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Front Matter

| take great pleasure in presenting this book of
engineering mathematics to the students of Engineering
colleges. It is prepared in accordance with the syllabus of
Bachelor’s degrees in Engineering and polytechnic colleges.
It has been prepared by keeping the modern method of
education in mind as well as the aptitude and attitude of the
students to participate in various competitive examinations. In
this book, the concepts are explained in a lucid manner that
makes the teaching and learning process more easy and
effective. Each chapter has been prepared with strenuous
efforts to present the principles of the subject in the easiest
manner to understand and to work out the sum of each topic
of the book. Similarly, each chapter has been started with an
introduction, definitions, theorems, explanation and solved
examples for the better understanding of concepts. | hope that
this book serves the purpose of keeping in mind the changing
needs of the society to make it lively and vibrating. The
language used is very clear and simple, which is up to the level
of comprehension of students.
This book has been divided in to seven chapters. Chapter-
1 discusses the convergence of sequences and series and it

also includes Monotonic increasing and decreasing
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sequence, Convergence of sequences and infinite
series, different test for Convergence such as Comparison
Test for Non-negative Series , Integral test, Ratio Test,
Root Test, Rabbe’s Test, Logarithmic Test, Leibnitz’s test
for Alternating series and Absolute and Conditional
Convergence . Chapter-2 discusses the Fourier series
expansion which includes Periodic function, Fourier
Coefficients ,Validity of the Fourier series, Function with
any period Tand Half Range Expansions. Chapter-3
discusses the Fourier transform that includes Fourier
Transform, Fourier Sine Transform, Fourier Cosine
Transform, Properties of Fourier Transform and Solution
of PDE Using Fourier transform. Chapter-4 discusses
Matrices along with its properties that includes Operation
with matrices, the law of matrix algebra, the inverse of a
square matrix, procedure for finding an inverse of a matrix,
and matrix multiplication in terms of columns. Chapter-5
discusses the system of linear equations that includes some
special matrices i.e. Idempotent and Nilpotent Matrices
and Elementary matrices , procedure for finding the
inverse of a matrix, Non-Homogenous linear system,
Elementary Transformation and Row Operations, Echelon
Form and Reduced Row Echelon Form, Gaussian

Elimination and Gaussian-Jordan Elimination, Criteria for

ii|Page
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Consistency and Uniqueness, Elementary row operations
and row echolen form, Comparison of Gaussian and
Gaussian — Jordan Elimination and Method of LU
decomposition of a Matrix. Chapter-6 discusses the vector
spaces and subspaces that includes Linear Combinations,
Spanning a Vector space, Generating a vector space,
Linear dependence and independence, properties of Bases
and Basis and Dimensions. Chapter-7 discusses the Eigen
values and Eigen vectors that includes Caylay-Hamilton
theorem, Minimal Polynomials, Properties of Eigen values
and Eigen vectors, Characteristic polynomial of Block
Matrices, Minimal Polynomial and Block
diagonalization, Triangular Form, Jordan Canonical Form

and Rational Canonical Form.

| extend my deep sense of gratitude to my wife
Premanjali and my cutest daughters Anushree and Aradhya
and family members who took their sincere efforts in

preparing this book.

R. Meher
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Chapter-1

Sequences and Infinite series

1.1. Sequences:

It is an arrangement of numbers that follows certain
rule:

A sequence of numbers is a function with its domain as
the set of positive integers. If the numbers are real, then
we say, the sequence is a real sequence.

In set notation, one can write the sequence as
(n,u(n)), domain being 1,2,3,...., , the set of positive
integersN . As the domain is the same for every
sequence, We often denote the sequence as

U, Uy, U,....,U,,..or simply{u,}.

Examples of real sequences are

111 l (Decreasing sequence)

11_1_1_1"'
234 n
2,0,2,0,2,....,1+(-1)"",... (Oscillating sequence)

1,2,4,8,.....,2" ", ... (Increasing sequence)
If we define an infinite series i.e. the sum of infinite

number of sequences i.e. U;,U,,Us,...U,... i.e.

S, =U +U, +Us+....+U, +...

1|Page
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If we restrict the number of sequences up to nth term,

then it becomes an nth partial sum i.e.

S, =U +U, +U; +....+U,
Bounded sequence:

Bounded Below

In bounded below, we know the lower term i.e.
1,2,3,4,... Where,1<2,1<3,1<4,..

Here the lower term is 1 which is the bounded below

term.

Bounded above

Consider a sequence s, =—n” forall ne N

s, ={-1,-2°,-3,....
Where -4<-1,-9<-1,.....

Every other elements are less than 1,50 —1 is the

bounded above element.

Bounded:
A sequence which is both bounded above and bounded

below is called a bounded sequence.

2|Page
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Example: -1
1
<sn>=<—> forall neN .
n

<sn>={1,%,%, ...... ,o}

It is a bounded sequence as 1 is bounded above and 0 is

bounded below element.

Range ={0,1}

Example: -2
<Sn>:(_1)r1
(s,)={-11-11,...}
Range: {-1,1}

It is also an oscillatory sequence as it oscilates between
—1land 1.

1.2. Monotonic increasing and decreasing

sequence:

A Sequence which is in increasing order is called a
monotonic increasing sequence. Similarly, a sequence
which is in decreasing order is called a monotonic

decreasing sequence.

3|Page
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For example:

1,2,3,4... monotonic increasing sequence

e U, <u,.,.

11 . .
1, Srgr monotonic decreasing sequence

1.3. Convergence of sequences:
A sequence U;,U,,Us,,....is said to converge tol, if
for every positive ¢ (no matter how small, but not zero),

we can find an integer M such that |u, —I| <& for all

n>M.

| is called the limit of the sequence and we write it

as limu, =lor simply u, —|.This definition of the

n—oo

limit of a sequence means that for n> M , each term u,,

lies between | —¢ and | + ¢

At the most only, a finite number of terms of the
sequence lie outside this interval.
A sequence, which is not convergent is said to be

divergent.

4|Page
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Example: -3

(i) u, :1+g .The sequence{u,} is convergent and has
n

the limit 1.
Given any &>0,we need to find M such that

lu,~l|<efor all n>M.That is, we want

1+(£]—4 < g:thatis 1
n

Z|< g, whichis true if n>1.
n

5

Thus ,we can take M = F} )
&

Since exists, the sequence is convergent.

(i) The sequence 1,2,4,8,.....,2",...is divergent.

(iii) The sequence 2,0,2,0,....,2",.... is not convergent.

The limit oscillates between 0 and 2. Hence it is
divergent; sometimes such a sequence is said to be an
oscillating sequence, instead of generality saying that it

is divergent.

Some useful limits:

1

(i) limx" =1,(x>0)

N—o0

(i) limx" =0, (|x<1)

5|Page
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1
@iii) limn" =1.
. . _Inn
(iv) lim—=0.
n—oo n

(V) Iim(1+5j =e* (any X)
n—ow n

1.4. Infinite series:

11 1

22 %

We can form a new sequence from this as follows:

Consider the sequence 1,%,

s =u=1

S, U, +U, =5
2 1 2 2

7
S =W+, +Uy =

In general,

S,y =S,+U,.,,N=123...,

N+l
starting with

S =U

!ijposn =U, +U, +U;+.....+ 0
If the above —mentioned limit exists and is equal to S ,
then we say that the infinite series U, +U, +U; +.....

converges and its sum is equal to S.if no such limit

6|Page
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exists ,that is, if {Sn} diverges, we say that the series is

divergent.

Note:

> u, is understood to be Zun unless the range of

n=1

summation is clearly indicated.

Similarly, limu, =1 or u, — | means the limit is

las N — o0,

1.5. Geometric Series:

The geometric series 1+r+r°+.....

converges toi, If |r|<1. If|r|>1, the series

(1-r)

diverges.

Proof:
Let the partial sum

S, =l+r+r’+...+r"

Subtracting (1.5.2) from (1.5.1), we get
s,(1-r)=1-r"

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use
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Thus the geometric series converges if its common ratio
is less than unity in magnitude.

lims, =0 if r>1.

n—oo

If r <1, the limit does not exit. Ifr =1, s, — o and if

1+(-0)"™ .
r=-1,s, = — and its limit does not exist. Thus

a geometric series converges if |r|<land diverges if

r|>1.

Example: -4

Test the convergence of the series

- 1
2, (n+1)°

= N

Solution:
Here

L1 11
“r(r+l) r or+l

8|Page
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Then the nth partial sum

n
S, =2 U,
r=1

2111111 11
1 2 2 3 3 4 7 n n+l
:1——£~»l

n+1

Thus the series is convergent and the sum is equal to 1.

Example: -5

Test the convergence of the series

1+2+3+4+......
Solution:
n(n+1)
2

Therefore, the series is divergent.

Here, s, = — 00,

It is often not possible to obtain the closed form
expression for the nth partial sum of any given infinite
series. Thus we are deprived of the means to test the
convergence of the series by going through the limit of

the nth partial sum. Various tests have been developed

to apply them to the individual terms u, of the series

Zun to determine whether the series converges,

9|Page
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without having to calculate the partial sum. Of course,
in such cases we may not be able to find the actual sum

of the series. We now study these tests one by one.
1.6. Test for Divergence:

Theorem: -1.1
If limu, =0 or if limu, fails to exist, then Y u,

diverges.

Proof:
We prove this assertion by showing that, if Zun
converges, Then

limu, =0.
Let s, =U, +U, +......+U, and suppose S, —S.
Further if

S,1=U+U, +....4+U,, then lims_, =s.
Now,

lim|s, —s,|=lim|u,|

=[s-s|=0

Example: -6

(1) D_n*diverges, since u, =n* — .

10| Page
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2) ZnTH diverges,since u, :1+% —1(=0).

(3) > (-1)"" diverges, since limu, =lim(~1)"" does

not exist.

Note:

(i) If Zun converges, limu, is necessarily equal to O .
But limu, =0is not enough to ensure convergence
of the infinite series. limu, =0 is a necessary, but not
sufficient condition for the series > u, to converge.

(i) We can add or subtract two convergent series (term
by term) and multiply a convergent series by a

constant to give rise to new convergent series. That
is, if D u,and D v converge to sands,
respectively,
D (au, +Bv,)=ad u,+ BV,
converges to as, + /s, for any finite scalars o and
s

(iii) Addition (or deletion) of a finite number of terms

of an infinite series does not affect its convergence or

divergence.

11| Page
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1.7. Comparison Test for Non-negative

series:

The series Z u,, of non-negative terms converges if

there is a convergent series of non-negative terms > v,

with u, <v, forall n=n,for some n, e N .

Similarly, the series ZUn of non-negative terms

diverges if there is a divergent series of non-negative

terms > w, with u, >w,for n>m, for some m, e N.

1.8. Integral test:

Let f(x)be a function obtained by introducing the

continuous variable X in place of the discrete variable n

in the nth term of the series Zun of positive terms.

Further, let f (x)be a decreasing function of xforx>1

o0

.Then the series > u, and the integral .[f (x)dx both

1

converge or both diverge.

Note:
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The integral test enables us to test the convergence (or

. i . 1 .

divergence) of an important series Y — which is
n

extremely useful in the application of many other tests.

Example: -7
If pisa real number, the series

1 1 1 1
PO OMPTNET n®

Converges if p>1 and diverges if p<1.

Proof:
Case-1
If p=1.

1
TP

n

Consider f(x):ip for n>1.
X

Forany m>1,
d_)::_l [ml*p—1]—>—l if p>1.
X" 1-p p-1

The limit is infinite if p<1.

13| Page
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Thus the serieszn—lp is convergent for p>1land

divergent if p<1.

Case-2:
If p=1

T dx

j—:lnm—>oo as m-—oo.
X

1

Thus the series (1) converges if p>1 and diverges if

p<l.

Example: -8

Test the convergence of the series
> 1
“~nlinn

Solution:

Applying integral test:

2%:In(lnm)—ln(lnz)—nm

as Mm-—oo.

Therefore, the given series is divergent.

Example: -9

Test the convergence of
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“~nPInn
Solution:

Since Inn>1for n> 2.
So i<1 and
Inn
hence
1 1

<.
n°Ilnn n®

We know that Zn—lpconverges for p>1.

Hence the given series is convergent if p>1(by the

comparison test).

If p<1, n®” <nwhich implies that

izland
n® n

>i (n>2).

hence
n"Inn nlinn

From the previous example,

we have ZL is divergent.
“~nlnn

1 . .
Therefore Zm is also divergent.

15| Page
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Thus from the above two examples (7) and (8),

00

2.

IS convergent
“~n’Inn

if p>1land divergentif p<1.

1.9. Limit form of the comparison Test:

If two positive termed series » u, and Y v, are

such that Lim—n = A,(#0) thenboth D> u,and > v,

n—oo V
n

converge or diverge together.

Example: -10

Test the convergence of the series

Jn
Zn2+1'

Solution:

The exponents of n in the numerator and denominator

are %and 2 respectively. Their difference being —g.

We consider Y v, ,

Where v, =i3 for applying the comparison test.

n2

Now,
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1+—
n2

a finite non-zero number.

Hence both > u,and> v, converge or diverge

together.

1.
But we know that Z—S IS convergent.
n2

Therefore, the given series is convergent.

Example: -11

Test the convergence of

Z[(n3 +1)% —n} .
Solution:
We have the identity

a*-p

=—= * and
a’+b’+ab

a-b

hence
a-b
a’+b ya’ih’t

5 ph
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Thus
u, =(n° +1)* —(n)?
_ 1
(n3 +1)% +n? +(n3 +1)% n
Take v, :iz,
n
Then
n n2
v, (n® +1)% +n”+(n’ +1)% n
3 1
- % %
(1+3j +1+(1+3)
n n
%_

Hence both > u,and > v, converge or diverge
together.

1
But ZF converges.

Therefore, the given series is convergent.

1.10. Ratio Test:

Let > u, be a series of positive terms and

Limﬂzﬁ;then
u

n

18| Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-001

https://doi.org/10.2478/9788366675346-001
R.Meher

(i)  The series converges if A4<1.
(i)  The series divergesif A>1. and

(iii)  The test provides no conclusion if 42 =1.

Example: -12

Test the convergence of the series

2"n!
> .

nn
Solution:
nni
Here u, = "
un+l 2”+1(n+1)! nn

u,  (n+1)"" 2'n!

n n
=2| — as N —oo.
(n+l}
ot 24

(-3

Therefore, the given series is convergent by the ratio

test.

Example: -13
Test the convergence of the series
4 47 4.7.10

_+_
1 12 123
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Solution:

n

n+1

Therefore

un+1

4.7.10......(3n+1)

123...n
4.7.10......(3n+1)

_4.7.10....... (3n +1)(3n+4)

~ 1.23..n(n+l)

_ 4.7.10.......(3n+1)(3n +4)
(n+1)!

_47.10......(3n+1)(3n+4) n!

u

n

Therefore,

(n+1)!
_(3n+4)
n+1

'4.7.10.......(3n+1)

the given series is divergent by the ratio test.

1.11. Root Test:

Let Zun be an infinite series of positive terms and

un% — A Then

(i) The series converges if A <1 .

2/ 10/ 2023 4:00 PMvia .
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(if) The series diverges if A >1 and

(iii) no conclusion can be drawn if 4 =1..

Example: -14

Test the convergence of the series

sfnd)

Solution:

_ . % %
M =
uy; (1+\/ﬁj

-n
= 1+ij —>l<1

Jn €

Therefore, the series converges by the root test.

Note: Two tests, Rabbe’s test and the logarithmic test
can provide a tool to test the convergence of an infinite
series, when the ratio or root test fails to give a

conclusion.

1.12. Rabbe’s Test:

Let > u, be an infinite series and

Iimn[ Uy —1}=/1 :
n un+1
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then > u,

(i) convergesif 4>1.
(it) divergesif A<1 and

(iii) the test provides no conclusion if 4 =1.

1.13. Logarithmic Test:
The infinite series Z u, of positive terms is convergent

if A >1and divergentif A <1, where

ﬂzlim{n.Ln Un }

nN—oo un+1

Example: -15

Discuss the convergence of the power series
n!y’
5 (0
(2n1)
Solution:

Uy (D))" o (209
u,  ((2n+2))" (a1 x®

~ (n+1)° 2
~(2n+2)(2n+1)
1
1+H ), X
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Therefore, by the ratio test,
The series is convergent if
x* <4 [xe(-2,2)]
and divergent if
X% > 4,[x e(—oo,Z)U(Z,oo)].
The ratio test fails if

x* =4 ,(x=%2).

We apply Rabbe’s test if X* =4.
Then
u, 2(2n+1) 1 (2n+1)

n+l 4 2(n+1)

u

n+l

u 2n+1-2n-2
nf——-1|=n ——————
[uml J { 2(n+1) }

-1

Therefore, the series is divergent.

—>—1<1

Thus the given series is convergent if x*<4and

divergent if x> >4,

Example: -16
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Discuss the convergence of the power series

22 X2 33 XS 44 X4
+ + +

Xt ——F——+——+....
2! 3! 4!
Solution:
nn n
Here u, =
n!
n+1
Upy _ (N+1)7 x™ n!
u, (n+1)! X"

(n+1)"

= — | X

n

:(1+1j X — ex
n

Thus the series is convergent,

if y < (1) and divergent if >(lj.
e e

The test fails if x = [Ej )
e

If x= (lj ,we apply the logarithmic test.
e
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Ln Uy = n“n—ﬂj e}
un+l n
:l+nLnL
n+1
—1+nLnL1
1+=
n
1

RPN
2n  3n
11
2n 3n®
nLnizl—i+ ..... —>£<1
n+l 2 3n 2

Therefore the series diverges if x = (Ej .Thus the given
e

series converges if 0 < x< 1 and diverges if x> (lj .
e e

1.14. Leibnitz’s test for Alternating series:

An alternating series
> (-1)""u, =u, —u, +U; —u, +... . where all u, >0,
converges
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if

(i) u,>u,, foreveryn (ie. {u,} is a monotonically

n+1
decreasing sequence)

(i) limu, =0

Note:

(i) Ifafinite number of terms is neither alternating nor
monotonic, the series converges if it is an
alternating series with the conditions of the test
satisfied for n greater than some M .

(i) If, s, is the sum of the first n-terms of the

n

alternating series satisfying the conditions of

Leibnitz’s test, then it can be shown that
ISy — 1] < Ui -
Thus the upper bound for the error in approximating

the sum by n terms is given by the first unused

term.

Example: -17

Test the convergence of the series

> (-1)"sin 1

n

Solution:

This is an alternating series > (-1)"u, , when
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.1
u, =sin—= andu, -0 asn—oo .
n

Further, {u,} is a monotonically decreasing

sequence, for
sini<sin1 ,(n>1)
n+1 n

Therefore, by Leibnitz test, the series is convergent.

Example: -18

Test the convergence of the series

2 3

X X X
o 2t 3
1+x 1+x° 1+Xx

Solution:

This is an alternating series > (-1)""u, ,

Where
u, = X - —0 (x"—>0 when 0<x<1)
1+X
Further,
Ly B Xn ~ Xn+1
T x 14 x™
Xn+X2n+l_Xn+l_X2n+1
- (1+x”)(1+x”*1)
__ ¥y >0, (x<1)
(1+ x“)(1+ X" )
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Therefore, the terms are monotonically decreasing. The

given series converges by Leibnitz’s test.

1.15. Absolute and Conditional Convergence

An infinite series ) u, is said to be absolutely
convergent if >"|u,| is convergent.
If > u, convergentand if > |u, | diverges, then we

say that > u, is conditionally convergent.

Theorem: -1.2
Absolute convergence implies convergence. That is if

> |u,|converges, then > u, converges.

Proof:

Since for each n,
—|u,[<u, <|u,|

we have ,

0<u,+u,|<2|u,|
If > |u,|converges, then >’ 2|u | converges and by the
comparison test »"(u, +|u,|) converges.
Therefore,

> (u, +|u,|=|u,|) =D _u, converges.
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Note: If D u, is divergent, > |u,| is divergent.

Example:-19

Test the convergence of the series
n- nﬂ'n
-1 .
Z( ) 22n +1

Solution:

This is an alternating series Z(—l)"*lun ,where

_nz

P
Hence the absolute series is > u, .

n n

_ Nz Nz _
Un ——22n +1< 22n —Vn ,Say

Now vn% —n/ (gje%<1.
e e

Therefore by the root test, Zvn converges and by
the comparison test ZUn converges. That is, the given

series is absolutely convergent. Since absolute
convergence implies convergence, the given series is

convergent.

Note:
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Suggestions for choosing an appropriate test:

(i) If the series is an alternating series, use Leibnitz’s
test. One can consider the absolute series and
determine convergence by using the results that
absolute convergence implies convergence. The
last statement holds if the series contains positive
and negative terms in some order.

