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Preface

The main goal of this book is to study the critical case of the homogenization of
reaction-diffusion equations on periodical domains (or particles) where the nature of
the reaction term changes in the homogenized effective equation. This fact has been
linked by some authors to the surprising properties of nanocomposites (some of the
so-called meta-materials). We give more details of this connection in the Introduc-
tion. This explains the title of the book. However, beyond the Introduction we take
a fundamentally mathematical approach, and we do not provide too many specifics
on the applications since our main goal is to present here the rigorous proof of the
associate convergence results and the characterization of the new reaction terms.

This book essentially collects several researches by the authors (sometimes jointly
with other colleagues) on the homogenization of nonlinear reaction-diffusion prob-
lems (mainly of elliptic or parabolic type) in the so-called “critical scale” in which an
“anomalous” (or strange) term arises in the homogenized problem. In some sense, this
is a research-level book written after the papers are published. So, this book gives the
authors the opportunity (and duty) to explain the reasoning behind the arguments,
but removes the burden to do all the details (since they can be found in the papers
which are mentioned in the list of references). We include also some new results not
present in the literature (we provide a list in Section 1.7).

Certainly, this book is not any introduction to homogenization: there is a long list
of very good texts written with this purpose, such as we will mention in the Introduc-
tion. Some common facts of our exposition are (i) to go beyond the important restric-
tion about the shape of the “particles” G,, (ii) to extend the results for a nonlinear
diffusion operator (such as the p-Laplacian operator) and (iii) to offer a common root
to different types of boundary conditions on 0G, instead of presenting different proofs
for the cases of conditions known under the names of Dirichlet, Neumann, Robin,
Signorini, etc., conditions. This is done in the context of maximal monotone graphs o
of R2.

Parts of this book (which grew from the Doctoral Thesis, in 2017, of the second au-
thor at the Complutense University of Madrid, UCM) have been the subject of various
courses by the authors: a 10-hour doctoral course (by the third author) at the UCM, in
November 2015; a 20-hour mini-course, developed by the second author, at the “Mod-
eling Week” congress at the UCM in June 2017; and a 20-hour Master course at the UCM,
by the third author in 2019 and 2020.

We thank many people for their maintained collaboration: first of all our coau-
thors Carlos Conca, Delfina Gémez, Willi Jager, Amable Lifidn, Miguel Lobo, Maria
Neuss-Radu, Maria Eugenia Pérez, Alexander V. Podol’skii, Evariste Sanchez-Palencia,
Claudia Timofte and Maria N. Zubova (we never forget the important influence of Haim
Brezis, Jacques-Louis Lions and Olga A. Oleinik on the authors). Special thanks are
given to Alexander V. Podol’skii, Claudia Timofte and Maria Zubova for their very
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careful reading of the manuscript. We also thank Vicentiu Radulescu and the staff of
De Gruyter for the encouragements received to write this book.

We would like to acknowledge the funding received from different sources: the
projects from the Spanish government MTM2017-85449-P (P.1. ]. 1. Diaz) and PGC2018-
098440-B-100 (P.1. J. L. Vazquez) and a project from the European Research Council
(ERC) under the European Union’s Horizon 2020 research and innovation program
(grant agreement No. 883363) (P.1. J. A. Carrillo de la Plata).

Madrid, Oxford, Moscow. November 2020
J.L Diaz"?, D. Gémez-Castro™*> and T. A. Shaposhnikova4

! Dpto. Analisis Matematico y Matematica Aplicada,
Universidad Complutense de Madrid

2 Instituto de Matematica Interdisciplinar,
Universidad Complutense de Madrid

3 Mathematical Institute,
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Notation

Asymptotic comparison

Leta,

and b, be two positive sequences. We denote:

a, ~ b, There exists lim,_,y a,./b, € (0, +00).
a, = b, There exists lim,_,y a./b, = 1.

a, < b, There exists lim,_,, a./b, = 0.

a, < b, Eithera, <« b, ora, ~ b,.

In the case p = n we sometimes need to force this notation slightly, but we will make
careful note of this (see Remarks 4.1 and 5.1 and Section 6.1).

Problem parameters

n
ag

B(e)

B (e)

Dimension of the ambient space. Usually n > 3 unless otherwise specified.
Scaling parameter of the particles. We always assume that a, < ¢ and that
there exists a limit of a, /¢. In the literature this value is usually a, = Cye® but
we take here a more general approach.

Critical value of a,. Its value depends on each concrete problem under con-
sideration.

Coefficient for the Neumann boundary condition. Some authors use the pre-
cise value B(e) = 7.

Critical value of B(¢). Coincides with |S,|™ with the notation below.

Ag, B, Parameters describing the strange term in the homogenized problem for

balls. Their values depend on the relation between a,, () and their critical
values. They also depend on the geometric setting. For the case of particles
over the whole domain see Section 4.7.1.

Geometric sets

Q
Q

€

0Q
Q

Y

Domain for the PDE. Smooth open bounded set of R”.

Exterior part to the set of particles (chemical reactor). It may represent also a
perforated domain.

Boundary of Q.

Closure of the set Q. The overline notation will be dropped in integration do-
mains and measures when the n-dimensional Lebesgue measure of 0Q vanishes.
Open unit cube (—%, %)".

For a genericset A ¢ R", A" = {(x;,---,x,) € A : x,, > O}. Similarly for A™.

For a generic set A ¢ R", A° = {(x,---,X,) € A: x, = O}.

Shape of the model particle. Typically O € G, and G, c Y (for the cases of parti-
cles over the whole domain or on an interior manifold). In the case of particles
on a part of the boundary G, c ¥ n R""! x {0}.

https://doi.org/10.1515/9783110648997-202
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X —— Notation

Y, Thesetofindexesj € Z" where we place particles. When G, is n-dimensional we
request that & + €Y c Q (case of particles over the whole domain), while when
G, is (n-1)-dimensional (case of particles on a part of the boundary) we request
g+e¥ cQ.

Se  Boundary of the set of n-dimensional particles over which the nonlinear bound-
ary condition is set. In the case of particles over a part of the boundary S, denotes
the own set of (n — 1)-dimensional particles.

Functional spaces

C°(Q) Set of functions ¢ : O — R with infinitely many derivatives and compact
support inside Q.

I? The Lebesgue space of functions such that the p-th power of their absolute
value is integrable. When p = oo the functions are bounded a.e.

4 Usual Sobolev space of functions in LP with gradient in L”.

W(l)’p Q) Closure of C2°(Q) in W (Q) when Q is bounded.

W (Q,T) Closurein W*P(Q) of the set of functions C*(Q) that vanish in a neighbor-
hood of ' when Q is bounded and T c 0Q.

Operators

[-] Throughout this text we will be quite loose with the notation | - |. For num-
bers, it indicates absolute value; for vectors, norms; for sets the Hausdorff in
k-dimensions which is finite (k = n or n - 1); for finite sets, its cardinality. This
will not lead to confusion.

s, = max({s, 0} for a real number s.

S_ = (-s), for a real number s.

P, Extension operator from W'P(Q,) — W% (Q). It will also operate from
WP (Q,,0Q) — WP (Q).

1% Exterior unit vector to 0Q. The corresponding set Q will be clear from the con-

text; when there can be doubts, we will note it by vg.

p-Laplace operator: Apu = div(|VulP2vu).

Given a function ¢ we define a,,pgo = |VolP Ve -v.

dx Volume form for n-dimensional integrals in variable x. Same for dy.
ds, Surface form for (n - 1)-dimensional integrals. Same for dS, .

p-cap Capacity of a set in terms of the operator A,. See Remark 3.11.

Ag, The 2-cap(Gy).

H® s-dimensional Hausdorff measure.

Functions
o Nonlinear reaction function. It could be a multivalued maximal monotone graph
of R%. Generally non-decreasing, unless otherwise specified.
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H  Reaction function appearing in the homogenized equation for the critical case. It
is usually obtained from another function denoted by H.

® Convex function of which o is its subdifferential, i. e., 0 = 0®. Usually ®(0) = 0
and @ > 0.

K  Auxiliary function used in the definition of the capacity. See Remark 3.11.

Je  The energy function associated with the boundary value problem on Q,. Defined
in (2.4).

printed on 2/10/2023 3:37 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



Contents

Preface —ViIi

Notation — IX

1 Introduction and modeling —1

1.1 Motivation —1

1.2 Open domain with solid particles — 4

1.21 The cases with n-dimensional particles G, — 4

1.2.2 The case of (n — 1)-dimensional particles contained in 0Q —9
1.3 Homogenized problem: effective reaction-diffusion behavior — 10
1.3.1 Solid particles over the whole domain — 10

1.3.2 Particles over a manifold — 12

1.3.3 Particles over the boundary — 13

1.4 Different homogenization techniques — 14

1.4.1 The multiple-scales method — 14

1.4.2 The l'-convergence method — 15

1.4.3 The two-scale convergence method — 16

1.4.4 Tartar’s method of oscillating test functions — 17

1.4.5 The periodical unfolding method — 17

1.5 Structure of the proofs and main ideas: oscillating test functions — 18
1.5.1 Showing the solutions u, have a limit—18

1.5.2 Characterizing an effective equation — 19

1.5.3 Study of the critical case: the appearance of the strange term — 21
1.6 A literature review — 23

1.6.1 Particles over the whole domain — 24

1.6.2 Particles over a manifold — 25

1.6.3 Particles over the boundary — 26

1.7 Novelties — 26

2 Preliminary results and comments — 29

2.1 Maximal monotone graphs. A common roof — 29

2.2 Variational formulation of the problems — 32

2.2.1 Formulation as variational inequalities — 33

2.2.2 Existence and uniqueness of solutions — 35

2.3 The critical scaling of the reaction constant § — 36

2.4 Uniform approximation results — 37

2.5 The range B(e) + B*(e) — 38

2.6 Comments — 39

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

XIV — Contents

2.6.1
2.6.2

3.1

3.1.1
3.1.2
3.1.3
3.1.4

3.1.5
3.2

3.2.1
3.2.2
3.2.3

4.1
4.2
4.2.1
4.2.2

4.2.3
4.3
4.4
4.4.1
4.4.2
4.5
4.6
4.7
4.7.1
4.7.2
4.7.3
4.7.4
4.8
4.9
4.9.1
4.9.2
4.9.3
4.9.4
4.9.5
4.9.6

Uniformly continuous 0 — 39
Non-monotone 0 — 40

Estimates over one periodicity cell — 43

Case of n-dimensional particles — 43

Extension operators — 44

Uniform Poincaré inequality on Q, — 46

Sharp trace estimates on a,dG, in €Y \ a,G, — 46
Auxiliary oscillating functions in the subcritical range
a; < a; <&e—49

Auxiliary functions in the critical case a, ~ ay: capacity problems — 52
Case of (n — 1)-dimensional particles 63

Trace estimates on a,G, in eY* — 63

Auxiliary functions in the subcritical case — 63
Auxiliary functions in the critical case — 65

Particles over the whole domain — 69

On the existence of a critical scale — 69

Integrals over S, — 71

Improved global trace inequality — 71

Limit of the integral over S, of convergent sequences in the subcritical
case—72

Limit of the integral over S, of oscillating sequences — 75

A priori estimates for u, — 76

Big particlesa, = ¢ 77

The linear case p =2 —77

The nonlinear case p + 2—— 84

Subcritical cases a; « a, < €and p > 1— 84

Supercritical case a, < a; and p € (1,n) — 87

Critical case a, ~ a: the anomalous (or strange) nonlinear term — 89
Case of Gy a ball, p € (1,n) and g* = g— 89

Case of Gy a ball, p = nand g* = g— 101

Case of Gy nota ball, p =2 < n—102

Case of Gy notaball, 1< p < nand g* + 0— 106

The case B + B* — 106

Further comments — 108

L' data— 108

Additional properties of the strange term — 114

Homogenization of the effectiveness factor — 117

Pointwise comparison of critical and non-critical problems — 118
Homogenization and optimal control — 120

Convergence of spectra—121

printed on 2/10/2023 3:37 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



Contents =— XV

5 Particles over an interior manifold — 123

5.1 Jumps over an interface — 124

5.2 Existence of a critical scale — 125

5.3 Integrals over S, — 125

5.3.1 Trace theorem — 125

5.3.2 Limit of integrals over S, — 127

5.4 A priori estimates for u, — 127

5.5 Subcritical particles a; « a, < &€ —128

5.6 Supercritical particles a, « a; — 128

5.7 Critical-size particles a, ~ a; — 129

5.8 Some remarks — 131

6 Particles over a part of the boundary — 133

6.1 Existence of a critical scale — 133

6.2 Integrals over S, — 133

6.3 A priori estimates — 134

6.4 Subcritical particles a; <« a, < € — 134

6.5 Supercritical particles with1 < p < n—135

6.6 Critical-size particles — 135

6.6.1 Case of p = 2 < nwhen G is not a ball— 135

6.6.2 Case of p = n when G, = B} — 136

6.7 Further comments — 140

A Comments on the parabolic case — 141

A.l A weak formulation in terms of a variational inequality — 142
A.2 Small subcritical particles a; <« a, < e — 144

A3 Supercritical particles a, « a; and p € (1,n) — 144
A4 Critical-size particles a, ~ a; — 144

A.5 A remark on controllability — 145

B Dynamic boundary condition — 147

B.1 Small subcritical particles a; « a, <« e — 148

B.2 Supercritical particles a, « a; — 148

B.3 Critical particles a; ~ a, and G, = B, — 149

B.4 Critical particles a; ~ a, when p = 2 and general G, — 152
C Critical-size particles with a stochastic perturbation — 157
Cci1 Some comments on the ergodicity hypothesis — 159
C.2 Convergence results — 159

C.3 Auxiliary test function — 160

C.4 Structure of the proof — 161

C.5 Final comments — 161

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



XVl —— Contents

Bibliography — 165

Index — 181

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

1 Introduction and modeling

1.1 Motivation

This book deals with the mathematical homogenization process applied to some
reaction-diffusion models. More specifically, we will fix our attention to the delicate
point of how a mathematical model in the “microscopic” scale may induce the justifi-
cation of a quite different “macroscopic model.” One first intuitive idea of this curious
different modeling arises in the study of cases in which the reaction takes place only
on the boundary of many “microscopic particles,” as for instance

-Apu, = f(x) inQ, =Q\G,,
avpue +Beou,) = B(e)gf(x) on Se» (1.1)
u. =0 on 0Q

(and, in one of the cases, with a small modification on a part of the boundary condi-
tion on 0Q; see problem (1.6) below), where the details on the domain G,, the internal
boundary S, and the rest of data f, 8, 0 and g will be presented later. The diffusion is
modeled here by the quasilinear operator A,u, = div(|Vy, P~2vu,) with p > 1. Note
that p = 2 corresponds to the usual linear Laplacian diffusion operator. This kind of
problems mainly arises in the study of chemical reactive flows through the exterior of
a domain containing periodically distributed reactive solid grains (or reactive parti-
cles).

Particulate filters arise in many applications (as, for instance, in the exhaust pu-
rification systems of Diesel and gasoline vehicles). The same model also applies when
the chemical fluid reacts on walls of a porous medium (which we assume periodically
distributed) so that the flows take place on the holes of the solid porous medium. It is
the so-called adsorption phenomenon: the adhesion of atoms, ions or molecules from
a gas, liquid or dissolved solid to a surface. This process differs from absorption, in
which a fluid is dissolved by or permeates a liquid or solid, respectively. For some pre-
sentations of the chemical aspects involved in the model (and also for some mathe-
matical and historical backgrounds) we refer to a series of works which we collect here
in alphabetical order: [12, 14, 23, 104, 102, 150, 165, 166, 167, 179, 203, 205, 211, 171]
and [263], among others. We point out that the case p +# 2 corresponds to a simpli-
fication of the modeling when the flow is turbulent and also when the fluid is non-
Newtonian (see, e. g., [102]). Moreover, as is well known, this nonlinear diffusion op-
erator appears also in many other contexts and is one of the best examples of quasi-
linear operators leading to a formulation in terms of nonlinear monotone operators
(see, e. g., [192, 47, 92]). Here, the “normal derivative” must be understood as avpug =
|Vu,[P~2Vu, - v, where v is an outward unit normal vector on the boundary of the par-
ticles S, ¢ 0Q,.

https://doi.org/10.1515/9783110648997-001
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2 = 1 Introduction and modeling

The function ¢ in (1.1) is assumed to be given: mainly ¢ is a monotone continuous
function such that g(0) = 0 as it corresponds to the so-called Freundlich kinetics

o) =[v,]’, wherev, =max{v,0}, 0 <r<1

(in this framework v represents a concentration and thus v > 0). The exponent r is
called the order of the reaction. In some applications the limit case (r = 0) is of great
relevance and its mathematical treatment is carried out in terms of the maximal mono-
tone graph of R? (see [48]) given by o(s) = 0if s < 0 and o(s) = 1if s > 0, 0(0) = [0,1].

To exemplify, let us assume that the particles are spread over the whole domain.
A first “surprise” arises when it is shown (first formally by the “two-scale asymptotic
method” and then rigorously in suitable functional spaces and using, as a fundamen-
tal tool, the notion of weak convergence) that we can take a limit in some rigorous
sense such that

u.“—"u
ase — 0and this “limit” u(x) satisfies a global reaction-diffusion in which the reaction
takes place on the whole domain Q.
In the first cases studied in the literature, the particles were “not too small” with
respect to their repetition. In that setting, the diffusion operator could be modified but
the same kind of chemical kinetics 0 modeled the “macroscopic reaction term”

— div(A*Tvu) + o) = f + BSg  inQ,
u=0 on 0Q.

Besides the occurrence of the global reaction term (from adsorption to absorption non-
linear terms), the different macroscopic (or effective) diffusion operator, AT allows to
justify some non-isotropic propagation phenomena. When the scale of the particles is
“too small” with respect to the repetition, then they are too small to be meaningful in
the limit and we have

-Au=f inQ,
u=0 on 0Q.

There exists a critical scale of the size of the particles with respect to their distance
that separates the two behaviors above. If the particles have this precise scaling that
separates the behaviors above, we have a “new surprise.” The constitutive law of the
homogenized virtual reaction term does not coincide with the one of the adsorption
constitutive law ¢ and it is possible to show that the global equation satisfied by “the
limit” u(x) now involves the presence of an anomalous or strange term H(u)

“Apu+ H(W) = f inQ,
u=0 on 0Q.
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This effect of the relation between size and distance giving rise to a different reaction
behavior is typical of many processes in nanotechnology.

New materials, in particular the so-called “mechanical meta-materials,” are built
as artificial structures which have mechanical properties defined by their geometric
structure rather than their chemical composition. They can be seen as a counterpart
to the rather well-known family of “optical meta-materials.” These materials can be
designed to have properties outside the scope found in nature. In the context of this
book, the choice of such a critical size scale can be identified as an improved homog-
enization.

Note that in this critical scale with respect to the repetition the diffusion does not
suffer any important modification (in contrast to the abovementioned case) since the
particles are “too small” to affect the diffusion. The critical scale in which such new
behavior arises and the correct identification of the strange term #(u), and its connec-
tion with the microscopic law given by o, are the main subjects which are object of
study in this book.

Moreover, as an indication of a potential important success of the nanoscale ap-
proach to building new materials with better structural properties than the materials
existing in nature, we will show in this book that the presence of this new strange
reaction term H(u) “improves” the process, leading, for instance, to a better chemical
effectiveness and preventing the formation of the so-called dead cores. We will discuss
this below in Sections 4.9.3, 4.9.4, 5.7 an 6.6 and Appendices A and C.

In the rest of this long Introduction we will make clear the notations of the book,
we will precise the data and assumptions required for the occurrence of the strange
terms and we will give the keys to the proofs of the main results. We also provide some
historical and bibliographic notes (see Sections 1.4 and 1.6).

The case of o being non-monotone also arises in the applications. This is the case,
for instance, for the so-called Langmuir-Hinshelwood kinetics in which

m 6+1

o) =Alv, W’

for some A, 8, k,m > 0, 6 small, and for any v > 0O

(see [14]), or the case, arising in enzyme Kinetics, in which

v, 1"
S5+ [v+]m+k >

ov) =

for some A, 6, k,m > 0, 6 small, and for any v > 0

(see [21]). The case in which ¢ is non-monotone and singular,
o) =v,17% ke,

considered in [96], is also interesting. The case in which ¢ is non-monotone and pos-
sibly discontinuous was treated in [189] and [7].
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4 =—— 1 Introduction and modeling

1.2 Open domain with solid particles

The aim of this text is the study of a nonlinear reaction-diffusion problem on the ex-
terior of a set of periodically placed particles over a domain Q ¢ R" (bounded and
regular, for simplicity) where the reaction takes place over a periodical part of the
boundary and the diffusion is of p-Laplace type, introduced above (see (1.1)). For a
small parameter € > 0, the particles (or holes) will be the translation at distance € > 0
of a characteristic shape G scaled by a parameter a, < €. This particle will be either
n-dimensional and placed periodically in the interior of Q or (n — 1)-dimensional and
placed over an internal manifold or on the boundary.

In the appendices at the end of this volume we give some insights into different
related problems.

1.2.1 The cases with n-dimensional particles G,

Let the shape of an elementary inclusion (in our setting a particle, but it applies also
to the case of a hole) represented by a domain G, be an open set such that G, c Y =
(—%, %)". In most of the main cases we will assume G, is homeomorphic to a ball (i. e.,
there exists an invertible continuous map ¥ : U — V between open sets of R", U
and V, where G, c U and V contains the open ball of radius one, ¥(G,) is the ball and
w1 is continuous).

In this setting, we define

G, = | +a.Go), S, =[] +adG),
JjeYe jeY,

where Y, ¢ Z" indexes the set of points where we will place particles. We furthermore
request that

Y,cljeZ" :g+€eY cQ}.

With this choice we guarantee that G, ¢ Q and S, N9Q = 0. Thus, the Dirichlet bound-
ary condition in (1.1) is taken on all 9Q. We will sometimes consider that

a, = Coe”.

The difference in scale can be appreciated in Figure 1.1.

Remark 1.1. In the case of small particles a, « £ we will sometimes take G, = B;. This
is a small abuse of notation since G, ¢ Y. This is not a problem since in this setting
a, < €, and hence a,G, c €Y for € small.

Two families of boundary data g° are usually considered:
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ey

Go a:-Gy

Figure 1.1: The reference cell Y and the scalings by € and a, = £, for @ > 1. Note that, for a > 1, £%G,,
(for a general particle shaped as G,) becomes smaller relative to €Y, which scales as the repetition.
In some first examples G, will be a ball B;(0) (see Remark 1.1).

1. The first case is the one in which the external source in the boundary reaction
depends on the macroscopic scale

g°(x) = g(x),

for g : Q — R being in an adequate Sobolev space.
2. The second case considers the reaction with the same periodicity as the particle

_gj

()

g5(x) = g<x ) x € (gj + a,Gy),j € Y, (1.2)
where g needs only be defined on dG,, and be integrable. We will usually assume
thatg € I” (3G,) withp' = p/(p - 1).

A way to write both these behaviors in only one expression is

gs(x) :gst(x) +gper<xa_££]>' (1.3)
Remark 1.2. Even though we take G, as a single connected particle, much of the work
could be extended to G, with a finite number of connected components (each one
diffeomorphic to a ball). This case is very relevant in applications to, for example,
chemical engineering. An interesting problem we will not discuss here corresponds
to the situation in which G, is composed of several types of components (see [174]).
The case where the particle at each &j is picked from a finite set of particle shapes A/
was studied in [206] for the case of two different big particles with different regular
kinetics functions o and in [225] for the case of critical particles and p = n = 2 under
the assumption that all |04;| coincide, i.e., the particles are isoperimetric (see also
Remark 4.23).
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6 —— 1 Introduction and modeling

Remark 1.3. In some occasions we will also consider the Signorini problem, also
known as the boundary obstacle problem,

'_Ap”s =f in Q,,
(g%; +p(e)o(u,) - fe)g*)u, =0 onsS,,
1uU. =20 onS,,
g%j +Be)o(u,) > ple)g* onS,,
(u* =0 on 9Q.

Let us now properly introduce the three types of geometries which are usually
considered, depending on Y, (i. e., where the particles are placed and thus the internal
boundary conditions on S,).

1.2.1.1 Particles over the whole domain

This is the setting which originally attracted most attention and interest from the
mathematical community. This can be easily seen by the amount of work over the
years. In fact, once this case is mastered, the remaining cases can be attacked very
much in a similar fashion. The general strategy of the book will consist in giving the
precise results and techniques for this case and proving the equivalent results for the
other two cases.

In this case, we consider

Y,={jeZ":gj+eY cQ}.

Then Q, appears as in Figure 1.2. Note that in this setting the number of particles scales
like

Yl = €70

The proof of this fact is simple. Due to the choice of Y,

1Qf - €"[Y,| = 1] -

U(£j+eY)| = IQ\ U +£Y)‘.

jeY, jeY,

Note that the last set is contained in the set

o\Jeg+eryc | (g+en.
jeY, jez"
(gj+£Y)N0Q+0

Since 0Q is a smooth manifold, the latter set has n-dimensional measure converging
to zero (take, for example, a tubular neighborhood).
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Figure 1.2: The set Q, in the case of solid particles over the whole domain. The adjacent particles are
at distance of the order of €.

Remark 1.4. Asindicated in the list of notations, we will use the notation | - | for many
purposes. Here, |Y,| denotes the cardinality of the finite set Y,, whereas |Q| denotes
the Lebesgue measure of Q.

Remark 1.5. Many variants of problem (1.1) are relevant in the applications and
present interesting mathematical results in their treatment. This is the case, for in-
stance, when the particles (over the whole domain) are assumed to be permeable.
In that case, we must assume that there is an internal reaction inside the particles,
instead just on their boundaries. In fact, the modeling leads now to a transmission
problem with an unknown flux on the boundary of each particle:

—D¢Au, = f in Q,
-D,Av, +ao(vg) =0 in G,
U, =V, and Df% = Dpaal‘f onS,,
u, =0 on 04,

where G, is the set of all particles, and with the diffusion coefficients Dy and D), usually
quite different. The homogenization of this problem was already considered in [86]
and [84]. A dynamic boundary transmission condition was considered in [85]. The
treatment of the critical size for some related problems was made in [32] and [136].
The techniques presented in our book can be adapted to this framework.

1.2.1.2 Particles over a manifold splitting the domain
Quite often in the applications (for instance in adsorption processes in chemical en-
gineering) the reactant medium is located merely on some kind of grill (or perforated
surface); see, e. g., the nice presentation on the modeling made in [150].

As in the previous problem, there is a useful duality and the same formulation
applies to a set of isolated particles which are periodically located over an internal
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surface in the chemical reactor. It corresponds to the so-called fluidized bed reactor
used for many industrial applications. In this type of reactor, a fluid (gas or liquid) is
passed through a solid granular material (usually a catalyst possibly shaped as tiny
spheres).

Other problems of a radically different nature also lead (after some simplifica-
tions) to quite similar formulations. It is the case, for instance, of some problems
in elasticity associated to lattice type structures such as honeycombs and reinforced
structures (see, e. g., [214, 83] and the references therein).

We will place the particles only over a manifold, which for simplicity we assume
to be Q n {x,, = 0} (see Figure 1.3). Let us introduce some notation. For any arbitrary
set w ¢ R™ we denote

={xew:x,>0}, w ={xew:x,<0} and w0={xew:xn=0}. (1.4)
In this case, we assume that Q" and Q™ are both non-empty and take
={jeZ"" x{0}):g+€Y c Q).
Unlike in the previous case, in this setting the number of particles scales like
Y, ~ En—lHn—l(QO))

where %™ denotes the (n - 1)-Hausdorff measure. Here, the equivalent to (1.3) is

g5 (x) = g (x) +gper<x;—£]>, X € g + a,0G, for somej € Y,. (1.5)
&

S e
S ::*9@9*@9#,@,@?:@9 A

=2

’
-

pad

N—

Figure 1.3: The set Q, in the case of solid particles over a manifold. The adjacent particles are at
distance of the order of €.
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1.2 Open domain with solid particles =—— 9

1.2.2 The case of (n — 1)-dimensional particles contained in 0Q

The third type of model problem we will consider in this book is, in some sense, related
with the above model problem with particles over a manifold but with the important
difference that this manifold is located on a part of the boundary of the domain Q.
In this context, the particles are contained in 0Q and hence are (n — 1)-dimensional.
Problems of this nature arise in many different contexts, as for instance in chemical
engineering (see [179]), elasticity (see, e. g., [214]), nanocomposites (see, e. g., [264])
and reverse osmosis (see, e. g., [115] and the many references therein).

In this last setting, which we present for the sake of completion, the particles will
be contained in the boundary, and hence they are (n - 1)-dimensional (see Figure 1.4).
For simplicity, we consider that the part of the boundary with particles is

0Q)° = {x €9Q : x,, = O}.

We therefore assume that G, ¢ Y n R™! x {0}. In this case we assume that (Q,)” = 0
and define

G.=0, S.=|]J(+a.Gp),
jeX,

where
Y, = {j e Z"" x {0} : (g + €Y)° c (0Q)° and (¢j + £Y)" c Q}.

Note that, in contrast to the two precedent cases, S is not the boundary of the particles
but the own set of (n — 1)-dimensional particles. We have

00, = (0Q)* U [@PQ)° \ S,] US,.

Figure 1.4: The set Q. in the case of solid particles over the boundary. The adjacent particles are
(n —1)-dimensional and are at distance of the order of €.
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10 —— 1 Introduction and modeling

The problem we will consider is the following:

_Apus =f in Q,,
=0 on (0Q +’
N € o (1.6)
0y, U +pe)o(u,) =g~ onS,,
0y ue =0 on (0Q)°\ S,.

Note that it is different from the problem in which on (9Q)° \ S, we ask for the Dirichlet
boundary condition

u, =0 on(0Q)°\S..

1.3 Homogenized problem: effective reaction-diffusion behavior

The aim of the homogenization process is to study the function u such that the solu-
tions of (1.1), u,, converge, u, — u, in some sense as ¢ — 0. The idea is that there
exists an effective reaction-diffusion behavior given by a modification of the parame-
ters and nonlinearity, such that u, is a solution of a limit problem, which depends on
the geometry. The different nature of these three problems gives rise to three different
behaviors of the limit.

1.3.1 Solid particles over the whole domain

The complete discussion of this case can be found in Chapter 4. We summarize the
result here. First, let us indicate that it is easy to compute that

IS| = 1Y a2 10G,| = € "al " [0G,1Ql.

To illustrate the different behavior, let g° be given by (1.3). For some reasons that we
will explain below, we assume that () < 1/|S,[. In this case the effective problem is
given by

—diva®™(vu) + B0 w) = f + pg°T inQ,
=0 on 0Q.

In this setting, the so-called effective diffusion coefficient a® : R* — R has a
simple form in some cases given by

() ATE g ~eandp=2
|€P~%¢ a, < eandp € (1,00).
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When a, < ¢, the diffusion operator —Ap is not altered. For a, ~ ¢, a* is obtained

by solving an auxiliary problem, known as cell problem, which will be discussed in

Section 4.4. When p = 2, the linearity is preserved, so we only need to recover the

form of the matrix A°". This allows to classify two types of cases:

1. Bigparticles: a, ~ €. Thereis an effective-diffusion matrix depending on the shape
of the particles, and the nonlinearity stays the same.

2. Small particles: a, < ¢. This different effective diffusion is not present.

In this book we are mostly interested in the possible change of the nature of the non-
linear reaction term. We will show that there exists a critical size a; that differentiates
three regimes:

o(s) a, <a;<ecanda, <¢,
ff
0 (x,8) = {H(x,s) a, ~aj, 1.7)
0 a, < a;.

This function H(x, s) is, in general, different from the original reaction ¢ and depends
on the scaling of B(¢) (as we will explain below). It is the so-called “strange term” of
critical-scale homogenization (a terminology popularized by [80, 81] and preserved
by many authors).

We give some historical notes in Section 1.6. This is the reason why this critical
case is “anomalous,” as point out in the title of the book. The determination of this
function # is one the main difficulties we will face in this book. When G, is a ball it
is given by (4.16)—(4.17), where for G, general it is given by (4.32) and the notations in
Section 3.1.5.3.

In this setting, we will show that

gnv pen),
a; ={ee™™® ™ p=nforanya >0,
0 p>n

The last case is a short-hand notation to indicate that for p > n there is no critical scale.
The case p = nneeds to be understood in the sense of Remark 4.1. In Chapter 4 we will
show how this critical scale is deduced.

Finally, let us look at the influence of the rest of the terms on the homogenized
equation. We define

B i B(e)

m
£—0 1/|S,|

€ [0, +00).
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12 — 1 Introduction and modeling

We will show in Chapter 4 that then we have

ﬁO
oG, %~ & ot X
eff _ | p° N eff a > ag, (1.8)
1 T 1@ a; <a, <¢g Py = 0 a-da .
£ £
1 a, < a,
and
ff 1
g0 = o) + —— J 8per(Y) dy. (1.9)
[0Go| sl
0

The fact that ﬁgff = 0 when a, ~ a; happens (as we will see below) because g° is “writ-
ten into” the strange term 7. In the supercritical range a, <« a;, we always assume
that g% = 0, so we give no information of /sgff. A classification of the different values of
the function H(u) when B(¢) = €7 and a, = Cye* is presented in Section 4.8.

As mentioned before, the critical scale for § is
B (e) =1S:I™",

and then the resulting homogenized equation can be classified according to Ta-
ble 1.1.

Table 1.1: Homogenized equation in the different ranges when o7 }(0) = 0and g° = 0.Whena, ~ a;,
the case B(e) < B*(e) behaves like the one with homogeneous Neumann conditions (i.e., g = 0)
and B(e) > B (g) behaves like the case of homogeneous Dirichlet conditions.

a, ~ € a; a4, <& a. ~a; a. < ay;
B(e) < B*(e) —div@*(vu) =f ~Au=f -Mu=f -Au=f
Be)~B*(e) —diva(vu) +BMow) =f -B,u+BNow)=Ff -Byu+HW) =Ff ~Dju=f
Be) > B*(e) u=0 u=0 —Dpu+ AolulPPu=f -Byu=f

1.3.2 Particles over a manifold

In this case, the limit satisfies the homogenized equation

~Apju =f QtuQ,
u=0 0Q,
[ulgo =0,

[Vl S 100 = B0 0 w) - 578" QN {x, = 0},
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where
[flgo(x) = ;lli_I)%(f(x + he,) - f(x - hey)).

The description of the effective values of #, (1.8) and (1.9) are more or less preserved.
The values of a; and ()" have to be adapted to this case. We have different constants
eff

B° * *
Beff _ 1199 a, < ag <& eff _ 1 a > a,
= =
0

2
*
1 a.<a,

a ~ a;.

We will discuss the precise values of the effective parameters below. A table similar to
Table 1.1 can be drafted, written for the conditions on Q° = Q n {x,, = 0}. The detailed
results can be found in Chapter 5. The results are summarized in Table 1.2.

Table 1.2: Homogenized boundary condition on the interior manifold 0° in the different ranges when
o7 (0)=0and g® = 0. When [IVulp’ZaaT”]Qo = 0, then simply —A,u = f in the whole domain Q.
n

a; <a, <€ a. ~a; a. < a;
Be) < B e)  [IVuP? 5] =0 (VU 100 = 0 (IVulP? S0 = 0
Be) ~ B () [IVUI”’ZE]Qo = B*o(u) [|Vu|"*2§7“"100 = H(u) [|Vu|"*2@1(,o =0
B(e) > B*(e) u=0 [|Vu|P‘2§7‘;]Qo = AolulP2u [|Vu|P-2§X—”n]Qo =0

1.3.3 Particles over the boundary

In this case we recover

—Apu =f Q c {x, >0},
u=0 3Q \ {x, = O},
3, u+Bitow) = B5Te*™ aQn {x, = 0}.

We will also discuss the explicit values of these effective parameters below, with

8700 = 800 + 5 jgper(y) dy (1.10)

and
ﬁO
ﬁfff S RTEOR

1 a, < a;,

eff *
a: < a;<e, eif BT @ > a,
> o

a, ~a;.

