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Introduction

Mircea Pitici

The Best Writing on Mathematics 2021 is the twelfth anthology in an an-
nual series bringing together diverse perspectives on mathematics, its 
applications, and their interpretation—as well as on their social, his-
torical, philosophical, educational, and interdisciplinary contexts. The 
volume should be seen as a continuation of the previous volumes. Since 
the series faces an uncertain future, I summarize briefly here its score-
card. We included 293 articles or book chapters in this series, written 
by almost 400 authors (several authors were represented in the series 
multiple times), as follows:

BWM Volume	 Number of Pieces	 Number of Authors

2010	 36	 43
2011	 27	 32
2012	 25	 29
2013	 21	 23
2014	 24	 33
2015	 29	 53
2016	 30	 41
2017	 19	 24
2018	 18	 33
2019	 18	 32
2020	 20	 23
2021	 26	 34

Totals	 293	 400

The pieces offered this time originally appeared during 2020 in profes-
sional publications and/or in online sources. The content of the volume 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



xii	 Mircea Pitici

is the result of a subjective selection process that started with many 
more candidate articles. I encourage you to explore the pieces that did 
not make it between the covers of this book; they are listed in the sec-
tion of notable writings.

This introduction is shorter than the introduction to any of the pre-
ceding volumes. I made it a habit to direct the reader to other books 
on mathematics published recently; this time I will omit that part due 
to the unprecedented times we lived last year. The libraries accessible 
to me were closed for much of the research period I dedicated to this 
volume, and the services for borrowing physical books suffered serious 
disruptions. A few authors and publishers sent me volumes; yet men-
tioning here just those titles would be unfair to the many authors whose 
books I could not obtain.

Overview of the Volume

Once again, this anthology contains an eclectic mix of writings on 
mathematics, with a few even alluding to the events that just changed 
our lives in major ways.

To start, Viktor Blåsjö takes a cue from our present circumstances 
and reviews historical episodes of remarkable mathematical work done 
in confinement, mostly during wars and in imprisonment.

Andrew Lewis-Pye explains the basic algorithmic rules and compu-
tational procedures underlying cryptocurrencies and other blockchain 
applications, then discusses possible future developments that can make 
these instruments widely accepted.

Michael Duddy points out that the ascendancy of computational de-
sign in architecture leads to an inevitable clash between logic, intellect, 
and truth on one side—and intuition, feeling, and beauty on the other 
side. He explains that this trend pushes the decisions traditionally made 
by the human architect out of the resolutions demanded by the inherent 
geometry of architecture.

Steve Pomerantz combines elements of basic complex function map-
ping to reproduce marble mosaic patterns built during the Roman Re-
naissance of the twelfth and thirteenth centuries.

Ben Logsdon, Anya Michaelsen, and Ralph Morrison construct 
equations in two variables that represent, in algebraic form, geomet-
ric renderings of alphabet letters—thus making it possible to generate 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 Introduction	 xiii

word-like figures, successions of words, and even full sentences through 
algebraic equations.

Maria Trnkova elaborates on crocheting as a medium for building 
models in hyperbolic geometry and uses it to find results of mathemati-
cal interest.

Yelda Nasifoglu decodes the political substrates of an anonymous 
seventeenth century play allegorically performed by geometric shapes.

In the next piece, Stephen K. Lucas, Evelyn Sander, and Laura Taal-
man present two methods for generating three-dimensional objects, 
show how these methods can be used to print models useful in teaching 
multivariable calculus, and sketch new directions pointing toward ap-
plications to dynamical systems.

Joshua Sokol tells the story of a quest to classify geological shapes 
mathematically—and how the long-lasting collaboration of a mathema-
tician with a geologist led to the persuasive argument that, statistically, 
the most common shape encountered in the structure of the (under)
ground is cube-like.

Don Monroe describes the perfect similarity between foundational 
algorithms in quantum computing and an experimental method for 
approximating the constant r, then asks whether it is indicative of a 
deeper connection between phenomena in physics and mathematics or 
it is a mere (yet striking) coincidence.

Kevin Hartnett relates recent developments in computer science and 
their unforeseen consequences for physics and mathematics. He explains 
that the equivalence of two classes of problems that arise in computa-
tion, recently proved, answers in the negative two long-standing conjec-
tures: one in physics, on the causality of distant-particle entanglement, 
the other in mathematics, on the limit approximation of matrices of in-
finite dimension with finite-dimension matrices.

David Hand reviews the risks, distortions, and misinterpretations 
caused by missing data, by ignoring existing accurate information, or 
by falling for deliberately altered information and/or data.

In the same vein, Michael Wallace discusses the insidious perils in-
troduced in experimental and statistical analyses by measurement er-
rors and argues that the assumption of accuracy in the data collected 
from observations must be recognized and questioned.

In the midst of our book—like a big jolt on a slightly bumpy road—
John Conway, Mike Paterson, and their fictive co-author Moscow, 
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bring inimitable playfulness, characteristic brilliance, multiple puns, 
and nonexistent self-references to bear on an easy game of numbers that 
(dis)proves to be trickier than it seems!

Next, Sanjoy Mahajan explains (and illustrates with examples) why 
some mathematical formulas and some physical phenomena change ex-
pression at certain singular points.

Stan Wagon describes the counterintuitive movement of a bicycle 
pedal relative to the ground, also known as “the bicycle paradox,” and 
uses basic trigonometry to elucidate the mathematics underlying the 
puzzle.

Jacob Siehler combines modular arithmetic and the theory of linear 
systems to solve a pyramid-coloring challenge.

Natalie Wolchover untangles threads that connect foundational as-
pects of numbers with logic, information, and physical laws.

The late Harold Edwards pleads for a reading of the classics of math-
ematics on their own terms, not in the altered “Whig” interpretation 
given to them by the historians of mathematics.

Michael Barany uncovers archival materials surrounding the birth 
circumstances, the growing pains, and the political dilemmas of the 
Notices of the American Mathematical Society—a publication initially meant 
to facilitate internal communication among the members of the world’s 
foremost mathematical society.

Mike Askew pleads for raising reasoning in mathematics education 
at least to the same importance given to procedural competence—and 
describes the various kinds of reasoning involved in the teaching and 
learning of mathematics.

Roger Howe compares the professional opportunities for improve-
ment and the career structure of mathematics teachers in China and in 
the United States—and finds that in many respects the Chinese ways 
are superior to the American practices.

Stephan Ramon Garcia draws on his work experience with senior 
undergraduate students engaged in year-end projects to distill two 
dozen points of advice for instructors who supervise mathematics re-
search done by undergraduates.

Adam Glesser, Bogdan Suceavă, and Mihaela B. Vâjiac read (and co-
piously quote) Sophie Germain’s French Essays (not yet translated into 
English) to unveil a mind not only brilliant in original mathematical 
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contributions that stand through time, but also insightful in humanistic 
vision.

Melvyn Nathanson raises the puzzling issues of authorship, copy-
right, and secrecy in mathematics research, together with many related 
ethical and practical questions; he comes down uncompromisingly on 
the side of maximum openness in sharing ideas.

In the end piece of the volume, Terence Tao candidly recalls selected 
adventures and misadventures of growing into one of the world’s fore-
most mathematicians.

•
This year has been difficult for all of us; each of us has been affected in 
one way or another by the current (as of May 2021) health crisis, some 
tragically. The authors represented in this anthology are no exception. 
For the first time since the series started, contributors to a volume 
passed away while the book was in preparation—in this case, John H. 
Conway (deceased from coronavirus complications) and Harold M. 
Edwards.

•
I hope you will enjoy reading this anthology at least as much as I did 
while working on it. I encourage you to send comments to Mircea Pi-
tici, P.O. Box 4671, Ithaca, NY 14852; or electronic correspondence 
to mip7@cornell.edu.
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Lockdown Mathematics:  
A Historical Perspective

Viktor Blåsjö

Isolation and Productivity

“A mathematician is comparatively well suited to be in prison.” That 
was the opinion of Sophus Lie, who was incarcerated for a month in 
1870. He was 27 at the time. Being locked up did not hamper his re-
search on what was to become Lie groups. “While I was sitting for a 
month in prison . . ., I had there the best serenity of thought for devel-
oping my discoveries,” he later recalled [11, pp. 147, 258].

Seventy years later, André Weil was to have a very similar experi-
ence. The circumstances of their imprisonments—or perhaps the lit-
erary tropes of their retellings—are closely aligned. Having traveled 
to visit mathematical colleagues, both found themselves engrossed in 
thought abroad when a war broke out: Lie in France at the outbreak of 
the Franco-Prussian War, and Weil in Finland at the onset of World 
War II. They were both swiftly suspected of being spies, due to their 
strange habits as eccentric mathematicians who incessantly scribbled 
some sort of incomprehensible notes and wandered in nature without 
any credible purpose discernible to outsiders. Both were eventually 
cleared of suspicion upon the intervention of mathematical colleagues 
who could testify that their behavior was in character for a mathemati-
cian and that their mysterious notebooks were not secret ciphers [11, 
pp. 13–14, 146–147; 13, pp. 130–134].

Weil was deported back to France, where he was imprisoned for 
another few months for skirting his military duties. Like Lie, he had a 
productive time in prison. “My mathematics work is proceeding beyond 
my wildest hopes, and I am even a bit worried—if it’s only in prison 
that I work so well, will I have to arrange to spend two or three months 
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locked up every year?” “I’m hoping to have some more time here to 
finish in peace and quiet what I’ve started. I’m beginning to think that 
nothing is more conducive to the abstract sciences than prison.” “My 
sister says that when I leave here I should become a monk, since this 
regime is so conducive to my work.”

Weil tells of how colleagues even expressed envy of his prison re-
search retreat. “Almost everyone whom I considered to be my friend 
wrote me at this time. If certain people failed me then, I was not dis-
pleased to discover the true value of their friendship. At the beginning 
of my time in [prison], the letters were mostly variations on the follow-
ing theme: ‘I know you well enough to have faith that you will endure 
this ordeal with dignity.’ . . . But before long the tone changed. Two 
months later, Cartan was writing: ‘We’re not all lucky enough to sit 
and work undisturbed like you.’ ” And Cartan was not the only one: 
“My Hindu friend Vij[ayaraghavan] often used to say that if he spent six 
months or a year in prison he would most certainly be able to prove 
the Riemann hypothesis. This may have been true, but he never got the 
chance.”

But Weil grew weary of isolation. He tried to find joy in the little 
things: “[In the prison yard,] if I crane my neck, I can make out the 
upper branches of some trees.” “When their leaves started to come out 
in spring, I often recited to myself the lines of the Gita: ‘Patram puspam 
phalam toyam . . .’ (‘A leaf, a flower, a fruit, water, for a pure heart 
everything can be an offering’).” Soon he was reporting in his letters 
that “My mathematical fevers have abated; my conscience tells me that, 
before I can go any further, it is incumbent upon me to work out the 
details of my proofs, something I find so deadly dull that, even though I 
spend several hours on it every day, I am hardly getting anywhere” [13, 
pp. 142–150].

Judging by these examples, then, it would seem that solitary con-
finement and a suspension of the distractions and obligations of daily 
life could be very conducive to mathematical productivity for a month 
or two, but could very well see diminishing returns if prolonged. Of 
course, it is debatable whether coronavirus lockdown is at all analogous 
to these gentleman prisons of yesteryear. When Bertrand Russell was 
imprisoned for a few months for pacifistic political actions in 1918, he 
too “found prison in many ways quite agreeable. . . . I read enormously; 
I wrote a book, Introduction to Mathematical Philosophy.” But his diagnosis 
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of the cause of this productivity is less relatable, or at least I have yet to 
hear any colleagues today exclaiming about present circumstances that 
“the holiday from responsibility is really delightful” [9, pp. 29–30, 32].

Mathematics Shaped by Confinement

“During World War II, Hans Freudenthal, as a Jew, was not allowed to 
work at the university; it was in those days that his interest in mathe-
matics education at primary school level was sparked by ‘playing school’ 
with his children—an interest that was further fueled by conversations 
with his wife.” This observation was made in a recent editorial in Edu-
cational Studies in Mathematics [1]—a leading journal founded by Hans 
Freudenthal. Coronavirus lockdown has put many mathematicians in 
a similar position today. Perhaps we should expect another surge in 
interest in school mathematics among professional mathematicians.

Freudenthal’s contemporary Jakow Trachtenberg, a Jewish engineer, 
suffered far worse persecution, but likewise adapted his mathemati-
cal interests to his circumstances. Imprisoned in a Nazi concentration 
camp without access to even pen and paper, he developed a system of 
mental arithmetic. Trachtenberg survived the concentration camp and 
published his calculation methods in a successful book that has gone 
through many printings and has its adherents to this day [12].

Another Nazi camp was the birthplace of “spectral sequences and 
the theory of sheaves . . . by an artillery lieutenant named Jean Leray, 
during an internment lasting from July 1940 to May 1945.” The cir-
cumstances of the confinement very much influenced the direction of 
this research: Leray “succeeded in hiding from the Germans the fact 
that he was a leading expert in fluid dynamics and mechanics. . . . He 
turned, instead, to algebraic topology, a field which he deemed unlikely 
to spawn war-like applications” [10, pp. 41–42].

An earlier case of imprisonment shaping the course of mathematics 
is Jean-Victor Poncelet’s year and a half as a prisoner of war in Rus-
sia. Poncelet was part of Napoleon’s failed military campaign of 1812 
and was only able to return to France in 1814. During his time as a 
prisoner, he worked on geometry. Poncelet had received a first-rate 
education in mathematics at the École Polytechnique, and his role in 
the military was as a lieutenant in the engineering corps. In his Rus-
sian prison, he did not have access to any books, so he had to work out 
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all the mathematics he knew from memory. Perhaps it is only because 
mathematics lends itself so well to being reconstructed in this way that 
Poncelet ended up becoming a mathematician; other scientific or engi-
neering interests would have been harder to pursue in isolation without 
books. The absence of books for reference would also naturally lead to 
a desire to unify geometrical theory and derive many results from a few 
key principles in Poncelet’s circumstances. This is a prominent theme 
in early nineteenth-century geometry overall; it was not only the im-
prisoned who had this idea. But it is another sense in which Poncelet 
could make a virtue out of necessity with the style of mathematics he 
was confined to during his imprisonment.

The same can be said for another characteristic of early nineteenth-
century geometry, namely, the prominent role of visual and spatial in-
tuition. This too was a movement that did not start with Poncelet, but 
was fortuitously suited to his circumstances. Consider, for instance, 
the following example from the Géométrie descriptive of Monge, who had 
been one of Poncelet’s teachers at the École Polytechnique. Monge was 
led to consider the problem of representing three-dimensional objects 
on a plane for purposes of engineering, but he quickly realized that such 
ideas can yield great insights in pure geometry as well, for instance, in 
the theory of poles and polars, which is a way of realizing the projective 
duality of points and lines. The foundation of this theory is to establish 
a bijection between the set of all points and the set of all lines in a plane. 
Polar reciprocation with respect to a circle associates a line with every 
point and a point with every line as follows. Consider a line that cuts 
through the circle (Figure 1). It meets the circle at two points. Draw 
the tangents to the circle through these points. The two tangents meet 
in a point. This point is the pole of the line. Conversely, the line is the 
polar of the point.

But what about a line outside the circle (or, equivalently, a point 
inside the circle, Figure 2)? Let L be such a line. For every point on L 

P

L

Figure 1. Polar reciprocation with respect to a 
circle: simplest case. Points P outside the circle 
are put in one-to-one correspondence with lines L 
intersecting the circle.
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	 Lockdown Mathematics	 5

there is a polar line through the circle, as above. We claim that all these 
polar lines have one point in common, so that this point is the natural 
pole of L. Monge proves this by cleverly bringing in the third dimen-
sion. Imagine a sphere that has the circle as its equator. Every point on 
L is the vertex of a tangent cone to this sphere. The two tangents to the 
equator are part of this cone, and the polar line is the perpendicular 
projection of the circle of intersection of the sphere and the cone. Now 
consider a plane through L tangent to the sphere. It touches the sphere 
at one point P. Every cone contains this point (because the line from any 
point on L to P is a tangent to the sphere and so is part of the tangent 
cone). Thus, for every cone, the perpendicular projection of the inter-
section with the sphere goes through the point perpendicularly below 
P, and this is the pole of L, and L is the polar of this point. QED

One is tempted to imagine that Poncelet was forced to turn to this 
intuitive style of geometry due to being deprived of pen and paper, just 
as Trachtenberg had to resort to mental arithmetic. But this is a half-
truth at best, for Poncelet evidently did have crude writing implements 
at his disposal: the prisoners were allocated a minimal allowance, for 
which he was able to obtain some sheets of paper, and he also managed 
to make his own ink for writing [5, p. 20].

Ibn al-Haytham is another example of a mathematician starting out 
as an engineer and then turning increasingly to mathematics while in 
confinement. Early in his career, he devised an irrigation scheme that 
would harness the Nile to water nearby fields. When his plans proved 

P

L

Figure 2. Polar reciprocation with 
respect to a circle: trickier case. 
Points P inside the circle are put in 
one-to-one correspondence with 
lines L that don’t intersect the circle. 
The mapping works because of the 
collinearity of the meeting points 
of the tangents: a nontrivial result 
that becomes intuitively evident by 
introducing the third dimension 
and viewing the figure as the cross 
section of a configuration of cones 
tangent to a sphere.
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unworkable, “he feigned madness in order to escape the wrath of the 
Caliph and was confined to a private house for long years until the 
death of the tyrannical and cruel ruler. He earned his livelihood by 
copying in secret translations of Euclid’s and Ptolemy’s works” [7, p. 
156]. Euclidean geometry and Ptolemaic astronomical calculations are 
certainly better suited to house arrest scholarship than engineering 
projects. One may further wonder whether it is a coincidence that Ibn 
al-Haytham, who was forced to spend so many sunny days indoors, also 
discovered the camera obscura and gave it a central role in his optics.

From these examples, we can conclude that if coronavirus measures 
are set to have an indirect impact on the direction of mathematical re-
search, it would not be the first time lockdown conditions have made 
one area or style of mathematics more viable than another.

Newton and the Plague

Isaac Newton went into home isolation in 1665, when Cambridge 
University advised “all Fellows & Scholars” to “go into the Country 
upon occasion of the Pestilence,” since it had “pleased Almighty God 
in his just severity to visit this towne of Cambridge with the plague” 
[14, p. 141]. Newton was then 22 and had just obtained his bachelor’s 
degree. His productivity during plague isolation is legendary: this was 
his annus mirabilis, marvelous year, during which he made a number of 
seminal discoveries. Many have recently pointed to this as a parable for 
our time, including, for instance, the Washington Post [3]. The timeline 
is none too encouraging for us to contemplate: the university effec-
tively remained closed for nearly two years, with an aborted attempt 
at reopening halfway through, which only caused “the pestilence” to 
resurge.

It is true that Newton achieved great things during the plague years, 
but it is highly doubtful whether the isolation had much to do with it, or 
whether those years were really all that much more mirabili than others. 
Newton was already making dramatic progress before the plague broke 
out and was on a trajectory to great discoveries regardless of public 
health regulations. Indeed, Newton’s own account of how much he ac-
complished “in the two plague years of 1665 & 1666” attributes his 
breakthroughs not to external circumstances but to his inherent intel-
lectual development: “For in those days I was in the prime of my age for 
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invention & minded Mathematicks & Philosophy more then at any time 
since” [15, p. 32].

“Philosophy” here means physics. And indeed, in this subject Newton 
did much groundwork for his later success during the plague years, but 
the fundamental vision and synthesis that we associate with Newtonian 
mechanics today was still distinctly lacking. His eventual breakthrough 
in physics depended on interactions with colleagues rather than isola-
tion. In 1679, Hooke wrote to Newton for help with the mathemati-
cal aspects of his hypothesis “of compounding the celestiall motions of 
the planetts of a direct motion by the tangent & an attractive motion 
towards the centrall body.” At this time, “Newton was still mired in 
very confusing older notions.” To get Newton going, Hooke had to ex-
plicitly suggest the inverse square law and plead that “I doubt not but 
that by your excellent method you will easily find out what that Curve 
[the orbit] must be.” Only then, “Newton quickly broke through to 
dynamical enlightenment . . . following [Hooke’s] signposted track” [2, 
pp. 35–37, 117].

Newton later made every effort to minimize the significance of 
Hooke’s role. Indeed, Hooke was just one of many colleagues who 
ended up on Newton’s enemies list. This is another reason why New-
ton’s plague experience is a dubious model to follow. Newton could be 
a misanthropic recluse even in normal times. When Cambridge was 
back in full swing, Newton still “seldom left his chamber,” contempo-
raries recalled, except when obligated to lecture—and even that he 
might as well have done in his chamber for “ofttimes he did in a manner, 
for want of hearers, read to the walls” [4, n. 11]. He published reluc-
tantly, and when he did, Newton “was unprepared for anything except 
immediate acceptance of his theory”: “a modicum of criticism sufficed, 
first to incite him to rage, and then to drive him into isolation” [14, 
pp. 239, 252]. With Hooke, as with so many others, it may well be that 
Newton only ever begrudgingly interacted with him in the first place 
for the purpose of proving his own superiority. But that’s a social influ-
ence all the same. Even if Hooke’s role was merely to provoke a sleeping 
giant, the fact remains that Newton’s Principia was born then and not in 
quarantine seclusion.

In mathematics, it is accurate enough to say that Newton “invented 
calculus” during the plague years. But he was off to a good start already 
before then, including the discovery of the binomial series. In optics, 
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Newton himself said that the plague caused a two-year interruption in 
his experiments on color that he had started while still at Cambridge 
[6, p. 31]. Perhaps this is another example of pure mathematics being 
favored in isolation at the expense of other subjects that are more de-
pendent on books and tools.

Home isolation also affords time for extensive hand calculations: a 
self-reliant mode of mathematics that can be pursued without library and 
laboratory. Newton did not miss this opportunity during his isolation. 
As he later recalled, “[before leaving Cambridge] I found the method of 
Infinite series. And in summer 1665 being forced from Cambridge by 
the Plague I computed ye area of ye Hyperbola . . . to two & fifty figures 
by the same method” [14, p. 98]. Newton’s notebook containing this 
tedious calculation of the area under a hyperbola to 52 decimals can be 
viewed at the Cambridge University Library website [8].
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Cryptocurrencies: Protocols for Consensus

Andrew Lewis-Pye

The novel feature of Bitcoin [N+ 08] as a currency is that it is designed 
to be decentralized, i.e., to be run without the use of a central bank, or 
any centralized point of control. Beyond simply serving as currencies, 
however, cryptocurrencies like Bitcoin are really protocols for reach-
ing consensus over a decentralized network of users. While running 
currencies is one possible application of such protocols, one might 
consider broad swaths of other possible applications. As one example, 
we have already seen cryptocurrencies used to instantiate decentralized 
autonomous organizations [KOH19], whereby groups of investors come 
together and coordinate their investments in a decentralized fashion, 
according to the rules of a protocol that is defined and executed “on 
the blockchain.” One might also envisage new forms of decentralized 
financial markets, or perhaps even a truly decentralized World Wide 
Web, in which open-source applications are executed by a community 
of users, so as to ensure that no single entity (such as Google or Face-
book) exerts excessive control over the flow of personal data and other 
information.

Many questions must be answered before we can talk with any cer-
tainty about the extent to which such possibilities can be realized. 
Some of these questions concern human responses, making the answers 
especially hard to predict. How much appetite does society have for 
decentralized applications, and (beyond the possibilities listed above) 
what might they be? In what contexts will people feel that the supposed 
advantages of decentralization are worth the corresponding trade-offs 
in efficiency? There are also basic technical questions to be addressed. 
Perhaps the best known of these is the so-called scalability issue: Can 
cryptocurrency protocols be made to handle transactions at a rate suf-
ficient to make them useful on a large scale?
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In this paper, we will describe how Bitcoin works in simple terms. 
In particular, this means describing how the Bitcoin protocol uses hard 
computational puzzles in order to establish consensus as to who owns 
what. Then we will discuss some of the most significant technical ob-
stacles to the large-scale application of cryptocurrency protocols and 
approaches that are being developed to solve these problems.

Bitcoin and Nakamoto Consensus

The Bitcoin network launched in January 2009. Since that time, the 
total value of the currency has been subject to wild fluctuations, but at 
the time of writing, it is in excess of $170 billion.1 Given the amount 
of attention received by Bitcoin, it might be surprising to find out that 
consensus protocols have been extensively studied in the field of dis-
tributed computing since at least the 1970s [Lyn96]. What differenti-
ates Bitcoin from previous protocols, however, is the fact that it is a 
permissionless consensus protocol; i.e., it is designed to establish consen-
sus over a network of users that anybody can join, with as many identi-
ties as they like in any role. Anybody with access to basic computational 
hardware can join the Bitcoin network, and users are often encouraged 
to establish multiple public identities, so that it is harder to trace who 
is trading with whom.

It is not difficult to see how the requirement for permissionless entry 
complicates the process of establishing consensus. In the protocols that 
are traditionally studied in distributed computing, one assumes a fixed 
set of users, and protocols typically give performance guarantees under 
the condition that only a certain minority of users behave improperly—
“improper” action might include malicious action by users determined 
to undermine the process. In the permissionless setting, however, users 
can establish as many identities as they like. Executing a protocol that 
is only guaranteed to perform well when malicious users are in the mi-
nority is thus akin to running an election in which people are allowed 
to choose their own number of votes.

In the permissionless setting, one therefore needs a mechanism for 
weighting the contribution of users that goes beyond the system of “one 
user, one vote.” The path taken by Bitcoin is to weight users accord-
ing to their computational power. This works because computational 
power is a scarce and testable resource. Users might be able to double 
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their number of identities in the system at essentially zero cost, but this 
will not impact their level of influence. To do that, they will need to 
increase their computational power, which will be expensive.

Before we see how Bitcoin achieves this in more detail, we will need 
to get a clearer picture of how one might go about running a (central-
ized or decentralized) digital currency in the first place. To explain 
that, we will need some basic tools from cryptography.

Basic Tools from Cryptography

The two basic tools that we will need from cryptography are signature 
schemes and hash functions. Luckily, we can entirely black-box the way 
in which these tools are implemented. All that is required now is to 
understand the functionality that they provide.

Signature schemes.  Presently, most cryptocurrencies use signa-
ture schemes that are implemented using elliptic curve cryptography. 
The functionality provided by these signature schemes is simple. When 
one user wishes to send a message to another, the signature scheme 
produces a signature, which is specific to that message and that user. 
This works in such a way that any user receiving the message together 
with the signature can efficiently verify from whom the message came. 
So the use of an appropriate signature scheme means one cannot pro-
duce “fake” messages purporting to be from other users.

Hash functions.  Hash functions take binary strings of any length 
as input and produce strings of a fixed length as output. Normally, we 
work with hash functions that produce 256-bit strings, and the 256-bit 
output is referred to as the hash of the input string. Beyond that basic 
condition, a hash function is designed to be as close as possible to being 
a random string generator (subject to the condition that the same input 
always gives the same output): Informally speaking, the closer to being 
a random string generator, the better the hash function. This means 
that a good hash function will satisfy two basic properties:

(a)	 Although in theory the function is not injective, in practice 
we will never find two strings that hash to the same value, 
because there are 2256 possible outputs.

(b)	 If tasked with finding a string that hashes to a value with cer-
tain properties, there is no more efficient method than trying 
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inputs to the hash function one at a time, and seeing what 
they produce.

So if we are working with a good hash function, and we are tasked with 
finding a string of a certain length that hashes to a value starting with 
10 zeros, then there is no more fundamentally efficient method than 
just plugging in input values until we find one that works.

Implementing a Centralized Digital Currency

As we have already said, it is the aim of Bitcoin to be decentralized. To 
understand what difficulties we face in implementing a decentralized 
digital currency, however, it is instructive to consider first how one 
might implement a centralized digital currency, which works with the 
use of a central bank. Once that simple case is dealt with, we can prop-
erly analyze what difficulties arise in the decentralized case.

Presumably, we want our currency to be divided into units, or coins. 
For the sake of simplicity, we will start by concentrating on what hap-
pens to a single coin and suppose that this coin is indivisible. So the 
owner of the coin can either spend the whole coin or nothing—they 
are not allowed to spend half the coin. In that case, we might have the 
“coin” simply be a ledger (i.e., an accounting record), which records its 
sequence of owners. A coin is thus a binary sequence, which could be 
visualized as below.

owned by
Frank

then by
Alice

For now, do not not worry about how Frank came to own this coin 
in the first place—we will come to that later. Instead, let us consider 
what needs to happen when Alice, who presently owns the coin, wants 
to transfer it to another user. In the presence of a central bank, this is 
simple: Alice can form a new version of the coin, recording that it now 
belongs to the new user, Bob, say, and send that new version of the coin 
to the central bank. In order that the central bank can be sure that the 
extension to the ledger really was created by Alice, though, she will 
need to add her signature—we will picture the relevant signature as 
a little black box attached to the bottom right corner of that part of 
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the ledger. Of course, if Alice has to add her signature now, Frank 
will also have had to add his signature when he transferred the coin to 
Alice. The signature added to each extension of the ledger can be seen 
as testimony by the previous owner that they wish to transfer the coin 
to the new user. The new version of the coin can then be represented 
as below.

owned by
Frank

then by
Alice

then by
Bob

When the central bank sees the new version of the coin, they can check 
to see that the signature is correct, and, if so, record the transaction 
as confirmed. The use of a signature scheme therefore suffices to ensure 
that only Alice can spend her coin. This is not the only thing we have 
to be careful about, though. We also need to be sure that Alice cannot 
spend her coin twice. In the presence of the central bank, this is also 
simple. Suppose Alice later creates a new version of the coin, which 
transfers the coin to another user, Charlie, instead. In this case, the 
central bank will see that this transaction conflicts with the earlier one 
that they have seen and so will reject it.

This simple protocol therefore achieves two basic aims:

1.	 Only Alice can spend her coin, and
2.	 Alice cannot “double spend.”

So what changes when we try to do without the use of a central 
bank? Let us suppose that all users now store a copy of the coin. When 
Alice wishes to transfer the coin to Bob, she forms a new version of the 
coin, together with her signature, as before. Now, however, rather than 
sending it to the central bank, she simply sends the new version to vari-
ous people in the network of users, who check the signature and then 
distribute it on to others, and so on. In this case, the use of signatures 
still suffices to ensure that only Alice can spend her coin. The issue is 
now that it becomes tricky to ensure that Alice cannot spend her coin 
twice. Alice could form two new versions of the coin, corresponding 
to two different transactions. If we could be certain that all other users 
saw these two versions in the same order, then there would not be a 
problem, as then users could just agree not to allow the second transac-
tion. Unfortunately, we have no way of ensuring this is the case.2
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Removing the Central Bank

From the discussion above, it is clear that we need a protocol for estab-
lishing irreversible consensus on transaction ordering. To describe how 
this can be achieved, we will initially describe a protocol that differs 
from Bitcoin in certain ways, and then we will describe what changes 
are required to make it the same as Bitcoin later.

Previously, we simplified things by concentrating on one coin. Let us 
now drop that simplification, and have all users store a universal ledger, 
which records what happens to all coins. We can also drop the simplifi-
cation that coins are indivisible if we want, and allow transactions which 
transfer partial units of currency. So according to this modified picture, 
each user stores a universal ledger, which is just a “chain” of signed trans-
actions. Each transaction in this chain might now follow an unrelated 
transaction, which transfers a different coin (or part of it) between a 
different pair of users: The universal ledger is just a chain of transactions 
recording all transfers of currency that occur between users.

The reader will notice that in the picture above, we have each trans-
action pointing to the previous transaction. We should be clear about 
how this is achieved, because it is important that we create a tamper-
proof ledger: We do not want a malicious user to be able to remove 
intermediate transactions and produce a version of the universal ledger 
that looks valid. What we do is to have each signed transaction include 
the hash of the previous transaction as part of its data. Since hash values 
are (in effect) unique, this hash value serves as a unique identifier.

What happens next is the key new idea:

(A)	 We specify a computational puzzle corresponding to each 
transaction, which is specific to the transaction, and which 
can be solved only with a lot of computational work. The 
puzzle is chosen so that, while the solution takes a lot of com-
putational work to find, a correct solution can easily (i.e., 
efficiently) be verified as correct. The solution to the puz-
zle corresponding to a given transaction is called a “proof of 
work” (PoW) for that transaction.
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(B)	 We insist that a transaction cannot be included in the univer-
sal ledger unless accompanied by the corresponding PoW.

Do not worry immediately about precisely how the PoW is specified— 
we will come back to that shortly. Now when Alice wants to spend 
her coin, she sends the signed transaction out into the network of 
users, all of whom start trying to produce the necessary PoW. Only 
once the PoW is found can the transaction be appended to the uni-
versal ledger. So now transactions are added to the chain at the rate 
at which PoWs are found by the network of users. The PoWs are 
deliberately constructed to require time and resources to complete. 
Exactly how difficult they are to find is the determining factor in how 
fast the chain grows.

Of course, the danger we are concerned with is that a malicious 
user might try to form alternative versions of the ledger. How are we 
to know which version of the ledger is “correct”? In order to deal with 
these issues, we make two further stipulations (the way in which these 
stipulations prevent double spending will be explained shortly):

(C)	We specify that the “correct” version of the ledger is the lon-
gest one. So when users create new transactions, they are 
asked to have these extend the “longest chain” of transactions 
(with the corresponding PoWs supplied) they have seen.

(D)	For a certain security parameter k, a given user will consider a 
transaction t as “confirmed” if t belongs to a chain C which is 
at least k transactions longer than any they have seen that does 
not include t, and if t is followed by at least k many transac-
tions in C.

The choice of k will depend on how sure one needs to be that double 
spending does not occur. For the sake of concreteness, the reader might 
think of k = 6 as a reasonable choice.

These are quite simple modifications. How do they prevent double 
spending? The basic idea is as follows. Suppose that at a certain point 
in time, Alice wants to double spend. Let us suppose that the longest 
chain of transactions is as depicted below, and that the confirmed trans-
action t that Alice wants to reverse is the third one (circled).
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In order to reverse this transaction, Alice will have to form a new chain 
that does not include t. This means branching off before t, and building 
from there.

For people to believe it, however, this new chain will have to be the 
longest chain. The difficulty for Alice is that while she builds her new 
chain of transactions, the rest of the network combined is working to build 
the other longer chain.

So long as Alice does not have more computational power than the rest 
of the network combined, she will not be able to produce PoWs faster 
than they can. Her chain will therefore grow at a slower rate than the 
longest chain, and her attempt to double spend will fail.3 So long as no 
malicious user (or coordinated set of users) has more power than the 
rest of the network combined, what we have achieved is a tamper-proof 
universal ledger, which establishes irreversible consensus on transac-
tion ordering, and which operates in a decentralized way.

To finish this section, we now fulfill some earlier promises. We have 
to explain how PoWs are defined, what changes are necessary to make 
the protocol like Bitcoin, and how users come to own coins in the first 
place.

Defining PoWs

In fact, it will be useful to define PoWs for binary strings more 
generally—of course, transactions are specified by binary strings of 
a particular sort. To do this, we fix a good hash function h, and work 
with a difficulty parameter d, which (is not to be confused with the 
security parameter k and) can be adjusted to determine how hard the 
PoW is to find. For two strings x and y, let xy denote the concatenation 
of x and y. Then we define a PoW for x to be any string y such that h(xy) 
starts with d many zeros. Given the properties of a good hash function 
described earlier, this means that there is no more efficient way to find 
a PoW for x than to plug through possible values for y, requiring 2d 
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many attempts on average. The expected time it will take a user to find 
a PoW is therefore proportional to the rate at which they can process 
hash values, and for larger d, the PoW will be harder to find. Defining 
PoW in this way also means that the process by which the network as 
a whole finds PoWs can reasonably be modeled as a Poisson process: In 
any second, there is some independent probability that a PoW will be 
found, and that probability depends on the rate at which the network as 
a whole can process hashes.

Using Blocks of Transactions

The most significant difference between the protocol we have described 
and Bitcoin is that in Bitcoin the ledger does not consist of individual 
transactions, but blocks of transactions (hence the term “blockchain”). 
Each block is a binary string, which contains within its data a few thou-
sand transactions,4 together with a hash value specifying the previous 
block. So now, individual transactions are sent out into the network, 
as before. Rather than requiring a PoW for each individual transaction, 
however, Bitcoin asks users to collect large sets of transactions into 
blocks and only requires one PoW per block. The main reason5 for this 
is worth understanding properly, because it also relates quite directly 
to the issue of scalability, which we will discuss in the next section. The 
key realization here is that we have to take careful account of the fact 
that the underlying communication network has latency; i.e., it takes 
time for messages to propagate through the network. This latency be-
comes especially problematic when we work at the level of individual 
transactions, since they are likely to be produced at a rate that is high 
compared to network latency. For the sake of concreteness, it may be 
useful to work with some precise numbers. So, as an example, let us 
suppose that it takes 10 seconds for a transaction to propagate through 
the network of users. Suppose that we are using the protocol as defined 
previously, so that PoWs are required for individual transactions, rather 
than for blocks. To begin with, let us suppose that the difficulty param-
eter is set so that the network as a whole finds PoWs for transactions 
once every 10 minutes on average. Consider a point in time at which all 
users have seen the same longest chain C, and consider what happens 
when a PoW for a new transaction t1 is found by a certain user, so that t1 
can be appended to C. The PoW for t1 then begins to propagate through 
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the network. The crucial observation is that there is then the following 
danger: During those 10 seconds of propagation time, there is some 
chance that another user, who has not yet seen the new extended ver-
sion of the ledger, will find a PoW for another transaction t2. In this 
case, we now have an honestly produced fork, which splits the honest 
users.

t1

t2

While some users will be looking to find PoWs to extend one version of 
the chain, others will be working to extend the other. At least briefly, 
this makes it slightly easier for a malicious user to double spend, be-
cause now they only have to outcompete each component of the divided 
network.

In that example, the chance of a fork is quite low, because PoWs are 
produced only once every 10 minutes on average, while propagation 
time is 10 seconds. If we have a PoW produced every minute on aver-
age, however, then the appearance of a fork will now be 10 times as 
likely. The problem we have is that, practically speaking, we will need 
transactions to be processed at a much higher rate than one per min-
ute: Bitcoin can process 7 transactions per second, and this is generally 
regarded as being unacceptably slow for large-scale adoption. If PoWs 
are being produced at a rate of 7 per second, then we will not only see 
forks of the kind described above. We will see forks within forks within 
forks, with different honest users split between many different chains, 
and the security of the protocol will be dramatically compromised. 
This problem is avoided by using blocks, because blocks of transactions 
can be produced much more slowly: In Bitcoin, the difficulty of the 
PoW is adjusted so as to ensure that one block is produced every 10 
minutes on average. This means that, most of the time, all honest users 
will be working to extend the same chain.

Minting New Coins

In Bitcoin, the users who look to provide the PoW for blocks of trans-
actions are referred to as “miners,” and the process of searching for 
PoWs is called “mining.” Now, though, we have a problem of incentives 
to deal with. Mining costs money. There are hardware and electricity 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 Cryptocurrencies	 19

costs, among others. If the system is to be secure against double spend-
ing, then we certainly need lots of money to be spent on mining; the se-
curity of the system is directly determined by how much it would cost 
a malicious user to establish more mining power than the rest of the 
network. To incentivize them to mine, this means that miners need to 
be paid in one way or another, and it is here that it is rather convenient 
that we happen to be designing a currency. In the context of running 
a currency, the solution becomes simple: We reward miners for find-
ing PoWs by giving them currency.6 This also, rather neatly, solves the 
problem as to how users come to own coins in the first place. It is when 
miners find a PoW that they are assigned previously unowned units of 
currency.

The Issue of Scalability

Various technical issues need to be addressed before cryptocurrencies 
see large-scale adoption. Among the less serious of these is that Bitcoin 
requires fully participating users to download the entire ledger (pres-
ently more than 200 GB). Much more significant is the fact that PoW 
protocols are energy intensive, to the point that recent estimates show 
Bitcoin consuming more energy than the nation of Switzerland.7 The 
question that has received the most attention, however, is how to in-
crease transaction rates: While Visa is capable of handling more than 
65,000 transactions per second, Bitcoin can presently process 7 trans-
actions per second. In this section, we explain why Bitcoin processes 
transactions so slowly, and some proposed solutions.

The Two Transaction Rate Bottlenecks

There are two fundamental bottlenecks that limit transaction rates for 
cryptocurrency protocols such as Bitcoin.

The latency bottleneck.  The Bitcoin protocol limits the size of 
blocks to include a few thousand transactions, and the PoW difficulty 
setting is adjusted every couple of weeks, so that blocks are produced 
once every 10 minutes on average. These two factors—the cap on the 
size of blocks and the fixed rate of block production—directly result in 
the limited transaction rate described above. To increase transactions 
rates, though, it is tempting to think that one could simply increase the 
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size of blocks, or have them produced more frequently. To increase the 
transaction rate by a factor of 600, why not have blocks being produced 
once per second? In fact, the issue here is precisely the same as the mo-
tivation for using blocks in the first place, which we discussed in detail 
previously.8 Our earlier discussion considered individual transactions, 
but precisely the same argument holds for blocks of transactions: The 
fact that the network has latency (blocks take a few seconds to propagate 
through the network) means that whenever a block is produced, there is 
also the possibility of an honestly produced fork in the blockchain. If we 
double the rate of block production, then we double the probability of 
that fork. If we were to have a block produced once per second on aver-
age, then we would see forks within forks within forks, and the proto-
col would no longer be secure.9 Essentially the same analysis holds in 
the case that we increase the size of blocks, because doing so increases 
propagation time. This increase in propagation time similarly increases 
the probability of a fork.

The processor bottleneck.  A basic feature of Bitcoin that distin-
guishes it from centrally run currencies is that all fully participating 
users are required to process all transactions. For some applications 
of blockchain technology, however, one might want to process many 
millions of transactions per second.10 To achieve this (even if one solves 
the latency bottleneck), one needs to deal with the fundamental limita-
tion that transactions can only be processed as fast as can be handled by 
the slowest user required to process all transactions. The prospect of 
a decentralized Web 3.0 in which all users have to process all interac-
tions must surely be a nonstarter. So how can one work around this? 
Limiting the users who have to process all transactions to a small set 
with such capabilities constitutes a degree of centralization. Another 
possibility is not to require any users to process all transactions. For 
example, one might consider a process called “sharding,” whereby one 
runs a large number of blockchains that allow limited interactions be-
tween them, while requiring each user individually to process transac-
tions on a small set of blockchains at any given time.

Solutions in Three Layers

A multitude of mechanisms have been proposed with the aim of in-
creasing transaction rates. They can be classified as belonging to three 
layers.
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Layer 0.  These are solutions that do not involve modifying the 
protocol itself, but aim instead to improve on the underlying infra-
structure used by the protocol. Layer 0 solutions range from simply 
building a faster Internet connection, to approaches such as bloXroute 
[KBKS18], a blockchain distribution network, which changes the way 
in which messages propagate through the network. At this point, Layer 
0 solutions are generally best seen as approaches to dealing with the 
latency bottleneck.

Layer 1.  These solutions involve modifying the protocol itself, 
and they can be aimed at dealing with either the latency bottleneck or 
the processor bottleneck.

Layer 2.  These protocols are implemented on top of the underlying 
cyrptocurrency. So the underlying cryptocurrency is left unchanged, 
and one runs an extra protocol which makes use of the cryptocurren-
cy’s blockchain. Generally, the aim is to outsource work so that most 
transactions can take place “off-chain,” with the underlying cryptocur-
rency blockchain used (hopefully rarely) to implement conflict resolu-
tion. To make these ideas more concrete, we later explain the basic 
idea behind the Lightning Network, which is probably the best known 
Layer 2 solution. Layer 2 solutions are generally aimed at solving the 
processor bottleneck.

To finish this section, we describe two well-known scalability so-
lutions. Due to the limited available space, we do not say anything 
further about Layer 0 solutions. We briefly discuss a Layer 1 solution 
called the GHOST protocol [SZ15], which aims at dealing with the la-
tency bottleneck. Then we explain the basic idea behind the Lightning 
Network [PD16], already mentioned above as a Layer 2 solution aimed 
at solving the processor bottleneck.

The GHOST Protocol

Recall that the latency bottleneck was caused by forks: While Bob is wait-
ing for confirmation on a transaction in which Alice sends him money, 
a fork in the blockchain may split the honest users of the network. Sup-
pose that the transaction is in the block B1 in the picture below.

C1

B1

C2
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If the honest users are split between chains C1 and C2, then these will 
each grow more slowly than if there was a single chain. This makes it 
easier for Alice to form a longer chain.

B1

B2
Alice’s
chain

The solution proposed by the GHOST (Greedy Heaviest Observed 
SubTree) protocol is simple. Rather than selecting the longest chain, 
we select blocks according to their total number of descendants. This 
means selecting the chain inductively: Starting with the first block (the 
so-called “genesis” block), we choose between children by selecting 
that with the greatest total number of descendants, and then iterate this 
process to form a longer chain, until we come to a block with no chil-
dren. This way B1 will be selected over B2 in the picture above, because 
B1 has seven descendants, while B2 only has five. So the consequence of 
using the GHOST protocol is that forks after B1 do not matter, in the 
sense that they do not change the number of descendants of B1, and so 
do not increase Alice’s chance of double spending. We can increase the 
rate of block production, and although there will be an increase in the 
number of forks, Alice will still require more computational power 
than the rest of the network combined to double spend.

Unfortunately, however, this modified selection process gives only a 
partial solution to the latency bottleneck. The reason is that while forks 
after B1 now do not matter (for confirmation of B1), forks before B1 still 
do. To see why, recall that, in order to be confirmed, B1 must belong to 
a chain that is longer by some margin than any not including B1.

B1

If blocks are produced at a rate that is low compared to the time 
it takes them to propagate through the network, then such (possibly 
honestly produced) ties are unlikely to persist for long—before too 
long, an interval of time in which no blocks are produced will suffice to 
break the tie. If the rate of block production is too fast, however, then 
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such ties may extend over long periods. This produces long confirma-
tion times.

In summary, the GHOST protocol allows us to increase the rate of 
block production without decreasing the proportion of the network’s 
computational power that Alice will need to double spend. If we in-
crease the rate too much, however, this will result in extended confir-
mation times.

The Lightning Network

In order to explain the Lightning Network, we first need to discuss 
“smart contracts.”

Smart contracts.  So far, we have considered only very simple 
transactions, in which one user pays another in a straightforward fash-
ion: Alice transfers funds to Bob, in such a way that Bob’s signature now 
suffices to transfer the funds again. Bitcoin does allow, though, for more 
sophisticated forms of transaction. One might require two signatures to 
spend money, for example, or perhaps any two from a list of three signa-
tures—so now units of currency might be regarded as having multiple 
“owners.” In such a situation, where there are many forms a transaction 
could take, how is Alice to specify the transaction she wants to execute? 
The approach taken by Bitcoin is to use a “scripting language,” which 
allows users to describe how a transaction should work. While Bitcoin 
has a fairly simple scripting language, other cryptocurrencies, such as 
Ethereum [W+14], use scripting languages that are sophisticated enough 
to be Turing complete—this means that transactions can be made to simu-
late any computation in any programming language. As a mathemati-
cally minded example, (in principle) one might publish a transaction to 
the blockchain that automatically pays one million units of currency to 
anybody who can produce a (suitably encoded) proof of the Riemann 
hypothesis!11 This is also a functionality whose significance depends on 
the information available to such computations: If reliable information 
on stock markets and cryptocurrency prices were to be recorded on 
the blockchain, then it would immediately become possible to simulate 
futures, options, and essentially any financial product that can be pro-
grammed using the given information. For our purposes now, the point 
is this: Transactions can be specified to work in much more sophisti-
cated ways than simply transferring currency from one user to another.
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A bidirectional payment channel.  The aim of the Lightning 
Network is to allow most transactions to take place “off-chain.” This 
is achieved by establishing an auxiliary network of “payment channels.” 
Before coming to the network as a whole, let us consider briefly how to 
implement an individual channel between two users.12

“Ten of each of our coins are
frozen until the channel is closed”

So let us suppose that Alice and Bob wish to set up a payment chan-
nel between them. To initiate the channel, they will need to send one 
transaction to the underlying blockchain. This transaction is signed by 
both of them and says (in effect) that a certain amount of each of their 
assets should be frozen until the payment channel is “closed”—closing 
the channel has a precise meaning that we discuss shortly. For the sake 
of concreteness, let us suppose that they each freeze 10 coins. Once 
the channel is set up, Alice and Bob can now trade off-chain, simply by 
signing a sequence of time-stamped IOUs. If Alice buys something for 
three coins from Bob, then they both sign a time-stamped IOU stating 
that Alice owes Bob three coins. If Bob then buys something for one 
coin from Alice, they both sign a (later) time-stamped IOU stating that 
Alice now owes Bob two coins. They can continue in this way, so long 
as neither ever owes the other more than the 10 coins they have frozen. 
When either user wants to close the channel, they send in the most re-
cent IOU to the blockchain, so that the frozen coins can be distributed 
to settle the IOU. We must guard against the possibility that the IOU 
sent is an old one, however. So, once an attempt is made to close the 
channel, we allow a fixed duration of time for the other user to counter 
with a more recent IOU.