(it)  If the nth term contains factorials, the ratio test is
suggested.

(iii)  The difference of finite powers of n in the
numerator and denominator is suggestive of a
comparision test.

(iv) If the exponent of simple functions of n contain
(without the occurrence of factorials) the root test is
suggested.

(v) For power series, when the ratio or root test fails,

the logarithmic is suggested if Lim =l involves e,

n+1

otherwise Rabbe’s test is suggested.

30|Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-001

EBSCChost - printed on

https://doi.org/10.2478/9788366675346-001

R.Meher

Exercises

Test the convergence of the following series

1.

10.

11.

2/ 10/ 2023 4:00 PMvia .

2 3 4
—t—+—+
1» 2° 3°

Z 2n® +5
4n® +1

r]2

3

1 2 4 6

X X X
+ + + +
21 32 43 54

s
Jn
Vn?+1

X" (x>0)

(1)2 [1.2J2 (1.2.3)2
S =+ ==+
3 35 357

n" .

n!

)

n+1

> cosnz (Leibnitz test)
n+1

2

2[5

Al use subject to https://ww. ebsco.conlterns-of-use
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12. .1
sin—
n
13. 2n 2
2 !
Zﬂx" (x>0)
2n!
14 i (Integral test)
7 n(Inn)” J
15. 3 n’+1
3n
16. (x+1)"
Z 31’1 n2 (X > _1)
17. Z 1
Jn+lInn
18. 1 n
(3
2
+ i (Integral
——  (Integra
= ninn(Ininn) g
test)
Answers:
1. Convergent for p > 2 and divergent for
p<2.
2. Convergent.
3. Convergent.
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4.

10.
11.
12.
13.

14.

15.
16.

17.
18.

Convergent for x> <land divergent for
X2 >1.

Convergent.

Convergent for x <1 and divergent for
x>1,

Convergent.

Convergent for x < 1 and divergent for
&

x>1.

&
Convergent for x <1 and divergent for
x>1.
Convergent.
Convergent.
Divergent.
Convergent for x <1 and divergent for
x>1.
Convergent for p >1 and divergent for
p<l.
Divergent.
Convergent for x < 2and divergent for
X>2.
Divergent.

Convergent.
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19. Convergent.
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Chapter-2

Fourier Series

Fourier series are series of sine and cosine terms.
They arise in the representation of periodic functions.

They play an important role in solving P.D.E.

2.1. Periodic function:
A function is called periodic if it is defined for all

real x and if there is a positive number T such that

f (x+T)=f(x) forall real x.
It follows that f (x+nT)= f (x) forall x and all

integers.

A function f (x) with period 27 can be expanded in

the following trigonometric series

f (X)=a, +a,C0oS X+, COS 2X+ 8, COS3X +.........
+b, sin X +b, sin 2x+b,sin3x +...... (2.1.1)
=a,+ »_(a, cosnx+b, sinnx)

n=1

This series is called the Fourier series and its

coefficients are called Fourier coefficients.
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All terms on the R.H.S of equation (2.1.1) are of period

27 and f (x)is also of period 27 .

We first present how the Fourier coefficients can be

evaluated for any given function f(x),before the

conditions under which such an expansion is valid are

formally stated.

To evaluate a),a,,a,a,...and b,b,,.... the following

integrals, involving sine and cosine functions are useful.

a+2r a+2r

a

a+2rx

2. j COS MX COS nX dXx

o

a+2rx
= J' sin mxsin nx dx

o

=0, m#n

a+2rx
3. _[ €0S Mx cos nx dx

a

a+2w

-5 j [ cos(m-+n)x-+cos(m-n)x Jdx

a

1 1
=—[ cos(m-+n)x+
2l m+n

=0

m-n

[cos(m+n)x(a+27)=cos(m+n)c |

printed on 2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.coniterns-of-use
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a+2r
4. jcosmxsinnxdx:o.

a

a+2r a+2r

5, J'cosznxdx= j sin® nx dx
a (24

=z,n#0
a+2rx a+2r 1+ CoS 2nX
I cos? nxdx = J' T T
(o4 (04 2
a+2rx
:E[x+isin2x}
2 2n "
=£[27z+0]=7r
2

In addition to these properties of integrals involving
sine and cosine functions, we often need these

trigonometric functions for particular arguments.
(i) sin(2n +l)% =cosnz=(-1)" and

(ii) sin nﬂ:cos(2n+l)%:0 forall n.

2.2. Fourier Coefficients:

The Fourier coefficient in (2.1.1) are given by

ao _ia+2;r ; (X)dx
2 *
a+2rx
8 =— f (x)cosnxdx
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a+2n

1 .
db,=— | f d
and b, 7;-[ (x)sin nxdx

These are known as Euler’s formula.
To obtain these formulae, we assume that term by term
integration is valid.

Integrating on both sides of (2.1.1),

MJ‘Z” f(x)dx= aoa]'zﬂdx
0 a+2r a+2r

+ a, j cosnxdx+b, j sin nx dx
=1 a a

n

=273,
(later integrals being zero)

This gives the first of the Euler’s formula.

Multiplying both sides of (2.1.1) by cosnx and
integrating

a+2r

J. f (x)cosnxdx

a

a+2rx

=4, _[ cos nx dx

© a+2rx a+2rx
+> | a, J' cos mx cos nx dx +b, _[ sin mx cos nx dx
m=1 a

a

a+2r

=a j cos? nx dx

n

o

= ra,

4|Page
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This is the second of the formulae.
Similarly, multiplying by sinnx and integrating,

a+2r
I f (x)sin nxdx

a+2m
=4, j sin nx dx

a

© a+2rn a+2rn
+z a, j cosmxsinnxadx+b, j sin mxsin nx dx
a a

m=1
a+2rx
=b, j sin? nx dx
a
=7b,

Giving the last coefficient of the Euler’s formulae.

Even and Odd functions:

If is an even function in the interval(—ﬂ,n), then
b, _1 I f (x)sinnxdx =0 ,since the integral is an odd
72-*7[

function. Thus we get only the cosine series. Similarly,

if f (x) is an odd function, we get only the sine series.

2.3. Validity of the Fourier series:
It is a simple matter to calculate the Fourier
coefficients for any given function with period 27 if the

integrals exist. The question is whether the infinite

5|Page
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series converges to f (x)for each x of the interval of

interest.
We state below the conditions under which such a
convergence occurs. Most problems arising in the

application of Fourier series satisfy these conditions.

If a function f(x)is continuous in (a,a+2r)
,.except possibly at a finite number of points and these
discontinuities are finite jumps, and left hand and right

hand derivatives exists at each point in (a,a+27),then

the Fourier series represented by (1) with the

coefficients as in (2) converges to f(x)at each x

except at the points of discontinuities at which the sum
of the series is equal to the average of the left and right

limits.

Note:
Discontinuities with in the interval of definition of

f (x)and at the end points can be figured out easily.

The given function defined in the interval (a,a+27)

may not be periodic and is generally not of much
concern in many applications of Fourier series. What

happens outside the interval (a,a+2z)is of no

6|Page
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relevance for applications. The Fourier series expansion

assumes the function to be periodic with period 27 .

Graph of the function in (a—27,a),(a+27,a+4r)
etc, repeats itself as in (a,a+27).Thus if

f (a+27)= f(a) for a function whose Fourier series

is developed, the series converges to the average of

f (a)and f(a+2ﬂ'),|:f() 2a+2”}by the above

condition of validity of the Fourier series. This is

brought out in the following examples.
Example-1

Find the Fourier series representation of

0 —-m<x<0 .
f = - )
(X)—{ x< n ( 7Z'7Z')

and hence deduce that 1—1+1—1+ ......... =
3 5 7

Solution:

The Fourier representation of f (x) can be represented

as

X) =2, +ian COS NX +ibn sinnx.
n=1 n=1
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1
==\ f d
a 71_[, (x)cosnxdx
=1 77 COS nX dx
72.0

1. z
=;[sm nx]0 =0

1% .
b =—|f d
ﬂ_[, (x)smnx X

1 .
=— | zsinnxdx
VA

Thus
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f(x)=Z+2
()-5+2|

Putting x =0,the series gives %

sinx sin3x sinb5x
+ + +

1

f (x), as given has a finite discontinuity at x =0 thus,

%[f (0)+£(07)]=

. T
Putting x=—,
J 2

Example-2

Find a Fourier series to represent X—Xx° from x=—z

to X = and hence show that

1 1 1 1
Z 27 g
and

1 1 1
Fetye
Solution:
Here
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x—x? =a,+» a,cosnx+y b, sinnx
=1 =1

Where

1
== f d
a ”I (x)cosnxdx

-

T
:;:[r(x—xz)cosnxdx

27[
:——sz cos nx dx
)

211 . r 27 .
:_;{ﬁ( Zsin nx)O —Elxsm nxdx}

41 1 =, 17
_%{—E(xcosnx)o +E£cos nxdx}

4 4,
=—— mcosnz +—(sinnx);
n

zn
4 n
=——z(-1)
4,
== (1™

>

(xcosnx is an odd function x°cosnx is an even
function)
Thus
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7b :j f (x)sinnxdx

I sm nx dx
=T

ijsm nx dx
0

DIH

1 s
(xcosnx), +—_[cos nx dx}
n
0

meosnz = (— 1)”“2?7Z

2{
2
n

2 2 2
Thus bl_I :_E;bﬁg;bﬁ__,

Therefore,

12 - 22 32 42 -------
sinx sin2x sin3x sin4x
+2 - + - Foreee
1 2 3 4

7l {cosx COS2X CO0S3X C0s4xX }
4 + — +

To establish the second part of the problem, put x=0,

to get

4|:£_i+i_i+ :|—7[_
r ¥ s 7 3

giving the desired result.
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Now, the Fourier series, when x = or x=—r isequal

to

The graph of the function f(x)=x(1-x) in
—r < X< and periodic with period 2z . The periodic

function is discontinuous at X=-37z,—x, 7, 37,......

Thus the series at x = converges to

%[f (7{)Jr f (”+)]=%[n(l—ﬂ')—7z’(l+ﬂ')]

2
=-r

Therefore,
—2 1 5
731- —4(ZFJX:—7T
That is ,
1 7
2776
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Example-3

Find the Fourier series to represent the function f (x)

given by

f(x)=1" 0<x<7  and hence show that
2r—X mw<X<27w

l+ L += L + =T
g tEr e 5
Solution:

f(x)=a, +i(an cosnx+b, sinnx)

n=1

Where

2

278, = j f (x)dx

T

oz
jxdx+f 277 -x)dx giving a, = 5

o

2

=7
f cosnxdx

0

V4

j cosnxdx+j 27 —x)cosnxdx

0

1 2
—(xsmnx -= S|nnxdx+—(smnx)
n n

l . 2z -
—=(xsin nx) +—jsm nx dx
n ~n
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1

:{ 1 - (cosnx)? - 2(cosnx)ff}

Thus,

__4
& 1
;a,=0;

__4.
% 732

4

M0y

b, :jxsin nx dx + j (277 —x)sinnxdx

1 = 1%
——(xcosnx); +—jcos nx dx
n n

—%((27;— X)cos nx)i” —% _[ cos nx dx

n n

Thus,

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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f(x):z——{coswr 2 +T }

Example-4

Find the Fourier series expansion of the function

X —%gxg%
f(x): T 3
T—X —<XxX<—

2 2

and hence show that

1 1 T
It St 5+ =—.
3¥ 3 8

Solution:

f(x)=a +ian COSﬂX-i-ibn sinnx
n=1 n=1

Where
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N

N
o

I

f (x)dx

Jdx .

>

o

>

+

m\é\'-—.m‘_%’

—_

3

|
>

| w
O L ly—wln oy =]

f (x)cos nxdx

>

3

D

I
Niﬁ'."\"g

3z

—_— N

2
X cos nxdx + .[ (7 —x)cos nxdx
T

NN

2
(The first function integrated is an odd function)

1 = 137”
=H[(7z—x)sin nx:|£2 +HI sin nx dx
2 z
2
3z

) . 1 =

——sm———sm—}——z[cosnx],f
2 2 n D)

T oA Nz 1( 3nr nﬂj
=——2siNNz c0S— ——| C0S———C0S —
2n 2 n 2

2 . . nz
=——sinnzsin| —— =0
n 2
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w
3

zh, =

f (x)sin nxdx

3z

xsinnxdx+ | (7 —x)sin nxdx

'—.N\N I\)i-\ 'N‘
N\N‘—-N‘

NN

3z

V4
12

=2 xsmnxdx——[ (7—x cosnx] J'cosnxdx
7

ot—m |

T

s
5 22
=—=[ xcosnx]z + jcosnxdx
n
O

——gzcosn—”+£[sinnx]%
n2 2 n? 0
T nz 1 3nrz nz
+—2C0S N C0S— — sin—— —sin—
2n 2 n? 2 2
T nr 2 nz
=—-—C0S—+—sin—
2 2

T nr 2 . hr
+—COSHHCOS7——2COSH7TSIH7
n

T nz n 2 nz n
=Fcos7[(—1) —1} o sm7[1—(—1) }
Now 7zb, =0 if is n even.

If nisoddand equal to 2m+1.(m=0,1,.....).
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2m+1)
70y =2m”+1cos( 5 ) (-2)
N 2 sin (2m+1)7r2
(2m +1) 2
B 4 sin (2m +1)7z
(2m+1)° 2
Then,
4. _ __ 4

bl_;’bii_ 321b5 b7 72_72, ......
Therefore,

f(x)zi Sinx_sin3x+sin5x_sin7x+
3 5? 77

Therefore,
1+i+i+ :ﬂ_z .
K R 8
Example-5

Find the Fourier series expansion of the function

f(x)=cossx, —z<x<xz ,Where s is a non-zero

function. Hence show that
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coto=ty 20, 20 20
0 &-n* 0-2*n" 6-3Fr

Solution:

COSSX =, + Y&, COSNX+Y b, sinnx

n=1 n=1

Where

Znaozj f (x)dx
= Icossxdx ;
2 .
=—=sinnxz
S
giving
1 .
a,=—sinsr.

S

zan::jcossxcosnxdx
T
::chossxcosnxdx
0

= [[cos(s+n)x+cos(s—n)x dx
0

_sm(s+n)ﬂ+sHWs—n)n

~ s4n s—n

and
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7h, = J' cos sxsinnxdx =0 ,(odd integrand)

Therefore ,
sinsrz
COS SX =
ST
1 &|sin(s+n)z sin(s—n)z
+= + CoS Nx
= S+n s—n

is the required expansion.

The expression in the brackets can be simplified as

& 1n2 [(s—n)(sinszcosnr+cosszsinnr) |
+(s+n)(sinszcosnz—cosszsinnr)
=7 [2ssinszcosnr]
(-1)" 2ssinsz
G
When x=r,
COSST — i 2S7Sin sz
n=1 7T ’s? —°n’
With sz=6,
20
t6?—— =
% +202 —-n’z’
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2.4. Function with any period T :
If f(x)is given in the interval («, 3)with period
T = —«a, a change of variable converts the problem

to one with period 27 .
Let

27 tT
t=—X, X=—
T 27

When x=« , t=2_l_ia=a,say, and

when

X=p=a+T, t=—2ﬂ(a+T)

=a+2r.

Thus we have to represent f (;lj =g(t)as
T

a, +Zw:(an cosnt +b, sinnt)

n=1

and obtain the Fourier coefficient as
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and

a+Zn
:—I ( jsmntdt

~ 13 27znx

SII’] dx

27
T

The Fourier series representation with these coefficients

is

f(x):a0+i(anco 2;rnx+ . sin 27an)
I T T

In the practical development of the Fourier series, it is

convenient to work in the original variable. Thus ,with

T=p-« .

f(x)=a, +Z(an co 271z_nx +b, sin 271z_nxj

1%
a0=_|—_:[f(x)dx

21 270X
a, :?if( )cos?dx

27 27nX
b, :?if( )sm?dx

T=2r gives the formulae of section 12.2 with

B=a+T=a+2r.
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Example-6

Obtain the Fourier series for f(x)=zx, 0<x<2

.Hence show that

Solution:
f (x)=a,+ Y (a,cosnzx+b, sinnzx)

2
a, :Ejf(x)cosnﬁxdx
T 0
2
= ﬂ'I X COS Nz X dx
0

2

1 ) 2 1 ]

= —(x3|nn7zx)0—— sin nzx dx
14 n;ro

1
= 7Z|:n27z_2 (cos nnx)i} =0
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2
b, :T££ f (x)sinzxdx

2
= ﬁjxsin nzxdx
0

1 2 1%
7| ——(xcosnzx), +— | cosnzxdx
Nz s

2 1 . 2| 2
n[—g(cos 2nr)+ o (sin n:rx)o} =

When X:l, f(x)=Z .Thus
2 2

s . 1. 27 1. 3«
—=x-2/sin=+=sin—+=SIn—+.......
2 2 2 3 3

357
Therefore
111 7
1-=+=—=+..... ==
357 4
Example-7

Find the Fourier series of the periodic function of period

2, where

f(x)— -1 -1<x<0
~2x 0<x<1

and show that
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Solution:
Here T =2 and

f(x)=a,+ > (a,cosnzx+b sinnzx).

1% 1| ¢ b
a, =—I f (x)dx:—[—jdx+.|.2xdx}
2_1 2 -1 0

~2(0+1)+5(1-0)=0

2 1
a,=2 f (x)cosnzxdx

1

0 1
= —I cosnzxdx + ZI XCOS NX dx}
-1 0
1.,. 0 2 . 1
=——(sinnzx) . +—(xsin n;zx)0
nrz <1 nrx
1

2 7.
——|sinnzxdx

nz sy
= - (cosnzx),
T
2 n
T Ll [(_1) _1}

4 . : 4 .
="z =0 &=
4

WA
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2 1
b, =5 f (x)sinnzxdx

1
1

0
= {—j sin n;zxdx+2.[xsin Nz X dx}

-1 0

1
=1 (cos nzx)’, - i{(x cosnzx), - [ cosnzx dx}
0

nz nz

Nz

cos3zX €oS5rx
+ +

f(x):—%(cos;rx+ 7 =2

sin 2z X N 2sin3xx

+£[25in TX—
T

sin4xzx N 2sin5xzx

4

When x =0, the series converges to

[ £(0+1)+f(0-1)] 140 _ -1

2 2 2

Therefore,
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=>
)
=}
b3
Il
N |~
—
1l
[N
Q
s
>
Q

2.5. Half Range Expansions

Often it becomes necessary to obtain a Fourier sine

or cosine series expansion of a function in the interval

(0,a).This can be achieved by treating (0,a) as a half
range of (—a,a) and defining f (x)suitably in the other
half range of (—a,0)by making the function even or odd

according to the need of a cosine or sine series.

ao+2(ancos—+b Snn%) » (ra<x<a).
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Suppose we want a cosine series, f (x)being given
in(0,a) .Then we extend f(x)t0 (_a,0)S0 that f(x)is
an even function on(-a,a).Thatis f(-x)= f (x)-

Then the Fourier coefficients are given by

»
Il
= |
&
—
—~
>
N—
o
=<

I
)

) |'\-’
O t—
—
—_
>
N
o
x

® | =

O ey
—
—~
>
~—
o
>

<)
I

f(x)cos%xdx

f(x)cos%xdx

i
oI H|No

O ey c|u. o

b, =0, since f (x)sin@ is an odd function.
a

Similarly, if we want a sine series ,we extend f (x)
to (—a,0)as an odd function in (—a,a).

Then a,=0; a, =0 and

2 ¢ . NrX
b, :?_fa f (x)sm?dx
27 nmx

=Z(t 24
a! (x)sin X
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Note:
1. f(x)has the same value for each x € (0,a), whether

we use even (cosine series) or odd (sine series)

expansion. The difference occurs in the other half of
(-a,a). for f(—x)=f(x) an even expansion and
f (—x)=—f (x)for the odd expansion.
2. Suppose we want to expand sin® x+sin2xcosx as a
sine series in the half range (0, 7).
3. sin® x+sin2xcos x
sinx—sin®x 1

:3—+—(sin x+sin3x)
4 2

S5 . 1.
=—sIn X+ —=sin 3x
4 4
is the required expansion.