We refer the reader to Chapter 6 for the results. The results are summarized in Table 1.3.
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Table 1.3: Homogenized boundary condition on Q° ¢ 20 when in the different ranges when

o }(0)=0and g° = 0.Whena, ~ az, the case B(e) « B*(¢) behaves like the one with homoge-
neous Neumann conditions (i.e., 0 = 0) and () > B*(e) behaves like if we start with homoge-
neous Dirichlet conditions on 0Q n {x, = 0}.

a; <a. <€ a. ~a; a. < ay;
B(e) < B*(e) 0,,u=0 0,,u=0 9,u=0
B(e) ~ B* () dy,u+ o) =0 dy,u+H(u)=0 d,u=0
B(e) > B*(e) u=0 3y, u + AolulP~u 3,,u=0

1.4 Different homogenization techniques

Here we will briefly present some of the most relevant methodologies applied in ho-
mogenization for the types of problems mentioned above. Most of them have been
applied to our problem, as we will see later.

1.4.1 The multiple-scales method

One of the possibilities (and, in fact, a pioneering method, see [242]) in dealing with
identifying the limit consists of considering an expansion known as asymptotic expan-
sion of the solutions. In the case a, = € we can formally imagine that our solution is of
the form

u(x) = u(x) + eu1<x, g) + £2u2<x, g) e (1.11)

and derive the behavior from there. This method, which is now known as the multiple-
scales method, is still very much in use (see, e. g., [104, 126, 57] among many others).
In this direction we recommend the famous books [31, 239, 77, 214] (a more detailed
list of references can be found in Section 1.6).

This kind of argument works in two steps. Take for example the simple case of

-div(A)Vu) = Q,
u, =0 0Q,

where A is Y-periodic. First, a formal deduction of the good approximation can be

made and a later rigorous proof can be given. In particular, we can use repeatedly the

computation that if v = v(x, y), then
L2 2) 12 ()
Co\e) eoy\e)

leh)
0x; g
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Substituting (1.11) into — diV(A(g)us) = f and gathering terms, one can recover that
there is a natural choice

x\ sfx x\
u1<x,g>:.{<g>-Vu, u2<x,g>:9:D2u, R

where the equations for u,), ;f and 6 can be found explicitly and the remaining terms
are formally of higher order (as in the usual Taylor expansion). The second part of this
kind of arguments is to estimate the convergence, as a typical result for this problem
is that

-0, asa,— 0.
HY(Q)

U (x) - <u(x) + eé’(%) Vu+€%0: D2u>

The details of similar examples can be found, e. g., in [239, Chapter 5], [76, Chapter 7].
Furthermore, one can find some rates of this convergence.

Naturally, the situation becomes more complicated when a, « ¢ (for the applica-
tion of this formal expansion, see, e. g., [150]). We will not apply this technique in this
book.

1.4.2 The l'-convergence method

This method was introduced by De Giorgi [98] and later developed in [97, 92, 266]
(among many other authors). The essential idea behind the I'-convergence method
is to study the problem in its energy variational formulation and the conditions un-
der which convergence of the energies implies convergence of their minimizers, i. e.,
of the solutions of the elliptic problems. Here we present some results extracted from
[92].

Definition 1.6. Let X be a topological space. The I'-lower limit and I'-upper limit of a
sequence (F,) of functions X — [-00, 0co] are defined as follows:

(r—lrlllllJrl(I)loan)(X) ngfl:()x) lim inf ylgf F,(»),

(F —lim sup Fn)(x) sup limsup inf F,(y),

n—+0o UeN(x) n—+oco yeU

where M(x) = {U c X, Uopen : x € U}. If there exists F : X — [—00, +00] such that
F =T -liminf,_,, F, = I - limsup,_,_, F,, then we say that F,, I'-converges to F,
and we denote it as

F=T- lim F,.
n—-+oo
For the sake of convenience, in this section we will denote

F' =T - liminfF,,

n—+oo

F" =T -limsupF,.

n—+oo
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The results that make this technique interesting for us are the following.

Theorem 1.7. Suppose that (F,) are equi-coercive in X. Then F' and F"' are coercive and
inf F'(x) = liminfinf F,(x).
xeX n—+oo xeX
Proposition 1.8. Let x,, be a minimizer of F,, in X and assume that x, — x in X. Then
F'(x) = liminfF,(x,), F"(x) = limsup F,(x,).
n—oo n—o0

In the context of homogenization we are mainly interested in the behavior of func-
tionals

[, f G u(), Du())dx  ue W(A),

+00 otherwise,

F.(w,A) = 1
where p > 1. The main result of this method is the following. Let

fol®) = it [ £0.vi).§ + Dviy)dy.
vewgh ) J

Then, under some mild assumptions on f, for every sequence ¢, — 0, we have that
F, T-converges to F, the functional defined by

[ foDuydx ueW(A),

+00 otherwise.

FO(u)A) = {

The characterization of this function f, allows to recover the homogenized limit of
problems. We refer the reader to [92] for complete details in this direction.

This method was applied to our cases of interest presented above, with some mod-
ification, by Kaizu [178] and Goncharenko [162].

1.4.3 The two-scale convergence method

The two-scale method was introduced by Nguetseng [210] and later developed by some
authors, amongst which we highlight the work of Allaire [5, 6] (see also the survey [267]
and its many references). The central definition of this method is the following.

Definition 1.9. Let (v,) be a sequence in LX(Q). We say that the sequence v, two-scale
converges to a function v, € L2(Q x Y) if, for any function ¢ = P(x,y) € D(Q;CSEI(Y))
(i. e., functions which are smooth in x, y, have compact domain in Q and are periodic
in y) one has

1

g%i vs(x)gb<x, ’é) dx = 0% l J Vo (6, Y)(x,y) dx dy.
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By taking 1 = 1(x) in the previous definition it is immediate to see that

1
Ve = VO = MJVO('>y)dy>
Y

weakly in L2(Q). The key point of this theory is to study the convergence of functions
of the type Y(x, ’E‘) and then apply them suitably to the weak formulation. This method
has also been applied for the homogenization of general Hamiltonians (see, e. g., [29]
and the references therein).

1.4.4 Tartar’s method of oscillating test functions

This method (initially called “energy method”) is due to Tartar (see [254, 255, 256,
209]). The general idea behind it is to consider the appropriate weak formulation and
select suitable test functions ¢° with properties that, in the limit, reveal a weak for-
mulation of the homogeneous problem.

Unfortunately, there is not any specific rule to choose the oscillating test func-
tions and thus it must be built for each particular problem under consideration. Many
references will be indicated in Section 1.6.

This is the general method applied to obtain the results of this book. As we shall
see, it is not a straightforward recipe, and the choice of test function and their analy-
sis can become a very hard task. Many detailed examples will be given in the follow-
ing chapters. Perhaps the simplest presentation corresponds to the case considered
in Section 4.6, but, without any doubt, the more interesting (and harder) application
corresponds to the critical cases studied in Section 4.7.

A difficulty that arises with this method in domains with particles or holes is the
need of a common functional space, since u, € L*(Q,). This leads to the construc-
tion of extension operators P, : wh? Q) — W (Q), which will be discussed in Sec-
tion 3.1.1.

1.4.5 The periodical unfolding method

The periodical unfolding method was introduced by Cioranescu, Damlamian and
Griso in [73, 75] (see the monograph [74]). It consists on transforming the solution to a
fixed domain Q x Y. The case of particles (or holes) was considered in [72, 71, 59]. See
also [78].

Let us present the reasoning in domains with particles (or holes). The idea is to
decompose every point in Q as a sum

x = [x]y + {x}y,
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where [x]y is the unique element in Z" such that x - [x]y € [0,1)". That is, we have
that [-]y is constant over Y.. We define the operator

Tes: @ € LX(Q) o Tos(p) € [P(Q X R")
as

Tes(@)(X,2) = {5(8[)5(]1/ +ebz) (x,z) € Qg x %y’

otherwise,

where

Q, = interior< U e¢+ 7)).
ez
£(é+Y)cQ

Note that 7, 5(¢)(x, 2) is piecewise constant in x. The boundary of Gé corresponds to
Q, x 3G,,.

The great advantage of this approach is that it removes the need to construct
extension operators. Therefore, it allows to consider non-smooth shapes of G,. This
method has shown very good results, and the properties of 7, 5(u,) are well under-
stood, at least in the non-critical cases.

1.5 Structure of the proofs and main ideas: oscillating test
functions

The structure of the proofs below will follow a general scheme which we have found
to be a winning strategy. In order to fix ideas in this introduction, let us focus on the
casep = 2.

1.5.1 Showing the solutions u, have a limit

Since u, are functions defined over the sets Q, it is immediate to find how to formalize
the intuition of why u, — u.

Uniform boundedness
The natural energy spaces for existence and uniqueness of solutions are the Sobolev
spaces:

W (Q,)

whp (Q,,0Q) = {u € C®(Q,) : u vanishes on a neighborhood of 0Q}
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1.5 Structure of the proofs and main ideas: oscillating test functions = 19

Checking uniform boundedness in these spaces
IVuelp,) < G,
where C does not depend on ¢, is relatively standard in most cases.
Finding a common space: extension to Q
Since we want the convergence to occur in some functional space, we need to find

a common ground. When G, is (n — 1)-dimensional this is not needed. The classical
approach to solve this problem is to construct extension operators

P, : W(Q,,00Q) — W P (Q),
which are uniformly continuous with the norms above:

j VPP dx < C j VulP dx,  Vu e WP(Q,,30),
Q Q.

for some C not depending on €.

Compactness
Using both facts above, it is immediate that there exists uniform boundedness in
WoP (Q):

0

||P£u£||wé,p(m <C.

Therefore, by well-known weak compactness results (since 1 < p < +00), there exists
a limit

Pau, —u in WyP(Q.

1.5.2 Characterizing an effective equation

We pass to the limit in the weak formulation of the problem to detect the weak formu-
lation for the effective (homogenized) problem. For simplicity, let us assume p = 2.

Effective diffusion
In order to have “convergence” of the gradient in some space, we can either study
VP, u, or introduce

(1.12)
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The latter has the advantage that

j Vu Ve dx = J Vu Vo dx,
Q. 0

so it is sufficient to take weak limits. Note that it is unlikely that Vu, coincides with
VP.u,. Since

Vil 2y = VUl 2, < C

it has a limit

Vu, — & inL*(Q).

Then, the diffusion term can be rewritten

J Vu Vo dx — J &V dx.
Q, Q

Therefore, if we are able to deal adequately with the other terms, the diffusion term in
the effective problem is — div().
Since

01Q] a,~¢ a.<¢
Q.| — and the particles are over the whole domain,

Q] a, xe¢

for some 6 < 1, the extension by 0 given by (1.12) only produces an effect if the holes
are large: a, ~ €. We will show

a(Vu) a,~¢e a,<¢
& = and the particles are over the whole domain,
Vu otherwise.

This characterization is the main difficulty studied in Section 4.4.

Detecting the critical cases

The idea is to first study the integral IS_ll Js . A good approach is to study the trace in-
equality. This is one of the main focuses of Chapter 3. Assume that g is a smooth func-
tion. Typically a value a; appears such that the behavior is as follows: for a smooth
function g

1

o |gds—prc [gax
ISel K E
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where T, is made up of e-scaled balls and p, — 0 for a; <« a, < €. Some auxiliary
functions m, are usually used in this task, allowing to pass the integral from S, to T.
This allows us to determine the critical value a;.

Thus, we will recover

ﬁ IQ gdx if the particles are over the whole domain,
é Jg ds — ﬁ Joo 8 dx if the particles are centered in Q°,
S m f(ao)o gdS if the particles are in (9Q)°,
whena; < a, <e (1.13)

We recall the notation -° is introduced in (1.4). This drives the effective reaction
term. In the case a, < a; we will be able to remove the reaction term with smart test
functions that vanish on S, (see, for example, Section 4.6 below).

1.5.3 Study of the critical case: the appearance of the strange term

This is the trickiest case. We apply Tartar’s method of oscillating test functions, again
for the case p = 2. The choice of these functions will be rather involved.

Weak formulation
For simplicity, let us study the case (1.1). First, we write our problem in a weak formu-
lation (which will be justified later), of the form (for any good test function v)

J VWV (v - u,) dx + B(e) J(o(v) -g9)v-u,)dS > Jf(v - u,)dx. (1.14)
Q, Se Q.

If 0 is a maximal monotone graph this requires some refinement which we will discuss
in Section 2.2.

Choice of oscillating test functions

Then, we select as test function v, = v — W,(x;v), where v is a generic test function
for the homogenized problem and W, is a sequence of functions converging weakly to
0 with special properties. The aim of this term is to control the singular term S(¢) ISS‘
Note that we can write

J Vv V(v —u.) dx = j VWV(v - u.)dx - J VvVW, dx
Q, Q, Q.

- j VW V(v — W, - u,) dx.
QS
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In the case p + 2, we will have a similar result with some additional error terms (see
Lemma 4.38). The first term has a clear limit, and it yields the diffusion term of the
effective equation. The second integral usually vanishes in the limit due to the con-
struction of W,. The function W, is chosen with the properties that
{AWS =0 x ey (6 + £B; \ a.Go),
We=0  x¢Uey, (& + ;B0

We will add more requirements below. With this choice, the last integral becomes

j VW,V — W, —u,)dx = J(avwg)(v W, -u)dS,+ Y j @,W,)(v - ) dS,.

Q: S J€Ye gj4 EoB,

The normal derivative on S, (9, W,)[s, is chosen so that we have a cancelation of the
integral in S, of (1.14). The other normal derivative, (3, W,)| 5+ £0B, > with the averaging
limit (1.13), yields the so-called strange term, which we have denoted #.

Let us focus on the simpler case in which g° = 0 and G, = B, (even though this is
not contained in Y, see Remark 1.1). On each ball & + %Bl we can pick

W,.(x;v) = H(v(x))w,(x — &)
(for a suitable w, as explained below) and we get
J(avws)(v - Wg - us) de = Z J (avws(x - 8]))H(V)(V - H(V)Ws(x - 8}) - us) dSX'
S, I gjsa 3G,

The proof is made simpler by assuming that w, = 1 on 0G,. With the conditions we
already set on W, we arrive at the capacity type problem, which plays a very important
role to this purpose,

Aw, =0 x ¢ £B;\a.G,
Wg = 1 aSaGo,
Since we are assuming that G, is a ball this solution is radially symmetric and explicit
(see Section 3.1.5). Hence, W, = 1 on S, and we have
J(ast)(V - W, -u,)dS, =B, JH(V)(V -H®v) -u,)dS,,
Se Se
where B, = 0,W,|4 56, To get the cancelation of integrals in S, we want that

B, IH(V)(V -H®)-u,)dS, =) J o(v) (v, —u,) dS,
S, Se

= B(e) J o(v-HW))(v-H(v)-u,)dS,.

SS
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This cancelation is obtained if H is taken such that for every s € R

. B, e
(lgr(l) 0 )H(s) =o(s - H(s)). (1.15)

We point out that the above limit is related with another constant 5,, which will be
introduced later (see Remark 4.31). In Section 4.7.1.1, we will show that this functional
equation has a single solution H. On the other hand,

-y J @ W) (v-u)dS, = A, Y J HW)(v -u,)dS,,

jeY, jeY,

&j+50B, &j+50B,

where A, = —avwg|§ ag,- Since these integrals are now over non-critical balls, we prove
through the averaging result described above that

4y J HO)(v -uy)dS, — A, JH(v)(v —wdx.

jeXe &j+50B; Q

The constant A, is related with the capacity, as we will explain later (see Remark 4.31).
Joining this information, as € — 0, we will show that (for any good test function v)

JVVV(v—u)dx+AOJH(v)(v—u)dx2 Jf(v—u)dx.
Q Q Q

This is how we have that the new reaction term is given by H(u) = AgH(u), with H
satisfying (1.15). It is, in general, different from o. Moreover, there are some subcases
which arise according to the different values of B(¢) (see Table 1.1 below). We will ob-
tain many properties of H later. As a first property, note that taking a derivative in s in
(1.15) we recover the estimate

o'(s - H(s))
(lim, o g5 + 0"(s ~ H(s))

H'(s) =

This function H is always non-decreasing and Lipschitz continuous, and there exists
a universal bound of H'.

When G, is not a ball, then the choice of W, is more involved. We will get back to
this in Section 3.1.5.3.

1.6 A literature review

First, we want to point out the classical references [31, 239] and some more modern
presentations in [76] and [256]. Most of the classical papers in homogenization refer
to lecture notes by Luc Tartar [254], but they can be difficult to access. Those notes
apparently led to [209].
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Before indicating, in a detailed form, many of the papers in the literature deal-
ing with homogenization processes giving rise to some strange terms, perhaps, it is
a good place to make mention of a general (long but surely far to be complete) list
of books, by chronological order, dealing with homogenization methods (we will not
collect here any of the many books dealing with proceedings of international con-
ferences on homogenization). Very few fields of mathematics have exhibited such an
intensive development in so few years. Among the pioneering books we could men-
tion [39, 201] (which already presents the phenomenon of the appearance of strange
terms), [184, 31, 239, 194, 18, 15, 135, 214, 238, 175, 212, 248] (already considering the
occurrence of strange terms), [213, 165, 222, 82, 76, 4, 207, 63, 201] (enlarged English
version of [202]) and [67, 204, 256, 264, 179, 74, 33]. See also [44].

We point out that the occurrence of a strange term for a critical scale is discussed
in detail at least in the books [201, 248, 67, 74] and [33].

In the rest of this section we will refer to some specific references dealing with the
three types of problems mentioned in Section 1.3 giving unity to this book.

1.6.1 Particles over the whole domain

Big particlesa, ~ €

In the case p = 2 the presence of an effective diffusion has been known since the 1970s
(see [242, 241,19, 17, 31]). It is not difficult to recover via asymptotic expansion. A very
nice presentation can be found in [76]. The addition of boundary conditions on the
holes (which is independent of the effective diffusion, as we will see below) appears
in the linear setting [83] (Dirichlet boundary condition) and [77] (linear o), later for
the obstacle problem in [89] and in the semilinear setting [84]. In [206] the case of two
different big particles with different regular kinetics functions o was considered. The
case a, ~ & p # 2and o = 0 was studied in [128] (see also the references therein).

Subcritical particles a; < a, <« €

In this setting the work has been long but incremental:

— p = 2. First the homogeneous Neumann case was studied [87], followed by the
linear reaction in [218]. The case of ¢ nonlinear was first studied by Goncharenko
in [162] for dimension 3. This paper is quite singular since it is the first known
appearance of a functional equation for the effective reaction H for the critical
scale. Later this work was extended by [270, 268, 173]. The reader may find the
obstacle problem in [89]. We also refer the reader to previous work by Kaizu [178,
177].

— p € (2,n). This range was covered in [226] and [245], and later for Signorini type
problems in [106].

— p €(1,2). This range was developed in [228].
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- p € (1,n). A unified approach for the whole range was presented in [110].
— p = n. This case was studied in [158].
—  p > n. The range without critical scale was developed in [114].

Critical particles a, ~ a}

That is the more interesting case.

- p = 2. Asafirstresult in the literature we find [169], for the case of Dirichlet bound-
ary conditions (see also [168] and [170]). The case of the obstacle problem was
treated in [16]. Hruslov’s work on the Dirichlet boundary conditions was later im-
proved in the famous papers [80, 81] (see the English translation in [79]), which
introduced the notion of “strange term.” At the same time [218] studied o linear,
and [162] studied ¢ nonlinear and N = 3. This is the first case where a functional
equation for the strange term appears. This equation, which only holds true for
balls, reads

H(s) = Ca(s - H(s)), VseR (1.16)

We will discuss later the value of the constant. Further improvement of the dimen-
sion and the nature of the boundary conditions when G, is a ball can be found in
[270, 172, 268]. The obstacle problem was studied in [89].
Again, we point out parallel work of Kaizu [178, 177] in this direction. He gives no
characterization of the term H.
The case of G, not a ball was studied in [116]. The surprising result is that there is
no equation (1.16), but rather H is recovered from a capacity type problem. It was
later generalized in [269] to include dependence on x of ¢ and g° as (1.2).

— The case p € (2,n) was discussed in [245].

— The case p € (1,n) was discussed in [112, 111]. A result for Dirichlet boundary con-
ditions for systems can be found in [11], with a proof based on I'-convergence.

— The case p = n can be found in [229].

Supercritical case a, < a;
As we will see, it is not difficult to show that in this case the reaction term vanishes
(see (1.13)).

The results for this case appear usually alongside one of the previous cases, but
it is not worth showing the original proof. The case p = 2 can be found in [268], and
here we extend the same philosophy for p € (1,n).

1.6.2 Particles over a manifold

The case of particles along a manifold is possibly the least studied case. In this direc-
tion we refer to [54, 156, 151, 161, 159, 160, 195, 196, 273, 157] for further references.
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[273] studies variational inequalities for the biharmonic operator; [54, 159, 160,
195, 196] consider the Laplace operator and linear problems; [54] contains an extra
advection term related with the flow velocity; [156, 151] consider variational inequali-
ties for the Laplace operator for certain (¢) and a,; [196] considers a boundary value
problem for the p-Laplacian for the another particular case. In [157] the authors deal
with the p-Laplace case with the Signorini boundary condition and all a, and f(e).

1.6.3 Particles over the boundary

This kind of problem was first studied in [240, 95, 215]. In the subcritical setting we
have the work of Chechkin [64] that deals with linear o. In [143, 213] the authors deal
with Dirichlet boundary conditions, in the critical and non-critical settings.

The reader will find results in the subcritical setting and p = 2in [65] (Where there
is a complete asymptotic expansion, see also [25]), [141] (for the parabolic case and o
linear), [66] (where o(x,u) = a(x)u) and [223] (Signorini boundary condition), [132]
(general elliptic operator in a finite planar strip perforated by small holes along a
curve).

In the critical setting, some relevant works are [272] (Signorini problem for p = 2
and n = 3), [106, 115] (where p = 2 < nand G, is a ball), [231] (p = 2 < nand G, a
general shape) and [230] (the case p = nfor G, a ball). The case of dynamical boundary
conditions can be found in [107].

The eigenvalue problem in n = 2 for Dirichlet and Neumann boundary conditions
was studied in [144, 40, 43]. In [246] the case of transport terms is considered. Similar
results with the Steklov boundary condition can be found in [145, 68, 70]. The elas-
ticity equation was studied in [197, 55, 198, 198]. For the case where the particles are
replaced by strips on a cylinder we refer to [41, 42].

1.7 Novelties

As already mentioned, besides providing a unified approach to this subject, which as

pointed out above is spread across a vast literature, we will provide in this book some

new results which are not (to the best of our knowledge) available elsewhere. We list
now some of the main novelties of our book:

- We write a, and f(¢) in all the cases, removing the usual structural restrictions.

—  We give an intuition of the appearance of the critical scale, when p < n.

— InChapter 1 we give a very detailed but clear overview of the approaches to the dif-
ferent cases and provide the most complete literature review of the subject avail-
able in any of the papers.

— In Chapter 2 we give a very detailed introduction to the inequality formulations
that were used in the papers by some authors.
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In Chapter 3 we detect the critical value 7, of the estimate in Lemma 3.6 in the dif-
ferent cases p < n, p = n, p = n and each geometrical setting, which allows us to
precisely write the scales a, such that the averaging lemmas from S, to the corre-
sponding set hold. When this lemma fails, we find the critical scale. We provide
new estimates and properties on the strange term and on the auxiliary function
w when G, is not a ball, showing that there is a uniform Lipschitz continuity con-
stant linked to the capacity on G,. We show, for the first time in the literature,
that as the nonlinearity approaches the maximal monotone graph for the Dirich-
let boundary condition, the respective strange term converges. Finally, we explain
the connection between the case of n-dimensional particles and (n — 1)-particles.
In each of three settings, we provide details on the uniform trace theorems and
averaging lemmas which are difficult to find in the papers.

In Chapter 4 we give a very detailed explanation of how the strange term appears
and why it has its particular form. We provide a uniform presentation of the av-
eraging in Theorem 4.5, where the right-hand is given in all situations according
to the relation between p and n. Usually, in the previous literature, only one case
is presented isolated from other possibilities. We also point out that the smilingly
surprising coefficients in the equation have a very natural explanation related to
the p-capacity. We also prove a new convergence result when the data are in L.
In Chapter 5 we provide a detailed explanation of the relation between the weak
and strong formulations of the term of “jump across a manifold.”

In Chapter 6 we point out the behavior in the case a, ~ a; and B(e) > B (¢) we
recover in the limit of the behavior of the Dirichlet case, as in the rest of the cases
for 0. We also point out that a Dirichlet boundary condition, in the critical case,
passes to be (after the homogenization limit) a Robin type boundary condition.
In Appendix A we show how the elliptic results translate directly to the parabolic
case. This represents, as it is common in parabolic problems, a decoupling be-
tween the time and spatial variables.

In Appendix B we provide many new details on the problem with dynamic bound-
ary condition. We provide new estimates on the strange term for critical-size ho-
mogenization.

In Appendix C, on random particles, we provide a new application of the main
result for the Signorini type boundary condition at the critical scale, showing that
for negative functions f the homogenized solution becomes negative in some suit-
able regions of the domain.
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2 Preliminary results and comments

The internal core philosophy of this text is that a unified approach can be given to the
treatment of different types of conditions on the boundaries of the particles applying
maximal monotone graphs (which are described below). However, the treatment of
such operators is difficult in the framework of the homogenization procedure. Thus,
we will only provide a complete proof of the homogenization in the most general set-
ting with respect to o for the simplest case with respect to the shape of the particles.
For the rest of the cases we will show that the homogenization result is true when o
is smooth (or even Holder continuous) and that the rigorous passage to the limit and
the strange term are well defined and nice for the general shape case.

In order to give the most general setting, let us recall some classical results from
the literature. As general references for elliptic partial differential equations (PDEs),
we refer the reader to the textbooks [45, 138, 148].

2.1 Maximal monotone graphs. A common roof

In some contexts (when, for instance, p = 2), it is desirable to formulate the nonlinear
Robin type condition

ou, B
5 +Be)o(w,) =0 onS§,, (2.1a)

where v is the unitary outward vector to S,, in a general framework which also in-
cludes, as particular cases, other types of boundary conditions as, for instance, the
Dirichlet boundary condition

u, =0 onS, (2.1b)

or even the case of Signorini type boundary condition (also known as boundary ob-
stacle problem) with a given non-decreasing function o,

u. >0 onS,,
avpus +B(e)oy(u) =0 onS,, (2.1¢0)

us(avpug +B(£)O'0(ug)) =0 on Sg.

There is a unified presentation of such a goal leading to the respective weak formula-
tions (even for the general case p > 1). The idea is to use the framework of maximal
monotone operators (see, for instance, [47, 48, 192, 56] and the more recent exposition
made in [22]).

Remark 2.1. Later we will be able to add a term g° to the right-hand side of these con-
ditions (see, e. g., Theorem 2.13).

https://doi.org/10.1515/9783110648997-002
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Definition 2.2. Let X be a Banach spaceand 4 : X — P(X') (as usual, P(X’) denotes
the set of all the subsets of X'). We say that A is a monotone operator if, for all x, X € X,

(X=%&=Eguxr 20 VE € AX), € € AR).

We define the domain of A as dom(4) = {x € X : A(x) # 0}. Here 0 is the empty set. We
say that A is a maximal monotone operator if there is no other monotone operator A
such that dom(A) ¢ dom(A) and A(x) c A(x) forall x € X.

Examples 2.3. Some examples of monotone operators A = g, when X = R, are:

1. Any continuous non-decreasing functions o : R — R.

2. Leto : R — R be discontinuous and let (x,), be its set of discontinuity points.
Then, the function

_ {o(x) xeR\{x,:neNj},
ox) =
[o(x,), o(x;;)] X =X, forsomen e N

is a maximal monotone operator. In this framework, maximal monotone operators
in R can be seen as maximal monotone graphs of R2, and vice versa.

3. The Dirichlet boundary condition (2.1b) can be written in terms of maximal mono-
tone operators as (2.1a) with

0 x<O,
opx)=4R x=0, (2.2)
0 x>0.

We call this graph the maximal monotone graph associated with the homoge-
neous Dirichlet boundary condition.
4, The Signorini boundary condition (2.1c) can be written formally as (2.1a) with

[4] x <0,
0(x) = §(-00,0] x=0, (2.3)

0o (x) x> 0.

Note also that if 0 : R — R is a continuous non-decreasing function and sublin-
ear [o(u)| < C(1 + |ul), then its associated Nemytskii operator, which maps u ¢ L2(Q)
to o(u) € L*(Q), is a maximal monotone operator in X = L%(Q). To be absolutely cor-
rect, when o is multivalued we should write the above nonlinear Robin type boundary
condition as

ou,
5y € B(e)o(u,) onsS,.

Nevertheless, for the sake of simplicity (and as an abuse of the notation) we will avoid
such unusual expression. Of course, when o fails to be continuous, the use of maximal
monotone operators escapes the usual framework of classical solutions of PDEs.
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Another advantage of maximal monotone operators is the simplicity to define
their inverses. For 0 : R — P(R), we define its inverse in the sense of maximal mono-
tone operators as the map 6! : R — P(R) given by

o is) = {xeR:sea)}

It is a trivial exercise to show that ¢! is also a maximal monotone operator.

Subdifferentials

Using maximal monotone graphs introduces some degree of delicateness in the treat-
ment of the equations. The good thing is that the variational theory can still be ap-
plied. The main idea of the variational formulation is that the energy functional is
typically convex, and thus it admits a minimizer. This philosophy is preserved also
when the boundary condition involves a maximal monotone graph. This is already
a well-known theory which was developed in many articles and books (see, e.g.,
[47, 48, 133, 134, 22]).

Let us see the connection. The main idea is that a smooth function is non-
decreasing if and only if its primitive is convex. Hence, an easy way to construct a
maximal monotone graph is by using a convex function. Instead of the usual deriva-
tive we need to generalize it by introducing a possibly multivalued concept of gener-
alized derivative.

Definition 2.4. Let ¥ : X — (-o00,+00] be convex and lower semicontinuous. Let
Dom(¥) = {u € X : ¥(u) < +oo}. We define its subdifferential, 0¥, at x € X as

OV(x)={¢ eX : (&,y—x) <¥(y) - ¥(x),Vy € X}.

It is well known (see, e. g., [134, 22]) thatif ¥ : R — (—00, +00] is convex, then 0¥
is a maximal monotone graph, and vice versa, if 0 : R — P(IR) is a maximal monotone
operator, then there exists a convex function ¥ : R — (-00, +0o] such that ¢ = 0¥.
Since ¥ is convex it is lower continuous and bounded below, hence up to translation
we can always assume that ¥ > 0. We will keep this assumption for the remainder of
the book (except in some few cases dealing with non-monotone functions o).

Example 2.5.

For a reaction of order r, o(v) = [v,]", we have ¥(v) =
For a reaction of zero order ¥(v) = [v,].

For the graph of Dirichlet boundary conditions ¥(0) = 0 and ¥(v) = +co if v # 0.
For the Signorini boundary conditions W(v) = +co if v < 0 and ¥(v) = Ig 0y(s)ds
ifv > 0.

[V+]H1

r+1 °

N

Remark 2.6. The term g, can be introduced as an x-dependence in o by considering
o(x,u) = a(u) - g(x). In this setting o(x, -) is an m. m. g. for every x fixed, and we can
construct ¥(x, u) = ®(u) - g(x)u convex for each x fixed (see, e. g., [134, 22]).
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Remark 2.7. Since we always assume that o(0) > 0, its primitive ¥ will always be such
that ¥(0) = 0and ¥ > 0.

2.2 Variational formulation of the problems

Thus, if 0 = 0¥, all the different boundary conditions listed above allow a common
variational formulation given by the minimization of the energy functional

_1 P _ _ £
Je(ug) = P J [Vul” dx + B(e) j Y(u,)dS jfug dx - B(e) Jg u, ds. 2.4)

Qe Se Qe Se

More details on the regularity on the external data will be given later (see Theorem 2.13
below). Actually, to be more correct, we have to work with

Je(u.) ifu, € Wl’p(Qg,aQ) and u.(x) € dom(¥) fora.e.x € S,
+00 otherwise.

To(up) = {

This energy functional is convex. When the particles are contained on 0Q see Re-
mark 2.8.

Remark 2.8. In the case of particles in the interior of Q (either on the whole space or
on a manifold), we minimize over the energy space X = wbp (Qg, 0Q). However in the
case of particles on the boundary we work on the energy space X = W (Q, (0Q)")
and T(ug) is suitably modified. Note that there is a trace operator T : X — LP(S,) in the
cases of particles on the whole domain and on an interior manifold (see, e. g., [45]). By
a usual abuse of the notation, we are identifying T (u) with u. For the case of particles
on the boundary the good trace operator is operating from X into L* (G,).

The equivalence between the weak and the variational formulation will be re-
called later.

Lemma 2.9 ([134]). Let X be a reflexive Banach space, let ] : X — (-0, +0o] be a con-
vex functional and let A = 9] : X — P(X') be its subdifferential. Then the following
conditions are equivalent:

(a) uis a minimizer of J;

(b) u € dom(A) and 0 € Au.

If either holds, then:
(c) Foreveryv e dom(A) and ¢ € Av

(¢,v-u)>0. (2.5)

Furthermore, assume that ] is Gdateaux-differentiable on X and A is continuous on X.
Then condition (c) is also equivalent to condition (a).
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Remark 2.10. Naturally, if there is uniqueness of u satisfying (c), then conditions (a)—
(c) are also equivalent.

Remark 2.11. When p = 2, one should not confuse condition (c) with the — very similar
— formulation in Stampacchia’s theorem (see, e. g., [45, Theorem 5.6]). For a bilinear
form a and a linear function G the Stampacchia formulation is

a(u,v-u) > Gv-u),

for all v in the correspondent space, whereas in formulation (c) we have a(v,v — u). In
the nonlinear setting we point also to the work by Brézis and Sibony [51].

2.2.1 Formulation as variational inequalities

From Lemma 2.9 we find some equivalent expressions of the weak solution of our prob-
lems (see expression (a) below) which are called variational inequalities. Some other
equivalent expressions, which will be very useful later, are given in the next proposi-
tion. These formulations are particularly useful in the treatment of quasilinear equa-
tions and also when ¢ is a multivalued maximal monotone graph.

Proposition 2.12. Let p > 1, 0 = 0¥, and let u, be a minimizer of ], over the energy
space:
- X=ww (Qg, 0Q) for the case of particles in the interior of Q;

- X =WYY(Q,(0Q)") for the case of particles on the boundary.

Then, u, satisfies the following three characterizations:
(@) Forallv e W"(Q,,0Q) (respectively v € W*P(Q, (0Q)"))

j Vg P2V, - V(v - u,) dx + B(e) J(‘I’(v) _W(u,))dS
Q. S,
> Jf(v— u,) dx + B(e) Jgg(v—us) ds. (2.6)

Qe Se

(b) Forv e W®(Q,,0Q) (respectively v e W>®(Q, (0Q)")) and any & € L'(S,) such
that &(x) € o(v(x)) fora.e.x € S,

J WV P29y - V(v — ) dx + B(e) J £(v—u,)dS
Q, Se

> jf(v—ug)dx+ﬁ(s) Jgg(v—ug)dS. .7)

Qe Se
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(c) Forallv e W"(Q,,0Q) (respectively v € WP (Q, (0Q)"))

j IVVP2Vy - V(v — u,) dx + B(e) J(‘I’(v) -¥(u,))ds
QS SS

> Jf(v —u,)dx + B(e) Jgg(v -u,)dS. (2.8)
Q, S,

Proof. Let us prove first (2.8). Consider the map x € R" — |x|P € R. It is a convex map
with derivative D|x|P = p|x|P~%x. Hence, for a, b € R" we have

lat” - b’ = plbl"?b - (a - b).
Hence
Ibi” ~la” < plbl"?b- (b - @),
Considering b = Vv and a = Vu, we have
VPP - |Vu, [P < p|WvP2Vy - V(v —u,).
Taking into account this fact and that u, is a minimizer of J, we have

0 <Je(v) = Je(u)
- 119 j(IVvlp — [VuelP) dx + B(e) J(‘I’(v) -Y(u,))ds

Q, S,
- [ fo-uyax-pee) [ g v - o) as
0, S,
< J [VvP2Vy - V(v - u,) dx + B(e) J(‘I’(v) -¥(u,))ds
Q, S,

- Jf(v— u,) dx — B(e) Jgs(v—us) ds.

