 1)ord(θi) − 1),

where θi is a root of fi, 1 ≤ i ≤ r.

Proof. Since (n, q − 1) = 1, xn − 1 has only one root in 𝔽q, namely 1. Thus as each
θji is an nth root of 1 (in some extension field), we have that θji ∉ 𝔽q for all i and all
1 < j < ord(θi). Therefore, #{cθ

j
i : c ∈ {1, . . . , b − 1}, j ∈ {0, . . . , n − 1}} = (b − 1)ord(θi).

As g(θi) ̸= 0, there are qdeg(fi) − (b − 1)ord(θi) − 1 choices for g(θi) for each i for which
ϕα(g) is (α, b)-sociable. The factor q

n(τ−1)
τ follows from Lemma 2.

Corollary 2. Suppose n = qs. Then the number of elements that are (α, b)-sociable is

qq
s−qs−1 (q − b).

For a specific example of Corollary 2, taking q = n, b = 2, we get that there are
qq−1(q − 2) elements which are (α, 2)-sociable in 𝔽qq .

Corollary 3. Suppose n is prime, n ∉ {p, q − 1}, and let xn − 1 = (x − 1)f2 ⋅ ⋅ ⋅ fr . Then the
number of elements that are (α, b)-sociable is

(q − b)
r
∏
i=2(qdeg(fi) − (b − 1)n − 1).

In [1], focus is applied to the case b = 2, the case of (α, 2)-lonely/sociable elements.
We now apply Theorem 2 to this situation.

Proposition 7. Suppose n|(q − 1). Then the number of elements that are (α, 2)-sociable
is

n
∏
i=1(q − n

(i, n)
− 1). (4.1)

Proof. As n|(q − 1), xn − 1 factorizes in to a product of distinct linear factors over 𝔽q.
Let fi = x − θi. Then β is (α, 2)-sociable if and only if g(θi) ̸= 0, θ

j
i for any j. Thus the

number of forbidden choices for g(θi) is ord(θi) + 1. Letting θ be a primitive nth root of
unity in 𝔽q, and letting θi = θi, then ord(θi) =

n(i,n) and the result follows.
Remark 1. Note that Formula (4.1) is not true in general. Issues arise when there exist
c1, c2 ∈ {0, . . . , b − 1} such that c1 = c2θ

j
i, in which case #{cθji : c ∈ {0, . . . , b − 1}, j ∈

{0, . . . , n−1}} ismore difficult to calculate. The conditions of the previous two theorems
were chosen to avoid this possibility.
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The following example of Proposition 7 provides an answer to the first open ques-
tion left in [1].

Example 1. Suppose n = 3, and suppose x3 − 1 factors into distinct linear factors
over 𝔽q, say x3 − 1 = (x − 1)(x − λ)(x − μ); equivalently, if q ≡ 1 (mod 3). Then ϕα(g)
has normal α-depth 2 if and only if {0, 1} ∩ {g(1), g(λ), g(μ)} = 0. Similarly, ϕα(g)q

i
has

normal α-depth 2 if and only if {0, 1} ∩ {g(1), λig(λ), μig(μ)} = 0. Since a polynomial of
degree at most three is uniquely determined by its evaluation at three different ele-
ments of 𝔽q, then there are (q − 2)3 elements of α-depth 2, of which (q − 2)(q − 4)2 are
not lonely. Thus there are 4(q − 2)(q − 3) lonely elements.

We can also apply Proposition 7 to provide a partial answer to the second open
question in [1].

Example 2. Suppose n = 4, q = 5, then x4−1 = (x−1)(x−2)(x−3)(x−4), with ord(1) = 1,
ord(4) = 2 and ord(2) = ord(3) = 4. A direct application of Proposition 7 shows that
there are no (α, 2)-sociable elements.

Example 2 generalizes in an obvious way.

Proposition 8. Let q = n + 1, then there are no (α, 2)-sociable elements of 𝔽qn .

Proof. Let θ be a primitive element in 𝔽q. Then xn − 1 = xq−1 − 1 = ∏λ∈𝔽∗q (x − λ) =
∏q−2i=0 (x − θi). Hence for β = ϕα(g) to be (α, 2)-sociable it would require that g(θ) ̸= 0
and g(θ) ̸= θi for any 0 ≤ i ≤ q − 2, which is impossible as g(θ) ∈ 𝔽q.

The following was proved in [1, Proposition 4.3]. We include an alternative proof
here.

Proposition 9. Suppose xn−1
x−1 is irreducible over 𝔽q. Then the number of elements that

are (α, 2)-sociable is

(q − 2)(qn−1 − n − 1),
and the number of elements that are (α, 2)-lonely is

(q − 2)(n − 1).

Proof. Recall that x
n−1
x−1 is irreducible over𝔽q if and only if q is primitivemodulo n. Then

{θq
i
: i = 0, . . . , n − 2} = {θi: i = 1, . . . , n − 1} is the set of distinct roots of xn−1

x−1 . Thus, an
elementϕα(g) is (α, 2)-sociable if andonly if g(1) ̸= 0, 1 and g(θ) ̸= θi for i = 1, 2, . . . , n−1.
Hence, there are (q − 2)(qn−1 − n + 1) elements that are (α, 2)-sociable and (q − 2)(n − 1)
lonely elements in 𝔽qn .

The following example examines two cases of (α, 3)-sociable elements, giving the
first directions toward the third open problem in [1].
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Example 3.
1. Consider the case q = 7, n = 3, b = 3. Then xn − 1 = (x − 1)(x − 2)(x − 4), and 23 = 1.

Now the set {cθj : c ∈ {0, 1, 2}, j ∈ {0, 1, 2}} is equal to {0, 1, 2} for θ = 1 and {0, 1, 2, 4}
for θ = 2, 4. Thus the number of (α, 3)-sociable elements is (7 − 3)(7 − 4)2 = 36.

2. In the case q = 13, n = 3, b = 3, we have xn − 1 = (x − 1)(x − 3)(x − 9). Now the set
{cθj : c ∈ {0, 1, 2}, j ∈ {0, 1, 2}} is equal to {0, 1, 2} for θ = 1 and {0, 1, 2, 3, 5, 6, 9} for
θ = 3, 9. Thus the number of (α, 3)-sociable elements is (13 − 3)(13 − 7)2 = 36.

These two examples illustrates how extra care must be taken when an element of
{0, . . . , b − 1} is a nontrivial nth root of unity.

5 Conclusions and future directions
In this paper, we study a generalization of normal elements of depth b, as presented
in [1]. Since depth is not invariant under conjugation, we further analyze the depth of
the conjugates of normal elements.

The notion of depth readily lends itself to further generalization. One such “nat-
ural” generalization is as follows. Given some total ordering𝒪 of the elements of 𝔽qn ,
say𝒪 = {o0, o1, . . . , oqn−1}, an element β ∈ 𝔽qn has normal (𝒪, α)-depth b if β − o0α, β −
o1α, . . . , β − ob−1α are simultaneously normal. Here, β has α-depth b if oi = i for i =
0, . . . , b − 1. Some interesting questions here occur when α is a normal element of 𝔽qn
over 𝔽q and 𝒪ζ = (0, ζ , ζ 2, . . . , ζ q

n−2), for a primitive element ζ ∈ 𝔽qn . Determining
conditions for which β has (𝒪ζ , α)-depth 2, or statistics on the possible values of b for
which β has (𝒪ζ , α)-depth b is the subject of future work.
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1 Introduction

For a function f : ℕ → ℂ, the series L(s, f ) = ∑∞n=1 f (n)n
−s is called the Dirichlet series.

In the early 1960s, Sarvadaman Chowla [6] made the following conjecture: Let f be a
nonzero rational-valued periodic function defined on the integers with prime period such
that f (p) = 0. Then L(1, f ) ̸= 0 if this converges.

Chowla [6] proved this in the case where f is an odd function. Subsequently, he [7]
asked if there exists a nonzero rational valued periodic function f : ℤ → ℚwith prime
period p such that L(1, f ) converges and is zero without the condition f (p) = 0. In 1973,
Baker, Birch, and Wirsing [4] answered the above conjecture using Baker’s theory of
linear forms in logarithms. Their theorem is as follows.

Theorem 1.1 (Baker, Birch, and Wirsing [4]). Letmbe a positive integer and f a nonzero
function defined on the integers with algebraic values and period m such that (i)
f (r) = 0 if 1 < gcd(r,m) < m; (ii) The mth cyclotomic polynomial Ψm is irreducible
overℚ(f (1), . . . , f (m)). Then L(1, f ) ̸= 0 if this converges.

Under the same assumption of Theorem 1.1, Adhikari, Saradha, Shorey, and Tijde-
man [1] proved thatL(1, f ) is a transcendental number if this converges. Concerning the
values L(k, f ) (k ≥ 1), Okada [15] obtained the following theorem.

Theorem 1.2 (Okada [15]). Let k be a positive integer, and let f be a nonzero function
defined on the integers with algebraic values and period m > 2 such that (i) f is even or
odd according to k is even or odd; (ii) f (n) = 0 if gcd(n,m) > 1; (iii) The mth cyclotomic
polynomialΨm is irreducible overℚ(f (1), . . . , f (m)). Then L(k, f ) ̸= 0 if this converges.

Yoshinori Hamahata, Department of Applied Mathematics, Okayama University of Science,
Ridai-cho 1-1, Okayama 700-0005, Japan, e-mail: hamahata@xmath.ous.ac.jp
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Let A = 𝔽q[T] and let K be the quotient field of A. We write K for an algebraic clo-
sure of K. For a function f : A → K, the series L(s, f ) = ∑a∈A:monic f (a)a

−s is called the
Dirichlet–Goss series. When f is the inclusionmap ι : A→ K, the corresponding series
is the Carlitz zeta function ζC(s) = ∑a∈A:monic a

−s. It is well known that for any positive
integer n, ζC(n) is transcendental over K. For a monic irreducible polynomial P ∈ A,
any character χ : (A/P)∗ → K can be extended to a Dirichlet character χ : A → K by
χ(a) = 0 whenever P|a. This is a periodic function with period P. The corresponding
series L(s, χ) is called theGoss L-function. Lutes andPapanikolas [12] investigated tran-
scendence properties of this value L(1, χ). In [11], we investigated L(s, f ) for a nonzero
periodic function f and established an analog of Theorem 1.2. In this paper, using the
results from [2, 12], we examine the values L(pn, f ) (n ≥ 0) for a nonzero periodic func-
tion f with an irreducible period and prove their transcendence results.

The remainder of the paper is organized as follows. In Section 2, we recall some
results needed for our study. In Section 3, we prove the results for periodic functions
on A. In Section 4, we state our results for the Dirichlet–Goss series. In Section 5, we
provide the proofs of our results stated in Section 4. In Section 6, we apply our results
to polygamma functions, the Hurwitz zeta function, and the Euler–Lehmer constants
in function fields.

2 Preliminaries

Let 𝔽q be the finite field with q elements, where q is a power of the prime number p.
Let A = 𝔽q[T] and K = 𝔽q(T). Let K∞ = 𝔽q((T−1)) be the completion of K at∞ = (T−1),
and let ℂ∞ be the completion of an algebraic closure K∞ of K∞. Let P ∈ A+ be an
irreducible element of degree d > 0. For a ring R, let R∗ be the unit group of R.

2.1 Carlitz exponential

We write A{τ} for the twisted polynomial ring whose multiplication is defined by τa =
aqτ (a ∈ A). The 𝔽q-linear ring homomorphism ρ : A → A{τ}, defined by 1 󳨃→ τ0 and
T 󳨃→ ρT = Tτ0 + τ, is called the Carlitz A-module. Using each M ∈ A \ {0}, ρ asso-
ciates an additive polynomial ρM(x) given by ρM(x) := ρM(τ)(x) ∈ A[x]. This is called
the Carlitz M-polynomial. For M ∈ A \ {0}, let ρ[M] = {α ∈ ℂ∞ | ρM(α) = 0} be the set
of Carlitz M-torsion points. The set ρ[M] is a cyclic A-module and its generator (as a
Carlitz A-module) is called the primitive Carlitz M-torsion point. The minimal polyno-
mialΦM(x) of any primitiveM-torsion point overK is called theCarlitzM-th cyclotomic
polynomial. The polynomials ρM(x) and ΦM(x) have degrees qdegM and φ(M), respec-
tively, where φ(M) := #(A/MA)∗. For details on these polynomials, we refer the reader
to [3].
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There exists a unique entire function e(z) over ℂ∞ such that for each a ∈ A, we
have ρa(e(z)) = e(az) (see [9, Chapter 3]). The function e(z) is called the Carlitz expo-
nential. Let L be the set of all zeros of e(z). Then L is a rank one free A-module (see
[9, Corollary 3.2.9]). It is well known that L = πA is analogous to πℤ.

2.2 Anderson’s log-algebraicity formulas

We recall log-algebraicity formulas from Anderson’s work [2].
We set e(z) = e(πz). According to Anderson [2], for a ∈ A with P ∤ a and m ≥ 1,

there exist unique e∗m(a) ∈ K such that for a, b ∈ A relatively prime to P,

qd−1
∑
m=1

e∗m(a)e(b/P)
m = P ⋅ δab = {

P if a ≡ b (mod P),
0 otherwise.

(2.1)

Furthermore, form, n ∈ {1, . . . , qd − 1}, it holds that

∑
a∈A+

deg a<d

e∗m(a)e(a/P)
n = P ⋅ δmn = {

P ifm = n,
0 otherwise.

(2.2)

Theorem 2.1 (Anderson [2]). Let m be a nonnegative integer. Then the power series

Sm(x, z) := e( ∑
a∈A+

ρa(x)m

a
zq

deg a
) ∈ K[x][[z]] (2.3)

belongs to A[x, z].

Form, n ∈ ℕ, let

ℓm(n, z) = ∑
a∈A+

e(az)m

an
. (2.4)

Then, using (2.3), we obtain

e(ℓm(1, 1/P)) = Sm(e(1/P), 1) ∈ A[e(1/P)] ⊂ K. (2.5)

Using (2.1), we obtain

∑
a∈A+

a≡b (mod P)

1
a
=
1
P

qd−1
∑
m=1

e∗m(b)ℓm(1, 1/P) (2.6)

for any b ∈ A relatively prime to P.
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2.3 Lutes and Papanikolas’ transcendence results
We recall the results of Lutes and Papanikolas [12, 16].

Theorem 2.2 (Papanikolas [16]). Let λ1, . . . , λr ∈ ℂ∞ satisfy e(λi) ∈ K for each i =
1, . . . , r. If λ1, . . . , λr are linearly independent over K, then they are algebraically inde-
pendent over K.

Let

𝒩 = {1} ∪ {m ∈ ℕ | 1 ≤ m ≤ qd − 1,m ̸≡ 1 (mod q − 1)}.

Then ℓm(1, 1/P) (m ∈ 𝒩 ) are linearly independent over K. Using (2.5) and Theorem 2.2,
ℓm(1, 1/P) (m ∈ 𝒩 ) are algebraically independent over K.

Theorem 2.3 (Lutes and Papanikolas [12]). Let ΘP be the group of Dirichlet characters
modulo P on A. Then, for each χ ∈ ΘP , L(1, χ) is transcendental over K. Furthermore, it
holds that

tr.degKK(L(1, χ) | χ ∈ ΘP) =
(qd − 1)(q − 2)

q − 1
+ 1.

3 Periodic functions
Let P ∈ A+ be an irreducible polynomial with degP = d > 0.

3.1 Parity conditions
The following theorem demonstrates that each function onA can be decomposed into
some functions satisfying parity conditions.

Lemma 3.1. For any function f : A→ ℂ∞, there exist unique functions fi : A→ ℂ∞ (i =
1, . . . , q − 1) such that:
(i) fi(ϵz) = ϵif (z) (ϵ ∈ 𝔽∗q );
(ii) f = f1 + ⋅ ⋅ ⋅ + fq−1.

Proof. Let ζ be a generator of 𝔽∗q . We first prove the existence of f1(z), . . . , fq−1(z). For
i = 1, . . . , q − 1, let

gi(z) = −
q−1
∑
n=1

ζ nif (ζ nz).

It holds that

f (z) = g1(z) + ⋅ ⋅ ⋅ + gq−1(z),

gi(ζz) = ζ
q−1−igi(z) (i = 1, . . . , q − 1).

Hence, letting fi(z) = gq−1−i(z), we obtain f1(z), . . . , fq−1(z) satisfying (i) and (ii).
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We next prove the uniqueness of f1(z), . . . , fq−1(z). To this end, it is sufficient to
demonstrate that f1 = ⋅ ⋅ ⋅ = fq−1 = 0 if f = 0. We substitute ζ iz (i = 1, . . . , q − 1) into
f1(z) + ⋅ ⋅ ⋅ + fq−1(z) = 0, successively. Thus, we obtain

(

ζ ζ 2 ⋅ ⋅ ⋅ ζ q−1

ζ 2 ζ 4 ⋅ ⋅ ⋅ ζ 2(q−1)
...

...
...

ζ q−1 ζ 2(q−1) ⋅ ⋅ ⋅ ζ (q−1)(q−1)

)(

f1(z)
f2(z)
...

fq−1(z)

) =(

0
0
...
0

).

Because the matrix in the left-hand side is invertible, f1 = ⋅ ⋅ ⋅ = fq−1 = 0.

3.2 Fourier expansions

For a subfield E of ℂ∞, we write ℱ(P;E) for the set of E-valued periodic functions on
A with period P. We call f ∈ ℱ(P;E) of Dirichlet type if f (P) = 0. Set ℱ𝒟(P;E) = {f ∈
ℱ(P;E) | f (P) = 0}. These sets ℱ(P;E) and ℱ𝒟(P;E) become vector spaces over E. Let
νP : A → K be a periodic function with period P defined by νP(a) = 1 if P|a, and 0
otherwise. Then it holds that

ℱ(P;E) = ℱ𝒟(P;E) ⊕ E ⋅ νP .

When f ∈ ℱ𝒟(P; ℂ∞), for a ∈ A with P ∤ a andm ∈ {1, . . . , qd − 1},

f̂m(a) :=
1
P
∑
b∈A

deg b<d

f (b)e∗m(ab) (3.1)

is called the Fourier transform of f . The following theorem is the Fourier inversion for-
mula for periodic functions.

Proposition 3.2. For any f ∈ ℱ𝒟(P; ℂ∞), there exist unique cm ∈ ℂ∞ (m = 1, . . . ,
qd − 1) such that

f (a) =
qd−1
∑
m=1

cme(a/P)
m. (3.2)

Proof. We first prove the existence of cm. Let cm = f̂m(1). Then, using (2.1) and (3.1), it
holds that for a ∈ A with P ∤ a,

qd−1
∑
m=1

cme(a/P)
m =

1
P
∑
b∈A

deg b<d

f (b)
qd−1
∑
m=1

e∗m(b)e(a/P)
m = f (a).
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Wenext prove theuniqueness of cm. Assume that f (a) canbewritten as (3.2). Then,
using (2.2) for n ∈ {1, . . . , qd − 1},

f̂n(1) =
1
P
∑
a∈A

deg a<d

f (a)e∗n (a) =
1
P

qd−1
∑
m=1

cm ∑
a∈A

deg a<d

e∗n (a)e(a/P)
m = cn.

For a subfield E of ℂ∞ including 𝔽q, set

ℱ𝒟i(P;E) = {f ∈ ℱ𝒟(P,E) | f (ϵz) = ϵif (z) (ϵ ∈ 𝔽∗q )}

for i = 1, . . . , q − 1. These become vector spaces over E. Using Lemma 3.1, we obtain

ℱ𝒟(P;E) =
q−1
⨁
i=1

ℱ𝒟i(P;E).

For a positive integerm, we define a periodic function hm : A→ K by hm(z) = e(z/P)m.

Proposition 3.3. Let i ∈ {1, . . . , q − 1}.
(i) The set {hm | 1 ≤ m ≤ qd − 1,m ≡ i (mod q − 1)} is a basis of ℱ𝒟i(P; ℂ∞) over ℂ∞.

Hence,

dimℂ∞ ℱ𝒟i(P; ℂ∞) =
qd − 1
q − 1
.

(ii) The set {hm | 1 ≤ m ≤ qd −1,m ≡ i (mod q−1)} is a basis ofℱ𝒟i(P;K) over K. Hence,

dimK ℱ𝒟i(P;K) =
qd − 1
q − 1
.

Proof. (i) It is obvious that this set is contained in ℱi(P; ℂ∞). Using Proposition 3.2,
this set is a basis of ℱi(P; ℂ∞) over ℂ∞.

(ii) It is obvious that this set is contained in ℱi(P;K). If f ∈ ℱi(P;K), by definition,
f̂m(1) ∈ K for anym. Hence, using Proposition 3.2, f can be written uniquely as a linear
combination of {hm | 1 ≤ m ≤ qd − 1,m ≡ i (mod q − 1)} over K.

4 Dirichlet–Goss series

4.1 Results under parity conditions

Let P ∈ A+ be an irreducible polynomial of degP = d > 0. In [11], we proved the
following theorem, which is an analog of Theorem 1.2.
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Theorem 4.1 ([11]). Let n be a positive integer. We take a nonzero g ∈ ℱ𝒟(P;K) such
that:
(i) g(ϵz) = ϵng(z) (ϵ ∈ 𝔽∗q );
(ii) The Carlitz Pth cyclotomic polynomialΦP is irreducible over K(g(a) | a ∈ A/PA).

Then L(n, g) ̸= 0.

Example 4.2. Let P = T. We define g : A→ K by g(z) = e(z/T)q−1. Clearly, g(a) = −T if
T ∤ a, and0 ifT|a. This implies that g ∈ ℱ𝒟q−1(T ;K). Using Theorem4.1, L(q−1, g) ̸= 0.
This value can be written as L(q − 1, g) = (T2−q − T)ζC(q − 1). Using BCq−1, which is the
Bernoulli–Carlitz number of order q − 1 (Goss [9]), we obtain ζC(q − 1) = BCq−1π

q−1,
which yields

L(q − 1, g) = ( 1
Tq−2
− T)BCq−1π

q−1.

For a positive integer n, let Pn(z) = ∑l∈L(z + l)
−n. According to Goss [8], there exists

a monic polynomial Gn(X) ∈ K[X] of degree n such that Pn(z) = Gn(e(z)−1). This is
called the Goss polynomial. For example, Gn(X) = Xn if n ≤ q. To prove Theorem 4.1,
we used the following lemma.

Lemma 4.3 ([11]). If g ∈ ℱ𝒟(P;K) satisfies the condition (i) of Theorem 4.1, then

L(n, g) = (π
P
)
n
∑
b∈A+

deg b<d

g(b)Pn(πb/P)

= (
π
P
)
n
∑
b∈A+

deg b<d

g(b)Gn(e(b/P)
−1) (4.1)

Here, the sum on the right-hand side of (4.1) belongs to K. Because πn is transcen-
dental over K, we obtain the following theorem.

Theorem 4.4.
(i) If g ∈ ℱ𝒟(P;K) satisfies g(ϵz) = ϵng(z) (ϵ ∈ 𝔽∗q ) and L(n, g) ̸= 0, then L(n, g) is

transcendental over K, and can be written as πnα for a nonzero α ∈ K.
(ii) Under the assumption of Theorem 4.1, L(n, g) is transcendental over K, and can be

written as πnα for a nonzero α ∈ K.

Remark 4.5. If g ∈ ℱ𝒟(P;K) does not satisfy (ii) of Theorem 4.1, it is possible that
L(n, g) = 0. For example, let q = 3 and P = T2 + 1. Then P is irreducible in A. If

g(ϵ) = e(ϵ/P), g(ϵT) = −e(ϵT/P) (ϵ ∈ 𝔽∗q ),

then the nonzero periodic function g : A → K with period P can be obtained. Using
(4.1) and G1(X) = X, L(1, g) = 0.
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4.2 Main theorems

For a nonnegative integer n, there exists i ∈ {1, . . . , q − 1} such that pn ≡ i (mod q − 1).
The following three theorems are our main results.

Theorem 4.6. Let f ∈ ℱ𝒟(P;K) be a nonzero periodic function with the decomposition
f = ∑q−1j=1 fj as in Lemma 3.1.
(i) If the cyclotomic polynomialΦP is irreducible over K(fi(b) | b ∈ A/PA), then L(pn, f )

is transcendental over K.
(ii) If f ̸= fi, then L(pn, f ) is transcendental over K.

Theorem 4.7. We have

tr.degKK(L(p
n, f ) | f ∈ ℱ𝒟j(P;K)) = {

(qd − 1)/(q − 1) if j ̸= i,
1 if j = i.

(4.2)

tr.degKK(L(p
n, f ) | f ∈ ℱ(P;K))

= tr.degKK(L(p
n, f ) | f ∈ ℱ𝒟(P;K)) = tr.degKK(ℓmpn(p

n, 1/P) | m ∈ 𝒩 )

=
(qd − 1)(q − 2)

q − 1
+ 1. (4.3)

Theorem 2.3 can be generalized as follows.

Theorem 4.8. LetΘP be the group of Dirichlet characters modulo P on A. Then, for each
χ ∈ ΘP , L(pn, χ) is transcendental over K. Furthermore, it holds that

tr.degKK(L(p
n, χ) | χ ∈ ΘP) =

(qd − 1)(q − 2)
q − 1

+ 1.

5 Proofs of Theorems 4.6, 4.7, and 4.8

5.1

For j ∈ {1, . . . , q − 1}, set

ℒj(p
n) = {L(pn, f ) | f ∈ ℱ𝒟j(P;K)},

which becomes a vector space over K under the operations

L(pn, f ) + L(pn, g) = L(pn, f + g),
c ⋅ L(pn, f ) = L(pn, c ⋅ f ) (f , g ∈ ℱ𝒟j(P;K), c ∈ K).

Using Proposition 3.3 and Lemma 4.3, we have

dimK ℒj(p
n) ≤ {
(qd − 1)/(q − 1) if j ̸= i,
1 if j = i.
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Because ℓm(1, 1/P) (m ∈ 𝒩 ) are algebraically independent over K, ℓmpn (pn, 1/P) =
ℓm(1, 1/P)p

n
(m ∈ 𝒩 ) are also algebraically independent overK. Usingpn ≡ i (mod q−1),

we have ℓpn (pn, 1/P) ∈ ℒi(pn), which yields that ℓpn (pn, 1/P) is a basis of ℒi(pn) and
dimK ℒi(pn) = 1. Observing ℓmpn (pn, 1/P) ∈ ∑j ̸=i ℒj(pn) (m ∈ 𝒩 \ {1}), it follows that
dimK ∑j ̸=i ℒj(pn) = (qd − 1)(q − 2)/(q − 1), which yields ℓmpn (pn, 1/P) (m ∈ 𝒩 \ {1},mpn ≡
j (mod q − 1)) form a basis of ℒj(pn) and dimK ℒj(pn) = (qd − 1)/(q − 1).

5.2 Proof of Theorem 4.6

For f ∈ ℱ𝒟(P;K), L(pn, f ) can be written uniquely as a linear combination of ℓmpn (pn,
1/P) (m ∈ 𝒩 ) over K. Clearly, L(pn, f ) = L(pn, fi) + L(pn, f − fi) and that L(pn, fi) = α ⋅
ℓpn (pn, 1/P) and L(pn, f −fi) = ∑m∈𝒩 \{1} βmℓm(p

n, 1/P) for some α, βm ∈ K. Hence, it holds
that

L(pn, f ) = 0⇔ L(pn, fi) = L(p
n, f − fi) = 0. (5.1)

(i) When f = fi, the claim is obvious from Theorem 4.4.
When f ̸= fi, f − fi ̸= 0. If f (z) − fi(z) = ∑m∈𝒩 \{1} βme(z/P)

m, then there exists
m ∈ 𝒩 \ {1} such that βm ̸= 0. Then we obtain

L(pn, f − fi) = ∑
m∈𝒩 \{1}

βmℓm(1, 1/P)
pn ̸= 0.

Using (5.1), L(pn, f ) ̸= 0, which yields (i).
(ii) This follows from the proof of (i).

5.3 Proof of Theorem 4.7

The equality (4.2) follows from the discussion in 5.1. We prove (4.3). Let γ =: ζC(1) =
∑a∈A+ a

−1 be the Euler constant, which is known to be transcendental overK. If ρP(z) =
∑di=0 ρiz

qi , then ∑di=0 ρie(a/P)
qi = ρP(e(a/P)) = 0 for a ∈ A+ with P ∤ a. Observing

ρ0 = P, 1 = −P−1∑
d
i=1 ρie(a/P)

qi−1 is obtained. Hence, we obtain

∑
a∈A+
P∤a

1
a
= −

1
P

d
∑
i=1

ρiℓqi−1(1, 1/P).

Because γ = ∑a∈A+
P∤a

a−1 + γ/P,

γ = P
P − 1
∑
a∈A+
P∤a

1
a
=

1
1 − P

d
∑
i=1

ρiℓqi−1(1, 1/P),
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which implies

L(pn, νP) = ∑
a∈A+
P|a

1
apn
= (

γ
P
)
pn

=
1

Ppn (1 − Ppn )

d
∑
i=1

ρp
n

i ℓ(qi−1)pn(p
n, 1/P).

Therefore, we obtain {L(pn, f ) | f ∈ ℱ(P;K)} = {L(pn, f ) | f ∈ ℱ𝒟(P;K)}, which yields
the first equality. From the discussion in 5.1, {ℓmpn (pn, 1/P) | m ∈ 𝒩 } is a basis of
∑q−1j=1 ℒj(pn). This yields the second and third equalities.

5.4 Proof of Theorem 4.8

For any χ ∈ ΘP, there exists j ∈ {1, . . . , q − 1} such that χ ∈ ℱ𝒟j(P;K). When j ̸= i, using
Theorem 4.4(ii), L(pn, χ) is transcendental over K. When j = i, using L(pn, χ) ̸= 0 and
Theorem 4.4(i), L(pn, χ) is transcendental over K.

We next prove the latter part. Raising both sides of (2.6) to the pnth power, we
obtain

∑
a∈A+

a≡b (mod P)

1
apn
=

1
Ppn

qd−1
∑
m=1

e∗m(b)
pnℓmpn(p

n, 1/P). (5.2)

For χ ∈ ΘP, multiplying (5.2) by χ(b), and taking the sum over b, we obtain

L(pn, χ) =
qd−1
∑
m=1

1
Ppn
∑

0 ̸=b∈A
deg b<d

χ(b)e∗m(b)
pnℓmpn(p

n, 1/P). (5.3)

Using (2.1), we obtain

ℓmpn(p
n, 1/P) = ∑

χ∈ΘP

( ∑
0 ̸=b∈A
deg b<d

χ−1(b)e(b/P)mp
n
)L(pn, χ). (5.4)

Combining (5.3) with (5.4), we obtain

tr.degKK(L(p
n, χ) | χ ∈ ΘP)

= tr.degKK(ℓmpn(p
n, 1/P) | m ∈ 𝒩 ) = (q

d − 1)(q − 2)
q − 1

+ 1.
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6 Applications: polygamma values, Hurwitz zeta
values, and Euler–Lehmer constants

In this section, we apply the results in Section 4 to polygamma functions, the Hurwitz
zeta function, and the Euler–Lehmer constants in function fields. Set A0 = A+ ∪ {0}.
Let P ∈ A+ be an irreducible polynomial with degP = d > 0.

6.1 Polygamma values

For a nonnegative integer k, the function

ψk(z) = (−1)
k+1 ∑

a∈A0

1
(z + a)k+1

is called the kth polygamma function. In particular, when k = 0,ψ(z) := ψ0(z) is called
the digamma function, which is the logarithmic derivative of the geometric gamma
function Γ(z) = z−1∏a∈A+ (1 + z/a)

−1. Note that ψk(z) can be obtained from ψ(z) by
ψk(z) = 𝒟kψ(z), where 𝒟k is the kth hyperdifferential operator in z, as discussed by
Bosser and Pellarin [5].

Theorem 6.1. Let n be a nonnegative integer. For any nonzero b ∈ Awith deg b < degP,
ψpn−1(b/P) is transcendental over K. Furthermore, we obtain

tr.degKK(ψpn−1(b/P) | 0 ̸= b ∈ A,deg b < degP) =
(qd − 1)(q − 2)

q − 1
+ 1. (6.1)

Proof. First, we prove the case n = 0. We define f ∈ ℱ𝒟(P;K) by

f (a) = { 1 if a ≡ b (mod P),
0 otherwise.

Then it holds that

ψ(b/P) = −P ∑
a∈A0

1
b + Pa
= {
−P ⋅ L(1, f ) if b ∈ A+,
−P/b − P ⋅ L(1, f ) if b ̸∈ A+

(6.2)

When q = 2, f = f1. Using Theorem 4.4(ii), L(1, f ) is transcendental over K. When
q ̸= 2, f ̸= f1. Using Theorem 4.6(ii), L(1, f ) is transcendental over K. Thus, ψ(b/P) is
transcendental over K.

Using (2.6) and (6.2),

ψ(b/P) =
{
{
{

−∑q
d−1
m=1 e
∗
m(b)ℓm(1, 1/P) if b ∈ A+,

−P/b − ∑q
d−1
m=1 e
∗
m(b)ℓm(1, 1/P) if b ̸∈ A+.

(6.3)
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On the other hand, using (2.2), for 1 ≤ n ≤ qd − 1,

ℓn(1, 1/P) =
{{{
{{{
{

−P−1∑ b∈A+
deg b<d

e(b/P)nψ(b/P) if b ∈ A+,

−P−1∑ b∈A+
deg b<d

e(b/P)n(ψ(b/P) + P/b) if b ̸∈ A+.
(6.4)

Using Theorem 4.7, (6.3), and (6.4), the left-hand side of (6.1) becomes

tr.degKK(ℓm(1, 1/P) | m ∈ 𝒩 ) =
(qd − 1)(q − 2)

q − 1
+ 1.

The general case n ≥ 0 follows from the fact ψpn−1(z) = ψ(z)p
n
and Theo-

rem 4.7.

6.2 Hurwitz zeta values

For −x ∈ K∞ \ A0, we define the Hurwitz zeta function ζ (s, x) by

ζ (s, x) = ∑
a∈A0

1
(a + x)s

(s ∈ ℕ).

When x = b/P (0 ̸= b ∈ A,deg b < d), ζ (pn, b/P) = (−1)p
n
ψpn−1(b/P). Using Theorem6.1,

the following theorem holds.

Theorem 6.2. Let n be a nonnegative integer. For any nonzero b ∈ Awith deg b < degP,
ζ (pn, b/P) is transcendental over K. Furthermore, we obtain

tr.degKK(ζ (p
n, b/P) | 0 ̸= b ∈ A,deg b < degP) = (q

d − 1)(q − 2)
q − 1

+ 1.

6.3 Euler–Lehmer constants

Let γ = ∑a∈A+ a
−1 be the Euler constant used in 5.3. This number can be generalized

as follows. We takeM ∈ A+ with degM > 0, and b ∈ A with deg b < degM. Then the
infinite sum

γ(b,M) = ∑
a∈A+

a≡b (mod M)

1
a

is called a Euler–Lehmer constant. This number has the following properties:

∑
b∈A

deg b<degM

γ(b,M) = γ, (6.5)
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γ(0,M) = γ/M, (6.6)

γ(b,M) = { −ψ(b/M)/M if b ∈ A+,
−ψ(b/M)/M − 1/b if b ̸∈ A+.

(6.7)

Using Theorem 6.1, (6.5), (6.6), and (6.7), the following theorem holds.

Theorem 6.3. For any b ∈ A with deg b < degP, γ(b,P) is transcendental over K. Fur-
thermore, we obtain

tr.degKK(γ(b,P) | b ∈ A,deg b < degP)

= tr.degKK(γ(b,P) | 0 ̸= b ∈ A,deg b < degP) =
(qd − 1)(q − 2)

q − 1
+ 1.

Remark 6.4. For the classical case, we state related results and conjectures.
Let K be an algebraic number field over which the mth cyclotomic polynomial

Ψm is irreducible. The classical kth polygamma function ψk(z) is defined by ψk(z) =
(−1)k+1k! ∑∞n=0(z+n)

−k−1. ThenMurty and Saradha [13] conjectured that theφ(m) num-
bers, ψk(a/m) (1 ≤ a ≤ m, gcd(a,m) = 1) are linearly independent over K.

Let n > 1 and m > 2. According to [10], Chowla–Milnor conjecture is that the
φ(m) classical Hurwitz zeta values ζ (n, a/m) (1 ≤ a ≤ m, gcd(a,m) = 1) are linearly
independent overℚ. Gun, Murty, and Rath [10] provided a nontrivial lower bound of
the dimension of theℚ-span of these numbers overℚ.

The classical Euler constant γ is defined by γ = limx→∞(∑n≤x n
−1 − log x). For a

positive integer m and a nonnegative integer a with 0 ≤ a < m, the classical Euler–
Lehmer constant γ(a,m) is defined by γ(a,m) = limx→∞(∑ n≤x

n≡a (mod m)
n−1 − (log x)/m).

Murty and Saradha [14] proved that at most one number in the infinite list of numbers
γ(a,m) (m ≥ 2, 1 ≤ a < m) is an algebraic number. Therefore, it appears that these are
all transcendental numbers.
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On elements of normal depth-2 in quartic
extensions of Fp
Abstract: Let p be a prime number and let θ be a fixed normal element of the extension
field Fpn of Fp. An element α ∈ Fpn is said to have normal θ-depth-2 (or simply normal
depth-2) if α and α−θ are both normal. A central question is: Towhat extent are normal
bases preserved by this depth operation; that is, if α has normal depth-2, do all of α’s
conjugates also have normal depth-2? The answer, in general, is that some bases are
preserved and some are not. In previous work, specific counts of preserved bases are
computed (as functions of p) for all quadratic and cubic extensions. In this paper, we
obtain analogous counts for all quartic extensions Fp4 of Fp.

Keywords: Finite fields, normal bases, Euler Φ-function
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1 Introduction
We begin with a definition originally made in Section 4 of [1].

Definition 1.1. Let p be a prime number and let θ be a fixed normal element of the
extension fieldFpn ofFp. An element α ∈ Fpn is said to have normal θ-depth-2 (or simply
normal depth-2 once θ is fixed) if α and α − θ are both normal. The set of elements of
normal depth-2 in Fpn is denoted N2 throughout this paper.

We note at the outset that in [1] it is incorrectly stated that normal depth-2 involves
the normality of α and α− 1. The correct objects are α and α−θ. See [4], which includes
a helpful characterization of normal elements.

The focus in [1] and in this paper is the question of to what extent normal bases of
Fpn over Fp are preserved by this “depth operation”; that is, if α has normal depth-2,
do all of α’s conjugates also have normal depth-2? The answer, in general, is that some
bases are preserved in N2 and some are not. To study this question, we make the fol-
lowing definition.

Definition 1.2. The element α of normal depth-2 is called lonely if not all of its conju-
gates also have normal depth-2.

In [1] and here, we endeavor to count, for given p and n, the number of lonely ele-
ments in Fpn , which will then yield the number of preserved bases inN2 once wemake
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use of the function defined below, which was first definedmore generally in Section 3
of [1]. This is an extension of the polynomial EulerΦ-functionwhich counts polynomi-
als over a given finite field of degree less than the argument polynomial which are rel-
atively prime to that polynomial. The crucial connection to our work here is contained
in Theorem 2.39 of [3], namely that Φ(tn − 1) counts the number of normal elements
of Fpn .

Definition 1.3. Suppose the polynomial f of positive degree is in Fp[t]. The extended
polynomial Euler functionΦ2(f ) is the number of polynomialsA of degree less than the
degree of f such that gcd(A, f ) = 1 and gcd(A − 1, f ) = 1.

It is shown in Section 4 of [1] that the number of elements in N2 is counted by
Φ2(tn − 1). This then tells us that the number of normal bases preserved in N2 by the
depth operation will always be (Φ2(tn − 1) −number of lonely elements)/n. We remark
also that though the status of specific elements will depend upon our choice of the
fixed element θ, the counts of these elements will not be affected.

In [1] and [2], specific counts of preserved bases in N2 are computed (as functions
of p) for all quadratic and cubic extensions. In this paper, we obtain analogous counts
for all quartic extensions Fp4 of Fp. Some data for this n = 4 case is as follows. We saw
in previous work and will see here that the factorization of the polynomial tn − 1 plays
a crucial role.

n p Factorization of tn − 1 Order(N2) = Φ2(tn − 1) Normal
bases in N2

Lonely
elements

4 3 (t − 1)(t + 1)(t2 + 1) 7 0 7
5 (t − 1)(t + 1)(t + 2)(t + 3) 81 0 81
7 (t − 1)(t + 1)(t2 + 1) 1175 220 295

11 (t − 1)(t + 1)(t2 + 1) 9639 2088 1287
13 (t − 1)(t + 1)(t + 5)(t + 8) 14,641 1760 7601
17 (t − 1)(t + 1)(t + 4)(t + 13) 50,625 7560 20,385
19 (t − 1)(t + 1)(t2 + 1) 103,751 24,208 6909

In [1], there is no analysis of quartic extensions. The main analysis is of combina-
tions of n and p for which tn − 1 factors into t − 1 and an irreducible factor of degree
n − 1, which clearly implies that n is prime. In particular, cubic extensions with p of
the form 3k + 2 are of this form, but the case of 3k + 1 is more complicated and is ana-
lyzed separately in [2] and [4]. Hence the situation is fully understood for all quadratic
and cubic extensions of Fp for all primes p. Here, we fully analyze quartic extensions,
where the analyses are significantly different depending on whether p is of the form
4k + 1 or 4k + 3. The latter case is somewhat easier (since t2 + 1 is then irreducible over
Fp), so we deal with that case first.

In all that follows, θ is a fixed normal element of Fpn , and for all elements α ∈ Fpn ,
we write α and α − θ in terms of the normal basis generated by θ (i. e.,

α = an−1θpn−1 + an−2θpn−2 + ⋅ ⋅ ⋅ + a1θp + a0θ
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and

α − θ = an−1θpn−1 + an−2θpn−2 + ⋅ ⋅ ⋅ + a1θp + (a0 − 1)θ).
Then α and α−θ are in one-to-one correspondence with the “conventional” polynomi-
als α = an−1tn−1+an−2tn−2+⋅ ⋅ ⋅+a1t+a0 and α−1 = an−1tn−1+an−2tn−2+⋅ ⋅ ⋅+a1t+(a0−1).
That is, α is an element of Fpn ; α is a polynomial of degree less than n in the variable t.
All of the following analyses involve both field elements such as α, β and conj 1 and
the corresponding polynomials α, β, conj 1.

2 The case p = 4k + 3
Suppose p = 4k + 3 for some k. By quadratic residue theory, we know that t2 + 1 is
irreducible over Fp, and so t4− 1 has as its prime factorization (t− 1)(t+ 1)(t2+ 1). Using
long division, it is easy to observe that the following criteria hold for the polynomial
α = at3 + bt2 + ct + d over Fp:
1. α is divisible by t − 1 if and only if a + b + c + d = 0.
2. α is divisible by t + 1 if and only if a − b + c − d = 0.
3. α is divisible by t2 + 1 if and only if a = c and b = d.

We start here with elements α of Fp4 , represented as polynomials α of degree less than
4 over Fp, which are normal, i. e., α are relatively prime to t4 − 1. The set of all normal
elements in Fp4 is denoted by N and has Φ(t4 − 1) elements. Among these, elements α
which have the property that both α and α−1 are relatively prime to t4−1 form the set of
elements of normal depth-2, which set is denotedN2 and has orderΦ2(t4−1). We know
that by definition if β is a p-conjugate of α ∈ N, then β is also relatively prime t4 − 1,
but it may well be that β − 1 is not relatively prime to t4 − 1, and hence αwill be lonely.
Our strategy here (a sort of “backdoor” approach) for identifying lonely elements will
be to look at normal elements βwhich have the property that β − 1 is divisible by t + 1,
or by t2 + 1, or by both t + 1 and t2 + 1. For each set and each such β, we will seek and
count p-conjugates of these elements whose corresponding polynomials are divisible
by none of the three factors of t4 − 1, i. e., which are in the set N2. Such elements will
then be lonely. In order to implement the approach just described, we need to count
the various elements β which are in N but not in N2 which could then possibly have
p-conjugates which lie in N2. For ease of notation, we shall denote β by (a, b, c, d).

We shall throughout make use of the key fact that the p-conjugates of a normal
element β are the first conjugate “conj 1,” whose corresponding polynomial conj 1 is
(b, c, d, a), second conjugate “conj 2,” with conj 2 = (c, d, a, b), and third conjugate
“conj 3,” with conj 3 = (d, a, b, c); that is, we obtain the p-conjugates of normal ele-
ments by simply rotating their coefficients. (Again, see [3], Chapter 2, Section 3.) We
start by observing that if β is in N but β − 1 is divisible by t − 1, i. e., if the sum of β’s
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coefficients is 1, then this will automatically be true as well for all of its conjugates, so
no lonely elements can be generated from this set of elements. The point is that the
sum of coefficients is constant under rotation.

We shall now focus on three subsets of N − N2 which are disjoint from the set just
mentioned (elements β for which β − 1 is divisible by t − 1) and are disjoint from each
other.
1. S1 is the set of elements β ∈ N which have the property that β − 1 is divisible by

t + 1 but not by t − 1 and t2 + 1. The order of S1 is Φ2((t − 1)(t2 + 1)) = (p − 2)(p2 − 2).
2. S2 is the set of elements β ∈ N which have the property that β − 1 is divisible by

t2 + 1 but not by t − 1 and t + 1. The order of S2 is Φ2((t − 1)(t + 1)) = (p − 2)2.
3. S3 is the set of elements β ∈ N which have the property that β − 1 is divisible by

t + 1 and t2 + 1 but not by t − 1. The order of S3 is Φ2(t − 1) = p − 2.

Just double-checking these orders, on the one hand the order of N − N2 is

Φ(t4 − 1) −Φ2(t
4 − 1) = (p − 1)2(p2 − 1) − (p − 2)2(p2 − 2) = 2p3 − 2p2 − 6p + 7.

On the other hand, the set of β ∈ N such that t−1 divides β−1 (with no other conditions)
has (p− 1)2(p2 − 1)/(p− 1) elements, and so counting that set and the sets S1, S2, and S3,
which are all pairwise disjoint, we get

(p − 1)(p2 − 1) + (p − 2)(p2 − 2) + (p − 2)2 + (p − 2)

= (p3 − p2 − p + 1) + (p3 − 2p2 − 2p + 4) + (p2 − 4p + 4) + (p − 2) = 2p3 − 2p2 − 6p + 7,

as desired.
Here then is a Venn diagram of the set N − N2:

β − 1
divisible
by t − 1

β − 1
divisible
by t + 1
only

β − 1
divisible by
t2 + 1 only

S1

S3

S2

N − N2 (Case p = 4k + 3)

This set
closed under
p-conjugation
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We observe now that if β is in the set S1, then β − 1 is divisible by t + 1, i. e., a − b +
c − d = 1. It follows that conj 2 (i. e., (c, d, a, b)) will also have an alternating sum of 1,
but conj 1 and conj 3 will have an alternating sum of −1 and so their corresponding
elements could lie in N2.

A similar observation holds for the set S2 of elements β for which β − 1 is divisible
by t2 + 1, which means that β is of the form (a, b, a, b+ 1). Here, we see that none of the
conjugate polynomials (b, a, b + 1, a), (a, b + 1, a, b), (b + 1, a, b, a) satisfy that the first
and third coefficients are equal and the fourth coefficient is 1 greater than the second
coefficient, and so all three conjugates are potential lonely elements.

Finally, in the set S3, we know that β must be of the form (a, b, a, b + 1) and we
must have a − b + a − b − 1 = 1, i. e., 2b = 2a − 2, so b = a − 1 and so β is of the form
(a, a− 1, a, a). None of the conjugate polynomials are divisible by t2 + 1, and conj 1 and
conj 3 have an alternating sum of −1, and so could be lonely.

So now it is time to count our lonely elements. We must observe that even though
S1, S2, and S3 are pairwise disjoint, any element in them could have as many as three
conjugates which are in N2, so wemust be on the lookout for overlaps among these as
we move from set to set.

We start by counting the number of lonely elements which arise from the p-con-
jugates of elements of S1. Recall that S1 has (p− 2)(p2 − 2) elements β. It may be helpful
to look at the simplest case available to us, namely the case p = 3, for which S1 has 7
elements. We shall hereafter refer to p-conjugates as simply conjugates.

β conj 1 conj 2 conj 3

(0, 0, 0, 2) (0, 0, 2, 0) (0, 2, 0, 0) (2, 0, 0, 0)
(1, 0, 2, 2) (0, 2, 2, 1) (2, 2, 1, 0) (2, 1, 0, 2)
(1, 1, 2, 1) (1, 2, 1, 1) (2, 1, 1, 1) (1, 1, 1, 2)
(1, 2, 2, 0) (2, 2, 0, 1) (2, 0, 1, 2) (0, 1, 2, 2)
(2, 0, 1, 2) (0, 1, 2, 2) (1, 2, 2, 0) (2, 2, 0, 1)
(2, 1, 1, 1) (1, 1, 1, 2) (1, 1, 2, 1) (1, 2, 1, 1)
(2, 2, 1, 0) (2, 1, 0, 2) (1, 0, 2, 2) (0, 2, 2, 1)

Howmany lonely elements are represented in this chart? As observed previously,
since β has an alternating sum of 1, both conj 1 and conj 3 will have alternating sums
of −1, and hence are potential lonely elements. Focusing on the set conj 1, we note
that only one of them (namely (1, 1, 1, 2)) is not lonely since its element lies in S2 (i. e.,
its first and third coefficients are equal and its fourth coefficient is 1 greater than its
second coefficient), and hence its element is not lonely (i. e., is not in N2). Hence the
set conj 1 represents 6 lonely elements. Focusing now on the set conj 3, we see that
all of them except (2, 0, 0, 0) have already appeared as first conjugates, and hence
should not be counted. However, we should count (2, 0, 0, 0). (The reason it does not
appear as a first conjugate is that it is itself the first conjugate of (0, 2, 0, 0), whose
element lies in S2 and not in S1.) We highlight these two polynomials in our chart, one
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of which ((1, 1, 1, 2)) must be removed from our count and one ((2, 0, 0, 0)) whichmust
be added. Hence we arrive at exactly 7 lonely elements generated from S1 in this case.
Note that with the addition and subtraction of one element each, we arrived at the
count of lonely elements from S1 being exactly the order of S1.

Let us nowgeneralize the above argument to the S1 count of lonely elements for an
arbitrary prime p satisfying p = 4k+3 for some k. Again,wehave (p−2)(p2−2) elements
β in S1, and the alternating sum of each of their first and third conjugate polynomials
is −1, so these are potential lonely elements. However, we must first throw out any
first conjugates which lie in S2, i. e., for which in conj 1 d = b and c = a − 1, so we are
looking for polynomials of the form (b, a − 1, b, a). But we know that the alternating
sum 2b − 2a + 1 is −1, so 2b = 2a − 2, i. e., b = a − 1, so our elements are of the form
(a − 1, a − 1, a − 1, a) (just like (1, 1, 1, 2) when p = 3). Finally, we know that the sum
of the coefficients cannot be 0 or 1 (since neither β nor β − 1 is divisible by t − 1), so
4a − 3 ̸= {0, 1}, so a ̸= (4−1){4, 3}, i. e., a cannot be 1 or (4−1)(3), and we see that we
have p − 2 choices for a. Hence we must remove p − 2 elements from the set of first
conjugates.

We now must ask how many third conjugates have the property that they are not
the same as some first conjugate. This will occur when conj 2 lies in S2, and an argu-
ment exactly parallel to the one just given show that there are p − 2 such second con-
jugates. Hence the corresponding third conjugates do not appear as first conjugates,
and so they must be added to our count. We conclude then that the set S1 generates

(p − 2)(p2 − 2) − (p − 2) + (p − 2) = (p − 2)(p2 − 2)

lonely elements.
We now turn to the set S2, which has (p − 2)2 elements β for which β is of the form

(a, b, a, b+ 1). We note that all three conjugate polynomials (b, a, b+ 1, a), (a, b+ 1, a, b)
and (b + 1, a, b, a) are not elements which lie in S2, and hence are potential lonely el-
ements. β’s alternating sum cannot be 0 or 1, but it can be −1, in which case its first
and third conjugate polynomials have an alternating sum of 1, and hence their ele-
ments cannot be lonely, but its second conjugate will be lonely since its in neither S1
nor S2. It is easy again to show that such a second conjugate polynomial is of the form
(a − 1, a, a − 1, a − 1) for p − 2 choices of a. All other polynomials will have an alternat-
ing sum which is none of {0, 1, −1}, so all three of their conjugates are lonely. Now the
(p − 2)2 elements of S2 are evenly divided among the p − 2 possible alternating sum
values (not 0 or 1), and we divide the polynomials into those for which the alternating
sum is −1 (one lonely per each element) and those for which the alternating is none of
{0, 1, −1} (3 lonely per element), giving us a count of lonely elements generated to be
(p − 2) + 3(p − 3)(p − 2) = (p − 2)(3p − 8).

However, itmay not be the case that all of these elements are new lonely elements,
i. e., theymay have already been discovered as arising from S1. This is indeed the case.
The p− 2 polynomials (a− 1, a, a− 1, a− 1)with alternating sum −1, pointed out above,
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are the first conjugates of polynomials of the form (a−1, a−1, a, a−1)whose alternating
sum is 1, so the corresponding elements are in S1 and thepolynomials (a−1, a, a−1, a−1)
have already been counted. No other lonely elements arising from S2 can have already
been counted since their alternating sumsarenoneof 0, 1 or−1.Hencewemust remove
this overlap of p−2 elements, and our final count for new lonely elements arising from
S2 is

(p − 2)(3p − 8) − (p − 2) = (p − 2)(3p − 9) = 3(p − 2)(p − 3).

Finally, we need to seek lonely elements arising from S3. There are only p − 2 el-
ements in S3, all of whose polynomials are of the form (a, a − 1, a, a) (i. e., with an
alternating sum of 1). Note that conj 2 is (a, a, a, a − 1), whose element lies in S1, so
conj 3 (a, a, a − 1, a) represents a lonely element but has already been counted. Now
the first conjugate (a − 1, a, a, a) is also lonely, but it has also already been counted in
our analysis of S1, as these are precisely those elements there which occurred as third
conjugates for elements in S1 whose second conjugate (with polynomial (a, a− 1, a, a))
lies in S2. Hence there are no new lonely elements arising from S3.

We have arrived at the following.

Theorem 2.1. Suppose that p is of the form 4k + 3 for some k. Among the Φ2(t4 − 1) =
(p− 2)2(p2 − 2) elements of Fp4 which are of normal depth-2, there are (p− 2)(p

2 +3p− 11)
lonely elements and hence (p − 2)(p − 3)(p2 − 5)/4 normal bases.

Proof. Adding up the lonely elements from S1, S2, and S3, we get a total of

(p − 2)(p2 − 2) + 3(p − 2)(p − 3) + 0 = (p − 2)(p2 + 3p − 11).

The number of normal bases then will be

((p − 2)2(p2 − 2) − (p − 2)(p2 + 3p − 11))/4

= (p − 2)(p3 − 3p2 − 5p + 15)/4 = (p − 2)(p − 3)(p2 − 5)/4

which completes the proof.

These counts are confirmed by Mathematica© for the cases p = 3, 7, 11, and 19, as
displayed at the opening of this paper.

3 The case p = 4k + 1
Suppose now that p = 4k + 1 for some k. Again by quadratic reciprocity, we know that
t4−1 factors into the four linear polynomials t−1, t+1, t− ι, and t+ ι, where ι is a square
root of −1 in Fp. In this case, the setN of normal elements of Fp4 has Φ(t

4 − 1) = (p− 1)4

elements and the setN2 of normal elements of depth-2 hasΦ2(t4−1) = (p−2)4 elements.
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Just as in the previous section, we shall denote by α the polynomial of degree
less than 4 which corresponds to the expression of the element α ∈ Fp4 in terms of
the normal basis generated by the fixed element θ. In the arguments below, if the
context is clear, wemay abuse language a bit by saying, for example, “the polynomial
α = (a, b, c, d) is lonely,” meaning, more precisely, “the element α is lonely,” and so
on.