Example-8

Find the half range cosine series for

and hence show that

1 1 1 7l
+ +—+........ =—-

23 5 8
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Solution:

Since Period =2I so the half period is 1.

f(x)=a,+> a, cos@

sz.xdx+k_l|'(I —x)dx

2

A4

|
1 f(x)dx=|}

|
3 |
2{k!xcosmxdx+kj(l —x)cos@dx
| | ] |
2
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2k I nzx I 2. nzx
= Xsi n— —Ism—dx
1| nx nzs

+L((I x)sin@j ——j smmdx]

Zk[ 2 . nzx 12 ( nz )
=— sin—+ cos— -1
n

| | 2nz 2
12 nr I nz
———sin————| cosnz —cos—
nz 2

2k 1P nz nz
=" ——|cos——1-cosnrz+Cos—
1 n’x 2 2

2Kl {2005%[ -1- COSI’VZ':|

Tt
a,=0,Ifisodd. If n isevenand =2m

= 2_kl[2 cosmz —1-cos2mz |

am?r?

2m T

= %[cos mz —1]
T

-]

m-z

31|Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-002

https://doi.org/10.2478/9788366675346-002

R.Meher

o

Which gives

1.1 .1
z

Example-9

+¥+—+...

_+_
5

Obtain the Fourier series expansion of xsinx as a

cosine series in (0,)and show that
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13 35 5.7 79
Solution:

xsinX=ay+»_a, cosnx,

Where

7, :jxsin xdx
0

V4
=—(xsin x)g +J.cosxdx
=7

Therefore a, =1.

XSsin x cos nxdx

NN
@
=1
I\Jll—‘ O'—N

]Ex[sm n+1)x-sin(n-1 x]dx (n#1)
0

:%(_ﬁj[xcos (n+1)x]’
+%(n{ j[xcos (n-1)x]’

Icos n+1)xdx

2(n 1)
1
2(n-1)

o

jcos(n—l)xdx
0
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mcos(n-1)z

1
2(n-1)

2 2 2 .
P 34:——,a5:— .........

2
Q=—";8=—";
213 %=%2 35 4.6

Andif n=1,

s T
—a, = | xsin xcos xdx
7%=
:lj‘xsinZde
2

1 1%
.E(XCOSZX)O +Z_([c032xdx

0
1
2
T
4
1
2a=-7

] 1 2
XSin X =1—=C0S X ——C0S 2X
2 1.3

+ic053x—icos4x+ .....
2.4 3.5

When x:z,
2
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2 2 2 2 pd
+———t————+....==.
13 35 57 79 2
Exercises-1

1. Find the Fourier series to represent the function
f(x)=lsinx|, —r<x<z.
2. Find the Fourier series of the function f (x)=xin

(=7, 7) and deduce that

1 1 1 7’ g
e
1+1+i+i —7[_2
ZrE Tt 5

3. Find the Fourier series for the function

—T T
1 — < X< —
f(x)= 2 2 and hence show that

T 3z

-1 —<x<—

2 2
1 1 1 T
1-Z+=Z-Z4...=2,
3 5 7 4

4. Find the Fourier series for f (x)=|x|,—7 <x<z and

2
hence show that 1+i2+i2 id )
3 5 8

5. Find a Fourier series representation of the function

f (x) =e*, —r < X< rand hence derive a series for
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T
sinhz

6. Find the Fourier series expansion of

0 —r<x<0
f(x) :{ i d and hence show that
sinx O<Xx<rmw
11,1 1 (72
13 35 57 797 4
ANSWers:

2 4(cos2x cos4x cos6x
1. ——— + + +os .
3 15 35

2
2. ”——4(cosx—i20052x+i2cos3x+ ...... J
3 2 3

4 COS3X C€0S5x cos7x
3. —| cosx— + — Foeenn )
3 5 7

T

7 4(cosX C€0sS3X Ccosbx
4, — —— sttt —— . .
2 7\ 1 3 5
5.
2sinhz| (1 1 1 1
—— 5= COS X+ ———C0S 2X — ———COS 3X +......
4 2 1I'+1 2°+1 2°+1

1 . 2 . 3 .
+| 5—=SINX———=SIN2X+ ———sIiN3X +......
" +1 2°+1 3 +1

T 1 1 1
- =2 ———+—+....
sinh 5 10 17
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1 sinx 2 & cos2nx
6. —+——— —.
T 2 5 4n° -1

Exercises-2

1.Find the Fourier series expansion of f (x)with period

3, where f(x)=2x-x*in (0,3).Hence show that

0 1 2
$i-7

2. Find the Fourier series corresponding to the function

2 —-2<x<0
f(x)= < and hence show that
X O<x<?2
2
1+i2+i2+ ...... :”—andl—l+l—i+ ...... :Z
3¥ 5 8 3 57 4

3. A periodic square wave has a period 4 whose function

0 -2<t<l1
isgiven by f (x)=<k -1<t<l1
0 1<t<2

Find its Fourier series and hence show that

X 0<x<l1
4.1f f(x)= with period 2 find
7(2-x) 1<x<2

the Fourier series of f (x).
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Answers:

——| COS———+—C0S——+—CO0S— +....
1. » 3 2 3 3 3

3 2zx 1 . 4zx 1 . 6xXx
sin——+=sin——+=sin——+..
7z 3 2 3 3 3

9( 27x 1 drx 1 677X j

3 4 X 1 3zx 1 5xx
= —— | COS =+ C0S———+—-C0S —— +....
Vs

2. 2 2 3 2 5 2 .
2( zx 1 2zx 1 . 3nx )
sin—+=sin——+=sin—— +....
T 2 2 2
3.
k 2k at 1 3zt 1 5.t 1 Tt
—+=| cOS==—=C0S=——+=C0S— — =C0S —
2 2 5 2 2
pia 4(0057rx cos3zX cos5rx j
E—= ...
2 1 3 5
Exercises-3
|
0 O<x<—
1.Represent f(x)= 2 by the cosine series.
1 —<x<l
2
X 0<x<z
2.f f(x)= 2 Show that

T
T—X E<X<7Z'

7T

T 2

=== L —COS2X+— L COS6X +— L €0s10x+...
4 7z\1? 3? 52
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1 1

——X O<x<=

3.Expand f(x)= . 2

X—— —<x<1
4 2

as the Fourier series of sine terms.

4.Find the half range cosine series for sinxin (0, 7).

5.Find the half range sine series for x*in (0, 7).

Answers:

1.

1 2 ax 1 3rx 1 S5zx 1 17X
———| COS— ——CO0S +—CO0S ——COS———+..... .
2 I 3 | 5 | 7 |

3.

— + + +—t.....
x\ 4210 -1 42°-1 43 -1 44°-1

A 2 4(c032x cos4x Ccos6x  COS8X j
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Chapter-3

Fourier Transform

3.1. Fourier Transform:

Fourier transform of a function f (x)is defined as

F(s)=F[f(x)] =_]; f (x)edx

(3.1.1)

The integral exists for all function f (x)which are

continuous in R except at most at a finite number of

points and discontinuities, if any, are finite jump

discontinuities and f (x)is piecewise differentiable.

The inverse Fourier transform of F (s) is defined as

= Ziz F(s)e™ds

3.1.1 Fourier Sine Transform:

Fourier Sine Transform is defined as

F.(s) =T f (x)sin sxdx

0

and its inverse as

=EJ' F, (s)sinsxds

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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3.1.2 Fourier Cosine Transform:

Fourier Cosine Transform is defined as
F (s)=j f (x)cossxdx
0

and its inverse as

0

2
f(x)=—|F (s)cossxds
(=" ]R0)
Finite Fourier sine transform over 0 < x < L is defined
as
& . nzXx
F =|f —d
L (X) .([ (x)sin - dx

and its Inverse as

S

:%iF X smT

n=

Finite Fourier cosine transform over O<x<L is

defined as

F (x):jf(x)cosn—?dx

0

With the corresponding inverse as
1 2 nzx
f(x)==F,(0)+=>'F -
(x)= 7 R (0)+ 2 R (x)cos ™

c
n=1

2|Page
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3.2. Properties of Fourier Transform:

1. Linear:

F[af (x)+bg(x)]=aF [ f(x)]+bF[g(x)]

2. Change of scale property:

If F(s)isany one of the Fourier Transform of f (x)

,then

©

F[f(ax)] ::L f (ax)e™dx

ISl

-y
—
—
~—

D
» %z
(o}
—

isx

f(x)eadx

S

3. Shifting property:

b e—s

T

Ok ©F 3

IfF (s F[f ] then

F[f(x a T e““Idt, [x-a=t]

—e [ 1 (x)emdx=eF (s)

—0

4. Modulation:
If F(s F[f ]Then

F[f (x)cosax}:%[F(s+a)+F(s—a)}

Proof:

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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F[ f(x)cosax = I

—0

=%[T f (x)ei(s*a>xdx+z f (x)ei(”)xdx}
1
=§[F(s+a)+F(s—a)]
Similarly, it can be shown that
F[f cosax]— [F (s+a)+F, (s a)]

F[f(x smax]——[F (s+a)-F,(s-a)]

F[f smax]——[F (s—a)- F(s+a)]
F[f smax T X )sin axsin sx dx

0

17

2.[ x)[ cos(s—a)x—cos(s+a)x]dx

:E[FC s—a)-F.(s+a)]

Example-1

Find the Fourier transform of

4|Page

ed on 2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.coniterns-of-use


https://doi.org/10.2478/9788366675346-003

EBSCChost - printed on

https://doi.org/10.2478/9788366675346-003

R.Meher
1-x% x|/ <1
T
0 X/ >1

Solution:

©

F[f(x)] ::[0 f (x)e~dx
= j(l—xz)e‘“dx

-1

1 isx 1 i isx
=E[e (1—x2)]11+E:|;e 2xdx

—i[ 'Sxx] - 2Jl'eisxdx

S
2 IS —is ISX
= S—Z[e +e ]+——[e ]
__i e +e _a[eis_e—is
S 2 5
4 4
=——C0SS+—Sins
S s
4
=S—3(sms—scoss)
Example-2
Find the Fourier transform of
1 |x|sa
f =
(x) {0 JX>a

and hence evaluate

J‘SInX

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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Solution:
FLE(x)]= ] £ (e x
- j e dx = %[e e ]
=—sinas
Now

1 72. :
f — = —ISXd
(x) —Zﬂ_Lssmase S

1, —a<x<a
0, elsewhere

At x=0, we know

f(x)=1.

Thus

2 Fsinax

Ty X

dx=1 with a=1.

We have

.[de:Z,
5 X 2

Example-3

Find the Fourier sine and cosine transform of
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1,0<x<a
f(x):{o x>a

Solution:

F.(s)

jf(x)sin sxdx
0

L. 1—cosas
=Ism sxodx=—""-"
0
° 1.
F.(s)= jcossxdx ==sinas
S
0

Example-4

- - - — 2
Find the Fourier cosine transform of e ,0< X <0,

Solution:

F (e‘x2 ) = T e e dx

2 SZ

0 SZ

= _[ ™ (cossx+isinsx)dx =/ze *
On equating the real parts; it gives

0 2

S
, s
_[ e cos sxdx:\/;e 4

—00

printed on 2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.coniterns-of-use
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FLf(X)] =£ f (x)cos sx dx

Now :]9

=X

2
€Os SX dx

N

i
2

i 2
j e cossxdx=
0

Example-5

Find the Fourier sine transform of

f(x)=2x,0<x<4,

Solution:

8{ mx}4 8 ¢ nzx
=——| Xc0S—— | +— | cos——dx
nz 4 |, nmy

8 32 [ . x|
=——[4cosnz]+——5|sin—

(174 n“z 4 |
=2y

nzr

Example-6

Find the cosine transform of

cosx, 0<x<1
f(x):{o x>1

8|Page
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1
Fc(s)z_[cosxcossxdx
0

:%i[cos(s +1)x+cos(s—1)x |dx

11 ] 1 1 1 ] 1
==—[sin(s+1) x]o +ES—_1[sm(s—1)x]O

2s+1

2 s+1 s—-1

Example-7

Find the finite Fourier sine transform of

[EE

n-1
L rcosnr= Y
nz n

Example-8
Find the finite cosine transform of

X

f(X)ZZ—E,OSXSﬂ"

Solution:

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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{——(xcos nx)o +—Icos nx dx
n
0
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2

X V/a
F(n)=| —-= d
.(n) !{2 jcosnx X

1 z 1 7
:—z(xcosnx)0 ——chos nx dx
an’y

Example-9
Find the inverse of the finite sine transform

Fs(n)zm 0<x<r
nr
Solution:
EZ F(n sm—mX
T n=1
%thosnzzsm x
Example-10
Solve the integral equation
% 1-s,0<s<1
J'f(x)cossxdx= -
0 ,s>1

0

Solution:

printed on 2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.coniterns-of-use
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The problem states that the Fourier cosine transform of

f(x)is

Fc(s)=I f (x)cossxdx

1-s,0<s<1
0 ,5>1

Thus the inverse is

o0

f(x)=2]

%

F

c

(s)cossxds

21
=—1(1- d
ﬂ!( s)cos sxds

1 1
zg{l(l—s)sinsx} +i sinsxds
Tl X 0 7Z'X0

2 12
=——(cossx), = ﬁ(l—cos sX)

7TX

4 . ,X
=—sin"—
X 2

Example-11
Find the finite Fourier cosine transform of

f(x)=x,0<x<4,

Solution:
¢ nzx
F =|f —d
.(n) ! (x)cos 7 0
4
:J'xcos%dx
0 4
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4
4 . nzX 4t . nxx
=—| Xsin——= | —— | sin—=dx
nz 4 ), nmy

16 nzx\*
= 7| C0S——
nz 4 ),

-2y 1]

nrz

3.3. Solution of Using Fourier transform:

Number of independent variables in a PDE can be
reduced by one by an application of an appropriate
Fourier transform. The range of the independent
variable suggests the use of finite or infinite transform.
Further considerations are given below.

Suppose we want to eliminate a second order derivative

ou :
5 using infinite sine transform.(range of x is 0to)
X

'[uxx sin sxdx = [u, sinsx], — sjuX cos sxdx
0 0

=0-s[ucos sx]: —sz.fusin sxdx
0
- Su|x=o =5, (s)
Where

U, (s)= J'u sinsxdx ,sine transform of U .
0

If u|X:0 is given ,the above involves only sine transform.
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On other hand

juxx cos sxdx =[u, cossx] + sjuX sin sxdx
0 0

— —uX|X:0 +s(usin sx)ff —szju cos sxdx
0
:—uX|X:0—52UC(s)

Where U, (s)is the cosine transform of U.Thus the

following points are to be considered to decide which

transform to be used.

(i) Use the complex Fourier transform I ue'dx if the

domain of xis infinite.

(ii) If the domain is semi-infinite ,that is (0,0).

Use

(a) Sine transform if Uat x =0 is known.
(b) Cosine transform if U, at x = 0is known.

(iii) If the domain is finite, use (a) Sine transform if uis
known at both ends. (b) Cosine transform ifu,is
known at both ends.

Example-12

Solve the BVP

ou o4
E:y ,—oo< X<oo, t>0
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and u(x,0)=f (x).
Solution:

Applying the complex form of Fourier transform
U(s,t)= J' u(xt)e™dx

:1 aat—ue‘”dx = T %e“xdx

—0

— ISX IS J‘ ISXdX

On assuming y_—0as X — ocoat both ends.

It gives

—j ue'*dx = —is (ue'sx +i’s f ue'dx

=—=-sU
dt
Assuming U — 0 as x — 0.
Solving the ordinary differential equation ,It gives

U=ae*" (Where a is constant)
Then U (s,0) =I f( 'Sxdx a

Thus

2,

U(s,it)=e""| f(0)e*do

é‘—-S

14 |Page
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The inverse transform of U is given by

0

U(xt) =i]’ eszt(.[ f (H)eis"deje‘“dx

1 ©

_ T —s2t Lis(6-x)
_E_w f(@)ie 1" Mds.dg

Now

—s’t+is(6-x) :—t[s2 —iTS(e—x)}

(s g00) - dt0-x|

Therefore

15| Page
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is the desired solution.

Example-13

Solve a—uzca—uz,x>0,t>0
ot OX

u(0,t)=u, ,t>0 and u(x,0)=0,x>0.
Applying Fourier sine transform
Us(t)z]gU sin sxdx

0

du,
dt

= cIuXX sin sxdx
0
=c(u,sinsx); —csj’uX cos sx dx
0

= —cs(u, cossx), —cszjusin sxdx asu,—»0asx—o
0

= csu, —cs’U
asu|_,=U, and u—>0 asx—oo
Solving this linear first order ordinary differential
equation,

% +cs?U, =csu,

I.F:ej

2
csdt 2
cs‘t
=e

2 2
Ue*' =k+ J'esuoeCs ‘dt

cs?t

u
=k+2e
S
16 |Page
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But U,=0when t=0 (u=0forallx at t=0)

Therefore, 0=k + Yo

S
Us _ _&e—cszt +u_o
S S
_ &(1_ e—cszt )
S

Finally, the solution of the given problem is obtained by

inversion as

u(x,t):uojé(l—e’“z‘)sinsxds
0
= {Z—j °“smsxds}{ Lntdt—ﬂ}
2 ) 2

Example-14

2
Solvea—uza—o <x<m,t>0
ot ox?

u(0,t)=0,u(z,t)=0for t>0and u(x,0)=2x.

Using finite sine transforms over [0, 7] with

V3
= jusin nxdx,
0
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du,
dt

a
qux sin nxadx
0

- T .
(u,sinnx); - n.fuX cos nxadx
0

=-n(u, cosnx); — nzjusin nxdx
0

=-n"U,

Since u = 0at both ends.(given)

Solving this ordinary differential equation,

du,
dt

2
=-nU, U =ce™

But U, (0)= Iszin nxdx = —ZT”(—l)nl

Finally ,inverting for the desired solution,

U(x,t)=§iun(t)sin nx

2 5: (_1)n_1 -t o
= —2
- T 4 n € " SInnx

n-1
=4Z(_1) e sinnx
—~
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Example-15

2 2
Solve 8_:(:8_1; ,0<x<a,t>0
ot? OX

u(0,t)=u(a,t)=0 forall t>0 and
u(x,0)=ax(a—x)and u,(x,0)=0,0<x<a.
Using finite sine transform, (u is known at the ends)

nrz
t —d
= [u(x,t)sin - X

U

n

o'—.m

_[unsm X dx = c? Uy, sin % dx
a a

nrz
—_[usm—dx c’(u, smn;:x) —c —I u. cos X dx
a a

That is,

nz X n°z® % . nzx
—Cc“—| ucos jsm dx
a
2 2

2
a® 7 a

Solving, U, = Acos 1+ Bsin ¢
a a

du cnz . cnrw cnrz cnrz
1 =—A sin t+B CoS t

dt a a a a
Sinceu, (x,0)=0 for 0<x<a,U,(0)<0 .This gives

B =0. Therefore
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U, Acoscn—”t
a
Whent =0,

20a%® a nzx |*
=———.—| cos—
n’z? nx a |,

A [

n'z

3
When t:O,Un(O):i?—as[l—(—l)”}.
T

3
Therefore U, (t)= 208 [1—( ~1)° } cos 7t

n®z® a

Inserting this for the desired solution,

= Zaa cnr Nz X
z COS ——tsin ——
> a a

4oa’ 1 cnr nzX
ZTEFP_( 1) }cosTtsmT

8aa crt zx 1 3cat . 37X
= €C0S ——Sin — +—-€c0S ——Sin ——
Pt a a 3 a a
1 5¢crt . 5mx
+—5 C0S ——Ssin——+.....
5 a
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Example-16

2 2
Solve a—l;+%:0,0<x<7r,0<y<7z.
X

u(0,y)=u(z,y)=0for 0<y<r and u(x,0)=0and
u(x,z7)=u, for 0<x<r.

Using the finite sine transform

U =

n

u(x, y)sin nxdx

O

T T
qux sin nXdX-i-J.Uyy sinnxdx =0
0 0

That is,
d2

- V4 i
(u, sinnx); —njuX cos nxdx + —
0 dy

Jusin nxdx =0.
0
V4 2]
That is, —n(u COS nx)g —nz_[usin nxdx + ddUZ“ =0.
y
0

2

= n’U

giving v o -

Solving this

U, =acoshny+bsinhny [orae™ +be™]
u(x,0)=0for all x.Thatis U, (0)=0.This condition
gives a=0.Further u(x,7z)=u,.

Therefore ,
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u

U -0
n

: 1-(-2)]

()= juo sin nxdx =
0

This condition gives

. Ul
bsinhnz = ; [1 (-1) },therefore,

u 1—(—1)n .
U =—L2—— 2 sinhn
(Y) n sinhnz y
Inverting for the solution of the given problem,

u(x,y)= %iu—;%sinh nysin nx

_%i sinh(2n-1)y

in(2n-1
T g nsinh(2n—1)7rsm( n-1)x

Example-17
Solve, using an appropriate Fourier transform,

2
6—u:ka—l:,0<x<7r,t>0
ot OX

u, =0 when x=0and x=for t >0and

u(x,0)=f(x),0<x<z.

