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INTRODUCTION

Despite the significant successes and achievements in
astrophysics and geophysics over recent decades, the
problems of the origin of the Solar system and the formation
of planets remain important and relevant, if only because
there is no general or consistent scenario for the formation of
the proto-Sun and the protoplanetary system from a protosolar
nebula (molecular cloud).

In particular, in astrophysics, there is the problem of the
gravitational condensation of an infinitely spread gas-dust
cosmic matter which is closely related to the problem of
gravitational instability and the well-known Jeans criterion
[1]. The main difficulty of the theory of Jeans is associated
with the gravitational paradox, that is, for an infinite
homogeneous substance, there exists no potential of the force
of gravity [2]. In other words, due to the absence of the
gravitational field inside a spread molecular cloud,
gravitational tightening could not arise.

Recently, the general problems of the formation of
protoplanetary systems, the study of their dynamical behavior,
and the formation and evolution of the planets have begun
attracting additional attention among the scientific community
in connection with the discovery of extrasolar planets,
considered one of the greatest achievements of modern
astronomy.

Our understanding of our place in the Universe changed
measurably in 1995 when Michel Mayor and Didier Queloz of
Geneva Observatory in Switzerland announced the discovery
of an extrasolar planet around a star, 51 Pegasi, similar to our
Sun [3]. Geoff Marcy and Paul Butler in the United States
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soon confirmed their discovery, and the science of
observational extrasolar planetology was born. The field has
exploded in recent years, resulting in publications showing
numerous planetary systems in 2019 (see http://exoplanet.eu/
and http://exoplanets.org/). Most of these systems contain one
or more gas-giant planet close, or very close, to their parent
star. In that, they do not resemble our Solar system. In this
connection, the recent paper [4] tallies:

The discovery of the gas-giant planet — named 51 Pegasi b after its
parent star, 51 Pegasi — came as a surprise. Gas-giant planets, such
as Jupiter, are located in the outer parts of the Solar System. The
prevailing theory was, and still is, that the formation of these
planets requires icy building blocks that are available only in cold
regions far away from stars. Yet Mayor and Queloz found 51
Pegasi b to be orbiting about ten times closer to its host star than
Mercury is to the Sun... One possible explanation is that the planet
formed farther out and then migrated to its current location.

Nevertheless, earlier detection of planets with masses
approximately equal to the mass of our Earth M, , is

art
evidence that there exist extrasolar planets with low masses.
In addition to obtaining important knowledge about the
formation and structure of new planetary systems, that is,
exoplanetary systems, these discoveries provoke genuine
interest among the scientific community regarding the
prospects for finding life in the Universe.

However, the questions considered in this monograph deal
mainly with the problems of cosmogony and only partially
touch upon cosmology. Cosmological bodies include large-
scale space objects (for example, galaxies and their clusters)
based on the fact that cosmology is a science that studies the
properties and evolution of the Universe as a whole. In this
context, cosmogonical bodies unite stars, protostars, interstellar
molecular clouds, planetary systems, protoplanetary gas-dust
disks, planets, protoplanets, and natural satellites of planets.
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Generally speaking, the cosmogony, according to O. Yu.
Schmidt [5], includes both planetary cosmogony and stellar
cosmogony, that is, such directions have been developing
within the framework of various cosmogonical theories.

Several cosmogonical theories are known to explain the
formation of the Solar system, the formation of planets and
the estimation of planetary orbits [1-16]:

e clectromagnetic theories based on the works of O. K.
Birkeland [17], H. P. Berlage [18], H. Alfvén [9, 19,
20], and others;

e gravitational theories based on the works of O. Yu.
Schmidt [5, 6, 21], L. E. Gurevich and A. 1. Lebedinsky
[22, 23], M. M. Woolfson [14, 24], V. S. Safronov [2],
S. H. Dole [25], A. V. Vityazev [12], and others;

e nebular theories based on the works of C.F. von
Weizsiacker [26, 27], G.P. Kuiper [28, 29], F. Hoyle
[30, 31], D. Ter Haar [7, 32], T. Nakano [33], A. G. W.
Cameron [7, 10] and others;

o quantum mechanical theories based on the works of E.
Nelson [34, 35], L. Nottale [36, 37], G. Ord [37, 38], M.
De Oliveira Neto [15, 39], A. G. Agnese and R. Festa
[40], M. S. El Naschie [41, 42], E. G. Sidharth [43] and
others.

The state and achievements of cosmogonical theories are
described by Stephen G. Brush in his review “Theories of the
origin of the Solar system 1956—-1985” [11]:

Attempts to find a plausible naturalistic explanation of the origin of
the Solar system began about 350 years ago but have not yet been
quantitatively' successful. The period 1956-1985 includes the first
phase of intensive space research; new results from lunar and
planetary exploration might be expected to have played a major

! Emphasis added.
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role in the development of ideas about lunar and planetary
formation. While this is indeed the case for theories of the origin of
the moon (selenogony), it was not true for the Solar system in
general, where ground-based observations (including meteorite
studies) were frequently more decisive. During this period most
theorists accepted a monistic scenario: the collapse of a gas-dust
cloud to form the sun with a surrounding disk, and condensation of
that disk to form planets, were seen as part of a single process.
Theorists differed on how to explain the distribution of angular
momentum between sun and planets, on whether planets formed
directly by condensation of gaseous protoplanets or by accretion of
solid planetesimals, on whether the Solar nebula “was ever hot and
turbulent enough to vaporize and completely mix its components,
and on whether an external cause such as a supernova explosion
triggered” the initial collapse of the cloud. Only in selenogony was
a tentative consensus reached on a single working hypothesis with
quantitative results.

Despite a large amount of research and a huge number of
works aimed at studying the formation of the Solar system,
because of a lack of quantitative results these theories cannot
fully explain all the phenomena observed — in particular, the
four groups of facts following Ter Haar [6, 44 p. 277]. (The
last concerns the distribution of angular momentum: although
the Sun has more than 99% of total mass of the Solar system,
only 2% of the total angular momentum belongs to Sun, while
the remaining 98% belongs to the planets (see also
Introduction in Chapter 6).)

In this context, beginning in 1996 the statistical theory for
a cosmogonical body formation has been developed [45-70]
by the author of this monograph, based on the so-called model
of a spheroidal body forming through numerous gravitational
interactions of its parts and particles (see also recent articles,
book, and chapters [16, 71-79]).

The notion of a spheroidal body means a sphere-like
body whose iso-surfaces (the surfaces of equal mass density)
are spheroids (in the case of rotation of this body) or spheres
(in the absence of visible motion). The area of investigations
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within the framework of the statistical theory mainly relates
to Newtonian gravity and partly affects Newtonian quantum
gravity (this area is highlighted by the arc in Figure I.1 which
was proposed on the website of the Bremen University in
2003 (http://www.zarm.uni-bremen.de/2forschung/gravi/
gravity _main.htm). In this sense, the present book continues
the analytical tradition of Cambridge Scholars, starting with
the works of 1. Newton, G. Stokes, J. Maxwell, Lord Rayleigh
(J. Strutt), J. Jeans, A. Eddington, R. Lyttleton, R. Fowler, and
other scientists.

This book has two parts. Part I (Chapters 1-5) seeks to
acquaint the readers with the developing statistical theory of
gravitating cosmogonical body formation. Within the
framework of this theory, the models, as well as the
evolutionary equations of the statistical mechanics, are
proposed. The well-known problem of gravitational
condensation of infinite distributed cosmic substance (in
particular, the Jeans gravitational instability) is solved by the
proposed statistical model of spheroidal bodies. For the first
time, the statistical model of slow-flowing gravitational
condensation based on the anti-diffusion process allows a
solution to the gravitational paradox for an infinite
homogeneous spatial spread substance. With the use of this
statistical model, a new nonlinear time-dependent
Schrodinger-like undulatory equation describing the processes
of cosmogonical body formation is derived.

In detail, in Chapter 1, the problem of the gravitational
condensation of the spread cosmic matter is considered for the
formation of protoplanets in the gravitational field. In
particular, Sections 1.1-1.6 describe the main problems of the
theory of gravitational condensation and the theory of
gravitational instability applied to the molecular (gas-dust)
cloud. In Section 1.7, the general evolutionary equation for
the distribution function is obtained [16, 65, 73] which
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generalizes the well-known Jeans equation characterizing the
dynamical behavior of the gas-dust cloud.

Special
Relativity

Figure I.1.

As shown in Chapter 2, the particle distribution functions
obtained in Section 2.1, as well as the mass density of a
sphere-like gaseous body (an immovable spheroidal body)
[45-61], characterize the first stage of evolution: from a
molecular cloud (nebula) to a forming core (proto-Sun)
together with the outer shell (protosolar nebula). In Sections
2.4 and 2.5 the gravitational potential and the potential energy
of a gravitating sphere-like gaseous body, are calculated. The
probabilistic interpretation of physical values describing the
gravitational interaction of particles in a sphere-like gaseous
body is considered in Section 2.6. Under the condition of
mechanical equilibrium, the pressure inside a sphere-like
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gaseous body is calculated in Section 2.8, as well as its
internal energy in Section 2.9.

Chapter 3 is devoted to the study of statistical models of a
rotating and gravitating spheroidal body to describe the
evolution of a protoplanetary gaseous (gas-dust) cloud around
a forming star. In particular, Section 3.1 considers the
statistical interpretation of Poincaré’s well-known general
theorem and the Roche model for a slowly rotating and
gravitating spheroidal body, that is, for a sphere-like gaseous
body. In Section 3.3, the equilibrium distribution function of
liquid particles relative to the spatial coordinates is derived,
and the mass density function is also obtained for a uniformly
rotating and gravitating spheroidal body with a small angular
velocity. In Section 3.4 the distribution function of the
specific angular momentum and the angular momentum
density for a uniformly rotating spheroidal body are derived.
The average value of specific angular momentum and the total
angular momentum of a rotating spheroidal body being in
relative mechanical equilibrium are calculated [16, 73]. The
determination of the gravitational potential in the case of a
uniformly rotating spheroidal body is discussed in Section
3.6. Section 3.7 estimates the potential energy of a uniformly
rotating and gravitating spheroidal body. Moreover, as shown
here, the disk-shaped spheroidal body does not possess its
own gravitational energy. As noted in Section 3.8, the derived
mass density function characterizes the flattening process:
from initial spherical shapes (for an immovable spheroidal
body) through flattened ellipsoidal shapes (for a rotating
spheroidal body) to spheroidal disks. So, in Chapter 3 the
second stage of evolution is described: from the protosolar
nebula to the forming protoplanetary gas-dust disk.

Chapter 4 considers equations of a forming spheroidal
body (both the centrally symmetric and the axially symmetric
spheroidal body) in the process of its initial gravitational
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condensation. In Section 4.1, the basic anti-diffusion equation
of the initial gravitational condensation of a non-rotating (or
slowly rotating) spheroidal body from an infinitely spread
matter is derived, and in Section 4.2, the general differential
equations for physical values describing the anti-diffusion
process of initial gravitational condensation of a spheroidal
body in the vicinity of mechanical equilibrium are obtained.
In other words, these equations show that the gravitational
field tightening of the molecular cloud (nebula) is preceded by
its initial anti-diffusion condensation [16, 65, 68]. Namely,
two particular cases of the basic equation of slow-flowing
initial gravitational condensation are considered in Sections
4.3 and 4.5. In Section 4.6, the possible dynamical states of
the forming of a centrally symmetric spheroidal body from an
infinitely spread gas-dust matter are systematized. The
general anti-diffusion equation for a slowly evolving process
of initial gravitational condensation of an axially symmetric
spheroidal body (which is formed as a result of its rotation) is
derived in Section 4.7.

Chapter 5 is devoted to the derivation of a new time-
dependent nonlinear Schrodinger-like equation of a
cosmogonical body formation [68, 71, 73, 77, 78] and the
development of a scenario for the gravitational field origin
based on an avalanche anti-diffusion mass transfer in a
forming spheroidal body (see Sections 5.1-5.4), when in
addition to the anti-diffusion velocity of particles, the usual
(hydrodynamic) velocity arises. Nevertheless, the main result
of the research in this chapter is the derivation of the
generalized nonlinear Schrodinger-like equation in Section
5.6, describing not only the state of virial mechanical
equilibrium and quasi-equilibrium gravitational compression
state close to the mechanical equilibrium (with a slowly
varying anti-diffusion coefficient) but also gravitational
instability states leading to the formation of a cosmogonical
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body (see Section 5.7). In particular cases, the nonlinear time-
dependent generalized Schrodinger-like equation becomes the
well-known time-dependent Schrodinger equation or the
generalized Schrodinger equation in Nottale’s form (see
Section 5.5). The cubic time-dependent Schrodinger-like
equation describing cosmogonical body formation in the state
of soliton disturbances is derived in Section 5.7. Since this
equation has a soliton solution, the cubic Schrodinger-like
equation can describe an evolution of the envelope of a wave
packet of Jeans’ substantial waves that propagate in a
nonlinear and dispersive medium of a forming cosmogonical
body (following the gravitational instability theory of Jeans
[1]).

Part II of this monograph (Chapters 6-9) explores
theoretical and practical approaches to investigating our Solar
system and other exoplanetary systems. In particular, a new
universal stellar law (USL) for extrasolar planetary systems
connecting the temperature, size, and mass of each star is
justified. Within the framework of the developed statistical
theory, a new law (generalizing the famous law of O. Yu.
Schmidt, for example) for the distribution of the planetary
distances in our Solar system is proposed.

In detail, the third stage of evolution is considered in
Chapter 6: from a protoplanetary flattened gas-dust disk to
originating protoplanets [16, 65, 73]. The proposed statistical
theory is applied primarily to develop two models of
protoplanet formation (see Sections 6.1 and 6.2) and
explaining the distribution law of planetary distances in the
Solar system (see subsection 6.1.3), although the results
presented in subsection 6.2.2 are also suitable for the
construction of models of formation of exoplanetary systems.
In more detail, the obtained distribution function of a specific
angular momentum for a rotating uniformly spheroidal body
(as a gas-dust flattened protoplanetary cloud) is used in
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Section 6.1. Since the specific angular momentums (for
particles or planetesimals) are averaged during a
conglomeration process (under a planetary embryo formation)
the specific angular momentum for a protoplanet of the Solar
system is found in subsection 6.1.1. As a result, a new law for
planetary distances (which generalizes Schmidt’s law) is
derived theoretically in subsection 6.1.2. Moreover, unlike the
well-known planetary distance laws, the proposed law is
established by a physical dependence of planetary distances
from the value of the specific angular momentum. Within the
framework of the second model, Section 6.2 develops an
alternative heat emission model of protoplanet formation. As
shown in subsection 6.2.1, in the state of relative mechanical
equilibrium of particles moving in elliptical orbits in the
gravitational field, an equation for the heat distribution
function of the specific angular momentum is derived. Within
the framework of this model, only 0.8% of the total number of
particles of the Solar system composing the protoplanetary
cloud has the angular momentum 15.6 times higher than the
angular momentum of the remaining 99% of particles in the
Solar system. This conclusion is in full agreement with Ter
Haar’s above-mentioned four facts of a nonuniform
distribution of the angular momentum in the Solar system [7,
32].

Chapter 7 investigates the orbits of moving planets and
bodies in the centrally symmetric gravitational field of a
gravitating and rotating spheroidal body simulating the
protostar with the flattened gas-dust disk during the planetary
stage of its evolution. Though orbits of moving bodies and
particles into a flattened rotating spheroidal body are circular
initially, they could however be distorted by collisions with
planetesimals and gravitational interactions with neighboring
originating protoplanets during the evolutionary process of
protoplanetary formation. This chapter shows that the orbits
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of moving particles are formed by the action of the centrally
symmetric gravitational field mainly in the final stage of
decay of a gravitating and rotating spheroidal body when the
particle orbits become Keplerian. In Section 7.1, the
estimation of the gravitational potential in the remote zone
based on the general solution of the Poisson equation and the
general expression for the gravitational potential of an axially
symmetric spheroidal body 1is obtained. Section 7.2
investigates the orbits of moving planets and bodies in the
centrally symmetric gravitational field of a gravitating and
rotating spheroidal body during the planetary stage of its
evolution. In Section 7.3, calculation of the orbit of the planet
Mercury as well as estimation of angular displacement of
Mercury’s perihelion based on the statistical theory of
gravitating spheroidal bodies is carried out. As a result, this
section shows that according to the proposed statistical theory
of gravitating spheroidal bodies the turn of perihelion of
Mercury’s orbit is equal to 43.93" per century, which is
consistent with the conclusions of Einstein’s general theory of
relativity (his analogous estimation is equal to 43.03") and
astronomical observation data (43.11"+0.45").

In Chapter 8, the statistical theory of gravitating spheroidal
bodies is applied to derive and develop a USL for the
investigation of extrasolar systems [75, 76]. A preliminary
estimate of an average gravitational potential energy of
interaction of a particle with the gravitational field of a
spheroidal body is given in Section 8.1. Section 8.2 then
considers the derivation of the equation of the state of an ideal
stellar substance taking into account an extended substance
called the stellar corona. In other words, the stellar corona
together with the star is described through the model of a
rotating and gravitating spheroidal body in Section 8.2.
Using the virial theorem as well as the theorem of uniform
distribution of energy on freedom degrees for each particle
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inside a rotating and gravitating spheroidal body, the USL
for a star including its stellar corona is justified. In the case of
the Sun, the verification of USL shows its validity with the
relative error equal to 3.37% (see Section 8.3). Section 8.3
then considers the modification of the USL, taking into
account the ratio of the temperature of the Solar corona to an
effective temperature of the Sun’s surface. The verification of
the modified USL for other stars belonging to the different
spectral classes and types is carried out in Section 8.3.
Theoretical estimations of temperatures of stellar coronas for
stars belonging to the different spectral classes as well as
orbital and thermodynamical characteristics of multi-planet
extrasolar systems are investigated in Sections 8.4 and 8.5.
So, the knowledge of some characteristics for multi-planet
extrasolar systems permits us to refine a star’s own
parameters. In this context, comparison with estimations of
temperatures using the regression dependences for multi-
planet extrasolar systems attests the results obtained. In
Section 8.6, the known Hertzsprung—Russell dependence is
derived from USL directly.

In the final chapter (9) of this monograph, the stability of
planetary orbits based on the statistical theory of gravitating
spheroidal bodies is investigated [16, 45-79]. Using the
obtained USL and its modification connecting temperature,
size, and mass of a star the combination of Kepler’s 3™ law
with the universal stellar law (3KL-USL) is derived in Section
9.1 [79]. As shown in Section 9.1, the combined 3KL-USL
law connects among themselves both the mechanical values
(the Keplerian angular velocity Q. and the major semi-axis

a of a planetary orbit) and the statistical (thermodynamic)
values (the parameter of gravitational condensation « and the
temperature 7). The proposed 3KL-USL thus explains the
stability of planetary orbits in extrasolar systems. In this
context, Section 9.2 investigates the additional periodic force
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causing the radial and axial orbital oscillations (which modify
initial circular orbits of bodies) based on the approach of
Alfvén and Arrhenius [9, 19, 20]. A prediction of the Alfvén—
Arrhenius specific additional periodic force within the
framework of the Newtonian theory of gravity is considered
in Section 9.3. As shown in Section 9.4, from the point of
view of the theory of retarded potentials the wave
gravitational potential and the Alfvén—Arrhenius specific
additional periodic force arise in the remote zone II of the
gravitational field under the orbital motion of a body around
the central gravitating body. The obtained spectral
representations correspond entirely to the analogous spectral
expansion derived in the statistical theory of gravitating
spheroidal bodies (see Chapter 5). Thus, the proposed
statistical theory of the formation of planetary systems
pointing to the regular and wave gravitational potentials
origin is confirmed by the theories of existence (Newtonian
and retarded potentials). Section 9.5 finds that additional
periodic force is similar to Hooke’s force which affects free
oscillations of a body in orbit. Due to dissipation, these
oscillations are damped gradually, so that they need support
through the periodic impact of the additional periodic force by
analogy with the principle of an anchoring mechanism in a
clock. Section 9.6 justifies that the spatial deviation of the
gravitational potential of an ellipsoid-like rotating
cosmogonical body from the centrally symmetric field 1/7—
gravitational potential (of a sphere-like body) implies
different values of the radial and the axial orbital oscillations.
The investigations presented in this monograph in the field
of theoretical statements on the processes of self-organization
in a spread gas-dust cosmic media and the development of
statistical models for the formation of planetary systems and
the origin of planets (including planets in our Solar system
and other extrasolar systems) have been widely discussed and
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reported at several international conferences, in particular,
under the aegis of the General Assembly of the European
Geosciences Union (EGU) and the European Planetary
Science Congress (EPSC). Indeed, the author of this
monograph was the organizer (as Convener, co-Convener,
Chairman) of sessions: PS15 “Models of Solar system
forming” (April 2-7, 2006, Vienna, Austria), PS7.1
“Extrasolar planets and planet formation™ (April 16-20, 2007,
Vienna, Austria), PS9 “Extrasolar planets and planet
formation” (April 13-18, 2008, Vienna, Austria) and PS8
“Extrasolar planets and planet formation, exoplanetary
magnetospheres and radio emissions” (April 19-24 2009,
Vienna, Austria) of the EGU General Assembly; ONI1
“Planetary formation and the origin of the Solar system”
(September 18-22, 2006, Berlin, Germany) and OG1 “Origin
and evolution” (September 14-18, 2009, Potsdam, Germany)
of EPSC; a member of the organizing committee and
chairman of international scientific conferences: 2"
International Conference and Exhibition “Satellite & Space
Missions” (July 21-23, 2016, Berlin, Germany), the 3™
International Conference and Exhibition “Satellite & Space
Missions” (May 11-13, 2017, Barcelona, Spain), the 4%
International Conference and Exhibition “Satellite & Space
Missions” (June 18-20, 2018, Rome, Italy) and the 12%
International Conference “Chaotic Modeling and Simulation
(CHAOS-2019)” (June 18-22, 2019, Chania, Crete, Greece).
The topic of this research corresponds to the priority
direction of fundamental and applied scientific research of the
Republic of Belarus on the mathematical and physical
modeling of systems, structures, and processes in nature. This
work has been carried out by the author in the Laboratory of
Self-Organization System Modeling at the United Institute of
Informatics Problems of the National Academy of Sciences of
Belarus within the framework of the projects: “Methods of
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PART I

A STATISTICAL MECHANICS
OF THE FORMATION OF GRAVITATING
COSMOGONICAL BODIES

Looking at the sky today, we see structures of every scale,
from stars and planets to galaxies and galaxy clusters. The
investigations of structure formation attempt to model how
these structures formed by gravitational instability from small
early density fluctuations. As we know, the problem of
gravitational instability, along with the gravitational
condensation problem, was first investigated by Sir James
Jeans [1]. Indeed, the linearized theory of gravitational
instability leads to the well-known Jeans criterion:

A> A, (I.1)
where 4 is a wavelength of oscillating disturbances and A, is

a critical wavelength of the disturbance. Nevertheless, it is
well known that an infinite homogeneous non-rotating
substance can not be in an equilibrium state. Small
disturbances do not, therefore, manage to form any dense
bunches. However, the process of planet formation takes a
very long time and, in this context, Newtonian consideration
of local equilibrium systems becomes preferable, as pointed
by Viktor S. Safronov [2].

The main difficulty with Jeans’ theory is connected to a
gravitational paradox [2]: for an infinite homogeneous
substance there exists no potential for a gravitational field
@, in accord with Poisson equation:
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If a mass density value p # 0 then, according to Eq. (1.2), both

Vip, =

gravitational potential @, and, therefore, specific
gravitational force 7, display unlimited growth depending on
the distance [2]. Indeed, a constant limit existing for ¢, in

spatial infinity leads to the representation that a mass density
of a substance tends to zero in infinity. This difficulty is
reduced within the framework of Jeans’ theory and its next
modifications using a supposition that the Poisson equation
(I.2) cannot be applied to an infinite substance in whole but to
disturbances dp from a mean value p only. It is also supposed

that there is no gravitational force in an infinite homogeneous
immovable substance because a gradient of acceleration and
pressure is absent. Otherwise, it could not be at rest [2].

An important law of statistical mechanics can be obtained
by an equation for the evolution of a distribution function ®
of a gas-dust substance known as the Jeans equation [1]:

oD oD aq>+acb'8<pg +aq>.8r/)g +aa>'8<pg Lo

oA W—+— —=0
"o Tay Vo ou ox v oy ow oz o (1.3)

where wu=x,v=yp,w=z. However, because of the

abovementioned gravitational paradox, the main problem of
self-condensation of an infinitely distributed substance was
not solved by Jeans’ theory.

Ultimately, some problems of gravitational condensation of
an infinitely distributed substance, as a molecular cloud,
within the framework of Jeans’ theory are the following [1-8]:

e a noncontradictory model of gravitational condensation

of a molecular cloud is absent;

e a gravitational potential for an immovable molecular

cloud is not defined analytically;
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e difficulties occur in finding a general (not partial)
solution for Jeans’ equation (I.3) because of the
impossibility of determining an analytical expression for
the gravitational potential of a molecular cloud.

Part I of this monograph develops an initial model of a
slowly evolving process of the gravitational condensation of
a molecular cloud, thus solving the gravitational paradox
relative to an infinite homogeneous substance.
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CHAPTER ONE

ON THE PROBLEMS OF THE ORIGIN OF
THE INITIAL GRAVITATIONAL CONDENSATION
OF SPREAD COSMIC MATTER

The Universal Gravitation Law, discovered by Sir Isaac
Newton in 1687 [80], has played crucial role in the formation
of our knowledge about the Universe and the cosmic space
surrounding us. Further studies related to the theory of
General Relativity by Albert Einstein [81] advanced our
understanding of the origin of the Universe, although many
unresolved problems (that are discussed in this chapter)
remain. In attempting to understand the formation of galaxies
and their clusters, cosmologists are looking for evidence of
the accumulation of cosmic matter, that is, cosmic
irregularities or textures in the Universe [82—-84]. However,
the standard cosmological theory of the expansion of space in
the early universe (in particular, the “hot universe” model of
George Gamov and the “cosmic inflation” model of Alan
Guth [85, 86]) is contradicted by the observations of the large-
scale structure of the Universe [83].

Developing the hydrodynamic approach to cosmology
[87], Neil Turok and Dan N. Spergel proposed the texture
theory [83]. At present, modern observational data on the
anisotropy of microwave radiation have also been obtained,
reducing the popularity of texture theory [88]. Inflation theory
predicts the spectrum of the microwave background which is
in good agreement with the observational data. Moreover, by
invoking an additional hypothesis about the existence of dark
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matter, it makes it possible even to explain the formation of
the large-scale structure of the Universe [§9-92].

Although this monograph is primarily devoted to problems
of cosmogony, nevertheless, the general approach developed
in it consists of the existence of similar stages of matter self-
organization in scenarios of the formation of both large-scale
space objects (galaxies and their clusters) and smaller-scale
objects (stars and planetary systems) from spread cosmic
matter [16, 68, 73]. It is well known (see, for example, [12])
that the interstellar cosmic medium contains very little dust
and behaves practically as a single-component gaseous
medium. Therefore, the main results in the theory of
gravitational condensation and gravitational instability were
first obtained for such a single-component medium by the
famous astrophysicist Sir James Jeans in 1902 [1 pp. 346—
348, 95].

Nevertheless, the main difficulty of the Jeans theory is
related to the gravitational paradox: for an infinite
homogeneous medium, there is no potential for the force of
gravity [2]. In addition, there are other fundamental
difficulties in the theory of gravitational condensation and the
theory of gravitational instability in infinitely spread media.
For example: the problem of forming a center of spread
cosmic matter under its initial gravitational tightening or the
other known problems of statistical mechanics of a gas-dust
(molecular) cloud; and the impossibility of finding a general
but non-partial solution to the Jeans equation due to the
difficulty in determining the analytical expression for
gravitational potential of a molecular cloud, an infinite mass
density on the periphery of a rotating molecular cloud
according to the theory of Jeans.

This chapter is devoted to a detailed description of the
problems of the initial gravitational tightening origin of
spread cosmic matter and to finding a possible way to solve

printed on 2/13/2023 10:52 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

On the Problems of the Origin of the Initial Gravitational Condensation 25
of Spread Cosmic Matter

them based on the new evolutionary equation of the statistical
mechanics of the molecular (gas-dust) cloud [16, 65, 73]
obtained in Section 1.7.

1.1. On Newton’s Universal Gravitation Law and the
problem of finding the mass center of a spread cosmic
matter under its initial gravitational condensation

The Universe, as is now known from observations of the
cosmic microwave background radiation, began in a hot,
dense, nearly uniform state approximately 13.8 billion years
ago [83, 84]. However, looking at the sky today, we see
structures of all scales, from stars and planets to galaxies and,
on still larger scales, galaxy clusters and sheet-like structures
of galaxies separated by enormous voids containing few
galaxies. Thus, reviews of the large-scale distribution of
galaxies show how our modern Universe is inhomogeneous
because galaxies tend to congestion (see Figure 1.1) forming
layers, clusters, and accumulations surrounding the more sparse
domains, that is, voids [83].