As before, using long division, it is easy to observe that the following criteria hold
for the polynomial α = at3 + bt2 + ct + d over Fp:
1. α is divisible by t − 1 if and only if a + b + c + d = 0.
2. α is divisible by t + 1 if and only if a − b + c − d = 0.
3. α is divisible by t − ι if and only if (d − b) + (c − a)ι = 0.
4. α is divisible by t + ι if and only if (d − b) − (c − a)ι = 0.

In the latter two conditions, we use the fact that ι2 = −1. We now observe that either or
both of Conditions 3 and 4 are true if and only if

0 = ((d − b) + (c − a)ι)((d − b) − (c − a)ι) = (d − b)2 + (c − a)2 (mod p).

Hence we have a single criterion we can use to identify what polynomials are divis-
ible by t − ι or t + ι (or both), and so we can analyze this case (i. e., p = 4k + 1) in
a similar fashion as we did with the case p = 4k + 3, though the criterion is a bit
more complicated in this case (and, by the way, will lead to many more lonely ele-
ments).

We shall again throughout make use of the key fact that the polynomials of the
p-conjugates of a normal element β whose polynomial is β = (a, b, c, d) are conj 1 =
(b, c, d, a), conj 2 = (c, d, a, b), and conj 3 = (d, a, b, c). We start by observing that if β
is in N but β − 1 is divisible by t − 1, i. e., if the sum of β’s coefficients 1, then this will
automatically be true as well for all of its conjugates, so no lonely elements can be
generated from this set of elements. The point, as before, is that the sumof coefficients
is constant under rotation.

Continuing,we shall again focus on three subsets ofN−N2which are disjoint from
the set just mentioned (elements β ∈ N for which β− 1 is divisible by t− 1 with no other
conditions) and are disjoint from each other.
1. T1 is the set of elements β ∈ N which have the property that β − 1 is divisible by

t + 1 but not by t − 1, t − ι and t + ι. The order of T1 is

Φ2((t − 1)(t − ι)(t + ι)) = (p − 2)
3.

2. T2 is the set of elements β which have the property that β − 1 is divisible by t − ι or
t + ι (or both) but not by t − 1 and t + 1. The order of T2 is

Φ2((t − 1)(t + 1)(t + ι)) +Φ2((t − 1)(t + 1)(t − ι)) +Φ2((t − 1)(t + 1))

= 2(p − 2)3 + (p − 2)2 = (p − 2)2(2p − 3).
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3. T3 is the set of elements β ∈ N which have the property that β − 1 is divisible by
t + 1 and t − ι or t + ι (or both), but not by t − 1. The order of S3 is

Φ2((t − 1)(t + ι)) +Φ2((t − 1)(t − ι)) +Φ2(t − 1)

= 2(p − 2)2 + (p − 2) = (p − 2)(2p − 3).

Double-checking these orders, on the one hand the order of N − N2 is

Φ(t4 − 1) −Φ2(t
4 − 1) = (p − 1)4 − (p − 2)4 = 4p3 − 18p2 + 28p − 15.

On the other hand, the set of β ∈ N such that t−1 divides β−1 with no other conditions
has (p − 1)4/(p − 1) = (p − 1)3 elements, and so counting that set and the sets T1, T2,
and T3, which are all pairwise disjoint, we get

(p − 1)3 + (p − 2)3 + (p − 2)2(2p − 3) + (p − 2)(2p − 3)

= (p3 − 3p2 + 3p − 1) + (p3 − 6p2 + 12p − 8) + (2p3 − 11p2 + 20p − 12) + (2p2 − 7p + 6)

= 4p3 − 18p2 + 28p − 15,

as desired.
The Venn diagram for this case is as follows:

β − 1
divisible
by t − 1

β − 1
divisible
by t + 1
only

β − 1
divisible by
t − ι or t + ι

(or both) only

T1

T3

T2

N − N2 (Case p = 4k + 1)

This set
closed under
p-conjugation

We now embark on counting the number of lonely elements which arise among
the conjugates of elements β lying in our three setsT1,T2, andT3.We remark, as before,
that since any element β in any one of these sets can give rise to asmany as three lonely
elements among its conjugates, we must be on the lookout for overlaps.
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Concerning “overlaps,” there are in fact three types of these in the analysis below:
a. For a given set T1, T2, or T3 and for a given conjugate type conj 1, conj 2, or conj 3

associated with that set, there can be overlaps of elements satisfying the various
necessary conditions;

b. for a given set T1, T2, or T3, there can be overlaps across the three conjugate types,
and

c. there can be overlaps of lonely conjugate elements across the three sets T1, T2,
and T3.

As before, we shall denote by ι a fixed square root of −1 on Fp.
We shall employ the following notation throughout the analysis below: if β =

(a, b, c, d) is the polynomial corresponding to an element of one of the three sets T1,
T2, or T3, we set

X = c − a and Y = d − b.

Using this notation, we have
1. β − 1 is divisible by t − ι or t + ι (or both) if and only of X2 + (Y − 1)2 = 0;
2. For conj 1 = (b, c, d, a), conj 1 − 1 is so if and only if Y2 + (X + 1)2 = 0;
3. For conj 2 = (c, d, a, b), conj 2 − 1 is so if and only if X2 + (Y + 1)2 = 0, and
4. For conj 3 = (d, a, b, c), conj 3 − 1 is so if and only if Y2 + (X − 1)2 = 0.

Moreover, as polynomials β range over those with a fixed sum a + b + c + d = v and a
fixed alternating sum a − b + c − d = u (called the “alt sum” below), by adding we get
2a + 2c = v + u, so c − a = 2−1(v + u) + 2a, and we see that as a ranges over Fp, we get
p possible values of X. By subtracting, we get the same conclusion for Y , so for these
fixed values v and u, we get p2 ordered pairs (X,Y).

3.1 Counting lonely elements among the conjugates of elements
β in T1

Sowe first turn to the set T1 of elements β ∈ N forwhich β−1 is divisible by t+1 only.We
fix the sum to a value v ̸= 0 or 1. Since β’s alt sum is 1, all second conjugates must also
have an alt sum of 1, so no lonely elements can arise from this set. However, all first
and third conjugates have an alt sum of −1, so lonely elements can arise from these
two sets, and we need to count them and count overlaps. By definition of T1, we know
that for β ∈ N1,X2+Y2 ̸= 0 and X2+(Y −1)2 ̸= 0. In order for conj 1 to be lonely, wemust
also have Y2 + (X + 1)2 ̸= 0, so we seek the intersection arising from three inequalities.
It will be easier then to compute the union of three equalities and subtract from the
total number p2 of pairs (X,Y).

We first count the single sets. If X2 + Y2 = 0, then Y = ±ιX, so we get two pairs for
each nonzeroX and onemorewhenX = 0 for a total of 2(p−1)+1 = 2p−1 pairs. Similar
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arguments obtain the same counts for the single sets satisfying X2 + (Y − 1)2 = 0 and
Y2 + (X + 1)2 = 0.

Lookingat double overlapsnow, ifX2+Y2 = 0andX2+(Y−1)2 = 0, then subtracting
we obtain 2Y − 1 = 0, i. e., Y = 2−1, and plugging this into the first condition gives
X2 = −4−1, soX = ±ι2−1. Hencewe get two pairs in this overlap, and a similar argument
gives two pairs in the overlap of X2 + Y2 = 0 and Y2 + (X + 1)2 = 0. The final double
overlap is a bit different but with the same outcome. Combining X2 + (Y − 1)2 = 0 and
Y2 + (X + 1)2 = 0, we get 2X + 1− (−2Y + 1) = 0, so Y = −X, which gives 2X2 + 2X + 1 = 0,
andwe arrive at X = 4−1(−2±√4 − 8) = −2−1±2ι, andwe see our two pairs. It is quick to
check that the 6 ordered pairs found are distinct, so the triple overlap is empty. Hence
we have that the complement of the set we seek has 3(2p− 1) − 6 = 6p− 9 pairs, and so
the count of conj 1 lonely elements for the fixed sum of v is p2 − 6p + 9 = (p − 3)2. Now
freeing up the p − 2 allowable sum values, the total count of conj 1 lonely elements
arising from elements of T1 is (p − 2)(p − 3)2.

A parallel argument will give the same count for conj 3 elements.
In order to finish our T1 analysis, we need to count the overlap of lonely conj 1

and conj 3 elements. This is accomplished by doing inclusion/exclusion counting the
complement, now including the fourth condition (X − 1)2 + Y2 = 0, which again alone
will yield 2p − 1 pairs. Now we have (42 ) = 6 double overlaps, 3 of which are computed
above and 3 more of which again yield two pairs each. Moreover, all 12 of those pairs
are distinct, so the 4 triple overlaps and single quadruple overlap are all empty. We
arrive then at a complement count of 4(2p − 1) − 12 = 8p − 16, so the lonely overlap
count for a fixed sum is p2 − 8p + 16 = (p − 4)2, and freeing the sum we get a total
overlap count of (p − 2)(p − 4)2. We conclude then that the total number of lonely
elements arising from conjugates of element of T1 is

(p − 2)(2(p − 3)2 − (p − 4)2) = (p − 2)(p2 − 4p + 2).

This count is confirmed by Mathematica© for p = 5, 13, and 17.

3.2 Counting lonely elements among the conjugates of elements
β in T2

The analysis of the set T2 is similar to that of T1 but is more complicated, especially in
counting overlaps, because now lonely elements can occur among all three of conj 1,
conj 2, and conj 3. We again fix the coefficient sum of β for β ∈ T2 to be v ̸= {0, 1}. Since
the alt sum of β also cannot be 0 or 1, conj 2 can as well have p − 2 alt sums (matching
β’s). However, if β’s alt sum is−1, then the corresponding conj 1 and conj 3 polynomials
will have an alt sum of 1, and hence are not lonely. Thus we can only allow p − 3 alt
sums with those two sets.
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We do a careful analysis of the set conj 1. Here, we assume a fixed sum v ̸= {0, 1}
and a fixed alt sum w ̸= {0, 1, −1}. The three conditions to be met in order for a polyno-
mial (b, c, d, a) to be lonely are X2 + Y2 ̸= 0, X2 + (Y − 1)2 = 0, and (X + 1)2 + Y2 ̸= 0.
We choose again to use inclusion-exclusion on the complement in the set of p2 or-
dered pairs (X,Y). Hence our conditions now are X2 + Y2 = 0, X2 + (Y − 1)2 ̸= 0, or
(X + 1)2 + Y2 = 0.

Counting the single sets, the first and third are just as in theT1 case, so their counts
are each 2p − 1. The middle condition count is p2 − 2p + 1 = (p − 1)2.

Looking at double overlaps, forX2+Y2 = 0and (X+1)2+Y2 = 0, again just as above,
we get 2 pairs, which are in fact (−2−1, ι2−1) and (−2−1, −ι2−1). The other two double
overlaps are different since they involve an inequality. We first consider X2 + Y2 = 0
and X2 + (Y − 1)2 = u ̸= 0. Combining and simplifying, we get Y = 2−1(1 − u), and
substituting back we get X = ±2−1(1− u). Hence if u ̸= 1 we get 2(p− 2) pairs, and when
u = 1, we get just one, for a total of 2p − 3 pairs.

The final double overlap is for the conditions (X + 1)2 + Y2 = 0 and X2 + (Y − 1)2 =
u ̸= 0. Combining, we get Y = −X − 2−1u, and substituting into the first and using the
quadratic formula, we get X = 4−1(−2−u± ι(u− 2)). Hence if u ̸= 2, we again get 2(p− 2)
pairs, and if u = 2, we get one, for a total of 2p − 3 pairs.

Finally, for the triple overlap,weput the twopairs in the first double overlap above
intoX2+(Y−1) to see ifweget 0or not.Wedo thefirst suchpair here: (−2−1)2+(ι2−1−1)2 =
4−1 − 4−1 − ι + 1 = 1 − ι ̸= 0. Hence this element (and similarly the other) satisfies all
three conditions, so the triple overlap has a count of 2.

Our complement count in conj 1 is then 2(2p−1)+(p−1)2−2−2(2p−3)+2 = p2−2p+5.
We conclude that the count of lonely elements in conj 1 for fixed sum v and fixed alt
sum w is p2 − (p2 − 2p + 5) = 2p − 5. Now freeing up the sum and alt sum, we get a final
count of

(p − 2)(p − 3)(2p − 5).

Parallel arguments, which we will not repeat here, give the same count for conj 3; but
for conj 2, as noted at the outset of this part, the total count will be

(p − 2)2(2p − 5).

Wemust now identify any elements which are lonely but occur in two or all three
of the conjugate types, since such elements must be counted only once. We begin
with possible conj 1 and conj 3 overlaps. If conj 1 = (b, c, d, a) appears as a conj 3
as well, then it arises from β = (c, d, a, b), which is in N2, so both of the conditions
X2 + (Y − 1)2 = 0 and X2 + (Y + 1)2 = 0 must hold, and combining we get that Y = 0
and X = ±ι. Hence we must have d = b and c = a ± ι.

We continue to assume that we are working with T2 elements with a fixed sum of
v and fixed alt sum of w. First, suppose c = a + ι. Hence a + b + (a + ι) + b = v and
a − b + (a + ι) − b = w, and adding and subtracting we get a = 4−1(v + w − 2ι) and
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b = 4−1(v − w). Similarly, if c = a − ι, we get a = 4−1(v + w + 2ι) and b = 4−1(v − w).
Hence we get exactly two overlap elements, and we must finally confirm that they are
lonely. But (X + 1)2 + Y2 = (±ι + 1)2 = ±2ι, and likewise (X − 1)2 + Y2 = (±ι − 1)2 = ±2ι, so
neither expression equals 0, confirming that these two elements are indeed lonely.

We now move to possible overlaps among lonely conj 1 and conj 2 elements. This
case is trickier since such an element must arise from elements of T2 whose alt sums
are negatives of each other. That is, if γ, with alt sum −w, is both a lonely conj 1 and
conj 2 for T2, then γ arises from a β1 whose alt sum isw and from a β2 whose alt sum is
−w. So suppose β1 = (a1, b1, c1, d1) and β2 = (a2, b2, c2, d2), then γ = (b1, c1, d1, a1) =
(c2, d2, a2, b2), and so we have a2 = d1, b2 = a1, c2 = b1 and d2 = c1, i. e., β2 =
(d1, a1, b1, c1). Since we can now express everything in terms of β1’s entries, we drop
the subscripts, i. e., β1 = (a, b, c, d) and β2 = (d, a, b, c). Since both β1 and β2 are in N2,
we have X2+(Y −1)2 = 0 and (X−1)2+Y2 = 0, which gives us Y = X, and plugging back
in, using the quadratic formula, and simplifying we arrive at Y = X = 2−1(1 ± ι). This
then again will give us two overlap polynomials (which can be written down explic-
itly using c = a + X, etc.). We must finally check that the corresponding elements are
indeed lonely, that is, γ = (b, c, d, a)must satisfy (X + 1)2 + Y2 ̸= 0. If Y = X = 2−1(1 + ι),
we have

(X + 1)2 + Y2 = (2−1(1 + ι) + 1)2 + (2−1(1 + ι))2
= 4−1(2ι) + (1 + ι) + 1 + 4−1(2ι) = ι + 1 + ι + 1 = 2(ι + 1) ̸= 0,

as desired, and the other pair (X,Y) evaluates to 2(−ι + 1), which is also not 0.
We dispense with the parallel conj 2 and conj 3 argument, which again arrives at

two elements in the overlap for each fixed allowable sum and alt sum.
Finally, we observe that if an element γ among the lonely elements arising from T2

were in all three conjugate sets, then simultaneously Y = X, Y = 0, and X = ±ι, which
is impossible. Hence no such γ exists.

We are now in a position to write down the count of lonely elements arising
from T2. That count is

2(p − 2)(p − 3)(2p − 5) + (p − 2)2(2p − 5) − 6(p − 2)(p − 3)

= (p − 2)(4p2 − 22p + 30 + 2p2 − 9p + 10 − 6p + 18) = (p − 2)(6p2 − 37p + 58).

This count is confirmed by Mathematica© for p = 5, 13, and 17.

3.3 Counting lonely elements among the conjugates of elements
β in T3

This case is much simpler to work out than the two previous cases. Since T3 is the
intersection of T1 and T2, we can count its lonely conjugate elements by using the
above T2 analysis, but now the alt sum is fixed at 1, so
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a. no second conjugates are possible since their alt sum is also 1, and
b. there will be no factor of p − 3 in the counts.

Hence the total count is

2(p − 2)(2p − 5) − 2(p − 2) = 2(p − 2)(2p − 6) = 4(p − 2)(p − 3).

This count is confirmed by Mathematica© for p = 5, 13, and 17.

3.4 Counting the overlaps of lonely elements across T1, T2, and T3
We again do the analyses assuming a fixed sum v ̸= {0, 1}, and hencemust multiply by
p − 2 to get total counts. We continue to use the notation X = c − a and Y = d − b.

We start with possible overlaps of lonely conjugate elements arising from T1
and T2. If γ1 is a conj 1 or conj 3 lonely element arising from T2, then its alt sum w
cannot be −1, but to be in T1 its alt summust be −1. Hence overlaps can only be lonely
conj 2 elements γ2 = (c, d, a, b) from T2 whose alt sum is −1, for then γ2 could occur as
a conj 1 of (b, c, d, a) or as a conj 2 of (d, a, b, c). Both of these elements have an alt sum
of 1 and so are candidates for being in T1. We claim that at least one of them is in T1.
Suppose that neither (b, c, d, a) nor (d, a, b, c) is in T1, then we have (X + 1)2 + Y2 = 0
and (X − 1)2 + Y2 = 0, and combining we get X = 0 and Y = ±ι. Since γ2 = (c, d, a, b)
is in T2, we know that X2 + (Y − 1)2 = 0, but plugging in X = 0 and Y = ±ι, we get
0 + (±ι − 1)2 = ±2ι ̸= 0. This contradiction shows that γ2 is in the overlap, and we es-
tablished above that elements of its type are the only possibilities. We conclude then
that the count of T1 and T2 overlaps is exactly the number of lonely conj 2 elements
from T2 whose alt sum is −1, and that count is

(p − 2)(2p − 5).

We move now to possible overlaps of lonely elements arising from T1 and T3. We
note that since lonely elements arising either T1 or T3 must be of type conj 1 or conj 3
(since conj 2 element have an alt sum of 1), all overlap elements must have an alt sum
of−1.Weknow that there are 2p−5 such lonely conj 1 polynomials γ = (b, c, d, a) arising
from β = (a, b, c, d) in T3, and we know also that X2 + (Y − 1)2 = 0. The question is: how
many of these elements arise as lonely conj 3 elements from a polynomial (c, a, b, d)
inT1. Suppose (c, d, a, b) is not inT1, thenwemust haveX2+(Y+1)2 = 0, and combining
with the other condition above gives Y = 0 and X = ±ι. Taking the case X = ι, we must
eliminate elements γ of the form (b, a + ι, b, a). But since γ’s alt sum is −1, we have
2b − 2a − ι = −1, i. e., b = a + 2−1(ι − 1). Moreover, for a fixed sum v, we have then
a + 2−1(ι − 1) + a + ι + a + 2−1(ι − 1) + a = v, i. e., 4a + 1 − ι + ι = v, so a = 4−1(v − 1).
We conclude that we must eliminate a single element for the case X = ι, and the same
will hold for the case X = −ι. We conclude that 2p − 7 lonely conj 1 elements arising
from T3 are in the T1 overlap. A parallel argument will give 2p− 7 conj 3 elements, and

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



Normal depth-2 in quartic extensions | 39

finally no γ can be simultaneously a conj 1 and conj 3 for the same β in T3 since then
we would have d = b and c = a, i. e., X = Y = 0. Thus X2 + Y2 = 0, which cannot
be true for normal elements (i. e., of elements of N), and we conclude that the overlap
count in the T1 and T3 case is

2(p − 2)(2p − 7).

For the third double overlap possibility, namely lonely conjugate elements arising
from T2 and T3, suppose γ = (b, c, d, a) is a lonely conj 1 polynomial arising from β =
(a, b, c, d) in T3, then again γ’s alt sum is −1 and X2 +(Y − 1)2 = 0. The element γ cannot
be a conj 1 or a conj 3 arising from T2 since elements of T2 do not have an alt sum of 1,
but γ could be a conj 2 element arising from (d, a, b, c), whichwill be inT2 exactlywhen
(X − 1)2 +Y2 = 0. Combining this with the condition above, we get −2X + 1+ 2Y − 1 = 0,
so Y = X and plugging in we get 2X2 − 2X + 1 = 0, which will yield two distinct nonzero
values, u1 = 2−1(1+ ι) and u2 = 2−1(1− ι). Hence (d, a, b, c) is in T2 only if it’s of the form
(b+u1, a, b, a+u1) or (b+u2, a, b, a+u2), so γ is of the form (b, a+u1, b+u1, a) or (b, a+
u2, b+u2, a). But now applying the conditions that the sum is fixed at v and the alt sum
at −1, we see that there are exactly two lonely elements γ which are simultaneously
conj 1 elements out of T3 and conj 2 elements out of T2. A parallel argument shows
the same result for elements γ which are simultaneously conj 3 elements out of T3 and
conj 2 elements out of T2. The final count then is

4(p − 2).

Finally, we must count the triple overlap. Here, we claim that for the fixed sum v,
the two lonely conj 1 (from T3) elements γ we identified just above in the T2 and T3
overlap are in fact conj 3 elements arising from T1. Let u1 = 2−1(1 + ι) be the first of two
values there and suppose γ is of the form (b, a + u1, b + u1, a), then γ is a conj 3 for the
polynomial (a+u1, b+u1, a, b)whichwill be inT1 provided that (a−a−u1)2+(b−b−u1−1)2

is nonzero. But that expression is

u21 + (u1 + 1)
2 = 2u21 + 2u1 + 1 = 2(4

−1(2ι)) + 2(2−1(1 + ι)) + 1
= ι + 1 + ι + 1 = 2(ι + 1) ̸= 0.

Similar calculations for the three other elements γ identified above will also yield a
nonzero result, so all four of them are in the triple overlap, and there obviously can be
no others. Hence our total triple overlap count is

4(p − 2).

3.5 Putting all the pieces together

We are now finally in a position to count the total number of lonely elements arising
in quartic extensions of Fp for p of the form 4k + 1. Since p − 2 appears as a factor in
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every count, we factor it out from the start:

T1 + T2 + T3 − T1T2 − T1T3 − T2T3 + T1T2T3

= (p − 2)[(p2 − 4p + 2) + (6p2 − 37p + 58) + 4(p − 3) − (2p − 5) − 2(2p − 7) − 4 + 4]

= (p − 2)(7p2 − 43p + 67).

This count is confirmed by Mathematica© for the cases p = 5, 13, and 17, as displayed
at the opening of this paper. We have then the following theorem.

Theorem 3.1. Suppose that p is of the form 4k + 1 for some k. Among the Φ2(t4 − 1) =
(p − 2)4 elements of Fp4 which are of normal depth-2, there are (p − 2)(7p

2 − 43p + 67)
lonely elements, and hence (p − 2)(p − 3)(p − 5)2/4 normal bases.

Proof. The lonely element count is given above. The number of normal bases of
depth-2 is then

((p − 2)4 − (p − 2)(7p2 − 43p + 67))/4 = (p − 2)(p3 − 13p2 + 55p − 75)/4

= (p − 2)(p − 3)(p − 5)2/4,

which completes the proof.

4 Conclusion
We observe that there seems to be little similarity in the formulas for the counts of
the lonely elements for the two cases p = 4k + 3 and p = 4k + 1 (except of course
for the ever-present factor of p − 2), but the two resulting formulas for the counts of
normal bases of depth-2 are intriguingly similar, the only difference being the factor
of p2 − 5 in the former and (p− 5)2 in the latter. This would seem to point to a structure
which is certainly not apparent from our somewhat complicated analysis, but may re-
veal itself by a some wholly different approach to the problem. As an example, in [4]
the authors, using more advanced tools, produce a relatively short argument predict-
ing the counts of depth-2 normal bases in Fp3 for p of the form 3k + 1, which count
matches exactly the count predicted by this author in [2] for that same case using a
muchmore lengthy counting argument. For another example, in [4] the authors prove
quickly that if p = n + 1 then there are no depth-2 normal bases. In this paper, we
observe (with considerable effort) this fact for the case p = 5 since for all p of the
form 4k + 1, the number of depth-2 normal bases has a factor of p − 5 in it. It is of
course reassuring that two very different approaches seem to be yielding identical re-
sults.
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1 Introduction
Difference sets and their variations have been studied extensively due to their many
combinatorial connections and applications, for example,with designs, graphs, error-
correcting codes, and cryptographic schemes to name a few [1], [5]. We begin with the
basic definitions before proceeding to the notion of linking.

Definition 1. Let G be a finite group of order v and let D be a subset of order k. Sup-
pose further that the differences d1d2

−1 for d1, d2 ∈ D, d1 ̸= d2 represent each of the
nonidentity elements in G exactly λ times. Then we call D a (v, k, λ)-difference set (DS)
in G.

Definition 2. LetG be a finite group of order v and letD be a subset of order k. Suppose
further that the differences d1d2

−1 for d1, d2 ∈ D, d1 ̸= d2 represent each of the noniden-
tity elements inD exactly λ times and eachnonidentity element inG\D exactlyμ times.
Then we call D a (v, k, λ, μ)-partial difference set (PDS) in G.

Note that if we require that the identity element e ̸∈ D and that for all d ∈ D,
d−1 ∈ D, then D is a regular partial difference set. All of the PDSs in this paper are
regular. A partial difference set having parameters (n2, r(n − 1), n + r2 − 3r, r2 − r) is
called a Latin square type PDS. Similarly, a partial difference set having parameters
(n2, r(n + 1), −n + r2 + 3r, r2 + r) is called a negative Latin square type PDS.

Definition 3. Let G be a finite group of order v with a normal subgroup N of order n,
and assume that v = mn. A subset R of cardinality k is called an (m, n, k, λ)-relative
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difference set (RDS) in G relative to N if the differences d1d2
−1 for d1, d2 ∈ R, d1 ̸= d2

represent each nonidentity element of G \ N exactly λ times and each element of N
zero times.

N is called the forbidden subgroup. If G = H ×N, whereH is a subgroup of G, then
R is called a splitting RDS. RDSs are said to be semiregular when k − λn = 0. The RDSs
constructed in this paperwill be semiregular (pa, pb, pa, p(a−b))-RDSs,whichhave been
studied extensively, for example, [8], [12], and [14].

For further study, the text of Beth, Jungnickel, and Lenz provides an excellent
overview of difference sets [1]. Similarly, Ma’s survey of partial difference sets [9] and
Pott’s text on relative difference sets [14] provide a thorough background on PDSs and
RDSs, respectively.

Often difference sets and their variations are studied within the context of the
group ring ℤ[G]. For a subset D in G, we can abuse notation and write D = ∑d∈D d
and D(−1) = ∑d∈D d

−1. Contextual clues tell us whether D will represent the difference
set D or the element ∑d∈D d in the group ring ℤ[G]. The following equations are the
group ring equivalents for the various types of difference sets (for the RDS equation,
the forbidden subgroup is N):
– ((v, k, λ)-DS): DD(−1) = λG + (k − λ)1G.
– ((v, k, λ, μ)-PDS): DD(−1) = D2 = μ(G − D) + λD + (k − μ)1G.
– ((m, n, k, λ)-RDS): RR(−1) = λ(G − N) + k1G.

The remainder of the paper is organized as follows. Section 2 discusses variations
of linked systems of difference sets. Section 3 gives a construction of linked systems
where the linked objects are relative difference sets. The fourth and final section gives
a general construction of a relative linking system of nonreversible difference sets and
also suggests some possible directions for further research.

2 Linking difference sets
Until recently, the only infinite family of linking systems of symmetric designs was
constructed by Cameron and Seidel in 1973 using bent functions arising from Kerdock
codes [2]. The more recent work of Martin, Van Dam, and Muzychuk [10] showed that
a system of linked symmetric designs is exactly equivalent to a 3-class Q-antipodal
cometric association scheme and can be used to construct a 4-class Q-antipodal
Q-bipartite cometric association scheme and real mutually unbiased bases. This gen-
erated renewed interest in discovering examples of linked systems of symmetric
designs, and the notion of linked difference sets was introduced [3]. Indeed linking
systems of difference sets will provide examples of linking systems of designs. The
original definition of linking system of difference sets has now been simplified in [6]
and is given below.
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Definition 4. Let G be a finite group of order v and let ℓ ≥ 2. Suppose ℒ = {Di,j|1 ≤ i, j ≤
ℓ, i ̸= j} is a set of (v, k, λ) difference sets in G. Then ℒ is a (v, k, λ; ℓ)-linking system of
difference sets in G of size ℓ if there are integers μ, ν ∈ ℤ such that for all distinct i, j, k
we have

Di,jD
(−1)
j,k = (μ − ν)Di,k + νG.

Variations on this idea have been explored in [4]. For example, ifDi,jD
(−1)
j,k = μDi,k +

ν(G−Di,k) + cH for some subgroupH, then we will call this a relative linking system. In
the next section, we will construct yet another variation where the sets D are relative
difference sets. We will call this a linking system of relative difference sets.

Definition 5. Let G be a finite group of order v and let ℓ ≥ 2. A collection {Ri,j | 0 ≤ i,
j ≤ ℓ, i ̸= j} of (m, n, k, λ) relative difference sets in G all relative to the same subgroup
N with v = mn is an (m, n, k, λ; ℓ)-linking system of relative difference sets for μ, ν ∈ ℤ if
Ri,jR
(−1)
j,k = (μ − ν)Ri,k + νG, for some relative difference set Ri,k relative to N .

3 Construction of linked systems of relative
difference sets

In this section, we will make use of partial difference set partitions of abelian groups
to form relative difference sets that form a linking system. What we require is the fol-
lowing.

Definition 6. Let G be an Abelian p-group of order q2r , q = pt , p prime, whose non-
identity elements can be partitioned into q partial difference sets of the Latin square
type, C0,C1, . . . ,Cq−1 such that |C0| = (M + 1)(qr − 1) and |Ci| = M(qr − 1) for i ̸= 0 where
M = qr−1 (for convenience in later computations). We call this partition a q-quasi-
hyperplane partition.

One such q-quasi-hyperplane partition can be constructed as follows. Let 𝔽qr be
the finite field with qr = (pt)r elements for p prime, t ∈ℳ. The 2-dimensional vector
space V = 𝔽2qr has q

r + 1 hyperplanes (1-dimensional subspaces), Hi,0 ≤ i ≤ qr . Then
C0 = ⋃

qr−1
i=0 (Hi\{0}) and Cj = ⋃

(j+1)qr−1
i=jqr−1+1(Hi\{0}), 1 ≤ j ≤ (q − 1), is a q-quasi-hyperplane

partition of V .
There are otherAbelian groupswhich are not elementaryAbelian that achieve this

same partition. For example, [13] gives the following result (simplification of Corollary
6.1 in that paper).

Theorem 1. Let G = (Zp)2s1 ×(Zp2 )
2s2 ×⋅ ⋅ ⋅×(Zp2k )

2sk where the si are nonnegative integers,
and let |G| = n2. Then G has a partition into partial difference sets which is a q-quasi-
hyperplane partition.
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Due to a result of Van Dam [15], we also have that the union of any of the PDSs in
the partition is a PDS.We encapsulate the PDS information in the following group ring
equations. The first two are immediate, while the latter pair require some calculation
and using this fact that Ci ∪ Cj will be a partial difference set as well:
– Ci2 = M(qr − 1) + (qr +M2 − 3M)Ci + (M2 −M)(G∗ − Ci) for i ̸= 0
– C02 = (M + 1)(qr − 1) + (qr + (M + 1)2 − 3(M + 1))C0 + ((M + 1)2 − (M + 1))(G∗ − C0)
– CiCj = (M2 +M)(Ci + Cj) +M2(G∗ − Ci − Cj)
– (1 + C0)Ci = M2(C0 + Ci) + (M2 +M)(G∗ − C0 − Ci)

Now we are ready to define the relative difference sets in the group 𝔽q × G, where G
is a group with a q-quasi-hyperplane partition. Let 𝔽q = {0q, x1, x2, . . . , xqr−1}. Then for
each x ∈ 𝔽q, x ̸= 0q define Rx as follows:

Rx = (0q, 1 + C0) ∪ (xx1,C1) ∪ (xx2,C2) ∪ ⋅ ⋅ ⋅ ∪ (xxq−1,Cq−1).

For proof that Rx is a (q2r , q, q2r , q2r−1) RDS in 𝔽q × G relative to 𝔽q × {0G}, see [8] and
[12]. The following theorem shows that these RDSs form a linking system of RDSs.

Theorem 2. The relative difference sets Rx = (0, 1 + C0) ∪ (xx1,C1) ∪ (xx2,C2) ∪ ⋅ ⋅ ⋅ ∪
(xxq−1,Cq−1) for x ∈ 𝔽∗q form a (q2r , q, q2r , q2r−1; q− 1)-linking system of relative difference
sets in 𝔽q × G.

Proof. We will show that for x, y ∈ 𝔽∗q and x ̸= y, that the following is true:

RxRy
(−1) = (q2r−1 − qr−1)(𝔽q × G) + q

rR(x−y)−1 .
In group ring notation, we have

RxRy
(−1) = ((0, (1 + C0)) + (xx1,C1) + (xx2,C2) + ⋅ ⋅ ⋅ + (xxq−1,Cq−1))

× ((0, (1 + C0)) − (yx1,C1) − (yx2,C2) − ⋅ ⋅ ⋅ − (yxq−1,Cq−1)).

We begin computing the coefficient of (0,0G): we only need consider the term
(1 + C0)2, which gives 1 + (M + 1)(qr − 1) = q2r−1 − qr−1 + qr . Group elements in (0,C0)
have 2 + qr + (M + 1)2 − 3(M + 1) from the (1 + C0)2 term and q − 1 terms withM2. This
gives 2+ qr + (M + 1)2 − 3(M + 1) + (q − 1)M2 = q2r−1 − qr−1 + qr . Coefficients for the terms
(0,Ci) are calculated from (M + 1)2 + (M + 1) from the (1 + C0)2 term,M2 −M from the
two terms involving Ci and q − 3 remaining terms withM2. Putting this together yields
q2r−1 − qr−1.

Nowwe consider terms (z, g), z ∈ 𝔽∗q , g ∈ G. Notice that xa− ya = z has the unique
solution a = z(x − y)−1. So in our expansion, when we collect terms with z we get

(z,Cx−1z(1 + C0) + (1 + C0)C−y−1z + ∑
i,j:xxi−yxj=z

CiCj).
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The coefficient of (z,Ca) will be derived from the first two terms yieldingM2 +M,
the one term giving qr + qM2 − 3M and the remaining q − 3 terms with M2. Putting it
together yields:q2r−1−qr−1+qr . The (z,0G) termcomes solely fromCa2, and isq2r−1−qr−1.
There are several other cases to consider, but essentially each getsM2 +M −Mδ from
the (1 + C0) terms, M2 − M from the Ca term, and M2 − Mδ from the other terms. The
key is that δ = 1 exactly twice in every case, and 0 otherwise. So we get

2(M2 +M) +M2 −M + (q − 3)M2 − 2M = qM2 −M = q2r−1 − qr−1.

Putting all the pieces together, we have

RxRy
(−1) = (q2r−1 − qr−1)(𝔽q × G) + q

rR(x−y)−1 .

4 Relative linking systems with McFarland difference
sets and questions to ponder

The paper by Martin, Van Dam, and Muzychuk investigates the relationship of linked
systems of designs with other association schemes [10]. Kodalen has now constructed
linked systems of designs with Hadamard parameters that are not a power of two [7].
In the case of linked systems of difference sets, however, all known examples have
Hadamard parameters and are in 2-groups. There are the original constructions of
Cameron and Seidel [2], those given in the paper by Davis, Martin, and Polhill [3], and
additional examples in the work of Jedwab, Li, and Simon [6]. In the latter article, the
authors also show that neither the McFarland nor Spence families of difference sets
can form a linking system.

Research problem 1. Find linked systems of difference setswith parameters that are not
Hadamard.

Research problem 2. Find linked systems of difference sets with parameters that are
Hadamard but not in 2-groups.

Research problem 3. Rule out various difference set families as candidates for forming
a linking system.

In this paper and [4], examples of linked systems of relative and almost difference
sets are given. Are there more constructions of these or other difference set variations
or perhaps additional examples of relative linking systems other than the one given
in [4]?

Research problem 4. Find new examples of linked systems of relative difference sets,
almost difference sets, etc.
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Wecan construct a family of relative linking systems generalizing the one on 4000
points from [4]. That example came from the remarkable reversible McFarland differ-
ence sets in 𝔽32 × 𝔽125. The new examples are not reversible, and hence are the first
family of nonreversible examples for any type of linking system other than those con-
structed in the Hadamard family by Jedwab, Li, and Simon [6].

Theorem 3. For p prime and q = pr , suppose that q+2 is also a prime power. Then there
is a (q2(q + 2), q(q + 1), q; q + 1)-relative linking system of difference sets in the group
G = 𝔽q+2 × 𝔽q × 𝔽q relative to {0} × 𝔽q × 𝔽q.

Proof. Let 𝔽q+2 = {0, x1, x2, x3, . . . , xq+1}. We construct McFarland difference sets us-
ing the hyperplane decomposition of {0} × 𝔽q × 𝔽q, denoting the q + 1 hyperplanes
(0,H1), (0,H2), . . . , (0,Hq+1). Then for each nonzero element xa ∈ 𝔽q+2 the associated
McFarland difference set is

Dxa = (xax1,H1) + (xax2,H2) + ⋅ ⋅ ⋅ + (xaxq+1,Hq+1), 1 ≤ a ≤ q + 1.

Note that (0,Hi)(0,Hj) = {0} × 𝔽q × 𝔽q if i ̸= j while ((0,Hi))
2 = q(0,Hi). McFarland

proved in [11] that Dxa is a difference set, so we need only show that we have a closed
relative linking system and specifically we show for xa ̸= xb that DxaD

(−1)
xb = (q − 1)G +

2({0} × 𝔽q × 𝔽q) + qD(xa−xb).

DxaD
(−1)
xb = ((xax1,H1) + (xax2,H2) + ⋅ ⋅ ⋅ + (xaxq+1,Hq+1))(−(xbx1,H1) − (xbx2,H2) − ⋅ ⋅ ⋅

− (xbxq+1,Hq+1)).

Since for all i, xaxi ̸= xbxi, thenall nonidentity elements of the form (0, z1, z2), z1, z2 ∈ 𝔽q
have coefficients determined as follows:

(0, ∑
(i,j:xaxi=xbxj)

HiHj) = (q + 1)({0} × 𝔽q × 𝔽q).

On theother hand, for the terms (y, z1, z2), y ∈ 𝔽q+2, z1, z2 ∈ 𝔽q,we see that xaxi−xbxi = y
has the solution c = y(xa − xb)−1. Thus,

(y, ∑
(i,j:xaxi−xbxj=y)

HiHj)

= (y, ∑
(i ̸=j):xaxi−xbxj=y

HiHj + Hc
2) = (q − 1)(y, 𝔽q × 𝔽q) + q(y,Hc).

Putting this all together, we obtain

DxaD
(−1)
xb = (q − 1)G + 2({0} × 𝔽q × 𝔽q) + qD(xa−xb).
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This shows that some of the McFarland difference set family fits into a relative
linking system, though they cannot form a linking system as proved in [6].

We conclude with one last problem. While [10] gives clear evidence of the impor-
tance of linking systems of difference sets, the variations have not been explored out
of the context of difference sets.

Research problem 5. Explore the variations of linked systems of difference sets in other
contexts. In particular, what interesting properties have the generalized bent functions
derived from the linking systems of relative difference sets given in this paper?
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On solving isomorphism problems about
2-designs using block intersection numbers
Abstract: In this paper,we give a partial solution to a new isomorphismproblemabout
2-(v, k, k − 1) designs from disjoint difference families in finite fields and Galois rings.
Our results are obtained by carefully calculating and bounding some block intersec-
tion numbers, and we give insight on the limitations of this technique. Moreover, we
present results on cyclotomic numbers, the multiplicities of block intersection num-
bers of certain designs and on the structure of Galois rings of characteristic p2.
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1 Introduction

In their previous work [15], the present authors studied two constructions of differ-
ence families in Galois rings by Davis, Huczynska, and Mullen [9] and by Momihara
[17]. Both constructionswere inspired by a classical construction of difference families
in finite fields which was introduced byWilson [21] in 1972. Various types of difference
families have long been studied in combinatorial literature [1, 3, 5, 6, 7, 12, 14, 21].
They have applications in coding theory and communications and information secu-
rity [18], and they are related to many other combinatorial objects. In particular, every
difference family gives rise to a combinatorial design. Combinatorial designs them-
selves have been extensively studied since the first half of the nineteenth century, they
have many applications in group theory, finite geometry and cryptography [3, 8].

Whenever a new construction of difference families is given, the natural question
arises whether the associated designs are also new or whether they are isomorphic to
known designs. By calculating and bounding some block intersection numbers, the
present authors [15] solved this isomorphism problem for the difference families from
Momihara [17] and Wilson [21] and for those from Davis, Huczynska, and Mullen [9]
and Wilson [21]. In this paper, we obtain new difference families from the ones con-
structed by Davis, Huczynska, andMullen [9]. These new difference families also have
an analogue in finite fields from Wilson’s [21] construction. Motivated by the present
authors’ previous results, wewill use the same technique as in their paper [15] to study
whether the associated designs are isomorphic or not. It will become clear that the ap-

Christian Kaspers, Alexander Pott, Insitute for Algebra and Geometry, Otto von Guericke University
Magdeburg, 39106 Magdeburg, Germany, e-mails: christian.kaspers@ovgu.de,
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proach to use block intersection numbers as a tool to solve isomorphism problems is
promising for certain types of designs but has its limitations in general.

We start by defining the objectswe study in this paper. First,weneed the following
notation: Let G be an additively written Abelian group, A,B ⊆ G and g ∈ G. We define
multisets

ΔA = {a − a󸀠 : a, a󸀠 ∈ A, a ̸= a󸀠},
A − B = {a − b : a ∈ A, b ∈ B, a ̸= b},
A + g = {a + g : a ∈ A}.

Wewill sometimes use these notation to denote sets, notmultisets. It will be clear from
the context whether we mean the multiset or the respective set.

Definition 1. Let G be an Abelian group of order v, and let D1,D2, . . . ,Db be k-subsets
of G. The collection D = {D1,D2, . . . ,Db} is called a (v, k, λ) difference family in G if each
nonzero element of G occurs exactly λ times in the multiset union

b
⋃
i=1 ΔDi.

If the subsets D1,D2, . . . ,Db are mutually disjoint, they form a disjoint difference fam-
ily. If b = 1, one speaks of a (v, k, λ) difference set. We call D near-complete if the sub-
sets D1,D2, . . . ,Db partition G \ {0}.

In this paper, we focus on near-complete (v, k, k − 1) disjoint difference families.
For more background on this type of difference families, the reader is referred to the
survey by Buratti [5] who summarizes many results and introduces a powerful new
construction.His construction includesmany known constructions, including the one
by Davis, Huczynska, and Mullen [9]. However, it seems to be too general to use it
for studying isomorphism problems, at least when using block intersection numbers.
Eventually, we remark that every near-complete disjoint difference family is also an
external difference family [7, 9, 15].

As mentioned above, every difference family gives rise to a combinatorial design.

Definition 2. Let P be a set with v elements that are called points. A t-(v, k, λ) design,
or t-design, in brief, is a collection of k-subsets, called blocks, of P such that every
t-subset of P is contained in exactly λ blocks.

The associated designs of difference families are 2-designs which are often re-
ferred to as balanced incomplete block designs (BIBD). They are constructed as the
development of a difference family.

Definition 3. Let G be an Abelian group, and let D = {D1,D2, . . . ,Db} be a collection of
subsets of G. The development of D is the collection

dev(D) = {Di + g : Di ∈ D, g ∈ G}
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of all the translates of the sets D1,D2, . . . ,Db. The sets D1,D2, . . . ,Db are called the base
blocks of dev(D).

In other words, the development of D is the union of the orbits of the sets con-
tained in D under the action of G. If all orbits have full length, dev(D) contains vb
blocks. The following well-known proposition relates difference families to 2-designs.

Proposition 1.1. Let D be a (v, k, λ) difference family in an Abelian group G. The devel-
opment dev(D) of D forms a 2-(v, k, λ) design with point set G.

2 Galois rings
In this section, we give a short introduction to Galois rings and present some of their
well-known properties needed in this paper. We refer to the work by McDonald [16]
andWan [20] for extended general background on this topic. Let p be a prime, and let
f (x) ∈ ℤpm [x] be a monic basic irreducible polynomial of degree r ≥ 1, which means
that the image of f modulo p in 𝔽p[x] is irreducible. The factor ring

ℤpm [x]/⟨f (x)⟩

is called a Galois ring of characteristic pm and extension degree r. It is denoted by
GR(pm, r), and its order is pmr . Since any two Galois rings of the same characteristic
and order are isomorphic, we will speak of the Galois ring GR(pm, r).

Galois rings are local commutative rings. The unique maximal ideal of the ring
R = GR(pm, r) is

ℐ = pR = {pa : a ∈ R}.

The factor ring R/ℐ is isomorphic to the finite field 𝔽pr with pr elements. As a system
of representatives of R/ℐ, we take the Teichmüller set

𝒯 = {0, 1, ξ , . . . , ξ p
r−2},

where ξ denotes a root of order pr − 1 of f (x). It is convenient to choose the generalized
Conway polynomial, that is the Hensel lift from 𝔽p[x] to ℤpm [x] of the Conway poly-
nomial, as our polynomial f (x). Then x + ⟨f ⟩ is a generator of the Teichmüller group,
and we set ξ = x + ⟨f ⟩. Zwanzger [22, Section 1.3] provides more information on the
generalized Conway polynomial and its construction. Every a ∈ R has a unique p-adic
representation a = α0 + pα1 + ⋅ ⋅ ⋅ + pm−1αm−1, where α0, α1, . . . , αm−1 ∈ 𝒯 .

The elements of R \ ℐ are all the units of R. We denote this unit group by R∗. It has
order pmr − p(m−1)r and is the direct product of the cyclic Teichmüller group

𝒯 ∗ = 𝒯 \ {0}
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of order pr − 1 and the group of principal units ℙ = 1 + ℐ of order p(m−1)r . If p is odd or
if p = 2 and m ≤ 2, then ℙ is a direct product of r cyclic groups of order pm−1. If p = 2
and m ≥ 3, then ℙ is a direct product of a cyclic group of order 2, a cyclic group of
order 2m−2, and r − 1 cyclic groups of order 2m−1. In this paper, we will only consider
Galois rings of characteristic p2. In this case, (1 + pα)(1 + pβ) = 1 + p(α + β) for any
α, β ∈ 𝒯 , and every unit u ∈ GR(p2, r)∗ has a unique representation

u = α0(1 + pα1),

where α0 ∈ 𝒯 ∗ and α1 ∈ 𝒯 . Moreover, the group of principal unitsℙ is a direct product
of r cyclic groups of order p and thus has the structure of an elementary Abelian group
of order pr .

3 Construction of disjoint difference families

In this section,wedescribe three constructions of disjoint difference families. The con-
structions from Theorem 3.2 and Theorem 3.3 are well known. The third construction,
in Theorem 3.4, follows from results by Furino [12]. As the first two constructions also
fall into Furino’s very general framework, we will present his result first. We only re-
state a special case of his construction.

Theorem 3.1 ([12, Theorem 3.3 and Corollary 3.5]). Let Rbea commutative ringwith an
identity. Denote the cardinality of R by v and the unit group of R by R∗. Let B be a sub-
group of R∗ of order k such that ΔB is a subset of R∗. Denote by S a system of represen-
tatives of the cosets of B in R \ {0}. The collection {sB : s ∈ S} is a (v, k, k − 1) disjoint
difference family in the additive group of R.

Note that, by abuse of denotation, we also call sets sBwhere s is not a unit a coset
of B. Because of the condition ΔB ⊆ R∗, these cosets also have cardinality k, and all
the cosets partition R \ {0}.

Next, we present the construction of disjoint difference families in finite fields by
Wilson [21]. It makes use of the cyclotomy of the e-th powers in a finite field.

Theorem 3.2. Let 𝔽q be the finite field with q elements, and let α be a generator of the
multiplicative group 𝔽∗q of 𝔽q. Moreover, let e, f be integers satisfying ef = q − 1, where
e, f ≥ 2, and let

Ci = {α
t : t ≡ i (mod e)},

where i = 0, 1, . . . , e − 1, be the cosets of the unique subgroup C0 of index e and order f
that is formed by the e-th powers of α in 𝔽∗q . Then the collection C = {C0,C1, . . . ,Ce−1} is
a near-complete (q, f , f − 1) disjoint difference family in the additive group of 𝔽q.
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We now present the construction of disjoint difference families by Davis, Huczyn-
ska, and Mullen [9]. We use the same notation as in section 2, and we remark that this
theorem also follows from Theorem 3.1 and from a result by Buratti [5].

Theorem 3.3 ([9, Theorem 4.1]). Let p be a prime, and let r be a positive integer such
that pr ≥ 3. Denote by 𝒯 the Teichmüller set of the Galois ring GR(p2, r) and by 𝒯 ∗ the
Teichmüller group 𝒯 ∗ = 𝒯 \ {0}. The collection

E = {(1 + pα)𝒯 ∗ : α ∈ 𝒯 } ∪ p𝒯 ∗
forms a near-complete (p2r , pr − 1, pr − 2) disjoint difference family in the additive group
of GR(p2, r).

Since pr − 1 divides p2r − 1, there exists a disjoint difference family in the additive
group of 𝔽p2r that has the exact same parameters as the difference family from Theo-
rem 3.3. It can be constructed using Theorem 3.2 by taking the (pr+1)-th powers in𝔽p2r .
Inspired by Theorem 3.3 and the work by Furino [12], we noticed that if p is odd, we
obtain a new disjoint difference family by taking the cosets of the group of Teichmüller
squares.

Theorem 3.4. Let p be an odd prime and let r be a positive integer such that pr ≥ 5.
Moreover, let

𝒯 ∗ = {1, ξ , ξ 2, . . . , ξ pr−2}
be the Teichmüller group of the Galois ring GR(p2, r), and let 𝒯 = 𝒯 ∗ ∪ {0}. By

𝒯 ∗S = {1, ξ 2, . . . , ξ pr−3}
we denote the set of squares and by

𝒯 ∗N = {ξ , ξ 3, . . . , ξ pr−2}
we denote the set of nonsquares in 𝒯 ∗. The collection

EH = {(1 + pα)𝒯 ∗S : α ∈ 𝒯 } ∪ {p𝒯 ∗S } ∪ {(1 + pα)𝒯 ∗N : α ∈ 𝒯 } ∪ {p𝒯 ∗N }
forms a near complete (p2r , p

r−1
2 ,

pr−3
2 ) disjoint difference family in the additive group of

GR(p2, r).

Proof. Denote by ℐ = pGR(p2, r) the maximal ideal of GR(p2, r). The Teichmüller set 𝒯
is a system of representatives of GR(p2, r)/ℐ. This factor ring is isomorphic to the fi-
nite field 𝔽pr . Consequently, the difference of two distinct elements of the Teichmüller
group 𝒯 ∗ is a unit, hence Δ𝒯 ∗ ⊆ GR(p2, r)∗. As 𝒯 ∗S is a subgroup of 𝒯 ∗, it follows that
Δ𝒯 ∗S is a subset of the unit group GR(p2, r)∗. In this case, according to Theorem 3.1, the
collection of the cosets of 𝒯 ∗S in GR(p2, r) \ {0} forms a disjoint difference family in the
additive group of GR(p2, r).
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Note that the difference family EH from Theorem 3.4 can be obtained from the dif-
ference family E presented in Theorem 3.3 by cutting the base blocks of E into halves,
hence the name EH . Furthermore, note that there exists a difference family CH in the
finite field 𝔽p2r which has the same parameters as EH . According to Theorem 3.2, the
cosets of the subgroupCH0 of the 2(pr+1)-th powers in𝔽∗p2r forma (p2r , p

r−1
2 ,

pr−3
2 )disjoint

difference family in the additive group of 𝔽p2r . In the following section, we will study
the isomorphism problem for the difference families CH and EH from finite fields and
Galois rings. Moreover, we present additional isomorphism invariants of the designs
in finite fields coming from Theorem 3.2.

4 A partial solution to the isomorphism problem

Denote by C the (p2r , pr − 1, pr − 2) difference family and by CH the (p2r , p
r−1
2 ,

pr−3
2 ) dif-

ference family in the additive group of 𝔽p2r which are constructed using Theorem 3.2.
Denote by E the (p2r , pr −1, pr −2) difference family and by EH the (p2r , p

r−1
2 ,

pr−3
2 ) differ-

ence family in the additive group of GR(p2, r)which are constructed using Theorem 3.3
and Theorem 3.4, respectively.

In their previous work, the present authors [15] solved the isomorphism problem
for the 2-(p2r , pr−1, pr−2) designs dev(C) and dev(E). They showed that the designs are
nonisomorphic for all combinations of p and r except p = 3 and r = 1. In this section,
we will give a partial solution to the isomorphism problem for the 2-(p2r , p

r−1
2 ,

pr−3
2 )

designs dev(CH ) and dev(EH ). Note that these designs can be obtained from dev(C)
and dev(E), respectively, by cutting every block into two halves.

Remark 1. The fact that two designs 𝒟1,𝒟2 are nonisomorphic does not imply that
two designs 𝒟H

1 ,𝒟
H
2 that are obtained by cutting the blocks of 𝒟1 and 𝒟2 into smaller

blocks are nonisomorphic. This is shown in the following example which was given
in the context of skew Hadamard difference sets by Feng and Xiang [11, Example 3.3].
Denote by C0 the subgroup of the 14-th powers of the multiplicative group of the finite
field 𝔽113 and by C0,C1, . . . ,C13 the cosets of C0. It follows from Theorem 3.2 that the
collection C = {C0,C1, . . . ,C13} is a disjoint difference family in the additive group of
𝔽113 . The collections

D1 = {{C0 ∪ C2 ∪ C4 ∪ C6 ∪ C8 ∪ C10 ∪ C12},
{C1 ∪ C3 ∪ C5 ∪ C7 ∪ C9 ∪ C11 ∪ C13}},

D2 = {{C0 ∪ C1 ∪ C2 ∪ C3 ∪ C4 ∪ C5 ∪ C6},
{C7 ∪ C8 ∪ C9 ∪ C10 ∪ C11 ∪ C12 ∪ C13}},

D3 = {{C0 ∪ C1 ∪ C3 ∪ C4 ∪ C5 ∪ C6 ∪ C9},
{C2 ∪ C7 ∪ C8 ∪ C10 ∪ C11 ∪ C12 ∪ C13}},
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are also disjoint difference families in the additive group of 𝔽113 . Consider their asso-
ciated designs dev(D1),dev(D2),dev(D3). Their full automorphism groups 𝒜1,𝒜2,𝒜3
have orders |𝒜1| = 5310690, |𝒜2| = 252890 and |𝒜3| = 758670. Thus, the designs
are pairwise nonisomorphic. However, it is clear that from all three difference fami-
lies, we can obtain the difference family C by cutting their base blocks into the cyclo-
tomic cosets C0,C1, . . . ,C13. Hence, from the nonisomorphic designs dev(D1),dev(D2),
dev(D3), we can obtain the exact same design dev(C).

The present authors [15] solved the isomorphism problem for dev(C) and dev(E)
by comparing the block intersection numbers of these designs.