The network.  The bidirectional payment channel described above 
required one transaction in the blockchain to set up, and a maximum of 
two to close. The system really becomes useful, however, once we have 
established an extensive network of payment channels.
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Suppose now that Alice wishes to pay Derek, but that they have not 
yet established a payment channel. They could set up a new channel, 
but this would require sending transactions to the blockchain. Instead, 
Alice can pay Derek via Bob and Charlie, if those existing channels are 
already in place. Of course, we have to be careful to execute this so that 
no middleman can walk away with the money, but this can be achieved 
fairly simply, with the appropriate cryptographic protocols.

Alice

Derek

Discussion

Academically, the study of permissionless distributed computing proto-
cols is in its early phases and is fertile territory for theoreticians, with 
much work to be done. Recent work [LPR20, GKL15, PSS17] has begun 
the process of establishing the same sort of framework for the rigorous 
analysis of permissionless protocols as was developed for permissioned 
protocols over many years. The hope is that, through the development 
of appropriate frameworks, a theory can be developed that probes the 
limits of what is possible through the development of impossibility re-
sults, as well as the formal analysis of existing protocols. Although the 
Bitcoin protocol was first described more than a decade ago, the original 
paper did not provide a rigorous security analysis. Since then, a number 
of researchers have done great work toward providing such an analysis 
[Ren19, GKL15, PSS17], but the development of appropriate frameworks 
for security analysis remains an ongoing task. In addressing the issue 
of scalability, and in dealing with the substantial issues of privacy and 
transparency that arise in connection with the use of cryptocurrencies, 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



26	 Andrew Lewis-Pye

there is also plenty of scope for the use of more advanced cryptographic 
methods, such as succinct zero-knowledge proofs [BSBHR18].

Of course, there are many questions and issues that we have not had 
space to discuss. For example, it remains an ongoing task to develop a 
thorough incentive-based analysis of Bitcoin and other protocols: The pro-
tocol may behave well when only a minority of users (weighted by com-
putational power) behave badly, but are the other “honest” users properly 
incentivized to follow the protocol? Is following the protocol a Nash equi-
librium according to an appropriate set of payoffs? In fact, these ques-
tions have been shown to be somewhat problematic for Bitcoin. There are 
contexts in which miners are incentivized to deviate from the protocol 
[ES14], and the infrequent nature of miner rewards also means that min-
ers are incentivized to form large “mining pools.” Today, a small handful 
of mining pools carry out the majority of the mining for Bitcoin, meaning 
that control of the currency is really quite centralized.

Earlier, we briefly mentioned the significant issue that PoW proto-
cols are energy intensive. A viable alternative to PoW may be provided 
by “proof-of-stake” (PoS): With a PoS protocol, users are selected to 
update state (i.e., to do things like publish blocks of transactions) with 
probability proportional to how much currency they own, rather than 
their computational power. PoS protocols face a different set of techni-
cal challenges [LPR20]. There are good reasons to believe, however, 
that as well as being energy efficient, PoS protocols may offer signifi-
cant benefits in terms of increased security and decentralization.

At this point, it seems likely that substantial increases in transac-
tion rates will be made possible over time through a combination of 
approaches. At least in the short to medium term, however, if we are 
to see large-scale adoption of cryptocurrencies, then one might conjec-
ture that this is likely to be in applications such as the financial markets, 
where computational efficiency is important to a point, but where mar-
ket efficiencies are key.

Notes
1. For an up-to-date value, see https://coinmarketcap.com.
2. Readers are encouraged to convince themselves that there is no simple solution here. 

For example, it might be tempting to think that one should cancel both if one sees contradic-
tory transactions, but this will allow Alice to invalidate transactions deliberately after they 
are considered to have cleared.
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3. A caveat is that finding a PoW is best modeled as probabilisitic, so there will be some 
chance that Alice will succeed in double spending, but it will be small.

4. At the time of writing, the monthly mean is just over 2,000 transactions per block.
5. There is a second reason. We want the rate at which PoWs are found, rather than the 

rate at which users wish to execute transactions, to be the determining factor in how fast the 
chain grows. One PoW per transaction therefore means requiring a queue of transactions: 
If there is no queue and if users wish to execute x many transactions each hour, then x many 
transactions will be added to the chain each hour, and it will be the rate at which users wish 
to execute transactions that determines how fast the chain grows.

6. It is often asked whether other forms of permissionless blockchain will have more impact 
than cryptocurrencies. Once one has the latter providing a tamper-proof ledger, this can be 
used for other applications. Without using a cryptocurrency, however, the task of motivating 
users to follow protocol will have to be achieved by means other than payment in currency.

7. See https://www.cbeci.org/.
8. For a more detailed analysis, we refer the reader to [DW13].
9. Of course, it might still be a good idea to increase the rate by a lower factor.
10. It is a simplification to talk only in terms of the number of transactions. Transaction 

complexity is also a factor.
11. While this is not presently realistic, it could soon be feasible through the use of smart 

contracts such as Truebit [TR18].
12. There are a number of ways to implement these details. The Lightning Network is 

built specifically for Bitcoin, which means that it is designed with the particular functional-
ities provided by the Bitcoin scripting language in mind. For the sake of simplicity, however, 
we shall consider building a payment channel on top of a blockchain with a Turing complete 
scripting language.
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Logical Accidents and the 
Problem of the Inside Corner

Michael C. Duddy

Introduction

Mathematics as an expression of the human mind reflects the ac-
tive will, the contemplative reason, and the desire for aesthetic 
perfection. Its basic elements are logic and intuition, analysis and 
construction, generality and individuality.

—Richard Courant, What Is Mathematics?  
An Elementary Approach to Ideas and Methods

As architectural practice has come to fully embrace digital technology, 
the algorithmic programs that control the design processes have become 
an important concern in architectural education. Such algorithms en-
able the architect to input data as variables into a logical ordering system 
which in turn outputs representations that correspond to the param-
eters provided. In fact, the presence of algorithmic methods in the form 
of rules of design can be traced back to Vitruvius, famously illustrated 
by the ideal proportions of the human figure.1 His analogy inspired a 
full set of formulaic rules for the proper dimensions of the Doric temple 
that when reinterpreted by Alberti fourteen centuries later provided 
the rules that impacted architectural practice into the twentieth cen-
tury. If the rules were followed, according to Alberti, then all parts of 
the building would correspond and one could determine the propor-
tional relations of the entire building from simply taking the dimen-
sions of an individual part, and the building would embody perfection. 
As computational procedures and artificial intelligence displace human 
reason in the production of architectural form, will its geometry be-
come merely exceptional2 and epistemologically beyond the capability of 
human reason—that is, a geometry we cannot understand—leading to 
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the question of whether future architecture will be capable of achieving 
a perfection we can apprehend? The complex building geometries made 
possible by computational design bring relevance to the question of 
whether there is a geometry inherent to architecture: a geometry that 
is not applied from outside the discipline of architecture. If so, what 
distinguishes an architectural geometry from other types of geometry, 
notably the geometry of mathematics or the geometry of engineering, 
and what is the foundational logic of this geometry?

Through a close analysis that focuses primarily on the condition of 
the inside corner, this paper investigates how the logical consequences 
of a simple system of linear or gridded repetitions that underlie the 
foundational logic of the architecture that preceded the arrival of the 
digital turn—a type of analog algorithm3—lead to complex and seem-
ingly inconsistent conditions when the system meets at the corner. Such 
consequences are manifested either as accidents—visually unresolved 
conditions that are nevertheless consistent with and conform to the 
logic of the system—or as interventions where the architect violates 
the system in order to resolve the condition by means of an aesthetic 
judgment applied from outside the system. Accidents are considered 
manifestations of the consistency or “truth” of the system, while in-
terventions are understood as inconsistencies imposed on the system 
through aesthetic judgments. It follows, therefore, that perfection is 
not a truth but an aesthetic judgment and that such judgments are in-
herent to the foundational logic of architectural geometry.

In The Nature and Meaning of Numbers, the nineteenth-century math-
ematician, Richard Dedekind, describes a formal system in mathemat-
ics as a rule-based discipline that is abstract and rigorous, and whose 
rules must be executed in a logical order such that no contradictions 
are encountered and consistency is ensured. Furthermore, the system 
must stand without meaning, that is, it must be independent of any ref-
erences to space and time.4 Similarly, computational designers Achim 
Menges and Sean Ahlquist define an algorithm in computational design 
as “a set of procedures consisting of a finite number of rules, which 
define a succession of operations for the solution of a given problem. 
In this way, an algorithm is a finite sequence of explicit, elementary 
instructions described in an exact, complete yet general manner.”5 Ac-
cordingly, the foundational logic of computation, just as it is in math-
ematics, is a discrete set of ordered rules. Yet despite his assertion, 
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Dedekind acknowledges that there is a point where human intuition 
participates, as with the reception of an “elegant” proof of modern 
geometry that satisfies the mind.6 Because the practice of geometry 
in architecture is directed toward the harmony of material and space, 
satisfaction here results when the building appears resolved such that 
“nothing can be added or taken away except for the worse,” as Alberti 
famously said.

For this study, we will consider the formal system of grids, repeti-
tions, and alternations—a simple system underlying the fundamental 
modular blocks from which architecture has been traditionally gener-
ated. Such a simple system produces what have been described as metric 
patterns that differentiate this simple system from their random envi-
ronment.7 For example, the use of identical columns aligned accord-
ing to a standard interval can be traced back to the earliest buildings 
where efficient construction required the economy that accompanies 
repetition. And with the initial publication of Alberti’s De Pictura in 
1433 (1988), the grid entered the architectural canon as the presiding 
principle to organize experiential space. As Alberti demonstrated, the 
grid accommodated the orthogonalization of metric space that was es-
sential for the realization of the geometrical construction of linear per-
spective. Furthermore, Alberti’s gridded “veil” provided a framework 
to translate points in space onto a surface. Henceforth, space could be 
accurately represented using a rigorous geometrical method and did 
not rely on the eye of the artist. Tzonis and Lefaivre describe this or-
thogonalization as an aspect of taxis,8 which, they write, is

the ordering framework of architecture, divides the building into 
parts and fits into the resulting partitions the architectural ele-
ments, producing a coherent work. . . . . Taxis contains two sub-
levels, which we call schemata: the grid and the tripartition. The 
grid schema divides the building through two sets of lines. In the 
rectangular grid schema, which is one of the most used in classical 
architecture, straight lines meet at right angles.9

They further note that taxis determines the limits of the metric pat-
tern, that the pattern has to begin as well as end at prescribed points.10 
The prescribed points of commencement and termination of a simple 
repetitive system, the subject of this paper, is the right angle where the 
system of periodic repetition changes direction, namely, the corner.
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What Is a Logical Accident?

Following an algorithmic procedure can lead to what appear as incon-
sistencies and a loss of order. As Stephen Wolfram illustrates with his 
Cellular Automata, the execution of a simple set of rules can lead to 
complex results.11 Many of his programs lead to readily recognizable 
patterns, while others present random patterns seemingly devoid of 
logic when in fact they are consistent with a prescribed set of rules 
(Figure 1). In architecture, logical accidents occur when a simple re-
petitive system meets the corner; these accidents are most evident at 
the inside corners. In typical early Renaissance courtyards such as the 
Ospedale degli Innocenti or Santa Croce, both in Florence, identical 
columns fall at the points of intersection of the lines that determine a 
perfect grid plan. As a result, the arches at the corners appear to col-
lide and the spandrels appear to cut off arbitrarily, leaving fragmented 
shields hinged at 90 degrees (Figure 2). This condition is a logical 
accident that results by conforming the columns to the grid. Greek 
architects confronted the problem of turning the corner of an Ionic 
portico. The frontality of the Ionic capital led the architects to merge 
the volutes of the orthogonal sides to create an outside corner that 
is diagonally oriented to make the turn. However, the inside corner, 
appearing as a curious fragment, was nevertheless consistent with the 
logic of intersecting two Ionic capitals at perpendicular orientations 
(Figure 3).

In architecture, we can identify three classes of simple systems: 
(1) single-order planar systems, (2) double-order linear systems, and 

Figure 1.  Two examples of Stephen Wolfram’s cellular automata follow-
ing different programming rules. Rules such as Rule 250 output repetitious 
patterns, while rules such as Rule 30 generate irregular complex patterns. 
[Stephen Wolfram, A New Kind of Science.]
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(3) centric systems. Single-order planar systems are uniform grids 
where the consistency of the corner is maintained, usually the out-
side corner.12 At the Beinecke Rare Book Library at Yale in New 
Haven, Connecticut, Gordon Bunshaft carefully sustained the modu-
lar grid system at the outside elevations of the building to express its 

Figure 2.  Two fifteenth-century Florentine interior courtyards, Santa Croce 
(left) and Ospedale degli Innocenti (right), show that a rigorous module of 
columns leads to compromised spandrel conditions at the inside corner.

Figure 3.  Turning the corner with an Ionic column presented architects 
with a difficult formal challenge. At the outside corner, the volute was ad-
justed on a 45º angle to make the turn, while on the inside corner, the two 
volutes merely collided, as can be seen in the Palazzo Barbarano of Palladio. 
[Drawing by Palladio, Book IV.]
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Vierendeel frame. In order for the outside corners to comply exactly 
with the gridded system, the inside corners are compressed (Figure 
4). Clearly in this case, the accident of the inside corner is the result 
of maintaining the consistency of the outside; the rigor of the system 
expressed on the outside takes precedence over the visual resolution of 
the inside corner. Similarly, in Santo Spirito, Brunelleschi takes up the 
modular system he introduced in the loggia of the Ospedale degli In-
nocenti. Here both the nave and the transept are organized according 
to the rule of gridded repetition that maintains a clear logic and con-
sistency throughout the interior as repetitive squares. At the corner 
on the exterior, however, the semicircular chapels overlap, creating 
a diagonal condition, which on the exterior yields an odd collision of 
windows at the inside corner that appears accidental and unresolved 
(Figure 5). Tzonis and Lefaivre write that “a building made out of a 
single homogeneous division [such as a grid] runs no risk of violating 
taxis. Metaphorically we might call it a tautology. It is itself; it con-
tains no element that can contradict it.”13 However, while this may be 
true of simple planar systems in mathematical geometry, accounting 
for the material thickness of building inherent to architectural geom-
etry means that either the interior or exterior corner will appear as 
an accident.

Figure 4.  To maintain the geometric purity of the Vierendeel grid on 
the exterior of the Beinecke Library at Yale University, architect Gordon 
Bunshaft (Skidmore, Owings, and Merrill) had to accommodate an interior 
corner that seemingly violated the rigor of the grid.
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Double-Order Linear Systems

A rigorous linear repetitive ordering system, conforming to a primary 
order, is often accompanied by a corresponding secondary system that 
follows the same sequential repetition as the primary system, but at a 
different interval. These systems usually appear as alternation between 
an object and a space, say a mullion and a window or a column and an 
interstitial void. For example, when we consider a simple algorithm 
that involves a sequential repetition of architectural elements, such as 
the peristyle of a Doric temple, turning the corner becomes a signifi-
cant formal problem. In the Roman Doric system, the corner triglyphs 
of the frieze are centered over the column, leaving a fragment of a 
metope to turn the corner. This is a logical accident that results from 
the systematic consistency of the primary order of the peristyle, which 
allows all the columns to be identical and equally spaced. The resolu-
tion of the outside corner in the Roman peristyle follows a sequential 
logic that requires no aesthetic intervention. In the example of Palladio, 
this accident is especially pronounced in the ornamented metopes of 
the Palazzo Chiericati, where only minor fragments of the shields turn 
the corner (Figure 6). The Greek system, on the other hand, mandates 

Figure 5.  The rigor of Brunelleschi’s plan grid at Santo Spirito led to an 
odd collision of chapel windows on the exterior wall.
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that the frieze turn the corner with a full triglyph, and in the ideal 
condition, such as the Parthenon, all triglyphs and metopes should be 
consistent and equal. This necessitates off-centering the corner column 
and enlarging its diameter to account for the triglyph’s acentric align-
ment (Figure 7). In this case, the frieze takes precedence as the pri-
mary order, and the intercolumniations are aesthetically adjusted to 
accommodate the order. The Greek corner is the consequence of an 
aesthetic judgment that intervenes from outside the logic of the system 
in order to visually resolve the condition.

In the case of both the Greek and the Roman Doric, there is a pri-
mary and secondary order, both of which are directly corresponding, 
but at different intervals. This I will call a double-order linear system. 

Figure 6.  For the Roman Doric order, corner triglyphs were centered on 
the columns below, leaving a small metope fragment at the corner of the 
frieze. This odd condition is exacerbated in Palladio’s ornamental shields on 
the Palazzo Chiericati.
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At the Seagram Building, Mies van der Rohe maintains his system of 
columns arranged on a perfectly square grid as his primary order. Ac-
cordingly, the secondary order of curtain wall mullions follows an in-
terval such that one will always fall on the centerline of the column. 
When it reaches the outside corner, the curtainwall stops mid-column 
and does not make the turn, an aesthetic judgment that avoids a frag-
ment of curtainwall at the turn as we saw in the Roman peristyle, al-
lowing the column to be expressed the entire height of the building. 
However, by maintaining the rigor of this column-mullion relationship, 
the inside corner at the rear of the building succumbs to the logical con-
sequence of shortened modules where the planes intersect (Figure 8). 
Mies seemed uncomfortable with this accident within his system, in-
tervening with an entirely different approach to the inside corner at 
One Charles Center in Baltimore.

San Giorgio Maggiore in Venice reveals a seemingly resolved system 
between the interior column positions and the cornice (Figure 9). For 
the cornice in the interior of San Giorgio, Palladio successfully com-
bines square inner and outer corners as he abuts full columns and half 
piers. Here, he has centered the primary order of the columns and piers 

Figure 7.  The rules of the Greek Doric order required that the corner of 
the frieze be turned by a full triglyph. This meant that either the regular 
spacing of the columns was maintained at the sacrifice of the last metope 
(drawing above), or that the column spacing at the corner be reduced to 
permit a consistent frieze (drawing below). (Drawing from Durm 1892. 
This image is from Tzonis and Lefaivre 1986.)
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Figure 9.  The modillions of San Giorgio are spaced such that the module 
placement leads to perfect squares at both the inside and outside corners. 
However, the diagram shows that Palladio had to displace the column off his 
system so that its volute could appear full.

Figure 8.  The rigor of the equilateral column grid of the Seagram Building 
caused the inside corner condition to appear off the module. Clearly this 
made Mies uncomfortable, as he attempted to “correct” it at One Charles 
Center. (Photo of One Charles Center: Rachel Sangree, Johns Hopkins 
University.)

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 The Problem of the Inside Corner	 39

on a modillion and has properly proportioned the cornice to allow the 
secondary order of modillions and voids to appear consistent. However, 
it can be noticed that in order to maintain the rigor of the metric sys-
tem of the cornice, Palladio has shifted the position of the column off 
his modular system so that a complete volute can be expressed at the 
inside corner. An intervention on the logic of the system leads to the 
appearance of resolution.

At Il Redentore, also in Venice, Palladio confronts a different formal 
challenge to his system. At the crossing, Palladio placed the modil-
lions in the cornice such that they form perfectly square recesses be-
tween them; these modillions directly relate to the columns and piers 
below, but this time he centered the primary order of half columns and 
piers on the void between the modillions (Figure 10). The position of 
the modillions and the dimension of the cornice ensured that the out-
side corners always would be square. However, at the inner face of the 
transept wall, in order to accommodate the smooth blending of a half 
column and a half pier, the inside corners appear enlarged and a full 
modillion appears awkwardly in the corner. The analysis shows that 
the centerlines of the columns are shifted so that a full half column or 
pier is achieved, and the cornice intervals that consequently accom-
modate this shift and correspond to the rigor of the system generate 

Figure 10.  In Il Redentore, pilasters comply to the module, while the 
modillions in the cornice create an odd condition at the inside corner.
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an awkward condition at the inside corner: an accident inherent to the 
system.

Centric Planar Systems

Centric planar systems form the third category of simple systems in 
architecture. This is a specific type of aesthetic intervention that in 
general follows an identifiable set of rules to achieve visual resolution. 
Here adjustments to the condition of the inside corner of alternating 
elements can be seen in courtyards. These conditions are controlled 
by the overall enlargement or reduction of the perimeter walls of the 
space with respect to the center. We remember that at Santa Croce 
the columns remained faithful to the grid while the spandrels collided 
awkwardly above (Figure 11a). Architects were sensitive to this condi-
tion and to varying degrees shifted the grids by expanding or contract-
ing the space. For the purposes of this analysis, we will consider the 
absolute grid of the type of cortile, an internal court surrounded by an 
arcade, at Santa Croce as the reference grid from which we will exam-
ine offset conditions. The Greek letter t (rho) is chosen here to signify 
the width of the pilaster or column, and the degree of the offset is des-
ignated by some multiple of t. The position of each grid is denoted by 
the x and y parameters of (tx, ty) where the reference grid corresponds 
to (t0, t0), and the degree of the offset is described by the percentage 
of the width of the column or pilaster that it is offset.

In the example of the Palazzo del Te near Mantua, Giulio Romano 
offset the grid and placed the courtyard wall such that the inside cor-
ner was met by two full pilasters (Fig. 11c). Here the offset of the 
centerlines of the grid is given by the parameter (t, t) where the off-
set grid has shifted one full pilaster width from the reference grid in 
both directions. The corner appears resolved; the end bays and their 
bracketing pilasters appear complete, and the intersecting entabla-
tures appear to be fully supported in both directions. In the Teatro 
Olimpico in Vicenza, as in many other examples illustrated in Pal-
ladio’s Four Books, the resolution of the corner follows an approach 
similar to Romano’s except here a pier or fragment has been added to 
hold the corner (Figure 11d). In this case, the parameters approximate 
(1½ t, 1½ t), and a space is left between the adjacent pilasters. Again, 
the corner appears resolved and complete; the increased complexity 
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foretells the Baroque configurations that would follow in the ensuing 
decades. In the example of the Old Sacristy of the Basilica of San Lo-
renzo in Florence, Brunelleschi was especially challenged by his pure 
sphere/cube geometry. Here, the purity of the geometry combined 
with the dimensions of the stone surrounds of the arches mandated 
that he corner his perfect square with half pilasters corresponding to a 
parametric relation of (½ t, ½ t) (Figure 11b). In each of these cases, a 
specified symmetrical offset gives a controlled resolution to the corner 
condition.

Rigor and Intervention

The rigor of the spatial organization of the Pazzi Chapel, near the 
Basilica di Santa Croce, is well documented,14 yet even a cursory in-
spection of what appears as the rigorous placement of pilasters across 
the interior walls reveals curious conditions where pilaster fragments 

Figure 11.  The columns in the cloister of Santa Croce [11a] lie on an equi-
lateral orthogonal grid, causing the shield in the corner to be truncated. In 
the Old Sacristy [11b], Brunelleschi has offset the corner pilasters by ½ t(x), 
½ t(y), so that the cornice and arches above will appear supported. For the 
Palazzo del Te [11c], Giulio Romano closes the corner with two full pilasters 
surmounted by a full triglyph. Palladio goes a step further in the Teatro 
Olimpico [11d], where a quarter pilaster is flanked by full pilasters (displace-
ment 1½ t, 1½ t).

a b

c d
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either hold the corners or converge with full pilasters to form the in-
terior corners (Figure 12). When a diagram of full piers is generated 
to mark the positions of the pilasters, the formal system can be readily 
discerned (Figure 13). The scarsella (a small apse), for example, reveals 
that a tiny fragment of pilaster is consistent with the logical system that 
corresponds to “piers” located on the grid of a square plan (Figure 14). 
Similar to the Old Sacristy, the entablatures appear to be supported 

Figure 12.  Pilaster fragments occur at the typical interior corners of the 
Pazzi Chapel.

Figure 13.  Highlighting the pilasters in the Pazzi Chapel as columns reveals 
the displacement Brunelleschi used at the corners.
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at the corner, and the stone surrounds of the arches above are visually 
carried to the floor by these pilaster fragments.

In the main room of the chapel, however, there is an apparent in-
tervention on his system: the row of pilasters on the lateral walls are 
offset from the dominant grid that is generated by the dome by the 
width of a full pilaster (t), presaging a formally challenging condition 
at the corners. Specifically, the imaginary pier that corresponds to the 
pilaster fragment is offset asymmetrically from the dominant system by 
(t, 1/6 t) (Figure 15). The full pilaster offset in the x-direction could 
be justified since it allows for a full stone rib to balance a similar full 
rib that supports the dome. The offset in the y-direction, however, is 
more problematic. The position of these “piers” offset by 1/6 t results 
in a compromise to system due to the reduction of the module at the 
end bays of the lateral walls sufficient to account for the insertion of the 
pilaster fragment. Brunelleschi has again intervened on the logic of his 
system by introducing these pilaster fragments that do not conform to 
the system. However, just as in the scarsella, the entablatures at the end 
lateral walls of the main room appear supported at their ends, and the 
stone arch that surmounts the side wall beneath the end vaults would 
not appear to be supported below without them.

Figure 14.  The odd pilaster fragments in the scarsella are the result of col-
umns that fall on the grid: a logical accident.
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The Logical and the Aesthetic

The problem of the corner is a problem of architectural geometry. In 
a simple repetitive system, the corner can be expressed as a logical ac-
cident which appears as an imperfection that is nonetheless inherent to 
the system, or it can be expressed as an intervention that “resolves” the 
accident. Since the resolution of the accident falls outside the formal 
system, we can conclude that the intervention is an expression of an 
aesthetic judgment, where the corner, although appearing resolved, is 
actually a compromise to the rigor of the system: the presence of an 
aesthetic judgment constitutes an inconsistency to a system for the sake 
of achieving perfection. Thus, when an aesthetic judgment is asserted, 
two differing modes of reason confront one another—one of logic and 
one of intuition; one of intellect and one of feeling; one of truth and 
one of beauty. While formal rigor is fundamental to the consistency 
of architectural geometry, so too are the interventions of aesthetic 
judgments that make the building appear resolved toward perfection. 
And at the philosophical level, perfection—the unity of reason and 

Figure 15.  The odd fragments in the main room of the Pazzi Chapel are 
displaced from the grid by (1/6 t, t) to visually support the entablature and 
arch above: an aesthetic intervention.
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judgment—is ultimately an epistemological question as much as it is a 
formal problem.

The French mathematician Henri Poincaré contemplates the emotive 
sensibility within the mathematician who apprehends in a mathemati-
cal demonstration a quality which to most would seem to only interest 
the intellect. “But not if we bear in mind the feeling of mathematical 
beauty,” he writes, “of the harmony of numbers and forms of geometri-
cal elegance. It is a real aesthetic feeling that all true mathematicians 
recognize, and this is truly sensibility.”15 Such a sentiment pervades the 
world of science as well, where David Orrell observes that the “truth” 
of science is often obfuscated by the quest for elegance.

The way that we see the world has been shaped by the traditional 
scientific aesthetic. We look for reductionist theories that can 
break the system down into its components. We seek elegant 
equations that can be rigorously proven using mathematics. We 
aim for a unified, consistent theory. We celebrate symmetry, 
clarity, formal beauty. . . . What we mean by “good science” is 
strongly related to what we (i.e., scientists) mean by beauty.16

In the experiential geometry of architecture, logic and beauty often 
stand in opposition to one another. The resolution of the corner invokes 
a type of geometrical reasoning whose quest is for aesthetic resolve as 
much as it is for formal truth. This quest is a uniquely human enterprise 
intrinsic to our being in the world.

Architecture is inherently a geometrical construction; its geometry 
is the physically constructed expression of our being in the world. It 
is here that we find a place where the geometry of mathematics (de-
sire for truth) coincides with the geometry of architecture (desire for 
beauty) identified by Richard Courant in the epigraph of this paper as 
the “desire for aesthetic perfection.” Prior to digital technologies, the 
rules and principles of architectural geometry were formulated by the 
human mind: it provided the logical system that was used to construct 
our habitable space as we intuit it. Its laws and principles were consti-
tuted by the confluence of logical reasoning and aesthetic intervention. 
With the arrival of digital technologies, however, we are moving away 
from intuition and relegating the production of form and space to the 
algorithm; as we do so, we surrender the rules of designing our visual 
environment to the logic of the machine, a device bereft of intuition 
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and aesthetic judgment. The computational shift that has promoted the 
design process over the formal object and moved the architect out of a 
central role in the design process has generated architecture that sur-
passes the intellect of the architect.17 Hence, will our future interest 
in architectural form and space lie in its exceptionality instead of in its 
perfection?

Notes
1. Hersey (1976: 192). Hersey elaborates on the notion of a Vitruvian algorithm, a for-

mula using words and numbers to signify a building, specifically a temple: “… Vitruvius was 
able to ‘reduce’ a temple to an algorithm. Such algorithms compressed, stored, and transmit-
ted the temples they described, making them reproducible across separations of time and 
space. One also infers that Vitruvius would have defined these algorithms as ‘signifieds,’ 
while the temples themselves were ‘signifiers.’ Hence a given temple’s meaning is the algo-
rithm describing it.” Unlike the computational algorithm, however, the basis of Vitruvius’ 
algorithm, the “cubic procreator,” was steeped in Pythagorean meaning and neo-Platonic 
mysticism.

2. Jones (2014: 39). “Perfection and exception differ in their metrics. Perfection requires 
a well-established formal system in order to be teleologically recognizable, and it prizes the 
skill for navigating that territory. Exceptionality requires (only) enough understanding to 
identify the difference that invention cherishes, and rewards the open attitude that leads to 
discovery.”

3. The concept of accidents used here is based on Aristotle’s assertion that appears first in 
the Posterior Analytics and later in the Metaphysics that an attribute inherent to an object, or in 
our case, a system, “attaches to a thing in virtue of itself, but not in its essence.” (Aristotle 
2001: 1025a, 30–32). In Aristotle’s example, the fact that the angles of a triangle are equal to 
two right angles is inherent to a (Euclidean) triangle, but not the essence of triangle. Hence, 
the attribute is true, but also an accident.

4. Richard Dedekind writes, “In speaking of arithmetic as a part of logic I mean to con-
sider the number-concept entirely independent of the notion of intuitions of space and time, 
that I consider it an immediate result from the laws of thought … numbers are free creations 
of the mind.” (Dedekind 1963: 31).

5. Menges and Ahlquist (2011: 11).
6. Dedekind (1963: 38). “All the more beautiful it appears to me that without any mea-

surable quantities and simply by the finite system of simple thought-steps man can advance to 
the creation of the pure continuous number-domain; and only by this means in my view is it 
possible for him to render the notion of continuous space clear and definite.”

7. Tzonis and Lefaivre (1986: 118) “Repetition, or periodic alternation of compositional 
units, makes the work stand out in relation to the amorphous random spaces that character-
ize the surrounding world. Rhythm employs stress, contrast, reiteration, and grouping in 
architectural elements. By using these aspects of formal organization, metric patterns emerge.”

8. Tzonis and Lefaivre describe taxis as the overriding formal pattern of the work.
9. Tzonis and Lefaivre (1986: 9).
10. Tzonis and Lefaivre (1986: 129).
11. Wolfram (2002).
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12. The CBS Building in New York offers an example where the inside corner maintains 
the rigor of the grid. In this building, Eero Saarinen doubled the mass of the outside corner 
column to ensure a perfect gridded module on the inside.

13. Tzonis and Lefaivre (1992: 14).
14. See Battisti (2012: 222–229).
15. Poincaré (2004: 37).
16. Orrell (2012: 237).
17. Terzidis (2011: 94). “What makes algorithmic logic so problematic for architects is 

that they have maintained the ethos of artistic sensibility and intuitive playfulness in their 
practice. In contrast, because of its mechanistic nature, an algorithm is perceived as a non-
human creation and therefore is considered distant and remote.”
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Cosmatesque Design  
and Complex Analysis

Steve Pomerantz

The Cosmati, families of marble workers, decorated altars, thrones, 
and pavements in many churches during the twelfth and thirteenth 
centuries in and around Rome, Italy. One aspect of their design, now 
known as Cosmatesque, consists of large sections of floor covered with 
mosaics of regular and semiregular tilings. The images in Figure 1 
show a regular tiling of squares, a semiregular tiling with triangles and 
hexagons, and a semiregular tiling with octagons and squares.

Here, we focus on the non-regular tiling—each vertex is not identi-
cal—in Figure 2, consisting of hexagons, triangles, and rhombi.

Figure 2 also dem  onstrates a central motive in Cosmatesque tiling 
known as the guilloche, a serpentine arrangement of two interlacing 
bands, thickened to contain a pattern within. Figure 3 shows another 
example.

The configurations of shapes in a rectangular tiling are often used 
to tile these circular bands, as illustrated in Figure 4. Moreover, the 

Figure 1.  Three Cosmatesque tilings. See also color insert.
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Figure 2.  A watercolor painting by the author of a floor design; the outer 
ring consists of a nonregular periodic floor tiling. See also color insert.

Figure 3.  Guilloche is a serpentine arrangement of interlacing bands, each 
containing a pattern. See also color insert.

Figure 4.  Filling in a band with a tiling. See also color insert.
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same design sometimes joins linear sections with circular bands, as in 
Figure 5.

We will show how to construct a banded tiling through a technique 
referred to as conformal mapping in the theory of complex analysis. The 
idea is to construct a rectangular tiling and transfer it to the banded 
region via a function.

The Complex Exponential Function

To illustrate the method, we first review some basic facts about the set 
of complex numbers. A complex number, often written z = x + yi, can 
be identified with the ordered pair of real numbers (x, y) in the plane, 
which we call the Argand plane. Here, x is called the real component of 
z, and y is the imaginary component. The term i denotes the imaginary 
unit i = –1  so that i2 = −1. The complex number 2 + 3i is illustrated 
in Figure 6.

We can perform arithmetic with complex numbers. Moreover, we 
can define complex-valued functions—those that act on a complex 
number to produce another complex number.

In the mid-1700s, Leonhard Euler showed, by considering power 
series, that

eyi = cos(y) + sin(y)i

Figure 5.  A tiling with linear and circular sections.
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This relationship, often referred to as Euler’s formula, allows us to de-
fine the complex exponential function, ez: For z = x + yi we get ez = ex 
× eyi, where ex is the usual real-valued function. In particular, if z is the 
complex number represented by the point (x, y) in the Argand plane, 
then ez is the complex number represented by the point (ex × cos(y), ex 
× sin(y)). Figure 6 shows that the point 2 + 3i maps to approximately 
−4.5 + 5.8i.

The complex exponential has applications in many areas of engineer-
ing and physics, but here, we use it to create a Cosmatesque tiling. 
To do this, we must investigate the images of lines under the complex 
exponential function.

A horizontal line consists of points of the form (x, y0), where y0 is 
constant. These points map to points with coordinates (ex × cos(y0), 
ex × sin(y0)). Thus, a horizontal line maps to a radial line; Figure 7 
shows two horizontal lines (dotted) and their images under the com-
plex exponential (solid). As x ranges over the real line, the correspond-
ing point moves from near the origin (for large negative values of x) off 
to infinity (for large positive values of x). When x equals zero, the point 
lies on the unit circle.

Similarly, a vertical line consists of points of the form (x0, y), where 
x0 is constant. Points of this form map to points with coordinates 
(ex0 × cos(y), ex0 × sin (y)); this vertical line maps to a circle of radius 
ex0, as in Figure 8.

We have thus seen that the complex exponential has the interest-
ing characteristic of mapping the standard horizontal/vertical grid to a 
grid of circles and their radii; both grids consist of perpendicular sets 
of lines. In fact, the angle between any two lines in the Argand plane 
is the same as the angle between their images under the exponential 

Figure 6.  The complex number 2 + 3i 
and its image under the exponential 
function.

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 Steve Pomerantz	 53

map. Functions that preserve angles are called conformal maps; hence, 
the complex exponential function is an example of a conformal map-
ping. Note, however, that this mapping does not preserve lengths.

Cosmatesque Patterns from Conformal Maps

Begin with any rectangular tiling pattern lying in a vertical strip. Then 
apply the exponential map to the vertices of the pattern. The images 
of these points are the vertices of a tiling pattern within two circular 
bands (the images of the borders of the vertical strip). Alternatively, 
several points along each edge can be identified and mapped for a po-
tentially more accurate fit. While diagonal lines are mapped to spirals 
under the exponential map, the enhanced appearance would be offset 
by the additional labor of constructing curved pieces.

The left image in Figure 9 shows a non-regular tiling of one hexagon, 
six triangles, and five rhombi between the vertical lines x = 1.97 and 

Figure 8.  The vertical lines x = 1 
(black) and x = 2 (red) map to circles 
with radii e and e2, respectively, 
under the complex exponential. See 
also color insert.

Figure 7.  Two horizontal lines (y = 1 
and y = 3) along with their images 
under the exponential map. See also 
color insert.
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x = 2.30. These vertical lines map to circles of radii e1.97 ≈ 7.2 and e2.30 
≈ 10, respectively. The vertices in the tiling map to the corresponding 
points in the circular band pictured in Figure 9 on the right.

Note that the minimal vertex (2.14, 0) maps to (8.5, 0) while the 
maximal vertex of the hexagon (2.14, 0.285) maps to (8.16, 2.39). 
Both of the new points lie on the circle of radius 8.5 approximately 
16.4 degrees apart. This angle of rotation corresponds to the differ-
ence of y values of the original two points. As stated, the mapping 
preserves the angles of intersections but skews some of the lengths of 
individual segments. (If all the points were mapped under the expo-
nential function, then the angles would be perfectly preserved. This 
requires the new edges to be spiral shaped rather than linear.) When 
the width of the band is small relative to the radii, the difference is not 
that apparent.

While it is possible to construct this pattern inside a band preserv-
ing lengths and angles, there will be visible differences when compar-
ing the behavior along the two edges of the circular band: The longer, 
outer circle has more space to tile, which forces some asymmetry in 
the pattern.

When we use 22 ≈ 360/16.4 copies of our initial tile design from 
Figure 9, we obtain the tiling of a full 360-degree band from Figure 
10. The sine and cosine functions have a period of 2r, so we must only 
draw the original pattern within a strip that is 2r tall. Points outside 
that range would map to points already identified.

Figure 9.  A rectangular tiling (left) mapped to a circular tiling (right) 
under the complex exponential. Note the scales are quite different. See also 
color insert.
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Starting with a tiling constructed within the rectangle [a, b] × 
[0, 2r], the exponential function maps the vertices to points inside the 
circular band with inner radius ea and outer radius eb. We then connect 
the new vertices with straight edges to complete the pattern as illus-
trated in Figure 10. An applet creating this tiling in GeoGebra can be 
found at www.geogebra.orglmlgb5fwjzd.

Figure 10.  The circular tiling resulting from repeated use of the tile in 
Figure 9. See also color insert.
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Nullstellenfont

Ben Logsdon, Anya Michaelsen,  
and Ralph Morrison

Euclid, in his Elements, defined geometric shapes elegantly: a line is 
length without breadth, a circle consists of all points equidistant from a 
common point, and so on. Unfortunately, these poetic descriptions are 
not often the most useful to work with in practice; we instead define 
shapes using polynomial equations, as pioneered by René Descartes.

Given a polynomial equation in two variables of the form p(x, y) = 
0, we can investigate the set of points in the Cartesian plane that make 
the equation true. For instance, the equation y − 2x − 1 = 0 describes 
the line with slope 2 and y-intercept 1 pictured on the left in Figure 1, 
and the equation x2 + y2 − 1 = 0 yields the unit circle shown on the right 
in Figure 1.

The correspondence between geometric shapes and algebraic equa-
tions inspires many questions. What can we glean about the shape from 
the equation? How do algebraic operations correspond to geometric 
operations? For instance, if we multiply the defining polynomials of the 
line and circle given earlier, we create the new polynomial equation

(y − 2x − 1)(x2 + y2 − 1) = 0

A point in the plane satisfies this equation if and only if at least one 
of the factors of the left side is 0, so the shape defined is the set of all 
points lying on the line or the circle or both, i.e., this equation describes 
the union of the line and the circle, as pictured in Figure 2. Thus, an 
algebraic operation (multiplication) on equations corresponds to a geo-
metric operation (taking a union) in the plane.

Algebraic geometry is the study of shapes defined by polynomial equa-
tions (and vast generalizations thereof!). Such a shape is called a va-
riety (or sometimes an algebraic set). As with lines and circles already 
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encountered, polynomial equations in two variables correspond to 
shapes in the plane. Polynomial equations in three variables give rise to 
shapes in three dimensions, and in general, polynomial equations in n 
variables define shapes in n-dimensional space.

Many cool shapes in the plane, such as the heart in Figure 3, can be 
described using polynomial equations and are thus varieties. Granted, 
the more complex a shape is, the bigger the polynomial might be; for 
instance, the heart corresponds to the equation

x8 + 240x6y + 256x4y3 + 8,116x6 + 70,464x4y2 

+ 67,584x2y4 + 16,384y6 + 597,312x4y 
+ 1,818,624x2y3 + 589,824y5 + 15,918,304x4 

+ 6,081,792x2y2 + 2,899,968y4 – 471,039,744x2y 
− 71,958,528y3 – 3,937,380,544x2 – 246,497,280y2 

+ 4,261,478,400y – 10,061,824,000 = 0

The third author of this article taught a course on algebraic geom-
etry, during which the first two authors conceived of a final project to 

Figure 2.  The union of the line and the circle 
obtained by multiplying their respective 
equations.

Figure 1.  A line and a circle described by polynomial equations.
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build varieties that look like any given string of letters. For instance, one 
could ask for a polynomial f(x, y) such that the set of points satisfying f(x, 
y) = 0 looks like “Hello World” (spoiler alert: Figure 9 contains such a 
variety). The use of polynomial equations to create fonts is not new: cer-
tain polynomial-defined shapes, called Bézier curves, are used to render 
most fonts, where each letter is made up of many pieces of curves glued 
together. Our project was a bit more ambitious: We wanted each entire 
phrase to be described by a single polynomial equation.

We will tell you how we pulled this off, from building individual let-
ters of the alphabet to stringing the letters together to create any phrase! 
We named our typesetting tool Nullstellenfont, inspired by David Hil-
bert’s famous Nullstellensatz (or “zero-locus theorem”), which charac-
terizes when different polynomials describe the same variety.

Building Blocks

Most letters in the English language require line segments. The closest 
variety to a line segment is an entire line, given by an equation of the 
form ax + by + c = 0. Unfortunately, lines stretch on forever, so they are 
not quite what we wanted for creating nice, bounded letters. We real-
ized that a thin ellipse appears like a line and has the added benefit of 
having thickness. We drew ellipses in the plane using GeoGebra, which 
produced the necessary polynomial equations.

To ensure that the letters were roughly the same size, we placed 
the letters inside of a unit square centered at the origin. Finally, we 
obtained the polynomial for the entire letter by taking the union of the 
varieties of the pieces of the letter; as we have seen, the union is ob-
tained by multiplying the corresponding polynomials. Figure 4 shows 

Figure 3.  A heart defined by a polynomial 
equation.
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the vowels A, E, and I as the union of ellipses; for instance, the letter I 
is defined by an equation f(x,y)g(x,y)h(x,y) = 0 , where f(x,y) = 0, g(x,y) = 
0, and h(x,y) = 0 are the equations yielding the three ellipses.

Beyond Ellipses

Curvier letters provided us with our next challenge. We categorized 
curvier letters into three groups by the type of curve: small enclosed 
curves (e.g., B, P, R), big or open curves (e.g., C, D, G, U), and the let-
ter S. For each group, we found curves matching the required shapes.

Small Enclosed Curves

A circle is a simple closed curve, but we wanted something with a little 
more character. Some curves are much easier to plot using polar coor-
dinates r and i, where r measures the distance to the origin and i mea-
sures the counterclockwise angle from the positive x-axis. For instance, 
the polar equation r = 1 defines the unit circle.

We began with the polar curve given by r = 1 + 2 cos(i), pictured in 
Figure 5. We converted this equation to xy-coordinates by first multi-
plying by r, resulting in the equation r2 = r + 2r cos(i). Then, we used 
the standard transformations x = r cos(i), y = r sin(i), and x2 + y2 = r2, 
to produce x2 + y2 = x y2 2+  + 2x.

Unfortunately, this isn’t a polynomial equation, due to the square 
root. Luckily, varieties only correspond to zeroes of a polynomial, so by 
rearranging and squaring both sides of our equation, we obtain another 
equation with the exact same solutions as our original:

(x2 + y2 − 2x)2 − x2 − y2 = 0

Figure 4.  The vowels A, E, and I as unions of ellipses.
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We translated and scaled the resulting curve for use as the loop in the 
letters B, P, and R (Figure 6).

Open Curves

For letters with open curves, we sought inspiration in Wikipedia’s 
“Gallery of Curves,” where we encountered the ampersand curve, pic-
tured in Figure 7, defined by

Figure 5.  Polar curve r = 1 + 2cos(i).

Figure 6.  The letters B, P, and R consisting of shifted small enclosed curves 
and ellipses.

Figure 7.  The ampersand curve and the letter C.
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(y2 − x2)(x − 1)(2x − 3) − 4(x2 + y2 − 2x)2 = 0

We tweaked the coefficients to reshape it until it matched the letter C, 
shown on the right in Figure 7. Rotating and scaling gave us the letters 
G and U as well. We also use this curve for D to give a gentler shape 
than the small enclosed curve.

The Letter S

To create the only remaining letter, S, we initially considered the 
equation x3 − xy2 − y3 + y = 0, pictured on the left in Figure 8. The 
result was too big to fit in the required unit square, so we scaled this 
curve to fit by replacing x with sx and y with sy for some scaling factor 
s > 1. By choosing two curves with slightly different scaling factors, 
we obtained some thickness to the resulting letter, as shown on the 
right in Figure 8.

Stringing Letters Together

The final challenge was to determine how to combine the letters to 
form any phrase. As we have seen, we can take the union of two 
varieties by multiplying their equations, so the only remaining step 
is to translate each letter in the text horizontally by an appropriate 
amount.

Of course, we can translate by substituting (x − n) for x in the nth 
letter in the sequence, starting at 0: the first letter uses x, the second 
letter uses x − 1, etc. This composition ensures that the nth letter is 
plotted in a unit square centered at (n,0). After shifting each letter by 
the appropriate amount and multiplying their polynomials together, 

Figure 8.  The letter S.
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we obtain a single polynomial equation describing the entire text! The 
variety for “Hello World” appears in Figure 9; the equation for just 
“Hello” is shown in Figure 10.

The large size of the “Hello” polynomial arises because we multiply 
the polynomials for the five letters in the word, each of which may have 
up to four components. Note that D utilizes the open curve and not the 
small enclosed curve like R. Can you identify the pieces of the polyno-
mial that correspond to the circles making up the letter O?

Want to Make Your Own Text?

If you would like to find a polynomial equation defining a variety 
that looks like your name, or any other string of letters you have in 
mind, you can use the website https://sites​.google​.com​/williams​.edu​
/nullstellenfont/ to produce the polynomial and/or an image. The 
code to create that site was written in Sage and can be found on the 
website link to GitHub.

Figure 10.  The polynomial equation for the word “Hello” from Figure 9.

Figure 9.  “Hello World” using the Nullstellenfont.

5 99 10103311 22 44 886 7 9 1031 2 4 8

(2.64(x − 1)2 + 0.0757y2 + 1.58x − 1.355) 
(0.1(x − 1)2 + 0.025(x − 1)y + 1.858y2 + 0.0134x − 0.0027y − 0.0159) 

(0.0355(x − 1)2 + 1.475y2 + 1.18y + 0.233) 
(0.0355(x − 1)2 + 1.475y2 − 1.18y + 0.233) 

(2.23(x − 2)2 + 0.274y2 + 0.89x − 0.03y − 1.73) 
(0.156(x − 2)2 + 1.156y2 − 0.0156x + 0.69y + 0.1212) 

(2.23(x − 3)2 + 0.274y2 + 0.89x − 0.03y − 2.62) 
(0.156(x − 3)2 + 1.156y2 − 0.0156x + 0.69y + 0.1368) 

((x − 4)2 + y2 − 0.1225) 
((x − 4)2 + y2 − 0.16)(2.73x2 + 0.16y2 + 1.632x + 0.2176) 

(2.73x2 + 0.16y2 − 1.632x + 0.2176) (0.196x2 + 1.476y2 − 0.009) = 0
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Further Reading and Acknowledgments

A great introduction to algebraic geometry is Ideals, Varieties, and Algo-
rithms: An Introduction to Computational Algebraic Geometry and Commutative 
Algebra by David A. Cox, Donal O’Shea, and John Little. (This book 
was used in the course that gave rise to our project.) Also, at a confer-
ence in honor of David Cox’s retirement, Nathan Pflueger came up 
with the name “Nullstellenfont” for our project. Thanks, Nathan!
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Hyperbolic Flowers

Maria Trnkova

1. Introduction

Bill Thurston introduced several ways to visualize the hyperbolic plane 
and see some of its properties. He proposed several ways of making it 
with paper triangles, paper annuli, and fabric pentagons (Thurston 
1997). Later he continued this work with Kelly Delp, and they made 
more complicated surfaces (Delp and Thurston 2011). This approach 
is described in detail by Kathryn Mann in her notes “DIY Hyperbolic 
Geometry,” which contain many exercises on the topic (Mann n.d.). 
Other very aesthetic models of hyperbolic surfaces were introduced by 
Daina Taimina. She suggested crocheting hyperbolic discs (Henderson 
and Taimina 2001, Taimina 2018). Her suggestion attracted a lot of at-
tention; it was followed by contributions of many other artists, and it 
even appeared in a TED talk (Taimina n.d.). It is well described in an 
issue of Craft: Transforming Traditional Crafts magazine (Sinclair 2006).