Structure formation attempts to model how these structures
formed by gravitational instability from small early density
fluctuations. In this regard, the investigation of the origin and
evolution of the structure of the Universe is one of the most
ambitious and urgent problems of modern cosmology. In the
new reviews on the distribution of galaxies, huge bubbles and
layers extending hundreds of millions of light-years have been
found. The most popular models — G. Gamow’s “hot” Universe
and A. Guth’s “cosmic inflation” Universe [85, 86] —
successfully describe many aspects of the structure of the
Universe but they do not explain the large-scale clustering of
the cosmos, that is, all matter in the Universe entirely [83, 84].
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Figure 1.1. Fragment of the sky map with plotted galaxies (indicated by
white dots) located at distances of up to 2 billion light-years [83]

In their attempts to understand the formation of galaxies
and their clusters, cosmologists are looking for evidence of
congestion in the form of cosmic irregularities, that is,
textures in the early Universe [83, 84]. However, the standard
cosmological theory of the expanding Universe (even taking
into account Guth’s inflation phase, i.e., a short-term rapid
expansion [85, 86]) is contradicted by the observations of the
large-scale structure [83]. Nevertheless, the observational data
on the anisotropy of microwave radiation obtained at present
do not testify in favor of the texture theory of Spergel-Turok,
since, according to the latter, the Doppler peak in microwave
radiation is suppressed [88]. On the contrary, the inflationary
theory predicts the spectrum of the microwave background
which is in good agreement with the observational data, and
with the usage of an additional hypothesis about the existence
of dark matter, it even makes it possible to explain the
formation of the large-scale structure of the Universe [§9-92].

In this regard, a possible answer lies in the existence of
similar stages of self-organization of matter in the scenarios of
formation of both large-scale space objects (such as galaxies
and their clusters) and less large-scale ones (in particular,
stars and planetary systems) from spread cosmic matter [16,
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73]. Modern concepts of the cosmic dispersed matter based on
astrophysical data obtained using radio telescopes say that a
cold porous gas-dust medium forms molecular clouds which
spread in interstellar space “with some tendency for local
clustering are a large number of ‘cores’...” [10].

If we conditionally divide this medium into elementary
domains, then, using the terminology of hydrodynamics [94],
they can be considered to be “liquid particles” by mass m,

(see Fig. 1.2); in this connection, we note that these liquid
particles are not elementary but themselves consist of a
multitude of elementary particles of mass m, [94]. According

to the Newton’s Universal Gravitation Law, established by the
brilliant physicist Sir Isaac Newton [80, 95], these particles
must interact with each other through local gravitational
forces, the magnitude of which is determined by Newtonian
law:

ml.m.
Fy=y—~ (1.1.1)

T

where
y=6.67-10"""N-m’/kg® is the Newtonian gravitational
constant,
m; and m; are masses of the interacting i-th and ;-th
liquid particles, and
1, 1s a distance between the i-th and j -th particles.
In other words, following the Universal Gravitation Law, a
particle m; attracts another particle m, with the force F;
defined by the formula (1.1.1). Obviously, with the same
magnitude of the force, another particle m;attracts the
particlem, . The vector, representing the force Fj; in its action

on the particle m, , is located on the positive real axis, having

an origin in the center of mass m; of the first particle, and is
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directed toward the second particle m,; the vector, which
represents the force of attraction of a particle m; by a
particlem;, has an origin at the center of mass m and is

located on an oppositely positive real axis directed toward the
particle m, (see Fig. 1.2).
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Figure 1.2. The interaction of particles in a porous gas-dust medium

N’

If we consider all the pairwise interactions of liquid
particles among themselves then a resulting force of all the
gravitational interactions of these particles of cosmic matter
among themselves can be calculated as follows:

_ ~ mm,;
Fo= D F ==y =5 (1.1.2)
i

ij ij

The direction of the resulting force F, will be determined

by the location of a larger number of liquid particles
constiting the gas-dust matter, that is, by the location of a
densely filled subspace with liquid particles in which there are
almost no cavities (voids).

printed on 2/13/2023 10:52 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



EBSCChost -

On the Problems of the Origin of the Initial Gravitational Condensation 29
of Spread Cosmic Matter

In particular, if we consider an ideal case of the distribution
of cosmic matter in the form of a line segment of particles of
the same type with diameter D =1, that is, as a stretched needle

(Fig. 1.3), it is easy to see that the resulting gravitational force
will be directed to the geometric center of this needle:

A=A Y \/ Y Y
\,/%’\_/\,/\T/\ /\ AN J

Figure 1.3. The scheme of attraction of particles placed in a line

This is not surprising because of the total number N of
particles. The number of particles attracting a selected particle
(marked by hatching in Figure 1.3) to the periphery of the
needle is 1 while the number of particles attracting this
particle to the center is N-1. In the case of a large ensemble of
particles(N>>1), the resulting central forceF,~N, and the

resulting peripheral force F, ~1, that is, F, >>F, occurs with an

increase in the total number N of particles.

In the second ideal case, the distribution of cosmic matter
in the form of a flat figure, that is, of a circle or disk (see Fig.
1.4), uniformly filled with radially located particles of the
same type with D =1 (the number of which along the radial

direction N approximately determines a diameter of this disk)
the number of peripheral particles is approximately equal to
the length of a circumference ent[7zNV] while the number of
interior particles is proportional to the area of the inner circle
ent[7((N —2)/2)*]. In other words, at very large N a
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resulting central force 7 ~ N? and a resulting peripheral force
F,~N, that is, F.>>F, with an unlimited increase in the

ensemble of particles. This means that the peripheral particles
making up the shell practically do not attract the interior
particles of the disk-shaped body (see later the well-known
theorem of Newton [80, 95, 96]).

Figure 1.4. The scheme of the interaction of particles inside a disk-shaped
figure

Finally, the third case of the distribution of cosmic gas-dust
matter refers to the case of a three-dimensional figure which
is the sphere uniformly filled with particles of the same type
having a diameter equal to the length N of a sequence of
radially located particles with D =1 (Fig. 1.5).
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¥=<

Figure 1.5. The scheme of attraction of particles inside the sphere

If we consider any cross-section of the above-mentioned
sphere (passing through its geometric center) and then
arbitrarily select the diameter (composed by radially located
liquid particles) in it, then we come to the consideration of the
first model (Fig. 1.3). Indeed, it can be seen in this figure that
lateral resulting forces cannot act on a test particle located on
the diameter due to the symmetry of the circular cross-section
relative to the diameter of the sphere (since there are
approximately equal numbers of particles on either side of the
diameter the resulting peripheral forces compensate each
other). As a result, only an uncompensated central resulting
force acts on the test particle directed to the center along the
diameter. When placing a test particle directly in this center of
the sphere the resulting central gravitational force is equal to
zero due to the attraction of an equal number of particles
located in all directions from the center. If we relocate a test
particle from the center to the periphery, the resulting central
gravitational force becomes greater being proportional to the
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number of particles contained in the volume of an inner
concentric sphere (on the surface of which this test particle is
now located). As in the previous case, this means that the
peripheral particles (constituting the shell in the form of a
spherical layer) do not attract the interior particles of the inner
sphere. Indeed, when N is large enough, then by analogy with
the second case, the resulting central force F, ~ N’ , and the

resulting peripheral force F, ~N?, that is, F.>>F, at largeN;

as a result, the center of gravity (center of mass) of the cloud
of gas-dust matter coincides with its geometric center.

Since the problem of determining the center of spread
matter as a system of particles (in particular, of a molecular
cloud) is important under its initial gravitational condensation,
let us consider some mathematical foundations for finding the
center of mass of a particle system. As F. Moulton pointed out
in [96], the center of mass of a system of particles having
equal masses, that is, of equal single mass points, is defined as
a point, the distance to which from any plane is equal to the
average distance of all mass points from this plane. This
should occur for three coordinate planes. Indeed, let
(x,»,2,), (x5,¥,,2,), etc. represent the rectangular
coordinates of various single mass points while X, y,z are the

rectangular coordinates of their center of mass. Then,
according to the definition we have:

1 & 1 & 1 &
f:_ x,‘; y=— IE) Z:_ Zi 1.1.3
NS TE Ly N (1.1.3)
where N is a number of particles in a molecular cloud. If m,

is a mass of each particle, that is, the mass of the whole
system of particles is equal M =m,N, then Eqs (1.1.3)

become:
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N
mozx | & mozyi | &
_ -1

X = zmox," y:i—:_zmoyi’

TN M mN M5
_ mOZZ 1 (1.1.4)
2= Zmo

TN M2

It remains to prove that the distance to a point (X, y, z) from
any other plane is also the average distance of mass points
from the plane [96]. To this end, we write the equation of an
arbitrary plane:

ax+by+cz+d=0. (1.1.5)
The distance to the point (¥, y,z) from this plane is
determined by the formula:

g:ax+by+cz+d’ (1.1.6)
Na' +b* +c’

and the distance to a certain point (x;,y,,z,) from the same

plane is respectively:
J =% +by, +cz, +d

Ja* +b* + ¢
Then from Eqgs (1.1.3), (1.1.6), and (1.1.7) it follows that:

N

aix,. + biyi + civlzi + Nd i(ax, +by, +cz, +d) Zdi
;l __ =l i=1 i=1 _ =l —i=l (1 . 1 . 8)

NVa* +b* +¢° NVa* +b* +¢* N
Q.E.D. Therefore, the point (X, y,z)represented by Eq.
(1.1.3) satisties the definition of the center of mass relative to
all planes.
When the particle system contains particles of unequal
mass, it is possible to consider two cases in which the masses
of these particles are commensurable and incommensurable

[96]. In the case in which the masses of the particles are

(1.1.7)
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commensurable, a certain mass unit m, is selected, for which
all N the masses of the particles are divided without
remainder. Let us suppose that the first particle has a
mass p,m,, the second hasp,m,, and so on, and
let pm, =m,, p,m, =m,, etc. Then we can assume that the
system of particles consists of p, + p, +...mass points, each
having massm, . Then, according to the above regarding Eqs
(1.1.4), we directly obtain that:
N

zmopfxi | & Zmop Vi N
I e e T
zmopi - zmop:
- i=1
_ Zmop" L

Z=E——=—>"mz (1.1.9)

z m,p, M i=1

which proves the requlrement.

In the case in which the masses of the particles are
incommensurable, we can choose an arbitrary mass unit m,
smaller than each of the N masses of the particles. Then the
masses of these particles will be expressed by a product m,, of
an integer plus some residues. If we neglect the residues Eqs.
(1.1.9) then give the center of mass. Now let us take as a new
unit of mass any share of m,. As a result, the residues remain
the same or decrease (depending on their value) [96]. This
share m;, may be so small that each residue will be less than
any given value. It is obvious that these Eqs (1.1.9) are also
applicable if m, are masses of particles minus residues. But
since the shares of m, tend to zero the sum of the residues

also tends to zero, that is, the expressions (1.1.9) tend to the
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limits in which m, are masses of single mass points [96].

Therefore, in all cases (commensurable or incommensurable
masses of particles) a point is determined by Eqs (1.1.9) that
satisfies the definition of the center of mass.

So, to prove the validity of the formulas for the definition
of the center of mass of a system of particles, it is sufficient to
show that Eqs (1.1.9) do not change, firstly, when the origin
of coordinates changes or, secondly, when the rotation occurs
around one of these axes. To change the origin of coordinates
let us move it along the axis x at a distancea :

x=x"+a.
Then, taking into account this substitution the first equation in
(1.1.9) becomes:
N
Z m,

_, 1 & , -
x+a:—zmx.+a— me+a’
M “= /(% ) M

whence:

1 N
—r Z '
_Hi—l i

so that this formula is the same as before.
Now let us turn the axes x and y around the axis z at an

angle @. The substitution performing the rotation is a known
rotation transformation:

x=x"cos@—y'sin G,

y=x'sin@+ y'cosé.
After this substitution the first two equations in (1.1.9) take
the following form:

1 & 1 &
x'cos@—y'sinf=cos@-— » mx —sin@-— » m.y;
y MZ 1771 MZ lyl

i=l1 i=1

1 & 1 &
X'sin@+7y'cos@=sin@-— » mx +cos@-— > m.y..
Yy MZ ivi MZ Iyl

i=1 i=1

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



EBSCChost -

36 Chapter One

Multiplying the first equation by cosé and the second by
sind and then adding and subtracting the resulting equations
we find:

L, 1 & 1 &
X=—>Ymx; y=—>my .
M le Y Z‘ Vi
Thus, the point (x, y,z) meets the definition of the center

of mass for any plane [96]. Leonard Euler proposed for the
center of mass the name of the center of inertia.

If the mass points describing a system of particles become
more and more numerous and more closely located to each
other, then at the limit the system of particles approaches a
solid body. Such bodies are characterized by continuous mass
distribution of medium. To write the formulas for coordinates
of the center of mass of a solid body one must take the limits
of the expressions (1.1.9) for which m, (i=1,...,N) tend to
zero. At the limit, the sums go into definite integrals, therefore
coordinates of the center of continuous masses are the
following:

I xdm J- vdm _[ zdm
f:M , y:M . Z:M 11.10
'[ dm '[ dm '[ dm ( )
M M M
and the integrals are taken over the whole continuous medium
of a solid body.

If the solid body under consideration is nonuniform in its
mass distribution, then a mass density function p = p(x,y,z)
is introduced, so that a mass element dm in rectangular
coordinates is written as follows:

dm = pdxdydz . (1.1.11)
Given the formula (1.1.11), Eqgs (1.1.10) take the form:
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.f xpdxdydz J. yodxdydz Izpdxdydz
x=tr——) y=fr——, z=%——- (1.1.12)

[ pesctyds [ pesydz [ pexctydz

v v V

where integrals are taken over the whole volume 7 of a solid
body. Similarly, Eqs (1.1.12) written in the Cartesian
coordinate system can be represented in curvilinear coordinate
systems (mainly in cylindrical and spherical ones).

All the above considerations are valid for the case when a
cosmic molecular cloud has finite dimensions, so that the
question of determining its center, surface, and volume looks
quite correct. However, the problem becomes much more
complicated when it concerns huge cosmic formations
(nebulae) in which a fairly cold porous gas-dust medium
spreads in infinite space. The following question is then
relevant: what is the mechanism for the origin of the initial
gravitational condensation of infinitely spread cosmic matter?

First of all, let us consider another conceptual model. We
suppose that the texture of a spread porous gas-dust medium
can be modeled by a foamed liquid consisting of a collection
of bubbles of various sizes (small, medium, and large) tightly
adjacent to each other (see Fig. 1.2). Bubbles make up
multiple voids where cosmic matter is absent, moreover, the
matter itself forms the walls of bubbles and is also located in
the inter-bubble space. It is known from the theory of the
Newtonian potential [95, 96, 97] that the magnitude of the
gravitational force both in a spherical layer of finite thickness
and in an infinitely thin spherical layer as well as in cavities
of an ellipsoidal shape (infinitely thin and finite thickness) is
zero according to the theorem of Newton mentioned above.

Indeed, the attraction of a thin homogeneous spherical
layer at an interior point, like other simple bodies such as
spheres, was first considered by Newton in his “Principia,”
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Book I, Section XII, Proposition LXX [80]. The following
proof essentially coincides with the proof given by him [96].

Let us consider a spherical layer formed by two infinitely
close spherical surfaces S and S’, and let P be a point of
unit mass located inside it (Fig. 1.6).

Figure 1.6. The scheme of attraction of a thin homogeneous spherical
layer at a point inside it

Let us construct an infinitely small cone with a solid angle
oand a vertex at a point P. Let o be a mass density of the
layer. Then the mass of an element of the layer at 4 is equal

to m=0-AB-o- APz; similarly, the mass of a layer element in
Ais: m'=c-AB-0-AP . According to (1.1.1) the forces of
attraction of the mass point P by the elements of layer m and
m' are respectively equal to:
m'-1
AP

Since A'B' = ABthenF = yo-AB-0=F', and this is also
true for each infinitely small solid angle with a vertex at a

point P . Thus, a thin homogeneous spherical layer attracts a
point inside it equally in opposite directions, that is, according

m-1 ,
F=7/:2; F'=y
AP
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to (1.1.2) the resultant gravitational forceF‘Z =0. This is

applicable for any number of thin spherical layers and,
therefore, for a spherical layer of a finite thickness which
proves Newton’s theorem.

Similarly, the attraction of a thin homogeneous ellipsoidal
layer at an interior point can be studied (the corresponding
theorem was given in “Principia” [80], Book I, Section XIII,
Proposition XCI, Corollary 3). A thin layer enclosed between
two similar and similarly placed surfaces of homogeneous
ellipsoids is called an elliptic homeoid [96]. Let us consider
the attraction of an elliptic homeoid bounded by two similar
ellipsoids E and E'at an interior point P of a unit mass (Fig.
1.7).

8’

c A

Figure 1.7. The scheme of attraction of a thin homogeneous ellipsoidal
layer at a point inside it

Let us construct an infinitely small cone with a solid angle
o and with a vertex P. The masses of two infinitely small
elements near points A and A are defined as
m=c-AB-0-AP and m'=c-AB -0-AP . Accordng to
(1.1.1) the attraction forces of the mass point P of a unit mass
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!

by the layer m and m are equal
toF =ym/ AP and F "=ym'/ AP respectively.
Let us construct a diameter-CC' parallel to 44’ at an

elliptical cross-section by a plane, passing through the axis of
the cone and the center of the ellipse, and then draw its

conjugate diameter OO'". It is the conjugate diameter for both
elliptic cross-sections £ and E'. Therefore, OO" divides in

two every chord parallel to CC' whence A'B' = AB, therefore,
the attractions of the point P by the opposite elements 4 and
A" are equal to each other. Since this is applicable for each
infinitely small solid angle, whose vertex is at P, then the

resulting gravitational force (1.1.2) is equal to zero: 13z =0.

So, the forces of attraction of a thin elliptic homeoid at an
interior point are equal in opposite directions. This statement
is applicable for any number of thin layers and, as a result, for
layers of finite thickness which proves, in general, the Newton
theorem [80, 95, 96]:

Theorem 1.1 (the Newton theorem). A homogeneous
layer, bounded by two similar and similarly placed concentric
ellipsoids, does not exert attraction at a point into the internal
cavity of the layer.

P. Dive [98] proved that the inverse conclusion of
Newton’s theorem is also true.

Corollary 1.1. A potential function (gravitational potential)
of a homogeneous layer at an interior point P has a constant
value into all internal cavity of the layer.

Really, according to Theorem 1.1 since an interior point
P does not undergo any attraction from a homogeneous
layer, then all components of the resulting gravitational force
along coordinate axes are equal to zero The gravitational
potential function should, therefore, be constant.

Let us consider a very useful application of Newton’s
theorem in the case of an inhomogeneous ellipsoid [99]. To
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this end, if we take the main axes of an inhomogeneous
ellipsoid E as the coordinate axes we can then write its
equation in the form:
2 2 2
z

X
?+y—+c—2=1 (1.1.13)

where a,b,c are major semi-axes of the ellipsoid under the
assumption ¢ <b<a. Let us introduce a family {E } of

concentric, similar, and similarly located ellipsoids with a

parameter k defined by the equation:

2 2 2
z

Y 2
XYY LE e (1.1.14)
a b
Let be the current coordinates x, ',z of an interior point M

and p(x,y,z) be a mass density of an inhomogeneous

ellipsoidal body bounded by a surface £ at the point M . If for
a fixed value k£ the density p has a constant value at all

points on the surface E, , but it changes upon transition from

one surface of the family to another, that is, under changing a
parameter k, then we can say that the inhomogeneous body
T bounded by the surface of an ellipsoid E possesses an
ellipsoidal structure or has an ellipsoidal mass density
distribution [99]. In this case, the mass density p(M) will be

a function of only one £ (0<k <1)and k=0 corresponds to

the center of the ellipsoidal body whereas the value k=1

conforms to its surface [99]. Therefore, we can write that:
2 '2 '2
pM) = p(k) = pCry 25 +25) (1.1.15)
a b c

where x =kx,y =ky,z =kz. To find the gravitational
potential function of such an ellipsoidal body we proceed as
follows: we select from this body 7 an infinitely thin
ellipsoidal layer bounded by two infinitely close surfaces
belonging to the family £, , and we first find an expression for
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the gravitational potential of this layer (supposing it can be
considered as homogeneous) at both exterior and interior
point P.

As a consequence of this supposition as well as Theorem
1.1 and Corollary 1.1, the following theorem holds [99]:

Theorem 1.2. A gravitational potential function of a layer
bounded by two similar, infinitely close ellipsoids has a
constant value at all points of an ellipsoid which is confocal to
this layer.

In particular, if an interior point does not undergo any
attraction from an infinitely thin ellipsoidal layer then the
gravitational potential function of this layer has a constant
value at an internal confocal ellipsoid in accordance with
Corollary 1.1.

So, by splitting the whole ellipsoidal body 7 into an
infinite number of such infinitely thin, homogeneous
ellipsoidal layers, we then obtain the gravitational potential of
the whole ellipsoidal body as a sum of potentials of all
infinitely thin layers [99], that is, as an integral of the
gravitational potential of k -layer taken to the parameter £
from zero up to one. Thus, first of all, we need to find an
expression for the gravitational potential of an infinitely thin

layer 7' with a constant mass density p bounded by two

infinitely close, concentric, similar and similarly spaced
ellipsoids. To do this, we use the abovementioned Theorems
1.1 and 1.2.

Let P(x,y,z) be a point lying outside a layer 7" bounded
by a surface E, with semi-axes a,b,c and by an infinitely
close surface E,. Then the equation of an ellipsoid passing

through the point P and being confocal to an ellipsoid E, has

the form:
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x2 y2 ZZ
, -+ — -+ — -=1. 1.1.16
a*+1 b*+A1 *+A ( )

According to Theorem 1.2, the gravitational potential ¢ of

the layer T has a constant value at all points of this ellipsoid
but upon transition from one confocal ellipsoid to another,
that is, under a changing parameterA , the gravitational
potential is also changing. Consequently, the potential ¢ of
an infinitely thin layer at an exterior point of a unit mass is a

function only of A which in turn is a function of the
coordinates of the point P [99]:

.__y_mlw ds
0 === JR.(S.) (1.1.17)
where A is a positive root of Eq. (1.1.15):
R(s)=+(a®+s)b* +5)(c* +5), (1.1.18)

and m is a mass of the infinitely thin layer 7', y is the
Newtonian gravitational constant.

As the point P is approaching the surface E, of the
ellipsoid, the parameter 4 — 0. Therefore, taking into account
that the gravitational potential is a continuous function in all
space, and inside the layer 7, it is a constant value following
Newton’s theorem (see Theorems 1.1, 1.2 and Corollary 1.1)
we can obtain the following potential expression for an
interior point [99]:

_ym s
2 JR(s)

Now we turn to finding the gravitational potential of a
continuous ellipsoidal body 7', bounded by a surface £, the
mass density of which is determined by the law (1.1.15). Let
us consider a family of similar concentric ellipsoids E, and

(1.1.19)
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select a layer 7' bounded by an ellipsoid E, with semi-axes
a =ka, b =kb, c =kc and by an ellipsoid E, with semi-
axes a =(k+dk)a, b =(k+dk)b, ¢ =(k+dk)c. The
gravitational potential of the layer 7 at an outer point
P(x,y,z) is then determined by the formula (1.1.17), and its
mass is equal:

m = gﬂ'abcp(kz)[(k+ dk) —k°], (1.1.20)

whence, neglecting the terms higher than the first order of
value dk , we obtain:
m ~dm = 4rabcp(k)-k’dk . (1.1.21)
Making the substitution s =k’c and denoting the
gravitational potential of the layer 7' (as an infinitely small
part of the gravitational potential of the whole bodyT7)
through dg, instead ¢ , we can write:
do, =—2ymabep(eEdk | | kdo -
I + oI + o) kE + ko)
= —yabep(k* )2k dk do =
LK@ o) B o) +0)
Jw do
@ +o) b +oNE +0)

=—yrabep(k*)dk’ (1 N 22)

where k’s = A . Given the designation:
R(o)= \/(az +o)(b* +o)(c +0) (1.1.23)
the expression (1.1.22), therefore, takes the form:
» do
do. =—yrabcp(k*)dk*| ——,
9, =—yrabep(k)di” | — )
and s is determined by the equation derived from Eq.
(1.1.16):

(1.1.24)

2 2 2
N A T (1.1.25)
a +s b°+s c +s
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Integrating now the equality (1.1.24) with respect to k or
k*, which is the same, from zero to one, we obtain the
gravitational potential of the whole ellipsoidal body 7 :

1 0
do
P)=—ymb k*)dk? | ——,

9,(P)=—ym c!p( ) !R(G) (1.1.26)

which can be written shorter, supposing:

¢ do
= mmab , 1.

,(s) = c! R0 (1.1.27)

in the following form [99]:
1
0,(P)==7 [ @y ()p(k* )k . (1.128)
0

To lead the formulas (1.1.26), (1.1.28) to the classical
Dirichlet form [99], we consider the function p(k*)as

integrable in the interval 0 < £” <1 and assume:
1
k()= [ p(k*)dik (1.1.29)
k2

Applying to (1.1.28) the method for integrating by parts we
obtain:

¢, (P)= —7{— @y ()x(k?)

1+jz<(k2)d<oo(s>}. (1.130)

However, when k* =1 we have x(1)=0, and if k* =0, as
can be seen from Eq. (1.1.25), we have s =00, and therefore
@,(0) =0, that is, the integrated part disappears:

Po()K(k™), =0.

In the remaining integral we take the integration variable s
instead of k* . The new boundary will then be « and A where
A is determined by an equation resulting from Eq. (1.1.25) at
k* =1, that is, by the following equation:
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2 2 2
X y z

2 + 2 + 2

a+A b +4A ¢ +4
and the expression for the gravitational potential function
takes the final form:

=1, (1.1.31)

@, (P)=—ymibc jK(II;( ))ds- (1.1.32)

If p=const then x=(1-k*)p, where k’is determined by

Eq. (1.1.25), so that we obtain the Dirichlet formula for the
potential of a homogeneous ellipsoid at an exterior point [99,
100]:

vy oz

I x° : ds
Py=—yppmbef|1-—X—— Y _ .
¢:(P)="1pm cﬂ a+s b +s cz+s}R(s) (1.1.33)

Let us find the components of the specific gravitational
force, that is, when the ellipsoidal body 7' gravitationally acts
on an exterior mass point of a unit mass. Differentiating Eq.
(1.1.32) with respect to x, for example, we have [99]:

Op, [ ymabe ., 04 = p(k*)ds )
ox ( Ry FEea 27 mabex], @ +S)R(s)]_
_ P )ds
277rabch (a +s)R(s) (1.1.3 4)

because when s=A4 we have k*=1 and x(1)=0
respectively. Then we can find the component f and,
similarly, the other two £, /. as the following [99]:

_ 99, _ p(k*)ds
fo=——E=-2pmabex|, EoRe (13
__8 _ p(kHyds
f, = abey [T L B IRG) (1.1.35b)
/. =—a¢g _ dymabez | LI (1.1.35¢)

0z 2 (S +5)R(s)
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When p =const these formulas become the formulas for the

components of the specific gravitational force of a homogeneous
ellipsoid.

It is clear that the components of the resulting gravitational
force (1.1.2) of the ellipsoidal body 7 acting on an exterior
point having mass m are equal:

© k*)ds

F; = mfx = —2ym7mbch (CI'?S_SW, (1.1.36a)
o = p(k*)ds

F; = Wlfy = —2}/m7mbcyL m, (1136b)
o k*)ds

F, =mf. =-2ymzabez| %. (1.1.36¢)

We now consider the gravitational potential of a body T
with an ellipsoidal density distribution for the case when the
attracted point P of unit mass lies inside the ellipsoid E [99],
that is, when:

x2
a2
Let us select from the family of similar ellipsoids E, the one

that passes through a point P, and denote by &, (0<k, <1) the

parameter value & corresponding to this ellipsoid (Fig. 1.8).
k=/

Figure 1.8. The layered representation of a body with an ellipsoidal mass
density distribution
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Obviously, for all infinitely thin ellipsoidal layers 7 lying
inside the ellipsoid E,;O (0<k<k,) the point P is exterior,

and for layers lying outside E,;O (k, <k <1) the point P is

interior. Therefore, to get the expression for the full
gravitational potential of the body 7' at the interior point P,
it is necessary to integrate the expression (1.1.24) with respect

to k*, from zero to k(f , and add to the obtained expression the
result of integrating an expression like (1.1.24) with respect to
k* for the gravitational potential of the layer 7 at the interior
point, from &, to one [99].

But the expression of the gravitational potential of the
infinitely thin layer at the interior point is obtained from

(1.1.24) by replacing the lower integral limit s through zero,
and therefore we have [99]:

%(P)——ymbﬁ{jp(kz)dkzj jp(k2>dk2 R‘z )}- (1.1.37)

Applying to the first of these 1ntegrals the integration formula
by parts and taking into account that if k> =0 then s =c and
if k* =k, then s=0, we obtain:

7, (P) =7 [ <), (5 (1139)

and passing here to the integration variable s, we finally find:
© i(k*)ds
P)=—ymbc| ———.
0, (P)=—7. j R
When p=const we obtain the expression of the gravitational

potential of a homogeneous ellipsoid at the interior point.
Differentiating (1.1.39) relative to x,y,z we find the

components of the specific gravitational force (acting on a

(1.1.39)
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particle of a unit mass) inside the whole ellipsoidal body T
[99]:

9, = p(k*)ds
= _ pyrabex| LD 1.1.40
S ox e cx'[o (a* +5)R(s) ( 2)
o9, = p(k*)ds
=% _ yrabey[ LD 1.1.40b
Jy =, = TRmabey J (@ +5)R(s) (1.1.40)
8(Dg ~ p(k*)ds
] 1.1.40
f. == =2ymabez], (@ +$)R(s) (1.1.40¢)

As shown in [99], the gravitational potential of the
ellipsoidal body (defined by the formula (1.1.39)) satisfies the
Poisson equation [100]:

Vip, =4myp. (1.1.41)

Now let us return to the consideration of the
abovementioned conceptual model. According to Newton’s
theorem (see Theorems 1.1, 1.2 and Corollary 1.1) a porous
gas-dust medium spread in outer space in the form of a
collection of bubbles of various sizes and shapes (spherical
and ellipsoidal, see Fig. 1.6 and 1.7) does not have a
gravitational field inside bubble structures. Consequently,
insignificant bursts of gravitational forces can only be
associated with cosmic matter contained in inter-bubble gaps.
Thus, the resulting gravitational force of the finite segment of
such bubble matter will be negligible. When averaging it over
an infinitely extended space occupied by bubble matter we
obtain a zero value.