As u, =0 at both ends of the finite interval, we use the

finite Fourier cosine transform

U, (t) ju(x,t)cosnxdx
0

From the given equation

2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.conlterns-of-use
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b4 T A2
Ia—ucos nxdx =k I a—ljcos nxadx
y Ot 5 OX

%!u cos nxdx = (u, cosnx); + kn!uX sin nxdx

du
dt

o =kn(usin nx)g —knzju cos nxdx
0
=—kn’U,
(u,=0at x=0,~ forall t)

2 - - -
U, =ae™", ais a constant of integration.

Since u(x,0)= f (x)att =0,

U, I f (x)cosnxdx = H (n) say
0

When t=0, U, =H (n)giving a=H (n).Thus
U,=H(n)e™"
Inverting this,
2 23
u(x,t)=;u0+;;UnH COS NX

b 2 & —knt
==H(0)+=>H
(0)+ ) (n)e™* cosnx

Where H (n) j f (x)cos nxdx.
0
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Exercises-1
1. Find the Fourier transform of

f(x):{x for |x|<a

0 elsewhere’
2. Find the Fourier transform of

f(x):{x for a<x</3.

0 elsewhere

3. Find the Fourier cosine transform of

X O<xx<l1
f(x)=42-x 1l<x<2.
0 X>2

a

4. Find the Inverse Fourier transform ofe“s )

5. Find the Inverse cosine transform of
a—E s<?2a
2 .

F(s)=

0 s>2a
6. Find the Fourier sine transform of f (x) =
Answers:

1. 2.
S—z(sm as—ascosas)

g(aeisa _ﬂeisﬁ ) + é(eisﬁ _eiSa)
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3.
2C(Zss(l—coss)
S
4, a
72'(8.2+X2)
5. in2
2sm 2ax
X
6. T
2
Exercises-2

1. Show that the solution of

U =u,,x>0,t>0,u,(0,t)=0 for t>0and

t XX !

X 0<x<1.
U(X'O)Z{O o1 is

2% sins coss—1| g
—I —t— cos sxdXx.
Tyl s s

2. Show that the solution of
u, =c’U,,x>0,t>0, u(x,0)=0,u, (0t)=—k is

u(x,t)= k]esizcos sx(l—e‘Cszt)ds .
0

3. Show that the solution of
o'u o'u

y+ay4=0,—oo<X<oo,y20,where the partial

derivatives of ugoto O as x — tooand

25| Page
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ou )
u(x,0)=f(x) ,5(X10)=0 is
i I F (S)COSSZyeJSXdS , where F(S) — J. f (X)eisxdx .
ﬂ-—oo —0
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Chapter-4

Matrices

4.1. Introduction
To find the history of Linear algebra, it is essential

that first, we determine what linear algebra is.

Linear algebra is the branch of mathematics
generally deals with linear equations such as

axX +a,X, +......+a,X, =b Linear maps such as

And their representation in vector space and through

matrix representations.

Linear algebra applies to almost all areas of
mathematics. For instance, the Linear fundamental
algebra is in defining the necessary objects such as lines,
planes and rotations through geometrical representation.
It is also used in most sciences and engineering areas
because it allows many natural phenomena through
modelling and efficiently compute such models. It is
also the study of a particular algebraic structure called a
vector space. Secondly, it is the study of linear sets of

equations and their transformation properties. Finally, it

1|Page
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is the branch of mathematics linked with investigating
the properties of finite-dimensional vector space and
linear mapping between such spaces and plays a central
role in modern mathematics which is of importance in
the field of engineering and physical, social and

behavioural science.

In this chapter, we shall introduce one of the vital
parts of linear algebra, i.e. a matrix or a rectangular array
of numbers together with the standard matrix operations
which is generally used in dealing with a linear system
of equation. Matrices are come across frequently in
many areas of mathematics, engineering and the
physical and social sciences typically when data is given

in the tabular form.

4.2. Matrices
An mxnmatrix A is a rectangular array of
numbers, real or complex with m—rows and n-—

columns.

We shall write a; for the number that appears in i th row

and jth column of A .This is called the (i, j)entry of
A.

We can either write A in the extended form

2|Page
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a;, &, ... &,
a a ..oa
21 22 2 | oras [aij}m n
a;, a, ... a,

Here the subscripts m and n tells us the respective

number of rows and columns of A.

Explicit examples of matrices are

1 3 1 2 ; 0 34 6
: an :
4 2 N R
5
Example-1

Find the extended form of the matrix [(—1)i j —i}

2x3

Solution:
The (i, j)entry of the matrix is (—1)i j—1i, where

i=12and j=12,3.

10 -3 4
So the matrix is .

-1 0 1

Two matrices A and B are said to be equal, i.e. A=B

, if they have the same number of rows and columns and
3|Page
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the entries of A being similar to the entries of the matrix
B.

More briefly, two matrices are equal if they look exactly

alike.

4.3. Some special matrices:

We shall discuss here some particular types of matrices
that are generally used in the study of matrices,
(1) An 1xn matrix or n—row vector of A has a

single row A=[a,a,........ a, |-

(i) An mx1 matrix or m—column vector of B has just

one column

(iii) A matrix is said to be a square if it has the same
number of rows and columns.
(iv) A matrix whose all entries are zero termed as the

zero matrix. The zero matrix is denoted by O, or

simply 0.

Similarly, Sometimes O, is written as O, .

4|Page
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For example,

0, is the matrix

00O
0 0 0|

0, is the matrix

o O O
o O O
o O O

(v) The identity nxnmatrix has 1's on the principal
diagonal, that is from the top left to bottom right and
zeros elsewhere. Thus it has the form

1 O 0
0 1 0
0 O 1

The identity matrix is written as I or simply | .

(vi) A square matrix is said to be an upper triangular
matrix, if all the entries below the principal diagonal are
all zero. Similarly, a matrix is said to be lower triangular

if all entries above the principal diagonal are zero.

5|Page
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For example:
1 2 3 300
0 3 2|and |1 2 O0]are upper triangular
0 01 56 7

and lower triangular respectively.

(vii) A square matrix in which all the non-zero elements
are on the principal diagonal and the remaining
components above and below the principal diagonals

are zeros is called a diagonal matrix.

A diagonal matrix is said to be a scalar matrix if all the
elements on the principal diagonal of the diagonal

matrix are all equal.

Example-2

100 a 0o
The matrices|0 2 0| and [0 a O respectively
0 0 3 0 0 a

are the diagonal and the scalar matrix.

Note: Diagonal matrices have much simpler algebraic
properties than the general square matrices.

4.4. Operation with matrices

6|Page
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We shall now introduce some addition and
multiplication properties that can be performed on

matrices.

Our object in doing so is to develop a systematic means

of performing calculations with matrices.

(i) Addition and subtraction:

Let Aand B two mxnmatrices namelya; andb; for

their respective (i, j) entries.

Define the sum A+ B to be the mxnmatrix whose(i, j)
entries is a; +b;. Thus to form the matrix A+ B, we

simply add the corresponding entries of A and B.

Similarly, the difference A— B is the mxnmatrix whose
(i, ])entryis a; —b; . However A+Band A—Bare not

defined. If A and B do not have the same number of

rows and columns.
(if) Scalar Multiplication:

By a scalar, we mean a number opposed to a matrix or
array of numbers. Let ¢ be a scalar and A be an mxn

matrix. Then the scalar multiple cA is the mxnmatrix

whose(i, j)entry is ca; . Thus to form cA, we have to

7|Page
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multiply every entry of A by the scalar ¢. The matrix

(—1) Ais usually written as —A.

It is called the negative of A since it has the property

that A+(-A)=0.

Example-3
1 30 1 2 1
If A= and B=
-2 0 1 0 -2 2
Then
(5 13 2]
3A+2B = and
-6 -4 7
-1 0 -3
2A-3B =
-4 6 —4

(ii1) Matrix multiplication:

Consider a pair of 2x 2 matrices

A{am au}, . {bu bu}
a‘21 a22 b21 b22
The matrix multiplication can be done by using a simple

rule, i.e. row times column rule.

For example:
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The (1,2)entry arises from multiplying corresponding

entries of rowl of A and column 2 of B and then adding

the resulting number. i.e.

b
[ail a, ] {b21:| = a11b21 + aizbzz .
22

Similarly, other multiplication can also be done from a
row of A and a column of B.

Next, we define the product AB where A is an mxn

matrix and B is an nx p matrix.

The rule is that the (i, j)entry of ABis obtained by

multiplying the corresponding row entries of A with the
column entries of B and then adding up to get the

resulting product. It is called the row times-column rule.

For example:

Consider a row iof matrix A as [a, ... a,]and a

by,

column j of matrix B as

Hence the (i, j)entry of ABcan be expressed as
&by +a,h,; +...+a, b, .

9|Page
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In more concisely, It can be written by using the

n
summation notationas ) a,h, .
k=1

Note:

Matrix multiplications make sense. If the number of
columns of matrix A is equals the number of rows of the

matrix B . i.e. the product of an mx p matrix and pxn

matrix is an mxnmatrix.

Example-4

2
Let A=
{3 2

}and B=

R = O
g N

Since, A isan 2x3 matrix and B is an 3x3 matrix , we

see that product AB is defined and is a 2x3matrix.

Using the row times-column rule, we quickly find that

0 0 2
AB = .
2 16 -2

However, the product BA is not defined.

Example-5

10| Page
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01 11
Let A= and B= )
00 00

In this case, both ABand BAare defined, but these

matrices are different;

Note:

The matrix multiplication is not commutative that is
AB and BA may be different when both are defined.
Similarly, the product of two non-zero matrices can also
be zero, which shows that the theory of division in

matrices will face some difficulties.
(iv) Power of the matrix:

Let A be an nxn matrix, then the mth power of A, is

defined by the equations

A’ =1 and A™ =A"A, Where m is a non-negative

n

integer.
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We do not attempt to define the negative powers at this

junction.
Example-6
0 1] , |-1 0 , |0 -1
Let A= , Then A" = , A=
-1 0] 0 -1 1 0
. |1 0]
and A" = =1,.
0 1]
Note:

The higher power of A do not lead to new matrices.

In this example: A has just four distinct powers,

A0:|2,A1:A,A2 and A® .

(v) The transpose of a matrix:
If A isan mxnmatrix, then the transpose of A, i.e. A’
is the nxm matrix whose (i, j) entry equals the ( j,i)

entry of A. Thus the columns of A becoming the rows

of A".

Example-7
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a b
If A=|a, b, |,
a b

Then the transpose of Acan be defined as

& a &
AT = :
|:b1 b, bj

A matrix Ais called symmetric, when A=A", i.e. it

equals to its transpose.

On the other hand

If A" equals —A then A is said to be skew-symmetric.

For example:

0

) a b
The matrices { }and{
b ¢

symmetric and skew-symmetric matrix.

Note:

a
O} respectively are the

(i) Symmetric and skew-symmetric matrices are must

be square matrices.

(i) Symmetric matrices can be reduced to a diagonal

matrix in a real sense.
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4.5. The law of matrix algebra:

We shall now list several properties which are satisfied

by the matrix operations defined above.

These properties will allow us to manipulate the matrix

systematically using the properties of matrix addition

and multiplication.

Theorem: 4.1

Let A Band Care matrices and c,d are scalars, by

considering matrix addition and scalar multiplication.

The following addition and multiplication matrix

operation properties are satisfied.

(i)
(i)

(iii)
(iv)

v)
(vi)

(vii)

EBSCChost - printed on 2/10/2023 4:00 PMvia .

A+B=B+A (Commutative law)
(A+B)+C=A+(B+C)  (Associative

law of addition)
A+0=A

(AB)C =A(BC) (Associative law of

multiplication)
Al =A=1A
A(B+C)=AB+AC (Distributive law)

(A+B)C =AC+BC (Distributive law)
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(viii)  A-B=A+(-1)B

(ix) (cd)A=c(dA)

) c(AB)=(cA)B=A(cB)
(xi) c(A+B)=cA+cB

(xii) (c+d)A=cA+dA

(i) (A+B) = A" +B'

(xiv)  (AB) =BTA"

4.6. The inverse of a square matrix:

An nxn square matrix A is said to be invertible, if

|A|¢0 and there is an nxn matrix B such that

AB =1 =BA.

n

If a matrix A is invertible Then B is called an inverse
of A.

A matrix which is not invertible is called a singular
matrix, while an invertible matrix is said to be non-

singular.

Example-8

1 3
Show that the matrix {3 9} is not invertible.

15| Page
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Solution:
a bl. ) 11 3 .
Let is an inverse of the matrix , then it
c d 39
should satisfy
1 3fla b B 10
3 9)lc d| |0 1
Which gives a set of linear equations with no solutions:

a+3c=1
b+3d=0
3a+9c=0
3b+9d =1

Since the first and third equation contradicts each other

so the matrix is not invertible.

Example-9
1 2. . . . .
Show that A= 0 1 is invertible and find an inverse

of Aif it exists.

Solution:

a b
Suppose that B :L d}is an inverse of A.

16 |Page
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Write out the product AB and set it equal to |, which

gives a system of linear equations that has a solution

a+2c=1
b+2d =0
c=0
d=1

Which gives a unique solution

a=1b=-2,c=0,d =1.

1
Thus the matrix B:{O 1 }can be checked for the

inverse of A.
Next we need to verify that BAis equal tol,.

Now

N P

= Bis an inverse of A.
= Ais invertible.

Now next question is that if a square matrix is invertible,

then how can we find an inverse.

17 |Page
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We now present some crucial facts about the inverse of

matrices.

Theorem-4.2

A square matrix has at most one inverse.
Proof:

Suppose that a square matrix A has two inverses B, and

B, .
Then
AB =AB,=1=BA=B,A

The idea of the proof is to consider the product (B,A)B,

Since B A=1soitequals IB, =B,.

On the other hand, by the associative law, it also equals

B, (AB, )which equals B,1 =B,. Therefore B, =B, .

Note: From now on, we shall write A™for the unique

inverse of an invertible matrix A.

Theorem-4.3

18| Page
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(@) If A is an invertible matrix then Ais invertible and
(A% =A.

(b) If Aand B are invertible matrices of the same size
then AB is invertible and

(AB) " =B*A™,
Proof:

(@) Indeed, we have A.A™ =1 = A"A which show that

A is an inverse of A,

Since A cannot have more than one inverse,

Therefore its inverse must be A.

(b) To prove the assertion, we need only to check that

BA™is an inverse of AB.
Now(AB)(B*A™)=A(BB*)A™,

Now by two applications of the associative law;
the latter equals AIA™ = AA™ =1 .

Similarly (B*A™)(AB) =1

Since the inverses are unique, so (AB) " = B™A™,
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Lemma-4.1

Let A bean mxn matrix and let B be an nx p matrix

Then (AB) =BTA
and if ¢and pare scalars,

Then («A+BB)" =aA' + BB’

Proof:
From definition:

( (AB)T ) - (AB)ji

U :ZAjkBki
- Zk:(BT )ik (AT )kj
:(BTAT )l]
((an+pBY) )i,- =(aA+fB),
(aA); +(B),
a(A);+5(B),
—aA + BB

Example-10
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2 1 3
Let A=|1 5 —3|,Thenshowthat A issymmetric.
3 -3 7

Example-11

0O 1 3
Let A=|-1 0 2|, then show thatA is skew-
-3 -2 0

symmetric.
Definition:

Let A be an mxn matrix, Then A’ denotes the nxm

matrix which is defined as follows (A’ )a,- =A;.

The transpose of a matrix has the following important
property.

There is a particular matrix called | and defined by
Where g; is the Kronecker symbol defined by

1, 0f i=]
=1
10, If B2
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It is said to be an identity matrix because it is a

multiplicative identity in the following sense.

Lemma-4.2

Suppose A isan mxn matrix and | isthe nxn identity
matrix. Then Al, = A. Next if | is an mxm identity

matrix. Then It follows that | A=A.

Proof:
(Aln)ij :Zk:Ak5kj :Aj

and so Al =A.

The other case is left as an exercise.

4.7. Procedure for finding an inverse of a
matrix:

Suppose A isan nxnmatrix. To find A™ if it exists.

From the augmented nx2n matrix, [A:l]and then do

row operation until you obtain an nx2n matrix of the

form[1:B].

If possible, it finds B= A™".
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Note: The matrix A has no inverse when it is

impossible to do row operations and end up with one

like [1:B].
Example-12
1 0 1
Let A=11 -1 1|,
1 1 -1
Then Find A™.

Solution: Consider the augmented matrix

10 1 :100
[A]=|1 -1 1 : 010
11 -1:001

Now upon performing suitable row operations, the 3x3
matrix on the left becomes an identity matrix, and it

yields after some computation as

100 :0 11
2 2
010:1 -1 0
0 01:1 .
L 2 2]

Which gives the inverse of A, as the matrix on the right
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o 1 1
2 2
1 -1 0
; 11
L 2 2

It can be verified by multiplying the inverse with the

matrix Athat reduces to identity | .

0 1 1
10 1 2 21100
ie.|1 -1 1 1 -1 0 (=010
11 -, 1 1/]001
L 2 2 |
Example-13
1 2 2
Let A=[1 O 2 |, Thenfind A™.
31 -1

Solution: First set up an augmented matrix [A:l].

1 2 2 1 00
10 2 :010
31 -1:001

Step-l R, >R,—-R,R, >R, —3R
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1 2 2 : 10

0 2 0 :-110

0 5 -7:-30
Step-1l R, »>—2R,-5R,

1 2 2 : 1 00

0 -10 0 : 55 0

0O 0 14 : 1 5 2

Step-111 R, > —7R +R;

-7 -14 0 : -6 5 -2
0 -10 0 : -5 5 0
0 0 14 : 1 5 -2

Step-IV R, — (%7) R, +R,

-7 0 0 : 1 -2 2
0O -10 0 : -5 5 O
0O 0 14 : 1 5 =2

-1 -1
Step-V R, — (7j R, R, — (Bj R, and
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100 : - 2 2
7 7 7
010 1 —1 0
2 2
001 : + > _1
i 14 14 7 |
Therefore, the inverse is
___ E g_
7 7 7
11,
2 2
1 5 1
|14 14 7 |
Example-14
1 2 2
Let A=|1 0 2|, Thenfind A,
2 2 4

Solution: The augmented matrix [A!1]is of the form

1 2 2 1 00
1 0 2 010
2 2 4 0 01

and proceed to do row operations attempting to obtain
(A7
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Step-1 R, >R, +(-1)R,,R, > R, +(-2)R,

1 2 2: 1 00
0 2 0:-110
0 2 0:-201

Step-11 R, > R, —R,

0 0 0:-1-11

At this point, It can be seen that there will be non-

existence of inverse due to the presence of zeros in the

last row of the left half of the augmented matrix[Ail].

Thus there will be no way to obtain an identity matrix |
on the left side of the augmented matrix implies no

inverse of A exist.

Theorem-4.4
If A is an nxn matrix, rand Sare non-negative

integers, then
(i) A A=A
(i) (A7) =A"
(iii) A°=1_
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(iv) AVA = A AA. A=A A=A

rtimes  stimes r-+stimes

Theorem-4.5

Let Abean mxn matrix and O, be the zero matrix. Let

B be an nxn square matrix, 0,and I be the zero and

identity matrices, then
(i) A+0,,=0,+A=A.
(i) BO, =0,B=0, .
(iii) B, =1.B=B.

Example-15

2 1 -3 2 1
Let A= and B=
{4 5 8} {—3 4}

We see that
2 1 -3 0 0O
A+0, = +
4 5 8 0 0O
1
5

N
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2 1|0 O
BO, =
-3 4]|0 0
00
o o
2 1)1 0
BI, =
-3 4]0 1
2 1
= =B
G
Similarly

0,,+A=A, 0,B=0,, I,B=B

4.8. Matrix multiplication in terms of
columns:
(@) Consider the product AB, where A is anmxn

matrix and B is an nxr matrix.

Let the columns of B be the matrices B, B,,....B, , write
the matrix Bas [B..B,,...B,]. Thus
AB=A[B,,B,,...B,].

Matrix multiplication implies that the columns of the
products are AB,, AB,,....,AB, .

We can write

AB =[AB,, AB,,...., AB,].
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2 0
For example: Suppose A= 1 and

5
4 1 3
B=
o2 3

Then

[8 2 8
1411 -2

o ALl STl L)

(b) The matrix product AB, where Bis a column

matrix.

Consider the general case, where Ais an mxn matrix

and B is an nx1matrix.

