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PREFACE

The recent progress in computational methods and computer-based
simulation models contributed significantly to the efficiency of scientific
research in different areas. In the area of thermomechanics, for example, the
widespread implementation of the modern computer methods is motivated
by the complexity of scientific problems addressing the thermo-mechanical
phenomena in material structures, the coupling of processes and
physicochemical fields, variety in shape and material properties of the
structures or their assemblies, multi-field nature of impacts, time and cost
constraints for the computation and analysis, etc. Such a complexity level
makes it nearly impossible to derive a solution analytically. This reason tips
the scale of interest for students, scholars, and research-engineers towards
the “fast and efficient” numerical methods over the analytical ones, which
may seem to be “potentially insufficient” and “too sophisticated”. This also
widens the gap between the “modern” and “pre-computer” scientists in their
approach. So maybe it is the time for analytical methods to take their place
in the “museum of science” alongside the slide rule and arithmometer?

The authors sincerely believe that the depreciation of analytical
methods, in many cases, fails to capture important features of the studied
processes and phenomena. In our experience, the implementation solely of
even the newest and most efficient numerical methods for the analysis of
structures of specific geometries (for example, propellant tanks of launch
vehicles) is related to certain complications. One of those is a very large
number of equations to solve, which presents a challenge even for modern
computational facilities. Therefore, the original boundary value problem on
the mechanical analysis of the entire structure is to be segmented into a
number of sub-problems formulated for the representative elements of the
structure. This, however, imposes a new problem on the adequate evaluation
of the boundary conditions for the considered structural element allowing
for the simulation of the impact caused by the remaining parts of the
structure. The efficiency in solving the latter problem depends on
understanding the critical stress behavior which calls for implementing
analytical procedures for a clear cause-consequence analysis.

This makes it clear that the progress in the analysis of complex
mechanical problems depends, in the final count, on the synergy of
analytical and numerical methods. In this regard, we can refer to the motto

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of - use



EBSCChost -

The Direct Integration Method for Elastic Analysis Xi
of Nonhomogeneous Solids

of'the book [101] by R. W. Hamming: “The purpose of computing is insight,
not numbers”. From this viewpoint, the main demand for the analytical
methods is not just constructing a solution (which is now not the final goal
of the research but rather an intermediate step), but presenting it in the most
convenient form that can be used for further analysis. Such a solution form
in mechanics of solids implies the explicit analytical relationship between
the loadings and stress-strain fields.

In this book, we present an analytical method for the thermoelastic
analysis inhomogeneous solids, the central idea of which is representing the
stresses in the form of explicit analytical dependencies on the mechanical
and thermal loadings. This method is based on the concept of direct
integration of the governing equations of the elasticity and thermoelasticity
problems from the “first principles”, i.e., by operating with the stresses or
displacements without implementation of the potential functions of higher
differential order. The method is oriented towards the integrodifferential
relationship between the stress-tensor components, which is derived on the
basis of equilibrium equations in terms of stresses and thus is irrespective
of the material properties. This fact makes this method very attractive for
solving thermoelasticity problems in anisotropic and inhomogeneous solids.

The hypotheses and models underlying classical theories of elasticity
and thermoelasticity mostly assume the elastic properties of isotropic and
anisotropic materials to be constant. However, later, primarily due to a
deeper empirical study of the elastic behavior of real-life structures and the
needs of engineering practice, it became necessary to take into account the
dependence of the material moduli on spatial coordinates. Materials with
such properties are known as inhomogeneous materials. The studies of the
thermomechanical behavior of inhomogeneous structures under the action
of force and thermal loadings attract the attention of specialists in both
academia and industry. In particular, this is due to the development of the
concept of functional-gradient materials (FGM) and the latest technologies
for the formation of inhomogeneous structures with a predetermined
distribution profiles of thermophysical and mechanical properties, which
are intensively introduced and studied in scientific and industrial centers
around the world.

The development of methods for the analysis of the thermomechanical
behavior of inhomogeneous or FGM solids is concerned with significant
difficulties, caused primarily by the need to solve governing differential
equations with variable coefficients within the framework of corresponding
problems of thermomechanics. The classical methods, in the vast majority,
fail to meet urgent needs in this field, the main of which is to determine the
optimal distribution of material characteristics to ensure certain functional
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parameters of a structure as a whole, as well as optimal control of their
thermostressed state. From this point of view, the determination of the
stress-strain state is not the final goal of the research, but only an
intermediate stage, which should provide an analytical solution of the direct
problem, which satisfies the boundary and initial conditions, fundamental
principles and modeling constraints of solids mechanics, and is in the form
of an explicit functional dependence on loadings and material properties,
which is critical for further application.

This book generalizes the results in solving two-dimensional elasticity
and thermoelasticity problems for anisotropic inhomogeneous solids we
generated over two decades by developing the direct integration method.
We attempted to emphasize the advantages and, what is more important, the
disadvantages of the method for solving practical problems.

The book consists of four chapters. The first chapter is devoted to the
historical aspects of the research into the thermomechanical performance of
inhomogeneous solids along with the review of the dominant analytical
methods in this subject area. We intentionally emphasized the earlier studies
over the new ones for the reason that, unfortunately, many “new” results
published in recent decades reproduce (completely or in some part) the older
ones, which we may explain by the lack of knowledge about the studies
provided in pioneering research works. The second chapter presents the
application of the direct integration method for solving thermoelasticity
problems for orthotropic inhomogeneous infinite, semi-infinite, and finite
solids in the Cartesian coordinate system. The third chapter presents the
analysis of orthotropic inhomogeneous annuli in the polar coordinates. The
fourth chapter deals with the construction of solutions to thermoelasticity
problems for infinite, semi-infinite, and finite solids in the cylindrical
coordinate system. Under the assumption that the material properties are
arbitrary functions of the spatial coordinates, besides the construction of
solutions in the form of explicit dependencies on the force and thermal
loadings, we provided a technique of deriving the necessary existing
conditions for the stresses and displacements in terms of the loadings
applied, and the one-to-one relationship between the stresses and
displacements on the boundary of the considered solids. In every considered
coordinate system, we discussed the cases of the material inhomogeneity
profiles, which allow for comparatively simple analytical solutions of
thermoelasticity problems. We hope, these results may be of interest for
scientists and engineers working in the area of thermal stresses with the
focus on the effects caused by the material anisotropy and inhomogeneity,
as well as for university students with the specialty in mechanical and civil
engineering and methods mathematical physics.
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direct integration of the thermoelasticity equations, and Professor
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CHAPTER ONE

ELASTIC AND THERMOELASTIC ANALYSIS
OF INHOMOGENEOUS SOLIDS

1.1. Introduction

In the first part of the nineteenth century, the classical theory of
elasticity broke off into a separate academic discipline within the continua
mechanics owing to the fundamental contributions of scientists, such as
Claude Louis Marie Henri Navier (1785-1836), Augustin Louis Cauchy
(1789-1857), and Siméon Denis Poisson (1781-1840), and others [34,
281, 284]. This theory lays the foundation by which to analyze the elastic
response of solids to static and dynamic force loadings, which is crucial to
projecting and evaluating the mechanical performance of the structural
elements of buildings and mechanisms. The central hypotheses of this
theory are based on the assumption that materials are continuous (i.e., each
material point of a considered solid can be bijectively represented by a
point in three-dimensional Euclidean space) and homogeneous (i.e.,
mechanical properties are the same at any point in a solid).

By the end of the nineteenth century however, it became obvious that
the assumption of material homogeneity is unable to capture several
important features pertaining to the mechanical performance of solids. A
lack of homogeneity is associated with structural imperfections or
microdefects, the consolidation of which within a macrovolume can cause
profound disturbances of mechanical and thermal fields. Materials with
such properties are known as inhomogeneous, nonhomogeneous, or
heterogeneous [169, 202]. Since that time, there has been considerable
research on the analysis of inhomogeneous solids with concern to various
aspects and applications [32, 35, 36, 116, 142]. In recent years, this trend
has accelerated due to the widespread implementation of modern materials
with advanced properties. There has been a particular focus on
functionally-graded materials (FGM), the technology of which allows for
the intentional modification of material-variation profiles during
fabrication [265, 267] in order to meet specific thermo-mechanical
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performance requirements. This has led to a proliferation of scientific
publications on the various aspects of modeling and analysis of
inhomogeneous solids. Sadly, many of these papers reiterate results
published in older articles.

Maxwell [170, pp. xiii—xiv] pointed out that “i¢ is of great advantage to
the student of any subject to read the original memoirs on that subject, for
science is always most completely assimilated when it is in the nascent
state...”. We therefore present in this chapter a brief historical survey of
the analysis of inhomogeneous solids, with an emphasis on the dominant
methods for elastic materials exhibiting continuously variable properties,
as is typical of FGM. Note that this survey is illustrative rather than
exhaustive. We direct the interested reader to a number of recent reviews
on problems associated with inhomogeneous solids and FGM in particular
[63, 121, 268, 269, 279].

According to Maugin [169], “the most common definition of
inhomogeneity' relates to a whole composed of dissimilar or nonidentical
elements or parts”. Such microstructure-dependent elements could be
situated within that solid for many reasons [168]. For example, defects in
polycrystal material structures, changes in the chemical composition of
materials, microcracks, inclusions or dislocations, and sudden or
continuous physical and chemical actions can all contribute to
inhomogeneity. These elements can induce local disturbances of the
mechanical fields, which, when consolidated, affect the macroscopic
mechanical performance of the solid [32]. Such consolidation (i.e.,
material inhomogeneity) is caused by various effects, which can be divided
into three basic types. The first is environmental effects influenced by
specific mechanical, physical, or chemical fields or their superposition,
radiation, or diffusion of chemically-active agents, gravity, nonuniform
temperature, or humidity, etc. The second is technological effects
associated with specific treatments during fabrication and exploitation,
such as hot-rolling, forging, pressing, quenching, consolidation, and
chemical treatment. The third is design intent, such as the situation where
inhomogeneity is an intentional result of engineering aimed at reinforcing
a material, such as composite materials, FGM, etc.

It seems that Jasinsky (see a survey of his outstanding contribution into
the development of theories of elasticity and strength of materials in [281,
pp. 294-297]) was the first to evaluate the effect of macro-inhomogeneity
resulting from the consolidation of micro-defects in a solid. According to

! Note that Maugin has given preference to the rather mathematical term
“inhomogeneous” over the terms “nonhomogeneous” and “heterogeneous”, which
are more widely used in engineering, material and physical sciences.
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his hypothesis [119], the material continua can be considered a
homogeneous medium when it meets the following empirical criterion:

%zA% (1.1.1)

where L is the characteristic length of a solid, ¢ denotes the
characteristic length of an element representing certain physical properties,
and A is a large real number (1/.4 <« 1) obtained from stochastic
experiments. If this criterion is not met, then the material continua cannot
be treated as homogeneous, such that we must account for variations in the
material properties within the spatial coordinates. Since the initial
publication of this theory, a number of criteria have been formulated for
more advanced techniques aimed at estimating material inhomogeneity
[203]. However, the Jasinsky formula remains both the simplest and most
practical.

It is worth noting that there have been many attempts to systemize the
types of inhomogeneity in solids based on their physical nature,
mechanical behavior, and geometrical shape. Even the term itself has been
given different meanings in different studies. The term inhomogeneity was
used in [149, 217] to define bodies consisting of a number of
homogeneous layers (note that Muskhelishvili [186] referred to such solids
as compound or piecewise-homogeneous). Lekhnitskii [154] used the term
nonhomogeneous to refer to both multilayer solids and bodies with
continuous variation in elastic properties. In his book [156], he identifies
the latter case as continuously nonhomogeneous. In other studies, bodies
with macro-defects and macro-inclusions are also regarded as
inhomogeneous [169]. Such solids are referred to as statistically (or
stochastically) inhomogeneous in cases where the defects are randomly
distributed [142, 189] within a solid or its parts.

In cases where the inhomogeneity is associated with certain kinds of
impact, the consolidation of defects may induce unidirectional
distributions. This is termed inductive inhomogeneity [142], and includes
three basic types: /) multilayer or stratified bodies (material properties are
constant in certain layers or blocks of a solid); ii) continuously
inhomogeneous bodies (the variation profiles of the material properties are
continuous but not necessarily smooth); and iii) multi-modular bodies (the
properties are different under contraction and tension). Often, inductively
inhomogeneous solids exhibit anisotropic behavior. More detail on the
classifications of inhomogeneities can be found in [103, 142, 202].

An important class of inhomogeneity is concerned with the response of
certain materials to non-uniform temperature distributions, which
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significantly affect mechanical performance. This effect is usually referred
to as thermosensitivity, and presents a profound impediment to analysis,
due to the fact that heat-conduction and thermoelasticity in
thermosensitive materials appear to be nonlinear [107, 195]. Nonlinearity
arises not only in the heat-conduction equation (the coefficients of which
are dependent on the unknown temperature), but also in the specific types
of boundary condition, such as complex heat exchange [151].

One specific type of inhomogeneity is concerned with the effects of
time. The material properties of concrete, for example, depend
significantly on curing time so that they are non-uniform within the solid
(e.g., the surface hardens more quickly). Analogous situations can be
observed in the imbibition/drying of porous materials, saturation and
material diffusion, and fatigue damage. All of these processes are of the
evolutionary type and affect the material properties in a non uniform
manner within the solid, such that material inhomogeneity is actually a
function of time and/or spatial coordinates.

Inhomogeneity can be also categorized with respect to /) the number of
variable moduli (whether all or only specific material moduli can be
regarded as functions of their spatial coordinates) and ii) the direction
(whether the inhomogeneity is exhibited in one or more spatial directions).
In the case of anisotropic inhomogeneous solids, this type of classification
is made more complicated by the large number of independent material
moduli and the possibility of changes in anisotropy from point to point.

1.2. History of development
1.2.1. Applications in geomechanics

It appears that most of the pioneering works related to the mechanics
of inhomogeneous solids have been related to important problems in the
field of geomechanics. Most of those studies were performed at the end of
the nineteenth century, and have continued in two main directions: wave
propagation in soil deposits (Fig. 1.1), with applications in seismology,
and the distribution of forces in massive soil deposits when acted upon by
either transient or steady-state localized pressures (Fig. 1.2), i.e,
indentation problems with applications in civil engineering.
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Fig. 1.1 Schematic representation of the soil nonhomogeneity effect in the seismic
wave velocity

Due to the stratified nature of soil deposits, most pioneering papers
devoted to the analysis of wave propagation have addressed multilayer semi-
infinite structures [67, 120, 243]. There are, however, a number of earlier
papers that assumed variation in all or certain properties of rocks and soils in
a continuous manner with respect to depth coordinate. Specifically,
Meissner [172] studied the propagation of surface waves in an
inhomogeneous medium, rigidity modulus G(z) and density p(z) of

which are respectively quadratic and linear functions of depth coordinate z :
G(z)=G,(1+ 52)%, p(z)=py(1+3z), G,,0=const. (1.2.1)

Meissner demonstrated that if soil inhomogeneity is taken into account,
then the surface waves are purely torsional in character. These waves
oscillate horizontally and normally to the direction of propagation, and
thus should be regarded as transverse waves. Meissner also demonstrated
that these waves exhibit dispersive characteristics, which can be evaluated
numerically under the assumption of (1.2.1) using the shear modulus and
density given by linear functions of depth. In an attempt to analyze the
main features of waves travelling through an inhomogeneous material,
Aichi [3] addressed a problem similar to the one considered by Meissner
under the assumption that both of the above-mentioned parameters can be
represented using exponential functions of depth with dissimilar exponent
numbers. Sezawa [248] extended the Meissner—Aichi solution to cases
involving two dimensions. The propagation of Rayleigh waves in a
continuously-inhomogeneous medium was first considered by Stoneley
[263], and later by Pekeris [211]. Further developments were presented in
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[40, 47, 51-53, 58, 65, 94, 108-110, 122, 161, 180, 187, 193, 245, 254,
256, 264, 270, 338, 340, 341, 349]. The history of this development is
detailed in [67, 188].

R

! Building
| pressure
| load

Undisturbed ="