Our approach is inspired by these models, but we take one step fur-
ther and instead of crocheting solid discs, we make them triangulated. 
The main difference is that these new models allow us to explain some 
intrinsic properties of hyperbolic geometry. We also introduce a cro-
chet model of a hyperbolic cylinder. In this note, we want to use the 
advantages of triangulated models to demonstrate some well-known re-
sults of hyperbolic geometry: (i) the relation between edges and angles 
in a hyperbolic triangle, (ii) tiling of a hyperbolic plane, (iii) circumfer-
ence growth of a disc, (iv) Nash–Kuiper embedding theorem, and (v) 
visualization of a cylinder in hyperbolic space. The crochet scheme is 
given in Figure 9. The models can be used in classes of different levels, 
from high school to graduate courses, to demonstrate special features 
of negatively curved spaces as well as to compare them with Euclidean 
spaces and surfaces.
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2. Constructions with Equilateral Triangles

Let us take a collection of equilateral triangles of the same size and con-
nect them along their edges without shifting or stretching. We classify 
different cases based on the number of triangles meeting at each vertex. 
We can visualize the process by taking the actual triangles made out of 
wood, paper, or plastic and trying to glue them together. The simplest 
case is two triangles, and if we glue them along each edge, we immedi-
ately get a triangle pillow. Following the same strategy for three triangles 
meeting at the same point, we get a tetrahedron, for four triangles an 
octahedron, and for five triangles an icosahedron (Figure 1).

For the next case of six triangles, we realize that all triangles that 
meet in one vertex must lie in a plane and form a hexagon. If we con-
tinue adding six triangles to the previously obtained vertices, we tile 
the whole Euclidean plane (Figure 2).

We saw that if the number of triangles was less than six, we needed 
a finite number of triangles and the resulting object was a closed object 
of positive curvature. In the case of six triangles, we got a full plane and 
the number of triangles was infinite. It has zero curvature. If we go even 
further and demand having seven triangles at each vertex, something 
very interesting happens. We can start with a single vertex, add seven 
triangles and get a polygon that cannot be flattened. Nevertheless, we 
continue to add more triangles to other vertices, and keep this process 
going. We quickly realize that we again need an infinite number of tri-
angles to satisfy the condition of having seven triangles at each vertex. 
Unlike in the six-triangle case, the resulting object does not look like 
a flat plane—it is a hyperbolic plane H2, and it has a negative curvature. 

Figure 1.  Gluing equilateral triangles with a pattern of two, three, four, 
and five at each vertex. Pictures courtesy of Wikipedia. See also color 
insert.
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For a better visualization, we can choose some material and glue the 
triangles together. This would be harder to do with a firm material 
like paper, wood, or plastic, but this can be nicely done with yarn. We 
apply the idea above for creating pieces of hyperbolic plane to crochet 
these models. The triangulation of the models allows us to observe 
some geometric properties. The crochet models in Figures 3 and 10 are 
examples of hyperbolic discs.

Figure 3.  The crochet model on the left is a solid hyperbolic disc. The two 
models on the right are triangulated hyperbolic surfaces, approximating 
hyperbolic discs. They have contours made in a contrasting color to show 
their boundaries and better hold shapes. See also color insert.

Figure 2.  Tiling of a Euclidean plane with triangles.
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3. Topology and Geometry

3.1. Tilings of a Hyperbolic Plane

It is very well known that only a few regular polygons can tile the Eu-
clidean plane: triangles, squares, and hexagons. Note that the size of 
each of the shapes is not fixed. The situation is very different in the hy-
perbolic case. There are infinitely many ways to tile a hyperbolic plane 
H2 with regular polygons. The most natural way is to tile it with equi-
lateral triangles. Unlike in the Euclidean case, there is a freedom in the 
number of equilateral triangles at each vertex. Once we choose this 
number, it determines the size of an equilateral triangle, and it means 
that the tiling cannot be scaled. If there are k triangles around each 
vertex of a hyperbolic plane, then every angle of an equilateral triangle 
must be 2r/k. The smallest number k of equilateral triangles around 
one vertex that gives a hyperbolic structure is seven. The interesting 
fact is that the sum of angles in each triangle is 6r/k, which depends on 
k, k ≥ 7, and it is always less than r. For Euclidean triangles, the sum 
of internal angles is always r, and this difference is the main intrinsic 
property of a hyperbolic plane. Our two models (the right two objects 
in Figure 3) have seven equilateral triangles around each vertex. They 
approximate a disc region in H2 and also demonstrate that this pattern 
could be uniquely extended to a tiling of the plane. The crochet model 
looks the same around every interior vertex or triangle.

The hyperbolic plane H2 can be interpreted by different geometric 
models. We consider the projective disc model D2, also known as the 
Beltrami–Klein model (Stillwell 2005, Thurston 1997). This is an 
open unit disc with the following metric dD2 (P, Q ) in D2: 

( , )d P Q
P Q

P Q

1 1

1
cosh

– –

–
D 2 22

$
= ,

where P, Q are vectors in D2, ||P|| is a Euclidean norm of P and is equal 
to the length of the vector P. Geodesics in this model look like chords 
of the disc D2.

We consider a tiling of D2 with seven equilateral triangles meeting 
at each vertex. Every angle of such triangle is 2r/7 ≈ 51.4º, although it 
does not look so in the projective disc model in Figure 4. We use the 
above distance formula to compute coordinates and edge length of the 
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equilateral triangle. Let one vertex be at the origin O(0, 0) and the 
other one A on the x-axis. Then A and the third vertex B should have 
coordinates (a1, 0) and (b1, b2), which satisfies the equation

cosh dD2 (O, A) = cosh dD2 (O, B) = cosh dD2 (A, B)

where points O, A, and B can be viewed as vectors. Rewrite these equa-
tions once again 

– –

–

– –

–

– –

–
.

O
O

O A
O A

B
B

A B
A B

1 1 1
1

1 1
1

1
1

2 2 2 2 22

$ $ $

< < < < < < < < < < < <
= =

The equations give four symmetric solutions. One of them is A(0.797, 
0), B(0.496, 0.623). We compute the hyperbolic distance between all 
three points using the same formula, and it is ~1.0905, which is the 
edge distance of a hyperbolic triangle that tiles the hyperbolic plane 
with seven triangles at each vertex.

In a similar way, one can compute the edge length of an equilat-
eral triangle that tiles H2 with eight triangles at each vertex. Its edge is 
~1.5285, and each angle is r/4 = 45º.

The above calculations demonstrate the fact that there are no similar 
triangles in the hyperbolic plane: The angles of a hyperbolic triangle deter-
mine its sides, and vice versa.

Figure 4.  Several equilateral hyperbolic triangles in the projective disc 
model tile the hyperbolic plane with seven and eight triangles, respectively, 
at each vertex.
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Figure 4 shows only a few layers of triangles tiling H2 around the 
origin. It appears that the triangles approach the boundary of the unit 
disc very fast, but this process is infinite, and there are infinitely many 
triangles in the tiling of a hyperbolic plane. There are four such layers 
in the crochet models in Figure 3.

3.2. Circumference of a Disc

The ratio of a circumference of a disc to its diameter is constant and 
is equal to r; remember that CE2 (r) = 2rr in the Euclidean plane. In 
the hyperbolic plane, the formula for the circumference of a disc with 
the same radius looks similar: CH2 (r) = 2r sinh r (Fenchel 1989). The 
comparison of how fast CH2(r) grows with respect to its diameter shows 
exponential growth (see Figure 5). This fact is also visible on the hyper-
bolic crochet models, where we see that the white and green boundar-
ies on our models are curling in space and cannot be flattened.

3.3. C1 Embedding

Our models have finite diameter, and it is obvious that they try to oc-
cupy some finite size ball in ℝ3. They look more like curly balls as the 
radius grows. We want to understand why they look so symmetrically 
curly.

Figure 5. The ratio of the circumference of a hyperbolic disc to its diameter 
as a function of the radius.
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The Nash–Kuiper C1 embedding theorem states that if a compact 
Riemannian n-manifold has a C1 embedding into ℝn+1, then it has an 
isometric embedding into ℝn+1 (Kuiper 1955, Nash 1954). As a conse-
quence of this theorem, it follows that a closed oriented Riemannian 
surface can be C1 isometrically embedded into an arbitrarily small e 
ball in Euclidean 3-space. This means that we can isometrically embed 
a hyperbolic disc of finite radius into an arbitrarily small ball Be in ℝ3. 
The discrete version of this theorem was proven by Burago and Zal-
galler (1995) and implies that a two-dimensional surface can be iso-
metrically embedded into ℝ3. Our crochet models with triangulations 
can be considered piecewise linear surfaces and can be used as visual 
examples of the latest theorem. In both theorems, a surface is meant to 
have no thickness and zero volume. In practice, our models are made of 
yarn, which has some thickness and some volume. It is evident that they 
cannot fit into a ball of arbitrarily small radius, but in the limit as the 
radius of the model goes to infinity, a ball of volume V + e  is enough to 
fit a model of volume V.

Next we want to understand why the models look curly in this par-
ticular way. The boundary of a hyperbolic disc D2 can be thought of as a 
rope of some finite length and volume. The embedding ball in ℝ3 has fi-
nite volume, and we fill it in with a thickened surface of some non-zero 
volume. As the radius of D2 grows, its circumference and the volume of 
a tube around the boundary of D2 grow exponentially, but the volume 
of the ball in ℝ3 grows polynomially. This is why a model of D2 looks 
less curly and more flat (or smashed) in a small neighborhood but as 
the radius becomes bigger, it takes up more and more space in the ball. 
Again, in the limit the volume of the model D2 converges to the volume 
of the embedding ball as the radius of D2 goes to infinity. The crochet 
model of D2 turns into a ball quickly as the number of rows grow, and it 
becomes harder to complete the process further with this construction.

4. Cylinder in a Hyperbolic Space

How does a cylinder look in a hyperbolic space? Note that a hyperbolic 
cylinder is defined as a cylindrical surface in Euclidean space made of 
parallel lines passing through a hyperbola. There are different equiva-
lent definitions of a cylinder in the Euclidean space, and not all of them 
can be used in a hyperbolic space. One that works states that the cylinder 
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in H3 is a surface of revolution obtained by a rotation of a line parallel 
to the axis of rotation. The (infinite) cylinder cut along this geodesic 
line gives an (infinite) strip of ℍ2 with two parallel lines. They have a 
unique common perpendicular, which follows from the properties of 
hyperbolic geometry. This common perpendicular is called the neck of 
a cylinder. It is better to see a cylinder in the Poincaré model of a hyper-
bolic space ℍ3, which is a unit ball without its boundary sphere. Geo-
desics in this model are circular arcs perpendicular to the boundary of 
ℍ3 with chords passing through the origin.

In Figure 6, the axis of rotation A1A2 is fixed, and the geodesic B1B2 
is rotated. It forms a cylinder with two ideal circles on the boundary 
of ℍ3. There is a unique plane perpendicular to both the axis A1A2 and 
the geodesic B1B2. Calculations in this model tell us that this plane in-
tersects the cylinder along its neck, which looks like a circle. This is 
the only closed geodesic on the infinite cylinder, and it is the shortest 
simple closed curve on the cylinder.

A crochet model of a cylinder in Figure 7 is made out of eight equi-
lateral triangles at each vertex. It is bounded by its neck on one side 
(made with yellow yarn). The other boundary is only an approximated 

Figure 6. An infinite cylinder in the Poincaré ball model.

A1

A1

B1

B2
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circle; it is formed by the edges of the equilateral triangles. It is con-
toured with blue yarn to stretch the edges. It also makes the triangles 
closer to equilateral, and the model looks overall nicer.

5. Crochet and Techniques

The Gaussian curvature K of a surface at a point is defined as the prod-
uct of its two principal curvatures at the given point. Although the 
curvature of the hyperbolic plane is a negative constant, the crochet 
models are only its approximations, as they have thickness along edges 
and are empty in the interior of the triangles. The curvature of the 
models is discrete at the vertices and along the edges of the triangles.

The appearance of the models depends on the yarn properties. Silk-
ier and stretchier yarn makes models that do not hold their shapes well 
(they are mushy). Yarn without any elasticity, like cotton, is very hard 
to crochet tightly, and again it does not hold its shape as we want. Rough 
yarn with a little bit of stretch allows us to make firm, rigid models 
with beautiful patterns of embedding. Wool and acrylic yarns work 
well to maintain these properties. They have little elasticity, which al-
lows us to see the local flatness of the triangles and at the same time to 
hold the shape of an embedded surface in ℝ3.

The pattern for the seven-triangle case is written using U.S. cro-
chet terminology (Figure 8) and is given in Figure 9. For other models, 
similar patterns were used. Crochet begins with a slip stitch, which is 

Figure 7. Part of an infinite cylinder bounded by its neck, top and bottom 
views. See also color insert.
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suggested to be twice as long as normal because there will be several 
stitches to crochet into it.

Row 1:

Step 1: Crochet three chain stitches.
Step 2: Crochet three chain stitches and a triple crochet stitch 

into the slip stitch.
Step 3: Repeat the previous step five more times.
Step 4: Crochet three chain stitches.
Step 5: Connect the row with the slip stitch.

Row 2:

Step 6: Crochet three chain stitches.
Step 7: Crochet a triple crochet stitch into a triple crochet stitch 

from the previous row.
Step 8: Repeat steps 6-7-6-7-6–7. There should be seven arcs 

around one loop. They represent the edges of seven triangles 
around a vertex.

Step 9: Repeat steps 7–8 five more times.
Step 10: Repeat steps 7-6-7-6-7–6.
Step 11: Close the row with the slip stitch.

Figure 9.  Crochet scheme for seven triangles at each vertex.

Figure 8.  Crochet symbols (left to right): slip, 
chain, and triple/treble crochet stitches.
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Rows 3 and 4:
Repeat the pattern of Row 2 in the successive rows. The only difference 
is in Step 8. Sometimes there are four triple crochet stitches into a tri-
ple crochet stitch from the previous row, and sometimes there are only 
three of them. This number should be computed such that there are 
always seven arcs representing edges of triangles around a single vertex. 
Yarn may be changed for another color when rows change.

Row 5:
The model can be completed with slip stitches along its periphery, as in 
Figures 3, 7, and 10. Crochet one slip stitch into each stitch from the 
last row. Slip stitches can be replaced with single crochet stitches to 
make a thicker trimming.

6. Artist’s Statement

Maria Trnkova is a Krener Assistant Professor at the University of Cali-
fornia in Davis. She made crochet models of several hyperbolic sur-
faces to visualize them and to explain certain features of hyperbolic 
geometry. In the process of making crochet models, she used wool and 
acrylic yarn. She hopes her work will help others to learn hyperbolic 
geometry through visualization of these models. She was inspired by 
the crochet models of Daina Taimina, and the new models should be a 
useful complement to Taimina’s models.

Figure 10.  This is a closer look at the models near their centers. See also 
color insert.
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Maria’s personal story of discovering triangulated crochet models of 
hyperbolic discs started when teaching a graduate class. She was pre-
paring for a Riemannian geometry class and wanted to demonstrate to 
students how a hyperbolic disc looks and help them to visualize some 
of the geometric concepts. The process of crocheting a solid hyperbolic 
disc is exponential in time and yarn consumption. She wanted to save 
time and use less yarn and as a trained crocheter experimented with 
different stitches and techniques. Very quickly the triangular pattern 
came up naturally.
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Embodied Geometry in 
Early Modern Theatre

Yelda Nasifoglu

yet how can my passions stint
To see the heauens all orbicular

The planets, stars & hierarchyes [a]bove
All circular and Quadro quadro still[?]

…

No no it cannot bee thee’l’ neuer change
Mortalls may change but they unchanged bee

Ile change my forme & that’s my remedy1

What can a set of two-dimensional mathematical shapes say about 
early modern attitudes toward embodiment? It appears to offer a 
number of clues when placed in an academic play written during the 
Counter-Reformation.

Blame Not Our Author, editorially named from its opening lines, is a 
comedy that has survived in manuscript form in the Archives of the 
Venerable English College in Rome. Missing its title page, its author 
and precise date remain unknown, though it is presumed to have 
been written sometime between 1613 and 1635 by a mathematics in-
structor.2 The main protagonist is Quadro, a melancholic square who 
wants to become a circle. With the heavens deaf to his pleas, he de-
cides to solicit the help of Compass, “the architecte of humain wonder” 
(137), imagining perhaps the dignified instrument of God illustrated 
in the medieval Bibles moralisées. Instead, he gets a Daedalian trickster. 
Quadro’s duplicitous servant Rectangulum convinces Compass that he 
is being played; not wanting to be outdone, the latter gives Quadro 
all sorts of quack medicines and purgatives to weaken his joints, binds 
him with hoops, and abandons him. Realizing the trickery, Quadro 
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vows revenge on the “base and grosse mecanicke Cumpasse,” (311) who 
has almost slain him by “false surquadrie” (312), and with this the play 
quickly disintegrates into geometric revenge plots, with various other 
shapes threatening one another with two-dimensional violence. Soon it 
is revealed that Line too has grievances against Compass, who has tor-
tured him with punctures and joints, and has made him divisible in in-
finitum; and Circulum is indignant at having been manhandled by such a 
promiscuous instrument “turned and tossed by each Carpenter” (405). 
Line, in turn, has designs against Circulum, swearing to slice him into 
triangles, while Semicirculum warns Rhombus that Regulus will crack 
his legs and turn him into a trapezium. Eventually, order is restored by 
Regulus, the rule; punishment is meted out, and the play ends with the 
warning, “Let him that squars from rule and compasse bee/Vasaile to 
feare and base seruility” (1076–1077).

The 1613–1635 period in which the play was written predated the 
more radical inventions in mathematics such as the algebraization of 
geometry or calculus, but coincided with the debates on the nature of 
mathematical shapes, axioms, postulates, theorems, and proofs. The au-
thor of the play would certainly have been familiar with these. Founded 
in 1579, the English College was part of a network of institutions es-
tablished on the continent after the Elizabethan Religious Settlement of 
1559. Mostly run by the Jesuits, the College took on students for the 
study of philosophy and theology, preparing them for their mission to 
convert England back to Catholicism. The author would have attended 
lectures at the Collegio Romano, and judging from the abundant ref-
erences in the play, had access to the authoritative commentaries on 
Euclid by the famed Jesuit professor of mathematics, Christoph Clavius 
(1538–1612).

One of the debates performed in the play is on the ontology of math-
ematical shapes. In Euclidean geometry, definitions played the key role 
(a triangle was defined by its three sides, a square by its four equal 
sides, etc.), and thus any alteration of a form would irreversibly change 
its identity at a fundamental level, a cause of serious concern for the 
characters. For instance, reveling in the excesses of the Carnivale, glut-
tonous Line is concerned he has eaten so much that he is about to add 
some breadth to his length, pushing himself out of his own Euclidean 
definition. And would Quadro, defined by and named after its very four 
sides, still be quadro if indeed Compass helped it become a circle? Such 
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a metamorphosis would alter the definition of a quadrangle: Rectan-
gulum is anxious that should his master reach his goal, all their square 
plates would turn into round dishes and their four-cornered meat pies 
into Norfolk dumplings, or worse, into round fruits. This close align-
ment between form and its definition makes the threats of violence, 
of cutting shapes or breaking their legs, into threats of annihilation. 
However, apart from a bruise or two, no mathematical shape is seri-
ously hurt during the course of the play, nor is Quadro converted into 
a circle.

Of course in this particular case, Compass could not have helped 
Quadro perfect its shape even if he had wanted to. Compass and rule, 
the mathematical instruments featured in the play, were often factored 
into Euclidean constructions; for example, Book 1, Postulate 1 ex-
plained that a straight line from any point to any point can be drawn 
with a rule, and Proposition 1 described how to draw an equilateral 
triangle with the use of a rule and compass. As powerful as these in-
struments may have been in terms of constructing mathematical bod-
ies, they were ineffective when it came to the squaring of the circle, one 
of the three classical problems that cannot be solved using a rule and 
compass. The problem refers to defining a square with the exact area 
of a circle or vice versa, but r, being an irrational number that cannot 
be expressed as a fraction (a fact that eluded mathematicians until the 
eighteenth century), this is not possible to accomplish using Euclidean 
geometry.

The “false surgery” Compass performs on Quadro, loosening his 
joints and paring off his corners, seemingly prepares him for Archime-
des’ method of approximation of r  by breaking the sides of a polygon 
inscribed within a circle into smaller and smaller units. Yet we soon 
find another operation being performed on stage here, one that takes 
us outside of the realm of pure mathematics. With Quadro so eager 
to be rounded off into a punctum, Compass easily lures him into an 
instrument he calls the “Squarenighers daughter,” or Scavenger’s daugh-
ter, named after its inventor Skevington, a lieutenant of the Tower of 
London during the reign of Henry VIII. Rather than stretching on the 
rack, this device worked by severely contracting the body into a circle: 
the prisoner would be forced to kneel on the floor, the hoop would be 
placed over him and compressed until the abdomen, thighs, and lower 
legs were pressed into one another. Thomas Cottam (1549–1582), who 
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had taught at the English Catholic College in Douai, France, was one of 
the victims of this instrument.

For a play featuring abstract mathematical shapes, there is an unex-
pected amount of violence, no doubt a reflection of the world surround-
ing the stage. The main goal of the College, of reconverting England to 
Catholicism, was considered in England an act of sedition punishable by 
the cruel mathematics of hanging, drawing, and quartering, and indeed 
between 1581 and 1679, the College saw 41 of its alumni martyred for 
their attempts, 32 of these before 1616.3 Rather than a fate to be avoided, 
martyrdom was celebrated if not glorified; in 1583, Niccolò Circignani 
(1520–1596) was commissioned to paint a cycle of 34 frescoes in the 
College chapel, featuring images of hangings and violent mutilations of 
victims from early Christianity to the English Mission, depicting the 
demise of at least one alumnus of the College.4 The students were en-
couraged to contemplate these images and even self-flagellate, perhaps 
in preparation for their possible fate in England. Martyrdom was a ne-
cessity for the survival of the church; the spectacle of public torture and 
execution of Catholic priests was expected to convert viewers impressed 
with the courage and intense faith of the victims. There are additional 
martyrology references in the play, such as the surprisingly irrever-
ent ones by Line and Rectangulum regarding the hanging of “Papists.” 
Furthermore, the “presse” Rectangulum tricks some of the other math-
ematical forms to hide in may well have been the type of large grape or 
olive press used in the martyrdom of Saint Jonas as illustrated in Anto-
nio Gallonio’s Trattato de gli instrumenti di martirio, “Treatise of the instru-
ments of martyrdom” (1591 in Italian, 1594 in Latin).

Though he ultimately fails in his quest, Quadro longs to attain 
perfection by changing his form into a circle, willing to endure even 
torture in the process. And there are stories about self-discipline, of 
following strict daily regimens, being lauded at the College, hinting at 
a perceived relationship between changes to the body and their positive 
effect on the soul. Yet there is an underlying anxiety about such a close 
relationship, especially when the transformations are not self-inflicted 
or desired: if a rhombus with broken legs is a trapezium, what happens 
to the martyr whose body is drastically reconfigured in the hands of his 
or her torturer? No clear answer to this is offered in the play, of course, 
but the theatres of cruelty illustrated by the martyrdom cycle in the 
chapel or in treatises like Gallonio’s seem to downplay the effectiveness 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 Embodied Geometry	 81

of worldly instruments against the fortitude of their victims; just as 
they are unable to square the circle, despite all the pain they can inflict, 
instruments appear to be powerless against the resolve of the faithful.
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Notes
1. The primary source is Gossett 1983, 94–132 at 96; lines 30–33, 38–40; hereafter only 

line numbers will be indicated.
2. Gossett 1973. For previous scholarship on this play, see also Mazzio 2004.
3. Sources on the history of the College include Foley 1880 and Williams 2008.
4. On Circignani’s martyrology cycle, see Williams 2005.
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Modeling Dynamical Systems 
for 3D Printing

Stephen K. Lucas, Evelyn Sander,  
and Laura Taalman

1. Motivation

As 3D printers become increasingly common in science and engineer-
ing, they are also making their way into mathematics departments. 
One potential use is in visualizing dynamical systems. These mathe-
matical structures illustrate some of the important progress made in 
roughly the past 60 years regarding approaches to understanding the 
role of dynamical models in scientific research. In addition to the illus-
tration of principles, we are in no small part motivated by the beautiful 
three-dimensional structures of strange chaotic attractors, such as can 
be seen in [5]. See, for example, the Langford attractor in Figure 1. The 
aim of this paper is to describe how to 3D print actual physical models 
of such dynamical structures.

In many cases, it is possible to use a black-box differential equation 
solver to create printable objects. However, in some cases, a black-box 
method is inadequate. We have therefore developed a mixed curvature 
method to make printing possible in these cases. We mostly restrict 
our discussion to solutions of differential equations, but we end with a 
description of how 3D printing can be applied in the context of more 
general dynamical structures for iterated maps and ordinary and partial 
differential equations.

Our paper proceeds as follows: In Section 2, we give a straightfor-
ward method for generating 3D printable chaotic attractors using built-
in commands in Mathematica. In Section 3, we describe a new method 
for creating more visually accurate 3D printable chaotic attractors. 
This mixed curvature method uses a combination of MATLAB and 
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the cost-free software OpenSCAD [11], designed specifically for 3D 
print design. In Section 4, we describe our future directions in creating 
printable chaotic and dynamical objects. In Appendix A, we provide all 
equations and initial conditions of the objects shown in the figures. In 
Appendix B, we give a brief introduction to the nuts and bolts of 3D 
printing so that readers will be able to use the methods provided in this 
paper to create their own printed attractors. All code used is available 
for download at [14].

2. Straightforward Approach

Strange chaotic attractors have interesting dynamical properties, such 
as the plethora of periodic orbits (in fact, infinitely many) and sensitive 
dependence on initial conditions, meaning that no matter how close 
solutions start, they will diverge over time [20]. These properties are 
not visible when looking at the printed attractor. Rather, one sees the 
strangeness, or fractal, structure of the attractor. Any cross section of 

Figure 1.  The Langford chaotic attractor in Equation (8) (often errone-
ously referred to as the Aizawa attractor), modeled in Mathematica and 3D 
printed in fused deposition modeling (FDM) polylactic acid (PLA). See also 
color insert.
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the attractors shown here consists of a Cantor set: The fractal dimen-
sion of the attractors is between 1 and 2. This can be seen particularly 
well in the Rössler attractor in Figure 2, the Lorenz attractor in Figure 
3, the Rucklidge attractor in Figure 4, and the Anishchenko attractor 
in Figure 5.

From the practical point of view of generating chaotic attractors, the 
most useful properties are the existence of a dense orbit and the fact 
that the set is attracting. The first property implies that we can create 
an arbitrarily good approximation of the chaotic attractor with a single 
solution starting within the attractor. The second property implies that 
we do not even need to start with a solution within the attractor. In 
particular, as long as we start our solution close enough to the attrac-
tor, the solution will converge to the attractor as time increases. Based 
on these principles, in this section we describe how to generate a 3D 
printable solution to a given differential equation starting at a specified 
initial point.

Mathematical software packages such as Mathematica and MATLAB 
have built-in routines for solving systems of first-order ordinary differ-
ential equations. They allow for the creation of solutions to differential 

Figure 2.  The Rössler chaotic attractor in Equation (5), modeled in 
MATLAB and OpenSCAD and 3D printed in selective laser sintering (SLS) 
nylon. Photo credit: Edmund Harriss. See also color insert.
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Figure 3.  The Lorenz chaotic attractor in Equation (4), modeled in Math-
ematica and 3D printed in FDM PLA. See also color insert.

Figure 4.  The Rucklidge chaotic attractor in Equation (10), modeled in 
MATLAB and OpenSCAD and 3D printed in SLS nylon. Photo credit: 
Edmund Harriss. See also color insert.
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equations without prior knowledge of numerical methods and relatively 
minimal knowledge of the theory of differential equations. Here we 
present a method using the NDSolve command in Mathematica. The 
choice of Mathematica over MATLAB is based on the fact that the pack-
age has better developed methods for creating 3D printable objects, 
meaning that it is possible to generate data for and create a printable 
(STL format) file within a single software package. This has been suc-
cessfully used in a class consisting of undergraduate students who had 
only seen elementary differential equations and had never seen any nu-
merical methods for solving differential equations.

The Mathematica command NDSolve is proprietary and to some ex-
tent a black box, though it is possible to change some of the default set-
tings. In particular, the user inputs an equation of the form

xo  = f(t, x), x(t0) = x0

where x(t), x0(t) d Rn, and f : R × Rn " Rn. Here and in all subsequent 
equations, we use the notation xo  to represent the derivative of x. In 

Figure 5.  The Anishchenko chaotic attractor in Equation (11), modeled 
in MATLAB and OpenSCAD and 3D printed in SLS nylon. Photo credit: 
Edmund Harriss. See also color insert.
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most of the cases we consider n = 3, since that is the dimension of our 
printing space. The input of the method includes the form of the equa-
tion, the initial condition, and the minimum t0 = 0 and maximum T 
time values for which a solution should be calculated. The method is 
an adaptive Runge-Kutta one that makes an approximation of the error 
and correspondingly adjusts the size of the time step. It outputs an in-
terpolation for x(t) on a discrete but unevenly spaced set of t d [0, T]. 
The method determines the spacing of the t values such that the ap-
proximate solution achieves a desired accuracy. That is, at each t if we 
denote by xexact(t) and xapprox(t) the exact and approximate solutions, re-
spectively, then the method computes approximations with prescribed 
small values of the absolute error |xexact(t) − xapprox(t)| and relative error 
|xexact(t) − xapprox(t)|/|xexact(t)|. Note that xexact is unknown, but the 
method still is able to say with some confidence that the approximate 
solution is sufficiently close to the exact one in terms of both of these 
measures of error. When these desired accuracy requirements are not 
set by the user, they remain at default values internal within the software 
package.

After generating an approximation in the form of an interpolation 
for x(t) for t d [0, T], we can then use the Mathematica command 
ParametricPlot3D to create a piecewise smooth curve approximating 
the exact solution. By using the PlotPoints option with a large value 
such as 100, we are able to control the level of smoothness of the curve. 
At this stage, the curve is not a solid printable object since it is infinitely 
thin. We use the Tube graphing option to create a tube of a specified 
thickness around the curve, thereby making it into a solid and therefore 
printable object. This solid object can be saved in printable STL format. 
See Appendix B for more information on how to proceed from an STL 
file to a physical object.

While our primary goal is to create chaotic attractors for ordinary 
differential equations, with minimal extra effort the same commands in 
Mathematica can be used to generate solutions to delay differential equa-
tions. Figure 8 depicts a chaotic attractor for the Mackey-Glass delay dif-
ferential equation. That is, the derivative xo (t) depends not only on t and 
x(t), but also on the value of x at a previous time t − x for x > 0. In addi-
tion to chaotic attractors, the method works equally well for generating 
other types of solutions to differential equations. For example, Figure 7 
shows a quasiperiodic torus solution to the Hénon-Heiles equation.
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Figure 7.  The Hénon-Heiles quasiperiodic set in Equation (9), projected to 
three dimensions, modeled in Mathematica and 3D printed in FDM PLA. 
See also color insert.

Figure 6.  The Langford chaotic attractor in Equation (8), modeled in 
MATLAB and OpenSCAD and 3D printed in stereolithography (SLA) resin. 
See also color insert.
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3. Mixed Curvature Method

In this section, we present a new mixed curvature method for prepar-
ing a 3D printable differential equation solution. The method produces 
a file with a smaller number of data points, but still with the same or in 
some cases greater visual accuracy. In many cases, the straightforward 
approach described in Section 2 is completely sufficient for generating a 
visibly excellent approximation of a chaotic attractor. For example, Fig-
ures 9 and 10 are both equally acceptable 3D printed representations of 
the Arneodo attractor, where Figure 9 was created using the straight-
forward method and Figure 10 used the mixed curvature approach. 
The same applies to the Langford attractor shown in Figures 1 and 6.

Figure 8.  The Mackey-Glass attractor in Equation (12), projected to three 
dimensions, modeled in Mathematica and 3D printed in FDM PLA. See also 
color insert.
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There are, however, cases where the straightforward approach does 
not lead to a visually accurate object, usually when the curvature of 
the solution curve varies substantially along its length. The straight-
forward approach tends to produce curves that lack the required 
smoothness in the high-curvature regions, since the data distribu-
tion is not considering the shape of the object that we wish to eventu-
ally print. Attempts to fix this by increasing the requested density of 

Figure 10.  The Arneodo chaotic attractor in Equation (7), modeled using 
the mixed curvature method in MATLAB and OpenSCAD, and 3D printed 
in SLS nylon. Photo credit: Edmund Harriss. See also color insert.

Figure 9.  The Arneodo chaotic attractor in Equation (7), modeled using 
the straightforward method in Mathematica and 3D printed in FDM PLA. 
See also color insert.
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points lead to a vast data set that is difficult for printers to work with, 
and they contain superfluous data in the low-curvature areas of the 
curve. An example where this behavior is particularly noticeable is 
when attempting to visualize the solution to the autocatalytic chemical 
reaction system [9]:

wo  = −0.002w 
	 xo  = 0.002w − 0.08x − xy2	 (1) 

yo  = 0.08x + xy2 − y 
zo  = y

with w(0) = 500, x(0) = 0, y(0) = 0, and z(0) = 0. This system does not 
have an analytic solution (apart from w = 500e−0.002t), but it can be ap-
proximated to prescribed accuracy using a standard numerical solver, 
such as NDSolve in Mathematica, or ode45 in MATLAB. Figure 11 
shows the solutions produced using ode45 to the autocatalytic system 
with the default settings on the interval t d [0, 1,000]. Two plots are 
shown due to the very different size scales involved in the solutions; the 
ode45 approximation contains 2,093 data points.

However, a more intuitive visualization is to plot a projection in 
three-dimensional space of the position (x(t), y(t), z(t)). Dividing z by 
100 and making the axes of equal length, we get the picture in Figure 
14. Note that if we did not scale the z variable, then the curve would be 
extremely long and thin, and inappropriate for 3D printing. While not 
as compact as the chaotic attractors, this is still an interesting object for 

Figure 11.  Solutions to the autocatalytic system in Equation (1) using 
ode45 as a function of time. See also color insert.
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3D printing, as shown in Figure 15. In all that follows, we scale the z 
axis for the autocatalytic system.

3.1. Default Point Placement

Unfortunately, the data that produced Figures 11 and 14 are not par-
ticularly useful when developing a structure for 3D printing. If one is 
not using the built-in Mathematica routines, the standard approach is 
to take a set of data points along the curve, join them by straight-line 
segments, then expand them into tubes with some given cross section 
of a pleasing radius. This step is identical to the use of the Mathemat-
ica Tube command used in the straightforward approach. Having the 
points placed so that the joins between the tubes do not form obvious 
corners leads to a structure that is more pleasing to the eye. Unfor-
tunately, the typical data output from a numerical solver is not of this 
form. An adaptive solver like ode45 tries to use the minimum number 
of points in time to satisfy some requested error bound over the in-
terval of interest. Even though solutions between data points can be 
interpolated, the velocity along a curve usually varies, and straight-line 
tubes are of wildly varying lengths. In this particular example, the de-
fault ode45 output looks quite poor in the middle parts of the solution 
(see Figure 13), where the x and y components are oscillating.

3.2.  Equally Spaced Points in Space

As a first attempt beyond default output data points, we require the 
data points that define the tube endpoints to be equally spaced along 
the curve in the three-dimensional phase space. This can be done most 
efficiently by adding an additional differential equation to the original 
set that gives the length of the curve so far as a function of time. Given 
that the arc length of the curve defined by (x(t), y(t), z(t)), 0 ≤ t ≤ T is 

( ) ( ) ( )( )s t x u z uy u dut

0= + +o o oy

Taking the derivative gives us

( ) ( ) ( )( ) ( )s t x zt y t t s 0 0with= + + =o o o o

Formulas for xo , yo , and zo  are given in the original system of differential 
equations. For example, Figure 12 shows the length of the curve for 
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the autocatalytic system, with z divided by 100, as a function of time. 
Clearly, the velocity is not constant along this curve, which has total 
length 163.45, and the default output produces line segments that vary 
in length from 5.02 × 10−5 to 4.53.

To produce data points equally spaced in terms of distance along a 
curve on some time interval [0, T], since we have the distance function 
s(t), we want data at times { }ti

m
i 0  that satisfy

–( )
( )

, , ,s t m
is T

i m0 0 1for f= =

where t0 = 0 and tm = T. An easy way to solve for the ti values assumes 
we know s(t) for 0 ≤ t ≤ T, and then use the secant method with the ini-
tial guesses ti and ti + 10−3 when trying to find ti+1. While MATLAB’s 
ode45 outputs the solutions at particular points, it allows for interpola-
tion between these data points, so we can find the length of the curve at 
any time. Since s is an increasing function, the secant method is a robust 
way of finding these data points.

For example, Figure 13 shows the three-dimensional curve for the 
autocatalytic problem with 3,000 equally spaced points in terms of arc 
length. It is immediately obvious that this is not a particularly good rep-
resentation. Even with more data points than output from ode45, there 
are places along the curve where it is clearly not smooth, particularly in 
the lower section after the initial spiral inward.

Figure 12.  Length of the autocatalytic curve as a function of time (scaled in 
the z direction). The lower graph shows a closer view of the boxed region 
outlined in the upper graph.
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3.3. Bounding Curvature

The problem with the equally spaced approach is that regions of the 
curve with high curvature lead to straight-line segments with a notice-
able corner between them. An alternative approach, then, is to choose 
data points so that the maximum distance from the actual curve to the 
approximating straight-line segment has an upper bound. The radius of 
curvature of the curve could be calculated along the curve with some 
additional analysis, and keeping the curve close to the line segments is 
equivalent to bounding the angle of the sector of the osculating circle 
that the curve moves through between data points.

While it is theoretically possible to calculate the radius of curva-
ture along the curve and choose an interval length associated with the 

Figure 13.  Straight-line segments for the autocatalytic system in Equa-
tion (1) scaled in the z direction with 3,000 equally spaced (in terms of arc 
length) points.
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smallest radius of curvature on the interval, it turns out to be a chal-
lenging numerical exercise not worth detailing here. Even worse, we 
found that simply using the radius of curvature was also a poor choice. 
Choosing interval lengths to place a sufficient number of points in re-
gions of high curvature means far too many points were placed in re-
gions where the curvature is low.

3.4. Mixed Curvature Method

Ideally, we wish to have a combination approach, with some upper 
bound on the arc length between points when the curvature is low, 
then placing more points where the curvature is high. While sophis-
ticated analysis is possible, we suggest the following simple approach 
that works well in every situation we have considered. Start with the 
equally spaced in space approach, giving some initial length of line seg-
ments that initially appears reasonable when the curvature is not high. 
Then, if either of the angles at the joins of the current line segment 
with its neighbors is too small, less than some angle (180 − d)º, bisect 
the line segment by adding a data point at the middle of the arc length 
curve, splitting the original line segment into two equal-length pieces, 
thus increasing the density of data points in regions of high curvature. 
If any line segment has been split, repeat a full pass over the current set 
of line segments, splitting as necessary, until eventually all of the angles 
between line segments are sufficiently close to 180º.

For the autocatalytic example with time interval [0, 1,000], we chose 
to start with 1,000 equally spaced points and angle bound d = 10. The 
choice of 1,000 points made the relatively straight parts of the curve look 
good: Even small angles are more noticeable between straight line seg-
ments when they are long. After six passes subdividing problematic in-
tervals, we ended up with 4,012 data points and the picture in Figure 14.

Once data points for a curve have been established by the mixed 
curvature method, we need to transform from line segments to tubes 
and form an STL format file for 3D printing. Our experience thus far is 
that this process is not particularly straightforward or successful within 
MATLAB, and so we turned to using the application OpenSCAD [11] 
to take as input these data, produce a tubular structure, then form an 
STL file. Figures 2, 4, 5, 6, 10, 15, and 21 were 3D printed using the 
mixed curvature method.

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



Figure 15.  Autocatalytic system in Equation (1) with scaled z variable mod-
eled with the mixed curvature method and 3D printed in SLS nylon.

Figure 14.  Straight-line segments for the autocatalytic system scaled in the 
z direction with initially 1,000 points and minimum angle 170º.
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It is appropriate at this time to compare the STL files formed by the 
straightforward and mixed curvature approaches. As we have stated, 
for most of the chaotic attractors we have printed and shown previ-
ously, it is difficult to tell which approach has been used. Most of the 
time, the straightforward approach is by far the simplest and best. But 
Figure 16 places the mesh formed by the two methods in the same visu-
alization space. It is obvious that the mixed curvature model provides a 
more pleasing object to print.

4. Future Directions

While it is not hard to find examples of 3D printed objects related to 
both multivariable calculus and geometry, there is relatively less mate-
rial available on the topic of 3D printing in dynamical systems. The 
examples in this article are only one step in filling such a gap, and there 
is plenty of room for future work in this direction. In particular, there 
are many dynamical objects beyond solutions to and attractors of dif-
ferential equations that are well suited for 3D printing. We include a 
few examples of possible future directions below.

Figure 16.  Mesh comparison of straightforward (light model) and mixed 
curvature (dark model) methods for the scaled autocatalytic system. Note 
the higher accuracy and more appropriate mesh variation in the mixed 
curvature model.
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The methods described in this paper can be used to consider dif-
ferential equations that vary with respect to a parameter, and they can 
be used to create a series of attractors in three dimensions as a param-
eter varies. This allows for the visualization of bifurcations in attracting 
sets. An example of this appeared in [8].

Attractors of three-dimensional iterated maps are equally well 
suited to 3D printing as those of differential equations. However, since 
the orbit of an iterated map consists of a set of disconnected points 
that only form a connected set when combined, it is more difficult to 
create a printable mesh. The most obvious method of combining such 
points is to create a small sphere at each iteration and combine these 
overlapping spheres to create an object. While this is doable, it results 
in an object with an extremely large file size. In addition, overlapping 
objects can cause mesh errors because it is not clear what to interpret as 
the boundary of the objects, and this is only exacerbated by the fractal 
nature of a strange attractor. These can often be fixed using a mesh 
repair program, but this is an extra and not always successful step. A 
more in-depth mathematical solution to the creation of an attractor of 
an iterated map is to use the structure of the chaotic attractors.

An attractor of a three-dimensional iterated map almost always falls 
into one of two categories, a multiply folded one-dimensional curve 
or a two-dimensional surface, described in [1] as the spaghetti-lasagna 
dichotomy. In the spaghetti case, the attractor is typically the closure 
of a branch of a one-dimensional unstable manifold of a fixed point or 
periodic point of the map. The advantage of using this characterization 
is that the unstable manifold is a connected curve, and therefore there 
are no longer the same meshing issues as with small spheres. Figure 17 
shows (x, y, h2

−1 (x, y)) for an attractor of the Hénon

	 h(x, y) = (1.4 − x2 − 0.3y, x)	 (2)

created using a branch of the unstable manifold. The attractor lies in 
two dimensions, but we have included a preimage for a delay embedded 
version, making the graph three dimensional. The creation of attrac-
tors that arise as the closure of a curve is rather straightforward, though 
it involves more mathematical discussion than the differential equation 
case. However, the creation of a lasagna-type attractor surface is quite 
involved and better done using previously written software packages. 
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For an idea of the difficulties involved, the creation of a crocheted Lo-
renz unstable manifold is described in [17].

For a two-dimensional dynamical system that varies with respect to 
a parameter, each attractor or other dynamical object is contained in a 
plane. Therefore, we can explore variation with respect to a parameter 
in the scope of a single 3D print. Namely, each dynamical object occur-
ring at a fixed parameter occurs at a single slice, and together the slices 
form a 3D object. For example, the Chirikov standard map in Equation 
(13) in Appendix A is an area-preserving map on the unit square that 
varies with respect to a parameter k. At each fixed k value between 
k = 0 and k ≈ 0.971635406, there is an invariant curve consisting of 
the closure of a single periodic orbit with the property that the rota-
tion number (average of f(x) − x along the orbit) is equal to the golden 
mean ( 5  − 1)/2. Rather than being chaotic, these invariant curves are 
quasiperiodic. Figure 18 shows how the curves vary with respect to k for 
0 < k < 0.9716. At each fixed k, we use a root-finding method to find 
the curve with the given rotation number. Figure 19 is a photo of a 3D 
printed model of these curves.

We also note that iterated maps can be made higher dimensional by 
including point density information using a binning approach, where 
we count how often a map visits regions in some mesh. For example, 
Figure 20 shows the iterated logistic map

Figure 17.  A delay embedded Hénon attractor in Equation (2) created using 
a branch of the unstable manifold.
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	 xn+1 = rxn(1 − xn)	 (3)

where the height is a measure of how likely it is for the map to visit a 
particular region as we vary r.

Finally, parabolic partial differential equations can also be viewed as 
dynamical systems for solutions of the form u(t, x), and at fixed t values, 

Figure 18.  For the Chirikov standard map in Equation (13), the quasipe-
riodic curve with golden mean rotation number varying with respect to 
parameter k. See also color insert.

Figure 19.  3D printed model of the curve in Figure 18 in PLA with colored 
stripes made possible by using a Palette filament splicer. See also color 
insert.
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the solution u can have rich structure. These provide a rich set of ex-
amples for creation of 3D prints. An example of a 3D print of a spinodal 
decomposition in the Cahn-Hilliard equation is in [21].

A. List of Dynamical Systems

We have tested the standard algorithm on the following examples, cho-
sen both for beauty and for importance. Many of these examples can be 
found in [1] and [16].

•	 Lorenz attractor [13]:

xo  = v(y − x) 
	 yo  = x(t − z) − y	 (4) 

zo  = xy − bz

The printed object was creating using v = 3, b = 1, and t 
= 28, and initial conditions x0 = 0, y0 = 1, z0 = 0. The Lorenz 
system is the first chaotic attractor within the scientific 
community. It is an atmospheric model created to understand 
unpredictability of linear models in weather prediction. See 
Chapter 9 of [1] for a detailed discussion of the history of the 
model.

Figure 20.  The logistic map in Equation (3) where the height is the prob-
ability of visiting a particular location as r varies.
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•	 Rössler attractor [18]:

xo  = −y − z 
	 yo  = x + ay	 (5) 

zo  = b + z(x − c)

The printed object was creating using a = 0.1, b = 0.1, 
c = 18, and initial conditions x0 = 0, y0 = 1, z0 = 0. This system 
was created to show that chaos could occur in systems that 
were even simpler than the Lorenz equations.

•	 Chen double scroll attractor [6]:

xo  = a(y − x) 
	 yo  = (c − a)x − xz + cy	 (6) 

zo  = xy − bz

The printed object was creating using a = 40, b = 3, c = 28, 
and initial conditions x0 = −0.1, y0 = 0.5, z0 = −0.6. This 
system was created to exhibit properties of both Lorenz and 
Rössler attractors.

•	 Arneodo attractor [4]:

xo  = y 
	 yo  = z	 (7) 

zo  = −ax − by − z + dx3

The printed object was creating using a = −5.5, b = 3.5, 
d = −1, and initial conditions x0 = 0.2, y0 = 0.2, z0 = −0.75. 
This attractor was developed to illustrate chaos in a physical 
system near a triple instability.

•	 Langford attractor [12]:

xo  = (z − b)x − dy 
	 yo  = dx + (z − b)y	 (8) 

zo  = c + az − z3/3 − (x2 + y2)(1 + ez) + f zx3

The printed object was creating using a = 0.95, b = 0.7, 
c = 0.6, d = 3.5, e = 0.25, f = 0.1, and initial conditions x0 = 0.1, 
y0 = 1, z0 = 0. Note that while this attractor is commonly named 
after Yoji Aizawa, it cannot be found within his published 
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work, and was in fact developed by Langford [12]. He was 
investigating models of chaotic behavior moving upon a torus.

•	 Hénon-Heiles invariant torus [10]:

xo  = z 
	 yo  = w	 (9) 

zo  = −x − 2xy 
wo  = −y − x2 + y2

The printed object was creating using initial conditions 
x0 = 0, y0 = 0, z0 = 0.35, w0 = −0.3. The total time length is 200. 
This system models the motion of individual stars as affected 
by the rest of a galaxy. Unlike the other models in this paper, 
this is a four-dimensional example. We project and only plot 
(x, y, z). The system is Hamiltonian, so the chaotic solutions 
are not strange attractors and thus do not make very pretty 
prints. We have chosen an initial condition corresponding to a 
quasiperiodic solution (it has energy approximately 0.10625), 
which is a topological torus in four dimensions.

•	 Rucklidge attractor [19]:

xo  = lx − my − yz 
	 yo  = x	 (10) 

zo  = −z + y2

The printed object was creating using l= −2, m = −6.7, and 
initial conditions x0 = 1, y0 = 0, z0 = 4.5. This system came 
about when modeling two-dimensional convection in a fluid 
layer rotating uniformly about a vertical axis.