Write A in terms of its columns[A, A,,....A ], Then

by
b2
AB=[A, A, A" |

b

n

Matrix multiplication gives AB=b A +b,A, +....+b A,

As for vectors, the expression b A +b,A +....+b A is

called a linear combination of A, A,,....A,.
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It is computed by performing the scalar multiples and
then adding the corresponding elements of the resulting

matrices.

For example: Suppose

3

2 31
A= and B=| -2
-4 8 5 5
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Chapter-5

System of Linear equations

In this chapter, we shall discuss an important part of
linear algebra i.e. Linear system of equation and
determine the solution properties of linear system of

equations.

5.1. Introduction
Consider a general system of m-linear equations in n-

variables using matrix notation as follows

A X +anX, +ota, X, =b
Ay X + 80X, F o+ A, X, =D,

2n"n

allxl + a12)(2 o + ain Xn bl
Ay X + X, + o+ 8y, X b,

A X X, + o+, X b

If the left hand side of the equation can be written as a
product of the matrix coefficients A and a column

matrix of variables X i.e. AX and the column matrix
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of constants be B, Then the system of linear equation

can be expressed as

a; Q, - &, X bl
Ay 8y o Ay || X bz

a a

ml m2

Thus we can write the above system of equations in

matrix form as

AX =B.

Example-1

The system of linear equations

3%, +2X, =5X%, =7
X, —8X, +4x%, =9
2X +6X, —7X; =2

can be written as

3 2 —5|[x] [7
1 -8 41 x|=|9
2 6 7| x| |-2

We now use this notation and the properties of matrices
to examine the sums and the scalar multiples of

solutions to the systems of linear equations.
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Example-2

The matrix form of the pair of linear equations

2%, —3X, +5%; =1
X +X, =X =4

. {2 3 5} % H
is X, [=| |
-1 1 - 4

X3
5.2. Special Matrices

5.2.1. Idempotent and Nilpotent Matrices:

A square matrix A is said to be Idempotent if A% =A.

A square matrix A is said to be nilpotent if there is a

positive integer p such that A? =0.

The least integer p such that AP =0is called the degree

of nilpotency of the matrix.

5.2.2. Elementary matrices
We now introduce a very useful class of matrices called

elementary matrices.
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An elementary matrix is one that can be obtained from

the identity matrix 1, through a single elementary row
operation.
An nxn matrix is called elementary if it is obtained

from the identity matrix 1_in one of the three ways.

(@) Interchange rows i and j , where i = j.
(b) Insert ascalar ¢ as the(i, j)entry, where i = j.

(c) Put a non-zero scalar ¢ in the(i,i) position.

Ilustration:

Consider the following three row operations

T,,T,and T, onl,. (One representing each kind of row

operation) They lead to the three elementary matrices

E.E, and E,.
1 00
Consider 1,=|{0 1 0
0 01
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Elementary row Corresponding

operation Elementary

Matrix
T,: Interchange rows 2 1.0 0
and 3 of I, =001
010
T,: Multiply row 2 of I, 1 0 0
by 5 E, = 50
0 01
T,: Add 2 times rows of 1 0
I,to row 2 B=12 10
0 1
Remark:

Suppose we want to perform a row operation T on an

mxnmatrix A. LetE be the elementary matrix

obtained from | through the operation T . This row

operation can be performed by multiplying A by E.

Note: Every elementary matrix

Invertible.
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Example-3
a a &
Let A=|b b, b,|bean 3x3matrices.
C C G

Consider the 3 row operation as stated above.

Let us show that the corresponding elementary matrices
can indeed be used to perform these operations.

Interchange rows 2 and 3 of 1, :

1 00j]a a a 8 8 8
0 0 1||b b, by|=|c ¢, ¢
0 1 0jjc, ¢, c b b, b
Multiply row 2 by 5 of |,:
10 0ja a a a & &
0 5 0||b b, b, |=50n 5b, 5b,
0 0 1jfc ¢, ¢ C, C, G
Add twice of row 1 to row 2 of |,:
10 0ja a a 8 & 8
2 1 0||b b, by|=|b+2a8 b,+2a, b,+2a,
0 0 1jc ¢ ¢ C, C, C;
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Remark:

Every elementary matrix is square and invertible.

Theorem-5.1

If A and B are row equivalent matrices and A is

invertible then B is invertible.

Theorem-5.2

Let A be any mxnmatrix, then there exist elementary

mxm matrices E,E,,...E such that the matrix
E.E,.....E A isin reduced echolen form.
Example-4

) . 01 2
Consider the matrix A= )
210

We easily put this in reduced row echolen form B by

applying successively the row operations

1 1
R1<_>R2’ (EJRM Ri_(EJRZ :

210 110
A—>O - 2
1 2

01 2] 7,
1 0 -1
_> =
01 2
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Hence
E.E,EA=B,
0 1 1 0 1 —1
Where E, = 1 ol E,=|2 , E;= 2.
0 1 0 1
Theorem-5.3

Let A bean nxnmatrix. Then the following statements
about the matrix A are equivalent, that is ,each one

implies all the others.

(@) A isinvertible.
(b) The system AX =0 has only the trivial solution.

(c) The reduced row echolen form of A isl, .

(d) A isa product of elementary matrices.

Proof:

We shall establish the logical implication
()= (b), (b)—>(c), (¢)—>(d) and (d)—(a).

This will serve to establish the equivalence of the four

statements.

If (&) holds then A™ exists.
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Thus if we multiply both sides of equation AX =0 on
the left by A™.

We get A*AX =A™1.0,sothat X =A™".0=0, and the

only solution of the linear system is the trivial one.
Thus (b) holds.

If (b) holds, then we know that the number of pivots of
A in reduced row echolen form is n. since A is nxn,

this must mean that | is the reduced row echolen form

of A so that (c) holds.

If (c) holds, then the theorem (5.2) shows that there are

elementary matrices E , E,.....E, such that

Since elementary matrices are invertible, so is
E.E, ,....E and thus

So that (d) is true.

Finally, (d) implies (a) since a product of elementary

matrices is always invertible.
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5.3. A procedure for finding the inverse of a

matrix

As an application of the ideas in this section, we shall
describe an efficient method of computing the inverse

of an invertible matrix.

Suppose that A is an invertible nxn matrix then there

exist elementary nxn matrices E,E,.....E, such that

EE ,...EA=I,.
Therefore
A‘l_InA‘1
_(EkEk_1 ..... ElA)A*1
:(EkEk_1 ..... El)ln

This means that the row operations which reduce A to

its reduced row echolen form will automatically

transform 1 to A™.
It is the crucial observation which enables us to compute
A—l

The procedure for computing A" starts with the
partitioned matrix [ Al I, ] and then puts it in reduced row

echolen form.
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If A is invertible, then the reduced row echolen form

will be

(1A ]
Remark:

If the procedure applied to a matrix that is not
invertible, it will be impossible to reach a reduced row
echolen form of the above type that is one with on the
left. Thus the procedure will also detect non-invertibility

of a matrix.
Example-5

Find the inverse of the matrix

2 -1 0
A=-1 2 -1
0o -1 2

Put the matrix [Ail,]in reduced row echolen form,

using elementary row operations as described above:

2 -1 0 1 00
-1 2 -1 010
0 -1 2 0 01
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2 _—1 0 l 00
2 2
=|-1 2 -1 : 0 0
0O -1 2 0 1
1 _—1 0 1 00
2 2
=0 § -1 l 10
2 2
0O -1 2 0 01
1 _—1 0 1 00
2 2
=|0 § -1 1 10
2 2
0o -1 2 0 01
1 _—1 0 : 1 0 0
2 2
o 1 212
3 3 3
O -1 2 : 0 01
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10 L :21
3 3 3
o1 212
3 3 3
o .1 4 .1 13
L 3 4 2 4]
100:311
4 2 4
=0 1 0 11E
2 2
0o 1 : 113
L 4 2 4]

Which is in reduced row echolen form.

Therefore
'3 1 1]
4 2 4
Al= 1 1 1
2 2
113
4 2 4]

It can be verified by checking that

AAT =1, =AA,

Theorem-5.4
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If A and B are row equivalent matrices and is invertible

then B is invertible.
Proof:

Suppose A and B are row equivalent. There exists a

sequential row operationT,T,,...T, such that

B=T,T,,...T,(A).

n*'n-1

Let the elementary matrices of these operations be

E.E,..E,.

Thus B=E,.E ;.....E A
The matrices A E,E,,...E, areall invertible.

Repeatedly applying the property of matrix inverse of a

product to the following expression, we get

A'ETE, L E = (EA)ELET
=(E,EA)"E,*.E,"
-(E,E, ,...E,E,A) =B
2 B

n—n-1-"

Thus B is invertible and the inverse is given by

B'=A'E'E,*..E,*.
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5.4. Application to Linear Systems

5.4.1 Non-Homogenous linear system

Consider a set of m linear equations in n unknowns

Xiy Xy yeeey X, 2

A X FapX, ..+ ay, n=b1
A, X + 85X, +. 8, X =D,

2n”"*n
am1X1+am2X2 +""+amnxn :bn

By a solution of the linear system, we shall mean an n-

column vector

such that the scalars Xx;,X,,....,X, satisfies all the

equations of system.

The set of all solutions is called the general solution of
the linear system. This is normally given in the form of
a single column vector containing a number of arbitrary

guantities.
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A linear system with no solution is said to be

inconsistent.

5.4.2. Elementary Transformation and Row

Operations

The  transformation  called  elementary
transformation, that can be used to change a system of
linear equations into another system of linear equations
that has the same solution.These transformations are
used to solve the system of linear equations by
eliminating variables.

In a matrix, such types of operations are called
elementary row operations.

It is not necessary to write down the variables

Xys Xyy Xgyeveens at each stage.

Elementary Row operations

transformation

1.Interchange two 1.Interchange two rows of
equations a matrix.
2.Multiply both sides of 2.Multiply the elements of
an equation by a a row by a non-zero

nonzero constant. constants
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3.Add multiple of one 3.Add a multiple of
equation to  another the elements of one
equation. row to the

corresponding
elements of another

row.

System of equations that are related through elementary
transformations is called equivalent systems.
Matrices that are related through elementary row
operations are called row equivalent matrices.
Remark: Elementary transformations preserve
solutions since the order of the equations does not affect
the solution.
Example-6
Solve the system

X+ X, + %X =2

2X, +3X, + X, =3

X, —X, —2X; =—6
Solution:
Elementary Transformation:
Step-I
Eliminate x, from 2" and 3" equations i.e.

Equation(2) + (-2) x equation (1)

17 |Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-005

https://doi.org/10.2478/9788366675346-005
R.Meher

Equation (3) +(-1)x equation (1)
X + X, + X =2
X, =X =1
2X, —3X, =—8
Step-11
Elliminate x, from first and third equations i.e.

Equation(1)+(-1)Equation(2)

X+ 2%X,=2
X, =X =1
—5x, =-10

Elliminate X, from first and second equation

X =-1
X, =1
X, =2

Matrix method

11 1 2
2 3 1 3
1 -1 -2 -6

11 1 2
R, +(-2
zRZ 1)R10 1 -1 -1
DR g 5 3 g
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111 2
~-1)R
Lo (IR, 01 -1 -1
R*+2)R g 0 5 10
. 2 3
z(——]Rs 1 -1 -1
5
00 1 2
00 -1
+(-2)R
R+(2R | 1 o,
R, +R, 01 2
X =-1
= X, =1
X, =2
Example-7

Solve the system
X, —2X, +4x, =12
2X, — X, +5X;, =18
—X +3X, —3%X; =8

Solution:
1 -2 4 12
2 -1 5 18
-1 3 -3 -8
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1 -2 4 12
~R2+(_2)R1 0 3 -3 -6

Ri+R, 01 1 4

1 -2 4 12

z(ljRZ 0 1 -1 -2
3
01 1 4

1 0 2 8
~ 01 -1 -2

0 2
01
1 3

Hence the general solution is

X =2,%=1X%=3.

5.4.3. Echelon Form and Reduced Row

Echelon Form

The method of Gaussian Ellimination involves an

echolen form of the augmented matrix of the system of

equations.
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An echolen form satisfies the first three of the conditions
of the R.E.F.

Definition:

A Matrix is in row echolen form if

1. Any rows consisting entirely of zeros are grouped at
the bottom of the matrix.

2. The first non zero element of each row is 1.This
element is called a leading 1.

3. The leading 1 of each row after the first is positioned
to the right of the leading 1 of the previous row.(this
implies that all the elements below a leading 1 are

zero.)

Example-8
1 -1 2|1 3 -6 4|1 4 6 2 5 2
0 1 2|00 1 3{|00 1 2 3 4
0O 0 1{|0 0O O 0O||0O O O O 1 6
The method of Gauss-Jordan Ellimination involves a
Row Reduced Echolen Form of the augmented matrix
of the system of equations.
An echolen form satisfies the first four of the conditions
of the R.R.E.F.
Now we will discuss the reduced echolen form in mor

general form.

21| Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-005

https://doi.org/10.2478/9788366675346-005
R.Meher

Definition:

A matrix is in row reduced echolen form, if

1. Any rows consisting entirely of zeros are grouped
at the bottom of the matrix.

2. The first non-zero elenments of each row is i.this
element is called leading 1.

3. The leading 1 of each row after the first is
positioned to the right of the leading 1 of the
previous row.

4. All other element in a column that contains a

leading 1 are zero.

Example-9
1 0 8[[1 00 7][1 400
01 20 1 0 3|{]|10 01 0
0 0 0{|O O 1 9||0 0 0 1
1 2 0 30 4
1 20 4
001207
0 00
0 00O01€G6
0 1 3
0 00000
_ 1 7 0 8
12030
3 010 3
0 01 2
0 000012
- 0 00O
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The difference between a R.R.E.F and an R.E.F is that
the element above and below a leading 1 are zero in a
R.R.E.F while only the element below the leading 1
need be zero in an R.E.F.

Remark:

The Row Reduced Echolen form of a matrix is unique.
The method of Gauss Jordan Ellimination is an
important systematic way for arriving at the row

reduced echolen form.

5.5. Solving Linear Systems via Gaussian

Elimination

5.5.1. The Homogeneous Case
Theorem-5.5 A homogenous system of linear
equations in n-variables always has the solution

X, =0,%, =0,....x, =0.This solution is called the trivial

solution.

Example-10
X, +2X, —=5%, =0

—2% —3X, + 6%, =0
Theorem-5.6
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A homogenous system of linear equations that has more
variables than equations has many solutions.one of these

solutions is the trivial solution.

Example-11
1 2 5010 3 0
2 3 6 0/ |01 40
X +3%,=0
X, —4%, =0

X = _3X3
=
X, = 4%,

= X =r,Xx =-3r,X, =4r

=For r =0 itimplies X, =X, =X, =0

5.5.2. The Non-Homogeneous Case

If A is the matrix of co-efficient of a system of n-
equations in n- variables that has a unique solutions then

it is row equivalent to 1.
= [A:B]=[l,:X]

[A:BB,...B,]~[l,: X, X5 X, ]

5.6. Criteria for Consistency and Uniqueness
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5.6.1. Gaussian Elimination

In this section, we introduce another elimination method
called Gaussian Ellimination. Different methods are
suitable for different occasion.it is important to choose

the best method for the purpose in mind.

Gaussian Ellimination:

1. Write down the augmented matrix of the system of
linear equations.

2. Find an echolen form of the augmented matrix
using elementary row operations. This is done by
creating leading 1's then zeros below each leading
1,column by column, starting with the first column.

3. Write down the system of equations corresponding
to the echolen form

4. Use back substitution to arrive at the solution.

Theorem-5.7

(i) A linear system is consistent if and only if all the
entries on the right hand sides of those equation in
echolen form which contain no unknowns are zero.

(if) If the system is consistent, the non-pivotal
unknowns can be given arbitrary values; the general
solution is then obtained by using back substitution

to solve for the pivotal unknowns.
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(iii) The system has a unique solution if and only if all

unknowns are pivotal.

Remarks:
An important feature of Gauss elimination is that it
constitutes a practical algorithm for solving linear

systems which can easily be implemented in one of the

standard programing language.

Example-11

Solve the system using Gauss Ellimination method
X, +2X, +3%;, +2X, =-1

=X —2X, = 2%, + X, =2

2%, +4X, +8x, +12Xx, =4

Solution:

1 2 3 2 -1

-1 -2 -2 1 2
2
3
8

2 4 8 12 4

SRR s
R3+(_2)R1 00 2 6
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1 2 3 2 -1
~ R3+(—2)R2 0 01 3 1
0 00 2 4
1 1 2 3 2 -1
zERs 0 01 3 1
0 00 1 2

The corresponding system of equation is
X, 42X, +3X%; + 2%, =—1
X; +3%, =1
X, =2

By back substitutions, we get
X;=1-6=-5
X +2X, =10= x, =-2x,+10

Letx, =r, the systems has many solutions.

The solutions are

X, =—2r+10,x, =r, X, =-5,X, =2.

Example-12

X, +2X, + 3%, +2X, =-1
=X —2X, = 2%, + X, =2
2% +4X, +8X, +12%x, =4

The back substitutions can also be performed using

matrices.
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The final matrix is then the reduced echolen form of the

systems.

5.6.3. Gaussian-Jordan Elimination

Gauss Jordan method of solving a system of linear
equation using matrices involves creating and in certain
location of matrices. These numbers are created in a
systematic manner column by column.

Gauss-Jordan elimination is used to solve system of n-

equations in n-variables that has a unique solution.

i.e. [A:B]=[l,:X] can be used for asystem that gives

unique solution.

Now we will discuss the method in its more general
setting where the number of equations can differ from
the number of variables and where there can be a unique

solution, many solution or no solution.
Gauss Jordan Elimination

1. Write down the augmented matrix of the system of
linear equations.

2. Derive the reduced echolen form of the augmented
matrix using elementary row operation. This is done

by creating leading 1's ,then zeros above and below
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each leading 1.column by column, starting with the
first column.

3. Write down the system of equations corresponding to
the reduced echolen form. These system gives the

solution.

Example-13
Use Gauss Elimination method to find the Reduced

echolen form of the following matrix

00 2 -2 2
3 3 3 9 12
4 4 -2 11 12

Solution:

Step-I

00 2 -2 2
33 -3 9 12|~R ©R,
4 4 -2 11 12

(3) 3 -3 9 12
00 2 -2 2
4 4 2 11 12

This non zero element is called a pivot.

Step-11
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Create a 1 in the pivot location by multiplying the pivot

row b
y Pivot

L [t
~3R |00 2 2 2
4 4 2 11 12

Step-111
Create zero elsewhere in the pivot column by adding
suitable multiples of the pivot row to all other rows of
the matrix
11 -1 3 4
~R;+(-4)R {0 0 2 -2 2
00 2 -1 -4

Step-1V

Cover the pivot row and all rows above it.

Repeat Step-1 and Il for the remaining submatrix.
Repeat step-111 for the whole matrix. Continue this until

the Reduced Echolen Form is reached.
11 -1 3 4
00 2 -2 2
00 2 -1 4
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11 -1 3 4
1
= <2pivot) 2 z_RZ
00 2 -1 -4
11 -1 3 4
00 1 -1 1
00 2 -1 -4
~RAR, (1)(1)1 21 1
R, +(-2)R, B
10 0 0 (L,,) 6
1 1 0 0 17
~R +(-2)R
FF:l (R )R, 0 1 0 -5
"™ o001 -6

Which is in Reduced Echolen Form.

Example-14

Solve If Possible
3%, —3X, +3%, =9
2X, — X, + 4%, =7
3% —9X, =X, =7

Example-15

Solve If Possible
X, +2X, =X, +3X, =4
2% +4X, —2X,+ 7%, =10
=X, —2X, + X; —4X, =—6
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Example-16
Solve If Possible
X, + X, +5%X; =3
X, +3%; =-1
X, +2X, +8X; =3

5.7. Homogenous linear system:

A very important type of linear system occurs, when all
the scalars on the right hand sides of the equation equals

Zero.

A, X F 8, X, + e+, X, =
Ay X + Xy F v+ 8y X, =

Such a system is called homogenous. It will always have

the trivial solutionx, =0,x, =0,.....X, =0.Thus a

homogenous linear system is always consistent.

Remark:
The interesting question about a homogenous linear
system is whether it has any nontrivial solutions. The

answer is easily read off from the echolen form.
Theorem-5.8
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A homogenous linear system has a non-trivial
solution if and only if the number of pivots in echolen

form is less than the number of unknowns.

Note: If the number of pivots is r, then the n—r non-
pivotal unknowns can be given arbitrary values, so there
will be a non-trivial solution whenever n—r > 0. 0n the
other hand, if n=rthen none of the unknowns can be
given arbitrary values and there is a unique solution

namely the trivial one.