So, since the resulting gravitational force, averaged over
space, is equal to zero then such spread matter cannot
condense into a denser formation under the action of just its
gravitational forces. The situation does not change
significantly if all bubbles are replaced by liquid particles of
spread cosmic matter, as in the case of the ideal models
considered above (see Figures 1.3—1.5). Thus, within the
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framework of the traditional field theory [100], it is
impossible to find an explanation for the phenomenon of
initial gravitational contraction of infinitely distributed cosmic
matter in space.

In this regard, it is appropriate to recall the dictum of the
great mathematician and physicist Blaise Pascal who stated in
his book “Pensées”: “Space is an infinite sphere: the center is
everywhere but there is no circle anywhere.” Similar views
were held by Sir Isaac Newton. In his first letter to Dr.
Bentley (Dec. 10, 1692) he wrote the following [1 p.352,
101]:

It seems to me that if the matter of our sun and planets, and all the
matter of the universe, were evenly scattered throughout all the
heavens, and every particle had an innate gravity toward all the
rest, and the whole space throughout which this matter was
scattered, was finite, the matter on the outside of this space would
by its gravity tend toward all the matter on the inside, and by
consequence fall down into the middle of the whole space, and
there compose one great spherical mass. But if the matter were
evenly disposed throughout an infinite space, it could never
convene into one mass; but some of it would convene into one
mass and some into another, so as to make an infinite number of
great masses, scattered great distances from one to another
throughout all that infinite space. And thus might the sun and fixed
stars be formed, supposing the matters were of a lucid nature.

In this context, as S. Weinberg [101] pointed out, the
difficulty of understanding the problems of the dynamics of
an infinite medium greatly paralyzed further progress until the
appearance of Einstein’s general theory of relativity (GR). In
the framework of GR, Albert Einstein used the existing
mathematical theory of non-Euclidean geometry to explain
gravity as an effect of the curvature of space and time.
Einstein tried to find a solution to his equations that would
describe the space-time geometry of the Universe as a whole.
Following the cosmological ideas existing at that time,
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Einstein in particular sought a solution that would be
homogeneous, isotropic, and static [101]. However, such a
solution was not found. To build a model that satisfied these
cosmological requirements, Einstein was forced, as Weinberg
put it, to “disfigure” his equations by introducing a term, the
so-called cosmological constant, which “spoiled the elegance
of the original theory but could serve to balance the force of
gravitational attraction at large distances” [101 p.37].
Moreover, L.D. Landau and E.M. Lifschitz [100], as well as
several other scientists, also held a similar negative opinion
regarding the introduction of Einstein’s cosmological
constant. In particular, in [100 p. 544] it is indicated that “the
introduction of a constant term into the density of the
Lagrangian function, which is completely independent of the
field state, would mean ascribing to space-time a
fundamentally unremovable curvature that is connected
neither matter nor gravitational waves.”

We note, however, that Einstein himself, in his work “The
problems of cosmology and the general theory of relativity”
[102], pointed to the same difficulties inherent in both
Newton’s theory and Einstein’s GR in connection with the
infinitely spread cosmic matter. Here is what, in particular, he
wrote about this [102]:

It is known that the Poisson differential equation'
2 —
Vip, =4mp
in conjunction with the equation of motion of a mass point cannot
completely replace the theory of long-range action of Newton. It is
necessary to add the condition that the potential @, in spatial

infinity tends to a certain limit. The situation is similar in the theory
of gravity resulting from the general principle of relativity; here
also the boundary conditions for spatial infinity should be added to
the differential equations if we consider the world as infinitely
extended in space.

! With author’s designations of values.
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Fortunately, progress has recently been made in
understanding the role and significance of the cosmological
constant for modern astrophysics. The physical interpretation
of the cosmological constant introduced by Einstein into GR
in a somewhat formal way has been formed gradually, decade
after decade, beginning with the works of W. de Sitter, G.
Lemaitre, R.C. Tolman, H. Bondi et al. [103]. As A. Chernin
notes in his article [103 p.1154], “it is now considered
generally accepted that the cosmological constant describes a
cosmic vacuum, i.e. such a state of cosmic energy which has a
constant density in time and everywhere in space, and any
reference system. According to these properties, the vacuum
fundamentally differs from all other forms of cosmic energy,
the density of which is heterogeneous in space, decreases with
time during cosmological expansion and may be different in
other reference systems.”

Although the vacuum is called cosmic, it is present
everywhere and appears in atomic physics and microphysics
where it represents the lowest energy state of quantum fields.
This is the same vacuum in which interactions of elementary
particles are observed and which directly manifests itself
experimentally, for example, in the Lamb shift of the spectral
lines of atoms and the Casimir effect [103]. In such
experiments, the presence of the vacuum occurs but at the
same time, the value of its density is not yielded by
measurement. The problem of the vacuum energy density is
considered to be the most complex problem of modern
fundamental physics [104].

This monograph develops another interpretation of
both the Einstein equation for a gravitational potential with
a cosmological constant [73] and the phenomenon of the
initial gravitational condensation of infinitely spread
cosmic matter within the framework of the proposed
statistical theory of cosmogonical bodies forming (see
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Chapters 2-5 in the monograph as well as
Refs.[16,65,73]).

1.2. The virial theorem

The foregoing results, as well as others of a more general
kind, may also be obtained from a theorem proved
mathematically by Henri Poincaré (Poincaré’s Theorem) [1,
105] though this result as a virial theorem was first formulated
by Rudolf Clausius in his lectures on thermodynamics [106,
107].

We consider a collection of detached masses (clouds)
moving under no force except their mutual gravitational
attraction. The masses may be molecules, dust particles,
atoms or electrons [1]; for convenience, we shall speak of
them as molecules (as well as molecular clouds respectively).

Let m, be a mass of the particle (molecule) and x,y,z be

its coordinates. Let us denote by F,,F,, F, the components of

force acting on the particle. According to Newton second law,
the equations of motion of a single particle of mass m, are:
d’x d’ d’
my——=F; m, g;— ; =
dt dt
On the other hand, it is not difficult to see that:

2 2 2
1 4 (moxz): d[ dx):moxﬁ%rmo(%j , (1.2.2)

F. (1.2.1)

9 mo 2 =
g dt :

— — m — x_
2 di? Cdt\" dt dr’
whence:
d’x 1 d° 2\ M, (de
m,——=——\mx" J-—2- — | . 1.2.3
“drr 2x dt2( 0 ) x \dt (123)

Using the first equality in (1.2.1) as well as the equation
(1.2.3) we find that:

2 2
%-%(moxz): mo(%j +xF, (1.2.4a)
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and by analogy:
14 dyY
T L (moy?)= (%j +yF,, (1.2.4b)
1 dz
> (m0 2):m0(§j +zF, . (1.2.4¢)

Summing all the preceding equations (1.2.4a), (1.2.4b) and
(1.2.4c), we obtain [106 p.93]:

l~d—22(;11()1f2)= m{(dsz +(dyj2 +(dzj2}+(xe +F, +ze)-(1 2.5)

dt dt dt

Let us note that the first addend on the right-hand side of
Eq. (1.2.5) is the double kinetic energy of a single particle of
massm, . If the summation extends over all the molecules of
the cloud, so that E, is the total kinetic energy of translation
of the cloud, then Eq. (1.2.5) becomes:

1 d 1
2 di

where / is a moment of inertia of the cloud relative to an
origin of coordinates, i.e. to the center of mass of the cloud
(see Section 1.1), defined by the formula:

1= (myr), (1.2.7a)

and E, 1s the total kinetic energy of translation of the cloud

=2E, +Z(xF +y,F, +z,F.), (1.2.6)

(relative to the origin of coordinates):

_1 do ) (dvn ) (e
Ek—zzi‘,mo{( dtj +[d1j +(dtj } (1.2.7b)

The second addend on the right-hand side of Eq. (1.2.6) is
called the Clausius’ virial [106 p.94]. To estimate the value of
virial we call our attention to two selected particles with
masses m, and mg, located at points (x,,),,z,) and
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(x,,¥,,2,). Let a force acting on the first particle relative to
the second has components /, ,F, and F, . Then the force
influencing the second particle through the first has the
components— F, ,—F, and—F, respectively. The
contribution in the virial from these two forces is equal to:
Fxlz (%, _x2)+Fy12 467 _yz)"'lez (z,—z2,)

and, therefore, the virial of a particle system (cloud) is
defined as follows [106 p.94]:

W=ZZ[FX,./ O =x)+F, 0=y +E, (Z-2)L (123

where the summation extends over all pairs of particles
(molecules). For a cloud of particles with such a low mass
density that it is possible to assume the validity of the laws of
ideal gases, all forces (except gravitational) can be ignored
[106]. So, we can suppose thatF, , F, and F, are

components of the force of gravity:
mm, X, —X,

F,o=- . 5 2.
W =Y T (1.2.9a)
mm; Yy, —Yy;
F, =—y— - (1.2.9b)
V.. V..
y i
F, ==yt 575 (1.2.9¢)
Zy 1"2 p H L.

i i

where yis the Newtonian gravitational constant, m,, m; are

any pair of particles, 7, is their distance apart. Then, according
to (1.2.8), the virial is equal to [106 p.94]:

W:ZZ—ymZmJ ('xi x]) +(y1 y]) +(Zz Z])
i

2
T i Ty Ty
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=ZZ—7MZ3”’ i :_227%, (1.2.10)
LeJ i i if

where the summation extends over all pairs of particles. Thus,
the virial W is the total gravitational potential energy E, of

the particle system (molecular cloud) under study [106 p.94].
Therefore, if the only forces which act on the molecules are
those arising from their mutual gravitation [1 p.67], we have:
8W _ow ow
F = F = F =—=

X, 6x v, 5)/, ; &, (1.2.11)
where W is the total gravitational potential energy of the
molecular cloud following the formula (1.2.10). As known
(see, for example [108]), for a m-th order homogeneous
function /', the Euler’s theorem is true, i.e. if

Flhkkyy) = k" Fxyn) then Lxr @i ey,
ox oy

Since W is homogeneous in x,,y,z, and of dimensions

m =—1, it follows from this theorem that:

Zan+ UL - (1.2.12)
-, e, | >

Taking into account (1.2.11) and (1.2.12), the equation (1.2.6)
now assumes the form:

1 ﬂ_zE W (1.2.13)

2 dr’
If the particle system forming a molecular cloud has attained a
steady state, i.e. I =const, the left-hand member vanishes,
and Eq. (1.2.13) becomes:
2E, +W =0. (1.2.14)

This is known as the virial theorem [1, 105-107]:
Theorem 1.3 (the virial theorem). For self-gravitating
masses in a steady state, the kinetic energy of a system of
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particles is equal to minus 2 of the total gravitational
potential energy.

Later A.S. Eddington has remarked in his work [109 p.525]
that the virial theorem is not restricted to only states of steady
motion of particle systems, i.e. it can be extended in the form
(1.2.13). Therefore, for the wunstable motion of a cloud of
particles, the following result should be used [1, 109]:

Theorem 1.4 (the Poincaré—Eddington’s theorem). For
self-gravitating masses, under the condition of their unstable
motion, the sum of the double kinetic energy and the total
gravitational potential energy of a system of particles is equal
to:

2
2E +W = 1 d—zl ,
2 dt
where [ stands for expression (1.2.7a) of the inertia moment
of the particle system relative to its center of mass.

In conclusion of this section, let us apply the virial theorem
to a cloud-like configuration of an ideal gas being in both
mechanical and thermodynamic equilibrium. First of all, as J.
Jeans pointed out? [1]:

We can write the kinetic energy (1.2.7b) in the form:
1
E, = EZ mOiviz >

where v, :\/(dxi /di)* +(dy; | di)? +(dz; | df)* is a velocity of
translation of a 7 -th molecule of mass m,,. The potential energy

W may similarly be written in the form:

1
Wz—EZmOi(pgi, (1.2.16)

2 With the author’s numeration of formulas and designations
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where P is the gravitational potential at the 7 -th point occupied

by the mass . Thus, according to (1.2.15), (1.2.16) the
Poincaré’s theorem (1.2.14) takes the form that

1

2

Zmol‘("i _E(ogij:o (1.2.17)
so that, in the steady state, the average value of viz, averaged over
all the separate masses, is equal to the average value of 1o,

If the system of particles is of total mass M and has a mean radius
7, the average value 10, is of the order of magnitude of yM/7 ,

so that the average value v* is of this order of magnitude (in
accord with (1.2.17)). This provides a convenient rough measure of
the average velocity of agitation of a system of gravitating masses
in a steady state: it is equally applicable to systems of stars, star
clusters, nebulae, and masses of gravitating gas.

If the particles which constitute the system are taken to be
the molecules of a gas (or other independently moving units
such as atoms, free electrons, etc.) then, as known from the
molecular kinetic theory [1, 110], the mean square value of
their velocity is equal to:

- 3k, T 3RT
v = =, (1.2.18)
m H

where T is a temperature of the 1ideal gas,
k, =1.38049-107J/K is the Boltzmann constant,
R=k, -N,=83169]/(mole-K) is the universal gaseous
constant (N, =6.023-10” mole'is the Avogadro number),

u=m,- N, is a molar mass of the gaseous substance, m, is a

mass of the molecule.
Then the mean temperature of the gas is of the order of
magnitude:

E

M

T=" ,
r 3R

(1.2.19)
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where y=6.673-10" m3/kg- s* is the Newtonian

gravitational constant, so that the mean internal temperatures
of different stars are approximately proportional to the values
of uM/r for these stars [1].

In particular, J. Jeans found from this formula that if the
Sun is supposed to be formed of hydrogen molecules (for
which the relative molecular weight x =2.016), its mean
temperature must be of the order of 15,000,000 degrees [1].
Indeed, it directly follows from the formula (1.2.19) that if the
Sun (for which Mg, = 1.98'10* kg and 7, = 6.95:10° m) is
predominantly formed from hydrogen ions, deuterium, and
helium with a mean molar mass
w=pu 107 =2-10"(kg/mole), then its mean temperature
should be equal to:
6.67-10™"" J-m/kg? -1.98-10% kg y

6.95-10°m
y 2-107 kg/mole
3-8.3169J/(mole- K)

Let us note that modern data on the physical characteristics
of the Sun indicate that the temperature of its core is
commensurable with the Jeans estimation and is
approximately equal 13,500,000 K while the temperature of

its corona is ~ 1,500,000 K only.

T =

~1,47-10" K. (1.2.20)

1.3. On the gravitational instability of Jeans
and the rotational instability of Rayleigh in a
gravitating molecular cloud

It is known (see, for example, [12]) that the interstellar
medium contains very little dust and practically behaves as a
single-component gaseous substance, i.e. the molecular cloud.
Therefore, the main result in the theory of gravitational
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instability for such a single-component medium was first
obtained by famous astrophysicist Sir James H. Jeans in 1902
whose theory is described below [1 p.346-348]. First of all, J.
Jeans noted [1 p.351-352] that:

“...the general conception of the stars having been formed out of a
homogeneous medium by a process of condensation under gravity
is of course very old, being indeed almost as old as the law of
gravitation itself.”

Now we are going to study a system of particles as a
single-component molecular cloud. Let us consider any
motion of a continuous mass of gas or other compressible
matter, this being determined by the Euler hydrodynamic
equation in Cartesian coordinates [94, 111]:

Pp

oy 1
S &

1
a=f-——;a=f-——; a=f-———, (13.1)
Y y p
wherea,,a ,a, are the components of acceleration of an

p ox p oy

infinitely small volume of a continuous medium, i.e. the so-
called “liquid” particle [94] which is momentarily at x, y, z ,

f.» f,, f.are the components of specific gravitational force,

p 1s a pressure.

In the case of the barotropic motion of a continuous gas
medium, the pressure is a function of the density only. This
means that a function (potential) of the pressure to be

introduced [111]:
p
d,
p(p)= 2L, (132)
Po p
so that the equations of motion (1.3.1) become:
_ . 0.
a,=f, Pt (1.3.3a)
o .
a,=f,-; (1.3.3b)

oy
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a-f-L2. (13.3¢)

Along with the usual motion of a “liquid” particle,
described by Eqs (1.3.3a-c), we consider the modified
(variational) motion of this particle under the action of a
certain perturbation [1]. Let us compare the motion with a
slightly varied motion such that the particle which is at x,y,z

at the time ¢ in the original motion is at x+&, y+n, z+¢ at

the time ¢ in the varied motion. The acceleration of this
particle in the varied motion has components:

a,+d*E/di; a,+dnldi; a +d* ) di,

so that the particle which is at x,y,z at time ¢ in the varied
motion has components of acceleration [1]:

a +d*E/dt* —Eda, | 0x—noda, | oy —Loa, 0z ;
a, +d’n/dt’ —& 0a, /0x—nada, /0y —¢oa, | 0z ;

a,+d’¢(/dt* —Ea. | 0x—nda. /Oy —Coa, oz .

As a result of varying the motion let the density and the
components of specific gravitational force at x,y,z be
changed to

p+p, for s [+, [+

Then, according to (1.3.1) the equations which govern the
varied motion are:

d¢ aa, aa 0P+ )
at e 8y 4“62 =/, +9/. — 5 (34

dzﬂ ca ca aa, O p+p)
S T e SO L Aol UG WA
a,+ 7 pe 778); é,az f,+6f, ( )
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d’¢  _oa Oa Oa og(p+0p)
R TS R s Sf -2 77 (1.3.4¢
R
Subtracting corresponding sides of these equations (1.3.4a-c)
and Eqs(1.3.3a-c), we obtain [1]:
d’¢é  _oa oa oa 00
- £ — X — L=0f ——| —0p|; (1.3.5a
7w T e o GX(Oppj (1.3.52)

d’n 8ay Gay aay o(op
_e& N sp 9199501 (13,50
P e S o B

2
d é’_égﬁaz _Uaaz _gaaz =5/ _i[aﬁépj, (1.3.5¢)
y z\ Op

dr* Oox 0 0z 15)
where:
op 1 op
——op=———0p- 1.3.6
op p Op (1.3.6)

The obtained three equations (1.3.5a)-(1.3.5¢c) are /inear ones
in &,n,¢.

To perform some simplifications, we use the continuity
equation [94, 111]:

a_p+a(pvx)+a(pvy)+a(pvz):a_p+vx.a_p+v .a_p+vz.a_p+

ot ox oy 0z ot ox 7 oy oz
0

6VX+p.l+p.8vZEO,

ox Oy oz

which, after multiplying by 6¢ and introducing the Euler’s
notation u=v_,v=v ,w=v,, §=udt, n=vot, {=wot,

+p-

can be written as follows [73]:
51‘.@4.5.@4. .a£+§.a£—_ .aj_ al_p%(137)
Z

a e Tyt e ax Py P
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Taking into account the fact that
op=0t-0plot+&-0p/ox+n-0ploy+¢ -0p/oz  from  the
relation (1.3.7) we finally get that:

0§ on o¢
Sp=—p| 24125 .
o p[ax o azj (13.8)

Substitution (1.3.8) into Eq. (1.3.6) gives the following
formula [1]:
aﬁé‘ z_a_p. 6_6-’84_8_774_% .
op op \ox 0Oy oz
The obtained three equations (1.3.5a)-(1.3.5¢) can be

conveniently written in the form of a single vector equation
[73]:

(1.3.9)

7 e o7 o
—(7-Vya=o6f-V| op-— |, 3.
o _aVya=af (p apJ (1.3.10)
where 7=(£,7,¢), d=(a,.a,,a.), & =(&., 4, d.), moreover,
according to (1.3.9) we have [73]:
o . Op
op-——=-Vy-—.
P o 7o
The condition that Eqs (1.3.5a)-(1.3.5¢) (or the vector

equation (1.3.10)) shall have a solution, other than the trivial
one £=n=¢=0, is expressed by the vanishing of a quantity
which involves only the coefficients of &,7,{ and their

differentials in equations Eqgs (1.3.5a)-(1.3.5¢), etc. In this
connection J. Jeans wrote [1 p.346-347]:

When conditions are such that this quantity vanishes, we are at
what may be described as a dynamical point of bifurcation. Indeed,
two alternative motions are open, both of which satisfy the
dynamical equations of motion. In one the liquid particle which
was at x—dx, y—dy, z—dz at time {—dt moves to x, y, z at

time 7 ; in the other, it movesto x+&, y+n, z+¢ .
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As in the corresponding statical problem, there may or may not be a
transfer of stabilities at a point of bifurcation. To discuss the
question of stability we merely have to examine whether small
displacements ¢ p ¢ determined by equations (1.3.5a-c) will

increase beyond limit or not. If they are found to increase beyond
limit, the original unvaried motion was unstable, and the system
changes over to the varied motion at the point of bifurcation; in the
reverse case the original motion was stable and the displacement
& n &, if set up, merely behaves as a small oscillation about a

stable state of motion.

Let us note that equations (1.3.5a)-(1.3.5¢) are too complex
to be solved in the most general case, but we can obtain a
knowledge of the general nature of the solution by

considering the simple case in which ay, a,, a, are
approximately constant throughout a large extent of the
medium, this including the case of a medium at rest. In this

case, the equations (1.3.5a)-(1.3.5¢) assume the form [1]:

dg o( dp
. 6x( dp} (1.3.11a)
dzn o ( dp
—5 -2
=9, 6y( dp] (1.3.11b)
d’¢ _ dp
= 82( dp} (1.3.11¢)

where s=0p/p is a value of condensation of a continuous

medium which in accordance with (1.3.8) is defined by the
following formula:

(o an o)
Yo, 8x 8y oz

Differentiating each of the equations (1.3.11a)-(1.3.11c) with
respect to x, y,z and adding them, we obtain:

(13.12)
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d*(0&10x+0n/dy+0¢ 10z)
dr N
_09) 09 ag) (&8 & & d (33
ox Ay & \ax* o' &) dp

Taking into account relation (1.3.12) and using the Poisson
equation (1.1.41):

o) 99, ag) % 2
8 2= =V()=—V"0p, =4ryop, 3.
o o M () @, =—4myop, (1.3.13b)
the equation (1.3.13a) takes the final form [1]:
d’s o[ dp
—=4 +V7s—|. 1.3.14
dr’ e (S dpj ( )

Unlike Eqgs (1.3.11a)-(1.3.11c¢), this equation involves only
the one variable s and “so determines the way in which s
changes throughout the motion” [1 p. 347].

On omitting the first term on the right-hand side of Eq.
(1.3.14), we obtain the equation of propagation of rarefactions
and condensations of the medium, when the gravitational
attraction of the medium on itself is neglected [1]. In this case,
the equation (1.3.14) reduces to Laplace’s equation [94, 111]:

d’s

?z(dp/dp)vzs, (1.3.15a)

indicating propagation in the form of waves of sound, with the

usual speed
dp
c=.[|—. (1.3.15b)
dp

To discuss the more general problem in its simplest form, let
us confine our attention to a region of space within which
dp/dp may be treated as comstant [1], and consider pure

wave-motion along the axis of Ox, the value of s being
supposed equal to:
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s(t,x)=S(t)cos(2mx/ ), (1.3.16)
so that A4 is a wavelength. Taking into account this
substitution, Eq. (1.3.14) becomes:

d’s 27\ dp
=\drypo—-| — | -—|S.
a7 yp (}Lj dp (1.3.17)

As known, the solution of a harmonic equation of the kind
(1.3.17) is a complex-valued exponential function:

S(t)=S(t,)e™™ i1, (1.3.18)
where the square of a new generalized frequency @ [73] is:
@ =Q2x /) dpldp—dmyp. (1.3.19)

It is easily seen that this represents wave-motion along the
axis of Ox , with a speed of propagation [1]:

C=a-A127=1dp/ dp—4myp-(A127) . (1.3.20)
Here J. Jeans noted® [1 p.348]:

If we again omit the gravitational term—4zyp, we have a wave-
motion which travels with a uniform velocity (gp/dp):

independently of the wavelength. The restoration of the
gravitational term invariably lessens the velocity of propagation,
but since the term in question is multiplied by 42, we see that the
effect of gravitation is inappreciable for waves of short wavelength.
For waves of longer wavelength, the gravitational term becomes
more important. Finally, a value of 2 is reached at which the
velocity of propagation, as given by formula (1.3.20), disappears
altogether and subsequently becomes imaginary. For such values of
A there can be no proper propagation of waves; the value of 2, as
given by equation (1.3.19), becomes negative, so that the time
+iar

factors e assume the form e/, where » is real. This

represents unstable motion, the initial condensations and
rarefactions increasing exponentially with the time.

3 With some author’s designations and formula numeration
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We can see that the equation (1.3.14) determines possible
distributions of condensation (s) and rarefaction (—s) which
may be superposed on to the original motion. It now appears
that all distributions which vary harmonically are unstable if
their wavelength A is greater than a critical wavelength A,

[1] defined by:
d
&=J15~£, (1.3.21)
o dp

at which ¢ =0, as it was already noted by Jeans in his
analysis of formula (1.3.20). In passing, we note that in a
gravitating medium the speed of a “heavy” sound is less than
usual one [12, 73], according to the same formula (1.3.20).
Since the usual speed of sound following (1.3.15b) is equal
c=4/dp/dp , then the substitution of this value in (1.3.21)

directly leads to the formula that determines the critical
wavelength A of the perturbation:

Ao=c|Z. (1.3.22)
7

Having determined the critical wavelength (1.3.22), it is easy
to formulate the Jeans criterion of gravitational instability

[2]:
A> A, (13.23)

Since the speed of wave disturbances in a non-gravitating
medium is ¢=1-w/27z, where @ is a circular frequency of
wave disturbances in a non-gravitating medium, we can
rewrite the inequality (1.3.23) using (1.3.22) as follows:

A>A-(0/2m) 7/ yp, (1.3.24)

whence it immediately follows that:

o’ <4mp. (1.3.25)
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Inequality (1.3.25) is known as Jeans’ condition [16, 65, 73]
which gives the critical frequency @, =24/7yp of the wave

perturbation leading to gravitational instability in a gas-dust
medium.

The further development of the linearized theory of
gravitational instability of Jeans was mainly associated with
accounting the role of rotation as well as a magnetic field [2,
12]. Indeed, in 1955 S. Chandrasekhar generalized the Jeans
problem in the case of an infinite homogeneous medium with
uniform rotation [112]. Then in 1958 N. Bel and E.
Schatzman [113] obtained a similar result for a homogeneous
in mass density (p =const) but non-uniformly rotating
medium. They considered disturbances propagating in a plane
perpendicular to the axis of rotation z, symmetrical about this
axis and independent of z. The condition of gravitational
instability in a cylindrical coordinate system (4, ¢, z), these
authors obtained in the form [2, 113]:

2Q d(Qh*) 4r’ct
: + +
h dh s 4h
where Q =Q(4) is an angular velocity. As noted in [73], both
the Jeans condition (1.3.25) and the condition (1.3.26) can be
obtained from the condition of the negative square of
generalized frequency:
@ <0. (1.3.27)
Indeed, substituting into the inequality (1.3.27) the square of
the generalized frequency (according to formula (1.3.19)) and
taking into account (1.3.15b), we obtain that:
27/ A)’ ¢’ <4mp, (1.3.28)
whence the Jeans criterion (1.3.25) for a non-rotating one-
component medium follows immediately. If we now consider

> <4myp, (1.3.26)

the square of the generalized frequency @  within the
framework of the Bel-Schatzman’s model:

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



On the Problems of the Origin of the Initial Gravitational Condensation 69
of Spread Cosmic Matter

—dmyp,  (1.3.29)

= 20 dQr) 1 dp+(2ﬂ'j2 dp
h dh hy’ dpo \A) dp

then the substitution (1.3.29) into inequality (1.3.27) leads to
the condition of gravitational instability (1.3.26) for a medium
with non-uniform rotation. As seen, the square of the
generalized frequency in the Bel-Schatzman’s model (1.3.29)
includes the square of the generalized frequency for the Jeans
model (1.3.19) together with two additional terms depending
on the angular velocity QQ and coordinate /.

In the local approximation (A<<#h), as follows from
(1.3.29) and (1.3.15b), the Bel-Schatzman’s linearized
dispersion  equation (for axially symmetric radial
perturbations) has the form [12]:

&=k’ +k*c —4mp, (1.3.30a)
where k=27/2 is a wave number, so @ =k-c 1is a circular
frequency, and « is an epicyclic frequency:

— = 1.3.30b
h dh n dh ( )

When Q=const the equation (1.3.30a) is reduced to the
Chandrasekhar’s dispersion equation [12, 112]:

@ =2Q) +(kc)’ —4myp , (1.3.31a)
and at QQ =0 it becomes the Jeans equation (1.3.19) for a non-
rotating medium:

& =(ke)’ —4myp . (1.3.31b)
For all the above cases (1.3.30a)-(1.3.31b), the dependence of
the perturbations on the time is taken in the form e and, as

indicated in (1.3.27), the instability occurs when @” <0. The
obtained expressions refer to media that are infinite both in
the radial direction and along the axis of rotation [12].
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Therefore, they are not applicable to thin disks with
thicknessb << .