•	 Anishchenko-Astakhov attractor [2]:

xo  = nx + y − xz 
	 yo  = −x	 (11) 

zo  = −hz + hH(x)x2

The printed object was creating using n = 1.2, h= 0.5, H(x) 
is the Heaviside function, and initial conditions x0  =  −0.1, 
y0 = 0.5, z0 = −0.6. This system was proposed in the study of 
nonlinear oscillators. The original paper is in Russian, but a 
description appears in English in [3].
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•	 Mackey-Glass attractor [15]:

	 xo (t) = bx(t − x)/(1 + x(t − x)n) − cx(t)	 (12)

The printed object was creating using c = 1, b = 2, x = 2, 
and n = 9.65, and initial condition x(t) = t2 for −x < t < 0. 
This equation models dynamical diseases including respiratory 
disorders, such as irregular breathing and apnea, and 
hematologic disorders, such as chronic myelogenous leukemia, 
in which blood cell counts oscillate rather than staying 
constant. Unlike other examples, this produces a strange 
chaotic attractor for a delay differential equation. We plot the 
solution in three dimensions by projecting to (x(t), x(t − x), xo
(t − x)). Both Mathematica and MATLAB have built-in delay 
equation solvers, making it possible to use a black-box code for 
solving this equation.

•	 Chirikov standard map [7]:

xt+1 = xt + yt+1 mod 1 
	 ( )y y k x2 2– sint t i1 r

r=
	 (13)

This iterated map is a well-known example in the study of 
area-preserving maps and Kolmogorov-Arnold-Moser theory. 
When k = 0, all points lie on “rotational” invariant circles, 
which are graphs of x as a function of y. For each fixed rotation 
number ~ ∈ (0, 1), rotational invariant circles exist and vary 
smoothly for a parameter interval (0, k~). The largest value of 
k~ occurs when ~ is equal to the golden mean (or its inverse).

B. 3D Printing Notes

The physical models photographed in this paper were 3D printed using 
a variety of methods, which we outline here so that others can use these 
techniques to print their own models.

The 3D models shown in Figures 1, 3, 7, 8, and 9 were 3D printed 
with desktop fused-deposition modeling (FDM) machines in polylac-
tic acid (PLA) plastic. When printing with FDM, one layer of plastic 
is drawn out at a time, each supporting the next. If your model has 
overhangs (as is certainly the case for these attractors), then you also 
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have to include extensive support material as part of your print. This 
support material can be removed after printing, but it leaves marks and 
can damage or break the model during cleanup. For this reason, models 
printed with FDM can have a rough surface and in addition need to have 
thicker path diameter for strength, so less detail is possible.

The model in Figure 6 was printed on a desktop resin 3D printer 
using stereolithography (SLA) technology. This method uses a laser to 
harden liquid resin one thin layer at a time, with the model developing 
upside down while attached from a build plate that dips into a pool of 
resin. Models printed with SLA can in general be very delicate, and 
the sweeping curves of attractors do tend to break during support re-
moval and cleanup, so a thick path diameter is recommended with this 
method as well. SLA printing also requires washing with isopropyl al-
cohol and curing with sunlight or a UV light. The final printed models 
have a high-quality finish.

The models shown in Figures 2, 4, 5, 10, 15, and 21 were printed 
by the service bureau Shapeways in nylon plastic, using selective laser 
sintering (SLS). With this technology, the model is created by depos-
iting very thin layers of powder, which are solidified by a laser in the 
spots that intersect the design. At the end of printing, the model is 

Figure 21.  The Langford chaotic attractor in Equation (8). Modeled in 
MATLAB and OpenSCAD and 3D printed in SLS nylon. Photo credit: 
Edmund Harriss. See also color insert.
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completely encased and supported by loose powder, so there are no 
supports to remove. Very thin and detailed models can be printed suc-
cessfully with this method. Compare the detail in the SLS model of the 
Langford attractor shown Figure 21 with the coarser models of about 
the same overall size printed in FDM (Figure 1) and SLA (Figure 6). 
SLS printing is a particularly good option for art/display-quality models 
and for those without their own 3D printers in house.

Finally, the model in Figure 19 was printed on an FDM machine 
with an additional Palette attachment that allowed for splicing filament 
colors together mid-print, resulting in a striped multicolor pattern that 
highlights the levels of the surface.
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Scientists Uncover the Universal 
Geometry of Geology

Joshua Sokol

On a mild autumn day in 2016, the Hungarian mathematician Gábor 
Domokos arrived on the geophysicist Douglas Jerolmack’s doorstep in 
Philadelphia. Domokos carried with him his suitcases, a bad cold, and 
a burning secret.

The two men walked across a gravel lot behind the house, where Je-
rolmack’s wife ran a taco cart. Their feet crunched over crushed lime-
stone. Domokos pointed down.

“How many facets do each of these gravel pieces have?” he said. Then 
he grinned. “What if I told you that the number was always somewhere 
around six?” Then he asked a bigger question, one that he hoped would 
worm its way into his colleague’s brain. What if the world is made of 
cubes?

At first, Jerolmack objected. Houses can be built out of bricks, but 
Earth is made of rocks. Obviously, rocks vary. Mica flakes into sheets; 
crystals crack on sharply defined axes. But from mathematics alone, 
Domokos argued, any rocks that broke randomly would crack into 
shapes that have, on average, six faces and eight vertices. Considered 
together, they would all be shadowy approximations converging on 
a sort of ideal cube. Domokos had proved it mathematically, he said. 
Now he needed Jerolmack’s help to show that this is what nature does.

“It was geometry with an exact prediction that was borne out in the 
natural world, with essentially no physics involved,” said Jerolmack, a 
professor at the University of Pennsylvania. “How in the hell does na-
ture let this happen?”

Over the next few years, the pair chased their geometric vision 
from microscopic fragments to rock outcrops to planetary surfaces and 
even to Plato’s Timaeus, suffusing the project with an additional air of 
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mysticism. The foundational Greek philosopher, writing around 360 
BCE, had matched his five Platonic solids with five supposed elements: 
Earth, air, fire, water, and star stuff. With either foresight or luck, or a 
little of both, Plato paired cubes, the most stackable shape, with Earth. 
“I was like, oh, okay, now we’re getting a little bit metaphysical,” Jerol
mack said.

But they kept finding cuboid averages in nature, plus a few non-cubes 
that could be explained with the same theories. They ended up with a 
new mathematical framework: a descriptive language to express how 
all things fall apart. When their paper was published earlier this year, 
it came titled like a particularly esoteric Harry Potter novel: “Plato’s 
Cube and the Natural Geometry of Fragmentation.”

Several geophysicists contacted by Quanta say the same mathematical 
framework might also help with problems like understanding erosion 
from cracked cliff faces, or preventing hazardous rock slides. “That is 
really, really exciting,” said the University of Edinburgh geomorpholo-
gist Mikaël Attal, one of two scientists who reviewed the paper before 
publication. The other reviewer, the Vanderbilt geophysicist David Fur-
bish, said, “A paper like this makes me think: Can I somehow make use 
of these ideas?”

All Possible Breaks

Long before he came to Philadelphia, Domokos had more innocuous 
mathematical questions.

Suppose you fracture something into many pieces. You now have 
a mosaic: a collection of shapes that could tile back together with no 
overlaps or gaps, like the floor of an ancient Roman bath. Further sup-
pose that those shapes are all convex, with no indentations.

First Domokos wanted to see if geometry alone could predict what 
shapes, on average, would make up that kind of mosaic. Then he 
wanted to be able to describe all other possible collections of shapes 
you could find.

In two dimensions, you can try this out without smashing anything. 
Take a sheet of paper. Make a random slice that divides the page into 
two pieces. Then make another random slice through each of those two 
polygons. Repeat this random process a few more times. Then count up 
and average the number of vertices on all the bits of paper.
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For a geometry student, predicting the answer is not too hard. “I bet 
you a box of beer that I can make you derive that formula within two 
hours,” Domokos said. The pieces should average four vertices and four 
sides, averaging to a rectangle.

You could also consider the same problem in three dimensions. 
About 50 years ago, the Russian nuclear physicist, dissident, and Nobel 
Peace Prize winner Andrei Dmitrievich Sakharov posed the same prob-
lem while chopping heads of cabbage with his wife. How many verti-
ces should the cabbage pieces have, on average? Sakharov passed the 
problem on to the legendary Soviet mathematician Vladimir Igorevich 
Arnold and a student. But their efforts to solve it were incomplete and 
have largely been forgotten.

Unaware of this work, Domokos wrote a proof which pointed to 
cubes as the answer. He wanted to double-check, though, and he sus-
pected that if an answer to the same problem already existed, it would 
be locked in an inscrutable volume by the German mathematicians 
Wolfgang Weil and Rolf Schneider, an 80-year-old titan in the field of 
geometry. Domokos is a professional mathematician, but even he found 
the text daunting.

“I found someone who was willing to read that part of the book 
for me and translate it back into human language,” Domokos said. He 
found the theorem for any number of dimensions. That confirmed that 
cubes were indeed the 3D answer.

The Moeraki Boulders in New Zealand, a potential 3D Voronoi mosaic. 
Daniel Lienert
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Now Domokos had the average shapes produced by splitting a flat 
surface or a three-dimensional block. But then a larger quest emerged. 
Domokos realized that he could also develop a mathematical descrip-
tion not just of averages, but of potentiality: Which collections of shapes 
are even mathematically possible when something falls apart?

Remember, the shapes produced after something falls apart are a 
mosaic. They fit together with no overlap or gaps. Those cut-up rect-
angles, for example, can easily tile together to fill in a mosaic in two 
dimensions. So can hexagons, in an idealized case of what mathemati-
cians would call a Voronoi pattern. But pentagons? Octagons? They do 
not tile.

In order to properly classify mosaics, Domokos started describing 
them with two numbers. The first is the average number of vertices per 
cell. The second is the average number of different cells sharing each 
vertex. So in a mosaic of hexagonal bath tiles, for example, each cell is 
a hexagon, which has six vertices. And each vertex is shared by three 
hexagons.

Samuel Velasco/Quanta Magazine. Based on graphics from doi.org/10.1073 
/pnas.2001037117; Martian surface: NASA/JPL-Caltech/University of 
Arizona. See also color insert.
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In a mosaic, only certain combinations of these two parameters 
work, forming a narrow swath of shapes that could possibly result from 
something falling apart.

Once again, this full swath was fairly easy to find in two dimensions, 
but much harder in three. Cubes stack together well in 3D, of course, 
but so do other combinations of shapes, including those that form a 3D 
version of the Voronoi pattern. To keep the problem feasible, Domokos 
restricted himself to just mosaics with orderly, convex cells that share 
the same vertices. Eventually, he and the mathematician Zsolt Lángi 
devised a new conjecture that sketched out the curve of all possible 
three-dimensional mosaics like this. They published it in Experimental 
Mathematics, and “then I sent the whole thing to Rolf Schneider, who is 
of course the god,” Domokos said.

“I asked him whether he wanted me to explain how I got this con-
jecture, but he reassured me that he knew,” Domokos said, laughing. 

Samuel Velasco/Quanta Magazine. Based on graphics from doi.org/10.1073 
/pnas.2001037117
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“That meant like a hundred times more than being accepted in any 
journal.”

More importantly, Domokos now had a framework. Mathematics 
offered a way to classify all the patterns that surfaces and blocks could 
break into. Geometry also predicted that if you fragmented a flat sur-
face randomly, it would break into rough rectangles, and if you did the 
same in three dimensions, it would produce rough cubes.

But for any of this to matter to anyone other than a few mathemati-
cians, Domokos had to prove that these same rules manifest themselves 
in the real world.

From Geometry to Geology

By the time Domokos swung through Philadelphia in 2016, he had al-
ready made some progress on the real-world problem. He and his col-
leagues at the Budapest University of Technology and Economics had 
gathered shards of dolomite eroded from a cliff face on the Hármasha-
tárhegy mountain in Budapest. Over several days, a lab tech with no 
presuppositions about a universal conspiracy toward cubes painstak-
ingly counted faces and vertices on hundreds of grains. On average? Six 
faces, eight vertices. Working with János Török, a specialist in com-
puter simulations, and Ferenc Kun, an expert on fragmentation phys-
ics, Domokos found that cuboid averages showed up in rock types like 
gypsum and limestone as well.

With the math and the early physical evidence, Domokos pitched 
his idea to a stunned Jerolmack. “Somehow he’s cast a spell, and every-
thing else disappears for a moment,” Jerolmack said.

Their alliance was a familiar one. Years ago, Domokos had won re-
nown by proving the existence of the Gömböc, a curious three-dimen-
sional shape that swivels into an upright resting position no matter how 
you push it. To see if Gömböcs existed in the natural world, he had re-
cruited Jerolmack, who helped apply the concept to explain the round-
ing of pebbles on Earth and Mars. Now Domokos was again asking for 
help in translating lofty mathematical concepts into literal stone.

The two men settled on a new plan. To prove Plato’s cubes actu-
ally appear in nature, they needed to show more than just a coinciden-
tal echo between geometry and a few handfuls of rock. They needed 
to consider all rocks and then sketch out a convincing theory of how 
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abstract math could percolate down through messy geophysics and into 
even messier reality.

At first, “everything seemed to work,” Jerolmack said. Domokos’ 
mathematics had predicted that rock shards should average out to 
cubes. An increasing number of actual rock shards seemed happy to 
comply. But Jerolmack soon realized that proving the theory would 
require confronting rule-breaking cases, too.

After all, the same geometry offered a vocabulary to describe the 
many other mosaic patterns that could exist in both two and three di-
mensions. Off the top of his head, Jerolmack could picture a few real-
world fractured rocks that did not look like rectangles or cubes at all 
but could still be classified into this larger space.

Perhaps these examples would sink the cube-world theory entirely. 
More promisingly, perhaps they would arise only in distinct circum-
stances and carry separate lessons for geologists. “I said I know that it 
doesn’t work everywhere, and I need to know why,” Jerolmack said.

Over the next few years, working on both sides of the Atlantic, Je-
rolmack and the rest of the team started plotting where real examples 
of broken rocks fell within Domokos’ framework. When the team in-
vestigated surface systems that are essentially twodimensional—crack-
ing permafrost in Alaska, a dolomite outcrop, and the exposed cracks 
of a granite block—they found polygons averaging four sides and four 
vertices, just like the sliced-up sheet of paper. Each of these geological 

The Gömböc is a convex three-dimensional shape of uniform density that 
has a single stable equilibrium point. Domokos
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cases seemed to appear where rocks had simply fractured. Here Domo-
kos’ predictions held up.

Another type of fractured slab, meanwhile, proved to be what Je-
rolmack had hoped for: an exception with its own distinct story to tell. 
Mud flats that dry, crack, get wet, heal, and then crack again have cells 

Samuel Velasco/Quanta 
Magazine. Based on graphics 
from doi.org/10.1073 
/pnas.2001037117; spot 
images: Lindy Buckley; 
Matthew L. Druckenmiller; 
Hannes Grobe; Courtesy of 
János Török. See also color 
insert.
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averaging six sides and six vertices, following the roughly hexagonal 
Voronoi pattern. Rock made from cooling lava, which solidifies down-
ward from the surface, can take on a similar appearance.

Tellingly, these systems tended to form under a different type of 
stress—when forces pulled outward on a rock instead of pushing it 
in. The geometry revealed the geology. And Jerolmack and Domokos 
thought this Voronoi pattern, even if it was relatively rare, might also 
occur on scales far larger than they had previously considered.

Counting the Crust

Midway through the project, the team met in Budapest and spent three 
whirlwind days sprinting to incorporate more natural examples. Soon 
Jerolmack pulled up a new pattern on his computer: the mosaic of how 
Earth’s tectonic plates fit together. Plates are confined to the lithosphere, 
a nearly two-dimensional skin on the surface of the planet. The pattern 
looked familiar, and Jerolmack called the others over. “We were like, 
oh wow,” he said.

By eye, the plates looked as if they hewed to the Voronoi pattern, 
not the rectangular one. Then the team counted. In a perfect Voronoi 

A Voronoi diagram separates a plane into individual regions, or cells, so 
that each cell consists of all points closest to a starting “seed” point. Fred 
Scharmen. See also color insert.
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mosaic of hexagons in a flat plane, each cell would have six vertices. 
The actual tectonic plates averaged 5.77 vertices.

For a geophysicist, that was close enough to celebrate. For a math-
ematician, not so much. “Doug was getting into a good mood. He was 
working like hell,” Domokos said. “I was getting in a depressed mood 
for the next day, because I was just thinking about the gap.”

Domokos went home for the night, the difference still gnawing at 
him. He wrote down the numbers again. And then it hit him. A mosaic 
of hexagons can tile a plane. But Earth is not a flat plane. Think of a soc-
cer ball, covered in both hexagons and pentagons. Domokos crunched 
the numbers for the surface of a sphere and found that on a globe, Vor-
onoi mosaic cells should average 5.77 vertices.

This insight might help researchers answer a major open question 
in geophysics: How did Earth’s tectonic plates form? One idea holds 
that plates are just a byproduct of burbling convection cells deep in 
the mantle. But an opposing camp holds that Earth’s crust is a sepa-
rate system—one that expanded, grew brittle, and cracked open. The 
observed Voronoi pattern of plates, reminiscent of much smaller mud 
flats, might support the second argument, Jerolmack said. “That’s also 
what made me realize how important that paper was,” Attal said. “It’s 
really phenomenal.”

A Revealing Break

In three dimensions, meanwhile, exceptions to the cuboid rule were 
rare enough. And they too could be produced by simulating unusual, 
outward-pulling forces. One distinctively non-cubic rock formation 
lies on the coast of Northern Ireland, where waves lap against tens of 
thousands of basalt columns. In Irish this is Clochán na bhFomhórach, 
the stepping-stones of a race of supernatural beings; the English name 
is the Giant’s Causeway.

Crucially, those columns and other similar volcanic rock formations 
are six-sided. But Török’s simulations produced Giant’s Causeway-like 
mosaics as three-dimensional structures that had simply grown up 
from a two-dimensional Voronoi base, itself produced when volcanic 
rock cooled.

Zooming out, the team argues, you could classify most real frac-
tured-rock mosaics using just Platonic rectangles, 2D Voronoi patterns, 
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and then—overwhelmingly—Platonic cubes in three dimensions. 
Each of these patterns could tell a geological story. And yes, with the 
appropriate caveats, you really could say the world is made of cubes.

“They did their due diligence in vetting their modeled forms against 
reality,” said Martha-Cary Eppes, an earth scientist at the University of 
North Carolina, Charlotte. “My initial skepticism was allayed.”

“The math is telling us that when we begin to fracture rocks, how-
ever we do it, whether we do it randomly or deterministically, there 
is only a certain set of possibilities,” said Furbish. “How clever is that?”

Specifically, perhaps you could take a real fractured field site, count 
up things like vertices and faces, and then be able to infer something 
about the geological circumstances responsible.

“We have places where we have data we can think about in this way,” 
said Roman DiBiase, a geomorphologist at Pennsylvania State Univer-
sity. “That would be a really cool outcome, if you can discern things 
that are more subtle than the Giant’s Causeway, and hitting a rock with 
a hammer and seeing what the shards look like.”

The Giant’s Causeway in Northern Ireland. Tyler Donaghy
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As for Jerolmack, after first feeling uncomfortable over a possibly 
coincidental connection to Plato, he has come to embrace it. After all, 
the Greek philosopher proposed that ideal geometric forms are central 
to understanding the universe but always out of sight, visible only as 
distorted shadows.

“This is literally the most direct example we can think of. The statis-
tical average of all these observations is the cube,” Jerolmack said. “But 
the cube never exists.”
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Bouncing Balls and Quantum Computing

Don Monroe

The history of science and mathematics includes many examples of sur-
prising parallels between seemingly unrelated fields. Sometimes these 
similarities drive both fields forward in profound ways, although often 
they are just amusing.

In December, Adam Brown, a physicist at Google, described a sur-
prisingly precise relationship between a foundational quantum-com-
puting algorithm and a whimsical method of calculating the irrational 
number r. “It’s just a curiosity at the moment,” but “the aspiration 
might be that if you find new ways to think about things, that people 
will use that to later make connections that they’d not previously been 
able to make,” Brown said. “It’s very useful to have more than one way 
to think about a given phenomenon.”

In a preprint posted online (but not yet peer-reviewed at press time), 
Brown showed a mathematical correspondence between two seemingly 
unconnected problems. One is the well-known Grover search algo-
rithm proposed for quantum computers, which should be faster than 
any classical equivalent. The other is a surprising procedure in which 
counting the number of collisions between idealized billiard balls pro-
duces an arbitrarily precise value for r.

Quantum Algorithms

Quantum computing exploits quantum bits, or qubits, such as ions or 
superconducting circuits, that can simultaneously represent two dis-
tinct states. In principle, a modest number of qubits can represent and 
manipulate an exponentially larger number of combinations. Exploit-
ing this possibility for computing seemed like a pipe dream, however, 
until researchers devised algorithms to extract useful information from 
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the qubits. The first such algorithm, described in 1994 by Peter Shor, 
then at Bell Labs in New Jersey, efficiently finds the prime factors of 
a number, potentially cracking important cryptography schemes. The 
trick is to frame the problem as determining the repetition period of 
a sequence, essentially a Fourier transform, which can be found using 
global operations on an entire set of qubits.

The second fundamental algorithm, devised in 1996 by Lov Grover 
working independently at Bell Labs, operates quite differently. “Shor 
and Grover are the two most canonical quantum algorithms,” accord-
ing to Scott Aaronson of the University of Texas at Austin. “Even today, 
the vast majority of quantum algorithms that we know are recognizably 
either ‘Shor-inspired’ or ‘Grover-inspired’, or both.”

Grover’s algorithm manipulates the entire set of qubits simultane-
ously while preserving the relationships between them.

Grover’s algorithm is often described as a database search, examin-
ing a list of N items to find the item that has a desired property. If the 
list is ordered by some label (for example, alphabetized), any label can 
be found by repeatedly dividing the list in successive halves, eventually 
requiring log2N queries. For an unsorted list, however, checking each 
item in turn requires, on average N/2 steps (and possibly as many as N).

Like other quantum algorithms, Grover’s manipulates the entire set 
of qubits simultaneously while preserving the relationships between 
them (prematurely querying any qubit to determine its state turns it 
into an ordinary bit, squandering any quantum advantage). However, 
Grover showed that the desired item can generally be found with only 

N4
r  global operations.

This improvement is less than that seen in Shor-style algorithms, 
which typically are exponentially faster than their classical counter-
parts. The Grover approach, however, can be applied to more general, 
unstructured problems, Brown notes.

The calculation starts with an equal admixture of all N qubits. The 
algorithm then repeatedly subjects all the qubits to two alternating ma-
nipulations. The first operation embodies the target: it inverts the state 
of a specific, but unknown, bit. The task is to determine which bit is 
altered, but not by measuring them all. The second operation does not 
require any information about the target. Grover found that each time 
this sequence is repeated, the weight of the target in the admixture in-
creases (although this cannot be measured). After the correct number 
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of repetitions, there is an extremely high chance a measurement will 
yield the correct result.

Bouncing Billiards

These sophisticated quantum manipulations may seem to have little 
relationship to bouncing billiard balls. Yet Brown, while working on 
issues related to Grover’s algorithm, came across an animation by math 
popularizer Grant Sanderson that made him notice the similarities. In 
his paper, Brown shows there is a precise mapping between the two 
problems.

Sanderson’s animation illustrates a surprising observation described 
in 2003 by Gregory Galperin, a mathematician at Eastern Illinois Uni-
versity in Charleston. In the paper “Playing Pool with r,” he imagined 
two billiard balls moving without friction along a horizontal surface, 
bouncing off each other and off a wall on the left side in completely 
elastic collisions (which preserve their combined kinetic energy).

If the right-hand ball is sent leftward toward a second stationary ball 
that is much lighter, the smaller ball will be sent back toward the left-
hand wall without slowing the larger ball much. The small ball will 
bounce off the wall, and then collide with the large one again, repeat-
ing this multiple times. Eventually the collisions will turn the large ball 
around until it finally escapes to the right faster than the small ball can 
pursue it.

The number of collisions needed before this escape can occur grows 
larger with the ratio of the mass of the large ball compared to the small 
one. If the masses are equal, it will take three bounces: the first trans-
fers all motion from the right ball to the left one, which bounces off the 
wall and then transfers its momentum back to the right ball again. If 
the large ball is 100 times as massive, the process will take 31 bounces. 
If the mass ratio is 10,000, there will be 314 bounces. In a spectacu-
larly impractical computation, for every increase of a factor of 100 in 
the mass ratio, the number of collisions (divided by the square root of 
the mass ratio) includes another digit to the digital representation of r, 
3.1415926535 …

Brown fortuitously encountered Sanderson’s animation (which uses 
blocks instead of balls) when Grover’s algorithm was fresh in his mind, 
and he recognized significant similarities between the two situations. 
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The two quantum operations, for example, correspond respectively to 
collisions between the balls and between the lighter ball and the wall. 
The mass ratio corresponds to the size of the database. Moreover, the 
final result was that the number of operations (or bounces) is propor-
tional to r and to the square root of this size or mass ratio. (There are 
also two factors of two that reflect simple bookkeeping differences be-
tween the problems.)

Beyond the surprising connection between such different systems, 
what on earth is the number r doing in both cases? This irrational num-
ber is of course best known as the ratio of the circumference of a circle 
to its diameter, although it also appears in the proportions of ellipses, as 
well as higher dimensional objects, such as spheres. One way to define 
a circle is through an algebraic constraint on the horizontal and vertical 
coordinates x and y: The points of a circle with radius r are constrained 
to satisfy x2 + y2 = r2.

As it turns out, both the billiard problem and the Grover algorithm 
have constraints of this form. Collisions of the balls or manipulations 
of the quantum system correspond to rotations along the circle defined 
by these constraints.

For example, for two billiard balls of mass m (with velocity vm) and 
M (with velocity vM), an elastic collision preserves their total kinetic 
energy, ½ mvm

2 + ½ MvM
2. Completely reversing the velocity of the larger 

ball requires a total “rotation” by 180º (r radians) in the plane with 
coordinates vm and vM.

Similarly, for quantum systems, the probability of observing a par-
ticular outcome is proportional to the square of the “wave function” 
corresponding to that outcome. The sum of the probability (squared 
amplitude) for the target and all other outcomes must be one.

Historical Examples of Connections

There is still the question, “Is this profound insight into the nature of 
reality, or is it just a sort of curiosity?” Brown said. “Maybe Grover 
search is telling us something profound about the nature of reality, and 
maybe the bouncing-ball thing is more of a curiosity, and maybe con-
necting them is more in the spirit of the second one than the first one.”

Still, there have been numerous cases in physics, and especially in 
mathematics, where such connections have contributed profoundly to 
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progress. For example, physicists have spent more than two decades 
exploring a surprising correspondence between strongly interacting 
multiparticle quantum systems and gravitational models incorporating 
curved space-time with one higher dimension. There is even hope the 
wormholes in space-time can help resolve paradoxes associated with 
quantum-mechanical “entanglement” of distant particles.

Mathematics has frequently advanced through connections between 
disparate fields. For example, Fermat’s “last theorem,” involving in-
teger solutions of a simple equation, was only proved centuries later 
using methods from “elliptic curves.” In another example, in January, 
computer scientists proved a theorem relating entanglement to Alan 
Turing’s notion of decidable computations, which continues to shake up 
other seemingly unrelated fields.

For his part, Aaronson suspects the Grover-billiard correspondence, 
although “striking in its precision,” is probably “just a cute metaphor 
(in the sense that I don’t know how to use it to deduce anything about 
Grover’s algorithm that we didn’t already know). And that’s fine.”

Further Reading
Galperin, G., “Playing Pool with r: The Number r from a Billiard Point of View,” Regular and 

Chaotic Dynamics 8, p. 375 (2003).
Brown, A.R., “Playing Pool with |}H: From Bouncing Billiards to Quantum Search,” arXiv 

.org:1912.02207 (2019).
Sanderson, G., “How Pi Connects Colliding Blocks to a Quantum Search Algorithm,” Quanta 

(2020).
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Landmark Computer Science Proof 
Cascades through Physics and Math

Kevin Hartnett

In 1935, Albert Einstein, working with Boris Podolsky and Nathan 
Rosen, grappled with a possibility revealed by the new laws of quan-
tum physics: that two particles could be entangled, or correlated, even 
across vast distances.

The very next year, Alan Turing formulated the first general theory 
of computing and proved that there exists a problem that computers 
will never be able to solve.

These two ideas revolutionized their respective disciplines. They 
also seemed to have nothing to do with each other. But now a landmark 
proof has combined them while solving a raft of open problems in com-
puter science, physics, and mathematics.

The new proof establishes that quantum computers that calculate 
with entangled quantum bits or qubits, rather than classical 1s and 0s, 
can theoretically be used to verify answers to an incredibly vast set of 
problems. The correspondence between entanglement and computing 
came as a jolt to many researchers.

“It was a complete surprise,” said Miguel Navascués, who studies 
quantum physics at the Institute for Quantum Optics and Quantum 
Information in Vienna.

The proof’s co-authors set out to determine the limits of an ap-
proach to verifying answers to computational problems. That approach 
involves entanglement. By finding that limit, the researchers ended up 
settling two other questions almost as a byproduct: Tsirelson’s prob-
lem in physics, about how to mathematically model entanglement, and 
a related problem in pure mathematics called the Connes embedding 
conjecture.

In the end, the results cascaded like dominoes.
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“The ideas all came from the same time. It’s neat that they come back 
together again in this dramatic way,” said Henry Yuen of the University 
of Toronto and an author of the proof, along with Zhengfeng Ji of the 
University of Technology Sydney, Anand Natarajan and Thomas Vidick 
of the California Institute of Technology, and John Wright of the Uni-
versity of Texas, Austin. The five researchers are all computer scientists.

Undecidable Problems

Turing defined a basic framework for thinking about computation be-
fore computers really existed. In nearly the same breath, he showed 
that there was a certain problem computers were provably incapable of 
addressing. It has to do with whether a program ever stops.

Typically, computer programs receive inputs and produce outputs. 
But sometimes they get stuck in infinite loops and spin their wheels 
forever. When that happens at home, there is only one thing left to do.

“You have to manually kill the program. Just cut it off,” Yuen said.
Turing proved that there is no all-purpose algorithm that can deter-

mine whether a computer program will halt or run forever. You have to 
run the program to find out.

“You’ve waited a million years and a program hasn’t halted. Do you 
just need to wait 2 million years? There’s no way of telling,” said Wil-
liam Slofstra, a mathematician at the University of Waterloo.

In technical terms, Turing proved that this halting problem is 
undecidable—even the most powerful computer imaginable could not 
solve it.

After Turing, computer scientists began to classify other problems 
by their difficulty. Harder problems require more computational re-
sources to solve—more running time, more memory. This is the study 
of computational complexity.

Ultimately, every problem presents two big questions: “How hard 
is it to solve?” and “How hard is it to verify that an answer is correct?”

Interrogate to Verify

When problems are relatively simple, you can check the answer your-
self. But when they get more complicated, even checking an answer 
can be an overwhelming task. However, in 1985 computer scientists 
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realized it is possible to develop confidence that an answer is correct 
even when you cannot confirm it yourself.

The method follows the logic of a police interrogation. If a suspect 
tells an elaborate story, maybe you cannot go out into the world to con-
firm every detail. But by asking the right questions, you can catch your 
suspect in a lie or develop confidence that the story checks out.

In computer science terms, the two parties in an interrogation are a 
powerful computer that proposes a solution to a problem—known as 
the prover—and a less powerful computer that wants to ask the prover 
questions to determine whether the answer is correct. This second 
computer is called the verifier.

To take a simple example, imagine you are color-blind, and someone 
else—the prover—claims two marbles are different colors. You can-
not check this claim by yourself, but through clever interrogation, you 
can still determine whether it is true.

Put the two marbles behind your back and mix them up. Then ask 
the prover to tell you which is which. If they really are different colors, 
the prover should answer the question correctly every time. If the mar-
bles are actually the same color—meaning they look identical—the 
prover will guess wrong half the time.

“If I see you succeed a lot more than half the time, I’m pretty sure 
they’re not” the same color, Vidick said.

By asking a prover questions, you can verify solutions to a wider class 
of problems than you can on your own.

In 1988, computer scientists considered what happens when two 
provers propose solutions to the same problem. After all, if you have 
two suspects to interrogate, it is even easier to solve a crime, or verify 
a solution, since you can play them against each other.

“It gives more leverage to the verifier. You interrogate, ask related 
questions, cross-check the answers,” Vidick said. If the suspects are 
telling the truth, their responses should align most of the time. If they 
are lying, the answers will conflict more often.

Similarly, researchers showed that by interrogating two provers sep-
arately about their answers, you can quickly verify solutions to an even 
larger class of problems than you can when you only have one prover 
to interrogate.

Computational complexity may seem entirely theoretical, but it is 
also closely connected to the real world. The resources that computers 
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need to solve and verify problems—time and memory—are fundamen-
tally physical. For this reason, new discoveries in physics can change 
computational complexity.

“If you choose a different set of physics, like quantum rather than clas-
sical, you get a different complexity theory out of it,” Natarajan said.

The new proof is the end result of twenty-first-century computer 
scientists confronting one of the strangest ideas of twentieth-century 
physics: entanglement.

The Connes Embedding Conjecture

When two particles are entangled, they do not actually affect each 
other—they have no causal relationship. Einstein and his co-authors 
elaborated on this idea in their 1935 paper. Afterward, physicists and 
mathematicians tried to come up with a mathematical way of describ-
ing what entanglement really meant. Yet the effort came out a little 
muddled. Scientists came up with two different mathematical models 
for entanglement—and it was not clear that they were equivalent to 
each other.

In a roundabout way, this potential dissonance ended up producing 
an important problem in pure mathematics called the Connes embed-
ding conjecture. Eventually, it also served as a fissure that the five com-
puter scientists took advantage of in their new proof.

The first way of modeling entanglement was to think of the particles 
as spatially isolated from each other. One is on Earth, say, and the other 
is on Mars; the distance between them is what prevents causality. This 
is called the tensor product model.

But in some situations, it is not entirely obvious when two things are 
causally separate from each other. So mathematicians came up with a 
second, more general way of describing causal independence.

When the order in which you perform two operations does not af-
fect the outcome, the operations “commute”: 3 × 2 is the same as 2 × 3. 
In this second model, particles are entangled when their properties are 
correlated but the order in which you perform your measurements does 
not matter: Measure particle A to predict the momentum of particle B 
or vice versa. Either way, you get the same answer. This is called the 
commuting operator model of entanglement.
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Both descriptions of entanglement use arrays of numbers organized 
into rows and columns called matrices. The tensor product model uses 
matrices with a finite number of rows and columns. The commuting 
operator model uses a more general object that functions like a matrix 
with an infinite number of rows and columns.

Over time, mathematicians began to study these matrices as objects 
of interest in their own right, completely apart from any connection to 
the physical world. As part of this work, a mathematician named Alain 
Connes conjectured in 1976 that it should be possible to approximate 
many infinite-dimensional matrices with finite-dimensional ones. This 
is one implication of the Connes embedding conjecture.

The following decade, a physicist named Boris Tsirelson posed a ver-
sion of the problem that grounded it in physics once more. Tsirelson 
conjectured that the tensor product and commuting operator models 
of entanglement were roughly equivalent. This makes sense, since they 
are theoretically two different ways of describing the same physical 
phenomenon. Subsequent work showed that because of the connection 
between matrices and the physical models that use them, the Connes 
embedding conjecture and Tsirelson’s problem imply each other: Solve 
one, and you solve the other.

Yet the solution to both problems ended up coming from a third 
place altogether.

Game Show Physics

In the 1960s, a physicist named John Bell came up with a test for deter-
mining whether entanglement was a real physical phenomenon, rather 
than just a theoretical notion. The test involved a kind of game whose 
outcome reveals whether something more than ordinary, non-quantum 
physics is at work.

Computer scientists would later realize that this test about entangle-
ment could also be used as a tool for verifying answers to very compli-
cated problems.

But first, to see how the games work, let us imagine two players, 
Alice and Bob, and a 3-by-3 grid. A referee assigns Alice a row and 
tells her to enter a 0 or a 1 in each box so that the digits sum to an odd 
number. Bob gets a column and has to fill it out so that it sums to an even 
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number. They win if they put the same number in the one place her row 
and his column overlap. They are not allowed to communicate.

Under normal circumstances, the best they can do is win 89% of the 
time. But under quantum circumstances, they can do better.

Imagine Alice and Bob split a pair of entangled particles. They per-
form measurements on their respective particles and use the results to 
dictate whether to write 1 or 0 in each box. Because the particles are 
entangled, the results of their measurements are going to be correlated, 
which means their answers will correlate as well—meaning they can 
win the game 100% of the time.

So if you see two players winning the game at unexpectedly high 
rates, you can conclude that they are using something other than clas-
sical physics to their advantage. Such Bell-type experiments are now 
called “nonlocal” games, in reference to the separation between the 
players. Physicists actually perform them in laboratories.

Figure 1. An example of the “Magic Square” game, which players can win 
more frequently than expected with the aid of entangled particles. Courtesy 
of Lucy Reading-Ikkanda/Quanta Magazine.
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“People have run experiments over the years that really show this 
spooky thing is real,” said Yuen.

As when analyzing any game, you might want to know how often 
players can win a nonlocal game, provided they play the best they can. 
For example, with solitaire, you can calculate how often someone play-
ing perfectly is likely to win.

But in 2016, William Slofstra proved that there is no general algo-
rithm for calculating the exact maximum winning probability for all 
nonlocal games. So researchers wondered: Could you at least approxi-
mate the maximum winning percentage?

Computer scientists have homed in on an answer using the two 
models describing entanglement. An algorithm that uses the tensor 
product model establishes a floor, or minimum value, on the approxi-
mate maximum winning probability for all nonlocal games. Another 
algorithm, which uses the commuting operator model, establishes a 
ceiling.

These algorithms produce more precise answers the longer they 
run. If Tsirelson’s prediction is true, and the two models really are 
equivalent, the floor and the ceiling should keep pinching closer to-
gether, narrowing in on a single value for the approximate maximum 
winning percentage.

But if Tsirelson’s prediction is false, and the two models are not 
equivalent, “the ceiling and the floor will forever stay separated,” Yuen 
said. There will be no way to calculate even an approximate winning 
percentage for nonlocal games.

In their new work, the five researchers used this question—about 
whether the ceiling and floor converge and Tsirelson’s problem is true 
or false—to solve a separate question about when it is possible to verify 
the answer to a computational problem.

Entangled Assistance

In the early 2000s, computer scientists began to wonder: How does 
it change the range of problems you can verify if you interrogate two 
provers that share entangled particles?

Most assumed that entanglement worked against verification. After 
all, two suspects would have an easier time telling a consistent lie if 
they had some means of coordinating their answers.
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But over the past few years, computer scientists have realized that 
the opposite is true: By interrogating provers that share entangled par-
ticles, you can verify a much larger class of problems than you can with-
out entanglement.

“Entanglement is a way to generate correlations that you think might 
help them lie or cheat,” Vidick said. “But in fact you can use that to your 
advantage.”

To understand how, you first need to grasp the almost otherworldly 
scale of the problems whose solutions you could verify through this 
interactive procedure.

Imagine a graph—a collection of dots (vertices) connected by lines 
(edges). You might want to know whether it is possible to color the ver-
tices using three colors, so that no vertices connected by an edge have 
the same color. If you can, the graph is “three-colorable.”

If you hand a pair of entangled provers a very large graph, and they 
report back that it can be three-colored, you will wonder: Is there a 
way to verify their answer?

For very big graphs, it would be impossible to check the work di-
rectly. So instead, you could ask each prover to tell you the color of 
one of two connected vertices. If they each report a different color, and 
they keep doing so every time you ask, you will gain confidence that the 
three-coloring really works.

But even this interrogation strategy fails as graphs grow really big—
with more edges and vertices than there are atoms in the universe. 
Even the task of stating a specific question (“Tell me the color of XYZ 
vertex”) is more than you, the verifier, can manage: The amount of data 
required to name a specific vertex is more than you can hold in your 
working memory.

But entanglement makes it possible for the provers to come up with 
the questions themselves.

“The verifier doesn’t have to compute the questions. The verifier 
forces the provers to compute the questions for them,” Wright said.

The verifier wants the provers to report the colors of connected ver-
tices. If the vertices are not connected, then the answers to the ques-
tions will not say anything about whether the graph is three-colored. In 
other words, the verifier wants the provers to ask correlated questions: 
One prover asks about vertex ABC and the other asks about vertex XYZ. 
The hope is that the two vertices are connected to each other, even 
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though neither prover knows which vertex the other is thinking about. 
(Just as Alice and Bob hope to fill in the same number in the same 
square even though neither knows which row or column the other has 
been asked about.)

If two provers were coming up with these questions completely on 
their own, there would be no way to force them to select connected, 
or correlated, vertices in a way that would allow the verifier to vali-
date their answers. But such correlation is exactly what entanglement 
enables.

“We’re going to use entanglement to offload almost everything onto 
the provers. We make them select questions by themselves,” Vidick said.

At the end of this procedure, the provers each report a color. The 
verifier checks whether they are the same or not. If the graph really is 
three-colorable, the provers should never report the same color.

“If there is a three-coloring, the provers will be able to convince you 
there is one,” Yuen said.

As it turns out, this verification procedure is another example of a 
nonlocal game. The provers “win” if they convince you their solution 
is correct.

In 2012, Vidick and Tsuyoshi Ito proved that it is possible to play a 
wide variety of nonlocal games with entangled provers to verify an-
swers to at least the same number of problems you can verify by in-
terrogating two classical computers. That is, using entangled provers 
does not work against verification. And last year, Natarajan and Wright 
proved that interacting with entangled provers actually expands the 
class of problems that can be verified.

But computer scientists did not know the full range of problems that 
can be verified in this way. Until now.

A Cascade of Consequences

In their new paper, the five computer scientists prove that interrogat-
ing entangled provers makes it possible to verify answers to unsolvable 
problems, including the halting problem.

“The verification capability of this type of model is really mind-bog-
gling,” Yuen said.

But the halting problem cannot be solved. And that fact is the spark 
that sets the final proof in motion.
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Imagine you hand a program to a pair of entangled provers. You ask 
them to tell you whether it will halt. You are prepared to verify their 
answer through a kind of nonlocal game: The provers generate ques-
tions and “win” based on the coordination between their answers.

If the program does in fact halt, the provers should be able to win 
this game 100% of the time—similar to how if a graph is actually 
three-colorable, entangled provers should never report the same color 
for two connected vertices. If it does not halt, the provers should only 
win by chance—50% of the time.

That means if someone asks you to determine the approximate max-
imum winning probability for a specific instance of this nonlocal game, 
you will first need to solve the halting problem. And solving the halting 
problem is impossible. Which means that calculating the approximate 
maximum winning probability for nonlocal games is undecidable, just 
like the halting problem.

This in turn means that the answer to Tsirelson’s problem is no—
the two models of entanglement are not equivalent. Because if they 
were, you could pinch the floor and the ceiling together to calculate an 
approximate maximum winning probability.

“There cannot be such an algorithm, so the two [models] must be 
different,” said David Pérez-García of the Complutense University of 
Madrid.

The new paper proves that the class of problems that can be verified 
through interactions with entangled quantum provers, a class called 
MIP*, is exactly equal to the class of problems that are no harder than 
the halting problem, a class called RE. The title of the paper states it 
succinctly: “MIP* = RE.”

In the course of proving that the two complexity classes are equal, 
the computer scientists proved that Tsirelson’s problem is false, which, 
due to previous work, meant that the Connes embedding conjecture is 
also false.

For researchers in these fields, it was stunning that answers to such 
big problems would fall out from a seemingly unrelated proof in com-
puter science.

“If I see a paper that says MIP* = RE, I don’t think it has anything 
to do with my work,” said Navascués, who co-authored previous work 
tying Tsirelson’s problem and the Connes embedding conjecture to-
gether. “For me it was a complete surprise.”
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Quantum physicists and mathematicians are just beginning to di-
gest the proof. Prior to the new work, mathematicians had wondered 
whether they could get away with approximating infinite-dimensional 
matrices by using large finite-dimensional ones instead. Now, because 
the Connes embedding conjecture is false, they know they cannot.

“Their result implies that’s impossible,” said Slofstra.
The computer scientists themselves did not aim to answer the 

Connes embedding conjecture, and as a result, they are not in the best 
position to explain the implications of one of the problems they ended 
up solving.

“Personally, I’m not a mathematician. I don’t understand the original 
formulation of the Connes embedding conjecture well,” said Natarajan.

He and his co-authors anticipate that mathematicians will translate 
this new result into the language of their own field. In a blog post an-
nouncing the proof, Vidick wrote, “I don’t doubt that eventually com-
plexity theory will not be needed to obtain the purely mathematical 
consequences.”

Yet as other researchers run with the proof, the line of inquiry that 
prompted it is coming to a halt. For more than three decades, computer 
scientists have been trying to figure out just how far interactive verifi-
cation will take them. They are now confronted with the answer, in the 
form of a long paper with a simple title and echoes of Turing.

“There’s this long sequence of works just wondering how power-
ful” a verification procedure with two entangled quantum provers 
can be, Natarajan said. “Now we know how powerful it is. That story 
is at an end.”
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Dark Data

David J. Hand

Many readers of Significance will be familiar with the statistical story 
behind the 1986 Challenger Space Shuttle disaster. This involved just 
seven data points—and seven deaths. The story hinges around a graph 
showing the relationship between air temperature at seven previous 
shuttle launches and whether the seals on the joints between segments 
of the rocket boosters were distressed. There appeared to be no rela-
tionship beyond random variability. What was missing from the graph, 
however, were points for all those previous launches which had had 
no problems with the seals. Including these extra points in the graph 
led to a completely different picture—and inference: higher air tem-
peratures at launch were associated with fewer problems.1 I think that 
nobody, looking at the complete data set, would have decided that a 
launch should go ahead with the forecast temperature for the next day. 
The mistaken inference of no relationship led to the booster rocket ex-
ploding at nine miles of altitude, killing all seven astronauts.

The data missing from the Challenger plot are a very simple example 
of dark data. And, as that example illustrates—and as I describe in my 
book, Dark Data: Why What You Don’t Know Matters2—the consequences 
can be catastrophic. They can involve lost fortunes, damaged reputa-
tions, and even death.

The Unknown

Dark data are data you do not have. They might be data you thought you 
had, or hoped to have, or wished you had. But they are data you don’t 
have. You might be aware that you do not have them, or you might be 
unaware. In any case, as a result of these dark data, the data missing 
from your view of the world, you are at risk of misunderstanding, of 
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drawing incorrect conclusions about the way the world works, of mak-
ing poor predictions, of getting things wrong, just as in the Challenger 
example.

An example of a domain where dark data are less obvious but fre-
quent is medical diagnosis. Diagnostic definitions and thresholds change 
over time, as understanding grows. This can reveal previously concealed 
depths of illness. For example, according to Huang et al., worldwide 
about a third of cases of diabetes are undiagnosed, and Huang attributes 
this to shortcomings of the traditional plasma glucose measurement pro-
cedures.3 Likewise, autism, originally introduced into the Diagnostic and 
Statistical Manual of Mental Disorders in 1980, had its diagnostic definition 
changed in 1987 and 1994 in such a way that more people fell within 
its scope. And, of course, the problem of changing definitions leading 
to cases appearing or disappearing is not unique to medicine. Think 
of changing definitions of unemployment, for example. At the time of 
writing, the world is trying to cope with the Covid-19 pandemic, il-
lustrating many kinds of dark data, but in particular missing counts of 
people who have the disease without (perhaps yet) showing symptoms.

Statisticians are very familiar with certain kinds of dark data. Non-
response in surveys is a classic example, where it is not uncommon 
to find that people who refuse to take part are those who would have 
answered in a particular way. This is seen in pre-election polls, when 
social pressures might disincline people to admit to certain positions. 
Non-response is a worldwide problem, but is nicely illustrated by the 
UK Labour Force Survey, where overall response rates have declined 
from 55.5% to 38.6% over the past 10 years (bit.ly/2QJEFfy). Tools 
for attempting to tackle survey non-response date back many decades, 
but while statisticians can do amazing things, they cannot perform 
miracles. At some point, the dark data cast a serious shadow over any 
conclusions one might hope to draw.

Hidden in Plain Sight

While dark data in surveys are a familiar problem, the uncomfortable 
fact is that dark data creep in everywhere.

Dark data in the form of missing or unmeasured characteristics can 
be particularly pernicious. Think of the difficulty of testing discrimina-
tion if gender data are not available.
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Concealed changes of data collection methods can also lead to mak-
ing previously visible data invisible, or the reverse. A search engine 
optimization company, Moz, maintains a web page of all the confirmed 
(and unconfirmed) changes made to Google’s search algorithm over 
the years (bit.ly/2UBRxp1). According to Moz, “In 2018, [Google] re-
ported an incredible 3,234 updates—an average of almost 9 per day, 
and more than 8 times the number of updates in 2009. While most of 
these changes are minor, Google occasionally rolls out a major algorith-
mic update . . . that affects search results in significant ways.”

Survivor bias is another relatively familiar dark data phenomenon 
in some domains. For example, straightforward rankings of invest-
ment fund performance will include only those funds which survived 
throughout the assessment period, the others constituting invisible 
dark data. Since, in general, it will be the worst performing funds 
that drop out, overall measures of performance will be biased upward 
unless steps are taken to allow for this. And the phenomenon can be 
significant. In a study by Vanguard, an investment management com-
pany, only just over half of funds survived the 15-year study period 
(https://study​lib​.net​/doc​/18317319​/the​-mutual​-fund​-graveyard​--an​
-analysis​-of​-dead​-funds). Readers may be familiar with similar issues 
involving dropouts in clinical trials.