area o

~~~__ Undisturbed

~s. area
S

\\Decreasing
'\\‘ building
\.\ pressure

\
Increasing
~ soil )
| pressure

Depth¢
Fig. 1.2 Scheme of pressure distribution in soil due to local pressure

In three papers [42—44], Burmister considered an analogy to the well-
known Boussinesq problem to analyze pressure distributions in two- and
three-layer soil deposits. Later, Kogan [140] extended this technique to the
case of an arbitrary number of layers resting on a homogeneous substrate.
A natural development of this technique has been done by Lekhnitskii
[155] generalizing the solution for multilayer solids in order to analyze
continuous inhomogeneity.

The effect of continuous material inhomogeneity in distribution of
pressure in soil deposits due to external force loadings applied to a part of
plane boundary or when the boundary suffers a local deflection, has been
earlier studied by Frohlich [74], who has pointed out the importance of
encountering the with-the-depth variation of the Young modulus in the
evaluation of stress in semi-infinite elastic foundations with a reference to
earlier experimental results published by Foppl [72] in 1897. Frohlich
further evaluated the influence of void ratio on variations in the modulus
of elasticity in soil deposits modeled by a half-space and attempted
thereby the inhomogeneity contribution into the distribution of normal and
shearing forces under the plane boundary of a half-space. By making use
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of these results, Ohde [201] estimated the depth-variation of the shearing
modulus G(z) of an elastic soil foundation as

G(z)=g(z+z,)", (1.2.2)

with g, w ,and z, being constants.

Besides the dependence (1.2.2), there were a number of similar
estimations for the dependences of elastic moduli on the depth coordinate.
For example, Lekhnitskii [155] demonstrated that if the Poisson ratio is
assumed to be constant and the Young modulus varies proportionally to
the depth, then the radial stress ©,, due to a concentrated force applied to

a point on the surface can be expressed as follows:

:—L(PX +2P 0)cosH, (1.2.3)
nr Y

rr

where P. and P ’, are the components of applied force in directions

perpendicular and parallel to the surface, respectively, and » and 6 are
the polar coordinates with the origin at the point where the force is
applied. It follows from (1.2.3) that if the applied force is normal to the
surface (i.e., P, =0), then the radial stress distribution within the

framework of the plane problem for an incompressible isotropic material is
the same as for a homogeneous half-plane. If the Young modulus varies
inversely proportional to the depth, formula (1.2.3) takes the form:

P)C
=X 1.2.4
=, (1.24)

rr

wher x is the depth coordinate. Furthermore, concentrated force applied
parallel to the boundary does not cause any stress in the half-plane.

In [80], Gibson addressed the case of linear depth-variation in the
sharing modulus G(z)=G(0)+mz in an incompressible elastic
foundation z>0. He also pointed out other simple cases of
inhomogeneity; i.e., G(z) = G(0)exp(Az) and

_naG()
G&%—n+z, (1.2.5)
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which allow for the comparatively simple analysis of stresses or
displacements in such solids. Here, m, A, and n are constant parameters

and G(0) denotes the value of the shearing modulus on surface z=0. In

[83], these results were extended for the case of an inhomogeneous layer.
Awojobi [19] was able to solve the dual integral equations of a mixed
boundary value problem by studying vertical vibrations in so-called
“Gibson soil” (i.e., the kind of inhomogeneity addressed by Gibson). In
[20], the same technique was used for the analysis of multilayer coatings
resting on a homogeneous substrate. “Gibson soil of second kind” (i.e.,
soil with the shear modulus given in (1.2.5) with negative m) was

analyzed in [21]. Those results were further developed in [22, 38, 39, 82,
84, 86, 253]. Gibson and Sills [85] also analyzed the case where the
Poisson ratio varies with depth.

In addition to the distribution of stresses within the depth of soil
deposits, another important problem in geomechanics is determining
contact pressure on the surface of a half-space (or a half-plane) caused by
an indenter applied against the surface or surface deflection resulting from
the imposed pressure. In a series of papers, Popov (e.g., [221]) introduced
the following simple formula for the calculation of surface deflection
w(x,y) due to a force p(x,y) applied to boundary z=0 of half-space

z2>20:

W) = [ Sy [[ 7, (V=8 +(=m? ) pEmdedn, (1.26)
0 —o0

where J,(x) is the zero order Bessel function of the first kind. In view of

(1.2.6), the problem of determining surface deflection is reduced to
determining function f(¢). Popov demonstrated that if the Young

modulus of the half-space varies as a power function of depth (i.e.,
E(z)=E,z", E, =const, n=const and 0<n<1), then function f ()

can be described in the following form:

1_v
7,(0) _%%(%) . (1.2.7)
2t
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3+n
2(1+n)(2 +n)
was the first to derive the following equation for surface deflection in this
type of inhomogeneity:

Here, constant o = was contributed by Klein [137], who

wix,y) =~ ﬁ p(& ndtdn : (12.8)

14+m

T (-8 (=) 2

This equation can also be obtained by inserting (1.2.7) into (1.2.6). A
similar result was found for the case of exponential variation in the Young
modulus (i.e., E(z) = E, exp(yz), E, = const and y = const [220]).

The analysis of surface deflections and inner stresses for certain
dependences of the Young modulus on depth and various loading profiles
p(x,y) have been developed using equations similar to (1.2.8) by

Rostovtsev [234, 235], Rostovtsev and Khranevskaia [237], Mossakovskii
[185], Chuaprasert and Kassir [56, 131], Kassir [128-130], Carrier and
Christian [46], Chuong [57], and many others.

1.2.2. Mechanics of composite materials

The analysis of inhomogeneous materials was developed further in the
mid-twentieth century due to advances in materials science and the
widespread implementation of composite materials. Composite materials
may exhibit anisotropic [55, 154, 156, 277, 310] and/or inhomogeneous
[103, 104, 202, 203] mechanical behavior [62, 87, 123, 194], contingent
on the methods used to combine constituent phases or reinforcing
elements. In the analysis of material inhomogeneity, one important
publication of note is a collection of papers [203] presented at The Warsaw
Symposium on Nonhomogeneity in Elasticity and Plasticity (Warsaw,
Poland, September 3 — 9, 1958). This book reflects the experience of
numerous scientists from 14 countries and summarizes the basic methods
developed for the analysis of inhomogeneous materials in the fields of
elasticity, plasticity, rheology, dynamics, and wave propagation as well as
the statistical methods used to characterize micro-non-homogeneity.

It is worth noting that the periodic or semi-periodic material structures
found in some composite materials (e.g., fiber composites and reinforced
composites) make it possible to nullify the effects of material
inhomogeneity through the implementation of various homogenization
procedures, such that the focus is shifted solely to the effects of anisotropy
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[25]. In many cases however, inhomogeneity must be considered within
the context of multilayer structures [217, 258, 259].

H «, : ) f
Material A “Ceramics” s
(Mismatch
of material
properties)

Material B “Metal”

a)
Continuous
) ) material
Material A “Ceramics” / properties

Material B “Metal”

b)
Fig. 1.3. Two-component metal-ceramic composite without (@) and with (b) FGM
interlayer

1.2.3. Functionally-graded materials

In the 1980s, considerable advances were made in the fabrication of
inhomogeneous materials with intentionally-continuous variations in
macroscopic material properties based on desired distribution profiles
[141, 190, 165]. Much of this work focused on functionally-graded
materials (FGM) — a class of multiphase composite combining two or
more phase-materials with contrasting properties. According to Rabin and
Shiota [231], “the term FGM, now widely used by the materials
community, originated in Japan in the late 1980s as a description of a
class of engineering materials exhibiting spatially inhomogeneous
microstructure and properties” (see also [115, 141, 183, 230, 233]). FGM
are widely used to improve the operational performance of structural
members subjected to mechanical as well as thermal loading [182, 195].
They comprise dissimilar materials that provide high thermal and
mechanical resistance (e.g., ceramics and metals) [33, 54, 132, 184, 255,
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266, 339]. Residual stresses that develop at the interfaces between the two
constituents due to the mismatch in material properties can lead to material
degradation (Fig 1.3a). This effect can be minimized by continuously (or
almost continuously) varying the material properties of FGMs (Fig 1.3b)
from one constituent material to another [16, 196, 271]. This type of
variation is generally presented in the form of arbitrary dependences of the
elastic moduli on spatial coordinates. Note that this makes it nearly
impossible to solve problems of elasticity and thermoelasticity analytically
[272], due to the fact that the governing equations include unknown
variable coefficients. Thus, the development of efficient methods
applicable to the thermomechanical analysis of inhomogeneous materials
(and FGM in particular) is an important problem in modern engineering.
The interested reader can find recent reviews of problems related to FGM
solids in [63, 121, 268, 269, 279].

1.3. Overview of Solutions
1.3.1. Specific solution methods

Modeling and analysis methods vary according to the type of
inhomogeneity. The methods also differ in terms of body shape,
coordinate system, the type of solution that is required, techniques
used, and loading types. There is really no way therefore to present a
comprehensive review of methods used in the analysis of
inhomogeneous solids. Thus, in this section, we present a brief
description of the methods and solutions that are most relevant to the
subject matter dealt with in this book. We are aware that many
important results remain beyond the scope of this review, and for this
we apologize.

Mikhlin [177] developed a general theory of the hyperbolic equations
with variable (piecewise-variable) coefficients used to analyze the dynamic
processes in non-homogeneous media with further development, e.g., in
[23]. The method of plane waves was presented in [61, 153] aimed at
dealing with systems that involve hyperbolic equations with smooth variable
coefficients. An extensive review of early work in this area can be found in
[24]. This general theory makes it possible to derive important theoretical
results, such as the mathematical substantiation of the existence and
uniqueness of solutions for certain functional spaces; however, it has not
found widespread use in practical engineering applications.

The complex variable method was developed by Mishiku and Teodosiu
[181] for the analysis of plane static problems, which were reduced to a set
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of conjugation problems to be solved through successive approximations.
Gorbachev and Pobedria [92, 93] used the averaging method for differential
equations by reducing problems of elasticity in inhomogeneous materials to
recurrent problems for homogeneous bodies that approximate but satisfy the
boundary conditions. Naumov and Chistyak [191] constructed a formal
asymptotic solution to the problem of an arbitrarily inhomogeneous layer.
Shevchuk [251] presented a method by which to derive approximate
solutions of heat conduction problems in solids with thin multilayer coatings
modeled using generalized boundary conditions.

A number of solutions have been constructed using approximate
formulations [232] and wvariational principles [1, 30, 340]. The
perturbation method was proposed in [150] to reduce thermoelasticity
problems for thermosensitive bodies to a recurrent sequence of boundary-
value problems to be solved using differential equations with constant
coefficients. The Hamilton variational principle was presented in [102] to
develop a hybrid numerical method for the analysis of transient wave
propagation in an FGM cylinder. The simplified Gurtin’s variational
principle was presented in [347] for FGM thermoviscoelastic plates.
Variational principles were also used to develop homogenization
procedures for micro-inhomogeneous periodic structures [15, 163].
Vasilenko [309] proposed a numerical approach to solving a non-
axisymmetric problem for a radially-inhomogeneous anisotropic cylinder.
Klimenko [138] reported a numerical solution for a cylinder
inhomogeneous in the circumferential direction. Other important methods
include the finite element method [91, 171, 276, 307], the boundary
element method [95, 97, 113, 350], the method of the displacement
potential [127, 212], and the finite difference method [66].

One interesting analytical-numerical technique was developed by
Aizikovich et al. [4, 5, 7] for the analysis of contact problems in
inhomogeneous materials with arbitrary variations in the properties with
respect to depth. This technique is based on the bilateral asymptotic
method [8]. The key point is to numerically evaluate the kernels of the
obtained integral equations. After the kernel structure is defined, it can be
approximated using a special expression, which makes it possible to solve
the integral equation analytically. This allows for the calculation of an
analytical solution, which is convenient for mechanical analysis of the
effects of arbitrary inhomogeneity [147, 148] and FGM material properties
using indentation experiments [6, 9]. In the following, we discuss the
dominant analytical methods used in the analysis of continuously-
inhomogeneous solids.
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1.3.2 Dominant methods

1.3.2.1. Material moduli in form of elementary functions of spatial
coordinates

The dominant approach to the analysis of continuously-
inhomogeneous solids is based on the assumption that the material
properties take the form of specific elementary functions (e.g., linear,
polynomial, or exponential functions) in a manner that allows for the
separation of variables in the governing equations. This yields
comparatively simple solutions based on classical techniques. Various
issues involved in the separation of variables by means of this approach
have been discussed by Kolchin [142], Leknitskii [156], Teodorescu [278],
and others.

In illustrating this technique, we consider a plane-stress problem for an
elastic element —-a<x<a, -b<y<b, where x and y are

dimensionless Cartesian coordinates and « and b are constant
parameters. By introducing the potential Airy function ¢(x,y) [282], this
problem can be reduced to the following equation [288]:

v2 Vet _,d%w.y) o (1+v(x,y>j
E(x,y) oxoy oxoy\ E(x,y)

_OPe(x,») 8% (Hv(x,y))
o axt\ E(xy)

*p(x,y) 8° (1+v(x,))_
ol a?( )= (D

where V? stands for the differential Laplace operator. If we assume that
the Young modulus is £ = Eg(y) (where E; is a dimensional constant

and ¢(y) is an arbitrary twice-continuously-differentiable function) and

Poisson ratio v is a constant, then the problem on the elastic equilibrium
of the considered element can be reduced to the following equation:

V() -2 L (Vo(x, )
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1 d’(y) (1 a’q(y))2
+[g(y> e (g(y) dy

2 2
NN (P();,y)_a (P(?;aY) -0, (1.3.2)
ox oy

Note that in the plane-strain case, we substitute v with v/ (1-v) and g
with ¢/ (1-v?).
Clearly, this equation has constant coefficients under the following

condition:
1 ds(y)
———>=K=const. (1.3.3)
s(y) dy
This means that
6(¥) =g exp(ky), (1.3.4)

where ¢, >0 is an arbitrary constant.

If we assume that

1 d’q) ( 1 afg(y)j2
-2 =0, 1.3.5
s(») ay? s(y) dy (1:33)
then we obtain the following:
= , 1.3.6
= (1.3.6)

where ¢, and ¢, are arbitrary constants that ensure the feasibility of the
Young modulus; ie., g, +¢,y>0 for -b<y<h. This expression does

not make the coefficients in (1.3.2) constant; however, it does allow for
the representation of (1.3.2) in the following form:

(s +g2y)V4(p(x,y)+g2%(V2<p(x, »)=0, (13.7)
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which can be integrated (e.g., for the case where ¢ is a harmonic
function), as follows:

V2o(x,y)=0. (1.3.8)

Note that equation (1.3.7) does not involve the Poisson ratio v, that is
typical for the plane problems of elasticity in homogeneous materials with
no body forces or thermal loading [282].

Another type of material-distribution profile that allows for the
integration of equation (1.3.2) by making use of the classical methods has
the form of a power function

G=¢30"", (1.3.9)

where ¢; and x are arbitrary constants.

For obvious reasons, i.c., a comparatively simple solution technique
along with the ability to implement classical methods, representations
(1.3.4), (1.3.6), and (1.3.8), with some modifications, have remained in the
spotlight from the very beginning till nowadays. As mentioned in
Section 1.2.1, Gibson [80, 81] presented a simple approach to the analysis of
a nonhomogeneous half-space with the shear modulus in the forms given in
(1.3.4) and (1.3.6), as well as the linear form for problems in geomechanics.
In [21, 46, 253], these types of nonhomogeneity were examined using
numerical techniques with different loadings on the half-space boundary.
Korenev [143], Mossakovsii [185], Popov [222], and many others have
presented solutions to problems involving indentation of a circular punch
into an exponentially-nonhomogeneous half-space using the couple-integral
equation representation. Mixed and contact problems for a nonhomogeneous
half-space with power-law dependences of the elastic moduli on the depth-
coordinate were addressed in [155, 234, 236]. Giannakopoulos and Pallot
[79] presented an exact solution to the axisymmetric problem of indentation
by a circular punch into an elastic half-space, where the Young modulus
varies with depth in accordance to the power law and Poisson’s ratio is
constant. The same material properties were considered in [28] for the
analysis of a plane-strain contact problem with an inhomogeneous half-
space subjected to the action of a rigid punch within the finite area of its
limiting plane. Teodorescu [278, p. 653] generalized the representation
(1.3.4) by considering inhomogeneity in the following form:

c=¢yexp(f(x,7,2)), (1.3.10)
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where f(x,y,z) is a continuous differentiable function of class C*. An

extensive review of studies involving exponential inhomogeneity can be
found in [302].

Similar types of inhomogeneity have been analyzed in a wide range of
coordinate systems. Zimmerman and Lutz [351] used the Frobenius series
method to analyze thermal stresses in an FGM cylinder under uniform
heating to characterize the linear dependences of properties on the thickness-
coordinate. Horgan and Chan [111, 112] constructed a solution to an
isotropic inhomogeneous hollow circular cylinder and disk, where the
Young modulus is a power function of the thickness coordinate under
constant rotation velocity and uniformly pressurized on inner and outer
boundaries. They reduced this problem to the Navier equation for radial
displacement to be solved in a closed form. A closed-form solution was also
reported by Oral and Anlas [205] for a hollow orthotropic cylinder with
analogous variation in the elastic moduli. Jabbari et al. [117] solved plane
axi-symmetric elasticity and thermoelasticity problems for hollow cylinders
by reducing them to the governing Navier equation. An analytic solution to
the latter equation for plane non-axisymmetric elasticity and thermoelasticity
problems in a thick hollow cylinder was presented [118] in the form of the
complex Fourier series where the material properties are given as power
functions of the radial coordinate. The non-axisymmetric temperature has also
been derived for cases with a various thermal conduction coefficients. A
similar solution was reported by Tarn [274] and Tarn and Chang [275] for a
radially-inhomogeneous piezoelectric circular cylinder. Zhang and Hasebe
[346] constructed a solution to the plane non-axisymmetric elasticity problem
for a radially-inhomogeneous hollow cylinder with an exponential Young’s
modulus and constant Poisson’s ratio.

At this point, the sheer number of studies on this method makes it
difficult to present an exhaustive review (numerous references are listed in
[63, 121, 269, 279, 335]). The popularity of this approach can be attributed
to several advantageous features. First, the assumption that material
properties are specific functions of spatial coordinates makes it possible (in
many cases) to simplify the governing equations, such that classical methods
of mathematical physics are applicable. Second, this approach allows for the
modeling and analysis of inhomogeneity implementing the dependence of
elastic moduli on more than one spatial coordinate. This makes it possible to
obtain closed-form analytical solutions for use as benchmarks in the
verification and validation of solutions applicable to problems of greater
complexity.

Nonetheless, the solutions obtained using this approach are subject to
limitations. First, they are not widely generalizable; therefore, a new
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system of fundamental solutions must be constructed for each
inhomogeneity profile. Furthermore, the representation of material
properties using monotonic functions for infinite or semi-infinite solids
often produces unfeasible results, due to the fact that such representations
contradict modeling restrictions when the material properties become
either zero or infinitely large (see, e.g., [225]). Unfeasible results can be
avoided by modeling these solids using combined material properties, e.g.,
polynomial [224, 273], polynomial-exponential [246], or periodic [247].
Another way to ensure the material properties fall within model
restrictions at infinite points is to consider an infinite or a semi-infinite
body as an assembly comprising a finite elastic inhomogeneous part
perfectly connected to a homogeneous semi-infinite massive (the rest of
the original body) [147, 148, 297]. This approach has been used for the
analysis of mixed-type boundary-values problems, such as the indentation
of semi-infinite inhomogeneous solids. In just such a manner, Choi and
Paulino [50] considered thermoelastic contact between a flat punch and a
nonhomogeneous assembly consisting of an exponentially-nonhomo-
geneous layer resting on a homogeneous half-space. Yang et al. [342]
considered the thermo-elastic response of a three-layer half-space (with
the outer and infinite layers homogeneous and the intermediate layer
graded exponentially) to a mixture of Hertz pressure, tangential traction,
and frictional heating. Yevtushenko et al. [345] considered transient
temperature processes in a composite strip resting on a homogeneous
foundation. One solution to the plane problem of thermoelastic contact
instability in an FGM layer and homogeneous substrate was recently
obtained using the perturbation method [167]. The elastic properties of the
layer were assumed to vary exponentially within the thickness coordinate.
A similar form of the material properties of a layer resting upon a
homogeneous substrate has been addressed in [48] to solve a rigid punch
indentation problem with heat generation due to contact friction using an
integral transform method.

In most studies based on this method, the Poisson ratio is assumed to
be constant because “Poisson’s ratio v has, in general, small variation”
[278, p.653]. However, the effect of variation in Poisson’s ratio plays a
significant role in the mechanical behavior of inhomogeneous materials
[90, 106, 134]. One solution to the problem of elasticity in an
inhomogeneous half-plane which is acted upon by a concentrated surface
load was obtained in [88, 89] for the case where Poisson’s ratio is an
exponential function of depth.

The representation of material properties using the specific functions of
spatial coordinates provides ample opportunity for the precise analysis of
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inhomogeneous solids; however, this approach offers little in terms of
characterizing materials with arbitrary material-distribution profiles.

1.3.2.2 Discrete-layer approach

One effective approach to the analysis of solids exhibiting continuous
inhomogeneity in one spatial direction (Fig. 1.2a) rests upon the
representation by assemblies of perfectly-connected homogeneous layers,
such that the original dependences of the material properties can be
approximated using a piecewise-constant function (Fig. 1.2b). Having
solved the problem for each homogeneous layer, we can tailor the solutions
using interface conditions to obtain a solution for the entire solid, which
satisfies the original boundary conditions on its surfaces. This method is
known as the discrete-layer approach [229]. Zhang and Hasebe [346] used
this approach to approximate an exponentially-graded cylinder with a
composite cylinder consisting of a number of perfectly-bounded thin
homogeneous cylindrical layers of uniform thickness. They applied the
Michell stress function to solve each layer, and provided recommendations
for extending this approach to the general case of inhomogeneity. Liew et al.
[158] analyzed symmetric and non-symmetric thermal stresses in an FGM
hollow cylinder sectioned into a number of sub-cylinders. In [159], a contact
between a cylindrical punch and a homogeneous half-space coated with an
exponentially-graded layer has been solved. A semi-analytical solution was
derived by representing the material using an assembly of homogeneous
layers. The same approach was extended in [160] to the case of an
arbitrarily-nonhomogeneous layer and in [133] to the case of frictionless
contact between indenters and a functionally-graded half-plane with an
arbitrarily-varying elastic modulus. This problem was reduced to a Cauchy
singular integral equation. By the analogy to a layered media, Green’s
function has been constructed by Alshits and Kirchner [11] for hollow and
solid radially inhomogeneous cylinders. By representing a radially
inhomogeneous hollow cylinder as a multilayer solid, Kim and Noda [136]
employed the method of Green function in order to solve a thermoelasticity
problem in the case of unsteady axisymmetric thermal loading. The same
concept has been used in [249] for the analysis of axisymmetric thermal
stresses in a cylinder of finite length. A numerical technique for the one-
dimensional problem in a thermosensitive FGM cylinder composed of
functionally-graded ceramic—metal-based materials was developed in [18].
Different aspects of this method have also been discussed in [135, 192, 204,
215, 250].
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Fig. 1.2. Continuously inhomogeneous solid (a) and its discrete-layer models (b,
¢): representation of original material profile using stepwise functions, where the
material moduli are constant () or linear (c¢) within each layer

The discrete-layer method makes it possible to analyze inhomogeneous
solids whose moduli have arbitrary variations in a spatial direction. In
application however, this approach generates certain complications.
Watremetz et al. [336] compared the results of modeling a continuously-
inhomogeneous solid with its multi-layer model. This comparison
highlighted the weaknesses of the discrete-layer approach, which include
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stress discontinuities at layer interfaces, weak convergence of the
approximate solution to the exact one when the number of layers is
increased, and complex 3D modeling. The effect of discontinuity of the
stresses on the interfaces of layers representing a continuously-
inhomogeneous solid has also been emphasized in [286].

In order to optimize convergence and avoid discontinuities at layer
interfaces, Plevako [213] proposed the formulation of material properties
within each layer as linear functions (Fig. 1.2¢). This allows the
approximation of elastic characteristics using continuous polylines instead
of piecewise constant functions, thereby improving the approximation
toward an exact solution. An analogous approach to the approximation of
an inhomogeneous strip using a piecewise-exponential composite was
presented by Guo and Noda [98]. It can be seen that this approach
combines the discrete-layer method and the representation of material
properties in the form of elementary functions.

1.3.3 Direct integration method

An efficient approach to the analysis of inhomogeneous solids can be
developed on the basis of a general direct integration concept. The
advantages of applying direct integration to elasticity-related problems
was clearly delineated by Michell [176] over a hundred years ago: “In
treating the problem of an elastic solid in equilibrium under given volume-
and surface-forces, some of the advantages of a direct determination of
the stress are so obvious that it is surprising more attention has not been
given to this mode of attack”. However, the interpretation of the concept of
direct integration requires clarification.

In mathematical physics, the concept of direct methods is concerned,
traditionally, with the application of approximate methods for solving
certain boundary value problems for differential or integral equations by
reducing them to systems of linear algebraic equations [178, 179, 257].
These methods are widely applied to problems in practical engineering as
well as theoretical analysis into the existence and correctness of solutions
to engineering problems of greater complexity. Direct methods based on
variational principles [60, 257] include the energy method (the practical
implementation of which deals with the application of the Ritz technique),
the Galerkin method, the least-squares method, and the finite-difference
method.

In this book, we discuss a direct integration method that differs
fundamentally from the above-mentioned methods. Conceptually, the
proposed method is based on integration of the governing elasticity and
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thermoelasticity equations derived directly from first principles without
the use of potential functions of higher differential order. This allows for
the construction of correct solutions, particularly for boundary value
problems for bounded domains.

With this regard we would refer to a comment made by Gakhov in his
foreword to the book [139]: “In present time, integral transforms can be
regarded as the most powerful and widely-used mathematical tool for
solving practical problems.”” Potential (harmonic or biharmonic)
functions are constructed in the mapping domain an integral transform is
used for the separation of variables in boundary value problems of solid
mechanics. However, those functions do not necessarily exist in the
physical domain unless certain supplementary conditions, such as
conditions of general equilibrium of the applied force and thermal
loadings, are fulfilled. This can be explained by the divergence of integral
representations for potential functions at some points of the physical
domain corresponding to the poles of their images in the mapping domain
with respect to the transform parameter.

Consider, for example [321], the biharmonic Airy stress function
¢,(x,y) for the plane elasticity problem in a half-plane

{(x,»):|x|<o0, 0<y<oo} which is acted upon by normal —p,(x) and
shear g, (x) force loadings applied to its boundary y =0 . This function

can be represented in the physical domain by the following expression:

+00 .
1 1 Vi) = - .
¢ ,(x,y) :%L((S—Z—i-m)po +?q0jexp(—|s |y +isx)ds, (1.3.11)

where i=+v—1 isan imaginary unit and p, and g, are the images of the
force loadings p,(x) and ¢,(x) in the mapping domain of the Fourier

integral transform [41]. As shown in (1.3.11), the integrand can be
unlimited at the pole s =0. This drawback can be removed by subjecting

the forces p,(x) and g¢,(x) to the following static conditions of

equilibrium:

% Gakhov, Fyodor Dmitriyevich (1906 — 1980) was a full member of the Academy
of Sciences of the Byelorussian SSR. He was recognized as an outstanding Soviet
and Belorussian specialist on the theory of boundary value problems in
mathematical physics, analytical functions of complex variables, and the theory of
integral transforms.

? Translated from Russian by the authors.
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+00 +o0 o
j Po(X)dx =0, j xXpy(X)dx =0, j Go()dx=0,  (1.3.12)

where the first and second equations express the self-equilibration of
normal loading p,(x) by its resultant force and moment, and the third

condition describes the self-equilibration of the shear loading by its
resultant vector. In the mapping domain of the Fourier integral transform,
conditions (1.3.12) can be given, respectively, as

20(0)=0, py(0)=0, g,(0)=0. (1.3.13)

Here, prime stands for a formal derivative by the parameter s . Obviously,
in view of conditions (1.3.13), the integrand in formula (1.3.11) is limited
for the entire range of variation for transform parameter s .

Conditions (1.3.12) appear obvious if formulating the problem in terms
of stresses; however, they are not necessarily captured when formulating
this problem in terms of displacement. Thus, when imposing boundary
conditions for the displacement vector on the boundary of the half-plane,
we must ensure that the displacements induce stress under meeting
conditions (1.3.13). This necessity has been shown, e.g., by
Muskhelishvili [186]. However, it is usually very difficult to ensure that
the boundary displacements are in agreement with the stresses under
meeting conditions (1.3.12), albeit with a few exceptions.

If the boundaries of an elastic solid are subjected to mixed-type
boundary conditions, the conditions (1.3.12) are even harder to meet
during problem formulation. In the formulation of boundary value
problems in semi-infinite domains (i.e., contact problems for a half-plane
or half-space), infinitely-distant areas are expected to be subjected to
infinitesimal force loading. This is meant to equilibrate the non-
equilibrated normal and shear stresses at the boundary, in contradiction of
conditions (1.3.12). If, for example, shear loading is absent at boundary
y=0 of a half-plane, then ¢,(x)=0, xe(-%,%), and a normal

pressure  p,(x) = pa‘ =const is uniformly distributed over its finite
segment xe[-x,,x,], 0<x, <o, while Py(x)=0 for
x € (-o,~x,)U(x,,0), such that the resulting force of the applied

loading is easily derived as follows:
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+00
j po(x)dx:ngp;. (1.3.13)

—00

This means that i) the resultant stresses at the infinitely distant points
y —> o are to vanish and, at the same time, to be of the resultant force

equal to 2x,p, and ii) the stress function (1.3.11) is unbounded at point

s =0 due to a failure to meet conditions (1.3.13). This failure complicates
or makes it impossible to a) construct a solution to the formulated problem
in the space of bounded and continuous functions, b) ensure the elastic
strain energy is limited to the considered solid, and c¢) ensure that the
conditions for solution correctness are met for the displacements and their
integral characteristics (i.e., integral compatibility conditions) [17, 280].
Elucidating the elastic response of solids (particularly inhomogeneous
solids) can be viewed as a primary goal in formulating an analytical mode
of attack. The previous example makes it clear that this understanding
calls for the construction of a solution to a specific boundary value
problem and for establishment of fundamental correctness conditions.
These conditions are meant to ensure that the fields of stresses and
displacements fall within the assumptions of elasticity theory. This
guarantees the strain energy accumulated in a solid is a bounded function.
Vihak* proposed a direct integration method to deal with this challenge.
This was further developed by subsequent researchers [126, 287], resulting in
a general approach to optimizing thermal regimes, thermal stresses, and
displacements in elastic solids based on the method of inverse
thermomechanics [312, 313]. The latter method can be used to determine
optimal control function u representing, for example, the density of inner

heat sources in an elastic solid D*. This reduces the problem to minimizing
the uniform deflection function of component S(x,t,u) of a quasi-static
stress-tensor or a displacement vector from a given distribution @(x,t), as

follows:

J ()= r(na>)<|S(x,t,u) —o(x,7)], (x,7)eD*x(0,7*]. (1.3.14)

* Vihak (or Vigak), Vasyl” Mykhaylovych (1936 — 2003) was a Doctor of Science,
leading scientist, and head of the solid mechanics department at the Pidstryhach
Institute for Applied Problems of Mechanics and Mathematics of the National
Academy of Sciences of Ukraine. He is the author of more than 230 scientific
papers (including two fundamental monographs on optimization theory) in the
mechanics of solids and optimization theory.
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The existence of such a control function (i.e., u(x,1) € Cre(o f*]) implies

the existence of an exact lower limit of the above optimization criterion.
This lower limit can be written as follows:

S(x,t,u)=0(x,7), (x,7)e D*%x(0,7*]. (1.3.15)

Then, heat-conduction and thermoelasticity problems result in the
following integral equation of the first kind:

jj K(x,X,t,Du(x,7)dxdt = ¢,(x,7), (x,7)€D*x(0,7*], (1.3.16)
0D*

where K(x,X,7,7) and ¢,(x,7) are known functions. Solving equation
(1.3.16) is generally an ill-posed problem [244]. It was demonstrated by
Vihak [312, 313] that an optimal control function u(x,t), which meets
condition (1.3.15) and, which is the same, satisfies equation (1.3.16), exists
only under certain necessary conditions for function @(x, ). The conditions

include those corresponding to integral conditions of equilibrium and
compatibility for the stress-tensor and displacement-vector components.

This “intermediate”, at the first glance, result originated an important
stage of studies related to the substantiation of a method for the direct
integration of differential equilibrium and compatibility equations in terms
of stresses. This method makes it possible to reduce a direct elasticity
problem to a governing equation for an individual stress-tensor component
(or a linear combination of stress-tensor components). This component is
referred to as a key function and, in a certain sense, can be regarded as
analogous to a control function. The component can be derived using the
governing equation by implementing certain integral equilibrium and
compatibility conditions in conjunction with relations expressing all
quested-for functions in terms of the key function.

The principal strategy underlying the application of this method to
problems of elasticity and thermoelasticity in terms of stresses can be
represented in a step-wise manner, as follows:

e In the first step, the key functions are selected from the stress-tensor
components or their linear combinations (e.g., the first invariant of
the stress-tensor) with the aim of achieving the most convenient
formulation of the governing equations and the integral conditions.
This choice depends strictly on the properties of the differential
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operators presenting the original equations of the formulated
problem, the boundary conditions, and the material properties. The
key functions are usually involved in differential compatibility
equations.

e The next step involves deriving the relations expressing all the
stress-tensor components through the key functions identically in
view of the conditions imposed on the boundary of the solid
considered. Such relations can be obtained through the correct
integration of the local differential equilibrium equations pertaining
to all of the stresses (irrespective of the material properties) within
the framework of a static or quasi-static formulation.

e The relations derived in the previous step can then be used to
reduce the compatibility equations to the governing equations along
with the local and integral conditions for the key functions. This
makes it possible to reduce the original problem to a boundary
value problem for the key functions. Note that unlike the relations
between stresses in the previous step, the governing equations
generally involve material properties. This is because they cover
strain compatibility in an elastic solid.

e In this step, the key functions are determined from the derived
boundary value problem. This can be achieved using an appropriate
variable-separation method to construct the key functions in the
form of explicit dependences on the given loadings and material
properties.

e After the key stresses are determined, the remaining stress-tensor
components are restored using the relations obtained in the second
step.

e After the stress-tensor components are computed explicitly, the
strain-tensor and displacement vector components can be
determined through the integration of the strain-displacement
equations.

This method was used to construct correct (continuous and integrable)
solutions to the plane elasticity and thermoelasticity problems in
homogeneous isotropic domains in [314, 319, 329]. For a half-plane, the
boundary conditions have been analyzed in detail in terms of stresses,
displacements, and mixed-type boundary conditions [283, 299]. In addition
to the construction of analytical solutions, this approach allows for
derivation of i) the integral equilibrium and compatibility conditions for
thermal and mechanical loadings along with the quested-for stresses, strains,
and displacements, ii) expressions for the resultant force and resultant
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moment of the normal and sharing stress-tensor components and applied
loadings, and iii) one-to-one relations between the stress-tensor and
displacement-vector components, which remain valid at the boundary of a
solid. Similar results have been obtained for the one- and two-dimensional
problems of elasticity and thermoelasticity in cylindrical-polar coordinate
systems [315].

Note that the advantages of the direct integration method have been
demonstrated for problems of elasticity and thermoelasticity in finite
domains with corner points (i.e., domains with surface that can be
represented by families of dissimilar coordinate surfaces [96]). Obtaining
solutions to such problems is complicated by the non-self-conjugated
differential operator for domains with such boundaries. This makes it
difficult to construct comprehensive orthogonal systems for the
separations of variables in the governing equations. Generally, the
fundamental functions of such systems are complex, variable, and non-
orthogonal, requiring decomposition algorithms of some sophistication
[164]. This makes it very difficult to satisfy the boundary conditions
throughout the entire surface of the solid (including areas adjacent to
corner points). The history of such problems analysis can be traced back to
the famous problem on the elastic equilibrium of a cube under arbitrary
normal loadings on each side, which has been formulated by Lamé and