The dispersion equation for rotating flat systems of finite
thickness was obtained by Safronov [114]:

@’ =Kk’ +(kc)* —4myp f(k-b). (1.3.32a)
As can be seen from equation (1.3.32a), it differs from
equation (1.3.30a) by the multiplier f(kb) <1 in the last term

on the right-hand side of (1.3.32a), since the gravitational
attraction of ring is much less than the attraction of infinite
(along z ) cylinder. At first, the factor f(kb) was determined

numerically [2], but then a simple and at the same time quite
satisfactory analytical approximation was found for it [115].
As a result, the Safronov’s dispersion equation (1.3.32a)
acquired the form:

@* =+ (ke)’ —dmyp(1+2/ kb)™". (1.3.32b)
In studies of the stability of the spiral structure of galaxies,
a dispersion equation for axially symmetric perturbations in
an infinitely thin disk was obtained and developed by A.
Toomre [116], P. Goldreich and D. Lynden-Bell [117], P.
Goldreich and W.R. Ward [118]:

@ =Kk’ +(ke)’ - 2nyko (1.3.32¢)
where o is a surface mass density of disk. Let us note that this
relation is immediately obtained from (1.3.32b) if we suppose
kb — 0 in it [12]. Therefore, it is a satisfactory approximation
when disturbance wavelengths exceed the thickness of the
disk about the order (or more). For short-wavelength
disturbances, it gives a big mistake overstating the
gravitational attraction of perturbing ring (1+kb/2)times
and, then so that, underestimating the critical value of the
surface mass density at which gravitational instability begins
[12]. In contrast, the Bel-Schatzman’s equation (1.3.30a) can
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be obtained from (1.3.32b) when kb — o, 1.e. it is unfit under
the previous condition kb <1.

In addition to gravitational instability, the study of
rotational instability under the formation of a molecular cloud
(and, generally speaking, disordered macroscopic motions
(turbulence) in it) is a significant problem for clarifying the
evolution of a gas-dust medium [2]. The nature of further
processes in the cloud should have depended on whether the
damping of these initial motions occurred or some kind of
stationary turbulent motion of the medium arose.

The idea of turbulence was first introduced by C.F. von
Weizsicker into the cosmogony [26] being a sort of return to
the classical vortices of Descartes. Weizsdcker drew attention
to the fact that the Reynolds number Re for the cosmic
diffuse medium is enormous, i.e. it is much higher than the
critical value Re_ [2, 111]. Since then, turbulence has been

considered as one of the most widespread states of cosmic
matter. Weizsdcker also suggested that turbulence played an
important role in the formation of celestial bodies and their
systems [26]. In his opinion, planets, stars, galaxies and other
structures arose from the turbulent vortices of appropriate
scales. In particular, for the protoplanetary cloud its Reynolds
number:

lv
Re=FY,
7
where p is a mass density, / is a size, v is a velocity, u is a

(1.3.33)

dynamic coefficient of viscosity of flowing gas-dust medium,
was found more than 10", i.e. Re ~10" —10" >>Re_ [2, 12].

In order to explain the law of planetary distances, Weizsdcker
supposed that turbulent motions in the protoplanetary cloud
were a regular system of vortices whose sizes were
proportional to the distances from the Sun [26].
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However, it should be noted that in rotating hydrodynamic
systems the Reynolds number is not the main criterion for the
stability of motion [2]. To clarify the basic properties of
medium motion in a protoplanetary gas-dust cloud, which is
enough flat system, one can use hydrodynamic studies of the
motion of liquid between rotating cylinders (the so-called
Couette—Taylor flow [94, 119]).

According to the well-known Rayleigh criterion [120]
proved for an incompressible non-viscous fluid, the necessary
and sufficient condition of stability of purely rotational
motion of ideal incompressible fluid with an angular velocity
Q=Q(h) depending on the radial component /~ in the
cylindrical coordinate system (4, €,z) is:

25\2
d(Qh~) >0
dh
throughout the fluid under consideration. The Rayleigh
criterion (1.3.34a) was confirmed by theoretical and
experimental investigations of Taylor [121]. In particular, it
was found that the viscosity of the fluid reinforces its stability.
Thus, rotational instability arises if the condition (1.3.34a) is
violated somewhere. Since the squared epicyclic frequency
(1.3.30b) is a part of the inequality (1.3.34a) then the Rayleigh
condition of rotational instability 1ooks as follows [73]:

K°h <0. (1.3.34b)

However, Chandrasekhar emphasized that if the Rayleigh
criterion (1.3.34a) is fulfilled, then the moving fluid is
necessarily stable; if not, then it is not necessarily unstable
[122]. He carried out a theoretical consideration of the
problem of stability in the more general case when the
distance between the cylinders is not small relative to the
radius. Calculations performed for two coaxial cylinders
(when the radius of the outer one is two times greater than the

(1.3.34a)

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



On the Problems of the Origin of the Initial Gravitational Condensation 73
of Spread Cosmic Matter

radius of the inner cylinder) were confirmed by the
experiments of R.J. Donnelly and D. Fultz [123, 124].

Thus, according to (1.3.27), (1.3.30a) the Bel-Shatzman’s
condition (1.3.26) of gravitational instability for a rotating
medium includes both the Jeans condition (1.3.25) of
gravitational instability for a non-rotating medium and the
Rayleigh’s condition (1.3.34b) of rotational instability [73]:

K+ —4mp <0, kK’ <0. (1.3.35)
Entirely, the rotational instability can promote gravitational
instability in a rotating molecular cloud following (1.3.35).

Let us note the Rayleigh criterion (1.3.34a) essentially
depends on the change of the square of the specific angular
momentum A with respect to the radial coordinate #
because:

A=Qh’. (1.3.36)
Similarly, the square of the epicyclic frequency (1.3.30b)

depends on the change A° that is a part of the generalized
frequency in accord with the definition (1.3.30a) as well as
the Bel-Shatzman’s condition (1.3.26) of gravitational
instability for a non-uniformly rotating medium. Thus, both
the rotational instability of motion (1.3.34b) and the
gravitational instability (1.3.26) depend on the law of
distribution of the specific angular momentum in a gas-dust
medium along the radial coordinate /. In other words, the
specific angular momentum is an important quantity
characterizing the evolution of gas-dust medium (in
particular, a protoplanetary gas-dust cloud, see Chapter 6).
According to the Rayleigh criterion (1.3.34a), the
protoplanetary cloud must be stable in rotational motion.
Indeed, the specific angular momentum of particle possessing

Keplerian circular motion 1is proportionalx/z , namely,
A=4\lyMh [2,12], i.e. it grows with increasing %, so that the
stability condition (1.3.34a) is fulfilled. The gaseous pressure
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in the protoplanetary cloud is small, i.e. the motions of its
particles should be practically the Keplerian ones [2]. If we
neglect the gas pressure gradientdp/dh then the Rayleigh

criterion (1.3.34a) as applied to a planar protoplanetary cloud
reduces to the stability condition of circular orbits well known
in stellar dynamics [2, 125]:

of .0
E(}ﬁ %j >0, (13.37)

where ¢, is a gravitational potential at a distance /4 from the

axis of rotation (and the axis of symmetry) of the system
(protoplanetary gas-dust cloud).

The mass of a protoplanetary cloud is small compared to
the mass of a star (the Sun), so that the gravitation is
predominantly determined by this central body, i.e.

op,/oh=y M/ h*. Thus, condition (1.3.37) is fulfilled, and,

consequently, circular orbits in the protoplanetary cloud are
stable [2].

It is clear that under the conditions (1.3.34a) and (1.3.37)
the possibility of convection origin in the cloud is not taken
into account, although Weizsédcker [126] tried to justify the
existence of turbulence in rotating cosmic gaseous masses
(including the protoplanetary cloud) through the condition for
the convection origin. However, Weizsidcker neglected the
rotation and did not take into account the Rayleigh stability
criterion (1.3.34a).

But as known from the Rayleigh criterion (1.3.34a), the
fluid motion with axial symmetric rotation is stable relative to
small radial perturbations if its specific angular momentum
increases with distance # from the rotation axis like the
specific angular momentum of a disk with Keplerian rotation

for which Qh* =\/yMh [12].
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As shown by V.S. Safronov and E.L. Ruskol [127], due to
this reason the convection in the radial direction could not
occur in the protoplanetary cloud and, therefore, could not be
a source of the turbulence itself, as Weizsédcker suggested [26,
126]. Thus, the rotating protoplanetary cloud must be stable
relative to small perturbations, therefore convection could not
arise in it, and consequently, Weizsidcker’s idea relative to
cloud turbulence associated with convection is not confirmed.

1.4. Poincaré’s general theorem and Roche’s
model apropos the equilibrium figure for rotating
and gravitating continuous medium

Here we consider a general theorem for a rotating
continuous medium originally given by Henri Poincaré [1
p.264, 105 p.22].

Let the motion of a continuous mass of gas or liquid (for
example, molecular cloud) which is rotating approximately as
a rigid (solid) body with angular velocity Q be referred to
axes rotating with angular velocity €. The equations of
motion of a rofating continuous mass are similar to those
discussed above (1.3.1) with the addition of components of
specific centrifugal force. This means that instead of the
gravitational potential ¢, we should consider the general

potential y, of gravitational and inertial (centrifugal) fields
(or the potential of weight force [97]):

V=0tV (1.4.1)
where 7, =—(1/2)Q*(x* +y?) is the potential of centrifugal
force. According to Eqs (1.1.40a)- (1.1.40c) we see that the
components of the specific gravitational force are equal to:

ax

o9, P o,
2 g .

fg" B oy : Oz

Jo, =~ (1.4.2)

printed on 2/13/2023 10:52 PMvia . All use subject to https://ww. ebsco. conlterns-of -use



76 Chapter One

Similarly, we can also find the components of specific
centrifugal force in the case of Q = const :

ov, ov.

L == ZQZ D) N ZQz 9
Jex . x> fo, & y
or (1.4.3)
== ¢ :0.
S 0z
Let a,a,,a, be the components of acceleration of an

infinitely small volume of a continuous medium (“liquid”
particle) and let u, v, w be the components of

velocity v = (u#,0,w), which we assume to be small, of any

element of the mass relative to these rotating axes [1].
Obviously:
du dv daw
a,=—, a,=—, a,=—.
Tode T dt Coodt
Taking into account three equations in (1.3.1) as well as Eqgs
(1.4.1)-(1.4.4) we obtain the equations of motion of any small
element of the continuous mass which are three Euler
hydrodynamic equations in the case of rotation:

(1.4.4)

0
ﬂ:—&_{_gzx_l.a_p;
dt ox p Ox
0
o _ o, L2, (1.4.5)
dt oy p Oy

dt oz p oz
where p is a pressure, p is a mass density. Differentiating
these three equations (1.4.5) with respect to x, y, z and
adding corresponding sides we get:
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d(ou ov ow
—| =+ —=+—=—
dt\ox oy oz

o1 op o1 op o1l op
{ax[p ax} ay(p ay] az[p aﬂ (146)

Taking into account the Poisson equation (1.1.41) we see that
Eq. (1.4.6) becomes [1]:

a 6_u+8u+6w =—4myp+2Q° -
dt\ox oy o0z

o(1 9 ol ¢ o1 ¢
e e B (1.4.7)
ox yo, ox ov\p ov) oz\p oz

Let us multiply both sides of Eq. (1.4.7) by the element of
volume dV = dxdydz , and integrate throughout the whole of

the rotating mass. On transforming the first and last integrals
by Gauss—Ostrogradsky’ and Green’s theorems [1, 128], we
obtain:

%H(ﬁ.ﬁ)dszﬂﬂzgz—47zyp]dV—jj%.%dS, (1.4.8)

where the surface integrals extend over the whole surface of
the mass, (n-v)=ku+/v+mw is the scalar product, and

k,l,m are the direction-cosines of the outward normal
n=(k,/,m) to this surface at any point, and 0/0n denotes

j -V gog+2Q2

differentiation along this normal.

If V' is the whole volume of the rotating mass, the surface
integral on the left-hand side of Eq. (1.4.8) measures the rate
of increase of V', and this integral may be estimated as
follows [1]:
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[[@-7)ds = [[v,ds = [[ (dr, / di)ds =

ar
U dr, de R (1.4.9)

The volume integral on the right-hand side of Eq. (1.4.8)
maybe calculated using the theorem on the average [128]:

j lj[zgf —4xypldV = (2O - Amp)V (1.4.10)

where p is the mean mass density of the whole mass. Taking

into account Eqgs (1.4.9), (1.4.10) we write the equation
(1.4.8) in the form:

dv
d 2
Since the pressure p vanishes at the boundary of the mass

= (20 —dxp)V — ”1 apds (1.4.11)

and must be positive at all interior points, then it is a
decreasing function inside the volume V. Consequently,
dp/on <0 is necessarily negative, so that the last term on the

right-hand side of Eq. (1.4.11) is necessarily positive:
1 op
—||—-=dS>0.
”p = (1.4.12)

For the mass to be in a state of steady rotation, the left-hand

member of the equation (1.4.11) must vanish (dV /dt> =0),
so that taking into account the condition (1.4.12) we must
have [1, 105 p.22]:
Q* <2mp . (1.4.13)

Thus, the obtained inequality (1.4.13) shows that a general
theorem on rotating masses has been proved [1 p.264]:

Theorem 1.5 (the Poincaré’s general theorem on rotating
masses). Whatever the arrangement of the mass, a rotation of
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speed greater than that given by the equation Q° =27)p is
inconsistent with a steady rotation.

The inequality (1.4.13) is the original Poincaré theorem
which determines the upper bound of the angular velocity for
a steady rotation of masses. If the inequality (1.4.13) is not
satisfied, d°V /dt* must be positive, so that the mass must
continually increase its rate of expansion, or, if it is
contracting, the contraction will be checked and ultimately
replaced by an expansion [1].

The Poincaré theorem is closely related to the condition for
the existence of an equilibrium figure for a rotating and
gravitating mass of a liquid with a convex surface (for
example, a rotating gas mass of a molecular cloud). As is
known [44, 97, 111], the equilibrium figure of the liquid mass
is found from the condition that the external (free) surface is
equipotential, therefore the equation y, =C defines a family

of level surfaces of the general potential of gravity (1.4.1). By

generalizing the Poisson equation (1.1.41) we can see that the
general potential y, satisfies the following differential

equation [44]:

V2l//g =4 7yp —2Q7 inside a volume bounded by
an equipotential surface;

y o =C at the equipotential surface. (1.4.14)

Indeed, let us suppose that the inverse Poincaré’s condition
[44] holds:

Q*>2mp . (1.4.15)
Then, according to the first equation from (1.4.14) it should
be Vi . <0. This means that y, is a convex (concave down)

function, and the inequality ,>Cmust be satisfied.
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Otherwise, at some point M it would be l//g‘M <(C, ie. the

function y, would reach a minimum inside the region

bounded by an equipotential surface [44]. But then at this
point, it would be Vzwg‘M > (0 that is impossible under the
condition of the form (1.4.15).

Further, according to the condition of hydrostatic
equilibrium [94] which is the particular case of Euler
hydrodynamic equations (1.4.5) when the acceleration is
absent: a=(a,,a,,a.)=0, the following relationship holds:

1
;sz—wfg, (1.4.16)
which, taking into account (1.4.14), can be integrated:
Teq 1 Fw{
[=Vpdi == [Vy,di =—C+y,(0), (1.4.17)
0 p 0

where 7, is a vector-hodograph of the equipotential surface.
Applying to the first of these integrals on the left-hand side of
Eq. (1.4.17) the integration formula by parts and taking into
account that if 7 =7, then p(r,)=0, we obtain:

J‘ lvpdf "y

o P

W 1Y po) (1
(v 2l ==L [ v 2 |7 .(1.4.18)
plo !p (pjdr P(0) lp (de?

In both cases of p =const and p(7) is a diminishing function

with a maximum in the point » =0 the right-hand side of Eq.
(1.4.18) should be negative because p>0 and p>0.

However, since y,>C in accord with (1.4.15), then
w,(0)—C>0 on the right-hand side of Eq. (1.4.17) whereas

IledF<0 on the left-hand side of Eq. (1.4.17) in
P
0

accordance with Eq. (1.4.18). Consequently, in this case, the
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pressure inside the volume must be negative p < 0. So, under

the inverse condition Q° > 27yp , the area inside the volume

bounded by the equipotential surface will be in a state of
tension, and equilibrium cannot be reached. Thus, the
condition for the existence of an equilibrium figure of any
rotating and gravitating mass of a continuous medium is based
on the Poincaré theorem.

As it follows from this proof of the condition for the
existence of an equilibrium figure, there are the cases of an
incompressible continuous medium (p=const) and

inhomogeneous continuous medium (p is a diminishing
function with a maximum in the center). Following U. Crudeli
and W. Nicliborc (for example, see [44], [129], [130]), the
condition for the existence of an equilibrium figure with a
convex surface (with a positive pressure inside it) for an
inhomogeneous continuous medium (fluid or gas-dust
continuous medium) can be written as the following
inequality:
Q' <mp,.. (1.4.19)

where p . 1s the maximum value of mass density inside the

inhomogeneous continuous medium. It is well known [1
p.250-251] the wvarious models of an inhomogeneous
continuous medium, in particular, the Darwin mass density
law, the Shuster mass density law, and the Roche model (see
also Section 2.2). In Roche’s model, the whole of the mass is
supposed to be concentrated at the center, so that Roche’s
model and the incompressible model form the two limiting
cases of the general compressible mass.

In studying the configurations and motion of an
incompressible mass, one of the main difficulties was found
to lie in the determination of the gravitational potential (for
example, see the Dirichlet formula (1.1.33) in Section 1.1). In
Roche’s model, no such difficulty occurs: the whole mass is
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collected at a point and the gravitational potential is
simply — M /r . To discuss the Roche’s model [1 p.252] we
consider the problem of single mass M rotating freely in
space with an angular velocity Q, so that its general potential
of gravity (following formula (1.4.1)) is equal:

p m 1 Qz( 5 2)
v, =¢, +V, == —5 il Yy 4.
e =P Ve 7:x2+ y2+22 5 ’ (1.4.20)

where ¢, =—yM /r is the gravitational potential according to

the Roche model, v, =-(1/2)Q%r* is the potential of

centrifugal force [95, 97], r=+/x>+ 1> +2° ,h=x> + > .

We have just seen in Eq.(1.4.14) that the boundary of the
continuous mass must be one of the equipotential surfaces
w, =const, therefore bearing in mind (1.4.20), equation of

equipotential surfaces takes the form:

1 2 2
ﬂr\/[+2~Q (x2 +y )=const' (1.4.21)

On sketching out the forms of the equipotential surfaces
w, =const (see Fig. 1.9), Jeans noted [1 p.252] that:

...all possible configurations for a Roche’s model must lie on one
linear series, and this may in every case be supposed to start from
the spherical configuration for which Q... vanishes. As we proceed
along this series, the different boundaries are equipotentials which
differ more and more from spheres, until finally it may happen that
the equipotential which forms the boundary coincides with one
which marks a transition from closed to open equipotentials.
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¥4

Figure 1.9. Graphic representation of equipotential surfaces in the Roche
model

Thus, the condition for a point of bifurcation or a turning
point is that there shall be two adjacent configurations of
equilibrium, and hence two different boundaries possible for
the same value Q. Then Jeans continued:

Such a transition must necessarily be through an equipotential
which intersects itself, and therefore through an equipotential on
which a point of equilibrium occurs. Such a point is determined by
the equations:

=—£ = =0. 1.4.22
0x oy oz ( )

As y, decreases following (1.4.20), the condition for a point
of equilibrium (1.4.22) will first be satisfied in the plane Oxy .
In this plane the condition becomes:
oy, Jy,
—=—=0. 1.4.23
0x oy ( )
Substituting (1.4.20) into (1.4.23) we obtain that:

oy, 1) yM 1 2 yM 2
WZ —5 73*2)(74‘552 -2x=—7-x+Q -x=0;
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g M 2
o T e =0,
whence it follows that the condition (1.4.23) is satisfied if:
yM 2

In other words, if 4, is the radius of the cross-section in
the plane of Oxy then, according to (1.4.24), the equality

holds [1]:
M-Q* k), (1.4.25a)
i.e. the desired radius is equal to:
hy=(yM/1Q")". (1.4.25b)

The equation (1.4.25a) admits of a very simple interpretation:
at a distance 4, from the nucleus, the gravitation force is

yM/ h02 while centrifugal force is 4. So, equality

(1.4.25a) expresses that these forces are equal. Thus, a point
of equilibrium occurs when centrifugal force just balances the
force of gravity. The same result follows from the equation
(1.4.16) because the condition (1.4.22) leads to:
P _P_P_
ox Oy 0z ’
which defines the same point in equilibrium, so that gas
pressure exerts no force on the matter at the point of
equilibrium [1].
According to Eq. (1.4.21) the particular equipotential on
which the point of equilibrium occurs is readily found to be:
M1

2 2 2
r—+—'Q (" —z.)=

c

(1.4.26)

v
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=(]/M)2/SQZ/3 +%~QZ4/3 ‘(}/M)2/3 _%QZ CZ —

3 1
=5~(yMQ)“ —;(Q-zc)z , (1.4.27)

where z, is a coordinate (along the z-coordinate axis) of the

point located on the critical equipotential surface, 7, is a
distance from the center of mass, i.e. r, =/x’ + > +z’ [73]. In

the plane Oxy 7, -h,=(yM/Q*)"’ and z, =0, so that the
expression (1.4.27) takes the form:

JoM @z =M. (1428)
2 2 im0 2
Thus, the constant in Eq. (1.4.21) in the case of a critical
equipotential surface is determined using formula (1.4.28), so
that the equation itself of a critical equipotential surface
containing an equilibrium point has the form [1]:
yei =M
£y
The surfaces y, =const are found to lie as in Fig. 1.9, the

+%-Q2(x2 +7%) :%-(yMQ)m . (1429

critical equipotential defined by Eq.(1.4.29) being drawn
thick.

Putting h=+x*+y* and using the notation
hy=(yM/Q*)”in accord with (1.4.25b) we can rewrite
(1.4.29) as the following [73]:

1/3
1 192 W 3 0¥ 3 [ 301
—_ 4 = . — . = — | — =

27 w2 oM 2 M

whence it follows the equation of the critical equipotential
surface [1]:

"2k,
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1 1 h 3 1 (1.4.30)
—t = 4.

ro 2 h 2 hy -

Taking into account that »=+/h*+2z°> we convert equation

(1.4.30) to the form:
1 31 1 kK2 3k -k

Nhrez "2 k2T T 2
where we can express [73]:
2 _ 4h _hz:4h§—9h§hz+6h§~h4—h6 _
Gl —h*y @Ghy —h*)’
_ (g =h*)"-(4hg —*)
Thus, according to (1.4.31), the function describing the

critical equipotential surface (1.4.30) (see also Fig. 1.9)
assumes the form [1]:

b —h
z(h)=+ T Ndh =k, (1.4.32)
i.e. the critical equipotential is bounded by two functions
z, (h) and z (h) [73]. In[1 p. 253], the volume bounded by a

critical equipotential surface is estimated. Indeed, in the
cylindrical coordinate system this volume can be calculated
by the following integral [73]:

ho 2

ch _ 2] j . (h)hdhds=47 f th 4k =1 hdh =

s =(h ) ; 2
2k iy VA )
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= 27h,’ -}(1—3_@#]-,/4—@/%)2 d(h/hy)* =

0 )

L\J4=(h/hy) -
2ot 2§43 -2 L -
:4@03.{23_\@_2.} ;2 dt} =

3 NER !
=47d103-{22—\/§—4+2x/§—2'f 2dt
3 NEY 2

2

:4,1},03.{\/5_1%_2.1.1ﬂ‘t__1 =

2 |t+1
2+\/_

= 47h,’ {ﬁ———l

If p denotes the mean densn:y of all the matter inside this

V=47, 0.180371866 ...(1.4.33)

crit

critical equipotential, this volume v, is equal to the mass

M divided by p . Hence, taking into account (1.4.25b) let us
calculate the following relation [1, 73]:
QF QW V" Agh,’ 0180371866

2o - 2myM 2727%3 2727%3
=0.360743732. (1.4.34)
Thus, according to the Roche’s model the relationship occurs:
O =0.360743732- 2750 , (1.4.35)

confirming the validity of inequality (1.4.13) implying from
Poincaré’s general theorem derived from more general
conditions (see the proved above Theorem 1.5) [73]. Further
Jeans pointed out the following [1 p.254]*:

* With some author’s designations and figure numeration
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Let the value of Q°/27yp increase continuously in a mass of

compressible matter in which the distribution of density is
approximately that represented in Roche’s model. The spherical

configuration corresponds to Q?/2mp =0, and as Q°/2m)p
increases, the boundary assumes in turn the shape of the different
equipotentials shewn in Fig. 1.9, until it reaches the value
Q% /2myp =0.360744 at which the series of configurations comes
abruptly to an end, through there being no closed equipotentials
corresponding to higher values of Q* /27)p .

In this connection, the question naturally arises: when does
the value Q° first exceed the critical value 0.360744-27p ?

Indeed, when Q® reaches this value, h, is determined by the

formula (1.4.25b). If Q7 increases further, /4, decreases, since

the mass of the central core M remains the same. Thus, there
is a new critical equipotential of smaller radius, and so of

higher density, for which both Q® and p are increased, but

Q°/2myp retains its original value of 0.360744.
Nevertheless, Jeans noted there:

An increase in QQ can be met by the mass shrinking to this new
configuration. But we have already seen that the particles which
formed the sharp edge of the original configuration were in pure
orbital motion under the gravitational attraction of the central
nucleus alone. When the mass shrinking can exercise no grip on
these particles, so that they are left revolving in their original orbits
with their original angular velocity.

Thus as Q° steadily increases, a rotating mass, formed after
Roche’s model, will pass through a series of pseudo-spheroidal
configurations, rotating as a rigid body, until Q® reaches the
critical value 0.360744 x 27yp . At this stage, the shape of the mass

is that of a lenticular figure with a sharp edge. Beyond this rotation

as a rigid body is impossible. As Q* increases further, the central
mass shrinks, p increasing so that Q’/2zyp remains constantly

equal to 0.360744. It retains its original lenticular configuration,
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but as it shrinks it leaves behind it successive rings of particles
rotating in its equatorial plane. Thus the complete mass at any
instant consists of a central lenticular mass rotating as a rigid body
with an angular velocity given always by Q/2zp =0.360744,

together with rings of particles occupying the equatorial plane, and
rotating at slower speeds.

The above concept was formulated using the well-known
nebular hypothesis of Kant and Laplace. P.-S. Laplace
believed that ordinary astronomical mass shrunk continually
as a result of the emission of radiation from its surface. As a
result, its density should continually increase as well as the

value of Q7, according to the law of conservation of angular
momentum. Thus, Laplace consequently supposed that the
normal astronomical mass passed through the sequence of the
above-described configurations [131 Note VII, Vol. VI, p.
498]. In particular, he believed that Saturn, surrounded by a
series of rings, is an example of the final configuration, and
Saturn’s satellites had been formed by the condensation of
similar rings, i.e. the present rings also would in time
condense into satellites. Moreover, Laplace hypothesized that
the planets and satellites of the Solar system had been
produced by the condensation of rings of this type formed as a
result of shrinkage of a central cooling mass of the protosolar
nebula [1].

According to the ideas of Laplace and Roche the ring of
matter which was thrown off from the Sun, and ultimately
formed the planets, was rotating at one time as a closed ring
with approximately the same angular velocity as the main
mass of the Sun. If py  was the mean density of the Sun, the

squared angular velocity of rotation Q* would be estimated
by the Roche model (1.4.35):

0 =0.360743732- 21, » (1.4.36)
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whence, by using the Poincaré’s general theorem, it follows
from inequality (1.4.13) that:
£ >0.360743732p,, - (1.4.37)

This inequality (1.4.37) shows that unless the ring condensed
at once to have a mass density of at least a third of the mean
density of the main mass of the Sun, it could not rotate
steadily but would continually expand under the centrifugal
forces arising from its rotation [1].

1.5. On the fundamental difficulties of the theory of
gravitational instability and the theory of gravitational
condensation of an infinitely spread media

The problem of gravitational condensation of an infinitely
spread cosmic medium is closely related to the problem of
gravitational instability (see Section 1.3 and the numerous
works [1, 2, 6, 93, 118]). The linearized theory of
gravitational instability, developed for some specific cases,
leads to the well-known Jeans criterion (1.3.22), (1.3.23)
indicating its universality [2 p.60]. At the same time, some
works (see, for example, [132, 133]) point to an incorrectness
of its derivation because the infinite homogeneous non-
rotating medium could not be in an equilibrium state so that
small disturbances did not manage to form any sufficiently
dense condensations, for example, galaxies [132, 133], in
such non-equilibrium (expanding or contracting) system.
However, as Victor S. Safronov [2] objected, when studying
the formation of stars and, especially planets, there are no
difficulties with long times.

Thus, since the process of planet formation is very long in
the time, the Newtonian consideration of bounded equilibrium
system (like locally equilibrium systems in thermodynamics
[134, 135]) becomes preferable, as it pointed by Safronov [2
p.60]. Moreover, one of the important problems is the study of
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instability in an infinite homogeneous medium at rest [2]. As
already noticed, concerning infinity I. Newton thought that
“some of it would convene into one mass and some into
another,...and thus might the sun and fixed stars be formed” [1
p.353].

The Jeans criterion can be considered as the first
approximation which in the simplest cases gives the correct
order of the critical wavelength of perturbation leading to
instability. Since the forces opposing the instability origin, it
takes into account only the gas pressure in the disturbance
wave, this criterion gives the lower [limit of the critical
wavelength [2].

The main difficulty of the theory of Jeans is associated
with the gravitational paradox: for an infinite homogeneous
medium, there exists no potential for the force of gravity [2].
Indeed, from the Poisson equation of the form (1.1.41) (or
(I.2)) it follows that if the mass density p=#0 then the

gravitational potential ¢, and, therefore, the gravitational
force F, also grows unlimitedly with distance. This difficulty

is avoided within the framework of Jeans’ theory and in its
subsequent generalizations using the supposition that the
Poisson equation does not apply to the whole infinite medium
but only to disturbancesdp (see Eq. (1.3.13b)), i.e. to mass
density deviations from its mean value p. Here it has just

2

been assumed that in the “true” infinite homogeneous
immovable system the gravitational force should be absent
since there is no pressure gradient and acceleration in it.
Otherwise, it could not be at rest [2 p.61].