Corollary-5.1
A homogenous linear system of m- equations in n

unknowns always has a non-trivial solution if m<n.
For if ris the number of pivots then r<m<n.

Example-17

For which value of the parameter t does the following

homogenous system have non-trivial solution

6X, —X, +X; =0
tx, +X,=0
X, +tX; =0

It satisfies to find the number of pivotal unknowns.
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We proceed to put the linear system in echolen form by
applying to it successively the operations
1 t

L), @1, @)oE) ad (-1(2).

o

X, +t%, =0

The number of pivots will be less than 3. The number of

2
unknowns, precisely when 1—%—%equals zero that is

whent=2 or t=-3.

These are the only values of t for which the linear

system has non-trivial solution.

5.8. Elementary row operations and row

echolen form

Suppose now that we wish to solve the linear system
with matrix form AX =Busing elementary row

operations.

The first step is to identify the augmented matrix

M = [AS B] .Then we put M in row echolen form, using
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row operations. From this we can determine if the
original linear system is consistent. For this to be true in
the row echolen form of M, the scalars in the last
column which lie below the final pivot must all be zero.
To find the general solution of a consistent system, we
convert the row echolen matrix back to a linear system

and use back substitution to solve it.
Example-18
Consider a linear system

X, +3X, +3%, +2X, =1
2%, +6X, +9%; +5X, =5
=X, —3X, +3X, =5

The augmented matrix here is

1 3 3 2:
2 6 95 :5
-1 -3 30 :5

Now we can convert it in to row echolen form

1 3 3 2 1

0 01 E 1
3

0 00O 0
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Since the bottom right hand entry of the matrix is 0, so

the linear system is consistent.
Thus the linear system corresponding to the last matrix
is

X, +3X, +3%; +2x, =1

Hence the general solution given by back substitution is
c
X, =—2-c-3d,x,=d,X, :1—§,x4 =C.
Where cand d are arbitrary scalars.

Theorem-5.9

Let AX =Bbe a linear system of equation in n-

unknowns with augmented matrix

(1) The linear system is consistent if and only if the
matrices A and M have the same number of pivots
in row echolen form.

(i) If the linear system is consistent and r denotes the
number of pivots of A in row echolen form. Then

the n—r unknowns that corresponds to columns of
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A not containing a pivot can be given arbitrary

values. Thus the system has a unique solution.

Proof:

For the linear system to be consistent, the row echolen
form of M must have only zero entries in the last
column below the final pivot but this is just the condition

for A and M to have the same number of pivots.

Finally, if the linear system is consistent, the unknowns
corresponding to columns that do not contain pivots
may be given arbitrary values and the remaining

unknowns found by back substitution.

5.9. Comparison of Gaussian and Gaussian -

Jordan Elimination

The method of G.E is in general more efficient than
G.J.E is that it involves fewer operations of addition and
multiplications.it is during the back substitution that G.E

picks up this advantage.

5.9.1.Comparison of Gauss-Jordan Elimination and

Gaussian Elimination

Consider an nx(n+1) matrix and assume that there are

no row interchanges. Note that when an element is
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known to become 1 or a zero there are no arithmetic
operations involve, substitution is used. Thus for
example there are no operations involve in the location

where a leading 1 is created. We get starting with the

nx(n+1) augmented matrix of the system.

* * * 1 * *
*  * * *  * *
N-rows ~
n—multiplications
*  * * *  * *
1 * *
* *
n—multiplications ¢ | (n-1)-muttiplications
n-1adds (per rows)
0 * *
1 * * 1 0 * *
01 ... * 01 ... *x

n—1 multiplications
n—1adds (per rows)

0 * .. * 0 0 ... 1*
1 0 ... *x
01 ... *x

0 0 ... 1*
1 0 ... 0*
01 ... 0*
1multipli¢;tions
n-1adds (per rows)
0 0 ... 1*
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Total number of multiplications
=[n+(n=1)+...+1]+(n=1)[n+(n-1)+...+1]
n(n+1) n® n?
= -+..+l|=n— |=—+—
n[n+(n-1)+...+1] n{ > } o+

Total number of additions
:(n—l)[n+(n—1)+....+1]
3

:(n_l){M}n__n

2 2 2
n(n+1)

2

5.10. Method of LU decomposition

Note: [n+(n—1)+...+1]=

Definition:

Let A be a square matrix that can be factored in to the
form A=LU, where U is an upper triangular matrix
and L is a lower triangular matrix. This factorisation is

called an LU decomposition of A.

Remark:

Not every matrix has an LU decomposition and when
it exists it is not unique.

The method that now introduce can be used to solve a
system of linear equations if A has an LU

decomposition.

39| Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-005

https://doi.org/10.2478/9788366675346-005
R.Meher

Method of LU decomposition
Let AX =B be a system of n-equation in n-variables
where A has LU decomposition A= LU . The system
thus can be written as

LUX =B
The method involves writing this system as two
subsystems one of which is lower triangular and the
other upper triangular

uUx =Y

LY =B
Observe that substituting for Y from the first equation
in to the second gives the original system

LUX =B.
In practice, we first solve LY =Bfor Y and then solve
UX =Y to get the solution X .

5.11. Construction of a LU decomposition of

a Matrix
1. Use row operations to arrive at U .
(The operations must involve addition multiples of
rows to rows.in general, if row interchanges are
required to arrive at U an LU form does not exist)
2. The diagonal elements of L are 1's.The non-zero

elements of L correspond to row operations.
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3. The row operation R, +cR, implies that I,; =—c.

2.4.9. Solution of AX =B
1. Find the LU decomposition of A. (If A has no

LU decomposition. The method is not applicable.)
2. Solve LY =B by forward substitution.
3. Solve UX =Y by back substitution.

Example-19
Solve the following system of equations using LU
decomposition

X, —3X, +4x, =12

—X, +5X%, —3%X; =-12

4x, —8X, + 23X, =58

Solution:
1 -3 4
1 5 -3
4 -8 23
(1 -3 4]
~R +
R2 51 0 2 1
3 Ri_o 4 7|
1 -3 4]
~R,—2R,|0 2
_0 O —
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These row operations lead to the following LU

decomposition of A

1 0 O0f|1 -3 4
A=-1 1 0|0 2 1
4 2 1{|0 0 5

We again solve the given system LUX =B . By solving
the two sub systems LY =Band UX =Y .

1 0 0]y, ] [12
LY =B=|-1 1 0|y, |=|-12
4 2 1|y, | |58

This lower triangular system has solution

X =Lx,=-1x,=2.

The solution to the given system is
X =1x=-1%=2.
Exercise-1
1.Determine the matrix of coefficient and augmented
matrix of each of the following systems of equations.
+3X, =7
@, "
X, —5X, =3
=X, +3X, —=5X;, =-3
(b) 2x, —2x, +4x, =8
X, +3X, =6
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S5X, +2X,—4x%, =8
(© 4%, +3%, =0

X —X =7
2.The following systems of equations all have unique
solutions. Solve these systems using the method of

Gauss Jordan elimination with matrices.

X, —2X, =—8

@ 2%, —3x, =-11

X, +X,=3
(b) 2x,-2x,=-4
X, —2X; =5

X, — X, +3%; =3
(€) 2% =X, +2%X,=2
3% +X, —2%; =3

3.Solve (If possible) each of the following systems of
three equations in three variables using the method of

Gauss Jordan elimination.

X, +4X, +3%, =1
(@) 2x, —8x, +11x, =7
X +6X, +7X; =3
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X +X, +X =7
(b) 2x,+3x, +x, =18
=X + X, —3%, =1

X, =X, +X; =3
(€) 2% =X, +4x, =7
3%, —5X, =X, =7

ANswers:

1 371 3 7
(@) , -
2 5|2 5 -3
1 3 5] [-1 3 5 -3

©|2 -2 4|,|2 2 4 8
1 3 0] |1 3 0 6

5 2 -4|[5 2 -4 8
©|0 4 3//l0 4 3 0
10 -1/|1 0 -1 7

2.(@) x=2,% =5
(b) x, =10,x, =-9,%, =—7
(€) x,=1,X,=4,%=2

3.
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(@ x=2,%=-1,%=1
(b) X, =3-2r,X, =4+r,X%,=r
(€) X, =4-3r,x,=1-2r,%,=r.

Exercise-2

4. Solve the systems of equations using Gaussian

Ellimination.

X, +X,+X, =6
5.(@) X, =X, +%X;=2

X, +2X, +3%, =14

X, — X, +2%, =3
2X, —2X, +5%X; =4

X, +2X, =X, ==3
2X, + 2%, =1

X, =X, + X +2X, —2X%; =1

(C) 2% =X, =X, +3X, =X =3

—X =X, +5%, —4x,=-3

5. Solve ths systems using the method of LU

decomposition.
X, +2X, =X, =2
(@) —2% —X, +3%, =3.
X =X, —4X, =—7
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3%, — X, + X, =10

(b) =3x, +2X, + %X, =-8 .
9x, +5X, —33x%, =24
—2X%, +3X%, =3

(c) —14x, +3x, +5x, =11.
8X, +9x, —11x, =7
2X, —3X, + X, =5

(d) 4x, —5x, +6x, =2
-10x, +19x, +9x%; =55

Answers:

4.(a) x,=1,%x,=2,%=3

(b) No solution.

X, =2+2r-s—t, X, =1+3r+s-3t,

(©)
X, =T, X, =S,% =t
1 00 12 1 -1
5(@L=-2 1 0[,U=/0 3 1|X= 2]/
1 11 00 -2 1
1 00 3 -1 1 3
() L=|-1 1 0|,U=[0 1 2 [,X=[0
3 1 0 0 -22 1
1 00 2 0 3 0
©L=2 1 0[,U=l0 3 -1,X=|2
4 31 0 0 4 1
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1 00 2 -3 1 -43
dL=2 1 0|,Uu=|0 1 4| X=-24]|.
5 4 1 0O 0 -2 9
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Chapter-6
Vector Spaces

The vector space R" is a set of elements called
vectors on which two operations namely addition and

scalar multiplication have been defined.

6.1. The Notion of a Vector Space
Definition:

A vector space isa set V of elements called vectors
having operation of addition and scalar multiplication
defined on it that satisfy the following conditions:
Letu,v,weV andc&d are scalars
Closure axiom:

1.The sum u+vexists and is an element of V .(V is
closed under addition)
2. cu is an element of V .(V is closed under scalar

multiplication)

Addition axiom:

3. u+v=v+u (Commutative)

4. u+(v+w)=(u+v)+w (Associative)

5.There exist an element uof V called the zero vector

denoted 0 suchthat u+0=u.
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6.For every element u of V there exist an element called

negative of u denoted by —u such that u+(-u)=0.

Scalar Multiplication axiom:

7. c(u+v)=cu+cv
8. (c+d)u=cu+du
9. c(du) =(cd)u

10. u=u

The two most common set of scalars used in vector
spaces are the set of real numbers and the set of complex
numbers.
Examples of vector space

The vector spaces are then called real and complex

vector space.
1. Vector space of matrices M,
2. The set of real mxn matrices M, , is a vector

space over R .
Vector spaces of functions
4. The set of all functions from a vector space over R

5. The set of all functions having the real numbers as
their domain with operations of pointwise addition

and scalar multiplication is a vector space.
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6. The complex vector space C" over C .

Theorem-6.1

Let V be a vector space. v be avectorinV . 0 the zero

vector of V , ¢ scalar, and 0 the zero scalar. Then

(d) If cv=0 theneither c=00r v=0.

Proof:

€))

Ov+0v=(0+0)v (axiom8)
=0v

Add the —ve of Ov ,namely —0v to both sides of this

equation

(Ov+0v)+(—0v) =0v+(-0v)

= Ov+(0v+(-0v))=0 (Axiom: 4 &5)
=0v+0=0 (Axiom: 6)
=0v=0 (Axiom:5)

(©)
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(-1)v+v=(-1)v+lv (Axiom:10)
=[(-1)+1]v (Axiom:8)
Ov

=0 (Property of Scalar 0)

Thus (—1)Vv is the negative of v. (Axiom:6)

6.2. Subspaces
Definition:

Let V be a vector space and U be a non-empty
subset of V .If U is a vector space under the operations
of addition and scalar multiplication of V then it is
called a subspace of V .

U is a subspace if it is closed under addition and
under scalar multiplication. It then inherits the other

vector space properties from V .

Example-1

Consider the subset W of R3consisting of vectors
of the form (a,a,b), where the first two components are
the same.

If we add two such vectors (&,a,b) and (c,c,d),

We get (a+c,a+c,b+d), a vector with identical first

components.
4|Page
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If we multiply (a,a,b) by a scalar k ,we get
(ka,ka,kb) , again a vector with identical first

components.
=W is closed under addition and scalar

multiplication.

Hence It is a subspace of R®.

Example-2

Consider the subset W of R?®consisting of vectors
of the form(a,az,b) where the second component is
the square of the first.
On adding two such vectors (a, az,b)and (c, cz,d),
We get (a+c,a2 +c2,b+d).

The second component of the vector is not a square of
the first.
= The vector is not in W .

= W s not closed under addition.

Hence It is not a subspace of R®.

Example-3
Prove that the set U of 2x2 diagonal matrices is a

subspace of the vector space M,, of 2x2matrices.
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Solution:

Vector addition:

ao p 0
Let u= , V=
0 b 0 ¢

a0 p O a+p O
We get U+Vv = + = eU.
0 b|] [0 q 0 b+q

u+v Isa diagonal matrix and is thus an element of U

U is closed under addition.

Let ¢ be a scalar.

We etCU—Ca O—Ca 0
9 “lo bl |0 cb

cu isa 2x2 diagonal matrix.
Thus U is closed under multiplication.

U is a subspace of M,,.

Example-4
Let P, denote the set of real polynomial function of
deg <n . Prove that P, is a vector space, if addition and

multiplication are defined on polynomial in a pointwise
manner.
Left to the reader.
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Theorem-6.2

Let U be a subspace of a vector space V. U contains the

zero vector of V .
Proof:

Let u be an arbitrary vector in U and be the zero vector
of V.

Let 0 be the zero scalar.

Since we know Ov=0, since U is closed under scalar

multiplication,

this means that is 0 in U..

Remarks:

This theorem tells us for example that all subspaces of
R®contain(0,0,0) . This means that all subspaces of 3-

space pass through the origin. This theorem can
sometimes be used as a quick check to show that contain
subsets cannot be subspaces.

If a given subset does not contain the zero vector it

cannot be a subspace.

Example-5

Let W be the set of vectors of the form (&,a,a+2).

Show that (a,a,a+2)is not a subspace of R®.

7|Page
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Solution:

We check to see If (0,0,0) isin W .

Is there a value of afor which (a,a,a+2) is(0,0,0).

On equating(a,a,a+2)=0 to (0,0,0) ,we get

(a,a,a+2)=0

Equating corresponding components, we get a =0 and

a+2=0.

This system of equation has no solution.

Thus (0,0,0) is not an element of W.W is not a

subspace.

6.3. Linear Combinations

Definition:

Let v,,V,,..v. be vectors in a vector space V .The

vector in is a linear combination of Vv,,v,,...v,, If there

exist scalars ¢,,C,,...C

n

V=0V, +CV, +.oee +C, V

n-'n

Example-6

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use

such that can be written as

8|Page


https://doi.org/10.2478/9788366675346-006

https://doi.org/10.2478/9788366675346-006
R.Meher

The (7,3,2) vector is a linear combination of the
vectors (1,3,0)and(2,-3,1) because it can be written as

(7,3,2)=3(1,3,0)+2(2,-3,1)

Example-7
The vector (3,4,2) is not a linear combination of
(1,1,0)and (2,3,0) because ther are no values of ¢, and

¢, for which (3,4,2)=c,(1,1,0)+c,(2,3,0) is true.

Example-8
Determine whether the vector (8,0,5) is a linear
combination of the vectors (1,2,3),(0,1,4) and

(2,-11).

Example-9

Determine whether the vector (4,5,5) is a linear
combination of the vectors (1,2,3),(-114) and

(332) .

6.4. Spanning a Vector space
Definition:

9|Page
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Let v,,V,,..V,, be m vectors in a vector space V

.These vectors span V if every vector in V can be

expressed as a linear combination of them.

Example-10
(1,0,0),(0,1,0) and (0,0,1) span R® because we

can write an arbitrary vector (X, Y, z) of R®as the linear
combination

(x,y,2)=x(10,0)+y(0,1,0)+2(0,0,1) .

The vectors

(1,0,0),(0,1,0) and

(1L11) also span R*because we can write
(xy,2)=(x-2)(10,0)+(y-2)(0,1,0)+2(0,0,1) .
The vectors (1,0,0),(0,2,0)and (3,4,0) do not span R®

because a vector (X,Y,z)for which c = 0cannot be
written as a linear combination of these vectors.

Similarly, the vectors (1,1,0) and (0,0,1) span the

subspace of R® consisting of vectors of the form

(a, a, b) because we can write

(a,a,b)=a(11,0)+b(0,0,1).
10| Page
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Example-11

Show that the vectors (1,2,0),(0,1,—1)and (11 2)span
R®.

Solution:

We now determine whether an arbitrary vector of R®is

a linear combination of given vectors.

Let (X, Y, Z)be an arbitrary element of R®.

We have to determine whether we can write
(% y,2)=¢,(1,2,0)+¢, (0.1,-1)+ ¢, (1,1,2)
= (X,Y¥,2)=(c, +¢;,2¢, +C, +C;,—C, + 2C;)
Thus

C+C=X
2C,+C,+C, =Yy
—C, +2C, =1

Using Gauss Jordan elimination, it is found that

C,=3X—-Yy—-2,C,=—A4X+2y+7 C,=-2X+Yy+Z

The vectors (1,2,0),(0,1,—-1)and (1,1,2)thus span R°®.

11| Page
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6.5. Generating a vector space
Theorem-6.3
Let v,,V,,...v, be vectors in a vector space V .Let U

be the set consisting of all linear combination of
V;,V,,..V,, .Then U is subspace of V spanned by these
vectors V;,V,,..V, .
U is said to be the vector space generated by V;,V,,...v,,
. Itis denoted as Span[v,,V,,..v,] .
Proof
Let u, =aV,+aV,..+a.V, and
u, =bv, +b,v,...+b v,
be an arbitrary elements of U ,then
U +U, =(aV; +aV,...+a,V, ) +(bv, +byv,..+b.v,)
=(a,+b)v, +(a, +b,)v,..+(a, +b, v,
U, +U,is a linear combination of v,,Vv,,...v,..
Thus U, +u, isin U.

U is closed under vector addition.

Let ¢ be an arbitrary scalar. Then
cu, =c(ayV, +a,V,...+a,Vv, )
=ca,V, +Ca,V,...+ca, V.,

12| Page
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is a linear combination of v,,Vv,,...v, .
Therefore cu,isin U .

It implies U is closed under scalar multiplication.
Thus U is a subspace of V .
By the definition of U ,every vector in U can be written

as a linear combination of v,Vv,,..v,.

Thus v,V,,..v, SpanU .

Example-12
Consider the vectors (-1,5,3)and (2,-3,4) in R®
Let U =Span[(-15,3),(2,-34)] . U will be a

subspace of R3consisting of all vectors of the form

¢, (-15,3)+c,(2,-3,4) .

Example-13
Letv, and V, be two vectors in the vector space R®

. The subspace Span(v, v, | generated by v,and v, is the

set of all vectors of the form

CV, +C,V, .

13| Page
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In general, this space is the plane defined by

v,andv,.If v,andv, are collinear, Then the space will

be the line defined by these vectors.

Example-14

Let v,and v, span a subspace of a vector space U
of a vector space V. Let k and k, be non-zero scalars.

Show that k,v; and kv, also span U .

Solution:

Let v be a vector in U. Since v, and v, Span U so there
exist scalars a and b
such that v=a,\, +a,V,.

We can write

a
v:%(klvl)+k—2(k2v2)

1 2

Thus the vectors kv, and k,v, SpanU .

Example-15

14 |Page
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Determine whether the matrix {_81 7Jis a linear

. 1 0][2 -3 0 1|
combination of , and in the
2 1110 2 2 0

vector space M,,of 2 X 2 matrices.

Example-16
Show that the function h(x) =4x?+3x—7 liesinthe

space Span{f,g} generated by f(x)=2x’-5and

g(x)=x+1.
6.6. Linear dependence and independence

Definition:
(@) The set of vectors {v,,v,,..v,} ina vector space V

is said to be linearly dependent if There exist scalars

¢,C,,...,C, not  all zero such that

CV, +CVy...+C, v, =0.