nominated in 1846 for the “Grand Prix de Mathématiques” of the Paris
Academy of Sciences [173]. For example, we can mention the method of
crosswise superposition [174] and the method of homogeneous solutions
[164] as the dominant ones involving biharmonic potential functions and
setting the priority in exact satisfaction of the differential equations
while the boundary conditions are satisfied approximately. In contrast to
these methods, the one suggested by Vihak is aimed in exact satisfaction
of the boundary conditions by explicitly expressing the solutions through
the functions imposed on the boundary, which is advantageous, e.g., for
solving inverse and optimization problems [343, 344]. By making use of
this approach, analytical solutions to the plane elasticity and
thermoelasticity problems for a rectangular domain |x|<x,, [y[<y,,

where x, and y, are positive constants, were represented in the form of

decompositions by the followings complete and orthogonal systems of
functions:
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{1 V) My}
b y’ 9
yo Yo

Y. x . AXx
{1, x, cos——, sin—"—:, n=12,...,
X0 X0

(1.3.17)

where v, =nmn and A, are positive roots of a transcendent equation

tanA = A enumerated in increasing order.

A A
In (1.3.17), subsystems {cosy”y sin ,,y} and { Y”x, i "x}

Yo Yo Xo Xo
comprise the eigen-functions of the problem and segregate the parts
Ay
ol =YX (x) cos 22 J
;[ y 0 Yo
(1.3.18)

= Z(Y ») cos T2t 4 Y} kxox]

n=1

of the normal stresses with the resultant force and moment are both zero:

X0 Xo Yo ) Yo
J o), dx = j xc', dx =0, j o) dy= j yo, dy=0. (1.3.19)
-X0 —Xg -0 ~Yo

They correspond to the self-equilibrated parts of the force loadings applied
to the sides of the rectangle and the body forces. Here,

X' = 1 '
" Yo o yo
2 1
X, = _[ O,
Yosin“ A, e

(1.3.20)

YuX
Xo

Y1 1jcsco

_XO
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X0
1 oA X
Y2=— I o sin—"—dx.
" x sin? ) 4 X

0 n —xg 0

One approach to deriving the above coefficients was developed in [325,
327] for elasticity problems and in [330] for thermoelasticity problems
based on an iterative routine that satisfies the governing equations within
the required degree of accuracy.

Subsystems {1, y} and {l, x} of the system in (1.3.17) comprise the
so-called associated functions used to segregate the elementary parts [282]

o), = Xo(x)+ X5 (x), o), =Y () +x¥5(y) (1.3.21)

of normal stresses corresponding to the resultant forces and moments of
the applied loadings:

Yo Yo
2 [ oldy=—{ (p,+p,)dy
) Yo

X0 Yo
+ £q4<a>—q3<a)— [ Fx<a,y>dy]sgn(x—a>da,

%0 —JYo

Yo Yo
2 [ yoldy==[ (p,+py)ydy
Yo Yo

X0 Yo
+ [pg(é)—m(é)— [ Fy@,y)dy]lx—alda

0 —Yo

Yo
+ I ((x=xp)q; + (x+x,)q, ) dy
o

R) Yo
- [yo(q3(é)+q4(<i))+ [ ny@,y)dy]sgn(x—a)da,

%0 —JYo
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X xo
2 [ ol dx== [ (py+p,)d (1.3.22)

*XO *XO

+ j [%(n) g,(n) - jF(x n)desgn(y ndn ,

-7

XO xo
2 J. XG dx =~ I (py + py ) xdx

—Xo —%0

Yo X0
+ | [pl(n)—pz(n)— | Fx(x,n)dely—nldn

—Yo —X0

* .[ ((r=29)as + (¥ +y)q,)dx

-X

- j [ (@ () + g, () + IxFy(x,n)desgn(y—n)dn-

—Yo )

Here, p; (v) and ¢ ; () are the normal and shear loadings applied to the
sides x = (-1)/"! Xo 5 Piia (x) and 2 (x) are the loadings on the sides
y=(-1/*" Vo> J=12;and F, and F, are the projections of body forces

onto the coordinate axes. The following coefficients were identified and
analyzed in [318]:

17 3
1 2
X, :W I c. v, X; :2—3 I yo .dy,

0~y 0 -y

(1.3.23)
3 ¢
Yl = o dx Y2 xo_ dx
0~ 2x0 {0 ZXS 7[ vy
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In this manner, the following representation of the solution makes it
possible to represent the stress state through the superposition of self-

equilibrated and non-self-equilibrated parts (52[ and o), , respectively:

G, =0y, +0), [={xy}. (13.24)

The self-equilibrated stresses peak (in terms of magnitude) in the vicinity
of the loaded zones, and vanish when moving away from these zones.
Hence, this representation confirms the Saint-Venant principle of static
equivalence [282]. In [323, 326, 328], this approach was extended to plane
problems for circular and annular segments and a cylinder of finite length.
The direct integration method also allows us to clear up important
theoretical issues in the field of solid mechanics, such as the
“overdetermined” system of equations for the three-dimensional
formulation of elasticity theory in terms of stresses. Barré de Saint-Venant
[281] obtained the following strain-compatibility (or continuity) equations:

d%e 02 %
e (1.3.25)
Ox oy Ox0y

and

azg P oe oe oe
- A GG R+ S BT 1.3.26

0x0y 62( ox oy 0z ) e ( )
If we eliminate displacements from the Cauchy strain-displacement
equations, they can be regarded as classical, and are therefore included
into most textbooks on the theory underlying elasticity and

thermoelasticity ~theories. Here, ¢, represents the strain-tensor

components, u, represents the displacements, ¢,m = {x,y,z}, and “etc.”

indicates two more equations obtained by cyclic permutation of indices
and variables of differentiation. Using the constitutive strain-stress
equations in conjunction with the equilibrium equations [282], allows us to
represent equations (1.3.25) and (1.3.26) in terms of stresses; i.e., the
Beltrami-Michell equations [278]. Along with three equilibrium equations,
the six Beltrami-Michell equations present a system of nine equations for
six stress-tensor components, which is, obviously, overdetermined.

In 1938, Southwell [260] proved that the application of Maxwell
potential functions to the solution of a three-dimensional problem using
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the Castigliano principle yields only (1.3.25), whereas the application of
the Morera functions yields only (1.3.26). In a subsequent paper [261],
Southwell noted the following: “Commenting on these results, Professor
G. L. Taylor remarked to me that by them three of the six conditions (11)
[(1.3.25) and (1.3.26) herein] would seem to be made redundant,; for if
either the first or the second three of (11) are sufficient to ensure that U
[the total strain energy] is stationary, then according to Castigliano’s
principle they should also ensure the existence of single-valued
displacements, and no further conditions should be necessary. Once the
paradox is revealed its resolution becomes a problem of some urgency...”.
In the same paper, he sought to prove that all six of the equations given
in (1.3.25) and (1.3.26) are necessary for the identic determination of
displacement. His proof, however, was not supported with compelling
evidence and the “Southwell paradox” remains an issue of some
contention (see, [13, 14, 37, 146, 166, 175, 214, 262, 308, 331-333,
348]). In [337], Washizu used the Bianchi formulae to demonstrate that if
equations (1.3.25) are satisfied in the interior points of body 5 and
equations (1.3.26) are satisfied at its boundary 05, then (1.3.26) is
necessarily satisfied in the interior points on the body 5, and vice versa.
Thus, Washizu presumed that while equations (1.3.25) are used as
governing equations, equations (1.3.26) serve as a supplementary
condition for the determination of displacements.

That hypothesis was confirmed by making use of the direct
integration method, when Vihak [320] used three out of six Cauchy
strain-displacement equations for an elastic parallelepiped |[x[<a_,

lyl<a,, | z|< a, to derive the following expression for displacements:

2u +u&|

g~ U |g}aé t=a;

ag
+ [ esen(e-¢dl,, E={x.y.z}. (1.3.27)

-a;

The remaining three Cauchy’s equations in view of (1.3.27) yield the
following integro-differential compatibility equation:

e

_0 ;
280 =g ”&L;:fai ’L”&|s,=a‘i + [ e sen(e - e,

e
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9 T
+6_E_, un|n:—an +un|n:u11 + j Snn Sgn(n_cn)dc’ﬂ ’

,an

En={x,y,z}. (1.3.28)

Differentiating equation (1.3.28), they can be reduced, under certain
conditions on the sides of the parallelepiped to (1.3.25). This
demonstrated that three out of the six Cauchy equations can be used for
the determination of displacements ., &={x,y,z}, while the

remaining three can be used to derive three strain-compatibility
equations. In bounded domains, these are generally of the integro-
differential type. There are 17 equivalent triads of such equations, which
support the results obtained by Ostrosablin [206] almost simultaneously.
The advantage of this result has been efficiently used for solution of a
number of three-dimensional problems for homogeneous and
inhomogeneous solids [301, 302, 304, 316, 317].

The fact that the method of direct integration is oriented primarily
toward the use of equilibrium equations and the establishment of relations
between stress-tensor components in conjunction with the necessary
conditions for stresses, strains, and displacements, irrespective of the
material model makes the direct integration method useful for a wide
range of applications. It has been combined with the method of conditional
plastic strains [216] to develop an experimental-computational technique
by which to determine steady-state residual stresses in welded joints
modeled using locally-distributed fields of incompatible strains. In
experiments, this technique was verified through the analysis of residual
stresses in unbounded [324] and rectangular [293] plates with a rectilinear
welded joint and a thick-walled elastic cylinder with a circumferential butt-
weld [300].

The strategy generally used to apply the direct integration method
appears to be an efficient approach to the analysis of elastic and
thermoelastic responses of inhomogeneous solids. The efficiency can be
explained by the fact that the basic stages of the method deal with the
equations of equilibrium in terms of stresses, which are invariant with
respect to a model of material properties. When deriving and solving the
governing equations for key functions, the variable material properties
are involved only in the later stages of the solution process. Thus, the
technique used to deal with inhomogeneous solids is similar to that used
for homogeneous material. The only difference is the fact that the
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governing equations for inhomogeneous solids appear to be of integral or
integro-differential type.

Note that the theoretical basis for this type of implementation was
established by Lopatynsky [162] and Fichera [69]. The application of
the integral equations received further development in papers by
Panferov and Leonova [207], Clements and Rogers [58, 59], and
Furuhashi [75, 76]. Furuhashi and Kataoka [77, 78], Li et al. [157], and
Peng and Li [209, 210] focused on solutions to one-dimensional problems.
A systematic implementation of this approach was later presented in [290].

In the following chapters, we systematically illustrate the application
of the direct integration method to the solution of some basic boundary
value problems related to elasticity, thermoelasticity, and heat-conduction
when dealing with inhomogeneous solids.
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CHAPTER TWO

PLANE PROBLEMS IN
CARTESIAN COORDINATES

2.1. Basic assumptions and governing equations

2.1.1. Thermoelasticity equations for orthotropic
inhomogeneous solid

Consider an elastic solid & in a dimensionless Cartesian coordinate
system (x,y,z) . Within the framework of the classical uncoupled theory

of thermoelasticity [197, 198], the equilibrium state of the considered solid
is governed by the following vector equation

divé +B =0, 2.1.1)

where div=(0/0dx,0/0y,0/0z) is the divergence vector within

Cartesian coordinates, G = {G_ /f} is the symmetric (Gjé = G[J-)

{/,0={x,y.z}
stress tensor, and B =(F, F, E), F, is a projection of the resulting
body force along the axes j ={x,y,z}. The above equation can be written
in scalar form as follows:

0o, 0o, 0o,

Jy Jjz . .
o Ty e 0 Jeten 2.12)

According to the theory of small deformations [278, 282], every
component of the total strain tensor can be represented by a linear
combination of stresses along with a thermal strain under the constitutive
law as follows:

Ejk = B./'kxxcxx + Bjkfycxy + BijZGXZ + Bﬂfwcyy
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+B,,.0,. +B;..0., +8 {j,k}y={x,y,z}, (2.1.3)

where, sfk =a,06, (T'-T,) are components of the spherical thermal-

strain tensor involving only the diagonal elements expressed through the
coefficients of linear thermal expansion o ; = a; along the Cartesian axes

={x,y,z}; o ik is the Kronecker delta; and 7 is the steady-state

temperature distribution within body &, where 7, is the initial

temperature corresponding to the thermal-stress-free state, B i >

{J,k,l,m}={x,y,z}, are components of the tensor of material properties

(elastic compliance components), which are irrespective of both strains
and stresses and are functions of a material point only. In the general case

of a linearly elastic solid, there are 21 independent component B kem OUL

of 36 total. The number of independent components B ko AN be reduced

in some specific cases of material anisotropy [199, 240].

For example, if every point of an anisotropic solid can be regarded as
an intersection of three mutually perpendicular planes with identical
material properties, then, after ensuring that the planes are parallel to the
coordinate planes, the number of independent components can be reduced
to 9 and the solid referred to as orthotropically anisotropic or orthotropic.
The constitutive law given in (2.1.3) in this case takes the following form:

e =B o +B_ o +B +a (T -T,),

xx XXXX XX xxyy = yy xxzz0 2z

€,, = Bxxyycxx + Byyyycyy + Byyzzczz + o (T 1),

(2.1.4)
¢, =B .6 .+B o +B_oc_+a (T-T),

zz XXZZ — XX yyzz — yy zzZzz ~ Zz

gxy = Bxyxycxy > 8xz = szxzcxz > 8yz = Byzyzcyz'
The elastic compliances in (2.1.4) can also be represented using so-called
technical parameters, which gives us another representation of the
constitutive law [12, 154, 156]:
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1 Vx Vo
€ =—06_ — G, — o, +a (T-T,),
xx Ex xx E »y Ez zz x
v Y
./ ds = _
€y, = E. GxX+Eyny E. czz+ocy(T 1),
(2.1.5)
Xz V)/Z (T T )
e = —Gc +—0C_+a
0 b
zz E\f XX Ey »y i zz z
8)ry :L xy? gxz :L(sz, ‘c‘yz LGyz
Xy ze Gyz
Here, E., E , and E_ respectively indicate the Young moduli in the

directions of coordinate axes x, y, and z; v ik denotes the Poisson ratio

describing contraction in the j-direction at tension in the k-direction; and
ij is the shear modulus within the (j,k)-coordinate plane where

{j,k}=1{x,y,z}, j # k . Note that the technical parameters must meet the
following conditions of symmetry:

Evg=Ev,. {U.ki=lxyz, j=k. (2.1.6)

If every point in an elastic solid lie along a plane in which all material
properties are equal (i.e., the plane of isotropy), then the number of
independent elastic compliances is 5 and the body is referred to as
transversely isotropic or transtropic. The constitutive law given in (2.1.3)
for this type of solid is as follows:

€g.=B 0. .+B. o +B. _oc_+o (T-T,),

Xx T T xxxx T xx xxyy = yy Xxzz = zz

e =B_o +B_ o6 +B__Go +ocy(T—T0),

y T Txxyy T xx Xxxx " yy Xxzz ~ zz

(2.1.7)
e_=B (Gxx+cyy)+B c, +o, (T-T,),

2z XXzz 2222 " ZZ

Sxy = 2(Bxxxx - Bxxyy) € = szxzcxz ’ 8yz = szxzcvz'

ny,

Then, applying the technical parameters [154], (2.1.7) can be rewritten as
follows:
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1 ’
€ . :E(Gxx —vcyy)—%czz +o(T -T),

1 v’
&, =(-vo, +0,)-—0, +o(l-T),
(2.1.8)

v’ S '
:—F(Gxx +ny)+?+0t (T -T),

8ZZ

xy G 5 sz = Gl > vz Gl .

Here, £ and E' are the Young moduli under tension or compression in the
directions respectively lying along the plane of isotropy and in the direction
perpendicular to this plane; v indicates the Poisson ratio characterizing the
out-of-plane contraction in response to tension applied in the plane of
isotropy; and v' is the Poisson ratio characterizing the in-plane contraction
in response to tension applied in the out-of-plane direction;
G=E/(2+2v), a and G', o' are the shearing moduli and linear

thermal expansion coefficients in the in-plane and out-of-plane directions,
respectively.

If an elastic solid is elastically equivalent in all directions (i.e., all of
the planes passing through a material point are equivalent), then there are
only three independent elastic compliances and the solid can be regarded
as isotropic. The constitutive law (2.1.3) for an isotropic solid can be
written as follows:

Ee . =0, —v(cyy +0,,)+aE(T -T,),

Esyy =G, -v(o,, +o_)+ak(T-T,),
(2.1.9)

Ee =o_-v(c, + ny)+ aE(T -T),

Gsxy =0, Ge =0, Gsyz =0,
where £ and G respectively indicate the Young modulus and shearing
modulus, v is the Poisson ratio, and a is the coefficient of linear thermal
expansion.
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After establishing a connection between the stress- and strain-tensor
components in an elastic anisotropic solid, we can use the following
Cauchy equations [240, 282] to express strain & ik and elastic

displacement u j in the direction of the j — coordinate axis, j,k=x,y,z:

ou Ou ) ou

X V4

SXX ax > gyy = ay > 822 aZ >

(2.1.10)
Ou, ou e Ou, Ou, ou y  Ou,
= + = + +

o T =T T 2T T

Assuming that the initial and current temperature distributions (i.e., T,

and 7') are known, then deriving the solution to a general thermoelasticity
problem implies determining the following fifteen unknown functions: six
stress-tensor ~ components G ;. , {j.k}={x,y,z}, six strain-tensor
components £ , {J,k} ={x,y,z}, and three elastic displacements U,

j=1{x,»,z},in elastic body & wusing fifteen equations: the three
equilibrium equations (2.1.2), the six constitutive equations (2.1.3) (which
can be in the form (2.1.5), (2.1.8), or (2.1.9)), and the six Cauchy strain-
displacement equations (2.1.10).

The number of quested-for functions can be reduced by formulating
thermoelasticity boundary-value problems in terms of stresses or
displacements, which are usually motivated by the boundary conditions
imposed on boundary 06 of solid & .

If, for example, boundary 0 is subjected to external force loadings as
follows:

6-n,, =P, (2.1.11)

then it is reasonable to formulate the problems in terms of stresses. Here,
n is the unit vector of outer normal to surface 0& and P is the vector of
external force loadings. In this case, the displacements can be eliminated
from the Cauchy equations (2.1.10) in order to derive the following strain-
compatibility equations:
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2 2 2
6sm+8 g, 0%

oz2 ox? = oxéz’

XZ

2 2 2
0%, 0 Cy 0 &)z

o’ ot oyoz’

262822 :g ag)’z +8gzx 88XY
oxdy Oz ’

(2.1.12)

2628” _ 0 O¢ +58Xy 68yz
oyoz Ox| oy 0z ox |

2628)))1 :g(asxy N agyz _ agxzj.
ox0z Oy| Oz ox oy

Substituting the constitutive equations (2.1.3) (or any equivalent such
as (2.1.5), (2.1.8), or (2.1.9)), into the compatibility equations (2.1.12)
makes it possible to represent the problems in terms of stresses. In the case
of homogeneous isotropic solids, these equations are known as the
Beltrami-Michell equations [278].

If the components of the displacement vector u are imposed on
surface 05 :

u..=u", (2.1.13)

06

where u” is a given vector of boundary displacements, the problems can
be formulated in terms of displacements by substituting (2.1.3) and
(2.1.10) into (2.1.2), which yields three scalar equations for the
determination of displacements in solid & (in the case of homogeneous
isotropic material they are known as the Lamé equations) [145].

The formulation of a boundary-value problem in terms of six stresses
or three displacements appears to be simpler than the general formulation;
however, it presents a challenge for analytical as well as numerical modes
of attack. In some cases, the formulation of the problem can be simplified
once the shape of the solids and loading profiles exhibit specific types of
symmetry or the loadings show little variation in some spatial directions.
One such simplification can be made when implementing the plane-strain
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or plane-stress hypotheses, under which problems involving
thermoelasticity can be considered using only a plane (two-dimensional)
formulation with a smaller number of independent equations and quested-
for functions of two spatial variables.

2.1.2. Plane strain

Assume that the length of orthotropic elastic solid & in the z-direction
| z|< L > 1 far exceeds the dimensions in the x - and y-directions. We set
the temperature distribution 7 and external forces P or boundary
displacement u” under conditions (2.1.11) and (2.1.13), with body force
B (where F, =0) independent of coordinate z. Then, at a sufficient
distance from end-faces z=+L of body & we assume /) the stress- and
displacement-fields do not depend on coordinate z; i.e., they vary only
with  coordinates x and y within a planar cross-section

D={(x,y,2;), z, =const} of body & ; ii) shear strains ¢, &, and

stresses o _, o, are equal to zero; and iii) axial strain is constant (i.e.,
€, =e, =const ). If both end-faces of body & are confined between two
smooth rigid planes, then, obviously, e, =0 . If one or both of the end-

faces are free of force loading, then due to (2.1.5), the constant axial strain
can be determined as follows:

o=l

In view of the foregoing assumptions, the equilibrium equations (2.1.2)
take the following form:

jdxdy (2.1.14)

oG aoy 0o oo
xx x F = WL WL E = . 2.1.1
o Ty T Tty 0 -

In view of the relationship depicted in (2.1.6), the constitutive equation
givenin (2.1.5) for ¢_ becomes

6,.=¢+v, o +v o —a_ E(T-1)). (2.1.16)

ZX 7 XX zy o yy zz'z
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Substituting (2.1.16) into the first and second equations of (2.1.5) gives yet
another form of the constitutive law for the case of plane strain within
plane domain ® :

e = l_vzxvxz G - VJ’X +VZXVJ’Z c
xx Xx yy
E, E,

-v, e, +(a, +a v )T -T,),

zZ zx

V. +V_V l1-v_v
g =—2 X Ts5 T 25 (2.1.17)
w E xx Ey y
X

v, (o, +o.v, )T -T),

In view of the assumptions of the plane-strain hypothesis, the Cauchy
equations (2.1.10) can be represented using the following three
independent equations:

o O O w04y (2.1.18)
woooxT W oy’ ™ oy ox o

Furthermore, the Saint-Venant equations (2.1.12) yield only one nontrivial
equation:

2 2 2
Ty O Oy (2.1.19)
ox? 6y2  oxdy o

Thus, the problem of determining stresses in solid & under the plane
strain hypothesis is reduced to determining three stress-tensor components
6., o, ,and S three strain-tensor components € €. ,and €y

xx W xx w2

and two displacements u_ and u, as functions of x and y. This is
achieved using the eight equations (2.1.15), (2.1.17), and (2.1.18) under
the conditions represented by (2.1.11) or (2.1.13) imposed on boundary
09 of domain © . Substituting the constitutive equations in (2.1.17) into
the compatibility equation (2.1.19) allows for deriving a compatibility
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equation in terms of stresses, which along with two equations of
equilibrium (2.1.15) present a closed system of three equations for
determination of three stress-tensor components. After the in-plane
stresses are computed, out-of-plane stress o, can be derived using

(2.1.16). Similarly, substituting the Cauchy equations (2.1.18) into the
constitutive equations (2.1.17) allows the representation of the equilibrium
equations in (2.1.15) in terms of displacement. This creates a closed
system in which two Lamé equations are used for the determination of u,

and u,.

2.1.3. Plane stress

A similar simplified formulation can be found in the case when an
elastic body & ={(x,y,z),| z|<h/2} is a thin plate of constant thickness
h, the z-dimension of which is significantly smaller than the in-plane
dimensions within domain ®={(x,y,z,), z,=const, |zO| <h/2}.
Assume that faces z=+h/2 are free of force loadings; the circumference
of plate & is loaded by forces symmetric with respect to its midplane
z =0 and parallel to it; the component of body-force vector F, is absent;
and components F, and F, along with temperature 7 are symmetric

about the midplane z =0. The assumption of symmetric loadings implies
that vertical displacement u_ is zero at the midplane z=0. This, along

with small value for %, makes u, =0 for arbitrary z. Variations in u,
and u, as a function of z can be regarded as insignificant, which means

that they can be substituted with their averaged values

h/2
~ 1 .
i = j udz, j=1{x,y}, (2.1.20)

—~h/2

which are functions of (x,))e® .

Averaging the stress-tensor components in a fashion similar to
(2.1.20), the foregoing assumptions imply that 6 =6 =6 32 =0 and,

consequently, € _=¢ _=0. By omitting the tildes, equations (2.1.15),

Xz

(2.1.18), and (2.1.19) become valid for the considered case of generalized
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plane stress. In this case, the constitutive equations in (2.1.5) take the
following form:

€. = chx —Vicyy +a, (T -T,), €y = chy,
E, E, G,
(2.1.21)
L
Eyy = E O xx E Oy Ty 0
x ¥
The averaged axial strain can then be determined as follows:
sz V}’Z
g_=——%0C ——ny+oczz(T—T0). (2.1.22)

y-74 Ex XX Ey
Similar to the case of plane strain, the generalized plane-stress
hypothesis makes it possible to reduce the general thermoelasticity

problem to three equations for in-plane stresses ., 6, ,and o, or two

equations for displacements u  and u y with the out-of-plane strain ¢,

expressed via the in-plane normal stresses using (2.1.22).

2.1.4. Governing thermoelasticity equations in terms of stresses

Despite the fact that the plane-strains and plane-stress hypotheses are
applicable to solids of very different shapes (long prismatic bars for plane
strain versus thin plates for plane stress), the thermoelasticity problems in

both cases imply that in-plane stresses © c and S and

o Py

displacements u_ and u, must be derived using the same sets of
equations (i.e., (2.1.15), (2.1.18), and (2.1.19)) under the constitutive law
(in the form of (2.1.17) or (2.1.21)). In order to unify these two cases, the

constitutive equations given in (2.1.17) and (2.1.21) can be rewritten as
follows:

€ =0y T a0, & + oy (T —T),
(2.1.23)

€,, =00, + 00, —& +0, (T -T,), nyaxy =0,

where
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b V b
a, = -1 -1 (2.1.24)
Ey Ve TVLVy E. Vi TVeVeys
OLx’ ay’ 0, O,
a, = o, = g = £ =9y
o, +a. v, ., a‘y + 0szzy’ =x€0> zy=0°

The first line under each brace represents a case of plane stress and the
second line corresponds to plane strain.

In the case of transversely isotropic materials whose general three-
dimensional constitutive equations have the form (2.1.8), the unified plane
constitutive law has the form (2.1.23), where

01120222%, alzz_v*’ o =a,=a",
E E
(2.1.25)
g =g, =¢g, ny =G,
and
E, v,
E"=: EE' Vi =4vE +V"E
E'—V*E E'—V*E
(2.1.26)
« _ o, _ |0,
a {a+a’v', {v'eo

Note that 2G=E" /(1+V").

In the case of isotropic materials represented by (2.1.9), the unified
plane constitutive equations have the form (2.1.23) using the coefficients
in (2.1.25), where

E, v,
E'=1 E ~v'={y a*z{“’ —{0’ (2.1.27)
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Note that due to the fact that a,,a,, —a,a,, #0, the constitutive

equations (2.1.23) can be inversed to determine the elastic stresses in
terms of the strain-tensor components.

Now, by making use of the unified plane constitutive equations
(2.1.23), we can represent the compatibility equation (2.1.19) in terms of
stresses.

If we assume that the material properties in the unified plane
constitutive law (2.1.23) are functions of the in-plane coordinates x and
vy, then in terms of stresses, the compatibility equation (2.1.19) has
variable coefficients. The derived compatibility equation can be simplified
using the following formulae:

(2.1.28)
2 azcxy — _azcxx _ azc)’y _ an _ai
0x0 ox? oy? ox oy’

These formulae follow from the equilibrium equations (2.1.15). In view of
equations (2.1.15) and (2.1.28), the third equation of (2.1.23) yields the
following:

o%e 2
O _ 0 [ 1o _of 1 (O,
Ox0y  OxOy G, )™ ox G, ox .

oo
_o| 1 I 2w
6y(nyj[ 0y +ij

2 2
_ 1 0 Oy 0 ny aFr aFy
2ny[ ! + 6y2 + Em + o | (2.1.29)

Substituting (2.1.29) as well as the first and second equations of
(2.1.23) into (2.1.19) yields the following compatibility equation in terms
of stresses:

2

ax—z(alszx +a220yy —&, +O(,2(T—TO))
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+a_(allcxx +a,0,, —& + o, (T - To))
+Q L _anx +i L any — 1
ox| G ox oy|\G oy 2G,

= — |0, _Fx = —

Ox0y ny Y ox ny

o 1) 1 (oF OF,

—F == |- =+—]. 2.1.

yay(nyj ny[ax o (2.1.30)
If all of the material properties depend on only one variable, then the

compatibility equation can be simplified greatly. If, for example, the
material properties are arbitrary functions of y, then equation (2.1.30)

takes the following form:

Aay o -, (T-T,)) = (o, —a, (T -T;)

oo
o[y 1 )%n
+ay((2ﬁl ny} oy j

B azcyy +d251 d281
2 axz dyz Yy dyz
Yy x |_ O Y
(%) o(5) .
where
o> | &
=a,, —a,,, =a,, —a;,, A=——%+—"—+ (2.1.32)
Bi=ay,—a,, B, 22 ~ 4 o 6y2
and

6=06,+0, (2.1.33)
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is the in-plane total stress.
In the case of transversely isotropic or isotropic materials, the
compatibility equation (2.1.31) takes the following form:

2

1 * nydz(l) d’g,
Ao -1 )=——n——-— 2%
(E* ( ) 2 g \G] gy?

oF oF F
1Ty 9| _ 0| »
+G(®’ &] ®£G} (2.1.34)

where parameters E* and o are expressed by equations (2.1.26) for
transversely isotropic material and by equations (2.1.27) for isotropic
material.

The resulting compatibility equations (2.1.31) and (2.1.34) are
formulated only for normal stress o W and the total stress introduced by

(2.1.33). One more equation for these functions can be derived by adding
62ny / 6x? to both sides of the first equation (2.1.28). In view of (2.1.33),

this addition yields

_% 0RO

A()'yy = o P EY

(2.1.35)

Equations (2.1.35) and (2.1.31) or (2.1.34) present a complete system
for the determination of stresses o W and o in an inhomogeneous

orthotropic, transversely isotropic, or isotropic solid, whose material
properties are arbitrarily differentiable functions of y. Thus, these

functions can be regarded as the key function in the realization of the
direct integration method procedure (see Section 1.5) Calculating these
stresses makes it easy to derive the normal stress o . using (2.1.33).

Shearing stress o , can then be determined using the second equation of
(2.1.28).

XX

2.1.5. Two-dimensional heat-conduction equation

The governing thermoelasticity equations (2.1.30), (2.1.31), and
(2.1.34) involve the temperature field, which can be determined from a
relevant heat-conduction problem. If the temperature 7' varies with z so
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little that d7 / dz =0, which is the case under the foregoing plane-strain
and plane-stress hypotheses, the corresponding steady-state heat-
conduction equation is as follows [100, 199]:

0 oT(x,y) oT (x,y)
a—x(kx(x, ) e j-i-@—(k (x,y)————= o j -w(x,y), (2.1.36)

where w(x,y) denotes the quantity of heat generated by inner heat
sources and A (x,y) and ky(x, y) are the heat transfer coefficients

respectively in the directions of the Cartesian axes x and y. For

inhomogeneous materials, the heat transfer coefficients can be regarded as
arbitrary functions of position (x,y). If we assume that these coefficients

are functions of coordinate y only, then equation (2.1.36) can be written
in the following form:

)
b (ST (x. )+ T )
'y

e
2
(0, () —xy(y))% = —w(x,). (2.1.37)

For isotropic material and transversely isotropic one for which plane
isotropy is parallel to the plane (x,y), the orthotropic coefficients in

equation (2.1.36) are A (x,y) = ky (x,y)=A(x,y) . For equation (2.1.37),
the orthotropic coefficients are A (y)=2A , (M =r(y). If the coefficients

are constant, equation (2.1.37) yields the classical heat-conduction
coefficient for homogeneous material [197].

To determine the temperature field uniquely, equations (2.1.36) or
equation (2.1.37) must be set within relevant boundary conditions. There
are three basic types of boundary conditions: i) the values of temperature
are imposed on the boundary (known as the boundary conditions of the
first kind, or Dirichlet boundary conditions), ii) the values of heat flux are
imposed on the boundary (known as the boundary conditions of the second
kind or Neumann boundary conditions), and iii) the values of temperature
and the heat flux are imposed on the mutually complementary parts of the
boundary (mixed-type boundary conditions) or both temperature and heat
flux are imposed on the entire boundary (the boundary conditions of the
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third kind). The latter is often applied in the modeling of convective heat
exchange [200].

Note that many practical cases involve a special type of
inhomogeneity, in which the heat conduction coefficients are functions of
temperature (e.g., thermosensitive material [195]). In these cases, equation
(2.1.36) becomes nonlinear. Moreover, when heat exchange is imposed on
the surface of a thermosensitive body, the coefficients can also be
dependent on the unknown temperature, which means that the conditions
are also nonlinear. This greatly complicates the derivation of solutions for
this type of heat-conduction problem and calls for the application of
specific linearization techniques to deal with the heat conduction equation
and the boundary conditions [151, 223].

2.2. Thermoelasticity solutions for inhomogeneous
orthotropic unbounded domain

2.2.1. Formulation and integral conditions

Consider a plane thermoelasticity problem for an inhomogeneous
orthotropic unbounded domain ®, = {| x |< +o0, | y [<+o0} related to the
dimensionless Cartesian coordinate system (x,)). Assume that all of the
material moduli are arbitrary functions of coordinate y and 7, =¢,=0.
Plane ©, is exposed to a steady-state non-uniform distribution of
temperature 7'(x,y) and body forces £ (x,y) and F, (x,¥).

Under the assumption that the temperature approaches zero,
T(x,y) — 0, at infinitely distant points, x* + y* = 40, our intention is
to construct a local solution to the equations of equilibrium (2.1.15) and
compatibility (2.1.31). This implies that the stress-tensor components also
vanish as x* + y? — +o . Before constructing this solution, we must first

derive equilibrium conditions for the stress-tensor components and the
applied force loadings using the method suggested in [321, 322].
By integrating the first equation in (2.1.15) over x and assuming that

the normal stress o, tends to zero at x — *oo, we derive the following

two expressions:

t [6ny(é,y)

ow==[|=% +Fx(a,y>]d& @2.1)
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and
_ j [ Oy (5:7) Fx(a,y)]da. (222)

Summing these expressions, we obtain the following equality:
(&)
Oy =5 I ( ST F () sen(x-9)ds. (223)

Equation (2.2.3) expresses normal stress o through shear stress o, and

body-force component F, . Here,

g
g, (2.2.4)
.

Similarly, the following expression can be obtained by integrating the
second equation in (2.1.15) over y:

(00, (on)
O w= 30 T

Er (x,n)]sgn(y -ndn. (2.2.5)

If we let x > o0 in (2.2.3) and y — oo in (2.2.5), while assuming

that the stress-tensor components are equal to zero at infinitely distant
points, we arrive at the following integral conditions:

chy(x y)dx——.[ F.(x,y)dx,

(2.2.6)

I G, (X, ¥)dy =~ j F, (x,y)dy.

—00

Deriving the latter conditions involves switching the integration and
differentiation operators. This implies [283] that the involved functions
belong to class L330 of the absolutely integrable functions f(x,y). That

is,
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” |/ (x, y)|dxdy <. (2.2.7)
D
Because
[[ £Ceyaedy < [[|7 e p)|dxay, (22.8)
ol 9,
then (2.2.7) implies the following:
[[ e yydxay| <o (2.2.9)
Dy

Equation (2.2.9) means that the absolute values of the stress resultants
over the entire domain ®,, are not allowed to grow infinitely. This can be
regarded as a necessary condition of the solution feasibility for the
considered plane thermoelasticity problems.

Now, by integrating the first and second equations in (2.2.6) with
respect to y and x, respectively, we arrive at the following:

+00 1
| o roy)d == [[ F, (e m)sen(y — m)dxdn,
—0 D

0

(2.2.10)

—00

[ 0 Gemady == [ F, (& ) sen(x - E)dedy.
)

These express the resultant shearing forces through the integral
characteristics of body forces over the entire domain D,. If we let
vy — oo and x — Foo respectively in the equations above, then we can

derive the following general equilibrium conditions for the resultants of
body forces:

j j F,(x,y)dxdy =0, ﬂ F, (x,y)dxdy =0. (2.2.11)
9 9

printed on 2/14/2023 2:18 PMvia . All use subject to https://ww. ebsco. coniterns-of -use



EBSCChost -

52 Chapter Two

Note that this implies that the body forces are self-equilibrated by the
resultant vector over the entire unbounded domain B, . At first glance,

this restriction does not appear feasible, as body forces are usually
associated with the weight of the body, which is in turn related to its
density [282]. However, we have to keep in mind that dealing with
unbounded domains is also a kind of modeling generalization which can
bring, by itself, a considered problem beyond the feasibility limits for
which solutions are not integrable. Thus, it is preferable to use conditions
(2.2.11) to understand the local distribution of stresses and displacements
in an infinite body. If the body forces for a considered problem do not
display this type of local behavior, then the superposition principle can be
used to split the stress-strain state into two or more problems. One of these
problems is concerned with the local disturbance of forces governed by the
conditions given in (2.2.11).

By integrating first and second formulae in (2.2.10) respectively over
y and x, we derive the following equilibrium conditions:

“ o, (x,y)dxdy = ” YF_(x,y)dxdy = ” xXF, (x,y)dxdy . (22.12)

N N )
These conditions ensure that the main vector of shear stress within the

entire plane ©, equals the resultant moments of each body-force

component within this plane.
Similar to (2.2.3) and (2.2.5), the following equations can be obtained
using (2.1.15):

6 b
1 (GM( n)+Fr(xan)ngn(y—n)dn,

(2.2.13)

&)
xy _ 2 .[[ »w <t,y Fy(g,y)Jsgn(x—E_,)dE_,-

These equations represent shear stress via normal stresses (either c,, Or

G, ). If welet y — oo and x — *oo respectively in the first and second

equations of (2.2.13), we derive the following integral conditions:
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I O (X, y)dy = j F(x, y)dy,

(2.2.14)

+00 +00
d
d_y .[ G, (x,y)dx =— j F, (x, y)dx.

Then, by integrating these respectively over x and y, we derive the
following equilibrium conditions:

[ 0 Gy == [[ F (& »)sen(x - B)dedy,
—0 Dy

(2.2.15)

+00
[ 0 Geow)ds == [[ F, (e sen(y —mydxen,

-0 Dy

The latter conditions express the resultant normal stress-tensor
components in terms of the given body forces. Note that under x — too
and y— +too, formulae (2.2.15) yield the conditions of general

equilibrium for the body forces given in (2.2.11). The integration of the
first and second equations in (2.2.15) over x and y, respectively, yields

the following conditions:

” G (x,y)dxdy = H xF (x,y)dxdy,
D 2l
(2.2.16)
“ o, (x,y)dxdy = H yFy (x, y)dxdy.
D D

Obviously, substituting the first equation of (2.2.13) into (2.2.3) and
the second equation of (2.2.13) into (2.2.5) creates identities. However,
substituting the second equation of (2.2.13) into (2.2.3) yields the

following:
+ o2
6. = [ (&) - 5 J‘ [M
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OF (E, o
+—y$ y)jsgn(a— awaJsgn(x—a)da. (22.17)

Changing the order of integration, this becomes

o (a ) R E)
xx 2,[{[ ny . 6yy | _§|

~F, (& y)sgn(x— é)}dé . (2.2.18)

Similarly, the following expression can be derived by substituting the first
equation of (2.2.13) into (2.2.5):

+00 2
1 0°c. . (x,m) OF.(x,m)
csyy=5jq + ly-nl

o Ox

—Fy(x,n)sgn(y—n)}dn. (2.2.19)

Note that double-differentiating (2.2.18) by x and double-
differentiating (2.2.19) by y both yield the first equation of (2.1.28). In
view of (2.1.33), this equation makes it possible to derive equation
(2.1.35).

If we let x — too in (2.2.18) and y — +oo in (2.2.19) and assume that

the stress-tensor components vanish as x> + y* tends towards infinity,
then we can derive the following integral conditions of equilibrium:

+00

+o OF (x,
& — | xo, (x y)dx =— J- (Fx (x,y)+ x%jdx,

—00

(2.2.20)

j— f Y0, (x,y)dy = —I [F (x,y) + y%y)j y.

—00
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By respectively integrating the first equation in (2.2.20) twice over y

and the second equation in (2.2.20) twice over x, we arrive at the
following expressions for the resultant moments of the normal stress-
tensor components:

+00

[ 7o, (v, p)dx

—00

= _%g (Fx (x,m)| y = M| +xF, (x,n)sgn(y - n)) dxdn,
0
2.221)

+00

I yo . (x,y)dx

—00

=2 [ (F @) 1= 1+3F, € sente - &) dedy.
9

If we let y — oo in the first equation of (2.2.21) and x — oo in the
second equation of (2.2.21), then we obtain the following:

” VE (x,y)dxdy = H xF, (x, y)dxdy . (2.2.22)
o) )

0 0

This complies with the conditions given in (2.2.12). By integrating
formulae (2.2.21) in view of integral conditions (2.2.11), we obtain the
following conditions expressing the resultant moments of the normal
stresses within the entire plane ®, through the integral characteristics of

body forces:

2
” xo,, (x,y)dxdy = ” (xyFy (x,y) —%Fx (x,y)} dxdy,
Do Dy

(2.2.23)

[[[ v (. vy = [] (xny<x,y> —%Fyu,y)jdxdy.
9 9D
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We derived the integral relations between the stress-tensor components
(2.2.3), (2.2.9), (2.2.13), (2.2.18), (2.2.19) along with integral equilibrium
conditions (2.2.10), (2.2.12), (2.2.15), (2.2.16), (2.2.21), (2.2.23) for the
stress-tensor components and necessary integral equilibrium conditions
(2.2.11) and (2.2.22) for given components of the body-force vector. Note
that these calculations involve integrating the equilibrium equations
(2.1.15). Thus, they hold irrespective of material properties and are
therefore valid for homogeneous or inhomogeneous materials presenting
any form of anisotropy [297, 321, 322].

2.2.2. Solutions of governing equations

In view of the conditions for the body forces (2.2.11) and the
assumption that the temperature and stresses vanish at the points of
infinity, we hereby introduce the integral Fourier transform [41]:

F)=Fis)= [ fx.y)exp(-isx)d, (22.24)

where s is a parameter of the transform, i>=-1, and f(x,y) is an

arbitrary function, for which the integral (2.2.24) exists.

Applying this transform to (2.1.31) and (2.1.35) and minding the local
character of the stress-strain state returns the following boundary value
problem for key functions o(y) and G,,(») in the mapping domain of

transform (2.2.24):

A= _ - dF,(y)
Ao, (y)= —s%G(y) +isF, (y) - Cy]yy , (2.2.25)

A(a; (1) +a, ()T (1)) == (o, (») =, ()T ()

ds, (y)
([ P~ nymj & j

[d B,(»)
y

+s Bz(J’)J c,,(»)
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dF,(y) d(Fme
+B,(») ~isF_(y) |- < , (2.2.26)
! [ d ] dy| G, (»)
_yy — 0, c_sxy -0, y— o (2.2.27)

The boundary value problem (2.2.25) — (2.2.27) can be solved by
constructing the following partial solutions to (2.2.25) and (2.2.26):

(9 R
G, (= 2|S| j{ - —ist(é)] exp(—|s|ly—&l)dg
T s@exp(-Islly-2)ae (2228)
and
S(¥)=0p (») + ﬁ({) G, (MypL (v,M)dM
+a dF ()  _
—ﬁ | (Bl(n)(g—ﬁ—iﬂ’x (n)]
F,(n)
—%{%D exp(=|s|ly-nl) dn] : (2229
Here,

Op (1) =ﬁ{—al<y)f<y)

+|izl [ (a; ()=, )T (yexp(=| sl y—n )dn] . (2.230)
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o (7, n)—— B‘(n)+ 52, () | RIS lly=nD
dn’ |s]

[( B -5 @ )jeXp(—ISIIy—nI)sgn(y—n)D- (2.2.31)
xy