Even if you are correct in supposing that there are no selection dis-
tortions in your data, dark data can obscure the truth in other ways. 
Short of simple counting, no measurements are completely accurate—to 
an infinite number of decimal places. That means that your observa-
tions are necessarily approximate, with the values you are analyzing 
rounded to some extent. And the darkening of data by rounding and 
heaping of numbers to particular values can lead to mistaken conclu-
sions, by biasing overall summary statistics or through mistaken classi-
fications if a threshold is used (see the box “How Rounding or Heaping 
Can Lead to Problems”).

A phenomenon related to rounding is truncation, where it is known 
only that a true value is greater than or less than some threshold. A 
mercury thermometer will not record a value less than the freezing 
point of mercury, for example, and a bathroom weighing scale will not 
record a value greater than its upper limit.

My book gives a taxonomy of 15 types of dark data, those described 
above and others, including missing entire variables and distortions due 
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to changes over time. Unfortunately, different types of dark data are 
not mutually exclusive: identifying one dark data problem in your ob-
servations does not mean that others (dark dark data, I suppose) are not 
also there. The different kinds can work together in a diabolical syn-
ergy. I argue that the data you don’t know can be at least as important 
as the data you do know, at least if you hope to draw valid conclusions.

Lighting the Way

I wrote the book primarily to raise awareness of the dangers of dark 
data. All too often, analyses are undertaken without sufficient thought 
given to the genesis and provenance of the data. Machine learning algo-
rithms, for example, always give an output, regardless of how partial or 
misleading the input data are, and eagerness to discover the conclusion 
discourages people from losing time by rigorously thinking about the 
possible shortcomings of the data.

But the outlook is not all gloomy, and tools have been developed for 
tackling dark data.

The first step is to detect the dark data—or really, to detect the hole 
revealing the absence of data. Sometimes this is easy: missing fields in 
a survey response are a simple gap (and an example of what Donald 

How Rounding or Heaping Can Lead to Problems

The tendency to round numbers to convenient approximate 
values, ending in 5 or 10 for example, can obviously lead to dis-
tortions in estimates of means, variances, and skewness. But even 
the normal rounding implicit in recording data to a finite num-
ber of decimal places can lead to problems. The failure of the 
American Patriot Missile battery in Dharan in Saudi Arabia to 
intercept an Iraqi Scud missile which killed 28 and injured 100 
was attributed to the rounding to 24 bits of the unending binary 
expansion of 1/10 (of a second) when this error was aggregated 
over the 100 hours the system had been operating.

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



140	 David J. Hand

Rumsfeld called “known unknowns”). In other cases, it is tougher: 
missing responses to a blog question are not so apparent—we don’t 
know who might have responded (Rumsfeld’s “unknown unknowns”).

Then, once you have recognized that there could be something cru-
cial missing, the key strategy for tackling dark data is to use what you do 
know about what you don’t know.

Many simple methods for doing this have been proposed, and even 
integrated into statistical software packages. They include things like 
using only the complete cases, or using all the values recorded on in-
dividual variables, or substituting the average of the observed values. 
Unfortunately, while such methods can occasionally be satisfactory, in 
most cases they are not: simple and obvious is likely to lead one into 
deeper shadows as far as dark data are concerned (see “The Problem 
with Substituting Averages for Missing Values”).

Effective methods rely on understanding—or assuming something 
about—the nature of the mechanism which led to the dark data, and 
more elaborate methods are based on modeling the relationships be-
tween observed values and dark data, leading to tools such as multiple 
imputation and the expectation-maximization algorithm. But as I said 
earlier, statisticians cannot perform miracles. At some point, we must 
make assumptions about why the data are dark.

The Cover of Darkness

So far, I have described dark data that have arisen accidentally—or at 
least not by the intention of the researchers. But sometimes data are 

The Problem with Substituting 
Averages for Missing Values

Substituting the average observed age for people who don’t give 
their age in a survey assumes there is no systematic difference 
between the missing and observed ages. It is also likely to yield an 
underestimate of the variance of age in the population and distort 
relationships of age with other characteristics.
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darkened deliberately. Fraudsters do this all the time, of course. But so 
do you: you use dark data (your passwords) to protect data from prying 
eyes. And that represents a positive use of dark data.

Much more sophisticated positive uses of dark data also occur in 
what I call the strategic application of ignorance. We hide which treatment 
each group of patients receive from patients and researchers in a clini-
cal trial. We use randomized response methods to extract sensitive in-
formation. We generate data which might have been but which were not 
when we carry out simulations. We create imaginary copies of misclas-
sified cases when we use boosting in classification algorithms. We cre-
ate possible new data sets when we slightly perturb data to regularize 
it to yield more robust models. We conjure up possible past data when 
we write down a Bayesian prior. And so on.

Returning to my opening story, the Challenger disaster, a statisti-
cian looking at the original graph of seven data points should have been 
suspicious. The graph appears to show that every previous launch had at 
least one seal with a problem: five had a single seal problem, one had 
two seal problems, and one had three. There were none with no prob-
lems. That is intrinsically surprising—if the seal problems are inde-
pendent, then by chance alone, we would expect the occasional launch 
with no problems. That suspicion would have led to a search, revealing 
that all previous launches with no problems had been omitted from the 
graph. It would have revealed dark data.
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Analysis in an Imperfect World

Michael Wallace

What did you eat yesterday? This is a simple question, with a seem-
ingly straightforward answer. In my case, I had toast for breakfast, a 
sandwich for lunch, and pasta for dinner. Do snacks count? I had an 
apple during the afternoon and, if you must know, a doughnut with my 
morning coffee (I was teaching first thing). Oh, do you need to know 
what I drank as well? I think along with the coffee there were two—no, 
maybe three—cups of tea? I drank water throughout the day too, but 
didn’t measure it …

Whenever we conduct statistical analyses, we make numerous as-
sumptions. Many of these assumptions are familiar to anyone who has 
taken an introductory statistics class. We may assume our data “follow 
a particular distribution” (such as the famous “bell curve”) or that the 
effect of a treatment is the same for different patients. Arguably the 
most common assumption of all, however, is barely mentioned: that the 
measurements we take are without error. In other words, when we ask 
for someone’s height, or weight, or blood pressure, or simply what they 
had for dinner, we assume the measurement we get is exactly the same 
as whatever we are trying to measure.

In some cases, this is a reasonable assumption. Age, at least where 
reliable birth records are available, is accurate, as are a handful of other 
variables, such as biological sex or employment status. We may also be 
prepared to assume that our measurements are “close enough” to what 
we are trying to observe that it is not worthwhile worrying about error. 
However, such cases tend to be the exception rather than the rule, and 
to assume our measurements are perfect (or sufficiently “near perfect”), 
when in reality they are not, can have grave statistical consequences.

A dramatic example occurred in the study of cervical cancer and 
human papillomavirus (HPV) infection.1 The link between these two 
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HPV and Cancer

In their 1994 paper, Schiffman and Schatzkin studied the relation-
ship between HPV infection and cervical intraepithelial neoplasia 
(CIN, a precursor to cervical cancer).1 To do so, they analyzed two 
case–control studies, where individuals with CIN (the cases) were 
compared to those without (the controls). The first study used an 
older method to measure HPV infection, a version of the Southern 
blot, while the second used a newer method called polymerase 
chain reaction (PCR). Although some good tests were available 
at the time of the first study—including a more reliable version 
of the Southern blot—they were highly labor-intensive and thus 
unsuitable for large-scale epidemiological studies.

Repeat testing of HPV infection was available on a subset of 
individuals in each study, whereby evidence of the fallibility of the 
Southern blot was derived. Of 51 participants successfully retested 
in the Southern blot study, there were 11 “discordant pairs”: indi-
viduals who received differing results. In contrast, all 43 of those 
retested in the PCR study produced the same diagnosis.

For both studies, the risk of developing CIN was assessed 
using odds ratios. An odds ratio is a numeric measure of how much 
one’s risk of an outcome increases in the presence of another fac-
tor, compared to if that factor is absent. In this case, odds ratios 
were used to compare the risk of developing CIN between those 
with and without HPV infection. Here, the difference between 
the Southern blot and PCR measures of HPV infection was stark: 
the odds ratio for CIN associated with a positive HPV test was 
3.7 using Southern blot, but 20.1 using PCR. Using the more 
reliable test revealed a much stronger association between HPV 
infection and CIN.

Later work went on to establish a causative relationship be-
tween certain strains of HPV and CIN, leading to the develop-
ment of a vaccination against HPV infection. Today, the Centers 
for Disease Control and Prevention in the United States and the 
United Kingdom National Health Service, along with many other 
countries’ health agencies, recommend vaccination against HPV.
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conditions is now well established, with HPV vaccinations a common 
recommendation to mitigate this risk. For many years, however, this 
relationship was dismissed, thanks in part to a number of studies that 
suggested no clear association between the two conditions. The cause? 
Measurement error.

An Inconvenient Truth

Measurement error occurs when the value of an observation does not 
equal the “truth” we, the analysts, are trying to observe. In some cases, 
this is easy to understand: If you are 160 cm tall, that represents the 
truth, but if I make a muddle of my tape measure, I may end up with a 
measurement of 161 cm. Often, though, the mere definition of “truth” 
is surprisingly difficult to pin down. Your weight fluctuates through-
out the day, week, month, and year. If I want to use weight as a vari-
able in an analysis, what is the “true” weight I am trying to measure? 
Your weight right now, the average across the day, or something else 
altogether?

Furthermore, such errors come in many forms. At its simplest, we 
may view what we observe as equal to the truth plus some “random” 
noise. This is the classical measurement error model and includes the 
appealing scenario where we are just as likely to under- as to overes-
timate what we wish to observe. Often, however, errors may be sys-
tematic in nature. A common example is white coat hypertension, where 
blood pressure readings—often made in doctors’ offices or other high-
stress environments—are typically elevated. Asking people how often 
they smoke cigarettes or drink alcohol (or eat doughnuts) may result in 
other systematic errors.

A different type of model we may be willing to assume for the error 
is known as Berkson error. For example, if we wish to study the effect of 
air pollution on the health of a population, we might attempt to measure 
the levels of particulate matter in the environment. Air quality moni-
tors record such data, but it is likely unknown to how much particulate 
matter an individual person might be exposed. We can therefore view 
the “truth” (how much particulate matter an individual breathes in, for 
example) as equal to the error-prone observation from the air quality 
monitor, but with noise added. This is in contrast to the classical sense, 
where the error-prone observation may be thought of as the truth with 
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noise added. What type of error we encounter, whether it is systematic 
or truly random, and what variables in our analysis it affects, all impact 
both the problems it can cause and the methods available to us to ad-
dress them.

While Berkson and classical errors are often perceived to dichoto-
mize the measurement error universe, there are more nuanced con-
siderations. Errors in the outcome, such as misclassification of disease 
diagnosis, can pose unique challenges. Moreover, the outcome itself 
can sometimes influence the accuracy of reporting, creating what is 
known as differential measurement error. For example, someone who has 
received a lung cancer diagnosis may then overestimate their historical 
cigarette consumption as a result, potentially leading to exaggerated 
effect estimates.

In the aforementioned case of HPV and cervical cancer, measure-
ment error occurred in the detection of HPV infection itself. Identi-
fying a patient as HPV-free when the patient was not, or vice versa, 
constitutes measurement error: the value we observe (whether HPV 
infection is detected or not) is different from the truth (whether the 
patient is actually infected). Sometimes, such error is referred to as 
misclassification because a categorical variable is under consideration.

Regardless of what we call it, measurement error represents a ubiq-
uitous problem, especially in medical statistics, where much of the 
literature relies on measuring attributes of people. Beyond health re-
search, it can be just as problematic, affecting laboratory observations 
in chemistry or physics, or questions of econometrics (consider, for ex-
ample, asking people about their salaries, or the value of their houses). 
Regardless of discipline, the word “error” can sometimes cause con-
sternation among researchers, especially those using the best available 
tools or techniques. Unfortunately, truly perfect measurements may 
be impossible to take. Despite its prevalence, however, measurement 
error remains a relatively new—and comparatively specialist—area of 
research. Moreover, it is often ignored in practice.

But why?

A Convenient Untruth

For years, measurement error has been ignored because of the claim 
that its impact is “not that bad.” But this general belief stems from a 
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convenient result that only holds in a few special cases. To explain, 
a common goal in research is to estimate the strength of a relation-
ship between two (or more) variables, such as between HPV infection 
and cancer. When errors are consistent with the classical measurement 
error model, and not systematic (in other words, when what we ob-
serve is equal to the truth plus some noise that, on average, is zero), we 
can construct analyses where measurement error at worst leads us to 
underestimate the strength of such relationships (see “Attenuation and a 
Post Hoc Fix”). One perception is that the overestimation of an effect 
is a far greater crime than underestimation: Imagine, for example, if 
a pharmacist over- rather than underestimated the efficacy of a new 
drug. There are also some statistical tests that can remain theoretically 
valid despite such attenuation (that is, reduction in magnitude) of esti-
mated effects. Consequently, we may also underestimate the negative 
impact of measurement error itself.

Whether these observations alone are sufficient grounds to view 
measurement error as an ignorable concern is a matter for debate in 
itself. Indeed, attenuated effects are not necessarily harmless. A par-
ticularly notable example comes from a 1990 article in The Lancet.2 The 
authors studied the association between blood pressure and the risks of 
stroke and heart disease. Measurement error, and the aforementioned 
attenuation of effects, led to these risks being severely underestimated. 
Moreover, regardless of whether attenuation is ever acceptable, it can 
be shown—and especially in the case of systematic error—that the 
strength of an effect can be overestimated as well. Anticipating the extent 
to which measurement error must be addressed can swiftly become a 
complex challenge.

The tendency to overlook the impact of measurement error due to 
the belief that it only causes a weakening in effects is at best puzzling 
and at worst deeply concerning. In the case of HPV and cancer, for 
example, such a weakening of the relationship delayed implementation 
of health practices designed to prevent the former causing the latter 
(see “HPV and Cancer”). More generally, the idea that this could be the 
only effect of errors in the increasingly complex models used by statis-
ticians and non-statisticians alike would be laughable were the conse-
quences not potentially so severe.

That is not to say, however, that the underappreciation of measure-
ment error stems only from this misapprehension. Another factor is 
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Attenuation and a Post Hoc Fix

If we consider simple linear regression, where a “straight-line” 
relationship is sought between a response Y and an exposure X, 
we are trying to find a relationship between the two of the form

Y = a + bX + e 

where e  represents “noise.” Viewed this way, the strength of the 
relationship between X and Y is given by b: If it is large and posi-
tive, then Y will increase quickly as X increases, and vice versa. 
If X represented dosage of a drug, and Y the resulting health of 
a patient, we can see how estimating b can tell us how well the 
drug is working. Standard statistical methods allow us to esti-
mate b and determine the relationship between X (the covariate) 
and Y (the outcome).

If our covariate is measured with error, then instead of X we 
might observe X* = X + U, where U represents the measurement 
error (and is assumed to be independent of X). Larger values of U 
would mean our observed value X* is further from X, suggesting 
more severe measurement error. If we carry out our statistical 
analysis, we use X* in our equation, instead of X, which can affect 
our resulting estimate of b.

In this case, if we assume that U follows a normal distribution 
with mean zero and variance u

2
v , and that X has variance x

2
v , then 

our standard analysis would estimate not b but

*

x u

x
2 2

2

b
v v

v
b=

+

Because /( )x x u
2 2 2

v v v+  < 1, this means |b*| ≤ |b|: Our estimate 
will be attenuated. In other words, we will underestimate the 
strength of the relationship between X and Y. This is illustrated 
by the true relationship being given by a steeper slope in Figure 1.

In this setting, however, if we can estimate x
2

v  and u
2

v , we can 
easily estimate b: Carry out a “naive” analysis to obtain an es-
timate of b*, then multiply it by our estimate of ( )/x u x

2 2 2
v v v+ . 

This correction (a form of regression calibration) “undoes” the 
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attenuating effect of measurement error in this situation, return-
ing us to an estimate of the true relationship between X and Y.

The slope of a straight-line fit to a data set can give an indica-
tion of the strength of the relationship between the two variables: 
A steeper line suggests a stronger relationship. Here in Figure 1, 
a straight-line fit to the error-prone observations (squares) is less 
steep than that fit to the true values (diamonds), and the measure-
ment error would therefore lead to an attenuated effect estimate. 
Intuitively, we can view the points as being “stretched” horizon-
tally (the error either increases or decreases the x-axis values) but 
not vertically, as the outcome is assumed to be measured without 
error. This leads to a shallower fitted line.

The curious reader may wonder what would happen if, in 
contrast, the outcome were subject to measurement error of the 
same form detailed here, while the covariate remained error-
free. In such a scenario, it can be shown that the strength of the 
relationship would be maintained, but with greater uncertainty 
in its accuracy. Again, however, such a convenient result cannot 
be relied upon in more general settings.
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Figure 1.  The attenuation effect: Measurement error in the observed 
data can reduce the size of the estimated effect, as indicated by the 
slope (b) of the fitted lines. See also color insert.
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the perception that it is a problem too difficult to solve. When I raise 
the issue of measurement error with collaborators on scientific proj-
ects, for example, I am sometimes met with a resigned shrug that the 
measurements they have are the best they can do (or sometimes offense 
at the mere suggestion that their measurements are not perfect!). Fur-
thermore, while statistical methodologies to analyze error-prone data 
do exist, they are seldom known to a research team. With proper plan-
ning, these techniques can be easily incorporated into an analysis, and 
ideally into the design of the study itself.

More Data

One of the biggest obstacles we face in the study of measurement error 
is in characterizing the size and structure of the measurement error 
itself. If a set of patients each has their blood pressure measured once, 
there is not much we can do to detect—or correct for—the measure-
ment error that is surely present. In general, we need some additional 
data from which we can learn more.

Typically, the cheapest form of such data is known as repeated mea-
sures or replicates. As the names suggest, rather than taking a single 
measurement, we take repeated measures on at least a subset of our 
sample, giving us valuable insights into how accurate our data are. For 
example, if the difference between two measurements is very small, 
this would suggest our measurements are fairly accurate. A large dis-
crepancy would give us greater concern that measurement error may 
be particularly problematic. At a very simplistic level, we could imag-
ine taking two measurements and using their average, but more sophis-
ticated techniques can take advantage of statistical theory to improve 
our analyses further.

A major problem repeated measures cannot (necessarily) solve is 
that of systematic error. After all, if your blood pressure is always el-
evated when visiting the doctor, an average of several measurements 
will also be elevated. The ideal source of additional information, there-
fore, are validation data, where some measurements are known to be 
perfect. This can sometimes be accomplished through more expensive 
or invasive procedures, or through the development of new techniques 
(as with the improvement in HPV testing; see “HPV and Cancer”). 
Often, however, this is simply not possible, because either no practical 
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measurement mechanism exists, or whatever we are trying to mea-
sure in the first place is not well defined. In the latter scenario, we 
sometimes use what is known as a “gold standard,” where researchers 
determine the best measure they can reasonably obtain given practical 
or other constraints. Nevertheless, in such cases we must be careful in 
our interpretation and ensure that any associations are clearly set in the 
context of our gold standard and not lazily associated with some (unob-
tainable) “perfect” measurement.

Besides replication and validation data, there are a handful of other 
ways to acquire information about the measurement error itself, but 
these tend to be less reliable or more complicated to implement. A 
common problem arises in practice where, owing to measurement 
error not being anticipated in the design of a study, no additional data 
are available to address this problem at the analysis stage. In such cases, 
our last resort is often external data: measurements—or knowledge of 
measurement error—from other sources or studies. Of course, with 
this comes additional uncertainty about how accurately such exter-
nal information translates to our own setting, but it may be our only 
choice.

All Correct

There are therefore many options available to us, and what decisions 
we make at both the design and analysis stages of any study should be 
informed by measurement error considerations. We should begin by 
asking what types of error we anticipate, and in which variables, and 
then identify where in our design we can make useful accommodations.

For illustration, let us suppose that you are conducting a study and, 
having read this article and been convinced of the perils of measure-
ment error, you decide to anticipate its effects. You determine that 
while one of your variables will be measured with error, it will be with 
random, additive noise (in other words, classical and not systematic). 
Luckily, while validation data are too expensive to obtain, repeated 
measures can be collected relatively cheaply, so you measure every 
subject twice.

In the simplest of settings (where the myth of attenuation is, in fact, 
a reality), we can carry out a typical, or “naive,” analysis and apply a 
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retrospective method of moments correction. For this, we use our addi-
tional data to estimate some aspects of our problem—including the size 
of our measurement error—and then use a simple formula to correct 
our naive results (see “Attenuation and a Post Hoc Fix”).

In more general settings, a popular technique is known as regression 
calibration. For this, we again conduct our usual analysis, such as a linear 
or logistic regression, but replace the error-prone observations with 
our “best guess” of the truth for each individual (or, at least, our best 
guess based on what is observed or measurable). This is a little like 
using the mean of each subject’s observed values, but it takes the addi-
tional information about the size (and distribution) of the measurement 
error into account to yield more accurate results. It can even be used 
in the case of systematic error, if we know enough about that aspect of 
our error process.

Another popular method, known as simulation extrapolation (SIMEX), 
takes a rather different but nevertheless intuitively appealing approach. 
Having learned about the structure of the measurement error in the 
system, we are able to simulate new data sets as if they were subject 
to more and more severe (that is, larger) measurement error. This can 
lead to a pattern in our resulting estimates: for instance, if the strength 
of a relationship becomes gradually smaller as the measurement error 
increases, we can follow this pattern backward to the hypothetical sce-
nario where no error is present. SIMEX is usually applied in the case 
of classical error, but can be used in other settings, such as with spatial 
data (see “Simulation Extrapolation”).

Naturally, a whole host of techniques are available for addressing the 
problem of measurement error in practice. If you have a data set where 
measurement error is present, chances are there is a correction method 
that will fit your particular scenario. Many of these methods have im-
plementations in common software environments, such as Stata’s merror 
package, simex in R, and SAS macros from the U.S. National Cancer 
Institute. Simpler approaches, such as the method of moments cor-
rection and regression calibration, can even be implemented directly 
with relative ease (especially if you have a friendly statistician at hand). 
Of course, the use of any statistical methods must be approached with 
care, and close attention must be paid to any underlying assumptions 
upon which they rely.
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Simulation Extrapolation

Simulation extrapolation begins with a “naive” analysis (step 1) 
that does not take measurement error into account, producing a 
(likely biased) estimate of the effect of interest. The size of the 
measurement error is then estimated so that new data sets may 

be simulated where additional error 
is added to the already error-prone 
measurements (step 2). For example, 
a data set with an “error multiplier” 
of 2 is one where the observed error-
prone measurements have been 
replaced with simulated values esti-
mated to suffer from twice as much 
measurement error as the original 
data. For each of these new data sets, 
the effect is estimated. This pattern is 
then used to extrapolate back to the 
scenario where no error is present 
(step 3).

Figure 2.  Simulation extrapolation: By 
adding more measurement error to the 
data, the relationship between error 
and effect estimate can be studied and 
extrapolated back to the case of zero 
error. See also color insert.
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Future Perfect

Regardless of your statistical background (or the friendliness of any 
statistically inclined colleagues), the most important lesson is that ac-
counting for measurement error is by no means impossible. Indeed, it 
is often the case that with careful planning, measurement error can be 
minimized or avoided altogether. This can be achieved, for example, 
through the use of more precise measurement techniques or by select-
ing variables that are less susceptible to mismeasurement.

Failing that, additional data—though not essential—vastly enhance 
our capacity to address the problems measurement error might cause. 
What is more, they can often be collected with comparatively little 
cost. From here, there is a vast—and expanding—array of methods 
available for correcting our analyses.

Ultimately, however, those who do not take advantage of such ap-
proaches must face a hard truth: Failure to take measurement error 
into account can completely invalidate their findings. While we can 
seldom expect perfection in measurement or modeling, there is much 
that can—and should—be done to get us a little bit closer to it.
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A Headache-Causing Problem

J. H. Conway, M. S. Paterson,  
and U. S. S. R. Moscow

Setting. When just N men have been gathered together in the room 
shown in Figure 1, the blind lady umpire makes the following (true) 
announcement:

“We are all, as we know, infinitely intelligent and honorable people. 
Now the janitor, acting on my instructions, has attached to your fore-
heads small discs bearing the usual notations for various non-negative 
integers, in such a way that each of you can see the number on everyone 
else’s head, but not that on your own. The sum of all these numbers is 
one of the numbers you can now see me writing on the blackboard.”

“I regret the slight discomfort this proceeding must have caused 
you—fortunately, the theorem of [1] assures us that it will only last 
for a few more moments. I will now question each of you in turn, and 
at the first ‘Yes’ answer we can all go out and enjoy what is left of this 
lovely afternoon.”

She now asks:
“Arthur, can you deduce solely from this information what number 

is written on your disc?”
If Arthur’s reply is “No”, she will turn to the next man, and ask:
“Bertram, can you deduce from the above information together with 

Arthur’s reply what number must be written on your disk?”
If Bertram in turn says “No”, she will question Charles, Duncan, and 

so on, perhaps reaching the Nth man:
“Engelbert, can you now deduce your number from the given infor-

mation together with all the replies you have now heard?”
If even Engelbert says “No”, she will return to Arthur, and continue 

cyclically, always asking the same question:
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“Are you now able to deduce your number solely from the given 
information and the replies you have heard so far?” until the game is 
terminated by a “Yes” reply.

Statement of the theorem. If the number of numbers written on the 
blackboard is less than or equal to the number N of men, the game will 
terminate after a finite number of questions.

The disproof (commenced). It has become customary (see, e.g., 
[1]) to present the disproof of this theorem before its proof. The dis-
proof runs as follows.

To demolish this perfectly preposterous proposition, it will suffice 
of course to disprove any particular case. We shall take the case when 
N = 3, the number on every head is 2, and the numbers on the black-
board are 6, 7, and 8, and establish conclusively that it will never end. 
We shall refer to this as the case (2, 2, 2 | 6, 7, 8).

It will help us to imagine Charles at his breakfast table that  
morning.

“Oh dear, yet another invitation from Zoe. She’s a lovely girl, and 
intelligent too, but I do wish she wouldn’t keep dragooning us into 
playing those ridiculous party games.

Figure 1.  The game (2, 2, 2 | 6, 7, 8).
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“Wonder what it’ll be this time? I’d better just run through the in-
finitely many possibilities so we’ll be able to get it over with as quickly 
as possible. If it’s Charades, I’ll repeat exactly the one I did last time—
they’re bound to get that first go. If it’s Hunt-the-Slipper, I’ll …

… … … … …
… But then again, she might just be thinking of playing the game 

described so wittily in [1]. In that case, she’s as likely as not to use the 
particular case called (2, 2, 2 | 6, 7, 8) in the handy notation of that 
reference. What should my reactions be?”

Charles’s Argument. “Let me think now. Since I see two heads num-
bered 2, I will know from the start that my number will be 2, 3, or 4. 
Let’s consider these cases.

“If my number’s 2, Arthur will have concluded that his number was 2, 
3, or 4, and since each of these is consistent with all he was told, he’ll 
have to say ‘No’.

“Bertram’s then in a similar position. He’ll think ‘If I have 2, Arthur, 
by Charles’s argument of the previous paragraph, will say ‘No’. If 3, 
Arthur will instead have been able to conclude only that his number 
was 1, 2, or 3, and to say ‘No’ because he’ll only know that his number 
is 0, 1, or 2. Must remember that she said non-negative numbers so that 
0 is allowed.’

“Since in this case Bertram won’t be able to eliminate even one of his 
three possibilities, 2, 3, 4, he’ll be forced to say ‘No’. That disposes of 
the case when my number is 2.

“If my number is 3, Arthur fairly obviously still says ‘No’. Bertram will 
know probably in condensed form:

‘I can see A = 2, C = 3, so I know B = 1, 2, or 3.
If B = 1, A’ll’ve been torn between 2, 3, 4, so’ll’ve said ‘No’.
If B = 2, A’ll’ve been torn between 1, 2, 3, so’ll’ve said ‘No’.
If B = 3, he’ll’ve been torn between 0, 1, 2, so’ll still’ve said ‘No’. 

I must therefore say ‘No’ myself, since all three cases are con-
sistent with A’s ‘No’ answer.’

“Bertram and Arthur will also both say ‘No’ when my number is 3. 
I think I can prove along the same lines that they’ll both say ‘No’ even 
when it’s 4. But I don’t need to check this—my first answer must be 
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‘No’ because both 2 and 3 are consistent with the two ‘No’ answers 
I’m sure to hear.

“I plainly don’t need to consider much more of this stuff—I reckon 
we’ll all go home after saying ‘No’ half a dozen times, and I still won’t 
know what my number is.”

The disproof completed. Charles’s argument, and various portions 
of it, can be used to complete with absolute rigor that each of the three 
players knows from the start that each of the first three answers is going 
to be “No”. So if they all know what those answers are going to be, what infor-
mation can they possibly gain by hearing them ritually intoned? At the start 
of the second round, they will have learned nothing that they did not 
already know, and so the game will obviously go on forever.

The proof (commenced). We might as well make it clear now that 
Zoe, the blind lady umpire, is herself ignorant of the numbers fixed to 
those heads, although she knows, of course, what numbers she wrote on 
the blackboard. In the interests of good order, she will naturally list all 
situations that are compatible with the numbers she has heard up to any 
given time and will strike a situation off her list when and only when 
she knows that the corresponding game would terminate at the current 
question. Of course, she knows just when this will be, for being infi-
nitely intelligent she can perfectly well imagine herself in the position of 
the player she is currently addressing in any possible situation.

By a possible situation we mean of course an N-tuple of numbers

(a, b, c, . . . , n)

which might be the numbers on the respective heads of

(A, B, C, . . . , N)

and would have caused “No” answers to all questions before the current 
one. We shall call such a situation ongoing only if the answer to the cur-
rent question will also be “No”.

We claim that Zoe can work out exactly which situations are ongo-
ing by the following argument:

“Let me suppose that the current question is addressed to B. Then 
certainly
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i)	 I cannot strike off (a, b, c, . . . , n) if there’s an accompanying 
situation (a, b ,́ c, . . . , n) still present with the same values 
of a, c, . . . , n but with bʹ differing from b, for then B cannot 
eliminate either of the numbers b and b .́

ii)	 I can strike off (a, b, c, . . . , n) if there’s no such accompany-
ing situation, for then B, who can see the numbers a, c, . . ., n 
will know that b is the only possible value for his number.

“So when I receive a ‘No’ answer from B (say), I must strike off those 
and only those points (a, b, c, . . . , n) from my N-dimensional record 
that are unaccompanied by any other point

(a, b ,́ c, . . . , n)

in the B-direction.”
Since Zoe’s argument covers all cases, we can now follow her algo-

rithm to discover exactly which situations will cause the game to end 
at any given time.

The case (2, 2, 2 | 6, 7, 8). Before we resume the proof for the gen-
eral case, we illuminate the fate of all games of the form (a, b, c | 6, 7, 
8) in Figure 2. This figure shows an orthogonal projection of the set of 
all points in (A, B, C) space that yield sums of 6, 7, or 8, together with 
Zoe’s notes as to the number of questions whose “Yes” answer termi-
nates the game.

The four entries “19,” singled out in Figure 3, enable us to verify 
both of Charles’s predictions about the game (2, 2, 2 | 6, 7, 8).

The proof completed. We return now to the discussion of the gen-
eral case. No matter what numbers are written on the blackboard, 
provided that there are at most N of them, the total number of initial 
situations will surely be finite. We shall show that no one of these situ-
ations can remain ongoing at every possible moment in time.

For otherwise, the set of permanently ongoing situations would be 
non-empty and have the property that every one of its points would be 
accompanied in every coordinate direction. It will suffice to show that 
any such set of points in N dimensions has at least N + 1 distinct sums, 
and we can verify this by induction.
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Let a0 be the least value of the A-coordinate of any permanently on-
going situation in an N-man game. Then the tuples of N − 1 numbers

(b, c, . . . , n)

for which (a0, b, c, . . ., n) is permanently ongoing in this game will 
themselves form a permanently ongoing set in an N − 1 man game, and 
so will have at least (N − 1) + 1 = N distinct sums. Let

19

19

19

19

(2, 3, 2)

(2, 2, 2)

(2, 3, 3)

(2, 2, 3)
Figure 3.  At the end of the game (this detail is 
highlighted in the center of Figure 2).

Figure 2.  Zoe’s notes for all games (a, b, c | 6, 7, 8). The coordinate direc-
tions for (a, b, c) are indicated in the upper right.
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s0 = a0 + b0 + c0 + . . . + n0

be the greatest of these, arising from the permanently ongoing 
situation

(a0, b0, c0, . . . , n0).

Then there is a permanently ongoing situation

(a, b0, c0, . . . , n0)

accompanying this in the A direction with a ≠ a0, and so a > a0 since 
a0 was minimal. The accompanying situation therefore has coordinate 
sum greater than any of those already found and establishes that there 
must be at least N + 1 distinct coordinate sums in all.

Application to a problem of Fermat. The problem referred to is 
Fermat’s famous assertion that

a ≥ 1, b ≥ 1, c ≥ 1, n ≥ 3  &  an ≠ bn + cn (_)

for rational integers a, b, c, n.
Now it is well known that for every proposition P, we have

(P and not-P ) & (0 = 1).

Taking P to be the proposition discussed so disarmingly in [1], and 
applying modus ponens, we deduce that

0 = 1.

Now adding 1 to both sides of this, we obtain

1 = 2,

which we prefer to write in the more revealing form

13 = 13 + 13.

Thus the lexicographically first case of (_) is disproved. The authors 
cannot resist the remark that this would surely have been noticed ear-
lier had not modern teaching methods preferred the elaboration of 
grandiose general theories to the inculcation of elementary arithmeti-
cal skills.
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A Zeroth Power Is Often a Logarithm  
Yearning to Be Free

Sanjoy Mahajan

As a calculus student many decades ago, I found disturbing the n = −1 
exception when integrating a power law,

	 –( )
( )ln

x dx nn
x C
x C n

11
1

n

n 1

!= + +

+ =



*y 	 (1)

I appreciated that mathematically the caveat saved us from dividing by 
zero. But I found it mysterious how, only at n = −1, the result, which 
had been a power law like the integrand, suddenly turned into a new 
kind of function, ln x.

The mystery returned a few years later when, as physics students, we 
computed the electrostatic potential of simple sources: a point, a line, 
and a sheet of charge. Said another way, we computed the potential of a 
point source in three dimensions (the point charge), in two dimensions 
(the line charge beloved of electrical engineers for pole–zero plots), 
and in one dimension (the surface charge). The potential misbehaved 
in a familiar way. In three dimensions, it was r−1. In one dimension, it 
was r1. Based on these data, it should be r2−n in n dimensions. But in two 
dimensions, for which this theory predicts r0, we get ln r.

In graduate school, as I began haltingly thinking like a physicist 
rather than a physics student, I wondered more about the whole idea 
of an exception limited to exactly a point. The physical world abhors a 
discontinuity. Pretending that a formula is valid everywhere except at 
one point (n = −1) is unphysical.

But perhaps the exception in Equation (1) was hinting at an approxi-
mation: that ln x could be approximated by a power law. With n = −1 + 
e (for e ≈ 0) and with integration range [1, x], Equation (1) says 
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A high-order root (and a subtraction) approximates a logarithm! For 
example, with e = 0.1 and x = 10, the right-hand side of Equation (2) 
is approximately 2.6, only 12% larger than ln 10. In general, the frac-
tional error is roughly 0.5e $ ln x, so the approximation is reasonable 
when x % e2/e .

The e " 0 limit of Equation (2) reveals the zeroth power as a loga-
rithm yearning to be free. Indeed, a logarithm grows more slowly than 
any positive power. Thus, if the logarithm is any power law at all, the 
exponent has to be the smallest positive number, often known as zero. 
The electrostatic potential in two dimensions (the potential of a line 
charge), by all rights a zeroth power, is such a logarithm.

Here are two further examples of this idea, one biophysical and one 
mathematical (with application to orbits).

The biophysical example is the conversion of light intensity into neu-
ral signals in the retina. The retina, perhaps our first back-of-the-enve-
lope reasoner, hides from us irrelevant details about the world. As an 
illustration, take the front page of the New York Times outside on a sunny 
day, measure the light intensity above the giant black masthead letters 
and above the surrounding blank newsprint, and do the same indoors. 
The black letters outdoors give off far more light than the white areas 
indoors! Yet, to our eyes, the newspaper looks the same indoors and 
outdoors.1

This magical illumination invariance could be achieved by division: 
Measure the light intensity locally and divide it by a suitable local av-
erage of the light intensity. This ratio would be the same indoors and 
outdoors. Alas, in the real world of neural hardware with voltages and 
currents, division is a difficult operation—but subtraction is easy.

Enter the logarithm. If the neural signal can be made proportional 
to the light intensity’s logarithm (after making the intensity suitably 
dimensionless), the retina is home free. Although a retinal receptor 
cannot ask a floating-point coprocessor to compute logarithms for it, 
it computes instead an approximate fourth root. This root is computed 
from two pieces. First, a highly cooperative process, requiring the si-
multaneous binding of several calcium ions, computes a fourth power 
(of calcium concentration). Second, using calcium feedback, this com-
putation is wrapped in a negative-feedback loop to compute the fourth 
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root (Figure 1)—which approximates a logarithm2 in the same sense 
that the right-hand side of Equation (2) approximates ln x.

The second prodigal logarithm answers a question about the geo-
metric mean (GM) raised in an earlier article.3 There, the GM was one 
of several means in a Kepler orbit (Figure 2). The other means are all 
power means, where the kth power mean is defined as

	 M a b
2

/

k

k k k1

/
+b l 	 (3)

The arithmetic mean (AM) is M1, the harmonic mean (HM) is M−1, 
and the root-mean-square (RMS) is M2. But what power mean, if any, 
is the GM?

A hint comes from lining up several known power means from 
greatest to least,

	 RMS M MA GM H
M M MM ?1 12

$ $ $



: 8 8 8	 (4)

Figure 2.  The various means in a 
Kepler orbit. The semimajor axis 
(a) is the arithmetic mean (AM) of 
the perihelion (rmin) and the aphelion 
(rmax). The semiminor axis (b) is their 
geometric mean (GM). The semi-
latus rectum (l) is their harmonic 
mean (HM).

Figure 1.  Producing a fourth root using negative feedback. Chasing the 
signal around the loop produces the constraint equation K(x − y4) = y, where 
x is the input signal, y is the output signal, and K is the forward-path gain. 
As long as K is large, the solution is y = x1/4 (a slight generalization of Black’s 
formula).

K
K(x – y4)

x x – y4

y4 y
4

y

orbit

b = GM

a = AM

l = HM

rmax rmin

Sun

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



166	 Sanjoy Mahajan

The GM lies between M1 and M−1, so perhaps it’s the zeroth power 
mean.

For a proof, take the k " 0 limit of Equation (3). The important 
ingredient is that, for tiny k, 

	 zk = ek ln z ≈ 1 + k ln z	 (5)

Applying Equation (5) with z = a and z = b turns Equation (3) into

	

( ) ( )ln ln

ln ln

M
k a k b

k a b
2

1 1

1 2

/

/

k

k

k

1

1

.
+ + +

= +
+a k

: D
	 (6)

Inverting Equation (5), now setting ln z = (ln a + ln b)/2, turns the final 
expression in Equation (6) into 

	 exp ln lna b
2
+a k	 (7)

which is ab : the usual route to calculating the geometric mean.
Although I’ve sinned against Wheeler’s first moral principle4 by cal-

culating before understanding the answer, I’ll redeem myself by obey-
ing a moral corollary:5 After solving a problem, ask yourself, “What one 
sentence would have most helped my earlier self crack this problem?”

Here, a clue to the sentence is the appearance of logarithms in Equa-
tion (7), the alternative route to computing the geometric mean. When 
combined with the idea that the logarithm is a zeroth power and with 
its mirror image, that an exponential is an infinite power, Equation (7) 
becomes

	 a b
2

/0 0 1 0+b l 	 (8)

which is M0, the zeroth power mean. Wherefore the one sentence: A 
logarithm is a zeroth power in disguise.

Notes
1. A separate question is whether, after many further stages of neural processing turning 

the ink patterns into sentences and their meaning, one should believe what’s been printed 
with all that ink.
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2. This simplified description is itself the result of many other approximations. More 
details and related calculations can be found in Sanjoy Mahajan, “Order of magnitude physics: 
A textbook with applications to the retinal rod and to the density of prime numbers,” Ph.D. 
dissertation (California Institute of Technology, 1998), pp. 165–180.

3. Sanjoy Mahajan, “Don’t demean the geometric mean,” Am. J. Phys. 87, 75–77 (2019), 
after Equation (4).

4. Edwin F. Taylor and John Archibald Wheeler, Spacetime Physics, 2nd ed. (W. H. Free-
man, New York, 1992), p. 20.

5. Because of its close relation to Wheeler’s first moral principle, I’ve often attributed 
this one-sentence question—a wonderful means (sorry) of deliberate practice—also to 
John Wheeler. If a gentle reader can confirm or refute this attribution, please let me or the 
editor know.
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The Bicycle Paradox

Stan Wagon

Mark Levi’s recent book review [3] in The Mathematical Intelligencer re-
ports on an error made by V. I. Arnold. But the exact nature of the 
error needs clarification. Here is what Arnold wrote:

What Force Drives a Bicycle Forward? The lower pedal of a 
bicycle standing still on a horizontal floor is pulled back. Which 
way does the bicycle go, and in what direction does the pulled 
back lower pedal move with respect to the floor?

Arnold’s diagram is reproduced in Figure 1. Here x is the (infinitesimal) 
distance traveled left by the pedal relative to the bicycle. His conclusion 
is that for a particular choice of parameters, the bike (z) moves forward 
a distance 5x with respect to the ground and the pedal therefore moves 
forward 5x − x = 4x.

Arnold’s error is subtle. He is correct that if x moves left relative to 
the bike (i.e., the pedal rotates clockwise), then the bike moves forward 
by 5x. But his error is in the assumption that the pedal rotates clock-
wise when pulled left. The opposite is true! This counterintuitive fact is 
known as the bicycle paradox. Readers unfamiliar with this surprising 
behavior are encouraged to find a bicycle and try it.

The book editor thought that Arnold was thinking of a cyclist sitting 
on the saddle in the standard position and pushing the pedals. If so, 
all that Arnold says is correct. But this is surely false (as Levi noted); 
the normal riding of a bike uses shoes and friction to propel one for-
ward, and there is no mystery to resolve. Arnold simply was unaware of 
the bicycle paradox. His mathematics is correct, but he made a physics 
error (Figure 2).

In his review, Levi wrote that “Arnold’s answer is correct in refer-
ence to the bike itself rather than the pedal.” This comment is false for 
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any standard bike, though it is correct if the bike has an exceptionally 
low gear ratio. Here we present the geometry and physics that pro-
vide a simple and complete explanation for the various behaviors. The 
video [1] by George Hart is excellent. In addition to performing the 
experiment on an actual bicycle, he also shows how the result can be 
different for a specially constructed bicycle with a very low gear ratio. 
Throughout this note we assume a 1:1 gear ratio, but the methods apply 
to any gear ratio.

Arnold’s use of “pulled back” disguises the fact that there are two 
ways to do it. One can literally move the pedal back, using one’s hand 
or a string. Or one can apply a force to the pedal (such as the impulse 
of a hammer, or a strong wind focused only on the pedal). The force 

Figure 2.  A clockwise push on the pedal (dashed lines) makes it go counter
clockwise, and the bicycle moves backward (solid black lines).

Figure 1.  Arnold’s diagram.

z

y

x
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interpretation is more general, and a solution has to show first that the 
force causes the pedal to move backward relative to the ground; then one 
has to show that this backward motion yields counterclockwise rotation.

The laws of physics imply that a leftward force causes leftward mo-
tion of the pedal. Using a weight on a wire that pulls the pedal left by 
means of a pulley, one can arrange that the force in question is gravity. 
If the force caused rightward motion of the pedal, then that would raise 
the weight, violating the law of conservation of energy. So the pedal 
moves left relative to the ground.

Next, we follow Hart’s explanation to prove that backward motion 
of the pedal relative to the ground leads to counterclockwise rotation. 
With radius 1 for the wheel and a pedal radius r < 1, the motion of the 
pedal as the bike rolls forward follows a curtate trochoid, a variation on 
the classic cycloid (Figure 3). For a translational rightward speed of 
1, the pedal motion decomposes into a translation (t, 1) and a rotation 
−r(sin t, cos t); at the lowest point (t = 0), the backward speed due to ro-
tation is r, while the translational forward speed is 1. So the pedal moves 
forward at speed 1 − r. This means that if the pedal moves backward, 
the bike must move backward. Arnold pulled his pedal backward, so 
the bike goes backward and the pedal moves counterclockwise.

If r > 1, then the pedal moves on a prolate cycloid, which is the path 
followed by a point on the bottom of a train wheel (Figure 4) because 
the bottom of the wheel extends below the track. For a train, the point 
on the edge of the wheel travels backward as the train travels forward; 
it is interesting that these two classic puzzles, bicycle and train, are 
closely related.

Figure 3.  The pedal’s velocity always has a positive horizontal component 
relative to the ground.

pedal
ground
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One can ask the same question for arbitrary pedal positions. When 
the pedal is at the top and a force is applied in the clockwise direction, 
the pedal moves to the right (by the argument above), and so the bike 
moves forward. Therefore, there must be two pedal positions at which 
a tangential pedal force yields no motion at all. To understand where 
these static cases occur, we will consider a unicycle; the bicycle analysis 
is essentially the same, but there are complications because of the ratio 
of the rear wheel’s radius to r, and also the use of gear ratios not equal 
to 1. Measure i counterclockwise from the bottom (see Figure 5). Call 
the value of i where this happens, with 0 ≤ i ≤ r/2, the static angle. 
Indeed, the torque on the wheel relative to the point of contact is zero, 
and thus the angular acceleration around the contact point is zero.

Suppose the wheel has radius 1, F is the applied force, and f is the 
force of friction. Let m be the mass of the wheel, a its horizontal ac-
celeration, I its moment of inertia (the pedal is assumed to be massless), 
and a the angular acceleration (positive means counterclockwise).

The rotational analogue of Newton’s F = ma law is T = Ia, where T is 
torque. So for there to be no rotation, we must have a = 0, and because 
T = f − Fr, this means that f = Fr. Now, Newton’s law for horizontal mo-
tion is ma = f − F cos i = Fr − F cos i, and zero acceleration a means that 
r = cos i. So i = cos−1 r is the static angle at which no motion starting 
from rest happens, confirming what was derived earlier.

Figure 4.  When the pedal length extends below the ground (as essentially 
happens with a train wheel), the pedal’s motion at its lowest point is oppo-
site to that of the bicycle.

ground

pedal
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Now the following question arises: Suppose the pedal is at the static 
angle, and we put a huge amount of force on the pedal. Something has 
to give. And when it does, will the unicycle go forward or backward? 
The surprising answer is that if the pedal length is less than a critical 
radius of about 0.668, then the unicycle will not move, regardless of 
the amount of applied force. At some point, the wheel will crumple. If 
the pedal length is longer than the critical radius, then the wheel will 
start to slip backward, and the pedal will rotate clockwise.

The reason for this has to do with how friction works and the fact 
that the vertical component of the applied force causes additional fric-
tion. The coefficient of static friction (n) for rubber and asphalt is about 
0.9, which means that fmax, the maximum frictional force, is 0.9N, 
where N is the normal force of the ground. Let W be the weight of the 
wheel: W = mg, where g is the force of gravity.

Suppose the pedal is at the static angle (see Figure 5, where r = 1/2 and 
i = 60°), and F is so large that the horizontal component of F exceeds 
fmax, forcing leftward motion. Then f = fmax and F cos i > f. From New-
ton’s law, we have ma = f − F cos i < 0, and so the wheel moves backward 
(to the left). From the torque law, we have Ia = f − Fr = f − F cos i < 0, 

Figure 5.  When the line perpendicular to the pedal contains the wheel’s 
lowest point, then for typical r values, no amount of force perpendicular to 
the pedal arm will cause the wheel to move.

N
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and so a is negative, and the rotation is clockwise. So there is slip-
page (leftward motion, clockwise rotation) when the static friction is 
exceeded.

But it is not so simple. It is generally impossible for fmax to be ex-
ceeded regardless of the size of F. For if the maximal frictional force is 
exceeded, we would have F cos i > fmax = n(W + F sin i). This happens 
if and only if F > nW/(cos(i) − n sin(i)), and so the critical condition 
is cot i > n. So for maximum friction to be exceeded, we must have 
r/ – r1 2 = cot (cos−1 r) > n, which is equivalent to r > n/ 1 2

n+ . For 
rubber on asphalt, n is about 0.9, which gives r > 0.668. So if the pedal 
radius is longer than usual, the maximal friction can be exceeded and 
motion can be made to happen.

However, a typical pedal length of a unicycle is about 0.33, and so 
no amount of tangential pedal force at the critical angle i will cause the 
wheel or the pedal to move. The situation for a bike is similar, but the 
analysis is more complicated. Try it, and you will discover the static 
angle for your bicycle and see that no amount of force at that angle will 
cause any motion.