Qe Se

Thus, we have obtained (2.8).
Let us assume that u, is a minimizer of J,. Considering characterization Lem-
ma 2.9(c) we have

[ 19290 V- u x o) [ £ v-uds > [ Fo-u) dspie) 8 v-u s,
SS

QS SE QS
for some ¢ such that £(x) € a(v(x)) a. e. in S,. Since V¥ is convex and o = 0¥ we have

\P(V) - ‘{"(us) 2 {(V - us)-
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Hence, (2.7) is proved. In order to prove (2.6), we can repeat the same argument from
the usual weak formulation. Equation (2.7) can be obtained by considering the Brézis—
Sibony characterization of the weak formulation of (1.1) (see Lemma 1.1 of [51] or The-
orem 2.2 of Chapter 2 in [192]). O

2.2.2 Existence and uniqueness of solutions

The aim of this section is to prove the following.

Theorem 2.13. Lete > 0,p > 1,f ¢ jid Q) and gt € jid (S;). Then, there exists a unique
u € W(Q,,0Q) (respectively in W™ (Q, (0Q)")) satisfying (2.8).

To prove the existence of solutions we can use convex analysis to show the exis-
tence of minimizers of J, (see, e. g., [133, 134, 22]), or by applying an abstract result in
a very general framework. To state in its broadest generality we introduce (as in [46])
the following definition.

Definition 2.14. Let V be a reflexive Banach space. We say thatA : V — V' isa pseudo-
monotone operator if it is bounded and it has the following property: if ; — u in V
and

lim sup(A(y;), u; - u) <0,

jo+oo
then, forall v € X,

lim inf(A(w;), u; — v) > (A(w),u-v).
j—+oo

We can now recall the following well-known result.

Theorem ([46], also Theorem 8.5in [192]). Let A : V — V' be a pseudo-monotone op-
erator and let ¢ be a proper convex function lower semicontinuous such that

(Au,u—vy)+eu)

{there exist v, such that ¢(v,) < co and
flul

— 00, as |ul| = oo.
Then, for f € V', there exists a solution of the problem
(Aw -fv-u)+ev)—@pu) 20, VYvel.

In this setting A is simply given by the p-Laplacian, and the hypotheses are easily
checked. The uniqueness of solutions is a consequence of the strict monotonicity of
the operator A + 0¥ (see, e. g., [192, 58]). For the case of smooth nonlinear terms we
refer the reader to the monographs [186, 185]. We point out that some other comments
and references on the existence and uniqueness of solutions will be presented later
when dealing with non-monotone functions a(s) (Section 2.6.2), when considering L
data (Section 4.9.1) and when dealing with the spectral problem (Section 4.9.6).
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2.3 The critical scaling of the reaction constant 8

The scaling constant B(¢) is relevant to determine the reaction term in the effective
problem. Although the different problems under consideration are rather different,
they all include in their energy a term coming from the reaction of the form

pe) | o) ds,
Se

for different choices of the function ®. The more favorable case in the study of this
term arises when the integrand is constant, and then

majMZMm&L

Se

In order for this kind of term to scale properly, we introduce the definition of the critical

scaling
B*(e) = 1S.I7".
We have
ﬁ*(s)J ds = ij ds,
|Se|
S, S,

so this is the usual average operator. For functions g € C(Q), it is clear that

1|
— | gdS
|Sglsg

< lglloo-

Hence, up a to a subsequence, there is a limit of 8* (¢) _[S g dS. Thus

S BO 1 ds i By L
ﬁ(s)JgdS—B*(S)lsslsjgdS gg%ﬁ*(g)ygg) |S£|Sjgds.

This is why the scaling constant

0 _ 1 B
P=I0 e

is relevant. If 8° = 0, the only possibility in the limit (as € — 0) is to lose the reaction
term in the homogenized equation.

We will see that if 8*(¢) < B(¢) (i.e., BO = +00) and ¢’ > 0, then the reaction term
is dominant, and in the limit we have no diffusion. This last case spoils the narrative,
and we will only discuss it in Section 4.8. The relevant case we will be interested in is

B ~p* (e, B° € (0,+00)).

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



2.4 Uniform approximation results =—— 37

Remark 2.15. Note that with this choice, we have
B (&) = IS:I™" = Y| |acdGo| .

The last measure will scale like the dimension of [0G|.

This choice of 8* () has a significant advantage. Since we are now averaging, the
embeddings of L'(S,) in L*(S,) are uniform in &.

Lemma 2.16. Let1 < r < s. Then,
1 1
<B*(£) J lul" dS) < <ﬁ*(s) J lul® dS) .
S S,
Proof. The proof is a simple application of Hélder’s theorem for g = f We have

j luf" dS < <J uf® dS)g(J 15 ds) - |s£|ss;'<j |u|5dS>; - ﬁ*(s)‘?(j |u|sd3);.
S, S, S, S, S,

e e € e 3

s-r
s

O

2.4 Uniform approximation results

The case of o € C(R), non-decreasing and ¢(0) = 0 and the case f()8*(€) ! — 0 can
be treated thanks to some uniform approximation arguments. Assume for the moment
(we will prove it later) that there exists C > 0 independent of € such that

B*(e) J uf dx < C J VulP dx,  Vu € WP(Q,,30). 29)
5. o,

Let u, and i, be, respectively, the solution of our problem with kinetic functions o
and 0. Using them as test functions in the weak formulation of our problem we get

J’(Ivus|pizvu8 - Iva£|pizva£) ! V(us - aa) dx +ﬁ(£) J'(O-(ug) - 6(115))(118 - ﬂe) ds=o.
Q, Se
Adding, subtracting and using the monotonicity of o we recover

J(|Vu€|”‘2wg - |V, [P?vit,) - V(u, - ) dx
QE

- _B(e) J(o(ug) — (@)U — ) dS

SS
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= —B(e) J(o(ug) - o)) (u, —it,) dS

e)j o(i) - 6(7,)) (1, - ) dS

e

< Be) J(a(ug) - o(i,))(u, — it,) dS.
Se

Thus

j(wuﬁzwg Vi Pa,) - Vg, - &) dx < BE)lo - ol j lu, - i, dS.
Q, Se

Using Lemma 2.16 we have

1

J(|Vu£|P‘2Vu£-|vag|p‘zva€)-V(u£-a€) dx < B(e)B*(e)! ||o—6||oo<ﬁ*(£) j u,—it, [P dS)p.
Q Se

Casep > 2
When p > 2 due to (|bP%b - |al’2a) - (b - a) > 2*P|b - alP (see [102, Lemma 4.10] or
[190, Formula (I) in Chapter 10]) and (2.9) we recover

lu, —u ||W1p = CREB () 0 - o (210)
Casel<p<2
In this setting we only have (see the abovementioned references) the weaker inequal-
ity

-2
(1IbP°b - al’%a) - (b-a) = (p - 1)|b - al*(1 + |a]* + |b|2)p7

We recover

L
2

(p-1 J |Vu, - Vii| (1 + IVuSI + | Vi )
0

€

< CBE)B* ()10 ~ oo IVt (a) + 1V Ip(c ) (211)

2.5 Therange B(g) + B*(¢)

We present an intuitive argument of what happens in this case. The rigorous details
must be analyzed for each case (see, e. g., Section 4.8). The philosophy is that when
B(e) < B*(¢), the reaction vanishes in the limit. This is shown by taking ¢ = 0. Since
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ﬁ(s)ﬁ*(e)*1 — 0, we show that u, and i1, share a limit. This is in contrast to the above-
mentioned case; when () » B”(¢) and a, » a, we will show that the reaction
term is dominant and we simply end with o(u) = 0. The critical case, as usual, is spe-
cial.

2.6 Comments

The aim of the general theory is usually to cover all types of boundary conditions, and
hence we aim to use maximal monotone operators. However, when we do not work
in the most general setting in order to simplify the presentation, or due to technical
difficulties, we usually assume that o is Lipschitz continuous. We provide below some
tricks that allow a direct extension of results from smooth ¢ to broader classes of func-
tions.

2.6.1 Uniformly continuous o

Consider a sequence of well-behaved functions s that converges to . The main idea
is to show that the solutions associated to o, say u, 5, approximate uniformly the one
with o, i.e.,

lug — ug 5llx < Cllo - sl (2.12)

in some functional space X. As¢ — 0, P.u, s — ugin WP (Q), where ug is the solution
of the corresponding limit problem with o5 as nonlinear kinetics. Furthermore, P,u, —
uin W'P(Q), and the uniform continuous dependence holds in the limit

lu-uslx < Cllo - o5l o (2.13)

It is easy to show that as § — 0, we have ug — i in wbp (Q), the solution of the corre-
sponding limit equation. Taking limits as § — 0 in (2.13), we deduce that u = 4.

In order to make a selection of the right-hand side of (2.12) we first provide alemma
which is quite similar to the Yosida approximation of a given maximal monotone op-
erator (see [48]).

Lemma 2.17. Let o be non-decreasing, uniformly continuous such that o(0) = 0. Then,
there exists ag Lipschitz (furthermore, piecewise linear), non-decreasing and such that
05(0) = 0 and

sup |o(x) — g5(x)| < 6.

xeR
Proof. Since ¢ is uniformly continuous, for § > O fixed, let y be small enough so that
if [x —y| <y, then |o(x) — a(y)| < . Let o5 be the piecewise linear interpolation of the
values of ¢ in ky/2 for k € Z. The conclusion holds. O
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Recovering (2.12) usually passes by sharp embeddings of the spaces LP(S,) in
Li(S,), and applying the equation. For an example in terms of the interior problem we
refer the reader to [110, Lemma 9].

2.6.2 Non-monotone o

There are some relevant cases in the applications in which ¢ is non-monotone. This
is the case, for instance, of the Langmuir—Hinshelwood kinetics and other examples
mentioned in the Introduction. Let us show that there exists a small value k; > 0
such that if ¢’ > —k;, the theory still works. The existence of solutions when o is non-
monotone was already shown in [52] (and the papers cited in Section 1.1). Here we will
make only some considerations concerning the convergence of suitable approxima-
tions and consider only the case p = 2. First, for a, > a;, as we will show later, there
exists a finite trace constant (see Lemma 4.2 for the case of particles over the whole
domain)

B(e) [ IvI*ds
Co=sup sup ———

oe<lyero,00) Jq IVVIZdx
v#0 €

If B(e) ~ B*(¢), then we take

Therefore, if a, > a;, B(e) ~ B*(¢) and ¢’ > -k, the following statements hold:

- jgg Vv + B(e) Jsg oy =C st |Vv|? for some C > O.

— The operator with the boundary condition is monotone. In particular, for each
fe L2(Q) there is a unique u, € HI(QE, 0Q) that satisfies

J Vu Ve dx + B(e) J o(u)pdS = Jf(p dx, (2.14)
Q Se Q

for all ¢ € H'(Q,,0Q). Furthermore, by using the mean value theorem for o, it

holds that
J VW — ) dx + B(e) J o)V — 1) dS - j Fv—uy)dx
Q 5, Q,
= .[ V(v - ug)l2 dx + B(e) j(o(v) -o(u))(v-u.)ds
Q, Se
_ J IV = u) 2 dx + B(e) j o' (. 0OV - g2 dS
Q. S,
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V(v — ) dx kllf*(—fg))ﬂ*(s) J v —u 2 ds
5.

=

MD_l

Y
e

where 17,(x) is a function coming from the mean value theorem. Thus, the convergence
result to the solution of the corresponding homogenized problem in this setting can
be recovered uniformly from the theory for the case ¢’ > 0.

printed on 2/10/2023 3:37 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

3 Estimates over one periodicity cell

As pointed out in Section 1.5.2, we need to characterize the limits as € — 0 of the type
Js g. Since S, is made up of disconnected elements, we can work with the integral in
each one of them. Up to translation, S, is given as the repetition of a,0G,. The parti-
cles we study can be n-dimensional (Sections 1.2.1.1 and 1.2.1.2) or (n - 1)-dimensional
(Section 1.2.2), and these situations need to be treated separately. This chapter is of a
very technical nature but, as we will see later, it supplies very fine and useful results
which will be crucial for the delicate proofs presented in Chapter 4 to 6.

3.1 Case of n-dimensional particles

Let us consider the cell €Y \ a,G, as seen in Figure 1.1. The aim of this section is to

show:

1. There exists an extension operator P, that is able to “fill in” the particles (or holes)
with suitable information, in a way that does not increase significantly the W*?
norm.

2. There exist some uniform Poincaré inequalities for the spaces WP (Qg,0Q).

3. There are suitable estimates on the trace operator over a.0G, of the type

j [ul’ dS < Cy(e) J [ul dx + Cy(€) J [VulP dx. (3.a)
a.0G, eY\a.G, eY\a.G,

4, In order to obtain the limit of the reaction term, when a; « a, < &, we want to be
able to write

| gas-p [ gaxep (3.2)
a.0G, eY\a.G,

for suitable values of y, (which should converge to a constant) and of p, (which
should converge to 0). Later we will need a proper scaling, B(¢) ~ B*(¢), as men-
tioned in Section 2.3.

5. Thesituation for the critical case a, ~ a; is more difficult and we need to introduce
some special auxiliary functions which later will allow the interplay between dif-
fusion and reaction terms in the weak formulation. We provide some estimates on
them in this chapter.

Remark 3.1. Note that in inequality (3.1) we have written €Y \ a,G, instead of €Y \
a,G,, for simplicity. We will do this in integrals and Lebesgue measures, since the
n-dimensional measure of 0G,, is 0.

https://doi.org/10.1515/9783110648997-003
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3.1.1 Extension operators

For this section we follow the approach in [217]. Let A ¢ B. We say that P is an extension
operator if P : F(A) = {f : A » R} — F(B) and has the property that P(f)|, = f. Let
p > 1. We will say that a family of linear extension operators

P.: W(Q,) —» W' (Q) (33)
is uniformly bounded if there exists a constant C > 0, independent of €, such that
IPeullyrog) < Clullyin,) Yu € WP(Qp). (3.4)
Note that, since there are no particles tangent to the boundary, we also have
P, : W*(Q,,0Q) — W,P(Q).

We will prove that this mapping has also a uniform constant in the gradient norm,
i.e.,

||V(Pgu)"LP(Q) < C"Vu"LI’(Qsp Yu € Wl’p(Qa 0Q), (3.5

where C > 0 also does not depend on g, and this will yield a uniform Poincaré inequal-
ity (see Theorem 3.4 below). A family of operators with this property, for 1 < p < +oco,
was constructed in [228]. The aim of this section is to prove the following lemma.

Lemma3.2. Let G, € c®! such that 50 c Y. Then in either of the settings of Section 1.2.1
there exists a uniformly bounded family of linear extension operators (3.3) such that (3.4)
and (3.5) hold.

The idea is to apply the following theorem.

Theorem (Theorem 7.25 in [148]). Let Q be a C™*' domainin R™, k > 1. Then (i) C*°(Q)
is dense in Wk’p(Q), 1 < p < +00, and (ii) for any open set Q' >> Q there exists a linear
extension operator E : wkp Q) —» W(’)""J (Q) such that Eu = uin Q and

||Eu||wk,p(gl) < C"“”wkp(g),

where C = C(k,Q,Q").

Remark 3.3. Going back to the construction in [148], we can check that the extension
of the constant function 1is the function 1, i.e., E(1) = 1.

Proof of Lemma 3.2. We consider a large ball B such that Y € B and the linear exten-
sion operator

E:WY(Y\Gy) —» W"(B)

printed on 2/10/2023 3:37 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



EBSCChost -

3.1 Case of n-dimensional particles =— 45

such that

IEull wr gy < Collu”WLp(y\(TO)-

Let us scale it down by a, as
b%s
E.u(x) = E[u(a,")] ( = )
aE

In other words, we construct
E,: W"(a,Y \ a,Gg) — W (Y \ Gy) > W"(B) — W*?(a,B).

Note that rather than €Y \ a,G, we are considering the a,-rescale of Y. By a simple
change in variable we observe that

"Esu”WLI’(aSB) < Cl””"whpmgng?())-
Thus we can define

E [u(--¢g)]jix+¢€) xeg+a,Y forsomejeY,,
Pgu(x):{gu M10x + &) j+a jeYe

u(x) otherwise.
We have

~111P
VPl ) = "”"iv"”m\ume . ZY |E:[u(: - e)]lwira, )
je

€

< "ungvl,p(os) + Cl ZY “u( - gj)";fl’p(tIsY\aEEO)
JeYe

p

i iC ull? .
I ”Wl,p(Qe) lj;, I ||W1m(gj+a€Y\a£Go)
£

4
< (]- + C1)||u||W1,p(Q€)'

Since the extension operator is such that E(1) = 1, one can recover (3.5). For a
given function u, let C, = IY\(T u(y)dy. Then, E(u-C,) = E(u)-C,. Using the Poincaré-
0

Wirtinger inequality for WP (Y \ G,) (see, e. g., [138]) we have

”VE(u)”LP(Y) = |VEu - CO)"LP(Y) < |E@- CO)”WLP(Y) < Cllu - CO"WLP(Y\CTO)
< C(flu - CO"L"(Y\GT)) + ||V(u - CO)”LP(Y\GT)))

< CIVUlly 6oy

As above, through scaling one recovers the result. This completes the proof. O
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3.1.2 Uniform Poincaré inequality on Q,

Given a bounded domain Q, the existence of a positive Poincaré constant Cpo such
that

1,
IVlir @) < CoalVVlpq), Vv e WOP(Q)

is well known. However, it is not trivial to show that all domains Q, have a common
constant for € > 0 small. The following result is very often used in the literature but it
is seldom stated.

Theorem 3.4. Let p > 1. Under the assumptions of Section 1.2.1, we have
lullpq, < CIVullpq, Yue W"(Q,,0Q) ande > 0,

where C does not depend on ¢.

Proof. We apply only Lemma 3.2 and the Poincaré inequality in Q. First, we use the
fact that P,u = uin Q,. Thus

lullzrq,) = IPeullrq,) < IPeullrq) < CpollVPeullpr q)-

We complete the proof by using (3.5), where the constant is also uniform in €. O

Remark 3.5. We can use a similar argument to prove that we have a uniform Poincaré—
Wirtinger inequality in a cell, i. e.,

”V - V”LP(SY\aEEO) < C‘g”vvul‘p(gy\aecio))

where v = v(x) dx and C does not depend on €.

1
leY\a.Go| JeY\a G,

3.1.3 Sharp trace estimates on a,0G, in €Y \ a,G,

As result of well-known trace inequalities (see, e. g., [138]), we know that

JlulpdS$Cg< J ul? dx + J |Vu|pdx>,

a.0G, eY\a,G, eY\a,G,

for some positive constant C,. In the following pages we present a sharp trace estimate
with constants depending explicitly on €. This analysis unifies some different cases
with respect to p and n, and is quite similar to that of [87, Lemma 2.1], but includes
also the cases p # 2.
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Lemma 3.6. Let G, be smooth,u € W™ (eY\a,G,), p > 1, and assume that a, < €. Then

JlulpdSsCag_1<£_" j ulP dx + 7, J IVulpdx>,

a.0G, eY\a.G, eY\a.G,
where
—-n
al p<n,
T, ~ 1 (n ag)p‘1 p=n, (3.6)
€
b p>n,

and C is a constant independent of € and u.

Proof. For simplicity, we take an extension of u outside of €Y such that

u? dx < C j ul? dx, J \Vul? dx < C j \Vul? dx.

R™\a,G, eY\a,G, R™M\a,G, eY\a,G,

As for the extension, this can be done with a constant that is uniform in €, as follows.
Since Y and G, are good enough, there exists an extension operator from T : WPy \
Go) — WP(R"\ G,). We define this extension by

1o {T[u|gy\a€Go(£')](X/8) x € R"\ €G,
u(x) x € Gy \ a,Gy.

First, let us take R > O such that EO C Bg. We check that

VP = [ vPas,+ | vPay
3By Br\Go

is an equivalent norm of W"P(By \ G,) (this is a version of Friedrich’s inequality). Let
us prove that Clllvllwl,,,(BR\G—O) < lIvlll < CZIIVIIWI,p(BR\G—O) with C;, C, > 0 and finite. The
existence of C, follows from the continuity of the trace. Let C; = inf|[[v|||/[[V]l 1, (B\GD)
and take a minimizing sequence v, such that [[v, [l ., (B\G) = 1. Up to a subsequence
v, converges to some v weakly in W (B \ G,), I¥ (9G,) and strongly in L¥ (Bg \ G,). If
C; = 0, then the gradients converge to zero and v is constant 1/|By \ Gy| but, due the
weak lower semicontinuity, also -[BGO [v|P dS < 0. Hence C; > 0.
Hence, the continuity of the trace is stated as

[ v as, < C<J wPas,+ [ v dy). (37)

3G, By Bx\Go
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Taking a function u € whp (a.Bg \ a.Gy) and v(y) = u(a.y) we scale these integrals to
deduce

j [ul dS, < c( j lulP dS, + a2 j \Vuf dx).
a.0G, a.0Bg a.Bp\a.G,

Thus, it suffices to prove the estimate for a,Bg. Through the extension to R"\ a,G,
we can use £Bj instead of €Y. We will work in spherical coordinates with a radius p
and letting @ € R™! denote a parametrization of the dB,. We will denote by © the set
of these parameters. The Jacobian can be written as p"‘lj (6). Let us write u in polar
coordinates as y(p, 0) = u(x). Then, as in [87],

J juf’ ds = a"'R™! J lx(a.R. 6 () d6. (3.8)
a.0Bg 0B,

We write, for any p > a,Rand 8 € 0,

—
LR

X(agR’ 0) = X(P, 9) - (t, 0) de.

=

a.

For p > 1, due to the convexity of the p-power

14 p
(@R 0)] <2’ x(p,O)f + 27 J %(t, 0)dt| .
a.R
On the other hand,
P 3 p P 5
‘ j Xe.orae| < J e o)’s e dt‘
a.R a.R

(Jesta (e
R R

ae

" 1dt).

We get

€R D
(@R O <2’ y(p,0)| + 2”‘11€< J ‘%(t, 0)

aR

! dt), (3.9)

where we define
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A simple integration shows that 7, satisfies (3.6). Multiplying (3.9) by p""'J and inte-
grating over Bgp \ B, p yields

R
J J (a.R. ) 0" J(6) dp d6
0B, a.R
R P p
< 1 J j X(0. )P "7 dp g + 27! J j r£< Ha—f(t,e) £l dt>p"—11dpde
3B, a,R 3B, a.R
&R R
<1 j I[X(p,e)r” n- 1]dpd9+2p_1181’28 < ”ax(t o) " 1d )]dpde,
9B, a.R B, a.R
where
R
Ty = J p"dp < Ce".
a.R
Note that |0y /dt| < |Vu|. On the other hand,
&R
J j IX(a.R,6)]p""1(6) dp d6 = ( J X(a.R,0)1(0) d6>rz,€.
3B, @R 3B,

Going back to (3.8) we have

J juf? ds < ag‘lzl’*(r;js J P dx + 7, j Vul? dx).
a.0Bp eBp\a.By eBp\a.By

nl

Sinceitis easy to check thata’ ', < a ' in each of the cases we recover the result. [

Remark 3.7. It is not surprising that W™(Q) for Q ¢ R" behaves differently. For ex-
ample, the family of radial solutions of A,u = 0 in R" includes In |x|, whereas for any
other values of p radial solutions are of power type.

Remark 3.8. The denominator 2 in the case p = n is included so that we can safely
pick a, =¢.

Remark 3.9. In the literature, it is generally assumed that G, is star-shaped. With the
addition inequality (3.7) it is sufficient that it holds for balls. This simplifies the as-
sumptions on G, and the computations.

3.1.4 Auxiliary oscillating functions in the subcritical range a; « a, < €

Our control on the integral on S, is based first on the scaled trace lemma and on pass-
ing to volumetric integrals as € — 0. Our hope is to show something of the form (3.2).
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This will play a crucial role in the proof of the “from surface to volume averaging con-
vergence theorems” (see Theorem 4.5 and Theorem 4.11 below). This conversion can
be made by studying a specific function m, ¢ wtp (Y,) such that, for any test function
@ € W (Y,), where Y, = €Y \ a,G,,

J ©dS = p, j @dx + J |Vm, [P~>Vm, Ve dx. (3.10)
d(a.Goy) &Y\a,G, eY\a,G,
This is actually the weak formulation of a PDE with suitable boundary conditions that

defines a unique m,. Let us define the function m,(x) as the unique Y,-periodic func-
tion built through the solution of the boundary value problem (see, €. g., [82])

Ayme =, xeceY) a,Gy,
g, m, =1 x€a.G, J mg(x)dx =0,
0, m. =0 x¢€eoy, e¥\a.Go
where . is a positive constant defined so as to satisfy the compatibility condition

£™"a 0G|

- & % %ol 311
He = T (@.e )Gy G1)

which is obtained by taking ¢ = 1 as test function. Note that necessarily m,(x) must
change sign in Y,. The reason for the periodicity condition is that we will later con-
struct an Y,-periodic function over Q, by translating these functions, i. e.,

M.(x) =my(x —¢€j), xec¢ej+eYforsomejeY,. (3.12)

Note that the different repetition in the case of particles over the whole domain and
only the boundary yield different M., whereas m, is the same.
When we want to study the limit of oscillating functions, for example

X — g

[ peods,,  where "o - g

e

> ifx € & + 3(a,Gy),

&

for a given g € L'(3G,), we can define

Apmg e = Ug , x € €Y \ a,.G,
avpmg)g =g(/a;) x € a.0Gy, J Mg (X)dx = 0,
avp Mg =0 X € €dY, €¥\a,Go

where u, . is a constant defined so as to satisfy the compatibility condition

-n n-1
€ ag

Hge = 1- (agg—l)n|GO| ;

j g(s)dS.

Go
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3.1.4.1 Estimates for m,
We will use the following fact.

Proposition 3.10. Let p > 1. Then

a;z p<n,

2e 1 _
"Vmgan(gY\aSGo) <Ccda.(ln o) p=n,
n-1 1

a’”spwl p>n

Proof. Let, as before, Y, = €Y \ a,G,. Setting in (3.10) ¢ = m,, from the definition of
m,(x), applying Lemma 3.6 and the Poincaré-Wirtinger inequality (see Remark 3.5),
we obtain

>p

‘ m dS| + |yl

jmgdx

a.0G, Y,

a.0G,

([ ras)( [ mre))

a BGO a.0G,

p-1
< < J 1dS> "mé:"IL)F(agaGo)

a.0G,

o |
( |m|d5+ugx0)p
<(

<C(1(" D(p- 1)||m "Li’aaG )<

<G, an Dp-1) 1= 1( "m "LI’(Y +T€"Vmg||p£p(ys))

< G, V(g™ 4 1,) |V, P vy (3.13)

where 7, is given by (3.6). Therefore

1
IVmelf, ey ) < Car ™ (€™ + 7).

Now we can use the definition of 7, and the conclusion follows. O

3.1.4.2 Estimates formg .
Similarly to the arguments used in (3.13) we have

Ca? p<n,

[Vm < <Ca (lnzs)n p=n,

gellipevia, Gy

Ca” 7D p>n,

where C depends only on | g|| ,pandn.

17 (3G,)
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3.1.5 Aucxiliary functions in the critical case a, ~ a}: capacity problems

As we discussed in Section 1.5.3, in the critical case the situation is more involved: we
cannot simply work on the integral of S, but go deeper into the complete expression of
the notion of weak solution of the problem. To this aim we need to understand sharply
the behavior of the solutions of some capacity type problems. The fine estimates on
the respective solutions which we will obtain now will play a crucial role in the proof
of the main homogenization convergence results in the next chapter (see Theorem 4.36
and Theorem 4.44).

3.1.5.1 WhenG,isaballand1<p <n
Let us fix G, = B, (we refer the reader to Remark 1.1). The simplest example of this kind
of problems is

AW, =0 £B;\ (a.G),
w, =1 9(a,Gy), (3.14)
w.=0  3((B)).

The idea behind this auxiliary problem is to allow to trade the integral over a.G, for
one over %Bl, for which we can apply the subcritical theory. In particular, for w, we
have

J IV, [P Vw, Ve dx = J 90, W dS + j 0, W, dS.

%Bl\asGO a(%Bl) aasGO
The explicit solution for problem (3.14) is known:

X 7T — (e/4) 7

£
WE(X) = _”;P—mp’ a. < |X| < Z (315)
a "' —(g/4)
We can simply compute its gradient as
_np_q E o _mp oy
d n-p rop n-p af'r i
EWE(r):_p_l _np n—p:_p_l e _np
a. 't - (e/4) 1 1- (@) Pt
~ 7P ag% rot
p-1
We have the precise integrability exponent, and if g > "(rf’_‘ll), then
i
dw, |7 .- _
J |Vw8(x)|qu ~ J’I% r"ldr ~ a, (3.16)
ag

%Bl\asGO
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Since this is a radially symmetric function, avp w, is a constant in either boundary with
values

p-1
n- — -
O, Welzop, = ‘(ﬁ) a; P(e/a)™",

-1
n_p>p 1-p
a.”.
p-1 ¢

(3.17)

avp Ws|a€ac;0 = <

These estimates will play a crucial role in the proof of the important Lemma 4.38.
Note that through a change of scale W,.(y) = w,(a,y) this new function is the solu-
tion of

APWS = O %aEBl \60;
WE = l aGo,
We=0 3By

Asymptotically, €/a, — +00, so these functions converge to the solution of

AW =0 R"\Gy,
W = l aGo, (3.18)

w—-0 as |ly| - +oo,

when G, = B;, and we have

— _np

w(y) =yl 7. (3.19)

Note that for p = 2 we get the usual Newtonian potential of fundamental relevance
in mechanics and electrostatic studies. The values of the normal derivative are linked
directly to scaling properties of w.

Remark 3.11. When p € (1, n), this function w is usually called k, and we will use this
notation when G, is not a ball. This p-potential is systematically studied in [200]. It
will often appear in our computations, so we state the PDE

k=1 3G, (3.20)
The function x is often used to compute the p-capacity of G, even when G, is not a

ball. One defines

p-cap(Gy) = inf{ J [VwP dx : w € C°(R"),w > 1in GO}.

R
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54 —— 3 Estimates over one periodicity cell

The Euler-Lagrange equation for this functional is precisely (3.18) and k is the function
for which the infimum is attained. Hence, integrating by parts

p-cap(Gy) = j VRIP dx = — j div([VRP2VR)R dx

R"\G, R™\G,
+ j 3, %ds = J 3, R ds. (3.21)
G, 3G,
We will use the notation
Ag, = 2-cap(Gy). (3.22)

Remark 3.12. When G, = Bg and p € (1, n), due to the explicit solution (3.19) (scaled
if needed) we recover that

p-1
n-p n-p
-cap(Bg) =( —= | [0B;|R"?.
p-cap(Bg) (p_1> 0B, |

Alternatively, W, is used to compute the relative p-capacity of G, in ;- B;. The limit as
€ — 0 is the above value.

3.1.5.2 When Gyisaballandp = n
In this setting, we still want to study problem (3.14). It was shown in [229] that the
explicit solution is given by

4l

we(x) = @ (3.23)

Due to the properties of In, this solution is quite similar to the solution (3.15) but re-
placing the power by a logarithm. We have

n-1

1
avnwslaasGO = <m>
&

Since a, < & we have In ;=- > 0 for £ small.
£

Remark 3.13. When p = n, the solution of the n-harmonic problem is of logarithmic
type and the behavior of w, becomes logarithmic. We see in Remark 3.12 thatn = p is
a special case. In fact, for p € (1, n] we can define the relative p-capacity for two open
sets such that A c Bas

p-capg(4) = inf{j [VwPdx :w e Wé’p(B) and w > 1inA}.
B
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The Euler-Lagrange equation for this problem is

-A,w=0 B\A4,
w=1 0A, (3.24)
w=0 OB.

The relative p-capacity for two concentric balls is well known (see [142]). First, note
that as in (3.14) and (3.23) the solution of problem (3.24) is given by

_ _ 1 np
w(x) = Iw K(r) = )I,IJTIIJ|aBl| el p<n,
K(r) - K(R) —IaBll‘zﬁ b pen
Thus
p-capg,(B,) = (K1) - K(R)) "

When p < nwe canlet R — +oo and we recover the usual p-cap. However, when p = n
we have
1-n

R
p-capg (B,) = IaBll<1n 7) ,

so the behavior is more delicate (if we simply let R — oo we arrive at 0). This is the
reason why when p < n we recover the p-capacity directly, and hypothesis on a, will
be simply stated in terms of a,/a;, and when p = n the Ina,/a is involved.

3.1.5.3 When G, is notaballandp = 2

There have been many attempts to extend the above theory for G, a ball to the general
case. However, since the solution of (3.14) could not be found explicitly, the problem
remained open for a long time. The novel approach in [116] came from looking for w
instead of w,. In fact, the replacement for w must now be linked to the corresponding
nonlinearity. In the case of G, a ball, if we want to use a test function v for the homog-
enized problem, as shown in detail in Section 4.7.1, we will need to correct it by taking
the associated oscillating test functions

Ve(x) = v(x) — H(v(x))w,(x — &)

on each cell. When G, is not a ball we would like to replace H(v(x))w,(x—&j) by a single
function w,, . (x - &j; v(x)) (see the proof of Theorem 4.44).

Assume that g° = 0 and p = 2. As we will show, the good way to go is by con-
structing a function W, = W,(y,s) for s € R and y € R" where, for each s € R, W,(-,s)
solves

AW, =0, R"\ Gy,
0,W, = Cyo(s —W,) 0Gy, (3.25)
w, -0 as |y| — +oo,
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where
Co = lin(l) a.f(e). (3.26)
E—

Since p = 2 and we work with critical-size particles over the whole domain a.f(¢) ~
a.e"ay " = aZ"'e" ~ 1. As we will see below (see Theorem 4.36 and Theorem 4.44), this
function W is chosen so that we have the correct cancelations of integrals in S, such
as will be indicated in Remark 4.40.

With this choice, we will show that the effective reactive term H (to be defined

later) is retrieved from the function FIU defined, for s € R, in the following way:
H,(s) = j 3,W,(y,5) dS,. (3.27)
3G,

Remark 3.14. When G, = B, if we go back to w(y) = |y|2‘", the solution of (3.18) for
p = 2, it is easy to see that W, (y,s) = H(s)W(y), if we consider H(s) that solves (1.16)
written with precise constants as

(n-2)H(s) = Cyo(s — H(s)).

This is none other than the equation for the “strange term” that appears when G, is a
ball (see Section 4.7.1). In particular,

Hg(s) = j (n-2)H(s)dS, = (n - 2)|0B;|H(s).
3G,
This constant is later assimilated to recover the effective reaction 7.

Remark 3.15. When ¢ = d(x, s) and g*(x) is given by (1.3), then we should take W, =
W,(x,y,s), for x € Q and s € R fixed, as the solution of

AW, =0 y € R"\ Gy,
O, W, = Co0(x,s = W) — Cogst(X) — Cogper(¥) ¥ € 06y, (3.28)
w, —» 0 as |y| — +oo,

and then we define

H,(x,s) = j 3, Wy(%,y,$)dS,.
3G,

The estimates for this new function w,;, and its rescaled counterparts, are notoriously
more difficult to obtain.

Remark 3.16. In [108] (see also [271]) the authors study boundary conditions of type
o,U; + b.(x)u, = 0. This requires an additional modification in the boundary value
for w, but we will not discuss it here.
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Remark 3.17. When p # 2, and when g° is of type (1.3), we would look at the auxiliary

problem
AWy =0 y € R"\ Go,
avaa = COO(S - WU) - COgst(X) - Cnger(y) y € aGO’
w; —» 0 as ly| — +oo.