Substituting (2.2.28) into (2.2.29) and changing the order of integration
yields the following integral equation for o(y):

S(¥)=Op (W) +¥p (V) + J (&G (7,8)d8, (2.2.32)

—00

where

1 +00 +00 df (E.,) .
‘PPL(J’):W(.LYPL(%T])_L( ;i _’SFX@)J

xexp(—|s|In—&|)dédn

- j [Bl( )( ”(”)—isFXm)J

_d[B@Y)
dn[ny(n)Be p(=Islly nl)dnJ,

Ko (7:8) =5 )jvpL<yn>exp(—|s||n E)dn.  (22.33)

The construction of an efficient solution to the second-kind integral
equation (2.2.32) presents an interesting problem; however, space
limitations limit us to indicating only the dominant approaches that could
be employed for its solution: i) Picard’s process of successive
approximations [125, 294, 306], ii) the operator series method [27], iii) the
Bubnov-Galerkin method [68], iv) a numerical procedure based on
trapezoidal integration and the Newton-Raphson method [73], v) iterative-
collocation method [99], vi) discretization methods, and vii) special
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kernels and projection-iterative method [64], spline approximations [152],
the quadratic-form method [29], and grid methods [209]. Herein we
employ the resolvent-kernel algorithm [218, 219] in a manner similar to
[295, 296]. This allows us to obtain an explicit-form analytical solution
that is convenient for analysis. Using this, the solution to equation (2.2.32)
can be obtained as follows:

o(¥)=0p (M) +¥p (1)

+I (OpL (&) + ¥y (&) Ry (1,€)dE, (2.2.34)

where the resolvent kernel R, (v,£) can be represented in the form of an

infinite series
Ror (0,6) =D Ky i (1.€) (2.2.35)
n=0

through the use of recurring kernels

’CIPL (y’ é) = ICPL (y’ é)a
(2.2.36)

Kri(,8)= [ K0k (t,8)de, n=1,2,...

Note that this technique follows directly from the solution scheme in
the Picard iterative process [311].

It is worth noting that the resolvent kernel (2.2.35) is aggregated using
the recurring kernels, which are computed successively from the original
kernel (2.2.33) of integral equation (2.2.32) by means of the routine
indicated in (2.2.36). Due to the fact that kernel (2.2.33) is expressed
solely through material properties and does not involve force or thermal
loadings, the resolvent kernel need only be computed once for specific
material profiles to be used with a range of loadings.

In many cases of specific dependences of the material properties on
coordinates, the series (2.2.35) can be evaluated analytically [227, 311].
However, the practical computation of solution (2.2.34) expressed through
the infinite series (2.2.35) generally presents a challenge. Due to the fact
that with an increase in the number 7, kernels (2.2.36) decrease by both
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arguments, the series (2.2.35) can be truncated for practical computation
as follows:

Rpp (7,8) = Ry (1,6) = Z/C L(.8), (2.2.37)

where natural digit N can be evaluated either by a succession of
numerical experiments [295, 296] or estimated analytically [285] by
minimizing the residual term in equation (2.2.32) obtained with expression
(2.2.34) and the resolvent-kernel in the form (2.2.37) instead of (2.2.36).

Once we have determined the total stress in the form (2.2.34), normal
stress c_syy can be constructed by substituting (2.2.34) into (2.2.28):

dF,(m)
=775 2|s| I[ ! ist(ﬂ)Jexp(—ISIy—nl)dn
+% I (®PL(§)+TPL(§)){GXP(—|S ly—£)

+I 7??L(mé)exp(—slly—nl)dn]alé. (2.2.38)

Normal stress G can then be computed using the equation

5. =c6-0o (2.2.39)

XX Yy

that follows from (2.1.33) in the mapping domain of transform (2.2.24).
As a result, the stress can be expressed by the following form:

(_YM(Y) ZGPL(Y)+TPL(Y)
1 +j:0 dFy n
s|7OO dn

+% .[ (®PL(§)+\PPL(§))(RPL(%§)_GXP(—|s ly=¢€

—isF, (n)J exp(~| sl y=n[)dn
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- I Rpp (m,8)exp(—|s|y—n )dn]dé . (2.2.40)

Shear stress o , can be computed using any of the equations given in

(2.2.13) in the mapping domain of the transform (2.2.24). For instance, the
second equation of (2.2.13) yields the following:

_ (do (y) _
G, ()= i(# + Fy(y)] . (2.2.41)

Substituting (2.2.38) into (2.2.41), we arrive at the following:

5,MW=LF,

.t dF( ) _
_ij( ;;Vnn —ist(n)Jexp(—lsIy—nl)sgn(y—n)dn

.t

5 [ (@ @)+ \PPL(a))[exm— 511y —&sgn(y ~&)

—00

+ [ Ry (m.8)exp(=|s | y—nlsgn(y—n)dn |d&.  (2.2.42)

—00

The in-plane stresses are found in the form (2.2.34), (2.2.38), (2.2.40),
(2.2.42) in the mapping domain of the transform (2.2.24). The
corresponding components in the physical domain can then be computed

using the following inverse transform, either analytically or numerically
[41]:

£, y):% [ 7(exp(isx)ds. (2.2.43)

Note that a similar strategy can be employed in cases such as periodic
behavior, by implementing an appropriate integral or series transform
instead of the direct and inverse integral transforms (2.2.24) and (2.2.43).
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2.2.3. Determination of elastic displacements

After finding the stresses as described, we can determine the
corresponding elastic displacements using the correct integration of the
Cauchy equations (2.1.18). Assuming that plane ©, is fixed at an

infinitely distant periphery, the first and second equations of (2.1.18) yield
the following:

u,(r9) =7 [ £, (& sen(x-B)de,

(2.2.44)

+00
1
u, (x.) =7 [ &, (x)sgn(y -n)dn.

Putting expressions (2.2.44) into the third equation (2.1.18) yields the
following equation

o 5 ’
2, (r.y)= | Zulsd)

—00

sgn(x —&)d¢

*0e, (x,Mm)
+| —2 " sgn(y —n)dn, (2.2.45)
which represents the actual strain compatibility equation for the
considered problem formulation. Note that after the application of

differential operator 6>/ xdy , equation (2.2.45) can be reduced to the

classical equation of strain compatibility (2.1.19). Under the assumption
that the stress, strain, and displacement fields are local and vanish at the
points of infinity, it is not difficult to prove that equation (2.1.19) is
equivalent to (2.2.45). It is necessary only to successively integrate
(2.1.19) by x and y and then compare the result to (2.2.45). Therefore, if

strains € (x,y), €,,(x,y), and €y (x,y) are determined in the form

W
(2.1.23) using the stress-tensor component found in the form (2.2.38),
(2.2.40), and (2.2.42) in the physical domain of transform (2.2.43), then
we can use any two equations out of three ones of (2.1.18) to determine
displacements u, (x,y) and u, (x,y). Thus, after determination of the
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displacements in the form (2.2.44), the third equation (2.1.18) is fulfilled
automatically.

In the mapping domain of transform (2.2.24), expressions (2.2.44) take
the following form:

7,0 =-15, (), @,()=1 [ E,(seny-mdn. (2246

Making use of the strain representations (2.1.23) in the mapping
domain of transform (2.2.24) along with the expressions (2.2.34), (2.2.38),
and (2.2.40), the elastic displacements (2.2.46) can be written as follows:

7 (y):l.all(y)_au(Y)

25| s|

wldF,(m) |
xj{ s —ist(n)JeXp(—ISIy—nl)dn

—00

L@, ()(Op, (1) + o (1) + 04 (NT (1)

[ Ene: ‘PPL@))@ o =)

x[exp(—|s|y—a|)+ jRpL<n,a>exp(—s||y—n>dnj

—a;, (¥)Rpy, (%&)Jd& , (2.2.47)

_ w(dF,(m)
uy(y)=j( p —lst(n)J

—00

XT%exp(— |51 &=n)sgn(y - &)dédn

—00
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+% J. (®PL &)+ ¥ (&)){alz (&)sgn(y —¢)

+00
s

+57  (an (W = ap () exp(~| s n—& sgn(y - £)dn

—00

+ j 7?’PL (n’ g) [012 (n) Sgn(y — 1’])

2

—00

+m I (ay,()—ay,(C))exp(—|s||C—nl)sgn(y— Q)dgjdn]dg

+2 [ @y @T ©)sen(y—E)de. (2:2.48)

After the elastic displacements are found using (2.2.47) and (2.2.48) in
the mapping domain of transform (2.2.24), they can be restored in the
physical domain using the inverse transform (2.2.43).

2.2.4. Steady-state temperature determination

In the previous sections, we constructed stresses (2.2.38), (2.2.40), and
(2.2.42) and displacements (2.2.47) and (2.2.48) as functions of body
forces and temperature 7(x,y). The temperature field 7'(x,y) in plane

D, can be found by correct solving a boundary value problem for the

heat-conduction equation (2.1.37). In order to do so, let us first derive
integral conditions of thermal balance in inhomogeneous orthotropic plane
9, . Introduce the heat flux components by the following expressions:

@, (6 =0, () T,
(2.2.49)

0T (x,y)

, (x,) =1, (N5
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In the context of the latter formulae, the heat-conduction equation (2.1.37)
can be given as follows:

oD (x,y) . GCDy(x,y)
ox oy

=-w(x, ). (2.2.50)
Assume that components of heat flux have local distribution profiles that

vanish for infinitely distant points as follows:

hm D (x, y)— 11m ) (x y)=0. (2.2.51)

X2t —>+o0

By integrating (2.2.50) in view of conditions (2.2.51), we can obtain the
following equation:

jq> (x,)dx = — j w(x, y)dx . (2.2.52)

—00

Integration of the latter equation by y yields

j D, (x,)dx = —jj w(x,m)sgn(y —n)drdn

e Dy
yAH—oo

+o0
+— lim j O, (x)dx+ 5 lim [ (rp)dv.  (2253)
2 y~>—oo_oo Y

Letting y — too in (2.2.53) allows for deriving the following condition

” w(x, y)dxdy = hm I O} (x y)dx

Do

+00

— lim j@y(x, V)dx. (2.2.54)
yoro T

Now, integrating (2.2.53) over y from L, to L,, where L, and L, are

large real numbers and L, < L, , yields
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Ly +o0

.[ '[ @y(x,y)dxdy

Ly —o

L,—L,
:2—[ lim I@ (x,y)dx + 11m I(D (x, y)de
2 y—+e0

L tL ” w(x, y)dxdy + ” yw(x, y)dxdy. (2.2.55)

O O

Due to the fact that L, and L, can tend independently towards —oo
and +oo, while the resultant of heat flux @ ,(x,») over the entire domain

remains finite, i.e.,

_U @, (x,y)dxdy| < +oo, (2.2.56)

Do

equation (2.2.55) implies the following conditions:

jj w(x, y)dxdy =0, (2.2.57)
Do
lim j D (x,y)dx=0, (2.2.58)
y—>to S 7
and
” @ (x,y)dxdy = ” yw(x, y)dxdy . (2.2.59)
0 0

It can be shown in a similar fashion that

+00

lim j ®_(x,y)dx=0, (2.2.60)
xX—xo0 S

and
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H D (x,y)dxdy = H xw(x, y)dxdy . (2.2.61)
9 D

Conditions (2.2.58) and (2.2.60) imply that the local distribution
(2.2.51) of the heat fluxes in the in-plane directions necessarily leads to
local distributions of their resultants. Due to conditions (2.2.59) and
(2.2.61), the average heat fluxes over the entire domain D, are equal to
the thermal “moments” generated by the internal heat sources. Equation
(2.2.57) imposes the necessary condition for the density of inner heat
sources to ensure the correct solution of the steady-state heat-transfer
problem in plane D, .

Under the assumption that the heat conduction coefficients are
functions of y and 7j, =0, equation (2.1.37) the following form in the

mapping domain of transform (2.2.24):

FTO) a7,y 2 MO "R 00
d2 ST(,V)—S ky(y)

_dink, (M dr(y)  w(y)

(2.2.62)

If the density of heat sources and consequently the temperature vanish at
y — too, then the solution to equation (2.2.62) with respect to its left-

hand side is as follows:

T()=wp )+ [ T)Lpy (v)dm, (2.2.63)
where
w ()= 3 [ Bexp(lslly-nhdn. @264
-0 Y

Ly (p) =51 [sz -2 ()

2] )
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dink (1)
gtV _
s n sgn(y —n)
d*Inx (n)
————— |exp(=[s|ly-ml). (2.2.65)
dn

Equation (2.2.63) is similar to (2.2.32). Thus, we can apply the
resolvent-kernel technique to obtain the following solution to (2.2.63):

~+00

f(y) = Wpp )+ j Wpr (T])TPL (y,m)dn, (2.2.66)

—00

where the resolvent kernel 7, (y,m) can either be evaluated analytically

or computed using an infinite series
To () = 2, 7,05 (1) (2.2.67)
n=0

of recurring kernels

T () = Loy (vom),
(2.2.68)
+00
T = [ T 00T (.

—00

It should be possible to sum up the resolvent kernel (2.2.67)
analytically; however, if that poses a challenge, then the following
approximate formula can be applied:

M
Tor ) = T (v = Y. T, (v.m), (2.2.69)
n=0

where M is a positive integer evaluated numerically or based on the
minimization of the residual term, which occurs after the substitution of
solution (2.2.66) with approximated resolvent-kernel (2.2.69) into
equation (2.2.63).

After temperature is constructed in the form (2.2.66) in the mapping
domain of the transform (2.2.24), it can be restored in the physical domain
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via analytical or numerical implementation of the inverse transform
(2.2.43).

2.3. Thermoelasticity solutions for inhomogeneous
orthotropic half-plane

2.3.1. Formulation, integral conditions, and governing equations

Consider applying the direct integration method to the plane
thermoelasticity problem for an inhomogeneous orthotropic half-plane
D, ={|x|<+oo, y =20} . We assume that all of the material properties are

arbitrary functions of coordinate y and 7, =¢,=0. The elastic
equilibrium of domain ®, is governed by equations (2.1.15) and (2.1.19)
in view of the constitutive equations (2.1.23). Boundary y =0 of half-

plane D, is exposed to static force loadings
ny(x’o):_po(x)a ny(xso):qo(x)a ‘X|< +o0, (231)

where p,(x) and g,(x) are given functions. The interior of half-plane
D, is subject to body forces F (x,y) and F, (x,y) and a steady-state

temperature distribution 7°(x,y), which can be determined using a

relevant heat-conduction problem.

By following a strategy similar to the one presented in Section 2.2.1,
we can conclude that the functions presenting the force loadings satisfy the
following integral conditions:

I Cespdsd = [ g, (o0,

9, —0
”Fy (x, y)dxdy = —T o (X)dx, (2.3.2)
D) —0

II (ny (x,y)— xFy (x, y)) dxdy = Txpo (x)dx.
9, —oo
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Similarly, the relations between the stress-tensor components can be
derived in the following form:

+00 a , )
26, (x.9) =~ [ (6”6—(;“ Fy(é,y)]sgn(x ~E)de

—00

+0 7 5
=g, () | (% +F, (x,n)jsgn(y ~mdn,

0

G, (&)
oy

26, (x,y) = - j [ Fx@,y)jsgn(x— e)de

_ jUa%w(a ) | OFE y)]l _

oy?
—F (& y)sgn(x — é)] dg, (2.3.3)
26, (x,y) =—py(x)

do, (x,m)
—I[ Oy 21 +Fy(x,n)jsgn(y—n)dn

d
=—py(x)—y qfl(x)

([ 2%0,(xm)  OF (x,m)
+ I (( axz + ox |y - nl
0

—F,(x,m)sgn(y - n)}dn :

We can also derive equations for the resultant forces and moments, as
follows:
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2 [o, (x.p)dv =] [qo(é) - IFx(a,y)dy]sgn(x - &)de,
0 0

—00

2 ijy (x,y)dx =~ I (po (x)+ .[Fy (x,m)sgn(y —n)danX,
o o 0

2 [0, (xp)dr= | [qo ()= [ F(x,mysgn(y - n)danx
—o —o0 0

=— | (po@ + [F, (&y)dy}sgn(x—&)d@
—0 0
2 [yo,, (x,p)dy=— | ((po(é) + ij(a,y)dyjlx -g (234
0 —o0 0

=— [¥F, (&, y)sgn(x - a)dy]da,
0

2 Ixcyy (x,y)dx = j [yqo (x) = xp, (x)

— [ (F Gy =nl+xF, (x,n)sgn(y - n))dn]dx :
0

The integral equilibrium conditions can be established in the following

form:
‘chx (x,y)dxdy = Tx(TFX (x,y)dy—q, (x)de,
Dy —0 0

J‘J.ny (x,y)dxdy = IIyFy (x,y)dxdy,
9, 9,
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.”GXY (x,y)dxdy = .”ny (x, y)dxdy
9y 9y

= j x( Po(X) + j F,(x, y)dyJ dx, (2.3.5)
0

[ ] y0 . (x, y)xdy
gl

+o0 (400 2 +00
= J [ jxyFX (x,y)dy —%[Po(x) + IFy (X,J/)dJ’Ddx’
—0 0

0

J‘J‘xcyy (x, y)dxdy
D

2
= ”‘ (xyFy (x,y)— y?Fx (x,y)]dxdy.
Dy

Note that the formulae in (2.3.2) — (2.3.5) are based on the equilibrium
equations (2.1.15) in view of boundary conditions (2.3.1). They are
irrespective of the material properties and thus they are the same as for the
case of isotropic homogeneous [321, 322] and inhomogeneous [297] half-
planes.

2.3.2. Stress determination

Applying the second equation in (2.1.15) allows us to transform the
condition for shear stress given in (2.3.1) to obtain the derivative of
normal stress as follows:

00, (. Y)| - _dgy(x)
oy dx

»=0

~ F,(x,0). (2.3.6)

In the mapping domain of the transform (2.2.24), the first boundary
conditions in (2.3.1) and (2.3.6) take the form:
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ds . (y)

= = —isgy — F,(0). 2.3.7)

y=0

5,,(0)=-B.

The governing equations used to determine key stresses 6 and © ,y are

given by (2.2.25) and (2.2.26).
One solution to equation (2.2.25) for half-plane ®, in view of the first

condition (2.3.7) can be derived as follows:

G,,(¥)=—pyexp(=|s|y)

+00 _ dF ( )
+2|IS\ .[("SFX(E:)— ;; —Sza(i)]
0
x(exp(—|s|(y+8)) —exp(—|s ||y —E&|)dE. (2.3.8)

Substituting (2.3.8) into the second condition of (2.3.7) yields, after
some algebra, the following integral condition for the total stress in the
mapping domain:

s? [ G(p)exp(=|s| y)dy=—|5| B, —isq, - F,(0)
0
+00 _ df( )
+ ! (ist (y) - cylyy Jexp(— |s|y)dy . (2.3.9)

In view of condition (2.3.9), formula (2.3.8) can be expressed as follows:

_ i5‘70+F(0) _ lexp(=|s
5, :( O 5 Yexpl-ls1)

s 2

+oo dF()
i [in(é)— Sﬁlf ]exp(—|s|y—a|> de
0

L[ 5@ exp(- 1 y-8de (2:3.10)
0
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One solution to equation (2.2.26) for half-plane ®, can be constructed

as follows:

ay, (1) + o, (DT (9) = Ay exp(=|s|y)

+00

+% J. ((11(n)—(12(n))7_"(n)exp(_‘s H y-1 Dd&
0
1T dF, (n)
s J(;(Bl(ﬂ){ ;

_d R
dn| G, (n)

—isﬁx(n)]
Dexp(—ls [l y=mDdn

+0
1
2|s|£exp( [slly=n)

do , (m)
[( B () ny(n)} ” }zn

d
1 I( 5n(n)+ Bz(ﬂ)]

xG,, (Mexp(=|s ||y —nldn. 2.3.11)

Substituting (2.3.10) into (2.3.11), after some algebra, yields the following
integral equation:

50 = AL('S)“’MF(W [ @k mode, 23.12)
ap 0

where

) =R+ () +0,(y)+¥,(»),
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_x» =
Oy(»)= s la, () 90

0, (») =ﬁ[—al<y>f<y)

+ [ v | (isfx(é)— 7
0 0

3 (al(n)—az(n))f(n)exp(—lsIIy—nl)dn},
0

+o dF,(n)  —
—W{J‘[Bl(ﬂ)( ;ﬂ —lst(n)J

0

F,(m)
L BeXp(—ISIy—HI)dn

dFy(a)]

xexp(=[s[[n—&)d&dn+ x(y)Fy(O)] ,

2(7) =[2Bl(0>—G;(O)Jexp(—|s »
xy

LUsd
2
¥, (y) = 1
_d[5
dn| G, ()
sl
K (9= 3,55

+00
= [ vpLyexp(=| s |mdn ,
0

[ vp myexp(=|sln—-&]dn,
0

where v, (y,m) is givenin (2.2.31).
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Note that kernel in (2.3.13) is similar to that in (2.2.33) obtained for
the analogous problem pertaining to plane . The only difference is the

lower limit of integration.
By solving equation (2.3.12) in a manner similar to (2.2.32) and
eliminating the constant of integration 4, by making use of condition

(2.3.9), the total stress can be derived as follows:
o(y)= 1_70PHP »n+ ngoQHp )+ ®HP (»)+ \PHP (»). (2.3.14)

Here,

ht
PHP(J’):XO(J’)—épr(y),

Onp () = s |()co )+ pr (y)J, (2.3.15)

®Hp(y):®o(y)

fHP(J/)

+f ®o(é)(RHP(y,é)— gﬂp(é)j dg, (2.3.16)
0

\PHp(y):\P()(.V)

fHP(y)

+| %(&)(RHP (1.8 =gy @j ds
0

_ +00 df _
_f?g(y)(Fy(oH g{ cyl;y)_ist(y)Jexp(—H y)dy], (2.3.17)

_ ) 1F x®
200D = 5, 57 2 { a0, (8) R (1 0)E,

i _L J‘ x(é)gﬁp (E;)
s

=5 (2.3.18)
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+00

gup (&) =exp(=|s[&) + _f exp(=|s[ V) Ryp (1,0)dy . (2.3.19)

0

_ I [ exp(= Z\Sly)d

ay (y)
o[ SRS (- )Ry Dbz, (2320)
0 0
_exp(-ls1)) | F R h8exp(-[s[8) . oo,
Fae (0 === +£ =5 & (@32
and
Ryp (»,8) = Z +1(y £) (2.3.22)

is the resolvent kernel, which can be computed as a series of recurring
kernels, as follows:

K (1,8) = Kyp (0,6),
(2.3.23)

+00
Ko = [ KT o (0dr, n=12,...
0
In practical computations, the resolvent can be evaluated analytically;
however, if this presents a challenge, the series (2.3.22) can be truncated,

such that the resolvent kernel is approximated using the following finite
sum:

Rup (1,8) = Ryp (1,6) = Z 1 (1,6 (2.3.24)

where N is a natural digit allowing for satisfaction of equation (2.3.12)
using (2.3.14) with the resolvent kernel (2.3.24) instead of (2.3.22).
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Once we have determined the total stress in the form (2.3.14), we can
construct normal stress G W by substituting (2.3.14) into (2.3.10) to yield

the following:
Eyy (y) = ﬁoPﬁ}P (»+ is‘?le){/p )+ ("D{IP )+ \PJIjIp (y). (23.25)

Here,

Pip () =%[I s| | Pup(mexp(=|s]ly—n I)dn—exp(—Isly)J,
0

Qip (V) =3 |1s|[sz [ Oup()exp(=|s || y=n|)dn + exp(~|s | y)j ;
0
Ofp () =|12‘ [ ©up(yexp(=| 5]l y=nDdn,
0

s +00
Vi ()= 2 [ ¥ (exp(- 511y nan
0

F, (0)
ST ls 1)

(dF ()  _
L j[ 2 —isFXm)]exp(—u||y—n|>dn. (23.26)
0

Normal stress G, and shear stress 6, can be computed using the

total and normal stresses ¢ and c_syy via (2.2.39) and (2.2.41), as

follows:
G (1) = DoPip () +i5q,Opp (D) + Opp (W) + Wip (), (2.3.27)

G, ()= DPoBip (V) +isqyOp (1) + Ofp (») + ¥ipp (1) . (2.3.28)

Here,
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_ ht
P () =M+xo(y)—ifgp(y)

2
_|_2|£ By (exp(= s |y =), (2329)
Ol () =—%{W+xo(y>+ﬁ—‘;fm )
+%+f Oup(exp(=Is| y=n )dn |, (23.40)

O (1) =0y (1)~ [ O (mexp(-[s [ y=nan, (23.41)
0

Wi () =P 0) =2 [ yexp(= sy = e
0

F, (0)
25

exp(=[s|y)

+00

1
2|s|£

dF,(m) | -
[c)i—nn ~isk, (”)] exp(—|slly—-nDdn, (2.3.42)

. i | s
R =Ll

e exp(—|[s|y)

. t®©
=5 [ B (exp(=|s | y = sgn(y —mdn,
0

e (V) = —%s [ Oup(yexp(=1s || y = sgn(y —n)dn
0
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—-exp(=|s] ),

. oo
O (1) =5 [ O (exp(=|s | y—n[)sen(y—m)dn.
0

. F,(0)
‘Pif;yp(y)f(Fy(y)— > eXp(—lsy)J

. too

B [ ¥ (exp(= sy - Dsgn(y —m)dn
0

re(dE, ()
_i f{ ;nn _ist(n)]€Xp(—|S||y—n|)Sgn(y—n)dn. (2.3.43)
0

After finding the in-plane stresses in the mapping domain of the
transform (2.2.24), we can compute the corresponding components in the
physical domain using the inverse transform (2.2.43).

2.3.3. Determination of thermo-elastic displacements

Consider the thermoelasticity problem for an inhomogeneous
orthotropic half-plane ®,, where the boundary conditions (2.3.1) are

substituted using the following conditions for in-plane displacements:
u, (x,0) =uy(x), u, (x,0)=v,(x) . (2.3.44)
where u,(x) and v,(x) are given functions of a local distribution profile;

i.e., they vanish as | x|— +o0.

In view of conditions (2.3.44), integration of the first and second
Cauchy equations of (2.1.18) yields the following:
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u,(52) =7 [ o, (Ep)sen(x—E)d,
-~ (2.3.45)

Vo (x)
2

+o0
1
u, (r, ) ===+ 2 [ e, (e)sgn(y —n)dn,
0

If we let |x|— o0 in the first equation of (2.3.45) and take the local

distribution of the displacement field into consideration, we can then
obtain the following integral compatibility condition for strain-tensor
component & _(x,y):

j g, (x,0)dx=0. (2.3.46)

—00

Similarly, by substituting y =0 in the second equation of (2.3.45), we
arrive at the following integral compatibility condition for strain-tensor
component &, (x,»):

+00

j g, (x.0)dy =—vy (x). (2.3.47)
0

Substituting (2.3.45) into the third Cauchy equation of (2.1.18) yields
the following compatibility equation:

T

28xy(x’y)_ dx

—00

troe (x,
+ j Msgn( y—m)dn. (2.3.48)

Ox
0
Clearly, the application of the mixed derivative 8% /dxdy to equation

(2.3.48) reduces it to the classical strain compatibility equation (2.1.19). It
is important to mention, however, that deriving (2.3.48) from (2.1.19)
requires that the following necessary condition be fulfilled:
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dv (x) _ (0)——I xxa(yéao)sgn(x_g)dg, (2.3.49)

dx

Condition (2.3.49) was derived by integrating equation (2.1.19) by x and
y and comparing the result with (2.3.48). It can also be obtained from the

fulfillment of equation (2.3.48) on the boundary y =0 of half-plane D,

by taking into account boundary conditions (2.3.44).

Now, applying the Fourier transform (2.2.24) to expressions (2.3.45) in
view of formula (2.3.47), we obtain the following expressions for
displacements in the mapping domain:

i (y)= —i‘ﬁ(y)

(2.3.50)

7,() =7 [ 5, m(sen(y—m)~1)dn
0

Using formulae (2.3.50) in conjunction with equations for strain-tensor
components (2.1.23) expressed through stresses (2.3.14) and (2.3.25), we
obtain the following expressions for displacements:

i, (¥) = Do PV () +isqyOhd () + Ll () + P (1), (2.3.51)

i, () = PPy () +isg, 0 () + O (N + P (). (2.3.52)

Here,

B0 = (@, () =a,0)) Bip () = a, (D Bp ().
Ol () =L (a1, 07 = a1, (1) O (1) =, (1) ()
O (» == ((all(y) a, (1)) O (1) =, (1O (1) — o, (MT () .

P00 =L ((a, 09 = ap () Ve () =@, ()W 1 ()
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PR = {f(alz(nwﬂp () + (s (1) = @, () B ()
x(sgn(y—m)—1)dn,
Olip () = %f (12 (M Qyp () + (a1 (1) = a1 () Q1 ()
x(sgn(y—m)—1)dn,
CHIOE %f (o2 (DT () + iy, (MO (1)
+(ay (M) = @, (M) O, (m))(sgn(y —m) = 1),
P () =§f (a1 (D g () + (a5 () =, () ¥ ()

x(sgn(y —mn)—1)dn. (2.3.53)

Equations (2.3.51) and (2.3.52) represent the elastic displacements in
half-plane ©, due to the force loadings (2.3.1), body forces, F, and F,,

and temperature field 7'(x,y) in the mapping domain of transform

(2.2.44). Note that these displacements are also to satisfy the boundary
conditions (2.3.44). This necessitates a one-to-one relationship between
the stresses (2.3.1) and displacements (2.3.44) at boundary y =0 of half-

plane D, .

2.3.4. One-to-one relationship between stresses
and displacements on boundary of inhomogeneous
orthotropic half-plane

The method of direct integration makes it possible to express stresses
(2.3.25), (2.3.27), and (2.3.28) and displacements (2.3.51) and (2.3.52) in
terms of applied loadings explicitly. This opens up opportunities for
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solving thermoelasticity problems related to inhomogeneous orthotropic
half-plane ©, using boundary conditions given in terms of displacements

or mixed-type boundary conditions. Obviously, substituting y =0 into

expressions (2.3.51) and (2.3.52) allows for the derivation of a one-to-one
relationship between the boundary displacements and the boundary
tractions:

ity = PPy (0) +isg, 04 (0) + L1 (0) + P (0),  (2.3.59)
Vy = PP (0) +isq, 05 (0) + @1 (0) + Wi (0),  (2.3.55)

where u, and v, are mappings of the boundary displacements introduced
in conditions (2.3.44), and p, and g, are the boundary tractions involved

in conditions (2.3.7). Note that equation (2.3.55) can be replaced by a
simpler one obtained from condition (2.3.49) in the mapping domain of
transform (2.2.44), as follows:

Vv :Ldgxx(o)_ig ()
0 s> dy s v )

(2.3.56)

In view of expressions

_ q,

€, (0)=———,
Y ny (0)

dgxx(y) -7 d(a1z(J’)_a11(J’))|

dy |, 0 dy

y=0

+(a;,(0) — ay, (0))(isg, + F, (0))

+ (@ 0I5 + o T (23.57)

which follow from constitutive equations (2.1.23) and boundary
conditions (2.3.7), formula (2.3.56) can be rewritten as follows:

V, = Dy S%diy((l P (0)ay, () a5 (1)

=0
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+£5@ (%("11(J’)QHP () _m_ ap(¥)+ all(y)j .
.

(01090 () + &, (T () .

+Sl2(diy(all (J’)\PHP (y)) + (an - a12()’))ﬁy (y))

(2.3.58)
y=0

with expression (2.3.14) in mind.
Equations (2.3.54) and (2.3.58) yield the following:

(?0):(“11 “12](’E°j+(91 +“’1j (2.3.59)
Vo o By /\ 4o 0, +v,
where

Wy = P[E[)]()] 0), My, = iSQ[[{xp] 0),

0,=041(0), v, =¥,

ot =5 (A By 0Dy ()=, 00)]
Moo =%(diy(all(y)QHp(y))—m—alz(}/)+an(y)j y:O,
1 d T
92—S_zd_y(all(y)®Hp(y)+a1(y)T(y)) 0’
y=
v, I%(i(au(y)‘l’m (y))+(a11(y)_a12(y))ﬁy(y)] (2.3.60)
N dy y=0

Due to the fact that system of equations (2.3.59) always has a unique
solution, it can be inverted to express the boundary tractions in terms of
boundary displacements, as follows:
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Q) 3 1y )W) {0+,
where
* ) % 1P
By =—, =——,
11 12 m

0F = 0,115 — Oty = Wakio ~WiHy ,

m m
* Hoy « _ My « Oy —0ypy,
Wy =——=, Wy, =—, 0, =—="—="2
21 m 2= 2 m
s Wiy —ou
V) :%a K= Hy gy = Hyptyy (2.3.62)

Thus, when solving a thermoelasticity problem for inhomogeneous
orthotropic half-plane ®, with the boundary conditions given in terms of

stresses (2.3.1), the solution for stresses can be obtained directly using
(2.3.25), (2.3.27), and (2.3.28). The solution for displacements can be
found using (2.3.51) and (2.3.52). For a thermoelasticity problem with
boundary conditions given in terms of displacements (2.3.44), we first use
(2.3.61) to determine unknown boundary tractions through the given
boundary displacements. We can then combine these with (2.3.25),
(2.3.27), (2.3.28), (2.3.51), and (2.3.52) to determine stresses and

displacements in domain ©,. A similar strategy can be used if the
boundary of inhomogeneous orthotropic half-plane D, is exposed to one
of the boundary tractions (either p, or ¢g,) with one of the boundary
displacements (either u, or v;) imposing mixed-type boundary

conditions [149].
If, for example, the limiting surface y =0 of half-plane ®, is under

conditions of sliding support, i.e. it is constrained to move vertically and
induces no friction; then traction p,(x) in conditions (2.3.1) remains

unknown while

qo(x)=0. (2.3.63)
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and v;(x) =0 in conditions (2.3.44). Then, making use of (2.3.61) allows

for determining the unknown traction in the mapping domain of transform
(2.2.44) in the form as follows:

- _ M0, +6; 4 Vi —BRY,

, . a (2.3.64)
I=ppopy, I=ppopy,

Now, tractions (2.3.63) and (2.3.64) can be used in conditions (2.3.1) to
determine the stress-tensor and displacement-vector components in
inhomogeneous orthotropic half-plane D, .

2.3.5. Steady-state temperature field in
inhomogeneous half-plane

In the following, we consider the problem of steady-state temperature
T =T(x,y) in half-plane D, due to the action of inner heat sources with

density w(x,y) and the following generalized thermal conditions at
boundary y=0:

oT (x,y)

LT (x,0)+ £, =

=T,(x). (2.3.65)
y=0
where 7;(x) is given and constants /;, and /¢, define the type of
boundary condition. If, for example, ¢/, =0 and ¢, # 0, then (2.3.65) is

the Dirichlet boundary condition, which imposes temperature on the
boundary. If, on the other hand, /=0 and ¢, =4 (0), then (2.3.65) is
the Neumann boundary condition, which imposes heat flux through the
boundary as follows:

xy(O)M = O(x), (2.3.66)
oy

y=0
where ®(x)=7,(x). If both /;#0 and ¢, # 0, then (2.3.65) imposes
heat exchange between half-plane D, and its surroundings via boundary

y=0.
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Before we determine the temperature due to (2.3.65) and the inner heat
sources of density w(x,y), we derive the conditions of thermal balance to

ensure that the temperature has a finite value within half-plane ©,. In

[239], the following integral condition of thermal balance is derived for
the case of a homogeneous isotropic half-plane, where ®(x) is the heat
flux imposed through the boundary by (2.3.66):

[ w(e, y)etxdy :T (x)dx . (2.3.67)
D) —0

A similar condition has been derived in [299] for an isotropic
inhomogeneous half-plane. In the following, we prove that (2.3.67) holds
for the case of inhomogeneous orthotropic half-plane ©, .

Following the strategy used in [239, 299], we introduce the heat flux
components (2.2.49) and refer to the heat conduction equation in the form
(2.2.50). We assume that the components of heat flux vanish for infinitely
distant points:

lim ®_ (x,y)= lim ® (x,y)=0. (2.3.68)
y—>+0

[x| >+
In view of (2.3.68), integrating (2.2.50) by x from —oo to +oo yields

+0o0 +00
d _
d—y_J;OCDy (x,y)dx=— '[ w(x, y)dx . (2.3.69)

—00

Now, we integrate (2.3.69) over y to obtain the following:

+00
[ @, (xy)de=4,- %H w(x,m)sgn(y —m)dxdn . (2.3.70)
—0 D,

where 4, = const. By setting y =0 and letting y — +oo in (2.3.70), we

obtain the following:
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oo +00
_1 Ly
4, _EL ¢y(x,0)dx+Eylg?widy(x,y)dx,
2.3.71)

+00 +00
g} w(x, y)dxdy = L @ (x,0)dx - yl_i)r}rlw L @ (x,y)dx.

Integrating (2.3.70) over y from 0 to L, where L is a large real
number, we derive the following:

+oo L
_J;OE[(D}) (x,y)dxdy = [AO - %g w(x, y)dxdyJL
+” yw(x, y)dxdy . (2.3.72)
9

We account for the fact that L can grow infinitely while the resultant
heat flux within the half-plane is finite:

H D | (x, y)dxdy| <+ (2.3.73)
9,
Then, (2.3.72) implies that
4 =% [ wix, y)dxdy (2.3.74)
9
and
”CDy (x,y)dxdy = ” yw(x, y)dxdy . (2.3.75)
D D

Combining (2.3.74) with (2.3.71) yields the following:

+00 +00
1 - _
AO_E_j @, (x,0)dx, ylggw_j @ (x,y)dx =0 (2.3.76)
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and

jjw(x, V)dxdy = T @ (x,0)dx. (2.3.77)
D

1 —00

The second equation in (2.3.76) stipulates that the resultant of the heat-
flux © y (x,y) vanishes as y — . The condition given in (2.3.77) relates

to thermal balance and, in view of (2.3.66), it coincides with the condition
given in (2.3.67).

Similarly, in view of (2.3.68), by integrating (2.2.50) over y from 0
to +co , we obtain the following:

+00

% j D, (x,y)dy =D (x,0) - j w(x, y)dy . (2.3.78)
0 0

Integrating this over x, we obtain the following:
+00

J @ (x,y)dy =B,
0

+00

%J [eby(a,O)_ | W(&,y)dy]sgn(x—&)da, (2.3.79)

0

where Bj=const. If we let [x|=>+o0 in (2.3.79), we derive the

following:

+00 +o

1. 1.

By= lim [® (x.p)dy+3 lim [ @ (x.y)dy,
0 0

2 X—>+00

T(d)y (x,0)— T w(x,y)dyj dx

0

—00

+00 +o
= lim I@Y(x, y)dy — lim j @ (x,y)dy. (2.3.80)
X—>+00 0 : X—>—00 0
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Integrating (2.3.79) over x from L, to L, > L, yields
+o0 Ly

[ [ @, Ce.y)dedy = By(L, - ;)
0L

+M f[CDy(x,O)— fow(x,y)dy]dx

2 -0 0
+00

- J‘ x(Dy (x,0)dx + ”xw(x,y)dxdy . (2.3.81)
—0 D,

The fact that constants L, and L, respectively tend toward —oo and
+oo leads us to condition (2.3.77) and B, =0 . The conditions in (2.3.80)
thereby yield

+00 +o
lim j @ (x,y)dy = lim j @ _(x,y)dy=0. (2.3.82)
X—>—00 0 X—>+00 0

This implies that the resultant of heat flux ® (x,y) vanishes as

| x | +o0, and the following thermal balance condition holds:

j x® (x,y)dy = ”(xw(x,y) —® (x,y))dxdy. (2.3.83)

Condition (2.3.83) verbalizes the balance between the thermal
“moment” of the heat flux through the surface y =0 and the longitudinal

heat flux and heat generated by thermal sources. This means that the
thermal loadings cannot be imposed arbitrarily; i.e., they must support the
derived integral conditions of thermal balance.

After the thermal balance conditions are derived, we can obtain an
analytic solution to equation (2.2.62) with respect to its left-hand side,
which vanishes as y — +oo and possess a degree of freedom in order to

meet condition (2.3.65), as follows:
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+00

(n)

0 y

f(y):Cexp(—lsm

eXp(—IsHy—nan

- A,(M—-A, (M) dink (n)
5 )T )[S o T MW sen(y-m)

A, dn

| d I (n)

_mT;]exp(—Ls ly—=mDdn. (2.3.84)

where C is the constant of integration. We first determine this constant

from the following condition, which is obtained by applying integral
transform (2.2.24) to (2.3.65):

=T,. (2.3.85)
y=0

0,T(0)+1, dz;y)

Within the context of the latter condition, equation (2.3.84) can be
transformed into the following integral equation:

T =1, TR, ()4 [ Ty (amn, 2386
0

where

+00  —

__ 1w
T =357 17

X(exp(—lsIIy—nI)—i—+exp(—|sI(y+n))jdn,

Caf A=A d k()
LHp(y,n)—z[W' o sl an?

X(GXP(—ISIy—n)—i;eXP(—ISI(ern))D (2.3.87)
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dink (1)
I St - - -
2 (eXp( |s]ly=ml)sgn(y —n)

+2 (- 5] (y+n>)j,
X

LA ()

i: + T = —
e =l h{slF) @ =G

The resolvent-kernel technique can then be used to solve the integral
equation (2.3.86) in the form as follows:

T(¥) =Tytyp (0) + wigp (1) , (2.3.88)

where resolvent kernel 7, (y,m) can be computed using an infinite series

Typ (1) = 2 T, (M) (23.89)
n=0

of the recurring kernels

T (y,m) = Lygp (v,M),

(2.3.90)
+00
T o = [ T 0T mydt, n=12,..
0
and
1 +00
typ (V) = x—(eXp(— |s]y)+ f exp(=[s )7 yp (y,n)dn),
0
(2.3.91)

+00

Wyp = WHP )+ I WHP (n)THp (y,m)dn.
0

In practical computations, resolvent kernel (2.3.89) can be substituted
with the following approximate expression:
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M
Tip (v = Tip () = D 7,17 (v.m) » (2.3.92)

n=0

where M is a positive integer evaluated either analytically or on the basis
of numerical experiments.

After we construct the temperature using (2.3.88) in the mapping
domain of transform (2.2.24), it can be restored in the physical domain
using either analytical or numerical implementation of the inverse
transform (2.2.43).

2.4. Thermoelastic analysis of inhomogeneous
orthotropic strip

2.4.1. Formulation, integral conditions,
and solutions in terms of stresses

Consider the problem on the determination of thermoelastic stresses
and displacements in an inhomogeneous orthotropic  strip
D, ={(x,y) € (—o0,+0) x[-1,1]} , where all of the material properties are
arbitrary functions of coordinate y and 7, =e¢, =0. The stress state is
governed by equations (2.1.15) and (2.1.31). Strip ®, is exposed to the

following static force loadings on sides y =+1:

ny(x71):_p1 (X), ny(-xal)ZQ1 (x): |x|< +00,
24.1)
o, (x,=1)=-p, (x), o, (x,=1)=q,(x), | x |< +o0.

The interior of the strip is exposed to temperature field distribution
T(x,y), which can be determined from a relevant problem of heat-

conduction, and body forces /' (x,y) and F,(x,y).

Following a similar strategy to that presented in Section 2.3.1, we can
establish the necessary conditions for the force loadings applied to the
interior and periphery of domain 9, :
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[ (0,00) = () e = [[ F, (x, y)ddy,
—0 @2
[ (P (0) = py(0))dx = [[ F, (x, y)dxdy,
—0 @2
(2.4.2)

[ (x(po(0) = Py () = 4y () — g, (x)) dx

= [[(vF, ()= xF, (x)) dixdly.
D,

The integral expressions for stress-tensor components can be derived as
follows:

(06, (£,7)
20, (ry) = | [Gg—yy " Fy@,y)jsgnu —e)de

xx(x n

=g, () +q,(0) - | [ +Fx(x,n)jsgn(y—n)dn,

26 (x,y)=~ _[

—00

#(00,,(5,)
(g—ywx@,y)]sgn(x—a)da

|x—&ldg

-

+w[azcw(a ) OFG y)]

[ F.(& »)sen(x - g)de, (243)
20, (x,y)=—p;(x) = py(x)

L(oo_ (x,m)
xy
_I (T+ F, (x,n)jsgn(y—ﬂ)dﬂ

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



96 Chapter Two

== ()= P+ L (g, (1) - 4, ()

() +0,()

. j 0’0, (xn) OF, (x,n)
ox? ox

jy—ndn

1
—f F, (x,n)sgn(y —n)dn .
-1

We can also derive equations for the resultant forces and moments as
follows:

1 +o0
2[ o, (x,0)dy = [ (q,(8)—q,(&))sgn(x - E)dE
-1 —o0

~[[ F. (& y)sen(x - g)dedy,
)

2{ o, (e y)dx=—[ (p,(x)+ py(x))dr

—00 —00

~[[ F, (x,n)sgn(y = m)dxdn,
)

2'[ ny(x,y)dx:—J (q,(x)+q,(x))dx

—0 —00

‘” F (x,n)sgn(y —n)dxdn
D2

+00

= [ (11(®) - p,(®))sgn(x - £)dE (2.4.4)

—0
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~[] F, (&, y)sen(x - &)dedy,
9,

1 +00
2[ yo (xpdy= [ (p (&)= P, (&) x-E|de
-1 —0

~[[F, &) | x-t|dg
9,

— [ (9,(®)+ 4, (&) sgn(x—&)de

~[[ ¥F. (& y)sgn(x - g)de,
9,
2 _[ xc,, (x,y)dx =~ J x(p,(x)+ p,y(x))dx

+ [ (0,(0) + g5 () e+ y [ (g,(x)+ g, (x)) dx

—00 —00

[ (F.(x;n) |y =n|=xF, (x,n)sgn(y —n)) dren .
D

2

The integral equilibrium conditions can also be derived as follows:

[[ 04 G, y)dedy = jw % (g, (x) = g5 (x)) dx
D, —o0

+” xXF, (x,y)dxdy,

D,
[[o,, e p)dxdy == [ (py(x) + p, (x))
D, —o0
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+” yFy (x, y)dxdy,
9,

” o, (x,y)dxdy = T(ql (x)+ g, (x))dx
D, —%0

+” VF, (x, y)dxdy
9,

+00

= _[ x(p,(x)—p,(x))dx + ” xF, (x, y)dxdy, (2.4.5)
—o0 D,

” yo . (x, y)dxdy = +Jeox(ql (X)+q,(x))dx

D, —o0

+% I x? (p1 (x)—pz(x))dx

—00

+” xyF (x,y)dxdy — % ” szy (x,y)dxdy,
9, 9,

ZJ;_[ xo,, (x,y)dxdy = %J;o(qz (x)— g, (x))dx

—I x(p,(x)+ py(x))dx

—00

+H xyF, (x,y)dxdy — % H yzFX (x,y)dxdy.
9, 9,

Note that formulae (2.4.2) — (2.4.5) are derived on the basis of the
equilibrium equations (2.1.15), and are irrespective of the material
properties. Thus, they hold for the cases of isotropic homogeneous [321,
322] and inhomogeneous [297] half-planes.
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Using the second equation of (2.1.15), conditions (2.4.1) for shear
stress can be transformed into conditions for the derivatives of normal

stress:
oo, (x,y) dg, (x)
W T —__1 _
o ety
y=
(2.4.6)
oo, (x,) dg,(x)
w7 =127 Fo(x.=1).
N y(e=D

In the mapping domain of the transform (2.2.24), the boundary
conditions (2.4.6) along with (2.4.1) for normal stress take the following

form:
5, ()=-P;, &,(-D=-p, (247)
do  (v) I
Lol = —isq, ~ F, (1),
v
(2.4.8)
do  (v) R
+ =—isq, = F,(=1).
y -

The system of governing equations used to determine the key functions
o(y) and c_syy (y) in domain B, is presented by equations (2.2.25) and

(2.2.26).
In view of conditions (2.4.7), a solution to equation (2.2.25) can be
derived as follows:

_ _ _ sinhs(1-y)
ny(y)— P sinh 2s

_ o = dF,(») ,_ ).
—[pl +%:|.l[ist ») —cy]—yy—szc(y)}smhs(l —y)dy}

o sinhs(1+ y)
sinh 2s
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41 1] [ ég) szc_s(é)Jsinhs(y—é)dé. (2.4.9)

Substituting expression (2.4.9) into conditions (2.4.8) yields, after
some algebra, the following integral conditions for total stress (y) in the

mapping domain:

1 1
j 5(y)sinh sydy = Z,, j 5(y)coshsydy = Z, . (2.4.10)
-1 -1

Here,

L~ = (g, + 3, )si
=—§(P1 _Pz)COShS"‘é(ql +q,)sinhss

Z,

+Sl2(Fy(1) +F (~D)sinhs

L dF
= [ist(y)— 1% )Jsinhsydy, 2.4.11)
N

!
L — . P
Z,= —;(p1 +p2)smhs+é(q1 —g,)coshs
1 J— J—
#5(F,(0~ F, (-1))coshs
1

1
+S—2_j]

_ dF,
{ist (y) - 2 y)]coshsydy.

Using (2.4.10) and (2.4.11) yields the following equality:

—j[st( . (y)

—s75( y)Jsinhs(l —y)dy

F (-1)

=—p, + p,cosh2s + Li% + }sinh 2s . (2.4.12)
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In view of this, expression (2.4.9) can be simplified as follows

G, (»)=-p, coshs(1+y)—[i(72 + }sinhs(1+y)

L
j{sF (&)~

1

yéi) . sza(g)] sinhs(y—&)de.  (2.4.13)

A solution to equation (2.2.26) for strip ©, can be derived as follows

o(y)= O )[Acoshsy+Bsinhsy—ocl(y)l_“(y)
apy

y p—
=5 [ (0,(8) — (&) T (&) sinh s(y — £)dl&

-1

(2131( e l)j

_ _ F,(-D
x| py coshs(1+y) +| ig, + S

] sinhs(1+ y)}

. —_
| (Bl@[ A —ist@)J

[ F,@0) .
_d_&,[nyy (g)]]smhs(y —&)dg

(2&@) e ()) L)

+I yy@(( Ba(§)+ Mé)jsmhs(y 3]
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- [[2[31 (&) - G, @Jcoshs( y— g)n d&} . (2.4.14)

Here, A and B are arbitrary constants of integration. Substituting
(2.4.13) into (2.4.14) yields the following integral equation:

cosh sy T B sinh sy

o(y)=4 o) Pat PyP(y) +isq,0(y)
+O(y)+¥(y)+ iG(%)KgT (y,8)d&, (2.4.15)
where
0(y) = Ta O ){a T ()

y p—
+s | (al(&)—az(@)T(a)sinhs(y—awa}

-1

1 (4B
P(y)= Sa”(y)_jﬂ PRt Bz(n)]

xsinhs(y —m)coshs(1+n)+s {23 m-

G, (n)j

x coshs(y—mn)sinhs(1+ n)}dn,

0= [[ BiD -5 1)]ssinhsaw)

K all( )

I([d Bi() +SZBzm)]sinhs(y—n)sinhs<l+n>
T]

-1
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(2[31 M) — ]sz coshs(y —n)coshs(y+ 1)}111],

ny( )

1 —
Y(y)= m[sa“(y)Q(y)Fy (=D (2.4.16)

¥ R F,(&)
+[{B,(®) F (&) |-< inhs(y - &)d¢&
{20 - 4 5 o
y dF
+ 2B, (») - j ( () - —2
[ 1y ny( ) _[

-1-1

é)]sinhs(y —g)dt

Jsinhs(n—é)détp(y,n)dn}
Ksr (¥,8) = e )([ B,(»)- GG )Jsmhs(y £)

y
+[p(,m)sinhs(n - é‘;)dn], (2.4.17)
:

d’ i -
o0 = [ 51112") . s%(n)}%

d 1
—d—n[(zﬁl(n)— G (H)Jcoshs(y—m}

Note that the expression for ¢(y,mn) resembles the expression for
Yp (¥,m) given in (2.2.31) for the orthotropic inhomogeneous plane D, ,

which was also used for the half-plane in (2.3.13). A resolvent-kernel
solution to integral equation (2.4.15) is as follows:

S(¥)=Af,(»)+Bfg(¥)+P(y) . (2.4.18)

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



104 Chapter Two

Here,

:coshsy t coshsg
L =05 Jl 0 () Rt (n0)dS
(2.4.19)

_ sinhsy T sinhsg
fB(y)_ all(y) +:'; all(&’) &T(yaé)d&u

y
D(y) =P, (P(y) + [ PRy (y,a)daj
-1

y
+isF, [Q(y) + [ 0 Ry (y,a)da}
-1

v
+O(y) +¥(y)+ I (O(8) +¥(8)) Ryp (1, 8)dE, (2.4.20)
-1

_ Ky - Kl _ B, -k,
Iidy —1ply Iy =11y,

1
F,=7,- j ®(y)cosh sydy,

-1

1
F=2Z - I@(y)sinhsydy,
-1

1 1
I, = IfA(y)sinhsydy, 1, = IfA(y)coshsydy,

-1 -1
1
I, = j f5(¥)coshsydy,  (2.421)

1
I, = jfB (y)sinhsydy,
-1

-1

and

Rer(1,6) =D K3 (3,8) (2.4.22)
n=0
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is the resolvent kernel, which can be computed as a series of the recurring
kernels

KT (0,8) = Kgp (,8),
(2.4.23)

y
Kok (.8 = [ KT (0K (1, 8)dt, n=1,2,...
3

For practical computations, the series (2.4.22) can be truncated so that
the resolvent-kernel can be approximated with the following finite sum:

N
Rer (:8) * R (1,8) = X K, (1,8), (2.4.24)
n=0

where N is a natural digit allowing for the satisfaction of equation
(2.4.15) with expression (2.4.18), where resolvent kernel (2.4.22) is
substituted with the approximate formula (2.4.24).