A detailed analysis of the bicycle paradox, with some history, can 
be found in [4]. An interactive demonstration that allows one to vary 
several parameters is available at [2].
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Tricolor Pyramids

Jacob Siehler

To tricolor a pyramid of hexagonal cells, assign each cell one of the 
colors red, yellow, or green according to a single rule: Each cell taken 
together with the two cells directly below it must be either (1) all three 
the same color, or (2) all three different colors. The coloring on the left 
in Figure 1 is correct, while the one on the right is not quite valid, as 
demonstrated by the marked cells.

Figure 2 has four puzzles to try as a warm-up followed by two chal-
lenges. Each one has a unique red/yellow/green coloring that satisfies 
the single rule. Once you have completed the warm-up puzzles, try 
your hand at one of the two nine-row puzzles.

Figure 1.  Valid and invalid tricolorings of the five-row pyramid. See also 
color insert.
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If you find these examples interesting and want more to solve, you 
will find many more at http://​homepages​.gac​.edu​/~jsiehler​/games​
/pyramids​-start​.html. As with similar logic puzzles, the puzzle de-
signer must place clues carefully to create a puzzle that is not too hard 
and especially not too easy. These puzzles, and those online, have been 
chosen with care. While computer assistance is helpful in creating puz-
zles, understanding the underlying mathematics before jumping into 
computation can make the puzzles more interesting.

Consider some basic questions that a would-be puzzle designer 
should be able to answer: what is the minimum number of clues re-
quired to uniquely determine the solution to a puzzle, and when does 
a given set of clues suffice to determine a solution at all? Puzzle solv-
ers also want to know if there are methods to find solutions without 
guesswork and backtracking. At first glance, it might not even be clear 
what branch of math would help to answer these questions: logic? graph 
theory? combinatorics?

Colors to Numbers

In truth, this is an algebra puzzle arising from the simplest linear equa-
tion in three variables, namely a + b + c = 0. Suppose that our number 
system is not the real numbers, but F3, the field of integers modulo 3. 
In F3, the only numbers are 0, 1, and 2. To add or multiply numbers 
in F3, we add or multiply as usual but reduce the result to its remain-
der upon dividing by 3. Table 1 shows the addition and multiplication 
tables.

Figure 2. Four warm-up puzzles and two challenges.
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In this number system, there are nine solutions to the equation 
a + b + c = 0: three where a, b, and c all take the same value in F3, and 
six where a, b, and c take all three different values in F3. Thus, this 
equation perfectly encodes the “all three the same or all three differ-
ent” condition of the puzzle. We simply replace colors with integers 
modulo 3—any assignment of the three colors to the three numbers 
0, 1, and 2 will do. Here, we use 0 for red, 1 for green, and 2 for 
yellow.

Now, we can view the coloring rule for the pyramid as a system of 
linear equations over F3. For example, a three-row pyramid can have its 
cells labeled with variables, as in Figure 3.

Using the six variables, the coloring condition becomes the follow-
ing system of three linear equations, which can be encoded into the 
matrix A shown to the right:

x x x 0+ + =
x x x A0

1
0
0

1
1
0

1
0
1

0
1
0

0
1
1

0
0
1

1 2 3

2 4 5

3 5 6

=+ + =

x x x 0+ + =

f p

Table 1.  Addition and multiplication modulo 3. See also color insert.

Figure 3.  Variable assignment for three-row pyramid.

x1x1

x5

x2 x3

x4 x6

0 1 2

0 1 2

01 2

0 12

0

+

1

2

0 1 2

0 0 0

20 1

2 10

0

×

1

2
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Each column of A represents a variable, and each row represents an 
equation. The entries are given by the coefficient of the corresponding 
variable in the appropriate equation.

In general, the coloring condition for a pyramid with n rows trans-
lates to a system of n(n − 1)/2 linear equations, each with three variables 
summing to zero in F3. The solutions to the linear system are precisely 
the valid colorings of the pyramid. This is an elegant representation of 
the problem, and it allows us to study colorings systematically using the 
techniques of linear algebra. For example, beginning with the matrix 
A for the system of equations above, there is a standard linear algebra 
algorithm that produces the matrix

N
1 0 0

1 02
1

0
2
2

2
2
0
0
1 0

1

0
3 = f p

The matrix N3 has interesting properties related to the coloring of 
the three-row pyramid.

1.	 Each row of N3 yields a valid coloring of the three-row 
pyramid. For example, we interpret row 1 in N3, which is 
[1,0,2,0,0,1], as x1 = 1, x2 = 0, x3 = 2, x4 = 0, x5 = 0, and x6 = 
1. Figure 4 depicts the corresponding coloring.

2.	 Every valid coloring of the three-row pyramid can be obtained 
by adding rows of N3 together, with repetition allowed. Row 
addition is performed component-wise, adding numbers in 
the same columns (modulo 3, as usual). For example, row 2 
plus row 3 plus row 3—more compactly, we will write R2 + 
2R3—results in [1,0,2,2,1,0], shown in Figure 5. (Try it your-
self: What combination of rows makes the all-green coloring?)

Figure 4.  Row 1 of N3 as a three-row pyramid 
coloring. See also color insert.
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3.	 The rows of N3 are independent of one another in a strong 
sense. Not only are all the rows different, but no row can be 
written as a sum of other rows. You can prove this by consid-
ering the entries in the last three columns.

We never need to use a row more than twice in a combination be-
cause we use arithmetic modulo 3. For that reason, solutions to the 
three-row puzzle can be represented in a meaningful way by ordered 
triples of numbers from F3—for example, we use (0,1,2) to represent 
the combination 0R1 + 1R2 + 2R3 and (2,2,1) to represent the combi-
nation 2R1 + 2R2 + R3. The all-red (all-zero) coloring corresponds to 
(0,0,0). With a computer, or even by hand, we could step through all 
of the 33 = 27 triples, from (0,0,0) to (2,2,2), and produce the corre-
sponding colorings by adding the appropriate rows of N3.

In a linear algebra class, we would say that the solutions to the three-
row puzzle form a three-dimensional vector space over F3, and the 
three special properties of N3 amount to saying that the rows of this 
matrix form a basis for that space. The solution set may also be called 
the null space associated with the system of equations, and in fact, I 
used the NullSpace command in Mathematica to compute N3, although 
it is straightforward to compute by hand. Almost any computer algebra 
system has a command for this job.

For a pyramid with n rows, applying NullSpace to the appropriate 
system of equations produces a matrix with n rows and one column 
for each cell in the pyramid. Each combination of rows added together 
yields a valid coloring, and every valid coloring can be produced by 
adding together various combinations of the rows, from (0,0, . . ., 0) 
to (2,2, . . ., 2). Therefore, the pyramid with n rows will have 3n valid 
colorings; can you find a simpler, more direct proof of this fact?

Figure 5.  R2 + 2R3 from N3 as a coloring. See also 
color insert.
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How Many Clues, and Which Ones?

In the world of Sudoku, many CPU hours have been expended to find 
the minimum number of clues that determine a unique solution. For 
pyramid puzzles, the situation is simpler, and one linear algebraic con-
sequence is the following.

Fact. It takes at least n clues to determine a unique solution for an 
n-row pyramid.

However, not every set of n clues will determine a unique solution 
for the pyramid with n rows. The clue set on the left in Figure 6 de-
termines a unique solution, but the set on the right does not. Try it 
and see! The notion of independence allows us to algebraically detect 
the difference between the clue sets {1,5,8,10} and {1,5,7,10}. Using 
the NullSpace command on the four-row pyramid system of equations 
produces the matrix

N

0

2
2
0
0
0

0

2
0
0
2

1

1

1

1
0
2
2

2
2
0

2
2

0

0
0
0
1

0
0
1
0

0
1
0
0

1
0
0
0

4 =

J

L

K
K
KK

N

P

O
O
OO

We construct two smaller matrices by picking out only those columns 
of N4 that correspond to the cells in the clue sets from Figure 5: P1 uses 
columns 1, 5, 8, and 10 from N4, while P2 uses columns 1, 5, 7, and 10.

PP

2
0
0
2

0
2
2
0

0
0
1
0

1
0
0
0

2
0
0
2

0
2
2
0

0
0
0
1

1
0
0
0

and1 2= =

J

L

K
K
KK

J

L

K
K
KK

N

P

O
O
OO

N

P

O
O
OO

Remember, P1 corresponds to the “good” clue set that determines 
a unique solution, and you can see that its rows have that wonderful 
independence property: No row of P1 is equal to any other row, or even 
to any sum of other rows. On the other hand, P2 lacks the independence 
property, as rows 2 and 3 are identical.

We do not prove it here, but this process is exactly how to test whether 
a set of clue cells is a “good” set that determines a unique solution: Select 
the columns from the NullSpace matrix that correspond to your clue 
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cells, and delete the rest. If the shortened rows are independent of one 
another, the clue set is good, but if any row can be obtained from the 
sum of the other rows, then the clue set allows more than one solution.

Unexpected Relations

You probably realize now that solving a puzzle can be reduced to solv-
ing a system of linear equations, which a computer can do in an eye-
blink. This does not really reflect how humans solve these puzzles in 
practice. There are computer algorithms that are guaranteed to solve 
any Sudoku puzzle, but they are not practical or fun algorithms for hu-
mans. The same is true for tricolor pyramids, so let us say a little about 
how to design puzzles so that they have more human interest to them.

If you examine any correctly colored pyramid with four rows, you 
will find that the three corners of the pyramid always form a trio: all 
three are the same, or all three are different, regardless of how the 
other cells may be colored. We can explain this algebraically by assign-
ing variables to the cells, as shown in Figure 7. Working from the bot-
tom up (remembering that addition and multiplication are performed 
modulo 3, so that 1 + 2 = 0), we see

x4 = 2x7 + 2x8, x5 = 2x8 + 2x9, and x6 = 2x9 + 2x10

which forces

x2 = x7 + 2x8 + x9 and x3 = x8 + 2x9 + x10

so that, finally,

x1 = 2x7 + 2x10

Figure 6.  Some clues determine a unique solution, and some do not. See 
also color insert.

1

2

4

7

3

6

108 9

5

1

2

4

7

3

6

108 9

5

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 Tricolor Pyramids	 181

or equivalently, x1 + x7 + x10 = 0. This means that knowledge of any two 
of the corners in a four-row pyramid allows the puzzler to deduce the 
last; the same reasoning applies to any four-row subpyramid in a larger 
puzzle. In warm-up puzzles 3 and 4 from Figure 2, the “three corners” 
pattern can be used to deduce a cell with no guesswork. In puzzle 3, 
the rest of the puzzle unravels quickly; puzzle 4 does not yield quite so 
easily.

Figure 8 shows five cells that also satisfy a simple relation among 
themselves, regardless of the rest of the pyramid. You will have to de-
duce the relation yourself this time. You can also rotate Figure 8 to find 
other sets of five cells satisfying identical relations. See if you can spot 
how to apply this pattern to solve the rest of puzzle 4 from Figure 2 
with no trial and error.

Figure 9 shows a further sampling of patterns that can be used to 
eliminate guesswork in puzzle solving. Any one of the shaded cells in a 
pattern can be deduced if you know the others. Keep your eye out for 
these shapes (and their reflected and rotated forms) as you solve. Or, if 
you like the challenge of designing puzzles, see how many patterns you 
can weave into the solution of your puzzle.

Figure 8.  The “five-T” pattern.

Figure 7.  The “three corners” pattern.
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Let us consider one final problem. How can you adapt the linear 
algebraic techniques described in the previous sections to determine if 
a particular set of cells forms a pattern? You can bet it is all about that 
independence property.

Final Remarks

The tricolor puzzle is a close relative of “Number Pyramid” puzzles 
commonly used in early grades to practice addition, subtraction, 
and algebraic thinking. I heartily recommend Jan Hendrik Müller’s 
article, “Exploring Number-Pyramids in the Secondary Schools” 
(The Teaching of Mathematics, VI(3), 2003, pp 37–48; available at 
http://www.teaching.math.rs/vol/tm613.pdf) for a thoughtful and 
creative look at the mathematics of these puzzles and how they can be 
used in the classroom.

In the tricolor puzzles, simple patterns like “three corners” and 
“five-T” emerge as a consequence of reducing the coefficients modulo 
3. Consequently, the puzzles acquire a geometric, pattern-spotting ele-
ment that is not present in ordinary number pyramids. Nonetheless, 
standard algorithms and theorems from linear algebra can still be used 
to solve puzzles, test clue sets for solvability, search for useful patterns, 
and design interesting puzzles around them. Linear algebra turns out 
to be pretty colorful!

Figure 9.  The “Y,” “S,” and “O” patterns.
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Does Time Really Flow?  
New Clues Come from a  

Century-Old Approach to Math

Natalie Wolchover

Strangely, although we feel as if we sweep through time on the knife 
edge between the fixed past and the open future, that edge—the 
present—appears nowhere in the existing laws of physics.

In Albert Einstein’s theory of relativity, for example, time is woven 
together with the three dimensions of space, forming a bendy, four-
dimensional space-time continuum—a “block universe” encompass-
ing the entire past, present, and future. Einstein’s equations portray 
everything in the block universe as decided from the beginning; the 
initial conditions of the cosmos determine what comes later, and 
surprises do not occur—they only seem to. “For us believing physi-
cists,” Einstein wrote in 1955, weeks before his death, “the distinc-
tion between past, present, and future is only a stubbornly persistent 
illusion.”

The timeless, predetermined view of reality held by Einstein re-
mains popular today. “The majority of physicists believe in the block-
universe view, because it is predicted by general relativity,” said Marina 
Cortês, a cosmologist at the University of Lisbon.

However, she said, “if somebody is called on to reflect a bit more 
deeply about what the block universe means, they start to question and 
waver on the implications.”

Physicists who think carefully about time point to troubles posed 
by quantum mechanics, the laws describing the probabilistic behavior 
of particles. At the quantum scale, irreversible changes occur that dis-
tinguish the past from the future: A particle maintains simultaneous 
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quantum states until you measure it, at which point the particle adopts 
one of the states. Mysteriously, individual measurement outcomes are 
random and unpredictable, even as particle behavior collectively fol-
lows statistical patterns. This apparent inconsistency between the na-
ture of time in quantum mechanics and the way it functions in relativity 
has created uncertainty and confusion.

Recently, the Swiss physicist Nicolas Gisin has published four pa-
pers that attempt to dispel the fog surrounding time in physics. As 
Gisin sees it, the problem all along has been mathematical. Gisin ar-
gues that time in general and the time we call the present are easily 
expressed in a century-old mathematical language called intuitionist 
mathematics, which rejects the existence of numbers with infinitely 
many digits. When intuitionist math is used to describe the evolution 
of physical systems, it makes clear, according to Gisin, that “time really 
passes and new information is created.” Moreover, with this formal-
ism, the strict determinism implied by Einstein’s equations gives way 
to a quantum-like unpredictability. If numbers are finite and limited 
in their precision, then nature itself is inherently imprecise, and thus 
unpredictable.

Physicists are still digesting Gisin’s work—it is not often that some-
one tries to reformulate the laws of physics in a new mathematical 
language—but many of those who have engaged with his arguments 
think they could potentially bridge the conceptual divide between the 
determinism of general relativity and the inherent randomness at the 
quantum scale.

“I found it intriguing,” said Nicole Yunger Halpern, a quantum in-
formation scientist at Harvard University, responding to Gisin’s recent 
article in Nature Physics.1 “I’m open to giving intuitionist mathematics a 
shot.”

Cortês called Gisin’s approach “extremely interesting” and “shock-
ing and provocative” in its implications. “It’s really a very interesting 
formalism that is addressing this problem of finite precision in nature,” 
she said.

Gisin said it is important to formulate laws of physics that cast the 
future as open and the present as very real, because that is what we 
experience. “I am a physicist who has my feet on the ground,” he said. 
“Time passes; we all know that.”
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Information and Time

Gisin, 67, is primarily an experimenter. He runs a lab at the University 
of Geneva that has performed groundbreaking experiments in quan-
tum communication and quantum cryptography. But he is also the rare 
crossover physicist who is known for important theoretical insights, 
especially ones involving quantum chance and nonlocality.

On Sunday mornings, in lieu of church, Gisin makes a habit of sitting 
quietly in his chair at home with a mug of oolong tea and contemplat-
ing deep conceptual puzzles. It was on a Sunday about two and a half 
years ago that he realized that the deterministic picture of time in Ein-
stein’s theory and the rest of “classical” physics implicitly assumes the 
existence of infinite information.

Consider the weather. Because it is chaotic, or highly sensitive to 
small differences, we cannot predict exactly what the weather will be 
a week from now. But because it is a classical system, textbooks tell us 
that we could, in principle, predict the weather a week on, if only we 
could measure every cloud, gust of wind, and butterfly’s wing precisely 
enough. It is our own fault we cannot gauge conditions with enough dec-
imal digits of detail to extrapolate forward and make perfectly accurate 
forecasts, because the actual physics of weather unfolds like clockwork.

Now expand this idea to the entire universe. In a predetermined 
world in which time only seems to unfold, exactly what will happen for 
all time actually had to be set from the start, with the initial state of 
every single particle encoded with infinitely many digits of precision. 
Otherwise, there would be a time in the far future when the clockwork 
universe itself would break down.

But information is physical. Modern research shows it requires en-
ergy and occupies space. Any volume of space is known to have a finite 
information capacity (with the densest possible information storage 
happening inside black holes). The universe’s initial conditions would, 
Gisin realized, require far too much information crammed into too 
little space. “A real number with infinite digits can’t be physically rel-
evant,” he said. The block universe, which implicitly assumes the exis-
tence of infinite information, must fall apart.

He sought a new way of describing time in physics that did not pre-
sume infinitely precise knowledge of the initial conditions.
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The Logic of Time

The modern acceptance that there exists a continuum of real numbers, 
most with infinitely many digits after the decimal point, carries little 
trace of the vitriolic debate over the question in the first decades of the 
twentieth century. David Hilbert, the great German mathematician, 
espoused the now-standard view that real numbers exist and can be 
manipulated as completed entities. Opposed to this notion were math-
ematical “intuitionists,” led by the acclaimed Dutch topologist L.E.J. 
Brouwer, who saw mathematics as a construct. Brouwer insisted that 
numbers must be constructible, their digits calculated or chosen or 
randomly determined one at a time. Numbers are finite, said Brouwer, 
and they are also processes: They can become ever more exact as more 
digits reveal themselves in what he called a choice sequence, a function 
for producing values with greater and greater precision.

By grounding mathematics in what can be constructed, intuitionism 
has far-reaching consequences for the practice of math, and for deter-
mining which statements can be deemed true. The most radical depar-
ture from standard math is that the law of excluded middle, a vaunted 
principle since the time of Aristotle, does not hold. The law of excluded 
middle says that either a proposition is true, or its negation is true—a 
clear set of alternatives that offers a powerful mode of inference. But 
in Brouwer’s framework, statements about numbers might be neither 
true nor false at a given time, since the number’s exact value has not yet 
revealed itself.

There is no difference from standard math when it comes to num-
bers like 4, or ½, or pi, the ratio of a circle’s circumference to its di-
ameter. Even though pi is irrational, with no finite decimal expansion, 
there is an algorithm for generating its decimal expansion, making pi 
just as determinate as a number like ½. But consider another number x 
that is in the ballpark of ½.

Say the value of x is 0.4999, where further digits unfurl in a choice 
sequence. Maybe the sequence of 9s will continue forever, in which 
case x converges to exactly ½. (This fact, that 0.4999… = 0.5, is true 
in standard math as well, since x differs from ½ by less than any finite 
difference.)

But if at some future point in the sequence, a digit other than 9 crops 
up—if, say, the value of x becomes 4.999999999999997…—then no 
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matter what happens after that, x is less than ½. But before that hap-
pens, when all we know is 0.4999, “we don’t know whether or not a 
digit other than 9 will ever show up,” explained Carl Posy, a philoso-
pher of mathematics at the Hebrew University of Jerusalem and a lead-
ing expert on intuitionist math. “At the time we consider this x, we 
cannot say that x is less than ½, nor can we say that x equals ½.” The 
proposition “x is equal to ½” is not true, and neither is its negation. The 
law of excluded middle does not hold.

Moreover, the continuum cannot be cleanly divided into two parts 
consisting of all numbers less than ½ and all those greater than or equal 
to ½. “If you try to cut the continuum in half, this number x is going to 
stick to the knife, and it won’t be on the left or on the right,” said Posy. 
“The continuum is viscous; it’s sticky.”

Hilbert compared the removal of the law of excluded middle from 
math to “prohibiting the boxer the use of his fists,” since the principle 
underlies much mathematical deduction. Although Brouwer’s intu-
itionist framework compelled and fascinated the likes of Kurt Gödel 
and Hermann Weyl, standard math, with its real numbers, dominates 
because of ease of use.

The Unfolding of Time

Gisin first encountered intuitionist math at a meeting last May attended 
by Posy. When the two got to talking, Gisin quickly saw a connection 
between the unspooling decimal digits of numbers in this mathematical 
framework and the physical notion of time in the universe. Material-
izing digits seemed to naturally correspond to the sequence of moments 
defining the present, when the uncertain future becomes concrete re-
ality. The lack of the law of excluded middle is akin to indeterministic 
propositions about the future.

In a work published in December 2019 in Physical Review A, Gisin and 
his collaborator Flavio Del Santo used intuitionist math to formulate 
an alternative version of classical mechanics, one that makes the same 
predictions as the standard equations but casts events as indetermin-
istic—creating a picture of a universe where the unexpected happens 
and time unfolds.2

It is a bit like the weather. Recall that we cannot precisely forecast 
the weather because we do not know the initial conditions of every 
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atom on Earth to infinite precision. But in Gisin’s indeterministic ver-
sion of the story, those exact numbers never existed. Intuitionist math 
captures this: The digits that specify the weather’s state ever more pre-
cisely, and dictate its evolution ever further into the future, are chosen 
in real time as that future unfolds in a choice sequence. Renato Renner, 
a quantum physicist at the Swiss Federal Institute of Technology in Zu-
rich, said Gisin’s arguments “point in the direction that deterministic 
predictions are fundamentally impossible in general.”

In other words, the world is indeterministic; the future is open. 
Time, Gisin said, “is not unfolding like a movie in the cinema. It is 
really a creative unfolding. The new digits really get created as time 
passes.”

Fay Dowker, a quantum gravity theorist at Imperial College Lon-
don, said she is “very sympathetic” to Gisin’s arguments, as “he is on 
the side of those of us who think that physics doesn’t accord with our 
experience and therefore it’s missing something.” Dowker agrees that 
mathematical languages shape our understanding of time in physics, 
and that the standard Hilbertian mathematics that treats real numbers 
as completed entities “is certainly static. It has this character of being 
timeless, and that definitely is a limitation to us as physicists if we’re 
trying to incorporate something that’s as dynamic as our experience of 
the passage of time.”

For physicists such as Dowker who are interested in the connections 
between gravity and quantum mechanics, one of the most important 
implications of this new view of time is how it begins to bridge what 
have long been thought of as two mutually incompatible views of the 
world. “One of the implications it has for me,” said Renner, “is that 
classical mechanics is in some ways closer to quantum mechanics than 
we thought.”

Quantum Uncertainty and Time

If physicists are going to solve the mystery of time, they have to grap-
ple not just with the space-time continuum of Einstein, but also with 
the knowledge that the universe is fundamentally quantum, ruled by 
chance and uncertainty. Quantum theory paints a very different pic-
ture of time than Einstein’s theory. “Our two big theories on physics, 
quantum theory and general relativity, make different statements,” said 
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Renner. He and several other physicists said this inconsistency under-
lies the struggle to find a quantum theory of gravity—a description 
of the quantum origin of space-time—and to understand why the Big 
Bang happened. “If I look at where we have paradoxes and what prob-
lems we have, in the end they always boil down to this notion of time.”

Time in quantum mechanics is rigid, not bendy and intertwined with 
the dimensions of space as in relativity. Furthermore, measurements 
of quantum systems “make time in quantum mechanics irreversible, 
whereas otherwise the theory is completely reversible,” said Renner. 
“So time plays a role in this thing that we still don’t really understand.”

Many physicists interpret quantum physics as telling us that the uni-
verse is indeterministic. “For Chrissakes, you have two uranium atoms: 
One of them decays after 500 years, and the other one decays after 
1,000 years, and yet they’re completely identical in every way,” said 
Nima Arkani-Hamed, a physicist at the Institute for Advanced Study in 
Princeton, New Jersey. “In every meaningful sense, the universe is not 
deterministic.”

Still, other popular interpretations of quantum mechanics, including 
the many-worlds interpretation, manage to keep the classical, deter-
ministic notion of time alive. These theories cast quantum events as 
playing out a predetermined reality. Many-worlds theory, for instance, 
says each quantum measurement splits the world into multiple branches 
that realize every possible outcome, all of which were set in advance.

Gisin’s ideas go the other way. Instead of trying to make quantum 
mechanics a deterministic theory, he hopes to provide a common, inde-
terministic language for both classical and quantum physics. But the ap-
proach departs from standard quantum mechanics in an important way.

In quantum mechanics, information can be shuffled or scrambled, 
but never created or destroyed. Yet if the digits of numbers defining 
the state of the universe grow over time as Gisin proposes, then new 
information is coming into being. Gisin said he “absolutely” rejects the 
notion that information is preserved in nature, largely because “there is 
clearly new information that is created during a measurement process.” 
He added, “I’m saying that we need another way of looking at these 
entire ideas.”

This new way of thinking about information may suggest a resolu-
tion to the black hole information paradox, which asks what happens to 
information swallowed by black holes. General relativity implies that 
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information is destroyed; quantum theory says it is preserved. Hence 
the paradox. If a different formulation of quantum mechanics in terms 
of intuitionist math allows information to be created by quantum mea-
surements, perhaps it also lets information be destroyed.

Jonathan Oppenheim, a theoretical physicist at University College 
London, believes information is indeed lost in black holes. He does not 
know if Brouwer’s intuitionism will be the key to showing this, as Gisin 
contends, but he says there is reason to think information creation and 
destruction might be deeply related to time. “Information is destroyed 
as you go forward in time; it’s not destroyed as you move through 
space,” Oppenheim said. The dimensions that make up Einstein’s block 
universe are very different from one another.

Along with supporting the idea of creative (and possibly destructive) 
time, intuitionist math also offers a novel interpretation of our conscious 
experience of time. Recall that in this framework, the continuum is 
sticky, impossible to cut in two. Gisin associates this stickiness with our 
sense that the present is “thick”—a substantive moment rather than a 
zero-width point that cleanly cleaves past from future. In standard phys-
ics, based on standard math, time is a continuous parameter that can take 
any value on the number line. “However,” Gisin said, “if the continuum 
is represented by intuitionistic mathematics, then time can’t be cut in 
two sharply.” It is thick, he said, “in the same sense as honey is thick.”

So far, it is just an analogy. Oppenheim said he had “a good feeling 
about this notion that the present is thick. I’m not sure why we have 
that feeling.”

The Future of Time

Gisin’s ideas have prompted a range of responses from other theorists, 
all with their own thought experiments and intuitions about time to 
go on.

Several experts agreed that real numbers do not seem to be physi-
cally real, and that physicists need a new formalism that does not rely on 
them. Ahmed Almheiri, a theoretical physicist at the Institute for Ad-
vanced Study who studies black holes and quantum gravity, said quan-
tum mechanics “precludes the existence of the continuum.” Quantum 
math bundles energy and other quantities into packets, which are more 
like whole numbers rather than a continuum. And infinite numbers 
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become truncated inside black holes. “A black hole may seem to have 
a continuously infinite number of internal states, but [these get] cut 
off,” he said, due to quantum gravitational effects. “Real numbers can’t 
exist, because you can’t hide them inside black holes. Otherwise they’d 
be able to hide an infinite amount of information.”

Sandu Popescu, a physicist at the University of Bristol who cor-
responds often with Gisin, agreed with the latter’s indeterministic 
worldview but said he is not convinced that intuitionist math is neces-
sary. Popescu objects to the idea that digits of real numbers count as 
information.

Arkani-Hamed found Gisin’s use of intuitionist math interesting and 
potentially relevant to cases such as black holes and the Big Bang, where 
gravity and quantum mechanics come into apparent conflict. “These 
questions—of numbers as finite, or fundamentally things that exist, or 
whether there’s infinitely many digits, or the digits are made as you go 
on,” he said, “might be related to how we should ultimately think about 
cosmology in situations where we don’t know how to apply quantum 
mechanics.” He too sees the need for a new mathematical language that 
could “liberate” physicists from infinite precision and allow them to 
“talk about things that are a little bit fuzzy all the time.”

Gisin’s ideas resonate in many corners but still need to be fleshed 
out. Going forward, he hopes to find a way of reformulating relativity 
and quantum mechanics in terms of finite, fuzzy intuitionist mathemat-
ics, as he did with classical mechanics, potentially bringing the theories 
closer. He has some ideas about how to approach the quantum side.

One way that infinity rears its head in quantum mechanics is in the 
“tail problem”: Try to localize a quantum system, like an electron on 
the moon, and “if you do that with standard mathematics, you have to 
admit that an electron on the moon has a super small probability of 
being also detected on Earth,” Gisin said. The “tail” of the mathemati-
cal function representing the particle’s position “becomes exponen-
tially small but nonzero.”

But Gisin wonders, “What reality should we attribute to a super 
small number? Most experimentalists would say, ‘Put it to zero and 
stop questioning.’ But maybe the more theoretically oriented would 
say, ‘OK, but there is something there according to the math.’

“But it depends, now, which math,” he continued. “Classical math, 
there is something. In intuitionist math, no. There is nothing.” The 
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electron is on the moon, and its chance of turning up on Earth is well 
and truly zero.

Since Gisin first published his work, the future has grown only more 
uncertain. Now every day is a kind of Sunday for him, as crisis grips the 
world. Away from the lab, and unable to see his granddaughters except 
on a screen, he plans to keep thinking, at home with his mug of tea and 
garden view.

Notes
1. Gisin, N. Mathematical languages shape our understanding of time in physics. Nat. 

Phys. 16, 114–116 (2020). https://doi.org/10.1038/s41567-019-0748-5.
2. Del Santo, F., and N. Gisin. Physics without determinism: Alternative interpretations 

of classical physics. Phys. Rev. A 100(6), December 2019.
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The Role of History  
in the Study of Mathematics

Harold M. Edwards

I believe that the folowing summary describes the view of the history 
of modern mathematics that is universally believed by mathematicians 
today and believed by all too many historians of mathematics as well.

Summary History: The invention of differential and integral calculus 
in the seventeenth century by Newton and Leibniz was an enormous 
advance, but it remained on a shaky logical basis throughout the eigh-
teenth century. With Cauchy in the early nineteenth century and, more 
seriously, with Weierstrass later in the nineteenth century, calculus 
was finally given a firm and rigorous foundation. What was achieved at 
that time was a proper understanding of limits and, more generally, of 
the infinite processes of integration and differentiation.

A related development in the second half of the nineteenth century 
that was central to modern mathematics was Cantor’s creation of his 
theory of infinite numbers, both cardinal and ordinal, which made it 
possible, for the first time, to deal in a rigorous way with infinite mag-
nitudes. Hilbert later called the complex of ideas about infinite sets that 
arose from Cantor’s work “the paradise that Cantor created for us.”

Yet another important contribution to the modern conception of 
mathematics in the second half of the nineteenth century was Dede-
kind’s pioneering work in formulating the theory of algebraic num-
bers in terms of set theory, beginning with the notion of an ideal as a 
certain kind of subset of a ring. Dedekind’s great inspiration was the 
work of his friend Riemann, who inspired him to focus on concepts 
in his mathematics, not formulas or computation. This was the germ 
of what is now called “structural mathematics,” in which the focus 
is on structures—groups, rings, fields, operator algebras, measure 
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spaces, topological spaces—which are defined axiomatically in terms 
of set theory.

The combination of these ingredients has produced the rigorous 
modern approach to pure mathematics that has allowed for the rapid 
advances on many fronts that have taken place since 1900.

Readers who are familiar with my work and my views on the philosophy 
of mathematics will have known as they read this sketch that my pur-
pose would be to oppose it. I believe that historians of mathematics have 
been far too willing to accept this widely accepted narrative of the his-
tory of modern mathematics, and that in accepting it, they fail in what I 
consider to be their most important function as far as the study of math-
ematics itself is concerned—the function of studying and analyzing the 
works of the great mathematicians throughout history in order to make 
those works accessible to modern readers and researchers.

It is understandable that historians are inclined to be strongly influ-
enced by the opinions of mathematicians when it comes to interpret-
ing the great metamorphosis in the understanding of the foundations 
of mathematics that has taken place since the time of Cantor and Dede-
kind, but mathematicians tend to be unreliable sources when it comes to 
the history of mathematics. The natural inclination of mathematicians 
is to work out ideas and narratives for themselves, rather than to study 
carefully what someone else has done. When they do study what some-
one else has done, it is usually to compare it to what they themselves 
have done, rather than to study it on its own terms, and the framework 
within which modern mathematicians do their thinking is ill suited to 
understanding many of the great works of mathematics from the past.

An outstanding example of what I mean here is given by Hilbert’s fa-
mous work on the theory of algebraic number fields, commonly known 
as the Zahlbericht. This is not a historical work. As Hilbert says in the 
preface, his goal was to assemble the facts (Tatsachen) of algebraic num-
ber theory and organize them into a logical development from a unified 
point of view in order to “bring closer the time when the achievements 
of our great classics in number theory will become the common prop-
erty of all mathematicians.” This may appear at first to agree with the 
goal I state above of making classic texts available to contemporary 
readers, but it is in fact the very opposite. As the rest of the preface 
makes quite clear, Hilbert’s goal is not at all to make accessible to his 

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



	 The Role of History	 195

readers the works of Euler, Gauss, Kummer, and the others he men-
tions. His goal is plainly to make access to these authors unnecessary. 
Rather than studying previous authors, his goal is to replace them.

Abel wrote, “It appears to me that if one wants to make progress in 
the study of mathematics one should study the masters and not the pu-
pils.” I agree entirely, and I see this point of view as being diametrically 
opposed to Hilbert’s point of view in the Zahlbericht. Hilbert says, in 
effect, “The masters of number theory are Gauss, Kummer, et al., and 
I have composed a work that arranges their achievements in a coherent 
and logical way that will make it unnecessary for you to study their 
works.” Don’t read the works of the masters, read the work of their 
pupil Hilbert, who will make their ideas easily accessible to you!

I once participated in a conference of historians of mathematics on 
the topic “Disciplines and Styles in Pure Mathematics.” I was pleased 
with the word “style,” because I believe that the role of style—even 
of fashion—in mathematics is not sufficiently appreciated. To my dis-
appointment, I found that the other participants had such a different 
interpretation of the importance and meaning of “style” in pure math-
ematics that when they did discuss this aspect of mathematical presen-
tation, it was only to interpret it in the very narrow sense of expository 
style, about which no one had anything very enlightening to say. The 
basic attitude seemed to be that everyone knows what the correct style 
for the presentation of pure mathematics is: a set of axioms regarding 
some type of objects in Cantor’s paradise, followed by the deduction, 
from the axioms, of theorems about them.

The issue of “style” is enormously relevant in the case of the Zahlbe
richt. Hilbert himself would surely not have denied that the style of the 
classical writers whom he cites was utterly different from his own style 
in the Zahlbericht. Notwithstanding the extreme difference in style, his 
contention was that the facts—the Tatsache—were the same, so much 
so that readers who studied the Zahlbericht would gain such a complete 
grasp of the theory that they would come into the possession of their 
heritage from the masters without having to consult the masters at all. 
This contention—that the style can be radically different but the con-
tent the same—seems to me absurd, and I believe that a comparison 
of, for example, the works of Kummer to Hilbert’s exposition of the 
theory of what he calls Kummersche Zahlkörpern will show that the dif-
ference in style makes for a substantial difference in the way that the 
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“facts” are to be understood. For example, Kummer rarely strays from 
statements that are susceptible to verification by concrete calculation in 
simple cases, while Hilbert is altogether unconcerned with calculation.

In his preface, Hilbert says that he sought in the Zahlbericht to “avoid 
Kummer’s great calculational apparatus,”1 which is an example of the 
sort of thing Abel could well have had in mind when he recommended 
reading the masters rather than the pupils. Kummer’s “great calcula-
tional apparatus” shows us how he understood the problems he was 
grappling with and in this way shows how he was able to solve them 
so effectively. Hilbert’s wish to excise this aspect of Kummer’s work 
suggests to me that he would have had little chance of duplicating Kum-
mer’s great discoveries had Kummer not made them first. For example, 
is it conceivable that a researcher who believes that higher mathematics 
deals primarily with concepts rather than computations could discover, 
as Kummer did, that Fermat’s last theorem is true for every prime ex-
ponent p > 2 that does not divide the numerators of any of the first 

p
2
3
 

Bernoulli numbers? Or that this implied a proof of Fermat’s last theo-
rem for all prime exponents less than 60 other than 37 and 59?2

My own presentation at the meeting on style3 argued in favor of an 
algorithmic style of mathematics that is certainly far closer to the mode 
of thought of the masters of number theory than the modern style Hil-
bert wanted to use to explain their work.

I cited my paper “Euler’s Definition of the Derivative,”4 in which I 
had contended that Euler’s legendary laxity in reasoning about differ-
entials and limits is indeed legendary, but in the negative sense that it is 
fiction. As I show in the paper, a careful reading of the early volumes of 
his major treatise on differential and integral calculus shows how firmly 
grounded in computational reality his calculus was—far more so than 
calculus textbooks are today. As I explain in the paper, Euler carries 
out some computations to an accuracy of 12 decimal places and makes 
clear that in his conception of calculus it is necessary to be assured that 
arbitrarily many decimal places can be obtained if they are needed.

Also in my argument in favor of an algorithmic style of mathematics I 
refer to a paper I called “The Algorithmic Side of Riemann’s Mathemat-
ics,”5 in which I explained why Riemann’s legendary insistence that, 
as Hilbert states it, “proofs should be effected not by computation but 
solely through concepts”6 is also a legend in the negative sense, a fiction 
that does not stand up to an examination of Riemann’s works. I cited 
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several places in Riemann’s works where the algorithmic nature of his 
thinking is undeniable. Perhaps the strongest example is a formula that 
has come to be known as the Riemann–Siegel formula for the evalua-
tion of g(z) for z on the so-called critical line. The story of this formula 
is one of the great examples of important historical scholarship in the 
study of mathematics.

By 1930 it had become clear how important and difficult the prob-
lem of determining the truth or falsity of the Riemann hypothesis was 
likely to be. By then, researchers had begun serious computational in-
vestigations of the zeta function, no doubt in the hope that the prob-
lem might be solved by finding a zero that was not on the critical line. 
Their work ran into serious difficulty in evaluating g(z) accurately when 
z = 21  + it for large values of t. It had been known ever since the publica-
tion of Riemann’s collected works that Riemann had once said he had 
developed a formula for effecting such evaluations, but that he had not 
found a form of it simple enough to publish. Carl Ludwig Siegel, already 
renowned as a mathematician, followed an impulse more characteristic 
of a historian than of a mathematician and undertook to try to find 
this formula in Riemann’s Nachlass in Göttingen. To the amazement of 
anyone who has seen the chaos of Riemann’s private notes, not only did 
Siegel find the sought-for formula, he was able to derive it, to clarify it 
to a considerable extent, and to prove its validity. Seventy years after 
Riemann had developed it for his own private use in computing values 
of g(z), it was far superior to the methods others had been able to de-
velop for the same purpose during those 70 years. (To this day, it is the 
essential tool used in the empirical study of the zeta function.)

In his introduction to the paper presenting the Riemann–Siegel 
formula, Siegel mentions what he calls the “legend” that Riemann had 
found his results using “grand general ideas, without needing the for-
mal tools of analysis.” He ascribes that legend to Felix Klein and confi-
dently states that it was not as widely believed in 1932 as it had been in 
Klein’s time, but in 2019 this legend is often retold and seldom if ever 
questioned.

I don’t think there is any need to make the case that the work of 
the other pre-Cantor masters of mathematics whom Hilbert mentions 
in his preface—Fermat, Euler, Lagrange, Legendre, Gauss, Dirich-
let, Jacobi, Kummer, Kronecker—was in a style that is very different 
from the nonconstructive set-theoretic style of what we call modern 
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mathematics, the style that Hilbert expected to use to render this work 
accessible to students. (Hilbert explicitly mentions7 the work of Can-
tor, Weierstrass, and Dedekind in describing the advances in the under-
standing of the nature of numbers that he believed would make possible 
a clear and coherent exposition of the classics of number theory.)

One need not in any way deny the successes or the appeal of modern 
mathematics in order to conclude that this contrast between modern 
mathematics and the mathematics of earlier times has created a bar-
rier between modern students of mathematics and the masters of math-
ematics who preceded Cantor and Dedekind. I believe it is the duty of 
historians of mathematics to remove, to the maximum extent possible, 
this barrier. And I believe this is important for reasons other than idle 
antiquarian purity.

If the new formulations were regarded as supplements to the largely 
algorithmic formulations that preceded them—especially in number 
theory—there could be no objection to them, but that was clearly not 
Hilbert’s intention when he undertook to avoid what he called Kum-
mer’s great computational apparatus, nor is it the way these formula-
tions have been regarded since Hilbert’s time. Instead, they have come 
to be regarded as replacements of all that came before, and what came 
before has been painted as limited, naive, and insufficiently rigorous. 
But I believe that these damning assessments are not only unjustified 
but seriously wrong.

My studies in recent years of the works of Galois and Abel have 
convinced me that in important ways, these works are misunder-
stood by modern mathematicians, and that study of them on their 
own terms—in constructive and algorithmic terms—reveals impor-
tant aspects of them that are invisible to readers steeped in modern 
attitudes. For example, I believe that Galois’s marvelous construction 
of the splitting field of a given polynomial, which is utterly neglected 
and forgotten today, gives a constructive meaning to the idea of a root 
of a polynomial and places all of Galois’s theory on a firm and algo-
rithmic foundation that is lacking in what is called “Galois theory” 
today. In the case of Abel, I believe that what is now called “Abel’s 
theorem” (usually framed as a statement about line integrals on a Rie-
mann surface, even though it was stated in a memoir Abel presented 
to the Paris Academy in 1826, the year of Riemann’s birth) can be 
stated and proved in a purely algebraic way. In fact, it is obscured and 
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becomes complicated by extraneous issues when it is stated in terms 
of Riemann surfaces.

And as anyone familiar with my work knows, I believe that the ne-
glect of the works of Kronecker—who was an older contemporary of 
Dedekind and Cantor, not a predecessor—has impoverished mathemat-
ics. In Kronecker’s case, not only has his published work been neglected 
by later generations, but his unwillingness to conform to the new non-
constructive approaches to algebra and number theory has caused him 
to be castigated and ostracized by the mathematical community, not 
during his lifetime, but very severely so in the twentieth century. In the 
popular history of mathematics, he has become the villain of the cre-
ation myth of modern mathematics. A legend has grown up that he was 
vicious toward those with whom he disagreed and that his disagreement 
was ridiculously retrograde and without merit. Despite the persistence 
of this caricature of him, there seems to be no evidence that he was 
guilty of any crime other than that of respectfully disagreeing with the 
adoption by his contemporaries of methods of dealing with infinity that 
he regarded as illegitimate. I have looked for such evidence, but have 
found that those who make charges against him, when they provide any 
evidence at all, provide bogus evidence. The deplorable neglect of the 
works of this great master—so admired in his own time that he was 
the first choice after Riemann’s death to assume the chair at Göttingen 
that had been occupied by Gauss, then Dirichlet, then Riemann—is 
the inevitable result of this pernicious legend.

Political historians use the term “Whig history” to describe a type 
of history that is to be frowned upon, namely, a history that describes 
what happened in earlier times as a series of struggles to reach the state 
of enlightenment and stability that has now been attained, a history that 
does not allow for wrong turns or legitimate differences of opinion.

What many historians of mathematics produce today is, in my 
opinion, a Whig history of mathematics. There is a willingness to be-
lieve that we now know the proper way to formulate mathematics and 
that this knowledge justifies us in looking upon the works of such mas-
ters as Euler and Abel and Galois as curiosities, not worthy of the atten-
tion of present-day mathematicians, because they were written before 
correct formulations and rigorous proofs were possible.

As I said before, I endorse Abel’s opinion that those who wish to 
make progress in mathematics should study the masters. If that is going 
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to be possible, scholars—whether they call themselves mathematicians 
or historians of mathematics—will have to devote more effort to ana-
lyzing and elucidating the works of the masters in their own terms and 
less effort to reinforcing the view that the modern style of mathematics 
is the only one.
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1. Ich habe versucht, den großen rechnerischen Apparat von Kummer zu vermeiden.
2. See § 137 of the Zahlbericht or p. 182 of my book Fermat’s Last Theorem.
3. See “talks” at my website, math.nyu.edu/faculty/edwardsd/.
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“All of These Political Questions”: 
Anticommunism, Racism, and 

the Origin of the Notices of the 
American Mathematical Society

Michael J. Barany

1. Introduction: “Material of Temporary Interest”

The Notices of the American Mathematical Society has come a long way 
since its first issue in February 1954 [1, pp 121–126]. Established at the 
October 1953 American Mathematical Society (AMS) Council meet-
ing as a spinoff of the Bulletin of the AMS for “material of temporary 
interest, which would in general be discarded quickly,” the Notices grew 
through the American mathematical community’s post–World War II 
ascendency in the international profession to become the world’s most 
widely read magazine for professional mathematicians.1 With the ad-
vent of its Letters department in the June 1958 issue, the Notices quickly 
became a favored high-profile venue for the latest hot-button questions 
and controversies regarding matters both internal to the mathematics 
profession and concerning its relation to the wider world.2

Since then, successive editors have tried to strike a balance between 
serving as an official conduit for news and information from the AMS 
and representing the broader interests and concerns of the American 
and international mathematics professions.

Well before the December 2019 issue reached mathematicians’ mail-
boxes, the magazine’s online edition had begun to cause a stir along 
precisely these lines. As part of a series of invited commentaries from 
current AMS officers, vice president Abigail Thompson weighed in on 
the profession’s debates over how to create a diverse and inclusive dis-
cipline with a provocative comparison. Recent hiring practices in the 
University of California (UC) system, she asserted, were reminiscent 
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of the notorious events of 1950 when the UC Regents demanded anti-
Communist loyalty oaths of all California faculty.

Reactions were swift and divisive, prompting a special online-only 
supplement featuring individual and collective letters to the editor 
signed by hundreds of concerned readers. Mathematicians around the 
world debated questions of politics and professional autonomy, diver-
sity and racism, free speech and responsibility, the role of AMS of-
ficers and their official magazine, and more. The events of 2019 did 
indeed look something like those of 1950, but not necessarily in the 
ways Thompson suggested in her commentary.

A close look at the official archives of the AMS around the time of the 
1950 loyalty oath controversy shows a society grappling with precisely 
the kinds of concerns that animated responses to Thompson’s commen-
tary [1, pp 297–300]. This older collection of materials of temporary 
interest, thankfully not discarded but filed away by AMS Secretaries 
and their support staff, show a professional community struggling to 
define its purposes and limits in the early years of America’s postwar 
Civil Rights Movement and Red Scare. The society’s response to the 
crisis in California quickly became entangled in a complex web of is-
sues old and new and exposed weaknesses in the society’s approach to 
decision-making and communication in the face of urgent challenges. 
The legacies of these controversies, including the creation of the No-
tices, continue to be felt.

2. “Not a Political Affair”

The 1950 loyalty oath controversy landed in the middle of a tense and 
monumental period for American mathematicians and their political 
commitments. AMS officers led by Marshall Stone, the society’s pres-
ident from 1943 to 1944, had deliberately used World War II as an 
opportunity to court military and government sponsorship for math-
ematical teaching and research, effectively recognizing that certain 
kinds of political involvement could be necessary and even lucrative 
for the profession [2]. They emerged from the war in a prime position 
to lead the effort to rebuild an international mathematics community, 
including a leading (but not automatic) claim to host the first postwar 
International Congress of Mathematicians (ICM) and to reconstitute a 
defunct International Mathematical Union (IMU).
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The Pacific war had barely concluded when Stone’s successor as 
AMS President, Theophil Hildebrandt, insisted to the committee lay-
ing the groundwork for an American-hosted ICM that the prospective 
meeting should be “completely international,” underscoring “that sci-
ence is not a political affair, but international in character” [3]. But it 
was not at all clear what it meant to be “international” or “not political” 
in the war’s wake. Should “notorious Nazis” [4] be allowed to partici-
pate? How would the organizers assure sufficient participation from 
war-devastated countries whose mathematicians barely had money for 
food and shelter, much less transoceanic conference travel? Stone led 
the charge for control of the IMU organizing process on the grounds 
that only the Americans could avoid the political barriers he blamed for 
the interwar union’s demise, an argument his foreign interlocutors did 
not always find convincing. Part of Stone’s plan, quickly embraced by 
the ICM organizers, was to do everything they could to avoid national, 
political, or related criteria for participation (see [5, Chapters 1, 3, 4]).

In 1948, it became clear that the greatest challenge to the Amer-
icans’ commitment to internationalism would be their own govern-
ment’s growing frenzy of anticommunism. That March, the U.S. House 
of Representatives’ Committee on Un-American Activities challenged 
the loyalty of Edward Condon, the politically liberal and international-
ist director of the National Bureau of Standards, precipitating alarm 
across the American scientific community [6].3 At its April Council 
meeting, the AMS declared its “grave concern” at Condon’s treatment 
and its potential chilling effect on scientists in public service [8, p 629]. 
Adding Russian to the official languages of its upcoming International 
Congress at the same meeting, the Council might not yet have recog-
nized the full extent of their impending difficulties from American an-
ticommunist policy.