Due to the scaling of o, , we would take Cy = lim,_, ag‘lﬁ(s) (see Remark 3.22 below)
and then we can define

Ho(x, s) = J avvavg(x,y,s) dSy.
3G,

We expect this function to have similar nice properties to the case p = 2. However,
obtaining approximation estimates like (3.38) below for the corresponding problem is
possible, but it is a difficult task. We leave this as an open problem.

Some useful properties
Let us get some estimates of W, and HU when gf = 0. To have some pointwise estimate,
let us look at

_ ow
Ky (y,S) = a—;(y, s).

It is a solution of

Ak; =0 R"\ G,
avfo = COU,(S - Wg)(l - Rg‘) aG(), (329)
Kg =0 as y| — +oo.

To get a bound, define k as the unique solution of (3.20) with p = 2. Note that we have
already seen this boundary value problem when G, is a ball in (3.18). Then

AR -R,) =0 R"\ Gy,
0,(K - %y) + Co0' (s = Wy)(R — R,) = 0,k 9G,, (3.30)
K-k, —> 0 as y| - +oo.

Since ¢’ > 0 and 0,k > 0 at 0G,, it is not hard to see that

0<k,=—= <Kk
9 0s
Hence,

0 <wy(y,s) <K(y)s, Vs=0,
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the converse for s < 0 and, in general
[Wy(v,9)| <k®)Isl, Vs eR. (3.31)
Note that, since k is a harmonic function, it cannot achieve interior extrema, so
0<k<l
On the other hand, by the comparison principle

0
ly|"=2"

K(y) <

where K, = maxgg, ly|" 2.
Since w,, is harmonic, so is its partial derivative, and we have ow,/dy; = VW, - e; =
div(w,e;). Thus, by the mean value property (see, e. g., [148]), letting R < dist(y, Gy)

we get
oW, 1 My, o, 1 o
x)= — J g dy' = — J w, e;-vdS,.
o= | SEON = g [ w0)evas,
Bg(x) 0Bg(x)
Hence
‘a;;" )| < CR™ (x| - R)zfn, VR < dist(y, Gy). (3.32)
i

We also have

0<H(s) = j 3,%, dS, = J %3,k dS,

3G, 3G,
- j VRVR,dy = j %,0,kdS,
RUG, 3G,
< [ aras,
3G,

This gives us a universal bound of H\C’, depending only on G, but not on o:
0 < B)(s) < Ag, = J 3,%ds,. (3.33)
G,

The value of A, is precisely the so-called 2-capacity of G, (see Remark 3.11) and it is
quite relevant in many applications.

Remark 3.18. Even if we consider g° # 0 and W,(x,y, s) the solution of (3.28), when
we take the derivative in s we still recover (3.29). So (3.33) is universal also in g° (where
the derivative is taken with respect to s). We can guarantee H(x,s) < H(x,0) + sAGO.
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Lastly, we will get an energy estimate. Assume that s > 0. By the maximum prin-
ciple, we have that w,,0,Ww, > 0 in 0G,. Taking W, as a test function in the weak
formulation of (3.25) we have

j v, | dx = J W,0,W, dS < sH, (s). (334)
R™\G, 3G,
This holds true also for s < 0, since W, 0,W,; < 01in 9G,,.

Remark 3.19. Recalling Remark 3.11 we have that A; comes from the 2-capacity. In
particular

Ag, = (n—2)[0By.

Remark 3.20. Let us compare w,, and w,, for two different continuous functions o.
The difference solves

A(Wg, —W,,) = 0 R"\ Go,
0, (Wg, = Ws,) = Co(01(s = Wy,) = Co04(S = Wy,))
1 = Coloy(s = Wg,) = 0y(s = Wg,))
< Colloy = 03l (-ss) oGy,
Wo — Wy, — 0 ly| — oo.

Hence, if 0,, — o uniformly over compacts, then vAvgm (s,) = W,(s,-) a.e.in x, for each
s> 0.

Let us see what happens in the extreme case in which o approaches a multivalued
graph.

Remark 3.21. Consider the maximal monotone graph associated to the homogeneous
Dirichlet boundary condition, ;,, given by (2.2). Let us construct a sequence of func-
tions ¢ such that (at least intuitively) o,, — op. Going back to (3.30) we have the esti-
mate

j VG~ &) dx + j Co0l(s — T, )R~ %p)?dS < C J 10,%1% ds.
R™\G, 3G, 3G,

Take, for m € N, 0,,(t) = mt. Then,

m J (R - Ry, (5,¥))°dS, < C.
G,

Then, as m — +co, we have K, (s,") — Kin L*(0G,) (uniformly in s). Since they are
harmonic functions such that they coincide at infinity, we have that f(om (s,) — kinR™\
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Gp and so W, (s,-) — sk(-). Let R > 0 be such that 50 C Bg. The pointwise convergence
together with (3.31) and (3.34) ensures that W, (s, -) — sk(-) weakly in H 1By \Gy). Thus,
taking a smooth function 7 such that 7 = 1in G, and = 0 in R" \ Bg we have

)= | n0)0 g, 5)ds, = [ Vn0)vivg, (s.y)dy

9Gy Bg\Go
- J vn(y)vVk(y)dy = s J no,x(y) dSy = AGOS.
Br\G, 9G,

Hence, we recover that
FIGD (s) = AGOS,

i. e, the strange term associated to the Dirichlet boundary condition is a linear func-
tion of the unknown. The fact that the Dirichlet condition on the particles leads to a
linear effective diffusion (related to the capacity) was one of the main results in [79],
where the terminology strange term originated. Different authors put as coefficient
a measure u but we know now that at least under the abovementioned conditions
M = Ag,. Note that ﬁUD becomes an extremal case of the universal bound (3.33), so the
bound is sharp.

A similar argument can be applied to recover the intuition that, when we deal with
the Signorini boundary condition, we have

_ ay(s) s=>0,
H; (s) s=0, °

as o0 — graph of Signorini condition = § (-0c0,0] s=0,
Ag,s <0,

E©~{
0 s<0.
This behavior has been proved in many papers (see, for instance, the references given
in Appendix C).

Approximation

Since we have now started from the function w, but wish to apply rescaled and cut-off
functions of type w,, we need to introduce several approximation results. They were
developed in [116]. We move on to defining

m4m=m<i)
l a

&€

Remark 3.22. Note that due to the scaling we get 0,W, . = Coa.'a(s - Wy ). This is the
reason for the scaling C, = a,fi(¢).
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Finally, we take w,, . as the solution of

Aw,, =0 £B1\ a.Gy,
O,W, e = Cod,'o(s - Wye)  ag0Gy, (3.35)
WO',S = 0 %aBl

The following result improves some estimates given in [116] and it uses the inde-
pendence with respect to ¢’.

Lemma 3.23. We have the following properties:
(@) Ifs=0,thenw, . < W, (and conversely if s < 0).
(b) We have

[Woe = Woel < max [W,(y,s)] < Clsle?. (3.36)

~bag
(c) Ifs=>0,then
0 < —0,(Wy e — Wyg) < Coa,'0(s), 0ndGy, (3.37)

and the converse inequality holds for s < 0.
(d) We have the estimate

J |VW, e (x,5) — V\/T/(,)é,:(x,s)|2 dx < C|sle™, (3.38)
£B,\(a.Go)

where C does not depend on ¢ in any of the previous estimates.
Proof. Lets > 0and ¢ > 0 be fixed. We have thatv = W, . — w, . solves

Av=0 B\ a,Go,

0,V = Coa;'o(s - W, ) — Coa, ' 0(s — Wyp) 406y,

V=W, Z0B,.
Thus, the weak formulation is

J Ve dx + Coa;' J (0(s —Wge) — 0(s — W)@ dS, = J @o,vdS,,

%Bl\asGo asaGO %aBl

for any test function ¢ € Hl(%B1 \ a,Gy). Take ¢ = v_. On the one hand (o(s — w, ) -
0(s — W, ,))v_ 2 0 by the monotonicity of ¢. On the other hand, on %aBl, we have
@ = (W,,)_ =0.Thus

IVv_|?dx < 0.

%Bl\asGO

That means v > 0 or, equivalently, w, . < W, .
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For the pointwise estimates, let us replace o by g,,(s) = o(s) + % for m € IN, which
is strictly increasing. Let v, = Wy, — W, . Thus, it follows that on a.0G,

-1 — -1
0,V = Coa, Op(s — wwm) - Coa, 0,(s - wwm) <O0.

Furthermore, assume that 0,v,,(x) = 0 for some x € a,0G,. Then 0,,(s - W5 (X,5)) =
Om(S — We g (x,5)) and, since oy, is strictly increasing, we recover v, = 0. Hence, at
each point of the boundary 9,v,,,(x) > 0 or v,, = 0. Hence, the global maximum of v,,
cannot happen in a,0G,. Since v,, is harmonic it achieves its maximum on %BBI. Since
the value there is explicit, we recover (3.36). Hence O < w, , < W,, <, S0 We recover
(3.37). We can pass to the limit as m — oo applying Remark 3.20 and the equivalent
argument for w .
Finally, by Green’s formula

j o2 dx < ng’gavvdsx

%Bl\aSGO %‘331
< Vi, Vv dx| + j Wy o2,V dS,
BB, £3B,
< j @, vds,| + j (@, )vdS, | + J W, v ds,|.
£3B, £3B, £3B,

The first two terms can be controlled by (3.32) and (3.36). First, since |x| = %, lyl = =
for £ small enough, R = |y|/2 < dist(y, Gy). Then (3.32) becomes

n-2

— -1 — -1 1-
0, Wy e (0] < a; |V, W,| < Ca; Isllyl™ = Cls| < Clsle.

£
gn—l
We have

‘ j (@, v dS,| < ClsPe™?,

£9B,

and the same in £0B.
For the last integral, we repeat the proof of (3.32). Take x such that |x| = %. For
€ > 0 we have that taking R = &z < 7 — x| < dist(x, Gy),

< CR' |Vl < Clsle.

ov
B_X,- ()

Using the explicit bound of W, . and (3.36) we get

‘ j Wy o0,V dS,| < Cls|e™. O

<08,
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3.2 Case of (n — 1)-dimensional particles

For (n - 1)-dimensional particles we do not need an extension operator, since u, is
also defined on S,. Thus, some of the computations in the n-dimensional case are not
needed.

3.2.1 Trace estimates on a,G, in €Y

Let 0 € G, c Y° be an (n — 1)-manifold, u € W™ (eY™), p > 1, and assume that a, < ¢.
Then

j lulP dx < Cag‘1<e‘" J ufP dx + 7, J A dx>, (3.39)
a.G, eyt eyt
where again 7, is given by (3.6). To prove this result, we proceed similarly to Section 3.1.
Using the trace theorem in W"?(B},) and equivalence of norms, we know that
1,
[ vpas, < c( | wrds,« [ v dy>, W e W(B}).
Go (@Bg)* B;
Scaling this, we recover that
J ul? ds, < C< j [ul’ dS, + @™ j |Vul? dx>.
asGO ae(aBR)+ as(BR)+
Now we can apply the same argument as in Lemma 3.6.

Remark 3.24. Thislast estimate says that since G is an (n—1)-manifold (even though it
is not the boundary of an open set), the trace estimates are the same as for those which
actually are boundaries. This should not be surprising, if one thinks on continuous
deformations.

3.2.2 Auxiliary functions in the subcritical case

We need to introduce some auxiliary functions similar to the ones defined in Sec-
tion 3.1.4. Here, we do only the computations for m, .:

g
Aymg . =Yg X € €YY,
0y, Mg, = g(x/a;) x € a.Go, J mg .(x) dx = 0. (3.40)
9, Mg =0 x €0(eY")\a.Gy, €7
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In this setting
4 an—l
pe= 1oV [ giads, - 2 [ smn s,
a.Gy Gy

As above, we have the following.

Lemma 3.25. Letp > 1and a, < €. Then, if m, . is the solution of (3.40), we have

a? p<n,

2e\ 1
||Vmg,g||LP(gy+) <Cqa.ln a—j)" b=n,
n-1

b R L
al'ere v p>n,
where C depends only on | g|| 7 Gy’
0
Proof. From the definition of m, . (x), applying Lemma 3.6 we obtain
A 3
IIVmg’SIILp(Sm < <‘ J mg)gavpmg,s ds| + [pel J Mg . dx >

a:Go ey

p
S< j Img £0, Mg [ dS + || x0>

a. GO

<(((f s’ a5 ( | mecras)

a.Gy a:Go

m

(n-1)(p-1) || ;1P 14
<a 181, . 1Ml a6,

ll
Go)

—-1)(p-1
< Ca" Ve g

p
<
o GO)IImg,gII 1(a,Gy) <

-1)(p-1) ,n-1 -
<G VPV Mgl (& Mg My ey + TV
o

4
LP(eY™ gﬁ"Lﬁ(gw))

-1 —
< CGa" Vlgl?, (e +1,)|Vm

4
17 Gy) selrery

where 7, is given by (3.6). Therefore

IVmg P, . < Cal (e +1,)

1
v < Cae "8l 6, -

Now we can use the estimates on 7, and the conclusion holds.
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3.2.3 Auxiliary functions in the critical case

3.2.3.1 When G, isnotaballandp=2<n
Similarly to the case of n-dimensional particles, we define W, (y, s) by

AWy =0 y € (RM*,
oW, = Coo(s—W,) ¥ € Gy,

d,W, =0 y € ®°\ Gy,
w, >0 as |y| — oo.

Recall that in this setting v = —e,,. The effective reaction is related to the function

A,(9) = [ a0y, ds,
6o

Exactly as we did in Section 3.1.5.3 we can introduce the auxiliary problem

Ak=0 ye(RH,

k=1 y € Gy,
3,k=0 ye(®"°\Gy,
K—0 asly| — oo,
and define
P javf(y) ds,.
Go
We have

ow ~ —
0< g(y,s) <K(y)s, O0<HL(y) < Ag,-

3.2.3.2 When Gy isaballandp = n

65

In this setting G, = B? (again, recall Remark 1.1). The good choice in this setting, to

operate as before, is to take g, as the solution of

-Byq: =0 2B,

q: =0 %(aBl)+’

qe =1 a.Go,
9,d:=0 B\ a.Go.
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There is no explicit expression for g,. Hence, we change it slightly by the new problem

-A,w, =0 £Bf\a.B,
w, =0 %(BBQ*,
=1 a.(0B,)",
_ € RO 0
0, W, =0 7By \aB.
By using the symmetrical extension w(xy, ..., X,_1,X,) = W(Xy, ..., X1, —Xy), it is easy
to see that it is enough to solve
-Aw, =0 £B;\a,B,
Wg = O %aBl,
w, =1 a.oB;.
This is the same auxiliary function as in the previous setting: w, is given by (3.23),

which we extend into a,B; by 1 (due to the explicit expression, it is easy to see that the
extension lies in WP (%Bf)). It is not hard to check the following lemma.

Lemma 3.26. Letp = n. Then

-n

J IVw, - q.)|" dx < C(ln %) . (3.41)

B ’
We proceed similarly to [106], where the result can be found for p = 2.

Proof. First, since w, — g, = 0 on %(aBl)Jr and a. G, using it as a test function in both
equations we have

J |Vq£|p_2Vq£V(W€ - qs) dx =0,

By
J VW, P2 VW, V(w, - g,) dx = J 0y, We(We — q;) dS,
#B7\aBf a.(2B,)*

(note that in ast we have w, = 1, so its gradient vanishes). Therefore,

J (YW, [P 2Vw, - [Vq,IP~2Vq,)V(w, - q,) dx = J B, We(W, - 4,) dS,.
cBy a,(3B,)*

On the other hand,

J avas(ws - ('Is) dsx < |avas| J |Ws - qsl dSX'
a.(0B,)* a.(0B;)*
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Since w, is radial, we can find the explicit estimate

~(a mi)
€ 4a,

Take v(y) = w.(a,y) — ¢.(a.y) defined in %B{ andv = O on (%BBQ*. For € small

1-n
A

a.0B,;

enough we can use the trace theorem, W" (B \B;}) — L1(3Q), and we have

1

j |v(y)|dSysC< j |Vv(y)|pdy>;sC< j IVV(y)lpdy>;.

(0By)* B;\B} (3B

Scaling this down,

1

p
alﬁn J |Wg - qe| dsx < C< ,[ |V(W€ - q£)|p dX) .
a,(9B))* iB

421
Hence
| 9w - g dr < ¢ [ (9w 20w, - Vg P Vg )W, - ) dx
By By
e 1-n . 11)
<c(in-t j V(w, - dx) ,
( 4a£> < [V(w, - )|
B
and we recover the result. O
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4 Particles over the whole domain

In this chapter we study
~Ayu, = f(x) inQ, = Q\G,,
avpug +Be)a(u,) = B(e)gf(x) onS,, (1.1)
U, = 0 on aQ,

in the geometry presented in Section 1.2.1.1. To avoid repetition, we will not specify
the setting in each result but we recall the equivalent formulations to the definition of
weak solutions presented in Section 2.2. Going back to Remark 2.15 we have

B*(e) = £"a, "|QI 0G| (4.1)

Throughout this entire chapter the critical scaling will be

enr ifl<p<n,
a; = 1ee™ ™ foranyM > Oifp=n,
0 p>n,

where p is, as usual, the exponent of the diffusion operator in (1.1). Below we will
explain why this is the correct value.

Remark 4.1. Note that the special case p = n does not only have a critical scale, but
a whole family of them indexed by a parameter M. Thus, we must update slightly the
notation used in Section 1.3 for this case:
1-n
a, ~a, & lim €_1<ln i) ' € (0, 00),
-0 4 -

1-n

. e\
a, <a’ e lime?ln-—— =0,
€ € -0 a
&

and the corresponding for >, i. e., the criterion is not on the limit of a, directly, but on
1-n
the one of £ '(In 4%)7.

4.1 On the existence of a critical scale

Throughout this text, there exist four ranges of a,, as mentioned in the Introduction
(see, e. g., Table 1.1). The first big distinction, a, ~ € or a, < &, is natural since

[Q\ G£| = |Ys”£Y \ asGol = |Q|€_n|€Y \ aeGol-

https://doi.org/10.1515/9783110648997-004
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Here we have used the fact that |Y,| = |Q[e™ (see Section 1.2.1.1). If a, = ¢, then |€Y \
a,Gyl = €"Y \ G|, while if a, < ¢, then |eY \ a,G,| = £"|Y]. This clearly affects most of
the estimates. Furthermore, take a function v defined in R" (later it will be chosen for
suitable purposes in order to get good test functions) and let v, be defined periodically
by

v(";—Sj) xee(j+Y)forsomejeY,,
Ve(x) = ‘

0 otherwise.

Then we have

[ vetorax = el [ vixja dx = el [ vinay.
Q eY Ly

ag

If a, = ¢, then

[vecoax— 101 [voay.
a Y

However, ifa, <« eandv € LYR™), we have

ng(x) dx ~e"a; J v(y)dy — 0.
Q R

This will be very useful, especially for the supercritical case a, < a;.

The second distinction in the ranges of a, is related to the existence of a criti-
cal value a;, coming from the scaling of the p-Laplace operator and its energy. For
p € (1,n), assume that v is compactly supported and Vv € L (R"). If we compute the
p-Laplace energy when a, « € we have

J Vv P dx = [Y,la, P Jle(y)|p dy ~&e"a; *. (4.2)
Q R

The critical value, a;, is taken such that the asymptotic expansion of the correspond-
ing p-Laplacian satisfies e "(a;)"? ~ 1. When p > n, the classical Sobolev embedding
W (Q) — C(Q) suggests there is no critical scale (see [114]), and we can always com-
pute Riemann style sums. The different cases are presented in Table 1.1 and their math-
ematical justification is the main goal of this chapter. As expected, the case a, ~ a; is
by far the more difficult case. The case p = n will be treated separately.

Below we give a rigorous justification of these intuitive estimates.
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4.2 Integrals over S,

4.2.1 Improved global trace inequality

By applying Lemma 3.6 in each particle we deduce the following.
Lemma 4.2. We have
B (&) j [ulP dS < C(I [ulP dx + £"t, J [Vul? dx>
Se Q. Q.
where T, is given by (3.6).

Proof. From a direct computation, using Lemma 3.6 it follows that

« 1
B (&) J luf’ dS, = 5 D J luf’ ds,
S, € e gira,06G,
C _ _
s ————a! (e " J lulP dx + 7, J |VulP dx)
IYs||asaGO| jeY, . .
€ gj+e¥\a. Gy gj+e¥\a. Gy
< C(J up + €'z, j |Vu|l’>,
since |Y,| > ce™™ and |a,9G,| = a’*|9G,. O
Note that if 7, is given by (3.6), then
g'al™ p<n,

', ~ 1€ 1n(a§)l"1 p=n,
€
&P p>n

Thus, this coefficient is bounded (or tends to 0) if a, ~ a; (respectively a; « a, < ¢€).
This is the first time that we are able to detect the critical scale.

Corollary 4.3. Letp > 1and a, > a;. Then, there exists C independent of € such that
B*(e) J [ufP ds < C<J lufP dx + j |VulP d.x)

Remark 4.4. Due to Lemma 2.16, Corollary 4.3 and Theorem 3.4, if a, > a}, we have

B () J lu| dS < <B*(s) j |ug P dS)Il’ < C(J |Vu£|”>; dx.

e € €

This is precisely (2.9). This is very useful to pass to the limit after approximating func-
tion .
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4.2.2 Limit of the integral over S, of convergent sequences in the subcritical case

The aim of this section is to show the important “from surface to volume averaging
convergence principle.” It says thatif a, > a, then the limit of the average over the set
of boundaries of all the particles gives, in the limit, an average over the whole space.
This gives a mathematical justification to the first “surprise” mentioned in Section 1.1.

Theorem 4.5. Assume that a; < a, < € and that there exists the limit of a,/e. Then, for
any sequence v, € W (Q) with ||Vv,|| 170y bounded and such that v, — v in I(Q), we
have

pnoy,
. . Ca,’ € p<n,
mjvgdS—@Jvdx <R(e) + { Ce(ln i—s)";l p=n, (4.3)
c £
Se Q Ce p>n,

where R(€) — Oase — 0.

Recall that 8*(¢) = ISSI*I. The second term in (4.3) is the reason why critical scales
appear in the homogenization process for p < n and none can appear when p > n.
Note that the critical scale is precisely the one in which this term becomes a constant.
Beyond that value, the second term in (4.3) does not tend to zero. This result is sharp,
in the sense that we will show that in the complementary range the behavior of the
homogenization problem changes.

Remark 4.6. The assumption that there exists a limit of a, /¢ is always made through-
out the text, and will not be repeated.

Remark 4.7. This kind of averaging lemmas are usually written in the literature with
some dangling constants, which can make the reading rather tricky (see, e. g., [213,
113, 269]). As a mater of fact, later, in the proof of Theorem 4.36 below, we will apply
Theorem 4.5 in the case of particles at the critical scale but on an artificial bigger sur-
face set covering the set of particles, so that the corresponding passing to the limit is
well guaranteed even in this case.

First, let us give an auxiliary result which probably is well known in the literature
but we were unable to find a published proof of it. The most similar result we found
was Theorem 2.6 of [76] but the statement is not entirely equivalent.

Lemma 4.8. Leta, < €. Then,
Yo, — lim[¥ \ (a,£7'Go)|
weakly-+ in L*°(Q).

Note that when the particles are small (a, <« €), then the convergence is strong in
IP, as we will prove in Lemma 4.26.
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Proof. Let us first characterize the candidate to be a limit. If v € C'(Q) we can check
easily that

[ o, ax= [vioax= [vwax- ¥ [ veoax
Q

Q, Q JEY, gj+a,Gg

Now we compute, taking a Taylor expansion,

> J vidx = ) J (v(g) + Vv(n.(0) - (x - &) dx

jeY, jeY,

gj+a,Gg gj+a,Gy

— Gyl Y i)+ ¥ j Vu(1,00) - (x - &) dx.

jeY, jEYSstraEGO

Since we are assuming that v is smooth, Vv is bounded and the second integral tends
to 0. The first integral converges as a Riemann sum to

mjz | veodr = (tim ate160]) [ voo dx

€Y, gj+a.Gy Q

We point out that for any a, € (0,1), we have 1 - aglGol =1Y \ ayG,l. Hence,

lim J Vg dx = Jv(x) dx - lim aze |Gyl jv(x) dx = (1im|Y \ (ase_lGo)D Jv(x) dx.
-0 € £—0 -0
) Q Q Q

Let us consider the constant function F; = lim,_,4|Y \ (ags‘lGO)I, and show it is the
weak-x limit in L*°(Q). Since Xo, isbounded in L*°(Q), there exists a weak-* convergent
subsequence. Let F, € L*°(Q) be its limit. This means precisely that

lim j Vo, dx = Jsz dx, W e LY(Q).
£ €
Q Q

Due to the inclusion C'(Q) ¢ L(Q), joining this information with the first step
J(F1 _Fvdx=0, WveC\Q).
Q

Since F; - F, € L(Q), we deduce by density that F; = F,. Since every weak-x conver-
gent subsequence has the same limit, the whole sequence converges. O

Proof of Theorem 4.5. We recall the definitions of u, and M, given by (3.11) and (3.12)
from Section 3.1.4. Note that, by (3.11),

£ 1-(ae WGyl 1QI Y\ (a7 Gy)l
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For the sake of simplicity, in this proof we use the notation Yé =g + €Y\ a.Gy. With
this notation, taking M, given by (3.12) and applying (3.10),

va ds=Y) j IVM,P~2VM, Vv, dx + > ue J v, dx.

S, jEYSYé JeY, Yl
Therefore
1 1 _
‘ Jv ds - vdx’ Z j VM, P~2VM, Vv, dx‘
1Sl |Q| 1S5 )
Se vl
| K z ngdx vdx‘
ISel ;& ) IQI

jeY, Y

€

where we used the product of weak and strong convergences. Using Hélder’s inequal-
ity
Y | IVM P Vv dx < VM P oy Weliria,

. I’78
jeY, > v jexe Y

€

Due to Proposition 3.10 and the estimate on the number of particles we recover that

g
Ca,’ er p<n,
-1 p-1 -1 2¢ | =1
|S | "VM "Lp U;e EY] |S | |Y | P "Vms”Lp(gy\a Go) <1Ce ln(z) n p=n,
Ce p>n

For the last term, which we can denote as R(g), we write

He .
|S|Zjv‘€d" ar) d"l |S|zj_vfdx Jvfd"l

elieYeyy ieYe gy A
He J J
+ v dx -
IS ]
where
p-1
. p
> ngdx— ngdx < WVellp@|@\ | (& +eY)
jeY, JeY,
Yl e
and

ﬁjvdx—ijvdx‘<<ﬁ .t )I vdxl
ISel J ¢ 1Q TS Q1Y \ (a.£71G)]
Q Q Q,
Xa,

+ —|| Ve—————dx vdxl.
0il] 1Y\ (@e 6o
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4.2 IntegralsoverS, —— 75

Due to the estimate on y,, Lemma 4.8 and the strong L”-convergence of v,, we have
R(e) — 0 and the result is proved. O

Remark 4.9. The right-hand side of (4.3) is rather significant. As will see immediately,
the fact that this right hand goes to 0 as € — 0 is a sufficient condition for the integrals
to behave nicely in the limit, and thus we will see later that we are in the subcritical
case. A priori, these estimates need not be sharp. It is only in combination with the
analysis of the case a, ~ a; that we know it is.

Remark 4.10. If a, = Cy&%, then the result implies that
eI [y, dS - € oG, | [ vax
S, Q

ase — Oifa < %. This is how the result appears in most of the previous literature
(see also Remark 4.23).

4.2.3 Limit of the integral over S, of oscillating sequences

When we have an oscillating function g° constructed through a function g, a naive
analysis suggests

5 [o{t5 s 3 [l

) ptei) + Vp(n.00) - (x-e) ds

JjeYe j jeY, j
=) jg<x g )(p(a) ds=Y a o) j g(y)ds,
1<% 56 jeXe 3G,
and hence, since |S,|™! = |8||aaG ;, we have
é Jg pds = Ia_él J g(y)@ Y ') ds

JeY,

: J j
- — dx.
13Ga] gly)ds 1l ®
aG

0

s

The rigorous proof of this result passes by applying the functions m, . introduced in
Section 3.1.4.

Theorem 4.11. Assume that a, < a, < eand g € ¥ (0Gy). Then, for any sequence
v, € WHP(Q,) with IVVellip(q,) bounded and such that v, — v in I?(Q) we have

B Y J g<"a )E(x)dS |aGO|J (y)dS|Q|J v de.  (44)

jEYSstragaGo €

This result was first proved in [77] when a, ~ € and for v, a constant sequence.
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76 —— 4 Particles over the whole domain

Remark 4.12. We always write integrals in their averaged form, so that there are no
confusing constants.

4.3 A priori estimates for u,

The aim of this section is to prove the following proposition.

Proposition 4.13. Let p > 1 and let u, be the minimizer of ], given by (2.4) and Theo-
rem 2.13. Then:
1. Ifg®=0,then

-1
"Vug ”{P(QS) S C"f”Lp’ (Qg).

2. Ifg® +0anda, > a;, we have

19l < (I, + BB @ (1o [l ds )" ).

e

Proof. For the first estimate we use u, as a test function in the Euler-Lagrange weak
formulation. Applying that ¢ is monotone we deduce

j [Vu [P dx < Jﬁls dx + B(e) jggug ds.
QS QE SE

Due to Holder’s inequality we have

[ 19l e < U il + B8 @) (8@ [T dsx)"l’ (F@ [ ur dsx);.

Q. Se Se
When g® = 0 the result follows directly from Theorem 3.4. When g° # 0 we use Re-
mark 4.4. O

We can also prove a result in terms of the energy. Here we follow the proof in [111].

Proposition 4.14. Let p > 1 and let u, be the minimizer of ], given by (2.4) and thus
satisfying the variational inequality (2.6). Then:
1. Ifg®=0,then

BEN¥ @ s, < CUFIE, -

2. Ifg® +0anda, > a;, we have

!

NV O VAL

3

Recall in the previous result that ¥ denotes a convex function such that o = 0V.
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4.4 Big particlesa, =g =— 77

Proof. Since u, is the minimizer, we always have that J.(u,) < J.(0) = O (see Re-
mark 2.7). We have

L[ ax o) [ ds < [ e ie) [ g, as.
- S Q S,

Going back to the proof of Proposition 4.13 we recover

L /
jﬁIE dX < C"f”Lp’(QE)”Vug"Lp(Qs) < C|If||Lp,(Qg)”f"£;’1(QE) = C".f"ipr (QE)'
Q,

We can repeat the same argument when g # 0 and a, > a;. O

4.4 Big particlesa, = ¢
In this setting, with the correct scaling of 8, we get an effective problem of the form

—diva®®(vu) + pfo) = f + pfige  Q,
u=0 0Q,

where

Beff — ﬁo (4.5)
QY \ Gl

and g° is given by (1.9). We present the complete details in the case p = 2, and we
only make some comments on the generalization when p # 2. The precise nature of
a® is involved and is described below.

4.4.1 The linear casep = 2

To illustrate, in a very simple example, how some of the ideas work, let us go back
to one of the earliest results in homogenization. The idea behind the following exam-
ple is a G-convergence argument (owed to Spagnolo [249]). A modern presentation of
further details of the proof can be found in [76].

Example 4.15. Leta : R — R be a [0, 1]-periodic function such that 0 < a < a < §3,
fe L%(0,1) and af(x) = a(’z‘). We consider the one-dimensional problem

{—%uf%) =f  xe@©),
u.(0) =u.(1) =0.

By multiplying by u, and integrating, the sequence u, is bounded in H}(0,1), and
therefore

u, —u
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in H(l)(O, 1), and by the same argument
du
aeaa = 'fe - 50
is convergent in H'(0, 1) (since f € L?) and in the limit

{—%@%=f x €(0,1),
u(0) =u(1) =0,

holds. It is easy to show (see Lemma 4.18 below) that if h € L(0,1), then h(;) — j; hdx
in L2(0, 1). Hence, up to a subsequence,

1

duy _1,e [1 400
dx_af‘f Ja(x)dx §

0

in L%(0, 1). Hence {0 = 7 } p” % and thus u satisfies
0 a(x)

_4d 1 duy_
&g @) =f xe©,

u(0) =u(1) =0.

The term a, = is sometimes known as the effective diffusion coefficient. This

Jo it
concludes this example. Applying the I'-convergence method described in Section 3.1.1
we can obtain the same result as in Example 4.15 in a way that can be generalized to

higher dimensions.

The focus of this work is the problem of oscillating coefficients
€ £ . X
Lu.=f, Lv= d1V<B<E>Vv>,

where B = (bij) is a matrix, bl-j = bﬁ € L*°([0,1]") and they are extended by periodicity.
This models the behavior of a periodical two-phase composite (a material formed by
the inclusion of two materials with different properties). This work is, no doubt, based
on previous results, for example by Spagnolo (see, e. g., [249]) on the limit problems
of —div(Buy) as By — B,

In this setting 8*(€) ~ €. Let us introduce the cell problem fori =1,...,n

-Bx; =0 Y\ Go,
VX; vV =-¢e-V oGy, (4.6)
X; is Y — periodic,
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4.4 Bigparticlesa, =& =—— 79

where e; is the i-th vector of the standard Euclidean basis. It is easy to see that y; are
bounded. We define the effective diffusion coefficients as

off 1 I %;

a; =0;+ ———
Y\ Gl Yit, ;i

dy. (4.7)

It is a well-known fact (see, e. g., [30]) that the matrix AT = (a; eff

positive-definite. This special problem works best if a, = .

;) is symmetric and

Theorem 4.16. Letf € L%(Q), 6 € C(R) monotone non-decreasing with g(0) = 0 such
that one of the following holds:
1. The growth of the derivative of ¢ is controlled by

lo'(s)| < C(1+1s|?), forsomeO<q < Lz (4.8)

2. The growth of g is controlled by

lo(s)| < C(1+s|?), forsomeO<q < Lz (4.9)

Let u, be the minimizer of ], in this setting, assume a, = € and let

B(e)

T
P pe

We distinguish two cases:
(@) IfBe) < B*(e) (i.e., B° € [0,00)) and g is given by (1.3), with g, € HI(Q),gper €
Lz(aGO), then P.u, — u weakly in H(l)(Q), where u is the energy solution of

—div(A®Tvu) + go(u) = f + pig inQ,
u= O, on 80,

eff

and g*"" is given by (1.9).

ﬁeff
IQIIY\G |
(b) IfB° = +o0o0 and g° = 0, then up to a subsequence P.u, — uwhereo(u) =0

Remark 4.17. In [84] the authors consider () = ae. Since in this setting f*(e) =

we recover BO = alQ||0G,| and Be“ = a1%0l 45 the authors do.

£
1Q1loGol [Y\G,|

We begin with a lemma that is only relevant for big particles. The proof can be
found in [76, Theorem 2.6] (we recall that |Y| = 1 in our setting).

Lemma 4.18 (Limit of £ periodic functions). Let g be Y-periodic and IP(Y) for p €
(1, 00). Then

g< E) - J gy)dy weaklyinI?(Q).
Y
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Intuition of the result. Let g.(x) = g(g). First we check that the sequence is bounded.
We compute

Jlooran= 5 [ B(*57)

JEZ" (girevynQ

<|{iezZ": (g +eY)nQ+0}|e" J|g(y|dy
Y

Since Q is contained in a large ball, |[{j € Z" : (gf + €¥) N Q # 0}| < Ce™™ and hence
this quantity is uniformly bounded. Thus, up to a subsequence g, has a weak limit in
LP(Q). Let us call the limit g,. Let ¢ € C°(Q). First, we split

Jgg(x)(p(x)dx = z J g:.(0)p(x)dx + J g:.(x)p(x) dx.
Q j€Y€£j+£Y QNUjey, gi+eY

The second term tends to zero, since the measure of the integration domain tends to
zero. For the first term, we expand ¢ on every &j,

Y | stoppode= Y e'pie) [smay+ Y| s/evplneto)- x- ) dx

jeY, jeY, v jeyY,

gj+eY egj+eY

Again, the second term tends to zero, and we recover the result from the Riemann
sum. O

Remark 4.19. A similar argument can be made in L'(Q) using the uniform integrabil-
ity.