Definition 4. We call an integer N a block intersection number of a t-design 𝒟, if 𝒟
contains two distinct blocks B and B󸀠 that intersect in N elements.

Block intersection numbers are invariant under isomorphism. For a given de-
sign𝒟, they can be easily computed as the entries of the matrixMTM, whereM is the
incidencematrix of𝒟 with the rows corresponding to the points and the columns cor-
responding to the blocks of 𝒟. Note, however, that there also exist designs that have
the exact same block intersection numbers but are nonisomorphic. One example are
the designs given in Remark 1. These designs are pairwise nonisomorphic, but they
all share the intersection numbers 0, 332, 333. For the designs dev(CH ) and dev(EH ),
however, block intersection numbers seem to distinguish the designs as the following
example shows.

Example 1. The constructions fromTheorem 3.2 and Theorem 3.4 yield (625, 12, 11) dis-
joint difference families CH and EH in the additive groups of 𝔽54 and GR(25, 2), respec-
tively. The associated 2-(625, 12, 11) designs have the following block intersection num-
bers: for dev(CH ), they are 0, 1, 5, 6, and for dev(EH ), they are 0, 1, 2, 5, 6. Hence, the two
designs are nonisomorphic.

Before we start with the actual calculation of our block intersection numbers, we
focus on their multiplicities.

Remark 2. Not only the block intersection numbers themselves but also their mul-
tiplicities are isomorphism invariants of a combinatorial design. Hence, in the fol-
lowing, we will not only state the intersection numbers but also their multiplicities
whenever it is possible. Althoughwewill not use themultiplicities to solve an isomor-
phism problem in this paper, they might be useful for further research. To determine
the multiplicity of an intersection number N, we will first count the number of pairs
(i, j) such that two blocks Bi and Bj intersect in N elements without considering that
Bi ∩ Bj = Bj ∩ Bi. In the end, we divide this number by 2.

Example 2. The multiplicities of the block intersection numbers of the designs from
Example 1 are as follows: In dev(CH ), the intersection numbers 0, 1, 5, 6 occur with
multiplicities 410 328 750, 117 000000, 195 000, and 585 000, respectively. In dev(DH ),
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the intersection numbers 0, 1, 2, 5, 6 have multiplicities 417 078 750, 100 687 500,
10 312 500, 7 500 and 22 500, respectively. Hence, the multiplicities distinguish the
designs.

For all three designs given in Remark 1, themultiplicities of the block intersection
numbers 0, 332, 333 are 1331, 2 655 345, and 885 115, respectively. Hence, in this case,
neither the intersection numbers nor their multiplicities distinguish the designs.

In the remainder of this section, we will first generally describe the block inter-
section numbers and their multiplicities of the designs coming from the disjoint dif-
ference families in 𝔽q that we presented in Theorem 3.2. From this result, we will
derive the block intersection numbers and their multiplicities of the designs dev(C)
and dev(CH ). Note that the present authors, in their previous paper [15], already gave
the intersection numbers of dev(C). We will now contribute the associated multiplic-
ities. Finally, we will establish bounds on the intersection numbers of dev(EH ) which
will lead to a partial solution of the isomorphism problem of the designs dev(CH ) and
dev(EH ).

The block intersection numbers of the design from Theorem 3.2 are strongly re-
lated to the so-called cyclotomic numbers: As in Theorem 3.2, let C0,C1, . . . ,Ce−1 be
the cosets of the subgroup C0 of the e-th powers in 𝔽∗q . For fixed nonnegative integers
i, j ≤ e − 1, the cyclotomic number (i, j)e of order e is defined as

(i, j)e =
󵄨󵄨󵄨󵄨(Ci + 1) ∩ Cj

󵄨󵄨󵄨󵄨.

Denote by ne(N) the number of pairs (i, j), where i, j ≤ e − 1, such that the cyclotomic
number (i, j)e = N .

Proposition 4.1. Let e, f ≥ 2 be integers such that ef = q − 1, and let C be a (q, f , f − 1)
disjoint difference family in the additive group of 𝔽q constructed with Theorem 3.2. The
block intersection numbers of the 2-(q, f , f − 1) design dev(C) are 0 and the values of the
cyclotomic numbers (i, j)e of order e. The intersection number 0 has multiplicity

1
2q(q −

1)ne(0)+
1
2qe(e−1), each nonzero intersection number N hasmultiplicity 1

2q(q−1)ne(N).

Proof. Denote by α a primitive element of the finite field 𝔽q. Let C = {C0,C1, . . . ,Ce−1}
be a disjoint difference family from Theorem 3.2 in the additive group of 𝔽q. Take two
arbitrary distinct blocks Ci + a and Cj + b of dev(C). If we want to calculate the cardi-
nality,

󵄨󵄨󵄨󵄨(Ci + a) ∩ (Cj + b)
󵄨󵄨󵄨󵄨

of their intersection, we need to determine the number of solutions (s, t) of the equa-
tion

αse+i + a = αte+j + b. (4.1)
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If a = b, then obviously only the case i ̸= j is relevant. As Ci and Cj are disjoint, there
are no solutions in this case and

󵄨󵄨󵄨󵄨(Ci + a) ∩ (Cj + a)
󵄨󵄨󵄨󵄨 = 0.

Since there are q choices for a and e(e − 1) choices for (i, j) such that i ̸= j, the block
intersection number 0 occurs qe(e− 1) times in this context. Removing repeated inter-
sections, this multiplicity reduces to qe(e−1)

2 .
If a ̸= b, then a − b = αr for some r ∈ {0, . . . , q − 1}. Write r = me + r󸀠 such that

0 ≤ r󸀠 ≤ e − 1. Now, we can rewrite (4.1) as
α(s−m)e+(i−r󸀠) + 1 = α(t−m)e+(j−r󸀠).

Consequently,

󵄨󵄨󵄨󵄨(Ci + a) ∩ (Cj + b)
󵄨󵄨󵄨󵄨 =
󵄨󵄨󵄨󵄨(Ci−r󸀠 + 1) ∩ Cj−r󸀠 󵄨󵄨󵄨󵄨,

where the subscripts are calculated modulo e. The right-hand side of the above equa-
tion is exactly the cyclotomic number (i − r󸀠, j − r󸀠)e. We have q(q − 1) choices for (a, b)
such that a ̸= b, and the difference a − b covers all the elements of 𝔽∗q the same num-
ber of times. Consequently, each cyclotomic number (i, j)e that equals N contributes
with q(q−1) to themultiplicity of the block intersection numberN . Removing repeated
intersections, this contribution reduces to q(q−1)

2 .

Using a result by Baumert, Mills, and Ward [2, Theorems 2 and 4], the present
authors [15] showed that the cyclotomic numbers of order pr + 1 in 𝔽p2r are given as

(0,0)pr+1 = pr − 2,
(0, i)pr+1 = (i,0)pr+1 = (i, i)pr+1 = 0 for i ̸= 0, (4.2)

(i, j)pr+1 = 1 for i ̸= j and i, j ̸= 0.

With the help of Theorem 4.1, we can now determine the block intersection numbers
of the 2-(p2r , pr − 1, pr − 2) design dev(C) and their multiplicities. While the present
authors [15] presented these block intersection numbers before, the results about their
multiplicities are new.

Corollary 4.2. The 2-(p2r , pr − 1, pr − 2) design dev(C) has exactly the following block
intersection numbers:

block intersection number multiplicity

0 1
2 (3p

5r + p4r − 2p3r)

1 1
2 (p

6r − p5r − p4r + p3r)

pr − 2 1
2 (p

4r − p2r)
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Proof. Let e = pr + 1. Denote by ne(N) the number of cyclotomic numbers of order e
that equal N . In 𝔽p2r , according to (4.2), we have

ne(0) = 3p
r , ne(1) = p

r(pr − 1) and ne(p
r − 2) = 1. (4.3)

Wemultiply these numberswith the factor 1
2p

2r(p2r−1) fromTheorem4.1. This gives us
the multiplicities of the block intersection numbers 1 and pr − 2. To obtain the multi-
plicity for 0, according to Theorem 4.1, we additionally need to add 1

2p
2r(pr + 1)pr .

Next, we determine the cyclotomic numbers of order 2(pr + 1) in𝔽p2r which are the
intersection numbers of dev(CH ). Unfortunately, these parameters no longer match
the conditionsof the theoremsbyBaumert,Mills, andWard [2] thatwereused toobtain
the cyclotomic numbers of order pr + 1. Nevertheless, we can deduce these cyclotomic
numbers from (4.2) with the help of the following well-known lemma.

Lemma 4.3 ([10, §67], [19, Theorem 2]). Let p be an odd prime. Let S be the set of
nonzero squares and N be the set of nonsquares in the finite field 𝔽pr . Denote by QQ the
number of squares s ∈ S for which s+1 is a nonzero square and byQN the number of s ∈ S
for which s+ 1 is not a square. Moreover, let NN denote the number of nonsquares n ∈ N
for which n + 1 is not a square and NQ the number of n ∈ N for which n + 1 is a nonzero
square.
– If pr − 1 ≡ 0 (mod 4), then

QQ = p
r − 5
4
, QN = p

r − 1
4
, NN = p

r − 1
4
, NQ = p

r − 1
4
.

– If pr − 1 ≡ 2 (mod 4), then

QQ = p
r − 3
4
, QN = p

r + 1
4
, NN = p

r − 3
4
, NQ = p

r − 3
4
.

Combining Theorem 4.3 with (4.2), we obtain the following result.

Proposition 4.4. Let p be an odd prime, and let e = pr + 1 for some positive integer r. In
𝔽p2r , the cyclotomic numbers of order 2e are as follows:
– If pr − 1 ≡ 0 (mod 4), then

(0,0)2e =
pr − 5
4
,

(0, e)2e = (e,0)2e = (e, e)2e =
pr − 1
4
.

– If pr − 1 ≡ 2 (mod 4), then

(0, e)2e =
pr + 1
4
,

(0,0)2e = (e,0)2e = (e, e)2e =
pr − 3
4
.
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In both of the above cases,

(0, i)2e = (i,0)2e = (i, i)2e = (i, e)2e
= (e, i)2e = (i, e + i)2e = (e + i, i)2e = 0 for i ∉ {0, e}.

Out of the remaining cyclotomic numbers,

(i, j)2e, (i, j + e)2e, (i + e, j)2e, (i + e, j + e)2e, where i, j ̸= 0 and i ̸= j,

for each choice of i and j, exactly one cyclotomic number is 1 and the other three cyclo-
tomic numbers are 0, but it is not known which one is 1.

Proof. Let α be a generator of 𝔽∗p2r , let C0 be the unique subgroup of order pr − 1 of 𝔽∗p2r
formed by the (pr + 1)-th powers, and let C0,C1, . . . ,Cpr be the cosets of C0. The finite
field 𝔽p2r contains a unique subfield 𝔽pr with p

r elements. Hence, the group C0 is the
multiplicative group𝔽∗pr of the subfield𝔽pr . As pr is odd,C0 consists of 12 (pr−1) squares
and nonsquares in 𝔽pr each. Consequently,

C0 = C
H
0 ∪ C

H
e ,

where

CH0 = {α
t | t ≡ 0 (mod 2(pr + 1))}

is the set of squares and

CHe = {α
t | t ≡ e (mod 2(pr + 1))}

is the set of nonsquares in 𝔽∗pr . The values of the cyclotomic numbers (i, j)2e, where
i, j ∈ {0, e}, now follow from Theorem 4.3. In the same way as before, we can divide
each of the cosets C0,C1, . . . ,Cpr , of C0 into two cosets CHi and CHe+i of CH0 . Since

Ci = C
H
i ∪ C

H
e+i

for all i = 0, 1, . . . , pr, we obtain

(Ci + 1) ∩ Cj = ⋃
k∈{i,e+i}ℓ∈{j,e+j}(C

H
k + 1) ∩ C

Hℓ
for 0 ≤ i, j ≤ pr . In terms of cyclotomic numbers, this means

(i, j)e = ∑
k∈{i,e+i}ℓ∈{j,e+j}(k, ℓ)2e (4.4)

for 0 ≤ i, j ≤ pr . The values of the cyclotomic numbers (i, j)2e, where i, j ∉ {0, e}, now
follow from combining (4.4) with (4.2).
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Unfortunately, the exact values of the cyclotomic numbers (i, j)2e, (i, j + e)2e, (i +
e, j)2e, (i + e, j + e)2e, where i, j ̸= 0 and i ̸= j, in 𝔽p2r are not known in general. It is
an open problem to determine those. However, Theorem 4.4 immediately gives us the
block intersection numbers of the 2-design dev(CH ) as well as their multiplicities.

Theorem 4.5. Let CH be a (p2r , p
r−1
2 ,

pr−3
2 ) difference family in the additive group of 𝔽p2r

constructed using Theorem 3.2. The associated 2-(p2r , p
r−1
2 ,

pr−3
2 ) design dev(C

H ) has ex-
actly the following block intersection numbers.
If pr − 1 ≡ 0 (mod 4), then

block intersection number multiplicity

0 1
2 (3p

6r + 9p5r + p4r − 3p3r + 2p2r)

1 1
2 (p

6r − p5r − p4r + p3r)
1
4 (p

r − 5) 1
2 (p

4r − p2r)
1
4 (p

r − 1) 1
2 (3p

4r − 3p2r).

If pr − 1 ≡ 2 (mod 4), then

block intersection number multiplicity

0 1
2 (3p

6r + 9p5r + p4r − 3p3r + 2p2r)

1 1
2 (p

6r − p5r − p4r + p3r)
1
4 (p

r − 3) 1
2 (3p

4r − 3p2r)
1
4 (p

r + 1) 1
2 (p

4r − p2r).

Proof. Let e = pr+1. It follows fromTheorem4.1 that the block intersection numbers of
dev(CH ) are exactly 0 and the cyclotomic numbers from Theorem 4.4. We obtain their
multiplicities using (4.4): Every cyclotomic number of order e that equals 0 splits into
four cyclotomic numbers of order 2e that equal 0. Every cyclotomic number of order
e that takes the value 1 splits into three cyclotomic numbers of order 2e that equal 0
and one cyclotomic number of order 2e that equals 1. If pr − 1 ≡ 0 (mod 4), the unique
cyclotomic number of order e that equals pr − 2 splits into one cyclotomic number of
order 2e that equals 1

4 (p
r − 5) and three cyclotomic numbers of order 2e that equal

1
4 (p

r − 1). If pr − 1 ≡ 2 (mod 4), then we obtain 1
4 (p

r − 3) three times and 1
4 (p

r + 1) once.
Denote by ne(N) the number of cyclotomic numbers of order e that equalN . These

numbers were given in (4.3). By the above argumentation, we obtain the following
values for n2e(N). If pr − 1 ≡ 0 (mod 4), then

n2e(0) = 4ne(0) + 3ne(1), n2e(1) = ne(1)
n2e((p

r − 5)/4) = ne(p
r − 2), n2e((p

r − 1)/4) = 3ne(p
r − 2). (4.5)
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If pr − 1 ≡ 2 (mod 4), then

n2e(0) = 4ne(0) + 3ne(1), n2e(1) = ne(1)
n2e((p

r − 3)/4) = 3ne(p
r − 2), n2e((p

r + 1)/4) = ne(p
r − 2). (4.6)

From Theorem 4.1, it follows that we need tomultiply these numbers with 1
2p

2r(p2r − 1)
to obtain themultiplicities of the respective block intersection numbers. For the block
intersection number 0, we additionally need to add 1

2p
2r(2p2r + 2)(2p2r + 1).

Next, we examine the intersection numbers of dev(EH ), the design associated to
the disjoint difference family EH in the Galois ring GR(p2, r) from Theorem 3.4. Since
the design dev(EH ) is constructed by letting the additive group of GR(p2, r) act on the
difference family EH , there is a strong connection between differences and block inter-
section numbers: Let EHi ,E

H
j ∈ E

H be two distinct base blocks of dev(EH ), and let d be
a difference occurring Nd times in the multiset EHi − E

H
j . Then Nd is the block intersec-

tion number |EHi ∩(E
H
j +d)| of the blocks E

H
i and EHj +d of dev(E

H ). Hence, to calculate
the block intersection number |EHi ∩ (E

H
j + d)|we need to calculate the multiplicity Nd

of d in EHi − E
H
j . We will do exactly this for certain base blocks of dev(EH ).

Let ξ be a generator of the Teichmüller group 𝒯 ∗ and let 𝒯 = 𝒯 ∗ ∩ {0}. As in The-
orem 3.4, we denote by 𝒯 ∗S the subgroup of Teichmüller squares and by 𝒯 ∗N the set of
Teichmüller nonsquares. Furthermore, we call a coset of type

(1 + pα)𝒯 ∗S ,
where α ∈ 𝒯 , a square coset of 𝒯 ∗S , and a coset of type

(1 + pα)𝒯 ∗N = (1 + pα)ξ𝒯 ∗S ,
where α ∈ 𝒯 , a nonsquare coset of 𝒯 ∗S . In the remaining part of this section, we will es-
tablish bounds on block intersection numbers of dev(EH ) that come from themultisets
Δ𝒯 ∗S and 𝒯 ∗S − 𝒯 ∗N . We begin by analyzing the structure of these multisets.

Lemma 4.6. Let p be an odd prime. Using the same notation as above, consider the
multisets Δ𝒯 ∗S and 𝒯 ∗S − 𝒯 ∗N in the Galois ring GR(p2, r).
– If pr − 1 ≡ 0 (mod 4), then Δ𝒯 ∗S contains pr−5

4 square cosets and pr−1
4 nonsquare

cosets of 𝒯 ∗S , and 𝒯 ∗S − 𝒯 ∗N contains pr−1
4 square and nonsquare cosets of 𝒯 ∗S each.

– If pr − 1 ≡ 2 (mod 4), then Δ𝒯 ∗S contains pr−3
4 square and nonsquare cosets of 𝒯 ∗S

each, and 𝒯 ∗S − 𝒯 ∗N contains pr−3
4 square cosets and pr+1

4 nonsquare cosets of 𝒯 ∗S .
Proof. Denote by ℐ the maximal ideal of GR(p2, r). The Teichmüller set 𝒯 is a system
of representatives of GR(p2, r)/ℐ which is isomorphic to the finite field 𝔽pr . Hence, the
sets of Teichmüller squares 𝒯 ∗S and Teichmüller nonsquares 𝒯 ∗N act in the sameway as
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the respective sets of squares and nonsquares in𝔽pr . The result now follows from The-
orem 4.3: Let d = s − s󸀠 be the difference of two distinct nonzero squares s, s󸀠 in 𝔽pr .
Equivalently,

sd−1 − s󸀠d−1 = 1.
Note that d−1 is a square if and only if d is a square. Using the notation from Theo-
rem 4.3, the equation s − s󸀠 = d has QQ solutions for s, s󸀠 if d is a square, and NN
solutions if d is a nonsquare. Analogously, we obtain the number of solutions for s, n
of s − n = d, where s is a nonzero square and n is a nonsquare in 𝔽pr .

Furthermore, we need the following properties of squares and nonsquares in the
Galois ring GR(p2, r).

Proposition 4.7. Consider the Galois ring GR(p2, r), where p is odd. Denote by 𝒯 ∗S the
set of Teichmüller squares and by 𝒯 ∗N the set of Teichmüller nonsquares.
1. If pr−1 ≡ 0 (mod4), then−1 is a Teichmüller square, and 𝒯 ∗S = −𝒯 ∗S and 2𝒯 ∗S ⊆ Δ𝒯 ∗S .

If pr − 1 ≡ 2 (mod 4), then −1 is a Teichmüller nonsquare, and 𝒯 ∗S = −𝒯 ∗N and
2𝒯 ∗S ⊆ 𝒯 ∗S − 𝒯 ∗N .

2. If pr − 1 ≡ 0 (mod 12), then 1 ∈ Δ𝒯 ∗S , and 𝒯 ∗S ⊆ Δ𝒯 ∗S .
If pr − 1 ≡ 6 (mod 12), then 1 ∈ 𝒯 ∗N − 𝒯 ∗S , and 𝒯 ∗S ⊆ 𝒯 ∗N − 𝒯 ∗S .

3. If pr − 1 ≡ 0 or 6 (mod 8), then 2 is a square, and 2𝒯 ∗S is a square coset of 𝒯 ∗S .
If pr − 1 ≡ 2 or 4 (mod 8), then 2 is a nonsquare, and 2𝒯 ∗S is a nonsquare coset of 𝒯 ∗S .

Proof. Let ξ be a generator of the Teichmüller group 𝒯 ∗ in the Galois ring GR(p2, r).
1. The present authors [15] proved that if p is odd, −1 is contained in 𝒯 ∗, in particular
−1 = ξ

1
2 (pr−1). The exponent 12 (pr−1) is even if pr−1 ≡ 0 (mod 4), then −1 is a square

in 𝒯 ∗. If pr − 1 ≡ 2 (mod 4), the exponent 1
2 (p

r − 1) is odd, hence −1 is a nonsquare
in 𝒯 ∗.

2. If pr − 1 ≡ 0 (mod 6), the equation x6 = 1 has exactly six solutions in the Teich-
müller group 𝒯 ∗, namely ξ k(pr−1)/6, where k ∈ {0, 1, . . . , 5}. We show that the sum
of these elements is 0. It is easy to see that

ξ (pr−1)/6 5
∑
k=0 ξ k(pr−1)/6 = 5

∑
k=0 ξ k(pr−1)/6.

Hence,

(ξ (pr−1)/6 − 1) 5
∑
k=0 ξ k(pr−1)/6 = 0.

As we have shown in the proof of Theorem 3.4, the element ξ (pr−1)/6 − 1 is a unit. It
follows that

5
∑
k=0 ξ k(pr−1)/6 = 0. (4.7)
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By the same reasoning,∑2k=0 ξ k(pr−1)/3 = 0. Consequently, we can rewrite (4.7) as
ξ 5(pr−1)/6 − ξ 2(pr−1)/3 = 1.

If pr − 1 ≡ 0 (mod 12), the elements ξ 5(pr−1)/6 and ξ 2(pr−1)/3 are squares and, conse-
quently, 1 ∈ Δ𝒯 ∗S . If pr − 1 ≡ 6 (mod 12), then ξ 5(pr−1)/6 is a nonsquare and ξ 2(pr−1)/3
is a square, hence 1 ∈ 𝒯 ∗N − 𝒯 ∗S .

3. We first consider r = 1. Note that GR(p2, 1) = ℤp2 . The following classical re-
sults about quadratic residues were first systematically given by Gauss [13]. An
element a relatively prime to an odd prime p is a square inℤpm if and only if a is a
square in ℤp. In ℤp, the element 2 is a square if p − 1 ≡ 0 or 6 (mod 8), and 2 is a
nonsquare if p − 1 ≡ 2 or 4 (mod 8). This solves the problem for r = 1.
Now, let r ≥ 2. Let

𝒯 ∗1 = {1, ζ , ζ 2, . . . , ζ p−2}
denote the Teichmüller groupofGR(p2, 1), and let𝒯1 = 𝒯 ∗1 ∪{0}. For a fixedprimep,
the Galois ring GR(p2, 1) is a subring of GR(p2, r) for all r ≥ 1. If 𝒯 ∗ = ⟨ξ ⟩ denotes
the Teichmüller group of GR(p2, r), then 𝒯 ∗1 is a subgroup of 𝒯 ∗ and we write

𝒯 ∗1 = {1, ξ (pr−1)/(p−1), ξ 2(pr−1)/(p−1), . . . , ξ (p−2)(pr−1)/(p−1)},
where ζ k = ξ k(pr−1)/(p−1). Since 2 is a unit in GR(p2, 1), we can write 2 = (1 + pα0)α1
for unique α0, α1, where α0 ∈ 𝒯1 and α1 ∈ 𝒯 ∗1 . It follows that α1 = ζ ℓ for some
ℓ ∈ {0, 1, . . . , p − 2}. In GR(p2, r), we consequently obtain

2 = (1 + pα0)ξ
ℓ(pr−1)/(p−1).

Hence, 2 is a square, and thereby 2𝒯 ∗S is a square coset of 𝒯 ∗S , if at least one of the
two numbers ℓ and (pr −1)/(p−1) is even. The second number is even if and only if
r is even. In this case, pr − 1 ≡ 0 (mod 8). Hence, if r is odd, the number ℓ needs to
be even. This is the case if and only if 2 is a square in GR(p2, 1), which, according
to the case r = 1, holds whenever p− 1 ≡ 0 or 6 (mod 8). If r is odd, pr ≡ p (mod 8).
The result follows.

By combining all three results from Theorem 4.7, we obtain the following corol-
lary.

Corollary 4.8. Consider the Galois ring GR(p2, r), where p is odd. Denote by 𝒯 ∗S the set
of Teichmüller squares and by 𝒯 ∗N the set of Teichmüller nonsquares.
– If pr − 1 ≡ 0 (mod 12), then the multiset Δ𝒯 ∗S contains both 𝒯 ∗S and 2𝒯 ∗S , and the set

2𝒯 ∗S is a square coset of 𝒯 ∗S if and only if pr − 1 ≡ 0 (mod 24).
– If pr − 1 ≡ 6 (mod 12), then the multiset 𝒯 ∗S − 𝒯 ∗N contains both 𝒯 ∗N and 2𝒯 ∗S , and the

set 2𝒯 ∗S is a nonsquare coset of 𝒯 ∗S if and only if pr − 1 ≡ 18 (mod 24).
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Note that pr − 1 ≡ 0 (mod 24) holds whenever the prime p ≥ 5 and r is even. To
continue, we need the following result about when 2 is a Teichmüller square.

Lemma 4.9. Consider the Galois ring GR(p2, r), where p is odd. Denote by 𝒯 ∗S the set of
Teichmüller squares and by 𝒯 ∗N the set of Teichmüller nonsquares.
– If both pr − 1 ≡ 0 or 6 (mod 8) and 2p−1 ≡ 1 (mod p2), then 𝒯 ∗S = 2𝒯 ∗S .
– If both pr − 1 ≡ 2 or 4 (mod 8) and 2p−1 ≡ 1 (mod p2), then 𝒯 ∗N = 2𝒯 ∗S .
Proof. The equation 𝒯 ∗S = 2𝒯 ∗S holds if and only if 2 is a square in the Teichmüller
group 𝒯 ∗. According to Theorem 4.7, the element 2 is a square in GR(p2, r) if and only
if pr − 1 ≡ 0 or 6 (mod 8). Since 𝒯 ∗ has order pr − 1, the element 2 is contained in 𝒯 ∗ if
and only if 2p

r−1 ≡ 1 (mod p2). Since 2 is also an element of ℤp2 = GR(p
2, 1) which is a

subring of GR(p2, r), this condition can be reduced to 2p−1 ≡ 1 (mod p2).
On the other hand, the equation 𝒯 ∗N = 2𝒯 ∗S holds if and only if 2 is a nonsquare and

2 ∈ 𝒯 ∗. The second statement now follows by analogous reasoning as above fromThe-
orem 4.7.

Primes that solve 2p−1 ≡ 1 (mod p2) are called Wieferich primes. So far, the only
knownWieferich primes are 1093 and 3511. Thus, the only known Galois rings of char-
acteristic p2 satisfying 𝒯 ∗S = 2𝒯 ∗S are GR(10932, r), where r is even, and GR(35112, r)
for arbitrary r. The only known Galois ring of characteristic p2 satisfying 𝒯 ∗N = 2𝒯 ∗S is
GR(10932, r), where r is odd.

With the help of the first result given in Theorem 4.7, we now establish a lower
bound on the multiplicities of certain differences of Teichmüller elements. This is an
analogue of the present authors’ previous result [15, Lemma 5.9] for the design dev(E)
from Theorem 3.3:

Lemma 4.10. Consider the Galois ring GR(p2, r), where p is odd. Denote by 𝒯 ∗S the set of
Teichmüller squares and by 𝒯 ∗N the set of Teichmüller nonsquares.
– If pr − 1 ≡ 0 (mod 4), then all differences d ∈ Δ𝒯 ∗S where d ∉ 2𝒯 ∗S have multiplicity

Nd > 1 in Δ𝒯 ∗S .
– If pr−1 ≡ 2 (mod4), then all differences d ∈ 𝒯 ∗S −𝒯 ∗N where d ∉ 2𝒯 ∗S havemulitplicity

Nd > 1 in 𝒯 ∗S − 𝒯 ∗N .
Proof. We prove the first result. The proof of the second statement is analogous. Let p
be a prime and r be a positive integer such that pr − 1 ≡ 0 (mod 4). Moreover, let
d ∈ Δ𝒯 ∗S , which means that d = s − s󸀠 is the difference of two distinct Teichmüller
squares s, s󸀠 ∈ 𝒯 ∗S . According to Theorem 4.7, 𝒯 ∗S = −𝒯 ∗S . Hence, if s󸀠 ̸= s, then (−s󸀠) −
(−s) = d is a second representation of d in Δ𝒯 ∗S . Note that all these differences occur
in pairs. If s󸀠 = −s, however, the two representations are the same, and d = 2s, thus
d ∈ 2𝒯 ∗S . The statement follows.

In the following lemma, we will establish an upper bound on the multiplicity of
certain differences in Δ𝒯 ∗S and 𝒯 ∗S − 𝒯 ∗N . For our main theorem, only the first part of
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the lemma is relevant. However, we also state the second part as it is easily obtained
from the previous results.

Lemma 4.11. Let p be an odd prime such that 2p−1 ̸≡ 1 (mod p2). Consider the Galois
ring GR(p2, r), and denote by 𝒯 ∗S the set of Teichmüller squares and by 𝒯 ∗N the set of
Teichmüller nonsquares.
– If pr − 1 ≡ 0 (mod 24), then all differences d ∈ Δ𝒯 ∗S where d is a square have multi-

plicity Nd <
pr−5
4 in Δ𝒯 ∗S

– If pr − 1 ≡ 18 (mod 24), then all differences d ∈ 𝒯 ∗S − 𝒯 ∗N have multiplicity Nd <
pr+1
4

in 𝒯 ∗S − 𝒯 ∗N .
Proof. The condition 2p−1 ̸≡ 1 (mod p2) ensures that 2 ∉ 𝒯 ∗, and consequently 𝒯 ∗S ̸=
2𝒯 ∗S ̸= 𝒯 ∗N as we showed in Theorem 4.9. Assume pr − 1 ≡ 0 (mod 24), and let d be
the difference of two Teichmüller squares, d ∈ Δ𝒯 ∗S , such that d is a square. Denote
by Nd the multiplicity of d in Δ𝒯 ∗S . From Theorem 4.6, we know that Δ𝒯 ∗S contains
1
4 (p

r − 5) not necessarily distinct square cosets of 𝒯 ∗S . It follows that Nd ≤
1
4 (p

r − 5),
andNd =

1
4 (p

r −5) if and only if Δ𝒯 ∗S contains only exactly one square coset of 𝒯 ∗S with
multiplicity 1

4 (p
r − 5). Assume Nd =

1
4 (p

r − 5). If pr − 1 ≡ 0 (mod 24), then according
to Theorem 4.8, both 𝒯 ∗S and 2𝒯 ∗S are subsets of Δ𝒯 ∗S , and 2𝒯 ∗S is a square coset of 𝒯 ∗S .
This is a contradiction.

Now, assume pr − 1 ≡ 18 (mod 24), and let d be the difference of a Teichmüller
square and a Teichmüller nonsquare, d ∈ 𝒯 ∗S −𝒯 ∗N , such that d is a nonsquare. Denote
by Nd the multiplicity of d in 𝒯 ∗S − 𝒯 ∗N . Analogously to above, we conclude from The-
orem 4.6 that Nd ≤

1
4 (p

r + 1), and Nd =
1
4 (p

r + 1) if and only if 𝒯 ∗S − 𝒯 ∗N contains only
exactly one nonsquare coset of 𝒯 ∗S . Assume Nd =

1
4 (p

r + 1). If pr − 1 ≡ 18 (mod 24),
then both 𝒯 ∗N and 2𝒯 ∗S are contained in 𝒯 ∗S − 𝒯 ∗N , and 2𝒯 ∗S is a nonsquare coset of 𝒯 ∗S .
Again, we obtain a contradiction.

Aswehavementioned above, themultiplicity of a differenced in Δ𝒯 ∗S corresponds
directly to the block intersection number |𝒯 ∗S ∩ (𝒯 ∗S ∩ d)|. Hence, we obtain from the
previous lemmas the following theorem which is our main theorem.

Theorem 4.12. Let p be an odd prime such that 2p−1 ̸≡ 1 (mod p2). Let CH be a
(p2r , p

r−1
2 ,

pr−3
2 ) disjoint difference family in the additive group of the finite field 𝔽p2r

constructed with Theorem 3.2, and let EH be a disjoint difference family with the same
parameters in the additive group of the Galois ring GR(p2, r) constructed with Theo-
rem 3.4. If pr − 1 ≡ 0 (mod 24), the 2-(p2r , p

r−1
2 ,

pr−3
2 ) designs dev(E

H ) and dev(CH ) are
nonisomorphic.

Proof. Let p be an odd prime and r be an integer such that pr − 1 ≡ 0 (mod 24). Re-
call from Theorem 4.5 that in this case the block intersection numbers of our design
dev(CH ) are given as 0, 1, 14 (p

r − 5), 14 (p
r − 1). Now, consider the Galois ring GR(p2, r),

and denote by 𝒯 ∗S the set of Teichmüller squares and by 𝒯 ∗N the set of Teichmüller
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nonsquares. By combining Theorem 4.10 and Theorem 4.11, we obtain

1 < 󵄨󵄨󵄨󵄨𝒯
∗
S ∩ (𝒯

∗
S + d)
󵄨󵄨󵄨󵄨 <

pr − 5
4

for all squares d ∈ Δ𝒯 ∗S \ 2𝒯 ∗S . Consequently, the design dev(EH ) has an intersection
number different from the ones of dev(CH ), and the designs are nonisomorphic.

We remark that pr − 1 ≡ 0 (mod 24) holds for all p and r where p ≥ 5 and r is
even. Furthermore, we remark that for theWieferich primes 1093 and 3511, that satisfy
2p−1 ≡ 1 (mod p2), the designs dev(CH ) and dev(EH ) are nonisomorphic for all r > 1.
With the help of Magma [4], we computed the multisets Δ𝒯 ∗S and 𝒯 ∗S − 𝒯 ∗N for r = 1 and
checked that these multisets contain more than one square coset and more than two
nonsquare coset of 𝒯 ∗S each. Consequently, there will be at least as many square and
nonsquare cosets of 𝒯 ∗S in Δ𝒯 ∗S and 𝒯 ∗S − 𝒯 ∗N , respectively, for r > 1. So, the bounds on
the respective block intersection numbers established in the previous proof hold.

To conclude this section, we give an example that demonstrates why our block
intersection number approach fails if pr − 1 ̸≡ 0 (mod 24). We choose as an example
the case pr − 1 ≡ 18 (mod 24) since, in the previous lemmas, we have already obtained
several results about this case that followed immediately from the results for pr − 1 ̸≡
0 (mod 24).

Example 3. Let p and r such that pr − 1 ≡ 18 (mod 24). In this case, according to Theo-
rem 4.5, the design dev(CH ), has block intersection numbers 0, 1, 1

4 (p
r − 3), 1

4 (p
r + 1).

For the design dev(EH ), using Theorem 4.10 and Theorem 4.11, we obtain

1 < 󵄨󵄨󵄨󵄨𝒯
∗
S ∩ (𝒯

∗
N + d)
󵄨󵄨󵄨󵄨 <

pr + 1
4

for all d ∈ (𝒯 ∗S − 𝒯 ∗N ) \ 2𝒯 ∗S . However, this result is of little use as it is still possible
that there exists d ∈ (𝒯 ∗S − 𝒯 ∗N ) \ 2𝒯 ∗S such that |𝒯 ∗S ∩ (𝒯 ∗N + d)| = 1

4 (p
r − 3) or that

two completely different blocks intersect in 1
4 (p

r + 1) elements. In fact, the multiset
p𝒯 ∗S −p𝒯 ∗N contains 1

4 (p
r + 1) times the set p𝒯 ∗N and 1

4 (p
r −3) times the set p𝒯 ∗S . Hence,

these two numbers actually occur as the block intersection numbers

󵄨󵄨󵄨󵄨p𝒯
∗
S ∩ (p𝒯

∗
N + d)
󵄨󵄨󵄨󵄨,

where d ∈ ℐ \ {0}. Hence, we cannot show the existence of an intersection number N
such that 1 < N < 1

4 (p
r − 3).

5 Conclusion and open questions
Motivated by the present authors’ [15] recent results, we tried to use the same tech-
nique to solve another isomorphism problem about 2-(v, k, k − 1) designs. Thanks to
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the algebraic structure of our designs, we were able to solve the problem for many
cases, and, in doing so, obtained some interesting results about cyclotomic numbers
and the structure of Galois rings of characteristic p2. But the isomorphism problem is
still not solved for all cases.

Our results demonstrate that using block intersection numbers as a method to
tackle isomorphism problems about combinatorial designs has its limitations. One
needs designs that have a sufficiently strong algebraic structure to calculate or even
bound these numbers. We still consider this approach promising, especially if the de-
signs are constructed as the developments of some difference structures. During our
studies, we discovered the following interesting open problems:
– Our computations hint that Theorem 4.12 holds for all p and r, where p is odd.

However, our examination of intersection numbers did not lead to the results nec-
essary to prove this conjecture. We leave this task to future work.

– The construction of a disjoint difference family in GR(p2, r) presented in Theo-
rem 3.4 does not only work for the subgroup of squares in the Teichmüller group
but for all its subgroups. Moreover, there will always be an analogue in 𝔽p2r . It
would be interesting to study the isomorphismproblem for the associated designs
in all these cases. It might be possible to deducemore block intersection numbers
from the ones given in this paper and in [15].

– As mentioned before, nonisomorphic designs can have the same block intersec-
tion numbers. It would be interesting to find more difference families as in Re-
mark 1 for which their associated designs have the same intersection numbers
but are still nonisomorphic.
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Abstract: This paper proposes multiplication and squaring algorithms over cubic
and quartic extensions for implementing pairing-friendly fields as the tower of fields
efficiently. The algorithms are designed by introducing the Gauss periods of type
(h,m) for constructing the normal basis. The costs are compared with several well-
known methods such as the Karatsuba method, and as a result, it is found that the
proposed methods work with smaller or almost equal costs than the conventional
methods.

Keywords: Gauss periods, normal bases, vector arithmetic, pairing-friendly fields, cu-
bic and quartic extensions
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1 Introduction

Many protocol researchers have begun to employ pairing based cryptography [20] for
the constructions of functional cryptographic applications such as homomorphic en-
cryption [22], identity based cryptography [4], broadcast encryption [6], and short sig-
nature schemes [5], for example. On the other hand, since the fundamental arithmetic
of pairing based cryptography is handled in extension fields such as 𝔽p12 , 𝔽p16 , or 𝔽p18
for example, the performance of the pairing-based cryptography depends on the ef-
ficiency of arithmetic in such extension fields. Typically, these extension fields can
be constructed as towers of fields, and Koblitz et al. [18] defined a field 𝔽pk as being
pairing-friendly if conditions p ≡ 1 (mod 12) and k = 2i3j(i, j ≥ 0) are satisfied. It is
known that the pairing-friendly fields are suitable for implementing cryptographic bi-
linear pairings.

Among the researches surrounding the pairing, reduction of the costs for the base
field arithmetic is one of the nonnegligible factors of efficient implementations. For ex-
ample, the Karatsubamethod [15, 17] is the first multiplication algorithmwhich works
with smaller costs than the schoolbook method (distributive law) by reusing the com-
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mon term of the equation. As the natural generalization of the Karatsuba method, the
Toom–Cookmethod [25, 7, 17] is thewell-knownalgorithm for large integer arithmetic.
However, since these algorithms are mainly designed for polynomial bases, a modu-
lar polynomial for defining the extension field should be carefully chosen so that the
algorithm can perform adequately and efficiently. Such parameter selection is one of
the attractive topics for implementing thepairing-based cryptography, and the readers
can obtain further knowledge in [9].

As well as the algorithms for polynomial bases, there are several types of research
and algorithms for efficient field arithmetic based on normal bases. For example,
Mullin et al. have proposed type I and II optimal normal bases in [21], and the concept
has been extended by Kato et al. in [16]. Furthermore, Nekado has generalized the
concept of the algorithms in his Ph. D. thesis [23] by focusing on the so-called Gauss
periods of type (h,m) [10, 12].

In this paper, the authors focus on so-called cyclic vectormultiplication algorithm
(CVMA), which was originally proposed by Nogami et al. in [24] for efficient vector
arithmetic, and generalized by Nekado in [23]. Since this paper aims to improve the
algorithms for the pairing-based cryptography, multiplication, and squaring over cu-
bic extension and quartic extensions are focused on, in particular. More precisely, the
authors review the structure of the CVMA with the Gauss periods of type (h,m), and
the vector arithmetic over cubic and quartic extensions are optimized by fixing the
parameters h andm.

The proposedmethods are comparedwith several well-knownmethods. As a con-
sequence, it is found that the costs of the proposedmethod are slightly lower than that
of the conventional methods. Though these methods are assumed to be used as the
base of the tower field, nontrivial chances will arise for selecting a suitable basis for
implementation from the following reasons:
1. In practice, pairings of higher security level use relatively higher degree extension

fields such as𝔽p18 [14] and𝔽p24 [2], for example. In that case, these extension fields
are constructed as a tower of fields so that rational points defined over the fields
canbe considered aspoints over𝔽p3 and𝔽p4 via sextic twist,

1 respectively. In other
words, the base field arithmetic has a great influence on the performance of an
implementation.

2. In addition, though the operations over the defining field such as 𝔽p18 and 𝔽p24
are heavy, the improvements of their base field arithmetics bring opportunities to
be used as a new basis representation for these fields which can provide faster
arithmetic than the classical methods. In fact, the cost of multiplication in 𝔽p18
based on the CVMA is smaller than the Karatsuba method (see Section 5).

1 Let E and E󸀠 be elliptic curves over 𝔽p. E󸀠 is called a twist of degree d of E if there exists an isomor-
phismψd : E󸀠 → E defined over 𝔽pd and d is minimal. The possible degree of twist is d = 1, 2, 3, 4, or 6,
and sextic twist is the twist of degree d = 6. The readers can refer to [3, 13, 20] for the detail.
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3. Since the condition required for both conventional and proposed methods do
not overlap completely, the proposed methods provide novel prime numbers for
curves.

Considering further applicability of the proposed methods, the authors would like to
expand the algorithms for general prime powers, and advanced applications includ-
ing such expansion are future works.

2 Preliminaries
This section briefly introduces the notation and reviews the fundamentals of finite
fields [19].

2.1 Notation
For a prime number p and a positive integer m, let 𝔽p and 𝔽pm be a prime field and
its extension field, respectively. An element a = (a0, . . . , am−1) ∈ 𝔽pm with a basis
{β0, . . . , βm−1} is represented by the polynomial form as follows:

a =
m−1
∑
i=0 aiβi.

For simplicity of comparisons, the authors evaluate the costs of operations by fo-
cusingonaddition (A),multiplication (M), squaring (S),multiplicationwith a constant
integer (c), anddivisionby 2 (D2) inwhat follows. For examples, the costs of (xy+2x+y2)
and x3 + xy2 + σy are given by M + S + 3A and 2M + 2S + c + 2A, respectively, where
σ is a constant in 𝔽p. Another example is a0b20

2 + a1(a1 − b1)α + 2σa3α
2 with the basis

{1, α, α2}. The readers need to remember that an equation over 𝔽pm ⊃ 𝔽p is evaluated
by the number of required operations in 𝔽p. Therefore,

a0b20
2 + a1(a1 − b1)α + 2σa3α

2 is

granted as a vector ( a0b
2
0

2 , a1(a1 − b1), 2σa3) and is evaluated as 2M + S + 2A + c + D2.

2.2 Gauss periods and cyclotomic polynomial
The Gauss periods are often used to construct normal bases in finite fields. The math-
ematical structure and a systematic construction have been studied by Feisel et al.
and Gao in their works [10, 12]. In this paper, since the authors concentrate to im-
prove arithmetic over 𝔽p3 and 𝔽p4 for prime integers p, pairing-friendly fields 𝔽pk are
assumed to be constructed as the extension of 𝔽pm with classical polynomial bases.

The Gauss periods of type (h,m) are obtained in the following way. For a prime
number p, choose positive integers h,m satisfying the conditions [1, 11] below:
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Condition 1.
1. r = hm + 1 is a prime number not equal to p;
2. gcd(hm/e,m) = 1, where e is the multiplicative order of p in 𝔽r .

According to the Fermat’s little theorem, we have r | (pr−1 − 1). In addition, since
𝔽×r forms amultiplicative group consisting of hm elements, there exists a primitive rth
root of unity in 𝔽phm , which is denoted by β ∈ 𝔽phm . In other words, β is a zero of the
cyclotomic polynomial Φr(x). Recall that since r is a prime and we have βr = 1, the
following equation holds:

βr − 1 = (β − 1)
r−1
∑
j=0 βj = 0.

Therefore, we have∑r−1j=0 βj = 0 (∵ β ̸= 1).
Let 𝒦 be the unique subgroup of 𝔽×r with #𝒦 = h. Then define α ∈ 𝔽r with a coset

pi𝒦 as follows:

αp
i
= ∑

j∈𝒦 βp
ij. (2.1)

This αp
i
is called a prime Gauss period, which becomes a normal element in𝔽pm under

the condition (Condition 1), and the set of conjugates {α, αp, . . . , αp
m−1
} forms a normal

basis of 𝔽pm .

2.3 Cyclic vector multiplication algorithm

The cyclic vector multiplication algorithm (CVMA) was proposed by Nogami et al. in
[24] for efficient arithmetic over extension fields. Since the CVMA is designed to work
with the normal basis constructed by the Gauss periods of type (h,m), the basis of 𝔽pm
is given by {α, αp, . . . , αp

m−1
}, where αp

i
is a normal element as defined in equation (2.1).

For a primitive hth root d ∈ 𝔽r, let ϵ(⋅) and η(⋅) be functions defined as follows:

ϵ(psdt (mod r)) = {
m if psdt (mod r) = 0,
s otherwise,

(2.2)

η(s, t, u) = ϵ(ps
󸀠
dt
󸀠
(= ps + ptdu (mod r))). (2.3)

It is noted that a basis element αp
i
(0 ≤ i < m) is represented by β such thatΦr(β) = 0 as

equation (2.4), and multiplication x × y, where x, y ∈ 𝔽pm , is derived by equation (2.5)
as follows:

αp
i
= (

h−1
∑
k=0 βdk)

pi

∈ 𝔽pm , (2.4)
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x × y = (
m−1
∑
i=0 xiαpi)(m−1∑i=0 yiαpi) = m−1∑i=0 m−1

∑
j=0 xiyjαpi+pj , (2.5)

where xi, yi ∈ 𝔽p. The functions ϵ(⋅) and η(⋅) are used for determining the exponent
part of the basis element truncated by Φr(β) from αp

i+pj . The readers can know the
derivation of the equation (2.6) and equation (2.7) by referring to [23].

Let a = (a0, a1, . . . , am−1) and b = (b0, b1, . . . , bm−1) be vectors in 𝔽pm respectively.
Let vl be a variable defined in equation (2.6) by using equations (2.2), (2.3).

vl = ∑ ∑
0≤s<t<m(as − at)(bs − bt) h−1∑u=0 δl(η(s, t, u)), (2.6)

where δi(j) is the Kronecker delta, which is defined as follows:

δi(j) = {
0 if i ̸= j,
1 otherwise.

Then the lth coefficient of the vector c = a × b is derived by equation (2.7), where
c = (c0, c1, . . . , cm−1) ∈ 𝔽×pm .

cl = {
hvm − vl − albl if h is odd,
−vl − albl otherwise.

(2.7)

Based on equation (2.7), the CVMA for the Gauss periods of type (h,m) is obtained as
shown in Algorithms 1, 2.

Algorithm 1 Precomputation steps for the CVMA.
Require: A prime number p and an extension degreem.

Ensure: η[s, t, u].
Find h, and prepare a primitive hth root d of unity in 𝔽×r .
ϵ[0] ← m.
for s = 0 tom − 1 do
for t = 0 to h − 1 do
ϵ[psdt (mod r)] ← s.

end for
end for
for s = 0 tom − 2 do
for t = s + 1 tom − 1 do
for u = 0 to h − 1 do
η[s, t, u] ← ϵ[ps + ptdu (mod r)].

end for
end for

end for
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Algorithm 2 The CVMA for the Gauss periods of type (h,m).

Require: a = ∑m−1s=0 asαps ,b = ∑m−1s=0 bsαps ∈ 𝔽×pm and the precomputed values η[s, t, u]
for 0 ≤ s < t < m and 0 ≤ u < h.

Ensure: c = a × b = ∑m−1s=0 csαps .
for l = 0 tom − 2 do
vl ← albl.

end for
vm ← 0.
for s = 0 tom − 2 do
for t = s + 1 tom − 1 do
w ← (as − at)(bs − bt).
for u = 0 to h − 1 do
vη(s,t,u) ← vη(s,t,u) + w.

end for
end for

end for
if h is an odd then
w ← hvm.
for l = 0 tom − 1 do
cl ← w − vl.

end for
else
for l = 0 tom − 1 do
cl ← −vl.

end for
end if

Recall that r = hm + 1 must be a prime according to the condition (Condition 1), and
note that h decides the number of elements of 𝒦, which is the unique subgroup for
defining a normal element. Thus, this paper targets cubic and quartic extensions with
the Gauss period of type (2, 3) and (1, 4) cases, in particular, so as to simplify the cal-
culation and to minimize the additional costs. It is noted that though there are other
choices of h andm for establishing the Gauss periods, larger h andmwould cause the
increase of the number of components of a basis element and as the result, the multi-
plication with such basis becomesmore complex. For example, consider constructing
a cubic extension with (h,m) = (4, 3) (∵ r = hm + 1 has to be a prime). In that case, the
cyclotomic polynomial Φ13(x) is used and a normal basis {τ1, τ2, τ3} is given by

{τ1, τ2, τ3} = {β + β
5 + β8 + β12, β2 + β3 + β10 + β11, β4 + β6 + β7 + β9},

whereΦ13(β) = 0. Comparing to the case for using (h,m) = (2, 3), whose a normal basis
is given by {τ1, τ2, τ3} = {β + β6, β2 + β5, β3 + β4} for Φ7(β) = 0, one can confirm that the
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basis becomes complex and as the result, it increases the cost of additions over 𝔽p.
Therefore, h andm should be chosen smaller as possible, and the cyclotomic polyno-
mials Φ7(x) and Φ5(x) are used for constructing the cubic extension and the quartic
extension, respectively. The goal of this paper is to reduce the costs of Algorithm 2 in
the particular case of degree 3 and 4.

3 Arithmetic over a cubic extension with the Gauss
periods

This section reviews the algorithms and the costs of each operation over the cubic
extension.

3.1 The normal basis of the cubic extension

Let r = 7 and β be such that Φ7(β) =
β7−1
β−1 = ∑6i=0 βi = 0. The condition on a prime p for

constructing the Gauss periods of type (2, 3) is given by:

Condition 2. The Gauss periods of type (2, 3) form a normal basis of 𝔽p3 if p ̸= 7 and
p ̸≡ 1, 6 (mod 7).

Since the unique subgroup of order 2 in𝔽7 is {1, −1}, a normal element can be given
by β + β6 and the normal basis used for 𝔽p3 in what follows is of the form

{τ1, τ2, τ3} = {β + β
−1, β2 + β−2, β3 + β−3}

be a basis. In addition, we have −1 = τ1 + τ2 + τ3 since Φ7(β) = 0.

3.2 Multiplication

Let a = (a0, a1, a2),b = (b0, b1, b2) be vectors in 𝔽p3 , and {τ1, τ2, τ3} the basis of 𝔽p3 .
Since the basis is given by {τ1, τ2, τ3} = {β + β−1, β2 + β−2, β3 + β−3}, τ1, τ2, and τ3 hold
the following relation:

τ21 = (β + β
−1)2 = β2 + β−2 + 2 = τ2 + 2,

τ22 = (β
2 + β−2)2 = β4 + β−4 + 2 = τ3 + 2,

τ23 = (β
3 + β−3)2 = β + β−1 + 2 = τ1 + 2,

τ1τ2 = (β + β
−1)(β2 + β−2) = β + β−1 + β3 + β−3 = τ1 + τ3,

τ2τ3 = (β
2 + β−2)(β3 + β−3) = β + β−1 + β5 + β−5 = τ1 + τ2,

τ3τ1 = (β
3 + β−3)(β + β−1) = β2 + β−2 + β4 + β−4 = τ2 + τ3.
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It is noted that β satisfies β7 = 1 here. By using the above relationships, a × b can be
expanded as follows:

a × b = (a0τ1 + a1τ2 + a2τ3)(b0τ1 + b1τ2 + b2τ3)
= (a0b0τ

2
1 + a0b1τ1τ2 + a0b2τ1τ3) + (a1b0τ2τ1 + a1b1τ

2
2 + a1b2τ2τ3)

+ (a2b0τ3τ1 + a2b1τ3τ2 + a2b2τ
2
3)

= {a0b1 + a1b0 + a1b2 + a2b1 + a2b2 − 2(a0b0 + a1b1 + a2b2)}τ1
+ {a0b2 + a2b0 + a1b2 + a2b1 + a0b0 − 2(a0b0 + a1b1 + a2b2)}τ2
+ {a0b1 + a1b0 + a0b2 + a2b0 + a1b1 − 2(a0b0 + a1b1 + a2b2)}τ3

By focusing on the symmetricity of coefficients and using Karatsuba-like trick,2 we
have the below equivalent representation with respect for each coefficient of a ×b. As
the result, additions decrease and the cost required for calculating all coefficients of
a × b is then 6M + 12A in total.

Coefficient of τ1 : a0b1 + a1b0 + a1b2 + a2b1 + a2b2 − 2(a0b0 + a1b1 + a2b2)
= (a0 − a1)(b1 − b0) + (a1 − a2)(b2 − b1) − a0b0, (3.1)

Coefficient of τ2 : a0b2 + a2b0 + a1b2 + a2b1 + a0b0 − 2(a0b0 + a1b1 + a2b2)
= (a1 − a2)(b2 − b1) + (a0 − a2)(b2 − b0) − a1b1, (3.2)

Coefficient of τ3 : a0b1 + a1b0 + a0b2 + a2b0 + a1b1 − 2(a0b0 + a1b1 + a2b2)
= (a0 − a2)(b2 − b0) + (a0 − a1)(b1 − b0) − a2b2. (3.3)

3.3 Squaring

According to equations (3.1), (3.2), (3.3), each coefficient of a2 = a × a is calculated by

Coefficient of τ1 : −(a0 − a1)
2 − (a1 − a2)

2 − a20,

Coefficient of τ2 : −(a0 − a2)
2 − (a1 − a2)

2 − a21 ,

Coefficient of τ3 : −(a0 − a2)
2 − (a0 − a1)

2 − a22.

Since τ1+τ2+τ3 = −1, the bases {τ1, τ2, τ3} and {1, τ1, τ2} are flexibly convertible. There-
fore, the authors consider the further transformations of each coefficient by intention-
ally applying the basis conversion for the sake of breaking the symmetrical form.

Let (t0, t1, t2) be the coefficient of the vector which is represented by the basis
{1, τ1, τ2}. Then, the coefficients of a2 are derived as follows:

t0 = 2a
2
0 + a

2
1 + 2a

2
2 − 2a0a1 − 2a0a2,

2 It means that we attempt to reuse values as many as possible for computing the desired terms in the
same manner as the Karatsuba method.
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t1 = a
2
2 − a

2
1 + 2a1a2 − 2a0a2,

t2 = a
2
0 − a

2
1 + 2a1a2 − 2a0a1.

By focusing on the form of t0, it is found that t0 can be represented as the sum of three
different squares, that is,

t0 = (a0 − a1)
2 + (a0 − a2)

2 + a22.