In view of the formulae (2.4.19) — (2.4.21), the solution (2.4.18) can be
rewritten as follows:

c(V)=p B+ P51

+iS(671Q1 )+ quz (y)) + ®ST )+ ‘PST (»). (2.4.25)

Here,

R =12, (1),
1
B() =12 (D + P () = [ Pt (1,8)dE
-1

0,(») =Si2x21(y,1>,

1
0,00 =52+ 0" (1)~ [ 0"ty (. 8)4e,
-1
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1
Ogr (1) =07 (1) — [ O )1y (3, E)dE,
-1

Fsr ()= L (F Dy () + F (D55 (6. D) 4 ¥ ()

j[ F (&)~ déé)—w*@)]le(y,@da,

v
P (»)=P(y)+ I P(&) Ryr(v,8)dg,
-1

y
0" (») =00+ I 0(8) Ryr (¥,8)de,

-1

v
0" (1) =0(y)+ I O(8) Rer (1,8)dE,
-1

v
Y=Y+ I Y(E) Rer (¥,6)dE,
-1

Xln(yﬂto) = (lefA - ullfg (J/))Sinhsé
+(=1)" (szf,q (- uzlfg (y)) coshsg,
Xon (»,8)= (szfA (- H21f3 (y))Sinhsg

+(=1)" (lefA (- u“fg (y))COShS§ 5

1
W, =——"-——, nm=12. (2.4.26)
Iy =11y

Solution (2.4.25) explicitly expresses the total stress in terms of the

force and thermal loadings. Substituting it into (2.4.13) yields the
following expression for the mapping of normal stress c_sy , ()
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ayy(y) = 131})1)}()/)""132])2)/()})

+is (4,07 (1) + 7,03 (1) + O (1) + ¥ (7). (2.4.27)

Here,

,
B (y)=-s [ B(&)sinhs(y-E)dE,

-1

v
P (y)=-coshs(1+y)— S,[ P, (&)sinhs(y —&)dE,
-1

y
O (»)==s[ 0/ (&)sinhs(y - &)de,
-1

inh s(1
sz(y):_sm si +y)

y
s [ 0, (&)sinhs(y—&)de,
-1

y
0% (y) =5 [ Oy (&)sinhs(y - £)dE,
-1

P4y () =, ()T

+§f} [isF; (&) - dF;S) -"Wr (a)]sinhs< y—E)de.  (24.28)

Using (2.2.39) and (2.2.41) in view of (2.4.25) and (2.4.27) yields

equations for 6 . and G,

SN =D R W)+ PP ()

+is (G0 (1) + 3,05 (1)) + O% (1) + Y5 (), (2.429)
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Exy = l_71P]xy O+ Eszxy (»)
Hs(G07 (N + HOY () +OG (N +YE (). (2430)

where

,
BY(»)=PB(»)+s | R(&)sinhs(y -E)de,

-1

y
PZX (»)=P,(y)+coshs(I+y)+s j P, (§)sinhs(y —&)dE,
-1

y
OF (1) =0,(»)+s[ 0 (&)sinhs(y-&)de,
-1

sinhs(1+ y)
s

y
() =0,(»+ +5[ 0,()sinhs(y - £)de,
-1

y
O3r (1) = Ogp () +s [ Oy (E)sinhs(y —E)de,
-1
Vi () = Wr () + F, (- S0

dF, (&)

—%j(z‘sﬁx(&)—d—é—szwm (&)]sinhs(y—a)da,

y
RY (y)=—is | B(&)coshs(y—E)dE,
-1

PY () =—isinhs(1+ y)—is T P,(g)coshs(y—E)de,  (2.4.31)
-1
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y
" (v) =—is [ O (&)coshs(y—E)dE,
-1

. y
Y () =~ coshs(l+y) ~is [ 0, (&) coshs(y ~)de,
-1

y
O (v) =—is [ Ogy (&) coshs(y — £)dE,
-1

P2 :éfy(y)—éiy (~1)coshs(1+ y)

X pdF8)
_I Fx(g)JrE e +isWgp (&) |coshs(y — E)dE.
-1

After deriving the stresses in the mapping domain of transform
(2.2.24), they can be restored in the physical domain by applying the

inverse transform (2.2.43) to the expressions (2.4.27), (2.4.29), and
(2.4.30).

2.4.2. Determination of elastic displacements under
displacement- and mixed-type boundary conditions

Consider the situation where the following displacements

u (x,D)=u(x), u, (x,~1)=u,(x),
(2.4.32)
u, (x,1)=v,(x), u, (x,=1)=v,(x)

pertain to the boundary of inhomogeneous orthotropic strip ©,, where
u,(x) and v, (x) are given and vanish as | x|—>+o0, n=1,2.

With conditions (2.4.32) in mind, the first and second Cauchy

equations (2.1.18) yield the following expressions for components of the
displacement vector:
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u,(59) =3 [ £, (& )sen(x—E)de,
u, (x,) = %(v1 (x)+,(x)) (2.4.33)

1
1
+o f g,, (x,n)sgn(y —n)dn.
-1

Under the assumption that the boundary displacements vanish as
| x | +o0, the first equation of (2.4.33) as | x|—> o yields the following

integral condition
+00

j e, (x,y)dx=0 (2.4.34)

—00

of self-balancing normal strain € _ (x,y). Putting y = %1 into the second

equation of (2.4.33) in view of (2.4.32) makes it possible to derive the
following condition, which implies that the resulting strain is equal the
difference between vertical boundary displacements:

1

[ 2, (e, )dy =, (x) = v, (x) . (2.4.35)
-1

Substituting expressions (2.4.33) into the third Cauchy equation of
(2.1.18), we obtain the following compatibility equation:

2, (x,y) - %(Vl (x) +v,(x))

+o 5 ,
= J;O—Sxxa(f Y) sgn(x —&)dg

L 0e,, (x,m)
+| %Sgn( y—n)dn. (2.4.36)

-1
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Applying derivative 6% /6xdy to equation (2.4.36) reduces it to the

classical strain compatibility equation (2.1.19). Conversely, deriving
equation (2.4.36) from (2.1.19) requires that the following necessary
condition be fulfilled:

€y (x, 1)+ € (x,-1)— (v1 (x)+v, (x))

1 j[as (ED | 2, (%; l)jsgn(x—é)dé- (2.4.37)

Condition (2.4.37) was derived by integrating equation (2.1.19) over x
and y, and comparing the result with (2.4.36). The same condition can

also be obtained by fulfilling (2.4.36) for the boundaries y =+1 of half-
plane ©, under the conditions (2.4.32) and (2.4.35) in mind:

d ¢ o
£ (x.1) = v;ix) 2J g”(f) gn(x ~€)dg,
(2.4.38)
(e -T2 1 j [ 2D sane gy

In the mapping domain of the Fourier transform (2.2.24), the
expressions in (2.4.33) take the following form:

i (y)= —i:x (),

(2.4.39)

1
7,(0) =2 (% +7)+2 [ §, (msen(y —mn,
-1

Note that implementing the condition (2.4.35) means that the second
equation of (2.4.39) can be represented in two alternative forms:

1
u, (y)=v + % [, () (sgn(y —m)—1)dn (2.4.40)
-1
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or
1
7, () =7, +% [ %, (sgn(y—m)+1)dn. (2.4.41)
-1

Using the first equation in (2.4.39) in conjunction with the equation
(2.1.23) for the strain-tensor component € . represented in terms of the

stresses (2.4.25) and (2.4.27), we obtain the following equation for
displacement u (y):

i.(»)=p,B )+ p, A (»)
+is(,00 () + 1,00 () + O (M + ¥ (1), (2442)

where

PR =< ((a, () = a, (D) B ()= ay, (DB, ().

0, () = (@, (1) = @, (1)) Q) ()
—a;;(10Q,(»), n=12,
0L (1) =L (@, (1) =4, (1)) 0% (»)
~ay,(1)Ogr (1) =, (NT (),

P O) =L ((@,(0) =@, () ¥ () =0, (0¥ (). (2:443)

Horizontal (in parallel to the sides y =x+1) displacement u (y) is

represented by (2.4.42) in terms of the applied force loadings (2.4.1), body
forces, and the temperature field in the mapping domain of the transform
(2.2.24). In deriving a similar expression for vertical displacement L_ty ),

it is important to eliminate boundary displacements v; and v, from the

second equation of (2.4.39).
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To determine the boundary displacements in terms of the force and
thermal loadings, we can employ the necessary conditions (2.4.38), which
take the following form in the mapping domain of the transform given in

(2.2.24):
—1.de(») i—
v =——=2"2  —=%_ (),
Pt dy y1 S w0
(2.4.44)
— 1de(y) i—
v, =—— —-—¢_(-D).
2 S2 dy y=-—1 s xy( )

In view of the constitutive equations (2.1.23) and conditions (2.4.7) and
(2.4.8), we derive the following:
q — 9,
1 = —_— — =
w0 o e Gy

Xy

de _ _
L) (0, (150 + g T

y=l1
—d
+P; d_y(all(y) - a]z(y))|y:1

+(a;, (1)~ a, (1) (isg, + F, (1), (2.4.45)

de, (») d

o w080+ (T _,

+52 diy(all(y) - alz(y))|y:—1

+(ay, (=1) = ay, (-1)(isq, + F, (-1)).

In view of expressions (2.4.45), the boundary displacements can be
derived from (2.4.44) in the following form:

V= €Dy + Dy +is(d, g +d,ng,)
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+t,+¢,, n=12, (2.4.46)
where
= (1 ROay () =a,00),-
2 =5 (@ RO,
€1 :S%diy(all(J’)Pl (y))|y_71 >
Cyp = S%diy((l +Py(»)ay, (») - alz(J’))|y:_1 ’

dy, =S%{d4';(a“(y>gl<y))

1
= (V) +a (y)]
ny (y) 12 11 -

d, =S%[diy(an(y)gz )

>

_a12(y)+011(y)J

.
G, ()

y==1

iy = (IO ), -

d21 = SLZd;dy(all(y)Ql (y))|y,_l s

1 d =
e CISOLRCIRLA GO D) NS
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¢, = Slz(diy(al 1 (N Y¥sr (y))

(2.4.47)

(@ ()=, () F, )

=1y

Now, using expressions (2.4.46) in conjunction with the second
equation of (2.4.39) yields the following expression for displacement

u,(y):
i,(»)=p P )+ 5, P ()
+is (4,011 (1) + 3,087 (1)) + O (1 + WL (). (24.48)

Here,
PrEy] (y) = %[cln + CZn
1
+ f (a3, (P, () + (a3, () = ayy () P () )sgn(y n)dn],
-1
QL,V](y) = %[dln + dZn
1
+ [ (a3, (O, (M) + (a3, (V) = a3, (M) Q) () )sgn(y —n)dn],
-1

1
®[SyT](y) = %(’1 +1, + I (az1 (MBOgr (M)
-1

+(azzm)—azl(n))%(n)+a2(n>f<n)}gn(y—n>dn],
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1 1
Y () :5[% £, + [ (ay () ¥sr ()
-1

+(ay (M) —ay (M) Wi (n)} sgn(y — n)dnJ . (2.4.49)

Using formula (2.4.48), we can determine vertical displacement L_ly »)

via the force loading applied to the sides of strip D, , as well as the body

forces and temperature field within the interior of the strip. If the boundary
of the strip is exposed to the boundary conditions in terms of
displacements (2.4.32), then formula (2.4.46) can be used with the
following equation:

i, =y Py +Coy Dy +is(d) g, +dgy )+ 1, + ), n=1,2 (2.4.50)

to determine the unknown boundary tractions p, and g,, n=1,2, using
the given boundary displacements u, and v, . Formula (2.4.50) follows
from (2.4.42) at y =+1, where

chp = PL=(=D"), d, =0 (=(-)"),
=0 (~(-1"), o =P (-(-D"), nm=12. (24.51)

A similar strategy can be used for the case of mixed boundary
conditions on sides y = %1 of strip ®, . If, for example, the sides y = *1

of the strip are under conditions of sliding support, then the following
conditions hold:

3=, =7 =v,=0, (2.4.52)

while p,, p, and u;, u, remain unknown. In order to use formulae

(2.4.27), (2.4.29), and (2.4.30) for the stress determination and (2.4.42)
and (2.4.48) for displacements, one needs to evaluate the boundary
tractions p, and p, in view of conditions (2.4.52). Making use of

equation (2.4.42) along with (2.4.52) yield
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(1, +9,) e, = (6 +9)cy

>

11622 ~ 6126
(2.4.53)

(L +0)ey = (6, +9,) ey, .
€11 ~ 2

2

Now, the normal boundary tractions (2.4.53) can be used together with the
shear ones given in (2.4.52) to evaluate the stresses and displacements in
orthotropic inhomogeneous strip D, .

2.4.3. Steady-state temperature field

Consider the problem on the determination of steady-state temperature
T =T(x,y) instrip D, due to inner heat sources of density w(x,y) and

the following generalized thermal conditions on sides y = +1:

T (x,y)

0, T(x,1)+/ =T,
T +4, & | 1(x),
(2.4.54)
oT (x,
ele(x,—l)Mzz% =T, (x),
y=—1

where T, (x) is given and constants ¢, , n,m=1,2, define the type of

boundary condition (similar to (2.3.65) in Section 2.3.5).

To derive the integral balance conditions, we introduce the heat fluxes
(2.2.49) and represent the heat conduction equation in the form (2.2.50).
Let us assume that

lim @ (x,)=0. (2.4.55)

X~ >+

We integrate (2.2.50) over x from —o to +oo, which brings us to
formula (2.3.69). Integrating (2.3.69) over y yields

jcby(x,y)dx:% [(®, ) +®, (x,~1)dx

—00
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‘% ” w(x,m)sgn(y —n)dxdn . (2.4.56)
)

At y =+1, the following integral condition can be derived from (2.4.56):

+0o0

j j w(x, y)dxdy = — j (©,(x.)-®, (x,~1))dx. (2.4.57)
D, —©

This condition implies the action resulting from the inner heat sources
within domain ©, is equal to the difference between the resulting heat

fluxes through sides y =+1.
Integrating (2.3.56) over y from —1 to 1 allows us to derive the

following condition for the resultant of the vertical heat flux over the
entire domain D, :

jj @ (x,y)dxdy = j (@, (D) +® (x,~1))dx
9, “o

+ jj yw(x, y)dxdy . (2.4.58)
9,

Combining formulae (2.4.57) and (2.4.58) yields the following:

j @, (x,Ddx = % ” (d)y (x,y) = w(x,y)(1+ y)) dxdy,

-0 D,

(2.4.59)

j @ (x,~1)dx :%H (q)y(x,y) +w(x,y)(1- y)) dxdy.

—o0 D,
Similarly, integrating (2.2.50) over y from —1 to 1 yields the following:
. 1
- j O, (x,p)dy + D (x,) - D (x,-1)= —j w(x, p)dy . (2.4.60)
-1

-1

After integrating this over x, we obtain the following formula:
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1
J D (x,y)dy=4
-1

; (<D (&)~ @, (&, -1)sgn(x —£)de

‘% ” w(&, y)sgn(x —&)d&dy, (2.4.61)
9

where A is a constant of integration. If we let x — too in (2.4.61), we

derive the following conditions:

(2.4.62)

1 1
_1y 1y
A=3 lim [® (x.y)dy+ lim jl D, (x,y)dy,

+Jeo((by(x -1)- (I) (x, 1) dx Hw(x v)dxdy

D,

—00

1 1
= lim j@x(x, y)dy — lim j @ _(x,p)dy . (2.4.63)
x%+oo_1 x~>—oo_l .

Integrating (2.4.61) over x from L, to L, > L, yields

1L,
j j ®_(x,y)dxdy = (L, — L) 4
-1

+ T x(CI)y (x,1)— CI)y (x, —1)) dx + ” xw(x, y)dxdy

-0 D,

de . (2.4.69)

- 1
+L1 +L, j [q)y(x,_l)—d)y(x,l) - IW(x,y)dy

2
-1
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Since L, and L, respectively tend toward —oo and +oo independently,

formula (2.4.64) implies that 4 =0 and formula (2.4.57) holds. Under the
conditions (2.4.60) and (2.4.61), we can conclude that

1
lim j ®_(x,y)dy=0. (2.4.65)
x—too e
Then (2.4.64) yields the following thermal balance condition:

T (@, (e, 1) =@ (x,~1))dx

—00

+jj (xw(x, ) = @ _(x,)))dxdy =0 . (2.4.66)
D,

In such manner, we derived thermal balance conditions (2.4.57),
(2.4.58), and (2.4.66) ensuring the average temperature field within

orthotropic inhomogeneous strip D, not to grow infinitely.

Now, an analytical solution to equation (2.2.62) that has two degrees of
freedom to meet conditions (2.4.54) can be given as follows:

]_"(y):Acoshsy+Bsinhsy
t= (=2, (n)
1 2 " y
Aol 255

d*In),(n)
+—

sinhs|y—n|
dn? ]

sinhs|y—n|dn

—lj w(n)
2s 717\.)}(1’])
dl

S ni, (m)

dn

coshs(y—n)sgn(y—n)]dn. (2.4.67)
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We first eliminate the constants of integration 4 and B by substituting
(2.4.67) into conditions (2.4.54) in the mapping domain of transform
(2.2.24). We then obtain the following expression for temperature:

_ Yy coshsy —v, sinhsy —

T(y) ” T,

N ¥, sinh sy —v,, cosh sy 7:2
Y

1
+w' (1) + [ T () Lgp (v,m)em, (2.4.68)
-1

where

[k =k ) dtin ()
‘CST (y’ ﬂ) - 25 {[S }"y (n) + dnz

x[sinhs ly—m]| —[}/22211 sinhs(1—-n)

dlnk
Y50l 15 {s coshs(1-n) - d—y()’) sinhs(1 — T‘I)J
y el
—Y1,¢ 5, sinhs(1+m)
dink (
Y1209, [s coshs(1+n)+ d—;y) sinh s(1 + n)ﬂ cos: sy
y==1

—[yl £, sinhs(1+m)

dink ()
Y11l 2 (s coshs(1+m) +d—;

sinh s(1+ n)}

y=-1
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~Y5 ¢4, sinhs(1-mn)

sinh s(1— n)ﬂ—smh 2 }
4 Y
-
dIn Xy m
+s————

e {—coshs(y—n)sgn(y—m

dink_(y)
— hs(1-1) - —2""7|
Torln [SCOS s(1-m) d

+[y22£11 coshs(1—-n)

dini
+Y200 15 {ssinhS(l_n)_d—;(y)

coshs(1— n)}

y=I

+Y120 5, coshs(1+m)—v,05, [s sinhs(1+m)

dink (y) coshs
—2 coshs(1+ oY
& | 1+m) "
y=
| dind., (v)
+ V1109, Ss1nhs(l+n)+d—y coshs(l1+m)
y=-1

~Y51 ¢y, coshs(1-m)—v,,{,, coshs(1+m)
~¥21l12 [s sinhs(1-n)

dink, ()
S

coshs(1— n)ﬂ@} , (2.4.69)
y=1
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1 —
w*<y>=§j—{z((”n)){—sinhs|y—n|

-1
+[y22£11 sinhs(1-n)

din)
+Yls {SCOShS(l—ﬂ)—d—;(y)

sinh s(1— n)}

y=1
Y1545, sinhs(1+m)

dlnk
y0) sinhs(1+n)H—COS$sy
-1

Y1202 [s coshs(1+1) +d—y

y=

+[y1 {5y sinhs(1+1)~v,,/,,sinhs(1-mn)

dink ()
Y1142, Scoshs(1+n)+d—y sinhs(1+m)
L2
—y2]€12{scoshs(1—n)
dlnA i
_din2, ) sinhs(1—m) | S| gy, (2.4.70)
dy |, ¥

dink_(y)
y“:{fu—élzd—;y ]coshs+f12ssinhs,

y=I1

dy

dink (y)
T :[g“ — 0, ——2 sinhs + ¢ ,scoshs,

=1
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dlnk
Y21 :{521 _gzzn—y(y)
dy

coshs—/,,ssinhs,
y=—1

dlna. ()
Y22 :_[521 _Zzzd—;

sinhs +/,,scoshs,
y=-1

T=Y1Y2 ~ Y2V (2.4.71)

Using the resolvent-kernel method, a solution to equation (2.4.68) can be
derived explicitly as

T(y) =5 (») + Tty () + wer () - (2.4.72)
Here,

yZztc(y)_Yzlrs(Y) T (y) = Y1115(Y)_Y12Tc(y)
s 2 - >

Y Y

T](y):

1
1. (y) =coshsy + J cosh s 7 (y,m)dn,
-1

1
7, (y) =sinhsy + [ sinhsnTgr (y,m)dn,
-1

1
wer () =w (1) + [ W () Tgr (v, (2.4.73)
-1
and the resolvent-kernel has the form of an infinite series
T (v =D L0, (v,m) (2.4.74)

n=0

using the following recurring kernels:
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LT (ym) = Lgp (M),
(2.4.75)

1
L= [ LT oL @md, n=1.2,...

-1

If the analytical evaluation of the series given in (2.4.74) presents a
challenge, it can be substituted with the following approximation:

N
Tor (r) = TY (o) = Y. L (v,).s (2.4.76)
n=0

where N is a natural digit allowing for the satisfying of equation (2.4.68)
with solution (2.4.72) together with the approximate resolvent kernel
(2.4.76) within an appropriate level of accuracy.

2.5. Special cases of anisotropy and inhomogeneity

As it can be concluded from the foregoing Sections 2.2.2, 2.3.2, and
2.4.1, the key point of the solution construction to the formulated
thermoelasticity problems is to solve the governing integral equations for
total stress; i.e., (2.2.32) for plane D, , (2.3.12) for half-plane ©,, and

(2.4.15) for strip ®,. Obtaining explicit solutions to these equations

requires construction of the resolvent kernels (2.2.35), (2.3.22), and
(2.4.22), respectively. The resolvent kernels are constructed by
successions of recurring kernels originated by kernels (2.2.33), (2.3.13),
and (2.4.17) of the integral equations (2.2.32), (2.3.12), and (2.4.15),
respectively. Thus, they do not depend on the force or thermal loadings;
they depend directly on the material properties and indirectly on the
geometry of the domains via integral limits in their expressions. From this
perspective, specific cases of orthotropic material inhomogeneity permit
relatively simple analysis of the thermoelasticity solutions to the problems
being considered.

The simplest situation seems to be the one when solutions (2.2.34),
(2.3.14), and (2.4.25) can be computed without evaluation of the
corresponding  resolvent  kernels; ie: i) R, (y,n)=0 for

(y,M) € (=o0,40)*; i) Ryp(y,m) =0 for (y,n)€[0,4%)°; and iii)
Ryr(v,m) =0 for (y,m)e[-L1]x[-1,y]. In view of formulae (2.2.36),
(2.3.23), and (2.4.23) within the context of (2.2.33), (2.3.13), and (2.4.17),
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this case manifests when the material properties meet the following
conditions:

+s Bz(y) 0, B1(y)

d’p, (y) @25.1)
dy’

2G()

In (2.5.1), variable y falls within the corresponding range, i.c.,
y €(-o0,+0) for plane D,, ye[0,+0) for half-plane D,, and
y e[-1,1] for strip D, . Due to the fact that the material properties do not

depend on transform parameter s, the first equation of (2.5.1) yields the
following conditions:

d’B,(»)
B,(»)=0, 5—==0. (2.5.2)
dy
The second equation of (2.5.1) together with the second one in (2.5.2)
imply that
> 1
a =0. 253
e [ny <y>] (233)
In view of expressions (2.1.32), the first condition in (2.5.2) means that
ay(y)=ay, (). (2.5.4)

Taking into account (2.1.24), equation (2.5.4) presents the following
condition of equality for the orthotropic Young moduli in the case of plane
stress:

E.(»)=E, (). (2.5.5)
Then, in view of the symmetry condition (2.1.6),
V(D) =Vv,. (1), (2.5.6)
In the case of plane strain, conditions (2.5.4) and (2.1.24) mean that

EM(1-v,0v,.))=E,0(1-v V. (). 257
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By implementing the symmetry condition (2.1.6), formula (2.5.4) can be
expressed in many alternative forms, for example:

EX(y) E.(»)-vL(OE,(»)

= , (2.5.8)
E}(») E,(0)-Vv.(ME.(y)
E.(y) E.(»)-VL()E.(»)
== = ) (2.5.9)
E,(»)  E.(3)-VL,(ME,(»)
or
E.(»)-E,(»)
V() Vi = g (), (2.5.10)

EWE,(y) ~

Similarly, the orthotropic Young moduli can be eliminated from formula
(2.5.7) to obtain the following relationship between the Poisson ratios:

E (y) 1-v_ (v.(»)

= . 2.5.11
E,0) TV, 00,00 @310

In view of (2.1.32), the second equation of (2.5.1) can be written as
follows:

1

o) (2.5.12)

2“11()/)_25112 )=

This, along with (2.1.24) and (2.5.4) — (2.5.6), yields the following
expression for the case of plane stress:

E*(y)
G (y)=—tP 2.5.13
S (25.13)

where E(y)=E () =E,(y)and v'(y)=v (») =V, ().
For the case of plane strain, we can similarly obtain the following:

E (y)
2(14+v,, (1) + (v, )=V, M)V, (1)

G, ()=
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= 50 (2.5.14)

2(1+Vyx(y)+(sz(y)—sz(y))VyZ(y)) ,

which is to be considered within the context of equalities (2.5.7) —(2.5.11).
Under the hypotheses of both plane stress and plane strain, equation
(2.5.3) implies that

G
G (y)=—2—, (2.5.15)
w ayy +b,

where G, is an arbitrary constant in dimension of stresses, and a, and b,

are dimensionless constants.
Under the physical constraint 0 < G, (y) <+ for the shear modulus

[154], expression (2.5.15) is valid for

G, >0, ayy+b,>0 (2.5.16)
or

G, <0, ayy+b,<0 (2.5.17)

for the entire range of variation associated with variable y . Thus, for the
case of inhomogeneous orthotropic plane ©, where —oo<y<+o0,
conditions (2.5.16) and (2.5.17) necessitate that g, =0 and

Q

0 —const>0. (2.5.18)

G, ()= B,

In view of this, formula (2.5.13) for plane stress yields the following:
« G, .
E (y)=2b—(1+v ). (2.5.19)
o

Similarly, adopting (2.5.18) and (2.5.14) for the case of plane strain allows
us to obtain, e.g., the following equality:

G
E.() :2b—§(l+vxy(y)+vxz(y>(vzy(y)—vzx<y>)). (2.5.20)
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Note that formula (2.5.19) implies functional variation of Poisson’s ratio
v*(y) with the coordinate y in the following form in the case of plane
stress:

* b *
v (y):%E (»)-1. (2.5.21)
0

In the case of plane strain, this dependence is more complex, as follows
from (2.5.20).

In the case of plane stress, formulae (2.5.6), (2.5.13) and (2.5.19) cover
the variations of material properties occurring within an orthotropic inho-
mogeneous plane D, for which resolvent kernel (2.2.35) equals zero.
Similarly, formulae (2.5.7) — (2.5.11), (2.5.14), and (2.5.20) cover the
material properties ensuring resolvent kernel (2.2.35) to be zero in the case
of plane strain. For both the plane strain and plane stress, solution (2.2.34)
of the governing integral equation (2.2.33) can be written explicitly as
follows:

5(1)=Op (1) + ¥ (1), (2.5.22)

where ®,; (y) is given by (2.2.30),

0 _é#—w ~ ~
‘PPL(”—z|s|all(y>_[0“’<”)exp( [slly=nldn. (2523)

and
dF,(n) _ d
w(n>=Bl<n)( == +i5Fx(n)}+2Fy(n) PO esae

Thus, stress-tensor components (2.2.38), (2.2.40), and (2.2.42) take the
following form:

+00
_ 1 -
5, (») = 2|S|7JOO_PL<n)exp(—|s||y—n\)dn,

G, (1)=0, (1) +¥o (»)
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2\s| I“PL(W)GXP( |s]ly—mldn, (2.5.25)

o,(»)= (F ()

+00
-
) I :PL(n)eXp(—ISIIy—nl)sgn(y—n)dn]-

Here,

dF,(m)  —
Epp(m)= d:] —isFX(n)+s2(@PL(n)+‘PgL(n)). (2.5.26)

Similar simplifications can be made for the displacements (2.2.47) and
(2.2.48).
For the case of inhomogeneous orthotropic half-plane %, where

0 < y <+, conditions (2.5.16) and (2.5.17) imply that

G, >0, ay=0, b,>0 (2.5.27)
or

G, <0, a,<0, b,<0. (2.5.28)

Taken together, (2.5.13) and (2.5.15) in view of (2.5.27) and (2.5.28) yield
the following condition for the case of plane stress:

E*(y)=2G, Vo) (2.5.29)
a,y +b,
For the case of plane strain, formulae (2.5.13) and (2.5.15) yield, e.g., the
following equality
I+v, (D +v, DIV, () =V, ()
E_(y)=2G, A Y ( ) Y ) (2.5.30)

ayy +b,
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Formulae (2.5.5), (2.5.6), (2.5.13), and (2.5.29), in the case of plane
stress, and formulae (2.5.7) — (2.5.11), (2.5.14), and (2.5.30), in the case of
plane strain, cover the material properties variation within an orthotropic
inhomogeneous half-plane ©, for which resolvent kernel (2.3.22) equals
zero. Thus, the solution to the governing integral equation (2.3.12) can be
given in explicit analytical form (2.3.14), where

b o _ep(=]5])) __exp(ls[y)
e () [s|coay, ()’ Onp () = s Coan(J’)

Opp (¥) =0, ()~ I® (©)exp(=[s|(y+&)dt,

011()

W () = W, () - ZREL D (o)
s coall(y)

+00

dF, (&) ;-
—_— I[‘Po@”%z ;; —in(g)jeXp(—ls|(y+§))d§:

s7coa (¥)

| +o0
YO0 =350 { @(n)exp(~|s ||y -n)dn,

_ J- ¢ exp(— 2|S|y)d (2.5.31)
all(y)

and ©,(y) is given by (2.3.13) and @(n) has the form (2.5.24). Thus,

coefficients (2.3.26), (2.3.29) — (2.3.43) for stress-tensor components
(2.3.25), (2.3.27), and (2.3.28), as well as the coefficients (2.3.53) for the
displacements (2.3.51) and (2.3.52) can be expressed through coefficients
(2.5.31).

In the case of inhomogeneous orthotropic strip ©, where |y[<1,
conditions (2.5.16) and (2.5.17) imply that

by >0, |ag|<b, for G,>0 (2.5.32)

or
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by <0,  |a,|<—b, for G,<0. (2.5.33)

Then, formulae (2.5.5), (2.5.6), (2.5.13), and (2.5.29) for the plane stress,
and (2.5.7) — (2.5.11), (2.5.14), and (2.5.30) for the plane strain, in view of
the parameter constrains (2.5.32) or (2.5.33), cover the material properties
variation in orthotropic inhomogeneous strip %, when the resolvent

kernel (2.4.22) equals to zero. Thus, solution (2.4.25) for the governing
integral equation (2.4.15) can be expressed using the following
coefficients:

1, sinh(s(1+ y))

B(y)= sTa, ()

- I, sinh(s(1—y))+ I, cosh(s(1+ y))
sla; (y)

>

1, sinh(s(1-y))

P(y)= sTa, ()

- I, sinh(s(1+y))— 1, cosh(s(1+ y))
slay, (y)

>

s ,1
e )—X'(y D, QAW%,

1
Ogr (1) =0(») - [ O©), (1,£)dE,
-1
Yo (1) = —(F Dy (3,1 + F, (<), (3,D)

1 y
o) lem)dn

i[15 dF, (&)
1 1
+__|.1(§Fx(§)—s—2 C;i "a 0 (g).[ @(n)dn, ]Xl(y £)de, (2.5.34)
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I, cosh(s(y —&))
]an(y)

I, sinh(s(y +&)) — 1, cosh(s(y +&))
Iau(y) '

1 (3,8)=

I, cosh(s(y+&))

Xz(y7&):_ [a”(y)

B I, sinh(s(y —§&)) — I, cosh(s(y - &))

[a11(y) ’

:lj‘ sinh 2sy I cosh 2sy
2 a11()’) 2 2 a11(J/)
I=1?+1?-12,
0 2'[6111()/) 0 1 2

where ©®(y) is given by (2.4.16) and w(m) is presented in (2.5.24).

Coefficients (2.4.28) and (2.4.31) for the stress-tensor components
(2.4.27), (2.4.29), and (2.4.30), as well as coefficients (2.4.43) and (2.4.49)
for displacements (2.4.42) and (2.4.48) can be expressed through the
coefficients (2.5.34).

In view of expressions (2.1.25) — (2.1.27), it is easy to conclude that
relations (2.5.1) are always valid for the case of inhomogeneous isotropic
or transversely isotropic material properties. Thus, to ecliminate the
resolvent kernel from the corresponding thermoelasticity solutions, it is
enough to ensure that condition (2.5.3) holds. This yields an expression
similar to (2.5.15):

G(y) = (2.5.35)

a0y+b

Note that this representation of the shear modulus corresponds to the well-
known model of “Gibson soil” for the problem in an isotropic
inhomogeneous half-plane (see equation (1.2.5) in Section 1.2.1). In this
case, key stresses (2.4.25) and (2.4.27) for an inhomogeneous isotropic
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strip ®, , for example, can be given in the mapping domain of transform
(2.2.24) as follows:

o(y )— 2G(y) (Acoshsy+Bs1nhsy

+H(y)—a(y)A+ V()T (1)),

_ — 1z .
G, =—D, coshs(1+ y) —(zq2 +;Fy (—1)) sinhs(1+y) (2.5.36)

oy f G(&)(Acosh s — Bsinhs&)sinhs(y — &)

1-v(&) %
j a(é)E(&)Tf)v <5G@H@ sinhs(y - £)dE ,
-1
where
e I2 11
LI,-1* ' LI -1}
B Iy _ I
B_1213 112 ’ 1,13 [12 i

b2 (ﬁ)
2 j @()é)smhz e
¥ =Z H+%® ¥, =2,~H, 430,
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1
H, = j %coshs&d&, (2.5.37)

o, IOL(E,.)E(&)T(&) cosh s&dE .

v(E)
[GEHE) .
Hs = inlﬂhSéd&,

] _
0, = [HOEOTE) G oy

1=-v(&)

-1

H() =——f[ﬁ © jé( Gg@j

1 dF,(8))) .
+2G@[ (&) + éBsmhsw—é)dé

and Z, and Z, are given by (2.4.11).

Note that (2.5.37) can be regarded as a benchmark solution for the
verification of various methods. Its usefulness in verification is associated
with its functional flexibility, which is greater than that of approaches in
which material properties are formulated as specific elementary
dependences on the coordinates (see Section 1.2.1). For example, it can be
used to analyze the effect of variations in the Poisson ratio associated with
the distribution of thermal stress within inhomogeneous domains.

Consider, for example, the case of inhomogeneous isotropic strip B,

subject to external normal loadings (2.4.1), where
Pi(xX) = py(x) = pe(x),
(2.5.38)
0 (x)=q,(x)=F.(x,y)=F,(x,y) =T(x,y) =0,

c(x) = exp(—apxz), 0<a, =const, and p is a constant in dimension of

stresses.
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Assume that the material properties of the strip are as follows:

1
G =G, = const, v(y)=1—_—b,
a, —byy
(2.5.39)
a, =const, b, =const.
= o r
v [~ 2w [ 1 =
i e P L NN
04 = \\/3 0.90 [ 2 I 3
L TR N, L A4 3\
03 | 27 ROV 092 - ,//,' 3
N L !
N 0.94 |- /i
0.2 = 1 . r ”
F N g 096  J
S e L
o1 N 0.98 |-
L \ L
00 R R b 1.00 Lo N
1.0 05 00 05 ¥ 1.0 05 0.0 05y
a) b)

Figure 2.1. Effect of the variable Poisson ratio (2.5.39) under constant shear
modulus in the transversal stress for inhomogeneous isotropic strip subjected to
loadings (2.4.1) and (2.5.38): a) distributions of Poisson’s ratio versus strip width
for cases of a,=1.33,b,=0.00 (homogeneous material — curve I);

a, =1.39,b,=0.28 (curve 2); and a, =1.50,b, =0.50 (curve 3); b) distribution
of transversal stress (2.5.36) due to loading (2.5.38) for cases of a, =1 at x=0;

the curve numbers correspond to the material parameters in plot a
Then,

4(a, —b,y)-2

E(y)= a by

G,. (2.5.40)

and the material properties (2.5.39) and (2.5.40) are within the constraints
(2.5.2) and (2.5.3), such that the key stresses can be expressed using
formulae (2.5.36).
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2'
A
04 —
I /;-“_
-
L -
///
02 -7 1
# N
L - 2
0.0 M [ N
1.0 0.5 0.0 05 y
a) b

Figure 2.2. Effect of material properties (2.5.41) and (2.5.42) under constant
Young’s modulus in the transversal stress (2.5.36) for an inhomogeneous isotropic
strip subjected to loadings (2.4.1) and (2.5.38): a) distributions of Poisson’s ratio
(2.5.41) — curves / and 2 corresponding to a, =3/20,b, =1/4 and a, =0,
b, =1/4; distributions of shear modulus (2.5.42) — curves [’ and 2’

corresponding to the same values versus strip width; b) distribution of the
transversal stress due to loading (2.5.38) for cases of a , =1 at x=0; the curve

numbers correspond to the material parameters in plot a.

The effect of variable Poisson’s ratio and Young’s modulus under the
constant shear modulus is illustrated in Fig 2.1. In the case of
homogeneous material (curves / in plots a and b), the transversal stress is
symmetric about y =0, due to the symmetry of loading (2.5.38). As
Poisson’s ratio is varied, the symmetry in the stress values is no longer
observed. In cases where the variation in Poisson ratio’s (2.5.39) presents
a steeper gradients, there is a corresponding drop in the magnitude of
stress.

The effect of linear variation of Poisson’s ratio

v(y)=a,y+b,, a,=const, b, =const, (2.5.41)

is illustrated in Fig. 2.2 in the case of constant Young’s modulus,
E(y)=E, =const , allowing the shear modulus

G(y)= (2.5.42)

"0
2(1+b, +a,y)
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to meet the condition (2.5.3). As shown in Fig. 2.3 in comparison to
Fig. 2.2, allowing Poisson’s ratio (2.5.41) to drop into negative values
(when the one side of the strip exhibits auxetic material properties [238])
has a critical effect on the stress field.

yy
e 1 /-2
P 7N
/s
{/ 3 \.\
0.90 7 R\
v A
A \\
i ;
i 4
f
-0.95 — 4
-1.00 L | L | L | L
1.0 0.5 0.0 0.5 y
a) b)

Figure 2.3. Effect of material properties (2.5.41) and (2.5.42) under constant
Young’s modulus in the transversal stress in the case of inhomogeneous isotropic
strip subject to loadings (2.4.1) and (2.5.38) when Poisson’s ratio of the material
moves into negative values: @) distributions of Poisson’s ratio (2.5.41) — curves /,
2, and 3 respectively correspond to a, =2/5,b, =0, a, =3/10,b, =1/10 and
a, =1/5,b, =1/5; distributions of shear modulus (2.5.42) — curves /’, 2’, and 3’
correspond to the same values versus strip width; b) distribution of the transversal
stress due to loading (2.5.38) for cases of a, =1 at x=0; the curve numbers

correspond to the material parameters in plot a.

Note that in the case of homogeneous isotropic or transversely
isotropic materials (all elastic material moduli are constants), the
conditions (2.5.2) and (2.5.3) are fulfilled automatically for any possible
interrelations between the elastic moduli. This, however is not the case for
homogeneous orthotropic materials, for which condition ,(y)=0 is not

always satisfied. This means that the resolvent kernel is to be computed
for the case of homogeneous orthotropic material, when a;, # a,, .

In the case of homogeneous orthotropic material, an exact solution can
be constructed by making use of equations (2.1.35) and (2.1.31). The latter
one takes the following form:

Aayo—a,(T-T,)) = (o, —a, (T -T;)
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S i A (2.5.43)

By eliminating the total stress from the system of equations (2.1.35) and
(2.5.43) in view of (2.1.32), the following fourth-order partial-differential
equation can be obtained:

o*c o'c s
4 2020 g, O
Oy ox“0y ox
N NT T-T
- (O‘ ( o)+ (0 —0,) (T =T))

all ox?

o°F, O°F, a6,y +10°F, a, &°F,

Tyt ay3 a,G,, ooy @ ox (2.344)

where

2a,,G_ +1 a
a, _2‘;1—%, a, :a—ﬁ. (2.5.45)
The characteristic equation
;,t4 —2als2u2 + a2s4 =0 (2.5.46)
makes it possible to determine the eigenvalues for equation (2.5.44) as
follows:

Mo =Fhs,  Hy g =FAs, (2.5.47)

where
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— 2 — ;
7‘1—\/01_ a; —a, =0, +ip,,
A zyja +yal —a, =o, +iB

2 1 1D 2 2

s is the transform parameter and i =1, By taking into consideration the
constrains [49, 154]

(2.5.48)

Ej >0, ny >0, j=x,v,z,

P

‘/ﬁ\/Ex —Eyvyx‘/Ey -E.v,,,

y z

E E
v =2 v <=2,
»x E xy E
y X
Ey Ez
Vol E el F

for material properties, it can be concluded that the form of an analytical
solution to equation (2.5.44) depends on the interrelation between the
coefficients (2.5.45), which are expressed through material properties
falling within the constrains (2.5.49). The behavior of the real and
imaginary parts of the eigenvalues (2.5.48) is shown in Fig. 2.4. This fact
complicates the construction of general solutions to equation (2.5.44) for
infinite or semi-infinite domains satisfying the condition of solution
boundedness. In this case, the developed resolvent-kernel solution presents
an efficient alternative to the construction of solutions in a unique way for
any possible interrelations between material properties.

In order to verify our solution for various material properties, consider
the case of a general orthotropic inhomogeneous material with the
following material properties variation profiles:

[v., + Ve |

(2.5.49)

E,=Elo(y), E,=Eo(y),
(2.5.50)
Gy =Gpo(y),  oy)=exp(ky),
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where k =const and ES , E;) ,and Ggy are constant values of Young’s and

shear moduli E,, E b and ny on the line y=0. Assume that
G)?V = Eg /(2+2v,) and the Poisson ratio v, =02.We introduce the

following orthotropic parameter to characterize the relationship between
the elastic moduli:

0
— EX

=X (2.5.51)
0
E)’

In view of the symmetry condition (2.1.6) and expression (2.5.50), it can
be shown that Vi TEV, and Ggy = aE;J [(2+2v,,). Obviously, e=1

for isotropic materials.

A /e i=12)

T T
-2 -1 0 1

"ll/lz'zll/2
Figure 2.4. Behavior of real and imaginary parts of eigenvalues (2.5.48)

The distribution of transversal stress is shown in Fig. 2.5 for different
values of orthotropic parameter (2.5.51) and inhomogeneity valuek in
(2.5.50) due to loading (2.5.38). In the case of k£ =0, this stress reaches
extreme values at midline y =0 . In the inhomogeneous case of k =-1,

the extreme values shift in the direction of increased inhomogeneity.
Under the parameters considered in this example, the effect of orthotropy
is more pronounced in the distribution of stress than in the effects of
inhomogeneity.

A similar effect is observed in Fig. 2.6 for the material properties given
by
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E,=EM(),  E,=E'w(y),
(2.5.52)
G,y =Gy, ()= (e et

Interested readers can find detailed analysis of the thermoelastic
response of orthotropic inhomogeneous solids under specific material
properties profiles in our previous works [296, 297, 299, 301, 302].

o(y)

a) b)
Figure 2.5. a) Distribution of function ®()) =exp(ky) presenting variation profiles
of orthotropic material properties (2.5.50) for k=0; -1; b) Distribution of the
transversal stress at x =0 under various orthotropic parameter values € =1/2;1;2

in cases of homogeneous material £ =0 (solid lines) and inhomogeneous material
k =—1 (dashed lines), due to loading (2.5.38), where a, =1 (adapted from our

paper [296])

Consider the computation of thermal stresses in an isotropic
inhomogeneous half-plane ®, due to thermal loading (2.3.55) of its
boundary y =0, where ¢/, =1, /, =0, and

Ty (x)=1, (x2 - xé)exp(—xz), X, = const (2.5.53)

and Tt is a constant parameter in dimension of temperature. Assume the

internal heat sources, as well as all the force loadings to be absent. As
shown in [239], thermal loading (2.5.53) meets the conditions of thermal

balance derived in Section 2.3.5, if x, =1/ V2. By assuming the heat-

conduction coefficient of the considered isotropic half-plane to be
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constant, the temperature field (2.3.88) in the mapping domain of
transform (2.2.44) takes the following form:

_ Vn
T:_’E04T5s2 exp(—|s|(y+mj) (2.5.54)

11 T T T T T T T T T T T
088 - - = —
10 ’
k=0 A I'
0 |- . 090 f— , \ _
L ' A\
’
[ - 092 = N b —
— , A\
. - 4 A i
= 07 — 2 Y 3
= b 091 - ’ -
L J , \
06 - = B
L 095 |- ) _
0. ~ = o I
L s p
04 |- k=-1 -
03 ! 1 ) | L 1 s 100 L 1 L | L | L
1.0 0. 00 0. 1o 1 0. 00 0. 1
a) b)

Figure 2.6. a) Distributions of function w(y) in cases of ¢ =2, ¢, =1,
k=0,—1; b) Transversal stress o, /p at x=0 in the strip with properties
(2.5.52) for cases of €=1, ¢, =2, ¢, =1, k=0 (solid lines) and k =—1 (dashed
lines) due to loading (2.5.38), where a,= 1 (adapted from our paper [296])

Its distribution in the physical domain is shown in Fig. 2.7.

3

%

Figure 2.7. Distribution of the static temperature 7'(x,y)/t,, which corresponds
to the Fourier mapping function (2.5.54) (adapted from our paper [239]).
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Figure 2.8. Distribution of the dimensionless thermal stresses (a)
1026, /(0 EB7y). (b) 1076, /(0 E,BTy) . and ()10, (o, EBiTy)
in the half-plane for y, =0 and B, =1 (adapted from our paper [239])

When analyzing the thermal stresses, we consider the plane stress case and
assume the material properties in the form as follows:
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E(y)=E, (1+7,exp(-Y,)),

G(y) =G, (1+7,exp(=y,»)),

a(y)=a, (1+B, exp(-B,»)), (2.5.55)
E _const, G, =
ooaYl’YZ_consa OO_2(1+V)’

v=const, a_,B,,p, =const.

All the constant parameters (2.5.55) are assumed to be not negative. Thus,
for y >+, E(y)>E,, G(y)>G,, and a(y)—>a,. At y=0,
these functions are equivalent to the constants FE,=(+v)E_,
G, =(1+A)G, and o, =(1+p,)a,. Thus, the assumption of material
properties (2.5.55) meet the physical constrains adopted in linear elasticity
theory [49].

In Fig. 2.8, the full-field analysis of the thermal stresses is shown for
the case when y, =0 and B, =1. As we can observe, thermal stresses
arise in the half-plane even in the case if only the thermal expansion
coefficient depends on the depth coordinate. Figure 2.9 shows how the
thermal stresses depend on the inhomogeneity. As expected, the stresses
are as more intensive as the material properties are of higher functional
gradient. Plots in Fig. 2.8 a and ¢, as well as Fig. 2.9 a and ¢ ensure that
the stresses meet the condition of force-free boundary.

Consider the case of fixed boundary for an inhomogeneous isotropic
strip ®, with material properties

E=E,=const, v=v,=0.3,
(2.5.56)
a=o,(l+y"), a,,m=const.
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Figure 2.9. Comparison of thermal stresses in the half-plane for different cases on
inhomogeneity, B,=1/51/2;1.0;2.0;3.0 and A=0, showing: (a)

G:y =0, /(e E BTy and (b) . =o /(e EB7t,) at x=0, and

chy =c,, /(0 EBt,) at(c) x=1 and (d) y=1

The strip is under conditions (2.4.32), where
u (x)=v(x)=u,(x)=v,(x)=0, (2.5.57)

while subjected to the temperature field with Fourier mapping function

- 2\ coshs
T(y)=toﬁexp(—sjjmh:, (2.5.58)
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where 1, is a constant parameter in the dimension of temperature.

Temperature (2.5.58) has been obtained by solving the heat conduction
equation with boundary conditions

T(x,%1) = 1 exp(—x7), (2.5.59)

for materials with constant heat-conduction coefficient. Making use one-
to-one relationships (2.4.46) and (2.4.50) between the given boundary
displacements (2.5.57) and yet unknown boundary tractions p,(x),
p,(x) and g,(x), q,(x), the latter ones can be evaluated and used for
computing thermal stresses and displacements. In the Fig.2.10, the
temperature at y=+1 and boundary tractions are shown for m=0
(homogeneous material), m =1, and m =3 in (2.5.56). The tractions arise
on the sides of strip in the zone, which approximately is twice wider than
the zone of non-zero temperature distribution, and they vanish when
moving away from it. The normal tractions are even functions of the
longitudinal coordinate x, while the shearing tractions are odd functions.
For homogenous material, p, = p, and g, =—q,. If the linear thermal
expansion coefficient depends on the transversal coordinate y in the form
(2.5.56), then the tractions on sides y =—1 and y =1 are different. As we
can observe in the figure, the tractions on the side y =—1 are smaller in
magnitude than the ones on the side y =1. This can be explained by lesser
thermal expansion of the side y =—1 and, thus, lower thermal stresses due

to rigid fixation (2.5.57).
If the material of the inhomogeneous strip in the latter example is
orthotropic with properties

E v
E =—%*=const, —Y=v_=0.3,

g, 8, x
G =B _const (2.5.60)
= 2(1+vxy)—cons, 5.
k o)
0 . 0
a;=a;(2+y), j=L2 a—zzal.

S8
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1 |y g 0000 s homogeneous
=] material
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,’:: ’E,; —m—1
=5 9 ===p=3
- »

2 g
g8
g2
zZ =0
=

longitudinal coordinate x
Figure 2.10. Boundary tractions and temperature on the sides y=+1 of an

isotropic inhomogeneous strip with material properties (2.5.56) due to temperature
(2.5.60)

7T

T
N
2 §: 2 -
X
% oz 8,=1
- 12 by
LS, /)e -——$,=2 J
& "
4 % ---5,=112
; ?

normal boundary tractions

0 1 2 3 4 5
longitudinal coordinate x

Figure 2.11. Dimensionless (normalized by oc?ExTO ) normal tractions on the sides
y =11 of the clamped orthotropic nonhomogeneous strip (curves /: p, at k=1,

curves 2: p, at k=1; curves 3: p, and p, at k=0)

then the boundary tractions those arise on the sides y = +1 of the strip due

to the temperature (2.5.58) and fixation condition (2.5.57) are shown in
Fig. 2.11. As we can see, for the case of homogeneous material (k=0),
the tractions on both sides are equal for different ratio between the
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constant elastic moduli. We can conclude that greater values of 5, cause

the tractions of larger magnitude at x=0. The anisotropy effects
substantially in the distribution of tractions for both homogeneous and

nonhomogeneous cases. Note that for the latter one, when &, :% (dashed

curve /), in contrast to the other cases, the traction p, is compressive in

vicinity of x=0. This can be explained by the fact that longitudinal
thermal expansion is double of the transversal expansion, which leads to
the contractions in transversal direction.
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CHAPTER THREE

PLANE PROBLEMS FOR RADIALLY-
INHOMOGENEOUS ELASTIC ANNULI

3.1. Governing equations and integral conditions
3.1.1. Governing equations in terms of stresses

Consider a plane problem (within the framework of either plane stress
or plane strain) in an elastic annular domain R ={(p,p): k<p <],

¢ <[0,2n]} using a dimensionless cylindrical-polar coordinate system
(p.p,z), where z=C/r,, p=r/r,, k=r./r; r, and r, respectively
indicate the inner and outer radii, and » and ¢ are dimensional radial and

axial coordinates. Assume that domain R has cylindrically orthotropic
material properties, which vary arbitrarily within the radial coordinate.
The generalized strain-stress constitutive law for this plane problem is