Remark 4.20. We will only prove the case of (4.8). The proof in the other case is very
similar, passing to the inequality formulation (2.6). See [84] for the details. Actually,
since the hypothesis is applied for ¥, we could assume that o is multivalued but sat-
isfying the growth assumption. The result for Signorini can also be obtained by mod-
ifications of the argument [89].

Proof of Theorem 4.16 (b). First, due to the a priori estimates and properties of the ex-
tension operator, we know that P,u, — uin Hé(Q). Pick v € CZ°(Q). We write

Be) B (e) J Vu, - Vv dx + B (e) J ouvds = Be) B ) J frdx

Qe Se Qe

Since, from the assumption on o, we deduce that o(Pu,) is bounded in W' (Q) withr =

T nz'z’ o and thus o(Pu,) — o(u) strongly in L' (Q) (thanks to the Lebesgue dominated

theorem since Pu, — u strongly in L*(Q)) we can apply Theorem 4.5 and we have

ﬂ*(e)sj oS — j v dx.
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The other integrals are bounded, and as we pass to the limit we recover
J o(u)vdx = 0.
Q
Thus o(u) = 0. O

Proof of Theorem 4.16 (a). We follow the scheme of the proof in [84] considering the
case in which ¢ is so smooth that (4.8). We have (for any good test function v)

J Vi, - Vv dx + Be) j o(uy)vds = j frdx + Be) J gvds. (4.10)
Qe Sg Qe SS

Again, due to the a priori estimates and properties of the extension operator, we know
that P,u, — uin H)(Q). The sequence

€£(X) = ?ug(x) — {Zus(x) X € Qg’

otherwise,

is bounded in L*(Q), and hence it has a weak limit & *ff Thus, for any good test func-
tion v

JVu£~Vvdx: J{E-Vvdx R jge“wdx.

Q, Q Q
Since o(u,) is uniformly bounded in W' (Q) with r = ﬁ, forany v € C2°(Q) we
have by Theorem 4.5
0 ﬁO
B(e) J o(u,)vdS — al J ovdx, Ple) Jgst(X)v ds — Ql Jgstv dx.
S, Q S, Q

Due to Theorem 4.11 we have

X-g B°
B(g) J.gper<a_g>v(x) ds — mal gper()/) dS(J; V(X) dx.

e

Lastly, due to Lemma 4.8 we have

| rax = [xafvax — 17\ 6ol [ frax
Q

Q, Q

Thus u is a solution of

0 0
J.{eff-Vvdx+ al ja(u)vdx: Y\ Gyl Jﬁ/dx+ % Jge“vdx.
Q Q Q Q
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82 —— 4 Particles over the whole domain

This is to say

0

0
—divee + %a(u) =Y\ Gylf + %g

As alast step, we need to characterize & *ff Thisis the peculiarity of the case of big par-
ticles. Let us recover one component of ¢; °ff fori = 1,...,n. Consider the test function

Vig(x) = £<Xi<£> + %)

where y; is given by (4.6). By extending y; into G, to produce an H Ly) n L(Y) func-
tion y;, we can construct

_ _(x
Vie(X) = 8)(1-(;) + X,

which are uniformly bounded in H(Q). Furthermore, the first term tends to zero in
L®(Q) so

Vie — X; weaklyin H 1(Q) and strongly in Lz(Q).

Consider the extension by zero of its gradient inside the particles

vy, ox, b I
18( ) = ayl<g>+6iiXY\Go<§>’ VX € U Yy,

0x; j keY,

The measure of the remainder set of points of Q tends to zero. Due to Lemma 4.18
aVi)S

ox

oY; ox;
: ~j<a—’y‘;(y>+5i}-xmo(y))dy= | ﬁ(y)dywi,-maa ¥\ Gol ™,
Y

0

weakly in L%(Q), where aEff is given by (4.7). Hence
— Y\ Gol(a™,...,aMy = |¥ \ Gylaf™,
weakly in L2(Q)". Due to the definition of the cell problem

{—Avi,g =0 inQ,,

Vie-v=0 onS,

and we do not care what happens on 0Q. Fix ¢ € C2°(Q). Using gu, as a test function
in the weak formulation of the problem for v; . we recover

J Vi - V(pu,) dx = 0. (4.11)
QS
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Using ¢v; . as a test function in (4.10)
J Vu, - V(Vi,s(p) dx + .B('S) j U(us)vi,s(p ds = J-fvi,s(p dx + B(S) jggvi,£¢ ds.
Qz Sg Qe SS

Note that, similarly to above,

) [(0tue) - g il = epte) [ (otue) - g0 X Joor s

Se

e

+ ) [(0:00) - 800 ds

Se
(0]
- % J(O (u(x)) - g00))x;p(x) dx,
Q
Jﬁ/,-,sqodx Y\ Gyl fo,-(p dx.
Q, Q

To study the gradient we have, applying (4.11),

J Vu, - V(v; ) dx = j VieVu, - Vo dx +
Q€ Q€

@Vu, - Vv; . dx

O —_

= J ViV - Vodx - | u Ve - Vv, dx

o
o
o

€

Vio&  Vpdx - JugV(p-Wi,sdx
0

O —

R Jx,.geff-w)dx— 1Y\ Gyl Jquo -a dx.

) Q
We recover that
off oty . B° B et
div(x;¢® - |Y \ Golua;™) + @o(u)xi =Y\ Golfx; + @g X;.
Since afff is constant div(ua;?ff) = afff - Vu. On the other hand, div(x;&*™) = x; div £° +

&M vx; = x; div & + &5, Thus
=17\ Gola™ - vu.
Joining this information

&M= 1Y\ Gola® v O
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4.4.2 The nonlinear casep # 2

In this setting it was shown in [128], for the case ¢ = 0 and g*(x) = gper(x;—sj), that an
effective nonlinear diffusion still exists. Repeating the argument above for &%, in this
setting we take the limit of |V&,[P~2V¢, and this converges to some vector £°. Using
the techniques in [128], one can characterize & eff _ aeff(Vu) by means of the effective

diffusion a®ff : R" — R™. For ¢ € R", we take v as the solution of
IY\GO [VvP2Vv - Ve dy = O forall p € W™ (Y \ G), Y-periodic,
v —¢ -yis Y-periodic

and define

1

eff _
O = G,

.[ [VvP~%vv dy.

\Go

In [128] the authors prove that the homogenized nonlinear diffusion aeff(f ) is again a
(p — 1)-homogeneous function of £. Note that the involved formulation matches the

linear setting. It seems an easy task to extend the results of [128] to the case ¢ # 0, as
presented above.

4.5 Subcritical casesa; <« a, <« eandp > 1

This is possibly the simplest case of relevance due to the combination of Theorem 4.5
and the fact that the set of all the particles vanishes in measure as & — 0

1Q\ Qg = [Y,lla.Gol ~ € "a;|Ql|Gy| — 0. (4.12)

This fact will allow us to skip now the difficulty concerning the computation of the
effective diffusion. The aim of this subsection will be to prove the following result con-
cerning the case of a regular function o (we refer the reader to Section 1.6.1 for some
references concerning other choices of o).

Theorem 4.21. Letp € (1,00), f € IP (Q), g € W"®(Q), a; < a, < &0 €LY (R)
non-decreasing such that o(0) = 0 and let

B° = lim Be)p” (&)™

We distinguish two cases, depending on the value of f°:
(@) Ifp° < +co and g is given by (1.3) with g, € W1’°°(Q),gpe, € I” (0Q), then P.u, — u
in W(l)’p (Q), where u is the unique solution of

—Apu +Beff0.(u) =f +ﬁeffgeff Q,
u=0 0Q,

(4.13)

B = B°/1Q) and g® given by (1.9).
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(b) IfB° = +00, g° = 0 and |o(t)| < C(1 + |t] i ), then, up to a subsequence, P.u, — uin
Wé’p (Q) with u such that

ou)=0

a. e. in Q. In particular, if o is strictly increasing, then u = 0.

Remark 4.22. Note that when B(e) <« B*(¢) we have ﬁEff = 0 and the reaction terms
coming from the Robin boundary condition vanish. However, if B(¢) > B*(¢), then
they dominate the rest (in this subcritical case and also in the case of big particles).

Remark 4.23. When a, = Cye® with a € (1,%) and Be) = €7D - B*(¢), then
applying (4.1) we have

B = 10G,ICa .

This is the result that one typically finds in the literature (see, e. g., [177]). Note that
this fact explains the existence of several homogenization results in the literature con-
cerning the case of several isoperimetric shapes for G, mentioned in Remark 1.2.

Remark 4.24. It is not difficult to check that the conclusion of Theorem 4.21 remains
valid for the case in which o is not autonomous, i. e., when replacing o(u) by o(x, u)
with a(x,0) = 0. A special case which was considered in the previous literature con-
cerns the case p = 2 and o(x, u) = V(x)u (the existence and uniqueness of solutions is
guaranteed if, for instance, V € H'(Q) and V > 0, but much more general “potentials”
can be also considered). In that case, the homogenized equation for the subcritical
case becomes the linear equation

—Au+ BV o = f,
and thus several authors say that we get the (stationary) Schrédinger equation.

Remark 4.25. In [270] the authors prove the strong convergence in the case p = 2 and
ﬁo € (0,00), i.e., [V(u, — w| 12(q,) — 0.Dueto the properties of P,, this implies that
P.u, — ustrongly in H(l)(Q). The proofis long and involved, and we will not reproduce
it here. As a matter of fact, we will prove later a related result (see Section 4.7.1.4) for
the case of the critical scale.

We state a lemma that is a direct consequence of (4.12) and that improves the cor-
responding result given in Lemma 4.8 concerning this special case.

Lemma 4.26. Leta, < ¢. ThenXQS — 1strongly in LY(Q) for any q € [1, c0).
Proof. We have

o, - Wagy = [ o, = 17 dx =10\ 0] = [Xella,Gol - O. O
Q
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Proof of Theorem 4.21 (a). The a priori estimate from Proposition 4.13 guarantees that
there is a limit of P,u,. Our aim is to pass to the limit in formulation (2.7). Consider a
test function v € Wé’OO(Q). Then o(v) ¢ Wé’OO(Q). Thus o(v)(v — P?u,) — o(v)(v — u)
weakly in WP (Q).

Let B(e) < B*(g). We study the different terms. First

jf(v—ug)dx = Jf(v—ug)xgs dx.

Q, Q

€

Sincef ¢ jid (Q),v-P.u, — v—uinLY(Q) (for some q > p due to the Sobolev embedding

[
theorem) and Xo, —1 strongly in L#'-1(Q), we have

Jf(v—us)dx—> Jf(V—u)dx.

Q, Q
Now, concerning the diffusion term we have
J IVVIP2Vy - V(v — u,) dx = J IVVP2Vy - V(v — Pou,)xq, dx.
Q, Q
Since |VvIP Vv € L®(Q), V(v - P.u,) — V(v - u) in IP(Q) and Xo, — 1, strongly in
Lp%l (Q) we can pass to the limit
J WP 20y - (v — ) dx — J WV P29v - (v — ) dx.
Q, Q
Finally, the passing to the limit in the more relevant term, associated to the reaction
term, is now quite easy through Theorems 4.5 and 4.11 since
0 ff
) [ (00) - 8°)0 - 45 — £ [ (000 - 8w - w x,

Q|
S, Q

and we recover

0 0
JIVVIP_ZVV-(v—u)dx+ %é{o(v)(v—u)dxzé[f(v—u)dx+ %é{geff(v—u)dx,

which is equivalent to the weak definition of solution of the problem (4.13). O
Proof of Theorem 4.21 (b). The case B(g) > B*(¢) can be studied as above. In the weak

formulation we get

B @)pe) j VPVY- V(v —u,) dx + B () j oW)(v-1,) dS = B (e)B(e) jf(v ~u,)dx,

QS SE QS

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



EBSCChost -

4.6 Supercritical casea, < a; andp € (1,n) —— 87

for any v ¢ WP (Q,,0Q). Arguing as above the integrals over Q, are bounded, and
since they are multiplied by a vanishing coefficient these terms vanish in the limit.
Due to Theorem 4.5

J o(v)(v-u)dx = 0.
Q

We now take v, = p; * u + Ap, where p; are convolution kernels and 0 < ¢ € CZ°(Q).
First, vi — u + Ag strongly in LP(Q). Due to boundedness and a.e. convergence,
0(vy) — o(u + Ap) weakly in I? (Q). Thus

J ou+Ap)Apdx > 0.
Q

As A — 0" we recover

J owedx = 0.
Q

As A — O~ we recover

j owpdx <O0.
Q

Thus o(u) = 0. O

Remark 4.27. Note that we only need ¢ to be locally Lipschitz, since we use o(v) and v
is assumed to be bounded. Finally a natural question is whether the nonlinearity com-
mutes with the extension so as to use work intuitively with P°o(u,). Assume a, < €.
Let o be uniformly Lipschitz and let u, be a bounded sequence in W’ (Q,,9Q). Then,
up to a subsequence,

Pfo(u,) — 0(Pu,) — 0 strongly in L”(Q).

Note that, up to a subsequence, P°a(u,) — 0(P°u,) is strongly convergent in L7 (Q),
and they are only different in Q \ Q,, a set whose measure tends to zero. Hence, the
limit is characterized, and the whole sequence converges.

4.6 Supercritical casea, < a; andp € (1,n)

As mentioned before this case is not very relevant. The proof is very simple. Here we
present briefly a proof similar to that in [268], there for the case p = 2. We do not cover
the case p = n, since it is a little more delicate.
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Theorem 4.28. Let1 < p < n,a, < a;, any sequence B(e) > 0, g continuous non-
decreasing such that 0(0) = 0 and let us consider u, the solution of (1.1), where f ¢
I? (Q) and g° = 0. Then, P,u, — uin Wé’p (Q), where u is the unique solution of

(4.14)

“Au=f Q
u=0 oQ.

Proof. Due to the a priori estimate in Proposition 4.13 we have, up to a subsequence,
Pu, — uin WSP(Q). Let

K, = max|y|.
y€Go

Consider a radial function 1]) :R" — [0,1] such that

0 ifly| > 2K,,

VY| <K,
1 iflyl <K, 4

Ww={

and let

¢Am:=§:¢<xgg>-

jev, e

It is clear that ¥, = 1in & + a.G, and 0 in 0Q. As mentioned in Section 4.1, we can
apply the scaling (4.2) and thus

&

n-p
J|V¢€(x)|p dx < [Y,la; P jlvi(yﬂp dy ~ea; P = <Z—i> s‘"(a;)n_p - 0.
o %

Note that this is not true for p = n. Let ¢ € Wcl)’p (Q). Taking ¢, = @(1 - ,) as a test
function we have that ¢, — ¢ in W(l)’p (Q) and moreover

j V0,7 2V, - u,) dx + (&) j 0P (@, —u)dS > jf«pg ~u,)dx.
Q, S, Q,

Since ¢, = 0in S, and 0(0) = 0, the integral on S, is always zero. Due to the strong
convergence, Lemma 4.26 and the considerations on the gradient made in Section 4.1,
we have

jWW“W¢%¢—deZJﬂ¢—mdx
Q Q

This limit is the weak formulation of (4.14), which admits a unique solution, so the
whole sequence P,.u, converges to the desired function. O
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Remark 4.29. As it is clearly seen in the above proof, the information of the homog-
enized weak formulation is revealed by the choice of a specific sequence of test func-
tions. The auxiliary function i, oscillates, by construction, with the repetition of the
particles. This is precisely why this method is known as oscillating test functions. This
oscillating character of the test functions is also present in the arguments used for
other scales of a, but in a more implicit way.

4.7 Critical case a, ~ a: the anomalous (or strange) nonlinear
term

In the following sections we will present the results obtained by the authors in the
critical cases which form part of the main core of this book. As a matter of fact, we have
structured this book by putting firstly a series of basic (and technical) results just to
get now a clearer proof of the main results, which, as previously said, are exceptional
among the possible scales of the particles.

The aim of this section is to show that the limit of P,u, is u, the unique solution of

{—Apu +HX W =f Q, (4.15)

u=0 0Q.

The function # is typically different from o in this setting.

4.7.1 Caseof Gyaball,p € (1,n)andg* =g

Again we assume that G, = B; (we refer the reader, once again, to Remark 1.1). If g° =
g € WH®(Q) for any &, then

Hx,5) = Ao|HO )P H(x, ) (4.16)

and H is at each point x the solution of the functional equation

Bo|H(x, s)|p72H(x, s) € o(s - H(x,s)) - g(x), (4.17)
where
p-1 p-1 1-p
_(n=P im(a"Pe" _(nz-p P
Ao = <p—1> 108, lim(a; 7€ ™). Bo = <p—1> % ey

Remark 4.30. Note that ai?/B(e) ~ atPa'e™ ~ a Pe™". This tends to a constant if
a, ~a;.

Remark 4.31. When a, = Coeﬁ we recover the well-known value A, =
(%)P—HaBﬂcg"’ . If we also take B(e) = em» P, we recover B, = (g)p‘lc(l)_p (see,
e.g., [112]).
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Remark 4.32. The appearance of the strange formula for .4, is not fortuitous. As we
will see later (see Lemma 4.38) it comes from the normal derivative of the auxiliary
function w, in a,0G,, and therefore it is related to the p-cap of G, as mentioned in
Remark 3.11. This will play a fundamental role in the stochastic framework presented
in Appendix C.

4.7.1.1 Properties of the strange term

Proposition 4.33. Let 0 be a maximal monotone graph such that 0(0) = 0 and let g be

pointwise defined. Then:

(a) Forevery x, there exists exactly one value H(x, s) € R such that (4.17) holds. Ifg(x) =
0, then H(x,s) = H(s) and H(0) = 0.

(b) We have that H is non-decreasing in s and

|[H(x,s) - H(x, t)| < |s - t].
(c) Ifg(x) = 0 and o is differentiable, then

OH .\ _ o'(s - H(s))
0s = a'(s - H(s)) + By|H(s)[P~2

€ [0,1]. (4.18)
(d) When o is a maximal monotone graph of R*> and g = 0, then H is given through the
inverse of the composition of two maximal monotone graphs:

H=(I+0"% G),,,p)_1 where 0, ,(s) = BylslPs.

Sketch of proof. First, let us understand the case where ¢ is a continuous function de-
fined for every s € R; ©,, is a strictly increasing function and ©,, ,(+co) = +oo. For
every s fixed we define the function

CDS(h) = Gn,p(h) - O(S - h)>
which is also strictly increasing in h. Furthermore, since
Dy (£00) = 0, ,(£00) — 0(s F 00) = O, ,(+00) — 0(F00) = *00,

we have a bijection @, : R — RR. Hence, for every x and s there exists a unique solution
of (4.17) and it is given by

H(x,s) = ®;'(-g(x)).

We have that (D;l(O) = 0. Hence H(x,0) = 0 (and H(x, 0) = 0) if and only if g(x) = O.
This requires some care when dealing with H(x, s).

When o is a maximal monotone graph, then @, is a maximal monotone graph, but
sinceit is strictly increasing, its inverse is a pointwise function and we have the explicit
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expression of the statement. We recall that the inverse of a maximal monotone graph
of R? is also a maximal monotone graph. Moreover, o o O, is a maximal monotone
graph and thus (I + o Lo G),,)p)"l is an injective real application.

If 0 is a non-decreasing differentiable function, we can take a derivative in s in
(4.17) to recover

a
BolH(s)™

oH
S s—H($)1-—(s) |.
B o's-He)(1- 20)
Hence, we recover (4.18). Hence, when ¢ is differentiable, H is non-decreasing and
Lipschitz of constant at most 1. By approximation, we recover Proposition 4.33 (b). O

Naturally, if g is defined a. e., then so is H. But this is good enough for our the-
ory. We conclude collecting different examples, which have been studied in separate
scenarios.

Examples 4.34. Some explicit examples of H can be found if we assume that g = 0.

(a) Noreaction.Ifo =0, thenH = 0.

(b) Dirichlet boundary conditions. Since Dom oy, = {0}, equation (4.17) is only de-
fined if s — H(s) = 0 and so H(s) = s. Thus, the strange term results:

H(s) = AolsPs.

This is the unusual behavior proved for p = 2 by Hruslov [169] and Cioranescu and
Murat [80, 81, 79].

(c) Signorini boundary conditions. A relevant case in the applications corresponds
to the Signorini type boundary condition (2.1c), which can be written with the
maximal monotone operator (2.3), given by

AolHy(s)IP2Hy(s) s> 0,
’H(s)z{ 0 0_2 0
AplslP~*s §<0,

where
BolHo) Ho(s 0o(s — Hy(s)), s> 0.

Hence, H coincides with the one from the Dirichlet condition if s < 0 and with the
one from oy, if s > 0. This result was obtained previously in [89] (if p = 2) and [173]
(if p # 2) by ad hoc techniques. Once the theory for maximal monotone operators
is applied, it can be found as a corollary.

A comment of the behavior of u when f is very negative in a small region can be
found in Proposition C.2.

EBSCChost - printed on 2/10/2023 3:37 PMvia . All use subject to https://ww.ebsco.conlterns-of-use



92 —— 4 Particles over the whole domain

Remark 4.35. As in Remark 4.24, we can also consider the case in which we replace
o(u) by o(x, u) with a(x, 0) = 0. For instance, for the special case of p = 2 and o(x, u) =
V(x)u (with V € HYQ) and V > 0) in the critical case we also get a (stationary)
Schrodinger linear equation

—Au+ AV (X)u = f,

but now with an effective potential which does not coincide with the original potential
V(x) since it is given by the bounded function

V(x)

V= Yoo+ By

(see, e. g., [271]).

4.7.1.2 Proof of the homogenization result

Theorem 4.36. Letp € (1,n), G, = By, a, ~ a;, Be) ~ B*(e), g° = g € W"™(Q) for
any &, 0 a maximal monotone graph. Then P,u, — uin Wcl)’p (Q), where u is the unique
solution of (4.15) with the reaction term H given by (4.16)—(4.17).

Coming back to the function w, constructed in Section 3.1.5.1 we seek to apply
oscillating test functions of the form v, = v—hW,, where v is a test function of the limit
problem, his a function correcting the amplitude of the oscillating function which will
be chosen later and

w.(x—&) a,<lx-gjl< % for somej € Y,,
We(x) = 11 |x - &j| < a, for somej € Y,
0 otherwise.

Note that this is a well-defined construction, since for each x there is at most onej € Y,
such that x € gj + €Y (i. e., [x — &j| < &).

The function h will be, in fact, of the form h(x) = H(x,v(x)), where the function
H(x, s) will be chosen through equation (4.17). Since v, is a valid test function for the
weak formulation (2.8) we start by writing that

j |VV£|p_2VV£ V(v —u,) dx + f(e) J(‘P(vg) -W(u,)-g(v,—u,))dS- J f(v,-u,)dx = 0.
Q, S, Q,
(4.19)

Remark 4.37. Inthecritical case, the integral on S, has to be controlled by an interplay
with the diffusion term. This is the second surprising fact indicated in the Introduction
of the book (Section 1.1) and it does not happen in the sub- or supercritical regimes. It
is a special phenomenon arising only in the critical case.
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A useful decomposition of the diffusion balance term was given in [111] in terms
of the following lemma.

Lemma 4.38. Let1 < p < nand let u, € W"(Q,,0Q) be a sequence of functions with
uniform bounded norm, letv € C°(Q), h € Wb®(Q) and letv, = v—hW, be the oscillating
test function correcting the test function v of the homogenized problem. Then

J IV 2Vv, - V(v —up) dx = I, + Lo + I + R(€), (4.20)
Q

where R(€) — 0 as€ — 0 and

L= J IVVIP20v - V(v - ) dx, (4.21)
QE
e = -Be [ PRy~ h - ) ds, 4.22)
SS
Le=A4. ) j I~ h(v - u,) dS, (4.23)
jEYsstr%BBl

with the constants given by
p-1 p-1
n-p - 1- n-p 1-
a=(55) arem ()
We will give the proof of this lemma below, after a set of important considerations.

n _ —
Remark 4.39. Note that since we are in the critical range a, ~ 77, A, ~ a’ Pe'™ ~ ¢,
whereas

B (&) ~1S: ™" ~ €"(al) " ~ (a)" P (@) " ~ ().

& £ & &

Hence B, ~ 8*(¢).

Remark 4.40. This is, perhaps, the most important remark of this book. There is a nice
way to have an intuition for how (4.17) (the equation that characterizes H) appears.
It is a formal synthesis which, in our opinion, is absent in most of the papers dealing
with homogenization to the critical scale and the occurrence of strange terms. Assume
for a second that o is smooth and we look at the variational inequality (2.8), which is
equivalent to the weak formulation of the problem (1.1)

j 9,2V, - V(v, — ) dx + B(e) J(o(vg) ), —u)dS - Jf(vg “u)dx >0,
Qe Ss QS
for any oscillating test function of the form v, = v—hW,. We have two integrals over S,

namely I, . and the one with the reaction term. Hence, if we manage to have

Be [ 1R *hv ~ h - ) dS = Be) [(01v0) - £)(ve - ue) ds,

SS SS
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94 — 4 Particles over the whole domain

then we cancel out the terms related to the critically scaled S,. On the other hand,
we can compute the limit of I3, by applying the “from surface to volume averaging
convergence principle” given in Theorem 4.5 to the surface

PN £
S = j+ —0B; ).
o= U(o+ 508,)
jeYe
Thus, if we force the equality to hold pointwise, since W, = 1 on S, we would like to
have

BS

e IhP*h=o(v,) -g =0(v-h)-g.

This is the reason why we take h = H(v), where H solves pointwise equation (4.17).
Our proofs for general o come from developing this idea in terms of subdifferentials.

Proof of Theorem 4.36. As usual, we know that u, is bounded in whp (Q,,09), and
hence up to a subsequence, P.u, — uin Wé’p (Q). The term I . tends to the term cor-
responding to A, in the effective variational inequality formulation. Note that since
a, < eand P,u, — uin W ”(Q) we can compute

lirréll"g = J IVvP~2Vy - V(v - u) dx.
£—
Q

As mentioned in Remark 4.40, the term (4.22) will interplay with the term on S, on
the weak formulation, where I, yields the effective reaction term in the homoge-
nized equation. Since the weak formulation is given, equivalently, by the variational
inequality, we could kill the terms on S, if we show that

lim SUP<Iz,s +Be) j(\lf(va W) - g(v, - ug))) ds<o.
-0 3

First, note that, since the integral is controlled and due to the definition of B, we have

L, = -Byp(e) J IhP2h(v — h - u,)dS + R(e),
Se

where R(¢) — 0. Due to the choice of v, and g, we have, since W, =1on S,
Y(v,) - VY(u,) -g(ve —u,) =¥(v-h) - ¥u) - g0)(v-h-u).
Hence, we would want to have

Y(v-h)-¥Yu,)-gx)v-h-u,) < Bolhlp_zh(v —h-u). (4.24)
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Here is where the magic of convex analysis comes into play. This kind of inequality is
reminiscent of the properties of the subdifferential of a convex function

W(x,s) - P(x,t) <&(s—t), V& edP(x,s) (4.25)

for a general function ¥(x, -) assumed to be convex for every x, and where 9% denotes
its subdifferential. This is what we get when we assume that ¢ is a maximal monotone
graph. Taking

Y(x,s) = ¥(s) - g(x)s,

in terms of its subdifferential we have BST’(X, s) =0(s)—gx).If h = H(x,v), where H is
the pointwise solution of (4.17), we recover (4.24) by taking in (4.25)

s=v(x)-h(x), t=u.x), &=DBylh?h= BOIH(.,V)IP_ZH(.,V) € 0¥(t,s).

To compute the limit of I; . we apply the important “from surface to volume averaging
convergence principle” given in Theorem 4.5 to the surface

& . €
S, = U <£] + ZaBl)
jeYe

We have that |§£| = 'QALB,? 1'8"1, so by Theorem 4.5 and the definition of A, we get the

effective reaction balance term

liné L, = A JlH(x, v)|p72H(x, V)(v —u)dx.
E—
Q

We compute now the limit of the last term of the variational inequality associated to
f. Due to (3.16), for q > % it is a direct computation to check that

J IVIWV,|9dx ~ |Y,]| J [Yw, ()| dx ~ e "a ~ a1 (4.26)
Q B,

(since a, ~ a;}). Hence, due to the Sobolev embedding inequalities we get

strongly in W(l)’q(Q) ifil<g<p,
W, —0 (4.27)

weakly in Wé’p Q).
The second statement may not seem obvious. However, in WP the norm is bounded,
and hence there must exist a weak limit. This limit must coincide with the W4 limits

for g < p, and therefore it must be 0. Hence, by compactness, v, — v in LP(Q) and
since a, <« ¢, by Lemma 4.8 we have

l%]f(vs—ug)dx= jf(v—u)dx.

Q, Q
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Joining all the information above,

0< liminf<J Vv P2V, - (v, — u,) dx
&—0

+B<s>j (70) =¥l - 800 ~ ) S - [ £ - )

€

< hmm 6115 + L+ 13, +B(e) j(‘l’(ve) -¥(u,)-gv, —u,))dS - Jf(vg -u,) dx)
(

Se Qe

< hmmf Le+1, - f(Vs - ug)dx>

- J VP2V - V(v — u) dx + A J|H(x, v)|p_2H(x, V)(v-u)dx - Jf(v —u)dx.
) ) Q
(4.28)

This concludes the proof. O

4.7.1.3 Proof of Lemma 4.38
The proof of Lemma 4.38 is fairly technical and depends on the case of whether p < 2
or p > 2. A first result in which it is followed by a presentation similar to the one in this
book was the paper [268] relative to the case p = 2. The case p € (2, n) was analyzed
in [245]. The case p € (1,2) was analyzed in [113]. We refer the reader to [190] for some
techniques associated to the p-Laplace operator.

Let us present first the case p = 2, which is quite simple, and then the general
setting p > 1. We have

j vvg ‘ V(Vg - ug)dx :]l,s _]2,8’

QE
where
Jie J.VV V(v -hW, —u,)dx,
Qe
Poe jV(hW) V(v -hW, - u,)dx.
Q£

Moreover, due to the estimate (4.26)

Jop =, - j Vv V(iW,)dx = I, + R(e).
QS
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On the other hand, using Green’s formula, the fact that W, satisfies problem (3.14) and
the estimates on W, given in Section 3.1.5.1 we have

Joe = j W,Vh- V(v - kW, — ) dx + J hVW, - V(v — hW, — u,) dx

QE QE
~ R(e) - j(vwg VRV = hW, — ) dx
9,
+Y | awhv-uds
T e oeji £ By)
+y o, wLh(v —h —u,)ds,

I e p(gjra, Go)

where 0, is the usual normal derivative. Using the estimates on the gradient and nor-
mal derivatives of W, given in Section 3.1.5.1 (see (3.17)) we have

e =R(e) + A, Z h(v—ug)dS—Bth(v—h—uE)dS.
Tz p(ejir £ By) 5.
This completes the proof for p = 2.
To consider the case of p # 2 we need the following auxiliary result.

Lemma 4.41. Letp > 1,a, ~a;,n>3,v ¢ W(l)’OO(Q) and let g, € W(l)’p(Q) be uniformly
bounded. Let also n, € WP(Q) be such that VNellzaq) — O, forall q € [1,p), ase — O.
Then

JIV(V )V - n,) - Ve, dx
QE

= J IVv[P2Vv - Vo, dx — j VR P~2Vn, - Vo, dx + R(e),
Q, Q,

where R(e) — O.

We split the proof in the cases p € (1,2), (2,3] and (3, +co). We recall two not too
difficult technical lemmas dealing with the different values of p [113] (see also [190]).

Lemma 4.42. Letp € (1,2). Then there exists a positive constant C = C(p) such that the
inequality

1
2

|la—bl"*@@-b) - (la’*a - b’ b)| < C(lallb]) (4.29)
is valid for alla,b ¢ R".
Lemma 4.43. Letp > 3. Then, for all a, b > 0 we have

(@a+bP2-b2 < (p-2ala+bP>.
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Proof of Lemma 4.41. Casep € (1,2). By Lemma 4.42, by applying Holder’s inequality,
we have

H (V0 = )P 2V = 1,) - Voo, — (IWIP 2V — [V, P2Vn,) - Vep,) dx
QE
p-1 pt
<C j V1'% 19017 [V, dx

QE
p1 p1
< 2 2 " )
S KIS IVl B 190l g
since 1 < (p +1)/2 < p. This proves the result.

Case p € [2,3]. When p > 2 we write
J |V(V - rle)lpizv(v - rle‘) . V(ps dx
Q

= J |Vv|p‘2Vv -V, dx - J IVrlglp‘Zng -V, dx

Q. o,
+ J(IV(V - rls)lp_z - |VV|p_2)VV - Vo, dx
QS
) J (V& =" = 190.P2)¥n, - Vp, dix. (4.30)
QS

Hence, R(g) is given by the last two terms. For the first term, in the case p € [2,3],
through Minkowski’s inequality, we have

H(IV(V ) = WP )WY - Vg, dx
p-2 p-2
< [(Qwv1+ 190 = 9P D vVl dx
< [ 1w 2oV dx
QE

i
< ||Vv||Lm(J |vng|("‘2’qu> (j Vg, 17 dx)

€ €

q-1
q

It suffices to pick any g such that (p — 2)q < p and % < p.Thus, any q € [I%, I%) is
valid. A similar argument works for the last term in (4.30).

Case p > 3. We look again at the remainder terms in (4.30) and use Lemma 4.43. Then

‘J(|V(V - rls)|p_2 - |Vv|p_2)Vv ' V(ps dx‘

< [(vv1+ 19 - 19w 21w, dx
QS
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-3
C | IV l(19vl + IV, 1) IV, | dx

AN

P —_

< C | IVl + IV P72) Vg, | dx

o

€

-1

q qn a
< C(J [V % dx) <I [V, | o dx) +

€ Qe

a1

N C<j V| P24 dx) ” <J Vg, | dx> "

€ €

Again, we get a large set of possible choices for g;, g,. The last term in (4.30) behaves
similarly. O

The splitting Lemma 4.38 (for p # 2) follows as a direct consequence of this lemma.

Proof of Lemma 4.38 (for p + 2). Since v, = v — hW,, by Lemma 4.41, we have

j IV P29y, - V(v - u,) dx = ], — ]y + R(E),
Q.

where

J IVV[P2Vv - V(v — hW, — u,) dx,

]l,e

a,

Joe = J VWP (RW,) - V(v — kW, — ) dx.
Q

Moreover, due to (4.26)

Jop =, - J VVP2Vy - V(W) dx + R(e) = I, + R(e).
QS

On the other hand, similarly to the casep = 2,

]2)8 = J |hVW£|p’2thE V(v - hWe —u,) dx + R()

g,
“Re)+ Y j [vwl P20, [P 2h(v - u,) dS
I o(ej4<By)
£y J (oWl P20, [P 2h(v — h - ) dS.
Tz a(ejva, Go)
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From the explicit estimates given in Section 3.1.5.1 we have

Joe =RE®) +A, ¥ j WP 2h(v — ) dS - B, j WP2h(v — h - u,) dS.

T 3(ej4By) S,

This completes the proof. O

4.7.1.4 Strong convergence with correctors when g° = 0

By using similar arguments to the ones of the above section, it seems possible to prove
the strong convergence with a corrector when we assume some additional regularity
on u as, for instance, u ¢ W1’°°(Q). At least for the case p = 2 we can prove that

"us +HWW, - u“WLI’(QS)aQ) -0 (4.31)

as ¢ — 0. Using that W, converges strongly to 0 in W for g < p we also deduce
immediately that

u - uellwraq, 90) = 0, forg <p.

This result can be found for p = 2in [270] and ¢ Lipschitz continuous, and the Signorini
problem in [173]. Let us give an idea of the proof (for p = 2). The proof in the case p # 2
is not present in the literature, to the best of our knowledge. However, we expect it
should follow from not too different ideas from the case p = 2.

The weak formulation for u, is given by

J Vu Ve dx + B(e) J o(u)pdS = Jf(p dx.
Q. S, Q.