By the summer of 1949, the AMS had effectively written off the 
prospect of Soviet participation, but organizers soon had to confront 
the prospect that communist and fellow traveler mathematicians from 
friendly countries might be denied entry to the United States for their 
political beliefs. The highest profile case was that of French mathemati-
cian and former Trotskyist legislative candidate Laurent Schwartz, who 
was selected in the midst of his visa troubles as one of 1950’s Fields 
Medalists [9, pp 384–389]. French mathematicians threatened to boy-
cott, and Stone joined their call and resigned his ICM roles in protest 
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while retaining the IMU organization as a separate endeavor. While 
much of the AMS debate on the California situation played out after the 
1950 Congress, news of the events in California hovered in the back-
ground of harrowing last-minute diplomatic negotiations for the ICM, 
and accusations and recriminations from those months remained raw 
even after the delegates had come and gone.

3. Into the Archives

The archives of the AMS today reside in the John Hay Library of Brown 
University in Providence, Rhode Island, the long-deferred outgrowth 
of a legacy of AMS entanglement in operations and publications with 
the university and city (see [1, pp 317–325]).4 The archives grew hap-
hazardly in files assembled at AMS headquarters and held by successive 
AMS Secretaries over the years, only being systematically assembled 
and sorted years after the fact. As the outgrowth of assorted files used 
primarily to support AMS operations, their organization partially re-
flects how they would have been collected and consulted, as working 
records of letters and reports that the AMS Secretary might need to 
consider in ongoing society business.

Not all documents that crossed the Secretary’s desk were kept. When 
a document appears in an institutional archive like that of the AMS, it 
indicates that someone considered it legally or politically or otherwise 
important enough that it might need to be seen again and that every-
one who handled it later agreed it was worth preserving. Indeed, these 
records show regular evidence of cross-referencing, quotation, and re-
use. When an issue required sustained attention from an AMS officer, 
it got its own folder for each year when it was salient. Sporadic topics 
requiring a durable record might be clustered together based on subject 
headings, though it is not generally clear whether these were organized 
in this way initially or only in retrospect.

The result is a skewed record of what a few people in positions of au-
thority considered useful, worrisome, or otherwise significant. These 
archives show only a small portion of everything that went into official 
AMS operations, which themselves were just a part of the wider net-
work of activity that helped the AMS run. Reading these files, one must 
always ask why they were saved and what might not have been saved, 
and whose views and priorities are reflected.
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Consider the folder “U 1949.” In a working archive, the most re-
cent documents are typically added to the tops of folders, so to read 
them chronologically we must start at the back. There, with the ar-
chival heading “Un-American Activities,” one finds a December 1948 
letter from the Bureau on Academic Freedom of the National Council 
of the Arts Sciences and Professions calling for scientific associations 
to stand in defense of academic freedom. AMS Secretary J.R. Kline’s 
January 1949 reply explained that the AMS Council had declined to 
take further specific actions, but had instructed him to share its resolu-
tion from the previous April regarding the Condon Affair. This simple 
exchange of letters reflects an organization’s attempt to make common 
cause with the AMS, the AMS’s polite deflection, and the Secretary’s 
record of what had been sent and on what terms.

A slightly longer series of letters sits on top of these, filed here be-
cause they concerned the “United Forces for God Against Communism 
[UFGAC].” Kline had initially ignored UFGAC’s October 1949 letter in-
forming him that the AMS had been elected a “Component Member” of 
their “non-sectarian and non-partisan” crusade, but learned in December 
that UFGAC had been listing the AMS on its fundraising missives. Kline 
thanked his informant and promptly sent UFGAC a registered letter ex-
plaining that the AMS “does not enter into the field of political activity” 
and that UFGAC should not use its name. Later, the letter’s delivery re-
ceipt was stapled on top to round out the file. Here, Kline needed to 
establish a paper trail of what he knew and communicated and when as a 
defense against further unauthorized use of the AMS’s imprimatur.

4. “Arbitrary and Humiliating Conditions”

The AMS Council made its first official statement on the California 
situation at a meeting on September 1, during the 1950 International 
Congress, following a turbulent summer of petitions and reversals. 
Their official statement, which Kline transmitted to the UC President 
and Board of Regents the next day, denounced the “arbitrary and hu-
miliating conditions” imposed on the university’s faculty. This and sub-
sequent folders concerning the California loyalty oath crisis appear in 
the archive under the heading “Political.”

The “Political 1950” folder continues with a November update 
from Berkeley’s mathematics chairman and a December 1 letter from 
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a UCLA mathematician urging an AMS boycott of UC campuses as 
meeting sites, a position the correspondent believed was shared across 
mathematics departments at the major UC campuses. These letters sit 
next to another from November 1950 detailing the AMS’s initial in-
volvement in an American Association of University Professors (AAUP) 
investigation into Pennsylvania State College’s dismissal of Lee Lorch, a 
mathematician and civil rights activist who was fired for his attempts to 
overturn and then to circumvent racial covenants restricting access to 
housing in New York City.

These two concerns reverberated in the subsequent year across two 
parallel headings: California in “Political 1951” and Lorch in “Discrimi-
nation 1951,” each divided across multiple folders. The “Political” folder 
opens with a bombshell: Kline’s successor Edward Begle wrote on Janu-
ary 3 to Berkeley’s Griffith Evans that the AMS Council had voted on 
December 28 to adopt the proposed UC boycott but that a general vote 
of AMS members at the Gainesville, Florida, meeting the next day had 
gone in the opposite direction. Ensuing documents amplify the sense 
of conflict: a fiery Council report denounced the UC Regents; a disap-
pointed AMS member discontinued his donations to the society for “its 
unwillingness to give even moral support to those of its members who are 
fighting for academic freedom” and instead directed the money to those 
who lost UC positions; a waffling reply by the AMS Executive Director 
defended the society’s indecision wherever “there will be a sharp division 
of opinion among mathematicians”; the American Civil Liberties Union 
Executive Director congratulated the AMS on denouncing the loyalty 
oaths; a telegram urged the AMS to “continue its traditional scientific 
detachment from matters political.” In April, Marshall Stone wrote to 
urge the AMS to appoint a committee to resolve the Gainesville muddle.

Meanwhile, under “Discrimination,” Lorch, now appointed at the 
historically black Fisk University, wrote of a different set of arbitrary 
and humiliating conditions. Four members of his new department had 
been denied entry to the segregated conference dinner of the March 
southeastern regional meeting of the Mathematical Association of 
America (MAA) at Peabody College and Vanderbilt University in Nash-
ville, Tennessee. Lorch now wrote to transmit his department’s request 
that the AMS (as well as the MAA) adopt a formal policy against racial 
discrimination at its meetings. A follow-up letter added 61 signatories 
in support of the first and enclosed a further supporting letter.
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Following the “Political” dossier into the summer, records show 
that the committee Stone requested had been appointed, with Stone 
as chair. A June 1951 memorandum summarized a developing loyalty 
oath crisis in Oklahoma. Another June letter shows Stone’s developing 
thinking about California, supplying him with requested information 
about the AMS response (or lack thereof) to a case of a Canadian math-
ematician accused of espionage, the Condon Affair, Lorch’s AAUP case, 
the dismissal of Jewish mathematicians in fascist Italy, and the “racial 
complications which have arisen from time to time in connection with 
our meetings in the South” on which “The Council has never taken any 
action.” A subsequent letter signals Stone’s awareness of the emerging 
Oklahoma story, and later letters show Stone continuing to draw on the 
AMS archives through letters to Begle. Come August, Stone’s commit-
tee was ready to report.

5. “Poles Apart”

Or rather, Stone’s three-person committee was ready to file two op-
posing reports. Donald Spencer, who seemed to Stone relatively uncon-
cerned with the details of the matter, joined the committee chairman 
in a forceful majority report arguing that the AMS had a long history 
of involving itself in political matters to ensure support for mathemati-
cians, and that “the social transformations taking place in our times 
tend to integrate the professional activities of mathematicians ever 
more closely” with systems “entrusted to politicians and administra-
tors.” Stone need not have pointed out his own past role in seeking 
politically entangled support on the AMS’s behalf. The majority report 
then outlined the legal and procedural basis for the AMS Council to 
sanction the University of California and to act decisively in future situ-
ations. In the California case, the report argued in detail, such actions 
were both justified and worthwhile.

Theophil Hildebrandt was, as Stone put it, “poles apart” in his assess-
ment. The AMS was not a labor union, and therefore had no business 
in employment matters, according to Hildebrandt. “An unemotional 
report of situations affecting members of the Society” could be valu-
able, but he thought decisions taken “in atmosphere of high tension 
with inadequate background” lacked legitimacy. Hildebrandt closed by 
comparing the proposal to boycott UC campuses with World War I era 
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boycotts of music by German composers: “such action smacks of child-
ishness” and “will seem absurd in the future.”

Hildebrandt had an ally in Kline, who opined in September 1951 that 
the AMS “should not be entering upon all of these political questions” 
and should hold instead to “our purely scientific purposes.” The two, 
along with two others, petitioned the Council in November to revisit 
its acceptance of the majority report, having not been there to oppose 
it in person at the September meeting. Further letters defended the 
decision. But with the California situation appearing headed toward a 
resolution and with news of further setbacks in Oklahoma making the 
latter situation appear especially irremediable, appetite for a confronta-
tion on loyalty oaths waned by the year’s end.

This attitude toward accommodation and limited action affected the 
response to the Fisk mathematicians’ petition, which the Council ini-
tially addressed with a bland intention “to obtain assurance” that “there 
will be no discrimination” if such an assurance seemed necessary. Lorch 
was not satisfied, and with good reason. As Alabama Polytechnic Insti-
tute (the forerunner of Auburn University) prepared to host an AMS 
meeting, they elected not to hold an official banquet, but also not to 
list any housing or dining facilities that would accommodate patrons of 
color. The one Black mathematician who attended drove 20 miles each 
way so he could sleep at home and was told he could “technically” at-
tend the “Social Hour” held in lieu of an official banquet but “probably 
would not want to do so.”

Another letter in the “Discrimination” folder urged that entertain-
ment at meetings be free to follow “the social customs and wishes” of 
the host, unsubtly endorsing de facto segregation. A subsequent report 
lamented that “to omit the formal social activities at meetings where 
the question of race is a problem is simply the price which may tem-
porarily have to be paid” to continue to hold meetings in the South. 
As Begle summarized in a January letter in the “Discrimination 1952” 
folder, “Few, if any, on the Council wished to crusade against discrimi-
nation, but practically everyone felt that the proper thing to do would 
be to sacrifice the social functions when necessary.”

By the end of 1952, facing a barrage of challenges connected in one 
way or another to the society’s debates about politics and discrimina-
tion, AMS officers moved to extricate themselves by any mechanism 
available. The committee on the Oklahoma Loyalty Oath Affair 
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recommended gently censuring the Oklahoma legislature and respec-
tive university officials for actions that, although deemed legal, had 
clearly damaged the standing of a well-recognized department. In No-
vember, a North Carolina mathematician wrote urgently to tell his side 
of a story of denied accommodation “in case a protest is registered,” 
as indeed one was by Howard University’s David Blackwell a few days 
later, alleging racial discrimination. Begle replied to Blackwell that the 
North Carolina meeting had technically met the AMS’s standards for 
non-discrimination, to which Blackwell responded “since discrimina-
tory housing arrangements are compatible with the present require-
ments, a stronger statement is needed.”

6. “A Small Periodical”

Begle’s frustration with AMS mechanisms for addressing political chal-
lenges led him to convene a Committee on Controversial Questions. 
One member, G. Baley Price, served as well on the editorial commit-
tee of the Bulletin of the American Mathematical Society. Price generally 
agreed with Begle’s complaints and proposals, but worried that there 
was “no good means of communicating with the entire membership” 
should the need arise. In February 1952, as multiple controversial ques-
tions raged, Price wrote to “suggest that the Society establish a small 
periodical in which can be placed all information for members which 
lacks a permanent character or value.” Such an inexpensive spin-off of 
the Bulletin could “solve some of our present difficulties . . . commu-
nicating with the membership on questions of current interest.” Tak-
ing such fleeting communications out of the Bulletin, moreover, would 
allow changes to the Bulletin’s production and distribution that could 
even save the society some money. Two years later, heralded in remark-
ably similar terms, came the first issue of the Notices.

The AMS Council at first rejected the idea of a Letters column, but 
the Notices editor ultimately introduced a Letters department in 1958. 
The first entry discussed ethics in mathematical publishing, a subject 
the letter writers noted “has not yet been covered by the otherwise 
comprehensive Bourbaki.” The very next letter the Notices received, the 
first to run in the subsequent issue, was a report by David Blackwell 
on an effort to raise legal defense funds for Lee Lorch, who had been 
prosecuted for contempt of Congress after refusing questions about his 
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Communist party membership from the House Committee on Un-
American Activities. Lorch himself was an early contributor, too. In 
1960, he denounced a politically charged invocation of “Iron Curtain 
countries” in a previous issue, noting that the United States had its 
share of restrictions on the free movement of goods and people. Among 
the latter, Lorch cited Paul Erdős, whose 1952 U.S. visa troubles—still 
unresolved in 1960—appear alongside Price’s letter in the “Political 
1952” folder, and whose cheerful reports of travels abroad also pepper 
early Notices Letters sections.

The AMS archives do not offer a recipe for resolving institutional 
conflict, defending academic freedom, or promoting racial justice. 
They do, however, show the long-running links between these features 
of the history of American mathematics. Such links run not just con-
ceptually and ideologically but in the personal and bureaucratic min-
gling of letters, reports, meetings, and files. These ties can offer nuance 
and complexity to efforts to draw simple lessons from the past, but they 
can also underscore moments of clarity, conviction, and connection 
that have been muddied by time.

Notes
1. The quotation is from issue 1 of the Notices. The American Mathematical Society has 

recently digitized the entire back catalogue of the Notices, available on the Notices website. 
The “most widely read” characterization is from the magazine’s current “About” page.

2. Pitcher [1, pp 122–123] notes that controversy over responsibility for the Letters sec-
tion motivated several changes to the editorial structure of the Notices, including the 1976 
creation of an Editorial Board.

3. For a personal and historical account of mathematicians’ encounters with the House 
Un-American Activities Committee in the wake of the Condon Affair, including other epi-
sodes discussed in this essay, see [7].

4. Records cited here are from boxes 36 (1950 documents, 1951 California Report), 37 
(1951–52 documents), and 15 (1952 Oklahoma Report) of [10].
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Reasoning as a Mathematical 
Habit of Mind

Mike Askew

Introduction

In this paper, I look at different aspects of mathematical reasoning and 
argue that we need to make sure students of all ages engage in a range 
of mathematical reasoning, particularly given the evidence that teach-
ing for reasoning is a powerful complement to teaching that is more 
focused on skills and procedures.

A major report [1] published in the United States put forward a model 
of mathematical competency as comprising five strands woven together 
(this metaphor deliberately chosen on the basis of a rope being stronger 
than the sum of its strands): procedural fluency, strategic competence, 
adaptive reasoning, conceptual understanding, and productive disposi-
tion. Since the publication of this report, there has been growing con-
sensus, within the world of mathematics education, on the importance 
of at least some, if not all of these strands. Linked to this, England’s 
2015 National Curriculum for Primary Schools [2] has the stated aim of 
developing fluency, problem solving, and reasoning, and the language 
of these three proficiencies is increasingly also being used when talking 
about the curriculum for Secondary Schools.

Curriculum-supporting documents often present these proficien-
cies in the order in which they are stated in the curriculum document, 
and that, along with the popularly held view that fluency in basic arith-
metic is needed before students can engage in mathematical reasoning, 
means that mathematical reasoning is sometimes talked about and en-
acted in classrooms as the icing on the cake of mathematics teaching and 
learning—something a few students (the mathematically talented ones) 
get to engage with. A result of this is that some students then experience 
fewer opportunities to engage in mathematical reasoning than their peers. 
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I argue here that an emphasis on mathematical reasoning is an educational 
right to which all students are entitled, that reasoning is complementary 
to procedural fluency, not an outgrowth of it, and that rather than being 
some esoteric way of thinking that only a minority of students can engage 
in, mathematical reasoning is achievable by the vast majority of students. 
In making reasoning available and accessible to most students, not only 
will they deepen their mathematical understanding, they may also get a 
stronger sense of the pleasure of mathematics, of the romance of math-
ematics, to paraphrase the words of the illustrious previous president of 
the Mathematical Association, Alfred North Whitehead in [3].

Reasoning or Arithmetic?

Before reading on, I invite you to consider whether each of the follow-
ing statements is true or false.

39 × 46 = 39 × 45 + 46 
39 × 46 = 39 × 45 + 39

The mathematically astute reader (as the reader of this book doubtless 
is!) may invoke the distributive law, reasoning that 39 × 46 = 39 × 
(45 + 1) leading to 39 × 45 + 39, thus establishing the second state-
ment as true (and consequently that the first statement is false). Offer-
ing these equations to teachers and students, given that the numbers 
are sufficiently “ugly” to discourage checking by calculating each side 
of the equation, a conversation typically ensues as to whether to “read” 
39 × 46 as “forty-six groups of thirty-nine” or as “thirty-nine groups 
of forty-six,” thus engaging participants in some reasoning about the 
commutative nature of multiplication and when it is useful to invoke 
its use. The reading of “forty-six groups of thirty-nine” can lead to the 
awareness that if this is reduced to “forty-five groups of thirty-nine” 
(39 × 45), then to preserve the equality, another group of thirty-nine 
needs to be added, hence the second equation is true.

Notice that in each case, reasoning as to whether each statement is 
true or false is independent of any ability to carry out any of the calcula-
tions presented. Now consider the second equation within a string of 
similar examples:

3 × 5 = 3 × 4 + 3
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39 × 46 = 39 × 45 + 39 
326 × 18 = 326 × 17 + 326

The reasoning required to establish that the first equation is true is no 
different from that required to establish the truth of the second or third 
statements. The last equation is adapted from an item on one of Eng-
land’s recent national tests for the end of primary school. At the time of 
writing, students, on exit from primary school, sit three mathematics 
tests—one arithmetic test and two “reasoning” tests. The last question 
on the 2016 second reasoning test gave the equation:

5,542 ÷ 17 = 326

Students were asked to show how they could use this equation to find 
the answer to 326 × 18, in other words, to apply the reasoning implied 
in the third example in the string above. This was the most poorly an-
swered question of all the questions across all three papers, with only 
26% of students answering it correctly. Given that this was the final 
question across all three papers, the test setters presumably thought it 
was the hardest item on the test: the low success rate would appear to 
support this. One might expect that the low score was a consequence 
of many students simply not getting that far on the paper, but 79% ac-
tually attempted an answer. I suspect that many of these tried to carry 
out some calculation, but, if one can engage in the sort of “reading” 
and reasoning outlined above, then the only real challenge that the 
problem presents is appreciating that 5,542 ÷ 17 = 326 informs you 
that 326 × 17 = 5,542, and then to reason that 326 × 18 must therefore 
be 5,542 + 326.

This example gets at the heart of the distinction in [4, p. 3] that the 
psychologists Nunes, Bryant, Sylva, and Barros make between arith-
metic (“learning how to do sums and using this knowledge to solve 
problems”) and mathematical reasoning (“learning to reason about the 
underlying relations in mathematical problems they have to solve”). 
From a number of research studies with young children, Nunes and 
colleagues argue that being able to do arithmetic and being able to rea-
son mathematically cannot be treated as proxies for each other and that 
mathematical reasoning needs to be attended to in its own right. They 
examined this by tracking students in a five-year-long longitudinal 
study, concluding that reasoning and arithmetical abilities contribute 
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independently to predicting progress in learning mathematics, but that 
of the two, “mathematical reasoning was by far the stronger predictor” 
[5, p. 136] of later success and that teaching must address improving 
reasoning skills as well as, and separately from, arithmetical skills.

A Language of Mathematical Reasoning

If mathematical reasoning is to play a more central and distinct role 
in teaching and learning, then I think it helps to bring some clarity to 
what it might look like in classrooms. A search across the mathematics 
education literature brings up a range of terms involving reasoning, 
including additive and multiplicative reasoning, statistical reasoning, 
proportional reasoning, approximate reasoning, geometric reasoning, 
both positional and axiomatic, and so on.

More concisely, [2, p. 99] describes the aim of being able to reason 
in the following terms:

reason mathematically by following a line of enquiry, conjectur-
ing relationships and generalisations, and developing an argu-
ment, justification or proof using mathematical language.

Working with teachers, I am often asked if reasoning is not simply part 
of problem solving, that, if students are working on solving problems 
(genuine ones, that is, problems to which they do not have an immediate 
solution method), then surely that must involve some form of reason-
ing. I would agree, but reasoning needs to go beyond finding an answer 
to a particular problem. It needs, as in England’s National Curriculum 
definition above, to move to thinking about generality, and so prob-
lem solving is embedded within reasoning. Reasoning is broader than 
finding a solution to a particular problem, since reasoning is driven by 
the desire to ask “What is the general mathematical structure that this 
particular problem is only a single instantiation of?”

If we take seeking generality as the core of mathematical reason-
ing, then I find it helpful to attend to different types of reasoning. Two 
of these, deductive and inductive reasoning, are part of the canon of 
mathematics and need little introduction. But three others, abductive, 
analogical, and relational reasoning, are perhaps less often acknowl-
edged but are important in teaching and learning mathematics. Let us 
look at each type.
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Deductive Reasoning

Magic squares are a classic example of deductive reasoning: given the 
sum of the rows, columns, and diagonals, and some cell entries given, 
can the other cells be completed? In [6], Arcavi developed an extension 
to the traditional magic square by allowing numbers to be repeated. So, 
given that a number can be used more than once, which of the squares 
in Figure 1 can form a magic square?

The second example introduces the use of negative numbers, while 
the third example raises the possibility of a solution not always being 
possible, opening up inquiry into the necessary conditions for being 
able to complete a square.

Inductive Reasoning

Take these four calculations

5 × 6 = 
7 × 8 = 
4 × 5 = 
6 × 7 =

Presented thus, they may provide students with an opportunity to prac-
tice recall of multiplication bonds, but they offer little opportunity for 
mathematical engagement beyond that.

Now consider the same calculations (and their answers) in a different 
order:

4 × 5 = 20 
5 × 6 = 30 

Figure 1: Which of these can be completed to make a magic square?

Sum of 9 Sum of 6 Sum of 8

3 2 4

2 2 251 1
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6 × 7 = 42 
7 × 8 = 56

Asking learners, “What do you notice?” and “What do you wonder?” 
can lead to them noticing that the answers increase by differences of 10, 
12, and 14, and to wondering if this pattern will continue. By simply 
re-ordering the calculations, inductive reasoning is invoked (in the more 
everyday sense of pattern spotting, rather than in the sense of proof by in-
duction), raising a mathematical awareness that could be explored further.

Abductive Reasoning

Largest-smallest difference is a classic example of a task that invokes ab-
ductive reasoning—noticing a repeated connection. Close to, but not 
quite the same, as inductive reasoning, abductive reasoning is based on 
noticing similarities and co-occurrences of phenomena.

Write down three digits.

1.	 Arrange the digits from largest to smallest as a single number.
2.	 Arrange the digits from smallest to largest as a single number.
3.	 Find the difference between the two numbers.

Repeat with the answer.
What do you notice? What do you wonder?
Here we see the complementary relationship between abductive and 

deductive reasoning. Trying out several examples raises the possibility 
that there is a generality, but establishing whether or not the generality 
will always hold is established by deductive reasoning. It is important that 
even early in their experiences of learning mathematics students are ex-
posed to the idea that, when asked, “Will that always work?” that the an-
swer “Well, it did the five times I tried it” is not mathematically sufficient.

Analogical Reasoning

A mathematical answer to 27 divided by 6 is 4 remainder 3.

Before reading on, I invite you to think of a simple real-world situation 
that can be modeled by dividing 27 by 6 but where it makes sense, back 
in the real world, to round the answer up to 5.
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Asked to do this, people come up with situations comparable to 
27 people going somewhere, booking taxis that can carry 6, and so 
needing to book 5 taxis, or packing all of 27 eggs into boxes of 6. 
Whatever the situation, it is most likely that the context chosen is some 
sort of “packing” situation where one “container” is not completely full, 
resulting in the need to round up the mathematical answer.

Research has shown that expert problem solvers do not always treat 
new problems from scratch, but, instead, “match” the problem analo-
gously to other similar problems that provide a solution image or ap-
proach [7]. Here, the archetypal divide-and-round-up-the-answer 
analogy is to a “packing” problem. There is an extensive body of re-
search into the power of working with “core” archetypal problems for 
developing understanding of additive and multiplicative structures, and 
I recommend anyone who is interested to read [8].

Relational Reasoning

Consider the situation below (adapted from [9]).

•	 On Saturday, some friends came to tea. We shared a packet of 
biscuits, equally.

•	 On Sunday, I had another tea party.
•	 A greater number of friends came around on Sunday.
•	 We shared, again equally, the same number of biscuits as there 

were on Saturday.

Did each person on Sunday eat more, less, or the same as each did on 
Saturday?

Even very young children can reason that everyone on Sunday gets 
less to eat (working on the assumption that these people exist in a math-
ematical universe where no one is on a diet, gluten intolerant, or gives 
up their share!). Given that there are three possible situations for the 
number of friends on Sunday (fewer, same, more) and for the number 
of biscuits (fewer, same, more), then there are nine possible differences 
between Saturday and Sunday, and in seven of these, it is unambiguous 
as to how the Sunday situation compares to Saturday.

As this example shows, reasoning about relations between 
quantities—relational reasoning—can be done without needing 
to know the actual numerical values of the quantities. Indeed, 
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arithmetical problem-solving requires the relationship between quan-
tities to be figured out before actually working on the calculation. 
Attending too quickly to the actual quantities, rather than the rela-
tionship between then, can lead to erroneous reasoning, as this ex-
ample shows:

Two battery-operated cars—one red, one blue—are traveling 
equally fast around a track.

The red car started first.
When the red car had completed 9 laps, the blue car had com-

pleted 3 laps.
When the blue car had completed 15 laps, how many laps had the 

red car completed?

Offered this problem, many students close quickly to the answer of 45 
laps—the various ratios between the values given make this a seductive 
answer—3:9 as 15:45 or 3:15 as 9:45. The correct answer of 21, given that 
the cars are traveling at the same speed, and so red is always 6 laps ahead 
of blue, cannot be established from examining the numbers, only from the 
information in the first sentence (often glossed over by the reader).

The Absence of Reasoning in Classrooms

Despite the evidence both for the importance of students engaging in 
mathematical reasoning, and for its importance in later development, 
much evidence points to a paucity of reasoning in mathematics lessons. 
Why might this be so? It is beyond the scope of this paper to explore in 
detail the variety of reasons for the lack of attention to reasoning (not 
the least of which is the climate of high-stakes testing to which schools 
are subjected), but two possible constraints are worth touching upon: 
the emotional cost of reasoning and the focus of planning.

A major research project in the United States [10] worked with a 
group of upper primary and middle school teachers to design and im-
plement a number of lessons that would have mathematical reasoning 
at their heart. The teachers came together to discuss the mathematical 
tasks forming the core of the lessons, to work through the tasks, and 
to come to a common understanding of the purpose of the lessons, 
which was to promote reasoning. In all, 68 lessons were subsequently 
enacted in classrooms, and the research team visited and observed all 
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these lessons. The main finding from the research was that shortly after 
the start of each lesson, more than two-thirds of the lessons quickly 
“declined” (the researchers’ term) into lessons that simply involved stu-
dents carrying out routine procedures (as a result of the teacher telling 
them what to do), working in ways that were non-systematic or even, 
in some cases, students engaging in non-mathematical activity (for ex-
ample, coloring in diagrams).

Looking in more detail at the third of lessons where mathemati-
cal reasoning was maintained, the researchers identified a number of 
factors common across these lessons, factors that included building 
on students’ prior knowledge and providing an appropriate amount 
of time (too much being as unproductive as too little). One notable 
factor for maintaining a focus on reasoning was evidence of “sustained 
pressure for explanation on meaning.” Now teachers often, with good 
intent, want to make learning as pleasurable as possible, so “sustained 
pressure” sounds like the antithesis of this, but the work of the Nobel 
Prize winner, Daniel Kahneman, points to why such pressure might 
be necessary.

Kahneman proposes a model of our thinking as being either “fast” 
or “slow” [11]. Fast thinking is that which we do without having to 
reflect on it—knowing that seven times eight is fifty-six or that tan 
is sine divided by cosine. Slow thinking is more deliberate; it is the 
kind of thinking we have to engage in when doing mathematical rea-
soning. Over a number of studies, Kahneman has shown that moving 
from fast to slow thinking is often accompanied by a slight, but notice-
able feeling of depression. The significance of this to teaching is that 
teachers recognize that moment when having given a class a challeng-
ing task, they can feel the energy in the room changing, and not in 
a positive direction. It seems reasonable to assume that one result of 
many of the lessons in Henningsen and Stein’s research declining into 
routine procedures was a result of the negative energy arising from 
students moving into “slow” thinking with some teachers “easing” the 
classroom climate by pointing out what to do, while those teachers, 
applying “sustained pressure,” helped students to work through their 
resistance.

A second possible reason for limited attention to mathemati-
cal reasoning in lessons may arise from what teachers attend to in 
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planning. The researcher Ference Marton argues that in any teaching 
and learning encounter, there are “objects” of learning coming into 
being, and that these can either be direct objects or indirect objects 
[12]. Direct objects of learning are those aspects of lessons to which 
students are immediately attending. They are what students might 
say in response to the question “What did you do in math today?”—
“We worked on subtraction,” “We solved simultaneous equations,” 
and so on. Marton argues that, whether intentional or not, every 
direct object of learning invokes a number of indirect objects of 
learning. For example, the student working through a page of simul-
taneous equations but without much sense of where such equations 
come from, or what the results mean, may come to learn that math-
ematics comprises a number of procedures that simply have to be 
committed to memory. That learning may not have been the direct 
intention of the teacher, but is an indirect consequence of the direct 
object of learning worked on.

In my experience, teachers, when planning mathematics lessons, 
often focus mainly on the direct object of learning—fractions, money, 
linear graphs and so on. Tasks are then collected together that address 
the direct object. While that might be the start of planning, it is also 
important to ask what the indirect outcomes might be of working on 
those tasks—what mathematical activity students are going to be en-
gaging in as a result of working on the tasks. This is important in pro-
moting mathematical reasoning, as reasoning cannot be taught directly. 
The direct task given to students is only a starting point. Having chosen 
a task, we have to think our way into what students are likely to do as 
a result of engaging with it, that is, what indirect learning might come 
about through working on the direct object. I recently visited Japan to 
observe not only a number of Lesson Study meetings (a form of pro-
fessional development for a teacher where they observe and critique 
a carefully crafted lesson) but also a number of regular lessons. In the 
discussion following each of the lessons, a common focus was on what 
had been anticipated that the students might do mathematically, and 
whether or not this came about in the course of the lesson. Anticipat-
ing and working with the mathematical reasoning of the students was 
treated as more important than thinking about what the teacher had to 
do in the lesson.

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



222	 Mike Askew

Reasoning as a Habit of Mind

Another possible reason for why reasoning may get less attention in 
lessons is the perception that it has to be the focus of an entire lesson, 
and given the amount of “content” to cover, this may only be able to 
happen occasionally. In [13], Cuoco, Goldenburg, and Mark describe 
mathematical power as a “habit of mind,” so if we want students to 
reason mathematically, then this needs to become a habit of mind, and, 
like any habit, is best developed little and often. Rather than the oc-
casional “inquiry” lesson, reasoning chains—a series of linked, short 
activities—can engender such a habit of mind.

We looked at such a reasoning chain earlier in discussing whether 
or not 326 × 18 = 326 × 17 + 326 was true: the two simpler but struc-
turally identical examples preceding this would move the conversation 
with students away from thinking about calculating answers to discuss-
ing and reasoning about the underlying structure. That example was 
structured around preserving the underlying structure while making 
the numbers involved appear to be more challenging. Another approach 
is to present a series, a chain, of calculations, where subsequent answers 
can be reasoned about based on the previous example. For instance:

160 ÷ 16 
320 ÷ 16 
320 ÷ 32

The reasoning here could go along the lines of, given that the answer to 
the first calculation is easy to calculate mentally, then if the dividend is 
doubled but the divisor unchanged, then the answer is going to double. 
The third example provides an opportunity to discuss why doubling 
both the dividend and divisor leaves the answer unchanged, and explor-
ing why this is not the case with multiplication. Cathy Fosnot has writ-
ten about such chains, and I recommend her work if you are interested 
to read more (see, for example, [14]).

Conclusion

If reasoning is going to become more central to most mathematics teach-
ing and learning, then there are some shifts that need to come about in 
lessons. The most important shift is to move away from thinking that 
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getting answers to problems is the end goal of the lesson. Answers have 
to be seen not as the end product of a lesson, but as the beginning, as an 
opportunity to examine the underlying mathematical generality. That 
involves a shift from asking:

How do I teach students to answer this problem?
to
What mathematical reasoning do I expect them to engage in as a 

result of working on this problem?

Currently the business of education with its focus on test results may not 
be conducive to such shifts, but we should not lose sight of the broader 
aims of education, aims that were important for John Dewey, more than 
80 years ago, and, in our Internet age, may be even more important now:

While it is not the business of education . . . to teach every pos-
sible item of information, it is its business to cultivate deep-seated 
and effective habits of discriminating tested beliefs from mere as-
sertions, guesses, and opinions. [15]
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Knowing and Teaching Elementary 
Mathematics—How Are We Doing?

Roger Howe

Knowing and Teaching Elementary Mathematics (KTEM) by Liping Ma 
[10], based on a comparative study of the mathematical understanding 
of U.S. and Chinese elementary mathematics teachers, was published 
in 1999. It landed in the U.S. mathematics education community like a 
bombshell. It also attracted substantial interest internationally—it has 
been translated into Chinese, Korean, Spanish, and Czech.

For much of the second half of the twentieth century, U.S. mathe-
matics educators had been debating the role of the mathematical knowl-
edge of teachers in fostering mathematics learning. Some studies [5] 
had indicated that the correlation between the amount of college math-
ematics training of teachers and the achievement of their students was 
very weak, and perhaps even negative. In [19], Lee Shulman proposed 
that perhaps content knowledge of teachers needed to be thought about 
differently, and that there is content knowledge that is specific to teach-
ing, different in nature from the knowledge that engineers, scientists, 
and mathematicians need to ply their crafts. Taking a cue from Shul-
man, Deborah Ball [1–3] started investigating what might be the nature 
of that knowledge, which she later [4] called Mathematical Knowledge 
for Teaching (MKT). With some colleagues at the National Center for 
Research on Teacher Learning (NCRTL) at Michigan State University, 
she developed a set of interview questions for gauging knowledge that 
plausibly could contribute to MKT and which could only be correctly 
answered with a good understanding of several key ideas of elementary 
math: the reasons behind the computational algorithms for subtraction 
and multiplication, the meaning of division by fractions, and the rela-
tionship between area and perimeter [9].
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Liping Ma took these four questions, translated them into Chinese, 
and went to China to pose them to a group of Chinese teachers. The 
teachers were not randomly selected, but did represent several types 
of teaching situations: for example, different grade levels, urban and 
rural. She compared the results of her interviews to those of a group 
of U.S. teachers who had been interviewed with the NCRTL ques-
tions. These teachers had been described as “better than average” in the 
United States by an expert who had worked with them.

The results from the two sets of interviews were strikingly different: 
The Chinese teachers provided dramatically superior responses, espe-
cially to the more challenging questions. The group of Chinese teachers 
collectively showed a level of expertise in elementary mathematics that 
was off the charts relative to U.S. experience.

Dramatic as these results were, KTEM went considerably beyond a 
simple report of comparative performance. Ma formulated a concept of 
“profound understanding of fundamental mathematics” (PUFM) that 
captured the knowledge level of the best of the Chinese teachers, and she 
investigated how these teachers arrived at this level. This further work 
made clear that, in some sense, it was not fair to compare American 
teachers to their Chinese counterparts. Although the Chinese teachers 
benefited from good training in K-12 and college, their approach to 
and achievement of PUFM involved continued learning over their years 
of teaching, and this learning was enabled by their work conditions, 
conditions that were drastically different from those of U.S. teachers, 
especially with respect to supporting professional growth.

For one thing, even at the elementary level, most of the Chinese 
teachers were specialists who were only responsible for learning math-
ematics and could concentrate on it. For another, many of the Chinese 
teachers had “taught in rounds,” following the same class through sev-
eral years, so that they had a perspective on how mathematics learning 
develops over a range of years. Third, at the expense of running larger 
classes (more like 40-plus than 30-minus), the Chinese teachers were 
required to be in the classroom only half or less of each school day. 
The rest of the day they could spend grading, working with students 
who needed extra attention, studying the teaching materials (mainly 
textbooks, officially produced and highly focused on the mathemati-
cal issues of each lesson, and also the Chinese mathematics standards). 
Most saliently, they had time and opportunity to talk with colleagues 
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about teaching issues. These discussions were facilitated by the fact that 
usually the math teachers had a common office where they would go to 
work when not teaching.

Thus, the Chinese elementary mathematics teachers enjoyed a work-
day that promoted continual learning, and over the years, this helped 
many of them to achieve an impressive grasp of the key issues of their 
elementary mathematics curriculum. At the time that KTEM was pub-
lished, it was not possible to evaluate directly how this superior teacher 
knowledge translated into student achievement (although Ma did pres-
ent evidence that it did). However, when Shanghai was ranked number 
1 in the world when it first (2012) participated in the Program for In-
ternational Student Assessment (PISA) [15, p. 46], the relationship was 
substantiated in a more official way.

At about the time of publication of KTEM, the National Academies 
of Science was asked to review and summarize the research on math-
ematics education and to make recommendations for improving it. The 
report resulting from the study was Adding It Up, published in 2001 
[13]. Two (of the five) recommendations in the report recognized the 
need for systematic, long-term effort to become a proficient mathemat-
ics teacher, and called for structures to address this need:

•	 Teachers’ professional development should be high quality, sus-
tained, and systematically designed to help all students develop 
mathematical proficiency. Schools should support, as a central 
part of teachers’ work, engagement in sustained efforts to im-
prove their mathematics instruction. This support requires the 
provision of time and resources.

•	 The coordination of curriculum, instructional materials, as-
sessment, instruction, professional development, and school or-
ganization around the development of mathematical proficiency 
should drive school improvement efforts.

Somewhat later, National Research Council work also showed that 
there are even more systematic structures in place in the Chinese school 
system to support teacher learning. In 2009, ten years after publication 
of KTEM, the U.S. National Commission on Mathematics Instruction 
(USNC/MI) held a joint U.S.-China workshop exploring the career 
structure of mathematics teachers in the two countries [14]. This work-
shop revealed a substantial infrastructure supporting teacher learning 
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in China. In general, a Chinese teacher’s career is more structured and 
offers more opportunities for advancement than is the case in the United 
States. A standard teaching career moves through three ranks: second 
rank teacher, first rank teacher, and senior or master teacher. The 
movement from one rank to the next involves various formal require-
ments, including a substantial amount of continuing education, and for 
the master rank, publication of research, often on effective methods for 
teaching specific topics. Novice teachers are assigned senior mentors, 
who give advice on lesson plans and attend and give feedback on lessons 
taught by the novice teachers, who in turn visit the classroom of their 
mentor teacher to observe and absorb effective teaching moves.

Furthermore, beyond the normal three ranks, there are opportu-
nities to become a “super-rank” teacher. The rules governing these 
higher ranks are not uniform across China, but in a city like Shanghai 
(which has a population larger than New York State), the super-rank 
structure is quite systematic, and super-rank teachers form a specified 
(rather small, under 1%) portion of all teachers. To become a super-
rank teacher, one must publish on good teaching techniques for se-
lected topics and also compete in teaching contests. Besides teaching 
students, the job of super-rank teachers involves running professional 
development for their normal rank colleagues. In this way, knowledge 
of effective teaching techniques and responsibility for propagating them 
is embodied in the teaching corps itself.

Consistent with the existence of the master and super ranks for 
teachers, with responsibility for professional development, there is 
a substantial system of continual professional development in place. 
Teachers participate in research groups in their schools or districts, 
and many research groups work on new teacher induction, preparing 
for rising to master teacher level, and discussion of effective teaching of 
various specific topics. The strong support for helping teachers improve 
highlighted in the 2009 USNC/MI workshop is also documented in a 
World Bank report [21].

The United States has nothing comparable to this level of support for 
continued learning. Teachers who are determined to make the effort to 
improve are mainly left to their own devices. Moreover, there are few 
mechanisms for sharing anything that is learned.

One might have hoped that these structural deficits in the organiza-
tion of U.S. mathematics education, pointed to so clearly by Liping 
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Ma and further reinforced by Adding It Up and then again by USNC/
MI, would have gotten the attention of U.S. educational policymakers 
and resulted in widespread reforms. Unfortunately for our teachers and 
their students, this has not happened. For example, when the Common 
Core State Standards for Mathematics (CCSSM) program was rolled 
out around 2010, it was formally adopted by most states, but little to 
nothing was done to enable teachers to teach in the ways advocated 
by the CCSSM. New York did commission a project to create a text 
consistent with CCSSM, which resulted in Eureka Math (aka Engage 
New York) [8]. This has a lot of good points, including teacher editions 
with extensive discussions of the relevant mathematical ideas; but these 
teacher editions mostly run between 1,000 and 2,000 pages per grade. 
They clearly require intensive study, but arrangements to promote that 
study are mostly lacking.

The lack of support for teacher improvement in U.S. education is 
more or less unchanged in the two decades since Liping Ma showed 
us the dramatic deficits of teacher mathematics expertise that results 
from it, and international examinations such as Trends in International 
Mathematics and Science Study (TIMSS) and the Programme for Inter-
national Student Assessment (PISA) have shown us that this translates 
into deficits in student learning. U.S. education policymakers have not 
learned from this cross-cultural research; they have preferred a top-
down scheme of standardized tests, with punishments for submandated 
performance. So it should come as no surprise that, as recorded in the 
latest PISA (2018) results [18], our children continue not to learn math-
ematics very well.

Some might argue that these kinds of deficits are culturally deter-
mined, so that there is no possibility of matching Chinese levels of 
performance. However, there are examples closer to home of school 
systems that achieve better results in mathematics. In particular, Can-
ada has consistently done better in international comparisons than the 
United States [17]. Even more relevant for us is the experience of Mas-
sachusetts, which in the early 1990s had mathematics achievement that 
was fairly typical of the United States, but which decided that that was 
not good enough, and embarked on a long-term effort to improve. The 
Massachusetts Education Reform Act of 1993 provided for increased 
funding to make opportunities to learn more equitable, substantial 
professional development, and higher mathematics requirements for 
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teacher certification (thus impacting teacher preparation programs) 
[6]. It worked. Massachusetts now, considered as a separate country, 
has test scores significantly above the U.S. average [20], [16], [11], [7]. 
Massachusetts also comes out at the top in the National Assessment 
of Educational Progress (NAEP), the United States’ own instrument 
for assessing student achievement. For example, in the 2019 edition of 
NAEP, Massachusetts eighth graders had the highest overall average of 
any state, and perhaps more significantly, 48% of them scored at the 
proficient or advanced level [12]. Only two other states had over 40% at 
these levels. The rest of the country should take some lessons.
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Tips for Undergraduate 
Research Supervisors

Stephan Ramon Garcia

I was recently asked to contribute a paper to a forthcoming Founda-
tions for Undergraduate Research in Mathematics (FURM) volume [1]. The 
article contained, in addition to several lengthy case studies, a list of 
brief recommendations for undergraduate research supervisors. Several 
colleagues suggested developing these general principles into a sepa-
rate, self-contained article. What follows is an expanded version of the 
recommendations introduced in [1]. I focus here on how a supervisor of 
undergraduate research can direct students to fruitful research projects 
and shepherd the subsequent results through to publication.

This is not an exhaustive guide, simply a list of recommendations 
based upon my individual experience. It is not a scholarly endeavor, but 
rather a personal impression of tips, tricks, ideas, and perspectives that 
I have found useful in developing a sustainable undergraduate research 
pipeline. However, these recommendations are not necessarily univer-
sal. I am a pure mathematician whose experience supervising under-
graduate research stems mostly from academic-year projects, often as 
part of a senior exercise. Thus, this advice is not precisely tailored for 
those running research experiences for undergraduates (REUs). More-
over, I have generally focused on producing published research articles 
with my students. This may not correlate exactly with the reader’s 
goals and expectations. Nevertheless, I hope that the reader will find at 
least some of the following reflections useful when working with their 
own students.

1.	 Time is a luxury you don’t have. There are major differ-
ences between the research undertaken by a graduate student 
in pursuit of a Ph.D. and an undergraduate student working 
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on a senior thesis or summer research project. The Ph.D. stu-
dent takes graduate-level courses and trains for several years 
in a specific area under the supervision of the advisor, who is 
a leading expert in the field. In contrast, the undergraduate 
may have little or no coursework related to the topic, espe-
cially if the subject matter falls outside of the standard cur-
riculum. Think carefully whether your preferred topic is 
realistic for a student to engage with in the given time frame. 
The research supervisor must be nimble, able to adjust to cir-
cumstances and constraints. Finding projects that are acces-
sible and realistic for your students takes time and thought.

2.	 You are not an old dog. You can learn new tricks. Under-
graduate research might require you to take a plunge into 
unfamiliar territory. Learning new mathematics with stu-
dents is one of the great personal benefits of undergraduate 
research. Use it as an opportunity to get out of your Ph.D.-
thesis shell. The further down a narrow research avenue you 
travel, the more difficult, specialized, and potentially inac-
cessible the problems become. To gain the flexibility and per-
spective necessary to develop viable undergraduate research 
projects, you need to expose yourself to new ideas. Do not be 
afraid to wade into uncharted waters for a project. Embrace 
the challenge!

3.	 You know more than they do. Even the cleverest of your 
undergraduate students has a perspective that is largely lim-
ited by standard coursework. Students who have taken part 
in mathematical enrichment programs may have a larger rep-
ertoire of tricks and tools, but they are not up to date with 
current research. On the other hand, you have an advanced 
degree in the mathematical sciences and are trained to con-
duct independent research. You are perfectly qualified to lead 
students on an exciting mathematical adventure. With your 
training and experience, you can stay a few steps ahead of 
your students, even in unfamiliar territory. In fact, your ideas 
and greater perspective may be useful, even in an unrelated 
field. Trust yourself!

4.	 Nobody knows everything. You do not have to be a world 
expert on a topic to get your students started on a project in 
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that area. Even in your own field of expertise, you probably 
cannot answer every question that comes your way. When 
learning new mathematics, there are bound to be points of 
confusion, unclear definitions, and seeming contradictions. 
Working through ambiguity and uncertainty is a key trait of 
a good mathematician. Seeing a mathematician learning new 
material provides your students a valuable lesson.

5.	 You can be human. At some point, your students may dis-
cover that you are human. Even truly great mathematicians 
encounter problems that stump them, so there is no shame 
in admitting that you are stuck. Students have a tendency to 
doubt themselves when they hit a snag. They may have unre-
alistic impressions of how “real” mathematicians operate and 
judge themselves against an unattainable ideal. Seeing a pro-
fessor deal with pitfalls and roadblocks is an excellent learn-
ing experience for students.

6.	 Follow their passions. A student can fall in love with a 
particular topic and become obsessed. A theorem or example 
can pique their interest and spark their imagination. Students 
have more energy and enthusiasm for projects they love than 
for projects they are simply assigned by decree. It can some-
times be a good idea to permit students to follow their pas-
sions, as long as the journey is tempered by realism. Instead of 
focusing on a major open problem, you might steer students 
to variants or closely related topics that still hold their in-
terest. A student who is keenly interested in a subject, paper, 
or theorem can provide you with an important opportunity 
for exploration. Learning something new together can be a 
great experience. Your students might lead you into terrain 
that you never imagined exploring.

7.	 Search for fertile ground. Topics and questions that have 
been combed over by experts for decades are like dry, parched 
earth. With work, they might still yield fruit, although the 
field will be tough, perhaps too tough for an undergraduate 
to obtain results during the course of a summer or a senior 
thesis. You do not want your students competing head-to-
head against leading experts who have dedicated their lives 
to a subject. Instead, you need to find different angles and 
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new questions that are adjacent or parallel to where the “big 
names” are working. You need to be close enough to estab-
lished work that your project is respectable and cannot be 
easily dismissed, but not so close that your students will be 
constantly scooped by more experienced mathematicians.

8.	 Andrew Wiles’ approach is not for everyone. Sir An-
drew Wiles spent seven years in near isolation working on 
Fermat’s Last Theorem before he completed his proof (and 
even then, it initially contained a gap). Most mathematicians, 
myself included, are not capable of banging their heads against 
a difficult problem, day in and day out, for long periods of 
time before frustration and boredom set in. These feelings 
are nothing new for the professional mathematician. How-
ever, they can rapidly erode students’ confidence and drive 
them to question whether they belong in mathematics at all. 
Students should not be given the impression that the Wiles-
style approach is how most mathematics is done.