Let us note additionally that an infinite system cannot be
obtained by passing to the limit » - o from a finite system
(for example, spherical one). Such a statement of the problem
does not apply to gravitationally coupled finite systems, for
which the Poisson equation should be satisfied in Newtonian
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approximation or its analog in the relativistic consideration
[100].

Although the Jeans theory of gravitational instability has
been presented in Section 1.3, nevertheless, now we briefly
consider the main steps of the Jeans criterion derivation
proposed by V.S. Safronov [2]. First of all, let us investigate
the forces acting on an element of a continuous medium.
When a wave disturbance is propagating two forces arise: the
gravitational  force, associated with the  density
perturbationdp, and the gas pressure force depended on the
density gradientVp. In the case of a plane wave, the
wavefront is a sphere at the initial point of excitation, so that
the gravitational potential at the interior point of this sphere is
equal [95, 97]:

2 2
0, == BR =) = 2mp R+ Zmpprt, (151

where p, is a mass density, R is a radius of the sphere,

r<R. Relative to the point of excitation (»=0) of the
medium with the radius of the spherical wavefront R=R(7),

we can calculate the strength of gravitational field or the
specific gravitational forcefg , 1.e. the gravitational force Ii
per mass unit, based on the well-known relation [100]:

f, ==V, =4mpR(1)C, , (1.5.2)
whence an increment of the specific gravitational force
becomes [2]:

o, = Amp e, (1.5.3)
where &=0R is a displacement of a continuous medium, e,

is a basic vector along the radial axis. Using the spherical
coordinate system the specific surface force f, of the gas

pressure is determined by the ratio [111]:
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- \Y 1 op.. 1 Jp op .
F=lo L P PPy (1.5.4)
o p or p Op or

and following the above formula (1.3.15b) its increment
accordingly looks like:

§,=-—"£z, (1.5.5)
o,

or
where ¢ = (a’p/ alp)O is the speed of propagation of small

perturbations (waves of sound) in a continuous medium [94,
111], op 1is a small perturbation of mass density of a

continuous medium, and p = p, + op, p, is a mass density of

a rest continuous medium [111].
Bearing in mind that the mass density increment dp does

not depend on the angular coordinates ¢ and ¢, we can easily
find the relation for it in the spherical coordinate system
(r,0,&) in accord with the above-derived formulas (1.3.8),

(1.3.12):

op _ 0¢
o o (1.5.6)
Since the displacement &=06R(7) is assumed to be infinitely

small then according to formula (1.5.6) the relation (1.5.4) can
be represented in the form:
2 2
5= Liope =080 P55
Yo, or p or or
_aTEL ) % LTE
a6t e RC e, (1.5.7)
or p or Oor or

where the product of derivatives of small quantities (with
respect to coordinates) is omitted in the last relation (as the
infinitesimal value of higher-order) [111]. According to the
condition of hydrostatic equilibrium (1.4.16) of a continuous
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medium [94] and Egs (1.5.2), (1.5.4) the well-known
condition of mechanical equilibrium takes place:

S, +f, =0, (1.5.8)

whence, taking into account (1.5.3) and (1.5.7), it follows
directly:

2
Aryp,& =—c’ 6—§ . (1.5.9)
or
A sinusoidal perturbation satisfies the equation (1.5.9):
. 2
£=¢, sln[a)H-Tﬂrj. (1.5.10)

Indeed, according to Eq. (1.5.10) if we calculate the
derivatives of & with respect to » we get:

P (Y, o 2w (2w
Pl (ﬁj S -sin(ar + 7 )= (Zj £, (1.511)

Substituting (1.5.11) into (1.5.9) we find that:

4’
Amypyé =—c’ -(— > ]é, (1.5.12)
whence it immediately follows that:
2
2= (15.13)
7Py

As it is known from Section 1.3, the equation (1.5.13)
determines the critical wavelength A. (1.3.22) of wave

disturbance:

since the instability condition [2]:
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F, >, (1.5.14)
leads to the well-known criterion of Jeans (1.3.23).

So, the Jeans condition (1.3.23) says that a continuous
medium filling a certain space is gravitationally unstable if
any small mass density perturbations arising in it grow
indefinitely with time due to the gravitation and, as a result,
violate its equilibrium. Perturbations that have increased due
to gravity lead to the formation of separate condensed
bunches from a gas-dust continuous medium spread in space,
i.e. they stimulate the process of gravitational condensation
of a molecular cloud. As J. Jeans [1 p. 348] noted:

A medium of dimensions much greater than 4, would tend to form

condensations whose mean distance apart would be comparable
with 4, .

In the particular adiabatic case, when the pressure p and
mass density p of a continuous medium are connected by a

relation of the adiabatic type p ~ p", we can find the square
of the speed of propagation of wave perturbations [94, 111]:

==kt (1.5.15)

Substituting the expression for ¢ from (1.5.15) into (1.3.22)

we obtain:
1
A =— /@. (1.5.16)
PN Y

Other modifications of formula (1.3.22) are also possible if
we are going to use the results of the molecular kinetic theory
[1, 110, 136], in particular:
1 —
pP==p vz s

5 (1.5.17)
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where v is the mean of the squared velocity [136] of the
particles of which the medium is formed. Substituting (1.5.17)
into (1.5.16) we may express A_in the equivalent form [1]:

A, =\ 7 v 3pp . (1.5.18)

Further, J. Jeans noted that “any mass of sufficiently great
extent must break up into condensations, but this is obviated
by the circumstance that 4. tends to increase pari passu with

the size of the mass” [1 p.348]. Indeed, for the most general
case of a cloud of particles (say, gas molecules), which form a
single mass in a state of mechanical equilibrium, relation
(1.2.17) has been obtained using the virial theorem in Section
1.2. According to it the mean of the squared velocity of the

particles v 2 is equal to the average value @, /2, and this is of

the order of magnitude of yM/R , where M is the total mass
and R=7 1is the average radius of the system. Taking into

account the fact that 2 = yM/ R we can obtain the following
modification of the formula (1.5.18) (or (1.3.22)):

M2
A= 22 ”*/;-R, (1.5.19)
3pR 3

so that 1 ~2R, i.e. the critical wavelength is approximately

equal to the diameter of the molecular cloud. Thus, a single
mass of medium in a state of mechanical equilibrium does not
tend to break up into condensations at distances apart less
than its average diameter. This does not leave room for any
subordinate condensation: the mass itself constitutes the one
and only condensation possible [1 p. 349].
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In general, according to (1.5.18) the value A°. is

proportional to 2 which in turn is proportional to the
temperature 7 of a continuous medium so that the next
modification of (1.5.18) is valid:

e T
A= | (1.5.20)
ym,p

As follows from (1.5.20), a sudden cooling of a molecular
cloud reduces the value of critical wavelength 4. [1 p.349].

Here J. Jeans defined more exactly:

Cooling will ultimately result in contraction and by the time the
mass has so far contracted as to be again in equilibrium, the value

of 2R, the diameter, will again be equal to A., and no subsidiary

condensations can be formed. But if a mass is cooled so rapidly that
its linear dimensions cannot keep pace, or for any other reason do

not keep pace, with its fall of temperature, then 2% becomes less
than the dimensions of the mass, and subsidiary condensations will
form at distance apart of the order of A,..

The average mass of gas-dust matter in the vicinity of
condensation caused by gravitational instability is estimated
by the value:

M, ~p- 2, (1.5.21a)
and taking into account the formula (1.5.18), it is equal [1]:

3/2
M, ~p'? -(mcvz/3yj . (1.5.21b)

If we consider v?> as an expression for the mean of the
squared velocity (1.2.18) in Section 1.2, then the formula
(1.5.21b) takes the form:
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3/2
M. ~n"mg [MJ , (1.5.22a)
y

and if v2is the square of the average arithmetic velocity

v =8k, T/7mm, [110, 136], then (1.5.21b) is written as
follows:

3/2

M, ~&n_”2m52 -(2IchTJ : (1.5.22b)

9 y

Another modification of formula (1.3.22) is possible if the

molecular cloud is considered an ideal gas for which the

known Clapeyron—Mendeleev’ equation (or the usual Boyle—
Charles law [1]) is true:

p%ﬂ%T, (1.5.23)

where p is a pressure, x 1s a molar mass of continuous

medium, p is a density, 7 is a temperature,

R = 8.3169]/(mole-K) is the universal gaseous constant.
Using the equation of state (1.5.23) it is easy to find:

;2= AT

dp u

b

where c is the isothermal speed of sound:

c= /ﬂ. (1.5.24)
Y7

Substituting (1.5.24) into (1.3.22) we obtain:

ZRT k, T kg ly [T
A = ZX/HB SN E L (15.25)
m, n

YPH ypm,
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where n=p/m, is a particle concentration, m is a mass of
the particle (molecule), p=m,-N, and R=k,-N,, and
N, =6.023-10" mole™ is the Avogadro
number, k, =1.38049-107 J/K is the Boltzmann constant.

As shown in Section 1.3, when A> A  a small initial
perturbation &, becomes aperiodic and grows exponentially

with time: E=Ee where

& =i\-Qr/ A dpldp+amyp =ir|Amp-[1-2>1 2] is the
imaginary value, following (1.3.19) and (1.3.21). But one
such perturbation does not directly lead to the formation of a
three-dimensional bunch [12]. It constantly slows down and
ends with the appearance of a flat layer. After a new
perturbation along with the layer a cylinder is formed, and
finally, another perturbation along the cylinder leads to its
decay into separate bunches [2].

Consequently, the critical wavelength A, does not yet

determine the critical mass of bunches formed as a result of
gravitational instability [12], since the propagation velocity ¢
of wave disturbances at A>A4., according to (1.3.20),

becomes imaginary, i.e. no perturbations can propagate
beyond the instability region. However, following Jeans, we
can estimate the order of value of the critical mass of bunches
based on the relations (1.5.21a) and (1.5.25):

3/2_—1/2
T n

M, ~p- 2. NT' (1.5.26)
This ratio almost coincides with the condition that the
molecular cloud is compressed under the action of
gravitational forces if the time of free fall of particles in it is
less than the time of propagation of a sound wave through it
[137]. As follows from relation (1.5.26) as well as analysis of
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formula (1.5.20), the colder gas-dust medium (and higher its
density), the smaller mass of bunches able to be formed due to
gravitational instability.

Let us note that the instability condition (1.5.14) directly
implies the energetic condition of gravitational binding:

E,|> U], (1.5.27)

meaning that a bunch (clot) of the matter can form a
gravitationally coupled system if its gravitational potential
energy E, exceeds the internal energy U [73].

As S. Weinberg noted [101], the condition (1.5.27) leads to
the determination of the Jeans mass:

—3/2

M, ~ (1.5.28)

where p 1is a mean pressure, p is a mean density,
y=6.67-10"""N-m?/kg” is the Newton gravitational constant.

So, the Jeans mass (1.5.28) is the minimum mass yielding to
gravitational binding at a given density and pressure. It is
since the force of attraction inside any arising bunch of a
substance increases with an increase in the volume of the
bunch while the pressure force is proportional to the area of

the bunch.
Indeed, the gravitational potential energy of a molecular
cloud is equal E, :%j pp,dV :%Jg - M , the internal energy
Vv

is U= —J. pdV =—p-V=—pM/p respectively and the
V

average potential, as noted above, is equal ¢, = M/r , and the

average radius 7 = R can be estimated as R =3/(3/4x)M/ p
under the assumption of the spherically symmetric molecular
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cloud. Substitution of these values into inequality (1.5.27)
gives the required result (1.5.28) [73].

It is easy to see that the substitution in (1.5.28) of a
quantity p expressed from the equation of state (1.5.23)

transforms relation (1.5.28) into (1.5.26). It should be noted
that relation (1.5.28) is more general than the analogous
(1.5.26) since it is not limited to the ideal gas model [73];
moreover, (1.5.28) applies to the study of gravitational
condensation of molecular clouds of gas-dust matter having a
temperature near absolute zero.

As seen from the above, there are fundamental difficulties
in the theory of gravitational condensation for a homogeneous
non-rotating infinitely spread medium. As for rotating
infinitely spread media, the Poisson equation (1.1.41) (or
(I1.2)) also applies only to mass density perturbationsdp (see

Eq. (1.3.13b)). Moreover, it is assumed that the undisturbed
medium is in equilibrium. But the question of how this
equilibrium is realized is usually not considered [2]. However,
in contrast to the infinite homogeneous rest medium in a
rotating system of particles (for example, in the molecular
cloud) there is a centrifugal force. It can be assumed that this
force is balanced by the gravitational force of a substance
enclosed in a cylinder of radius # and infinite along the axis
z. This means that Poisson equation (I.2) is applied to a
homogeneous medium in the direction of the axis /4, but at the
same time it cannot be applied in the direction of the axis z
for the same reasons as in the Jeans theory (see Section 1.3),
i.e. because there are no forces that could counteract the
gravity in this direction [2].

The condition of relative equilibrium in the direction /4
establishes a relationship between the mass density p and the

angular velocity Q. According to Poincaré’s general theorem
on rotating masses (see Theorem 1.5) we have Q=./2mp .
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Substituting this value Q into the condition of the Bel-
Schatzman’ gravitational instability (1.3.26) we obtain, taking
into account the value of the wave number k =27/ A, that:

2\27zyp d(h*2mpp) it S
h dh

C
@y P

whence under the condition of local approximation 1<<h we
obtain the following inequality [73]:

8myp+kic’ <4mp . (1.5.29)
Thus, according to inequality (1.5.29), we find that the
critical density p necessary for the origin and development

of instability should be at least twice the mean density p at

which relative equilibrium is observed [2]. However, the Bel—
Schatzman’ gravitational instability (1.3.26) was derived
under the condition of  homogeneous mass
density p = p =const. Consequently, when perturbations

propagate in a plane perpendicular to the axis z, gravitational
instability does not arise in this case, i.e. no gravitational
condensation occurs. So, since the condition of gravitational
instability (1.3.26) presupposes p=const and € #const,

then such a system cannot be in equilibrium. To reach
equilibrium, R. Simon proposed to place in it additional non-
gaseous masses with a mass density p, depending only on %

[138], although the instability condition (1.3.26) has not again
been satisfied for such a system [2]. As S.Weindenschilling
noted later [139], “the critical density is necessary for
gravitational instability to occur, but is not sufficient”, since
“planetesimals form not by gravitational instability, but by
collisional coagulation™.

Thus, for the rotating systems under consideration, the
equilibrium condition based on the application of the Poisson
equation (see Eq.(1.4.7) in the proof of the Poincaré’s general
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theorem) is inconsistent with the Jeans theory of gravitational
instability and, as a consequence, gravitational condensation.
A similar result was obtained by Jeans for a finite spherical
mass in equilibrium: it cannot disintegrate into separate parts
as a result of gravitational instability. So, the theory of
gravitational instability in an infinite (alongz) rotating
medium has mainly a mathematical interest since there are no
real systems to which it could be applied [2]. Following V.S.
Safronov, the problem of gravitational instability in real
astronomical systems of finite sizes, mainly, spherical and flat
ones is more relevant (in particular, in gas-dust spherical
formations and disks).

Taking into account these difficulties in the theory of
gravitational instability and gravitational condensation, we
can use another method based on the virial theorem for
estimating the critical mass necessary for beginning the
collapse of an already formed molecular cloud (see Theorem
1.4 in Section 1.2). According to Poincaré—Eddington’s
theorem (1.2.13) to compress a molecular cloud, the right-
hand side of Eq. (1.2.13) must be negative, 1i.e.

(1/2)-d*I/dt* <0. So that the particle system to be in

equilibrium, it is necessary thatd”//dt* =0, and then Eq.
(1.2.13) goes into the Poincaré’s equation (1.2.14). In the
simplest case of a homogeneous spherical cloud, the
equilibrium mass value practically coincides M, in relation

(1.5.26).

The advantage of expression (1.2.13) is that it can be easily
generalized to more complex cases when: the molecular cloud
rotates, it has a magnetic field, it is subjected to external
pressure, it is heterogeneous in density, etc. [12]. Let us
denote trough o, ,7,0 dimensionless relations to the absolute

value of the potential energy ‘E g‘ of the cloud, respectively,
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the total thermal energy Mv’/2 of the particles of the cloud,
its rotational energy IQ° /2, the energy of the magnetic field
My’ /2 and the energy of external pressure p,J/ . Then for a

homogeneous spherical molecular cloud with mass M and
radius R we have [12]:

a=M712E,|; p=1012E,

3

y =M /2E, (1.5.30)

. 5=pV/2E,

where E, =-3yM*/5R, [=3MR?/5,and v, =H, 4=y is a
velocity of Alfvén’s waves [9], H, 1is a strength of the
magnetic field, p, is an external pressure, V =4zR*/3 is a

volume of a spherical molecular cloud. The virial equilibrium
condition of the molecular cloud following Eqs (1.2.14) and
(1.5.30) can be written as follows [12]:

2a+p+y—0)-1=0. (1.5.31)
Introducing the function f(R)=a(R)+ B(R)+
+7(R)—0(R)—1/2, one can study the equation (1.5.31): the

equilibrium 1is stable if the derivative is negative, 1i.e.
f'(R)< 0 [140]. However, for the collapse to be possible, it is
necessary f(R)<0 while the derivative must be positive:
f'(R)>0. In the simplest case of an isolated molecular cloud
with =y =5=0, only the internal gaseous pressure obstructs
its compression. According to (1.5.26), (1.5.28) and (1.2.13)
under medium conditions in interstellar clouds (7 ~10cm™,
T ~100K)), gravitational forces can prevent this pressure only
in the case of a very large cloud mass M > M, ~10"M,

where Mg, is the mass of the Sun [12, 141]. Therefore, for

giant complexes of interstellar clouds, this condition is
satisfied.
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The question of the formation of the complexes themselves
is an independent problem. The cloud complexes are located
mainly in the spiral branches of the Galaxy. In this regard,
some researchers believe that as though the spiral waves of
density promoted to the initial compression of gas [12]. Then
it intensified as a result of various types of instabilities
(Rayleigh’s rotational instability (1.3.34b), thermal instability,
and others) leading to the general process of star formation
(see (1.3.35)) [73]. In the process of star formation, massive
stars quickly “burn out” and then they could explode forming
compacted gas shells expanding with high velocity. The shells
and the shock wave ionization fronts condense the
surrounding colder gas so that the term & is dominant in the
expression (1.5.31). In this case f(R)<0, therefore, cold

clouds are compressed to the  concentrations
n~10>-10° (cm™) [12].

As the Galaxy rotates large volumes of gas, taking part in
its rotation, have a large angular momentum and cannot be
compressed to stellar densities. In the expression (1.5.31), the
addendum # begins to dominate, and the compression is

terminated. Since the critical mass decreases with increasing
mass density in Eq. (1.5.26), the cloud disintegrates into
smaller fragments. In this case, part of the rotational angular
momentum of the cloud passes into the orbital and rotational
angular momentums of these fragments [12]. The latter,
losing their rotational angular momentums (for example, due
to a magnetic field damping [9]), can be compressed further
for some time collapsing up to stars. One of these fragments
was our protosolar nebula which gave birth to the Sun and the
Solar planetary system [12].

This brief semi-qualitative scenario is based not so much
on theoretical estimates as on some observational data of the
interstellar clouds of our Galaxy. Cloud complexes represent
the concentration of gas-dust clouds with a wide variety of
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masses, mass densities, and temperatures. The temperatures of
dark clouds are very low (about 10 K), and their
concentrations range from 10>-10% particles per 1 cm® up to
10°-10° per 1 cm?®. These dark cold clouds are called
molecular clouds because they contain CO, H20 and many
other more complex compounds, moreover, hydrogen in them
is also in the molecular state H> and constitutes the main
fraction. The composition of solid particles (dust particles)
constitutes about 1% of the whole medium by weight [12].
Cold clouds are in relative equilibrium. When the balance is
violated, the collapse of more dense molecular clouds leads to
star formation.

Numerical calculations of the gravitational collapse of
protostellar nebulae have been carried out repeatedly, and
they are continuing at present (see, for example, review
articles by W.M. Tscharnuter [142], B. Larson [143], P.
Bodenheimer and D.C. Black [144], A.P. Boss [145] and et
al.). The initial parameters of molecular clouds have usually
been taken from the condition of just beginning the Jeans
instability. At a mass close to the solar one and a temperature
of 10K, the relations (1.3.22) and (1.5.26) have given
R, ~10" cm, n,~3-10°cm™ and p, ~10"" g/cm’.

In the simplest case of one-dimensional calculations of a
spherically symmetric collapse of a non-rotating cloud, a
sharply expressed non-homology of compression has been
revealed. The central region has been compressed much

faster, and at density p~107"? g/cm’, it has become opaque
[145], so that beginning with this moment it has been
compressed not isothermally, but adiabatically. Rapid heating
has led to stopping compression and the formation of a quasi-

equilibrium core with mass M, ~107 M, .The remaining gas

mass (shell), being almost transparent, has continued to
contract isothermally at 7 ~10K with a speed close to the
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free-fall velocity. Having dropped to the core, the gas has
formed on its surface a shock wavefront. When the mass

density p~107 g/em’ and temperature 7 ~2-10° K have
been reached in the center of the core, the dissociation of H»
has begun, and the core has collapsed again [145]. After
dissociation and ionization atp~107g/em’, T=3-10"K
and M ~0.03M,, ., the core has become hydrostatically
equilibrium [12, 145].

Most two-dimensional calculations (axially symmetric
collapse of a rotating molecular cloud) have been carried out
for rapidly rotating clouds with parameter
values 5, ~107 —107", i.e. when the total angular momentum

of a cloudZ,>10" g-cm’/s. Having confirmed the non-

homology of compression, they have revealed a new
characteristic feature of the process: in the isothermal region
around the core in a plane perpendicular to the axis of
rotation, a denser ring structure has been formed [12].

Very laborious three-dimensional calculations have
confirmed the formation of a ring in the isothermal region and
have revealed its instability relative to non-axially symmetric
perturbations [146]. The extrapolation of the data of
Bodenheimer and Black [144] on the size of the core at the
instant of the appearance of the ring under the condition of
small values B has led to the conclusion that at

L~107 g-cm®/s the formation of the Sun with a planetary

system 1is possible in principle [147]. At an angular
momentum, an order of magnitude greater, a double or
multiple stars could most likely be formed due to the violation
of the stability of rotating self-gravitating bodies [1, 148]
whereas if a momentum less than an order of magnitude then
a single star without a planetary system could be formed.
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However, within the framework of such a model of
evolution and separation during the collapse of the protosolar
nebula into the core and the ring structure, it is impossible to
solve the main problem of the distribution of angular
momentum in the Solar system, which was a stumbling-block
for all previous cosmogonical hypotheses and models [2, 6,
12]. At L ~10 g-cm?®/s gas falls to the center inside the area
with a radius of~0.1 AU, but for the formation of a pre-

planetary disk, it needs an effective transfer of the angular
momentum from this area to the outside.

Thus, the mechanism of a very fast transfer of the angular
momentum at which a high concentration of a substance in
the disk near its center would be maintained during the entire
collapse is unknown up to now [12]. In passing, we note that
the value of L~10"g-cm’/s is obtained from the

consideration that the angular velocity of the protosolar
nebula was of the same order as the angular velocity of

rotation of the Galaxy itself Q~10""s™, so that at
R,~10" cm and L, ~10" g-cm®/s the angular velocity

Q=12-10"s" can just be found.

The export of the angular momentum from the core leads
to the formation in its equatorial plane of the embryo of a disk
with differential rotation around the core. An instability origin
is possible in this zone accompanied by gas turbulence. If
some source continues to maintain the turbulent state in the
disk then the disk can grow to the size of a planetary system
in time. The evolution of similar circum-stellar disks has been
considered in some papers [149, 150, 151, 152]. However, the
fundamentally important question of maintaining turbulence
in the gaseous disk remains unresolved. As noted in Section
1.3, due to the validity of the Rayleigh criterion (1.3.34a) for
the protoplanetary cloud, convection could not occur in the
radial direction there and, therefore, it could not be a source of
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turbulence, as Weizsidcker suggested [26, 126]. Later attempts
by Lin and Papaloizou [153, 154] to construct a model in
which turbulence is generated by convection in a z-direction
parallel to the axis of rotation also did not lead to noticeable
success. Therefore, models with only convective turbulence
are scarcely applicable to the solar nebula [12]. In this regard,
the problem of other mechanisms for the turbulence origin in
rotating gaseous disks is still quite actual.

Summarizing the above, it can be stated that a satisfactory
solution to the problem of protosolar nebula origin is hardly
possible without building a general theory of the formation of
single stars, stars with disk-shaped shells and multiple stars.
Such a theory will most likely reflect the probabilistic nature
of the star formation process [12]. In any case, to get rid of the
numerous shortages, contradictions and difficulties that have
been listed very briefly in this section, such a theory should be
developed as self-sufficient as possible, independent of some
kind of “first pushes” from the outside, like “mysterious”
spiral mass density waves [12] coming from the depths of
spiral arms of our Galaxy.

1.6. Fundamental principles and main problems of
the statistical mechanics of a molecular cloud

To solve the posed problem of the initial gravitational
condensation of the molecular (gas-dust protoplanetary)
cloud, it is appropriate to apply the methods of statistical
mechanics, especially, because the liquid particles in
deterministic hydrodynamics themselves consist of an
ensemble of elementary particles with mass m, ). Indeed, in

complex systems consisting of a large number of particles, it
is practically impossible to observe or theoretically determine
exactly the behavior of all particles of the system [110, 155].
If we suppose that the positions and velocities of all particles
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of a molecular cloud are known at some instance, then it
would be almost impossible to use conventional mechanics
methods to predict the future states of the complex system (in
this case, the molecular cloud) due to a computational
complexity and a large number of particles. However, in
statistical mechanics, there are methods whose application
allows us to investigate not the exact behavior of each particle
separately, but the behavior of the whole particle system
determining the behavior of most particles [110, 155]. So,
statistical mechanics does not consider hopeless attempts to
predict in advance the exact behavior of each particle as it is
limited only by statistical methods studying the behavior of
the greater number of particles with similar properties.

The isolated cloud of gas-dust particles left to itself, like
the system of gas molecules, is constantly changing, and also
tending to the most probable state. The difference between
the mean values of the squares of any two velocity
components of the gas molecules along some axis is not zero;
due to collisions of molecules and close passage of them near
each other, this difference tends to zero following the

exponential law e " [155]. The time interval during which
this difference decreases by a factor e is called the
“relaxation time”. As known [110, 136], for gas under normal
conditions, this value is very small (in particular, for air under
normal conditions the relaxation time is about 10°'° seconds).
On the contrary, for the ensemble of stars, when stars play the
role of particles [155-157], the relaxation times are very long
(in particular, Charlier in 1917 determined the relaxation time
for the Galaxy to be equal to 4-10'®years). This time interval
is much longer than the ages of stars accepted in astrophysics,
as a result of which there is no statistical equilibrium state in
the Galaxy, so that we can talk only about approximation to
this state [110, 155, 156]. As Jeans [1 p.318-319] first showed
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that if 7/, a is the velocity of a star before the encounter began
then:

...encounters with small value of y, are far more effective than
those for which y; is large. For this reason, on averaging we must
take a rather small value for v, and shall select V,=10 kms. a
second =10°. With these values, the interval of time ... is found to

be 7x10 seconds or about 2x10" years...Thus collisions between
stars are so rare that they may be disregarded.

In other words, in the Galaxy one can consider the motions of
stars as the motions of single mass points in the general force
field of the whole system. Thus, the most important difference
between a star system and a system of gas particles is that the
influence of collisions can be neglected in a star system [155-
157].

The system of dust and gas particles under study, forming a
gas-dust protoplanetary cloud, has a relaxation time longer
than the laboratory system of gas molecules, but much smaller
than the system of stars (as intermediate in size of system and
mass of particles between the first and the second system). As
a result, if we neglect the influence of external forces on a
given gas-dust protoplanetary cloud, then this cloud left to
itself will not noticeably change in shape and its size with the
time. Such a state is the state of mechanical equilibrium |2,
155, 157]. As noted in [16], the fluctuation interactions of
subsystems of this system in the form of a gas-dust
protoplanetary cloud can constantly disturb this equilibrium
although very slowly (like the effect of irregular forces in
stellar systems, following V.A. Ambartsumian [155]). In other
words, a gas-dust cloud can be in a state of mechanical
equilibrium at each instance, so that the evolution of a gas-
dust protoplanetary cloud consists of a permanent change of
one equilibrium state by another [47, 145]. It is appropriate to
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call such a protoplanetary system of gas and dust particles
stationary one [65, 73], and the period during which the
action of fluctuation interactions of subsystems becomes
noticeable is the relaxation time of the gas-dust
protoplanetary cloud [65, 155]. Let us note that without
disturbing fluctuation interactions of the subsystems, the same
state of mechanical equilibrium would continue indefinitely,
i.e. this would be a state of statistical equilibrium of a gas-
dust protoplanetary cloud.

To present the fundamentals of the statistical mechanics of
a protoplanetary system of gas and dust particles, one should
dwell on the distinctive features of the statistical mechanics of
protoplanetary gas-dust systems from traditional statistical
physics [110]. In many respects, they coincide with the
distinctions of stellar systems considered by K.F.
Ogorodnikoff [156]. In other words, unlike statistical physics
and thermodynamics, the complete statistical equilibrium is
unattainable in protoplanetary gas-dust systems and all
equilibrium internal parameters of these systems depend not
only on the integral of energy but on integral of angular
momentums (or areas) [158]. In this regard, the ergodic
property [110] does not apply to protoplanetary gas-dust
systems, usually assumed for traditional systems of gas
molecules within the framework of statistical physics (since
for protoplanetary systems the equilibrium parameters depend
not only on the energy integral).