In addition, we can rewrite the formulas giving τ1 and τ2 so that (a0−a1)2 and (a0−a2)2

are also used for their computation so that their costs is lower. We get

t1 = (a0 − a2)
2 − (a0 − a1)

2 − 2a1(a0 − a2),
t2 = (a0 − a1)

2 − 2a1(a1 − a2).

Considering the fact that (t0, t1, t2) is a coefficient vector of the basis {1, τ1, τ2}, the
coefficient ofa2with thebasis {τ1, τ2, τ3} canbederivedby (t1−t0, t2−t0, −t0). Therefore,
each coefficient of a2 is calculated with pre-computed temporary values T1 to T6 as
follows:

T1 = a2 − a0, T2 = a1T1, T3 = a
2
2

T4 = (a0 − a1)
2, T5 = a1(a2 − a1), T6 = T

2
1 + T3

Coefficient of τ1 : t1 − t0 = 2a1(a2 − a0) − 2(a0 − a1)
2 − a22

= 2(T2 − T4) − T3,

Coefficient of τ2 : t2 − t0 = 2a1(a2 − a1) − (a2 − a0)
2 − a22

= 2T5 − T6,

Coefficient of τ3 : −t0 = −(a0 − a1)
2 − (a2 − a0)

2 − a22 = −T4 − T6.

Thus, required for calculating all coefficients of a2 is 2M + 3S + 11A.

4 Arithmetic over a quartic extension with the Gauss
periods

This section discusses the algorithms and the costs of each operation over a quartic
extension.

4.1 The normal basis of the direct quartic extension
The normal basis of a quartic extension used in this section is a type-I optimal normal
basis. For simplicity, let r = 5 and β be such that Φ5(β) =

β5−1
β−1 = ∑4i=0 βi = 0. Then the

condition on p is given by Condition 3 and the normal basis used in what follows is
given by {β, β2, β3, β4}.
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Condition 3. The Gauss periods of type (1, 4) form a normal basis of 𝔽p4 if p ̸= r and
p ≡ 2, 3 (mod 5).

4.2 Multiplication
Let a = (a0, a1, a2, a3),b = (b0, b1, b2, b3) be vectors in 𝔽×p4 , which are represented by
the basis {β, β2, β3, β4} as linear combinations. According to the conventional CVMA
algorithm, a × b is expanded as follows:

a × b = {T1 − (a1 − a3)(b1 − b3) − a0b0}β
+ {T1 − (a2 − a3)(b2 − b3) − a1b1}β

2

+ {T1 − (a0 − a1)(b0 − b1) − a2b2}β
3

+ {T1 − (a0 − a2)(b0 − b2) − a3b3}β
4, (4.1)

where T1 = (a0 − a3)(b0 − b3) + (a1 − a2)(b1 − b2).
A multiplicative operation over 𝔽p can be saved using again Karatsuba-like trick.

T1 can indeed be computed as

T1 = (a0 + a1 − a2 − a3)(b0 + b1 − b2 − b3) + (a0 − a1)(b0 − b1)
− (a0 − a2)(b0 − b2) − (a1 − a3)(b1 − b3) + (a2 − a3)(b2 − b3).

In addition, let T2, . . . ,T9 be temporary values which are defined as follows:

T2 = a0 − a2, T3 = a1 − a3, T4 = b0 − b2, T5 = b1 − b3, T6 = T2T4,
T7 = T3T5, T8 = (a0 − a1)(b0 − b1), T9 = (a2 − a3)(b2 − b3).

Then it is found that T1 and the coefficients c0, . . . , c3 of c = a × b can be represented
by combinations of the temporary values as follows:

T1 = (T2 + T3)(T4 + T5) − T6 − T7 + T8 + T9,
c0 = T1 − T7 − a0b0, c1 = T1 − T9 − a1b1,
c2 = T1 − T8 − a2b2, c3 = T1 − T6 − a3b3.

Therefore, the cost required for calculating all coefficients of a × b in 𝔽×p4 is 9M + 22A.
4.3 Squaring
In equation (4.1), let a be equal to b. Then, the square of a is obtained as follows:

a2 = (2a1a3 − 2a0a3 − 2a1a2 + a
2
2)β + (2a2a3 − 2a0a3 − 2a1a2 + a

2
0)β

2

+ (2a0a1 − 2a0a3 − 2a1a2 + a
2
3)β

3 + (2a0a2 − 2a0a3 − 2a1a2 + a
2
1)β

4. (4.2)
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Since the coefficients in equation (4.2) are symmetrical form, they have common fac-
tors such as (a0−a1)(a2−a3) and (a0−a2)(a1−a3). Therefore, it is possible to transform
equation (4.2) as follows:

a2 = (2(a0 − a1)(a2 − a3) − a2(2a0 − a2))β

+ (2(a0 − a2)(a1 − a3) − a0(2a1 − a0))β
2

+ (2(a0 − a2)(a1 − a3) − a3(2a2 − a3))β
3

+ (2(a0 − a1)(a2 − a3) − a1(2a3 − a1))β
4.

Consequently, the coefficient vector (c0, c1, c2, c3) of c = a2 is calculated as follows:

T1 = a0 − a2, T2 = a0 − a1, T3 = a2 − a3,

T4 = a1 − a3, T5 = 2T2T3, T6 = 2T1T4,

c0 = T5 − a2(a0 + T1),

c1 = T6 − a0(a1 − T2),

c2 = T6 − a3(a2 + T3),

c3 = T5 − a1(a3 − T4).

Thus, the cost required for calculating all coefficients of a2 is 6M + 14A.

5 Comparisons and considerations

5.1 Comparisons

In this section, we compare the costs of multiplication and squaring over cubic and
quartic extensions. Since the type-I, II optimal normal bases are involved in the CVMA
based on the Gauss periods of type (h,m), we select algorithms for polynomial bases
as the competitors by referring [8]. The comparisons are shown in Tables 1, 2, 3, and 4.
It is noted that the costs of the Toom–Cook series have the lowest cost in terms of 𝔽p
multiplications in both multiplication and squaring in the cubic field but it is usually
not used in practice because it involves much additions.

Table 1:Multiplication costs for cubic extensions.

Algorithm Costs

Schoolbook 9M + 6A + 2c
Karatsuba 6M + 13A + 2c
Toom–Cook-3x 5M + 35A
CVMA 6M + 12A
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Table 2: Squaring costs for cubic extensions.

Algorithm Costs

Schoolbook 3M + 3S + 6A + 2c
Karatsuba 6S + 13A + 2c
Toom–Cook-3x 5S + 35A
Chung–Hasan-SQR2 2M + 3S + 10A + 2c
Chung–Hasan-SQR3 1M + 4S + 11A + 2c + D2
CVMA 2M + 3S + 11A
Table 3:Multiplication costs for quartic extensions.

Algorithm Costs

Schoolbook(𝔽p4 )/Schoolbook(𝔽p2 ) 16M + 12A + 5c
Schoolbook(𝔽p4 )/Karatsuba(𝔽p2 ) 12M + 16A + 4c
Karatsuba(𝔽p4 )/Schoolbook(𝔽p2 ) 12M + 24A + 5c
Karatsuba(𝔽p4 )/Karatsuba(𝔽p2 ) 9M + 25A + 4c
CVMA(𝔽p4 ) 9M + 22A
Table 4: Squaring costs for quartic extensions.

Algorithm Costs

Schoolbook(𝔽p4 )/Schoolbook(𝔽p2 ) 6M + 4S + 10A + 4c
Schoolbook(𝔽p4 )/Karatsuba(𝔽p2 ) 3M + 6S + 17A + 4c
Schoolbook(𝔽p4 )/Complex & Karatsuba(𝔽p2 ) 7M + 19A + 6c
Karatsuba(𝔽p4 )/Schoolbook(𝔽p2 ) 3M + 6S + 14A + 4c
Karatsuba(𝔽p4 )/Karatsuba(𝔽p2 ) 9S + 20A + 4c
Karatsuba(𝔽p4 )/Complex & Karatsuba(𝔽p2 ) 6M + 23A + 7c
Complex(𝔽p4 )/Schoolbook(𝔽p2 ) 8M + 14A + 4c
Complex(𝔽p4 )/Karatsuba(𝔽p2 ) 6M + 20A + 4c
CVMA(𝔽p4 ) 6M + 14A
5.2 Considerations

According to the Tables 1, 2, 3, and 4, it is found that the proposed methods require
less additions. It is noted that the costs of the conventional methods would increase
depending on the choice of their modular polynomial. Since the conditions of primes
for constructing a base extension field are different on the classical polynomial basis
and the normal basis for the CVMA, the proposed method allows one for having more
candidates for suitable representations of extension fields. For example, according to
[9], conditions u ̸≡ 7, 11 (mod 12) for a BN prime p = 36u4 + 36u3 + 24u2 + 6u + 1 [3] are
a nice choice for reducing the cost of constant multiplications to implement a pairing
on BN curves using the classical methods. In that case, p has to be represented by
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p = 12n + 7 at least for a positive integer n. However, the CVMA gives an opportunity
for having an efficient implementation with other primes such that p ≡ 3 (mod 5),
which is the case for using the quartic extension as a base field.

Moreover, the improvements of each proposed method are only in terms of addi-
tions in 𝔽p. However, it contributes to reducing the additions in higher degree exten-
sionfields aswell as the classicalmethods. The cost of an operationwould be the same
level as the classical methods even if we treat a constant multiplication c as an addi-
tion A in the Karatsuba method. For example, consider constructing 𝔽p18 as the tower
of fields of the form 𝔽((p3)2)3 using the Karatsuba method and the proposed method.
In the case of conventional Karatsuba-based construction, the tower of fields is often
built in the following strategy for minimizing the cost of calculation over 𝔽p18 :

𝔽p3 = 𝔽p[α]/(α
3 − z),

𝔽p6 = 𝔽p3 [μ]/(μ
2 − α),

𝔽p18 = 𝔽p6 [ν]/(ν
3 − μ),

where z satisfies z
p−1
2 ̸≡ 1 and z

p−1
3 ̸≡ 1 in 𝔽p. On the other hand, consider replacing the

first cubic extension field for applying the CVMA as follows:

𝔽p3 = 𝔽p[β]/(Φ7(β) = 0),
𝔽p6 = 𝔽p3 [μ]/(μ

2 − z),
𝔽p18 = 𝔽p6 [ν]/(ν

3 − μ),

where z is the same as the above.
To clarify the corresponding field for operations, let Mi,Ai, and ci denote the mul-

tiplication, addition, and constant multiplication in 𝔽pi for i ≥ 1, respectively. It is
noted that M,A, and c are also used to describe as the general case. Then, the first one
can have the cost for a single multiplication in 𝔽p18 as 6M6 + 13A6 + 2c6 ≈ 6M6 + 15A6
by using Table 1. That is because an element in 𝔽p18 is represented as a 3-dimensional
vector of 𝔽p6 -elements. Second, remind that the cost of multiplication in a quadratic
field with the Karatsuba method requires 3M + 5A + c ≈ 3M + 6A in general [8] and
𝔽p6 is constructed as the 2-dimensional vector space whose coefficients are elements
in𝔽p3 . Thus, we can estimateM6 and A6 byM6 = 3M3+6A3 and A6 = 2A3, respectively.
In the same manner, M3 and A3 are estimated by using Table 1 as follows:

M3 = {
6M1 + 12A1 if the CVMA is used,
6M1 + 15A1 if the Karatsuba method is used,

A3 = 3A1,

respectively Therefore, the cost of multiplication in 𝔽p18 using the CVMA is derived by

6M6 + 15A6 = 6(3M3 + 6A3) + 15(2A3) = 18(6M1 + 12A1) + 66(3A1)
= 108M1 + 414A1.
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On the other hand, the cost of multiplication in 𝔽p18 using the Karatsuba method is
derived by

6M6 + 15A6 = 6(3M3 + 6A3) + 15(2A3) = 18(6M1 + 15A1) + 66(3A1)

= 108M1 + 468A1.

The condition for constructing cubic fields as the base field and the required cost of
multiplication with the CVMA or the Karatsuba method in 𝔽p18 are summarized in Ta-
ble 5. Moreover, considering the fact that the sextic twist can be applied for 𝔽((p3)2)3 , it
is possible to handle rational points on 𝔽((p3)2)3 as points on 𝔽p3 . In this sense, the im-
provement of base field arithmetic in this paper contributes to implementing pairing
based cryptography efficiently as an alternative or a new class to classical methods.

Table 5: The summary of the conditions for constructing cubic fields as the base field and the com-
parison of the required cost for multiplication in 𝔽p18 .

Condition for 𝔽p3 Modular polynomial
for 𝔽p3

The cost of
multiplication in 𝔽p18

CVMA p ̸= 7 and p ̸≡ 1,6 (mod 7) x4 + x3 + x2 + x + 1 108M1 + 414A1
Karatsuba 3|(p − 1) and z p−1

3 ̸≡ 1 (mod p) x2 − z 108M1 + 468A1
6 Conclusion

This paper proposed algorithms which are designed based on the Gauss periods of
type (h,m). The algorithms provide fundamental arithmetic over the cubic and the
quartic extensions, which are useful for constructing pairing-friendly fields as tow-
ers of fields. To evaluate the efficiency, the costs were compared with the well-known
algorithms for efficient extension fields arithmetic such as Karatsuba method.

As a consequence, it was found that the proposedmethods require less additions.
As shown in Tables 1, 2, 3, 4, and 5, the proposed methods contribute to construct the
defining field for handling efficient arithmetic. It increases the options for selecting
the suitable structure (basis representation) of the defining field for efficient imple-
mentations. Then, since the conditions for applicable primes are different, one can
use both the proposed method and the classical methods depending on the features
of the base field and that of target devices flexibly. Further improvement and practi-
cal results ought to be discussed for much more efficient and useful algorithms. For
example, it should be theoretically possible to get an equivalent of the Toom–Cook or
the Chung–Hasan-SQR3 method that maybe involves less additions and make it prac-
tically competitive. Such advanced researches are future works.
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Crooked functions
Abstract: Crooked permutations were introduced 20 years ago since they allow to con-
struct interesting objects in graph theory. The field of applications was extended later.
Crooked functions, bijective or not, correspond to APN functions and to some optimal
codes. We adopt an unified presentation of crooked functions, explaining the connec-
tion with partially-bent functions. We then complete some known results and derive
new properties. For instance, we observe that crooked functions allow to construct
sets of bent functions and define some permutations.

Keywords:Vectorial function, Boolean function, derivative, differential set, plateaued
function, partially-bent functions, bent functions, APN function, AB function, permu-
tation

MSC 2010: 12Y05, 33B99

1 Introduction
The crooked functions have been introduced by Bending and Fon-Der-Flaass in 1998,
as combinatorial objects of great interest [1]. Such a function has been defined from V
toW , two n-dimensional vector spaces over 𝔽2, by the following property: the image
set of any of its derivatives is the complement of a hyperplane. This characterization
implies that a crooked function is bijective, and allows, in particular, to construct
distance regular graphs. Later, several authors have developed this work, and have
generalized the previous definition. They notably related the crooked functions with
several optimal objects, which have applications both to cryptography and coding
theory [12, 13].

This paper is a survey on crooked functions, including several new results. We re-
call what is knownabout crooked functions presently.We introduce another approach
to study crooked functions by starting from the so-called partially-bent functions, and
present some new results.

After preliminaries, we propose a brief survey on the (few) papers considering
crooked functions. To our knowledge, the list of references includes all such papers.
Section 4 is devoted to the structure of crooked functions. We begin by proving a link
between partially-bent functions and crooked functions.We later differentiate the two
cases: odd and even number of variables. The odd case was mainly treated in the
first papers, since in this case, crooked functions could be permutations. In Sections 5
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and 6, we show how to construct, respectively, a set of bent functions and a set of per-
mutations, using the nice structure of a crooked function. We conclude by the main
conjecture about the existence of crooked functions.

2 Definitions, basic properties
Throughout this paper, |E| denotes the cardinality of the set E, and E∗ = E \ {0}. Let
F be a mapping, from the finite field 𝔽2n to itself. Such a function is called a vectorial
function, while a function f , from𝔽2n to𝔽2 is, as usually, aBoolean function.We denote
by ℐm(ξ ) the image set of any function ξ .

A vectorial function F, from 𝔽2n to itself, is said to be an almost perfect nonlinear
(APN) function if and only if all the equations,

F(x) + F(x + a) = c, a, c ∈ 𝔽2n , a ̸= 0, (2.1)

have zero or two solutions in 𝔽2n , say x and x + a. Throughout this paper, we use U
to denote a subfield of 𝔽2n , usually 𝔽2n or 𝔽2. For a ∈ 𝔽∗2n , the function from 𝔽2n to U,
defined by

x 󳨃→ DaF(x) = F(x) + F(x + a),

is called derivative of F, with respect to a. We call differential set, in point a, the image
set of DaF:

ℐm(DaF) = {F(x) + F(x + a) | x ∈ 𝔽2n}. (2.2)

Clearly, when F is APN, we have for any a ∈ 𝔽∗2n :
DaF(x) = DaF(x + a) = c, for some c,

for only one pair (x, x + a). This means that DaF is a 2-to-1 function. Thus, one can
formulate the APN property as follows.

Proposition 1. A function F : 𝔽2n → 𝔽2n is APN if and only if all its differential sets have
cardinality 2n−1.

The 2n, so-called, components of F are the Boolean functions

fλ : x 󳨃󳨀→ Tr(λF(x)), λ ∈ 𝔽2n ,

where f0 is the null function, by convention. They are linearly defined bymeans of the
absolute trace on 𝔽2n :

x 󳨃→ Tr(x) = x + x2 + ⋅ ⋅ ⋅ + x2
n−1
.

The dual V⊥, of any subspace V of 𝔽2n , is the subspace of those y such that Tr(yx) = 0,
for all x ∈ V . TheWalsh transform of a Boolean function f , is defined as

a ∈ 𝔽2n 󳨃→𝒲f (a) = ∑
x∈𝔽2n (−1)f (x)+Tr(ax).
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Recall the Parseval’s relation:

∑
a∈𝔽2n(𝒲f (a))

2
= 22n.

We will need the following result.

Lemma 1 ([6, Lemma V.2]). Let f be aBoolean function over𝔽2n , and let V be a subspace
of 𝔽2n of dimension k, 0 ≤ k ≤ n. Then

∑
v∈V(𝒲f (v))

2
= 2k ∑

u∈V⊥ ∑x∈𝔽2n (−1)f (x)+f (x+u).
We now define particular APN functions, which exist for odd n only.

Definition 1. The function F is said to be an almost bent (AB) function if the numbers

μF(a, λ) = ∑
x∈𝔽2n (−1)Tr(λF(x)+ax), (2.3)

are equal to 0 or ±2
n+1
2 only, when a ∈ 𝔽2n and λ ∈ 𝔽∗2n .

Note that μF(a, λ) =𝒲fλ (a) for any fixed λ.
A Boolean function f , over𝔽2n , is said to be bent when𝒲f takes two values {±2n/2}

only, in particular nmust be even then. It is said to be s-plateauedwhen𝒲f takes three
values,

{0, ±2(n+s)/2}, with 1 ≤ s ≤ n − 2 and n + s even.

By convention, a bent function is 0-plateaued. The value 2(n+s)/2 is the amplitude of f .
A plateaued vectorial function is a vectorial functionwhose components are plateaued
Boolean functions. It is said that F is plateaued with single amplitude, when all com-
ponents of F have the same amplitude.

The sum-of-square indicator of f is defined by

ν(f )= ∑
a∈𝔽2n 𝒲2

Daf (0)=2
−n ∑

b∈𝔽2n 𝒲4
f (b). (2.4)

If f is s-plateaued, then ν(f ) = 22n+s. Moreover, the vectorial function F is APN if and
only if

∑
λ∈𝔽∗2n ν(f )= 22n+1(2n − 1) (2.5)

(see [2, Corollary 1]). A Boolean function f is said to be balanced if it takes the values
0 and 1 the same number of times. Recall a well-known result:

Theorem 1. A function F : 𝔽2n → 𝔽2n is a permutation if and only if all its components
fλ, λ ∈ 𝔽∗2n , are balanced.
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3 Brief record
We use our terminology, of the previous section, rather than of the initial works on
crooked functions. The next definition was proposed by Bending and Fon-Der-Flaass
in [1], 20 years ago.

Definition 2. Let F be a function from 𝔽2n to itself. This function is called crooked if it
satisfies the following three properties:
(i) F(0) = 0;
(ii) F(x) + F(y) + F(z) + F(x + y + z) ̸= 0, for any three distinct x, y, z;
(iii) DaF(x) + DaF(y) + DaF(z) ̸= 0, for arbitrary x, y, z, and any a ̸= 0.

This definition implies that such a function F is a bijection over 𝔽2n , where nmust
be odd. Note that the condition (ii) means that F is APN (see (2.1)). Also, F is crooked if
and only if any of its differential sets is a complement of a hyperplane. Further, other
properties are studied, in [1], such as some relations of crooked permutations with
bent functions of dimension n − 1, and with the so-called Kerdock sets.

Crooked permutations allow to construct some distance regular graphs. This was
shown in [1], generalizing previous constructions. Later, van Dam and Fon-Der-Flaass
proposed another construction, and then another generalization (see, in particular,
Theorem 3 of [12]). Conversely, Godsil and Roy have shown that crooked permutations
can be fully characterized by Preparata codes of minimum distance 5. Similarly, some
distance-regular graphs provide crooked permutations [14, Theorems 3, 5].

Since the high interest for APN functions in cryptography and coding theory [10],
the existence of crooked functions was later the core of the research on crooked func-
tions. Kyureghyan proposed another definition of crooked functions, identifying all
APN functions which are such that their differential sets are affine hyperplanes. She
established the basic properties of such functions. She notably proved that themono-
mial crooked functions are quadratic [15, 16].

The APN quadratic functions are crooked. We do not know if crooked functions
of higher algebraic degree do exist. This is a recurring question, about which only
negative results have been obtained. An important result was obtained by Bierbrauer
and Kyureghyan: binomial crooked functions are quadratic [4].

4 Structure of crooked functions
A hyperplane of 𝔽2n is an (n − 1)-dimensional subspace of 𝔽2n over 𝔽2. For any hyper-
plane H there is a unique λ ∈ 𝔽∗2n such that

H = Hλ := {y ∈ 𝔽2n | Tr(λy) = 0}. (4.1)

We will denote by Hλ the complement of Hλ. The dual of Hλ is obviously H⊥λ = {0, λ}.
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The next definition of crooked functions is due to Kyureghan [16]. The corpus of
such functions includes the crooked permutations, but also a large variety of nonbi-
jective crooked functions, especially in even dimension.

Definition 3. A function F, from 𝔽2n to itself, is called crookedwhen it is such that, for
every a ∈ 𝔽∗2n , its differential set

Sa = {F(x) + F(x + a) | x ∈ 𝔽2n}

is an affine hyperplane.

We directly deduce from Proposition 1:

Claim 1. Any crooked function is an APN function.

Assuming that Sa = Hλ or Hλ, for some λ, we get

Tr(λ(DaF(x))) = c, for all x, where c ∈ 𝔽2 is fixed.

This means that the derivative of the component fλ of F, in point a, is a constant func-
tion. In this case, a is said to be a linear structure of fλ. The linear space of fλ is the
subspace, including a = 0, of its linear structures. We will see that crooked functions
have always components with nonzero linear structures.

4.1 Crooked and partially-bent functions

Let f : 𝔽2n → 𝔽2 be a Boolean function of 𝔽2n . Denote by Nd, the number of balanced
derivatives of f , and by Nf , the size of the set {a |𝒲f (a) = 0}. Partially-bent functions
were introduced by Carlet in [9], as functions satisfying

(2n − Nd)(2
n − Nf ) = 2

n. (4.2)

There is another characterization of partially-bent functions, which allows to deter-
mine their Walsh spectrum.

Theorem 2 ([9, Theorem]). ABoolean function f is partially-bent if and only if its deriva-
tives are either constant or balanced.

This leads to the precise description of the Walsh spectrum of any partially-bent
function. Note that bent functions are particular partially-bent functions, with Nd =
2n − 1 and Nf = 0. Moreover, a partially-bent function is, in a certain sense, obtained
by concatenating the same bent function, several times. The next result is partly given
by [9, Proposition 2]. See also [16, Theorem 1], which concerns crooked functions but,
actually, holds for any partially-bent function. For the Walsh spectrum, see a proof in
[7, Proposition 4].
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Corollary 1. Let f be a partially-bent Boolean function. Assume that f has a linear space
V of dimension s > 0.

Then f is an s-plateaued function, such that n+s is even, and𝒲f takes three values,
0 and ±2(n+s)/2. The Walsh spectrum of f is given in Table 1.

Table 1:Walsh spectrum of the Boolean s-plateaued function f .

𝒲f (u) Number of u ∈ 𝔽2n
0 2n − 2n−s
2(n+s)/2 2n−s−1 + (−1)f (0)2(n−s)/2−1−2(n+s)/2 2n−s−1 − (−1)f (0)2(n−s)/2−1
The definition of a partially-bent Boolean function can be extended to the one of a
vectorial partially-bent function as follows.

Definition 4. Let F : 𝔽2n → 𝔽2n . The function F is said to be a partially-bent vectorial
function if every component of F is partially-bent. In particular, when n is even, some
components can be bent.

Theorem 3. Let F be a vectorial function over 𝔽2n with components fλ. Set, for a ∈ 𝔽∗2n ,
Λa = {λ ∈ 𝔽

∗
2n | Dafλ is constant} ∪ {0},

and denote by ℓ(a) the dimension of Λa. Then we have:
– Assume that F is partially-bent. Then the differential sets of F are affine subspaces.

For any a ∈ 𝔽∗2n , this subspace is of codimension ℓ(a), with ℓ(a) ≥ 1 and DaF is a
2ℓ(a)-to-1 function.

– The function F : 𝔽2n → 𝔽2n is a crooked function if and only if F is partially-bent
with ℓ(a) = 1 for every nonzero a.

Proof. Recall that Dafλ(x) = Tr(λDaF(x)), for all x. Obviously, Λa is a subspace of 𝔽2n .
Now, fixing a and x, we compute

B(a, x) = ∑
λ∈𝔽2n ∑y∈𝔽2n (−1)Dafλ(x)+Dafλ(y)
= ∑

y∈𝔽2n ∑λ∈𝔽2n (−1)Tr(λ(DaF(x)+DaF(y)))
= 2n × 󵄨󵄨󵄨󵄨{y | DaF(x) = DaF(y)}

󵄨󵄨󵄨󵄨.

On the other hand, we set for any λ ∈ 𝔽∗2n :
B(λ) = ∑

y∈𝔽2n (−1)Dafλ(x)+Dafλ(y) = (−1)Dafλ(x) ∑
y∈𝔽2n (−1)Dafλ(y).
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We first assume that F is partially bent. Note that ℓ(a) ≥ 1, since otherwise we would
have that the Boolean function Dafλ is balanced, for any λ ∈ 𝔽∗2n , from Theorem 2. This
is impossible since DaF cannot be a permutation (see Theorem 1).

Clearly, B(λ) = 0 if and only if the function Dafλ is balanced. If it is not balanced,
then λ ∈ Λa, and this function is constantly equal to either 0 or 1. In both cases, we get
B(λ) = 2n. Hence, we get

B(a, x) = ∑
λ∈Λa

B(λ) = 2n2ℓ(a), for all x,

implying that the number of y such that DaF(x) = DaF(y) equals 2ℓ(a), i. e., DaF is
2ℓ(a)-to-1. Since ℐm(DaF) is contained in an affine subspace of codimension ℓ(a), ac-
cording to the definition of Λa, ℐm(DaF) is equal to this affine subspace.

Now, we suppose that F is a crooked function. Consider any component fλ of F.
Let a ∈ 𝔽∗2n such that Dafλ is not constant. Set V = ℐm(DaF). Then we have that any x
satisfies:

Tr(λDaF(x)) = 0 if and only if x ∈ V ∩ Hλ.

There are 2n−1 such x, sinceDaF is 2-to-1 andV is an affinehyperplane,which is neither
Hλ nor its complement. Hence Dafλ is balanced. We have proved that fλ is partially-
bent, completing the proof.

Let F be any quadratic function:

F(x) = ∑
0≤i<j<n ui,jx2i+2j , ui,j ∈ 𝔽2n .

The derivatives of F are affine functions, say La for any a ∈ 𝔽∗2n . Thus, F is partially-
bent; it is crooked if and only if every La is an affine function with kernel of dimen-
sion 1.

Corollary 2. Any quadratic vectorial function is partially-bent. It is crooked if and only
if it is APN.

4.2 Crooked functions on 𝔽2n, n odd

In this section, we study crooked functions of odd dimension, bijective or not. Theo-
rem 4 (below) is the main result, describing the exceptional properties of such func-
tions. These results are quite known, but were partially presented in several papers
[13, 15, 16]. First, it is easy to describe the set of crooked permutations.

Lemma 2. Let F be a crooked function such that F(0) = 0, with differential sets Sa. Let a
and λ be such that Sa equals either Hλ or Hλ, where Hλ is defined by (4.1). Then we have

Sa = Hλ ⇐⇒ Tr(λF(a)) = 1.
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Besides, F is a permutation if and only if Sa = Hλ, for any such pair (λ, a). In this case, n
is odd.

Proof. By hypothesis, we have Tr(λDaF(x)) = c for all x, where c ∈ {0, 1}. In particular,
Tr(λF(a)) = c; further, c = 0 means that ℐm(DaF) = Hλ.

The function F is not bijective if and only if F(x) = F(x + a), for some pair (x, a).
Equivalently, there is (λ, a) such that ℐm(DaF) = Hλ, since 0 belongs to ℐm(DaF).

When n is even, F cannot be a permutation, since it is an APN function, which is
plateaued (see [2, Theorem 3]).

When n is odd, a crooked function need not to be bijective, as we show by the next
example.

Example 1. Assume that n is odd. It is well known that

F : x 󳨃→ x2
t+1, with gcd(t, n) = 1,

is an AB permutation. So, it is a crooked permutation. Consider now the function x 󳨃→
G(x) = x2

t+1 + x, which is AB, too, and then crooked. Since G(0) = G(1) = 0, G is not a
permutation.

Definition 5. A Boolean function is said to be near-bent if it is 1-plateaued, i. e., its
Walsh transform takes the values 0 and ±2(n+1)/2 only.
Theorem 4. Let n be odd, F be a crooked function over 𝔽2n with F(0) = 0. For every
a ∈ 𝔽∗2n , define λ(a) as the unique element satisfying

Sa = β + Hλ(a),
where β ∈ 𝔽2n is not unique. Then the following properties hold:
(i) The differential sets Sa are pairwise distinct, which is equivalent to the statement

that a 󳨃→ λ(a) is bijective on 𝔽∗2n .
(ii) Any component fλ of F is a near-bent Boolean function with linear space of dimen-

sion 1, say {0, a}. When fλ is balanced, its derivative in point a is equal to 1. This
holds for any fλ, when F is a permutation.

(iii) F is an AB function.

Proof. Since F is crooked, it is partially-bent. Let fλ, λ ∈ 𝔽∗2n , be the components of F.
Thus, for any λ and for any a, the derivative of fλ, in point a, is either constant or
balanced. Hence

∑
x∈𝔽2n (−1)fλ(x)+fλ(x+a) ∈ {0, ±2n}.

For any fixed λ, there is at least one a, say a(λ), such that Dafλ is constant, since oth-
erwise the function fλ would be bent, which is impossible when n is odd. Thus, we get
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the set of the a(λ), whose size is at most 2n − 1. However, a(λ) = a(μ) = b, for some
μ ̸= λ, would mean the following: the Boolean functions

x 󳨃→ Tr(λDbF(x)) and x 󳨃→ Tr(μDbF(x))

are both constant. This would imply that Sb is of codimension at least 2, a contradic-
tion. To each λ corresponds one and only one a, completing the proof of (i).

We deduce that any component fλ has only one nonzero linear structure, say a,
i. e., its linear space has dimension 1. Obviously, if fλ is balanced, its derivative in point
a is constantly equal to 1.When F is a permutation, all fλ are balanced, completing the
proof of (ii).

From Corollary 1, every fλ is near-bent, providing

𝒲fλ (a) ∈ {0, ±2
(n+1)/2}, for all a ∈ 𝔽2n .

According to Definition 1, F is an AB function, completing the proof.

From Table 1, we know that the support of the Walsh spectrum of any near-bent
Boolean function on𝔽2n has size 2n−1. It could be an affine subspace of codimension 1,
as it holds for components of some crooked functions.

Proposition 2. Let F : 𝔽2n → 𝔽2n , n odd, such that F(0) = 0. Assuming that F is crooked,
the set

Wλ = {a ∈ 𝔽2n |𝒲fλ (a) = 0}

is an affine subspace of codimension 1, for all λ ∈ 𝔽∗2n .
Conversely, assume that the sets Wλ are affine hyperplanes. In this case, if F is APN

then F is crooked.

Proof. Assume thatF is crookedand let λ ∈ 𝔽∗2n . SinceF is anAB function, fλ is partially
bent, with linear space {0, b}, for some nonzero b. Obviously, the function ga : x 󳨃→
fλ(x) + Tr(ax) is partially bent, too, with linear space {0, b}, for any a ∈ 𝔽2n . We know
that any partially-bent function is balanced if and only if it is not constant on its linear
space (see [9, Proposition 2]). Thus, ga is balanced if and only if

Dbga(x) = 1, i. e., Dbfλ(x) + Tr(ab) = 1, for all x.

Hence, we get Tr(ab) = 1+ c, c ∈ 𝔽2, since Dbfλ is a constant function. We can suppose
that c = 0. Thus, ga is balanced if and only if Tr(ab) = 1, that is a ∈ Hb. Thus

Wλ = {a ∈ 𝔽2n | Tr(ab) = 1} = Hb.

Similarly, with c = 1 we obtainWλ = Hb.
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Conversely, suppose that Wλ is an affine subspace of codimension 1, say u + Hb,
u ∈ 𝔽2n , for some b. So, H⊥b = {0, b} and we have from Lemma 1:

∑
a∈Hb

𝒲fλ (a)
2 = 2n−1( ∑

x∈𝔽2n (−1)Tr(λD0F(x)) + ∑
x∈𝔽2n (−1)Tr(λDbF(x))).

ByParseval’s relation, the sumabove on the left is equal either to 0 or to 22n.Wededuce
that Dbfλ is a constant function. So, if DbF is 2-to-1, then ℐm(DbF) is equal to eitherHλ
or Hλ.

4.3 Crooked functions on 𝔽2n, n even

When n is even, crooked functions are partially-bent functions which have bent com-
ponents. We recall this property below in Theorem 5.

Theorem 5. Let F be a plateaued function over𝔽2n , with n even and n > 4. Let 2(tλ+n)/2 be
the amplitude of any component of F, namely of any fλ, λ ∈ 𝔽∗2n . Denote by B the number
of bent components of F. Then F is APN if and only if

B = ∑
λ∈𝔽∗2n ,tλ>0(2tλ − 2). (4.3)

This property holds, in particular, for crooked functions.
Consequently, B satisfies

2(2n − 1)
3
≤ B < 2n − 2n/2, (4.4)

where the lower bound is reached if and only if tλ = 2 for all nonzero tλ.

Proof. Equality (4.3) has been proved in [11, Proposition 6], but may be computed by
using (2.5). Indeed, since each fλ is plateaued, we have ν(fλ) = 2tλ+2n, for any λ, and
then:

A = ∑
λ∈𝔽∗2n ν(fλ) = 22n ∑λ∈𝔽∗2n 2tλ .

According to (2.5), F is APN if and only if A = 22n+1(2n − 1), providing
B + ∑

λ∈𝔽∗2n ,tλ>0 2tλ = 2(2n − 1) = 2(B + N), (4.5)

since 2n − 1 = B + N with N = |{λ | tλ > 0}|. Hence, the equality above is equivalent to
(4.3). Note that tλ > 0 implies tλ ≥ 2, since n + tλ must be even.

The lower bound of B, in (4.4), is known (see [2, Corollary 3]). The upper bound
has been proved by [18, Theorem 3]. It cannot be reached here, since we must have
B ≡ 2 (mod 4), from (4.5).
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By the study of bent components, one understand precisely the difference be-
tween odd and even cases. Let F be a crooked function on 𝔽2n , with components fλ.
We have seen that, when n is odd, there is a one to one correspondence λ 󳨃→ a(λ),
where a(λ) is the unique linear structure of fλ. When n is even, the linear space of fλ
has dimension s, where s is even. So, either fλ is bent (s = 0) or s ≥ 2. The number
of hyperplanes involved in the structure of F is at most (2n − 1)/3. For any a, there is
one and only one λ such that ℐm(DaF) is equal to Hλ or to Hλ. But, the function Dafλ
is constant for any a belonging to the linear space of fλ. There are at least three such
nonzero a, when fλ is not bent.

Proposition 3. Let F be a crooked function on 𝔽2n , n even, with components fλ. For any
a ∈ 𝔽∗2n , there is a unique λ such that the derivative of fλ, in point a, is a constant func-
tion.

Conversely, any function fλ is either bent or with linear space V of dimension k ≥ 2.

Proof. By hypothesis, ℐm(DaF) is a hyperplane Hλ, or the complement of Hλ, for any
a ∈ 𝔽∗2n . Hence Tr(λDaF(x)) = c, for all x, where c ∈ 𝔽2. Such a λ is unique, because
otherwise ℐm(DaF) would be an affine subspace of codimension 2.

Since F is a plateaued APN function, at least 2(2n − 1)/3 components of F are bent.
Let fλ be anonbent component. Its linear set has an evendimension, so this dimension
must be greater than or equal to 2.

5 Bent functions from crooked functions

In this section, we consider crooked functions over 𝔽2n , where n is odd. The compo-
nents of such a function are near-bent Boolean functions. Moreover, every compo-
nent has (only) one derivative which is a constant function. (see Theorem 4). We will
show that a set of 2n − 1 bent functions of n + 1 variables can be derived, using this
strong property. Our main reference is the construction of Leander and McGuire [17],
on the near-bent Boolean functions, that we apply to vectorial functions which are
crooked. We first recall some facts which are more or less known, maybe not in this
form.

Lemma 3. Let f be a near-bent Boolean function over 𝔽2n , where n is odd. Assume that
f (0) = 0. Then (i) and (ii) are equivalent:
(i) f has a constant derivative in point a ∈ 𝔽∗2n .
(ii) There exists a such that

{u ∈ 𝔽2n |𝒲f (u) = 0} = {u ∈ 𝔽2n | Tr(ua) = 1 + f (a)}.

Proof. Note that, f cannot have more than one linear structure, since it is near-bent.
Assume that there is (a unique) a such that Daf (x) = c, for all x, where c ∈ 𝔽2. Thus,

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



98 | P. Charpin

c = f (0) + f (a) = f (a). Now, we compute𝒲f (u):

𝒲f (u) = ∑
x∈𝔽2n (−1)f (x)+Tr(ux) = ∑x∈𝔽2n (−1)f (x+a)+Tr(u(x+a))

= ∑
x∈𝔽2n (−1)f (x)+f (a)+Tr(u(x+a))
= (−1)f (a)+Tr(ua)𝒲f (u),

since f (x) + f (x + a) = f (a). Clearly, if u is such that Tr(ua) + f (a) = 1 then𝒲f (u) = 0.
But, there are 2n−1 such u, proving that (ii) holds.

Now suppose that (ii) holds, for some a. Recall that

Ha = {u ∈ 𝔽2n | Tr(ua) = 0} so that H⊥a = {0, a}.
Thus, the set of those u such that 𝒲f (u) = 0 is either equal to the hyperplane Ha, or
equal to its complement, according to either f (a) = 1 or f (a) = 0. So, we can apply
Lemma 1:

∑
v∈Ha

𝒲f (v)
2 = 2n−1( ∑

x∈𝔽2n (−1)0 + ∑x∈𝔽2n (−1)f (x)+f (x+a)).
By hypothesis, this sum equals 0 if f (a) = 1 and 22n if f (a) = 0, since the Parseval’s
relation. This is possible only ifDaf is a constant derivative of f . It is the only one such
derivative, since f is near-bent.

Lemma 4. Let f be a near-bent Boolean function on 𝔽2n (n odd) such that f (0) = 0.
Assume that f has a linear structure a. Let g be the function from G = 𝔽2n × 𝔽2 to 𝔽2:

g(x, y) = (y + 1)f (x) + y(f (x) + Tr(a−1x)) (5.1)

Then g is a bent function of n + 1 variables.

Proof. For any u, we denote by fu the Boolean function x 󳨃→ f (x) + Tr(ux). Let b = a−1.
The restriction of g to 𝔽2n (y = 0) and to its complement in G (y = 1) are respectively f
and fb which are both near-bent Boolean functions. Moreover,

Daf (x) = f (a) and Dafb(x) = f (a) + Tr(ba) = f (a) + 1 = fb(a),

since Tr(ba) = Tr(1) = 1. Let u ∈ 𝔽∗2n . Applying Lemma 3, fu is balanced if and only if
Tr(ua) = 1 + f (a) and fb+u is balanced if and only if

Tr(a(u + b)) = 1 + f (a), providing Tr(ua) = 1 + 1 + f (a) = f (a).

Thus fu is balanced if and only if fb+u is not balanced. This is equivalent to say that g
is bent (see [6, Theorem V.3] or [17, Theorem 2]).
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Now,we consider a crooked function F, from𝔽2n to itself. According to Theorem4,
we know that all components fλ of F are near-bent with a (unique) constant derivative.
This allows to derive a specific set of bent functions from any crooked function, in odd
dimension.

Theorem 6. Let F be a crooked function over 𝔽2n where n is odd, such that F(0) = 0.
Denote by aλ the linear structure of the component fλ of F. Then we get a set B(F) of
2n − 1 bent functions gλ, each from G = 𝔽2n × 𝔽2 to 𝔽2:

B(F) = {gλ(x, y) = (y + 1)fλ(x) + y(fλ(x) + Tr(a
−1
λ x)) | λ ∈ 𝔽∗2n}.

Proof. Since F is a crooked function, there is a bijective correspondence between the
λ ∈ 𝔽∗2n , and then the functions fλ, and the linear structures aλ of every fλ. Thus,
Lemma 4 applies for every λ, using a−1λ , providing 2n − 1 distinct bent functions.

Remark 1. The construction, given by Theorem 6, could be of interest regarding the
problem of the existence of crooked functions. It would be useful to exhibit some
properties of B(F), or to construct other sets of bent functions. For instance, gλ could
have an higher degree, by replacing fλ by another Boolean function, affinely equiva-
lent to fλ. The question is to know if such a set of bent functions does exist, for some
degree greater than 2.

Note that a set like B(F) is not a subspace, but could generate a linear code with
few weights.

To derive effectively bent functions from a given crooked function, it is necessary
to have an expression of the linear structures aλ. This is generally an open problem,
even when F is a quadratic APN function.

Example 2. Let F(x) = x2
k+1, F : 𝔽2n → 𝔽2n , n odd. It is well known that F is crooked

if and only if gcd(k, n) = 1. For any λ ∈ 𝔽∗2n , the unique linear structure of fλ is aλ =
λ−1/(2k+1). Thus, for any λ ∈ 𝔽∗2n ,

gλ(x, y) = (y + 1) Tr(λx
2k+1) + y(Tr(λx2k+1) + Tr(λ1/(2k+1)x)),

is a bent function, (x, y) 󳨃→ gλ(x, y), from 𝔽2n × 𝔽2 to 𝔽2.

6 Permutations from crooked functions
Any crooked function allows to construct a set of permutations, via their derivatives.

Theorem 7. Let F : 𝔽2n → 𝔽2n , such that F(0) = 0. Assume that F is a crooked function.
Define, for any a ∈ 𝔽∗2n :

x 󳨃→ Ga(x) = F(x) + F(x + a) + F(a).

Let us define:
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– λ ∈ 𝔽∗2n , defining the hyperplane Hλ, which is the image set of Ga;
– β be such that Tr(λβ) = 1, i. e., β ̸∈ Hλ;
– Hμ be any hyperplane such that Tr(μa) = 1, i. e., a ̸∈ Hμ.

Then the function

x 󳨃→ Ra(x) = Ga(x) + β Tr(μx)

is a permutation, such that Ra(Hμ) = Hλ.

Proof. Let x ̸= y such that Ra(x) = Ra(y). We get

Ga(x) + Ga(y) = β(Tr(μ(x + y))).

If Tr(μ(x + y)) = 0, then Ga(x) + Ga(y) = 0, which implies y = x + a, since Ga is 2-to-1
and Ga(x) = Ga(x + a). In this case, we get Tr(μ(x + y)) = Tr(μa) = 0, a contradiction.

Now suppose that Tr(μ(x + y)) = 1. Hence Ga(x) = Ga(y) +β. But this is impossible,
since Ga(x) and Ga(y) belong to Hλ while β ̸∈ Hλ. Thus, we get again a contradiction
and can conclude that Ra is a permutation.

By construction, Ra(Hμ) = Hλ, since Tr(μx) = 0 for all x ∈ Hμ and Ga(Hμ) = Hλ.
Indeed, Ga is 2-to-1 and its image set isHλ. For any pair (x, x+a), we have x ∈ Hμ if and
only if x + a ∈ Hμ (with Ga(x) = Ga(x + a)).

7 Comments to conclude
As a prelude of this conclusion, we want to recall the main conjecture concerning
crooked functions:

Conjecture. Let F : 𝔽2n → 𝔽2n be a crooked function, as defined by Definition 3. Then
F is quadratic or, in other terms, has algebraic degree 2.

By the two previous sections, we aim to exhibit specific constructions which are
possible onlywith crooked functions. Our purpose is to opennewways to study the ex-
istence of crooked functions.We are convinced that other properties have to be found,
increasing the knowledge on crooked functions, especially on the existence of such
functions.

On the other hand, the quadratic functions form a corpus of great interest about
which many problems remain open. In particular, we are still far from understanding
the different structures of quadratic APN functions of even dimension. The determina-
tion of the number of bent components of such a function would be of great interest.
Negative answers, concerning the APN property of quadratic vectorial functions, have
been obtained, for instance, in [2, 5]. In [3], a description of the corpus of binomial
crooked functions is presented. As a conclusion, Bierbrauer has conjectured that, up
to equivalence, no other binomial crooked functions exist.
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Crooked functions of codimension k, 1 ≤ k ≤ n − 1, appeared during the cryptanal-
ysis of a hash function, called MARACA [8]. Here, the differential sets are affine sub-
spaces of same codimension. The authors of this cryptanalysis, Canteaut and Naya-
Placienta, introduced the crooked property. They have shown that this property could
make a cryptographic primitive very weak.Wewill explore, in amore general context,
the functions having the crooked property, in a forthcoming work.
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Galois stratification and uniformity
Abstract:We consider three general problems about Diophantine statements over fi-
nite fields that connect to the Galois stratification procedure for deciding such prob-
lems. To bring to earth the generality of these problems, we clarify each using the
negative solution of U. Felgner’s simply stated question relating pairs of finite fields
𝔽p and 𝔽p2 for large primes p.

For a diophantine problem, D, interpretable for almost all primes p, the paper
plays on attaching a Poincaré series, PD,p, to (D, p). The rationality and computability
of PD,p as p varies gives some aspects of continuity. Most interesting, though, is how
the coefficients of PD,p vary with p. The paper notes three ways to give counts for those
coefficients:
– points mod p achieving particular conjugacy classes in a Galois stratification;
– points mod p on absolutely irreducible varieties; or
– traces of the p Frobenius on a Chow motive.

The gist of this paper, using one explicit well-known diophantine problem, is that Ga-
lois stratification naturally tethers these three abstract approaches. Among [19], [20],
[10], and [22] is a history of the fundamental ideas and originalmotivations for extend-
ing the Galois stratification procedure. Others, [38], [28], and [36] referred to in Sec-
tion 4 show a more extensive set of motivations for extending the topic today. So, it is
time for an introduction relating the ideas to Deligne’s proof of the Weil Conjectures
and Langland’s Program applied to two specific recognizable problems/examples.

Keywords: Galois stratification, field arithmetic, Dwork cohomology, ℓ-adic coho-
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1 Three general problems on finite field equations

Traditional diophantine statements consider algebraic subsets of affine space with
blocks of variables with some, say x = (x1, . . . , xm), unquantified, and others, say
y = (y1, . . . , yn), quantified by the symbols ∃ and ∀. Questions over finite fields often
assume the equation coefficients are in ℤ. For example, they might consider x and
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y taking values in the residue class fields 𝔽p, and ask if the statements are true for
almost all p.

1.1 Introducing the three problems

Long time results on variants using Galois stratification (§2.1) have detailed literature
as in [22, Chapters 30–31]. There are, however, three topics inadequately treated there.
(1.1a) Testing how a quantified D over distinct residue fields cohere – uniformity in p

– using equivalent data from reducing an unquantified object overℚmodmost
primes p.

(1.1b) Coordinating (*) affine space arguments and (**) arithmetic homotopy with
scheme or projective geometry language (the natural domain of arithmetic ge-
ometry).

(1.1c) Considering statements with variables taking values in the algebraic closure of
𝔽p, but fixed by respective powers of the Frobenius Frp:

for x (resp. y)(Frd1p , . . . , Fr
dm
p )

def
= Frdp (resp. (Fr

e1
p , . . . , Fr

en
p ) = Fr

e
p). (1.2)

To help understand aspects of all three problems, we use Felgner’s problem:

Can we define the fields 𝔽p within the theory of the fields 𝔽p2?

Comments on notation and background
Weassume the reader knows themeaningof thewords cover of normal quasi-projective
varieties, where covermay, usually here, includes ramification, but is a finite, flatmor-
phism (Grothendieck’s definition). Although [27] is much more comprehensive, we
still find it valuable to refer to [33] for proofs through special illuminating cases. Espe-
cially for Segre’s proof that normalization in a function field of a quasi-projective vari-
ety is also quasiprojective [33, p. 400]. The constructions alluded to in this paper also
depend on Chevalley’s theorem that the image of a constructible set is constructible
[33, p. 97].

Neither is illuminating on the phrase nonregular Galois cover for a very good rea-
son; both do almost everything over algebraically closed fields. The Galois stratifica-
tion procedure confronts situations in which φ : Y → X is a cover of absolutely ir-
reducible varieties over a (perfect) field K (with algebraic closure K̄), while its Galois
closure φ̂ : Ŷ → X, Ŷ is not absolutely irreducible over K. In other words, K(Ŷ) ∩ K̄ is
a nontrivial extension of K.

Comments on (1.1a)
For any prime p in (1.1a), a Galois stratification allows eliminating the quantifiers on
the variables, producing a quantifier-free statement. The ℚ object in (1.1a) – a Ga-
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lois stratification object, but over ℚ rather than over a finite field – has not been
previously emphasized, though it has always been present. Though more general
than a pure algebraic variety, it allows all the elimination theory and reductions mod
primes.

At the heart of the Galois stratification procedure is its use of the nonregular Cheb-
otarev analog. We use the acronymNRC. Both the nonregular adjective and the Cheb-
otarev error term impact its use, as in the negative solution of Felgner’s problem. It
appears in two ways:
(1.3a) Eliminating quantifiers, the main reason we introduced the stratification pro-

cedure; and
(1.3b) estimating the unquantified variable values satisfying the diophantine condi-

tions.

We can untangle the two steps of (1.3). So doing reveals two separate aspects of the
stratification procedure. Its use in (1.3a) for collecting finite fields points. Then its gen-
eralization of quantifier elimination over many other collections of fields, as appears
in [22, Chapter 30] as well as the variant given in (1.1c).

Starting with an elementary diophantine statement (problem) D, the procedure
generalizes elementary statements to Galois stratifications 𝒮. In each generalizing
case, every step of the stratification procedure produces a new Galois stratification.
The number of steps depends on the number of blocks of quantified variables. Sec-
tion 2.1 gives the notation and explains the main theorem as given in several sources
starting from [19].

That is, suppose there are k blocks of quantified variables. For each prime p, this
produces ̄𝒮p

def
= {𝒮p,k , . . . ,𝒮p,0}, a sequence of Galois stratifications (starting at k going

to 0), and a finite Galois extension K̂/ℚ (with groupGP). Excluding a finite computable
set of primes p, these have the following property. For p a prime unramified in K̂, de-
note an element of the conjugacy class of the Frobenius at p by Frp, and its fixed field
in K̂ by K̂p.

For each conjugacy class C of values of the Frobenius, Frp ∈ GP, there
is an object ̄𝒮C over K̂p whose reduction mod a prime above p gives ̄𝒮p. (1.4)

That gives a start to many aspects of uniformity in p.
One form of the stratification procedure moves through field theory – after all,

Field Arithmetic is the [22] title – based on Frobenius fields. While we still rely on de-
tails on the stratification procedure, Section 2.2 gives an overview hitting the most
significant of those details. Especially it shows the role of the Chebotarev analog.

Section 2.3 emphasizes the word nonregular in that analog and its subtleties. For
example, this gives the main distinctions, running over classes C in G, between the
collections ̄𝒮C.
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Comments on (1.1b)
From the beginning, there was an idea of attaching a more concise object, a Poincare
series Pp

def
= PD,p, to ̄𝒮p. The stratification procedure was the main tool in showing this

object to be a computable rational function. The tension between (*) and (**) in (1.1b)
appeared long before [19] as recounted in [18] where this author’s applications to finite
field questions used Riemann’s work and projective geometry. The tension continued:
– on one hand, in applying Bombieri’s use of Dwork’s affine/singular theory of the

zeta function to explicitly compute stratification Poincaré series characteristics;
and;

– on the other, the Denef–Loeser (and Nicaise) production of Poincaré series coef-
ficients as Chow motives. Deligne’s proof of the Weil conjectures is in the back-
ground.

Continuing the comments on (1.1a), the nonregular adjective shows in Theorem 2.11. It
gives how the stratification procedure varies with either the prime p (or in applying it
to a specific finite field, the extension 𝔽q for q a power of p).

Section 2.3.3 applies the main theorem to Felgner’s problem. Here – I suspect a
careful reader will agree – a mere cardinality estimate, rather than some precise un-
derstanding of the variance with either the prime p or the extension 𝔽q for q a power
of p, seems inadequate.

Yet, there is considerable flexibility in how those Poincaré series capture infor-
mation. Section 3.3.1 illustrates with an a diophantine example the author has used
with undergraduates. (Proofs are anothermatter.) This example helps picture how the
reference to Chow motives, as pieces of étale cohomology groups, works.

Comments on (1.1c)
Section 1.2 explains Felgner’s problem in very down-to-earth language. Felgner is a
piece from the case m = 1, d1 = 1, with all eis equal to 2. It poses for Galois strat-
ifications – expanded by Frobenius vectors (like Frdq ) – the nature of corresponding
Poincaré series. For example, when can they be derived from standard Poincaré se-
ries?

This latter story passes through work of D. Wan, who introduced a Zeta function
in the unquantified case, generalizing Artin’s zeta where all dis are 1, and Hrushovski
and Tomasicwho took amodel theoretic approach, enhanced byGalois stratification.1

Fromconstraints on space and time,we limit our responses to questions (1.1b) and
(1.1c) tomerelymotivating seriously using these Poincaré series, as if their coefficients
are Chow motives to which you apply the Frobenius Frp. Our goal is to ask questions

1 This starts with Ax and Kochen on the Artin conjecture on p-adic points on forms of degree d in
projective d2-space. To understand my motivation, consider the down-to-earth problems I connected
to classical arithmetic geometry as recounted in the partially expository [17] and [18].
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about their variance with p. Especially for what p certain especially simple results oc-
cur, as given explicitly in our example. We expect to expand on parts of Section 4.2 in
a later paper.

1.2 Felgner clarifies what are statements over finite fields

A traditional question in the theory of finite fields starts with blocks of variables
yi ∈ 𝔸ni , i = 1, . . . , k. Below we use the notation∑kj=1 nj def= Nk . Assume these blocks are
respectively quantified by Q1, . . . ,Qk = Q. Also we have a separate unquantified block
of variables x ∈ 𝔸m together with an algebraic set X described by

{(x, y1, . . . , yk) | φ(x, y1, . . . , yk)}.