similar to (2.1.23), as follows:

g, (P,9) = ay,(p)S,, (P, 9) +a;, (P)T 4y, (P, P)
+&,(p) + o, (P)T (P, ¢),
€0 (P:0) = a1, (P)T,,. (P, P) + ay, (), (P> P) (3.1.1)
+&,(p) + o, (P)T (P, ),
G (P)E,, (P 0) =5, (P. @)

Here, we assumed the initial temperature distribution of the stress-free
state to be zero, i.e. 7, = 0. Similar to (2.1.24),
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_l 1’ _1 13
"11—E_r1 v v “22—E_(p1 NI

zr "rz? zQp " gz’

0, 0,
€= € =3_
—-V_.ey, V.€>
dn =— 1 or? _1 V;tp’
12
E, Vor TV Vess E Vg tV2Vigs
{oc,, U
1= 2
o, +o,v_., O, +OLV, .
Furthermore, o,,, Cop> Orp and ¢, €pps Erp

151

(3.1.2)

g, are in-plane elastic

stress- and strain-tensor components in the radial, circumferential, and
tangential directions, respectively; and E, (p), E, 0 (p),and E_(p) are the

Young moduli in the p, ¢, and z directions, respectively; v i« (p) denotes

the Poisson ratio describing the contraction in the j-direction under tension
in the k-direction {j,k}={r,p,z}, j#k; G,,(p) is the shear modulus

within the (p,@)-coordinate plane;; and o (P is the linear thermal

expansion coefficient in the j-direction. The orthotropic material properties

represented by (3.1.2) meet the following symmetry conditions:

Eyvg=ENg, k=02, j#k.

(3.1.3)

If the material of the considered domain is transversely isotropic, then
coefficients (3.1.2) for the unified plane constitutive law (3.1.1) are as

follows:

ay =ay =
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E, v,
E*={ EE' V' =VE'+VvE
E —V?E’ E —V?E’

(3.1.5)
* {(X,, {07
a = 't 80: ’
a+av, ve.

Here, E(p) and E'(p) refer to the Young moduli under tension or
compression respectively in the in-plane and out-of-plane directions; v(p)
is the Poisson ratio characterizing the out-of-plane contraction of ring R
in response to tension applied in the plane of isotropy; v'(p) is the
Poisson ratio characterizing in-plane contraction in response to tension
applied in the out-of-plane direction; and G(p), a(p) and G'(p), o'(p)
are the shear moduli and linear thermal expansion coefficients respectively
in the in-plane and out-of-plane directions. Note that 2G = E*/(1+v").

In the case of isotropic materials, coefficients (3.1.5) take the following
form:

% E’ % Vs * o 0
E = Ez’ vV =<y ’ o ={oc(1+v), 80:{\/60. (3.1.6)
I-v I-v

Here, E and G are the Young and shear moduli, respectively, v is the
Poisson ratio, and a is the coefficient of linear thermal expansion.
In the case of plane strain, constant axial strain €_ =e, = const either

equals zero (when the end faces of a long hollow cylinder with cross-
section R are confined between two smooth rigid planes) or can be
determined under following condition:

“PGZZ (p.9)dpde = p_., (3.1.7)
R
where pgz is the resultant of normal stresses applied to the end-faces. If

pgz =0, then the end-faces are free of force loadings. Using the

constitutive physical equation
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GZZ (p’(p) = Ez (p)eO + Vzr (p)Grr (p’ (P)
V0 (P)5 0 (P, 0) — ., (P)E, ()T (p,9), (3.1.8)

condition (3.1.7) yields

80 :ﬁ{pgz _gp(vzr(p)cﬂ(p’(p))

+V,,(P)o,, (P, 0) — 0 (P)E, (P)T (p,w)J dpdq)} , (3.1.9)
where

1
e=jpEz(p)dp. (3.1.10)
k

The equilibrium equations (2.1.2) take the following form in the
cylindrical-polar coordinate system (p,®,z) :

0 0c 0 6. -0
O\ +l e O, + 44 PP +F = 0,
op p Op 0z p r

oo 0o oo c
re 1 oep oz o _
2 +p 30 + p= +2 > +F(P 0, (3.1.11)

oo 1 06, 0o c
L +—=+-2+F =0.
op p 0@ 0z p z

Here, F,, F,and F, are projections of body forces onto the coordinate

directions. In the cases of plane-stress and plane-strain, these equations
take the following form:
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1 6 2 aGr(p
L2 (0%, ) +—="2+pF, =,
P ap o
(3.1.12)
1 0,2 aG(P(P
- F =0.
pap(p csmp)-i- 30 +pF, 0
The Cauchy equations (2.1.10) can be represented as follows:
0 0 ou, u
8rr: ur’ 8r(p:l ur+_<P__<p’

op poe Ip p

_ 10 u, Ouy , 10u; (3.1.13)

fo0o "9 p T az Tp g

ou, Ou, Ou,
_ L

8z oz’ Erz or 0z’

where u,, Uy and u_ are the elastic displacements. Within the

framework of plane formulation, equations (3.1.13) can be rewritten as
follows:

(3.1.14)

1 Ou, o [ Yo
€ = — +p—|— |
? p oo Gp[ P
Note that the due to introduction of dimensionless coordinates, the right-
hand sides of the latter equations are to be multiplied with 1/7,_, which is

omitted for the sake of brevity. By eliminating displacements from these
equations, we can obtain the following strain-compatibility equation:

0% (pe 2 O¢
(pery) 072, 0 [ 2 %0 ) O (3.1.15)
opoe o¢>  Op op op

This equation corresponds to (2.1.19) in the Cartesian coordinate system.
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Making use of constitutive equations (3.1.1) in conjunction with
(3.1.8) permits the representation of compatibility equation (3.1.15) in
terms of stresses, as follows:

d
Q(ayo+a,T +e,)= 1 a@p (pcrr dipzj

2
+<1 6 La_>((al —(xz)T"rSl _82 _B3Grr)

Ea_P_p2 o¢?
1(df p 0,
+__
Pz(dp[Grcp] pdp( BZ)j
o*c
1 1 o
+— -2B, |—. 3.1.16
Here,
16(. 0), 1 8
Q=——( —)+——, 3.1.17
pap\Pop p? 09> ¢ )
Bj:ajj—alz, By=ay, —a,, Jj=L2, (3.1.18)
and
G=0, +0,,- (3.1.19)

We can use (3.1.19) to transform equilibrium equations (3.1.12) with
the aim of expressing stress-tensor components in terms of the total stress
(3.1.19), as follows:
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96,,(p.¢) = p(p o(p,0)) +p c;fppz’(p),

2
96, (P, 9) = pa%(pzc(p,cp)), (3.1.20)

_ 0
90,,(p,0) = papa(p(pc(p,tp))-

Note that the left side of equations (3.1.20) involves the same differential
operator; i.c.,

:i(ﬁ 2) i 3.1.21
o pap(p) Poer (3.1.21)

We can determine the steady-state temperature field 7'(p,®)

distributed within orthotropic domain R in which the material properties
vary with radial coordinate p from the following equation of heat

conduction [100, 124]:

190 6T(p,<p))
A Y itk 24
pap( (PP op

oT

+—26—(x (0) 2L P ‘p)j —w(p, @), (3.1.22)
¢

where w(p,@) is the density of internal heat sources and A, (p) and

k(p(p) are the heat-conduction coefficients in the radial and

circumferential directions, respectively. This equation of heat conduction
must be accompanied by thermal boundary conditions on the inner and
outer surfaces of ring R .

3.1.2. Integral conditions of strain compatibility

Using the first equation in (3.1.14), the radial displacement can be
determined as follows:
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1
4, (p.0) =3 U, (@) + 3 [&, (no)sgn(p—mm,  (3.1.23)
k

where
U.(@)=u,(k,0)+u,(1,0). (3.1.24)
Inserting p=4k and p =1 into (3.1.23) yields the following condition:
1

J‘Srr(p,(p)dp =u,(1,0)~u,.(k,0) . (3.1.25)
k

By integrating the second equation in (3.1.14) over the angular coordinate
¢ in view of (3.1.23) and the angle-periodicity of the functions, we obtain

the following expression for the circumferential displacement:

u, (P, @) =u,(p,0)

1 2n

+7 [ (20804 (p.8) ~ U, (8))sen(o - £)ds
0

1

—[[&, (8)sen(o —m)sen(o-&)dnde . (3.126)
”n
Inserting ¢ =0 or ¢ =2x into (3.1.26) yields the following condition:
2n
20 [ 24, (P 0)do — [[ 2, (n,0)s2n(p ~M)dndo

0 R

2n
= j U.(p)do. (3.1.27)
0

If we substitute expressions (3.1.23) and (3.1.26) into the third
equation in (3.1.14), we derive the following integro-differential equation:
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A2 (@)= 2.0 (U (<P)+I8,,(n ®)sgn(p — n)dn]

014
+p=| —u,(p,0
pap[p »(P,0)

2n
| ( £g0(P:E) = U(é))sgn«p £)de

0
—%ﬂsrr (n,&)sgn(p—n)sgn(tp—é)dnd&]. (3.1.28)
R

This equation verbalizes the condition of strain compatibility within

annular domain R . Applying differential operator (p-) allows us to

62
Ipoe
reduce this equation to the classical differential compatibility equation
(3.1.15). However, deriving (3.1.28) from (3.1.15) requires that we fulfill
the following fitting condition:

aU oU, ()
o P

,0
+IU (&)sgn(e— E)dE + 4p zaap( 1y (p )j

=2(2ps,, (p,0) + ke, , (k. )

+€,,(1,0) — ke, , (k,0) — &, (1,0))
27
+[| ke, (k&) +€,,(1,8)
0

024 (PE)| 084y (p,0)] ]
K - sgn(p —£)dg
ap |p=k ap |p=1
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sgn(p—n)dn. (3.1.29)

1
%¢,,(n,9)
_2‘[ 2 _
k =0

By substituting ¢ =0 into the third equation in (3.1.14) and making
use of (3.1.23), we can obtain the following:

2?0 u,(p,0)
opl P

j =2pz,,(p,0)

LU (9)| 0,9
a(p |q):0 k a(p |q):0

sgn(p—n)dn. (3.1.30)

Substituting (3.1.30) in (3.1.27) and differentiating the result by ¢ to

obtain the following:

d2
U—’z((P)+U,.(<P)=f(<p), (3.1.31)
de

where
F(0) = (ke (k.0) + £, 1.0)

tke,, (k,0)+ ¢, (Lo)

e 020 (P,0)| 020 (P )|
o |, ap

(3.1.32)
|p:l

The solution to equation (3.1.31) is derived as follows:
1 2n
U, ()= Acoso+ Bsing+5 j F(&)sin|o—E&|ds,  (3.1.33)
0

where A and B are arbitrary constants of integration. The first derivative
of this solution is
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av,(e) _ .
do Asin@+ Bcos@
127:
+3 | f(©cos(@-8)sgn(p-E)d . (3.134)
0

If we substitute ¢ =0 and ¢ =2n into (3.1.33) and (1.3.34) in view of

the angle-periodicity of the functions, we obtain the following necessary
conditions:

duU . (0)

do " (3.1.35)

A=U,(0), B=

2n 2n
Ifsincpd(pzo, ffcos<pd(p:0. (3.1.36)
0 0

Within the context of (3.1.35), term Acos@+ Bsin@ in expression

(3.1.33) describes radial translation of annular domain R as a rigid solid.
Thus, the constants (3.1.35) can be eliminated using of the corresponding
fixation conditions.

In view of (3.1.32), conditions (3.1.36) imply the following strain-
compatibility conditions:

2n
I k8r7~(ka(P)+8rr(l’(P)
0
2 68¢%(p,(p)| _8s(p(l)a(P,(P)| ]sin(pd(p

p |p=k p |p:l

2n

= [ (ke o (k,0) + 2, (1,9)) cos gdo,
0
(3.1.37)

2n
.[ kgrr(ks(p)+8rr(l’(p)
0
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080y (@) 02 (P:9)|
7.2 %00 _ %90
k 3 2 cos Od

|p:k |p:1

2n

=— J. (ksmp (k,0)+ €, (1,(p))sin odo.
0

These conditions are important to the uniqueness of strains, stresses,
and displacements in multiply-connected domain R (see Section 3.2.3).

Determining function U, (¢) using (3.1.33) allows for the construction
of radial displacement u,(p,¢) in the form (3.1.23). Moreover, in view of
(3.1.35), expression (3.1.30) yields the following:

1
_B p sgn(p—n)
u¢(p,0>—5+pC+5£aw(n,0> T n

1
%, (n,9) (p( 1) 1
o e BN i [ s +—\p—nljdn, (3.1.38)
'1[ 6([) o=0 4 k 211
where
1
C:E(Z%("’O)+2ku(p(1,0)—(1+k)B). (3.1.39)

Term B+2pC can be excluded from expression (3.1.38) to prevent

rotation of ring R as a rigid solid. In conjunction with (3.1.33) and
(3.1.38), equation (3.1.26) makes it possible to determine the
circumferential displacement using strain-tensor components.

3.2. Stress and displacement analysis
3.2.1. Solution representation and boundary conditions

Assume that radially-inhomogeneous annular domain R is loaded by
normal and shear forces on its inner and outer surfaces under the absence
of body forces F, =0, {={r,p,z}:
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Grr (k= (P) =D ((P)’ Grr (19 (P) =—P; ((P)a
(3.2.1)
0,0 (k,0)=4,(9), 0,,(1,0)=q,(9).

Variables in the governing equations are separated by decomposing all
of the angle-dependent functions into the Fourier series, as follows:

G, (p,9)=R,(p)+ Z(R:, (p)cosne + Rf (p)sin n(p),

n=l1

G (P-0) = P (p) + Y (D, (p) cos ng + @ (p) sin ),

n=1

o(p.9) =54 (p) + Y (0, (p)cos np + o, (p)sin ng),

n=1

T(p,9)=T,(p)+ Z:(Tn1 (p)cosno + Tn2 (p)sin n(p), (3.2.2)

n=1

Pi(@)=p;+ Z(p;n cosng + pjgn (p)sin mp),

n=1

G, (P,0) = Sy (p) + X (S (p) cos g + S, (p) sin no),

n=1
_ (2 1 .
q; (0)= 9o+ Z(an cosnp+q,, (p)sin n(p),
n=1

where j=1,2 and

2n 2n
1 1
Ry(p)=7— [o.(.0)de, @ (p)= o [ G40 (p-0)do,
0 0
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2n 2n
_1 _ L
oy (P) =75 { o(p.9)do. Ty(p)=7 { 7(p.0)do,

2n
1
So(P) =5 [ 0,4 (P.0)dg.
0

2n 2n
1 1
Pio=n=-[ P, @do.  q;0=5-]4,(@)dg.
0 0
and

2n
1
R,(p)=— [ ©,,(p.0)cosnodo,
0
1 2n
RI(P) = [ 0, (P @)sinnode,
0
1 2n
©,(p) = | G4y (P.0) cOS O,
0

2n
2 1 .
@, (P =— j o (P, @) Sinnpd,
0

2n

1
5,(p) = | o(p.0)cosnpdy,
0

2n

1 .
0,(p)=— [ olp.¢)sinnodg,
0
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2n
1
T,(p)=— | T(p.9)cos npde.
0

(3.2.4)

2n
1 .
T (p)=— [ T(p.@)sinnpdo,
0
1 2n
1 _ .
ng—ggcwmmnmmm@
1 2n
$,1(p)=— [ 0, (p.0)cosnode,
0
1 2n
P = I P;(@)cosnedq,
0

2n
1 .
P = p;(@sinngde,
0

2n
1 .
45, = P f q,;(9)sinnedo,
0

2n
1
45, = | 4,(@)cosnode.
0

If external loadings (3.2.1) and the temperature field do not vary with
angular coordinate @, then stresses (3.2.2) can be represented only by the
terms with subscript “0” given in (3.2.3). This represents the case of axial
symmetry. If loadings (3.2.1) and the temperature vary with the angular
coordinate, then stresses (3.2.2) necessarily involve the terms with
subscript “n” given in (3.2.4). These two cases can be treated individually.

3.2.2. Solutions in the case of axial symmetry

Consider the case where the force and thermal loadings do not vary
with the angular coordinate. Substituting expressions (3.2.2) into
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equilibrium equations (3.1.12) and combining the terms with the subscript
“0” yields

dip(szo(p)) = 95, (p), dip(pzso(p)) -0, (3.2.5)

Similarly, we can present compatibility equation (3.1.15) for the angle-
independent parts of stresses as follows:

dip[pdip(an ()5, (p) + 6, (p) + a2<p)T0<p>)j

- dip(pdip(ﬁz (PR, (P)) + B, (PIRy (P) =B, (P) D ()

+(o (p) =, (PNT,(P) + & (P)—Sz(p)j- (3.2.6)

Making use of (3.2.5) in conjunction with (3.1.19) and (3.1.3) allows
us to represent equation (3.2.6) in the following form:

CZ) ( OZD (a,,64(p)+2,(p)+0a,(p)T, (p))j

d
dp([p 20 o )jR ®)

+(a;(p) — o, (P)TH () +&,(p) — ¢, (p)J. (3.2.7)

We then integrate it over the radial coordinate to obtain the following:

dip(a22<p)co<p)+82<p)+a2(p)fo(p))

d|
=%[[p Palp )—B3<p)]R ()
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+(Gl(P)—Otg(P))To(P)+81(P)—82(P)J- (3.2.8)

In the case of isotropic inhomogeneous materials, equation (3.2.8)
complies with the compatibility equation in terms of stresses related to the
one-dimensional thermoelasticity problem for a long hollow radially-
inhomogeneous cylinder [252]. Note that we eliminate the constant of
integration obtained when integrating equation (3.2.7) by imposing the
condition of single-valuedness of displacement [282].

We solve equations (3.2.5) and (3.2.8) under the boundary conditions
for radial stress

R()(k) =—Po> R()(l) =—Py> (3.2.9)
and shear stress
S, (k)=q,0» Sy (1) =g, - (3.2.10)

These conditions are obtained using (3.2.1) and (3.2.2).
A solution to the second equation in (3.2.5) under boundary conditions
(3.2.10) can be derived as follows:

2

q

Sy(p) = (ﬁ) g =10 (3.2.11)
P P

Similar to the case of a homogeneous isotropic material [298], solution
(3.2.11) is irrespective of the material properties and temperature field. It
is also easy to see that the condition

40 = k2410 (3.2.12)

follows from (3.2.11), which in view of expressions (3.2.3) yields the
following integral condition:

2n

[ (42(@) = k¢, (9))do =0 (3.2.13)
0

for the shearing tractions on the inner and outer circumferences of annulus
R . Note that solution (3.2.11) and condition (3.2.13) have been discussed
in the literature on homogeneous isotropic materials [282, 298].
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Integration of the first equation in (3.2.5) under the first condition in
(3.2.9) yields the following expression for radial stress in the one-
dimensional case:

kY 16
Bo®)=~(£ ] pyy + L [y (. (3:2.14)
p P %

In view of the second condition in (3.2.9), expression (3.2.14) yields the
following integral equilibrium condition:

1
Ipco(p)dp =k’Pyy — Pag - (3.2.15)
k

Note that expressions (3.2.11) and (3.2.14) are derived on the basis of
equilibrium equations, which means that they remain the same for
isotropic or anisotropic, homogeneous or inhomogeneous material
properties.

By integrating equation (3.2.8) with expression (3.2.14) in mind, the
following expression

Go(p)— A""So(p)"‘@ (p)+P10P ()
22( )

dp,(n) B3(n)j ] (3.2.16)

+j jé o@da[ N

can be obtained. Here, A4 is an arbitrary constant of integration and
_ L1
£ (p)=—5,(p) + jﬁ(a1 (m)—&,(n)dn,
k
®0 (p)= —Q, (p)To P)

(3.2.17)

p
+f %((al(n)—az(n))To(n))dm
k
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d
P( ) k J‘ (B3(ﬂ) deén)j m.

Changing the order of integration in equation (3.2.16) yields the
following Volterra integral equation of the second kind:

c,(p)= [A+eo(p)+® ()

2()

p
+p05(P) + jco(é)ico(p,é)dé} (3.2.18)
k
where the kernel is given as

P
1 (dB,(n) B,
Ky (p8)=E[— ( 2D (3.2.19)
n dn n
g
Using the resolvent-kernel technique (see Chapter 2) allows us to
obtain the following solution to equation (3.2.18):

00(p) = ){Af(P)+8(P)+®o(p)
22
10) B,
epafy(or+ [ RERRE R o gyae|. 3220
k 22
Here,
F Ry (p,€)
=1+ [T
(3.221)
5(0) =g (p) + j 200 2 (o0
DS PR LA

where the resolvent kernel can be computed as a series
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Ro(p:&) = D Kyt (p,E) (3.2.22)

m=0

of recurring kernels

KL (p.&) = Ky (p, &),
(3.2.23)

0 R (p, K (n,8)
Ko (P 8) = { PR

The constant of integration 4 can be eliminated by substituting (3.2.20)
into integral condition (3.2.15). Then, expression (3.2.20) for the total
stress component takes the following form:

1
ayy )

Gy (p)=

[(kzplo — P2 —by) fé:)

+C(p) + ®() (p)+ p]()P() (P

+'T ®0(§) + plopo )

) Ro(p,ﬁ)déj , (3.2.24)
k

where

L 1
A ooy L) [ pE(P)
ay = { P Ol { O

1
by = { azzp(p) {(90(9) +Poh(p) (3.2.25)

+‘T ®0 &)+ p10P0 )

e R(](p,a)dajdp.
k

The total stress represented by (3.2.24) can also be written explicitly in
terms of applied loadings:
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50(F)= ProRo )+ PP ) +00(P)+ 202 6226

Here,

L (SO,
Ro(p) = (p)( (kz {Po@)(po(a)daj
Ry (©)

+P, (p)+j a
22

RO(P,Q)déj ;

A
Py(p) = Ty () (3.2.27)

10 (©)
%)= )[@) ORS Pt o) R (P2

1
—%f)j@)o@cpo(@d&],
k

Ry(p;)
(= (é){“f" ax (9) "J

After finding the axisymmetric component of the total stress in form
(3.2.26), we can use (3.2.14) and (3.1.19) to derive the following
expressions for the radial and circumferential components:

Ry () = 1o Py (P) + PagPoy (P) + 05 (p) + L (p),
(3.2.28)

(Do (p)= plong (p)+ pzopzq()) (p)+ eg (p)+ C(p(P),

where

Y 1t
ACRENY s [npaman
k
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Ph(P) =Py (P) = Ply(p), j=12,
(3.2.29)

p
0 (p) = p% [0, (mdn.  05(p) =0, (p)— 05 (p).
k

)
r 1 cm) Cp) _,r
Cpp) == dn, C%(p)=—"=-C"(p),
P p2 ;‘;n ayy m) n P dyy P) P
and o I is the Kronecker delta.
Expressions (3.2.26) and (3.2.28) contain undetermined terms &(p),
C"(p),and C®(p) expressed in terms of axial strain ¢, (see (3.1.2)) . As
mentioned in Section 3.1.1, this strain equals zero, ¢, =0, in the case of

plane stress or plane strain of an inhomogeneous cylinder whose end-faces
are confined between two absolutely rigid smooth planes. In these cases, it
is obvious that

EP)=C"(p)=C%(p)=0. (3.2.30)
Thus, expressions (3.2.26) and (3.2.28) take the following forms:

ST (p)= ploplo(p) + pzopzo (p)+ e0 P),
Ro (p)= P10P16 (p)+ pz()Pzro (p)+ e(r) (), (3.2.31)

cD() (p)= plopl((p) (p)+ onpz% (p)+ e()(P (p)-

In the case of plane strain in a cylinder, the end-faces of which are

subject to normal force loadings with resultant vector pgz,

(3.1.9) in conjunction with (3.1.19), (3.2.2), (3.2.14), and (3.2.26) to
obtain the following expressions:

W€ can use

Cp) =eoCo(P), C"(P)=¢eCo(p), CP(P)=exCo(p), (3232)

where
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172
1
2o (0) =00 (0) L2 [, €10, (21
0
fw(® o 0o
j "6 Ro(prE)E,
(3.2.33)
rev_ LT S o vory 2 S
S=3 {”azz(m e GB) = G )
1
aoo(m=vm<p>+jﬁ(vzq,<n)—vz,(n>)dn,
k
and
0
eo=% PP+ PayPr, 0, . (3.2.34)
Here,
1
Pio= =g [PV @) v )P ) o
k
1
=re {p(azm)Ez(p)TO(p)
(3.2.35)

—v_,. ()05 (p) = V., (P)OF (p) ) dp,

1
e = [p(v., (PS5 (P) + V., (PIES (P))dp ,

k

and e is given by (3.1.10).
In view of (3.2.32) and (3.2.34), axisymmetric components (3.2.26) and

(3.2.28) can be written as follows:
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PMQ() (p)

PZeCO(P)j
ayy (p)

)’L P (on(p) + iy (P)

Go(p) =P (Pm(p) +

0.50(P) P25 (P)

0
0PI+ ) T 2nle + )y, ()

Ry(P) = Py (B (0) + G5 (p)
+20 (P (P)+ PG5 (0) (3.2.36)

P2Ch(p)

HO () +0,85(0)+ 5 22,

Dy (p) = Py (P (P)+ P50 (P) + Pag (P (P) + P55 ()

PGS (p)

+eg (P) + eegg(p) + 27‘[(8 + el) ’

If it is impossible to evaluate the resolvent kernel (3.2.22) for certain
material properties, then it can be substituted in practical computations
using the following approximation:

N
Ro(p:8) = Ry (p,€)= D" K1 (p,E) (3.2.37)
m=0

where natural digit N allows for satisfaction of equation (3.2.18) within the
required degree of accuracy.

3.2.3. Angle-dependent (non-axisymmetric) components

In order to determine the angle-dependent parts of series (3.2.2), which
are indicated by coefficients (3.2.4), the sine- and cosine-transforms
(3.2.4) are to be applied to equations of equilibrium (3.1.12) to obtain
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1 d( 2p0 0ol ¢
——(p°R, -(=1)'nS,(p)=0,(p),
pdp(P (P)) = (=1 nS,(p) =0, (p
(3.2.38)
1 d [ 2qr 0 30
———(p°S,(p))+(=1) n®, (p)=0,
; dp( (p))+ (=) n®, (p
where ¢/ =1,2 . From (3.1.20), we can derive alternative equations:
/ d (2 ¢ 2 0
O,R, <p)=d—p(p S, (p)) - n’po, (p),
I d* (2
0, (p)=p-2—(p’c,(p), (3.2.39)
od
0N w1 d ¢
9,(P)S, (P =(-1) npd—p(pcnm)),
where
d d (2 2
-4 [,4 - ) 2.4
90, dp(pdp(p )) n’p (3.2.40)
Similarly, equation (3.1.19) yields
S, (P) = Ry (p)+ P, (p). (3.2.41)

We then obtain the following boundary conditions for the angle-dependent
terms of expressions (3.2.2) using the transforms given in (3.2.4):

RI(k)=-p|,, R.(1)=-p,,.
(3.2.42)

S'(ky=4q.,, Si1)=4q),.

One solution to the third equation in (3.2.39) under the third and fourth
conditions in (3.2.42) is

(p"-p"k’q,,

S!(p)=
n (p) (k—rl _k}’l)pZ
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~EY Tne! () (5 (o) + 15 (o))
2p7 %
Y A GNP
2p2(k—n_kn) 2n
1
+(—1)”jpci (p)(p‘”(n “D+p"(n+ 1))dp] , (3.2.43)
k
where
1 (x,) = (lj + (ﬂ : (3.2.44)
x)

and x and y are arbitrary arguments.

Using the second equation in (3.2.38) in conjunction with expression
(3.2.43) yields

=D (™" +p"kq],

! (p) =
"(p) (k—n_kn)pZ

P
—L [nal ) (m, (o) + 2 (P10 +
2p i

%n (P5F) 0 1
ST A Y |
2p2(k_"—k"){ R

1
+jpch(p)(p*"(n —D+p"(n+ 1))dpj . (3.2.45)
k

Using (3.2.41) and (3.2.45), we can now express the coefficients of the
angle-dependent part of radial stress through the corresponding angle-
dependent part of total stress, as follows:
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D' (p"+p")kq,,
(k—n _ kl’l )p2

R!(p)=-
15
+§f no, (m)(me, (1) + % (pm))dn
k

2 (P )
+ 2,7-n n 2(_1)[Q§n
2p7 (k" = k")

1
+jpch(p)(p*"(n —D)+p"(n+ 1))dpj . (3.2.46)
k

Inserting (3.2.46) into the first and second conditions in (3.2.42) allows
us to derive two integral conditions

1
(n+D[p""s, (p)dp
k

— k2+np1¢n _pé/n + (_l)ﬁ (k2+ann _ ngn), (3.2.47)

1
(n=Dfp""s, (p)dp
k

=Py =K pl, + (D (K "g, —a3,,) (3.2.48)

for the coefficients csfl (p) of the angle-dependent parts of the total stress.

Note that condition (3.2.48) cannot be used for the first harmonic n=1,
as the left-left side changes to zero. In this case, the right-hand side of
(3.2.48) yields the following:

Py = (=D"g =k(p/, ~(=D'q},). (3.2.49)

In view of expressions (3.2.4), we can rewrite this as follows:
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2n 2n
J (py +9q,)cospde = kf (p, +q,)cosode,
0 0
(3.2.50)
2n 2n

[ (p,—ay)sinedo =k [ (p, - q,)sinode.
0 0

Conditions (3.2.50) are well-known in elasticity theory (e.g., [282, p.
134]). They articulate the condition of equilibrium for the external normal
and shear forces acting on the inner and outer circumferences of annular

domain R in projections onto the Cartesian axes.
In view of integral conditions (3.2.47) and (3.2.48), we can simplify

expressions (3.2.43), (3.2.45), and (3.2.46) as follows:

S (p) == | K21 (p. k), + (1) K22 (k)
2p
P
~(=1)' [no, () (me (pm) + x;(p,n))dn],
k

1 _ )
Rl (p)= E((—l)“lkzx,, (p.K)ay, — k% (p.K) py,
(3.2.51)

P
+[no, () (me, (o) + xZ(p,n))dnJ,
k
4 1 ¢ — 4 0
@! (p)=0, +E[(—1)’k2xn (p.k)qy, + k1) (p.K) Py,

P
—f ncﬁ(n)(nx;(p,n) + xI(p,n))dn].
k

These expressions represent the angle-dependent constituents of normal
and shear stresses in terms of the corresponding total-stress constituents.
Along with conditions (3.2.47) — (3.2.50), they are derived on the basis of
equilibrium equations. Thus, they do not depend on material properties and
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can be used for homogeneous or inhomogeneous, isotropic or anisotropic
materials. Ultimately, determining the constituents of the stress-tensor
components requires that we calculate the total stress using equation (3.1.15)
under conditions (3.2.47) and (3.2.48).

Making use of the transforms defined by expressions (3.2.4), the
compatibility equation (3.1.15), in view of the equations in (3.2.39) for the
shear stress, can be represented as

9, (“22 (P)o, (p) + 0y (DT, (p))

=& (o, (p) — a, (PN)T,) (p))

1df[1 1 Bs(P) ) d [ 2,0
{Ed—p[g[zm(p)—%(p)n— 3ps ]d—p(p R, (p))
1dB,(p) B5(p)
{pdp[f) dp pzj
LB (o) 4By () - =L | R (p)
p2 1 p 2 p Gr(p(p) n p
1 d
+p[dp(Grq,(p) Bz(p)j
2

n-—1

P (Gw(p)

28, (p)Dci (). (32.52)
Here, B,(p) is givenin (3.1.18) and
1d( d\ (nY 1d n)z
_laf,d)_[n ®P n 3.2.53
2 pdp(pdpj (p) ' " pdp+(p ( )

Inserting expression (3.2.51) for the radial stress into equation (3.2.52)
allows us to represent the latter equation in the following form:

Q, (a4 (P)o,, (p) + 0, (PIT, (p)) = B ((ay (p) — 01, (P, (p))
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1 4 n_—n - —-n_n
+=5| (<D Eqy, (Ko™, () +k"p" v (p))
+ k2 pp, (K07, ()= k"0 (9))) + 207w, (P)S, (p)

P
~[no, )+ Dp "y, (p) + (n=Dp" "y, (p))dnJ , (32.54)
k

where

_d 1
v, (p) = n ( ( B,(p) - w(p)D

_mBs(P) , d (1dBy(p) _Bs(p)
p> dplp dp  p?

”—2[& (P)+B,(p) - (3.2.55)

Gw(mj

Bz(p)) B, (p)

v,(p)= dp( > o2

(&) (o515

Solving equation (3.2.54) with respect to its left-hand side returns the
following Voltera integral equation of the second kind:

s, (p)= [ Alp™" +Bip" + p Pl (p)

azz( )

p
+01,0, () + 0, (p) + [ 5/, (DK, (p,)dln |. (3.2.56)
k
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Here, Aﬁ and B}f are arbitrary constants of integration,
T
"%

12 P
D1 iy kv )t 0 20
k

By (p)=~

-J>|>-

(&7 k", (&) &k "y, (&)1, (p.B)dE,

J‘n|.—

0l (p)=-

©,(p) = -0, (P)T,, (p)
(3.2.57)

p .
‘ﬁ{ &%, (0008 (o, (8) ~ 0, (©) T, (8) e,

p

K, (p.1) ——( | é((nﬂ)é‘"n"\v;(é)

n
+(n=DEEM "} ()%, (P E)AE =2y, (M), (M) |-

Using the resolvent-kernel technique, we can derive the following
solution to equation (3.2.56):

o, (p) = (a, ()4, +5,(p)B,

1
ay, (p)
+p1, Py (0)+ 41,0, (p) + 0, (p)), (3.2.58)
where

Sl pl p})n((n)
Pl (p)=P/ (p)+ { ey

R, (p,n)dp,

m)

0. (p) =0, (p)+ jQ()
22

R, (p,n)dp,
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6! (p) = @”(p)+j En;Rn(p,n)dp, (3.2.59)
ay
a,(p)=p "+ j R (P,
b R b d 2
(p)=p" +I 22() A (pm)dn

and the resolvent kernel can be expressed using the infinite series

R, (p.n) = Z 1 (PaM), (3.2.60)

m=0

and

K (p,m) =K, (p,M),
(3.2.61)

p
1
ICyZ+1 (p5 T]) = J.
u ay, (1)

K (p, DK, (1, )d .

We can substitute (3.2.58) into (3.2.47) and (3.2.48) for n>1 in order
to determine the constants of integration A}f and B}f , as follows:

Al =L (Rb, ~FLbY),

In"n 2n"n
(3.2.62)
v _ 1 -
Bn :a_(FZn n Fin n)

n

Here,

=k iy = 3y + () (K41, - 43, )
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>

1+n
p 1 (P)
(e l)j Ay ()

F2€n = pén - kz_npfn + (_1)€ (kz_ann - q;n)

1-n
~n —l)j” zzf(p()") b, (3263

L) =p),P (p)+4q,,0.(p)+ 0O, (p),

p" a,) , p- b,(p) ,
a = ”)I an(p) P (”)I 4 (P)

_ - +
a =a,b, —a,b,, n>l.

Note however that for n=1, conditions (3.2.47) and (3.2.48) are
insufficient to determine constants Af and Bf since, as mentioned above,

condition (3.2.48) degenerates. This problem can be attributed to the fact
that this annular domain is multiply-connected [145]. It can be solved
using displacement single-valuedness conditions [145, 282] or Michell
conditions [124]. Herein, we apply an alternative and, in our opinion, more
efficient method of implementing the strain-compatibility conditions
(3.1.37). Making use of constitutive equations (3.1.1) and expressions
(3.2.4) and (3.2.51) under conditions (3.2.42) along with (3.1.37) yields
the following:

¢ 1 0,0 0r
4, :_*(Fnbl _leb;r)’
a,
(3.2.64)
v 1 00 00
B, :?(le al - F\q )’
1

where
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a0 =i (al(p)] _(al(p))
dp\ P ) 4Pl P g
B0 = i3 i(bﬂp)j _(bl(P)j ’
! do\ p ) Tdpl o ol

R =k {Mk)—kzdip[—ﬁ =

p
Bz(P)j

+p21([33(1)_dp( o J
p=1

+(=1)' kaf [M«)— = l(k)j
e

o

(3.2.65)

+(_1)“q2‘1[l32(1) G (l)j+ka1(k)T (k)

—kzdip(a2<p)nf<p)+§ﬁ” (p))

p=k

>

p=1

o, (T (1)——( ()T} (9)+L 1 (p))

_ 0 _ +
alb alb

In view of expressions (3.2.58) and (3.2.59), total stress can be
presented in the form of explicit dependence on the force and thermal
loadings as

sl (p)=p. Bl (p)+ ps, P, (P)
+4,,00,(P) + 45,05, (P) + T, (p), n=1,2,... (3.2.66)

Here,
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Rl =——| B/(p )+ (p) K2 4 k2
2( )
1 ny— —np+
(n+D)p"b, —(n—-1)p"b, —,
- P (p)d
{ s () pE, (p) pj
b (p)[kZJrn —+k2 n_+
an

1

(n+1)p" a, —(n- Dp™
- d >1
{ o PP! (p) pD :

a, (p)(bn+ + b;)— b, (p)(a; + a;)
a;azz p)

P (p)=-

, n>1,

0/, (p) =

Ay, (p)

n

{Q()+ (p)[( D' (k"5 — k")
a

_ﬂwﬂm% —(n=Dp"b,

d
ar(P) 0! (p) pj

a,

b@{(nkwy ina?)

Jl-(n+1)p a, —(n=-p™"

s () pQ (p)dpD >1,
k

(-1’ (a,()(b; ~5,)~b,(P)(a; +a, ))
a:azz (P

, n>1,

0;,(p) =
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_ L
T! (p) = ) ( o) [(9 (P)

a,(p )j(n+1)P"b_ —(n=1)p"b,

0’ (p)d
@ ary(P) PO, (p)dp

A (p)j(n+1)p a, —(n—-Dp~

a, % (2% ()

_ a(P)| 0l ,3 PP(P)
AP = Mp)[l() l{b [k ZJ i () "J

. 5 d (B +R (p)
b {k[g(k) o { Kuksl )p_k

B@) | a® of s P R @
dp[ p ]D—IJ a, [al( 2I ay (P) p]

Dl
—a [kﬁ;(k)—#dip(—ﬁz )+ A (p)J

N
a p@i(p)dp], n>1,

p

p=k
P'(p)
dp ) '
b
P2€1 (p)= azzl(p)( A

oo, )
P
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_q (p)[ e (B3(1) __(Bz(P))
a, p

J)

0/, (p)= i ( 5 {Ql P)
a1 P) »° ) P Q1 (p)
al [ (( ) '[ [25%) (p) p

re
_p3d 0/ (p) 0, (p)
dp( p dp N
b (p) 3 p°0/ (p)
- k
welafereafrdipa
—a; [( N k[ﬁz(k) G (k))
pd[A@) a0k
ol p ), del P ) )]
p= p=
N G (OIS 1
Q21(P)—a22(p)[ lal* (01 +ay [Bz(l) Grcp(l)D

9 P +
2o 052
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(o) = [ o)+ l(p)[ Ip2®’(p)
1 1

ayy ( ) Ay, (p)

+a (kocl ()T (k) + o, (HT (1)

—kzdip(az(p)rf (p)+§@f(p>j

p=k
d / 1 50
—d—p(az o1} )+ 18 (p)j . j]
ACIPILCAGY
al [ azz(p) p+

b [kal (T (k) +o, ()T (1)

—kzdip(az(p)rf (p)+§@f(p>)

p=k

D] , (3.2.68)
p=1

Deriving total stress in the form (3.2.66) allows us to find the stress-
tensor components represented by (3.2.51) in the following form:

—dip(%(pm”(pngéf (p))

RL(p)=pl, Pl (p) + pa,Prl(p)
+qln 1n (p) + q2n ri (p) + T:,[ (P) s
@ (p)=p,, B2 (p)+ Py, B (P)

(3.2.69)
+41,00 (P) + 45,081 (p) + T (p),
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S'(P)=p), P (p)+ Py, P (p)

+4,,01% (p) + 45,052 (p) + T2% (p) ,

where

B(p) ==k (ps )
P
+$In1’1@(n)(nx;(p,n)+x2(p,n))dn,
k
PP =75 1 jn L)1, () + % (p,M) ),
{,f(p)—2p (Iann(n)(nx (p.1)+ 7% (pom))dn
+(—1)“1k2xn(p,k)}
, P
1 (p) = ﬁanﬁn(n)(nx;(p,n) +15 (p1))dn,
k
p
Ti;‘(p)=ﬁjnTi(n)(nx;(p,n)+x2(p,n))dn,
k

B (p)=P,(p)+— [k%c(p,k)
2p°

P
~[nR, o), (o) + 1 (p,n))dn] :
k
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B (0= By ()= jn L), (p.1) + x; (po))
()= 0L, (p) + %[(—l)f k2, (p,k)
2p

P
~[nof, m)(me, (pm)+ xZ(p,n))dn] : (3.2.70)
k
9, (P) =05, (p)

p
—#anfn (7, (P + x5 (PoM) ),
k
, 0 ‘
T () =T, (p) —ﬁj‘anl () (it (1) + 25 (P
k
Y ()= ;) [kzmp,k)

p )
—[nB, ()(m (p.1) + xn(p,n))dn] ,
k

P (p )—— jn L () (e () + 0, (p,m) )

" (p) = {sz(p,k)
2p?

P
~=1)' [0y, (m(me; (o) + x;(p,n))dnj ;
k

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



190 Chapter Three

NE:
70 (p) = - (2;1 [n0%, (1 (0.1 + 71, (P ).
k

(

T, (p) =~

A
212 [T, ) (e (o) + 2, (pom) )
Pk

We can use (3.2.2), (3.2.11), (3.2.26), (3.2.28), (3.2.36), and (3.2.69) to
determine the in-plane thermal stresses in radially-inhomogeneous
orthotropic annulus R resulting from the force loading (3.2.1) and steady

temperature field 7'(p, o) .

3.2.4. Evaluation of axial stress and strain

After in-plane stresses are determined, axial stress can be computed for
the case where ring R is a cross-section of a long hollow cylinder under

the condition of plane strain ¢_ (p,¢)=e, =const. This stress can be

represented in the form of a periodic Fourier series, as follows:

o..(p,0) = Zy(p) + 2. (21 (p)cosno+ Z; (p)sinng),  (3.2.71)

n=1

where

2n
_1
Zy(p) =5~ £ o..(p.9)dg,
1 2n
Z,(p)=— [ o...(p,0) cos nodo, (3.2.72)
0

27
1 .
Z3(p)=— [ o..(p.0)sinngde.
0

We can use the constitutive equation in (3.1.8) for axial strain
€, (p,@)=¢, to deal with the considered orthotropic case in the polar

coordinates under symmetry conditions (3.1.3), thereby deriving the
following expression:
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6..(P,0) =V, (P)o,.(P,9) +V,,(P)T,, (P, P)
+E_(p)ey —a_(P)E.(P)T(p,0) - (3.2.73)
In view of (3.2.2) and (3.2.71), we obtain the following:

Zy(P) = V.. (P)Ry(P) + V., (P)D (P)

+E_(p)e, —a_(p)E_(p)Ty(p),
(3.2.74)

Zy(P) = V., (IR, (p) +V_, ()P, (p)

—a_(PE.(P)T, (p), £=12.

In the case where the cylinder’s end-faces are fixed by smooth rigid
planes, ¢, =0 and, hence, in view of (3.2.31), the elementary part of the

axial stress can be expressed as

Zy(P) = 1o (Vo (PP (P) + V., ()RS ()
+P20 (V2 (P) P (P) + Vo () P (P))

+v_,. (PO (P) + V., (P)OF (p) — o (P)E. (P)T, (P) (3.2.75)

with the coefficients given by formulae in (3.2.29).
If the end-faces are free of constraints and under load from normal

forces with the resultant pfz given in (3.1.7), then the constant axial strain

and elementary stresses can be found in the forms given in (3.2.34) and
(3.2.36), respectively. Thus, making use of these expressions in
conjunction with (3.2.74) yields

Zy(P) = Pro (E.(P)B, +V..(0) (R, (P) + P55 (P))
v, (P(PS(P)+ B8 ()

P20 (E-(P)Ps, +v_,.(p) (P (P) + oG5 ()
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V.o (P) (P35 (P) + P55 ()

o E.(P)+Vv,,.(PE,(P)+V,,(P)C5 (P)
TPz 2n(e+e)

+E,(p)o,

—o, (P)E, (p)Ty (p) + V., (p) (05(P) + 6,55 (p))

+v_, (P)(85 (P) + 6,58 (1)) - (3.2.76)

Here, the coefficients are given by (3.2.29) and (3.2.35).
Note that in the case of a homogeneous isotropic material at pgz =0,

the expressions (3.2.75) and (3.2.76) coincide with the following
expressions obtained in [298]:

1
_OE | 2
ZyP)=1_, (mip%(p)dp —To(p)J (3.2.77)
and
2v(k* iy = o)
Z = - - UV &V
o(P) i
af | 2v 1
+—1_v[1_k2 {pTo(p)dp—To(p)j, (3.2.78)
respectively.

In the case of axisymmetric force loadings associated with
homogenous and isotropic annulus R, the term described in (3.2.77)
represents the axial stress in the cylinder with cross-section R and free
end-faces. This stress is independent of the in-plane force loadings. In the
case where the end-faces are fixed, the axial stress described in (3.2.78)
depends on in-plane tractions, even for axisymmetric distributions.

In view of expressions (3.2.69), the angle-dependent part of axial stress
represented by (3.2.74) can be derived as follows:

ZL(p)=p,, P (p)+ Py, Prr (P)
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+4,,001 (P) + 45,050 (P) + T2 (p), £=1,2. (3.2.79)

Here,
zl _ rl (014
P (P) =V, (P)P;, (P)+V_,(P)P;, (p),

05 () =v_. (PO}, (P)+V_, (PO (p),
(3.2.80)
T2 (p) = V.. (T, (P)+V_, (P TS (p)

—o (P)E,(P)T, (p), j=12.

In the case where the end-faces of the cylinder with cross-section R
are free or when the end-faces are loaded by the normal force described in

(3.1.7), we can see that axial stress induces the following bending
moment:

M = szczz(p,(p)COS(pd(pdp. (3.2.81)
R

or, in view of (3.2.71),
1
M=n j p*Zl (p)dp . (3.2.82)
k

Thus, axial stress must be balanced by applying the opposite force to the end-
faces of the cylinder as follows:

1

M= _njpz (plélplzl( (P)+ Py P51 (p)
k

41,071 (P) + 4,05 (P + T (p))dp . (3.2.83)

The component of axial stress that emanates the moment (3.2.83) can be
determined in the form

GZ (p,0) = (pf1lslzlé (p)+ pﬁ]ﬁzzf (p)+ Q]F]lef (P)
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+45,05, (p) + Ti' (p)) cos @, (3.2.84)
where
~ 4p 1
P (p)=——"5 [0* P} (p)dp,
1—k*)
4p :
Azl zl
071 (p) === [P"Cji (P)dp. (3.2.85)
k
~ 4p 1
Tf”‘(p)=—1_k4fp2Tf‘(p)dp, r=1,2, j=12.
k

Ultimately, determining axial stress in a hollow orthotropic radially-
inhomogeneous cylinder with free ends under the plane-strain condition
involves adding term (3.2.84) to expression (3.2.71).

In the plane-stress case (o, =0) for a thin plate (disk) with a midplane

indicated by inhomogeneous orthotropic ring R, axial strain can be derived
using (3.1.8) within polar coordinates under symmetry conditions (3.1.3).
This yields the following:

_ v,(p)
€. (p,0)= E.(p) c,.(p,9)
Yel®) o o0+ (0T (0r0) (3.2.86)
Ez(p) [010] p9(p z p p’q) M =

Thus, axial strain can be computed as follows:
e (p,0)=¢,(p)+ Z(SL (p)cosng + & sin n(p), (3.2.87)
n=1

where

V.. (PA,(P)+ V., (P)RG(P)
€ p)= —Pro E.(p)
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V.. (P)Py (P) +V_, (P) Py (P)
P E.(p)

v, (PO, (P) + v, (PO (P)
E_(p) ’

+a (p)Ty(p) —

, L V(PP (P)+ V., (PP (p)
e, (p)=—py, E.()

Vo (PP (P)+V_ (PP (p)

~Pan E®) (3.2.88)

¢ Vor (p)er,i (p)+ Voo (p)qu;( ()
o E.(p)

V2 (005,(P) + V., (P03, (p)
o E.(p)

Vo (OT, (P)+ V., (TS (p)
E_(p)

+o_ ()T, (p) - 0=12.

3.2.5. Analysis of elastic displacements

Consider the problem on determination of elastic displacements in
inhomogeneous orthotropic annular domain 8. We apply the formulae
derived in Section 3.1.2 and the expressions for stress-tensor components
outlined in Sections 3.2.2 and 3.2.3. Note that construction of function
U, (¢), as expressed by (3.1.24), is key to the construction of explicit

expressions for the displacements given in (3.1.23) and (3.1.26). To
evaluate this function, let us represent function f(¢) introduced in

(3.1.32) as follows:

F@) = fy+ 31 cosno+ £2sinmp). (3.289)

n=2
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where

I f(o)de, 1, =— I J(@)cosnpdo,
(3.2.90)
1 2n
2 .

== do.

1= { S (@)sinnpdg
Note that the terms corresponding to n=1 are absent from expression

(3.2.89) under conditions (3.1.36).

Making use of (3.1.1), (3.1.32), (3.2.36), and (3.2.69) allows us to
derive the coefficients (3.2.90) of expression (3.2.89) as follows:

0 0 0, 0 40
Jo=DPioS o1+ PaS o+ I7 + P2 S

(3.2.91)
fny = plgnflit + pﬁnf;n + qlgnglén + qéngéﬂn + fTér/’ l= 1’2’
where
0 3d Bz(p)+azz (p)Pm(p)"‘aPlgCo (p)j
= kB, (k) —k —[
fpl ﬁ3 dp P -

_i[azz (p)Plo (p)+ SPIeQO (p)j
dp P

p=1

dv_,(p)
dp

— kv, (k) +
p=k

dav.,(p)
2 0
+8(k —dp

zr (I)J le >
p=1

Bz (p)- dayy (p)on (p) — 0P, Co (p)j
p

fpz _kB3(1) p[

p=1

i d d (022 (P) Py (p) +3P,,C, (p)j
dp P

p=k
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dv,,(p)

kv, (0 +—

p=k

0

dp

p=1

+E{k2 o P)

70 = ko, ()T, (k) — k2 dip(oc2 P,

+a, (DT, (1)—a,ip(az(p)To(p))lpz1

3 d (azz(p)eo(p)%@eco(p)]
dp P

p=k

_i(azz (p)eo (p)+ 896(;0([))]
p

p=1

dv_,(p)

kv, )+

p=k

—kv,, (1)} 0,,

p=l

1=
2m(e+e) dp |p:k

5 [1& av_, (p)|
dv_,(p)

kv, (k)+ dp

—kv_.(1)
p=1

_i(éo(p)j
dp{ p

_k3i(c)0(p)J
dp\ p

J : (3.2.92)
p=1

p=k

v 3.d Bz(p)+a22(P)P1€,(p)
Jin = kB (k) —k d_p( o J

p=k

d [an(P)R,(p)
dp P

p=l
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£ i) [Bz(P)JFaze)(P) (p)J

p=l

>

3 a d azz(p) (p)
dp p

p=k

0 ’ 1
&, =D nk(ﬁ (k)——j
1 2 Gr(p(k)

w5 -

B

p=1

_dp Q],,( )j
p=k

L= k(ﬁ (1)—;J
15 n 2 Gr(p (1)

d (an(P)
p_k—d—p(—p Qz,,<p)J

Fy = ko, ()T (k) + o, (DT (1)

>

p=1

3.d [ay(P)
22000 ()

o7 ), -2 e)T ),

—k
_k3i(a22(p)le ) _i(azz(P)Tz j
o\ " p n(P) Al n(P)

=1

p=l1

We now apply (3.2.92) and (3.1.33) in view of formulae
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2n

[sinjo-&|dg=2(1-cosg),
0

27
jcosnésin|@—§|d§:2w, (3.2.93)

0 —

27
Isinnésin|@—§|d§=2w, n#l,
) _

to derive the following expression:

U, (¢)=f,+ A coso+B"sing

fz
—Z cosn(p+ sinnQ |, (3.2.94)
n=2 }’Z - I’l -1
where
o fl
A =A-fy+ Y =", B B+Z 2 . (3.2.95)

n=2Nn -1 n=2 N —

The coefficients represented by (3.2.94) and (3.2.95) are given by
formulae (3.2.92).

In the application of formula (3.1.23), we represent the radial strain by
a Fourier series

£, (p:@) =€, () + X (&), (P)cosng+¢],, (p)sinng) . (3.2.96)

n=1

Applying the corresponding constitutive equation given in (3.1.1) in
conjunction with the expressions for the coefficients of stress-tensor
components yields the following expressions for the coefficients of the
foregoing series:
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&0, (P) = P1oEyy1 (P) + PagErys (P)

+pzz rpz (p) + SrT (p)
(3.2.97)

el (P)=pl e ,,,,,(p)+p2n vup (P)

41, Emg (P) + @, E g (P) + €17 (P,

where
), (9) = (Ply(9)+ 5P,.C5 (9))B ()

aa @) P01+ 57, 28| 5w, o

&)r(p) = (05 (p) + 50,5 (P))By (p)

Co(p)
a, (p)

+a]2(p)(90 (p)+69g j_svzr(p)ee +a1(p)T0(p)7

&y, (P) = (B (PS5 (p) (3.2.98)

27‘C(€+€ )

a12 (p)
Ay (p)

CoP)—v,, (p)j .

&5 (P) =B, (P)P, (p) + ay, (P) P}, (p),
&5, (P) =B, (PO}, (P) + a5 (P)Q], (P),

€ (P) =By (DT, (P) +a, (P)T, (p).  j=12:0=12.
Deriving strain €, (p,¢) and function U, (¢) in terms of external

force and thermal loadings allows us to compute radial displacement using
(3.1.23), as follows:
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0 * * .
u,(p,9)=u,(p)+4,(p)coso+ B, (p)sing

+ (u}, (p)cosng+u?, (p)sinng), (3.2.99)

n=2

where
u (p) Plou,pl(P)+P20U,p2(P)+PZZ ,pZ(P)+M,T(P)
4y, (P) = Piytty, (P)+ D3t (P)

Gyt yng (P) + 3,0 (P) + 21,7 (P), (3.2.100)

4;(p) == [A + j ,1,,(n)sgn(p—n)dn}

1
B, (p) %[B* +[elh, (msen(p —n)dn}
k

and

1
1
() =3| Sy + [ Sfpj(n)sgn(p—n)dnj,
k

1
0 _ 1] 40 0
()= 5| f2 + { &), (n)sgn(p - n)dnj,

1
uly ()= 3| £+ el (n)sgn(p—n)dn],
k

14
u),, (p) = l{lf + Isr’ﬁ,, (n)sgn(p— n)dnj (3.2.101)
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¢ 1
u, (P) = E(ﬁ + e, (msen(p - n)dn}
k

an

Uy, (P) = [1 +J &7 (M)sgn(p— n)dnJ J=120=1,2.

In such a manner, radial displacement u,.(p,¢) is expressed using

Fourier series in (3.2.99), the coefficients of which can be found explicitly
through the force loadings applied to the inner and outer circumferences of
the annulus and the thermal field distribution in its interior. Similarly, the
circumferential displacement u 0 (p,@) can be derived using formula

(3.1.26). This yields the following expression:

I
_B p sgn(p—mn)
Uy (P, ) —E+PC+§;[8,¢(W0)T0'H

1
agrr(nao) p 1) |P_n|
;[ (Z(l_i " 2n )dn

2n

+% j (2p8<p<p(p’é) -U, (&)) sgn(¢ —&)dg

0
e, nosento-msento-0ydnas,  32.102)
R

where constants B and C can be eliminated by anchoring the ring from the
rotation as a rigid solid [328].

Due to the fact that the displacements represented by (3.2.99) and
(3.2.102) are found explicitly through the applied thermal and force
loadings, the one-to-one relationship between the tractions and
displacements on the inner and outer boundaries of annular domain R can
be established using the approach proposed in Section 2.3.4. This allows
for the analysis of boundary conditions in terms of displacements, as well
as mixed-type boundary conditions.
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3.3. Steady-state temperature field

Consider the problem of steady-state temperature field in an orthotropic
inhomogeneous annular domain R. We solve the heat-conduction
equation (3.1.22) within the following boundary conditions:

oT (p,
0470y + 6, T i)
Pl
(3.3.1)
aT (p,
2T (k) + 2, T2 =)
P o=k

where #(¢) and t(@) are given functions and constants ¢/, and

m=1,2, define the type of boundary condition (similarly to (2.3.65) in

Section 2.3.5). Using the temperature representation (3.2.2) and
representing the heat sources density and right-hand sides of conditions
(3.3.1) as follows:

w(p, ) =w,(p) + Z(Wﬁ, (p)cosnp + w: (p)sin mp),

n=1

Q) =t,+ Z(tllq cosne + tj sin n(p), (3.3.2)

n=1
0
Q) =1, + Z(rln cosno + ri sin n(p),
n=1

we can separate variables in the formulated heat-conduction problem