Now we introduce a Cartesian frame of reference inside a
molecular (gas-dust protoplanetary cloud) and denote the
rectangular coordinates of gas and dust particles through
X,y,zso that the location of each particle is determined by

the radius vector 7 =(x, y,z). We suppose, bypassing all the

problems mentioned in Section 1.5, that the protoplanetary
cloud has its gravitational field, therefore we choose the
center of mass as the origin of a coordinate system (see
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Section 1.1). So, assuming a given centrally symmetric
gravitational field in the protoplanetary cloud, we can define
the strength of the gravitational field or acceleration [100]:
a=—0¢,/or, (1.6.1a)
where ¢, is the gravitational potential of the protoplanetary

gas-dust system. If u,0,w are components of the velocity
vector V= (u,0,w) of particles moving in the gravitational
field relative to the given coordinate system then:
u=dx/dt, v=dy/dt, w=dz/dt. (1.6.1b)
Since evolution of a gas-dust cloud consists in a
replacement of equilibrium states, we can introduce the
particle  distribution  function  ®(x,y,z,u,v,w,t)  of
coordinates x,y,z and velocities u,v,w [1, 155], such that

its value determines a probability to find particles of a gas-
dust cloud, possessing coordinates between x and x+dx, y

and y+dy, z and z+dz as well as components of velocities

between u and u+du, v and v+dv, w and w+dw. It is
naturally assumed that ®=0 when wu,0,w=100 since
otherwise the considered protoplanetary cloud would not be
real and would immediately disintegrate. The function
O(x,y,z,u,v,w,t) can describe a certain velocity body, in
particular, an ellipsoid of velocities [155] if the velocity body
does not depend onx, y,z,z. If the distribution function ®
does not depend on time ¢ only then such a distribution is
called stationary, and the system itself is stationary [155].
Now let us consider an ensemble of particles whose
number is defined by the distribution function ® multiplied
by the total number N of particles into a protoplanetary cloud:
N-®(x, y,z,u,v,w,t)dxdydzdudvdw . (1.6.2)
According to the above, these particles have coordinates
x,y,z and velocity components »,v,w for a given instancez.
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Integrating over all u,0,w we find the number of particles in
a unit of volume, or, in other words, the spatial concentration
n of particles in a given place x,y,z and at a given
instance?:

~+00+00+00

n(x,y,z,t)= NI I j D(x,y,z,u,0,w,t)dudvdw.  (1.6.3)

Using (1.6.3) the mass density p of a protoplanetary
substance is calculated as follows:

p=myn, (1.6.4a)
if all particles of the protoplanetary cloud have the same mass
m,, and if the particles have different masses m, then the

mass density is equal to:
p =2 mon,. (1.6.4b)

According to Eqgs (1.6.3), (1.6.4a,b) in a stationary system,
in every elementary volume there is always a constant,
steady-state distribution of particles in directions and values
of their velocities. Consequently, in the place of particles,
leaving this volume due to their movement, the equal number
of particles is coming with the same distribution of velocities
and their directions [155].

Since g, (x,y,z,t) is the gravitational potential of the whole

system of particles, the motion of each of these particles will
be determined by the equations in accord (1.4.4), (1.6.1a):

L du_ o, _dv_ 0o _dv_ 0o,
todt o Y dt oy -7 dt oz

After a time dr the parallel motion of these particles will take
them to a position x+udt,y+uvdt,z+wdt, while their

gravitational accelerations will have increased their velocity
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0 0 0
e dt, v-Legr, w-L
X oy 0z

with (1.6.2), confining our attention to a small region dxdydz

of space, we find that the number of particles within this
region, whose velocity components wu,v,w lie within

components y — dt . By analogy

prescribed limits dudvdw , is:

dt,
(1.6.5)

op,
3 dt,t +df)dxdydzduddw.
4

Since we investigate the same ensemble of particles, i.e. the
particles “specified in both groups are identical” [1, 155],
expression (1.6.5) must be equal to the analogous (1.6.2)
whence it follows that:

o,

0 0
e dt,v— i dt,t+dt)—
Z

dt,w—
Ox Oy

O(x +udt,y + vdt,z + wdt,u —

- O(x,p,z,u,0,w,t) =0.

By expanding the left-hand side of this equation in Taylor
series and limiting to terms of the first order of smallness, we
must accordingly have:

0 0
cI)ua’t+acbudt+8q)wa’t—éq)- (ngt—aq)- (ogdt—
ox oy 0z ou 0Ox ov Oy

0
_o0, (pgdt+a®dt=0
ow 0Oz ot

whence it follows the partial differential equation [1, 93, 155]:

0 0 0
@2 0P 0 OB P OB P DD 66
a & o & & u ¥ o & ow
This equation, first derived in 1915 by J. Jeans, plays a

significant role in the dynamics of stellar systems. As Jeans
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noted, equation (1.6.6) is identical to the Boltzmann equation
in the kinetic theory of gases [1]:

This is the differential equation which must be satisfied by the
distribution-function @ throughout any motion whatever of a
system of stars. It will be seen to be identical with the
corresponding equation in the kinetic theory of gases, except that
the terms arising from collisions are left out.

Indeed, the collisionless kinetic Boltzmann equation states
[159]:

D@ wver PP -0, (1.6.6%)

ot op
where p is a momentum of a particle of mass m,,, F=-VU
is a force acting on the particle from the external field U(7)
[159]. Taking into account that
F = -m,Vo,, p=myVv, Vv=(u,0,w), the Jeans equation

(1.6.6) directly follows from the Boltzmann kinetic equation
relative to a Cartesian frame of reference (x,y,z) whose

origin of coordinates coincides with the center of mass of the
molecular (gas-dust protoplanetary) cloud. Nevertheless, J.
Jeans [1 p.364] indicated to the above important distinction:

Just as, in the kinetic theory, the gas may be imagined divided up
into a system of showers of parallel-moving molecules, so in stellar
dynamics, the stars may be imagined divided up into a system of
parallel-moving clusters. But there is the essential difference that in
stellar dynamics these clusters retain their identity through long
periods of time, whereas in gas-theory they do not.

We also note that the Jeans equation (1.6.6) directly
follows from the continuity equation for the flow of phase
trajectories in the state-space (x,y,z,u,v,w) of the system of
particles [73, 155]. Indeed, let us write the Hamilton function
per unit mass of the molecular cloud:
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H =3’ +0" + W)+, (x,9,2,1) (1.6.7)
It is known [158] that canonical variables ¢; (generalized
coordinates) and p, (generalized impulses) satisfy the

equations of mechanics in the Hamilton form:
q aH'p O 123 1.6.8
i = T~ > T T L, 1=1,24,5, .0.
’ p; aq, ( )
whereq, =x,9,=y,q9, =z, p, =u, p, =0, p, =W, MOreoVer,
from the fundamentals of statistical physics it immediately
follows that the Liouville theorem [110] is valid for the
distribution function @ . According to the Liouville theorem
for the distribution function ®(q,,q,.9;, p,, P,, P;.t), there is
a continuity equation showing the invariance of the total
number of system states (or the total number of phase points)
in 6-dimensional phase space (q,,9,.9;,P;, P,,P;) With the
time:
DO
Dt
where D/ Dt denotes the Stokes operator of the form [110,
155]:

0, (1.6.92)

2—2+Z3: 'i+' 9 (1.6.9b)
i o =\ Tag P ) o
From Hamilton equations (1.6.8) and Hamilton’s functions
(1.6.7) directly follow the relations of the kind:
. OH 0 (u+0"+w
=—=—|—F7—+¢,(xy.z0)|=u; (1.6.10a)

X=—=—
ou oul 2

_O0H_ 0 uz+1)2+wzJr i) __% L6.10b
a a2 aeRsliEmR s (16.106)

The last relations (1.6.10a) and (1.6.10b) show that after
denoting by x=g¢,,y=q,,z=q,,u=p,,0=p,,w=p, the
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continuity equation (1.6.9a), (1.6.9b) goes into the Jeans
equation (1.6.6), i.e. the Jeans equation directly follows from
the continuity equation for the flow of trajectories in the phase
space [73]. Let us note that the Jeans equation (1.6.6) can also
be considered as the continuity equation (1.3.7) in the real
space (x,y,z) if @, =0 or as the continuity equation with

variable masses if ¢, # 0 [94, 111].

To solve the Jeans equation (1.6.6) for®, the Lagrange’s
rule directs us to compose the characteristic equations [1
p.364]:

dc _dy dz  du dv dw

— = = =dat

u v w Op, Op, 0O, T (1.6.11)

Ox oy 0z

thereby, reducing the equation (1.6.6) to a system of ordinary
differential equations which are merely the equations of
motion of particles in the general gravitational field of the
whole system (molecular cloud).

System (1.6.11) has independent integrals /,,1,,.....1

depending on the form of the potential function ¢, and being

the first integrals of particle motion. The solution of the
equation (1.6.6) is then simply:

O(x,y,z,u,o,w,t)= f(1,,1,,1,,1,,15,1;), (1.6.12)
where f is any arbitrary function.

To write the general solution (1.6.12) we need to know all
six integrals, however, as noted in [l p.364, 155], it is
impossible to find them as long as the analytical expression
for the gravitational potential ¢ (x,y,z,7) is wunknown.

Finding this expression is the most important and complex
task of statistical dynamics (both for the system of particles of
a molecular cloud and for the star system) [155]. If the
analytical expression ¢, is absent, we can draw some
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conclusions under the condition of certain restrictions
superimposed on ¢, [1, 155].

Let us consider the first case when the system of particles
of a molecular cloud is in a stationary state, i.e. the
gravitational potential ¢, and also the distribution function

@ does not depend on time. In this case, one such integral
can be written down at once, namely the integral of energy
[155]. Indeed, from Eq. (1.6.11) we directly find that:

0 0 0
udu =— i dx, vdv=- Pe dy, wdw=- Pe dz. (1.6.13)
oy oz

ox

Adding these three relations in (1.6.13) we obtain:

1 dp, . 0o, 99,
E-d(u2+uz+w2):— Gxg dx— 8yg dy— azg dz=—dp,. (1.6.14)

Since the square of the velocity vector v’ is expressed in
terms of the sum of squares of its components:

Vi =u’+0"+w’ in the Cartesian frame of reference, then
after the integration of Eq. (1.6.14) we find the integral of
energy per unit mass [1 p.365]:

1.,
1, =EV +¢, =const. (1.6.15)

Other integrals exist in special cases of the considered
system of particles of a molecular cloud. If a stationary
system is asymmetric then, except/;, we cannot find other

integrals without knowledge of ¢, [l, 155], therefore the

following particular solution for the distribution function
occurs:

O =0(1,) =DV +9,) = DEV-|p,). (1.6.16)
In this case, the velocity distribution is spherical since @

depends on the square V>. As for the mass density
distribution, i.e. the distribution of particles for spatial
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coordinates x,y,z, it can be arbitrary (depending on the
analytical expression of functiong, ) [155]. However, there is

no spherical velocity distribution in the Galaxy, therefore this
particular case is not observed, generally speaking [155].
Nevertheless, there may be other special cases. For example,
if for any particle v?— 2‘%‘ > (0, this means that the total energy

of this particle is positive or equal to zero. Such a particle
should be removed from the considered molecular (gas-dust
protoplanetary) cloud. Moreover, its velocity will be greater
than or equal to the velocity of escape M (this velocity is

also called critical or parabolic) [155]. “Thus the search for
systems in steady motion with no symmetry at all has failed;
no such motion is possible” [1 p.367].

Let us consider the second case corresponding to the
stationary particle system of a molecular cloud with spherical
symmetry [1 p.365]. In this case, the gravitational field is
centrally symmetric, so that ¢, is a function only of r, the

distance from the center of the molecular cloud:

r=yx"+y 42", (1.6.17)

Using (1.6.17) it is not difficult to see that:
or 1-2x X

a—\/m:? (1.6.18)

In view of (1.6.18), the characteristic equations (1.6.11)
assume the form:

@_Q_é_ de dv dw
v v ow _x0p  _y0p _z0p (1619
r or r or r or

Taking into account Eqs (1.6.19), for example, it is not
difficult to get that:
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0 0
xdo- 2Py L. (1.6.20a)
r or r or
vdx =udy (1.6.20b)
and also that:
0 0
w2 e gL e (1.6.21a)
r or r or
wdy = vdz (1.6.21b)
and finally:
0 0
xdw P gy L O (1.6.22a)
r or r or
wdx =udz . (1.6.22b)

Indeed, from Eqs (1.6.20a), (1.6.20b) - (1.6.22a), (1.6.22b) it
immediately follows the equations:

xdv = ydu,vdx = udy, (1.6.23a)
zdv = ydw,vdz = wdy, (1.6.23b)
xdw = zdu,wdx = udz. (1.6.23¢)

Adding in pairs the relations in (1.6.23a), (1.6.23b), (1.6.23¢)
and then integrating them, we obtain three integrals:
XL = yu+const,

zL = yw+const,

xXw=zu +const ,
expressing that the moments of momentum /,,/,,/, per unit
mass about the axes of coordinates x,y,z remain constant [1,
155]:

I, =xv—yu =const, (1.6.24a)
I, = yw—zv =const, (1.6.24b)
1, = zu—xw=const. (1.6.24c)

Apart from special artificial cases of ¢, [96, 155], there can

be no integrals beyond those already mentioned, so that the
distribution function ® must be of the form
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(D:(D(]1512513’14)’ (1625)
where [,,/,,1,,1, are given by the relations (1.6.15),

(1.6.24a)~(1.6.24c). For instance, if ¢, = k? /2, where k is
constant, there are additional integrals of the type:
I, =(u’ +kx*)/2 =const, I, =" +ky*)/2 = const,
I,=(W +kz*)/2=const, but only two of them are
independent  because [y =I5+1g+17, therefore, the

corresponding motion being one in which each particle
describes a continually repeated elliptic orbit about the center
[96].

Obviously, in systems with spherical symmetry the
concentration n (or mass density o) and the potential ¢, of

the whole system are functions of r only, since the
concentration », like the mass density p = Zmol. -n,, has a

1

spherical symmetry by condition, and the potential ¢, is

connected with the mass density by Poisson equation (1.1.41):
Vip, =4my) my n;. (1.6.26)

Since Eq. (1.6.26) is true, it immediately follows that if the
gravitational field is spherically symmetrical then the
concentration function #, is also spherically symmetric and
the mass density is arranged in spherical shells. Let us note
that the mass density is also obtained by integrating the
distribution function (1.6.25) with respect to all values of
u,0v,w, i.e. if we substitute the expression (1.6.3) into Poisson
equation (1.6.26) instead of »,, we obtain a condition that the

distribution function @, has to satisfy [155]:

o0 00 00

Vzgpg = 47[}/21770,. -N, .[ j J.CDI.(x,y, z,u,u,w,t)dudodw. (1.6.27)

—00—00—00
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The system of dust and gas particles must satisfy both the
statistical condition (Jeans equation (1.6.6)) and this
dynamical condition (Poisson equation (1.6.27)). The latter
condition is also valid in the case of an external

potentialgp; since V?p! for particles of a molecular cloud is
zero (since the function go; does not add mass to the particle
system).

For the resulting mass density to depend only on r, the
distribution function (1.6.25) should depend only on r. This
means that /,,/,,/, must enter in ® as expressions
depending only on r*=x”+y>+z>. Such an expression is
the total angular momentum per unit mass which in accord
with (1.6.24a) - (1.6.24c¢) is equal to:

L+ +1] =(xv—yu)’ +(yw—z0)* +(zu—xw)’ =
=X (O + W)+ Y W +w)+ 27 +0) —
=2xy-uv—=2xz-uw—-2yz-ow=

=X +y +27) @+ 0P+ w) = (U + Y0+ 2w+
+2xu-yo+2xu-zw+2yv-zw) =
=X+ 42+ 0P+ W) —(xu+yo+zw)’. (1.6.28)

With a view to further transformation of (1.6.28), we can note
that the time derivative of (1.6.17) is equal to:

vr :ﬂzi(m):
dr dt
1 2xu+2yv+2zw _ xu+yv+zw (1.6.29)

b

2 r r
where v, denotes the component of the velocity v along the

radius . Taking into account (1.6.17) and (1.6.29),
expression (1.6.28) takes the form:

DA +12 =7 V=i =2 (vV =v?). (1.6.30)
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In the spherical coordinates »,0,¢ , V° can be decomposed into
three components:
V=V, 42, (1.6.31)

so that it immediately follows from (1.6.15), (1.6.30), (1.6.31)
that:

L+ +1=r (v, +v)),
and the distribution function (1.6.25) should be of the form [1,
155]:
O=OEV +0,, 7’ (v, +v)) = DGV +@,,r’ vV’ sin’ @), (1.6.32)

where « is the angle between the directions of 7 and v. At
any single point in space, the law of distribution ® depends
on v and on « . With this law of distribution, the velocities of
particles are not uniformly distributed over all directions in
space, for this would require that ® should depend on v

only. Indeed, both components of the velocity v, and v,,

being perpendicular to the radius vector 7, enter
symmetrically in the expression (1.6.32), therefore their
distribution is circular [155]. The asymmetry of the velocity
distribution is caused by the component v,, so that ® = const

are surfaces of revolution near the radius r. Thus, the
velocity-diagram for the motions of the particles near a given
point will not be spherically symmetrical but will be a figure
of revolution, having the radius through the point to the center
of the system as an origin [1]. It will be directed either the
preferred motion of particles on the radial component or,
conversely, fewer particles, i.e. stars in the case of a star
system, will move in this direction. Respectively, the velocity
body will be stretched or, conversely, compressed in the radial
direction [155]. In the case of the star system, for example in
the Galaxy, the major axis of the velocity ellipsoid is directed
approximately to the center of the system. But since our
Galaxy Milky Way does not possess spherical symmetry, this
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case should be rejected again, however, it can occur in
spherical star clusters [1].

Now we consider the third case corresponding to the
stationary system of particles of a molecular cloud with axial
symmetry. Let z be the axis of symmetry. The equation of
characteristics (1.6.19) gives only two integrals: 7; and I, the
latter being obtained relative to the axis z:

I, =xv—yu=const.
Indeed, using the cylindrical coordinate system:
x=hcosg; y=hsing; z=z, (1.6.33)

where s =+/x% + »? , we can define the components of the
velocity vector v in the cylindrical coordinates (4,&,z):

v, =ﬁ=h;
dt
v —i(hg)—h.é' (1.6.34)
£ dl‘ 2 . .
dz .
Vv, =—=2.
dt

Taking into account the relations (1.6.33) and (1.6.34), we
find the relationship between the components of the velocity
vector in the Cartesian system (u,v,w) and the cylindrical

system (v,,v,,Vv,):

dx . .
u=—="hcosg—hesing =v, cose—v,sing;

dt

dy - . . .
u:;zhsmg+hgcosg=vhs1n£+vgcose; (1.6.35)

t

dz
w=—=v_.

dt -~
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So, we consider the system of generalized coordinates
(91,92.93) where q,=h, q,=¢, ¢,=z and accordingly a
system of generalized velocities of the form:

g =h ¢,=¢& ¢, ==z. (1.6.36)
Let us compose the Lagrange function of a unit mass particle

and then use the Euler—Lagrange variational equations in
cylindrical coordinates [158]:

L= 0 +02 +v) =, () -
o (1.6.37)
=E(h the” +z7)—@,(h,z2).

Using (1.6.37) we write the Euler—Lagrange equations relative
to the generalized coordinates and velocities (1.6.36):

a a—Lj—ﬁ—L 1.6.38
di\oh) on’ (1.6.382)
d a—LJ—a—L- 1.6.38b
di\o¢ ) oe’ (1.6.380)
dfa) o
di\ ez ) oz (1.6.38¢)
As follows from Eqs (1.6.38a)-(1.6.38c¢):
: 0
dh_ Dy _pgr P (1.6.39a)
dr dr oh
2 - 8
dire) _dv,) __ 90 _. (1.6.39b)
dt dt o€
: 0
dz _dv. 99 (1.6.39¢)
di dr | oz

The second equation (1.6.39b) vanishes due to the axial
symmetry which allows us to find the second integral being
the angular momentum per unit mass around the axis z [I,
155]:
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I,=h*é=hv,. (1.6.40)
So, taking the axis of symmetry to be the axis of z, the only
integrals of equations (1.6.19) are seen to be the energy
integral (1.6.15), and the integral (1.6.40), which expresses
that the moment of momentum of a particle about the z-axis
remains constant. Hence the only possible state of steady
motion is one in which the distribution function (1.6.25) is of
the form [1, 155]:
O =0,1,) =0 ’+2¢,, hv,) =0V +9,,h¢). (1.6.41)
From (1.6.41) it can be seen that the distribution with respect
to v, and v_ is symmetrical, while the values v, are met

more often or scarcer than the previous components [155].
The velocity body will be elongated or compressed in a
direction perpendicular to the direction to the center of the
system.

In 1922 and a little later, J. Jeans believed that this
particular case took place in the Galaxy since the direction of
the vertex of stellar motions ise =340°, and according to
Kapteyn’s discovery of the phenomenon “star-streaming” [1],
the direction to the center was obtained o =257", i..
perpendicular to the line of vertices. At present, it is known
that the direction to the center is o =330°, i.e. it almost
coincides with the direction of the vertices deviating from it to

10° [155]. Since there are serious reasons to consider the
Galaxy as a system with axial symmetry (due to the rotation
of the Galaxy, study of its structure, comparison with other
galaxies), the resulting discrepancy can be explained either by
the fact that the Galaxy is not in a completely stationary state
or that it is not a particular solution (1.6.41) but some other.
Let us note that it is impossible to write a general solution
without knowing the analytical expression for the potential

@, [155].
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Until now, the Jeans equation (1.6.6) is considered as a
differential equation for the distribution function @,
considering the analytical expression of the potential ¢, to be

unknown and only imposing some restrictions on it. Jeans [1]
followed this path bypassing the problem that solutions
(1.6.16), (1.6.32), (1.6.41) are particular ones, but not general,
even for these restrictions discussed above. Meanwhile, the
question of the physical significance of these particular
solutions is not clear, and the missing independent integrals
must exist in a real physical problem.

It is alleged [155] to be more appropriate another way that
J.H. Oort [157] and then S.Chandrasekhar [125] followed.
Within the framework of this approach, the Jeans equation
(1.6.6) is supposed to be considered as a differential equation
for the potential ¢, finding, and the distribution function ®

can be given one or another suitable form [155]. In this case,
® should depend on both distribution of stellar densities
(concentrations) » in the Galaxy and distribution of
velocities, moreover, the last is supposed to be taken as the
Schwarzschild’s “ellipsoidal” distribution [1, 155]:

@ = const-e U , (1.6.42)
resulting from astronomical observations. However, the idea
of attaching the distribution function @® to the so-called
“suitable form” cannot be considered rigorously scientifically,
since such a function must be obtained by successive
mathematical derivations from a physical model describing a
system of particles under given conditions [73].

Such an attempt to derive the distribution function @, and

hence the analytical form of the functions of mass density p
and particle concentration » was made by J. Jeans within his
theory as applied to star systems [1 p.371]. Now we are going
to briefly describe the main results of the theory of Jeans, not
limited to the system of stars, but considering, in general, the
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system of particles in the form of some kind of molecular or
gas-dust cloud.

As J. Jeans [1 pp.370-371] claimed, a law of distribution of
velocity body of the type (1.6.41):

...will give steady motion except for the disturbing effects of
encounters of near stars. Further, this formula has been found to
include all possible cases of stable steady motion.

The effect of near encounters will be slowly to change the
character of the motion, and after a sufficiently long time... the
system of stars will tend to a steady state in which even close
encounters do not disturb the statistical specification of motion.

During this process, the form of the function @ must change,
and when the final steady state is attained, the general principles of
statistical mechanics indicate* (see details in [160 §107, ch.V])’
that the form of the function ® must be:

O, 1,)= A-e?mhoh) (1.6.43)
where 4, f and Q are constants. Inserting their values for
I, and [, from relations (1.6.15) and (1.6.24a), the
distribution function (1.6.43) becomes:

(D([l:]z) _ A.e—ﬁmo[f/2+2(pg+29(xu—yu)] _

_ A . e—ﬂnzo[(u2+uz+w2 )42, +2Q(xv—yu)]

— 4. o Pl Q0 0] | 2Bl ey 2] (1.6.44)

As noted in this section (see formulas (1.6.3), (1.6.4a, b),
(1.6.27)), the concentration (or mass density) is obtained by
integrating the distribution function ® with respect to all
values of the velocity components u,0,w from —oo to+o.
Indeed, ®(/,,/,) is a joint distribution function at spatial
coordinates x,y,z and velocity components u,0,w, so that

we can separately consider the distribution function at
velocities:

5 The author’s remark
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D (1,0, w) = B Pl o] (1.6.45)

where B is a normalizing factor, such that A=B-C
(compare with the Schwarzschild’s distribution function
(1.6.42)). This function @_(u,0,w) satisfies the

normalization condition:
[ ] ] @dudvdw=
e (1.6.46)
_ f” J‘j’ J:wB.e—/imo[(u—Qy)z+(u+§1x)2+w2]dududw -1,

therefore, integrating (1.6.44) over all values of u,v,w from

—oo to +o0 and taking into account (1.6.46), we find that the
distribution function at x, y,z must be of the form [1]:

D, (x,,2) = C Mot ona (1.6.47)
where C 1is a constant. Using the normalization condition
(1.6.46), we can estimate the constant B in (1.6.44), (1.6.45):

0 _ 2 0 2 0 2
B_J' o P (=) a’u-_[ o P () du-j e =1,

whence:

B-[ \/;_mj -Qeszds]} =1,

and taking into account the fact that J.efsza’s =z [128] we

obtain:
B=(pm,/z)". (1.6.48)
According to (1.6.48) the distribution function (1.6.47),

describing both a system of stars and a molecular (gas-dust)
cloud takes the form:

3/2
@;(x,y,z):A( . j LMo TR () 6 49)
Pm,
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Now we will consider a molecular (gas-dust) cloud
exclusively. As mentioned above (see Sections 1.2 and 1.5, in
particular, the formula (1.2.18)), the mean squared velocity

v’ in the state of thermodynamic equilibrium can be
expressed through the temperature 7 of a molecular cloud
based on molecular kinetic theory [110, 160]. On the other
hand, the mean square value of velocity in accordance with
(1.6.45) and (1.6.48) can be calculated as follows:

v = (Bmg 1) [ - y) + 0+ Qx) + ] x
x g Pmo (=) +(0+Qx)* +w7 ] duduvdw =
=(fm, /7] {r -y e gy eﬁﬁ"’(wmzdurefﬁ'b”;dw

00 2 00 2 o0 2
+J. (L+Qx)? e o) duj gt du.[ e " dw+

—00 —00

+J‘OO WZe—ﬁ'mowzdwj'oo e—ﬁmo(u—Qy)zdujoo e—ﬂmﬂ(u+§h)2du} —

—00

=3(fm, / z)"*- (\/ﬂl_)] Tsze_szds-[%J 31 1650

According to (1.6.50) the mean kinetic energy E, of a

particle of mass m, is equal:

F=mv _m3 1 31 (1.6.51a)
2 2 2 pmy 4 p
that is, E, is expressed by the well-known formula of
molecular kinetic theory:
3k, T
2
where k, is the Boltzmann constant. The comparison

(1.6.51a) with (1.6.51b) gives the sought expression for the
constant f:

E, =

: (1.6.51b)
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B=1/2k,T. (1.6.52)

In turn, the direct substitutions (1.6.48) and (1.6.52) of
constants B and S respectively in the formula (1.6.45) gives

a Maxwellian law of the kind:
D, (u,0,w) = (m, / 27, T)* - g o/ 2T HO- O wso0™0) (] 6 53)

and the substitution (1.6.52) in the formula (1.6.49) gives the
distribution function at spatial coordinates:

3/2
2 T m —0. +0%(x2 +y2
d);(x,y,z):A( Gt j el et I (1 6 54)

m,

where the constant 4 should be determined from the
normalization condition of the function (1.6.54).

According to (1.6.3) and (1.6.54), the concentration and
mass density of a rotating mass of gas can be expressed by the
formulas [1]:

n(x, p,2) = NO_(x, y,z) = n, - " o oo eoran @@ 0nnl, - 6 55)

P, 3,2) =N, (x, ,2) = g, - " IACHIECR () 6 56)
As follows from (1.6.55), (1.6.56), just as in a rotating mass
of gas (molecular cloud), the surfaces of equal density have

equations of the form:
1
(/Jg(x,y,Z)—EQZ(x2 +y*) = const, (1.6.57)

coinciding with Eqgs (1.4.21) in Section 1.4, which is the well-
known fact in the theory of gravitational potential and
hydrodynamics [95, 111].

It should be noted [1 pp.371-372], however, that the Jeans
law of mass density (1.6.56) as well as Eq. (1.6.49):

...which must obtain in the final state gives infinite density at an
infinite distance from the center except when Q=0. Even when
Q=0, it gives a finite density at all distances from the center, so
that the system of stars is of infinite extent in space; it is in fact
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arranged like a mass of gas in isothermal equilibrium without
rotation.

When @ is different from zero, the formula shews that there can be
no steady state until all the stars have been scattered to infinity.
Actually, as we have seen (Section 1.4 in this monograph®), the
surfaces of equal density (7.6.57) consist of some closed surfaces
and some open surfaces. If the density at the last of the closed
surfaces is quite small, then the stars inside it form an
approximately permanent system, although there is a continual
slow loss of stars across this surface. If however the density at the
last closed surface, and so also at the first open surface, is not quite
small, there will be a rapid loss across these surfaces, the stars
streaming off in all directions in their efforts to establish the law of
density (1.6.57), and as the velocity of many of these is, by formula
(1.6.44), greater than the velocities of escape \/M , a great part of

the loss is permanent.