Here, φ is a collection of polynomial equalities and inequalities with coefficients
in a ring R, defining a constructible subset of 𝔸m+Nk . A traditional question is, given
φ and Q1, . . . ,Qk, and no x variables, is there a useful procedure for deciding if the
statement is true for almost all finite fields 𝔽q in the following collections:
(1.5a) R = 𝔽p: q are powers of a given p.
(1.5b) R = 𝒪K , ring of integers of a number field K: q = |𝒪K/p|, orders of residue class

fields.
(1.5c) R = ℤ, the whole Universe case: All 𝔽q.

Section 2.1 explains the main theorem of Galois stratification. It is a stronger result
than that above in that our starting statement usually includes unquantified vari-
ables x. Then the result is that the starting statement – with, excluding x, all vari-
ables quantified – is equivalent to one with no quantified variables. That is, it gives an
elimination of quantifiers. We use Felgner’s problem [14] to show its value and how it
works.

In each case, in changing “almost all” to “all,” our method (and generalizations)
leaves checking afinite number of primepowers. For someproblems those exceptional
qs could be accidents. For others – motivated by classical cases – they could be sig-
nificant. The Poincaré series approach (§3.1), seeking a significant rational function,
has been the gold standard.

Felgner– in language reminiscent of the above (withm = 1) – asks if given x󸀠 ∈ 𝔽p2 ,
is (x󸀠, y1, . . . , yk) ∈ X true for Q1y1 . . .Qkyk ∈ (𝔽p2 )

Nk , if and only if x󸀠 ∈ 𝔽p?
Except we are asking about a different set – {𝔽p2 | p prime } – of fields than those in-
cluded in any of the lists (1.5). Ourmethod easily tolerates such flexibility. Further, the
negative conclusion holds even if we asked for its truth replacing p by prime-powers
q (𝔽p 󳨃→ 𝔽q, 𝔽p2 󳨃→ 𝔽q2 ) and just for infinitely many q.
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The conclusion about the set of such x󸀠 opens territory that is not hinted at by the
list (1.5). Still, the nature of that set arising with actual problems in finite fields (as in
Section 3.3), is the model for which the original result aimed. Here is an example of
what we will exclude. Take k = 2, and Q = (∃, ∀). Read this as follows:
(1.6a) Given x󸀠 ∈ 𝔽q, there exists y󸀠1 ∈ (𝔽q2 )n1 with y󸀠2 ∈ (𝔽q2 )n2 , so that (x󸀠, y󸀠1, y󸀠2) ∈ X.
(1.6b) But if x󸀠 ∈ 𝔽q2 \ 𝔽q, then for any y󸀠1 ∈ (𝔽q2 )n1 there is y󸀠2 ∈ (𝔽q2 )n2 with
(x󸀠, y󸀠1, y󸀠2) ̸∈ X.

It seems so simple: x ∈ 𝔽q2 is in 𝔽q if and only if Frq(x)
def
= xq = x.

How could it fail that some algebraic statement generalizing (1.6)
would encapsulate this?

2 The main theorem of Galois stratification
The main theorem inductively, Section 2.1, eliminates quantifiers for problems that

start as elementary statements interpretable over any extension
of a residue class field of the ring of integers of a number field K. (2.1)

First, we give the appropriate main theorem version that allows the elimination. This
includes all possible statements that might have answered Felgner’s question in the
affirmative. To simplify discussing the procedure, take as fundamental the following
problem.

Is a statement true for almost all residue class fields ℤ/p = 𝔽p (i. e., R = ℤ in (1.5)).

Given the elementary statement start of (2.1), we expediently consider the excep-
tional stratification primes (Definition 2.2) not included in the phrase “almost all.”2

That thereby allows the procedure to consider if a statement holds for all primes or
variants of that question.

The philosophical differences between [19] and [22] are small, though there are
more details in the latter. That is primed to handle – Frobenius field – results more
general than the finite field case. It shows there is a general Galois stratification idea.
Then you adjust by using anNRC replacement for each collection of (so-called) Frobe-
nius fields.

This approach produces the finite field case by observing, if q is large, then the
collection of finite fields behaves like a collection of Frobenius fields.3 We do not redo
that. Rather we show a path through [22, Chapter 30] in Section 2.2 – with an example
– that works.

2 Theword exceptional has two, incompatible uses in this paper, forced on us by the historical record.
I have put the word stratification in this one to separate them.
3 That is no surprise since that was in the original motivations for [22].
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2.1 Galois stratification and elimination of quantifiers

The starting field for the diophantine statement D here is eitherℚ (or some fixed field
K containingℚ) or a finite field 𝔽q (usually 𝔽p). To simplify, we assume that we start
either with ℚ (or with coefficients in ℤ) or with 𝔽p. Here is the procedure abstractly,
starting with the definition of Galois stratification.

In the rest of this subsection, our goal is consider residue class fields. Then Sec-
tion 2.2 generalizes, as done in [22], butwith different emphasis, how that gives objects
overℚ.
(2.2a) There exists a stratification 𝒮k (a disjoint union of normal algebraic sets)

⋃̇
lk
j=1Xj,k , covering𝔸m+Nk .

(2.2b) For each (j, k), 1 ≤ j ≤ ℓk, there is a Galois (normal) cover φ̂j,k : Ŷj,k → Xj,k4 with
group Gj,k and a collection, Cj,k, of conjugacy classes of Gj,k .5

(2.2c) Then, in place of (x󸀠, y󸀠1, y󸀠2) ∈ (or ̸∈)X(𝔽q) we ask this. For (x󸀠, y󸀠1, . . . , y󸀠k) ∈
𝒮k(𝔽q),

if (x󸀠, y󸀠1, . . . , y󸀠k) ∈ Xj,k, then the Frobenius, Frx󸀠 ,y󸀠1 ,...,y󸀠k ∈ Gj,k at the point,
is in Cj,k .

Ambiguity in the coefficients of equations
In [22], the covers are always taken to be unramified, but the essential is whether hav-
ing theFrobenius in the conjugacy classes is unambiguous.Wehavepurposely left am-
biguous the coefficients of the equations defining the ingredients of (2.2a) and (2.2b).
Indeed, the procedure works like this:
(2.3a) Gaap: The original statement is overℚ (or even over ℤ), but we do not care, for

finitely many p, if it is not true or even for (2.2c) applicable.
(2.3b) Gallp: The original statement is overℤ,meaningful for each prime p andwehave

the option of deciding if, after finding it true for a. a. p, whether it is true for all p.

Definition 2.1. For each Galois cover φ̂ : Ŷ → X in a Galois stratification 𝒮, we need
an affine space description of the underlying spaces, and of the group of the cover.
Running over all possible (j, k), we refer to this collection as the characteristics of 𝒮.

It is easiest to describe the characteristics when the spaces are described as ex-
plicit open subsets of affine hypersurfaces, as they are in [22]. There are two possible

4 By putting a ̂over φ we are reminding that this is a Galois cover with automorphisms defined over
the field of definition of the cover.
5 For the problems in this paper, it suffices to take Frobenius classes. Each is a union of conjugacy
classes of Gj,k where if g is in one of these, then so is gu if (u, ord(g)) = 1.
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situations wherewemight apply the stratification procedure assuming our initial goal
is to decide if we can interpret it over 𝔽p by reduction mod p, and then if it is true for
almost all p.

These situations are compatible with the main theorem (2.4). It uses coefficients
initially overℚ, producing a finite set,Mk−1, of primes for which (2.4) holds.
(2.4a) Either the resulting (over)ℚ equations do not make sense of (2.2c); or the fibers

of the underlying stratification pieces are not flat over Spec(ℤp); or
(2.4b) the Chebotarev estimates of (2.11) for some q divisible by p do not assure hitting

all appropriate conjugacy classes.

The flatness statementmeans that reductionmod p preserves the characteristics of the
stratification. In applying Denef–Löeser Section 3.3, what we call the characteristics
is strengthened, but the idea is the same.

Definition 2.2. In the ith step of the induction procedure, refer to the respective
primes, the exceptional stratification primes of (2.4), as Mi,a and Mi,b, i = k−1, . . . ,0,
and their union by Mi. We include in Mi the primes from Mi+1. So M0 ⊃ M1 ⊃ ⋅ ⋅ ⋅ ⊃
Mk−1.

It is for the strong Poincaré series result of Theorem 3.1 that we have divided
these considerations of primes. Following the stratification procedure format in The-
orem 2.4, Section 2.3 gets into these significant issues: Reduction mod p; and the
nonregular Chebotarev analog.

The extra point, not discussed in [22, Chapter 31], is how the diophantine illumi-
nating properties of the Poincaré series in Theorem 3.1 vary as a function of p ̸∈ Mi. Es-
pecially, how they depend on the nonregular analog as illustrated by the Section 3.3.1
example.

Inductive stratification notation
Below some additional notation replaces k by the index i. For example, we replace Nk
by Ni = ∑

i
j=1 nj. Assume the problem has one quantifier for each block of variables.

Our original example, illustrating a possible answer in Section 1.2 for Felgner, used
two quantifiers.

Galois stratification allows eliminating one quantified block of variables, at
a time, using a general, enhanced, Nonregular Chebotarev Density Theorem. Sec-
tion 2.3 explains how that contributes to the main theorem (2.4) by which the elim-
ination inductively forms a sequence of Galois stratifications: 𝒮k , . . .𝒮0, with triples
(X∙,u,G∙,u,C∙,u), u = k, . . . ,0.

For each u, the ∙ indicates a sequence for 1 ≤ j ≤ ℓu of underlying spaces in the
stratification that satisfy the following properties.

As in (2.2b), saying Frx󸀠 ,y󸀠1 ,...,y󸀠i ∈ C∙,i means that if the subscript point is in Xj,i, then
Frx󸀠 ,y󸀠1 ,...,y󸀠i refers to the conjugacy class value in the Galois cover Ĉj,i → Xj,i.
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The variables x of the Galois stratification (X∙,0,G∙,0,C∙,0) of𝔸m are unquantified.
For the ith stratification 𝒮i, the quantifiers are Q1, . . . ,Qi; we suppress their notation.

Definition 2.3. For x󸀠 ∈ 𝔽mq , we say 𝒮i(x󸀠; q) holds
if Frx󸀠 ,y󸀠1 ,...,y󸀠i ∈ C∙,i for Q1y

󸀠
1 ⋅ ⋅ ⋅Qiy

󸀠
i ∈ 𝔸(𝔽q)

Ni . (2.5)

A relative version concentrates at the ith position. For x󸀠, y󸀠1, . . . , y󸀠i−1 ∈ 𝔽m+Ni−1
q

we say 𝒮i(x
󸀠, y󸀠1, . . . , y󸀠i−1; q) holds if Frx󸀠 ,y󸀠1 ,...,y󸀠i ∈ C∙,i for Qiy

󸀠
i ∈ 𝔸(𝔽q)

ni . (2.6)

The notation ̄𝒮p
def
= {𝒮p,k , . . . ,𝒮p,0} from (1.4), for a sequence of Galois stratifi-

cations – with its attendant sequence of exceptional stratification primes Mk . . . ,M0
– appears at the end of the Theorem 2.4 statement. Also, Theorem 2.4 refers to the
Frobenius in a finite Galois extension K̂/ℚ, and the Frobenius (conjugacy class), Frp
attached to a prime p in this extension.

Theorem 2.4 (Main theorem [19]). Assume quantifiers Q1, . . . ,Qk and, 𝒮k,p, an initial
Galois stratification over ℚ, in situation (2.3a). Then we may effectively form a stratifi-
cation sequence ̄𝒮p, as above, for each p ̸∈ M0 with the following properties:
(2.7a) Local property: Given x󸀠, y󸀠1, . . . , y󸀠i−1 ∈ 𝔽m+Ni−1

p , Frx󸀠 ,y󸀠1 ,...,yi−1 ∈ C∙,i−1 if and only if
𝒮i(x󸀠, y󸀠1, . . . , y󸀠i−1; p) holds.

(2.7b) Inductive result: x󸀠 ∈ 𝔽mp , then Frx󸀠 ∈ C0 if and only if Sk(x󸀠, p) holds.
Further, there is a finite Galois extension K̂/ℚwith group G def

= G𝒮k
and a finite collection

of stratification sequences j ̄𝒮 , j = 1, . . . , μ, over K̂p (see Section 2.2) with this property. For
each p ̸∈ M0, ̄𝒮p is the reduction of j ̄𝒮 mod p for some j depending only on Frp in G.

Remark 2.5. The last paragraph in Theorem 2.4 is there to compare the stratification
procedure for a given p to a process that works uniformly in p. We are giving several
approaches: the Frobenius field approach (Section 2.2); the finite field approach, and
sometimes just deciding the truth of a diophantine statement for p. Still, all of them
– including the ultimate count, as in the abstract, in the Poincaré series – depend on
locating absolutely irreducible varieties related to the stratification procedure.

Remark 2.6 (Extend Theorem 2.4). For a given p, wemay replace the quantification of
the variables in𝔽p by quantification of its variables in𝔽q with q any power of p. Again,
the correct j ̄𝒮 depends only on Frq ∈ G. See Remark 2.7 for the adjustment that applies
to considering powers of q divisible by p ∈ M0.

Remark 2.7. Notation of Definition 2.2 gives a procedure starting with the subscript
i = k, endingwith i = 0. Even, however, for primes inM0 under hypothesis Gallp (2.3b),
the equation coefficients are in 𝔽p. We may then perform the stratification procedure.
That allows deciding for each such p if the statement is true over 𝔽q for almost all
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powers q of p, so long as q is large enough for the Chebotarev conditions to hold. This
extends Remark 2.6. We cannot, however, expect the stratification to come from an
object over ℚ (by reduction mod p) or to be related in any obvious way to one of the
stratifications j ̄𝒮 given in Theorem 2.4.

2.2 The general stratification procedure

The qualitative point of the NRC is this.

To know, for a Galois cover φ̂ : Ŷ → X over a finite field, what conjugacy
classes (or cyclic subgroups) generate decomposition groups running
over x ∈ X(𝔽q). (2.8)

Section 2.3 shows the role of the Chebotarev theorem in Theorem 2.4. Especially
that it gives a rough count of the x󸀠 ∈ 𝔽mq for which 𝒮k(x󸀠, q) holds. This section out-
lines how [22, Chapters 30–31] gives Theorem 2.4. We trace the general form of the
stratification procedure.

Definition 2.8. A profinite group G has the embedding property if given covers6 of
groups ψG,A : G → A and ψB,A : B→ A, for which B is a quotient of G, then

there is a cover ψG,B : G → B with ψG,A ∘ ψG,B = ψG,A.
The name superprojective is thus apt for a group that is projective – in the category of
profinite groups – with the embedding property.

That is, the embedding property is just projectivity with the extra condition that
ψG,B is a cover, given the necessary condition on B. This definition starts the analogy
between finite fields and the very large class of Frobenius fields – again a reason for
the existence of [22] – and whereby progress was achieved using Galois stratification
[20].

[22, Section 24.1] develops the theory of Frobenius fields M:
(2.9a) M is a PAC field (all absolutely irreducible varieties overM haveM points), and;
(2.9b) its absolute Galois group, GM , has the embedding property.

IfM is Frobenius, then GM is superprojective [22, Proposition 24.1.5].

The point of Frobenius fields
[22, Proposition 24.1.4] is the replacement for Frobenius fields of the Chebotarev ana-
log. This is applied to the Galois covers φ̂ : Ŷ → X with group Gφ̂ that appear in a

6 By a cover ψ : H → G of groups, we mean an onto homomorphism.
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Galois stratification. This assumes Ŷ is absolutely irreducible. Equivalently, φ̂ is a reg-
ular cover, overM.

The conclusion of this Chebotarev analog is that we know precisely what decom-
position groups – among the H ≤ Gφ̂ – that φ̂ has over fibers of X(M). They are:

All subgroups H that are quotients of the absolute Galois group GM .

The remainder of Chapter 30 through Section 30.5 is details of the Galois stratifi-
cation procedure applied to the theory of all Frobenius fields containing a fixed given
field [22, Theorem 30.6.1]. For simplicity, assume we start overℚ. Much of what looks
technical is the pairing of decomposition groups of a cover φ̂i of 𝒮i with the decompo-
sitions groups that extend these to a given cover φ̂i+1 of 𝒮i+1 above φ̂i.

For example, [22, conditions (2) of Lemma 30.2.1] has this situation: ni+1 = 1 and
yi+1 = yi+1. We continue Example 2.9 in Section 3.3.1. Again,M is notation for a Frobe-
nius field.

Example 2.9 (Pairing two covers). SupposeX2 is ahypersurface in𝔸m+1 definedby the
equation {(x, y) | f (x, y) = 0} covered by φ̂2 : Ĉ2 → X2. Also, that projx : 𝔸m+1 → 𝔸m
restricted to X2 is generically onto. So, it is a cover – not likely Galois in a practical
case – over an open set in the image. Assume f is absolutely irreducible of degree u
in y.

Take a Zariski open set X1 in 𝔸m and a Galois cover φ̂1 : Ĉ1 → X1 having an
open map φ : Ĉ1 → Ĉ2 → X2 factoring through X1. To satisfy other constraints in
[22], like being unramified, it may not be surjective to X2. Note: Gφ̂1

has a natural
degree u permutation representation T : Gφ̂1

→ Su from its birational factorization
through φ̂2.

The essence: Take for φ̂1 the minimal Galois closure of the cover projx ∘ φ̂2.
Here is what we want from the elimination of quantifiers, if say y was quantified
by ∃.

Given a Frobenius field M, consider subgroups H1 ≤ Gφ̂1
that are decompo-

sition groups for φ̂1 over some x󸀠 ∈ X1(M) that also fix a point (x󸀠, y󸀠) ∈ X2(M).
That is, H1 fixes a letter in the representation T, so it restricts to a decomposi-
tion group H󸀠2 of φ̂2. Then consider ℋ, the conjugacy classes of groups H2 ≤ Gφ̂2

in Galois stratification data already attached to this cover in the Frobenius field
case.

How to decide – for eliminating the quantifier ∃ – if H1 will be in the conjugacy
classes attached to the cover φ̂1? It is, if the H󸀠2 described above corresponding to H1,
is inℋ.

Remark 2.10 (Finding H1 in Example 2.9). The last line on finding those H1s is what
the Chebotarev analog quoted above does. In detail, you construct an absolutely ir-
reducible variety for which an M point corresponds to such an H1. Here, I allude to
Chebotarev’s field crossing argument – which is all over [22] starting on page 107 –
and again in Section 2.3.1 and Section 3.3.1.
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Continuing the stratification procedure
Reducing the general situation to Example 2.9 consists of many, conceptually easy,
steps. A large collection of Frobenius fields satisfies the general theory of Frobenius
fields containing any Hilbertian field K.

To compare with finite fields [22, Section 30.6] cuts things back from all Frobenius
fields to much smaller collections of Frobenius fields. It does so by starting with 𝒞
some full formation of finite groups. Then it limits GM to be in the pro-𝒞 groups,

Cutting down further, [22, p. 720] considers a fixed superprojective group U . It
restricts to thoseM containing K with GM in the collection of quotients ofU . Finally, it
goes to the case totally compatiblewith finite fields:U is the profinite completion ofℤ.

Restricting the full theory of Frobenius fields containing K to these special cases
is quite conceptual. The final realization is that in this last case the stratification pro-
cedure is done entirely overℚ. Now reduce the whole stratification apparatus mod p
formost primes p. This amounts to dealingwith covers, overℚ (or later,𝔽q) especially
those that are not regular.

Theorem 2.11 [15, Lemma 1] handles this. For a Galois cover φ̂ : Ŷ → X (again
take both X and Ŷ to be normal) with X absolutely irreducible having group Ĝ [15,
Lemma 1].7 §3.3.1 shows why this nonregularity, not easily eliminated, occurs. Take φ̂
to be a K irreducible cover, K a number field, with ring of integers𝒪K .

Assume K̂ is the minimal field over which φ̂ breaks into absolutely irreducible
(Galois) covers of X. Take any component φ󸀠 : Y 󸀠 → X. It will be Galois with group
identified with G󸀠 def= {g ∈ Ĝ | g maps Y 󸀠 → Y 󸀠}. The Galois extension K̂/K has group
Ĝ/G󸀠. For p a prime of 𝒪K unramified in K̂, denote an element of the conjugacy class
of the Frobenius of p by Frp, and its fixed field (resp., residue class field) in K̂ by K̂p
(resp., 𝔽p). Then let φ̂p : Ŷp → X be the union of the conjugates of φ󸀠 : Y 󸀠 → X by
Frp.

Theorem 2.11. Excluding a finite set B of computable primes p of 𝒪K , reduction of φ̂
mod p has an 𝔽p Galois cover component isomorphic to φ̂p by the reduction map. Take
the conjugacy classes, Cp associated to φ̂p to be those from Cwhose restriction to K̂p act
trivially.

Remark 2.12. The classes Cp that appear in Theorem 2.11 are precisely those that can
be realized as Frobenius elements, as in Comment on (2.12b) in Section 2.3.2.

Remark 2.13 (Proofsheet changes, Edition 2 vs. Edition 3 of [22]). We list the two that
concern the topic of this paper. In both editions, a key stratification lemma repeats on
consecutive pages as Lemma 30.2.6 and Lemma 30.3.1 (including the material in the
2nd edition that starts at the bottom of p. 711). Also, the references on p. 760 in Edition

7 This lemmadoesdo the curve case, but thedetails necessary to generalize are the elimination results
typical in commutative algebra.
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2 between [W.D. Geyer and M. Jarden] and [W. Kimmerle, R. Lyons, R. Sanding and
D.N. Teaque] are missing in Edition 2, but appear in Edition 3 on pages 766–771.

2.3 Choices and the nonregular Chebotarev
From the view of deciding diophantine statements, [19] is driven by actual diophan-
tine applications, while [22] is stronger on logic’s theories of fields. This paper returns
to the first viewpoint: Galois stratification as enhancing understanding specific prob-
lems.

The variance of one diophantine problem with the prime p starts with using the
Weil estimate systematically in Section 2.3.1, including finishing off Felgner in Sec-
tion 2.3.3. Variance gets enhancement from attaching to the problems a Poincaré se-
ries, the topic of Section 3.

2.3.1 Choices in stratifying

Being courser – not stratifying excessively – on the formation of Galois stratifications
allows staying closer to classical problems and explicit computation. At that, the origi-
nal paper [19] and [22] are at opposite ends of the spectrum, despite the latter’s details.

The former suggests restricting toflat coverswhenappropriate, involvingblocks of
variables of maximal length when possible. The latter takes blocks with just one vari-
able and insists on unramified covers given by Spec(S) → Spec(R) with S generated,
as a polynomial ring, over R, by a single element having no discriminant.8 Section 2.2
outlined using the finer stratification procedure, as does this sectionwhich relies only
on the original Weil estimate.

On the other hand, Section 3.3.1 gives our main example, a general situation that
concludes with a Galois stratification containing just one cover, and by which we
painlessly see infinitely many of the Poincaré series coefficients.

Now we show how the Chebotarev analog works, with a corollary to Main Theo-
rem 2.4 that counts x󸀠 ∈ 𝔽mq for which Sk(x󸀠, q) holds (for q ̸∈ M0). First, consider going
from 𝒮i+1 to 𝒮i, dealing with the restriction of the stratification for 𝒮i+1 along the fibers
of the

natural projection𝔸m+Ni+1 pri+1,i
󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀󳨀→𝔸m+Ni . (2.10)

With ℓ0 the number of elements in 𝒮0, and each 1 ≤ j ≤ ℓ0, this gives the following
[21, Theorem p. 104]:9

8 This guarantees that a Frobenius element is a well-defined conjugacy class, without demanding
extra conditions on C. In, however, classical problem settings, using flexibility on C may be a good
idea.
9 Qualitatively [15, Proposition 2] sufficed for [19], but there are more details in the unspecified con-
stants, especially the dependency on the characteristics of the covers, in this reference.
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(2.11a) an integer rj between 0 and Nk and μj ∈ ℚ+, a function of elements in Cj,0;
(2.11b) giving the count, Bj, of x󸀠 ∈ 𝔸m with x󸀠 ∈ Xj,0 and Frx󸀠 ∈ Cj,0.

Either: (†) Bj is 0; or (††) |Bj − μjq
rj |/qrj−1/2 is bounded in q.

These estimates [21, Section 3, especially Lemma 3.1] are based on [32]. They are ex-
plicit, much better than primitive recursive, as in the application concluding [19]. In
[21, Theorem 6.1, 6.3 et al.], the main ingredients is this. Apply a Chebotarev density
theorem version (as in [15, Proposition 2]) to a pair consisting of the Galois cover φ̂ :
Ĉ → X to estimate the number of points x󸀠 ∈ X(𝔽q) for which Frx󸀠 is in the conjugacy
classes C attached to φ̂. Comments on (2.12a) show why, in the inductive procedure,
we are producing new covers with new Galois closures and corresponding conjugacy
classes.

Tessellating X with hyperplane sections – akin to [32] – and using Chebotarev’s
own field crossing argument, reverts this to Weil’s theorem on projective nonsingular
curves over finite fields. [21, Section 4] explicitly traces these classical results. Yet, it
still has an error estimate. So, it does not imply the rational function Poincaré series
results in Section 3.1 or Section 3.3.

2.3.2 Other Chebotarev points

(2.12a) The actual quantifier elimination moving from 𝒮i+1 and 𝒮i also uses (2.11). In-
deed, that showswhy there is no elimination of quantifiers through elementary
statements.

(2.12b) Possibilities (†) and (††) in (2.11b) give very different error estimate contribu-
tions.

(2.12c) The distinctions in (2.12b) arise in a host of problems as illustrated in Sec-
tion 3.3.1.

Comment on (2.12a)
Consider restriction of one of the terms of the stratification of 𝒮i+1 to the fibers pri+1,i
of the projection (2.10). Much of the [19] proof assures the elimination theory allows
applying (2.11), so as to pick out the conjugacy classes that will appear in each of the
terms of the 𝒮i stratification. Section 2.2 has that, though using Frobenius fields there
avoided reference, at that point, to the Weil result.

So, for the quantifier ∃, the Chebotarev analog is essentially to assure that any
conjugacy class that should occur in 𝒮i actually does. Likewise, for ∀, that no con-
jugacy class that could change the result of the problem is excluded. Nevertheless,
Chebotarev is giving error estimates, and not precise values that contribute to refined
invariants as in Section 3.
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Comment on (2.12b)
The distinction between (†) and (††) is consequent on the adjective nonregular analog
of the Chebotarev (any dimensional base) version. Before [15, Section 2], it had been
traditional to make an unwarranted assumption. That is, when considering a cover
φ : C → X – say of normal varieties – defined and absolutely irreducible, say, over a
field K, that some kind of manipulation would allow assuming that the functorially
defined Galois closure φ̂ : Ĉ → X of the cover could also be taken over K.

That will not work in considering the possibilities, based on one Galois stratifica-
tion, in varying q, even in residue classes of a number field. Here is why (eschewing
cautious details). Suppose a component of the Galois closure cover, φ̂, has definition
field K̂ ̸= K (with K a perfect field). Assume K is a number field with ring of inte-
gers𝒪K .

Then, as we vary the residue class field Rp = 𝒪K/p, the corresponding Frobenius
Frx󸀠 for x󸀠 ∈ 𝔽mq must restrict to the Frobenius Frp on the residue class field Rp. Sup-
pose, for example, the order of Frp does not divide the order of an element g ∈ Cj,0.

Then that conjugacy class of g cannot possibly be Frx󸀠 .10 That, however, is the
only obstruction by the general Chebotarev result – the meaning in (2.4b) of hitting
the correct classes – for realizing an element of Cj,0 as a Frobenius, so long as q is
sufficiently large.

Comment on (2.12c)
The comment on (2.12b) alludes, for R = 𝒪K , to the (†) and (††) conditions varying
with the residue class field Rp = 𝒪K/p in actual problems. Further, the value of the
Frobenius in an extension of K̂/K attached to the characteristic of Rp measured this.
The analog is true for problems over a given finite field: The Frobenius in an extension
𝔽̂q attached to the problemmeasures the variance with changing the extension of 𝔽q.
Both justify the significance, and resistance to elimination, of the word nonregular in
the Chebotarev analog. Section 3.3.1 is an example that makes this explicit.

2.3.3 Main theorem 2.4 implies “No” to Felgner

Back to Felgner’s questionwithm = 1 and running over elements of𝔽q2 (not𝔽q). Then
the elimination of quantifiers has reduced Felgner’s question to this.
(2.13a) Show the following is impossible for q large:

withMw =
󵄨󵄨󵄨󵄨x
󸀠 ∈ Xw,0(𝔽q2 ) and Frx󸀠 ∈ Cw,0󵄨󵄨󵄨󵄨, M𝒮0

def
=
ℓ0
∑
w=1Mw = |𝔽q| = q.

10 That is, there is no error estimate for nonachievement of that class as a Frobenius, say by a bound-
ing constant; it is just not achieved.
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(2.13b) Main Theorem 2.4 and (2.11) implies for each w,Mw is either bounded (in q) or
asymptotic to twq2 for some nonzero tw.

(2.13c) Neither is a bounded distance from q. Therefore, no elementary formula dis-
tinguishes 𝔽q within 𝔽q2 , so long as q is large [21, Section 0].

Indeed, the same argument shows there is no need to take m = 1. No matter what
formula, nomatter thenumber of variables included inx, you can’t getq as thenumber
of x󸀠 counted by (2.13a), so long as q is large.11 So we used quantitative counting to
exclude the elements of𝔽q as a result. Thiswas rather than finding a qualitative device
that eliminated existence of a formula that precisely nailed 𝔽q among the elements of
𝔽q2 .

12

Is that satisfactory? It gets to the heart of the Poincaré series/zeta function ap-
proach, which primarily aims to count points satisfying equations.

3 Diophantine invariants

[17, Section 7.3] discusses the history of attaching a Poincaré series (and zeta func-
tion) to diophantine problems attached to Galois stratifications. We refer to some of
its highlights. This section pushes Chebotarev into the background; replacing it with
expressions in precise point counts. Section 3.1 gives the Poincaré series definition.

Section 3.2 goes through the series’ properties, especially the rationality theo-
rem 3.1. These estimates use Dwork cohomology and specific results of Bombieri ap-
plied to it.

Section 3.3.1 ties together all threads of this paperwith one specific problem–hav-
ing a vast practical literature – that uses the Poincaré series. Then Section 3.3.2 briefly
discusses the artistic extension – of Denef and Lóeser – from Galois stratification to
Chow Motive coefficients. Thus, Section 3.3 is in the service of enhancing uniformity
in p.

3.1 Poincaré series vs. coefficient estimates

We have already seen that the Galois stratification procedure is not canonical. So, it
makes sense to address whether there is a homotopy theoretic approach based on the

11 [21] exists because the authors of [3] insisted in their first version that Galois stratification could
not handle Felgner’s question. This despite others at their conference, including one of the authors of
[10] – I was not – telling them that was wrong, much akin to the end of [19].
12 That the count is bounded by a constant can’t be excluded; see the exceptional covers of Section 3.3.
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category of Galois stratifications that clarifies a natural equivalence on stratification.
That is what these Poincaré series test.13

(3.1) is the definition of the Poincaré series attached to the Galois stratification 𝒮k
over𝔽q with triples (X∙,k ,G∙,k ,C∙,k), and its quantifiersQ1, . . . ,Qk . Themain theorem 2.4
replaces this by quantifying those points of the last stratification term whose Frobe-
nius values are inside the requisite conjugacy classes. Thoughmore complicated than
counting points on a variety over a finite field, it is sufficiently akin to naturally extend
classical methods.

The Poincaré series, in a variable t, for a given q attached to Galois Stratification
𝒮k has this form with the coefficients μ(𝒮k , q,m) explained below:

P(𝒮k)q(t) =
∞
∑
m=1 μ(𝒮k , q,m)tm.14 (3.1)

Those μ(𝒮k , q,m)s do depend on the quantifiers Q. If the Galois stratification was an
ordinary elementary statement, then to simplify wewould abuse the notation by plac-
ing them outside reference to the variables. We mean each quantifier Qi, respectively,
applies to the variables yi, i = 1, . . . k. For example, Qx y1 y2 is x Q1y1Q2y2.

So, similar to this, when quantifying the placement of the Frobenius elements,
denote the quantified version by QFrx󸀠 ,y󸀠1 ,...,y󸀠k ∈ Cj,k,

running over (x󸀠, y󸀠1, . . . , y󸀠k) ∈ Xj,k(𝔽qm )(x󸀠, y󸀠1, . . . , y󸀠k), 1 ≤ j ≤ ℓk . (3.2)

Then the coefficient μ(𝒮k , q,m) in (3.1) is the point count of those x󸀠 ∈ Xj,k(𝔽qm ) for
which QFrx󸀠 ,y󸀠1 ,...,y󸀠k ∈ Cj,k is constrained to over the quantified y-variables, y󸀠1, . . . , y󸀠k,
with values in 𝔽q. Main Theorem 2.4 allows replacing μ(𝒮k , q,m) by μ(𝒮0, q,m): count-
ing (rather than estimating as in (2.11b)) those

x󸀠 ∈ Xj,0(𝔽qm ) for which Frx󸀠 ∈ Cj,0, 1 ≤ j ≤ ℓ0. (3.3)

3.2 Poincaré properties

[22, Chapter 30 and 31] (Chapters 25 and 26 in the 1986 edition, pretty much the same)
have complete details on the Poincaré and Zeta properties. A Zeta function, Z(t), has
an attached Poincaré series P(t). This is given by the logarithmic derivative:

t d
dt

log(Z(t)) = P(t).

13 Take homotopy theoretic to mean that an outcome expressable in terms of some kind of cohomol-
ogy. One that equivalences among structures related to Galois stratification or variants that result in
the same cohomology results. In a sense that is the point of motivic cohomology.
14 The notation of Section 4.2 shows why we did not use the simpler notation μ(𝒮k , qm).
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Add that Z(0) = 1, and each determines the other. The catch: Z(t) rational (as a func-
tion of t) implies P(t) rational, but not always the converse.

SupposeD is an elementary diophantine statement, with quantifiers aswe started
this paper. Then, as earlier, takeD in place of 𝒮k in P(𝒮k)q(t) = ∑

∞
m=1 μ(𝒮k , q,m)tm, and

consider the coefficients referencing (D,Q,m) in place of μ(𝒮k , q,m).
I do not know when Ax introduced considering such coefficients. He suggested to

me meaningfully computing them at IAS in Spring 1968. Originally, I introduced the
Galois stratification procedure to do just that, and to conclude the following result.
Again, suppress notation Q for the quantifiers and give the result explicitly just when
R = ℤ in (1.5).

The adjustments are clear for when R is a given finite field, or ring of integers of a
number field. Use the notation around the main theorem 2.4.

Theorem 3.1 (Poincaré rationality). For each prime p ̸∈ M0, P(𝒮k)p(t) is a rational func-
tion np(t)

dp(t) , with np, dp ∈ ℚ[t] and computable. The corresponding Z(𝒮k)q(t) has the form
exp(m∗p(t))( n∗p (t)d∗p (t) ) 1u p with m∗p , n∗p , d∗p ∈ ℚ[t] and up ∈ ℤ+ computable. Further, there are
bounds, independent of p, for the degrees of all those functions of t. For any particular
prime p all functions are computable (see §3.3.2).

Comments on the proof of Theorem 3.1
We start with highlights from [22, Section 31.3] (or 1986 edition, Section 26.3; essen-
tially identical) titled: Near rationality of the Zeta function of a Galois formula. A sim-
ilar result bounds the degrees even if p ∈ M0, assuming (2.3b).

As, however, Remark 2.7 notes, therewill not be any expected relationwith results
for p ̸∈ M0. We cannot use the uniform estimate on the characteristics of the Galois
stratification since they do not come froma reduction of a uniform stratification object
as given in Theorem 2.11. Refer to the stratifications for p ∈ M0 as incidental, with
their incidental estimates.Whatwe say here applies equally to uniform and incidental
stratifications.

The conclusion of the Galois stratification procedure over the x-space gives this
computation for (3.3). Sum the number of x with values in𝔽pk for which the Frobenius
falls in conjugacy classes attached to the stratification piece going through x.

The expression of that sum in Dwork cohomology is what makes the effectiveness
statement in Theorem 3.1 possible. That also suggests its direct relation to Denef–
Loeser. An ingredient for that is a formula of E. Artin. It computes any function on a
group G that is constant on conjugacy classes as aℚ linear combination of characters
induced from the identity on cyclic subgroups of G.

Additional historical comments
A function on G that is 1 on a union of conjugacy classes, 0 off those conjugacy
classes, is an example. [22, pp. 738–739] (1986 edition pp. 432–433) recognizes L-series
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attached to that function as a sum of L-series attached to those special induced char-
acters. I learned this from [2, p. 222] and had already used it in [15, Section 2]. Kiefe –
working with Ax – learned it, as she used it in [31], from me as a student during my
graduate course in Algebraic Number Theory at Stony Brook in 1971. The core of the
course were notes from Brumer’s Fall 1965 course at UM.15

Kiefe, however, applied it to a list-all-Gödel-numbered-proof procedure; not to Ga-
lois stratifications I showed her (see my Math Review of her paper, Nov. 1977, p. 1454).
Consider the identity representation induced from a cyclic subgroup ⟨g⟩, g ∈ G. This
L-Series is the zeta function for the quotient cover by ⟨g⟩ (exp. 7–9, p. 433, 1986 edition
of [22]).

We do use a zeta function
Given a rational function in t, its total degree is the sum of the numerator and denomi-
nator degrees; assuming those two are relatively prime. The 1986 edition, Lemma 26.13
refers to combining [13] and [1] to do the zeta function of the affine hypersurface case
for explicit bounds – dependent only on the degree of the hypersurface – on the total
degree of the rational functions that give these zeta functions.

Then some devissage gets back to our case, given explicit computations depen-
dent only on the degrees of the functions defining these algebraic sets. Lemma 26.14
assures the stated polynomials in t have coefficients in ℚ, and it explicitly bounds
their degrees. The trick is to take the logarithmic derivative of the rational function.
Then the Poincaré series coefficients are power sums of the zeta-numerator zeros mi-
nus those of the zeta-denominator zeros. Using allowable normalizations, once you
have gone up to the coefficients of the total degree, you have determined the appro-
priate numerator and denominator of P(t).

One observation: We are left to uniformly bound in p the degrees of the zeta poly-
nomials, etc. This follows from the comments above Theorem 2.11 giving the unifor-
mity in p in the characteristics of the reduction of the stratification. Apply this to the
degrees of polynomials describing the affine covers for Dwork–Bombieri.

3.3 Chow motive coefficients

As stated in Section 2.3.1, the error estimate that allowed the elimination of quantifiers
is not appropriate for concluding either the estimate of the degrees of the polynomials
in the Poincaré series, or that it is a rational function.

It is sensible to use as coefficients of the Poincaré series actual Galois stratifica-
tions. For p ̸∈ M0, those coefficients sum over the Galois covers φ̂ : Ŷ → X in the strati-
fication𝒮0 those x󸀠 ∈ X(𝔽q) forwhich Frx󸀠 ∈ C. It alsoworks to replace the count on the
15 I submitted my paper in 1971. It had five different referees.
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stratification pieces with absolutely irreducible algebraic varieties that give the same
counts. This uses the field crossing argument mentioned several times previously, as
in Remark 2.10.

The topic here is enhancing the Poincaré series coefficients, extending them to
Chow motive coefficients; the last of the coefficient choices given in the abstract. After
the example of Section 3.3.1, Section 3.3.2 briefly discusses the abstract setup of [11]
and [34]. These have their own expositions on Galois stratification. Further discussion
of these will occur in the extended version of this paper.

3.3.1 Distinguishing special primes

We produce an example where the associated Poincaré series over 𝔽q has some coeffi-
cients that are polynomials in q. Yet, other coefficients are functions of the Frobenius
Frq evaluated on a Chow motive: a linear expression including the (nontrivial) ℓ-adic
cohomology of a nonsingular variety. [17, Section 3] takes a general diophantine prop-
erty and casts it as an umbrella over two seemingly distinct diophantine properties
about general covers.

These properties fit a birational rubric, or what we callmonodromy precision. That
is, theGalois closure of the covers alone, togetherwith the corresponding permutation
representations attached to their geometric and arithmetic monodromy, guaranties,
precisely, their defining diophantine property. The NRC – as always – gives the count
of achieved conjugacy classes roughly. Here, though, there will be no error term – un-
like the Comment on (2.12b) in Section 2.3.2 – even though there is achievement of
nontrivial conjugacy classes.

That allows stating, shouldwe start with such a cover over a number fieldK, what
are the primes for which the diophantine property has a precise formulation over a
given residue class field 𝒪K/p = 𝔽p, as in [17, Definition 3.5 and Corollary 3.6]. Our
example uses the simplest case: the exceptional cover property.

Example 3.2 (Example 2.9 continued). For this, in Example 2.9, take the following
special case over K. The hypersurface in 𝔸m+1 is still defined by an equation X2 =
{(x, y) | f (x, y) = 0}, with f absolutely irreducible (over K) of degree u > 1 in y. Now,
though, the cover φ̂2 is trivial (of degree 1). As before consider projx : 𝔸m+1 → 𝔸m
restricted to X2 and these diophantine statements:

Dp(x) : ∃ y ∈ 𝔽p | f (x, y) = 0;

Dp : ∀ x ∈ 𝔽mp ∃ y ∈ 𝔽p | f (x, y) = 0;

D : Dp is true for∞-ly many p.

(3.4)

Continue with the Example 2.9 notation, and the formation of the Galois cover
φ̂1 : Ĉ1 → X1 with X1 Zariski open in 𝔸m, and with group Gφ̂1

having its natural and
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faithful, transitive, degree u permutation representation T. Consider the projective
normalization, Ĉ†1 , (resp., X†2 ) of φ̂1 (resp., X2) in the function field of Ĉ1 (resp., of X2)

φ̂†1 : Ĉ†1 → X†2 → ℙm, ℙm ⊃ 𝔸m.16
Nowextend the diophantine expressions of (3.4) to includeX†2 . For example,Dp(x), for
x ∈ ℙm(𝔽q)means ∃ a point of X†1 (𝔽q) above x. A similar meaning is given to Dp.

We make a simplifying assumption in Example 3.2 to match up with Section 3.3.2.

Not only is X2 normal, but X†2 is nonsingular. (3.5)

Though the spaces are given by projective, not affine, coordinates, we form a single
cover that we may regard as a Galois stratification 𝒮0, with one stratification piece:
φ̂†1 : Ĉ†1 → ℙm with attached conjugacy classes

C1 = {g ∈ Gφ̂1
| T(g) fixes a letter in the representation}.

Proposition 3.3. Assume (3.5). There is a finite set, M0, of primes p of 𝒪K for which,
given p ̸∈ M0, then Dp is true if and only the following equivalent conditions hold:
(3.6a) Frx󸀠 ∈ C1 for each x󸀠 ∈ ℙm(𝔽p).
(3.6b) There are infinitely many p for which the equivalence of (3.6a) holds.

Assume (3.6). Then for some finite set M󸀠0 ⊃ M0, for each p ̸∈ M󸀠0 for which (3.6a) holds,
if 𝔽p = 𝔽q0 , (3.6a) holds with 𝔽qm0 replacing 𝔽p. Then, for∞-ly many m,
the mth coefficient of the Poincaré series P(𝒮0)p(t) for 𝒮0 is

qm+10 −1
q0−1 . (3.7)

We also note:

There are also infinitely many p for which (3.6a) does not hold (see below). (3.8)

Definition 3.4 (Exceptional primes). The primes p for which (3.7) holds are called the
exceptional primes, Eφ̂†1 , of φ̂†1 (or of any other object natural attached to it). The main
point is there are infinitely many of them, and their Poincaré series gives them away.
Such a cover is called an exceptional cover over K.

Note, however, this is a case of a regular cover whose Galois closure is not regular.
What this says in (3.6b) is that only the elements of C1 are achieved as Frobenius ele-
ments for the primes satisfying the conditions (3.6). For example, for those primes p
(with |p| suitably large) for which reduction mod p gives a regular function field ex-
tension, the Chebotarev theorem says (3.6a) will not hold. It is very elementary – an
easy case of Chebotarev for number fields – that there are infinitely many such p.

16 Ĉ†1 is the projective normalization of ℙm in the function field of Ĉ1; a canonical process.
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[6] considered this hyperelliptic pencil with parameter λ: y2 − f (x) + λ, f ∈ 𝔽p(x).
The difference between the expected number, p, of {(x, y) ∈ (ℤ/p)2} and the actual
value, Vp,λ, given by Weil’s theorem caused them draw the following conclusion:

There is a constant cf > 0 such that:
Running over λ ∈ 𝔽p,∑λ∈𝔽p (p − Vp,λ)2 > cfp2, if and only if f is not exceptional.
[29] (recounted in [17, Section 7]) used a generalization of the Davenport–Lewis

error term to count the summed squares of the multiplicity of (completely reducible)
components of the monodromy (fundamental group) action on the 1st complex coho-
mology of a fiber of any family of nonsingular curves over a base S. His technique –
also coming upon the exceptionality condition – used reduction mod p to get to the
results of [9].

Remark 3.5. It has long been known that there are many exceptional covers. Between
[16, Section 2], [25] and [17, Sections 6.1 and 6.2] those withm = 1 and f (x, y) = f (y)−x,
f a rational function over a number field. The 1st and 3rd of these connect to Serre’s
open image theorem. That paper also introducednatural zeta function test cases of the
Langland’s program. One problem is a standout. For the wide class of these related to
the GL2 case (and only these) of Serre’s open image theorem, the precise set Eφ̂†1 is a
mystery appropriate for the non-Abelian class field theory of the Langland’s program
[17, Section 6.3].

3.3.2 Denef–Löser and Chow motives

The comments on Theorem 3.1 show we can express the coefficients in the Poincaré
series from the trace of Frobenius iterates acting on the p-adic cohomology that un-
derliesDwork’s zeta rationality result. Positive: The computation is effective.Negative:
The cohomology underlying Dwork’s construction varies with p. Nothing in 0 charac-
teristic represents it.

Even, however, Dwork’s cohomology [12] deals with stratifying your original vari-
ety. By “combining” the different pieces you conclude the rationality of the zeta func-
tion from information on the Frobenius action from thehypersurface case. The explicit
estimates that Theorem 3.1 relies on for these hypersurface computations are from [1].

Denef and Loeser [10] applied Galois stratification (see the arXiv version of [26,
App.]) to eliminate quantifiers in their p-adic problem goals. Their technique, as in
[11], applies to consider – for almost all p – how to express those Poincaré series, as
stated in the abstract to this paper, as elements in the Grothendieck group generated
by completely reducible (by the action of the Frobenius) pieces of the weighted ℓ-adic
cohomology – twisted by Tate Modules; a tensoring of the group by some power of
the cyclotomic character – of nonsingular projective varieties. Thus, the coefficients –
as in the previous cases – derive from the trace applied to restricting powers of the
Frobenius for p to these coefficients. Section 3.4 has further clarification.
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They use Galois stratification, with the field crossing argument (Remark 2.10) do-
ing a lot of work in putting covers and conjugacy classes to the background. Yet, this
artistic enhancement to the uniformity in p in the uniform stratification (Comments
on the proof of Theorem 3.1) is still akin to the previous methods.

3.4 Deligne and motives

The wordmotive refers to the weighted pieces – rather than (pure)mth cohomology of
a projective nonsingular variety – being a summand of this, tensored by a Tate twist.
A correspondence – cohomologically idempotent – is attached to indicate the source
of the projection that detaches a summand from the pure weighted cohomology. Such
idempotents are compatible with their appearance in writing the Poincaré series at-
tached to a conjugacy class count in termsof characters induced fromcyclic subgroups
(say, [22, Section 31.3]1; as in Theorem 3.1) of the group G.

For one, from the main theorem of [9], the absolute values of the eigenvalues of
the Frobenius on these pieces are known. That allows more carefully considering any
cancellation of these eigenvalues. For example, [9, Theorem 8.1] gives a definitive re-
sult on the eigenvalues of a complete intersection of dimension n. The error term there
isO(qn/2) by contrast to the usual expectation that an error term isO(qn−1/2) as in (2.11).

The Section 3.3.1 example has a naturally attached projective nonsingular variety,
X†2 to express the Poincaré series coefficients for a Galois stratification 𝒮0 for (almost)
all p, not just for those in the exceptional set. Even this example shows an aspect of
using Denef–Löser that the previous two approaches do not seem to have:

Using (Chow) motive pieces to relate uniform stratification primes and incidental
primes.

I have wanted to say this in print for a long time. It is common to think of
ℓ-cohomology as if it could all be from the cohomology of Abelian varieties. For
example, [7] expresses the Weil conjectures for the cohomology of K3 surfaces (that
in the middle being the only significant piece) is through a Clifford algebra from the
cohomology of an (nonobvious) Abelian variety with appropriate Tate twists. Indeed,
actual descent to give Frobenius action in positive characteristic requires a rigidying
argument. This uses endomorphisms from the Clifford algebra. So, the eigenvalue
weights come fromWeil’s theorem on Abelian varieties.

Yet – has anyone considered the question in print earlier – [8] shows the middle
cohomology of most complete intersections is not expressible from Abelian varieties.

Question 3.6. How, in general, would you distinguish those Chowmotive pieces that
do come from Abelian varieties?

The archetype for such a consideration is the classically considered use of mini-
mal models to describe appropriate Hasse–Weil zeta functions of elliptic curves, one
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that includes factors for the primes of bad reduction. I say this even though Denef–
Löser stratification replacement uses resolution of singularities in 0 characteristic.
That is, their method won’t directly touch the primes of the incidental stratifica-
tion.

For good reason, I should consider howmyviewpoint canproperly andpractically
tackle the motivic aspects; also what [34] gains using Voevodsky’s motives.

4 Motivations for extending Galois stratification
In each of the remaining subsections, I put a classical veneer – appropriate to areas
of specific researchers – on papers that extend the Galois stratification procedure.

4.1 The author’s motivations

Very special problems motivated surprisingly general approaches to diophantine
equations. Well-known examples drove the author’s motivations and his many con-
versationswith theprinciples involved.WehavealreadymentionedArtin’s conjecture.
One short breathless paragraph summarizes another.

The intense work on zeta functions at all primes for an elliptic curve, E, over ℚ
aimed at getting a functional equation for the associated Hasse–Weil zeta function
Z(E) that – combined with the Eichler–Shimura congruence formula for the Frobe-
nius on modular curves and the Shimura–Taniyama–Weil conjecture – motivated the
use of Z(E) to conjecture – a la Birch–Swinnerton–Dyer – what is the rank of E(ℚ)
points.

Indeed, less breathlessly, what natural diophantine statements could be expected
to have such Euler factors at every prime? Before Ax and Kochen, most number theo-
rists seemed convinced of the naturalness of the Artin conjecture: such a close analog
of Chevalley’s theorem! It, however, no longer appears to be so natural. The Langlands
Program is quite dependent on specifics – of which there are few examples – in the
paragraph above. Yet the belief in Hasse–Weil zeta functions rest on the naturalness
of the Langlands Program.

Section 3.2 concludes – via a cohomology component – with a strong uniformity
statement, giving an object over ℚ from which Euler factors for almost all primes p
come from reductions moduli those primes. Then Section 3.3, based on Denef–Löser,
strengthens the cohomology analogy with the work on elliptic curves.

Finding semiclassical examples of such diophantine problems was this author’s
motivation. Exceptional covers, as in Example 3.2, is one of a general type, which like
theArtin conjecture, starts as a simplequantified statement. Generalizing theproperty
of exceptional covers and Davenport pairs (as in [17] and [18]) tied many seemingly
disparate diophantine considerations together.
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Toward the virtues of translating diophantine statements to Chow motives one
property seems aesthetically significant: Separating zeta coefficients that are rational
functions in Tate motives – and, therefore, on evaluating Frq at them, give rational
functions in q – from those that are coefficients involvingmore complicated cohomol-
ogy.

In Proposition 3.3, (3.7) expresses that for infinitelymany Poincaré factors, the co-
efficients that appear are rational functions in Tate motives. Expression (3.8) suggests
that usually there will also be infinitely many Chowmotive coefficients that are linear
combinations of cohomology not composed from Tate motives.

Remark (3.5), about elliptic curves over ℚ with the GL2 property in Serre’s Open
Image, poses one of themost simply stated unsolved problems for the Langland’s pro-
gram. This concludes my summary of my many years ago motivations.

4.2 Generalizing Felgner to Frobenius vector problems

Denote an algebraic closure of 𝔽q by 𝔽̄q. We regard such a generalization as consider-
ing whether there could be analogous results in quantifying our variables according
to Definition 4.1.

Definition 4.1. For a given prime-power q, and d1, . . . , dm anm-tuple of integers, refer
to Frdq

def
= (Frd1q , . . . , Fr

dm
q ) as a Frobenius vector. Then Frdq acts on 𝔽̄

m
q coordinatewise,

allowing us to speak of the elements x ∈ 𝔽̄mq fixed by a Frobenius vector. Denote these
𝔽̄mq (Fr

d
q ).

Notice we may write the elements – in 𝔽p2 , referenced by Felgner’s problem, as
𝔽̄mq (Fr

d
q ) with d = (2, . . . , 2). Frobenius vectors allow generalizing elementary state-

ments (and Galois stratifications) to where variables have values in differing exten-
sions of 𝔽q. With the notation above, consider two Frobenius vectors: Frdq of lengthm;
and Freq given by e = (e1, . . . , ek) with ei of length ni. Thus, e has length Nk = ∑

k
i=1 ni.

Here are some basic questions:
(4.1a) Are the corresponding Poincaré series of Galois stratifications, with no quanti-

fied variables, rational?
(4.1b) Are there Bombieri–Dwork bounding degrees of the involved rational func-

tions?
(4.1c) Does the Galois stratification procedure generalize to give rational functions?

That is, given quantifiers, can we eliminate them to be at (4.1a) with bounds
from (4.1b)?

(4.1d) If the above, when are these Poincaré series new; not expressed from series as-
sociated to our previous Galois stratifications?
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Wan’s zeta functions
There are noGalois stratifications or quantified variables in [38]. Just the definition of a
zeta function defined by a Frobenius vector. That is coefficients defined from counting
points x ∈ 𝔽̄mq (Fr

d
q ) as above, a la Dwork, on an affine variety in𝔸m.

Here are its contributions to (4.1a). Following a preliminary result by Faltings, doc-
umented in [37], [38, Theorem 1.4] shows the zeta is a rational function.

Then it considers (4.1b) on the total degree of the zeta function akin to what
Theorem 3.1 uses. There is a preliminary result for special Frobenius vectors with
d1|d2| ⋅ ⋅ ⋅ |dm (consecutive ds dividing the next in line) in [24] based on Katz’s explicit
bound for ℓ-adic Betti numbers in [30]. Then [38, Conjecture 1.5] has a conjecture that
there is an explicit total degree bound in general.

4.3 Logicians Chatzidakis, Hrushovski, and Tomasovic

[5], [28], and [36] deal with the theory of difference fields (or schemes), and the gen-
eralization of Galois formulas (akin to [22]) over difference rings. Difference fields in-
clude the field 𝔽̄q together with a symbol for the Frobenius automorphism. The gen-
eralization includes the addition of a symbol σ for a distinguished automorphism of a
scheme.

Galois stratification abstracted
Recall, the main device of [19] was – necessarily – going beyond the original set of
questions, to the richer set of Galois stratifications. A short statement of what then
happened: a quantifier elimination (as in Section 2.3) gave a primitive recursive pro-
cedure for the theory of first-order definable sets in the language of schemes over finite
fields equipped with powers of the Frobenius automorphism (and related theories).