Let us define U, = u—H(u)W,. Plugging it back on the weak formulation of the problem
for u, we have

.[ VU Ve dx + B(e) J o(U,)pdS = j VuVe dx - J V(Hw)W,)Ve dx
Q Q Q

€ e €

+ Be) J o(u~ Hw)p ds.
SE

€

We must take into account that

JVuV(pdx: Jf(pdx—AojH(u)(pdx— J VuVe dx.
Q, Q Q 0\Q,
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Hence, if we assume the additional regularity u € W1’°°(Q), we have

j V(U, - u, )V dx + B(e) J(U(Ug) - 0(u))pdsS
Q, Se

- J fodx - A, JH(u)godx— J Vuve dx
0\Q, Q 0,

- J V(HWW,)Ve dx + B(e)B, J Hu)pdS.
Q, S,

Now the aim is to take ¢ = U, — u, and show that the right-hand side tends to zero.
One looks for similar cancelations as in the above result and with the advantage that
P.u, —uand W, tend weakly to 0 in H(l)(Q). As before, the case p # 2 is more technical,
but follows the same philosophy. We refer the reader to [270, 113] for the details. We
point out that the regularity u, W1’°°(Q£) was shown in [50], for p = 2, when g is a
maximal monotone graph and f € L®(Q). The regularityu € W>®(Q), whenf € L®(Q)
and p = 2, is well known since function H is Lipschitz continuous (see, e. g., [186]) and
even under weaker assumptions on f (see [49]). Then it makes sense to ask if the above
convergence, in fact, takes place also in W (Q) when u € W**(Q): as far a we know,
this is an open problem.

4.7.2 Caseof Gyabal,p=nandg® =g

This setting was first considered in [229]. The main arguments are as above, but re-
placing now w, by the value given in Section 3.1.5.2. Again, we assume that G, = B,
and g° = g € WH®(Q). We recover the homogenized problem (4.15), where

H(x,s) = Ag|H(x, )P *H(x,5)
and H is at each point (x, s) the solution of the functional equation
BolH(x, s)|n72H(x,s) eo(s-H(xs))-gk),

where

1-n 1-n

_ By time(1n £ i &
AO—IBBlll%e <1r14 ) , Bo—llilg)(ﬁ(s)aglnl‘a)

aS &

Going back to Remark 4.1, we observe that the parameter a of the family of critical
scales appears when substituting the assumption on a, in A, and 5.
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4.7.3 Caseof Gynotabal,lp=2<n

First, let us look at the case g° = 0. The first paper in this setting is [116] for o Holder
continuous.

Theorem 4.44. Assume a, ~ a;, () ~ B (&), f € LX(Q), g% = 0 and o Holder contin-
uous for some a« < 1. Then, P.u, — uin H(l)(Q), where u is the unique solution of the
homogenized problem (4.15) with

n-2

H(x,s) = AgH,(s), where Ay = 1in(1) a;n (4.32)
E—

and ﬁg is given by (3.27).

We will use the auxiliary functions and notation given in Section 3.1.5.3. We recall
that as proved in Section 3.1.5.3, 0 < H.(s) < Ag,- This constant A, depends only on G,
and, even though we will assume that ¢ is a smooth function, there is a natural way
to extend the results to maximal monotone graphs, as pointed out in Remarks 3.20
and 3.21. This intuition matches nicely with the explicit results when G, = B; given in
Section 4.7.1.1.

We can proceed similarly in the case of a ball, with some additional constructions.
For v € C®(Q) we define, for x € Q,,

Woe(X — &), V(g])) x—¢g € 5By \ (a,G,) for somej € Y,,

W, e(6sv) = { (4.33)
0

otherwise,

where w, . is the solution of (3.35). As above, this is well defined since there is at most
onej € Y, sothatx € gf + €Y.

As with the previous case, it is not hard to prove that W, , is bounded in W"?(Q,,
0Q). Furthermore, by extending w, . into the particle by preserving the gradient, we
can see that there is an extension W, , bounded in Wé’p (Q). Arguing as in Section 4.1,
it is not difficult to see that

W,e(5v) = 0 in WP (Q).

Note that, unlike before, we cannot define the function inside the particles. The oscil-
lating test function is now of the form

Ve(X) = v(x) = Wy (X3 V).

In this setting, we need the following adapted version of Lemma 4.38 (the proof is
left as an exercise for the reader).
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Lemma 4.45. Let u, € H'(Q,,0Q) be a sequence with uniformly bounded norm, v €
C2(Q), ve(x) = v(x) = W, .(x;v). Then

J VVE . V(VE - ug) dX = Il,(;‘ + IZ,S + 13,8 + R(é‘),
Qe

where R(e) — 0 and

L, = J Vv V(v -u.)dx,
QE

Le=-Y j (Vo (0) = u,(0)3, W, o (x — s (&) dS,.

I 3(gja, Gy)

I =- Z J (v(x) — u (X)), Wy ¢ (x — gj; v(gj)) dS.
JYe o ejir £ By

Going back to (4.40), this splitting shows how we arrive at a formulation of prob-
lem (3.25).
Let us study I, .. From our choice (3.35) we have

he=-Cot' ¥ [ (V00 - W) ~ u00)o(v(e]) - o) d,
JEY, o(gj+a.Gy)

Therefore, we recover

L.+ B(e) J o(v - W) (v, —u,)dS,
Se

= z j (Ve(¥) = u(x))(Be)a(v(x) — Wy (X)) — Coaglo(v(sj) - W, (x)))dS,.
J€Ye3(ej4a,Go)

When o is smooth, it is easy to show that it tends to zero due to our choice of C, and
by taking Taylor expansions.

With this lemma, we can almost repeat the computations made in (4.28) except for
the cancelation of I, .. The term I . is as for the case of balls. For the term I, we need
an adapted version of Theorem 4.11. By taking into account (3.38) and an argument
similar to Theorem 4.11 we recover that if ¢, — ¢ weakly in Hy(Q) and v € C*(Q),
then

n-2

. . .. a -

be=- ¥ | owmolc-siven)as, — (m %) [ puofl, (o) ax.
JEY‘"sﬁ%aBl € Q

(4.34)
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Let us explain this limit. For a fixed v smooth, we construct the operator on H(Q)

Be@ ==Y [ 9000w (x - g vieh) dS,.

jeY, .
J€Ye &+ 5 0B,

For a function ¢ € C}(Q)
| o000, (x - ivien) ds, = -gtei) | a,woelvieh) ds.
&j+50B; +0B,
Since Aw,, . = 0, we have

0= J Awg  dx = j O,Wg e dS, + J O,Wg ¢ dS,. (4.35)

%aBl\aeGO %aBl a.0G,

Hence

- | o000 g plen) S, = plei) [ awe, s,
&j+50B; a,0G,
Now, we note that due to (3.37)

j 0, W, (X3 v(gj)) dS, = J 0, Wy (x;v(gj)) dS,
a,0G, a.0G,

= a272 J avwa()/;V(sj))dSy
G,
= a; *Hy(v(e)))-
Thus

n-2
€

> " p(e)Hy (v(g)).
jeX,

a
Ko@) = —

We recover the limit by Riemann sums. Hence, if the operator has a limit, this limit
is

n-2
£

J (p(x)FIg(v(x)) dx.
Q

.a
) = lim p

The proof that y, is strongly convergent (which is needed to show the convergence

of u.(¢p,) where ¢, converges weakly), and the rigorous proof of (4.34), is as fol-
lows:
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1. One proves that

_ . ap =
- z J 0:(X)0,W, . (x — &5 v(gj)) dSy, — <l1m £ ) J(p(x)Ho(v(x)) dx.
P~ -0 &
T egj1 £ 0B, Q

Note the difference with (4.34). This is done by defining functions similar to Mg,
and noting that, since Aw,, . = 0, similarly to (4.35), we have

- J 8, W, (y:5)dS, = a2 A, ().
£0B,

2.  We prove that

z I (Ps(x)(avwa,s(x ~&j; V(SJ)) - avwa,s(x - Sj;V(Sj))) dsx — 0.
JEY,

&j+50B,
This is done by integrating by parts and applying the estimates in Lemma 3.23. We
have

[ 0e0@0trelx 81:5) - 0, - i) 05,
&j+50B,

= J V@ (X + €)V(W, (X5 5) — Wy (X5 5)) dx
%Bl\asGO

- J (X + £))(0,Wy £ (X;5) — 0,W, £(x;5)) dS,.
a.0G,

The first term is controlled via the H! estimate. For the second term we use that

J Pex + Sj)(aVWU,S(X;S) - avwa,e(X;s)) dsS,
a.0G,

=C, J 0:(x +)(0(5 — Wy (x35)) — 0(s — W, . (x;5))) dS,.
a.0G,

Now, we can use the regularity of o and the estimate in LZ(aEaGO) for the differ-
ence. It seems that this in the only point in the proof where the regularity of o
is applied, since all relevant estimates on Lemma 3.23 are independent of o. We
point the reader to [116] for the full details and finish the section with some com-
ments.

When g is asin (1.2) and o depends on x, the authors in [269] use the test functions
mentioned in Remark 3.15 to recover similar results. Likewise, the case g°(x) = g(x) can
be treated where in (4.32) we recover H{ depending also on x.
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Remark 4.46. The study of the case when o is a general monotone graph is possible
although involved. It would require revising the estimates presented for w,, and a
sharp analysis of the term I ,..

Remark 4.47. The study of this problem when p € (1, n) should follow similarly to the
case Gy = B; with the additions above. However, it has not been done yet due to the
difficulty of obtaining estimates for W, , equivalent to (3.38).

4.7.4 Caseof Gynotaball,1<p <nandg® # 0

To be best of our knowledge, the results for this problem do not exist in the literature.
However, we expect the effective homogenized equation to be

“Apu + Hx,u)=f Q,
u=0 0Q,

where, with the notations of Remark 3.17 (which allow g° to be of the general class
(1.3)), we would have

H(x,8) = AgH,(x,5),

for some A,. As already mentioned in Remark 3.17, there are important severe tech-
nical difficulties to overcome due to the quasilinear behavior of the p-Laplacian (spe-
cially if p < 2), but we expect the program to be similar to the remaining cases.

4.8 ThecaseB + B*

Now let us justify the different homogenized results in this framework mentioned in
Table 1.1.

The case a, < a is not relevant, since the reaction term never appears as proved
in Theorem 4.28 for g° = 0, and the behavior is independent of B(g). We simply point
out that if B(e) < B*(¢), the solution has the same limit as ¢ = 0.

For subcritical scales we already showed in Theorem 4.16 and Theorem 4.21 that
when B(e) < B*(€), then the problem has the same limit as the homogeneous Neu-
mann case (i. e., corresponding to ¢ = 0), and when B(g) > B (¢) and g° = 0, we have
o(u) = 0 in the limit, i. e., the reaction term becomes dominant.

We can give some additional information on the case a; < a, < ¢, by recalling
Section 2.4. Due to Remark 4.4, we can compare the solutions for two kinetics ¢ and 4.
The computation in Section 2.4 is rigorous in this case if a, > a; , and hence we have
(2.10) if p > 2 and (2.11) if 1 < p < 2. Hence, the case B(¢) <« B*(g) behaves like 0 = 0,
i. e., the homogeneous Neumann boundary condition on the particles.
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The behavior of B(¢) > B*(¢) and a, ~ a; is interesting. When G, is a ball, let us
look at (4.17). We note that if S(e) > B*(¢), then B, becomes 0 (while the rest of the
argument works) and we recover the equation

-0(s-H(x,s)) = g(x).
For o strictly increasing
H(s)=s- 071(—g(x)).

If g(x) = 0 simply H(s) = s. This is the same behavior as when ¢ = o}, corresponding
the Dirichlet boundary (given by (2.2)). We have that  is, as for the Dirichlet boundary
condition,

H(s) = Ag|sl’s.

If, on the other hand, we look at the auxiliary problem (3.25) (corresponding to
g% = 0), with C, given by (3.26), so it would be C, = +co. Changing it to the left-hand
side, the auxiliary problem becomes

AW, =0 R"\ G,
0=0(s-w;) 0G,
w, >0 as ly| — +oo.

In other words, if o is strictly increasing,

AW, =0 R"\ G,

W(T =S aGo,

w, - 0 asly| — +oo,
S0 W, (s,y) = sk(y) and hence

H(s) = sAGO.

Again, we have recovered the same reaction homogenized term as the one associated
to the case of Dirichlet boundary conditions.

Although for different problems, the similar cases in Tables 1.2 and 1.3 are recov-
ered by similar procedures.

In the previous literature for p < n, many authors considered the special choices

a, = Coe®, Ple)=¢". (4.36)

Under this framework, the different resulting homogenized equations can be classified
according to the different cases indicated in Figure 4.1
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Y
A I v
\%
II VII
111 VI
>
1 n
n—p

Figure 4.1: Representation of Table 1.1 with the choices (4.36). Note that @ = 1 corresponds to big
particles, whereas o = ﬁ corresponds to a;. Regions | and IV correspond to B(e) > B*(e), lI
andVto B(g) ~ B*(¢) andllland Vito B(g) < B*(g). Region VIl is the supercritical case of small
particles. The line for a = 1is also splitin three regions by line Il, but we do not number them for
the sake of simplicity. Note also that for the critical case, a = #, there are three different cases of
homogenized equations according to the values of B(g) = €7, as in Table 1.1.

4.9 Further comments

4.9.1 [*data

In many applications the data f and g are less regular than usual and it is impossible
to get the solution u, of the problem (1.1) in the energy space WP (Qf, Q). Here we only
will consider the case of particles of critical scale over the whole domain and p = 2,
but the results can be extended to many other formulations. So, in this subsection, we
consider the problem

—Au, = f(x) x € Qg
o,u, + Be)a(u,) = Be)gf(x) x €S, (4.37)
u. =0 0Q,
under the assumptions
o is a maximal monotone graph of R%, 0 € 0(0), (4.38)
fellQ), (4.39)
g° e L'(S,). (4.40)

We start by considering the basic theory of the existence and uniqueness of a weak
solution as a first step to the homogenization process. We will need now some further
results beyond the exposition made in Chapter 2 for the usual case considered in the
book in which f € L*(Q) and g€ € L*(S,).
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One possibility to carry out the homogenization process is in the framework of
the so-called renormalized solutions; see [38, 208, 53, 147] and, especially, [127], in
which the case of big particles (with a more complex linear diffusion operator) was
considered under the assumption that o is a continuous increasing function such that
0(0) = 0. Nevertheless, in this section we will follow a different approach in order
to obtain the convergence of the direct sequence of solutions u, and not only on the
sequence of its truncations. It is well known that, at least under some additional as-
sumptions, there is some equivalence between renormalized solutions, entropy so-
lutions (see [27, 247]) and L!'-weak solutions ([131]), but here we will make a direct
presentation for weak solutions.

Following the pioneering and fundamental work [52] and similar to Chapter 2,
given a maximal monotone graph of R?, o, we define the following notion of solution.

Definition 4.48. We say that u, ¢ Wl’l(Qg, 0Q) is a weak solution of problem (4.37) if
there exists b, € Ll(Sg), with b, (x) € o(u.(x)) on S, such that

J' Vu Ve dx + B(e) J b.pdS = Jf(p dx + B(e) Jgg(p ds, Ve e WH(Q,,0Q). (4.41)
Q, Se Q, Se

Since we have mixed type boundary conditions in problem (4.37) on 0Q, (of Dirich-
let type on 0Q and of Robin type on S,), the corresponding result given in [48, Theorem
22] does not apply directly to our framework. In fact, in this paper it is assumed that
the diffusion equation contains a positive absorption term (i. e., the equation is of the
type —Au, + au, = f(x), with a > 0). This is crucial in some parts of their arguments.
Nevertheless, instead of this fact, we will use here the property that there is a part of
the boundary of Q, in which we have a Dirichlet condition (since otherwise it must be
assumed some additional conditions on f and g%; see [28]).

We point out that the paper [52] was the object of many generalizations and that

some of them are valid also for the quasilinear case p + 2 (see, e. g., [26, 188]). For
homogenization purposes we will need some uniform estimates which are given in
the following result and which look new in the literature.
Theorem 4.49. Assume (4.38) on o and let f and g° satisfy (4.39) and (4.40), respec-
tively. Then, there exists a unique weak solution u, € Wl’q(Qg,aﬂ), with1 < q < %,
of problem (4.37). Moreover, if i, € W™1(Q,,0Q) is a solution (4.37) corresponding so-
lution to different dataf and g° that satisfy (4.39) and (4.40), and Bg € Ll(Sg) with
Es(x) € a(i.(x)) on S,, we have

B@©)lb, - Bg"Ll(Sg) <|If _f”Ll(QE) + B8, — 8ellpxs, (4.42)

andforany1<q < % there exists a constant C (depending only on Q and q) such that

IV = 8| pa(q,) < CAIF ~Flia, + BOIE: — Zellpss,))- (4.43)
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Since we will adapt to our setting some of the results of [52] and its generalization
made in [28] we will give only a sketch of the proof, except when proving that the
constant C > 0, appearing in (4.43), is independent of €. The proof is a consequence
of several ingredients. A basic fact is the L!-treatment of the linear Laplace problem
with mixed boundary conditions

-Av=f x¢eQ,,
ov=g xe€S, (4.44)
v=0 0Q,

for f ¢ L'(Q,) and g € L!(S,). We say that v ¢ W"'(Q,,0Q) is an L'-weak solution of
(4.44) if

j VWV dx = J fpdx + j g0dS, Vo e W(Q,,30). (4.45)
Q; Q Se
When f, g are smooth, existence is classical as presented in Chapter 2. Existence and

uniqueness with L! are a consequence of the following continuous dependence esti-
mate.

Lemma 4.50. Assume f ¢ L'(Q) and g € L'(S,) and let v be a weak solution of (4.44).
Then, forany 1 < q < % there exists a constant C (depending only on Q and q) such
that

”V"WUI(QS) < C(”f”Ll(Q) + ”g"Ll(Se))- (4.46)
Proof. We study the cases q € (1, %). The case g = 1 follows any of these cases by
applying Holder’s inequality
a1 a1
IVViipiq,) < Q] @ IVViLa(q,y < Q17 [VVILa(q,).

Letr=¢q' = % € (n, 00). We will prove that, for h,, ..., h, € L'(Q,), we have

i i=0

n av n
j(hov + Z hi& ) dx < C(If I, + ||g||L1(s€)) Z IRl @) (4.47)
a i=1

e

for all r > n, with C > 0 depending only on Q and g. We can use this estimate; we take
hy = [v|4 2y, h; = |Vv|q72% and we recover

J(Ivlq +|vv|?) dx
QS

q-1 q q-1
L w20l 0v |\ @
S C("f”Ll(QE) + ”g”Ll(SS))((I |V|q dX> + Z(J |VV| II*Iq a dX) >

i=1 i
e ‘e

-1 g1
q q

< O + Ietuss)(( [ 7ax) ([ vweax) ™).

QS QS

printed on 2/10/2023 3:37 PMvia . Al use subject to https://ww.ebsco. confterms-of-use



4.9 Further comments = 111

Hence, by simple manipulation (4.47) implies (4.46) without adding any dependence
one.

To prove (4.47) we will construct some auxiliary functions. By density, it suffices
to prove (4.47) for hy, ..., h, € C2°(Q,). Fix one of these (n + 1)-tuples and define h =
ho - Y1, g—f:. Let ¢, be the solution of the associate linear problem

-Ap, =h(x) x¢eQ,,
0,0, =0 X €S,
@, =0 0Q.

Following the proof of [164, Lemma 7.3] we can deduce the estimate
n
lelzeoq,) < CQe) Y Il q,)- (4.48)
i=0

The argument consists of taking ¢(x) = max{v(x) -k, 0}, for k > 0, as test function and
iterating the inequality obtained through the weak formulation. A careful revision of
the proof of [164, Lemma 7.3] allows to see that

C(Qs) = Cn‘yn“Qsl)’

where E‘n is a universal constant (only depending on r and n) and ¥,,(s) is a strictly in-
creasing function of s (depending also on r and n). Indeed, the estimate of the proof of
Lemma 7.3 of [164] only depends on the Sobolev inequality constant and the Lebesgue
measure of the domain. According to [252] we know that such a constant depends in-
creasingly on the measure of the set where it is applied. Thus, in our special case we
have

C(Q,) < C = C,¥,(1Q). (4.49)
Let us use this estimate to prove (4.47). Using ¢, as a test function in the equation of v,
j VWV, dx = jf(ps dx + jg(pS ds.
QS QS SE
On the other hand, using v as a test function in the problem for ¢, we have
1 oh; L ov
JVVV¢£dX= jv(ho—za—)(l’)dx: Ihovdx+ZJh,-§dx,
Q. 0 = Q Hlo,
since hy), ..., h, are compactly supported. Joining the last two equations,
L ov
Jh0v+z J s dx = Jf(pgdx+ Jg¢£d5.
Q, =g, ! Q, S,

Using (4.48) we deduce (4.47) and hence obtain the result. O
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Remark 4.51. Let 7vdenote the trace of v € Wl’l(Qg, 0Q)in Ll(Sg). Let M be the operator
in L1(Q,) x L'(S,) with the graph

{Iv,w), (f.9)] : (v.f.8) € W' (Q,,0Q) x LY(Q,) x L(S,),
w = 7v and v is solution of (4.44)}.

Then, M is a linear, single-valued and densely defined operator in Ll(QE) X Ll(SE). This
is proved by an argument which consists in regularizing (f, g) and passing to the limit
(see [28]). In fact, the above arguments prove that operator M is m-accretive in L'(Q) x
LI(SS) (.e., {+AM)isan everywhere defined non-expansive self-mapping of LYQ) x
LY(S,) for A > 0).

Remark 4.52. If P is the projection of L'(Q,) x L*(S,) onto L'(Q,) the estimate (4.46)
proves that

P +M)™": LNQ,) x L(S,) » WH(Q,,0Q),

boundedly for1 < g < % Thus M has a compact resolvent. In particular (f,g) € R(M)
if and only if (f, g) is orthogonal to the null space of the adjoint M* of M. Note that if
(u, z) is in the null space of the adjoint M*, we have z = Tu and

-Au=0 xeQ,,
ou=0 xe€S,, (4.50)
u=0 0Q.

Then, by the Friedrich inequality we get that u = 0 and then z = 0. Note that for pure
Neumann boundary conditions this null space is much bigger (it contains to (a, 0) for
any constant a) and this is the reason to ask for some supplementary conditions to the
data (f, g) in that case (see [28]).

Proof of Theorem 4.49. The strategy consists in several steps.

(i) We approximate f and g° by a sequence f; and g; of bounded data f; € L*(Q)
and g5 € L(S,) converging to f in L'(Q) and to g° € L'(S,), respectively, and we
solve the corresponding problem (4.37) with o replaced by its Yosida approximation
o=(0-0+ Ao)™H)/A, or even better, we solve the approximate problem

—Au = fy(x) xeQ,,
o u +B(e)ap(u) = B(e)gi(0) X €Sy, (4.51)
u=0 0Q,

with A > 0. Thus we obtain a unique solution u,; € H 1(Qs, 0Q) N L*°(Q) as indicated
in Chapter 2.

Step (ii) consists in proving that we can pass to the limitin L' as A | 0. This is an easy
variation of Theorem B’ of [28]. It was shown there that as A | O, the sequences {u, ;}
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and {0, (u.,)} converge to limits {u.} and {b,} in Ll(Qg) and Ll(Sg), respectively, with
b.(x) € o(u.(x)) on S, and that u, is a solution of (4.37).

Estimate (4.42) was essentially proved in [28, Proposition E]. A different alternative
proof consists in substituting the expressions as weak solutions for u, ; and i, ;, and
taking ¢ = ¢(u, 1~ 1) as test function, where ¢ € C'(R), ¢ non-decreasing, ¢(0) = 0.
Then

[ 8/ ter = Be Ve - B+ BE) [ (01te) = 01 )t = ) S
Q, Se

< J(f/l _f/l)(p(us,/l - ﬂsjt) dx + ﬁ(g) ‘[(gi - g;)(p(us,/t - as,/l) ds.
Q, Se

The first term is positive, so it can be dropped. As ¢ approximates the sign function,
we recover

B(e) J|0A(um) - 0y (11, )|dS < J Ify — fiul dx + Be) Jigf - g3/ ds.
Se Qs SS

Here we have used that 0, is non-decreasing and (0) = 0. Then, as A \, 0, we get the
estimate (4.42). In order to prove (4.43) (which was absent in [28]) we point out that
Vv, = U, — U, satisfies

—Avng—f x € Q,,
Ve =BE)(E -8) - (b.-b.)] xeS,, (4.52)
w,=0 0Q.

Then, it suffices to apply estimate (4.46), the triangular inequality, and then estimate
(4.42) to arrive at (4.43) with the constant (C+1), C given by (4.49) and thus independent
of €. O

Now we are in conditions to state and prove a convergence result, as € — 0. Al-
though many different possibilities are allowed, here we will consider only the case
of balls at the critical space making arise a strange term, as an alternative to Theo-
rem 4.36.

Theorem 4.53. Leta, ~ a}, Gy aball, (&) ~ B*(e), f € L'(Q), g° € W>®(Q) and let o be
a maximal monotone graph such that 0 € a(0). Let u, € W“I(anm, with1<q < %
be the unique weak solution of problem (4.37). Then

P, —u inWr(Q), with1<q< ﬁ 4.53)
as € — 0, where u is the unique weak solution of the homogenized problem

{—Au +HGW =f Q, 4.54)

u=0 0Q,
with H(x, u) given by (4.16) and (4.17).
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Proof. By Theorem 4.49 and the existence of the extension operators presented in
Chapter 2 we have

Pau, —u inWyY(Q),

as & — O, for some u € Wé’q(Q), forany1 < g < % Moreover, as in the proof of
Theorem 4.49, we approximate f by a sequence of functions f;, € L*(Q) such that

fi = f inLYQ),

as k — +oo. We construct the auxiliary solutions u, of problem (4.37) with (f;, g) as
external data. Due to Theorem 4.36, we have

Py, — u  in Hy(Q),

as € — 0, where u, is the unique solution of (4.54) with f; as external datum. Then, by
the estimate (4.43) we get

(U us)”Lq(QE) < Clific = fllp )

forallk e N,e>0and1<g< % This estimate is preserved in the limit due to weak
convergence and, hence, u, — uin W(l)’q(Q), and thus H(x,u;) — H(x,u) in LY(Q), as
k — +00, since H is uniformly Lipschitz. From the equivalent very weak formulation
(see, e. g., [124]) of problem (4.54) with f; as external datum, we have

J(—ukA(p + H 06 uy) @) dx = j fepdx Yo € WHX(Q) N Wy™(Q).
) o
Passing to the limit, we deduce that
J(—quo +Hx, we)dx = Jf(p dx Vo € WX Q) n WE™(Q),
Q Q

and hence u is a very weak solution of problem (4.54) with f as external datum. Since
uc W(l)’q(Q), u is also a weak solution of (4.54). O

Remark 4.54. Many generalizations of the above theorem seem possible but they will
be the object of a separated work.
4.9.2 Additional properties of the strange term

It is useful to have some uniform approximation of function H being characterized
in terms of the primitive maximal monotone graph o (in the spirit of Lemma 2.17 it
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can always be applied since H is also a maximal monotone graph). For a maximal
monotone graph ¢ we will denote

ao(r) =s,, such thats, € o(r) and ||s,| = inf |s].
sea(r)

This element s, is unique since o(r) is a closed convex set (see [48]).
Proposition 4.55. Let G, be aball andletg ¢ W>(Q). Let a,, and o be maximal mono-
tone graphs such that D(6™") ¢ D(a;,') c D(o™!) for any m = 0,1,2, ... Assume that
foranyr ¢ D(a‘l) the exists s,, € ar‘nl(r) such that s,,, — (a‘l)o(r). (4.55)
Then, for any r € D(o71) and for any fixed x € Q, the sequence H,,(x,r) (associated to
0y, given by (4.17) converges uniformly to H(x,r) (associated to 0) as m — oo.
We shall need the following auxiliary result.

Lemma 4.56 (Proposition 2.8 of [48]). Let A,, and A be maximal monotone operators
on a Hilbert space X such that D(A) c D(4,,) c D(A) foranym = 0,1,2,.... Assume that

for any r € D(A) 3s,, € A,(r) such that s, — A%n). (4.56)

Then, for any r € D(A) the function (I + CAm)*l(r) - T+ cAm)*l(r) uniformly for any c
in a bounded set of [0, +00).

Proof. From formula (4.17) we have
H(x,s) + 0_1(®n)p(H(x, S)) +gx)) 3 s,
and thus we get the characterization
H(x) = (I +07(8,,() +800) ™, where ©,,,(r) = BolrPr. (4.57)

The result will be a direct application of the above lemma once we prove that, for any
fixed x € Q (note that g is continuous on Q and can be extended to Q), the opera-
torr — 0’1(®n,p(r) + g(x)) is a maximal monotone operator A, (depending of the pa-
rameter x € Q) and that the approximation of o,,, implies a good approximation of A,.
Obviously, for any fixed x € Q, the operator

reO0,r) =0,,r) +8gkx) (4.58)
is also a maximal monotone operator in R and its inverse is given by

1
-1

o (x,s) = sign(s — g(x)).

s-8k)
By
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Then we define the operator A, = (@ (x, )o0) ™! = a7 Le®(x, ) (with D(A,) = R(®(x,.)o
0)), which is the inverse of the maximal monotone operator

Al = d7(x,.) o 0, with D(A;") = D(0).
Moreover, since ®!(x, ) is single-valued, the principal section of A, is given by

A% = (07’ o d(x,.)

X

(recall that the value of the principal section of a maximal operator A(s), for any s €
D(A), is given by the element of minimum norm in the closed and convex set A(s); see
[48]). Finally, if r € D(A,), defining A, ,, = a;nl o @(x,.), with o, satisfying (4.55), then
for any r € D(A,) we have that the element s, ,, = ®(x, s,,,) satisfies 5, ,, € A, ,,(r) and

Smx = Ag (s), so that the assumptions of the above lemma are fulfilled and we get, for
any fixed x € Q,

Hy,(x,1) = (I + 0, - D(x, .))_1(r) S H, 1) =(I+0" o d(x, .))_1(r), uniformly. O
An important consequence of the above result arises when we approximate both
maximal monotone graphs ¢ and 0! by their (Lipschitz) Yosida approximation. We

recall that if 0 = 0, the Yosida approximation associated to the convex function i is
given by

_ T B S
Om = 0, Wherel,bm(s)—rrnelﬂr{l{zmlr s| +l/)(r)}.

We know (see Propositions 2.6 and 2.11 of [48]) that y,, € W2 (R) and [l () T 10°(s)]
for any s € R. Moreover, it is also well known that

0_71 — al/)*,
where " is the Fenchel-Moreau convex conjugate of i defined by

Yr(r) = su}g{rs - (s)}

(see [48] page 41). In addition, it is known that at least if i is “weakly coercive” in the
sense that

Vr, such that sup y(r,) < +oo then sup |r,| < +o0, (4.59)
n n

then the Yosida approximations of ¢! are given by the conjugate (Y, of the Yosida
approximations ¥,, of o (see, e.g., [15]). As a matter of fact, since ())** = i and
W)™ =1, we have that if p* is “weakly coercive,” i.e.,

vr, such that sup*(r,) < +oo then sup|r,| < +oo, (4.60)
n n

then the Yosida approximations of o are given by the conjugates of the Yosida approx-
imations of 0™!. Then we arrive at the following result.
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Corollary 4.57. Let o = oy be a maximal monotone graph of R? and let o,, be the Yosida
approximations of . Assume that either (4.59) or (4.60) holds. Let G, be a ball and
g € WH(Q). Define H,,(x,s) = (I + [(p,)*]'(D(x,.)))"\(s) with ®(x,.) given by (4.58).
Then, for any r € R(0) and for any fixed x € Q we have that H,,(x,r) — H(x,r) uniformly
asm — O.

Remark 4.58. It is very easy to check that if o is the maximal monotone graph asso-
ciated to reactions of order k > 0, mentioned in Section 1.1, then at least one of the
assumptions, (4.59) or (4.60), is satisfied. In fact it also holds for any maximal mono-
tone graph which is given by a Hélder continuous non-decreasing function and for
any graph with a bounded range (as, for instance, the Heaviside function). We also
mention that this is not the case of the special maximal monotone graph associated
to the Signorini boundary conditions, but there are other ad hoc methods to study
the approximations of the conjugate convex functions in this case (see, e. g., the last
chapter of the monograph [16]).

4.9.3 Homogenization of the effectiveness factor

A relevant parameter in chemical engineering is the so-called effectiveness factor,
which indicates the fraction of a chemical reaction taking place. This is given by in-
tegrating the reaction term, in either the heterogeneous media or the homogenized
setting

1

5 Ja(ug) ds, |(12| ja(u)dx

Se

Since the main interest of the effective equation is to give approximate information of
the real-life problem in the heterogeneous setting, it is relevant to ask whether

J o(u,) dS —

s

IS | ja(u) dx ase— 0. (4.61)

]

As we know, we can only expect this kind of behavior in the subcritical regime.
When o is smooth, this result is just a form of our averaging lemmas. In more general
settings, this result have also been proved. We refer the reader to [84, 110] for results
in this direction.

In [119, 118] the authors study the effectiveness of the homogenized problem with
respect to the shape of Gy. For a; « a, <« ¢ the reaction term is proportional to
|0Gylo(u) and this is the only effect of G, on the equation. The higher is 0G|, the
faster is the reaction, and the lower is u, the lower is the effectiveness. When a, ~ ¢
the effective diffusion appears. Amongst the convex shapes of G, of fixed volume, they
found there are maximizers of the effectiveness.
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4.9.4 Pointwise comparison of critical and non-critical problems

Since we do not have a natural definition of effectiveness in the critical case, the claim
that this critical scale is “more effective” than the non-critical ones — a claim that is
often made in the nanotechnology community — is difficult to test. However, we know
that for the non-critical cases the effectiveness is increasing with the value of the re-
spective solutions (since the function ¢ is assumed to be increasing). Thus, it is in-
teresting to study whether we can find a pointwise comparison of the solutions corre-
sponding to critical and non-critical homogenized problems.

Let us give a concise example, which is a modification of those presented in [109].
Assume we are placing particles over the whole domain of radius a, = £* and we
would like to pick a such that the concentration is higher (or lower). Let us assume we
are also able to pick the scaling coefficient B(¢) = €' with adequate y (in this setting
y = n—a(n —1)). For simplicity we assume that p = 2 and G, = B,.

First, let us consider the case of g° = 0
Ifae (1, %) we recover the homogenized PDE
—Auy. + [0B;|o(uye) = f.
Note that this is independent of a. If & = %, then the homogenized equation becomes
-Aug + (n - 2)|0B,|H(u.) =f,
where
(n-2)H(s) = o(s - H(s)).

As we have already shown, H(0) = 0 and H' > 0. Both problems are completed with
the boundary condition u = 0 on 0Q (although this could be generalized). Since we
are dealing with chemical reactions we assume that the functions are non-negative
Upe> Ue = O (this is natural if they represent concentrations). Then, by applying that
0 < H(u.) < u. we have

~A(uc — upc) + 10B,|(0(ue) = 0(unc)) = 10B; (0 (1) — (n - 2H (u))
= |0Byl(0(ue) - 0(ue - H(u)))

>0,
due to the monotonicity of . Hence, we get

Ue > Uy inQ.
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Non-homogeneous exterior Dirichlet boundary condition
In the setting of chemical engineering it is common to assume that on the “walls” of
Q we have a constant high concentration and one may pose the problem

AU, =f Q,,
d,U, +B(e)o(U,) =0 S,
U, =1 o0,

where again we assume f > 0. By the change in variable u, =1 - U, we get

Au, = —f Q,,
ou. + BE)(o(1) - o(1 -u,)) = Be)a(l) S,
u =0 oQ.

Letting o(s) = 6(1)-0(1-s) we recover a problem in our usual formulation in this book.
Note that (0) = (0) = 0 and o(1) = d(1). By the comparison principle 0 < u, < 1,
when a € (1, %) we recover the homogenized PDE

~Aup, +10By(0(1) — 0(1 - up.)) = —f + 0By |o(1),
or, equivalently, for U,. = 1 - up,,
—-AUy + [0B;|lo(Uy) =f.