Thus, the Jeans theory, which leads to the law of mass
density of the form (1.6.56), refutes the fact of the /long
existence of a molecular (gas-dust) cloud or star system under
study (moreover, according to (1.6.45) “in this motion there is
no star-streaming” [1]). The infinite mass density at the
periphery of a molecular (gas-dust) rotating cloud is one of
those difficulties of the Jeans theory concerning the
impossibility of determining the gravitational potential for
infinitely spread media (see Section 1.5, [73]). Consequently,
within the framework of the Jeans theory, in particular, the
density law of the form (1.6.56), it is impossible to construct a
consistent model of the mass density distribution of a
cosmogonical body, therefore, new statistical models of
cosmogonical bodies forming are needed.

Such models have been proposed in several works, for
example, see [161-166]. Following I. Prigogine and G.
Severne [161], a fundamental quantity in the mean-field
theory, namely the number density or concentration n(7,t), in

6 The author’s remark and numeration
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particular, of the gas of stars, called later on the “gravitational
plasma” has been introduced. The foundation of the mean-
field theory is the collisionless kinetic equation of Vlasov
[159] looking like the Boltzmann collisionless equation
(1.6.6*) but in which the self-consistent force of gravitational
interaction [164] (or the mean-field expression of force [166])
is used:

FEn=[ [ ©G.9,.0F(F-T)dv,d7 =

- r—r -
=m§f n(f,t) ——d7. (1.6.58)

F=5

Using (1.6.58) in [164], screening of the Newtonian
potential of a moving test body in a homogeneous Maxwellian
gas of gravitating bodies has been investigated based on the
Vlasov collisionless equation of and Poisson equation. The
modified potential has been expressed in terms of the test
particle velocity and the gravitational susceptibility of the
system. Since all bodies in such a system execute a thermal
motion, a renormalized gravitational potential in the system
has been determined by way of averaging the test-body
potential over the body velocities with the Maxwellian
distribution function [164]. It has been found that the resultant
renormalized potential not only decays faster than the
Newtonian potential but also oscillates with the period on
order of the Jeans length. Bashkirov and Vityazev have
supposed that a dark matter allowance in the system gives rise
to a significant decrease in the oscillation period,
nevertheless, they have stated that the observable period of
these oscillations enables us to estimate the Jeans wave
number for the dark matter [164].

Using (1.6.58) as well as the Vlasov collisionless equation
in [166], it has been noted that the standard results of
equilibrium statistical physics do not apply at all in the
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statistical mechanics of “gravitational plasma”. Yves Pomeau
has also explained that the mean-field theory valid for “short
time scales” of the order of the orbital period of a star in the
mean-field of the stellar cluster. He has also pointed out this
mean-field theory is not the last word, because it leaves
unspecified some functions and does not truly include
irreversible effects due to the close interactions between stars
or to resonant interaction between their orbits. In this
connection, the concepts of classical statistical mechanics
behind Boltzmann—Gibbs equilibrium theory cannot be used
in this field because, fundamentally, the ergodic theory does
not make sense there so that there is no proper way of
defining entropy and temperature. The work [167] confirms
that a classical statistical mechanics of gravitation can not be
constructed with the Boltzmann—Gibbs distribution because
the integral needed for building up the partition function
includes an exponential and thus diverges. In this regard, Y.
Pomeau has stated that “therefore, the dynamical problem has
to be solved one way or the other” [166].

Thus, although the problem of gravitational self-
condensation of an infinite spread cosmic medium is not
solved completely within the framework of these modern
theories, nevertheless, the statistical theory of the initial
gravitational formation of a cosmogonical body from
infinitely distributed matter remains highly relevant.

1.7. On the evolutional equation in the statistical
mechanics of molecular clouds

The problems of the theory of gravitational condensation of a

molecular (gas-dust) cloud are explained in Sections 1.1-1.6,

among them, are the following [73]:

— the absence of a clear mechanism of gravitational
condensation of the infinitely spread matter, including the
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source of origin and supporting waves of gravitational

instability;

— the absence of analytical expressions of gravitational
potential and force of gravity for an infinitely distributed
homogeneous rest medium;

— the impossibility of applying exclusively the deterministic
approach to a correct description of the behavior of a large
number of particles of a gravitating molecular cloud;

— the impossibility of finding a general (but not particular)
solution of the Jeans equation due to the above difficulty of
determining the gravitational potential of a molecular (gas-
dust) cloud;

— the infinite value of the mass density at the periphery of a
rotating molecular (gas-dust) cloud according to the Jeans
theory.

In this regard, it is necessary to study in more detail the
evolution of the statistical distribution function describing the
state of spread matter (in the form of a molecular cloud) in
space and time [16, 65, 73]. The starting point in the study of
the evolution of the distribution function is the condition of
existence of a point of mechanical equilibrium (or relative
mechanical equilibrium), as a rule, being unstable in time.
The unstable mechanical equilibrium of a molecular cloud is
gradually replaced by a non-equilibrium state slowly flowing
with the time.

First of all, let us consider an almost immovable molecular
(gas-dust) cloud in a state of unstable mechanical equilibrium.
Let ®(x,y,z,t) be a probability density function for the

location of particles in this immovable cloud, describing the
spatial distribution of particles at some instancet =¢,. If we
choose in a three-dimensional real space R’ some fixed point
with coordinates(x,y,z), then near this point we can
determine the ensemble of particles in a small region of space

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



EBSCChost -

On the Problems of the Origin of the Initial Gravitational Condensation 137
of Spread Cosmic Matter

dxdydz, whose the number is currently determined by the
distribution function ® multiplied by dxdydz and by N (the
total number of particles in the cloud). However, due to their
interactions, after a time interval A7, these same particles
already occupy a position x+Ax,y+Ay,z+Az. Since the
number of observable particles of the ensemble is fixed,
because we do not consider birth and death process for
particles in the time interval Az, this proves the correctness of
the following equality [73]:
NO(x+Ax,y+Ay,z+ Az,t, + At)dxdydz =

= NO(x, p,z,t,)dxdydz . (1.7.1)

Indeed, as already noted in Section 1.6, equation (1.7.1) is
true because the same ensemble of particles is considered all
the time (see (1.6.2) and (1.6.5)).

Further, under the assumption that an initial evolution of
the molecular (gas-dust) cloud is caused by a slow process of
gravitational tightening (contraction) of its local domains of
spread matter (parts of this molecular cloud) [16, 73], the
changed distribution function near the point (x,y,z) in the

time interval Ar from ¢, to ¢,+Ar 1is described by

O(x+Ax,y+Ay,z+ Az, t,+ At). Since this function describes

a physical process of gravitational contraction, then it is

differentiable, and therefore it can be expanded into a Taylor

series in a vicinity of the point (x,y,z,7)) [16, 65,
73]:

oD

O(x+Ax, y+ Ay, z+ Az, t, + At) =®(x,y,z,t0)+a—

X

oD R\
B |z (&)

(Az)? +...+—a At +... (1.7.2)
(x,,2,ty) ( ) a
s VsZsly t

Ax+

(xy.z8y)

oD
+7
5
o*d
+_
oz’

oD

(x,,2,t9) Ay+g (xX,,2,t0) Az+

2
(x,p,2.t9) : (Ay) +

(x,,2,t) ’
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For the convenience of further considerations, let us put the
point (x,y,z) to the origin of a frame of reference and

investigate the space-time behavior of @ in the case of very
small distances Ar =\/(Ax)2 +(Ay)’ +(Az)* from the origin of
coordinates. Due to the homogeneity and isotropy of space,
we suppose that (Ax)’ =(Ay)’ =(Az)’, 1.e. (Ax)’ z%(Ar)z.

Taking into account these assumptions, the relation (1.7.2)
becomes [16, 73]:
CI)(X+AV/\/§,y+AI’/\/§,Z+AV/\/§,tO +At)_q)(x9yazato) =
_ N (0D oD oD oD
_E ’ a (x.y,219) +§ (x.y,2.19) +5 (.21 + o
+§(Ar)2(82—q)

oD
&62 (x.p.2.00) + @}2 (x.p.2.00) +e.

Due to the condition of existence of a point of
equilibrium, the function @ has an extremum in the origin of
coordinates, therefore:

oD 0D
ax (x,,2,00) ay
and, consequently, the relation (1.7.3) takes the form [16, 65,
73]:
q)(x+Ar/\/§,y+Ar/\/§,z+Ar/\/§,t0+At)—q)(x,y,z,t0):

(6720) +§(Ar )V qj((x,y,z,to) T

=Nr—
ot

As far as (Ar)* <<1 and Ar<<1, we are restricted only by

terms of the first and second order of smallness concerning

At and Ar on the right-hand side of Eq. (1.7.5). Moreover,

since the same ensemble of particles is considered, then

according to Eq. (1.7.1) we find that:

A+ (1.7.3)

(x.p.2.8)

oD

[EAEATY) + aZZ

00
(x,,2,00) 62

(x,9,2.10) :0’ (174)

(1.7.5)
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q)(x+Ar/\/§,y+Ar/\/§,z+Ar/\/§,to+At):

=D(x,,2,1,) - (1.7.6)
Taking into account Eq. (1.7.6) the relation (1.7.5) becomes:
oo 1 (Ar)z 2
Gl 4375 V=0 A1)

Strict equality in (1.7.7) is attained when Ar —>0 and
At —>0:

B0
ot
If there exists the limit in Eq. (1.7.8) then we need to find it
[16, 73]:

(Ar)*

im
(eyizi) T o0
At—0 3At

Vo

(i) = 0+ (1.7.8)

(Ar)2
=G,
Ar_)o IA7 (1.7.9)
At—
Ar
and considering formally iln}) v =V as a certain velocity of
At—0

microscopic movement of particles, we can write (1.7.9) as
follows [16, 73]:
1_

G:EVAr. (1.7.10)
Let us note that the physical meaning of the gravitational
contraction coefficient G (1.7.10) will be clarified later (see
Chapter 4). Taking into account (1.7.9), (1.7.10), the equation
(1.7.8) becomes the following:

o =-GV’D
o

Because of the arbitrariness of the choice of the point of
origin of coordinates and the reference time, it is obvious that
equation (1.7.11) is wvalid not only for a fixed
point(x, y,z,¢,)but also for any point (x,y,zt) [16, 47, 65,
73]:

(1.7.11)

(x.p.z00) — (x,y.2,00) *
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oD
i -GV’ (1.7.12)

In this regard, without loss of generality, we consider Eq.
(1.7.12) simply as an anti-diffusion equation or an evolutional
equation of a slow-flowing gravitational condensation
(tightening) [16, 47, 48, 65, 73]. The evolutional equation
(1.7.12) describing the Gauss—Markov process results from
the Chapman—Kolmogorov equation in its limiting case when,
following I.Prigogine [134], “between neighboring points
there occur very quick jumps (Ar—0) for very small
distances (Ar —0)”, and the coefficient G being defined by
Eq. (1.7.9).

Now let us consider a moving (for example, rotating)
molecular cloud in its gravitational field which is in a state of
relative mechanical equilibrium. In this case, the probability
density @ of particle detection in this molecular is a function
of not only the spatial coordinates x, y,z and time ¢ but also

the velocity projections u#,v,w in the Cartesian coordinate
system, respectively, i.e. @ =®d(x,y,z,u,0,w,t). The origin
of a gravitational field with a potential ¢, and strength
a=-Vg, as well as the velocity v=(u,0,w) and,
respectively, momentum p=m,Vv or angular momentum

L=[Fxp]) of particles leads to reducing the role of slow-

flowing anti-diffusion processes in gravitational condensation
entirely (since processes in the gravitational field result
quickly enough). In this connection, the time evolution of the
distribution function ®(x,y,z,u,0,w,t) from the state of
relative mechanical equilibrium should be considered at
infinitely small intervalsdr. In other words, instead of Eq.
(1.7.2) we consider the expansion of a function
O(x,y,z,u,0,w,t) in a Taylor series of the form:
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8 8 8
D(x+udt, y+vdt, z + wat,u — 22 dt,u—&dt,w—%dt,ﬂrdl):
X A
= db(x,y,z,u,u,w,t)+6£udt+6£Udt+6£wdt—
Ox oy Oz
o o o
_0® 99, , 0P 09, . 0P 09, , 0P (1.7.13)

—dt+...
ou 0Ox ov oy ow 0Oz ot

Since the same ensemble of particles is considered all the
time, then by analogy with Eq. (1.7.1) the following equality
is true:
0 0 0
. dt,v— P dt,w— e
ox oy oz
t +dt) - dxdydzdudodw = NO(x, y, z,u,0,w,t) - dxdydzdudodw . (1.7.14)
whence it immediately follows that:
CD(x+udt,y+Udt,z+wdt,u—aa&dt,u—a(pg dt,w—%dt,z+dt):
" : (1.7.15)

:q)(xay,ZaU,U,Wat) *

NO(x +udt, y+ vdt, z + wdt,u — dt,

If we are restricted only by the first-order terms of smallness
in the series (1.7.13) and take into account Eq. (1.7.15), we
can transform Eq. (1.7.13) to the Jeans equation (1.6.6):

oD an>+wa£_a¢g ob Op, 0@ 09, .ang@:O (1.7.16)

Ox oy 0z Ox Ou 0Oy Ov 0Oz Ow Ot

Both equations (1.7.12) and (1.7.16) describe different

stages of the evolution of a molecular cloud. Consequently,
there is some more general evolutionary equation [16, 65, 73]
which generalizes the derived evolutional equation (1.7.12)
and the Jeans equation (1.7.16):

o0 od o ob Op, od

—+U—+0—+Ww
ot ox oy 0z Ox Ou
op, o® 0¢p, oD

e 2T T T L GVD=0. (1.7.17)
oy ov 0z Oow
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In vector notation, the generalized evolutionary equation
(1.7.17) has the form [16, 65, 73]:

oDd oD ,
—+Vv-VO—Vp +GV®=0, 1.7.18
ot ov Ve (1.7.18)

where v =(u,0,w). As follows directly from Eq. (1.7.18), in
the absence of the particle velocity (v=0) of the molecular

cloud, equation (1.7.18) coincides with the evolutional
equation (1.7.12), and in the presence of velocity (v#0), the

Jeans equation (1.7.17 ) is a special case of Eq. (1.7.18), since
the contribution of the second-order term GV’® on the left-

hand side of this evolutionary equation is negligible compared

to first-order terms v-V® and Zg-Vgpg, ie.
v

oo

GV’ ®| << VVO-—=V,

Conclusion and comments

This chapter is devoted to a review of the problems of the
origin of the initial gravitational condensation (tightening) of
spread cosmic matter and finding a way to their possible
solution. Sections 1.1-1.6 described the main problems of the
theory of gravitational condensation and the theory of
gravitational instability applied to the molecular (gas-dust)
cloud, namely:

e the problem of the formation of a center of spread
cosmic matter under its initial gravitational
condensation;

e the absence of a clear mechanism of gravitational
condensation of infinitely distributed matter, including
the source of origin and supporting waves of
gravitational instability;
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e the absence of analytical expressions of gravitational
potential and force of gravity for an infinitely
distributed homogeneous rest medium (including the
mechanism for the origin of a gravitational field in such
media);

e the impossibility of applying exclusively the
deterministic approach to a correct description of the
behavior of a large number of particles of a gravitating
molecular cloud;

e the impossibility of finding a general, and not a
particular solution of the Jeans equation due to the
difficulty of determining the analytical expression for
the gravitational potential of molecular cloud;

¢ the infinite value of the mass density at the periphery of
a rotating molecular cloud according to the Jeans
theory.

In Section 1.7, the anti-diffusion equation (1.7.12) was
derived, that is, an evolutional equation of a slow-flowing
gravitational condensation (tightening) of a molecular cloud
in a state of unstable mechanical equilibrium [16, 47, 48, 65,
73]. Assuming that the evolution of a molecular (gas-dust)
cloud is due to the extremely slow process of gravitational
tightening of local domains of spread matter (for example,
parts of a molecular cloud) [16], the anti-diffusion equation
(1.7.12) describes the initial (first) stage of its evolution. As
shown in Section 1.7, the second stage of the evolution of a
molecular (gas-dust) cloud, being in a state of relative
mechanical equilibrium in its gravitational field, obeys the
Jeans equation (1.7.16) [1 p. 366348, 93]. Thus, both
Eq.(1.7.12) and Eq. (1.7.16) are evolutionary equations
describing different stages of the evolution of a molecular
cloud.

In this regard, many of the above-mentioned problems of
the theory of gravitational condensation and the theory of the
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gravitational instability of the molecular (gas-dust) cloud are
removed if we take into account the initial evolutional
equation (1.7.12) along with the traditional Jeans equation
(1.7.16). For this reason, the more general equation (1.7.17) of
the evolution of a molecular cloud is proposed in Section 1.7,
which generalizes the evolutional equations (1.7.12) and
(1.7.16) (in vector notation, the generalized evolutionary
equation has the form (1.7.18)) [16, 65, 73]). Obviously, in
the absence of velocities (v=0) of movement of particles in

a molecular (gas-dust) cloud, Eq. (1.7.18) coincides with the
evolutional equation (1.7.12), and in the presence of velocities
(v#0), the evolutional equation of Jeans (1.7.16) is a special
case of Eq. (1.7.18).

Thus, the introduction of the anti-diffusion equation
(1.7.12) describing the initial stage of the evolution of a
molecular (gas-dust) cloud, gives us a foundation to a
systematic and consistent study of statistical models of the
gravitational formation of cosmogonical bodies.
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CHAPTER TWO

THE STATISTICAL MODEL OF INITIAL
GRAVITATIONAL INTERACTIONS OF
PARTICLES IN A MOLECULAR CLOUD

This chapter discusses the model of the initial gravitational
condensation of an isolated interstellar cloud. As noted in
Section 1.5 of Chapter 1, the galactic interstellar cloud
complexes represent the concentration of gas-dust clouds with
a wide variety of masses, densities, and temperatures. Dark
clouds have very low temperatures (only 7 =10K ) with a

small concentration of particles (about »n = 10' =10° particles
per 1 cm®) and an insignificant quantity of dust-particles
(approximately 1% of the mass of the gaseous substance of a
cloud). The masses of such clouds vary from M, =M, to

M, =10" M, where Mg,, is the mass of the Sun. Since

molecules of H2O, CO, and other compounds were found in
these clouds they are called molecular clouds [10], especially
because they are based on molecular hydrogen Ho.

According to astrophysical observations, giant cold
molecular clouds are approximately in a state of virial
equilibrium (see details in Section 1.2), that is, the
gravitational binding energy of such a cloud is balanced by
the kinetic energy of the molecules forming the cloud. Any
perturbation of a molecular cloud can violate this state of
equilibrium which ultimately leads to the star formation
process. As noted in Section 1.5, examples of such
disturbances are spiral density waves inside galaxies, shock

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



EBSCChost -

146 Chapter Two

waves from supernova explosions, as well as a cloud coming
nearer to or colliding with another molecular cloud. However,
apart from their dependence on the type of perturbation source
in the case of the large intensity of perturbation, the forces of
gravitational interactions can be greater than the forces due to
thermal kinetic energy inside some part of a molecular cloud
(see the definition of Jeans’ critical mass (1.5.26), (1.5.28),
and respective comments). As a result of gas compression of a
giant molecular cloud, a protostar is formed in the interstellar
medium. The protostellar phase is an early stage in the
process of star formation beginning with the formation of a
condensed core in a molecular cloud.

In Chapter 1, the numerous difficulties for theoretical
justification of the initial gravitational contraction of cosmic
matter were noted, especially in what concerns the
impossibility of the gravitational potential finding for an
infinitely distributed homogeneous medium as well as the
lack of a clear understanding of the nature of emergence of
the gravitational instability waves in a molecular cloud.
Nevertheless, Section 1.7 showed a possible way to resolve
these difficulties and contradictions using the slowly evolving
(anti-diffusion) gravitational condensation model (see Eq.
(1.7.12) and Ref. [16, 47, 6568, 73]). In this regard, such a
scenario 1is entirely possible when the anti-diffusion
condensation of a part of a molecular cloud predetermines the
beginning of its further gravitational compression forming a
new body from an infinitely distributed medium and, thereby,
eliminating contradictions relative to the definition of
gravitational potential based on the Poisson equation (1.2) (see
also Eq. (1.1.41) in Section 1.1).

Thus, the aim of this chapter is to develop a statistical
model of the initial gravitational interaction of particles in a
molecular cloud, in particular, to find the distribution function
of a great number of interacting particles in space [45, 46].
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Really, since the discovery by Newton of the Universal
Gravitation Law [80], and later the creation by Einstein of
general relativity (GR) [81, 168, 169] the interest in this area
of research has not lessened, as demonstrated by the great
number of works dedicated to it. In spite of the considerable
successes of GR, the nature of the gravitational interaction has
not been completely revealed, especially in what concerns the
quantum theory of gravitation. As Stephen Hawking said in
[170p.199]:

I think it would be fair to say that we do not yet have a fully
satisfactory and consistent quantum theory of gravity.

As a consequence, in the 1960s and 1990s, alternative models
of the gravitation theory were proposed (e.g. the Brance—
Dicke theory [171], the Logunov—Mestvirishvili relativistic
theory of gravity [172-174], the Nicolis—Prigogine
cosmological model [135], the Nottale scale relativistic theory
[175, 176], and others). The area of research within the
framework of the developed statistical theory of the formation
of cosmogonical bodies [16, 45-71] includes the Newtonian
theory of gravity and particularly the Newtonian quantum
theory of gravity to investigate an isolated cold molecular
cloud.

2.1. The derivation of a function of particle distribution in
space based on the statistical model of a molecular cloud

Let us consider the main statements of the statistical theory of
gravity [16, 45-71] beginning from the derivation of the
distribution function of particles in a space filled in a
homogeneous and isotropic dust-gaseous nebula representing
a molecular cloud. In other words, the question is about the
distribution of molecules in space. The statistical aspect of the
problem results from the fact that the body being considered,
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consisting of the gaseous matter, is a system containing a
large number of molecules (or atoms) interacting among
themselves by oscillation in a cosmic vacuum. In
microphysics, the cosmic vacuum represents a ground
energetic state of quantum fields, and its experimental
manifestation is the Casimir effect [103 p. 1154]. Similar
oscillations modifying forms of molecule/atom trajectories
have been considered by Nelson [34, 35] and later on by
Nottale [175, 176]. We can, therefore, comment on their local
oscillatory interactions.

So, let us consider an immovable molecular cloud as a
system of particles in a state of wunstable mechanical

equilibrium at the initial time moment f/=/{,. Numerous

fluctuations of particle concentration caused by their local
oscillations do not allow us to predict with certainty the
behavior of the system as a whole. We represent the
molecular cloud as a gaseous body satisfying the following
assumptions [16, 45-47, 73]:

1. The gaseous body is considered in a homogeneous and
isotropic space.

2. The gaseous body under consideration is homogeneous
in its chemical structure, that is, it consists of N
identical particles with the same mass m, .

3. The gaseous body is isolated, that is, it is not subject to
the influence of external fields or other bodies.

4. The gaseous body is isothermal and has a low
temperature (as a rule 7 ocl0K), besides T, <T

where T, =(h’/myk,)n**is a  degeneration
temperature [110], » is a concentration of particles, 4

is the Planck constant, k, is the Boltzmann constant.

5. The initial process of the oscillating interaction of
particles is slow flowing with time.
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Thus, all directions in space are considered to be equally
valid, that is, an isotropic space is dealt with. A gaseous body
consisting of N similar particles of mass m, is placed within

it. Inside it, let us choose some spatial coordinates and a
direction in space. If we choose the finite solid angle dO we
can state that the number of particles sited at finite distances
in the direction within dO 1is equal to

dN dO
—_—=—, (2.1.1)
N A4r
hence
do
dN =N—. (2.1.2)
iy

Formula (2.1.2) states the particle distribution in the
direction ¥ in space. To calculate the solid angle in (2.1.2)
we consider the direction of the angles within [0,0+d6] and

[¢,& +de] into a sphere of radius . Then, according to Fig.
2.1, the solid angle “cuts” on the sphere the area element
dS = r* sin @d@ds whence

a’Oz%:sinﬁdé’a’g, (2.1.3)
where 6 is an azimuth angle and & is a polar angle.
Substituting (2.1.3) in (2.1.2) we obtain the number of
particles the radius-vectors of which have the directions close
to the given direction [136]:
AN, =N sin 8dOde ‘
’ 4
Now we are interested in the following: how many
particles have radius-vectors in a certain interval near the
given radius-vector 7 ? This question is about the distribution
of particles in space.

(2.1.4)
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[
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de

Jeo
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Figure 2.1. The scheme of calculating the solid angle describing direction
inside azimuth and polar angular intervals

The statistical aspect of this problem results from the fact
that numerous fluctuations of particle concentration caused by
their local interactions do not allow us to predict with
certainty the behavior of this system. Therefore, we can
develop a statistical model similar to the Maxwell velocity
distribution of particles [110, 136] for describing the behavior
of the system consisting of N particles of massm, .

Let a radius-vector 7 with coordinates (x,y,z) be chosen
in a three-dimensional space. If in the gaseous body there are
N particles, then dN_ of them have coordinates in the
interval[x,x +dx], and dN, and dN. have coordinates in the
intervals [y,y+dy] and [z,z+dz] respectively at a given

instant of time. The probabilities of any particle having
coordinates in the above-mentioned intervals are equal to:

dN . AN
dp, == = p(x)dx; dp, = ~ =E(y)dy ;
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dp. = dz]\\; 2= (zdz, (2.1.5)

where ¢(x), &(y) and £(z) are one-dimensional probability

densities, that is, shares of particles whose coordinates belong
to the elementary intervals close to x, y, and z respectively
[16, 45, 46].

Let us introduce a three-dimensional distribution
characteristic, that is, a volume density of probability:

dN
ap, .= % = ®(x, y, z )dxdyd: . (2.1.6)

Taking into account the condition of homogeneous and
isotropic space with a gaseous body, the volume density of

probability has to depend on the value of » = |17| only, that is,

(D(x,y,z): CD(r) where r =4/x* +y*>+z° . Hence, Eq. (2.1.6)
takes the form [45, 46]:

dp, . =®(rxdyds . (2.1.7)
On the other hand, a particle has all the three given
coordinates independent of each other. Then, according to the
theorem of complex event probability we have:

dp,,.=dp,dp,dp. = p(x) (v (2)dxdydz.  (2.1.8)
Comparing Eq. (2.1.7) with Eq. (2.1.8), we obtain the
factorization rule for a probability volume density function

[45, 46]:
P2k (K (2)=(r). (2.1.9)

Proceeding from Eq. (2.1.9) one can define ¢,&,¢, and @
analogously to the scheme formulated in deducing the
Maxwell molecule velocity distribution [110, 136]. Indeed,
differentiating ®(r) as a composite function (with respect to
x) we represent the functional equation (2.1.9) as a
differential one [16, 45]:
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P (K ()= () (2.1.10)

Ox

It is not difficult to see that
or

Iy, 5 L) X
={x"+y +z 2x=—.
o 2( y ) . (2.1.11)
With provision for Eq. (2.1.11) let us divide Eq. (2.1.10) by
Eq. (2.1.9):
Px) () x
olx) @) r’

whence we obtain:

(2.1.12a)

S~—

xgo(x) r<I>(r
Similarly, when differentiating ®(r) relative to y and z one
can write down that

() (2.1.12b)

(2.1.12¢)

Since in Eqgs (2.1.12a)—~(2.1.12¢) the right-hand parts are the
same, the left-hand ones are equal to each other:

olx) _ &) _ <)

xp(x) yé(v) z4(2)
These equalities persist when « is some constant (its physical
sense is to be defined below). Hence, for example, it follows

that
9'(x)

o(x)
Integrating both parts of this equality we obtain the form of a
function ¢ satisfying Eq. (2.1.9):

¢(x)= Ce—wcz/Z ,

.

=—0x.
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where C is an integration constant. Similar expressions can be
written down for &(y) and ¢(z). The normalization condition

of the probability density j(p(x)dx =1 results in the integral
convergence which only fulfills with « >0. Moreover, the
parameter « >0 because from physical reasoning it is clear
that under the increase of x the share of particles is to
decrease due to gravitation in accord with the formula
obtained. Using the normalization condition one can find the

integration constant C=(a/27)as well as the desired

function:
o)=L e 2 . (2.1.13)
27

Since the expressions for &(y) and ¢(z) have a form similar

to (2.1.13), it is not difficult, according to (2.1.9), to write
down an expression for the probability volume density
function [45, 46]:

2 g,
@(r)z(%) e’ (2.1.14)

Thus, according to Eqs (2.1.14) and (2.1.6) the probability of
a particle having coordinates in the intervals close to x, y,z is

equal to:

dN a 32 %2
dp, .=—>22=|—| e ? dxdydz. 2.1.15
Prye =" (27;} ly ( )

Now let us find the probability of a value » being confined
between r and r+dr for any particle:

dp, = d]]g’ = f(r)dr (2.1.16)

where f(r) is to be a probability density. In spherical
coordinates, the volume of the spherical layer at distance r
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from the center of coordinates (see Fig. 2.1) is equal
to 47 dr . It is not difficult to see from Eq. (2.1.16) that

dp, = O(r}4m?dr. (2.1.17)
It follows from Eqs (2.1.14), (2.1.16), and (2.1.17) that the
share of particles being at distances close to » is equal to

32w,
flr)=o(pm = 47{1] e 2 1. (2.1.18)
27

According to (2.1.16) and (2.1.18), the share of particles
being at distances close to » is equal to

% an
aN, =47z(ij e 2 Pldr. (2.1.19)
N 27

We note this relationship, in its form, resembles completely
the Maxwell molecule velocity distribution law if in Eq.
(2.1.19) r isreplaced by v.

As follows from Egs (2.1.4), (2.1.19), and the complex
event probability theorem, the share of particles being at
distances close to r at a solid angle close to O is equal to
[45, 46]:

dNr,H,g _dNr dNH,g _
N N N

a Y’ -2n 1
:4;;(—) e ? r’dr-—sinfdlde =
47

3/2 _%,2
= ij e 2 r’drsin@dbde. (2.1.20)

Relationship (2.1.20) describes the distribution of particles
according to the distance from the center and to the direction
in space in the spherical coordinates 7,6 and ¢ .