(3.1.22) and (3.3.1) to determine the coefficients of corresponding series
representations separately. Here,

2n
_ 1
wy(p) =5 £ w(p.0)do.

2n
wh(p) =1 [ w(p.@)cosnodo,
0
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2n
1 .
W, (p) =— [ w(p.)sinnode,
0

1 21
fy=— { ((@)do,

21
/= % [ (o) cos npdeo, (3.33)
0

2n
1 .
t,f = J t(@)sinnedo,
0

2n

_ 1
=5~ { w()dep.

2n
1
IL = J (p)cosnedo,
0

2n
rfl :% _([ (@) sin nedo.

For constituent 7;(p) of the temperature series representation (3.2.2),
equation (3.1.22) and boundary conditions (3.3.1) take the forms

d dTo(p)j:_ (wo(p) dIn}, (p) dTo(p)j 334
dp( dp M(p)Jr dp dp 34
and
daT,(p)
0T, () + 0, —2 =t,,
1 0() 2 dp o 0
(3.3.5)
(p)
@ T, (k) + 0 =1,
1fo 2" dp - To
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respectively. Solving equation (3.3.4) with respect to its left-hand side yields

Ty(p) = Aoln—+3 “I W] ‘

T, ) (n)

1
I d (_dind, ) p
+2_]|;To(n)(dn [n a e

dIn, (n)
—d—nsgn(p—n)]dn. (3.3.6)

The constants of integration, 4, and B, can be computed by inserting

(3.3.6) into conditions (3.3.5), which yields the expression for the
temperature in the case of thermal loading independent of the angular
coordinate, in the following form:

2 2
Oy, ln7—2oc21 20, —alzln%
Ty(p)= 20, t + 20, T,
1
+y (p) + [ Ty (D)L, (p.m)dm, (33.7)
k

where

1 2
_ Wy m) ‘Vl(n) UL P
WO(p)_.][n }\’r(n)[ (10 (OLZI In j

v (m o, pt) 1
il 1 P O D
* a, (a” 2 "k

_d(_dinh (M) 1| p
ﬁo(p,n)—dn[n an S|
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v (o, p’ v () (a, p?
*&—0(%1“7‘%1 o |2 M

dinh, (M) Ly (0, p?
+d—n[a_0 PR

2
Xy ap, p sgn(p—n)
VN e v P _2e AP U
+a0( 2 "k O‘HJ 2 )

b
p=l

o’
p=k

¢ d1n.
o, =—711nk+f2[1+%nd—g(p)

| dini, (p)
l, :5(@ g

1[ dln, (p)
xl —332—

o773 dp

2
p=l

dInk (p)

o, =0 =1, dp

>

p=l

dlnk
Oy =%1nk+962 (%_%—ndg(p)

],
p=k

dInk, (p)
dp

>

p=k

Oy =—& + X,

Vi =36, = (),

v, (M) =%($1 —2,¢(k,m)),

Gy =0y Oy =00y,
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. 1 dIn,(p) .
o(j,m)==+Inn——— Jj=Lk.
J dp |,

A solution to integral equation (3.3.7) can be written explicitly as
follows:

To(p) :tofo(P)"‘To%o(p)"‘fVo(p)a 3.3.9)

where
s 0 0
1o (P) =0y T, (p) — 0y Ty (P),

Ty (p) = o7 (P) — oy T9 (P),

1
i, (p) = Wy () + [, () Ty (p, )i, (3.3.10)
k
1 1
7 (p) =g[1+f70(p,n)dn],
0 k

2 1 2
0ry— L P n
B =5, (m s { In= %(pm)dnj,
and the resolvent kernel can be evaluated as

Ty(p) = L (p,m), (3.3.11)

m=0

where

Lo (p.m) = Ly (p.M),
(3.3.12)

1
L (o) = [ Ly (P )Ly (tm)d, m=1,2,..
k
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Constituents T,f(p), (=1,2; n=12,..., of the temperature series

representation (3.2.2) satisfy the following equation:

d°T,(p) 14T, (0) n*

7
dp* P dp  p? » ()
20 (p)—A
_n o (P) ,(p)Tn[(p)
p K,(P)
dInk, (p) dT, (p) w,(p)
- r n T n (3.3.13)
dp dp A (p)
and boundary conditions
dr, (p) ,
0T 1)+ 0, —" =t
dp -
(3.3.14)
dr’ :
aelT,f(k)+ae2% =1,
P

which follow from equation (3.1.22) and conditions (3.3.1) in view of
(3.2.2) and (3.3.2). Solving (3.3.13) with respect to its left-hand side yields
the following integral equation:

T (p)=Ap " +B.p"

|
Lo ysento - nd
k

A, (M)

; 20, (M =A,(M) d’Inn () _
1 ¢ n°r 9 1
+E‘I[Tn (n)[[n_z }\’r(n) - d]"lz an (pan)

_ndlnk, (n)

.
n(,)Js n(p—n)dn, 3.3.15
N dn %, (PsM) |sgn(p —m)dn ( )
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where functions X: (p,m) are given by formula (3.2.44). We can substitute

(3.3.15) into (3.3.14) to eliminate the constants of integration A,f and B,f in

order to obtain the following:

O LAV Tl

n n

1
W, (p)+ [ T, ()L, (p,m)dl, (33.16)
k

where

Wi m) lzzp_n - 121pn
A, (M) a

n

1
‘(o)=L
Wn<p>—4n£

dink (p)

X[fz [ﬂxl(lm) A x;(l,n)J —M;(Ln)}

p=1

hop ™" =hp" [y 4 din?., (p) - -
S B R MG Vi dp p:kxn(k,n) &y, (k,n)

n

+%, (p,n)sgn(p - n)]dn ,

1 ({2 A =2, d%Ink, (n)
En(Pm) - E([n_z xr (T])(p B an J
]XZ(LT})J
p=1

/ pn—l [)7}1 dlnh [8)
X( 2 = [ Z2”X;(1al) (/1 €2 7‘( )
]Xn(‘cs”)J
p=k

o} dp

n

dlnk,(p)
2 dp

o k

n

Lp" =1,p"
T LA (—ﬁnx;<k,n>+£xl—w
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ndlnk, (n)

= (3.3.17)

ij (Ln)J
p=1

JXZ (k,n)J
p=k

—XZ(P,T])SgH(P—ﬂ)Ba 111 =£1 —fzd;(l), 112 =£1 +£2d;(1)9

+%, (p,m)sgn(p — n)] +

lzlpn _lzzpin _ dlinh . (p)
==/ Lm-—|l -0, ——L—
X[ o, 21y, (L) 1~ %2 dp

Lp" —1,p™" @&, dlnk (p)
| S G|y = T

n

Ly = (=) —ayd; () k™", Ly = (=) +,d, (k))k",

1, dink, (o)
o, =l =1yl dni(p) :B(”J—rd—p .

A solution to integral equation (3.3.16) can be given in an explicit form
T, (p) =1,1, () +7,%,(p) +W,(p) . (3.3.18)

where

1
1 —-n n
t (p)—a (zzp _121p +I(122n 21n )T (P n)dnJ
k

1
T (p) = [ e =h,p™" +I(l1mn —11271_")7,1(0771)6111} (3.3.19)
k

1
W, (p) =W, (p)+ [ W,/ (T, (p.m)dn,
k

and the resolvent kernel can be evaluated as
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7,(p.) = 2 L (p,m) (3.3.20)

m=0

where

L (p,m) =L, (p,n),
(3.321)

1
L o) = [ L (p0 Ly (t)de, m=12,...
k

3.4. Specific material properties and solutions
3.4.1. Trivial resolvent kernels

Similar to the plane problem in the Cartesian coordinate system
considered in Chapter 2, the major challenge in the analysis of stresses,
displacements, and temperature in an inhomogeneous orthotropic ring lies
in the evaluation of resolvent kernels (3.2.22), (3.2.60), (3.3.11), and
(3.3.20). Thus, it is reasonable to analyze the cases where the latter
functions are either absent or have a relatively simple form.

To eliminate resolvent kernels (3.2.22) and (3.2.60) respectively for the
axisymmetric and angle-dependent parts of the stresses, it is enough to
make sure that the corresponding kernels (3.2.19) and (3.2.57) of integral
equations (3.2.18) and (3.2.56) equal zero for all possible values of their
variables. From (3.2.19), we see that I, (p,n) =0 if

d
P2 pp). (341

In view of (3.2.57), kernel K, (p,n)=0 can be eliminated as long as
\y:f (p)=w,(p)=0. The latter condition in conjunction with (3.2.55) and

the obvious restriction that the material properties must be independent of
the Fourier harmonic number » yield the following relations:
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d Bz(p)j Bl(p) _ -
d&:p P =20 =0
133 (P) 340
By P+ Ba(P) =
along with one more condition
d[1dB,() B _, 343
dp(p dp pzj ' (43
which is satisfied in view of (3.4.1). Conditions (3.4.1) and (3.4.2) imply
that
B(P) =B, (p) = 2@@@ (3.44)
or, in view of (3.1.18),
a11(p) :azz(p) :a12(p)+m , 3.4.5)
and
df_1 |
dP[Gr(p(P)j 0. (3.4.6)

Condition (3.4.6) implies that shear modulus G,y (p) is a constant (i.e.,

G, (p) = G, = const ), which modifies condition (3.4.5) as follows:

%mm=%gm=%gm+§z. (34.7)
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Condition (3.4.7) when considered with expressions (3.1.2) for the
case of plane stress imposes the following restrictions on the elastic
moduli:

E(p) _ E,(p
L = =2G.. =G, = t. 4.
" V.o o) 1t Vo o) Gmp G, =cons (3.4.8)

As we can see from the latter formula, if £, =const, then necessarily
v,, =const, and vice versa. The same conclusion can be drawn for the
pair of moduli £ and v, .

For the case of plane strain, conditions (3.4.7) and (3.1.2) yield

E,(p)
I+v,, (P + v, (P)(V_ o (P) = V_.(P)

- E,(p)
1V, (P VPV, (P) V., (P))

= 2GV(P =2G, = const. 3.4.9)

3.4.2. Isotropic and transversely isotropic materials

As can be concluded from expressions (3.1.4) — (3.1.6), conditions
(3.4.5) are always valid for transversely isotropic and isotropic materials.
In both cases, the axially symmetric part of the total stress at ¢, =0 can

be derived using (3.2.31), where

1
Ro(p)= kE*(p)(&(k + ico@,k)(po(a)daj
k

)

p
_ICO (pak) + IE*(E.»)’CO (E.nk),R’O (paé)déj >
k
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Py (p)=—E" ()L P f(p)

1
0,(p) = E*(p) [@ja* BIAGINGHE
0
P
—a*(p)To(p)—ja*(é)E*(é)To(é)Ro(p,é)dé], (34.10)
k
P
f(P) =1+ [E"(&)Ry(p,E)dE,
k

1
(&)= E" (p)(a * IpE*(p)Ro(p,é)dp}
g

1
ay = [PE"(p)/(P)dp.
k

In this case, the integral kernel given in (3.2.19) takes a form by which the
resolvent kernel given in (3.2.22) is originated in accordance with (3.2.23),
as follows:

£t 1 d( 1
’Co(p,é)—z_in2 dn(Wjdn' (3.4.11)

Moduli E*(p) and o"(£) are represented by expressions (3.1.5) for

transversely isotropic materials and using (3.1.6) for isotropic materials.
The axisymmetric components of the radial and circumferential stresses
have the form of (3.2.28) with coefficients (3.2.29) as computed using
(3.4.10). The component for shear stress given in (3.2.11) does not change
its appearance.

The angle-dependent components of the total stress (3.2.58) where the
coefficients (3.2.59) are expressed by
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Co k[ %K) d (1
Fip)= 4[ n dr(G(p)j
+kai 1 (k—np—nnZ(n—1)+ knpnn—Z(nH))dn
2 dn\G(n) ’

/ (- 1) 'K 1
()= Idn(G(n)j

(k P 2(}7 1) kn n —2(n+1))dn’ (3412)

p=k

0! (p)=—a"(P)T, (p),

p
a,(p)=p " +[n"E' (MR, (p,n)dn,
k

p
b,(p)=p" + [n"E" (MR, (p,n)dn.
k
Integral kernel (3.2.57) has the form

P
n d 1 n._ng—2(n+
o =] otz N vprzed

~(n—Dp """ de, (3.4.13)

and constants A}f and B}f for n>1 are given by expressions (3.2.62) with

the following coefficients:

ln kn+2p14n - pgn + (_1) (k"+2 lfn - q2n)

1
~(n+1)[p""E" (p) £, (P)p ,
k
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F2£n = pén - kzinplgn + (_l)f (szann - q;n)
1
~(n=1)[p""E"(p) , (p)dp, (3.4.14)
k
£, (P) = PP, (P)+ 41,0, (p)+ O, (p),

1
ay =(n+1)[p*"E" (p)a, (p)dp,
k

1
by =(n+ D[ p™"E" (p)b, (p)dp .
k

Here, y,(p,k) is given by (3.2.44) and resolvent kernel (3.2.60) is
computed by means of the formulae (3.2.61) with account for the kernel
(3.4.13). Constants 4 and B/ are given by (3.2.64) with coefficients

(3.2.65) expressed as follows:
+i(a] (p)j
ok dPU P

a) =k3i(—“‘ (p)j
b =k’ 1(@)

>

p=l

d Mj
ook +dp( p

317[ d 1
0¢ k
) =- 11_( j

2 dp\pG(p)
Py d( 1 )
2 dp\pG(p)

+k0c*(k)T1€(k)—k2d%(a*(p)T]”(pH%ﬁ”(p)j

El

p=l

dp\ p
dp{ p

p=k
(3.4.15)

_D'kgly (=D kgy,
G (k) ()

p=l

p=k
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rot (DT (1) —dip(oc*(pm"(p) 1y (p))

p=l

The angle-dependent parts of stresses can be computed by substituting the
found total stress into expressions (3.2.51).

If the shear modulus meets condition (3.4.6), kernels (3.4.11) and
(3.4.13) are equal to zero which allows for simplification of expressions
(3.4.10) and (3.4.12).

If all the material properties in expressions (3.1.5) and (3.1.6) are
constant, then the components of total stress are as follows:

1
2 E
Sy (p) = — i [kzpm — Py +1a_—VJ.pT0 (p)dp]
k

aF
1_ v TO (p)a
(3.4.16)

ol(p)=Alp™ +Blp" =L 1! (p),
1-v

/=1,2;n=1,2,3,...,

where constants A}f and B}f , n>1, have the form
A :% (k" +nk" (01— k)~ k") K pf,
—(n(1=K*)+ K> (1=K*")) 3,
+(nk" (1= k7 ) = k" — k" + 267" ) (<) KPq,

+(2-n1-E) - KA+ £2") (-1 g5,

=D [<n+1)(1 kz)jp“”T (P)dp
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1
~(1=k>")[p! T (p)dp]],
k

B =ﬁ (K" —nk™"(1=k*) =k ")k’ p|, (3.4.17)

+(n(1 -k = K> 1=k7")) py,
+(nk A=K+ K"+ kT =261 K g,

~(24n1- k) - A+E)(-1) g3,

1
+(n+1)%((:4—1)<1—k2)Jp“"T,f(p)dp
k

1
H= k2 [pl) (p)dpD,
k

H — k2 (nZ(k_k—l)Z _(krl _k—}’l)z)’
and constants Af and Bf take the form

00 ‘
_ D gy —pyy

Al =
! 2(1-v) °
, 2 [1-2v+k* (4 0
B = (-1
: k4—l[ 2(1-v) K(pi-0'ai)

(3.4.18)
—k* (pyy + (D' gy )+ 21" g3,

1
200E [ 250 _
—m;.gp T (P)dp} =12
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The expression for the stress-tensor components in this case can be
found as follows:

2
k 1
S(p)=(—j o = 590>
0 P 10 p2 20

aE 207 k-1 ]d 3.4.19
20 )2£n o(n)[ - sgn(p-n) |[dn,  ( )
K (1+p? 2, 2
®,(p) = ( ) p-+k

B pz(l—kz)plo_pz(l—kz)

1 2 2
20"+ k7 +1
+2E (—1 InTo(n)[—p +sgn(p - n)]dn T, (p)J
P % 1-k2
and

Sy (p) = 2X H(p.k)gy, + (=)' x “(p.K)py,
2p 2p°

(-4
e

K"y (p, )+ mp" (kP = p?))
4p

(-1'B,
+—2(

™ K (pok) + mp” (kK = p?))

+( ' (xE
2p

In S (7" (e )+ () )dl,

k2

RI(p) = (=D Ly (p. k)], - “(p.k)py,
p 2p2x p.k)q, 2p2x p.k) Py
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/

A -n —n -n
—#(kz 1 (P k) +mp " (K —p?) = 2p7")

Bl/ n n n
—ﬁ(k“ 1 (pok) =" (k= p*) = 2p7"")

(3.4.20)
—ﬁl—jnT (7 (p.m)+ 7" (pom) e,
‘ k2 k?
@, (p)= (-1 =% (p.b)g, + 2’ =" (p.k)py,

/

A -n -n —n
Far T R4 —ph) £ 2977)

Bé n n n
(K (p k) = mp” (kP —p*) +2p7"")
p

P

af | 1 ¢ - N o

+1_V(2p2 {nTn m(mx” () +x" (p.m))dn-T, (p)}
3.4.3. Michell’s potential

The in-plane stress tensor components in a homogeneous isotropic ring
can be determined using the following formulae:

1(0W(p.9) , 1 O’ W (p, )
o (p, ,

oMW (p,
%‘P(p’(p):—aég L) (3.4.21)
0 16W(p,(p)j
. (po)=—F| ——7"|,
o (P:®) ap(p 20
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where W (p, o) is biharmonic Michell’s potential [26]

W(p,@)=a,Inp+p* (b, +c,Inp+dyo)+aye

1 1
+%1p(psin(p + (bllp3 + %+ dllplancosq)

2 2
—%p(pcosq)+{b12p3 +%+dfp1np}sin(p

+i (allp" +bp" P el 4 dlp T )cos ne
n=2

M

+ (afp” +b2p" +elpT + djp’"*z)sin no, (3.4.22)

n=2

where a,, b, ¢, d,, a'y, afq, b;,cli,d}i (n=1,2..., i=12) are arbitrary
constants which can be determined from additional conditions.

Substituting (3.4.22) into (3.4.21) allows for expression of the stress tensor
components in the following form:

G, (p,@) = ayp > +2b, + ¢, (1+21np)
1, gl 1
+d 2
+2d,p + Bt U 2b/p —% cos @
P ro
2, 2
d 2
+[u+ 21712p——c31 Jsin(p
P p
—Z (n—-1) [nallp""z +(n+ 2)d}1p"" J cos ne
n=2

—i (n+1)[neyp ™" + (n=2)byp" Jcosno
n=2
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—Z (n=1) [nafp"fz +(n+ 2)d§p7"]sin ne
n=2

=X (n+ D) nepp " +(n=2)bip" |sinno,
n=2
G o (P P) = —atop_2 +2by +¢,(3+2Inp)
20l 4!
+2d,¢ + 6pb11+ i; +—L |cos
p p
2¢8 d?
+ 6pb12+i31+—1 sin @
p p
+> (n=1)[ nayp"? +(n=2)dyp™" |cosne (3.4.23)
n=2
+Z (n+1) [nc}?p’"’z +(n+ 2)b}17p”]cos ne
n=2
+> (n=D)[nazp"? +(n=2)d,p ™" sinne
n=2
+Z (n+1) [ncfzr_"_z +(n+ 2)b3r" J sinn0,
n=2
1 1
! d
S,,(P,®) =—d, +a_20 + [Zpbl1 - 2c—13+—ljsin(p
P p- P

2 2
c d
—2pb? —2-L + =L |cos
[ by =25+ eoso

+§: n(n—1) (a}?p”’2 - d;p’”)sin ne
n=2
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—i n(n+1) (c;p*"*2 ~b'p" )sin ne
n=2

—i n(n—1) (afp”’z— dfp’”)cos ne
n=2

+i n(n+1) (cip_”_2 - bfp" ) cos nQ.

n=2

It can be shown that the stresses given by (3.4.23) coincide with those
given by (3.4.19) and (3.4.20) in view of (3.2.2) disregarding the
temperature under the following relations:

K’ (1’20_ Plo)

c=d,=0, a,= 2

>

Kpo—p
b= PP
o 20—k o =492

af +d{ =3 (k(D'qf, = piy)+ 41),

01 e
bl :gBl 5
k* ¢ /
¢l :?(2/((;7{1 +(=1)'q/y)+24/ +K°B), (3.4.24)

a, :#2_1)(2"" (i, —(-D'q1,)

—2n 40 l
+k" 4y~ (n—1)B,),

k2

Cﬁ = m(zk" (pl{/n + (—1)[ qlgn)

+k*" B+ (n+ 1)A,f),
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/ 1 / ¢ 1 0
b’ = B d' =- A =1,2.
"4+l nTA(n-1)" ’

The integral of a biharmonic equation in polar coordinates was first
given in its most general form in [70] and later translated into English
[71]. It is worth noting that the completeness and feasibility of the
solutions based on biharmonic potential has been the subject of discussion
in a series of comments [31, 114, 334] on the paper [241]. From this
standpoint, the solution constructed here via direct integration method
appear to be a superior approach, due to the fact that it deals with physical
functions and does not call for increments of differential order of the
governing equations and therefore does not required additional unfeasible
terms to be dealt with through the imposition of additional conditions
pertaining to feasibility.

In the next section, we consider various applications of the proposed
solution for use in analyzing a number of important cases related to force
and thermal loadings.

Figure 3.1. Loading scheme of diametrically-compressed annular domain

3.4.4. Special cases of loading

Consider the case where the effect of temperature is disregarded (i.e.,
T =0) and the external force loading (3.2.1) is given by
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P1(9®)=q,(9)=¢q,(9)=0,
(3.4.25)

p ,(pe[(€+%)n—(po,(€+%)n+(po],
0, elsewhere.

P,(0) = {

In (3.4.25), ¢=0,1, ¢, €(0,n/2], and p=const is a uniform pressure
in the dimension of stress. A loading scheme for (3.4.25) is shown in

Fig. 3.1.
In the case of homogeneous isotropic material, the stress field

represented by (3.4.19) and (3.4.20) for the loading given in (3.4.25) can
be expressed as follows [291]:

2 2
_P[ P~k P
& (DR, ()
> 7 Tm ) )
+mZ::1 p sin(2me,)) cos(2me) |,
2 2
_p p- k™ @
cw(p,m)—;(é e o (3.4.26)
& (D)0, (p) .
2 7 Tm 2 )
+mZ::1 p sin(2me@,, ) cos(2me) |,

P& (DTS, (p) .
0,0 (P, ) = E’;Tsln(Zm(po)sm(zm(p),
where
R, (p)= (2(m + l)p_zm —(2m+ 1)k2p—2(l+m)

_k2(172m)p72(17m))A

m

~(2(m=1p>" = @m-1)k*p ™"
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+k2(l+2m)p72(l+m))B

m?

@, (p)=((@m+ Dk*p2* —2(m~1)p"

+k2(l—2m)p—2(1—m))A

m

(3.4.27)
~(@m-Dkp1 —2(m +1)p™"

_k2(1+2m)p—2(1+m))B

S, (p)=(2mp™" = 2m+ D)k 2+
+k2(1—2m)p—2(17m))Am
+(2mp2’" —2m-1k*p~20m
_k2(l+2m)p—2(l+m)ij9

Figure 3.2 presents the full-field distribution of dimensionless radial
stress o,.(p,)/ p for various inner radii k=0.25;0.50;0.75 where

¢, =7/ 4. In annulus sectors corresponding to the loaded arches of the rim,

this stress is naturally compressive near the loaded surface (considering the
boundary conditions). However, in the same sectors, the radial stress is
tensile in zones near the inner surface, and the size of the zones and stress
magnitude grow with an increase in the value of k. This produced high
stress gradients versus a ring wall of reduced thickness. On the inner
surfaces, the stress is equal to zero in accordance with the imposed boundary
conditions (3.2.1) and (3.4.25).
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Figure 3.3 illustrates the effect of narrowing the loading area in the radial
stress. The case when angle ¢, is comparatively small is of considerable

importance, due to its wide applicability in materials science (e.g.,
measurement of tensile strength and toughness) and engineering (e.g.,
diametrical compression of rollers and tubes or chain links under tension).
The problem of diametric compression of circular and annular disks is the
basis of the so-called “Brazilian experiment”. This dominant indirect
measurement technique by which to assess the tensile strength of brittle
materials [10, 45] generally involves a cylindrical specimen resting upon a
horizontal flat and rigid support under the effects of compression by an
upper pressure platen. In terms of stresses, the problem is governed by the
case when the specimen is compressed by two equivalent forces applied to
opposing places along the periphery. Due to the symmetry associated with
the diameter passing through the centers of the loaded parts of the boundary
and in the perpendicular direction, there is no particular need to fix the
specimen at the top or bottom. This simplifies both the experimental and
theoretical treatment. In some cases, however, the top and bottom pressure
platens are substituted with curved jaws [144], which can alter the loading
profile. Nonetheless, the Saint-Venant principle [282] stipulates that the
actual profile of loading affects the stress-strain state of the specimen in the
vicinity of the zones of the rim under load. These zones are comparatively
small; therefore, the stress-strain field in the specimen is the same for all the
statically-equivalent loadings (i.e., loadings of the same resultant force and
moment [282]) at a given distance from the loaded zones. An exhaustive
review of the existing literature on the diametrical compression of cylinders
and discs has been presented in a recent monograph [105], including some
new results. In [291], we discussed the application of the direct integration
method to the analysis of stresses and displacements in a thin isotropic and
homogeneous disk under diametric compression, and compared the results
with the photoelastic experiment. The two sets of results were in perfect
agreement (Fig. 3.4).
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<)
Figure 3.2. Full-field distributions of dimensionless radial stress in diametrically-
compressed isotropic homogeneous ring of inner radius: a) k =0.25, b) k£ =0.50,

and ¢) k =0.75, when ¢, =n/4 (adapted from our paper [291])

Figure 3.3. Full-field radial stress in diametrically-compressed isotropic
homogeneous ring with inner radius k =0.50: a) ¢, =n/10 and b) ¢, =n/40

(adapted from our paper [291])
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276.85 N /-1 517.93N

b)
Figure 3.4. a) Theoretical predictions of maximum shear stress
1 G, —0,, 6,6, <0, . - Ry ,
’cmaxzz Oyp» 61>0’ 02>0’ where 01,225i (crr_i) +GHP’

lo,|, o©,<0, c,<0,
and b) photoelastic fringe patterns in an annular disk of inner radius k =0.50

subject to loading (3.4.25) under two different compressive force values when
¢, =1/ 40 (adapted from our paper [291])

Figure 3.5. Full-field elastic displacements in annular disk with inner radius
k=0.50 subject to loading (3.4.25) when ¢, =n/40 (adapted from our paper

[291])
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Figure 3.6. Effect of material inhomogeneity on radial stresses in isotropic annulus
with inner radius & =0.50 under constant Poisson’s ratio where E,f =const and

¢, =7/ 4 in (3.4.24) and variable Young’s modulus: @) E(p) = E, exp(Bp) and b)
E(p)= Eop'3 (adapted from our paper [298])

We also computed the elastic displacement corresponding to stress field
(3.4.26) under condition of plane stress [291], as follows:

Eu,(p9) _ 1 [_ 20) (1+ k> +(1-v)p’

p T 1-k? p
z%sinﬂm%)cosﬂmm)} (3.4.28)
m=1
E o0
u (p ?) _ % Z vm (p)sin(2me, ) sin(2me),

where

u,(P)=»n, — 4vp(4mp2”’Bm -2m+ l)cm),

_ v | _1l+v
vm(p)—p(Zcm(l 2m—1) 5 Rm)
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1 2m+l1 7\’m \]
+ gvmp>"ip —Zm |,
4m* —1 ( 2

. :(l+v)(y7’”—2fm —1j,
£, =@m+1l —4m(1+k*""B, ,

2m(l— k)= k(kK*" —k72m)’

(3.4.29)

m

202m+1
v, =3Cm+), +M(

(2m=1)k* =2(m+1)p* )
H2m 1) A, (@m =11~ k) k202 (227 g2 )
+2m-1)8B, ((2m +1)(1- kz) 4 f202m) (zp—Zm—l ] j2m ))

+12mBm (2p2m+1 1= k2m+1 ) ;

B 2+ k(K2 + k)
on = 2m(1- k%) + k(K27 k")

2k (1=K (k7" k)

+ 2
am? (1-k2) = > (k2" k)

Figure 3.5 presents the numerical analysis results of elastic
displacements (3.4.28).

If an isotropic elastic ring exhibits radial inhomogeneity, the stress field
can be computed using (3.4.10) — (3.4.15). Although the stresses computed
for this case qualitatively resemble the stresses for the homogeneous case,
there is a quantitative difference, as shown in Fig. 3.6.

Further details on the analysis of stress and displacement in
homogeneous and inhomogeneous elastic annuli under the load described in
(3.4.25) can be found in [291, 294, 298].
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Consider the case where 7 =0 and the external force loading (3.2.1) is

given by (see Fig. 3.7)
P ()= 9 ()= qz((P) =0,

(3.4.30)
T—0 T+
1’ (PEI: 2 B 2 :|3
3n+0-PB 3n+0+
P2(9) =F, ko,cpE[ > B, 2 B},
0, elsewhere.
Here, in order to fulfill the condition of equilibrium,
sin(a/2) 1
k, = . Inth h = =
O 2sin(B/2)cos(0/2) n the case where . =[5, &, 2cos(0/2) °

in(a/2
and if 0=0, then koz%.

Figure 3.7. Scheme of loading given in (3.4.30)

Using analytical solution (3.4.19) and (3.4.20), we can express radial
stress in the case of the loading given in (3.4.30) in the following form:

c,(p,0) :_[l_ﬁJ o+ 2kyB
p? )2n(1—k?)

+
((V;,, + q22n JpZn + (7’2,, + q22n JpZVt]
p p

0 _1 n
DI
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x(sin na + 2k, sin nf cos nB) cos 2ne

< 2( 1)7! q;n—l 2n-1 - qZ_n—l —2n+1
Z(2n l)n(£r2+"‘l+ p2 P | pa p2 P

S, (P.0) _ (1+ k2] oc+2k0[3

R

x(sin na. + 2k, sin nf cos nB) cos 2ne (3.4.31)
S 20" (2041 | Dot | 20
+,,Z_‘f(2n—l)n[(2n 321t p? P

2n—3 - Qont | —2ns1
+(2n+1 EIE R JP ]

x(sin n-l,_ 2k, sin 2n-1 Bcos 2n2_ I 9)5in(2n -Deo,
O,o(P:0) & (-1)" g,
e _ n + q2n | \2n
I ; nm n—lrz”+p2 P

x(sin now + 2k, sin nP cos nb)sin 2ne

& 2(=D" ((2n=1 4  Dopa ) 2mm
Z(Zn—l)n[(Zn 3t P
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2n—1 - Dot | 241
_[2n+1r2”‘1+ o2 ]P +]

2n—1

2n—1 2n

Bcos 2_ 1 6) cos(2n—1)o,

o — 2k, sin

x(sin

where

Pt _Miz(m(l—kz)ikz(l—kiz’”)),
m

mn 20
0 =;”0’)‘2 (m(l—kz)ilikﬁ’"), (3.4.32)

o =m?(1-k*)? = k2 (k"™ - k™).

Note that when 0=0 and a=p, the term
sin 2”2_ Lo - 2k, sin 2”2_ I Bcos 2”2_ Lo is zero, such that formulae

(3.4.31) correspond to the case of an annular plate compressed by the
diametrical forces presented in (3.4.26).

The solution (3.4.31) is discussed in our recent paper [292]. These
findings are in strong agreement with photoelastic measurement results
(see Fig. 3.8).

Consider computation of thermal stresses in annular domain subject to
a uniform temperature distribution T on its inner circumference p =k

and the temperature t(1+ cos¢) on the outer circumference p=1. In the

case of homogeneous isotropic material properties, a solution to the heat-
transfer equation (3.1.22) can be given in the following form:

2 g2

T'(p.9) _, P~k

0SQ. 3.4.33
. 1) (0 ( )

Distributions of temperature (3.4.33) and thermal stresses (3.2.2) with
components given by formulae (3.4.19) and (3.4.20) are shown in Fig. 3.9.
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Figure 3.8. Theoretical prediction of (left sides) maximum shear stress, based on
(3.4.31) and (right sides) photoelastic fringe patterns in homogeneous isotropic

ring of inner radius k£ =0.5 under (3.4.30) where a =B =n/36:a) 6=n/6 ,
b) 0=m/2,andc) 6=5n/6 (adapted from our paper [292])

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

236 Chapter Three

Figure 3.9. Dimensionless distributions of a) temperature (3.4.33) and
corresponding thermal b) radial, ¢) circumferential, and d) shear stresses in an
isotropic homogeneous annular domain of inner radius k£ = 0.5 (adapted from our
paper [292])

If assuming the thermal loading of the inner and outer circumferences
of an isotropic annulus to be T(k,p)=t=const and
T(1,9) =t(1+cos2¢), respectively, the temperature field for the case of
constant heat conduction coefficient takes the form
44

T(p.) =1+-P _4k 5 C0s2¢ . (3.4.34)
T (1=k")p

The distribution of temperature (3.4.34) is shown in Fig. 3.10a. If all the
elastic moduli of the annular domain are constant, temperature (3.4.34)
does not induce any thermal stresses. If, however, all or some of the elastic
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moduli depend on the radial coordinate (for example, a(p) =a"exp(Bp),

B=const and o =const), then thermal stresses can arise even for the

harmonic temperature distribution (3.4.34) (see Fig. 3.10b,¢,d). The effect
of inhomogeneity, which in the considered case is verbalized by parameter
B is essential, which can be seen from Fig. 3.11.

Figure 3.10. Dimensionless distributions of «a) temperature (3.4.34) and
corresponding thermal b) radial, ¢) circumferential, and d) shear stresses in an

isotropic annular domain of inner radius &k = 0.5 with the coefficient of linear

thermal expansion a.(p) = o exp(2p)
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Figure 3.11. Dimensionless radial stress for annuli of different inner radius with
constant elastic moduli and variable coefficient of linear thermal expansion

a(p) =a” exp(Bp), where a) B =2 and b) p = -2
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Figure 3.12. Dimensionless radial @) and circumferential b) stress distribution in an

isotropic inhomogeneous ring of inner radius k£ =0.5 with v=0.3,
E(p)=E exp(yp). G(p)=G"exp(yp). a(p)=a"exp(Bp), where I -
B=2,y=2; 2-B=2,y=-2;3-P=-2,y=2;

4-p=-2y=-2

The effect of simultaneous dependence of the linear thermal expansion
coefficient and the Young and shear moduli on the radial coordinate is
illustrated in Fig. 3.12
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CHAPTER FOUR

AXISYMMETRIC THERMOELASTICITY
OF INHOMOGENEOUS SOLIDS

4.1. Formulation of thermoelasticity problems

Consider an isotropic elastic space A, ={(p,9,z):0<p<+oo,
¢ €[0,2m),| z |<+oo}, half-space A ={(p,9,z):0=<p <+, e[0,27),
z20}, and layer A, ={(p,,2z): 0<p <+, ¢€[0,2n), |z|<1} within
a dimensionless cylindrical-polar coordinate system (p,@,z). Assume

that the force and thermal loadings of the considered solids are symmetric
about the z -axis. The elastic equilibrium of these solids can be expressed
using equations (3.1.11), which take the following form under the
foregoing assumption of axial symmetry in the absence of body forces:

o o 0 0
(Poy,) | (00 o OPOR)  O0u oy

o P % T P

The Cauchy equations (3.1.13) for the axisymmetric case can be written as
follows:
ou u Ou Ou, Ou

_ g e _ S T 412
= p ST =T g =T tg e (W12

By eliminating the elastic displacements from the later equations, the
strain-compatibility equations can be obtained in the following forms:

ot o’ Ot O
e _ _ 9 rz zZ (). 4.1.
p 2p €, ~8pp> P > pe + 2p 0 4.1.3)

Assume that in the constitutive equations
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ke, =0, —v(cs(p(P +GZZ)+OLET,

Eg,, =0,,~V(0, +0..)+aET, (4.1.4)

Ee _=o_, —V(Grr +G(P(p)+chT, Ge_=0

rz rz?

the Young and shear moduli, £=FE(z) and G=E(z)/(2+2v(z)), the
Poisson ratio, v=v(z), and the coefficient of linear thermal expansion,
o =o(z), are arbitrary functions of z .

By making use of the constitutive equations (4.1.4), the strain-
compatibility equations (4.1.3) can be given in terms of stresses:

pﬁ—i(c(,,@(p,z)—v(z)(c,r(p,z) +0..(p.2) +a(2)E(2)T(p. 2))

+(14+v(2))(0,40 (p,2) = 0, (p,2)) = 0,

3 [Gw(p,Z) _v(2)

p | " E@ FZ)(GW (p.2)+0_(p,2))+ a(z)T(p,z)J (4.1.5)

-2 ‘Z[l;(v()z) rz(p,Z)j

Boundary z=0 of half-space A, is subjected to external force
loadings:

c..(p,0)==p(p), o.(p,0)=4q(p), (4.1.6)

where p(p) and g(p) are given functions and |im p(p) = l1m q(p) 0.

p—o+0
Limiting planes z==*1 of layer A, are exposed to normal and shear

forces:
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o (P, D=-p(p), o_(p,—D)=-p,(p),
4.1.7)

G,, (pal) =4 (p)a G,, (pa_l) =4, (p)’

where p,(p) and q,(p) are  given  functions  and
lim p,(p)= lim q,(p)=0, (=1,2.
p—>+oo p—>+o0

The axisymmetric steady-state temperature field 7'(p,z) distributed
within the considered inhomogeneous solids A, , k=0,1,2, material

properties of which that vary with axial coordinate z, can be determined
from the following heat-transfer equation:

Mz) 0 ( 0T (p,z)\, 0 oT(p,z) ) _
5 ap(p 2 )+§(%(Z)Tj——w(p,z), (4.1.8)

where w(p,z) is the density of internal heat sources and A(z) is the heat
conduction coefficient.
For inhomogeneous space A, this heat-transfer equation must be

solved under the condition that the temperature vanishes when
p+z2 — +oo. For half-space A, a solution to this equation must be

constructed under the following general thermal condition of the limiting
plane z=0:

oT(p,z
1,70+ ¢, L0 () (4.1.9)
0z z=0
Finally, a solution to the same heat-transfer equation in layer A, is

constructed with the following conditions imposed on the limiting plane
z=x*1:

oT (p,z
T+ TR 1), 2=,
(4.1.10)
oT(p,z
€21T(p,z)+fzzé—i):T2(p), z=—1.

Constants /, and ¢, in (4.1.9) and ¢,,, ¢,,, £,,, and /,, in (4.1.10)
indicate the type of boundary condition, similarly to (2.4.52).
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4.2. Governing equations in terms of stresses

To reduce compatibility equations (4.1.5) to the governing equations
for the key functions, we introduce the total stress using the following
formula:

o(p,2) =0,,(p,2) + 0y, (P, 2) + 0. (p,2) . 4.2.1)

Note that total stress o(p,z) introduced by (4.2.1) coincides with the first
invariant of the stress tensor in the cylindrical polar coordinate system
[26]. Now implementing the first equation in (4.1.1) and expression (4.2.1)
allows us to rewrite the first equation in (4.1.5) as follows:

Pa%(ﬁ(p, 2)=(1+v(2))o . (p,2) + U(2) E()T (p, 2))

,z(p,Z)

+p(1+v(z)) =0. (4.2.2)

Integration of the second equation in (4.1.1) over the radial coordinate
yields the following formula:

t 0o (
zz T],Z)
po,.(p,2) =] nT dn (423)
0
In view of this, equation (4.2.2) takes the following form:
00, (p.2) T 0’o..(m,2) ,
P op " oz*
P
424
e 5 (0P )+ ADEGT(p.2)). (4.24)

Differentiating equation (4.2.4) by the radial coordinate, we arrive at the
first governing equation:

1 10

Ao (P2) =10 v(2) p 9p

(pfﬂ%(c(p’z) Ta@EGT (p,z))), (4.2.5)

where
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1o(. 8, &
A== |2 |+ 2. 2.
P ap[p apj+ 0z* (42.6)

Equation (4.2.5) allows for expressing the axial stress o (p,z) in

terms of total stress o(p,z) given by formula (4.2.1). To derive the second

governing equation for these two functions, we use (4.2.1) and (4.2.3) to
represent the second equation in (4.1.5) in the following form:

zi[%«o@’z) V)

o2 E() E(z)(G”(p’Z)+0zz(Pvz))+0t(Z)T(p,z)j

_ L, o[l+v()f do..(n.2)
- 262[ E(z) !" oz dn]

E(2) G, (p,z)—%c(p,z)+ oc(z)T(p,z)). 4.2.7)

o (1+v(2)
il

Note that the first equation in (4.1.5) can be presented in an alternative
form to that given in (4.2.2), as follows:

(”V(z))a%(Pz"rr (n.2)

= p(l + V(Z))(Grr (p,2) + s (p’Z))

#9755 (0, (0.2 40, (p.2)

—~v(2)o_.(p,2) + a(2)E(2)T(p,2)) . (4.2.8)

Integrating this over the radial coordinate from 0 to p yields

P* (00 (P 2) = V(2)(0,,(p.2) + 0. (p.2)) + A(2) E(2)T(p. 2))

N((1-v(2))o(m,z) - (1+v(2))o,,(n,2)

S =T
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+20(2)E(2)T(n,z))dn . 4.2.9)

2
Applying differential operator a—(m ] to equation (4.2.9), we obtain

2 % [Gw(p,Z) _v(2)
2

0z E(z2) E(z) (0, (p.2)+0_(p,2))+ G(Z)T(p,z)]

_ ot (1-v(2)
—62—2£n( i) o)
1+ v(2)

E(z)

o..(n.2)+ 2a(z)T(n,z)jdn. (4.2.10)

Comparing the left-hand sides of equations (4.2.7) and (4.2.10), we arrive
at the following equation:

2 P _
2 (2o

oz> 0 E(z)
_IZ«“ZZ()Z) Gzz(n,z)+20L(Z)T(n,z)jdn
1+V(Z)J‘ 5022(11&)
82 E(z)
0 1+V(Z) V(Z) B
i %( E(z) GZZ_E(Z)G+O°(Z)T)_0' 4.2.11)

Dividing equation (4.2.4) by E(z), we obtain

o (p,z) 0*c_.(m,2)
P + I En dn

E(z)  op (2) o8

P o(p,z)
TT+v(z) ap( E(z) +°‘(Z)T(P’Z)j- (4.2.12)
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Summing up equations (4.2.11) and (4.2.12), the following equation can
be derived

2T (1=v(2)
+az—2£ n[ e) c(n,z)+2a(z)T(n,z)]dn

(]
2 22\ G jnc M, 2)dn. (4.2.13)

Finally, differentiating this by the radial coordinate yields the second
governing equation:

(e

o(p.2) + 2a(z>T(p,z)j

_o_.(p2) d*( 1
=== E(G(z))' (4.2.14)

Here, A is given in (4.2.6).
This second governing equation determines total stress o(p,z) in

terms of axial stress o_ (p,z). Thus, the two key functions can be

determined entirely from the governing equations (4.2.5) and (4.2.14)
within the context of the corresponding axisymmetric boundary conditions
for considered inhomogeneous solids and the temperature field computed
from the heat-conduction problem (4.1.8) and the relevant thermal
vanishing or boundary conditions. Shear stress o, (p,z) can then be

calculated using formula (4.2.3). Radial stress o,.(p,z) can be

determined from the first equation in (4.1.1), which in view of (4.2.1)
takes the following form:

0
% + 2Grr (p’ Z)
dc,. (p,z)
=0(p,z)—czz(p,z)—pT. (4.2.15)
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Finally, circumferential stress o oo Can be computed using the formula

Oy (P2) =0(p,2) =0, (p,2) =0, (p,2), (4.2.16)

which follows from the expression for total stress given in (4.2.1).

To separate the variables in equations (4.2.5) and (4.2.14), we
represent the stress-tensor components and temperature using the inverse
Hankel integral-transform [228, 305] as follows:

0.2 = [ 5[ (1009~ L0095,
0

1 —
+$J1 (ps)cw (z))ds,

+00

1 _
S (P>2) = z[s((JO(pS)_Eﬂ(PS))GW(Z)
+$Jl<ps)6,,<z)jds,

4.2.17)

+00

o(p,z) = j 56(2)J (ps)ds,
0

+00

o..(p.2)= [ $5..(2)],(ps)ds,
0

+00

6,.(p,z)= j 5G,.(n,2)J, (ps)ds,
0
T(p.2)= | sT(2)Jy(ps)ds.
0

where J, and J, are the zero- and first-order Bessel functions of the first

kind, s is the transformation parameter, and the overlined functions are the
unknown transformants with a parametric dependence on s.
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In view of (4.2.17), the governing equations (4.2.5) and (4.2.14) take
the following forms:

2

AG_(z)=- . +SV B (6(2) + (2)E(2)T(2)) (4.2.18)
and
—(1-v(z) _ = \)_%:(2) d* (1
A( ) o(z)+ 20L(z)T(z)j == ( c (Z)) . (42.19)
Here,
Aod o (4.2.20)

dz?

Similarly, equations (4.1.1) and (4.2.1) can be transformed as follows:

5 (2)=-199=() 4.2.21)
= s dz
_ . 1d5.(2)
G, (Z) —ET, (4222)
and
o(z)=0,(2)+ c_s(p(p (2)+0,.(2). (4.2.23)

Below we consider the application of the proposed solution strategy to
problems of thermoelasticity in inhomogeneous elastic space A, , half-

space A, , and layer A, .

4.3. Thermal stresses in an inhomogeneous elastic space

For inhomogeneous space A, a solution to equation (4.2.18) can be

derived as:

5..(2)= %_jw(l A+ 20QGOT© Jexp(-s 2L )de. @3.1)
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As we can see, this solution vanishes at 22 5w,
A solution to equation (4.2.19) with respect to the total stress mapping
function can be obtained as follows:

oc(z)E(z)

5(:) =254

T(2)

E(z) _
a1 V(z)).[ ZZ(C)_(TC)) exp(—s|z—C)dG. (43.2)

If we substitute (4.3.1) into (4.3.2) and change the order of integration,
we derive the following integral equation:

400

5(2) =0y (2)+ [ 50K, (2,0)dC, (4.3.3)

—00

where

B E(z2)
D= @ D@ D) - J (G@j

xexp(=s(|z—&|+[&-C]))dE, (4.3.4)
0,() = Z(E)()[ (T()+ 1 j AOGOT ()

T (G(g)) Xp(‘s(|z—§|+|&—CI))didCJ. (43.5)

A solution to integral equation (4.3.3) can be computed using the
resolvent-kernel formula, as follows:

5(2)=0y(2)+ [ 0,(5)Ry(z.0)dC, (4.3.6)

where

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



250 Chapter Four

Ry (2,0) =) Ry, (2,6) (4.3.7)
n=0

and

R (2,0) = K, (2,6),
(4.3.8)

RY (2,0)= le (z.ORL(t,Q)dt, n=1,2,...

The use of solution (4.3.6) and expression (4.3.5) allows us to write the
Hankel mapping function for total stress in isotropic inhomogeneous space

A, in the form of an explicit expression of temperature:

5(2) = 2“(2)’5((?T() jT(@)@ Z0dC, (439
where
0u(e.0) =29 QEQ .

v(C)

OL(C)G(C) I (G@j

x(lffgz) exp(-s(| 2= +]&-C])

jl - exp(-s(In =2+ =L )Ry . n)dn]dé. (43.10)

Inserting (4.3.9) into (4.3.1) yields

5.(2)=-2 f(@){%’fg)exm—s 2-¢)
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j 10(” %) exp(s|z -1 |)dn |dc. (43.11)

+v(n)

Using (4.2.21) in conjunction with (4.3.11) allows us to derive the
following expression for shear stress:

5.(:)=-1 | T(@){%’fg)exp(—s |2Clysen(z-0)
j = 0(” C) oot (s | 2= n)sen(z —n)dn]dg. (43.12)

Finally, implementing (4.2.22) with (4.3.12) yields

_ B a(z)E(z) 20,(z,0)
S, ()=-T 5 T )——jT(@)[Sm
a(Q)E(C)
—Wexp(—ﬂz—iﬂ)
O s - @3.13)

Circumferential stress can be computed using (4.2.23), (4.3.11), and
(4.3.13) as follows:

a(z)E(z2)

v(z) +o
1-v(z) [ T(©0,(z,0)de . (43.14)

T(Z)-miOC

Opp(2) =~

Computing the stresses in the physical domain requires that we
substitute the Hankel images of the stresses represented by (4.3.11) —
(4.3.13) into the inverse transform formulae in (4.2.17).
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4.4. Thermal stresses in an inhomogeneous elastic half-space

For inhomogeneous half-space A, equations (4.2.18) and (4.2.19)

must be solved under conditions (4.1.6). Using the second equation in
(4.1.1) allows us to transform the condition for the shear stress represented
by (4.1.6) into the one for normal stress, as follows:

oc_.(p,z)

__19(pgq(p))
Oz ’

z=0 p 6[:)

4.4.1)

In the mapping domain of the Hankel transform (4.2.17), condition (4.4.1)
along with the first condition in (4.1.6) take the following form:

_ o do_(z)]  _
c,.(0)=-p, 0 » =-sq, 4.4.2)
where
+00 +o
p= [ (), (ps)dp, 7= [ pa(p)Jy(ps)dp.  (44.3)
0 0

A solution to equation (4.2.18) under the first condition in (4.4.2) can
be given as follows:

G, (z)=-pexp(—sz)

o3 [EQaQEQTE)
2 1+v(©)

x(exp(—s|z—C[)—exp(—s(z+()))dC . (4.4.4)

Submitting (4.4.4) to the second condition in (4.4.2) yields the following
integral condition:
S*j’" 5(z) + a(2)E(2)T (z)

1+v(z)

exp(—sz)dz=-p—q . (44.5)
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Within the context of condition (4.4.5), the integral in expression for
normal stress (4.4.4) can be presented in a simplified form, as follows:

G_(2)= q ;p exp(—sz)

s [ oG +f‘fv)(]é SC)T ©) exp(=s|z-¢[)dC. (4.4.6)

A solution to equation (4.2.19) with respect to the Hankel mapping
function of the total stress can be given as follows:

E(z)exp(-sz) 5 a(z)E(z)

6(z)=4 1=vQ) I—v(2) T(z)
E(z) _
‘4s(1_—v(z))f 5.0 glg Jow(sla-chac. @an

Substituting (4.4.6) into (4.4.7) yields an integral equation of the second

kind:
_ E - -
6(2)= A(Zl)%é)szh (P99 (2)
+0,(2) + [ 50K, (2,6)dE. (4.4.8)
0
Here,

0\ = g jw (

—v(2)s je"p(‘s(éﬂz—én)da,

G(&)
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B E(z2)
K(z,6)= 8(v(z) - 1)(v(E) +1) I (G(ﬁ))

xexp(-s(|z—&|+]E - ])dE, (4.49)
0,()= 2(E)()[ (T ()+1 j UOGET(E)

I (Gé)) Xp(—S(Iz—é|+§—C))d§dC],

and A is a constant of integration. The resolvent-kernel solution to the
integral equation (4.4.8) can be given as

5(2) = AV, (2)+ (P - )P, (2) + O, (2) , (4.4.10)

where

E(z)exp(—sz) :j” E(C)exp(—sC)

FE="500 —v(©)

R, (2,0)dC,
D, (2)=,(2) ++£c 0 (OR, (2,0)dC,
0,(z)=0,(2) ++.f 0,(OR,(z,0)dC, (4.4.11)
Ry (2,6) Z (2.0, Rl(2,0) =K (2,0),
Ry (2.0) :T Ry (2.0)R, (1,Q)dt.
0

Constant 4 can be computed by substituting (4.4.10) into the integral
condition (4.4.5), which yields
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5= (@) -2 w, 2)

—§(®l(z)+%‘{’1(z))+®l (2)-S9,(). (4.4.12)
Here,
a=s J?O llil\f(zz)) exp(—sz)dz,
0

2 D
b=s ;[ 1 +1\E(ZZ)) exp(—sz)dz,

0@ _
c=s J; [1 +1\E(ZZ)) + Za(z)G(z)T(z)) exp(—sz)dz . (4.4.13)

If we substitute (4.4.12) into (4.4.6), we can derive transversal stress in
the following form:

G, (2)= %[— exp(—sz)

+£T a®,(¢)-(1+5)¥,(C)
a

e exp(—s|z—a|)ch

+%{exp (—sz)

s J £ a®, () +(1-b)¥, (§)
1+v(§)

eXp(—SIZ—CI)dC]

s T alaQEQT () +6,(5))—c¥,(0)
_a-[ 1+v(0)
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xexp(—s|z—C|)dC (4.4.14)
It can be shown through direct computation that

s TaRO NGO gy,

as 1+v(©)
s 'fa® Q)+ (1-b)Y (C) 3
; E')‘ 1+ V(C) CXp(—SC)dQ =1, (4415)

i T a(awQEQT(E)+6,(0) ¥, Q)

2a 1+v(C)

2 exp(—s)dC=0.

Equalities (4.4.15) ensure the axial stress (4.4.14) satisfies the boundary

conditions (4.4.2).
Substituting (4.4.14) into (4.2.21), we can determine the shear stress as

follows:

7 +00 D _ 1 b N
G,.(2) :g(—GXp(—sz) +§ j a 1(@1 +(VZ'C)) 1(©)
0

xexp(—s|z—Cl)sgn(z - C)dCJ

q T a®,(5)+(1-5)¥,(0)
+3[exp(—sz)—%£ ! V) !

xexp(—s|z—Cl)sgn(z - C)dCJ

+i*jﬁa(a(c)E«;)T«;)+®1(c>)—c%<c)
2a 3 1+v(Q)

xexp(—s|z—Cl)sgn(z —C)dC. (4.4.16)
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Similarly, implementing (4.4.16) in conjunction with (4.2.22) yields
the following equation for radial stress:

_ _p(a®(2)-(1+b)¥ (2) aexp(—sz)
"rr(z)_Z( T+v(2) T

D -(1+b)¥
0

g(a®,(z2)+(1-b)¥,(z) aexp(—sz)
“a 1+ v(z) M)

+00

O 1-b)¥
e (V(@> Q) (sl dcj
0

s 7 a(a(QEGT (L) +0,(8))-c¥,(4)
2a { 1+v(§)

xexp(—s|z-C[)dQ

oa(2)E(z) = a®,(z)-c¥,(2)
I L O i)

(4.4.17)

Finally, circumferential stress can be found using (4.2.23) in conjunction
with (4.4.12), (4.4.14), and (4.4.17), as follows:

~(o@+ =l )

+0,(z2) - %‘I’l (z)— “(i)(f)(z) T (z)j - :(VZ()Z) : (4.4.18)

Using the Hankel representations given in (4.2.17) in conjunction with
(4.4.12) and (4.4.16) — (4.4.18) allows for the construction of stress-tensor
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components in an inhomogeneous elastic half-space due to force loadings
(4.1.6) and a steady-state temperature field.

4.5. Thermal stresses in an inhomogeneous elastic layer

For isotropic transversely-inhomogeneous layer .A4,, solutions to

equations (4.2.18) and (4.2.19) must be found under boundary conditions
(4.1.7). The conditions for shear stress can be replaced with the following
conditions for the derivatives of normal stress:

oo, (p.2)| _ _10(pqy)

oz | p op ’
(4.5.1)

0.0 1004

oz o p Op

These conditions are derived on the basis of the second equation in (4.1.1).
In view of the Hankel transform represented by (4.2.17), we can set the
conditions in the mapping domain as follows:

dc, (z)