Ifa= %, then the homogenized equation is

—Aug + (n-2)[0By|H(u) = —f,
where

(n-2)H(s) = (6(1) - o(1- (s = H(s)))) - o(1) = —o(1 - (s - H(8))).

Thus

-AU. + (n-2)|0B;|H(U.) = f,

where (n - 2)H = o(s — H) is exactly the same characterization as for the case of a
homogeneous Dirichlet boundary condition. It is easy to see, by contradiction, that
H < 01in [0,1]. Repeating the above argument, we arrive at the comparison

U,>U, inQ.

In the chemical engineering framework, this is read in terms of the concentration as
the important conclusion that the critical case leads to a “better” reaction than the
non-critical cases.
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Remark 4.59. This kind of behavior has been shown in some experimental works in
heterogeneous nanocatalysis; see references to the use of gold nanopatrticles, for in-
stance, in [244] and in the survey [220].

Remark 4.60. It was shown in [109] (see also [102]) that, in the case of chemical reac-
tions of order less than one (a(s) = cs* with k € (0,1)) and big particles, the homoge-
nized problem (in terms of U,,.) may generate a “dead core region” where U, = 0. This
is very negative from the point of view of the chemical reaction. In contrast to that, for
this same kinetics (reaction of order k < 1) the use of critical-size particles leads to an
improved result since it can be proved that for the equation with the strange term no
dead core region can be formed (see [102]).

4.9.5 Homogenization and optimal control

Many different formulations involving an optimal control associated to problem (1.1)
can be considered. For instance we can assume a distributed control v(x)

-Apug =f(x) + v(x) x € Q,,
a,,pug +BE)ax,u,) = fe)gf(x) xeS,, (4.62)
u, =0 0Q

and search for the minimization of the energy
1 D A, 5
]E(V) = I_anus"Lp(Qs) + §"V||L2(Q£)>

for some weight constant A > 0. The assumption most often taken in the literature on
this optimal control problem was p = 2. The existence of an optimal control, for any € >
0, is a well-known result since a long time ago [191]. The associated homogenization
problem was first considered in [181, 182, 237, 234] for Dirichlet boundary conditions
on the boundary of the particles, for Neumann boundary conditions in [182] and for
Signorini boundary conditions in [250]. The passing to the limit, as € — 0, in the case
of a critical scale was analyzed in [234, 250]. Note that this requires some stronger
convergence results since we must pass to the limit in the energies and not only in the
own solutions u,.

The extension to nonlinear Robin conditions is the main goal of the paper [123]
(where the case of particles on a manifold is also considered). A remarkable corollary
in the framework of the applications in catalysis (in chemical engineering), when deal-
ing with particles of critical size, is that in order to control the homogenized chemical
reaction (for instance, trying to maximize the effectiveness when we write w = 1 — u,
i.e., with w = 1 on the boundary of the chemical reactor Q, as mentioned in Sec-
tion 4.9.3) we can do that by controlling the microproblems (1.1) with a cost functional
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J¢ which is independent of the own concentration w, and only depends on its gradient
Vv,. We point out that other connections between homogenization and control theory
will be mentioned in Appendix A, in the framework of parabolic problems and the
so-called controllability property for the homogenized equation.

4.9.6 Convergence of spectra

A very interesting problem which has received much attention in the literature con-
cerns the homogenization of linear and semilinear eigenvalue problems. So, we assume
p =2 and for a given maximal graph o(x, u), we consider the eigenvalue problem

~Au, = Au, in Q,,
u, =0 on 0Q, (4.63)

aaivg +B)ox,u,)>0 forxesS,.

A special case which was intensively considered concerns the linear non-autono-
mous eigenvalue problem in which

o(x,u) = a(x)u,

where a = a(x) is a strictly positive continuously differentiable function of the variable
xeQ.

In the linear case, for each € > 0, problem (4.63) is a standard spectral problem in
the couple of spaces H 1(93» 0Q) ¢ LZ(Qs), with a discrete spectrum. Let us denote

&€ & &
M<A< <A< < oo,

the sequence of eigenvalues repeated according to their multiplicities, and let {uf}y2,
be the set of associated eigenfunctions (which we know form an orthonormal basis
in LZ(QE)). Some pioneering convergence results were given in [199, 235, 261] (see also
[221] including also a stochastic formulation). A very general result (containing an
abstract formulation) from the spectral perturbation theory proving the convergence
for eigenvalues and the corresponding eigenfunctions of spectral problems was given
in Lemma 1.6, Chapter III, of [214]. Of course, the formulation of the final homogenized
eigenvalue problem depends on f(¢), a, and n, but, in general, it corresponds to a
linear eigenvalue problem of the type

—div(A°Tvu) + BT (x)u =Au inQ,
u=0 on 0Q

(see, e. g., [236]). For some other spectral convergence results concerning particles ona
manifold or on part of the boundary (problems which will be considered in Chapters 5
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and 6), see [160, 155]. See also [219] for the non-periodic case, [216] for the case of the
bi-Laplacian operator and [154] for the case of cylinders instead of particles.

When o(x, u) is nonlinear, problem (4.63) becomes a bifurcating problem and the
existence of a family of solutions u,, for each € > 0, requires different tools (see refer-
ences in [176, 122]). Once again, the final homogenized eigenvalue problem depends
on f(¢), a,, nand o(x, u), but it can always be formulated in terms of a nonlinear eigen-
value problem of the type

1- div(A*TVu)+H(u) > Au inQ, (4.64)

u=0 on 0Q,

for some suitable maximal monotone graph H(x, u) (which in the critical case becomes
a non-decreasing Lipschitz function). The convergence theorem for the special case
of big particles and o (x, u) = |u|*"'u with k € [0, n/(n - 2)) was given in [176). It seems
possible to extend such results to the case of particles of critical size, arriving then
to a eigenvalue problem with a strange term H(x, u), different from o(x, u). This sub-
ject is object of study by some of the authors. For instance, it is well known (see, e. g.,
[122, 100, 121]) that if #(x, u) = ca(x,u) = clul*'u, with k € (0,1), the nodal solutions
u, of (4.64) are unstable for any value of the parameter A > 0 leading to the existence
of solution. This is in contrast to the case corresponding to the critical scale since then
H(x, u) becomes a Lipschitz continuous increasing function and the linearization prin-
ciple ([121]) allows to show the existence of stable stationary solutions u,, for some
A>0.

Finally, we mention that there is also active research on the homogenization con-
vergence for the case in which the expression of the eigenvalue is placed in the bound-
ary condition on S, (and not in the partial differential equation). This corresponds to
the so-called Steklov problem; see, e. g., the works (on some linear problems) [224, 69],
and the references therein.
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In this chapter we will prove how to get the homogenized problem for the case in which
the particles are placed on an interior manifold of Q. We will tackle the geometry pre-
sented in Section 1.2.1.2. We point out that in this setting

IS,| = [Y,lla,0G,| =~ € ™1Q°|al (3G,

where we recall, going back to (1.4), that Q° = {x, = 0} n Q and hence it is an
(n - 1)-dimensional manifold. In this setting the critical scale is given by

m
err  ifp<n,
2
a
a. =qjee ¢« foranya>0ifp=n,

0 p>n

Remark 5.1. When p = n we point out that the notion a, ~ a; must be taken through
In as we mentioned in Remark 4.1, i. e.,

. £
a, ~a, < lim(eln— | =,
-0 408
-1
* . &
a, <« a, < limleln— ) =0,
e—0 4(18

and the corresponding criterion for >.

In order to obtain the homogenized equation, first, we need to understand the
limit of the integrals over S,. For a very smooth function g we have

n-1_1-n

£ a
as= £ % j ds
Jg(X) TGy ZY g(x)
Se Je £gj+a,0G,

n-1_1-n
Z J g(x +¢gj)dS

E a
jeY, a,Go

1
S|

_ €
1Q°]19G,|

n-1

e .
== > g
|Q |j:(jl,...,jn,1»0)
g+e¥ cQ
N 1 J (x)dS

0] J S0
QO

Hence, similarly to the case of particles over the whole domain, we can expect to arrive
at the weak formulation, for any given good test function v,

J [VVP2Vy - V(v — u) dx +,l%fff J (v -u)dS > Jf(v —u)dx +ﬁ§ff J g(v-u)dS.
Q Qo Q Qo

https://doi.org/10.1515/9783110648997-005
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This formulation with an integral over an interior manifold is quite uncommon, al-
though not completely surprising. It represents, in some sense, a variation (or discon-
tinuity) of the flux. Before we consider the homogenization results, let us give a sense
to this new term.

5.1 Jumps over an interface

In order to characterize the weak formulation associated with this new term in Q°
we look at what this means in pointwise terms. Let us assume that u is smooth in Q*
and Q~ (defined in (1.4)) and that for some function G : Q° — R we have (for any good
test function v)

J [VVP2Vy - V(v — u) dx + J G(v-u)dS > Jf(v —u)dx.
Q Qo )
Using v = u + Ap, where ¢ € C‘C’O(Q), and letting A — 0* we have
J [Vul’2Vu - Vo dx + J GpdS = Jf(p dx.
Q Q0 Q
Applying the divergence theorem in Q" we have
J' IVulP~?vu - Vo dx — j @IVuPVu v dS = - J' @A, udx.
Q* Q0 Q*
The exterior normal vector is vy: = —e, on Q°, and we have

- J |Vu|p_2Vu . VQ+(pdS = J |Vu|p_za_u(PdS'
& o 0x,,

Since there will be a jump in the gradient, let us denote
|V+u(x)|pfzaax—l;(x) = hlilg [Vu(x + hen)lpfzaa%(x + hey).

Repeating the process in Q~, where now v- = e,, we have

J VP 2Vu - Vo dx - J |v_u|P*2:—“_go ds = - J oA dx.
0 Qo Xn o

Joining the terms from Q* and Q™ we recover

ox;: ox;,

_ _, 0u _, ou
J [VuP?vu - Vo dx + J<|V+u|p 2= v 2—><p dS=- J @A, udx.
Q Q0 Q
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We introduce the notation for the jump of a general function v across Q° by
[V]go(x) = hlim (v(x + he,) — v(x — hey)).
—0*
Matching the boundary and interior terms we deduce, since ¢ is arbitrary, that

-Ayu=f inQ*uQ,
(IVufP2?2%]0 =G onQ°.

Since we look for solutions u € W(Q), in particular they are in W"(Q) for some
q € (1,n) (see [139, Theorem 4.19]). Hence, there is a representative of u (i. e., a choice
of the a. e. class) that is continuous except for a set w of g-cap(w) = 0. In particular,
#H°(w) = 0 for s > n - g. Hence jump [u] 5o = 0 except in w N Q°, and H" (wn Q°) = 0.
The exterior boundary condition on 0Q comes from the functional dependence u €
WP (Q.

5.2 Existence of a critical scale

As we did in the previous case, we can discover the critical scale through the scaling.
In this setting, the perturbations are only included along the interior manifold. Let v
be defined on R" compactly supported, and take

v(=9) x egj+eY forsomejeY,,
Ve(x) = e

0 otherwise.

Note that due to the construction of Y., we have that v.(x) = 0if |x,| > €. Ifa, < €, we
have

ijg(xnpdx:lmaz‘P j V)P dy ~ e j wvy)Pdy.  (51)
Q Ly Ly

ag ag

1-n

Hence, this integral changes its limit behavior when ¢ "a} ? ~ 1. The case p = n is

always special.
Unlike when particles are spread over the whole domain, in this setting we do not
have that the scale of big particles, a, ~ ¢, has any significant additional behavior.

5.3 Integrals over S,

5.3.1 Trace theorem

By applying Lemma 3.6 in each particle and with some additional arguments with
respect to the ones presented in Section 4.2.1 we deduce the following.
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Lemma 5.2. Forallu € W'P(Q,) we have

B*(e) j [l dS < c( j ul? dx + "1, j [Vul? dx).

£ QS ‘e
Sketch of proof. Repeating the argument in Lemma 4.2 we obtain
B (&) j P ds < c<s*1 J lul? dx + €'z, J Vul? dx>,
Se Q.N{lx,|<e} Q.N{lx,|<e}

due to the fact that |Y,| ~ £ instead of ", and the special location of the particles.
Since we do not want to use higher order derivatives, we estimate

[VulP dx < J [VulP dx.
Q.N{lx,|<e} Q,

For the first term, we work a little roughly through the extension v = P.u (although
more direct arguments are possible). We have

[ufP dx < J [v[P dx.

QeN{lxy <} QN{lx,|<e}

Formally, since

v(x + he,) = v(x) + J ﬂ(x +se,) ds,
0x,,

it is not hard to compute

PP dx < Cs< J VOO dS + J Voo dx>

Qn{lx,|<e} Qo Qn{lx,|<e}
< @(J VOO dx + J VO dx),
Q QNn{lx,|<e}

where we used for the last step the trace theorem W (Q*) — LP(Q°). We conclude
the proof by using the continuity of the extension operator. O

Note that in this setting
—1 _p—
e"al™ p<n,
-1 _ _
A JR Y lln(fl—f)p U p=n,
gl ! p>n
This is bounded (or tends to 0) if a; < a, < . Like in Section 4.2.1 we see the presence
of the critical scale.
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Remark 5.3. Note that in the above expression we have £" 'z, instead of £", given in
Section 4.2.1, due to the different scaling of |Y|.

Lemma5.4. Letp > 1and a, 2 a. Then, there exists C independent of € such that, for
anyu € W (Q,),

ﬁ*(s)i ul? ds < C<j P dx s [ (9 dx).

QE QE

5.3.2 Limit of integrals over S,

Now we work with M, and M, , defined with the new Y, but the same m, and m, .
defined in Chapter 3. Working exactly as in the previous chapter, we deduce

Xo, =1 weak -« in L®(Q), (5.2)

even when a, = €. The volumetric integrals do not detect the perturbations on a man-
ifold.

Theorem 5.5. Assumethata; < a, < €ora, =¢€. Letv, € W' (Q,) be a sequence with
IVVellze(a,) bounded and such that v, — v in ¥ (Q°). Then we have

T |
— |v.dS - — | vdx. (5.3)
ISel ) ¢ 1QO]

S, Qo

The only improvement needed in the proof is to remind that the trace operator
WP(Q) — IP(Q°)is compact (see, e. g., [35]). Similarly we have the following theorem.

Theorem 5.6. Assume that a; < a, < eand g « jid (0Gy). Then, for any sequence

v, € WHP(Q,) with |Vv,| 17(q,) bounded and such that P,v, — v in LP(Q°), we have

1
J 80)dS jv(x) dx.  (5.4)

Gy QO

poy [ =T was—

1
: 6ol

&j+a.0G,
5.4 A priori estimates for u,

Following exactly the same proof as in Section 4.3 (but applying Lemma 5.4) we have
the following proposition.

Proposition 5.7. Letp > 1 and let u, be the minimizer of ], defined in Section 2.2. Then:
1. Ifg® =0, then

1Vuelfria,) < CIF N g (55)
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128 — 5 Particles over an interior manifold

2. Ifg®#+0anda, 2 a;, we have

= Ug>»

19l = (N g, BB @7 (57 [ 167 85)" ). 66

e

5.5 Subcritical particlesa; <« a, < €

Using similar test functions, we write the usual weak formulation (for any good test
function v)

J IVVP2Vv - V(v — u,) dx + B(e) J(o(v) -85 )v-u)dS > Jf(v - u,)dx.

Q, Q, Q

Assume that g°(x) is given by (1.3), where g, ¢ W>®(Q) and Sper € jid (0G,). Taking
into account the a priori estimates, we know that P,u, — uin W(Q,,0Q). Let

B° = lim @IS, .

By taking into account Section 5.3.2 we can pass to the limit, at least when ¢ is smooth
(and by approximation for other regularities as in Chapter 4), and deduce

J IVVP2Vv - V(v — u) dx + —0 J oW)(v-u)dS > Jf(v u)dx + =— ’80 jgeff(v —u)dx
2 1QO] 2 1QO| '
Q° Q°

where

eff

g (X) gper(x) + = J gper(y) ds.

9Go

IaG I

As we have shown above, this is the weak formulation of

-Apu=f inQtuQ,
[IVuP2 2400 = B (o(w) - g on QP
u=0 0Q,

where o = g%/100).

5.6 Supercritical particles a, « a;

In this setting, consider again a radial function ¢ : R" — [0,1] such that

) {o if [yl = 2K,

VY| <K,
1 iflyl <K, 4
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5.7 Critical-size particles a, ~a; =— 129

and let

Pe() =Y kb(x;gj)-

jeX, e

It is clear that ), = 1in & + a,G, and 0 in Q. Moreover, due to (5.1)
a \"?
[pracs (2) e @)™ ~o
Q £

Taking ¢, = (1-1,) — @in Wé’p (Q) as a test function we again recover that if g° = 0,
then the limit is

~Dpu=f inQ,
[|Vu|p_2§7“]go =0 onQ°
u=0 0Q.

5.7 Critical-size particles a, ~ a;

As in the previous setting, we can use either the adequate corrector functions W, (and
deal with G, = B, and with o a maximal monotone graph) or W, . (and deal with a
general G, but for o regular). For the sake of simplicity, we take the first case: G, = By,
1 < p < nand gy, = 0, which is sufficiently illustrative. We leave to the reader to make
the general extension. We can repeat the argument in (4.28) to recover

-Ayu=f Q'uQ,
[VuP? 200 = Hiou) Q° (5.7)
u=0 0Q,
where
H(x,5) = AglH(x,s)PH(x,5) (5.8)

at each point x € Q, H(x, -) is the solution of the functional equation
BolH(x,5)P?H(x,s) € 0(s — H(x,5)) - gs(%) (5.9)

and
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Let us give the intuition of the proof in this setting. Taking W, corresponding to
the new Y, (but with the same w, as before), we still obtain the equivalent result to
Lemma 4.38. Letting v, = v — hW, we get

J 9V, P2V, - V(v —u) dx = I, + L, + Iy, + R(e),

QE
where
L= J VP2V - V(v - u,) dx, (5.10)
QE
be =-Be I~ h-u,)ds, (5.11)
S,
L,=A4, ) J I h(v - u,) dS, (5.12)
J€Ye g1 2B,

and the constants are given by
p-1 p-1
n- - _ n- _
o= (2 e, (22
The values of A, and B, are precisely as before when written in this way, but scaling
with the changes of a,. In this setting, letting

.= <£j+ ZaBl>,

jeYe

we recover

n-1

~ e Q°|1oB
|s€|=|Yg|<Z) 0B, | ~ 21198

4n—1

Due to the critical scale we also get A, ~ 1. On the other hand,

ISe| = 1Yl 0G| ~ 7"a ™ ~ a2

e ~ag
Thus
Ao = limg A|§)|§Tl = <%>p e B,
- < n-p )p_1|aBl| lim(a"Pe'™)
p-1 0" €
and

B _ p-1 al—p
By = lim —£ —<u> lim —£—.
e—0 £—0

Ble) \p-1 B(e)
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Remark 5.8. When g° # 0, G, is not a ball or p = n, we make the adequate modifica-
tions to the test function w, as in the previous setting. Restrictions of o will make some
estimates more manageable, but are philosophically not needed in order to recover the
estimates.

5.8 Some remarks

Remark 5.9. In the special case of Signorini boundary conditions with g° = 0 (which
corresponds to the case of the maximal monotone graph o given by (2.3)), the solution
of the variational inequality converges at the critical scale to the solution of problem
(5.7) with the corresponding Lipschitz increasing function # given by Example 4.34 (c)
that was shown in [157] by a refined version of the technique of proof presented in this
chapter.

Remark 5.10. There are several cases mentioned in Table 1.2 which merit some com-
ments. For instance, we can see there that in some of the homogenized limits the so-
lution must vanish on the manifold. In some others the manifold does not play any
significant role since there is no jump on the gradients over such manifold. Moreover,
in the critical case there is a subcase in which the strange term is clearly different
from o, and another subcase in which the jump of the gradients is proportional to the
value of u if p = 2 independently of the value of function o.

Remark 5.11. The case in which G, is not a ball was considered in [233]. The technique
of proof has some common points with the proof presented in Section 4.7.3 but some
important adaptations are needed.

In terms of the homogenized problem, in the subcritical or critical case (problem
(5.7)), it seems complicated to prove directly a comparison principle for two different
limit kinetics 7 and # (which we assume for simplicity to be non-increasing continu-
ous functions such that #(0) = #(0) = 0), which are well ordered in the sense that

H(r) < H(F) foranyr<7. (5.13)

Some comparison results of this nature are well known for the case of nonlinear Robin
type boundary conditions (see, e. g., [49] and [103]). The main difficulty in our case
comes from the fact that the transmission condition, on the manifold, depends of the
unknown value of the corresponding solution (let us say u and ). Nevertheless, the
homogenization process supplies an argument to get such type of comparison results,
which, in particular, allows to conclude that the “change of velocity” across the man-
ifold is smaller in the case of a critical scale.

Corollary 5.12. Let u and u be the solutions of the problems (5.7) corresponding to in-
creasing functions H and H satisfying (5.13) with the same rest of the data. Then u < il
on Q.
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Proof. By using the fact that H(r) = (I + o le @n,p)*l(r) (see Proposition 4.33 d), where
we assumed some constants equal to one) we assume that

o(ry<o() foranyr<T7. (5.14)

Then, for any given € > 0, let u, and i, be the solutions of the problems corresponding
to the respective problems with particles on the manifold and increasing functions o
and 0. Then, by the results of [49] we conclude that u,(x) < #i,(x) on Q, and by the
convergence in IP(Q) of their extensions as € — 0 (given in Section 5.7) we get thatu <
uon Q. O

Remark 5.13. There are some special three-dimensional problems (n = 3) in which
the periodicity of the reactant objects is bidimensional and thus the critical scale (for
semilinear problems p = 2, for instance) is the one which curiously corresponds in this
chapter to p = n (although this balance is not true in this framework). This happens,
for instance, in the homogenization of reactive thin tubes. We refer the reader to [153,
154, 152].
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6 Particles over a part of the boundary

Let us study now the geometrical setting presented in Section 1.2.2. We recall that, in
contrast to the two precedent chapters, S, is not the boundary of the particles but the
own set of (n — 1)-dimensional particles. Going back to Remark 2.15 we have

ISel = 1Y, llaGol = |0Q)°|IGole! "al ™.

Since the particles are now contained in the boundary of Q, = Q we do not need any
extension operator. The critical scale a; is as in Chapter 5.

6.1 Existence of a critical scale

This case works very similarly to Sections 4.1 and 5.2 with only few modifications. Let
v defined on R" compactly supported and take
v(X;‘gj) x € j +eY" for somej € Y,,
Ve(x) = 4
0 otherwise.
Note that due to the construction of Y., we have v.(x) = 0if x,, > . If a, < £ we have
J|Vvs (x)|p dx = [Y,la P j |Vv(x)|p dx ~ el ? J |Vv(y)|p dy. (6.1)
Q ey é v+
Hence, this integral changes its limit behavior when '™
always special.

n-p s
a; ¥ ~1.Thecasep = nis

6.2 Integrals over S,

First, we can prove a trace estimate: if a, < ¢, then

B (&) J P ds < c(j P dx + "z, j Vul® dx), ©6.2)
Q

Q

SS
where 7, is given by (3.6). This follows directly from (3.39) by applying a similar argu-
ment to that of Lemma 5.2. Again, "'z, is bounded if @} < a, < €.

Similarly to the previous cases, taking the functions mg , given by Section 3.2.2
one recovers the following result.

Theorem 6.1. Assume that a; < a, < eandletg € Lp,(GO). Then, for any sequence
v, € WHP(Q) with ||V, | 1»(q) bounded and such that v, — v in LF(Q) we have

1 X — & 1 1
i J g< a )Vg(X)dSﬁ@Jg(y)dSW J v(x) dS. (6.3)

egj+a,G, Go (00)°

https://doi.org/10.1515/9783110648997-006
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From this, we obtain the following corollary.
Corollary 6.2. Assume that a; < a, < €. Then, for any sequence v, € W (Q) with
[IVVellzr ) bounded and such that v, — v in LP(Q) we have

1

1
|S | J ds — |(aQ)0| J v(x)dS. (6.4)
Se (09)°

6.3 A priori estimates

As in the previous cases, using (6.2) we can prove the following proposition.

Proposition 6.3. Let p > 1 and let u, be the minimizer of ], given in Section 2.2 (see
Remark 2.8). Then:
1. Ifg® =0, we have

IV ) < Clf N o (6.5)

2. Ifg® +0anda, > a;, we have

wron-1f 1 v
191y = OV, + B @7 (55 [l as)" ). 6o
Se

6.4 Subcritical particlesa <« a, < ¢
In this setting, it can be proved that the homogenized problem is

—Apu :f in Q,
u=0 on (0Q)", (6.7)
3, u+ o) = pgx) on (30)°,

where B = 8°/](0Q)°| and, if g° is given by (1.5), where gy € W"®(Q) and Sper €
jid (Gy), then we have that the effective term geff is given by (1.10). As in Chapter 4, we
assume that o is smooth but the results can be extended to more general classes of o.

We start by writing the weak formulation of the problem: for suitable test func-
tions v we have

J IVVP2Vv - V(v — u,) dx + B(e) J(o(v) -g°()(v-u,)dS > Jf(v - u,)dx.
) S, )
Using Theorem 6.1 and Corollary 6.2 we have

* € 1
8@ [(o0)-g 0)0-u)ds — i [ (ove0) =800~ jgpexy)ds)ds

Se 0Q)° Go
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Since u, has a limit u in LP(Q), we recover (for any good test function v)

.[ |VV|p_2VV V(v -u)dx + BO J <0(V(X)) -85t (0) — L J 8per(y) dS> as
1(0Q)°| 1Gol ) °P
(0Q)° Go
> Jf(v —u)dx.
Q

This is the weak formulation of the proposed homogenized problem.

6.5 Supercritical particleswith1 < p <n

We take again K, = MaXye, |yl and a radial function 1]) : R" — [0,1] such that

_ 0 ifly| = 2K,, _
= VY| <K, 6.8
() {1 ifly] < Ky, V| < (6.8)
and we let
Y=Y JJ(X;E]) (6.9)

JEY,

Thus, due to (6.1)

j|v¢g(x)|” dx < £ 0.
Q

Using v, = v(1 - 1,) as a test function, we have that v, — v strongly in W(Q) and
v, = 0in S,. Thus, if we assume that g° = 0, the homogenized problem is

-Au=f inQ,

u=0 on (3Q)", (6.10)
_ 0

avpu =0 on(0Q)".

6.6 Critical-size particles

6.6.1 Case of p = 2 < nwhen G, is not a ball

The procedure is very much like in the case of particles over a manifold, and we have

—Au=f Q,
du+H(s,u) =0 (0Q)°,
u=0 (0Q)",
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136 —— 6 Particles over a part of the boundary

where
H(x,8) = Cy °H,(x,s),
for
Co = lim ap(e),

and H, is defined in Section 3.2.3.1. We recall again that we have a universal bound
0< lfIl'7 < Ag, depending only on G, The details, which are very similar to the ones
already presented, can be found in [115] for the special case of the Signorini boundary
condition.

Remark 6.4. The case of critical-size particles a, ~ a; and B(¢) > B*(¢) is specially il-
lustrative of the strange boundary condition satisfied by the homogenized solution. As
indicated in Table 1.3, if we assume, for instance, that in the starting problem we have
Dirichlet conditions on S,, then after the homogenization process, we find that the
limit function satisfies a linear Robin boundary condition on the part of the boundary
given by (0Q)°, if for instance p = 2.

6.6.2 Case of p = nwhen G, = B}

In this setting we work only in the case g° = g, as usual for G, a ball, and we can prove

that
-Au=f Q,
u=0 (0Q)*,
avnu +HOGuw =0 Q°
where

H(x,s) = .A0|H(X,S)|n_2H(X, s),  BolH(x, s)|n_2H(x, s)=0(s-H(x,s)) - g(x),

and, with ° = lim,_, B(€)|S,| < oo,

1-n + 1-n
> , By = 1(9By)| limB(s)_1<aS In i)

(@B lim( eln -
Ao = |(@By) |l§%<£ln 4a Gyl -0 4a,

£

The argument is slightly different from the previous case. We present here a gen-
eralization of the argument in [106], where the case n = 2 was considered. The details
can be found in [230].

_2
Remark 6.5. In [106], G, = (—£y, £,) (forus £, = 1) and a, = Cyee = , 50 Ay = n/a? and

2
ﬁ(g) = ea? SO B, = I
’ 0~ 2C,a"
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The correct oscillating test function is
v, =v-hQ,,
where Q, is given by

0.00 g.(x — &) x € (¢ +¢&B]) forsomej € Y,,
X) =
€ 0 otherwise,

and ¢, is as defined in Section 3.2.3.2. Since we want to apply an argument similar to
(4.38), we need to show that Q, tends weakly to zero. We could probably do this di-

rectly. However, as we mentioned in Section 3.2.3.2, we estimate this function through
the auxiliary function

w.(x-g) xe(g+ %BI \ a.By) for somej € Y,
W.(x) =11 x € (¢j + a.By) for somej € Y,
0 otherwise.

From (3.41) we deduce that

-n
jlwag ~ W[ dx =Y, | J VW, —go)["dx < Cs(sln 41) =0,

a
€
@ Bl

due to the critical scale. Since W, converges weakly to 0 in Wl’”(Q), so does Q,.

Remark 6.6. This methodology fails when p < n because this convergence fails to be
strong.

We would like to repeat an argument as in Theorem 4.36. Using v, as a test function
we would like to recover something similar to Lemma 4.38:

J IVVel "2V, - V(v —ug)dx = I + L + I + R(e), (6.12)
Q

where R(g) — 0 and

L= J IVVI"?Vy - V(v - i) dx, (6.12)
Q
e =~ | 2, QulhPhv - k- o) ds, 613)
SS
e =- Z j 0y, Qe IhI"*h(v - u,) dS. (6.14)
J&Ye g 2 (0,
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138 —— 6 Particles over a part of the boundary

The only problem arising when applying such a program of proof is that we do not
know the explicit value of 0,9 as we do with w,. For convenience, let us define

S=U <ej 4 %(aBlf )
JeY,
Note that |S.| = [Y,[|£(@B,)"| = 4"|(2Q)°||(3B,)* .
First, one needs to show that we can find some balance between I, . and I3 . by the
corresponding term for W, and this new term can cancel out in the limit of the reaction
term. Due to the strong convergence of Q, — W, we can write

byt L= Y j IVQ, " 2VQ,V(IhI"2h(v - hQ, - u,)) dx

]EYE£j+§Br

“Re)+ Y J IVWI" 2V W,V ([h" 2h(v — kW, — u,)) dx

J €Y98j+§Bl*

“REe)+ Y j VW, "2V WV (A" 2h(v - kW, — u,)) dx

J€Ye g1 € B\a By

~ R(e) + J 3, Wolh™h(v - h - u) dS

5
; j 3, W,lh"h(v - u,) dS

Ss
= R(S) - (]Z,s +]3,g)~

Since we have the explicit value of avp W, the rest of the work is easier. Recovering the
explicit values from Section 3.1.5.2 we have

n-1

4 -2
I3 :( ) J|h|” h(v —u,)dS
© \elng-/ | ¢
4\ 1
1- ° n-2 h
_’g‘l‘é«sln%) 'S£|>|(ag)0| J Rty = -y dS
€ (aQ)O
N 1-n
_ + . n-2 _ _
- |@By) |l£1g)<gln—4as> j A" 2h(v — h - u) dS,

0Q)°
where we recover A,. On the other hand,

n-1

]2)£=< ! ) Y J IRP2h(v — h - ) dS.

agIn = .
C AT e (o)
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6.6 Critical-size particles =—— 139

With this construction we can show that if h, is a bounded sequence in Wh(Q), we
have the following result (which improves a similar lemma in [230]).

Lemma 6.7. Let h, € W™(Q, (9Q)") be a bounded sequence. Then

1
5 j hgdS—EjhgdS

J€Ye gjva, (0B,)* S,

< Clae ™) e+ IVhellzn(qy) — O

1
‘ IYellag(0B,)*|

Proof. To be able to apply a balance of this integral with the one on S, we construct
a function 6:

AB=0 in B, .

0, 0= m (ondB))",  0,(x) = 56<X —8 ) when x € & + a,B;.
_ 1 ) €

avne_—m on G, = B,

We have the scaling 9, 0 = <ea;1)"*1avn9. Thus

1 1
S — hdS-— Jh ds
[Yc|lag(0By)*| jz J € 1Sc| ) ¢

Yeejea,(0B,)" S
enfl )
ne
=5 D j IVO,|"*V6,Vh, dx.
el j&7,, 1
g+a.B]

In each of these balls, we have two estimates. On the one hand,
j 19,6,/ dx < Ce™.
gj+a,Bf

On the other hand, applying Young’s inequality

J |V98|"’2V9€Vh£dxsc<6l’” j 19,6, dx + 87D J IVXhSI"dx>,

g+a.Bf gj+a,Bf g+a.Bf

where 6, is an arbitrary positive number. Going back to the sum, we get the bound

> J V6,26, Vh, dx < c(al‘”s"|¥€| + YD J Vh,|" dx).
]€Y€£j+a€B;' BY

(n-1)/r?

We now take §; = ¢ to recover the desired result. O

Thus, we only need to identify the right constant. To compute the constant B, we
write

—J :( 1 )nlle”aE(aB1)+|
* \agIn g5 1S IB(e)

Ble) j h, ds.

SE
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Hence, we take h = H(x,v), where H solves
BolH(s)|" *H(s) = a(s — H(s)) — g(x)

and

BO = hm
=0

< 1 >"‘1|Yg||ag<aBl)*|
agln ;- ISc1B(e)

6.7 Further comments

Remark 6.8. Many variants are possible: we refer the reader to the list of papers men-
tioned in Section 1.6.3.

Remark 6.9. The case of o a general maximal monotone graph, when G, is not a ball,
remains for us an open problem. The results of [115] in which ¢ is the Signorini max-
imal monotone graph seem to indicate that a positive answer could be obtained in
a more general setting but some new argument are needed to pass to the limit after
regularizing o.

Remark 6.10. For a possible connection between the results of this chapter and the
homogenization for fractional operators we refer the reader to Section 6.3 of [115].
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A Comments on the parabolic case

All the results of this book concerning the three elliptic problems presented in Sec-
tion 1.3 admit a corresponding version in the framework of parabolic equations. As
a matter of fact, the application of homogenization techniques to evolution prob-
lems were present already in the pioneering papers and books on the subject (see,
e. g., among many others [242, 31, 239, 175, 256]) and for the case of the occurrence of
strange terms [201, 202] and especially [162], the first paper in which the occurrence
of a strange term was proved for nonlinear Robin type boundary conditions (see also
[34, 67, 163, 74]). Concerning the parabolic problem associated to the p-Laplacian
operator we mention the paper [227].

The aim of this appendix is merely to present some few comments on the adap-
tation of the results of previous chapters, in particular Chapter 4, to the following
parabolic problem dealing with particles over the whole spatial domain Q:

L —Ayu =f 0,T)x Q,,

2— +BEe)ou) = fEe)g® (0,T) xS, "
U =0 (0, T) x 30,

U(O, ) = U Qg.

This problem can be treated very similarly to the elliptic one, at least under good in-
tegrability of f, g° and u,. For strong solutions, the weak formulation of (A.1) leads to
the formulation

T T
J J %(pdxdt + J J IV, P~2Vu, Vo dx dt
0Q, 00,
T T
+B(e) J J o(u,) -g°)pdSdt = J jf(pdxdt, (A.2)
0S, 0Q,
for all ¢ smooth, where
u, € L°(0, T; WP (Q,,0Q)) and % € L*((0,T) x Q,). (A3)

We will only develop here the variational theory, but an extension to L! data is possible
as in Chapter 4.