That statement is similar to the [36, p. 2, Theorem 1.1] main result. Except, the
word twisted appears in front of Galois stratification, and difference schemes replace
schemes.

Further, [36, Theorems 1.1 and 1.2] are –with these enhancements – the exact ana-
log of results in [19], and proceed on the same basis. That is, you start with a Galois
stratification over a difference scheme (X, σ). Here, the data is a stratification of (X, σ)
into difference subscheme pieces (Xi, σ), i ∈ I, where each Xi is equipped with an étale
Galois cover Zi → Xi with group Gi and conjugacy classes Ci in Gi.

Defining, though, appropriate Galois covers has subtleties about extending σ and
assuring with the additional data that “difference field specializations” of points of Xi
lift to corresponding extending specializations in the Galois cover.

The idea is just like a Galois formula attached to affine space based on achieving
Frobeniuses in the conjugacy classes attached to points of X running over finite fields,

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



Diophantine statements over residue fields: Galois stratification and uniformity | 129

subject to quantifiers placed on some of the variables, or for counting such achieve-
ments.

Additional complications
More general here is that σ is added structure on X from an endomorphism of X. Also,
everything is in the language of difference schemes. Many notions are not defined in
this paper, but in a longer paper called “Twisted Lang–Weil” [35].

The essence of [36] is to define the direct image, ℬ, of the twisted Galois stratifi-
cation 𝒜, given an étale morphism (X, σ) → (Y , σ󸀠), so that their underlying Galois
formulas are appropriately related: an exact analog of [19] and Section 2.2.

Elimination of quantifiers follows from applying this to projection of affine
n-space onto affine m-space m < n. Until inductively, you are at a quantifier free
statement on a (almost certainly) complicated Galois stratification. Complicated or
not, a Chebotarev analog applies to decide if almost all Frobeniuses end up in the
associated conjugacy classes.

The difficulty is in extending the definitions to include difference schemes in both
pieces. Defining a Galois cover of difference schemes [35], so that there is a Chebotarev
analog, and then proving the endomorphisms survive, in appropriate shape, the pro-
cess of direct image.

Both apply to (4.1c) on eliminations of quantifiers, though neither goes after the
Poincaré series. There is even the notion of an existentially closed difference field, [5],
the analog of the (existentially closed–PAC) Frobenius fields of Section 2.2 as in (2.9a).

Certainly, the very long [28] preprint and [36] cover territory akin and inwaysmore
general than this paper, though without the attempt to consider the relation with zeta
functions. To give a hint as to what it does include, we conclude with a few comments
on it starting with the Twisted Lang–Weil Theorem. Look back at Section 2.3 for the
extensive use made of variants on the original Lang–Weil theorem.

Here is an example of what Hrushovsky and Tomašiç are considering.

Example 4.2. Suppose φ : A→ A is a nontrivial endomorphism of an Abelian variety
over 𝔽q. Denote its graph by S.

With ΓFrq the graph of the Frobenius map a 󳨃→ aq, consider |S(𝔽̄q) ∩ ΓFrq (𝔽̄q)|. The
cardinality of this set is the same as that of the elements in 𝔽̄q for which φ(a) = aq.

In generality, replace A by any variety X and replace S by any correspondence
with finite projections to each factor of X ×X (there are details to state this completely
correctly). The nonobvious estimate for this cardinality is essentially the same as for
Lang–Weil, and both authors recount the history behind the result initiated (appar-
ently) by a conjecture of Deligne in [9], with an ultimate proof dependent on his proof
of the Weil conjectures. The case with S the diagonal exactly gives Lang–Weil.

As [28] exposits, this is a key ingredient in the theory of 𝔽̄q with its Frobenius.
Again, they are each thinking of the generalization to difference schemes for which
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the key word is endomorphism of X. So, [36] is considering “Galois covers” φ̂ : Ĉ → X
with X equipped with an endomorphism σ and Ĉ equipped with endomorphisms Σ,
above it, that can be regarded as closed under something akin to conjugation. For this
situation theymust prove the analog of the Chebotarev theorem counting the number
of times the Frobenius is achieved within Σ for points X(𝔽̄).

For logicians the key question: Does this gives a theory of various kinds of differ-
ence fields. That would include 𝔽q with the action of the Frobenius Frq? The answer is
Yes! That is what their papers show. In the Frobenius case, how does that work with
our theme of uniformity in p, an algebraic-geometric property sort-of compatible with
their logic frameworks?

Question 4.3. What has this to do with Denef–Löser and with Wan?

Is this difference equation approach like the production of Poincaré series with
those Chow motive coefficients? Especially since Felgner’s simple question offered so
many peeks at the value of a decision procedure.

For example, [28] considers specific diophantine applications to a very interesting
field: The cyclotomic closure,ℚcyc

def
= ⋃∞n=1ℚ(e 2πi

n ). This field is especially interesting
because it is a characteristic 0 analog of the algebraic closure of a finite field. Consider
its mysteries in light of the Fried–Völklein conjecture [23], a strengthening of its main
theorem.

Conjecture 4.4. If K ≤ ℚ̄ is Hilbertian (Hilbert’s irreducibility theorem holds in K) and
its absolute Galois group, GK , is projective (among profinite groups), then GK is pro-free.

The special case ℚcyc is a conjecture of Shafarevich. If true, in lieu of the theory
of Frobenius fields, this connectsℚcyc in an even deeper way with the theory of finite
fields. That, by the way, is a big piece of the motivation for [22].
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Abstract: In this paper, we start by briefly surveying the theory of fractional jumps
and transitive projective maps. Then we show some new results on the absolute jump
index, on projectively primitive polynomials, and on compound constructions.
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1 Introduction

Generating sequences of pseudorandom numbers is of great importance in applied
areas and especially in cryptography and for Monte Carlo methods (e. g., to compute
integrals over the reals). The task of generating streams of pseudorandom numbers is
closely related to the study of dynamical systems over finite fields, which have been of
great interest recently [11, 12, 13, 14, 20, 21, 18, 19]. More in general, for an interesting
survey on open problems in arithmetic dynamics, see [4]. Constructions of pseudoran-
dom number generators are studied, for example, in [6, 7, 8, 9, 10, 16, 17, 25, 26]. This
paper focuses on one of themost recent ones, provided in [1]. In a nutshell, [1] provides
a new construction of pseudorandomnumber sequences using the theory of transitive
projective maps. From an applied point of view, the interest of this new construction
relies on the fact that it costs asymptotically less to compute than the classical Inver-
sive Congruential Generator (ICG) sequence [1, Section 7] and also achieves the same
discrepancy bounds as the ICG (see [1, Section 6]). From a purely mathematical per-
spective, the theory of fractional jumps is intimately connected with different areas
of mathematics such as finite projective geometry, field theory, additive and analytic
number theory, and can turn it into a very rich area of research.

The main task of this paper is to summarize the theory of the fractional jump (FJ)
construction and complete some mathematical aspects which were left open in the
previous papers. Finally, we also show that the compound construction for the inver-
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sive congruential generator nicely extends to FJs. Also, we leave some open questions
at the end of the paper.

Notation
Let q be a prime power, n a positive integer, and 𝔽q be the finite field of order q. Let𝔸n

be the affine space over𝔽q (for the purposes of this paper, this can be simply identified
with 𝔽nq). Let ℙ

n be the projective space of dimension n over 𝔽q. Fix the standard pro-
jective coordinates X0, . . . ,Xn on ℙn. Let GLn+1(𝔽q) be the group of invertible matrices
over𝔽q and PGLn+1(𝔽q) be the group of projective automorphisms ofℙn. For the entire
paper, we fix the canonical decomposition

ℙn = U ∪ H ,

where

U = {[X0 : . . . : Xn] ∈ ℙ
n : Xn ̸= 0} ≅ 𝔸

n,

H = {[X0 : . . . : Xn] ∈ ℙ
n : Xn = 0} ≅ ℙ

n−1.

For a group G and an element g ∈ G, we denote by o(g) the order of g. Let Ψ ∈
PGLn+1(𝔽q). We can write Ψ as [M] for someM = (mi,j)i,j ∈ GLn+1(𝔽q). Let us denote by
DeHom(Ψ) the n-tuple of rational functions

(f1, . . . fn) = (
m1,n+1 + ∑

n
j=1m1,jxj

mn+1,n+1 + ∑
n
j=1mn,jxj

, . . . ,
mn,n+1 + ∑

n
j=1mn,jxj

mn+1,n+1 + ∑
n
j=1mn,jxj

).

When we have an n-tuple f of rational functions of degree 1 with the same denomina-
tor b, we say that b is the denominator of f . Unless otherwise stated all the logarithms
are in basis 2.

2 The theory of fractional jumps
In this section, we survey the ingredients needed to construct transitive fractional
jumps and give new results on projective primitivity.

2.1 Transitive projective maps
The first ingredient needed is a transitive automorphism of the projective space. We
start by recalling thedefinitionof projectively primitive polynomials,whichare closely
related to transitive projective automorphisms.

Definition 2.1. A polynomial χ ∈ 𝔽q[x] of degree m is said to be projectively primitive
if the two following conditions are satisfied:
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(i) χ is irreducible over 𝔽q;
(ii) for any root α of χ in 𝔽qm ≅ 𝔽q[x]/(χ), the class [α] of α in the quotient group

G = 𝔽∗qm/𝔽
∗
q generates G.

Remark 2.2. Clearly, any primitive polynomial is also projectively primitive.

A characterization can be derived from [2, Lemma 2] with e = 1.

Proposition 2.3. An irreducible polynomial χ ∈ 𝔽q[x] of degree m is projectively primi-
tive if and only if xq−1 ∈ 𝔽q[x]/(χ) has order (qm − 1)/(q − 1).

In [1], transitive projective maps were characterized, we report the result here for
completeness.

Theorem 2.4. [1, Theorem 3.4] Let Ψ be an automorphism of ℙn with Ψ = [M] ∈
PGLn+1(𝔽q). Then Ψ is transitive on ℙn if and only if the characteristic polynomial
χM ∈ 𝔽q[x] of M is projectively primitive.

Remark 2.5. Theorem 2.4 also implies that to find a transitive projective automor-
phism of ℙn one can simply fix Ψ = [Mf ] ∈ PGLn+1(𝔽q), where Mf is the companion
matrix (or any of its conjugates) of a projectively primitive polynomial f .

The following result shows that one can in principle always construct a primitive
polynomial from a projectively primitive one.

Theorem 2.6. A polynomial f ∈ 𝔽q[x] is projectively primitive if and only if there exists
λ ∈ 𝔽∗q such that f (x/λ) is primitive.

Proof. If there exists λ ∈ 𝔽∗q such that f (x/λ) is primitive, then it is obvious that f is
projectively primitive. Let us now show the other implication. Let α be a root of f in
its splitting field 𝔽qdeg(f ) . We have to find λ such that λα has order qdeg(f ) − 1. Recall
that for an element β ∈ 𝔽∗qdeg(f ) we denote by [β] its reduction in the quotient group
G = 𝔽∗qdeg(f )/𝔽∗q .

First, observe that for any λ ∈ 𝔽∗q , we have that N = (q
deg(f ) − 1)/(q − 1) divides

o(λα) because N = o([α]) = o([λα]). So if we can find λ ∈ 𝔽∗q such that (λα)
N has order

q − 1 we are done.
Choose a multiplicative generator g of 𝔽∗q and write α

N = μ = ge for some positive
integer e. Moreover, assume that the choice of g is also such that e is minimal. First,
observe that all the prime factors of e divide q − 1 as otherwise if p is a prime factor of
e that does not divide q − 1, one can rewrite (gp)e/p = μ, and gp is again a generator for
𝔽∗q , contradicting the minimality of e.

Wenowwant to prove that gcd(N , e) = 1. Suppose the contrary and let pbe a prime
factor of gcd(N , e). Consider γ = αN/p, if we show that γq−1 = 1 we get the contradiction
by the definition ofN (N is the smallest integer such that αN ∈ 𝔽∗q ). But this is obvious:

γq−1 = αN(q−1)/p = (ge)(q−1)/p = (ge/p)(q−1) = 1.
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Since we want that (λα)N has order q − 1, we have to select λ such that (λα)N is a
multiplicative generator of 𝔽∗q . Write λ = gs for some s ∈ ℕ, then we can write

(λα)N = gsNαN = gsNμ = gsN+e.

Since N and e are coprime, the Dirichlet theorem on arithmetic progressions ap-
plies, therefore, we can select s such that P = sN + e is a prime larger than q − 1.
The claim follows by observing that if g is a generator for 𝔽∗q , then gP is a generator
of 𝔽∗q .

A direct consequence of the result above is that when q is small, the problems of
finding a primitive polynomial or a projectively primitive one are equivalent.

Corollary 2.7. Given a monic projectively primitive polynomial f over 𝔽q, constructing
a primitive polynomial costs O(q log(q) log(deg(f ))) operations in 𝔽q.

Proof. We first factor q − 1 as a precomputation, which costs less than O(√q). Given a
monicprojectivelyprimitivepolynomial f andoneof its rootsα ∈ 𝔽qdeg(f ) = 𝔽q[x]/(f (x)),
we simply test (for any λ in 𝔽q) if βλ = (λα)

qdeg(f )−1
q−1 has order q − 1. The cost is then as

follows. Observe that the norm of α is given by the degree zero coefficient of f , so

β = N(α) = α
qdeg(f )−1

q−1 does not have to be computed. Since β lives in 𝔽q, for any λ ∈ 𝔽∗q ,

we check if λ
qdeg(f )−1

q−1 β = λdeg(f )β = βλ has order q−1 in𝔽∗q . To do that,we simply compute
β(q−1)/rλ , where r runs over all prime divisors of q − 1, which are at most O(log(q)). The
total number of 𝔽q-operations is then O(q log(q) log(deg(f ))), where O(log(deg(f ))) is
the cost of computing λdeg(f ).

Remark 2.8. I. Shparlinski observed that using an adaptation of the method in [23]
it is probably possible to improve the result in Corollary 2.7 to a running time that is
soft-proportional to q1/4.

We recall now the definition of fractional jump index.

Definition 2.9. Let Ψ be an automorphism of ℙn. Let U = {[X0,X1, . . . ,Xn−1, 1] : ∀i ∈
{0, . . . , n − 1}Xi ∈ 𝔽q} ⊆ ℙn and P ∈ U . The fractional jump index ofΨ at P is

JP,Ψ = min{k ≥ 1 : Ψk(P) ∈ U}.

The absolute fractional jump index J ofΨ is the quantity

JΨ = max{JP,Ψ : P ∈ U}.

In [1], it is shown that for a transitive projective map, the absolute jump index
cannot be larger than n + 1.

Proposition 2.10 ([1, Corollary 4.3]). LetΨ ∈ PGLn(𝔽q)be transitive. Theabsolute jump
index of JΨ ofΨ is less than or equal to n + 1.
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We can actually prove a stronger result

Theorem 2.11. LetΨ ∈ PGLn+1(𝔽q) be transitive. Then JΨ = n + 1.

Proof. The direction JΨ ≤ n+1 is given by Proposition 2.10. Let us show that JΨ ≥ n+1.
Recall that H = {[X0 : . . . : Xn] ∈ ℙn : Xn = 0} ≅ ℙn−1. Let L be the largest integer such
that there exists a point P ∈ ℙn such that

{Ψ(P),Ψ2(P), . . .ΨL(P)} ⊆ H ,

so that Jψ = L + 1. Observe that we can always choose P in U because Ψ is transitive:
in fact, consider the smallest ℓ such that P󸀠 = Ψ−ℓ(P) ∈ U (this is possible as Ψ is
transitive). Then

{Ψ(P󸀠),Ψ2(P󸀠), . . .ΨL+ℓ(P󸀠)} ⊆ H .

This forces ℓ = 0 and, therefore, P ∈ U .
Set

T = {P ∈ ℙn : Ψi(P) ∈ H ∀i ∈ {1, . . . , L}}.

It is easy to see that T is nonempty by the choice of L, and is a projective subspace of
ℙn that intersects U, because P ∈ U . We want to show that the dimension of T is zero,
so it consists only of one point. Consider ΨL+1(T) (that has the same dimension of T)
and assume by contradiction that its dimension is greater than or equal to 1. Then its
intersectionwithH is nonempty asH is a projective hyperplane, so letQ ∈ ΨL+1(T)∩H.
Set R = Ψ−L−1(Q) and observe that Ψi(R) ∈ H for any i ∈ {1, . . . , L} as R ∈ T, but also
ΨL+1(R) ∈ H by construction, which is a contradiction by the maximality of L. This
forces dimΨL+1(T) = dimT = 0 which forces T = {P}. Now, since dimT ≥ n − L
(each of the conditions Ψi(T) ⊆ H imposes an equation), this forces L ≥ n. Therefore,
JΨ ≥ n + 1.

Remark 2.12. Transitivity is necessary for the result above to hold: consider for exam-
ple the nontransitive map of ℙ1 given by [X,Y] 󳨃→ [X +Y ,Y]. The absolute jump index
is 1 (no point at finite is mapped at infinite).

2.2 Constructing a transitive fractional jump
The fractional jump of a projective map can be formally defined as follows.

Definition 2.13. Let U = {[X0,X1, . . . ,Xn−1, 1] : ∀i ∈ {0, . . . , n − 1}Xi ∈ 𝔽q} ⊆ ℙn and

π : 𝔸n 󳨀→ U
(x1, . . . , xn) 󳨃→ [x1, . . . , xn, 1].

The fractional jump ofΨ is the map

ψ : 𝔸n → 𝔸n

x 󳨃→ π−1ΨJπ(x)π(x).
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Remark 2.14. The fractional jump is clearlywell-defined but its definition depends on
the point where it is evaluated, which might be an issue if one wants to describe the
map globally. Theorem 2.16 ensures that this is not the case.

Obviously, if one starts with a transitive projective automorphism one will get a
transitive fractional jump. Interestingly enough, the converse implication is also true,
apart from two degenerate cases; see [2, Theorem 2] where this issue is settled. We
report the result here for completeness.

Theorem 2.15. Let Ψ be an automorphism of ℙn and let ψ be its fractional jump. Then
Ψ acts transitively on ℙn if and only if ψ acts transitively on 𝔸n, unless q is prime and
n = 1, or q = 2 and n = 2, with explicit examples in both cases.

In [1], an explicit global description of a fractional jump was given.

Theorem 2.16 ([1, Section 5] or [2, Theorem 1]). Let Ψ be a transitive automorphism
of ℙn, and let ψ be its fractional jump. Then, for i ∈ {1, . . . , n + 1} there exist

a(i)1 , . . . , a
(i)
n , b
(i) ∈ 𝔽q[x1, . . . , xn]

of degree 1 such that, if

U1 = {x ∈ 𝔸
n : b(1)(x) ̸= 0},

Ui = {x ∈ 𝔸
n : b(i)(x) ̸= 0, and b(j)(x) = 0, ∀j ∈ {1, . . . , i − 1}},

for i ∈ {2, . . . , n + 1},
and

f (i) = (
a(i)1
b(i)
, . . . ,

a(i)n
b(i)
),

for i ∈ {1, . . . , n + 1},

then ψ(x) = f (i)(x) if x ∈ Ui. Moreover, the rational maps f (i) can be explicitly computed.

Remark 2.17. Observe that the datum of a fractional jump ψ is equivalent to the da-
tum of the vector of degree 1 polynomials (a(1), . . . a(n+1); b(1), . . . , b(n)) where a(i) =
(a(i)1 , a

(i)
2 , . . . , a

(i)
n ).

3 Fractional jumps in practice
In this section, we describe some aspects of the practical implementation of fractional
jumps.

3.1 Compact description
In this section, we give a compact description of a fractional jump. We first need an
ancillary lemma.
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Lemma 3.1. Let Ψ = [M] ∈ PGLn+1(𝔽q) be transitive. For i ∈ {1, . . . , n + 1}, set f (i) =
DeHom(Mi) and set b(i) to be the denominator of f (i). Then b(1) ̸= 0 and for any i ∈
{2, . . . , n + 1} we have that b(i) ̸≡ 0 mod b(1), . . . , b(i−1).

Proof. First, observe that since Ψ is transitive we have that:
– the characteristic polynomial of M is irreducible and equal to the minimal poly-

nomial μM
– b(1) is different from 1, as otherwise no point at finite is mapped at infinity and,

therefore, the map cannot be transitive on ℙn.

Let j be the smallest integer such that b(j) ≡ 0 mod (b(1), . . . , b(j−1)). Of course, we
can assume j ≤ n + 1. By degree reasons, there exist λ1, λ2, . . . , λj−1 ∈ 𝔽q such that
(∑j−1k=1 λkb

(k)) − b(j) = 0. But this implies that the matrix

N = (
j−1
∑
k=1

λkM
k) −Mj = M((

j−1
∑
k=1

λkM
k−1) −Mj−1)

has the last row identically zero, so it is not invertible. But since the characteristic
polynomial ofM is irreducible, anymatrix in𝔽q[M]\{0} is invertible. This forcesN = 0.
But then the polynomial g = (∑j−1k=1 λkX

k−1) − Xj−1 is zero atM and, therefore, divisible
by the minimal polynomial μM . But since j − 1 ≤ n and μM has degree n + 1, we must
have g = 0, which is a contradiction because g has degree j − 1.

We are now ready to provide a compact description of a fractional jump.

Algorithm 1. Fractional Jump Generation Algorithm

Input: a projectively primitive morphism Ψ = [M] ∈ PGLn+1(𝔽q)
Output: the fractional jump of Ψ

1: M(1) ← M ⊳ m(1)h,k is the hth row, kth column entry of the matrixM(1).
2: for h ∈ {1, . . . n} do
3: a(1)h ← m(1)h,n+1 + ∑

n
k=1m
(1)
h,kxk

4: b(1) ← m(1)n+1,n+1 + ∑
n
k=1m
(1)
n+1,kxk

5: a(1) ← (a(1)1 , . . . , a
(1)
n )

6: for i ∈ {2, . . . n + 1} do
7: M(i) ← Mi ⊳ m(i)h,k is the hth row, kth column entry of the matrixM(i).
8: b(i) ← m(i)n+1,n+1 + ∑

n
k=1m
(i)
n+1,kxk mod b(1), b(2), . . . b(i−1)

9: for h ∈ {1, . . . n} do
10: a(i)h ← m(i)h,n+1 + ∑

n
k=1m
(i)
h,kxk mod b(1), b(2), . . . b(i−1)

11: a(i) ← (a(i)1 , . . . a
(i)
n )

12: return (a(1), a(2), . . . , a(n+1)), (b(1), b(2), . . . , b(n+1))
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Theorem 3.2. Storing a fractional jump requires at most ⌈log(q)⌉(n + 1)2(n + 2)/2 bits.

Proof. Algorithm 1 produces a fractional jump from a transitive projective automor-
phism. Now observe that the bit size of (a(1), b(1)) is the same as the bit size ofM, which
is (n+ 1)2⌈log(q)⌉. The bit size of (a(2), b(2)) is (n+ 1)n⌈log(q)⌉ as we were able to use the
relation b(1) = 0. More in general, the bit size of (a(i), b(i)) is (n + 1)(n + 2 − i)⌈log(q)⌉ as
we can use the relation b(1) = b(2) = ⋅ ⋅ ⋅ = b(i−1) = 0. The process terminates and it is
well-defined because of Lemma 3.1. Adding everything up, we get

n+1
∑
i=1
(n + 1)(n + 2 − i)⌈log(q)⌉ = ⌈log(q)⌉(n + 1)2(n + 2)/2.

3.2 Expected cost of evaluation

Evaluating a fractional jump is a very easy task, as it involves only one inversion in
the base field. In this section, we compute the expected cost of evaluating a fractional
jump, essentiallyweighting the computational costwith the probability that a random
point in 𝔽nq is selected.

Definition 3.3. Let ψ be a map on 𝔽nq. We define the expected cost of computing ψ on
𝔽nq to be

𝔼[ψ] = q−n ∑
x∈𝔽nq

Cost(ψ, x),

where Cost(ψ, x) denotes the number of binary operations needed to evaluate ψ at x.

We now compute the expected complexity of evaluating a fractional jump se-
quence in the large field regime, which is the one for which we have the nice discrep-
ancy bounds in [1, Section 8].

Algorithm 2. Fractional Jump Evaluation Algorithm

Input: a fractional jump ψ and a point y ∈ 𝔽nq.
Output: ψ(y).

1: for i ∈ {1, . . . n + 1} do
2: if b(i)(y) ̸= 0 then
3: c ← b(i)(y)−1

4: v ← a(i)(y)
5: return cv

Theorem 3.4. Let q be a prime, Ψ = [M] ∈ PGLn+1(𝔽q) be a transitive projective au-
tomorphism, and ψ be its fractional jump. Suppose that [M] has a representative in
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GLn+1(ℚ) having entries in {−1,0, 1}. Suppose that q ≥ n3. The expected cost of evalu-
ating a fractional jump is O((n + log log(q)) log(q) log log(q) log log log(q) + n2 log(q)).

Proof. We want to estimate the average cost of Algorithm 2. As usual, set U (1) = {x ∈
𝔸n(𝔽q) : b(1)(x) ̸= 0} and for i ∈ {2, . . . n + 1} set

U (i) = {x ∈ 𝔸n(𝔽q) : b
(i)(x) ̸= 0, and b(1)(x) = b(2)(x) = ⋅ ⋅ ⋅ = b(i−1)(x) = 0},

and

𝔼[ψ] = q−n
n+1
∑
i=1
∑

x∈U (i) Cost(ψ, x).
For x ∈ U (1), by the fact thatM has small coefficients, evaluating a(1) and b(1) involves
at most O(n2) sums. Therefore, we have that Cost(ψ, x) = O(I(q) + nM(q) + n2S(q)),
where I(q) is the cost of an inversion,M(q) is the cost of amultiplication in𝔽q and S(q)
the cost of an addition in 𝔽q. For x ∈ U (i) and i ≥ 2, evaluating a(i) and b(i) becomes
more expensive, as it might involve also n − 1 multiplications by elements of 𝔽q for
each component (the coefficientsm(i)h,k). The final cost of evaluating at x ∈ U

(i) is then
Cost(ψ, x) = O(I(q) + (n + n2)M(q) + n2S(q)). Since there are qn − qn−1 elements in U (1)

and qn−1 in the union of the rest of the U (i)’s, we have that

𝔼[ψ] = O(I(q) + nM(q) + n2S(q) + I(q) + (n + n
2)M(q) + n2S(q)
q

).

Since q > n3 and I(q),M(q), S(q) are all polynomial time operations in log(q), we
have that I(q)+(n+n2)M(q)+n2S(q)

q = O(1) and then

𝔼[ψ] = O(I(q) + nM(q) + n2S(q)).

Observe that if one uses fast Fourier transform for multiplication [22] and the Schön-
hage algorithm for inversions [15, Remark 11.1.99] we have that

I(q) = M(q) log log(q)

and

M(q) = log(q) log log(q) log log log(q).

Adding two integers modulo q simply costs O(log(q)), from which we get the final
claim.

Example 3.5. Fix, for example, p = 38685626227668133590597803 and f = x3 − x − 1 ∈
𝔽p[x]. One can checkwith a computer algebra system (e. g., SAGE [24]) that (p3−1)/(p−
1) is a prime number and that f is an irreducible polynomial. It follows directly from
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Definition 3.3 that f is projectively primitive and, therefore, the projective map pro-
ducedby its companionmatrix (seeRemark 2.5) verifies thehypothesis of Theorem2.4,
and thus it generates a transitive fractional jump verifying the hypothesis of Theo-
rem 3.4. Computationally, it is very easy to produce projectively primitive polynomi-
als, but it would also be interesting to give a systematic way to construct them (such
as the one using Artin–Schreier jumps in [2]).

Remark 3.6. In terms of expected complexity (andwhenever the coefficients are care-
fully chosen), fractional jumps behave better than ICGs, as we are about to explain.
In fact, let us now compare the result of Theorem 3.4 for n > 1 with n = 1 which is es-
sentially the case of the ICG (see [1, Example 2.4]). Evaluating an ICG having small co-
efficients costs one inversion O(I(q))whether evaluating a fractional jump with small
coefficients costs averagelyO(I(q)+nM(q)+n2S(q)). Notice now that if q is a large prime
and n is relatively small we have that I(q) + nM(q) + n2S(q) ∼ I(q). On the other hand,
an ICG only generates one pseudorandom point at each iteration, whether instead the
fractional jump construction generates n-pseudorandom points.

3.3 Compound generator for fractional jumps

In this subsection, we show that the compound generator construction for the inver-
sive congruential generator easily extends to a fractional jump and provide an exam-
ple.

Theorem 3.7. Let ℓ and n be positive integers and {p1, p2, . . . , pℓ} be ℓ distinct primes.
For any i ∈ {1, . . . ℓ}, let Ψi be a transitive projective automorphism of ℙn(𝔽pi ) and ψi :
𝔸n(𝔽pi ) 󳨀→ 𝔸

n(𝔽pi ) be its fractional jump.
Let N = p1 ⋅ ⋅ ⋅ pℓ and R = ℤ/Nℤ. There exists a transitive map ψ on Rn such that, for

any i ∈ {1, . . . n}, its reduction modulo pi is ψi.

Proof. Let

vi =
ℓ
∏
j=1
j ̸=i

pj

and ri be a representative modulo N of the inverse of vi modulo pi. Set ui = viri and Li
the map which takes as input an element of 𝔽npi and outputs its canonical representa-
tive in {0, . . . pi − 1}n ⊆ Rn. Consider the map

ψ : Rn 󳨀→ Rn

x 󳨃→
ℓ
∑
i=1

uiψi(x)
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where

ψi(x) = Li(ψi(x mod pi)).

First, observe that ψ is well-defined, as it is a sum of well-defined maps. We have now
to prove that ψ is a bijection. To see this, notice that we have the following diagram:

Rn
ψ
󳨀󳨀󳨀󳨀󳨀󳨀→ Rn

πi
↑↑↑↑↓

πi
↑↑↑↑↓

𝔽npi
ψi󳨀󳨀󳨀󳨀󳨀󳨀→ 𝔽npi

where πi is the natural reduction of Rn modulo pi. The diagram is commutative thanks
to the choice of ui, which is zero modulo pj for any j ̸= i, and modulo pi is equal to 1.
Wewant to prove first thatψ is surjective. Let z ∈ Rn and consider zi = πi(z). Sinceψi is
bijective, there exists xi ∈ 𝔽npi such thatψi(xi) = zi. By the Chinese remainder theorem,
we can find x ∈ Rn such that x ≡ xi mod pi for all i ∈ {1, . . . , ℓ}. It is now immediate to
see that ψ(x) = z. So ψ is surjective and therefore bijective as Rn is a finite set.

Wehave now to show thatψ is transitive. To see this, wewill show that the order of
an element x ∈ Rn is zeromodulo pni for any i ∈ {1, . . . , ℓ}, so the claimwill follow as the
order of ψ at x is at most Nn. Suppose that d is a positive integer such that ψd(x) = x,
then applying πi on both sides and using the commutativity of the diagram we have
that

πi(ψ
d(x)) = ψd

i (πi(x)) = πi(x),

from which it follows that dmust be divisible by pni as ψi is transitive.

Remark 3.8. Notice that also other lifts Li to Rn would be suitable for the compound
generator, not only the canonical one 𝔽npi → {0, 1, . . . , pi − 1}

n ⊆ Rn.

Example 3.9. To fix the ideas for our constructions, we produce here a small toy ex-
ample for R = ℤ/15ℤ and n = 2. Let us construct first a transitive projective map over
ℙ2(𝔽5). For this, consider the polynomial x3 + 3x + 3 ∈ 𝔽5[x] and its companionmatrix

M = (
0 0 3
−1 0 3
0 −1 0

).

To compute the fractional jump of Ψ1 = [M] ∈ PGL3(𝔽5), we also need thematricesM2

andM3:

M2 = (
0 −3 0
0 −3 −3
1 0 −3

) M3 = (
3 0 1
3 3 1
0 3 3

).
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The fractional jump of [M] is then

ψ1(x1, x2) =
{{{{
{{{{
{

( 2x2 ,
x1−3
x2
) if x2 ̸= 0

(0, 2
x1+2
) if x2 = 0 and x1 ̸= 3

(0,0) if x = (3,0)

We now need a projectively primitive polynomial of degree 3 over 𝔽3. We select
x3 + 2x + 1 ∈ 𝔽3[x]. Its companion matrix is

M = (
0 0 1
−1 0 2
0 −1 0

).

Analogously, one computes the fractional jump of Ψ2 = [M] ∈ PGL3(𝔽3) obtaining

ψ2(x1, x2) =
{{{{
{{{{
{

(− 1x2 ,
x1−2
x2
) if x2 ̸= 0

(0, − 1
x1+1
) if x2 = 0 and x1 ̸= 2

(0,0) if x = (2,0)

The compound generator of ψ1 and ψ2 is then

ψ : R2 󳨀→ R2

ψ(x1, x2) = 6 ⋅ L1(ψ1(x1 mod 5, x2 mod 5)) + 10 ⋅ L2(ψ2(x1 mod 3, x2 mod 3))

where L1 (resp., L2) is the obvious map lifting 𝔽5 (resp., 𝔽3) to {0, 1, 2, 3, 4} (resp.,
{0, 1, 2}) in ℤ/15ℤ. One can check directly that ψ is in fact transitive on R2.

4 Some ideas to achieve unpredictability from a
fractional jump sequence

Since we already have nice (provable) distributional properties of FJs given by the re-
sults in [1] (which make fractional jumps suitable for Monte Carlo methods, e. g.), in
this section we would like to provide some modifications of the fractional jump con-
struction that could be of use for pseudorandom number generation in settings where
unpredictability is a critical property (such as cryptography). In this setting, we have
an opponent observing the streamof pseudorandomnumbers andhemust not be able
to reconstruct the generator, or predict next values of the stream.

Remark 4.1. Wewould like to observe that themain issuewe encounterwhenwewant
to use the basic fractional jump construction for pseudorandomnumber generation in
a cryptographic setting is the following: when the base field𝔽q is large, onmost of the
points of 𝔽nq we act as n rational functions in n variables of degree 1 (more precisely in
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thenotationof Theorem2.15weact as f (1) onall points ofU1,whichareqn−qn−1). There-
fore, for each pseudorandomnumberwe observed,we get a systemof linear equations
in the coefficients of the rational functions defining f (1). It is therefore expected that
in (n + 1)2 points we can reconstruct f (1) by solving a linear system (assuming that all
the points in the iteration lie all in U1, which is a reasonable assumption as it has size
comparable with qn).

In what follows, we describe some constructions which seem to avoid the issue
presented in the remark above.

4.1 Secret prime q
Here, we follow the ideas of [3]. Choose two large odd primes p, q with the property
that p < q and q = kp + 2 if p ̸= 2 is odd. The designer keeps q secret, constructs
a secret full orbit fractional jump ψ : 𝔽nq 󳨀→ 𝔽

n
q, and chooses a secret starting point

u0 ∈ 𝔽nq. Consider now the canonical lift L : 𝔽nq 󳨀→ {0, 1, . . . , q−1}
n. The pseudorandom

sequence is then produced as L(ψm(u0)) mod p. To avoid the small biases given by
the reduction, one can use rejection sampling by skipping elements of the sequence
ψm(u0)mod q that have components that are congruent to q − 2 or q − 1 modulo q. Of
course, p should be chosen relatively small compared with q.

4.2 Forcing jumps
Let ψ : 𝔽q 󳨀→ 𝔽q be a fractional jump, T be a subset of 𝔽nq roughly of size (q

n − 1)/2,
Tc be its complement. Define the map

ϕ(x) = {
ψ(x) if x ∈ T
ψ(ψ(x)) if x ∈ Tc

The designer keeps ψ, T, Tc, and ϕ, secret and outputs the sequence ϕm(0). If one
wants to reconstruct the fractional jump ψ, according to Remark 4.1, one would need
to observe at least (n + 1)2 iterations of ψ. But in this construction, either ψ or ψ2 is
used with probability 1/2, therefore, in order to reconstruct ψ the attacker has 2(n+1)

2

systems to solve, one of which will lead to the reconstruction of ψ. Notice that with
this construction the orbit of ϕ starting at any point is bounded from below by qn/2.

5 Further research
In this section, we list some questions arising from the theory of fractional jumps.

Of course, any primitive polynomial is also projectively primitive. Moreover, we
saw in Corollary 2.7 that whenever q is small, finding a primitive polynomial or a pro-
jectively primitive polynomials are equivalent problems.
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Question 5.1. For a fixed degree (e. g., 3), can one produce algorithms to find projec-
tively primitive polynomials similar to the one in [5]?

Also, it would be very interesting to see attacks to the constructions in Section 4.

Question 5.2. Are there (nontrivial) attacks to the constructions in the Subsections 4.1
and 4.2?

Finally, we ask to compute the linear complexity of fractional jump sequences,
i. e., if {vi} is the sequence in 𝔽nq compute good lower bounds for the minimal N such
that there exist c1, . . . , cN−1 ∈ 𝔽q such that for all i ∈ {0, . . . , qn − 1} we have vN+i =
∑N−1j=0 cjvi+j.

Question 5.3. What is the linear complexity of fractional jump sequences produced
using the methods described in this paper?

Theorem 3.4 ensures that computing a fractional jump sequence arising from a
transitive projective automorphism having a representative matrix with small coef-
ficients has small computational cost (in comparison with the inversive congruential
generator, e. g.). Theorem2.4 implies that the projective automorphismobtainedusing
the companion matrix of a projectively primitive polynomial is transitive. It is there-
fore natural to ask the following.

Question 5.4. In which cases one can construct a projectively primitive polynomial
with small coefficients?

For example, the results in [2] ensure that this is always possible in degree p over
the finite field 𝔽p using xp − x + a.
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Gary McGuire and Daniela Mueller
Some results on linearized trinomials that split
completely
Abstract: Linearized polynomials over finite fields have been the subject of many pa-
pers over the last several decades. Recently, there has been a renewed interest in lin-
earized polynomials because of new connections to coding theory andfinite geometry.
We consider the problem of calculating the rank or nullity of a linearized polynomial
L(x) = ∑di=0 aix

qi (where ai ∈ 𝔽qn ) from the coefficients ai. The rank and nullity of L(x)
are the rank and nullity of the associated 𝔽q-linear map 𝔽qn 󳨀→ 𝔽qn . McGuire and
Sheekey [6] defined a d × dmatrix AL with the property that

nullity(L) = nullity(AL − I).

Wepresent some consequences of this result for some trinomials that split completely,
i. e., trinomials L(x) = xq

d
−bxq −ax that have nullity d. We give a full characterization

of these trinomials for n ≤ d2 − d + 1.

Keywords: Linearized polynomials, finite field, ECDLP, elliptic curves, cryptography

MSC 2010: 11T55

1 Introduction
Let 𝔽qn be the finite field with qn elements, where q is a prime power. Let

L(x) = a0x + a1x
q + a2x

q2 + ⋅ ⋅ ⋅ + adx
qd

be a q-linearized polynomial with coefficients in 𝔽qn . The roots of L(x) that lie in the
field 𝔽qn form an 𝔽q-vector space, which can have dimension anywhere between 0
and d.

The dimension of the space of roots of L that lie in 𝔽qn is equal to the nullity of
L considered as an 𝔽q-linear map from 𝔽qn to 𝔽qn . McGuire and Sheekey [6] defined a
d × dmatrix AL with the property that

nullity(L) = nullity(AL − Id).

The entries of AL can be computed directly from the coefficients of L.

Acknowledgement: We thank Christophe Petit and John Sheekey for helpful conversations. The re-
search of the secondauthor was supportedby a Postgraduate Government of IrelandScholarship from
the Irish Research Council.

Gary McGuire, Daniela Mueller, School of Mathematics and Statistics, University College Dublin,
Ireland, e-mail: daniela.mueller@ucdconnect.ie

https://doi.org/10.1515/9783110621730-010

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



150 | G.McGuire and D. Mueller

In this paper, we focus on the case of largest possible nullity, i. e., the case that
L(x) has all its roots in 𝔽qn . In this case, nullity(L) = d, and so AL − Id has rank 0 and is
therefore the zero matrix. Thus we will be studying when AL = Id. This case of largest
possible nullity was also obtained in [4].

We also restrict to trinomials.When computing the rank or nullity,wemay assume
without loss of generality that L(x) is monic. We will study polynomials of the form

L(x) = xq
d
− bxq − ax ∈ 𝔽qn [x]

where q is a prime power and n ≥ 1. We want to find a, b ∈ 𝔽qn such that L splits
completely over 𝔽qn , i. e., L has qd roots in 𝔽qn . Thus, the problem becomes finding
a, b ∈ 𝔽qn such that AL = Id. We will provide a full characterization of this situation
for n ≤ d(d − 1) + 1. Our results are summarized and stated in the following theo-
rem.

Theorem 1.1.
1. If n ≤ (d− 1)d and d does not divide n, then there is no polynomial L = xq

d
−bxq −ax

with a, b ∈ 𝔽qn that splits completely over 𝔽qn .
2. Let n = id with i ∈ {1, . . . , d − 1}. Let L = xq

d
− bxq − ax ∈ 𝔽qn [x]. Then L has qd roots

in 𝔽qn if and only if a1+q
d+⋅⋅⋅+q(i−1)d = 1 and b = 0.

3. Let n = (d− 1)d+ 1. Let L = xq
d
−bxq − ax ∈ 𝔽qn [x]. Then L has qd roots in 𝔽qn if and

only if all the following hold:
– N(a) = (−1)d−1

– b = −aqe1 where e1 = ∑
d−1
i=0 q

id

– d − 1 is a power of the characteristic of 𝔽qn
where N(a) = a1+q+⋅⋅⋅+q

(d−1)d
= a(q

n−1)/(q−1).

Wewill prove part 1 in Section 2, part 2 in Section 3 and part 3 in Sections 4 and 5.
In Section 6, we present a possible application to elliptic curve cryptography.

Our result generalizes a result of Csajbók et al. [3] which states that a0x + a1xq +
a3xq

3
(where ai ∈ 𝔽q7 ) cannot have q

3 roots in 𝔽q7 if q is odd. This is the d = 3 case
of our theorem. Also, in that paper, the authors give one example of a trinomial that
does split completely when d = 3, n = 7, and q is even. Our theorem characterizes fully
the trinomials that split completely and allows us to count their number (for each a of
norm (−1)q there is one polynomial, so there are qn−1

q−1 such trinomials).
One can trivially obtain some results of this type by taking qth powers. For exam-

ple, when n = 2d − 2, the trinomial xq
d
− bxq − ax cannot have qd roots in 𝔽qn , which

follows by taking the qd−2 power of the trinomial. This is for a particular value of n,
whereas our theorem extends this to a larger range of values of n.

One recent application of calculating the rank of linearized polynomials concerns
rankmetric codes andMRD codes; see [9]. In particular, wewould obtain an𝔽qn -linear
MRD code from a space of linearized polynomials of dimension kn over 𝔽q, with the
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property that every nonzero element has rank at least n − k + 1. For example, in the
case k = 3, we would obtain an MRD code from the set of all trinomials cxq

d
− bxq − ax

(a, b, c ∈ 𝔽qn ) if all of them have nullity ≤ 2.
Linearized polynomials in the context of coding theory have also been studied

recently in [7] (list decoding of Gabidulin codes) and [1] (subspace codes for network
coding). Another application of linearized polynomials to affine dispersers is in [2].

Finally, we set the scene for our results. We are seeking n ≥ 1 and a, b ∈ 𝔽qn such
that L = xq

d
−bxq −ax splits over𝔽qn . The companionmatrix CL of L(x) = xq

d
−bxq −ax

as defined in [6] is the d × dmatrix

((

(

0 0 . . . 0 a
1 0 . . . 0 b
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

))

)

.

We define AL = AL,n = CLC
q
L ⋅ ⋅ ⋅C

qn−1
L , where Cq means raising every matrix entry to the

power of q. As stated above, L splits completely over 𝔽qn if and only if AL = Id.

2 Fixed d not dividing n and n ≤ (d − 1)d

In this section, we will prove the first part of Theorem 1.1.

Theorem 2.1. If n ≤ (d − 1)d and d does not divide n, then there is no polynomial L =
xq

d
− bxq − ax with a, b ∈ 𝔽qn that splits completely over 𝔽qn .

Proof. We will write An instead of AL,n as L is fixed throughout the proof.
If n = 1, then A1 = CL ̸= Id. Indeed, if n ≤ d − 1, then the (1, 1) entry of An is 0, so

An ̸= Id.
Note thatAn = An−1C

qn−1
L . But the first column of Cq

n−1
L is (010 . . .0)

T . Thus, the (1, 1)
entry of An is the (1, 2) entry of An−1. If n ≥ d then the (1, 1) entry of An is also the (1, d)
entry of An−d+1.

LetMk denote the (1, d) entry of Ak . ThenM1 = a, andMk = 0 for k = 2, . . . , d − 1,
sinceMk = (0 . . .0M1 . . .Mk−1) ⋅ (aq

k−1
bq

k−1
0 . . .0)

T
.

Set M0 = 0. Then for k ≥ d, we have a recursive formula, which follows directly
from matrix multiplication:

Mk = Mk−da
qk−1 +Mk−d+1b

qk−1 . (2.1)

Claim. Mj = 0 for j = id + 2, . . . , (i + 1)d − (i + 1) and i = 0, . . . , d − 3.
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Proof of Claim. We prove the claim by induction on i. The base case i = 0 was done
above. Note that ifMk−d = Mk−d+1 = 0 thenMk = 0. So if the claim is true for i, then we
haveMid+2+d = 0, . . . ,M(i+1)d−(i+1)+d−1 = 0, i. e., the claim is true for i+ 1. This completes
the proof of the claim.

Note that when i = d − 3, then id + 2 = (i + 1)d − (i + 1), so the claim is not true for
i = d − 2.

For the remaining n not divisible by d, we will show that the (1, 1) entry of An can-
not be 1 if the (1, j) entry is 0 for some j ∈ {2, . . . , d}, and thus An cannot be the identity
matrix. Note that the (1, j) entry of An isMn−d+j.

For i = 1, . . . , d − 2, we haveM(i−1)d+2 = 0, and thus

Mid+1 = M(i−1)d+1a
qid .

Since M1 = a, we have Mid+1 = a1+q
d+⋅⋅⋅+qid . But Mid+1 is the (1, (i + 1)d + 1 − n) entry of

An for n = id + 1, . . . , (i + 1)d − 1. If An = Id then the (1, (i + 1)d + 1 − n) entry must be 0,
so we must haveMid+1 = a1+q

d+⋅⋅⋅+qid = 0, and thus a = 0.
Recall that the (1, 1) entry ofAn isMn−d+1. ButMn−d+1must be either 0 or amultiple

of a, since all initial values M0, . . . ,Md−1 of the recursive formula are either a or 0.
Therefore, if a = 0, we haveMn−d+1 = 0 and so An ̸= Id.

Remark 2.1. The proof is not valid when d divides n. If n = id with i ∈ {1, . . . , d − 1},
the (1, 1) entry of Aid isM(i−1)d+1 = a1+q

d+⋅⋅⋅+q(i−1)d for i ≥ 1, and so we have the equation
a1+q

d+⋅⋅⋅+q(i−1)d = 1 and cannot deduce that a = 0.
The recursive formula (2.1) established in the proof of Theorem 2.1 is valid in

greater generality: SetMl,l−d = 1, andMl,k = 0 for k ≤ 0 and k ̸= l − d. For 1 ≤ l ≤ d and
k ≥ 1, let

Ml,k = Ml,k−da
qk−1 +Ml,k−d+1b

qk−1 . (2.2)

ThenMl,k is the (l, d) entry of AL,k . Furthermore, the (l, j) entry of AL,k isMl,k−d+j.

3 Fixed d dividing n and n ≤ (d − 1)d
In the case that d divides n, we have a solution, namely a = 1 and b = 0, i. e., the poly-
nomial xq

d
− x splits completely because 𝔽qn has a subfield 𝔽qd . We now characterize

exactly which polynomials split completely.

Theorem 3.1. Let n = id with i ∈ {1, . . . , d − 1}. Let L = xq
d
− bxq − ax ∈ 𝔽qn [x]. Then L

has qd roots in 𝔽qn if and only if a1+q
d+⋅⋅⋅+q(i−1)d = 1 and b = 0.

Proof. By Remark 2.1, if L splits completely, we have a1+q
d+⋅⋅⋅+q(i−1)d = 1. Now the (1, d +

1 − i) entry of Aid is M1,i(d−1)+1. For i = 1, this is M1,d = abq
d−1
. For i ≥ 2, we have
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M1,i(d−1)+1 = M1,(i−1)d−(i−1)aq
i(d−1)
+ M1,(i−1)(d−1)+1bq

i(d−1)
. But by the claim in the proof of

Theorem 2.1, we haveM1,(i−1)d−(i−1) = 0 for i = 2, . . . , d − 1. Thus

M1,i(d−1)+1 = M1,(i−1)(d−1)+1b
qi(d−1)

= M1,(i−2)(d−1)+1b
q(i−1)(d−1)+qi(d−1)

= ⋅ ⋅ ⋅

= abq
d−1+q2(d−1)+⋅⋅⋅+qi(d−1) .

But if Aid = Id, thenM1,i(d−1)+1 = 0, and since a ̸= 0, we must have b = 0.
The converse is a well-known result, however we will exhibit a new proof using a

result of [4]. Assume that a1+q
d+⋅⋅⋅+q(i−1)d = 1 and b = 0. Then the (l, 1) entry of Aid is

Ml,(i−1)d+1 = Ml,(i−2)d+1a
q(i−1)d

= ⋅ ⋅ ⋅

= Ml,1−da
1+qd+⋅⋅⋅+q(i−1)d

= Ml,1−d

= {
1 for l = 1,
0 for l = 2, . . . , d.

By [4, Corollary 3.2], this implies that Aid = Id.

4 Fixed d and n = (d − 1)d + 1
In this section, we will prove some preliminary results which are part of the proof of
Theorem 1.1 part 3.

4.1 Assuming L splits completely

If n = (d − 1)d + 1, then, the (1, j) entry of AL,n isM1,(d−2)d+j+1 (where j = 1, . . . , d). So to
get AL,n = Id, the following system of equations has to be satisfied for l = 1, . . . , d

{
Ml,(d−2)d+l+1 = 1
Ml,(d−2)d+j+1 = 0 for j = 1, . . . , l − 1, l + 1, . . . , d

(4.1)

Lemma 4.1. M1,(d−2)d+2 = abe2 where e2 =
q(d−1)d−qd−1

qd−1−1 .

Proof. By the recursive formula (2.2), M1,(d−2)d+2 = M1,(d−3)d+2aq
(d−2)d+1
+ M1,(d−3)d+3 ×

bq
(d−2)d+1

. But it follows from the claim in the proof of Theorem 2.1 thatM1,(d−j−1)d+j = 0
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for j = 2, . . . , d − 1. Thus

M1,(d−2)d+2 = M1,(d−3)d+3b
q(d−2)d+1 = M1,(d−4)d+4b

q(d−2)d+1+q(d−3)d+2 = ⋅ ⋅ ⋅
= M1,db

q(d−2)d+1+q(d−3)d+2+⋅⋅⋅+q2d−2
= abq

(d−2)d+1+q(d−3)d+2+⋅⋅⋅+q2d−2+qd−1
= ab∑

d−1
i=1 qi(d−1)

= abe2 .

Lemma 4.2. M1,(d−1)d+1 = ae1 + abe2+q
(d−1)d

where e1 =
qd

2
−1

qd−1 and e2 =
q(d−1)d−qd−1

qd−1−1 .

Proof. By the recursive formula (2.2),

M1,(d−1)d+1 = M1,(d−2)d+1a
q(d−1)d +M1,(d−2)d+2b

q(d−1)d .
By Lemma 4.1,M1,(d−2)d+2 = abe2 . AlsoM1,(d−2)d+1 = a1+q

d+⋅⋅⋅+q(d−2)d as established in the
proof of Theorem 2.1.

Therefore,

M1,(d−1)d+1 = a
∑d−1i=0 qid + abe2+q(d−1)d
= ae1 + abe2+q

(d−1)d
.

Theorem 4.1. Let n = (d − 1)d + 1. Let L = xq
d
− bxq − ax ∈ 𝔽qn [x]. If L has qd roots in

𝔽qn , then:
1. a1+q+⋅⋅⋅+q

(d−1)d
= (−1)d−1 and

2. a1+qe1e2 = (−1)d−1 and
3. b = −aqe1 ;

where e1 =
qd

2
−1

qd−1 and e2 =
q(d−1)d−qd−1

qd−1−1 .

Proof. IfAL,n = Id, then system (4.1) has to be satisfied. By Lemma 4.1, we have abe2 = 1
(the (1, 1) entry of AL,n), and by Lemma 4.2, we have ae1 + abe2+q

(d−1)d
= 0 (the (1, d)

entry of AL,n). But if abe2 = 1, then ae1 + abe2+q
(d−1)d
= ae1 + bq

(d−1)d
, and thus we have

bq
(d−1)d
= −ae1 . Raising both sides to the power of q gives us bq

n
= (−1)qaqe1 . Since q is a

prime power, (−1)q = −1 in 𝔽qn . Thus, b = −aqe1 which proves the third conclusion.
Lemma 4.1 says abe2 = 1 which now implies

a−1 = be2 = (−aqe1)e2 = (−1)e2aqe1e2 ,

and so a1+qe1e2 = (−1)e2 . (Note that a ̸= 0 since abe2 = 1.)
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Recall that e2 = ∑
d−1
i=1 q

i(d−1). So if q is even, then e2 is even. If q is odd, then qi(d−1)

is odd for all i = 1, . . . , d − 1. So if d − 1 is even, then e2 is an even sum of odd numbers,
and thus even, and if d− 1 is odd, then e2 is an odd sum of odd numbers and thus odd.
Thus, (−1)e2 = (−1)q(d−1). Since (−1)q = −1 in 𝔽qn we have (−1)e2 = (−1)d−1.

By [6, Corollary 1], if L splits, then N(−a) = (−1)ndN(1), where N is the norm func-
tionover𝔽qn . Sowehave the additional conditionN(a) = (−1)n(d−1) ora

qn−1
q−1 = (−1)n(d−1).

But n = (d − 1)d + 1, so n is always odd. Consequently, (−1)n(d−1) = (−1)d−1.
Hence, a satisfies the equations

{
{
{

a1+qe1e2 = (−1)d−1

a
qn−1
q−1 = (−1)d−1. (4.2)

In the next section,wewill show that conclusion 1 of this theoremactually implies
conclusion 2.

4.2 GCD of xk ± 1 and x l ± 1
The GCD of xk − 1 and xl − 1 is well known to be xgcd(k,l) − 1, but we are interested in the
GCD of xk + 1 and xl + 1. The following is surely well known, but we include a proof.

Theorem 4.2. The GCD of xk + 1 and xl + 1 is xgcd(k,l) + 1 if k
gcd(k,l) and

l
gcd(k,l) are both

odd, and 1 otherwise.

Proof. Let d = gcd(k, l) and let s, t be Bézout coefficients for k and l, i. e., sk+ tl = d. Let
g = gcd(xk+1, xl+1). Then xk ≡ −1mod g and xl ≡ −1mod g. Thus xsk+tl ≡ (−1)s+t mod g.
So g divides xsk+tl − (−1)s+t = xd − (−1)s+t . We need to check if xd − (−1)s+t divides xk + 1
and xl + 1.

Let e = k
d and f = l

d . Then xk + 1 = xed + 1 = ((−1)s+t)e + 1 mod xd − (−1)s+t and
similarly, xl + 1 = ((−1)s+t)f + 1 mod xd − (−1)s+t . So we need to have (−1)(s+t)e + 1 = 0
and (−1)(s+t)f + 1 = 0, i. e. e, f , s+ t all need to be odd. But sk + tl = d implies se+ tf = 1,
so e, f odd implies s + t odd. Thus if e, f are odd, then g = xd − (−1)s+t = xd + 1.