(b) The set of vectors {Vl,Vz,---Vm} is linearly
independent if CV, +C,V,...+C_V. =0 can only be

satisfied when ¢, =C, =...=C, =0 .
15| Page
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Example-17
The set {(1,0,0),(0,1,0),(0,0,1)} is seen to be

Linearly independent in R* under this definition
¢,(1,0,0)+c,(0,1,0)+c,(0,0,1)=(0,0,0)

can only be satisfied if

¢,=0,c,=0and ¢, =0.

Example-18
Consider the set {(1,2,3),(5,1,0),(2,0,0)}.

The identity
¢,(12,3)+¢,(510)+c,(2,0,0)=(0,0,0)

leads to

¢, =0,c,=0and c,=0.

These vectors are Linearly independent in R® .

Example-19
Consider the set {(4,1,0),(2,1,3),(0,1,2)}.
It can be seen that

1.(4,1,0)-2(2,1,3)+3(0,1,2)=(0,0,0).

The vectors are linearly dependent in R®.
Example-20

16 |Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-006

https://doi.org/10.2478/9788366675346-006

R.Meher

Determine whether the set {(1,2,0),(0,1,-1),(11,2)}is

linearly independent in R®

Example: -21

Show that the set {x*+1,3x—1-4x+1}linearly

independent in  P,.(b) Show that the set

{x+1,x-1,—x+5} is linearly dependent in P, .

Theorem-6.4

A set consisting of two or more vectors in a vector
space is linearly dependent Iff it is possible to express
one of the vector as a linear combination of other

vectors.

Proof:
Let the set {v,,v,,..v,} be linearly dependent.
Therefore, there exist scalars C,C,,...,C,not all zeros
such that

CV, +CV,...+C, Vv, =0.
Assume ¢, #0.

The proceeding identity can be rewritten

17 |Page
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Thus Vyis a linear combination of V,,...V,, .

Conversely:

Assume that v,is a linear combination of Vv,,..v,
.therefore there exists scalars d,,d,,...d,, such that

v, =d,Vv,...+d vV,
Rewrite this equation as

Lv, +(=d, )V,...+(=d )v, =0

Thus the set {Vl,Vz ) ---Vm} is linearly dependent.

Linear Dependence of {Vl,Vz}

The set {Vl,Vg} is Linearly dependent iff it is

possible to write one vector as a scalar multiple of other

vector.
Let v, =cv, itimplies v,,v, are collinear.
On the other hand, {v,,v,} is linearly independent iff it is

not possible to write one vector as a multiple of the

other.

Theorem-6.5
18| Page
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Let V be a vector space. Any set of vectors in V that

contains the zero vector is linearly dependent.
Proof:
Consider the set {6,v2...,vm} ,which contains the zero

vector.

Let us examine the identity
¢,0+CV,...+C,V, =0,

which shows that the identity is true for
C,=C,=..=C, =0 . (notall zero)

Thus the set of vectors is linearly dependent.

Theorem-6.6

Let the set {Vl, v,, ---Vm} be linearly dependent in

a vector space V. Any set of vectors in V that contains

these vectors will also be linearly dependent.

Proof:
Since the set{v,,V,,..v,,} is linearly dependent there
exist scalars c,,c,,...,c, not all zero such that
CV, +C,V,..+C V. =0.
Consider the set of vectors {V,,V,,..V,,V,,,,..V, } which

contains the given vectors.

There are scalars not all zero namely

19| Page
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c,C,,..,C,,0,0..0, such that

CV, +C\V,...+C V. +0v_  +.+0v =0

m+1
It implies {Vl,Vz,---Vm,VmH,---Vn} are linearly
dependent.

Example-22

Let the set {Vl, Vz} be linearly independent. Prove that

{Vl +V,,V; —VZ} is also linearly independent.
6.7. Properties of Bases

Theorem-6.7

Let the vectors V;,V,,...V, span a vector space V . Each

vector in V can be expressed uniquely as a linear
combination of these vectors if and only if the vectors

are linearly independent.

Proof:

(@) Assume that v,,V,,...v. are linear independent.
Let v be avectorinV .

Sincev,,V,,...v, span V .

We can express v as a linear combination of these

vectors.

20| Page
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Suppose that we can write
v=aV, +a,V, +...+a,Vv, and
v=Dbv, +bVv, +...+bv,

Then
av,+ayv, +..+av, =bv, +bv, +...+bv,

It implies
(a,—b)v, +(a,—b,)v, +..+(a, —b,)v, =0

Since v,,V,,...v, are linearly independent it implies
a—b =0,a,-b,=0,..,a,—b, =0.

Implies

Hence there is only one way of expressing as a linear

combination of the vectors v;,v,,...v, .

(b) Let vbe a vectorin V .
Assume that v can be written in only one way as a
linear combination of v;,v,,...v,.
Note that
OV, +0V, +...+0v, =0 .
This must be the only way 0can be written as a linear
combination of v,,V,,...v, .

Thus
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CV, +CV, +...+CV, =0
can only be satisfied when

¢,=0,c,=0,..,c,=0.

n

It implies v;,V,,...v, are linearly independent.

6.8. Basis and Dimensions

Definition:
A finite set of vectors {V;,V,,...v, } is called a basis

for vector space V if the set span V and is linearly
independent.
Each vector in V can be expressed uniquely as a

linear combination of the vectors in a basis.

Example-23
The set {(1,0,0),(0,1,0),(0,0,1)} spans R® and is
linearly independent. It implies it is a standard basis for

R®.

Example-24
The set{(1,2,0),(0,1,-1),(112)} also span R’

and is linearly independent implies it is a basis for R®.

22 |Page
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Example-24

The set {x2+1,3x—1,—4x+1}spans P, and is

linearly independent. It is a basis for P, .

Theorem-6.8
Let {vl,vz,...vn} be a basis for a vector space V . If
{w,,w,,..w,} isasetof more than n-vectorsin V then

this set is linearly dependent.

Proof:
Consider the identity

CW, +C,W, +...+C,W, =0 (5.8.1)

We shall show that values of C;,C,,...,C; not all zeros

exists satisfying the identity. Thus proving that the

vectors are linearly dependent.
The set {Vl,Vz,---Vn} is a basis for V. Thus each of the
vectors W,,W,,..W, can be expressed as a linear

combination of v;,Vv,,...v,.

Let
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W1 = aﬂvl + 812V2 +...+ aann
W2 = 8.21Vl + 8.22V2 +...+ 3.2nVn

W, =a,V,+a,V,+.+a.,V,
Substituting forw,, w,,...w_ in equation (5.8.1) ,we get

C1(311V1 +a,V, +"'+a1nvn)+C2 (a21vl +a,,V, +"'+a2nvn)

ot Cy (Vs F AV, +oF AV, ) =0

Rearranging we get
V, (Cay, +Cpay +...+Coay ) +V, (Cay, +C,a,, +...+Cay, )
+..+V, (Cay, +C,8,, +...+C 8, ) =0
Since v,,v,,...v, are linearly independent this identity can
be satisfied only if the coefficient are all zero. thus
ca, +Ca, +..+ca =0
ca, +Ca,, +..+c.a,, =0

ca, +¢ca, +..+ca, =0

Thus finding C'S that satisfying (5.8.1) reduces
to finding solution to this system of n—equations in

M—variables.

Since m>n , the number of variables is greater

than the number of equation. We know that such a

24 |Page

printed on 2/10/2023 4:00 PMvia . All use subject to https://ww.ebsco.coniterns-of-use


https://doi.org/10.2478/9788366675346-006

https://doi.org/10.2478/9788366675346-006
R.Meher

system of homogenous equation has many solutions.

there are therefore nonzero values of C'S that satisfies
(5.8.1).

Thus the set {w,,w,,...w, } are linearly dependent.

Theorem-6.9

All bases for a vector space V have the same number of

vectors.

Proof

Let {Vl,Vz,---Vn} and {w,,Ww,,..w, } be two bases

forV.

If we interpret {v,,v,,..v,}as a basis for V and
{w;,w,,..w, } as a set of Linearly independent vectors in

V then the previous theorem tells us that m<n.

Conversely, If we interpret {w,,w,,..w,} as a basis
for V. and {v,v,,..v,}as a set of linearly independent

vectorsinV then n<m..

Thus n=m, proving that both bases consists of the

same number of vectors.
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Definition
If a vector space V has a basis consisting of n—

vectors then the dimension of V is said to be n.we write

dim(V )for the dimension of V .

Example-25
Consider the set of vectors {(1,2,3),(—2, 4,1)} in R®

. These vectors generates a subspace V of R®consisting

of all vectors of the form v=c,(1,2,3)+c,(-2,4,1) .

The vectors (1,2,3) and (-2,4,1)span this subspace.

Furthermore, since the second vector is not a scalar
multiple of the first vector, so the vectors are linearly
independent.

Therefore, {(1 2,3),(—2,4,1)} is a basis for V .

Thus dim(V)=2.

We know that V is in fact a plane through the origin.

Theorem-6.10

(a) The origin is a subspace of R® . The dimension of

this subspace is define to be zero.
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(b) The one dimensional subspaces of Réare lines
through the origin.

(c) The two dimensional subspace of Réare planes
through the origin.

Proof:
(a) Let V be the set {(0,0,0)} consisting of a single

element, the zero vector of R®.

Let ¢ be an arbitrary scalar.

Since (0,0,0)+(0,0,0)=(0,0,0)

and €(0,0,0)=(0,0,0)

V is closed under addition and scalar multiplication.
It is thus a subspace of R®.

The dimension of this subspace is defined to be zero.

(b) Let V be a basis for a one dimensional subspace V

of R®. Every vector in V is thus of the form cv for
some scalar ¢ .We know that these vectors form a line
through the origin.

(c) Let {Vl,Vz} be a basis for a two dimensional

subspace V of R3.Every vector in V is of the form

GV, +GC,V,. V isthus a plane through the origin.
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Theorem-6.11

Let V be a vector space of dimension n.

(@) If S={v,,v,,..v, }isasetof n-linearly independent
vectorsin V., Then S isa basis for V .

(b) If S={v,V,,..v,} is aset of n-vectors that span V

. Then S is a basis for V .

Example-26
Prove that the set {(1 3,-1),(2,10),(4, 2,1)} is a basis for

R®.

Theorem-6.12

Let V be a vector space of dimension n. Let
{V,V,,..v, } be aset of m linearly independent vectors in
V. Where m<n. Then there exists vectors

Vinear Vinszo--Vpsuch that {v,,v,,..v,Vy 1 VooV, ) IS @

m+l? "m+27° Tm? Im+l? Tm420 0t

basis of V .

Proof:

Since m<n , Then {v,v,,..v,} cannot be a basis .

Thus there exist a vector V.., in V which does not lie in

the subspace generated by v,,v,,...v,,.
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The set {v,,v,,..v,,V,,, } Will be linearly independent.

Tm? Tm+l
Now if m+1=n,

then {v,,v,,..v,,,V,.,} is abasis of V.

Tm? Tm+l

If m+1<n there will be a vector V., that does not

lie in the subspace generated by {v,,v,,..V,V;,1 Vinio} -

Tm? Tm+l? Tm+2
If M+2=n then {V;,V,,..V,), Vi1, Vins | i @ basis for

V.

One continues adding vectors thus until a basis

(Vi Va eV Vigs Vi -V, b OF V s found.
Exercises-1

Vector Space

1.(i) Prove that the set W of all vectors in R®of the form

a(l, 2,3) ,where ais a real number is a vector space.

(i) Let U be the set of all vectors in R® that are
perpendicular to a vector u.Prove that that U is a vector

space.

(i) Let W be the set of all 2x2 matrices having every
element a positive number. Prove that W is closed under
addition, but is not closed under scalar multiplication.
Thus it is not a vector space.
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(iv) Let U be the set of all constant functions with
operations of pointwise addition and scalar
multiplication, having the real numbers as their domain.

Is U a vector space?

(v) Prove that the following sets are not vector spaces.
(a) The set of all integers. (b) The set of all positive

numbers.
Subspaces of R".

2.(i) Consider the sets of vectors of the following form.

Prove that they are subspaces of R®.
(a) (a,3a,5a). (b) (a,—a,2a).
(c) (a,b,a+2b) . (d) (a,b,a-b).

(if) Consider the sets of vectors of the following form.

Determine whether the sets are subspaces of R?orR? .

Give the geometrical interpretation of each subspace.

(@) (a,0) (b) (a,2a)
() (a1) (d) (a,a+3)
(e) (a,b,0) (f) (a,b,2)
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(9) (a,b,2a+3b)

(iii) Are the following sets subspaces of R*?The set of

all vectors of the form (a,b,c),where

(a) a+b+c=0 (b) a+b+c=1
(c) ab=0 (d) ab=5
(e) ab=ac (fa=b+c.

(iv) Which of the following subsets of R® are

subspaces? The set of all vectors of the form(a,b,c) ,

where a,band care

(a)Integers (b) Nonnegative real numbers

(c) rational numbers

(iv) Are the following sets subspaces of R*?The set of

all vectors of the form
(@) (a,b”) (b) (a,b’)
(c) (a,b)where a>0 (d) (a,b)where ab<0

(e) (a,b),where a is non-positive and b is nonnegative.
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(v) Let U be a subset of R®.let u,and u,be vectors in
U and aand b be scalars. Prove that U is a subspace of
R%if and only if au, +bu, is a vector in for all values of

aandb.
Subspaces of Matrices

3.Determine which of the following subsets of M,,

form subspaces.
(a) The subset having diagonal elements zero.

(b) The subset consisting of matrices the sum of whose

elements is 6.

2
(c) The subset of matrices of the form {E a } .

. a a+2
(d) The subset of matrices of the form {b c }

(if) Determine which of the following subsets of M,

forms subspaces.
(a) The subset of symmetric matrices.
(b) The subset of matrices that are not symmetric.

(c) The subset of antisymmetric matrices.
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(d) The subset of invertible matrices.

(iii) Which of the following subsets of M,,form

subspaces?

fa b 0O
(a) The subset of matrices of the form 2 d O} :
c

(b) The subset of matrices of the form

a 2a 3a
b 2b 3]

1 b
(c) The subset of matrices of the form {a d } .
c e

Linear Combination in R"

4.(i) Determine whether the first vector is a linear
combination of the other vectors. If it is, give the

combination.

@ (-L7):(L-1).(2,4)
(b) (8,13);(1.2),(2,3)

(©) (-1,15);(-14),(2,-8)

(d) (13,6);(1,3),(4,2)
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(ii) Determine whether the first vector is a linear
combination of the other vectors. If it is ,give the

combination.

@ (-33,7);(1-1,2),(2.1,0),(-1,21)
(b) (-211,7);(1,-1,0),(2.1,4).(-2,4.1)
(©) (2.7,13);(1,2,3),(-1,2,4),(1,6,10)
(d) (0,10,8);(-12.3),(1,31),(1.85)
(€) (14,-3);(1,0),(11,0),(31.2)

(f) (11,2);(0,1,0),(3,5,6),(1,2,1)

(iii) Give two vectors that are linear combinations of the

following vectors.
(@) (1.2).(3,-5) (b) (-1.0).(3.1).(2.4)
(c) (1.-35),(0.1.2)

(d) (£2.3),(211),(0,7,2),(4.3,-2)

Spanning sets
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5. Show that the following sets of vectors spanRZ.

Express the vector (3, 5) in terms of each spanning set.
(@) (1L1),(L-1) (b) (1.4),(-2,0)

© (1.3),(3,10) (d) (1,0),(0,2)

(ii) Show that the following sets of vectors span R®,
Express the vector (1, 3, —2) in terms of each spanning

set.
(8) (1.2.3),(-1-10),(2,5,4)

(b) (1.32),(-11,0),(4,11)

(©) (513),(2,0,1),(-2,-3,-1)

(d) (1,0,0),(0,1,0),(0,0,1)

(iii) Determine whether the following vector span R??
(a) (L-3).(2,-5) (b) (L1),(-2.1)

(©) (-31),(3-1) (@ (3.2),(1.2)

e (2-1),(-4.2)

(iv) Determine whether the following vectors span R®.
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(@) (11,0),(-11,0),(0,0,3)

(b) (4,0,1),(0,1,0),(0,0,1)

(©) (1.2,0),(~1,3,0),(2,5,0)

(d) (111),(2,2,2),(10,0)

Subspaces defined by Spanning sets

6. (i) Give three other vectors in the subspace of R*

generated by the vectors (1,2,3)and (1,2,0).

(if) Give three other vectors in the subspace of R®

generated by the vector(l, 2,3) .Sketch the subspace.

(iii) Give three other vectors in the subspaces of R’

generated by the vector (1,2,-1,3).

(iv) Give three other vectors in the subspace of R’

generated by the vectors

(2,1,-3,4),(-3,0,1,5),(4,1,2,0).

Spaces of Matrices and Functions
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7. (i) In each of the following, determine whether the
first matrix is a linear combination of the matrices that

follows:

ofs Sl 2006 0
o5 S50 A6
o ol s oJ7 3]

(ii) In each of the following, determine whether the first

function is a linear combination of the functions that

follows:

f(x)=3x*+2x+9;9(x)=x"+1,

@) h(x)=x+3

f(x)=2x*+x-3,g(x)=x"—x+1,

b
(®) h(x)=x*+2x-2

f(x)=x*+4x+5,9(x)=x*+x-1

© h(x)=x*+2x+1

(iii)
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(@) Is the function f(x):x+5in the vector space

Span{g,h} generated by g(x)=x+1and h(x)=x+3.

(b) Is the function f(x)=3x?+5x+1in the vector
space Span{g,h} generated by g(x)=2x*+3and

h(x)=x*+3x-1,

(c) Give three other functions in the vector space

Span{g,h} generated by g(x)=2x*+3and

h(x)=x*+3x-1,
Linear Dependence and Independence

8. (i) Determine whether the following sets of vectors

are linearly dependent or independent in .

@ [(-1.2).(24))

®) {(-1.3).(25)}

© {(1-23),(-2.41),(489)}
@ {(10.2).(2:6.4).(112.2)}

© {(12.5),(1-21),(21,4)}
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() {(111),(-4.3.2),(4.12)}

(i) (a) Prove that the set {(11),(0,2)} is linearly
independent in R?.

(b) Prove that the set {(112),(0,-1,2),(0,0,5)} is
linearly independent in R®.

(© Prove that the set
{(3-2.4,5),(0,2,3,-4),(0,0,2,7),(0,0,0,4)} is
linearly independent in R*.

(iii) Consider the following matrix, which is in reduced

echolen form.

o O -
o - O
~ O O
w &~

Show that the row vectors form a linearly independent
set. Is the set of nonzero row vectors of any matrix in

reduced echolen form linearly independent?

Linear Dependence in Matrix and Function Spaces.

9.(i) Determine whether the following sets of matrices

are linearly dependent in M.
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@ o ollo olls allo 1
ol 36 362
ol ol ils 3
ol s 27 7

(i) Determine whether the following sets of functions

are linearly dependent in P,.

f(x)=2x*+1,9(x)=x*+4x,

f,g,h
@ {7.9.hj Where h(x)=x*-4x+1

f(x)=x*+3,9(x)=x+1,

b) { f,g,h! Where
(){ 9.} h(x)=2x*-3x+3

f = ’ 3 _1’ = 31
(c) {f.g9,h} Where (X)=x*+3x=1,g(x)=x+
h(x)=2x*—x+1

f (x)=-x*+2x-5,9(x)=5x-1,

f,g,h
@ {f.g, }Whereh(x):7

10. General Vector Spaces

40 |Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-006

https://doi.org/10.2478/9788366675346-006
R.Meher

(i) Let {v;, v, } be any vectors in a vector spaceV .Show that
the set {V;,V,,av; +bv, } is linearly dependent for all values

of scalars aand b .

(ii) Let {v;,v, | be linearly independent in a vector space
V . Show that if a vector v,is not of the form av, +bv,

then the set {v;,V,,V;} is linearly independent.

(iii) Let the set {v;,v,}linearly dependent in a vector

space V. Prove that {v,+V,,v;—V,}is also linearly

dependent.

(iv) Prove that every subset of a linearly independent set
is linearly independent. Is every subset of a linearly

dependent set linearly dependent?

(v) Let v,,v,and v,be vectors in R®. What can you say

about the linear dependence or independence of these

vectors in the following cases?

(@) Span{v,,v,,v,} is R®.
(b) Span{v,,v,,v;} isthe same space as Span{v,v,} .

(c) Span{v,,v,,v;} isthe same space as Span{v,} .
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Chapter-7
Eigenvalues and Eigenvectors

7.1. Eigen value and Eigen vectors
Eigen values and Eigen vectors are special scalars

and vectors associated with matrices. These are used in
many branches of the natural and social sciences and
engineering.
General application of Eigen vectors are
a. Torank pages in the search engine Google.
b. To use in demography to predicts long terms trend.
c. To use in meteorology with an example of weather

prediction for Tel Aviv.
d. To study of oscillating system.