Thus, following Eqs (2.1.18) and (2.1.19), the share of
particles at distances 7, <r <r, from the center is equal to:
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Nr <r<r, t
Tsz(r)dr. @2.121)
To reveal the character of distribution we shall investigate the

function 7(r).

From the normalization condition, it follows that the area
under the curve f(r) is finite. According to (2.1.18) at small

values of 7 this function f(r) increases, whereas at large
r —oo it diminishes abruptly. Consequently, f(r) has a
maximum (see Fig. 2.2) when

3/2 a.
LAG 4ﬂ[iJ e? (—ar’+2r)=0,
dr 2

f(r)

Tor Iy r

Figure 2.2. The probability density function of finding particles positioned
at distances 7 from the center of masses

whence it follows that the most probable distance (where
there is the greatest number of particles in its neighborhood)
is determined by the formula [45]:

ro= = (2.1.22)
[04

On the other hand, from (2.1.22) it is not difficult to express
the parameter « :
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oa=—.
rpzr (2.1.23)

Taking into account (2.1.23) the probability density can be
written as follows:

2
4 r° oy
——e

Sf(r)= ﬁ P
pr
Now we can also calculate the average distance of particles
from the origin of coordinates:

0

(2.1.24)

j e (2.1.25)
r=2 =\|rf(r)dr. o
- j /()
Substituting relationship (2.1.19) into (2.1.25) we obtain:
4 (04 Y2 3 .
F=——1{— r'e? dr. 2.1.26
eIl 2120

1/2
Performing the substitution r :(—j s we can transform
a

(2.1.26) to the form [45]:

120
in-(zj [sleds=2 2 (2.1.27)

\/;ao o

Comparing (2.1.27) with (2.1.22) one can see that

_ 2
r Zﬁl’p,- (2.1.28)

It follows from (2.1.28) that the average distance is 2

N

times larger than the most probable one. Let us calculate the
root-mean-square distance [45]:

e 12 V2o a, V2
,;q:\/; :Urzf(r)er :{\/‘%@j [rie? dr] :ﬁ. (2.1.29)

0
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From the comparison of (2.1.22), (2.1.27), and (2.1.29) it is
not difficult to see that r, >r>r, . However, the main

conclusion from the foregoing is the fact that particles, under
the influence of their interactions, concentrate at the distance
const

Ja

3/2

v, = iﬂ'(g} .
3 \a

2.2. The distribution of mass density as a result
of the initial gravitational interaction of particles
in a molecular cloud

from the center of masses, that is, into the volume

Let us consider the relation (2.1.20) describing the
distribution density of particles which are at distances close to
r with angles close to ¢ and @ . Taking into account that an
elementary  volume in  spherical  coordinates is

dV =r?sinfd@dedr we can transform (2.1.20) into:

dN,,, e
T‘) = (%j e 2 dv. 2.2.1)
T
Now let us rewrite Eq. (2.2.1) as follows:
dN, Vo_ap
# = N(zij e 2.2.2)
4

The value dN, ,, /dV =n,,, isalocal concentration of

particles near a point with coordinates(r,6,s). Considering
this we have:

3/2 a 2
n(r)=N(ij e . (2.2.3)
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As seen from (2.2.3), the concentration of particles does not
depend on directions in space characterized by angles ¢ and
¢ but changes depending on distance » only.

If all the particles are alike and have mass m, (see the

assumption 2) then, by multiplying both sides of relation
(2.2.3) by m,, one obtains [45, 46]:

a 3/2 _an o 3/2 an
p(r)zmoN(—j e ? =M( ] e 2, (2.2.4)

2 2
where p(r)=mgn(r) is a mass density of substance consisting
of the particles and M =myN is a mass of the gaseous body
composed of these particles. By denoting
po=M(a/2z)'?the expression (2.2.4) is written down as
follows:

a2

plr)=poe * (2.2.5)

where « is the abovementioned positive parameter, and the

value p, is written as p, M when V,=Qr/a) = (\/ 27/ a)1
V.

0
or concerning (2.1.22) p, can be rewritten down in the

formp():iﬂ with V' :iﬂr > It is evident from

3 \/; Vpr pr 3 pr

(2.2.5) that p(r) is a diminishing function with a maximum in
the point » =0 (Fig. 2.3).
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p(r)

ro Ty

Figure 2.3. The mass density of a gaseous body as a function of distance r

2 2,2
Indeed, from the equation ddp (r)z—apoe : (1_0"” 2)20
r

one finds the point of inflection of the function p(r) [46]:
1 r

— __pr
A T2 2 (2.2.6)
As appears from the relation (2.2.5) and Fig. 2.3, under the
influence of oscillatory interactions of particles, there arises a
substance mass density inhomogeneous along the radial
coordinate . The greatest mass density is concentrated in the
interval [0,7], where =1/ Ja is a point of the mass

density bending, outside of which it decreases quickly
(Fig. 2.3). For example, at the distance r=2r, from the

center the mass density decreases in comparison with that in
the center p,/ p(2rp,,): e*~55 times. This means that at

distances greater than 2r, the density of particles is

insignificant.

In such a way, under the action of their own oscillatory
interactions as well as originating gravitational forces, a great
number of particles are forming a sphere-like gaseous body
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(see Fig. 2.4) whose mass density is uniform in all directions
at the same distance from the center of the mass [45, 46]. In
this connection, we interpret local oscillatory particle
interactions as the initial gravitational interactions of
particles.

Figure 2.4. The graphic representation of a sphere-like gaseous body
formed by a collection of interacting particles

There is a critical (threshold) value c, that ifa > «, then a

gravitational field arises in the sphere-like gaseous body [16,
59, 65]. Because a mass density value strictly depends on «
in the formula (2.2.5) this positive parameter defines a
measure of gravitational interactions of particles in a gaseous
body. It is, therefore, called the parameter of gravitational
condensation [16, 47]. As also follows from (2.2.5), the iso-
surface of mass density (isostere) for such a gaseous cloud is a
sphere. Let us note that because of » ~ R, where R is the

mean radius of a gaseous body, then « ~1/R* is a very small
positive parameter of gravitational condensation. As a mean
radius R of a forming sphere-like gaseous body can also be
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choosing the most probable distance r,, =~/2-1, close to

which there is the greatest number of particles [45, 46, 73].
Thus, we can speak of the process of the gravitational

forming of a sphere-like gaseous body whose core is nearly a

solid (r <) while the shell is gaseous (r > 2rp,,). Indeed, the

snow mass density (200 kg/m?) is higher than that of water
vapor (0.484 kg/m®) by about 400 times [177]: a similar
decrease of density in the case of the sphere-like gaseous
body is observed with the increase of distance from its center

about r = \/grpr (p,/ p(\/grpr ): e’ ~ 404 times).

Comparing Figs.2.2 and 2.3, we can see that though

particles concentrate near the most probable distancer,,,

nevertheless, the maximum mass density is at »=0. In fact,
by associating formulas (2.1.14) and (2.2.4) one can easily see
that

p(r)= Mo(r), (2.2.7)
where d)(r) is a volume probability density function having a
maximum at r =0 (like the function p(r)). Moreover, from
the normalization condition of the volume probability density:

Jo(r)ar =1, (2.2.8)

it follows that formula (2.2.7) can be transformed into the
well-known relation:

[ p(r)dv = M[@(r)dy =M .

Let us note that within the framework of the developed
statistical model of initial gravitational particle interaction this
work considers both a gaseous protostellar (in particular,
presolar) nebula (a molecular cloud) and a gas-dust
protoplanetary cloud as gravitating sphere-like gaseous
bodies with different masses and sizes respectively [16]. If we
start from the conception for forming a sphere-like gaseous
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body as the protostar (in particular, the proto-sun) inside a
protostellar (presolar) nebula then the derived distribution
function of particles, as well as the mass density of this
immovable gaseous body, characterizes the first stage of
evolution: from a protostellar molecular cloud (the presolar
nebula) to a forming core of protostar (the proto-sun) together
with its shell as a gas-dust protoplanetary cloud (the solar
nebula). Here we note again that » ~ R, where R is a radius

of a forming protostar (the proto-sun), and o ~1/R?
respectively.

As mentioned by Cameron [10], using radio observations,
and later the infrared from IRAS data, there has been in recent
years a great deal of progress in understanding how stars are
generally formed in dense molecular clouds. In particular, he
wrote:

Detailed studies of dense molecular clouds have shown that spread
throughout them, with some tendency for local clustering, are a
large number of “cores”, in which the local gas density is typically
about 30 times higher than in the average part of the cloud (where
it may typically be about 10° molecules cm™). ... These cores have

masses usually within a factor of a few of about 1 M .[10 p. 443]

Using the proposed statistical model it is not difficult to see
that the mass density (2.2.5) of a sphere-like body decreases
in p,/ p(r)=30 times on a distance r = 2.6r, from its center

(here r. = 1/va in accordance with (2.2.6)).

It is interesting to note, under this condition (7 = 2.67),

that Kuiper’s famous hypothesis [28] about the mass of the
protoplanetary cloud:
> 0.1M

protopl. cloud Sun

is also true. In fact, for a sphere-like body with mass density
(2.2.5) from the condition [16]:
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VJ pdV =09M, (2.2.9)

where M is a mass of a protostellar (presolar) molecular
cloud, it follows directly the relation:

2 :
a3 _J‘rze—ar 2dr=0.9 ’
%

which after the change of variables s = rJa takes the form
[16, 73]:
js2e_sz/2ds =09V7/2 (2.2.10)

0
where s, :rb\/g respectively. The numerical calculation of
the integral (2.2.10) gives us the value s, 2.5 corresponding

to the desired distance r = 2.5r. which satisfies Cameron’s

condition on the mass density decreasing 30 times. Thus, the
derived distribution function of particles, as well as the mass
density of a sphere-like gaseous body, describe the first
(protostellar) stage of evolution: from a presolar molecular
cloud to a forming core (the proto-sun) together with its shell
(the solar nebula).

Now let us consider briefly the following question: how is
the mass density relation (2.2.5) correlated with other known
cosmogonical models of mass density? In this connection, we
call our attention to the Jeans discussion of special models

(see §228, p.250 in [1]):

Leaving the realm of general principles, we now turn to a
discussion of the behaviour of particular models, conforming to
special laws of compressibility. There are, of course, an infinite
variety of arrangements of compressible matter possible, while the
full discussion of even a single case presents a problem of
considerable difficulty and complexity...
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Compressibility of matter necessarily results in variations of
density in the compressible mass, and the greater the
compressibility of the matter, the greater these variations of density
will be...

In a sense, this problem formed a limiting case of the problem of
the motion of a compressible mass. At the other extreme, there will
be another limiting case in which the compressibility is so great
that infinite variations of density may be expected. Mathematically
this limiting case may be specified by the condition that the density
is infinite or zero at different places. Physically, this limiting case
proves not to be so artificial as its mathematical specification might
lead us to suppose.

In particular, the complete law of density obtained by Darwin
and others [1, 178] states:

In a mass of gas at rest with the temperature uniform throughout
(isothermal equilibrium), the density at great distances from the

center falls offas 1/,2...:
2

pr)=pi 5 (2.2.11)

so that, when viewed from a very great distance, the density may be
regarded as infinite at the center and zero everywhere else. The
total mass is, however, infinite, so that a finite mass of gas in
isothermal equilibrium will be of zero density everywhere. [1]

Similarly, for a mass of gas in adiabatic equilibrium with the
ratio of the specific heat of gas k¥ =c, /¢, equal to 1%, the law

of density first given by Schuster [1, 179] is:
1

P(r) = POW . (2.2.12)

Again, when this mass of gas is viewed from a sufficient distance,
the value of p becomes infinite at the center and zero everywhere

else. The same is true for any value of from 1 tol%. The mass is

infinite when x < 1% but becomes finite when x =11 . [1]
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The relation (2.2.12) is also known as the law of mass density
decreasing of “degree 5/2 [106].

This same model, in which the density is infinite or very
great over a point or small concentrated area but zero
everywhere else, has been largely utilized by Roche in his
research on cosmogony [180], and was suitably called
“Roche’s model” [1 p.251]:

Roche interpreted it physically as referring to a small and intensely
dense solid nucleus surrounded by an atmosphere of negligible
density. In Roche’s model, the whole of the mass is supposed
concentrated at the center; in this respect, it differs from a mass of
gas in isothermal equilibrium, although giving a faithful
representation of an adiabatic mass for which x=11.

Let us show that the proposed law of mass density
distribution (2.2.5) generalizes the well-known laws of
Darwin, Schuster, and Roche (see Section 1.4). For this we
present the parameter of gravitational compression « in the
form:

a=2kla*, (2.2.13)
where kanda’ are some parameters. Immediate substitution
of (2.2.13) into (2.2.5) gives the following formula:

eyt __P P
plr)= pye ™ =y =ler2/22 I (2.2.14)

Taking into account that the parametera <<1 for real
cosmogonical bodies following (2.2.6) and, on the contrary,
the parametera® is very large concerning (2.2.13): a’ >>1,
we can represent the exponent in the denominator of the ratio

(2.2.14) by two terms of the Maclaurin series:

2
7

EEEIES) R (2.2.15)
a

Substituting (2.2.15) into (2.2.14) we obtain the following
expression for the mass density:
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1 a**

plr)=py PR A e (2.2.16)

The relation (2.2.16) generalizes both the Schuster law
(2.2.12) when k =5/2 and the Darwin law (2.2.11) under the

condition that k =1and a new value R=+/a’ +r> defines the
above-mentioned “sufficient distance™ [1].

So, the derived formula (2.2.5) of mass density in the
particular case gives the law (2.2.16), in turn generalizing the
Darwin law and the Schuster law of “degree 5/2”. Because of
the very fast exponential decay of function in (2.2.5), it is
clear that the proposed law of mass distribution in a sphere-
like gaseous body also generalizes the well-known Roche
model.

Thus, the mass distribution formula (2.2.5) obtained within
the framework of statistical theory is just a common one
allowing it to be used for analyzing the processes of formation
and the evolution of both protostellar molecular clouds
(protostars) and gas-dust protoplanetary clouds (as well as
protoplanets).

2.3. The critical (threshold) value of mass density
and gravitational condensation parameter

According to the Jeans theory (see Section 1.3 in Chapter
1), in a gravitating continuous medium, the speed of a
“heavy” sound ¢ is less than the usual speed of sound
c=./dp/dp and using (1.3.20) it is expressed by the formula:

C=Nc—yplin. (2.3.1)
Accordingly, using the formulas (1.3.19) and (2.3.1), the
frequency @ of “heavy” sound is equal to

=27/ 2)-C =7/ AP —4mp. (2.3.2)
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Taking into account formulas (2.3.1) and (2.3.2), Jeans
suggested that with increasing wavelength of perturbations to
the value of the critical wavelength A, (1.3.21) the speed of

perturbation propagation ¢ tends to zero as well as the
frequency of perturbations @, and they then become
imaginary which leads to an increase of gravitational
instability and, as a result, to the gravitational tightening of
the gaseous substance [1]. According to (1.3.21) the critical
value of the wavelength A, (when ¢ =0 and @=0) is

determined by the formula:

A =cymlyp . (2.3.3)

However, in his theory, Jeans did not answer the two
essential questions: Why can the perturbation wavelength
increase with the time? What is the source (or mechanism) of
the amplification of gravitational perturbations?

On the contrary, the statistical theory of initial gravitational
interactions shows that (due to the initial gravitational
interactions of particles) the mass density of a molecular
cloud evolves from the almost uniform distribution law
(uniform mass density) to the Gaussian mass distribution law
(see Sections 2.1, 2.2 and (2.2.5)):

plr)=poe 2, 2.3.4)
where p,=M-(a/2z)"*’and « is a parameter of

gravitational condensation of a forming sphere-like gaseous
body that can depend on the time, that is, o = a(?) .

Indeed, if in the initial state of a molecular (gas-dust) cloud
a — 0, then according to (2.3.4) the mass density becomes
homogeneous: p = p, as it was originally assumed. Although
the mechanism and model of the initial gravitational
interaction of particles will be discussed in detail in
subsequent chapters of this monograph (see Chapters 4 and
5), here we note that the elementary premises to justify the
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evolutionary process of a slow-flowing gravitational
condensation have been given in Section 1.7 under derivation
of the anti-diffusion equation (1.7.12) and analyzing
evolutionary equations (1.7.17) and (1.7.18) of the statistical
mechanics of a molecular cloud (see also [16, 73]).

Thus, unlike the Jeans theory in the framework of the
developed theory of initial particle interactions, the main
reason for the speed and frequency of disturbances first
becoming zero (¢ =0,@=0) and then imaginary is the
existence of a critical (threshold) mass density value p,[73].

So, due to the evolutionary process of initial gravitational
particle interactions in a certain part (usually at the geometric
center) of a molecular cloud, the critical mass density value
p, is reached when ¢ =0 and ®=0. According to (2.3.1)

and (2.3.2) it means that
A r=c’
whence the critical mass density value immediately follows:
p, =’ | yA. (2.3.5a)
Moreover, according to the foregoing, the wavelength of the
disturbances 4 is assumed to be constant A . In turn, this

means that 4. =27c/w, , so that the formula (2.3.5a) takes

the form:

2
[0

p,=——. (2.3.5b)
4y

Let us note that the relation (2.3.5b) defines the critical
frequency @, =2./myp, leading to the gravitational instability

in accord with the formula (1.3.25) (compare with (3.1.26)).
Taking into account that the mass density (2.3.4) uniquely
depends on the gravitational condensation parameter « it is
quite possible to determine the critical value of the parameter
a,. when the initial particle interactions within the process of
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anti-diffusion are sharply amplified and replaced by
gravitational compression due to an originating gravitational
field. Initially, when an anti-diffusion process arises, the
parameter « is very small, that is, & — 0. It then increases to
a certain critical value, (see details in Section 5.2 or works
[16, 47, 65]), so that a core of a sphere-like gaseous body with
a radius R begins to form. Taking into account that
a, ~1/R* we also find that @, <<1. In this regard, near the

center of a sphere-like gaseous body being formed
a2 51 at a, >0, that is, p.= p,,and the formula
(2.3.5b) takes the form:
3/2
M(“fj _ o (2.3.6)
2r 4y
Using the relation (2.3.6) it is easy to estimate the desired

critical value of the gravitational condensation parameter:

4/3
[0

a.~ 72/3;\42/3 > (2.3.7a)

which we can also express more exactly as follows:

- 1/3 o 2/3
a, 2(—j [ < J . (2.3.7b)
2 yM

Thus, during the formation of the core of a sphere-like
gaseous body (when the gravitational condensation parameter
reaches a certain critical value «.) wave gravitational

perturbations that had previously freely propagated in a
gaseous substance cease to propagate due to their deceleration
in an increased gravitational field and a partial reflection of
these waves from a spherical surface of the isostere of mass
density bending. According to the formula (2.2.6) an equation
of the critical isostere of mass density bending is the
following:

EBSCChost - printed on 2/13/2023 10:52 PMvia . All use subject to https://wwv. ebsco. conlterns-of-use



170 Chapter Two

R =r(a)=1/Ja, =2/m)"-(yM/ )" ~(yM/a})". (23.8)

Because the frequency of these perturbations (2.3.2)
becomes imaginary it makes it possible to change the wave
mode of propagation of initial gravitational disturbances to an
aperiodic mode of their amplification [1]. In this connection, a
sphere with a radius ~R, becomes a peculiar spherical

resonator of gravitational oscillations [73]. Thus, in the
framework of the statistical theory of initial gravitational
interactions, the Jeans criterion (see Section 1.3) has acquired
a new meaning.

Let us note that the stage of the initial anti-diffusion
process can last long enough while an intensity of initial
gravitational interactions of particles (characterized by the
parameter « ) gradually increases up to the value «, defined

by the formula (2.3.7a). Obviously, at the stage of the anti-
diffusion process, global coherent (consistent) gravitational
interactions of particles do not occur (although local ones can
take place). The Newtonian gravitational constant, therefore,
y 1s assumed to be zero and that, in turn, leads to equalities

¢=c and @ = in accordance with the formulas (2.3.1) and
(2.3.2).

Using (2.3.1) and (2.3.4) we can estimate a dependence of
the speed of “heavy” sound ¢ on the gravitational
condensation parametere for which we calculate the
following derivatives:

e 1 (=p2/n) 7
7:5.#:_2_.:; (2.3.9a)
P c—ypAln T c
2 d a2 .,
Ezﬁ.d_p__&.é Po 2 +p0(—r2/2)e PR
da dp da 2r ¢ | da
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__M.{i_,ﬂ} (2.3.9b)
4rc |«

As follows from (2.3.9b), the extreme (minimal) value of the
speed of “heavy” sound depending on « is reached when

3
a==. (2.3.10)

r
According to (2.1.29) the condition (2.3.10) (when the wave
disturbances are damped) is fulfilled only in the case of
r=ry. (2.3.11)
Thus, the speed of gravitational perturbations attains its
minimum, that is, the zero speed when r=rg, . So, the wave

disturbances attenuate on isostere of the root-mean-square
distance (due to their deceleration in the formed gravitational
field of the main mass of sphere-like gaseous body).

2.4. The strength and potential of the gravitational
field of a sphere-like gaseous body formed by a
collection of interacting particles

As mentioned in Sections 2.2 and 2.3, there are the critical
(threshold) values of mass density p, (2.3.5a, b) and the
gravitational condensation parametero, (2.3.7a, b) when a
weak gravitational field arises in a sphere-like gaseous body
that is forming.

Supposing a = «, let us calculate the characteristics of the
gravitational field produced by a collection of interacting
particles in the form of a sphere-like gaseous body. We shall
use the gravitational field equation in nonrelativistic

mechanics written down in the form of Poisson equation [99,
100] (see also Eq. (1.1.41)):

Vi, =4mp, (2.4.1)
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where V2 is the Laplace operator, y =6.67-10""' N-m*/kg? is
the Newtonian gravitational constant, ¢, is a gravitational
field potential, p is a body mass density.

Taking into account that following (2.2.5) the mass density
p(r) = pye "
(2.1.4) the gravitational potential does not depend on a
direction in space for a sphere-like gaseous body. In
compliance with this fact, we consider only the radial part of

the Laplacian in the spherical system of coordinates, so that
Eq. (2.1.4) becomes the following [16, 45, 46, 65, 73]:

is a function of distance » alone in Eq.

1\d| , d¢g (r ) -~
| = ——||=4mpe * , 242
r Llr [ dr o ( )
whence
d 2 dwg 2 -0
—| r'—=\|=4mpyre * . 243
dr ( dr 7Po ( )
Integrating Eq. (2.4.3) over r one obtains:
x’e Exza’x
J J
do,(r) e — (2.4.4)
dr r
.. do,(r) .
On the other hand, the derivative d— determines the
r
gradient value:
a=-gradg,. (2.4.5)

Moreover, the gradient is also termed the strength of the
gravitational field [100]. Indeed, the gradient expression in
spherical coordinates (under the mentioned
90: _ 9%

o

condition =0 ) transforms into
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a(r)=—grad @, (r)= —dq)dLr(r)- e =— dwdgr(r),z, (2.4.6)

r
Resulting from (2.4.4)—(2.4.6) the strength of the gravitational
field produced by a collection of interacting particles is
expressed in the following relation [45, 46]:

J‘xze 2" dy .
. r
alr)=—4mpy s (2.4.7)
The strength (2.4.7) determines the field of accelerations
acquired by bodies under the influence of the gravitational
field produced by a collection of particles. As seen from
(2.4.7), the vector of the gravitational field strength is in the
opposite direction to vector 7, that is, it is directed to the
center of masses of a sphere-like gaseous body. Further, we
shall be interested in the strength value (acceleration of

bodies) [45, 46]:

r a
-—Xx

2
2
Ixez dx

(2.4.8a)
ale)= 4, .

which, taking into account that p,=M(a/2z)", is
presented as follows [45, 46]:

alr)= C—jtz/lerfz(r\/a/Z), (2.4.8b)

where erfz(r\/a/ 2) is a nonelementary function of the type:

erf, (x) = s’eds. The tables of special distribution

AT
i
probabilities can be used for calculating erf, (x), in particular,
the table of the error function erf(x) [128, 136]. Thus, we

shall use two formulas, (2.4.8a) and (2.4.8b), for calculating
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the strength value, the former being convenient for analysis,
the latter for numerical calculations.

According to Newton’s second law, the acceleration (the
gravitational field strength) being known, the force acting in
this field on a body of mass m is equal to

F, =m-a(r)=-m grad ¢,(r). (2.4.9)
In accordance with (2.4.8a) and (2.4.8b) the gravitation force
value is determined using the following relations [45, 46]:

J.xzefzx dx

Fg = dzyp,m-L - , (2.4.10a)
y Mm ( )

F, :r—zerf2 rval2). (2.4.10b)

The relations thus obtained, (2.4.10a) and (2.4.10b), need
to be compared with the results of classical physics.
According to the well-known universal gravitation law of
Newton [80], two-point bodies, material points, or two
spherical bodies, attract to each other with the force equal to

F, = 7%, (2.4.11)
where

y is the Newtonian gravitational constant,

M and m are masses of interacting particles (spherical

bodies), and

r is a distance between their mass centers.

Let, as before, M be the mass of a sphere-like gaseous
body formed by a collection of interacting particles, and m be
the mass of some particle (or a spherical body). We assume
that they are at a distance r>>2r,, from each other. Let r

increase infinitely. Then from the foregoing, it follows that
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limerfz(r«/a/2)=%Isze_szds =1. (2.4.12)
r—o Ty,

On account of (2.4.12) with large » the formula (2.4.10b)
coincides with (2.4.11), that is, at infinitely large distances,
r — o, the gravitational interaction forces tend to zero just as

1/r2. Similarly, in the case of large r the gravitational field
strength value (2.4.8b) will take the form:

M
alr)= 5 (2.4.13)

Now let us consider another case, a limited one of
(2.4.8a,b), with small r . It is known [100] that the strength
value inside a homogeneous sphere of constant density py is
equal to:

a(r)= %” YPoF - (2.4.14)

a 2

) -0 a , . .
In the case of small 7 , the function e 2> = I—Ex2 is in the

subintegral expression in (2.4.8a). Because of this formula
(2.4.8a) transforms into

TR
T
a(r):47z7%07:47z%q)3 rzlo ~ ;%r. (2.4.15)

In (2.4.15) values greater than the second order of smallness
of 7 have been ignored. Thus, formulas (2.4.15) and (2.4.14)
coincide. As follows from them, a(r) -0 with » — 0, that is,

there is no field in the center of the body.

In this way, the relation obtained, (2.4.8a) (or (2.4.8b)), for
the strength of gravitational field of a sphere-like gaseous
body, the body having been formed from a large number of
interacting particles, includes the known results of (2.4.13)
and (2.4.14) as particular cases with r values large and small,
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respectively. It should be noted that classical formulas
(2.4.13) and (2.4.14) can not be used if there is no preliminary
information about the value r. Indeed, according to (2.4.14)
a(r)=>0 when r—0, whereas according to (2.4.13)

a(r)—> o when r—0, which is absurd. On the contrary,
according to (2.4.13) a(r)—) 0 with r» — oo. At the same time,
according to (2.4.14), a(r)—)oo with » —>o0. It makes no

sense. It is obvious that (2.4.14) is valid for a small r only,
while (2.4.13) is only for a /large one. But in the case of
medium-size r-s we should use the formulas obtained,
(2.4.8a) or (2.4.8b); these show that the relations (2.4.13) and
(2.4.14) conform just as solutions are “sewn together” at
domain boundaries in mathematical physics problems.

As an example let us consider the plotted dependence [177]
of gravity acceleration g on the distance r to the center of
the Earth (Fig. 2.5). As seen from this figure, the function
g(r) maximum is reached when » =R is the Earth’s radius.
As pointed out above, the relation (2.4.8a) (or (2.4.8b))
includes (2.4.13) and (2.4.14) in the cases of large and small
r, and even medium r, that is, the relation obtained can be
used directly, and it does not require any agreement of results
with different r .

@)

40

- - - >
R 2R 3R 4R

Figure 2.5. The gravity acceleration dependence on the distance » to the
Earth’s center diagram (R is a mean radius of the Earth)
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Let us investigate the type of dependence of field strength
a=a(r) according to (2.4.8a, b). As mentioned above, since

a(r) = 0 both with » -0 and with r — o, the function a(r)
has a maximum which is determined by the following

equation:
da(r) dl 1, -5
=4dmyp,— — | x7e * dx|=0. 24.1
dr 7 afr[r2 ! J ( 6)
Hence it is not difficult to see that
T _Z 3 2.
J.xze Y=l (2.4.17)
0 2
To find r,_ we have to differentiate the integral equation
(2.4.17):
5 _2.2 3 ) _2. 7"3 _2,.
ree ? :Er e ? +?e 2 (—ar). (2.4.18)
It follows from (2.4.18) (58) that
1
Toax = = =1 24.19
Ja (2419

Comparing (2.4.19) with (2.2.6) one can see that the strength
maximum of a gravitational field is reached at the point of
mass density bending (Fig. 2.6). The course of the plotted
a(r) dependence in Fig. 2.6 resembles that of g(r) in Fig. 2.5

obtained in classical theory.
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a(r)

Figure 2.6. The sphere-like gaseous body’s gravitational field strength
dependence on distance r diagram

In such a way, a mass density overfall of a sphere-like
gaseous body gives rise to a maximum value of the
gravitational field strength produced by this body. It should be
noted that the maximum value of the distribution function is

reached when T r — 2.

Now let us return to the formula (2.4.4) and calculate the
gravitational potential [45, 46]:

1 r
0,(r)=4mp,[ 5[
0
where C is an integration constant defined from the condition
that the potential is equal to zero on the infinity: ¢, (0)=0.

_a 2
2

" dvdr+C, (2.4.20)

To simplify (2.4.20) we can transform the indefin