= = =5, (4.5.2)

z=1 z=—1
Similarly, boundary conditions (4.1.7) for normal stress appear as
6.1)=-p, o (-D=-p,. (4.5.3)

Here,

+00

P = | ppi(P)J, (ps)dp,
' (4.5.4)

+00
7, = | P4, (), (ps)dp, £=1,2.
0

A solution to equation (4.2.18) under boundary conditions (4.5.3) can
be derived as follows:
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5(5) + A(QEQT(©)
1+v(E)

1
G_.(2)= [— Py +s j sinh s(1 - g)ng
-1

o sinhs(1+z) _ sinhs(1-2)
sinh2s 2 sinh2s

_SI SO+ UOEQTE) Goh o(z— )t

o) 4.5.5)

-1

For solution (4.5.5) to meet conditions (5.4.2) requires that the following
integral conditions be satisfied:

j- 6(z)+a(2)E(2)T(z)

T+v(2) sinh szdz

-1

= —%Coshs +ql+TqZSinhs3
(4.5.6)
j 5(2) + (2)E(2)T (2)

T+v(2) cosh szdz

-1

=5 -
:—Msinhs+ 4 4, coshs.
s s

These conditions allow us to derive the following:

1 —

of c(f;)+;xiﬂv)(fé§C)T () Ginh s(1— ¢)dc

-1
= p, — p, cosh2s — g, sinh2s . (4.5.7)
Under this formula, (4.5.5) can be simplified as follows:
G, (z)=—p,coshs(1+z)—g,sinhs(l+z)

zZ —

—s I s+ ?J(rgv)égg)”@ sinhs(z —C)dC . (4.5.8)

-1
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A solution to equation (4.2.19) with respect to its left-hand side can be
given as

-v(z) =
E(z)

6(z)+2a(2)T (z) = Acosh sz + Bsinh sz

J ‘Zz@—( G@]sinhs(z ~&)de, (4.5.9)

where 4 and B are arbitrary constants.
Substituting (4.5.8) into (4.5.9) yields (after some algebra) the
following Volterra integral equation of the second kind:

E(z)coshsz LB E(z)sinhsz

@ =4=55 1-v(z)

+l_72]~7(z)

+4,q(z)+6(z) + I G(O)K(z,8)dC, (4.5.10)

-1

where

-1 E(2)
p(z)‘_z_sl—v(z)J (G(&))

xsinh s(z —&)coshs(1+&)dE ,

~ E(2)
i) =551 v(z)I (G(&))

xsinhs(z —&)sinhs(1+&)dE,

E(z)
-v(z)

J ( GO )smhs(z &)

0(z) =~

(Za(z)T(z) (4.5.11)
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& f—
XI Q)G (O)T (C)sinhs(§ - C)dCde |,

-1

_ E(2)
B (FEVE) [(EvE)
td* 1 e B
d& (G(g)jsmhs(z &)sinhs(& —)d§ .

A resolvent-kernel solution to equation (4.5.10) can be given in the
following form:

o(z)= AfA (z)+ BfB (2)+ p,P(2) +q,0(2) + O(z2), (4.5.12)
where

E(z)
—v(z)

———~—coshsz

f()—

t E©
+ j ) coshs{R(z,C)dC,

E(2)
1-v(z)

sinh sz

)=

¢ E©)
j v a) sinh sCR(z,0)dC, (4.5.13)

P(2) = p(2)+ [ BOR(z,0)dC,
-1

0(z)=q(z)+ j g(QR(z,0)dC,
-1
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O(2)=0(2)+ [ BOR(z,0)dE .
-1

The resolvent-kernel is given as

R(z,0) =Y R,.(z0), (4.5.14)

n=0

where

R,(2,6) =K(z,0),
(4.5.15)
R, (z,0) = .[7?1(2,073" t,0)dt, n=12,..
¢

Substituting solution (4.5.12) into the integral conditions (4.5.6) allows
us to determine constants 4 and B in the following form:

A= bay, —bya, . B= bya, —biay, , (4.5.16)
Y Y
where
_ sinh sz _ coshsz
-[f ()1+v() -[f ()1+v(z)
_ sinh sz _ cosh sz
-[f()1+v() -[f()1+v()
b= PP coshs + "9 Ginh s

N _
[ RO OD BT a7

Z sinhs + il

=
b, = hTh %2 coshs
s
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coshszdz ,

_j PLP(2) +3,0(2) + O(2) + a(2)E(:)T (2)
4 1+v(z)

V= ddy — Ay
Inserting (4.5.16) into (4.5.12) yields
o(z2) = pR(2)+ P, P (2) + 4,0, (2) + 4,0,(2) + T(2),
where

a,, sinhs —a,, cosh s
sy

P(z)= 7

a,, coshs —a,, sinhs
) 11

B
- 7’ @,

a,, sinhs +a,, coshs

Py(2)=P(2)+ - /1)

_ ay, coshs +g;sinhs
sy

1Pz

()

_j' PO) [azz sinhs¢ — a;, cosh s
ITv© -

L coshsC —a,, sinhsC

B2y |d
; f()jC,
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a,, sinhs —a,, coshs

- 7@

Q1(Z):

L coshs —a,,sinhs

B
- 7* @),

(4.5.19)
a,, sinh s + a,, coshs

sy

0,(2)=0(z) + (2
_ay coshs + a,, sinh s

B
- 7

_.1[ 1 0(%) [azz sinh sC — aj, cosh sC ()
|

+v(©) Y

L coshsC —a,, sinhsC
Y

fB(z)ij,

00 + Q) EQG)T(©)
1+v(E)

1
T(z)=0(z) - j
-1

a,, sinh sC — a,, cosh sC
X( 22 12 £(2)

Y

L coshsC —a,, sinhsC
Y

7P (z)jdc :

In view of the explicit expression (4.5.18), transversal stress can be
determined using (4.5.8) as follows:

6..(2)=p R (2)+ PPy (2)

+4,07 (2)+ 4,05 (2) + T (2), (4.5.20)

where
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2 P(¢)sinhs(z —
ro— (Qinhate=0)

1 2 (Qsinhs(z-0)

z =—coshs(1 - d
P; (z)=—coshs(1+z) s:[l v g,

i inh s(z -
0; (2)=—s] QI(C)lsan(Z()Z 9 e
-1

(€)sinhs(z—0)

R g,  (4.5.21)

0; (z) = —sinh s(1+ z) _SJZ' &)
-1

T*(z2)=-s | 1)~ f‘gégg” ©) inhs(z - ) .

-1

Now, we can use (4.2.21) — (4.2.23) to determine radial, circum-
ferential, and shear stresses in the Hankel mapping domain, as follows:

G,.(2)=p B (2)+ p,P; (2)
+‘71Q1r (z2)+ 62Q£ (2)+ T (2),
Gy (2) =P % (2) + Py Py (2)
(4.5.22)
+q,07 (2) + 4,05 (2) + T?(2),
G,.(2)=p R (2)+ p, Py (2)
+q,0 (2) + 4,05 (2) + T (2) .
Here,

m oy L) 1)
o= =g
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do’* do?
Q/r (2) :% Q;dz(z) , Q;z (z)= _% Qéz(Z) ’
T (2) = % dT dz(Z) , T (2)= —% dT dz(Z) , (4.5.23)

0/ (2)=0,(2)-0;(2) -0/ (2),
PP (2)=P,(2)= P/ (2)- P (2),

T?(2)=T(2)-T (2) - T (2).

Using the Hankel representations given in (4.2.17) in conjunction with
(4.5.20) and (4.4.22) allows for the construction of stress-tensor components
in an inhomogeneous elastic layer due to force loadings (4.1.7) and the
steady-state temperature field.

4.6. Displacement determination
4.6.1. Integration of Cauchy equations

To determine elastic displacements u, and u, from the Cauchy

equations (4.1.2), the displacements can be represented using the Hankel
integrals [147]:

+o0

U, (p,z) = j sit, (2)J, (sp)ds,
' (4.6.1)

~+00

u_(p,z) = j s, (2)J o (sp)ds.
0

These expressions combined with the first and second equations in
(4.1.2) give us

+00

g, (p,z)+ a(p(p(p,z) = .[ S2L_lr (2)J,(sp)ds . (4.6.2)
0
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We substitute the first and second equations of the constitutive law
represented by (4.1.4) into (4.6.2), while taking into account the stress
representations given in (4.2.17). This gives the following expression for
radial displacement in the Hankel mapping domain:

- ﬁ(z)‘_’zz (2)+20()T(z).  (4.63)
Similarly, using expressions (4.2.17) and (4.6.1) together with the fourth
Cauchy equation in (4.1.2) and the constitutive equation for the shear
stress in (4.1.4) yields the following expression for axial displacement:

— . du.(z2) 1 =
su,(z)= e —mcrz (2). (4.6.4)

We can use (4.6.3) and (4.6.4) to determine elastic displacements in
terms of stress-tensor components. These components were presented in
the foregoing sections in the form of Hankel integrals (4.2.17) along with
(4.3.11) — (4.3.13) for considered space A;, (4.4.13), (4.4.16) — (4.4.18)
for half-space A, and (4.5.20) and (4.4.22) for layer A,. Thus, the
displacements can be expressed explicitly through the temperature field in
the corresponding elastic solids along with the force loadings applied to
the boundary of half-space A, and layer A,. In the presentation of
boundary conditions in terms of displacement, expressions (4.6.3) and
(4.6.4) provide a perfect tool for establishing a one-to-one relationship

between the boundary tractions and boundary displacements for the
corresponding inhomogeneous elastic solids.

4.6.2. Axisymmetric elastic displacements in
an inhomogeneous space

To compute the radial elastic displacement in inhomogeneous elastic
space A, we substitute (4.3.9) and (4.3.11) into (4.6.3) to obtain

_ 1 = UQEQ)
u.(z) :F(Z)_EOT(C)(WGXP(_S lz=C)
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_21-v(2)
s1+v(z)

0 @ ,
Oy(z.0)+ [ %exp(—s lz- )dn]dg. (4.6.5)

In view of this, combining (4.6.4) with (4.3.12) yields

0 Fa [a@EQ) (a1 ), ssenz-0)
ne=5 ] T@[l—v(@ (et %)

cexp(-s |z -¢)) -2 21 M0, :.0) |

TOMO(d( 1 ssgn(z —n)
+7-[01+v(n) (E(G(z)}r G(z) )

xexp(—s|z-n|)dn)dC. (4.6.6)

Function ©(z,C) in (4.6.5) and (4.6.6) is given by (4.3.18).

Displacement in the physical domain is computed by substituting
(4.6.5) and (4.6.6) into the Hankel formulation in (4.6.1).

4.6.3. Axisymmetric elastic displacements in
an inhomogeneous half-space

The radial displacement in inhomogeneous elastic half-space 4, can

be computed by substituting (4.4.10) and (4.4.14) into (4.6.3), which
yields the following formula:

u,(z)=pP(2)+q0.(z)+T,(2). (4.6.7)

Here,

_1-v(z2) _1+b
P(2)= (@)~ 0w,2)

1
+ 5GG) [exp(—sz)
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__J- ¢ a®, () -(1+b)V¥,(0)
1+v(E)

ex p(—SIZ—CI)dC],

1-v(z)
sE(z)

0,(2) =~ 0,()+ =L, (o))

1
Y a6 [exp(‘sz) (4.6.8)

_!j:o a®, Q) +1-0)¥,(©)
a

D xp(szc;)dc}

T, ()= (0,0 -£,)+ 2 T(2)
a(@QEQT(©)+0,(0) - ¥, ()
4aG(z) I 1+v(§)

xexp(~s| 2~ ) dC .

Implementing (4.6.4) in conjunction with (4.6.7) and (4.4.16) allows us
to determine axial displacement as follows:

u,(z)=pP.(2)+qQ,(2)+T,(z). (4.6.9)

Here,

P(2)- 1 dP.(z) . 1 (exp(—sz)

s dz  2G(z) s

j ¢ a®,(0)—(1+b)¥,(0)
1+v(0)

xexp(—s|z—C|)sgn(z— Q)dQJ:
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_14d0,.(2) 1 (exp(=sz)
Q. (2= s dz 2G(z)( s

L@, 4610
0

1+v(E)

xexp(—s|z—C|)sgn(z - )dC),

dT
R

o +j’"a(Ot(C)E(C)f(C)+@1(@))—6‘*’1(@)
2aG(2) J 1+v(©)

xexp(—s|z—C|)sgn(z —£)dC.

Functions @, (), ¥,({), and ©,({) are given in (4.4.11); and constants

a, b,and c are described in (4.4.13).

To compute displacement in the physical domain, we use the Hankel
formulae in (4.6.1) together with (4.6.7) and (4.6.9).

The expressions given in (4.6.7) and (4.6.9) are explicit representations
of the elastic displacements in half-space A, in terms of force loadings
(4.1.6) on its plane limiting surface z=0. This fact allows for simple
analysis of various types of boundary condition. Consider, for example,
the case when the boundary displacements are imposed on surface z=0:

u, (p,0)=u(p),  u.(p,0)=ul(p). (4.6.11)

Here, u? (p) and ug (p) are given functions for which the Hankel

integrals (4.6.1) exist. Then, formulae (4.6.7), (4.6.9), and (4.6.11) provide
the following system of equations:

i’ = pP.(0)+ 70, (0) + T, (0),
(4.6.12)

i = pP.(0)+g0, (0)+T_(0).
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These equations make it possible to determine the normal and shear forces
at the boundary in terms of boundary displacements:

0.(0)(ir) = T,(0)) = 0, (0) (! —T_(0))
P.(0)0.(0)~ P.(0)0, (0) ’

S

(4.6.13)
P(0)(#! = T.(0)) = P.(0) (i = T,.(0))
P.(0)0.(0)=P.(0)Q, (0)

q:

Now, we substitute (4.6.13) into (4.4.10), (4.4.16) — (4.4.18), (4.6.11),
and (4.6.7) and (4.4.22) to determine the elastic stresses and displacements
using the boundary displacements given in (4.6.11).

The case of mixed boundary conditions can be treated similarly. If, for
example, the boundary z =0 of half-space A, exists under conditions of a

sliding support, then the transversal displacement and shear stress are zero
[149]:

6. (P.0)=q(P =0,  u (p.0)=ul(p)=0. (4.6.14)

The system of equations (4.6.12) can be used to determine the two
unknown functions at the boundary (i.e., normal traction and radial
displacement), as follows:

T.(0) -0 _ LT, (0-F 7T, (0)
P.(0)’ T P.(0)

z

p=-— (4.6.15)
Inserting p and ¢ presented in (4.6.14) and (4.6.15) into (4.4.14),

(4.4.16) — (4.4.18), (4.6.11), and (4.6.7) and (4.4.22) allows us to determine
the elastic stresses and displacements in inhomogeneous elastic half-space
A, under the sliding support of its boundary.

4.6.4. Axisymmetric elastic displacements in a
transversely-inhomogeneous layer

Elastic displacements in layer 4, can be determined from formulae

(4.6.3) and (4.6.4) in conjunction with (4.5.18), (4.5.20), and (4.5.22), as
follows:
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,(2)= BB, (2)+ Py, (2)
+q,01,(2) +q,05,(2) + T, (2),
(4.6.14)
7/72 (2)= 1_91])1Z (2)+ 1_72P22u (2)
+4,01,(2) + 4,05, (2) + T, (2),

where

_1-v(z2) 1 -
P =gy O 267 9

—v(2)

0=

0,(2) 5355 2 )

v(z)
E(Z)

T(z) - =——=—T(2)+2a(2)T(z),  (4.6.15)

Tu(2)= sz( 2)

P.(2) 1
s dz sG(z)

P, (2)= P (2),

1d9,(z) 1
s dz sG( )

0, (2)= i (2),

. 1 dT’(z) 1
T.()= dz sG(z)

T7(z), (=1,2.

Displacements in the physical domain are computed using (4.6.14) in
conjunction with the Hankel formulae given in (4.6.1).

The explicit expressions given in (4.6.14) for the elastic displacements
through the force loadings (4.1.7) make it possible to establish a one-to-
one relationship between boundary displacements and boundary tractions.
Assume the boundary displacements to be imposed on the limiting planes

z=1%1 of layer A, :
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u, (p, D) =u (p), u,(p.l)=u,(p),
(4.6.16)

ur(pa_l):u;(p): uz(pa_l):u;(p):

where uf (p) and uzi (p) are given functions whose Hankel integrals

(4.6.1) exist. Substituting (4.6.14) into (4.6.16), while taking into account
(4.6.1) yields the following system of equations:

u! =p R, () +p,P, (1)
+4,01, D) +q,05, (1) + T, (1),
u, =pR, (=) +p,Py, (-1)

+4,0,, D) +q,05, (=D + T, (-1),
4.6.17)

u; = pR, () +p, Py, (0
+61leu (1) + EZQZZu (1) + TlZ, (1)5
u; =pP, (=D +pyB5, (=)

+¢,0r, "D+ 4,05, (D + T, (=1).

These equations establish one-to-one relationships between the four
displacement components uf(p) and uf (p) and four force-loading
components p, and g,, £=1,2, on the limiting planes z==x1 of layer
A, . Thus, in situations where there is a need in solving a thermoelasticity

problem with boundary conditions in terms of displacements (4.6.16),
equations (4.6.17) can be used to determine the unknown boundary
tractions p, and ¢,, (=12, and then implement them for the
determination of stresses (4.5.20) and (4.5.22), and displacements (4.6.14).
The same strategy can be used in the case of the mixed-type boundary
conditions. If, for example, the limiting planes of layer .A, are under the

conditions of a sliding support
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o,.(P.D=q,(p)=0, u,(p,)=u;(p)=0,

(4.6.18)
0,.(P,~D)=9,(p)=0, u (p,-D)=u,(p)=0,
then system of equations (4.6.17) yields
u; =p R, )+ p, B, (1H+T, (1),
u; =p B, (=) +p,Py, (=) + T, (-1),
(4.6.19)

B, (D) +p, Py, (1) ==T (1),

PR, (=D + py By, (1) = =T (-1).

Solving third and fourth equations in (4.6.19) with respect to the as-yet
unknown functions p,, ¢=1,2, gives the following boundary tractions:

= Ti (—l)PzZu (1) —TZ (l)PZZu (-1
LR (P (=) - BL(-DP;, (1)

(4.6.20)
TR ED-TIDRM
PR ()P (=)~ BL(-DP;, (1)

The tractions can now be used in conjunction with ¢, =g, =0 to

determine the stresses (4.5.20) and (4.4.22), as well as displacements
(4.6.14) for inhomogeneous elastic layer .4, under the condition of sliding

support (4.6.19) along its boundaries z=+1.

4.7. Axisymmetric steady-state temperature field
in inhomogeneous elastic solids

To determine the temperature field in inhomogeneous space A, , half-

space A, and layer A, , we use the heat-transfer equation (4.1.8) under
the following conditions: vanishing temperature and heat-source density at
22 >+ for space A, ; vanishing temperature, heat-source density at
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z — +00, and condition (4.1.9) for half-space .4, ; and conditions (4.1.10)
for layer A,. We can apply the Hankel representation for temperature

given in (4.2.17) to transform equation (4.1.8) as follows:

d’T(z) 2=, . w(z) dInk(z)dT(z)
2 s°T(z)= A2 A 7 4.7.1)
where w(z) is the Hankel image of the heat-source density:
+00
w(p,z) = j W(z2)J o (ps)ds . (4.7.2)

0

Clearly, equation (4.7.1) is similar to (2.2.62), which presents the heat-
transfer equation in the Fourier mapping domain for plane problems of
thermoelasticity. For the latter, we set A =2 ,=A and change the

variable from y to z. Thus, solutions of equation (2.2.62) for plane D, ,
half-plane ®,, and strip ©, can be adopted here as solutions to equation
(4.7.1) in the mapping domain of transform (4.2.17) for space A, , half-
space A, , and layer A, .

A solution to equation (4.7.1) for space A, can be obtained using

(2.2.66) as follows:
T(z) =Wsp(2)+TWsp(ﬂ)Tsp (z,6)dC, (4.7.3)
where
wep (2) = %si: V;Eg exp(—s|z-C)dC, 4.7.4)
and
Tep(2,0) = i)Tnsﬁ(zaC) : (4.7.5)
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75" (2,8) = Lgp (2,0),

(4.7.6)
70 = [ T 0T, (6.0)de,
Lyp(z:0) =5 [ s sen(z-0)
2
+%jexp(—s |z—-C) . 4.7.7)

To solve equation (4.7.1) under boundary condition (4.1.9) for half-
space A, , we adopt solution (2.3.88) in the following form:

T(2) = Tytps(2) + wys(2) (4.7.8)
where
t&s(z)=§(exp(—sz)+ [ exp(-s0)Ts 2. @dc]
' (4.7.9)
Wys (2) =Wy () + [ Wiy (0)Tys(2,6)dC,
0
and
Wigs (2) = - j ) (exp(—s|z—C|>
—*—fexp(—s(zw))jdc,
X
(4.7.10)

e =0+ 0 (s|-=y), & =l,—L,(s|+x,),

1 di(z)
0TN0) dz

z=0
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The resolvent-kernel in this case has the following form:
Tus (2,0 =Y. T, (2,0), @7.11)
n=0

where

T,"5(2,8) = Lyys (2,0),

+00

750 = [ 10T € 0de, n=1,2,..,
0

1 dPInn)
Lys(2,6) = _Z_Sd—qz
x(exp(—s |z-C )—i—iexp(—s|z+§|))j (4.7.12)
IO expos)z- L psentz- )

+$—iexp(—s(z + C))j .
x

Finally, the Hankel mapping function for the temperature in elastic
transversely-inhomogeneous layer A, can be found using (2.4.68),

leading to the following equation:
T(2) =Tt g (D) +Ty1y 5 (2) + Wi (2) . (4.7.13)

Here,

V227 (2) =75 %(2)

TLLR (2)= v

V1% (2) — 7127 (2)

Ty LR (2)= v
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1
T,(z) = coshsz+ [ coshsC T (2,6)dC,
-1

1
T,(2) = sinhsz + [ sinhsC T, ; (2,6)dC,
-1

1
wig (2) = wig (2) + [ wig ()T 5 (2,0)dC,

|
1 —
Wi (2) :%Jl%{—sinhs lz—C]|

+[y22£“ sinh s(1—- &)

dini(z)

+Y2,0 1 (s coshs(1-C) - 7

sinh s(1 - Q))

z=1

~Y120 5, sinhs(1+ &) + 7y, 5, (s coshs(1+0)

dnk(z)
- dz

sinhs(1+ Qﬂ%

z=—1

(4.7.14)

+{y1 Loy sinhs(1+8) —v,,05, (scoshs(l +0)

dInk(z)
" dz

sinh s(1+ (;)j

z=—1

~Y51 0y sinhs(1=C) =y, 44, (s coshs(1-0)

_dln)(z)
dz

sinhs(1 — g)ﬂ%} de,

z=1
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dIni(z)

Y :(fn—(lz pa jcoshs+€12ssinhs,

z=l

Y1a :(EH _612$ 1}sinhs+€12scoshs,

dlni(z)
Y21 :(521 _fzzT

jcoshs —/{,,ssinhs,
z=-1

dInA(z)
Y22 = _(le _fzzT

j sinhs +/,,scoshs,

z=-1

Y="Y1¥22 = Y12¥21-

The resolvent-kernel takes the form of the series

T (50 = X LR (2.0

n=0

of the following recurring kernels:

LR (2,6) =L (2,0),

1
L5200 = [ LR 008 €0de, n=12,..,
-1

where

d* Inh(C)

dQZ {sinhs|z—§|

Lo (2.0) =21—S{

—{yzzlin sinhs(1-C0)+7v,,0,, (s coshs(1-0)

_dIn(z)
dz

sinh s(1— C)j

z=1
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+Y1,0 5 sinhs(1+ &) +v,,0 5, [s coshs(1+0)

dini(z)
- dz

sinh s(1+ g)ﬂ—“’? sz

z=-1

—[yl oy sinhs(1+0) =y, (s coshs(1+C)

dIn)\(z)
" dz

sinhs(1+ Q)]

z=—1

~Y5, 4y sinhs(1=8)—v,,0,, (scoshs(l -0

_dIni() Sinhs(l_c)ﬂm} (4.7.18)
dz z=1 v
_sm{coshs@_g)sgn(z—c)

g

—[yzzﬁll coshs(1-=C)+v,,0 ), (s sinhs(1-{)

_dInk(z2)
dz

coshs(1- C))

z=1

+Y120 4, coshs(1+C) —7v,,¢5, (s sinh s(1+ &)

dIn)(z)
" dz

coshs(1+ (;)ﬂcosyﬂ

z=—1
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+[y“€21 coshs(1+C8)—v,,0,, (s sinhs(1+ &)

dlni(z)
- dz

coshs(1+ Q)j

z=—1

+Y5,0;coshs(1=C)+v,,0,, (s sinhs(1-C)

_dIn\(z)
dz

coshs(l—C)ﬂw} .
z=1 Y

To compute temperature in the physical domain, we use formulae
(4.2.17) and (4.7.2) in conjunction with (4.7.3) for space A, (4.7.8) for

half-space A, , and (4.7.13) for layer A, .

This makes it possible to utilize the analogy between the plane and
axisymmetric heat conduction solutions to represent axisymmetric thermal
fields in the considered inhomogeneous solids. These representations are
in the form of explicit dependencies on thermal loadings, either in interior
points (i.e., internal heat sources) or at the boundaries (i.e., boundary
temperature, heat flux through the surface, or complex conditions of heat
exchange). Computational accuracy depends on evaluations of the
resolvent-kernels given in (4.7.5), (4.7.11), and (4.7.15).

4.8. Stress analysis and special cases of inhomogeneity

The axisymmetric stress-tensor and displacement-vector components
constructed above in the form of explicit dependencies on the steady-state
temperature field (for inhomogeneous elastic space .A4) and the steady-

state temperature field and force loadings imposed on the boundary (for
inhomogeneous elastic half-space .4, and layer .A,). Under the
assumption that the temperature field is known, the computational

accuracy of these components depends on the evaluation of resolvent
kernels R,(z,0), R,(z,{), and R(z,0). These are presented

respectively by formulae (4.3.7), (4.4.11), and (4.5.14) as infinite series of
corresponding recurring kernels originated by the kernels (4.3.4), (4.4.9),
and (4.5.11) of the integral equations (4.3.3), (4.4.8), and (4.5.10) for total
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stress in the mapping domain of the Hankel transform (4.2.17). These
kernels depend on the material properties and in some cases can be
evaluated analytically. However, when analytical evaluation presents a
challenge, these series can be truncated for practical purposes to be
represented by corresponding finite sums of initial terms.

As can be seen from the corresponding expressions for the integral
kernels (4.3.4), (4.4.9), and (4.5.11), they can be zeros for certain
inhomogeneous materials, for which

E(z) _ G,

G(z)= 2(0+v(z) l+ayz’

4.8.1)

where G, is a constant in the dimension of stresses and a, is a

dimensionless constant ensuring that the material moduli remain within
the physical constraints implied by the mathematical model for the entire
range of variation of coordinate z.

For inhomogeneous elastic space A, the condition of positivity for

the shear modulus (i.e., G(z)>0) for z € (—o0,+0) implies g, =0 and
G, > 0. This yields

E(z) =2(1+v(2))G, (4.8.2)
or
_E@@
v(2)=3 G 1. (4.8.3)

Thus, if the Young modulus and the Poisson ratio in isotropic
inhomogeneous space A, meet conditions (4.8.2) or (4.8.3), i.e., E(2)

varies proportionally to 1+ v(z) for z € (—o0,+), then resolvent kernel
Ry (2,C) given by (4.3.7) equals zero. Furthermore, corresponding stress-

tensor components (4.3.11) — (4.3.14) can be obtained explicitly as
follows:

1+ v(0)
1-v(©)

5..(2)=-sG, [ ()T (§)exp(=s|z =L |)dC,
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6,,(z)=6{ ”Vﬂ a(2)T(2)

+s_jw ifjgg A(OT(©)exp(—s| - |, (48.4)

l+v(z)

G0 (2) =26y 1=,

a(2)T(2),

C1+v(6)

V) ()T ()exp(=s|z—C)sgn(z - C)dC,

G,.(z)=-5G, J
or

5..(5)=56, | -2QEQ)

_me(C)eXP(—S |z-CDdC,

o(z)E(2)
G (Z) G, [ EU—4GT(Z)

T UQE®Q) =
—sjw mT(@exp(—s |z-¢ |>dg], (4.8.6)
a(z)E(z)

Sgo(2) =260 5 4 G T(2),

= R (9):((9)
Grz (Z) = SGO :[ m

T(©)
xexp(=s|z—C[)sgn(z -L)dC.
At the same time, feasible material moduli satisfying (4.8.2) or (4.8.3) are

required to assume finite values at z — too. Moreover, due to the
restrictions of the elasticity model, the Poisson ratio varies within the
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following constraint: —1<v(z)<1/2, ze(-0o,+o). Thus, in view of
(4.8.3), we obtain the following:

0<E(2)<3G,. (4.8.7)
For example, if we designate that
E(z)=(2+(exp(-m|z|)—1)sgn(z))G,, (4.8.8)

or, in view of (4.8.3),
v(z) :%(exp(—m |z])=1)sgn(z) (4.8.9)

then the condition given in (4.8.7) is satisfied and the limit values of E(z)
and v(z) at z—>too are constant. When the material moduli are
represented by (4.8.8) and (4.8.9), inhomogeneous elastic space A,

comprises two homogeneous half-spaces with dissimilar material
properties (“material A” and “material B”), which are connected via a
transversally-inhomogeneous intermediate layer with smoothly-varying
properties from one interface to another (Fig. 4.1).

constant properties
T T T ° T 7
3.0 : variable properties | |
I
: / .
'
25 i -
L 1
L <! 1o
E(z) |3 'S
G 2ors! 15
o LE} PE |
' i
15 | '
' |
L
! '
10 !
' inhomogeneous layer ]
! 1 L | | .
-8 -4 0 4 | 8

z constant properties

Figure 4.1. Young’s modulus (4.8.8) of inhomogeneous elastic space A, for

m=1
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0.4
0.2
v(z) 0.0
-0.2

0.4

8 4 0 4 8
z z
a) b)

Figure 4.2. a) Young’s modulus (4.8.8) and b) Poisson’s ratio (4.8.9) of
inhomogeneous elastic space A, for m=1/3;1;3

Parameter m in (4.8.8) and (4.8.9) makes it possible for us to control
the width of the intermediate inhomogeneous layer and the “steepness” of
the variation in the material properties across it (see Fig. 4.2). If m=0,
then E(z)=E, =const and v(z)=v, = const, and the inhomogeneity of
elastic space A, is indicated only by the z-dependence of the coefficient

of linear thermal expansion. Then,

+00

E,
o.(2)=-3 j UE)T (§)exp(—s|z = |)dC

E —
G,.(2) :ﬁ —a(2)T(z)
0

+5 [ QT ©exp(-s]2-¢ |>dc], (48.10)
E
Gyp(2) =~ O;(_Z)V 0T (2),
0

G, (z)=-

E +00 _
%ﬁ_j@ Q)T (L)exp(=s|z—C[)sgn(z - )dC.
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Expressions (4.8.10) can be regarded as a benchmark analytical solution
for capturing the thermal effect of the variable linear thermal expansion
coefficient o(z).

Finally, if in (4.8.10) coefficient o(z) = o, = const, then the isotropic

elastic space A, can be regarded as homogeneous.

o
)
N
o

9 d)
Figure 4.3. Full-field distributions of @) temperature A T(p,z)/w, and total

stress Ayo(p,z)/ (ayGyw,) for b)) m=0 (homogeneous material), ¢) m=1/3
andd) m=1 in (4.8.8) and (4.8.9)

Consider computation of the thermal stresses (4.8.4) for space A,

using material moduli (4.8.8) and (4.8.9) and a constant coefficient of
linear thermal expansion, o(z)=o,=const, under a temperature
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imposed by internal heat sources of density w(p,z)=w,exp(—p)d(z)

acting in plane z=0 and exponentially decaying when moving away
from the symmetry axis for the case of constant heat-conduction
coefficient A(z)=A, =const. Here, w, =const and &(z) is the Dirac
delta-function. We compute temperature A,7'(p,z)/w, as a solution to
heat-conduction equation (4.7.1) in the physical domain of transfer
(4.2.17). This is depicted in Fig. 4.3a. The effect of material
inhomogeneity (3.8.8) and (3.8.9) in total stress A,c(p,z)/(0o,G,w,) is
illustrated in Fig. 4.3. Total stress in the case of homogeneous material
m=0 1is proportional to the temperature; therefore, the distribution of

stress in Fig. 4.3b echoes that of temperature in Fig. 4. 3a. It is also
symmetric about the plane z=0, which is not the case for
inhomogeneous materials where m=1/3 (Fig.43c) and m=1
(Fig. 4.3d). Similar analysis can be applied to the case where the linear
coefficient of thermal expansion depends on the axial coordinate.

For inhomogeneous elastic half-space A, , the condition that the shear

modulus is positive and described in the form (4.8.1) implies that G, >0
and a, = 0. Thus, the type of inhomogeneity covered by formula (4.8.1)

can be referred to as “Gibson soil” (see formula (1.2.5) in Chapter 1). In

this case,
S 1+v(2)
E(z)=2 TTa,z B (4.8.11)
and
E(z)
V(Z):E(l'i‘aOZ)—l. (4812)

The physical constraints on Poisson’s ratio impose the following
limitations pertaining to variations in the elastic moduli:

0<(1+ay2) E(z) <3G, . (4.8.13)

The stress-tensor components (4.4.14), (4.4.16) — (4.4.18) in this case
take the following form:
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G_(2)= —g[exp(—sz)

2 Lf)exp(—s(c+|z—m)>dc]

a31-v1(Q)
%[exp(—sz)—!f E(C()C)exp( s(G+] 2 - u)da]

_i*j”cexp(—s@ +a(1-v(©) ()T (L)
2a 3 1-v* (%)

xexp(=s|z-C[)dC,

_ D E
G, (2)= %((% - %J exp(—sz)

't E(<;>
+£J V(0

q([a E(z)
_;[[5 + - (Z)]exp(—sz)

+00 E

——5 —exp(=s(C+ [z - CI))dC]

+i+f°°cexp(—s@+a(1—v(@)a<cﬁ(¢)
2a 1-v*(©)

xexp(—s|z-C[)dQ

oc(z)E(z) T(z)- cE(z)exp( Sz)
1-v(z) a 1-v¥(z)
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_ p+q+c
Gy (2) = (—%exp(—sz)

1+v(z2) = v(z)E(z)
—BG) T(Z)Jl—vz(z)’

G, (z)= —%[exp (—s2)

T E©
Y { Ty P (Grlz—Ch)sentz - c)dq]

+%{exp (—s2)

- | E R emtes el = Dm0

_i+fcexp(—sz;) +a(1-v(5))u(O)T ()
2a 3 1-v* (%)

xexp(—s | z—C|)sgn(z ~ ),

where

+00

E

=5 ‘([ %exp (—2s2)dz,

(4.8.15)

—s %bzg)f(z)exp(—sz)dz
0

C =

and the Young modulus and Poisson ratio are related via (4.8.11) or
(4.8.12).

It is important to note however that in view of expression (4.8.11), the
Young modulus breaks the lower limit set in (4.8.13) for z — 400, due to
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the fact that the Poisson ratio is limited in terms of variability, and thus

E(z) — 0. However, if we focus on the local near-boundary effects in
Z—>+0

an inhomogeneous elastic half-space, then the assumption of Gibson soil
(as represented by (4.8.11)) can be accounted for in the analysis of elastic
and thermoelastic properties.

Consider, for example, the case of constant Poisson’s ratio
v(z) = v,=const and introduce a constant £, =2(1+v)G,. Under these

assumptions and within the context of equation (4.8.11), the Young
modulus takes the following form:

E(z)=—20 4.8.16
(Z)_1+aoz' (4.8.16)
If a, =0 in equation (4.8.16), then only the inhomogeneity in the material

is affected by the coefficient of linear thermal expansion, while all the
other material moduli are constant.

Figure 4.4 illustrates the effect of this type of inhomogeneity in the
axial stress, when the limiting surface z =0 of half-space .4, suffers from

the action of locally-uniform normal pressure (4.1.6), where

_|PosP =1L, _
r(p) 0.p>1, q(p)=0 (4.8.17)

at a temperature of zero 7(p,z)=0. Here, p, is a constant in the

dimension of stresses. Due to the absence of temperature, the effect of the
linear thermal expansion coefficient is disregarded, such that setting
a, =0 in (4.8.16) means that the material is homogeneous. As seen in
Figure 4.4, material inhomogeneity in this case has only a quantitative
impact, while the qualitative behavior of stresses remains similar.
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3+ 34
\ \
-0.05
A 0.05
-0
2 2
z 0.3 z _\0 .
1 ‘_5-5 s
07 \ o \
|-0.95 —-0.95\
0 x ; ) 0 ™ f {
0 1 2 3 0 1 2 3
p P
a b)

Figure 4.4. Full-field distributions of axial stress c__ / p, in half-space computed

using (4.8.14) and (4.2.17) for loading (4.8.17) and Young’s modulus (4.8.16) for
a) a, =0 (homogeneous material) and b) g, =1 (inhomogeneous material)

The validity of assumption (4.8.1) in the case of inhomogeneous elastic
layer A, implies that G, >0 and | g, [<1. Thus, the conditions presented
in (4.8.11) — (4.8.13) hold for the full range of axial coordinates within
[-1,1]. The stress-tensor components in this case take the form given in

(4.5.20) and (4.5.22) with coefficients represented using (4.5.19) as
follows:

B(2) :ﬁ(lc sinhs(1+ 2)
0

E(z)

—Isinhs(1-z) - I coshs(l-z)) 1-v(z)’

Py(z) = ﬁ(lc sinh s(1 - 2)
0

E(z)

—1,sinhs(l+z)+ 1 coshs(l1-z)) v’
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0,(2)= (I sinhs(1+ z)

(4.8.18)
~1, coshs(1+2) + Iy coshs(1+2)) == 2 fiz()z)
0,(2)= (1 sinhs(1 - z)
+1, coshs(1=2) ~ Iy coshs(1+2)); £ 58) ,
T(z) =1 fiz()z) [2a(z)f (2)
1 _
1 (UOEQTEO),;
_%JIW(IS sinhs(C + z)
—1, coshs(§+z)+ 1, coshs({ +z2)) dZ;J ,
where
E(z)sthsz
[ - OI 1— V(Z) Za
E(z)cosh2sz
I.= OI v & (4.8.19)

1
[OZG _[ E(Z())d YO:I§+152_[L2

Let us consider the case where (4.8.1) does not hold. Assume that the
material properties of half-space A, are given in the following form:
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E(z)=E,(1+p, exp(—py2)),
(4.8.20)
G(z2) =Gy (1+my exp(-11y2), V(z)=v,=0.3.

Here, G,=E)/(2+2v,) and p, >-1 and p, >0 are dimensionless

parameters. The material properties in (4.8.20) represent the case where
the deposit of the half-space, which is distant from its surface z=0, is
homogeneous in terms of a constant Young’s modulus and shear modulus
(i.e., E, and G;). When approaching the surface z =0, elastic moduli

(4.8.20) increase to their maximum values at p, >0, or decrease to the
minimum at the surface where p, < 0. Parameter p, describes the growth

(decrement) value of the elastic moduli when approaching the surface.
When p, =p, =0, half-space .4, is homogeneous. If we assume that the
half-space is loaded with local pressure (4.8.17) at zero temperature, then
keeping only three terms in the series (4.4.11) makes it possible to
compute the stresses within 0.1% . The effect of inhomogeneity in the
axial and radial stresses is illustrated in Fig. 4.5 (see [289] for more detail).

0.0 T T T T T T

0.0 —
0.2 | R N
p=0 [ n=>5
O, 04r W= ! 1 s 05 g
- i
p M=>5 -
0 06| ‘ E Po
p=l
08| i -1.0 p=0 b
10 . . . . L .
0 1 2 3 4 0 1 2 3 4
a) b)

Figure 4.5. Depth variation of the axial (a) and radial (b) stresses on symmetry axis
p =0 of elastic half-space Al due to force loading (4.8.18) when p, =1 and

1, =0;1;5 in (4.8.20) (adapted from our paper [303])

To verify the accuracy of the proposed solution, we consider the
computation of stresses in elastic layer .4, in which the Young modulus
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and shear modulus are exponential functions of the thickness coordinate
and Poisson’s ratio is constant:
E(z) _G(2)

7 ——=exp(kz), v(z)=v,=0.3.

(4.8.21)
0 GO

Here, G, =E,/(2+2v,) and «x is a real number. When we disregard the

effects of temperature, the case where k=0 in (4.8.21) corresponds to a
homogeneous material. Then formulae (4.5.20) and (4.5.22) do not involve
the resolvent kernel and present the exact solution to the problem.

(e
12 |
Z 004 ' 1 1
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05 10 15 2
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o

<05
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Z 007

0.013
0.01

o

10 IS .

1‘5 20 0.0 10 1‘5 20

P P

9 d)
Figure 4.6. Full-field distributions of dimensionless «) axial, b) radial, c)
circumferential, and d) shear stresses due to force loading (4.8.22), normalized by
P, in homogeneous layer, when k=0 in (4.8.21) (adapted from our paper

[303])
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In Fig. 4.6, the full-field distributions of the dimensionless stress-
tensor components due to the force loading (4.1.7), where

2(P)=p,(p) = pyexp(-mp®), q,(p)=¢,(p)=0, (4.8.22)

components in homogeneous (« =0) layer A, are depicted. Due to the

locally-distributed loading (4.8.22), the stress fields are local in character,
gradually vanishing with an increase in the radial coordinate. Due to the
equality of the non-zero normal tractions p, = p, and the homogeneity of
the material, normal stresses are symmetric about the mid-plane z =0 and
attain the maximum negative values on boundaries z ==+1 at the central
point p=0. Axial stress (a) precisely satisfies the boundary conditions
(4.1.7) with the normal tractions represented by (4.8.22). The stress is
compressive within the zone of distribution p <2 and vanishes beyond
this zone. Radial stress (b) is positive in the central area p<1/2 and
| z|<1/2 and is negative for the same range of p when 1/2 <|z|<1. This
stress is also positive in the near-surface area for 1/2<p<3.
Circumferential stress (¢) is negative in the near-surface area 1/2<|z|<1,
p < 0.8 and positive elsewhere. Shear stress (d) is antisymmetric about the
mid-plane z=0 and reaches its maximum values in the regions
0.36<p<0.38 and 0.76<|z|<0.78. This stress exactly satisfies the
homogeneous boundary conditions given in (4.1.7) and (4.8.22).

Under the assumption of elastic moduli in the form of (4.8.21), it is
possible to construct a closed-form analytical solution even for x =0
[303]. If we substitute the material properties (4.8.21) into (4.5.18) and

(4.5.19) and eliminate total stress, we derive the following fourth-order
ordinary differential equation for axial stress:

d*s_(z) d’5_(2) ,do_(2)
-2x -5
dz* dz* dz

dzc_szz(z) K’V _
+(k? —25%) 5 +s? 1_V((’)+52 6.(z)=0. (4.823)
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A solution to this equation for layer A, can be found in the following

form:

4
G..(2)=).C,exp(9,2), (4.8.24)
=1

where 8, are the roots of the characteristic equation

4 2 2\ q2 32 2 VoK 2|
9% + (k7 —257) 8% —2x(9° —578) +s [I_VO+S j_o. (4.8.25)

These roots can be presented as follows:

v
9, :;[K-F\/Kz +4s? + disx 1_(3/0 ],

92:% K+JK2+4S2—4ISK lj(\)/ s
0 (4.8.26)
1 2 2 . Vo
33—2 K JK +4s” +4isx v, |
0§ I 24 Vo
94—2 K JK +4s5° —4isk v,

Constants of integration C, can be determined by inserting (4.8.24) into

boundary conditions (4.1.7) and (4.8.22).

The axial stress computed using formulae (4.8.23) and (4.2.17) for
k=0 (homogeneous material) and k=1 (inhomogeneous material) at
p=0 is depicted in Fig.4.7. Qualitatively, distribution of this stress-
tensor component is similar for both cases; however, axial stress in not
symmetric around the plane z=0 in the case where k=1 due to
inhomogeneity. The same conclusion holds for all the stress-tensor
components.
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Fig 4.7. Distributions of axial stress across layer at p =0 for k =0 and k=1
in (4.8.21) (adapted from our paper [301])

Table 4.1. Comparison of solution (4.5.11) computed for approximate
resolvent kernel (4.5.14) with three initial terms and the exact
solution (4.8.24) for exponentially-inhomogeneous material (4.8.21)

[303]
z Solution (4.8.24) Solution (4.5.11) & (%)
0.9 -0.833 -0.842 .13
0.5 -0.537 -0.550 247
0 -0.337 -0.339 0.39
0.5 -0.459 -0.457 0.41
0.9 -0.781 -0.763 2.23

To verify solution (4.5.18) for the case of inhomogeneous material
(i.e., (4.8.21)) where k=1, we compare it with the exact solution
represented in (4.8.24). For the material properties (4.8.21), the kernel
(4.5.11) takes the following form:

2
’C(Z, C_>) —_ K leiqz/(lcz) (exp(KZ)z_KeXp(Kg) COShS(Z _ C,)
0

. exp(—(k +2s)z) —exp(—(x + 25)C)

4(x+2s) Pz +C)
exp(—(x - 2%1 - Z};(—(K =290 oo g))), (4.8.27)

EBSCChost - printed on 2/14/2023 2:18 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

298 Chapter Four

This expression can be used to compute recurring kernels (4.5.15) and use
the truncated series (4.5.14) in order to compute the resolvent-kernel at a
satisfactory level of accuracy. Table 4.1 presents values of stress G,/ p,

calculated for k=1 at p =0 using exact solution (4.8.24). It also presents

the resolvent solution given in (4.5.11) with resolvent kernel (4.5.14)
containing three ( N =3) constituents computed using the first iterative
kernel (4.8.27). Clearly, the three terms in (4.5.14) are enough to compute
the axial stress within 2.5% of relative error. Using four terms reduced the
error to within 1 %. This kind of convergence can be explained using the
theory of Volterra integral equations of the second kind. According to this
theory, a resolvent-kernel solution can be constructed using Picard’s
successive approximation method. The efficiency of this method depends
strongly on the initial approximation, which, in our case, is the solution of
the original integral equation with K(z,{)=0.

In Fig. 4.8 [303], the distribution of axial stress in layer A, can be

attributed to force loading (4.1.7) and (4.8.22) based on the following
elastic moduli:

E(z) _G(2) _ (5, yx
E_o_ G, =(2+2) ",

EO
V(Z)—VO —0.3, GO _Z(T\IO)’ (4828)

where k¥ =0;1;2 at p =0 versus thickness coordinate z. In the case where

Kk =2, stress is computed by setting N =4 in formula (4.5.14). From a
qualitative perspective, behavior of the stress is similar to the above case.
For a homogeneous material («=0), stress is symmetric about the mid-
plane z =0. Decreasing k moves the local minimum (which is at z=0
for homogeneous material) of the compressive axial stress in the direction
of increment of the Young and shearing moduli (see Fig. 2). At the same
time, the absolute value of local minimum of this stress decreases slightly
with an increase in K .
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Fig. 4.8. Distributions of axial stresses across layer at p=0 for kK =0;1;2 in
(4.8.28) (adapted from our paper [303])

Let us consider the computation of temperature and thermal stresses in
inhomogeneous layer A, with the following properties:

%j):%j):(zn)’l, %j)=(2+z)12,
(4.8.29)

Mz)

kO

=exp(kz), v(z)=v,=0.3,

where G, =E;/(2+v,), [, [,, and k are real numbers and E;, o,
and A, are constants of corresponding dimensions. The layer is free of

force loadings, as follows:
Pi(P)=p,(P)=4,(P)=4q,(p)=0. (4.8.30)
It is also subjected to local heating, as follows:

T(p,h)=T,(p), T(p,—h)=T,(p),
(4.8.31)

T,(p) =T, (p) = typexp(—mp*),

where 7, is a constant in the temperature dimension and m is a positive

real number.
Full-field distribution of dimensionless temperature 7(p,z)/¢,

computed using (4.2.17) and (4.7.13) for k=0 in (4.8.29) is shown in
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Fig. 4.9. In this case, the temperature is symmetric about mid-plane z =0
and reaches its maximum on the limiting surface.

20
= \\///

00 20

o
o

Fig 4.9. Full-field distribution of d1mens1onless temperature 1"/ ¢, computed

using formula (4.7.13) for homogeneous layer subjected to local heating (4.8.31)
(adapted from our paper [303])

The effect of material inhomogeneity (k#0) on temperature is
illustrated in Fig. 4.10. Clearly, increases in parameter k shift the local

minimum with coordinates (0,z towards the side z=-1

min )
(2, =—0.11 for k=1 and z_, =-0.22 for k=2), which can be
explained by the fact that the heat-conductivity is lower for a lower value
of z. It is also clear that the local minimum is slightly greater for £ =1,2
than for k£ = 0. The maximum deviation is within 1 % for k=1 and 8 %
for k=2.

Fig. 4.10. Distribution of dimensionless temperature field 7'/, at p=0 as a
function of the value of parameter & in (4.8.29) (adapted from our paper [303])
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Note that in the case where /, =/, =k =0 in (4.8.29), the harmonic

temperature field (4.7.13) does not induce thermal stresses (see, e.g.,
[145]) in the layer with free limiting planes, as established by conditions
(4.8.30). However, if /, or k in (4.8.29) are not zero, then the stresses

occur necessarily.

-0.03

Z 00

05

Fig. 4.11. Full-field distributions of dimensionless stresses a) &,/ (o, Et,), b)
G,/ (ayEyt,),c) oo/ (0Egty) d) o, /(ayEyt,) due to the temperature field

(4.7.13) under the effects of thermal loading (4.8.31) in layer with material
properties (4.8.30), where /, =/, =0, k=1 (adapted from our paper [303])

Figure 4.11 presents the full-field distributions of the dimensionless
thermal stresses computed for the case where /, =/, =0, k=1. The
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normal stresses change from tensile to compressive as a function of
thickness due to variations in the linear coefficient of thermal expansion.
Note that the maximum radial and circumferential stresses are ten orders
of magnitude higher than the maximum axial and shear stresses.

Thus, the direct integration method can be used to reduce problems of
elasticity and thermoelasticity to two governing equations pertaining to
total and axial stresses. These equations can be derived from the
compatibility equations and the relations connecting the stress-tensor
components (obtained through the integration of equilibrium equations).
The governing equations are then reduced to the solution of an integral
equation of the second kind with accompanying integral conditions. We
use the resolvent-kernel technique to suggest an explicit functional
solution to the latter equation. Note that the resolvent kernel is expressed
only in terms of material properties; i.e., it does not depend on the loading
factors. The resolvent kernel is presented using an infinite series of
kernels, which can be truncated to provide an approximate formula for
practical computation. Sufficient accuracy can be achieved using even a
small number of summands. The efficiency of this approach depends on
the selection of the initial kernel. If the shear modulus is inversely
proportional to a linear function, then the kernel of the integral equation is
equal to zero and, such that solution appears to be an exact analytical
solution.

The fact that the solution is given in the form of explicit analytical
expressions through the given boundary tractions makes it possible to
establish a one-to-one relationship between the tractions and the boundary
displacements for an arbitrarily inhomogeneous layer. This makes it
possible to apply the proposed solution procedure to the analysis of
various types of boundary condition involving stresses, displacements, or a
combination of the two.
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