We commence our discussion with the definition of

an Eigen value and Eigen vector.

Definition:

Let A be an nxn matrix. A scalar A is called an
Eigen value of A if there exist a non-zero vector X inR"
such that AX =AX .

The vector X is called an Eigen vector corresponding to
A.
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Let us look at the geometrical significance of an Eigen

vector that corresponds to a non-zero Eigen value.

Geometrical significance

The vector AX is in the same or opposite direction as X,

depending on the sign of 4.

7.2. Computation of Eigen values and Eigen

vectors

Let A be an nxn matrix with Eigen value A and

corresponding Eigen vector X.
Thus
AX =X .
This equation can be re written as
AX —AX =0
= (A-A1,)X =0

This matrix equation represents a system of

homogenous linear equations having matrix of

coefficient(A-A1,).

Which implies X =0 is a solution to this system.

However, Eigen vector have been defined to be nonzero

vectors.
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Further, the non-zero solutions to this system of
equation can only exist if the matrix of coefficient is
singular,

|A-21,|=0.
Hence, Solving the equation |[A— A1 |=0for A leads to

all the Eigen values of A.

On expanding the determinant |A—AZl |,we get a

polynomial in 4.

This polynomial is called the characteristic
polynomial of A.

The equation |A-Al |=0 is called the

characteristic equation of A.

The Eigen values are then substitute back in to the

equation (A-A1,)X =0 to find the corresponding

Eigen vectors.

Example-1

Find the Eigen values and Eigen vectors of the matrix

A{‘S“ ﬂ |
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Theorem-7.1

Let A be anmxn matrix and A an Eigen value of A. The

set of all Eigen vectors corresponding to 4, together
with the zero vector is a subspace of R".

This subspace is called the Eigen space of 4.

Proof:

Let V be the set of all Eigen vectors corresponding
to A together with the zero vector.
In order to show that V is a subspace, we have to show
that it is closed under vector addition and scalar

multiplication.
Let X,and X,be vectorsinV and C be a scalar.
Then AX, =AX,and AX, =41X,.
Hence
AX, +AX, =AX +1X,
= A(Xl+ X2)=/1(X1+ X2)
Thus X, + X, is an Eigen vector corresponding to .V is

closed under addition.
Further, Since
AX, =X,
= CAX, =CAX,

4|Page
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= A(cX,)=1(cX,)

Therefore cX, is an Eigen vector corresponding to 4.

V is closed under scalar multiplication.

Thus V is a subspace of R".

Example-2

Find the Eigen value and corresponding Eigen spaces of

the matrix

5 4 2
A=14 5 2
2 2 2

Remark:

If an Eigen value occurs as a k times repeated roots of

the characteristic equation, we say that it is of

multiplicity k .

Example-3

Let A be an nxnmatrix with Eigen values

Ay Ay A;and  corresponding  Eigen

vectors

X;, Xy, X, .Prove that if C#0 then the Eigen

values of cA are c4,CA,,.....,C A, with corresponding

Eigen vectors X, X,,....., X_ .
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7.3. Characteristic Polynomial
Let A=[a; |be an n-square matrix. The matrix
M = A—tl ,wherel is the n-square identity matrix

and t is an intermediate, may be obtained by

substituting t down the diagonal of A.

The negative of M is the matrix tl —Aand its
determinant

A(t)=det(tl, — A)=(-1)"det(A-tl,)

Which is a polynomial in t of degree n is called the

characteristic polynomial of A.

7.3.1.Caylay-Hamilton theorem

Every matrix A is a root of its characteristic
polynomial i.e. Every matrix A satisfies its own

characteristic equations.

Remark:

Suppose A=|a; |is a triangular matrix then

[tl — Alis a triangular matrix with diagonal entries t —a;

and hence

6|Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-007

https://doi.org/10.2478/9788366675346-007
R.Meher

A(t)=det(tl — A)
=(t—ay)(t—ay,)..... (t-a,)

It implies the roots of A(t)are the diagonal elements of

A.

7.4. Minimal Polynomials
Let A be any square matrix. Let J(A)denote the

collection of all polynomials f (t) for which A'is aroot

i.e. for which f (A)=0.

The setJ(A)is not empty. Since the Caylay

Hamilton theorem tells us that the characteristic

polynomial A, (t)of A belongsto J(A).

Let m(t)denote the monic polynomial of lowest
degree inJ (A).(Such a polynomial m(t)exists and is

unique)

We shall call m(t)the polynomial of the matrix A.

Remark:
A polynomial f(t)=0 is monic if its leading

coefficient equals one.
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Theorem-7.2

The minimal polynomialm(t)of a matrix (linear

operator) A divides every polynomials that has A as a

Z€ero.

In particular, m(t)divides the characteristic polynomial
A(t)of A.
There is an even stronger relationship between m(t)and

A(t).

Theorem-7.3

The characteristic polynomial A(t)and the
minimal polynomial m(t)of a matrix A have the same

irreducible factors. (It does not say that m(t) = A(t))

Theorem-7.4

A scalar A is an Eigen value of the matrix A if and only

if A isaroot of the polynomial of A.

Example-4

Find the minimal polynomial m(t)of
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2 2 -5
A=|3 7 =15
1 2 4
Solution:

Here we have
tr(A)=2+7—4=5
A +A,+A,=2-3+8=7
Al=3
Hence
A(t)=t*-5t*+7t-3
=(t-1°(t-3)
The minimal polynomial m(t)must divides A(t).
Also each irreducible factor of A(t), that is
(t—3) and (t—1) must also be a factor of m(t).
Thus m(t) is exactly one of the following:
f(t)=(t-3)(t-1) and g(t)=(t-3)(t-1)".
We know by Caylay-Hamilton theorem:
g(A)=A(A)=0

Hence we need only test f (t) ,we have
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f(A)=(A-1)(A=31)

1 2 5(-1 2 5
=3 6 -15( 3 4 -15|.
12 5|1 2 -7
0 0 0

=0 0 O

000

Thus
f(t)=m(t)
=(t-3)(t-1)
=t*—4t+3

is the minimal polynomial of A.

7.5. Properties of Eigen values and Eigen

vectors

Theorem: -7.5

Let A be a square matrix over the complex field

C.Then A has at least one Eigen value.

Theorem: -7.6
Suppose V,,V,,......,V, are non-zero Eigen vectors

of a matrix A belonging to distinct Eigen values
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Ay Ay Ay THENV, Vi, V) are linearly

independent.

Theorem: -7.7

Suppose the characteristic polynomial of A(t)an
n-square matrix A is a product of n-distinct factors, say

Alt)=(t-a)(t—a, ). (t—a,).Then A is similar to

Definition:

If Zis an Eigen value of a matrix A then the Algebraic
multiplicity of 1 is defined to be the multiplicity of 1
as a root of the characteristic polynomial of A.

The geometric multiplicity of A is defined to be the

dimension of its Eigen space i.e. dimE, .
Theorem: -7.8

The geometric multiplicity of an Eigen value A4
of amatrix A does not exceed its Algebraic multiplicity
ie. GM <AM.
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Theorem: -7.9

Let A be a real symmetric matrix then each root

A of its characteristic polynomial is real.

Theorem: -7.10

Similar matrices have the same Eigen values.

Proof:

Let A and B be similar matrices.

Hence there exists a matrix C such that B=C™AC .
The chacteristic polynomial of B is|B -2l | :
Substituting for B and using the multiplicative
properties of determinants, we get

[B-Al|=|C*AC-Al|=|C(A-21)C|

=[c||A-A1||c]
=|A-21]lc?||c]
=|A-a1]c]c
=|A-Al|lcc|
=|A-Al||I]
=|A-Al|

This implies The characteristic polynomial of A and B
are identical.

= Their eigen values are the same.

12| Page

EBSCChost - printed on 2/10/2023 4:00 PMvia . Al use subject to https://ww. ebsco.conlterns-of-use


https://doi.org/10.2478/9788366675346-007

https://doi.org/10.2478/9788366675346-007
R.Meher

Definition:
A square matrix A is said to be diagonalizable if there

exist a matrix C such thatD=CAC is a diagonal

matrix.

Theorem: -7.11

Let A be an mxn matrix.

(@) If A has n-linearly independent Eigen vectors
then it is diagonalizable.

The matrix C whose column consists of n— linearly

independent Eigen vectors can be used in a similarity

transformation to give a diagonal matrix D. The

diagonal elements of D will be the Eigen values.

(b) If A is diagonalizable then it has n—linearly

independent Eigen vectors.

Proof:
(a)
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Let A have Eigen values A, 4,, 4,......A4, (which

need not be distinct) with corresponding linearly

independent Eigen vectors Vy, V,, V;......V, .

Since the columns of C are linearly independent, C is
non-singular.
Thus

C'AC =P, 0 }
0.4

Therefore, if an matrix A has n-linearly

independent Eigen vectors, then the Eigen vectors can
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be used as the column of a matrix C that diagonalizes
the matrix A.
The diagonal matrix has the Eigen values of A as

diagonal elements.

(b) The converse is proved by retracing the above steps.
Commence with the assumption that C is a matrix

[V, V...V, | that diagonalizes A.

Thus there exist scalars 7, 75y ----.. » ¥, such that

c:-lAc{y1 0 }
0 -7,

Retracing these steps we arrive at the conclusion that
Av, =7V, AV, =¥V, . AV =7V,
Thus [Vl,Vz,V3 ------ Vn] are the Eigen vectors of A.

Since C is non-singular these vectors (Column vectors

of C) are Linearly independent.

Thus if an NXN matrix A is diagonalizable then it has
N —linearly independent Eigen vectors.
Example: -5

(a) Show that the following matrix A is diagonalizable.

(b) Find the diagonal matrix D that is similar to A
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(c) Determine the similarity transformation that

diagonalises A

-4 —6
A= .
3 5
Note:
If A is similar to a diagonal matrix D under the

transformation C*AC then it can be shown that

A“=CD*C™.

This results can be used to compute A*.
Let us derive this result and then apply it
D" =(C*AC)'
=(C™AC)(C*AC)..corne (c*AC)
=C'AC
This leads to
A“=CD*C™.
Example: -6
Compute A° for the following matrix A
A:[4 —6} .
3 5
This technique is used in solving equation called

difference equation.

Remark:
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Not every matrix is diagonalizable.

Example: -7
: : 5 3.
Show that the following matrix A= 3 1 is not

diagonalizable.

Jordan Block

(a) Consider the following two r -square matrix where

ax0.
2 1 0 0]
O A1 : 0O
J(A:r)=. - . - . .| and
0O 00 : A1
0 0 0 0 ]
A a 0 O]
0 A 0 O
A=

The matrix called a Jordan block has A'son the

diagonal,1’s on the super diagonal and 0’s elsewhere.

One can show that f (t)=(t- 1)
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is both the chacteristic and minimal polynomial of both

J(A:r)and A.
(b) Consider an arbitrary monic polynomial
f(t)=t"+a, t"" +..+at+a

Let c(f)be the n-square matrix with 1’s on the sub-

diagonal (Consisting of the entries below the diagonal
entries),the negative of the coefficient in the last column

and 0’s elsewhere as follows:

00 : 0 -a
10 : 0 -a
c(f)=|0 1 1 0 -

Thenc(f)is called the companion matrix of the

polynomial f (t).

Moreover the minimal polynomial m(t)and

characteristic polynomial A(t)of the companion
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matrix c( f )are both equal to the original polynomial

f(t).

7.6. Characteristic polynomial of Block

Matrices

Suppose M is a block triangular matrix, Say

M :[g& ABJ Where A and A, are square matrices.

Then tl —M is also a block triangular matrix., with
diagonal blocks tl — A and tl - A,.
Thus

tl - -B
[t —M|{ OA& | _Aj:|tl — At -A).

That is , The characteristic polynomial of M is the
product of the characteristic polynomial of the diagonal
blocks A and A,.

Theorem: -7.12

Suppose M is Block Triangular matrix with
diagonal blocks A, A,,......, A..Then the characteristic

polynomial of M is the product of the characteristic

polynomial of the diagonal blocks A 'S that is

Ay (t)=A, (1)A, (1), A, (1).
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Example: -8
Consider the matrix
9 -1 ¢+ 5 7]
8 3 : 2 -4
M=|. . ... . .
0 0 : 3 6
0 0 ! -1 8]

Then M is a block triangular matrix with diagonal
blocks

A{g ‘1}and B{s 6]

8 3 -1 8

Here tr(A)=9+3=12,|A|=27+8=35 and so
An(t)=t>—12t+35=(t-5)(t-7)
tr(B)=3+8=11,|B|=24+6=30

And
Ag (t)=t*-11t+30=(t-5)(t—6)

Accordingly, the characteristic polynomial of M is the

product

A ()= 4, (18 (1)= (-5 (t-6)(t-7).
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7.7. Minimal Polynomial and Block

diagonalization

Theorem: -7.13
Suppose M is a Block diagonal matrix with diagonal

blocks A, A,,....... , A .Then the minimal polynomial of

M is equal to the least common multiple (LCM) of the

minimal polynomial of the diagonal blocks A .

Remark:

We emphasize that this theorem applies to Block
Diagonal matrix whereas the analogous previous
theorem on characteristic polynomial applies to Block

Triangular matrices.

Example: -9
Find the characteristic polynomial A(t)and the minimal

polynomial m(t) of the Block Diagonal Matrix
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M={0 04 2 i 0|-diag(AAA)

Where

Al{z 5},;\2{4 2} and A, =[7].

0 2 3 5

ThenA(t)is the product of the characteristic
polynomials A, (t),A,(t)and A,(t)of A, A and A

respectively.

One can show that

Thus

A(t)=(t-2)(t-7)". (as expected deg A(t) =5)
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The minimal polynomialm, (t), m,(t)and m,(t)
of the diagonal blocks A, A, and A, respectively are

equal to the characteristic polynomials that is

m,(t)=(t-2)’
2 (1) =(
(

M, (t) =(

(t-7).

t-2)
t-7)

Butm(t)is equal to the Least common multiple of
m, (t),m,(t)and m,(t).
Thus

m(t)=(t-2)" (t-7).
7.8. Triangular Form

Let T be a linear operator on an n-dimensional
vector space V . Suppose T can be represented by the

triangular matrix

& 8, ... &,
A a, ... a,
a

nn
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Then the characteristic polynomial A(t)of T is a

product of linear factors; that is
A(t)=det(tl —A)
:(t_ail)(t_aQZ) """" (t_ann).

The converse is also true.

Theorem: -7. 14

LetT:V —>Vbe a linear operator whose
characteristic polynomial factors in to linear
polynomials then there exist a basis of V in which T is

represented by a triangular matrix.

Theorem: -7.15 (Alternate form)

Let A be a square matrix whose characteristic
polynomial factors in to linear polynomials. Then A is
similar to a triangular matrix, i.e. there exist an

invertible matrix P such that P~ AP is triangular.

Remark

An operator T can be brought in to triangular form
if it can be represented by a triangular matrix.
In this case, the Eigen values of T are precisely those

entries appearing on the main diagonal.
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Example: -10

Let A be asquare matrix over the complex field C
. Suppose 4 is an eigen value of A?such that Jaor—/a
is an Eigen value of A.
Solution:

By theorem-6.15, Aand A®are similar respectively

to triangular matrices of the form

77
*
B= Ha and
Hy
MZ * *
BZ — /’122 *
ﬂ;‘z

Since similar matrices have the same Eigen values
A=, for some i. Hence u =~/20r p =—J4is an

Eigen value of A.

7.9. Jordan Canonical Form

An operator T can be put in to Jordan canonical
form if its characteristic and minimal polynomial factor
in to linear polynomials. This is always true if k is the

complex field C .In any case ,we can always extend the
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base field k to a field in which the characteristic and

minimal polynomial do factor in to linear factors.

Thus in broad sense, every operator has a Jordan

canonical form.

Analogously: Every matrix is similar to a matrix in
Jordan canonical form.

The following theorem describes the Jordan canonical

form J of a linear operator T .

Theorem: -7.16

LetT:V —>Vbe a linear operator whose

characteristic and minimal polynomials are respectively
A(t)=(t-4)"(t-24)" ...(t=4)" and
m(t)=(t—24)" (t-4)" ..(t=24)",

where the A, 'sare distinct scalars. Then T has a block

diagonal matrix representation J in which each

diagonal entry is a Jordan block J;, = J (4;).
For eachj;,the corresponding J have the

following properties,

(@) There is at least one J; of order m;,all other J; are of
order <m;.

(b) The sum of the orders of the J; is n;.
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(c) The number of J; is equals the geometric multiplicity
of 4.
(d) The number of J; of each possible order is uniquely

determined by T .

Example: -11
Suppose that the characteristic and minimal

polynomials of an operator T are respectively
A(t)=(t-2)"(t-5)"and m(t) = (t-2)*(t-5)’.

Then the Jordan canonical form of T is one of the

following block diagonal matrices.

The first matrix occurs if T has two independent Eigen
vectors belonging to the Eigen value 2,and the second
matrix occurs if T has three independent Eigen vectors

belonging to 2.
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7.10. Rational Canonical Form
This form exists even when the minimal polynomials
cannot be factored in to linear polynomials. (Recall that

this is not the case for the Jordan canonical form).

Theorem: -7.17

Let T:V —>Vbe a linear operator with minimal

polynomial
m(t)=(£.(6)" (. (0)" e (£ (0)"
Where  f,(t) are distinct monic irreducible

polynomials. Then T has a unique block diagonal

matrix representation
M =diag (Cy; ,Cpreieens CipeveniCop g Cop )

Where the c;are the companion matrices of the

polynomials ( f,(t))" ,where

m=n,>n,>.... D | FE M =Ny >N, >....... >n,,
The above matrix representation of T is called its

rational canonical form.
The polynomials (f,(t))"are called the elementary

divisorsof T
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Example-12

Let V be avector space of dimension 8 over the rational
field Q and let T be a linear operator on V whose

minimal polynomials is

m(t) = f,(t).f,(t)’

=(t*—4t°+6t° —4t-7)(t-3)°

and dimV =8.

The characteristic polynomial

A(t) = f,(t).1, (t)4

=(t* - 4t>+6t” —4t—7)(t-3)’
Also the rational canonical form M of T must have one

block the companion matrix of f (t)and one block

companion matrix of f,(t)”.

There are two possibilities:
(a) diag [c(t4 —4t° +6t° -4t 7),c(t-3)° ,c(t—3)1
(b) diag|c(t* -4t +6t" ~4t-7),c(t-3)",c(t-3),c(t-3)
That is
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0 7

0 4([0 —9][0 -9
0 6|1 6|1 6

1 4

(@) diag

o O +— O
o O O

0 7

0 [

1 4

(b) diag

o O —» O
o = O O
o

Exercises

1.Determine the characteristic polynomials, eigen
values and corresponding eigen spaces of the given
2 x 2matrices.

(5 4 1 -2
(@ 1 2} (b) 1 4}
5 2 2 1
(© g _3} (d) 1 4}
[2 4
(e) 1 2}

2. Determine the characteristic polynomials, eigen
values and corresponding eigen spaces of the given
3x3 and 4 x4 matrices.

3 2 =2 1 -2 2
@|-3 -1 3 ©) |2 1 2
1 2 0 2 0 3
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4 2 -2 2
15 7 -7
1 3 1 -1
©]-1 1 1 (d)
0 0 2 O
13 7 -5
1 1 -3 5

3.Show that the following matrix has no real eigen
values and thus no eigen vectors. Interpret your results

eometricall 0 -1
g y 1 0ol

4.Show that the following 2x2matrices satisfy their
characteristic equations.

[0 2] 8 -10
(@ 13 (b) {5 _7}

6 -8 -1 5
© 4 6 @ {—10 14}
ANswers:

1.(a) /12—7/1+6;6,J;rm ,s{_ﬂ
(b) /12—5/1+6;2,3;{‘ﬂ SH
(©) AZ-zM;x{l_J

(d) 22-61+9; 3;rm
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2] [-2
(e) 12 -42,0,4Lr| |,s
1 1
2.
17 [1 0
(@) -A*+24*+1-2;1,-1,2;r|0|,s| -1|,t|1
1| |1 1
1] [0
(b) (1-2)"(3-4);13;r|1],s|1
1] |1
1 0] [1
(€) (1-2)(2-4)(8-4);1,2,8;r| -1|,5|1 [,t| 0
1 11 |1

(2-2)(2-2)(4-2)(6-12);2,4,6;

1 0 0 1

(d) |-1 0| (1 0
r +S N P

0 1 0 0

0 1 -1 1
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