Remark 4.1. Similarly, one can show that gcd(xk − 1, xl + 1) = xgcd(k,l) + 1 if k
gcd(k,l) is

even and l
gcd(k,l) is odd.

Lemma 4.3. Let n = (d − 1)d + 1 and let e1 =
qd

2
−1

qd−1 and e2 =
q(d−1)d−qd−1

qd−1−1 . Then

gcd(1 + qe1e2,
qn − 1
q − 1
) =

qn − 1
q − 1
.
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Proof. We first show that qn−1
q−1 = 1 + q(

qd
2
−1

qd−1 )(
q(d−1)d−qd−1

qd−1−1 ) mod qn − 1. Recall that qn−1
q−1 =

∑n−1i=0 q
i = 1 + q + q2 + ⋅ ⋅ ⋅ + qn−1 and n = d2 − d + 1. Then

1 + q(q
d2 − 1
qd − 1
)(

q(d−1)d − qd−1

qd−1 − 1
) = 1 + q(

d−1
∑
i=0

qid)(
d−1
∑
j=1

qj(d−1))

= 1 +
d−1
∑
i=0

d−1
∑
j=1

qid+j(d−1)+1.

We claim that id + j(d − 1) + 1 mod n with i = 0, . . . , d − 1 and j = 1, . . . , d − 1
gives us exactly the numbers {1, . . . , n − 1}. Assuming the truth of this claim, 1 +
q( q

d2−1
qd−1 )(

q(d−1)d−qd−1
qd−1−1 )mod qn − 1 = 1 + q + q2 + ⋅ ⋅ ⋅ + qn−1 = qn−1

q−1 . Since
qn−1
q−1 divides qn − 1,

qn−1
q−1 divides 1 + q( q

d2−1
qd−1 )(

q(d−1)d−qd−1
qd−1−1 ), and thus gcd(1 + q( q

d2−1
qd−1 )(

q(d−1)d−qd−1
qd−1−1 ), qn−1q−1 ) =

qn−1
q−1

and the result is proved.
It remains to prove the claim. To see this, we will show that the sets

{(i + j)d − (j − 1) | i = 0, . . . , d − 1; j = 1, . . . , d − 1}

and

{kd −m | m = 0, . . . , d − 2; k = m + 1, . . . ,m + d}

are equal, and it is easy to see that all values in the second set are distinct.
Fixing j and varying i = 0, . . . , d − 1 gives us the numbers

jd − (j − 1), (j + 1)d − (j − 1), . . . , (j + d − 1)d − (j − 1).

When i+ j ≤ d− 1, then (i+ j)d− (j− 1) ≤ n and all these numbers are of the form kd−m
wherem ∈ {0, . . . , d − 2} andm < k ≤ d − 1.

When i + j ≥ d, then (i + j)d − (j − 1) > n and we subtract n to get (i + j − d + 1)d − j.
Now i + j − d + 1 ≤ j since i ≤ d − 1, and thus (i + j − d + 1)d − j is not of the above form
kd −m withm < k ≤ d − 1.

Corollary 4.1. Let n = (d − 1)d + 1 and let e1 =
qd

2
−1

qd−1 and e2 =
q(d−1)d−qd−1

qd−1−1 . Then

gcd(x1+qe1e2 + (−1)d, x
qn−1
q−1 + (−1)d) = x qn−1

q−1 + (−1)d.
Proof. If q is even, then both 1+qe1e2 and

qn−1
q−1 are odd. Recall that

qn−1
q−1 = ∑

n−1
i=0 q

i. So if
q is odd, then qn−1

q−1 is odd if n is odd, and even if n is even. But n = (d− 1)d+ 1 is always
odd, so qn−1

q−1 is odd. We have already established in the proof of Theorem 4.1 that if q is
odd, then e2 is odd if d − 1 is odd, and even if d − 1 is even. Now e1 = ∑

d−1
i=0 q

id is odd if
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q and d are odd and even if q is odd but d is even. But either d or d − 1 is always even,
so e1e2 is even. Thus 1 + qe1e2 is odd. Consequently, by Theorem 4.2

gcd(x1+qe1e2 + (−1)d, x
qn−1
q−1 + (−1)d) = xgcd(1+qe1e2 , qn−1q−1 ) + (−1)d

for any q, d.

Corollary 4.2. In the conclusions of Theorem 4.1, conclusion 1 implies conclusion 2.

5 The main result
In this section, we will prove the third part of the main theorem as stated in the intro-
duction. The following lemma is surely well known but we include a short proof.

Lemma 5.1. (ni ) = 0 mod p for all i = 1, 2, . . . , n − 1 if and only if n is a power of p.

Proof. If n is a power of p, then the above binomial coefficients are divisible by p.
On the other hand, we claim that if n = pkw, where p ∤ w, w > 1 and k ≥ 0, then
(p

kw
pk ) is not divisible by p. First, note that (

n
m ) =

n!
m!(n−m)! =

∏n
i=1 i

(∏m
i=1 i)(∏n−m

i=1 i) =
∏n

i=n−m+1 i
∏m

i=1 i =
∏m−1

i=0 (n−i)
∏m

i=1 i = n
m ∏

m−1
i=1

n−i
i . Thus (

pkw
pk ) = w∏

pk−1
i=1

pkw−i
i . Now write i = lpj with p ∤ l. Then

pkw−i
i =

pkw−lpj
lpj =

(pk−jw−l)pj
lpj =

pk−jw−l
l which is not divisible by p.

Finally, we present the last part of the proof of the main theorem.

Theorem 5.1. Let n = (d − 1)d + 1 and e1 =
qd

2
−1

qd−1 . Let L = x
qd − bxq − ax ∈ 𝔽qn [x]. Then L

has qd roots in 𝔽qn if and only if each of the following holds:
1. a1+q+⋅⋅⋅+q

(d−1)d
= (−1)d−1

2. b = −aqe1
3. d − 1 is a power of the characteristic of 𝔽qn .

Proof. Recall that the (l, 1) entry of AL,n isMl,n−d+1. We will first show that

Ml,n−d+1 = {
1 for l = 1,
0 for l = 2, . . . , d

whenever the three conditions of the theorem are fulfilled. By [4, Corollary 3.2], this
implies that AL,n = Id.

Let k ≥ d + 1. By the recursion (2.2),

Ml,k = Ml,k−da
qk−1 +Ml,k−d+1b

qk−1
= (Ml,k−2da

qk−d−1 +Ml,k−2d+1b
qk−d−1)aqk−1
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+ (Ml,k−2d+1a
qk−d +Ml,k−2d+2b

qk−d)bqk−1
= Ml,k−2da

qk−d−1+qk−1 +Ml,k−2d+1(a
qk−1bqk−d−1 + aqk−dbqk−1)

+Ml,k−2d+2b
qk−d+qk−1 . (5.1)

Sinceb = −aqe1 = −a1+∑
d−2
i=0 qid+1 modaq

n
−a (condition 2 in the statement of the theorem),

we have

aq
k−1
bq

k−d−1
= −aq

k−1+qk−d−1(1+∑d−2i=0 qid+1)
= −aq

k−1+qk−d+qk−d−1+∑d−2i=1 qk+(i−1)d
= −aq

k−1+qk−d+qk−d−1+∑d−3i=0 qk+id
= −aq

k−1+qk−d+qk+(d−2)d+∑d−3i=0 qk+id mod aq
n
− a

= −aq
k−d+qk−1(1+∑d−2i=0 qid+1)

= aq
k−d
bq

k−1
.

So the coefficient ofMl,k−2d+1 in (5.1) that comes from expandingMl,k−d is the same
as the coefficient that comes from expandingMl,k−d+1.

Ml,k

Ml,k−d+1

Ml,k−2d+2Ml,k−2d+1

Ml,k−d

Ml,k−2d+1Ml,k−2d

Let c2,0 = aq
k−1+qk−d−1 , c2,1 = aqk−dbqk−1 , and c2,2 = bqk−1+qk−d . Thus (5.1) is saying that

Ml,k = c2,0Ml,k−2d + 2c2,1Ml,k−2d+1 + c2,2Ml,k−2d+2.

One can see Pascal’s triangle emerging. We claim that

Ml,k =
j
∑
i=0
(
j
i
)cj,iMl,k−jd+i

for all j = 0, . . . , ⌊ k−1d + 1⌋, where cj,i are expressions in a and b, determined by the
following recursion:

cj,i =

{{{{{{
{{{{{{
{

1 for j = i = 0,
cj−1,0aq

k−(j−1)d−1
for i = 0,

cj−1,iaq
k−(j−1)d+i−1

= cj−1,i−1bq
k−(j−1)d+i−2

for 0 < i < j,
cj−1,j−1bq

k−(j−1)d+j−2
for i = j.
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We have shown the statement for j = 2. Assume that the statement is true for any
index less than j. Then

Ml,k =
j−1
∑
i=0
(
j − 1
i
)cj−1,iMl,k−(j−1)d+i

=
j−1
∑
i=0
(
j − 1
i
)cj−1,i(Ml,k−jd+ia

qk−(j−1)d+i−1 +Ml,k−jd+i+1b
qk−(j−1)d+i−1)

= (
j − 1
0
)cj−1,0a

qk−(j−1)d−1Ml,k−jd + (
j − 1
j − 1
)cj−1,j−1b

qk−(j−1)d+j−2Ml,k−jd+j

+
j−1
∑
i=1

Ml,k−jd+i((
j − 1
i − 1
)cj−1,i−1b

qk−(j−1)d+i−2 + (j − 1
i
)cj−1,ia

qk−(j−1)d+i−1).
Letm = k − (j − 2)d + i − 1. Then aq

m−1
bq

m−d−1
= aq

m−d
bq

m−1
, i. e.,

aq
k−(j−2)d+i−2

bq
k−(j−1)d+i−2

= aq
k−(j−1)d+i−1

bq
k−(j−2)d+i−2
,

and hence

cj−2,i−1a
qk−(j−2)d+i−2bqk−(j−1)d+i−2 = cj−2,i−1aqk−(j−1)d+i−1bqk−(j−2)d+i−2 . (5.2)

Then

cj−1,i−1b
qk−(j−1)d+i−2 = cj−2,i−1aqk−(j−2)d+i−2bqk−(j−1)d+i−2

and

cj−1,ia
qk−(j−1)d+i−1 = cj−2,i−1bqk−(j−2)d+i−2aqk−(j−1)d+i−1

and by (5.2), these two expressions are equal.
Thus

Ml,k = (
j
0
)cj−1,0a

qk−(j−1)d−1Ml,k−jd + (
j
j
)cj−1,j−1b

qk−(j−1)d+j−2Ml,k−jd+j

+
j−1
∑
i=1
(
j
i
)cj−1,ia

qk−(j−1)d+i−1Ml,k−jd+i

as desired. This completes the proof of the claim.
We now have

Ml,n−d+1 = Ml,(d−2)d+2 =
d−1
∑
i=0
(
d − 1
i
)cd−1,iMl,2−d+i

=
d−2
∑
i=0
(
d − 1
i
)cd−1,iMl,2−d+i + cd−1,d−1Ml,1
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= {
cd−1,d−1Ml,1 for l = 1,
(d−1l−2 )cd−1,l−2Ml,l−d + cd−1,d−1Ml,1 for l ≥ 2

sinceMl,2−d+i = 0 when i ̸= l − 2 (and i ≤ d − 2).

As before, let e1 =
qd

2
−1

qd−1 and e2 =
q(d−1)d−qd−1

qd−1−1 .
Then

cd−1,d−1 = b
qk−1+qk−d+qk−2d+1+⋅⋅⋅+qk−(d−2)d+d−3
= bq

(d−2)d+1+q(d−3)d+2+⋅⋅⋅+qd−1 for k = (d − 2)d + 2

= bq
d−1+q2d−2+⋅⋅⋅+q(d−1)(d−1)

= be2

= (−aqe1)e2

= (−1)d−1aqe1e2

= (−1)d−1a
qn−1
q−1 −1 mod aq

n
− a by Lemma 4.3.

Also

cd−1,0 = a
qk−1+qk−d−1+⋅⋅⋅+qk−(d−2)d−1
= aq

(d−2)d+1+q(d−3)d+1+⋅⋅⋅+q for k = (d − 2)d + 2.

Thus

cd−1,d−1Ml,1 = (−1)
d−1a

qn−1
q−1 −1(aMl,1−d + bMl,2−d)

= (−1)d−1a
qn−1
q−1 Ml,1−d + (−1)

da
qn−1
q−1 +∑d−2i=0 qid+1Ml,2−d

= (−1)d−1(−1)d−1Ml,1−d + (−1)
d(−1)d−1cd−1,0Ml,2−d

= Ml,1−d − cd−1,0Ml,2−d

since a
qn−1
q−1 = (−1)d−1 (condition 1 in the statement of the theorem).

Hence,

Ml,n−d+1 = {
Ml,1−d − cd−1,0Ml,2−d for l = 1,
(d−1l−2 )cd−1,l−2Ml,l−d +Ml,1−d − cd−1,0Ml,2−d for l ≥ 2

=
{{{
{{{
{

1 for l = 1,
0 for l = 2,
(d−1l−2 )cd−1,l−2 for l ≥ 3

(5.3)

sinceMl,l−d = 1 andMl,k = 0 when k ̸= l − d and k ≤ 0.
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So far we have only used conditions 1 and 2 in the statement of the theorem (so
note for later that conditions 1 and 2 imply (5.3)). Assume now that condition 3 holds.
By Lemma 5.1, Ml,n−d+1 = 0 for all l ≥ 3 because (d−1l−2 ) = 0. This completes the proof
that if the three conditions in the statement hold, then L splits completely.

Nowwe complete the proof of the theoremby showing the converse, i. e., we show
that if L splits completely then the three conditions in the statement hold. Theorem 4.1
and Corollary 4.2 show that if L splits completely, then conditions 1 and 2 of the theo-
rem hold. Because conditions 1 and 2 hold, we know that (5.3) holds.

On the other hand, since L splits completely, Ml,n−d+1 = 0 for all l ≥ 3. Therefore
(d−1l−2 )cd−1,l−2 = 0 for all 3 ≤ l ≤ d. We now use the fact that cd−1,l−2 is a power of a, and is
therefore nonzero because a is nonzero.We are forced to conclude that (d−1l−2 ) = 0 for all
3 ≤ l ≤ d. This implies thatd−1 is a power of the characteristic of𝔽qn by Lemma5.1.

6 Possible application to cryptography

6.1 Quasi-subfield polynomials

The recent work [5] explored the use of quasi-subfield polynomials to solve the Ellip-
tic Curve Discrete Logarithm Problem (ECDLP). They define quasi-subfield polynomi-
als as polynomials of the form xq

d
− λ(x) ∈ 𝔽qn [x] which divide xq

n
− x and where

logq(deg(λ)) < d2/n. For appropriate choices of n and d, linearized polynomials have
a chance of being quasi-subfield polynomials. We first observe that the polynomials
in Theorem 5.1 are quasi-subfield polynomials.

Lemma 6.1. The linearized polynomial L = xq
d
−bxq−ax ∈ 𝔽q(d−1)d+1 [x] is a quasi-subfield

polynomial when all the following conditions are satisfied:
1. a1+q+⋅⋅⋅+q

(d−1)d
= (−1)d−1

2. b = −aqe1
3. d − 1 is a power of the characteristic of 𝔽qn .

Proof. Here, logq(deg(λ)) = 1 and d2 > n = (d − 1)d + 1 so the condition logq(deg(λ)) <
d2/n is satisfied. By Theorem 5.1, L(x) divides xq

n
− x.

6.2 The ECDLP

LetE be an elliptic curve over a finite field𝔽q, where q is a primepower. In practice, q is
often a prime number or a large power of 2. Let P andQ be𝔽q-rational points on E. The
Elliptic Curve Discrete Logarithm Problem (ECDLP) is finding an integer l (if it exists)
such that Q = lP. The integer l is called the discrete logarithm of Q to base P.
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The ECDLP is a hard problem that underlies many cryptographic schemes and is
thus an area of active research. The introduction of summation polynomials by [8]
has led to algorithms that resemble the index calculus algorithm of the DLP over finite
fields.

The algorithm to solve the ECDLP in [5] also uses summation polynomials, so we
recall their definition.

Definition 6.1. [8] Let E be an elliptic curve over a field K. For m ≥ 1, we define the
summation polynomial Sm+1 = Sm+1(X0,X1, . . . ,Xm) ∈ K[X0,X1, . . . ,Xm] of E by the fol-
lowing property. Let x0, x1, . . . , xm ∈ K, then Sm+1(x0, x1, . . . , xm) = 0 if and only if there
exist y0, y1, . . . , ym ∈ K such that (xi, yi) ∈ E(K) and (x0, y0) + (x1, y1) + ⋅ ⋅ ⋅ + (xm, ym) = 𝒪,
where𝒪 is the identity element of E.

The summation polynomials Sm have many terms and have only been computed
form ≤ 9.

[5] develop an algorithm to solve the ECDLP over the field 𝔽qn using a quasi-
subfield polynomial Xqd − λ(X) ∈ 𝔽qn [X] and the summation polynomial Sm+1(X0,X1,
. . . ,Xm) ∈ 𝔽qn [X0,X1, . . . ,Xm]. By [5, Theorem 3.2] (see also Appendix A1), their algo-
rithm has complexity

m!qn−d(m−1)Õ(m5.18827.376m(m−1) deg(λ)4.876m(m−1)) +mq2d.

6.3 Linearized quasi-subfield polynomials

One of the problems outlined in [5] is to find suitable quasi-subfield polynomials
that give optimal complexity in their algorithm. So in this section, we will investi-
gate whether the linearized polynomials in this paper are a suitable choice (they are
not).

In our notation, the field is 𝔽qn so brute force algorithms have O(qn) complexity
and generic algorithms (Pollard Rho or Baby-Step-Giant-Step) have O(qn/2) complex-
ity.

If n = (d − 1)d + 1 and we use L = xq
d
− bxq − ax ∈ 𝔽q(d−1)d+1 [x] as in Lemma 6.1 as

our quasi-subfield polynomial, then we get complexity

m!qd
2−dm+1Õ(m5.18827.376m(m−1)q4.876m(m−1)) +mq2d

for the algorithm in [5]. However, since d2 − dm + 1 + 4.876m(m − 1) > n/2 for any d,m,
this will not beat generic discrete log algorithms. Thus it appears that the polynomi-
als of Theorem 5.1 will not lead to an ECDLP algorithm that beats generic algorithms,
although they can beat brute force algorithms.
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Remark 6.1. We briefly discuss adding another term of small degree, for example, an
xq

2
term. Suppose we have a linearized polynomial L = xq

d
− cxq

2
− bxq − ax ∈ 𝔽qn [x]

which splits completely. Assume d2 > 2n so that L(x) is a quasi-subfield polynomial.
Then the algorithm of [5] has complexity

m!qn−d(m−1)Õ(m5.18827.376m(m−1)(q2)4.876m(m−1)) +mq2d.

To beat generic discrete log algorithms, we require at least n − d(m − 1) ≤ n/2 and
2d ≤ n/2, which implies n

2(m−1) ≤ d ≤
n
4 and, therefore, m ≥ 3. As an example, if we

choose q = 2 and m = 4 then we have 27.376m(m−1)(q2)4.876m(m−1) ≈ 1.45 ⋅ q205 inside
the Õ. This means that the overall complexity can beat generic algorithms over 𝔽2n
(for n sufficiently large). For example, a choice of d around n/5 when q = 2, m = 4,
would give a complexity O(q0.4n) for n > 500 (the 500 is a rough estimate). It remains
to show that such polynomials exist.

To obtain an estimate for smaller field sizes, wemay trym = 3, which implies that
d ≈ n

4 . These choices would give us complexity

qn/2Õ(35.188244.256q58.512) + 3qn/2

which is not better than generic algorithms. One example of a linearized polynomial
which splits completely andmatches these choices (q = 2, d ≈ n

4 ) is L = x
1024 + x4 + x ∈

𝔽242 [x].

7 Conclusion and open questions

Wehaveprovidednecessary and sufficient conditions forL = xq
d
−bxq−ax ∈ 𝔽q(d−1)d+1 [x]

to have all qd roots in 𝔽q(d−1)d+1 .
The recursive formula that we found for trinomial linearized polynomials is valid

for more general linearized polynomials too: Let L = xq
d
− ∑d−1i=0 aix

qi .
SetMl,l−d = 1, andMl,k = 0 for k ≤ 0 and k ̸= l − d. For 1 ≤ l ≤ d and k ≥ 1, let

Ml,k = Ml,k−da
qk−1
0 +Ml,k−d+1a

qk−1
1 + ⋅ ⋅ ⋅ +Ml,k−1a

qk−1
d−1 =

d−1
∑
i=0

Ml,k−d+ia
qk−1
i . (7.1)

ThenMl,k is the (l, d) entry of AL,k . Furthermore, the (l, j) entry of AL,k isMl,k−d+j.
We are currently working on extending these results to this more general case, for

example, to polynomials of the form L = xq
d
− cxq

2
− bxq − ax.
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1 Difference sets in Hadamard 2-groups
Definition 1.1. The subsetD of a groupG of order v is adifference setwith parameters
(v, k, λ) if the size ofD is k and for all nonidentity elements g inG, the equation d1d−12 =
g has exactly λ solutions (d1, d2), d1, d2 ∈ D.

Wemay replace the set D by the sumof its elements and viewD as amember of the
group ringℤ[G]. With this understanding, we write D(−1) := ∑d∈D d

−1 and observe that
the equation in the definition above translates into the following group ring equation:

DD(−1) = (k − λ) + λG. (1.1)

(Here,G represents the group ring element consisting of the sum of all the elements of
the groupG; equating a setwith the sumof its elements is a typical “abuse of notation”
in the study of difference sets.)

In this paper, we focus on difference sets with parameters (22d+2, 22d+1 ± 2d, 22d ±
2d) existing in 2-groups. Difference sets with parameters (4N2, 2N2 ± N ,N2 ± N) are
often called “Hadamard” difference sets because of their connections with Hadamard
matrices of order 4N2. Groups of order 22d+2 possessing a (22d+2, 22d+1 ± 2d, 22d ± 2d)
difference set are designated as “Hadamard 2-groups.” In this paper, we attempt to
explain the existence of difference sets in some Hadamard 2-groups where general
construction techniques; those using Abelian groups, do not appear to work.

Many of the concepts in this paper are an extension of those appearing in [4] and
[3].
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The recent conclusion of a search for difference sets in groups of order 256, [3],
included a generalization of covering extended building sets to “orthogonal building
sets” (OBS) in Abelian 2-groups. In this paper, we seek generalizations of orthogonal
building sets to non-Abelian groups, building on the ideas from that paper.

1.1 Recent contributions to difference sets in 2-groups

In 1990, as part of the Director’s Summer Program at the National Security Agency
(NSA), a small team of undergraduate students, working under the direction of John
Dillon, used the software package CAYLEY to complete a survey of groups of order 64,
identifying those groups which had a (64, 28, 12) difference set. Ken Smith, beginning
a sabbatical year at the NSA, was also involved in this project. By August of 1990, it
had been determined that 259 of the 267 groups of order 64 had difference sets. Those
eight groups that did not have a difference set were ruled out by a result of Turyn and
Dillon ([11], [5]) that prohibit difference sets in a group of order 22d+2 if the group had
a cyclic or dihedral image of order 2d+3.

In our search for difference sets in 2-groups, the next larger sets of groups to ex-
amine were the 56,092 groups of order 256. At that time, those groups were stored in
a sequence of CAYLEY libraries and any serious investigation into those groups ap-
peared to be beyond the computer capabilities of that time.

In August 2012, Dillon communicated that most of the groups of order 256 had a
difference set, with the status open for only 724 groups. In 2013, Taylor Applebaum,
[1], then at the University of Richmond,1 successfully constructed a difference set in
643 groups containing a normal subgroup isomorphic to C4 × C4 × C2 (of a possible
649). After that, a team of students, John Clikeman, Gavin McGrew, and Tahseen Rab-
bani, led by Jim Davis, successfully constructed a difference set in the remaining six
groups with such a normal subgroup. This construction technique, using the concept
of extended building sets from [4], left 75 groups still in doubt. Difference sets in those
remaining groups were then found using a variety of ad hoc techniques.

The number of groups of order 1024 is 49,487,365,422. At this time, there is no con-
venient library of these groups.

1.2 Extended building sets

We review a few essential concepts relating to the extended building set construction.
LetG be a finite group and S a subset ofG. As before, we identify Swith the formal sum
of its elements, so that S := ∑s∈S s. If ϕ is an irreducible representation of G and A =
∑g ag g, an element in the group ringℂ[G], then ϕ(A) := ∑g agϕ(g). We write Irrep(G)

1 Now at Google.
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for the set of irreducible representations of G. If G is Abelian then Irrep(G)= G∗, the
set of characters of G.

Definition 1.2. A subset S of G has modulus m with respect to the character χ if
|χ(S)| = m.

Definition 1.3. The support of A = ∑g ag g is the set of group elements g such that
ag ̸= 0. The dual support of A is the set of irreducible representations ϕ such that
ϕ(A) ̸= 0.

Definition 1.4. Elements A,B ∈ ℂ[G] are orthogonal if the product AB(−1) is zero.

There is a classical lemma relating difference sets to the modulus.

Lemma 1.5. Let D be a k-element subset of an Abelian group G of order v. D is a (v, k, λ)
difference set in G if and only if D has modulus√k − λ over all nonprincipal characters.

Definition 1.6. A subset B of G is a building block with modulus m if for every non-
principal character χ on G, χ(B) = 0 or |χ(B)| = m.

Definition 1.7. Let a, t ∈ ℕ, m ∈ ℝ. An (a,m, t, ±) extended building set (EBS) on
a group G relative to a subgroup U is a set of t building blocks {B1,B2, . . . ,Bt} with
modulusm, such that t − 1 blocks contain exactly a elements and one contains a ±m
elements, determined by the fourth parameter, and such that for any nonprincipal
character χ on U:
1. If χ is principal on U, there is only one Bi such that χ(Bi) ̸= 0, for 1 ≤ i ≤ t.
2. If χ is nonprincipal on U, then ∀i, χ(Bi) = 0.

If, for every nonprincipal character of G, only one block has a nonzero character sum,
then we call the EBS covering, abbreviated cov EBS.

Theorem 1.8. Let G be a finite Abelian group containing K as a subgroup with index t.
For any (a,m, t, ±) cov EBS in K, there is a (t|K|, at ±m, at ±m −m2) difference set in G.

Example 1.9. In an Abelian group of order 256, the above theorem tells us that one
may lift a (16, 8, 8, −) cov EBS in a subgroup isomorphic to C24 ×C2 up to a difference set
in G. With presentation

K = C24 × C2 = ⟨x, y, z | x
4 = y4 = z2 = [x, y] = [x, z] = [y, z] = 1⟩,

the (16, 8, 8, −) cov EBS, written as elements of a group ring, are:

B1 = ⟨x
2, y⟩ + x⟨x2z, y⟩ = [(1 + x2) + x(1 + x2z)](1 + y)(1 + y2)

B2 = ⟨x
2, yz⟩ + x⟨x2z, yz⟩ = [(1 + x2) + x(1 + x2z)](1 + yz)(1 + y2)

B3 = ⟨x, y
2z⟩ + y⟨xy2, y2z⟩ = [(1 + x) + y(1 + xy2)](1 + y2z)(1 + x2)

B4 = ⟨xy, y
2z⟩ + y⟨xy3, y2z⟩ = (1 + x)(1 + y)(1 + y2z)(1 + x2y2)
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B5 = ⟨x, z⟩ + y⟨xy
2, z⟩ = [(1 + x) + y(1 + xy2)](1 + x2)(1 + z)

B6 = ⟨x
2, y2, z⟩ = (1 + x2)(1 + y2)(1 + z)

B7 = ⟨y, z⟩ + x⟨x
2y, z⟩ = [(1 + y) + x(1 + x2y)](1 + y2)(1 + z)

B8 = ⟨xy, z⟩ + x⟨x
3y, z⟩ = (1 + x)(1 + y)(1 + x2y2)(1 + z)

Any character of K, other than the principal character, maps exactly one of these sets
to anonzero complexnumber ofmodulus 8. These blocks are then subsequently trans-
lated by the coset representatives of G/K. If G is Abelian, this construction is guaran-
teed to produce a (256, 120, 56) difference set. Furthermore, it should be evident that
the ordering of the coset representatives is irrelevant if G is Abelian.

For non-Abelian groups with a normal C24 × C2 subgroup, Applebaum conjectured
therewould always be some choice among of the 8! coset representativeswhichwould
result in a difference set in the 649 open groups with such a normal subgroup. This
was eventually verified, programmatically with GAP [7], using the EBS above, by the
end of 2013.

1.3 OBS, the ±1 version of EBS

Wegeneralize coveringEBS in two steps. First, the “Hadamard”parameters (4N2, 2N2±
N ,N2 ± N) allow us to replace group ring elements with coefficients from {0, 1} with
group ring elements whose coefficients are from {1, −1}. In this case, the difference set
D is replaced by a ±1 version, D∗ := G − 2D and D(−1) is replaced by D∗(−1) := G − 2D(−1)

so that equation (1.1) becomes

D∗D∗(−1) = 22d+2. (1.2)

A building block is then a group ring element B, whose coefficients are from {−1,0, 1},
with the property that for every character χ ∈ G∗, χ(B) has modulus 2d+1 or is 0; an or-
thogonal building set (OBS) is then a collection of building blocks {Bi} with the prop-
erty that each character is zero on all but one element of the building set.

For example, replacing Bi by B∗i := K − 2Bi, we have a set {B∗i } such that each
character maps exactly one of the B∗i to a complex number of modulus 16 and maps
all others to zero. Theprincipal character is nownodifferent that any other character—
this is the advantage of the ±1 viewpoint—in our case, above, the principal character
maps B∗6 to 16 and maps the seven other B∗i to zero. Here are the ±1 versions of the
earlier blocks:

B∗1 = −(1 + x + x
2 + x3z)(1 + y)(1 + y2)(1 − z)

B∗2 = −(1 + x + x
2 + x3z)(1 − y)(1 + y2)(1 − z)

B∗3 = −(1 + x + y + xyz)(1 − y
2)(1 + x2)(1 − z)
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B∗4 = −(1 + x)(1 + y)(1 − y
2)(1 − x2)(1 − z)

B∗5 = −(1 + x + y + xy
3)(1 + x2)(1 − y2)(1 + z)

B∗6 = −(1 − x − y − xy)(1 + x
2)(1 + y2)(1 + z)

B∗7 = −(1 + x + y + x
3y)(1 − x2)(1 + y2)(1 + z)

B∗8 = (1 + x)(1 + y)(1 − x
2)(1 − y2)(1 + z)

For future reference (see Section 2), we note that each of these is a multiple of a group
ring idempotent, specifically,

e1 :=
1
8
(1 + y)(1 + y2)(1 − z), e2 :=

1
8
(1 − y)(1 + y2)(1 − z),

e3 :=
1
8
(1 − y2)(1 + x2)(1 − z), e4 :=

1
8
(1 − y2)(1 − x2)(1 − z),

e5 :=
1
8
(1 + x2)(1 − y2)(1 + z), e6 :=

1
8
(1 + x2)(1 + y2)(1 + z),

e7 :=
1
8
(1 − x2)(1 + y2)(1 + z), e8 :=

1
8
(1 − x2)(1 − y2)(1 + z)

1.4 The result of Drisko

The construction of OBS in Abelian groups is a powerful concept, especially if we link
it to a result on transversals of a normal elementary Abelian subgroup.

Let E ≅ Cr2 be an elementary Abelian group of order 2r, rank r. Suppose

E ⊴ K ⊴ G

and thatK has a covering EBS consisting of 2r building blocks. If the property χ(Bi) ̸= 0
gives a bijection between the building blocks Bi and the characters χ of E then a result
of [6] (see also Theorem 1.7 in [3]) assures us that G has a difference set. In most of the
examples in [3], K is an Abelian group.

Example 1.10. The extended building set in the first section, {B1,B2, . . . ,B8}, used by
Applebaum and others to find difference sets in groups of order 256, can be replaced
by the following:

B∗1 := (1 + x
2)(1 + y2)(1 + z)(1 − x − y − xy)

B∗2 := (1 + x
2)(1 + y2)(1 − z)(1 − x − y − xy)

B∗3 := (1 + x
2)(1 − y2)(1 + z)(1 − x − y − xy)

B∗4 := (1 + x
2)(1 − y2)(1 − z)(1 − x − y − xy)

B∗5 := (1 − x
2)(1 + y2)(1 + z)(1 − x − y − xy)

B∗6 := (1 − x
2)(1 + y2)(1 − z)(1 − x − y − xy)
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B∗7 := (1 − x
2)(1 − y2)(1 + z)(1 − x)(1 − y)

B∗8 := (1 − x
2)(1 − y2)(1 − z)(1 − x)(1 − y)

This set has the advantage that these blocks are multiples of the idempotents
1
8
(1 ± x2)(1 ± y2)(1 ± z)

existing in the group ring of the elementary Abelian group E = ⟨x2, y2, z⟩. Then any
group of order 256, with K ≅ C24 × C2 a normal subgroup, has a difference set. This
saves us from the computer search of Applebaum and others.

Of the fourteen groups of order 16, twelve have adifference set. Tenof these groups
have difference sets constructed from an OBS in C2 × C2. The other two groups with
difference sets require a different construction.

Of the 267 groups of order 64, 259 have a difference set. 176 of these groups have
difference sets constructed from an OBS in C2 × C2 × C2 and 130 of these groups have
difference sets constructed from an OBS in C4 × C4, leaving 22 groups with difference
sets not constructible by OBS.

Of the 56092 groups of order 256, there are 56049 possessing a difference set. Of
those groups, 42268 have difference sets constructed from an OBS in C2 × C2 × C2 × C2,
49165 of these groups have difference sets constructed from anOBS in C4×C4×C2, and
684 of these groups have difference sets constructed from an OBS in C8 × C8 giving a
union of 54633 groups, leaving 1416.

The percentages of groups given by OBS is 83%, 91.5%, and 97.5%, leaving 1416
groups with difference sets not constructible by OBS.

We summarize this in Tables 1 and 2.

Table 1: Success rate of Abelian OBS in groups of order 64.

Technique # groups of order 64 %

OBS in C32 176 65.9%
OBS in C4 × C4 130 48.7%
ALL OBS in Abelian groups 237 88.8%
other construction required 22 8.2%
Turyn/Dillon bound 8 3.0%

Table 2: Success rate of Abelian OBS in groups of order 256.

Technique # groups of order 256 %

OBS in C42 42268 75.35%
OBS in C4 × C4 × C2 49165 87.65%
OBS in C8 × C8 684 2.52%
ALL OBS in Abelian groups 54633 97.40%
other construction required 1416 2.52%
Turyn/Dillon bound 43 0.08%
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2 Non-Abelian OBS
Since the existence of OBS in Abelian groups is so powerful, need we restrict OBS to
Abelian groups? Our second step in generalizing extended building sets is to create
OBS in non-Abelian groups.

Example 2.1. Let Q = ⟨x, y : x4 = y4 = 1, xyx−1 = y−1, x2 = y2⟩ be the quaternion group
of order eight. Then the set

{(1 − x − y − xy)(1 + x2), (1 − x − y − xy)(1 − x2)}

acts as an OBS of two sets, with center E = ⟨x2⟩. Any group of order 16 with normal
subgroup isomorphic to Q has a (16, 6, 2) difference set.

Example 2.2. Consider the direct product Q × ⟨z : z2 = 1⟩ of the quaternion group,
above, and the cyclic group of order two. Then the set

{(1 − x − y − xy)(1 ± x2)(1 ± z)}

acts as an OBS of four sets, with center E = ⟨x2, z⟩. Any group of order 64 with normal
subgroup isomorphic to this group has a (64, 28, 12) difference set.

2.1 Characters and idempotents

The definition of building blocks and extended building sets in Abelian groups de-
pends on interplay between subsets of an Abelian group and sets of characters of
that group.Wemay generalize those definitions to non-Abelian groups by focusing on
idempotents, associating a set of characters (or a set of irreducible representations)
with a unique idempotent. Associated with each finite group G is a set of irreducible
representations Irrep(G). We will assume that these representations are unitary, that
is,ϕ(g−1) = ϕ(g)

T
. Good references for group representations, characters and their as-

sociated idempotents include [8] (Chapter 3), [2] (Chapter 5), and the excellent small
monograph [9].

Definition 2.3. An element e of a ring is an idempotent if e2 = e. An element is cen-
tral if it commutes with all elements of the ring. The center of a ring is the set of all
central elements.

The center of the full matrix ringMatn(F) over a field F is the set of scalarmatrices.
Thismeans that the only central idempotent of a full matrix ring is the identitymatrix.
Since the group ringℂ[G] of a finite group G over the complex numbers is isomorphic
to the direct sums of the irreducible representations then, given any irreducible rep-
resentation ϕ, there exists a unique element eϕ of the group ring ℂ[G] such that

ϕ(eϕ) = ϕ(1) and if ϕ
󸀠 ∈ Irrep(G),ϕ󸀠 ̸= ϕ, then ϕ󸀠(eϕ) = 0.
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Since, for any ϕ󸀠 ∈ Irrep(G), ϕ󸀠(e2) = ϕ󸀠(e)ϕ󸀠(e), then eϕ ⋅ eϕ = eϕ and so eϕ is an
idempotent in ℂ[G]. The element eϕ is the central idempotent corresponding to the
representation ϕ. Given a subset S ⊆ Irrep(G), we may define

eS := ∑
σ∈S

eσ .

The element eS is an idempotent and is the unique element of ℂ[G] such that σ(eS) =
σ(1) if and only if σ ∈ S.

The lattice of subsets of Irrep(G) gives rise to a lattice of central idempotents of
ℂ[G]: If S,T are subsets of Irrep(G) then

eS∩T = eS ⋅ eT

and if S,T are disjoints subsets of Irrep(G) then

eS∪T = eS + eT .

If S is a subset of Irrep(G) and SC is the complement of S in Irrep(G), then

eSC = 1 − eS .

This lattice of idempotents correspondswith the lattice of subsets of irreducible repre-
sentations. In particular, if G is an Abelian group, any set of characters of G is associ-
ated with a unique idempotent and we may replace our emphasis on characters with
a corresponding emphasis on idempotents. (The idempotents given by this lattice are
all central inℂ[G]. If G is a non-Abelian group then there will be idempotents that are
not central.)

If χ is a linear representation of G then the idempotent eχ is equal to

eχ =
1
|G|
∑
g
χ(g) g = 1

|G|
∑
g
χ(g) g−1.

(Note the need for the conjugate map.) Equating functions with group ring elements
allows one to then write

χ = |G|eχ .

Definition 2.4. A set {e1, e2, . . . , eℓ} of idempotents of ℂ[G] is complete (or covering)
if the idempotents are pairwise orthogonal and sum to 1.

If a set of central idempotents is complete, then the sets of irreducible represen-
tations corresponding the idempotents partition the set of all irreducible representa-
tions.

Idempotents provide an equivalent definition of building blocks.
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Lemma 2.5. Let G be an Abelian group. An element B ∈ ℤ[G] with coefficients from
{−1,0, 1} is a building block of length m if and only if there is a nonzero idempotent e
such that

Be = B and BB(−1)e = m2 ⋅ e.

Proof. A building block of modulusm in an Abelian group is a set Bwith the property
that |χ(B)| = m for some characters χ and is equal to zero for all others. Let S be the
dual support of B. Then, for χ ∈ S,

󵄨󵄨󵄨󵄨χ(B)
󵄨󵄨󵄨󵄨 = m ⇐⇒ χ(B)χ(B) = m2

⇐⇒ χ(B)χ(B(−1)) = m2 ⇐⇒ χ(BB(−1)) = m2χ(1)

Let e be the idempotent associated with the set S of characters. Then

BeS = B and BB(−1)eS = m
2eS .

On the other hand, if B has the property that there exists an idempotent e such that
Be = B and BB(−1)e = m2e then let S be the set of all characters ϕ such that ϕ(e) = 1. If
ϕ ∈ S, then

ϕ(B)ϕ(B) = ϕ(BB(−1)) = m2

and so |ϕ(B)| = m. If ϕ ̸∈ S, then since ϕ(e) = 0 we have

ϕ(B) = ϕ(Be) = ϕ(B)ϕ(e) = ϕ(B) ⋅ 0 = 0.

Lemma 2.6. If G is Abelian, then A,B ∈ ℂ[G] are orthogonal if and only if their dual
supports are disjoint.

Proof. Since each element in ℂ[G] is determined by its image under the irreducible
representations then

AB(−1) = 0 ⇐⇒ ∀χ ∈ G∗, χ(AB(−1)) = 0.

But since G is Abelian, χ is a homomorphism and so χ(AB(−1)) = χ(A)χ(B). Since χ
maps group ring elements into the complex numbers, then χ(A)χ(B) = 0 implies that
either χ(A) = 0 or χ(B) = 0, so χ is not in the dual support of either A or B. Therefore,
AB(−1) = 0 implies that the intersection of the dual supports of A and B are disjoint.

Conversely, if thedual supports ofAandBaredisjoint then for any χ ∈ G∗, χ(A) = 0
or χ(B) = 0 and so χ(A)χ(B) = 0. Since this is true for all χ ∈ G∗, then AB(−1) = 0.
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2.2 Building blocks in non-Abelian groups

Let G be a finite group, possibly non-Abelian. We adapt the earlier definitions of Sec-
tion 1 for the non-Abelian setting.

Definition 2.7. An element B ∈ ℤ[G] with coefficients from {−1,0, 1} is a building
block of lengthm with respect to the nonzero idempotent e if

eB = B and BB(−1) = m2 ⋅ e.

Fixing the positive real number m, a building set in G is a collection {B1,B2, . . . ,Bℓ}
of mutually orthogonal building blocks of lengthmwith an associated set of idempo-
tents, {e1, e2, . . . , eℓ}.

Definition 2.8. A building set is covering if the associated idempotents form a com-
plete set of idempotents.

Lemma 2.9. Suppose B1,B2 are building blocks of length m in a finite group G and sup-
pose the associated idempotents e1, e2 are central. Then B1,B2 are orthogonal if and only
if their dual supports are disjoint.

Proof. Suppose the dual supports of B1,B2 are disjoint. Then for any representation
ϕ ∈ Irrep(G), either ϕ(B1) = 0 or ϕ(B2) = 0. Since we may assume that ϕ is a unitary
representation, then ϕ(B(−1)2 ) = ϕ(B2)

T
and so ϕ(B2) = 0 if and only if ϕ(B

(−1)
2 ) = 0.

Therefore, ϕ(B1B
(−1)
2 ) = ϕ(B1)ϕ(B

(−1)
2 ) = 0. Since this is true for all irreducible

representations, then B1B
(−1)
2 = 0.

On the other hand, suppose B1B
(−1)
2 = 0 but there is an irreducible representation

ϕ in the intersection of the dual supports of B1,B2. Let e be the idempotent associated
with ϕ. Then B1B

(−1)
1 e = m2e = B2B

(−1)
2 e. Since e is a central idempotent, e = e(−1) and

m2e = (m2e)(−1) = (eB(−1)2 B2). Therefore,

(B1B
(−1)
2 )(B1B

(−1)
2 )
(−1)e = B1(B

(−1)
2 B2)B

(−1)
1 e = B1(B

(−1)
2 B2e)B

(−1)
1 .

= B1(m
2e)B(−1)1 = (m

2e)B1B
(−1)
1 = (m

2e)(m2e) = m4e2 = m4e

contradicting the claim that B1B
(−1)
2 = 0.

Example 2.10. The idempotents corresponding to the extended building set in ex-
ample 1.9, were given immediately after that example. That set of idempotents,
{e1, . . . , e8}, is complete, as the sum of the eight idempotents is 1. In making this
correspondence of idempotents with characters, we assign the principal character to
the sixth building block, the one “short” block in the list, a set of size 8, not 16.

2.3 Families of (a,m, t) OBS

We define an (a,m, t) OBS and a product construction.
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Definition 2.11. An (a,m, t) orthogonal building set (OBS) in a group K is a set
{B1,B2, . . . ,Bt} of t mutually orthogonal elements of ℤ[G] with coefficients from
{−1,0, 1} such that each element Bi has support of size a and modulus m with re-
spect to an idempotent ei. The OBS is covering if the set {e1, e2, . . . , et} of associated
idempotents is complete. The OBS is elementary if the order of K is equal to a and
the idempotents are idempotents of a central elementary subgroup E.

Example 2.12. The two subsets of the quaternion group given in example 2.1 form an
(8, 4, 2) OBS while those in example 2.2 form a (16, 8, 4) OBS.

A difference set in a group of order 22d+2 gives, trivially, a (22d+2, 2d+1, 1) OBS. In or-
der to construct a difference set in a group of order 22d+2, we seek OBSwith parameters
(22d+2−r , 2d+1, 2r).

Lemma 2.13 (Product construction). Ifℬ1 = {B1,1, . . .B1,i, . . .B1,t1 } is an (a1,m1, t1)OBS in
K1 and ℬ2 = {B2,1, . . .B2,i, . . .B2,t2 } is an (a2,m2, t2) OBS in K2 then ℬ1 × ℬ2 = {B1,i × B2,j :
1 ≤ i ≤ t1, 1 ≤ j ≤ t2} is an (a1a2,m1m2, t1t2) OBS in K1 × K2.

The set of associated idempotents forℬ1×ℬ2 is the direct product of the idempotents
associated with ℬ1 and ℬ2.

Letℋ(a,m, t) represent the set of (isomorphism classes of) groups of order awith
an elementary (a,m, t) OBS.

For example: ℋ(2, 2, 2) = {C2}. ℋ(4, 4, 4) = {C22}. ℋ(4, 2, 1) = {C4,C
2
2}. ℋ(8, 4, 2) =

(ℋ(4, 2, 1) ×ℋ(2, 2, 2)) ∪ {Q4} = {C4 × C2,C32 ,Q4}.
Since the direct product of the set ℋ(a1,m1, t1) and ℋ(a2,m2, t2) is a subset of

ℋ(a1a2,m1m2, t1t2), we might seek groups with a “primitive” OBS, one not created by
a product. (See 2.1 for a non-Abelian example.)

It is likely that there are more examples of covering building sets in non-Abelian
groups of order 16. But it turns out that a “near miss” in C8 × C2 will create OBS in
important groups of order 32.

2.4 Complementary pairs of building sets

Some groups of order 64, with difference sets, do not appear to allow a covering build-
ing set from normal subgroups of order 16. But there are variations on the covering
building set construction that are significant.

Example 2.14. The group H = C8 × C2 does not have a covering building set of four
building blocks of length eight. But it has an interesting “near miss.” Consider the
following four blocks in H = C8 × C2 = ⟨x, y : x8 = y2 = [x, y] = 1⟩:

B0 := (1 − x
4)(1 + x2y)(1 − x − y − xy)

B1 := (1 + x
4)(1 + y)(1 − x − x2 − x3)
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B2 := (1 − x
4)(1 − x2y)(1 − x − y − xy)

B3 := (1 + x
4)(1 − y)(1 − x − x2 − x3)

The elements B1 and B3 are mutually orthogonal building blocks of length eight, with
respect to the idempotents (1+x

4)(1±y)
4 . Indeed, all pairs of blocks are mutually orthog-

onal except the pair B0,B2. Noting that x8 = 1, y2 = 1, we can compute

B0B
(−1)
0 = 16(1 − x

4) = B2B
(−1)
2

and

B0B
(−1)
2 = 8x

2(1 − x4) = −B2B
(−1)
0

These relations imply that with appropriate choice of the elements gi, the blocks B0
and B2 can be made to complement each other within the group ring equation so that
D = ∑ giBi will be a difference set.

The group H = C8 × C2 only has three involutions (elements of order two), x4, y
and x4y. The element x4 is the only involution which is itself a square and so it is fixed
by all automorphisms. Thus, if G is a larger group with H as a normal subgroup, then
the idempotents 1−x4

2 , (1+x
4)(1−y)
4 and (1+x

4)(1+y)
4 are all fixed by conjugation by elements

of G.
Let G be a group of order 64 with H as a normal subgroup. Let g0 = 1, g1, g2, g3 be

a left transversal of H in G. Set

D := ∑
j
gjBj.

Then

DD(−1) = 64 + 8x2(1 − x4)g−12 − 8g2x
2(1 − x4)

We have a difference set if and only if

8x2(1 − x4)g−12 − 8g2x
2(1 − x4) = 0.

Since 8(1 − x4) is in the center of the group ring, it can be effectively ignored. So we
require the group element x2g−12 to be equal to g2x2. When this is true, the set {B0 +
g2B2,B1 + g2B3} is a (32, 8, 2) OBS in a group H󸀠 = ⟨g2, x, y⟩ of order 32. Any group of
order 64 containing the subgroup H󸀠 then has a difference set of the form D = B0 +
g2B2 + g󸀠(B1 + g2B3) where g󸀠 ̸∈ H󸀠.

There are eight groups of order 32 containing a normal copy ofH = C8 ×C2 and an
element g ̸∈ H such that x2g−1 = gx2. There are 118 groups of order 64 with a subgroup
of order 32 isomorphic to one of these eight. So these 118 groups have a difference set
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constructible in this manner. Included in this list are 13 groups not covered by the
earlier Abelian or non-Abelian OBS.

This reduces theopengroups toSmallGroup(64, cn)2where cn ∈ {42, 46, 48, 49, 51}.
These remaining five groups all have C8 × C2 as a normal subgroup but the “building
block” structure appears to be more complicated. In these groups a more subtle ar-
gument, probably using the inner automorphisms of the group of order 64 acting on
C2 × C8, will be necessary.

Example 2.15. LetM64 := ⟨x, y : x32 = y2 = 1, yxy−1 = x17⟩, the modular group of order
64. The element x16 is a central involution (indeed the center of G is ⟨x2⟩) and ⟨x16, y⟩
is a subgroup isomorphic to C22 . However, y is not central. The group ringℂ[M64] has a
complete set of four idempotents e±± :=

1
4 (1±x

16)(1±y). Led by these idempotents, we
consider the following four blocks. (Here, g1, g2, g3, g4 are group elements to be chosen
later.)
1. B++ := [(1 + x8) + g1(1 − x8)](1 + x16)(1 + y)
2. B+− := [(1 + x8) + g2(1 − x8)](1 + x16)(1 − y)
3. B−+ := [(1 + x8) + g3(1 − x8)](1 − x16)(1 + y)
4. B−− := [(1 + x8) + g4(1 − x8)](1 − x16)(1 − y)

Observe that

B++B
(−1)
++ (e++) = 16(1 + x

16)(1 + y) and B+−B
(−1)
+− (e+−) = 16(1 + x

16)(1 − y)

so the sets B++ and B+− are orthogonal building blocks. However, the other two sets
do not work quite as nicely, due to the fact that y is not in the center of G. But one
can tinker with the values of the group elements g1, g2, g3, g4 and, just as in the C8 ×C2
example, create complementary building sets. The first difference set found in this
group (Δ in [10]) has form (as a ±1 DS)

Δ∗ = A(1 + x16) + B(1 − x16)

where

A = x3[(1 + y) − x2(1 − y)](1 + x8) + x4[(1 + y) + x4(1 − y)](1 − x8)

and

B = x−2(1 + x)(1 − y)(1 + x8) − x(1 − x)(1 + y)(1 − x8).

2 “SmallGroup(64, cn)” references a group of order 64 defined in the GAP ([7]) “SmallGroup” library.
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2.5 Final thoughts

One might wonder if identification of OBS in various non-Abelian groups is sufficient
to construct difference sets inall groups that have them.However, there are twogroups
of order 64 with the property that all normal subgroups in those groups also occur
in groups that do not have differences sets. (One of these two groups is M64, above.)
In groups of order 256, there are ten groups with difference sets, yet all their normal
subgroups are normal subgroups of groups that do not have difference sets. (One of
these ten groups is the “most difficult” group of order 256, the group C64⋊47C4; see [12]
for a construction.) Thus the OBS construction cannot work directly in those groups.
However, in these groups, we often found a “near miss” as described above in C8 ×C2;
we found four sets where one pair were orthogonal building sets and the other pair
were complementary, not quite building sets of the samemodulus, but offsetting each
other in just the right way.

On the other hand, every difference set in 2-groups has some further connection
to OBS.

Theorem 2.16. Suppose D is a ±1 difference set in a 2-group G. Let g be a central invo-
lution in G. Then there are group ring elements A,B ∈ ℤ[G] such that

D = A(1 + g) + B(1 − g).

The set {A(1 + g),B(1 − g)} is then a (22d+1, 2d+1, 2) OBS in this group of order 22d+2.

2.6 Summary

It is possible that all the groups with difference sets can be explained in three waves
of construction:
1. Use OBS in Abelian groups and selected non-Abelian groups to dispatch most (>

99%) of the groups.
2. UseOBS in selectednon-Abelian groups to dispatchmost of the remaining groups.
3. Use complementary paired OBS (as above in examples 2.14 and 2.15) to complete

construction of difference sets in the final more difficult groups.

All difference sets can be constructed from building blocks, in some way, but it is not
clear if there is a recursive process that covers every case. The most difficult groups
appear to be those that skate close to the Turyn/Dillon exponent bound ([11], [5]) de-
scribed in Section 1.1 and, in addition, have a cyclic center, preventing a convenient
elementary Abelian subgroup.

The use of non-Abelian groups for the construction of difference sets is important.
Although large families of difference sets can be constructed from building blocks in
Abelian groups, this does not cover all groups and if we are to find difference sets in
all Hadamard 2-groups, wemust develop a theory of non-Abelian building blocks.
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In drafting this attempt at a general theory of covering building sets, a number
of questions occur. (Any of these might be a good place to start an undergraduate re-
search project or a masters thesis.)
1. Explain the difference sets occurring in the five “difficult” groups of order 64. Is

there an elegant explanation using the normal subgroup C8 × C2?
2. Identify OBS in groups of order 16 and 32. (Must we always require that the idem-

potents come from a central elementary Abelian subgroup E?)
3. Lift the OBS and near-OBS in groups of order 16 to OBS in groups of order 32.
4. Construct thedifference sets in the “difficult” groupsof order 256, those that donot

have a convenient OBS. Can we generalize this construction to families of groups
with cyclic centers?
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Abstract: We present four new examples of plane rational curves with two Galois
points in positive characteristic, and determine the number of Galois points for three
of them. Related to these results, a theorem of the first author in algebraic geometry
is applied to a group-theoretic problem on projective linear groups.

Keywords: Galois point, plane curve, Galois group, projective linear groups

MSC 2010: 14H50, 20G40

1 Introduction

Let C ⊂ ℙ2 be an irreducible plane curve over an algebraically closed field k of char-
acteristic p ≥ 0 with k(C) as its function field. For a point P ∈ ℙ2, if the function field
extension k(C)/π∗Pk(ℙ1) induced by the projectionπP is Galois, thenP is called aGalois
point for C. This notion was introduced by Yoshihara ([7, 9]). Furthermore, if a Galois
point P is a smooth point of C (resp., a point inℙ2 \C), then P is said to be inner (resp.,
outer). The associated Galois group at P is denoted by GP. In this paper, we present
four new examples of plane rational curves with two Galois points, which update the
tables in [11].

Here, we assume that p ≥ 3 and q ≥ 5 is a power of p.

Theorem 1. Let C1 be the plane curve of degree q which is the image of the morphism

φ1 : ℙ
1 → ℙ2; (s : t) 󳨃→ (s

q+1
2 t

q−1
2 : (s − t)tq−1 : sq − stq−1).

Then:
(a) The point P1 := (0 : 1 : 0) = φ1(0 : 1) is an inner Galois point with GP1 ≅ Dq−1, where

Dq−1 is the dihedral group of order q − 1.
(b) The point P2 := (1 : 0 : 0) = φ1(1 : 1) is an inner Galois point with GP2 ≅ ℤ/(q − 1)ℤ.
(c) The number of inner Galois points on C1 is exactly two.
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Theorem 2. Let C2 be the plane curve of degree q which is the image of the morphism

φ2 : ℙ
1 → ℙ2; (s : t) 󳨃→ (s

q+1
2 t

q−1
2 : (s − t)

q+1
2 t

q−1
2 : sq − stq−1).