A priori estimates

Gradient estimates on parabolic problems are usually harder to prove than their el-
liptic counterparts. From some variation of the regularity results for subdifferential
operators (see, e. g., Theorem 3.6 of [48]), or through Galerkin approximation we can

https://doi.org/10.1515/9783110648997-007
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142 —— A Comments on the parabolic case

prove that

I9¢ue N2 (0,1)x0,) + SUP IVUellrr(q,) < C,
te[0,T]

-1
where C depends only on |u, ||W(1),p @ Wllzo,r)xq,) and BE)BE) " 18°N o O (5N,
Extension operator

This can be easily generalized from the theory for stationary functions since the ex-
tension is spatial and has no relation with time. We construct

P, : IP(0, T; W'P(Q,,3Q)) — IP(0, T; WiP(Q))

by extending for almost any ¢ fixed. Since this operator is linear and purely spatial and
does not interact with the time variable, it preserves the estimates of the time deriva-
tives. Therefore, there is a limit of the extension P,u, up to a subsequence such that

Pu, —u weaklyin L?(0, T; W,P(Q)),
P.u, —u stronglyinIP((0,T) x Q), (A4)

0 _du 2
&(Pgug) ” weakly in L((0, T) x Q).
A.1 A weak formulation in terms of a variational inequality

As in the elliptic case, passing to the limit in the weak formulation directly is not pos-
sible due to the weak convergences. It is much better to find a suitable weaker formu-
lation.

Lemma A.1. Let u, satisfy (A.2), (A.3). Then it satisfies

T T T
j J ‘t/(v u,) dxdt + J j VP 2VvV (v — u,) dx dt + B(e) J J o(v)-g°)(v-u,)dSdt
00, 0Q, 03,
T
j jf(v u,) dxdt - % J(uS(O, X) — v(O,x))2 dx, (A.5)
09, 0,

forallv € CX([0,T] x Q).

Proof. Assume that u, is a weak solution and as usual take ¢ = v — u,. We have

ou
J a—tg(v—ug)dxdt+
g,

Ot— 4
Ot— g

-2
J [Vu P“Vu, V(v - u,) dx dt
Q,

+pB(e) J o(u,) —g°)(v-u,)dSdt =

Se

flv-u,)dxdt.

[S S
S
—

te}

€
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A.1 Aweak formulation in terms of a variational inequality =— 143

By monotonicity arguments that we used already in the elliptic setting, we know that

T T
J J IVu [P 2Vu, (v - u,) dx dt + B(e) j J(o(us) -g°)(v-u,)dsdt
0q, 08,

J VP 2Vv(v — u,) dx dt + B(e) J o(v)-g°)(v-u,)dSdt.
QS 5

O_‘._]
Ov_,__]

Let us look at the “new” term coming from the time derivative. We write

T %(v—us)dxdt:T NtV )t +
[ 3w 2

J @(v-ug)dxdt

e OQE ‘e

¥

(v —u.)dxdt

P, O—n

€

T T
J%J(u -v) dxdt+J
(

(up(T, %) V(T %)) dx - | (u,(0,x) - (0,x))2>dx

_.

=]
o
=]

e

ot

T
(u.(0,%) - v(0,x)) dx+J J @ (v —u,) dxdt.
QE 0 5

Joining these computations, we recover (A.5).
Conversely, assume that u, is time differentiable and that it satisfies (A.5). Take ¢
smooth, A € Rand v = u, + Ap. We get

T
AJ J a(“”""’) odxdr +
0Q

J IV(u, + A@)P 2V (u, + Ap)Vep dx dt

O—

AZ
fodxdt - j<p(o X2 dx.
0,

O—

o

T
+B(e)A j J(o(u‘g +Ap) - g)pdSdt = A
0

e €

Assuming that A > 0, dividing by A and passing to the limit as A — 0" we get

T
J J au£¢dxdt + j j \Vu, [P~2Vu, Ve dx dt

0 Q, 0Q,

o) Jo(ug) &) <pd5dt>“f<pdxdt.

Se

O—

When A — 0~ we recover the converse inequality and the proof is complete. O
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144 — A Comments on the parabolic case

A.2 Small subcritical particlesa; <« a, < €

When the particles are subcritical we go back to our averaging results Theorems 4.5
and 4.11. Due to (A.4), we recover that, when ¢ is smooth and (e) ~ 8*(¢),

J%(v—u)dxd“

o
Sy

T
J VP20V — u) dxdt + B8 J J(U(v) _gMv_wdsdt
Q 0Q

0
T

2 J Jf(V —u)dxdt - = | (u(0,x) - v(O,x))2 dx.
00

NI =
oL E—

This is the weak formulation of

& Apu+ o) =+ (0,T)xQ,

u=0 (0,T) x 0Q,

u=uy t=0,
where the effective elements are those in Section 4.5. Of course, in the case of big parti-
cles on the whole domain the diffusion operator must be modified in the homogenized

problem (see, e. g., [84] for the case p = 2 and ¢ a non-decreasing function as in Sec-
tion 4.4).

A.3 Supercritical particles a, <« a; andp € (1, n)

Just like in Section 4.6 we can take the same spatial test function v,(¢,x) = v(¢,x)(1 -
P, (x)) to “remove” the boundary term and get, if g° = 0 and B(€) ~ B*(€), in the limit,
)
a—': -Au=f (0,T)xQ,
u=0 (0,T) x 0Q,

u=uy t=0.

*

A.4 Critical-size particles a, ~ a;

We can still take same oscillating test functions v (t, x) = v(t,x) - W, .(x; v(t,-)) and we
get in all the assumptions in Chapter 4 that u is the unique solution of

g—‘t‘—Apu+H(x,u) =f (0,T)xQ,
u=0 (0,T) x 0Q,

u=ugy t=0,

where H(x, u) is given by (4.16)—(4.17) when G is aball and p < n (see [227]), and when
G, is not a ball through the auxiliary function w,.
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Remark A.2. We point out that the elliptic problem (1.1) can be regarded also as the
stationary problem associated to doubly nonlinear parabolic problems in which the
equation is of the form

0
ay(us) - Apus :f>

where y is a non-decreasing continuous function (or, more in general, a maximal
monotone graph of R?) considered intensively by many authors in the last 50 years (see
references, e. g., in [105] and [262]). The homogenization of the case of the one-phase
Stefan problem, and p = 2, was carried out in [94]. For the case y(s) = Isll/ ™ sign(s)
and p = 2 see [104]. The homogenization of this problem can be also treated with
the abstract results of Section 3.9.2 of [16] on the convergence of the associated semi-
groups. The study of the free boundary of the obtained homogenization problem, at
the critical scale, can be compared with the different behavior of solutions of the prob-
lems before homogenizing, leading to some improvements, as in Chapter 4. Note that
now the comparison techniques are more delicate (see, e. g., [262]) but some energy
methods can be also applied (see [13]).

A.5 Aremark on controllability

Once we know the convergence of parabolic problems of the type (A.1) to its respective
homogenized parabolic problem (as, e. g., the problem in Section A.4), according to
the size of the particles a,, many different questions related to the controllability of
both problems were investigated in the literature. For instance, in terms of problem
(A.1), the so-called “approximate controllability” property of the parabolic problem
assumes that one of the data v is variable in a subset of the data (the set of admissible
controls, for instance the boundary data on S,),

du, _

G Bpue=f (0.1)x 0,

du, -

o T BE0) = BEVexomxse (0,T) xS, (A.6)
uE = O (0’ T) % aQ)

Uy (x,0) = up(x) e,

and the question is to search if, given a “target state” u, y, which represents a possible
value of the solution (the “observation of the state,” for instance the value on Q of u,
att = T), and an arbitrary § > O, we are able to find a control v, such that

lue(T5ve) — ug rllz2q,) < d. (A7)

When § = 0 this property is called “exact controllability” and requires to assume the
“target state” u, 7 in a small subset of LZ(QS) due to the regularizing effects appearing
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in parabolic problems. On the other hand, in practice it can be difficult to act on the
whole domain S, and so it is convenient to assume that the support of the control v,
can be reduced to a “small” subset S’ of S,. Most of the available results on approxi-
mate controllability are reduced to the case p = 2 and deal with semilinear parabolic
equations and Dirichlet (or Neumann) boundary conditions (see [193, 140, 125]). The
controllability of problem (A.6), i. e., for the case of nonlinear Robin boundary condi-
tions, was proved in Section 3.2 of [120] when ¢ is assumed to be sublinear at infinity,
i.e.,

lo(s)| < C(1+1sl) for|s| > M, for some M > O.

A real-life application of the above controllability problem is the following: con-
sider a polluted sand filter occupying some domain Q (with a fixed flow rate of pollu-
tant). We add a suitable chemical reactant with concentration v, (a control) on parts
of the surface of the particles. Let u.(T;v,) be the resulting concentration of the pol-
lutant at time T > 0. The problem is to find the concentration of reagent v, to control
the contaminant in a desired way throughout the whole region Q, at this time.

A natural question is to know if the sequence of good controls {v,} converges, by
an homogenization process, to some global control function v € L*(Q) allowing to
prove the approximate controllability for the homogenized problem. For instance, in
the case of a critical scale, the control problem would be of the type

WA U+ HOGW = f + VY orw (0, T)XQ,
u=0 (0,T) x 90, (A.8)
u(x, 0) = up(x) Q,

for some subregion w ¢ Q and with a desired state uy = lim,_,q u, 7. A favorable an-
swer to the above question was obtained in [1] for big particles a, = € (and thus, es-
sentially, with #(x,u) = Co(u) and o sublinear at infinity) and p = 2. Several different
authors produced previously some related results (always for p = 2) for some variants
of the above setting (see [130, 129, 90, 91, 180, 88]). We point out that for semilinear
parabolic problems as (A.8) it was shown in [99] that if 7 (x, u) is superlinear at infinity
(i.e., [H(x, u)| = C(1 +|s|") for |s| > M, for some r > 1and M > 0), then an obstruction
phenomenon arises and the parabolic problem does not satisfy, in general, the approx-
imate controllability property. In consequence, this shows that the result of [1] is op-
timal in the sense that if we consider big particles a, = € and o superlinear at infinity,
then the sequence of controls {v,.} cannot be convergent to a useful control for the limit
problem (since in this case H(x,u) = Co(u), with ¢ superlinear at infinity). Neverthe-
less, the answer may be entirely different if a, corresponds to the critical scale since
now H(x, u) is globally Lipschitz continuous and no obstruction phenomenon occurs.
This could be of interest in the framework of application to climate models (see, e. g.,
[99] and [101]). The extension of the above situation to the case p # 2 remains an open
problem.
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B Dynamic boundary condition

In contrast to the previous appendix, a much less studied variant of our problem, al-
though very relevant in the applications (see the references below), is the case of the
so-called dynamic boundary conditions

-Apu, =f (0,T)x Q,,

B G + S + Ble)otu,) = Be)g” (0.T) xS, -
U, =0 (0,T) x 00,

u(0,-) = ug S;.

A quite complete list of references dealing with nonlinear problems with dynamic
boundary conditions, starting already in 1901, can be found, e. g., in the survey ar-
ticles [24] and [20]. The PDE is sometimes an elliptic equation (and thus there is a
great contrast between a stationary interior law and a dynamic boundary condition).
Nevertheless, the dynamic boundary condition may coexist with a parabolic equation.
In the context of reaction-diffusion equations, dynamical boundary conditions have
been rigorously derived in [149] and [146].

The main goal of this section is to present only some comments on the homog-
enization arguments to this peculiar type of problems and, more specifically, how
to identify the homogenized problem, containing some strange term, in the case of
critical-size particles. For more details we refer the reader to the papers on this sub-
ject which will be indicated below for each one of the cases which can be presented
according the different size of the particles.

In this setting, it can be shown that, under sufficient regularity of the data, we
have

0

u, € L°(0,T; W(Q,,00)) and % e L*((0,T) x S,). (B.2)

We will only deal here with the case of particles over the whole domain. We leave to
the reader to adapt the details in the other geometrical settings. We repeat, briefly, the
basic preliminaries. For some homogenization results when the dynamic boundary
condition holds on the boundary of particles placed on an interior manifold see [274].

A priori estimates
In this setting the estimates are even a little bit more difficult than in the parabolic
setting. There is still a unique weak solution and if B(g) ~ B*(¢) it satisfies

ﬁ*(8)||a[u5||Lz((0)T)X5£) + sup ||Vu£||Lp(Qs> <C.
te[0,T]

The argument passes, as for the parabolic problem, by the abstract theory of subdif-
ferential operators or by Galerkin approximation. We refer the reader to [117] for p = 2
and [232] and [10] for the case p # 2.

https://doi.org/10.1515/9783110648997-008
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Extension operator
The extension operator we have constructed for the parabolic problem is also valid in

this setting and we still recover
Pu, —u weakly in LP(0, T; WP (Q)), 3
P, —u strongly in IP((0,T) x Q). '

Formulation as a variational inequality
Repeating the arguments in Appendix A for the parabolic problem, the inequality for-
mulation is

T T
j J VP 2VvV (v — u,) dx dt + B(e) J J(% +0o(v) - g£>(v -u,)dSdt
04, 05,
T
> j Fv-u.)dxdt - @ j(uo(x) ~v(0,x))” dx. (B.4)
00, S,

B.1 Small subcritical particlesa; <« a, <« €

Since the weak formulation contains no troublesome terms when o is smooth, we can
pass to the limit in each term to recover
ﬁeffg_l: _ Apu +ﬁeff0'(u) =f +Beffgeff (0,T)x Q,
u=0 (0,T) x 0Q,
u=u, t=0,
where u, € L%(Q) and the effective elements are those in Chapter 4.
Of course, as in the case of small particles, the case of big particles (a, = €) re-

quires to modify the diffusion operator in a similar way as indicated in Section 4.4.
That was done in [258, 259, 8, 10, 9] (see also the case of random particles in [265]).

B.2 Supercritical particles a, < a;

This situation is more delicate. We present only the case where ¢ is smooth, g° = 0,
B(€e) ~ B*(e) and u,, = 0. Then, we take v,(t,x) = v(t,x)(1 — .(x)), which still vanishes
in S;, and we show the homogenized problem is

{—Apu =f(t,x) (0,T)xQ,
u=0 (0, T) x 0Q.

There is no time derivative in the limit problem, and the solution has the regularity in
time dictated by f. The initial data are lost.
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B.3 Critical particles a; ~ a. and G, = B,

This is, as usual, the most surprising and interesting case. The surprise for dynamical
boundary conditions is the appearance of a memory term. This was first noted in the
linear setting in [117]. For a result on the convergence in the nonlinear setting see [232],
but we only want to give here the structure of the proof. We will do only the case g° =
g € WH(Q), but the details can be adapted to the general setting.

As in Section 4.7 take v (t, x) = v(¢t, x) — h(t, x) W,(x). We still want to have h = H(v)
being the solution of a certain equation. Going back to Remark 4.40, in order to get the
suitable cancelation of the integrals over (0, T) x S, we now get

Blfz)lmp"zh ~ % +o(v)-g=— - on +o(v-h)-g
(where B, is given in Lemma 4.38). This shows that the functional equation that ap-
peared in the elliptic setting is now replaced by a pointwise ordinary differential equa-
tion (ODE). This ODE needs an initial condition. We now go the integral in S, on the
right-hand side of (B.4). If we want v, to cancel the integral given for x € S, at t = O we
need to request

0 = up(x) = v¢(0,x) = uy(x) — v(0,x) + h(0, x).

But this is a valid choice for h. For a given v smooth enough and every x fixed we take
h(t,x) = H,(t, x) as the unique solution of

ot
H,(0,x) = v(0,x) — ug(x).

{ o = % _BylH,PH, +o(v-H,)-g te(0,T), (B.5)

Note that the existence and uniqueness of solution of (B.5) hold even if ¢ is a maximal
monotone graph. With this choice of H,, which does not depend on ¢ and is regular if
v and g are smooth, we can pass to the limit as in Section 4.7.1 to recover

J VP 2VvV (v — u) dx dt + A
Q

Jf(v _w)dxdt.
Q

O—
O—
O—

j \H, [P2H, (v — u) dx d¢ >
Q

To recover the equation again we must take v = u + Ap. We will deal in Remark B.4
with the fact that the equation for H,,,, requires g—’t‘. We will show that by a change in
variable, we can avoid this difficulty. The continuous dependence of (B.5) (which we
prove in the general setting for p = 2 in Lemma B.10) and the usual trick of passing
A — 0* show that this is the weak formulation of

{—Apu + AolH,P?H, =f (0,T) xQ, (B.6a)

u=0 (0,T) x0Q,
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coupled with the pointwise ODE that, for every x € Q, is given as the solution of

F]
H,(0,x) = u(0,x) — ug(x) t=0.

oH, 277 _ 0
{ ~+ BolH,PH, = 5% +o(u-H,)-g (0,T)xQ, (B.6b)

Remark B.1. This term H,, behaves as a memory term for the equation of u. Note that
for p = 2 and o linear this problem becomes a linear ODE that can be solved explicitly
(see [117]).

Remark B.2. It is very interesting to point out that u(0, x) is not necessarily u(x), but
rather the solution of the elliptic PDE

{—Apu(o,x) + Aglu(0,%) - up ()P (U0, %) - up(x)) = f(0,x)  Q,
u=0 0Q.

Thus, u(0, x) is a strange initial datum. Even if u,(x) = 0, the solution of the homoge-
nized problem is not u(0, x) = 0 unless f(0,x) = 0.

Existence of a solution of (B.6a), (B.6b) comes from our proof on the convergence
of the limit. When p = 2 and o is linear the ODE can be explicitly solved (see [117]). In
order to show that (B.6) has a unique solution, we show that the strange term

Hlu] = Ao|H,P~*H,

is monotone in the following sense.

LemmaB.3. Letu,u: [0,00) — R be smooth functions. Let H, and Hy; be the solutions
of (B.6a), (B.6b) corresponding to u and u and, finally, H[u] = Ay|H, |p‘2Hu and H[u] =
Ao|HyP~*Hy. Then

T
j(H[u] - H[u])(u-u)dt > 0. (B.7)
0

Proof. This property comes from a direct computation. We write

T
[ taa - iy - e
0

T
= Ao [ (P28, = V"B (u - H, - - Hy) de
0
T
+ Ao j(|H,, P2H,, — |HoP2H)(H, — Hy) dt
0
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\

N | = o'—\'ﬂ O ey

<a(u -H,-(u-Hy)

- o~ H,) - 0@~ Hy) )(u~ H, - @~ Hy) de

> [(2=R (4~ H, - @ - ) dt

at(ﬁ—Ha»)

= —(u —Hu - (ﬁ_ Hﬁ))zlg
> ‘%(u(O) - H,(0) - U(0) - H(0))" =

This completes the proof. O

With this property, given two solutions u and u of (B.6a), (B.6b), we use u — u as a
test function in the weak formulation of (B.6a) and recover

T
J J(IVqu_ZVu — |valP~2vir) - V(u - ) dx dt
0Q

T
< J J(IVulp_ZVu — |VaP~?vi) - V(u - u) dx dt +
0Q

Oy

J Hu] - Hu])(u-u)dxdt =
Q

This guarantees that Vu = Vuin (0, T) x Q. Since u, u = 0 on the boundary, we recover
thatu =u.

In Lemma B.10 below, we show for p = 2 the continuous dependence of H with
respect to u, even when G, is not a ball. We do not present here the proof for p + 2,
which can be found in [232].

Remark B.4. Note thatin (B.6b) the equation contains a g—'; that could be hard to locate
in a functional space. One could take H, = u — H, which has as equation

B+ 0(H,) = Bolu-H,P2u-H,)+g (0.T)xQ,
ITIu - uo t = O

This problem no longer depends on The continuous dependence can be proved in
this setting.

Remark B.5. If we consider mixed time derivatives in both Q. and S, we can write in
general the parabolic problem

a%e —Au, =f (0,T) x Q,,

bﬁ(s) o + a“e +BEe)o(u,) = fe)g°  (0,T) xS,

1U. =0 (0,T) x0Q,
au(0,-) = aug, Q,,
| bu(0,-) = bug Se»
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for a, b > 0. Then the limit problem becomes

(a2 — A+ AolH, PP 2H, = f 0.7)xQ,
ba;u + BOIHM|P*2HM = bg—'; +ou-Hy)-g (0,T)xQ,
1u=9 (0,T) x 30,
au(0,x) = augy(x) Q,
| b H,(0,x) = b(u(0,x) - ug(x)) Q.

The values a and b are added to the initial condition so that they become trivial when
a or b vanishes. If a > 0, then the last condition is just bH, = 0. However, ifa = 0
we can recover our strange initial datum, pointed out above. Due to a misprint, in [117,
equation (1.5)], the initial condition for H,, is written exclusively bH, = 0. However,
in that paper o(u) = Au and the correct explicit value of H,, is provided [117, equation
(2.10)] as well as the equation for u when a = 0 is written at the mentioned paper.

B.4 Critical particles a; ~ a, when p = 2 and general G,

Repeating the argument in Section 4.7.3 we must pick our function w, so that we geta
cancelation of the already famous term I, . from Lemma 4.45. Now, instead of a single
value s € R, we must be able to input a time-dependent function ¢ : [0,00) — R.
Using a similar argument as before, we recover that the auxiliary function w(t, y; x, ¢)
should solve, for each x € Q,

AW, =0 (0,00) x R"\ G,

Co%e + B = Cy 38 + Co0(ep - Wy) — Cog(0) (0,00) x 3G, ©8)
w, -0 as|y| » +ooand t > 0,

W, (t,0) = ¢(0) - u att =0,

and

H[X)¢](t) = J avwa(t,)’;x,@ dSy
0G,

In the homogenized equation we have

{—Au(t,x) + AgH D u(x)1(t) = f  (0,00) x Q,
u=0 (0, 00) x Q.

The initial data are, as above, encoded in H.

Remark B.6. Note that when G, = By, then W, (¢t,y; x, ¢p) = H¢(t,x)17v(y) = Hy(t, XK(WY),
where X is given by (3.20).
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Again, to prove uniqueness of solution of the homogenized problem, it is sufficient
to prove H is a monotone operator. We state the following lemma.

Lemma B.7. Let ¢, E € C}([0, +c0)). Then, for each x fixed

T
[ 0,91 - B B0 - e = 0
0

Proof. For the sake of convenience with respect to the length of the proof, let us denote
w = W,[¢p] and w = W, [¢p]. We have

T

| i1 - H@) @ - B e -

0

[ aw-mi@-Fasa
3,(w—W)(¢p - w — (- W) dS dt

T
; J 3, (w — W)(w—w)dS dt
0

3G,
T 7 f—
:Coj <a( _Wgt(('b_w)))(qb—w—(a—W))det
0 3G,
T
+Coj J(0(¢—W)—U@—W))(d)—W—@—W))det
0 3G,

[V(w - w)|*dS dt
R™0G,

+
Otm— — g

>0,

as we did in Lemma B.3. O
The continuity of H is proved similarly to previous cases.

Remark B.8. Asabove, if one does not wish to use time derivatives so that the operator
can be applied to functions which are just 120, T; L? (0Gy)), then the change in variable
W, = pK — W, is the solution of

Aw, =0 (0,00) x R\ G,
CoZe + %o 4 Coo(W,) = pZ +Cog  (0,00) x 3G,

w, -0 as |yl » +ooandt > 0,
W, = Uy att=0.
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Note that

Hlx, 1(t) = j ($3,% - ,,) dS = p(O)g, - j 3,W,(ty;x,$)dS,.  (BI)
3G, 9Gy

Similarly as we did to H, it is not too difficult to show the continuous dependence.
First, we do this in terms of w,.

Lemma B.9. We have

T T
j j V(W, ] - W, p1) P dS dt < A, I b - PP dt.
0 0

R™\G,

Proof. We check that

AR AR I AT R AR AR APES

R™\G, R\G,
= | (o191 - W, (112, (W, (] - W, [$1) dS
3G,
= -2 [ 2w, 191w, (§) o5
3G,
~Co [ (o(W,[]) - oo [G1)) (W, 9] - W,[]) S
3G,
+ [ @- @191 - W, B0,k s
3G,

Integrating in [0, T],

BE
0 R"™\G,

T
~W,[BI)P dxdt < J j (¢~ D)W, (9] - W, [$1)a,R S dt.
0

3G,

Note that

j<¢—¢>(WU[¢1—WG[$J)avfds:<¢—$> j V(W ) - W, 1) VR dx

3G, R™\Go
<ip-9i( | IV(WU[¢]—WU[$])I2dX>E< | mﬁobc)E
R™\G, R™\G,
<3 | 91T s Sig-BE [ vRE dx

R™ G, R™\Go
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Therefore, we have

T T
j j 1V(W, ) - W, [$1) 2 dxdt < J VR dxj I} - B dt.
0 R"\Go R\Go 0
Lastly, we point out that this constant is precisely the capacity (3.21). O

This allows us to recover the continuous dependence of H.

Lemma B.10. We have

T T
191 - g1 ae < 2 [19- 9.
0 0

Proof. We recall first that (B.9). Now

| 3,191 -, (@D ds = | %2, l9] - Wy $)) ds

3G, 3G,
= [ VRV 141 -, (6] dx
R™MG,
A (| 1@ ar)

R™\G,
Taking power 2 and integrating we recover the result. O

Remark B.11. It is likely that the 2 in the previous estimate can be avoided through
sharper analysis.
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C Critical-size particles with a stochastic
perturbation

This is a research subject which is currently being very active. Such as we have indi-
cated before, there are many mathematical books on periodic homogenization, and
some of them already consider a stochastic framework (see, e. g., [31, 175]), develop-
ing pioneering works by Papanicolaou, Varadhan, Kozlov, Yurinskij and others in the
1970s. Nevertheless new methods and many different applications are presently be-
ing proposed for a large array of models (see, €. g., [37, 67, 33, 137, 243, 257] and [260],
among many other references).

In this appendix we will follow a concrete approach (the assumption of “station-
ary and ergodic” random media) which was initiated by Dal Maso and Modica [93]
(in their paper they acknowledge a suggestion from L. Russo). More specifically we
will illustrate the occurrence of a strange term, for the critical size of the particles, in
the context of stochastic homogenization applied to obstacle type problems according
mainly to the papers by Caffarelli and Mellet [60] (obstacle problem for p = 2) and by
Tang [253] (obstacle problem with p # 2). See also [61].

We start by introducing a different notation with respect to the rest of the book:
here the spatial domain is denoted by D and not Q, since this symbol is traditionally
used in the context of probability to denote a probability space (Q, F, P) which we
assume given in this appendix. Here, for each w € Q and € > 0, the set of random
particles is denoted by G, (w), so that it defines its complementary set D.(w) = D\G.(w)
where the diffusion-reaction process takes place.

The technique introduced by Caffarelli-Mellet for p = 2 allows us to work with

G.(w) = ( U G&j(w)> nD. (C.1)

jez

In the theory introduced by Caffarelli-Mellet the particles are still essentially period-
ically placed, since they assume

G, j(@) € B, (&),
where a, ~ a;. For consistency with our previous notation we take
Y, =1{jeZ": G (w)nD#0}.
The key assumption in passing to the limit is that the particles have similar capacities,
cap(Gej(w)) = £"y(j, w).

Recall the definition of the important notion of capacity given in Remark 3.11.

https://doi.org/10.1515/9783110648997-009
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The process y : Z" x Q — [0, +00), a process that relates these capacities, needs
to be bounded,

0<y<y(w) <Yy, (C.2)
such that there exists a family of measure-preserving transformations 7; : Q — Q
satisfying
y(i+isw) =y(, 1y (@), Vjj' €Z"andw € Q (C.3)
and such that if A ¢ Qand
7j(A)=A forallj € Z", then P(4) € {0,1}. (C.4)

The approach by Tang [253] for p € (1,n] is geometrically more modest and as-
sumes (C.1) where only

G j(w) = By jw) (&) (C.5)

Hence, the position &j and shape (a ball) are prescribed, but the radius of this ball is
stochastic. Still, the assumption is

p-cap(G,;(w)) = £"y(, w), (C.6)

such that conditions (C.2)-(C.4) hold. For p = n we recall Remark 3.13, and by
n-capacity we mean the relative n-capacity with respect to B;. Note that the capacity
of a ball can be explicitly computed and given by a monotone function F as

a.(j,w) = F(e"y(, w)). (c7)

Solving explicitly, this assumption means that a, ~ a;.
We will describe the results for the following model problem (given 1 < p < nand
weQ):

—Apug =f(x) x € D.(w),
8vpu£ +BE)a(u,) =0 xeS.(w), (C.8)
u. =0 oD (w) \ S¢(w),

where ¢ is the maximal monotone graph of R? associated to the Signorini microscopic
boundary conditions,

0 ifr >0,
o(r) = 4[0,+c0) ifr=0,
0 ifr<o.

Note that now, in this special case, the value of S(¢) is irrelevant. Nevertheless we
keep this formulation to maintain the coherence with the formulation maintained in
previous chapters of this book. Of course this is not the case when ¢ is a continuous
function (see, especially, [183], where the case of a Lipschitz function o and p = 2 was
considered by following a different technique).
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C.1 Some comments on the ergodicity hypothesis

Let us stress the fact that the assumption (C.6) is not directly made on the shape of the
particles but on their capacity. In this sense, the shape of the particles is left unspeci-
fied and may change with € [60]. Note also that (C.6) implies that the diameters of the
particles decrease faster than &, which implies that the capacities of neighboring sets
separate at the limit, and we can recover

p-Cap< U G&j(cu)> ~ Z p-cap(G,;(w)) = &" z v, w). (C.9)
jeY, jeY, jeY,

Since the particles are spread over the whole domain we conclude that [Y,| ~ £™".

Note that the process y can be understood as a dynamical system over the set of
indexes Z" (instead of the real interval [0, +00), as is usual in ODEs; see [175]). In this
sense, the word “stationary” simply means that the random variable defined by y(j, .) :
Q — [0, +oo) is independent of j € Z" (i.e., forall a € [0, +0o), P({w € Q : y(j,.) > a} is
independent of j € Z™). This condition is the most general extension of the periodicity
assumption made in the precedent chapters.

The ergodicity part (if A ¢ Q and 7;(4) = Aforallj € Z", then P(A) = 10r P(4) = 0)
means that the translation-invariant subsets of Q have either full or zero measure [2].

We refer the reader to the presentations made in [257, 3] and [33] for some basic ex-
amples such as the random checkerboard and the Poisson cloud. Moreover, it is easy to
see that a deterministic periodic location of particles of the same shape (as in previous
chapters of this book) can be associated to a family of measure-preserving transforma-
tions satisfying the stationary and ergodic assumptions (see, e. g., Example 8.1 of [33]).
It is also convenient to recall the Birkhoff theorem [36]. Define the spatial average of
any given function f € L .(R") by

. 1
(), = Jim e [ oo ax,
pK

with K any arbitrary compact set of R". Consider now f(x,w) = f(y(x)w), withf €
LY(Q, P), a stationary random field, with y(x) a group of measure-preserving transfor-
mations. Then if y is ergodic, the spatial average is the same as the average over Q (the
expectation), i. e.,

Flyxw)), = EIfl,

for almost all w € Q and, in particular, it does not depend on the realization w.

C.2 Convergence results

The result in [60] and [253] states the following. Let u,(x, w) be the minimizer of the
energy functional
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Jv) = j VP2 dx - j frdx, (C.10)

D D

T =

in the convex set
K(e,w) = {v e WP(D): v > 0in Gy(w)}.
Then,
u.(w) —u in Wé’p(D) almost surely inw € Q,
where u € Wé’p (D) is the minimizer of the energy functional

7wy = 1 j VP2 dx + j %o, P dx - j fidx,
pD D p D

for some ay > 0. In other words, the effective equation for the obstacle problem in-
cludes a strange term of the form

H(s) = Ag(s_)PL.

This reproduces the behavior of the periodical case (see Example 4.34 (c)) with A, a
constant related to the capacity (see Remark 4.31).

C.3 Auxiliary test function

The key point of the argument is based on the construction of an adequate auxiliary
function like those in Sections 3.1.5 and 4.7. However, instead of taking one function
w, and reproducing it by periodicity, they tackle W, directly.

Lemma C.1([60, 253]). Assume that G.(w) satisfies the hypothesis above. Then, there
exist a positive real number a, and a function W,(x, w) such that, for a.s. w € Q,

AW, =ay inDy(w),
W.(x,w)=1 inG.(w),
W.(x,w) =0 onadD.(w)\ G.(w),

with
W,(.,w) — 0 weakly in W(l)’p(D(w)), ase — 0.

Moreover, W, satisfies the following properties:
(@) forany ¢ € D(D)and0 < g < p,

lil’l’(l) j Vw9 dx = 0;
£—
D
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(b) for any ¢ € D(D),

lim J VWP dx = a J ddx;
8—)
D D
(c) forany sequence {v,(.,w)} in Wé’p (D) with the property v, — v weakly in W(l)’p (D), as
€ - 0andv, = 0 on G.(w), and for any ¢ € D(D), we have

lim j VW, [P2VW, - Vv, dx = —aq j vep dx.
D D

The choice of the value ay, is strongly related to the computation (C.9). We refer
the reader to either text for the details.

C.4 Structure of the proof

The structure of the proof is based on some uniform estimates, for each w. Thus, there
must exist a weak limit (which could, in principle, depend on w). The characterization
of the limit is done by a I'-convergence type argument similar to [80, 81, 79].

The first step is proving that letting u be the weak limit of u,, we have

7% ) < lim inf/ ().

For p = 2 in [60] the authors use [81, Proposition 3.1], whereas for p # 2 the proof in
[253] is direct. Using the corrector term the authors prove that for smooth test func-
tions v, we have

lim (v +v_W,) = JEw).
E—
The argument is completed by mixing these two limits:
7% ) < lim infJ(u;) < iminfJ (v +v_W,) = 7).
E— E—

eff

Thus, uis the minimizer of J". Since this minimization problem does not depend on w,

neither does the limit w.

C.5 Final comments

As shown above we have an anomalous homogenization with the presence of a “strange
term” (o (u_)? ~1 under the critical size assumption (C.7). Note that what is happening
here is that the limit u of functions u, (., w), which are non-negative over big subregions
of D(w) (to be more precise, on the union G, (w) of many small balls), may become neg-
ative on aregion of D where f(x) is very negative. More precisely, we have the following
proposition.
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Proposition C.2. Let f ¢ L*(Q) such that the unique solution of (C.8) is such that u ¢
L®(Q). Let § > 0 and assume that the set Qpp = {x € Q: f(x) < A < O} is not empty for
some

A< a8 (cay

Then u(x) < -6 for a.e. x € Qg such that d(x,0Qs ) > R with

p-1 1
Ullfoogy + 6\ 7 —D(an 8P = AT
R= (" ”L Q) ) . C= » )((10 : )P ' (C,12)
C e
Proof. Given x, € Qf , we will use the local barrier function
(X Xo) = Clx = xo|71 - 6,

with C > 0 to be chosen later. We have (see, e. g., Remark 2.7 of [102])

-1
A= _(;IHM
’ (p -1’

Thus

> -cP! p(pil)N

A1 ) = —A_ 1 — p-2 I A
Apu+H(u) Apu oolrfF r_ - DFD

—apP ' 2 A2 f(x) onQyy,
if we assume C given by (C.12), thanks to the assumption (C.11). Then, if Bg(xo) € Qf 5
we get that u(x; x,) will be a local supersolution assumed that

s
CRr1 -6 > "u”LDO(Q).

This is satisfied once we take R given by (C.12). Then, by the comparison principle we
get

ux) < Clx — xo|?1 - 6 a.e. on By(xy), (C13)

which implies the result (note that if u € CO(BR(XO)) we get from (C.13) that u(x,) <
-b). O

Remark C.3. The above proposition (which seems to have been unadvertised before
in the literature) represents a mathematical rigorous proof of behaviors compara-
ble to the experiments made for some new materials as the so-called “mechanical
meta-materials”: some artificial structures with mechanical properties defined by
their structure rather than their composition. They can be seen as a counterpart to the
rather well-known family of “optical meta-materials.” Their mechanical properties
can be designed to have values which cannot be found in nature (see, e. g., the survey
paper [251]). For a rigorous mathematical approach to “optical meta-materials” see,
e.g., [187].
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Remark C.4. As mentioned in Chapter 6, the homogenization for particles on the
boundary is related to the homogenization of equations given by suitable fractional
operators. In the case of random particles it was considered by Caffarelli and Mellet in
[62]. They prove that if the fractional operator is (-A)°, with s € (0, 1], then the critical

: n
exponent is now - ..
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