9.	 Pivot when returns diminish. Our students lack the ex-
perience and instinct of the professional mathematician, who 
has written a dissertation over the course of several years 
and many sleepless nights. They cannot always tell which 
problems are too difficult and which are realistic targets. Be 
prepared to pivot and shift to more feasible problems if neces-
sary. Always make sure that your students are engaged. When 
mathematics stops being fun and exciting, it is time to change 
things up. There should be other options on the table, other 
questions and variations on the original theme that might 
prove more tractable.

10.	Focus more broadly.1 An intimidating and often unhelpful 
way to introduce students to a topic is to hand them a paper 
and say “read this thoroughly, understand it, and report back 
to me next week.” One does not learn mathematics by read-
ing—one learns by doing. Students need to hit the ground 
running. Have your students skim through a few papers in the 
area. Are there gentle expository papers on the topic? Those 
are ideal.

11.	 Play 20 questions. Ask your students to devise a list of 20 
questions inspired by the reading. They come to a topic fresh 
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and are able to ask the naïve questions that we long ago learned 
to suppress. Sometimes these questions can be the starting 
point for an entire new line of research. Encourage your stu-
dents to find interesting variants of existing questions. They 
need not be directly related to the topic; tangents should be 
especially appreciated. Even if only 10% of the questions that 
come up pan out, the exercise will have been a smashing suc-
cess. Moreover, the students will feel ownership and pride in 
a project they develop themselves.

12.	 Everything is negotiable. Students should understand 
that every aspect of a question or problem is fluid and change-
able. The original problem might prove too difficult. Perhaps 
there is a change of context that renders a tractable problem. 
What happens if some of the hypotheses of your conjecture 
are changed? What about looking at the same question in a 
different setting? Be open to sudden changes in direction and 
embrace the opportunity to pursue promising leads. The 
more questions that you and your group generate, the larger 
your interface with the unknown is. Instead of chipping away 
relentlessly at one specific problem, your students can inves-
tigate multiple points of entry, in the hope that one of them 
will give way. You need only gain traction on a single problem 
before new results start pouring in.

13.	 Turn lemons into lemonade. Sometimes things do not 
work out as planned. Your hunches may prove incorrect, 
and your conjectures might be false. Do not think of this 
as a failure, but rather as an unusual flavor of opportunity. 
You must show your students how to turn things around and 
salvage something from the apparent disaster. Think of it as 
a challenge: you need to turn the negative into a positive, a 
failure into success. Perhaps a counterexample is more in-
teresting than the conjecture itself. Perhaps the proof broke 
down in an interesting way and the counterexample points 
toward the correct result. Can you tighten the conjecture to 
make it correct? Can you count, predict, or characterize the 
counterexamples? There are many directions one can pivot to 
after an initial disappointment if one does not view a setback 
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as a final roadblock, but rather as a detour down an unfamil-
iar road.

14.	 Complement your research. “Undergraduate research” 
and “research” are not necessarily distinct things. There may 
be parts of your own research that could benefit from student 
involvement. Perhaps there is a tedious example that you have 
not had the patience to work through, even though you sus-
pect that it will be straightforward. Maybe you have a lot of 
numerical evidence to gather, but have not had time to write 
the program and run the code. Perhaps you feel that a certain 
result is true and that you could prove it if only you had a few 
hours to grind through the details. These are perfect tasks for 
student researchers. What might take you hours could take a 
student weeks, to the benefit of both parties. What you find 
tedious, a student might find new and enlightening. Your per-
sonal research problems might have simpler versions suitable 
for students. Conversely, student research might inspire and 
inform your own work. It might suggest questions that you 
have not considered before or require you to learn new mate-
rial that opens up novel avenues in your work.

15.	 The computer is your friend. Mathematical software is 
an excellent tool for undergraduate research. Software can 
help you visualize data and see patterns that would otherwise 
escape human notice. Students can jump right into experi-
mentation and conjecture making, even before they fully un-
derstand the theoretical underpinnings of the project. This 
is a lot more fun than the traditional “read this paper and 
report back on what you learned” approach. Students catch 
on quickly to technology, especially these days when many 
mathematics majors take at least an introductory computer 
science course. They can often learn what they need to know 
on the fly, since there is no shortage of how-to websites and 
instructional videos for Mathematica, MATLAB, Maple, 
Sage, and so forth. Moreover, websites like Stack Exchange 
answer many rookie questions and often provide snippets of 
code for common tasks. Software lets your students hit the 
ground running.
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16.	Build upon previous success. If an earlier project worked 
out, you might as well continue it. Are there variations, 
generalizations, or extensions worth pursuing? The road-
map provided by a previous project can suggest a series of 
discrete tasks for the next generation of students. However, 
even apparently straightforward generalizations may lead to 
unexpected results. It almost always pays to investigate leads, 
even if they look simple and unassuming. Often there are ad-
ditional complications that turn up once one works through 
the details. Variations are often less transparent and more dif-
ficult than one suspects. Perhaps the obvious generalization 
fails because of a subtle counterexample? Complications make 
for more interesting follow-up projects.

17.	 Feel free to hand wave. Proofs are not written on the first 
attempt. Rather, they are the result of many abortive tries, 
lots of scratch paper, and much hand wringing. However, stu-
dents do not always see the labor and long hours that go into 
a result. Standard coursework suggests that each theorem fol-
lows from the previous one, in logical progression and in bite-
sized chunks. How do we professors establish our research 
results? We usually have a general idea, informed by experi-
ence and intuition. We do not typically see all of the details 
at the beginning, but have only a rough idea of an approach. 
Students need to learn how we go about proving things. Heu-
ristic arguments, informal reasoning, and numerical evidence 
can get a project started. The skeleton of an argument can be 
fleshed out later. A hand-wavy argument can help to parcel 
out different pieces of the project to multiple students. Per-
haps a student could prove an important subcase or a crucial 
lemma, or develop an instructive example.

18.	 You do not have to go it alone! Students should learn 
early on that mathematics is a social endeavor. Contrary to 
popular opinion, most mathematicians do not pursue difficult 
problems in total isolation, emerging only years later to de-
clare their triumph. We communicate through networks of 
collaborators and online message boards like MathOverflow, 
and we attend conferences, seminars, and colloquia. We are 
not solitary animals, although students do not always realize 
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it. Most mathematicians love to talk about their work. In fact, 
they are often grateful for any attention their research gen-
erates, and they will typically respond to a sincere inquiry 
about one of their papers. Feel free to write to a mathemati-
cian out of the blue if their work is relevant to the project. 
There is much to gain, and nothing to lose. In the worst-case 
scenario, you have wasted a few minutes of your time. In the 
best-case scenario, you might get a crucial insight into your 
problem, understand a confusing point from a paper, or even 
gain a new collaborator.

19.	 Know your audience. There are many suitable outlets for 
undergraduate research. Although Involve is probably the most 
well-known example, there are many other options, such 
as the Rose-Hulman Undergraduate Mathematics Journal, SIAM 
Undergraduate Research Online, the Pi Mu Epsilon Journal, the 
PUMP Journal of Undergraduate Research, and the Minnesota Jour-
nal of Undergraduate Mathematics. On the other hand, getting 
undergraduate research published in mainstream research 
journals requires some strategy. One should have an idea of 
the audience before completing the final writeup since the 
introduction and style of the paper will depend upon the tar-
get journal. Hopefully, your project involves some relatively 
mainstream ideas and buzzwords, even if the work is not at 
the bustling center of the field. You must make some effort 
to relate your work to the existing literature, hopefully to 
papers published in the sort of journals you are considering. 
If your paper is more of an isolated curiosity or an oddball 
result, the chances of acceptance are lower.

20.	Use the modularity principle. Not every student project 
is publishable. With care and foresight, however, many stu-
dent projects can contribute meaningfully to a publication. 
For example, a student might have worked out the details of 
an instructive example, amassed a significant amount of com-
putational evidence, or obtained a small improvement on a 
known result. None of these might be publishable in and of 
themselves. However, all three could form a “module” in a 
larger work. A substantial article can be built up over the 
course of several undergraduate research projects. It may take 
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a few “generations” of students before enough compelling ma-
terial is collected to form a publishable research paper. You 
might have to hold on to a clever example, minor theorem, or 
partial result for a while. Keep in touch with former students 
in case you need to contact them later. Most of them will be 
delighted to learn that their long-forgotten senior thesis proj-
ect will form a crucial part of a research paper.

21.	 Do not drag your feet. Time is of the essence for under-
graduate research students. Some of them might be applying to 
graduate school. A good publication can enhance an otherwise 
lackluster graduate school application. Other students may be 
looking for employment in the “real world” soon, and a math 
paper might just spice up their resumés. If you have something 
publishable, do not sit on it! For a tenured professor, there is 
little consequence in waiting a month or two to get around to 
writing something up. However, students (and untenured pro-
fessors) are on a different clock. It is your duty to help complete 
the writeup and, if the results warrant it, submit the paper to 
a journal in a timely fashion. You should be the one responsible 
for posting it on the arXiv, ultimately deciding upon a journal, 
and submitting it. Only you can prevent your own foot drag-
ging. Your students did a lot of hard work. You owe it to them 
to see things through in a timely manner.

22.	Is there an opportunity for exposition? The literature 
on a particular topic develops organically. Important results 
might be strewn throughout dozens of articles spread over sev-
eral decades. In many cases, there is not a standard reference 
to which you can refer your students. This is an opportunity 
to write an expository article, or a long survey article, on the 
subject. You and your students will probably conduct a litera-
ture review early in the project and take copious notes about 
the fundamentals anyway. It makes sense for this background 
work to pay off. Proper exposition may require detailed ex-
amples, fleshed-out proofs, extensive computations, and so 
on. Each of these pieces can provide a small project for a stu-
dent. But where could such an article be published? In pure 
mathematics, conference proceedings or book chapters are 
common options. One might consider the journal Expositiones 
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Figure 1 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman)

Figure 2 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman). Photo credit: Edmund Harriss.
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Sander/Taalman)

Figure 4 from “Modeling Dynamical Systems for 3D Printing” (Lucas/Sand-
er/Taalman). Photo credit: Edmund Harriss.
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Figure 5 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman). Photo credit: Edmund Harriss.
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Figure 9 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman)

Figure 10 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman). Photo credit: Edmund Harriss.
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Figure 18 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman)
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Figure 19 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman)

Figure 21 from “Modeling Dynamical Systems for 3D Printing” (Lucas/
Sander/Taalman). Photo credit: Edmund Harriss.
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A Voronoi diagram. From “Scientists Uncover the Universal Geometry of 
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Figure 1 from “Analysis in an Imperfect 
World” (Wallace)
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Mathematicae. You can aim high and shoot for the Notices of 
the American Mathematical Society or the American Mathematical 
Monthly, although one should always have a fallback plan in 
case of rejection.2

23.	Reach out to new communities. Projects can pull you in 
new directions. You might need to learn a bit of new math-
ematics in order to supervise your research group. Make an 
effort to meet people in the field. Are there seminars nearby? 
Attend conferences and meet a few new people. Most math-
ematicians are welcoming to newcomers in an area. After all, 
new blood guarantees the vitality and long-term viability of 
the subject. Ask to give a short talk in a special session at an 
American Mathematical Society conference. Ask to be put 
on the mailing list for annual conferences in your new sub-
field. Urge your students to give poster presentations at local 
or national meetings. You and your students need to become 
known, and this takes conscious effort.

24.	 Get them recognized. Suppose that you and your students 
have just completed a successful project. Perhaps it is a fine 
senior thesis, an excellent REU project, or a published re-
search paper. Now comes the final, and possibly most impor-
tant step, in promoting your student’s research. Does your 
institution or department have a research prize for under-
graduate students? If so, nominate them! It is up to you, since 
likely nobody else knows about the project or cares enough to 
nominate your student. Your institution probably has a large 
and well-funded communications staff that handles media 
relations, Twitter feeds, Facebook profiles, and so forth. If 
there is a compelling story to tell, your institution’s commu-
nications staff wants to know. They are always on the lookout 
for good stories that highlight student research. This is part of 
their job! So get to know your communications staff. There 
will be a fancy web page that lists the contact information of 
the key communications personnel. Get to know them and 
clue them in to any exciting work done by your students.

The preceding list is not a foolproof recipe for successful undergraduate 
research mentoring. It is a reflection of my personal experiences and 
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preferences. However, I hope that these general ideas have broader 
merit and that at least some of these points will apply to anyone in the 
mathematical sciences who is considering supervising an undergraduate 
research project.

Acknowledgments

Thanks go to Steven J. Miller and Mohamed Omar for helpful com-
ments. This work was partially supported by NSF grant DMS-1800123.

Notes
1. An oxymoronic instruction from a reviewer who dismissed a colleague’s grant 

proposal.
2. https://mathoverflow.net/questions/15366/which-journals-publish-expository-work 

discusses a few other options.
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“The Infinite Is the Chasm  
in Which Our Thoughts Are Lost”: 

Reflections on Sophie Germain’s Essays

Adam Glesser, Bogdan D. Suceavă,  
and Mihaela B. Vâjiac

Sophie Germain (1776–1831) is quite well known to the mathematical 
community for her contributions to number theory [17] and elastic-
ity theory (e.g., see [2, 5]). On the other hand, there have been few 
attempts to understand Sophie Germain as an intellectual of her time, 
as an independent thinker outside of academia, and as a female math-
ematician in France facing the prejudice of the time of the First Em-
pire and of the Bourbon Restoration, while pursuing her thoughts and 
interests and writing on them. Sophie Germain had to face a double 
challenge: the mathematical difficulty of the problems she approached 
and the sociocultural context of her time, which never fully supported 
her interests, never appropriately rewarded her, and never allowed her 
to enjoy the recognition she deserved. In our attempt to understand 
the innermost Sophie Germain, we also try to grasp the place of her 
personality within her time and historical period. We will argue that 
she represents a unique case in both the history of mathematics and 
the context of Western European intellectuals at the beginning of the 
nineteenth century, deserving a further exploratory study of the con-
nections of her work with the ideas of her time.

Deservedly, toward the end of the twentieth century, Sophie Ger-
main’s works received attention in several thorough and useful inquiries, 
e.g., [12, 13, 15]. However, a specialist during this same period deemed 
her work as not worthy of glory [18], and she was even described as 
a “minor author” [19]. This is why we posit that further analysis and 
careful discussion of her intellectual achievements—mathematical or 
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otherwise—is necessary. Our goal is to better assess her important 
contributions and to invite the consideration of her achievements and 
vision in the same manner as the ones of her contemporaries such as 
Gauss, Lagrange, Cauchy, and Poncelet.

We will start our argument with the uncontroversial fact that So-
phie Germain is the mathematician who first introduced the concept 
of mean curvature [9]. This concept is a fundamental one in differen-
tial geometry [3], and its introduction generated a profound discussion 
about minimality in the geometry of submanifolds that is still relevant 
today and that led to the study of a plethora of new curvature invariants 
[3]. This turning point in differential geometry led to, among thou-
sands of other results, the recent investigations on Willmore energy, 
which in turn brought us fundamental new results in differential geom-
etry, such as the solution of the Wilmore Conjecture by Marques and 
Neves [14]. Germain’s work also became a historical starting point for 
the 2018 Abel Prize winner Karen Uhlenbeck for her work in geomet-
ric analysis [20]. We thus propose that Sophie Germain’s introduction 
of la courbure moyenne [9] defines her as a mathematician deserving of the 
highest attention for her mathematical vision and of the most profound 
recognition for her intellectual standing (for comparison, see also [4]).

Sophie Germain was a trailblazer, both as a female mathematician 
and as a differential geometer, introducing an important invariant that 
is used and generalized in today’s geometrical theories. Her influence 
eased the way for other mathematical giants, such as Emmy Noether, 
or later, Michèle Audin, Dusa McDuff, and Chuu-Lian Terng, as well 
as the 2014 Fields Prize winner Maryam Mirzakhani. Following in her 
historical footsteps, we can see how these wonders of mathematics be-
came inspiration for future generations of female mathematicians, may 
they be differential geometers, algebraists, or topologists.

To better assess the complexity of Sophie Germain’s body of work 
in the context of her contributions to mathematical history as a female 
mathematician, we should compare it with those of other important 
cultural giants who played a singular part in their respective historical 
period. One such comparison could be made with Christine de Pizan 
(1364–1430), one of the first professional writers in medieval Europe, 
a biographer of King Charles V, and a first-hand witness of a historical 
period when her contemporary society descended into chaos and war. 
Barbero describes Christine de Pizan [1] as “the first feminist” and “une 
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femme engagée”, i.e., an independent intellectual who acts according to 
her principles and convictions while responding to the challenges of her 
time. If Christine de Pizan definitely is such an intellectual, exactly in 
the terms described by Barbero, then we should discuss Sophie Ger-
main’s imprint on the history of her times along the same lines, tak-
ing into account all aspects of her historical environment, from social 
prejudice to her life in the time of war and social tensions that would 
lead to permanent changes to French society. As in the case of Christine 
de Pizan, whose principles determined an attitude that today would be 
described as political, Sophie Germain did not hesitate to act in support 
of her values. For example, she did everything in her power, using all 
of her political influence, to protect Gauss when the French imperial 
army invaded his hometown (see her correspondence with General Per-
nety, who, in 1806, directed the siege of Breslau [10], pp. 316–317).

Jane Austen (1775–1817) was another contemporary of Sophie Ger-
main. Similar to Germain, Jane Austen published anonymously, her 
name not appearing on her works until after her death. Her writing 
style presaged the literary realism movement, and the themes and po-
litical observations in her writing were so nuanced and important as to 
have legitimate claims by both conservatives and liberals. After com-
paring her appeal to that of Shakespeare and Dickens, Austen scholar 
John Mullan ([16], p. 2) writes that “… she did things with fiction that 
had never been done before. She did things with characterization, with 
dialogue, with English sentences, that had never been done before.” It is 
not surprising, then, that there are hundreds of works of literary criti-
cism devoted to Jane Austen’s writings. We can only hope that Sophie’s 
work will receive the same type of interest as Austen’s literary and 
intellectual contributions.

While her mathematics was astounding, the scope of Sophie’s in-
tellectual brilliance is much wider. To better support our interest in 
all facets of her personality, we cite her volume of Philosophical Works, 
published in 1879 by Paul Ritti [10]. In particular, within this volume 
we refer the interested reader to a longer essay titled “General con-
siderations on the state of sciences and of the letters in different times 
of their cultures,” a series of short essays titled Pensées, as well as pre-
viously unreleased letters. Important information on her private cor-
respondence was investigated and published only recently by A. Del 
Centina [6–8], doing justice to this interesting intellectual giant. All 
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of these elements and texts should be taken into consideration when 
one discusses Sophie Germain’s intellectual span and vision, and we 
feel that her intellectual life should be as important to the mathemat-
ical community as Jane Austen’s intellectual vision is to the literary 
community.

Despite the above-mentioned discussions of her philosophical works, 
we feel there is more to be done. Here, we briefly describe the main 
text in the volume titled by the editor Philosophical Works, i.e., the long 
essay “General considerations on the state of sciences and of the letters 
in different times of their cultures.”

In the first chapter, Sophie Germain argues that, in various cultures, 
the development of sciences and the evolution of letters (including po-
etry and fiction) are governed by a common spirit, while in the second 
chapter, she starts by remarking that literature appeared in all world 
cultures before science. Her inquiry is not mathematical, and it defi-
nitely pertains to the philosophy of culture, as Sophie Germain is much 
interested in the origins of scientific inquiry, and this is best described 
in the following paragraph:

Les sciences n’existaient pas encore; mais le besoin d’expliquer s’était fait 
sentir. La première des littératures fut poétique. Ce qui tenait lieu des sci-
ences physiques n’était pas moins poétique que la littérature elle-même ou 
plutôt ces deux branches du savoir, tellement séparées aujourd’hui qu’il 
faut de l’attention pour remarquer ce qu’elles ont du commun, étaient dans 
ces premiers temps entièrement confondues.

(The sciences did not exist yet, but the need to explain was begin-
ning to be felt. The first of the literatures was poetic. What took 
place in physical science was no less poetic than in literature itself, 
rather the two branches of knowledge, so far separate today that 
much attention is needed to identify what they have in common, 
were originally entirely entangled.) ([10] p. 113)

This transdisciplinary remark reveals not just the reflection of a re-
search mathematician at work in the first decades of the nineteenth 
century, but a thorough historical vision. While it may be that her 
particular considerations are a product of the spirit of her time, it is 
important to point out that, by transcending the limitations of a single 
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area of knowledge, most of Sophie Germain’s essays exceed the vision 
and depth of most working mathematicians’ reflections.

By the very fact that this mathematician, with important and nu-
merous contributions to number theory, elasticity theory, and differen-
tial geometry, ventures into the territory of the philosophy of culture, 
we recognize that Sophie Germain is an authentic intellectual of her 
time, with a manifold interest in a variety of challenging ideas, who 
follows closely not only the current events and affairs of her era (e.g., 
the developments of the Napoleonic wars), but also their historical cau-
salities. Although prejudices against females in academia prevented her 
from participating formally, she was very familiar with contemporary 
schools of thought and had a sophisticated perspective on the role of 
science in society. We also see that Sophie Germain had well-shaped 
opinions on a variety of scientists and their very specific work, as she 
also describes her preferences among them; she refers in her essay to 
a series of authors, some classics, such as Descartes and Newton, and 
some of her contemporaries, such as Immanuel Kant. She notes that

Newton parut, armé d’un nouveau genre de calcul: et l’unité, l’ordre, 
les proportions de l’univers que le sentiment du vrai avait fait chercher si 
longtemps devinrent des vérités mathématiques. Son génie avait reconnu 
la cause des mouvements célestes: une analyse pleine de finesse lui servit à 
les mesurer.

(Newton appeared, armed with a new kind of calculus: and the 
unity, order, and proportions of the universe, whose true reality 
had long been searched for, became mathematical truths. His ge-
nius recognized the cause of celestial movements: an analysis full 
of refinement served him to measure them.) ([10], p. 146.)

The unity of concepts was a modernist thought, which became highly 
valued a century later, and Sophie Germain points it out several times 
throughout her historical reflections; she seems to find, in Isaac New-
ton, a moral model and a more general example to follow. She notes:

En parlant de Newton qui fut solitaire et modeste, qui ne chercha point 
à paraître, qui fit des grandes choses avec simplicité, il faut être simple 
comme lui, comme la nature qu’il a suivie. Cette simplicité qui le charac-
térise est la grandeur que son écrivain doit emprunter de lui.
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(Speaking of Newton, who was a loner and modest being, who 
did not seek to show off, who did great things with simplicity, 
one must be simple like him, like the nature he has followed. 
This simplicity which characterizes him is the greatness that any 
writer must borrow from him.) ([10], p. 258.)

Sophie Germain also reflects on what real life actually reserved for 
mathematicians during and before her time, and these reflections are as 
relevant today; one can feel in her ethical quest a reflection on her own 
destiny as a mathematician. She writes about others, but in many ways, 
she writes about herself when she says:

Tycho [Brahe] avait été destiné à la jurisprudence, comme Copernic le fut 
à la médecine.

(Tycho [Brahe] was destined to the legal profession, as Coperni-
cus was to medicine.) ([10], p. 243.)

At some point, she seems to criticize Tycho Brahe for his lack of 
philosophical reflection ([10] pp. 247, 255), but she finds his attitude 
understandable, as he was a man much influenced by his century, 
where interests in alchemy merged with astronomical observations. By 
comparison, Sophie Germain has a much more positive take on Domi-
nique Cassini’s works and heritage ([10] pp. 256–257), whose works 
she finds “précieux.”

Sophie Germain is ultimately interested in what she sees as the funda-
mental duty of being a mathematician. Reminiscent of Hardy’s Apology 
[11], she writes this reflection on the proper definition of a geometer:

Un géomètre est un homme qui entreprend de trouver la vérité, et cette 
recherche est toujours pénible dans les sciences comme dans la morale. Pro-
fondeur de vue, justesse de jugement, imagination vive, voilà les qualités 
du géomètre. Profondeur de vue pour apercevoir toutes les conséquences 
d’un principe, cette immense postérité d’un même père. Justesse de juge-
ment, pour distinguer entre elles les traits de famille, et pour remonter 
de ces conséquences isolées au principe dont elles dépendent. Mais ce qui 
donne cette profondeur, ce qui exerce ce jugement, c’est l’imagination, non 
celle qui se joue à la surface des choses, qui les anime de ses couleurs, qui y 
répand l’éclat, la vie et le mouvement, mais une imagination qui agit au 
dedans des corps comme celle-ci au dehors. Elle se peint leur constitution 
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intime, elle la change et la dépouille à volonté; elle fait, pour ainsi dire, 
l’anatomie des choses et ne leur laisse que les organes des effets qu’elle 
veut expliquer. L’une accumule pour embellir, l’autre divise pour connaître. 
L’imagination qui pénètre ainsi la nature, vaut bien celle qui tente de la 
parer. Moins brillante que l’enchanteresse qui nous amuse, elle a autant de 
puissance et plus de fidélité. Quand l’imagination a tout montré, les dif-
ficultés et les moyens, le géomètre peut aller en avant; et s’il est parti d’un 
principe incontestable, qui rende sa solution certaine, on lui reconnaît un 
esprit sage. Ce principe le plus simple offre-t-il la voie la plus courte, il a 
l’élégance de son art. Et enfin il a du génie, s’il atteint une vérité grande, 
utile et longtemps séparée des vérités connues.

(A geometer is a man who undertakes to find the truth, and this 
research is always as painful in science as in morality. Depth 
of sight, correctness of judgment, lively imagination, these are 
the qualities of the geometer. Depth of sight to see all the con-
sequences of a principle, this immense posterity from the same 
father. Judgment correctness, to distinguish the family traits be-
tween them, and to go back from these isolated consequences to 
the principle from which they spring. But what gives this depth, 
which exercises this judgment, is the imagination, not what is 
played on the surface of things, which animates them with its 
colors, which diffuses brightness, life, and movement, but an 
imagination that works just as well inside bodies as it does out-
side. It paints their intimate constitution; it changes it and strips it 
at will; it describes, so to speak, the anatomy of things, and leaves 
them only the organs of the effects which it wishes to explain. 
One accumulates for embellishment, the other divides for knowl-
edge. The imagination that deeply penetrates nature is worth at 
least as much as the one that obscures it. Less brilliant than the 
enchantress who amuses us, she has as much power and more fi-
delity. When the imagination has shown everything, the difficul-
ties and the means, the geometer can go forward; and if he has 
started from an incontestable principle, which renders certainty 
to his solution, he is recognized as having a wise mind. This sim-
plest principle offers the shortest route; it has the elegance of its 
art. And finally he has genius, if he proves a great truth, useful 
and far removed from known truths.) ([10] pp. 266–267.)
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Furthermore, any geometer would quantify the following fragment as 
one of the most interesting in her works, as it is premonitory and sub-
stantive in every sense:

La géométrie est la science de l’étendue et du mouvement ou seulement de 
l’étendue: car tout ce qui existe dans cet univers, ou à la fois ou successive-
ment, a l’étendue pour caractère de son existence. L’espace qui embrasse 
tous les points, tous les lieux, toutes les bornes du physique; le mouve-
ment qui parcourt cet espace, qui s’y applique, s’y mesure et semble s’y 
assimiler; le temps marqué par la succession des choses, subsistant depuis 
leur commencement jusqu’à leur fin; le temps qui embrasse l’univers dans 
ses changements, comme l’espace l’enferme dans sa permanence, tout n’est 
qu’étendue. Étendue physique qui est devant nous, que l’œil peut distinguer 
et parcourir, étendue intellectuelle que l’homme peut rendre présente à son 
esprit et qui n’est aperçue et mesurée que par la pensée. Voilà l’empire de la 
géométrie. C’est alors qu’elle est grande, qu’elle est vaste comme l’univers! 
Ouvrage miraculeuse de la raison humaine, les hommes y ont concentrée 
toutes les idées d’ordre et de rectitude, qu’ils ont reçues du ciel.

(Geometry is the science of magnitude and of movement, or only 
of magnitude, since all there is in this universe, either simultane-
ously or successively, has magnitude to characterize its existence. 
Space, which embraces all points, all places, all boundaries of the 
physical world; movement that passes through this space, which 
applies here, which is measured here, and is assimilated here; time 
marked by the succession of events, existing from their begin-
ning up to their end; the time which embraces the universe in its 
changes, as well as the space confined in its eternity, all is noth-
ing but magnitude. It is the physical magnitude that lies ahead, 
that our eyes can distinguish and cover, intellectual magnitude 
that man can spark in his spirit and which cannot be perceived 
and measured by anything else but by thought. That is geometry’s 
empire. That is how large it stands, as wide as the whole universe! 
A wonderful miracle of human reason, people have focused inside 
all the ideas on order and on straightness they have received from 
the heavens.) ([10] pp. 262–263.)

Sophie Germain’s interests pursued the fundamental principle to the 
ultimate realm, where she inventively resorts to effective metaphors to 
make her point:
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La nature n’est que mélange et tempéraments, deux principes destructeurs 
l’un par l’autre enchaînés sont unis pour des effets durables. L’alliance de 
ces principes maintient la société des corps célestes! Rien n’est plus admi-
rable que ce mécanisme, c’est par cette combinaison de forces que tout se 
meut, tout change et cependant tout se conserve!

(Nature is nothing else but mixture and disposition. Two prin-
ciples destroying one another are interconnected to yield long-
lasting consequences. The alliance of these principles keeps the 
combination of celestial bodies! Nothing is more admirable than 
this mechanism, due to this combination of forces that everything 
moves, everything changes, and at the same time everything is 
conserved.) ([10] pp. 258–259)

We would be remiss to forget Sophie Germain’s note on human na-
ture at a time when the Napoleonic wars left Europe devastated:

Nos moyens pour surpasser la science primitive ont donc été le télescope qui 
étend le domaine des sens, la géométrie qui permet de tout approfondir et 
le génie qui ose tout comparer et qui s’élève à la science des causes. Cette 
science est notre véritable supériorité. Tous les phénomènes sont enchaînés. 
Le système de nos connaissances est ordonné comme la nature; un seul 
principe nous sert à tout expliquer, comme un seul effort lui suffit pour 
faire tout agir.

(Our means to exceed primitive science have been the telescope, 
which extends the domain of the senses, geometry, which allows 
us to deepen everything, and the genius which dares to com-
pare everything and which elevates to the science of causality. 
This science is our true superiority. All the phenomena are en-
tangled. The system of our knowledge is as ordered as nature; 
one single principle serves us to explain everything, as a single 
effort is enough [to this principle] to make everything happen.) 
([10] p. 281)

This paragraph is strongly reminiscent of Leo Tolstoy’s conclud-
ing remarks from War and Peace, where the novelist is looking for the 
ultimate principles that govern major events such as the Napoleonic 
Wars. Tolstoy’s masterpiece was published in its entirety in 1869, and 
this is how history felt in the nineteenth century. Consequently, we 
contend that Sophie Germain should be viewed not only as a research 
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mathematician, but as a deep thinker, an intellectual facing and reflect-
ing upon her time and on the forces of the natural world.

In the end, we are convinced that Sophie Germain feels most at 
home when she comments on mathematics, and we embrace her clear 
vision on relationships and entanglements between various chapters and 
concepts of mathematics. In this vein, Sophie Germain anticipates:

La méthode complète du calcul intégral serait une révolution dans la géo-
métrie semblable à celle de l’application de l’algèbre et à celle de l’invention 
du calcul différentiel.

(The complete method of integral calculus would be a revolution 
in geometry similar to that of the applications of algebra and of 
differential calculus.) ([10] p. 281)

If we take into account her overall writings, her essays, and her pri-
vate correspondence, Sophie Germain reveals herself as a fascinating 
scientist with an interesting humanistic personality, possessing eclectic 
interests, a very complex vision of mathematics and of the role of sci-
ence in the world, as well as a personal vision of culture and philosophy, 
revealed in her vast array of reflections, composed in a unique and ex-
quisite style. We can only speculate and wonder at what accomplish-
ments such an active and brilliant mind would have achieved if Sophie 
Germain had been allowed to pursue her interests to their highest aca-
demic potential. In her destiny, there exists a historical lesson for us 
all. The history of mathematics simply does not have any other case of a 
researcher with such subtle and fundamental contributions, who faced 
a similar comprehensive system of prejudices and barriers, and who left 
such a transdisciplinary heritage. The historians of science, the transla-
tors, and the mathematicians who investigate her work perform a great 
service to the mathematical community.

We would like to end this well-deserved panegyric with Sophie Ger-
main’s own words. She writes the following in a poetical note that can 
only be described as a mark of her personal style for this entire genuine 
diary of ideas:

L’infini est le gouffre où se perdent nos pensées; il n’est pas naturel de se 
jeter dans des précipices. Si l’homme est descendu dans cet abîme sans fond, 
il y fut entraîné par une pente.
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(The infinite is the chasm in which our thoughts are lost; it’s not 
natural to throw oneself in its precipices. If the man descends in 
this endless abyss, he would be dragged into a fall.) ([10] p. 235.)
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Who Owns the Theorem?

Melvyn B. Nathanson

Simple questions: If you prove the theorem, do you own it? Can you 
forbid others to use or even cite it? Can you choose not to publish the 
theorem? Can you be forbidden to publish it?

What is a theorem? A mathematical statement may be true. It is true 
whether or not there is a proof. Without a proof, we do not know if it 
is true. A theorem is a true mathematical statement that has a proof.

Suppose there is a true mathematical statement, and you prove it. 
Now it is a theorem. It is “your theorem.” In what sense might you own 
it? Can or should a theorem be considered the private property of its 
discoverer, who may or may not choose to publish? If you own the theo-
rem, can you license it or rent it? Can you insist that anyone who wants 
to use or apply the theorem must pay you to do so?

If you publish the theorem in a refereed journal, or post it on arXiv, 
or explain it in a seminar, or submit it to a journal, then everyone 
knows you proved it. When does “your theorem” become part of the 
public library of proven mathematical truths that other researchers can 
freely use to prove new theorems?

If you need a result to prove a theorem, and know that the result is 
true but the discoverer has not announced or released it publicly, is it 
ethical (of course, properly citing the discoverer) to use that “unpub-
lished” result in the proof? Is it ethical for you not to prove the theo-
rem because it requires a result that is true but is being withheld by its 
“owner”?

Suppose you find out that someone has proved a theorem, but has 
not revealed it to the world. Maybe you have even seen the proof, and 
checked it, so you are sure that it is correct. Even though it has not 
been published, you know that it is a mathematical truth. Can you use 
it in a paper, even though the discoverer might not want the result to be 
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known? Does the prover of the theorem own it enough to prevent other 
mathematicians from using it?

The notion of “owning a mathematical truth” is, in part, connected 
with careerism in academic life. What might be called “vulgar ca-
reerism” is endemic and not necessarily vulgar. Many mathematicians 
hide what they are working on so others will not “scoop” them, will not 
use “their” ideas to prove a theorem before they do. Perhaps it is not 
sufficient to give proper attribution. Maybe the author is an untenured 
assistant professor who wants to deduce more results from the theo-
rem, publish more papers, and get promoted. Maybe the author thinks 
it will lead to a proof of the Riemann hypothesis and earn the million 
dollar prize from the Clay Mathematics Institute. Some mathematicians 
admit that they discuss their ideas about how to solve the Riemann 
hypothesis only after they are convinced that the ideas will not work.

It used to be that, every year, permanent professors in mathemat-
ics at the Institute for Advanced Study in Princeton would appoint a 
visiting member to be their “assistant.” Long ago at the Institute, there 
was a permanent member who required his assistants to promise not to 
reveal to anyone what he was working on.1 When I learned this, I was 
shocked. It was antithetical to everything I believed about science. I was 
also naive. I had not understood that for many people mathematics is a 
competition.2

In 1977, the National Security Agency (NSA) decided that publica-
tion of cryptographic research would endanger national security, and 
wanted to require that professors who wrote papers in cryptography 
would have to send them for pre-publication review by the NSA and not 
submit them to journals without NSA approval. At first, NSA hoped for 
voluntary compliance, but also considered making this a legal require-
ment. This did not happen, and after considerable contentiousness and 
debate in the mathematical community, prepublication review by the 
NSA faded away and seems not to be an issue today [1, 2].

Secrecy in mathematics is less important than in other sciences. 
Mathematical results rarely have commercial value. Like many math-
ematicians, I don’t care if my theorems are “useful.” I only hope that 
I have not made mistakes, that the proofs are correct, that the “theo-
rems” are theorems and are interesting. I upload preprints to arXiv as 
soon as they are written, before I send them to a journal. I am happy if 
someone uses my results. But this does not answer the central question. 
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Mathematician A proves a theorem, and mathematician B learns about 
it. Maybe B reviewed A’s NSF proposal. Maybe A submitted the manu-
script to a journal and B refereed it. Can B use the theorem (as always, 
with proper attribution) in a paper before A has published it?

For me, the answer is clear. Here is an analogy. Legally, you can-
not sequence a plant or animal DNA strand and patent the sequence 
because you did not create the sequence. God created it, and you only 
discovered it. Similarly, mathematical truths exist, and mathematicians 
only discover them. If you discover a theorem, you have the power, the 
privilege, and, perhaps, the right not to reveal it to anyone, but if, some-
how, someone learns of your result, knows that a certain mathematical 
statement is true, then that person has the right to tell the world and to 
apply it to obtain new results, with or without your consent.

Can you own a scientific truth? Can you hide a scientific truth? These 
are ethical questions, and, in the Covid era, not only in mathematics.

Notes
1. I was once André Weil’s assistant at the Institute. He did not impose a secrecy oath.
2. I still do not understand why, for some mathematicians, getting medals in high school 

and college competitions is a core part of their self-esteem.
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A Close Call:  
How a Near Failure  

Propelled Me to Succeed

Terence Tao

For as long as I can remember, I was always fascinated by numbers and 
the formal symbolic operations of mathematics, even before I knew the 
uses of mathematics in the real world. One of my earliest childhood 
memories was demanding that my grandmother, who was washing 
the windows, put detergent on the windows in the shape of numbers. 
When I was particularly rowdy as a child, my parents would sometimes 
give me a math workbook to work on instead, which I was more than 
happy to do. To me, mathematics was an activity to do for fun, and I 
would play with it endlessly.

Perhaps because of this, I found my mathematics classes at school to 
be easy—perhaps too easy—even after skipping a number of grades. If 
a lecture was on a topic I found interesting, I would use the class time 
to experiment with the material, perhaps finding alternate derivations 
of some step the teacher did on the board, or to plug in some numbers 
to try out special cases and look for patterns. If instead I found the topic 
to be dull, I would doodle like any other bored student. In either case, 
I did not take particularly detailed notes, nor did I ever develop any sys-
tematic study habits. I would be able to improvise my way through my 
homework and exams, for instance, by cramming through the textbook 
a few days before a final exam and perhaps playing a bit more with the 
parts of the class material that I really liked. It tended to work fairly 
well all the way up to my undergraduate classes. The courses that I 
enjoyed, I aced; classes that I found boring, I only barely passed, or (in 
two cases) failed altogether. (One class was a FORTRAN programming 
class in which I had refused to learn FORTRAN on the grounds that 
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I already knew how to program in BASIC; the other was a quantum 
mechanics class in which we were warned well ahead of time that the 
final exam would require us to write a short essay on the history of 
the subject, which I totally ignored until the day of the exam, during 
which I still recall having to be escorted from the examination room 
in tears.) Despite this, I ended up graduating from my university with 
honors at the top of my class—but it was a small university with a tiny 
honors program, and in fact there were only two other honors students 
in mathematics in my year!

When I entered graduate study at Princeton, I brought my study 
habits (or lack thereof) with me. At the time in Princeton, the graduate 
classes did not have any homework or tests; the only major examination 
one had to pass (apart from some fairly easy language requirements) 
were the dreaded “generals”—the oral qualifying exams, often last-
ing more than two hours, that one would take in front of three faculty 
members, usually in one’s second year. The questions would be drawn 
from five topics: real analysis, complex analysis, algebra, and two top-
ics of the student’s choice. For most of the other graduate students in 
my year, preparing for the generals was a top priority; they would read 
textbooks from cover to cover, organize study groups, and give each 
other mock exams. It had become a tradition for every graduate student 
taking the generals to write up the questions they received and the an-
swers they gave for future students to practice. There were even skits 
performed (with much gallows humor) on hypothetical general exams 
with a “death committee” of three faculty that were particularly notori-
ous for being harsh on the examinee.

I managed to brush off almost all of this. I went to the classes that I 
enjoyed, dropped out of the ones I did not, and did some desultory read-
ing of textbooks but spent an embarrassingly large fraction of my early 
graduate years messing around online (having discovered the World 
Wide Web in my first year) or playing computer games until late at 
night at the graduate dormitory computer room. For my general topics, 
I chose harmonic analysis—which I had studied for my master’s degree 
back in Australia—and analytic number theory. Feeling that analysis 
was my strong suit, I only spent a few days reviewing real, complex, 
and harmonic analysis; the bulk of my study, such as it was, was devoted 
instead to algebra and analytic number theory. All in all, I probably 
only did about two weeks’ worth of preparation for the generals, while 
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my fellow classmates had devoted months. Nevertheless, I felt quite 
confident going into the exam.

The exam started off reasonably well, as they asked me to present 
the harmonic analysis that I had prepared, which was mostly mate-
rial based on my master’s thesis and specifically on a theorem in har-
monic analysis known as the T(b) theorem. However, as they moved 
away from that topic, the shallowness of my preparation in the subject 
showed quite badly. I would be able to vaguely recall a basic result in 
the field, but not state it accurately, give a correct proof, or describe 
what it was used for or connected to. I have a distinct memory of the 
examiners asking easier and easier questions, to get me to a point where 
I would actually be able to give a satisfactory answer; they spent several 
minutes, for instance, painfully walking me through a derivation of 
the fundamental solution for the Laplacian. I had enjoyed playing with 
harmonic analysis for its own sake and had never paid much attention as 
to how it was used in other fields, such as partial differential equations 
(PDEs) or complex analysis. Presented, for instance, with the Fourier 
multiplier for the propagator of the wave equation, I did not recognize 
it at all and was unable to say anything interesting about it.

At this point, I was saved by a stroke of pure luck, as the questioning 
then turned to my other topic of analytic number theory. Only one of 
the examiners had an extensive background in number theory, but he 
had mistakenly thought I had selected algebraic number theory as my 
topic, and so all the questions he had prepared were not appropriate. As 
such, I only got very standard questions in analytic number theory (e.g., 
prove the prime number theorem, Dirichlet’s theorem, etc.), and these 
were topics that I actually did prepare for, so I was able to answer these 
questions quite easily. The rest of the exam then went fairly quickly, 
as none of the examiners had prepared any truly challenging algebra 
questions.

After many nerve-wracking minutes of closed-door deliberation, the 
examiners did decide to (barely) pass me; however, my advisor gently 
explained his disappointment at my performance and told me I needed 
to do better in the future. I was still largely in a state of shock—this was 
the first time I had performed poorly on an exam that I was genuinely 
interested in performing well in. But it served as an important wake-
up call and a turning point in my career. I began to take my classes 
and studying more seriously. I listened more to my fellow students and 
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other faculty, and I cut back on my gaming. I worked particularly hard 
on all of the problems that my advisor gave me, in the hopes of fi-
nally impressing him. I certainly did not always succeed at this—for 
instance, the first problem my advisor gave me, I was only able to solve 
five years after my Ph.D.—but I poured substantial effort into the last 
two years of my graduate study, wrote up a decent thesis and a number 
of publications, and began the rest of my career as a professional math-
ematician. In retrospect, nearly failing the generals was probably the 
best thing that could have happened to me at the time.

My write-up of my general exam experience is still available online. 
I have been told that it has been a significant source of comfort to the 
more recent graduate students at Princeton.
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Notable Writings

Several interesting volumes besides this one can be put together by 
choosing from the enormous amount of literature on mathematics pub-
lished last year. In this section you can find such suggestions.

As a space-saving rule, the two lists that follow are complementary; 
that is, I did not include in the first list the titles of articles published 
in the special journal issues mentioned on the second list. Because of 
severe time and other resource constraints related to the coronavirus 
health crisis, I did not cover as much literature as I would have liked. 
Even in normal times, some periodicals are available to me only in 
paper copies, in the libraries at Cornell University and Syracuse Uni-
versity; with both libraries closed while I worked on this section, my 
bibliographic research was negatively impacted.

In some electronic-only journals, the pagination of articles no lon-
ger starts with the page number that follows the last page of previous 
articles—at least in the versions I downloaded. In such cases, I gave the 
pagination starting with page 1 (one) and ending with the page number 
equal to the number of pages of the respective piece. Thus, occasion-
ally, different entries appear to overlap in reference location.

Notable Journal Articles
Abrams, Ellen. “ ‘An Inalienable Prerogative of a Liberated Spirit’: Postulating American 

Mathematics.” British Journal for the History of Mathematics 35.3(2020): 225–245.
Abrams, Ellen. “ ‘Indebted to No One’: Grounding and Gendering the Self-Made Mathemati-

cian.” Historical Studies in the Natural Sciences 50.3(2020): 217–247.
Agirbas, Asli. “Algorithmic Decomposition of Geometric Islamic Patterns: A Case Study 

with Star Polygon Design in the Tombstones of Ahlat.” Nexus Network Journal 22.1(2020): 
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History of Mathematics 35.2(2020): 137–161.

 EBSCOhost - printed on 2/10/2023 4:03 PM via . All use subject to https://www.ebsco.com/terms-of-use



274	 Notable Writings

Aleotti, Sara, Francesco Di Girolamo, Stefano Massaccesi, and Konstantinos Priftis. “Num-
bers around Descartes: A Preregistered Study on the Three-Dimensional SNARC [Spa-
tial-Numerical Association of Response Codes] Effect.” Cognition 195(2020): 1–11.

Andersen, Line Edslev. “Acceptable Gaps in Mathematical Proofs.” Synthese 197.1(2020): 
233–247.

Artzrouni, Marc. “Are Models Useful? Reflections on Simple Epidemic Projection Models 
and the Covid-19 Pandemic.” The Mathematical Intelligencer 42.3(2020): 1–9.

Bach, Joscha. “Don’t ‘Flatten the Curve,’ Squash It!” Medium Mar 13, 2020. https://medium​
.com​/@joschabach​/flattening​-the​-curve​-is​-a​-deadly​-delusion​-eea324fe9727.

Bagley, Spencer. “The Flipped Classroom, Lethal Mutations, and the Didactical Contract: A 
Cautionary Tale.” PRIMUS 30.3(2020): 243–260.

Bair, Jacques, Piotr Błaszczyk, Elías Fuentes Guillén, Peter Heinig, Vladimir Kanovei, and 
Mikhail G. Katz. “Continuity between Cauchy and Bolzano: Issues of Antecedents and 
Priority.” British Journal for the History of Mathematics 35.3(2020): 207–224.

Bakker, Arthur, and David Wagner. “Pandemic: Lessons for Today and Tomorrow?” Educa-
tional Studies in Mathematics 104(2020): 1–4.

Bandt, Christoph, and Dmitry Mekhontsev. “Computer Geometry: Rep-Tiles with a Hole.” 
The Mathematical Intelligencer 42.1(2020): 1–5.

Baron, Sam, Mark Colyvan, and David Ripley. “A Counterfactual Approach to Explanation in 
Mathematics.” Philosophia Mathematica 28.1(2020): 1–34.

Basyal, Deepak. “A Mathematical Poetry Book from Nepal.” British Journal for the History of 
Mathematics 35.3(2020): 189–206.

Belyaev, Alexander, and Pierre-Alain Fayolle. “Polygon Offsetting with Squares Erected on 
Its Sides.” The Mathematical Intelligencer 42.4(2020): 38–41.

Berghofer, Philipp. “Intuitionism in the Philosophy of Mathematics: Introducing a Phenome-
nological Account.” Philosophia Mathematica 28.2(2020): 204–235.

Biagioli, Francesca. “Ernst Cassirer’s Transcendental Account of Mathematical Reasoning.” 
Studies in History and Philosophy of Science, Part A 79(2020): 30–40.

Bø, Erlend E., Elin Halvorsen, and Thor O. Thoresen. “Investigating the ‘Carnegie Effect’.” 
Significance 17.3(2020): 6–7.

Bolondi, Giorgio, Federica Ferretti, and Andrea Maffia. “Monomials and Polynomials: The 
Long March towards a Definition.” Teaching Mathematics and Its Applications 39.1(2020): 
1–12.

Bortot, Alessio, and Agostino De Rosa. “Warped Curves in the Vestibule Arch of the Pio 
Clementino Museum, Rome.” Nexus Network Journal 22.1(2020): 9–24.

Boulesteix, AnneLaure, Sabine Hoffmann, Alethea Charlton, and Heidi Seibold. “A Replica-
tion Crisis in Methodological Research?” Significance 17.5(2020): 18–21.

Boyce, Kenneth. “Mathematical Application and the No Confirmation Thesis.” Analysis 
80.1(2020): 11–20.

Bréard, Andrea, and Constance A. Cook. “Cracking Bones and Numbers: Solving the Enigma 
of Numerical Sequences on Ancient Chinese Artifacts.” Archive for History of Exact Sciences 
74.4(2020): 313–343.

Bruderer, Herbert. “The Antikythera Mechanism.” Communications of the ACM 63.4(2020): 
108–115.

Brueckler, Franka Miriam, and Vladimir Stilinović. “An Early Appearance of Nondecimal 
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