Then:
(a) The point P1 := (0 : 1 : 0) = φ2(0 : 1) is an inner Galois point with GP1 ≅ Dq−1.
(b) The point P2 := (1 : 0 : 0) = φ2(1 : 1) is an inner Galois point with GP2 ≅ Dq−1.
(c) The number of inner Galois points on C2 is exactly two.

For the case where the characteristic is zero and C is rational, Yoshihara [10,
Lemma 13] asserts that cyclic and dihedral groups do not appear as Galois groups of
outer Galois points at the same time. To the contrary, in positive characteristic, we
present the following example.

Theorem 3. Let C3 be the plane curve of degree q+1which is the image of the morphism

φ3 : ℙ
1 → ℙ2; (s : t) 󳨃→ (s

q+1
2 t

q+1
2 : (s + t)q+1 : sq+1 + γtq+1),

where γ ∈ 𝔽q \ {0, ±1}. Then:
(a) The point P1 := (0 : 1 : 0) is an outer Galois point with GP1 ≅ Dq+1.
(b) The point P2 := (1 : 0 : 0) is an outer Galois point with GP2 ≅ ℤ/(q + 1)ℤ.
(c) The number of outer Galois points for C3 is exactly two.

Theorem 4. Let C4 be the plane curve of degree q + 1 > 6 which is the image of the
morphism

φ4 : ℙ
1 → ℙ2; (s : t) 󳨃→ (s

q+1
2 t

q+1
2 : (s + t)

q+1
2 (s + γt)

q+1
2 : sq+1 − γtq+1),

where γ ∈ 𝔽q \ {±1} and γ
q−1
2 = 1. Then:

(a) The point P1 := (0 : 1 : 0) is an outer Galois point with GP1 ≅ Dq+1.
(b) The point P2 := (1 : 0 : 0) is an outer Galois point with GP2 ≅ Dq+1.

Although we do not use a criterion [3, Theorem 1] of the first author for the proof
of our four theorems, the criterion was useful to find our embeddings. For rational
curves, by the criterion [3, Theorem 1] and Lüroth’s theorem, the problem on the exis-
tence of two Galois points is translated into the following group-theoretic problem on
projective linear groups.

Problem 1. Let X = ℙ1(k) be the projective line over k. We consider the following two
conditions for a pair (H1,H2) of different finite subgroups H1 and H2 ⊂ PGL(2, k):
(a) H1 ∩ H2 = {1}.
(b) There exist different points P1 and P2 ∈ X such that

{σ(P2) | σ ∈ H1 \ {1}} = {τ(P1) | τ ∈ H2 \ {1}}

(with multiplicities).

When does a pair (H1,H2) with (a) and (b) exist?
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The following application of the criterion to this problem is presented.

Theorem 5. Assume that k is an algebraically closed field of characteristic zero and n ≥
3 is an integer. Then the following conditions are equivalent:
(1) There exists a pair (H1,H2) of cyclic groups of order n with conditions (a) and (b) in

Problem 1.
(2) n ≤ 5.

2 Proof of Theorems 1 and 2
We assume that α ∈ 𝔽q is a primitive element. The following two lemmas are easily
proved.

Lemma 1. Let σ and τ ∈ Aut(ℙ1) ≅ PGL(2, k) be represented by the matrices

Aσ = (
1 0
0 α2
) and Aτ = (

0 1
α 0
)

respectively, that is, σ(s, t) = (s, t)Aσ and τ(s, t) = (s, t)Aτ. Then:
(a) The group H generated by σ and τ is isomorphic to Dq−1.
(b) The rational function f (s) = s

q−1
2 − s− q−12 ∈ k(ℙ1) = k(s) is invariant under the action

by H.

Lemma 2. Let η ∈ Aut(ℙ1) be represented by the matrix

Aη = (
1 0

α − 1 α
) .

Then:
(a) The order of η is q − 1.
(b) The rational function g(s) = s−1

sq−s ∈ k(ℙ1) = k(s) is invariant under the action by η∗.
When R1 and R2 are different points in ℙ2, the line passing through R1 and R2 is

denoted by R1R2.

Proof of Theorem 1. The composite (rational) map πP1 ∘ φ1 is given by

(s : t) 󳨃→ (s
q+1
2 t

q−1
2 : sq − stq−1) = (s q−1

2 t
q−1
2 : sq−1 − tq−1),

since πP1 is represented by (X : Y : Z) 󳨃→ (X : Z). By this expression, the degree of
πP1 ∘ φ1 is q − 1, and hence, φ1 is birational onto the image C1. Note that

πP1 ∘ φ1(s : 1) = (s
q−1
2 : sq−1 − 1) = (1 : f (s)),
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where f (s) is the rational function as in Lemma 1. By Lemma 1, the rational function
f (s) is invariant under the action byH ≅ Dq−1. Therefore, k(s)/k(f (s)) is a Galois exten-
sion, andhence,P1 is aGalois point. In this case,GP1 ≅ Dq−1. Assertion (a) in Theorem 1
follows. Further,

πP2 ∘ φ1(s : 1) = (s − 1 : s
q − s) = (g(s) : 1),

where g(s) is the rational function as in Lemma 2. By Lemma 2, the rational function
g(s) is invariant under the action by η∗. Therefore, k(s)/k(g(s)) is a Galois extension,
andhence,P2 is aGalois point. In this case,GP2 ≅ ℤ/(q−1)ℤ. Assertion (b) inTheorem1
follows.

We prove that the set of all inner Galois points for C1 is equal to {P1,P2}. Let Q :=
φ1(1 : 0) = (0 : 0 : 1). Then the composite map πQ ∘ φ1 is given by

(s : t) 󳨃→ (s
q+1
2 t

q−1
2 : (s − t)tq−1) = (s q+1

2 : (s − t)t
q−1
2 ).

Since the degree of πQ ∘ φ1 is (q + 1)/2, the point Q is a singular point of C1 with multi-
plicity (q − 1)/2. The ramification indices of πQ ∘ φ1 at (0 : 1) and at (1 : 0) are equal to
(q + 1)/2 and (q − 1)/2, respectively. For the function h(t) = (1 − t)t

q−1
2 ,

h󸀠(t) = − 1
2
t
q−3
2 (1 + t).

Therefore, three points (0 : 1), (1 : 0) and (1 : −1) are all ramification points for
πQ ∘ φ1. Furthermore, the ramification index at (1 : −1) is 2. Note that φ−11 (Q) consists
of a unique point (1 : 0). Therefore, for each point R ∈ C1 \ {Q}, the map πR ∘ φ1 is
ramified at (1 : 0) with index ≥ (q − 1)/2. Assume that R is an inner Galois point.
It follows from [8, III. 7.2] that πR ∘ φ1 is ramified at (1 : 0) with index (q − 1)/2 or
q − 1. If the index at (1 : 0) is q − 1, then R = P2. Assume that the index at (1 : 0) is
(q − 1)/2. Then there exists a ramification point Ŝ ∈ ℙ1 with index (q − 1)/2 such that
φ1(Ŝ) ̸= Q and φ1(Ŝ) ∈ RQ. Considering πQ ∘ φ1, Ŝ = (0 : 1) or (1 : −1). If Ŝ = (0 : 1),
then R = φ1(0 : 1) = P1, since C1 ∩ P1Q = {P1,Q}. Assume that Ŝ = (1 : −1). Then
(q − 1)/2 = 2, and hence, q = 5 and R ∈ Qφ1(1 : −1). However, this is a contradic-
tion, because the point φ1(1 : −1) = (1 : 2 : 0) = φ1(2 : 1) is a singular point and
C ∩ Qφ1(1 : −1) = {Q,φ1(1 : −1)}. We complete the proof of Theorem 1(c).

Proof of Theorem 2. Assertion (a) in Theorem 2 is similar to assertion (a) in Theorem 1.
The composite map πP2 ∘ φ2 is given by

(s : 1) 󳨃→ ((s − 1)
q+1
2 : sq − s) = (1 : f (s − 1)).

Then the induced field extension is k(u)/k(f (u)), where u = s − 1. This is a Galois ex-
tension, similar to assertion (a) in Theorem 1. Assertion (b) in Theorem 2 follows.
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We prove that the set of all inner Galois points for C2 is equal to {P1,P2}. Let Q :=
φ2(1 : 0) = (0 : 0 : 1). Then the composite map πQ ∘ φ2 is given by

(s : t) 󳨃→ (s
q+1
2 t

q−1
2 : (s − t)

q+1
2 t

q−1
2 ) = (s

q+1
2 : (s − t)

q+1
2 ).

Since the degree ofπQ∘φ2 is (q+1)/2, the pointQ is a singular point ofC2withmultiplic-
ity (q−1)/2. Further, by this expression, πQ ∘φ2 is a cyclic covering and all ramification
points are (0 : 1) and (1 : 1) with index (q + 1)/2. Note that φ−12 (Q) consists of a unique
point (1 : 0), and the intersection multiplicity of C2 ∩ L at Q is at most q−1

2 + 1 for any
line L passing through Q. Therefore, for each point R ∈ C2 \ {Q}, the map πR ∘ φ2 is
ramified at (1 : 0) with index (q − 1)/2 or (q + 1)/2. Assume that R is an inner Galois
point. It follows from [8, III. 7.2] that πR ∘ φ2 is ramified at (1 : 0) with index (q − 1)/2.
Then there exists a ramification point Ŝ ∈ ℙ1 with index (q − 1)/2 such that φ2(Ŝ) ̸= Q
and φ2(Ŝ) ∈ RQ. Considering πQ ∘ φ2, Ŝ = (0 : 1) or (1 : 1). Then R = P1 or P2, since
C2 ∩ QPi = {Q,Pi} for i = 1, 2. We complete the proof of Theorem 2(c).

3 Proof of Theorems 3 and 4
Proof of Theorem 3. Let Q := φ3(1 : 0) = (0 : 1 : 1). Then the composite map πQ ∘ φ3 is
given by

(s : t) 󳨃→ (s
q+1
2 t

q+1
2 : (s + t)q+1 − (sq+1 + γtq+1)) = (s q+1

2 t
q−1
2 : sq + stq−1 + (1 − γ)tq).

Since γ ̸= 1, the degree of πQ ∘ φ3 is q, and hence, φ3 is birational onto the image C3.
We consider the point P1. Since γ ̸= 0, P1 ∈ ℙ2 \ C3. The composite map πP1 ∘ φ3 is

given by

(s : 1) 󳨃→ (s
q+1
2 : sq+1 + γ) = (1 : s q+1

2 + γs− q+12 ).
The rational function s

q+1
2 + γs− q+12 is invariant under the actions s 󳨃→ δs−1 and s 󳨃→ ζs,

where δ is a (q + 1)/2-th root of γ and ζ is a (q + 1)/2-th root of unity. Therefore, the
extension k(ℙ1)/π∗P1k(ℙ1) is a Galois extension, and hence, P1 is a Galois point. In this
case, GP1 ≅ Dq+1. Assertion (a) in Theorem 3 follows. We consider the point P2. Since
γ ̸= −1, P2 ∈ ℙ2 \ C3. The composite map πP2 ∘ φ3 is given by

(s : 1) 󳨃→ ((s + 1)q+1 : sq+1 + γ).
Note that

(1 + γ)(sq+1 + γ) − γ(s + 1)q+1 = (s − γ)q+1.
Therefore, the extension k(ℙ1)/π∗P2k(ℙ1) is a Galois extension, and hence, P2 is a Galois
point. In this case, GP2 ≅ ℤ/(q + 1)ℤ. Assertion (b) in Theorem 3 follows.
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We prove that the set of all outer Galois points for C3 is equal to {P1,P2}. Note that
the rank of the matrix

(
φ3
dφ3
ds
) = (

s
q+1
2 (s + 1)q+1 sq+1 + γ

q+1
2 s

q−1
2 (s + 1)q sq

)

is two for each s, that is, the differential map ofφ3 is injective at each point (s : 1) ∈ ℙ1.
We consider the Hessian matrix H of φ3:

(

φ3
dφ3
ds
d2φ3
ds2

) =(

s
q+1
2 (s + 1)q+1 sq+1 + γ

q+1
2 s

q−1
2 (s + 1)q sq

q2−1
4 s

q−3
2 0 0

).

Note that detH = 0 if and only if s = 0, −1, γ. It follows that all flexes of C3 are (1 : 0),
(0 : 1), (−1 : 1) and (γ : 1) (see [5, Section 7.6]). If R is an outer Galois point such that
the order of GR is at least five, then there exists a ramification point with index at least
three (see, e. g., [5, Theorem 11.91]). Then R is contained in the tangent line at a flex. If
R ̸= P2, then R is contained in the line defined by X = 0, which passes through points
φ3(1 : 0), φ3(0 : 1) and P1. It follows from [8, III. 7.2, 8.2] that there exist subgroups
H1 ⊂ GP1 and H2 ⊂ GR of order

q+1
2 fixing the point (1 : 0). Then H1 and H2 are normal

subgroups of GP1 and GR, respectively, and hence, they fix points (1 : 0) and (0 : 1).
By a property of PGL(2, k), it follows that H1 = H2, that is, GP1 ∩ GR ̸= {1}. This is a
contradiction (see, e. g., [1, Lemma 7]). We complete the proof of Theorem 3.

Proof of Theorem 4. Let Q := φ4(1 : 0) = (0 : 1 : 1). Then the composite map πQ ∘ φ4 is
given by

(s : t) 󳨃→ (s
q+1
2 t

q+1
2 : (s + t)

q+1
2 (s + γt)

q+1
2 − (sq+1 − γtq+1)).

Note that the coefficients of tq+1 and sqt for the function (s+t) q+12 (s+γt) q+12 −(sq+1−γtq+1)
are γ

q+1
2 + γ = 2γ ̸= 0 and q+1

2 (γ + 1) ̸= 0, respectively. The degree of πQ ∘ φ3 is q, and
hence, φ4 is birational onto the image C4.

We consider the point P1. Since γ ̸= 0, P1 ∈ ℙ2 \ C4. The composite map πP1 ∘ φ4 is
given by

(s : 1) 󳨃→ (s
q+1
2 : sq+1 − γ) = (1 : s q+1

2 − γs− q+12 ).
The rational function s

q+1
2 − γs− q+12 is invariant under the actions s 󳨃→ δs−1 and s 󳨃→ ζs,

where δ is a (q + 1)/2-th root of −γ and ζ is a (q + 1)/2-th root of unity. Therefore, the
extension k(ℙ1)/π∗P1k(ℙ1) is a Galois extension, and hence, P1 is a Galois point. In this
case, GP1 ≅ Dq+1. Assertion (a) in Theorem 4 follows. We consider the point P2. Since
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(−1)q+1−γ ̸= 0 and (−γ)q+1−γ = γ(γ−1)q ̸= 0, it follows that P2 ∈ ℙ2 \C4. The composite
map πP2 ∘ φ4 is given by

(s : 1) 󳨃→ ((s + 1)
q+1
2 (s + γ)

q+1
2 : sq+1 − γ).

Note that

1
1 − γ
{−γ(s + 1)q+1 + (s + γ)q+1} = sq+1 − γ.

Let

u := s + γ
s + 1

and h(u) := −γu− q+12 + u q+1
2 .

Then k(ℙ1)/π∗P2k(ℙ1) = k(u)/k(h(u)). This is a Galois extension, similar to assertion (a)
in Theorem 4. In this case, GP2 ≅ Dq+1. Assertion (b) in Theorem 4 follows.

4 Application of the criterion by the first author to
group theory

Proof of Theorem 5. Assume condition (1). We can assume that n ≥ 5. It follows from
[3, Theorem 1] that there exists a morphism

φ : ℙ1 → ℙ2

of degree |H1|+1 = n+1 and different inner Galois pointsφ(P1) andφ(P2) exist forφ(ℙ1)
such that φ is birational onto φ(ℙ1) and Gφ(Pi) = Hi for i = 1, 2. Note thatHi has exactly
two fixed points onℙ1. Similar to the proof of a theorem [6, Theorem 1] of Miura,φ(ℙ1)
does not have a cusp and the inequality

2 × (n − 2) × 2n − 2
n − 1
≤ 3(n + 1) − 6

holds for the number of flexes (see, e. g., [5, Theorem 7.55]). This implies n ≤ 5.
Assume condition (2). For n = 4, 5, the existence of a pair of cyclic groups with

(a) and (b) in Problem 1 is proved in [3, Theorem 2(1)(4)]. For n = 3, it is proved by
[6, Example 1] and [3, Theorem 1].

Remark 1.
(1) Problem 1 can be generalized to the case where k is any field.
(2) As a corollary of Theorem 5, for any field k of characteristic zero, the same claim

“(1)⇒ (2)” as in Theorem 5 is proved.
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Remark 2. In the case where p > 0, the following examples of pairs (H1,H2) with (a)
and (b) in Problem 1 are already known, according to the existence of twoGalois points
([4, 2]) and the criterion:
(1) H1 ≅ H2 ≅ ℤ/(q − 1)ℤ.
(2) H1 ≅ H2 ≅ (ℤ/pℤ)⊕e, where e ≥ 1 is an integer.
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Covering strong separating hash families
Abstract: In principle, detecting arrays provide test suites with few tests for complex
engineered systems with many interacting factors, each taking on one of a small set
of levels, provided that there are few significant interactions, each involving few fac-
tors. In practice, explicit construction of detecting arrays for real-world testing re-
mains challenging. To address this, covering strong separating hash families, which
are certain arrayswhose entries are vectors over a finite field, are introduced. Covering
strong separating hash families are shown to underlie a very compact representation
for detecting arrays for a variety of testing scenarios. The consequences of this com-
pact representation for asymptotic existence bounds, and prospects for constructive
algorithms, are discussed.

Keywords:Covering array, detecting array, perfect hash family, strong separating hash
family
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1 Introduction
Our concern is with the effective construction of test suites for large complex engi-
neered systems. Combinatorial arrays for this purpose have been defined [15], falling
in a general category of arrays meeting t-restrictions [3]. Among the most widely stud-
ied t-restrictions are hash families involving “separation” of t-sets of columns and
covering arrays involving “coverage” of t-sets. Although initially pursued for differ-
ent applications, hash families have been widely used in the construction of variants
of covering arrays [12]. In this paper, we strengthen a connection between hash fami-
lies and detecting arrays, both constructed over a finite field 𝔽q. We start by providing
a substantial amount of context and formal definitions for both.

1.1 Hash families
A perfect hash family PHF(N ; k, v, t) is an N × k array on v symbols, in which in every
N × t subarray, at least one row consists of distinct symbols. Perfect hash families were
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introduced as a tool for storage and retrieval of frequently used information [32]. Per-
fect hash families arise in the construction of cover-free families, separating systems,
group testing algorithms, and secure frameproof codes (for example, in [7, 41, 42]),
and in numerous cryptographic applications such as [9, 24, 6]. An older survey on
PHFs is given in [20]; a more recent survey appears in [22]. In the latter, the emphasis
is on a generalization requiring more separation: A PHFδ(N ; k, v, t) is an N × k array on
v symbols, in which in everyN × t subarray, at least δ rows consist of distinct symbols.

A different generalization, discussed in [2, 36, 40], for example, follows; we
extend the usual definition from δ = 1 to arbitrary values of δ. A separating hash
family, SHFδ(N ; k, v, {w1,w2, . . . ,wt}), is an N × k array on v symbols so that for any
C1,C2, . . . ,Ct ⊆ {1, 2, . . . , k} such that |C1| = w1, |C2| = w2, . . . , |Ct | = wt, and Ci ∩ Cj = 0
for every i ̸= j, there exist at least δ rows in which whenever c ∈ Ci, c󸀠 ∈ Cj, and i ̸= j,
the entries in columns c and c󸀠 are not the same. The multiset {w1,w2, . . . ,wt} is the
type of the SHF, and it is oftenwritten in exponential notation: (s1)a1 ⋅ ⋅ ⋅ (sℓ)aℓ indicates
that there are ai classes of size si for each 1 ≤ i ≤ ℓ. Separating hash families of type
1td1 (i. e., SHFδ(N ; k, v, 1td1)) are strong SHFs; existence results and bounds have been
examined more thoroughly in this special case, at least when δ = 1 [25, 26, 34].

1.2 Arrays for interaction testing

Combinatorial testing [28, 33] addresses the design and analysis of test suites to eval-
uate correctness and performance of complex engineered systems. There are k factors
F1, . . . , Fk . Each factor Fi has a set Si = {vi1, . . . , visi } of si possible levels. A test is a
k-tuple (ν1, . . . , νk) with νi ∈ Si for 1 ≤ i ≤ k. A test suite is a collection of tests. Each
test, when executed, provides a response. When {i1, . . . , it} ⊆ {1, . . . , k} and σij ∈ Sij , the
set {(ij, σij ) : 1 ≤ j ≤ t} is a t-way interaction. The strength of the interaction is t. Each
test covers (kt) t-way interactions. A test suite can be viewed as an N × k array A = (σi,j)
in which σi,j ∈ Sj when 1 ≤ i ≤ N and 1 ≤ j ≤ k. The test suite has size N and type
(s1, . . . , sk).

Let A = (σi,j) be a test suite of sizeN and type (s1, . . . , sk). Let T = {(ij, σij ) : 1 ≤ j ≤ t}
be a t-way interaction. Denote the set {r : arij = σij , 1 ≤ j ≤ t} of rows of A in which T
is covered by ρA(T). Extending to a set 𝒯 of interactions, ρA(𝒯 ) = ⋃T∈𝒯 ρA(T). When
ρA(T) = 0, the potential effect of T cannot be observed, so one normally insists that
|ρA(T)| ≥ 1 (and hence that the test suite be a covering array, defined soon). This re-
quirement does not suffice to determine which interaction(s) affect the response sig-
nificantly, so further requirementswere developed in [15, 16, 30], and extended to treat
issues in practical testing in [1, 19, 37, 38].

Now we define the test suites of interest here. Let A be a test suite of size N and
type (s1, . . . , sk). Let ℐt be the set of all t-way interactions for A. An N × k array A of
type (s1, . . . , sk) is (d, t, δ)-detecting if |ρA(T) \ ρA(𝒯 )| < δ ⇔ T ∈ 𝒯 whenever 𝒯 ⊆ ℐt,
and |𝒯 | = d. The notation DAδ(N ; d, t, k, (s1, . . . , sk)) indicates that the array is mixed.
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The array is uniform when all factors have the same number v of levels, and the no-
tation simplifies to DAδ(N ; d, t, k, v). The value of δ is the separation [38] (the original
definition [15] sets δ = 1). Rows in ρA(T) \ ρA(𝒯 ) are witnesses for T with respect to 𝒯 .

When d = 0, 𝒯 = 0 and ρA(0) = 0, and so a DAδ(N ;0, t, k, (s1, . . . , sk)) is a covering
array CAδ(N ; t, k, (s1, . . . , sk)). The notation CAδ(N ; t, k, v) is used when the type is uni-
form. Covering arrays have been extensively studied and applied in testing, primarily
when δ = 1 [10, 12, 27, 28, 33].

To develop a final parameter of concern, we follow the presentation in [17]. The
motivation arises from the desire to make mixed detecting arrays from uniform ones
by (repeatedly) replacing two levels of a factor by one (i. e., by fusion). Any sequence
of fusions applied to a covering array yields a covering array, but for detecting arrays
with d ≥ 1 this need not be true. Let A be a DAδ(N ; d, t, k, (s1, . . . , sk)). Let T = {(ij, σij ) :
1 ≤ j ≤ t} be a t-way interaction for A. Let D = {ai : 1 ≤ i ≤ d} be a set of d column
indices of A with {i1, . . . , it} ∩ {a1, . . . , ad} = 0. A set system 𝒮A,T ,D on the ground set
{(c, σ) : c ∈ D, σ ∈ Sc} contains the collection of sets

{{(a1, v1), . . . , (ad, vd)} : T ∪ {(a1, v1), . . . , (ad, vd)} is covered in A}.

If after carrying out fewer than s fusions within each column in D, no set X of
elements of 𝒮A,T ,D with |X| ≤ d can be deleted so as to leave fewer than δ sets,
then (T ,D) has corroboration s in A. (Note that the corroboration is defined with
respect to a specified separation δ.) When every choice of (T ,D) has corrobora-
tion (at least) s, DAδ(N ; d, t, k, (s1, . . . , sk)) has corroboration s, and is denoted by
DAδ(N ; d, t, k, (s1, . . . , sk), s).

When d = t = 1, detecting arrays can be constructed via a correspondence with a
“Sperner partition system” [8, 29, 31]. When t = 1 and d ≥ 1, probabilistic and algo-
rithmic methods are explored in [17] using an algebraic approach that we generalize
in this paper. A related algebraic approach when t = 2, k = 2q, and d ≥ 1 is introduced
in [18]. See [16] for pointers to other work on detecting arrays.

1.3 Weaving the threads together

Naturally, one might ask how the well-studied areas of hash families and arrays for
interaction testing meet. The use of hash families in constructing covering arrays and
related objects has been well studied [12, 22]: Using hash families whose symbols are
in one-to-one correspondence with the columns of a covering or detecting array, one
can replace each symbol of the hash family with the corresponding column of the
interaction testing array to construct a larger testing array. But what is the role of finite
fields?

In Section 2,we explore a further connection, by describing an analogue of perfect
hash families whose entries are vectors over a finite field.We outline how these gener-
ate covering arrays. Then in Section 3 we generalize this approach to define covering
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strong separatinghash families, anddemonstrate that they yield detecting arrays. Fur-
thermore, they provide effective mechanisms to obtain specified separation and cor-
roboration. In Section 4, we employ probabilisticmethods to obtain bounds for the ex-
istence of such hash families, and hence also bounds on the sizes of detecting arrays.

2 Covering perfect hash families and covering arrays

Sherwood et al. [39] developed a construction of covering arrays using an analogue of
perfect hash families whose entries are vectors over a finite field. We employ a gener-
alization of their definitions from [14]. Let q be a prime power, and let 𝔽q be the finite
field of order q. Letℛt,q = {r0, . . . , rqt−1} be the set of all (row) vectors of length t with
entries from 𝔽q, and let 𝒯t,q be the set of all column vectors of length t with entries
from 𝔽q, not all 0. As noted in [39], when𝒳 = {x1, . . . ,xt} satisfies xi ∈ 𝒯t,q for 1 ≤ i ≤ t,
the array A = (aij) in which aij = rixj is a CA(qt ; t, t, q) if and only if the t × t matrix
X = [x1 ⋅ ⋅ ⋅xt] is nonsingular.

For any nonzero μ ∈ 𝔽q, substituting μxi for xi does not alter the non-singularity.
Define ⟨x⟩ = {μx : μ ∈ 𝔽q, μ ̸= 0}. Let 𝒱t,q be a set of representatives of the column
vectors in 𝒯t,q. Then |𝒱t,q| = qt−1

q−1 = ∑t−1i=0 qi.
A covering perfect hash family CPHF(n; k, q, t) is an n× k array C = (cij)with entries

from 𝒱t,q so that, for every set {γ1, . . . , γt} of distinct column indices, there is at least
one row index ρ of C for which [cργ1 ⋅ ⋅ ⋅ cργt ] is nonsingular; this is a covering t-set and
the t-set of columns is covered.

Suppose that C is a CPHF(n; k, q, t). Then there exists a CA(n(qt − 1) + 1; t, k, q). The
proof is straightforward [14]: Replace each entry cij of C by the column vector obtained
by multiplying cij by each rℓ ∈ ℛt,q. This produces a CA(nqt ; t, k, q); because the all-
zero row appears (at least) n times, n − 1 copies can be removed.

Because this CPHF construction of covering arrays employs a compact representa-
tion of certain covering arrays as covering perfect hash families, in practice it makes
feasible the explicit construction of covering arrays for “large” k and t [14, 43, 44].
Surprisingly, the imposition of such structure yields covering array numbers among
the best known at present. Indeed CPHFs lead to the best current asymptotic exis-
tence upper bounds for covering array numbers with fixed strength t [14, 21] and to
efficient (and practical) algorithms to construct covering arrays realizing the given
bounds [13, 14]. Specific constructions of CPHFs also arise from constructions in pro-
jective geometries [35, 45].

The success of this approach in constructing covering arrays from hash families
leads to natural questions: Can we generalize CPHFs to construct detecting arrays?
Can we control the separation and corroboration? In the first exploration of detecting
arrays [15], it was shown that a covering array CA(N ; t + d, k, v) is a DA(N ; d, t, k, v)
provided that v > d. This generalizes: When v > d, a CAδ(N ; t + d, k, v), A, is a
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DAδ(v−d)vd−1 (N ; d, t, k, v). The corroboration of A can be determined by noting that
when T = {(ij, σij ) : 1 ≤ j ≤ t} is a t-way interaction for A, and D = {ai : 1 ≤ i ≤ d} is
a set of d column indices of A with {i1, . . . , it} ∩ {a1, . . . , ad} = 0, 𝒮A,T ,D contains each
of the possible vd sets at least δ times. When 1 ≤ s < v − d − 1, it follows that A is a
DAδ(v−d−s−1)(v−s)d−1 (N ; d, t, k, v, s).

At first it appears that we havewhatwe sought, amethod tomake detecting arrays
with larger separation and corroboration. But a closer look reveals that when d and
v are large, the route via covering arrays results in far too many rows. This leads us
finally to our central direction, to generalize the notion of CPHFs to make detecting
arrays directly. We treat this next.

3 Covering strong separating hash families
Let d ≥ 0 and t ≥ 2. As before, letℛt+1,q = {r0, . . . , rqt+1−1} be the set of all (row) vectors
of length t + 1 with entries from 𝔽q. For a subset S of 𝔽q of cardinality g, let ℛt+1,q,g
be the set of all vectors in ℛt+1,q whose last entry belongs to S. Let 𝒲t+1,q be a set of
representatives of all column vectors of length t+1with entries from𝔽q, so that at least
one of the first t coordinates is nonzero. (The latter condition eliminates precisely one
vector from 𝒱t+1,q.) When v ∈ 𝒲t+1,q, denote by 𝜕(v) the column vector of length t
obtained by deleting the last entry in v.

A covering strong separating hash family CSSHFδ(n; k, q, d, t) is an n × k array C =
(cij) with entries from 𝒲t+1,q so that, for every set {γ1, . . . , γt} ∪ {a1, . . . , ad} of distinct
column indices, there are at least δ row indices ρ of C for which:
1. [𝜕(cργ1 ) ⋅ ⋅ ⋅ 𝜕(cργt )] is nonsingular, and
2. [cργ1 ⋅ ⋅ ⋅ cργtcρai ] is nonsingular whenever 1 ≤ i ≤ d.

Some easy consequences of the definition follow.

Proposition 3.1. Let C = (cij) be an n × k array with entries from𝒲t+1,q. Then:
1. When d ≥ 1, C is a CSSHFδ(n; k, q, d − 1, t) if C is a CSSHFδ(n; k, q, d, t), but the con-

verse need not hold;
2. When d ≥ 1, C is a CPHFδ(n; k, q, t + 1) if C is a CSSHFδ(n; k, q, d, t), but the converse

need not hold; and
3. C is a CSSHFδ(n; k, q,0, t) if and only if 𝜕(C) = [𝜕(cij)] is a CPHFδ(n; k, q, t).

Theorem 3.2. Let q be a prime power, and let t, d, and k be integerswith t+d ≤ k and 1 ≤
d < q. Whenever a CSSHFδ(n; k, q, d, t) exists and d < g ≤ q, a DAδ(g−d)(ngqt ; d, t, k, q)
exists.

Proof. Let ℛ = ℛt+1,q,g = {r1, . . . , rgqt } be a set of gqt row vectors. Let C = (cij) be a
CSSHFδ(n; k, q, d, t). Form a ngqt ×k arrayAwith rows indexed by {1, . . . , gqt}×{1, . . . , n}

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



194 | C. J. Colbourn and V. R. Syrotiuk

and columns indexed by {1, . . . , k}. In the cell in row (σ, ρ) and column κ ofA, place the
entry rσcρ,κ. ThenA has ngqt rows, k columns, and q symbols. Denote byAρ the gqt ×k

array generated by row ρ of C. We claim that A = (
A1...
An

) is a DAδ(g−d)(ngqt ; d, t, k, q).
To verify this, let T be a t-way interaction {(γ1, ν1), . . . , (γt , νt)}. Suppose that 𝒯 =

{T1, . . . ,Td} is a set of d other t-way interactions. Without loss of generality, we can
assume that no Ti is on exactly the same columns as T, so let ci be a column index of
Ti that does not appear in T for 1 ≤ i ≤ d. (We do not assume that {c1, . . . , cd} are all
distinct.) We must show that |ρA(T) \ ρA(𝒯 )| ≥ δ(g − d). There is a set of δ row indices
{ℓ1, . . . , ℓδ} of C so that for each ℓ ∈ {ℓ1, . . . , ℓδ}, [𝜕(cℓγ1 ) ⋅ ⋅ ⋅ 𝜕(cℓγt )] is nonsingular, and
[cℓγ1 ⋅ ⋅ ⋅ cℓγtcℓci ] is nonsingular whenever 1 ≤ i ≤ d. When ℓ ∈ {ℓ1, . . . , ℓδ}, it suffices to
show that |ρAℓ (T) \ ρAℓ (𝒯 )| ≥ g − d.

Because [𝜕(cℓγ1 ) ⋅ ⋅ ⋅ 𝜕(cℓγt )] is nonsingular,Aℓ contains exactly g rows that cover T,
as a consequence of the fact that there is a unique solution r to

r[𝜕(cℓγ1 ) ⋅ ⋅ ⋅ 𝜕(cℓγt )] = (ν1, . . . , νt),
each leading to g solutions forℛ. For each column ci, the g rows that coverT inAℓ con-
tain g distinct symbols in column ci, as a consequence of the fact that [cℓγ1 ⋅ ⋅ ⋅ cℓγtcℓci ] is
nonsingular. Hence 𝒯 can cover at most d of the g rows in Aℓ, and we have the desired
conclusion.

Increased separation can arise both by selecting larger δ or by increasing g (when
possible). To address corroboration, consider a t-way interaction T and a set D =
{a1, . . . , ad} ofd other (distinct) columns. In the construction,𝒮A,T ,D is a collection of (at
least) δg sets of size d. But more is true. The g sets arising from a particular row ℓ of C
are disjoint (they form a partial parallel class). Hence, nomatter how f fusions are per-
formed in each column of D, there remain at least g − fd disjoint sets from each partial
parallel class. It follows that whenever 0 ≤ s ≤ ⌊ g−d−1d ⌋, a DAδ(g−(s+1)d)(ngqt ; d, t, k, q, s)
exists.

These observations concerning corroboration appear to be most effective when
d is small. However, consider the specific case of a CSSHF1(n; k, q, 1, t). Whenever s +
α ≤ q − 1, we can form a DAα(n(1 + s + α)qt ; 1, t, k, q, s). Hence in this case we can
increase corroboration by one, while decreasing separation by one, without changing
the detecting array.

4 Existence of CSSHFs

Theorem 3.2 is useful only when suitable CSSHFs can be found. What does suitable
mean here? Our concern is to construct detecting arrays with few rows and many
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columns, to support testing for many factors with few tests. Earlier research on the
more restrictive situation for CPHFs [14] establishes asymptotic existence results us-
ing probabilistic methods and employs these to provide efficient algorithms for the
generation of CPHFs and covering arrays. These approaches lead not only to the best
known asymptotic existence results for covering arrays, but also to many instances of
the fewest rows known for covering arrays for practical sizes [11, 14].

Here, we explore first steps to construct CSSHFs, in order to provide a foundation
for probabilistic and algorithmicmethods, Choose elements of an n×k array uniformly
at random from𝒲t+1,q. Now consider a set T of t distinct columns, and a setD of d dis-
tinct columns disjoint from T. Consider the selections on columns in T one at a time
(in any order), ensuring that after σ columns are treated, the t × σ matrix thus far has
rank σ. The σ columns generate a space of qσ columns, none of which can be adjoined
whilemaintainingnonsingularity.Hence thenext column treatedhasprobability qt−qσ

qt−1
ofmaintaining nonsingularity. Once the t× tmatrix on T is ensured to be nonsingular,
only the last coordinates in the vectors chosen on D matter, and each can be treated
independently. For each one, the entry chosen in the last coordinate leads to nonsin-
gularity of the corresponding (t+1)×(t+1)matrixwith probability q−1

q (only one choice
from𝔽q canmake thematrix singular). Hence the probability that both conditions are
met for T and D in a single row is

ψd,t,q = (∏t−1i=0(qt − qi)
(qt − 1)t

)(
q − 1
q
)
d
.

Because rows are selected independently, the probability that the conditions are met
fewer than δ times within n rows is

δ−1
∑
i=0 (ni )(1 − ψd,t,q)i(ψd,t,q)n−i.

Using linearity of expectations, the basic probabilistic method ensures that when

(
k

t + d
)(

t + d
d
)[

δ−1
∑
i=0 (ni )(1 − ψd,t,q)i(ψd,t,q)n−i] < 1,

a CSSHFδ(n; k, q, d, t) exists. Equivalently,

(
k

t + d
)(

t + d
d
)(ψd,t,q)n[δ−1∑

i=0 (ni )( 1 − ψd,t,q
ψd,t,q )i] < 1. (4.1)

This generalizes the statement for CPHFs (with d = 0 and δ = 1) [14], in which we
have

(
k
t
)(ψ0,t,q)n < 1.
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Fix d, t, q, and δ. Then taking logarithms in (4.1) explicitly determines a constant c
(depending only on the fixed values of d, t, q, and δ) so that n ≤ c log k + o(log k).
(There does not seem to be an easily stated expression for the constant c, except in the
simplest cases.)With this in hand, improvements using the Lovász local lemma [4, 23]
or oversampling (postprocessing [5]) can be obtained, analogous to the methods for
CPHFs [14]. We leave this extension to subsequent work.

5 Concluding remarks
The explicit construction of detecting arrays for a wide variety of parameter sets can
be useful in testing applications, but previous algorithmic techniques have been effec-
tively limited to treating small values of the parameters. Here, we have shown that by
using arithmetic over the finite field, CSSHFs provide a remarkably compact represen-
tation for uniform detecting arrays with different values of t, d, and k, at least when
the number of symbols is a prime power. CSSHFs are easily extended to support larger
separation. Practical concerns dictate the need for constructing mixed detecting ar-
rays, not just uniform ones. We have outlined how larger corroboration in a detecting
array can support fusion of levels to produce mixed arrays, and shown that CSSHFs
can provide larger corroboration. This provides ameans tomake detecting arrays that
are nearly uniform, not a general technique for handling all distributions of numbers
of levels of factors. When some factors have few levels and some have many, different
approaches are needed.

The basic probabilistic analysis developed here provides a means to obtain a use-
ful upper bound on the number of tests in a detecting array. Algorithms to realize the
sizes given by the probabilistic bounds provide explicit, efficient construction meth-
ods. In subsequent work, we plan to explore the effectiveness of these algorithms for
a wide range of parameters.

Having reduced the problem of finding uniform detecting arrays for a broad class
of parameters to that of finding CSSHFs, we resorted to probabilistic methods to es-
tablish the existence of the CSSHFs. We do not expect that such probabilistic methods
lead to arrays that are optimal (fewest rows for a specifiednumber of columns), despite
their being within a constant factor of the optimal number of rows. Hence it would be
of substantial interest to find explicit constructions of CSSHFs using the algebra of
the finite field or the associated projective geometry, particularly if these outperform
the probabilistic guarantee, and provided that they can be explicitly and efficiently
generated.
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Abstract: A monomial-Cartesian code closed under divisibility is an evaluation code
defined by a set of monomials that is closed under divisibility, evaluated over a Carte-
sian product. In thiswork,weprove that the dual of amonomial-Cartesian code closed
under divisibility is monomially equivalent to a code that belongs to this same family
of codes. Then we describe the length, the dimension and the minimum distance of
these codes in terms of the minimal generating set of monomials.
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1 Introduction
Evaluation codes form an important family of error-correcting codes, including Carte-
sian codes, algebraic geometry codes, and many variants finely tuned for specific ap-
plications, such as the locally recoverably codes defined by Tamo, Barg, and Vladut
[11]. In this paper,we consider a particular class of evaluation codes, calledmonomial-
Cartesian code closed under divisibility. Monomial-Cartesian codes closed under di-
visibility generalize Reed–Solmon and Reed–Muller codes, as we will see.

A monomial-Cartesian code closed under divisibility is defined using the follow-
ing concepts. Let K := 𝔽q be a finite field with q elements and R := K[x1, . . . , xm] be
the polynomial ring over K inm variables. Letℳ ⊆ R be a set of monomials such that
M ∈ℳ andM󸀠 dividesM, thenM󸀠 ∈ℳ. We say that such a set is closed under divis-
ibility. Let L(ℳ) be the subspace of polynomials of R that are K-linear combinations
of monomials ofℳ:

L(ℳ) := SpanK{M : M ∈ℳ} ⊆ R.
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Fix nonempty subsets S1, . . . , Sm of K. Define their Cartesian product as

𝒮 := S1 × ⋅ ⋅ ⋅ × Sm ⊆ K
m.

In what follows, ni := |Si|, the cardinality of Si for i ∈ [m] := {1, . . . ,m}, and n := |𝒮|,
the cardinality of 𝒮. Fix a linear order on 𝒮 = {s1, . . . , sn}, s1 ≺ ⋅ ⋅ ⋅ ≺ sn. We define the
evaluation map

ev𝒮 : L(ℳ) → Kn

f 󳨃→ (f (s1), . . . , f (sn)).

Fromnowon,we assume that the degree of eachmonomialM ∈ℳ in xi is less than ni.
In this case, the evaluation map ev𝒮 is injective; see [5, Proposition 2.1]. The comple-
ment ofℳ in 𝒮 denoted byℳc

𝒮 , is the set of all monomials in R that are not inℳ and
their degree respect i is less than ni.

Definition 1.1. Ifℳ ⊆ R is closed under divisibility, then the image ev𝒮 (L(ℳ)) ⊆ Kn

is called the monomial-Cartesian code closed under divisibility associated to 𝒮
andℳ. We denote it by C(𝒮 ,ℳ).

The length and the dimension of a monomial-Cartesian code C(𝒮 ,ℳ) are given
by n = |𝒮| and k = dimK C(𝒮 ,ℳ) = |ℳ|, respectively [5, Proposition 2.1]. Recall that
theminimum distance of a code C is given by

δ(C) = min{| Supp(c)| : 0 ̸= c ∈ C},

whereSupp(c)denotes the support of c, that is the set of all nonzero entries of c. Unlike
the case of the length and the dimension, in general, there is no explicit formula for
δ(C(𝒮 ,ℳ)) in terms of 𝒮 andℳ.

The dual of a code C is defined by

C⊥ = {w ∈ Kn : w ⋅ c = 0 for all c ∈ C},

where w ⋅ c represents the Euclidean inner product. The code C is called a linear
complementary dual (LCD) [8] if C ∩ C⊥ = {0}, and is called a self-orthogonal code
if C⊥ ⊆ C.

Instances of monomial-Cartesian codes closed under divisibility for particular
families of Cartesian products 𝒮 andmonomials sets that are closed under divisibility
ℳ have been previously studied in the literature. For example, a Reed–Muller code of
order r in the sense of [12, p. 37] is monomial-Cartesian code closed under divisibility
C(Km,Mr), whereMr is the set ofmonomials of degree less than r. An affineCartesian
code of order r is themonomial-Cartesian code closed under divisibility C(𝒮 ,Mr). This
family of affine Cartesian codes appeared first time in [4] and then independently in
[6]. In [1], the authors studied the case when the finite field K is 𝔽2 and the set of
monomials satisfy some decreasing conditions; then their results were generalized in
[2] for K = 𝔽q and monomials associated to curve kernels. The case when the set of
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monomialsℳ is a tensor product, the minimum distance of the associated code can
be computed using the same ideas that [9].

It is important to note that some families of monomial-Cartesian codes are not
closed under divisibility. For instance, the family of codes given in [10], which is well
known for its applications to distributed storage, are not closed under divisibility be-
cause these are subcodes of Reed–Solomoncodeswhere somemonomials are omitted.
To be precise, fix r ≥ 2 with r + 1|n. Set

V := ⟨g(x)jxi : 0 ≤ j ≤ k
r
− 1,0 ≤ i ≤ r − 1⟩

where g(x) ∈ 𝔽q[x] has deg g = r + 1 and 𝔽q = A1
⋅
∪ ⋅ ⋅ ⋅
⋅
∪ A n

r+1
with |Aj| = r for all j so

that ∀β, β󸀠 ∈ Aj,
g(β) = g(β󸀠).

Then C(𝔽q,V) is not closed under divisibility as g(x)jxi ∈ V and x divides g(x)jxi but
x ∉ V .

This notion of divisibility will be restricted to codes defined by sets of monomials
as defined above. Recall that given a curve X over a finite field 𝔽 and a divisor G on X,
the space of rational functions associated with G, sometimes called the Riemann–
Roch space of G, is

ℒ(G) := {f ∈ 𝔽(X) : (f ) + G ≥ 0} ∪ {0}

where (f ) denotes the divisor of f . In general ℒ(G) is not closed under divisibility,
meaning f ∈ ℒ(G) and f = gh does not imply g, h ∈ ℒ(G). For instance, if one con-
siders the Hermitian curve X given by yq + y = xq+1 over 𝔽q2 , then y ∈ ℒ((q + 1)P∞).
However, y = x yx , but (

y
x ) = (y) − (x) = qP00 − P∞ − ∑b ̸=0 P0b ≱ −(q + 1)P∞. Hence,y

x ∉ ℒ((q + 1)P∞).
In the next section, we prove that the dual of a monomial-Cartesian code closed

under divisibility is also a code of the same type. Thenwedescribe its basic parameters
in terms of the minimal generating set. For more information about coding theory, we
recommend [7, 13]. For algebraic concepts not described in this notes, we suggest to
the reader [14]. We close this section with a bit of notation that will be useful in the
remainder of this paper. We will use K∗ := K \ {0} to denote the multiplicative group
ofK. Given a point a = (a1, . . . , am) ∈ ℤm≥0, xa is the correspondingmonomial in R; i. e.,
xa := xa11 ⋅ ⋅ ⋅ x

am
m .

2 Basic parameters
In this section,we continuewith the samenotation as in Section 1, in particularℳ ⊆ R
is a set of monomials that is closed under divisibility, 𝒮 represents a Cartesian set
𝒮 = S1 × ⋅ ⋅ ⋅ × Sm, ni = |Si|, for i ∈ [m], n = |𝒮| and C(𝒮 ,ℳ) represents the decreasing
monomial-Cartesian code associated to 𝒮 andℳ.
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A monomial matrix is a square matrix with exactly one nonzero entry in each
row and column. Let C1 and C2 be codes of the same length over K, and let G1 be a
generator matrix for C1. Then C1 and C2 are monomially equivalent provided there
is a monomial matrix M with entries over the same field K so that G1M is a genera-
tor matrix of C2. Monomially equivalent codes have the same length, dimension, and
minimum distance.

Definition 2.1. For s = (s1, . . . , sm) ∈ 𝒮 and f ∈ R, define the residue of f at s as

Ress f = f (s)(
m
∏
i=1 ∏s󸀠i∈Si\{si}(si − s󸀠i ))

−1
,

and the residues vector of f at 𝒮 as

Res𝒮 f = (Ress1 f , . . . ,Ressn f ).

Theorem 2.2. The dual of the code C(𝒮 ,ℳ) is monomially equivalent to a monomial-
Cartesian code closed under divisibility. Even more, the set

Δ := {Res𝒮
xn1−11 ⋅ ⋅ ⋅ x

nm−1
m

M
: M ∈ℳc}

forms a basis for the dual C(𝒮 ,ℳ)⊥, meaning
C(𝒮 ,ℳ)⊥ = SpanK(Δ).

Proof. We start by proving that the set

Δ󸀠 := {xn1−11 ⋅ ⋅ ⋅ x
nm−1
m

M
: M ∈ℳc

𝒮}

is closedunder divisibility. LetM ∈ℳc
𝒮 and xa adivisor of x

n1−1
1 ⋅⋅⋅xnm−1m

M . Then there exists

a monomial xb in R such that xn1−11 ⋅⋅⋅xnm−1m
M = xaxb. As M ∈ ℳc and ℳ is closed under

divisibility, then xbM ∈ ℳc and xa = xn1−11 ⋅⋅⋅xnm−1m
xbM ∈ Δ󸀠. This proves that the set Δ󸀠 is

closed under divisibility. Due to [5, Theorem 2.7] and its proof, Δ is a basis for the dual
C(𝒮 ,ℳ)⊥. Finally, it is clear that SpanK{c : c ∈ Δ} ismonomially equivalent to ev𝒮 (Δ󸀠),
which is a monomial-Cartesian code closed under divisibility.

Example 2.3. Let K = 𝔽7, 𝒮 = K2 and ℳ the set of monomials of K[x1, x2] whose
exponents are the points in the left picture below. Then the code C(𝒮 ,ℳ) is generated
by the vectors ev𝒮 (M), where M is a monomial whose exponent is a point in the left
picture below and the dual C(𝒮 ,ℳ)⊥ is generated by the vectors Res𝒮 (M), whereM is
a monomial whose exponent is a point in the right picture below.

 EBSCOhost - printed on 2/10/2023 4:43 PM via . All use subject to https://www.ebsco.com/terms-of-use



Monomial-Cartesian codes closed under divisibility | 203

K

1

2

3

4

5

6

0

K

1 2 3 4 5 6 K
6

5

4

3

2

1

0
K

6 5 4 3 2 1

Definition 2.4. A subsetℬ(ℳ) ⊆ℳ is a generating set ofℳ if for everyM ∈ℳ there
exists a monomial B ∈ ℬ(ℳ) such that M divides B. A generating set ℬ(ℳ) is called
minimal if for every two elements B1,B2 ∈ ℬ(ℳ), B1 does not divide B2 and B2 does
not divide B1.

Example 2.5. Let K = 𝔽7, 𝒮 = K2 and ℳ the set of monomials of K[x1, x2] whose
exponents are the points in the left picture of Example 2.3. The circles in the following
picture are the exponents of the monomials that belong to the minimal generating set
ofℳ.
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From now on, ℬ(ℳ) denotes the minimal generating set of ℳ. We are going to
describe properties of the code C(𝒮 ,ℳ) in terms of ℬ(ℳ). The following proposition
says how to find a generating set ofℳc

𝒮 in terms of ℬ(ℳ).

Proposition 2.6. Given a monomial M = xa11 ⋅ ⋅ ⋅ x
am
m ∈ ℬ(ℳ), define the monomials

P(M) := { x
n1−1
1 ⋅⋅⋅xnm−1n

xai−1i
: i ∈ [m], and ni − ai − 2 ≥ 0}. The set

gcd(P(M))M∈ℬ(ℳ)
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is a generating set of ℳc. The set gcd is defined by induction, if M1,M2, and M3 are
elements of ℬ(ℳ), then

gcd(P(M1),P(M2),P(M3)) = gcd(gcd(P(M1),P(M2)),P(M3)),

where gcd(P(M1),P(M2)) = {gcd(M󸀠1 ,M󸀠2) : M󸀠1 ∈ M1,M󸀠2 ∈ M2}.

Proof. It is clear that for everymonomialM = xa11 ⋅ ⋅ ⋅ x
am
m ∈ ℬ(ℳ) the set P(M) is amini-

mal generating set for {M}c. Given any twomonomialsM1 andM2, the set {gcd(M1,M2)}
is a minimal generating set for the set of monomials that divide M1 and M2, thus the
result follows.

It is important to note that the set gcd(P(M))M∈ℬ(ℳ) from Proposition 2.6 is not
always a minimal generating set, as the following example shows.

Example 2.7. Let K = 𝔽7, 𝒮 = K2 and ℳ the set of monomials of K[x1, x2] whose
exponents are the points in the left picture of Example 2.3. The circles in the picture
of Example 2.5 are the exponents of the monomials that belong to ℬ(ℳ). The circles
below are the exponents that belong to gcd(P(M))M∈ℬ(ℳ). It is clear that it is not a
minimal generating set.
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Theorem 2.8. Let Pi be the subsets of size i of ℬ(ℳ). Then:
(i) The length of C(𝒮 ,ℳ) is given by∏mi=1 ni.
(ii) The dimension of the code C(𝒮 ,ℳ) is|ℬ(ℳ)|

∑
i=1 ((−1)i−1 ∑T∈Pi

n
∏
j=1 (tj + 1)),

where (t1, . . . , tm) is the exponent of the gcd of the elements of T.
(iii) The minimum distance of C(𝒮 ,ℳ) is given by

min{
m
∏
i=1 (ni − ai) : xa11 ⋅ ⋅ ⋅ xamm ∈ ℬ(ℳ)}.
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Proof. (i) It is clear because ∏mi=1 ni is the cardinality of 𝒮; (ii) Given two monomials
M and M󸀠, we see that gcd(M,M󸀠) is the minimal generating set of the set of mono-
mials that divide to M and also to M󸀠. For any monomial M = xt11 ⋅ ⋅ ⋅ x

tm
m , ∏

n
j=1(tj + 1)

is the number of monomials that divide M. Thus the dimension follows from the in-
clusion exclusion theorem; (iii) Let ≺ be the graded-lexicographical order and take
f ∈ SpanK{M : M ∈ ℳ}. If M = xb11 ⋅ ⋅ ⋅ x

bm
m is the leading monomial of f , in [3,

Proposition 2.3] the author proved that | Supp(ev𝒮 f )| ≥ ∏mi=1(ni − bi). As ℬ(ℳ) is a
minimal generating set of ℳ, there exists M󸀠 = xa11 ⋅ ⋅ ⋅ xamm ∈ ℬ(ℳ) such that M di-
vides M󸀠. Thus | Supp(ev𝒮 f )| ≥ ∏mi=1(ni − ai) and δ(C(𝒮 ,ℳ)) ≥ min{∏mi=1(ni − ai) :
xa11 ⋅ ⋅ ⋅ x

am
m ∈ ℬ(ℳ)}. Assume for i ∈ [m], Si = {si1, . . . , sini }. Let x

α1
1 ⋅ ⋅ ⋅ x

αm
m ∈ ℬ(ℳ) such

that∏mi=1(ni−αi) = min{∏mi=1(ni−ai) : xa11 ⋅ ⋅ ⋅ xamm ∈ ℬ(ℳ)}. Define fα := ∏mi=1∏αij=1(xi−sij).
As | Supp(ev𝒮 fα)| = ∏

m
i=1(ni − ai), and fα ∈ SpanK{M : M ∈ ℳ} because all monomi-

als that appear in fα divide x
α1
1 ⋅ ⋅ ⋅ x

αm
m , then we have δ(C(𝒮 ,ℳ)) ≤ min{∏mi=1(ni − ai) :

xa11 ⋅ ⋅ ⋅ x
am
m ∈ ℬ(ℳ)} and the result follows.

Example 2.9. Let K = 𝔽7, 𝒮 = K2 and ℳ the set of monomials of K[x1, x2] whose
exponents are the points in the left picture of Example 2.3. The length of the code is
49, which is the total number of grid points in 𝒮. The dimension is 34, which is the
total number of points in the left picture of Example 2.3. The minimal generating set
ℬ(ℳ) is {x21x

6
2 , x

4
1 x

4
2 , x

5
1x

2
2}. By Theorem 2.8 | Supp(ev𝒮 x2y6)| ≥ 5, which is the number

of grid points between the point (2, 6) and the point (6, 6). See first picture (from left
to right) below. In a similar way, | Supp(ev𝒮 x41 x

4
2 )| ≥ 9 and | Supp(ev𝒮 x51x

2
2)| ≥ 10. See

second and third picture (from left to right) below. As min{5, 9, 10} = 5, the minimum
distance δ(C(𝒮 ,ℳ)) is 5.
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